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Abstract

We introduce a simple tree growth process that gives rise to a new two-parameter family
of discrete fragmentation trees that extends Ford’s alpha model to multifurcating trees
and includes the trees obtained by uniform sampling from Duquesne and Le Gall’s stable
continuum random tree. We call these new trees the alpha-gamma trees. In this thesis,
we obtain their splitting rules, dislocation measures both in ranked order and in sized-
biased order, and we study their limiting behaviour. We further extend the underlying
exchangeable fragmentation processes of such trees into partly exchangeable fragmenta-
tion processes by weakening the exchangeability. We obtain the integral representations
for the measures associated with partly exchangeable fragmentation processes and subor-
dinator of the tagged fragments. We also embed the trees associated with such processes
into continuum random trees and study their limiting behaviour. In the end, we gener-
ate a three-parameter family of partly exchangeable trees which contains the family of
the alpha-gamma trees and another important two-parameter family based on Poisson-

Dirichlet distributions.

Key words: Alpha-gamma tree, splitting rule, sampling consistency, self-similar frag-

mentation, dislocation measure, continuum random tree, R-tree, Markov branching model,

exchangeability, part exchangeability, Poisson-Dirichlet distribution
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Chapter 1

Introduction

1.1 Background

For a number of years there has been an increased interest in phylogenetic trees in math-
ematical literatures. They are used in biological systems to represent the evolutionary
relationship between species and called cladograms in some literature on the binary trees.
The fundamental classes of phylogenetic trees are connected graphs with no degree-2 ver-
tices and n + 1 degree-1 vertices, of which one degree-1 vertex is distinguished as the
ROOT and the rest are considered as leaves and labelled 1 up to n.The number of leaves
is called size of the tree. We denote by T,, the space of such trees with n leaves.

Three popular and fundamental probability models on binary phylogenetic trees are
the Yule, uniform and comb models [41]. The Yule model is also referred to as the
neutral evolution model. The uniform model assigns the uniform probability measure
to phylogenetic trees of each size. The comb model assigns probability 1 to the most
asymmetric tree of each size. Aldous [4, 5, 6] introduced a one dimensional continuous
family of models, called the beta-splitting model, which interpolates between the Yule,
uniform and comb models. McCullagh et al. [35] extend the beta-splitting model to the
multifurcating case as Poisson-Dirichlet model. Ford [21] gave another family of models on
binary phylogenetic trees, called the alpha model which also interpolates between the Yule,
uniform and comb models. The most important model of multifurcating phylogenetic trees
is that related to stable trees. Stable trees have been introduced by Duquesne and Le

Gall [14] and implicitly considered in the work of Kersting [30].
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1.2 Ford’s alpha model

1.2.1 Sequential growth rule

Ford’s alpha model is a binary model, which is built by simple sequential growth rules

starting from the unique elements 77 € Ty and Ty € Ty as follows:

(i)¥ given T), for n > 2, assign a weight 1 — a to each of the n edges adjacent to a leaf,

and a weight « to each of the n — 1 other edges;

(ii)F select at random with probabilities proportional to the weights assigned by step (i),

an edge of T},, say a, — ¢, directed away from the ROOT;

(iii)F to create 71,1 from T,, replace a, — ¢, by three edges a, — b,, b, — ¢, and
b, — n + 1 so that two new edges connect the two vertices a, and ¢, to a new

branch point b, and a further edge connects b,, to a new leaf labelled n + 1.

The trees generated by the growth rule of the alpha model are labelled, where labels
come from the natural insertion order. We can obtain unlabelled alpha-trees by removing

their labels. Mathematically, the unlabelled trees are equivalent classes of labelled trees.

1.2.2 Markov branching property

Informally, the Markov branching property means that given the split at the branch point
adjacent to the root in a random tree, the subtrees above it are distributed independently
from each other and they are distributed according to the same model. Mathematically,
a sequence (T2, n > 1) of unlabelled trees has Markov branching property if for all n >
2 conditionally given that at the branch point adjacent to the ROOT, the tree is split
into a number of tree components with nq, ..., n; leaves, these tree components are the
independent copies of T} . The probability mass functions of the split at the branch point
adjacent to the ROOT of T2, n > 2 are denoted by g¢,(nq,...,ng), ng > ... > ngp > 1,
k> 2 ny+ ...+ ng=n and referred to as the splitting rules of (T)?,n > 1).
Ford showed that unlabelled alpha trees are Markov branching and splitting rules

tn(m, e — 1) = (% (Z) +{1=20) (Z_—Ql» m?(; f);(?(; = ».
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1.2.3 Fragmentation processes

As each leaf is uniquely labelled in the alpha model, each subtree can be uniquely distin-
guished by a set of labels. Consider the first branch point that an n-leaf alpha tree splits
into several subtrees characterized by their sets of leaf labels, which are disjoint subsets
of {1,...,n} and their union is exactly {1,...,n}. This gives us a natural relationship
between the split at the branch point adjacent to the root in alpha trees and partitions.
Further the alpha trees are connected with fragmentation process. In this section, we

review some basic definitions and results on partition-valued fragmentation processes.

Partitions

Denote by [n] the set {1,...,n} for all n € N. Let B C N, a partition of B is a countable
collection m = {m;,7 € N} of pairwise disjoint subsets of B such that U;enm; = B. These
disjoint subsets 7;,2 € N are called the blocks of m. We write Pp for the set of partitions of
B. In the special case when B = [n|, we simply write P, := P,j; in particular P := Py.
If # € Pg, and B' C N, we let w|gpr = B’ N7 be the partition of B’ N B obtained by
restricting 7 to the elements of B’ N B. Let 7|, := 7|y, for every n > 1. By convention,
we let 15 be the trivial partition (B,0,...) of B, and 0 = ({i1}, {i2},...) the partition
of B into singletons, where i; < i5 < ... is the ranked list of elements of B.
We say that a block B of some partition m € P possesses an asymptotic frequency if
the limit
|B| := lim w

n—o0
exists. If each block of 7 has an asymptotic frequency, then we say that m possesses
asymptotic frequencies and write |r|} = (|m],...)! as the ranked order of asymptotic
frequencies of blocks. Fatou’s lemma implies that Y °, |m;| < 1. We say that a partition 7
has proper asymptotic frequencies if m possesses asymptotic frequencies with > .° | |m;| = 1.

The asymptotic frequencies of a partition actually can be viewed as a decreasing
sequence of masses with a sum no larger than 1, which was referred to as mass-partition

by Ferguson [20] and Kingman [32]. A mass-partition is an infinite numerical sequence
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s = (s1,...) with

oo
§1 > 89> ...>0and Zsigl.
i=1

We denote the space of mass-partitions by S*.
We endow the space St with the uniform distance d(s,s’) = max{|s; — s}|,i € N}, for
any s,s’ € S!. Then the space is compact and the induced topology coincides with that

of pointwise convergence.
Homogeneous fragmentations

Bertoin [8] introduced right-continuous partition-valued Markov processes called fragmen-
tation processes. The random partitions considered in Bertoin’s fragmentation processes
are exchangeable, which means that their laws are invariant under the natural action of
the permutations of N.

Let B C N, and consider a Pg-valued Markov process (II(¢),t > 0). II is called a
homogeneous fragmentation process if its semigroup can be described as follows. For every
t,t' > 0, the conditional distribution of II(¢ + ¢') given II(t) = 7 is the same as that of
the random partition whose blocks are given by I1;(t) N ﬂj(.i), where 70) = (70 i =1,..))
is an i.i.d sequence of exchangeable random partitions whose law only depend on ¢’ and
I1;(¢) and 7rj(-i) are the ith and jth block of II(¢) and 7, respectively. If a homogeneous
fragmentation of B starts from the trivial partition 15 of B, we say that the process is
standard.

As shown by Bertoin [8], the laws of standard homogeneous fragmentations of N are

in one-to-one correspondence with o-finite measures x on P \ {1y}, that satisfy
R({W ep: 7T’n 7é 1[n]}) < 00. (1.1)

We call such measures dislocation measures on P. Such a measure admits a simple repre-
sentation called paintbox construction, which was originally shown by Kingman [31] for

probability measures and was extended by Bertoin [8] to o-finite measures.
Kingman’s paintbox construction

Let St = {s=(s1,...),51 > 52 > ...,>. 7 5, < 1}. Fix s € S! and consider an interval

representation 9 of s as follows: 1 is an open subset of (0, 1) such that the ranked sequence



CHAPTER 1 SECTION 1.2

Us Us U, Us Uz Uy Us Us

Y Y Y Y Y Y Y 4

N N S
77 77X J7 77 777X
52 S1 53

An example for Il = ({1,2,7},{3,5},{4},{6},{8}) based on s = (s, s2, $3)

T~
~

of the lengths of its interval components is given by s. Let Uj,... be an i.i.d sequence
of uniform variables on (0,1). Consider the random partition II induced by the following

equivalence relation:
i N j < i =j or U;,U; belong to the same component of 9.

If U; does not belong to 9, {i} is a singleton of II. We refer to the random partition II
defined above as the paintbox based on s.

As shown by Kingman [31], the paintbox based on s € S! is a random exchangeable
partition. Its law does not depend on the choice of the interval representation 9 of s.
We denote the law by ks. A key result obtained by Kingman [31] through martingale
argument and also by Aldous [1] with a simpler approach through de Finetti’s theorem is
as follows. Let II be an exchangeable random partition of N. Then II possesses asymptotic

frequencies a.s. and the law of II can be expressed as a mixture of paint-boxes:

P(Ile:) = /Sl ks (P(|TI|F € ds).

The idea of using Kingman’s theory to investigate homogeneous fragmentation pro-
cesses was suggested by Pitman [38] and developed by Bertoin [8, 10]. They represent
the dislocation measure x of a homogeneous fragmentation process by an integral repre-

sentation of some o-finite measure v on St such that

V({(1,0,...)}) = 0 and / (1= s1)p(ds) < o (1.2)

S!

The result is as follows. Let x be an exchangeable measure on P which fulfills (1.1).

Then there exists a unique ¢ > 0 and a unique measure v on S' that fulfills (1.2) such
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that
k() =)+ [ mllds), (139
Sl
where € := 22021 diN\{n}{n}} and o, stands for the Dirac point mass at 7 € P. We refer

to ¢ as the erosion coefficient.
Trees and fragmentation processes

Fragmentation processes are naturally related to trees. Suppose B is a finite subset of N
with n elements and t is a collection of subsets of B with an additional member called

"ROOT” such that,
e B € t; B is called common ancestor of t;
o {i} etforallie B; {i} is called a leaf of t;
o forall A, C € t, either ANC =0, or AC C or C C A.

If AcC C, Ais called a descendant of C' and C' is then called an ancestor of A. If for all
D et with AC D C Ceither A= D or D =C, we call A a child of C' and C the parent
of A. If we equip t with the parent-child relation and also relate ROOT with B, then t is
a rooted connected acyclic graph i.e. a tree. We denote the space of such trees t by Tp
and simply denote T;, = Tj,).

Let (w(t),t > 0) be a fragmentation process. Assume further for some finite B C N,
7(0)|p = 1p and 7(t)|p = Op for some finite ¢ > 0, where 15 is the trivial partition
into a single block B and Op is the partition of B into singletons. We define t; 5 =
{rOOT}U{A C B: A€ n(t)|p for some t > 0} as the associated fragmentation tree.

As argued by Bertoin, a P-valued process II is a homogeneous fragmentation if and
only if its restrictions to [n] are homogeneous fragmentations of [n], n > 1. In other words,
homogeneous fragmentations of N are the same as consistent families of homogeneous
fragmentations of [n]. Obviously, this amounts to a consistency property for the associated
fragmentation trees (T,,,n > 1). As the leaf labels are exchangeable, if we delabel the
sequence (Tj,;,n > 1) to be (T)7,n > 1), the consistency property will be pushed forward
as follows, which is called sampling consistency: T can be obtained by removing a leaf

uniformly chosen from T}, ;.
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As shown in [28], sampling consistent splitting rules are in one-to-one correspondence
with dislocation measures x on P of homogeneous fragmentation processes and eventually
can be expressed as integral representations for some pair (¢, v) of the erosion coefficient

¢ and o-finite measure v satisfying (1.2).

1.2.4 Dislocation measure and scaling limits for the alpha model

Ford showed that the unlabelled alpha trees are sampling consistent. Hence, there is a
family of fragmentation processes whose associated unlabelled trees are alpha trees. For
such processes, there erosion coefficient is 0 and the dislocation measure is binary (i.e.

only assign mass on set {s: sy = 1 — s1}) with,

1

m (a(m(l — )" (2 — da)(2(1 - l‘))_a) 11 /2<a<1}de.

VFord—a<51 S dl’) -

We can assign unit edge lengths to alpha trees and hence turn them into random
metric spaces. Then as an application of the work of Haas et al. [28], the properly scaled

alpha tree will converge to a continuum object, i.e

L@

&,VFord-«

- (1.4)

in the so-called Gromov-Hausdorff topology as n — oo. 7, is a self-similar continuum

random tree with parameter (a, ) constructed by Haas and Miermont [27].

1.3 Outline of the Thesis

In this section, we give an outline of the thesis. It consists of two independent and self-
contained research papers. Chapter 2 is joint work with Matthias Winkel and Daniel
J. Ford. T made major contributions of the theoretical work except for Proposition 12.
This chapter focuses on developing a multifurcating extension of Ford’s alpha model and
its splitting rules, dislocation measures and asymptotics. Chapter 3 is joint work with
Matthias Winkel who has been supervising my work on it. This chapter is devoted to
weakening the exchangeability of fragmentations and to building a large family of new
models which include the alpha model and the model developed in Chapter 2. The key

properties and convergence results of such models are developed there.
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1.3.1 Chapter 2: A new family of Markov branching trees: the
alpha-gamma model

This paper has appeared in the Electronic Journal of Probability, see [12]. As we discussed
in the preceding section, the alpha model is a binary model, whose law is determined by
its sequential growth rules. In this section, we introduce a new model by extending the
simple sequential growth rules to allow multifurcation. Specifically, we also assign weights

to vertices as follows, cf. Figure 2.1:

(i) given T,, for n > 2, assign a weight 1 — « to each of the n edges adjacent to a leaf, a
weight v to each of the n — 1 other edges, and a weight (k — 1)a — 7y to each vertex
of degree k + 1 > 3;

(ii) select at random with probabilities proportional to the weights assigned by step (i),

e an edge of T},, say a, — ¢, directed away from the ROOT,

e or, as the case may be, a vertex of T}, say v,;
(iii) to create T, from T,,, do the following:

e if an edge a,, — ¢, was selected, replace it by three edges a, — b,, b, — ¢,
and b, — n + 1 so that two new edges connect the two vertices a,, and ¢, to a

new branch point b, and a further edge connects b,, to a new leaf labeled n+ 1;

e if a vertex v, was selected, add an edge v, — n+1 to a new leaf labeled n+ 1.

The resulting model is called the alpha-gamma model. These growth rules satisfy the
rules of probability for all 0 < o < 1 and 0 < v < a. When a = v, the alpha-gamma
model degenerates to the alpha model.

We obtain the splitting rules and their integral representation.

Theorem 1.1. Let (T,,,n > 1) be alpha-gamma trees for some 0 < a <1 and 0 <y < a.

Then

(i) the delabelled trees T ,n > 1 have the Markov branching property;
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Figure 1.1: Sequential growth rule: displayed is one branch point of T,, with degree k41,
hence vertex weight (k—1)a—-, with k—r leaves L,,1, ..., Ly € [n| and r bigger subtrees
S1, ..., S, attached to it; all edges also carry weights, weight 1 — a and v are displayed
here for one leaf edge and one inner edge only; the three associated possibilities for 7T}, 1
are displayed.

(i) the splitting rules are sampling consistent and of following form: for ny > ... > ng

and ny + ...+ ng =n,

s Zis«éj Tl pp-
Gy, .. ;ng) X Cpy oy (7 +(1l—-a- v)m) Povany (P15, 1)

in the case 0 < o < 1, where pa " a—v 18 the Ewens-Pitman-type exchangeable parti-

tion probability function (EPPF) given by

o* 2Pk — 1 —y/a) [Ti, T(ni — a)

PD* _
Pa—a— (M1, 1) = I'(l—~/a)l(n—a)T*1(1—-a) ’
Crpomy = (m ”".nk)/(mll ...my!) and m, is the number of rs of the sequence (nq, ..., ng);

(iii) the measure v in the integral representation (1.3) can be chosen as

Vo (ds) = (wr L=—a=7)) s 53> PD;, _,_(ds), (1.5)

i#]

where PD;, _, . is the Poisson-Dirichlet measure on St

The case a = 1 is degenerate, we will discuss it in Section 2.3.2.

We observe that every dislocation measure v on St gives rise to a measure v* on
the space of summable sequences under which fragment sizes are in size-biased random
order. One of the advantages of size-biased versions is that we can calculate marginal

distributions explicitly.
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Proposition 1.2. For 0 < « < 1, distributions vi> of the first k > 1 marginals of the

size-biased form of v, . are given, for x = (x1,...,xy), by

v (dx) = (7+(1—a— (1—295 _ 1—04)5{:1 1)2(; m)))

<1_Zz 1x)(k Ve 7H S dx
Hf:l(l_zj 1 ])Hk lB( —a,ia— 1) 7

where B(1 — a, i — ) = fol 71 — x)"* 7" 1dx is the beta function.

Similar to the alpha model, the unlabelled alpha-gamma trees have the same distri-
bution as the discrete fragmentation tree associated with a fragmentation process with
no erosion and dislocation measure (1.5). As in (1.4), we obtain the scaling limits for

alpha-gamma trees from [28].

Corollary 1.3. For some 0 < a < 1 and 0 < v < a, let (T2,n > 1) be delabelled
alpha-gamma trees, represented as discrete R-trees with unit edge lengths. Then

TO
— ’Z'a” for the Gromov-Hausdorff topology,
n
as n — 0o, where the scaling n” is applied to all edge lengths, and T*7 is a ~y-self-similar

CRT whose dislocation measure is a multiple of v, .

1.3.2 Chapter 3: Continuum tree asymptotics of partly exchange-
able fragmentations

A version of this work will be submitted probably to the Annales de I'Institut Henri
Poincaré, shortly. As we showed in the last section, both alpha trees and alpha-gamma
trees are discrete fragmentation trees except that they do not possess exchangeable leaf
labels. However, as the unlabelled trees have the same distribution as some discrete
fragmentation trees, properly scaled alpha trees and alpha-gamma trees will converge to
CRTs in distribution. In Chapter 3, one of our goals is to show that their convergence in
distribution can be strengthened to convergence in probability. In fact, we develop this
for a much larger class of trees.

Consider partitions induced by the labelled alpha-gamma trees. We will show in

Chapter 3 that if 1 and 2 are in the same block, the probability mass of the partition will

10
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not change under any permutation of N that keeps 1 and 2 in the same block; similarly, if
1 and 2 are in different blocks, the probability mass of the partition will not change under
any permutation of N that keep 1 and 2 in the different blocks. To describe such property
of trees, we have to modify the fragmentation process by alternating its exchangeability.

Given two partitions 7™, 7" of [m], [n], where m < n, m € N, and n € N, we say
that 7I™ and 7" are compatible if 7™ coincides with the restriction of 7" to [m]. In

this terminology, we can cut P,,n € N into two subsets as follows:

P. = {m €P,: 7 is compatible with 13 };

P2 = {m € P,: 7 is compatible with Op}.

A partly exchangeable measure p on P, is one for which p(m) = pu(m) if the block sizes
of m, and 7y are the same and both of w1, € P} or both of my, 1 € P?; a measure p
on P is partly exchangeable if its restriction u, on P, for each n is partly exchangeable.
Similar to the Kingman paint-box construction for exchangeable partitions, we also have
a paintbox construction for partly exchangeable partitions in Section 3.2.2.

Now we use the partly exchangeable partitions to build partly exchangeable fragmen-

tation processes.

Definition 1.1. Let B C N, and consider a Pp-valued Markov process (IL(t),t > 0). We
assume that for every ¢, t' > 0, the distribution of II(¢ +¢') given II(¢) = 7 is the same as

that of the random partition whose blocks are given by
O
O-Hi(t)(ﬂ-j ) L) =4

where 7,7 = 1,... is an i.i.d. sequence of partly exchangeable partitions of N and
o) © N — II;(t) is a map so that oy, )(m) is the mth smallest element of II,(¢) for
m < #11;(t) and the largest element for m > #I1;(¢). Then the process II is called a

homogeneous partly exchangeable fragmentation of B.

We show that such processes are in one-to-one correspondence with o-finite partly

exchangeable measures x on P called splitting rates, which fulfil
k({In}) =0 and K({I' € P : I'|[) # 1y }) < oo for every n > 2. (1.6)

Such a measure has a unique decomposition as follows.

11
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Theorem 1.4. Let k be a partly exchangeable measure on P which fulfils (3.6). Then

there are unique constants c1,co, c3 > 0 and unique measures vy, v, on S, where vy fulfils

11({(0,0,..)}) = 0 and 1, ({(1,0,. =0 and /Sl Z Dri(ds) < oo,

and vy fulfils
va({(1,0,...)}) =0 and / (1 = s1)1a(ds) < o0,
st

such that for every n € N,
k() = caldya(s) + 20 () + 0 (7)) + c3 Z S0 (-

+/5¢ Ks(- N PHy(ds) + /31 kis(- N P?)ra(ds)

where w12 = ({1,2},{3},{4},...), €@ = ({i},N\ {i}), . stands for the Dirac point
mass on m and Ks is the law of Kingman’s paintbox construction [31]. In particular, k is

exchangeable if and only if vy = vs.

As refining partition-valued processes, partly exchangeable fragmentation processes
are in natural correspondence with random labelled trees. We call such trees discrete
partly exchangeable fragmentation trees.

Generally speaking, discrete partly exchangeable fragmentation trees can be embedded
into a CRT with dislocation measure

v(ds) = (Zs Jvi(ds) + (so + Zs, ))va(ds). (1.7)
i>1 i>1
Furthermore, the scaling limits of delabelled discrete partly exchangeable fragmentation

trees will be CRT's as well.

Theorem 1.5. Let 11 be a partly exchangeable fragmentation process with ¢; = co = c3 =0
and two dislocation measures vy and vy that fulfill the condition specified in Theorem 1.4

and further

o0 [e.9]

yl({seSl:Zsj < 1}>=V2({SESlZZSj <1})=0.

Jj=1 J=1

12



CHAPTER 1 SECTION 1.3

v fulfills the following two further conditions: for some o € (0,1), p > 0 and slowly

varying function ¢(x) as x — oo,

Let (T2, n > 1) be the associated sequence of unlabelled discrete partly exchangeable frag-

mentation trees. Then
T, (»)
n(n)I'(1 — a) n—oo

7?a,u)7

for the Gromov-Hausdorff metric, where v is specified in (1.7).

As an application of the above theorem, we show that alpha trees and alpha-gamma

trees are partly exchangeable trees and converge to CRT's in probability.
Corollary 1.6. Let (T,,,n > 1) be a family of labelled alpha-gamma trees. Then

(i) T, is a partly exchangeable discrete tree with no erosion and two dislocation measures

v1(ds) = ~PD: (ds),

o,—a—y

ve(ds) = (1—a)PD: (ds).

o, —a—7y
(i)
Ty o

wm Loy,

in the Gromov-Hausdorff sense, in probability as n — oo, where

Vo (ds) = (7 +(1—-—a—7) Z sisj) PD;, _, . (ds).

i#]
When v = «, (T,,n > 1) degenerate to a family of alpha trees, the two dislocation

measures are binary with:

(s €dr) = a(x<1£(_1 i)zy_;_ 1{1/2<2<1ydz,
(2(1 — )"

Il —a«)

(sp €dr) = (1—a) 11 /2<o<1yd.

13
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At the end of Chapter 3, we introduce another new family of Markov branching trees
that we call three-factor model which is a subfamily of partly exchangeable fragmentation

trees by setting the two dislocation measure as follows:

vi(ds) = APD] ,(ds),

ve(ds) = (1—)\)PDZ’9(ds),

for € (0,1),0 € [-2a,a] and A € [0,1]. When A = 2;;%, the three-factor model
is the alpha-gamma model up to a linear scaling coefficient; when A\ = 1/2, it is the
Poisson-Dirichlet model. The three-factor model is sampling consistent if and only if it is
an alpha-gamma model or Poisson-Dirichlet model. As a family of partly exchangeable

fragmentation trees, the properly scaled three-factor model will nevertheless converge to

a CRT in probability.

14



Chapter 2

A new family of Markov branching
trees: the alpha-gamma model

Abstract

We introduce a simple tree growth process that gives rise to a new two-parameter family
of discrete fragmentation trees that extends Ford’s alpha model to multifurcating trees
and includes the trees obtained by uniform sampling from Duquesne and Le Gall’s stable
continuum random tree. We call these new trees the alpha-gamma trees. In this chapter,
we obtain their splitting rules, dislocation measures both in ranked order and in sized-

biased order, and we study their limiting behaviour.

Key words: Alpha-gamma tree, splitting rule, sampling consistency, self-similar frag-

mentation, dislocation measure, continuum random tree, R-tree, Markov branching model

AMS 2000 Subject Classifications: 60J80.
Submitted to EJP on July 3, 2008, final version accepted January 20, 2009.
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2.1 Introduction

Markov branching trees were introduced by Aldous [4] as a class of random binary phy-
logenetic models and extended to the multifurcating case in [28]. Consider the space T,
of combinatorial trees without degree-2 vertices, one degree-1 vertex called the ROOT and
exactly n further degree-1 vertices labelled by [n] = {1,...,n} and called the leaves; we
call the other vertices branch points. Distributions on T, of random trees 7T are de-
termined by distributions of the delabelled tree 7, on the space T; of unlabelled trees
and conditional label distributions, e.g. exchangeable labels. A sequence (17,n > 1) of
unlabelled trees has the Markov branching property if for all n > 2 conditionally given
that the branching adjacent to the ROOT is into tree components whose numbers of leaves
are ni, ..., Ny, these tree components are independent copies of T, 1 < i < k. The

distributions of the sizes in the first branching of 7)), n > 2, are denoted by
q(ni,...,ng), n>...>ny>1, k>2: ni+...+n,=n,

and referred to as the splitting rule of (T)?,n > 1).

Aldous [4] studied in particular a one-parameter family (8 > —2) that interpolates
between several models known in various biology and computer science contexts (e.g.
= —2 comb, f = —3/2 uniform, # = 0 Yule) and that he called the beta-splitting model,

he sets for § > —2:

1
qgldous(n—m,m) == (Z)B(m+1+5;”—m+1+ﬁ), for 1 <m <n/2,
] 1 n .
B 2,m/2) = 5 (n/Q)B(n/Z Y14 6,n/2+1+0), if n even,

where B(a,b) = I'(a)I'(b)/I'(a + b) is the Beta function and Z,,, n > 2, are normalisation
constants; this extends to 3 = —2 by continuity, i.e. ¢*°%(n —1,1)=1,n > 2.

For exchangeably labelled Markov branching models (7,,,n > 1) it is convenient to set

p(ny, ..., ng) = %m;!q((nl,...,nkﬂ), n;>Ljelk;k>2: n=n;+...+ny,

R (2.1)
where (ni,...,n;)! is the decreasing rearrangement and m, the number of rs of the
sequence (nq,...,ng). The function p is called exchangeable partition probability function
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CHAPTER 2 SECTION 2.1

(EPPF) and gives the probability that the branching adjacent to the ROOT splits into
tree components with label sets {A;, ..., Ay} partitioning [n], with block sizes n; = #A;.
Note that p is invariant under permutations of its arguments. It was shown in [35] that
Aldous’s beta-splitting models for § > —2 are the only binary Markov branching models
for which the EPPF is of Gibbs type

Aldous

P (g, ne) = in particular w,, = ————=,

Y

and that the multifurcating Gibbs models are an extended Ewens-Pitman two-parameter
family of random partitions, 0 < a <1, 0 > —2a, or —o0 < a < 0, § = —ma for some
integer m > 2,

o L(k+6/a)

T(2+60/a)’
(2.2)

SE

k
. a n—a«
pglg (ny,...,ng) = Hw”j’ where w,, = —= and a;, = «
]:

boundary cases by continuity (cf. p. 20), including Aldous’s binary models for § = —2a.
Ford [21] introduced a different one-parameter binary model, the alpha model for 0 < o <
1, using simple sequential growth rules starting from the unique elements 7} € T; and

Ty € To:

(i)¥ given T), for n > 2, assign a weight 1 — a to each of the n edges adjacent to a leaf,

and a weight o to each of the n — 1 other edges;

(ii)F select at random with probabilities proportional to the weights assigned by step

(i)¥, an edge of T),, say a,, — ¢, directed away from the ROOT;

(iii)F to create T, from T, replace a, — ¢, by three edges a, — b,, b, — ¢, and
b, — n + 1 so that two new edges connect the two vertices a, and ¢, to a new

branch point b,, and a further edge connects b, to a new leaf labelled n + 1.

It was shown in [21] that these trees are Markov branching trees but that the labelling is
not exchangeable. The splitting rule was calculated and shown to coincide with Aldous’s
beta-splitting rules if and only if @« = 0, & = 1/2 or @ = 1, interpolating differently
between Aldous’s corresponding models for 5 = 0, § = —3/2 and # = —2. This study
was taken further in [28, 40].

