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Abstract

The construction of amplitudes on curved space-times is a major challenge,
particularly when the background has non-constant curvature. We give formu-
lae for all tree-level graviton scattering amplitudes in curved self-dual (SD)
radiative space-times; these are chiral, source-free, asymptotically flat spaces
determined by free characteristic data at null infinity. Such space-times admit
an elegant description in terms of twistor theory, which provides the powerful
tools required to exploit their underlying integrability. The tree-level S-matrix
is written in terms of an integral over the moduli space of holomorphic maps
from the Riemann sphere to twistor space, with the degree of the map cor-
responding to the helicity configuration of the external gravitons. For the
MHYV sector, we derive the amplitude directly from the Einstein—Hilbert action
of general relativity, while other helicity configurations arise from a natural
family of generating functionals and pass several consistency checks. The
amplitudes in SD radiative space-times exhibit many novel features that are
absent in Minkowski space, including tail effects. There remain residual integ-
rals due to the functional degrees of freedom in the background space-time,
but our formulae have many fewer such integrals than would be expected from
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space-time perturbation theory. In highly symmetric special cases, such as SD
plane waves, the number of residual integrals can be further reduced, resulting

in much simpler expressions for the scattering amplitudes.

Keywords: graviton scattering, scattering amplitudes, twistor theory,

QFT in curved spacetime, self-duality
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Despite the perturbative non-linearity the Einstein—Hilbert action [1-4], the scattering amp-
litudes of general relativity (GR) and supergravity (SUGRA) in Minkowski space-time are
surprisingly simple. At tree-level, there are now remarkably compact formulae for the entire
tree-level S-matrix of GR in flat space that are totally divorced from the usual perspective
of space-time Feynman rules [5, 6]. Indeed, a variety of modern ‘on-shell’ techniques (e.g.
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double copy, twistor string theory and unitarity) have enabled higher-loop calculations in grav-
ity that would be impossible with the standard perturbative quantum field theory (QFT) toolkit
(see [7-9] for some recent reviews).

Given these remarkable achievements, it is natural to ask if analogous results can be found
for gravitational scattering amplitudes in curved space-times; that is, for graviton scattering
in a background metric which solves the Einstein equations. This background is treated clas-
sically but non-perturbatively as an exact solution, neglecting back-reaction, so that one is
looking at graviton scattering, including mutual non-linearities, in the ‘strong’ gravitational
background field. Of course, in a generic space-time the S-matrix will not exist due to lack
of unitarity or particle creation effects from event horizons or singularities (see [10, 11]) or
because the space-time is not asymptotically flat. But one can always consider scattering at
large distances (i.e. probing weakly curved regions far from horizons) or the natural analogues
of scattering amplitudes in asymptotically (anti-)de Sitter space-times (i.e. boundary correla-
tion functions [12] or in-in correlators [13, 14]).

From the perspective of space-time perturbation theory, such amplitudes (or their ana-
logues) are computed using the background-field formalism applied to the Einstein—Hilbert
action (see [2, 15]). There are two broad reasons for being interested in such observables. The
first is practical: they capture non-linear strong field effects which are invisible in Minkowski
space and physically relevant (e.g. time-delay, the memory effect, tails, pair production). Their
importance ranges from gravitational non-gaussianities in early Universe cosmology [16, 17]
to encoding infinite resummations of small momentum-transfer scattering in flat space [18—
20]. The second reason is conceptual: scattering amplitudes in curved backgrounds are a theor-
etical playground where perturbative and non-perturbative physics meet. They test the robust-
ness of on-shell techniques developed in Minkowski space, many of which simply break down
in the presence of space-time curvature. For instance, in a generic space-time, momentum
space Feynman rules and unitarity techniques fail, as Fourier transforms are obstructed by the
background curvature and even tree-level scattering amplitudes are not rational functions of
the kinematic data.

This tension between the importance and difficulty of computing scattering amplitudes
in curved space-times means that, although they are often studied, nothing close to the all-
multiplicity formulae available at tree-level in Minkowski space exists in even the simplest
cases. For instance, state-of-the-art for tree-level graviton scattering in plane wave space-times
is 3-points [21], while in AdS backgrounds—where CFT methods in the dual boundary the-
ory can be used—it is 4-points (see [22-26]), with the exception of a particular R-symmetry
sector of SUGRA in AdSs x §°, where it is 5-points [27].* The gap between these low-point
examples and the entire tree-level graviton S-matrix is profound and begs the question: is grav-
iton scattering in curved space-time so complicated that we simply cannot hope to recover
all-multiplicity results?

In this paper, we find all-multiplicity expressions for tree-level graviton scattering in a large
class of four-dimensional, (almost everywhere) asymptotically flat complex vacuum space-
times. These space-times have a SD Weyl tensor determined by characteristic data which is
a free function of three variables; as such, we refer to them as SD radiative space-times. The
functional degrees of freedom in the curvature of such space-times means that there is no hope

4 There are some results in AdS which are not generic graviton boundary correlators but are nevertheless all-
multiplicity. These include ‘maximal U(1)-violating’ correlators of components of the graviton multiplet in type IIB
superstring theory on AdSs [28, 29], and integral kernels for the bulk dynamics of gravity in AdS4 [30-32]. The latter
do not explicitly encode boundary contributions to the AdS amplitudes and their relationship to position or momentum
space expressions is obscure.
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of obtaining high-multiplicity scattering amplitudes using standard space-time perturbation
theory, but self-duality allows us to reformulate the perturbative expansion using twistor the-
ory, which manifests the underlying integrability of the SD sector. The integrability means
that the SD sector itself has trivial scattering. This can be seen perturbatively from the van-
ishing of the all positive helicity and one negative helicity tree amplitudes. It can also be seen
directly from the twistor theory for the space-times, which naturally identifies past and future
null infinity together with the characteristic data there. This ensures that linearized solutions
used to build the perturbative S-matrix on a background can be taken to be asymptotically
momentum eigenstates at both .#* and that we have crossing symmetry. This is of course a
very special feature of these integrable backgrounds.

Using twistor theory, we derive an all-multiplicity expression for the ‘maximal helicity
violating (MHV)’ tree-level graviton scattering amplitude on any SD radiative space-time; this
is the scattering configuration with two negative helicity and arbitrarily many positive helicity
external gravitons. This confirms an earlier conjecture for these amplitudes in the special case
of self-dual plane wave (SDPW) space-times [33]. Furthermore, we also provide a conjecture
for the tree-level graviton S-matrix in any helicity configuration on any SD radiative space-
time. While conjectural away from the MHYV sector, this general formula has its origin in a
natural family of generating functionals and passes several consistency tests.

Our all-multiplicity formulae for scattering amplitudes in curved backgrounds generalize
the well-known flat background formulae on Minkowski space in the forms due to Hodges [34]
at MHV and Cachazo—Skinner [5, 35] at higher MHV degree, but have many new terms,
reflecting new physical features. Two of the most prominent of these are residual integrals
arising from the background curvature (which would reduce to momentum conserving delta
functions in flat space) and tail terms coming from the interaction between gravitons and the
background; these reflect the violation of Huygens’ principle [36—39]. The precise formulae
are given by equation (3.44) at MHV and (4.26) beyond, but schematically, we show that a
tree-level, n-point N~ '"MHYV amplitude (i.e. with d + 1 negative helicity and n — d — 1 posit-
ive helicity external gravitons) takes the form:

n t
Mn,d = Z /dudm Zmr th H ap_sz- (11)
i=1 m=1

# of tails, ¢
mult. of tails, p

Here, there are sums over the number 7 of tail contributions to the amplitude (running from
zero to an upper bound dictated by n and d) and the ‘multiplicity’ of each of these tails—
roughly how many times it is involved in interactions with the external gravitons or other tails.
The amplitude is then computed in terms of an integral over the moduli space of holomorphic,
rational maps from the Riemann sphere P! to twistor space PT of degree d with n marked
points; this moduli space comes with a natural holomorphic measure dg, ,. Kinematic data is
packaged into an ‘integrand’ Z,, ;, in the form of a reduced determinant that also depends on the
background geometry. The k; are twistor wavefunctions for the external gravitons that can be
taken to be asymptotic momentum eigenstates. Finally, there are explicit insertions of (deriv-
atives of) the news function N of the SD radiative space-time, one for each tail contribution.

Our main tool for obtaining these formulae is the chiral twistor sigma model of [32]. Our
earlier formulae [40] on SDPW backgrounds were based on curved background extensions of
Skinner’s twistor string for Einstein gravity [41], but this had awkward extra gauge depend-
ences that were hard to eliminate. The chiral twistor sigma model was derived in order to find
a more basic description that avoids this problem, and is more natural to express on a nonlinear
background.
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There are already some important features to be pointed out even at the schematic level
of (1.1). In Minkowski space, the sums over tails and insertions of the news function are absent,
and the integrand and wavefunctions are such that the moduli integral is totally localized by
delta functions, leaving a rational function of the kinematic data with four momentum con-
serving delta functions. In a SD radiative background this is not the case: there are 4 d integ-
rals which are not localized by delta functions, and no momentum conserving delta functions.
When there are residual symmetries this can change; for instance, on a SDPW there are three
momentum conserving delta functions and only 2d — 1 residual integrals.

It is interesting to compare and contrast these results with analogous formulae for gluon
scattering amplitudes of pure Yang—Mills theory in strong, SD radiative gauge field back-
grounds (on Minkowski space) [40]. There, we also used twistor theory to find explicit for-
mulae for the complete tree-level S-matrix (which were proved in the MHYV sector), and these
also have similar moduli counting and residual integrals due to the SD radiative background.
However, non-linear effects such as tails are much less explicit there, being encoded implicitly
in holomorphic frames associated with the background gauge field.

The paper is structured as follows. Section 2 provides a definition of the SD radiative class
of space-times and their description in terms of twistor theory. We also show how gravitational
perturbations to these space-times are captured by the twistor framework. The constructions
are illustrated at each stage by two classes of explicit solutions, the SDPWs, and the ana-
lytic continuation to split signature (or the complex) of the Gibbons—Hawking solutions with
just one symmetry (i.e. depending on free data depending on two variables). In section 3 we
derive the tree-level MHV graviton scattering amplitudes on SD radiative space-times directly
from GR by lifting the space-time generating functional for these amplitudes to twistor space.
Section 4 generalizes the MHV formula to all helicity sectors, providing a conjecture for the
full tree-level S-matrix of gravity in any SD radiative space-time. Section 5 concludes, while
appendix A shows the equivalence between the MHV formula and our earlier (less compact)
expression in the literature [33], and appendix B includes some explicit tests of our formulae
against space-time perturbation theory at low multiplicity.

2. Twistor theory of SD radiative space-times

In this section we introduce the curved space-times on which we will construct scattering
amplitudes. For scattering from past to future null infinity, .# ~ — .# T, one usually requires
Lorentz signature; however, SD fields are necessarily complex in Lorentzian signature. Thus,
we consider complex SD space-times holomorphic on regions of C* that are small perturba-
tions of flat space defined on some neighbourhood of a real R* contour, but on this contour
the metric will necessarily be complex. They will be determined by their SD asymptotic data
in such a way that they admit both a .# * and .# ~ that compactify the R* contour.

After introducing such backgrounds, we explain in section 2.2 how these are constructed via
twistor theory from twistor data that is simply related to the asymptotic data at null infinity. This
provides the necessary technology not only to derive the underlying SD background metrics,
but also to obtain formulae for perturbations which are asymptotic momentum eigenstates, as
shown in section 2.3. These will provide the linear fields (and momenta) from which the S-
matrix will be built. Throughout, we introduce the two families of examples in which we can
express our twistor formulae particularly explicitly: the SDPWs and analytically continued
Gibbons—Hawking spaces. Both of these examples admit symmetries which lead to violations
of asymptotic flatness, but only in isolated directions which still suffices for our purposes. In
section 2.4 the twistor theory is adapted to these examples where the results can be expressed
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in terms of straightforward integral formulae. Much of this is a review of standard material but
adapted to the radiative space-times in which we work.

A four-dimensional space-time will be said to be purely radiative if it is a solution of the
vacuum Einstein equations, asymptotically flat with a smooth topologically R x §? past and
future null infinity (. ~ or .# 1) and completely determined by characteristic free data on .# *
obeying suitable regularity assumptions [42—44]. Thus .#* are Cauchy surfaces for radiat-
ive space-times’. For such space-times the natural, diffeomorphism-invariant semi-classical
observable for generally nonlinear massless fields propagating in the space-time is the tree-
level S-matrix, given by the scattering map from the characteristic data at .# ~ to that at .# .

This characteristic data is composed of two functions at .#*, encoded in the leading piece
of the Weyl tensor in the asymptotic peeling expansion, which correspond to the SD and anti-
SD degrees of freedom in the radiative gravitational field. By complexifying the data and
%, it is possible to set one of the characteristic functions to zero while keeping the other
non-zero, resulting in a SD radiative solution of the vacuum Einstein equations. The SD sector
is classically integrable, and any SD space admits a construction in terms of analytic data on
twistor space [50]; in the case of SD radiative space-times, the twistor construction can be
expressed directly in terms of the non-vanishing characteristic data at .#*, originally formu-
lated in terms of Newman’s good cuts of .# [51]. Integrability makes the scattering map for
the space-time itself trivial: .#* are identified together canonically along with the asymptotic
data. Thus, scattering on such backgrounds is crossing symmetric.

2.1 Radiative metrics and self-duality

We first introduce a homogeneous coordinatization of .# that will allow us to work with mani-
fest Lorentz invariance. It will also expedite the geometric correspondence between .# and
twistor space following a framework [52] that connects Newman’s H-space [51] with Pen-
rose’s non-linear graviton construction [53].

2.1.1. Homogeneous description of #*.  An asymptotically flat space-time can be described
in terms of retarded Bondi coordinates (u,r,¢,(), where u is retarded Bondi time, r is a para-
meter along the outgoing null geodesics of constant-u hypersurfaces and (¢,() are stereo-
graphic coordinates on the celestial sphere. These coordinates are not global on the celestial
sphere, so do not manifest Lorentz-invariance; this is remedied by instead working with homo-
geneous Bondi coordinates defined modulo the rescalings [52, 54-58]:

(U7, Xas Aa) ~ (|b]2u, |b| 727, bAo, bAs), Y bheC*. 2.1)

Here o, & are spinor indices of s1(2,C), and the affine coordinates on the celestial sphere are
simply recovered by going to a stereographic coordinate patch:

21/4
Ay = ———(1,0). 22

5 Such space-times are also known as asymptotically simple [45]. A general asymptotically flat space-time will only
possess one of IE, depending on whether final or initial characteristic data is specified [46, 47] because singularities
are expected to form from general data (see [48]). However, with sufficiently small data, there is a reasonable class
of space-times with both a complete past and future null infinity, % = #~ U .# T [49].
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Choosing a time-like unit vector % so that
. ues . ~ .
XY = —— A\, Aa = laa A9, 2.3)
(AN

packages the (non-homogeneous) Bondi coordinates in spinor form x*¢; the choice of 1*¢ is
equivalent to a choice of conformal factor (A 5\>*1 on the unit sphere (see also section 2.1 of
[40] for further discussion). We use standard spinor helicity notation for SL(2,C)-invariant
spinor contractions: (ab) := e*?agb,, [a l~7] =g 4 b, with €8 ¢ the two-dimensional
Levi-Civita symbols.

