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Abstract

These lecture notes survey some joint work with Samson Abramsky as it was presented by me at
Mathematical Foundations of Programming Semantics XXI in Birmingham (2005).3 It concerns a
categorical semantics for quantum mechanics introduced in [3,4]. We present this semantics with
a particular focus on the connection between categorical diagrams and certain pictures involving
typed squares, triangles, diamonds and lines. Along the way we unravel the structural components
which come with strong compact closure. We provide pointers to related literature.
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1 Introduction

The starting point of these developments was the Logic of Entanglement
[11,12,13], which emerged from an investigation by Abramsky and myself on
the connection between Quantum Entanglement and Geometry of Interaction
[2], and which provided a scheme to derive protocols such as Quantum Tele-
portation [8], Logic-gate Teleportation [18], Entanglement Swapping [33] and
various related ones through the notion of Quantum Information-flow (see also
[12,13]). In [3,4] Abramsky and I axiomatized this quantum information-flow

1 The research which led to these results was supported by the EPSRC grant EP/C500032/1
on High-Level Methods in Quantum Computation and Quantum Information. We thank
the organizers of MFPS XXI for the invitation to present this work.
2 Email: coecke@comlab.ox.ac.uk
3 I only present part of that talk since some material is already available elsewhere [15].
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in category theoretic terms which via the work of Kelly & Laplaza [24] and
Joyal & Street [20] formally justifies the grapical calculus informally initiated
in [11], subsequently refined in [3,12,4], surveyed in my lecture notes entitled
Kindergarten Quantum Mechanics and connected up by Abramsky & Duncan
to the so-called proof nets of Linear Logic in [5]. The most elaborate mathe-
matical presentation on this issue can currently be found in Selinger’s paper
[30] — while at first sight his graphical calculus looks quite different from
ours, they are in fact formally equivalent, being both transcriptions of strong
compact closure (or as Selinger calls it, dagger compact closure). However,
Selinger’s language depicts the logic only, while our calculus carries two sto-
ries, since it also identifies the operationally relevant entities from a physical
perspective. Actually, the use of graphical calculi for tensor calculus goes back
to Penrose [27], initiating as applications the theories of Braids and Knots in
Mathematical Physics. We mention independent work by Louis Kauffman
[22] which provides a topological interpretation of quantum teleportation and
hence relates to the Logic of Entanglement in [11], and we mention indepen-
dent work by John Baez [6] which relates to the developments in [3,4] in the
sense that he exposes similarities of the category of relations, the category of
Hilbert spaces, and the compact closed category of cobordisms which plays an
important role in Topological Quantum Field Theory. There also seem to be
promising connections with Basil Hiley’s recent work [19] on Dirac’s ‘standard
ket’ [17] in the context of quantum evolution. The connection between the
different categorical structures of our interest is:

Strong Compact Closure [3,4] ⇒ Compact Closure [23] ⇒ ∗-autonomy [7]

where the latter is the semantics for the multiplicative fragment of Linear Logic
[29]. Linear Logic itself is a logic in which one is not allowed to copy nor delete
premisses, hence enabling one to take computational resources into account
— in view of the No-Cloning [32] and No-Deleting [26] theorems it is not a
surprise that the axiomatization of quantum information-flow comprises this
resource-sensitive logicality. A very substantial contribution to our program
was made by Peter Selinger who discovered the construction which turns any
strongly compact closed category of pure states and pure operations into one of
mixed states and completely positive maps [30]. At the same time, I discovered
the preparation-state agreement axiom [14], and in currently ongoing work I
identified another axiom which combines preparation-state agreement and the
structural content of Selinger’s construction. It has the potential to provide a
categorical foundation for quantum information theory [16] — many quantum
information theoretic fidelities and capacities (see [25] for a structured survey
on some of these) can indeed be unified in our graphical calculus once this
axiom is added. At the more abstract side of the spectrum we refer for Joyal,
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Street and Verity’s abstract theory of partial trace to [21] and for the current
state of the art on free constructions of traced and strongly compact closed
categories to Abramsky’s [1].

2 Strong compact closed tensors

Following [4] a strongly compact closed tensor is a symmetric monoidal tensor
together with

• a involution dual A �→ A∗ on objects,

• a contravariant strict ⊗-involution adjoint fA→B �→ f
†

B→A ,

• and a unit ηA : I → A∗ ⊗ A with ηA∗ = σA∗,A ◦ ηA for each object

such that we have commutation of

A � �
I ⊗ A �

η
†
A∗ ⊗ 1A

(A ⊗ A∗) ⊗ A

A

1A

�

�
� A ⊗ I

1A ⊗ ηA

� A ⊗ (A∗ ⊗ A)

�

�

This diagram can equivalently be represented by the following picture:

=

where the left-hand-side of the equality stands for 1A and in the right-hand-
side the triangle at the bottom stands for ηA and the one at the top for ηA∗ .
For a more detailed introduction to these kind of pictures we refer the reader
to another set of lecture notes [15]. The above diagram is also equivalent to

A � �
I ⊗ A �η

†
A ⊗ 1A

(A∗⊗ A) ⊗ A �� A∗⊗ (A ⊗ A)

A

1A

�

�
� I ⊗ A

ηA ⊗ 1A

� (A∗⊗ A) ⊗ A
�
� A∗⊗ (A ⊗ A)

1A∗⊗ σA,A

�
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which has

=

as its pictorial equivalent. A ∗-structure arises when setting:

A∗ � �
A∗ ⊗ I �1A∗ ⊗ η

†
B∗

A∗ ⊗ B ⊗ B∗

B∗

f ∗

�

�
� I ⊗ B∗

ηA ⊗ 1B∗

� A∗ ⊗ A ⊗ B∗

1A∗⊗ f ⊗ 1B∗

�

in a picture that is:

=:

ff *

and this ∗-structure is not only ∗-autonomous in the sense of Barr [7] but also
compact closed in the sense of Kelly [23]. As shown in [3,4] compact closure
provides an intriguing compositional structure:
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=: f =:

fff

= =f

g
g   fo

g

f h h   g   fo o

f f=

f f
*

*

=

which subsumes the ‘seemingly acausal flow of information’ which was exposed
in the Logic of Entanglement [11,12,13]. There is however a second ∗-structure
which we call lower star [3,4]:

B∗ � �
B∗ ⊗ I �1B∗ ⊗ η

†
A∗

B∗ ⊗ A ⊗ A∗

A∗

f∗

�

�
� I ⊗ A∗

ηB ⊗ 1A∗

� B∗ ⊗ B ⊗ A∗

1B∗⊗ f † ⊗ 1A∗

�

in a picture that is:

=:

ff*
†

which constitutes a genuine extra piece of data as compared to ordinary com-
pact closure. One could say that:

strong compact closure
compact closure

� inner-product space
vector space

Compact closure (as always) also provides a trace structure in the sense of
Joyal, Street and Verity [21]:
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B � �
I ⊗ B �

η
†
C ⊗ 1B

(C∗⊗ C) ⊗ B �� C∗⊗ (C ⊗ B)

A

TrC(f)

�

�
� I ⊗ A

ηC ⊗ 1A

� (C∗⊗ C) ⊗ A
�
� C∗⊗ (C ⊗ A)

1C∗⊗ f

�

in a picture that is:

=:

fTr ( f )C

of which the corresponding full trace variant:

I �
η
†
A A∗⊗ A

I

Tr(h)

�

ηA

� A∗⊗ A

1A∗⊗ h

�

that is:

=:

hTr( h )

endows any morphism with a scalar , i.e. a morphism of type I → I which we
want to interpret as a probabilistic weight. Recall here that in each monoidal
category the endomorphism-monoid of scalars is always commutative [24]:
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I � �
I ⊗ I ======= I ⊗ I ======= I ⊗ I

� � I

I

t

�
� �

I ⊗ I

1I ⊗ t

�
I ⊗ I

s ⊗ 1I

� � � I

s

�

I

s

�
�

�
I ⊗ I

s ⊗ 1I

�
======= I ⊗ I

s ⊗ t

�
======= I ⊗ I

1I ⊗ t

�

�
� I

t

�

and allows to introduce scalar multiplication as:

s • f := λ−1

B ◦ (s ⊗ f) ◦ λA : A → B .

which satisfies

(s • f) ◦ (t • g) = (s ◦ t) • (f ◦ g) (s • f) ⊗ (t • g) = (s ◦ t) • (f ⊗ g)

i.e. scalars can freely propagate along composition and the tensor. The crucial
connection with the quantum mechanical formalism is the fact that positive
operations arises as morphisms of the form g ◦ g† : A → A for some g :
C → A, projectors arise as morphisms of the form g† ◦ g = 1A (which implies
idempotence), we have non-degenerate projectors iff C = I, and in particular,
non-degenerate bipartite projectors always decompose as

Pf := (1A∗

1
⊗ f) ◦ η ◦ η† ◦ (1A∗

1
⊗ f †)

in a picture that is:

f

f†

and it is this decomposition which allows trivial reconstruction of the quan-
tum teleportation [8], logic-gate teleportation [18], entanglement swapping [33]
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protocols. As far as we know this decomposition for non-degenerate bipartite
projectors was never observed before. Moreover, in most previous work on
the axiomatization of quantum mechanics projectors were always conceived
as primitive, non-decomposable. The inner-product of ψ, φ : I → A is a scalar

〈ψ | φ〉 := ψ† ◦ φ : I → I

cf. Dirac’s notation [17]:

bra := 〈ψ| ket := |φ〉 bra-ket := 〈ψ | φ〉

Adjointness implies

〈f † ◦ ψ | φ〉 = 〈ψ | f ◦ φ〉

Unitarity means U−1 = U † : A → B and implies

〈U ◦ ψ | U ◦ φ〉 = 〈ψ | φ〉 .

In fact, the graphical calculus which comes with strong compact closure is a
very substantial extension of Dirac’s notation. Here’s quantum mechanics:

• System of type A := Object A

• Composite of A and B := Tensor A ⊗ B

• Process of type A → B := Morphism f : A → B

• State of A := Element ψ : I → A

• Evolution of A := Unitary U : A → A

• Measurement on A := Projectors {Pi : A → A}i

· Data := ν ∈ {i}i

· Dynamics := ψ �→ Pν ◦ ψ

· Probability := ψ†◦ Pν ◦ ψ : I → I

The only missing part is specification of what the good families of projec-
tors are which define a measurement. Existing proposals which use additive

structures can be found in [3] and [14]. A proposal which doesn’t involve any
additivity at all is currently under development with Dusko Pavlovic.

3 More of this kind

In [15] we continue this story purely relying on the graphical calculus. The
corresponding formal developments can be found in the respective papers of
Abramsky & myself, myself, and Selinger [3,4,14,30]. We in particular discuss
in [14] how all this relates to developments started by Birkhoff and von Neu-
mann [10], due to von Neumann’s discomfort [9,28] with his own quantum
formalism [31]. Selinger’s paper [30] provides the key ingredient for a passage
to the density matrix formalism of quantum mechanics.
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