17
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In this chapter, we introduce a new model by extending the simple sequential growth
rules to allow multifurcation. Specifically, we also assign weights to vertices depending on

two parameters 0 < o < 1 and 0 < v < « as follows, cf. Figure 2.1:

(i) given T,, for n > 2, assign a weight 1 — « to each of the n edges adjacent to a leaf,
a weight ~ to each of the other edges, and a weight (k — 1) — 7 to each vertex of

degree k 4+ 1 > 3; this distributes a total weight of n — a;
(i) select at random with probabilities proportional to the weights assigned by step (i),

e an edge of T},, say a, — ¢, directed away from the ROOT,

e or, as the case may be, a vertex of T,,, say vy;
(iii) to create T, from T,,, do the following:

e if an edge a, — ¢, was selected, replace it by three edges a, — b,, b, — ¢,
and b, — n + 1 so that two new edges connect the two vertices a,, and ¢, to
a new branch point b, and a further edge connects b, to a new leaf labelled

n+1;

e if a vertex v, was selected, add an edge v,, — n+1 to a new leaf labelled n+ 1.

Figure 2.1: Sequential growth rule: displayed is one branch point of T,, with degree k41,
hence vertex weight (k—1)a—-, with k—r leaves L,,1, ..., Ly € [n| and r bigger subtrees
S1, ..., S, attached to it; all edges also carry weights, weight 1 — a and v are displayed
here for one leaf edge and one inner edge only; the three associated possibilities for 7},,
are displayed.
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We call this model the alpha-gamma model. It contains the binary alpha model for v = a.
We show here that the cases vy =1—a, 1/2 < a <1, and a = 7y = 0 form the intersection
with the extended Ewens-Pitman-type two-parameter family of models (2.2). The growth
rules for v = 1 —«, when all edges have the same weight, was studied recently by Marchal
[34]. It is related to the stable tree of Duquesne and Le Gall [14], see also [36] and Section
2.3.4 here.

Proposition 2.1. Let (T,,,n > 1) be alpha-gamma trees with distributions as implied by

the sequential growth rules (i)-(iii) for some 0 < a <1 and 0 <~y < «a. Then

(a) the delabelled trees TS, n > 1, have the Markov branching property. The splitting

rules are

s 1 .
Qa73(n1, ey ME) X (’Y‘i‘(l—@—”Y)man]’)qg}za—v(nb---,nk), (2.3)
i#j

PD*
a,—a—ry

with pt?” the Fwens-Pitman-type EPPF given in (2.2), and LHS < RHS means

a,—a—y’

i the case 0 < a < 1, where q is the splitting rule associated via (2.1)
equality up to a multiplicative constant depending on n and (c,7y) that makes the

LHS a probability function;
(b) the labelling of T,, is exchangeable for alln > 1 if and only if v = 1—a, 1/2 < a < 1.

The normalisation constants in (2.2) and (2.3) can be expressed in terms of Gamma
functions, see Section 2.2.4. The case a = 1 is discussed in Section 2.3.2.

For any function (ng,...,nx) — q(nq,...,ng) that is a probability function for all
fixed n =ny + ...+ ng, n > 2, we can construct a Markov branching model (77, n > 1).
A condition called sampling consistency [4] is to require that the tree 7] ; constructed
from 77 by removal of a uniformly chosen leaf (and the adjacent branch point if its degree

is reduced to 2) has the same distribution as T ;,

for all n > 2. This is appealing
for applications with incomplete observations. It was shown in [28] that all sampling
consistent splitting rules admit an integral representation (¢, v) for an erosion coefficient
¢ > 0 and a dislocation measure v on St = {s = (8;);>1: 51 > 89> ... > 0,81+ 89 +... <
1} with »({(1,0,0,...)}) = 0 and [ (1 — s1)v(ds) < oo as in Bertoin’s continuous-

time fragmentation theory [8, 9, 10]. In the most relevant case for us when ¢ = 0 and
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v({s €S8 s +sy+...<1}) =0, this representation is

p(nq,...,ng / Z Hs ‘y(ds), m;>1,j€[k;k>2: n=n1+...+ ng,
SL 1] 5eens zk>1] 1
distinct
(2.4)

where Z, = Js (1 =271 s1)v(ds), n > 2, are the normalisation constants. The measure
v is unique up to a multiplicative constant. In particular, it can be shown [36, 29] that
for the Ewens-Pitman EPPFs p)" we obtain v = PD}, 4(ds) of Poisson-Dirichlet type
(hence our superscript PD* for the Ewens-Pitman type EPPF), where for 0 < a < 1 and

0 > —2a we can express

[ FPD; fds) = E (o) (Soa/o))

for an a-stable subordinator o with Laplace exponent —log(E(e=*1)) = A* and with

ranked sequence of jumps Ao 1) = (Ao, t € [0,1])'. For a < 1 and § = —2a, we have

1
(ds) = flz,1—2,0,0,.. )0 (1 —2)"* da.
1/2

f(s)PDy

a,—2x

Note that v = PD], , is infinite but o-finite with [¢, (1 —s1)v(ds) < oo for —2a < 6 < —a.
This is the relevant range for this chapter. For § > —«, the measure PD], 4 just defined
is a multiple of the usual Poisson-Dirichlet probability measure PD, 4 on S!, so for the
integral representation of pgg* we could also take v = PD,, 4 in this case, and this is also

an appropriate choice for the two cases @« = 0 and m > 3; the case a = 1 is degenerate

qhyg (1,1,...,1) =1 (for all §) and can be associated with v = PDj} 4 = d(00,..), see [35].

goee

Theorem 2.2. The alpha-gamma-splitting rules qi'3 are sampling consistent. For 0 <
a < 1and 0 < v < a we have no erosion (¢ = 0) and the measure in the integral

representation (2.4) can be chosen as

Vo (ds) = (7 +(1—-—a-— ngy) PD; . (ds). (2.5)

i#]
The case a = 1 is discussed in Section 2.3.2. We refer to Griffiths [25] who used
discounting of Poisson-Dirichlet measures by quantities involving > . 4 SiSj to model genic

selection.
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In [28], Haas and Miermont’s self-similar continuum random trees (CRTSs) [27] are
shown to be scaling limits for a wide class of Markov branching models. See Sections

2.3.3 and 2.3.6 for details. This theory applies here to yield:

Corollary 2.3. Let (T)),n > 1) be delabelled alpha-gamma trees, represented as discrete
R-trees with unit edge lengths, for some 0 < a <1 and 0 <y < . Then

TO
—: — T in distribution for the Gromov-Hausdorff topology,
n

where the scaling n” is applied to all edge lengths, and T is a ~y-self-similar CRT whose

dislocation measure is a multiple of Ve, .

We observe that every dislocation measure v on S' gives rise to a measure v** on the
space of summable sequences under which fragment sizes are in a size-biased random order,
just as the GEM, ¢ distribution can be defined as the distribution of a PD, ¢ sequence
re-arranged in size-biased random order [39]. We similarly define GEM, , from PDy, ,.
One of the advantages of size-biased versions is that, as for GEM,y, we can calculate

marginal distributions explicitly.

Proposition 2.4. For 0 < a < 1 and 0 < v < «, distributions v® of the first k > 1

marginals of the size-biased form fow of Vo~ are given, for x = (xq,...,zx), by

k k 2
-« *
vPde) = |v+1—-—a—-7)|1- g xd — [ p— (1 - E x,) GEM;, . (dz).
i=1 =1

The other boundary values of parameters are trivial here — there are at most two non-zero
parts.

We can investigate the convergence of Corollary 2.3 when labels are retained. Since
labels are non-exchangeable, in general, it is not clear how to nicely represent a continuum
tree with infinitely many labels other than by a consistent sequence Ry of trees with &
leaves labelled [k], k > 1. See however [40] for developments in the binary case 7 = a on
how to embed Ry, k > 1, in a CRT 7%“. The following theorem extends Proposition 18

of [28] to the multifurcating case.

Theorem 2.5. Let (T,,,n > 1) be a sequence of trees resulting from the alpha-gamma-tree

growth rules for some 0 < a < 1 and 0 < v < a.. Denote by R(T,,[k]) the subtree of T,

21



CHAPTER 2 SECTION 2.1

spanned by the ROOT and leaves [k|, reduced by removing degree-2 vertices, represented as
discrete R-tree with graph distances in T, as edge lengths. Then

R(T,, [K])

> — Ry a.s. in the sense that all edge lengths converge,
n

for some discrete tree Ry, with shape Ty, and edge lengths specified in terms of three random

variables, conditionally independent given that T), has k + ( edges, as LyW,! Dy, with

o Wy ~ beta(k(l — a) + ¢, (k — 1)ae — ¢), where beta(a,b) is the beta distribution
with density B(a,b) 'z 1 (1 — )" 1o 1)(z);
FA+EQ—a)+0Y) sira-a)y

o Ly with densit s
k YT+ 0+ k(1—a)/v)
density, the density of o1 for a subordinator o with Laplace exponent \;

g+(s), where g, is the Mittag-Leffler

e Dy ~ Dirichlet((1—a)/v,...,(1—a)/v,1,...,1), where Dirichlet(ay, ..., a,,) is the
Dirichlet distribution on A, = {(z1,...,2m) € [0,1]™ 1 21 + ... + z,, = 1} with
density of the first m — 1 marginals proportional to x® .. 2% "1 —ay — ... —
Tp1)? "L here Dy, contains edge length proportions, first with parameter (1—a)/y

for edges adjacent to leaves and then with parameter 1 for the other edges, each

enumerated e.g. by depth first search [33] (see Section 2.4.2).

In fact, 1— W) captures the total limiting leaf proportions of subtrees that are attached
on the vertices of T}, and we can study further how this is distributed between the branch
points, see Section 2.4.2.

We conclude this introduction by giving an alternative description of the alpha-gamma
model obtained by adding colouring rules to the alpha model growth rules (i)F-(iii)¥, so
that in 7¢! each edge except those adjacent to leaves has either a blue or a red colour

mark.

(iv) To turn T,y into a colour-marked tree 7%, keep the colours of T and do the

following;:

e if an edge a, — ¢, adjacent to a leaf was selected, mark a,, — b, blue;

e if a red edge a,, — ¢, was selected, mark both a,, — b, and b, — ¢, red;
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e if a blue edge a,, — ¢, was selected, mark a,, — b, blue; mark b, — ¢, red

with probability ¢ and blue with probability 1 — ¢;

When (T, n > 1) has been grown according to (i)"-(iii) and (iv)®!, crush all red edges,

1.e.

(cr) identify all vertices connected via red edges, remove all red edges and remove the

remaining colour marks; denote the resulting sequence of trees by (fn, n>1);

Proposition 2.6. Let (T,,n > 1) be a sequence of trees according to growth rules (i)F-

(iii)¥, (iv)! and crushing rule (cr). Then (Tn, n > 1) is a sequence of alpha-gamma trees

with v = a(1l —¢).

The structure of this chapter is as follows. In Section 2.2 we study the discrete trees
grown according to the growth rules (i)-(iii) and establish Proposition 2.6 and Proposition
2.1 as well as the sampling consistency claimed in Theorem 2.2. Section 2.3 is devoted to
the limiting CRT's, we obtain the dislocation measure stated in Theorem 2.2 and deduce
Corollary 2.3 and Proposition 2.4. In Section 2.4 we study the convergence of labelled

trees and prove Theorem 2.5.
2.2 Sampling consistent splitting rules for the alpha-
gamma trees

2.2.1 Notation and terminology of partitions and discrete frag-
mentation trees

For B C N, let Pg be the set of partitions of B into disjoint non-empty subsets called
blocks. Consider a probability space (£2, F,P), which supports a Pp-valued random par-
tition Ilg for some finite B C N. If the probability function of IIg only depends on its

block sizes, we call it exchangeable. Then
P(Ilg = {A1, ..., Ax}) = p(#A1, ..., #Ax) for each partition m = {A;,..., Ay} € Pp,

where #A; denotes the block size, i.e. the number of elements of A;. This function

p is called the exchangeable partition probability function (EPPF) of IIg. Alternatively,
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a random partition Ilp is exchangeable if its distribution is invariant under the natural
action on partitions of B by the symmetric group of permutations of B.

Let B C N, we say that a partition m € Pg is finer than 7’ € Ppg, and write 7 < 7/, if
any block of 7 is included in some block of #’. This defines a partial order < on Pg. A
process or a sequence with values in Pp is called refining if it is decreasing for this partial
order. Refining partition-valued processes are naturally related to trees. Suppose that B
is a finite subset of N and t is a collection of subsets of B with an additional member

called the ROOT such that
e we have B € t; we call B the common ancestor of t;
e we have {i} € t for all i € B; we call {i} a leaf of t;
o for all A €t and C' € t, we have either ANC =2, 0or AC C or C C A.

If A C C, then A is called a descendant of C, or C' an ancestor of A. If for all D € t with
ACD CCeither A= D or D = C, we call A a child of C, or C' the parent of A and
denote C' — A. If we equip t with the parent-child relation and also ROOT — B, then t is
a rooted connected acyclic graph, i.e. a combinatorial tree. We denote the space of such
trees t by Tp and also T,, = T},). For t € Tp and A € t, the rooted subtree s4 of t with
common ancestor A is given by sy = {RoOT} U {C € t : C C A} € T4. In particular,
we consider the subtrees s; = s, of the common ancestor B of t, i.e. the subtrees whose
common ancestors A;, j € [k], are the children of B. In other words, sy,...,s; are the
rooted connected components of t \ {B}.

Let (7(t),t > 0) be a Pg-valued refining process for some finite B C N with 7(0) = 1p
and 7(t) = 0p for some ¢ > 0, where 15 is the trivial partition into a single block B and
Op is the partition of B into singletons. We define t, = {rRooT} U{A C B : A €

7(t) for some t > 0} as the associated labelled fragmentation tree.

Definition 2.1. Let B C N with #B = n and t € Tg. We associate the relabelled tree
t” = {rRoOT}U{0(A): Act}eT,,

for any bijection ¢ : B — [n], and the combinatorial tree shape of t as the equivalence
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class

t° = {t7|0 : B — [n] bijection} C T,.

We denote by TS = {t°:t € T,,} = {t°:t € T} the collection of all tree shapes with n

leaves, which we will also refer to in their own right as unlabelled fragmentation trees.

Note that the number of subtrees of the common ancestor of t € T,, and the numbers
of leaves in these subtrees are invariants of the equivalence class t° C T,,. If t° € T, has
subtrees s7,...,sy with ny > ... > n; > 1 leaves, we say that t° is formed by joining
together s3, ..., s;, denoted by t° = sy *...x*s;. We call the composition (ni,...,ng) of
n the first split of t; .

With this notation and terminology, a sequence of random trees 7y € T,, n > 1, has
the Markov branching property if, for all n > 2, the tree T, has the same distribution as
ST *...*% Sy, where Ny > ... > Nk, > 1 form a random composition of n with K, > 2
parts, and conditionally given K, = k and N; = nj, the trees S5, j € [k], are independent
and distributed as 777 , j € [k].

2.2.2 Colour-marked trees and the proof of Proposition 2.6
The growth rules (i)¥-(iii) construct binary combinatorial trees T°™ with vertex set
V ={root} U [n]U{by,...,by1}

and an edge set £ C V x V. We write v — w if (v,w) € E. In Section 2.2.1, we identify
leaf ¢ with the set {i} and vertex b; with {j € [n] : b — ... — j}, the edge set E then
being identified by the parent-child relation. In this framework, a colour mark for an edge
v — b; can be assigned to the vertex b;, so that a coloured binary tree as constructed in

(iv)! can be represented by

Vel = {root} U [n] U { (b1, xa(01)), - -, (bn1s Xn(bn1))}
for some x.,(b;) € {0,1}, i € [n — 1], where 0 represents red and 1 represents blue.

Proof of Proposition 2.6. We only need to check that the growth rules (i)F-(iii)¥ and (iv)<!

for (T n > 1) imply that the uncoloured multifurcating trees (7, n > 1) obtained from
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(T, n > 1) via crushing (cr) satisfy the growth rules (i)-(iii). Let therefore t&°}; be a

tree with P(T%, = t&)) > 0. It is easily seen that there is a unique tree t&!, a unique

insertion edge at® — ¢! in t&! and, if any, a unique colour y,+1(ct!) to create t%, from
t&°!. Denote the trees obtained from t&! and t¢°, via crushing (cr) by t, and t,1. If
Xnt1(c®) = 0, denote by k + 1 > 3 the degree of the branch point of t,, with which ¢!

is identified in the first step of the crushing (cr).

e If the insertion edge is a leaf edge (¢! =i for some i € [n]), we obtain

P(Tpi1 = bns1|Tp = b, T = t) = (1 — a)/(n — «).

e If the insertion edge has colour blue (x,(c') = 1) and also x,41(c®') = 1, we obtain

P(Tyi1 = ti1|Tp = tn, T =t = (1 — ¢)/(n — a).

e If the insertion edge has colour blue (x,(c) = 1), but yn41(c®) = 0, or if the

n

col )

insertion edge has colour red (y,(c 0, and then necessarily x,1(c<)) = 0

also), we obtain
P(Tpi1 = b1 |Th = tn, T =t = (ca + (k — 2)a)/(n — o),

because in addition to at® — ¢! there are k — 2 other edges in t°°!, where insertion

and crushing also create t,,.1.

Because these conditional probabilities do not depend on t°! and have the form required,

we conclude that (7},,n > 1) obeys the growth rules (i)-(iii) with v = a(1 — ¢). O

2.2.3 The Chinese Restaurant Process

An important tool in this paper is the Chinese Restaurant Process (CRP), a partition-
valued process (II,,n > 1) due to Dubins and Pitman, see [39], which generates the
Ewens-Pitman two-parameter family of exchangeable random partitions II,, of N. In the
restaurant framework, each block of a partition is represented by a table and each element
of a block by a customer at a table. The construction rules are the following. The first

customer sits at the first table and the following customers will be seated at an occupied
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table or a new one. Given n customers at k tables with n; > 1 customers at the jth table,
customer n + 1 will be placed at the jth table with probability (n; — «)/(n + 6), and at
a new table with probability (6 + k«)/(n + 6). The parameters o and 6 can be chosen as
either « < 0 and 8 = —ma for some m € Nor 0 < a <1 and § > —a. We refer to this
process as the CRP with («, 8)-seating plan.

In the CRP (II,,,n > 1) with II,, € P}, we can study the block sizes, which leads us
to consider the proportion of each table relative to the total number of customers. These

proportions converge to limiting frequencies as follows.

Lemma 2.7 (Theorem 3.2 in [39]). For each pair of parameters (o, ) subject to the
constraints above, the Chinese restaurant with the («,0)-seating plan generates an ex-
changeable random partition 1l of N. The corresponding EPPF is
k- 1F(k+0/a (1+6) ﬁ

I'1+60/a)l(n+0)

ng(nl, coyng) =
=1

boundary cases by continuity. The corresponding limiting frequencies of block sizes, in

size-biased order of least elements, are GEM, ¢ and can be represented as
(P1, Py, ...) = (Wi, W Wy, WiW,Ws,...)

where the W; are independent, W; has beta(l — o, 0 + ia) distribution, and W; := 1 —
W;. The distribution of the associated ranked sequence of limiting frequencies is Poisson-

Dirichlet PDg .

We also associate with the EPPF pa the distribution q b of block sizes in decreasing
order via (2.1) and, because the Chinese restaurant EPPF is not the EPPF of a splitting
rule leading to k& > 2 block (we use notation qgg* for the splitting rules induced by
conditioning on k > 2 blocks), but can lead to a single block, we also set g} 5 (n) = ph (1)

The asymptotic properties of the number K, of blocks of II,, under the («, #)-seating
plan depend on a: if & < 0 and = —ma for some m € N, then K,, = m for all sufficiently
large n a.s.; if « = 0 and 6 > 0, then lim, ., K,,/logn = 0 a.s. The most relevant case

for us is a > 0.
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Lemma 2.8 (Theorem 3.8 in [39]). For 0 <a <1, 0 > —qa, ,
K.

n
— =S a.s. asn — 0o,
n

where S has a continuous density on (0,00) given by

d re+1)
£P(S € ds) = T0/a 1)

and g, is the density of the Mittag-Leffler distribution with pth moment T'(p+1)/T (pa+1).

3_9/(19(1 (S>7

As an extension of the CRP, Pitman and Winkel in [40] introduced the ordered CRP.
Its seating plan is as follows. The tables are ordered from left to right. Put the second
table to the right of the first with probability 6/(a + ) and to the left with probability
a/(a+0). Given k tables, put the (k+ 1)st table to the right of the right-most table with
probability 6/(ka+6) and to the left of the left-most or between two adjacent tables with
probability «/(ka + ) each.

A composition of n is a sequence (nq,...,ng) of positive numbers with sum n. A
sequence of random compositions C,, of n is called regenerative if conditionally given that
the first part of C, is nq, the remaining parts of C, form a composition of n — n; with
the same distribution as C,_,,. Given any decrement matrix (¢%°¢(n,m),1 < m < n),
there is an associated sequence C, of regenerative random compositions of n defined
by specifying that ¢4°(n,-) is the distribution of the first part of C,. Thus for each
composition (ny,...,ng) of n,

dec (

P(Cn = (nh e 7nk)) = qdec(na nl)qdec(n — Ny, n2) - q Ng—1 + Nk, nkq)qdec(nk, nk)

Lemma 2.9 (Proposition 6 (i) in [40]). For each (a,0) with 0 < o < 1 and 0 > 0,
denote by C, the composition of block sizes in the ordered Chinese restaurant partition

with parameters (o, 0). Then (C,,n > 1) is regenerative, with decrement matriz

e ) — (n) (n —m)a+mOT(m — a)T(n —m +0)

Goup m n I'(l—a)l'(n+06) (Lsm<n). (2:6)

2.2.4 The splitting rule of alpha-gamma trees and the proof of
Proposition 2.1

Proposition 2.1 claims that the unlabelled alpha-gamma trees (77, n > 1) have the Markov

branching property, identifies the splitting rule and studies the exchangeability of labels.
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In preparation of the proof of the Markov branching property, we use CRPs to compute
the probability function of the first split of 7)) in Proposition 2.10. We will then establish

the Markov branching property from a spinal decomposition result (Lemma 2.11) for 7};.

Proposition 2.10. Let T)) be an unlabelled alpha-gamma tree for some 0 < a < 1 and

0 < v < a, then the probability function of the first split of T); is

Z, (1 — ) 1 .

seq _ Zn ey E . | 4P
qa,'y(nlv"'unk> - F(n—a) (7—’_ (1 «Q W)n(n— 1) — nZnJ) QQ,*Q*’Y(nb"‘?nk)?
n>...>n>1,k>2: ni+...4+n, =n, where Z, is the normalisation constant in

In fact, we can express explicitly Z,, in (2.2) as follows (see formula (22) in [29])

(1 +0/a) L(n—a)l'(1+6)
Zn = T(1+0) (1 T T(1-a)(n+ 9))

in the first instance for 0 < o < 1 and # > —a, and then by analytic continuation and by

continuity to the full parameter range.

Proof. In the binary case v = «, the expression simplifies and the result follows from
Ford [21], see also [28, Section 5.2]. For the remainder of the proof, let us consider the
multifurcating case v < . We start from the growth rules of the labelled alpha-gamma
trees T,,. Consider the spine ROOT — v; — ... — v, — 1 of T},, and the spinal

subtrees S,

1 <7< L,y 1< j<K,,; not containing 1 of the spinal vertices v;,
i € [L,_1]. By joining together the subtrees of the spinal vertex v; we form the ith spinal
bush S;” = Si * ... * S . Suppose a bush S;” consists of k subtrees with m leaves in
total, then its weight will be m — ka — v + ka = m —  according to growth rule (i) —
recall that the total weight of the tree T,, is n — a.

Now we consider each bush as a table, each leaf n = 2,3,... as a customer, 2 being
the first customer. Adding a new leaf to a bush or to an edge on the spine corresponds
to adding a new customer to an existing or to a new table. The weights are such that we
construct an ordered Chinese restaurant partition of N\ {1} with parameters (vy,1 — ).

Suppose that the first split of 7}, is into tree components with numbers of leaves

ny > ...>ng > 1. Now suppose further that leaf 1 is in a subtree with n; leaves in the
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first split, then the first spinal bush S}¥ will have n — n; leaves. Notice that this event
is equivalent to that of n — n; customers sitting at the first table with a total of n — 1

customers present, in the terminology of the ordered CRP. According to Lemma 2.9, the

probability of this is
e n—1\(n;—1)v+(n—n)(1 —a)'(n; —a)l'(n —n; —

2 Ln—ny) = (1 = 1)y + (0= m0)(1 = @) Do — )T )
n—n; n—1 Iin—a)l'(1—7)

= (n fn) (%7 - %(1 —a- 7)> m?(; f{;’f(} 1‘7; 7).

Next consider the probability that the first bush Si* joins together subtrees with n; >
.2 mny1 > iy > ...ng > 1 leaves conditional on the event that leaf 1 is in a subtree
with n; leaves. The first bush has a weight of n — n; — v and each subtree in it has a
weight of n; — «, j # . Consider these k — 1 subtrees as tables and the leaves in the first
bush as customers. According to the growth procedure, they form a second (unordered,

this time) Chinese restaurant partition with parameters (a, —7), whose EPPF is

k—2
D a" Tk —1—~/a)l'(1 —7) I(n; —a)
paf,y(nl,...,ni_l,niﬂ,...,nk): | | —_— .
’ - I'n—mn; — -
Let m; be the number of js in the sequence of (ny,...,n;). Based on the exchangeability

of the second Chinese restaurant partition, the probability that the first bush consists of
subtrees with ny > ... >n;_1 > n;y1 > ... > ni > 1 leaves conditional on the event that

leaf 1 is in one of the m,, subtrees with n, leaves will be

My, n—n; PD
'—’( )pm_v(nl,...,ni_l,ni+1,...,nk).
mas.. .My \N1ye o031, M1, -+ -5 N

Thus the joint probability that the first split is (ny,...,n,) and that leaf 1 is in a subtree

with n; leaves is,

mp, n—nmn, dec PD
n; n;(n — n;) Z,L(1 —a) pp-
SN (RPNt L2 IR Bt/ G o COP 2.7
i (B4 221 o)) BB ) 27)

Hence the splitting rule will be the sum of (2.7) for all different n; (not i) in (ny, ..., ng),

but they contain factors m,,, so we can write it as sum over i € [k]:
k
seq _ n; n;(n — n;) Lo Z,L(1 —a) pp-
Qa,’y(nlu-"7nk) (; <n7+ n(n—l) ( «Q ’}/) F(ﬂ_@) qO{,*OA*’Y(”I?"'?”k)
= 1 — — —_— Ty —_— g ey .
(7 (-« 7)n(n —1) ; " n]> I'(n—a) o =a— (M1 )
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O

We can use the nested Chinese restaurants described in the proof to study the subtrees
of the spine of T,,. We have decomposed T,, into the subtrees Sf;’ of the spine from the

ROOT to 1 and can, conversely, build 7, from Sfjp , for which we now introduce notation

T, = ]_[ SiP.
2Y)

We will also write [ [, ;5i; when we join together unlabelled trees S7; along a spine. The
following unlabelled version of a spinal decomposition theorem will entail the Markov

branching property.

Lemma 2.11 (Spinal decomposition). Let (T2',n > 1) be alpha-gamma trees, delabelled

apart from label 1. For alln > 2, the tree T2 has the same distribution as ]_[” Si;, where
e Co 1= (Ny,...,Np,_,) is a regenerative composition with decrement matriz quiyeffa,

e conditionally given L,y = { and N; = n;, i € [{], the sizes Ny > ... > Nig, ., > 1

n,g —

PD
Q,—7y’

form random compositions of n; with distribution q independently for i € [{],

e conditionally given also K, ; = k; and N;; = n;;, the trees Sfj, j € lki], i €[], are

independent and distributed as 17, .
Proof. For an induction on n, note that the claim is true for n = 2, since 72! and ]_[” Sij
are deterministic for n = 2. Suppose then that the claim is true for some n > 2 and
consider T ;.
The growth rules (i)-(iii) of the labelled alpha-gamma tree 7}, are such that, for 0 <

y<a<l

e leaf n+1 is inserted into a new bush or any of the bushes S:* selected according to

the rules of the ordered CRP with (7,1 — «)-seating plan,

e further into a new subtree or any of the subtrees Sj; of the selected bush S;°

according to the rules of a CRP with («, —v)-seating plan,

e and further within the subtree S77 according to the weights assigned by (i) and

growth rules (ii)-(iii).
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These selections do not depend on T;, except via T°!. In fact, since labels do not feature in
the growth rules (i)-(iii), they are easily seen to induce growth rules for partially labelled
alpha-gamma trees 72!, and also for unlabelled alpha-gamma trees such as Sij-

From these observations and the induction hypothesis, we deduce the claim for 777 ;. In
the multifurcating case v < «, the conditional independence of compositions (N1, . .., Nix, ., ),
i €[], given L, ;1 = ¢ and N; = n; can be checked by explicit calculation of the con-
ditional probability function. Similarly, the conditional independence of the trees S7;
follows, because conditional probabilities such as the following factorise and do not de-

pend on (ig, jo):

[ [ [ %070

P (S<"+1>° 009 L= Loy = 6, N® = g, N = e, N =y o+ 1) ,

where ne = (n;,1 <i < 0) and nee = (nij,1 <i < 0,1 < j < k;) ete.; superscripts ™ and
(n+1) refer to the respective stage of the growth process. In the binary case v = «, the

argument is simpler, because each spinal bush consists of a single tree. O

Proof of Proposition 2.1. (a) Firstly, the distributions of the first splits of the unlabelled
alpha-gamma trees 7T, were calculated in Proposition 2.10, for 0 < a <1 and 0 <y < a.