In this homogeneous formalism, spin- and conformal-weight are formulated as homogen-
eity under the projective rescalings (2.1) of the coordinates. Define the line bundles O(p,q)
over space-time (or subsets thereof), whose sections transform as

FUbu, |b|~%r, bA,DX) = BB flu,r,\, ). (2.4)

The usual notions of spin weight (s) and conformal weight (w) then correspond to s = ’%
and w = ’#. Thus, spin/conformally-weighted functions correspond to functions valued in
the line bundles O(p, ¢) in this framework.

An asymptotically flat metric in Bondi—Sachs gauge admits a large-r expansion in these

coordinates [45, 59-63]:
0 =0
ds? = 2dudr — P (D)\D)\—UD/\z—aD)\2> P me) g
r r (AN)? r
—du(96°DA+00°DA) +O0(r 1), (2.5)

where DA := (Ad\), DX := [\d)], and 3,0 are the spin-weighted covariant derivatives on the
sphere [52, 64]. The quantities mp, 0°, ° are spin- and conformally-weighted functions of
(u,\, \). In particular, for the line element to be homogeneous of degree zero, mz must be
valued in O(—3,—3), so is a spin-weight 0, conformal-weight —3 quantity; this is the Bondi
mass aspect, which generalizes the Schwarzschild mass parameter for generic asymptotically
flat space-times. Similarly, o° and ° are valued in O(—3,1) and O(1,—3), so both have
conformal weight —1 and spin-weights —2 and 2, respectively. These are the asymptotic shear
optical scalars of the null hypersurfaces of constant u [59, 65, 66]. The (retarded) time evolution
of the mass aspect mj is controlled by o (and its complex conjugate) through the asymptotic
Bianchi identities (see [66, 67]).
Performing a conformal rescaling with conformal factor R = r~! gives

ds? := R’ds®* = —2dudR — DADA+Ro’DN? + RG°DN* + O(R?).  (2.6)
The future null conformal boundary .# ¥ is defined by R = 0, where .# + =~ R x $? with degen-
erate conformal metric (see [45, 68-71])

ds?,+ = 0 x du® + DADA. 2.7)

The (#, Ao, \s) provide homogeneous coordinates on .#+ viewed as the total space of the
line bundle Ok (1,1) — P!, whose sections are real-valued functions that obey f(b\,b)\) =
|b|>f(\, ). The BMS asymptotic symmetry group [60, 72] acts via Mobius transformations
on the P! base and supertranslations u — u + f for any f in Og(1,1), so there is no preferred
choice of origin for the retarded time coordinate®.

6 This affine line bundle description of .# provides a formulation of the Carrollian geometry of [73-75].

7
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2.12. SD radiative metrics.  The 2-spinor formalism decomposes the Weyl tensor Cp.qs on
M into SD and anti-self-dual (ASD) parts as [76]

Coappriss = Yapys €aB €ys T Vapys €45€55, (2.8)

v~vith SD part C/, , corresponding to \TldB"y(i and ASD part C,, , to ¥,3.5. Both U35 and
V44 are totally symmetric. Near 7, they exhibit the fall-offs

(% - : 0 -
Wa575:0a05070574+0(r 2y, \IldB,.YS:OdOBO;YOS%%—O(r 2y, (2.9)

where 0,04 = Vs, the outgoing null vector along constant u. The coefficients 1y, 14 are
functions of (u, A, \) and provide the radiation data given explicitly by [45, 66, 77]:

a=—0p0", hy=-0,6", (2.10)

u

with 94 valued in O(—5, —1) and 14 valued in O(—1,—5). Thus, the complex shear o serves
as a key ingredient in any definition of the radiative phase space of asymptotically flat space-
times [60, 78—84]. For instance, the news function

N, \A) == —0,6°(u, A\, \), (2.11)

which takes values in O(0, —4) on .#+, encodes the energy-momentum radiated through any
interval of retarded time on .# ™ through the Bondi mass—loss theorem [60, 79].

To understand why o defines the radiation data through 14, it is instructive to first consider
the case of a linear perturbation of complexified Minkowski space, Ml = C*. The whole of M
is easily reconstructed from .# in terms of light cone cuts: a point x € M is described at .#+
by the cut

u=x%N g, (2.12)

which is the spherical cross section corresponding to the intersection between .# * and the
light cone with apex at x. This means that with suitable globality assumptions, it is easy to
see that a linear gravitational perturbation on M is determined by the radiation data at .# ™ by
means of the Kirchoff-d’ Adhémar integral formulae adapted to null infinity [45, 76, 85].

In particular, to linear order, the ASD Weyl spinor is given by the spin-2 field

zpaw(x)z/ AaAg Ay AsDAADA s . (2.13)
P! Ou u=(X|x|A]

By differentiating under the integral sign, it is easily checked that this solves the linearized field
equation %1445 = 0 on flat space. In this formula, the integral is taken over the spherical
cut of # corresponding to x € M defined by (2.12). Conversely, the field defined by (2.13)
is shown to give rise to the radiation data 4 when the field is defined and differentiable over
7 including the vertex i (i.e. future time-like infinity) [76].

For a generic asymptotically flat solution to the Einstein equations, the outgoing radiation
field 14 does not specify the full non-linear solution as one could include some constants of
integration: although the evolution of the mass aspect mp in u is determined by the asymptotic
Bianchi identities at .# T, there is a constant of integration as # — oo which encodes source
contributions to the metric, such as a Schwarzschild mass or higher multipole moments. How-
ever, when such source terms are absent, 1/4—and thus o°—does provide good Cauchy data
for the Einstein equations with # as the characteristic (final) data surface [42—44].

8
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Such radiative space-times are therefore singled out by:

Definition 2.1. a radiative four-dimensional space-time is almost everywhere asymptotically
flat and characterized by o, in particular, mz — 0 as u — +o00.

By ‘almost everywhere asymptotically flat,” we include also space-times that are singular
on isolated generators of .# " but otherwise admit a normal conformal compactification. This
allows important examples such as (multi-)plane wave space-times to be included this radiative
class.

In Lorentzian-real signature the SD and ASD parts of the Weyl tensor are related by complex
conjugation, but for complexified metrics (or in split and Euclidean-real signature) they are
independent. Thus, for a complexified radiative space-time, o — &° which is independent
free data no longer related to o® by complex conjugation. The complexified data is viewed as
living on a (partial) complexification of future null infinity, Jg , for which Bondi time u is
complex.

A complex vacuum space-time is SD if ¥, g5 = 0 and ASD if ] afys = 0, and we can now
define

Definition 2.2. A SD radiative space-time is a complex radiative space-time’ determined by
its radiative data 6'0, with 6% = 0.

These space-times were named Heavens or H-spaces [51, 87, 88]; they are tautologically
holographic, with the ‘bulk’ metric determined entirely by the free data &° on fg .

2.1.3. Examples. It is useful to have some explicit examples of SD radiative space-times,
and here we consider two particular families of such metrics. In what follows, these examples
will provide concrete realizations of our more general constructions.

2.1.3.1 SDPW metrics.  Several explicit SD radiative space-times have been constructed in
the literature (e.g. [89, 90]), but a key example is provided by SDPW metrics. These are SD
metrics with a five-dimensional Heisenberg algebra of Killing vectors, with centre given by a
covariantly constant null vector n. A SDPW metric in Einstein-Rosen coordinates® takes the
form

ds* =2 (dxtdx™ —dzdz+f(x)dZ?) , (2.14)

with f{x™) a free function of the lightfront coordinate x~ determining the wave profile. The
null vector n*0, = 0 is easily seen to be a covariantly constant Killing vector.

At this stage, we introduce a spinor dyad o, = 04 = (1,0), 1o, =I5, = (0,1), normalized so
that (0) = 1 = [i0]. Define the coordinates x** to be

ad )C+ z
xX¥ = <Z x) (2.15)

so that the spinor components of n¢ become n®® = 1, In terms of these, introduce a tetrad
of 1-forms (i.e. a frame of the cotangent bundle):

N (x) =+ fx 7)o" 0 dz,  dz=opisda?7, (2.16)

7 For precise definitions of asymptotic flatness for complex radiative spacetimes, see [86].
8 While Einstein—Rosen coordinates are not generally global due to null geodesic focusing in plane wave space-
times [91], these SD examples do not suffer from this issue.
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for which the SDPW metric (2.14) can be reexpressed as

ds® = eapeyedell 2.17)
The dual tetrad (i.e. frame of the tangent bundle) is given by
- . 0 0 o
Vaa = Oaa +f0 )0alags  5-=—0" 0, (2.18)

satisfying V5 1e*® = 8§ 6; Dotted and undotted (equivalently, SD and ASD) spinor
bundles can now be set up with respect to this tetrad. For instance, the spinor compon-
ents v™® of a vector field v* are defined as the coefficients in its expansion v = VOV s
in this basis.

To see that the metric (2.14) is indeed SD, one may compute the ASD and SD spin connec-
tions, finding

U5=—f(x)iaizdz,  Tap=0, (2.19)

respectively, with f(x~) := d_f{x~). Thus the ASD part of the Riemann curvature 2-form is
Ropg=dlop +13" AT, 3 =0, and while the SD part is

Ryg=dly+T AT, 5= —fx")iaisdx™ AdZ, (2.20)

so that the Weyl curvature of the metric is given by
Uipes = flalslyls,  Wapys=0. (2.21)

From now on, we also assume the sandwich condition on our SDPW metrics, meaning that
f(x‘ ), and hence the curvature, is compactly supported in x . This ensures that the SDPW met-
ric is asymptotically flat except in the n-direction and admits a well-defined S-matrix [21, 92].

As the SDPW metric is Kerr—Schild, its SD Weyl curvature tensor is essentially a linear
field on the Minkowski background so the complex conjugate of (2.13) can be used to identify
the radiation data giving rise to (2.21). The corresponding asymptotic data is distributional in
nature:

00y T (0N u =
&(u, \,\) DX = o ]-‘<<)\0> W']) S((LA), (2.22)

with F(x f ~ f )dy. This 6 & has distributional support along the generator of .# T cor-
respondmg to (A, A) = (¢,1), and the associated news function is easily seen to be

o (oA
N(u, A\, A) = [5;\]zf< (Ao) [A0]

) S((LA)). (2.23)

2.1.3.2. Gibbons-Hawking metrics. = While Gibbons—Hawking metrics are famous as
(asymptotically locally Euclidean or flat) gravitational instantons in Riemannian signa-
ture [93-95], in split-signature or as complex metrics they can be viewed as SD radiative
metrics, encoding a solution to the wave equation in three-dimensions. These metrics have a
SD Killing vector. Introduce a constant 4-vector Y on flat space normalized so that Y? = 2.
The line element on this flat background is given by

dS2 = V(X) dxaﬁ dxaﬂ + (dy—i‘;((;(;{))z ,

10

(2.24)
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with coordinates y = Y,4x*® and

af . ol /8) _ 1 14z X
xﬁ.—Y(|xd—ﬂ( j tz), (2.25)
and w(X) = wap(x)dx*? a 1-form in x. This metric admits the Killing vector d, and the
function V and 1-form w are related by the 2 + 1-dimensional abelian monopole equation:
dV = x3dw, where %3 is the Hodge star in flat x-space. Thus, V(x) is a solution to the three-
dimensional wave equation.

The tetrad 1-forms associated with metrics of this form are

(6767

. . Y
e =/ VY dxz® + dy+w). 2.26)
AW (dy+w) (
Their dual vector fields are found to be
1

Vi = 5 V6 (O~ 01 03) + VYo 0. )
From (2.26), it is straightforward to compute the ASD 2-forms

2o = dx*P A (dy +w) + Vdx*? Adx?,, . (2.28)

It then follows that d¥*? = 0 as a consequence of the monopole relation between V and w, so
the complex space-time is indeed SD. The conformal compactification will not be smooth due
to the symmetry in the y-direction, but the metric is nevertheless almost everywhere asymp-
totically flat with appropriate fall-off in directions not parallel to J.

To see that these metrics are radiative, it suffices to observe that the free data is a solution
to the three-dimensional wave equation, d #3 dV(x) = 0. Since we are considering complexi-
fied (or split-signature) metrics, we can consider solutions to the wave equations which are
sufficiently ‘small’ so as to be radiative; the metric inherits its radiative data directly from the
radiative data for V. More specifically, solutions to the wave equation can be generated by the
Whittaker integral formula [96] which in our homogeneous coordinates becomes

V(x) = 551)/\ (g, \), q:=x*" A5, (2.29)
T

where the integral is taken along a closed contour on the Riemann sphere and the function
¢(g,() is free data for the solution, with ¢ possessing overall weight —2 in \,. Choosing the
contour I' = {Y*¥\, A4 = 0}, this version of Whittaker’s formula for V is recast as a Kirchoff—
d’ Adhémar integral formula in four-dimensions with
< (AlY] - -
V(x) = / DAADA & [|X ';7] S(YIN]) (i, A, ) , (2.30)
P! n

U=x% X4 \g

with the characteristic data now lifted to ]g , where 7 is a constant reference spinor. On the
support of the delta function §((A|Y|\]), u — ¢ and ¢(u, A, \) — ©(q,\) and the integrand is
independent of 7.

2.2. Twistor theory of SD radiative metrics

The twistor space PT of (complexified) Minkowski space M is an open subset of the three-
dimensional complex projective space P3. If Z4 = (u%, \,) are homogeneous coordinates on
IP3, related to M by the incidence relations

pd =x% N\, (2.31)

1
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then this open subset is given by
PT = {Z' € P*|\, #0}. (2.32)

The incidence relations give a non-local correspondence between IPT and M which associates
a holomorphic, linearly-embedded Riemann sphere X = P! C PT—a twistor line—to each
point x € M. The twistor geometry captures the conformal structure of Minkowski space: any
two twistor lines X, Y C IPT intersect if and only if the corresponding points x,y € M are null
separated.

A key result is that this correspondence can be deformed to give a twistor theory of any SD
complexified four-dimensional space-time through Penrose’s non-linear graviton construction:

Theorem 1 (Penrose [53]). There is a one-to-one correspondence between:

e suitably convex regions of Ricci-flat, SD 4-manifolds (M ,g.), and
o three-dimensional complex manifolds P.7 that are complex deformations of a region in PT
that contain a holomorphic CP' with normal bundle O(1) @ O(1), have a holomorphic
fibration
7:PT — P!
and have a holomorphic Poisson structure I up the fibres of ™ with values in the pullback of

O(-2) from P.

Such a deformed twistor space P.7 exists for each SD 4-manifold .#. As in the flat twistor
correspondence, each x € . corresponds to a Riemann sphere X in P.Z. The curved twistor
space P.7 encodes the conformal structure of the SD 4-manifold (.#, g,,) by the statement
that two twistor curves X, Y C P.7 intersect if and only if the corresponding points x,y € .#
are lie on a null geodesic of the conformal class [gs).

