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1. INTRODUCTION

Some of the most important logistics problems faced by a
supplier are the timing of production, the location of inven-
tories, and the allocation of customers to warehouses. These
decisions must not only be made separately, but must also
be coordinated for the entire supply chain to perform effi-
ciently. This coordination is especially required in dynamic
environments where the settings of the logistics distribution
network change significantly over the planning horizon. In
this paper, we will study a dynamic model that can be used
to support decisions concerning the allocation of demand
and the location/allocation of inventories. This research was
motivated by the problem faced by a large beer brewery that
typically has to deal with a strongly seasonal demand. The
demand for beer is heavily influenced by the weather, lead-
ing to a much higher request in warmer periods. Moreover,
due to the strong variation of demand over time, the pro-
duction capacity is usually not sufficient in periods of high
demand, leading to the necessity of holding inventories.
Thus, strong seasonal differences in demand require the
supplier to use a dynamic approach to managing both pro-
duction and inventory. In general, the model that we pro-
pose is also applicable to other producers of soft drinks

and beers, or other products whose demand shows a strong
seasonal component.
Most of the existing models in the literature for the

allocation of demand are static (single period) in nature.
This means that they are not able to explicitly model
inventory decisions. Moreover, the implicit assumption in
these models is that the environment, including all problem
data, is constant over time. For instance, demand patterns
are assumed to be constant, even though this is often
an unrealistic assumption. Hence, the adequacy of those
models is limited to situations where the demand pattern
exhibits no remarkable changes throughout the planning
horizon. In practice, it means that all (by nature dynamic)
input parameters to the model are approximated by static
ones like average parameters. Related literature focusing
on static models can be found in Geoffrion and Graves
(1974), Benders et al. (1986), and Fleischmann (1993).
There are notable exceptions where the planning horizon
is discretized. Duran (1987) plans the production, bottling,
and distribution to agencies of different types of beer, with
an emphasis on the production process. A one-year plan-
ning horizon is considered, but in contrast to most of the
literature, the model is dynamic, with 12 monthly periods.
Chan et al. (1998) study a dynamic, but uncapacitated, dis-
tribution problem in an operational setting.
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The logistics distribution network we are considering
consists of a set of facilities, each of which could be
interpreted as a production plant with an associated ware-
house and a set of customers. Each production plant has
known, finite, and possibly time-varying capacity, and each
customer needs to be served by (assigned to) a unique facil-
ity throughout the planning horizon, while the customer
demands exhibit a seasonal pattern. We assume that each
warehouse has essentially unlimited physical and through-
put capacity; that is, its physical capacity is sufficient to be
able to store the cumulative excess production of its corres-
ponding plant, even if this plant produces to full capacity
in each period. In addition, the throughput capacity is large
enough for the warehouse to be able to supply any com-
bination of customers assigned to it. We assume that pro-
ducts can only be stored at the facilities; i.e., no storage is
allowed at the customers. This is a realistic assumption for
customers like small supermarkets or restaurants who have
a very limited storage place available. The decisions that
need to be made concern (i) the assignment of customers
to facilities, and (ii) the location and size of inventories.
Let n denote the number of customers, m the number

of facilities, and T the planning horizon. The total demand
of customer j throughout the planning horizon is given
by dj . The demand patterns of the customers over time
are assumed to exhibit a common seasonality, represented
by nonnegative seasonal factors �t for each t = 1� 	 	 	 � T ,
satisfying

∑T
t=1 �t = 1. Thus, the demand of customer j

in period t is equal to �tdj . Let bit denote the production
capacity at facility i in period t. The costs of supplying
customer j by facility i in period t are equal to cijt . The unit
inventory holding costs at facility i in period t are given
by hit . (All parameters are nonnegative by definition.)
The multiperiod single-sourcing problem (MPSSP) can

be formulated as follows:

minimize
T∑
t=1

m∑
i=1

n∑
j=1

cijtxij +
T∑
t=1

m∑
i=1

hitIit

subject to (P0)

�t ·
n∑

j=1
djxij + Iit � bit + Ii� t−1�

i = 1� 	 	 	 �m� t = 1� 	 	 	 � T � (1)
m∑
i=1

xij = 1� j = 1� 	 	 	 � n�

xij ∈ �0�1�� i = 1� 	 	 	 �m� j = 1� 	 	 	 � n�
Ii0 = 0� i = 1� 	 	 	 �m�

Iit � 0� i = 1� 	 	 	 �m� t = 1� 	 	 	 � T �
where xij is equal to one if customer j is assigned to faci-
lity i and zero otherwise, and Iit represents the amount
of product in storage at facility i at the end of period t.
Hereafter, x ∈ �mn will denote the vector with components
xij and similarly I = �Iit� ∈ �mT .

The assignment and the inventory decisions can be han-
dled in a nested fashion, where we essentially decide on the
assignment of customers to facilities only, and where the
location and size of inventories are determined optimally as
a function of the customer assignments. Viewed in this way,
the MPSSP is a kind of Generalized Assignment Problem
(GAP) with a nonlinear objective function. The GAP has
been studied extensively in the literature from an algo-
rithmic point of view. See Cattrysse and Van Wassenhove
(1992) and Osman (1995) for reviews on solution methods
for the GAP. In particular, Savelsbergh (1997) proposes a
successful branch-and-price algorithm for the GAP. In this
paper, we use a similar branch-and-price algorithm to solve
the MPSSP. The structure of the pricing problem is a major
issue in the success of a column generation procedure, and
therefore of a branch-and-price algorithm. For the MPSSP,
we show that the pricing problem is a so-called Penalized
Knapsack Problem (PKP), which is a knapsack problem
where the objective function includes an additional convex
term penalizing the total use of capacity of the knapsack.
The optimal solution of the relaxation of the integrality
constraints in the PKP shows a similar structure to the opti-
mal solution of the knapsack problem that allows for an
efficient solution procedure for the pricing problem.
The outline of this paper is as follows. In §2 we refor-

mulate the MPSSP as a GAP with a convex objective func-
tion. In §3 we propose an exact branch-and-price procedure
for solving the MPSSP based on a column generation
approach for a set-partitioning formulation of the problem.
This approach generalizes the branch-and-price procedure
for the GAP developed by Savelsbergh (1997). In §4 we
present an efficient solution procedure for the relaxation
of the PKP as well as a class of greedy heuristics. In §5
we show that this branch-and-price procedure can solve a
broader class of problems. In §6 we illustrate the perfor-
mance of this branch-and-price scheme. In §7 we end the
paper with some concluding remarks.

2. A NONLINEAR GAP

Romeijn and Romero Morales (2003) have shown for
another variant of the MPSSP that the inventory variables
can be eliminated at the expense of introducing convexity
in the objective function; i.e., an equivalent formulation
with a convex objective function exists. In our case, this
reformulation of the MPSSP yields a GAP with a convex
objective function.

Proposition 2.1. �P0� is equivalent to

minimize
m∑
i=1

n∑
j=1

( T∑
t=1

cijt

)
xij +

m∑
i=1

Hi

( n∑
j=1

djxij

)

subject to (P)

n∑
j=1

djxij � min
t=1�			� T

(∑t
�=1 bi�∑t
�=1 ��

)
� i = 1� 	 	 	 �m�
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m∑
i=1

xij = 1� j = 1� 	 	 	 � n�

xij ∈ �0�1�� i = 1� 	 	 	 �m� j = 1� 	 	 	 � n�
where Hi�u� is the convex function given by the optimal
value of the following problem:

minimize
T∑
t=1

hitIt

subject to It − It−1 � bit −�tu� t = 1� 	 	 	 � T �
I0 = 0�
It � 0� t = 1� 	 	 	 � T 	

Proof. See the Appendix. �

The function Hi calculates the minimal inventory costs
needed at facility i to be able to supply the customers
assigned to it. We may observe that the value of the inven-
tory costs at each facility depends only on the total demand
required by the customers assigned to it. Proposition 2.1
now tells us that the MPSSP can be formulated as a GAP
with a convex objective function. In this formulation, we
have m agents and n tasks; the cost function associated
with agent i is equal to

gi�z�=
n∑

j=1

( T∑
t=1

cijt

)
zj +Hi

( n∑
j=1

djzj

)
for each z ∈ �n

and its capacity constraint is equal to

n∑
j=1

djxij � min
t=1�			� T

(∑t
�=1 bi�∑t
�=1 ��

)
	

We may observe that the requirements of the tasks dj are
agent independent.
We know that function Hi is convex. In fact, it is easy

to show that this function is also piecewise linear. This is
illustrated by an example in which we will suppress the
index i for convenience. Consider n= 1, T = 3, and
� = �1�1�1���

h= �2�2�2���

d1 = 25�
b = �50�20�10��	

In that case, we have that H�z1� is equal to the optimal
value of

minimize 2�I1+ I2+ I3�

subject to I1− I0 � 50−25z1�
I2− I1 � 20−25z1�
I3− I2 � 10−25z1�
I0 = 0�
It � 0� t = 1�2�3	

Figure 1. The inventory costs.
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Figure 1 plots the optimal objective function value of
its LP relaxation as a function of the fraction z1 of the
item added to the knapsack. Thus, we observe that it is
a piecewise linear function in the fraction z1 added to
the knapsack. Note that each breakpoint corresponds to a
new inventory variable becoming positive. In this particular
case, all inventory variables are equal to zero if the fraction
of the demand supplied is below 0	4, i.e., z1 ∈ �0�0	4�. If
z1 ∈ �0	4�0	6�, I2 becomes positive. Finally, if z1 ∈ �0	6�1�,
I1 also becomes positive.

