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The notion of asymptotic structure of an infinite dimensional Banach space was intro-
duced by Maurey, Milman and Tomczak-Jaegermann. The asymptotic structure consists of
those finite dimensional spaces which can be found everywhere ‘at infinity’. These are de-
fined as the spaces for which there is a winning strategy in a certain vector game. The above
authors introduced the class of asymptotic £,, spaces, which are the spaces having simplest
possible asymptotic structure. Key examples of such spaces are Tsirelson’s space and James’
space. We prove some new properties of general asymptotic ¢, spaces and also compare the
notion of asymptotic 5 with other notions of asymptotic Hilbert space behaviour such as
weak Hilbert and asymptotically Hilbertian.

We study some properties of smooth functions defined on subsets of asymptotic £, spaces.
Using these results we show that that an asymptotic ¢, space which has a suitably smooth
norm is isomorphically polyhedral, and therefore admits an equivalent analytic norm. We
give a sufficient condition for a generalized Orlicz space to be a stabilized asymptotic f
space, and hence obtain some new examples of asymptotic £, spaces. We also show that
every generalized Orlicz space which is stabilized asymptotic £, is isomorphically polyhedral.

In 1991 Gowers and Maurey constructed the first example of a space which did not contain
an unconditional basic sequence. In fact their example had a stronger property, namely that
it was hereditarily indecomposable. The space they constructed was ‘¢;-like’ in the sense
that for any n successive vectors z1 < ... < Ty, ﬁ Yol < iy @l < Doy Nl
where f(n) = logy(n + 1). We present an adaptation of this construction to obtain, for
each p € (1,00), an hereditarily indecomposable Banach space, which is ‘/)-like’ in the sense
described above.

We give some sufficient conditions on the set of types, T7(X), for a Banach space X to
contain almost isometric copies of ¢, (for some p € [1,00)) or of ¢g. These conditions involve
compactness of certain subsets of T(X) in the strong topology. The proof of these results
relies heavily on spreading model techniques. We give two examples of classes of spaces
which satisfy these conditions. The first class of examples were introduced by Kalton, and
have a structural property known as Property (M). The second class of examples are certain
generalized Tsirelson spaces.

We introduce the class of stopping time Banach spaces which generalize a space introduced
by Rosenthal and first studied by Bang and Odell. We look at subspaces of these spaces
which are generated by sequences of independent random variables and we show that they
are isomorphic to (generalized) Orlicz spaces. We deduce also that every Orlicz space, hg,
embeds isomorphically in the stopping time Banach space of Rosenthal. We show also,
by using a suitable independence condition, that stopping time Banach spaces also contain
subspaces isomorphic to mixtures of Orlicz spaces.
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1.1 Motivation

During the last half century, mathematicians have sought to understand the structure of
infinite dimensional Banach spaces. The hope was to find some kind of ‘nice’ subspaces in
any given Banach space. There have been many suggestions about what ‘nice’ subspace
should be taken to mean. One conjecture, was that every Banach space should contain a
subspace isomorphic to ¢p, for some p € [1,00), or to ¢p. Another weaker question that
could be asked is whether every Banach space contains a subspace isomorphic to £y, ¢, or
a reflexive subspace. A third possibility, related to the first two, is to ask whether every
Banach space contains a subspace with an unconditional basis. In the last decade it has been
shown that no such simple structural theory exists. Examples constructed by Gowers and
Maurey have shown that there is a much more varied structure than was first expected. We

will discuss these examples in Section 1.2.



Chapter 1. Introduction

However, the structure of finite dimensional subspaces of Banach spaces has been well
understood. Many results on the behaviour of high dimensional subspaces have been found.
The results usually demonstrate some kind of regularity in the properties of finite dimensional
subspaces as their dimension increases to infinity. We will mention some results in this area
in Section 1.1.1.

In a 1995 article (see [59]), Maurey, Milman and Tomczak-Jaegermann, used similar
asymptotic methods to study infinite dimensional properties. Their idea was to disregard
finite dimensional information, and study those finite dimensional subspaces that occur ‘ar-
bitrarily far away’. This leads to the concept of asymptotic finite dimensional spaces, which

we discuss in Section 1.1.2.

1.1.1 Asymptotic theory of finite dimensional spaces

Asymptotic theory of finite dimensional spaces is part of what is known as the Local Theory
of Banach spaces, which relates the structure of an infinite dimensional Banach space to the
structure of its lattice of finite dimensional subspaces. There are several books which deal
with this subject (see e.g. [60]). Many of the results in this area can be stated in terms
of finite representability. We will define this concept precisely in Section 2.1.4, but roughly
speaking we say that Z is finitely representable in X if every finite dimensional subspace of Z
can be found in X. One of the first results of this kind is Dvoretzky’s Theorem, which states
that ¢y is finitely representable in every Banach space. Another famous result is Krivine’s
Theorem (Theorem 2.1.5), which states that given a suitable sequence (x;)°; in a Banach
space, there exists p € [1,00], such that for all ¢ > 0 and for any N, there are N successive
block vectors with respect to (x;)$°, which are (1+¢)-equivalent to the standard basis of fév .

Another notion which has been useful in the study of local theory is that of type and
cotype. We say that a Banach space X has type p (1 < p < 2) if there is a constant C, such

that for every z1,...,z, € X we have

Zam <C (Z ||xz||p>

Similarly, we say that a Banach space X has cotype ¢ (2 < ¢ < 00) if there is a constant C,

sl—il

such that for every x1,...,x, € X we have

g iy

>C (Z ||xzr‘1>

==+1
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Notice that the type and cotype of a space are determined completely by the finite dimensional
structure of the Banach space. One famous theorem using these ideas is the Maurey-Pisier

theorem which we state.

Theorem 1.1.1 ([60, Theorem 13.2]) Let X be an infinite dimensional Banach space.
Define px = sup{p : X has type p} and qx = inf{q : X has cotype ¢ }. Then £y, and {q,

are finitely representable in X .

1.1.2 Asymptotic structure of Banach spaces

Let X be an infinite dimensional Banach space. We want to look at finite dimensional
subspaces which occur ‘at infinity’. The picture that the reader should have in mind is
that of a Banach space with a basis, and the asymptotic spaces as being those finite block
subspaces which occur arbitrarily far down the basis.

We will define asymptotic spaces using a vector game between two players V and S. Let

B(X) be a family of infinite dimensional subspaces of X satisfying the filtration condition
F,GeB(X)=3dH € B(X)st. HC FNQG.

For example, we could take B(X) to be the finite co-dimensional subspaces of X, or if X has
a basis we could take the family of tail subspaces. Throughout this thesis we will be looking
at Banach spaces with a basis, so we will assume that the family B(X) is the collection of
tail subspaces from now onwards.

The game is played as follows. S chooses a subspace X; € B(X). V responds by choosing
a normalized vector z; € Xj. S then chooses a subspace X9 C X; with Xy € B(X). V
then responds by choosing a normalized vector xo € Xy such that {x;,z2} is basic with
basis constant < 2. The game continues in this vein until the n*" turn, where S selects a
subspace X,, € B(X) with X,, C X,,_;, and V chooses a normalized vector x,, € X,, such
that {x1,...,2z,} is basic with basic constant < 2.

Given a finite dimensional Banach space E with basis (e;)}’_; with basis constant < 2,
and € > 0, we say that V wins the game for F and ¢, if the vectors {z1,...,z,} are (1 +¢)-
equivalent to (e;)j ;. We will call E an asymptotic space of X, if V has a winning strategy
for the game for F and every € > 0. The collection of all n-dimensional asymptotic spaces
for X will be denoted by {X},,.

It is a consequence of Krivine’s theorem (see Section 2.1.4 and [59, 1.6.3]) that there exists

p € [1,00] such that for every n, £ (with its standard basis) is in { X },. Hence, the simplest
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possible asymptotic structure that can occur is where the basis (e;)!" ; of every E € {X},
is C-equivalent to the standard basis of £} for some C independent of n. We will call such
spaces asymptotic ¢, spaces. Later in Chapter 3, we will see an alternative description of

these spaces in terms of block vectors which will be more useful for our purposes.

1.2 Distortion and hereditarily indecomposable spaces

1.2.1 Distortion

An infinite dimensional Banach space X is said to be A-distortable, where A > 1, if there

exists an equivalent norm |||-||| on X such that for any infinite dimensional subspace Y of X,
[yl
sup { [0 Il = 11 = 1} >
[11=11]

A Banach space X is said to be distortable if it is A-distortable for some A > 1, and X is
said to be arbitrarily distortable if it is A-distortable for every A > 1.

It is a classical result due to James (see [53, Proposition 2.e.3.]) that ¢; and ¢y are not
distortable. The first example of an arbitrarily distortable Banach space, Schlumprecht space,
was constructed in [74], using a Tsirelson type construction. For a long time it was unknown
whether ¢, spaces (1 < p < co0) were distortable, or indeed whether the Hilbert space 5 was
distortable. However, using Schlumprecht’s space, it was shown in [64] (see also [57]) that
every ¢, space (1 < p < oo) is distortable, and in fact arbitrarily distortable. The reader
is referred to [63] for a review of these results. Another longstanding open problem is the
question of whether every distortable space is arbitrarily distortable. The primary candidate
for a counterexample to this question is Tsirelson’s space. It is known that Tsirelson’s space
is (2 — e)-distortable for every € > 0, but it is not known whether or not it is arbitrarily
distortable. Much work has been done on the distortion of Tsirelson type spaces (see [68],
[4] and [69]).

The question of distortability has connections with the asymptotic structure of the Banach

space. In particular, we have the following theorem.

Theorem 1.2.1 ([61, Theorem 0.7]) Let X be an infinite dimensional Banach space. If
X does not contain an arbitrarily distortable subspace, then X contains a subspace which is

asymptotic £, for some p € [1,00].

It is shown in [56] that every asymptotic £, space with an unconditional basis which does

not contain ¢} uniformly is arbitrarily distortable. This combines with Theorem 1.2.1 to show

4
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that every Banach space with an unconditional basis which does not contain ¢} uniformly,
contains an arbitrarily distortable subspace. A result from [75] also shows that a Banach

space of type p > 1 always has an arbitrarily distortable subspace.

Asymptotic biorthogonal systems

It is difficult to show whether or not a given Banach space is distortable. In this section we
describe a useful sufficient condition which guarantees that a space is arbitrarily distortable.

We begin with a couple of definitions.

Definition 1.2.2 Let X be a Banach space, and A C Sx. Then we say that A is an
asymptotic set if ANSy # & for every infinite dimensional (not necessarily closed) subspace
Y of X.

Definition 1.2.3 Let X be a Banach space, and (Ayp)o 1, (A5)S, be sequences of subsets of

n=1-

the unit sphere of X, and the unit ball of X* respectively. We will say that (Ap)32 1, (A5)02

n=1’

form an asymptotic biorthogonal system with constant 6 (with 0 < § < %) if the following

conditions are satisfied;

(i) For every n, A, is an asymptotic set.

(ii) For every m, and every x € Ay, there exists x* € AY such that z*(x) > 1 — 4.
(113) If n # m then |x*(x)| < 0 for every xz € A, and z* € A},.

Notice the definition above is uninteresting if § > %, since one may take A, = Sx and
Ay = %B x+ for every n in this case. However, whenever § < %, the existence of asymptotic
biorthogonal systems is non-trivial. The existence of asymptotic biorthogonal systems for all

d > 0 tells us in particular that the space is arbitrarily distortable.

Proposition 1.2.4 ([12, Proposition 13.28]) If X admits an asymptotic biorthogonal

system with constant § for every § € (0, %), then X is arbitrarily distortable.
The proof of Proposition 1.2.4 follows by defining a new norm, for an arbitrary € > 0, by
]| = & [lz]l + sup{|z"(z)| : =™ € A7}.

This norm is a (1+¢ —¢)/(e +0) distortion of the original norm. This is enough since § and

€ can be chosen as close to zero as we wish.
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The existence of asymptotic biorthogonal systems also has implications on properties of
unconditional basic sequences in X, as the next theorem shows. This theorem reveals the

important connection between distortability and the unconditional basic sequence problem.

Theorem 1.2.5 ([33, Theorem 2]) Let X be a separable Banach space which admits an
asymptotic biorthogonal system with § < %. Then there is an equivalent norm on X such

that the unconditional constant of every basic sequence in X (with respect to the new norm,)
is at least (365)7%.

1.2.2 Hereditarily indecomposable spaces

One of the first results proved about the structure of Banach spaces was the fact that every
Banach space contains a basic sequence (see e.g. [53, Theorem 1.a.5]). It is therefore a natural
question to ask whether every Banach space contains an unconditional basic sequence. This
problem proved to be very difficult and was not solved until 1991, when Gowers and Maurey
produced an example which contained no unconditional basic sequence (see [33]). In fact this
example had a stronger property, namely that it is hereditarily indecomposable. We say that a
Banach space X is hereditarily indecomposable or H.I. if no infinite dimensional subspace of
X can be written as a topological direct sum Y & Z, where Y and Z are infinite dimensional.
An equivalent definition is that for any two infinite dimensional subspaces Y and Z of X
and ¢ > 0 there exist y € Y and 2z € Z with |ly|| = ||z|| = 1 such that ||y — z|| < e.
It is clear that an H.I. space can not contain an unconditional basic sequence, since any
space with an unconditional basis (e;)72; can be decomposed into Y = span({e;}32;) and
Z = span({e2i-1}2;).

