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Abstract1

The development of anti-angiogenic drugs for cancer therapy has yielded some promis-2

ing candidates, but novel approaches for interventions to angiogenesis have led to dis-3

appointing results. In addition, there is a shortage of biomarkers that are predictive4

of response to anti-angiogenic treatments. Consequently, the complex biochemical and5

physiological basis for tumour angiogenesis remains incompletely understood. We have6

adopted a mathematical approach to address these issues, formulating a spatially aver-7

aged multiscale model that couples the dynamics of VEGF, Ang1, Ang2 and PDGF,8

with those of mature and immature endothelial cells and pericyte cells. The model9

reproduces qualitative experimental results regarding pericyte coverage of vessels after10

treatment by anti-Ang2, anti-VEGF and combination anti-VEGF/anti-Ang2 antibodies.11

We used the steady state behaviours of the model to characterise angiogenic and non-12

angiogenic vascular phenotypes, and used mechanistic perturbations representing hypo-13

thetical anti-angiogenic treatments to generate testable hypotheses regarding transitions14

to non-angiogenic phenotypes that depend on the pre-treatment vascular phenotype. Ad-15

ditionally, we predicted a synergistic effect between anti-VEGF and anti-Ang2 treatments16

when applied to an immature pre-treatment vascular phenotype, but not when applied17

to a normalised angiogenic pre-treatment phenotype. Based on these findings, we con-18

clude that changes in vascular phenotype are predicted to be useful as an experimental19

biomarker of response to treatment. Further, our analysis illustrates the potential value of20

non-spatial mathematical models for generating tractable predictions regarding the action21

of anti-angiogenic therapies.22

23

Keywords: ordinary differential equation; linear stability; vessel normalisation.24
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1 Introduction25

Angiogenesis is the process by which new blood vessels form from existing ones and,26

in the case of tumour angiogenesis, this results in the vascularization of a tumour. As27

such, it is an important therapeutic target in oncology. Anti-angiogenic cancer therapies28

were developed under the rationale that limiting the availability of essential resources to29

the tumour should reduce its rate of growth and spread (Folkman, 1971). However, the30

results of in-vivo non-clinical studies have shown that inhibition of pro-angiogenic factors31

can actually lead to increased blood flow and enhanced vessel normalisation, alongside32

vessel regression (Dickson et al., 2007, Fuxe et al., 2011, Han et al., 2009, Inai et al., 2004,33

Kienast et al., 2013, Lobov et al., 2002, Matsumoto et al., 2014, Thomas et al., 2013).34

It is clear, therefore, that the regulation of blood flow to tumours is more complex than35

was previously envisioned, and that therapeutic strategies could benefit from a deeper36

understanding of the processes involved in angiogenesis.37

Observations of the first stages of vascular tumour development from Holash et al.38

(1999) show that for a rat glioma model, existing vessels are recruited to supply the tu-39

mour with oxygen and nutrients. The tumour grows around the recruited vessels which40

eventually regress, leading to tumour cell starvation and death. The release of angio-41

genic factors by hypoxic tumour cells stimulates the onset of angiogenesis. The hypoxic42

tumour cells produce Vascular Endothelial Growth Factor (VEGF) (other cells also pro-43

duce smaller amounts of VEGF but these are neglected here), which binds to VEGFR-244

receptors expressed by endothelial cells (ECs) of nearby vessels, inducing EC prolifera-45

tion and migration (Ferrara et al., 2003). Typically, newly formed tumour blood vessels46

surround the periphery of the tumour, and are tortuous and leaky, but the so-called nor-47

malisation of vessels (Jain, 2001), via maturation and coverage by smooth muscle cells,48

is essential for effective delivery of blood. A schematic of our interpretation of vessel49

maturation and normalisation is represented in Figure 1. The most well studied processes50

that drive normalisation involve the angiopoietin ligands and pericyte cells (PCs) (Goel51

et al., 2011). The ligands Ang1 and Ang2 compete for binding to Tie2 receptors ex-52

pressed by ECs, and experimental work (Maisonpierre, 1997, Falcón et al., 2009, Thomas53

et al., 2013) has shown that Ang1 promotes maturation, whereas the antagonist Ang254

promotes de-maturation of vessels. Attachment of PCs to new vessels promotes their55

stability by plugging gaps in an otherwise leaky vasculature. In this study we account for56
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Endothelial cell 
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Figure 1: A schematic to illustrate our interpretation of immature, mature and normalised vessels.
Left: tortuous, immature, leaky vessels with poor EC-EC adhesion and high branching. Centre:
mature, less tortuous, less leaky vessels with good EC-EC adhesion. Right: normalised, mature
vessels with good EC-EC adhesion and PC coverage to plug any gaps and support blood flow.

the important effects of vessel normalisation on the progression of angiogenesis.57

Anti-angiogenic therapies are designed to reduce vessel density in order to inhibit the58

delivery of nutrients and oxygen to the tumour. The inhibition of angiogenesis through59

an array of molecular mechanisms continues in the non-clinical and clinical development60

space. Various growth factors, receptor tyrosine kinases and transcription factors have61

been investigated (Cook and Figg, 2010), either in monotherapy or in combination with62

chemotherapy (Weiss, 2004) or immunotherapy (Nishino et al., 2014). The first FDA63

approved anti-angiogenic drug was the anti-VEGF monoclonal antibody, bevacizumab64

(Avastin, Genentech), as an addition to chemotherapy for the treatment of metastatic65

colorectal cancer and non-small cell lung cancer, amongst others and as monotherapy in66

relapsed glioblastoma multiforme. Aflibercept (Zaltrap) inhibits the same target. Small67

molecule inhibitors of angiogenesis tend to hit multiple receptor targets. For example,68

Pazopanib (Votrient), approved for renal cell carcinoma, soft tissue sarcoma and gastroin-69

testinal stromal tumours, targets multiple angiogenic receptors (VEGFR- 1,2,3, PDGFR,70

FGF, Kit, among others), (Du Bois et al., 2013). Sunitinib malate (Sutent, Pfizer) acts by71

inhibiting the activity of multiple tyrosine kinases, including the VEGFR2 and PDGFR-72

beta receptors (Goodman et al., 2007, Raymond et al., 2011, NCI, 2014).73

Although many anti-angiogenic drugs hit multiple targets, to date, no added clini-74

cal benefit has arisen through combination of more than one anti-angiogenic drug. The75

reasons for efficacy in some cancer indications but not others are currently unknown,76
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although phenotypic differences in intra-tumoural vessel structure, cancer stage and in-77

dividual patient characteristics have been postulated. In addition, the interplay between78

chemotherapy and anti-angiogenic drugs is not understood. Further confounding the79

ability to optimize treatment, no surrogate biomarkers of efficacy or diagnostic factors80

optimizing patients for anti-angiogenic therapy have been forthcoming, despite extensive81

research. Notwithstanding, from first principles, the concept of rationally targeting more82

than one target of angiogenesis appears valid. One area of interest is the inhibition of an-83

giogenesis through angiopoietin perturbation. Ang-1 and Ang-2 are known to be drivers84

of angiogenesis although they appear to play conflicting roles between homeostasis and85

triggering angiogenesis. Drugs that target the angiopoietins have not yet been approved86

for use in humans. Trebaninib (Amgen), an inhibitor of Ang1 and Ang2 binding, showed a87

small increase in progression-free survival but failed to show an increase in overall survival88

for ovarian cancer patients when used in combination with chemotherapy (Monk et al.,89

2014). Further understanding of the interplay between different drivers of angiogene-90

sis will surely aid improvements in therapy through rational drug design. Mathematical91

models of the pathways of angiogenesis will, likewise, enable researchers to optimize treat-92

ment regimens, by using models to simulate many permutations in treatment options and93

taking only the most promising to the clinic.94

Experimental results have driven the design and development of mathematical and95

computational models of angiogenesis. Models can enhance our understanding of an-96

giogenesis by integrating biological hypotheses that represent aspects of such a complex97

system (Zheng et al., 2013, Plank et al., 2004, Lignet et al., 2013, Billy et al., 2009), and98

for a review, see Scianna et al. (2013). From such models we gain insight into the expected99

influence of mechanistic model parameters, which relate to potential targets for therapy,100

on the overall morphology of developing vasculature (Zheng et al., 2013). In addition,101

mechanistic drug perturbations can be used to predict the effects of anti-angiogenic drugs102

as monotherapies and in combination with chemotherapy on vessel growth and morphol-103

ogy (Zheng et al., 2013, Lignet et al., 2013, Billy et al., 2009).104

Two recent models in particular incorporate vessel normalisation as well as vessel105

density. Billy et al. (2009) present a pharmacologically driven, continuous, multiscale106

PDE model of angiogenesis and vascular tumour growth that accounts for the effects of107

the angiopoietins on the maturity of vasculature, and Zheng et al. (2013) present a one-108

dimensional, spatially resolved, continuous model that couples biochemical effects with109
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the biomechanical processes of PC attachment and one-dimensional vessel growth, and110

also takes into account vessel normalisation. Zheng et al. explicitly model the binding of111

ligands to their respective receptors and do not take tumour cells into account, whereas112

Billy et al. use a smooth, saturating function of ligand concentration to model the effects113

of angiogenic factors on EC proliferation and maturation, and couple their angiogenesis114

model to a tumour growth model. The model from Billy et al. predicts a theoretical115

threshold level of endostatin gene therapy below which treatment loses efficacy. Zheng116

et al. conclude from their simulations that combined anti-VEGF/anti-PDGF therapy has117

a superior anti-angiogenic effect compared to anti-VEGF therapy alone.118

Mathematical models of angiogenesis, such as those described above, usually recom-119

mend anti-angiogenic treatment on a “one-size-fits-all” basis, rather than taking into120

account different behaviour regimes that the model may exhibit. A theoretical paper121

from Agur et al. (2003) investigates the conditions under which oscillations in tumour122

size occur in existing angiogenesis models in the absence of anti-angiogenic therapy, via123

analysis of Hopf bifurcations in the models. To our knowledge, none of the existing models124

of angiogenesis compare the effects of different anti-angiogenic drugs on vasculature with125

different phenotypic properties, such as well-normalised vessels versus immature, leaky126

vessels.127

Our goal in this paper is to develop a mathematical model that can be used to catego-128

rize vessel phenotypes and to identify the effects of specific anti-angiogenic therapies that129

are suitable for treating each phenotype. In order to do this, we develop a complex math-130

ematical model that includes details of the biochemistry involved in angiogenesis, and131

accounts for vessel density and normalisation. We take a similar approach to Zheng et al.132

for representing the biochemistry associated with neovascularisation, accounting for con-133

centrations of free ligands and bound and unbound receptors explicitly. A reduced version134

of the model allows the analytical identification of four vessel phenotypes. Two phenotypes135

represent angiogenic behaviour, and two represent non-angiogenic behaviour. We perform136

simulations of the full model to investigate the interplay between anti-VEGF and anti-137

Ang2 therapies, demonstrating that a detailed mechanistic model built from biological138

hypotheses reproduces observed experimental results (Kienast et al., 2013). Motivated by139

experimental results from the same study, we also investigate whether synergistic effects140

are predicted for a bispecific anti-angiogenic antibody. We identify upstream parameters141

in the full model that represent potential drug targets that could effect transitions from142
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angiogenic to non-angiogenic phenotypes. We conclude that vessel phenotype (defined by143

the current steady state behaviour of the model variables) could be considered a useful144

biomarker for predicting response to novel anti-angiogenic treatments.145

The remainder of this paper is organised as follows. In Section 2, we develop the full146

model and show examples of behaviours exhibited by the model. We proceed in Section147

3 to analyse a simplified version of the full model in order to gain insight into possible148

long-term behaviour regimes. Section 4 contains the main results of our modelling: we149

begin by demonstrating that the long term behaviour of the full model is similar to that150

of the simplified model in Section 4.1, and we validate the qualitative behaviour of the151

full model using experimental results from Kienast et al. (2013) in Section 4.2.1, where152

we also predict the effects of the same anti-angiogenic treatments on an alternative pre-153

treatment vascular phenotype. We simulate perturbations to parameters that represent154

hypothetical drug treatments in Section 4.2.2, demonstrating that different pre-treatment155

vascular phenotypes require different perturbations for transition to a non-angiogenic156

phenotype.157

2 Model development158

Our model of angiogenesis comprises 16 time dependent, coupled, nonlinear ordinary159

differential equations (ODEs) that describe the evolution of ligands, receptors, ECs and160

