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ABSTRACT. We calculate the first and second moments of L—functions in the family of qua-
dratic twists of a fixed elliptic curve E over F,[z], asymptotically in the limit as the degree of
the twists tends to infinity. We also compute moments involving derivatives of L—functions
over quadratic twists, enabling us to deduce lower bounds on the correlations between the
analytic ranks of the twists of two distinct curves.

1. INTRODUCTION AND STATEMENT OF RESULTS

The values of L-functions at the central point of the critical strip have been the subject
of considerable interest in recent years. One way to study these central values is by con-
sidering moments in families of L—functions. There are now precise conjectured asymptotic
formulas for such moments motivated by analogies with Random Matrix Theory [KS00a,
KS00b]. More precise asymptotic formulas containing lower order terms were conjectured
in [CFK*03, DGHO03, CFK'05]. In the case of the Riemann zeta-function, the analogue of
these conjectures is now relatively well understood in terms of correlations of the divisor func-
tion [CK1ba, CK15b, CK15¢c, CK16, CK19]. The moments of other degree-one L-functions
have also been investigated intensively. It remains a challenge to extend these calculations to
L-functions of degree two and higher.

The first moment of the family of derivatives of L—functions of quadratic twists of a fixed
modular form was studied in [BFH90a, Iwa90, MM91]. Questions related to the nonvanishing
of L—functions in this family were considered in [BFH90a, MM91, BFH90b]. For example, it
is shown independently in [MM91] and [BFH90b], using different techniques, that for a fixed
elliptic curve with root number equal to 1 there are infinitely many fundamental discriminants
d < 0 such that its twist by d has analytic rank equal to 1.

The second moment of the family was considered by Soundararajan and Young in [SY10].
Unconditionally, they obtained a lower bound for the second moment which matches the as-
ymptotic formula conjectured by Keating and Snaith [KS00b] and assuming the Generalized
Riemann Hypothesis (GRH) they established the conjectured formula. Using similar ideas,
again under GRH, Petrow [Pet14] obtained several asymptotic formulas for moments of deriva-
tives of these GL(2) L—functions when the sign of the functional equation is —1.

While no asymptotic formulas for moments larger than the second are known for this
family, there are lower and upper bounds of the right order of magnitude. Rudnick and
Soundararajan [RS05, RS06] established unconditional lower bounds for all moments larger
than the first, and, assuming GRH, the work of Soundararajan [Sou09] and its refinement
by Harper [Harl3] produced upper bounds of the conjectured order of magnitude. In [RS15]
Radziwilt and Soundararajan proved upper bounds for moments below the first in this family
of L—functions. Their techniques also allow them to obtain a one-sided central limit for the
distribution of the logarithm of these central L—values. Their result supports a conjecture by
Keating and Snaith [KS00a] which can be viewed as the analogue of Selberg’s central limit
theorem for the distribution of log [{(1/2 + it)|.

In this paper we study several moment problems of comparable difficulty to the moment

computation of Soundararajan and Young in the function field family of quadratic twists of an
1
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elliptic curve. Since we are working over function fields, the results we obtain are unconditional
due to the availability of GRH in this setting.

Recently there has been a good deal of work on computing moments of L—functions in the
function field setting. Andrade and Keating [AK12] obtained an asymptotic formula for the
first moment in the symplectic family of quadratic L—functions when the degree of the L—
functions (which is a polynomial in this case) goes to infinity and the size of the finite field is
fixed (see also [HR92| for a similar result). A lower order term of size approximately the cube
root of the main term was computed in [Flo17b]. The second, third and fourth moments were
computed in [Flo17c, Flo17a] (see also [Dial8]). We note that the asymptotic formula for the
fourth moment does not have a power savings error term, but recovers several of the expected
leading order terms in the conjectured formula [AK14]. Obtaining an asymptotic formula
with the leading order term for the fourth moment in the family of quadratic L—functions
is comparable in difficulty to establishing an asymptotic formula for the second moment of
L—functions of quadratic twists of an elliptic curve, and is one of the problems we consider in
this paper.

We note that for all of our results, we fix the size ¢ of the finite field we work in and let
the degree of the L—functions go to infinity. If instead one fixes the degree and lets ¢ — oo,
then Katz and Sarnak [KS99] showed that the L-functions become equidistributed in the
orthogonal group, and hence computing the various moments reduces to computing several
random matrix integrals (see for example [KS00a]). In the case of elliptic curve L-functions,
the relevant equidistribution results were established in [HKRG17].

To state our results we first need some notation. Fix a prime power ¢ with (¢,6) = 1 and
g=1 (mod 4). Let K =TF,(t) be the rational function field and O = [F4[t]. Let E/K be an
elliptic curve defined by y? = 23 + ax + b, with a,b € O and discriminant A = 4a> + 272
such that deg,(A) is minimal among models of E/K of this form.

The normalized L—function associated to the elliptic curve E/K has the following Euler
product and Dirichlet series, which converge for R(s) > 1,

L(E,s) = L(E,u) = > A(f)uleV (1.1)
fem
1] (1 A(P)ules(? ))‘1 11 (1 (PP _|_u2deg(P)>_17
PIA PtA

where we set v := ¢~%, and M denotes the set of monic polynomials over F,[t]. For a more

detailed discussion of the coefficients A(f) and how to define the L—function, see Section 2.2
in [BH12|. The L—function is a polynomial in v with integer coefficients of degree

n:=deg (L(E,u)) = deg(M) + 2deg(A) — 4, (1.2)

where for simplicity we denote by M the product of the finite primes where F has multiplicative
reduction and by A the product of the finite primes where E has additive reduction. Moreover,
the L—function satisfies a functional equation; namely, there exists e(E) € {£1} such that

£(B,u) = o(B)(y/au£ (E. qlu)

For a more precise formula for the sign of the functional equation, see Lemma 2.3 in [BH12].
Now for D € Ok with D square-free, monic of odd degree and (D, A) = 1, we consider the
twisted elliptic curve E ® xp/K with the affine model y? = 23 + D%ax + D3b. Then the
L—function corresponding to the twisted elliptic curve has the following Dirichlet series and
Euler product

LIE®xp,u) = > Af)xp(f)ute)
femMm
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—1 -1
- 11 (1 - )\(P)XD(P)udeg(P)> I1 (1 — A(P)xp(P)uds® 4 u2deg<P>) .
P|A P{AD
The new L—function is a polynomial of degree (n + 2deg(D)) and satisfies the functional
equation
1
»C(E®XD7U) :6(\/au)n+2deg(D)£(E®XD,qfu>, (1.3)

where
€ = €(E ® XD) = €deg(D)€(E) XD (M).
Here €qeg(py € {£1} is an integer which only depends on the degree of D (see Proposition 4.3
in [BH12)).
Let H5,4, denote the set of monic, square free polynomials of degree (29 + 1) coprime to
A. Our first two theorems concern the first moments of L(E ® xp,1/2) and L'(E ® xp, 1/2).

Theorem 1.1. Unless exg11€(E) = —1 and M = 1, we have
1

*
’H2g+1 ’ D€H§g+1

L(E ® xp, %) = (M) + Os(q_g+6g)a

where the value c1(M) is defined in (5.6) and (5.2). In particular, the constant ci(M) # 0 in
this case and we obtain an asymptotic formula.

Theorem 1.2. Unless exg11€(E) =1 and M =1, we have

1
€ L(E®xp, 3) = c2(M)L(SymE. 1)g + e5(M) + O:(q7#"9),

—
H5g1l DEH;,

where the values ca(M) and c3(M) are defined in (6.2), (6.3) and (5.2). In particular, the
constant ca(M) # 0 in this case and we obtain an asymptotic formula.

In the following theorems we obtain asymptotic formulas for the second moments of L(E ®
XD,1/2) and L'(E ® xp,1/2).
Theorem 1.3. Unless exg11€(E) = —1 and M = 1, we have
1

|H§g+1 ‘ D€H§g+1

L(E® xp,$)? = ca(M)L(Sym?E, 1) g + O, (¢"/***),

where the value c4(M) is defined in (7.2), (3.8) and (3.9). In particular, the constant c4(M) #
0 in this case and we obtain an asymptotic formula.

Theorem 1.4. Unless exg11€(E) =1 and M =1, we have

1
e L'(E®xp, ) = c5(M)L(Sym?E, 1)3g3 + O0.(g*"),

‘H§g+1‘ D€H§g+1

where the value c5(M) is defined in (8.2), (3.8) and (3.9). In particular, the constant c5(M) #
0 in this case and we obtain an asymptotic formula.

Note that Theorem 1.3 is the function field analogue of Theorem 1.2 in [SY10]. Consid-
ering the smoothed second moment, Soundararajan and Young obtain an error term of size
(log X)3/4*¢, which would translate to g**¢ in the function field setting. Using slightly differ-
ent techniques, Petrow states in [Pet14] that the error term could be improved to (log X )/2+¢
which is of the same quality we obtain in the result above.

Our Theorem 1.3 should also be compared to the asymptotic formula for the fourth moment
of quadratic L—functions over function fields in [Flo17a]. We remark that for the symplectic
family of quadratic L—functions, one can obtain lower order terms in the asymptotic formula
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by using an inductive argument and then obtaining upper bounds for moments of L—functions
evaluated at points far from the critical point. The fact that one can compute a few lower
order terms can be explained by the gap between powers of g coming from evaluating moments
at the critical point versus evaluating moments far from the critical point. When computing
the fourth moment of quadratic L—functions close to the central point, one expects to obtain
a power of ¢'°. As we move away from the central point, the family starts to behave like a
family with unitary symmetry and one expects an upper bound of the magnitude g*. The
difference in powers of g gives one room to use a repetitive argument to rigorously compute
lower order terms down to ¢g*. In the case of the orthogonal family we consider in this paper,
note that the main term in Theorem 1.3 is of size g, and the error term has size ¢*/2 coming
from obtaining an upper bound for the second moment evaluated at a point far from the
central point. The small difference between these powers of g does not give us enough room
to compute a lower order term in this case.

We can also study the moment of the product of the quadratic twists of two elliptic curve
L-functions. Let E7 and Es be two elliptic curves over K. Let A = A1As, where, for i = 1,2,
A; denotes the discriminant of F;. Let M; denote the product of the finite primes where FE;
has multiplicative reduction and

€ = €deg(D)€(Ei) XD (M;).
Define 1+ )
€ - e
e;r = > ’ and € = 2 L.
Theorem 1.5. Unless ezgr1€(E1) = —1 and My = 1, or exgr1€(E2) = 1 and My = 1, or
€(E1) = €(E2) and My = M, we have

1
7 Z € L(E1 ® xp, 5)L' (B2 ® XD, 3)
#3941l DeH3,
= cg(My, Mo)L(Sym? Ey, 1) L(Sym*Ez, 1) L(E1 @ Bz, 1) g + Oc (91/2+€)’

where the value cg(My, M) is defined in (9.2), (3.8) and (3.11). In particular, the constant
ce(My, M) # 0 in this case and we obtain an asymptotic formula.