One of the properties of H.I. spaces is that they have a ‘small’ space of operators. If X is a
complex H.I. Banach space then every bounded linear operator 7' : X — X can be written in
the form 7' = AI+S5, where A € C and S is strictly singular (see [33], [21], [32]). Recall that an
operator is said to be strictly singular if it is not an isomorphism on any infinite dimensional
subspace. Equivalently, S : X — X is strictly singular if for every € > 0 and every infinite
dimensional subspace Y of X, there exists y € Y with ||Sy|| < ¢||y||. The strictly singular
operators form an ideal in the space of operators ([53, Proposition 2.c.5]) which contains all
the compact operators. In general however, not all strictly singular operators are compact.
The fact that every operator can be decomposed in this way has been used in operator theory
to investigate the behaviour of Cy-semigroups and Cy-groups on H.I. spaces (see e.g. [72]). In

fact, H.I. spaces can be characterized by the property of having ‘small’ spaces of operators,
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as the following theorem shows.

Theorem 1.2.6 ([21]) A complex Banach space X is hereditarily indecomposable if and
only if every operator T :' Y — X from a subspace Y of X into X is the sum of a multiple of

the inclusion map and a strictly singular operator.

Since the first example of an H.I. space was found, many others have been constructed. In
[29], Gowers constructed an example of an H.I. space that has an asymptotically unconditional
basis. This space contains arbitrarily long finite 2-unconditional sequences, but does not
contain any unconditional basic sequence. An example of a uniformly convex H.I. space has
been constructed by Ferenczi in [22]. More examples have been found by Gasparis in [26],
who constructed a continuum of totally incomparable H.I. spaces. Also, an example of an
H.I. space that is asymptotic ¢; has been constructed (see [6]).

Gowers has also proved a dichotomy for Banach spaces in terms of H.I. subspaces (see
[30] and [78]) which, roughly speaking, says that any Banach space contains either a ‘nice’

subspace, or a ‘very bad’ subspace.

Theorem 1.2.7 ([30, Theorem 2]) Let X be a Banach space. Then at least one of the

following two conditions holds;
(i) X contains an unconditional basic sequence.
(i1)) X has an H.I. subspace.

The proof of the above theorem by Gowers uses vector games and Ramsey theory results.
Another proof has been given by Maurey in [58] which does not use the vector game approach.
Recent papers have shown that the class of H.I. spaces is quite large (see [8], [23]). For
example, it is shown that every Banach space either contains ¢; or contains a quotient of an
H.I. space. Also, in [5], it is shown that if a Banach space is universal for all reflexive H.I.

spaces then it is actually universal for all separable Banach spaces.

1.2.3 Homogeneous Banach spaces, the hyperplane problem and the cy-/;-
reflexive subspace problem

In this section we briefly discuss the three problems mentioned in the above title. These
were all long-standing open problems which were solved as a result of the work of Gowers
and Maurey on H.I. spaces.

A Banach space is said to be homogeneous if it is isomorphic to all of its closed subspaces.

It was a longstanding open problem, posed by Banach, whether the only homogeneous Banach

7
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space is f2. This problem was recently solved by Gowers in [30] (see also [76]), who showed
that the only homogeneous Banach space is indeed f2. The proof of this result hinges on
Gowers’ dichotomy (Theorem 1.2.7). If X is a homogeneous Banach space, then since all
subspaces of X are isomorphic to X, the dichotomy tells us that either X is H.I. or X has
an unconditional basis. It follows from a result in [46] that a homogeneous space with an
unconditional basis is isomorphic to £5. This leaves the case of X being a homogeneous H.I.

space. To exclude this possibility we need to know some results from operator theory.

Definition 1.2.8 An operator T : X — Y is said to be a Fredholm operator if there exist
subspaces X1, B of X and Y1, C of Y, such that X =X, & B, Y =Y1 6 C, Tp=0, Tx,
is an isomorphism onto Y1, and dim B < oo, dimC < oo. The index, i(T), of a Fredholm
operator is then defined by i(T) = dim B — dim C'.

It is a classical result that if T is Fredholm and S is strictly singular, then T + S is
Fredholm with the same index as T' (see [31, Lemma 18]). Therefore since every operator
T :X — X, can be written as T' = A\l 4+ S, where S is strictly singular, it follows that T is
either strictly singular (if A = 0), or Fredholm with index 0 (if A # 0). In either case T can
not be an isomorphism onto a proper subspace of X. We thus obtain the following theorem,

which strongly contradicts the possibility of an H.I. space being homogeneous.

Theorem 1.2.9 ([30, Theorem 4]) Let X be a hereditarily indecomposable Banach space.

Then X is not isomorphic to any proper subspace of itself.

The above theorem is also relevant to the so-called hyperplane problem. This asks whether
every Banach space is isomorphic to its hyperplanes i.e. its closed subspaces of co-dimension
1. The theorem implies that an H.I. space fails the above property. Other examples are known
of such spaces. For instance, the first known example of such a space had an unconditional
basis and was constructed by Gowers in [28].

The final problem that we will mention that was solved as a result of the work of Gowers’
and Maurey’s solution of the unconditional basic sequence problem is the co-¢1-reflexive
subspace problem. This asks whether every Banach space contains either c¢g, £1 or a reflexive
subspace. It is well-known that a space with an unconditional basis is reflexive if and only if
it does not contain ¢1 and cg. Thus, the answer is positive for any space which possesses an
unconditional basic sequence. However, in general, this need not be the case. In [27], Gowers
modified the Gowers-Maurey construction of an H.I. space to obtain a space not containing

either cg, £1 or a reflexive subspace.
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1.3 Stable Banach spaces

We call a sequence (z,,)22,; € X type determining if for every x € X, lim, o ||z + 2|
exists. The limiting function will be called a type of X. We will discuss types later in greater
depth (see Section 2.4 and Chapter 6). We define stable Banach spaces and weakly stable

Banach spaces in terms of these sequences.

Definition 1.3.1 A Banach space is said to be stable (resp. weakly stable) if whenever
()52 and (ym)5o_y are type determining sequences (resp. weakly convergent type deter-
mining sequences) then the following iterated limits exist and are equal

lim lim ||z, + Y| = lim lm |z, + yml -
m—00 N—0o0 n—oo m—oo

Stable Banach spaces were studied by Krivine and Maurey in [49]. The main result of
this article was that every stable Banach space contains a subspace isomorphic to ¢, for some
p € [1,00). It was later observed that the corresponding result is true for weakly stable
Banach spaces, namely that every weakly stable Banach space contains a subspace which is
isomorphic to either ¢o or to ¢, for some p € [1,00). The main tools in the proof of these
results is the theory of types and spreading models. The general procedure is to prove the
existence of a special type which generates an ¢, (or ¢g) spreading model, and then to pull
the spreading model back into our Banach space. We shall use similar methods in Chapter

6 to prove existence of £, subspaces under a different set of hypotheses.

1.4 Overview of this thesis

In Chapter 2 we will explain the notation which will be used throughout this thesis. We
will then introduce some examples of Banach spaces which will be particularly useful for us.
These will include Tsirelson’s space, and various generalizations of it, James’ space, and the
classes of Orlicz and generalized Orlicz spaces. We will briefly describe the Brunel-Sucheston
construction of spreading models, and give an alternative construction using ultrafilters.
Finally, we will introduce the space of types and strong types on a Banach space, and describe
the topologies and operations that can can be applied to these spaces.

Chapter 3 is devoted to asymptotic ¢, spaces. We define the notions of asymptotic ¢,
and stabilized asymptotic £, spaces with respect to a given basis. Some key examples of
such spaces are introduced. We review some known properties of these spaces including

properties of the basis and duality results, and then go on to give some results that do not
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appear in the existing literature. These include a proof that asymptotic £, spaces have a
stabilized asymptotic £, subspace, a result about finite representability of £, in subspaces of
asymptotic £, spaces, and properties of the spreading models of these spaces. Finally, we
describe the classes of weak Hilbert and asymptotically Hilbertian spaces and compare these
notions with asymptotic ¢ spaces.

In Chapter 4 we prove a renorming result for asymptotic £, spaces. We show that if the
norm on the asymptotic £, space is suitably smooth, then we can find an equivalent analytic
norm on the space. We then give a construction of some asymptotic ¢, spaces and show
that they are different from the known examples of asymptotic £, spaces. The results of
this chapter are motivated by the relationship between smooth bump functions and smooth
norms for separable spaces. It is not clear how one could construct a smooth norm given a
smooth bump function. Thus, some of these spaces may be candidates for spaces which have
smooth bump functions but do not admit equivalent smooth norms.

In Chapter 5 we construct hereditarily indecomposable spaces which have upper ¢, esti-
mates and a type of lower /£, estimate. We do this by modifying the original construction of
Gowers and Maurey. This construction should be contrasted with that of Ferenczi (see [22]),
where a similar type of space is constructed using interpolation techniques.

Chapter 6 presents some results proving existence of almost isometric copies of £, spaces
(or ¢p), given some compactness conditions in the space of types or strong types. The proof
proceeds by deducing existence of ¢, (or ¢g) spreading models and then pulling the spreading
model back into the Banach space. We then present some examples to which this result
applies. One application is to a class of spaces studied by Kalton in [44]. We also show that
the result applies to certain generalized Tsirelson spaces.

In Chapter 7 we introduce the class of spaces called stopping time Banach spaces. This
class generalizes a space, S¢, studied by Bang and Odell in [9] and [10], although we use
a more probabilistic description than was used in these papers. The norms in these spaces
enjoy a backwards recursion property which proves very useful to us. This enables us to
prove a correspondence between the block types on S¢ and integrable martingales. We
also look at certain subspaces of general stopping time Banach spaces, which are generated
by independent random variables and prove that they are isomorphic to Orlicz spaces (or
generalized Orlicz spaces). We are then able to show that S¢ contains isomorphic copies of
Orlicz spaces hg for any Orlicz function ¢. We also introduce the so called mixtures of Orlicz
spaces and show that they arise as subspaces of stopping time Banach spaces generated by

sequences of random variables satisfying a ‘conditional independence’ condition.

10
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2.1 Notation
2.1.1 Banach space notation

The notation that we will use is standard from the literature on this subject. All of the

Banach spaces we consider will be over the field of real numbers unless we specify otherwise.

11
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Given a Banach space X, we will denote the unit sphere by Sx, and the closed unit ball by
Bx. Given a set A C X, we will denote the linear span of A by span(A), and the closed
linear span by span(A). In the case of a sequence (z;), we will denote the closed linear span
by [z;]. We will denote by coo the collection of finitely supported sequences of real numbers.

(N) when it is standard in existing literature to do so.

Sometimes we will use the notation R
Whenever we talk of subspaces of a Banach space, we will mean closed subspaces, and usually
infinite dimensional subspaces unless we state otherwise.

If X, Y are two isomorphic Banach spaces then we will denote by d(X,Y’) the Banach-
Magzur distance between X and Y.

We will say that two Banach spaces X and Y are totally incomparable if no infinite

dimensional subspace of X is isomorphic to an infinite dimensional subspace of Y.

2.1.2 Bases and Basic sequences

Most of the spaces we consider will have a (Schauder) basis which will typically be denoted
by (e;)$2;. This means that every € X has a unique expansion of the form = = )%, x;e;.
A sequence (zp,) in X is said to be a basic sequence if it forms a basis for span({z, : n € N}).

Given a basis (e;)°,, we define a sequence of projections by

[o.¢] n
P, E T;€; :E T;€;.
i=1 =1

It is straightforward to show that sup,, | P,|| = K < oco. We call this K the basis constant.

If K =1 then we say that the basis is monotone. We will say that the basis is bimonotone

n
||z|| > max ( inei ) :
1=1

We will denote by e the n'® coordinate functional defined by e} (x) = z,. The sequence

if for every n € N

0o
E Ti€4

i=n-+1

)

e}

(e)>2, always forms a basic sequence in X*. We call the basis (e;)72, shrinking if (e},)0

n=1
forms a basis for X*. We will call the basis (e;)°; boundedly complete if 3 .° | x;e; converges
in X whenever sup,, ||>°7  zie;]| < oo. It is well known ([53, Theorem 1.b.5]) that a space
with a basis is reflexive if and only if the basis is both shrinking and boundedly complete.
We say that two basic sequences ()72, and (y;)72, are C-equivalent if, for any scalars (a;),
o0 00 o0
Z aiYi Z AT Z a;Yi
i=1 i=1 i=1

< <C

1
C

12
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We say that the basic sequences are equivalent if they are C-equivalent for some C' > 1. An
alternative definition is that ()2, and (y;)$2, are equivalent provided ), a;x; converges

in X if and only if )%, a;y; converges.