3. A BRANCH-AND-PRICE ALGORITHM
FOR THE MPSSP

3.1. A Set-Partitioning Formulation

In a similar way as was done for the GAP by Cattryse
et al. (1994) and Savelsbergh (1997), (P) can be formulated
as a set-partitioning problem. In particular, a feasible solu-
tion for (P) can be seen as a partition of the set of tasks
�1� 	 	 	 � n� into m subsets. Each element of the partition is
associated with one of the m agents.
Now let Li be the number of subsets of tasks that can

feasibly be assigned to agent i (i= 1� 	 	 	 �m). Let �l
i· denote

the lth subset (for fixed i); i.e., �l
ij = 1 if task j is an

element of subset l for agent i, and �l
ij = 0 otherwise.

We will call �l
i· the lth column for agent i. Then, the set-

partitioning problem can be formulated as follows:

minimize
m∑
i=1

Li∑
l=1

gi��
l
i·� yl

i

subject to (MP)

m∑
i=1

Li∑
l=1

�l
ijy

l
i = 1� j = 1� 	 	 	 � n� (2)

Li∑
l=1

yl
i = 1� i = 1� 	 	 	 �m� (3)

yl
i ∈ �0�1�� l = 1� 	 	 	 �Li� i = 1� 	 	 	 �m�

where yl
i is equal to one if column l is chosen for agent i,

and zero otherwise. As mentioned by Barnhart et al. (1998),
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the convexity constraint (3) for agent i, i = 1� 	 	 	 �m, can
be written as

Li∑
l=1

yl
i � 1�

because �ij = 0 for each j = 1� 	 	 	 � n is a feasible column
for agent i with associated costs gi��i·� = 0. One of the
advantages of (MP) is that its linear programming relax-
ation LP(MP) gives a bound on the optimal solution value
of (MP) that is at least as tight, and usually tighter, as
the one obtained by relaxing the integrality constraints
in (P), R(P). A similar result was proved for the linear
GAP by Savelsbergh (1997). Hence, if we let v�R(P)� and
v�LP(MP)� denote the optimal objective values of R(P) and
LP(MP), respectively, then the following holds.

Proposition 3.1. The following inequality holds:

v�R(P)�� v�LP(MP)�	

Proof. Similar to the proof of this result for the linear
GAP; see Savelsbergh (1997). �

This result suggests that the formulation (MP) is more
attractive than (P) when solving the MPSSP by a branch-
and-bound scheme based on lower bounds obtained by
relaxing the integrality constraints. However, the num-
ber of columns associated with each agent in (MP) can
be extremely large, thus prohibiting the explicit construc-
tion and solution of LP(MP). Therefore, this formulation
is suitable for applying a column generation approach
where new columns are generated only when needed; see
Gilmore and Gomory (1961). When this procedure to cal-
culate LP bounds is embedded in a branch-and-bound
scheme, we obtain the so-called branch-and-price algo-
rithm which solves to optimality the integer programming
problem (MP).

3.2. Designing the Branch-and-Price Scheme

3.2.1. Introduction. As mentioned above, the tight-
ness of LP(MP) makes a branch-and-price algorithm a
promising optimization method to solve the MPSSP. There
are several key features in the design of a branch-and-
price scheme. First, when solving the LP bounds by a col-
umn generation procedure, a good starting set of columns
can accelerate the convergence of this procedure. Second,
the structure of the pricing problem is a major issue in
the success of the column generation procedure. Typically,
many columns need to be generated until optimality can be
proven with the current set of columns. Therefore, the
success of this procedure depends on how efficiently the
pricing problem can be solved. Finally, it is known that
standard branching rules are usually not appropriate for
branch-and-price schemes; see, e.g., Vanderbeck (2000).
They may destroy the structure of the pricing problem. In
addition, they produce unbalanced branch-and-bound trees.
In the following, we discuss these three features in more

detail. Recall that the MPSSP has been reformulated as a
GAP with a convex objective function, so the branch-and-
price procedure described below resembles the one pro-
posed by Savelsbergh (1997) for the linear GAP.

3.2.2. Initial Set of Columns. The column generation
procedure calls for an initial set of columns to start with.
For this purpose, we make use of the class of greedy heuris-
tics proposed for Romeijn and Romero Morales (1999)
for a larger class of multiperiod single-sourcing problems.
These greedy heuristics are a generalization of the ones
proposed by Martello and Toth (1981) for the GAP. The
basic idea is that each possible assignment of a task to an
agent is evaluated by a pseudo-cost function f �i� j�. The
desirability of assigning a task is measured by the differ-
ence between the second smallest and the smallest values
of f �i� j�. Assignments of tasks are made in decreasing
order of this difference. Along the way, some agents will
not be able to handle some of the tasks due to their capacity
constraints, and consequently the values of the desirabili-
ties will be updated, taking into account that the two most
desirable agents for each task should be feasible.
The challenge is to specify a pseudo-cost function that

will yield a good, or at least a feasible, solution to (P).
Romeijn and Romero Morales (1999) propose a pseudo-
cost function for which the greedy heuristic is asymptoti-
cally feasible and optimal in the probabilistic sense.
To be able to prove infeasibility in any of the nodes of

the branch-and-price tree, we have added a dummy variable
sj � 0 to the jth constraint (2) with a high cost, for each
j = 1� 	 	 	 � n. This ensures that any LP relaxation always
has a feasible solution, and infeasibility of this LP problem
is characterized by the positiveness of some of the dummy
variables in its optimal solution.

3.2.3. The Pricing Problem. A major issue in the suc-
cess of the column generation approach is, of course, the
viability to solve the pricing problem. In this section, we
examine the structure of this problem. We suppose that
N is the current set of columns in the reduced LP relax-
ation. Let LP(MP(N )) be the corresponding reduced LP
relaxation, and �u∗�N ��$∗�N �� an optimal dual vector to
LP(MP(N )). When needed, columns are searched for each
agent. The pricing problem for agent i, i = 1� 	 	 	 �m, is
equal to

minimize
n∑

j=1

( T∑
t=1

cijt

)
zj +Hi

( n∑
j=1

djzj

)

−
n∑

j=1
u∗
j �N �zj +$∗

i �N �

subject to
n∑

j=1
djzj � min

t=1�			� T

(∑t
�=1 bi�∑t
�=1 ��

)

zj ∈ �0�1�� j = 1� 	 	 	 � n	
Without loss of optimality, we can leave out the constant
term $∗

i �N �. After rearranging terms and transforming it
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into a maximization problem, the pricing problem associ-
ated with agent i reads

maximize
n∑

j=1

(
u∗
j �N �−

T∑
t=1

cijt

)
zj −Hi

( n∑
j=1

djzj

)

subject to
n∑

j=1
djzj � min

t=1�			� T

(∑t
�=1 bi�∑t
�=1 ��

)

zj ∈ �0�1�� j = 1� 	 	 	 � n	
The feasible region of this problem is described by a
knapsack constraint. Similarly to the knapsack problem,
items which are added to the knapsack yield a profit
u∗
j �N �−∑T

t=1 cijt . However, in contrast with the ordinary
problem, the utilization of the knapsack is penalized by the
convex function Hi. We will call this problem the PKP, and
it will be analyzed in §4.

3.2.4. Branching Rule. If the optimal solution of the
LP relaxation of (MP) is not integer, we need to branch to
obtain an optimal integer solution. Because the LP relax-
ation of (MP) has been solved by a column generation pro-
cedure, it is unlikely that all columns are present in the final
reduced LP problem. Thus, by using a branch-and-bound
scheme with only the columns generated, we will, in the
best case, end up with only a feasible solution for (MP).
This approach yields a heuristic for solving the MPSSP.
If we want a certificate of optimality, new columns (when

needed) should be generated when branching. The choice
of the branching rule is crucial because it can destroy the
structure of the pricing problem. The straightforward choice
would be to branch on the variables yl

i . Fixing one of those
variables to zero is equivalent to prohibiting the generation
of that column again. As Savelsbergh (1997) pointed out for
the GAP, with this branching rule we may need to find not
only the optimal solution of the pricing problem, but also
the second optimal solution for it. Usually we cannot incor-
porate this additional information into the pricing prob-
lem directly, thereby prohibiting an efficient algorithm for
the pricing problem. However, it can be proved that each
feasible solution y for (MP) has a corresponding feasible
solution x for (P). Moreover, it is easy to see that if y is
fractional, then x is fractional as well. Thus, we can branch
on the fractional variables xij . We may observe that the
subproblems obtained by branching on the xij variables are
again MPSSPs. Thus, the column generation procedure in
each node of the tree is the same as in the root node.

