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Abstract

This paper examines monetary policy in a currency union whose member countries exhi-
bit heterogeneous rates of limited asset markets participation (LAMP). As a result risk
sharing among member countries is imperfect and the monetary transmission mecha-
nism can differ across countries. In the limit the elasticity of output to the union-wide
nominal interest rate can be of opposite sign in different countries.

I develop a tractable model in which the dispersion of asset markets participation
(AMP) becomes a key parameter. While monetary policy can guarantee determinacy
by following an active or passive rule depending on the sign of the interest-elasticity of
output, ignoring dispersion can lead to incorrect computation of the sign and the size
of the latter. Taking the heterogeneity into account is thus central for sound policy

Furthermore, due to the failure of risk sharing, determinacy for union-aggregates
does not guarantee determinacy in every member country. However, the more open
a country is in trade terms, the greater the rate of LAMP for which the country still
displays equilibrium determinacy. For complete openness, determinacy is guaranteed.
This underlines the importance of risk sharing and trade integration for the functioning
of a currency union.

Considering the optimal union-wide targeting rule, a higher mean and dispersion of
LAMP increase the desired inflation volatility and decrease the desired output volatility.
The implied optimal Taylor rule shows that subject to the Taylor principle, the higher
are mean and dispersion of LAMP, the softer should be the response of the nominal
interest rate to expected inflation.
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1 Introduction

Imperfect risk sharing and asymmetric monetary transmission channels are real world chal-
lenges for monetary policy in a currency union. This paper examines in a theoretical context
the implication of these features for monetary policy in a currency union. More precisely, I
examine monetary policy in a currency union whose member countries exhibit heterogenous
rates of limited asset markets participation (LAMP). Due to this heterogenous LAMP, per-
fect risk sharing across member countries fails and the monetary transmission mechanism
can differ dramatically across countries. Potentially, countries could exhibit elasticities of
output to the union-wide nominal interest rate of opposite sign. This provides an extreme
test of the implications of structural asymmetry and imperfect risk sharing for monetary
policy in a currency union.

Limited asset markets participation, i.e. the fact that not all households in an economy
participate in asset markets, is an acknowledged feature of real world economies.! The
concern of this paper is what LAMP means for monetary policy in a currency union, in
particular when it differs across countries. Tables 1 and 2 present data for stockownership
and homeownership for the two biggest currency unions, the US and the euro area. Both
are imperfect indicators of asset markets participation (AMP). Homeownership may often
require financing, but not always. Similarly, while stock ownership may be sufficient to
indicate AMP, it is not necessary. What Tables 1 and 2 show is that, depending on the
indicator, LAMP can be high; homeownership for instance is more prevalent than stock
ownership. More than that, it differs markedly across countries, although the euro area
exhibits considerably more heterogeneity than the US, which also has a greater level of

AMP according to both measures.

'LAMP proves difficult to quantify. On the one hand, this is due to the variety of asset market parti-
cipation, be it through stock ownership, corporate or government bonds, housing finance, or simply a bank
account. On the other hand, in many models asset markets are simply a set of state-contingent securities,
which makes it difficult to say what the best real world equivalent for them is. Thus, while one can argue
over the best indicator for LAMP and its correct level, its significance is clear.

( ) attempt to quantify LAMP based on aggregate time series. They find that around 0.4 to 0.5 of the
US population consume their current income and interpret this as the rate of LAMP.
( ) present data from the 1989 US Survey of Consumer Finances according to which 59% of the
population held no interest-bearing assets, while 25% did not even have a checking account. More recently,
( ) reports PSID data according to which 21.75% of US population hold shares and
31.40% own bonds. Similarly, based on 1999 PSID data, ( ) classify, according to net
worth, 25.9% of the population as asset poor. Excluding home equity from net worth even 41.7% can be
considered asset-poor. Meanwhile, ( ) estimate the level of LAMP to be 0.44 during
the pre-Volcker era and 0.24 during the Volcker-Greenspan period. ( ), by contrast,
investigate the European Monetary Union and estimate the level in the euro area to lie between 0.24 and
0.37.



Table 1: Dispersion of Euro Area Asset Markets Participation

Country Stock Ownership Rate Home Ownership Rate

Austria 0.10 0.58

Belgium 0.38 0.71

Finland - 0.65

France 0.43 0.57

Germany 0.24 0.43

Greece 0.10 0.80

Ireland - 0.75

Italy 0.10 0.70

Luxembourg - 0.75

Netherlands 0.24 0.57

Portugal - 0.75

Spain 0.11 0.86

Statistic

Mean 0.21 0.68

Standard Deviation 0.13 0.12

Coefficient of Variation C'V;_ ) 0.62 0.18

CV2 | 0.39 0.03

Notes: The Stock Ownership data are taken from table 1 in ( ) who

obtain it from SHARE data. The Home Ownership rate data aren taken from table 1 in
( ), where it appears as ’Owner-Occupancy Rate’.

Table 2: Dispersion of US Asset Markets Participation

Region Stock Ownership Rate Home Ownership Rate
Midwest 0.55 0.81
Northeast 0.55 0.71

South 0.43 0.78

West 0.52 0.77

Statistic

Mean 0.51 0.77
Standard Deviation 0.06 0.04
Coefficient of Variation CVy_ ) 0.11 0.06

CV2 | 0.01 0.003

Notes: The data are taken from table 1 in ( ) who obtain it from
SHARE data.



In this paper, by contrast, we allow for heterogenous LAMP. That is, in every country
there is a rate of LAMP and these rates can differ across countries. Heterogenous LAMP
directly leads to an asymmetric transmission mechanism of monetary policy. Thus, the
first question of interest is what this asymmetry in the monetary transmission mechanism
means for the union-wide interest rate policy. As a modelling tool LAMP is interesting in
that, firstly, it allows us to investigate asymmetries in the transmission mechanism with
just two statistics, its mean rate and its dispersion across other countries. Secondly, we can
study with LAMP not least for the most extreme test of structural heterogeneity, where the
interest-elasticity of output in one country may be negative while in another it is positive.
Thus, a currency union model with heterogenous LAMP can serve as a laboratory to explore
how much heterogeneity in the monetary transmission mechanism is feasible in a currency
union. In this sense LAMP can proxy for other heterogeneities in labour, product, housing
or financial markets which are certainly important.” Another convenient feature of LAMP is
that it allows us to investigate the importance of financial market integration for a currency
union. As Non-Ricardian agents have no access to asset markets, the rate of LAMP in a
country directly determines its extent of financial-risk sharing with the rest of the currency
union.

To investigate the importance of heterogenous LAMP in a currency union, I introduce
LAMP as modelled in ( ) into the currency union model of
( ). The latter build a model of a monetary union made up of a continuum of small
open economies each of which has mass zero. This implies that each member country by
itself does not affect any other member country or the union as a whole. While

( ) allow for asymmetric shocks across countries, all members of the currency
union are structurally symmetric. There is no LAMP, so that in all countries all households

are Ricardian and complete financial markets ensure perfect international risk sharing across

3

countries.
2 ( ) identifies differences in legal structures, size and concentration of banking in firm
finance as well as industrial structure. ( ) identify significant differences in financial

market capitalisations relative to GDP which are based on different, pension, banking, corporate finance
systems. Furthermore differences in tax systems and credit availability change the effects of housing wealth
on consumption, which is also documented more recently by ( ) comparing the US and UK.
3Next to ( ) there are more conventional two-country models of a currency union,
such as the one by ( ) who build on ( ). There are, however, several
advantages to the framework of ( ). Two-country models are less suitable to analyse
a small open economy within a currency union. Furthermore, ( ) allows to derive a
fully quadratic loss function avoiding multiplicative terms in different variables as obtained by
( ). The presence of more than two countries also makes the mean and dispersion of variables,
which are the focus of the present analysis, more meaningful. Importantly, while ( )



( ) extends the benchmark New Keynesian model summarised for instance in
( ), ( ) or ( ).A ( ) shows that LAMP
leads to a bifurcation of dynamics. If the rate of LAMP remains below a certain threshold
value, the dynamics of the benchmark New Keynesian model are preserved. Indeed the
effectiveness of interest rate policy increases relative to the standard case. If the rate of
LAMP, however, exceeds a certain threshold then the IS relation changes sign. Behind
this result lies the interrelation between labour and asset markets. The intuition is the
following:® if Non-Ricardian households exceed a certain threshold proportion, then a fall
of the interest rate has the following effect. Ricardian households plan to save less and
consume more. With a high proportion of Non-Ricardian agents this increase in demand
increases marginal cost so much that Ricardian agents anticipate so high a fall in potential
profits that they end up cutting back consumption rather than increasing. This way the
fall in the interest rate can lead to an overall fall of consumption and output. When the
interest-elasticity of output is negative, this in turn has the policy implication that the
Taylor principle is also reversed in the sense that determinacy requires a passive policy in
the sense that in a Taylor-type instrument rule the coefficient on inflation is smaller than
one.

The main results of the present paper are the following. I show how the heterogeneity
of LAMP can be captured solely in terms of the mean rate of LAMP and the dispersion of
LAMP. The heterogeneity of LAMP turns out to matter crucially for dynamics and deter-
minacy. Disregarding dispersion will be quantitatively and can be qualitatively inaccurate,
as for a given mean rate of LAMP, greater dispersion can make the sign of the union-wide IS
relation change. Depending on the sign of this elasticity, monetary policy can then achieve
union-wide equilibrium determinacy by following either an active or passive Taylor rule.

As every country technically has a measure of zero, the determinacy conditions identi-
fied for the union as a whole are insufficient to guarantee that in a particular country the
equilibrium path is determinate. Strictly speaking no country has mass zero, this assump-

tion may simply be as inapplicable to the real world. The most important dimension of

assume that purchasing-power-parity (PPP) holds at all times, the introduction of home-bias in

( ) allows for deviations from PPP. This turns out to be particularly important when risk
sharing among countries is not perfect.

4 ( ), too, study the implications of Non-Ricardian agents in a model with capital and
non-separable utility. These assumptions, however, preclude analytical results, making ( ) the
more convenient reference point.