When .# is a SD radiative space-time, it is possible to formulate the twistor construction
entirely in terms of the radiative data &° following a method of Sparling, [52]. To do this,
we first adapt homogeneous coordinates on IP.7 to describe Ricci-flat SD manifolds, as in the
treatments of [32, 97]. Let A, be homogeneous coordinates on the P! base of the fibration 7,
and choose ;% up the fibres so that

PN —,

is the weighted holomorphic Poisson structure. ~
The complex structure of P can be represented as a complex deformation of the -

operator O of flat PT expressed as V = 9+ V, where 0 is the flat complex structure on P3

in homogeneous coordinates (1%, A, ) and V € Q! (PT, Tpr) for Tpr the holomorphic tan-

gent bundle of PT. Integrability of this almost complex deformation requires V2 = 0. For ),

and I to be holomorphic in the complex structure V, V must be Hamiltonian with respect to
this Poisson structure:

I:= (2.33)

, O .5 oh 0
V - Va - = eaﬁ - - oy
o~ oubP o>
for some Hamiltonian h € Q%! (IPT, O(2)). Denoting the Poisson bracket induced by (2.33) by
{:,-}, the Dolbeault operator on .7 is thus V = 0 + {h, - }. With these additional structures,
the integrability requirement V2 = 0 becomes

(2.34)

5h+%{h,h}:0, (2.35)
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with h encoding the data of a SD asymptotically flat vacuum metric [32, 97]. As before, one can
introduce complex conjugations on P.7 appropriate to obtain real Euclidean signature [98—
100] or split-signature SD four-manifolds [101]. For SD radiative space-times, (2.35) is solved
directly in terms of the asymptotic radiative data to manifest the holographic nature of the
metric [51, 52, 87]. To do so, define the projection from twistor space to ﬂg by

p:Pﬂ—)Jg, (ud‘,AQ)r—)(u:ud‘j\d,)\a,f\d), (2.36)
and solve (2.35) by taking:
oh a0y YN P
W:)\U DA, so h=[ o (u',\,\)du’DA. (2.37)
"

Now (2.35) follows because h is holomorphic in ¢ and proportional to D.
Now, characterize the holomorphic Riemann spheres X C P.7 as sections of the fibration
7:PT — P! by

(p® =F(x,\), \y) : P! 5 P.T, (2.38)
where F%(x,\) is homogeneous of weight 1 in A but not, at this stage, holomorphic.
Using (2.34), X is holomorphic with respect to V if V(u® — F%(x,\))|x = 0 which gives

opP Iy
as the equation determining the holomorphic curves in twistor space. Such a rational curve
X can now be projected to fg by (2.36) to give a curved space analogue of a light cone

cut (2.12), described by the cut function u = Z(x,\) := F%)\4. The equation (2.39) can then
be written entirely in terms of data at fg as:

O|xF(x,\) =€ (2.39)

2
7 _ _ _
ﬁ =Xar;6”, & 3z=6%2z,2)), (2.40)

which is Newman'’s good cut equation written in the homogeneous formalism [51, 52, 87].

2.2.1. Reconstruction of the half-flat metric on .#.  Under our assumptions, standard theor-
ems of Kodaira [102, 103] guarantee the existence of solutions F @ of (2.39)—or equivalently,
of solutions Z(x, \) to (2.40)—parametrized by x € .# .

To reconstruct the SD radiative metric on .# from P.7, observe that the vector fields

a ~0Y Y 3 a
— Aa N — | 2.41
e 7 oub (241)

are anti-holomorphic in the deformed complex structure given by V. These vector fields
annihilate the differential forms du® — & DAY, so these two 1-forms along with DX span
QYO(P.7). This allows us to construct a holomorphic top form Qp oz € Q3°(P7,0(4)) as

Qps =DAA (dp® — 6" DAXY) A (dpg — 6°DA ). (2.42)
Setting u% = F* and using (2.39) we obtain the pullback of Qp 5 to PS = .# x P':

P Qp7 =DANAFYNdFg, (2.43)
where d, denotes the exterior derivative on PS along .Z .

13
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As D) is trivially holomorphic, the 2-form d,F % A d,F, must be globally holomorphic
along any rational twistor curve X, as is confirmed by a brief calculation:

Ilx (dF* Nd,Fy) =2d, (6°[x \*DA) Ad,Fg
= —2N[xDAN N d,F5 AdyFi =0,

where N|x denotes the news function N = —&,6’0 evaluated on the twistor curve X. Thus,
d,F¥ AdF, is a holomorphic 2-form of homogeneity 2 in \,; by Liouville’s theorem, there
exists a triplet of 2-forms %% = () on . such that

A FEANFs =X A2 (x),  p*Qpsr =DAAZP ()N, Ag.  (244)

It follows by construction that the 2-forms ©%? obey dX*? = 0 and (4 A £79) = 0.
This implies the existence of a tetrad e*® on .2 for which the X% are a basis of ASD two
forms [104]:

NP = e N e, B (2.45)

With this tetrad, the SD radiative metric on .# is recovered as ds? = €aB€sp 24 ePB; gelf-
duality follows as a consequence of d¥*? = 0. Cartan’s structure equations then give vanishing
ASD (undotted) spin connection in this spin frame. Hence, the full ASD curvature vanishes—
including both the ASD Weyl tensor and Ricci tensor.

2.2.2. Spin connection, Lax formulation and Plebanski form.  The ASD spin connection is
flat, but the SD (dotted) one is not. The SD spin bundle and its connection on .# are constructed
(via the Ward transform) from the rank-two bundle V() := Vz ® O(—1) on P.7, where V.
is the bundle of vertical vectors up the fibres of 7 : P.7 — P!,

The object d,F* 9/ gives a 1-form on .# with values in V. ; contraction with a vector
at x determines a section of V. along X so that V,|y = N, the normal bundle to X in P.7.
Now d,F% can be evaluated in a tetrad on .# to obtain

dF% (x, \) = H 5 (x, 1) €29 (x) Aa (2.46)

where the factor of A, follows from (2.44). This defines H* 5(x,A) € SL(2,C) which provides
a holomorphic trivialization of V,.(—1). The global sections V. (—1)|x are thus precisely the
SD (dotted) spinors at x € .Z .
The SD vacuum equations also admit a Lax description; let V 4, be the dual tetrad to el

then (2.46) becomes

M HY 3 =V 5 1d F* =V sF*, (2.47)
which gives the Lax description

A* Voo F? = 0. (2.48)

Integrability of these Lax operators is equivalent to the vacuum self-duality equations on .7
This also gives a d-bar equation for H* ;4 by acting with J|x on both sides of (2.47) and
using (2.39) to give

oh 9*h

N OlxHY : =V 0xF' =V 43— = Ay — HS .
xH" 5 = V,50lx 8 D T M
S 5h )

14
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Using the explicit form of h in terms of the asymptotic radiative data yields
BIxH®; (x,\) = X* X3 H%; (x, \) N|xDX, (2.50)

which acts as a d-bar equation determining holomorphic frames for dotted spinor bundles over
the light cone cuts u = Z(x,\, \).

It is interesting to observe the close similarity between the twistor description of SD radi-
ative metrics and that of SD radiative gauge fields (see [40]). Indeed, the global frame H% 4
is the gravitational equivalent of the global holomorphic frame appearing in the gauge theory
setting, with the Ward bundle on twistor space replaced by V. (—1). This equivalence can be
made precise, with the role of the gauge theory radiative data A—valued in 0(0,—2) tensored
with the Lie algebra of the gauge group—played by A*\ N in the gravitational case.

Finally, SD Ricci-flat manifolds in four-dimensions are necessarily hyperkéhler. So the
metric on . has a local expression in terms of a scalar (Kihler) potential, 2, known as the
first Plebanski form [105]. This Plebanski form can be recovered from the holomorphic curves
in P.7 by choosing a spinor dyad {04, ¢, } such that (¢0) = 1 and writing

Aa =Alta + X0, (2.51)

for the fibre coordinates of P.7. Then F(x,)\) can be expanded around )\, = 0 and \; = 0,
respectively to give [32, 106, 107]

FOa M) = Az2% +00%0) +0(02), Fix\) =M —NQ%+0()2),  (2.52)

using the globality of the 2-form d, " % Ad,Fg. Here, (2%, Za) give local coordinates on .#, and
the objects 2%, Q% are functions on .. Using (2.44) in conjunction with these expansions
allows us to identify

S = dz% AdQs = —dZ* A dQ (2.53)
from which it follows
Q Q
Qd:a—,, Qaza;, (2.54)
07¢ oz&

for some potential Q(x) = Q(z,Z), a (pseudo-) Kahler scalar in the appropriate signature.

Defining
2
Q.= ﬂ (2.55)
B §repzp

and requiring that ¥,?? calculated from expansions around \; = 0 and A, = 0 agree, one obtains
Plebanski’s first heavenly equation [105] or Monge—Ampere equation:

& 9*Q
Qdé Q 5= 65%, = det azdaz& =1. (2.56)
This equation ensures that the tetrad
e = (dz*, Q% Edzﬁ) , (2.57)

is hyperkéhler, or equivalently, SD and Ricci-flat.

15
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2.3. Gravitational perturbations

Metric perturbations ;54 (x) on a SD radiative space-time .# have two on-shell degrees
of freedom, corresponding to positive and negative helicity (i.e. SD and ASD) modes. How-
ever, the metric perturbation itself does not split cleanly into SD and ASD parts (as it does
in Minkowski space-time) due to the SD curvature of the background. The concept of a SD
perturbation of the metric remains well-defined, but (asymmetrically) we only have a concept
of an ASD perturbation of the Weyl curvature; for a generic solution to the linearized vacuum
equations the condition that the corresponding perturbation of the ASD Weyl tensor should
vanish is the condition that it is SD.

A negative helicity graviton can be characterized by V“dwamg = 0, where ¥, is the
perturbation’s linearized ASD Weyl spinor and V , is just the dual tetrad on .# as the ASD
spin connection is flat. The Penrose transform encodes such linearized fields on .# through
cohomology on P.7 [100, 108]:

HE' (PT,0(=6))  {hayon | V™5 =0}, (2.58)

where H%l denotes Dolbeault cohomology with respect to the deformed complex structure

V =0+{h,-} onP.7. Given some h € H%l (P7,0(—6)), the field on . is recovered from
the integral formula

Vapys(x) = / DAA A Mg Ay Ashlx. (2.59)
X

Since /\“V(mfﬂ x =0 due to (2.48), it follows that this solves the linear field equation
V%), g46(x) = 0. If we wish to find a metric perturbation that has 1,5 as its ASD lin-
earized curvature, we find that setting the variation of the SD curvature to zero is obstructed
by the SD background curvature; in particular it is inconsistent with diffeomorphism (gauge)
invariance (see [109]).

Note that for a particular representative of h within its Dolbeault equivalence class, (2.59) is
in fact equivalent to the Kirchoff—d’ Adhémar formula (2.13) [110]. This is achieved with the
identification 8,24 DA = h, which is easily seen to be homogeneous of weight —6 on twistor
space and V-closed by virtue of being proportional to DA [110].

For positive helicity, the corresponding SD massless fields on a SD background are no
longer consistent beyond spin 1, but a potential-modulo-gauge description of such fields still
works. In particular, at spin 2 we can simply perturb the nonlinear graviton construction. The
Penrose transform [100, 108] for a positive helicity graviton (with suitable analyticity) is

HZ'(PT,0(2)) 2= {ha on A |1papy5 =0} . (2.60)

Given a representative i € H%l (P7,0(2)), note that on restriction to a rational curve X, h|x €
H%'(P!,0(2)) since

_ - = o Oh =
Olx(hlx) = (8h)\x+8|xF"W = (Vh)|x=0, (2.61)
X
having used (2.39). But this cohomology group vanishes, so 4|y must be J|x-exact:
hlx = Olxj(x,\), (2.62)

for some function j(x, \) homogeneous of degree 2 in \. Since &y is pulled back from P.7, it
follows that A*V ,4h|x = 0 using (2.48). As A*V .4 is holomorphic on X, (2.62) implies that
A*V a4/ 18 globally holomorphic in A, so

AV (6, A) = 1A NN paapy (X), (2.63)
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for some function ¢sagy On . which is symmetric in its undotted indices. This is a potential
for a metric perturbation A, [70]:

ha(’xﬁﬁ = D’y(ﬂ'@d)aﬁ'y ) (2.64)

where D, is the Levi-Civita connection on .. It is straightforward to confirm that the linear-
ized ASD Weyl spinor 1,5 associated to the metric perturbation (2.64) vanishes, and thus
hgp defines a positive helicity graviton.

2.3.1. Momentum eigenstates. By virtue of their asymptotic flatness, we can consider grav-
iton perturbations on SD radiative metrics which have asymptotic on-shell momentum &, <¢
at #; . Explicit representatives for such momentum eigenstates can be built using twistor
representatives that are functionally identical to those on Minkowski space, thanks to the form
of the twistor complex structure for SD radiative space-times. For a positive helicity graviton,
the representative

h:/ 1;52(ﬁ—sx)e”[ﬂk1, (2.65)
C* R)

isin H%l (P.7,0(2)), with V-closure following as it is a multiple of DA, as is h, so that any
potential curved correction term vanishes. Restricting to a twistor curve X C P.7 gives

(€N < ip_ 1 5 €x

hly = ——=d((\ 0= —Q|x | —=t——el? 2.66
|x (€n)? ((Ar))e i |x <£ﬂ>3<)\ﬁ>e ) (2.66)
where &,, is an arbitrary fixed reference spinor used to integrate out s in (2.65) against one of
the delta functions, setting s = (£ k) /(£ \). The function ¢(x) is defined by

P(x) == [F(x,k) K] = FY(x, k) Fgy » (2.67)
and it follows from (2.47) that this solves the Hamilton—Jacobi equation:
80,0050 =0, (2.68)
with g the inverse metric on .# defined by the dual tetrad.
Comparing (2.66) with (2.62) yields

. LN
N = L el 2.69
TN = S T o (209
To descend to space-time via (2.63), define the background-dressed momentum K,g :=
V aa®, for which
Koo = VadFB(x, K) g = FKa K, where K, := /%BHBd(x, K), (2.70)

having used (2.47). In other words, the holomorphic frame H* j serves to dress the dotted com-
ponents of the graviton momentum as it traverses the SD radiative background. The potential
on ./ associated with (2.69) is easily seen to be

i foz gﬁ fw Kd ei¢

Paapy = ; 2.71)
TR
from which the positive helicity graviton perturbation follows via (2.64):
+  _ i )
had[ﬁB = V’Y(ﬁ'@d)aﬁfy _F’Y([;}d)’yﬁp‘yaﬁv» (2.72)

where fa 5= f‘wd i ¢ is the background SD spin connection
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For a negative helicity graviton, the representative
iz:/ dss® 6% (k — s A\) el S IHAl (2.73)

is valued in H%l (P7,0(—6)). Feeding this into (2.59) immediately gives

Vapys = Ko KB Ky K§ e, (2.74)

which is easily seen to obey V%4, 3.5 = 0. Note that this differs from the expression for
the linearized Weyl curvature of a negative helicity graviton on Minkowski space only by the
substitution e** — e/?; this is an expected consequence of the flatness of the undotted spin-
connection that in turn follows from self-duality of the background.

2.4. Explicit examples of the twistor construction

Although in general the twistor construction is implicit, for our two families of example SD
radiative space-times the construction can be made explicit.

2.4.1. SDPWs.  The twistor construction of SDPW metrics was one of the first examples
of the non-linear graviton construction [111-113]; our presentation differs from those in the
literature by making use of a Dolbeault (rather than Cech) framework. The complex structure
V =0+ {h,-} is defined by

h:zm/ %SZ(L—SA)%S[M;]), where Z(x~) := / F()dr, 2.75)
C* ¥

and F(x~) = [ v S(t)dt is the first antiderivative of f{x~ ). Observing that

ﬂ (oA)? 7 (e
o o (e ). @76

Qi

X

it follows from (2.39) that the holomorphic curves in P.Z are given by

(oN)?
(L)

F¥(x,\) = x* )\, + Y F(xT). (2.77)

With the SDPW tetrad (2.16), equation (2.46) produces the associated holomorphic frame H* i
for the SD spin bundle:

B (0 0) = 58— 0

5 )i (2.78)

It is easy to confirm that this H® i satisfies (2.47).
The solution to the Hamilton—Jacobi equations on a SDPW metric associated with incoming
asymptotic momentum xR is thus

(or)? [ER]
(k)

As expected, this is the SD truncation of the solution to the Hamilton—Jacobi equation on
a general plane wave space-time [21, 114, 115]. The null Killing vector n®® = 7% of the

o(x) = (k|x|R] + F(x). (2.79)
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SDPW metric enables us to impose lightfront gauge on graviton perturbations of both helicit-
ies. Applying (2.78) to (2.72) gives the positive helicity graviton

@ _ &l (o5 IRl e
hadﬁl? = TPE (KaKﬂ 1f<“<é> laly ) e?, (2.80)
where choosing the reference spinor £, = ¢, imposes lightfront gauge, and the dressed grav-
iton momentum is’

Koo (x7) = ko Ka(x7), ka:gdfmzd. (2.81)

(k)
The explicit ‘tail’ term in hg), proportional to f(x_), is a result of the failure of Huygens’
principle in the non-linear SD background [21, 39, 116].
For negative helicity gravitons, the lightfront gauge condition is precisely what is required
to consistently set the associated linearized SD Weyl spinor to zero. In particular, the negative
helicity graviton associated with (2.74) is given by

(=) _kahkg. - s
had[n’B_ A lalge'?. (2.82)

The combined de Donder-lightfront gauge is the only one in which it is possible to make this
identification of the negative helicity graviton at metric level.