Secondly, let 0 < o < 1 and 0 < v < «a. By the regenerative property of the spinal
composition C,_; and the conditional distribution of 7! given C,_; identified in Lemma
2.11, we obtain that given Ny = m, K, 1 = k; and Ny; = ny;, j € [k1], the subtrees St
J € k1], are independent alpha-gamma trees distributed as T;L’lj, also independent of the

which, by Lemma 2.11, has the same distribution as

remaining tree Sio = [[;59; 55

Te ..

This is equivalent to saying that conditionally given that the first split is into subtrees
withny > ... >n; > ... > n, > 1 leaves and that leaf 1 is in a subtree with n; leaves, the
delabelled subtrees S7,...,S; of the common ancestor are independent and distributed
as Ty, respectively, j € [k]. Since this conditional distribution does not depend on i, we
have established the Markov branching property of 7T}:.

(b) Notice that if ¥ = 1 — «, the alpha-gamma model is the model related to stable
trees, the labelling of which is known to be exchangeable, see Section 2.3.4.

On the other hand, if v # 1 — «, let us turn to look at the distribution of T3.

32



CHAPTER 2 SECTION 2.2

1 1 3
3 2
Probability: 5 Probability: ;%

We can see the probabilities of the two labelled trees in the above picture are different

although they have the same unlabelled tree. So if v # 1 — a, T, is not exchangeable. [J

2.2.5 Sampling consistency and strong sampling consistency

Recall that an unlabelled Markov branching tree 777, n > 2 has the property of sampling
consistency, if when we select a leaf uniformly and delete it (together with the adjacent
branch point if its degree is reduced to 2), then the new tree, denoted by T, ,, is dis-
tributed as 7,,_,. Denote by d : I,, — ID,,_; the induced deletion operator on the space

D,, of probability measures on T¢, so that for the distribution P, of T, we define d(P,)

ni

as the distribution of 7T°

n,—1*

Sampling consistency is equivalent to d(P,) = P,_;. This

property is also called deletion stability in [21].

Proposition 2.12. The unlabelled alpha-gamma trees for 0 < a <1 and 0 < v < « are

sampling consistent.

Proof. The sampling consistency formula (14) in [28] states that d(P,) = P,_; is equiva-

lent to
k
(n; —|— D) (my, 41+ 1
q(?’L1, Z )77;1 >Q(<n1,---,ni+1,...,nk)i)
m1—|—1 1
1 — 1 2.8
n+1 q(nla s Ny )+ n+ 1q(n )q(nla 7”/4:) ( )
for all ny > ... > nyp > 1 with ny + ... +ng = n > 2, where m; is the number of n;,

i € [k], that equal j, and where ¢ is the splitting rule of 72 ~ P,. In terms of EPPFs
(2.1), formula (2.8) is equivalent to

(1 —p(n,1))p(ny,...,nk) = Zp(nl,...,ni—i— 1L...,ng) +p(ng, ..., ng, 1). (2.9)

=1

Now according to Proposition 2.10, the EPPF of the alpha-gamma model with o < 1
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18

se o Zn PD*
pa(}Y(nh cee 7nk> - T(n) (f}/ + (1 —a— n ] gnun’u> pa,fa*'Y(nla cee 7nk)7
(2.10)
where T'o(n) = I'(n — a)/T'(1 — a). Therefore, we can write pid(ny,...,n; +1,...,n4)
using (2.2)
L v+ (1—a—7) Znunv+2n—nz) Hwn W, 11
Co(n+1) (n+1)n Z el I '
uFv JiyFi
(n_l)(n_ni)_Z;ﬁ NNy Z *
= (P (ny, ... 2(1 — o — el m_phP
(pa 'y(nb 7nk) + ( @ /7) (TL + 1>n(n _ 1) Fa(n)pa,faf'y(nb 7nk)>
n, —«
X
n—ao
and pd(ny, ..., ng, 1) as

Zni1 Ak41
- 7 4N 1_ - u'v 2 n
Fo(n+1) (74_( “ n—l—l <Zn et n)) Znt1 Hw] o

(n—1n-=>" 2o Ty 7, i
(... 2(1 — o — U " _ptD
(pa ry(nla ank) + ( «Q ,7) (n + 1)n<n _ 1) Fa(n)pm—a—ry(nla ank))

— 1o —
k= Da—v
n—«o«

Sum over the above formulas, then the right-hand side of (2.9) is

1 —2 Se

Notice that the factor is indeed pgd(n,1). Hence, the splitting rules of the alpha-gamma

model satisfy (2.9), which implies sampling consistency for a < 1. The case a« = 1 is

postponed to Section 2.3.2. O]

Moreover, sampling consistency can be enhanced to strong sampling consistency [28]

by requiring that (7;_;,T;) has the same distribution as (T, _;,T7,).

Proposition 2.13. The alpha-gamma model is strongly sampling consistent if and only

ifvy=1-—a.
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Proof. For v =1 — a, the model is known to be strongly sampling consistent, cf. Section

2.3.4. t3 t

If v # 1 — «, consider the above two deterministic unlabelled trees.

P(Ty =t3) = ¢aa(2,1,1)gx2(1,1) = (@ —9)(5 = da +7)/((2 — a)(3 — a)).

Then we delete one of the two leaves at the first branch point of tj to get t5. Therefore

a—)(5—5a+7)
22— )3 — )

(o] (o] (o] [¢] 1 (o) (0] (
P((T4,—17T4) = (t37t4)) = §]P(T4 = t4) =
On the other hand, if 75 = t3, we have to add the new leaf to the first branch point to

get t3. Thus

a—7)(2—=2a+7)
2-a)B-a)

B((T3,T5) = (t5,£3)) = 5—B(T5 = t5) = <

It is easy to check that P((T5_,,T}) = (t5,t3)) # P((13,1}) = (t5,t9)) if v # 1 — «,

which means that the alpha-gamma model is then not strongly sampling consistent. [

2.3 Dislocation measures and asymptotics of alpha-
gamma trees

2.3.1 Dislocation measures associated with the alpha-gamma-
splitting rules

Theorem 2.2 claims that the alpha-gamma trees are sampling consistent, which we proved

in Section 2.2.5, and identifies the integral representation of the splitting rule in terms of

a dislocation measure, which we will now establish.

Proof of Theorem 2.2. In the binary case v = «, the expression simplifies and the result
follows from Ford [21], see also [28, Section 5.2].
In the multifurcating case v < a, we first make some rearrangement for the coefficient

of the sampling consistent splitting rules of alpha-gamma trees identified in Proposition
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2.10:
v+ (1—a—7y) Y p— an]
lsﬁj
1— o — o —
:(n—i— a—y)n-a-19) v+ (1l—a—vy ZA”—&—QZB +C
n(n—1) oy
where
N (0~ a)(n, — )
1] )
m+l-a—-7)(n—a—7)
b (- a)((k-Da-y)
! m+l—a—y)(n—a—7y)
o _ (k= Da—y)(ka )
m+l—a—7y)(n—a—v)
Notice that Bipgg*aﬂ(nl, ..., n) simplifies to

(1= )((h=Na—2) @TlE—1—n/a)
n+l—a—-Yn—-—a-7) Z,[(1-7v/a) alng) ..
Zny2 ak‘lF(k —v/a)

= Zan 1= a— ) —a =) Zaral (L —yjay o) el ) Talm)

. Fa(nk)

= Z—pggaﬂ(nl, cooni+ 100 ng, 1),
Zn

where ', (n) = I'(n—a)/T'(1—«) and Zy = Znal'(1—v/a) /T (n—a—) is the normalisation

constant in (2.4) for v = PD;, . The latter can be seen from [29, Formula (17)], which
yields

~ a0 (k—1— v/oz bT (#A; —

Zo= ) I

F'n—a-—7v)

1_
(A1 AnJ € Py \ (]} i T—a)

whereas 7, is the normalisation constant in (2.2) and hence satisfies

k

7z - Z A2k —1—v/a) F#A—a
'l —~/a) I'l—a)
{A1,, Ak} P \{[nl} =

According to (2.4),

pgD*oz 7(”17"') /Sl Z HS”IPDZ —a—n dS)

Z’:1

i ein>1 1=1
dlstlnct
Thus,
*
E sza T (M1, my) = —/ E Hs E susy | PD;, . (ds)
S > 1=1 WE{i1,enyin } 0@ {01, erin}

dlstmct
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Similarly,
S A (s ) = _/ S I s | pon )
1] Sl 1550 >1 1=1 w,WE{E1,..., ik }UFAV
dlstmct
Cpa (M, my) = —/ Z Hs”l Z susy | PD,, . (ds),
Sl Lig>11=1 w,v€{i1,...., ik }uFV
dlstlnct

Hence, the EPPF p§d(ny,...,ng) of the sampling consistent splitting rule takes the fol-

lowing form:

i o)

i#j

xpgg* (ny,...,nk)

z—/sl > H <7+ 1—@-7)28@) PD;, o, (ds), (2.11)

11,0 >1 (=1 i#£j
distinct

where Y,, = n(n — 1)I'w(n)al(1 —v/a)/T'(n + 2 — o — ) is the normalisation constant.
Hence, we have v, - (ds) = <7 (1 —a=7) 2y sisj>PD*a7_a_7(ds). O

2.3.2 The alpha-gamma model when a = 1, spine with bushes
of singleton-trees

Within the discussion of the alpha-gamma model so far, we restricted to 0 < a < 1. In
fact, we can still get some interesting results when o = 1. The weight of each leaf edge is
1 — a in the growth procedure of the alpha-gamma model. If o = 1, the weight of each
leaf edge becomes zero, which means that the new leaf can only be inserted to internal
edges or branch points. Starting from the two leaf tree, leaf 3 must be inserted into the
root edge or the branch point. Similarly, any new leaf must be inserted into the spine
leading from the root to the common ancestor of leaf 1 and leaf 2. Hence, the shape of the
tree is just a spine with some bushes of one-leaf subtrees rooted on it. Moreover, the first
split of an n-leaf tree will be into k parts (n — k + 1,1,...,1) for some 2 < k < n. The
cases v = 0 and v =1 lead to degenerate trees with, respectively, all leaves connected to

a single branch point and all leaves connected to a spine of binary branch points (comb).

Proposition 2.14. Consider the alpha-gamma model with o =1 and 0 < v < 1.
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(a) The model is sampling consistent with splitting rules

Gra(ny, ... ng)
Wy (k=1)/(k=1), if2<k<n—-1and (n,...,ng) =n—k+1,1,...,1);
=<l (n=1)/(n—=2),, ifk=nand (ny,...,ng) =(1,...,1); (2.12)
0, otherwise,

wheren; > ...>n > 1andny + ... +n, =n.

(b) The dislocation measure associated with the splitting rules can be expressed as follows

Slf(sl,SQ,...)um(ds):/o F(s1,0, ) (7(1 = s0) sy + 8o(dsy)) . (2.13)

In particular, it does not satisfy v({s € St : s+ s+ ... < 1}) = 0. The erosion

coefficient ¢ vanishes.

The presence of the Dirac measure d, in the dislocation measure means that the asso-
ciated fragmentation process exhibits dislocation events that split a fragment of positive
mass into infinitesimal fragments of zero mass, often referred to as dust in the fragmen-
tation literature. Dust is also produced by the other part of v, where also a fraction s;

of the fragment of positive mass is retained.

Proof. (a) We start from the growth procedure of the alpha-gamma model when o = 1.
Consider a first split into k parts (n — k + 1,1,...,1) for some labelled n-leaf tree for
some 2 < k < n. Suppose k < n — 1 and that the branch point adjacent to the root is
created when leaf [ is inserted to the root edge, where [ > 3. This insertion happens with
probability /(I — 2), as o = 1. At stage [, the first split is (I — 1,1). In the following
insertions, leaves [ + 1,...,n have to be added either to the first branch point or to the
subtree with [ — 1 leaves at stage [. Hence the probability that the first split of this tree

is(n—Fk+1,1,...,1) s
(n—Fk—1)!
— (k-1
which does not depend on [. Notice that the growth rules imply that if the first split
of [n]is (n—k+1,1,...,1) with &£ < n — 1, then leaves 1 and 2 will be located in the

subtree with n — k + 1 leaves. There are (nr_‘ﬁl) labelled trees with the above first split.
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Therefore,

n—2 \(n—Fk—1)
Yn—-k+1,1,...,1) = — AT (k—1) =~ (k- 1)/(k — 1)\
ket = (102 VO ey = - - )
On the other hand, for k£ = n, there is only one n-leaf labelled tree with the corresponding

first split (1,...,1) and in this case, all leaves have to be added to the only branch point.

Hence
qi?;l(l’ ) =T(n—1)/(n—-2).

For sampling consistency, we check criterion (2.8), which reduces to the two formulas for

2 <k <n-—1and k = n, respectively,

1 se se n_k+2 se
(1—n—+1q1,§‘(n,1)> Gy —k+11...1) = — =g (n—k+21....1)

k Se
+n+1q173(n—k+1,1,...,1)

1 se se 2 se se
(1 — e 1)) a0 1) = ST D) (),

where the right-hand term on the left-hand side is a split of n (into k parts), all others
are splits of n + 1.
(b) According to (2.12), we have for 2 < k <n—1

Gy —k+1,1,...,1)

n I(n+1)
- T B -k 2,k —1—
(n—t) B k21

1 n o - N
:F(n—k—i—l)/o s1H(1 = 50)" 1(’7(1—51) ! Vdsl)

1 1
= v (n Z+ 1) / 5?*k+1<1 — sl)kfl (7(1 — 51)*17’Yd31 + 50((151)) , (2.14)
n o 0

where Y,, = n!/T'y(n + 1). Similarly, for k = n,

S€ ]‘ ! n— n
G50 = g [ =) 1))

X ((y(1 = s1)"" sy + bo(dsy)) - (2.15)

Formulas (2.14) and (2.15) are of the form of [28, Formula (2)], which generalises (2.4) to
the case where v does not necessarily satisfy v({s € St : s; + sy +... < 1}) = 0, hence

V1,4 is identified. ]
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2.3.3 Continuum random trees and self-similar trees

Let B C N finite. A labelled tree with edge lengths is a pair ¥ = (t,n), where t € Tp is a
labelled tree, n = (na, A € t\ {ROOT}) is a collection of marks, and every edge C' — A of
t is associated with mark n4 € (0,00) at vertex A, which we interpret as the edge length
of C — A. Let ©p be the set of such trees (t,n) with t € Tp.

We now introduce continuum trees, following the construction by Evans et al. in [17].
A complete separable metric space (7,d) is called an R-tree, if it satisfies the following

two conditions:

1. for all z,y € 7, there is an isometry ¢, , : [0,d(z,y)] — 7 such that ¢, ,(0) = z and

Pry(d(z,y)) =,

2. for every injective path c: [0,1] — 7 with ¢(0) = z and ¢(1) = y, one has ¢([0, 1]) =

@uy([0,d(z,y)]).

We will consider rooted R-trees (7, d, p), where p € 7 is a distinguished element, the root.
We think of the root as the lowest element of the tree.

We denote the range of ¢, , by [[z,y]] and call the quantity d(p, x) the height of x. We
say that x is an ancestor of y whenever = € [[p,y]]. We let = A y be the unique element
in 7 such that [[p, z]] N [[p,y]] = [[p,x A y]], and call it the highest common ancestor of x
and y in 7. Denoted by (7, d|,,, ) the set of y € T such that x is an ancestor of y, which
is an R-tree rooted at x that we call the fringe subtree of 7 above x.

Two rooted R-trees (7,d, p), (7/,d’, p') are called equivalent if there is a bijective isom-
etry between the two metric spaces that maps the root of one to the root of the other.
We also denote by O the set of equivalence classes of compact rooted R-trees. We define
the Gromov-Hausdorff distance between two rooted R-trees (or their equivalence classes)

as
dau(r,7") = inf{du(7,7)}

where the infimum is over all metric spaces E and isometric embeddings 7 C E of 7 and

7' C E of 7/ with common root p € FE; the Hausdorff distance on compact subsets of E
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is denoted by dy. Evans et al. [17] showed that (©,dgn) is a complete separable metric
space.

We call an element © € 7, x # p, in a rooted R-tree 7, a leaf if its removal does
not disconnect 7, and let £(7) be the set of leaves of 7. On the other hand, we call an
element of 7 a branch point, if it has the form x Ay where x is neither an ancestor of y nor
vice-visa. Equivalently, we can define branch points as points disconnecting 7 into three
or more connected components when removed. We let B(7) be the set of branch points
of 7.

A weighted R-tree (1, ) is called a continuum tree [2], if p is a probability measure on

7 and
1. u is supported by the set L£(7),
2. p has no atom,

3. for every x € T\L(7), p(7:) > 0.

A continuum random tree (CRT) is a random variable whose values are continuum trees,
defined on some probability space (2,4, P). Several methods to formalize this have been
developed [3, 18, 24]. For technical simplicity, we use the method of Aldous [3]. Let
the space ¢; = £1(N) be the base space for defining CRTs. We endow the set of compact
subsets of ¢; with the Hausdorff metric, and the set of probability measures on ¢; with any
metric inducing the topology of weak convergence, so that the set of pairs (T, ) where T’
is a rooted R-tree embedded as a subset of ¢; and pu is a measure on 7', is endowed with
the product o-algebra.

An exchangeable Py-valued fragmentation process (I1(t),t > 0) is called self-similar
with index a € R if given II(¢) = m = {m;,7 > 1} with asymptotic frequencies |m;| =
lim, o n~'#[n] N 7;, the random variable II(¢ + s) has the same law as the random
partition whose blocks are those of m; NI1®(|m;|%s), i > 1, where (I i > 1) is a sequence
of i.i.d. copies of (II(t),t > 0). The process (|II(t)|*,¢ > 0) is an St-valued self-similar
fragmentation process. Bertoin [9] proved that the distribution of a Py-valued self-similar
fragmentation process is determined by a triple (a,c,v), where a € R, ¢ > 0 and v is a

dislocation measure on St. For this article, we are only interested in the case ¢ = 0 and
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when v(s; + s2+ ... < 1) = 0. We call (a,v) the characteristic pair. When a = 0, the
process (II(t),t > 0) is also called homogeneous fragmentation process.

A CRT (7, p) is a self-similar CRT with index a = —vy < 0 if for every ¢t > 0, given
(u(7;"),i > 1)) where 7;',i > 1 is the ranked order of connected components of the open
set {x € 7 :d(x,p(r)) > t}, the continuum random trees

(M(’];l)w]?a p(-N 7?)) (M(,];Q)w]?a p(- N 7;2)) L
T
are i.i.d copies of (7, i), where u(7;))™77; is the tree that has the same set of points as
7,', but whose distance function is divided by p(7;")?. Haas and Miermont in [27] have
shown that there exists a self-similar continuum random tree 7, ,) characterized by such

a pair (7,r), which can be constructed from a self-similar fragmentation process with

characteristic pair (v,v).

2.3.4 The alpha-gamma model when v = 1 — «, sampling from
the stable CRT

Let (7, p, ) be the stable tree of Duquesne and Le Gall [14]. The distribution on © of
any CRT is determined by its so-called finite-dimensional marginals: the distributions of
Ry, k > 1, the subtrees Ry, C 7 defined as the discrete trees with edge lengths spanned
by p, Ui, ..., U, where given (7, p), the sequence U; € 7, i > 1, of leaves is sampled
independently from p. See also [37, 15, 28, 29, 34] for various approaches to stable trees.
Let us denote the discrete tree without edge lengths associated with Ry by T} and note

the Markov branching structure.

Lemma 2.15 (Corollary 22 in [28]). Let 1/a € (1,2]. The trees T,,, n > 1, sampled from
the (1/a)-stable CRT are Markov branching trees, whose splitting rule has EPPF

psltffle(nl, Cey M) =

a2k — 1/a)T(2 — o) 14 T(n; — a)
r'e—-1/a)l'(n —a) H

j=1
foranyk>2,n >1,....np,>1, n=n1+...+n.

seq

We recognise pStj“ble = ph?) in (2.2), and by Proposition 2.1, we have pi?" = pi'{ .
The full distribution of R,, n > 1, is displayed in Theorem 2.5, which in the stable case

was first obtained by [14, Theorem 3.3.3]. Furthermore, it can be shown that the trees
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(Ty,k > 1) obtained by sampling from the stable CRT follow the alpha-gamma growth

rules for v = 1 — o, see e.g. Marchal [34]. This observation yields the following corollary:

Corollary 2.16. The alpha-gamma trees with v =1 — « are strongly sampling consistent

and exchangeable.

Proof. These properties follow from the representation by sampling from the stable CRT,
particularly the exchangeability of the sequence U;, i > 1. Specifically, since U;, i > 1, are
conditionally independent and identically distributed given (7, 1), they are exchangeable.
If we denote by L,, _;1 the random set of leaves £,, = {U1, ..., U,} with a uniformly chosen
member removed, then (£, _1,L,) has the same conditional distribution as (£,,_1, L,,).
Hence the pairs of (unlabelled) tree shapes spanned by p and these sets of leaves have
the same distribution — this is strong sampling consistency as defined before Proposition

2.13. [l

2.3.5 Dislocation measures in size-biased order

In actual calculations, we may find that the splitting rules in Proposition 2.1 are quite
difficult and the corresponding dislocation measure v is always inexplicit, which leads
us to transform v to a more explicit form. For simplicity, let us assume that v satisfies
v({se€S' s +sy+...<1}) =0. The method proposed here is to change the space S*
into the space [0, 1]N and to rearrange the elements s € S' under v into the size-biased
random order that places s;, first with probability s;, (its size) and, successively, the
remaining ones with probabilities s;, /(1 — s;, — ... —s;,_,) proportional to their sizes s;,

into the following positions, j > 2.

Definition 2.2. We call a measure v*> on the space [0,1]N the size-biased dislocation
measure associated with dislocation measure v, if for any subset A; X Ay x ... x A x [0, 1]N

of [0, 1],

V(A x Ay x ... x Ay x [0,1]Y)
Sip - Siy,

/ k—1 j
i1 Y dseStisg eannsg ey [T (1= 2200 50)

distinct

v(ds) (2.16)
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for any k € N, where v is a dislocation measure on S' satisfying v(s € S : 51 +s89+... <
1) = 0. We also denote by 15P(A; x Ay X ... x A) = v°(A; X Ay x ... x Aj, x [0,1]Y) the

distribution of the first £ marginals.

The sum in (2.16) is over all possible rank sequences (i1, . .., i) to determine the first
k entries of the size-biased vector. The integral in (2.16) is over the decreasing sequences
that have the jth entry of the re-ordered vector fall into A;, j € [k]. Notice that the
support of such a size-biased dislocation measure v*" is a subset of S := {s € [0,1]" :
Y2, si = 1} If we denote by st the sequence s € S* rearranged into ranked order,

taking (2.16) into formula (2.4), we obtain

Proposition 2.17. The EPPF associated with a dislocation measure v can be represented
as:
1 k—1 j
p(nb e 7nk) - = / ‘r?lllil T 'xzk_l H(l B le)yzb(dx)v
Zn J01)F j=1 =1
where v is the size-biased dislocation measure associated with v, where nq > ... > ny >

Lk>2n=n+...+ng andxz = (xq1,...,T).
Now turn to see the case of Poisson-Dirichlet measures PD], 4 to then study I/Z]i),y.

Lemma 2.18. If we define GEM;, 4 as the size-biased dislocation measure associated with
PD7 4 for 0 <a <1 and 0 > —2a«, then the first k marginals have joint density
al'(2+6/a)
I'(1—a)T(0+a+1)]]_, B(1—a,0+ ja)
(1= 00 @) he [T, 25
H?:l(l - g:l ;)

where B(a,b) = fol 2271 (1 — x)Ldx is the beta function.

gem}, o(21,...,7%) =

: (2.17)

This is a simple o-finite extension of the GEM distribution and (2.17) can be derived
analogously to Lemma 2.7. Applying Proposition 2.17, we can get an explicit form of the

size-biased dislocation measure associated with the alpha-gamma model.

Proof of Proposition 2.4. We start our proof from the dislocation measure associated with

the alpha-gamma model. According to (2.5) and (2.16), the first k¥ marginals of 1/2}?7 are
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given by
Siq -85
VP(Ap X ... x Ay) = / e
sy Jsestseagemy T2 (1= 22002, 80)
distinct
(”y—l— (1—a-— Zslsj) PD;, _,_,(ds)
i#]
where
Siy . S;
D - / i pD(ds)
k— a,—a—
01,eeyip>1 {s€St: s  €AL,..8i €AY H 1(1_ ; 1811) !
dlstlnct
= GEM; _, (A1 x...x 4),
k
L. S
B = / 13 | oSS ppe (g
’i17§>1 {8681: Si1€A1,...,Sik€Ak} ( g > j=1(1 ‘l7 1 Sll) 7
distinct

k
- 1= 22| GEM: . (do
/Alx...xAk ( ZZ:; ) ’Y( )
F= Y Y8 YV  ppr o (ds)
= N v Hk_l(l_ 3 ) o, —a—y

i1, >1 {seS!: SileAl,...,SikeAk} 0@ {1, ik} j=1 =1 Si;
dlstlnct
S%k+1 Siy - Sik+1 *
= ! PD;, . (ds)
i1 yeing1>1 {s€S: si €A1, 50, EAL} - Zl 154 H] 1( l 1 Sll)
distinct

Lh+1 *
= / —ZGEMa —a— A/(d<l'1,...,l‘k+1)).
A1 x...xALx[0,1] 1-— Zizl X

Applying (2.17) to F' (and setting § = —a — ), then integrating out zy,1, we get:

1l -«
= EM* ,
/A;lX...XAk 1 + (k' - 1 Oé — ( Zx’L) G a,—a— fy(dx)

Summing over D, E, F', we obtain the formula stated in Proposition 2.4. O]

As the model related to stable trees is a special case of the alpha-gamma model when

v =1 — «, the sized-biased dislocation measure for it is

(ds) = yGEM, _,(ds).

ala

For general (a,7), the explicit form of the dislocation measure in size-biased order,

specifically the density g, of the first marginal of v >, yields immediately the tagged

45



CHAPTER 2 SECTION 2.3

particle [8] Lévy measure associated with a fragmentation process with alpha-gamma

dislocation measure.

Corollary 2.19. Let (II*7(t),t > 0) be an exchangeable homogeneous Px-valued fragmen-
tation process with dislocation measure v~ for some 0 < a <1 and 0 < v < a. Then,
for the size [IL7(t)| of the block containing i > 1, the process {;)(t) = —log [IL(t)],

t >0, is a pure-jump subordinator with Lévy measure

Aor(dz) = e Pgaq(e")de

_al(-n/) i eyt
- T —a)(1—7) (1 ) ( )

X (’y +(1—a—7) (Qe_x(l —e ")+ P(l - e‘f'f)?)) dz.

-7
A similar result holds for the binary case v = «, see [40, Equation (10), also Section

42).

2.3.6 Convergence of alpha-gamma trees to self-similar CRT's

In this subsection, we will prove that the delabelled alpha-gamma trees 7)), represented as
R-trees with unit edge lengths and suitably rescaled converge to fragmentation CRTs 7“7
as n tends to infinity, where 77 is a 7y-selfsimilar fragmentation CRT whose dislocation

measure is a multiple of v, ,, as in Corollary 2.3, cf. Section 2.3.3.

Lemma 2.20. If (ﬁf)nzl are strongly sampling consistent discrete fragmentation trees in
the sense that (T;_,,T},) has the same distribution as (T, _y,Ty;) for alln > 2, cf. Section

n—1 —-n n

2.2.5, associated with dislocation measure v, for some 0 < a <1 and 0 <y < «, then

~O
ﬂ —_— TOC;Y
ny

in the Gromov-Hausdorff sense, in probability as n — oo.
Proof. For v = « this is [28, Corollary 17]. For v < «, we apply Theorem 2 in [28], which

says that a strongly sampling consistent family of discrete fragmentation trees (ij)nzl

converges in probability to a CRT
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for the Gromov-Hausdorff metric if the dislocation measure v satisfies following two con-

ditions:
v(isi <1l—¢)=¢e"l(1/e); (2.18)
/ Zsi|lnsi|pu(d5) < 00, (2.19)
Stiixe

where p is some positive real number, v, € (0,1), and = — £(x) is slowly varying as
T — 00.

By virtue of (19) in [28], we know that (2.18) is equivalent to
Az, 00)) = 20 (1/a),  as @ |0,

where A is the Lévy measure of the tagged particle subordinator as in Corollary 2.19.

Specifically, the slowly varying functions ¢ and ¢* are asymptotically equivalent since
A([z,00)) = / (1 —sp)v(ds) +v(sy <e™®)
Sl

_ /81(1 —s)ulds) + (1 — e ) (1 _1e_x)

implies that

— 1.

*(1/x) _ A([z, 00) N <1 _e—ur)—% g(‘,ﬂ_{_%)
((1/x)  a=wi(1]x) . )

So, the dislocation measure v, , satisfies (2.18) with ¢(x) — oI (1—v/a)/T(1—a)I'(1—7)
and 7,, ., = 7. Notice that

/ Z si|Ins; | vq 4 (ds) < / 2’ N, (dz).
As x — o0, A, decays exponentially, so v, . satisfies condition (2.19). This completes

the proof. n

Proof of Corollary 2.3. The splitting rules of 7)) are the same as those of ﬁ‘;, which leads
to the identity in distribution for the whole trees. The preceding lemma yields convergence

in distribution for 7};. O
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2.4 Limiting results for labelled alpha-gamma trees

In this section we suppose 0 < @ < 1 and 0 < v < «. In the boundary case v = 0
trees grow logarithmically and do not possess non-degenerate scaling limits; for &« = 1 the
study in Section 2.3.2 can be refined to give results analogous to the ones below, but with

degenerate tree shapes.

