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ABSTRACT

Vibrational energy harvesters can exhibit complex nonlinear behavior when exposed to external excitations. Depending on the number of
stable equilibriums, the energy harvesters are defined and analyzed. In this work, we focus on the bistable energy harvester with two energy
wells. Though there have been earlier discussions on such harvesters, all these works focus on periodic excitations. Hence, we are focusing our
analysis on both periodic and quasiperiodic forced bistable energy harvesters. Various dynamical properties are explored, and the bifurcation
plots of the periodically excited harvester show coexisting hidden attractors. To investigate the collective behavior of the harvesters, we
mathematically constructed a two-dimensional lattice array of the harvesters. A non-local coupling is considered, and we could show the
emergence of chimeras in the network. As discussed in the literature, energy harvesters are efficient if the chaotic regimes can be suppressed
and hence we focus our discussion toward synchronizing the nodes in the network when they are not in their chaotic regimes. We could
successfully define the conditions to achieve complete synchronization in both periodic and quasiperiodically excited harvesters.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0054459

Vibration energy harvesters (VEHs) exhibit rich dynamical prop-
erties when excited with periodic excitations as shown in the
literature. Though such discussions are abundant, there is no lit-
erature discussing the effect of quasiperiodic excitations. Also,
we have discussed multistability and coexisting attractors in
a bistable energy harvester and have shown that a quasiperi-
odic excited energy harvester does not exhibit multistability.
Though local dynamics of the VEHs are significant, it is its
network behavior which is very important to investigate the

synchronization behavior as a periodic VEH completely synchro-
nized will be efficient against a chaotic VEH exhibiting chimera
states.

I. INTRODUCTION

Wireless sensors and other low powered health monitoring
devices have been widely used in industrial, medical, military,
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engineering, and environmental health monitoring areas.1–3 These
devices need a continuous power supply with the least replacement
cost and long-lifetime service. Their power supply requirements are
not fully addressed using the traditional batteries.4 Vibration energy
is readily available in the environment in the form of wind, ocean
waves, human motion, and mechanical vibration.5 Among these,
the mechanical energy is one of the most suitable one for structural
health monitoring due to its availability.4 As a result, energy har-
vesting from mechanical vibration is a promising means to replace
conventional power sources.

Linear resonant energy harvesters have been used to exploit
ambient vibration energy based on the linear resonant vibration
principle. They are effective only if the excitation power is con-
centrated in a narrow band of frequency, i.e., stationary excita-
tion. But when the excitation frequency does not match the res-
onant frequency, the harvesting efficiency reduced severely. Many
researchers tried to solve this issue by expanding the bandwidth
of frequency using techniques such as frequency upconversion,
resonance tuning, and deliberate introduction of nonlinearity.6–12

Among these, the inclusion of nonlinearity to harvesters attracted
much attention. Monostable and bistable harvesters found their
significance due to various advantages under different excitation
conditions and initial conditions. Monostable harvesters hold a sim-
ple configuration and have one stable equilibrium state. Compared
to linear systems, they are able to widen the frequency response
range.8 But their performance drops when they are subjected to
real-world scenarios such as random excitation and have a similar
output to linear harvesters when they are excited by white noise
vibrations.13 As an improvement to the drawback of monostable
harvesters, researchers have focused on multistable harvesters. The
bistable harvester has been explored widely.14–17 It has two poten-
tial wells with a barrier in between. If the excitation amplitude is
high enough, the system will jump between the stable wells creating
an interwell oscillation with high amplitude. The shape of the wells
influences the response of the system. When the wells are shallow,
the bandwidth of the harvester increases; however, the amplitude
of the response is reduced. Compared to monostable harvesters,
bistable shows improvement in harvesting, when the amplitude of
the excitation is large enough to trigger an interwell oscillation.18,19

In addition to that, there is only minimal literature found for
studying the network behaviors of energy harvesters but practi-
cally, they should work in a network to obtain a significant output.
The coupling effect plays an important role in network dynamics
and shows significant results in output energy. If the network of
harvesters is not properly tuned, there is chance of energy dissi-
pation in nodes. Hence, there is a huge demand in finding proper
coupling strength and periodic frequency. The study of an inter-
esting phenomenon on synchronization20,21 and incoherent oscil-
lations of a horde non-locally coupled oscillators22 is pronounced
as “chimera states.” The dynamics of chimera states and different
topologies to handle chimera has been investigated vigorously in
recent literature.23–25 The existence of chimera states and their con-
trol are studied with experimental evidence in some literature.26–31

Hence, considering undeniable mutual effects of chimera states in
dynamics of network and spatiotemporal nature, the intriguing
characteristics of the system can be analyzed and it becomes a
fruitful test ground for energy efficiency also.

