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Abstract

Compressed sensing and matrix completion are two new data acquisi-
tion techniques whose efficiency is achieved by exploring low dimensional
structures in high dimensional data. Despite the combinatorial nature
of compressed sensing and matrix completion, there has been significant
development of computationally efficient algorithms which can produce
accurate desired solutions to these problems. In this thesis, we are con-
cerned with the development of low per iteration computational complex-
ity algorithms for compressed sensing and matrix completion.

First, we derive a locally optimal stepsize selection rule for the simplest
iterative hard thresholding algorithm for matrix completion, and obtain a
simple yet efficient algorithm. It is observed to have average case perfor-
mance superior in some aspects to other matrix completion algorithms.

To balance the fast convergence rates of more sophisticated recovery algo-
rithms with the low per iteration computational cost of simple line-search
algorithms, we introduce a family of conjugate gradient iterative hard
thresholding algorithms for both compressed sensing and matrix comple-
tion. The theoretical results establish recovery guarantees for the restarted
and projected variants of the algorithms, while the empirical performance
comparisons establish significant computational advantages of the pro-
posed methods over other hard thresholding algorithms.

Finally, we introduce an alternating steepest descent method and a scaled
variant especially designed for the matrix completion problem based on a
simple factorization model of the low rank matrix. The computational ef-
ficacy of this method is achieved by reducing the high per iteration compu-
tational cost of the second order method and fully exploring the numerical
linear algebra structure in the algorithm. Empirical evaluations establish
the effectiveness of the proposed algorithms, compared with other state-
of-the-art algorithms.
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Chapter 1

Introduction

Modern digital signal processing follows the celebrated Shannon-Nyquist-Whittaker
theorem [101, 87], which shows that any band-limited signal can be exactly recon-
structed from discrete samples if the sampling rate is twice the maximum component
frequency of the signal. However, in many applications, the conventional approach
usually involves the acquisition of very high dimensional data. Methods for more
efficient data acquisition have received broad interest in the information community.
This greater efficiency is achieved by approximating the high dimensional data by a
low dimensional model and exploring the inherent simplicity of the model. T'wo no-
table examples of techniques which allow for more efficient data acquisition through
the existence of such low dimensional models are: compressed sensing and low rank

matrix completion.

1.1 Compressed sensing

Compressed sensing is a novel sampling paradigm which proposes to recover compress-
ible or simply sparse signals from a number of linear measurements that is propor-
tional to the desired compression rate rather than the ambient dimension containing
the data. Moreover, the measurement process can be independent of the data to be
measured. Since the pioneering work of Candes, Romberg and Tao [30] and Donoho
[40], compressed sensing has received significant attentions and found a wide range
of applications. For example, in medical imaging, the techniques of compressed sens-
ing have been successfully used in Medical Resonance Imaging (MRI), which has

substantially reduced the waiting timing of a patient in the MRI scanner [69, 70].



Other profound applications include but are not limited to the single-pixel camera
[44], radar imaging [82], communication theory [7] and computational biology [36].
Let 2° € R™ be the signal to be measured; z° is k-sparse if ° has at most k nonzero
entries, denoted by ||x°||o < k where || - ||o counts the number of nonzero entries in a
vector. Let A € R™*™ be the sensing matrix from which we obtain n measurements
y = Axz°, where the number of measurements is less than the full dimension of the
measured data, that is m < n. To recover the underlying k-sparse signal z°, a natural

approach is to solve for the sparsest solution to the underdetermined system:
min [|z|, subject to Ax =y. (1.1)
x€RN

Problem (1.1) is often referred to as the ¢y-norm or the cardinality minimization
problem; and recovering x° through the ¢y-norm minimization is often referred to as
the ¢y-decoder. Due to the combinatorial nature of the cardinality objective, it often
requires searching over all possible sparse patterns of x to find the global minimum
of (1.1), and the computational complexity is exponential in the size of z. Indeed, it

has been proven that (1.1) is an NP-hard problem [76].

1.1.1 Successful recovery of the /y-decoder

For the simplest sensing model y = Ax® with z° being k-sparse, it is not hard to see
that as long as there is a unique k-sparse solution to (1.1), the fo-decoder is guaranteed
to reconstruct x°. Recall that the null space of a matrix A € R™*" consists of all the
vectors x € R™ such that Az =0, denoted N'(A) = {z : Az = 0}. Let X} denote the
set of all k-sparse vectors, i.e. ¥y = {z : ||z]|, < k}. The existence of a unique sparse
solution to the fy-norm minimization problem (1.1) is fully determined by the null

space condition.

Theorem 1.1 ([23]). For any x° € ¥; and y = Ax°, there exists a unique k-sparse
solution to (1.1) if and only if

The null space condition guarantees the successful recovery of the sparse vectors
using the fy-decoder. However, it is difficult to to be verified and does not guarantee
any other tractable approaches. Thus conditions based on more intuitive properties of

the measurement matrix are of highly interest. First, let us consider the best sensing



matrix one can expect, that is, when m = n and A = ® is a unitary matrix. Let ¢;

be the ith column of ®. Then two key equivalent properties of ® are

1 ifi—
9i s / {O otherwise (13)
and
[Pz, = [|z]|,, Vo € R, (1.4)

For an overcomplete matrix A with m < n, clearly neither (1.3) nor (1.4) can be
true. However, it is desirable to have A preserve some properties close to (1.3) or
(1.4). Coherence and the restricted isometry constant are adaptions of (1.3) and (1.4)

respectively to an overcomplete matrix.

Definition 1.2 ([42]). For a given matrix A € R"™*", the coherence of A is defined
as
u(A) = max _lagai] (1.5)

N 1<4,j<n,i#j HaZHQ Haj||27

where a;, a; are the ith and jth columns of A respectively.

Coherence was first proposed by Donoho and Huo [42] for the concatenation of two
unitary matrices, and then extended to a general overcomplete matrix by Donoho and
Elad [41]. In [96], Tropp presented a block variant of coherence which is associated
with sparsity levels of measured signals. A potential advantage of coherence is that it
is easy to evaluate. If A = [®, U] with & € R™*™ and W € R™*™ being both unitary,
one has 1/y/m < pu(A) < 1; and the lower bound can be achieved, for instance, if ® is
an identity matrix and ¥ is a Discrete Fourier matrix [42, 41]. For a general matrix
A € R™*™ of full rank, in [89], it has been shown that

n(A) > %
While coherence defines the maximum correlations between every two columns of

A, the restricted isometry constant quantifies the deviation of A from an isometry

operator when acting on k-sparse vectors.

Definition 1.3 (Restricted isometry constants (RICs), [31]). Let A be an m x n
matrix. Then for every integer 0 < k < m, the restricted isometry constant, dx(A),

of A with respect to k is defined as the smallest value such that
(1= 0x(A) [l=]l5 < [Az]l5 < (1 + 6(A)) 13 (1.6)

holds for all x € Xy.



Restricted isometry constants were originally defined in [31], and then indepen-
dently generalized to the asymmetric RICs in [9] and [50]. For any index set I' C
{1,---, N}, let Ar be the submatrix formed by the columns of A indexed by the set
I'. The restricted isometry constant of A can be expressed explicitly as

5(4) = ma (s X7 (A Ar) = 1,1 = iy A" (47) ).

where A\ (A% Ar) and A\™® (Af Ar) are the largest and smallest eigenvalues of A} Ar
respectively. For the decay properties of RICs, see [8]. Although there are no deter-
ministic ways known to design a matrix with small d; when the number of measure-
ments is proportional to the sparsity level, for certain families of random matrices,
e.g., Gaussian matrices and Bernoulli matrices, they have small RICs with over-
whelmingly high probability if £ < C' - m/(log(n/m) + 1) for some constant C' > 0
[6].

The conditions for the existence of a unique solution to (1.1), i.e. successful
recovery of the fy-decoder, can be established in terms of coherence and RICs as

follows.

Theorem 1.4 ([23, 31]). For any x° € ¥ and y = Az®, there is a unique solution to
(1.1) if
1
k< 3 (T+p(A)7") or 6w(A) <1

1.1.2 Alternatives to the /;-decoder

Since the fy-decoder is intractable, more computationally efficient algorithms are
needed. One of the most widely studied methods is the ¢;-decoder, also known as
Basis Pursuit in the signal processing literature, which proposes to recover k-sparse

signals by solving the ¢;-norm minimization problem
m]%n |z||, subject to Az =y, (1.7)
TER™

where ||z]|; = >, |o;| denotes the ¢;-norm of z. Problem (1.7) can be further cast
into a linear programming and solved by the interior point method in polynomial time
[22, 78]. The following theorem establishes the conditions for successful recovery of

the ¢;-decoder in terms of coherence and RICs.



Theorem 1.5 ([96, 26]). For any x° € ¥ and y = Ax°, x° is a unique solution to
(1.7) if

1

Remark 1.6. 1. The RIC condition for the ¢;-decoder was firstly established in
[31], and subsequently refined by several different authors [96, 42, 41, 31, 26, 48].

The result from [26] is chosen for its particular simplicity.

2. The ¢1-decoder and fy-decoder share the same unique solution z° under the

conditions in Thm. 1.5, a phenomenon often referred to as ¢; /¢y equivalence.

3. From the remark after Def. 1.2, we can see that u(A) is proportional to 1/y/m
when m < n. Hence the condition based on the coherence guarantees the ¢;-
decoder is able to recover a k-sparse signal if k is of the order O(y/m). However,
09i 1s typically small for a wide range of random matrices if k is of the order
O(m/log(n/m)), which also implies the successful recovery of the ¢;-decoder.
Therefore RICs are more powerful than coherence on predicting the sparsity
levels of the signals that can be recovered. Since the conditions in Thm. 1.5
are typical for many other algorithms, RICs will be our analytical tool in this

thesis.

In addition to the ¢;-decoder, there have been many greedy/iterative algorithms
which are designed to target problem (1.1) directly when the desired sparsity level
is known a priori. A partial list of the greedy algorithms for compressed sensing
include Orthogonal Matching Pursuit (OMP) [97], Compressive Sampling Matching
Pursuit (CoSaMP) [77], Subspace Pursuit (SP) [34], (Normalized) Iterative Hard
Thresholding ((N)IHT) [19, 20] and Hard Thresholding Pursuit (HTP) [49]. In this
section, we will briefly review THT and NIHT. More details of the other algorithms
will be introduced in the following chapters when necessary.

IHT, Alg. 1, is the simplest iterative hard thresholding algorithm which applies
the projected gradient descent method with constant stepsize to the non-convex con-
strained problem

ig[igr}é |Az — y||5 subject to ||z|, < . (1.8)
In each iteration of IHT, the current estimate x;_; is updated along the gradient
descent direction r;_;, using a fixed stepsize «, followed by hard thresholding onto

the space of k-sparse vectors. Computationally the hard thresholding operator is



composed of two parts. First the principal support of the approximation is identified,
then the object is projected onto the principal support. The principal support of
cardinality k, denoted here in pseudo-code by PrincipalSupport,(-), consists of the
indices for the k-largest entries in magnitude. Projecting onto the principal support
set I', denoted by pseudo-code Projp(-), follows by setting to zero all the entries not
on the support.

Algorithm 1 Iterative Hard Thresholding (IHT, [19])

Initilization: sparsity level k, w_; = A*y, I'y = PrincipalSupport,(w_1),
To = Projp (w_1), stepsize o, [ = 1

Iteration: During iteration [, do

Lry = A%y — Ax;q) gradient descent direction

20wy = X1 + ar;_1 gradient descent update

3: I} = PrincipalSupport, (w;_1) proxy to the support set

4: x; = Projp, (wi-1) solution update
Output: 7

IHT has a similar recovery guarantee to the ¢;-decoder in terms of RICs.

Theorem 1.7 ([19, 48]). For any 2° € ¥ and y = Ax°, the iterates of IHT converge
to x° provided

1
(Sgk(A) < 5

NIHT for compressed sensing, Alg. 2, is an accelerated iterative hard thresholding
algorithm, and corresponds to Alg. 1 with the stepsize selected adaptively to be
locally optimal. During iteration [ of NIHT, the current estimate xz;_; is updated
along the gradient descent direction r;_; with the stepsize «;_1 selected to be the
steepest descent stepsize at x;_; for problem (1.8) being restricted onto the current

support set estimate I';_4

1
min — HAProjFH (x) — y‘

2
1.9
zeR™ 2 27 ( )

and then followed by hard thresholding to a k-sparse vector.
NIHT has been proven to be able to recover the solution to (1.1) provided the

measurement matrix has small RICs.

Theorem 1.8 ([20]). For any 2° € ¥; and y = Ax°, the iterates of NIHT converge

to x° provided .
53k(A) < 5

Proof. See Thm. 2.1 in Chapter 2 for an analogous proof. O



Algorithm 2 Normalized Iterative Hard Thresholding (NIHT, [20])
Initilization: sparsity level k, w_; = A*y, I'y = PrincipalSupport,(w_1),
To = Projp (w_1), [ =1

Iteration: During iteration [, do

Loroy = A%y — Ax;q) gradient descent direction

2
[e=osr, v

20 g = 2 compute the stepsize
|4prosr, , (o)
3w = X1 + o111 gradient descent update
4: I') = PrincipalSupport, (w;_1) proxy to the support set
5: 11 = Projp, (wi—1) solution update
Output: z

1.2 Matrix completion

In compressed sensing, vectors of length n that have k < n nonzero entries can be
efficiently determined from less than n linear measurements. Similarly, m xn matrices
with inherent simplicity can be uniquely determined from p < mn measurements. A
particularly trivial example is the simplicity model of matrices with few non-zero
entries, which can be recast as standard compressed sensing by reforming the matrix
as a sparse vector of length mn. In matrix completion, rather than the sparsity
assumption as in compressed sensing, the observed matrix is assumed to be low rank.
Let X° € R™" be the matrix to be measured with rank(X°) < min(m,n). Let
A(-) : R™*™ — RP be a linear operator of the form

(A1, X)

<A2,X>

A(X) = , (1.10)

(Ap:, X)

where {A¢}o—1... , are p distinct m x n matrices making up the sensing operator, and
(Ag, X) = trace(A;X). Then we take p < mn linear measurements of the low rank
matrix X° via y = A(X?). Explicitly seeking the lowest rank matrix consistent with
the measurements is expressed as

min rank(X) subject to A(X)=y. (1.11)

XeRan

There are two particularly interesting sensing operators. One is Gaussian sensing, in
which the entries of each sensing matrix A, are sampled from the normal distribution.

The other one is entry sensing where each sensing matrix Ay is of the form e;e}, which



corresponds to directly measuring entries of X. More precisely, in entry sensing, we
are concerned with whether it is possible to recover a low rank matrix from only a

few known entries,

o o o
X1,1 ? X173 T Xl,n
X5 X3y Xgg oo 7

o o

? X372 ? A Xg,n

o o o
Xm,l Xm,? ? e Xm,n

Explicitly seeking the lowest rank matrix consistent with the known entries is often
directly expressed as

Xr%in rank(X) subject to Po(X) = Pa(X?), (1.12)
€ mXn

where X is the underlying matrix to be reconstructed, €2 is a subset of indices for the
known entries, and P, denotes the sampling operator which acquires only the entries
indexed by 2.

When a subset of the matrix entries are directly measured, finding the unknown
entries is typically referred to as “matrix completion” [29, 32]. Recovering the un-
known matrix when each sensing matrix is dense is usually referred to as “(affine)
rank minimization”. However, for conciseness we will refer to recovery of a low rank
matrix from both entry sensing and dense sensing as “matrix completion”.

Matrices are natural representations for many datasets, and the low rank models
are usually used to capture the principal information in the data matrices and provide
low dimensional approximations. Therefore the matrix completion problem arises in
a wide variety of practical contexts, such as model reduction [68], pattern recognition
[46], and machine learning [3, 4]. A famous example is the Netfliz problem [88]. In
a recommender system for movies, users are encouraged to rate the movies based on
their preferences; but users usually rate only very few of the movies so there are only
a few scattered known entries for the data matrix. Thus one would like to complete
the matrix so that the vender is able to recommend the movies that users like. Since
users’ preferences are usually determined by several factors, the data matrix can be
assumed to be approximately low rank.

Compressed sensing can be viewed as a special case of matrix completion when
the matrix is constrained to be diagonal. Therefore problem (1.11) is generally NP-
hard [58], and it is worth studying other tractable approaches for recovering low rank

matrices from a few number of independent measurements.



1.2.1 Nuclear Norm Minimization

Let X = UXV* be the singular value decomposition (SVD) of X. The nuclear norm,

also known as the Schatten-1 norm, of X is defined as the sum of its singular values
1X1, = 3 o). (1.13)

Analogous to the ¢;-decoder for compressed sensing, the nuclear norm minimization
(NNM) method proposes to recover the low rank matrix by solving a convex opti-
mization problem which replaces the rank objective in (1.11) with the nuclear norm
of the matrix, namely,

min  ||X||, subject to A(X)=1y. (1.14)
XeRan

Problem (1.14) can be further cast into semidefinite programming (SDP) [85], and
then solved using the interior point method [93].

The nuclear norm minimization method is amendable to detailed analysis for
both dense and entry sensing. The restricted isometry constant analogue in matrix

completion can be used to establish recovery guarantees for dense sensing.

Definition 1.9 (Restricted isometry constants (RICs), [85]). Let A(:) be a linear
map of m X n matrices to vectors of length p as defined in (1.10). For every integer
1 <r < min(m,n), the restricted isometry constant, d,(.A), of A(-) is defined to be

the smallest number such that!
(1= 6,(A) X7 < A3 < (1+6:(A) 1X][[7 (1.15)
holds for all matrices of rank at most 7.

A parallel result to Thm. 1.4 is given below which establishes the existence of the

unique solution to the matrix completion problem (1.11).

Theorem 1.10 ([85]). Let y = A(X?) with rank(X°®) < r. Then X° is the unique
solution to (1.11) if
Sor(A) < 1. (1.16)

!The restricted isometry constant in the matrix completion setting is still denoted by §(-), with
its matrix completion context making clear its distinction from the restricted isometry constant in
compressed sensing.



Furthermore, the nuclear norm minimization is guaranteed to find the underlying

low rank matrix if the sensing operator has small RICs.

Theorem 1.11 ([85]). Let y = A(X®) with rank(X°) < r. Then X° is the unique

solution to (1.14) if
1

J5r(A) < o

(1.17)

It was first proved in [85] that several random measurement ensembles satisfy
the RIC condition of Thm. 1.11 with overwhelmingly high probability provided the
number of measurements p > C - r(m + n — r)log(mn) for some constant C' > 0.
Typical examples include the ensembles in which each sensing matrix A, has i.i.d
Gaussian NV'(0, 1/p) entries or i.i.d entries that are equal likely to take the value 1/,/p
or —1/,/p. The result in Thm. 1.11 was refined to p > C'-r(m +n — r) in [28] by
employing a new covering argument.

However, the RIC based condition is only applicable for certain dense sensing
operators, and not applicable for entry sensing. For any entry sensing operator Py (-)
with Q¢ # (), there exists a rank one matrix X which only has one nonzero entry
in Q° such that Py(X) = 0, which implies §,(Py) = 1 for any » > 1 and violates
the condition in Thm. 1.11. More quantitative, non-RIC based estimates have been
established for the convex relaxation (1.14) in entry sensing based on a notion of

incoherence introduced in [29].

Definition 1.12. For a subspace U € R" of dimension r, let Proj,(-) be the orthog-
onal projection onto U. Then the coherence of U is defined to be

_n e
wU) = — max [[Projy (e[ (1.18)

Given X° be an m X n matrix of rank r, provided the singular vectors of X are
weakly correlated with the canonical basis in terms of the coherence, Candes and
Recht [29] proved that with high probability, the nuclear norm minimization method
(1.14) is able to recover the unknown entries of X° from uniformly random samples
if p > C - rmax(m,n)%°log(max(m,n)); later Candes and Tao [32] sharpened this
result to p > C - rmax(m,n)log®(max(m,n)). Gross [56] extended the notion of
entry sensing to a more general setting, and presented a novel technique which led to
a simplified argument. Recht [84] then applied the techniques in [56] and derived the

simplest argument for entry sensing.
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Theorem 1.13 ([84]). Let X° be a m x n matrix of rank r, and X° = UXV* be
the reduced singular value decomposition where U € R™*" ¥ € R™" V € R"*".

Assume that a) both p(U) and u(V) are bounded above by some positive number

to, and b) the matrix UV* has a maximum entry bounded by p;4/r/ max(m,n)? for
some positive number p1. Suppose p entries of X° are sampled uniformly at random.
Then if

p > 32max{u, po}r(m + n)Blog?(2 max (m, n)),

for some $ > 1, the minimiser to problem (1.14) is unique and equal to X° with

probability at least 1 — 6log(max (m,n))(m + n)?>~2# — max (m, n)27251/2.

1.2.2 Non-convex Methods

Although there exists rigorous analysis for the ability of the nuclear norm minimiza-
tion to recover a low rank matrix, the interior point method for (1.14) becomes inef-
ficient if the size of the matrix is large because huge systems of linear equations need
to be solved to compute the Newton directions [98]. As an alternative, there have
been many algorithms which are designed to target (1.11) directly; many of them
are adaptions of the algorithms for compressed sensing. For instance, IHT, HTP and
CoSaMP have all been extended to matrix completion [52, 60, 66]. We present THT
as an example.

IHT for matrix completion, Alg. 3, applies the projected gradient method for the

non-convex problem

1
min = ||A(z) — y||> subject to rank(X) <r. (1.19)

XeRmxn 2
In each iteration of IHT, the current estimate X;_; is updated along the gradient
descent direction R; 1, using a constant stepsize «, followed by thresholding to the
matrix of rank at most r that is nearest in the Frobenius norm. Computationally the
hard thresholding operator is composed of two parts. First the principal component
subspace is identified, then the matrix is projected onto the principal component
subspace. The principal component subspace of dimension r can be identified in terms
of either its column or row space. Here we make use of the column space, using the
leading r left singular vectors, denoted here by PrincipalLeftSingularVectors, ().
Projecting onto the principal subspace U, denoted in pseudo-code by Proj,;(-), follows
by either multiplying the objective matrix on the left by the projection matrix UU™,

or by setting all but the r leading singular values of the objective matrix to zeroes.

11



Algorithm 3 IHT for matrix completion ([60, 52])

Initilization: rank r, W_; = A*(y), Uy = PrincipalleftSingularVectors, (IV_,),
Xo = Projy, (W_1), stepsize a, [ = 1

Iteration: During iteration [, do

LRy = Ay — A(X-1)) gradient descent direction

2: Wi_1 = X1+ aRj_4 gradient descent update

3: U, = PrincipalLleftSingularVectors, (W;_;) proxy to the subspace

4: X; = Proj Ul(VVl_l) solution update
Output: X|

In Alg 3, the adjoint of the sensing operator, A*(-), is defined as

A(y) =)y A, (1.20)
=1

IHT for matrix completion has been independently studied in [60] and [52]. It has
been proven in [60] that if the sensing operator A(-) satisfies dy,.(A) < 1/3 then THT
with stepsize o = 1/(1+ d9,) is guaranteed to recover any rank r matrix measured by
A(-). However, this stepsize selection is not advocated for implementation as RICs are
NP-hard to calculate [58]. In [52], IHT is analysed with the stepsize a = 1, and the
authors show that the iterates of IHT are guaranteed to converge to the underlying
rank r matrix if 93, < 1/4/8. As a simple corollary of Thm. 2.1 in Chapter 2, the

following result improves the results in [60, 52].

