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Abstract

Relative populations of the four energy-lowest IPR (isolated-pentagon-rule)

isomers of Er@C82 under the high-temperature synthetic conditions are

computed using the Gibbs energy based on characteristics from the density

functional theory calculations (B3LYP/6-31+G∗
∼SDD energetics, B3LYP/6-

31G∗
∼SDD entropy). Two leading isomers are predicted - Er@C2v(9)-C82 and

Er@Cs(6)-C82. The calculated equilibrium isomeric relative populations agree

with available observations. As Er@C82 is one of the metallofullerenes recently

used as dopants for improvement of efficiency and stability of perovskite solar

cells, the calculations should help in finding rules for further selections of

fullerene endohedrals for such new applications in photovoltaics.
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Introduction

Recently, improved efficiency and stability of perovskite solar cells has

been observed[1] after additions of a metallofullerene, namely Er@C82 (the

improvements should partly be related to its hydrophobicity). Another

metallofullerene, Dy@C82, has also been studied[2,3] as a dopant for organic

photovoltaics[4] in order to enhance quantum yields. Two isomers are

known[5−8] for Er@C82, they differ in their carbon cages C82 (this is also

the case of Dy@C82 and other C82-based endohedrals[9]), namely labeled

Er@C2v(9)-C82 and Er@Cs(6)-C82 (or Er@Cs(c, 6)-C82, also Er@Cs; 6-C82).

Actually, there are two labeling conventions[9] for the C82 IPR (isolated

pentagon rule) cages considered in the literature. The older system deals

with the symmetries of the carbon cages (in fact, the highest topological

symmetries, regardless possible symmetry reductions - like by the Jahn-Teller

distortions): C3v(a), C3v(b), C2v, C2(a), C2(b), C2(c), Cs(a), Cs(b), and Cs(c).

The newer labeling system works with serial isomer-enumeration numbers, the

assignment is: C3v(a); 7, C3v(b); 8, C2v; 9, C2(a); 3, C2(b); 1, C2(c); 5, Cs(a); 2,

Cs(b); 4, and Cs(c); 6. Various metals can be encapsulated in the C82 cages,

frequently producing at least two isomeric endohedrals.[9−16] In this report,

the isomeric relative populations or stabilities are calculated in the set of four

Er@C82 IPR isomers lowest in the potential energy. Such relative stability

evaluations are needed in interpretation of observations and for selection and

preparation of the particular species useful for applications.

Thermodynamic stabilities of nanocarbons, and in particular metallo-
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fullerenes, are frequently calculated using just terms of potential energy.

However, there are already several computational treatments[17−26] showing

that the complete Gibbs energy should be employed instead - as the

entropy part becomes increasingly important with increasing temperature.

Consequently, in a set of isomers a species that is not the lowest in

potential energy can nevertheless represent the most populated isomer at high

synthetic temperatures (in particular used in nanocarbon syntheses). Other

higher-energy structures can moreover exhibit relative-stability interchanges

with increasing temperature. Obviously, it is not possible to predict such

complex relative-stability behavior only from the potential energies. Hence,

calculations are performed in this report on the equilibrium relative popu-

lations of four potential-energy lowest Er@C82 IPR isomers at elevated

temperatures, considering both enthalpy and entropy component of the Gibbs

energy in order to predict their equilibrium isomeric populations at synthetic

conditions.

Calculations

The molecular-structure optimization of the Er@C82 isomers started

with the molecular geometries optimized in a combined basis set - the

standard 3-21G basis[27] for C atoms and SDD basis[28] with the SDD

effective core potential on Er atom (denoted here as 3-21G∼SDD), employing

density functional theory (DFT) approach. The DFT treatment uses here
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Becke’s three-parameter functional[29] combined with the non-local Lee-Yang-

Parr correlation functional,[30] i.e., the unrestricted B3LYP/3-21G∼SDD

approach. Moreover, the structures were further re-optimized using the

standard 6-31G∗ basis set[31] for C atoms, i.e., the B3LYP/6-31G∗
∼SDD

level. The calculations are carried out for the triplet electronic state as

the multiplicity produces the lowest energy at the considered computational

levels. The geometry optimizations are carried out with the analytical

energy gradient. The geometry optimizations at the B3LYP/3-21G∼SDD

and B3LYP/6-31G∗
∼SDD levels point out just three Er@C82 isomeric species

sufficiently low in the potential energy (Table 1). All other isomers are at

the B3LYP/6-31G∗
∼SDD level 9 or more kcal/mol higher than the lowest-

energy isomer Er@C2v(9)-C82 which (after combination with the entropy

terms) would produce only insignificant relative populations. Moreover, the

inter-isomeric separation energetics was further checked and refined with the

B3LYP/6-31+G∗
∼SDD treatment (in the B3LYP/6-31G∗

∼SDD geometries).

