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arry out eÆ
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e onthe ex-post variation of underlying equity pri
es in the presen
e of simple models of marketfri
tions. The weights 
an be 
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hieve the best possible rate of 
onvergen
e and tohave an asymptoti
 varian
e whi
h is 
lose to that of the maximum likelihood estimator in theparametri
 version of this problem. Realised kernels 
an also be sele
ted to (i) be analysedusing endogenously spa
ed data su
h as that in databases on transa
tions, (ii) allow for marketfri
tions whi
h are endogenous, (iii) allow for temporally dependent noise. The �nite sampleperforman
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1 Introdu
tionIn the last six years the harnessing of high frequen
y �nan
ial data has lead to substantial improve-ments in our understanding of �nan
ial volatility. The idea behind this is to use quadrati
 variationas a measure of the ex-post variation of asset pri
es. Estimators of in
rements of this quantity 
anallow us, for example, to improve fore
asts of future volatility and estimate parametri
 models oftime varying volatility. The most 
ommonly used estimator of this type is the realised varian
e(e.g. Andersen, Bollerslev, Diebold, and Labys (2001), Meddahi (2002) and Barndor�-Nielsen andShephard (2002)), whi
h the re
ent e
onometri
 literature has shown has good properties whenapplied to 10 to 30 minute return data for frequently traded assets.A weakness with realised varian
e is that it 
an be una

eptably sensitive to market fri
tionswhen applied to returns re
orded over shorter time intervals su
h as 1 minute, or even more am-bitiously, 1 se
ond (e.g. Zhou (1996), Fang (1996) and Andersen, Bollerslev, Diebold, and Labys(2000)). In this paper we study the 
lass of realised kernel estimators of quadrati
 variation. Weshow how to design these estimators to be robust to 
ertain types of fri
tions and to be eÆ
ient.The problem of estimating the quadrati
 variation is, in some ways, similar to the estimation ofthe long-run varian
e in stationary time series. For example, the realized varian
e is analogous to thesum-of-squares varian
e estimator. The moving average �lter of Andersen, Bollerslev, Diebold, andEbens (2001) and Hansen, Large, and Lunde (2006) and the autoregressive �lter of Bollen and Inder(2002), are estimators that use pre-whitening te
hniques | see also Bandi and Russell (2005a). A��t-Sahalia, Mykland, and Zhang (2005) and Oomen (2005) propose parametri
 estimators. The twos
ale estimator of Zhang, Mykland, and A��t-Sahalia (2005) was the �rst 
onsistent nonparametri
estimator for sto
hasti
 volatility plus noise pro
esses. It is related to the earlier work of Zhou(1996) on s
aled Brownian motion plus noise. The multis
ale estimator of Zhang (2006) is moreeÆ
ient than the two s
ale estimator. An alternative is due to Large (2005), whose alternationestimator applies when pri
es move by a sequen
e of single ti
ks. Finally, Delattre and Ja
od (1997)studied the e�e
t of rounding on realised varian
es.More formally, our interest will be in inferen
e for the ex-post variation of log-pri
es over somearbitrary �xed time period, su
h as a day, using estimators of realised kernel type. In order tofo
us on the 
ore issue we represent this period as the single interval [0; t℄. For a 
ontinuous timelog-pri
e pro
ess X and time gap Æ > 0 our 
at-top realised kernels take on the following formK(XÆ) = 
0(XÆ) + HXh=1 k�h� 1H ��
h(XÆ) + 
�h(XÆ)	 :Here the non-sto
hasti
 k(x) for x 2 [0; 1℄ is a weight fun
tion and the h-th realised auto
ovarian
eis 
h(XÆ) = nXj=1 �XÆj �XÆ(j�1)� �XÆ(j�h) �XÆ(j�h�1)� ;2



with h = �H; :::;�1; 0; 1; :::;H and n = bt=Æ
. We will think of Æ as being small and so XÆj �XÆ(j�1) represents the j-th high frequen
y return, while 
0(XÆ) is the realised varian
e of X. HereK(XÆ)� 
0(XÆ) is the realised kernel 
orre
tion to realised varian
e for market fri
tions.We show that if k(0) = 1, k(1) = 0 andH = 
0n2=3 then the resulting estimator is asymptoti
allymixed Gaussian, 
onverging at rate n1=6. Here 
0 is a estimable 
onstant whi
h 
an be optimally
hosen as a fun
tion of k, the varian
e of the noise and a fun
tion of the volatility path, to minimisethe asymptoti
 varian
e of the estimator. The spe
ial 
ase of a so-
alled 
at-top Bartlett kernel,where k(x) = 1� x, is parti
ularly interesting as its asymptoti
 distribution is the same as that ofthe two s
ale estimator.When we additionally require that k0(0) = 0 and k0(1) = 0 then by taking H = 
0n1=2 theresulting estimator is asymptoti
ally mixed Gaussian, 
onverging at rate n1=4, whi
h we know isthe fastest possible rate. When k(x) = 1 � 3x2 + 2x3 this estimator has the same asymptoti
distribution as the multis
ale estimator.We use our novel realised kernel framework to make three innovations to the literature: (i) wedesign a kernel to have an asymptoti
 varian
e whi
h is smaller than the multis
ale estimator, (ii)we designK(XÆ) for data with endogenously spa
ed data, su
h as that in databases on transa
tions(see Renault and Werker (2005) for the importan
e of this), (iii) we 
over the 
ase where the marketfri
tions are endogenous. All of these results are new and the last two of them are essential from apra
ti
al perspe
tive.Clearly these realised kernels are related to so-
alled HAC estimators dis
ussed by, for example,Gallant (1987), Newey and West (1987), and Andrews (1991). The 
at-top of the kernel, where aunit weight is imposed on the �rst auto
ovarian
e, is related to the 
at-top literature initiated byPolitis and Romano (1995) and Politis (2005). However, the realised kernels are not s
aled by thesample size, whi
h has a great number of te
hni
al impli
ations and makes their analysis subtle.The e
onometri
 literature on realised kernels was started by Zhou (1996) who proposed K(XÆ)with H = 1. This suÆ
es for eliminating the bias 
aused by fri
tions under a simple model forfri
tions where the population values of higher-order auto
ovarian
es of the market fri
tions arezero. However, the estimator is in
onsistent. Hansen and Lunde (2006) use realised kernel typeestimators, with k(x) = 1 for general H to 
hara
terize the se
ond order properties of marketmi
rostru
ture noise. Again these are in
onsistent estimators. Some analysis of the �nite sampleperforman
e of a type of in
onsistent realised kernel is provided by Bandi and Russell (2006), whofo
us on the sele
tion of H in the 
ase where k(x) = 1� x, the Bartlett kernel.In Se
tion 2 we detail our notation and assumptions about the eÆ
ient pri
e pro
ess, marketfri
tions and realised kernels. In Se
tion 3 we give a 
entral limit theory for 
h(XÆ). Se
tion 4 thenlooks at the 
orresponding properties of realised kernels. Here we also analyse the realised kernelswith an asymptoti
 s
heme that takes the level of market fri
tions lo
al to zero. In Se
tion 5 we3



study the e�e
t irregularly spa
ed data has on our theory and extend the analysis of realised kernelsto the 
ase with jumps and the 
ase where the noise is temporally dependent and endogenous.Se
tion 6 performs a Monte Carlo experiment to assess the a

ura
y of our feasible 
entral limittheory. In Se
tion 7 we apply the theory to some data taken from the New York sto
k ex
hangeand in Se
tion 8 we draw 
on
lusions. Some intermediate results on stable 
onvergen
e is presentedin Appendix A and a lengthy Appendix B details the proofs of the results given in the paper.2 Notation, de�nitions and ba
kground2.1 Semimartingales and quadrati
 variationThe fundamental theory of asset pri
es says that the log-pri
e at time t, Yt, must, in a fri
tionlessarbitrage free market, obey a semimartingale pro
ess (written Y 2 SM) on some �ltered probabilityspa
e �
;F ; (Ft)t�T � ; P�, where T � � 0. Introdu
tions to the e
onomi
s and mathemati
s ofsemimartingales are given in Ba
k (1991) and Protter (2004). It is unusual to start the 
lo
k of asemimartingale before time 0, but this raises no te
hni
al diÆ
ulty and eases the exposition. Wethink of 0 as the start of an e
onomi
 day and sometimes it is useful to use data from the previousday. Alternatively we 
ould de�ne 
h(XÆ) as using data from time 0 to t by 
hanging the range ofthe summation to j = H+1 and n�H and then s
aling the resulting estimator. All the theoreti
alproperties we dis
uss in this paper would then follow in the same way as here.Cru
ial to semimartingales, and to the e
onomi
s of �nan
ial risk, is the quadrati
 variation(QV) pro
ess of Y 2 SM. This 
an be de�ned as[Y ℄t = plimn!1 tj�tXj=1 �Ytj � Ytj�1�2 ; (1)(e.g. Protter (2004, p. 66{77) and Ja
od and Shiryaev (2003, p. 51)) for any sequen
e of deter-ministi
 partitions 0 = t0 < t1 < ::: < tn = T with supjftj+1 � tjg ! 0 for n! 1. Dis
ussion ofthe 
ase of sto
hasti
 spa
ing ftjg will be given in Se
tion 5.3.The most familiar semimartingales are of Brownian semimartingale type (Y 2 BSM)Yt = Z t0 audu+ Z t0 �udWu; (2)where a is a predi
table lo
ally bounded drift, � is a 
�adl�ag volatility pro
ess and W is a Brownianmotion. This rules out jumps in Y , an issue addressed in Se
tion 5.6. For reviews of the e
onomet-ri
s of Y 2 BSM see, for example, Ghysels, Harvey, and Renault (1996) and Shephard (2005). IfY 2 BSM then[Y ℄t = Z t0 �2udu:In some of our asymptoti
 theory we also assume, for simpli
ity of exposition, that�t = �0 + Z t0 a#u du+ Z t0 �#u dWu + Z t0 v#u dVu; (3)4



where a#, �# and v# are adapted 
�adl�ag pro
esses, with a# also being predi
table and lo
allybounded and V is Brownian motion independent ofW:Moreover, �2 is assumed to be (a.s.) pathwisepositive on every 
ompa
t interval. Mu
h of what we do here 
an be extended to allow for jumpsin �, following the details dis
ussed in Barndor�-Nielsen, Graversen, Ja
od, and Shephard (2006),but we will not address that here.2.2 Assumptions about noiseWe write the e�e
ts of market fri
tions as U , so that we observe the pro
essX = Y + U; (4)and think of Y 2 BSM as the eÆ
ient pri
e. Our s
ienti�
 interest will be in estimating [Y ℄t. Inthe main part of our work we will assume that Y ?? U where, in general, A ??B denotes that A andB are independent. From a market mi
rostru
ture theory viewpoint this is a strong assumptionas one may expe
t U to be 
orrelated with in
rements in Y; (see e.g. Kalnina and Linton (2006)).However, the empiri
al work of Hansen and Lunde (2006) suggests this independen
e assumptionis not too damaging statisti
ally when we analyse data in thi
kly traded sto
ks re
orded everyminute. In Se
tion 5.5 we will show realised kernels are 
onsistent when this assumption is relaxed.Furthermore we mostly work under a white noise assumption about the U pro
ess (U 2 WN )whi
h we assume hasE(Ut) = 0; Var(Ut) = !2; Var(U2t ) = �2!4; Ut ?? Usfor any t; s; � 2R+ . This white noise assumption is unsatisfa
tory from a number of viewpoints(e.g. Phillips and Yu (2006) and Kalnina and Linton (2006)) but is a useful starting point if wethink of the market fri
tions as operating in ti
k time (e.g. Bandi and Russell (2005b), Zhang,Mykland, and A��t-Sahalia (2005) and Hansen and Lunde (2006)). A feature of U 2 WN is that[U ℄t = 1. Thus U =2 SM and so in a fri
tionless market would allow arbitrage opportunities.Hen
e it only makes sense to add pro
esses of this type when there are fri
tions to be modelled. InSe
tion 5.4 we will show our kernel 
an be made to be 
onsistent when the when the white noiseassumption is dropped. This type of property has been a
hieved earlier by the two s
ale estimatorof A��t-Sahalia, Mykland, and Zhang (2006). Further, Se
tion 4.7 provides a small-!2 asymptoti
analysis whi
h provides an alternative prospe
tive on the properties of realised kernels.2.3 De�ning the realised auto
ovariation pro
essWe measure returns over time spans of length Æ. De�ne, for any pro
esses X and Z,
h(ZÆ;XÆ) = nXj=1 �ZjÆ � Z(j�1)Æ� �X(j�h)Æ �X(j�h�1)Æ� ; h = �H; :::;�1; 0; 1; 2; :::;H:5



We 
all 
h(XÆ) = 
h(XÆ ;XÆ) the realised auto
ovariation pro
ess, while noting that
h(XÆ) = 
h(YÆ) + 
h(YÆ; UÆ) + 
h(UÆ ; YÆ) + 
h(UÆ): (5)The daily in
rements of the realised QV, 
0(XÆ); are 
alled realised varian
es, their squareroot the realised volatility. Realised volatility has a very long history. It appears in, for example,Rosenberg (1972), Merton (1980) and Fren
h, S
hwert, and Stambaugh (1987), with Merton (1980)making the impli
it 
onne
tion with the 
ase where Æ # 0 in the pure s
aled Brownian motion plusdrift 
ase. For more general pro
esses a 
loser 
onne
tion between realised QV and QV, and its usefor e
onometri
 purposes, was made in Andersen, Bollerslev, Diebold, and Labys (2001), Comteand Renault (1998) and Barndor�-Nielsen and Shephard (2002).2.4 De�ning the realised kernelWe study the realised kernelK(XÆ) = 
0(XÆ) + HXh=1 k�h� 1H ��
h(XÆ) + 
�h(XÆ)	 ; (6)when k(0) = 1 and k(1) = 0, noting that K(XÆ) = K(YÆ) + K(YÆ; UÆ) + K(UÆ; YÆ) + K(UÆ):Throughout we will write \|" to denote a transpose,
(XÆ) = �
0(XÆ); 
1(XÆ) + 
�1(XÆ); :::; 
H(XÆ) + 
�H(XÆ)	| ;
(YÆ; UÆ) = �
0(YÆ; UÆ); 
1(YÆ; UÆ) + 
�1(YÆ; UÆ); :::; 
H(YÆ; UÆ) + 
�H(YÆ; UÆ)�| :2.5 Maximum likelihood estimator of QVIn order to put non-parametri
 results in 
ontext, it is helpful to have a parametri
 ben
hmark.In this subse
tion we re
all the behaviour of the maximum likelihood (ML) estimator of �2 = [Y ℄1when Yt = �Wt and where the noise is Gaussian. All the results we state here are already known.Given Y ?? U and taking t = 1 it follows that0BBB� X1=n �X0X2=n �X1=n...X1 �X(n�1)=n 1CCCA � N 8>>><>>>:0BBB� 00...0 1CCCA ; �2n I +0BBB� 2!2 � � ��!2 2!2 � �0 �!2 2!2 �... . . . . . . . . . 1CCCA9>>>=>>>; :Let �̂2ML and !̂2ML denote the ML estimators. Their asymptoti
 properties are given from 
lassi
alresults about the MA(1) pro
ess. By adopting the expression given in A��t-Sahalia, Mykland, andZhang (2005, Proposition 1) to our notation, we have that for !2 > 0( n1=4 ��̂2ML � �2�n1=2 �!̂2ML � !2� ) L! N �0;� 8!�3 00 2!4 �� : (7)6