For a more detailed account see ( ).



the measure zero assumption is that the interest rate set at the union-level does not syste-
matically react to the conditions of any particular country. In the euro area, for instance,
country weights entering the HICP price index are calculated based on its share of private
domestic consumption expenditure in the euro area. Inflation of the HICP index is in turn
the variable which the European Central Bank (ECB) targets as part of its inflation tar-
geting strategy. While in 2006 Germany has the largest weight with 28.7%, the values for
Portugal, Ireland and Luxembourg are only 2.2%, 1.3% and 0.2% respectively. Out of the
12 earliest member of the European Monetary Union, only France, German, Italy and Spain
have a weight in the union of more than 5%. Based on their small weight, the assumption
that the union-wide interest rate policy does not react systematically to the conditions in
the smaller countries is plausible and deserves scrutiny.

For country-level determinacy I thus demonstrate that, if the rate of LAMP in a country
exceeds a certain threshold, equilibrium in that country is indeterminate. This is essentially
due to a failure of risk sharing, as risk with the rest of the union is only shared by the
Ricardian consumers. While the union as a whole can react to a negatively sloping IS
relation by adopting a passive interest-rate rule, an individual country cannot do so and
runs into difficulties if its rate of LAMP exceeds a certain critical value. However, we
also find that the more open a country is, i.e. the less home bias it exhibits, the higher
the rate of LAMP for which equilibrium in that country is determinate. Indeed, in the
absence of home bias a country can guarantee equilibrium determinacy. This emphasises
the importance of risk sharing and trade-integration in a currency union. This further
lends support to ( ) who argued that openness with potential currency-area
partners increases the appeal of a fixed exchange-rate between them.

Finally, I identify the optimal policy which minimises the union-wide quadratic social
loss. Optimal inflation volatility increases in the mean and dispersion of LAMP while
optimal output volatility decreases in those parameters. An implied optimal Taylor-rule
recommends, subject to the satisfaction of the Taylor principle, that the higher the mean
and the dispersion of LAMP, the less aggressive should be the response of the nominal
interest-rate to inflation.

The structure of the paper is as follows. Section 2 discusses the microfoundations in
detail. Section 3 derives structural IS relations and Phillips curves for the union as a whole,

as well as a representative country. Section 4 discusses the requirements for equilibrium



determinacy, with 4.1 discussing the union as a whole. However, because a particular
country ¢ has measure zero within the union, it could be indeterminate without affecting
the rest of the union. Thus, section 4.2 turns to the conditions for which a particular country
¢ exhibits equilibrium determinacy. Section 5 identifies the optimal monetary policy which

minimises the union-wide quadratic social loss.

2 Microfoundations

2.1 Households

The general form of notation is summarised in appendix 7.1. The model of the currency
union follows ( ). The currency union is made up of a continuum of
small open economies. Each country’s economy is indexed by ¢ € [0, 1]. As each country ¢
has measure zero, its domestic policy does not have any impact on the other union members.
All union members have the same preferences, technology and market structure. However,
they can be subject to imperfectly correlated shocks.

Here I go beyond ( ) by assuming that asset markets participation
is limited. More than that, the degree of asset markets participation is allowed to vary
across countries. I thus assume that in each country a fraction (1 — \°) of the population
are asset market participants who can smooth their consumption over time through asset
markets. These consumers are called 'Ricardian’ consumers. The variables pertaining to
these households will be superscripted by R. The remaining fraction of the population
A¢ consists of households not participating in asset markets. These consumers are called
"Non-Ricardian’ as they are unable to smooth their consumption across time through asset
markets participation. Their variables carry the superscript N.

Let Z € [N, R] denote the type of household. CtZ “ is the total consumption by all

households of type Z in country c. Both household types have the same utility function

o0 ch ].JFT]
% Z.c (N z)
U=E) B 1n0t+i—g1t+T (1)
=0

B € (0,1) is the subjective discount factor common to all households, N; is the supply of
labour in terms of hours worked, 7 is the inverse of the labour supply elasticity, while ¢ de-

termines the weight on the disutility of labour supply. As in ( ) the log/constant-



relative-risk-aversion-utility function is chosen as it delivers constant hours worked for Non-
Ricardian agents. This brings analytical convenience without being necessary for any of the

results.

2.1.1 Consumption and Price Indices

Aggregation across Consumer Types In any country ¢ the consumption of Ricardian

c

R . . . Ne .
consumers C;"° and the consumption of Non-Ricardian consumers C, " is aggregated as

follows:

Cf = (1= X0 xeeMe. (2)

The model will be log-linearised around the non-stochastic steady state, where (2) becomes
& = (1 - X)e + X, (3)

Similarly, labour supply aggregates as

Nf=(1=X)NBCL XN or A = (1 — X9)ale. (4)
For the last equality note that ﬁi\] “ = 0, as hours worked by non-Ricardian agents are

constant.

Aggregation of Domestic and Imported Consumption For every household type

Z let lower-scripted country-variables denote the place of production and upper-scripted

country-variables the place of consumption. Total consumption of consumer Z is composed

of consumption of goods produced domestically, Cf ;¢, and goods which are produced in the

rest of the union C}%f . For type Z, the composite consumption index C’tZ “is
(CZ) e (Cm)

Z,c s
G = (1—a)d-oaga ’ (5)

where « € [0, 1] is the weight on imported goods in the utility function. For o < 1 there is
a home bias in private consumption. For a = 0, the country is essentially a closed economy.
«a can thus be seen as a parameter capturing the openness of a country towards the rest of

the union. « is assumed to be the same for all countries.®

5Tn section 4.3 I consider the case of o varying across countries.



There is a continuum j € [0, 1] of differentiated consumption goods, where 6 > 1 is the
elasticity of substitutions between any two goods produced within a country. C’Z’C is the
CES aggregator of consumption defined as Cf = < fo j dj) 091. CFt, the index
of country c’s consumption of imported goods, is given by C’ i = exp fo o Z< qf . where
c?f =In C’ff is the log of an index of the quantity of goods consumed in countrzf ¢ which
are imported from country f. This index is defined as c? :. ©= < fo j 7dj> ot Pf (7)
is the price of good j produced in country f, expressed in units of the single currency. The

demand functions in a given country ¢ for domestic goods and goods imported from f are

respectively

9

ey (BN oz ey — (ELU) :

cti- (%) ez o cqw-(22) W
t

The price index of domestically produced goods for countries ¢ and f are:

sz(/ole@)“’dj)lle . P z(/olafw@dj)lle. (7)

The demand functions (6) and prices indices (7) aggregate as fo PE(j C’ “(j) dj = PCC’

and fo Pf C’ () dj = Pf C Let the union-wide price index be P} = exp fo df,
where p{ = 1In Ptf . For any individual country ¢, P} also represents the price index for
all imported goods. Further, the optimal allocation of expenditures on imported goods by
country of origin implies Pf CZC = P*C’ZC Using this, we can write total expenditures on
imported goods as fo Ptf Cff df = PrC F}’f . Let the consumer price index (CPI) in country

¢ be

PP = (PO (P, ®)
Then the optimal allocation of expenditures between domestic and imported goods in that
country is given by:

PO = (1—a)PS,CP° 5 PrCEY = ol O, (9)

Combining the previous results, the total expenditures by the households in country ¢ can

be written as

PO + PrCEY = PPeCye, (10)



Terms of Trade The bilateral terms of trade between countries ¢ and f, i.e. the price of
country f’s domestically produced goods in terms of those of country c are

P/

S.]Ct"t = Pitc

(11)
The effective terms of trade of country ¢ are thus

o P

= (12)

which can be written as Sy = exp fol (p{ —p§) df = exp fol sG df, where 5, =1In S;7t,p{ =
In Ptf,pf = In P}. Further, in terms of logs, sf = fol 5%, df. The CPI index defined in (8)
and the domestic price level are, in logs, related as p;” e — p§ + asy.

Define domestic inflation as the rate of change of the price index of domestically produced
goods, i.e. 7§ = pf — pf_;. Then domestic producer inflation and CPI inflation are related
as follows:

cpi,c

" =7 + alAs;. (13)

Hence, the difference between CPI inflation and domestic inflation is proportional with

coefficient « to the percentage change in the terms of trade.

2.1.2 Ricardian Consumers

Financial markets are assumed to be complete, while the economy is cashless. The monetary
authority defines a unit of account in which all assets are denoted. In terms of this unit
of account, BtR *“ denotes the agent’s end-of-period portfolio holdings of all state-contingent
assets except shares. Af " is the wealth excluding shares at the beginning of the period. Qf “
V;R’C is the average market value of shares in intermediate good firms at time ¢. Df “ are real
dividend payoff of these shares. The nominal wage is W; and wage income Wy NN; represents
all non-financial income. Due to full arbitrage, arbitrage opportunities are absent. Thus,
the current and the future asset portfolio, which is random, are related through a unique

stochastic discount factor, Q¢ ¢+1, which is implied by

Bf** = E[Qui1 ARS). (14)



For shares, absence of arbitrage opportunities implies
R,c R,c cpi,c c
Vt = E; [Qt,tH(VtH + Pt+1 Dt+1)] (15)

Iterated forward, the Euler condition gives the fundamental pricing condition VtR’C
Ey (32, QmﬂPfﬁ °Dg +Z} In terms of the stochastic discount factor, the one-period short-
term riskless nominal interest rate, ;, is given by ﬁ = FiQt441-

The representative agent’s flow budget constraint is given by:

/PC j dj+/ {/ PLGCFEG) dj} df + B + Qb5 v/

< AT QR P DI 4 WA

Using (10) and conditioning on the optimal allocation of household expenditures, the period
budget constraint can be written as PP*°Cy%° + B + Q5 v/ < AP 4 (v +
PP DRy L WeNC which log-linearised around the steady state is &7 = w¢ — pP° +
A+ de

Imposing the usual no-Ponzi condition for each state and using the arbitrage relations

(14) and (15) as well as the relations on prices (10), we obtain the intertemporal budget

constraint conditional on optimal expenditure allocation:

R, R,
ZEt [Qt t+i ffic t—H] APV + By [Qt i (Wi t+z) (16)
The problem of the representative asset market participant is to maximise (1) subject to

(16). This gives rise to the static optimality condition characterising labour supply

c
Wi
cpi,c
Pt

=(C Rc(NRC) or wf—pfpic—éfc—knﬁfc. (17)

The intertemporal consumption Euler equation, with 7; = In 11Jj:;, is

1 ﬁE CR c Pcpz ,C ~R,c B ~R,c (A E,. € ) (18)
- y or C. = C; 1 — (4 — T .