PCs from the onset of angiogenesis. Units of concentration, µM, are used to represent four161

ligands, three receptor types and two cell types. We focus attention on a small, isolated162

region of approximately homogeneous tumour tissue (for example, 0.5mm3 is a reasonable163

volume to consider, since it is on the scale of imaging data in Dobosz et al. (2014)). For164

simplicity, we neglect the dynamics of the tumour cells, and assume that the dynamics of165

its evolving vasculature are representative of the tumour as a whole. We assume there is166

no flux of ECs or PCs on the boundaries of the region represented. The terms density and167

concentration are used interchangeably when referring to cells. A schematic depicting all168

of the interactions that appear in the full model is shown in Figure 2.169

The newly formed vessels in our model are described by the density of ECs, which170

are sub-divided into three distinct categories: mature ECs, immature ECs, and ECs with171

PC coverage (the maturity of ECs with PC coverage is not specified). We assume that172

immature ECs proliferate and die, produce Ang2 and PDGF, and express VEGFR2 and173
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Figure 2: A schematic summarising the elements of angiogenesis incorporated into the full model.
VEGF is produced in response to hypoxia in the tumour, and binds to VEGFR2 receptors expressed
by ECs. Bound VEGF also increases the rate of production of Ang2 in Weibel Palade Bodies, from
which it is released as the organelles become saturated. Immature ECs also produce PDGF at a
constant rate, and die naturally via apoptosis. Ang2 competes with Ang1 for binding to the Tie2
receptor: an excess of bound Ang2 leads to de-maturation of ECs, and an excess of bound Ang1 leads
to EC maturation. Ang2 binding also increases the proliferation rate of immature ECs. PDGF binds
to PDGFR-β receptors expressed by PCs, upregulating PC proliferation. PCs die naturally and free
Ang2 up-regulates PC death. PCs produce Ang1 and attach to both mature and immature ECs,
forming the EC/PC complex that has no maturity rating, to increase the stability of vessels. PCs that
are attached to ECs die naturally via apoptosis or due to high levels of extracellular Ang2, leaving
behind a free EC which is automatically classed as immature.
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Tie2 receptors (Falcón et al., 2009, Wang et al., 2002, Ferrara et al., 2003). Mature174

ECs and ECs with PC coverage also express VEGFR2 and Tie2 receptors, but do not175

proliferate, die or produce ligands in our model. We assume that immature ECs have176

loose EC-EC contacts and exhibit leakiness, whereas mature vessels have tight EC-EC177

contacts and are less leaky (Falcón et al., 2009, Goel et al., 2011). PC coverage plugs178

gaps between ECs, makes vessels more sturdy and enhances blood flow (although blood179

flow is beyond the scope of the current model) (Fuxe et al., 2011).180

On the molecular scale, ligands are produced and bind to their respective receptors,181

and on the cellular scale, immature ECs and PCs proliferate. Since we model behaviour on182

two spatial scales, but do not include detailed spatial information, we describe our model183

as pseudo-multiscale. The biological mechanisms of synthesis and release of the ligands184

VEGF, Ang1, Ang2 and PDGF are taken into account in our model. As illustrated185

in Figure 2, VEGF binds to VEGFR2 receptors expressed by ECs and stimulates EC186

proliferation. Similarly, Ang1 and Ang2 compete for binding to the Tie2 receptor, and187

their combined downstream effect is to modulate the maturity of new vessels. Finally,188

PDGF binds to PDGFR-β receptors expressed by PCs and stimulates PC proliferation.189

On the cellular scale, we assume that free PCs bind indiscriminately to mature and190

immature ECs. When PCs detach from ECs or the PC of an EC/PC complex dies,191

we assume an immature EC remains. We also assume that de-maturation occurs when192

the ratio of bound Ang2/bound Ang1 exceeds a given threshold, and maturation occurs193

otherwise. The dependence of maturity on the angiopoietins is based on experimental194

observations by Maisonpierre (1997). Table 1 summarises the dependent variables used195

in our model, as well as variable groupings that appear in the model equations.196

2.1 Biochemical sub-models197

In this subsection we present and explain the mathematical equations that describe the198

interactions included in the three sub-models that govern the biochemical aspects of our199

model.200

2.1.1 VEGF sub-model201

VEGF is produced by tumour cells in response to hypoxia. It binds VEGFR2 receptors202

expressed by ECs and is internalised, stimulating intracellular signals to upregulate EC203
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Variables and variable groupings

Name Description Initial value Unit

v Free VEGF concentration 8× 10−5 µM
rv Total unbound VEGFR2 receptors 6× 10−4 µM
bv Total bound VEGFR2 receptors 6× 10−4 µM

a1 Free Ang1 8× 10−5 µM
aw Total Ang2 stored in all WPBs 8× 10−5 µM
a2 Free Ang2 8× 10−5 µM
ra Total unbound Tie2 receptors 6× 10−4 µM
ba1 Total bound Ang1/Tie2 3× 10−4 µM
ba2 Total bound Ang2/Tie2 3× 10−4 µM

p PDGF-B 8× 10−5 µM
rp Total unbound PDGFR-β receptors 4× 10−4 µM
bp Total bound PDGFR-β receptors 4× 10−4 µM

Ei Number density of immature ECs 4× 10−9 µM
Em Number density of mature ECs 8× 10−9 µM
P Number density of free Pericytes 8× 10−9 µM
EP Number density of ECs with pericyte coverage 0 µM

ET (Ei + Em + EP ) Total endothelial cells - µM
PT (P + EP ) Total pericyte cells - µM

vb

(
s

r+s

)
Bound fraction of VEGFR2 receptors - none

ab

(
ba2

ra+ba1+ba2

)
Fraction of Tie2 receptors bound by Ang2 - none

pb

(
bp

rp+bp

)
Bound fraction of PDGFR-β receptors - none

Table 1: Definitions of dependent variables and variable groupings in the full ODE model of angio-
genesis, along with the default initial conditions used for numerical simulations.
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proliferation. Although VEGF binding occurs via the process of dimerization, which is204

modelled explicitly in work from Jain et al. (2008), we exploit the results of stochastic205

models by Mac Gabhann et al. (2005) to motivate the use of a simpler one-to-one ligand-206

receptor binding model. Mac Gabhann et al. used experimental data to show that a207

one-to-one binding model was sufficient to model the VEGF/VEGFR2 receptor binding208

leading to activation of downstream signalling mechanisms. In more detail, we assume209

that free VEGF (v) binds reversibly to VEGFR2 receptors (rv) to form VEGF/VEGFR2210

complexes (bv) via reactions of the form211

v + rv
kvon


kvoff

bv,212

bv kvint→
internal
product + rv,213

where kvon is the rate at which VEGF associates with VEGFR2 receptors to form a lig-214

and/receptor complex, and kvoff is the corresponding dissociation rate. We suppose that215

bound VEGF is internalised at rate kvint, and that this activates sub-cellular signalling216

pathways as the receptor is recycled to the cell surface. For simplicity, we assume instan-217

taneous recycling of the VEGFR2 receptors, and that the “internal product” stimulates218

the onset of downstream signalling pathways.219

Taking into consideration production, binding and decay, we assume that the evolution220

of extracellular VEGF concentration can be described by the following equation:221

Extracellular VEGF:
dv

dt
= D(Em, EP )︸ ︷︷ ︸

VEGF production

VEGF association
and dissociation︷ ︸︸ ︷

−kvon v rv + kvoff bv − δv v︸︷︷︸
VEGF decay

, (1)222

where δv is the basal natural decay rate of extracellular VEGF, and D(Em, EP ) represents223

the rate of VEGF production by tumour cells, although tumour cells are not explicitly224

included in this model. When defining D(Em, EP ), we assume that the rate at which225

VEGF is produced is a decreasing function of oxygen tension. Since we do not include a226

dependent variable for oxygen tension in this model, we introduce the term D(Em, EP )227

as an indirect measure thereof. We assume that ECs that are mature (Em) or have PC228

coverage (EP ) can transport oxygen, and that hypoxia is inversely proportional to the229

oxygen tension, since oxygen delivery reduces hypoxia in the tumour. We also assume230

that VEGF production increases with hypoxia. The functional form of the production231
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term is given by232

D(Em, EP ) =
αv

Em+EP

E0
+ 1

,233

where (Em +EP ) is the density of stable vessels, E0 is the carrying capacity of ECs, and234

αv is a constant to represent the maximal VEGF production rate. The production rate235

of VEGF by tumour cells decreases as the density of stable vessels increases, and when236

the stable vessel density is zero, VEGF is produced at a constant rate. We assume that237

the density of tumour cells remains fixed for the tumour region that we consider.238

Throughout the model, we must account for the increase in receptor numbers (VEGFR2,239

Tie2, PDGFR-β) that occurs when cells (Ei, P ) proliferate, and the reduction when cells240

die. For this, we assume that there is an average number of each type of receptor on241

each cell, basing our estimates for these receptor numbers on experimental work by Wang242

et al. (2002). In the absence of suitable experimental data to suggest otherwise, we as-243

sume that the average number of VEGFR2, Tie2 and PDGFR-β receptors per cell is the244

same, and denote by φ the average number of VEGFR2, Tie2 or PDGFR-β receptors per245

cell. Considering ligand binding and internalisation, and receptor generation and loss, the246

equations for unbound (rv) and bound (bv) VEGFR2 receptors are247

VEGFR2:
drv
dt

= −kvon v rv + (kvoff + kvint) bv︸ ︷︷ ︸
VEGF association, dissociation

and internalisation

+

receptor generation︷ ︸︸ ︷
φ× (EC proliferation rate)248

− rv
ET

(EC death rate)︸ ︷︷ ︸
receptor loss

, (2)249

VEGF/VEGFR2 :
dbv
dt

= kvonv rv − (kvoff + kvint) bv︸ ︷︷ ︸
VEGF association, dissociation

and internalisation

− bv
ET

(EC death rate)︸ ︷︷ ︸
receptor loss

, (3)250

where ET is the total EC density (Ei + Em + EP ) and the functional forms of the EC251

proliferation and death rates are below. Note that as ECs proliferate, only unbound252

receptors, rv are produced, but both bound and unbound receptors, rv and bv, are lost253

as ECs die. The relation φ = rv+bv
ET

is used to derive the terms for receptor death in254

proportion to the relative concentrations of bound and unbound receptors.255
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Hill Functions: In our model, there are several instances of switch-like behaviour. The

model is continuous in cell density, representing the behaviour of a large number of cells.

Even though the switch in phenotype (or behaviour) of individual cells may happen very

rapidly when a given threshold (of a ligand concentration, for example) is reached, this

threshold may be cell specific and for a population of cells, distributed around the average

threshold value. We capture this behaviour using second order Hill functions which we

denote by

H(a, b) =
a2

a2 + b2
,

where a is a dependent variable and b is a threshold value, for instance. These functions give

smooth switches between phenotypes and are more realistic than sharp switch functions when

describing well mixed cell populations, and the order 2 is assumed a reasonable estimate.