Corollary 1.14. Let y = A(X?) with rank(X°) < r. Then the iterates of IHT with

a unit stepsize converge to X if

d3r(A) < (1.21)

N | —

Proof. See Thm. 2.1 in Chapter 2 for an analogous proof. O]

The iterative thresholding algorithms typically update a current rank r estimate
along a line-search direction which departs from the manifold of rank r matrices?,
then projects back onto the rank » manifold by computing the nearest matrix in the
Frobenius norm. The most direct implementation of the projection involves comput-
ing a partial singular value decomposition of an m x n matrix in each iteration, which

has computational complexity O(n?) for m ~ n [53]. For entry sensing, computing

%It is well known that the set of m x n rank r matrices is an r(m + n — r) dimensional matrix
manifold [24].
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the SVD is the dominant cost in each iteration®, which limits their applicability for
large size matrix. To reduce the high computational cost of the SVD, one approach
is to further exploit the local structure of the rank » manifold and develop Rieman-
nian manifold algorithms for matrix completion. Examples include LRGeomCG [99],
which is a nonlinear conjugate gradient method, and ScGrassMC [79], which uses a
scaled gradient in the subspace update, as well as other geometries and metrics in
[74, 75]. For more details, see Sec. 5.4.1 in Chapter 5.

There are other methods which can avoid computing the SVD by explicitly re-
maining on the rank r manifold using the factorization X = Y Z where Y € R™*"
and Z € R™™. Based on this simple factorization model, rather than solving (1.11),
algorithms are designed to solve the non-convex problem

min 1||PQ(X°) — Po(Y2)|3. (1.22)

YGRmXT 2
ZERT<N

Algorithms for the solution of (1.22) usually follows an alternating minimization
scheme, with PowerFactorization (PF) as a representative, see Alg. 4. In each itera-

tion, PF minimizes over one component while the other one is held fixed.

Algorithm 4 PowerFactorization (PF, [57])
Initilization: rank r, Yy € R™*", Zy e R™" [ =1
Iteration: During iteration [, do

1: Fix Z;_1, solve Y; = argmin || Po(X°) — Po(YZ1)|% update Y component
Y eRmXr
2: Fix V}, solve Z; = argmin || Po(X°) — Po(Y,2)|[5 update Z component
ZERTX’IL

Output: X; =Y, 7,

Note that each subproblem in Alg. 4 is a standard least squares problem which
can be solved efficiently by the conjugate gradient iterative method. In [57], a rank

increment technique is also proposed to improve the performance of the algorithm.

1.3 Outline of the thesis

In Chapter 2, we propose an adaptive way to choose the stepsizes in IHT for matrix

completion (Alg. 3), and introduce NIHT for matrix completion (Alg. 5), which is

3The related low rank approximation problem [85] has an O(n*) per iteration cost dominated by
computing the sensing operator A(-) and its adjoint A*(+); in this context, computing the SVD is of
secondary cost.
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an extension of NIHT for compressed sensing (Alg. 2). NIHT is proven to have a
near optimal recovery guarantee using RICs (Thm. 2.1), and is observed to be able to
recover a random low rank matrix from near the minimum number of measurements.

In Chapter 3, we introduce the CGIHT (Algs. 9, 10, and 11) family of algorithms
for compressed sensing. CGIHT is designed to balance the low per iteration com-
plexity of simple hard thresholding algorithms with the fast asymptotic convergence
rates of more sophisticated sparse approximation algorithms. We establish uniform
recovery guarantees and stability to noise for the restarted and projected variants of
CGIHT (Algs. 10, 11) in terms of RICs (Thms. 3.3 and 3.4) of the measurement ma-
trix. Extensive empirical tests utilizing the GPU software GAGA [13, 12] establishes
the computational advantages of CGIHT in terms of both the sizes of the problems
that can be recovered and the overall computational time.

In Chapter 4, the CGIHT family of algorithms are adapted for the matrix com-
pletion problem (Algs. 16, 17). A recovery guarantee is established for the projected
variant of CGIHT in terms of RICs of the sensing operator (Thm. 4.1). CGIHT is
observed to have average case performance superior to NIHT and other hard thresh-
olding algorithms for matrix completion.

In Chapter 5, we present an alternating steepest descent algorithm, ASD (Alg. 20)
and a scaled variant, Scaled ASD (Alg. 21), for the fixed-rank matrix completion prob-
lem in entry sensing. Empirical evaluation of ASD and ScaledASD on both image
inpainting and random problems shows they are competitive with other state-of-the-
art matrix completion algorithms in terms of recoverable rank and overall compu-
tational time. In particular, ASD and ScaledASD are highly efficient for large size
problems due to their low per iteration computational complexity, especially when
computing the solutions to moderate accuracy. A preliminary convergence analysis
is also presented (Thm. 5.3).

Finally, Chapter 6 concludes the thesis with summarizing the main contributions
and pointing out some potential research directions for the future.

In this thesis, we are mainly considering the iterative hard thresholding algorithms
for compressed sensing and matrix completion which are targeting the problems di-
rectly, but bear in mind that there are other potential candidates of fast algorithms,
including the algorithms specifically for the convex relaxations and the recently intro-

duced AMP algorithm [71]. The materials in this thesis have resulted in one journal
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publication and four preprints which have been submitted.
Publications
1. Normalized iterative hard thresholding for matriz completion; SIAM J. Sci.
Comput., 35(5) (2013), pp. S104 - S125. (with Jared Tanner)
Preprints
2. CGIHT: Conjugate gradient iterative hard thresholding for compressed sensing
and matriz completion, submitted. (with Jeff Blanchard and Jared Tanner)
3. Low rank matriz completion by alternating steepest descent methods, submitted.
(with Jared Tanner)
4. Conjugate gradient iterative hard thresholding: Observed noise stability for com-
pressed sensing, submitted. (With Jeff Blanchard and Jared Tanner)

5. Fast iterative hard thresholding for compressed sensing, submitted.
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Chapter 2

Normalized Iterative Hard
Thresholding for Matrix
Completion

Low rank matrices can be uniquely determined from fewer linear measurements, or
entries, than the total number of entries in the matrix. Moreover, there is a growing
literature of computationally efficient algorithms which can recover a low rank matrix
from such limited information. Normalized iterative hard thresholding (NTHT) is a
simple yet efficient hard thresholding algorithm for matrix completion which considers
the same non-convex problem as IHT for matrix completion

1 2 :
in o | A(z) — y||7= subject to rank(X) <r, (2.1)

where y = A (X?) with rank(X°) <.

Chapter 2 is outlined as follows’. In Sec. 2.1, we present NIHT for problem (2.1).
In Sec. 2.2, we evaluate the efficacy of NIHT in terms of the sizes of problems that
can be recovered, and compare it with other selected algorithms. Section 2.3 presents

the proof of the main theorem in this chapter.

2.1 Normalized iterative hard thresholding

The simplest hard thresholding algorithm for matrix completion is IHT, Alg. 3, where
the stepsize « is selected as a fixed constant (such as v = 0.65). IHT for matrix com-

pletion is a direct extension of IHT for compressed sensing, Alg. 1. The effectiveness

!Material in this chapter is published in [91], which is a joint authorship with J. Tanner whose
permission has been obtained for the inclusion of the material.
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of IHT for compressed sensing is determined by the selection of the stepsize a. Se-
lecting o too small causes the algorithm to be both slow and more likely to converge
to local minima rather than the global minimum, whereas selecting a too large can
result in lack of convergence. Large scale empirical testing [72] of IHT for compressed
sensing suggested o = 0.65 is a good choice. Even more effective than the constant
stepsize a = 0.65 is selecting the stepsize adaptively. It has been observed that IHT
for compressed sensing performs dramatically better if the stepsize is selected to be
optimal when the current estimate has the same support set as the sparsest solution
[20]; with this stepsize selection rule the method is referred to as NIHT for compressed
sensing, Alg. 2. In this chapter we present heuristics for the iteration dependent se-
lection of the stepsize a in Alg. 3, motivated by NIHT for compressed sensing; we
also refer to this best performing heuristic simply as NIHT, Alg. 5, with its matrix

completion context making clear its distinction from NIHT for compressed sensing.

Algorithm 5 NIHT for matrix completion
Initilization: rank r, W_; = A*(y), Uy = PrincipalleftSingularVectors, (W_)
Xo=Projy, (W_1), =1
Iteration: During iteration [, do
LRy = A (y — A(X—1)) gradient descent direction

HPIOJ'Ulfl(lel)HQF

2: 1 = 7 local steepest descent stepsize
[ 4(prese,_, ),
3 Wii=X1+a 1R gradient descent update
4: U; = PrincipalLleftSingularVectors, (W;_4) proxy to the subspace
5. X; = Proj Ul(VVl,l) solution update
Output: X

2.1.1 Stepsize selection heuristic

When THT converges to the minimal rank solution, each of the singular values and
vectors of the current estimate X; must also converge to the singular values and
vectors of the minimum rank solution. Proximity to the correct singular vectors
motivates selecting the stepsize as if the singular vectors had been correctly identified
and the update was being used to improve the component in the subspace. Let X; be
the current estimate of rank r with the singular value decomposition X; = U;3;V/*.
Then for any matrix X € R™*" the projection of X onto the leading r left and right

singular vector spaces can be computed by

Proj,, (X) = UU; X (2.2)
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and
Projy, (X) = XV V" (2.3)

respectively. A matrix can be projected onto the span of both the left and right
singular vectors by applying (2.2) and (2.3) simultaneously; for instance, if R, =
A* (y — A(X))) is the gradient descent direction, then the projected gradient descent
direction is given by R} := UU;R,V;V,*. Alternatively, R; can be projected onto
the span of just the left or right singular vectors by applying only (2.2) or (2.3)
respectively, with the projected search directions given by R}’ := U,UR; and R} :=
R, V;V/*. Using any of these restricted search directions to update the current iterate
X results in the next iterate also being restricted to the same projected spaces, which
would not allow the iterates to converge to the desired low rank matrix unless the
singular vectors had been correctly identified. The analogue in compressed sensing
would be to only update the solution restricted to the support set of the past iterate.
Although the projected search directions should not be used as the update directions,
they provide useful information for selecting the stepsizes.

By selecting the steepest descent stepsizes along the projected directions, the three

above mentioned projected gradient descent directions motivate three locally optimal

stepsizes
IIA(PrOJUl Rz N,
o [Progy; (B[ (2.5)
14 (Progy; (R)l,
Q;,w ||Pro‘]vl (ProJUl Rl HF . (26)

| A (Projy; (Projy, (Ri) ))Hz

and three associated variants of NIHT, each of which uses the same unrestricted
negative gradient search direction R;, but with three different stepsize heuristics (2.4),
(2.5) and (2.6). We refer to the three variants of NIHT associated with these stepsizes
as: NIHT with column restriction when using (2.4), NIHT with row restriction when
using (2.5), and NIHT with column and row restriction when using (2.6). NIHT
with row restriction is observed to have similar empirical performance to NIHT with
column restriction; and both of them are observed to be superior to NIHT with column
and row restriction. Thus we only focus on NIHT with column restriction which we

simply refer to as NIHT, see Alg. 5 for a formal description. In each iteration of NIHT,
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the current estimate X;_; is updated along the gradient descent direction R;_ i, using
an adaptive stepsize calculated to be exact for a restricted subspace, followed by
thresholding to the matrix of rank at most r that is nearest in the Frobenius norm.
Although Alg. 5 lacks a safeguard to ensure a decrease of ||y — A (X;)]|, in each
iteration, each of the stepsizes in (2.4) - (2.6) can be bounded above and below
for sensing operators A(-) with bounded RICs (1.9). Thus NIHT can be proven to
converge to the desired low rank matrix using a standard RIC based proof reminiscent
of [19, 20, 52, 60]. Theorem 2.1 considers a typical model y = A (X°) + e, where
rank(X?) < r. In this model, X° can be viewed as the rank r matrix which minimizes
|y — A(X)]|, and e as the measurement error associated with restricting X to be at
most rank r. Alternatively X° can be viewed as a rank r matrix measured by A(-)
and that y is contaminated by additive noise; though, in this perspective, Thm. 2.1

does not specify any particular model for e.

Theorem 2.1. Let A(-) be a linear map from R™*" with p < mn, and y = A (X°)+e
for any X° with rank(X°?) < r. Define the following constant in terms of RICs of
A()?

43, 2 (1 + dy,) '/
pumm = - 2.7
n=1"5¢ s (2.7)
Then provided p < 1, the iterates of Alg. 5 satisfy
0 0 £
1 = Xl < p 1Xo = XL+ 12 Mllellz- (2.8)

In particular, when e = 0, NIHT can recovery (within arbitrary precision) any rank

r matrix measured by A (-).

Proof. See Sec. 2.3 for a proof. m

2.2 Empirical performance comparisons

RIC based guarantees such as Thm 2.1 are uniform over all rank r matrices and are
now common for matrix completion algorithms. The uniform nature of these results
gives sufficient conditions for recovery. However, such theorems lack the quantitative
precision sufficient to advise a practitioner as to how many linear measurements are

necessary so that an algorithm is able to successfully recover a low rank matrix [10].

2In Thms. 2.1 and 4.1, the restricted isometry constant &.,.(A) of the sensing ensemble A (-) is
abbreviated to d., for simplicity.
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For a matrix X° € R™*™ of rank r, obviously it can be easily identified if mn linear
measurements are obtained since the sensing process in invertible. On the other hand,
an m x n rank r matrix lies in a manifold defined by r(m +n —r) degrees of freedom
[24]. If the subspace containing X is known a priori, X° can be recovered by making
appropriate measurements in the known subspace with the number of measurements
equal to the number of degrees of freedom. Therefore the matrix completion problem
inherently defines an undersampling ratio  and an oversampling ratio p by comparing
the number of measurements p with the maximum number of measurements required,

mn, and the minimum number of measurements necessary, r(m +n —r):

5= P ana ptmEn=T)

2 p (2.9)

The unit square (§, p) € [0, 1]* defines a phase space which indicates where the num-
ber of measurements is sufficient for the successful recovery of a low rank matrix to
be possible when fewer measurements are taken than the ambient dimension. More-
over the recovery phase transition curve for an algorithm separates the phase space
into two regions: success and failure. For problem instances (0, p) below the recov-
ery phase transition curve, the algorithm is observed to return a low rank matrix
matching the desired solution. On the other hand, above the curve, the algorithm is
observed to return an approximation which does not match the underlying low rank
matrix. For instance, much more interestingly than Thm. 2.1, the recovery phase
transitions for NIHT suggest it is able to recover random square matrices for nearly

3. see Fig. 2.2. For Gaussian sensing

the largest achievable rank; that is, p near one
the phase transition curve for NIHT appears to oscillate with p between 0.85 and 0.95
independent of § and for entry sensing to slowly vary from about p = 0.9 at 6 = 0.1
to p=1at 6 = 1. Note that p = 1 corresponds to achieving the minimum sampling

number of p = r(m +n —r).

2.2.1 Experimental set-up

In this section, we present empirical recovery phase transition curves and investigate
the rate of recovery for NIHT. The testing was conducted through a massive distri-
bution of problem instances at high performance computing facility provided by the
Edinburgh Compute and Data Facility (ECDF). Recall that the sensing operator in

3Note that guaranteed recovery for all rank r matrices is not possible for p > 1/2, but that
algorithms can recovery most low rank matrices for p > 1/2 [45].
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matrix completion is a linear map A () : R™*" — R? where y = A (X) has each mea-
surement defined by Frobenius norm inner product of a sensing matrix A, € R™*"
and the matrix X : y, = (A, X). The algorithms are tested with two representative

sensing operator ensembles:

e G: each of the p sensing matrices is a dense Gaussian matrix with entries drawn

i.i.d from N(0,1/mn);

e &: each of the p sensing matrices only has one single nonzero entry of value 1

with the location chosen uniformly at random without replacement.

The sensing ensemble G is representative of dense sensing while £ is an entry sensing
operator. In the implementation, the sensing operator £ is employed by directly
measuring p distinct entries of the sensing matrix rather than through a series of
inner products. To form a rank r testing matrix X°, we compute the product of two
random rank r matrices via

X°=YZ (2.10)

where Y € R™*" and Z € R™" with their entries drawn i.i.d from standard normal

distribution A/ (0,1). In our tests, a problem instance is indexed by four parameters
in Tab. 2.1.

Table 2.1: Parameters for problem instances in matrix completion.

Op € {G, £} represents the sensing operator ensemble;
N represents the low rank matrix ensemble formed by (2.10).
(m, ) or (7,n) (m,n) denotes the size. of the testing matrix;
’ ’ 7 := 2 defines the ratio of m over n.
p denotes the number of measurements, which is
also determined by the undersampling ratio J in (2.9).
r denotes the rank of a testing matrix, which is

also determined by the oversampling ratio p in (2.9).

(Op,N)

pord

r or p

Moreover, the iterative algorithms tested terminate if one of the following con-
ditions is satisfied: a maximum number of iterations is met, the relative residual is
small ||y — A (X)), /llyll2 < 107 or if the multiplicative average of the last fifteen
convergence factors is greater than k,

(||?/—A(Xz+15>||2)1/15 > k. (2.11)
ly — A X))l

Unless otherwise stated we set K = 0.999.

21



2.2.2 NIHT empirical average case behavior

To evaluate NIHT’s ability to recover m x n matrices of rank r, we conducted tests for
problem instances with Op € {G,€} and v = 1/4,1/2,3/4 and 1. The reconstruction
algorithms are substantially faster for entry sensing, as dense sensing has an additional
requirement of pmn scalar multiplications for the application of A(-). For this reason
the tests for dense Gaussian sensing is conducted for n = 40 and n = 80, whereas the
tests for entry sensing are conducted for n = 40, 80, 160, 200, 400, and 800. For each

(m, n) pair, we conduct tests with the number of measurements being p = 6 - mn for
6 €4{0.1,0.2,---,0.9,1}.

We consider an algorithm to have successfully recovered the sensed rank r» matrix X°
if it returns a rank r matrix X that is within 2 x 1073 of the sensed matrix in the

relative Frobenius norm?*, that is if

X - X° ; ;
W <2x107°. (2.12)
For each triple (m,n,p), we select a value of r sufficiently small that the algorithm
successfully recovers the sensed matrix in each of ten randomly drawn tests; we then
increase the rank of the sensed matrices, conducting ten tests per rank, until the rank
is sufficiently large that the algorithm fails to recover the sensed matrix in each of
ten randomly drawn tests. We refer to the largest value of r for which the algorithm
succeeded in each of ten tests as r,,, and the smallest value of r for which the
algorithm failed in each of the ten tests at 7,4

The values of r,,;, and 7., for NIHT, are displayed in Fig. 2.1 for Gaussian
sensing with n = 80 (left panel) and entry sensing with n = 800 (right panel). The
same data is displayed in Fig. 2.2, but with the vertical axis being the values of p
calculated from (7, + Tmaz) /2. The exact values of 7y, Tmaee and associated ppin,
Pmaz calculated from (2.9), as well as for smaller n, are listed in Tabs. 2.2 and 2.3 for
Gaussian sensing and entry sensing respectively.

The remarkable effectiveness of NIHT is evident in Fig. 2.2 through the approxi-

mate phase transition, calculated using (7,,in + Tmaz) /2. Though the phase transition

4QGreater accuracy conditions were tested for a subset of problems. In each instance it was
observed that recovery within arbitrary precision was possible once a matrix was identified to within
2 x 1073 relative error in the Frobenius norm.
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for Gaussian sensing displayed in Fig. 2.2 (left panel) appears irregular due to the
small value of n = 80 and associated large changes in p for a rank one change, it
is surprising that the phase transitions remain between 0.85 and 0.95 for each of
v=1,3/4,1/2, and 1/4, as well as for each § tested. The phase transition occurring
between 0.85 and 0.95 indicates that irrespective of the degree of undersampling, 9,
NIHT is able to recover rank r matrices for the number of measurements being a small
multiple of the minimum number; that is p = C - r(m +n —r) for C < 1.2. NIHT
exhibits a similarly high phase transition for entry sensing in Fig. 2.2 (right panel).
The entry sensing tests for the larger value of n = 800 greatly reduces the sensitivity
of p to small changes in r, resulting in much smoother observed phase transitions. For
v =1,3/4, and 1/2 we observe phase transitions that slowly increasing from approx-
imately p = 0.9 to 1 as ¢ increases from 0.2 to 1. The smaller value of v = 1/4 show
substantially reduced phase transitions for entry sensing, but in Sec. 2.2.4, we will
observe that even this lower phase transition compares favourably to other matrix
completion algorithms. The data in Tab. 2.2 for m = n and p = mn/10 suggest that
the lower phase transition for § = 1/10 may be an artifact of the small problem sizes.
Similarly, we observe that increasing the problem size from n = 80 to 800 results in
substantial increases in the phase transitions show in Fig. 2.5, including for v = 1/4.

The stopping criteria (2.11) for the convergence facotr plays an important role
in achieving the observed high phase transitions; setting x to the very slow 0.995
is observed to noticeably reduce the largest recoverable rank as compared to the
seemingly impractically slow x = 0.999. Figure 2.4 shows the increase in the phase
transitions when « is increased from 0.995 (blue) to 0.999 (black). Figure 2.3 shows
that this increase in x allows for some of the tests that terminate with error greater
than 2 x 1073 to further iterate and decrease the error sufficiently for the relative
error stopping criteria ||b — A(X7)||2/[|bl]l2 < 107 to be active. This raise in the
phase transition by increasing x comes at the cost of the maximum number of itera-
tions increasing from approximately 1500 to 6500, and the associated time needed for
completion. Although this, nearly four-fold, increase in the time to completion may
seem inadvisable, no other algorithm was previously observed to be able to recover
low rank matrices for such large ranks. The other algorithms tested are unable to
increase the recoverable rank by extending the stopping criteria, see for instance the

right panel of Fig. 2.3 where PF (Alg. 4) is observed to have clear separation between
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Figure 2.1: For each rank above the dashed lines NIHT failed to recover the sensed
matrix in each of ten randomly drawn tests per rank, whereas for each rank below the
solid lines NIHT succeeded in recovering the sensed matrix in each of ten randomly
drawn tests per rank. The vertical axis is the rank of the sensed matrix and the
horizontal axis is the undersampling ratio 6. Left panel: G with n = 80; right panel:
& with n = 800.
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Figure 2.2: Phase transition of NIHT with horizontal axis ¢ and vertical axis p where
p is calculated using the average of 7,,;, and r,,, from Tabs. 2.2 and 2.3. Left panel:
G with n = 80; right panel: £ with n = 800.
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Table 2.2: For each listed (m,n,p) triple, NIHT with p Gaussian measurements is
tested for ten randomly drawn m x n rank r matrices per rank and is observed to
recover each of the ten measured matrices for all » < r,,;, and failed to recover each
of the ten measured matrices per rank for r > r,,4..