We are not aware of the analogous number field result in the literature. We also prove the
following.

Theorem 1.6. Unless egr1€(Er) = 1 and My = 1, or exgy1€(F2) = 1 and My = 1, or
e(E1) = —e(E2) and My = M, we have
1 _ _
Hsi] Y. ae L(Ei©xp 5L (E@xp})
291 peny .,
= c7(My, Mp)L(Sym*Ey, 1) L(Sym?Es, 1) L(Ey ® E», 1) g* + O.(¢" %),

where the value c7(My, Ma) is defined in (10.2), (3.8) and (3.11). In particular, the constant
c7(My, M) # 0 in this case and we obtain an asymptotic formula.

Note that this result is the analogue of Theorem 2.2 in [Pet14]. An interesting problem
would be to compute the average of L(E1® xp,1/2)L(E2® xp, 1/2) for distinct elliptic curves
FEq1 and F,. This would have applications to the question of simultaneous non-vanishing of
L(Ey®xp,1/2) and L(E2 ® xp, 1/2). However our techniques do not allow us to obtain such
an asymptotic formula, as the error term (coming from Proposition 4.7) would dominate the
main term which would have constant size.

Define the analytic rank of a quadratic twist of an elliptic curve L-function L(E ® xp, $)
by

TE®xp = Ords:l/QL(E ® XD, 8)-
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Combining the upper bounds for moments of elliptic curve L-functions (see Section 4) with
Theorems 1.5 and 1.6 leads to the following corollary.

Corollary 1.7. Unless ezgr1€(Er1) = —1 and My = 1, or exgr1€(E2) = 1 and My =1, or
€(E1) = e(E2) and My = Ms, we have

29
q
#{D € Miyp1: TEroxn = 0, Fioxn = 1} >e o

as g — o0o. Also, unless ezg1€(E1) = 1 and My = 1, or eyg11€(E2) = 1 and My = 1, or
e(E1) = —e(E2) and My = M, we have
q*
#{D S /Hgg-&-l ‘TEiexp — TE2@xp — 1} e F
as g — oo.

As far as we are aware, Corollary 1.7 is the first result in literature where explicit lower
bounds concerning the correlations between the ranks of two twisted elliptic curves are ob-
tained. Following Harper’s argument for the upper bounds for moments of L-functions [Har13],
one may remove the exponents € in Corollary 1.7. We fail to obtain positive proportions in the
above results because we are not able to use a mollifier. Note that the results of Heath-Brown
[HB04] adapted to the function field setting do not lead to positive proportions either.
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toral Fellowship during part of the research which led to this paper. J.P. Keating is supported
by a Royal Society Wolfson Research Merit Award, EPSRC Programme Grant EP/K034383/1
LMF: L-Functions and Modular Forms, and by ERC Advanced Grant 740900 (LogCorRM).
The authors would also like to thank Chantal David, Matilde Lalin and Zeev Rudnick for
useful comments on the paper.

2. SOME USEFUL LEMMAS

In this section we will gather a few useful lemmas we will need throughout the paper.

Recall that ¢ is a prime power with ¢ = 1 (mod 4) and (¢,6) = 1. Let M denote the
set of monic polynomials over F,[t] and H be the set of monic, square-free polynomials.
Let M,, denote the set of monic polynomials of degree n over F,[t] and M<,, be the set of
monic polynomials of degree less than or equal to n. Let H, denote the monic, square-free
polynomials of degree n and recall that #, denotes the set of monic, square-free polynomials
of degree n coprime to A. The norm of a polynomial f is defined by |f| = ¢8()). Let ¢
denote the Euler totient function and 7 the divisor function.

We define the zeta-function as )

Cals) = Z W

fem
for R(s) > 1. By counting monic polynomials of a given degree, one can easily show that
1
CQ(S) = 1 — q1_57

and this provides a meromorphic continuation of ¢, with a simple pole at s = 1. As before,
we will make the change of variables u = ¢~® and so the zeta-function becomes

1
— — deg(f) — _
Z(u)=Co(s) = D b
fem
with a simple pole at u = 1/q. Note that Z(u) can also be written as an Euler product
1

OB (1 _ udeg<P>)_ ,

P
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where the product is over monic, irreducible polynomials in Fy[t].
The quadratic character over [Fy[t] is defined as follows. For P a monic, irreducible polyno-
mial let
1 if P1f, fis a square modulo P,

(%) =< -1 if Pt f, f is not a square modulo P,

0 if P|f.
We extend the definition of the quadratic residue symbol above to any monic D € F,[t] by
multiplicativity, and define the quadratic character xp by

Since we assumed that ¢ = 1 (mod 4), note that the quadratic reciprocity law takes the
following form: if A and B are two monic coprime polynomials, then

()= (3)

Throughout the paper, we will often make use of the Perron formula over function fields.
If the series 3 pc v a(f yudes(f) is absolutely convergent for |u| < r < 1 then

du
> a(f) = % » < > al f)udeg(f)> —

feMy, fem
and
1 du
o) =g f (X atpuEn) m
f€%<n 21 lu|=r f;\/{ u +1(1 — u)

Recall that the twisted elliptic curve L-function £(E ® xp,u) is a polynomial of degree
(n+ 2deg(D)), with n being defined in (1.2). Thus we can write

n+2deg(D)
LE®xp,u)= > cuul

n=0
where ¢, = 3 pcpy, AU )xD(f)-

Lemma 2.1. The coefficients ¢, of L(E ® xp,u) satisfy the following relation

Cn = Eqn—n/2—deg(D)Cn+2 deg(D)—mn>»
with € as in equation (1.3). In particular, if € = —1 and n is even, then ¢, /o1deg(p) = 0-

Proof. From the functional equation (1.3) we have

n+2deg(D) n+2deg(D)
Z cpu” = € Z qun/2+deg(D)fnun+2 deg(D)fn.
n=0 n=0
By setting k :=n+ 2deg(D) — n we get
n+2deg(D) n+2deg(D)
Z cpu” =€ Z Cnt2deg(D)—k qk—n/2—deg(D)uk.
n=0 k=0
Comparing the coefficients we obtain the lemma. O

For D € H3, ., we can obtain the following exact formulas for L(E ® xp, 1/2) and L'(E'®
XD, 1/2). These are the analogues of the approximate functional equations in the number field
setting.
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Lemma 2.2. Let D € H3 .. Then

A A
LE® xp, ) = 3 (f)f;)‘(f) np 3 (f)>T?|(f)’
feMg[n/2]+deg(D) fEMS[(ﬂ—l)/2]+deg(D)
with € as in (1.3).
Proof. We use Lemma 2.1 to get
n+2deg(D) [n/2]+deg(D) n+2deg(D)
L(E® xp,u) = Z cpu” = Z cpu™ + Z cpu”
n=0 n=0 n=[n/2]+deg(D)+1
[n/2]+deg(D) n+2deg(D)
_ Z cou™ 4 € Z Cns2dea(D)—n qn—n/2—deg(D)un_
n=0 n=[n/2]+deg(D)+1
Changing the summation variable in the second sum leads to
[n/2]+deg(D) [(n—1)/2]+deg(D)
L(E® xp,u) = Z cpu” + € Z e (qu?)/2Hdes(D)=nyn.
n=0 n=0
Taking v = ¢~'/? and recalling that ¢, = > ren, Af)xp(f) conclude the proof. O

Lemma 2.3. Let D € H5 .. If e = —1, then

s (/2 deslD) — DA wl)
7]

Proof. The above formula follows simply by differentiating the last equation in the proof
of Lemma 2.2. Just note that as remarked in Lemma 2.1, if ¢ = —1 and n is even, then

Cn/2+deg(D) = 0. (I

L'(E®xp,3) =2(logq)

fFeEM<in/2)1deg(D)

We also have the following lemma which expresses a character sum over square-free poly-
nomials in terms of sums over monics.

Lemma 2.4. We have

> xolh) = wCxaf) Y > Xr(f)

DeHs C1lA Co|(Af)>° REMag 11— deg(Cr)—2deg(Co)
—q > wCxe(f) D > xe(f);
Cila Ca|(Af)> ReM?gflfdeg(Cl)72 deg(Ca)
where by Co|(Af)*> we mean that the prime factors of Co divide Af.
Proof. Let
Aw) = Y xp(fHuts®),
DeH
(D.A)=1
Then
-1
Aw) = TT (1+xe(fpu®) = T (1 - =) (1= xp(fu=?)
PIAf PIAf
-1
= (1—qu?)L(u,xs) [] (1 _ u2deg(P)) I1 (1 _ XP(f)udeg(P)).
PIAf P|A

Pif
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Writing
H (1 _ queg(P))f1 _ Z u2deg(02)’
P|Af Ca|(Af)>
[T (1 = xe (D) = 3 u(Cr)xe, (Hus),
PlA Cci|A
Ptf
and comparing the coefficients of 429!, the conclusion follows. O

As in [Hay66] we define the exponential over function fields as follows. For a € Fq((1/t))

let T
-
eq(a) = exp (ﬂ-l /P (al)),
p

where a; is the coefficient of 1/t in the Laurent expansion of a and ¢ is a power of the prime
p. We define the generalized quadratic Gauss sum as

V.= X e ()
u(mod f)
where x s is the quadratic character defined before. We gather here a few useful facts about
G(V, f) whose proofs can be found in [Flo17b].

Lemma 2.5. (1) If (f,h) =1, then G(V, fh) = G(V, f)G(V, h).
(2) Write V. =ViP* where PtVi. Then

(

0 if j <« and j odd,
(P7) if ] <« and j even,

G(V,P?) ={ —|p! ifj=a+1 and j even,
xp(VD)IPP=Y2 if j=a+1 and j odd,
0 ifj >2+a.

The following Poisson summation formula in function fields holds.

Lemma 2.6. Let f € M,,. If n is even, then

> wh=4(c0nta-n ¥ v~ ¥ omn),

ReM,, VEMgn_m_g VeMuy—m-1
otherwise
q"7(q
> ol =15 S 6w
ReMy, VEMn—m—l

where ,

- 27TiTI‘]F F (C)

7(q) = > xs(c)exp (#)
c=1

is the usual Gauss sum over IFy.