10



2.1.3 Non-Ricardian Consumers

Non-Ricardian consumers consume their wage income in each period. Thus, the period

budget constraint conditional on optimal expenditure allocation can be written as
PPeON <WeENor wf - pitt = (19)

Non-Ricardian Consumers maximise utility (1) subject to the constraint (19). This is

solved by the static optimality condition

cpi,c
Pt

= CONY or wf - pP =8 (20)

: : N
where again use is made of i, *“ = 0.

2.1.4 International Risk Sharing

The first order condition (18) also holds for Ricardian consumers in each foreign country f:

R? ‘7
1 — 5E' Ctifptcpl / (21)
L+o U oRS pepid |
“ Cii1 Py

We can combine (18) and (21) to obtain C/*° = 19605%’]0(5]3715)1_0‘, for all ¢, f € [0,1] and for
all t. The constant . depends on initial conditions regarding relative net asset holdings,

( ). We thus can assume initial conditions such that ¥¢ =19 =1 for
all ¢ € [0,1]. Then CtR ‘= C’f o (S;ivt)l_a, which we can log-linearise and aggregate over all

countries f to obtain

et = e 4 (1 - a)s, (22)

where the union-wide consumption by Ricardian households is given by cf * = 01 cf o df.

Note that (22) implies that only Ricardian consumers with access to asset markets can
share risk internationally. In the presence of Non-Ricardian consumers, perfect international
risk sharing therefore breaks down. This break-down in risk sharing has important effects

on dynamics, as discussed below.

11



2.2 Firms

A representative firm of final good producers uses a constant elasticity of substitution (CES)

production function
6

Yfz([fn%ﬁ%lﬁ)gl, (23)

which aggregates a continuum of intermediate goods indexed by j € [0,1]. Demand for each

PEG)
P;

-0
intermediate good is given by Y (j) = ( ) Y;¢, while the price index is given in (7).

Each intermediate good is produced by a monopolist indexed by j using technology
given by

Yi(G) = AgNg(G) — F© for  N{(j) > F, (24)

and 0 otherwise. The fixed cost F¢ is assumed to be common to all firms in country c.

The country wide production function, integrating (24) across all j is given by

YEAf = AINf - F°, (25)

e\ —0
where price dispersion is defined as A{ = fol (P}(CJ)) dj. Note that the existence of price-
t
dispersion is contingent on sticky prices, which are introduced below. Under flexible prices,
there is no price-dispersion. It is straightforward to show that equilibrium variations in

In A; are of second order. Thus, log-linearised to first order, (25) becomes

g = (L4 png + (1 + pag. (26)

Real profits of firm j are given by Df(j) = %ﬁcj))@c(‘j) — Véfo(j). Profits aggregated

c(s c cr N\ 1—60
across all firms are fol D§(j)dj = D§ = 01 Ptpicj)th(j) — Vgté Nf(G) = Y¢ fol (Ptpic])) -

VIID/;C fol Nf(7)dj. Aggregate real profits are given by Df = (1 — ]V][D?tc Af) Yi¢— ]‘gjf F°. These

aggregate profits are distributed to asset holds as dividends.

Cost Minimisation Cost minimisation by the firm, taking wages as given, implies a

nominal marginal cost of MCf{ = %. Following ( ), we assume that a
t

cost-push shock ¥4 enters the marginal cost relation. Marginal costs then are

(&
Wt e,¢,7 1u2:
C
At

MC§ = ) or mcf = wf — al + P u. (27)

12



Inflation Dynamics with Calvo Price-Setting The derivation of a relation between
inflation and marginal cost requires an assumption about price-setting. Here this follows
the discrete-time variant of ( ). In this set-up the opportunity of firms to adjust
prices follows an exogenous Poisson process. Independent of history, there is a constant
probability of (1 — w) that a firm can adjust its price, so that each period a fraction w of
firms leaves the prices of their product unchanged. The expected waiting time for the next
price adjustment is therefore (1 — w)~!. Based on this assumption, the New Keynesian

relation between inflation and marginal cost takes the form
T = BEmy + ¢(mef — py), (28)

where ¢ = (1—@&;&‘;) and mcf is the nominal marginal cost of supply.”

3 Equilibrium Dynamics

In this section we derive the economy-wide relations from the micro-founded optimisation
problems solved by consumers and firms. The model derived nests the closed economy of
( ) for a complete home bias of @ = 0. The model also reduces to the symmetric

currency union of ( ) when rate of LAMP is set to zero in all countries.

3.1 Aggregation

Goods market clearing requires (3) to hold. Labour market clearing requires (4). Further, as
markets are complete and agents trading these assets are identical, state-contingent assets
are in zero net supply. By Walras’ Law, the remaining market must clear, too. Market

clearing in equities implies that the share holdings of each asset holder are 7, ; = Qf = %Ac

3.2 Steady State

To study dynamics, I take a log-linear approximation around the non-stochastic steady
state. I find the steady state by considering the optimality conditions when all variables
are constant and all shocks absent. The Euler equation (18) relates the steady state riskless

one period net nominal interest rate to the subjective discount factor 1+ = 571

"For details see e.g. ( ) or ( ).
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Within each country, the steady state mirrors the closed-economy version case considered
in ( ). In steady state all firms are symmetric and apply a gross mark-up % of
over nominal marginal cost. Define the steady state net markup which producers charge as
p= (0 — 1)~ and the share of fixed cost in steady state output as Fy = £7. Assume that

the steady state net markup which producers charge is the same across all countries. As

shown in ( ) and detailed in appendix 7.2, the steady state share of real profits
n-Fy e N© _ 1+Fy

If we

, while the steady state share of real earnings is =

. . C
is given by % =

T+u THp

let the steady state net mark-up equal the output share of the fixed cost, i.e. p = Fy., the
steady state share of real profits in output is zero, which makes the share of real earnings

in output be equal to one. By implication, also the consumption shares or Ricardian and

Non-Ricardian agents are equal to each other and equal to one: C;f = % = 1. This
simplifies the algebra while not being necessary for any of the results.

Due to the absence of profits in steady state, both types of consumers have the same

steady state budget constraint: C%¢ = W¢/P°N%< for z € [N, R]. Similarly, the intra-
1 we

temporal optimality conditions are in steady state C%¢ = Nz Pe This allows to solve

for the steady state consumption and types as C%¢ = ( _ﬁ%, while hours are N%¢ =
¢ _fv. The above also implies that for both consumer types steady state consumption
equals total consumption and output CV:¢ = Cfe = ye,

Regarding steady states across the union, the risk sharing condition (22) becomes C%¢ =
Cchf (S;7t)1*a. For simplicity, I consider a symmetric steady state for which S = 1. This
implies Pl = P¥, which we can normalise to one. The symmetric steady state S;i = 1 implies
that consumption of Ricardian consumers in different countries are equal C%¢ = Cff. As

above, we see that in each country steady state consumption of both types of consumers is

equal to each other and to country output; we also have Y¢ =Y/ for all ¢, f € [0, 1].

3.3 Goods Market Clearing

Market clearing of good j in country ¢ requires

1 Pe(i -0 1
Vi) = s+ [ L) df=< ;éj)) ( s+ [ df)-

Using the condition for the optimal allocation of expenditures between domestic and impor-

iy —0 c !
ted goods (9), we obtain Y;°(j) = (P;ECJ)) [(1 —a) (%) Cy + afol <I;§t’ct> th df]. With
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the definitions of bilateral and effective terms of trade given in (11) and (12) we obtain an
expression for Y;°(j), which, plugged into the definition of country ¢’s aggregate output (23),

gives the following aggregate goods market condition
1
Y= (1 -a)(S))CF + a(StC)a/O (S5 ~Cf df. (29)

As shown in appendix 7.3, a log-linear first order approximation of (29) around the symme-
tric steady state yields

U5 = (2 — a)asi + (1 — «)& + oy, (30)

where ¢; = fol cf de = fol c{ df is the consumption index for the union as a whole.

Departing from the definition of aggregate consumption, we can substitute out the
consumption of non-Ricardian agents using their labour supply relation (20). Using in
turn the labour supply-relation of Ricardian consumers, (17), as well as the definition of
aggregate labour, (4), we find a relation linking aggregate consumption, consumption by
Ricardian consumers and aggregate labour supply

A AT
— . 31
1—)\‘31—1—,uyt n ay (31)

1— )¢
1 1
. R A€ n . / A€
& = &h,+ — % dc — ———af de. 32
t Rt /0 1_)\61_’_'&% Onl_/\ct (32)

Combining (31), (32) with (30) and the risk sharing condition for Ricardian consumers,

— AC
C = CR,t +

(22), we find the goods market clearing condition for country c as

C

1 1
17 ~C c ~C T’ >\c ~C )\C c Ac C
(”“wl_»)%:“t“ﬁ“w/o oyl e ang et —an [ de

In the absence of LAMP, risk sharing across countries is perfect, as in
( ). In that case the goods market clearing condition reduces to gf = asf + ¢f. For a
closed economy the goods market clearing condition is the familiar gf = ¢f. For an open
economy with LAMP, however, risk is not shared perfectly across countries. As a result
additional output and technology terms, of both country and the union, enter (33).

Note that we can integrate (33) over ¢ to obtain the union-wide resource constraint,

which takes the familiar form

Ui =& (34)
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where we make use of the fact that fol s§ de = 0.

3.4 Phillips Curve

Assuming Calvo price-setting, the New Keynesian relation between inflation and marginal
cost is given by (28). Combing this with the result from cost-minimisation (27), the effective
terms of trade (12), the labour-supply relation of Ricardian consumers (17), condition (31)
as well as the market clearing condition (33), we obtain the following Phillips curve for

country ¢, expressed directly in terms of gap variables

C

1—Xe

1

T = PEymi 1 + XU — o il / ¢ de + s, (35)
L+ Jo

where x°= (1-+ 185+ a2

A union-wide Phillips curve can be obtained by integrating (35) over all countries c,
m; = BEwm)  + K'Y+, (36)

where k* = ¢x* and x* =1+ /(1 + p). Note that at the union level, the Phillips curve is
independent of the degree of asset markets participation.®

Unlike the union-wide Phillips curve, the Phillips curve for country ¢ (35) is not invariant
to the rate of LAMP. This stems from the failure of perfect international risk sharing, as
noted in (22) and discussed in section 3.3. As a further implication, union-wide output
enters the Phillips curve of country c. Seen from the country perspective union-wide output,

however, is an exogenous shock.