NIHT with Gaussian Measurements
m ‘ n ‘p ‘r’mzn ‘ Tmazx ‘ Pmin ‘ Pmaz ‘m ‘ n ‘ p ‘ Tmin ‘ Tmax ‘ Pmin ‘pmaz
40 0 0 0.000 | 0.000 160 1 2 0.619 | 1.225
80 1 2 0.613 | 1.200 320 2 4 0.613 | 1.200
120 | 2 3 0.800 | 1.175 480 | 4 5) 0.800 | 0.990
160 2 4 0.600 | 1.150 640 ) 7 0.742 | 1.017
200 3 5 0.705 | 1.125 800 7 9 0.814 | 1.024
10°) 40 240 | 4 5 0.767 | 0.938 20| 80 960 | 9 10 0.853 | 0.938
280 | 5 7 0.804 | 1.075 1120 | 11 12 0.874 | 0.943
320 | 6 7 0.825 | 0.941 1280 | 13 14 0.884 | 0.941
360 7 9 0.836 | 1.025 1440 | 14 16 0.836 | 0.933
400 8 10 0.840 | 1.000 1600 | 18 19 0.922 | 0.962
80 1 2 0.738 | 1.450 320 | 2 3 0.738 | 1.097
160 2 3 0.725 | 1.069 640 4 6 0.725 | 1.069
240 3 5 0.713 | 1.146 960 7 8 0.824 | 0.933
320 4 6 0.700 | 1.012 1280 | 10 11 0.859 | 0.937
400 | 6 7 0.810 | 0.927 1600 | 12 14 0.810 | 0.927
20 | 40 480 | 8 9 0.867 | 0.956 40| 80 1920 | 16 18 0.867 | 0.956
560 | 9 11 0.820 | 0.963 2240 | 19 22 0.857 | 0.963
640 11 13 0.842 | 0.955 2560 | 23 26 0.871 | 0.955
720 13 15 0.849 | 0.938 2880 | 27 30 0.872 | 0.938
800 16 18 0.880 | 0.945 3200 | 32 35 0.880 | 0.930
120 1 2 0.575 | 1.133 480 2 4 0.575 | 1.133
240 3 4 0.838 | 1.100 960 6 7 0.838 | 0.970
360 4 6 0.733 | 1.067 1440 | 9 11 0.819 | 0.985
480 | 6 8 0.800 | 1.033 1920 | 13 15 0.860 | 0.977
30 | 40 600 | 7 10 0.735 | 1.000 60 | 80 2400 | 17 19 0.871 | 0.958
720 11 12 0.901 | 0.967 2880 | 21 23 0.868 | 0.934
840 12 15 0.829 | 0.982 3360 | 26 28 0.882 | 0.933
960 15 17 0.859 | 0.939 3840 | 32 34 0.900 | 0.939
1080 | 18 21 0.867 | 0.953 4320 | 38 41 0.897 | 0.940
1200 | 23 25 0.901 | 0.938 4800 | 48 49 0.920 | 0.929
160 1 2 0.494 | 0.975 640 3 4 0.736 | 0.975
320 | 3 4 0.722 | 0.950 1280 | 7 8 0.837 | 0.950
480 | 5 7 0.781 | 1.065 1920 | 10 12 0.781 | 0.925
640 | 7 9 0.798 | 0.998 2560 | 14 17 0.798 | 0.950
40 | 40 800 |9 11 0.799 | 0.949 80 | 80 3200 | 19 22 0.837 | 0.949
960 12 14 0.850 | 0.963 3840 | 25 27 0.879 | 0.935
1120 | 15 17 0.871 | 0.956 4480 | 31 33 0.893 | 0.935
1280 | 18 20 0.872 | 0.938 5120 | 37 40 0.889 | 0.938
1440 | 21 24 0.860 | 0.933 9760 | 44 48 0.886 | 0.933
1600 | 28 30 0.910 | 0.938 6400 | 57 59 0.917 | 0.931
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problem instances where the algorithm converges to the sensed matrix and when it

returns a low rank matrix that differs substantially from the measured matrix.
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Figure 2.3: Iteration vs error for NIHT with Gaussian sensing using convergence
factor stopping criteria 0.995 and 0.999 in the left and middle panels respectively,
and for PF in the right panel. The plots include the results for each of the tests
conducted for n = 40 and 80, comprising 10, 320 tests in the left panel, 2,500 tests
for the middle panel, and 2,205 tests in the right panel.

Matrix completion is a rapidly evolving field with numerous algorithms introduced
in the last few years. A recent review of matrix completion algorithms is presented
in [73] along with extensive numerical comparisons. The focus of the numerical tests
presented here is on quantifying the largest possible rank recoverable for an algorithm
as a function of 6 = p/mn, and to explore if this phase transition is stable as the
matrix size increases. This testing environment probes the algorithms in the region
where their convergence rates are slow, causing the tests to have an unusually high
computational burden. The tests presented in this chapter required 4.67 CPU years®
run on hex core Intel X5650 CPUs with 24 GB of RAM.

The empirical behavior of NIHT has been presented in Sec. 2.2.2. Next we con-
trast the performance of NIHT with: fixed stepsize IHT (o = 0.65), NNM (1.14)
using a semidefinite programming formulation [85] and the software package SDPT3
[93], and PF. These three algorithms are selected as representative examples of hard
thresholding algorithms, IHT, convex relaxations, NNM, and a quite distinct variant

of optimization on the manifold of low rank matrices, PF. PF was selected due to

5All algorithms were written using Matlab R2011b with the default SVDs, as opposed to the
potentially faster PROPACK [65].
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both its simplicity and its remarkably high phase transition [57]. The primary focus
of this comparison is to determine the largest rank recoverable by an algorithm for
a given (m,n,p) triple. Timings are included for completeness. Each algorithm is

tested as described in the first paragraph of Sec. 2.2.2.

2.2.3 Comparison of IHT and NIHT

We consider THT with fixed stepsize a = 0.65 as well as three variants of NIHT with
iteration adaptive stepsizes as stated in (2.4) - (2.6). The RIC based analysis of NIHT
with stepsize (2.4) presented in Sec. 2.3 is equally valid for stepsizes (2.5) and (2.6).
Unfortunately, this worst case analysis gives little indication of their average case
effectiveness. Tests were conducted for matrices with aspect ratio vy = 1,3/4,1/2,1/4,
and 1/8 for n = 40 and n = 80. The variant with stepsize (2.5) was able to recover
matrices of the same rank as (2.4) when v = 1,3/4, and 1/2, but was only able
to recover substantially lower rank matrices for the more rectangular aspect ratios
v = 1/4 and 1/8. The NIHT variant with stepsize (2.6) was able to only recover
matrices of greatly reduced rank as compared to (2.4) and (2.5). For conciseness we
limit ourselves to presenting only the results for the adaptive stepsize variant (2.4),
which we simply refer to as NIHT and state in Alg. 5.

Figures 2.4 and 2.5 display the empirical phase transition with p calculated using
the average of 7,,;, and r,,., as described in Sec. 2.2.2. Figure 2.4 displays the phase
transition with Gaussian sensing for NIHT with stopping criteria £ = 0.999 (black)
and 0.995 (blue) as well as IHT with fixed stepsize o = 0.65 (red) and ~ = 0.999.
Increasing x is observed to substantially increase the recoverable rank. For the same
stopping criteria, NIHT is observed to recover rank r matrices for r at least as high
as IHT. The average timings over five random tests for the associated tests with
k= 0.999 and m = n = 40 are displayed in Fig. 2.8 Panels (b) and (d) for NIHT and
[HT respectively, and the ratio of their average timings is displayed in Fig. 2.9 Panel
(b). NIHT is observed to be faster than THT except for the region of large § and p
where THT fails to recover the solution to (2.1) but NIHT remains able to recover the
solution to (2.1).

Figure 2.5 displays the phase transition for entry sensing and NIHT with n = 800
(blue) and n = 80 (black) as well as IHT with stepsize & = 0.65 and n = 80 (red).
NIHT and IHT are observed to be able to recover rank r matrices for nearly the same

rank with n = 80. Increasing the matrix size from n = 80 to n = 800 results in a
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Recovery phase transition for (G,N) with m/n = 1.00 Recovery phase transition for (G,N) with m/n = 0.75
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Figure 2.4: Phase transition for Gaussian sensing and algorithms: NIHT with stop-
ping criteria £ = 0.999 and x = 0.995 as well as [HT with stepsize a = 0.65 and
stopping criteria x = 0.999. Horizontal axis § and vertical axis p as defined in (2.9).
Each transition is for n = 80 and the values of p shown are calculated using the
average of r, and rp,4..
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dramatic increase in the phase transitions, with each curve surprisingly close to the
maximum achievable p = 1. All entry sensing tests use stopping criteria £ = 0.999.
The average timings for the associated tests with n = m = 80 are displayed in
Fig. 2.8 Panels (a) and (c) for NIHT and IHT respectively, and the ratio of their
average timings is displayed in Fig. 2.9 Panel (a). NIHT is observed to always be
faster than THT, typically taking just under half the time.
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Figure 2.5: Phase transition for entry sensing and algorithms: NIHT with column
projection for n = 80 (black) and n = 800 (blue) and IHT with stepsize @ = 0.65
(red) with n = 80. Horizontal axis ¢ and vertical axis p as defined in (2.9). The
values of p shown are calculated using the average of r,,;, and 7.
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2.2.4 Comparison of NIHT with NNM and PF

Nuclear norm minimization (1.14), is the convex relaxation of the matrix completion
problem (1.11), and is the most studied approach for matrix completion [29, 32, 85].
In particular, it is the only matrix completion formulation with a quantitatively accu-
rate analysis [81] of the ability to recover the solution to (1.12). Having a formulation
in terms of the well studied semidefinite programming, there are many existing algo-
rithms and software packages that can be used to solve (1.14); moreover, numerous
algorithms have been designed to solve NNM specifically for matrix completion, for
example [25, 52]. These matrix completion focused methods for the solution of (1.14)
are designed to more rapidly return the solution, but remain designed to give the
solution to (1.14), and do not increase the range of the parameters § and p where
the solution to (1.14) corresponds to that of (1.11). With our focus of determining
the largest recoverable rank for an algorithm, we use the well established software
package SDPT3 [93], but are aware that specialized software is likely able to solve
(1.14) in substantially less time. In addition to contrasting NTHT with NNM, we also
compare NIHT with the very different manifold optimization method PF [57], see
Alg. 4.

PF seeks to directly solve the minimum rank problem (1.11) and is a particularly
simple example of a class of methods which are designed to remain on the manifold
of rank r matrices throughout each iteration. In contrast, NIHT updates the solution
with directions that result in intermediate updates which are not on the manifold
of rank r matrices. Despite its simplicity, PF is capable of recovering matrices of
surprisingly large rank.

Figure 2.6 displays the phase transition for Gaussian sensing and NIHT (black),
PF (red), and NNM (blue). NIHT and PF use the stopping criteria £ = 0.999, and
SDPT3 uses a tolerance based stopping criteria to solve NNM. In every instance PF
is observed to be able to recover matrices of larger rank than can NNM. NIHT is
observed to be able to recover even larger rank for all but the largest values of 9.
The average timings over 5 random tests for NNM and PF with m = n = 40 are
displayed in Fig. 2.8 Panels (f) and (h) respectively, and the ratio of their average
timings as compared with NIHT is displayed in Fig. 2.9 Panels (d) and (f) for NNM
and PF respectively. NIHT is observed to be faster than NNM for all but § and

p simultaneously large, where NIHT is observed to be extremely slow. NIHT is
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observed to always be slower than PF for Gaussian sensing, typically three to seven

times slower.
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Figure 2.6: Phase transition for Gaussian sensing and algorithms: NIHT, PF and
NNM, all with n = 80. Horizontal axis § and vertical axis p as defined in (2.9). The
values of p shown are calculated using the average of r,,;, and 4.

Figure 2.7 displays the phase transition for entry sensing and NIHT (black), PF
(red), and NNM (blue). Again, NIHT and PF use the stopping criteria x = 0.999, and
SDPT3 uses a tolerance based stopping criteria. Memory requirements limit the size
of problems that NNM and PF are able to solve to n = 80. In every instance NIHT

is observed to be able to recover matrices of a larger rank than can PF, which is able

to recover matrices of larger rank than can NNM. The average timings for NNM and

PF for m = n = 80 are displayed in Fig. 2.8 Panels (e) and (g) respectively, and the
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ratio of their average timings as compared with NIHT is displayed in Fig. 2.9 Panels
(c) and (e) for NNM and PF respectively. NIHT is observed to be faster than both
NNM and PF, often more than ten times as fast; however, it should be noted that
algorithms designed to solve (1.14) specifically for matrix completion can be expected

to be substantially faster than that of SDPT3 and the use of iterative numerical linear

algebra algorithms can be expected to accelerate PF.
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Figure 2.7: Phase transition for entry sensing and algorithms: NIHT with n = 800,
and NNM and PF both with n = 80. Horizontal axis § and vertical axis p as defined
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in (2.9). The values of p shown are calculated using the average of 7, and rp,q,.
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2.3 Proof of Theorem 2.1

In this section, we present a proof to Thm. 2.1. This proof is similar to those in
[19, 20, 52, 60], differing only in how the stepsize «;_ is bounded, and is equally valid
for each of the three variants of NIHT using the stepsizes (2.4) - (2.6).

Proof of Theorem 2.1. The proof proceeds by first deriving an inequality where || X; —
X°||F is bounded by a factor multiplying || X;_; — X°||r, and then showing that this
multiplicative factor can be less than one if the sensing operator A (-) has small RICs.

Let X° be the measured rank r matrix, with measurements y = A (X°) and let
Wi =X+ a1 A (y — A(Xi-1))

be the intermediate update to X;_; in NIHT, as stated in Alg. 5, before it is projected
to the rank r update X;. Eckart-Young theorem [95, Thm. 5.9] ensures that X is the

rank r matrix nearest to W;_; in the Frobenius norm,
Wizt = Xl < Wi = X°1 7 (2.13)
Expanding ||IW,_; — X;||% and bounding it from above using (2.13) gives

Wi = Xill3 = [IWiey — X+ X° = X||3
= [[Wimy — X5+ [1X° = X3
+2(Wim — X%, X7 — X))
< Wi — X2 (2.14)

Cancelling ||W;_; — X 0||2F in the above inequality gives the inequality

X — X5 < 2(Wiy— X% X, — X°) (2.15)
= 2(X — X% X) — X°) — 21 (A" (A(X1_1 — X°)), X, — X°)
+205-1 (A" (), X; — X?)
= 2(Xi — X X, — X — 2001 (A(XiL1 — X°), A(X; — X°))
+20y-1 (e, A (X; — X°)) .

Let Q; € R™*3" have orthogonal columns which span the space of all of the columns
of X° X, 1, and X;, and let Pé = Q] be the projection matrix to this col-
umn space; in particular, PhX° = X° PLX; 1 = X1, and P4bX; = X;. Define
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Aq(Z) := A(P,Z) which corresponds to replacing the sensing matrices {Ag})_, of
the unrestricted sensing operator A(-) with the sensing matrices {P5A,}}_; and the
correspondingly associated adjoint operator AZ)() as would follow in the definition
(1.20) with A, replaced with PégAg. With these projected operators we can express
and further bound the inequality (2.15) as follows

I1X; — X5 < 2(X;1— X% X, — X% =20 1 {A(X;-1 — X°), A(X; — X))
+20y-1 (e, A (X, — X))
= 2(X1 — X% X = X°) — 2051 (Ag (X1 — X°) , Ag (X; — X7))
+20y-1 (e, Ag (X; — X°))
= 2(X;1 — X% (I — o1 AHAg) (X — X°))
+20y-1 (e, A (X; — X°))
2|7 — a1 A Aall, 1%y — X 1% — Xl
+2laya| - A X = X) |2 - [lell2
2 H] - al—lA*Q'AQHQ X = XY 1 X = Xl
+2lap ] - (14 80) 21X = X7l - [le]lo, (2.16)

IN

IN

where the last inequality follows from the upper RIC bound on the matrix X; — X°

of rank at most 2r
A (X = XO)15 < (1+ 62) 1K — XI5

Cancelling one power of ||.X; — X°|| from each side of (2.16) gives the desired bound

on the error at step [ as compared to the error at step [ — 1, namely
126 = X9l < 2|1 = a1 A A, Xim = Xt 2lancs]- (1 + 820) V2 el (2.17)

and it only remains to bound |ey_;| and the operator norm || — ozl_lA*QAQH2.
The operator AZ)AQ(-) is self adjoint and acts on the projected space of rank 3r
matrices defined by Ph; as such, its spectrum satisfied the RIC bounds

1— 05 < MAHAQ) < 1+ b3, (2.18)

Similarly, the inverse of the stepsize a;_; is the ratio of the operator A(-) acting on a

rank 7 matrix Proj;;  (R;_1), giving the RIC bounds

1 __Prosy, (R, 1

— <, = < : (2.19)
L+6, = A (Progy, (R-)|) — 10
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Combining the bounds on the spectrum of AjHAg in (2.18) and the stepsize in
(2.19), we bound the spectrum of I — a;_1A5Aq as

1+53r * 1_537"
_ s S)\([—Oél_lAQ.AQ)Sl— 1+(5T'

1 (2.20)

The magnitude of the lower bound in (2.20) is greater than that of the upper bound,

giving the operator bound

* 1 + 537‘ 537“ + (Sr 263r
17— s AbAqll, < 5 5 =95 Sios (2.21)
Defining
A48 2(14 0y
B =T (2.22)

and substituting (2.19) and (2.21) into (2.17) gives

10 = X7l < e[ Xic = X7 el (223)

Consequently if p < 1,
1 = X7l < 4 X0 = Xl + Tl (2.21)
O
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Chapter 3

Conjugate Gradient Iterative Hard
Thresholding for Compressed
Sensing

In this chapter, we present the conjugate gradient iterative hard thresholding (CGIHT)
family of algorithms for compressed sensing. The chapter is outlined as follows'. In
Sec. 3.1, we briefly review the conjugate gradient iterative method for linear equations.
In Sec. 3.2, we review another accelerated iterative hard thresholding algorithm for
compressed sensing: HTP. The CGIHT family of algorithms for compressed sensing
are presented in Sec. 3.3. In Sec. 3.4, we present the fast iterative hard thresholding
(FIHT) algorithm for compressed sensing. The empirical results presented in Sec. 3.5
contrast CGIHT with other hard thresholding algorithms. Section 3.7 concludes this

chapter with proofs of the recovery guarantees.

3.1 Conjugate gradient method

The conjugate gradient iterative method (CG, Alg. 6), which was proposed by Hestenes
and Stiefel in 1952 [59], is a Krylov subspace method for solving the system of linear

equations
Az =y, (3.1)

where A € R™*" is symmetric and positive definite. Let K; be the [th Krylov subspace

generated by (A, y):
’Cl = <y7 A% e aAl_zya Al_1y>7 (32)

Material in this chapter has been prepared for publication and in preprint [15], which is a joint
authorship with J. D. Blanchard and J. Tanner whose permission has been obtained for the inclusion
of the material.
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and z° be the solution to (3.1). Then in iteration [, CG implicitly computes an

approximation x; € K; which is the solution to the minimization problem

: _ 0\T .0

Algorithm 6 Conjugate Gradient Iteration (CG)
Initilization: 2o =0, r_1=y,p_.1=0,1=1
Iteration: During iteration [, do

1 r_g=y— Ax;_ gradient descent direction
20 B = (rlyri1) / (rfariss) compute orthogonalization weight
3 po1 =11+ Bi_1pi_eo conjugate gradient descent direction
4: g = ( r I A d i
oy = 7’1717’1—1) / (qu pl_l) steepest descent stepsize
5: X = X1 + 1P solution update
Output: z

The well known conjugate properties of CG iteration are presented in Thm. 3.1,

which is drawn from [95].

Theorem 3.1. Let the CG iteration (Alg. 6) be applied to a symmetric positive
definite matrix problem Ax = y. As long as the iteration has not yet converged, the
algorithm proceeds without divisions by zero, and we have the following identities of

subspaces:

Kh = <x1,x2,---,xﬂ ::<p07p17"'7pbﬂ>
= (ro,r1, -+ ,m-1) = (Y, Ay, - -~ 7Alily>~ (3.3)
Moreover, the residuals are orthogonal,

riry=0 (j<1), (3.4)

and the search directions are “A-conjugate”,

PAp =0 (j <) (3.5)

3.1.1 Optimization perspective of CG

The CG iteration can be interpreted as an optimization algorithm for the uncon-

strained problem

min ¢(z) = leAx —yl, (3.6)

xeRN 2
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where A € R™" is symmetric and positive definite. First note that the global min-
imum of (3.6) is the solution to the linear system (3.1). Since ¥ (z) is a strongly
convex function, one can apply the gradient descent algorithm to optimize (3.6), see
Alg. 7. In each iteration of Alg. 7, the current estimate is updated along the gradient

descent direction with the steepest descent stepsize.

Algorithm 7 Steepest Decent Iteration (SD)
Initilization: (=0, =1
Iteration: During iteration [, do

Lr,=y— Az, gradient descent direction

2 iy = (rlm1)/(rl  Ary) steepest descent stepsize

3 1 =1 + QT solution update
Output: z

The CG method is also a line-search algorithm, see Step 2 in Alg. 6, and it updates
the current estimate along the descent direction p;_; which is a linear combination of

the gradient descent direction and the prior search direction

Pi-1 =711+ Bi-1pi-2. (3.7)

The choice of the orthogonalization weight 3, ; forces the new search direction p;_;

to be A-orthogonal to the prior search direction p;_5 , that is

(Di—1, Api—2) = (Api—1,pi—2) = 0. (3.8)

Property (3.8) follows directly from another equivalent formula for the orthogonal-
ization weight 5,1 [54],

b1 = — (ri-1, Api—2) | (Di—2, Api—2) - (3.9)

What makes the choice of 5,1 in CG outstanding is that minimizing f(z) along
pi—1 actually minimizes it over the Krylov subspace K;. Furthermore, from (3.3) in
Thm. 3.1, one has

pio1 € Ky = (ro,ri, -+ ,11), (3.10)

which implies the search direction p;_; in CG is an optimal linear combination of
all the past gradient descent directions. It is remarkable that this optimality can be
achieved by only memorizing the prior search direction p;_».

The memory technique is widely used and very effective in numerical linear algebra

and optimization. Here are another two examples.
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1. In numerical linear algebra, the Gauss-Seidel method for linear systems can be
accelerated by taking an appropriate weighted average of the current estimate
and the prior one; and it is further accelerated in Chebshev acceleration by

taking some suitable linear combinations of all the past approximations [38].

2. In optimization, the fast (proximal) gradient method achieves the optimal con-
vergence rate by starting each update from an appropriate convex combination
of the last two approximations [78]. Similar to CG for linear systems, the nonlin-
ear CG method can accelerate the gradient descent method by searching along
a descent direction which is some linear combination of the gradient descent

direction and the prior search direction [80].

3.2 Hard thresholding pursuit

NIHT, Alg. 2, can be viewed as an analogue of the steepest descent method for
underdetermined linear systems, but with two major differences: a) the stepsize a;_4
is a local steepest descent stepsize, and b) the hard thresholding operator is employed
to project the estimate onto the set of k-sparse vectors. The heuristic for the stepsize
selection in NIHT guarantees the fast convergence rate once the true support set is
identified and remains unchanged, since then NIHT is simply the steepest descent
method for the overdetermined system Arxzpr = y, where Ar is the submatrix formed
by the columns of A indexed by the support set of the underlying sparse solution.
Despite the simplicity of IHT and NIHT, they have numerous near optimal prop-
erties. Theorem 1.8 implies NIHT can reconstruct the solution to (1.1) from a number
of measurements that is proportional to the sparsity of the measured data (see Re-
mark 1.6). Moreover, for numerous measurement matrices, NIHT is observed to be
able to solve (1.1) for the same problem sizes as more sophisticated algorithms, and
is often able to solve it to moderate accuracy in less computational time than can
more sophisticated variants. However, NIHT suffers from the slow asymptotic con-
vergence rate of the steepest descent method if the sensing matrix is ill conditioned

when restricted to the support set of the measured data. For example, Alg. 2 for

k—1

e where

compressed sensing has an asymptotic convergence factor per iteration of
x = cond (AfAr) denotes condition number [95, pg. 94] of AfAr.
Many of the more sophisticated hard thresholding algorithms have been designed

in part to overcome this slow asymptotic convergence rate of NIHT. These more ad-
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vanced algorithms typically achieve this with the inclusion of the conjugate gradient
method to solve for the local minima of the objective in (1.9) while the support set
is held fixed. A highly incomplete list of examples of such methods are: CoSaMP
[77], SP [34], HTP [49]. Though such methods gain the fast convergence rate of the
conjugate gradient method, they do so at the cost of higher per iteration complexity.
It is observed in [14] that when the compressed sensing problem is solved to moderate
accuracy, ||b — Az||, / ||b]| = 107*, the disadvantage of the high per iteration complex-
ity causes early iterations, where the support set is typically changing, to result in
an overall average computational time that is often as long or longer than that of
NIHT. When approximate solutions are sought with ||b — Az||, /[|b]| > 10~*, NIHT
has even less computational time as compared with more sophisticated algorithms due
to the support set identification portion being dominant. On the other hand, when
approximate solutions are sought with ||b— Az||o/||b|] < 107, the more sophisticated
algorithms can be substantially faster due to the asymptotic convergence rate more
directly impacting the computational time.

HTP, Alg. 8, is the next simplest accelerated hard thresholding algorithm for
(1.1). HTP corresponds to NIHT with an added pseudoinverse (Step 5) to compute
the optimal values of the k£ nonzero entries given the current estimate of the support
I';. Typically the pseudoinverse is computed using the conjugate gradient method for
the restricted system A, Ar,zr, = Af,y. HTP possesses a similar recovery guarantee

to NIHT in terms of RICs of the measurement matrix.