2.1. Outline of the proof. We will use the approximate functional equations for the L—
functions involved in the moment computations and then truncate the Dirichlet series close
to the endpoint. For the longer Dirichlet series, we will use Poisson summation and standard
techniques to compute the main terms. For the tails, we will go back and write the Dirichlet
series in terms of expressions involving moments and then use upper bounds for moments.
The key in bounding the tails is the fact that the moments behave differently depending on
the points where we evaluate them (the power of g gets smaller in different ranges).
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3. MAIN PROPOSITION
For N|A®, let
A1 ( Nfh
Senm(N X, Yia 0= Y. 3 L(f)Aa(h)xp(NJh) (3.1)

1/2+a 1/248
D€H§g+1f€Mg !fl |
hGng

where \; are the Dirichlet coefficients of L(E;, s) as in equation (1.1).
Proposition 3.1. Assume X >Y. We have

Sg(N,X,Y):=Sggr(N,X,Y;0,0)

= [Hag11|Cu(N;1,1,1) L(Sym?E, 1) Y
+ O(q ) + O(ng—Y/sg2) + O(q9/2+3(X+Y)/8g30),
and if FW # FEs, then
SerE, (N, X, Y0, 8) = [Hag1|Cry 5y (N5 1,1, 1, r, B) L(Sym?Ey, 1 4 2a) L(Sym?E», 1 + 28)
L(E1 ® By, 1+ a+ 5) + O(QQQ—Y/592) + O(qg/2+3(X+Y)/Sg30)

uniformly for |al,|B| < 1/g, where the values Cp(N;1,1,1) and Cg, g,(N;1,1,1,0a, ) are
defined in (3.8), (3.9) and (3.11).

We begin the proof of the proposition by applying Lemma 2.4 and rewriting Sg, g, (N, X,Y; o, )
as

> it S revcnm 9 S
{'ng\\/l/lg Cﬂ(Afh)oo R€M2g+l—deg(01)—2 deg(C2)
<y
4 Z ‘f|1/2+a’h’1/2+,8 Z (Cxe (N fh) Z Z Xr(N fh)
{Leﬁé Ca|(Afh)>® REMaog 1 _deg(Cy)—2 deg(Cy)
eMcy
= SEl,E'z(N7 X7 Y7 Z7 Oé,ﬁ) + TE'l,E'z(N7 Xa Y7 Z, «, ﬁ)’ (32)

where Sg, g, (N,X,Y,Z;a, ) denotes the contribution of the terms with deg(C2) < Z and
Tg, B (N,X,Y,Z;, 3) denotes that with deg(Cz) > Z for some Z < g. We first estimate
Tg, By (N, X,Y,Z;c, 3), which is easier.

3.1. The term Tg, g, (N, X,Y, Z;a, 3).
Lemma 3.2. We have

Ty (N, X, Y, Z; 00, B) <o q?07372g0%
uniformly for ||, |B] < 1/g.

Proof. It suffices to prove the bound for T};h £,» Which is

S L Swenaem S e
JeEM<x Ca|(Afh)>® REMag i1 _deg(Cq)—2deg(Cy)
heMcy deg(C2)>Z

We use the Perron formula for the sum over f and h. We write rad(Cs)/(rad(C2),A) = C =
AB, and replace f,h by Af and Bh, respectively, where rad(f) is defined to be rad(f) =
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[Ip; P- Then
—_— 1(C1)xc, (NAB)
Tgy 5, = Z Z | A[1/2+a| B[1/2+5 Z Xr(NAB)
co>Z Ci1eEMy ReMagti—cq—2¢co
c+2c2<29+1  CheM,,
Ci|A,C=AB

Lt xci r(FR)AL(AF) Ao (Bh)udeeF)ydee(h)
8 (27i)? j{q:r ﬁ;d:r Z

Py |f|1/2+“\h|1/2+5

dudv
" X~ deg(A)+1 Y —deg(B)1(1 — u)(1 — )

for any r < 1. The sum over f and h may be written as
u v
Dl (Av Bv ClRa u, v, «, /B)E(El & XC1R» W)E(EQ & XC1R» qUTﬂ)’

where D1 (A, B, C1R; u,v, a, 3) is some Euler product which is uniformly convergent provided
that |ul,|v| < ¢~1/9, and satisfies

Dl (Aa Ba ClRa u,v, a, B) < T(AB)

uniformly in this region. Moving the u and v contours to |u| = |v| = ¢~/9 and using the
bound

u v
)ﬁ(El ® XC1R; m)»C(EZ ® X R; ql/TB) ‘
u 2 v 2
< ‘L(El ® XC1R) W)‘ + ‘L(Ez ® XC1R) W)’

we get

T/ <<g2 Z Z 7(0)2% f
et VICI Jpui=g=1/5 Jjoj=g=1/a

c2>Z Cr1eEMcy
c14+2c9<2g+1 C2€Mc2

C1lA

2 2
> <‘£(E1®XC1R; ql/%)‘ + |£(B2 @ xoun ql/%wﬂ )dudv.

R€M2g+1—cl—2c2

Now let D = (Cy, R). Write R = DRy = DEH?, where E is square-free, and let C; = DCs.
Then

u
‘E(El ®XC'1Rv W)‘ < ’DH’E

£<E1 ® XC3 B, W%) ‘

Using upper bounds for moments (see Remark 4.2 after Theorem 4.1), we get that

! 7'(02)2 29-32Z/2,6
T <. ?9g3+e 2« q¥ /g te
E17E2 € C;/V‘ /’rad(CQ)‘ 022 €
Z<deg(C2)<g

and this finishes the proof of Lemma 3.2.
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3.2. The term Sg, g,(N,X,Y, Z;a, ). Define S, g (N, X,Y, Z; v, B) to be

A (f
2 \f!1/2+a!h\1/2+ﬂz pCOXe (N D 2 xr(Nfh),
feM<x C2|(Afh)>™ REMagi1—deg(C)—2 deg(Ca)
heM<y deg(C2)<Z

and S:thb (N, X,Y, Z;a, ) to be the same sum with g being replaced by (¢ — 1). Then
Spm (N, X, Y, Z; o, ) = Sp, p,(N. X, Y, Z;, B) = 4Sg, 5, (N, X, Y, Z; , B).
Using Lemma 2.6 on the sum over R, it follows that S};hEQ(N, X,Y, Z;a, B) equals

4201 Z A1(f)A2(h) Z w(Cr)xc, (N fh)
(o NIRRT P Ak
heEM<y Ca|(Afh)>
deg(N fh) even deg(C2)<Z
deg(C1)+2deg(Ca)<2g+1
< (G0N + - ) G(V, Nfh)
VEM<deg(N fh)+deg(C1)+2 deg(Co) —29-3
- > G(V,N fh)>
VEMaeg(N fh)+deg(Cy)+2 des(Cz)—29—2
—— AL(f)A2(h) 1#(C)xe, (N fh)
+¢**7(g)
2 TN T 2 C1lCoP?
he Moy Cal(Afh)>
deg(N fh) odd deg(C2)<Z
deg(C1)+2 deg(C2)<2g+1
X > G(V,Nfh).

VEMacg(N fh)+deg(Cp)+2 deg(Ca)—29—2

Let S;El,E2 (V = 0) denote the terms with V' = 0 above and S;EI’EQ(V # 0) be the terms
with non-zero V. The terms Sgl’& (V =0) and SZ?LEz (V #0) are similarly defined. Let

Seym (N, XY, Z;0, B;V = 0) = Sp, g, (V =0) — ¢S, g, (V =0)
and

Sp e (N, XY, Z; 0, B;V #0) = Sp, g, (V #0) = ¢ Sg, 5, (V #0)
so that we have

SE17E2(N7X7Y7 Z,O[,B) - SEl,EQ(NaXaxz;aaﬂ;V = O) + SEl,EQ(N7X7Y7 Z,O[,B7V 7& 0)
(3.3)
We shall evaluate Sg, g, (N, X,Y, Z;a, 8; V = 0) in Section 3.3 and bound Sg, g, (N, X, Y, Z; o, B; V #
O) in Section 3.4.

3.3. The V =0 terms.
Lemma 3.3. We have
Sg(N,X,Y,Z;V =0):=Sgg(N,X,Y,Z;0,0;V = 0)
= [Hag11|CE(N;1,1,1) L(Sym?E, 1)’ Y + 0(¢%9) + O(¢*Y/°¢?),
and if By # FEs, then
SeE, (N, XY, Z;a, 3,V =0) = [Hog11|Cry,m (N3 1,1, 1, c, B) L(Sym®Ey, 1 + 2a)
L(Sym?Es, 1+ 28)L(E1 ® Es, 1+ a+ B) + O(¢* 7 Y/%¢%) + O(¢*34/2)
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uniformly for |a|, || < 1/g, where the values Cp(N;1,1,1) and Cg, g,(N;1,1,1,c, 8) are

defined in (3.8), (3.9) and (3.11).
Proof. Note that G(0

,Nfh) # 0 if and only if N fh is a square polynomial, and in this case

G(0,Nfh) = ¢(N fh). Hence
/ AL(f)A2(h)o(N fh) 1 1(C1)
SE1 EQ(V = O) = q29+1 Z 3 Z Z :
; /24a|p|3/2+8 2
ertex VI || Gal(atnye 12! T |C1l
heM«y deg(C2)<Z (C1,Nfh)=1
Nfh=0 deg(C1)<2g+1—-2deg(C2) 3.4
3.4
We have
$ wC) _ $ w(Cr) T 1(Ch)
|Ch &1 (&Y
cila chlA 1A
(C1,Nfh)=1 (C1,Nfh)=1 (C1,Nfh)=1
deg(C1)<2g+1—2deg(C2) deg(C1)>2g+1—2deg(C2)
1 - |N fh| 1 2
= 1-— 29 1-— g .
[T (1-g37) otie) = g T (1= 7) 0l @9
P|A P|Afh
PiNfh
Note that
Yool g™ (3.6)
CoeMy,
Ca|(Afh)>

Let N = NZN, with Ny being square-free. The condition N fh = [J is equivalent to fh = Nof?

for some polynomial ¢. Then we can write f = NjA and h = NJB, with NN} =

NQ and

AB = (2. Tt follows that the contribution of the error term in (3.5) to (3.4) will be

1
€9 E
et i
EEMS(X+y>/2 AB:Z2

> [M(N5A) A2

)| <e ¢,

by using the bound |\;(f)| < 7(f) <. |f]6 Thus we can rewrite (3.4) as

SjEl,EQ(V =0)=

q2g+1 Z

fEMS
hEMSY
N fh=0

We obtain a similar estimate for S;h 5, (V' = 0) with g being replaced by (g —

SEl,EQ(N7X1Y7Z;a7B; :0)

M(f
= Hag1 Z |f|1/2+a|h|1/2+5
fEMS
heMcy
Nfh=0

From the Perron formula for the sum over Co,
> aE-
|Co2  2mi

Ca|(Afh)>
deg(C2)<Z

for any r < 1, it follows that

SE1,E2(N7X7Y72;Q76;V

TG ) 5 oo

M(f 1
|f|1/2+a‘h|1/2+/5 H <1||) Z | 2|2 + O:(¢%).