4. THE PENALIZED KNAPSACK PROBLEM

4.1. Definition of the Problem

Consider a knapsack with a certain capacity and a set of
items which make use of this capacity. When adding an
item to the knapsack a profit is obtained. However, the total
use of the knapsack will be penalized by a convex function.
The PKP is the problem of choosing items in such a way
that the capacity constraint is not violated when we add

those items to the knapsack, and the total profit minus the
penalization on the use of the knapsack is maximal.
Let n denote the number of items. The required space

of item j is given by %j � 0, and the profit associated
with adding item j to the knapsack is equal to pj � 0. Let
' be the capacity of the knapsack, and let G�u� denote
the penalization of using u units of capacity of the knap-
sack, where G is a convex function. The PKP can then be
formulated as follows:

maximize
n∑

j=1
pjzj −G

( n∑
j=1

%jzj

)

subject to
n∑

j=1
%jzj �'�

zj ∈ �0�1�� j = 1� 	 	 	 � n	
Because all items with zero space requirement will defi-
nitely be added to the knapsack and pj � 0, we can without
loss of generality assume that %j > 0 for each j = 1� 	 	 	 � n.
However, contrary to the ordinary knapsack problem, items
with pj = 0 cannot a priori be excluded from the knapsack
because the penalty function is not required to be nonde-
creasing, and thus adding such an item to the knapsack can
be profitable. If the penalization on the use of the knapsack
is nonpositive, i.e., G�u�� 0 for each u ∈ �0�'�, we know
that the optimal solution of the problem is maximal in the
sense that no additional items can be added to the knapsack
without violating the capacity constraint; see Martello and
Toth (1990). However, in the general case, it may occur
that the profit associated with adding an item to the knap-
sack is not enough to compensate for the penalization of
the capacity used to add this item to the knapsack. The
same follows for the relaxation of the PKP, say R(PKP),
where the integer constraints are deleted. This is illustrated
with an example in §4.2.
Consider the case where some items have already been

added to the knapsack. Let u be the capacity used by those
items. We will say that item j , not yet in the knapsack, is
a feasible item for the knapsack if

u+%j �'�

and that it is profitable if

pj −G�u+%j�= max
*∈�0�1�

{
pj*−G�u+%j*�

}
	

4.2. Example

Consider the following example of the PKP where there is
only one item to be added to the knapsack (n = 1) with
profit p1 = 10 and required space %1 = 20. Moreover, let
the capacity of the knapsack be equal to ' = 25 and the
penalization equal to G�u�= 15u2. This particular problem
instance of the PKP reads

maximize 10z1−15z21
subject to 20z1 � 25�

z1 ∈ �0�1�	



Freling, Romeijn, Romero Morales, and Wagelmans / 927

Figure 2. Value of the relaxation R(PKP).

-10

-5

0

5

10

0 0.2 0.4 0.6 0.8 1

The item is feasible because the required space (20) is
below the capacity (25). The objective value of not adding
the item to the knapsack (z1 = 0) is equal to 0, and the cost
of adding it to the knapsack completely is equal to −5.
Thus, the item is not profitable and the optimal solution of
the PKP is equal to 0. Figure 2 plots the value of its relax-
ation R(PKP). We may observe that the maximum of this
function is attained at z∗1 = 1/3 even though, as we have
seen before, the item can feasibly be added to the knapsack.

4.3. The Relaxation

One of the properties of the PKP is that the optimal solu-
tion of its relaxation R(PKP) has the same structure as the
optimal solution of the LP relaxation of the linear knapsack
problem (see Martello and Toth 1990), and can be solved
explicitly as well.
Assume that the items are ordered according to non-

increasing ratio pj/%j . Assume that items 1 until l− 1
can feasibly be added to the knapsack. Let P l�*�, where
* ∈ �0�1�, be the objective value of R(PKP) associated with
the solution zj = 1 for each j = 1� 	 	 	 � l−1, zj = 0 for each
j = l+ 1� 	 	 	 � n, and zl = * regardless of feasibility. The
next lemma shows the behavior of this function.

Lemma 4.1. P l�·� is a concave function.

Proof. The result follows by observing that, for each
* ∈ �0�1�, we have that

P l�*�=
l−1∑
j=1

pj +pl*−G

(l−1∑
j=1

%j +%l*

)
�

which is a concave function in *. �

Given that items 1 until l− 1 have been added to the
knapsack, item l is profitable if the maximum of the func-
tion P l�·� is reached at * = 1. This can be characterized by
the condition �P l�′−�1�� 0, where �P

l�′−�*� denotes the left
derivative of the function P l in *. Define items k1 and k2 as

k1 =min
{
l = 1� 	 	 	 � n.

l∑
j=1

%j > '

}
�

k2 =min
{
l = 1� 	 	 	 � n. �P l�′−�1� < 0

}
	

By definition, k1 is the first item which cannot be added
completely to the knapsack due to the capacity constraint,
and item k2 is the first item which will not be added
completely to the knapsack due to the penalization of the
capacity utilization. Now define item k as

k =min�k1� k2��
i.e., the first item which should not be completely added
to the knapsack due to either the capacity constraint or
because it is not profitable. In the next proposition we show
that the optimal solution for R(PKP) just adds to the knap-
sack items 1� 	 	 	 � k−1 and the feasible and profitable frac-
tion *∗ of item k, i.e.,

*∗ =min�*∗
1 � *

∗
2 �

where

*∗
1 =

'−∑k−1
j=1 %j

%k

�

and *∗
2 is the maximizer of the function Pk�·�.

Proposition 4.2. The vector z̄ ∈ �n defined by

z̄j =



1 if j < k�

*∗ if j = k�

0 if j > k�

is an optimal solution for R(PKP).

Proof. Let z be a feasible solution for R(PKP). The idea
is to show that there exists a feasible solution ẑ at least as
good as z so that ẑj = 1 for each j = 1� 	 	 	 � k−1 and ẑj = 0
for each j = k+ 1� 	 	 	 � n. By the definition of item k and
fraction *∗, z̄ is at least as good as ẑ. Thus, the desired
result follows.
Suppose that there exists an item r = 1� 	 	 	 � k−1 so that

zr < 1. If zq = 0 for each q = k� 	 	 	 � n, we can construct
a better solution by increasing zr to 1 because the first
k−1 items are feasible and profitable. Thus, assume that
there exists q = k� 	 	 	 � n so that zq > 0. By increasing zr
by 2 > 0 and decreasing zq by 2%r/%q , the used capac-
ity remains unchanged, which implies that the penalization
remains the same. Moreover, the profit associated with the
new solution is at least as good as the profit in z because

pr2−pq2%r/%q = 2%r�pr/%r −pq/%q�� 0

because r < q. Hence, we can assume that zj = 1 for each
j = 1� 	 	 	 � k−1.
Now we will prove that zj = 0 for each j = k+1� 	 	 	 � n.

Suppose that there exists an item r = k + 1� 	 	 	 � n so
that zr > 0. Then, zk < *∗ because zj = 1 for each
j = 1� 	 	 	 � k−1. In this case, by increasing zk by 2 > 0
and decreasing zr by 2%k/%r , it follows in a way similar
to above that the new solution is at least as good as z. �

Lemma 4.1 and Proposition 4.2 suggest a procedure to
solve R(PKP) explicitly. We denote the optimal solution for
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R(PKP) by zR. We will add items to the knapsack while
there is enough space and the objective function does not
decrease; i.e., P l�1� � P l�0�. Let r be the last item added
to the knapsack. If we stop due to infeasibility, then the
critical item is k = r + 1. Otherwise, the objective func-
tion decreases if item r + 1 is completely added to the
knapsack. Then, there are two possible cases. In the first
case, the function Pr is an increasing function, thus the
item k = r + 1 is the first item which is not profitable.
Otherwise, the maximum of the function Pr is attained at
* ∈ �0�1�, so this is the critical item; i.e., k= r . However,
we only realize that when we try to add item r +1. More
precisely, if �P r�′−�1�� 0, then k= r+1, otherwise k= r .
Finally, it remains to evaluate the optimal fraction *∗,
which can be found efficiently because it is the maximizer
of a concave function (see Hiriart-Urruty and Lemaréchal
1993). We may observe that as a by-product we obtain a
feasible solution zIP for the PKP. We can set zIPj = 1 for
each j = 1� 	 	 	 � r , and zIPj = 0 otherwise.
Recall that the items have been renumbered so that if

j < l, then, pj/%j � pl/%l.

Solving R(PKP)
Step 0. Set J = �1� 	 	 	 � n�. Set zRj = 0 for each j =

1� 	 	 	 � n.
Step 1. Set ̂ = arg min�j ∈ J � and J = J \ �̂�. If ̂ is

not feasible, then set k = ̂ and go to Step 3.
Step 2. If P ̂�1�� P ̂�0�, set

zR̂ = 1
and go to Step 1. Else, if �P ̂−1�′−�1� � 0, set k = ̂, else
set k = ̂−1.
Step 3. Set

zRk =min
{
'−∑k−1

j=1 %j

%k

� argmax
*∈�0�1�

P k�*�

}
	

Step 2 is illustrated by Figures 3 and 4. In the first case
(see Figure 3), item k− 1 was added completely because
Pk−1 is a strictly increasing function. However, the objec-
tive function drops from 8 to 7	81 by adding item k to the
knapsack. Thus, this is the first item which is not profitable.

Figure 3. When k = r+1.

5

9

0 1 0 1
γk−1 γk

P k−1(γk−1)
P k(γk)

Figure 4. When k = r .

0

77

0 1 0 1
γk γk+1

P k(γk)
P k+1(γk+1)

However, in the second case (see Figure 4), the objective
function increases from 5 to 6 by adding item k to the knap-
sack. Nevertheless, the maximum of the objective function
is attained at *k = 2/3, so this is the critical item. However,
we only realize that after we try to add item k+1.

4.4. A Class of Greedy Heuristics

In this section, we describe a class of greedy heuristics
for the PKP similar to the class proposed by Rinnooy Kan
et al. (1993) for the multiknapsack problem. Let 5�j� be
a weight function measuring the value of adding item j
to the knapsack. We order the set of items according to
nonincreasing value of the weight function. Each time an
item is added to the knapsack, we calculate the remaining
capacity. It could happen that some of the remaining items
cannot (or should not) be added anymore because there is
not enough capacity, or they are not profitable because the
payment for using extra capacity is larger than the benefit
of adding them to the knapsack. The variables zj corre-
sponding to those items are set to zero.

Greedy Algorithm for the PKP
Step 0. Set � = �j. j = 1� 	 	 	 � n� and zGj = 0 for each

j = 1� 	 	 	 � n.
Step 1. If � = �: STOP, zG is a feasible solution for

the PKP. Otherwise, if there exists j ∈ � so that j is not
feasible or profitable � =� \ �j� and repeat Step 1.
Step 2. Let ̂ ∈ arg minj∈� 5�j�. Set

zG̂ = 1�
� =� \ �̂��
and go to Step 1.