2.4.2. Gibbons-Hawking metrics.  The twistor theory of metrics with SD Killing vectors,
of which the Gibbons—Hawking form (2.24) is an example, has been well-studied [89, 117].
The key idea is that the free data of the metric—solutions to the abelian monopole equations
dV = x3dw—are encoded in terms of cohomology data on minitwistor space, the space of
oriented geodesics in three-dimensions [118]. This means that the complex structure on P.7
is given by V =0+ {h,-} with

h(Z) =flg. A, \)DX, q:=Y"4n*Aa, (2.83)
where f is a function on IPT of homogeneity weight 2 holomorphically and weight —2 anti-
holomorphically.

The equation for holomorphic curves in twistor space is thus
o < )
D|xF¥(x,\) =DAY%4 Ao a—g . qlx=x"Aads. (2.84)
X

The usual arguments based on a natural extension of Liouville’s theorem guarantee the exist-
ence of a splitting function g(x, A), homogeneous of degree zero holomorphically and anti-
holomorphically, such that

= < 0
O|lxg = —DA i . (2.85)
0q |y
With this, it is straightforward to solve for the holomorphic curves as
F(x,A) = (x*% + g(x,A) Y*¥) Aq, (2.86)

9 Factors of [{&]/({tk) =1 are kept explicit to ensure uniform little group weight under the usual C*-scalings
(Ka,Ra) = (rEa,r 'Rg) for r € C*.
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and g can be related to f by the integral formula

—1 [ DM ADM (£X) 9
_ 7/ €xn off (2.87)
27i Jpr (AN) (X)) Oqly,
Here, the choice of § € P! is just a boundary condition needed to specify the Cauchy kernel
for | acting on sections of O — P!,

From (2.86), one can immediately compute

g(x,A)

Y =dFYNAF, = Ao Mg (¥ Adx? 5 +2dx? A dyg) (2.88)
From (2.44), we expect this to be quadratic in \,,. This follows from the relation

M0Oupg = Aa(V—1)+Nuw.p (2.89)
which follows by differentiating (2.87) under the integral sign giving

1 - 0
Vix)=1+— [ DAADX = 2.90
=145/ o |, (250)
and
-1 DAADM 9%
Wap(X) = =1 Aaés), (2.91)
= /u» 0e ol e

which provide standard versions of the Penrose transform integrals in the context of minitwis-
tor theory [119]. Thus the ASD 2-forms on space-time take the form

2P = dx* A dxP 4+ 0P (x), (2.92)

in terms of a finite deformation o®?(x) of the flat structure that is independent of \,.
Using (2.87) (and the Schouten identity), this deformation is given directly by
1 [ DAADX &
P (x) = / f A, £ dx® A dx75, (2.93)
P!

1 X

) g

in terms of the twistor data.

Here, the choice of £, for the Cauchy kernel manifests itself as a gauge choice for the 1-
form £*wq s = €3(1 — V). This choice drops out (as it must) upon computing the dual exterior
derivative of the 1-form, which is easily seen to obey the abelian monopole equation 0w, g =
0"V upon differentiation under the integral sign in (2.90) and (2.91).

In other words, the complex structure (2.83) encodes the abelian monopole data of the
Gibbons—Hawking metric through the Penrose transform. A straightforward index manipula-
tion from (2.93) using (2.90) and (2.91) then identifies

P (x) = (V(x) — 1)dx*" Adx”?, 4+ dx*P Aw(x), (2.94)

from which the tetrad and Gibbons—Hawking metric are directly recovered. Finally, compar-
ing (2.90) with (2.30) allows us to identify the twistor data f(q, \) in terms of the radiative data
©(u, X\, \) for the potential V(x).

To compute amplitudes of momentum eigenstates, the last ingredient one needs is the spin-
frame H® B(X, A). Recalling (2.47), this is found by acting with the dual tetrad (2.27) on the
holomorphic curves (2.86). A short calculation then yields

. f

1 YVO")W/ DA ADM von O
]p]

H B(X’A)_W((SB_ (AN 8B Oq?

2mi

> . (2.95)
X/
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The integral formula (2.90) ensures that this satisfies H HH% = €440 hence giving an
SL(2,C)-valued spin-frame on the bundle of dotted spinors over a Gibbons—Hawking space-
time.

Finally, note that although we have assumed radiative data for the Gibbons—Hawking met-
rics, the general ansatz (2.83) actually captures solutions with ‘large’ data including the grav-
itational instantons in Riemannian signature.

3. MHV scattering

The MHV configuration for graviton scattering involves two negative helicity and arbitrarily
many positive helicity external gravitons at tree-level. A geometric framework for this con-
figuration is provided by viewing the collection of positive helicity external gravitons as a SD
radiative background; the generating functional for tree-level MHV scattering is then given
by a 2-point function of negative helicity gravitons on this SD background [109]. In [32], this
picture was used to provide a first-principles derivation of the Hodges formula for gravitational
MHYV scattering in Minkowski space by taking the SD background in the generating functional
to be a superposition of positive helicity gravitons in flat space.

However, by instead considering a fixed, non-linear SD radiative background and some
number of positive helicity gravitons on this background, we easily obtain a generating func-
tional for MHV graviton amplitudes on any SD radiative space-time. In this section, we
describe this setup and its lift to twistor space, where the perturbative expansion of the gener-
ating functional is achieved using a matrix tree theorem, resulting in formulae for the MHV
amplitudes at arbitrary multiplicity.

Here we review and extend [32, 109] to a SD space-time .# whose metric is given by a
finite deformation of the metric on some other SD radiative space-time, M. In practice, this
finite deformation will take the form of a superposition of positive helicity gravitons on M,
so the situation we want to describe can be expressed heuristically as .# ~ M & (gravitons).
Since the gravitons on M are themselves (linear) SD radiative perturbations, it follows that
M will also be a SD radiative space-time. Such a scenario is well-described by the twistor
theory of SD radiative space-times, and the resulting Kihler potential (or Plebanski scalar) on
M can be computed explicitly via twistor theory.

In section 3.1 we introduce the background field framework, and show how the Kihler
scalar is obtained as the action of a chiral twistor sigma model for the holomorphic curves
whose moduli space reconstructs the space-time in Penrose’s nonlinear graviton construc-
tion. In section 3.2 we review [32], where it is shown that the integral of this Kahler scalar
provides the second perturbation of the Einstein—Hilbert action needed to provide a generat-
ing function for the MHV amplitude. These two frameworks are combined in section 3.3 to
compute the MHV amplitude on some given background firstly as a tree-level correlation func-
tion (3.25) in the chiral twistor sigma model evaluated on the background. We then explain how
a matrix-tree theorem can be used to resum these diagrams into certain reduced determinants
leading to formula (3.44) with momentum eigenstates and made more explicit for SDPWs
in equation (3.48). Finally, in section 3.4 we show that the resulting formulae pass basic
consistency tests.

3.1 SD deformations and twistor sigma models

3.1.1. Deformations of twistor space. ~ Assume that M is an SD radiative space-time with
twistor space P.7. Let V = 0 + {h,-} be the complex structure on P.7. We deform M and
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its metric to a new SD Ricci-flat space-time .#, thereby changing h +— h + & for some finite
perturbation 1 € Q%! (P.7,0(2)), deforming the complex structure. The space-time M, its
twistor space P.7 and complex structure (specified by h) will be referred to as the ‘back-
ground.’

Let x®¢ denote coordinates on M which we continue to use as coordinates on .Z. Let
X : u® = F%(x,\) be the background holomorphic twistor curves in P.7. These solve

I F* = oh ) 3.1
alu’d X
where 9|, denotes the antiholomorphic exterior derivative along the curve labeled by x. When
the complex structure on P.7 is deformed, the holomorphic curves are deformed accordingly.
Denote the deformed curves by X : u® = F(x, \), which we assume to be given by a finite
perturbation

FO(x,\) = F(x, A) +m® (x, \). (3.2)

These deformed curves must satisfy

o oh Oh
O, F* = 0,F* 4+ 0|ym* = — —
Opealy  Opaly

. oh oh oh

— Gl = | ] - L] (3.3)

8% X Bud X a/id X
having used (3.1) to get the second line.
To fix a solution, impose the boundary conditions
FO(x, k1) = F(x, 1) =22, F&(x,nz):F&(x,nz)EZ& 3.4

at a pair of points k1, 2 along the curves. In writing this, we have assumed that the choice of
K1, ko avoids any singularities of F®; this will turn out to be a reasonable assumption in the
context of later physical calculations. The parameters z%,7% define complex coordinates on
. Using k1, Kk, as a spinor basis, we can also write A, = \| K1 o + A2 K24. With the boundary
conditions (3.4), one can set

m®(x, \) = A\ Ay M%(x, \) (3.5)

for some field M® which is homogeneous of degree —1 in A and regular at A\ = k1, k».
As before, we have the equivalence

V() = dFYAdFs = ATSM (%) +20 M B2 (%) + A3 27 (x), (3.6)

where ¥ now denote the ASD 2-forms on the deformed SD space-time .#. Using boundary
conditions (3.4), evaluating both sides at A = x|, k, yields

S =def Adzg, SR =dz%Adzg. 3.7)
From F* = F% + A\ \aM%, ©'2 can be computed in two ways:

p_lox 102
20N\, 20\

— D2 = Az Ad(Ks + My (x,51)) = —dz* Ad(Kz — M (x,52)),  (3.8)

)\:KZ
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where K, = 0K/9z%, K, = 0K/ 7% are first derivatives of a background Kihler potential K
on M, as follows from applying (2.53) and (2.54) to the background. Equality of the two
representations of ¥.!2 provides the existence of a Kihler potential 2 on .2, satisfying

oY 0K oY 0K
M, e — 3.9
7% az + (X,/i]), P P a('xa K‘Z)a (3.9
with
— Q. dz% AdZE (3.10)

The PDE determining §2 follows from the simplicity condition > A Y =0

1 9’
SU=3|_ =-22 = Q. 0%=2 (3.11)
A=m T2 N |\

This is precisely the first heavenly equation (2.56), now implicitly written in terms of a finite
deformation around a non-trivial SD background.

The PDE (3.3) governing the deformed holomorphic curves can be obtained as the equation
of motion for a chiral sigma model governing rational maps from a Riemann sphere to twistor

space P.7:
m‘X)} , (3.12)

where £ is a formal book-keeping parameter. This model is a generalization of the ‘twistor
sigma model of the first kind” introduced in [32] to a non-trivial SD background. By Taylor
expanding h|xy = h(F 4 m, \) around % = F®, this sigma model action can also be written as

1 [ DA oh
Sq[m] = h/ﬁm pY3e [[mahm] +2hx+2(h|x_h|x_8a

1 [ DA orh .
SQ[m]:f/— [ma|xm]+2h|x+z m® | L (3.13)
P

B Jp AT A3 p! Opc - O Xm

Evaluated on-shell, the sigma model action computes the Kahler potential of .-

Proposition 3.1. The on-shell action Sq computes the Kiihler potential ) of M as a perturb-
ation of the Kdhler potential K of the background M,

Q:K—iSQ

25500 g0 (3.14)

where ‘on-shell’ means evaluated on solutions of the equations of motion.

Proof. Computing 0Sq/0z% gives

0Sq DA om -~ Om
iy Lol a), 2
o = e ([ om0
B .
+2(6h. onl _oh )aF_—za,(ah. >m5 , (3.15)
ol lx  opfly oullx/ 9z% 9z \opP Ix
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having used F% = FY+m% to simplify the result. Evaluating this on a solution to the equation
of motion (3.3), we find

9So [ DA [[om . 0
Vo = o ( s O]+ [ 015

‘]
Zd
- OF°  omP NC

having also used (3.1) to simplify the last term.
Using the boundary conditions (3.5) leaves

0Sq _[oom] 2 (oF°
h—= [ DA Ox|M — | — ——Ox| == M; , 3.17
928 /X ( | { aza] Y (aza ﬁ)) G17
on-shell. The first term is a total derivative and drops out, while the second can be computed
using integration by parts and the fact that 9|, \; ' = 27id()\;). We thus find

b e _OFT, | _OF7
4mi 9z%  0z% P 0z% TPl
oK  90Q
=—M; =— - — 3.18
a(.x,lf]) aZa 8Za ) ( )
having applied (3.4) and (3.9) to get the second line. One can similarly compute 0Sq/ 825‘,
thereby obtaining the Kéhler potential (3.14), as claimed. O

3.2. MHV generating functional

In this subsection we review the derivation of the MHV generating functional (3.24) from [32].
The computation of MHV amplitudes is facilitated by means of Plebanski’s chiral formulation
of GR [120]. Let . be the space-time manifold, with a coframe e““ comprising a tetrad for
its metric; the ASD 2-forms on .# are spanned by X% = @ A ¢# ;. Plebanski’s action can
be expressed in terms of 7 and an ASD spin connection I',5:

Sle, T = % /ﬂza%(draﬁ +T,7 AT5). (3.19)
The equations of motion of this action state that the connection is Levi-Civita and the metric
is Ricci-flat (see [104, 120-122]).

Following section 3.1, a generating functional for the MHV amplitude on a SD background
M is given by the 2-point function of ASD perturbations on .#, viewed as incorporating
an infinite number of positive helicity gravitons on M. Let X " be the ASD 2-forms of the
background M while 7 be the ASD 2-forms on .#; the ASD perturbations on M are
represented by perturbations v to the flat background ASD spin connection (i.e. to Iy = 0).

The generating functional of MHV amplitudes is then given by the interaction term
in (3.19) [109]:

1
9(1,2):—2/ YAV AY2qs (3.20)
K= J o

The MHYV tree-amplitudes themselves are obtained by performing a classical perturbative
expansion of this generating functional around M. One downside of this generating functional
is that it is not manifestly diffeomorphism invariant, since the negative helicity gravitons are
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encoded by perturbations of the spin connection. This can be remedied by recasting the gener-
ating functional in terms of the Kéhler potential of .#, and the perturbative expansion is then
operationalized by using the sigma model (3.13) introduced in the previous section.

3.2.1. Liftto twistor space.  As discussed in section 2.2, SD and ASD perturbations to the SD
radiative background M can be represented as momentum eigenstates with momenta k&% =
k& K. The ASD spin connection perturbations are
aBy oy _ 2bY o B g, _ .
v (x) = ﬂ kK e doFe(x, ki), ¢i(x) = [F(x, ki) 1], (3.21)
1

for i = 1,2. The constant spinors l;? encode residual gauge (diffeomorphism) freedom in
the representation of the spin connection perturbations and drop out of invariant quantities
like Weyl curvature perturbations. Applying (2.46), the wavefunctions (3.21) are seen to sat-
isfy the required linearized field equations dy*” = 7S5 with curvatures ¢?7° of the
form (2.74).