The slow rate of 
onvergen
e of �̂2ML is a familiar result from the work of, for example, Stein (1987)and Gloter and Ja
od (2001a, 2001b).Interestingly, A��t-Sahalia, Mykland, and Zhang (2005) have shown that the asymptoti
 distribu-tion of �̂2ML does not depend on the a
tual distribution of U: Hen
e, if U is non-Gaussian distributed(making �̂2ML a quasi maximum likelihood estimator) we 
ontinue to have n1=4 ��̂2ML � �2� L!N(0; 8!�3): So n1=4 is the fastest possible rate of 
onvergen
e unless additional assumptions aremade about the distribution of U: For example, if U is assumed to have a two point distributionit is then possible to re
over the 
onvergen
e rate of n1=2 by 
arrying out ML estimation on thisalternative parametri
 model.The spe
ial 
ase where there is no market mi
rostru
ture noise, (i.e. the true value of !2 = 0)results in faster rates of 
onvergen
e for �̂2ML, sin
e n1=2 ��̂2ML � �2� L! N �0; 6�4� :When !2 is alsoknown a priori to be zero, and so is not estimated, thenn1=2 ��̂2ML � �2� L! N �0; 2�4� : (8)2.6 Notation and jitteringTo simplify the exposition of some results we rede�ne the pri
e measurements at the two end-points,X0 and Xt; to be an average of m distin
t observations in the intervals (�Æ; Æ) and (t � Æ; t + Æ);respe
tively. This jittering 
an be used to eliminate end-e�e
ts that would otherwise appear inthe asymptoti
 varian
e of K(UÆ); in some 
ases. The jittering does not a�e
t 
onsisten
y, rate of
onvergen
e, or the asymptoti
 results 
on
erning K(YÆ) and K(YÆ; UÆ):In the following we 
onsider kernel weight fun
tions, k(x); that are two times 
ontinuouslydi�erentiable on [0; 1℄; and de�nek0;0� = Z 10 k(x)2dx; k1;1� = Z 10 k0(x)2dx; k2;2� = Z 10 k00(x)2dx; (9)where we, as usual, write derivatives using primes. The kernels for whi
h k0(0)2 + k0(1)2 = 0 areparti
ularly interesting in this 
ontext, and we shall refer to this 
lass of kernel as smooth kernels.3 Central limit theory for 
(XÆ)Readers uninterested in the ba
kground theory of realised kernels 
an skip this se
tion and goimmediately to Se
tion 4.3.1 Ba
kground resultHere we will study the large sample behaviour of the 
ontributions to 
(XÆ). These results will beused in the proofs of the next Se
tion's results on the properties of K(XÆ) and so to sele
t k toprodu
e good estimators of [Y ℄: Throughout this paper LY! will denote 
onvergen
e in law stablywith respe
t to the �-�eld, �(Y ); generated by the pro
ess Y:7



Theorem 1 Suppose that Y 2 BSM with � of the form (3) and that U 2 WN with U??Y . Let�Æ;H = �
0 (YÆ)� Z t0 �2udu; 
1 (YÆ) + 
�1 (YÆ) ; : : : ; 
H (YÆ) + 
�H (YÆ)�> :As n!1, the random variatesÆ�1=2�Æ;H ; 
 (YÆ; UÆ) + 
 (UÆ; YÆ) ; Æ1=2 f
 (UÆ)�E
 (UÆ)g
onverge jointly in law and � (Y )-stably. The limiting laws are as follows:�Æ;H LY! MN �0; 2Z t0 �4udu�A� ; A = diag (1; 2; : : : ; 2) ;where MN denotes a mixed normal distribution; 
(YÆ; UÆ) + 
(UÆ ; YÆ) LY! MN �0; 8!2[Y ℄B�, whereB is a (H + 1)� (H + 1) symmetri
 matrix with blo
k stru
tureB = � B11 B12B21 B22 � ; B11 = � 1 ��1 2 � ; B21 = 0BBB� 0 �10 0... ...0 0 1CCCA ; B22 = 0BBB� 2 � � ��1 2 � �. . . . . . . . . �� � � 0 �1 2 1CCCAB12 = B|21; andE f
(UÆ)g = 2!2n (1;�1; 0; 0; :::; 0)| ; Cov f
(UÆ)g = 4!4 �nC +D +m�1E� ;where C; D; and E are symmetri
 (H + 1)� (H + 1) matri
es; C with the blo
k stru
ture:C11 = � 1 + �2 ��2� �2 5 + �2 � ; C21 = 0BB� 1 �40 10 00 0 1CCA ; C22 = 0BBB� 6 � � ��4 6 � �1 �4 6 �0 . . . . . . . . . 1CCCA ;where C12 = C|21;D = 0BBBBBBB� ��2 � 2 � � � � ��2 + 4 ��2 � 212 � � � ��42 9 �15 � � �0 �52 11 �18 � �... . . . . . . . . . . . . ...0 0 0 �H+22 2H + 5 �3(H + 3)
1CCCCCCCA ;

and E with the blo
k stru
ture: E12 = E|21;E11 = 0B� �22 +(m�1)m2 + 2 �� �22 +(m�1)m2 � 3 �22 +(m�1)m2 + 7 1CA ; E21 = 0BBB� 1 �50 10 0... ... 1CCCA ; E22 = 0BBBBB� 8 � � � � ��5 8 � . . .0 �5 8 . . .... . . . . . . . . .
1CCCCCA :Finally, n�1=2 f
(UÆ)� E
(UÆ)g L! N(0; 4!4C): 8



Using 
h(UÆ) + 
�h(UÆ) in the 
onstru
tion of our realised kernels, rather than 2
h(UÆ); say,is essential for obtaining a 
onsistent estimator. The explanation is simple. Part of the realisedvarian
e, 
0(UÆ); is given by U20 + 2Pn�1j=1 U2Æj + U2t , and the 
orresponding terms in 
1(UÆ) and
�1(UÆ) are given by U20 +Pn�1j=1 U2Æj andPn�1j=1 U2Æj+U2t , respe
tively. So both 
1(UÆ) and 
�1(UÆ)are needed in order to eliminate the two end-terms, U20 and U2t ; be
ause these terms do not appearin 
h(UÆ) for jhj � 2:3.2 Comments3.2.1 Stable 
onvergen
eThe 
on
ept and role of stable 
onvergen
e may be unfamiliar to some readers and we thereforeadd some words of explanation. The formal de�nition of stable 
onvergen
e (given in the appendix)
on
eals a key property of stable 
onvergen
e, whi
h is a useful joint 
onvergen
e. Let Yn denote arandom variate on (
;F ; P ) ; and let G be a sub-�-�eld of F : Yn 
onverges G-stably in law to Y;written Yn LG! Y; if and only if (Yn; Z) L! (Y; Z) for all G-measurable Z random variables Z andsome random variate Y: When G = �(X) we will write LX! in pla
e of LG! :Consider the following simple example whereYn = Æ�1=2 �
0(YÆ)� R t0 �2udu� LY! MN (0; 2Z) and Z = R t0 �4udu; (10)Our fo
us is on Yn=pZ and if Z is G-measurable then 
onvergen
e G-stably in law implies thatÆ�1=2 �
0(YÆ)� R t0 �2udu� =qR t0 �4udu L! N(0; 2); (11)a result that 
annot be dedu
ed from the 
onvergen
e in law to a mixed Gaussian variable in (10)without stable 
onvergen
e.3.2.2 Related resultsThe asymptoti
 distribution (10) appears in Ja
od (1994), Ja
od and Protter (1998) and Barndor�-Nielsen and Shephard (2002). This estimator has the eÆ
ien
y of the ML estimator (8) in the pureBrownian motion 
ase. The extension of the limiting results to deal with more general realisedauto
ovarian
es is new. The �rst part of Theorem 1 implies that the simple kernelÆ�1=2 �
0(YÆ) + 
1(YÆ) + 
�1(YÆ)� [Y ℄t� LY! MN �0; 6 R t0 �4udu� ;in the no-noise 
ase. This in
reases the asymptoti
 varian
e by a fa
tor of three relative to that in(10). So in the absen
e of noise there will be no gains from realised kernels.The main impa
t of the noise is through the 
(UÆ) term. The mean and varian
e of 
0(UÆ)was studied by, for example, Fang (1996), Bandi and Russell (2005b) and Zhang, Mykland, andA��t-Sahalia (2005). Note that both the mean and varian
e of 
0(UÆ) explode as n ! 1. Of9




ourse these features are passed onto 
0(XÆ) making it in
onsistent, thus motivating this literature.The bias of 
0(UÆ) is exa
tly balan
ed by that of 
1(UÆ) + 
�1(UÆ); so produ
ing the asymptot-i
ally unbiased but in
onsistent estimator 
0(XÆ) + 
1(XÆ) + 
�1(XÆ) with (e.g. Zhou (1996))E�
0(UÆ) + 
1(UÆ) + 
�1(UÆ)	 = 0 and Var�
0(UÆ) + 
1(UÆ) + 
�1(UÆ)	 = 4!4 (2n� 1:5) :The higher-order auto
ovarian
es, h � 2; are noisy estimates of zero as E�
h(UÆ) + 
�h(UÆ)	 =0 and Var �
h(UÆ) + 
�h(UÆ)	 _ n: Yet, in
luding them 
an redu
e the varian
e, and this isessential for obtaining a 
onsistent estimator. Thus the higher-order auto
ovarian
es play the role of
ontrol variables (e.g. Ripley (1987, p.118)). For example, one 
an show that Var fK(UÆ)g ' nH2 8!4when the Bartlett kernel is employed, and this shows that in
reasing H with n makes it possibleto redu
e the varian
e indu
ed by the noise.The stru
ture of the matri
es, A; B; C; D; and E; is key for the asymptoti
 properties of ourrealised kernel, and we have the following result.Theorem 2 Write w = �1; 1; k � 1H � ; :::; k �H�1H ��| : Then as H in
reases,w|Aw = 2Hk0;0� +O(1);w|Bw = H�1k1;1� +O(H�2);w|Cw = ( H�2 �k0(0)2 + k0(1)2	+O(H�3); if k0(0)2 + k0(1)2 6= 0;H�3k2;2� +O(H�4); if k0(0)2 + k0(1)2 = 0;w|Dw = �H�1 12k0(1)2 +O(H�2);w|Ew = H�1k1;1� +O(H�2):It may be interesting to note that the Bartlett kernel minimises, w|Bw; while the 
ubi
 kernelfun
tion, k(x) = 1� 3x2 + 2x3; minimises the asymptoti
 
ontribution from w|Cw:4 Behaviour of kernels4.1 Core resultIn this Se
tion we derive the asymptoti
 behaviour of arbitrary realised kernels. In Se
tion 4.3 wederive a way of 
hoosing the number of terms to use in the kernel, whi
h is indexed by !2 andR t0 �4udu. Subsequently we provide estimators of these quantities, implying the feasible asymptoti
distribution of the realised kernel 
an be applied in pra
ti
e to form 
on�den
e intervals for [Y ℄:Re
alling the de�nition of k0;0� ; k1;1� ; and k2;2� in (9) we haveTheorem 3 As n;H !1 and H=n! 0r nH �K(YÆ)� tR0�2udu� LY! MN �0; 4k0;0� t tR0�4udu� ;pH fK(YÆ; UÆ) +K(UÆ; YÆ)g LY! MN �0; k1;1� 8!2 tR0�2udu� ;10



rH2n fK(UÆ)g L! N �0; 4!4 �k0(0)2 + k0(1)2	� :When k0(0)2 + k0(1)2 = 0 the asymptoti
 varian
e of K(UÆ) is 4!4 � nH3 k2;2� + 1Hmk1;1� � ; andrH3n fK(UÆ)g L! N �0; 4!4k2;2� � ; if H2=(mn)! 0:It is useful to de�ne�2 = !2=qtR t0 �4udu and � = R t0 �2udu=qtR t0 �4udu;to be a noise-to-signal ratio and a measure of heteroskedasti
ity, respe
tively. Note that � = 1
orresponds to the 
ase with 
onstant volatility, and by Cau
hy-S
hwartz inequality we have � � 1:The large n and large H asymptoti
 varian
e of K(XÆ)� R t0 �2udu is4tZ t0 �4udu hHn k0;0� + 2k1;1�H ��2 + nnk0(0)2+k0(1)2H2 + k2;2�H3 o �4 + k1;1�Hm�4i : (12)If we now relate H to n; we see that k0(0)2+k0(1)2 = 0 is an important spe
ial 
ase. This is spelledout in the following Theorem.Theorem 4 When H = 
0n2=3 we haven1=6�K(XÆ)� tR0�2udu� LY! MN �0; 4t tR0�4udu �
0k0;0� + 
�20 �k0(0)2 + k0(1)2	 �4�� : (13)When k0(0)2 + k0(1)2 = 0; m!1; and H = 
0n1=2 we haven1=4�K(XÆ)� tR0�2udu� LY! MN �0; 4t tR0�4udu �
0k0;0� + 
�10 2k1;1� ��2 + 
�30 k2;2� �4�� : (14)The result (14) is interesting be
ause we have seen, in (7), that this is the best rate of 
onvergen
ethat 
an be a
hieved for this problem.The requirement that m ! 1 for the result (14) is due to end-e�e
ts. When m is �xedan additional term appears in the asymptoti
 varian
e. Its relative 
ontribution to the asymptoti
varian
e is proportional to �2=m: In our empiri
al analysis, we �nd �2 to be quite small, about 10�3;so the last term 
an reasonably be ignored even when m = 1: This argument will be spelled outin Se
tion 4.7 where we 
onsider a small-!2 asymptoti
 s
heme. Under the alternative asymptoti
experiment, this term vanishes at a suÆ
iently fast rate without the need for a jittering of theend-points.4.2 Spe
ial 
ases with n1=6When H = 
(�2n)2=3 we have the asymptoti
 distribution given in (13) by setting 
0 = 
�4=3: Forthis 
lass of kernels the value of 
 whi
h minimises the asymptoti
 varian
e in (13) is
� = �2�k0(0)2 + k0(1)2	 =k0;0� �1=3 ; 11



and the lower bound for the asymptoti
 varian
e is4
�!4=3 �t R t0 �4udu�2=3 �k0;0� + 
��3 �k0(0)2 + k0(1)2	� = 6
�k0;0� !4=3 �t R t0 �4udu�2=3 : (15)Hen
e 
�k0;0� 
ontrols the asymptoti
 eÆ
ien
y of estimators in this 
lass.Three 
at-top 
ases of this setup are analysed in Table 1. The 
at-top Bartlett kernel putsk(x) = 1 � x, Epane
hnikov kernel puts k(x) = 1 � x2, while the se
ond order kernel has k(x) =1� 2x+ x2. The Bartlett kernel has the same asymptoti
 distribution as the two s
ale estimator.It is more eÆ
ient than the Epane
hnikov kernel but less good than the se
ond order kernel.k(x) k0(0) k0(1) k0;0� k1;1� k2;2� 
� 
k0;0�Bartlett 1� x �1 �1 13 1 0 2:28 0:762nd order 1� 2x+ x2 �2 0 15 43 4 3:42 0:68Epane
hnikov 1� x2 0 �2 815 43 4 2:46 1:31Table 1: Properties of some n1=6 
at-top realised kernels. Bartlett kernel has the same asymptoti
distribution as the two s
ale estimator. In the last 
olumn, 
�k0;0� ; measures the relative asymptoti
eÆ
ien
y of the realised kernels in this 
lass.4.3 Spe
ial 
ases with n1=4When H = 
�pn and m!1 the asymptoti
 varian
e in (14) is proportional to4tR t0�4udu �
k0;0� � + 2
�1k1;1� �� + 
�3k2;2� �� = ! �tR t0�4udu� 34 4 �
k0;0� + 2
�1�k1;1� + 
�3k2;2� �| {z }g(
) :To determine the 
 that minimises the asymptoti
 varian
e we simply minimise g(
). Writing x = 
2the �rst order 
ondition is k0;0� x2 � 2�k1;1� x� 3k2;2� = 0: Taking the square root of the positive rootyields
� =r�k1;1�k0;0� n1 +p1 + 3d=�o; where d = k0;0� k2;2��k1;1� �2 :With the optimal value for 
 the asymptoti
 varian
e 
an be expressed as g�! �tR t0�4udu�3=4 whereg = g(
�) = 163 q�k0;0� k1;1� ( 1q1+p1+3d=� +q1 +p1 + 3d=�) :From the properties of the maximum likelihood estimator, (7), in the parametri
 version of theproblem, � = 1; we should expe
t that g � 8: It 
an be shown that g in
reases as � de
reases, so inthe heteroskedasti
 