In the optimized B3LYP/6-31G∗
∼SDD geometries, the harmonic vibrational

analysis was also performed with the analytical force-constant matrix in

order to produce the vibrational spectra and especially the vibrational

partition functions for the thermodynamic stability evaluations. The SCF

wavefunction stability[32−34] was systematically tested throughout in order to

avoid misleading unstable SCF solutions (that can appear quite frequently

with nanocarbons). Moreover, in order to achieve the SCF convergency,

various available[34] numerical options had to be applied. The computations
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were carried out with the Gaussian 09 program package[34] on computers

operating in parallel regime, mostly with 8-24 processors (with computational

frequency up 3 GHz each and with the available operational memory up to 60

GB).

The relative equilibrium concentrations (considered in the terms of mole

fractions xi) in a set of m isomers can be expressed[35,36] with the help of their

partition functions qi and the enthalpies at the absolute zero temperature or

ground-state energies ∆Ho
0,i (i.e., the relative potential energies enhanced by

the vibrational zero-point energies) by a master formula:

xi =
qiexp[−∆Ho

0,i/(RT )]
∑m

j=1 qjexp[−∆Ho
0,j/(RT )]

, (1)

where R stands for the gas constant and T for the absolute temperature.

Equation (1) is an exact formula that is derived[35] in statistical thermo-

dynamics using the standard Gibbs energies of the isomers, supposing the

conditions of the inter-isomeric thermodynamic equilibrium. Clearly enough,

the reference energy level can be selected in such a way that one of the

∆Ho
0,i terms is equal to zero (the ground state energy of the lowest isomer

is straightforwardly used[36] as the reference energy level). Rotational

and vibrational partition functions are constructed[36] here employing the

conventional rigid-rotator and harmonic-oscillator (RRHO) approximation.

No frequency scaling is considered as it is not significant[37] for the xi values

at high temperatures. Finally, the chirality contribution[38] was included
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accordingly (for an enantiomeric pair its partition function qi is doubled).

Although the temperature regions where fullerene or metallofullerene electric-

arc syntheses take place is not well known, the recent observations[39] supply

some arguments to expect it, for empty fullerenes, somewhere around 1300

K. Thus, the calculated results discussed here are also considered for the

temperature region.

Actually, a modified[23,40] RRHO approach for description of the encapsu-

late motions is in fact considered here, following findings[41] that the encapsu-

lated atoms can exhibit large amplitude vibrational motions, especially so

at higher temperatures (if the motions are not restricted by cage derivatiza-

tions[42]). It can be expected that if the encapsulate is relatively free then,

at sufficiently high temperatures, its motions in different cages will still yield

about the same contribution to the partition functions. However, such similar

contributions would then cancel out in Equation (1). This approximation

is called[23,40] free, fluctuating, or floating encapsulate model (FEM) and

needs two steps. In addition to suppression of the three lowest vibrational

frequencies (representing the metal motions in the cage), the symmetries of the

cages should be treated as the highest (topologically) possible, which reflects

averaging effects of the large amplitude vibrational motions. For example, for

the Er@C82 isomer based on the IPR C2v(9) cage (Table 1), the C2v symmetry

is considered within the FEM scheme though its static[43] symmetry (i.e.,

just after the geometry optimization) is only simple C1 (Fig. 1). Generally

speaking, the FEM treatment gives a better agreement[23,40] with the available
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observed data compared to the conventional RRHO approach, and therefore

the FEM approach is also applied here.

Results and Discussion

Table 1 reports the Er@C82 relative inter-isomeric energetics calculated at

the two selected levels (namely, the differences in the potential energy without

inclusion of the zero-point vibrational energies) for the four considered low-

energy Er@C82 isomers with the IPR C82 cages[9,44] (the four possible IPR

C82 symmetry types are thus included in the set). The lowest-energy Er@C82

isomer is the C2v(9) endohedral followed after about 2 kcal/mol by the Cs(6)

species (Fig. 1). Then, the C2(5) and C3v(8) endohedrals are located higher

above the C2v(9) isomer by about 4 and 9 kcal/mol, respectively. It should

be noted that the B3LYP/6-31G∗
∼SDD and B3LYP/6-31+G∗

∼SDD inter-

isomeric separation energies are quite similar. The four isomers from Table 1

are considered in the following thermodynamic-stability treatment.