The expressions for the ASD perturbations are simplified by using the complex coordinates
(z%,7%) of (3.4); these are adapted to the ASD perturbations by identifying the spinor basis
K1, Ky in (3.4) with the undotted momentum spinors of the negative helicity gravitons. In these
coordinates (3.21) become

[E 1 dZ] [Z)z d%]

[b11] [b22]
which take on a form that closely resembles negative helicity graviton perturbations in flat
space. Without loss of generality, these states can be normalized so that [b 1] = 1 = [b,2].

Inserting these into the MHV generating functional (3.20) and using (3.7) and (3.10)
leads to

W?B(Z,Z) =2 K nf eilel] ’yzaﬂ(z,i) =2 KS nf e (3.22)

1 2. 12= 7o Ta i[z1]+iz2
Q(l,Z)zm/Jﬂd 22 Q5 b7 by T

i - . .
- d2zd22 0. bael[z]]+1[z2]
ZKZZ H a1
(12)*

/<;2

/ P7d2z Qe 1HEY (3.23)
M

where the second and third lines follow upon integrating by parts with respect to zZ and z,
respectively. In the final line, explicit factors of (12) (previously normalized to (12) = 1) have
been reinstated using little group scalings, and {2 is the Kihler potential on .# encoding both
the background metric as well as SD gravitons. Using proposition 3.1 gives

R{12)*

G(1,2) = 3= / dzd’zeF TR g (3.24)
/A

where Sq is the twistor sigma model (3.13) evaluated on-shell. Thus, the MHV generating
functional—and its perturbative expansion—is entirely controlled by the on-shell action of
the twistor sigma model.

3.3. MHV amplitude

In [32] (3.24) was expanded perturbatively about flat space to give the Hodges formula for
the gravity MHV amplitude. Here we extend that construction so as to perturbatively expand
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around a generic SD radiative background space-time M. To recover the n-point tree-level
MHYV amplitude on M, G(1,2) must be expanded to order n— 2 in k. This corresponds to
extracting the n — 2-linear piece of the on-shell twistor sigma model action Sq. Since on-
shell actions are computed by tree-level Feynman graphs, this multi-linear contribution can be
expressed in terms of a tree-level correlation function in the QFT on P! defined by the twistor
sigma model. Letting 2 = ) . ¢; h;, we can naturally express this n — 2th term in the expansion
of the on-shell action Sq as a tree-correlator

0

- _ 9 (12)2DA _ n
<12>2 <EVi>tree = (H 86,) /P] W ( [m 8\xm} +2Z€ihi(F+m,>\)

i=3

=2 O’h(F,\) ” .

- ;™ ...m® . 3.25

+,;P! ops - ops " -2
- 61:()

Here we will see that the expectation value denotes a sum of connected tree diagrams (i.e. dia-
grams of O(hY)) in the ‘background’ P! theory

1 D - —2 OPh(FN) .
Sml == | ——5 0 - m™*...m™ 3.26
[rm] h/]p] A1)2(A2)2 [m m} +[;2p! O ,,,aua,,m m ) (3.26)
with vertex operators given by
DM;
Vi =2 71]7[ F 7>\i ) 3.27
/ﬂm ooty oz i(E A m ) (3.27)

encoding the positive helicity gravitons. It will be assumed that each individual graviton is
represented by a momentum eigenstate:

hi(Z) :/ d—?Sz(ni —siA)elsiled (3.28)
c 8
with on-shell momentum s &S,

The reduced sigma model action (3.26) depends only on the fixed SD radiative background
M through h. However, there are infinitely many terms of higher and higher valence in m®
appearing in this action, as curves corresponding to points in .# are expanded around curves
corresponding to points in M. The quadratic term in this expansion simply defines the kinetic
term of the action, while the contribution of all higher-order terms to the correlator (3.25) can
be accounted for by absorbing them into background vertex operators:

2 DA Oh(F,N) ,
® == - @ 2. 2
v p! /]pl A1)Z(N2)2 Qudr - Qs m m, p> (3.29)

Taking into account the relationship (2.37) between h and the characteristic radiative data of
M, these background vertex operators can be written equivalently as:

2 DAADA R
U == | = NPT (N ) [m AP 3.30
p| /]Pl <A1>2 <)\2>2 (u7 ’ )[m ] ? ( )
where u = [F ] and N¥) := —9*+15 is the kth u-derivative of the news function of M.

Since these background vertex operators do not introduce any new powers of A, arbitrarily
many of them can be brought down into the correlation function (3.25). Thus, the problem
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of computing the MHV amplitudes of n — 2 positive helicity gravitons on M is reduced to
computing the connected tree-level correlation function

o0 n t 0

> 3 (v o) @

t=0 p1,..,pr \i=3  m=1 tree
in the free but background coupled QFT on P! defined by

DX . = 0”h ;
S[m] = ——— m% ez 0+ ——(F, A Bl 3.32
= [, e 7 (560 ™) | (332

In (3.31), the second sum is over all py,...,p; > 2; that is, over all possible ‘valences’ of the

background vertex operators. Physically, the role of these background vertex operators is clear:
the ¢ > 0 terms in (3.31) correspond to tail terms in the MHV amplitude which arise because
of the failure of Huygens’ principle for graviton scattering in any curved background [36, 39].

The computation of (3.31) now proceeds making use of the OPE of the m® fields defined
by the quadratic action (3.32):

HY,(x, ) HY (x, \))
(AiA)

This is obtained from dressing the OPE of the h = 0 free theory with factors of dotted spin-
frames. Since the spin-frames satisfy (2.49), this dressed OPE satisfies the equation of motion
that follows from varying (3.32). The right-hand-side of this expression acts as a Green’s func-
tion for the complex structure on P.7 pulled back to X, and the appearance of the momentum
spinors {, k5 in the OPE represents a gauge choice for the inverse of the d-operator acting
on sections of O(1) — P!. While m® is valued in O(1), the boundary conditions (3.5) ensure
that it has no zero modes, so all insertions of m® in the correlator must be Wick contracted
away using (3.33) to obtain non-vanishing contributions.

As a warm-up, it is illustrative to first consider the t =0 term in (3.31), which contains only
external graviton vertex operators as would be the case on a flat background as in [32]. In
this case, the computation boils down to summing all connected tree graphs on n — 2 vertices,
with the weights assigned to each edge given by the OPE (3.33) acting between two vertex
operators, say i and j:

m® () m?(\;) ~ O (A 2) (A1) (A2). (3.33)

i
sy s (D N2 Dy 2, (3.34)
i
which arises from (3.33) on computing the OPE of a pair of gravitons given by (3.28). Here,
the double-square bracket notation stands for contraction of the background dressed dotted
momentum spinors defined in (2.70):

[if] = K Koy = fog s HO® (e ki) HY (3, 15) (3.35)

Note that in the first instance, the OPE (3.33) means that the frames will be evaluated at \; and
Aj, but the holomorphic delta functions in the momentum eigenstates (3.28) mean that they
can be evaluated at «; and «;, respectively.

Figure 1 illustrates some examples of graphs included and excluded from the sum of con-
nected trees for the case n = 8. The sum of these tree-level Feynman diagrams is then accom-
plished using the weighted matrix-tree theorem (see [123—125]):

n 0 AT O — i) ey P dy
16 = [ T R 00

J

tree
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s
=

A0

(a)

Figure 1. Some examples of graphs included in the sum of connected trees on six ver-
tices (a), and some graphs which are excluded from the sum (b) because they include
loops and disconnected pieces respectively.

where L is the weighted Laplacian matrix whose off-diagonal entries are given by (3.34) and
diagonal entries are

R o W | IR
Li; = s ;SJ VA A (N2) (A1) (N 2), (3.37)

and | L!| denotes the minor of £ obtained by removing the row and column corresponding to
some external graviton i. The weighted matrix-tree theorem ensures that the equality (3.36) is
independent of the choice of i € {3,...,n}.

To make the connection to known formulae for graviton scattering in vacuum transparent,
it is useful to rewrite (3.36) by taking out a factor of (); 1) (\;2) from each row and column
of the determinant to give

J

0 ) "
11 12 - e s dS)
Vi = —_—— 5 P — A 15![ (x! /)J] D)\ij 338
<j—3 j> /(IP"X(C*)HZ (A 1)?(A2)? s (K = i) @ V3 (3.38)
- tree —

where H is the matrix with entries
/] . [if] (1) (2N)
H: = —si5; 24 H.: — s . )
PSSy A Ha=s Zj D) ) O

which is a background-dressed version of the matrix appearing in Hodges’ formula for MHV
graviton scattering in flat space [34]. The ); and s; integrals can also be performed explicitly
against the delta functions. These simply set \; = &; in the end.
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CS
e

Figure 2. Examples of connected tree graphs with background vertex operators contrib-
uting when n —2 = 4. In case (a), there is a single (= 1) background vertex operator
(denoted by a crossed vertex) with valence p; = 3; in case (b) there are two background
vertices (f = 2) both with valence p; = p, = 3.

Now consider a generic term with fixed > 0 and py,...,p, > 2in (3.31). Each insertion of a
background vertex operator UP") comes with at least three insertions of m®, all of which must
be Wick contracted for the correlator to be non-vanishing. These m-insertions can contract
against the other background vertex operators or the external graviton vertex operators; it is
easy to see that such Wick contractions cannot saturate the m-insertions via tree diagrams
unless t < n — 4, providing an upper bound on the number of background vertex insertions.

With this in mind, we must now sum over all connected tree diagrams on n + ¢ — 2 vertices
where the valence of the r background vertices is fixed in each term in this sum. In particular,
the vertex corresponding to U”») must have valence p,, in every spanning tree; any tree for
which this vertex does not have this particular valence cannot contribute to the correlator,
since there are either too many or too few m® insertions to saturate the corresponding Wick
contractions. Some of the graphs contributing to the t = 1,2 cases for n = 6 are illustrated in
figure 2. The weighted matrix tree theorem once again enables us to perform this sum, albeit
in a slightly more subtle fashion.

First, consider the sum over all spanning trees without the fixed-valence restriction on the
background vertex operators. After removing a factor of (A4 1) (M 2),forA € {i =3,...,n} U
{m=1,...,t}, from every row and column of the weighted Laplacian matrix, this sum is com-
puted by the reduced determinant |H!|, where H is the (n+t—2) x (n+ ¢ —2) matrix with
block decomposition

H(EIT %) (3.40)
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and entries

HU— S,S, <)[E)\>, l;éj
iAj
Ll xRN | s~ LA (1) 22)
H.: = .
e ; DA A 5 2 D) T Ay
2] A Al
i T
hlm sl EVf’l <Al Am> b) mn 5m€n <)\m An> b) m # n’
- [[_mlﬂ (IA) (2N) [S‘m S‘n] (1) (2\n)
Tum = €m S; +&m €n (3.41)
; <)\m >\l> <1 )‘m> <2 >\m> n%r:n < m>\n >\m> <2 >\m>
Here, a set of r dummy parameters €1, .. ., €, have been introduced, whose role is to count the

valence of the background vertices in each tree diagram.

As it stands, |’Hf| over-counts the trees we are interested in, as there is no restriction on
the valence of the background vertices. A generic term in the expansion of this determinant
will be a homogeneous polynomial in the €,,, with the homogeneity in ¢,, corresponding to
the valence of the mth background vertex. Thus, the problem reduces to extracting the terms
in |#{| proportional to [, _, eh; this is given simply by

e\
(Hpmzaa,:;n i

m=1

(3.42)

g1=---=¢g,=0
Applying this mechanism to every term in (3.31) and combining with (3.25), (3.24) enables
the computation of the MHV amplitude with an arbitrary number of positive helicity external
gravitons.

Collecting all the pieces gives an all-multiplicity formula for the MHV amplitude:

t
2 2 - > 1]+ 2] L ogm
3 [auts 0 e (11 ) v

t=0 p1,.-;pPt

e=0

ds; < , 1T .
X HDA, ST 52 (1) — 5 \y) el FEA] [T DA ADA NG, (3.43)
N

j=3 J m=1

where N, := N([F(x, Am) A, Am; An) denotes copies of the news function of the SD radiat-
ive background M pulled back to the twistor curve. The choice of positive helicity graviton
i €{3,...,n} singled out in the first line is completely arbitrary, as a consequence of the
weighted matrix-tree theorem. This formula can be simplified by performing the 2(n —2)
integrals in D; and s; against holomorphic delta functions, to give a formula for the MHV
amplitude in momentum space:

Proposition 3.2. The tree-level MHV amplitude for graviton scattering in a SD radiative
space-time (M, g) is given by

2 4 ° 7.1 o
oSy /dx\f <> <>l>2 (Hpm'agm>m|

t=0 p1,..., Dt m=1

e=0

t
X exp ZF X, ki) Rja H DA, ADN\, NP =2 (3.44)
j=1 m=1

30



Class. Quantum Grav. 40 (2023) 095002 T Adamo et al

where gravitons 1, 2 have negative helicity and all others have positive helicity. The entries of
the matrix H are

Hy=—-775, i#) (3.45)

and

akN(ua )‘nu j\m)

ot u=[F(x,Am) An] 7

N® = (3.46)

with N(u,\, \) the news function of M.

Note that in (3.44), we have reverted to ‘generic’ coordinates x®® from the complex coordin-
ates (z*,z%), with the plane wave exponentials e' ! and ¢! ¥?] incorporated into the exponential
factor on the second line.

In this formula, the structure of the SD radiative background space-time M appears
through: the diffeomorphism-invariant integration measure (i.e. through ,/g); the function
Fe (x,A) describing the holomorphic curves in the associated twistor space—which appears
as the argument of the exponential factor; the dressed momenta in the entries of H; and finally
the insertions of (derivatives of) the background news function N arising from tail contribu-
tions to the amplitude. The absence of any overall momentum conserving delta functions is
an expected feature of scattering in a curved space-time, as the background gravitational field
breaks Poincaré invariance. However, a striking feature of the formula is that there is only a
single residual space-time integral, regardless of the number of external positive helicity grav-
itons. Perturbatively, GR behaves as a cubic field theory (higher-point contact interactions can
be re-absorbed into exchange diagrams built from cubic interactions, see [8]), so the naive
expectation is that a n-point tree amplitude in a curved background should entail n — 2 space-
time integrals.

While this simplicity is remarkable from the perspective of perturbation theory based upon
the Einstein—Hilbert or Plebanski actions, it is an expected feature of a MHV formalism [126]
for GR, where all vertices are given by MHV interactions, linked by scalar propagators. While
the most basic definition of such a formalism (based on all-line shifts) fails [127, 128], there
are several indications that a MHV formalism for gravity should exist. At least formally,
MHYV rules for GR can be defined indirectly by first identifying them in conformal gravity
then restricting to Einstein degrees of freedom [30], a truncation which is consistent at tree
level [129]. More recently, an off-shell description of GR in terms of an action functional
on twistor space was found which has a structure compatible with an MHV vertex expan-
sion [130]. The formula (3.44) can be viewed as another smoking gun for gravitational MHV
rules, and using the twistor action it should be possible to give a them a precise formulation.
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3.3.1. Evaluation on SDPWs.  The MHV amplitude (3.44) simplifies considerably when the
SD radiative background is a SDPW, where the metric (2.14) is controlled by a single function
of lightfront time, f{x~ ). The background vertex operators are given on such a SDPW by

U — Ef(P_z)(x_) [m(e) 7}
pl ()2 (2

where /) = 9% f(x~) and x~ := x*%1,, 7. Here, the P! integral in the background vertex oper-
ator on a general background (3.30) has been performed against the holomorphic delta function
in h which localizes A = ¢. One immediate consequence of the simplicity of (3.47) is that Wick
contractions between background vertex operators in a SDPW vanish, dramatically simplify-
ing the structure of the tail contributions. Each insertion of a background vertex operator in
the correlator (3.31) must be saturated by contractions with external graviton vertex operators.
This places a tighter bound on the number of tail contributions to the amplitude for fixed n,
with ¢ < ”;3.