5. A BROADER CLASS OF PROBLEMS

The branch-and-price algorithm presented above can solve
a larger class of problems. We may observe that the fact
that the requirements of the tasks in (P) are agent inde-
pendent has not been explicitly used. Therefore, this solu-
tion procedure is still applicable to any GAP with a convex
objective function. This includes some extensions of the
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GAP like the GAP with fixed-charge costs (see Neebe
and Rao 1983), where each agent processing at least one
task incurs a fixed cost, and the GAP with flexible capaci-
ties (see Srinivasan and Thompson 1972), where additional
capacity can be used at a cost which is linear in the amount
of capacity added. Moreover, any variant of the MPSSP that
can be reformulated as a GAP with a convex objective func-
tion can also be solved using this branch-and-price scheme.
Romero Morales (2000) has studied the addition of several
relevant constraints when evaluating the performance of a
logistics distribution network to the MPSSP. In particular,
she analyzes the addition of throughput capacity, physi-
cal capacity, and perishability constraints. The last type of
constraints is suitable to model a limited shelf life of the
product. This can be caused by the fact that the product
exhibits a physical perishability or it might be affected by
an economic perishability (obsolescence). In both cases, the
storage duration of the product should be limited. For the
MPSSP with these additional constraints, she obtains a sim-
ilar reformulation to the one given in Proposition 2.1 for
the MPSSP. Therefore, these variants of the MPSSP can be
rewritten as a GAP with a convex objective function.

6. TESTING THE BRANCH-AND-PRICE
ALGORITHM

6.1. Experimental Design

The MPSSP is an ��-Hard problem because for T = 1
we obtain the GAP with agent-independent requirements,
which is ��-Hard; see Martello and Toth (1990). More-
over, the decision problem associated with the feasibility of
the MPSSP is an ��-Complete problem. Therefore, even
to test whether a problem instance has at least one feasible
solution is computationally hard. In this section, we pro-
pose a stochastic model for the MPSSP where the tightness
of the random problem instances can be controlled. The
numerical results generated in §6.3 illustrate the hardness
of those problem instances.
When testing a procedure the choice of data genera-

tion scheme may introduce a bias into the computational
results; see Hall and Posner (2001). For the particular case
of the GAP, Romeijn and Romero Morales (2001) have pro-
posed and studied a stochastic model. In this section, we
describe a general stochastic model for the MPSSP based
on the stochastic model for the GAP. Consider the follow-
ing probabilistic model for the parameters of the MPSSP.
For each j = 1� 	 	 	 � n, let �Dj�Cj� be i.i.d. random vectors
in �D� 
D�× �C� 
C�mT where Cj = �Cijt�i=1�			�m� t=1�			�T . Fur-
thermore, let bit depend linearly on n, i.e., bit = 8itn, for
positive constants 8it . Observe that m and T are fixed, and
therefore the size of the MPSSP only depends on the num-
ber of customers n.
In Proposition 2.1 we have shown that the MPSSP can

be reformulated as a GAP with agent-independent require-
ments and a convex objective function. Its feasibility is
clearly not affected by the convexity of the objective func-
tion. Therefore, we can apply the results found for the

linear GAP by Romeijn and Piersma (2000). They observe
that the feasibility of the problem instances is not guar-
anteed under the above stochastic model, even for the LP
relaxation of the GAP, and find an implicit condition on the
parameters of the GAP to ensure feasibility with probabil-
ity one as the number of agents m grows to infinity. When
the requirements are agent independent they derive an easy-
to-check feasibility condition. The following assumption
ensures feasibility of the MPSSP with probability one as n
goes to infinity.
In the following theorem, ��·� denotes expectation.

Theorem 6.1 (cf. Romeijn and Piersma 2000). As n →
�, the MPSSP is feasible with probability one if

m∑
i=1

min
t=1�			�T

(∑t
�=18i�∑t
�=1 ��

)
> ��D1��

and infeasible with probability one if the inequality is
reversed.

Therefore, the following assumption ensures feasibility
of the MPSSP with probability one as n goes to infinity.

Assumption 6.2. Assume that

m∑
i=1

min
t=1�			�T

(∑t
�=18i�∑t
�=1 ��

)
> ��D1�	

Now consider the greedy heuristic for the MPSSP
given in §3.2.2 with the pseudo-cost function f ∗�i� j� =∑T

t=1 cijt +
∑T

t=1 9
∗
it�tdj , where 9∗ ∈ �mT

+ is the optimal
dual subvector corresponding to the capacity constraints (1)
in the LP relaxation of the MPSSP. If the random vec-
tors �Dj�Cj�, j = 1� 	 	 	 � n, are distributed according to an
absolutely continuous probability distribution and D > 0,
this greedy heuristic is asymptotically feasible and optimal
with probability one.

Theorem 6.3 (cf. Romeijn and Romero Morales 1999).
Under Assumption 6.2, the greedy heuristic given in §3.2.2
with the pseudo-cost function f ∗ is asymptotically feasible
and optimal with probability one.

6.2. Description of the Implementation

We have run the greedy heuristic for the MPSSP given in
§3.2.2 with the pseudo-cost function f ∗ defined in the pre-
vious section to get an initial set of columns in the root
node. The greedy heuristic for the MPSSP does not guar-
antee a feasible solution for the assignment constraints.
A neighborhood search heuristic was implemented in a
way similar to Romeijn and Romero Morales (2003) for a
variant of the MPSSP to try to assign the unassigned cus-
tomers. A second neighborhood search heuristic was used
to improve the objective value of the solution obtained by
the greedy heuristic. The same procedure has been applied
in each node of the tree with depth of at most 10 to improve
the best integer solution found by the branch-and-price
algorithm.
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When, for a given set of columns N , we do not
have a certificate of optimality of the reduced problem
LP(MP(N )), we search for columns pricing out for each
facility. The procedure we follow for each facility is as
follows. We first run the greedy heuristic for the PKP pro-
posed in §4.4. Recall that the value of adding item j to the
knapsack is measured by a weight function 5�j�. In the
current implementation of the branch-and-price algorithm
we have, for reasons of computational efficiency, simply
chosen 5�j� = pj . When the obtained column does not
price out, we use a branch-and-bound procedure for the
PKP with depth-first search. We have branched on the vari-
able equal to one from the optimal solution of the relaxation
of the PKP; see Martello and Toth (1990). The relaxation
of the PKP was solved explicitly as shown in §4.3. Without
extra computational effort we were able to add more than
one column pricing out. More precisely, we have added all
columns pricing out from the sequence of improving solu-
tions found in the tree.
With respect to the branching rule for (MP), we have

chosen the variable xij which is closest to 0.5. Preliminary
tests have indicated that this is a good choice.
To avoid a large number of columns in the model, we

have included two types of deletions of columns. The first
one concerns the new columns added to the model in
each iteration of the column generation procedure. Each
time that the number of columns added to the model is
larger than :1, we eliminate a fraction ;1 of the ones with
reduced costs larger than <1. The second deletion affects
all the columns in the model and works in a similar way.
It is applied when the number of columns is larger than
:21, :

2
2� 	 	 	 . In this paper, we have chosen :1 = 10, :21 =

1�000, :22 = 2�000� 	 	 	 � ;1 = ;2 = 0	9 and <1 = <2 = 0	99.
All the runs were performed on a PC with a 550 MHz

Pentium III processor and 256 MB RAM. All LP relax-
ations were solved using CPLEX 6.6 (CPLEX Reference
Manual 1999).

6.3. Computational Results

6.3.1. Introduction. The branch-and-price algorithm
for the MPSSP has been tested on problem instances gen-
erated according to the stochastic model proposed in §6.1.
We have investigated the behavior of this algorithm on four
types of problem instances depending on how the loca-
tions of the facilities and the customers are generated, and
the choice made for the seasonal factors. In §6.3.2, these
locations are uniformly distributed. In §6.3.3, the loca-
tions of the facilities are still uniformly distributed, but the
customers are clustered around the facilities. The locations
of the customers in the cluster associated with facility i
are generated from a truncated bivariate normal distribution
centered at this facility. For both types of problem instances
we propose two vectors of seasonal factors, which differ
with respect to the timing of the peak and nonpeak seasons.
We have chosen the first vector equal to

��1� = (
1
2 �
3
4 �1�1�

3
4 �
1
2

)�

and the second one to

��2� = (
1� 34 �

1
2 �
1
2 �
3
4 �1

)�
	

For all problem instances, the total demand dj was gener-
ated uniformly in [5, 25]. The costs of supplying customer j
by facility i in period t, cijt , were calculated as the prod-
uct of the Euclidean distance from customer j to facility i
times the demand of customer j in period t. The unit inven-
tory holding costs hit were uniformly generated in [10, 30].
Finally, capacities were assumed to be equal for each facil-
ity and each period. According to Theorem 6.1, condition

8 > 8min ≡
15
m
max

�=1�			�T
1
�

�∑
t=1

�t

then ensures feasibility of the problem instances with prob-
ability one when the number of customers goes to infinity.
To allow for a reasonable number of feasible instances for
finitely many customers, we have chosen 8 = 1	1 · 8min.
For the demand pattern given by ��1�, this yields, for
i = 1� 	 	 	 �m,

8it = 8
�1�
min = 1	1 ·

15
m

· 13
16

for t = 1� 	 	 	 � T �

which means that the aggregate capacity is about 89% of
the peak aggregate expected demand. In contrast, for the
demand pattern given by ��2�, the peak demand is in the
first period, which would yield an aggregate capacity level
exceeding the peak expected demand by 10%, and therefore
give very loosely capacitated problem instances. For the
GAP, this has been shown to make the problem instances
(much) easier (see Romeijn and Romero Morales 2001).
The cause of this unexpected behavior of the required
capacities is the assumption that initial (as well as ending)
inventories are equal to zero, which seems unrealistic from
a practical point of view for this demand pattern. There-
fore, we have assumed that initial inventory levels for ��2�

allow for an aggregate capacity level that is equal to the
capacity level that was obtained for ��1�. The two prob-
lem classes indeed differ only in the timing of the opti-
mization model with respect to the demand pattern, as was
intended. Note that an initial inventory level is in fact equiv-
alent to an increased capacity level in period 1, which we
then accompany by a similarly decreased capacity level in
period T (corresponding to a ending inventory level equal
to the initial inventory level, thereby preparing for a new
demand cycle). Using Theorem 6.1, we then obtain, for
i = 1� 	 	 	 �m,