251

252

253

254

255

256

257

258

259

260

261

262

263

2.1.2 Angiopoietins sub-model264

The maturity of new vessels is controlled by the angiopoietins Ang1 and Ang2, which265

compete for binding to the Tie2 receptor expressed by ECs. In our model we account for266

Ang1 internalisation (Maisonpierre, 1997) and the synthesis of both ligands. Since Ang1267

is produced by PCs, we assume that its production rate is linearly dependent on the PC268

density (Wakui et al., 2006, Fuxe et al., 2011). Ang2 is produced in sub-cellular organelles269

within ECs called Weibel Palade Bodies (WPBs) (Fiedler et al., 2004, Scharpfenecker270

et al., 2005), which we model explicitly. We assume that only immature ECs (Ei) produce271

Ang2, that there is a maximum concentration of intracellular Ang2 per cell which cannot272

be exceeded, and that Ang2 is produced at a rate which is upregulated in response to273

VEGF binding. We define the fractional occupancy of VEGFR2 receptors as vb. In our274

model, as WPBs become saturated, Ang2 is rapidly released, and stored Ang2 is lost as275

ECs die. The total concentration of intracellular Ang2 across all ECs, aw, is represented276

by the equation277

Intracellular Ang2 :
daw
dt

= αaw(1 + vb)

(
A0

E0
Ei − aw

)
︸ ︷︷ ︸

Ang2 production inside WPBs

−
decay︷ ︸︸ ︷
δawaw278

−αa2 awH

(
aw,

A0

E0

Ei
2

)
︸ ︷︷ ︸

Ang2 exocytosis

− aw
ET

(EC death rate)︸ ︷︷ ︸
Ang2 loss as ECs die

, (4)279
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where A0

E0
is the maximum amount of intracellular Ang2 per cell, vb is the fraction of280

VEGFR2 receptors which are bound by VEGF, and αaw , δaw and αa2 are constants rep-281

resenting the production, decay and release rates of Ang2, respectively. Since Ang2 is282

produced by immature ECs, its carrying capacity and exocytosis rate depend on the den-283

sity of immature ECs, Ei: as Ei increases towards the EC carrying capacity, E0 (see284

equation (13) later in this section), the maximum allowed intracellular Ang2 increases to-285

wards, A0. We assume that in the absence of VEGF stimulation, immature ECs produce286

Ang2 at a base rate αaw , and that this rate is a linearly increasing function of bound287

VEGF, vb. Ang2 exocytosis is modelled via a second order Hill function, where A0

E0

Ei

2 is288

the concentration of intracellular Ang2 at which the release rate is half maximal. The289

functional form for the EC death rate is given below.290

Extracellular Ang1, a1, is produced by PCs that are free, P , or attached to ECs, EP ,291

(P +EP = PT ), and it binds Tie2 receptors, ra, expressed by ECs to form the Ang1/Tie2292

complex, ba1 , and also decays naturally. Extracellular Ang2, a2, is released by ECs as293

described above, and also binds to Tie2 receptors, ra, to form the Ang2/Tie2 complex,294

ba2 , and decays naturally. The evolution of the extracellular angiopoietins is modelled via295

the equations296

Extracellular Ang1:
da1

dt
= αa1 PT︸ ︷︷ ︸

Ang1 production

−

Ang1 association
and dissociation︷ ︸︸ ︷

ka1on a1 ra + ka1off ba1 − δa1 a1︸ ︷︷ ︸
Ang1 decay

, (5)297

Extracellular Ang2:
da2

dt
= αa2 awH

(
aw,

A0

E0

Ei
2

)
︸ ︷︷ ︸

Ang2 exocytosis

−

Ang2 association
and dissociation︷ ︸︸ ︷

ka2on a2 ra + ka2off ba2298

−δa2 a2︸ ︷︷ ︸
Ang2 decay

. (6)299

In equation (5), αa1 is the production rate of Ang1, the parameters representing the300

association and dissociation rates for Ang1/Tie2 binding are ka1on and ka1off, respectively,301

and for Ang2/Tie2 association and dissociation, ka2on and ka2off, respectively. The linear302

decay rates of Ang1 and Ang2 in the interstitium are represented by the parameters δa1303

and δa2 , respectively.304

As for the VEGF sub-model, we distinguish free and bound Tie2 receptors. Assuming305

as before that each cell has φ Tie2 receptors, we ensure that Tie2 receptors are generated306

as immature ECs (Ei) proliferate and lost as they die. The equations for Tie2 receptors,307
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ra, Ang1/Tie2 complex, ba1 , and Ang2/Tie2 complex, ba2 are308

Tie2:
dra
dt

= −ka1on a1 ra + ka1off ba1︸ ︷︷ ︸
Ang1 association
and dissociation

Ang2 association
and dissociation︷ ︸︸ ︷

−ka2on a2 ra + ka2off ba2309

+ka1int ba1︸ ︷︷ ︸
Ang1 internalisation

+ φ× (EC proliferation rate)︸ ︷︷ ︸
receptor generation

310

− ra
ET

(EC death rate)︸ ︷︷ ︸
receptor loss

, (7)311

Ang1/Tie2:
dba1
dt

= ka1on a1 ra − ka1off ba1︸ ︷︷ ︸
Ang1 association
and dissociation

− ka1int ba1︸ ︷︷ ︸
Ang1 internalisation

312

− ba1
ET

(EC death rate)︸ ︷︷ ︸
receptor loss

, (8)313

Ang2/Tie2:
dba2
dt

= ka2on a2 ra − ka2off ba2︸ ︷︷ ︸
Ang2 association
and dissociation

−

receptor loss︷ ︸︸ ︷
ba2
ET

(EC death rate), (9)314

where ka1int is the internalisation rate of Ang1, and as Ang1 is internalised, we assume that315

receptors are recycled to the cell surface similarly to the VEGFR2 receptor in equations316

(2)-(3).317

2.1.3 PDGF sub-model318

In our model, PDGF, p, is produced by immature ECs, Ei, and binds to the PDGFR-β319

receptor, rp, expressed by PCs, to form the PDGF/PDGFR−β complex, bp. The binding320

process may be represented by321

p+ rp
kpon


kpoff

bp,322

where kpon denotes the association rate of PDGF to PDGFR-β and kpoff denotes the corre-323

sponding dissociation rate. Combining the above processes, we deduce that the evolution324

of free PDGF may be described by the following ODE:325

Free PDGF:
dp

dt
= αp Ei︸ ︷︷ ︸
PDGF production
by immature ECs

PDGF association
and dissociation︷ ︸︸ ︷

−kpon p rp + kpoff bp − δp p︸︷︷︸
PDGF decay

(10)326
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where αp is the assumed constant rate at which immature ECs produce PDGF, and δp is327

its natural decay rate.328

Similarly to the VEGF and angiopoietins sub-models described above, we assume329

that receptors are generated as cells (in this case PCs) proliferate and lost as they die.330

Assuming φ receptors per PC, we model the free and bound PDGFR-β receptors by the331

equations332

PDGFR-β:
drp
dt

=

PDGF association
and dissociation︷ ︸︸ ︷

−kpon p rp + kpoff bp + φ× (PC proliferation rate)︸ ︷︷ ︸
receptor generation

333

− rp
PT

(PC death rate);︸ ︷︷ ︸
receptor loss

(11)334

PDGF/PDGFR-β:
dbp
dt

= kpon p rp − k
p
off bp︸ ︷︷ ︸

PDGF association
and dissociation

− bp
PT

(PC death rate);︸ ︷︷ ︸
receptor loss

(12)335

where we assume that free receptors are produced as PCs proliferate, and both free and336

bound receptors are lost as PCs die. The total density of PCs is the sum of free PCs337

and PCs attached to ECs, PT = P + EP . The functional forms of the terms for PC338

proliferation and death are described below.339

2.2 Cell dynamics sub-model340

In our model we consider two types of cells: ECs and PCs. We subdivide the ECs into three341

categories for immature ECs (Ei), mature ECs (Em) and ECs with PC coverage (EP )342

and denote by P the concentration of free PCs. Before presenting the ODEs governing343

the evolution of Ei, Em, EP and P , we pause to describe briefly the processes included in344

the cell dynamics sub-model.345

We assume that ECs undergo three processes: proliferation, death and attachment to346

PCs. Similarly, we assume that PCs proliferate, die and attach to ECs. PCs are assumed347

to bind to mature and immature ECs at the same rate, ζ. By contrast and for simplicity,348

we suppose that when PCs detach, the ECs to which they were bound become immature,349

regardless of their previous status. The attachment and detachment of PCs to ECs can350
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be represented by the following reactions:351

Em + P ζ
→ EP ,352

Ei + P ζ
→ EP ,353

EP
ν
→ Ei + P,354

EP
ε
→ Ei.355

where ε is the PC death rate. We assume that when PCs attached to ECs die, the356

unattached ECs are immature.357

In our model, the proliferation of immature ECs is stimulated by VEGF binding358

and upregulated by Ang2 binding, and the death of immature ECs occurs when there359

is insufficient bound VEGF for proliferation. Similarly, we assume that the proliferation360

of free PCs is stimulated by PDGF binding. According to experimental data, PCs die361

when there is a high local concentration of extracellular Ang2 (Park et al., 2014), and we362

take this into account when we model the death of PCs, assuming supression of PCs via363

extracellular Ang2 applies to free and attached PCs. For simplicity we assume that the364

death rate is the same for free PCs and PCs attached to ECs.365

2.2.1 Endothelial cells366

We assume that the dominant processes regulating the concentration of immature ECs,367

Ei, are proliferation, death, and attachment and detachment of PCs. Using the law of368

mass action to represent the attachment and detachment of PCs to ECs, and including369

exchange terms between mature and immature ECs, the equation for the evolution of370

immature ECs takes the form371

Immature ECs:
dEi
dt

= θ H (vb, cep) (1 + H(ab, ca))

(
1− ET

E0

)
Ei︸ ︷︷ ︸

EC proliferation

− ρ H (cd, vb)Ei︸ ︷︷ ︸
EC death

372

−ζ PEi + ν EP︸ ︷︷ ︸
association and dissociation

of PCs with ECs

+ ε

(
a2

A0
+ H(cep, pb)

)
EP︸ ︷︷ ︸

PC death due
to high Ang2 levels
or low PDGF levels

373

−η H

(
λ,
ba2
ba1

)
Ei︸ ︷︷ ︸

maturity increase

+ µ H

(
ba2
ba1

, λ

)
Em︸ ︷︷ ︸

maturity decrease

. (13)374
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In equation (13), the parameter θ represents the half-maximal proliferation rate of im-375

mature ECs and ρ represents the maximum death rate of immature ECs. In our model,376

EC proliferation is switched on (via a second order Hill function), when the fractional377

occupancy of VEGFR2 receptors, vb, reaches the threshold, cep, and a logistic growth of378

immature ECs is assumed. Experimental observations from Lobov et al. (2002) suggest379

that EC proliferation in the presence of VEGF is enhanced by Ang2 binding. Therefore,380

in our model, the proliferation rate of immature ECs is upregulated (via an additional381

second order Hill function) when the fraction of Tie2 receptors bound by Ang2, ab, reaches382

another threshold, ca. We assume that EC death is switched on (via a second order Hill383

function) when the concentration of bound VEGFR2 receptors falls below a threshold, cd.384

As mentioned above, PCs attach to ECs at rate ζ and detach at rate ν. Further, when385

attached PCs die, the remaining EC is assumed to be immature. The attachment and386

detachment of PCs are represented in the third and fourth bracketed terms in equation387

(13). We assume that vessel maturity is determined by the proportions of bound Ang1388

and bound Ang2. In equation (13), we assume that both the increase and decrease in389

maturity take the form of second order Hill functions, and these are given by the fifth and390

sixth bracketed terms in equation (13), where η and µ are constants that represent the391

maximum de-maturation and maturation rates, and λ is the ratio of bound Ang2/bound392

Ang1 above which ECs tend to transition to an immature phenotype.393

Receptor generation and loss terms in equations (2), (3), (4) and (7)-(9), refer to the394

rates of immature EC proliferation and death. From equation (13) we deduce that the395

functional forms for these terms are396

(EC proliferation rate) = θ H (vb, cep) (1 + H (ab, ca))

(
1− ET

E0

)
Ei,397

and398

(EC death rate) = ρ H (cd, vb)Ei.399

In our model, mature ECs do not proliferate or die, and PCs are assumed to attach to400

mature and immature ECs at the same rate. Combining these effects we deduce that the401
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equation governing the evolution of the mature ECs is402

Mature ECs:
dEm
dt

= −ζ P Em︸ ︷︷ ︸
association of PCs

with ECs

+ η H

(
λ,
ba2
ba1

)
Ei︸ ︷︷ ︸

maturity increase

403

−µ H

(
ba2
ba1

, λ

)
Em︸ ︷︷ ︸

maturity decrease

. (14)404

2.2.2 Pericyte cells405

We suppose that the processes dominating the time evolution of free PCs are proliferation,406

death and attachment to ECs. Combining these processes yields the following ODE:407

Free pericytes:
dP

dt
= κ H(pb, cpp)

(
1− PT

P0

)
P︸ ︷︷ ︸

PC proliferation

− ε

(
a2

A0
+ H(cpp, pb)