Table 2 presents selected calculated characteristics of the four potential-

energy-lowest Er@C82 isomers. The B3LYP/6-31G∗
∼SDD calculated closest

contacts rEr−C between Er atom and the cages are around 2.5 Å and

thus similar to the values found previously for other C82 based metallo-

fullerenes.[9,15,44] The lowest vibrational frequencies ωlow given in Table 2

are in agreement with the supposed relatively-free motions of encapsulated

metals in metallofullerenes. The B3LYP/3-21G∼SDD computed Mulliken

atomic charges qEr on Er are close to 2.2 (of the electron elementary charge).
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The charge transfer to the cage is not distributed on the carbon atoms

evenly, moreover, some carbons have negative but some positive Mulliken

atomic charges (which is, by the way, of importance for repulsions between

the cage carbons). In the case of the Er@C2v(9)-C82 isomer the Mulliken

atomic charge on the carbon atoms has values between -0.213 and +0.009.

Similarly for the Er@Cs(6)-C82 isomer the Mulliken atomic charge varies from

-0.219 to +0.012. Interestingly, the calculated total charge-transfer from the

metals in the co-crystal[8] of Er@C2v(9)-C82 with nickel-octaethylporphyrin

is 3.1. The dipole moment calculated at the B3LYP/3-21G∼SDD level has

for the Er@C2v(9)-C82 and Er@Cs(6)-C82 isomer value of 1.171 and 0.887 D,

respectively. Let us mention for the completeness that the Mulliken charges

from the 3-21G∼SDD basis, in contrast to, e.g., the 6-31G∗
∼SDD level,

produce[25] for metallofullerenes a good agreement with the available observed

charges.[45] Moreover, there are more general methodological reasons[46−49]

why larger basis sets should not be used for the Mulliken charges - as they

can sometimes produce rather unphysical values.[47]

Fig. 2 presents the key results of this study - temperature development

of the relative equilibrium populations for the four potential-energy-lowest

Er@C82 isomers in a wide temperature region. The relative populations are

evaluated in the FEM treatment supplied with the B3LYP/6-31+G∗
∼SDD

energetics and B3LYP/6-31G∗
∼SDD entropy. At very low temperatures the

structure lowest in the ∆Ho
0,i scale must be dominant, i.e., the Er@C2v(9)-C82

endohedral. However, the second potential-energy lowest species Er@Cs(6)-
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C82 exhibits rather fast increase of its relative populations so that both isomers

have comparable concentrations at high temperatures. On the other hand,

the remaining two endohedrals, Er@C2(5) and Er@C3v(8)-C82, are rather

negligible. At a temperature of 1300 K, the equilibrium populations are

40.9, 44.5, 13.4, and 1.2 % for the C2v(9), Cs; 6, C2; 5, and C3v; 8 isomers,

respectively. Incidentally, in a stability evaluation without the entropic part

(i.e., if only the simple Boltzmann factors[35,36] are considered) the relative

isomeric populations at the same temperature of 1300 K are rather different:

59.3, 27.4, 11.5, and 1.7 % for the C2v(9), Cs(6), C2(5), and C3v(8) isomers,

respectively. The calculations agree with the available observations.[5−8] There

are just two significantly produced Er@C82 isomers. The Er@C2v(9)-C82

endohedral should be more populated of the two species. The temperature

region for metallofullerene syntheses can be lower than that[39] (around

1300 K) for fullerenes (owing to catalytic effects by the metals involved).

Interestingly, Er@C2v(9)-C82 was recently used[1] as an additive for improving

stability and performance of perovskite solar cells (the Er@C2v(9)-C82 isomer

is not prone[8] to dimerization in condensed phase - in contrast to Er@Cs(6)-

C82). Let us also add for the completeness that in contrast to the relative

isomeric stabilities, the absolute stability of Er@C82 represents considerably

more complex task as it requires not only its formation equilibrium constant

but also the reaction partial pressures of carbon and Er vapor (virtually

unknown from experiments).

There are some similarities with the results reported[11,23,50−54] in the
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recent calculations of the C82 based metallofullerenes, exhibiting a comparable

metal-to-cage charge transfer. Such similarities could be related to the

structural feature that metallofullerenes are not formed by creation of a

covalent bond but stabilized[55−59] by ionic bond instead. Let us also mention

that observed isomeric populations can depend on employed metal form.[60]

The issue could be related to the catalytic and kinetics aspects,[61−63] and

thus to differing levels to which the expected inter-isomeric thermodynamic

equilibrium could really be established in the synthesis. Yet another

experimental issue is possible different solubility[64−66] of individual isomers

in the solvents used for extractions. In future, the calculations should be

checked at yet higher quantum-chemical levels, and the isomers in other

spin states could be considered for a more comprehensive description of the

system, too. Although the form of Equation (1) allows for some partial

cancellation of higher contributions beyond the simple RRHO approximation

like anharmonicity corrections,[67] further options for some improvements of

the RRHO model should also be considered in future. Still, the present

Er@C82 results supply further evidence of applicability of the Gibbs-energy

approach to the equilibrium populations of endohedral isomers, thus moti-

vating related stability studies of even more complex species.[68−73]