8
�2�
i1 = 15

m
·
(
1	1 · 13

16
+ 3
16

)
�

8
�2�
it = 1	1 · 15

m
· 13
16

�

8
�2�
iT = 15

m
·
(
1	1 · 13

16
− 3
16

)
	

for t = 2� 	 	 	 � T −1	
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Figure 5. Aggregate capacities for the two vectors of expected demands.
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Figure 5 illustrates the two demand patterns with the cor-
responding (effective) capacities, as well as the minimal
capacities that ensure asymptotic feasibility of the problem
instances. Note that for ��1� the capacities seem to become
important earlier in the planning period than for ��2�. We
will discuss the computational implications of this later in
this section.
We have generated 50 random problem instances for

each size of the problem. For all of them, the number of
periods T was fixed to six, which is, for example, adequate
for a yearly planning environment. We have generated two
types of problem instances. In the first type we fix the
ratio between the number of customers and the number of
facilities, and in the second one we fix the number of facil-
ities. In a tactical setting like ours, the problem instances
encountered in practice are of small or medium size. There-
fore, we have chosen n/m = 5, n/m = 10, m = 5, and
m= 10.
6.3.2. Uniform Locations. Uniform coordinates in the

square �0�10�2 were generated for facilities and customers.
We have compared the performance of our branch-and-
price algorithm with the performance of the MIP solver
of CPLEX applied to the standard formulation of the
MPSSP, (P0). When the greedy heuristic for the MPSSP
found a feasible solution, its objective value was given to
the MIP solver of CPLEX as an upper bound. Our compu-
tational experiments show that both procedures are usually

Table 1. n/m= 5 and � = ��1�.

Branch-and-Price CPLEX

I fI f �h� f �r� f s er�h�% er�r�% #c #n nt t�h� t tr f �c� s�c� t�c� tr �c�

2	10 41 41 39 41 50 1	28 0	00 44	18 0	74 50 0	03 0	04 0	02 41 50 0	03 0	03
3	15 41 40 40 41 50 2	46 0	01 111	22 0	82 49 0	01 0	07 0	06 41 50 0	08 0	07
4	20 43 43 41 43 50 3	97 0	79 220	86 1	12 44 0	02 0	17 0	14 43 50 2	33 0	22
5	25 38 37 37 38 50 1	93 0	61 244	46 1	30 39 0	04 0	28 0	24 38 50 4	86 0	58
6	30 47 44 43 47 50 2	45 1	01 432	10 3	98 33 0	05 1	19 0	60 46 48 442	38 4	91
7	35 49 44 44 49 50 2	40 1	40 540	54 4	78 24 0	07 1	53 1	16 49 48 504	33 25	07
8	40 48 48 48 48 50 3	53 2	56 643	18 4	84 21 0	09 2	10 1	73 48 49 331	47 34	31
9	45 49 47 46 49 50 3	67 3	33 897	40 16	66 9 0	12 7	96 4	92 48 42 1�676	78 832	56

able to find the optimal solution at an early stage. How-
ever, the proof of optimality can be very time consuming for
some problem instances. We therefore decided to stop our
branch-and-price algorithm and the MIP solver of CPLEX
as soon as the relative error was guaranteed to be below 1%.
Table 1 shows results of the performance of our branch-

and-price algorithm and the MIP solver of CPLEX for
n/m= 5 and

��1� = (
1
2 �
3
4 �1�1�

3
4 �
1
2

)�
�

and similarly, Table 2 for n/m = 10, Table 3 for m = 5,
and Table 4 for m= 10.
In the tables we have used the following notation. Col-

umn I indicates the size of the problem, in the format
m	n, and column fI indicates the number of these problem
instances that are feasible. Next, column f �h� tells us the
number of times that the heuristic applied to the MPSSP
could find a feasible solution, column f �r� is the num-
ber of times that we have a feasible solution in the root
node, column f is the number of times that the branch-
and-price algorithm could find a feasible solution for the
problem, and column s is the number of problem instances
that were solved successfully; i.e., either a solution with
guaranteed error less than 1% was found, or the problem
instance was shown to be infeasible. The following two
columns give average results on the quality of the initial
solutions: Column er�h� is the average upper bound on
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Table 2. n/m= 10 and � = ��1�.

Branch-and-Price CPLEX

I fI f �h� f �r� f s er�h�% er�r�% #c #n nt t�h� t tr f �c� s�c� t�c� tr �c�

2	20 41 41 41 41 50 0	61 0	00 93	94 0	34 50 0	03 0	10 0	06 41 50 0	04 0	03
3	30 45 44 44 45 50 1	06 0	13 488	42 0	98 45 0	02 0	89 0	66 45 50 0	19 0	13
4	40 48 48 48 48 50 1	41 0	31 803	70 1	22 43 0	04 2	22 1	85 48 50 0	45 0	39
5	50 50 48 48 50 50 1	54 1	00 951	88 3	08 30 0	07 7	43 5	48 50 50 14	48 1	38
6	60 50 48 48 50 50 1	21 0	93 1�055	52 3	32 30 0	11 12	31 8	99 50 50 24	42 3	54
7	70 49 49 49 49 50 1	45 1	15 1�405	22 5	68 25 0	15 25	68 21	11 49 50 16	43 8	58
8	80 50 50 50 50 50 1	86 1	46 1�833	54 7	62 20 0	20 43	92 36	41 50 47 593	36 64	08
9	90 50 49 49 50 50 1	40 1	16 2�042	56 5	04 25 0	27 58	04 50	05 50 48 429	11 116	70

the error of the initial solution given by the heuristic, and
column er�r� gives the upper bound on the error of the
solution obtained in the root node. The latter two averages
have been calculated taking into account only the problem
instances where a feasible solution was found. The follow-
ing group of columns gives information on the branch-and-
price phase of the algorithm. Column #c is the average
number of columns in the model at the end of the branch-
and-price procedure, column #n is the average number of
nodes inspected, and column nt shows us how many times
a solution of the MPSSP with an error of at most 1% was
found in the root node. The final columns pertaining to the
branch-and-price algorithm deal with computation times.
Column t�h� is the average time used by the heuristic for
the MPSSP applied in the root node, and t is the average
total time used by the branch-and-price procedure. To illus-
trate the stability of this average, we have also calculated
the average time of the 45 fastest problem instances (see
column tr ), which eliminates the few problem instances
that have an extreme effect on the average running time.
Finally, the last results show the behavior of the MIP solver
of CPLEX. Column f �c� indicates the number of times
that the MIP solver of CPLEX could find a feasible solu-
tion, and column s�c� shows the number of times that the
MIP solver of CPLEX was successful (similar to column s
above). Column t�c� is the average total time employed by
the MIP solver of CPLEX, and column tr �c� is the average
of the 45 fastest problem instances.
The main conclusion that we can draw from Tables 1–4

is that the branch-and-price algorithm is very well suited

Table 3. m= 5 and � = ��1�.

Branch-and-Price CPLEX

I fI f �h� f �r� f s er�h�% er�r�% #c #n nt t�h� t tr f �c� s�c� t�c� tr �c�

5	25 38 37 37 38 50 1	93 0	61 244	46 1	30 39 0	04 0	28 0	24 38 50 4	86 0	58
5	30 41 40 39 41 50 2	35 0	83 417	96 1	72 37 0	04 0	65 0	50 41 50 9	51 0	75
5	35 44 42 42 44 50 2	03 1	09 610	66 3	44 34 0	05 1	45 0	98 44 50 8	23 0	86
5	40 47 47 47 47 50 1	36 0	57 688	52 2	32 41 0	05 2	14 1	47 47 50 1	71 0	95
5	45 48 48 48 48 50 1	08 0	34 918	68 0	98 45 0	06 2	61 2	31 48 50 0	85 0	59
5	50 50 49 49 50 50 1	08 0	53 1�026	00 1	44 39 0	07 5	28 4	40 50 50 3	25 1	07
5	55 49 46 46 49 50 1	35 0	66 1�392	94 5	28 31 0	08 14	99 10	37 49 50 13	69 2	57
5	60 50 50 50 50 50 0	61 0	38 1�265	96 1	14 42 0	08 10	94 9	25 50 50 1	42 0	84
5	65 49 49 49 49 50 0	92 0	51 1�351	04 1	26 40 0	10 18	13 14	80 49 50 1	04 0	89

for solving the MPSSP studied in this paper, especially
when the ratio between the number of customers and the
number of facilities is not too large. Looking at Tables 3
and 4, we see that for large ratios (the breakpoint lying
somewhere between 5 and 10) the MIP solver of CPLEX
is the more efficient solution approach to the MPSSP.
Note, however, that we use the greedy heuristic for the
MPSSP which is a part of our branch-and-price algorithm
to provide CPLEX with a rather good upper bound on the
optimal solution value to the problem. Without this bound,
CPLEX is not competitive at all with the branch-and-price
algorithm. The MIP solver of CPLEX tends to become
more efficient, even in an absolute sense, as the number of
customers grows for a fixed number of facilities. A possi-
ble explanation for this observation is that the MIP solver
of CPLEX, as well as the heuristic, seem to be able to take
advantage of the fact that, with an increase in the number
of customers, the number of feasible options for choosing
which sets of customers to assign to a given facility also
increases—not only due to the increasing number of cus-
tomers, but also due to an increased flexibility in switch-
ing customers between facilities. On the other hand, for the
branch-and-price algorithm this increasing number of fea-
sible assignments translates to an increase in the number
of columns in the set-partitioning problem (MP), and thus
in the number of columns that may need to be generated
in the column generation phase.
The second conclusion that can be drawn from the tables

is that the branch-and-price algorithm is much more suc-
cessful in solving the problems than the MIP solver of
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Table 4. m= 10 and � = ��1�.