Motivated from the above discussion, in this paper, we for-
mulated a Bistable Energy Harvester (BEH) supplied with higher
order nonlinearity under quasi-periodic excitation. Stability analysis
is carried out and presented in Sec. III. Bifurcation plots and the cor-
responding Lyapunov spectrum are derived for different scenarios
in Sec. IV. The major contribution of this work lies on the network
dynamics of BEH under periodic and quasi-periodic excitations, the
simulations are portrayed and interpreted in Sec. V. Finally, we pro-
vided concluding remarks and highlighted the significance of the
present study.

II. MATHEMATICAL MODELING

In Fig. 1, the configuration of a nonlinear energy harvester
is shown. The configuration of a bistable energy harvester consists
of a stainless-steel substrate with two lead zirconate titanate (PZT)
piezoelectric layers positioned near the base and two tip magnets.
There are two external magnets located with the required distance
and angle.

The equation of motion for the BEH configuration presented
in Fig. 1 is derived as follows:

mr̈(t) + cṙ(t) + Fh − θV(t) = 8(t),

CpV̇(t) +
V(t)

R
+ θ ṙ(t) = 0,

(1)

where m and c are the equivalent mass and damping, Cp refers to the
equivalent capacitance, θ represents the electromechanical coupling
coefficient of the piezoelectric material, R denotes the load resis-
tance, V denotes the voltage, r is the displacement, and 8(t) refers
to the external excitation.

FIG. 1. Configuration of bistable energy harvester (BEH).
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For brevity, the equations of motion can be further nondimen-
sionalized by using the following terms:

x =
r

lc
, t = tωn, V =

Cp

θ lc
V , (2)

where lc is a length scale introduced to nondimensionalize the

displacement and ωn =
√

k
m

is the natural frequency of the har-

vester. With these transformations, the nondimensional model can
be expressed as

ẍ + 2ξ ẋ + Fh − κ2V = 8(t),

V̇ + αV + ẋ = 0,
(3)

where

ξ =
c

2
√

k1m
, δ =

k3lc
2

k1

, κ =
θ 2

k1Cc

, α =
1

ωnCpR
.

Here, x represents displacement, ωn is the natural frequency,
and ξ refers to the damping ratio. In this paper, we introduced a
quartic nonlinearity term as restoring force, and the expression is as
follows:

Fh = −x + βx2 + δx3 + γ x4. (4)

Most of the analyses done on the existing models are with peri-
odic excitation. Literature on experimental studies of BEH show
that quasi-periodic excitation affects the performance significantly;
hence, we are introducing quasi-periodic excitation. Generally,
quasi-periodic excitation will induce a strange nonchaotic attrac-
tor (SNCA) and results in multistability. Hence, in this paper, we
considered the system is supplied with quasi-periodic excitation and
denoted as 8(t) = A1[sin(ω1t) + A2 sin(ω2t)].

The state space equation of the system can be written as

ẋ = y,

ẏ = A1[sin(ω1t) + A2 sin(ω2t)] − 2ξy + x − δx3

−βx2 − γ x4 + κz,

ż = −y − αz.

(5)

III. EQUILIBRIUM POINTS AND STABILITY ANALYSIS

Fh(x) is the nonlinear restoring force, while 8(t) is the external
excitation: Periodic if A2 = 0 and quasi-periodic if A2 6= 0. We take

the parameter values in Eq. (5) to be A1 = 0.5, ω1 = 1, ω2 =
√

5−1
2

,
A2 = 1, ξ = 0.0933, δ = 0.5495, β = 0.1, γ = 0.1, α = 0.4065,
κ = 0.001 85.

Stanton et al.32 performed a Melnikov analysis on a simplified
bistable harvester by considering perturbations from a Hamiltonian
limit. We follow part of their analysis here.