Co|(Afh)>®
deg(C2)<Z

1), and hence

(3.7)

(Afh)™>
deg(C2)<Z

I (1-
I

o-lesld f 4

wdes(P) ) -1 dw

|P[? w1 (1 —w)
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dudvdw

AE17E2 (Na u, v, w, &, B)UX+1’UY+1U)Z+1(1 — u)(l — ’U)(l — w)

+ O-(¢%9),

where
deg(f)q,deg(h) 1 deg(P)\ —1
Ap (Vv wa ) = 30 MR EES T (1= ) (- )

|[f[H/2e h /2t 1P| |P[?
2 A

We can write down an Euler product for Ag, g,(N;u,v, w,a, 5) as follows.

AE17E2 (N7 U, 'U, w7 Oé, /8)

1 wdes(P) -1 )\1(Pi))\Q(Pj)uideg(P)vjdeg(P)
—H(“< w0 ) X, i) 69

PiA i+j even>2
<11 . wdea(P)\ ! 5 A1 (PP g (7 Yy des(P)yf deg(P)
yPy | P|? | P|(1/2+)i+(1/2+8)j :
P|A i,
i+j+ordp(N) even
Then
u2 U2
Ag(N;u,v,w,0,0) := Ag g(N;u,v,w,0,0) = Cg(N;u,v,w) E(Syng, ;)E(SmeE, ;)
(3.9)
2p UV uv
xE(Sym E, q)z(q), (3.10)
and
Apy, g (N;u, v, w, o, 8) (3.11)
2 2 v
= Cp, 5y (N3, v,w, v, B)L (Syszl, 1+za> E(Sym Es, HZB)L‘(El ®EQ,W),

if By # Eo, where Cp(N;u,v,w) and Cg, g, (N;u,v,w, «, 3) are some Euler products which

are uniformly bounded for example when |ul, |v| < ¢'/5, |w| < ¢3/2.
Consider the case Fq = = FE. We have
SE(N,X,Y,Z;V ’fH?gH‘ j{ % f e(N;u,v w)ﬁ(Sym )
lu|l=r J|v|=r J|w|=r

) dudvdw
q / uwXH Y HlwZ 411 — u) (1 — v)(1 — w) (1 — w)

2
v
X c(smeE, )L‘(Sym + 0.(¢°9)
q
for any r < 1. We choose r = ¢ Y9 and move the u contour to lu| = g, encountering two
simple poles at u = 1 and u = 1/v. The new integral is trivially bounded by O(q29_X/ 592).
Furthermore, the contribution from the residue at u = 1/v is

1
— |H LSmQE,l % % Ce(N;1/v,v,w
[Hag+1] L(Sy )(2m)2 olmg-1/0 Jjuw|=gq-1/a B(N;1/ )

dvdw
VY =X w2+ (1 —0)2(1 —w)’

which is O(¢??). This can be seen by first moving the v contour to |v| = ¢~/°, creating no
poles, and then moving the w contour to |w| = 2, crossing a simple pole at w = 1. Both
the new integral and the residue at w = 1 are O(¢?9) as X > Y. So

X E(SmeE, viq)E(SmeE, 1;2)

SE(N,X,Y,Z;VZO):\H2g+1|L(Sym (N;1,0,w)

v‘:q_l/g

lw|=q=1/9
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2 dvdw

v v _
x £(SymE, ;)E(Sysz, 5) T oy T O + O Xog).

We now move the v contour to |v| = g/, encountering a double pole at v = 1. The new
integral is bounded by O(ng_y/ 59), and an argument similar to the above implies that the
residue at v =1 is

1
H LSmQE,13Y,% Ce(N;1,1,w
[H2g+1|L(Sy ) Y5 I B( )

G+ O
Hence
Sp(N,X,Y,Z;V = 0) = |Hags1| Cu(N; 1,1, 1) L(Sym?E, 1)’ Y + 0(¢%) + 0(¢*/7¢%).
For E| # E5, we have that

Se e, (N, XY, Z;, B;V = 0)

|H29+1|j§ ?4 f{ Cr, 5, (N, 0,0, @ B)L(SmeEl “2),c(sym?E2 “2)
(2mi)? lul=r J|v|=r Jlw|=r P Tt T gt

UV ) dudvdw
T+atB8 ) y X+1pY +1pZ+1(1 — ) (1 — v)(1 — w)

xE(E1®E2,q +0.(¢%)

for any r < 1. We choose r = ¢~ Y9 and first shift the u contour to lu| = g/, encountering a
pole at u = 1. The new integral over |u| = ¢'/°, [v] = |w| = ¢~/ is bounded by ¢?9~X/542.
To calculate the residue at u = 1, we move the v contour to |v| = gL/, crossing a pole at
v = 1. The new integral is O(q29*y/5g). For the residue at u = v = 1, we move the w contour
to |w| = ¢*/2. In doing so we obtain

Se B (N, XY, Zy0, B,V = 0) = [Hog11|Cry,p, (N3 1,1, 1,0, 8) L(Sym®E1, 1 + 2a)
x L(Sym®Ea, 1+ 28)L(E1 ® B, 1+ a+ B) + O(¢*Y/°¢?) + O(¢*973%/%),
and this concludes the proof of the lemma. O
3.4. The V # 0 terms.
Lemma 3.4. We have
Spymy (N, X, Y, Z;a, B;V #0) < XY +2)/2430
uniformly for |al,|B8| < 1/g.

Proof. We will prove the bound for the term

S M (f)A2(h) #(C1)xe, (N fh)
SV#0)=¢"r(q) > - > .
/24| p|3/2+8 2
Ferex NI A ETA |C1][Ca|
hEMSY 02‘(Afh)oo
deg(N fh) odd deg(C2)<Z
deg(C1)+2 deg(C2)<2g+1
X > G(V,Nfh), (3.12)

VEMdeg(N fh)+deg(C1)+2 deg(Cy) —29—2

the treatment of the other terms being similar. We also assume for simplicity that deg(NV),
X and Y are all odd. The other cases can be done similarly.
We use the Perron formula in the forms

> =g ], (B0 i

feMcx fem
deg(f) odd
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and

_ b deg(f) | __du
> al) =g ]{uﬂ(Za(f)u )
fGMSX fem

deg(f) even

for the sums over f and h. We write V = V1V with V; being a square-free polynomial and
Vo € M, rad(C2)/(rad(C3),A) = C = AB, and replace f,h by Af and Bh, respectively. We
then see that

M(CI)XCH (NAB)
SV#0)=¢""7() D ) e

+a 3/2+ 2
c2<Z CreM., | N[|A[3/2 | BI3/2H5|Cy ]| O

c1+2c252g+1  CheM.,

C1|A,C=AB
% % % N7A7B7claVl;u/w,U/w,’lU,Oé,ﬁ) (313)
2m ul=r Jvl=r Jw|=r v 5,

(1 4+ wv)dudvdw
uX—deg(A)—l—lUY—deg(B)+1wdeg(NAB)—deg(V1)+cl+262—2g—1(1 _ u2)(1 _ ’02)

for any r < 1, where B(N, A, B,Cy, Vi;u,v,w, a, B) equals

Xy (FR)AM (Af) Ao ( Bh)udes(Hydean)yy2dee(V2) G(V, V2 NABfh)
2 VREE D '

X

f,h,VaeM
To proceed we need to study the function B(N, A, B, Cy, Vi;u, v, w, a, f3).
Lemma 3.5. The function B(N, A, B,C1, Vi;u,v,w,«, 3) defined above may be written as

u v
DQ(N7 A,B,Cl,Vl;U,U,w7Oé,,B)£<E1 & XC Vs W)£<E2 ® XC1 Vs W)’
where Do(N, A, B,C1, Vi;u,v,w,a, ) is some Euler product which is uniformly convergent
provided that |u|, |v| < ¢"/272/9, |w| < ¢~V/?7¢, and satisfies
DQ(Nv AaBa Cly Vl;u,v,w,a,ﬁ) < gloTIO(AB) v AB

uniformly in this region.
Proof. Tt is easy to see that B(N, A, B, Cy, Vi;u, v, w, a, B) converges absolutely if |ul, |v| < ¢
and |w| < ¢ Y/?7¢. We claim that the sum over f,h and Vs is triply multiplicative. Indeed,
one can easily see that the double sum over f, h is multiplicative, so

xor (FR)A(Af) Ao (Bh)udesNydesM G (Vi V2 NABfh)

Z ‘f|3/2+a|h|3/2+5

f,hem

XC1 PH—] Al PZ+CLP))\2(P]+bP) ideg(P)vjdeg(P)G(V'l‘/QZ’Pi+j+ap+bp+np)
- H (Z | P|(3/2+a)i+(3/2+8); )

where ap,bp and np denote the orders of A, B and N with respect to P respectively. Let
Ap(V2) denote the Euler product above. Note that when P { Vs, we have Ap(V2) = Ap(1).
Then we rewrite the double sum over f,h as

[T 400
'

We introduce the sum over V5 and use the observation that for (V3,V3) = 1 and P { V3 we
have Ap(VQVg) = AP(VQ) Then

HAP(l) Z 2deg(V2)
P

VoeM P|Va

P|Vs

1 oy 2k deg(P)
=114 H(”Apu)gAP(P) )
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))\1(Pi+ap)A2(Pj+bP)Ui deg(P),Uj deg(P)ka deg(P)G(VlP2k, Pi+j+ap+bp+np) >

“TI(> Xcy (P
= 1| 2 ‘P‘(3/2+a)i+(3/2+6)j
Z7J7

and hence the generating series for f,h, Vs is indeed triply multiplicative.
Now we rewrite B(N, A, B,C1, Vi;u,v,w, a, 3) as

Xoy (P (PTHaP) Ao (PI+0P )y ides(P)y,d deg(P)y 2k deg(P) (1 p2k | pititaptbptnr)
{2 | P|G/2+)i+ (3/2+5)] )
PtC1 i,k
X H (Z /\1(Pap))\Q(Pbp)kadeg(P)G(VlP%, Pap+bp+np)> )
PlCy N k

We next compute the Euler factors at an irreducible P in the region |ul,|v] < ¢'/272/9,
lw| < ¢~1/?7¢. Note that in this region, w?*de() «_ |P|71=¢ if k > 1.
Consider first the case when P 1 NABC1V;. The contribution of such an Euler factor is

Xy (Pi—l—j))\l(Pi))\z(Pj)ui deg(P),Uj deg(P),w2k deg(P)G(V1 PQk, Pi-‘rj)
Z |P‘(3/2+a)i+(3/2+,3)j

4,5,k
In view of Lemma 2.5, this is equal to

XC1vi (P))‘l(P)udeg(P) + XCiva (P))\Q(P)Udeg(P) O( 1 )7

1+ ’P|1+a ‘P’lJrB |P|1+s

which justifies the two L-functions.
In the case P|V; but Pt NABC1, the Euler factor equals

ZXCI(Pi—i-j))\l(Pi))\Q(Pj)uideg(P)vjdeg(P)G(VhPz‘+j) ( 1 )
2y}

| P|(3/2+a)i+(3/2+8)j | P+

AL (P2)u2des(P) N (P)Xo(P)(uv)des(P) Ay (P2)p2dee(P) N O( 1 )

=1- | P|2+2a - |P|2+atB N |P|2+28 |P|i+e
1
1+ O<P|1+2/9)'
Similarly, the corresponding Euler factor is
o(|P|*/?) if P|JAB and P {NC,V4,
0(1) if P|AB, P|V; and P { NCh,
=11+ O0(pre=) if P|Cy and P{ NAB,
O(|P|*/?) if P|Cy, P|AB and P{ NV,
0 if P|C1, P|AB, P|Vi and P { N,
and is
<. Z |p|1-(+k=(43)/2 «_| P,
i+j<2k
if P|N.