Using the expression for the twistor curves of a SDPW metric (2.77), it is now straightfor-
ward to evaluate (3.44) on this particular class of background. All but one of the four position
space integrals can now be done analytically to obtain momentum conserving delta functions
in the x™, z and Z-directions, leaving

(3.47)

6

n—2 e t Lo i
KR Zk 22 Z/ PRRED ]

t=0 pi,-

e=0

% elFn(7) Hf(]’m*z) (x7). (3.48)
m=1

The three momentum conserving delta functions allow the universal exponent appearing in the
second line to be written in the form of a gravitational Volkov exponent [33, 115]

F,(x7) = /x dsg"b(s)w, (3.49)

for K, (x™) given by the sum of any (distinct) n — 1 of the n dressed graviton momenta; for
instance

n—1
S
i=1

The block structure (3.40) of the matrix H remains the same, but with the individual entries
simplified:

H; = —M i#j (3.50)
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The formula (3.48) is an improvement on an earlier expression for MHV graviton scatter-
ing in a SDPW presented in [33], in that it is manifestly diffeomorphism invariant, is separ-
ately symmetric in the positive and the negative helicity gravitons, and slightly more compact.
Appendix A demonstrates that (3.48) and the formula of [33] are equivalent.

3.4. Consistency checks

While the unitarity methods which can be used to prove tree-level amplitude formulae in
vacuum no longer apply in the presence of a strong background, there are still some basic
consistency checks which can be run on formula (3.44). The first of these is comparison
with explicit Feynman diagram calculations using the background-coupled Einstein—Hilbert
Lagrangian; of course, such computations are only tractable at low numbers of points and in
highly symmetric SD radiative space-times where the Feynman rules in the background can
be determined explicitly. In appendix B, it is demonstrated that for a SDPW background, the
formula (3.48) matches the amplitude computed with Feynman rules at 3- and 4-points.

Beyond this, the most straightforward all-multiplicity consistency check is the flat space
limit, where the SD radiative background becomes (complexified) Minkowski space. In this
case, the background news function N(u, A, \) becomes trivial so only the ¢ = 0, no-tail term
in (3.44) contributes. For Minkowski space, the twistor curves become twistor lines:

F0, A) |1 = X% Mgy (3.51)

This enables all of the remaining integrals in (3.44) to be performed immediately, with the
result

K26t (Zk) \H’ (3.52)
where the entries of H are now
.. N 0
=L H,-,-:Z@M (3.53)

(i)’ () (1) (24)”

defined in terms of un-dressed on-shell momenta. The expression (3.52) is precisely Hodges’
formula [34] for gravitational MHV scattering in Minkowski space, so we do indeed produce
the correct flat space limit.

A more non-trivial consistency check is the behaviour of (3.44) in the perturbative limit,
where the SD radiative background becomes weak and is treated like a single positive helicity
graviton in flat space. In the perturbative limit, any SD radiative space-time will be well-
approximated by a SDPW, so it suffices to work directly with (3.48) and isolate all contribu-
tions to the MHV amplitude which are linear in the background profile f(x ). This background-
dependence enters (3.48) in three ways: through the matrix H, whose entries include dressed
momentum spinors; through the Volkov exponent (3.49); or through explicit tail factors when
t > 0. Clearly, only the = 0, I terms can provide such linear contributions.

In the =0 term, linear dependence on f(x~) arises only from the Volkov exponent or
dressed momentum spinors. This is easily determined explicitly using (2.81), and representing
the perturbative background by the Fourier mode

fx) = ke iwxT . /ieiq'x, Gos = Wla la (3.54)
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the contributions to the perturbative limit of the ¢ =0 term are

k(1 “ o D = [2]] (0))?
s (o ok | 35 oy -y 35 L

Ji=3
i L

. 21)

it SUACD) 3.55
2 1M 0y ()2 | (339
J#i

where H is now understood to be the ‘flat” matrix given by (3.53). Using the Schouten identity
and 4-momentum conservation, these terms can be re-written as

(a2 | 4 B2 5 oy g

Jilj#l

R
(1)) (2j) |7

(3.56)

_Z‘

where the precise ranges of the various summations are implied by the structure of the
summands.

The t=1 term only contributes to the perturbative limit through the explicit tail insertion
itself; all other background-dependence (in the matrix A and Volkov exponent) is set to zero
when extracting those terms linear in f(x~). The resulting contribution is

ke - ] 2.) [Zk][2]]
22 Z Z k-‘rl’ IZ] “p (H 1Jm><21m>> <Lk> <Ll>

p=1j1,.-\jp k,l =

el (1920 |~ 0 (1020
(H W zjm>>¥u><u><zt>]’ 27

’HU] Jp

i jp

where an overall factor of x"~! and momentum conserving delta functions—equivalent to
those appearing in (3.56)—have been omitted and H is once again understood as the matrix
with ‘flat’ entires.

The =0 and r=1 contributions combine auspiciously if we define a (n—1) x (n—1)
matrix H whose entries are equivalent to those of Hl, with the extra row and column corres-
ponding to the background graviton with momentum ¢. Now, the minor |H"| differs from
|H| only by the diagonal entries of the two matrices, so

P ~m 2
\H"I—IHHZ > ‘ H, ) <H J W) (3.58)

p=1jisip
Applying this identiy to further reduced minors of H, it follows that the = 0, 1 contributions
to the perturbative limit combine to give

P <q+ i:k,) <1<
i=1

) (3.59)
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which is the Hodges formula for MHV graviton scattering in Minkowski space with (n — 1)
positive helicity gravitons whose momenta are (k3,...,k,,q). This confirms that (3.44) has the
correct perturbative limit, emerging only after a somewhat subtle collaboration between ‘pure
scattering’ (i.e. t=0) and tail (i.e. f = 1) contributions to the amplitude.

4. NKMHV scattering

A generic tree-level graviton amplitude will have an arbitrary number of both positive and
negative helicity external states: amplitudes with (k + 2) negative helicity gravitons and arbit-
rarily many positive helicity gravitons are in the NMHV helicity configuration. In Minkowski
space, the Cachazo—Skinner formula extends Hodges’ formula for MHV scattering to give
every N'MHV graviton scattering amplitude (i.e. the full tree-level S-matrix) [5]. This for-
mula presents the scattering amplitude in terms of integrals over the moduli space of holo-
morphic maps from the Riemann sphere to twistor space, with the degree d of the map related
to the helicity configuration by d = k+ 1, and arises as the genus zero worldsheet correlation
functions in a twistor string theory [41].

In [32] we further showed how the Cachazo—Skinner formulae could be obtained from the
perturbative expansion based on a higher degree version of the chiral twistor sigma model
introduced earlier at MHV. At degree one, we have seen that MHV amplitudes in SD radiative
space-times are given in terms of a single space-time integral in (3.44). It is therefore nat-
ural to conjecture that a N'MHYV amplitude will be given by an integral over degree d = k + 1
holomorphic maps from the Riemann sphere to the twistor space of the SD radiative back-
ground. This leads to a remarkably simple and compact formula for all tree-level graviton
amplitudes in a SD radiative space-time. The formula contains 4(k + 1) moduli integrals for
the N¥MHV amplitude, as opposed to the 4(n — 2) integrals naively expected from the perturb-
ative expansion of the background-coupled Einstein—Hilbert action. Thus, for any amplitude
with n > 3 external gravitons, our formula contains substantially fewer integrals, with further
simplification possible upon restriction to SDPW backgrounds as a consequence of the addi-
tional symmetries.

In this section, we work with /"= 8 SUGRA to simplify the resulting formulae; since
all expressions are at tree-level, specific components of the external graviton multiplets can
be recovered by extracting the relevant terms in an expansion of the supermomenta (i.e. by
algebraic Grassmann integration). Unlike the MHV amplitude (3.44), which was derived from
first principles, these N'MHV formulae are conjectural. However, the starting point for our
derivation is a well-motivated generating functional and the resulting expressions are easily
seen to have the correct flat and perturbative limits.

In section 4.1 we review the parts of [32] that extend the chiral twistor sigma model used
in the previous sections to higher degree, leading to a reformulation of the Cachazo—Skinner
formula for A" =8 SUGRA amplitudes at N'MHV degree. This allows us in section 4.2 to
extend it to a version expanded around a background leading to formula (4.26). This again is
specialized to become more explicit for SDPWs in equation (4.40).

4.1. N =8 SUGRA and the Cachazo-Skinner formula

Supersymmetric twistor space PT is an open subset of P3!8 with homogeneous coordinates
7= (1%, Aa, X), defined by A, # 0, where the x“ are Grassmann numbers and a = 1,...,8.
In Minkowski space, the tree-level S-matrix of /=8 SUGRA can be obtained as a world-
sheet correlation function in a twistor string theory governing holomorphic maps from P! to
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PT [41]; the resulting Cachazo—Skinner formula [5] expresses N¢—MHV amplitudes in terms
of a moduli integral over the space of degree d holomorphic maps to twistor space.

Rather than working with twistor string theory, the Cachazo—Skinner formula can also be
derived using a higher-degree generalization of the generating functional (3.24) for MHV amp-
litudes [32]. Working with explicit A" = 8 supersymmetry, all external states are given by on-
shell N = 8 graviton supermultiplets, represented on twistor space by h; € H*!(PT,0(2)).
For a n-point N~ "MHYV amplitude, these external graviton multiplets are partitioned into two
disjoint sets: {1,...,n} =hUh, with || = d+ 1 and |h| = n — d — 1. The choice of this parti-
tion is entirely arbitrary, although it is natural to interpret the sets h and h as indexing negative
and positive helicity gravitons, respectively, upon extracting the multiplet components appro-
priate to N“"!MHYV scattering in GR.

A degree d holomorphic map from P! to PT can be written as

ZI(U) = Uﬁll"'ad o oM = Ué(d) o2 , 4.1

where 0 = (¢, o!) are homogeneous coordinates on the underlying P!, a(d) is a totally-

symmetric rank d multi-index, and the 4(d + 1) bosonic and 8(d + 1) fermionic parameters of
Ug( 4) are the map moduli. In the presence of a finite deformation of the twistor space generated

by Hamiltonian £, only the 4* components of the map are modified, with u® = F%(U, o) for
F® homogeneous of degree d in o satisfying:

5 a Oh
OF*(U,0) = —(F,0). 4.2
(.0)= 5 (F.0) “2)
Solutions to this equation can then be written in terms of a finite perturbation away from the

undeformed curves (4.1):
F¥(U,0) = Uy o™ + m®(0), 4.3)

where m® takes values in O(d) over P'. The moduli of m® are fixed by requiring that it has
simple zeros at d + 1 points on P! indexed by h:

m® (o) =M*(o) [[(o1), (4.4)

Ieh

for M® valued in O(—1) and regular at each o;, [ € h. Here and subsequently, the SL(2,C)-
invariant inner product on the homogeneous coordinates of P! will be denoted with round
brackets: (00') := e oo ).
There is an action principle for these higher-degree maps, given by:
Do
# [Les(o))?

where Do := (0 do) is the weight 2 holomorphic measure on P!, The equation of motion of this
action is equivalent to (4.2) evaluated on (4.3). The requirement that this variational principle
is well-defined is equivalent to the boundary condition (4.4) on m®. When d = 1, Mobius and
scale invariance can be used to set U, a = €,a SO that the twistor coordinate )\, is identified
with the homogeneous coordinates on P'. In this case, it is easy to see that S() is equivalent
to the action (3.13) on a trivial background (i.e. with h = 0).

Continuing to follow the analogy with d =1, one defines a generating functional for the
N4=IMHV amplitudes where all positive helicity (or SD) gravitons emerge by a perturbat-
ive expansion of the classical action S, This definition is guided by several straightforward
requirements: it should take the form of an integral over the moduli space of degree d holo-
morphic curves in IPT, behave under degenerations of the map in accordance with unitarity,

SDim] = ([mOm] +2h(F,0)) , (4.5)
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be linear in () and homogeneous. These requirements are fairly restrictive, resulting in the
generating functional

A8y det'(
(d _ 500 h(Z(o;)) D 4.6
g / volGL(2,C) |h|2 [T o *0)

Ieh

Here, division by the (infinite) volume of GL(2,C) is understood in the Fadeev—Popov sense,
accounting for the C* x SL(2,C) redundancy in the parametrization of the map (4.1). The
object |h| appearing in the denominator is a Vandermonde determinant (not to be confused
with the integer d + 1):

b= ] (m). 4.7)

I<m€&h

The object det’ () has a purely algebro-geometric definition as the resultant of the map com-
ponents A, (o) [41, 131]. This quantity is independent of the marked points on the Riemann
sphere, and has the properties that it vanishes at points in the moduli space where A, (c) =0
(thereby ensuring that the generating function only has support when the image of the map
lies in PT C P3I%) and respects degeneration of the holomorphic map itself.

To obtain the n-point N®~"'MHV amplitude from this generating functional, the on-shell
action $¢) must be perturbatively expanded to extract the graviton multiplets indexed by the
set h. This is equivalent to computing the connected, tree-level correlation function

0
DO'J'
<IIW> s V= TE;UBEMFﬂﬂ, (4.8)
‘/eh tree
in the free theory on P! with action
Do & =
= €3,m () OmP (7). 4.9)
e [er(o DR

Using the corresponding OPE

) . eaﬁ
m(a)m® (") ~ 270 [Ien@'y, (4.10)

Ich

and the weighted matrix-tree theorem, it is easy to show that

0
IH’
4 =/ hj(Z(0;7)) Doy, (4.11)
<H ]>l (Pl)n =1 HZ 2 H J
ree

j€h Eh

where H is now a (n —d — 1) x (n —d — 1) matrix with entries indexed by h:

L9 9 PRI « U S ) [§0)]
AN {m(o—i) au(oj)]’ el ;(ij) {aﬂ(ai) aﬂ(a,)h;[(ﬂ)' @12

The choice of minor (labelled by i € h) in (4.11) is completely arbitrary, as a consequence of
the matrix-tree theorem.

Combining all of these ingredients, one obtains a formula for the tree-level, n-point
N?~IMHYV amplitude:

A48+ 7 Y
= [ ——————det’(H ))D 4.1
Moa / lGLE.C) det’ (H")det’( Hh o, (4.13)
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where the reduced determinant

P
det’'(H) := RU(IE (4.14)
This is precisely the Cachazo—Skinner formula for the tree-level S-matrix of A/ = 8 SUGRA in
Minkowski space [5]. A priori, this formula appears to contain a large number of moduli integ-
rals, but their role is greatly clarified when evaluated on momentum eigenstates. A momentum
eigenstate for the A/ = 8 graviton multiplet is characterized by an on-shell supermomentum
(KaFa, Kalla), represented in twistor space by (see [132]):

ds; < T TV
hi(Z) :/ S5 (g — sy A b X ) (4.15)
. S

When (4.13) is evaluated on these momentum eigenstates, the moduli of the ;& and x¢ com-
ponents of the map (4.1) can be integrated out to obtain delta functions, leaving

d2<d+])>\ n
nd = | — e 028D i (Ri, mi ald)
Mia /volGL(Z,(C) > _si(Fim)o;

i=1

= ds; Do
x det’(H") det’ (H) H —5

i=1 t

gz(ff,-—s,-)\(ai))7 (416)

where A\, (0) = /\aa(d)aa(d) and the entries of H are now given by

o o N [ 6D
Hy = —s;s5; i)’ i#j, H”—s,;sj W) g Ok 4.17)

The delta functions appearing in this formula are easily seen to imply 4|16-dimensional
supermomentum conservation, and all remaining moduli integrals {),a(4),0i,s; }—modulo
GL(2,C) freedom—are saturated by delta functions to give a residue sum.