2.4.1 The scaling limits of reduced alpha-gamma trees

For 7 a rooted R-tree and zy,...,z, € 7, we call R(7,z1,...,2,) = Ui, [[p,z:]] the
reduced subtree associated with 7, x4, ..., x,, where p is the root of 7.

As a fragmentation CRT), the limiting CRT (77, ) is naturally equipped with a mass
measure ;4 and contains subtrees ﬁk, k > 1 spanned by k leaves chosen independently
according to u. Denote the discrete tree without edge lengths by T, — it has ezchangeable
leaf labels. Then R, is the almost sure scaling limit of the reduced trees R(T,, [k]), by
Proposition 7 in [28].

On the other hand, if we denote by 7), the (non-exchangeably) labelled trees obtained
via the alpha-gamma growth rules, the above result will not apply, but, similarly to the
result for the alpha model shown in Proposition 18 in [28], we can still establish a.s.
convergence of the reduced subtrees in the alpha-gamma model as stated in Theorem 2.5,

and the convergence result can be strengthened as follows.

Proposition 2.21. In the setting of Theorem 2.5
(N TR(T,, [K]),n " War) — (Re, Wa) a.s. asm — oo,

in the sense of Gromov-Hausdorff convergence, where W, . is the total number of leaves

in subtrees of T,,\R(T,, [k]) that are linked to the present branch points of R(T,, [k]).

Proof of Theorem 2.5 and Proposition 2.21. Actually, the labelled discrete tree R(T,, [k])
with edge lengths removed is T} for all n. Thus, it suffices to prove the convergence of its
total length and of its edge length proportions.

Let us consider a first urn model, cf. [19], where at level n the urn contains a black

ball for each leaf in a subtree that is directly connected to a branch point of R(T), [k]),
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Figure 2.2: We display an example of S(Tyg, [3]), seven skeletal subtrees in five skeletal bushes
(within the dashed lines, white leaves) and further subtrees in the branch points of S(7Tyg, [3])
(with black leaves).

and a white ball for each leaf in one of the remaining subtrees connected to the edges of
R(T,, [k]). Suppose that the balls are labelled like the leaves they represent. If the urn
then contains W, ;, = m black balls and n — k — m white balls, the induced partition of

{k+1,...,n} has probability function

F'n—m—a—w)l(w+m)I'(k—a) _ B(n—m —a—w,w+m)
'k —a—w)l(w)l'(n—a) B(k — a —w,w)

p(mvn_k_m):

where w = k(1 — a) + ¢~ is the total weight on the k leaf edges and ¢ other edges of Tj.
As n — oo, the urn is such that W,, . /n — W, a.s., where Wy, ~ beta((k—1)a — v, k(1 —
a) + ly).

We will partition the white balls further. Extending the notions of spine, spinal
subtrees and spinal bushes from Proposition 2.10 (k = 1), we call, for k > 2, skeleton the
tree S(T,,, [k]) of T,, spanned by the ROOT and leaves [k] including the degree-2 vertices,
for each such degree-2 vertex v € S(T,,, [k]), we consider the skeletal subtrees Sf}; that we

join together into a skeletal bush S°, cf. Figure 2.2. Note that the total length L,(C") of

the skeleton S(7,, [k]) will increase by 1 if leaf n+ 1 in T}, 41 is added to any of the edges
of S(T,,[k]); also, L,(Cn) is equal to the number of skeletal bushes (denoted by K,) plus
the original total length £ 4 ¢ of T},. Hence, as n — oo
L’ E, (Wn,k)” _ R,
ny ng n W;Zk

W, (2.20)
The partition of leaves (associated with white balls), where each skeletal bush gives rise
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to a block, follows the dynamics of a Chinese Restaurant Process with (v, w)-seating plan:
given that the number of white balls in the first urn is m and that there are K,, := K,
skeletal bushes on the edges of S(T,,, [k]) with n; leaves on the ith bush, the next leaf
associated with a white ball will be inserted into any particular bush with n; leaves with
probability proportional to n; — and will create a new bush with probability proportional

to w + K,,7y. Hence, the EPPF of this partition of the white balls is

K+ w0 ) B

Pyw(Ni, ..., nk,,) = I'(1+w/v)C(m + w)

i=1
Applying Lemma 2.8 in connection with (2.20), we get the probability density of Ly /W'
as specified.

Finally, we set up another urn model that is updated whenever a new skeletal bush
is created. This model records the edge lengths of R(T,, [k]). The alpha-gamma growth
rules assign weights 1 — a + (n; — 1) to leaf edges of R(T,, [k]) and weights n;y to other
edges of length n;, and each new skeletal bush makes one of the weights increase by ~.
Hence, the conditional probability that the length of each edge is (nq,...,ngy) at stage

n 1s that i "
Hi:l [y a(ni) Hi:kJrl F'y(ni)
Fka-l—h(n - k)

Then D,(Cn) converge a.s. to the Dirichlet limit as specified. Moreover, Lfﬁn)D,(C") — LDy,

a.s., and it is easily seen that this implies convergence in the Gromov-Hausdorff sense.
The above argument actually gives us the conditional distribution of L, /W) given Ty

and Wy, which does not depend on Wj,. Similarly, the conditional distribution of D, given

given T}, Wy and L; does not depend on W}, and L,. Hence, the conditional independence

of Wy, Ly/W, and Dy, given T follows. O

2.4.2 Further limiting results

Alpha-gamma trees not only have edge weights but also vertex weights, and the latter
are in correspondence with the vertex degrees. We can get a result on the limiting ratio
between the degree of each vertex and the total number of leaves. To be specific, it is

useful to enumerate all vertices in a unique way, e.g. in the order they are visited by
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depth first search [33], where beginning from the root each subtree is visited recursively,

in the order of least labels.

Proposition 2.22. Let (c;+1,...,co+1) be the degree of each vertex in Ty, listed by depth

first search. The ratio between the degrees in T, of these vertices and n® will converge to
Cr = (Cra,...,Chry) = W, MD,, where D}, ~ Dirichlet(c; — 1 —y/a,...,c, — 1 —7/a),

M, and Wy, are conditionally independent given Ty, where Wi, = 1 — Wy, and M;, has

density
I'w+1)
I'w/a+1)

w = (k—1)a—~y is total branch point weight in Ty and go(s) is the Mittag-Leffler density.

5%, (s), s € (0,00),

Proof. Recall the first urn model in the preceding proof which assigns colour black to
leaves attached in subtrees of branch points of T},. We will partition the black balls further.
The partition of leaves (associated with black balls), where each subtree Sf}l;- of a branch
point v € R(T,, [k]) gives rise to a block, follows the dynamics of a Chinese Restaurant
Process with («, w)-seating plan. Hence, the total degree C};‘Jt(n)/Wik — My, a.s., where
Ctt(n) is the sum of degrees in T}, of the branch points of Ty, and W, =n — k — W,
is the total number of leaves of T}, that are in subtrees directly connected to the branch
points of T},.

Similarly to the discussion of edge length proportions, we now see that the sequence
of degree proportions will converge a.s. to the Dirichlet limit as specified. Since 1 — W

is the a.s. limiting proportion of leaves in subtrees connected to the vertices of Tj. O]

Given an alpha-gamma tree T,,, if we decompose along the spine that connects the
ROOT to leaf 1, we will find the leaf numbers of subtrees connected to the spine is a
Chinese restaurant partition of {2,...,n} with parameters (a, 1 — a). Applying Lemma

2.7, we get following result.

Proposition 2.23. Let (T,,,n > 1) be alpha-gamma trees. Denote by (P, Ps,...) the
limiting frequencies of the leaf numbers of each subtree of the spine connecting the ROOT

to leaf 1 in the order of appearance. These can be represented as

(P, Py,...) = (W, W Wo, Wi W, Ws,...)
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where the W; are independent, W; has beta(l — o, 1+ (i — 1)a) distribution, and W; =
1-W;.

Observe that this result does not depend on 7. This observation also follows from
Proposition 2.6, because colouring (iv)<® and crushing (cr) do not affect the partition of

leaf labels according to subtrees of the spine.
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Chapter 3

Continuum tree asymptotics of
partly exchangeable fragmentation
trees

Abstract

We extend exchangeablity into part exchangeablility and construct partly exchangeable
fragmentation processes and partly exchangeable fragmentation trees. We investigate the
integral representation of dislocation measure and subordinator representation of tagged
fragments. We also present a general procedure to embed the partly exchangeable frag-
mentation trees into CRTs. We obtain the scaling limit of partly exchangeable fragmen-
tation trees and apply the result to the alpha models and the alpha-gamma models. At
the end of this chapter we construct a new three-parameter family of partly exchangeable
fragmentation trees which contains the alpha-gamma model and another important two-

parameter family based on Poisson-Dirichlet distributions.

Key words: Part exchangeability, fragmentation process, dislocation measure, contin-
uum random tree, alpha model, alpha model, alpha-gamma model, Poisson-Dirichlet dis-

tributions

A version of this work will be submitted probably to the Annales de I'Institut Henri

Poincaré, shortly.
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3.1 Introduction

For a number of years there has been an increased interest in phylogenetic trees in mathe-
matical literatures. These trees are described as connected acyclic graphs with no degree-2
vertex but some degree-1 vertices, one of which is distinguished as the root and the others
as leaves. We denote by T the space of such trees with n leaves. Also, if labels 1,...,n
are given to the leaves, we call the new objects labelled trees and denote the space of them
by T,,. Obviously, we can assign probability measures to T, or T,, and call an associated
random variable a random tree. A key property for random trees is the Markov branching
property, which can be specified as follows. Let (P?,n > 1) be a sequence of distributions
on (T2, n > 1). Given a random tree T)> with n leaves and distribution Py, given it splits
into £ > 2 subtrees with n; > ... > ny leaves at the branch point adjacent the root,
these subtrees are independent with distributions Py ,7 = 1,..., k. As random labelled
trees one often considers unlabelled trees equipped with uniformly chosen labels among
all possible labellings, which are called exzchangeable labels.

Several models have been constructed such as the Yule, uniform and comb models,
Aldous’s beta-splitting models [4], models related to the stable trees [14], Ford’s alpha
models [21] and alpha-gamma models, see Chapter 2. All of these models are related to
fragmentation processes introduced by Bertoin [8, 9]. Such fragmentation processes are
right-continuous Markov processes and determined by a constant ¢ > 0 called erosion
and a measure v on St := {(s1,...) 151 > 55> ... >0, Zi21 s; < 1} called dislocation
measure, which fulfils

v({(1,0,...)}) =0 and /31(1 — s1)v(ds) < 0. (3.1)

Specifically, the fragmentation processes associated with the alpha-gamma model have
no erosion and a conservative dislocation measure ie. ¢ = 0 and v({s : > ;5,5 <
1}) = 0. This property makes the asymptotics of these models much easier since it has
been shown by Haas and Miermont [27] that fragmentation processes with no erosion
and conservative dislocation measures are in one-to-one correspondence with self-similar
continuum random trees (CRT). Haas et al. [28] proved that properly scaled unlabelled

random trees associated with a fragmentation process with no erosion and a conservative
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dislocation measure will converge to a CRT in probability if the dislocation measure v
satisfies the following regular variation condition

V(s <1—¢) = e—az(%) (3.2)

and the further regularity condition
/ Zs,| In(s;)|°v(ds) < oo, (3.3)
Stz
for some « € (0,1) and p > 0, where the function ¢(x) is slowly varying as x — oc.

All of these results are based on the feature that the leaf labels are exchangeable.
This is natural in some models such as the beta splitting models and models related to
the stable trees, but it does not seem to be so in some others like alpha models and
alpha-gamma models. For the latter, they are constructed by inserting one leaf after
another starting from the two leaf tree with some procedure called the growth rules.
The natural labelling for them should be based on the order of appearance of the leaves.
Unfortunately, such labels are not exchangeable. Some work has been done by Pitman
and Winkel [40]. They introduced a family of binary trees called («a, 8)—trees which will
be the alpha model when § = 1 — o, and got the asymptotics using ordered Chinese
Restaurant processes introduced there as well.

In this chapter, we are interested in solving this non-exchangeable label problem by
making some alternations in the associated fragmentation process. This allows us to cover
multifurcating trees as well.

Denote by [n] the set {1,...,n} for all n € N. Let B C N, a partition of B is a
countable collection m = {m;, 7 € N} of pairwise disjoint subsets of B such that U;enm; = B.
These disjoint subsets m;,7 € N are called the blocks of m. We write Pp for the set of
partitions of B. In the special case when B = [n], we simply write P, := P,; also
P := Py. Normally, we arrange the blocks 71, ms, ... of 7 in the order of least element,
ie. minm; < minn;, for every ¢ < j, with the convention that min() = co. We also
let m(; be the block of 7 that contains the integer i € B. If 7 € Pp, and B’ C N, we
let m|gr = B’ N w be the partition of B’ N B obtained by restricting 7 to the elements

of BN B. Let 7|, := 7|y, for every n > 1. By convention, we let 15 be the trivial
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partition (B,0,...) of B, and 0p = ({i1}, {42}, ...) the partition of B into singletons,
where 7; < 75 < ... is the ranked list of elements of B. We say that a partition = € Pg is
finerthan " € Pp, and write 7 < 7/, if any block of 7 is included in some block of 7’. This
defines a partial order < on Pg. A process or a sequence taking values on Pg is called
refining if it is decreasing for this partial order. In the sequel, the set P will be endowed
with the distance A(r, ') = 2= N where N (7, 7') = sup{n > 1: 7|, = 7’|}, and the
associated Borel o-algebra.

Given two partitions 7™ 7" of [m], [n], where m < n, m € N, and n € N, we say
that 7™ and 7" are compatible if 7™ coincides with the restriction of 7™ to [m]. In

this terminology, we can cut P,,n € N, into two subsets as follows:

P. = {m € P,:7is compatible with 13 };
P2 = {m € P, : 7 is compatible with Op}.
Also, we define
P! := {I' € P:T is compatible with 1jy},
P> := {I € P:T is compatible with Op;}. (3.4)

Definition 3.1. (i) Let n € N. For each partition m; € P! and 7 € P? with same

block sizes, a measure p on P, is called partly exchangeable if

Mﬂ:{mm,#wem,

uim). if = e PP, (35)

for every partition m with same block sizes as m; and .
(ii) Let u be a measure on P. We define y,, a measure on P, as follows
pn(m) = p{l e P:T|,, =7}

for all w € P,. If for every n € N, p,, is partly exchangeable, we say that u is partly

exchangeable.

iii) we denote the restrictions of a partly exchangeable measure p to P! and P2, ! and
Yy g H H

p? as partly exchangeable measure on P! and P?.
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(iv) A random partition with a partly exchangeable distribution is called partly ex-

changeable partition.

In the above notation, we can replace the exchangeability requirement in fragmenta-
tion processes by the part exchangeability and create partly exchangeable fragmentation

Processes.

Definition 3.2. Let B C N, and consider a Pg-valued Markov process (II(¢), ¢ > 0) with
I1(0) = 15. We assume that for every ¢, ¢ > 0, the distribution of II(t+¢') given I1(t) = 7

is the same as that of the random partition whose blocks are given by
NP
O_Hi(t)(’ﬁj ) ] = 1,

where (79,4 = 1,...) is an ii.d. sequence of partly exchangeable partitions of N whose
law only depends on t' and o,y : N — II,;(¢) is the map so that o) (m) is the mth
smallest element of I1;(¢) for m < #II,(t) and the largest element for m > #II;(¢). Then

the process II is called a homogeneous partly exchangeable fragmentation of B.

As for the homogeneous fragmentation process, such processes are in one-to-one cor-
respondence with a o-finite partly exchangeable measure x on P\ {1y} called splitting

rate, which fulfils
K({I' € P : Tl # 1y }) < oo for every n > 2. (3.6)

Such a measure has a unique integral representation as follows.

Theorem 3.1. Let k be a partly exchangeable measure on P\ {1n} which fulfils (3.6).

Then there are unique constants ci,ca,c3 > 0 and unique measures vy, o on St, where v,

Fulfils
v1({(0,0,...)}) =0 and v, ({(1,0,...)}) =0 and /SL 253(1 — 5;)vi(ds) < o0, (3.7)
and vy fulfils (3.1) such that for every n € N, _
() = adunn () +c2(0m () + () + c3 f; Octo ()

+ /& ks(- N PHua(ds) + /51 is(- N P?)1y(ds)
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where w2 = ({1,2},{3},{4},...), €? = ({i},N\ {i}), 8, stands for the Dirac point

mass on m and Ks 1S the law of Kingman’s paintbozx construction in Section 3.2.1.

We call ¢ killing rate, co and c3 erosion rates and v, and 1, dislocation measures.

As refining partition-valued processes, partly exchangeable fragmentation processes
naturally correspond to random labelled trees. We call such trees discrete partly ex-
changeable fragmentation trees.

An important property for the family of random labelled trees is consistency. Given
a family of labelled trees (T,,,n > 1), we remove the leaf with label n, if the new tree is
the same as T,,_1, we say that (T,,,n > 1) is consistent. The most common version of
consistency for the family of unlabelled trees is called sampling consistency, which can be
expressed as follows. Given a family of random unlabelled trees (7)?,n > 1), we choose
uniformly at random a leaf from 7)) and delete it, if the new tree is distributed the same

as 1°

n—1

we say that {T/?,n > 1} is sampling consistent. We show that labelled discrete
partly exchangeable trees are consistent but the unlabelled discrete partly exchangeable
trees are not necessarily sampling consistent.

Haas et al. [28] showed sampling consistent family of trees can be embedded into
continuous random trees (CRT). In Section 3.3, we generate a procedure to embed partly
exchangeable fragmentation into CRTs. This procedure works even if they are not sam-
pling consistent As an application of this procedure, we show that properly scaled partly
exchangeable trees will converge to CRT. A dislocation measure v is called conservative

if v({seS:Y 8 <1})=0.

Theorem 3.2. Let II be a partly exchangeable fragmentation process with ¢; = co = c3 =0
and two conservative dislocation measures vy and vo, where vy fulfils (3.7), (3.2), (3.3) with
vi(s1 <1—¢€)=e%1/e) and vy fulfils (3.1). If (T,,n > 1) is the associated sequence of
discrete partly exchangeable fragmentation trees and T is the unlabelled trees, then

T3 (p)
n(n)I'(1 — a) n—oo

Taw) (3.8)

for the Gromov-Hausdorff metric, where

oo

v(ds) =Y (sivi(ds) + si(1 — s;)ra(ds)).

i=1
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In the final section, we show that the alpha model and alpha-gamma model are partly
exchangeable fragmentation trees and get their convergence by applying Theorem 3.2.
Also, we introduce another new family of Markov branching trees call three-factor model
which is a subfamily of partly exchangeable fragmentation trees by setting the two dislo-

cation measure as follows:

vi(ds) = APD] ,(ds),

wa(ds) = (1— \PD,(ds)

for a € (0,1),0 € [-2a,a] and A € [0, 1], where PD},  is the Poisson-Dirichlet measure on

St When \ = 20“1*;;, the three-factor model is the alpha-gamma model; when A = 1/2,

it is Poisson-Dirichlet model [35]. The three-factor model is sampling consistent if and
only if it is an alpha-gamma model or Poisson-Dirichlet model. As a family of partly
exchangeable fragmentation trees, the properly scaled three-factor model will nevertheless

converge to a CRT in probability.

3.2 Homogeneous partly exchangeable fragmentation
processes

3.2.1 Exchangeable partitions and fragmentation processes

We say that a block 7; in a partition m € P possesses an asymptotic frequency if and only
if the limit

1
|| := lim ﬁ#(m N [n])

n—o0
exists. If each block of some partition m has an asymptotic frequency, we say that
possesses asymptotic frequencies and write |r| = (|m1|,...), and then write |r|! for the
decreasing arrangement of the sequence |rr|. Moreover, if Y >°, |m;| = 1, we say that 7 has
proper asymptotic frequencies.

Let II be a random variable with values in Ppg, we say that II is exchangeable if its

law is invariant under the natural action of the permutations of B.

Definition 3.3. Let B C N, and consider a Pp-valued Markov process (II(t),t > 0). We

assume that for every ¢, t' > 0, the distribution of II(¢ +¢') given II(¢) = 7 is the same as
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that of the random partition whose blocks are given by

where 79§ = 1,... is i.i.d. sequence of exchangeable partitions of N. Then the process

IT is called a homogeneous fragmentation of B.

If a homogeneous fragmentation of B starts from the trivial partition 15 of B, we say
that the process is standard. We also assume that the process is non-degenerate, namely
that it is not constant a.s.. Then it is clear that homogeneous fragmentation processes
are refining and their blocks all decrease to singletons.

As shown by Bertoin in [10][Proposition 3.2 and Proposition 3.3], the laws of standard
homogeneous fragmentations of N are in one-to-one correspondence with o-finite measures
k on P\ {1y} fulfilling (3.6) and which correspond to the jump rates of the fragmentation
process. As shown in [8], such measures have the following simple representations. For
s € St, we let kg be the distribution on P of the random variable II obtained by Kingman’s
paintbox construction [31]: let I, I5, ... be i.i.d. with law (s;);>0, and let 4, j be in the

same block of II if and only if ¢ = j or I; = I; > 0.

Lemma 3.3 (Theorem 3.1 of [10]). Let k be an exchangeable measure on P fulfilling (3.6).
Then

(i) k-almost every partition I' € P possesses asymptotic frequencies;

(ii) there exists a unique ¢ > 0 and a unique measure v on St which fulfils (3.1) such

that
k() = ce() + /SL o(-)0(ds), (3.9)

where € := >_°° 8.0, €9 is the partition of [n] into two blocks {i} and [n] \ {i};
(iii) let |k|' be the image measure of k by the mapping I — |T'|', the restriction
v(ds) = 1isz(10,..0y k[ (ds)
to ST\ {(1,0,...)} fulfils (3.1) and

1{|-|i¢(1,o,..‘>}’f(')=/ ks (v (ds).

sl
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(iv) The restriction of k to the subset of P with |T|* = (1,0,...) is proportional to c, i.e.

Lip=qo,.36() = ce(:).

3.2.2 Partially exchangeable random partitions and constrained
exchangeable partitions

There have been other extensions of exchangeability in the literature , notably partial
exchangeability and constrained exchangeability. Partially exchangeable partitions were
introduced by Pitman [38]. A random partition II,, of P, is partially exchangeable if for

every partition {Bjy, ..., By} € P,, where By,..., By are in order of least element,

P(Hn:{BbaBk}) :f<#Bla7#Bk)

for some function f(ni,...,ng) with ny,...,ny > 1 and Zle n; = n. A partially ex-
changeable partition is exchangeable if and only if f is a symmetric function. Partially ex-
changeable partitions are not partly exchangeable partitions in general and vice versa. Let
us consider two partitions m; = ({1,2}, {3,4}) and m = ({1, 3}, {2,4}). m and 7 should
have the same probability mass in partially exchangeable partitions but not necessarily in
partly exchangeable partitions. On the other hand, for partitions w3 = ({1,2,3},{4,5})
and my = ({1,2},{3,4,5}), they should have the same probability mass in partly ex-
changeable partition but not necessarily in partly exchangeable partition. The intersection

of two concepts is exchangeability.

Corollary 3.4. A random partition 11,, of P, is exchangeable if and only if it is both

partially exchangeable and partly exchangeable.

Proof. We only need to prove the sufficient condition. Suppose 7 € P} \ {1p,}. Let o,
be any permutation of [n] and o], be a permutation that only changes 2 and the smallest
element in the second block of . If o,,(7) € P}, then P(II,, = 7) = P(II,, = 0,,(7)) by part
exchangeability; if o,(7) € P2, P(Il, = 7) = P(I,, = o,(7)) = P(Il,, = 0,(m)) the first
equality comes from partial exchangeability as o/, (7) has the same block sizes in order of

least element as 7. Hence, II,, is exchangeable. O

The second one is constrained exchangeable partition. It was introduced by Gnedin

in [22]. Let ¢ = (¢1,...),s > 1 be a fixed sequence. We call a partition II = (By,...)
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is constrained with respect to ¢ if each block By, contains the ¢ least elements of U;>,B;
for every k with By # (). We call a random partition II constrained exchangeable if II is a
constrained partition with respect to ¢ and is invariant under all bijections ¢ : N — N that
preserve this property. For instance, take ¢ = (1,2,1,...). A constrained exchangeable
partition assumes the values of ({1,3},{2,4},{5}) and ({1, 2}, {3,4},{5}) with the same
probability. This example also shows that not all constrained exchangeable partitions are
partly exchangeable. Also partly exchangeable partition is not constrained exchangeable.
Due to the part exchangeability, the partitions in P! will be constrained exchangeable
if and only if we take ¢ = (2,1,1,...), while the partitions in P? will be constrained
exchangeable if and only we take ¢ = (1,1,...). Hence we cannot find a ¢ such that the

constrained exchangeability coincides with partial exchangeability.

3.2.3 Splitting rates and Poisson construction for partly ex-
changeable fragmentation processes

In this section, we give the formal construction and definition for partly exchangeable
fragmentation process. To do this, we have to extend the term fragmentation defined by

Bertoin [10] into the more general case.

Definition 3.4. Consider B C N. Let 7 be a partition of B with #m = k non-empty
blocks, and 70) = (W(i),i =1,..,k) be a sequence in P. For every integer i, we consider
the partition of the i-th block 7; of 7 induced by the i-th term 7® of the sequence (),

that is
7T(i)|7fi = (O-Wi(ﬂ—_gl)h#ﬂ'i])?j € N>7

where o, : [#m;] — m; satisfies that o, (t) is t-th smallest element in m; and #m; is the
size of m;. As i varies in [k], the collection {0, (w}i)h#m]) . 1,j € N} of the blocks of the
these induced partitions forms a partition of B which we denote by Frag(m, 7()) and call

fragmentation of 7 by 7).

As the above definition is just a slight extension of the work of Bertion, the following
elementary continuity result still holds, the proof of which are the same of that argued by

Bertoin [10, Lemma 3.1].
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e For every sequence () = (70 i € N) of partitions of N the map 7 — Frag(r, 7)),

m € P is Lipschitz-continuous.

e For each integer n, let 70" = (7(®™ i € N) be a sequence of partitions. Suppose
that the limit lim,_,. 7™ = 7 exists for every i € N. Then for every partition

7 € P, it holds that lim,, ., Frag(w, 7")) = Frag(m, 7).

We now present a general procedure for constructing functions: II : ¢ — II(¢) with
values in P, such that II(¢) gets finer as ¢ increases. Typically, for every fixed n € N, the
function ¢ — I (¢) is defined recursively by splitting exactly one block of the partition at
certain discrete times. Then one checks that for every ¢ > 0, the sequence (II") n € N) is
compatible, and thus can be identified as a unique partition II(t) € P. The fundamental
feature of this construction is that, even though each restricted function ¢ — II"(¢) =
I1],,(t) has a discrete evolution, the set formed by its jump-times as n varies in N may be
everywhere dense.

Specifically, call ’discrete point measure’ on R, x P x N’ any measure m which can

be expressed in the form

m = Z (5(t,l“,k)a

(t,I,k)ED

where D is a subset of Ry x P x N such that the following two conditions hold. First, for
every real number ¢’ > 0 and integer n > 1, #{(¢,I',k) € D : t <t T|,, # 1, k < n} <

0o. Second, m has at most one atom on each fiber {t} ® P ® N, that is
m{t} @ P®N) =0 or 1.

Starting from an arbitrary discrete point measure m on R, x P x N, we first describe
informally the construction of a family of nested partitions (II(¢),¢ > 0). For every fixed
n € N, the assumption that the point measure m is discrete enables us to define a cadlag
step-path 1" : ¢+ — T/ (¢) with values in the space of partitions of [n], which can only
jump at times ¢ at which the fiber {t} x P x N carries an atom of m, say (¢,T, k), such
that I'|,, # 1) and k < n. In that case, I1"(¢) is the partition obtained by replacing the
k-th block of III"(t—), namely H,E;”] (t—), by mapping the restriction of 7 to this block by

Tpylnl 4y and leaving other blocks unchanged.
k
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To make this construction more formal, we introduce the following notation. For every
n € N and every pair (I', k) € P x N, we write A,(;)(F, k) for the sequence of partitions in
P, given i = 1,...,n by

| 1y if d
AD(T, k) = { w  AEiAR, (3.10)

[l if i =k
Next, let m[" be the point measure on [0,00) x (P,)" whose atoms are images by the
map (¢, k) — (t,Ag{)(F, k)) of the atoms (¢,I', k) of m such that I'|p,) # 1, and k < n.
We write tp = 0 and <(t1, Ag)(l)), . ) for the sequence of the atoms of m[™ ranked in
increasing order of the first coordinate. We then set 11" (¢) = 1y for every t € [to, 1) and

define recursively
11 () = Frag(I1™ (t,_1), AV (3)), for every t € [t;,tis1).

It should be plain that this rigorous construction rephrases the informal one above.
The sequence of partitions (II™(¢),n € N) is compatible and the proof is also that

same as Lemma 3.3 [10] argued by Bertoin.

Lemma 3.5. In the notation above, for every t > 0, the sequence (IIM(t),n € N) is
compatible, and thus there exists a unique partition II(t) € P such that 11|, (t) = I (¢)

for every n € N. Moreover the function 11 : t — I1(t) is cadlag.