Theorem 3.2 ([49]). For any z° € ¥, and y = Az, the iterates of HTP converge to
x° provided
1
53k(A) < ﬁ

An important aspect of the computational effectiveness of HTP is to determine
how many iterations of CG should be implemented per iteration to approximately
solve the least squares subproblem. Properly controlling the computational cost of
solving the subproblem is essential to obtain an overall faster algorithm than NIHT.
Moreover, excessively solving the subproblem (1.9) when restricted to the current
estimate for the support set can result in difficulty moving to a different support set;
this can ultimately cause HTP to fail to recover sparse vectors of cardinality k£ that
can be recovered by NIHT.
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Algorithm 8 Hard Thresholding Pursuit (HTP, [49])

Initilization: sparsity level k, w_; = A*y, I'y = PrincipalSupport,(w_1),
To = Projp (w_1), [ =1

Iteration: During iteration [, do

Loroy = A%y — Ax;q) gradient descent direction

2
[e=osr, v

20 g = 2 compute the stepsize
|4prosr, , (o)
3w = X1 + o111 gradient descent update
4: I') = PrincipalSupport, (w;_1) proxy to the support set
50 (z)p, = A}ly, (xl)rlc =0 solution update
Output: z;

3.3 Conjugate gradient iterative hard threshold-
ing

In this section, we present new algorithms for the solution to (1.1), which we refer
to collectively as CGIHT for compressed sensing. CGIHT is designed to balance
the advantage of the low per iteration complexity of NIHT with the fast asymptotic
convergence rate of HTP. CGIHT is observed to be able to more reliably recover
k-sparse signals for large values of k£ than can NIHT, while having an average lower
computational time. Moreover, despite the added complexity of CGIHT making
explicit use of past search directions, there are variants of CGIHT with provable
recovery guarantees analogous to those for other hard thresholding algorithms.

We begin our presentation of CGIHT for compressed sensing with its simplest
variant which we simply refer to as CGIHT, see Alg. 9. In each iteration of CGIHT,
the current estimate x;_; is updated along the direction p;_;, using a stepsize o;_1,
followed by thresholding onto the space of k-sparse vectors. The search direction p;_;
is selected to be exactly the residual 7y in iteration [ = 1, and is otherwise selected to
be the residual r;_; projected to be conjugate orthogonal to the past search direction
when restricted to the current estimate of the support set I';_;. This procedure is
analogous to the conjugate gradient method, though lacking some of its important
properties. In particular, the search directions do not in general remain conjugate
orthogonal, except in the simplest case where the support set never changes [83, 103];
and this simplest variant of CGIHT lacks a proof of convergence to the measured
k-sparse vector.

To recover the conjugate gradient property that past search directions maintain
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Algorithm 9 CGIHT for compressed sensing

Initilization: sparsity level k, w_; = A*y, I'y = PrincipalSupport,(w_;),
To = Projp, (w_q), [ =1

Iteration: During iteration [, do

Lry = A%y — Ax;q) gradient descent direction
2:if [ =1,
Bi—1 =0 set orthogonalization weight
else

3 <APr°J‘r171(7“1—1),APr°J'rlfl(pl—2)>

-1 = 3
——

3 po1 =1-1 + Bioipi—e update search direction

(Projp, | (m—1)Projp, (mi-1))

compute orthogonalization weight

4: g = . compute the stepsize
|4prosr, _, (i),
5. wWj_1 = Xj_1 + Q_1Pj—1 conjugate gradient descent update
6: I') = PrincipalSupport, (w;_1) proxy to the support set
7. 1 = Projp, (wi—1) solution update
Output: z;

conjugate orthogonality over a sequence of iterates acting the same support set re-
quires restarting the conjugate gradient method when the support set I';_; is different
with I';_5. We will present two restarted variants of CGIHT for compressed sensing,
for which we are able to provide optimal order recovery proofs, similar to other hard
thresholding algorithms in terms of RICs of the measurement matrix.

The first variant of CGIHT with a provably optimal order recovery guarantee is
referred to as CGIHT restarted, see Alg. 10. The first iteration [ = 1 of Alg. 9 and
Alg. 10 are identical. Subsequent iterations differ in their choice of search directions.
Alg. 10 uses the residual as the search direction in any iteration where the support
set differs from that of the prior iteration, that is I';_; # [';_5. However, in iterations
where the support set I';_; is the same as at the prior iteration, the search direction
pi—1 is selected to be the residual r;_; projected to be conjugate orthogonal to the past
search direction p;_o when restricted to the support set I';_;. Starting each instance
of the orthogonalization with the first search direction having been the residual re-
covers the conjugate orthogonalization of all the search directions over a sequence of
iterations where the support set remains unchanged; that is (Ar, ,pi—1, Ar,_,pi—;j) =0
for j from 2 increasing until the first value of j such that I';_; # I';_;. Recovering this
orthogonalization property allows for the use of an efficient formula for computing
the stepsize «;_1 and the orthogonalization weight 5;_1, and enable us to provide an

optimal order recovery proof using RICs of the measurement matrix.
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Algorithm 10 CGIHT restarted for compressed sensing

Initilization: sparsity level k, w_; = A*y, I'y = PrincipalSupport,(w_;),
To = Projp, (w_q), [ =1

Iteration: During iteration [, do

Lry = A%y — Ax;q) gradient descent direction
2:ifl=1o0r I, 7& I'_o,
Bi—1 =0 set orthogonalization weight
else

2
[Prosr, , ()|

1= compute orthogonalization weight

2
vy

3 po1 =T-1 + Bioipi—e update search direction

[peos, -0

4: g = . compute the stepsize
Jseeie ol
5. wy_1 = X_1 + aq_1pi—1 conjugate gradient descent update
6: I, = PrincipalSupport,(w;_1) proxy to the support set
7: 1y = Projp, (wi1) solution update
Output: z;

The recovery guarantee for Alg. 10, Thm. 3.3, considers the typical signal model
y = Ax°+ e where x° has at most k nonzeroes. In this model z° can be viewed as the
k-sparse vector which minimizes ||y — Az||; and e as the discrepancy between y and
Ax°. Alternatively z° can be viewed as a k-sparse vector measured by A and that
y is contaminated by additive noise; though, in this perspective, Thm. 3.3 does not

consider any particular model for e.

Theorem 3.3 (Recovery guarantee for CGIHT restarted for compressed sensing,
Alg. 10.). Let A be an m x n matrix with m < n, and y = Az° + e for any z° with

at most k nonzeroes. Define the following constants in terms of the RICs of A2

455 204(1+6) 46:(1 = Gg)(1+ )

[ T A A C R A PR 7= 1-0)3

1 [y (1 )2

If the RICs of A satisfy

2035,(5 + )
(1 —dx)?
then p < 1 and the iterates of Alg. 10 satisfy

<1, (3.12)

lz — 2°ll2 < p'llzo — 2|2 + lell2- (3.13)

1—p

2In Thms. 3.3, 3.4, and 3.5, the restricted isometry constant §.;(A) of the measurement matrix
A is abbreviated to d.; for simplicity.
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Proof. See Sec. 3.7.1 for a proof. m

Theorem 3.3 implies that if e = 0, the correct support set of x will be identified
after logarithmically many iterations [10], and CGIHT restarted can recover (within
arbitrary precision) any k-sparse vector measured by A. Once the correct support set
I' of the measured k-sparse vector has been identified and the support sets of all the
successive approximate solutions stay on I', CGIHT restarted is simply the conjugate
gradient method applied to the overdetermined linear system Araxr = y. Thus the

asymptotic convergence factor is given by gﬁ, where k = cond (AfAr). Note that

this asymptotic rate is much smaller than the rate p given in Thm. 3.3; the rate u
in Thm. 3.3 is the rate of ¢y error contraction per iteration, including the iterations
where the support set is incorrect.

The similarities and differences between Algs. 9 and 10 are summarized as follows.

1. Both Algs. 9 and 10 are analogues of the classical conjugate gradient method
(Alg. 6) for finding sparsest solutions to underdetermined linear systems, but
with the stepsize a;_; and orthogonalization weight 5;_; computed to be locally
optimal. However, Alg. 10 is less greedy than Alg. 9 since it uses a local CG
update only when the support set of the current estimate is the same as that

of the prior approximate solution.

2. The search direction p;_; in both Algs. 9 and 10 can be expressed as some linear

combinations of past residuals, that is

Di-1 € <rl—1a e 7r0> ) (314)

although (;_; will be set to zero when restarting occurs in Alg. 10. Thus both
algorithms are seeking to accelerate NIHT by memorizing the past gradient

descent directions.

3. Lacking the orthogonalization property on the support set estimate in Alg. 9
precludes the use of the most efficient formula for computing the conjugate gra-
dient descent stepsize «;_; and the orthogonalization weight 5, ; as in Alg. 10,
resulting in one more matrix-vector product per iteration when the estimate of

the support set changes.
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As an alternative to the support set based restarting condition of Alg. 10, the
conjugate gradient iterative hard thresholding method can be restarted based on
a measure of the relative residual on the current support set. CGIHT projected,
Alg. 11, corresponds to the nonlinear restarted CGIHT where restarting occurs when
Hrl_l — Projp, . (pl_l)Hz / HPro_‘jFF1 (rl_l)Hz is sufficiently large. This restarting con-
dition corresponds to the fraction of the current residual aligned with the current
search direction, relative to the magnitude of the the residual on the current support
set. Unlike Alg. 10 which has no tuning parameters, CGIHT projected has a restart-
ing parameter 6 controlling the computational effort used to decrease the residual on
a given support set.

On one hand, CGIHT projected for compressed sensing can be viewed as a variant
of HTP with the internal CG for the least squares subproblem terminating upon the
relative fraction Hrl_l — Projy, | (pl_l)Hz/ HProjFli1 (rl_l)Hz being sufficiently large.
On the other hand, CGIHT projected can be interpreted as a probing CGIHT algo-
rithm which predicts beforehand whether the estimate of the support set will change

or not, and then determines next move based on the prediction.

Theorem 3.4 (Recovery guarantee for CGIHT projected for compressed sensing,
Alg. 11.). Let A be an m x n matrix with m < n, and y = Az°+ e for any z° with at
most k nonzeroes. Define the following constants in terms of the RICs of A and the

restarting parameter c:

1/2
and £=2(1+ Qo)m.

Then provided p < 1, the iterates of Alg. 11 with restarting condition 6 < 6, satisfy

lze = 2%z < p'llzo — 2°[l2 + lell2- (3.15)

1—p

Proof. See Thm. 4.1 in Chapter 4 for an analogous proof. O

3.4 Fast iterative hard thresholding for compressed
sensing

There are several accelerated hard thresholding algorithms for compressed sensing,
such as CoSaMP [77], SP [34], and the Algebraic Pursuit (ALPS) family of algorithms
[33], which differ from NIHT and HTP by having intermediate steps that further

48



Algorithm 11 CGIHT projected for compressed sensing

Initilization: sparsity level k, w_; = A*y, I'y = PrincipalSupport,(w_;),
To = Projp (w_1), RestartFlag = 1, set restart parameter 0, [ = 1
Iteration: During iteration [, do

2
ri—1—Projp, (Plfl)H2

1: if H >0

2
o

RestartFlag =1 (set restart flag)

2
HProjFF1 (Tl_l)H

Q- = B (steepest descent update)
HAProjFl_l(n_l)HQ
W1 = X1+ 11 (gradient descent stepsize)
else
RestartFlag = 0 (set restart flag)
2
a1 = HPmJFl*l(n_l)sz (steepest descent stepsize)
HAPIO.‘JFI_I(PLA)HQ
w1 =11 + 1 Projs,  (pi-1) (conjugate gradient update)
2: I'; = PrincipalSupport, (w;_1) (proxy to the support set)
3: 1, = Projr (wi—1) (solution update)
40 1= A*(y — Axy) (compute the residual)
5: if RestartFlag = 1,
L=y (gradient descent direction update)
else ,
b= HPIOJF—Z(”)HQQ (compute orthogonalization weight)
Toronr,
p =711+ BiProjr, (pi-1) (conjugate gradient descent direction update)
Output: z;

update the values on support sets of cardinality greater than k. In this section, we
present FIHT for compressed sensing, which is a variant of 1-ALPS(2) from the ALPS
family of hard thresholding algorithms.

In [33], the author obtained a family of accelerated hard thresholding algorithms
by integrating three building blocks: a) stepsize selection, b) memory exploitation,
and c) further gradient descent or least squares update on the current estimate of
the support set. 1-ALPS(2), Alg. 12, uses all the three building blocks, and is the
version of ALPS observed to have the greatest overall computational efficacy. FIHT,
Alg. 12, is a variant of 1-ALPS(2). FIHT differs from 1-ALPS(2) in its fourth step,
where 1-ALPS(2) uses a support set of at least 2k by including % indices from the
residual in its third step. As demonstrated by the empirical results in Sec. 3.5.3,
FIHT is uniformly superior to 1-ALPS(2) in terms of both the sizes of the problems

that are recoverable and overall computational time. Central to the fast asymptotic
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Algorithm 12 FIHT: a variant of 1-ALPS(2) for compressed sensing
Initialization: sparsity level k, w_y = A*y, I'g = PrincipalSupport, (w_1),
ro = Projp (w_1), [ =1

Iteration: During iteration [, do

1 ifl =1,
Ti—1 =0 (set momentum stepsize)
else
T = <y_ﬁjl(;j’?ft;l*1;)ﬁ§*2)> (calculate momentum stepsize)
2: vy =x1 + 71 (11 — ZL’j_Q) (new extrapolated point)
3 Ty = A" (y — Aupq) (residual of extrapolated point)
4: Ty = Support (v;_;) (support set for FIHT)

or
I, = I',_; UPrincipalSupport, (Proj fe (fl_1)> (support set for 1-ALPS(2))

2
[ezose,_, v

5 Q1 = 5 (optimal stepsize restricted to support of w;_1)
|apeose,_, i,
6: Wj_1 = V1 + y_1T1—1 (steepest descent step)
7. I'y = PrincipalSupport, (w;_1) (proxy to the support set)
8: 2y = Projr, (w—1) (restriction to proxy support ')
9: 1 = A" (y — Axy) (residual of ;)
|[Projr, ()| . . .
10: o = +———2 (optimal stepsize restricted to I)
||AProjFl (7‘1)”2
11: x; = 7 + qyProjp, (1) (one more gradient descent on the restricted support)

Output: z;
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convergence of FIHT is the optimal selection of 7 listed in the first step of FIHT.
For fixed 7, the traditional 1-ALPS(2) has been proven to have a RIC based recovery
guarantee analogous to other hard thresholding algorithms, see [64]; however, no such
proof is currently available when the variable 7 from the first step of Alg. 12 is used.
In this section, we will show that FIHT with the variable 7 also has an analogous

recovery guarantee in terms of RICs of the measurement matrix.

Theorem 3.5 (Recovery guarantee for FIHT for compressed sensing, Alg. 12.). Let
A be an m x n matrix with m < n, and y = Ax° + e for any x° with at most &
nonzeroes. Define the following constants in terms of the RICs of A:

4845 (1 4 0o 884y, (1 + dop)"? 4
(1— 5%)3/2 (1— 5319)1/27 (1— 5%)3/2 (1— 53k)1/2 + (1— 5%)3/2' (
Then provided p < 1, the iterates of Alg. 12 satisfy

= ¢ = 3.16)

£
I—p
Proof. See Sec. 3.7.2 for a proof. n

lze = 2%ll2 < p'llzo — 2°[l2 + le]l2- (3.17)

3.5 Empirical performance comparisons: noiseless
case

While the theoretical guarantees establish sufficient conditions under which a par-
ticular greedy algorithm will successfully recover all the sparse vectors, the observed
average case performance of the greedy algorithms is dramatically superior to the
RIC based, uniformly sufficient conditions. The average case behaviour is often far
more useful to practitioners since the theoretical guarantees require many more mea-
surements than practically useful. In this section, we present empirical observations
of CGIHT’s efficacy for compressed sensing as compared with several leading hard
thresholding algorithms. For the compressed sensing problem, the sparsity of the de-
sired solution defines the minimum number of measurements required to capture the
underlying information. If the support of the vector z° € R" is known a priori, only
k = ||x°[|o measurements are necessary. On the other hand, the ambient dimension
of the vector x° defines the maximum number of measurements. Therefore, taking
n measurements with & < m < n defines the compressed sensing undersampling and
oversampling ratios

o=

s 13
7~

and p=—, (3.18)



with the unit square (6, p) € [0, 1)*> defining the phase space for compressed sensing.

The empirical results will be presented in terms of recovery phase transition curves
and algorithm selection maps. The recovery phase transition curve for each algorithm
separates the phase space into two regions: success and failure. For problems in-
stances with (0, p) below the phase transition curve, the algorithm is observed to
return an approximate solution matching the solution to (1.1). Alternatively, for
problem instances with (0, p) above the recovery phase transition curve, the algo-
rithm is observed to return an approximation that is not a solution to (1.1). For each
algorithm, the region of the phase space below the recovery phase transition curve is
referred to as the recovery region. For a problem instance with sampling ratios (4, p)
in the intersection of the recovery regions for multiple algorithms, a practitioner must
select an algorithm based on some criteria other than the ability to reconstruct a
solution to (1.1). The algorithm selection maps of the phase space were introduced
in [14] to identify the algorithm with least recovery time.

This section is structured as follows. In Sec. 3.5.1, we briefly review another
hard thresholding algorithm CSMPSP, which is a hybrid of CoSaMP and SP. The
experimental set-up is presented in Sec. 3.5.2. The empirical performance comparisons
between FIHT and 1-ALPS(2) in Sec. 3.5.3 establish the computational advantages
of FIHT over 1-ALPS(2). In Sec. 3.5.4, we compare the CGIHT variants with other
leading hard thresholding algorithms, including FIHT, NIHT, HTP and CSMPSP.

3.5.1 CSMPSP: A hybrid of CoSaMP and SP

CoSaMP (Alg. 13, [77]) and SP (Alg. 14, [34]) are both support recovery algorithms
which select the k largest magnitude entries of a vector obtained by applying a pseu-
doinverse to the measurement y. The columns of A selected for the pseudoinverse
consist of two parts: a) the indices of the 2k (for CoSaMP) or k (for SP) largest
magnitude entries of the vector obtained by applying A* to the residual; b) the in-
dices for the support set of the prior approximate solution. Compared with CoSaMP,
SP computes an additional pseudoinverse on the selected support to obtain a new
estimate in its fourth step.

Instead of testing CoSaMP and SP separately, we test a hybrid algorithm which
has the advantageous properties of both algorithms, see CSMPSP in Alg. 15.
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Algorithm 13 Compressive Sampling Matching Pursuit (CoSaMP, [77])
Initilization: Ty =0, 1o =y, [ =1
Iteration: During iteration [, do

. T,=T,,U {2k indices of largest magnitude entries of A*r;_;} support union

2: T = A},ly compute pseudoinverse

3: Iy = {k indices of largest magnitude entries of Z} support estimate

4 (z1)p, = Ir,, (xl)rlc =0 solution update

5.1 =y — Axy residual update
Output: z;

Algorithm 14 Subspace Pursuit (SP, [34])
Initilization: Ty =0, o=y, [ =1
Iteration: During iteration [, do

1: Iy =T—1 U {k indices of largest magnitude entries of A*r;_;} support union

2: T = ATfly compute pseudoinverse

3: Iy = {k indices of largest magnitude entries of 7} support estimate

4 (z)p, = A}ly, (xl)ry =0 solution update

5: 1 =y — Axy residual update
Output: z;

Algorithm 15 CSMPSP (a hybrid of CoSaMP and SP, [14])
Initilization: Ty =0, ro =y, [ =1
Iteration: During iteration [, do

. I,=T,,U {k indices of largest magnitude entries of A*r;_;} support union

2. T = ATfly compute pseudoinverse

3: Iy = {k indices of largest magnitude entries of 7} support estimate

4: (z1)p, = Ir,, (xl)r;: =0 solution update

5: =1y — Axy residual update
Output: z;
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3.5.2 Experimental set-up

The empirical performance comparisons of the hard thresholding algorithms for com-
pressed sensing is conducted with the software GAGA: GPU Accelerated Greedy Al-
gorithms for Compressed Sensing, Version 1.1.0 [13, 12]. The testing was conducted
on a Linux machine with Intel Xeon E5-2643 CPUs @ 3.30 GHz, NVIDIA Tesla K10
GPUs, and executed from Matlab R2013a. As described in [14], the tested algorithms
terminate when any one of the several stopping criteria is met: a maximum number of
iterations is reached, the residual is small, the residual is no longer improving, the al-
gorithm is diverging or the multiplicative average of the last fifteen linear convergence

factors is near one,

4 1/15
ly = Azirislly ) 7 gog. (3.19)
ly — AleQ

The algorithms are tested with three random matrix ensembles:
e N: dense Gaussian matrices with entries drawn i.i.d. from A(0,1/m);

e S;: sparse matrices with 7 nonzero entries per column drawn with equal prob-
ability from {—1//7,1/+/7} and locations in each column chosen uniformly;

e DCT: m rows of the n x n Discrete Cosine Transform matrix are selected

uniformly at random.

These three random matrix ensembles are representative of the random matrices
frequently encountered in compressed sensing: N represents dense matrices, Sy rep-
resents sparse matrices, and DCT represents subsampling structured matrices with
fast matrix-vector products.

The measured vectors x° are taken from the random binary vector ensemble, B,
which are formed by uniformly selecting k locations for the nonzero entries with
values {—1, 1} chosen with equal probability. A problem class (Mat, B) consists of a
matrix ensemble, Mat € {N,S;, DCT}, and a sparse vector drawn from the binary
vector distribution, B. Alternative sparse vector ensembles, such as having nonzero
entries drawn from a uniform or normal distribution, have been shown to have larger
recovery regions in the (d, p) phase space; related phase transitions and additional
performance characteristics for alternative vector ensembles are available in [14]. In
Sec. 3.5, we focus on the noiseless case, that is, the measured sparse vector z° is from

B, and the measurements are exactly given by y = Az°.
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When the measured vector is taken from the vector ensemble B, the /., norm
accurately determines when the support set of the approximation returned by a hard
thresholding algorithm coincides with the support set of the measured vector. Ad-
ditionally, when the /., norm is small, the algorithms have accurately identified the
values of the nonzero entries. Therefore, for the problem classes (Mat, B), we say an
algorithm has successfully recovered the measured vector if the output z differs by
no more than 1073 in any single component, namely ||# — 2°||o < 1072 which implies

that the correct support has been identified and that

I = 2%l s (3.20)

[Eag P

In the tests for the compressed sensing problem, the parameter 6 € (0, 1) takes on

thirty values
d € {0.001,0.002,0.004, 0.006, 0.008, 0.01,0.02,0.04,0.06,0.08,0.1, ...,0.99} (3.21)

with eighteen additional uniformly spaced values of § between 0.1 and 0.99. The
parameter p € (0,1) is sampled in two different ways, one to identify the recovery
phase transition for each algorithm and the second for direct performance comparison
throughout the recovery regions.

The empirical recovery phase transition curves are logistic regression curves iden-
tifying the 50% success rate for a given algorithm and problem class. In order to
generate sufficient data for the logistic regression, the testing focuses on the phase
transition region where the algorithm transitions from always succeeding to always
failing. For a given problem class (Mat, B) and a specific value of n, the thirty values
of m are chosen according to m = [0 - n| with J taken from (3.21). The phase tran-
sition region is found via a binary search which determines an interval [kin, kmaz| SO
that the algorithm successfully recovers each of ten problem instances at k < k,,,;,, and
fails to recover any of ten problem instances for k£ > k... The phase transition region
[Kmin, kmaz) 18 then extensively tested with ten problem instances at max(50, v/m/4)
distinct, uniformly spaced values of k € (knin, kmaz). When kpqp — kpin < 50, every
value of k € [kpin, kmaz) 18 tested ten times. The results presented in this section were
obtained in precisely the same manner as those reported in [14] where the interested
reader will find further details regarding the experimental set-up, stopping criteria,

and algorithm implementation.
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The recovery phase transition curves define recovery regions where the associated
algorithm is typically able to successfully approximate the sparse vector z°. Algorithm
selection is straightforward when faced with a problem instance in a region of the
phase space where only one algorithm is typically successful. However, algorithm
selection requires additional information in regions of the phase space where multiple
algorithms are typically successful, i.e. in the intersection of the recovery regions for
different algorithms. In order to compare the algorithms directly, the phase space is

sampled on a mesh consisting of (9, p) with ¢ from (3.21) and p taking the values

ped{p;=0.025|j=12,...,5°} (3.22)

where p;« is the first value of p for which an algorithm fails to recover each of the prob-
lem instances tested. For every single (, p) in the joint recovery region, ten randomly
drawn problem instances are tested for each algorithm; and the algorithm selection
maps of the phase space identify the algorithms with least average computational
time for successful recovery. Algorithm selection maps show consistent general trends
across various problem sizes for each problem class (Mat, B) [14]; it is the general

trends that are important in the selection maps rather than individual points.