Thus, there are actually no residual integrals in the Cachazo—Skinner formula (when evalu-
ated on momentum eigenstates), as expected for tree-level scattering amplitudes in Minkowski
space. The veracity of the Cachazo—Skinner formula is easily established with unitarity meth-
ods [35] or worldsheet factorization of the underlying twistor string [133].

4.2. Amplitudes in a SD radiative space-time

The generating functional (4.6) extends naturally to N“"'MHYV scattering in any SD radi-
ative space-time, closely following the calculation for MHV amplitudes. The difference
from Minkowski space is that the degree d maps are now written as a finite perturbation
0 +h — 0 + h + h away from holomophic maps into the twistor space P.7 of the SD radiative
manifold:

F¥(U,0) =F*(U,0) +m* (), (4.18)
where F is homogeneous of degree d in ¢ and satisfies

OF*(U,0) = %(F,U), (4.19)
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for h defining the complex structure on P.7. Theorems of Kodaira [102, 103] ensure that there
are the same number of map moduli {Ug( 4)} as in Minkowski space: 4[8(d + 1). The field m®
is valued in O(d) and must solve

e on oh oh

subject to the boundary conditions (4.4).
To obtain the background-coupled equation (4.20), the action S must be modified with
explicit background terms (once again mirroring the d = 1 calculation):

Do =
(d) -
SYWim] = s H[eh(Ul) ([m@m] +2h(F+m,o)
+ Zp' aﬂm : 3#“” ————(F,o)m™ map> , 4.21)

With this definition, we conjecture that the generating functional for the N~ "MHV amplitude
on any SD radiative space-time is equivalent to (4.6). The non-trivial part of the calculation is
now the computation of the correlation function

o 0

> 3 (TIv o) @
t=0 p1,...,0r \jEh m=1 tree

with background vertex operators defined by

2 Doy,

U = = | " ADX(o) [m AP (o) NP2 (5,,) . (4.23)
o Tegmt? DN AT (o "
This tree-level, connected correlator is evaluated in the P! theory defined by
D . = 0%h :
e <65d3—|— ,.(F,a)) m? (4.24)
i [Lea(o) ououP
whose OPE is
. : He (U, 0:) H?Y (U, o; .
m&(a;)mP (o) ~ l (z,j) (Y, 9) [1Gn G- (4.25)

Ich

The requirement that all m® insertions in the correlator be saturated by Wick contractions
places an upper bound on the number of background vertex insertions in the correlator (4.22):
t<n—d-3.

As in the MHV case, the computation of the correlator now boils down to counting
(weighted) spanning tree graphs on the set of n —d — 1 + ¢ vertices, where the n —d — 1 ver-
tices indexed by h can have arbitrary valence while the ¢ vertices corresponding to insertions
of the background vertex operators (4.23) have their valence fixed by the value of p,,. The final
result is:
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n—d—3 d418(d+1) !

I 1 e
Mua= 3, . /volGL2(C det (H )lem! oy | det (H)

t=0 pi,...,

e=0
Do;ds; - : d -
x H T 8% (ki — 5 M0)) & FUo) T TT Doy ADXN(0) N2 (0,). (4.26)
i=1 m=1

Here, the matrix H has the same block decomposition (3.40) as before, with entries that are
higher-degree generalizations of those appearing in the MHV amplitude (3.41):

N 7 R
H'J ( )7 #J
[i]] 7] [[iﬂ(om)]] (Im)
=2 gy g o 2o 5~ LG
I (2C) L DeAe)
hlm— iEm 7~ (lm) ) Tmn mEn (mn) 9 7é )
mm—smz ( H (i) +angn "m o n)]]H((ll”;)), (4.27)
leﬁ nF#m Ieh

It is straightforward to check that the formula (4.26) is mathematically well-defined, in the
sense that the integrand is a top-form on the moduli space and all of the projective integrals
have homogeneity zero.

Although we have emphasized that, unlike the Cachazo—Skinner formula or our earlier
expression for the d =1 MHYV sector, (4.26) is conjectural. This is because we do not have
a first-principles derivation of the generating functional (4.6) from GR when d > 1, and the
curved background spoils the unitarity techniques which enable proofs of such formulae in
Minkowski space. Nevertheless, one can follow steps identical to the MHV case to show
that (4.26) not only has the correct flat-space limit, but treating the background perturbatively
then lands one back on the Cachazo—Skinner formula, and this is a highly non-trivial test.

While this formula for M,, ; may seem quite complicated, it is remarkable that any all-
multiplicity, all-helicity expression for gravitational scattering in a curved space-time is avail-
able at all. And despite its somewhat intimidating appearance, (4.26) is actually much simpler
that anything one might naively expect from perturbative gravity. Indeed, from the perspective
of ‘standard’ space-time perturbation theory, the most optimistic bound on the diagrammatic
complexity of gravity is given by viewing it as the double copy of gauge theory (see [8] for a
review), which means that it behaves roughly like a field theory with cubic interactions. On a
curved space-time, this means that one would expect 4(n — 2) residual integrals in any n-point
graviton amplitude at tree-level. Yet, by counting integrals and delta functions (and taking into
account the GL(2,C) gauge-fixing which removes four integrals) we see that (4.26) has 4d
residual integralslo. Since d < n — 3 for all n > 3, it follows that our formula has much fewer
remaining integrations than expected from space-time perturbation theory.

10 In our counting, we do not include integrals that come with insertions of the news function, as these are not really
moduli integrals. Furthermore, in specific examples like the SDPW, these integrals can be performed explicitly.

40



Class. Quantum Grav. 40 (2023) 095002 T Adamo et al

4.2.1. Evaluation on SDPWs. On a general SD radiative background, it is impossible to fur-
ther simplify (4.26), since the holomorphic curves in twistor space are only determined impli-
citly by (4.19). However, for specific examples where the curves are known explicitly, some
of the remaining moduli integrals can be done. As usual SDPW backgrounds provide an illus-
trative example. First, observe that the equation for holomorphic curves in the twistor space
of a SDPW is

s o (o)1
OF*(U,o) = —2mit® 5(<L)\(0)>)<0/\(0)>2f< ) (4.28)
(A(o)o)
where we recall that F(x~) is the anti-derivative of the profile function f(x~) appearing in
the metric (2.14), and we abuse notation slightly by letting p< stand for the homogeneous
solution (4.1) to OF” = 0 on the right-hand-side of the equation. This can be re-written as an
integral equation

. . . o! o d+1
P (U0) =t (U0 - [ PT LT e (o)

x f(W) , (4.29)

where the choice of £ corresponds to fixing boundary conditions for the Green’s function of 9
acting on sections of O(d) — P'. As expected, the only moduli are those of the homogeneous
solution 1%, which we denote by

(1%(0) = i%fitg(a) o™ + 6% my gy o*@ (4.30)

decomposed with respect to the dyad {i%,6%}.
To proceed, we follow [40] and make an auspicious parametrization for the A\, (c) compon-
ents of the degree d map to twistor space. Consider (¢ A(¢)); locally this is just a homogeneous

polynomial of degree d, so it can be parametrized by d roots, say {b1,...,bs} and a scale:
d
(tA(0)) = (vho) [J (o br), (4.31)

r=1

where the additional parameter by encodes the overall scale. This induces a natural basis of
H°(P',0(d)), given by

_ LA(9)) _ (oho) (0bs)  _
50(0)—m, s5.(0) = (b.50) 1:0[ hb) r=1,....d, (4.32)
in which we can expand
(oX(0)) = vyso(o Zu,s, (4.33)

Note that this obeys (0 A(by)) = vy for each k=0, 1,...,d, and the moduli of A\, (o) are given
by the 2(d + 1) parameters {bg, by, ..., by, Vo, V1,...,Va}.

These parametrizations allow us to evaluate (4.29) explicitly by performing the integral
against the holomorphic delta function:

Z’(X

d d+1 b()
l/ mad)
bOEI( d+1||bb ( ) (4.34)

SFEr Vr

Fd(U,O’) p (U, o) —
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Re-parametrizing d + 1 of the “-moduli as

a(d) a(d)
_m, x,:—%, r=1,....d, (4.35)
it follows that
d
[[F(U,0)] =y (tA(0)) + Y _xr18:(0), (4.36)
1 d d+1
[0F(U,0)] = — gy 0™ + ™ Yy o G5 .6 [1®b0) Flx). @37
r=1 SFEr

An immediate consequence of this is that the P! integrals associated with background vertex
insertions in (4.26) can be performed explicitly. Indeed, for a SDPW space-time, the back-
ground vertex operator (4.23) is

2 Doy, 7]

Uon) — o ) m (A(ow) 0>3*pm [mS\]Pm(am)5(<L)\(‘7m)>)f@m72) <m> ’

(4.38)

so making use of (4.31) and (4.33) the Do, integral can be done against the holomorphic delta
function to give

1 = P (m(b,) T]Pm
o) — Z 1% [m(b,)1] H(bs b,)f(”m_”(xr) 7 (4.39)
= SFET
foreachm=1,... ¢

Feeding all of this into (4.26), the moduli integrals corresponding to y and 71,(4) (as well

as all of the fermionic moduli) can now be performed to give delta functions, resulting in an
expression for the NY"'MHV amplitude on a SDPW space-time:

L%52] d+17 4d+1. ad ey
A pad*t !y dx det’ (H")
Mya = (Z[m ) ZZ/ LD * Jb,v) i

AAAAA

N LICER)) (ZSJ i) ) ( Vo H (by by, )17~ )88;) det’ (H)

Jj=1 ! SFEn

e=0
dsl <2 ip
x H Do 6% (ki — siM(o7)) e # . (4.40)
Here, the sums over {ry,...,r;} runs from 1,...,d; the Jacobian
bd+ll/] Uy
Jbv)y=-2— < 4.41)
(b,) |boby - by

with |bg by - - - by| the Vandermonde determinant, accounts for the reparametrization of the map
moduli; and the exponents

d L d lf d+l
=01 Y _xrvrs(0) + Z (05 (.6 [0 F(x),  442)
— r 75',.

r=1
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are the gravitational Volkov exponents in this configuration. Note that the T block of the matrix
‘H becomes purely diagonal in the SDPW case:

T = diag Em Drm Zsi (IEL l]i) H (ll) , (443)
=t e

B

since background vertex operators have no contractions with each other.

In the SDPW background the number of residual integrations is substantially reduced,
thanks to the additional symmetries in play. In particular, after accounting for the GL(2,C)
quotient and the fact that the set of delta functions appearing in (4.40) imply 3-momentum
conservation in the xT, z and Z-directions, there are 2d — 1 residual integrals in the formula
which are not saturated by delta functions.

5. Discussion

In this work, we applied twistor theory to the problem of computing graviton scattering amp-
litudes in curved space-times. Focusing on SD radiative space-times, we derived formula (3.44)
for MHV amplitudes from first principles, and conjectured N\'MHV formulae (4.26) based on
universal ingredients found in twistor sigma models and twistor strings. Although conjectural,
we remark that by construction, the perturbative expansion of the background field in our for-
mulae yields the correct flat space amplitudes [5, 35], so the formulae pass all perturbative
checks. As our main example, we worked these out explicitly on SDPW space-times in (4.40).
At MHV degree, we obtained improved versions (3.48) of such formulae announced previ-
ously in [33], with a detailed comparison provided in appendix A. Further computations with
other explicit examples are possible, such as the analytically continued Gibbons—Hawking
metrics discussed near the ends of sections 2.1 and 2.2.

While the structure of graviton scattering in a curved SD radiative space-time has many
interesting features, the structure of tail contributions to the amplitude (encoded by the back-
ground news function) seems particularly noteworthy. Analogous ‘tail effects’ also arise in
the classical limit of gravitational scattering [134-138], and have been the subject of study
recently in the context of black hole scattering (e.g. [139-141]). It would be interesting to
establish what—if any—relationship there is between these notions of gravitational ‘tails’,
and if our all-multiplicity results can be of any use in the context of early-inspiral black hole
physics.

More generally, combined with similar formulae for gluon scattering derived in [40], our
results provide the first steps toward developing on-shell methods for perturbative computa-
tions in the presence of strong background fields. They can be heuristically viewed as pointing
to the existence of a still mysterious MHV formalism for perturbative gravity. In gauge theory,
the MHYV formalism is well-understood [126] and is crucial in explaining the fact that N\MHV
amplitudes on SD radiative gauge field backgrounds contain no more than k + 1 position space
integrals. Naively, the number of such integrals grows with the number of interaction ver-
tices in the Feynman diagrams contributing to an amplitude. These give rise to momentum
conserving delta functions in flat space but cannot be explicitly performed in generic curved
space-times. The MHV formalism rescues the situation by trivializing many of these integrals
irrespective of the choice of background, a fact that is owed to intricate integration-by-parts
(IBPs) identities that collapse sums of Feynman diagrams when doing standard perturbation
theory.
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On the contrary, even in flat space the MHYV rules of perturbative GR are only known in a
rudimentary form [127] that fails at high multiplicity. So it is extremely interesting that our
MHYV amplitudes (and our conjecture for NMHV amplitudes) can nevertheless be written
with the same number of leftover position space integrals as would follow from the existence
of a gravitational MHV formalism in curved space-times! To further emphasize this magic, in
appendix B we provide a direct Feynman diagram computation of the 4-graviton amplitude in
a SD plane wave space-time and discuss the IBP identities responsible for its extremely simple
form.

These observations provide a variety of avenues for future work. A primary goal of studying
scattering amplitudes in curved space-times is to understand which mathematical properties
of scattering amplitudes are subordinate to the symmetries of flat space versus which proper-
ties are more universal in perturbative QFT. Our results show that the MHV formalism could
be one such universal feature, and it would be extremely insightful to return to the pursuit
of MHYV rules for scattering in GR as well as its supersymmetric cousins. This is currently
being investigated by means of a recently discovered twistor action that uplifts GR to twis-
tor space [130], with the expectation that perturbation theory on twistor space would take the
form of an MHV diagram expansion. On a similar note, it would be useful to extend other on-
shell tools of scattering amplitudes, like BCFW recursion, generalized unitarity, etc to curved
backgrounds. SD backgrounds provide a perfect setting to test how far these tools stretch, as
twistor theory already provides us with at least one means of computing the tree amplitudes
exactly.

In more practical directions, the results of our work pave the way for efficient computations
of amplitudes in more commonly encountered strong backgrounds like cosmology, AdS/CFT,
strong field QED/QCD, black holes, etc. For example, it is already possible to systematically
treat scattering on Gibbons—Hawking instanton space-times, and in principle our calculations
could also be extended to compute amplitudes in SD black hole backgrounds. Moving beyond
self-duality brings its own set of hurdles. Generic non-SD backgrounds are not hyperkéhler,
so our twistor sigma models can no longer capture their dynamics. Nonetheless, in recent
years the tools to tackle such backgrounds have been provided by more general string theor-
ies [142] in ambitwistor space: the space of null geodesics in space-time. At tree-level, these
ambitwistor strings can be consistently coupled to general on-shell backgrounds in SUGRA
theories [143, 144]. Worldsheet correlators of these models then compute amplitudes around
such backgrounds. These ambitwistor strings can also be formulated in higher-dimensions (at
least, at tree-level), where the notion of self-duality for gauge and gravitational fields is not
well-defined. Thus, ambitwistor strings provide a potential route towards going beyond the
SD sector in four-dimensions as well as exploring scattering in higher-dimensional curved
backgrounds.