3.5 IS relation

Combining the consumption Euler equation of Ricardian consumers (18) with the condition
linking the domestic producer and CPI inflation rates to the terms of trade (13), the condi-
tion (31) as well as the market clearing for country ¢, we obtain what looks like a dynamic

IS relation for country ¢ which here is expressed directly in terms of deviations from flexible

8As discussed in ( ) for the closed economy, this is due to the assumption that steady state
consumption shares are equal across consumer types. ( ) shows that the presence of Non-Ricardian
consumers modifies the elasticity of marginal cost to movements in the output gap if the steady state
consumption shares are not equal.
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price values:

C~C C ~C I C n,c an ! )\C ~C
0y = 0°Erliq — (i — By — 1) — 1+pfy 1= ) AFEgiy, de, (37)

where ¢ =1—(1—a) 12# 1’\)\6 and ;" = (14 p)(1 = 6°)AEwaf  +on fol %AEtafﬂ de—
= i fo = /\C AEg,"" 11 dc is the natural real rate of interest obtaining under flexible prices.
Note that from the perspective of country c¢, the union-wide interest rate 7; is exogenous, in
this sense 37 is not an IS relation in the true sense.

For a = 0 (37), reduces to the IS relation of a closed economy.” The closed economy
case provides some context for the currency union results I present below. In the closed
economy, §¢ simplifies to 6 = 1 — ml— Now, ¢ > 0 if and only if A < 1/[1+n/(1 + u)].
For levels of LAMP greater than the RHS, the IS relation essentially switches sign. When
the IS relation switches sign, interest rate increases have an expansionary effect on output.

In the standard economy without LAMP, an increase in the interest rate leads to a fall
in demand, which leads to lower output, lower consumption and lower real wages. If there
is LAMP, but its level stays below the critical level so that ¢ remains positive, the fall in
demand will be even greater. This is due to Non-Ricardian agents consuming their real
wage every period. For them a lower real wage directly means lower consumption, adding
to the fall in demand by Ricardian agents.

If LAMP rises to a level so that § < 0, these dynamics change. The reason lies in the
interrelation of labour and asset markets. The real wage fall reduces marginal cost and thus
has a positive effect on profits. If LAMP is high and the elasticity of labour supply low, the
profit increase leads to a positive income effect for Ricardian agents. The dividend income
each Ricardian agent is ﬁ and thus increases non-linearly in the rate of Non-Ricardian
agents. The positive income effect can overturn the usually contractionary effects of the
interest rate increase. This way the interest rate increase leads to an expansion of output.

With LAMP in the currency union, the flip in the IS relation described can also occur

in the union. To find the union-wide IS relation we integrate (37) over all countries

1 c 1 c
n A . o A . . " N
1—— ¢ de = 1- E,C. . de— (is — Bynt,q — 1™
/o< 1+u1—AC>yt ‘ /0( T+pl- /\C> e do= (& = Bt =)
(38)

1 1
where 7" = [ " de =1 [, %AEtafﬂ dc — AE,gyt+1 dc is the union wide

1+u fo T—x°

9The closed economy is considered in detail in ( ).
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natural real rate of interest. The next section shows how to treat the integrals over the

product of LAMP rates and output.

3.6 Terms of Trade

Combining the risk sharing condition, (22), with (31) and (32), we can write the terms of
trade exclusively as a function of output, written here directly in terms of deviations of

output from its flexible-price natural rates

1
=i~ =05 - | 8% de (39)
0
where ¢ is the inverse of the elasticity of output with regard to the effective terms of trade

on A
14+pl— X

=1—(1-a) (40)

Note that 6¢ increases in the openness parameter o and in the labour-supply elasticity !

so that the terms of trade elasticity of output in country c is decreasing in o and n~'. Thus,
the better integrated a country is into the union and the more elastic is labour supply, the
less is its domestic output affected by variations in the terms of trade.

(39) is a crucial equilibrium condition in the present model, relating the effective terms of
trade of country c to the level of output in country c as well as the union-wide output. More
specifically, from the perspective of country ¢ the union-aggregate terms are exogenous. So
what turns out important for the dynamics within the country is the relation of domestic
prices to the level of domestic output in (39).

Note that if there is no LAMP, then (39) simplifies to s{ = gf — §;, guaranteeing a
one-to-one negative relationship between prices and the level of output in country c. In the
presence of LAMP the terms of trade-elasticity of output is not necessarily equal to one.

Indeed, the elasticity of output with regard to the terms of trade is positive if and only if

1

1+ (1—a)gf;

A\ < e, (41)

Note that if (41) is not fulfilled, we have a negative relation between the terms of trade and
domestic output. As the union-wide price level is exogenous from the point of view of a

particular country ¢ what is more important than the terms of trade as such is that there
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is a negative relation between domestic output and domestic prices. This is assured as long
as (41) applies.

d¢ also appears in the country-level IS relation, (37). The terms of trade elasticity is
thus equal to the negative of the elasticity of output with regard to the union-wide interest
rate. They thus switch sign at the same time. As discussed above, however, because the
nominal interest rate is exogenous from the country viewpoint, an IS relation in the true
sense exists only at the union-level. The determination of output at the country level is
instead governed by the terms of trade relation (39).

Generally, we expect a rise in the price level to lead to fall of demand and output. As
long as (41) is fulfilled this is also the case. For A\® < ¢ this is not only the case; the presence
of Non-Ricardian consumers increases the fall in demand. For them the rise in the price
level reduces the real wage, which is their sole source of income. As a result, demand falls by
even more than in a full-participation economy. However, the same way the IS relation can
flip in the closed economy, as discussed in section 3.5 and ( ), the terms of trade
elasticity changes sign for A\ > X¢. Again the intuition lies in the interaction of the labour
and asset markets. If the labour supply elasticity is low and the rate of LAMP high, the
rise in the price level can lead to an expansion of output. The price level rise reduces real
wages, which in turn lowers marginal costs to producers. The increase in profits generates

an income effect, which leads to an overall expansion of output.

3.7 Union-Wide Mean Ratio of LAMP

The relation of the terms of trade with output (39) and the union-wide IS relation all contain
fol lf—i\cﬂf de, a term multiplicative in the rate of LAMP and output. This can be expressed

as

1 PG 1 P 1 G
~C — ~C ~C 42
/Ol_kcyt de /01_» dc/o i de+ Conl2 2 ), (42)

where C’ov[ﬁ%,g}ﬂ is the covariance of the LAMP parameters with output across the
member countries. However, it is difficult to think of a systematic cross-country relationship
between these parameters and the output gap. As a result, I assume that the LAMP mean

ratio of LAMP is independent of output so that COU[%, g§] = 0. We can then approximate
1 1 1
S . A€ A
— 7 dc ~ d g, de = E | ——| ¢ 43
/01_)\03/1‘, ¢ /01—)\0 C/O Yy ac |:1_)\:|yt7 (43)
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where

A Loe

is the union-wide mean ratio of Non-Ricardian to Ricardian agents.

With (44), the inverse of the interest-elasticity of output is 6* = (1 - E [%D

This is positive if and only if F {ﬁ] < HT“ However, (44) is not directly observable, as

it is non-linear in the rate of LAMP; more precisely it is convex in the rate of LAMP.

As detailed in appendix 7.4, we can approximate'? F {%] around the expected level
of Non-Ricardian agents in the economy, E[A], in order to relate the union-wide mean ratio

to the computable statistics of the mean and the dispersion of LAMP in the union:

2 o
" - o, (45)

A B E[A] E[(A — E[A]
E[ ]_1—MM (- EN)

where O|r|* represents residuals of order 4 and higher. This approximation is accurate to
fourth order if we restrict attention to a symmetric distribution of LAMP. If we interpret
denominators of both fractions on the right-hand-side as weights on the numerators, we see
that the weight on the mean rate of LAMP, (1 — E[\])~!, is smaller than the weight on the
variance of AMP, (1 — E[A])~3. Due to the cubic term the weight on the variance of AMP
increases significantly in the mean rate of LAMP. Thus, the higher the mean rate of LAMP,
the more its variance matters.

In place of the variance we can rewrite (45) in terms of the coefficient of variation. The
coefficient of variation is defined as the ratio of the standard-deviation to the mean: C'Vi_) =

VEI{1-A - {1-EN}?]

T—ED) . The advantage of the coefficient of variation is that it provides a

normalised unit-less measure of the dispersion of LAMP. Furthermore, the coefficient of
variation is often used for distributions with high variance, which applies even more to the
squared coefficient of variation. Using the coefficient of variation, we can thus write the

union-wide mean ratio of LAMP in terms of the mean and the dispersion of LAMP as

+Olrf*, (46)

2 2 :/\*+CV12_A
1—A 1— A

where \* = E[)] is the mean rate of LAMP in the union.

Only the union-wide Phillips curve is unaffected by the considerations of the previous

10T am indebted to Bruno Strulovici for suggesting this approximation.
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section, as it is invariant to LAMP. I repeat it here for convenience. However, we can use

the approximation to the expected mean ratio (46) to simplify the union-wide IS relation

(38) as
U = By — (0%) 7 e — Bemiyy —1(7), (47)
here 5% = (1 — - XV ) puren h £ trad ion (49) i
where 0" = | 1 — - ——— | Furthermore, the terms of trade equation (49) is now

s =p; —pf = 0°g; — 6"y (48)
Differencing (48), we obtain a relation of the inflation differentials to output differentials,

which proves useful in the optimal policy problem

wF— 7l = NG — A (49)

4 Determinacy

(36) and (47), together with either an optimal targeting rule or a specified Taylor rule for
the nominal interest rate constitute a complete system of the union-aggregates, output,
inflation and the interest-rate as a function of union-wide cost-push and natural-interest
rate shocks.

Within the union, each individual country c is a small open economy with mass zero.
Due to this mass zero assumption, the determinacy conditions of the union-aggregates and
a single member country c are separate. As discussed in more detail in section 4.2, even if
we have a unique equilibrium for union-wide aggregates, we have to examine under what

conditions equilibrium determinacy obtains in a member country within the union.