)
P︸ ︷︷ ︸

PC death due
to high Ang2 levels
or low PDGF levels

408

− ζ P (Ei + Em) + ν EP︸ ︷︷ ︸
association and dissociation

of PCs with ECs

. (15)409

In equation (15), κ is the maximum proliferation rate of PCs, ε scales the PC death410

rate and P0 is the carrying capacity of PCs. We assume a logistic growth of PCs, where411

PCs compete for space with one another but not with ECs. Experimental observations412

from Armulik et al. (2005) suggest that fractional PC coverage in normal vessels ranges413

from 10%-50%. In our model, therefore, we assume that the maximum carrying capacity414

of PCs, P0, is half that of ECs, E0. We assume that PC proliferation is switched on415

(via a second order Hill function) when the fractional occupancy of PDGFR-β receptors,416

pb, reaches the threshold for proliferation, cpp. In our model, PC death is controlled by417

the fractional occupancy of PDGFR-β and the presence of extracellular Ang2. When the418

proportion of bound PDGF/PDGFR-β falls below the threshold, cep, or when Ang2 levels419

are high (compared to the reference concentration, A0) the PC death rate increases.420

2.2.3 Endothelial cell/pericyte complex421

We assume that the adhesion of PCs to both mature and immature ECs can be modelled422

via a simple binding reaction, which is represented by the law of mass action. In our423

model, ECs with PC coverage are quiescent, they therefore do not proliferate or die,424

and are neither classed as mature nor immature. Taking into account the association425
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and dissociation of PCs to ECs, and the death of PCs due to a high extracellular Ang2426

concentration, we represent the EC/PC complex, EP , by the equation427

EC/PC complex:
dEP
dt

= ζ P (Ei + Em)− ν EP︸ ︷︷ ︸
association and dissociation

of PCs with ECs

428

− ε

(
a2

A0
+ H(cpp, pb)

)
EP︸ ︷︷ ︸

PC death due
to high Ang2 levels
or low PDGF levels

. (16)429

We assume that PCs bound to ECs die at the same rate as free PCs and that the ECs to430

which they were attached are immature.431

In equations (11) and (12), PDGFR-β receptor generation and loss depend on the432

proliferation and death rates of PCs. Combining equations (15) and (16), the evolution433

of the total PC density, PT = P + EP , satisfies434

dPT
dt

= κ H(pb, cpp)

(
1− PT

P0

)
P − ε

(
a2

A0
+ H(cpp, pb)

)
PT .435

Further we have that436

(PC proliferation rate) = κ H(pb, cpp)

(
1− PT

P0

)
P,437

and438

(PC death rate) = ε

(
a2

A0
+ H(cpp, pb)

)
PT .439

These expressions are used in equations (11) and (12) to determine the rate at which440

PDGFR-β receptors are created and lost from the system.441

2.3 Model summary442

Our model comprises sixteen time dependent ODEs. Each ODE describes how levels443

of a particular physical variable evolve over time. Twelve of these equations represent444

biochemical interactions between ligands and receptors, and four represent the dynamics445

of mature and immature ECs, and free and bound PCs. The full set of equations is listed446
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below for completeness.447

Free VEGF:
dv

dt
=

αv
Em+EP

E0
+ 1
− kvon v rv + kvoff bv − δv v, (1)448

VEGFR2:
drv
dt

= −kvon v rv + (kvoff + kvint) bv449

+φ θ H (vb, cep) (1 + H(ab, ca))

(
1− ET

E0

)
Ei450

−ρ H(cd, vb)
Ei
ET

rv, (2)451

VEGF/VEGFR2:
dbv
dt

= kvon v rv − (kvoff + kvint) bv − ρ H(cd, vb)
Ei
ET

bv, (3)452

Free Ang1:
da1

dt
= αa1 PT − ka1on a1 ra + ka1off ba1 − δa1 a1, (4)453

Intracellular Ang2:
daw
dt

= αaw (1 + vb)

(
A0

E0
Ei − aw

)
− δaw aw454

−αa2 aw H

(
aw,

Ei
E0

A0

2

)
− ρ H (cd, vb)

Ei
ET

aw, (5)455

Free Ang2:
da2

dt
= αa2 aw H

(
aw,

A0

E0

Ei
2

)
− ka2on a2 ra + ka2off ba2456

−δa2 a2, (6)457

Tie2:
dra
dt

= −ka1on a1 ra + (ka1off + ka1int) ba1 − k
a2
on a2 ra + ka2off ba2458

+φ θ H (vb, cep) (1 + H(ab, cw))

(
1− ET

E0

)
Ei459

−ρ H (cd, vb)
Ei
ET

ra, (7)460

Ang1/Tie2:
dba1
dt

= ka1on a1 ra − (ka1off + ka1int) ba1 − ρ H (cd, vb)
Ei
ET

ba1 , (8)461

Ang2/Tie2:
dba2
dt

= ka2on a2 ra − ka2off ba2 − ρ H (cd, vb)
Ei
ET

ba2 , (9)462
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463

Free PDGF:
dp

dt
= αp Ei − kpon p rp + kpoff bp − δp p, (10)464

PDGFR-β:
drp
dt

= −kpon p rp + kpoff bp + φ κ H(pb, cpp)

(
1− PT

P0

)
P465

−ε
(
a2

A0
+ H(cpp, pb)

)
rp, (11)466

PDGF/PDGFR-β:
dbp
dt

= kpon p rp − k
p
off bp − ε

(
a2

A0
+ H(cpp, pb)

)
bp, (12)467

Immature ECs:
dEi
dt

= θ H (vb, cep) (1 + H(ab, ca))

(
1− ET

E0

)
Ei − ρ H (cd, vb) Ei468

−ζ P Ei + ν EP + ε

(
a2

A0
+ H(cpp, pb)

)
EP469

−η H

(
λ,
ba2
ba1

)
Ei + µ H

(
ba2
ba1

, λ

)
Em, (13)470

Mature ECs:
dEm
dt

= −ζ P Em + η H

(
λ,
ba2
ba1

)
Ei − µ H

(
ba2
ba1

, λ

)
Em, (14)471

Free pericytes:
dP

dt
= κ H(pb, cpp)

(
1− PT

P0

)
P − ε

(
a2

A0
+ H(cpp, pb)

)
P472

−ζ P (Ei + Em) + ν EP , (15)473

EC/PC complex:
dEP
dt

= ζ P (Ei + Em)− ν EP − ε
(
a2

A0
+ H(cpp, pb)

)
EP , (16)474

where all variables and grouped variables are defined in Table 1.475

Parameter values for the full model were obtained via an extensive search of the bi-476

ological literature. Of the 39 parameters, 22 were estimated from the literature. Where477

no appropriate data were available, parameters were typically estimated from values of478

parameters in similar systems, or from existing mathematical models. Otherwise, param-479

eters were estimated based on their qualitative effects on model behaviour. The default480

parameter values used in model simulations are listed in Table C1.481

2.4 Numerical simulations of the full model482

We simulate the full model with initial conditions that represent the onset of angiogenesis.483

We assume that ECs (Ei +Em +EP ) have a density that is 3
20 of their carrying capacity,484

that all PCs are free (no PC coverage) and that 2
3 of ECs are mature. The initial conditions485

for all variables are given in Table 1. Figure 3 shows two typical simulations of the full486

model, and from these simulations, it is clear that there are multiple long-term behaviour487
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regimes of the full model. In the next section, we turn to a simplified version of the full488

model in order to explore analytically the possible long term behaviour regimes.489
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Figure 3: Numerical simulations of the full model equations (1)-(16) using parameter values from
Table C1 (except ζ = 0.24 in (b)) and initial conditions from Table 1.

3 Cell dynamics sub-model analysis results490

In this section we analyse a decoupled version of the cell dynamics sub-model in order to491

gain insight into the possible long-term behaviour regimes of the full model. The results492

are used to identify possible vascular phenotypes, and furthermore to recommend specific493

anti-angiogenic treatments to suit them.494

The simplified model is obtained from the full model by ignoring the dependence on495

VEGF, Ang1, Ang2 and PDGF of the proliferation and death rates of ECs and PCs, and496

the maturation and de-maturation rates of ECs, and treating them as constants. Under497

these assumptions, equations (13)-(16) reduce to give:498

Immature ECs:
dEi
dt

= θ̂

(
1− Ei + Em + EP

E0

)
Ei − ρ̂ Ei − ζ P Ei + ν EP499

+ ε̂ EP − η̂ Ei + µ̂ Em, (17)500

Mature ECs:
dEm
dt

= −ζ P Em + η̂ Ei − µ̂ Em, (18)501

Free pericytes:
dP

dt
= κ̂

(
1− P + EP

P0

)
P − ε̂ P − ζ P (Ei + Em)502

+ν EP , (19)503

EC/PC complex:
dEP
dt

= ζ P (Ei + Em)− ν EP − ε̂ EP , (20)504
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wherein the constants θ̂, ρ̂, κ̂, ε̂, η̂ and µ̂ have replaced the functional forms in the full505

model:506

θ H (vb, cep) (1 + H(ab, ca))→ θ̂; ρ H (cd, vb)→ ρ̂; κ H(pb, cpp)→ κ̂;507

ε

(
a2

A0
+ H(cpp, pb)

)
→ ε̂; η H

(
λ,
ba2
ba1

)
→ η̂; µ H

(
ba2
ba1

, λ

)
→ µ̂.508

3.1 Steady state solutions509

By setting time derivatives to zero in equations (17)-(20), we identify five steady state510

solutions, including two vessel-free solutions for which Ei = Em = EP = 0. In another511

steady solution, only ECs lacking PC coverage are present (EP = P = 0, Ei, Em > 0).512

For the final two steady solutions, all cell types coexist. The solutions for which one or513

more of Ei, Em, P, EP are zero can be written as follows:514

(i) Ei = 0; Em = 0; P = 0; EP = 0;515

(ii) Ei = 0; Em = 0; P = P0

(
1− ε̂

κ̂

)
; EP = 0;516

(iii) Ei =
E0

(
1− ρ̂

θ̂

)
(

1 + η̂
µ̂

) ; Em =
E0

(
1− ρ̂

θ̂

)
(

1 + µ̂
η̂

) ; P = 0; EP = 0.517

Solution (i) represents the trivial non-angiogenic phenotype. It exists and is biologically518

realistic in the positive quadrant of parameter space and corresponds to tumour sub-519

regions where the conditions are such that angiogenesis does not take place. Solution520

(ii) corresponds to an alternative non-angiogenic steady state in which only free PCs are521

non-zero. This solution exists and is physically realistic in regions of parameter space522

for which ε̂
κ̂ ≤ 1, ie the death rate of PCs is smaller than the proliferation rate of PCs.523

Steady state (iii) is characterised by the coexistence of mature and immature ECs; this524

corresponds to a highly angiogenic vascular phenotype with no PC normalisation. The525

balance between mature and immature ECs in this steady state depends on the parameters526

η̂ and µ̂, which are coupled to the concentrations of bound Ang1 and bound Ang2 in the527

full model. Specifically, for η̂ > µ̂, Em > Ei and vice-versa. The third steady state exists528

as a physically realistic solution when ρ̂

θ̂
≤ 1, ie the proliferation rate of immature ECs is529

greater than the death rate of immature ECs.530

For the fourth and fifth steady states, all cell types have non-zero densities and the531
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corresponding values of P , denoted P+ and P−, are the roots of the quadratic532

P 2 +

[(
E0

(
1− ρ̂

θ̂

)
− P0

(
1− ε̂

κ̂

))
+

(ν + ε̂)

ζ

]
P (21)533

+P0

[
ε̂

κ̂
E0

(
1− ρ̂

θ̂

)
−
(

1− ε̂

κ̂

)
(ν + ε̂)

ζ

]
= 0.534

The remaining steady states are known functions of P+ and P−:535

(iv) Ei =
E0(1− ρ̂

θ̂
)(ν + ε̂)(ζP+ + µ̂)

(ν + ε̂+ ζP+)(η̂ + µ̂+ ζP+)
, Em =

η̂Ei
ζP+ + µ̂,

536

P = P+, EP =
ζ
(

1− ρ̂

θ̂

)
P+

ν + ε̂+ ζP+
,537

(v) Ei =
E0(1− ρ̂

θ̂
)(ν + ε̂)(ζP− + µ̂)

(ν + ε̂+ ζP−)(η̂ + µ̂+ ζP−)
, Em =

η̂Ei
ζP− + µ̂

,538

P = P−, EP =
ζ
(

1− ρ̂

θ̂

)
P−

ν + ε̂+ ζP−
.539

Analysis of steady states (iv) and (v) (see Appendix A) reveals that (v) is never biologically540

feasible in the current parameter regime defined in Table 2, and that the region in which541

solution (iv) is biologically realistic is where542

(
κ̂

ε̂
− 1

)
(ν + ε̂) > ζE0

(
1− ρ̂

θ̂

)
> 0. (22)543

Parameter Normalised value(s) Units
ρ̂ [0.001 0.08] (0.02) h−1

ε̂ [0.01 0.08] (0.02) h−1

η̂ 0.01 h−1

µ̂ 0.01 h−1

θ̂ 0.04 h−1

κ̂ 0.04 h−1

ζ 0.1 h−1

ν 0.05 h−1

E0 1 dimensionless
P0 0.5 dimensionless

Table 2: Normalised parameter values for analysis of the uncoupled cell dynamics sub-model. The
default values for ρ̂ and ε̂ are given in round brackets. The ranges of values used to generate Figure 4
are given in square brackets. See Table C1 for original sources of parameters.