We rewrite (5) as a perturbed Hamiltonian system,





ẋ
ẏ
ż



 =





y
Fh(x)

0



 − ε





0
−2ξy + κz + f(t)

−y − αz



 , (6)

where we have introduced a small parameter ε to represent the non-
Hamiltonian terms. When ε = 0, Eq. (6) becomes

ẋ = y, (7)

ẏ = x − βx2 − δx3 − γ x4, (8)

which leads to the Hamiltonian

E(t) =
1

2
y2 + V(x). (9)

With the potential energy function V(x)

V(x) = −
1

2
x2 +

β

3
x3 +

δ

4
x4 +

γ

5
x5. (10)

The fixed points of (7) satisfy (x, y) = (0, 0), y = 0 and the
cubic roots of 1 − βx − δx2 − γ x3. The trivial fixed point (0, 0) is a
saddle point. Values for the parameters, we find the remaining fixed
points to be x1 = −4.8675 (another saddle point), x2 = −1.7810 and
x3 = 1.1535 (both centers).

Figure 2 shows the double homoclinc loop in black refers to
the simplified model with γ = 0, homoclinic loop (magenta) that
passes through the saddle point (0, 0), as well as the large homo-
clinic loop passes through the saddle point x1 = −4.8675. For the
double homoclinic loop, E(t) = 0, while for the large homoclinic
loop, E(t) = 6.781. Solving (9) for y with E(t) = 0 for the chosen
parameter values, we get

yDH = ±x[(x + 5.8548)(x + 2.6347)(1.6207 − x)], (11)

so that the separatrix through the double homoclinic loop passes
through xs2 = 1.6207 and xs1 = −2.6347. There is also a separate
branch (not shown) that passes through x = −5.8548, whose com-
ponents tend to ±∞. Figure 2 shows the potential function V(x),
including the two end points xs1 and xs2 of the separatrix for the
double homoclinic loop.

FIG. 2. The double homoclinic loop for the BEH (magenta) passing through the
fixed points (0, 0) and enclosing the two centers x2 and x3. There is also a large
homoclinic loop (green) passing through x1 and enclosing the other fixed points.
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For the large homoclinic loop (green), we got x = −4.8677
(twice), x = 2.6711 (the point at which the large orbit crosses the
y-axis), and two other complex valued roots.

If we set γ = 0, the model considered by Wang et al.,33 we no
longer get the root x = −5.8548, and the result is the larger black
double homoclinic loop, shown in Fig. 2. Since E(t) = 0, Eqs. (10)
and (11) give

y =
dx

dt
= ±x

√

g(x), (12)

where

g(x) = a2x
2 + a1x + a0 (13)

= 1 −
2βx

3
−

δx2

2
(14)

= −(x − xs1)(x − xs2). (15)

Litak and Borowiec34 investigated the case of an asymmetric double
homoclinic loop for a potential function of the form Eq. (10) with
γ = 0. In Eq. (15), we have taken xs1 and xs2 to be the end points
on the black and magenta separatrices of Fig. 1, given in Eq. (11).
Equation (14) uses the expressions for aj from Eq. (10). For (13), we
obtain

t =
∫

dx

x
√

g(x)
= −

1
√

a0

ln

∣

∣

∣

∣

∣

2a0 + a1x + 2
√

a0g(x)

x

∣

∣

∣

∣

∣

. (16)

Provided a0 > 0. Since a0 = 0 [by rearranging Eq. (9)], this is
certainly the case here.

We can invert Eq. (17) to find an expression for x and then
for y for the double homoclinic loop. Defining E = exp t

√
a0, tak-

ing the exponential of both sides of (17) and rearranging gives, after
straightforward algebra, x = 0 (the saddle point at the origin) and

xdh =
4a0E

[(E − a1)
2 − 4a0a2]

. (17)

The derivative
dxdh

dt
gives the y coordinate for the double homoclinic

loop,

ydh =
4Ea

3
/2

0 [a2
1 − 4a0a2 − E2]

[(E − a1)
2 − 4a0a2]

. (18)

A. The unforced BEH system

For the full BEH with γ reinstated, we can find a solution for
xdh in terms of Jacobi Elliptic functions of the first and third kinds
and involving inverse trigonometric sine functions. We omit their
expressions here as not being very instructive. There is, also, no sim-
ple equation for the large green homoclinic loop, shown in Fig. 2.
Instead, some level sets, corresponding to a potential function V(x)
for the full BEH system, are shown in Figs. 3 and 4.