4.1 Union-Wide Determinacy

Let us assume that the monetary authority follows a Taylor rule of the form

it = pr By, . (50)
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Plugging (50) into (47) gives, together with (36), a dynamic system of two endogenous

. . ~ . *
non-predetermined variables m} = [g;, 7f]’ with exogenous shocks v; = [r}"", u}]'":

Eizf | =172 + Uy, (51)

1— _15*_1/4,* . —1 —15*—1 r—1
with the coefficient matrices are I'* = g (v ) BT ) and
_IB*IR* ﬁfl
_5*—1 _—15*—1 7(_1
U* = @) o) e ) . As shown in appendix 7.6, we can then prove the
0 —31

following conditions for the existence of a locally unique rational expectations equilibrium.

PROPOSITION 1 [EQUILIBRIUM DETERMINACY IN THE UNION]| Under the forward-looking
Taylor rule iy = @ Eymf 1, the necessary and sufficient conditions for equilibrium determi-

nacy at the level of the union are the following.

Case Interest-Elasticity of Output Taylor coefficient Equilibrium
I ((5*)_1 >0 or €1,14 5"‘%} determinate
11+ (5*)_1 <0 or €1+ 5*w, 11N [0,00]  determinate
11T 0> (5*)_1 > —% or =0 determinate

In case I*, the monetary authority can achieve determinacy by following an instrument
rule which is called active, i.e. with coefficient ¢ > 1. As (50) reacts to expected future
variables, the usual upper bound'' on ¢, applies. Case I* is another instance where the
Taylor principle applies, which requires increases in the real interest in response to rising
inflation.

In case II*, where the inverse of the interest-elasticity of output is positive, a Taylor
rule which is passive, i.e. with a coefficient smaller than one, can achieve determinacy. For a
passive rule the upper bound discussed becomes a lower bound. A passive rule means that,
while nominal interest is increased in the face of expected future inflation, real rates fall. As
in case II*, increases in the real interest-rate are contractionary, this achieves determinacy.
As the point of determinacy is to rule out self-fulfilling dynamics, let us consider briefly how

a passive monetary policy rule can achieve this in the present case. Imagine there is a non-

o e.g. ( ), ( )-
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fundamental fall in expected inflation. Under a passive interest rate rule, nominal interest
rates are set lower, but by less than the reduction in expected inflation, which causes the
real interest rate to increase. Given §* < 0, the rising real interest rate leads to an increase
in output. This in turn creates inflation, contradicting the initial non-fundamental decrease
in inflation. Thus, the passive monetary policy rule achieves determinacy, ruling out self-
fulfilling dynamics.

While cases I* and IT* show that for all values of LAMP the monetary authority can
achieve determinacy if reacting with the interest rate to union-wide endogenous conditions,
case I11* shows that determinacy can even obtain if the interest-rate is pegged, in the sense
of not responding to endogenous variables due to ¢, = 0. In the absence of LAMP case
I11* cannot arise. As discussed by ( ), the practical relevance of case II1T* is
limited in the presence of a monetary authority which does react with the interest rate to
endogenous conditions. However, in the monetary union member setting, we will see that
an analogue of case II1* reappears at the country-level. As the union-wide interest-rate
reacts to union-wide aggregates and is thus exogenous from the perspective of any individual
country, and as countries are related to other union members through a currency-peg, case
I11* has more relevance at the level of member-countries, as discussed in more detail in
section 4.2.

Note that the conditions summarised in proposition 1 are analogous to those applying to
the closed economy examined in ( ). There is one crucial addition here, however,

as I allow for heterogeneity of LAMP across the union.

COROLLARY 1 [DISPERSION| The dispersion of asset markets participation enters dynamics
and the conditions for determinacy. The higher the dispersion of AMP across the union,

the lower the mean rate of LAMP for which the interest-elasticity of output is positive.

(6*)~! increases in both the mean and the dispersion of LAMP. Therefor there is a
trade-off between mean and dispersion in determining the sign of the interest-elasticity of
output. More precisely, the interest-elasticity of union-wide output is negative if and only
if

1 11# 2 V3
N < - OVE, =W (52)
I+ 1+ og

and positive otherwise. If the rate of LAMP is homogenous across the union, i.e. C'V;_) =0,
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—L— which is the condition in the closed economy, as discussed in

(52) reduces to A* < 1
T+u

section 3.5. This critical value for zero dispersion defines an upper bound for the critical
value we obtain when there is dispersion in (52). Ignoring dispersion would not only lead to
quantitatively incorrect values for the interest-elasticity of output; by (52) this could also
lead to the qualitatively wrong conclusion about the sign of the union-wide interest-elasticity
of output.

The fact that the dispersion of LAMP matters is essentially due to the non-linearity in
A of the expected mean ratio £ [%] . Due to this strong convexity, higher rates of LAMP
in some countries make the expected mean ratio disproportionately larger than lower rates
of LAMP in others.

The coefficient and effect of dispersion increases in the inelasticity of labour supply 7 and
decreases in the steady state net markup u. The higher is n, the more are small variations in
hours and output associated with large variations in the real wage and thus consumption by
Non-Ricardian agents. Hence, consumption of Non-Ricardian agents can vary more across
union-members so that the dispersion of LAMP has greater effects.

A similar reason applies to the effect of . From the production function gy = (14 p)as+
(1 + p)ng, we see that for a given change in output, hours worked vary more the larger p.
The more hours vary, the less does the real wage and consumption by Non-Ricardian agents
change; so the dispersion of AMP matters less. As the mean of LAMP is also multiplicative
in ﬁ, these two parameters amplify the effects of the mean in the same way.

Tables 3 and 4 illustrate the quantitative importance of taking the dispersion of asset
markets participation into account. Table 3 lists the critical values A* for which case I*
occurs and the IS relation is negatively sloped, as in the standard case. For illustrative
purposes the threshold values are calculated for different values of the inverse of the elasticity
of labour supply 7 and for different values of the coefficient of variation of AMP, C'V;j_,.
The values in Table 4 instead show the reduction in the critical value of A\* which is due to
CVi_a.

Tables 3 and 4 illustrate two things in particular. Firstly, small values of C'V;_) reduce
the critical value of LAMP only by small amounts. If, however, C'V;_} is high, the threshold
value for LAMP is reduced considerably. Secondly, even for relatively small values of AMP,
the reduction in the threshold values can be significant if the elasticity of labour supply is

small. For instance, considering the evidence on LAMP quoted in the introduction and the
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Table 3: Critical Values for Limited Asset Markets Participation

Inverse Labour Supply Elasticity n

Coeff. of Var. CV2_ 0.5 1 2 3 5
0.03 0.70 0.53 0.43 0.26 0.17
0.1 0.68 0.50 0.39 0.21 0.11
0.3 0.62 0.41 0.28 0.07 0
0.5 0.56 0.32 0.17 0 0
1 0.41  0.09 0 0 0

Notes: The values in the table are the critical values \*
=1/[A+n/(1+w] = (/L +p)/L+n/(14+p)] CVE_, in (52).

Table 4: Reduction in Critical Values for LAMP due to Dispersion of AMP

Inverse Labour Supply Elasticity n

Coeff. of Var. CV127>\ 0.5 1 2 3 5

0.03 0.01 0.01 0.02 0.02 0.03
0.1 0.03 0.05 0.06 0.07 0.08
0.3 0.09 0.14 0.19 0.21 0.24
0.5 0.15 0.23 031 0.24 0.4
1 0.29 045 063 0.71 0.81

Notes: The values are (n/(1+4 p)/[1+n/(1+ p)] CVZ | in (52).

values for 3calculated in Tables 1 and 2 it is easy to see that, firstly, the critical values in
Table 3 are of empirically relevant size and that ignoring the associated values in 3 could
be quantitatively and qualitatively inaccurate.

The role of dispersion for dynamics and determinacy identified here for heterogeneous
LAMP applies more generally to structural heterogeneity in a monetary union. It is quan-
titatively and qualitatively important to account for non-linearities in parameters when
aggregating them across countries. As shown by the approximation detailed in appendix
7.4, for any function of parameters the union-wide mean of the function of parameters will
not equal the function of the union-wide mean of the parameters when the function is non-
linear. For convex functions dispersion adds to the function of the mean, while for concave

functions dispersion subtracts from the function of the mean.

4.2 Country Determinacy

As mentioned above, determinacy of the union-wide equilibrium does not by itself guarantee
that a country ¢ with measure zero exhibits itself equilibrium determinacy. This section fol-

lows the approach outlined in ( ) to derive conditions of determinacy
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in a specific country c.

The nominal interest rate is exogenous from the perspective of country c. i; responds only
systematically to union-wide aggregates and not country-specific output and inflation. That
exogeneity of the interest-rate leads to indeterminate equilibria, is, however, a standard-
result in the monetary policy literature, as discussed for instance in ( ),
(2009).

Indeed, if we compute the roots for the system of country-level Phillips curve (35) and
country-level IS relation (37), we find the usual result that for interest-rate pegs equilibrium

is indeterminate; except for the odd-ball case 0 > (6)~! > —2(1,:2 ), which corresponds

directly to case III* describing a union-wide interest rate peg. However, as discussed in

( ), considering the roots of (35) and (37) is, on the one hand,
mistaken as the country-level IS relation (37) is not an equilibrium relation in a currency-
union; only at the union-level is there an IS-relation in the proper sense. On the other hand,
it would mean disregarding an additional equilibrium condition, namely the terms of trade
relation (39) according to which the level of output is a function of the terms of trade. In
other words, as there is only a union-wide IS-relation, (39) determines how domestic output
is affected by the terms of trade. Indeed, as the union-wide price-level is exogenous from
the perspective of a particular country, the most important aspect of (39) is the relation
between the domestic level of output and the domestic price level.

In order to obtain valid conditions for the determinacy of a specific country ¢, we can
difference the Phillips curve of country ¢ (35) and the union (36) and combine it with the
condition relating the terms of trade and country ¢ output (39). We then obtain a second
order difference equation in the terms of trade:

c 1 1
bt — ot +wtsi =~ (5 [0 de [ de) i - s - i) 69

where

on —1
wC=<1+ﬂ+§c> . (54)

The coeflicient on union-wide output is a shock to the effective terms of trade in country c.
However, this is the case if and only if the rate of LAMP in country c differs from that in
the rest of the union. If the rate of LAMP is positive but homogenous across all countries,

the coefficient on g; in (53) is zero.
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Stability, however, depends on the roots of the second order difference equation of the

effective terms of trade, (53). If this equation has a unique stationary solution, then it is

oo
sf = <sf_y +<° ) (5 (Beugy; — Bruyyy), (55)
i=0

where determinacy obtains if out of the two roots of (55) one lies outside and one lies inside

the unit circle. As proven in appendix 7.7, we can establish the following.