Block bases and notation involving bases

Let X be a Banach space with a basis (e;);2,. We define supp(x), the support of z = ), x;e;,
to be the set {7 € N: z; # 0}. Given a subset E of N, we define Ex =), pzie;. f v € X
and n € N, then we will write n < z if n < minsupp(z). If z,y € X, then we will write

x < y if z is finitely supported and maxsupp(z) < minsupp(y). We say that = is a block
q

i=p
is then a sequence of successive block vectors z1 < x2 < .... A block basis is again a basic

vector with respect to the basis (e;)°; if x = x;e; for some finite p and q. A block basis

sequence. A block subspace is defined to be the closed linear span of a block basis.

Unconditional bases

We will say that a basis (e;)$2, is C-unconditional if for every choice of signs (g;) € {£1}"

o0 o
E €iAi€; E a;€;
i=1 =1

We will call the smallest C' for which the above is valid the unconditional basis constant. It

<C

is useful to note that in this situation, if A\ € £, then

o0 oo
E AiT;€; E T;€;
i=1

i=1
In particular, if a basis is 1-unconditional then for every choice of signs,

e )
E a;€; E iai €;
i=1 =1

We will call a basis conditional if it is not C-unconditional for any C. If a space has an

< Ol

unconditional basis then we can show (see [53]) that the following hold;
(i) The basis is shrinking if and only if ¢; / X.
(ii) The basis is boundedly complete if and only if ¢y ¥ X.

Hence a space with an unconditional basis is reflexive if and only if ¢; > X and ¢o ¥ X.

13
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2.1.3 The p-Convexification of a Banach space

Suppose that X is a Banach space with a 1-unconditional basis (e;):°; and that 1 < p < oo.
We define a new space X P, the p-convezification of X, to be

x® = {(2)2, : 2P = Z |zi|Pe; € X},
i=1

and we equip X P with the norm

1
2]l xw = [l2"[|% -

Notice that the sequence of coordinate vectors in X ?) forms a 1-unconditional basis for X @),
Also, it follows from the triangle inequality in X that X () satisfies an upper ¢, estimate. In

other words, if z1 < ... < x, are successive block vectors in X () then

n n ;T
S < (gmnp) |
=1 =1

This idea also extends in a natural way to Banach lattices (see [54]), but we will not use this

here.

2.1.4 Finite representability and Krivine’s Theorem

We say that a Banach space Z is finitely representable in a Banach space X if every finite
dimensional subspace of Z can be found as a finite dimensional subspace of X. More precisely,

we make the following definitions.

Definition 2.1.1 We say that a Banach space Z is finitely representable in a Banach space
X if and only if for every C' > 1 and for all finite dimensional subspaces E2 < Z there exists
a subspace F' < X with d(E,F) < C.

Definition 2.1.2 We say that a Banach space Z is crudely finitely representable in a Banach
space X if and only if there exists C > 1 such that for all finite dimensional subspaces E < Z
there exists a subspace F < X with d(E,F) < C.

Later, we will need to use the following result due to Krivine (proved in [48]).

Theorem 2.1.3 ([48, Section III]) If ¢, is crudely finitely representable in X then €, is
finitely representable in X.

14
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We will also need an alternative form of finite representability, namely that of block finitely

representability, which we define below.

Definition 2.1.4 A sequence (yj);?‘;l in a Banach space X is said to be block finitely repre-
sentable in a sequence (z;)5°, in a Banach space Y, if for every e > 0 and for every integer

n, there exist vectors (z;)1_, in'Y which are successive block vectors with respect to (x;)2,

n

such that for any scalars (a;)7_;,

n n n
(1—¢) Zaij < Zajyj <(l+¢) ZCLij
j=1 j=1 j=1

The following result, Theorem 2.1.5, is a deep result of great importance in Banach space
theory. This was proved in [48] (see also [51] for an alternative proof). There are various

forms of this result. The following theorem is one of the simplest statements.

Theorem 2.1.5 (Krivine’s Theorem) Let (2;)72, be a basic sequence in a Banach space.
Then the unit vector basis of co or of some £, (for 1 < p < 00) is block finitely representable

This can be strengthened to give the following theorem, which appeared in this form in [51]
and [73].

Theorem 2.1.6 Let C > 1, n € N and € > 0. There ezists m = m(C,n,e) € N such that
if (x3)"y is a finite basic sequence in some Banach space with basis constant C' then there
exists p € [1,00] and a block basis (y;)i—, of (zi)i%, so that (y;)i—; is (1+¢)-equivalent to the

unit vector basis of £},

Krivine’s Theorem also has the following corollary (stated in this form in [11, Chapter 6,

Section 1, Corollary 3])

Corollary 2.1.7 Let (x1)72, be a bounded sequence in a Banach space, without any conver-
gent subsequences. Then there exists p € [1,00], such that for each n > 1 and each ¢ > 0,
there is a sequence (21)72, of successive blocks with respect to (xy,)72, (with each z, having

the same coefficients), such that any n of the zp generate a subspace (1 + €)-isomorphic to

o

15
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2.2 Some important examples of Banach spaces
2.2.1 Tsirelson’s space

We will present here the Figiel-Johnson construction of Tsirelson’s space T (see [15]). This is
in fact the dual of the space which was originally constructed by Tsirelson in [77], which was
the first example of a Banach space which does not contain any ¢, or c¢yp. This property is
also satisfied by T'. The key difference between Tsirelson’s space and classical Banach spaces

is that the norm on 7' is defined implicitly. The norm satisfies the implicit equation

1 n
||| = max (’J:Hoo , sup {5 Z |Eiz|| :n < E1 <...<E, intervals}) .

i=1
We then define T" to be the completion of cgg under this norm. 7" is a reflexive Banach space,
and the coordinate vectors (e,)72 ; form a l-unconditional basis for T'.
There are many variants of Tsirelson’s space. The simplest are the spaces Ty where

0 < 0 < 1. These are defined exactly as above except the norm satisfies the implicit equation

n
||z]| = max (!azHoo,sup {QZ |Eiz|| :n< By <...<E, intervals}) .

i=1
Ty has many of the same properties as T, but surprisingly the spaces Ty are in a sense very
different from one another. If 6 # ¢, then Ty is totally incomparable to Ty (see [15, Theorem
X.a.3.]).
Since T' has a l-unconditional basis, we may also form the p-convexification for any

p € (1,00). The norm in the resulting space T®) then satisfies the implicit equation

1 n E
|z|| = max | ||z| . ,supq 2 7 ( E ||EZ$HP> :n < Ey <...< E, intervals
i=1

2.2.2 Schlumprecht’s space

Schlumprecht’s space, S, first appeared in [74] and is defined in a manner very similar to
Tsirelson’s space. S has a 1-unconditional basis (e;)7°; and the norm satisfies the implicit

equation

1 n
||| = max (||x||oo , sup {m Z |Eiz|]| :neN, By <...< E, intervals}) ,
i=1

where f(n) = logy(n + 1). This space is arbitrarily distortable and is the starting point for

the Gowers-Maurey construction of an H.I. space.

16
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2.2.3 More general Tsirelson type spaces

The construction of Tsirelson space and Schlumprecht’s space have obvious similarities. We
present here a class of spaces which generalizes both of these spaces. Suppose that M is a
collection of finite subsets of N. We say that a sequence ([;)!", is M-admissible if there
exists {k1,...,kn} € M such that

ki <Ei<k <...<k,<E,.

Suppose that @ # I C N (I may be either finite or infinite), and for each k € I, My is
a collection of finite subsets of N, and that 6, € [0,1] for each k € I. We can define a
mized Tsirelson space T((My, 0 )rker) to be the completion of cop under a norm satisfying

the implicit equation

||z|| = max (Hx”oo , sup {Hk Z |Ez| : kel, (E;); My-admissible }) .

i=1
Note that this class of spaces includes both Tsirelson’s space and Schlumprecht’s space. We
define the Schreier family, S = {A C N: |[A] <min A}, and Ay = {A C N:|A| <k}. Then
T(S, %) is Tsirelson’s space, and T'((Ay, (logy(k + 1))71)2 ;) is Schlumprecht’s space.
We can further generalize this construction by taking a sequence of scalars (6;):2, con-

tained in [0, 1] for each k € I and obtain a space whose norm satisfies the implicit equation

n
|z|| = max <Hx||oo , Sup {Z Ori | Esx| « ke l, (E;)iy Mi-admissible }> .

i=1
For example, if a = (a1, ...,a;) and each a; € [0, 1], then T'(Ag,a) is the space whose norm

is given implicitly by

k
|| = max (nyoo ,sup {Zai |Ez|| : By < By < ...< Ek}> .

i=1
2.2.4 Generalized Tsirelson spaces

A more general form of Tsirelson space has been constructed in [13]. We will not give this
definition in its full generality, since we will only use a special case of it in this thesis. This
definition replaces the sequence of constants (6 ;) in the above, with a sequence of norms
(Fx) on cgp. For convenience we will describe this only in the case where a single norm is

used, and just for a simple admissibility condition.
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Definition 2.2.1 Let f be a 1-unconditional normalized norm on R¥. We define T(Ag, f),

to be the completion of coo under the norm which satisfies the implicit equation
2]l = [[#]l o Vsup {f([[Erz]l, ..., [ Exz|) : By <...< Eg}.

As for the original Tsirelson space, the coordinate vectors (e;) form a l-unconditional
basis of T'( Ay, f).

Spaces of the form T'(Ay, f) have been studied in [13]. In many situations they turn out
to be isomorphic to either some ¢, space or to cy. Necessary and sufficient conditions on the
norm f are given for this to be the case. An example which is not isomorphic to any ¢, or

to ¢g is also constructed.
2.2.5 James’ space
We define James’ space J to be the vector space of real sequences (a;) which satisfy both;

(i) limj—o0 a; = 0, and

.. k—1
(H) Supnl<4..<mC Zi:l (ani+1 - am)Q < 0.

We then equip J with the norm given by

k-1 >
l(ai)ll = sup <Z(am+l—am)2> :

ni<...<ng i—1

With this norm .J is a Banach space. The reason .J was first introduced is that it is a space
which is isomorphic to its second dual J**, but is not reflexive. In fact J is of codimension 1
in J**, so in some sense J is very close to being reflexive. We let (e;)7°; be the sequence of
coordinate vectors in J. It is straightforward to show that (e;)?°; is a conditional basis for
J.

2.2.6 Orlicz sequence spaces

Orlicz sequence spaces are a class of spaces which are natural generalizations of ¢, spaces
for 1 < p < oo and of ¢y. Each Orlicz space will be determined by an Orlicz function. The

Orlicz functions ¢(t) = t¥ will generate the ¢, spaces.

Definition 2.2.2 We will call a function ¢ : [0,00) — [0,00) an Orlicz function if $(0) = 0,

¢ is conver, continuous, non-decreasing and limy_,o ¢(t) = oco.

18
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Let z = (z;)52, be a sequence of real numbers. Then we define,

o0

Iy(x) =) o(|zi).

i=1

The Orlicz space, £y, is then defined by,

£¢:{x:l¢<%)<oof0rsomep>0}.

We will also be interested in the subset, hy, of £, given by,

h¢:{x:I¢<%)<oof0raHp>0}.

It is easy to show that hy is a closed subspace of /4, and the sequence of coordinate vectors
form a 1-unconditional basis for h.
There are three standard norms on Orlicz spaces. The first norm HHdO) is known as the

Orlicz norm, and is the one originally introduced by Orlicz. We define the Orlicz norm by,

o oo
215 = sup{> i+ Y 6" (lwil) < 1},
i=1 i=1
where ¢* is the function complementary to ¢, defined by
¢*(v) = sup{tv — ¢(t) : 0 < t < o0}.

The second norm is the Luzemburg norm. This is the norm that we will usually use on our

Orlicz spaces. It is defined by

|z, = int{p>0: I, (%) <1).

The third norm is the Amemiya norm, given by

1

A .
— inf
|5 inf ~

(1+ Iy(kz)).

These three norms are all equivalent. In fact, in [43], it is shown that H:c||£ = ||a:|]¢()) for every

x € Lg. It is also quite easy to verify that
A
zflg < =]y < 2l -

For further details concerning Orlicz spaces we refer the reader to [53] and [47].
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2.2.7 Generalized Orlicz spaces

Suppose that & = (d’j)?; is a sequence of Orlicz functions. Then, we can define a generalized

Orlicz space in an analogous way to Orlicz spaces. We define

o0

Ly = (l‘z)g ¢j<ﬂ><ooforsomep>0 )

: p
J=1

and
- |5
he = ¢ (x;) : E o <—J> < oo for all p >0
— p
J_
As in the Orlicz space case, hg is a closed subspace of £¢ with the coordinate vectors forming

a l-unconditional basis. Again, there are various norms that can be put on a generalized

Orlicz space. The usual norm is the analogue of the Luxemburg norm given by

el = ntp > 0: 305 (1) <.