ase, � < 1; we should expe
t g > 8:Eight 
at-top 
ases of this setup are analysed in Table 2, and four kernel fun
tions are plottedin Figure 1. The �rst is derived by thinking of a 
ubi
 kernel k(x) = 1 + a1x+ a2x2 + a3x3, where12



k(x) k0;0� k1;1� k2;2� 
� gCubi
 kernel 1� 3x2 + 2x3 0:371 1:20 12:0 3:68 9:045-th order kernel 1� 10x3 + 15x4 � 6x5 0:391 1:42 17:1 3:70 10:26-th order kernel 1� 15x4 + 24x5 � 10x6 0:471 1:55 22:8 3:97 12:17-th order kernel 1� 21x5 + 35x6 � 15x7 0:533 1:71 31:8 4:11 13:98-th order kernel 1� 28x6 + 48x7 � 21x8 0:582 1:87 43:8 4:31 15:7Parzen �1� 6x2 + 6x3 0 � x � 1=22(1 � x)3 1=2 � x � 1 0:269 1:50 24:0 4:77 8:54Tukey-Hanning1 sin2 f�=2 (1� x)g 0:375 1:23 12:1 3:70 9:18Tukey-Hanning2 sin2f�=2 (1� x)2g 0:219 1:71 41:7 5:74 8:29Tukey-Hanning5 sin2f�=2 (1� x)5g 0:097 3:50 489:0 8:07 8:07Tukey-Hanning16 sin2f�=2 (1� x)16g 0:032 10:26 14374:0 39:16 8:02Table 2: Properties of some n1=4 
at-top realised kernels. The 
ubi
 kernel has the same asymptoti
distribution as the multis
ale estimator. g is 
omputed for the 
ase � = 1 and measures the relativeasymptoti
 eÆ
ien
y of the realised kernels in this 
lass | 8 being the parametri
 eÆ
ien
y bound.a1; a2; a3 are 
onstants. We 
an 
hoose a1; a2; a3 by imposing the 
onditions k0(0)2 + k0(1)2 = 0;and that k(0) = 1 and k(1) = 0. The resulting 
ubi
 kernel has k(x) = 1 � 3x2 + 2x3, whi
h hassome of the features of 
ardinal 
ubi
 splines (e.g. Park and S
howengerdt (1983)) and quadrati
mother kernels (e.g. Phillips, Sun, and Jin (2003)). As stated earlier, the 
ubi
 kernel minimisesk2;2� within the 
lass of smooth kernels, thus in general we have k2;2� � 12: It is noteworthy that therealised kernel based on the 
ubi
 kernel has the same asymptoti
 distribution as the multis
aleestimator. Naturally, minimising k2;2� need not minimize g; and a well known kernel that has asmaller asymptoti
 varian
e is the 
at-top Parzen kernel, whi
h pla
esk(x) = � 1� 6x2 + 6x3 0 � x � 1=22(1� x)3 1=2 � x � 1:We also 
onsider 
at-top Tukey-Hanningp kernel, de�ned byk(x) = sin2 ��2 (1� x)p	 : (16)We 
all this the modi�ed Tukey-Hanning kernel be
ause the 
ase p = 1; sin2 f�=2 (1� x)g =f1 + 
os(�x)g =2; 
orresponds to the usual Tukey-Hanning kernel.Table 2 shows that the performan
e of the Tukey-Hanning1 kernel is almost identi
al to thatof the 
ubi
 kernel. The Parzen kernel outperforms the 
ubi
 kernel, but is not as good as themodi�ed Tukey-Hanning kernel, (16), when p � 2. While none of the standard kernels rea
h theparametri
 eÆ
ien
y bound, we see that the modi�ed Tukey-Hanning kernel approa
hes the lowerbound as we in
rease p: This kernel utilize more lags as p in
reases, and later we will relax therequirement that k(1) = 0 and 
onsider kernels that utilize all lags, su
h as the quadrati
 spe
tralkernel, see e.g. Andrews (1991). 13
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Figure 1: Kernel fun
tions, k(x=
�); s
aled by their respe
tive 
� to make them 
omparable.4.4 Finite sample behaviourIt is important to ask whether the approximation suggested by Theorem 3 and our spe
ial 
asesthereof provides a useful guide to �nite sample behaviour? Table 3 givesgn = Varnn1=4K(XÆ)o!�1 �tR t0�4udu��3=4 ;listed against n for the 
ase where � = 1: An empiri
ally realisti
 value for �2 is around 0.001for the types of data we study later in this paper. The Table also in
ludes results for an optimalsele
tion of k, 
omputed numeri
ally.1 This indi
ates that there does exist a realised kernel whi
h
an a
hieve the ML eÆ
ien
y bound of 8 in this 
ase. More generally the Table shows that theasymptoti
s provides a good approximation to the �nite sample 
ase, espe
ially when n is over1; 000 and when �2 is moderate to large. The Table also shows that even though the Bartlettkernel 
onverges at the slow n1=6 rate, it is only mildly ineÆ
ient even when n is 4; 000: When�2 is small the asymptoti
 expressions provide a poor approximation in all 
ases unless n is 4; 000or so.2 Of 
ourse, in that 
ase the realised kernels are quite pre
ise as the asymptoti
 varian
e isproportional to �: Relatively small values for �2 and n result in small values for H; and this explainsthat the asymptoti
 approximation is poor in this situation. The reason is that the asymptoti
approximations of Theorem 2, su
h as w|Bw ' H�1k1;1� ; are ina

urate when H is small. Soin our simulations and empiri
al analysis we 
ompute the varian
e of K(XÆ) using the matrix1The asymptoti
ally optimal kernel weights, than 
an be 
omputed numeri
ally, are given by w� = (v01; v02)0 wherev1 = (1; 1)0 and v2 = �(n�1A22 + 2�2�B22 + n�4C22)�1(2�2�B21 + n�4C21)v1: The matri
es A22; B22; C22; B21 andC21 are given in Theorem 12This result has subsequently been veri�ed by Bandi and Russell (2006) who analyse and 
ompare the �nite sampleproperties of several realised kernels. 14



�2 = 0:1 �2 = 0:01n Opt TH2 Par Cubi
 Bart Opt TH2 Par Cubi
 Bart256 8.52 9.11 9.39 9.60 10.7 9.63 10.6 10.8 10.7 10.61; 024 8.30 8.76 9.03 9.37 11.9 8.73 9.43 9.73 9.81 10.34; 096 8.19 8.58 8.85 9.26 13.9 8.34 8.86 9.13 9.40 10.916; 384 8.14 8.49 8.76 9.21 16.8 8.17 8.58 8.84 9.22 12.565; 536 8.12 8.45 8.71 9.19 20.6 8.08 8.44 8.70 9.13 14.81; 048; 576 8.10 8.41 8.68 9.17 31.9 8.02 8.33 8.59 9.07 22.21 8.29 8.54 9.04 1 8.29 8.54 9.04 1�2 = 0:001 �2 = 0:0001n Opt TH2 Par Cubi
 Bart Opt TH2 Par Cubi
 Bart256 15.1 15.4 16.2 16.1 16.9 38.7 38.8 38.8 38.8 38.81; 024 10.8 11.8 12.1 12.1 11.7 21.0 21.1 21.2 23.2 21.54; 096 9.22 10.0 10.3 10.4 10.5 13.2 14.0 15.0 14.9 14.016; 384 8.55 9.19 9.47 9.61 10.4 10.1 11.1 11.6 11.3 11.065; 536 8.26 8.73 9.00 9.31 11.3 8.93 9.69 10.0 10.0 10.21; 048; 576 8.06 8.40 8.66 9.10 15.8 8.20 8.64 8.90 9.25 11.91 8.29 8.54 9.04 1 8.29 8.54 9.04 1Table 3: Flat-top realised kernels. V ar �n1=4K(XÆ)	!�1 �tR t0�4udu��3=4 listed against n. Asymp-toti
 lower bound is 8. `Opt' refers to kernel weights that were sele
ted numeri
ally to minimise the�nite sample varian
e of a 
at-top realised kernel. `Cubi
' refers to k(x) = 1� 3x2 + 2x3: `TH2'denotes the modi�ed Tukey-Hanning with p = 2; see (16):expressions dire
tly, rather than the asymptoti
 expressions of Theorem 2. This greatly improvesthe �nite sample behaviour of 
on�den
e interval and related quantities that depend on an estimateof the asymptoti
 varian
e. Given the simple stru
ture of the matri
es this is not 
omputationallyburdensome even for large values of H:The rest of this Se
tion generalises the theory in various dire
tions, and 
an be skipped duringa �rst reading of the paper.4.5 Realised kernels with in�nite LagsIf we extend the kernel fun
tion beyond the unit interval, and set k(x) = 0 for x � 1; then therealised kernels 
an be expressed asK(XÆ) = 
0(XÆ) + n�1Xh=1 k �h�1H ��
h(XÆ) + 
�h(XÆ)	 ;as all auto
ovarian
e of orders higher than H are assigned zero weight. Here we 
onsider kernelsthat need not have k(x) = 0 for x > 1: Su
h kernels 
an potentially assign non-zero weight to allauto
ovarian
es. So we repla
e the requirement \k(x) = 0 for x > 1" with \k(x)! 0 as x!1 andk(x) is twi
e di�erentiable on [0;1)". An inspe
tion of our proofs reveals that su
h kernels 
an bea

ommodated by our results with minor modi�
ations. Not surprisingly, we still need k0(0) = 0 to15



a
hieve the fast rate of 
onvergen
e and need to rede�ne k0;0� ; k1;1� ; and k2;2� ; to represent integralsover the whole positive axis, e.g., k0;0� = R10 k(x)2dx:

-0.2

-0.1

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0 1 2 3 4 5 6

PSfrag repla
ements Tukey-Hanning1 Quadrati
 Spe
tra
Diri
hlet

Fej�er
Figure 2: Kernel fun
tions, k(x=
�); s
aled by their respe
tive 
� to make them 
omparable.Four kernels of this type are given in Table 4 and Figure 2. First the Tukey-Hanning1 kernelwhi
h is limit of (16) as p ! 1: This is the kernel that gets very 
lose to the parametri
 lowerbound. Se
ond, the quadrati
-spe
tral kernel. The last two kernels are related to the Fourier-based estimators that have been used in this literature, see Malliavin and Man
ino (2002). TheFourier estimator by Malliavin and Man
ino (2002) is 
losely related to the realised kernel usingthe Diri
hlet kernel weights,kN (z) = 12N + 1 sin((N+ 12 )z)sin( 12 z) ! k(x) = sin(x)x as N !1; x = (N + 1=2) z:Man
ino and Sanfeli
i (2007) introdu
e another variant of the Fourier estimator, whi
h also hasa realised kernel representation. The implied asymptoti
 weights for this estimator are given bythe Fej�er kernel: k(x) = sin2(x)=x2: A pra
ti
al drawba
k of these kernels, is that they require avery large number of out-of-period intraday returns. The reason is that the h-th auto
ovarian
eestimator need h intraday returns before time 0 and after time t: Be
ause the gains in pre
isionfrom these estimators is relative small we will not utilize these \in�nite-lag" estimators in oursimulations and empiri
al analysis.

16



k(x) k0;0� k1;1� k2;2� 
� gTukey-Hanning1 sin2 ��2 exp (�x)	 0:52 �216 �2(1+�2)32 2:3970 8:0124Quadrati
 Spe
tral 3x2 � sinxx � 
os x� 3�5 3�35 �35 0:7395 9:3766Diri
hlet1 sinxx �2 �6 �10 1:0847 11:662Fej�er � sin xx �2 �3 2�15 16�105 1:2797 8:8927Table 4: Properties of some n1=4 
at-top in�nite-lag realised kernels. g measures the relativeasymptoti
 eÆ
ien
y of the realised kernels in this 
lass | 8 being the parametri
 eÆ
ien
y bound.4.6 Non-
at-top kernelsThe 
at-top 
onstraint is imposed on these kernels to eliminate the bias 
aused by fri
tions. If weremove the 
at-top 
onstraint then the realised kernel be
omes�K(XÆ) = 
0(XÆ) + HXh=1 k � hH � �
h(XÆ) + 
�h(XÆ)	 ;where we assume k(0) = 1 and k(1) = 0. Now the bias in the Bartlett 
ase k(x) = 1 � x isO(n=H) = O(n1=3). In the 
ubi
 
ase it is O(n=H2) = O(1), whi
h is better but not satisfa
tory.To remove the 
at-top 
ondition we need a kernel whi
h is 
atter to a higher order near zero, sothe bias be
omes negligible. For this we add the additional 
onstraint that k00(0) = k00(1) = 0.Simple polynomials of this type, k(x) = 1+axj+ bxj+1+ 
xj+2; j = 3; 4; ::: yield 
 = � �j + j2� =2,b = 2j + j2, a = �1� 3j=2 � j2=2: Examples of this in
ludek(x) = 8>><>>: 1� 10x3 + 15x4 � 6x5; j = 31� 15x4 + 24x5 � 10x6; j = 41� 21x5 + 35x6 � 15x7; j = 51� 28x6 + 48x7 � 21x8; j = 6: (17)The bias of these estimators is O(n=Hj) = O(n�(j�2)=2) whi
h has no impa
t on its asymptoti
distribution when j � 3 and should be
ome more robust in �nite samples as j in
reases. We 
allthe j-th 
ase the j + 2-th order kernel. Table 2 shows that these estimators are less eÆ
ient thanthe realised kernels produ
ed by (16). Table 5 shows the 
orresponding �nite sample behaviour forthis realised kernel. In addition to the s
aled varian
e, we also report the s
aled squared biashn1=4En �K(XÆ)� R t0�2uduoi2! �R t0 �4udu�3=4 = 4n5=2�3�1� k� 1
�n1=2��2 :The Table shows the bias is small when �2 is large and so does not 
reate a distortion for theinferen
e pro
edure for this realised kernel. However, for small !2 the bias dramati
ally swampsthe varian
e and so inferen
e would be signi�
antly a�e
ted.17