PROPOSITION 2 [DETERMINACY IN COUNTRY c| Determinacy in country ¢ depends on the

following conditions.

Case LAMP Terms of Trade Elasticity of Output — Fquilibrium
c c 1 c\—1 .
I 0 <A< o) . ((5 ) >0 determinate smooth
Yitu
1+ 7 2(1+8) ~1 : ,
1 2(+6)+9 c
Ire TH(1-0) 1% <A< T+(1-0) 0> — Pl (5 ) determinate oscillatory
1+47’U 1J7ru L 2(144)
20+ +¢ - . .
11r° TH(1-a) <A< 0> (56) > —— indeterminate

COROLLARY 2 [INDETERMINACY UNDER LIMITED ASSET MARKETS PARTICIPATION| Un-
der heterogeneous limited asset markets participation equilibrium determinacy of union-wide

aggregates does not guarantee determinacy in every country of measure 0.

COROLLARY 3 [COMPLETE OPENNESS GUARANTEES DETERMINACY| The less home bias
a country exhibits, the higher the rate of LAMP for which the desirable case I¢ occurs. If a
country is completely open, determinacy is guaranteed reqardless of the level of limited asset

markets participation, the elasticity of labour supply and other parameters.

To illustrate these results Figure 1 plots the rates of LAMP of an individual country for
which the three different cases arise, as a function of the openness parameter a € [0, 1], where

for & = 0 a country is a closed economy, while for &« = 1 a country exhibits no home bias

in consumption at all. In each of the two plots, the lower line represents A¢ = W,
Tt
v
while the upper line plots \¢ = ﬁ. For the net markup I assume g = 0.2 as in
T+
( ), while for ¢ = 0.66 ( ( )). Next to the openness

parameter, the second key parameter determining which of the cases arises is the elasticity

of labour supply 7. For more elastic labour supply, higher values of LAMP are consistent
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Figure 1: Determinacy Regions as Function of Openness and LAMP

Elastic Labour Supply: n=1 Inelastic Labour Supply: n=20
1 1
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with case I¢. This can be seen from comparing the left graph for elastic labour supply with
the right graph with inelastic labour supply.

In case I€ the terms of trade-elasticity is positive and the equilibrium is determinate with
smooth dynamics. Indeed, as the union-wide price-level is exogenous from the perspective
of a country, what matters is that there is a negative relation between domestic prices in
country c and output in country c.

In case II¢ the terms of trade elasticity is negative and very large in absolute value,
making domestic output virtually inelastic to the domestic price-level. While equilibrium
determinacy obtains, dynamics are oscillatory. Note, however, that case 11¢ generally ap-
plies only to a very narrow range of \°.

Case I11°¢ applies to even larger values for LAMP which are are consistent with virtually
the entire range of negative terms of trade elasticities. Apart from the intermediate case
11¢ we thus obtain equilibrium determinacy for a positive terms of trade elasticity and
equilibrium indeterminacy for negative terms of trade elasticity.

The key to understanding these results is that risk in country c is shared with the
rest of the union only by the Ricardian agents, as seen from the risk sharing condition
(22). Obviously, the larger the share of Ricardian agents, the more a country can share
risk internationally. Furthermore, we see that the correlation of Ricardian consumption in
country ¢ with that in the union is higher, the more open the country is.

A different way to see the role of openness is that home bias leads to deviations from

purchasing-power-parity (PPP). This in turn is due to the fact that home-bias attributes to
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consumption produced in the domestic country a higher weight in total consumption than
its weight within the union. The greater the deviation from PPP, the lower the level of risk
sharing for which equilibrium determinacy in country ¢ can be sustained.

The country determinacy conditions can be interpreted as conditions on the determi-
nate transmission of policy which set at the union-level into each country. Monetary policy
is set in response to union-wide aggregates. Proposition 1 summarises the conditions on
monetary policy to achieve a unique rational expectations equilibrium for union-wide ag-
gregates. Proposition 2 then shows conditions under which the currency peg to the union
transmits policy so that there is a unique rational expectations equilibrium in each country.
Under imperfect risk sharing, the latter needs to be taken into account in addition to the

union-wide conditions.

4.3 Heterogenous Openness

So far I have assumed that the parameter determining a country’s openness, «, is the same
for all countries in the union. However, I imply in the discussion of proposition 2 that what
matters for a country is primarily its own openness towards other countries, rather than the
openness of the remaining countries towards itself. In this section I allow « to vary across
countries by indexing it by ¢, as it is done with A° in the rest of the paper. This way I
will show that, indeed, what matters for the determinacy in country c is its own openness
towards the others, i.e. €, rather than the openness of the other countries fol afde = .
In section 4.2 we see that non-oscillatory determinacy obtains if and only if case I¢
occurs. Case [, in turn, only occurs if and only if the relation between domestic output y§
and domestic prices p{ is negative. Here I show that if we allow a to vary across country,

i.e. a®# af, then for any country c case I¢ obtains if and only if

1

1—(1—a®)g

0< A\ < (56)

As the home bias parameter o does not appear in the union-wide relations (47) and (36),
these are unaffected by the generalisation of a. However, the country Phillips curve (35) and

the terms of trade relation (49) no longer apply. As shown in appendix 7.8 for heterogenous
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openness, the Phillips curve is

14 oL 2 a* L 1 )e
n T+p1=X¢ | ~ 1+ -
+ n ¥ — £ /0 Jide

7y =BEi 7+ (

1+pu 1—af+a* 1—a+a* 1— X
(1-a%a+a*—(1—-a%a* , (1—a)a’+a*—(1—-a)a* , .
T/’( l—af+ar P+ l—af+ o Dt |+ ug,
(57)
while the terms of trade equation becomes
C 77 Ac ~C (& * (& C * C *
1_(1_a)m1_)\c g =— (1 —a"+a")pi + (1 +a(a” — a))p;
1 c
. noA .
(58)

Note that (57) and (58) reduce to (35) and (49) for a* = o = a. What matters for
=

determinacy in (58) is that gf and p§ are of opposite sign. This is the case if and only if

(56) applies.

5 Optimal Policy

We find the optimal policy by minimising the quadratic loss function subject to linear
constraints, thus providing a valid approximation to the non-linear problem. The quadratic
loss function is found as a second order approximation to the households’ utility, as shown
in appendix 7.5. As policy is set by the union-wide monetary authority, we also solve the
union-wide optimal policy problem.

As in the closed economy of ( ), country-level utility is given by a weighted
sum of the utility of Ricardian and Non-Ricardian agents. The weight in this sum is given
by the mass of Ricardian versus Non-Ricardian agents in the population, i.e. A°. Under
the assumption that the steady state is efficient and equitable, where the latter means
that consumption of Ricardian and Non-Ricardian consumers is equalised, we obtain a loss
function as a second order approximation to country-level utility. The union-wide loss

function is then obtained by integrating over the utility of all countries. As demonstrated

30



in appendix 7.5, the social loss function is thus given by:

o0 1 1 9 o0
Zﬁt/ Uf de=—-UcC—> 'Ly + tip.+ Olal?,
t=0 0 2 ¥ t=0

with

1
— 7I_02 c~020
LV_A<t>+¢<%>d, (59)

where ¢° = 11_+A"C %. This section considers the optimal interest rate policy under discretion.
Regarding the union-wide problem, the method follows ( ). The
monetary authority sets the optimal path for the nominal interest rate {u:};°, to minimise
the union-wide social loss (59). The optimal nominal interest rate path can be obtained
residually from the union-wide IS relation (47), as a function of optimal paths for union-
wide inflation and output. Thus, in a first-stage of optimisation the monetary authority
sets {mf 152, and {5 }52, ¥ ¢ € [0, 1] to minimise (59) subject to several constraints: firstly,
for each country the Phillips curve (35); secondly, the terms of trade (49), as these govern
how policy is transmitted from the union-level to each individual country; and thirdly two

aggregation constraints

1 1
wi= |t de i = [ 3 de (60)
0 0
Formally, the policymaker’s problem thus is

1 ! _
MAT g ge m7 5 5 > p /0 (m)? + ¢°(35)* de
t=0

c,pc c c~C an ! >\C ~% c
— 24 5Et7rt+1+’iyt—¢1+‘u ; 1_)\Cdcyt_7Tt

1
— 2AHH {cmgg - / 8¢ de A — (7 — wf)}
0
1 1
— 20T {772‘ —/ oy dc} —2A7Y {gj}f —/ s dc} ,
0 0

where APP¢ AS"Y APTATY are Lagrange-multipliers on the Phillips curve (35), the terms of
trade (49) and the two aggregation constraints (60). The introduction of the two aggregation

constraints requires not only finding first order conditions to 7f and yf but also 7} and ;.
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The first order conditions for 7f, g¢, 7} and g; are

T — AAYPC AP AT =0 (62)
1
A .
— GO+ ROATP 4 /0 10‘& o de AP - AT =0 (63)
— AP ATT =0 (64)
1 an A€ de A&PC ! 5¢ d Ac,tot AMY — 0 (65)
_wol-f—ul—)‘CCt —O c Ny + AT =0,

Integrating (62)-(65) and combining these equations, we obtain the optimality condition
K'mf = — fol ¢“y; de. Again assuming independence between parameter ¢¢ and output, we

can write this optimal targeting rule under discretion as

* ¢* ~%
Ty = _Eym (66)
where
* sz) 1+ C‘G2—A

This optimal targeting rule displays the usual lean-against-the-wind property: when
inflation is above the natural rate, it is optimal to contract output below target. How ag-
gressively output should be reduced, depends positively on the inflation elasticity of output
k* and inversely on the weight on output in the loss function ¢*. ¢* increases in both the
mean rate of LAMP A\* and the dispersion of AMP CV;_,. Higher mean and variance of
LAMP thus tend to make lower output movements more desirable.

