Nonlinear Dyn (2025) 113:15487-15502
https://doi.org/10.1007/s11071-025-10949-z

)

Check for
updates

RESEARCH

Non-bifurcation regulation of chaos in a memristive

Hopfield neural network

Xin Zhang « Chunbiao Li * Irene Moroz + Keyu Huang + Zuohua Liu

Received: 6 May 2024/ Accepted: 28 January 2025 /Published online: 14 February 2025
© The Author(s), under exclusive licence to Springer Nature B.V. 2025

Abstract The construction of neural networks using
memristors has been widely studied in the field of
brain-like computing. However, there is a relative lack
of research on the non-bifurcation regulation of chaos
in memristive neural networks. In this paper, a 4D
memristive Hopfield neural network (HNN) model
with non-bifurcation regulation such as amplitude and
offset control is constructed using an absolute value
voltage-controlled memristor as a tractor, which can
generate chaotic attractors with multiple control types.
The multistability of the memristive HNN model is
investigated by phase diagrams, Lyapunov exponent
spectra, and basins of attraction. Numerical simula-
tions show that the amplitude of partial neuron can be
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regulated by the memristor coupling parameters, and
the internal parameters of the memristor can easily
control the offset of neurons in the phase space. More
interestingly, when symmetry breaking occurs, the
neurons can be offset in different directions depending
on the choice of initial values. This system provides
the first dynamically controllable memristive HNN
model. Finally, a hardware circuit is designed to obtain
attractors of arbitrary amplitude or position by select-
ing the appropriate control resistors. The analog
hardware implementation verifies the numerical sim-
ulation and the theoretical analysis.

Keywords Hopfield neural network - Memristor -
Amplitude control - Offset boosting - Multistability

1 Introduction

In 1982, J.J. Hopfield introduced the Hopfield Neural
Network (HNN) [1], an n-dimensional dynamical
system composed of many neurons, distinct from other
biological neural networks [2—4]. The hyperbolic
tangent activation function enables the HNN to learn
and store complex patterns, as explored in studies
[5, 6]. The HNN has been widely applied in areas such
as pattern recognition [7], control system [8], opti-
mization [9], and associative memory [10]. Its
nonlinear activation function generates rich brain-like
dynamics, offering deeper insights into human neural
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activity and advancing neuromorphic systems [11].
Recently, enhanced HNN models have emerged,
exhibiting dynamical behaviors such as chaos [12],
hyperchaos [13], and coexisting attractors [14, 15],
broadening their applications in areas such as image
encryption [16, 17], associative memory [18], brain-
like bionic [19].

Recent interest in coexisting attractors within
neural networks stems from their potential to reveal
hidden learning capabilities. Coexisting attractors,
which represent diverse oscillation states emerging
from different initial conditions, are common in neural
systems [20-22]. In artificial intelligence, the number
of attractors correlates with a network’s storage
capacity; more coexisting attractors mean more
memory patterns can be stored. Memristors, with their
innate memory properties, have become crucial in
emulating synapses in neural networks. Their integra-
tion enhances the alignment of patterns with coexist-
ing attractors, such as chaos [23-25], hyperchaos
[26, 27], and other dynamics [28]. Min et al. [29]
derived three memristive HNNs with hyperbolic
memristors, exhibiting anti-monotonicity and com-
plex fractal structures due to coexisting attractors.
Additionally, periodic function-type memristors facil-
itate the creation of line or surface equilibrium points,
inducing homogeneous multistability [30]. Lin et al.
[31] incorporated a sine memristor synapse into a four-
dimensional HNN model, resulting in infinitely many
coexisting attractors. Similarly, Lai et al. [32] intro-
duced a multi-scroll memristive HNN by combining
sinusoidal and hyperbolic tangent functions, enabling
the generation of numerous coexisting attractors
through periodic initial value selections. Lin & Wang
[33] developed a 9D memristive HNN by interlinking
two sub-HNN networks via a memristor, exhibiting
hyperchaotic characteristics and extreme multistabil-
ity based on initial values. This model has been
effectively applied in biomedical image encryption. In
summary, using memristor to model synapses stimu-
lates complex dynamics, making it a hotspot in neuron
research [34-36]. However, most current literature
focuses on predictable homogeneous multistability
based on periodic functions, while research on coex-
isting chaos and multi-periodic states remains rela-
tively rare.