In the absence of external forcing (so that 8(t) = 0), the equi-
librium states are given by y = 0, z = 0, and x.s a solution to
Fh(x) = 0. We, therefore, obtain the trivial equilibrium x = 0,
together with the three nontrivial equilibrium states obtained in the
Hamiltonian limit, namely, a saddle point and two centers. For the
given set of parameter values, these are the roots of the RHS of

FIG. 3. The potential function V(x) for the BEH with the end points xs1 and xs2
of the separatrix of the double homoclinic loop.

Eq. (17). The linear stability of the equilibrium state is determined
by the eigen spectrum of the characteristic equation,

λ3 + 12λ
2 + 11λ + 10 = 0, (19)

where

12 = 2ξ + α, (20)

11 = 2ξα + κ − Gx, (21)

10 = −αGx, (22)

Gx = 1 − 2βx − 3δx2 − 4γ x3. (23)

FIG. 4. Some level sets for the potential function V(x) for the BEH. The separatrix
for the double homoclinic loop and the large homoclinic loop are shown as black
curves.
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TABLE I. Equilibrium points and its stability.

Equilibrium points Eigen values Stability

E0 = [0; 0; 0] [0.9104; −1.0962; −0.4073] Saddle node
E1 = [−4.8675; 0; 0] [2.9155; −3.1020; −0.4066] Saddle node
E2 = [−1.781; 0; 0] [−0.0935; ± 1.2673i; −0.4061] Stable focus
E3 = [1.1535; 0; 0] [−0.0935; ± 1.4252i; −0.4061] Stable focus

For the trivial equilibrium state x = 0, Gx = α. This means there
are no steady bifurcations from the trivial equilibrium. Moreover,
by substituting λ = iω into Eq. (19), it is straightforward to show
that there are also no possible Hopf bifurcations, since this would
require 12 + α = 0: not possible when all parameters are positive.
Codimension one steady state bifurcations can occur when 10 = 0
for the nontrivial saddle point at γ = 0.139 (keeping all remain-
ing parameter values at their prescribed values). The condition for
a Hopf bifurcation, 10 − 1112 = 0, is not possible since this would
require

ω2 =
αGx

2ξ + α
= 2ξα + κ − Gx. (24)

Numerical integrations show that these two criteria for ω2 cannot be
simultaneously satisfied.

Moreover, numerical integrations for the unforced system also
show that the only stable states are steady states; we found no evi-
dence of periodic solutions. When the z-dependence is present, the
saddle point x1 remains a saddle, while the two centers x2 and x3

become stable foci.
For the parameter values ξ = 0.0933; δ = 0.5495; α = 0.4065;

β = 0.1; γ = 0.1; κ = 0.001 84, the equilibrium points and corre-
sponding eigen values are calculated and presented in Table I for
understanding the stability.

The system shows a chaotic attractor for the following param-

eter values, A1 = 0.5, ω1 = 1, A2 = 1, ω2 =
√

5−1
2

, ξ = 0.0933,
δ = 0.5495, β = 0.1, γ = 0.1, κ = 0.001 84, α = 0.4065 for the ini-
tial condition {1,0,1}. The 2D phase portraits are given in Fig. 5,
where (a) represents the state phase portrait between Y and Z, (b)

represents the state phase portrait between X vs Y, and (c) represents
the state phase portrait between X vs Z, respectively.

IV. BIFURCATION AND LYAPUNOV SPECTRUM

We investigated the bifurcation property for two scenarios: case
(1) the system under periodic excitation and case (2) the system
under quasi-periodic excitation. We used Runge–Kutta numerical
method for simulating the results. We considered the parameter
values: A1 = 0.5, A2 = 1, ξ = 0.0933, δ = 0.5495, β = 0.1, γ = 0.1,
κ = 0.001 84, α = 0.4065, and initial condition {1,0,1}. For inves-
tigating the bistability nature of the system under mentioned exci-
tation conditions, we provided the bifurcation plots using forward
continuation (plotted with blue dots) and backward continuation
(plotted with red dot), and the corresponding Lyapunov exponent
spectrum is calculated using Wolf algorithm35 and plotted for a finite
time of 20 000 s.