That higher levels of both mean and variance of LAMP increase optimal inflation relative
to output volatility can also be seen from the closed form solutions for inflation and output.
Assuming the cost-push shock follows an AR(1) process Eyuf, | = pyus, with p, € (0,1), we

can combine (66) and the Phillips curve, (36), to obtain

* d)* *, Sk K"
TR e (= Ben)) Y T T )21 71— Bpw))

uy. (68)

We thus can establish the following property of the optimal targeting-rule in a heterogeneous
union.

PROPOSITION 3 [OPTIMAL TARGETING RULE UNDER HETEROGENOUS LIMITED ASSET
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MARKETS PARTICIPATION| Under the optimal targeting rule in the presence of heterogeneity,
the desired inflation volatility increases in the mean of LAMP and the dispersion of AMP,
while the desired output volatility decreases in the mean of LAMP and the dispersion of
AMP.

Plugging the reduced form solutions (68) into the IS relation (47) we can solve for an

optimal Taylor-rule in expected inflation as a function of the optimal targeting rule'?
1= gofrptEﬂtH, (69)

where the optimal Taylor-rule coefficient is given by

K*1— py
chptzl—i-é*—* .
" " pu

(70)

Let us examine %" for 6* > 0. As 0* decreases in both the mean and dispersion of LAMP
and ¢* increases in both the mean and dispersion of LAMP, we see that the optimal Taylor-
rule coefficient decreases in both the mean and dispersion of LAMP. Thus, the higher the
mean of LAMP and dispersion of AMP, the softer should be the response of the nominal

interest rate to expected inflation.

6 Conclusion

This paper builds a tractable model of a currency union characterised by heterogenous limi-
ted asset markets participation (LAMP) for the analysis of monetary policy. Heterogenous
LAMP leads to the failure of perfect risk sharing and asymmetric transmission channels
across member countries, two important features of currency unions in the real world.

If the rate of LAMP increases beyond a threshold value aggregate demand dynamics
become non-standard, with nominal interest rate rises expanding output. I show how to
capture the heterogeneity of asset markets participation in a single statistic of dispersion, the
coefficient of variation of asset markets participation. Dispersion becomes a key parameter
in union-wide dynamics. This is essentially due to the fact that LAMP has a strongly

non-linear effect on the dynamics of individual countries. As a particular rate of LAMP

12While (69) delivers determinacy, implied optimal Taylor-rules are neither unique nor necessarily deter-
minate, as discussed by ( ).
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is specific to individual countries, its distribution across the union becomes key. I show
that greater dispersion reduces the threshold value of LAMP for which standard aggregate
dynamics, i.e. a negative interest-elasticity of output, obtain.

I demonstrate that if the interest-elasticity of output is negative, the monetary authority
should follow an active Taylor rule to achieve equilibrium determinacy. If, by contrast, the
interest elasticity of output is positive, the monetary authority should follow a passive Taylor
rule. As the threshold mean value of LAMP in the union for which the interest-elasticity
of union-wide output changes sign is lower, the higher is the dispersion of asset markets
participation, ignoring dispersion can lead to both qualitatively and quantitatively wrong
conclusions about aggregate demand dynamics and the required interest rate policy in a
currency union.

Countries are modelled as small open economies which haver measure zero within the
union. Thus, the interest rate which is set in response to union-wide aggregates does not
respond explicitly to the conditions in a specific countries. In this sense, the union-wide
interest rate is exogenous from the point of view of the member countries. As a result, we
do not only have to consider the determinacy conditions for union-wide aggregates; we also
have to check for determinacy in ever single country. The key link between the country and
the union here are a relation between a country’s terms of trade and output. Fundamentally,
determinacy in a specific country requires the terms of trade to be stationary. With this
condition I show that a member country can exhibit equilibrium determinacy if its rate of
LAMP exceeds a certain threshold value. The reason is two-fold. Firstly, a high rate of
LAMP can lead to non-standard aggregate dynamics in the country. Secondly, the rate of
LAMP determines the degree of risk sharing of a country with the rest of the union. If
dynamics are non-standard and too little risk is shared, indeterminacy can obtain.

However, the more open a country is in trade terms towards the rest of the union, the
larger the range of LAMP for which a country can maintain equilibrium determinacy. If a
country has no home bias at all and is completely open to the rest of the union, determinacy
obtains regardless of the rate of LAMP. The results on country-level determinacy, that a
lower level of LAMP and a higher degree of openness are paramount to assuring determinacy
shows how important financial and trade integration are for the effective function of a
currency union.

I also characterise optimal union-wide monetary policy in the presence of heterogeneity.
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Again, a greater level of dispersion of asset markets participation has fundamentally the
same effect as a lower mean rate of LAMP across the union. We thus find that under the
optimal targeting rule in the presence of heterogeneity, the desired inflation volatility in-
creases in the mean of LAMP and the dispersion of AMP, while the desired output volatility
decreases in the mean of LAMP and the dispersion of AMP. Solving for an implied optimal
Taylor rule as a function of expected inflation, we see that the nominal interest rate should
respond more aggressively to expected inflation the lower the mean rate of LAMP and the

lower the dispersion of AMP.
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7 Appendix

7.1 Notation

For any variable X;, let z; = In X, that is lower case variables denote logs, unless otherwise
noted. The steady state of X; carries no time subscript and is written X. The value of
X; under flexible prices is called its natural rate, i.e. Xj'. In this paper we will make
assumptions ensuring that the natural rate is also efficient. The log-deviation of X; is
defined and written as &; = xy — . Gap variables, in turn, are defined as the difference
between the log-deviation of the current rate of X; from steady state and the log-deviation of
the natural rate from steady state, i.e. ; = &, — 2. All country variables are superscripted

. . . . . 1
with ¢, as in xf. Union wide variables are defined as z} = [; «f dc.

7.2 Steady State Relations

Profit Function Real profits of firm j are given by Df(j) = Pj;(cj) Ye(g) — %Nﬁ(j).
t
F(7) =

Profits aggregated across all firms are fo D§(j)dj = D§ = f LB (] Y (5) —

Ye fo (%ﬁg)) ' N¢(j)dj. Aggregate hours are fo NE(G) dj M =
%Af + Aigv so that aggregate real profits are given by
M - MC
D§ = (1 - AC> S
Log-linearised this becomes df = —(mcf — p§) + ﬁgg, where df is defined as a share of

output, df ~1In Df —InY*° to allow for zero steady state profits.

Steady State Profit Share in Output In steady state price-dispersion is absent: Af =

P ye — Itp

1. Then the steady state share of profits in output is }D,C = (1 — f‘{fjc) _Mcepe _ pty

Real Earnings Share in Output In steady state, we have P¢ = (1+u)MC® = (1+u) 4.
WC

b (1+p) = 1, which in

Recalling the production function Y© = A°N¢— F° this becomes = e

turn can be rearranged to give an expression for the steady state share of the real earnings

We Ne 1+F¢
PC — Y
in output e = T

Consumption Shares in Output Using (10) and conditioning on an optimal allocation

of houschold expenditures, the period budget constraint can be written as: PP*°C/*¢ +
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BtR’c + QﬁfthR’c < Af”’c + QF’C(V;’%’C + Pthi’ch’C) + WtR’CNf’C. Assume that the steady

state hours of both types of agents are the same, i.e. Nf¢ = NV¢ = N¢ In steady state

we have PCFc = 1_1AC PeD¢ + WeNEe Using the production function Y¢ + A°N¢ — F*€,

this becomes CT¢ = 1_1” D¢ + chiie- Using the expression for the steady state share

of profits, the steady state share of the consumption of Ricardian households in output is

CRc 1 p—rFy 1+Fy

Yo = Toxe T9n T Tea

The budget constraint of non-Ricardian consumers (19) in steady state is P°CN¢ =

WeNN-¢. Using the result on the steady state share of real earnings in output this can be

. cN.e  1+Fy
written as <= = 3 T

7.3 Goods Market Clearing

This section shows how to obtain (30) from (29). Approximate

! PNt ol —of clphHy— 1 p/_pf
¢ \1—af ~ -t i fit
/O(Sf,t) ol df < > /0 CI=tor—df +(1-a) oy /0 Pl df

f -« ¢ pc
-(1- a)Cf <P> (pC)—lpcu
PC
1 1
=/ [ ar+a-ac” [l —a) ar

=T + (1 —a)sf).
Using this in the log-liberalisation of (29), we obtain

Y-V
Y

Y = (1 — a)Cass + &) + aCl st + ¢ + (1 — a)s].

For the symmetric steady state this simplifies to (30).

7.4 Union-Wide Mean Ratio

Let

(71)
Taking a Taylor-expansion of f(x) around E|x], gives

F(o) = F(ERD) + £ (Bl (@ - Elal) + T o gy o DO o gy
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Taking expectations of the previous expression we obtain

Bl @) = £(El]) + f (Ela]) (2] - Ba]) + 2D g )y + D g gy

Note that for symmetric distributions %E [(z — E[z])3] = 0. This is assumed here.

Given the functional form of (71), we obtain (46).

7.5 Loss Function

The loss function approximated here is the general CRRA utility function

7 C(Nfﬂ)“"

N;) =
U(Ct7 t) 1 — 1 +77

(72)

The loss function used in the text is a general case of this with v. The general case is
considered for convenience without affecting any result.

Assume that the steady state is efficient and that steady state shares of consumption
are equal across agents and countries.'> Then in steady state we have

w_Y_

(CRPNRY = ()N = 5 =

L,
where Nft¢ = NN¢ = N =Y and C¢e =CNe=C =Y.

Assume that the social planner maximises the union-wide utility, where in each country
the utility is a convex combination of the utilities of Ricardian and Non-Ricardian consu-
mers. The weights in turn are determined by the mass of the type of agents in each country,
ie. A%

c C cl — c c N,C N,C C c R,C R,C
UF[CF, NEL = AUNE[CT0, N 4 (1= AU e, N

Let Z denote the type of consumer, i.e. Z € [N, R]. Then for each type Z the second order

13 As discussed inter alia in ( ), this is ensured by a assuming a fiscal authority taxing sales
at a constant rate 7 and redistributing the proceedings through lump-sum payments T' so that in steady
state prices are at marginal cost and profits are zero. Then the profit function is D (j) = (1 — T)PtT(tj)Yt(j) —
%Nt (4)+T:. For Ty = 7P:(j)Y:(j) the budget is balanced. Efficiency is achieved by setting 7 = —u. Then
the flexible price equilibrium is efficient with Pf(j) = MC§ and Df(j), where the variables with superscript
e denote the efficient flexible price values.
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approximation of utility around the efficient flexible price equilibrium is:

Z.c __ Z,c Z,c Z,cm Z,c,n
Ut = UG, N = U™, Nt
~Z.c 1 ~Z.c ~Z.en~Z,.c
— Vo0 {efe + L2 e+ (- mpefernele) ™3)

1+n

—VNNZ{ ey L0 G )+<1+n>nfc”ZC}+tzp+0||a||3.