Definition 3.5. (i) Fix n € N, and let II = (II(¢),¢ > 0) be a Markov process with
values in P,, with cadlag sample paths. II is called a homogeneous partly exchange-
able fragmentation process if its semigroup can be described as follows. For every
t,t" > 0, the conditional distribution of II(t + ¢') given II(¢) = 7 is the law of
Frag(m, 7)), where 70) = (7, ...} is an i.i.d sequence of partly exchangeable ran-
dom partitions whose laws only depends on ¢'. II is called standard if it starts from

1p,,), the partition of [n] into a single non-empty block, ([n],0,...).

(ii)) A Markov process II = (II(¢),¢ > 0) with values in P with cadlag sample paths is
called a homogeneous partly exchangeable fragmentation process if for every n € N,
the restriction II|,(-) of II() to [n] is a homogeneous partly exchangeable fragmen-

tation process.

64



CHAPTER 3 SECTION 3.2

The description of the semigroup implies that blocks in the partition II(¢) split inde-
pendently of each other, which should be viewed as the branching property in the setting
of partition-valued process. The term homogeneous in Definition 3.5 refers to the fact
that all the blocks of TI(¢) play the same role in the transition from II(¢) to II(¢ 4+ ¢') in
the sense that they are split according to the same random procedure, independently of
the size of these blocks.

We now turn to the dynamics of homogeneous partly exchangeable fragmentation
processes. Let II be a standard homogeneous partly exchangeable fragmentation process.
Fix n, consider the following jump rates of the restrictions of II,

o() = lim “P(Iu(t) = 1), 7 € Pu\ {Lp)-

t—0+ ¢

These jump rates entirely characterize the law of II. More precisely, we have the following;:

Lemma 3.6. ¢(-) is a partly exchangeable measure on P, and the family of jump rates

(q(m),m € Py \ {1}, n € N) determines the law of 1.

Proof. Note that the distribution of I1],,(¢) is the law of Frag(1,, 7). As 70) is a partly
exchangeable partition, the part exchangeability of ¢ is straightforward.

Consider some partition 7’ € P,,, and let ©” € P, be another partition with «” # «’,
which can be obtained from 7’ by the fragmentation of a single block. This means there
is a partition I' € P and an index k which is smaller that the number of blocks of 7 such
that 7’ = Frag(ﬁ,Ag)(F, k)), where Aq({)(F,k) is defined in (3.10). As each block splits
independently and identically with the same law, the jump rate from 7’ to 7" coincides
with the jump rate g(7) from 14 to m, that is

Jim (T () = 7 [T,(0) = ') = (x).

Finally we show that all other jump rates are zero. If 7" cannot be expressed in the
form 7 = Frag(n’,7()) for any sequence 7(), the jump rates will be zero. On the other
hand, if 7" can be obtained from 7’ by the fragmentation of two or more of its blocks,
the independence of each block implies that P(II|,,(t) = #”|1|,,(0) = 7') = O(t*) as t — 0

and the jump rate from «’ to 7” must be zero. Then the conclusion is obvious. ]

65



CHAPTER 3 SECTION 3.2

The fundamental result about the collection of jump rates in Lemma 3.6 is that it can

be described by a single measure on P.

Proposition 3.7. Let (q(m) : m € P, \ 1, n € N) be the family of jump rates of some
partly exchangeable homogeneous fragmentation I1. There exists a unique measure K on

P such that k({1n}) = 0 and
KT e P: T, =7}) =q(m) (3.11)

for everyn € N and every partition m € P, \ {1 }. More precisely, the measure r is partly

exchangeable and assigns a finite mass to the sets {I' € P : I'|,, # 1y} for all n € N.

The proof of existence is exactly the same as the one of fragmentation process given
by Bertoin [10, Proposition 3.2] and the part exchangeability is a direct result of Lemma
3.6.

Our purpose now is to construct a partly exchangeable homogeneous fragmentation
IT with a given splitting rate x. Consider a partly exchangeable measure x on P fulfilling
(3.6). Recall the construction of a family (I1(¢),¢ > 0) of nested partitions from a discrete
point measure m. We now consider the situation when m := M is random and distributed
as a Poisson random measure on [0,00) x P x N with intensity dt ® x(dr) ® #, where
# stands the counting measure of N and x is a splitting rate on P. It is easy to see
that M fulfils the requirements for discrete point measures. Followed by Lemma 3.6 and

Proposition 3.7, the following result is straightforward.

Proposition 3.8. In the notation above, the process II = (II(t),t < 0) is a standard

homogeneous fragmentation with splitting rate x.

We have seen that the distribution of a partly exchangeable homogeneous fragmen-
tation is determined by its splitting rate, which is a partly exchangeable measure on P
fulfilling (3.6). Conversely, the Poisson construction shows that any such measure can be

viewed as the splitting rate of homogeneous partly exchangeable fragmentation.

3.2.4 Auxiliary o-finite measures

Before we prove Theorem 3.1, let us express some other o-finite measures. The exchange-

able o-finite measure on P \ {1y} introduced by Bertoin fulfils (3.6). Parallel to the idea
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of Bertoin, we can define an exchangeable o-finite measure x on P \ {Oy} fulfilling
k({T' € P : T, # 0,}) < oo for every n > 2. (3.12)

Furthermore, we can consider another family of o-finite exchangeable measures s on

P\ {On, 1y} as follows: for every n > 3
H({F epP: F|n 7& l[n} or O[n}}) < Q. (3.13)
For such measures, we have the following results.

Lemma 3.9. Let k be an exchangeable measure on P\{Oy, 1n} which fulfills (3.13). Then
there exist two unique constants ci,cy > 0 and a unique measure v on S* that fulfills (3.7)

such that

k() = aw(:) + coe(t) +/ ks(-)v(ds), (3.14)

Sl

where ks is the law of Kingman’s paintbox construction, € .= o, 8.a) with e = ({i}, N\

{i}) and w = 3", 0,00 with w9 = ({i,j},{1},{2},...). Specially, following holds:
(1) k-almost every partition I € P\ {Oy, 1} possesses asymptotic frequencies.

(i) The restriction of k to the subset of partitions T' with |T|* # (0,...) or (1,0,...,) is
a dislocation rate. More precisely, let |k|* be the image measure of k by the mapping

[ — |T|t. The restriction
v(ds) := 1{s2(0,.) or (10,03 |K]* (ds)
fulfills (3.7) and
L £(0,.) or (1,0,...)3(dD) :/ kis(dD)v(s).

(iii) The restriction of r to the subset of partitions T with |T|' € {(0,...),(1,0,...)} is
propositional to the erosion rate and killing rate, that is there are two real numbers

c1,co > 0 such that

1{|F|1e{(o,_“)’(l,op_.)}}Ii(dr) = Clw(dr) + CQE(dF).
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Proof. (i) For every integer n, write k, for the restriction of x to {I' € P : I'|, #

Oy, or l[n]}. Then &, is a finite measure on P, define the n-shift [ of a partition I' by
i~jeitn~jtn,

and then write &, for the image of x,, by this shift.
Then R, is an exchangeable finite measure on P, and by Kingman’s theorem [10,

Theorem 2.1], K,-almost every partition has asymptotic frequencies. More precisely,
7 (dT) = / o (dAT) (7] € ds) (3.15)
Sl

is a regular disintegration of K,,. As shift does not affect asymptotic frequencies, k,-almost
every partition has asymptotic frequencies. This establish the first claim.

(i) By (3.15), for every s € S!

Hn({r eP: F|{n+1,n+2,n+3} = ({n +1,n+ 2}v {n + 3}))
— R eP Th=({L2},{3))
_ / (Tl = ({121 3N DRV € ds)

= /Sl Zsfu — 5)Ra(|IT|* € ds)
= /< ! S
[ >t = sgmalrt )

The last equality holds as k, (|T'|' € ds) = R,(|T'|' € ds) by exchangeability. Then if we
denote by v,,(ds) = 1{s(0,..) or (170’,“)}|/§n\l(ds) the restriction to St \ {(0,...),(1,0,...)}

of the image measure of x,, by the map I" — |T'|}, then
00 > Kp({l' € P : ntintontsy = n+ 1Ln+ 2}, {n+3})}) = / Zs?(l — 8;)Vp(ds).
St

The finite measure v, increases as n — 0o to the measure v defined in the statement, so

tim [ St =gt = [ 30— sutas)
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On the other hand

/ fj $2(1 = 5,)va(ds)
= € P Tl = (I + Lo+ 2}, fn 81
< BT € P Tlpusrsanss) = (n+ Ln+ 2} fn+3})})
— R({T e P Tl = (11,2}, (3H})

< Q.

We see that v fulfills (3.7).

Finally, fix ¥ € N and pick a partition 7 # 0y of [k]. We have by monotone

convergence

k(T = 7%, [T #(0,...) or (1,0,...,))

= nh_)nolo K/(F|k = 7Tk, F|{k+1 ..... k4n} # 0{k+1 77777 k+n} or 1{]€+1 k+n}s ’F|l ;é (O, .. ) or (1, 0, .. ))

-----

KDl = 7, Dl st kiny 7 Ogrrt,prny OF Lt prnys [TIF % (0,..2) or (1,0,...))

.....

= Rn(T|x = 7" |T|* #(0,...) or (1,0,...)). (3.16)
Applying (3.15) and then letting n tend to oo, we conclude that

k(T = 7", [T # (0,...) or (1,0,...)) = /si ks(Dle = ™)v(ds).

This establishes (ii) as k is arbitrary and the restriction |T'|* # (0, ...) or (1,0,...) excludes
the singleton partition Oy and the trivial partition 1y.

(iii) Consider &, the restriction of x to the event {T|3 = ({1,2},{3}),|T|* = (0,...)},
which has a finite mass. Its image by the 3-shift as defined in (i) is an exchangeable finite
measure on P for which almost every partition has asymptotic frequencies (0, ...), and
hence it must be proportional to Dirac mass at the singleton partition. Let us denote by
7 the partition ({1,2},{3},{4},...) , mno the partition ({1,2,n},{3},{4},...), mo. the
partition ({1,2},{3,n},{4},...) and 7, the partition ({1,2,m},{3,n},{4,},...). We
thus have that

00
~ / Z "
R = 0157T + E (Cn(sﬂ'n,o + Cn(sﬂo,n) + § Cp, 57rm,n
n=3 m,n>3
m#n
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where ¢ stands for the Dirac point mass. By exchangeability, we see that the assumption

k({3 = ({1,2},{3})}) < oo forces ¢}, = ¢, = ¢, , = 0. The fact that « restricted to the

event {|T'|' = (0,...)} coincides with cjw is now clear by exchangeability. Similarly we

can get the fact that  restricted to the event {|T'|! = (1,0,...)} coincides with cee. [

If we strengthen the o-finite condition in (3.13) to that in (3.12), we have following

corollary.

Corollary 3.10. Let xk be an exchangeable measure on P\ {Oy} which fulfills (3.12).
Then there exist unique ¢, > 0 and a unique measure v on S* that fulfills
v({(0,...)} =0 and / stv(ds) < oo (3.17)
Sl
such that

H() = ex() +/ o (J0(s). (3.18)

S

Specifically, the following holds:
(i) k-almost every partition I' € P possesses asymptotic frequencies.

(ii) The restriction of k to the subset of partitions T with |T|* # (0,...) is a dislocation
rate. More precisely, let |k|' be the image measure of k by the mapping T' — |T|*.

The restriction
v(ds) = Lss,..)3] ] (ds)
fulfills (3.17) and

1011200,y (dT) = / o (AT)(S).

Sl

(iii) The restriction of k to the subset of partitions T' with |T|* = (0, ...) is proportional

to killing rate, that is there are two real numbers ¢y > 0 such that

Lirpi=(,.yr(dl) = ciw(dl).

Proof. The proof is nearly the same as that of Lemma 3.9, except for the condition (3.17).
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By the same method in the proof of (ii) in Lemma 3.9, we have

kn({l' € P : Dlinirnrey = ({n+1,n +2})})

= w({T e P: Tl = ({1,2})})

/s%y(ds)<oo = lim 51v,(ds)
st

VAN

< 0oQ.

3.2.5 Decomposition of partly exchangeable measures

In this section, we start from finite partly exchangeable measures. In fact, a finite partly
exchangeable measure is a mixture of a o-finite measure on P\ {1y} and a o-finite measure

on P\ {On}.
Proposition 3.11. Let k be a partly exchangeable measure on P, the follow holds:

(i) if K is finite, there exist an exchangeable o-finite measure k1 on P\ {On} fulfilling

(3.12) and an exchangeable o-finite measure ko on P\{1n} fulfilling (3.6) such that
R = K)l’pl + /i2|fp2, (319)
where ki|p1, kalp2 are the restrictions of Ky, ke on P, P? respectively;

(ii) if Kk is o-finite on P\ {1n} fulfilling (3.6), (3.19) holds with ry fulfilling (3.13) and
Ko fulfilling (3.6);

(iil) of Kk is o-finite on P\ {On} fulfilling (3.12), (3.19) holds with ky fulfilling (3.12) and
Ko fulfilling (3.13);

(iv) if k is o-finite on P\ {On, In} fulfilling (3.13), (3.19) holds with both of k1 and ko
fulfilling (3.13).

Proof. (i) Note that for every n > 3 and every m € P2\ {0y, }, there exists a 7’ € P} such
that 7’ has the same block sizes as w. Due to the part exchangeability of x, we define a

function x; on P, \ {Op,} as follows: for every n > 3

(r) = k({LeP:T|,=7}), weP!
= k({T' e P:T|, =7"}), me P>

71



CHAPTER 3 SECTION 3.2

where 7’ is any partition in P! that has the same block sizes as 7. For any m € P!, we

have

ki(n) = k{T €P T, =7)})

= Z k({T € P T, =mpi1})

{7rn+1 67)71L+1:7I'n+1 |n:7r}

= Z K1 (7Tn+1)‘ (320)

{Tn+1 673'71L+1:7rn+1 |n=m}

On the other hand, for any 7 € P2 let o, be a permutation on [n] such that o,(7) € P}
and has the same block sizes as 7. Note that o, induces a bijection from {m,,; € P2 :
Tntiln = T} to {m), 1 € P 7liy]n = 0x(m)}. According to the definition of y, for any

7 € P2\ {0},

ki(m) = k({L€PL:T|, =0.(m)})

- > W({T € YTl =7l })

{W;L+1€P}l+1:ﬂ;l+1\n:0ﬂ(7r)}

= > k1 (07 (m41))

{7";4—1 67371;-;-1 :Tr7/’L+l ln=0x(m)}

= Z K1(Tna1) (3.21)

(i1 €P2 st |n=r}
By combining (3.20) and (3.21), we can define consistently a measure on Py \ {Oy} and
still denote it by k1. According to the definition of k1, k1 is an exchangeable measure and
fulfills (3.12) as  is finite. Now we have for T' € P!, k|pi(dl’) = ky|p1(dT).
By the same method, we can define an exchangeable o-finite measure ks on Py \ 1,
such that ky|p2 = k|p2 which complete the proof of (i).
Similarly (ii)(iii)(iv) is clear and the different o-finite condition of ki, ko in each

statement is directly the result of different o-finite condition of k.

Combining Corollary 3.10 and Proposition 3.11, the following results hold.

Corollary 3.12. Let k be a finite partly exchangeable measure on P. Then there exist two

real numbers ci,co > 0, a dislocation measure vy on S* fulfilling (3.17) and a dislocation

72



CHAPTER 3 SECTION 3.2

measure vy on S* fulfilling (3.1), such that

K1) = 100 () + (6.0 () + B () + /

Sl

Ks(- N PHy(ds) + / Ks(- N P?)vy(ds)

Sl

where § 1s Dirac mass.

Proof. Applying Lemma 3.10, we have for I' € P1,

K(dl) = k1 (dl') = ¢10,0.2 (dl) + /si ks (dT )1y (ds).

Applying Lemma 3.3, we have for every I' € P?,

:‘i(dr) = Iig(dr) = 02(56(1>(dF) + (56(2)(dF)) + /Sl HS(dF)V2<dS>.

]

Proof of Theorem 3.1. According to (ii) in Proposition 3.11, as « is a o-finite partly ex-
changeable measure on P\ {1y} fulfilling (3.6), (3.19) holds with x, fulfilling (3.13) and
fulfilling (3.6). Applying Lemma 3.9 to k; and applying Lemma 3.3 to ks, the condition

of vy, 14 is clear and we have

k() = aw(-NPYH+ce(-NPH + /sl Ks(- N PHYvy(ds)

+epe(-NP?) + / Ks(- N P?)vy(ds)

S

= Cl(sw(l,Q)(') + 62(56(1)(~) + 56(2)(')) + c3 Z 54“(')
=3

-|-/$l Ks(- NPy (ds) + /si ks(- N P?)a(ds),

which complete the proof. m

There is some elementary but useful consequences of Theorem 3.1.

Corollary 3.13. Let II be a partly exchangeable random partition of N, Il be the block
containing i and |II|' be the sequence of the asymptotic frequencies of its blocks in de-

creasing order. Then
(i)
P15, = L,y | [T [Ty ) = [T |2 (3.22)
{1,3,...,n} {1,3,...,n} y [44(1) (1)

and therefore

E(|I|") = P(|{13.. 0120 = L3, nt2})-
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(ii)
P(Ml2s...my = L.y |[[TT% [ T)]) = [Ty | (3.23)

and therefore

E(’H(Z)‘n) =P(I|23,. n+2y = L{23,.n+2})-

(iii) Fori > 3,

P(Ig,..itnp = Lgiiveny |5 ) = [T | (3.24)

..........

and therefore

Proof. Define a measure v on St as follows
v(ds) =Y sii(ds) + (so+ Y si(1— s;))wa(ds).
i=1 =1

Obviously vq, 5 are absolute continuous relative to v. We refer to % and % as their

Radon-Nikodym derivatives. Conditionally on |II|! = s € S!, the integral representation

in Theorem 3.1 implies that,

d d
P(I|g13,.0 = Lis,.np, (H| = s|[I]F =s) = S?“%(S) + 57 (1 - Sz‘)ﬁ(s)-
On the other hand,
d d
P(IMoy | = sl [T} = 8) = 57271(6) 51 = ) 2 (5)

Therefore, (3.22) is straightforward. As 1 and 2 are exchangeable, (3.23) is just a copy of
(3.22) for II(5). Due to that 3,..., are exchangeable, (3.24) can be obtained similarly. [

3.2.6 Subordinator representation of the tagged partly exchange-
able fragment

Now we turn our attention to the process of the asymptotic frequency of the block |II(1(-)|
containing 1 in a homogeneous partly exchangeable fragmentation process. As each ran-
dom variable II(;)(¢) takes values in [0,1] and is decreasing by ¢ increases, we define a

right-continuous increasing process (€ (¢),¢ > 0) with values in [0, o] by
V(1) = —log [Ty (1)], ¢ > 0.

We show that it is a subordinator.
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Proposition 3.14. Let Il be a homogeneous partly exchangeable fragmentation process
with killing rate ¢, erosion rates ca, c3 and dislocation measures vy, v. The process €1 =
(€W (t),t > 0) defined by £V (t) = —log I (t)], is an (F;)-subordinator, where F; is the
filtration of £V (t). The Laplace exponent of €V, ®(q) = —logE(|IL1)(1)[%), ¢ > 0 is
given by

D(q) =01 +02—|—03q—|—/ s3(1— 5Dy (ds) + 30+Z (1—si)(1—s!))va(ds). (3.25)

Sty i>1

Alternatively, the drift coefficient d coincides with the erosion rate cs, the killing rate is
given by
k=c +cy+ / Sova(ds),
Sl

and the Lévy measure by
A(dz) = e Z vi({s € St: —logs; € dr})+e "(1—e™™) Z vy({s € St : —logs; € dx}).
i=1 i=1

Proof. The construction of partly exchangeable fragmentation processes II in Section
3.2.3 implies that £V is increasing and right-continuous and that IIjy)(t + ') = Iy (t) N
an(l)(t)(l_[/(l)(t’ )), where II'(#') is a partly exchangeable partition independent of F; and
has the same law as I1(¢'). Therefore [l (¢t + )] = [I1)(?)||om,, @ (I, (¥'))|, which give
us the independent and stationary increments. Thus € is a subordinator.

Define ®(q) by the righthand-side of (3.25). Recall the construction of II(-) in Section
3.2.3 in terms of the Poisson random measure M on [0, 00) x P x N with intensity dt @k R%#,
where k stands for the splitting rate which is a o-finite partly exchangeable measure on
P\ {1n}. Let M; be the random measure on [0,00) x P derived from M by retaining
only the atoms on fibre [0,00) x P x {1}. Then M, is a Poisson random measure with

intensity dt ® k. The event {II(¢)|¢13, kt+2y = 1{13,. k42 } holds if only if

M([0,t] x {I' e P: I‘|{1,3 ..... k+2} # 1, k+2}}) = 0.

Since M is a Poisson random measure, we obtain that

Pr,(I1(t) 113, kt2) = Liis, ht2y) = exp(—te({T € P : T3, kt2y 7 Lis, kt2r }))-

Applying Theorem 3.1, we obtain
K({T € P T3, k42 7 L{us,.kt2)}) = O (k).
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Hence, Pr, (I1(t)| (1,3, kt+21 = L{1,3,. kt2}) = exp(—t@(k)). According to Corollary 3.13,

Eft(|H(1)(t)|k) =Pr (U013, k21 = L3, kr2)) = exp(—tP(k)),
for every t > 0 and k € N. Therefore ®(q) = ®(q) for every ¢ > 0. O

Corollary 3.15. Let Il be a homogeneous partly exchangeable fragmentation process with
erosion rates c1, ¢y, c3 and dislocation measures vy, vy. Denote by FU(t) € P the partition
such that Frag (I (t—), FY (1)) = I1y(t). €Y is the associated surbordinator specified
in Proposition 3.14. Let (A&gl),t > 0) be all the jumps of €Y. Then

AGD £ Ag 4 Agh?,

where

1 II
Aft(l) = —Alog | (1)(t)|1{F<1)(t)67’1}’
(12 _ P
A&, = Alog|H(1)(t)|1{F<1)(t)e 2}

W1 M2 qre independent subordinators with Laplace exponents
1(q) = o +03q+/ > si(1 = shi(ds),
Stis1
Bale) = et [ (ot Yosill - )1 o)) oads) (326
St i>1

respectively. Their corresponding Lévy measures are

o0

A(dx) = e Zul({s € St: —logs; € dr}),
i=1
Ao(dx) = e (1 —e™") Zyg({s c St: —logs; € dr}),
i=1

and Ny is a finite measure.

Proof. According to Proposition 3.11 (ii), (-) = k1(-NP)+ k2 (-NP?). Then the intensity

of the Poisson random measure M, is
dt @ k1 (- NP + dt ® ka(- N P?).

Hence the Poisson point process associated with random measure M; can be decomposed

to two independent Poisson point process associated with random measures M| = dt ®
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k1(-NPY) and M} := dt @ ko(-NP?), respectively. In fact, M|, M} are the Poisson random
measure associated with €M1 €12 respectively. Therefore, we only need to check the
Laplace exponents to complete the proof. Let F} be the filtration of M}. Due to Corollary
3.13 (i)

Eqn (Hay(0)*) = Ex (a0 1o wep wen)
= Pr, ({I1(t)| 115,042y = L1 hs2} L0 () eptusy)
= P (H(t)|{1,3,...k+2} = 1{1,3,...k+2})
= Prr (T1(t)[k12 = 1er)
and under F}, the event {II(¢)|s12 = 12} holds if and only if
M%([O,t] X {F € Pl : F‘k-JrZ §£ 1[/€+2]}) = 0.

Similar to the discussion in (i), we can obtain that

Er ([Hy@)F) = P (1) |kr2 = Ljpr2)
= exp (—tk({T € P! : T|kso # lpsoy})

— exp(—tdy())

for all & € N. Consequently, the Laplace exponent and Lévy measure of ¢! is specified
and due to ®5(k) = ®(k) — ®,(k), the Laplace exponent and Lévy measure of ()2 is
specified too.

To finish the proof, let us check that A, is finite.

Ay([0,00)) = /000 e "(l—e™) Zug({s €St —logs; € dx})

= /Sl Zsi(l — si)v2(ds)
= /Sl <$1(1—51)+Zsi(1 _Si)) Vo (ds)
y <51(1 —s1) + Z&) va(ds)

=2

IA
o
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< [ = s+ (1= s (e
< 2/31(1—31);/2(6@
< Q.

m
Now let us consider the tagged fragment containing ¢, i > 2. For |II(y)|, we obtain the

same distribution as |II()| due to the partly exchangeability, while for |II(,)|,n = 3,4,.

the situation is more complicated.

Proposition 3.16. Forn > 3, let I,y be the fragment containing n in a partly exchange-

able fragmentation process Il and define
& = —log |y (t)|-
Denote by FU the filtration associated with I1. Let
Tl i=inf {¢ > 0: |, (¢) # L4y},
where 1L, |, be the fragment I,y restricted on [n]. Then the following hold:

(i) Ty < o00,a.s. and (£t(n),() <t < Tp) 45 a.s. a killed subordinator with Laplace

exponent ®,. Its killing rate is given by

k(”):cl+202+(n—2)03+/sl(Z(S?—S? >y1 ds) + (So-i—ZSz >V2 ds)

i>1 i>1

and Lévy measure by

A (dz) = e~ DTN (da).
(ii) Conditionally on Ty, the probability that 11,y (Ty,)) is killed i.e. it is a singleton
P (Lo (7)) = ({n})
where v specified in (3.37); conditionally on ™ and ) (1) is not killed, the joint
law of <#H(n)]n(7'[n}), Aéﬁ) is

P (#H(n)|n(rw) = m, ALY € du

_atest [qs0v(ds)
o) = k) ’

Top Loy (70) # ({}))
n—3
m—3

+2(n - ?;) e_(m_l)z(l o ex)n—m—lAZ(dx) + <7’L o 3)e_mx(1 — ez)n—m—QA*(dx)’

m — m—1

= (2c2+ (n—3)c3) Limen—1y + ( )e(mQ):”(l —e")"™MA (dx)
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where A, (dz) = e > 7 v({s € St : —logs; € dz}) with
(ili) Conditionally given Ty, and that ) (1)) is not killed with #11y |5 (7)) = m,
n n d m
£ (1) + 1) — €7 (7)) = € (2).

Proof. (i) According to the definition of 7j,;, we have II1)(t) = I, (t),t < 7). By the
analysis in the proof of Proposition 3.14, the random measure M; on [0,00) X P by
retaining only the atoms on fibre [0,00) x P x {1} is a Poisson random measure with
intensity dt x k. Let ((¢,AM(T,1)),¢ < 7)) be the collection of atoms on [0,00) x P
defined in (3.10) associated with II. Note that the event 7,; > ¢ is equivalent to {II(¢)|, =
1(,;} which hold if and only if (u, AW(T,1)) € [0,t] x {I' € P : T|, = Lpytu < t
Hence ((t, AW(T,1)),¢ < 7)) can be described in terms of two independent Poisson point
process on {I' € P : ['|, = 1} with intensity x(- N {[' € P : ['|, = 1p}) and {I' € P :
['|, # 1y} with intensity (- N {' € P : I'|, # 1p,}) respectively. Hence we obtain that

for any A € [0, ),
AP (A) = P(AE™ € A) = k({T € P : T], = 1y, [Ty | € A}

Applying Theorem 3.1, the form of A™ is specified.

As M, is Poisson random measure, we obtain
P(T[n] >t) =exp(—tc({T' € P:T|, # l[n]})) > 0,

by the o-finite condition (3.6) of x. Hence 7,) < o0 a.s. and k™ = k({I" € P : T|,, # 1py})
is the killing rate of (£™,0 < t < 77).

(ii) Conditional given 7", the law of (7p,;, AO(T, 1)) is k(-N{T € P : T|,, # Ly }) /™.
By Theorem 3.1, the result is straightforward.

(iii) According to the definition of partly exchangeable fragmentation process, con-
ditionally on #I1(,)|n (7)) = m, the law of ILy, (75, + ) is the same as I(,)|(Z), which

induce the result. 0

3.2.7 Self-similar partly exchangeable fragmentations

Throughout this section, we consider a cadlag process IT = (I1(¢), ¢ > 0) with values in P

and started from the trivial partition I1(0) = 1y a.s. We further assume that the following
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requirements are fulfilled with probability 1:
I1(t) possesses asymptotic frequencies |I1(¢)] for all ¢ > 0, (3.27)
and for every i € N, if we denote by B;(t) the block of II(¢) which contains 7, then
the process t — B;(t) has right-continuous paths. (3.28)

We shall write (F);>o for the natural filtration of I after the completion by null events.

Definition 3.6. Let II be a cadlag process satisfying (3.27) and (3.28). We call IT a self-
similar partly exchangeable fragmentation process with index a € R if for every ¢, > 0,
the conditional distribution of II(t + #') given F; is that of the law of Frag(TI(t), 1)),
where I10) = (II®, i € N) is a family of independent random partitions, such that for each
i € N, IIY has the same distribution as TI(#'|TI(¢);]).

Similar to self-similar fragmentation process, the self-similar partly exchangeable frag-
mentation process can still be constructed by homogeneous partly exchangeable fragmen-
tation process under appropriate time changing. We state our result in the following

lemma.