Conclusions

The calculations of the relative equilibrium populations for the four

potential-energy-lowest IPR isomers of Er@C82 in the temperature region
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used[39] in metallofullerene syntheses, employing the Gibbs energy (which

is based on quantum-chemical molecular parameters), agree with available

observed data. Further calculations are in progress in order to obtain a

deeper, more detailed understanding of the functions of fullerene endohedrals

as dopants for higher performance and stability of perovskite solar cells.[74−77]

In addition to[1] Er@C82 also[2,3] Dy@C82 and[75−77] Gd@C82 are presently

studied, especially their molecular and electronic structures as well as their

energetics, thermodynamics, and also hydrophobicity.[78] The theoretical

treatments should help to formulate molecular rules of rational selection of

fullerene endohedrals for their applications in photovoltaics, first for the C82

based metallofullerenes and latter on even for other fullerene cages.
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54. Slanina, Z.; Uhĺık, F.; Feng, L.; Adamowicz L. Ho@C82 metallofullerene:

Calculated isomeric composition. ECS J. Solid State Sci. Technol. 2022,

11, 053018-1–053018-4.

19



55. Andreoni, W.; Curioni, A. Freedom and constraints of a metal atom

encapsulated in fullerene cages. Phys. Rev. Lett. 1996, 77, 834-837.

56. Popov, A. A.; Dunsch, L. Bonding in endohedral metallofullerenes as

studied by quantum theory of atoms in molecules. Chem. Eur. J. 2009,

15, 9707-9729.
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solid bitumen from pillow lavas of proterozoic age from Mı́tov (Bohemian

Massif, Czech Republic). Geochem. Cosmochem. Acta, 67, 1495-1506

(2003)

65. Lian, Y.; Shi, Z.; Zhou, X.; Gu, Z. Different extraction behaviors between

divalent and trivalent endohedral metallofullerenes. Chem. Mater. 2004,

16, 1704-1714.

66. Maeda, Y.; Tsuchiya, T.; Kikuchi, T.; Nikawa, H.; Yang, T.; Zhao,

X.; Slanina, Z.; Suzuki, M.; Yamada, M.; Lian, Y.; Nagase, S.; Lu, X.;

Akasaka, T. Effective derivatization and extraction of insoluble missing

lanthanum metallofullerenes La@C2n (n=36-38) with iodobenzene. Car-

bon 2016, 98, 67-73.
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Table 1. Er@C82 relative potential energies ∆Epot,rel for the IPR isomers calculated in the

B3LYP/6-31G∗
∼SDD optimized structures

∆Epot,rel / kcal.mol−1

Species

B3LYP/6-31G∗
∼SDD B3LYP/6-31+G∗

∼SDD

Cs(2) 24.6 24.1

C2(1) 19.8 19.1

C2(3) 18.1 17.6

Cs(4) 15.2 14.9

C3v(7) 9.76 9.54

C3v(8) 9.14 9.10

C2(5) 4.45 4.25

Cs(6)
a 2.03 1.99

C2v(9)
a 0.0 0.0

aSee Fig. 1.
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Table 2. The selected characteristics of the four energy-lowest Er@C82 isomers - the closest

Er-C contacta rPr−C , the Mulliken chargeb on Er qEr, the lowest vibrational frequencya ωlow

Species rEr−C / Å qEr ωlow / cm−1

C3v(8) 2.342 2.335 5.6

C2(5) 2.541 2.181 11.9

Cs(6)
c 2.430 2.198 14.5

C2v(9)
c 2.457 2.211 20.0

aB3LYP/6-31G∗
∼SDD terms.

bB3LYP/3-21G∼SDD terms.
cSee Fig. 1.

25



C2v(9) Cs(6)

Fig. 1. The B3LYP/6-31G∗
∼SDD optimized structures of the two most populated Er@C82

isomers, Er@C2v(9)-C82 left, Er@Cs(6)-C82 right (the shortest Er-C contact is indicated by a

link).

26



0

20

40

60

80

100

500 1000 1500 2000 2500

x
i (

%
)

T (K)

Er@C2(5)-C82

Er@C3v(8)-C82

Er@Cs(6)-C82

Er@C2v(9)-C82

FEM//B3LYP/6-31+G*~SDD

C3v(8)
C2(5)
Cs(6)

C2v(9)

Fig. 2. The equilibrium relative populations of the Er@C82 isomers based on the FEM

treatment with the B3LYP/6-31+G∗
∼SDD energetics and B3LYP/6-31G∗

∼SDD entropy.
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