Jj=1

We can also consider the analogue of the Amemiya norm, given by
Jelld = inf (14" ;).
* ok I

As for Orlicz spaces it is easy to check that |||/ and ||- Hg are equivalent norms on {g satisfying

A
[zlle < llzlle < 2[l2llq -

2.3 Spreading models of Banach spaces

We will explain briefly here the construction of spreading models of a Banach space. Given
a separable Banach space X and a bounded sequence (x,,) (with suitable properties) we will
define a new Banach space, which will be the completion of X @ R®, equipped with a norm
which extends the original norm in X. We will denote the coordinate sequence in RM by
(e;). We will then call the closed linear span of {e; : i € N} a spreading model of X. It will
be immediate from our definition that the structure of this space will only depend on the
asymptotic properties of the sequence (), in the sense that if (y,,) is another sequence such
that ||z, — yn|| — 0, then the spreading model associated with (y,) will be the same as that

for (xp,).
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2.3.1 Brunel-Sucheston construction of spreading models

The standard way of constructing spreading models is due to Brunel and Sucheston (see
[11]). We will briefly explain this method, and then explain an alternative construction using
ultrafilters. The key to the Brunel-Sucheston construction is the following lemma, which can

be proved using Ramsey theory.

Lemma 2.3.1 ([11, Chapter 1, Proposition 1]) Let X be a separable Banach space, and

() be a bounded sequence in X. Then there exists a subsequence (x),) of (z,), such that for

any k € N and any x € X and any scalars a1, ..., ax the following limit exists
k
T . 7
L(z,a) = n}linoo . n;lcgnoo x + Zl ATy,
1=

A subsequence (z,) satisfying the conclusion of Lemma 2.3.1 will be called a Brunel-Sucheston
sequence.

The limit given by the preceding lemma allows us to define a semi-norm on X & R®™ by

k
x -+ Zaiei

i=1

= L(z,a).

Notice that this semi-norm extends the original norm on X. It is straightforward to see
that this in fact defines a norm if and only if the sequence (z/,) that we extracted does not
converge (see [11, Chapter 1, Proposition 2]). In this situation we define the extension § of
X to be the completion of X & R®™ under the given norm. We call the closed linear span of
the coordinate vectors in R a spreading model of X.

It is important to note that a bounded sequence (z,) may contain many different Brunel-

Sucheston subsequences which may give very different spreading models.

2.3.2 Construction of spreading models using ultrafilters

We will now describe an alternative construction of spreading models using ultrafilters. This
method avoids the use of Ramsey theory.

If U is any ultrafilter on a Banach space X, and f : X — R is a bounded function then
we can define Q}eri{ f(x), to be the real number A such that for all € > 0, there exists U € U
such that |f(z) — A| < e for all x € U. The existence of such a limit can be proved similarly
to the proof of the Bolzano-Weierstrauss Theorem, and uniqueness is immediate from the

definition.
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We will be interested in limits of the form lim,_ ||z + z|| where z € X is fixed. Since the
function z — x + z is unbounded, the above comment does not immediately apply. Indeed

the above limit need not exist for an arbitrary ultrafilter ¢/. Consider
B={X\nBx :n¢cN}

B forms a filter base (i.e. it consists of non-empty sets and is closed under finite intersections).
Let F be the filter generated by B, (i.e. F = {AC X : 3B € Bs.t. B C A}), and let U be
any ultrafilter which contains F. It is easy to see that every U € U must be unbounded, and
therefore it is clear that lim,_, ||z + z|| is undefined for every z € X.

Now suppose that I contains a bounded set U. Then consider the restriction of z — x4z
to the set U, which is a bounded function from U to R. The ultrafilter &/ induces an ultrafilter
U on U by

U ={UnNnV:Veu}cu.

By the above comment, lim,_; ||z + z|| exists, and it is immediate from the definitions that
this is the same as lim,_ ||z + z]|.
Hence given an ultrafilter (that contains a bounded set) we can define for every x € X

and scalars aq, ..., a; a semi-norm on X @ R®) by

k
T + Z a;e;
i=1

We will now show that this will in fact be a norm provided the ultrafilter & does not converge.

= lim ... lim [[z+a1z1+ ...+ apzy] .
x1—U Tn—U

This corresponds to the non-convergence of the Brunel-Sucheston sequence. To do this we

need the following lemma about ultrafilters on complete metric spaces.

Lemma 2.3.2 Let (X,d) be a complete metric space, and U be an ultrafilter on X which
does not converge. Then there exists 6 > 0 such that diam(U) > § for allU € U.

PROOF. Suppose the result is false. Then for every n € N, there exists a set U, € U such
that diam(U,,) < % We define for each n, the set V,, = UyN...NU, € U. Since V,, C U,,, we
have diam(V;,) < diam(U,) < 1. Now choose a sequence z,, € V,, for every n. Since (V;,) is
a decreasing sequence of sets whose diameters converge to 0, (z,) is a Cauchy sequence, and
so converges to some point x € X. Let € > 0, and choose N such that d(z,,z) < § for every
n> N and & < £. Then Vy C B%(:UN) C Be(azn) € B:(z). Hence B:(z) € U. Therefore

U — x, giving us a contradiction. O
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Proposition 2.3.3 The semi-norm defined on X ® RM by

k
T + Z a;e;
=1

is a norm if and only if the ultrafilter U does not converge.

= lim ... li
Jim mnlglu\l:z:%—mm%— + anTnll ,

PROOF. Suppose that & — z. Then lim,_ ||z — z|| = 0. Therefore ||z — e1]| =0, and ||| is

not a norm on X @ RM),

Now suppose that U does not converge, and that Hx + Zle a;e;|| = 0. By Lemma
2.3.2, there is a 6 > 0 such that diam(U) > ¢ for all U € U. For fixed zy,...,z5_1, let

. k
A = limg, H$ + > 4

. For any € > 0, there exists U € U such that for all y € U,

k—1

T+ Z a; x; + agy
i=1

— Al <e.

Choose two elements y1,y2 € U with ||y; — y2|| > . Then

Ola| < lax|[lyr = y2|l

k—1 k-1

= ||z + Z aixi + apyr) — (v + Z a;z; + apys)
i=1 i=1

< 2X 4 2e.

> 16|ag|. Thus in

Since ¢ is arbitrary, we have A > 24|ay|, and therefore Hx + Zle a;e;

k
T+ ae

scalars a; are zero. Then x = 0 follows from the positive definiteness of the norm on X.

our situation, = 0 implies that ai = 0. Iterating this gives that all of the

Therefore ||-|| defines a norm as required. O

2.3.3 Properties of spreading models

The basic properties of spreading models can be found in [11]. The key properties we shall

use are as follows;

(i) The sequence (e;) is spreading, (or 1-subsymmetric over X) i.e. for every increasing
sequence nj < ... < ng of integers,

k
xr 4+ Z a;e;
i=1

k
T+ Z Q;€n,;
i=1
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(ii) The extension F of X is finitely representable in X. In fact a stronger property holds.
Indeed, if F' is a finite dimensional subspace of X, ¢ > 0, and k € N, then there exists
x1 € X such that the mapping

k k

T+ E a;e; — T+ c1x1 + E a;€e;,
i=1 =2

from F @ [e;]F_, — F @ [21] @ [e;]%_, is a (1 + ¢)-isomorphism.

Spreading models have several applications in the theory of Banach spaces. For ex-
ample, the non-existence of spreading models isomorphic to £; has connections to various
Banach-Saks type properties. Another application is stable Banach spaces. Spreading mod-
els techniques can be used to prove the existence of subspaces isomorphic to ¢, for some
p € [1,00) (see [49]). The spreading models of certain Tsirelson type spaces have also been
studied. One particularly striking example is that of a space similar to Schlumprecht’s space,
all of whose spreading models do not contain a subspace isomorphic to any ¢, or ¢o. For this,

and other examples and applications see [67], [65] and [66].

2.4 Types and strong types

The notions of type and strong type have been used in several papers (see e.g. [55], [42], [39],
[62]). The idea is to associate to a Banach space X, the topological spaces T(X) and 8(X)
of types and strong types on X. There are various topologies that are of interest on these
spaces. We then hope to deduce properties of our original Banach space X from topological
properties of T(X) and 8(X). For example, in [42], separability of a certain topology on

T(X) is used to deduce that the Banach space X contains either ¢; or a reflexive subspace.

2.4.1 Types

Let X be a Banach space, and let x € X. Consider the map 0, : X — R defined by

0:(y) = llz + vl -

We will call this map a degenerate type. We consider the collection of these degenerate types,
X = {6, : € X}, as a subset of RY = [Lex
topology. We then define T(X), the set of types, to be the closure of X in this topology. The

R equipped with the Tychonoff product

topology induced on T(X) by R¥ is that of pointwise convergence, which we will call the
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weak topology. Thus if § € T(X), then there exists a bounded net (z;) in X such that
0(y) = lim |z; +y|| for all y € X.

Alternatively, if 6 € T(X), then there is an ultrafilter &/ on X such that
0(y) = lim [z +y|| forally € X.

If X is a separable Banach space then with the weak topology, T(X) is a separable metrizable
space. Observe that each type is a Lipschitz function with Lipschitz constant 1 (this follows
from the triangle inequality for the degenerate types, and is immediate for general types by
taking pointwise limits). Also notice that T(X) is locally compact in the weak topology. In

particular, for each r > 0, the sets
{0 € T(X):60(0) <r},

are weakly compact, since they are closed subsets of the compact set [[ [0, [[y| +r]. We
will often write ||| for 6(0).

There are various other topologies of interest on J(X). One that will be of use to us in
this thesis is the so called strong topology, also called the topology of uniform convergence

on bounded sets. This is induced by the pseudometrics

dun (0, ¢) = sup{[0(y) — o(y)| : |lyll < M}.

In other words, a set U C T(X) is open in the strong topology if for every 6 € U there exists
M and € > 0 such that {¢ € T(X) : dp(0,¢) < e} C U. The strong topology on T(X) is

always metrizable. We can take the metric to be

A0.6) = D (6.,

m=1

The map x — 6, is a bijection between X and X. It can also be shown to be a homeomor-
phism whenever X is given the topology induced by either the weak or the strong topologies
on T(X). Hence we may identify the elements of X with the elements in X. Also it follows
that if T(X) is strongly separable, then X must be separable. The converse is however not
true. For example it is shown in [42] that T(c) is not strongly separable. In the same paper
it is proved that if X is a Banach space with strongly separable types, then X contains either

a reflexive subspace, or a subspace isomorphic to £1.
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We have a natural ‘scalar multiplication’ on T(X'). We will call this map a dilation. Given

a scalar a # 0, and a type 6, we define
(a-0)(z) = |a|f(a " z) for all z € X.

In the case where « = 0 we set (0-6) = 6y. Notice that for degenerate types dilation

corresponds to scalar multiplication,
(a-0y)(z) = [loy + z|| = Oay(2),

and if 6 is given by a net (z;);cs, then « - 6 is given by the net (ax;)ics.

2.4.2 Strong types

We now introduce the concept of a strong type on a Banach space. We construct these in
a similar way to that of the constructing the types. We consider the following collection of

real-valued functions defined on the types of X,
X ={r:ze X} R,

where,

7:(0) = 0(x) for all § € T(X).

We put the Tychonoff product topology on RTX), and then we define the set of strong types,
8(X), to be the closure of X in this topology. Hence if 7 is a strong type on X, then there
is a bounded net (z;);c; in X such that
7(0) = lim (z;) for all § € T(X).
1—00
Again, we have an equivalent formulation in terms of ultrafilters, so that if 7 is a strong type
on X, then there is an ultrafilter &/ on X such that
7(60) = lim 6(z) for all 6 € T(X).
XT—>
The topology on 8(X) is again locally compact. To see this, let 7 € §(X), and suppose
that 7(0) = lim, s 0(z). Given € > 0, we can find U € U such that |7(0y) — ||z|| | < e for all
x € U. For any § € T(X), we can find V € U such that |7(0) — 60(z)| < € for all x € V. Pick

any ¢ € UNV. Then
7(0)

IN

(x)+¢€

IN

0
0(0) + ||z|| + &
0(0) + 7(0o) + 2.

IN
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We will often write ||7|| for 7(6p). The above then shows that 7(6) < ||7|/+/¢||. In particular,

{res):lrl<Myc T (0.0 + o]l
9eT(X)
Hence, by Tychonoff’s theorem, {7 € §(X) : ||7|| < M} is compact in §(X).

We have a natural map p : $(X) — T(X) given by (p(7))(x) = 7(0;). This is clearly a
map into R¥X. Also, (p(1y))(z) = 74(6z) = 0.(y) = ||= +y|| = 0,(z). Thus p maps X onto
X. pis also continuous. For if (7;) is a net converging to 7 in 8(X), then for any = € X,
(p(m)(z) = 71:(0z) — 7(0;) = (p(7))(x), i.e. p(r;) — p(7) in the weak topology of T(X).
Hence p is indeed a map into T(X). We can also show that p is surjective, for if 6 € T(X) is
given by a bounded net (z;);e7, then by the local compactness of $(X) we can find a limit
point, 7, of {7, : ¢ € I'}. It is straightforward to show that p(7) = 6.