The lemma easily follows by combining these estimates.

O

1/2—¢

We now return to (3.13). In view of Lemma 3.5, we take r < ¢~ and move the v and

v contours to |u| = |v| = rq'/272/9. This creates no poles. Then, by the above result,

B(N,A,B,Cl,‘/l;u/w,v/UJ,W,Oé,ﬁ)
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< g"'710(AB) @‘E(El ® XC1va s ql/ﬁl)ﬁ(Ez ® XC1vas Zﬁ;)‘

u/w\ |2 v/w\ |2
<<910710(AB)VAB <‘£<E1 ®XCIV17W>) + ‘£<E2 ®XC1V17ql/+5>‘ )

So
_ C1)
S(V £ 0) « q29—(X+Y)/2,10 C)110(C)7( j{ j{
V70« APV M \/\c CLICER Suimgtr2110 Jioimqrr-1v0

ca<Z C1eEMcy
>< \%
|w

c14+2c2<2g+1 6'26/\/162
i)

If deg(V1) < X +Y + ¢1 4 2¢2 — 29, then we move the w contour to |w| = ¢~%/4, otherwise we

move the w contour to |w| = ¢~%/4. Using the upper bounds for moments as in Theorem 4.1

(see Remark 4.2) we find that

-
S(V #0) < q(X+Y)/2g11 Z Z \/ﬂ
co<Z ClGMC

c1+2c2<2g+1 Ch eMCQ
CilA

o(E U 2 dudvdw
‘ ( 1 QX1 s ql-i-oz)’ |,w‘X+Y+deg(N)—deg(V1)+C1+202—2g+1 '

=" vien

< X/ 1 Z 7(C2)710(C2) < XY +2)/230.

g
C2€Miz \/\rad CQ
which finishes the proof of Lemma 3.4. U

Proposition 3.1 follows upon combining the estimates and choosing Z =g — (X +Y)/4.

4. UPPER BOUNDS FOR MOMENTS

The aim of this section is to bound the tails of the Dirichlet series in the approximate
functional equations in Lemmas 2.2 and 2.3. We start with the following upper bounds for
moments.

Theorem 4.1. Let k > 0, u = €%, v = " with 0, € [0,2n] and let m = deg (E(E@x[),w)).
Then

k 2

U v k
E ’£<E®XD’q1/2+a>£<E®XD’q1/2+B>’ <. ¢*9g° exp (k/\/l(u,v,m)nL?V(u,v,m))
DeM3,

uniformly for |al,|B8| < 1/g, where M(u,v,m) and V(u,v,m) are given by equations (4.9) and
(4.11) respectively.

Remark 4.2. Note that the same upper bound as above holds if we replace L(E ® xp,w)
with L(E ® xpe,w) for a fixed polynomial ¢ with (¢, A) = 1. Since the proof of the upper
bound for this twisted moment is the same as the proof of Theorem 4.1, we only focus on
(=1.

We first need the following proposition, whose proof is similar to the proof of Theorem 3.3
in [AT14].
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Proposition 4.3. Let D € Hj . and let m = deg (ﬁ(E ® XD,w)). Then for h < m and z
with R(z) > 0 we have

log|L(E ® xp, 5 +2)| < 5+ 8%( > Xp(P?)(a(P) + B(P)’) log qh_jdeg(P)>
b 2 )
ji>1

h h 1 T — ,
deg(ﬁj)<h |P|J(2+Z+h10gq) log q’
Proof. We write
m
L(E®xp,s) = [[(1 - a;g"/*™)
7j=1

where |a;| =1 (see [HKRG17]). Then

/

mo 1 1
L(E®XD,8):10gq<—2+;(1_ajq1/2_8 —2>>. (4.1)

We put s = 0 + 2z and integrate equation (4.1) with respect to o from 1/2 to ¢, where
oo > 1/2. Taking real parts gives

log}L(E®XD,%+Z | —log!L (E® xp,00 —1—2)‘
) Z 0071/2 _ 2q7§R(z) oS (9] —log q%(z)) 4 q1/27<70723‘€(z)
7073 210gq o8 1+ ¢ 2R() — 2¢=RC) cos (0 — log ¢S(2)) ’

B mlogq(
2

where a; = €%. We use the inequality log(1 + x) > /(1 + ) for > 0 and get that
log‘L E®XD,§-|-Z ‘—log‘L E®XD,UO+Z)}

mlogq 1 1 m (1 _ q1/2—00—2§R(z))(1 _ q1/2—0'0)
<o, 1y LS
2 2 2logq = 1 — 2¢1/2700=%(=) cos (0; — log ¢S(2)) + ¢ —200=2R(=)
1 1 G 1 — g1/2=00—2R(2))(1 — 41/2—00
2 2 (1 — g1=200-2R(2)) Jog ¢
where
1— q1—20—2§R(z) m 1
G = . 4.3
2(0') ) o 1— 2q1/27¢77%(z) COoS (9] — log q%(z)) 4 q172072§R(z) ( )
Now similarly as in [AT14] we compute the integral
1 2+27i/ log q I qhwqfw
— ——(F —d
2t ), L( ®XD,a+z+w)(1_q )2 w
in two different ways. First we write
r Ap(n)
_f(E®XD’S) - Z qns )
n>0

and integrate term by term. Secondly we continue analytically to the left and pick up the
residues. We integrate with respect to o from og to oo and take real parts, which gives

1 Ap(n)log qh_") h
— §R< —_— | = - log |L(E ® xp,00 + 2 4.4
(log q)Q gl qn(UO—i-z) lOg qn log q ‘ ( D500 )} ( )

1/2—0p—2z\h ,—1 —-1/2
ajq' P ey g

_ (1og1q)2 %(LLI(E ® XD, 00 +2)) + im(/oo ( T a]._lq0+i_1/2)2 o).

j=1 70
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Now we have
0 (vs 1/2—00—2 ha._l o+z—1/2 0o (1/2—0—R(2))h o+R(2)—1/2
n( [ (T P [P
oo (].—a] q° % ) oo ’1_04]‘ qot? |
_ /OO q(1/2—a—éR(z))hq1/2—a—§re(z)
oo 1 —2q¢'/270-R() cos (Hj — log q%(z)) + q1—20-2R(2)

do.

0

By taking the derivative of

—T

_ q
f(fE) T 2q1/2—x—§R(z) cos (9] — log q%(z)) + q1—2:v—2§R(z)
we can see that f is decreasing on [0g, 00). Hence
m Oé 1/2—00p—=2 hoéfl o+z—1/2
Z%(/ 34 _1) i 4 do)
(1 —a; qo+z—1/2)2
12 oo—*R 0
Z /2-o0—R(z) / g(1/2=0=REDk gy
. 1_ 2q1/2 a0—R(2) cog (9 — log q\s( )) +q1—200—2§R(z) o0
QGZ(UO)q(l/Q 00—R(2))hgl/2=00—R(2) _ 2G. (o) gt/ 20— R(=)h
N (1 — g=200=2%(2)) Jog g = (00 + R(2) —1/2)log qlog ¢’

with G,(0p) as in equation (4.3). Now from equation (4.1) note that

r m
%(Z(E ® XD, 00 + z)) = logq< -5 + GZ(O'[])).
Combining the equations above and (4.4) gives

log |L(E ® xp,00 + z)|

1 Ap(n)log g™ 1/m 2G., (¢ )q1/2=o0—R(2)h
o logqh%(E:h q”(00+z) log q™ ) + h ( 2 GZ(JO)) + h(o’o + §R ) — 1/2 logq

This and (4.2) lead to

h—n
log |L(E @ xp, 3 +2)| < ﬁ+mlogq(o—1)+ ! %(ZM)
n<

h 2 log g™ = q"(o0+2) Jog "
1 9 (1/2—00—R(2))h 1— 1/2—00—2R(2) 1— 1/2—09
+Gz(ao)(——+ q (I-g )(1—gq ))
h h(og+ R(z) —1/2)log g" (1 — g1—200-2R(2)) log q

Choosing 0p = 1/2 + 1/log ¢" ensures that the coefficient of G (00) is negative. Since

= long Z deg(P)XD(P)j(a(P)j +5(P)j)v

jln deg(P7)=n
the conclusion follows. U
Before proving Theorem 4.1, we also need the following lemma (see Lemma 8.4 in [Flo17a]).
Lemma 4.4. Let h,l be integers such that 2hl < 2g + 1. For any complex numbers a(P) we

have
s (20)! la(P)[*\!
DS XD|P|1/2 <<q2r2z( > |p|’)'

DeMti,yq deg(P)<h deg(P)<h




20 HUNG M. BUIL, ALEXANDRA FLOREA, J. P. KEATING AND E. RODITTY-GERSHON
Let

N(V,u,v) = {D € Hjyiq ¢ log ’E(E@xa#)ﬁ(E@xp,ql/%%)) > V—i—/\/l(u,v,m)}’.

We will prove the following lemma.

Lemma 4.5. If \/logm <V < V(u,v,m), then

V2 12
N(V, 2+ - 1— ;
(Vou,v) < g7 exp ( 2V(u, v, m) ( 10g10gm)>7

if V(u,v,m) <V < logi#]/(u,v,m), then
V2 (1 12V )2 '
2V (u, v, m) V(u,v,m)loglogm/ )’

N(V,u,v) < ¢*exp ( -

if Vo> logi%l}(u,v,m), then

VlogV)
4500 /°

Using Lemma 4.5 above we can prove Theorem 4.1 as follows.