Case (1): Under periodic excitation

First, we considered the system (5) is supplied with periodic
excitation 8(t) = Fsin(ωt) and the response of the system is noted
and presented as a bifurcation plot. In Fig. 6, we could observe the
bistability phenomena which are considered dangerous for mechan-
ical systems. We varied the parameter ω for the range of 0.9–1.3.
For detailed analysis, we provided the bistable regions in Fig. 6(b)
and the corresponding Lyapunov exponent spectrum for forward
and backward continuation also presented in Figs. 6(c) and 6(d).
From the bifurcation plots, we can observe the system holds the
multistability property.36–39

Case (2): Under quasi-periodic excitation

In this case, we considered the system (5) is supplied with
quasi-periodic excitation; real systems that are mostly influenced
with different frequencies for simplification purpose only are con-
sidered as single frequency, i.e., periodic excitation. In order to
analyze the system with quasi-periodic excitation, we considered the

parameter values in Eq. (5) to be A1 = 0.5, ω1 = 1, ω2 =
√

5−1
2

, and
A2 = 1. The influence of excitation frequency plays a vital role in
behavioral analysis. We derived the bifurcation plots for frequency

FIG. 5. 2D phase portrait of system (6) for the parameter values A1 = 0.5, ω1 = 1, A2 = 1, ω2 =
√
5−1
2

, ξ = 0.0933, δ = 0.5495, β = 0.1, γ = 0.1, κ = 0.001 84,
α = 0.4065 and initial condition {1,0,1} (a) Y vs Z, (b) X vs Y, and (c) X vs Z.
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FIG. 6. Bifurcation plot and the corresponding Lyapunov exponents of parameterω1 variation. (Periodic excitation) (a) Represents the bifurcation plot of 0.9 ≤ ω1 ≤ 1.3, (b)
represents the bifurcation plot of 0.9 ≤ ω1 ≤ 1, (c) represents Lyapunov exponents spectrum for (a), and (d) represents Lyapunov exponents spectrum for (b), respectively.

range 0 ≤ ω1 ≤ 3. The corresponding Lyapunov exponent spec-
trum also presented. Comparing with periodic excitation (Fig. 6),
we could observe that there is no limit cycle oscillation as in Fig. 7.
Chaotic attractor and torus were identified, and the corresponding
Lyapunov exponent spectrum confirms it. We could observe that the
multistability property is vanished during quasi-periodic excitation.

V. NETWORK DYNAMICS OF BEH

The local behavior of the BEH with periodic and quasi-periodic
excitations shows some interesting dynamical behaviors but energy
harvesters will normally be applied in large networks. Hence, we
consider N coupled BEH whose mathematical model is shown in
Eq. (25)

ẋi = yi + σ

N
∑

j=1

Cijxj,

ẏi = 8(t) − 2ξyi + xi − δx3
i − βx2

i − γ x4
i + κzi,

żi = −yi − αzi.

(25)

The term σ defines the coupling constant and the con-
nection between the nearby nodes is defined by the connection
matrix Cij. The external excitation is defined by 8(t) = A1[sin(ω1t)
+ A2 sin(ω2t)], where ω1 = 1 is the frequency of the periodic term

while ω2 =
√

5−1
2

is the golden mean contributing to the quasi-
periodic excitation. We have considered two different cases for

discussion depending on the type of excitation applied to the nodes
in the network.

A. Network behavior with periodic excitation

In this case, we consider A2 = 0, we now apply a periodic
excitation to the nodes in the network and for simulation we con-
sider the parameters as A1 = 0.5, ω1 = 1, ξ = 0.0933, δ = 0.5495,
β = 0.1, γ = 0.1, κ = 0.001 84, α = 0.4065 and random initial con-
ditions are chosen. We have used the RK4 method to solve the
system (25) with the step size of 0.01 and a total simulation time
of 3000 s. In Fig. 8, we have shown the spatiotemporal behavior of
the network for coupling strengths σ ≤ 0.015 for which we could
see that the nodes are in complete incoherency. We have also plot-
ted the instantaneous state variable value of x measured at the end of
simulation. For σ = 0.015, the nodes try to achieve synchronization
and lead us to a clue to check for chimeras by increasing coupling.