The non-bifurcation regulation of chaos, including
amplitude control and offset boosting, has become a
significant focus in nonlinear field heading to the
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controllability of chaos. Early chaos control is mainly
based on the parameter modulation [37] and feedback
[38], but all these do not regulate the internal
properties of chaos like amplitude, offset, and fre-
quency. Later, people began to study the non-bifurca-
tion control leading to the development of chaos
regulation [39-42]. The introduction of memristor has
further expanded these possibilities [43], with new
offset functions shifting control from system param-
eters to initial conditions [44]. This can trigger more
multistability possibilities [45], such as attractor
doubling [46], dynamic editing [47], and initial
value-dominated uncountable many attractors [48].
In neural networks, amplitude control directly impacts
input pattern recognition, enhancing the network’s
ability to distinguish and classify patterns. It enlarges
the basin of attraction, improving adaptability to
complex data, while offset boosting adjusts activation
thresholds, increasing sensitivity to diverse inputs.
This regulation is vital for maintaining efficient and
accurate processing in uncertain conditions. Non-
bifurcation regulation of firing, based on amplitude
control and offset boosting, enhances memristive
synapse capabilities, facilitating neuronal firing appli-
cations in electronic information and brain-like com-
puting. However, the complex mathematical
expressions in neuronal models pose challenges for
non-bifurcation regulation, making the choice of an
appropriate memristor model crucial for effective
neural firing control.

Some memristor-based HNNs show multistability
or give multi-scroll attractors, even some of which
show easy amplitude control, but all those models
resort to the parameters from other dimensions of the
HNN model rather than the coupling coefficients or
internal parameters of the memristor [49]. So in this
manuscript, we introduce an innovative memristor-
based HNN model, which is given the opportunity to
modulate the firing of neural networks by the intro-
duction of a memristor. The primary contributions of
this study are as follows:

(1) A memristive HNN model is proposed and is
enabled to generate complex coexistence behavior
of attractors.

(2) The coupling weights of the memristor synapse
can rescale the amplitude of the neural firing.

(3) The intermediate variables of the memristor can
simultaneously regulate the amplitude and offset of
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the neuron firing, and different modes of offset
boosting can be realized depending on different
initial values.

(4) An analog circuit was implemented to verify the
theoretical analysis of the proposed memristive
HNN, and the amplitude control and offset boosting
were observed realistically on an oscilloscope.

In the following, the memristive HNN model is
described in Section 2. Some basic analysis of
dynamical behaviors is presented, including coexist-
ing behaviors and bifurcation observation are pro-
posed in Section 3. Section 4 reveals the amplitude
control and offset boosting of the proposed HNN
model. The hardware circuit is developed to verify the
theoretical analysis in Section 5. Conclusion and
discussion are given in the last section.

2 Design of memristive Hopfield neural network

A HNN can be used to simulate the spontaneous
chaotic dynamics in the nervous system. The mathe-
matical model of a HNN composing n neurons can be
described as [1]:

C; = _zve_i“L ;w] tanh(vj) + I; (i,j € N*). (1)

where v; represents the normalized membrane poten-
tial of the neuron, R; is the membrane resistance of the
neuron, tanh(v;) represents the activation function of
the neural network, I; represents the external input
current, the synaptic weight coefficient w;; describing
the connection strengths between neurons i and j (N*
represents any positive integer). It is worth noting that
the synaptic weight w;; directly affect the dynamics of
HNN.

The neural synapses modeled by memristor can be
used as the mutual feedback connectors for neurons,
which effectively simulate the magnetic coupling
relationship between different neurons. Among the
currently used memristor models, the circuit structure
of absolute-value memristor is relatively simple and
easy to construct chaotic behaviors, therefore, in this
system, we chose the classical absolute-value voltage-
controlled memristor and modified the feedback term
to make it closer to the expression of Hopfield neuron,
which is described by,

I=W(p)V = (2le[-1)V,
do (2)

D + ctanh(g) + V.

where I, W(¢), V are the current, memductance
function, and voltage of the proposed memristor, ¢ is
the internal intermediate variable of the memristor,
which also affects the state of the memristor.