A linear stability analysis for each of the steady states (i)-(iv) is detailed in Appendix544
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B. In Figure 4 we summarise the results of our steady state and linear stability analyses by545

showing where in
(
ρ̂

θ̂
, ε̂κ̂

)
parameter space each of solutions (i)-(iv) is physically realistic,546

and is linearly stable.547

ρ̂/θ̂
0 1

ǫ̂/
κ̂

0

1

Biologically realistic (i),(iii) Biologically realistic (i)

Linearly stable (iii) Linearly stable (i)

Linearly stable (iv) Linearly stable (ii)

A

C
+

Linearly stable (iii)
Biologically realistic (i),(ii),(iii)

Biologically realistic (i),(ii),(iii),(iv)

B

D

S
Biologically realistic (i),(ii)

C
-

Figure 4: Diagram summarising how the existence and linear stability of steady states (i)-(iv) depend
on parameters ρ̂

θ̂
and ε̂

κ̂ . Biological feasibility was determined analytically by identifying regions where
Ei, Em, P, EP ≥ 0 and linear stability was determined from the signs of the real parts of the eigenvalues
of the Jacobian, J , evaluated at the steady states. Parameter values are listed in Table 2. Region

C is sub-divided into two regions by the curve S on which
(
κ̂
ε̂ − 1

)
(ν + ε̂) = ζE0

(
1− ρ̂

θ̂

)
. Below

S, solution (iv) is feasible and locally stable; above S, solution (iv) is unfeasible and solution (iii) is

linearly stable. See equation (22) for details. The arrow shows an example of a path in
(
ρ̂

θ̂
, ε̂κ̂

)
space

to transition from an angiogenic to a non-angiogenic phenotype, and details are given in the text.

Our analysis has shown that the cell dynamics sub-model from equations (17)-(20) does548

not exhibit bistability in the current parameter regime (see Figure 4). The transitions549

between regions defined in Figure 4 are of biological interest. They indicate how, when550

treating an angiogenic tumour which has sections exhibiting angiogenic phenotype (iii)551

or (iv), the ratios of ρ̂

θ̂
and ε̂

κ̂ can be modulated to switch to a non-angiogenic phenotype552

such as (i) or (ii).553

An example of a path in
(
ρ̂

θ̂
, ε̂κ̂

)
space that could lead from an angiogenic phenotype554

to a non-angiogenic phenotype is shown by the arrow in Figure 4, which starts in region555

C+, where (iii) is linearly stable, and passes through regions C−, D and ends in B, where556

the trivial non-angiogenic solution (i) is linearly stable. In region C+, steady states (i)557

and (ii) are biologically feasible, but unstable. The real parts of the eigenvalues of the558

Jacobian evaluated at (iii) are all negative in region C+, but for increasing ρ̂

θ̂
and fixed559

ε̂
κ̂ , the real part of one of the eigenvalues of the Jacobian becomes positive, so (iii) is no560

longer linearly stable after the curve S defined by inequality (22) is crossed (see Appendix561
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B for details). In addition, as S is crossed from left to right, the solutions for (iv) become562

biologically feasible (see Appendix A) and also linearly stable, and all cell types coexist563

in this region. Continuing to increase ρ̂

θ̂
at fixed ε̂

κ̂ , the concentrations of Ei, Em and564

EP decrease until they all become zero at ρ̂

θ̂
= 1. At this point, solution (iv) reduces to565

solution (ii). In region D, the real parts of the eigenvalues of the Jacobian evaluated at566

(ii) are negative. Now increasing ε̂
κ̂ for some fixed value of ρ̂

θ̂
> 1, steady state (ii) reduces567

to steady state (i) when ε̂
κ̂ = 1, and in region B, the trivial, non-angiogenic steady state568

solution (i) is linearly stable.569

The concentrations of the cell types within the stable steady states are shown as a two570

dimensional colour plot in Figure 5. These plots indicate that there are no discontinuities571

at the boundaries between parameter regions. In the next section, cell density plots will572

be directly compared with others generated from the full model.573
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Figure 5: Plots to show the solutions for Ei, Em, P and F for steady states (i)-(iv). Parameter values
are listed in Table 2. The boundary of the region of feasibility of (iv) is shown by a thick black line
and arises from inequality (22).

Summary of linear stability analysis574

• There are four biologically feasible (Ei, Em, P, EP ≥ 0) steady state solutions to the575

simplified cell dynamics sub-model in the current parameter regime. One additional576
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solution is not feasible in the current parameter regime but is feasible in other577

parameter regimes (see Appendix A for details).578

• The feasibility and stability of each of the steady state solutions depend on the ratios579

ρ̂

θ̂
and ε̂

κ̂ .580

• There are no regions of bistability in the current parameter regime, and all steady581

states are linearly stable in exactly one region of the positive quadrant of
(
ρ̂

θ̂
, ε̂κ̂

)
582

space.583

4 Full model results584

In this section we revert to the full model, identifying conditions under which its be-585

haviour is the same as that of the simpler one. We use experimental data to validate586

the model qualitatively, and make predictions about the impact of administering existing587

anti-angiogenic therapies to an alternative pre-treatment phenotype. Finally, we demon-588

strate how the full model can be used for phenotype-specific anti-angiogenic drug target589

identification.590

4.1 Corroboration of steady state results591

The simplified model gives an insight into the possible long term behaviours of cell densi-592

ties when coupling to the subcellular biochemistry is neglected. In this subsection we show593

that the behaviour regimes identified for the simple model are relevant to the behaviour594

of the full model.595

To compare the stable steady states of the full model with those of the simplified596

model, equations (1)-(16) were solved for values of θ and κ that span several orders of597

magnitude (with the values of all other parameters including ε and ρ held fixed), and598

results are shown in Figure 6. We assume that equations (1)-(16) have reached a steady599

state when the time derivative of the full system is less than 10−5h−1.600

Comparison of Figures 5 and 6 reveals several common features and several discrep-601

ancies. Some similarities between the steady state behaviour of the full model shown602

in Figure 6 and the simplified model shown in Figure 5 are as follows: parameter space603

defined by the EC proliferation rate, θ, and the PC proliferation rate, κ, is divided into604

distinct regions where different steady states are linearly stable; there is a region of pa-605

rameter space in which free and bound PCs are non-zero and the bounding region is606
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qualitatively similar for Figures 5 and 6; immature EC density attains its maximum for607

large θ and small κ; mature and immature ECs reach higher densities in the steady state608

for large θ; free PCs have a higher density for small θ and the EC/PC complex has a609

larger density for large θ.610
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Figure 6: Steady state solutions for Ei, Em, P and F using the full model (equations(1)-(16)) for values
of 10−4.5 ≤ θ ≤ 10−1 and 10−3 ≤ κ ≤ 10−1 and with all other parameters taken from Table C1.

The most notable discrepancy between Figures 5 and 6 is that Em � Ei for low611

κ (where no PCs are present), and Ei � Em for high κ (where PCs are present) in612

Figure 6, whereas in Figure 5 for low ρ̂

θ̂
and low ε̂

κ̂ , immature ECs and PCs coexist at613

similar densities. The lack of immature ECs in regions with high PC concentration in614

the stable steady states of the full model can be explained in terms of the upstream615

biochemical interactions of Ang1 and Ang2. Where it exists, steady state (iii) of the616

simplified model takes the form Em = η̂
µ̂Ei, ie the ratio of immature to mature vessels is617

the ratio of the de-maturation to maturation functions. For the full model, PCs produce618

the growth factor Ang1 that is needed for maturation, and Ang2 is produced by immature619

ECs and leads to further de-maturation (a positive feedback loop for Ang2 induced de-620
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maturation). Consequently, in the case PT = 0, µ H
(
ba2

ba1
, λ
)
� η H

(
λ,

ba2

ba1

)
which leads621

to Ei � Em, and where PT 6= 0, η H
(
λ,

ba2

ba1

)
� µ H

(
ba2

ba1
, λ
)

, which leads to Em � Ei,622

and therefore to steady states where one EC type becomes predominant. In addition to623

these observations, it appears from Figure 6 that a very low value of θ would be required to624

observe steady states (i) and (ii) in the previous section. In the following subsections, we625

validate our model qualitatively using published experimental data, then go on to identify626

biochemical parameters associated with interventions that could achieve a transition from627

an angiogenic to a non-angiogenic steady state.628

4.2 Anti-angiogenic therapies629

The application of anti-angiogenic drugs to tumours has revealed that many candidate630

drugs act by normalising vessels and stimulating vessel regression (Goel et al., 2011).631

While the anti-tumour benefit of normalised vessels remains unclear, it has been suggested632

that they aid the delivery of chemotherapeutic agents, or improve the oxygen delivery,633

reducing hypoxia-induced VEGF production (Jain, 2005). Consequently, an alternative634

goal of anti-angiogenic therapy is to improve vessel normalisation while decreasing vessel635

density. In the context of the phenotypes identified for our model, this corresponds to a636

post-therapy phenotype (iv) with high normalisation.637

The simplified and full models can be used to identify paths in parameter space that638

lead to a transition from the basin of attraction of a highly angiogenic steady state (for639

example, solutions (iii) and (iv)), to an alternative steady state solution (such as (i) or640

(iv) characterised by a high degree of vessel normalisation). Highly angiogenic vascular641

networks are associated with poor clinical outcome, where less dense, normalised networks642

are associated with a positive clinical outcome (see Table 1 in Jain (2005) for a summary).643

It has also been suggested that the promotion of vessel growth in addition to normalisation,644

alongside the administration of chemotherapy, could lead to a positive clinical outcome645

due to the enhanced ability of vasculature to deliver cytotoxic molecules, and this case646

corresponds to solution (iv) characterised by a high vessel density and high normalisation647

(Rivera and Bergers, 2015, Wong et al., 2015).648

In the following sections, we simulate the effects of anti-VEGF, anti-Ang2 and a com-649

bined anti-VEGF/anti-Ang2 antibody on vessels of two alternative pre-treatment phe-650

notypes, then we investigate transitions from highly angiogenic, (iii), or normalised an-651

giogenic, (iv), pre-treatment phenotypes to non angiogenic (i) or highly normalised (iv)652
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end-points.653

4.2.1 Anti-VEGF and anti-Ang2 antibodies654

In this section, we perform a qualitative validation of the full model against experimental655

data.656

In experiments described in Kienast et al. (2013), KPL-4 tumour-bearing mice were657

treated with either an anti-VEGF antibody, an anti-Ang2 antibody, a bispecific anti-658

VEGF/anti-Ang2 antibody (Crossmab) or a control treatment after the mean tumour659

volume for each group reached 150mm3. The number of vessels per mm3 of viable tumour660

tissue and the PC coverage of vessels were quantified by histology at the end of the study661

(day 63). Animals treated with anti-VEGF or Crossmab treatment had lower vessel662

densities than the control group on average, but the result was not statistically significant663

(p> 0.05) due to large variability and a small sample size. PC coverage was greater in all664

treatment groups compared to the control group, and treatment with Crossmab resulted665

in a statistically significant (p< 0.05) increase in PC coverage compared to anti-VEGF666

treatment, anti-Ang2 treatment and the control group. The experimental results are667

superimposed onto our simulated results in Figure 7.668

Since PCs were present for all experimental groups, we focus on the coexistence pre-669

treatment phenotype. Now anti-VEGF antibodies are known to neutralise free VEGF,670

while anti-Ang2 antibodies neutralise free Ang2 and Crossmab neutralises both ligands671