Now, we increased the coupling to σ = 0.018 to identify the
existence of coherent and incoherent nodes in the network. In Fig. 9,
we could see that most of the nodes try to achieve coherency and
some nodes are still in the complete incoherent state. This confirms
the existence of chimeras in the network. It should be noted that
only if all the BEH nodes are in the coherent state, the energy effi-
ciency will be more, and such chimeras will result in residue current
in the BEH nodes which could damage the node permanently. Such
chimeras are seen in the network for σ < 0.03 but we have only
shown spatiotemporal behavior of selected values of σ .
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FIG. 7. Bifurcation analysis of system (5) under quasi-periodic excitation, (a) represents the bifurcation plot for 0 ≤ ω1 ≤ 3 and (b) represents the Lyapunov exponent
spectrum for 0 ≤ ω1 ≤ 3.

Further increasing the coupling strength to σ = 0.03, the nodes
try to achieve synchronization in small clusters. Though such phe-
nomenon of cluster synchronization is not uncommon in spiking
networks, its undesirable in such networks where complete synchro-
nization is mandatory. In other words, we need all the BEH nodes in
the network to operate in a single frequency or at least in coherency
to maximize the energy efficiency of the harvesters. In Fig. 10, we
have shown several cluster synchronization conditions for various
values of σ .

We have used re-occurrence plots to identify different regimes
of synchronization in the network. The re-occurrence plots are cal-
culated by finding the Euclidean distance between xi and xj where
i.j ∈ [1, N]. In Fig. 11, we have shown the re-occurrence plots and
the absence of structures in the plot for σ = 0.001 shows that there

are no coherent nodes in the network. For σ = 0.01, we could see
small structures formed in the network confirming the emergence of
chimeras. For the remaining values of σ < 0.03 shown in the plots,
we could see majority of blue and red regions. The blue region shows
coherent oscillators and the red shows the incoherent oscillators.
The presence of other colors in these plots confirms the existence
of multiple intermediate nodes which neither belong to the red and
nor to the blue regions confirming different incoherent frequencies
in the network. But when σ > 0.03 we could note only blue and red
dominant confirming different clusters of synchronizations.

Though we could achieve cluster synchronization in the
network as shown in Fig. 11, we could not reach complete
synchronization. For values of coupling σ > 0.1, the network goes
in to unbounded states and thus we could not use the coupling

Chaos 31, 063111 (2021); doi: 10.1063/5.0054459 31, 063111-7

Published under an exclusive license by AIP Publishing.

https://aip.scitation.org/journal/cha


Chaos ARTICLE scitation.org/journal/cha

FIG. 8. The collective behavior of the network (1) for different values of the coupling coefficient (σ ) considering a periodic excitation. The plots confirm that the nodes are
asynchronous.

FIG. 9. The collective behavior of the network (25) for different values of the coupling coefficient (σ ) considering a periodic excitation. The plots confirm that the nodes are
showing both synchronous and asynchronous nodes confirming the existence of chimeras.
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FIG. 10. The collective behavior of the network (25) for different values of the coupling coefficient (σ ) considering a periodic excitation. The plots confirm several clusters of
synchronized BEH nodes in the network.

strength to achieve synchronization. As the BEH is externally excited
by the periodic force, our interest now is on the amplitude of the
periodic force which can be properly tuned to achieve complete syn-
chronization. In Fig. 12, we have shown the spatiotemporal plots for
the amplitude values A1 = [0.4, 0.45, 0.5] and the plots confirm the
emergence of chimeras in the network. Though for A1 = 0.5, the
incoherent nodes are very less confirming that the nodes are moving
to complete synchronization.

In Fig. 13, we have shown the complete synchronization of the
nodes achieved through the tuning of the amplitude of the external
excitation. We could note that for A1 < 0.4 and A1 > 0.6 the nodes
attain complete synchronization and achieve the same frequency of
operation. Thus, we could achieve the maximum efficiency from
the energy harvesters when connected to a network. But it has been
shown in the literature that non-chaotic BEH34 can be productive in
energy harvesting but as seen from the re-occurrence plot (Fig. 12
right most) for A1 = 0.3, the nodes are no more chaotic and show
periodic behaviors and for A1 = 0.7 the nodes are chaotic and are
completely synchronized as there Euclidean distance is very low
in 10−13. Thus, we recommend an amplitude value of A1 = 0.3 to
achieve complete synchronization in the periodically excited BEH
network.