N(V,u,v) < ¢*9 " exp ( -

Proof of Theorem 4.1. We have the following.

k
u v
2 “(E@@XD’W)‘(E@XD’W)
DeMs, .,
= —/ exp (k:V + k./\/l(u,v,m))dN(V, u,v)

= k:/ exp (kV + kM (u,v,m))N(V, u,v)dV.

—00

In the equation above we use Lemma 4.5 in the form

2g+1,,0(1) . V72> .
N(Voae) < {7 e (= miam) V< 8V 0,m)
g9 m°W) exp(—4kV) if V- > 8kV(u,v, m),
which finishes the proof of Theorem 4.1. -

Proof of Lemma 4.5. We assume without loss of generality that «, 8 are positive and real.
Indeed, notice that if o € C, since |a| < 1/g, we have |R(a)| < 1/g and |S(a)| < 1/g. The
proof that follows goes through in exactly the same way, with « replaced by R(a) and 6
replaced by 0 — S(a) logg. Once we assume « is real, we can also assume that « is positive,
since by the functional equation we have

u _—a(nt2 deg(D))’ 1 ‘
‘£<E®XD7(]1/2+0‘)‘ q E<E®XD’(]1/2_O‘u) ’
Let ,
m V
h A and ho_logm7
where |
1
& ;)gm it V< V(u,v,m),
— { loglogm . og log m
A 5V V(u,v,m) if V(u,v,m) <V < %V(u,v,m),

13 . loglogm
5 if Vo> 22322V (u,v,m).
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Using Proposition 4.3 gives
2m

ﬁ(E@XD,ql/;Xﬂ(E@XD,qlfw)’ <= (4.5)

! XD(Pj)(a(P)j + 5(P)j) log qh_j de(?) —(a—i0/log q)j —(B—iv/logq)j
* h%< 2 P72+ 1/h 108 0)j Tog g7 (1P| +|P| ) ).

log

i>1
deg(P7)<h
Note that the contribution of the terms with j > 3 is bounded by O(1).

The terms with j = 2 in (4.5) will contribute, up to a term of size O(loglog m) coming from
those P with P|D,

1 Z (h — 2deg(P))(A\(P?) — 1) (608(29 deg(P))  cos(2y deg(P)))
h|P|l+2/h10gq |P|2a |P‘2B

2
deg(P)<h/2
Let

h
cos(2nd)
Fy(h,0) = E : ng2ratn/hloga”
n=1

Similarly as in [Flo17a] (Lemma 9.1), we can show that
. 1
Fo(h,0) = logmln{h,%} +0(1), (4.6)

where for 6 € [0, 27] we denote § = min{#, 27 — 0}. Now using the fact that

A(P?) cos(26 deg(P))
Z |P|1+1/hlogq

= O(loglogh), (4.7)
deg(P)<h

it follows that the contribution from j = 2 will be equal to
1 Z h — 2deg(P) (005(29 deg(P)) n cos(2y deg(P))

> + O(loglogm)

9 h|P|1+2/hlogq | P|2 |P|28
deg(P)<%
1 h h
=5 F, (5,0) +Fg(2,”y>> + O(loglogm)
1 2 2
< —§(Fa(m, 0) + Fs(m, 7)) + Tm + O(loglogm) = M(u,v,m) + ;ln + O(loglogm),
(4.8)
where
1 1 1
M(u,v,m) = —2<logmin {m,%} + log min {m,%}> (4.9)

by formula (4.6). Note that in the second line of the equation above we used the fact that

m h/2
Fa(m,0) — Fa(@ﬁ) = cos(2nf) 3 cos(2nf)

2 - — annaen/m — annaeQn/h’
and since e™* = 1+ O(x), it follows that
h L cos(2nh) 2m
— — = R SRS < — .
Fa(m,0) = Fa(5.6) hz/;ﬂ e T O < 55+ 0()

Hence, using equation (4.8) in (4.5) we get

v

log £<E®XD,C]1/1;+Q>£<E®XD,W)‘ < M(u,v,m) + ——
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(h — deg(P))xp(P)A(P) <COS(9 deg(P)) | cos(y deg(P)))

- Pl PP

1,1
deg(P)<h h‘P’Q hlogq

Let S; be the sum above truncated at deg(P) < hy and S be the sum over primes with
ho < deg(P) < h. If D is such that

log £<E®XD’ql/12L+a)£<E®XD’ql/ZH3>‘ > M(u,v,m) +V,
then
SlZVl::V(l—%) or 52%
Let

Fi={DeH5,.1:5 >V} and Fo={D € Hj,4y : S2 > V/A}.
If D € F5, then by Markov’s inequality and Lemma 4.4 it follows that

Sae LONEPYE

ho<deg(P)<h

for any I < g/h where

a(P) =

(— deg(PYXCP) (cosl9deP) | st gt
h|P|Togd P PP

Picking [ = [g/h] and noting that a(P) < 1 and m = 4g + O(1), we get that

20\l A\2
| Fa| < q2g( ) <V> (loglogm)! < ¢ exp ( -
If D € F; then for any [ < g/hg, we have

20! 1 a(P)[2\!
mieel 2

L deg(P)<ho
Using the expression for a(P) and equation (4.7) we get that

(20)!
121V

Viog V). (4.10)

8A

|F1| < ¢* (V(u,v,m) + O(log logm))l,

where

1 0+ 0—~
V(u,v,m) =logm + i(Fa(m, 0) + Fz(m,v)) + Flaip)/2 (m T’y) + Fla+p)/2 (m %)

=logm + ;<logmin {m, 210} +logmin{m,217})

1 1
,—}Hogmin{m,—}, (4.11)

g 0—~
and the last line of the equation above follows from equation (4.6). Then

+ log min {

21 l
|| < q29< V(u,v,m) + O(loglog m))) )

V2 (
If V< V(u,v,m), then we pick | = [V2/2V(u,v,m)], and if V' > V(u,v,m), then we pick
[ =[10V]. In doing so we get

2

1%
29 -1 29 exp(—V 1 . 4.12
|F1] < ¢q exp( 2V(u,v,m)>+q exp(—=Vl1ogV) (4.12)

Combining the bounds (4.12) and (4.10) finishes the proof of Lemma 4.5. O
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The following is an immediate corollary of Theorem 4.1.

Corollary 4.6. Let u = ¢ and v = ¢ with 0, € [0,27]. Then

1y-1/4 1y-1/4
Z ‘E(E & XD, l)E(E & XD, v>' <, (]2992""6 min {g, 7} min {g, :}
DeH; Vi Vi 20 2y
2g+1
1 1/2 1 1/2
xmin{g,:} min{g, } .
(0 —7) (6 +1)
For N|A* and fixed n € N, we define the truncated sums
A N
E1.0(N, X, n) := 3 ASXD(V]) (4.13)
X <deg(f)<n+deg(D) |f’
and
deg(D) —d A N
BT P S U (o 1) EC N
X <deg(f)<n+deg(D) /]
We are now ready to prove the following upper bounds for & (N, X, n).
Proposition 4.7. Fori = 1,2 and any fixed n € N we have
ST &N, X, n)| <. ¢¥9g"* (29 — X))
DeM3,
Proof. Using the Perron formula for the sum over f in (4.13), we get that
XD(N)% ( u )( 1 1 > du
N, X, E — ) —
E1,u( n) = i S L{E® xp, V@’ \untdee(D) X ) y(1 — u)
Note that there is no pole at © = 1. So we need to bound the following expression
u v
<E ® XD f>£<E ® XD; 7)
27” ful 1 ﬁl T Vi Vi
1 1 1 1 dudv
x (un+deg(D) N U7X) <,Un+deg(D) N vT() uwv(1 — u)(1 —v)’ (4.15)

We use Corollary 4.6 to bound the integral above and consider # and + on different arcs on
the unit circle. We bound the integral on these arcs and notice that we obtain the biggest
upper bound when 6,~ are not close to 0 (i.e. u and v are not close to 1) and when € is not
close to v or to 2 — 7 (by close we mean on an arc of length on the scale of 1/g).

For example, if 6 and ~ are both on an arc C; of length on the scale of 1/g around 0, then
the double integral in (4.15) over the arcs Cy is O:(¢*7g'*) (since from the Corollary we
get a power of g which gets multiplied by g~2, the product of the sizes of the arcs.)

If 0,~ are both on the complement of C7, but close to each other (i.e. € is within 1/g of ),
we get that the corresponding integral over the two arcs is O, (q29 gE). We get a similar bound
if 8 is close to 2w — ~y, under the same conditions.

We are left with the case when 6,y are on the complement of C; and 6 is far from ~ and
from 27 — «y. In this case the corresponding integral will be O, (q29 qY/ 2+5). This finishes the
proof of the upper bound when 7 = 1.

When i = 2, using the Perron formula for the sum over f in (4.14), we have

Ep(N,X,n) = XD(].V) fu:1E<E®XD,:/%>

T

1 (n+deg(D)— X)(1 —u)+u du
(un+deg(D) N uX+1 ) (1—u)?
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Hence

v
(@m0)? Jy=1 Jyol= - f) ( \/§>

n+deg( )= X)1—u)+u
X (un+deg( D) B uX+1 )
y ( 1 B (n—i—deg(D)—X)(l—v)—l—v) dudv
yntdeg(D) X+ (1—u)2(1—v)*

We proceed as before and keeping in mind that |u| = |v| = 1, it follows that
> |&p(N, X,n)]* <. ¢*g"7T (29 — X)*,
DeMs,

as required. 0

5. PROOF OF THEOREM 1.1
For N|A™>| let
f)xp(Nf)
D S
D€H29+1 f€M<X
We will prove the following lemma.
Lemma 5.1. We have
Rp(N,X) = [Hog+1|Cr(N; 1) L(Sym?E, 1) + O, (¢*9~X/2+29) 1 O, (¢/*+<9),

where the value Cp(N; 1) is defined in (5.2).

Proof. Note that
Rg(N,X) = SgE(N,X,0;0,0),

where Sg, g, (N, X,Y;«, () is defined as in (3.1). We proceed as in Section 3, see (3.2), (3.3)
and (3.7), and write

Rp(N,X) = Sg,e(N,X,0,9;0,0)
= Rp(N,X;V =0)+ Rg(N,X;V #0),
where Rp(N, X;V #0) = Sg.g(N,X,0,9;0,0;V # 0) and
Rp(N,X;V =0) = Sgg(N,X,0,9;0,0;V =0)

= |Hag11| Z )\(‘J;)|H <1_]1P|> Z 12+Oe(q69).