�2 = 0:01 �2 = 0:001 �2 = 0:0001 �2 = 0:01 �2 = 0:001 �2 = 0:0001n Var Bias2 Var Bias2 Var Bias2 Var Bias2 Var Bias2 Var Bias25-th order kernel 6-th order kernel256 9.97 5.28 8.34 33.1 13.8 4.19 11.9 0.10 13.1 1.33 13.8 4.191; 024 10.1 3.47 9.74 45.4 10.7 33.5 12.0 0.02 12.3 1.22 13.1 15.84; 096 10.2 1.97 10.0 34.9 9.90 189 12.0 0.00 12.0 0.48 11.5 43.016; 384 10.2 1.05 10.1 31.0 9.88 461 12.1 0.00 12.0 0.11 12.1 10.465; 536 10.2 0.57 10.2 17.2 10.1 322 12.1 0.00 12.0 0.02 12.0 3.41262; 144 10.2 0.29 10.2 9.07 10.2 254 12.1 0.00 12.0 0.00 12.0 0.711 10.2 0.00 10.2 0.00 10.2 0.00 12.1 0.00 12.1 0.00 12.1 0.007-th order kernel 8-th order kernel256 13.6 0.00 14.7 0.27 13.8 4.19 15.0 0.00 15.9 0.05 13.8 4.191; 024 13.8 0.00 13.8 0.09 15.5 6.88 15.5 0.00 15.1 0.00 17.4 2.804; 096 13.9 0.00 13.7 0.01 12.7 8.80 15.6 0.00 15.3 0.00 13.8 1.6616; 384 13.9 0.00 13.8 0.00 13.7 0.55 15.7 0.00 15.6 0.00 15.1 0.0265; 536 13.9 0.00 13.9 0.00 13.7 0.05 15.7 0.00 15.6 0.00 15.6 0.00262; 144 13.9 0.00 13.9 0.00 13.9 0.00 15.7 0.00 15.7 0.00 15.6 0.001 13.9 0.00 13.9 0.00 13.9 0.00 15.7 0.00 15.7 0.00 15.7 0.00Table 5: Finite sample value of Varfn1=4K(XÆ)g!�1 �R t0 �4udu��3=4 listed against n and s
aledsquared bias for various order 
ases when � = 1. In the n = 256 
ase, when �2 is very small H issele
ted to be zero and so the realised kernel be
omes the RV.4.7 Small-!2 Asymptoti
 AnalysisGiven that !2 is estimated to be small relative to the integrated varian
e, R t0 �2udu; it be
omesinteresting to analyse the realised kernels with an asymptoti
 s
heme that takes !2 to be lo
al tozero. Spe
i�
ally, we 
onsider the situation where !2 = !20n�� for some 0 � � < 1,3 and de�ne�20 = !20=qtR t0�4udu.4 In this situation the asymptoti
 varian
e is4tZ t0 �4udu�Hn k0;0� + n�� 2�20�k1;1�H + n�2��40nk2;2�H3 + n�2� k1;1�Hm�40� ;when k0(0)2 + k0(1)2 = 0:To determine the optimal rate for H; we set H = 
0n
 and �nd the four terms of the varian
e tobe O(n
�1); O(n���
); O(n�2�+1�3
); and O(n�2��
m�1); respe
tively. The �rst three terms areall O(n� 1+�2 ) when 
� = (1� �)=2; whi
h is the optimal rate for H. With this rate for H the lastterm of the asymptoti
 varian
e is of order O(n� 1+�2 ��m�1); whi
h is lower than that of the otherterms, even if m is 
onstant: So jittering (m ! 1) is not needed under this form of asymptoti
s.3When � > 1 the asymptoti
 analysis is essentially the same as !2 = 0 { the 
ase without noise. Note that as� < 1 then [U ℄ =1 so U =2 SM.4A similiar lo
al to zero asymptoti
s was used by Kalnina and Linton (2006) in the 
ontext of the two s
aleestimator.
18



The rate of 
onvergen
e is now slightly faster, for setting H = 
�0n 1��2 we haven 1+�4 �K(XÆ)� tR0�2udu� LY! MN 8<:0; !0�4t tR0�4udu�34 �
k0;0� + 
�12�k1;1� + 
�3k2;2� �9=; ; (18)whi
h implies the relative eÆ
ien
y of di�erent kernels in the 
lass is not e�e
ted by 
hangingthe asymptoti
 experiment to !2 = !20n��. From (18) it follows that the optimal 
 is the sameas under the �xed-!2 asymptoti
s. Our estimator of tR t0�4udu 
ontinues to be 
onsistent, whereasthe estimator !̂2 = 
0(XÆ)=(2n) will de
ay to zero at the same rate as !2: Our estimator �̂2 =!̂2.
IQÆ;S will be su
h that1� �̂2 Æ(�20n��) = op(1):It now follows that our data dependent sele
tion of the lag length; Ĥ = 
�̂n1=2 ' 
�0n(1��)=2; isrobust, in the the sense that it 
onsistently sele
ts the optimal rate for H under both the �xed-!2and small-!2 asymptoti
 s
hemes.Finally, our plug-in estimate of the asymptoti
 varian
e is$̂ = Ĥn 4
IQÆ;Sk0;0� + 8 1̂H !̂2K(XÆ)k1;1� + 4 n̂H3 !̂4k2;2�= n� 1+�2 !04tZ t0 �4udu �
�0k0;0� + 
�12��0k1;1� + 
�3�0k2;2� �+ op(n� 1+�2 )= n� 1+�2 !0�4tZ t0 �4udu�34 �
k0;0� + 
�12�k1;1� + 
�3k2;2� �+ op(n� 1+�2 ):So that n(1+�)=2$̂ is 
onsistent for the appropriate asymptoti
 varian
e given in (18).If we set the kernel weight for the �rst-order auto
ovarian
e to be k(H�1) rather than one (i.e.removing the 
at-top restri
tion), the bias due to noise is!20n1�� �1� k(H�1)	 = !20n1�� �k0(0)H�1 + 12k00(0)H�2 +O(H�3)	 :When k0(0) = 0 and we use the optimal rate, H = 
�0n 1��2 ; the bias is 12!20�0 + o(1): So the biasdoes not vanish under this s
heme either, unless we impose the 
at-topness, or some other remedy.When the kernel is \kinked", in the sense that k0(0)2 + k0(1)2 6= 0, one 
an show H _ n 23 (1��)is optimal and that the best rate of 
onvergen
e is n 1+2�6 . This reveals that kinked kernels aresomewhat less ineÆ
ient when !2 is lo
al-to-zero. For � = 0 we re
all that the fastest rates of
onvergen
e are 0:50 and 0:333 for smooth and kinked kernels, respe
tively. The di�eren
e betweenthe two rates is smaller when � > 0; e.g. with � = 56 the 
orresponding 
onvergen
e rates are about0:458 and 0:444.5 Related issuesSome of our limit theories depend upon integrated quarti
ity R t0 �4udu and the noise's varian
e !2.We now dis
uss estimators of these quantities. 19



5.1 Estimating !2To estimate !2 Oomen (2005) suggested using the unbiased ~!2 = ��
1(XÆ) + 
�1(XÆ)	 =2n, while,for example, Bandi and Russell (2005a) suggest !̂2 = 
0(XÆ)=2n whi
h has a bias of R t0 �2udu=2n:Both estimators have their short
oming, as ~!2 may be negative and !̂2 
an be severely biasedbe
ause R t0 �2udu=2n may be large relative to !2: Using Theorem 1 we have thatVarnn1=2 �~!2 � !2�o = !4 �5 + �2� ; Varnn1=2 �!̂2 � !2�o = !4 �1 + �2� :In the Gaussian 
ase �2 = 2, and so ~!2 and !̂2 have varian
es whi
h are around 3:5 and 1:5 timesthat of the ML estimator in the parametri
 
ase given in (7). Although it is possible to derivea kernel style estimator to estimate !2 eÆ
iently, we resist the temptation to do so here as thestatisti
al gains are minor.Instead we propose a simple bias 
orre
tion of !̂2 that is guaranteed to produ
e a non-negativeestimate. We have thatlog E �!̂2� = log!2 + log�1 + Z t0 �2udu� (2n!2)� :Substituting the 
onsistent estimators, K(XÆ) and 
0(XÆ)=2n; for R t0 �2udu and !2; respe
tively,yields our preferred estimator�!2 = exp�log !̂2 � K(XÆ)/ 
0(XÆ)	 : (19)Note that K(XÆ)=
0(XÆ) is an estimate of the relative bias of !̂2; whi
h vanishes as n ! 1; sothat �!2� !̂2 p! 0: Throughout our simulations and empiri
al work we will use (19) to estimate !2:5.2 Estimation of integrated quarti
ity, R t0 �4uduEstimating integrated quarti
ity reasonably eÆ
iently is a tougher problem than estimating [Y ℄:We do not know of any existing resear
h whi
h has solved this problem in the 
ontext with noise.De�ne the subsampled squared returns, for some ~Æ > 0, x2j;: = 1SPS�1s=0 �X~Æ(j+ sS ) �X~Æ(j�1+ sS )�2 ;j = 1; 2; :::; ~n; where ~n = bt=~Æ
: This allows us to de�ne a bipower variation type estimator ofintegrated quarti
ity�X~Æ; !2;S	[2;2℄ = t~n ~nXj=1 ~Æ�2 �x2j;: � 2!2� �x2j�2;: � 2!2� :The no noise 
ase of this statisti
 was introdu
ed by Barndor�-Nielsen and Shephard (2004) andBarndor�-Nielsen and Shephard (2006) and studied in depth by Barndor�-Nielsen, Graversen,Ja
od, and Shephard (2006). See also Mykland (2006).
20



Detailed 
al
ulations show that when ~Æ is small and S is large then the 
onditional varian
eof �X~Æ; !2;S	[2;2℄ is approximately 72!8~n3=S2, so that ~Æ3=2S ! 1 leads to 
onsisten
y.5 Aninteresting resear
h problem is how to make this type of estimator more eÆ
ient by using kerneltype estimators. For now we use moderate values of ~n and high values of S in our Monte Carlosand empiri
al work.The �nite sample performan
e of our estimator 
an be greatly improved by using the inequalityt R t0 �4udu � �R t0 �2udu�2. This is useful as we have a very eÆ
ient estimator of R t0 �2udu. Thus ourpreferred way of estimating t R t0 �4udu is
IQÆ;S = max hfK(XÆ)g2 ;�X~Æ ; �!2;S	[2;2℄i :5.3 E�e
t of endogenous and sto
hasti
ally spa
ed dataSo far our analysis has been based on measuring pri
es at regularly spa
ed intervals of length Æ. Insome ways it is more natural to work with returns measured in ti
k time and so it would be attra
tiveif we 
ould extend the above theory to 
over sto
hasti
ally spa
ed data. The 
onvergen
e resultinside QV is known to hold under very wide 
onditions that allow the spa
ing to be sto
hasti
and endogenous. This is spelt out in, for example, Protter (2004, pp. 66-77) and Ja
od andShiryaev (2003, p. 51). It is important, likewise, to be able to derive 
entral limit theorems forsto
hasti
ally spa
ed data without assuming the times of measurement are independent of theunderlying BSM, whi
h is the assumption used by Phillips and Yu (2006), Mykland and Zhang(2006) and Barndor�-Nielsen and Shephard (2005). This is emphasised by Renault and Werker(2005) in both their theoreti
al and empiri
al work.Let Y 2 BSM and assume we have measurements at times tj = TÆj, j = 1; 2; :::; n, where0 = t0 < t1 < ::: < tn = T1 and where T is a sto
hasti
 pro
ess of the form Tt = R t0 �2udu, with �having stri
tly positive, 
�adl�ag sample paths. Then we 
an 
onstru
t a new pro
ess Zt = YTt , soat the measurement times ZÆj = YTÆj j = 1; 2; :::; n. Performing the analysis on observations of Zmade at equally spa
ed times then allows one to analyse irregularly spa
ed data on Y . The following5Let "j = 1S PS�1s=0 ��U~Æ(j+ sS ) � U~Æ(j�1+ sS )�2 � 2!2 + 2�U~Æ(j+ sS ) � U~Æ(j�1+ sS )��Y~Æ(j+ sS ) � Y~Æ(j�1+ sS )�� andR = hPnj=1 �x2j;: � 2!2� �x2j�2;: � 2!2�i�Pnj=1 y2j;:y2j�2;: =Pnj=1 y2j;:"j�2+Pnj=1 "jy2j�2;:+Pnj=1 "j"j�2: Then R 'Pnj=1 "j �y2j�2;: + y2j+2;:� +Pnj=1 "j"j�2: Now Var�Pnj=1 "j �y2j�2;: + y2j+2;:� jY � ' 12!4S Pnj=1 �y2j�2;: + y2j+2;:�2 =O(n�1S�1): SoVar(RjY ) ' Var nXj=1 "j"j�2jY! = nXj=1Var ("j"j�2jY ) + 2nCov ("j"j�2; "j�1"j�3jY )= nXj=1 E �"2j jY �E �"2j�2jY �+ 2nCov ("j"j�2; "j�1"j�3jY )' nXj=1�8!4S + 8!2S �y2j �:��8!4S + 8!2S �y2j�2�:�+ nS2 2 �2!2�2 + ::: = 72!8nS2 +O(S�2):21



argument shows that Z 2 BSM with spot volatility �Tt� t and so the analysis is straightforward. Inparti
ular, the feasible CLT is implemented by re
ording data every 5 transa
tions, say, but thenanalysing it as if the spa
ing had been equidistant.Write Z = Y ÆT and St = R t0 �2udu. We assume that Y and T are adapted to a 
ommon �ltrationFt, whi
h in
ludes the history of the paths of Tu and Y ÆTu for 0 � u � t. This assumption impliesthat �u� is in Ft for 0 � u � Tt. Re
all the key result (e.g. Revuz and Yor (1999, p. 181))[Z℄ = S Æ T , while Z 2 Mlo
. The following proposition shows that [Z℄ is absolutely 
ontinuousand implies by the martingale representation theorem that Z is a sto
hasti
 volatility pro
ess withspot volatility of �Tt� t.Proposition 1 Let �t = �Tt� t and�t = Z t0 �2udu: (20)Then � is a 
�adl�ag pro
ess and � = S Æ T .The impli
ation of this for kernels is that we 
an write Zt = R t0 aTu�udu+ R t0 �Tu�udB#u ; whereB# is Brownian motion. Hen
e if we de�ne a ti
k version of the kernel estimator
h(Zn)t = bt=Æ
Xj=1 �Y Æ TÆj � Y Æ TÆ(j�1)� �Y Æ TÆ(j�h) � Y Æ TÆ(j�h�1)� ;K(Zn)t = 
0(Zn)t + HXh=1 k �h�1H � �
h(Zn)t + 
�h(Zn)t	 ;then the theory for this pro
ess follows from the previous results. Thus using the symmetri
 kernelallows 
onsistent inferen
e on [Z℄t = [Y ℄Tt .5.4 E�e
t of serial dependen
eSo far we have assumed that U 2 WN . Now we will relax the assumption Us ?? Ur and allow Uto be serial dependent to the extend thatXHh=1 ah;HUhÆ = Op(1); for any XHh=1 a2h;H = O(1): (21)Proposition 2 Suppose (21) holds. If k0(0) = k0(1) = 0; thenK(UÆ) = �2H�2XHh=1 k00 � hH � nXi=1 UiÆU(i�h)Æ +Op(nH�3) +Op(H�1=2):With dependent noise, it is no longer true that H�1=2PHh=1 k00 � hH �n�1=2Pni=1 UiÆU(i�h)Æ L!N(0; k2;2� !4): However, despite the serial dependen
e, this term may be Op(1); in whi
h 
ase thenoise will not have any impa
t on the asymptoti
 distribution of K(XÆ); if we use an ineÆ
ientrate for H; su
h as H _ n2=3: 22



Proposition 3 We assume k00 (0) = 0; that jk000(0)j < 1; and that UjÆ; j = : : : ; 0; 1; 2; : : : is anAR(1) pro
ess with persisten
e parameter '; j'j < 1, then(nH)�1=2XHh=1 k00 � hH � nXi=1 UiÆU(i�h)Æ L! N �0; !4 1+'21�'2 k2;2� � :This means thatK(UÆ) = Op � n1=2H3=2�+Op � nH3 �+Op(m�1=2H�1=2):So if H _ n1=2 then K(XÆ) = Op �n�1=4� :If we assume that Y ?? U then temporal dependen
e in U makes no di�eren
e to the asymp-toti
 behaviour of 
h(UÆ; YÆ) as Æ # 0 for the limit behaviour is driven by the lo
al martin-gale di�eren
e behaviour of the in
rements of the Y pro
ess, we simply need to rede�ne !2 =limn!1Var(n�1=2Pnj=1 UjÆ):The above results mean that if we set H _ n1=2, then K(UÆ) = Op(n�1=4) and so the rateof 
onvergen
e of the realised kernel is not 
hanged by this form of serial dependen
e, but theasymptoti
 distribution is altered.5.5 Endogenous noiseOne of our key assumptions has been that Y ?? U , that is the noise 
an be regarded as an exogenouspro
ess. Hen
e it is interesting to ask if our realised kernels 
ontinue to be 
onsistent when U isendogenous. We do this under a simple linear model of endogeneityUÆi = �HXh=0�h �YÆ(i�h) � YÆ(i�1�h)�+ �UÆi;where Y ?? �U and for simpli
ity we assume that �U 2 WN . Now
h(YÆ; UÆ) = �HXj=0 �j
h+j(YÆ)� �HXj=0 �j
h+j+1(YÆ) + 
h(YÆ; �UÆ):Hen
e our asymptoti
 methods for studying the distribution of realised kernels under exogenousnoise 
an be used to study the impa
t of endogenous noise on realised kernels through the limittheory we developed for 
h(YÆ) and 
h(YÆ; �UÆ). In parti
ular
h(YÆ; UÆ)� 
h(YÆ; �UÆ) = 8><>: �0[Y ℄ +Op(n�1=2); h = 0;��0[Y ℄ +Op(n�1=2); h = �1;Op(n�1=2); jhj 6= 1:Hen
e realised kernels will be robust to this type of endogenous noise. An alternative approa
hto dealing with endogenous noise has been independently proposed by Kalnina and Linton (2006)using multis
ale estimators. 23