We again have a dilation defined on the strong types similar to that for types. For a: # 0

we set

(- 7)(0) = |a|r(a™16) for all § € T(X),

and for o = 0 we set (0-7) = 79. Again, if 7 is a strong type given by a net (z;);c; then a- 7
is given by the net (ax;)ier.
We have another operation on the strong types which we will call convolution. We will

construct this in a series of steps. Suppose z € X and 6 € T(X). We define
(x%0)(y) =0(x+vy), forally € X.

Consider the map 6 — z %6 from T(X) into R¥X. It is easy to see that this map sends X into
X (since z %0, = 0,4,). We will show that it is also a continuous map, from which it follows
that z 6 € T(X). For convenience let f denote the map 6 +— x % 0. Suppose that U C R¥ is
open (in the Tychonoff topology) and that § € f~(U). Since x * 0 € U, there exists ¢ > 0

and z1,...,z, € X such that
{g e RY :|g(zi) — (% 0) ()| <efori=1,...,n} CU.

Let W ={¢ € T(X) : |¢p(x + x;) — 0(x + 2;)| < efori=1,...,n}, which is a weak neigh-
bourhood of § in T(X). It is immediate that W C f~1(U). Thus f~1(U) is open in T(X),
and so f is a continuous map.
We now do the same for strong types. Given 7 € 8(X), we define a map z * 7 in RT(X)
by
(x*7)(0) =7(x*0).
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By the same method as above, we see that the map 7 +— z * 7 is continuous from §(X) into
RTX) | and maps X into X. Hence z * 7 € §(X).
Now suppose that 7 € §(X) and 0 € T(X). We define 7 * § € RX by

(T+0)(y) =7(y=0) for all y € X.

Notice that when 7 = 7,, we get (7, * 0)(y) = 7(y x0) = (y x0)(x) = 0(x + y). Hence
this definition agrees with our definition of x * 6 (identifying x and 7). Also note that the
mapping 7 — 7 6 is a continuous map from $(X) to RX which maps X into T(X). Hence
Tx0 € T(X).

Finally, if 0,7 € 8§(X) then we define

(cx7)(0) =0o(T*0).

Again, the map o — o % 7 is continuous from $(X) to R7X) maps X into §(X), and so
ox1 € §(X).
Suppose that (z;) and (y;) are nets such that o(6) = lim; 6(x;) and 7(0) = lim; §(y;) for

every 6 € T(X). Then
(ocx7)(0) =0(T*0)

= lim(7 % 0)(x;)
2
= lim7(z; % 0)
2
= lim lim(z; * 0)(y;)
i
= lim lim 0(z; + y;).
i
It is straightforward to show that convolution is associative i.e. if p,o,7 € §(X) then
px(oc*xT)=(p*x0o)*T.
It also follows from the definitions that

(v -0)*(a-7)=a-(o*xT).

This convolution operation will prove to be a useful tool in Chapter 6. It should be noted
that a similar convolution defined on the types has been useful in the study of stable Banach

spaces (see Section 1.3).
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In this chapter we will introduce the class of asymptotic ¢, spaces and give some examples
of such spaces. We will then review some basic properties of these spaces which are already
known, and give some further simple properties. We will also investigate spreading models
of asymptotic ¢, spaces. In the reflexive case, these turn out to be all isomorphic to £,. The

non-reflexive case is not so simple, but we will show that the spreading models still retain
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some /, structure. Finally, we look at the relationships between asymptotic o spaces and

some other forms of asymptotic Hilbert space behaviour that were introduced by Pisier.

3.1 Definition of asymptotic ¢, spaces

The notion of an asymptotic ¢, space first appeared in [61], where the collection of spaces that
are now known as stabilized asymptotic £, spaces were introduced. It was shown here that
every Banach space with bounded distortions has a subspace that is stabilized asymptotic £,
for some p € [1,00]. Later, in [59], a more general collection of spaces, known as asymptotic
£, spaces was introduced. We will be interested only in the case of Banach spaces with a
basis, where these notions are more easily visualized. Roughly speaking, in this situation,
a space will be said to be asymptotic ¢, if for any N, any N normalized successive block
vectors (z;)¥; behave like the unit vector basis for Ef,v provided the vectors are far enough

down the basis and sufficiently spread out. More precisely we make the following definition.

Definition 3.1.1 A Banach space X is said to be asymptotic £, with respect to a basis (€;)2,,
if there exists a constant C > 1 (the asymptotic constant), such that for every N € N there
is a function Fy : N — N, so that whenever x1 < ... < xn are successive normalized block
vectors, with supp(z;) = [pi,¢i] with p1 > Fn(0) and piy1 > Fn(qi) fori=1,...,N —1,
then (%)fil are C-equivalent to the unit vector basis of Eév i.e. for any N-tuple of scalars

a=(ay,...,an),

= HaH

§ a;ixg

The notion of stabilized asymptotic Ep is similar, except we only require the N block

< Cllall,

vectors (z;) to start far enough down the sequence (depending on N'). We do not require the

vectors to be spread out as we did in the above definition.

Definition 3.1.2 A Banach space X is said to be stabilized asymptotic £, with respect to a
basis (e;)52,, if there exists a constant C' > 1, such that for every N € N, there exists m € N,
so that whenever m < x1 < ... < xn are successive normalized block vectors, then (:L‘Z)fil

are C-equivalent to the unit vector basis of Ei,v.

3.2 Examples of asymptotic ¢, spaces

For p € [1,00), ¢, is a trivial example of an asymptotic ¢, space with respect to its usual

basis. Similarly ¢q is an asymptotic £, space. We will introduce in this section some more
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interesting asymptotic ¢, spaces. These are spaces that have been much studied in their own

rights for many years, and will be useful examples throughout this thesis.

3.2.1 Tsirelson’s space

Consider first the usual Tsirelson’s space T' (see Section 2.2.1). It is immediate from the
definition of the norm that if 1 < ... < x, are n normalized block vectors (with respect to

(e;)22,) with minsupp 1 > n then for any scalars aq, ..., ap,

1 n n n
§Z\ai| < Zaz‘xi §Z|az‘!~
i=1 i=1 i=1

In other words, Tsirelson’s space is a stabilized asymptotic £; space. The same argument

applies to the spaces Tj.
Now suppose that p € (1,00). Then the p-convexification T®) of T is a stabilized asymp-
totic ¢, space. For if 21 < ... < x, are n normalized block vectors (with respect to the

standard basis) with minsupp z; > n, then for any scalars aq, ..., an,

L n % n n %
2_5 <Z|az|p> S Zaixi S (Z|al|p> .
i=1 i=1 i=1

3.2.2 James’ space
James’ space (see Section 2.2.5) is an asymptotic £2 space with respect to its standard basis.

Indeed, if 1 < z9 < ... < x, are n normalized blocks with respect to this basis such that

max suppx; + 1 < minsupp ;41 for i = 1,...,n — 1, then for any scalars a1, ...,a, we have

(Z\%F) <D aix|| < V2 (Z\%F) :
i=1 i=1 i=1

Note however that James’ space is not a stabilized asymptotic ¢2 space, because we require

a gap between each of the block vectors ;.

3.3 Some known properties of asymptotic /, spaces
3.3.1 The basis of asymptotic /, spaces

In this section we will look at the basis of an asymptotic £, space. It should be noted that
when we say that a space is asymptotic £, with respect to a given basis then the choice of
basis is important. There are examples of spaces which are asymptotic ¢, with respect to

one basis, but not with respect to another basis. We have the following proposition.
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Proposition 3.3.1 Let X be asymptotic £, with respect to a basis (e;)2,. Then the following
hold;

(1) If p > 1, then the basis (e;)3°, is shrinking.

(i) If p < oo, then the basis (€;):2, is boundedly complete provided either the basis is

unconditional, or X is stabilized asymptotic £, with respect to (e;)2;.

PRrROOF. The proof of (i), and the proof of (ii) in the stabilized asymptotic ¢, case can be
found in [59, 4.2]. The result in the unconditional case seems to be new, so we include
the proof. Suppose that the basis is not boundedly complete. Then there is a sequence of
scalars (a;)?2; such that for any n € N, |37 | aje;|| <1 but > ;' | aje; does not converge as
n — 00. Since the sequence of partial sums is not Cauchy, there exists € > 0 and a sequence
of successive vectors x1 < xo < ... such that ||x;|| > € for all i and each z; is of the form
T; = Z?i:pi ajej. Fix N € N. Choose y1 < y2 < ... < yn from the sequence (z;) which are

sufficiently spread out so that (y;/||y:||)X; are C-equivalent to the unit vector basis of Eév :
Then using the unconditionality of the basis,

N
Yi
i=1 Yi

where K is the unconditional basis constant. This gives us a contradiction, since N is

N

Zyi

i=1

<K

f— )

e 1
SN <
o=

arbitrary and p < oo. O
This immediately yields the following corollary.

Corollary 3.3.2 If 1 < p < oo and X is either stabilized asymptotic £, or asymptotic £,

with respect to an unconditional basis, then X is reflexive.

Remark 3.3.3 Ifp < co and X is an asymptotic €, space, then we will see later that X can
not contain a subspace isomorphic to cy. Hence, by [53, Theorem 1.c.10], if the basis of X

is unconditional then this tells us immediately that the basis is boundedly complete.

Observe that Proposition 3.3.1 can not be improved. For example asymptotic £; spaces
need not have a shrinking basis (e.g. ¢1), and asymptotic ¢, spaces need not have a boundedly
complete basis (e.g. ¢). Even if 1 < p < oo, then the basis need not be boundedly complete.
For example James’ space is asymptotic f» with respect to its standard basis, but the basis
is not boundedly complete (the basis is shrinking, but J is not reflexive). Recall that the

standard basis for James’ space is conditional and that J is not stabilized asymptotic /.
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3.3.2 Duality of asymptotic ¢/, spaces

It was proved in [59] that for p € (1,00), the dual of a reflezive asymptotic ¢, space is

asymptotic ¢4, where % + % = 1. The proof of this result actually proves the following.

Theorem 3.3.4 ([40, Theorem 1]) Let X be a Banach space with a shrinking basis (e;)72 .
If X* is asymptotic £, with respect to (ef)2, then X is asymptotic £, with respect to (e;)72.

It is worth remarking that it is not known whether the dual of an asymptotic ¢, space
is always asymptotic ¢, even when p € (1,00). For example, J*, the dual of James’ space,
is not asymptotic ¢» with respect to the biorthogonal functionals (e})7°,. However, J* is
known to be asymptotic £2. It is however certainly not true when p = 1. In [40], an example
of an asymptotic ¢ space is constructed whose dual is isomorphic to £1, and so is certainly

not asymptotic £..

3.4 Further properties of asymptotic ¢, spaces

3.4.1 The relationship between asymptotic ¢, and stabilized
asymptotic ¢, spaces

It is clear from the definitions that a stabilized asymptotic £, space is asymptotic £,. We
show in this section, that an asymptotic £, space contains a block subspace which is stabilized

asymptotic £,.

Theorem 3.4.1 Let X be an asymptotic £, space with respect to a basis (e;);°,. Then there

o0

is an increasing sequence of integers (kp)02, such that ek, |02 is a stabilized asymptotic £,

space.

Proor. We start with some observations about asymptotic ¢, spaces. Firstly it is clear that
the functions Fjy in the definition can be assumed to be increasing functions from N to N.
Also, for fixed n € N, we may as well suppose that Fiy(n) is strictly increasing as a function of
N. (Otherwise, we can define Fy(n) = max(Fi(n), Fa(n),. .., Fx(n)), and the space will still
be asymptotic £, with respect to the functions }3’7\/) Thus we may assume that if N7 > Ny
and n1 > ng, then F, (n1) > Fn,(n2).

We can now define the integers k,,. Let ko = F»(0), and k11 = Fy11(ky) for n > 2. Use
the notation that k1 = 0 so that k, = Fj,(kn—1) for all n > 2. We define Y = [e, |n>2 and
claim that any N normalized block vectors with respect to the natural basis in Y , starting

after N are C-equivalent to the unit vector basis of Ei,v . Let N > 2. Suppose that ky < y; <
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Y2 < ... < yn are normalized block vectors with y; = E?i:pi

for i < N. Then km > ky = FN(kN_l) > FN(O). Also k

Pi+1

ajer;, p1 = N and ¢; +1 < pj1
> klIH'l = qu'-f-l(kth‘) = FN(qu')'
Hence, by the definition of the asymptotic £, space X, (y;)I¥, is C-equivalent to the unit

vector basis of EI])V . Thus Y is a stabilized asymptotic ¢, space. O

3.4.2 Finite representability of ¢, in subspaces of asymptotic ¢, spaces

In this section we will show that £, is finitely representable in every subspace of an asymptotic

¢, space. We begin with two easy lemmas.