Synapses play significance roles in signal exchange
between neurons. The proposed memristor (2) can be
used to simulate biological synapses between neurons.
Therefore, based on Eq. (1), a HNN with three
neurons can be obtained by replacing ws; by a
memristor, as shown in Fig. 1. Selection of appropri-
ate synaptic weight coefficients by trial-and-error
method, the synaptic weight matrix can be expressed
as:

wir Wiz W13 a —1 045
W= W21 W W23 = 3.2 1.5 0.97
w31 W32 W33 W(u) 0 0

(3)

Substituting Eq. (2), (3) into Eq. (1), the topology
between each node of the neural network can be shown
in Fig. 1, where the output voltage of neuron 1 is
defined as x, the output voltage of neuron 2 is defined
as y, and the output voltage of neuron 3 is defined as z,
the mathematical model of memristive HNN becomes:

Wi
Neuronl
w12 W13
W21 w3
% W32 i
szt/ W»3 V\)w 33
Neuron2 Neuron3

Fig. 1 The connection topology of the memristive HNN model
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X = —x + atanh(x) — tanh(y) + 0.45 tanh(z),
¥ = —y + 3.2tanh(x) + 1.5 tanh(y) 4+ 0.97 tanh(z),
7= —z— 12(2|u| — 1) tanh(x),
i = —u + ctanh(u) + 1.5 tanh(x).
(4)

Here x, y, and z are the cell membrane potentials of
the neurons, a is the control parameter, and c is the
internal parameter of the memristor. When a = 1.8,
and ¢ = 1.6 under the initial condition (0.2, 0, 0, 0), the
Eq. (4) are solved on ode45 algorithm with a step size
of 0.005 and an iteration time of one thousand
calculations in MATLAB, with the attractors are
given in Fig. 2. The calculation of Lyapunov expo-
nents (0.0653, 0, — 0.4329, — 0.9180) are based on
the Wolf algorithm with a step size of 0.005 and
million calculations in MATLAB. The calculation of
the Kaplan-Yorke dimension can be derived from
Eq. (5), where £ is an integer and the LE; are ordered
so that the most positive or largest becomes LE; . In
this case, LE; + LE, >0, but LE, + LE, + LE;.
< 0, so k is 2. Therefore, the Kaplan-Yorke dimen-
sion is Dgy = 2.1508.

k
S LE;

Dgy = k + =2 5
KY + LEro (5)

Equation (4) is invariant under the transformation
(x, v, z, u) < (—x, =y, —z, —u), showing rotational
symmetry, which provides a possibility for coexisting
symmetrical chaotic attractor trajectories in the phase
space.

The equilibrium points of Eq. (4) can be calculated
by setting the right side of Eq. (4) to zero:

— x + atanh(x) — tanh(y) + 0.45 tanh(z) = 0,
—y+3.2tanh(x) + 1.5 tanh(y) 4+ 0.97 tanh(z) = 0,
—z—12(2|u| — 1) tanh(x) = 0,
— u + ctanh(u) + 1.5 tanh(x) = 0.

©)

Obviously, we cannot get an accurate analytical
solution for the transcendental equation. But, Eq. (6)
can be solved based on graphic analysis. First, Eq. (6)
is changed to,

Fig. 2 Chaotic attractors of
Eq. (4) when a = 1.8, and

¢ = 1.6 under initial
condition [0.2, 0, 0, 0]: a x—y
plane, b x—z plane, ¢ y—

z plane, d x-u plane

=\

3

|
i
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x = artanh <§ (u— ctanh(u))> ,

z= —8(2|u| — 1)(u — ctanh(u)),
(y,u) = —x + atanh(x) — tanh(y) + 0.45 tanh(z) = 0,
(y,u) = —y + 3.2 tanh(x) + 1.5 tanh(y) + 0.97 tanh(z) = 0.

(7)

When a = 1.8, and ¢ = 1.6, the solutions of Eq. (6)
are ultimately related to the variables y and u. There-
fore, by plotting the solutions of fi(y, u) = 0 and f>(y,
u) =0 in the graph, their intersections are the
equilibrium points. The corresponding equilibrium
points are shown in Fig. 3.

Although we see nine intersections in Fig. 3, but the
intersections on the left and right are not equilibrium
point solutions in the real number region due to the
boundedness of the hyperbolic function. Therefore
there are only 7 equilibrium points in Eq. (4). Their
corresponding eigenvalues and their stabilities are
shown in Table 1. The results of the numerical
calculations indicate that all of the equilibrium points
are unstable saddle-foci, which implies that the
attractors in the memristive HNN are self-excited
ones.

h
fa

3 Initial-controlled coexisting behaviors

Because of the intrinsic memory and non-volatility
effect of the memristor, many memory systems show
sensitivity to initial conditions [49, 50]. Synapses
simulated by a memristor can invoke different mem-
ory patterns in neuronal networks. In this subsection,
coexisting attractors are revealed by means of research
methods such as Lyapunov exponents, basin of
attractions, and phase orbits.