5.6 JumpsIn this se
tion we study the impa
t of jumps. The observed pri
e pro
ess is nowR = X +D = Y +D + U;where Ds is a jump pro
ess whi
h has jumped on
e at time � � t where � 2 (0; 1), and that D ??Y ?? U: We write (intraday) returns as rj = yj + dj + uj; where, for example, dj = DjÆ �D(j�1)Æ :Thus K(RÆ)�K(XÆ)� nXj=1 d2j = LÆ +MÆ;where LÆ = dbn�
PHh=�H whybn�
+h; MÆ = dbn�
PHh=�H whubn�
+h; and we as usual, set w0 =1 and wh = k � jhj�1H � for h = �1; : : : ;�H: We have established the asymptoti
 properties ofK(XÆ) � R t0 �2sds; so the asymptoti
 properties of K(RÆ) � R t0 �2sds �Pnj=1 d2j hinges on those ofLÆ +MÆ:Conditioning on d and �; we have with zj = yj=�jÆ thatLÆ ' ��tdbn�
 HXh=�H whzbn�
+h � N  0; 2Hn �2�td2bn�
 1H HXh=�Hw2h! :So if H = 
�n1=2 then 
onditionallyn1=4 dbn�
 HXh=�H whybn�
+h! L! MN �0; 2
�k0;0� �2�td2bn�
� :If H = 
(�2n)2=3 then 
onditionallyn1=6 dbn�
 HXh=�H whybn�
+h! L! MN �0; 2
�4=3k0;0� �2�td2bn�
� :What happens with market mi
rostru
ture e�e
ts? We need to look atMÆ = dbn�
 HXh=�Hwhubn�
+h = dbn�
 HXh=�H wh �U(bn�
+h)Æ � U(bn�
+h�1)Æ�= dbn�
 HXh=�H�1�k �h�1H �� k � hH �	U(bn�
+h)Æ:Then Var�pHMÆ ��dbn�
� = H!2d2bn�
 HXh=�H�1�k �h�1H �� k � hH �	2 ! !2d2bn�
2k1;1� :This suggests the realised kernel is 
onsistent for the quadrati
 variation, [Y ℄t; at the same rateof 
onvergen
e as before. The asymptoti
 distribution is, of 
ourse, not easy to 
al
ulate even inthe pure BSM plus jump 
ase (e.g. Ja
od (2006)). The extension to allow for �nite a
tivity jumppro
esses is straightforward. 24



6 Simulation study6.1 Goal of the studyIn this Se
tion we report simulation results whi
h assess the a

ura
y of the feasible asymptoti
approximation for the realised kernel. A mu
h more thorough analysis is provided in a WebAppendix to this paper available from http://www.hha.dk/�alunde/bnhls/bnhls.htm.Before we turn our attention to feasible asymptoti
 distributions, we note the Web Appendixalso reports on the a

ura
y of K(XÆ) as an estimator of R t0 �2udu and 
IQÆ;S as an estimator oft R t0 �4udu: The raw estimator K(XÆ) may be negative, in whi
h 
ase we always trun
ate it at zero(the same te
hnique is used for ML estimators of 
ourse). The Web Appendix shows this o

urren
eis extremely rare. In our simulations we generated millions of arti�
ial samples and less than 25 ofthem resulted in negative value for K(XÆ), using the Tukey-Hanning2 weights.In this short se
tion our fo
us will be assessing the infeasible and feasible 
entral limit theories forK(XÆ) � R t0 �2udu. Throughout we simulate over the time interval [0; 1℄. We re
all the asymptoti
varian
e of K(XÆ) is given in (12) whi
h we write as $ here. This allows us to 
ompute theasymptoti
 pivotZn = K(XÆ)� R 10 �2udup$ L! N(0; 1):An alternative is to use the delta method and base the asymptoti
 analysis on (e.g. Barndor�-Nielsen and Shephard (2002) and Gon
alves and Meddahi (2004))Z logn = log fK(XÆ) + dg � lognR 10 �2udu+ dop$= fK(XÆ) + dg L! N(0; 1):The presen
e of d � 0 allows for the possibility that K(XÆ) may be trun
ated to be exa
tly zero.By sele
ting d > 0 we have the property that K(XÆ) + d is not negative.In the infeasible 
ase our simple rule-of-thumb for the 
hoi
e of H is H� = 
�!pn=[Y ℄t, whi
himmediately gives us $: In pra
ti
e this is less interesting than the feasible version, whi
h putsĤ = 
�!̂pn=
0(X�Æ), where 
0(X�Æ) is the realised varian
e estimator based on low frequen
y data,su
h as 10 minute returns, whi
h should not be too sensitive to market fri
tions. Having sele
ted H;in the feasible 
ase we 
an then 
ompute $̂ by pluggingK(XÆ); �!2; and 
IQÆ;S into our expression for$, repla
ing R 10 �2udu; !2; and R 10 �4udu respe
tively. Monte Carlo results reported in the Appendixsuggest taking S = pn in 
omputing 
IQÆ;S.6.2 Simulation designWe fo
us on the Tukey-Hanning2 kernel, be
ause it is near eÆ
ient and does not require too manyintraday returns outside the [0; t℄ interval. We simulate data for the unit interval [0; 1℄ and normalizeone se
ond to be 1=23400, so that [0; 1℄ is thought to span 6.5 hours. The X pro
ess is generated25



using an Euler s
heme based on N = 23; 400 of intervals. We then 
onstru
t sparsely sampledreturns Xi=n�X(i�1)=n, based on sample sizes n. In our Monte Carlo designs n takes on the values195, 390, 780, 1; 560, 4; 680, 7; 800, 11; 700 and 23; 400. The 
ase of 1 minute returns is whenn = 390.We 
onsider two sto
hasti
 volatility models that are 
ommonly used in this literature, see e.g.Huang and Tau
hen (2005) and Gon
alves and Meddahi (2004). The �rst is a one-fa
tor model(SV1F):dYt = �dt+ �tdWt; �t = exp (�0 + �1� t) ; d� t = �� tdt+ dBt; 
orr(dWt;dBt) = ':Here ' is a leverage parameter. To make the results 
omparable to our 
onstant volatility simula-tions reported in our Appendix we impose that E ��2t � = 1 by setting �0 = �21=(2�). We utilize thefa
t that the stationary distribution � t � N �0; �12� � to restart the pro
ess ea
h day. In these exper-iments we set � = 0:03, �1 = 0:125, � = �0:025 and ' = �0:3. The varian
e of � is 
omparable tothe empiri
al results found in e.g. Hansen and Lunde (2005).We also 
onsider a two-fa
tor SV model (SV2F):6dYt = �dt+ �tdWt; �t = s- exp (�0 + �1� 1t + �2�2t) ; d�1t = �1�1tdt+ dB1t;d�2t = �2�2tdt+ (1 + ��2t)dB2t; 
orr(dWt;dB1t) = '1; 
orr(dWt;dB2t) = '2:We adopt the 
on�guration from Huang and Tau
hen (2005) and set � = 0:03; �0 = �1:2; �1 = 0:04;�2 = 1:5; �1 = �0:00137; �2 = �1:386; � = 0:25; '1 = '2 = �0:3: At the start of ea
h intervalwe initialize the two fa
tors, by drawing the persistent fa
tor from its un
onditional distribution,�10 � N(0; �12�1 ); while the strongly mean-reverting fa
tor is simply started at zero, �20 = 0. Animportant di�eren
e between the two volatility models is the extend of heteroskedasti
ity, be
ausethe variation in � is mu
h larger for the 2-fa
tor model than for the 1-fa
tor model.Finally, the market mi
rostru
ture e�e
ts are modelled through �2: This is varied over 0.0001,0.001 and 0.01, the latter being regarded as a very large e�e
t indeed. These values are taken fromthe detailed study of Hansen and Lunde (2006).6.3 ResultsTables 6 shows the Monte Carlo results for the infeasible asymptoti
 theory for Zn, knowing apriori the value of $. We 
an see from the Tables that the results are rather good, although theasymptoti
s are slightly underestimating the mass of the distribution in the tails. The mean andstandard deviations of Zn show that the Z-statisti
 is slightly overdispersed.6The fun
tion s-exp[x℄ is de�ned in the web appendix www.hha.dk/�alunde/bnhls/bnhls.htm. This appendixalso give a detailed des
ription of our dis
retisation s
heme for the models.26



Table 6: SV1F: Finite sample properties of Zn�2 = 0.01, number of reps. = 100,000No. obs �H� Mean Stdv. 0.5% 2.5% 5% 95% 97.5% 99.5%195 9.00 0.002 1.052 0.08 1.54 4.17 93.12 95.67 98.43390 12.0 0.001 1.036 0.17 1.78 4.38 93.50 96.12 98.74780 17.0 -0.002 1.025 0.18 1.88 4.48 93.84 96.44 98.951560 23.0 -0.003 1.015 0.26 1.94 4.49 94.18 96.70 99.094680 40.0 -0.006 1.009 0.31 2.12 4.68 94.49 96.99 99.207800 51.0 -0.005 1.009 0.34 2.23 4.70 94.57 97.05 99.2611700 63.0 -0.005 1.010 0.36 2.22 4.76 94.57 97.06 99.2823400 88.0 -0.002 1.007 0.40 2.30 4.84 94.66 97.19 99.34�2 = 0.001, number of reps. = 100,000No. obs �H� Mean Stdv. 0.5% 2.5% 5% 95% 97.5% 99.5%195 3.00 -0.002 1.015 0.15 1.67 4.20 93.94 96.45 98.91390 4.00 -0.004 1.007 0.21 1.81 4.27 94.22 96.76 99.10780 6.00 -0.005 1.005 0.27 1.98 4.43 94.40 96.98 99.231560 8.00 -0.005 1.002 0.33 2.10 4.59 94.54 97.09 99.284680 13.0 -0.005 1.003 0.39 2.32 4.82 94.72 97.27 99.407800 17.0 -0.003 1.005 0.39 2.31 4.80 94.75 97.21 99.3711700 20.0 -0.004 1.004 0.43 2.38 4.93 94.81 97.36 99.3923400 28.0 -0.002 1.001 0.46 2.42 4.88 94.87 97.39 99.41�2 = 0.0001, number of reps. = 100,000No. obs �H� Mean Stdv. 0.5% 2.5% 5% 95% 97.5% 99.5%195 1.00 -0.003 1.003 0.19 1.72 4.15 94.28 96.75 99.06390 2.00 -0.005 1.003 0.25 1.98 4.41 94.45 96.94 99.21780 2.00 -0.002 0.998 0.31 2.14 4.50 94.60 97.23 99.341560 3.00 -0.005 1.002 0.38 2.28 4.74 94.73 97.22 99.394680 4.00 -0.004 1.005 0.45 2.45 5.02 94.83 97.31 99.407800 6.00 -0.002 1.003 0.44 2.33 4.84 94.81 97.31 99.4111700 7.00 -0.002 1.001 0.45 2.39 4.84 94.85 97.37 99.4423400 9.00 0.000 0.999 0.46 2.37 4.83 94.90 97.43 99.47Summary statisti
s and empiri
al quantiles for the infeasible statisti
, Zn; that employs the asymptoti
varian
e, $. The empiri
al quantiles are ben
hmarked against those for the limit distribution, N(0; 1): Thesimulation design is the one-fa
tor model, SV1F, and K(XÆ) based on Tukey-Hanning2 weights.
Table 7 shows the results for the feasible asymptoti
 theory for Ẑn. This indi
ates that theasymptoti
 theory does eventually ki
k in but it takes very large samples for it to provide anythinglike a good approximation. The reason for this is 
learly that it is diÆ
ult to a

urately estimatethe integrated quarti
ity. This result is familiar from the literature on realised volatility where thesame phenomena is observed.
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Table 7: SV1F: Finite sample properties of Ẑn�2 = 0.01, number of reps. = 100,000No. obs �H� Mean Stdv. 0.5% 2.5% 5% 95% 97.5% 99.5%195 8.01 -0.257 1.132 3.89 7.71 10.9 98.85 99.78 100.0390 10.6 -0.202 1.073 2.78 6.32 9.46 98.27 99.57 99.99780 14.3 -0.164 1.036 2.07 5.41 8.50 97.82 99.34 99.971560 19.8 -0.136 1.015 1.60 4.67 7.65 97.38 99.10 99.944680 33.6 -0.104 1.002 1.22 3.97 6.84 96.98 98.78 99.887800 43.1 -0.091 1.000 1.11 3.72 6.58 96.73 98.67 99.8311700 52.7 -0.082 1.000 1.02 3.62 6.41 96.52 98.54 99.8223400 74.2 -0.067 0.997 0.87 3.39 6.20 96.44 98.41 99.78�2 = 0.001, number of reps. = 100,000No. obs �H� Mean Stdv. 0.5% 2.5% 5% 95% 97.5% 99.5%195 5.30 -0.242 1.079 3.29 6.88 9.91 98.98 99.81 100.0390 5.94 -0.181 1.019 2.19 5.38 8.42 98.41 99.57 99.99780 7.03 -0.140 0.994 1.57 4.42 7.36 97.90 99.32 99.961560 8.79 -0.108 0.986 1.27 3.88 6.66 97.36 99.03 99.934680 13.7 -0.078 0.985 0.97 3.46 6.10 96.73 98.66 99.847800 17.1 -0.066 0.988 0.86 3.27 5.91 96.45 98.45 99.7811700 20.7 -0.061 0.988 0.82 3.22 5.95 96.40 98.44 99.7723400 28.8 -0.049 0.987 0.76 3.08 5.65 96.16 98.27 99.74�2 = 0.0001, number of reps. = 100,000No. obs �H� Mean Stdv. 0.5% 2.5% 5% 95% 97.5% 99.5%195 4.73 -0.235 1.058 2.99 6.55 9.61 99.02 99.81 100.0390 4.82 -0.172 0.993 1.85 4.88 7.84 98.49 99.63 99.99780 4.98 -0.126 0.966 1.30 3.93 6.71 98.06 99.39 99.971560 5.28 -0.091 0.958 1.03 3.43 6.04 97.53 99.11 99.944680 6.31 -0.058 0.965 0.75 3.00 5.57 96.80 98.68 99.847800 7.18 -0.046 0.969 0.68 2.79 5.30 96.42 98.42 99.7811700 8.14 -0.040 0.972 0.65 2.76 5.28 96.29 98.34 99.7523400 10.5 -0.030 0.976 0.62 2.66 5.19 96.01 98.19 99.72Summary statisti
s and empiri
al quantiles for the feasible statisti
, Ẑn, that employs our estimate of theasymptoti
 varian
e, $̂. The empiri
al quantiles are ben
hmarked against those for the limit distribution,N(0; 1). The simulation design is the one-fa
tor model, SV1F, andK(XÆ) based on Tukey-Hanning2 weights.
Table 8 show the results for the log version of the feasible theory based on Ẑ logn using d = 10�6.The a