3.5.3 Empirical performance comparisons between FIHT and
1-ALPS(2)

In this section, we compare the empirical performances of FIHT and 1-ALPS(2) on
the sizes of the problems they are able to recover and the average computational time

for them to successfully return an approximate solution.

3.5.3.1 Recovery phase transition curves

The phase transition curves of FIHT and 1-ALPS(2) are presented in Fig. 3.1. For
matrix ensembles A" and S7, Fig. 3.1 (a) and (b) show that the phase transition
curves of FIHT is uniformly higher than the phase transition curves of 1-ALPS(2)
for 0 < § < 1. The discrepancy is particularly large when 0 < § < 0.3 for the sparse
matrix ensemble S;. For the DCT matrix, the phase transition curve of FIHT is
higher than that of 1-ALPS(2) for ¢ < 0.85, while 1-ALPS(2) has a slightly higher
phase transition when ¢ = 0.85.
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Figure 3.1: 50% recovery probability logistic regression curves of FIHT and 1-
ALPS(2) for matrix ensembles (a) N with n = 22 (b) S; with n = 2'® and (c)

DCT with n = 2%,
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3.5.3.2 Algorithms selection maps

Figure 3.2 presents the algorithm selection maps for FIHT and 1-ALPS(2). For Gaus-
sian measurement matrix, FIHT marks most of the recovery regions except when p is
extremely small. For the sparse sensing matrix, there is only a small region around
0.8 <9 <1, 015 < p < 0.25 where 1-ALPS(2) is faster than FIHT. FIHT is essen-
tially faster than 1-ALPS(2) for the DC'T matrix when (6, p) is in the intersection of
their recovery regions. For completeness, Fig. 3.3 presents the least average compu-
tational time for FIHT and 1-ALPS(2) to return an approximate solution, and the
recovery time ratios of FIHT and 1-ALPS(2) over the least recovery time.

Algorithm selection map for (4;B), n=2" Algorithm selection map for (57‘3), n=2' Algorithm selection map for (DCT,B), n=2°

0 EEEERNEREFEEEE ; oet ] . . : , 0 ] . rE L] )
0 02 04 06 08 1 0 02 04 06 08 1 0 0.2 04 06 08 1
=min =min 3=min

(a) (b) (c)

Figure 3.2: Algorithm selection maps of FIHT and 1-ALPS(2) for matrix ensembles
(a) N with n =2'% (b) S; with n = 2", and (¢) DCT with n = 2%.

3.5.4 Empirical performance comparisons of CGIHT and other
leading hard thresholding algorithms

This section compares the performance of CGIHT, CGIHT restarted, CGIHT pro-
jected, FIHT, NIHT, HTP and CSMPSP. CGIHT projected is implemented with the
restarting parameter # = 6 for problem instances with 6 < 0.5 and # = 3 for § > 0.5.
These values of 6 were selected due to their favourable performance in preliminary
tests, but have not been extensively tuned. Moreover, the values of # have not been
selected based on the RIC conditions of Thm. 3.3 where a computationally inefficient

6 < 1 would be suggested for a uniform recovery guarantee.
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3.5.4.1 Recovery phase transition curves

In [14], it was observed that NIHT, HTP and CSMPSP had similar recovery phase
transition curves when ¢ < 0.1 for matrix ensembles N and S; while CSMPSP had an
inferior phase transition in this region for the DCT matrix ensemble. For larger values
of 9, CSMPSP typically had the highest recovery phase transition curve while NIHT
and HTP continued to have similar phase transitions. In Fig. 3.4 we observe that the
recovery phase transition curves for CGIHT and CGIHT restarted are superior to the
phase transition curves of NIHT and HTP for essentially all § € (0,1). In particular,
the phase transition curves for CGIHT and CGIHT restarted are close to that of
CSMPSP despite CSMPSP searching over a larger support set in each iteration.
Figure 3.4 also shows that the recovery phase transition for CGIHT projected and
FIHT are nearly identical to NIHT and HTP; again this is noteworthy in that FIHT

searches over a larger support set when the support set changes.
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Figure 3.5: Algorithm selection maps for matrix ensembles (a) N with n = 2!2 (b)
S; with n = 2% and (¢) DCT with n = 22,

3.5.4.2 Algorithm selection maps

The algorithms selection maps for the CGIHT variants and other compared hard
thresholding algorithms is presented in Fig. 3.5. For the problem class (N, B), when
p < 0.2, the algorithm selection map in Fig. 3.5(a) recommends the use of FIHT
while for p 2 0.2 CGIHT reliably recovers the sparse vector in the least time. The
algorithm selection map in Fig. 3.5(b) depicts three clear regions of the phase space
for the problem class (S;, B).
that 0 < 0.1, CGIHT projected will successfully return a sparse solution in the least

When undersampling by a factor of ten or more so
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time. For 0.1 <9 < 0.2, or for 6 2 0.2 with p < 0.1, FIHT will recover the measured
vector in the least time. In all other cases, namely § = 0.2 and p 2 0.1, CGIHT is
recommended. For the problem class (DCT, B), FIHT is recommended through the
majority of the recovery region. In the region of the phase space from 0.2 < § < 0.6,

CGIHT restarted or CGIHT are recommended as p approaches the phase transition
curve of CGIHT.

3.5.4.3 Average computational time

While the algorithm selection maps identify the algorithm with the least average
computational time to recover the vector, Fig. 3.6 provides a more complete picture
for algorithm selection showing the ratio of a given algorithm’s recovery time to the
least recovery time of the algorithms tested. In particular, Fig. 3.6 shows that at
each point in the (6§, p) phase space where recovery is possible, there is a variant
of CGIHT that is either the fastest or within a few percent of being the fastest.
For example, while the algorithm selection map advocates FIHT for problem class
(N, B) and p < 0.2, Fig. 3.6 (a),(d), and (g) show that CGIHT, CGIHT restarted and
CGIHT projected rarely require more than 1.25 times as long to find the solution, and
never require more than 1.6 times as long as the least computational time among all
algorithms. Moreover, for the problem class (DCT, B), while the algorithm selection
map Fig. 3.5(c) seems to advocate FIHT throughout the majority of the phase space,
the ratio maps Fig. 3.6 (c),(f) and (j) show that for § < 0.7, CGIHT, CGIHT restarted
and FIHT have essentially the same recovery time. Last, the CGIHT variants and
FIHT show greater differences in relative recovery time for the problem class (S7, B),
though with a variant of CGIHT nearly always having a smaller recovery time than
FIHT. In summary, for the most interesting region of the phase space in compressed
sensing, namely § < 1/2, the average recovery time for CGIHT, CGIHT restarted,
CGIHT projected and FIHT are often within a few percent of one another for each
problem class considered.

To further investigate the relative computational cost of the algorithms, we provide
detailed information for each problem class with a single (m,n) pair. For fixed values
of m, n, with a specific undersampling ratio of 6 ~ 0.287 (the columns in Fig. 3.5-3.6
closest to § = 0.3), a semi-log plot of the average recovery time is displayed against
p = k/m up to the maximum phase transition of the algorithms tested at the selected

0. For each problem class and each value of p; = .02 - j with j < 15, ten problem
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Figure 3.7: Average recovery time (ms) dependence on p for 6 =~ 0.287; (a) N with
n =212 (b) S with n =2, (¢) DCT with n = 2. Vertical scale in log(ms).

instances were tested with the average time required for recovery presented. Figure 3.7
shows two consistent trends across all three problem classes. First, the three variants
of CGIHT and FIHT provide significantly improved recovery time when compared to
NIHT, HTP and CSMPSP. Second, among these four accelerated hard thresholding
algorithms, CGIHT demonstrates a clear computational advantage as p increases

toward the recovery phase transition.

3.6 Empirical performance comparisons: noisy case

In this section®, we test the stability of all the three variants of CGIHT to the additive
noise, compared with the stability of NIHT, FIHT, HTP and CSMPSP. Here we
consider the model y = Az° + e, where e is drawn from the sphere of radius €||Az°||,
with € being referred to as the “noise level”. For the noisy measurements, a problem
class is denoted by (Mat, B,), where Mat € {N,S;, DCT?} as detailed in Sec. 3.5.2,
and B, indicates that the sparse vector x° is drawn from B and the measurements
are corrupted by the additive noise e with the noise level € € {0.1,0.2}.

The experimental set-up is essentially the same as those in Sec. 3.5.2. However,
in addition to the stopping criteria described there, the algorithms also terminate if
the ¢ norm of the residual is identical (to single precision) to the ¢; norm of one
of the previous fifteen residuals. It was observed that when noise is present in the

measurements, the tested algorithms frequently cycle between multiple limit points,

3Material in this section has been prepared for publication and in preprint [16], which is a joint
authorship with J. D. Blanchard and J. Tanner whose permission has been obtained for the inclusion
of the material.
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and this stopping criteria is used to detect the cycle. In the empirical tests for the
noisy measurements, as in [14], an algorithm is considered to be able to successfully

recover x° if it returns an approximation z that satisfies

12 = 2% 001 + 2¢. (3.23)
[EaalP

For conciseness, only the recovery phase transition curves and algorithm selection

maps are presented in this section.

3.6.1 Recovery phase transition curves

In Fig. 3.8, we compare the empirical phase transitions of the seven hard thresh-
olding algorithms for the noisy measurements. In the most interesting region of the
phase space, namely 6 < 0.5, the recovery phase transitions for CGIHT and CGIHT
restarted are superior to NIHT, HTP, CGIHT projected and FIHT for all the three
matrix ensembles. For matrix ensembles A" and S;, CSMPSP has the highest phase
transitions for all § € (0,1) with the advantage increasing as 6 — 1. As the noise
level € increases, the difference between these phase transition curves decreases.
Figure 3.9 presents the recovery phase transition curves of CGIHT, CGIHT restarted

and CGIHT projected for both noiseless and noisy measurements. From it we observe
that the phase transition curves of CGIHT variants decrease smoothly as the noise
level increases. Moreover, for the moderate noise level € = 0.1, their phase transition
curves track closely to the phase transition curves in the noise free case, with the
discrepancy decreasing as 6 — 0. Even for ¢ = 0.2, the recovery regions capture a
significant portion of the noise free recovery regions for all the three matrix ensem-
bles, which implies the relative ¢y error of the approximations from CGIHT, CGIHT
restarted and CGIHT projected scales with the noise level.

3.6.2 Algorithm selection maps

In Fig. 3.10, we present the algorithm selection maps for all the three matrix ensembles
and noise levels € € {0.1,0.2}. For the noiseless measurements, Fig. 3.5 shows FIHT
and CGIHT variants share the recovery regions in the algorithm selection maps for
all the three matrix ensembles. However, when the measurements are corrupted with
additive noise, Fig. 3.10 shows CGIHT and CGIHT restarted mark almost all the

regions of the phase space for matrix ensemble N, and matrix ensemble S; when
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0 > 0.2. For matrix ensemble DCT and 6 < 0.5, CGIHT and CGIHT restarted
continue to dominate the selection maps. FIHT (and the ALPS methods) are based
on the optimal first order method for convex problems [78] which is known to lose its

accelerated convergence rate in the presence of noise [39].

3.7 Proofs of Theorems 3.3 and 3.5

3.7.1 Proof of Theorem 3.3

The proof of Thm. 3.3 is partitioned into three steps: a technical lemma, bounds
on the descent stepsizes and orthogonalization weights, and the analysis of the algo-
rithm. The first two steps are presented as Lems 3.6 and 3.7. In CGIHT, each new
approximation could possibly depend on all previous iterations. This will ultimately

lead to a three term recurrence relation on the approximation error.

Lemma 3.6. Suppose cg, 7, 71,72 > 0 and let pu = %(7'1 + /T +472>. Assume
c1 < pco +n and define ¢; = ¢ 1 + oo+ nforl > 2. iy + 71 <1, then p < 1

and
-1

o < pleg+n Z . (3.24)

i=0
Proof. If 71 + 75 < 1, then p < $(71 + 72 + 1) < 1. By assumption, (3.24) is valid for

c1. Assume it is also valid for ¢; with j <1 — 1. Then, since p =7 + Tf,

-2 -3 -1
- i T2 - i i
ClSTl<Ml oo+ u>+;u<ul R /~b>+n§ul00+n§ p
=0

i=0 =0

]

Central to the performance of CGIHT is the calculation of stepsizes and orthog-
onalization weights of the support set restricted conjugate gradient method. The
stepsizes o; are uniformly bounded near one with the same RIC bounds as the NIHT
stepsize. The relative orthogonality is measured by ;. When the support set has
changed, (; is defined to be zero, otherwise each ; is uniformly bounded near zero. In
the process of establishing these bounds on the stepsizes, we also bound the spectrum

of a projection operator which appears regularly in this type of analysis.
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Lemma 3.7. By the definition of RICs of the measurement matrix A, the stepsize is

uniformly bounded by

<o < 3.25
1o, ~“=1-g, (3.25)
and the orthogonalization coefficients are uniformly bounded by
25k(1 + (Sk)
< _ 7 3.26
6] < (3.26)

Furthermore, if @, S C {1,...,n} are two index sets and ck = |Q U S|, then for any z

2 5019

[Projq, (I — AT A)Projg(2))||, < s

[Projs(2)ll, - (3.27)

Proof. When T'; # T',_; the stepsize «; is the same as proposed by NIHT, and is
bounded directly as

2
1 Proj 1
T
N N [

by inverting the standard RIC bounds of A. If I'; = I';_;, we utilize two important

inequalities

HAProjFF1 (pl_l)Hz < HAProjFF1 (ri-1) , (3.28)

The first inequality (3.28) follows from noting that AProjr  (pi—1) is orthogonal

(3.29)

|

Projr, | (11-1) Projr, | (pi-1)
2 2

to AProjy,_ (pi—2) by construction (orthogonalization after the application of A is
referred to as conjugate orthogonal); consequently, multiplying r,_1 = p_1 — Bi_1pi1—2
by A and noting the orthogonality gives [|AProjp,  (ri—1) |} = [[AProjp,  (mi-1) 5+
B l|AProjr,  (pi—2) I3 > |AProjy,  (pi1) ||I”. The second inequality (3.29) follows
from applying the Cauchy-Schwartz inequality to

(Projr,_, (n1),Projr,_, (n1)) = (Projr,, (i) Projr,_, (m1—Biipa))
= (Projr,_, (1) Projr,_, (1)), (3.30)

where the last equality follows from the conjugate gradient property (see Thm. 3.1)
that

<PIOJFH (ri-1) ,Projp, | (pl—2)> = 0. (3.31)
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To establish the lower bound, we utilize (3.28) to observe

2 2
1 HAProjFF1 <pl_1>H HAProjFF1 (Tl_l)H
1 l2 o 2 <146, (3.32)

= 2
U Projp . (1-1) Projp, . (1-1)
-1 2 -1 2

The upper bound follows from (3.29) since

2

2
‘ Projr,  (r-1) ‘ Projr,_, (pi-1) 1

o — 2 < T (3.33)
HAProjrl_1 (p1-1) ) HAProjFl_1 (pi—1) , k
Thus from (3.32) and (3.33), when I'; = I';_;, ay is also bounded by

1 1
<q< . 3.34
[ A (3:34)

For any index sets ),.S C {1,...,n}, let Agus be the submatrix formed by the
columns of A indexed by the set Q U S. Then for any [ and any vector z, the
|Q| nonzeros in the vector Projg, ((I — ayA*A)Projg(z)) are a subset of the |Q U S|

nonzeros in the vector (I — OélAZ}UsAQuS) Projg(z), so that

[Projq (I — A AProjs(2))ll, < |7 = cndfusAausl], - [Projs(2)ll

20, :
= projg(2)l, (335)
k

<

where ck = |Q U S|. The bound on the operator I — ayAp sAqus in terms of the
RICs of A follows from Def. 1.3 and (3.34) as in [11, Lem. 5].
The orthogonalization factor f; is equal to zero when I'; # I';_;, and can be

bounded when I'; = I';_; by the using alternative formula

_ (Projp, (1) ,Projp, (A*AProjp, (pi-1)))
| 4Progr, ()],

and expressing Pro Jr, (r;) in terms of prior search directions. When I'; = T',_;

8 = (3.36)

Projp, (r)) = Projp, (ri_1) — o 1Projr, (A*AProjFl (pz—1))
= Projp, (pi-1) — Bi-1Projp, (pi—2) — ai—1Projy, (A*AProjp, (pi-1))
= Projp, (I — a1 A*A)Projp, (pi1)) — Bi—1Projp, (pi—2) - (3.37)

where the first equality follows by substituting x; = Pro ir, (x1-1 4+ oq_1pi—1) into 7y,

the second equality by substituting ;1 = p;_1 — Bi_1pi_2, and the final equality by
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rearrangement. Inserting (3.37) for Projy, (r;) into (3.36) gives

|(Projp, (I — cu_y A*A)Projy, (pi-1)) , Projy, (A*AProjr, (pi-1)))|
|AProjr, (pi1) II3
HProjFl (([ — ozl,lA*A)ProjFl (pl,l)) ||2 HProjFl (A*AProjFl (pl,l)) H2

|ﬁl‘ =

< 2
|| AProjy, (pi—1) |,
20 _ (1+ %) ||Projr, (pi—1)|
< Projr, (pi-1) : ;
1-— 5k H i =l H2 (1 — (Sk) HPI‘OjFl (pl_l)H;
_265k(1+ 6y
- B (3.38)

where the first equality follows by noting that AProjy, (p—1) and AProjy, (pi—2) are
orthogonal, the first inequality follows from the Cauchy-Schwarz inequality, and the
second inequality from (3.27) with Q@ = S =T,. O

With Lems. 3.6 and 3.7, the proof of Thm. 3.3 is similar to the proofs of other hard
thresholding algorithms. Following Foucart’s general outline [48], the approximation
error is bounded by observing that the hard thresholding operator produces the best
k-sparse approximation to the current update. The proof is complicated by the fact
that the current search direction can depend on all previous search directions. This

is handled by establishing a recurrence relation and invoking Lem. 3.6.

Proof of Theorem 3.3. The proof begins following the proof of an analogous theorem
for IHT [48]. Note that

s —wialls = o — 2%+ 2° — w5
[y — 2°lI3 + [|2° = wi-a |3 + 2(z0 — 2%, 2% — wia)

< la” — w3 (3.39)

where the inequality follows from x; being, by definition, the k-sparse vector nearest

to w;_;. Canceling ||z° — w;_1]|? in (3.39) and rearranging gives the inequality
s — 2°lf5 < 2 (2 — 2%, wi—y — 2°) = 2 (x; — 2°, Projp, up (wimy — 2°))

where Projp, () reflects the sparsity of z; — z°. Applying the Cauchy-Schwarz

inequality and cancelling a power of ||z; — z°||2 gives

la; — 2| < 2||Projp,up (w1 — a:o)H2 : (3.40)
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In anticipation of substituting w;_; = ;1 + oq_1p;—1 into (3.40), we note that p;,_4

can be expressed as
Pi-1=Ti1+ ZT] J+16q (3.41)

Equation (3.40) can then be expressed purely in terms of z; for j < by substituting
w1 = T—1+au_1p—1 into (3.40) with p;_; given by (3.41) and replacing all instances
of r; with A*A(x° — z;) + A'e,

||$l_$o||2 < 2

-2
Projr, r (xl_l — 2%+ oo oy Z (Hl 1+1ﬁq)>

7=0

2
< 2 HProjF ur (I = e AT A) (320 — xo))Hg + 2]y ||Pr°jrlur (A*G)HQ

+2]ay_1| Z ]+1ﬁq < }PIOJF ur (A" A(2° ))H2 + ”Projrlur (A*e)”Q)

We proceed by bounding each of the terms in the final inequality of (3.42). Let
1 285 (1403

€a = 750 B = 52 and €, = ff—f;; denote the upper bounds established by
Lem. 3.7. Then we have
HPrOjFlUF (([ — OélflA*A>(fEl,1 — [IZ’O))HQ S Q\Hxl,l — .Z'OHQ, (343)
ot [Projrur(Ae)|, < ea (L4 8) 2 el (3.44)
1-2
|| Z vi1Ba) [[Prodpup (AT A® — z)))]], < eall +631) Y e ? M 2® — s
7=0
(3.45)
-2
jor- 1|Z 1 180) [Prodrur(A7e) [, < ea(l+ 0 ells 3 e/
j=0
(3.46)

Applying (3.43)—(3.46) to (3.42), gathering like terms, and reindexing the sums,

-1 -1

lzi=allz < 263|211 —2°llat2ea(14858) Y ehllaijo1—a®lo+2ea(140) llell2 Y .

j=1 7=0

(3.47)
A simplified argument focused only the first iterate yields

|1 — 2°||2 < 2ex|w0 — 2°|2 + 2€a(1 + d21) /% ||e]]2- (3.48)

73

(3.42)



Seeking a bound on ||z; —x°|| purely in terms of ||zq—x°||2, define ¢q = ||zg—2°|2,

c1 = 2exco + lle]|2, and recursively define

-1 -1
¢ = 2exci—1+2€4(1+031) Zejécl_j_l+2ea(1+52k)1/2||e||2 ZE% for [ > 2. (3.49)
j=1 Jj=0

Note that (3.48) shows that ||x; — 2°||2 < ¢ and (3.47) ensures ||z; — 2°[|2 < ¢; for
J > 2. By computing ¢; — eg¢;—1 and isolating ¢;, (3.49) can be rewritten as a three

term recurrence relation
= (2ex + €5)cio1 + 2(ea(1 4 dax) — €x)eacra + 2€a(1 + d2) 2|2 (3.50)
Now define
T =26+ €3, To=2(ca(l+ ) —€r)eg, and & =2¢,(1+ 52k)1/2,

so that ¢, = Tiq_1 + Teci_o + &|le||]2. Let p = % (7’1 + /T + 47'2) and observe that
since 26y < 11 < p, ¢1 < puco +&|lells. If 71+ 72 < 1, then Lem. 3.6 implies u < 1 and

-1

o —2°ll2 < < ploo+Ellell2 > pt < pleo + T MHGHQ = (' lwo — 2 + T~
=0

(3.51)
Finally, note that p and £ are equivalent to the definitions in (3.11) and the

lell-

sufficient condition 7 + 7 < 1 is satisfied when

2631(5 + 1)

052 < 1. (3.52)

]

3.7.2 Proof of Theorem 3.5

Proof of Theorem 3.5. There are three building blocks in Alg. 12: a) computing v;_;
as a linear combination of z;_; and z;_5 (Step 1 and 2), b) a regular projected gra-
dient descent step starting from v;_; (Step 3 to 8), and ¢) one more steepest descent
restricted on the current support set (Step 9 to 11), and each block can be processed
independently. To process the first block, similar to that in [18], we utilize the obser-
vation that the residual decreases from x;_; to v;_1; and the rest of the proof resembles
that for (N)IHT in [48].
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First, rather than attempting to bound 7;_; which varies in each iteration, the

following observation can be drawn from the expression for 7;_; in Alg. 12,

|y — Avicall2 < ly — Azia]f2. (3.53)

Moreover, one has
oy —2°lla < (1 =da) ™ (ly — Avicalla + [lell,) , (3.54)
ly = Azialls < (14 00) P llaiy — 2°)l2 + [lell, (3.55)

by the RIC bounds of A and the fact v;_; — 2° is a sparse vector of cardinality at

most 3k and x; 1 — x° is a sparse vector of cardinality at most 2k. Consequently,