C
feMex PIAf Col(Af)> =
Nf=0) cg(Cs)<g

We first evaluate Rg(N, X;V = 0). From (3.6) we have
-1
1 _ 1— 1 O.(qg—29+e9
> mp= Il 5) +O(a),
|G 1P|

Co|(Af) PIAf

deg(C2)<g
The contribution of the error term to Rg(N, X;V =0) is

A(NI?
< ¢ Z ’ (|l| )*| < q%.
lEMSX/Q
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Hence

—1
Re(N,X;V =0) = [Hag41] Z ﬁ H( ) + O:(¢%).
feEMcx P|Af

Nf=0O
Applying the Perron formula to the sum over f yields

[Hag1] Br(N;u) du

Rp(N,X;V =0 -
( )= 210 Jyu)=r T uX (1 — )

+ O:(¢%)

for any r < 1, where

udes(f) -1
Bp(N;u) = Z AMfJu= D H <1+;|> .

fem Il piay
Nf=0O

We can write Bg(N;u) in terms of its Euler product,

o) B

PIA i>1

-1 i\, deg(P)
A(PY)utaes
X H Z i/2
| . P
P|A i+ordp(N) even

=Cp(N;u) E(SmeE, 15),

25

(5.1)

(5.2)

where Cg(N;u) is some Euler product which is uniformly bounded for |u| < ¢*/?7¢. We shift

the contour in (5.1) to |u| = ¢*/>~¢, encountering a simple pole at u = 1. Then

Rp(N,X;V =0) = [Hag+1|CE(N; 1) L(Sym*E, 1) + O (¢*~~/%F=9).

(5.3)

Now we will bound Rg(N, X;V # 0). As in Subsection 3.4, see (3.12), it suffices to bound

the term
— A(S) 1(Cr)xe, (N )
R(V#0)=¢¥""7(q) ) 5 > 1
/2 2
s N & cilics
deg(N f) odd Cal(Af)*>
deg(C1)+2deg(C2)<2g+1
x > G(V.NJ).

VEMaeg(N ) +deg(Cp)+2 deg(Ca)—29—2

Using the fact that

1 q7262 f‘ ( d -1 dw
= : 1 —w eg(P)>
Z |C2|2 271 w|=r Pl;[f we2+1

for r < 1, and writing V' = V1V22 with V] a square-free polynomial, we have

R(V 7& 0) _ q29+1@ Z —202 Z /’L Cl XC1 )

|N‘ c1+2c2<2g+1 CreEMy ‘Cl
1A

<D 2 2 2

n<X j<n+deg(N)+c1+2ca—29—2 Vi€H; VaEM (i deg(N)+cq —j)/2+co—g—1
n+deg(N) odd j+ec1 odd
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1 xc: (HAHGVAVE, N f) deg(P)) ! _dw
x % Jw|=r |f|3/2 H (1 v ) weztl’
feM, PIAf
Now
2 _
Z xeu (f 35;/1‘/2 N) H (1 . wdeg(P)) 1udeg(f)
feMm |l PIAS
= /H(Vvlv u,w)Z(VlVf,N;u, w)j(‘/l‘/;; u,w),
where
. _ XC1V1(P))‘(P)udeg(P) __, deg(P) -1
H(WV;u,w) = Ig (1 + P <1 w ) ,
1
J J 2 pj+np)\,,jdeg(P) -1
Z(WVi Niu,w) = [| (Z xoy (PP )G(WZQ/Q,P Ju )(1 - wdeg(P))
pa NG |P[%
and
xcy (POYA(P)G(ViV, PPy desP) deg(P)) !
j(%V,uw <1+ : 1 — woee
2 P, ; |P3i/2 ( )
PIA
XCM )A(P)udeelr) deg(P) ‘1>1
1— w® .
Pﬂ/l < |P| ( )
P|AVA

We use the Perron formula for the sum over f and obtain

R(V;&o):@ S g Y 1(C)xe, (N)

NI atZogi CLeEM., Al
ch|A

x Y > > > (5.4)

n<X j<n+deg(N)+ci1+2ca—2g9—2Vi€H; Va EM(n+deg(N)+c1 —j)/24eq—g—1

n+deg(N) odd j4c1 odd
du dw
% H(Vi;u, w)I(ViVE, Nyu,w) T (ViVE u, w) —— T ppeat i
27T’L [u|=r J |w|=r w2
Let r1 = ql/z_g, ro = ¢ ¢, and let kg be minimal such that |T1r2°| < 1. Then we can write

ko—1

H(Viu,w) = C(E@xclvl, g)ﬁ(E@XCIV17 %) .. .L(E@xclvl, ue )IC(V1; u,w), (5.5)

where
K(Visu, w) < |C1]f

uniformly for |u| < r; and |w| < ry. We also have
TV V3, Niu,w) <. [ViValf and  J(VVEu,w) <. |Valf

in this region. We now move the contours in (5.4) to |u| = r; and |w| = ro. We then use the
Lindel6f bound for each L-function and trivially bound the rest of the expression to obtain
that

R(V #0) <. ¢~/?+59.
Combining this with (5.3) finishes the proof of Lemma 5.1. O
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To prove Theorem 1.1, note that from Lemma 2.2 we have

Y. LE®xp,3) = Re(1,[n/2] + 29 + 1) + e2g41€(E) Rp(M, [(n + 1)/2] + 29).
peng, .,

Using Lemma 5.1 and choosing X = ¢g we have that

1
L(E ® xp, %) = C1(M)L(Sym2E7 1) + 0, (q—g—i-eg)’

—
|H29+1 ’ DEHSQ-{—I

where
|P|+1

1P|

(M) = (Cp(131) + eag1€e(B)Cu(M; 1)) HA
F

This finishes the proof of the theorem.

6. PROOF OF THEOREM 1.2
For N|A®| let
Fxp(Nf)
RN Xo)i= S Y AR
D€H2\+1 feMcx

Note that Rg(N, X;0) = Rg(N,X) with Rg(N, X) as in Section 5. Similarly as in Section 5
and for |a| < 1/g we get that

Rp(N, X;0) = [Hag 1 Cu(N; ¢ ) L(Sym* E,1 +2a) + O-(g%¥/>79) 1+ 0. (¢/*+9). (6.1)

Using Lemma 2.3 we obtain

Z e L'(E® XD, 3)
DeHs, .,

= (logg)([n/2] + 29 + 1) (RE(L (/2] + 29 + 1) = eag1€(E) Rp(M, [n/2] + 29 + 1))

+ 2 (Re(L, [0/2] + 20 + 1:0) — eogae(E)RE(M, [n/2] + 29 + 1:0))

a=0
From Lemma 5.1 and equation (6.1) it follows that

1

* e L'(E® xp, %) = CQ(M)L(SmeE, 1)g + c3(M) + O (q9+9),
‘H2g+1| DeEH*
2g+1

where
|P|+1

1P|

c2(M) = 2(log q) (C(1: 1) = ezgie(B)CE(M; 1)) [ (6.2)

P|A

and

e3(M) = <(<1og 0)([n/2] + DL(SymE, 1) + 2/ (Sym*E,1) ) (Cr(1; 1) = ezg 1(B)Cr(M5 1))

L(Sym?E, 1)<C}3(1; 1) — egg41€(E)Cp(M; 1) )) H |P| + 1 (6.3)
Pla
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7. PROOF OF THEOREM 1.3
Following Lemma 2.2, for X < 2¢g, we define

Mip(X)=(1+e Y A(f)><|]zf>|(f)
feEMcx
so that
L(E ® xp 3) = M1p(X) + E.5(1, X, [0/2)) + e3g1€(E) ELp(M, X, [(n = 1)/2]),  (7.1)
where recall expression (4.13) for & g(N, X,n). Hence

L(E®Xp,3)*> =2L(E® xp, ) M1 5(X) — My g(X)?

+ (0500 X, [0/2]) + exgine(B) €0 5(M, X, [(n — 1)/2)))
By Cauchy’s inequality and Proposition 4.7 we get
Y LE®xp3)’=2 Y LExpHIMip(X)— > M p(X)?
DeHs, DeHs,, DeHs,
+0:(¢g"/**° (29 — X)?).
Now using Lemma 2.2 again and expanding M 5(X)?, the first line of the equation above
is
2(Su(1, [1/2) + 29 + 1,X) + Sp(L,[(n +1)/2] + 29, X) - Sp(1, X, X))

+ 2eg41¢(E) (sE(M, (/2] + 29 + 1, X) + Sp(M, [(n + 1)/2] + 29, X) — Sp(M, X, X)),
where recall the definition of Sp(M, X,Y) in Section 3. Using Proposition 3.1, this is equal
to

’H§g+1‘02(M) L(SmeE, 1)3 X + O(ng) + O(q2ng/5g:3) + O(qfug/4+3X/8930)7

where

|P|+1
Pl

o (M) = 2(6,;(1; 1,1,1) + e2g41¢(E) Cp(M; 1,1, 1)) 111

(7.2)

and Cg(N;1,1,1) is defined in (3.9). Thus

: L(E®XD,%)2 :C4(M)L(Sym2E7 1)3X+O(q*X/5g3)

H*
| 2g+1| DEHS, .
+ O(q739/4+3X/8g30) + 0. (gl/2+5(29 - X)Q)
Choosing X = 2g — 100log g we obtain the theorem.

8. PROOF OF THEOREM 1.4
Following Lemma 2.3, for X < 2¢g and fixed n € N, we define
n + deg(D) — deg(f))A(f)xp(f

9

so that
e L'(E® xp,5) = (log q) M2 5(X, [n/2))
+ (logq) (6’2,E(1,X, n/2]) — eag1€(E)E (M, X, [n/Z})), (8.1)



QUADRATIC TWISTS OF ELLIPTIC CURVE L-FUNCTIONS OVER FUNCTION FIELDS 29
where recall that & g (M, X, n) is given in (4.14). Then we get that
¢ L'(E®xp,3)* = 2(logq)e” L'(E ® xp, 3)Moa,p(X, [n/2]) — (log ¢)° M5 (X, [n/2])
+ (1050)? (£2,6(L, X, [0/2)) — exgine(E)Er (M, X, [1/2))
By Cauchy’s inequality and Proposition 4.7 we get that

Y e L(E®xp 3)?=20ogq) Y e L(E®xp,3)Map(X,[n/2])

DeH3, 4 DEH3 911

—(logq)® Y. Map(X,[n/2)* + O(¢*g"/*(2g - X)*).
DeMs, 4

Now by Lemma 2.3 we have

Y e L(E®xp, 5)Map(X,[n/2])

DeM3, 4

= 2(logq)([n/2] +2g+1

\_/

?(Sp(L,[n/2) + 29 + 1, X) = eag41€(B)Sp(M, [n/2] + 29 + 1, X))

+2([n/2) + 29 +1) - = (Sp(L, [1/2] + 29 + 1, X;0, 8)

%\Qﬂ

 eaginelE)Se(0, /2] + 20 + 1,X:0.8))
£=0

2([n/2] + 29 + 1)%(%(1, /2] + 29 + 1, X; a0, 0)

— eagr1€6(E)Sp(M, [n/2) + 29+ 1, X; o, 0))

a=0
N 2 9?
log q D03

(SE(I, /2] + 2+ 1, X; o, B)

~ eagae(B)Su(M, [n/2] + 29 + 1, X500, 8))

I

a=£=0
and similarly

> Myp(X,[n/2])?