Branch-and-Price CPLEX

I fI f �h� f �r� f s er�h�% er�r�% #c #n nt t�h� t tr f �c� s�c� t�c� tr �c�

10	25 39 31 27 39 50 5	91 1	63 194	38 2	22 34 0	11 0	44 0	35 37 36 3�854	65 2�028	20
10	30 44 31 27 44 50 4	33 1	77 280	68 4	36 24 0	15 1	29 0	72 39 31 3�217	24 2�018	45
10	35 49 43 41 49 50 5	99 4	24 461	70 12	34 13 0	11 3	30 1	68 46 38 2�624	63 1�535	20
10	40 44 36 36 44 50 5	70 3	85 541	16 12	72 17 0	15 3	82 2	14 42 35 2�746	86 1�813	68
10	45 49 45 45 49 50 3	85 3	38 822	30 29	26 9 0	13 9	46 5	06 48 37 2�934	15 2�181	72
10	50 49 46 46 49 50 3	17 2	67 915	24 17	74 11 0	15 21	08 5	54 48 41 2�118	18 1�458	52
10	55 46 45 45 46 50 3	34 3	09 909	74 18	32 12 0	17 10	94 7	11 46 41 2�046	76 1�282	02
10	60 48 45 45 48 50 2	82 2	28 1�331	78 50	84 12 0	20 58	44 12	64 46 38 2�277	30 1�549	03
10	65 50 48 48 50 50 2	66 2	57 1�179	12 25	92 6 0	20 26	42 18	57 49 40 1�949	97 1�281	23

CPLEX. In fact, the branch-and-price algorithm succeeded
in finding a solution with an error of at most 1% or giving a
certificate of infeasibility of the instance for all of the prob-
lem instances generated, while the MIP solver of CPLEX
often failed (due to a lack of memory) to solve the problem
satisfactorily—especially for the larger problem instances,
with failure rates up to 38% for problem instances with
10 facilities.
Third, the branch-and-price algorithm shows more sta-

bility in the computation times, caused by fewer and/or less
extreme outliers.
Finally, Tables 3 and 4 illustrate the asymptotic fea-

sibility and optimality of the greedy heuristic for the
MPSSP with the pseudo-cost function f ∗ by showing, as
the number of customers increases, an increasing number of
feasible problem instances and a decreasing error exhibited
by the heuristic solution.
Tables 5–8 show the corresponding results for

��2� = (
1� 34 �

1
2 �
1
2 �
3
4 �1

)�
	

We can draw similar conclusions about the performance
of our branch-and-price algorithm and the MIP solver of
CPLEX for this vector of seasonal factors. The branch-
and-price algorithm outperforms the MIP solver of CPLEX
when the ratio n/m is not too large. We may observe that
the breakpoint is smaller, and closer to five. However, as
for ��1�, the branch-and-price algorithm is more successful
(in terms of being able to find a solution with an error of
at most 1% or give a certificate of infeasibility) in solving

Table 5. n/m= 5 and � = ��2�.

Branch-and-Price CPLEX

I fI f �h� f �r� f s er�h�% er�r�% #c #n nt t�h� t tr f �c� s�c� t�c� tr �c�

2	10 37 37 36 37 50 0	87 0	01 32	80 0	56 50 0	01 0	03 0	02 37 50 0	04 0	03
3	15 41 41 40 41 50 0	66 0	19 98	98 0	92 46 0	01 0	06 0	05 41 50 0	07 0	06
4	20 41 41 37 41 50 2	12 1	01 176	20 1	32 40 0	03 0	15 0	12 41 50 0	17 0	13
5	25 37 36 35 37 50 1	19 0	48 207	02 1	10 42 0	05 0	21 0	17 37 50 0	24 0	20
6	30 44 41 37 44 50 1	92 0	94 368	22 3	30 34 0	05 0	66 0	42 44 50 1	61 0	84
7	35 46 43 43 46 50 1	86 1	27 501	12 3	40 25 0	07 1	13 0	76 45 49 422	61 1	93
8	40 47 44 44 47 50 1	82 1	46 606	58 4	86 24 0	09 1	72 1	20 47 50 140	87 4	75
9	45 47 44 42 47 50 1	79 1	37 757	38 7	18 24 0	13 3	17 1	69 47 49 473	02 8	39

the MPSSP than the MIP solver of CPLEX. In addition,
our procedure is again more stable than the MIP solver of
CPLEX. From the tables, we can see that the number of
outliers with respect to the computation times is smaller,
but they have become even more extreme.
The computation times of the branch-and-price algorithm

and the MIP solver of CPLEX are closer to each other
for ��2� than for ��1�. A possible explanation for this can
be the shape of the demand pattern. As we noted above,
we can see from Figure 5 that, for ��2�, the first period
where the expected demand is below the aggregate capac-
ity is the last one, while for ��1� this already happens
in the third and fourth periods. Therefore, the need for
holding inventory arises later for ��2� than for ��1�. This
implies that the number of feasible options for choosing
a set of customers to assign to a given facility increases
due to the lesser importance of the capacity constraints.
As discussed above, for the branch-and-price algorithm
this increased number of feasible assignments may trans-
late into higher computational times. We conclude that the
branch-and-price approach becomes more attractive as the
capacity constraints become more important.
A remarkable observation from the results is that the

solution obtained by the greedy heuristic is of much higher
quality for the seasonal factors ��2� than it is for ��1�. The
average errors are smaller by a factor of up to two, which,
for instance, for n/m= 10 corresponds to an average upper
bound on the error in the greedy solution that is below 1%.
This clearly leads to an improvement in the performance
of both our branch-and-price algorithm and the MIP solver
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Table 6. n/m= 10 and � = ��2�.

Branch-and-Price CPLEX

I fI f �h� f �r� f s er�h�% er�r�% #c #n nt t�h� t tr f �c� s�c� t�c� tr �c�

2	20 40 40 40 40 50 0	28 0	00 73	76 0	32 50 0	01 0	08 0	04 40 50 0	05 0	05
3	30 40 40 40 40 50 0	39 0	05 156	28 0	32 49 0	03 0	25 0	12 40 50 0	13 0	10
4	40 47 45 45 47 50 0	53 0	26 520	22 0	92 44 0	05 1	12 0	86 47 50 0	42 0	28
5	50 46 46 45 46 50 0	80 0	55 961	24 1	66 39 0	07 4	42 3	70 46 50 0	99 0	81
6	60 43 41 41 43 50 0	61 0	46 1�213	42 2	96 42 0	12 11	75 5	16 43 50 23	75 1	59
7	70 48 48 47 48 50 0	92 0	89 1�491	94 3	52 29 0	15 15	08 12	52 48 50 8	41 3	40
8	80 48 46 46 48 50 0	77 0	77 1�655	80 4	28 33 0	20 22	70 17	87 48 50 17	36 8	48
9	90 49 48 48 49 50 0	96 0	90 2�258	70 7	80 28 0	26 59	29 41	42 48 49 491	26 19	93

of CPLEX in terms of computation times and success in
solving the MPSSP, and shows the power of the greedy
heuristic as a potential solution approach in itself and as
a generator of high-quality initial feasible solutions for an
exact solution method.

6.3.3. Clustered Locations. In this section, we test the
branch-and-price algorithm and the MIP solver of CPLEX
on a set of clustered problem instances. All the data is gen-
erated as in §6.3.2 except for the location of the customers.
In this type of problem instances, we associate a cluster of
customers with each facility so that the sizes of the clus-
ters are (almost) the same. The locations of the customers
in the cluster associated with facility i are generated from
a bivariate normal distribution centered at this facility, with
standard deviation equal to two, and truncated to the square
�0�1�2. Other values for the standard deviation yield a
similar behavior of the branch-and-price algorithm.
We first tested the problem instances with the vector of

seasonal factors ��1�. The results, shown in Tables 9–12,
suggest that the performance of the branch-and-price algo-
rithm is quite robust with respect to the distribution of
the customers and facilities in the plane. The computation
times are of the same order; a solution with an error of
at most 1% or a certificate of infeasibility is still obtained
for all of the problem instances, and, finally, there are no
remarkable outliers with respect to the computation times.
One difference is that the quality of the solutions given by
the heuristic and in the root node are worse for clustered
instances, in particular for smaller problem instances.

Table 7. m= 5 and � = ��2�.