. 1+ 65 ) . .
””4‘x”2§(1 5%) s = alla + 201 = )™ flell,. (3.56)
- U3k

The contraction of the second block follows a similar argument for NIHT, but
starting with a sparse vector v;_; of cardinality at most 2k. A complete proof is
presented here for the reader’s convenience. Let z; be the intermediate approximate

solution obtained from Step 8 in Alg. 12. Then repeating the argument in (3.39) gives
|Z — 2°))5 < 2(F — 2°, w1 — 2°) . (3.57)
Substituting w;_; = v;_1 + &;_17,_1 into (3.57) leads to

|7 —2°l3 < 1 — 2% v + QT — 1)

|
NN N

(z

(T — 2% v + &1 A" (y — Avpq) — 29)

(T — 2% v — 2% +2(& — 2%, a4_1 A" (Ax + e — Au;_q))

= 2(x — 2% u_1 — 2% —2(A(Z — 2°) , a4 1A (v_1 — 2°))
+20;-1 (A (3 — 2°) ,e)

= 2(Z — 2% v —2°) —2(Ar,, (T, — 2°),&_1Ar,, (V-1 — 2°))
+2 (&1 Ar,, (T — 2°) ,€)

= 2(& —2° (I — 1A}, Ary,) (01 — 2°))

+201-1 (Ary, (Z —2°) ,€)

IN

2|7 —a°lly - | = Qua Af, Ary ||, - o — 2°)l;

F2001(1+ 822 | — 2y - el (3.58)
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where in the fourth equality 'y, = Support (Z;) U Support (v;_1) U Support (Z) and
'y, = Support (Z;) USupport (x). Cancelling one power of ||Z; — Z||, from both sides

gives

I~ 2”ll, < 2|17~ das A, Aryel, - s — 290, + 26021+ 82 el (3.59)

Pak

The descent stepsize a;_; can be bounded as

2
L . Hprojf"l (ﬁ_l)HZ <! 3.60
Q-1 = , .
1460 = T 1= 09 (3.60)

1= 3
HAProjfl_1 (fl_l)HQ

since in Alg. 12, T,_; is a support set with cardinality at most 2k. Moreover, the

spectral norm of I — &1 At Ar,, can be bounded as

B . 2041,
|1 — a1 AL, Ar,, ||, < o (3.61)
Therefore,
-, 46 43 . 2(1 + 6p) /2
12— 2°l|, < [or1 = 2y + ————— llell,- (3.62)

From the fact the residual decreases in the third block, similarly to (3.56), one has

, 1o\, .
for =l < (1) ol + 200 - 0 e, (369
— 02k

Combining (3.56), (3.62) and (3.63) together gives

20 = 2%y < pllzy — 2%l + & lell, (3.64)
with
B 4645, (1 + 6o 804 (14 0 4 565
K= 3/2 1727 £ = 3/2 1/2 + 3/2° ( ) )
(1 — o)™ (1 — d3p) (1 — o)™ (1 — d3p) (1 — o)

Finally, one has ¢
[l = 2%l Sulllwo—x"\lﬁmllellz. (3.66)
]
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Chapter 4

Conjugate Gradient Iterative Hard
Thresholding for Matrix
Completion

In this chapter, we introduce the CGIHT algorithms for matrix completion, which
are natural extensions of CGIHT for compressed sensing. The chapter is outlined as
follows!. The formal descriptions of CGIHT for matrix completion are presented in
Sec. 4.1, with a recovery guarantee provided for the projected variant. In Sec. 4.2, we
present FIHT for matrix completion, which is a variant of Matrix ALPS IT in [64]. In
Sec. 4.3, we compare CGIHT with other hard thresholding algorithms. Section 4.4

contains the proof of the main theorem.

4.1 CGIHT: from compressed sensing to matrix
completion

We begin our discussion of CGIHT for matrix completion with its simplest variant,
Alg. 16, which mirrors Alg. 9. In each iteration of CGIHT the current estimate X;_; is
updated along the direction P,_, using a stepsize «;_1, followed by hard thresholding
to the matrix of rank at most r that is nearest in the Frobenius norm. As in Alg. 9,
the search direction P,_; is selected to be exactly the residual Ry in iteration [ = 1,
and is otherwise selected to be the residual R;_; projected to be conjugate orthogonal
to the past search direction when restricted to the current estimate of subspace U;_;.

As with Alg. 9, Alg. 16 lacks the conjugate gradient property of past search directions

!Material in this chapter has been prepared for publication and in preprint [15], which is a joint
authorship with J. D. Blanchard and J. Tanner whose permission has been obtained for the inclusion
of the material.
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remaining mutually orthogonal. In fact as the subspaces are continuously varying,
there will typically be no two past subspaces U; and U;_; which are identical, and
consequently only the past two search directions will remain orthogonal. Despite
lacking orthogonalization over longer sequences of iterates, Alg. 16 nearly always has
superior performance to the other variant of CGIHT for matrix completion in terms
of both the problem size (m,n,p,r) it is able to recover and being able to recover the

measured matrix in less time than the projected variant of CGIHT.

Algorithm 16 CGIHT for matrix completion

Initialization: Set P_; =0, W_; = A*(y),

Uy = PrincipalLeftSingularVectors, (W_y), Xo = Proj, (W_1), 1 = 1.
Iteration: During iteration [, do

LRy = A (y — A(X—-1)) (gradient descent direction)
2: if [ =1,

pi1 =0, (set orthogonalization weight)

else
A(Proj R;_1)),A(Proj P_
b1 = —< (P Ju, (B 1)) <P JUZ‘;( : 2))> (compute orthogonalization weight
HA<Pr°jszl(Pl*2))H2

3: PL1=Ri_1+ 5_1P_s (define the search direction

<Pr°le71 (Ri—1),Projy, | (sz1)>

)
)
(local steepest descent stepsize)
)
)
)

4: oy = 2
|4(pzosu, )
5 Wiy = X1 +o1P_ (gradient or conjugate gradient descent update
6: U; = PrincipalLeftSingularVectors(W; 1) (proxy to the subspace
7. Xi = Projy, (Wi-1) (solution update
Output: X

As stated previously, the matrix completion problem (1.11) differs from (1.1)
fundamentally in that the subspace of low rank matrices is a continuously varying
manifold whereas the space of k-sparse vectors is composed of (Z) finite dimensional
subspaces corresponding to the possible support sets. As a consequence, the sub-
spaces U;_1 and U;_o will typically never be exactly the same and there is no exact
analogue of Alg. 10 for matrix completion. However, the relative residual restarting
condition of CGIHT projected, Alg. 11, can be extended to matrix completion, which
we refer to as CGIHT projected for matrix completion, see Alg. 17. Similar to Alg. 11,
CGIHT projected for matrix completion corresponds to nonlinear restarted conjugate
gradient where restarting occurs when ||Ri_y — Proj,_;(Pi1) ||F/ |Projy_;(Ri1) HF
is sufficiently large. This restarting condition corresponds to the component of the

search direction P,_; contained in the image space of X; ; minus R, ; being small
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in the Frobenius norm when compared with the size of the residual contained in the
image space of X; ;. Unlike CGIHT for matrix completion, Alg. 16, which has no
tuning parameters, CGIHT projected has a restarting parameter # controlling the

computational effort used to decrease the residual on a given subspace.

Algorithm 17 CGIHT projected for matrix completion
Initialization: Set W_; = A*(y), Uy = PrincipallLeftSingularVectors, (IW_;),
Xo = Projy, (W-1), Ry = A* (y — A(Xo)), o = Ro, RestartFlag =1,
set restart parameter 6, [ = 1.
Iteration: During iteration [, do
Ri_1—Projy,  (P-1)
H ProjUHéRlznnFHF >0
RestartFlag =1 (set restart flag)

2
[P=o3us -0

1: if

oy = . (local steepest descent stepsize)
[ 4(eresn, i),
Wioi=X1+o1R_4 (gradient descent update)
else
RestartFlag = 0 (set restart flag)
[prosuy, (-], -
aq = . (local steepest descent stepsize)
s )
Wiy = Xi-1 + ap1Projy, (P1) (conjugate gradient update)
2: U; = PrincipalleftSingularVectors(W; ) (proxy to the subspace)
3: Xi = Projy,(Wi_1) (solution update)
4 R = A" (y — A(X))) (compute the residual)
5: if RestartFlag = 1,
P =R, (gradient descent direction)
else ,
G = “PIOJU’—(RZ)HFQ (compute orthogonalization weight)
||Projy, (Ri—1)|| .
P = Ry + BiProjy, (Fi-1) (conjugate gradient descent direction)
Output: X

CGIHT projected has a uniform recovery guarantee for the low rank matrix ap-
proximation problem provided the sensing operator A () has sufficiently small RICs

for low rank matrices.

Theorem 4.1 (Recovery guarantee for CGIHT projected for matrix completion,
Alg. 17.). Let A (+) be a linear map from R™ " to R? with p < mn, and y = A(X°)+e
for any X° with rank(X) < r. Define the following constants in terms of the RICs of

A (+) and the restarting parameter c:

4(1 : 2¢0:
M:ﬂ’ 90_& and & =2(1+6p)

(1 =+ 52r)1/2
1—6, 146y, '

1—9,
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Then provided p < 1, the iterates of Alg. 17 with restarting condition 6 < 6, satisfy

1Xi = X°llp < 4]l Xo — X°||r + lell2- (4.1)

1—p
Proof. See Sec. 4.4 for a proof. O]

Asin Thm. 2.1, Thm. 4.1 considers the model y = A(X?°)+e where rank(X?°) < r.
In this model X? is typically viewed as the rank r matrix which minimizes ||[y—A(X)||2
and e as the model misfit. Alternatively X° can be viewed as a rank r matrix measured
by A(-) and that y is contaminated by additive noise; though, in this perspective,
Thm. 4.1 does not consider any particular model for e. Theorem 4.1 implies that
if e = 0, CGIHT projected for matrix completion will recover the measured rank
r matrix to arbitrary accuracy. As the manifold of rank r matrices is continuously
varying, Alg. 17 will never exactly identify the correct image space, and does not
exactly correspond to a traditional numerical linear algebra routine for computing a
low rank matrix approximation. However, in iterations where the RestartFlag = 0,
Alg. 17 does correspond to solving for the low rank approximation with a specified
image space corresponding to that of U;_;.

The restarting parameter ¢ plays an important role in CGIHT projected for matrix
completion. This theorem requires 6 < % and that p = % < 1. First,
consider two extreme cases of ¢ = 0 or ¢ = co. When ¢ = 0, the restarting condition
is met at every iteration and the algorithm is identical to NIHT for matrix completion.
Moreover, the sufficient condition p = fi—%: < 1 is identical to the sufficient condition
for NIHT for matrix completion, see Thm. 2.1. At the other extreme, the algorithm
will never restart and instead will project the observations y onto the column space
spanned by the r principal left singular vectors of A*(y). This is the one step hard
thresholding algorithm. For the values of ¢ € (0,00), CGIHT traces between matrix
completion versions of NIHT and HTP. As ¢ increases, the sufficient condition p < 1
is satisfied by a smaller set of linear operators A (-) while the algorithm is permitted
to take more conjugate gradient steps on each subspace. Eventually, the subspace
restricted conjugate gradient method will force |[Proj;;,  (R;—1) || to be small enough
that the restarting criteria is satisfied. In other words, the parameter ¢ determines

an error tolerance for the projection of y onto the subspace spanned by U;_;.
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4.2 Fast iterative hard thresholding for matrix com-
pletion

In [64], the authors adapted the ALPS family of algorithms [33] to the matrix com-
pletion setting, and introduced the Matrix ALPS family of algorithms for matrix
completion. Out of the Matrix ALPS algorithms, Matrix ALPS II, Alg. 18, is ob-
served to have the greatest overall computational efficacy [64]. FIHT for matrix
completion, Alg. 18 is a variant of Matrix ALPS II, which differs from Matrix ALPS
IT in its fourth step, where Matrix ALPS II uses a subspace of dimension of at least
2r by including another r dimensional subspace from the residual in its third step.
However, as the subspace is continuously varying, the column subspaces for X;_;
and X;_o will typically not be identical to each other, thus FIHT typically searches
over a 2r dimensional subspace, while Matrix ALPS II typically searches over a 3r
dimensional subspace. Since Matrix ALPS II requires an additional singular value
decomposition in each iteration to include the extra r dimensional subspace which is

computationally expensive, only FIHT is considered in this chapter.

Algorithm 18 FIHT: a variant of Matrix ALPS II for matrix completion
Initialization: Set X_; = 0, Xo = Proj;, (A" (y)), Ro = A" (y — A(Xp)), [ =1
Iteration: During iteration [, do

1:if I =1,
711 =0 (set momentum stepsize)
else
T = <y_A|SEZ&f‘—(§Z)_|§l_2)> (calculate momentum stepsize)
2: Vioi =X+ 7121 (X — Xi-9) (new extrapolated point)
3R =A"(y—A(ViL1)) (gradient descent direction)
4: Uj_, = LeftSingularVectors (Vj_;) (subspace for FIHT)
or

U_y = U_y UPrincipalLeftSingularVectors, (Proj O, (Rl_1)>

(subspace for Matrix ALPS II)
HPIOJ'[}Z?I(Rl—l)H2 )
5 g = Fs (local steepest descent stepsize)
|4 (w0, 0],
6: Wi_1 =Vi_14+a_1R—1 (steepest descent update)
7. Uy = PrincipalLleftSingularVectors, (W,_;) (proxy to the subspace)
8: X = Projy (Wi_1) (solution update)
Output: X

In [64], the authors proved the RIC based recovery guarantee for Matrix ALPS II

with the constant momentum stepsize, that is when 7;_; is fixed. In this chapter, we
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will show that FIHT with the optimal variable 7;,_; also has a near optimal recovery
guarantee in terms of RICs of the sensing operator. The proof equally applies to
Matrix ALPS II with variable 7;,_;.

Theorem 4.2 (Recovery guarantee for FIHT for matrix completion, Alg. 18.). Let
A (+) be a linear map from R™*" to R? with p < mn, and y = A(X?) + e for any X°
with rank(X) < r. Define the following constants in terms of the RICs of A (-):

465, (1 + 61" 84 2 (1 4 o) /?

= , and = +
a (1= 61) (1 — 65)"/? : (1= bap) (1 = 65,/ 1 — oy,

Then provided p < 1, the iterates of FIHT for matrix completion (Alg. 18) satisfy

1% = X°llp < 'l Xo — X°|lF +

. 4.2
el (42)

Proof. The proof is based on two key observations: a) V;_; is a low rank matrix

with rank(V;_1) < 2r, and b) the residual is non-increasing from X; ; to V;_;. See

Thm. 3.5 in Chapter 3 for an analogous proof. n

4.3 Empirical performance comparisons

The experimental set-up in this section is essentially the same as that in Sec. 2.2.1.
The testing was conducted through a massive distribution of problem instances at the
IRIDIS High Performance Computing Facility provided by the e-Infrastructure South
Centre for Innovation. Recall that a problem instance is indexed by four parameters
(see Tab. 2.1):

{(Op,N), (m,n), pord, rorp},

where Op € {G, £} represents the sensing operator ensemble, N represents the m x n
rank 7 matrix ensemble formed as in (2.10), and 6 = p/mn and p =r(m +n—1r)/p
denote the undersampling and oversampling ratios respectively.

The empirical average case performance of NIHT for recovering a low rank matrix
from near the minimum number of measurements is reported in Chapter 2; and in that
chapter we also compare NIHT with other state-of-the-art methods demonstrating the
superiority of NIHT in terms of phase transitions for both sensing ensembles G and &.
Due to the already large computational time of more than 5.6 CPU years required to
generate the matrix completion data presented in this chapter, we restrict our testing
to the matrix completion variants of CGIHT, CGIHT projected, NIHT and FIHT
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for the square matrices with m = n = 80 for Gaussian sensing and m = n = 800
for entry sensing. Rectangular matrices are observed to have lower phase transitions;
see for instance Chapter 2 or [86, 2|. Indirect comparisons can be drawn with other
algorithms by contrasting the results presented here and those in Chapter 2 and [64].

The algorithms terminate using the same stopping criteria detailed in Sec. 2.2.1.
Preliminary testing suggested our choice of the restarting parameter ¢ in CGIHT
projected, which was set to 5 for sensing ensemble G; and for sensing ensemble £ it
was set to 3 if § < 0.5, otherwise it was set to 10. In this section, an algorithm is
considered to have successfully recovered the matrix X° when the algorithm returns
a matrix X that satisfies (2.12) in Chapter 2.

4.3.1 Recovery phase transition curves

This section investigates when the matrix completion algorithms can successfully
recover a rank r matrix from p linear measurements with p proportional to r(m +
n —r). For each problem class (Oper, N) and (m,n) pair, we conduct tests with the
undersampling ratio 6 = p/(mn) taking ten equispaced values from 0.1 to 1.0. As
in Chapter 2, for each triple (m,n,p), we start from a sufficiently small rank r that
the algorithm can successfully recover each sensed matrix in all ten randomly drawn
problem instances; we then increase the rank until the algorithm fails to recover the
sensed matrix in each of ten random problem instances. We refer to the largest value
of r for which the algorithm succeeded in each of the ten tests as r,,;, and the smallest
value of r for which the algorithm failed in each of the ten tests at 7,,,,. The values of
Trin and Ty, for CGIHT, CGIHT projected and FIHT are displayed in Fig. 4.1 for
Gaussian sensing with m = n = 80 (left panel) and entry sensing with m = n = 800
(right panel). Figure 4.2 displays the empirical phase transitions of the four tested
algorithms, with the vertical axis p being calculated from (7,5 + Tmaz) /2-

For the most interesting region of the phase space, namely § < 1/2, the recovery
phase transition curves of CGIHT and CGIHT projected are always greater than 0.8
indicating both algorithms are able to successfully recover the randomly generated
rank 7 matrices with the number of measurements p = C'-r(m+n —r) for C' < 1.25.
For problem class (G, N) with 6 < 1/2, the recovery phase transition curves for
CGIHT and CGIHT projected are at least as high as the phase transition curve
for FIHT, which in turn is either equivalent or superior to that of NIHT. For all

d € (0.1,1), none of the other algorithms have a phase transition curve superior
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Figure 4.1: For each rank above the dashed lines the algorithm failed to recover
the sensed matrix in each of ten randomly drawn tests per rank, whereas for each
rank below the solid lines it succeeded in recovering the sensed matrix in each of ten
randomly dawn tests per rank. The vertical axis is the rank of the sensed matrix and
the horizontal axis is the undersampling ratio §. Left panel: G with n = 80; right
panel: £ with n = 800.
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Figure 4.2: Phase transitions of the tested algorithms with horizontal axis ¢ and
vertical axis p where p is calculated using the average of 7, and 7p4,. (a) G with
m =n =80, (b) & with m = n = 800.
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to the phase transition curve of CGIHT for matrix completion (Alg. 16). Likewise
for (€, N), CGIHT for matrix completion has the highest recovery phase transition
curve for all values of § € (0.1,1), although the phase transition curves for all four
algorithms are very similar. For ¢ > 0.7, the observed decrease in the phase transition
curve for CGIHT projected is an artifact of the restarting parameter 6, and is likely
caused by excessively solving the subproblem, and in doing so causing the subspace
restricted conjugate gradient projections to converge to a non-optimal local minimum;
decreasing the restarting parameter 6 to 1 for § > 0.7 increases the phase transition

curve to be that of NIHT, but at the cost of increased recovery time.
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p =r(m+n-r)ip p = r(m+n-r)ip

(a) (b)

Figure 4.3: Average convergence factors and average recovery time (s) of CGIHT,
CGIHT projected, FIHT and NIHT for problem class (£, N) with m = n = 2000,
p = mn/10 and r ranging from 1 to 96. Horizontal axis p defined in (2.9) and
convergence factors of left panel defined in (2.11). Vertical scale for (b) is log(s).

4.3.2 Recovery time dependence on p for § = 1/10

In this section, we explore the average recovery time and per iteration asymptotic
convergence factors for CGIHT, CGIHT projected, FIHT and NIHT for matrix com-
pletion with a fixed value of 6 = 1/10. These experiments are performed with m =
n = 2000, p = mn/10, and the rank r sampled from theset {r; =3j:j =1,2,...,5*}
where 7« is the smallest rank for which an algorithm fails to recover a single rank
rj» matrix in 100 random problem instances. Due to the computational burden of

such large-scale testing, the results in this section were exclusively conducted for the
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problem class (£, N). Figure 4.3(a) displays the average convergence factors com-
puted according to (2.11) for each algorithm’s successful recovery of a rank r matrix.
Figure 4.3(b) provides a semi-log plot of the average computational recovery time.
The empirical results provided in Fig. 4.3 establish a computational advantage for
CGIHT and FIHT when compared to NIHT and CGIHT projected which have indis-
tinguishable convergence factors in Fig. 4.3(a). For the smallest ranks with p < 0.5,
the accelerated algorithms CGIHT and FIHT have comparable average convergence
factors and average recovery times. For 0.5 < p < 0.85, FIHT appears to offer an
advantage in terms of both the convergence factor and recovery time. However, the-
oretical results indicate that FIHT will lose this advantage in the presence of noise
[39]. As the rank increases and forces p toward the recovery phase transition, CGIHT
regains the computational advantage. The inferior rate of recovery for NIHT is ex-
pected since the other two algorithms are designed to accelerate the convergence
rate of NIHT. It should be noted that these hard thresholding algorithms require a
computationally expensive partial singular value decomposition in each iteration and
algorithms which avoid this burdensome task are likely to improve average recovery

times, see Chapter 5.

4.4 Proof of Theorem 4.1

By establishing the standard orthogonality relationships for the conjugate gradient
method when restricted to a fixed column space, the matrix completion analogue of
the uniform bounds on the stepsizes and orthogonalization weights in Alg. 17 follows

the same general proof as that of Lem. 3.7.

Lemma 4.3. By the definition of RICs of the measurement operator A (-), the step-

sizes in Thm. 4.1 are uniformly bounded by

< < 4.3
1+, ~=1_5, (43)
and the orthogonalization weights are uniformly bounded by
20,(1+6,)
< 7 4.4
81 < S5 (14)

Furthermore, if @, S define column spaces with c¢r = rank(Proj, g), then for any
Z € Rmxn,

2507“

HPron (1 — alA*,A)ProjS(Z))HF < s

[Projs(2)|lp - (4.5)

86



With Lem. 4.3, we prove the convergence guarantee for CGIHT projected for ma-
trix completion, Alg. 17. Unlike in the discrete compressed sensing problem, CGIHT
projected for matrix completion suffers from additional computational burdens and
reduced empirical performance. Although we require the projected version in order
to ensure orthogonality and establish a convergence result, the non projected version,

CGIHT for matrix completion (Alg. 16), is recommended for implementations.