ura
y of the asymptoti
 predi
tions does not seem to 
hange very mu
h with �2 and ismu
h better than in the Ẑn 
ase. For small sample sizes we note some distortions in the tails, butgenerally the asymptoti
s results provide reasonably good approximations.
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Table 8: SV1F: Finite sample properties of Ẑ logn�2 = 0.01, number of reps. = 100,000No. obs �H� Mean Stdv. 0.5% 2.5% 5% 95% 97.5% 99.5%195 8.01 -0.090 0.982 0.46 2.92 5.88 96.22 98.19 99.69390 10.6 -0.074 0.984 0.51 2.70 5.51 95.91 98.01 99.65780 14.3 -0.064 0.982 0.43 2.54 5.29 95.75 97.92 99.601560 19.8 -0.055 0.980 0.42 2.40 5.09 95.67 97.82 99.594680 33.6 -0.045 0.982 0.44 2.40 4.98 95.60 97.80 99.537800 43.1 -0.040 0.985 0.44 2.40 5.01 95.53 97.77 99.5211700 52.7 -0.035 0.988 0.46 2.39 4.97 95.36 97.67 99.5423400 74.2 -0.029 0.989 0.44 2.42 4.98 95.44 97.71 99.50�2 = 0.001, number of reps. = 100,000No. obs �H� Mean Stdv. 0.5% 2.5% 5% 95% 97.5% 99.5%195 5.30 -0.121 0.972 0.95 3.60 6.42 97.10 98.75 99.85390 5.94 -0.097 0.964 0.74 3.09 5.79 96.79 98.61 99.82780 7.03 -0.078 0.963 0.64 2.74 5.44 96.50 98.52 99.781560 8.79 -0.060 0.967 0.56 2.67 5.18 96.26 98.27 99.724680 13.7 -0.044 0.976 0.53 2.60 5.10 95.91 98.07 99.677800 17.1 -0.037 0.981 0.52 2.53 5.02 95.75 97.92 99.6011700 20.7 -0.035 0.982 0.52 2.61 5.16 95.73 97.93 99.6023400 28.8 -0.028 0.983 0.52 2.56 5.00 95.57 97.86 99.59�2 = 0.0001, number of reps. = 100,000No. obs �H� Mean Stdv. 0.5% 2.5% 5% 95% 97.5% 99.5%195 4.73 -0.123 0.962 0.91 3.42 6.26 97.28 98.86 99.86390 4.82 -0.098 0.947 0.70 2.86 5.53 97.07 98.77 99.85780 4.98 -0.075 0.942 0.61 2.60 5.06 96.95 98.74 99.821560 5.28 -0.054 0.945 0.51 2.47 4.94 96.68 98.52 99.824680 6.31 -0.034 0.959 0.50 2.44 4.86 96.21 98.27 99.697800 7.18 -0.027 0.966 0.46 2.31 4.78 95.89 98.06 99.6811700 8.14 -0.024 0.970 0.47 2.37 4.80 95.87 98.02 99.6323400 10.5 -0.017 0.974 0.47 2.34 4.79 95.65 97.92 99.62Summary statisti
s and empiri
al quantiles for the feasible statisti
, Ẑ logn , that employs our estimate of theasymptoti
 varian
e, $̂, and d = 10�6. The empiri
al quantiles are ben
hmarked against those for the limitdistribution, N(0; 1). The simulation design is the one-fa
tor model, SV1F, model and K(XÆ) based onTukey-Hanning2 weights.
To 
onserve spa
e we only present one table with results for the two-fa
tor model. Table 9presents the results for the feasible theory based on our preferred Ẑ logn statisti
. For the two-fa
tor model we note a slower 
onvergen
e to the asymptoti
 distribution. This result is notsurprising be
ause the integrated quarti
ity is harder to estimate in this design. In part be
auset R t0 �4sds.�R t0 �2sds�2 tends to be larger in the two fa
tor model than is the 
ase for the one fa
tormodel. This makes the inequality 
IQ � fK(XÆ)g2 less valuable for the estimation of t R t0 �4sds:29



Table 9: SV2F: Finite sample properties of Ẑ logn�2 = 0.01, number of reps. = 100,000No. obs �H� Mean Stdv. 0.5% 2.5% 5% 95% 97.5% 99.5%195 8.50 -0.187 1.123 0.74 5.14 9.67 94.36 96.71 99.01390 11.4 -0.159 1.114 1.01 4.99 9.01 94.32 96.80 99.07780 15.5 -0.140 1.101 1.02 4.63 8.20 94.49 96.83 99.051560 21.5 -0.119 1.085 1.04 4.20 7.74 94.62 96.98 99.114680 36.6 -0.096 1.067 0.94 3.90 7.17 94.83 97.13 99.227800 47.0 -0.083 1.059 0.87 3.71 6.87 94.71 97.21 99.3111700 57.4 -0.076 1.053 0.90 3.62 6.75 94.79 97.19 99.3523400 80.9 -0.065 1.043 0.86 3.46 6.38 95.03 97.32 99.37�2 = 0.001, number of reps. = 100,000No. obs �H� Mean Stdv. 0.5% 2.5% 5% 95% 97.5% 99.5%195 5.53 -0.254 1.209 3.14 8.10 12.3 94.70 97.00 99.06390 6.34 -0.203 1.188 2.71 7.12 11.0 94.49 96.91 99.07780 7.67 -0.161 1.165 2.31 6.24 9.93 94.43 96.86 99.051560 9.77 -0.132 1.141 1.97 5.60 9.19 94.51 96.84 99.094680 15.5 -0.098 1.106 1.60 4.83 8.15 94.64 97.07 99.227800 19.5 -0.084 1.089 1.40 4.47 7.63 94.73 97.09 99.2511700 23.6 -0.078 1.078 1.30 4.31 7.34 94.77 97.24 99.3423400 32.9 -0.067 1.064 1.15 4.00 7.00 94.91 97.36 99.39�2 = 0.0001, number of reps. = 100,000No. obs �H� Mean Stdv. 0.5% 2.5% 5% 95% 97.5% 99.5%195 4.82 -0.256 1.215 3.24 8.21 12.4 94.74 97.02 99.07390 4.94 -0.201 1.194 2.84 7.17 11.1 94.61 96.90 99.02780 5.15 -0.150 1.174 2.43 6.39 9.96 94.35 96.76 99.031560 5.54 -0.115 1.150 2.07 5.66 9.12 94.34 96.84 99.074680 6.83 -0.075 1.118 1.64 4.85 8.00 94.22 96.81 99.117800 7.91 -0.064 1.100 1.46 4.47 7.61 94.54 97.00 99.1711700 9.06 -0.058 1.087 1.29 4.25 7.27 94.46 97.05 99.2623400 11.8 -0.049 1.066 1.16 3.86 6.73 94.60 97.19 99.30Summary statisti
s and empiri
al quantiles for the feasible statisti
, Ẑ logn , that employs our estimate of theasymptoti
 varian
e, $̂, and d = 10�6. The empiri
al quantiles are ben
hmarked against those for thelimit distribution, N(0; 1). The simulation design is the two-fa
tor model, SV2F, and K(XÆ) based onTukey-Hanning2 weights.
7 Empiri
al study7.1 Analysis of General Ele
tri
 transa
tions in 2004In this subse
tion we implement our eÆ
ient, feasible inferen
e pro
edure for the daily in
rementsof [Y ℄ for the realised kernel estimator on transa
tion log-pri
es of General Ele
tri
 (GE) shares
arried out on the New York Sto
k Ex
hange in 2004. A more detailed analysis, in
luding a30




omparison with results based on data from 2000 and on 29 other major sto
ks, is provided inour Web Appendix. We should note that the varian
e of the noise was around 10 times higher in2000 than in 2004 and so looking over both periods is instru
tive. This Appendix also details the
leaning we 
arried out on the data before it was analysed and the pre
ise way we 
al
ulated all ofour statisti
s.
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Days in November 2004 (GE)Figure 3: Con�den
e intervals for the daily in
rements to [Y ℄ for General Ele
tri
s (GE) in Novem-ber 2004. Shaded re
tangles denote the 95% 
on�den
e intervals based on 20 minute returns usingthe Barndor�-Nielsen and Shephard (2002) feasible realised varian
e inferen
e method. The shorterintervals are for K(XÆ) based on Tukey-Hanning2 weights, sampling in ti
k times so the period overwhi
h returns are 
al
ulated is roughly 60 se
onds.Our realised kernel will be implemented on returns re
orded every S transa
tions, where S issele
ted ea
h day so that there are approximately 360 observations a day.7 This means that onaverage these returns are re
orded every 60 se
onds. This inferen
e method will be 
ompared to thefeasible pro
edure of Barndor�-Nielsen and Shephard (2002), whi
h ignores the presen
e of marketmi
rostru
ture e�e
ts, based on returns 
al
ulated over 20 minutes within ea
h day. This baselinewas 
hosen as Hansen and Lunde (2006) has suggested that the Barndor�-Nielsen and Shephard(2002) method was empiri
ally sound when based on that type of interval for thi
kly traded sto
ks.General Ele
tri
 shares are traded very frequently on the NYSE. A typi
al day results in between1; 500 and 6; 000 transa
tions. For this sto
k Hansen and Lunde (2006) have presented detailedwork whi
h suggests that over 60 se
ond intervals it is empiri
ally reasonable to assume that Y and7As our sample size is quite large it is important to 
al
ulate it in ti
k time in order not to be in
uen
ed by thebias e�e
t dis
ussed by Renault and Werker (2005) 
aused by sampling in 
alender time.31



Date Trans Lower RV20m Upper n Lower KV60s Upper S n H !̂2 �!21. Nov 4631 0.48 0.83 1.46 20 0.49 0.69 0.95 13 357 5 .0016 .00072. Nov 4974 0.62 1.19 2.28 20 0.84 1.17 1.64 14 356 6 .0025 .00113. Nov 4918 0.51 0.92 1.63 20 0.75 1.02 1.40 14 352 5 .0021 .00084. Nov 5493 0.26 0.52 1.03 20 0.41 0.57 0.78 16 344 5 .0013 .00055. Nov 5504 0.65 1.26 2.44 20 1.16 1.59 2.19 16 344 5 .0028 .00098. Nov 4686 0.25 0.46 0.85 20 0.31 0.45 0.64 14 335 6 .0014 .00089. Nov 4923 0.38 1.05 2.95 20 0.57 0.77 1.04 14 352 4 .0014 .000410. Nov 4970 0.29 0.55 1.07 20 0.30 0.42 0.59 14 355 6 .0013 .000711. Nov 4667 0.27 0.71 1.91 20 0.35 0.49 0.69 13 359 5 .0011 .000412. Nov 4822 0.17 0.32 0.60 20 0.23 0.32 0.45 14 345 6 .0009 .000515. Nov 4681 0.38 0.80 1.72 20 0.43 0.60 0.84 14 335 5 .0015 .000716. Nov 4526 0.31 0.54 0.93 20 0.45 0.62 0.85 13 349 5 .0011 .000417. Nov 5477 0.77 1.39 2.51 20 0.76 1.05 1.44 16 343 5 .0018 .000618. Nov 4738 0.24 0.41 0.68 20 0.32 0.45 0.64 14 339 6 .0014 .000719. Nov 5224 0.83 1.73 3.62 20 0.97 1.31 1.76 15 349 4 .0019 .000522. Nov 5359 0.39 0.72 1.33 20 0.51 0.69 0.95 15 358 5 .0012 .000423. Nov 5405 0.47 0.97 1.99 20 0.75 1.03 1.41 15 361 5 .0016 .000524. Nov 4626 0.19 0.36 0.68 20 0.48 0.79 1.30 13 356 5 .0013 .000429. Nov 4709 0.59 1.17 2.31 20 0.99 1.36 1.86 14 337 5 .0023 .000730. Nov 4719 0.32 0.74 1.71 20 0.58 0.84 1.20 14 338 6 .0018 .0007Table 10: Inferen
e for General Ele
tri
 (GE) volatility in November 2004. \Trans" denotes thenumber of transa
tions. RV20m is the realised varian
e based on 20-minute returns, and KV60sis K(XÆ) based on Tukey-Hanning2 weights, and sampling of every S'th transa
tion pri
e, so theperiod over whi
h returns are 
al
ulated is roughly 60 se
onds.U are un
orrelated and U is roughly a white noise pro
ess. Hen
e the main assumptions behind theinferen
e pro
edure for our eÆ
ient kernel estimator are roughly satis�ed and so we feel 
omfortableimplementing the feasible limit theory on this dataset. We should note that on all the days in 2004our realised kernel estimator of the daily in
rements of [Y ℄ was positive.Figure 3 shows daily 95% 
on�den
e intervals (CIs) for the realised kernel for November 2004using the modi�ed Tukey-Hanning2 weights (16) with H = 
��̂n1=2. Also drawn are the 
orre-sponding results for the realised varian
e. We 
an see the realised kernel has mu
h shorter CIs.The width of these intervals does 
hange through time, with them tending to be slightly wider inhigh volatility periods. Over the entire year there are only 3 days when the CIs do not overlap.Table 10 shows the details of these results for November 2004. The estimates of !2 are verysmall, ranging from about 0:0004 to 0:0011. These are in the range of the small to medium levelsof noise set out in our Monte Carlo designs dis
ussed in the previous Se
tion. The Table shows thesample size for the realised kernel, whi
h is between 335 and 361 intervals of roughly 60 se
onds.Typi
ally ea
h interval 
orresponds to about 15 transa
tions. It re
ords the daily sele
ted value ofH that ranges from 4 to 6, whi
h is rather modest and is driven by the fa
t that !2 is quite small.Table 11 provides summary statisti
s for some alternative estimators over the entire year. Thissuggests the other realised kernel estimators have roughly the same average value and that theyare quite tightly 
orrelated. The Table also re
ords the summary statisti
s for the realised varian
e32



Æ Average Std. (HAC) [Corr(�;TH 2) a
f(1) a
f(2) a
f(5) a
f(10)Tukey-Hanning2 kernel (H = 
�n1=2)� 1 minute 0.908 0.541 (1.168) 1.000 0.34 0.38 0.28 0.09Parzen kernel (H = 
�n1=2)� 1 minute 0.914 0.546 (1.182) 0.999 0.35 0.37 0.28 0.09Cubi
 kernel (H = 
�n1=2)� 1 minute 0.915 0.542 (1.172) 0.998 0.35 0.37 0.28 0.095th order kernel (H = 
�n1=2)� 1 minute 0.919 0.530 (1.160) 0.999 0.36 0.39 0.29 0.098th order kernel (H = 
�n1=2)� 1 minute 0.912 0.550 (1.185) 0.995 0.34 0.38 0.28 0.09Bartlett kernel (H = 
�2n2=3)� 1 minute 0.934 0.551 (1.192) 0.988 0.36 0.35 0.27 0.08Simple Realised Varian
e = 
0(XÆ)20 minutes 0.879 0.524 (1.008) 0.794 0.28 0.24 0.26 0.065 minutes 0.948 0.518 (1.100) 0.954 0.36 0.34 0.26 0.101 minute 0.941 0.382 (0.919) 0.887 0.44 0.40 0.38 0.1110 se
onds 1.330 0.389 (1.142) 0.803 0.60 0.56 0.51 0.321 ti
k 2.183 0.569 (1.828) 0.733 0.69 0.66 0.57 0.48Table 11: Summary statisti
s for six realised kernels based on returns measured every S'th trans-a
tion, where S is sele
ted su
h that returns span 60 se
onds on average. The same statisti
s are
omputed for the realised varian
e using �ve di�erent values for Æ. The realised varian
e based onall ti
k-by-ti
k data is identi
al to the realised varian
e with Æ = 1 se
ond. The empiri
al 
orrela-tions between the realised Tukey-Hanning2 kernel and ea
h of the estimators are given in 
olumn 4and some empiri
al auto
orrelations are given in 
olumns 5-8.
omputed using 20, 5, 1 minute and 10, and 1 se
ond intervals. The last two of these estimatorsshow a substantially higher mean. Interestingly, the realised QV based on 5 minute sampling is most
orrelated with the realized kernels, a result in line with the optimal sampling frequen
ies reportedin Bandi and Russell (2005a). The realised kernels have a stronger degree of serial dependen
e thanour ben
hmark realised varian
e that is based on a moderate sampling so the period over whi
hreturns are 
al
ulated is 20 minutes. This point suggests the realised kernel may be useful whenit 
omes to fore
asting, extending the ex
iting work of Andersen, Bollerslev, Diebold, and Labys(2001). The high serial dependen
e found in the realised varian
es based on the high samplingfrequen
ies suggests a strong dependen
e in the bias 
omponents of these estimators.7.2 Spe
ulative analysisThe analysis in the previous subse
tion does not use all of the available data eÆ
iently, for therealised kernel is 
omputed only on every 15 or so transa
tions. This was 
arried out so thatthe empiri
al reality of the GE data mat
hed the assumptions of our feasible 
entral limit theory,33