5| |
P3' Pl- P1+ P3+
N Ay
fo 1)
P2- P() P2+
-5¢ . | f](l',u}I:(l .
-5 0 5
u

Fig. 3 Distribution of equilibrium points of Eq. (4) when
a=18,andc=1.6

Fixing the memristive HNN parameters as a = 1.8,
c=1.6, xg=0.2, yo =0, zo =0, when u, varies in
[— 5, 5], the first three Lyapunov exponent spectra and
bifurcation diagrams are shown in Fig. 4. The vari-
ance Lyapunov exponents show that the given system
can exhibit rich dynamical behaviors under different
initial values, including chaos, period-1, and period-3
behaviors.

To better illustrate the coexisting behavior of
attractors, the phase trajectories under different initial
values are shown in Fig. 5a, b. In order to reveal the
influence of the initial values on the dynamics of the
system, the basins of attractions are shown in Fig. Sc,
d, where different color blocks have complex fractal
structures: dark turquoise color represents the chaotic
phase orbit, brown and orange color represent the
symmetric attractor of period-3, blue and red color
represent the symmetric attractor of period-1. Since
the system is symmetric with respect to x-y-z-u, so the
fractal structure of the basin of attractions also shows
symmetry properties.

When the synaptic weight is changed, the coexist-
ing behavior of the memristive HNN will also change.
For ¢ =2, the complete attractor splits into two
symmetric chaotic attractors, accompanied by sym-
metric period-2 coexisting attractors, the correspond-
ing phase orbits are shown in Fig. 6a. The basin of
attraction on the initial space of xy-uo plane is shown in
Fig. 6b, which also shows the rotational symmetry
property with respect to the x-u dimension.

In addition to the coexistence of chaos and periodic
states, there also exist different periodic states under
specific parameters. With the synaptic weights fixed as
a =2, and ¢ = 1.7, the chaotic behavior of the neural
network begins to degenerate into periodicity, and the
operation state of the network becomes the coexis-
tence of symmetric pair of period-1 and period-4. The
corresponding phase trajectories and the basin of
attraction in the xy-uo plane are shown in Fig. 7.

Three coexisting attractors are also found, as shown
in Fig. 8, and it is worth noting that the system always
produces pairs of attractors regardless of the change in
synaptic weights. Overall, these results show that the
dynamical behavior in memristor neural networks
strongly depends on the initial state of synapses. This
is an important way to understand how the nervous
system works.

@ Springer
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Table 1 Equilibrium points of Eq. (4) and their stability

Equilibrium points

Eigenvalues

Stabilities

A1 =0.6 Index-3 Unstable Saddle focus

A = —2.9008

/34 = 1.6004 £ 1.9035i

PO (07 07 07 0)

Py (—0.1777,0.0993,0.5901, 0.6398)

Py_ (—0.1777,-0.0993, —0.5901, —0.6398)
Py, (0,0,0,1.425)

P> (0,0,0,—1.425)

A1p = —0.5003 £ 1.5562i
Az4 = 0.6600 % 1.2200i

Index-2 Unstable Saddle focus

A1 = —0.6692 Index-1 Unstable Saddle focus

Jp = 1.5967

J34 = —0.6483 £ 3.7336i

Ps. (0.3462,—0.1990, —12.3631,2.0470)
Py (—0.3462,0.1990, 12.3631, —2.0470)

A =-1 Index-2 Unstable Saddle focus

Ay = —0.8968

34 = 0.5213 £ 1.6520i

Fig. 4 Dynamic evolution 0.2 3
of Eq. (4) witha = 1.8, and (a) (b) l
¢ = 1.6 under the initial YWTVWA M 2
condition [0.2, 0, 0, ug]: 0 VAW S—
a Lyapunov exponents, & » 1
b Bifurcation diagrams w g |
-0.2 = 0]
—LE1 i
0.4 Le2l )
—LE3
-5 0 5 -5 0 5

=

4 Non-bifurcation regulation of neural firing

The additional non-bifurcation regulatory functional-
ity brought by memristor in dynamical systems plays
an important role. However, it has not been observed
in memristive neural networks. Surprisingly, the
proposed memristor HNN can provide some special
tuning to revise the properties of the signals. In this
section, the basic analysis method is used to reveal the
complex dynamic regulation of memristive HNN,
including amplitude control and offset boosting.