Noting that UcCr = UoCy = UoC = VyNg = VwNg = VN and that'® &*" = ¢V = ép.,
(73) can be aggregated to

U = vee (e + (1= e + 57 (R + (- w9 ) |

(74)
~C\M ~ c 1 + c/~ c c N7 c .
UCC{ + (1 +n)ny " ng JrTn ()\ (A)% 4+ (1 — A (N )2)}+t.z.p.+0||a||3.
We can develop the linear terms
&+ (L= y)ey ey — i + (L+n)ny " ny. (75)
From the production function we find
ng = gy + In A7 (76)
Substituting (76) into (75) for nf, and substituting (33) into (75) for &, we obtain
g¢ — g4+ (1 — )& g — (1 — )" ge +05 — In A¢ 7
Ji — Ui +( Y)E Gy — ( Y)E U +0F — In A, (77)
~—— ~~
=0 =0
~c 1 )e
where Of ——ast+a1+u1’\)\cy a1+u 0 1= Acyt dc

¢

+(1=7)e" (—Ozst +arl A — atly, fo A 7s de ) Importantly, note that fol O¢ dc =

0. As the linear terms in (75) boil down to ©¢ — In A{, (74) simplifies to

Uf = UcC {@c + I_T’V ()\C(éivc) (1 — 2O (&)? )}
(78)
—UcC { ! 42”7 ()\C( 2 4 (1= X) (A2 4+ In AC)} +ti.p. + O|a|®.

In the case of log-utility, to which at this stage we restrict attention in the main text v = 1.

Then second order terms in consumption drop out and the labour supply of Non-Ricardian

14This is due to the fact that in the flexible-price equilibrium profits are zero.
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agents is zero. Thus, (78) simplifies to

1
Ue = —UCC’¥ (- + (1= X) (@) + I A7) + tip. + Ollal* (79)
Approximating (25) to second order around the efficient steady state, we obtain

A¢ = ¢ + In AL (80)

Using (80) together with the fact that in the log-utility case ﬁiN’c = in (79), we obtain

(—0° + (7)* + In AY) + t.i.p. + Olja])®. (81)

t c __ t(.c\2
D BAf =57 B ) (82)
t=0 t=0
This makes use of Lemma 1 in ( ), which demonstrates that In A; ~
8Var;pi(j) and ( ), ch.6, showing that > 72, BVar;p:(j) = =1 Y70, Bim +

ti.p. + Ollal|®>. Applying the approximations (81) and (82) to (78), we obtain the loss

function for any country c as

G c S 1 0 c 1+ ~c c .
ZﬁtUt = Zﬁt —;UcC *(Wt)Q + 776 (%)2 +OF +tip + OHa||3. (83)
t=0 t=0 2 ¥ 1=

The union-wide loss function is then obtained by integrating (83) over all countries c:
Zﬁt/ U de = —UcC— > B'Ly + tip. + Oal?,
t=0 70 2 vz

where

1
— 71,02 c/~c\2 c
Lt_/om ()R de, (84)

and where ¢¢ = llf)’]cg Note that the term ¢ which is present in (83) drops out of the
union-wide loss function as fol Of dc = 0.

7.6 Union-Wide Determinacy

This section proves Proposition 1.
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Proof. By ( ) determinacy of (51) requires both of the roots of I'*
to lie outside the unit circle. By ( ), appendix E, this requires as necessary and
sufficient condition that either all the conditions (1), i.e. (1.a) detI"™* > 1, (1.b)det I'"* +trI™*+
1>0, (1.c) det T — trI™* + 1 > 0, or all the conditions (2), i.e. (2.a) detI'™ +trI'™* +1 < 0,
(2.b) detI™ — trI™* + 1 < 0 are fulfilled. We have detI'* = 37! and trI'™* = 1 + g1 —

BH0*) " 1k*(pr — 1). Tt is straightforward to show that Condition (2) never holds. (1a) is

trivially fulfilled. For 6* > 0, (1b) requires ¢, < 1 + 52048 and (1c) requires (¢ > 0),

K

which gives case I*. For §* < 0, (1b) requires ¢, < 1 while (1c) requires ¢, > 1+ 5*M,

N*
which gives case IT*. For (6* < 0) if ¢ = 0 (1b) and (1c) are also fulfilled if and only if

1+ 5*@ < 0, which gives case I1T*. O

7.7 Country Determinacy

14+4/1—4(w)28

This section proves Proposition 2. (55) has the two roots ¢f = — omeg—— and ¢ =
—\/1— c)2
#, where w® is defined in (54).

LEMMA 1 For k¢/6¢ > 0 and k°/6° < —2(1 + ) the roots <f and ¢§ are real. For 0 >

k€/6¢ > —2(1 + B) the roots <§ and ¢§ are complex conjugates.

Proof. <f , are real if and only if 1 — 4(ww®)? > 0. This requires that (1 — )% + (1+ 3 +
k¢/6¢)? > (14 B3)2. For usual values for the subjective discount rate 3 we have (1 — )2 ~ 0.

Thus, the roots are real if and only if (1 + 3 + x¢/6%)? > (1 + 3)% O

LEMMA 2 For k°/6¢ > 0 and °/6¢ < —2(1 + 3) the root |¢f| > 1.

— cl|2
Proof. Consider whether it can be true that ¢f = W < 1. This would require the

following to hold

V1 —4jwe?8 < 2|w|f — 1. (85)

Consider the RHS for k¢/§¢ > 0. For these values the RHS becomes -1>0«

28
1+8+kc/d¢
B—1>r¢/6° As f—1 < 0 and we have assumed k¢/d¢ > 0, this yields a contradiction.
Thus, for k°/0¢ > 0 ¢{ is outside the unit circle. Consider the RHS for k¢/6¢ < —2(1+4 ). To
this end let K¢/9¢ = —2(1+3)—e for an arbitrarily small € > 0. Then the RHS of (85) requires
m —1 > 0. This is equivalent to requiring 26 > | — (14+5+¢)| < -1 > €. As
B—1 < 0 and we have assumed € > 0, we obtain a contradiction. Thus, for K¢/6¢ < —2(140),

Gf is outside the unit circle. OJ
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LEMMA 3 For k¢/6¢ > 0, the root 0 < ¢§ < 1. For k/§¢ < —=2(1+[3), the root 0 > ¢§ > —1.

1—-y/1-4|w°|23

el < 1. This can be rewritten

Proof. Consider whether it can be true that ¢§ =
as 1 —2|w’|B < /1 — 4]w®|?3. From the previous section we know that both for x°/6¢ > 0
and k¢/6¢ < —2(1 4+ () the LHS is great than zero, as is the RHS. Thus, it is valid to

compare the squares of both sides. Simplifying, we obtain the condition
@ < ——- (86)

(86) is satisfied if and only if either x¢/§¢ > 0, in which case 1 > ¢§ > 0 or k°/J¢ <

—2(1+ﬁ)®1+50% < 0 in which case 0 > ¢§ > —1. O

LEMMA 4 For 0 > k°/6¢ > —2(1 + f3), the roots |s{|, [¢§| > 1.

— c)2
Proof. As seen above, for 0 > x¢/6% > —2(1+ 3) the roots fo= % are complex

conjugates which can be written as ¢ = a + b2 and ¢§ = a — b1, where a = ﬁ, b =

1—4(w®)23

T and ¢ = yv/—1. Complex conjugate roots always have the same absolute value.

Consider whether both complex root lie inside the unit circle. This is the case if and only

2 M aima25 \ 2
if Va2 + b2 < 1. This requires (ﬁ) + <14()2B> < 1. With @® from (54) this can

2w
be simplified to 2% (1 + 3) + (’;—2)2 < (% — 1. For usual values of 3, the RHS can be safely

assumed to be 32 — 1 ~ 0 so that we require

C C

2%(1+6) +(%)2 <0. (87)

KC

The LHS equals zero for 'g—z =0 and 5§z = —2(1+ ). The quadratic function in ’g—z is strictly
convex so that (87) is fulfilled if and only if 0 > % > —2(1 + 3). O

7.8 Heterogenous Openness

Th . . . d = . CZ’C _ (Cfic)l_ac(og’:)ac
e composite consumption index (o) now is C; " = (=) T=a%) (ae)a® *

defined as PP = (P£)1=2°(Py)®°. The optimal allocation of expenditures (9) between

The CPI (8) is now

domestic and imported goods is now given by PfC’f = (1- aC)PCftCtZ “ and P;Cﬁf =

oszt’cCtZ *“ so that CPI and domestic price levels are related, in logs, as p;” we = P + afs.

Re _ o (P!

International risk sharing takes now place through C; ey Log-linearising
t
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and integrating over countries the international risk sharing condition is
& = 6" + (1= a")pi — (1 - a")pf, (88)

where, in analogy to the assumption Cov[%,gjﬂ in section 3.7, I make the assumption
that Cov[a®, p§] = 0. Note that due to a # o/ we cannot write (88) in terms of the terms
of trade sf = pf — pf directly; the different « introduce a wedge into the terms of trade, so
we have to write the condition in terms of the price-level.

To find the goods market clearing condition we can follow the steps in section 3.3.

Making the additional assumption that Cov[a®, Cf] = 0, equation (29) becomes Y (j) =

i —0 .
(Ptp—icj)) [(1 —af) (ift’f) Cf+a* fol(Sf)o‘f(s%t)l*o‘ng df] Then, the equivalent of equa-
tion (30) is

g5 = (1= a)a’s; + (1 — )& + asf + o] (89)

To obtain (57) and (58) we can then use (88) and (89) and otherwise just follow exactly the

steps outlined in the text to derive (35) and (49).
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