Lemma 3.17. Let II be a self-similar partly exchangeable fragmentation process with
inder o € R. Il;)(t) denotes the block of I1(t) that contains i. Let 8 € R, we define a

sequence of time-changes
Mo () = inf{u >0 / T (r)|Pdr > 1}, 2 01> 1. (3.29)
0

Let 1I°(t) € P be the partition whose blocks are those of the partitions I (e (t)), ¢ > 1.
Then the process (I1°(t),t > 0) is a self-similar partly exchangeable fragmentation process
with index o + 3. Moreover, if 3 = —a, II’ will be a homogeneous partly exchangeable

fragmentation process.

Proof. The part exchangeability and asymptotic frequency for I1°(¢) is a direct result of
that its blocks are Il (n;)(t)),7 > 1. Also, the process t — 1;(t) is right-continuous for
every i can be deduced for (3.29). Hence, the processes ¢t — |II°(¢)| are right-continuous

a.s..
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Now let us turn to show the self-similarity index of I1° is a + 3 to complete the proof.
Let .7-"f = Ui>1Fy, ¢ be the sigma-field generated by the process I1” up to time t. Fix
t,t' > 0 and pick i € N. Let IT1°(¢); be the block that contains i. For every r > 0,
denote C;(r) be the block of anm(m(t))(ﬂ(j) (r)) containing i. By construction of the partly
exchangeable fragmentation operator, we have

Moy (n:(8) +7) = T, (1) N Ci(r).

Hence, we can deduce the identity

where
A@(t') :=inf{s > 0: /0 [T, (£) 0 Ci(r)|Pdr > '},

Now we denote fl(ﬁi) (t) as the partition by deleting the smallest two elements of H’(GZ.) (t)

and obviously
T, (:(8)) 1 Co(r)] = (L2, (u(8)) 1 ().
According to part exchangeability, I:I(ﬁi)(m(t)) is an exchangeable partition. Hence
[T, (:(6)) (1 C(r)] = (T2, (()) 1 Co(r)| = |2, () 1G] = T2, (o))
by Corollary 2.5 [10]. So we deduce that
Aiy(t') == inf{s >0 /OS |Cs(r)|Pdr > t/|H@)(t)|ﬂ}. (3.30)

The conditional distribution of II?(¢ 4 t') given F is that of the law of Frag(IT?(t), 1)),
where TI0) = (W) j € N) is a family of independent random partitions. As II is a
self-similar partly exchangeable fragmentation process with index «, II¢) has the same
distribution as I1°(¢'|m;|**#) given I1°(t) = (m;,j > 1) according to (3.30). So II¢ is a

self-similar partly exchangeable fragmentation process with index o + f3.

3.2.8 Discrete partly exchangeable fragmentation trees

There is natural relation between labelled trees and refining partition-valued processes.
For a finite subset B of N with n elements, let tgz be a collection of subsets of B and also

contains ROOT € t, such that
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e B ct, wecall B the common ancestor in t;
e {i} €t for all i € B, the leaves of t;
e forall A,C € t, either ANC =0,or ACC or C C A.
We call tp the tree equipped with the partition of B and denote by T g the set of tg.

Definition 3.7. Let (w(t),t > 0) be a refining process taking values on Pg. If 7(0) = 15
and 7(t) = Op for some finite ¢ > 0. We define the associated tree t, := {ROOT} U {A C

B : A€ n(t) for some t > 0}.

Now consider a partly exchangeable fragmentation process II, its restriction og(Il|45p)
on a finite subset B is of course a refining partition-valued process on finite set, where
op : [#B] — B satisfies that og(u) is the u-th smallest element of B for 1 < u < #B.

Hence, we can define a random labelled tree T, associated with II by Definition

B(Il|%B)
3.7 and call the associated discrete partly exchangeable fragmentation tree with the partly
exchangeable fragmentation process Il for all B C N. Moreover, we define the partly
exchangeable splitting rule on Pg \ {1p} associated with II as the partly exchangeable
probability measure on Pg induced by o5 (1| 4p).

The reason that we use op(Il|xp) as the restriction of II on B instead of II|p is
as follows. Suppose there are n elements in B, we want that the fragmentation of B
evolves under the same laws as that of [n|. For the first partition occurring in the partly
exchangeable fragmentation I1|,,, we have two laws based on whether 1 and 2 are separated.
For a finite set B, we should distinguish the two laws by whether the two smallest elements
are separated. Hence we have to use op mapping [n] to B. However, if we use 1|z,
mismatch will occur unless B contains 1 and 2. For instance, B = {1,3,4}, and 7 =
({1,2},{3,4,...}) € P =|5=({1,2},{3}) while 7|z = {1},{3,4}, then 7|z will have
different probability mass from 7|3 as the smallest two elements 1 and 3 are separated in
7|B.

Now according to the definition of partly exchangeable fragmentation processes, every
block splits independently and under the same law. Consequently, the discrete partly

exchangeable fragmentation tree is Markov branching which means that every subtree
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is a small copy of the whole tree and evolves independently. This Markov branching
property implies two things as follows. First, the probability of the whole labelled tree
can be expressed in terms of the product of the splitting rules at all branch points. Second,
the splitting rules at any branch point is the same as that at the first branch point. The
discrete partly exchangeable fragmentation tree is determined by its splitting rule at the

first branch point. We express the splitting rules in the following Lemma.

Lemma 3.18. Let (II(t),t > 0) be a homogeneous partly exchangeable fragmentation
process with splitting rate k, B be a finite subset of N with n elements. Then
(i)
_ kKT € P:op(l|,) =7n})
k({T € P:op(l|,) # 15})’

defines a partly exchangeable partition probability function (PEPPF) for the discrete

WEPB\{].B}

pa(T)

partly exchangeable fragmentation tree T, associated with I1.

5(UlyB)

(il) More explicitly, for m € op(Py,),

1

pu(r) = Z(clawu,z)(a;(w))

+¢2(6,0) (05 () + 6.2 (051 () + €3 Z 5. (o5 ()

+ /31 Kks(og () NPy (ds) + /

Kks(og (m) N PQ)VQ(dS>> (3.31)
St

where Y, is the normalization constant and in the form of

Yn = +2CQ+(H—2)03

* /51 <Z<S’2 N 5?)>V1(ds) + <50 + Z si(1— Si)>y2(ds)). (3.32)

i>1 i>1

Proof. (i) Note that gp defined above is the distribution of o (Il|,(D,)), where D,, =
inf{t > 0:10|,(t) # 1,}. As D, is the first time that [n] is split into non-empty blocks,

op(Il],(D,)) is the partition at the first branch point in 7, Hence, pp defines

B(I|gB):

PEPPF for T, The partly exchangeability of g comes from that of x in Theorem

Olup)-

3.1.
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(ii) It suffices to show that the normalization constant is as specified. Note that if
7 € op(P?) i.e. the two leaves with smallest labels are separated in the partition, then

m # 1p. According to Theorem 3.1,

k({T € P:op(T]n) € 05(P)) \ {15}})
= wk({LeP:T]) e P\ {1m}})

= ¢+ n—203+2/ m)v1(ds)

TePL
- cl+(n—2)03+/ (Z So—i-ZSZ —Zs?)yl(ds)
St i1 i>1 i=1
= cl+(n—2)03+/ Zsf—s? v1(ds)
SE\i>1
Similarly
K({D € P : on(T]) € on(P2)}) = / (s0+ 3 8:(1 = s0) ) valds).
i>1
Hence, the form of Y,, is as specified. n
If B = [n] and block sizes of 7 in ranked order are ni,...,n, due to the partly

exchangeability, (3.31) are actually two functions of the block sizes nq,...,n;. We can

define the following two quantities as follows

pa(na,..,mg) = pu(n), for 7 € P,

pi(ny,...,n) = pu(r), for m € P2

So far, we are focusing on the labelled trees associated with partly exchangeable
fragmentation process. If we remove all the labels, it is easier to see that the unla-
belled trees are also Markov branching. Given n € N, we call (nq,...,ng),n; > ...ng >
1,n + ...+ n, = n a composition of n. For the unlabelled trees, the splitting rules are
defined as the probability measures on the set of compositions for every n and denoted
by {¢.,n > 1}. Loosely speaking, the splitting rule g,(ny,...,ng) is the probability that
an unlabelled tree with n leaves splits into & subtrees with nq, ..., n; leaves respectively

at the first splitting.
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Corollary 3.19. The splitting rules of the unlabelled discrete partly exchangeable trees
{T?2,n > 1} are of the following form: if (ny,...,nk) is a composition of n with k > 2 and

ny > ...>n, > 1, of which exactly m; > 0 parts are equal to i, 1 < i <n,

Qn(nh ;nk)

B nyl.. (n_2)'mn' <(an<nl_ 1>)p71l (1, - an pn(nl""ank)) :

.nglmy! —

Proof. This is a direct result from Lemma 3.18 because qn(nl, ..., Mng) is just the sum of
pn(m) for all m with block sizes (nq,...,ng). More explicitly, there are totally
%(ZL n;(n; — 1)) partitions of which 1 and 2 are in the same block and

%(ZL n;(n — n;)) partitions of which 1 and 2 are separated. Hence, the

nil..ng!mil.my,

result is straightforward. O

3.2.9 Consistency

For Markov branching trees, Haas, et. al. in [28] showed that consistency is equivalent to

the following equation of splitting rules,

Pu(7) = Pnp1t({T € Pogr : Tln = 73) + pusa([n], {1 +11))pa () (3.33)

For labelled partly exchangeable fragmentation trees, pl and p? naturally fulfill (3.33)

as they are the restrictions of measure x on P,.

Corollary 3.20. The family of labelled partly exchangeable fragmentation trees is consis-

tent.

Haas et al. [28] also showed that sampling consistency is equivalent to the following

equation of splitting rules,

k
nz mn +1+1) i
Gn (11 g n+1 Vi, Gnr1((m1 n; + ng)*)
mi+ 1
n R (Y|
nt1 q +1(n1 Nk )
1
+?Qn+1(n Dgn(na, ... ng), (3.34)

for Markov branching trees. For each splitting rule, we can define the associated ex-

changeable partition probability function EPPF as

ni! o ng!ma!. o omy,!

Pl i) = - ().
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Then sampling consistency is equivalent to

Z,’;lpnﬂ(nl, cooni+ 100 ng) 4+ ppr(na, ., ng, 1)
1 _pn+1(n71) '

po(na, ... ng) = (3.35)

The sampling consistent fragmentation trees are correspondent to fragmentation pro-
cess can be expressed the sampling consistent splitting rules as an integral of the disloca-

tion measure v on St which satisfies (3.1).

Lemma 3.21 (Theorem 1,Proposition 3 of [28]). Let II* be a homogeneous fragmentation
process with splitting rate k. Then the exchangeable partition probability function (EPPF)

can be expressed as follows:

p(r) — ST € P op(ll) = 7
#({T € P :0p(T],) £ 15})’

T E PB\{]-B},

for all finite subset B of N.
More precisely, sampling consistent splitting rules (q,,n > 2) are all of the following
form: if (ny,...,ng) is a composition of n with k > 2 parts, of which exactly m; > 0 parts

are equal to 1, 1 <1i <n,

m -
Lt | el g, 1}+/l (zl) S SV vids) |, (3.36)
n St =0

itk J=1
distinct

where Zn, = [g(1 =351 s7)v(ds) and G, n, = (m’”"”nk)/(mll coomy!).

Corollary 3.22. Let (T2, n > 1) be a family of unlabelled trees associated with a partly
exchangeable fragmentation process 11 with killing rate ¢y, erosion rates co,c3 > 0 and two
dislocation measures vy, vy. If (T2, n > 1) is sampling consistent then ¢; = 0, ca = c3
and there exists a fragmentation process I associated with (Te,n > 1), whose erosion

coefficient ¢ = co = c3 and dislocation measure

— (i 3§> n(d <30 + Z (1—s; > vo(ds). (3.37)
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Proof. For the simplicity, we use following notations. Denote

N = nl,...7nk)

Nipr = (n1,...,np,1) and N; = (ng,...,n;+1,...,np) for 1 <i <k,

.. ny, 2)t and N, = (n1,...,mi +2,...,np) for 1 <i <k,

3

ni, ...,k 1,1) and Nijpr = (ng,...,n+ 1, ... mg, 1)t for 1 <4 < k,

(
(
Nis1gr1r = (
Nitiprz = (
(

N.. =

i.j ny,..oni oo+ 1 ) for 1<i<j<k

k

k
Ay = Zn’(nl — 1) and By = an(n —ny;)
i=1 i=1

Let p,, be the EPPF of T?. Applying Corollary 3.19 first and then applying the sampling

consistency of T, twice gives us

k+1 k+2

Pu(N) o Z Z (Anppo(Nij) + Bypoo(Nij))

i=1 j=1
applying sampling consistency first, then applying Corollary 3.19 to p,.1(V;) and finally

applying sampling consistency again gives us

k+1 k42

pn(N) o Z Z (A + 2n9)py o (Niy) + (By +2(n — n:))ph 1o (Nij)) ;

i=1 j=1
applying sampling consistency twice and then applying Corollary 3.19 to p,+2(N; ;) gives

us
k+1 k42

pa(N) o D> ((An +2(ni + 15 + Lii—jy))phyo(Ni)

i=1 j=1
+(By +2(2n — n; — nj + Lizn))ph 2 (Nij)) -

Combining the above three formulas, we obtain

pa(N) oo > phia(Nia)+ > Phia(Nig). (3.38)

1<i<k+1 1<i<j<k+2
Apply Lemma 3.21 to LHS of (3.38), we obtain ¢; = 0 and the specified erosion

coeflicient and dislocation measure. O

3.2.10 Building discrete trees with edge lengths

Given a labelled tree t, we define E(t) be the set of its edges. A labelled tree with edge
lengths is a pair 9 = (t,e) for a labelled tree t and e = (e;,i € E(t)) € (R, \ {0})F®).
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Call t the skeleton of ¥ and denote by S(¢/). Such a tree is naturally equipped with a
distance d(v,w) on the set of its vertices, by adding the lengths of edges that appear in
the unique path connecting v and w in the skeleton. The height of a vertex is its distance
to the root. Let e, be the length of the unique edge connected to the root, and for
e < €root Write 1 — e for the tree with edge lengths that has same skeleton and same edge
lengths as ¥, but for the edge pointing outward the root which is assigned length e, — €.

We also define an operation MERGE as follows. Let n > 2 and take 94, 9, ..., 9, with
leaves (L},1 < i < ky),...,(L?,1 < n < k,) respectively. Let also e > 0. The tree with
edge lengths MERGE((94, ..., 9,); €) is defined by merging together the roots of ¥4, ..., 9,
into a single vertex a, and by drawing a new edge root — a with length e.

For a labelled tree ¥ with edge-lengths and ¢ vertices vy, ...,v;, define the subtree
spanned by the root and vy, ..., v; as follows. Its skeleton is R(S (1), vy, ..., v;), where S(19)
is the skeleton of 1. Its edge lengths are given by the respective distances between this
subset of vertices of the original tree.

Now we use the method introduced by Haas and Miermont [27] to construct the dis-
crete tree with edge lengths. For B C N, we define R(B), a random variable taking values
in Typ with leaves Ly, ..., Lyp, as follows. Given a partly exchangeable fragmentation
process II(t), let D; = inf{t > 0 : {¢} € II(¢)} be the first time when {i} disappears, i.e.
is isolated in a singleton of II(¢). For B a finite subset of N with at least two elements,
let Dp =inf{t > 0: #(BNII(t)) # 1} be the first time when the restriction of II(¢) to B
is non-trivial, i.e. has more than one block. By convention, Dy; = D;. For every ¢ > 1,
define R({i}) as a single edge root — L;, and assign this edge the length D;. For B with
#B > 2, let By,..., B; be the non-empty blocks of B NII(Dp), arranged in increasing

order of least element, and define a tree R(B) recursively by
R(B) = MERGE((R(B1) — Dg, ..., R(B;) — Dp); Dp).

3.2.11 R-trees and reduced trees

Let B C N, arooted tree with edge lengths is a pair ¥ = (t, (1., e € E(t))), where t € Tp,
E(t) is the set of edges of t, and (.,e € E(t)) € (0,00)"® are positive marks, that are

interpreted as the lengths of the associated edges. The tree t is called the shape, and we
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let ©p be the set of trees with edge lengths whose shape is in Tp.
We now introduce the R-trees, following Evans et al. in [17]. A complete separable

metric space (¢, d) is called R-tree, if and only if it satisfies the following two conditions:

1. for all z,y € ¢, there is an isometry ¢, , : [0,d(z,y)] — ¢ such that ¢, ,(0) = = and

@x,y(l) =Y,

2. for every injective path ¢ : [0,1] — ¢ with ¢(0) = z,¢(1) = y, one has ¢([0,1]) =

@uy([0, d(z,y)]).

We will consider rooted R-trees i.e. they have a distinguished element denoted by p.
Two rooted R-trees (¢, p,d), (//, p',d') are called equivalent if there is a bijective isom-
etry between the two metric spaces that maps the root of one to the root of the other.
We also denote by © the set of equivalence classes of compact rooted R-trees. It is has
been shown that in [17] that © is a Polish space when endowed with the so-called pointed
Gromov-Hausdorff distance dgu, where by definition the distance dgu((¢, p), (¢, p')) is

equal to the infimium of the quantities
S(r, ")V o (T, T,

where (T, 7), (T",r') are isometric embeddings of (¢, p), (¢, p') into a common metric space
(M,0), and where d5 is the Hausdorff distance between compact subsets of (M,d). It
is elementary that this distance does not depend on particular choices in the equivalent
classes of (¢, p) and (¢, p’). We endow © with the associated Borel o-algebra. In the sequel,
by a slight abuse of notation, we will still call the elements of © rooted R-trees, and we
will denote them by ¢, omitting the mention of the root and the distance d. Also, by a
measure on an element ¢ € O, we will mean an equivalence class of a 4-tuple (¢, p,d, u),
where we call (¢, p,d, 1) and ¢/, p/, d’, i) equivalent if there exists an isometry from (¢, p, d)
to (¢, p/,d") such that y' is the push-forward of p

We denote the range of ¢, by [[z,y]] and call the quantity d(p,z) the height of x.
We say that x is an ancestor of y whenever x € [[p, y]]. We let 2 Ay be the unique element
in ¢ such that [[p, z]] N [[p, y]] = [[p, z A y]], and call it the highest common ancestor of x

and y in ¢. Denoted by ¢, endowed with the distance of d, and rooted at x, the set of
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y € ¢ such that x is an ancestor of y, is in turn a rooted R-tree called the fringe subtree
of ¢ rooted at .

We call an element x € ¢, x # p, in a rooted R-tree ¢, a leaf if its removal does not
disconnect ¢, and let £(¢) be the set of leaves of «. On the other hand, we characterize an
element of ¢ a branch point, if it has the form z A y where x is neither an ancestor of y
nor vice-versa. Equivalently, we can define the branch point as the one disconnecting the

R-tree into three or more components when removed. We let B(¢) be the set of branch

points of ¢.
For ¢ an R-tree and 1, ...,z € t, we let R(t, @1, ..., xx) = UX_[[p, zi]] be the reduced
tree associated with ¢, xq, ..., .

There is natural connection between the trees with edge lengths with shape in Ty and
rooted R-trees with n leaves with labels Ly, ..., L,. If ¢ is a rooted R-tree with p & B(¢)
and exactly n leaves labelled L4, ..., L,, then we consider the graph whose vertices are the
set V= {p}tU{L(:)} U{B(:)}, and such that two vertices x, y are connected by an edge if
and only if [[x,y]]NV = {z,y}. Then resulting graph is a tree which naturally rooted at p,
and the edge connecting = and y naturally inherits the length d(z,y) = |d(p, x) —d(p,y)|.
Also if t is an element of Tp, one naturally puts edge lengths equal to 1 on each edge,
and consider t as an R-tree as well, the restriction of the distance of this R-tree to the
set of branch points, leaves and the root being the usual combinatorial distance on the

vertices of t.

3.2.12 Continuum random trees

Introduced by Aldous [2], a pair (7, ) is called a continuum tree if 7 € ©, and p is a

probability measure on 7 such that
1. w is supported by the set L(7),
2. p has no atom,
3. for every x € T\L(T), n(7Z,) > 0.

A continuum random tree (CRT) is a random variable whose values are continuum

trees, defined on some probability space (€2, 4,P). To formalize this, we should endow
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the set of continuum trees with a o-algebra. A natural way would be to use Evans’ and
Winter’s separable and complete metric structure [18] on the space of 'weighted R-trees’,
although we would have to incorporate the fact that our trees are rooted. For technical
simplicity, we use the method of Aldous [3]. Let the space ¢; = ¢1(N) be the base space
for defining CRTs. We endow the set of compact subsets of ¢; with the Hausdorff metric,
and the set of probability measures on ¢; with any metric inducing the topology of weak
convergence, so that the set of pairs (7', ) where T is a rooted R-tree embedded as a
subset of /1 and p is a measure on 7', is endowed with the product o-algebra.

A P-valued fragmentation process (II(¢),¢ > 0) is self-similar with index a € R if
given II(¢) = 7, the random variable II(¢ + s) has the same law as the random partition
whose blocks are those of m; N II®(|m;|*s),i > 1, where (II), 5 > 1) is a sequence of i.i.d.
copies of (TI(¢),t > 0). (|TI(¢)|*,¢ > 0) is a self-similar fragmentation valued in S*. Bertoin
proved in [7] that the distribution of a P-valued self-similar fragmentation is determined
by a triple («, ¢, v), where v is a dislocation measure on S!. For this report, we are only
interested in the case ¢ = 0 and when v is conservative and call (o, v) characteristic pair.

A continuum random tree (7, i) is a self-similar tree with index —a < 0 if for every
t >0, given (u(7Z;%),i > 1)) where 7;',i > 1 is the ranked order of connected components
of the open set {z € 7 : d(z, p(7)) > t}, the continuum random trees

1 2
(e ) (e )
are i.i.d copies of (7, i), where u(7,')~*7;" is the tree that has the same shape as 7,%, but
whose edge lengths are divided by u(7;")*. Haas and Miermont in [27] have shown us that
there exists a self-similar continuum random tree characterized by such a pair (—a,v),
which is also in one-to-one correspondence with self-similar fragmentation processes with

characteristic pair (—a, v).
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3.3 Embedding partly exchangeable fragmentation trees
into CRT's

3.3.1 Mass-fragmentation and CRT

Let (II*(t),t > 0) be a self-similar exchangeable fragmentation process with index a. As
[1*(t) possesses asymptotic frequencies for all ¢ > 0 a.s., Bertoin referred the process of
ranked asymptotic frequencies |[I1%(-)|' as a self-similar mass-fragmentation [10]. From

now on, we use the following simpler notation
XO(t) = (X2(0), ..) o= [, £ >0,

for the mass-fragmentation process.

Let s € St and (s, i € N) be a sequence in S*. We denote by Frag(s,s')) and call the
fragmentation of s by s | i.e. the mass-partition given by the decreasing rearrangement of
the collection of real numbers (sisy), i,j € N). Bertoin showed that the process (X(t),t >
0) is Markovian and its semigroup can be described as follows. For every ¢,¢ > 0, the
conditional distribution of X(t + ¢') given X®(t) = s is the law of Frag(s,S")), where
each S is distributed as X(#'s®) [10, Proposition 3.7].

Haas and Miermont [27, Theorem 1 and Proposition 1] showed that mass-fragmentation
processes X“ of self-similar exchangeable fragmentation processes 1% with index «, no
erosion and an infinite conservative dislocation measure are in one-to-one correspondence
with an self-similar CRT's (7, ). More precisely, writing Y *(¢) for the decreasing sequence

of p-masses of connected components of the open set {x € 7,d(p,z) > t} , the process

Y has the same law as X°.

3.3.2 A generic procedure to sample a leaf from a CRT

Before we show the sampling procedure, let us highlight some notations. Let 3 be a leaf
in (7, pu), we denote by b*(u) the branch point on [[p, X]] with d(p,b*(u)) = w and by
T8 (u) :={z € T,d(p,z AN X) > u} the subtree of 7 containing ¥ rooted at b*(u). Let nx

be the self-similar time change with
ns(t) = inf {u : / (75 (v) " *do > t} . (3.39)
0
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Let Tx(t) := T8 (ns(t)), b(t) = v*(n=(t)) and Xx(t) := p(7Zs(t)). Denote by S*(t) =
(S%(t)1,...) € S' such that Xx(t—)S™(t) is the decreasing sequence of p-masses of the

connected components of {x € T : by (t) € [[p, z]]}

Lemma 3.23. Let ¥* be a leaf chosen according to p from a CRT (T, ) with character-

istic pair (o, v). Then ()N(g*(t) = (éf*étj),SE*(t» > 0) is a Poisson point process on

(0,1) x St with intensity measure v, where for any A C (0,1) and B C S*,
V'(Ax B)= / isil{sieA}y(ds).
B =1
Proof. Let X be the self-similar mass-fragmentation process corresponding to CRT
(7,p) and X be the homogeneous mass-fragmentation process of X* through the self-
similar time-change. Denote by II a homogeneous exchangeable fragmentation process
associated with X. Without loss of generality, we assume that Xs-(t) = [IL1)(¢)| by the ex-
changeability. Let IV (¢) be the partition of N such that II(1)(¢) = Frag(I1)(t—), IV (¢))
and then S*"(t) = |TIV(¢)|'. By the Poissonian construction of exchangeable fragmenta-
tion processes, II") is a Poisson point process with intensity measure x which is x(-) =
Js1 ks(-)v(ds). Hence, X*" is a Poisson point process on S' with intensity v.

As ¥* is chosen according to y, the conditional probability of Xy (t) = X" (¢); X5+ (t—)
given Xyz-(t—) and X" (¢) is X* (¢);. As Xz~ is a Poisson point process with intensity

measure v, )?2* is a Poisson point process with intensity 7*. O
Definition 3.8. A function P : (0,1) x St — [0, 1] that fulfills following two conditions
o P(x,s)=0ifx #s; for all i € N;
e > ° P(si,s) = 1.

is called selection probability function (SPF). Conditionally given a mass-partition s, we
refer m;P(s;,s) as the conditional probability of choosing a mass s;, where m; is the

number of the same s; in s.

Remark 3.1. It is worth noting that the selection probability associated with a leaf chosen

according to p is P(s;,s) = s;.
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Let us first explain a generic procedure to sample a special leaf ¥ based on the selection

probability P from CRT (7, u, p,d), where p is the root and d is the distance metric.

Procedure 3.1. Let P be a selection probability fulfilling

/ D (1= s)P(sq,8)v(ds) < 0.

St

(i) We start from (77, 1, p1,d1) :== (7, p, p,d) and i = 1.

(ii) Sample a leaf X from CRT (7;, ps, pi, d;) according to the measure ;.

(iii) For ¢t > 0, Let b (¢) be the branch point on [[p;, 2] with d;(p, b? (1)) = 771._721(1.) (1),
where 7; v defined in (3.39) is the self-similar time-change associated with »®
in (73, pi, pi, d;). Conditionally given ()A(/;m (u),u < t), the process in (7;, u;, pi, d;)
defined in Lemma 3.23, we pick a subtree 7)) above b0 (t) with probability

P (7;+1 = Ty ()

(Xém(u)?u < t)) =P (Mz' (Tyory) 5= (t)> IIr (sz (U)> :

(iv) Let 7 := min{u > 0: T;4, ¢ Ty (u)}. Conditionally on we pick a subtree Ty (i
above b@ (7)) not containing ¥*, we define

ilT

(8 (+ (1))
)
15 (Tyo ()

Hi |7§,<z‘>(7<i))

DD (7@
1i( Ty ()

(Zit1, ity pis1s digr) = (%(i)(w))a

(v) Increase i by 1 and go to (ii).

(vi) We obtain a sequence (X, X)) in (7;,7,...). As each T;,, is a subtree of
T, (W, 2@ ) is also a sequence in 7. Note that (N, 7)) = [[oo, pi(77). As
(1i(7;),i=1,2,...) is aiid sequence, u(NL,7;) = 0. As 7 is compact and N2, 7; #
0, there exits a leaf ¥ such that N2, 7; = {¥}. Hence ¥ = lim; o, 2.

Roughly speaking, this sampling procedure is that we climb up the spine [[p, 3%]] and
keep choosing subtrees until the first time we choose a subtree not containing »j. We

show that in the following proposition that there is a spinal subordinator associated with

3.
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Proposition 3.24. (i) ()N(g(t) = <§%§tj), Sz(t)) ,0<t< 7(1)> is a Poisson point pro-

cess killed at time 1 with intensity measure
PUA X B) = / S 5P(s6,5) sy (ds)
B =1

for any A C (0,1) and B C S* and killing rate [¢ > (1 — s;)P(si,s)v(ds).

Furthermore, <)~(g(t), t> 0) 1s a Poisson point process with intensity
P(A % B) = / S P51, )1 pcnyv(ds).
B =1

(i) Let £F := —log Xx(t). Then €% is a pure jump subordinator with Laplace exponent

Du(q) = /5 (=P s)v(ds)

and the associated Lévy measure 1s

As() =Y / P(s;,$)u(ds). (3.40)

i=1 J{—logsi€}

Proof. (i) According to Procedure 3.1, Xx(t) = Xy (t) for all (0 < ¢ < 7). Note
that by standard thinning properties of the Poisson point process of Lemma 3.23 the
killed Poisson point process ()N(E(z) (1),0<t< T(1)> can be described in terms of two
independent Poisson point processes of points A)?E@) (t) when Ty (t) = Tyxo)(t) and
when Ty (t) # T (t). The intensity of the former is 7' and that of the latter is 7 — !
Hence we get the result.

The intensity of the jump AXye (r0) at 71 is P(s;, s)v(ds). Due to the self-similarity
of (T, 1), we get the total intensity of Xy, is P(s;, s)v(ds).