4.1 Amplitude control

In the HNN, the nonlinear term is provided by the
hyperbolic tangent function. When considering the
amplitude control of the signal, we need to satisfy the
term balance in the system, and then take the
transformation (x,y, z,u) — (x,y,%,u), obtain to,

@ Springer
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X = —x + atanh(x) — tanh(y) 4 0.45 tanh (£>7
m

¥ = —y + 3.2tanh(x) + 1.5 tanh(y) 4+ 0.97 tanh(i),
m
7= —z— 12m(2|u| — 1) tanh(x),
i = —u + ctanh(u) + 1.5 tanh(x).
(8)

Since the hyperbolic tangent function can be
approximately equivalent to the sign function, we
replace the tanh(%) term in the first two dimensions
with tanh(z), and reassign the memristor synapse
weight as m. Then the system becomes:

X = —x + atanh(x) — tanh(y) 4 0.45 tanh(z),
¥ = —y + 3.2tanh(x) + 1.5 tanh(y) 4 0.97 tanh(z),
Z = —z —m(2|u| — 1) tanh(x),
i = —u + ctanh(u) + 1.5 tanh(x).
9)
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Fig. 5 Multistability
behaviors of Eq. (4) with
a=1.8,and c = 1.6:

a coexisting attractors in the
x-u plane, b coexisting
attractors in the y—z plane,

¢ basin of attraction in the
Xo—Up plane, cross section
Yo=20= 0, d basin of
attraction in the yo—z plane,
cross section xo = ug = 0.
IC1 =[0.2, 0, 0, 0] (dark
turquoise), IC2 = [0.2, 0, O,
1] (dark blue), IC3 = [0.2, 0,
0, 2] (brown), IC4 = [— 0.2,
0,0, — 1] (red),
IC5=[-0.2,0,0, — 2]
(orange)

Fig. 6 Multistability
behaviors of Eq. (4) with
a=1.8,and c = 2:

a coexisting attractors on the
x-u plane, b basin of
attraction in the xo—u plane,
cross section yo = zo = 0.
IC1 =[0.1, 0, 0, 1] (dark
turquoise), IC2 = [— 0.1, 0,
0, 0] (brown), IC3 = [0.1, O,
0, 0] (blue),IC4 = [— 0.1,0,
0, — 1] (orange)

Fig. 7 Multistability
behaviors of Eq. (4) with
a=2,and c = 1.7:

a coexisting attractors on the
x-u plane, b basin of
attraction in the xo-uq plane,
cross section yg = zg = 0.
IC1 =[- 0.1, 0, 0, 0] (dark
turquoise), IC2 = [— 0.1,
—1, 0, 0] (blue), IC3 = [0.1,
0, 0, 0] (orange), IC4 = [0.1,
1, 0, 0] (red)

(b)30
20
10

N 0

-10
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0
X

10

Fig. 8 Multistability behaviors of Eq. (4) with a = 2, and ¢ = 1.5: a coexisting attractors on the x-u plane, b basin of attraction in the
Zo-Ug plane, cross section xo = yg = 0. IC1 = [— 0.1, 0, 0, 0] (dark turquoise), IC2 = [— 0.1, 1, 0, 0] (blue), IC3 = [0.1, 0, 0, O] (orange)

Therefore, the memristor synaptic weight will
indirectly change the amplitude of the neural z. How-
ever, the parameter m is not a non-bifurcation
parameter due to the approximation used. When the
memristor synapse weight m changes, the amplitude of
the neural signal z will also change linearly, accom-
panied by a transition of the system dynamics.

To further explore the moderation effect of the
synaptic weight m on the neural signal z, the Lyapunov
exponent spectrum as m varies in the range [10, 50] is
presented in Fig. 9a. Given that the memristive HNN
exhibits coexisting chaotic and periodic attractors
when a = 1.8, and ¢ = 2, the amplitude and position of
these attractors in phase space are different. Even
though the initial values have been adjusted according
to the basin of attraction, the system switches between
periodic and chaotic oscillations when the amplitude
parameter varies under a specified initial condition.
The mean value of the neural signal z as a function of
synaptic weight m is depicted in Fig. 9b. The
figure reveals that the linear increase in the mean
value can be divided into two distinct zones: a growth

amplitude control of the symmetric pair of coexisting
chaotic attractors, and a growth process with a large
slope, which corresponds to the amplitude control of
the symmetric pair of coexisting periodic attractors.
The phase trajectories under different synapse weight
m are shown in Fig. 10.