Proof of Theorem 4.1. The early steps of the proof of Thm. 4.1 follows the proof of
Thm. 2.1 through to (2.15), leading to

X — X°I3 < 2(Wiy — X%, X, — X7)
= 2(Proj, y (W1 — X)), X; — X°)
< HProleUU(W},l—X‘) HF X — X°[|

Cancelling one power of || X; — X°|| from both sides gives

1X: = X[l < 2||Projp (Winy — X (4.6)

M-

We seek a bound on HProj vov (Wier — X)HF which is split into two cases based on
the value of RestartFlag. When RestartFlag = 1,

Wi — X=X — X+ Ry =1 — o AAA) (X — X)) 4+ a1 A (e).
Applying the triangle inequality, Lem. 4.3, and Def. 1.9,

}}PIOJUZUU (X1 — X+ 041713171)“1, < ‘

Projyuu ((I — a1 A"A)Projy (X1 — XO)) H

F
+ || ||PrOJUlUU (A*(e) HF
203, 0 (1+05)12 5%)1 /2
< 7 X = X0l + = llell
1— 1—
(4.7)
Therefore, if RestartFlag = 1,
. 2537" o (1 + 527”)1 /2
HPI‘OJUluU (W1 — HF S7_ ||Xz 1 — X p + ————le][2- (4.8)

On the other hand, when RestartFlag = 0 (continuing with the same column space)

Wiii—X° = Xj1— X4 1Projy,  Pi1 = Xi1— X+ 1R —au (qu — Pl‘OjUZ_l(Bq)) :
(4.9)
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When RestartFlag = 0, the restarting parameter gives the bound,

HRl,l - ProjUH(Pl,l) 255,
- L < 0 < 00 = .
[Projy, , (Ri-1)llr 1+ 6o

Writing R;—1; = A*(A(X — X;-1)) + A*(e), (4.10) leads to

(4.10)

HRIA — Projy, (Fi-1)

< HllProjy,, (Rl
< 6|[Projy, , (A" (AX? = Xi-1)) + A(€))llr
<0 (|[Projy, o (A"(AX® = Xp ) [r + [Progy,_, (A(e)]r)
<0 (14 8|1 Xi1 = Xl + (14 6.)2le]]2)

1+9,
< 2t (1 = e+ SER )

So, in this case with RestartFlag = 0,

HProleUU (Wi — X ||PrOJUUU (X1 — X4+ 1R HF

Np <
+ |ay_1] HRl—l — Projy,  (Pi1) H

203, . (1+ 52r)1 /2
(220t = e+ 2 e

2c5r o 1—}—(5
+ 2 }r(uxu—xuw(l el

(1+C)53T.
- 1-96,

1+ 0q,)1/2 2¢63,
# 0 (14 20 e, (112)

IA

1 Xi-1 — X°||r

1-9,
Clearly, the bound on |[Proj,, (Wi-1 — X°)|r from (4.8) is smaller than the
bound in (4.12); thus, (4.12) applies to both cases. Therefore, with

(14 8y,)1/2
1-9,

- 4(1 -+ C)(Sgr
1=,

equations (4.6), (4.8), and (4.12) combine to show that

and &=2(1446p)

1Xi = XNlp < pllXioy = XOlp + Elel]2- (4.13)

If u < 1, a straightforward induction argument with (4.13) provides the desired final
bound,

1% — X°|lp < g1 X0 — X° (4.14)

O
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Chapter 5

Alternating Steepest Descent
Methods for Matrix Completion

Many algorithms have been designed for the matrix completion problem!

Xr%in rank(X) subject to Po(X) = Po(X?) (5.1)
= mXn

such as the nuclear norm minimization which reformulates (5.1) as a convex opti-
mization and the greedy algorihtms which are targeting (5.1) directly [15, 21, 25, 32,
35, 52, 56, 57, 60, 63, 64, 74, 75,79, 84, 91, 94, 99, 100]. In Chapters 2 and 4, we have
presented three variants of hard thresholding algorithms which are able to recover an
m X n rank r matrix from about C'- (m +n — r)r measured entries with C' being close
to one. However, the iterative thresholding algorithms for matrix completion suffer
from high per iteration computational cost of the SVD. In this chapter, we introduce
an alternating steepest descent algorithm and a scaled variant for the fixed-rank ma-
trix completion problem which can avoid computing the SVD by solving a different

non-convex model
1 o
min - || Po(X%) = Po(Y Z)||7 - (5.2)
ZGR’I‘X”I

Chapter 5 is outlined as follows?. In Sec. 5.1, we briefly review the alternating min-
imization algorithms PF and LMaFit for (5.2). The alternating steepest descent
method (ASD) for (5.2) is presented in Sec. 5.2. In Sec. 5.3, we present ScaledASD, a
version of ASD which is accelerated by scaling the search directions adaptively to im-

prove the asymptotic convergence rate. Empirical results presented in Sec. 5.4 show

'In this chapter, we focus on entry sensing.
2Material in this chapter has been prepared for publication and in preprint [92], which is a joint
authorship with J. Tanner whose permission has been obtained for the inclusion of the material.
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that ASD and ScaledASD are highly efficient, particularly for large problems when
solved to moderate accuracy. Preliminary convergence analysis for ASD and PF is

presented in Sec. 5.5.

5.1 Alternating minimization

Alternating minimization is widely used for optimization problems due to its sim-
plicity, low memory footprint and flexibility [47]. Without loss of generality, let us
consider an objective function f(Y, Z) with two variable components Y € Y, Z € Z,
where ) and Z are the admissible sets. The alternating minimization method, also
known as Gauss-Seidel or 2-block coordinate descent method, minimizes f(Y, Z) by

successive searches over ) and Z. For problem (5.2), the objective function is
1 o
f(Y.2) = 5 | Pa(X%) = Pa(Y Z) | (5.3)

with ) = R™" Z = R™". PF is a matrix completion algorithm which applies
the alternating minimization method to (5.2), see Alg. 4 in Chapter 1. As a typical

alternating minimization method, limit points of PF are necessarily stationary points.

Theorem 5.1. Any limit point of the sequence (Y}, 7)) generated by Alg. 4 is a

stationary point.
Proof. See Sec. 5.5.2 for a proof. n

The per iteration computational cost of PF is dominated by the solution of the
least squares subproblems in Alg. 4. To decrease this per iteration cost, [100] proposes
the model

1 : 0
fin, 5 | X — ZY|]% subject to Po(X) = Po(X°), (5.4)

where Y € R™*" Z € R™", X € R™*", and the projection onto €2 is moved from
the objective in (5.2) to a linear constraint. The alternating minimization approach
applied to (5.4) gives the low-rank matrix fitting algorithm (LMaFit), see Alg. 19
LMakFit obtains new approximate solutions of Y and Z by solving least squares
problems while X is held fixed, as done in PF. However, the subproblems in LMaF'it
have explicit solutions, which reduces the high per iteration computational cost of
PF. Moreover, [100] proposes using a rank adaptive strategy and an over-relaxation
scheme to further improve the performance of Alg. 19. The convergence of limit

points to stationary points is similarly established for LMaFit, see Thm. 3.5 in [100].
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Algorithm 19 Low-rank Matrix Fitting (LMaFit, [100])
Initilization: rank r, Yy € R™*", Zy e R™" [ =1
Iteration: During iteration [, do

LYy =X, 12 =argmin|YZ_, — X, update Y
Y
2: 7, =YX, | = argmin |V;Z — X, 4% update Z
Z
3 X, =YZ,+ Po(X° =Y, Z) update X

Output: Xl = YEZ[

5.2 Alternating steepest descent

Solving the least squares subproblems in PF to high accuracy is both computation-
ally expensive and potentially of limited value when the factor that is held fixed is
inconsistent with the known entries Po(X?). To improve the computational efficiency
we replace solving the least squares subproblems in PF with a single step of simple
line-search along the gradient descent directions. ASD applies steepest gradient de-
scent to f(Y, Z) in (5.3) alternatively with respect to Y and Z. If f(Y, Z) is written
as fz(Y) when Z is held constant and fy(Z) when Y is held constant, the directions

of gradient ascent are

VizY) = —(Pa(X°) - Pa(YZ)) 2", (5.5)
Viv(Z) = =Y"((Pa(X°) = Pa(YZ)). (5.6)

Let t,, t, be the steepest descent stepsizes for descent directions —V fy(X) and
—fo(Y) Then

VM) 5.7)
PV (V)23

Y YV (2))])

which forms the alternating steepest descent algorithm together with the expressions

for the gradients, see Alg. 20.

Remark 5.2. The denominators in ¢, , and t,, , are zeroes if and only if the gradi-
ents are zeroes. This follows from the contradiction that otherwise f(Y, Z) could be
decreased without a lower bound which violates the nonnegativity of the objective.

If the denominator of ¢, , or t is zero in an iteration, it indicates Y;_; or Z;_;

2l—-1
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Algorithm 20 Alternating Steepest Descent (ASD)
Initilization: rank r, Yo e R™*" Z e R™" [ =1
Iteration: During iteration [, do

1: Vg (Vi) = —(Po(X°) — Pa(Yi12Z14)) Z] gradient direction for Y
2ty = ||V, Y|/ | Pa(V fz (Vi) Zis) | stepsize for ¥
3: Y1 =Yy — 1y, Vfz (Y1) update Y’
4: Viv(Zi1) = =Y (Po(X°) — Pa(YiZ1)) gradient direction for Z
5ty = IV Ii(Ze) 5 /1 Pa(Y fr(Za)) stepsize for Z
6: £y = 21— tzl_1nyl (Zl—l) update Z

Output: X; =Y, 7

respectively are at a local minima and should be held fixed for that iteration by set-
ting the offending stepsize to be zero while minimizing the other objective. If both
ort

denominators of ¢ are zeroes then a stationary point has been reached.

Yi-1 21-1

Algorithm 20 consists of two main parts: the computations of the gradient and the
steepest descent stepsize. Forming the gradient involves a matrix product between
the residual and an m X r or r X n matrix. The computations of both the residual and
the matrix product require to leading order 2|Q|r floating point operations (flops),
where |(2| denotes the number of sampled entries. Computing the stepsize also re-
quires 2|Q2|r flops for the denominator. Naively implemented this would require a per
iteration complexity for Alg. 20 of 12|Q|r flops. However, the residual only needs to
be computed once at the beginning of an iteration and then can be updated efficiently.

Taking the first two steps as an example, the residual after Y;_; is updated to Y] is

Po(X°) — Pa(YiZi-1) = Po(X°) — Po((Yier =ty Viz., (Yi21) Zia)
= Po(X°) — Po(Yie1Zi1) + ty  Pa (Vfz , (Yim1) Yio) .

Fortunately P (V fz_, (Vi) Yi,l) is formed when computing ¢ so the new resid-

Yio1
ual can be updated from the old one Po(X°) — Pq(Y;_1Z;,_1) without computing a
matrix-matrix product. Therefore the leading order per iteration cost of Alg. 20 is
8|€2|r flops.

Similar to PF, limit points of ASD are also stationary points; that is limit points

(Y, Z) of the iterates from ASD satisfy
Viv(Z)=0, Vfz(Y)=0. (5.9)

Theorem 5.3. Any limit point of the sequence (Y}, Z;) generated by Alg. 20 is a

stationary point.
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Proof. See Sec. 5.5.1 for a proof. m

Note that Thms. 5.1 and 5.3 do not imply there always exists a convergent sub-
sequence for any iterates generated by PF or ASD. In the implementations, if the

iterates are observed to be divergent, the algorithms will be terminated immediately.

5.3 Scaled alternating steepest descent

In this section, we present an accelerated version of Alg. 20. To motivate its con-
struction, let us consider the case when all the entries of X are observed. Under this
assumption, problem (5.2) can be simplified to
A S 2
min — || X° =Y Z|%. (5.10)

YeRmX'r 2
ZeRrXn

The Newton directions for problem (5.10) with respect to Y and Z are

(X°—-Y2)Z" (22", (5.11)
YY) 'vyt(x° -YZ), (5.12)

which are the gradient descent directions scaled by (ZZ7)~! and (YTY)™! respec-
tively. However, when only partial entries of X° are known, the Newton directions do
not possess explicit formulas similar to (5.11) and (5.12); and solving each subprob-
lem by Newton method is the same as solving a least squares problem as f(Y,Z7) is
an exact quadratic function of Y or Z. Nevertheless, it is still possible to scale the
gradient descent directions by (ZZ7)~! and (YTY)™!. ScaledASD uses the scaled

gradient descent directions with exact line-search, see Alg. 21.

Remark 5.4. 1. The leading order per iteration computational cost of Alg. 21
remains 8|Q|r if » < min(m,n), and the residual can be updated as in ASD,
see Sec. 5.2.

2. Although motivated from a different perspective, Scaled ASD can also be viewed
as a sequential version of the Riemannian gradient descent method suggested

in [74], though with a new metric.
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Algorithm 21 Scaled Alternating Steepest Descent (ScaledASD)
Initilization: rank r, Yo e R™*" Z e R™" [ =1
Iteration: During iteration [, do

1: Vg (Vi) = — (Po(X°) — Po(Y:Yi0)) ZF, gradient for Y
2 dy,_, =—Vfz Vi) (212 )7 search direction for YV
8ty = —(Viz (Yie1),dy )/ | Paldy_, Zi0) || stepsize for Y
4: Y, =Y 1 +t, dy, update Y
5: Vle(Zl—l) = —E/ZT (PQ(XO) - PQ(YEZl_l» gradient for Z
6: d,,_. = V'Y 'V iv.(Z_1) search direction for Z
7ty , = —(Viv(Z-1),d,_,)/ HPQ(Y}dZH)HQF stepsize for Z
8 Ly =21+ tzl—ldzl—l update Z

Output: X; =Y, 7,

5.4 Empirical performance comparisons

In this section, we present the empirical results on our gradient based algorithms and
other algorithms. ASD and ScaledASD are implemented in Matlab with two subrou-
tines written in C to take advantage of sparse structures. Other tested algorithms
include PF [57], LMaFit [100], LRGeomCG [99] and ScGrassMC [79], which are all
downloaded from the authors’ websites and where applicable use the aforementioned
C subroutines. For entry sensing, compared with the iterative hard thresholding algo-
rithms (NIHT, CGIHT, FIHT) which have O(n?®) per iteration complexity due to the
singular value decompositions, each aforementioned algorithm tested in this section
has O(|Q|r) complexity per iteration if m ~ n and r < min(m,n). LRGeomCG and
ScGrassMC are both Riemannian optimization algorithms for matrix completion. In
each iteration, ScGrassMC updates the left and right singular vector spaces of the low
rank matrix by line-search methods, while LRGeomCG acts on the matrix directly.
Because LRGeomCG can be viewed as a special iterative hard thresholding algorithm,
as a representative of Riemannian methods for matrix completion, we briefly review
LRGeomCG in Sec. 5.4.1. We compare these algorithms on both standard test images

in Sec. 5.4.2 and random low rank matrices in Sec. 5.4.3.
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5.4.1 LRGeomCG as a hard thresholding algorithm

LRGeomCG [99] is a non-linear conjugate gradient algorithm on a Riemannian man-
ifold which targets the non-convex problem

1
i ~||Pa(X°) — Po(X)]?
Jmin o[ Pa(X?) = Pa(X)l7

st. XeM,:={X e R™":rank(X) = r}. (5.13)

It is formulated using several concepts from differential geometry, including tangent
space, Riemannian gradient, vector transport, retraction. To avoid this conceptually
complexity, we will decribe it directly as a variant of the iterative hard thresholding
method. For the Riemainnian optimization ideas behind it, see [1, 99].

As stated previously, the computational bottleneck of the common iterative hard
thresholding algorithms exists in the computation of the singular value decomposi-
tions in each iteration, which is of the order O(n?) for an m x n matrix with m ~ n.
The SVD on a full m x n matrix is typically needed when projecting the intermediate
matrix onto the rank » manifold, as the estimate is updated along a gradient descent
direction which is not in any particular low dimensional subspace. However, if the
line-search direction is restricted into a low dimensional subspace associated with the
current estimate, it is likely to get an intermediate matrix which is low rank itself.
Then we might be able to operate on a smaller size matrix when truncating the esti-
mate to its nearest rank r approximation, provided the subspace is explicitly known.
By exploring this subspace idea, the general gradient and conjugate gradient iterative
hard thresholding algorithms for matrix completion are presented in Algs. 22 and 23
respectively. LRGeomCG can be recovered from Alg. 23 by selecting the subspace
specified in (5.16) in each iteration.

Compared with NIHT (Alg. 5) in Chapter 2, the major difference in Alg. 22 is
at Step 4, where the current estimate is updated along a projected gradient descent
direction rather than the gradient descent direction. Furthermore, in Alg. 23, the
search direction is selected to be an appropriate linear combination of the projected
gradient descent direction and the prior search direction projected onto the current
subspace (see Step 3 in Alg. 23). Motivated by the non-linear conjugate gradient

method in convex optimization [80], there are several choices for the parameter 54
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Algorithm 22 General Gradient Descent for matrix completion

Initilization: rank r, Uy = PrincipalLeftSingularVectors, (Po(X?)),
Xo = Projy, (Pa(X?)), I =1
Iteration: During iteration [, do

L R = Po(X°) — Po(X;1) (gradient descent direction

2: Ry | =Projg  (Ri—1) (projected gradient descent direction

3 a1 = (Ri_1, Ry ) /|| Pa (RY) Hi (steepest descent stepsize along RY ,

4. W1 = X1+ al,lRf_l (gradient descent update

5. U, = PrincipalLeftSingularVectors, (W;_;) (principal component subspace

6: X; = Projy, (Wi_1) (estimate update
Output: X

[1]. Explicitly imposing P | to be conjugate orthogonal to Proj Sis (]3[32) yields

(Po (RE,) Po (Projs,, (PE2)))
2
‘ Projs, (Pl§2)

.
while other formulas for 5;_; include

B =

Y

2
Fletcher-Reeves ZF R _ H?_lll
2

<R1571, Rf 1—ProjSl 1(Rf72)>
[

Polak-Ribiere L% =

Polak-Ribiere+ 87" = max {8, 0}.

Algorithm 23 General Conjugate Gradient Descent for matrix completion

Initilization: rank r, Uy = PrincipalLeftSingularVectors, (Pn(X?)),
Xo =Projy, (Pa(X?)), =1
Iteration: During iteration [, do

L Ry = Po(X°) — Po(X;1) (gradient descent direction
2: Ry | =Projg  (Ri—1) (projected gradient descent direction
3: P?, = R} | + Bi1Projs  (PS,) (conjugate gradient direction on S,y
4: oy = <Rl_1, Pfil> / ||PQ(.PZ§1)Hi, (steepest descent stepsize along PS

5 Wi_1 = X1 + ozl_lPl‘il (conjugate gradient descent update
6: U, = PrincipalLeftSingularVectors, (W;_;) (principal component subspace
7. X =Projy, (Wi-1) (estimation update

Output: X

Let X; be the current estimate in Algs. 22 or 23, and X; = U;%;V}* be the singular
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value decomposition. If §; is selected to be the column space of X; spanned by U;:
S ={X eR™": X =U,R" with R € R"™"}, (5.14)

the intermediate matrix W, remains in §;, which implies W is already a rank r matrix,
and no hard thresholding is needed. However, if X° ¢ Sy, it can never be recovered by
Algs. 22 and 23 since S; = S;_1--- = 51 = Sy does not include X? in each iteration.

Similar conclusion can be drawn if S; is the row space of X; spanned by V;:
S ={XeR™": X =LV with L € R™*"}.. (5.15)

Therefore, a larger S; is necessary to allow the subspace to update iteratively, so that
it can capture more details of the underlying low rank matrix. When &; is selected
to be a direct sum of (5.14) and (5.15)

S ={XeR™: X =UR + LV, with R€ R"" and L € R™*"}, (5.16)

Algs. 22 and 23 turn out to be the Riemmannian gradient and conjugate gradient
methods for (5.13). In the matrix completion literature, the subspace of the form
(5.16) first appears in [29], where it plays the role of the “support set” of a low
rank matrix for the authors to establish the equivalence between the nuclear norm

minimization and matrix completion, see Thm. 1.13. Here are several facts about §;.
Proposition 5.5 ([99]).
1. For any X € &, rank(X) < 2r.

2. §; is the tangent space of the smooth manifold M, at X;; and the dimension of

Sy isr(m+n—r).
3. For any X € R"™*",

Projg, (X) = UUX + XVIVJ?k - UU XV, (5.17)
Projs.(X) = (In—UU})X (I, — ViV}), (5.18)

where [,,, and I,, are m xXm and n x n identity matrices, and 5lL is the orthogonal

complement of §;.
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In each iteration of Algs. 22 and 23, if §; is selected to be the subspace in (5.16),
an SVD is needed to project W; onto the rank r matrix manifold. First note that in

both algorithms, WW; can be expressed as
W, =X, + 7, (5.19)

where Z; = oqu in Alg. 22 and Z; = ¢ (R;S + BiProj (Pl‘il)) in Alg. 23 are both in
S;. Concequently,

W, = UEV"+ 2
= UV +Projg (%)
= UX\V'+UU Z + 2ViVi — QU ZVi V)
= USV+UUZ vy
+ZViVi = DUE Z ViV
+U,UF Z — UUL Z ViV
= U(S+ U ZV)Vi + (I = UUN) 2V VE + U U Zi( L, — ViVY) -

-~

Y1 vy

If Y = QiRy, Yo = 2R, is the QR factorizations of Y7 € R™*" and Y, € R™*", then
UrQ1 =0 and V;*Q2 = 0. Therefore,

W, = U&E+UZV)V]"+ Q1 RV + URQ;

X+ U2V, Ryl |V
- ool ]

-~

M,

where M is a 2r X 2r matrix. Since [Ul Ql] and [Vl Q2:| are both unitary matrices,
the SVD of W, can be obtained from the SVD of M;, which is a matrix of size much

smaller than min(m,n) if r < min(m,n).

5.4.2 Image inpainting

In this section, we demonstrate the performance of the proposed algorithms on image
inpainting problems. Image inpainting concerns filling in the unknown pixels of an
image from an incomplete set of observed entries. All the aforementioned algorithms
are tested on three standard 512x 512 grayscale test images (Boat, Barbara and Lena),
each projected to the nearest rank 50 image in the Frobenius norm. Two sampling

schemes are considered, a) random sampling where 35% pixels of the low rank image
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Table 5.1: Relative reconstruction errors for image inpainting

ASD ScaledASD | LMaF'it PF LRGeomCG | ScGrassMC
Random | 3.13e-02 7.04e-05 7.39¢-05 | 6.28¢-04 5.0e-05 6.81e-5
Cross 9.35e-02 1.11e-04 1.12e-04 | 9.04e-04 7.28e-05 1.14e-04

were sampled uniformly at random, and b) cross mask where 6.9% pixels of the image
were masked in a non-random cross pattern. The relative residual tolerance was set
to 107°. All algorithms were provided with the true rank of the image except LMaFit
for random sampling which used warm starting strategies proposed by its authors in
[100], where the hand tuned parameters chosen to give the best performance on the
images tested were their increasing strategy with initial rank set to 25 and maximum
rank set to 60. The tests were performed on the same computer as described in Sec.
5.4.3.2.

The reconstructed images for the Boat test image and each tested algorithm are
displayed in Figs. 5.1 and 5.2 for the random sampling and cross mask respectively.
The relative errors of the reconstructed images are presented in Tab. 5.1. The relative
residual plotted against iteration number and computational time for each test image
and algorithm tested are displayed in Figs. 5.3 and 5.4 respectively. Fig. 5.4 (a,c,e)
show that ScaledASD and ScGrassMC have rapid initial decrease in the residual, and
that LRGeomCG has the fastest asymptotic rate. For moderate accuracy Scaled ASD
and ScGrassMC require the least time for random sampling of the tested natural
images, while for high accuracy LRGeomCG is preferable. It should be noted that the
completed images are visually indistinguishable for relative residuals of about 1072,
which is well before the fast asymptotic rate of LRGeomCG begins. Alternatively, for
the cross mask, Fig. 5.4 (b,d,f) show that ScaledASD, PF and LMaFit are preferable
throughout, though the fast asymptotic rate of LRGeomCG suggests it would be
superior for a relative tolerance below 107°. Only ScaledASD is preferred for both
the random sampling and cross mask, suggesting its usage for moderate accuracy,

and LRGeomCG for higher accuracy.