(Kienast et al., 2013). We simulate anti-VEGF therapy by increasing the VEGF clearance672

rate, δv, and anti-Ang2 therapy by increasing the Ang2 clearance rate, δa2 . Crossmab is673

simulated by increasing both clearance rates simultaneously. In the absence of sufficiently674

detailed experimental data, we are unable to fully parameterise our model. Consequently,675

we do not claim that our model is able to generate quantitative results, although we can676

validate its qualitative predictions against the observations of Kienast et al..677

Using the default steady state (iv) concentrations for all variables of the full model as678

initial conditions, anti-VEGF and anti-Ang2 therapies were simulated for a range of values679

of δv and δa2 . The results presented in Figure 7 show that anti-VEGF treatment leads680

to a decrease in vessel density and an increase in PC coverage, in line with experimental681

results. Increasing the rate of Ang2 clearance also leads to an increase in PC coverage682

in the steady state, but the effect of anti-Ang2 therapy on PC coverage saturates when p683

exceeds the value at which all extracellular Ang2 is neutralised. While simulations show684
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that the addition of anti-Ang2 therapy to anti-VEGF therapy is not predicted to decrease685

the total EC density, (see Figure 7a), it does increase PC coverage (see Figure 7b).686

In conclusion, the full model produces results in qualitative agreement with experi-687

mental data for PC coverage following anti-angiogenic treatment. Although experimental688

results showed a decrease in vessel density following Crossmab therapy compared to anti-689

VEGF therapy alone, the result was not statistically significant. In our simulations, we690

found that Crossmab therapy did not lead to a larger decrease in EC density compared to691

anti-VEGF therapy. The same mechanistic, drug specific, perturbations could not have692

been performed using the simplified model due to lack of biochemical detail, justifying693

the need for a fully coupled model of angiogenesis.694

Immature pre-treatment phenotype695

We use the full model to predict the impact of anti-VEGF, anti-Ang2 and combined treat-696

ments on an immature vessel network. Figure 8 shows the stable (Em+EP ) and immature697

(Ei) cell densities after initiation of anti-VEGF, anti-Ang2 and Crossmab treatments.698

Simulation of anti-VEGF treatment results in a decrease in immature vessel density, but699

no switch from the immature vessel phenotype. Simulation of anti-Ang2 treatment leads700

to an initial “lag” period, during which there is a small reduction in immature EC density,701

followed by a switch to a normalised phenotype approximately 100 days post treatment.702

Close inspection of the cell densities and biochemical variables during this lag period703

(data not shown) reveals that for anti-Ang2 treatment, PCs (which have a very low, but704

non-zero density) begin to proliferate since there is less free Ang2 to supress them; the705

PCs produce Ang1, which binds to Tie2 receptors, eventually reaching a concentration706

that activates the maturation switch. Since there are now fewer immature ECs producing707

Ang2, the suppression of PCs remains low, allowing their rapid growth. Decreasing the708

threshold ratio of bound Ang2
bound Ang1 for maturation delays the switch from an immature to a709

mature phenotype (data not shown) which supports this explanation.710

Anti-VEGF and anti-Ang2 monotherapy simulations resulted in decreases in total EC711

density of 11% and 10% respectively, and Crossmab therapy resulted in a decrease in total712

EC density of 41% for the immature pre-treatment phenotype. Since the decrease in EC713

density after Crossmab therapy is greater than the sum of the decreases resulting from714

individual therapies, the effect can be described as synergistic for the example shown.715

Our model simulations predict that the switch to a normalised phenotype, with PC716

32



VEGF clearance rate, δ
v
 (h

-1
)

0 10 20 30 40 50 60 70 80 90 100

 T
o
ta

l 
E

C
s
 (

n
o
rm

a
lis

e
d
)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

δ
a

2

 = 0.0625h-1

δ
a

2

 = 0.2031h-1

δ
a

2

 = 0.6250h-1

Experimental results: Anti-VEGF

Experimental results: Crossmab

(a)

VEGF clearance rate, δ
v
 (h

-1
)

0 10 20 30 40 50 60 70 80 90 100

 F
ra

c
ti
o
n
a
l 
P

C
 c

o
v
e
ra

g
e
 (

n
o
rm

a
lis

e
d
)

0

0.5

1

1.5

2

2.5

δ
a

2

 = 0.0625h-1

δ
a

2

 = 0.2031h-1

δ
a

2

 = 0.3438h-1

δ
a

2

 = 0.4844h-1

δ
a

2

 = 0.6250h-1

Experimental results:
Anti-VEGF

Experimental results: Crossmab

Experimental results:
Anti-Ang2

(b)

Figure 7: Numerical results for EC density (Ei + Em + EP ) and PC coverage (EP /(Ei + Em + EP ))
in the steady state using equations (1) - (16) with the default parameter set given in Table C1 and
1h−1 ≤ δv ≤ 100h−1 and 0.0625h−1 ≤ δa2 ≤ 0.625h−1. The control values for δv and δa2 are 1h−1

and 0.0625h−1 respectively. Initial conditions were the steady state densities of all variables with no
treatment and results were normalised to the total EC density or PC coverage with no treatment.
Parameter scans for anti-VEGF, and combined anti-VEGF/anti-Ang2 treatments show that simula-
tions suggest that anti-VEGF and Crossmab treatments reduce EC density compared to no treatment
and anti-VEGF, anti-Ang2 and Crossmab treatment increase fractional PC coverage compared to no
treatment. Experimental results (Kienast et al., 2013) for the decrease in EC density and increase in
PC coverage (normalised to control) for all treatments, except where anti-Ang2 therapy, which did
not result in EC density different from the control, are shown as horizontal lines for comparison with
our simulated results. The decrease in EC density in the experimental results for Crossmab therapy
was not statistically significant compared to anti-VEGF therapy.
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Figure 8: Simulation of anti-VEGF, anti-Ang2 and Crossmab, treatment for an immature pre-
treatment phenotype shows that anti-VEGF treatment alone leads to a small decrease in immature
vessel density, but anti-Ang2 and Crossmab treatment lead to a switch to the normalised phenotype
after a delay of around 100 days. The immature pre-treatment phenotype is defined by the steady
state densities of all variables with δa2 = 0.02h−1 and all other parameters taken from Table C1. For
anti-VEGF treatment, δv = 60h−1 and for anti-Ang2 treatment δa2 = 0.4h−1, for Crossmab treatment
δv = 60h−1 and δa2 = 0.4h−1 and treatment begins at day 0. Em + EP for anti-VEGF treatment is
zero for the length of the simulation and therefore is not shown.
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coverage, occurs after administration of either anti-Ang2 or Crossmab therapies. The717

fractional PC coverage increases after simulations of anti-Ang2 therapy and Crossmab718

therapy, but not anti-VEGF therapy.719

4.2.2 Phenotype-specific treatment recommendations720

In this subsection we identify parameters in the full model that could be varied to effect721

a transition from an angiogenic to a non-angiogenic phenotype. The grouped parameters722

θ̂, ρ̂, κ̂ and ε̂ that appear in the simplified model are coupled to upstream biochemical723

processes in the full model, and the biochemical parameters may be perturbed to effect724

the desired transition from one basin of attraction to another.725

The EC proliferation rate depends on the fractional occupancy of VEGFR2 receptors726

in the full model. Perturbations to parameters that control VEGF production, binding727

or decay should aid a transition from a stable coexistence steady state to a stable steady728

state where Ei and Em are small, (ie from the left to the right side of Figure 6). Similarly,729

since the total proliferation rate of PCs depends on the fractional occupancy of PDGFR-β730

receptors, perturbations to parameters that control PDGF production, binding and decay731

should aid a transition from the coexistence steady state (iv) to a steady state of lower732

PC density, ie from bottom to top of Figure 6. For a normalised angiogenic pre-treatment733

phenotype, we perturb VEGF and PDGF related parameters simultaneously to approach734

the least angiogenic phenotype (i).735

Figure 9 shows the results of simultaneous perturbations to VEGF and PDGF associ-736

ated parameters for a normalised pre-treatment phenotype steady state (iv). A transition737

from the coexistence steady state to an immature steady state with a low EC density738

can be achieved by decreasing the VEGF production rate, αv, and perturbing one of the739

PDGF associated parameters αp, k
p
on or δp.740

For the “runaway angiogenesis” highly immature pre-treatment phenotype (iii) where741

Ei � Em and P,EP ≈ 0, we decrease VEGF associated parameters with an aim to742

decrease ET , moving from the upper left to the upper right region of Figure 6. Results are743

shown in Figure 10: for an immature pre-treatment phenotype in the current parameter744

regime, a perturbation to the VEGF production rate, αv, has a superior anti-angiogenic745

effect compared to perturbations to the VEGF binding rate, kvon, or VEGF decay rate,746

δv. From this result we propose that decreasing the VEGF production rate by a factor of747

50 is preferable to decreasing the VEGF binding rate by a factor of 100 or increasing the748
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VEGF clearance rate by a factor of 100 for effecting a transition from a highly angiogenic749

pre-treatment phenotype to a non-angiogenic phenotype.750
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Figure 9: Simulations of theoretical anti-angiogenic treatments for vessels with the full model (equa-
tions (1)-(16)) starting in steady state (iv) show that perturbations to the VEGF production rate,
αv, and a perturbation to the PDGF production or clearance rates, αp (a) or δp (c) respectively, lead
to a transition from the angiogenic steady state (iv) towards steady state (i). Perturbations to the
VEGF association rate, kvon, and αp (b) or δp (d) lead to a transition from (iv) to (iii). The results
for simulations where the VEGF clearance rate, δv, was multiplied by 100 were similar to the results
for kvon/100, and are not shown here. The results for simulations where the PDGF clearance rate, kpon,
was reduced by a factor of 50 were similar to the results for δp ∗ 50 and are not shown here. Initial
conditions are the steady state values for all variables in (iv), all unperturbed parameters are taken
from Table C1 and treatment begins at t=0.

In preclinical experiments, antibodies for VEGF and PDGF are administered at a751

dose such that a large percentage of the free ligand is neutralised, and tumour growth is752

inhibited by around 90% (Ferrara et al., 2005). The magnitude of the perturbations to753

the clearance rates of VEGF and PDGF in Figures 9 and 10 are such that the free VEGF754

or PDGF concentrations decrease to less than 30% of their pre-treatment concentrations,755

and that the fractional occupancy of VEGF receptors falls below the threshold for EC756

proliferation. Similarly, inhibitors of downstream effects of ligand binding, such as Suni-757

tinib (see Section 1), significantly reduce the fractional occupancy of receptors (Speed758
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Figure 10: Simulations of theoretical anti-angiogenic treatments using the full model (equations (1)-
(16)) for the highly angiogenic pre-treatment phenotype (iii) show that a perturbation to the VEGF
production rate, αv, leads to a transition towards steady state (i), but a perturbation to the VEGF
association rate, kvon, does not lead to a transition to a non-angiogenic steady state. The results for
simulations where the VEGF clearance rate, δv, was multiplied by 100 were similar to kvon/100 and are
not shown here. Initial conditions are the steady state values in (iii) for all variables, all unperturbed
parameters are taken from Table C1, except κ = 0.008h−1, and treatment begins at t=0.