(ii) Following the result in (i), it is obvious that £* is a pure jump subordinator. The
Laplace exponent and Lévy measure can be deduced from the intensity of Xs.

]

Remark 3.2. In fact, Proposition 3.24 (ii) shows that for any Lévy measure A with the
form in (3.40), we can find a leaf ¥ from this generic sampling procedure with some

selection probability P such that the Lévy measure of its spinal subordinator coincides

with A.
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3.3.3 Sample R(7,%y,...,%) from (7, p).

In this section, we express a special procedure to sample k leaves 1, . .., % from a CRT
(T, ) with characteristic pair (o, v), where v(ds) = Y oo, s7vi(ds)+> oy si(1—si)va(ds).
Clearly v1, 15 are absolutely continuous with respect to v. We denote their Radon-Nikodym

derivatives by dv; /dv, dvs/dv respectively.

Procedure 3.2. (i) Sample leaf ¥; from (7, u)

We sample the leaf 31 according to Procedure 3.1 by setting the selection probability

as

dv dv
g) = 22 (1 o2
Ps,(s;,8) = s; - (s) + si(1 — ) - (s).

(ii) Sample leaf ¥y given the CRT (7, ) and X;.

(a) For t > 0, Let by(t) be the point on [[p, ¥1]] with d(p, b1(t)) = ns,(t). Condi-

tionally given (Xy, (u),u < t) and, we pick a leaf 3,

e from the subtree above b;(t) containing ¥; with probability
P (Ts,(u) = Ty, (w),u < #] (K, (wu 1)) = [T R, (Rsa(w)
u<t
e from a subtree 7;, ;) above b;(t) not containing 3, with probability
P (TEZ(U) = Ty, (u),u < t, Ty () = Ty o) # Tzl(t)’ (le(u),u < t))

P, (MJ?&(t)) [T7, (Xsaw)

XEI (t_) u<t
where
s2dvy/dv(s) s;8;dvy /du(s)
PL (s; = 277N and P2 i) S, 8) = — =L 7
Y (8 ) S) P21 (Sl’, S) an o (S S] S) ]321 (Sj, S)

(b) Let 7! := min{u > 0: Tg,(u) # Tx,(u)} the first time when X, is not picked
from the same subtree as ;. Conditionally given that Y, is picked from a

subtree 7y, (;1y above by (71) not containing ¥, ¥, is picked in

(721(711)7 p(-N 721(T11))/M(731(711))>

by the same procedure as in (i).
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(iii) Sample one leaf ¥y, given CRT (7, ) and 3, ..., 3, for k > 2.

(a) We pick a leaf 37, in (7, i) according to p.

(b) Denote by by, the branch point adjacent to 3, in the reduced tree
R(T,%y,..., % X;,,) and by T;’Ejl the subtree of CRT (7, u) containing
Y41 and rooted at 0y ;.

o If b;,, is a branch point of the reduced tree R(7,%,..., %) or belongs
to an inner edge of it, we pick the leaf >, from ’];fjl“ by the procedure
in (i).

o If by, belongs to a leaf edge adjacent to the leaf X; of R(7,%,..., %),
we denote by bF the branch point in R(7,%,, ..., %) adjacent to ¥; and
by szk the subtree of CRT (7, ) containing ¥; and rooted at b**. We

pick the leaf Y5, 1 from ’];E,i given leaf 3J; by the procedure in (ii).

Corollary 3.25. (i) ()N(El(t),t > 0) is a Poisson point process with intensity

Us, (A% B):= /BZ Lisear (s7va(ds) + si(1 — s;)va(ds)) .

Let ( 1= _log Xy, (t),t > 0) , then £ is a pure jump subordinator with Laplace

exponent

O(q) := /sl Z(l — 1) (s7va(ds) + si(1 — s;)va(ds)) .

(ii) ()?22 (1),0<t < 711> is a Poisson point process with intensity [, 321 57 1¢5,ca3v1(ds)

killed at time 7| with killing rate [, 37, si(1 — s;)1a(ds).

Proof. (i) is a direct result of Proposition 3.24. For (ii), we only need to note that the

intensity of ()?22 (1),0<t < 7'11> is

/ > LseayPe,(si,8) Py, (s, 8)v(ds) = / > 1eaysivi(ds)
B =1

i=1 B =

and the intensity Xy, (7{) is

/B D Agaeay Y P2, (s),5i,8)Po,(si,8)v(ds) = /B D Ageaysi(l — si)ua(ds).
i=1 =1

J#i
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Proposition 3.26. Let II be a partly exchangeable fragmentation process with no erosion
or killing rate and two conservative dislocation measures v and vs, where vy fulfils (3.7),
(3.2) with v1(sy < 1 —¢€) = e *(1/e) and vy fulfils (3.1). Let (T,u) be a CRT with
characteristic pair («,v), where v(ds) = >, (sivi(ds) + s;(1 — s;)1a(ds)). For every
integer k, let R([k]) be an R-tree correspondent with the discrete tree with edge length
built in Section 3.2.10 associated with 11 and R(T, %4, ..., %) be a reduced tree sampled

from T according to Procedure 3.2. Then

IES

(R(E), k> 1) L (R(T,S1,.... %) k> 1).

Proof. Given R([k]), (R([j]),j < k) are uniquely determined; given R(7,%,..., %),
(R(T,%4,...,%;),j <k)

are uniquely determined too. Hence we only need to show that for every k > 1,
R([K]) £ R(T,S1,...,%h).

The self-similarity of CRT (7, 1) and the sampling procedure implies that
R(T,%y,...,%) is a Markov branching tree with edge lengths. Hence R([k]) and
R(T,%,...,%) are identical in distribution if and only if (i) the distributions of the
length of the edge adjacent to the root are the same and (ii) the PEPPF of the two are
the same, provided these two are independent.

For (i), the length of the edge adjacent to root in R([k]) is the self-similar time of
the first time that II|; # 1) under self-similar time-change 77(_1; Corollary 3.25 ensures
that the subordinator £~ associated with %; is distributed the same as £ specified in
Proposition 3.14, which shows that 77(_1; is the same as 77511. Hence (i) is equivalent to the
homogeneous time of the first split in R([k]) and R(7,%,..., %) are the same. By the
Poissonian construction of II, the homogeneous first split time of R([k]) is an exponential
random variable with parameter x({Il € P : II|; # 1p}). Let by be the branch point in
R(T,%y,...,%;) adjacent to p and 7y be the associated homogeneous time. Note that
b is located in the spine [[p,bi]], where b} is the branch point where ¥; and X, are

separated. For k =2, 7} = T[2]- SO T[] is an exponential random variable with parameter
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Js1 202 si(1 — s;)1a(ds) = k(P?) i.e. is the same as that of R([2]). For k > 3, note that
restricted in the spine [[p, b1]], the selection probability of X, ..., are Py, (s;,8) = s;.
By the thinning property of Poisson point process, 7 is an exponential random variable

with parameter
/Si Z ((s7 — s vi(ds) + si(1 — s;)a(ds)) = k({IL € P : 1|y # Ly }).

Hence (i) is straightforward

For (ii) PEPPF, we only need to examine the case k > 3. Note that 75 < 71 and
T < 7} corresponds to the split that ¥, 3y are in the same subtree above by while 7 =
7} corresponds to the split that ¥, ¥, are in different subtrees above biy). By Corollary
3.25, the intensity and killing rate of ()?22 (t),0<t< 7'11> are [ > 571(s,eayvi(ds) and
Js1 202 si(1 — s;)ra(ds). Also the selection probability for X, ..., X is P(s;,s) = s; by
Remark 1. Therefore the probability that the first split of R(7,3,..., %) is ki,..., k,

and X1, are in the same subtree above by, with leaves k; is proportional to

------------

dlstlnct dlstmct
the probability that the first split of R(7,%q,..., %) is ky,..., k. and ¥, ¥, are in the

subtree above b, with leaves k1, ko respectively is proportional to

k1—1 k‘z 1 kg k}r 2
/l E 5 ... 8. Pg (Siy, 5iy,8) Py, (si,,8)v(ds) /l E silst? st (ds);
S : S :

distinct dlstmct
and both the two probabilities are independent from by). Hence we get that the PEPPF
of R(T,%4,...,%) is the same as that of R([k]). O

3.4 Some applications of embedding procedure

3.4.1 Special branch points estimation

Gnedin [22] introduced a constrained paintbox based on an random sequence. Let 1 =
Go > G > ... > 0 be an arbitrary nonincreasing random sequence and (I,,) be a sequence

of i.i.d uniform random variables on [0, 1] independent of (G}). Define a new sequence I,
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as follows. Replace I; by GG;. Then replace the first entries which belong to I, ... and
hit (0,G4] by Gs. Inductively, when Gy, ..., Gy get used, keep on screening uniforms
until replacing the first points hitting [0, G| by Gyy1. Eventually all G’s will enter the
resulting sequence. Let J,, be the number of intervals (G, 1], (G2, G1], . . . discovered by the
n first terms of the sequence. Gnedin obtains the asymptotics of J, when G, =Y ...Y},
where for £ > 1 the Y,’s are i.i.d on [0, 1] with finite logarithmic moments E(—logY})

and Var(—logY)). Here we loose the requirement of the finite logarithmic moments.

Lemma 3.27. Let N, =#{n>1: X, + ...+ X,, <t} be the renewal process associated
with i.i.d. X; > 0. Then for allp € N

lirtriing (];7—5) < 00.
Proof. The case p = 1 is the well-known Elementary Renewal Theorem for E(N;). To
prove the general case inductively, we define ¢;(t) = E(N/) and consider the induction

hypothesis: for all t > 0,
J
t) < Zajk(ql(t))k for all 1 <j <p—1 and some a;;, > 0. (3.41)

This is trivially true for p = 1 and p = 2. Let F' be the distribution function of X; and

U be the renewal function i.e.

1 t) t>
0 t <0.

To show the induction step, we condition on the first renewal time and obtain the renewal

equation

_F—i—Z( )qJ*F+qp>kF

where * denotes the convolution i.e. V « W (t) := fo (t — s)dW(s). Let F*(™) be the

distribution function of 7}, := Zzl X;. Note that

E(Nf) = E(<1{Tm<t} Z Z {Tmax; << my <t}

mi1=1 mp=1
o0 o0
= : : : : ]P> maxy <;<p mM; < t)
mi=1 mp=1
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00 oo k
< Z mpF*(m Z Z nk 4 ] pF* nk-l—J)(t)
m=1

n=0 j=1

o0

< ikz((n%—l) )P k) (4 Z ((n+ 1)k F*(’“)())

n=0
Choose k large enough such that F**)(¢) < 1, then ¢,(¢) is bounded for fix t. Therefore

this renewal equation has a unique locally bounded solution

_F*U+Z< )q]*F*U

and particularly ¢ = F' % U. Then using the induction hypothesis and we obtain

p—1 J
@ < F*U+Z(§) <Zajkq’f*F*U>

=1 k=1
2 p—1

. ql+z(zajkq’f*q1>.
k=1 \j—k

The monotonicity of ¢; implies that for all ¢ > 0,

¢ ar(t) = / g (t — $)dau(s) < (@u(B)*H

Hence the induction proceeds.
Since the Elementary Renewal Theorem guarantees lim sup,_, . ¢1(t)/t < oo, this com-

pletes the proof, since now

NY gp(t) —~  (q(t)"
li E(=L) =1 LA : < 0.
o () =~ B0 < oy 32 U <
]
Lemma 3.28. Let G, = .. Yg, where for k > 1 the Yy’s are i.i.d. on [0,1]. Then
Jn 1

li =
s logn  E(—logY))

when E(—logY7) = oo, we set 1/oo =0, and for every p > 1,

J p
limsupE(( z ) ) < 00,
n—o0 logn
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Proof. The case for E(—logY;) < oo has been implicitly shown in the proof of in
Proposition 8 of [22]. We only need to handle the case when E(—logY;) = oo. De-
fine J!, := max{k : Gy > 1/n} = min{k : 3.F (~logV;) < logn} — 1. According to
the renewal theory [16, Theorem 4.1, Chapter 3], J/ /logn is asymptotic to 0 a.s. when
E(—logY;) = oo. Let I, < ... < I,, be the order statistics of I, ..., I,. Define ¢, by
Ie,n <1/n <1, » According to Gnedin’s discussion, J; and (, are independent, ¢, is

binomial(n,1/n) and J,, < J! + (,. By Markov inequality, we have for all € > 0,

E (e2n/c 1 2/e —1\"
P(Cn>elogn):P(e2C"/€>n2)ZM:— 1—|—e .
n? n? n

Hence we have Y P((,, > elogn) < oo. Borel-Cantelli Lemma implies that
lim (,/logn =0 a.s..

It gives us limsup,, kljﬁ = 0 when E(—logY;) = oc.

For every p > 1, note that

=) ) == () ) = (G ) =) )

The first term is bounded due to Lemma 3.27 and the second term converge to 0 because

the moments of of (,, are bounded. m

For all 1 < j < n, denote by le, ..., V", the homogeneous times when each leaf

¥1,..., %, leaves the spine [[p, ¥;]]. Obviously ij = oo and V} = V7. Define
" =max{V?Z ..., V"1 <m<n—1,

and 7 = 0, we call the branch point b associated with 7" on the spine [[p, ¥1]] its special
branch point. Denote by
LY =#{rm:1<m<n-1}

n

the number of special branch points in R(7, %4, ...,%,) along [[p, ¥1]]. Similarly we can
define 7" and L'? the corresponding quantity for the spine [[p; X2]].
For j > 3, define

o _ {minlgigmﬂ maX{le, sy ‘/jFl? VjHl’ N N A (3.42)

maX{le,...,‘/]7_1,\/Jj+1,...,1/1m+1}, j—1<m<n-—1.
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We call the branch point b} associated with 77" on the spine [[p, ¥;]] its special branch
point. Denote by LY = #{7" : 1 <m < n — 1} the number of special branch points in
R(T.X%y,...,%,) along [[p, ¥;]].

Roughly speaking, the special branch point along [[p, £1]] and [[p, ¥2]] are the ones
where the partition induced by splitting belongs to P?; the special branch points along
[[p, £;]] are the ones where the leaf with smallest label or second smallest in all of subtrees

above this branch point is not split into the same subtree as ;.

Proposition 3.29. Let v; and vy be two conservative dislocation measures , where v
fulfils (3.7), (3.2) with v1(s1 < 1—¢€) = e *(1/¢€) and vy fulfils (3.1). Let R(7T,%q,...,%,)
be an R-tree sampled from a self-similar CRT (T, u) with index o and dislocation measure

v(ds) := >0 s2vi(ds) + S°0°, si(1 — s;)va(ds) by the procedure specified in Section 3.3.3.
=1

=11
Then
(i) LY /(nt(n)) —=>= 0;

n—oo

(i) for everyp > 1,
limsup E ((Lg”)/log n)p> < 00.

(iii) for every p > 1 and x > 0, there exist a constant C, depending on p such that for

alll1 <53 <n,
CP

j R(p—1
P (Lgf) > 2zA(n7")) < =

Proof. (i) Let us consider Lg) first. If v, = 0, ¥; and ¥, are always in the same subtree
in 7. Then for every n, LY = 1 and the result is straightforward. In the following
part, we consider v, # 0. Recall that Xx, (V}),i > 2 are the residual masses of the
subtrees containing ¥; when ¥; has left the spine [[p, ¥1]]. Let Yi(l),i > 2 be i.i.d. copies
of X5, (V). We claim that there exists a sequence of i.i.d. uniform random variables

IZ-(l),z' > 1 on [0, 1] such that for every n > 2,
n d /7 T
(X, (V) X, (V) £ (1 ), (3.43)

where G,(:) = Yl(l) . .Yk(i)l for all £ = 1,.... The above formula holds for n = 2 as
Ggl) = Yz(l) < X5, (V). Suppose it holds for n — 1. Let J,(LIJQ be the number of inter-
vals (Ggl), 1], (G, Gﬁ”], ..., each of which contains at least one in I\, ... ,1:,(11_)2. Then

103



CHAPTER 3 SECTION 3.4

according to the induction hypothesis,

d : n— n—
Gf]l()l) = Hlll’l{XEl (‘/12)7 cee 7XE1 (‘/1 1)} = le (Tl 2)'

Now conditionally on 7{""%, ¥,, is sampled according to u along the spine [[p, b7 ?]] and
by the same procedure as leaf ¥; in the subtree containing ¥; above b7? along the
spine [[72,%4]]. Hence conditionally on Xx, (V") < Xx,(7?), Xx,(V{?) is uniformly
distributed on (X, (7?), 1

] and conditionally on Xy, (V") > Xs, (7772), it is distributed
the same as Xy, (7' 2)Yn(l) <

G(l()l) Y,V Therefor we prove (3.43). Hence we obtain
O (NG A JON (3.44)

Lemma 3.28 ensures that the asymptotics of L / logn is bounded by 1/E(—log YQ(I)).
Therefore LY /(naé(n)) converge to 0 a.s. as n — 0.

For LY ), Jj = 3, note that X; is the leaf with smallest or second smallest label in
the subtree containing >; above the branch point b;:_l and Xy,...,Y;_ 2 leave the spine
[[p, £;]] before b;:_l. The number of leaves in ¥y, ..., %, that belong to the subtree con-
taining ¥, rooted at bg_l is at most n — j + 2. Hence the number of special points on the
spine [[b7", ;] of R(T,%,...,%;) will be no larger than L\, where (L{" k > 1) £

(LS), k > 1). The number of special branch points on the spine Hp, b;- s Lg-] . Therefore
1 <194 B, I, (3

Hence the convergence for L / (n®(n)) follows.
(ii) By Procedure 3.2, X5, (7)) = X (7;7) for all j > 3. Also, note that 7; is determined

by X, ¥, 3%, As X% is sampled according to p in 7, we have

X, (1)) = X (T 1) = Xz*(Tg) Xy, (73). (3.46)

J

Let V¥ k> 1beiid. copies of Xy, (rd). and ¥ = ¥¥ . v k> 1. Let 1Y k>
1 be uniform random variables on [0, 1] and ([n Don > 1) be the random sequence defined

before Lemma 3.28. Denote by J&* the number of intervals (G§3), 1], (G2 ,Gg?’)], ..., each

of which contains at least one in ffg), - ,1:7(13). We claim that for all n > 3, and every
x>0,
P(LM — 1> 2) <P(JY, > 2). (3.47)
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This formula holds for n = 3 as L§3) -1< J1(3) = 1. Suppose (3.47) holds for all n < j—1.
For n = j, the first special branch point bj on the spine [[p, ;]| is also located on the spine
[[p, b1]], where bj is the first special branch point on the spine [[p, 34]]. Fori =3,...,5—1,
let 75, (p,bi) be the subtree of 7 containing ¥; which is rooted on a branch point along
the spine [[p, b1]] ( including the branch point b} ). By Procedure 3.2 (iii), ¥ € 75, (p, b1)
otherwise there will be a branch point b on [[p, bi]] such that ¥; is the leaf with smallest
or second smallest label in the subtree containing b1 rooted at b, which is impossible. Let
le be the number of leaves in Y3, ...,%;_; belonging to the subtree containing >; above

branch point b;. Then we have

N} =S eTy,(r}):i=3,...,j— 1} =#{ e Ty, (7}) i =3,....j — 1}.

4

As X3,..., %% are sampled according to p and Xy, (7}) 2 X5, () £ V¥ by (3.46),

P(Nj=m) = E ((‘7 ;3) (X, (7)™ (1 = X, @;))"”)

- =((7,)otra-vymn),

for all 0 < m < j — 3. On the other hand, let N} be the number of 57, ..., I\, hitting

the interval (0, G§3)]. Then
P(N) =m)=E ((

Let Lg-j)(le, 00) be the number of special points along the spine [[b}, X;]] in R(T, %4, ..., %))

Jj—3

m J

IO = vy ) < P = )

and J;E)Q(O, Yl(g)] be the number of intervals (ng), ng)], ... hit by f2(3), e fﬁg. Now condi-
tionally on le = m, the subtree containing >; above b} in the reduced tree R(7, %4, ..., %))
has m + 2 leaves if ¥; or Y5 is contained in the subtree ’Tg].(b}) of 7T; or it will have m+ 1

leaves if neither of ¥; or ¥, is contained in this subtree. For the former, we obtain by

induction hypothesis for

P (170} 00) = 1> 4| N} = m, (%2, %} 1 T, (0)) #0)
= PLUY —1>2) <P > x);

for the latter,

J

P (ng)(rl,oo) -1> x)le =m, {1, Xa} ﬂ’]‘zj(b]l) - ®>

= PLIY —1>2) <P, > 2) < PP > ).
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Then

J 77

P(L9(r},00) =1 > 2| N} =m) <P > 2) =P (12(0,7,%] > o| N} = m)

As (N}, L(j)(rjl, o0) — 1) 2 (Ngl, J;E)Q(O, Y1(3)]), we obtain that

Jr=g

P(Ly') 1 >x> - ]E(]P (L.j)(le,oo) —1>z-1

%)

J
< E (]P (J@ 0,V >z — 1(1@}))

Jj—2

Now (3.47) is clear and we can deduce that for every p > 1,
E((L - 1)) <E((2)").

Applying Lemma 3.28, the result in (ii) is clear.
(iii) (3.45) implies that for every z > 0

P (LY > 2zA(n ") < P (LE” > W_\(”_l)) +P <L£zlf)j+2 - W_\(”_l)>

E(LOr) E
= wEmny

The last line is obtained by Markov inequality. Lemma 3.28 and the result in (ii) give the
upper bound for the first probability, while (3.44) together with Lemma 3.28 gives the
upper bound of the second one. As A(y) ~ y~*¢(y),y | 0, the result in (iii) follows.

O

3.4.2 The convergence of reduced discrete partly exchangeable
fragmentation tree

Let T,, be a discrete partly exchangeable tree with unit edge lengths. In this section, we
shall show the properly scaled reduced tree R(T,,, [k]) with unit edge length will converge
to R(T,%4,...,%5%).

To prove a discrete tree with edge length, 1,,, converges to another discrete tree with
edge lengths, ¢, it is sufficient to show that the shape of 1,, is eventually that of ¢ and
the edge lengths converge pointwise. As the shape of R(T),, [k]) is exactly that of R([k]).

Proposition 3.26 guarantee the identity in the distribution of shapes of R(7,,[k]) and
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R(T,%4,...,%). Hence, we only need to obtain the convergence of edge lengths in this

section.

Lemma 3.30 ([23], Lemma 8 in [28]). Let & = (&,t > 0) be a pure jump subordinator with
Lévy measure A satisfying A([z,00)) = x=(1/x), © | 0. Let Vi, Vs, ... be a sequence of
non-negative random variables which conditionally given & are independent and identically
distributed with

P (Vi > v[§) = exp(=&), v =20,

and for s > 0 let

Ku(s):=#{Vi:1<i<n,V; <s}.

Then

K
lim sup n(s)

=0 a.s.
n—00 0<s<oo | ()

—T(1-a) /OS exp(—a&,)dv

and hence for every random variable S with values in [0, 0o]

lim Kn(S)

n—00 n_o‘ﬁ(n)

s
=I(1—- a)/ exp(—aéd,)dv. a.s..
0
We simply denote K, = K, (00).

Proposition 3.31. Let IT be a partly exchangeable fragmentation process II with zero

killing rate or erosion rates and two conservative dislocation measures vy, vy, where vy

fulfills (3.7), (3.2) with v1(s1 < 1 —¢€) = e *U(1/€) and vy fulfills (3.1). (Tn)n>1 is the

associated family of labelled discrete partly exchangeable fragmentation trees with unit edge

length. Let R(T,%q,...,%) be an R-tree sampled from self-similar CRT (T, 1) with index
2

a and dislocation measure v(ds) := > o= st (ds)+Y .2, si(1—s;)va(ds) by the procedure

=11

specified in Section 3.3.3. Then

n~*0(n) ' R(T,, [k]) =2 T'(1 — a)R;

n—oo

in the Gromov-Hausdorff sense, where (R, k > 1) 2 (R(T,%q,..., %),k >1).

Proof. By Proposition 3.26, the shape of T,, is distributed the same as that of R(7,%,,...,%,),
we shall consider T,, as an R-tree by assigning unit edge lengths to R(7,%q,...,%,).
We start from the one-leaf trees R(7,%) and R(T,,{1}). Denote by D} the length of
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R(T,,1). Let B} be the branch point in T,, corresponding to bj* and D}"" is the distance
from B! to B (B? is the root of T},).

(i) If v, = 0, which means that ¥; and ¥, are always in the same subtree in 7, then
72 = ... = 777! = oo. Conditionally on the subordinator ¢! associated with leaf X,
the leaves X3, ..., %, are sampled according to p along the spine [[p, ¥1]]. Hence applying
Lemma 3.30, the convergence result is straightforward.

(ii) Let us consider the case that v5 # 0. In this case 7{" < oo for every m € N. Recall
Procedure 3.2, for ¢ > 3, we sample a leaf ¥} according to p. If 37 A X7 is located on
the spine [[p, b:"?]], then we sample ; in the subtree containing ¥ rooted at ¥; A ¥¥; if
Y1 A X is located on the path [[b"%, %4]], we sample %; as the leaf with second smallest
label in the subtree containing >3; rooted at b’fz. Hence, ¥; A Y; = X7 A X7 if ¥y A XS

is located on the spine [[p,b""?]]. Let V"* be the homogeneous time when ¥* leaves the

spine [[p, 21]]. Then we have following identity:
Vvlz — Vvl’ 1{V1i,*§7_}'_2} + ‘/111{V1¢,*>T}'_2}.
Set 70 = 0. The above formula implies that
Dt —1 = #{Vi 2<i<n}

n—1
= > #HVii T << 2<i<ng
m=1
n—1 n—2
= 21{71"71@1"”} + Z#{Vf Tl < Vi<t m+2<i<n}
m=1 m=1

n—2
= LS) + Z #{Vf* sl < Vf* <t m+2<i<n}

m=1
n—2 ‘ .

< LY+ #{V o <V <3 <i<n}
m=1

< LW Vi 0 < VP <23 <i < n}

= L+ K2, (3.48)

n

where K\, (s) 1= #{Vi" : 0 < V{"* < 5,3 <i <n}. As I, > 3 is sampled according to
14, Vf* fulfils the condition in Lemma 3.30. Applying Proposition 3.29 and Lemma 3.30,

we obtain that
n

D [e.o]
lim sup naﬁ(ln) <I'(1- a)/ exp(—a&t)dt as.. (3.49)
n—00 0
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On the other hand, for any fixed [ > 3 and for every n > [ + 1,

Dy —1

v

#{Vi:0<Vi<7l2<i<n}

> #{Vi0<Vi<rl+1<i<n}

AV 0 < Vi <rhl4+1<i<n)}.

As vy # 0, the leaf with second smallest label in any subtree containing ¥; will always
(1 _

leave the spine [[p, ¥1]] at some finite time. Hence lim,, .o, Lr’ = co. Also, by Procedure
3.2, 7 — 71171‘7{#{*1 < 7. Therefore lim; ., 7} = co. Then we obtain
D Vi,*:0<vi,*< l)l 1<i<
liminf —2— > supliminf #{V; <, l+1<i<n}
n—oo no‘g(n) [>3 N0 naé(n>

= I'l—a) /000 exp(—ag ! )dt. (3.50)

Combining (3.49) and (3.50), the convergence for D} follows.
Next, assume that the conclusion holds for 1,...,k, we show that it then holds for
k + 1. Consider the branch point by.q) adjacent to p in R(7,%4,...,X,1) Let Dyyqy =

d(p, b[k+1]). Similarly, we denote by 7441 the homogeneous time for Dy i.e.

Tlk+1]
Dpjyq) = Uill(T[kJrl}) = / eXP(_aftzl)dt-
0

Let D, be the height of the branch point adjacent to the root in R(Ty, [k + 1]).
Then DE}CH] — 1 is the number of distinct branch points of R(7,%y,...,%,) belonging to

the root edge of R(7,%1,...,%k41). So
D[rchJrl} —1= #{21 A EZ‘, k+2<:1< n,d(p,Zl VAN 21) < D[k+1]}
By the same argument as for k = 1,
Diy =1 =#{V{" VP <7y, k+2 < i < n}.
Now applying Lemma 3.30 yields
—a —-1pn a.s. Tl x
n=(n)" D — (11— a)/o exp(—a&;t)ds = I'(1 — a) Dy (3.51)

So the renormalized length of the root-edge of R(T,, [k + 1]) converges to the length of
the root-edge of R(7,%4,...,%;) up to the factor I'(1 — «).
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Suppose the split of R(T,, [k + 1]) at the first branch point Byyq) is (71,...,m,) with
#m; = k;. For all Ny(n)+ ...+ N.(n) < n and N;(n) > k;, denote by T"(n) the subtree
of T,, rooted at Bj,41) with n; leaves, within which the first k; leaves with labels in ;.

Let b1 be the branch point adjacent to p in R(7,%q,...,¥k11). Let %ﬁkﬂ] be a
subtree of 7 rooted at by containing k; leaves (X;1,...,3;,) within {X,..., X}
By the strong law of large numbers and Procedure 3.2,

Nz(n) a.s.

n n—oo

X5y (Tes1) = M(%fikﬂ])-

According to the induction hypothesis, for 1 < <r

R(Tl, 7TZ‘) _ NZ(H)QE(NZ(TL)) R(le 7Ti)
nel(n) nol(n)  Ni(n)*l(N(n))
n(:soo’ (1 —a)(R(T,%1,-- -, Zik) — ([ bps1)l])- (3.52)

In the notation of Section 3.2.10,
R(Ty, [k +1]) = MERGE((R(T",m) = Djjyy, - - -, R(T", m) — Dfj.yy); Diyyyp)-
Now combining (3.51) and (3.52), the convergence for R(T,,, [k+1]) is straightforward. [
Now we establish the convergence of R(T,, [k]) to the CRT (7, u).