4.2 Offset boosting

After a more intensive study, it was found that, the
amplitude of neural firing controlled by the memristor
synaptic weights varies with the internal parameter
c of the memristor. The phase trajectories in the x—z
plane under different parameters ¢ are shown in
Fig. 11, and a phenomenon similar to Fig. 10 is
observed, where the system also performs amplitude
control in the case of broken symmetry when the
parameters are varied.

After the simulation, it is found that the memristor
HNN can hardly maintain a complete symmetric
chaotic state as shown in Fig. 2, and the complete
attractor breaks into two unipolar attractors in the
u direction when the control parameter is slightly

process with a small slope, which corresponds to the
Fig. 9 Dynamic behaviors (a) 0.2

of Eq. (9) with a = 1.8, and

¢ = 2: a Lyapunov

exponents, b Average value 0
of the signal z(t)

10 20 30
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(b) ——1C =0, 0, 0.011m, 0]
IC = [0, 0, -0.011, 0]
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Fig. 10 Rescaled phase 20 —
trajectories of Eq. (9) with (a) m =30 (b) 20 m =30
a = 1.8, and ¢ = 2 under 10 —m=20 —m=20
different parameters of m: a, —m=10 10
c¢IC1 =10, 0,0.01 m, 0], b,
dIC2 = [0, 0, — 0.01 m, 0] a9 K
0
-10
-10
-20
-20
-1 0 1 -1 0 1
X X
' m=48((d) 50 m =48
(©roo —m=34( ) —m=34
—m=16 : —m=16
N o N
-50
0
-100
-1 -0.5 0 0.5 1 -0.5 0 0.5 1
X X
Fig. 11 Rescaled phase (a) 60
trajectories of Eq. (4) with
a = 1.8 under different 40
parameter c¢: aIC1 = [0.1, 0, 20
0,0],bIC2 =[- 0.1, 0,0,
0l N 0
-20
-40
-60

perturbed. In the case of broken symmetry, the
variable u is unipolar, where tanh(u) is approximately
equal to 1 or — 1. Therefore, in this case, we can take
the parameter c¢ as the offset constant of the internal
variable u of the memristor, as discussed in detail in
the following.

When the variable u is in the positive range, then
|u| = u, taking u — v’ — d(d > 0), the memristor can
be simplified to,

{1: (2u' — 2d — 1) tanh(x), (10)

W' = —u' 4 (c +d) + 1.5tanh(x).

When the variable u is in the negative range, then
|u| = —u, such that u — v’ + d(d > 0), the memristor
can be simplified to,

{I = (—2u' — 2d — 1) tanh(x), (11)

W = —u' — (c +d)+ 1.5tanh(x).
Combining the above two cases, when broken
symmetry occurs, and the corresponding attractors are

shifted by d units in their respective directions, then
the memristor can be described as:

@ Springer
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{1 = (2fu| = 2d — 1) tanh(x), (12)

= —u+ (c+d)tanh(u) + 1.5 tanh(x).

In fact, varying the parameter c essentially shifts the
unstable equilibrium of the memristor [25, 26]. Offset
boosting can be obtained from the dimension of
u based on the parameter c. In terms of the phase
trajectory, the parameter ¢ primarily affects the
position of the attractor when symmetry is broken.

As demonstrated in the previous section, changes in
the memristive synapse can adjust the amplitude of
neuron z, while variations in the memconductance also
indirectly affect the memristor synapse. Consequently,
the internal parameter ¢ of the memristor can influence
both the amplitude of neuron z and cause an offset
boosting in the variable u. The Lyapunov exponent
spectrum of the parameter ¢ varying in [1, 10] is shown
in Fig. 12a, when the parameter ¢ is too small, the
broken symmetry of the attractor does not trigger the
generation of a unipolar signal, indicating that the
parameter c essentially acts as a bifurcation parameter
within this limited range. However, as the parameter
¢ gradually increases, the broken symmetry leads to
the generation of a unipolar signal, transforming
parameter ¢ into a parameter where both amplitude
control and offset control coexist. The corresponding
mean value of all neurons under different values of
parameter ¢ are shown in Fig. 12b, where it can be
observed that the average values of neuron z and the
variable u increase in with different slopes.

Figure 13 illustrates how the parameter c affects the
offset of the variable u. Due to the existence of
symmetric multistability, there are four coexisting
attractors for a fixed parameter c. For the robustness of
the control, the corresponding initial values need to be
changed according to the parameter c. This adjustment

allows each class of attractors to boost in their
respective directions based on different initial values.