E
st

im
at

es
 o

f [
Y

]

0.
0

0.
5

1.
0

1.
5

2.
0

1 2 3 4 5 8 9 10 11 12 15 16 17 18 19 22 23 24 29 30

Days in November 2004 (GE)

PSfrag repla
ements

K(Xap. 1 min) K(X1 ti
k) Subsampled 
0(X20 min)TSRV (K;J) - aa

Figure 4: Four estimators for the daily in
rements to [Y ℄ for General Ele
tri
s in November 2004.The intervals are the 
on�den
e intervals for K(XÆ) using on Tukey-Hanning2 weights and returnssampled roughly every 60 se
onds. Triangles denote averages of S distin
t realised kernels, whereea
h of the estimators is based on returns that span S transa
tions. Diamonds represent K (X Æ)using Æ = 1 ti
k. Cir
les are averages of 1200 realised varian
es using Æ = 20 minutes, wherethe individual RVs are obtained by shifting the times pri
es are re
orded by one se
ond at a time.Squares represent the bias adjusted two s
ale estimator, see A��t-Sahalia, Mykland, and Zhang (2006,eq. 4.22).allowing us to 
al
ulate daily 
on�den
e intervals. In this subse
tion, we give up on the goalof 
arrying out inferen
e and simply fo
us on estimating [Y ℄ by employing all of the data. Theresults in Se
tion 5.3 suggest our eÆ
ient realised kernel 
an do this, even though the U 2 WNand Y ?? U are no longer empiri
ally well-grounded assumptions. For these robust estimatorswe sele
t H = 
0n2=3, where we use the same values for 
0 = 
�� as in the previous subse
tion.Inevitably then, the results in this subse
tion will be more spe
ulative than those given in theprevious analysis.We 
al
ulate the realised kernel using every transa
tions on ea
h day, based on returns sampledroughly every 60 se
onds, or by applying the kernel weights to returns sampled every transa
tions.The time series of these estimators are drawn in Figure 4, together with the 
orresponding bias
orre
ted two s
ale estimator and a subsampled version of the realised varian
e estimator using 5minute returns, where the degree of subsampling was sele
ted to exhaust the available data. Forthe sake of 
omparison, we also in
lude the 
on�den
e intervals from Figure 3.34



Æ Average Std. (HAC) [Corr(�;TH 2) a
f(1) a
f(2) a
f(5) a
f(10)Tukey-Hanning2 kernel (H = 
�n1=2)� 1 minute 0.908 0.541 (1.168) 1.000 0.34 0.38 0.28 0.09Tukey-Hanning2 kernel (ineÆ
ient rate H = 
�n2=3)1 ti
k 0.894 0.497 (1.104) 0.991 0.37 0.38 0.32 0.09Parzen kernel (ineÆ
ient rate H = 
�n2=3)1 ti
k 0.901 0.502 (1.111) 0.990 0.37 0.37 0.31 0.09Cubi
 kernel (ineÆ
ient rate H = 
�n2=3)1 ti
k 0.907 0.505 (1.115) 0.991 0.37 0.37 0.30 0.095th order kernel (ineÆ
ient rate H = 
�n2=3)1 ti
k 0.910 0.507 (1.121) 0.989 0.37 0.37 0.30 0.098th order kernel (ineÆ
ient rate H = 
�n2=3)1 ti
k 0.908 0.549 (1.183) 0.996 0.34 0.36 0.28 0.09Subsampled Realised Varian
e20 minutes 0.885 0.516 (1.036) 0.933 0.27 0.27 0.27 0.085 minutes 0.943 0.503 (1.088) 0.984 0.37 0.32 0.30 0.081 minute 0.942 0.376 (0.921) 0.899 0.46 0.43 0.38 0.12ZMA (2005) TSRV (K; 1)1 ti
k 0.544 0.321 (0.711) 0.842 0.40 0.34 0.29 0.051 ti
k (adj ) 0.596 0.353 (0.784) 0.854 0.40 0.34 0.29 0.04AMZ (2006) TSRV (K; J)1 ti
k 0.736 0.436 (0.929) 0.944 0.33 0.35 0.28 0.111 ti
k (aa) 0.946 0.560 (1.194) 0.944 0.33 0.35 0.28 0.11Table 12: Twelve estimators that make use of all available (ti
k-by-ti
k) data ben
hmarked againstthe realised kernel in the �rst row, whi
h is based on returns that span 1 minute on average. Therealised kernels using Æ = 1 ti
k use a large H in order to 
ountera
t possible dependen
e in U: Thesubsampled realised varian
es make use of all available data by 
hanging the initial pla
e at whi
hpri
es are re
orded and average the resulting estimates. E.g. when Æ = 5 minutes the subsampledRV is an average of 300 estimates, obtained by shifting the times at whi
h pri
es are re
orded byone se
ond at a time. The four two s
ale estimators are those of Zhang, Mykland, and A��t-Sahalia(2005, equations 55 and 64) and A��t-Sahalia, Mykland, and Zhang (2006, equations 4.4 and 4.22),where the last two are designed to be robust to dependen
e in U: The estimators identi�ed by (adj)and (aa) involve �nite-sample bias 
orre
tions.Figure 4 shows that realised kernels give very similar estimates { on some days the estimatesare almost identi
al. The two s
ale estimators by Zhang, Mykland, and A��t-Sahalia (2005) arequite biased be
ause they rely on the white noise, whi
h is at odds with ti
k-by-ti
k data. Thetwo s
ale estimators by A��t-Sahalia, Mykland, and Zhang (2006) are designed to be robust to serialdependen
e in U . The bias observed in the unadjusted estimator is as
ribed to the bias of !̂2; aswe dis
ussion in Se
tion 5.1. The bias is over
ome by the \area adjusted" version of this estimator,whi
h seems in line with the results for the realised kernels and the subsampled RV estimators.88In empiri
al work we found this estimator to be sensitive to the 
hoi
e of K. To be 
onsistent with our empiri
al35



Table 12 provides summary statisti
s of these estimators. The realised kernels are pretty robust to
hoi
e of the design of the weights.8 Con
lusionsIn this paper we have provided a detailed analysis of the a

ura
y of realised kernels as estimatorsof quadrati
 variation when an eÆ
ient pri
e is obs
ured by simple market fri
tions. We showhow to make these estimators 
onsistent and derive 
entral limit theorems for the estimators undervarious assumptions about the kernel weights. Su
h estimators 
an be made to 
onverge at thefastest possible rate and are very 
lose to being eÆ
ient. They 
an be made robust to dynami
s inthe noise pro
ess, robust to endogenous market fri
tions and robust to endogenous spa
ing in thetiming of the data.Our eÆ
ient feasible 
entral limit theory for our estimators performed satisfa
torily in MonteCarlo experiments designed to assess �nite sample behaviour. Our kernel was shown to be 
onsistentunder rather broad assumptions on the dynami
s of the noise term. We have applied the estimatorempiri
ally, using 60 se
ond return data on General Ele
tri
 transa
tion data for 2004. Feasibleinferen
e for our realised kernel is 
ompared with that for a simpler realised varian
e estimatorbased on 20 minute returns. The empiri
al results suggest that the realized kernel estimator ismore a

urate. Its serial 
orrelation suggests that the realized kernel may be useful for fore
asting,following Andersen, Bollerslev, Diebold, and Labys (2001).There are many possible extensions to this work, e.g. multivariate versions of these results whi
hdeal with the s
rambling e�e
ts dis
ussed by, for example, Hayashi and Yoshida (2005), Bandi andRussell (2005b), Zhang (2005), Sheppard (2006), Voev and Lunde (2007) and GriÆn and Oomen(2006) and derive an asymptoti
ally eÆ
ient 
hoi
e of kernel under temporal dependen
e in U .Referen
esA��t-Sahalia, Y., P. A. Mykland, and L. Zhang (2005). How often to sample a 
ontinuous-time pro
ess inthe presen
e of market mi
rostru
ture noise. Review of Finan
ial Studies 18, 351{416.A��t-Sahalia, Y., P. A. Mykland, and L. Zhang (2006). Ultra high frequen
y volatility estimation withdependent mi
rostru
ture noise. Unpublished paper: Department of E
onomi
s, Prin
eton University.Aldous, D. J. and G. K. Eagleson (1978). On mixing and stability of limit theorems.Annals of Probability 6,325{331.Andersen, T. G., T. Bollerslev, F. X. Diebold, and H. Ebens (2001). The distribution of realized sto
kreturn volatility. Journal of Finan
ial E
onomi
s 61, 43{76.Andersen, T. G., T. Bollerslev, F. X. Diebold, and P. Labys (2000). Great realizations. Risk 13, 105{108.�ndings, J has to be about 15 (yielding returns measured roughly over 1 minute). The estimator in A��t-Sahalia,Mykland, and Zhang (2006) needs K > J and the theory relies on K=J ! 1: Unfortunately, their formula for
hoosing K; typi
ally sele
ts a value smaller than J: So we imposed K � 5J; whi
h worked well in our empiri
alanalysis. 36
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Appendix A: Stable Convergen
eThe 
on
ise mathemati
al de�nition of stable 
onvergen
e is as follows. Let fXng denote a sequen
eof random variates de�ned on a probability spa
e (
;F ; P ) and taking values in a Polish spa
e(E; E),9 and let G be a sub-�{�eld of F . Then Xn is said to 
onverge G-stably in law if there existsa probability measure � on (
�E;F�E) su
h that for every bounded G-measurable randomvariable10 V on (
;F ; P ) and every bounded and 
ontinuous fun
tion f on E we have that, forn!1,E fV f (Xn)g ! Z V (!) f (x)� (d!;dx) : (A.1)If Xn 
onverges stably in law then, in parti
ular, it 
onverges in distribution (or in law or weak
onvergen
e), the limiting law being � (
; �). A

ordingly, one says that Xn 
onverges stably tosome E-valued random variate X on 
�E, written Xn LG! X provided X has law � (
; �). Things
an always be set up so that su
h a random variate X exists.This 
on
ept and its extension to stable 
onvergen
e of pro
esses is dis
ussed in Ja
od andShiryaev (2003, pp. 512-518). For earlier dis
ussions see, for example, R�enyi (1963), Aldousand Eagleson (1978), Hall and Heyde (1980, pp. 56-58) and Ja
od (1997). An early use of this
on
ept in e
onometri
s was Phillips and Ouliaris (1990). It is used extensively in Barndor�-Nielsen,Graversen, Ja
od, and Shephard (2006).However, the above formalisation does not reveal the key property of stable 
onvergen
e whi
his that 
onvergen
e G-stably in law to X is equivalent11 to the statement that for any G-measurablerandom variable W , the pair (W;Xn) 
onverges in law to (W;X ).The following results are helpful in the use we wish to make of this 
on
ept.Let fYng and fZng denote two sequen
es of random variates on (
;F ; P ) and with values in(E; E) and suppose that Yn LG! Y for some sub-�{�eld G of FLemma 1 If Yn LG! Y and fWng is a sequen
e of positive random variables on (
;F ; P ) tending inprobability to a positive G-measurable random variable W su
h that Wn=W p! 1 then WnYn L!WY.Proof. By the de�nition of G-stable 
onvergen
e we have that (W;Yn) L! (W;Y) and thereforethat WYn L! WY. Sin
e WnYn = (Wn=W )WYn and Wn=W p! 1 we have WnYn L!WY: �Lemma 2 If E is a normed ve
tor spa
e and if Zn p! 0 then Yn + Zn LG! Y.Proof. This follows simply from the de�ning 
ondition (A.1), using the tightness of fYng : �Lemma 3 If Zn L! Z and if fYng and fZng are independent then Yn +Zn LG! Y +ZProof. We have Yn LG! Y if and only if (W;Yn) L! (W;Y) for all G-measurable random variablesW on 
. Sin
e (W;Yn) ?? Zn and Zn L! Z it follows that (W;Yn;Zn) L! (W;Y;Z): This implies(W;Yn +Zn) L! (W;Y +Z) for all G-measurable W whi
h is equivalent to Yn +Zn LG! Y +Z: �9i.e. E is a 
omplete separable metri
 spa
e and E denotes the Borel �-algebra of E.10As is 
ommon, we take random variable to mean a real-valued random variate. We use 
apital Roman letters todenote random variables or ve
tors and 
apital Frakturs to denote general random variates.11See Ja
od and Shiryaev (2003, pp. 512-518) Proposition 5.33.40



De�nition 5 Let fZng be a sequen
e of d-dimensional random ve
tors on (
;F ; P ). We say thatthe 
onditional law of Zn given G 
onverges in probability provided there exists a G-measurable
hara
teristi
 fun
tion � (�jG) (possibly de�ned on an extension of (
;F ; P )) su
h that for all� 2 Rd�n (�jG) p! � (�jG) (A.2)where �n (�jG) = Enei�>Zn jGo :Remark. We 
an, without restri
tion, assume that there exists a d-dimensional random ve
torZ, de�ned on (
;F ; P ) or an extension thereof, su
h that � (�jG) is the 
onditional 
hara
teristi
fun
tion of Z given G. Then we also write (A.2) asL (ZnjG) p! L (ZjG) ;where Lf�jGg means 
onditional law given G.Proposition 4 Let fYng and fZng be sequen
es of random ve
tors. Suppose Yn LG! Y and LfZnjGg p!LfZjGg. Then (Yn; Zn) LG! (Y;Z).Proof. Let W be an arbitrary G-measurable random variable. For all �; �;  2 R and n ! 1, itmust be veri�ed that Enei�>Yn+i�>Zn+i Wo! Enei�>Y+i�>Z+i Wo. Now,E�ei�>Yn+i�>Zn+i W�� E�ei�>Y+i�>Z+i W� = E�ei�>Yn+i�>Zn+i W�� E�ei�>Yn+i�>Z+i W�+ E�ei�>Yn+i�>Z+i W�� E�ei�>Y+i�>Z+i W�= E hei�>Yn+i W f�n (�jG)� � (�jG)gi+Enei�>Yn+i W� (�jG)o� Enei�>Y+i W� (�jG)o :By (A.2),���E hei�>Yn+i W f�n (�jG)� � (�jG)gi��� � E fj�n (�jG)� � (�jG)jg ! 0:Moreover, sin
e Yn LG! Y , it holds that Enei�>Yn+i W� (�jG)o� Enei�>Y+i W� (�jG)o! 0: �Remark. The 
on
lusion of the Proposition holds not only for random variables Yn and Znbut extends to general random variates. In the present paper su
h an extension is, however, notrequired.Appendix B: ProofsProof of Theorem 1. We �rst show the stated separate limit results for Æ�1=2�Æ;H ; 
 (YÆ; UÆ) +
 (UÆ; YÆ) and Æ1=2 f
 (UÆ)�E
 (UÆ)g : Throughout we take t = 1 and so Æ = 1=n for the other
ases follow trivially. Consider �rst 
(YÆ): Write yj = Yj=n � Y(j�1)=n, then the terms we need tostudy are Pnj=1 y2j ; Pnj=1 yjyj+1; : : : ; Pnj=1 yjyj+H : This 
an be written in the form of a set ofmultipower variation statisti
s (e.g. Barndor�-Nielsen, Graversen, Ja
od, and Shephard (2006))nXj=1 HYk=0 gl;k(yj+k) = nXj=1 gl(yj ; yj+1; :::; yj+H); l = 0; 1; 2; :::;H;41