The feasibility of using ambitwistor strings to compute amplitudes has been demonstrated
on plane wave backgrounds at three points (and for arbitrary space-time dimension) [145], and
in (A)dS backgrounds at general multiplicity for certain theories and dimensions [146—-149].
It would be interesting to pursue this approach to build scattering equations and worldsheet
formulae for amplitudes on other space-times of interest.
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Appendix A. Equivalence with past formulae

In [33], we presented a formula for MHV graviton scattering on SDPW backgrounds which
also passed all consistency tests but was not manifestly gauge invariant. We now prove its
equivalence to the new formula (3.48).

For any invertible n x n matrix A = (4; ;(¢)) whose entries depend on a parameter ¢, the
e-derivative of its determinant is given by

Al,.

n

Oc|A| = |0:A;| (A.1)

i=1

Ane

where one differentiates only the ith row in the ith term of the sum. This formula is an easy
consequence of the linearity of the determinant in its rows. Let’s apply this to compute the

derivatives
t
1 opn i
(H ITm; adw) |H;

m=1

(A.2)

e=0
present in (3.48).
The last # rows of H! need to be differentiated first. The (n — 3 + m)th row reads

(hOm Tmo) =E&m (E.m Tm-) y
Ul s sl (1020 (A3)

where hjm = _m7 = @ <1L> <2L> )

with the rescaled matrices b and T now being independent of all £,,,’s. Using the transformation
of determinants under scalings of rows, we then find

) = (H) ., - ( oo ) . (A%

m=1
t 1 opm ; t 1 apmfl ﬁi
Hﬁ?ﬁr m"'E:O_ gmw [#i]

m=1

It follows that

(A5)

e=0

The remaining derivatives will only act on the first n — 3 rows of ﬁi
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At this stage, we use the multinomial expansion of products of derivatives. The result is
a sum over ¢ disjoint multi-indices a,, C {3,...,n}\ {i} of cardinalities |a,,| =p, — 1 > 2.
Basically, the rows of 7, labeled by elements of a,, will be acted on by (8/dz,,)”"~'. To
simplify life, let a =a; U---Ua, (with the obvious ordering) and a = {3,...,n}\ (AU {i}).
By using the transformations of determinants under exchanging rows and columns, we first
reorder 7, into

Haa Haa bé
"H | = Haa Haa Bal . (A.6)
Ba Ba T

Here, for two multi-indices a,b, Hay, is the |a| x |b| sub-matrix of H with entries (Hap ) = Hijx
forallj € a,k € b. Similarly, b is the |a| x ¢ sub-matrix of h with entries (ha);m = b;n forj € a,
etc.

Now note that hz = 0 if we set all &, = 0. Next, we compute the action of (9/de,,)’»~! on
the rows of the sub-matrix (Ha,a Ha,a Ba, ). Any such row is only linearly dependent
on £,. So each row receives one derivative in the determinant, with the derivatives getting
homogeneously distributed in (p,, — 1)! ways. Recalling (3.50), acting with 9/0e,, on the row
j € a, gives

9
Oem

with the new matrices

((Ha,a)je (Ha,a)je (Da,)je) = (0Da,a)je (7a,)js) (A7)

=3

jil ey il
(Dama) 6jk <] > <1]> <2]> ’ ( am)jn Omn 'L> , jJE€Eau,kea. (A.B)

It is convenient to arrange these together as

Da,a Ta,
D= , T= . (A9)

Da/a Ta

1

With these definitions, the term in the expansion of (A.5) in which the ¢,,-derivatives act on
the rows labeled by a,, is given by the determinant

G g 0
OT DT 7, (A.10)
ba  ba T

having set all £,, = 0 and defined G = Haz|c—0, § = Haa|e—0-

We can simplify this further by adding multiples of rows of (0 D 7) to the rows of
(s EZ T). Using this fact, we can replace (h; baT T) with (¢ t S) expressed in terms of sub-
matrices with entries

=Dy,  JEA, (A.11)
tj = B, + ZDk] @R ca, (A.12)
it 2N 1y ()
(Lk) (2k)
mn ’]rmn +k€Za Tkn 77 N 78 < L> <2L (A13)
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Explicitly, these modified combinations of rows are found to be

g _p N Jm
— ay 1j) (2
tm' = e J ¢ 3 Smn - 6mn Z M M . (A14)
0 jea, e (i) (1) (20)
Hence, defining the reduced matrices
' G g 0
Hila,...,a]=10 D T (A.15)
¢ t S

and summing over all (p; — 1)!---(p, — 1)! permutations of distributing the derivatives, we
finally reduce (A.5) to

t
Lo
(11535 )

m=1

= Y |Hia,...,a]|. (A.16)
e=0 aj,...,a;

For any given i, the right hand side of this is exactly the kind of sums that occur in the old
formula.
To prove the equivalence, recall the old formula:

Lo () STy s 0200
=Y (Liy(20)2[27]

t=0 pi1,...,pr i=3

400 ] B t
></ A Y Hifar,. a0 T (). (A.17)
- m=1

ap,...,a
Iamlzpm

In this expression, the term with ¢ tails of valences py,...,p, contains the factor

"L (12)3i7] : 1 o &K (12)3]id] ;
2 T piprlag 2, P2l = (Hwaﬁzwziwzz} "

i=3 ar,...,a m=1 i=3 =0
(A.18)
having applied (A.16). Next, using the property
n t
ST H (1) @1+ > Hin (1) (20) =0, (A.19)
j=3 m=1
one can show that
i H)
il _ 7 (A.20)

(10> 20> (1))*(2))?
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for any i,j € {3,...,n}. So, fixing arow r € {3,...,n}, the factor of |#H{| can be pulled out of
the sum in (A.18) to get

- 123 [i7 '
ZM > [Hiar,....al

i=3 ai,..., a;
t n
_ Lo (12)3 . e
- (gpm' asmm> e enreg _0§<1’> iy (A.21)
! Pt 6
(TS 2 ) 2
m:lpm' aEm <1I"> <2r> R

In the final step, we have used the residual momentum conserving delta functions present
in (A.17). Substituting (A.21) back in (A.17) proves that the latter is equal to (3.48).

Appendix B. 3 and 4-point amplitudes on SD plane waves

Direct calculation of the 3- and 4-graviton amplitudes from the Einstein—Hilbert action is, of
course, impractically complicated. In practice, it is easier to work with the perturbative Lag-
rangian of [150], which utilizes field redefinitions that do not change the S-matrix to obtain
a more tractable perturbative expansion. The details of interaction vertices on a SDPW back-
ground metric can be obtained directly from this background field Lagrangian. In Feynman
gauge, the graviton propagator ¥,,.4(x,y) solves

(gacgbdD2 - 2Racdb) ngef(-x7y) = gu(e gf)b (54()5 - y) ) (Bl)

where g, is the SDPW metric (2.14) with Riemann curvature tensor R,p.4. The corresponding
Feynman propagator is given by

N d*k v (v
o mAabcd(x .y )e(‘z’(") 45(}))’ (B.2)

gabcd (.X Y ) =
with ¢(x) given by (2.79) extended off-shell to a solution of the massive Klein-Gordon
equation and \ a normalization factor. The tensor structure of the propagator (written in light-
front variables) is:

o i Af
Aapea(x™,y )::Da(c\Db\d)_ikJrf a(el Evla) » (B.3)
where
R ab(X7 ) + 8ar(Y™ k
D, y) = S8l ) | K g, (B.4)
+

for Af:=f(x~) —f(y"), Af:=fx") —f(y~) and Ezp := €ap Lals. The final term in (B.3) is
the origin of gravitational wave tails created dynamically in the scattering process.

The tree-level 3-graviton amplitude on a general plane wave background was computed
in [21], where it was cast in a ‘double copy’ format in terms of spin-1 polarization data. On a
SDPW background, the amplitude is
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. 3
M; = %5% (Zk,) / dx~ el [(53 1Ky - & +cyclic)? — ik ko ks f(x7)
i=1

2

X <51 -& S + cyclic) . (B.5)
k3

where F,(x ™) is the gravitational Volkov exponent (3.49) and the &;, denote lightfront gauge

spin-1 polarisations on an SDPW space-time:

Lai(id(xi) (=) _
(i) e il

The terms in the second line, proportional to f, are the tail contributions at three points. The
parameters ¢;, i = 1,2,3, are 1 if the ith-graviton is positive helicity and O if it is negative
helicity.

It is straightforward to show that M5 vanishes in the all-positive and all-negative helicity
configurations; in the MHV configuration with gravitons 1 and 2 of negative helicity, all tail
terms are zero since &; - & = €; = €, = 0. The remaining contributions to the MHV 3-point
amplitude can be simplified using 3-momentum conservation and the lightfront gauge polar-
isations, leaving

My g ik- 2R / dr el (B.7)
3 2 +,L - l <23>2<31>2 : '

This matches our general MHV formula (3.48) for n = 3. This structure—of the flat space 3-
graviton MHV amplitude multiplying the leftover lightfront integral—is special to the 3-point
MHYV configuration on the chiral background.

Indeed, we can also use (B.5) to find the 3-point MHV amplitude with gravitons 1 and 2
positive helicity and particle 3 negative helicity:

v _im s (N ) [geon (D20 S UEAE3 3 -
M ‘z‘sﬂ@k’)/ oo (e )W) ®9

Note that MMV is not the parity conjugate of MMV due to the chirality of the background,

as was also observed in the gauge theory setting [40]. Furthermore, MY!Y contains a tail term
which is absent in the MHV configuration.

The 4-graviton amplitude on a plane wave background has not been computed before in
the literature; here we perform the computation with Feynman diagrams for a SDPW space-
time. Let gravitons 1 and 2 to be negative helicity; for positive helicity gravitons 3 and 4 the
reference spinors in the wavefunctions (2.80) can be set to &, = K| 4:

g =

e 7eY

(B.6)

_Kakig (5 & ol .
%adwiiﬂﬁz (Kdew—lfmwﬂ) , j=3.4. (B.9)
The 4-point amplitude again receives contributions from four Feynman diagrams,
M4:MS+M1+MU+MCOHK7 (B.10)

and with our gauge choices the contact contribution M, vanishes.
In addition to the propagator (B.2), the exchange contributions require the 3-point graviton
vertices. For instance, we find

Ms= [ dx/[g(0)]d*y /8 (0)] Vi3 (x) Gapealx,) VEL (). (B.11)
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where, in transverse gauge Dh;,;, = O for the graviton perturbations #; 4, the 3-point interac-
tion reads

I
Vi = %+ (D"hica DI’ —2Dchfy DA 4 2Doh Dl

—2h{* D Dyhf” + 21 DDyh + 2 DD H], + (i 43 ) - (B.12)

Here D, is the Levi-Civita connection on the SDPW background. With these ingredients, the
s-channel contribution to (B.10) is

(s (v 2 g (1200 [i2]
Mo=(5) s (Zk> | sl et
3] 74

x ([[34]}2i(k3+k4)+<b3><b4>f> )4 ey, B3

where the measure is defined by

Cpls] =00 —3) =D exp[i 3 /

(ki +k2)+ =12

itk tk) / -
+ - — ki +ko + (ki +k ds| . (B.14
1}234/ K; NCETSH . ( 1 +hko+ (k 2)f(S)> s| . (B.14)

This can be simplified using an IBP relation. First, observe that

2 ips+id 2 [L 3] [i4] ; i3+
D*(K3 - K4e'®H9) = —2(34) [34]% —i (ks + k)« <3> <L4>f e'PTIes (B.15)
and

1 1
N/d4xK3 Ky(y expl Zgﬁl ] :N/d4xd4y54(x—y)K3.K4(x*)

xexp |i > ¢i(x)+1 Y ¢0)| - (B.16)

i=1,2 j=3,4

Now, the propagator for a massless scalar in the SDPW background is

N d*c |
Ik e —o0) B1
Gxy) = 2mi) Riies ’ (B.17)
which obeys:
D*¥ (x,y) = 0*(x—y) = D" (x,y), (B.18)

where D] is the covariant derivative with respect to y. Using this in (B.16), the right-hand side
becomes

N/d4xd4 D% (x,y) K3 - K4(y~) exp 12(1) +1Z¢>j

i=1,2 j=3,4
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Integration by parts and an application of (B.15) then produces the identity,
| 4
— [ d**K;-Kq(y ) exp|i (X
[ g Ka) p[;@b()]

=~ [l <34>2<[[34ﬂ ik 4 ke 120 4]

13 <L4>f> O+ <y), (B.19)

which allows Mg to be simplified to

_ L ayva (s ~m (12°[34] () [i2P
Me=—3(3) s <;k> /dx e uaepa ppr B0
containing only a single lightfront integral.

Similar, albeit slightly more involved, simplifications occur in the other channels. The
t-channel computation from Feynman diagrams gives a complicated result

(K 2y [23)?
M= (Z) 5“<Zk’> (ki + k3)%

« [y [Sa 14 ([{13112—i<k1 e By
(2) [F3P{( D[E4](42) + (:2)[72)(12)} 2 2] [i4] ,\, -
+ [02] @112 <[[24]] (k2 +ka)+ 2 (14 f)(y )

GO e + 002 + 020 B
T (CDEA2)+ (2)[2012) + (2) [ ) (1360240 >}

+(Tey). (B.21)

where the measure d?u[t] can be obtained from d?[s] by exchanging gravitons 2 <+ 3 as usual.
The first two terms in the integrand can be simplified via the t-channel analogues of (B.19),
while the last term requires a new IBP identity. Starting with

N/d x Ky - Ks(x expl Zgb, ] :%/d“xd“y&(x—y)lfl.K3(x7)

xexp 1) ¢ix)+1 Y ¢(0)] (B.22)

i=1,3 j=2,4

insert §*(x —y) = D"?9* (x —y). The covariant derivatives with respect to y do not hit K -
K3(x™), so on integration by parts one obtains the identities:

4
N/d“xKl Ks(x expl > ilx ] =Ji//d“sz-K4(y‘)exp[i;¢i(x)]

—/dzﬂ[t]Kl K3(xT) Ky Ka(yT) + (7).
(B.23)

51



Class. Quantum Grav. 40 (2023) 095002 T Adamo et al

These identities, combined with three-momentum conservation and applications of the
Schouten identity bring M; into a substantially simpler form:

e (o) [ 12°B4) 32
’M“__N(4)5;L<g;h>/hxe axiapE) ppe ®2Y

The u-channel contribution

_ e (s ~n (12 B4 () 4P
Mao==3(3) o (Z_;k> /dx mpaaes e B
is obtained by simply exchanging particles 3 and 4.

Adding all the contributions, the full MHV 4-graviton amplitude on the SDPW background
is given by

wv_ Ly (S an (12734))
M=% (Z) 5+vl<;k5> /dx (4 e eapa B2

This matches the all-multiplicity MHV formula (3.48) at n = 4; note that at 4-points the integ-
rand of the amplitude retains the standard structure (now background dressed) of the 4-graviton
amplitude in flat space (see [151]). This confirms—by direct computation—the prediction
implicit in our general formula that tails appear in the MHV amplitude on a SDPW space-
time only from 5-points. To see these tails directly from Feynman diagrams would therefore
necessitate the (very complicated) computation of a 5-graviton amplitude in background per-
turbation theory.
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