5 Hardware experiments

The use of hardware circuits to implement the
memristive HNN model can facilitate the design of
neural networks more effectively. In this section, a
circuit experiment implementing the memristive HNN
model is used to verify the above theoretical results.
For the proposed memristor HNN model, the nonlin-
earity provided by the hyperbolic tangent function is
the main driver of chaos generation and is also the core
module of the circuit implementation. This function is
realized using 2 operational amplifiers, 4 transistors,
and 11 resistors. Based on the hyperbolic tangent
function module, a PCB board was constructed to
implement the memristive HNN, which contains
resistors, capacitors, operational amplifiers (type
LM741CN), triode (type MPS2222), a four-quadrant
analog multiplier (type AD633JN), and the circuit is
supplied with £ 15 V. The analog circuit design for
Eq. (4) is shown in Fig. 14, for the corresponding
circuit equations:

duc 1 1 1 1
C dtl = 71?4146' +R—1tanh(ua ) 7R—2tanh(uc2) +R—3tanh(ug3),
duc, 1 1 1 1
CZTZ _ITguCZ +R—6tanh(uc, ) +R—5tanh(ucz) +R—7tanh(ucx),

duc 1 1
Ci—=2=——uc, ——i.
Tt Rio @ Ry

(13)

The equivalent circuit equations of the proposed
memristor are:

Fig. 12 Dynamic 40 . 7
behaviors of Eq. (4) with (a) Yo (b) mean(x) o
a = 1.8 under initial PRI VAR N, 30| mean(y) e
condition IC = [0.1,0, 0, 0]: 20 mean(z) |~
a Inneural Lyapunov " c mean(u) L
exponents, b Average value U_IJ 3 10 A F}
of the signals -0.5 = ] \' 1 ‘
—LE1 0
LE2 10 \\ {
P —LE3 ~
2 4 6 8 10 2 4 6 8 10
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Fig. 13 Offset boosting of 0 _
Eq. (4) with @ = 1.8 under (@) (b)z EH c=2
the parameter c: -2

alCl =[0.1,0,0, — c], 4

bIC2 = [- 0.5,0,0, — cl, -4 5 W =3
cIC3=[-0.1,0,0, c], g
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Fig. 14 The circuit schematic of the memristive HNN
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R R
i=W(u)tanh(x) = ( == |uc,| — ==V, | tanh(uc, ),
R Ra»
d 1 1
€y G uc, +—tanh(uc,) +—tanh(uc,)

(14)

In Eq. (14), is realized by a separate module. The
inner variable u represents the internal state of the
memristor, but in the simulation, it also corresponds to
the capacitor voltage. According to the synaptic
weight matrix of the memristive HNN given in
Eq. (3), the corresponding circuit element parameters
of Eq. (13) can be selected as C; = C, = C3 = 10 nF,
Ry =55kQ, R;=22kQ, Ry=R;=R;=Rs=
Rio = R17 = Ri3 =10 kQ, Rs = 6.5 kQ, R¢ = 3.5 Q,
Ry = 833Q. The corresponding equivalent circuit
parameters of the memristor in the orange dashed
box are: C4 =10 nF, Ry =2kQ, R;; =5kQ,
R13 :R15 :R16 =10 kQ, R14 =5 kQ, Vl =1V.
The corresponding equivalent circuit parameters of
the absolute value function in the blue dashed box
are:ng = ng = R20 = R21 = R22 =10 kQ, and the
corresponding circuit element parameters of the -Tanh
function can be fixed as: Ry3 = Ryg = R3g =

8a 10.0kBals
Curr Tkpts (b)

1] D
500 mv/oiv
153V

[2]
500 mvsow
182V

PressTo -
e %

Sa 5.00kB/s
Curr Tk

PP =260V Pro 1254 4ms
XY
Cn

ACQUIRE
Acouston

R31 = R3 =10kQ, Ry =520,
1 kQ, Ry7 = Ryg = 2 kQ,R33 = 9.8 kQ.

When the circuit elements are set to the above
parameters, we observe a typical chaotic attractor
similar to the numerical simulation on the digital
oscilloscope (SIGLENT SDS 1102X), as shown in
Fig. 15. By comparing Eq. (13) with Eq. (4), we know
that resistor Ro corresponds to the amplitude control
parameter m in the mathematical model. By adjusting
the resistor Ry, we can observe attractors at different
scales on the oscilloscope. Figure 16 shows the
amplitude control behaviors of z(t). Since the initial
values are not easily controllable in the hardware
circuit, the multistability behavior can only be
observed by multiple switches as well as by touching
the capacitor.