et al., 2012). The magnitudes of the perturbations to binding rates of VEGF and PDGF759

are such that the post-treatment fractional occupancy of receptors is around 19%, which760

is below the threshold for proliferation in our model. Production rates of ligands are more761

difficult to measure in pre-clinical models, and the orders of magnitudes for our perturba-762

tions to the production rates of VEGF and PDGF by tumour cells and ECs respectively763

are order of magnitude estimates.764

5 Discussion765

Experimental and clinical results have shown that anti-angiogenic therapies as monothera-766

pies are of limited value, while searches for biomarkers of angiogenic response to treatment767

in recent years have been unfruitful.768

We have developed a complex ODE model representing the interactions between pro-769

cesses involved in angiogenesis, and the impact of the interactions on the effects of anti-770

angiogenic therapies on neovasculature. We have validated the full model qualitatively771

using experimental data but quantitative validation cannot yet be achieved due to high772

parameter dimensionality and poor data availability. A simplified version of the model773

was used to identify the expected long-term behaviour of the full model.774
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The steady state behaviours exhibited by the full and simplified models are physically775

realistic, representing vessel phenotypes (for high quality 3D images of tumour vessels776

that exhibit immature and normalised phenotypes, see Dobosz et al. (2014), and for777

our interpretation of phenotypical features, see Figure 1). We acknowledge that the full778

model may exhibit other steady state solutions in addition to the four solutions considered779

above. However, the high dimensional nature of the parameter space makes an analytical780

treatment of the full model impractical.781

Simulation of anti-angiogenic treatment with the full model includes mechanistic de-782

tail, which is not possible to capture with the simplified model. Transitions from angio-783

genic phenotypes to non-angiogenic phenotypes are considered in this paper as an indi-784

cation for response to treatment. If measurable, the pre-treatment and post-treatment785

phenotypes of vascular sub-regions could be used as a biomarker of response to treatment786

for preclinical experiments.787

The conclusions that we draw from our investigations of our full and simplified models788

can be summarised as follows:789

1. According to the simplified model, there are four possible long term behaviours for790

ECs and PCs in the parameter regimes studied. Two behaviours are angiogenic and791

two are non-angiogenic. The regions in which these solutions exist and are locally792

stable can be categorised according to the ratio of death rate
growth rate for ECs and the same793

ratio for PCs. Similar long-term behaviour regimes exist for the full model and794

a direct comparison of the long term behaviour regimes of the simplified and full795

models illustrates this (see Figures 5 and 6).796

2. The full model can reproduce qualitative experimental results of VEGF, Ang2 and797

combined VEGF/Ang2 inhibition with respect to the increase in PC coverage.798

3. Of the perturbations we simulated, the most effective for moving from a normalised799

angiogenic steady state (iv) towards a non-angiogenic steady state (i) was to decrease800

the VEGF production rate and to decrease the rate of PDGF production or binding,801

or to increase the rate of PDGF clearance (see Figure 9).802

4. Of the perturbations we simulated, the most effective for effecting a transition from803

a runaway angiogenic steady state similar to (iii) to a less angiogenic steady state804

(i), was to decrease the VEGF production rate (see Figure 10).805

5. According to our model in the current parameter regime, combination anti-VEGF/anti-806
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Ang2 therapy has a synergistic effect when administered to a highly angiogenic pre-807

treatment phenotype, but not when administered to a normalised pre-treatment808

phenotype.809

Our model was inspired by another model proposed by Zheng et al. (2013), which810

accounts for similar biochemical variables (VEGF, Ang1, Ang2, PDGF) while placing811

more focus on the biomechanical aspects of one-dimensional vessel growth, comparing812

model outputs with a corneal angiogenesis model. On the rationale that simplifying some813

aspects of the biology would yield a model that is analytically tractable, and with a lack of814

detailed spatially resolved data with which to validate our model, we chose a well-mixed815

approach. This approach led to a significant reduction in the total number of parameters816

in our model compared to Zheng et al. at the expense of spatial information. We adapted817

several features for our model, such as Ang2 dependent EC proliferation, the generation818

of receptors as cells proliferate, and loss as they die and the details of the exocytosis of819

Ang2 from WPBs. We also developed a new cell dynamics sub-model.820

The identification of expected vascular phenotypes using mathematical analysis has821

formed the basis of our conclusions. We anticipate robustness of our results as it is the end822

states rather than the transients that are most important for our conclusions, and these823

end states are well understood from the simplified model analysis. Several mathematical824

models of angiogenesis recommend treatment on a one-size-fits-all basis, where treatment825

is applied to only one pre-treatment phenotype (Zheng et al., 2013, Billy et al., 2009, Jain826

et al., 2009). To the best of our knowledge, ours is the first mechanistic mathematical827

model of angiogenesis which considers the impact of anti-angiogenic treatment on different828

vascular phenotypes.829

Aspects of angiogenesis that feature in other models include the role of immune cells830

such as macrophages (Levine et al., 2000), oxygen tension within the tumour (Lignet831

et al., 2013, Owen et al., 2009), blood flow (Stéphanou et al., 2005, Welter and Rieger,832

2010, Perfahl et al., 2011) and the cell cycle (Perfahl et al., 2011). Importantly for the833

future of our work, the relationship between blood flow, oxygen tension and drug delivery834

has also been studied in theoretical models of angiogenesis (Welter and Rieger, 2013,835

Byrne et al., 2011). Furthermore, the important process of vessel regression following836

the detachment of pericytes is taken into account in several recent models (Welter and837

Rieger, 2010, 2013, Owen et al., 2009). We have chosen to include processes relevant to838

our aim of investigating the mechanistic basis of neovascularisation and normalisation via839

39



a tractable ODE model, but incorporation of further aspects of angiogenic tumour growth,840

including those listed, will form the basis of future development of the full model. We841

note that taking into account spatial, temporal and network aspects of vascular tumour842

growth could yeild new insight into expected therapeutic outcomes for given pre-treatment843

phenotypes.844

A limitation of the simplified and full models is that the detail of a heterogeneous845

tumour is not captured, since both models represent a small, well-mixed volume of tumour846

tissue. The phenotypes described in this paper apply to an individual, approximately847

homogeneous portion of the tumour. This limitation could explain the appearance of the848

extreme phenotypes, where one EC type predominates, exhibited by the full model. In849

reality, a tumour contains sections with different characteristics, and these regions are850

physically connected. The delivery of cytotoxic drugs to the tumour depends heavily on851

the topology of the vasculature. Incorporation of spatial features into our model could852

yield more insight into the expected outcome for different therapies and different pre-853

treatment phenotypes. For a review of spatial models of angiogenesis, see Scianna et al.854

(2013), Rieger et al. (2016). Models that focus on vessel architecture and the resultant855

drug delivery could be a useful starting point for a future hybrid model of vascular tumour856

growth.857

In addition to the non-spatial nature of the model, we are limited by a shortage of858

suitable experimental data with which to estimate system parameters and validate our859

model. Accurate parameterisation and model validation are often challenges that face860

modellers of biological systems. Many of the parameters of the full model are estimated861

based on the resultant model behaviour, or taken from in-vitro studies. A 39-dimensional862

parameter space cannot be explored fully via current techniques, and therefore it is not863

feasible to conduct a global sensitivity analysis for the full model. We have attempted to864

remedy this via the analytical treatment of a simplified model, which yields information865

about the long term behaviours of the simplified and full models, and identifies parameters866

which have a significant impact on the model behaviour.867

The phenotype-specific outcomes of our model simulations may be of direct clinical868

importance, and could prompt further experimental studies that would help to parame-869

terise the full model. For example, proliferation and death rates of ECs and PCs were870

not available for in-vivo studies, but were shown to be critical to the model behaviour.871

Experiments that allow these rates to be measured would be valuable for the verification872
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of model outcomes.873

The same experimental study that we used to validate our model showed that Cross-874

mab treatment or anti-VEGF treatment led to a significant decrease in primary tumour875

volume, but anti-Ang2 treatment did not. Additionally, experimental results showed that,876

for progressed tumours, the metastatic load in the liver was significantly reduced by both877

anti-Ang2 and combination therapies. The inclusion of tumour cells in the model could878

enhance the understanding of the role played by angiogenesis in the growth and spread879

of cancer cells. Since tumour size is measured in most preclinical experiments relating880

to anti-angiogenic therapies, we may hope for further validation of the model with the881

inclusion of a tumour compartment. Inspiration may be drawn from several recent models882

of angiogenesis that also account for tumour growth (Billy et al., 2009, Ribba et al., 2011,883

Lignet et al., 2013, Perfahl et al., 2011, Jain et al., 2009, Welter et al., 2009, Bartha and884

Rieger, 2006).885

In its current form, our model represents, and has been qualitatively validated against,886

pre-clinical experimental systems, although most parameters were obtained from in-vitro887

studies. However, since we opted for a non-spatial approach, it could be used as a generic888

model to describe key processes of neovascularisation of tumours in, for example, clinical889

studies, or it could be adapted to represent other situations where angiogenesis occurs,890

such as in diabetic retinopathy, wound healing or developmental biology.891

There has been extensive work in recent years to identify biomarkers of response to892

anti-angiogenic therapies, with little success (Murukesh et al., 2010). As experimental893

technology advances, the possibility to measure a pre-treatment vascular phenotype of894

tumour sub-regions becomes more realistic. From the results of our simulations and model895

analysis, we hypothesize that different pre-treatment vascular phenotypes will respond896

differently to different anti-angiogenic therapies. The predominant vascular structure897

within a tumour could be used as a biomarker of angiogenic response to treatment, since898

a switch in phenotype is a goal of the therapies simulated in this paper.899

We have demonstrated that a well-mixed model can generate valuable and meaningful900

results in the absence of spatial information. Taking into account the morphological901

phenotype of tumour regions, we are able to make predictions regarding appropriate902

“personalised” anti-angiogenic treatments. As technology advances, the measurement of903

in-vivo tumour vessel densities using techniques such as ultramicroscopy (Dobosz et al.,904

2014) could be used to the validate and parameterise our model, and thereby accelerate905
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the development of anti-angiogenic therapies for pre-clinical models.906
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A Biological feasibility of steady states (iv) and (v)919

In Section 3.1, we identified two steady state solutions to equations (17)-(20) where all920

cell types coexist. Here, we aim to identify regions of parameter space in which steady921

states (iv) and (v) are physically realistic.922

The solutions P± are the roots of equation (21) and can be written923

P± =
1

2

[
−a±

√
a2 − 4b

]
924

where925

a =

[(
E0

(
1− ρ̂

θ̂

)
− P0

(
1− ε̂

κ̂

))
+

(ν + ε̂)

ζ

]
926

and927

b = P0

[
ε̂

κ̂
E0

(
1− ρ̂

θ̂

)
−
(

1− ε̂

κ̂

)
(ν + ε̂)

ζ

]
.928

For physically realistic solutions, we require that P± ∈ R+
0 . Using the corresponding929

solutions for Ei, Em, EP given in section 3.1, for EP > 0 , we require ρ̂

θ̂
< 1 for biological930

feasibility. The solutions for P± can be classified as follows:931

Case 1 a2 > 4b → P± ∈ R:932

Case 1.1 b > 0:933

Case 1.1.1 a < 0 → P+ > P− > 0: two positive roots;934

Case 1.1.2 a > 0 → P± < 0: two negative roots;935

Case 1.2 b < 0:936

Case 1.2.1 a < 0 → P+ > 0;P− < 0: one positive, one negative root.937

Case 1.2.2 a > 0 → P+ > 0;P− < 0: one positive, one negative root;938

Case 1.2.3 a = 0 → P+ > 0;P− < 0: one positive, one negative root;939

Case 2 a2 − 4b < 0 → P+, P− ∈ C: no real roots;940

Having established where physically realistic steady state solutions for P± exist, we now941

proceed to establish, for each case, whether the corresponding values for the other depen-942

dent variables are also physically realistic. For Case 1.1.1, where both P± ∈ R+
0 , the943

model parameters must satisfy944
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κ̂

ε̂

(
ν + ε̂

ζ

)(
1− ε̂

κ̂

)
< E0

(
1− ρ̂

θ̂

)
< P0

(
1− ε̂

κ̂

)
−
(
ν + ε̂

ζ

)
, (A.1)945

or, equivalently,946

ν + ε̂

ζ
< P0

ε̂

κ̂

(
1− ε̂

κ̂

)
.947

We conclude that a necessary condition for feasible solutions for Case 1.1.1 is that ε̂
κ̂ < 1.948

Fixing values for ζ, E0, P0 and ν from current parameter set, defined in Table 2, condition949

(A.1) is never satisfied where ρ̂

θ̂
< 1 and ε̂

κ̂ < 1. Therefore the conditions for Case 1.1.1950

are not met and we do not expect real, positive solutions for steady solution (v) using the951

current parameter set.952

In Case 1.2.1, Case 1.2.2 and Case 1.2.3, where b < 0, the condition953

(
κ̂

ε̂
− 1

)
(ν + ε̂) > ζE0

(
1− ρ̂

θ̂

)
(A.2)954

must hold for a biologically realistic solution for (iv). In the feasible region, a2 − 4b > 0955

is always satisfied since b < 0. From inequality (A.2) and the requirement that ρ̂