Lemma 3.4.2 Let X be a Banach space with a basis, and let P, be the natural projections
associated with the basis. Let'Y be an infinite dimensional subspace of X. Then 'Y Nker(FP,)

is infinite dimensional for all n € N.

PROOF. Suppose for a contradiction that Y N ker(P,) were finite dimensional with basis
Yl,---,Yg. Since Y is infinite dimensional we can find n 4+ 1 vectors z1, ..., 2,41 in Y such
that y1,..., Yk, 21,...,2n+1 are linearly independent. Now consider P,(z1),..., Pn(zn+1),
which are n + 1 vectors in an n-dimensional space. Thus there exist scalars (ai)?;rll, not all

zero, such that z = Y71 a,2; lies in ker(P,). Hence we obtain a z # 0 which is in ker(P,)NY’,

but which is not in the span of y1,...,yx. Thus Y Nker(P,) is infinite dimensional. O

Lemma 3.4.3 Fiz p € [1,00]. Let ¢ > 0, and (z;)?_; be C-equivalent to the unit vector
basis of €. Then there exists n = n(n, ) such that whenever (u;)i_, are vectors such that

|z; — uil| < n for all i, then (u;)i, are (C'+ €)-equivalent to the unit vector basis of {}.
PROOF. We can take 7(n,e) = n~ Y9 /C(C + ¢), where % + % =1. O

We can now proceed with our proof that /¢, is finitely representable in every infinite

dimensional subspace of an asymptotic ¢, space.

Theorem 3.4.4 Let X be an asymptotic £, space with respect to its basis (e;);2,, and let Y

be an infinite dimensional subspace of X. Then £, is finitely representable in Y .

Proor. By Theorem 2.1.3 we only have to prove that ¢, is crudely finitely representable in
Y. Fix N € N, and let py = F(0). Then by Lemma 3.4.2, Y Nker P,, is infinite dimensional.
Pick a normalized vector y; € Y Nker P,,. Then we can write y; = E;’im ajie;. Let up =
i ajaei/ || 22058,, ajae;

Now consider Y Nker PFN(q1)> which is infinite dimensional by Lemma 3.4.2. In particular, we

, where ¢; is chosen sufficiently large that ||y1 — ui]| < n(N,1).
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can pick a normalized vector yo = Z?;Fw(qﬂ aj2¢;. Restricting this vector to a block vector
as before, and continuing in the obvious way, we get a sequence of vectors y1,...,yny and
corresponding normalized block vectors u; < us < ... < uy such that ||y; — u;|| < n(N,1) for
each 7, and also so that the vectors (Uz)f\;1 are sufficiently spread out to be C-equivalent to
the unit vector basis of ﬁév. By Lemma 3.4.3, we have that yi,...,yn are (C' + 1)-equivalent
to the unit vector basis of Eév. Writing W = span(yi,...,yn) we have a subspace W <Y
such that d(W, %V ) <1+ C. We have shown that ¢, is crudely finitely representable in Y

and we are done. O

3.4.3 Subspaces of asymptotic /, spaces isomorphic to /, or ¢

In this section we show that for p < oo, asymptotic ¢, spaces can not contain subspaces
isomorphic to ¢y or to any /4, except possibly for ¢ = p. We also show that asymptotic £«

spaces can not contain subspaces isomorphic to ¢, for any ¢ € [1, 00).

Theorem 3.4.5 Let X be an asymptotic £, space. Then the following hold;

(1) If p < oo then co #~ X and by /> X for q # p.
(it) If p = oo then £y /> X for all ¢ € [1,00).

PROOF. Suppose that p > 1. By Proposition 3.3.1 the basis of X is shrinking, and in
particular X* is separable. But if {1 «— X then X* is non-separable. Therefore ¢1 > X.

To deal with the case of cg and ¢, for 1 < ¢ < oo, we can consider the standard bases
in these spaces. We consider the case of ¢, with ¢ # 1 and ¢ # p. The proof for the ¢
case is the same, putting ¢ = oo. If /; — X, then the coordinate sequence of ¢, gives us a
weakly null sequence (z;) in X which is M-equivalent to the usual basis of £,. By a moving
hump argument we get a subsequence which is 2-equivalent to a sequence of successive block
vectors. If we fix N € N then we can choose N vectors, y1,...,yn from this subsequence such
that (vi/ ||lyi|), are 2C-equivalent to the unit vector basis of Ef,v, but also so that (y;)Y,
, we find that

are M-equivalent to the unit vector basis of Eév . By considering szj\i 1 Yi
NIV/r=1/dl < 2p12 0,

which gives a contradiction for sufficiently large V. O

3.4.4 Spreading models of asymptotic ¢, spaces

Suppose that X is an asymptotic ¢, space, and that (z,) is a normalized Brunel-Sucheston

sequence in X which generates a spreading model. If (z,) is a sequence of successive block

35



Chapter 3. Asymptotic {, spaces

vectors then it is clear that the spreading model will be isomorphic to ¢,. If (z,) is a
weakly null sequence, then by approximating these vectors by block vectors and passing to a
subsequence, we again see that the spreading model is isomorphic to ¢, (or to cg if p = 00).
If (z,,) is a weakly convergent sequence converging to z, then by [11, Chapter 1, Section 5,
Proposition 5], the spreading models generated by (x,) and (x,, — x) are isomorphic, so yet
again we get spreading models isomorphic to ¢, or ¢yp. This immediately gives the following

corollary.

Corollary 3.4.6 If X is a reflexive asymptotic £, space, then every spreading model of X is
isomorphic to £, if 1 <p < oo, and to cq if p = oo.

PROOF. By reflexivity, every bounded sequence in X has a weakly convergent subsequence.
Since the spreading model generated by a subsequence of (z,,) is the same as that generated
by (), it follows from the discussion above that every spreading model is isomorphic to £,

or cg. ]

For a non-reflexive space X, Corollary 3.4.6 need not hold. For example, James’ space
has spreading models that are isomorphic to James’ space (see [11, Chapter 4]), but James’
space is asymptotic 2. However, James’ space does contain subspaces isomorphic to £5. We
will show that every spreading model of an asymptotic ¢, will at least contain a subspace
isomorphic to £, or to cg if p = oc.

From the discussion above we only need to consider the case where (z,,) is a sequence
which has no weakly convergent subsequences. By Rosenthal’s ¢1 theorem, any bounded
sequence either has a subsequence which is equivalent to the unit vector basis of £; or has a
weakly Cauchy subsequence. If (z,) has a subsequence equivalent to the unit vector basis of
1, then the spreading model generated by (x,) will be ¢1. In our settings of asymptotic ¢,
spaces, by Theorem 3.4.5, this can only happen if p = 1. Therefore we need to investigate
what happens when (z,) is a normalized weakly Cauchy sequence which has no weakly
convergent subsequences.

Let (z,) be a normalized weakly Cauchy sequence with no weakly convergent subse-
quences, and suppose that X is an asymptotic £, space with 1 < p < oo. Since (z) is
not norm convergent, we can find § > 0 such that for all N, there exists n > m > N with
|zn, — x| > d. Using this we obtain a sequence of differences y; = x4, — xp, with ||y;|| >
for every ¢ and a1 < by < ag < by <.... (y;)52; is then a weakly null sequence. For a fixed k
SF L ai(eai1 — ex)

and scalars aq,...,a; we will consider . Given € > 0, we can find an
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N such that
k k
‘ Z ai(eQi—l - eQi) - Z a’L‘(ani_l - xnzi) < g,
i=1 i=1
whenever N < n; < no < ... < nog. In particular, whenever ¢ < ... < ¢ and ¢ is

sufficiently large, we have

k k
E a;(egi—1 — e2;) E aiYq;
i=1 =1

Since (y;);72, is weakly null we can apply a moving hump argument, and we obtain (passing

<e.

to a subsequence which for convenience we will again call (y;)3°;) a sequence of successive
block vectors (z;)%°; such that ||y; — z;|| < 6/2¢ for each i. Provided we choose ¢; sufficiently
large, we get for q1 < ... < g,

k
E :aizqz‘
=1

Since X is asymptotic £, provided we choose the g; suitably spread out (and ¢; sufficiently

k

Z ai(e2i-1 — €2;)

i=1

< 2¢,

large), the vectors (zq,/ ||2q,[|)i-; will be C-equivalent to the unit vector basis for 5. Thus,

k ) k
1
C <Z |ail” HZ%'Hp) — 2 < || ailezi1 — e)
i=1 i=1

Since ||zq,|| > 6/2 and |[|z4,|| <2+ % for every i, we obtain on letting € | 0, that

5 [k 5 5 k v
_ | P _ |P
20(;|az|> < gc<2+2) (;m) .

The corresponding argument also works when p = oo to show that a spreading model of an

1
k P
¢ <Z |ail? quin) + 2.

=1

k

Z ai(62i71 - 62i)

=1

asymptotic £, space always contains a subspace isomorphic to cg.

3.5 Comparison between asymptotic ¢/, spaces and other no-
tions of asymptotic structure

In this section we compare the class of asymptotic £» spaces to other classes of spaces which
are ‘asymptotically’ like Hilbert spaces. We will briefly introduce weak Hilbert spaces and
asymptotically Hilbertian spaces, and show some of the relationships between these and

asymptotic £o spaces.
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3.5.1 'Weak Hilbert Spaces

It is well known that a Banach space is isomorphic to a Hilbert space if and only if it is both
type 2 and cotype 2 (see [50]). In this section we describe two weaker properties, namely
weak type 2 and weak cotype 2, and use them to define the class of weak Hilbert spaces.
These spaces were first introduced by Pisier in [70].

We begin with some definitions. Let 7' : X — Y be an operator between two Banach

spaces X and Y. We define the approzimation numbers of T by
an(T) =inf{||T - S| : §: X — Y,rank S < n}.

Suppose that E' is a Banach space, u : /5§ — E is a linear operator, and -, is the canonical

Gaussian probability measure on R™. Then we define,

) = ([ Tutl? dvno:))% .

Finally, suppose that v : ' — ¢4 is a linear operator. Then, we define

I*(v) = sup{z <v*(e;),u(e;) >: l(u) < 1}.
i=1

We are now able to define what we mean by weak type 2 and weak cotype 2.

Definition 3.5.1 Let X be a Banach space. We say that X is weak cotype 2 if there exists
a constant Cy such that for all n, and for all operators u : {5 — X, we have,

sup k:%ak(u) < Ch l(w).
k

X is said to be weak type 2 if there exists a constant Cy such that for all n, and all operators
v: X — 0y, we have,

sup k%ak(v) < Col*(v).
k

It can be shown that type 2 implies weak type 2, and cotype 2 implies weak cotype 2 (see
[71, Chapters 10,11]). In view of Kwapien’s isomorphic characterization of Hilbert spaces, it

is then natural to make the following definition.

Definition 3.5.2 A Banach space X is called a weak Hilbert space if it is both weak type 2
and weak cotype 2.
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We will now mention some simple properties of weak Hilbert spaces. Many of these
appeared in [70] (see also [71]). Suppose that X is a weak Hilbert space. Then all subspaces
and quotients of X are also weak Hilbert. If Y is finitely representable in X, then Y is again
weak Hilbert. Also, X has type p and cotype ¢ for every p < 2 and every ¢ > 2. Thus, in
a sense, weak Hilbert spaces are close to Hilbert spaces. It is also known that X is weak
Hilbert if and only if X* is weak Hilbert. In fact, as for Hilbert spaces, weak Hilbert spaces
are all reflexive and possess the approximation property.

A non-trivial example of a weak Hilbert space is T, the 2-convexified Tsirelson space.
In fact, 7@ is of weak cotype 2 and type 2. However, it is not isomorphic to a Hilbert space,
and does not even contain a subspace isomorphic to £5. Further examples of weak Hilbert

spaces can be found in [2].

3.5.2 Property (H) and Asymptotically Hilbertian spaces

In this section we introduce two properties related to the weak Hilbert property. These arose

naturally in W.B. Johnson’s proof (see [71]) of the reflexivity of weak Hilbert spaces.

Definition 3.5.3 We will say that the Banach space X possesses property (H) if for each
A > 1 there is a constant K () such that for any n and any normalized \-unconditional basic
sequence x1, ..., T, we have

K(\)nz < < K(\)ne.

n
D ai
i=1

Definition 3.5.4 A Banach space X is said to be asymptotically Hilbertian if there exists

a constant K such that for every m there exists a finite co-dimensional subspace X, of X

such that every m-dimensional subspace of Xy, is K-isomorphic to £5".

These two properties are related to the weak Hilbert property as follows.
Weak Hilbert = property (H) = asymptotically Hilbertian.