Proposition 3.32. In the setting of Proposition 3.51,

lim lim n=*¢(n)"'T (1 — ) (R(T,,, [K]))* = T as.

k—o00 n—o00

in the Gromov-Hausdorff sense as unlabelled trees.

Proof. This proof is following the proof of Proposition 22 in [40]. For simplicity, we
denote R(7,%q,...,%x) by Rg. Due to Proposition 3.31, we only need to show that
R(T,%y,...,%) will converge to 7 in the Gromov-Hausdorff sense as k tends to infinity.
In other words, we need to show that conditionally given (7, i), for all € > 0, there a.s.
exists kg > 1 such that all connected components of 7 \ Ry have diameter less than e.

Consider the connected components of

{beT: {V eTy:db V) > e} =0},
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each completed by their root on the branches of 7. Since 7 is compact, at most finitely
many components 7y, ..., 7y actually attain height e. Fix subtree 7; with root p;, denote
by ’Z;k the subtree of 7 rooted at a point pf of Ry and containing 7;. For b € [[p;?, pill,
let ’Z;j be the subtree rooted at b containing 7;, Xg = ,u(’Z;)j) and )N(g is the analogous
quantity defined in Lemma 3.23. 7; N (Rg41 \ Ri) # 0 is equivalent to that leaf ¥y is
sample from one of the subtrees rooted at p;. If p;? is in an inner edge of Ry, according to
Procedure 3.2, we have to sample ¥, from ’Z}b and along the spine [[p;?, p;]] by the the

same procedure of sampling leaf ¥; because non of ¥,..., Y is located in 7;. Hence

P (’Z} N (Rer1 \ Ry) #0 Rk,p;? is in an inner edge of Rk> = XZ? H Ps, <)?g> )
belloh ]
While if p¥ is in a leaf edge of Ry, suppose this leaf is ¥;. Denote by b"* the branch
point in Ry adjacent to pg? and X;,?, )?;k be the analogous quantity of subtree rooted at
J J
p;? containing ¥;. We have to consider two situations, the first is that ¥; ¢ 7;. In this

situation, we have to sample >, in ’];j by the same procedure of sampling leaf 5. Hence

by Procedure 3.2, we have

P (7} N (Re1 \ Ry) # (Z)'Rk, Y €T pf is in a leaf edge of Rk)

- G| T A(R) ) 7 (%) | T 2 (R9)

be[lbi+. k] belloh ;]

On the other hand if ¥; € 7}, the above probability will be

P (’]} N (Rrs1 \ Ri) # @’Rk, X €T p? is in a leaf edge of 'Rk)

= x| JI P, (Xg)

be[[bk,pk]]
Hence, the probability P (7; N (Rg+1 \ Ri) # 0|Rk) is bounded below uniformly in k.
Therefore, the step when 7; N Ry, # () is bounded by a geometric random variable and
no subtrees of height € can persist outside R, forever, so there a.s. exists kg > 1 such
that 7 \ Ry, has no connected components of diameter exceeding €, which completes the

proof.

111



CHAPTER 3 SECTION 3.4

3.4.3 Height estimation for discrete fragmentation trees

In this section, we give a height estimation of discrete fragmentation trees 7T,,. The condi-
tion (3.2) and (3.3) satisfied by v; implies that the tail A of the Lévy measure A defined in
Proposition (3.14) i.e. A(z) = [0 A(dy),z > 0, satisfies A(x) ~ 2=*¢(1/z) as © — 0 and
fo x2A(dz) < o0o. Also, the tail A, of Lévy measure A, defined in Proposition 3.16 satis-
fied the above two formulas. According to Potter’s theorem [11, Theorem 1.5.6] and the
monotonicity of A, A, this in turn implies the existence of some finite constants Cy, Cy,
such that

Azy) < CpA(2)y™? and A, (zy) < O, Au(2)y™9, (3.53)

forally > 1,0 <2 <1.

Lemma 3.33. Let & be a pure jump subordinator with Lévy measure A satisfying A([x, 00))
x~(1/x), x | 0 and (3.53). Let (¢,7) be any random variable on R% and 7' be any ran-
dom variable on [0, 00]. Given (e,7), let Uy, ..., be any sequence of i.i.d. random variables

on [0,00), the distribution of which satisfies
P (Ul < T|(€7T)7£) = eXp<_€) and P (Ul > T+ t‘(E,T),f) = eXp<_€ - gt)

Denote by

Then for all x > 1 and all integer n,

/ NA (0~ ¢
P (Kn(S,T,T) > (1+2)Y (e, 7,7)A(n 1)) < Q;Pnof;—l’

(3.54)

whereY (e, 7,7") = 14+(1+A,)Cx exp(—pe) (Zﬁjjgl exp(—gfk)> with Ag =232, (Z?;;Ll )

Proof. This Lemma is an extension of Lemma 12 in [28]. Let N, (t1,t2) denote the number
of jumps of € of size at least y in the time interval [¢;, 5], N;T(tl, ts) denote the number
of jumps of exp(—¢)(1 — exp(—¢)) with size at least y in the same time interval. Let F;""
be the o-field generated by (¢,7) and £ until time ¢ and FZ7 be the one generated by
(e,7) and &.

Step 1. Large deviations for NyE’T(O,t). Remark that

N€T0t ZN5T2Z+ Z yexp€+£ ZZ+1)
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Conditional on F;", Nyexp(e+e) (4,4 + 1) is a Poisson random variable with mean

Ay exp(e + &)). But for any Poisson random variables P with mean ), one has
E (exp(tP — (1 + x)tA\)) = exp (A(exp(t) — 1 — (1 +z)t)), Vit € R.

In particular, when ¢t = In(1 + z),exp(t) — 1 — (1 + z)t = —a, < 0 and the expectation
is smaller than 1. Hence for all n € N, using (3.53) for the first inequality, we obtain, for
all y <1,

0
Z yexp(eren (1,1 +1) = (L+2)Ch > exp(—o(e + &))A(y)

=0

[t]

IN
|

Nyexpleren (i, 1+ 1) > (1 4+ ) Z (yexp(e +&))
=0 =0

[¢]
< Efexp|t Z (Nyexp(EJrgi)(z',i +1) — (1 +2)A(yexp(e + fz)))

< E <E (exp (# (Nyexpier) (1 (1] + 1) = (1 + ) Ay exp(e +&0)) ) 1757)
[t]-1
xexp |t Z o )
< .. <exp(—a.A(y)). (3.55)

The last line being obtained by induction: at each step but the last we use the upper
bound 1 for the conditional expectation and for the last step, we use the upper bound
exp(—azA(y)) for the expectation E (exp (¢(N,(0,1) — (1 + 2)A(y)))) . It remains for ¢t =
oo in the first probability involved in the above sequence of inequalities. We simply use
that for any sequence of real-valued random variables W,, — W, a.s., P(Wy > a) <
liminf, . P(Y, > a) for all a« € R (by Fatou’s Lemma).

Step 2. Large deviations for E (Kn(6,7', t)’]:f’T). According to formula (4) of
[23],

1/n

1
E (Kn(ém t)‘ff’f) = n/o (1—y)" 'Ng7(0,t)dy < Ny (0,) +n i Ny (0, t)dy.
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Hence, setting S := Cy > t]gl exp(—p(e + &)),

P (E (Kn(g, )

7—“,5”) > (1+2)(1+ Aa)S/_\(n’l)>

1/n

< P (Nf/T (0,t) > (1 + x)SA(n*1)> +P (n ]vg’T(O,t)dy > (1+ x)AaSA(nl)) :

The first probability in the right-hand side is smaller than exp(—a,A(n™") by (3.55). To
N”(O Hdy < —+—~N=", (0,t), which

n(k+1)

1/kn

bound the second probability, we use n |, J(k+1)n

k+1)

gives

1/n _ 3
P <n N;7(0,t)dy > (1 + I)AaSA(n_1)>
0

< ZIP’ (N” (0,8) > 2(k + 1)Vo(1 + x)S]\(n—l)) .

n(k+1)
Since A is regularly varying at 0 with index —a we have, provided that n is large enough,
that A(n)(k+1)2 < 2A(1/n(k+1)) < 4A(n~')(k+1)¥® for all k > 1. Combined with
(3.55), this implies that the above sum of probabilities is smaller than
Zexp —aaA(1/n(k +1))) <Y exp(—azA(n™ ") (k + 1) /2).
k=1 k=1
Last, the exponential in the latter sum can be split in two, using (k+1)%/2 > (k%/24+1)/2,

to get the upper bound
exp(—azA(n~")/4) Z exp(—azA(n~H)k*?.4),

which is smaller than B, exp(—azA(n~1)) for n is large enough where a = (2In2 — 1) /4

and B, = Y o, exp(—ak®/?). Hence, we obtain that for n is large enough,

[t]+1
P E(Kn(e,T,t)‘ff’T>>(1+x)(1+Aa) Cx Y- exp(—ple +&)) | An™)
< (1+ B,)exp(—azA(n™1)). (3.56)

Step 3. Proof of inequality (3.54). Fix z > 1, note that

P (Kn(e, T,t) > (1+2)Y (e, T, T,)A(n_l))
F) > (+2) (Yt - DAR )
F) > 1+ whn ).

< P (E <Kn(s, 7.1)

4P (Kn(g,T, )~ E (Kn(g, 7.1)
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(3.56) gives an upper bound for the first probability when n is large enough. The result

on urn models (Section 6, [13]) ensures that

y2

R (Kn(s, 7, t)‘ff”) +2y/3

P <Kn(5,7', t)—E (Kn<€,7', t)‘ff’T> > y‘ff’T> < exp

. . , .
This implies that there exits some constant C, depending only on p such that

P(Kule,r,0) — E (Kule, 7. 0)|77) > (L4 2)A(n )| 77
E <Kn(€,7', t))]—'f’T) +A+2)An Y\
< G = 3
(1 +2)A(n1))
E(K,(e,7,t)P|F7 z)A(n1))”
. (Kale 70| 7 )+((1j JA(n1)
(14 2)A(n1)*
< Coa(M+2)A(nh) 7, (3.57)

where C), 5 only depends on p and A. The last line is obtained by

E (Kn(g, )P

5,7) < E(K,(0,0,6)) ~ (A(n™1))?

(up to a constant) which is ensured by Theorem 6.3 of [23].
Then recall the upper bound given by (3.56) for the first probability involved in the
right-hand side of (3.57). Together with the upper bound (3.57), it leads to the existence

of C} 5 such that
P (Ka(e,7,1) > (14 2)Y (2,7, 7)AM ™) < Cpaa™ (A7) ™

for all z > 1 and n large enough, say n > ng. Since A(n~!) ~ n®l(n) when n — oo,
this upper bound is in turn bounded from above by £ Pn!=* up to some constant. Last,
inequality (3.54) is also true when n < ng, since K,(e,7,t) < n < ng and ¥ > 1,
therefore the probability P (K, (¢, 7,t) > (1 + z)Y (e, 7,7/)A(n™")) is null whenever 1+z >
no (A(nfl))_l : O

Remark 3.3. This Lemma is an extension from Lemma 12 in [28]. Setting 7 =€ = 0 and

7/ = 00 gives their result.
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Let A be the Lévy measure associated with the subordinator £*' and A, the Lévy

measure associated with a subordinator £*° generated by a leaf ¥* sampled according to
L.

Lemma 3.34. For every p > 0, x > 1 and all integers n, there exists a constant C}, and

a random variable

Z;j =4+ (14 A,)Cy (i (ng(k))”)

k=0
with finite positive moments of all orders such that for all D7,

P (D;L > 2(1 + ZL‘)(Q + Zj) Hlax{/i\(nfl), ]\*(n*1>}) < 01/7

— gppop—1°
Proof. (i) Case D}. Note that D} < 2(D} — 1). According to (3.48), Lemma 3.33 by
setting (¢,7) = (0,0) and Proposition 3.29,

P (D} >2(1+2)(2+ Z)A(n™))

< PO —1>1+2)24 Z)A(n™))

< P(K+ LY > (L+2)2+ Z)A( )

< P(KY,+ LY > (1+2)2+ Z)A( )

< P(K\ > (1+2)ZA0) + P (LY > 201+ 2)A(n )

< xpfi—r (3.58)

Since 1 and 2 are exchangeable, (D%, Z,) is distributed the same as (D}, Z;) and hence
the above formula also holds for D7.

(ii) Case D?. j > 3. Recall Procedure 3.2 where ¥% is sampled according to p. Let

VJZ*,Z =1,...,j — 1 be the homogeneous time when leaf 3; leaves the spine [[p, ¥7]]. Let
bi',m = 1,...,j — 2 be the special branch point along the spine [[p, ¥}]] and 777, the

associated homogeneous time in analogy with (3.42). By the Procedure 3.2, the leaves
¥; and X% will only be separated in the subtree containing both of them rooted at the

special branch point bjf Hence, 7" = 777, and 07" = b7, form =1,...,j — 2. Also,

Vilyicizy = ij,*l{v; <7y

J—J gk Jy*
fori=1,2,...,5—1,7+1,...,n. Now let Vj: be the homogeneous time when leaf X}

leaves the spine [[p, ¥5]] for i =3,...,j —1,7+1,...,n. For 3 <i <j—1, iijZ;’** ST;_Q

Sk

116



CHAPTER 3 SECTION 3.4

i.e if ¥7 is not the leaf with smallest or second smallest label in the subtree containing
itself of R(X1,%0,..., % 1,27, Zj) rooted at the next branch point below ¥ A X%, then
Y is sampled in the subtree containing %} of 7 rooted at 37 A X7 for j+1 <@ < n,

if VJZ: < 7777, then %, is sampled in the subtree containing ¥* of 7 rooted at ¥ A X7

Ve

Hence we obtain for i =3,...,5 —1

Vilicri=y = Vielws <2y = Vi Lyiecrinays

fort=7+1,...,n,
‘/;Zl{vjigTJJ:72} = ‘/;lv*l{‘/]l,*ﬁﬁf} = ‘/],:k 1{‘/}i,**§75’:2}.
By the same method, for the spine [[b§72, ¥;]], we have that for i = j+1,...,n,
‘/jzl{Tj_2<‘/ji§T;_2} = ‘/j’ 1{7_]]"—2<Vj¢,*§7]1_'—2},

where Vj* is the time when X} leave the spine [[p, ¥;]].

Then we have

D} -1 = #{Vj:3<i<n,i#j}

n—2
= Y Vi < Vi<t m42<i<ni#j}
m=1

J

Jj—2
= LU+ #{Vi < Vi< m+2<i<ni+#j}
m=1

n—2
+ Y VT <V < m 2 Si <y £ )

m=j—1

J7 J?*,

Jj—2
= LY+ #{Vi o <V < om+2 <i <ni # 5}
m=1

n—2
+ Z #{Vji’*:ij_l < V]’* <7 m+2<i<ni#j}

m=j—1
(”) i P e R PP Ry
< IO+ #{VIT0< VI <23 <i<ni#j}
VIV > T i1 <i <}
< LY +##{VT0< V<723 <i<ni #j}

P 1% j—2 . . .
VT VT > T3 <d <ni # G}

117



CHAPTER 3 SECTION 3.4

Now by Lemma 3.33, setting (¢,7) = (0,0) and 7/ = /-2 we obtain that

7,k 0

P<#{vjff;0<vjff <7 h3<i<ni#j} >

J,% 7
[7;72]—1—1
p _
(I+a) [1+1+A00 | Y (Xz;(k:)) A (n Y
k=0
cy”
W’ (359)
as the Lévy measure associated with the process — log Xg;_ is A,.
Also, setting (¢,7) = (—log Xy, (Tj_2>,TJj—2) and 7' = oo, we obtain
P ,% j—2 . . .
]P’(#{Vj V>3 <i<ni# 5 >
(1+ ) (1 + (14 A,)Cy (Z (X, (k + T;‘—Q))p) ) /_\(n_1)>
k=0
cy
< P (3.60)

as the Lévy measure associated with the process (—log Xy, (7';'_2 +1),t > O) is A. By
Proposition 3.29 (iii),

' B 0(3)
P(LY >2(1+2)An™")) < —2

— gyppop—1 :

(3.61)

Note that D} < 2(D} — 1) for n > 2. Combining (3.59), (3.60)and (3.61), we obtain the
desired result.

Last, let

Zoo i=sup Z; <44 (14 Ay)Cy <1 + Sup/ (ij (t))pdt> <4+ (1+A.)Ch (1 + HY),
0

Jj=1 j=1
where HY is the height of the CRT (7, u) under self-similar time-change with parameter

p. It was proved in Proposition 14 [26] that HZ has exponential moments. O

Corollary 3.35. Let H,, be the height of T,,, that is H, ‘= maxj<j<, D;L. For all a > 0

and p > 2/a, there exists some constant C,,, such that for all x > 1 and all integers n,

Cp,a

xP

P (H, > armax{A(n"),A,(n"")}) <
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Proof. Note that

P(H, > (1+ 2)Zo max{A(n~"),A(n"")})

< QP07 > (1t a)Zmax{A(n™), Au(n}) < =T
Also,

P (H, > azmax{A(n"),A,(n"")})
< P(H, > azmax{A(n "), A(n ")} az > (14 V) Zs)
+P((1 4+ V) Zs > az).

The second probability is bounded by some C7 , /P according to Chebysev’s inequality
as E(Z?) is finite.

3.4.4 Tightness estimation and Proof of Theorem 3.2

Proposition 3.36. Let (T,,,n > 0) be a family of discrete partly exchangeable fragmen-

tation trees associated with dislocation measures v1,vy. For k < n, let

A(n, k) :== max d,(z, R(T,, [K])),

1<i<n

d,, being the metric associated with T,,. Then for each n > 0,

<max{ﬁ<i(?>’,kﬁ)*<nl>} g ”) -

lim limsup P

Proof. For all k > 1, introduce ¢¥ := inf{t > 0 : II;(¢) N [k] = 0}, the first time at
which the fragment containing i is disjoint from [k]. For all ¢ > 0, the collection of
blocks (I (tF +t),i > k + 1) induces a partly exchangeable fragmentation II(t* +t) of
N\ [£] and each II;(t* +¢) admits asymptotic frequencies. We call nf” the cardinality of
IT;(t*) N [n] and A¥ the a.s. limit of nf”/n as n — oo. Clearly, Al = max;>1 \¥ — 0 as.
as k — oo. Let G(k) be the o—field generated by II(t*). According to the construction
of partly exchangeable fragmentation process, (II(t* +t),¢ > 0) is a partly exchangeable
fragmentation process starting from II(t*) given G(k). This implies that given G(k),

the discrete fragmentation trees, with respectively nlf’", ... leaves, associated with the
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fragmentations of the blocks II; (tk),5 > 1, evolves independently as n — oo, with laws

respectively distributed as 7] rn,j > 1. In particular, given G(k), the respective heights
J

of those trees, Hn’w are independent and distributed as H_x.n.

J J

Let n > 0. Applying the first dominated convergence for the limit in k£ and then

Fatou’s Lemma for the liminf in n, it is sufficient to show that

lim liminf P(A(n, k) < nA(n1)|G(k)) — 1 as.

k—o0 m—o00

According to the discussion above

P(A(n, k) < ()G () = [P (H,er < nh(n H)IGM))

Jj=1
and our goal turns into the proof of
klim liminf Y In (1 - P <I:In1§,n > nﬁ(n_1)|g(k)>) = 0. (3.62)

Jj=21
By the virtue of the proof of Proposition 9 of [28], (3.62) is a direct result of Corollary

3.35, which completes the proof of Proposition 3.36. ]
Proof of Theorem 3.2. Fix e, > 0 and choose n large enough such that
P(dan(R(Ty; [K]) /A(n™), (1 = a)T) > ) < e (3.63)
according to Proposition 3.32. By Proposition 3.36, choose k large enough such that
limsup P (dgu(R(Ty; [k]), T,,) > max{A(n™"),Au(n"")}n) <e.

n—oo

Note that Aj(x) = 27%¢(1/z),z | 0 and A, is a finite measure. According to Proposition
3.14,
Az) =271 /x) + F(z), = | 0,

where F'(0) < oo. Similarly, we can obtain
A (z) =271 /x) + F.(x), 2 | 0,
where F,(0) < oo from Proposition 3.16. Hence
An™) ~max{A(n~'),A,(n" 1}, n — oo,

which induce

limsup P (dau(R(Ty; [K]), T) > A(n™")n) <. (3.64)
Combining (3.63),(3.64), the result is straightforward. O
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3.5 Three examples of partly exchangeable fragmen-
tation trees

3.5.1 Ford’s alpha models

Ford in [21] introduced a family of binary Markov branching model called the alpha model.
There are two versions, labelled and unlabelled, and each can be described in different
ways. The asymptotics of the unlabelled alpha tree have been completed by Haas, et. in
[28]. The labelled alpha tree can be considered as an example of the (a, 6) tree introduced
by Pitman and Winkel, whose convergence was established as well [40]. In this paper we
focus on the labelled alpha tree and provide another method to establish the convergence.

The sequential construction of the labelled alpha tree starts with the unique binary
labelled trees T} and T, with one and two leaves, respectively. Given the random tree 7,
with n leaves and labels {1,2,...,n} based on their appearance, a new leaf with label
n + 1 is added as follows. Choose an edge between two inner vertices with probability
a/(n—a) or an edge between a leaf and an inner vertex with probability (1 —«)/(n — ).
Replace this edge by a new vertex and two edges linking to its two vertices to the new

vertex. The resulting random tree with n + 1 leaves is defined as T, 1.
Corollary 3.37. Let T, be the labelled alpha tree. Then

(i) T, is discrete partly exchangeable tree with PEPPF

pi(m,n—m) = « ,

pa(m,n—m) = (1-a)

for1 <m <n—1, where'y(n) =T'(n—a)/T'(1—a). The associated two dislocation

measures are binary with

vi(s; €dr) = a(z(l—z))"* tde

vy(sy €dr) = (1—a)(x(l—2))"* dr,

for allz € [5,1).
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(i)
NN o

&, VFord—a

in the Gromov-Hausdorff sense, in probability as n — oo, where
Vkord—a(81 € dr) = a(z(1 — 7)) " + (2 — 4a)(2(1 — 7)) *dx
for allz € [5,1).

Proof. 1t suffices to check that the splitting rules are as specified. The dislocation mea-
sures and convergence are just the application of Theorem 3.1 and 3.2. Now consider a
first split at the first branch point b; of T}, into two subtrees with m and n —m leaves and
denoted by T and T? respectively. Suppose both of the leaf 1 and 2 are in the subtree
T'. Let k > 2 be the smallest label in 72. The first branch point b, is created when the
leaf k is added to the root edge of Tj_; with probability a/(k —1 — «). Then other leaves

are added to the two subtrees at b;. Hence, the probability of such first split is

a (k—1—a)--~(m—1—a)(l—a)---(n—m—l—a):aFa(m)Fa(n—m)
kE—1-a (k—a)--(n—1-a) Lo(n ’

which is independent with &k and is invariant under all possible labellings of 7' and 7% as
long as 1 and 2 are in the same subtree.

On the other hand, if 1 and 2 are located in T and T? respectively, the first branch
point by is created when 2 is added to the one leaf tree 7. Hence, the probability of such

kind of split is

which is invariant under all possible labellings of 7' and T2 as long as 1 and 2 are
in the different subtrees. Based on the above discussion, the alpha models are partly

exchangeable with the splitting rules as specified. O

3.5.2 Alpha-gamma models

The alpha-gamma models introduced in Chapter 2 are extensions of alpha models into
multifurcating case. As labelled alpha trees, the sequential construction of the labelled

alpha-gamma trees starts with the unique labelled trees T7 and T with one and two leaves,
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respectively. Given the random tree T,, with n leaves and labels {1,2,...,n} based on

their appearance, a new leaf with label n 4+ 1 is added as follows.

e Choose an edge between two inner vertices with probability v/(n — «) or an edge
between a leaf and an inner vertex with probability (1 — «)/(n — a). Replace this

edge by a new vertex and two edges linking to its two vertices to the new vertex.

e Choose a branch point with & subtrees with probability ((k — 1)a — 7)/(n — ).
Directly link the branch point a new vertex with a new edge and labelled this new

vertex n + 1.

The resulting random tree with n+41 leaves is defined as 7}, 1. We show that alpha-gamma

trees are discrete partly exchangeable trees as well.
Corollary 3.38. Let T}, be the labelled alpha-gamma tree. Then

(i) T, is discrete partly exchangeable tree with PEPPF

_ Fa(”l) e Fa(nk)
prlz<n17 cee ,le) = fyak 2F1+%<k> Fa(n) )
r, ..,
Bl —m) = (1—a)at2T,, (k) el Lalt)
a(n)
formy > ...>n > 1,n+...+n, =n. The associated two dislocation measures

are

vi(ds) = ~PD; _, . (ds),
vo(ds) = (1 —«a)PD} (ds),

a,—o—7y

for all s € S*.

(i)
1,
=N

n”

in the Gromov-Hausdorff sense, in probability as n — oo, where

Vo (ds) = (7 +(1—-—a—7) Z sisj> PD;, . (ds).

i#]
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The PD, 4 is Poisson-Dirichet type, where for 0 < a < 1,6 > —2a we can express

| F(5)PD(ds) = E (01"f (Aop /o)),

for an a-stable subordinator o with Laplace exponent —log(E(e=?71)) = \* and with

ranked sequence of jumps Aojg 1 = (Aoy, t € [0, 1))

Proof. The proof is similar with the version for alpha trees. Consider a first split at the
first branch point b; of T}, into k subtrees TV, ..., T% with n; > ... > n, > 1 leaves
respectively. If both of the leaf 1 and 2 are in the same subtree T%, let j be the smallest
labels in T, \ T*. Then b; is created when the leaf j is added to the root edge of T;_, with

probability v/(j — 1 — «). Hence, the probability of such first split is

Lo(n1)---Ta(ng)
Fa(”) ’

’704k72rl+g(k)

which is independent with j and is invariant under all possible labellings of T, ..., T* as

long as 1 and 2 are in the same subtree. Similarly we can get the result for the case that
the leaf 1 and 2 are in different subtrees. Therefore, we obtain the part exchangeability

and splitting rules of labelled alpha-gamma tree. O

3.5.3 The three-factor model

For a € (0,1),0 € [-2a, —a] and X € [0, 1], we choose
vi(ds) = APD} 4(ds), v2 = (1 — A\)PD, 4(ds). (3.65)
vy fulfils (3.7), (3.2), (3.3) with v1(s; <1 —¢€) = €2*¢(1/¢) and v, fulfils (3.1).

Definition 3.9. We call a family of partly exchangeable trees three-factor model with
parameters a € (0,1),0 € [—2a, —a] and X € [0, 1], if it has no erosion rate or killing rate,

and two dislocation measures specified in (3.65).

This three parameter model contains the alpha-gamma model and Poisson-Dirichlet

model [35]. When 0§ = —a—~, A\ = it is the alpha-gamma model; when \ = %, it is

7
l1—a+y?
Poisson-Dirichlet model. However, unlike the alpha-gamma model and Poisson-Dirichlet

model, the three-factor model is not necessarily sampling consistent.
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Corollary 3.39. Let (T, n > 1) be unlabelled trees associated with the three-factor model

with parameters (a, 6, \), then

(1)
T

(»)
T,a, v
n=2=(1 — ) ”

in the Gromov-Hausdorff sense, in probability as n — oo, where

v(ds) = (1 — A+ (1 —2)) i sf) PD}, ,(ds);

atd _ or X =1L je alpha-

(i) (T3,n > 1) is sampling consistent if and only if X = 52207 5

gamma model or Poisson-Dirichlet model.

Proof. Applying Theorem 3.2, (i) is straightforward.
(ii) it is easy to deduce that the EPPF of (T2, n > 1) is

Pu(n1, ... m) = Chag ((1 —A)n? =+ (2X —1) Z@) [Ta), (3.66)

j=1 i=1
for any ny > ... > ng,ny + ... +n, =n, where C,, 4 is a constant determined by n, o, 6.
The sampling consistency of (72, n > 1) is equivalent to

k

Pn(na, ..., ng) X an+1(n1, cooni+ 100 ng) + Py (na, .. ng, 1), (3.67)
i=1

According to (3.66),

Prri(ny,...,ni+ 1,00, n)

k
x ((1 — 0 = An+ (23— 1) n? +2xn; +2(1 — A)(n — n,»))

Jj=1
k

x(n; — ) H Lo (n), (3.68)

Potr(ng, ..o ng, 1)
k
x ((1 —A)n® —An+ (2A —1) an +2(1 - A)n)
k
x (ka +0) [ Ta(na). (3.69)
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Taking (3.66), (3.68) and (3.69) into (3.67), we obtain that the sampling consistency of
(T?,n > 1) is equivalent to

<(1 —A)n® —An+ (2A — 1) ini)

J=1

x ((1 — 0% — ((2A—=1) —0(1 = \))n+ (2A — 1) Z@) (3.70)

Jj=1

holds for any ny + ... +ny = n. If X = 3, (3.70) holds naturally. Otherwise, (3.70) is

equivalent to A = a(2A — 1) = 0(1 — \) ie. A = 2;‘_:'69_1. Hence we can get the sampling

consistency is equivalent to A = zoi:reeq or \ = %, which completes the proof.
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