θ̂
< 1956

for EP > 0 in solution (iv), it follows that ε̂
κ̂ < 1 is a necessary condition for a feasible957

solution to (iv). For a positive, real solution for P+, the feasible region of parameter space958

is defined by the intersection of ρ̂

θ̂
< 1, ε̂

κ̂ < 1 and the inequality (A.2).959

B Linear stability analysis960

Since there are multiple steady states that are biologically realistic in some regions of961

parameter space, we wish to perform a linear stability analysis in order to assess whether962

bistability may occur for some parameter values.963

Figure 4 summarises the regions of parameter space according to ratios of ρ̂

θ̂
and964

ε̂
κ̂ where each of solutions (i)-(iv) is biologically feasible and/or linearly stable for the965

parameter values listed in Table 2, and the regions are labelled A-D.966

The local stability of the steady states is determined by linearising the system of967

equations (17)-(20) to perturbations to the steady states by a small parameter, 0 < ω � 1,968

and seeking solutions of the form969
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(Ei, Em, EP , P ) = (E∗i , E
∗
m, E

∗
P , P

∗) + ω(Ẽi, Ẽm, ẼP , P̃ )eψt,970

where (E∗i , E
∗
m, E

∗
P , P

∗) are the steady state concentrations and (Ẽi, Ẽm, ẼP , P̃ ) represent971

correction terms. The sign of the real part of ψ determines whether correction terms grow972

or decay, and thus whether the steady state is locally stable. The values for ψ are the973

eigenvalues of the associated Jacobian matrix of the linearised system, J , where974

975

J =


θ̃ − ρ̂+ ζP − η̂ −θ̂ Ei

E0
+ µ̂ −ζEi −θ̂ Ei

E0
+ ν + ε̂

η̂ ζP − µ̂ −ζEm 0

−ζP −ζP κ̃− ε̂− ζ(Ei + Em) −κ̂ P
P0

+ ν

ζP ζP ζ(Ei + Em) −(ν + ε̂)


,976

and where θ̃ = θ̂
(

1− (2Ei+Em+EP )
E0

)
, κ̃ = κ̂

(
1− (EP +2P )

P0

)
. If <(ψj) < 0 ∀j, then the977

steady state solution is linearly stable. If any <(ψj) ≥ 0 then the steady state solution is978

linearly unstable to leading order in ω.979

We first analyse the linear stability of solutions (i)-(iii) (defined in Section 3.1), when980

one or more cell type is zero, then we analyse solution (iv), where all cell types coexist.981

The parameter combinations ρ̂

θ̂
and ε̂

κ̂ are used as bifurcation parameters and we examine982

the stability of the steady states, for the regions where they are biologically feasible, in983

parameter regimes defined by these ratios.984

From the eigenvalues of the Jacobian evaluated at the trivial steady state, (i), the985

steady state is stable for ρ̂

θ̂
> 1, ε̂κ̂ > 1, but unstable in all other parameter regions to986

leading order in ω. The eigenvalues, ψ, of the Jacobian evaluated at (i) are987

ψi1 = −(ν + ε̂); ψi2 = κ̂− ε̂;988

ψi3 = 1
2

[
(θ̂ − ρ̂− η̂ − µ̂) +

√
(θ̂ − ρ̂− η̂ − µ̂)2 + 4µ̂(θ̂ − ρ̂)

]
;989

ψi4 = 1
2

[
(θ̂ − ρ̂− η̂ − µ̂)−

√
(θ̂ − ρ̂− η̂ − µ̂)2 + 4µ̂(θ̂ − ρ̂)

]
.990

The linear stability of (i) depends on the ratios ρ̂

θ̂
and ε̂

κ̂ . If (θ̂− ρ̂− η̂− µ̂)2 +4µ̂(θ̂− ρ̂) > 0,991

• ρ̂

θ̂
< 1, ε̂

κ̂ < 1: not linearly stable;992

• ρ̂

θ̂
< 1, ε̂

κ̂ > 1: not linearly stable;993

• ρ̂

θ̂
> 1, ε̂

κ̂ < 1: not linearly stable;994

• ρ̂

θ̂
> 1, ε̂

κ̂ > 1: linearly stable fixed point,995

or alternatively if (θ̂−ρ̂− η̂−µ̂)2+4µ̂(θ̂−ρ̂) < 0, it follows that ρ̂

θ̂
> 1, and the equilibrium996
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takes the form997

• ρ̂

θ̂
> 1, ε̂

κ̂ < 1: unstable spiral;998

• ρ̂

θ̂
> 1, ε̂

κ̂ > 1: stable spiral.999

It is biologically realistic that when the death rates of ECs and PCs are both greater1000

than their respective proliferation rates, there is a stable steady state where Ei = Em =1001

P = EP = 0. In the other regimes, where the proliferation rates of ECs and/or PCs are1002

greater than the corresponding death rates, the trivial steady state is unstable to per-1003

turbations along the eigenvectors of the Jacobian matrix with corresponding eigenvalues1004

where <(ψ) ≥ 0.1005

For the remaining steady states, the values of parameters are fixed to those in Table1006

2. As explained in Appendix A, solution (v) does not occur for the parameter values1007

in Table 2. For steady states (ii) and (iv), the eigenvalues are calculated numerically1008

in Matlab, and for (iii), they are calculated analytically. The steady state solution (ii),1009

where all cell types except free PCs are absent, is linearly stable in region D (defined in1010

Figure 4), where ρ̂

θ̂
> 1 and ε̂

κ̂ < 1 in the current parameter regime. Biologically, this is1011

a non-angiogenic phenotype and it suggests in the absence of ECs, free PCs remain in1012

the tumour region and may continue to proliferate. Although we do not include spatial1013

effects in the current model, we propose that PCs may migrate to neighbouring tumour1014

regions where Ei, Em 6= 0 to normalise the vasculature.1015

The eigenvalues of the Jacobian matrix evaluated at (iii) can be found by obtaining1016

the eigenvalues of the sub-matrices of the Jacobian, evaluated at (iii), which are1017

Jiiia =

θ̂ (1− (2Ei+Em)
E0

)
− ρ̂− η̂ −θ̂ Ei

E0
+ µ̂

η̂ −µ̂

 ,1018

and1019

Jiiib =

κ̂− ε̂− ζ(Ei + Em) +ν

ζ(Ei + Em) −(ν + ε̂)

 .1020
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The eigenvalues of the Jacobian evaluated at (iii) are, therefore1021

ψiii1=−(η + µ̂),1022

ψiii2=
µ̂(ρ̂− θ̂)
η̂ + µ̂

,1023

ψiii3=−1

2

(
ν + 2ε̂− κ̂+ ζE0

(
1− ρ̂

θ̂

))
1024

+
1

2

√(
ν + 2ε̂− κ̂+ ζE0

(
1− ρ̂

θ̂

))2

− 4(ν + ε̂)(ε̂− κ̂) + ε̂ζE0

(
1− ρ̂

θ̂

)
,1025

ψiii4=−1

2

(
ν + 2ε̂− κ̂+ ζE0

(
1− ρ̂

θ̂

))
1026

−1

2

√(
ν + 2ε̂− κ̂+ ζE0

(
1− ρ̂

θ̂

))2

− 4(ν + ε̂)(ε̂− κ̂) + ε̂ζE0

(
1− ρ̂

θ̂

)
.1027

From ψiii3 and ψiii4 we identify a region of linear stability of (iii) bounded by ρ̂

θ̂
= 1 and1028

(
κ̂

ε̂
− 1

)
(ν + ε̂) < ζE0

(
1− ρ̂

θ̂

)
,1029

which encompasses all of region A and a subset of region C in the current parameter1030

regime. The region of parameter space corresponding to this condition for linear stability1031

shares a boundary with (A.2) which bounds the region of existence of (iv) and is plotted1032

in Figure 4.1033

Solution (iv) is stable for all values where it is feasible within the parameter space of1034

Table 2, as illustrated in Figure 4. The bifurcations observed at the transitions between1035

steady state regimes are all transcritical bifurcations.1036

C Parameter values1037
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Parameter Description Value Units Reference

V0 Reference VEGF concentration 8 × 10−3 µM 50ng/ml used in-vitro (Mat-
sushita et al., 2005) . Assumed
10 times larger for in-vivo.

A0 Reference Ang1/2 concentra-
tion

8 × 10−3 µM 80-500ng/ml used in-vitro (Au-
dero et al., 2001), Assumed 10
times larger for in-vivo.

p0 Reference PDGF concentration 8 × 10−3 µM Order of magnitude estimate
from in-vitro experiments (Fox
and DiCorletto, 1984).

E0 Reference EC density 8 × 10−8 µM Using 105 receptors per cell
gives relative EC density from
in-vitro experiments.(Fiedler
et al., 2004).

P0 Reference PC density 4 × 10−8 µM Half reference EC density
φ Average receptors per cell 105 Suggested by (Wang et al.,

2002).

kvon VEGF/VEGFR2 association 1.88 × 104 µM−1h−1 BIAcore experiments (Cunning-
ham, 1999).

kvoff VEGF/VEGFR2 dissociation 0.99 h−1 BIAcore experiments (Cunning-
ham, 1999)

kvint VEGF internalisation 0.86 h−1 In-vitro experiments (Wang
et al., 2002).

αv VEGF delivery 3 × 10−3 µMh−1 Fraction of reference value pro-
duced each hour from in-vitro
experiments (Matsushita et al.,
2005).

δv VEGF decay 1 h−1 Observed in-vitro (Serini et al.,
2003)

Table C1: Default parameter set with units and references where applicable. Continued below
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Parameter Description Value Units Reference

ka1
on Ang1/Tie2 association 417 µM−1h−1 In-vitro from kd value (Maison-

pierre, 1997)
ka1

off Ang1/Tie2 dissociation 1.25 h−1 In-vitro from kd value (Maison-
pierre, 1997)

ka1
int Ang1 internalisation 1 h−1 In-vitro HUVECs: 70% of Ang1

internalised in one hour (Bog-
danovic et al., 2006).

ka2
on Ang2/Tie2 association 417 µM−1h−1 In-vitro from kd value (Maison-

pierre, 1997)
ka2

off Ang2/Tie2 dissociation 1.25 h−1 In-vitro from kd value (Maison-
pierre, 1997)

δa1 Ang1 decay 4.69 h−1 -
δa2 Ang2 decay 0.0625 h−1 -
δaw Intracellular Ang2 decay 0.031 h−1 In-vitro subcellular Ang2 still

visible after 15 hours (Fiedler
et al., 2004).

αa1 Ang1 production 1 × 106 h−1 -
αaw Ang2 production 0.8 h−1 -
αa2 Ang2 release 3 h−1 In-vitro extracellular Ang2

reaches maximum after 20
minutes Fiedler et al. (2004).

αp PDGF Production 6.7 × 103 h−1 Order of magnitude inferred
from in-vitro experiments (Fox
and DiCorletto, 1984).

kpon PDGF/PDGFRbeta associa-
tion

1.88 × 104 µM−1h−1 Assumed same as VEGF

kpoff PDGF/PDGFRbeta dissocia-
tion

0.86 h−1 Used kd from in-vitro exper-
iments (Fox and DiCorletto,
1984).

δp PDGF decay 1.2 h−1 -

θ EC proliferation 0.0417 h−1 Comparison of logistic growth
curves for in-vitro EC prolifer-
ation (Milde et al., 2013).

ρ EC death 0.02 h−1 -
κ PC proliferation 0.08 h−1 In-vitro study of the growth

of ECs and PCs (Prokopiou,
2013).

ε PC death 0.04 h−1 -
ζ PC attachment 5 × 105 µM−1h−1 -
ν PC detachment 5 × 10−3 h−1 -
η maturity increase 0.01 h−1 -
µ maturity decrease 0.01 h−1 -

cep Threshold bound VEGF for EC
proliferation

0.3 - -

cd Threshold bound VEGF for EC
death

0.1 - -

ca Threshold bound Ang2 for EC
proliferation

0.3 - -

cpp Threshold bound PDGF for PC
proliferation

0.02 - -

λ Ang2/Ang1 ratio for maturity
decrease

8

Table C1: Continued: Default parameter set with units and references where applicable.
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