Branch-and-Price CPLEX

I fI f �h� f �r� f s er�h�% er�r�% #c #n nt t�h� t tr f �c� s�c� t�c� tr �c�

5	25 37 36 35 37 50 1	19 0	48 207	02 1	10 42 0	05 0	21 0	17 37 50 0	24 0	20
5	30 38 37 36 38 50 1	13 0	49 301	84 1	00 46 0	06 0	32 0	26 38 50 0	35 0	29
5	35 43 42 42 43 50 0	93 0	47 538	02 2	06 40 0	05 0	82 0	64 43 50 0	67 0	42
5	40 47 46 44 47 50 0	66 0	33 543	14 1	32 45 0	06 1	18 0	82 47 50 0	84 0	42
5	45 48 48 46 48 50 0	50 0	26 739	74 0	82 47 0	06 1	70 1	49 48 50 1	01 0	54
5	50 47 47 47 47 50 0	68 0	44 814	52 1	06 41 0	07 3	13 2	69 47 50 0	80 0	62
5	55 46 46 45 46 50 0	68 0	46 1�145	60 1	60 42 0	08 6	95 5	16 46 50 5	31 1	04
5	60 50 50 50 50 50 0	51 0	21 1�226	86 0	66 48 0	08 8	29 6	22 50 50 1	14 0	91
5	65 49 49 49 49 50 0	23 0	23 725	76 0	44 47 0	09 6	39 3	51 49 50 0	96 0	86

The behavior of the MIP solver of CPLEX is also similar
for both clustered and uniform problem instances. There-
fore, as for the uniform problem instances, the branch-
and-price algorithm outperforms the MIP solver of CPLEX
when the ratio n/m is not too large. Moreover, our proce-
dure has a higher success rate in solving the MPSSP and
is more stable in terms of computation times. For m= 10,
it seems that for small values of n, the success of the MIP
solver of CPLEX in solving the MPSSP is larger for clus-
tered instances than for uniform instances.
Finally, Tables 13–16 illustrate the results for the vector

of seasonal factors ��2�. The conclusions are similar to
the conclusions for uniform instances. Our branch-and-
price algorithm is more stable, but the improvement with
respect to the MIP solver of CPLEX is less pronounced
than for ��1�. The performance of both our procedure and
the MIP solver of CPLEX improves because of the better
upper bound given by the greedy heuristic.

7. CONCLUDING REMARKS

In this paper, we have generalized a branch-and-price algo-
rithm that was developed for the Generalized Assignment
Problem (GAP) to a multiperiod single-sourcing problem
(MPSSP). The viability of this approach depends critically
on the possibility of solving the pricing problem efficiently,
which is the case for the MPSSP. We have shown that
the branch-and-price algorithm is very useful for solving
problems for which the ratio between the number of cus-
tomers and the number of facilities is at most 10. For these
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Table 8. m= 10 and � = ��2�.

Branch-and-Price CPLEX

I fI f �h� f �r� f s er�h�% er�r�% #c #n nt t�h� t tr f �c� s�c� t�c� tr �c�

10	25 36 31 25 36 50 4	43 1	66 181	90 3	96 37 0	13 0	56 0	31 36 48 6�569	57 4	42
10	30 39 29 24 39 50 3	20 1	85 246	82 3	84 27 0	16 1	01 0	58 39 48 3�963	89 12	91
10	35 46 41 39 46 50 3	53 2	46 405	16 7	28 19 0	12 1	45 0	94 46 50 214	40 27	42
10	40 40 33 32 40 50 2	14 1	55 449	28 3	98 27 0	16 3	23 1	05 40 48 1�890	62 12	10
10	45 48 42 40 48 50 1	98 1	75 687	32 10	84 19 0	15 11	73 1	96 46 48 1�395	52 26	58
10	50 47 44 44 47 50 2	12 1	76 860	10 10	14 17 0	15 5	00 3	56 47 49 1�561	11 21	82
10	55 45 41 40 45 50 1	87 1	75 922	06 8	22 18 0	19 5	42 4	02 45 50 612	20 30	69
10	60 45 44 44 45 50 1	42 1	29 876	60 3	54 28 0	19 4	46 3	73 45 50 57	75 17	84
10	65 48 47 47 48 50 1	42 1	28 1�099	98 10	76 23 0	20 12	97 6	67 48 50 74	38 14	32

Table 9. Clustered problem instances with n/m= 5 and � = ��1�.

Branch-and-Price CPLEX

I fI f �h� f �r� f s er�h�% er�r�% #c #n nt t�h� t tr f �c� s�c� t�c� tr �c�

2	10 35 35 34 35 50 1	42 0	00 34	28 0	58 50 0	01 0	03 0	02 35 50 0	04 0	03
3	15 39 38 36 39 50 2	55 0	03 111	80 0	96 49 0	02 0	08 0	06 39 50 0	16 0	10
4	20 40 40 40 40 50 4	50 1	59 205	06 1	60 41 0	03 0	18 0	14 40 50 0	24 0	19
5	25 40 39 38 40 50 3	40 1	05 287	10 1	60 38 0	04 0	33 0	26 40 50 3	93 0	48
6	30 46 45 44 46 50 3	24 1	57 412	24 3	00 31 0	05 0	72 0	54 46 50 18	88 3	84
7	35 48 45 44 48 50 6	50 4	54 587	86 5	72 15 0	07 1	64 1	27 48 50 70	45 20	64
8	40 48 44 44 48 50 4	66 2	56 757	66 29	12 22 0	09 7	00 1	64 47 47 352	63 46	91
9	45 48 44 44 48 50 4	22 3	76 834	34 18	96 11 0	12 6	61 3	80 47 44 1�037	57 300	23

Table 10. Clustered problem instances with n/m= 10 and � = ��1�.

Branch-and-Price CPLEX

I fI f �h� f �r� f s er�h�% er�r�% #c #n nt t�h� t tr f �c� s�c� t�c� tr �c�

2	20 41 41 41 41 50 1	35 0	00 137	92 0	50 50 0	01 0	12 0	09 41 50 0	05 0	04
3	30 45 45 44 45 50 1	10 0	12 492	34 0	82 48 0	03 0	90 0	65 45 50 0	17 0	18
4	40 45 44 43 45 50 1	49 0	30 910	62 1	42 43 0	05 2	85 1	99 45 49 49	22 0	32
5	50 49 49 48 49 50 2	44 0	78 1�197	84 2	38 32 0	07 6	90 5	98 49 50 4	06 1	43
6	60 47 45 45 47 50 1	74 1	41 1�312	06 4	46 23 0	11 14	64 11	74 47 50 25	04 4	09
7	70 50 49 49 50 50 1	82 1	49 1�792	42 16	48 20 0	14 36	53 20	01 50 50 45	12 17	36
8	80 50 49 49 50 50 1	87 1	58 2�029	74 13	44 12 0	20 55	08 39	57 49 49 237	53 68	40
9	90 50 50 50 50 50 2	17 1	78 2�263	60 11	76 15 0	25 78	56 62	03 50 48 822	93 250	88

Table 11. Clustered problem instances with m= 5 and � = ��1�.

Branch-and-Price CPLEX

I fI f �h� f �r� f s er�h�% er�r�% #c #n nt t�h� t tr f �c� s�c� t�c� tr �c�

5	25 40 39 38 40 50 3	40 1	05 287	10 1	60 38 0	04 0	33 0	26 40 50 3	93 0	48
5	30 44 44 44 44 50 3	31 0	96 472	08 3	98 39 0	04 0	90 0	51 44 50 4	47 0	82
5	35 49 48 48 49 50 1	79 0	74 633	14 1	68 35 0	05 1	14 1	01 49 50 16	87 0	74
5	40 48 48 48 48 50 2	42 1	37 919	46 3	94 30 0	05 2	78 2	02 48 50 1	91 0	92
5	45 47 46 44 47 50 2	32 0	98 1�058	28 4	70 33 0	07 4	59 3	15 47 50 2	40 1	02
5	50 48 48 48 48 50 2	23 1	16 1�170	84 2	76 29 0	07 7	81 6	35 48 50 4	82 1	95
5	55 50 49 49 50 50 1	49 0	72 1�554	62 2	66 33 0	08 12	06 9	96 50 50 2	70 1	50
5	60 50 50 50 50 50 1	65 0	83 1�811	54 2	18 33 0	08 18	84 16	20 50 50 2	24 1	57
5	65 48 48 48 48 50 1	65 1	14 2�375	66 8	48 27 0	10 47	15 31	10 48 50 6	41 3	33
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Table 12. Clustered problem instances with m= 10 and � = ��1�.

Branch-and-Price CPLEX

I fI f �h� f �r� f s er�h�% er�r�% #c #n nt t�h� t tr f �c� s�c� t�c� tr �c�

10	25 42 38 31 42 50 10	96 5	09 188	82 2	18 33 0	10 0	40 0	32 41 43 2�539	15 648	30
10	30 47 37 34 47 50 6	70 4	35 306	88 6	14 18 0	11 1	09 0	73 46 41 3�387	31 1�131	31
10	35 47 40 38 47 50 7	01 3	97 410	36 13	66 22 0	12 6	33 1	03 46 47 788	03 369	11
10	40 48 43 42 48 50 5	39 3	52 542	64 7	88 20 0	12 2	49 1	75 46 43 1�901	77 873	49
10	45 47 41 40 47 50 4	32 3	62 709	82 11	58 10 0	15 5	33 3	40 44 40 2�509	11 1�344	43
10	50 48 46 45 48 50 4	61 3	53 929	18 23	00 12 0	15 9	97 5	60 46 38 3�502	91 2�131	26
10	55 49 44 44 49 50 4	84 3	75 1�072	54 19	86 8 0	17 12	83 9	21 48 27 6�158	84 4�771	04
10	60 48 45 45 48 50 4	04 3	59 1�128	30 32	24 8 0	19 21	55 12	21 46 33 3�807	03 2�680	91
10	65 50 48 48 50 50 4	26 3	45 1�246	96 24	84 8 0	19 24	86 15	79 50 40 3�138	35 2�044	33

Table 13. Clustered problem instances with n/m= 5 and � = ��2�.