It should be noted that asymptotically Hilbertian spaces need not have property (H) (see
[71, Chapter 14]). However, there is no known example of a space with property (H) which
is not weak Hilbert. The proof that weak Hilbert spaces are reflexive proceeds by showing
that asymptotically Hilbertian spaces are reflexive. In contrast with weak Hilbert spaces,
asymptotically Hilbertian spaces need not have the approximation property (see [14]). Thus,

in particular, an asymptotically Hilbertian space may not have a basis.
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3.5.3 Relationships between asymptotically Hilbertian spaces and asymp-
totic ¢, spaces

There is a clear similarity between the definitions of asymptotically Hilbertian spaces and
asymptotic £2 spaces. Indeed, the standard examples of weak Hilbert spaces or asymptotically
Hilbertian spaces, such as T3, are also asymptotic fo spaces. It is natural therefore to
explore the relationship between these two classes of spaces. Note that since asymptotically
Hilbertian spaces need not have a basis, we need to be slightly careful about what we mean
by such a space being asymptotic £s.

Let X be asymptotically Hilbertian and suppose we take B(X) to be the family of finite
co-dimensional subspaces of X. Now consider the vector game described in Section 1.1.2.
When the game is played (for any fixed n € N), the subspace player, S, can only improve
his chances of winning by choosing at each stage a subspace contained in the finite co-
dimensional subspace, X,, given by the asymptotic Hilbertian property. Therefore, all of
the asymptotic spaces, {X },, are K-isomorphic to ¢5. Hence, an asymptotically Hilbertian
space is asymptotic £o with respect to the family of finite co-dimensional subspaces.

Now suppose that X is an asymptotically Hilbertian space which has a basis. Since X is
reflexive, the basis is shrinking, and therefore the asymptotic structure of X with respect to
the finite co-dimensional subspaces and with respect to the tail subspaces is the same (see
[59, 1.6.1]). Hence, X is asymptotic /5 in the sense of Definition 3.1.1. In fact, since any finite
co-dimensional subspace contains a subspace which is almost isometric to a tail subspace, it
follows that X is stabilized asymptotic £5.

The converse however is not true. An asymptotic fo space need not be asymptotically
Hilbertian (e.g. James’ space which is asymptotic £2, but fails to be reflexive). Even a sta-
bilized asymptotic £2 space, which is reflexive by Corollary 3.3.2, need not be asymptotically

Hilbertian. In the remainder of this section we present an example of such a space.

Generalized Schreier families

The Schreier family S, occurs naturally in the definition of Tsirelson’s space, and is defined
by

S={ACN:|A| <minA}.
The generalized Schreier families were first introduced in [1]. They have since appeared in

various papers, including [6], [4] and [69], where some mixed Tsirelson spaces defined using
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these families have been studied. The generalized Schreier families are defined recursively by
Fo={oru{{n}:neN},
and for n > 0,
Foi1 ={@YU{Ur A keN, A e Fr k< Ap < ... < Ay}

The definition can also be extended to define F, for any countable ordinal «, but we shall

not need to use this here. Note that ; = S and that the families (F,,)22; are increasing.

The starting point for our example is a mixed Tsirelson space of the form T'[(Fy, 0,)22

Since F1 = § it follows that such a space is stabilized asymptotic £; with respect to its
standard basis. Also the basis is 1-unconditional and the space is reflexive. We will need to

make use of the following result.

Theorem 3.5.5 ([7, Theorem 1.6]) Let (0,,)°2, be a sequence of real numbers such that
0, € (0,1) for allm, 0, | 0, Opim > 0,0, for all n,m € N and limH}/n =1. Let X =
T[(Fn,00)21]. Then for all e > 0, every infinite dimensional block subspace Y of X contains

for every n, a sequence (y;)"_, of disjointly supported vectors which are (1 + €)-equivalent to

the usual basis of £7.

Let (6,,)52; be any sequence of real numbers satisfying the conditions of Theorem 3.5.5.
Since the basis of T[(Fy,0,)02 ] is 1-unconditional we can form the 2-convexification X =
TA[(Fp,0,)2,]. Tt is then immediate that X is a stabilized asymptotic £o space with respect
to its natural basis, and the natural basis is again 1-unconditional. However, X is not an
asymptotically Hilbertian space. Suppose for a contradiction that X were asymptotically
Hilbertian. Then for any n € N, let Y be a finite co-dimensional subspace of X such that
any n-dimensional subspace of Y is K-isomorphic to ¢5. Let ¢ > 0 be arbitrary. Then, Y
contains a further subspace Z which is (1+¢)-isomorphic to a block subspace of X. Therefore,
by Theorem 3.5.5, we can find vectors (y;)_; in Y (corresponding to disjointly supported
vectors in Z) which are (1 + 2¢)-equivalent to the usual basis of ¢Z,. However, by the choice
of Y, span{y; : 1 <i < n} is K-isomorphic to 3. This gives us the required contradiction for
sufficiently large n. Hence, X is a stabilized asymptotic ¢» space which is not asymptotically

Hilbertian.
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In this chapter we will prove a renorming result for asymptotic £, spaces. We will show
that if an asymptotic £, has a sufficiently smooth norm then in fact it automatically admits
an equivalent analytic norm. Recall that a norm ||-|| is said to be analytic if for each = # 0,

there exists § > 0 such that if ||| < J, then

)
|z + hll = =]+ palh),
n=1

where p, is a homogeneous polynomial of degree n, and convergence is uniform over all
[R]] < 6.

We will begin by looking at suitably smooth functions on subsets of asymptotic £, spaces
and proving that the derivative maps neighbourhoods of each point to a relatively compact
set. To do this we will use methods from [36], [37] and [18]. We will then deduce from this

that an asymptotic £, space with suitably smooth norm is isomorphically polyhedral. Then
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using results from [38], the existence of an equivalent analytic norm follows immediately.
Finally, we will give a method of constructing some new asymptotic £, spaces, and show

that they are isomorphically polyhedral.

Motivation

Recall that a bump function on a Banach space X is a function ¢ : X — R with bounded non-
empty support. It is well known that for a separable space X, the existence of a € !-smooth
bump function is equivalent to the existence of a %'-smooth norm. However for separable
X and k > 1, the relationship between €*-smooth norms and €*-smooth bump functions
is not known. It will follow from the results in this chapter that if X is an asymptotic £
space which has a ¢2-smooth norm, then there is a countable sequence (K. n)9o of relatively
compact sets in X* which cover a boundary of X (see Definition 4.3.1). If we assume instead
the existence of a €?-smooth bump function then the proof is still valid, except the set we
obtain need no longer be a boundary for X. It is not at all clear how to overcome this
problem. Therefore, it may be fruitful to look for a space admitting a ¢?-smooth bump

function but no €?-smooth norm in the class of asymptotic ¢, spaces.

4.1 Strong sequential continuity

We begin by introducing the notion of strong sequential continuity of a function defined on
a subset of a Banach space. This definition is the natural analogue of the one in [18], where

the functions considered were defined on the whole of some abelian topological group.

Definition 4.1.1 Let X and Y be Banach spaces, and B,U,G C X such that B+ U C G.
Let f : G — Y be a function. We say that f is strongly sequentially continuous on B relative

to U if for every sequence (xy,) C B and every weakly null sequence (h;) C U, one has
lim <liminf | f(zpn, + hi) — f(:cn)H) =0.

The usefulness of the above definition hinges on the following proposition which gives an

alternative characterization of strong sequential continuity.
Proposition 4.1.2 Let f, B, U and G be as above. Then the following are equivalent;

(i) f is strongly sequentially continuous on B relative to U.
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(ii) For any weakly null sequence (h;) C U, the functions

fo(@) = mf{|[f(z + hi) = f(@)] - 0 <n}
converge uniformly to zero on B.

PROOF. (i) = (ii). Suppose that there is a weakly null sequence (h;) C U such that f,
does not converge uniformly to zero on B. Since the sequence (f,) is a monotone decreasing
sequence of functions, this implies that 3¢ > 0 such that Vn € N, ||f,[Bll,, > €. Hence
Vn € N, there exists z, € B such that || f(zy + hi) — f(x,)|| > € for all i < n. Hence for a
fixed i € N, liminf,, o || f(zn + hi) — f(zn)]| > €. Thus

tim (Timinf | f (2, + hi) = f(ea)])

1—00 \ N—00
can not be zero. Therefore f is not strongly sequentially continuous on B relative to U.

(ii) = (i). Suppose that f is not strongly sequentially continuous on B relative to U. Then
there is a sequence (x,) C B, and a weakly null sequence (h;) C U such that

lim (liminf £ (@, + hi) = f(an)])

either does not exist, or is non-zero. In either case, by passing to a subsequence of (h;)
we may assume that liminf, .o ||f(2, + hi) — f(zn)]| > € > 0 for all i € N. Then by
passing to a subsequence of (x,) and a Cantor diagonalisation argument, we may suppose
that || f(zn + hs) — f(xn)|| > € for all n > 4. Thus || fulBll,, > € for all n, so that (fy,) does

not converge to 0 uniformly on B. 0

We now show that a strongly sequentially continuous function will map certain weak
Cauchy sequences to norm convergent sequences. This corresponds to the notion of local

weak sequential continuity in [36] and [37].

Lemma 4.1.3 Let X, Y be Banach spaces, V. C Bx be such that V +V —V C Bx and
f: Bx — Y be strongly sequentially continuous on V with respect to V. — V. Then f maps

weak Cauchy sequences (x;) C V' to norm convergent sequences (f(x;)) in'Y.
3
continuous on 0 Bx with respect to 20Bx, then f maps weak Cauchy sequences (x;) € dBx

In particular, for any § such that 0 < § < if f: Bx — Y is strongly sequentially

to norm convergent sequences (f(x;)) in'Y.
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PROOF. Suppose the result is false. Then there is a weak Cauchy sequence (z;) C V such
that (f(z;)) is not norm convergent. Let S = {f(x;) : i € N}. If S is relatively compact in Y,
then S has at least two accumulation points, and so there exists € > 0 and two subsequences
(Yn), (2m) of (z;) such that ||f(yn) — f(zm)| > € for all n,m € N. If S is not relatively
compact in Y, then there exists an e-separated sequence (f(u;)) in S. Taking y, = ug, and
Zm = Uam+1, gives two sequences such that || f(yn) — f(zm)|| > € for all n,m € N. Hence in

either case for any n,m,i € N

e < | f(yn) = fn)|l < 1 f(n) = f(yn + (zm — )| + 1 f (2 + (yn — 23)) — fzm)]]-
By Ramsey’s theorem for triples we have two possibilities;
(i) Visn,m € N, m < i < n, [|f(yn) = F(yn + (2 — 22))l| = /2.
(i) Vi,n,m €N, m <i<n, |f(zm) — fzm + (yn — )| > £/2.

If (i) holds then, in particular

tmninf £ (o) = £+ (2101 = 70)] = /2

for all i > 1. But (z;—1 — x;) C V — V is weakly null, and so this contradicts the fact that
f is strongly sequentially continuous on V' relative to V' — V. If (ii) holds then we have in
particular that || f(z0) — f(z0 + (yi+1 — x:))|| > /2 for all i € N. But this contradicts the fact
that f is sequentially continuous at zy (with respect to sequences in V' —V'). Hence the result

is proved. The final conclusion follows immediately from the first by taking V =dBx. O

4.2 Smooth functions on asymptotic /., spaces

We now turn to the particular case in which we are interested. We look at smooth functions
f defined on the unit ball of an asymptotic £, space. To be more precise, we require that
f is Fréchet differentiable with uniformly continuous derivative on Bx. We will first define

precisely what we mean by this.

Definition 4.2.1 Given a continuous function f from a metric space (X1,d1) into a met-
ric space (Xa,ds), we define the modulus of continuity to be the increasing function w(d) :

[0,00) — [0, 00] given by
w(0) = sup {da(f(x1), f(z2)) : di(x1,22) <6},
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We say that f is uniformly continuous if

%12% w(d) = 0.

We now state the main result that we will need to use. The important point is that the

minimum size of the n depends only upon the modulus of continuity w.

Lemma 4.2.2 ([36, Lemma 5]) Let ¢ > 0, f be a real function on Ben with uniformly

continuous derivative (with modulus of continuity w(d)) and such that supg . ||f'll; < w(2).
€0

Let v € B and (u;)_q be a block sequence such that v + u; € Bem. If n s large enough,

then min; | f(v 4+ w;) — f(v)] <e.

We now show that if f is a suitably smooth real-valued function on the unit ball of an
asymptotic /. space then f is strongly sequentially continuous on a smaller ball. It then
follows that weak Cauchy sequences in a smaller ball must get mapped to norm convergent

sequences.

Proposition 4.2.3 Let X be an asymptotic Lo, space with asymptotic constant C > 1, and
f : Bx — R be Fréchet differentiable with uniformly continuous derivative on Bx. Let
01 > 0, 62 > 0 be such that 61+ Cdo < 1. Then f is strongly sequentially continuous on d1Bx

relative to 6o Bx.