by sele
ting the fun
tions gl;k appropriately. In parti
ular, writing gl;k into a matrix formg(x) = 0BBBBB� x20 1 1 � � � 1x0 x1 1 � � � 1x0 1 x2 � � � 1... ... . . . . . .x0 1 1 � � � xH
1CCCCCA ; x 2 RH+1 :We satisfy all the 
onditions in Barndor�-Nielsen, Graversen, Ja
od, Podolskij, and Shephard(2006) ex
ept there the gl;k(x) are assumed to be even fun
tions. To see that for our spe
i�
 formof g this assumption of evenness does not matter, we will look solely at the Pnj=1 yjyj+1 statisti
.The other terms then follow immediately by the same argument.We think of the bipower variation statisti
1n nXj=1 g2;1 �pnyj� g2;2 �pnyj+1� ;where g2;1(x0) = x0 and g2;2(x1) = x1. Then using the notation of Barndor�-Nielsen, Graversen,Ja
od, Podolskij, and Shephard (2006) that ��(h) = E�h (x) j�2	, xj�2 � N(0; �2) we note that��(g2;1) = ��(g2:2) = 0, whi
h enormously simpli�es the task. Inspe
tion of their proof shows twosteps use this assumption. It is used on page 67, where various features of their zni are de�ned andstudied. In our 
ase zni = 0 and so they follow immediately. The only non-trivial step involvestheir equation (4.12) applied to the bipower 
ase whi
h is presented in the �rst equation of theirProposition 4.2. This 
orresponds to 
he
king 
ondition (7.29) in Ja
od and Shiryaev (2003).The sole task then is satis�ed if we 
an show Pnj=1 E(�njwjjF j�1n ) p! 0; (a
tually 
onverging to a
ontinuous pro
ess would be enough) where we de�ne�nj = 1png2;1(�j�1)g2;2(� 0j�1);with �j = pn� j�1n wj ; �0j = pn� j�1n wj+1; and wj = W jn � W j�1n : Thus �nj = pn�2i�2n wj�1wj .ClearlynXj=1 E��nj�njW jF j�1n � = 1pn nXj=1 �2j�2n ��nj�1W � = 1pn Z 10 �2udWu + op(n�1=2) p! 0:Hen
e the result holds. This implies then that Barndor�-Nielsen, Graversen, Ja
od, Podolskij, andShephard (2006) result holds and soÆ�1=2 n 
0(YÆ)� R t0�2udu; 
1(YÆ); : : : ; 
H(YÆ) o> LY! MN �0;Z t0 A(�u; g)du� ;where Al;k(�; g) = Cov �gl(x); gk(x)j�2	 = �4Cov fgl(x); gk(x)g, xj�2 � N(0; �2I), and x �N(0; I). Simple 
al
ulations based on the normal distribution delivers the result immediately.In 
onsidering the 
ross term 
 (YÆ; UÆ) + 
 (UÆ; YÆ), let �
 (YÆ; UÆ) = [YÆ℄�1=2t 
 (YÆ; UÆ) and �yj =[YÆ℄�1=2t yj. Then�
 (YÆ; UÆ) = nXj=1 �yj0BBB� UjÆ � U(j�1)ÆU(j+1)Æ � UjÆ + U(j�1)Æ � U(j�2)Æ...U(j+H)Æ � U(j+H�1)Æ + U(j�H)Æ � U(j�H�1)Æ 1CCCA42



and the 
oeÆ
ients �yj are uniformly asymptoti
ally negligible for almost all realisations of Y .Standard 
entral limit theory then yields that, 
onditionally on Y , �
 (YÆ; UÆ) L! N �0; 2!2B� :Sin
e 
 (YÆ; UÆ)� 
 (UÆ; YÆ) = op (1) and [YÆ℄t p! [Y ℄t this implies that a.s.[YÆ℄�1=2t (
 (YÆ; UÆ) + 
 (UÆ; YÆ)) L! N �0; 2!2B� :Finally we verify that jointly Æ�1=2�Æ;H ; 
 (YÆ; UÆ)+
 (UÆ; YÆ) and Æ1=2 f
 (UÆ)�E
 (UÆ)g 
onverge� (Y )-stably. On a

ount of Proposition 4, we 
an 
on
lude that the joint law of Æ�1=2�Æ;H and[YÆ℄�1=2t (
 (YÆ; UÆ) + 
 (UÆ; YÆ)) 
onverges � (Y )-stably. By Lemma 1 we then obtain that Æ�1=2�Æ;Hand 
 (YÆ; UÆ) + 
 (UÆ; YÆ) jointly 
onverges � (Y )-stably. Finally, sin
e Æ1=2 f
 (UÆ)�E
 (UÆ)g L!N �0; 4!2C�, a further appli
ation of Proposition 4 gives that Æ�1=2�Æ;H , 
 (YÆ; UÆ)+
 (UÆ; YÆ) andÆ1=2 f
 (UÆ)�E
 (UÆ)g are jointly � (Y )-stably 
onvergent.Next we 
onsider the pure noise term, 
(UÆ): De�ne Vh = Pn�h�1j=1 UjÆU(j+h)Æ; h � 0; Wh =Ph�1j=1 U(j�h)ÆUjÆ +Pnj=n�h+1UjÆU(j+h)Æ; h � 1; and Zh = U0UhÆ + UtU(n�h)Æ; h 2 Z; where allterms are mutually un
orrelated. Then 
0(UÆ) = (2V0 � 2V1) + (Z0 � 2Z1) and
1(UÆ) + 
�1(UÆ) = (�2V0 + 4V1 � 2V2) + (�W2) + (Z�1 � Z0 + 3Z1 � 2Z2);
h(UÆ) + 
�h(UÆ) = (�2Vh�1 + 4Vh � 2Vh+1) + (�Wh�1 + 2Wh �Wh+1)+ (Z�h � Z�h+1 � Zh�1 + 3Zh � 2Zh+1); h � 2:So that 
(UÆ) = 
V (UÆ) + 
W (UÆ) + 
Z(UÆ); where
V (UÆ) = 2(V0 � V1;�V0 + 2V1 � V2; : : : ;�VH�1 + 2VH � VH+1)>;
W (UÆ) = (0;�W0 + 2W1 �W2; : : : ;�WH�1 + 2WH �WH+1)>;(using the 
onvention W0 =W1 = 0) and
Z(UÆ) = 0BBBBB� Z0 � 2Z1Z�1 � Z0 + 3Z1 � 2Z2Z�2 � Z�1 � Z1 + 3Z2 � 2Z3...Z�H � Z�H+1 � ZH�1 + 3ZH � 2ZH+1
1CCCCCA :Sin
e Var(V0) = (n � 1)�2!4 and Var(Vh) = (n � h � 1)!4 for h � 1. Also, Var(W0) = 0 andVar(Wh) = 2!4(h� 1): It is now straight forward to show thatVar f
V (UÆ)g = 4!4 �nC +D(V )� and Var f
W (UÆ)g = 4!4D(W ); whereDV11 = � ��2 � 2 ��2 + 4 ��2 � 11 � ;DW11 = � 0 �0 12 � ;DV21 = 0BBB��2 100 �30 0... ... 1CCCA ;DW21 = 0BBB� 0 �10 120 0... ... 1CCCA ;

DV22 =0BBBBB� �18 � � � �14 �24 � � ��4 18 �30 � �0 �5 22 �36 �... . . . . . . . . . . . .
1CCCCCA ; and DW22 = 0BBBBB� 3 � � � ��3 6 � � �22 �5 9 � �0 32 �7 12 �... . . . . . . . . . . . .

1CCCCCA :43



Finally U0 and Ut are both averages of m independent noise terms, so that Var(U20 ) = m�3�2!4 +4m�4 (m�1)m2 !4 = m�3(�2 � 2)!4+2m�2!4; and Var(U0UhÆ) =m�1!4 for j 6= 0; and similarly forUtUt�hÆ terms. SoVar(Zh) = Var(U0UhÆ + UtUt�hÆ) = ( 4m�2!4 nm�1(�22 � 1) + !4o h = 0;2m�1!4 h 6= 0;whereby Var f
Z(UÆ)g = 4!4m�1E follows. Using that the various terms are un
orrelated we haveVar f
(UÆ)g = 4!4 �nC +D +m�1E� ; where D = DV +DW : �Proof of Theorem 2. w|Aw = 2k0;0� follows from the diagonal stru
ture of A: Next w|Bw =PH�1h=1 �k(HH ) � k(H�1H )	2 gives the se
ond result. The third results follows fromw|Cw = �k( 0H )� 2k( 1H ) + k( 1H )2	+H�1Xh=1 �k(h�1H )� 2k( hH ) + k(h+1H )	2+�k(HH )� (k(H�1H )	2 :With DV and DW de�ned in the proof of Theorem 1 and D = DV +DW ; the fourth result followsfrom �w|DV w = 0 + 2�k( 1H )� k( 0H )	2 + (H + 2)�k(HH )� k(H�1H )	2 + H�1Xh=1 (h+ 2)�k(h�1H )� 2k( hH ) + k(h+1H )	2 ;w|DWw = 12 H�1Xh=1 h�k(h�1H )� 2k( hH ) + k(h+1H )	2 + 12H �k(HH )� k(H�1H )	2 :The last result follows from, w|Ew = �k( 1H )� k( 0H )	2+PHh=1 �k( hH )� k(h�1H )	2+PH�1h=1 �k(h�1H )�2k( hH ) + k(h+1H )	2 + �k(HH )� k(H�1H )	2 : �Lemma 4 Let an;h be a non-sto
hasti
 array withPHh=1 a2n;h 6= 0; where H may depend on n: Thenas n!1nXj=1 �n;j L! N(0; !4); where �n;j = n�1=2UjÆXHh=1 an;hU(j�h)Æ�qPHh=1 a2n;h :Proof of Lemma 4. The array, ��n;j;Fn;j	 ; is martingale di�eren
e when we set Fn;j =�(UjÆ; U(j�1)Æ ; : : :): It 
an now be shown thatnXj=1 E ��2n;jjFn;j�1� = !2n�1 nXj=1 HXh=1 a2n;hU2(j�h)Æ!.PHh=1 a2n;h p! !4;nXj=1 E��2n;j1(j�n;jj � ")	 � "�2 nXj=1 Ej�n;jj4 = O(n�1);where we used Minkowski's inequality. This veri�es the two 
onditions of Billingsley (1995, theorem35.12) and the result follows. �Proof of Theorem 3. The results for K(YÆ) and K(YÆ; UÆ) +K(UÆ; YÆ) follows from Theorems 1and 2. The only thing left to be shown is the asymptoti
 result for K(UÆ): We haveK(UÆ) = � HXh=1 (wh+1 � 2wh + wh�1) Vh;n � HXh=1(wh+1 � wh�1)Rh;n; (A.3)44



where wh = k(h�1H ), Vh;n = 12Pnj=1 �UjÆU(j�h)Æ+UjÆU(j+h)Æ+U(j�1)ÆU(j�1�h)Æ+U(j�1)ÆU(j�1+h)Æ� ;and Rh;n = 12 fU0 (U�hÆ � UhÆ) + Ut (Ut+hÆ � Ut�hÆ)g : The last term in (A.3) is due to end-e�e
ts,and we haveH1=2 HXh=1(wh+1 � wh�1)Rh;n = U0H1=2 HXh=1 wh+1�wh�12=H (U�hÆ � UhÆ)+ UtH1=2 HXh=1 wh+1�wh�12=H (Ut+hÆ � Ut�hÆ); (A.4)whi
h, 
onditionally on U0 and Ut; 
onverges in law to MN n0; �U20 + U2t � 2!2k1;1� o :Case: k0(0)2 + k0(1)2 6= 0: With H _ n2=3 the end e�e
t, (A.4), vanishes. Now rewriteHn�1=2PHh=1 (wh+1 � 2wh + wh�1)Vh;n asw2�w11=H n�1=2V1;n � wH�wH�11=H n�1=2VH;n + H�1Xh=2 �wh+1�wh1=H � wh�wh�11=H �n�1=2Vh;n: (A.5)The result now follows from n�1=2Vh;n = 2n�1=2Pnj=1UjÆU(j�h)Æ + op(1) L! N(0; 4!4); H(w2 �w1) ! k0(0); H(wH � wH�1) ! k0(1); Cov(n�1=2Vh;n; n�1=2Vl;n) = 0 for h 6= l; and the fa
t thatlast term of (A.5) vanishes in probability.Case: k0(0)2+k0(1)2 = 0: The 
ontribution to the asymptoti
 varian
e from (A.4) is proportionU20 + U2t : Sin
e En�U20 + U2t �2o = O(m�2) this term vanishes when m ! 1. Next, set ah;n =2H3=2 (wh+1 � 2wh + wh�1) so that�n=H3��1=2 HXh=1 (wh+1 � 2wh + wh�1)Vh;n = nXj=1 n�1=2UjÆ HXh=1 an;hU(j�h)Æ + op(1):The result now follows by Lemma 4 and the fa
t that Pnh=1 a2n;h ! 4k2;2� : �Proof of Theorem 4. The 
onvergen
e by the individual terms follow from Theorem 3, and thestable 
onvergen
e for the sum of the three terms follows by Theorem 1. �Proof of Proposition 1. The 
�adl�ag property of � follows by dire
t argument. Further, byLebesgue's Theorem, the integral (20) is the same whether interpreted as a Riemann integral ora Lebesgue integral. With the latter interpretation we �nd �t = R t0 �2Tu�2udu = R t0 �2TudTu =R Tt0 �2udu = S Æ Tt: �Proof of Proposition 2. Withah;H = H�1=2 k �h+1H �� k �h�1H �2=H ; so that HXh=1 a2h;H ! k1;1� ;we see from (A.4), that the se
ond term in the kernel representation (A.3) is Op(H�1=2): Considernow the �rst term in (A.3). We have Vh;n = 2Pni=1 UjÆU(j�h)Æ + Op(1); so the �rst term is (�1times)HXh=1�k � hH �� 2k �h�1H �+ k �h�2H �	Vh;n = HXh=1�k � hH �� 2k �h�1H �+ k �h�2H �	 f2n�
h +Op(1)g45



= nH2 HXh=1 k00 � hH � �
h +Op( nH3 ) +Op(H�1);where we used the notation �
h = n�1Pni=1 UiÆU(i�h)Æ : �Proof of Proposition 3. Let �
h = n�1Pni=1 UiÆU(i�h)Æ : Sin
e k00 (0) = 0 we have� nH2 Xjhj� �H k00� hH� �
h = � nH3 Xjhj� �H k000 (0) jhj �
h +Op � nH3� = Op � nH3� :This leaves us thinking of PH�jhj> �H k00 � hH � �
h. From Bartlett (1946) we know that for k > hpn� �
h � E�
h�
k � E�
k � L! N 8<:� 00 � ; !4 1Xj=�1� �2h + �j+h�j�h �j�j+(k�h) + �j+k�j�h�j�j+(k�h) + �j+k�j�h �2j + �j+k�j�k �9=;where �j denotes the population auto
orrelation. In the AR(1) 
ase, with persisten
e parameterj'j < 1 then it is well known that this simpli�es topn� �
h � 'h!2�
k � 'k!2 � L! N �� 00 � ; 2!4 1+'21�'2 � 1 'k�h'k�h 1 �� ;noting P1j=�1 '2j = �1 + '2� = �1� '2� : Sin
e limH!1PH�h> �H k00 � hH �'h = 0, the impa
t ofthe serial dependen
e is thatr nH 8<: XH�h> �H 2k00 � hH � �
h9=; L! N �0; 4!4 1+'21�'2k2;2� � :This implies � nH2 Pjhj� �H k00 � hH � �
h = Op � n1=2H3=2�. Overall we have Op �n1=2H�3=2�+Op(nH�3) +Op �H�1=2�. Pla
ing H _ n1=2 delivers a term whi
h is Op �n�1=4� : Sin
e j'j < 1 we 
ontinue tohave U0; Ut = Op(m�1=2) with jittering, so the end-e�e
ts vanishes at the proper rate. �
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