Branch-and-Price CPLEX

I fI f �h� f �r� f s er�h�% er�r�% #c #n nt t�h� t tr f �c� s�c� t�c� tr �c�

2	10 33 33 32 33 50 1	72 0	00 29	36 0	54 50 0	02 0	02 0	02 33 50 0	03 0	03
3	15 35 35 32 35 50 1	90 0	30 90	34 0	82 47 0	02 0	08 0	06 35 50 0	13 0	07
4	20 40 39 38 40 50 2	01 0	80 164	94 1	54 43 0	03 0	21 0	10 40 50 1	56 0	11
5	25 38 36 34 38 50 1	78 0	44 227	62 1	32 45 0	05 0	26 0	15 38 50 1	61 0	22
6	30 44 41 40 44 50 2	18 1	20 349	34 1	96 32 0	05 0	49 0	37 44 50 1	81 0	70
7	35 44 40 40 44 50 2	54 1	73 505	02 4	04 24 0	07 1	03 0	74 44 50 196	09 2	54
8	40 45 42 42 45 50 1	87 1	26 532	50 2	78 30 0	09 1	05 0	80 45 50 5	56 2	18
9	45 44 40 40 44 50 2	15 1	56 648	56 9	40 22 0	13 3	81 1	46 43 48 1�339	99 5	69

Table 14. Clustered problem instances with n/m= 10 and � = ��2�.

Branch-and-Price CPLEX

I fI f �h� f �r� f s er�h�% er�r�% #c #n nt t�h� t tr f �c� s�c� t�c� tr �c�

2	20 39 39 39 39 50 0	40 0	00 58	32 0	24 50 0	01 0	05 0	03 39 50 0	05 0	05
3	30 42 42 42 42 50 0	33 0	11 183	64 0	42 49 0	02 0	29 0	17 42 50 0	12 0	10
4	40 42 42 42 42 50 1	20 0	33 724	12 1	04 45 0	05 1	49 1	29 42 50 0	33 0	29
5	50 44 42 42 44 50 0	57 0	22 663	64 0	82 45 0	08 1	97 1	61 44 50 0	70 0	50
6	60 44 43 43 44 50 0	93 0	70 1�120	50 2	14 36 0	11 7	72 5	42 44 50 106	93 1	16
7	70 48 48 48 48 50 1	16 0	95 1�617	96 2	26 31 0	14 14	00 12	53 48 50 4	20 2	69
8	80 49 48 48 49 50 0	59 0	52 1�272	14 1	78 41 0	19 12	76 9	72 49 47 10	36 3	32
9	90 50 49 49 50 50 1	28 1	16 2�492	78 13	10 24 0	24 62	02 38	42 50 48 51	43 20	33

Table 15. Clustered problem instances with m= 5 and � = ��2�.

Branch-and-Price CPLEX

I fI f �h� f �r� f s er�h�% er�r�% #c #n nt t�h� t tr f �c� s�c� t�c� tr �c�

5	25 38 36 34 38 50 1	78 0	44 227	62 1	32 45 0	05 0	26 0	15 38 50 1	61 0	22
5	30 43 42 40 43 50 1	76 1	34 385	50 2	34 34 0	05 0	57 0	38 43 50 2	82 0	38
5	35 48 46 45 48 50 1	63 0	93 576	60 1	86 34 0	05 1	07 0	79 48 50 57	36 0	47
5	40 47 44 43 47 50 1	27 0	54 722	60 1	98 39 0	06 1	64 1	09 47 50 5	37 0	57
5	45 43 42 41 43 50 1	26 0	81 805	98 2	28 37 0	07 5	90 1	85 42 49 222	06 0	52
5	50 47 47 47 47 50 1	15 0	80 1�036	78 2	14 32 0	07 4	40 3	98 47 50 1	34 0	81
5	55 49 48 47 49 50 0	94 0	60 1�263	78 1	36 38 0	08 6	80 5	75 49 50 7	63 0	68
5	60 47 47 47 47 50 0	60 0	33 1�415	88 1	00 45 0	09 8	28 7	08 47 50 0	94 0	76
5	65 47 47 47 47 50 0	85 0	60 1�639	02 2	00 36 0	09 17	93 15	18 47 50 1	32 0	88
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Table 16. Clustered problem instances with m= 10 and � = ��2�.

Branch-and-Price CPLEX

I fI f �h� f �r� f s er�h�% er�r�% #c #n nt t�h� t tr f �c� s�c� t�c� tr �c�

10	25 40 32 25 40 50 4	86 2	56 178	86 2	12 33 0	12 0	43 0	48 40 49 536	19 4	15
10	30 46 32 29 46 50 4	33 1	91 280	06 4	96 25 0	13 0	98 1	09 46 47 4�087	92 11	17
10	35 45 34 33 45 50 3	66 2	38 368	90 6	90 20 0	13 1	50 1	67 45 50 325	62 6	70
10	40 46 41 39 46 50 3	26 2	37 531	14 13	08 19 0	13 3	70 4	11 45 48 1�376	77 33	37
10	45 43 38 38 43 50 3	14 2	70 598	72 8	90 16 0	15 3	10 3	45 43 50 222	91 21	59
10	50 46 41 41 46 50 2	41 1	77 791	50 16	32 19 0	16 5	88 6	53 46 50 446	38 17	31
10	55 47 44 44 47 50 1	85 1	60 1�090	88 53	74 23 0	17 51	46 57	18 45 48 2�726	09 24	60
10	60 46 42 42 46 50 1	64 1	44 918	70 6	60 27 0	19 5	41 6	01 45 49 671	94 13	32
10	65 50 48 47 50 50 2	02 1	64 1�197	14 32	44 15 0	19 21	96 24	40 49 48 1�576	24 49	73

problems, the branch-and-price algorithm is more success-
ful in finding a solution with an error of at most 1%, the
computation times are superior (or comparable for large
ratios between the number of customers and the number of
facilities) to the computation times obtained using the MIP
solver of CPLEX, and show greater stability, i.e., fewer and
less extreme outliers are observed.

APPENDIX

Proposition 2.1. �P0� is equivalent to
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Proof. Let F be the feasible region of (P0). By decompos-
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min
�x� I�∈F

( T∑
t=1

m∑
i=1

n∑
j=1

cijtxij +
T∑
t=1

m∑
i=1

hitIit

)

= min
x.∃I ′�x� I ′�∈F

( m∑
i=1

n∑
j=1

( T∑
t=1

cijt

)
xij + min

I . �x� I�∈F

T∑
t=1

m∑
i=1

hitIit

)

= min
x.∃I ′�x� I ′�∈F

( m∑
i=1

n∑
j=1

( T∑
t=1

cijt

)
xij +H�x�

)
�

where H�x� is equal to

minimize
m∑
i=1

T∑
t=1

hitIt

subject to Iit − Ii� t−1 � bit −�t ·
n∑

j=1
djxij �

i = 1� 	 	 	 �m� t = 1� 	 	 	 � T �
Ii0 = 0� i = 1� 	 	 	 �m�

Iit � 0� i = 1� 	 	 	 �m� t = 1� 	 	 	 � T 	
This problem is separable in the index i, and more-

over for each i = 1� 	 	 	 �m, it depends only on ∑n
j=1 djxij .

Thus, H�x�=∑m
i=1Hi�

∑n
j=1 djxij �. Now we will show that

the feasible region of the decomposed problem is equal
to the feasible region of (P). Consider some x so that
there exists a feasible solution �x� I� for (P0). For each
facility i, we aggregate the first t capacity constraints, for
each t = 1� 	 	 	 � T . Then, we obtain
t∑

�=1

(
�� ·

n∑
j=1

djxij + Ii�

)
�

t∑
�=1

�bi� + Ii� �−1��

( t∑
�=1

��

)
·

n∑
j=1

djxij +
t∑

�=1
Ii� �

t∑
�=1

bi� +
t∑

�=1
Ii� �−1�

( t∑
�=1

��

)
·

n∑
j=1

djxij + Iit �
t∑

�=1
bi� + Ii0�

which is equivalent to

( t∑
�=1

��

)
·

n∑
j=1

djxij + Iit �
t∑

�=1
bi� �

and this implies

( t∑
�=1

��

)
·

n∑
j=1

djxij �

t∑
�=1

bi� 	

The previous inequality holds for each t = 1� 	 	 	 � T , and
therefore this shows that x is feasible for (P). Now, consider
a feasible solution x to (P). Then, we know there exists a
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vector y ∈ �mT so that

yit � bit� i = 1� 	 	 	 �m� t = 1� 	 	 	 � T
and

t∑
�=1

yi� �
t∑

�=1
��

n∑
j=1

djxij � i = 1� 	 	 	 �m� t = 1� 	 	 	 � T 	

(Note that y can be interpreted as a set of feasible produc-
tion levels corresponding to �x� I� in a three-level formu-
lation of (P0).) Now, define Iit as

Iit =
t∑

�=1
yi� −

( t∑
�=1

��

)
·

n∑
j=1

djxij

for each i = 1� 	 	 	 �m and t = 1� 	 	 	 � T . It is easy to see
that Iit is nonnegative, and �x� I� ∈ F . This means that x is
a feasible solution for the decomposed problem.
With respect to function Hi�u�, it is easy to see that it

has a finite value, and thus by strong LP duality we obtain

Hi�u�=min
{ T∑

t=1
hitIt. It − It−1 � bit −�tu�

I0 = 0� It � 0� t = 1� 	 	 	 � T
}

=max
{ T∑

t=1
��tu−bit�wt. w ∈Wi

}
�

where

Wi =
{
w ∈ �T . −wt +wt+1 � hit�

t = 1� 	 	 	 � T −1�wt � 0� t = 1� 	 	 	 � T
}
	

Now let A ∈ �0�1� and fix u�u′ ∈ �. Then,

max
{ T∑

t=1
��Au+ �1−A�u′��t −bit�wt. w ∈Wi

}

=max
{
A

T∑
t=1

��tu−bit�wt

+ �1−A�
T∑
t=1

��tu
′ −bit�wt. w ∈Wi

}

� Amax
{ T∑

t=1
��tu−bit�wt. w ∈Wi

}

+ �1−A�max
{ T∑

t=1
��tu

′ −bit�wt. w ∈Wi

}

which shows the convexity of Hi�u�. �
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