DeH3, .y

=2([n/2] + 29 + 1) (SE(l, X, X) — e2g41¢(E)Sp(M, X, X))

2 )
 logg M2+ 20+ 1) 55 (51X, X:0,5) — ey 1€(E)Sp(M. X, X:0.9)

N——7

2 0
Fiogq (/2204 1) 50 (S8, X, X;0,0) = €2y 11¢(E) (M, X, X; 0,0))

2 o
+ S —
(log q)? 00
Choosing X = 2g — 1001og g and using Proposition 3.1, we obtain that
1

(SE(l,X,X,CY,ﬁ) - 62g+16(E)SE(M7X7X;a75))

a=£=0

— ¢ L'(E® xp,3)? = es(M)L(Sym?E, 1)*¢® + O-(g**9),
2g+1
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where
|P|+1

1P|

es(M) = 16(log q)Q(CE(l; 1,1,1) — e3g01€(E)Cr(M; 1,1, 1)) Il|—£

9. PROOF OF THEOREM 1.5
By combining (7.1) and (8.1),
&3 L(E1 ® xp, 3)L' (B2 ® XD, §)
= e; M1, (X)L (E2® xp, 3) + (log ¢) L(E1 ® Xp, ) Ma g, (X, [n,/2])
— (log ) My g, (X)M2 g, (X, [n,/2])
+ (10g.4) (€15, (1, X, [ /2]) + eag41€(B1) €4, (M3, X, [(n, — 1)/2]) )

% (€28 (1 X, [02/2]) = e2g416(B2) 0,5, (Mo, X, [12/2]) ).

We bound the last term above using Cauchy’s inequality and Proposition 4.7. In doing so we
get

Z 3 L(E1 ® xp, 5) L' (B2 ® XD, 3)
DeHs;

2g+1
= Z Eng,El (X)L/(EQ & XD, %) + (10g Q) Z L(El & XD, %)MQ,EQ (X7 [n2/2])
DeH3g11 DeH3g11
—(logq) > Mg, (X)My g, (X, [n./2]) + O-(¢*g"/* (29 — X)?). (9.1)
T

We shall estimate the remaining three terms using Proposition 3.1. They all have similar
forms. For the first term, by Lemma 2.3 again we have

Y. @M (XN)L(E2®xp,3)

DeM3, 4

([n2/2] +2g + 1 — deg(h)) i (f) A2 (h)xp(fh)
= (lo 14+€1)(1—c¢€ )
(log q) DG%H (1+€)( 2) fe%:q ’7|fh|

heM<(n, /2] 42g+1

By expanding out, this equals
(1og ) ([n2/2) + 29 + 1) (Sm. 5 (1, [02/2] + 29 + 1, X50,0)
+ eag11€(E1)SE, 5, (M, [n,/2] + 29 + 1, X;0,0)
— €2g+1€(F2)SE, By (M2, n,/2] + 29 + 1, X;0,0)
— (B0 )e(B2)Sp, i, (M My, [n,/2) + 29 +1,X30,0))

0
+ %(SELEQ(L [n./2] +2g + 1, X;0, 8)

+ e2g41€(E1)SE, B, (M1, [n2/2] + 29 + 1, X; 0, 5)
— e2g+1€(E2)Spy 1y (M, [n2/2] + 29 + 1, X0, 8)
BBk s (VM /2] + 20 4 1,X50.9))|

B=0
which is, by Proposition 3.1 and Cauchy’s residue theorem,

[H3g41] c6 (M1, M) L(Sym?Ey, 1) L(Sym?Es, 1) L(E1 ® Es,1)g + O(q%) + O(¢*/*T3X/8g31),
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where
Cﬁ(Ml, MQ) = 2(log q) (CEl,E2(1§ 1, 1, 1, 0, 0) + 629+1€(E1) CE17E2 (Ml; 1, 1, 1, 0, 0) (92)
|P|+1
— eag11€6(Fa) Cpy sy (M 1,1,1,0,0) — e(El)e(Eg)thEQ(MlMg;1,1,1,0,0)) I1 o

P|A
The other two terms in equation (9.1) have the same asymptotics so we obtain
1

] €5 L(E; ®XD,%)L,(E2®XD,%)
29+ Deny, .,

= cg(My, M2)L(Sym*Ey, 1) L(Sym*E», 1) L(E) @ Es, 1)g
+ O(q—3g/4+3X/8931) + 0. (gl/2+5(2g - X)3)
Choosing X = 2g — 1001log g we obtain the theorem.

10. PROOF OF THEOREM 1.6

We argue as in the previous section. From (8.1) we have
e, 6 L'(E1 ® xp, 5)L'(E2 ® XD, 3)
= (1ogq) (e Mo,z (X, [ /2) L' (B> @ Xp, §) + 6 I'(B1 © Xp, §) Mo 1, (X, [1/2]))
~ (log )°Ma,p, (X, [n1/2]) M2, (X, [n2/2])
+ (10g.0) (2,6 (1 X, [m0/2]) = eagire(Er) Ea.5, (M, X, [ /2]))
% (€28 (1, X, [02/2]) = exgi1€(Ba) 0,5, (Mo, X, [1,/2]) ).
Bounding the last term above using Cauchy’s inequality and Proposition 4.7 leads to

Y e L(E1@xp 3L (B2 ®xp, 3)
Den;

2g+1
=(logq) > e Mop (X, [n/2)L(E@xp,3)
DeMs,
+(logq) Y & L(EI®xp,3)Map, (X, [n./2) (10.1)
DeM3, 4
—(logq)® > Mo (X, [n/2)Ma g, (X, [n,/2]) + O (¢*g"/*5(29 — X)*).
DeH39+1

We shall illustrate the evaluation of the third term using Proposition 3.1. The first two
terms can be treated in the same way, and in fact they all have the same asymptotics. We
have

(logg)® D Mop (X, [m/2)Mz2m, (X, [0,/2]) = (logg)® Y (1—e)(l-e)

DeH3, .y Deri 4
3 ([n/2] + 29 + 1 —deg(f)) ([n2/2] + 29 + 1 — deg(h)) M (f)A2(h)xp(fh)
FhEM<x VIfhl '
By expanding out, this equals
(log q)%([n:/2] + 29 + 1) ([n./2] + 29 + 1) (SEl,EQ(la X, X;0,0) — e2g41€(E1)SE, B, (M1, X, X50,0)

— €2g4+1€(E2)SE, B, (M2, X, X;0,0) + €(E1)e(E2)SE, my, (M1 M2, X, X0, O))
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+ (log q)([n./2] +29 4+ 1) == <5E1,E2(1,X7X; 0,0) — e2g+1€(E1)SE, B, (M1, X, X;0,8)

op

- 62g+16(E2)SE1,E2 (M27 X? Xa 07 ﬁ) + E(El)e(EZ)SEl,Ez (MlMZa Xa X’ Oa B)) ‘
£=0

+ (logq)([n./2] + 29 + 1) 68

— €2g+1€(E2)Spy 5y (M2, X, X5 0,0) + €(E1)e(E2) Spy b, (M1 M2, X, X v, 0))

(5E1 (1L, X, X50,0) — egg11€(E1)SE, 5, (M1, X, X5, 0)

a=0
2

0
8 5 (SEI,Ez(l X, X, B) — €2g4+1€(Er)SE, B, (M1, X, X; o, B)

- 629+16(E2)SE17E2 <M27 X7 X7 «, 5) + G(EI)G(EQ)SEH,EQ <M1M27 X7 X7 «, B))

a=£=0

In view of Proposition 3.1 and Cauchy’s residue theorem, this is

H3g1] c7(My, M) L(Sym?Ey, 1) L(Sym? By, 1) L(E) ® Ez,1)g* + O(¢*g) + O(g?/*+3%/1g%2),

where

67(]\417 Mg) == 4(10g q)2 <CE1,E2 (1; 1, 1, 1, O, O) — 629+16(E1) CEl,Eg (Ml; 1, 1, 1, O, 0) (102)

|P|+1
— €ag+1€(E2) Cpy By (M2 1,1,1,0,0) + €(E1)e(E2) Cpy B, (M1M2; 1,1, 1,0, 0)) H P
PlA
The other two terms in equation (10.1) have the same asymptotics so we obtain
1
s | €1 & L'(Ey @ xp, 5)L' (B2 ® X, 3)
2g+1 DEH39+1
= c7(My, Mp)L(Sym*Ey, 1) L(Sym*E», 1) L(E; ® Es, 1)g?
+ O(g) + O(q739/2+3X/4g32) + Oa (gl/2+€(2g - X)4)
Choosing X = 2g — 100 log g we obtain the theorem.
11. PROOF OF COROLLARY 1.7
The results in Section 4 imply that
Y LE®xp, 1) < ¢¥g5. (11.1)
DeH3, .y
We next obtain some upper bounds for moments of the derivatives. We have
L(E 1/2 ... L(E 1/2
LO(E & xp, L) — ® XD, 1/2+ ) (E®xp,1/ +ak)dozl...dak,
Qm all+1 ozgjl

where we are integrating along small circles of radii r around the origin. Then using Holder’s
inequality leads to

k
S LYE @ xp, Hf <<rlk+1 > |LE®xDp, s+ )| da.
DeH3y 1y =" pen,,,

Choosing r = 1/g and using upper bounds for moments of L—functions we get that

Z |L(l)(E ® XD, %)}k <. q2g(l!)kgm+k(k—1)/2+g

DeH,,
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In particular, with [ = 1 and k& = 4, we have

> L(E@xp, 3)' < ¢¥g"". (11.2)
DE'Hgg_H

Now from Holder’s inequality we have

2
S LE®xp, ) S L(Ey@xp, ) > 1
DeHag41 DeHogt1 DeHogi1
(D,A1)=1 (D,Az)=1 (D,A1A2)=1
4
> Z 62_[/(-E‘1 ®XD)%)L/(E2®XD)%)
DeHag+1
(D,A1A2)=1

Combining (11.1) and (11.2) with Theorem 1.5 we get

29
* - q
#{D € M5,,1 e, L(E1® XD, 3) L' (B2 ® xp, 5) # 0} > p

which implies the first statement. The second statement can be obtained similarly.
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