5.4.3 Random matrix completion problems

In this section we conduct tests of randomly drawn rank r matrices using the model
X°=YZ, where Y € R™" and Z € R™" with Y and Z having their entries drawn
i.i.d. from the normal distribution A/(0,1). A random subset Q of p entries from X°
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Original image Rank 50 approximation 35% random sampling

ScaledASD LMaFit

PF LRGeomCG ScGrassMC

Figure 5.1: Image reconstruction for “Boat” from random sampling. The size of the
image is 512 x 512. The desired rank is 50, and 35% entries of the low rank image
are sampled uniformly at random.
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Original image Rank 50 approximation cross masked

e\

ScaledASD LMaFit

LRGeomCG ScGrassMC

Figure 5.2: Image reconstruction for “Boat” from cross masked. The size of the
image is 512 x 512. The desired rank is 50, and 6.9% entries of the low rank image
are masked in a non-random way.
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Figure 5.3: Relative residual as function of iterations
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for image recovery testing on

“Boat” (top), “Barbara” (middle) and “Lena” (bottom). Left panel: random sampling;

right panel: cross mask.
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Convergence curve for cross mask

—ASD
ScaledASD

relative residual

\\\ — LMaFit
PF i
§ —LRGeomCG
— ScGrassMC [

relative residual

—ASD
ScaledASD

— LMaFit

PF
——LRGeomCG
—— ScGrassMC i

0 5 10 15
time [s]

(a)

30

10 20 30 50 60 70 80

40
time [s]

(b)

Convergence curve for random sampling
T T T :

Convergence curve for cross mask
T T T

T T ; ;
o —ASD I o L —ASD I
ScaledASD ScaledASD
— LMaFit — LMaFit H
PF PF
. ——LRGeomCG . —LRGeomCG
0 —— ScGrassMC | 10 —— ScGrassMC [}
T ©
=} =}
b=, k=,
i 3
2 0L ] S 00t i
(] (]
3 =
5] k5]
[ ©
107 E 107 E
10°F E 10°F E
\ \ , \ , , \ , \ \ \ \
0 5 10 15 20 25 30 0 10 20 30 40 50 60 70 80
time [s] time [s]
() (d)
Convergence curve for random sampling Convergence curve for cross mask
o —ASD I o —ASD I
ScaledASD ScaledASD
— LMaFit — LMaFit
PF PF
. —LRGeomCG || . —LRGeomCG
0 —— ScGrassMC | w0 —— ScGrassMC i
© ©
> >
h=] b=
10 °f E| 10 °F
[} [}
= >
s K|
[ [

15
time [s]

(e)

30

10 20 30 50 60 70 80

40
time [s]

(f)

Figure 5.4: Relative residual as function of time for image recovery testing on “Boat”
(top), “Barbara” (middle) and “Lena” (bottom). Left panel: random sampling; right

panel: cross mask.

103



are sampled uniformly at random. For conciseness, the tests presented in this section

consider square matrices as is typical in the literature.

5.4.3.1 Largest recoverable rank

Of central importance in matrix completion is what is the largest recoverable rank
given (m,n,p), or equivalently, given (m,n,r) how many measurements of the entries
are needed in order to reliably recover a rank r matrix. To quantify the optimality
of such statements we use the same phase transition framework as in Chapters 2 and
4. First recall that the phase transition for matrix completion is defined through the
undersampling and oversampling ratios:

dy
5 =L and p=—, (5.20)
mn p

where p is the number of sampled entries, and d, = r(m + n — r) is the degrees
of freedom in a m x n rank r matrix. The region of greatest importance is severe
undersampling, for § < 1, and we restrict our tests to two values 6 € {0.05,0.1},
which also allows us to test large matrices®. Due to the high computational cost of
accurately computing an algorithm’s phase transition we limit the testing here to the
three of the most efficient algorithms ASD, LMaFit and LRGeomCG. Both ASD and
LRGeomCG were provided with the true rank of the matrix, while the decreasing
strategy with the initial rank set to |1.25r] was used in LMaFit as suggested in [100].

As in Chapter 2, for each triple (m,n,p), we started from a sufficiently small rank
r so that the algorithm could successfully recover each of the sampled matrices in 100
random tests. The rank is then increased until it was large enough that the algorithm
failed to recovery any of the 100 testing matrices to within the prescribed relative
accuracy. In these tests an algorithm is considered to have successfully recovered the
sampled matrix X if it returns a matrix X that is within 2 x 1073 of X° in the
relative Frobenius norm, see (2.12) in Chapter 2. We refer to the largest rank for
which the algorithm succeeded in each of the 100 tests as r,,;,, and the smallest rank
for which the algorithm failed all the 100 tests as 7,,,.. The exact values of rin, Tmae

and associated pin, Pmaz are listed in Tab. 5.2.

3The tests were conducted on the IRIDIS HPC facility provided by the e-Infrastructure South
Centre for Innovation.The IRIDIS facility runs Linux nodes composed of two 6-core 2.4GHz Intel
Westmere processors and approximately 22GB of usable memory per node. The data presented in
Sec. 5.4.3 required 4.5 months of CPU time.
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From Tab. 5.2, we can see that, similar to NIHT and CGIHT for matrix com-
pletion, both ASD and LGeomCG are able to recovering a randomly generated rank
r matrix from only C - r(m + n — r) measurements of its entries with C' being only
slightly larger than 1, even when 6 = 0.05. In contrast, LMaFit has a substantially
lower phase transition. Table 5.2 shows that these observations are consistent for

different, moderately large size matrices.

Table 5.2: Phase transition table for ASD, LMaFit and LRGeomCG. For each
(m,n,p) with p = 0 - mn, the algorithm was observed to successfully recover each
of the 100 randomly drawn m x n matrices of rank r if » < r,,;, and failed to recover
each of the randomly drawn matrices if » > r,,4,. The oversampling ratios p,.;, and
Pmaz are computed using 7y, and 7,4, by (5.20).

Configuration ASD LRGeomCG LMaFit

m=n 9 Tmin Tmaz Pmin Pmax Tmin Tmaz Pmin Pmaz Tmin Tmaz Pmin Pmaz
1000 0.05 18 23 0.71 0.91 18 24 0.71 0.95 12 22 0.48 0.87
1000 0.10 43 48 0.84 0.94 44 48 0.86 0.94 30 44 0.59 0.86
2000 0.05 44 47 0.87 0.93 44 47 0.87 0.93 25 41 0.50 0.81
2000 0.10 92 95 0.90 0.93 92 96 0.90 0.94 54 84 0.53 0.82
4000 0.05 91 94 0.90 0.93 92 95 0.91 0.94 65 84 0.64 0.83
4000 0.10 186 190 0.91 0.93 188 191 0.92 0.93 141 172 0.69 0.84

5.4.3.2 Recovery time

In this section we evaluate the recovery time for the aforementioned algorithms when
applied to the previously described randomly generated rank r matrices. The rela-
tive error, number of iterations, and computational time reported in this section are
average results of ten random tests. All algorithms were supplied with the true rank,
except LMaFit which used the decreasing strategy with the initial rank |[1.257] as
advocated in [100]. The tolerance for relative residual, HPQ(X - X°) ) /1 Pa(X)|l2,

was set to 107° for each algorithm and other parameters were set to their default

values. The simulation was conducted on a Linux machine with Intel Xeon E5-2643
CPUs @ 3.30 GHz and 64GB memory, and executed from Matlab R2013a.

The performance of ASD, ScaledASD and PF are compared in Tab. 5.3 for
medium size matrices of m = n = 1000 with undersampling ratio ¢ € {0.1,0.3,0.5}
and the rank of the matrix is taken so that p/d, ~ 2.0 and 1.27. Table 5.3 shows that
PF takes many fewer iterations than ASD and ScaledASD; however, both ASD and
ScaledASD can require much less computational time than PF due to their lower per
iteration computational complexity. ScaledASD is observed to take fewer number of
iterations than ASD and is typically faster, with the advantage of Scaled ASD over
ASD increases as 6 = p/mn increases for p/d, being approximately fixed. This is

because the more entries of a matrix are known, the more likely it is that Scaled ASD
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will behave like a second order method; in particular, if all the entries have been
observed, ScaledASD is actually an alternating Newton method for (5.10) while ASD
is an alternating gradient descent method.

Next we compare the algorithms, excluding PF due to its slow convergence, on
larger problem sizes and explore how their performance changes with additive noise.

Tests with additive noise have the sampled entries Py (X?) corrupted by the vector

w
lwlly’

where the entries of w are i.i.d standard Gaussian random variables, and ¢ is referred

e=e-[[Po(X?)[,- (5.21)

to as the noise level. The tests conducted here consider € to be either zero or 0.1. Tests
are conducted for m = n € {4000, 8000, 16000}, r € {40,80}, and p/d, € {3,5}. The
results are presented in Tabs. 5.4 and 5.5 for noise levels ¢ = 0 and 0.1 respectively.
Table 5.4 shows that for e = 0, ASD and ScaledASD consistently require less time
than LMaFit, ScaledASD always requires the least time for p/d, = 5 and LRGe-
omCG requires the least time for p/d, = 3. Table 5.5 shows that for ¢ = 0.1, the
performance is predictable, with out of the twelve (m,n,p,r) tuples tested: LMaFit
requires the least time in four instances, ASD in one instance, ScaledASD in three
instances, and LRGeomCG in four instances. Despite the efficiency of ScGrassMC for
random sampling of the natural images in Fig. 5.4 (a,c,e), Tabs. 5.4 and 5.5 show that
ScGrassMC consistently requires substantially greater computational time, for ran-
dom rank r matrices, than the other algorithms tested. Tables 5.4 and 5.5 show the
efficiency of ASD and ScaledASD when the random problems are solved to moderate
accuracy. However, it is worth noting that these randomly generated matrices are
well-conditioned with high probability; as ASD and ScaledASD are both first order
methods, it can be expected that they will suffer from slow asymptotic convergence
for severely ill-conditioned matrices, in which case a higher order method such as
LRGeomCG or ScGrassMC may be preferable, see [21, 79] for a discussion of this

phenomenon.
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Table 5.3: Average computational time (s) and average number of iterations of ASD,
ScaledASD and PF over ten random rank r matrices per (m,n,p,r) tuple for m =
1000, n = 1000, and 6 € {0.1,0.3,0.5}.

p/d, 2.05 1.28

rel.err iter time | rel.err iter time

p/mn 0.1

r 25 40
ASD 3.5e-5 103 1.5 | 9.0e-5b 582 14.1
ScaledASD | 3.5e-5 97 1.5 | 9.1e-b 533 13.3

PF 2.6e-5 29 11.0 | 8.1e-5 141 854
p/mn 0.3
r 75 125

ASD 2.6e-5 63 8.8 | 7.0e-5 373 88.7
ScaledASD | 2.6e-5 48 6.8 | 7.0e-5 252 61.6

PF 2.1e-5 20 14.0 | 6.7e-5 93 110
p/mn 0.5
T 130 220

ASD 2.1e-5 64 26.3 | 5.8¢-5 361 255
ScaledASD | 2.3e-5 33 13.7 | 6.0e-5 155 111
PF 1.6e-5 16 16.5 | 5.7e-5 65 124

Table 5.4: Average computational time (s) and average number of iterations of ASD,
ScaledASD, LMaFit and LRGeomCG over ten random rank r matrices per (m,n, p,r)
tuple for m = n € {4000, 8000, 16000}, € {40,80}, and p/d, € {3,5}. The noise

level € is equal to 0.

r 40 80
p/dr 3 5 3 5
rel.err iter time | rel.err iter time | rel.err iter time | rel.err iter  time
m=mn 4000
ASD 2.1e-5 42 11.0 1.4e-5 23 9.6 2.0e-5 35 36.1 1.1e-5 20 33.7

ScaledASD 2.0e-5 41 10.6 1.4e-5 22 9.2 1.9e-5 33 34.1 1.2e-5 18 30.4

LMakFit 2.1e-5 68 12.0 1.3e-5 35 10.4 | 2.0e-5 55 37.8 1.2e-5 31 35.9
LRGeomCG | 1.3e-5 23 9.4 1.0e-5 15 9.8 1.0e-5 21 33.6 | 6.9¢-6 14 36.0
ScGrassMC 1.7e-5 24 76.1 1.3e-5 16 116 1.3e-5 23 967 1.1e-5 14 1609

m=mn 8000
ASD 2.1e-5 43 24.6 1.4e-5 23 21.1 1.9e-5 37 80.8 1.4e-5 20 70.9
ScaledASD 2.1e-5 43 24.4 | 1.4e-5 23 20.8 | 1.9e-5 36 78.6 1.4e-5 20 68.6
LMaFit 1.9e-5 73 29.2 1.5e-5 38 24.6 1.9e-5 62 94.0 1.3e-5 35 87.0

LRGeomCG | 1.7e-5 23 20.4 | 8.le-6 16 22.2 1.3e-5 22 74.1 | 1.2e-5 15 77.4
ScGrassMC 1.4e-5 29 179 8.9e-6 16 265 1.7e-5 23 2330 | 9.5e-6 15 3445
m=mn 16000
ASD 2.1e-5 44 61.4 1.4e-5 23 50.4 1.9e-5 38 201 1.1e-5 21 169
ScaledASD 2.0e-5 43 56.4 1.4e-5 23 47.8 | 2.0e-5 37 186 1.4e-5 20 159
LMaFit 2.2e-5 81 77.5 1.3e-5 41 62.6 1.7e-5 69 242 1.4e-5 37 210
LRGeomCG | 1.6e-5 24 47.5 | 1.0e-5 16 49.9 1.4e-5 22 167 | 9.7e-6 15 178
ScGrassMC 1.5e-5 25 495 1.0e-5 16 704 1.4e-5 23 6063 | 1.0e-5 16 8681
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Table 5.5: Average computational time (s) and average number of iterations of ASD,
ScaledASD, LMaFit and LRGeomCG over ten random rank r matrices per (m,n, p,r)
tuple for m = n € {4000, 8000, 16000}, € {40,80}, and p/d, € {3,5}. The noise
level € is equal to 0.1.

r 40 80
p/dr 3 5 3 5
rel.err iter time | rel.err iter time | rel.err iter time | rel.err iter  time
m=mn 4000
ASD 7.1e-2 21 5.6 5.0e-2 19 8.2 7.0e-2 21 21.6 | 4.9e-2 19 32.0

ScaledASD 7.1e-2 21 5.6 5.0e-2 19 8.3 7.0e-2 21 21.8 | 4.9e-2 19 32.2
LMaFit 7.1e-2 30 5.8 5.0e-2 20 6.3 7.0e-2 26 18.8 | 4.9e-2 16 19.9
LRGeomCG | 7.le-2 14 5.8 5.0e-2 11 7.2 7.0e-2 13 20.9 | 4.9e-2 11 28.4
ScGrassMC 7.le-2 15 69.8 | 5.0e-2 10 113 7.0e-2 14 984 4.9e-2 9 1524
m=n 8000
ASD 7.1le-2 21 12.3 | 5.0e-2 19 17.9 | 7.0e-2 21 46.2 | 5.0e-2 19 67.1
ScaledASD 7.1e-2 21 12.3 | 5.0e-2 19 18.0 | 7.0e-2 21 46.5 | 5.0e-2 19 67.5
LMaFit 7.1e-2 34 14.8 | 5.0e-2 22 15.7 | 7.0e-2 31 49.7 | 5.0e-2 20 52.7
LRGeomCG | 7.le-2 14 12.7 | 5.0e-2 11 15.5 | 7.0e-2 13 44.7 | 5.0e-2 11 60.8
ScGrassMC 7.1e-2 16 171 5.0e-2 10 264 7.0e-2 14 2337 | 5.0e-2 10 3623

m=mn 16000
ASD 7.1le-2 21 29.8 | 5.0e-2 20 41.9 | 7.1e-2 21 108 5.0e-2 19 157
ScaledASD 7.1le-2 21 28.2 | 5.0e-2 20 42.3 | T7.1e-2 21 106 5.0e-2 19 152
LMakFit 7.3e-2 29 31.1 5.0e-2 26 424 | T.le-2 32 119 5.0e-2 22 135
LRGeomCG | T7.1le-2 15 29.4 | 5.0e-2 11 35.7 | 7.1e-2 14 106 5.0e-2 11 133
ScGrassMC 7.1e-2 16 651 5.0e-2 11 757 7.1e-2 15 6285 | 5.0e-2 10 9227

5.5 Proofs of Theorems 5.1 and 5.3

The convergence analysis of block coordinate descent methods for general uncon-
strained optimization problems has been studied in [55] based on stationary points.
However, due to the simple structure of problem (5.2), for completeness we will offer a
direct proof. Because the proof of Thm. 5.1 follows that of Thm. 5.3, we first present
the proof of Thm. 5.3.

5.5.1 ASD convergence analysis: Proof of Theorem 5.3

Proof of Theorem 5.3. Suppose (Y;,, Z;,) is a subsequence of (Y}, Z;) such that

lim ¥, =Y~ lim 2, = 2",
k—>00

lk~>oo

for some (Y*, Z*). In order to prove (Y*, Z*) is a stationary point, by continuity of

the gradients, it is sufficient to prove

lk—)OO lk—>oo k
Since (Y},, Z;,) are bounded for all I, (5.22) follows immediately from the subsequent
Lems. 5.6 and 5.7. L
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Lemma 5.6. If (Y},, Z,,) is a bounded sequence,

k>

lim nylk (Zlk—l) = 0, lim VfZl ( ) =0 (523)

lk—)OO k—)OO

Proof. By the quadratic form of f(Y,Z) with respect to Y and Z, the decrease of

f(Y,Z) can be computed exactly in each iteration,

o]
G2t = F(YisZi) — L 5.24
f¥iZia) = f(Yier, Zim) 2P0 (Y, (Vi) 2| 20
4
f,z) = f\Yi,2-1) — LIV FitZia)lle (5:25)

2Py (YiV v (Zi) %

Summing up (5.24) and (5.25) from [ = 0 to [ = i gives

12000, [V (2] }
b
P2 (V2 (D215 ([P (ia Vi, (20)) [

[V 20) = (Yo, 7o) — & 2_3 {

The nonnegativity of f(Y;, Z;) for all ¢ implies

= IV [V fvis (20 } .
Z{HPQ(WZA Y1) Z) ||F+HPQ( Yir Vi (20) || =

Consequently,
4
VIO (5.26)
=00 ”PQ (vaz< )Zl)HF
IV fi(Zi) || (5.27)

im 2
= || Po (YIV fy,(Z121)) || 7

In particular, (5.26) and (5.27) are also true when [ is replaced by the subsequence

l. Since Z;, is bounded, one has

I (91,000

, = 7ol

< || fa, 00| 12l < ||V 52, 00|

for some C' > 0. Thus

4 4
valk (YEk) P vazzk (}/Ek) P _0 (5 28)
lp—00 2 — lp—00 2 7 '
C? Vszk (YEIC) P HPQ <Vszk, (}/Ek)Zlk> P
which gives llim Vfz, (V) = 0. Similarly llim V fyi, (Zi,-1) = Osince V), is bounded.
| —>00 k=700

]
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Lemma 5.6 justifies the second limit in (5.22). The first limit in (5.22) follows
directly from Lem. 5.7.

Lemma 5.7. If (Y},, Z,,) are bounded,

k)

lk~>oo

Proof. The difference between V fy;, (Zy,) and V fy; (Zj,—1) is

Vi, (Z,) = Vv, (Zy-1) ~Y,{ (Po(X°) = Po(Y,, Z1,))
+ Y, (Pa(X°) = Po(Yy, Zi 1))
Ve Pa(Yi (Zy, = Z1, 1))
~t, Vil Po (Y Vv, (Z,-0))
2
- HVszk<Zlk—1>HF . YlkTPQ (Ylkvazk (Zlk—1)> ’
YOI

where the third equation follows from Z;, = Zj, -1 +t,, ,Vfy;, (Z,-1). Hence,

vaylk (Zlkfl) i
e,
2

HVszk(Zlk—l) B
TNl

HVlek (Z1) = Vv (Zy-1)||

< Ml H

IN

C —0 (5.30)

where the second inequality follows from the boundedness of ¥;, and the limit follows
from (5.27). Combining (5.30) together with (5.23) gives

lim Vfy, (Z,) = 0.

lk—>oo

5.5.2 PF convergence analysis: Proof of Theorem 5.1

Proof of Theorem 5.1. Let (Y}, Z;) be a sequence from Alg. 4, with a subsequence

(Y., Z1,) converging to (Y*, Z*). Because Z; minimize fy,(Z) over all the Z € R™*",

Vi(Z) =0,
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for all [. By the continuity of the gradients,
lp—00

To prove llim Viz, (Y,) =0, let (Y}, Zi_1) be the solution obtained by one step
k—>00

steepest descent as in Alg. 20 from (Y,_y, Z,_1), and (Y}, Z;) be the solution obtained

by one step steepest descent from (Y}, Z;_1). Then,

~ 1 vazl_l(YZ—DHiﬂ

fY,Z) < fMN,Z20) = f(Yie1, Zia) — 3 5
1Pa (V12 (Yi1) Zi) [

1 IVAZe) |k
2| Pa (ViV fyi(Zim)) 3

f(YZv Zl) < f(sz Zl) = f(YZ, Zlfl) -

where the inequalities follow from that Y; and Z;, by the definition, are the minimal
points, and the equalities follow from the same argument as in (5.24) and (5.25).
Thus,

L VAL IV fri (2] }
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Repeating the argument for Lem. 5.6 yields

Vfz«(Y") = lim Vfz (V) =0.

k~>oo
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Chapter 6

Conclusions and future directions

This thesis focuses on design and analysis of efficient numerical algorithms for com-
pressed sensing and matrix completion. We close by summarizing the contributions
of the thesis and pointing out some potential directions for future work.

For compressed sensing, we have introduced a family of conjugate gradient itera-
tive hard thresholding algorithms (Chapter 3) which combines the low per iteration
computational complexity of simple projected gradient descent algorithms with the
fast asymptotic convergence rates of more sophisticated algorithms. We provide re-
covery guarantees in terms of RICs of the measurement matrix for the restarted and
projected variants of CGIHT. The large scale empirical tests using the GPU software
package GAGA establish significant computational advantages of CGIHT in terms of
average case phase transitions and overall computational time.

The efficacy of CGIHT for compressed sensing suggests it may well be similarly
effective for other sparse approximation problems, such as the model based com-
pressed sensing [5] or the compressed sensing problem in signal space [17, 37]. In a
different direction, the non-restarted variant of CGIHT for compressed sensing is the
best performing variant, but unfortunately lacks a recovery guarantee. Developing
a recovery guarantee is likely to require an analysis of the fraction of a support set
correctly identified in each iteration. In the guarantee analysis for the projected vari-
ant of CGIHT, the tuning parameter depends on RICs of the measurement matrix.
Developing a recovery guarantee without this dependence may also require detailed
analysis of the support set in each iteration.

For matrix completion, we have extended NIHT for compressed sensing to the
matrix completion setting (Chapter 2). NIHT for matrix completion is observed to

be able to recover a random low rank matrix from near the minimum number of
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measurements; and the empirical phase transition of NIHT is clearly higher than
that of the nuclear norm minimization, particularly for the severely undersampling
regions. The observed phase transition of the nuclear norm minimization is consistent
with the theory [2, 81]. It is known that the nuclear norm minimization fails with high
probability to recover a low rank matrix in the region between the phase transitions
of itself and NIHT. This different phase transition phenomenon from the observed
universality of phase transitions in compressed sensing [14, 43, 90] may deeply root in
the fact that all m x n matrices of rank r form a smooth manifold in R"*", while the
set of k-sparse vectors consists of separable k dimensional subspaces; and it requires
further investigations by exploring the manifold ideas.

NIHT’s ability to recover the largest rank matrices comes at the cost of allowing
the method to converge at an extremely slow rate as the rank becomes large. The
ability of increasing the recovery region at the cost of slow convergence rates suggests
the need for accelerated variants of NIHT. CGIHT for matrix completion (Chapter 4)
can further accelerate NIHT without much added computational cost by taking ad-
vantage of the fast convergence rate and low per iteration computational cost of the
traditional conjugate gradient method. CGIHT also improves the empirical phase
transitions of NIHT for both dense and entry sensing.

In Chapter 5, we introduce two alternating minimization algorithms ASD and
ScaledASD for matrix completion. The convergence of limit points to stationary
points is established. Although ASD and ScaledASD are implemented for fixed rank
matrix completion problems, the common rank increasing and decreasing heuristics
can be incorporated into them as well. The efficacy of ASD and ScaledASD sug-
gests they may also be effective for other related problems, such as tensor completion
[67, 51, 62] or separation of sparse outliers from low rank matrices [27, 102]. For
ScaledASD, it would be interesting to try different scaling techniques, especially for
more diverse applications. Moreover, a recent paper [61] proves that PowerFactoriza-
tion with some specific initial point is guaranteed to find the objective matrix with
high probability if the number of measurements is sufficiently large; a similar analysis

for ASD appears a constructive approach.
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