From the circuit, it can be seen that the resistor R;;
corresponds to the offset control parameter c, it also
brings the opportunity for amplitude control. The
rescaled phase orbits under different R, values with
different initial conditions are shown in Fig. 17. The
actual offset boosting behaviors of u(t) under different
Ry, are shown in Fig. 18. The PCB experimental
results are photographed from the oscilloscope shown

Rys = Ryg =

83 10.0kSa/s
Curr Tkpts

Pr-P 1288V
Normd  *

Sa 5.00kSa/s
Curr Tkpls

163V
r>§nn mvidiv
182V

PP =298V Pro =604 4ms
XY

[ & [ owmee. [ Memn [ R

Fig. 15 The experimental circuit the memristive chaotic HNN. a x—y plane. b x—z plane. ¢ y—z plane. d x-u plane
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£ MS00ms Delay 000,

50.0 mvidh
-804.00 mv

MTOms Delay 000us

Fig. 16 Amplitude control observed on the oscilloscope by adjusting Ry under different initial conditions. a, b Ry = 833 Q (yellow),

Ry =500 Q (red). ¢, d Ry = 200 Q (yellow), Ry = 615 Q (red)

BSa 10.0xkSa/s.
Curr Tkpts

Fig. 17 Amplitude control observed on the oscilloscope by adjusting R;; under different initial conditions. Ry; = 3.2 kQ (yellow),

Ri1 = 5 kQ (pink)

in Fig. 19. It should be noted that the resistance values
in the actual circuit are not exactly equal to the ideal
values because of the accuracy error between devices,
but all other parameters are kept consistent, so the
experimental measurement results basically reflect the
feasibility of the analog hardware circuit.

In real circuit implementation, components such as
resistors, capacitors exhibit non-ideal behaviors due to

external factors like manufacturing tolerances and
temperature variations. And also, parasitic capaci-
tance and parasitic inductance will affect the fre-
quency response and stability of the system, which are
usually simplified or ignored in numerical simulations.
In real circuits, some resistors need to be manually
adjusted to show predicted dynamics. When aiming to
large-scale neural networks, the distributed resistance
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Fig. 18 Offset boosting observed on the oscilloscope by adjusting R;; under different initial conditions. Ry; = 5 kQ (yellow),
Ry = 3.2 kQ (pink), Ry; = 1.89 kQ (green), Ry, = 1.43 kQ (purple)

6 Conclusion

A memristive HNN model with amplitude control and
offset boosting is designed and analyzed, showing the
complex brain-like dynamics. Various coexisting
attractors can also be triggered under different initial
conditions. The coupled weight of the memristor can
rescale the amplitude of the firing of one neuron while
keeping the other neuron unchanged. At the same
time, one of the coefficients of the introduced mem-
ristor can also give amplitude control of the neuron
firing leading to the offset boosting to the internal
variable of the memristor. When broken symmetry
occurs, multiple offset modes can be generated
depending on the choice of initial conditions. Finally,
a circuit experiment verifies the complex dynamics of
the proposed model, including amplitude control and
offset boosting. It shows that the non-bifurcation
regulation can provide robust control on neuron
dynamics without destroying other properties. More-
over, the concept of offset boosting has more possible
applications in engineering, such as signal processing
and metal electrolysis [51].

Fig. 19 The physical experimental setup

and the noise in circuit itself will significantly reduce
the flexibility, stability and controllability. In future
research we will focus on hybrid approaches, scala-
bility studies, and long-term stability to meet these
challenges.
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However, the model is primarily a theoretical one,
the practical neuromorphic meaning remains to be
demonstrated further. Additionally, we outlined poten-
tial applications of offset boosting in signal processing
and metal electrolysis, but it needs to be rigorously
tested in measurable real-world. Furthermore, the non-
bifurcation regulation approach offers advantages in
terms of stability and control. The stability and the
flexibility need to be noticed and studied. Future
studies are associated with the scalability of the model,
particularly its performance in larger networks and its
efficiency when deployed in physical neuromorphic
hardware. In conclusion, this model presents a novel
approach for controlling neural dynamics without
bifurcation, which needs further observations in other
practical real-world systems also.
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