B. Network behavior with quasi-periodic excitation

In this case, we consider A1 = 0.5, we now apply a quasi-
periodic excitation to the nodes in the network by considering

A2 6= 0, ω2 =
√

5−1
2

with the other parameters as ω1 = 1, A2 = 1,
ξ = 0.0933, δ = 0.5495, β = 0.1, γ = 0.1, κ = 0.001 84, α = 0.4065.
The other setting for simulations is similar to Sec. V A. As we
have earlier shown that the coupling coefficient could not be tuned
to achieve complete synchronization (Sec. V A), we verified the
same for quasi and could again confirm that σ cannot be tuned
for synchronization in the quasi-periodic case. Hence, we have not
provided the discussion on σ as it will be redundant. We focus
our discussion on the amplitude of the quasi-periodic term (A2)
and have kept σ = 0.025. In Fig. 14, we have shown the spa-
tiotemporal plots for different values of A2 and unlike Fig. 13, we
could not find periodic regimes for A2 < 1 and the network shows
both coherent and incoherent nodes confirming the existence of
chimeras.

To find the amplitude values that could help us achieve com-
plete synchronization with nodes are not in their chaotic regime, we
further increase the value of A2 = 1.5 and could observe complete
synchronization and the same is the case for A2 = 1.8, presented in
Fig. 15. But our interest is to check whether the nodes are not in their
chaotic regime while achieving complete synchronization.

As discussed, we must verify which of the amplitude (A2) can
achieve complete synchronization while the BEH nodes are not
chaotic. Hence, we use the re-occurrence plots as shown in Fig. 16.
While checking the re-occurrence plots for A2 = 1.5 we could see
that the nodes are in synchronization with period-4 oscillations and
for A2 = 1.8, the nodes whose different colors confirming they are
chaotic but their Euclidian distance in the range of 10−13 showing
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FIG. 11. Re-occurrence plots of the BEH network for different values of the coupling coefficient. The blue regions show the coherent oscillators and the red show the
incoherent oscillators.

complete synchronization. Hence, when exposed to quasi-periodic
excitation, we could recommend the amplitude combination as
A1 = 0.5 and A2 = 1.5 for complete synchronization as for these two
amplitude values the nodes are periodic and chaotic oscillations are
suppressed.

VI. CONCLUSION

An energy harvester model with two stable equilibrium
points is analyzed considering periodic and quasiperiodic external

excitations. The dynamical properties of the model are analyzed and
we could show coexisting hidden attractors in the system for peri-
odic excitation. Though local behavior can help us understand the
complex oscillations and bifurcation patterns of the bistable energy
harvesters, our focus is to investigate its collective dynamics. A
mathematical model of a 2D lattice network is constructed whose
local dynamics is governed by the bistable energy harvesters. First,
a periodic excitation is applied to the nodes and the spatiotempo-
ral behavior is captured. We could observe regions of asynchronous
nodes for very low coupling values, while increasing the coupling
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FIG. 12. The collective behavior of the network (1) for different values of the amplitude of the periodic excitation considering σ = 0.024. The plots emergence of chimera
states with synchronous and asynchronous nodes.

FIG. 13. The collective behavior of the network (25) for different values of the amplitude of the periodic excitation considering σ = 0.024. The plots confirm the nodes
achieving complete synchronization.
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FIG. 14. The collective behavior of the network (25) for different values of the amplitude of the quasi-periodic excitation considering σ = 0.025. The plots confirm the
emergence of chimeras.

FIG. 15. The collective behavior of the network (25) for different values of the amplitude of the quasi-periodic excitation considering σ = 0.025. The plots confirm nodes
achieving complete synchronization for A2 = 1.5 and A2 = 1.8.
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FIG. 16. Re-occurrence plots for different values of A2 with the blue regions showing coherent nodes while the other colors showing incoherent nodes.

some nodes are synchronized while some remain incoherent. This
confirms the emergence of chimeras. We tried different values of the
coupling to observe complete synchronization, but we could observe
only cluster synchronization. Hence, we shifted our investigation
to the excitation amplitude, and we could observe two ranges of
amplitude which could achieve complete synchronization. But our
interest is on the amplitude for which the nodes are not in chaos,
but the network achieved synchronization. To calculate this, we
introduced the re-occurrence plots which is useful in understand-
ing different regimes in a network. From the re-occurrence plots,
we could show that for a certain amplitude the nodes are not in
chaos, but the network achieved synchronization. Similar studies are
conducted for quasiperiodically excited energy harvesters and again
we could show some values of the amplitude that can achieve syn-
chronization without disturbing the local complex behavior of the
nodes.
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