PROOF. Suppose the result is false. Then there exists a weakly null sequence (h;) C d2Bx
such that f,(z) = inf{|f(z + hi) — f(z)| : i < n} does not converge to 0 uniformly on §; Bx.
Thus there is an € > 0 such that || f||, > € for all n € N. Notice that (h;) does not converge
to 0 in norm. By a perturbation argument and passing to a subsequence, we may assume
that (h;) are successive block vectors and ||h;|| = 0 (where 0 < § < d2) for all i € N. Now fix
N € N. Choose y; < y2 < ... < yny from the sequence h; which are sufficiently spread out
with respect to the asymptotic structure of X. Suppose that yn = hy. Then as || fi| ., > €,
there exists x € §; Bx such that |f(x +vy;) — f(z)| > e fori=1,2,..., N. But the y; are Co
equivalent to the unit vector basis of ¢} i.e. for any choice of scalars (a;)Y,,

N

Z aiYi

=1

)
— max |a;| <

Ci=1,.n

<0C max |a;| < 62C max |a;|.
i=1,...,n i=1,...,n

Define a function g : Bc{)\’ — R by

N
=1
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Then g is differentiable with uniformly continuous derivative (with modulus of continuity
Céawy) on By and |g(e;) —g(0)| = € fori = 1,... N. For N sufficiently large this contradicts
Lemma 4.2.2. O

Corollary 4.2.4 Let X be an asymptotic {~ space with asymptotic constant C > 1. Let
f: Bx — R be Fréchet differentiable with uniformly continuous derivative on Bx. Let § > 0
such that § < H%C Then f maps weak Cauchy sequences (z;) C dBx into norm convergent

sequences (f(x;)) inY.

PROOF. By Proposition 4.2.3 with §; = § and 6o = 29, f is strongly sequentially continuous
on d By relative to 20 By . Since C' > 1, we have that § < H;%* < % Thus, by the last part
of Lemma 4.1.3, f maps weak Cauchy sequences (x;) C 0 Bx into norm convergent sequences

(f(z;)) in R. O

The following lemma relates weak sequential continuity with compactness properties of

the derivative.

Lemma 4.2.5 ([37, Lemma 5]) Let X be a Banach space such that {1 4 X. Let U be
an open, bounded and convex subset of X and let f be a real valued function with uniformly

continuous derivative on U. Then the following are equivalent;

(i) [ is weakly sequentially continuous on U i.e. f maps weak Cauchy sequences in U to

norm convergent sequences in R.
(i1) f'(U) is relatively compact in X*.
We can combine Corollary 4.2.4 and Lemma 4.2.5 to give the following result.

Corollary 4.2.6 Let X be an asymptotic { space with asymptotic constant C > 1. Let
f : Bx — R be Fréchet differentiable with uniformly continuous derivative on Bx. Then

f’(H;QCBX) is relatively compact in X*.

PROOF. Let U be the open ball in X of radius H;%‘ centred at 0, and let B be the closed
ball of the same radius. Since X is an asymptotic /o space, £1 > X by Theorem 3.4.5.
Therefore, by Corollary 4.2.4 and Lemma 4.2.5, f'(U) is relatively compact in X*. As f’ is

continuous on By, we have
f'(B) = f(U) € f'(U).

Thus f'(B) is relatively compact in X*, and we are done. O
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4.3 A renorming result for asymptotic /., spaces

We know that an asymptotic £, space has separable dual. Thus by [17, Theorem 5.3] we
know that an asymptotic /., space always admits an equivalent Fréchet differentiable norm.
In this section we address the question of higher order smoothness. To be more precise, we
will show that if the norm on an asymptotic ¢, space X is suitably smooth, namely Fréchet
differentiable (on X \ {0} as is usual in renorming theory) with locally uniformly continuous
derivative, then in fact there is an equivalent norm on X which is analytic. To do this we

will use results and methods from [38], [35] and [16]. We start with some definitions.

Definition 4.3.1 We will say that a set B C X* is a boundary for X, if for every x € X,
there is an f € B such that ||z| = |f(z)].

Definition 4.3.2 A Banach space X is isomorphically polyhedral if there is an equivalent
polyhedral norm on X. A norm is said to be polyhedral if every finite dimensional section of

the unit ball (with respect to the given norm) is a polytope.

Isomorphically polyhedral spaces were studied first by Fonf in [24] and [25]. In particular,
he proved that a separable isomorphically polyhedral Banach space is cg-saturated and has
a separable dual. Consequently, a separable isomorphically polyhedral space can not be
reflexive.

We will start by showing that an asymptotic £, space X (with suitably smooth norm)
admits an equivalent norm which has a countable boundary. To do this we will need the
following theorem giving an equivalent condition for the existence of a norm with a countable
boundary. This result was first proved by Fonf, but only published in Russian, and was later
proved independently by H&jek.

Theorem 4.3.3 ([35, Theorem 1]) Let (X, |-||) be a normed space. Then the following

are equivalent;

(i) X admits an equivalent norm having a countable boundary.

(i) X admits an equivalent norm with a boundary B, such that there is a sequence (Ky)pen

of norm compact sets in X* satisfying B C |, cn Kn-
We are now able to prove the following proposition.

Proposition 4.3.4 Let X be an asymptotic Lo, space whose norm ||-|| is Fréchet differentiable
with locally uniformly continuous derivative. Then X admits an equivalent norm having a

countable boundary.
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ProOF. We verify condition (ii) in Theorem 4.3.3. We define a function f : X \ {0} — R
by f(z) = ||z||, and let § : X \ {0} — X* denote the derivative of f, which by assumption
is locally uniformly continuous. Now notice that for any x € Sx, the functional dz € S%
is a functional (in fact, the unique functional by Smulyan’s Lemma) such that (dz)(x) = 1.
Therefore B := §(Sx) is a boundary for X. Thus we want to show that B is covered by a
countable union of norm compact sets in X*. This will follow from Corollary 4.2.6. Indeed,
for every x € Sx, we obtain by Corollary 4.2.6 an open ball U, centred at = whose image
d(U,) is relatively compact in X*. Since X is separable, by the Lindel6f property, we can

obtain a countable sub-covering (U;);en of Sx consisting of these balls. Then
B=06(5x)Cd (U Ui> = Jowi) c | o).
1€EN 1€EN 1€EN
Thus condition (ii) of Theorem 4.3.3 is verified and therefore X admits an equivalent norm

which has a countable boundary. O

The following result from [24] shows that the existence of a norm with countable boundary

is equivalent to being isomorphic polyhedral.

Theorem 4.3.5 Let X be a separable Banach space. Then X 1is isomorphically polyhedral if

and only if X admits an equivalent norm with a countable boundary.

The following theorem shows that an isomorphically polyhedral space admits an equivalent

analytic norm.

Theorem 4.3.6 ([16, Theorem 3.1]) FEuvery separable isomorphically polyhedral Banach

space X admits an equivalent analytic norm.
In conclusion, we have proved the following theorem.
Theorem 4.3.7 Let X be an asymptotic s, space whose norm ||-|| is Fréchet differentiable

with locally uniformly continuous derivative. Then X admits an equivalent analytic norm.

4.4 Generalized Orlicz spaces which are asymptotic /., spaces

In this section we will give a method of constructing new asymptotic £, spaces. We will
then show that these spaces are all isomorphically polyhedral. It follows immediately that
they admit an equivalent analytic norm. The known examples of asymptotic £+, spaces are

cop and T* the dual of Tsirelson’s space (and other such Tsirelson type spaces). It is clear
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that cg has a countable boundary, is isomorphically polyhedral, and so admits an equivalent
analytic norm. There are also explicit constructions of such norms (see e.g. [19]). On the
other hand, T is not isomorphically polyhedral since isomorphically polyhedral spaces are
co-saturated. We will give a necessary and sufficient condition for the spaces we construct
not to be isomorphic to ¢y. As these spaces will be isomorphically polyhedral, they will also
not be isomorphic to T*.

The spaces we are going to construct are generalized Orlicz sequences spaces (see Section
2.2.7). We will suppose that the norm is the Luxemburg norm. For convenience we will
suppose that all the Orlicz functions we use are normalized i.e. ¢(1) = 1. This condition

guarantees that the coordinate vectors each have norm 1.

4.5 A sufficient condition for hs to be an asymptotic /., space

Our first proposition in this section is a simple characterization of those generalized Orlicz

spaces which are stabilized asymptotic £, spaces.

Proposition 4.5.1 Let ® = (¢;)%2, be a sequence of normalized Orlicz functions. Then the
J/j=1

ollowing are equivalent;
g q )
(i) he is stabilized asymptotic L, (with respect to its standard basis).

(it) There exists A > 1 such that for all n € N, there exists N € N such that whenever
N<pr<q<p<...<pp < qn, and E?;piqﬁjﬂaﬂ) <1 fori=1,...,n, then

n q; )

(111) There exists A > 1 such that for all n € N, there exists N € N such that whenever
N <p<gqand Y i_ ¢;i(laj|) <1, then

L (ay] Py
jz:;@(T)_E-

PROOF. (i) < (ii). By definition hg is a stabilized asymptotic £ space if and only if there
exists A > 1 such that for every n € N, there exists NV € N so that any n successive normalized

block vectors, N < x1 < ... < z,, satisfy

i bixi

=1

7
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The required lower bound is trivial by the 1-unconditionality of the basis in a generalized

Orlicz space. The above condition is clearly equivalent by homogeneity to

n
E bi;
i=1

whenever |b;| <1 for each i. This can be rewritten as

n
D v
i=1

whenever N < y; < ... < y, and ||y;|| < 1 for each 7. If we write out the block vectors as

<A,

<A,

Y = ?i:pi aje;, then the second condition in the statement of this proposition is precisely

what we obtain when we rewrite the above condition using the definition of the norm in a
generalized Orlicz space.
(ii) < (iii). It is clear that (iii) = (ii). We prove the converse statement. Suppose that
(ii) holds but (iii) does not. Then there exists n € N such that for any M € N there
exist M < p < ¢ and scalars (a;) such that Z?:p ¢j(la;|) < 1 and Zg:p o (@) > 1
Let N € N be the natural number given by (ii) and use the above result n times to find
N <pr <q <p2 <...<py < ¢y and scalars (a;), such that ?i:pi #i(laj]) < 1 and
gi:pi o8 <@> > % for i =1,...,n. But then, > ?i:p,. o (‘a—)f|> > 1, which contradicts
(ii). O
In fact, the stabilized property is not important in the above proposition. We show in
the next proposition that the only possible asymptotic £, spaces in the class of generalized

Orlicz spaces are stabilized asymptotic £o.

Proposition 4.5.2 If hg is asymptotic Lo (with respect to its standard basis), then hg is

actually stabilized asymptotic lo, (with respect to its standard basis).

PROOF. Suppose that hg is asymptotic £, with asymptotic constant A. We will show that
(iii) holds in Proposition 4.5.1. Suppose for a contradiction that (iii) does not hold. Then,
as before, there exists n € N such that for any M € N there exist M < p < ¢ and scalars
(a;) such that E?:p #j(laj]) <1 and Z?:p oF <%) > 1. TLet F, denote the function given
in Definition 3.1.1 corresponding to n. Then, applying the above result n times, we find
(pi)i—y, (gi)i—, and scalars (a;) such that F,,(0) < p1 < q1 <p2 < g2 < pp... < qp with
pi+1 > Fn(q;) for each ¢ and such that both Z?;pi ¢j(la;|) < 1 and Z;h oi(lajl/N) > %

=pi
for each i = 1,...,n. In particular 37 | 379 #;(|a;[/A) > 1. On the other hand, by the
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g
J=pi
for each i. By the choice of the p; and ¢;, (zi/ [|zi[|);L; is A-equivalent to the usual basis of

€5, Therefore, [|3°7, x;]| < A, which implies 37, 3% ¢;(|a;|/A) < 1. This gives us the

required contradiction. O

definition of the generalized Orlicz space norm, if we write z; = ajej, then |lz;]| <1

We define a sequence of real numbers (¢1(5))72; by

VA(j) = inf{iﬁjé? St > 0} .

Note that for any j € N and any ¢t > 0, ¥x(j)¢;j(t) < ¢;(At). We are now able to give a

simple sufficient condition on ® for hg to be a stabilized asymptotic £ space.

Proposition 4.5.3 Let & = (¢j)§11 be a sequence of normalized Orlicz functions. Suppose

that for some A > 1, ¥»(j) — oo as j — oo. Then hg is a stabilized asymptotic L space.

PROOF. We show that (iii) holds in Proposition 4.5.1. Let n € N, and choose N sufficiently
large that ¥,(j) > n for every j > N. Suppose that N < p < ¢, and Z?:p ®i(laj|) < 1.

Then,

|95

<

<
Il
i)
<.
~—

VAN
[~]=
<
-
&
=
=

|

;(

=
.
=

IN
| —
=

S|= 3
* <
Il
hS]

<
Therefore, by Proposition 4.5.1, hg is a stabilized asymptotic £, space. O

Example 4.5.4 If we define aj = logy(j+ 1), and we define ¢;(t) =t fort > 0. Then the
functions (gbj);’;l satisfy the conditions of Proposition 4.5.3 with A\ = 2 and ¥9(j) = j+1 for
every j € N.

4.6 A necessary and sufficient condition for hg ~ ¢

Proposition 4.6.1 Suppose that ® = ((;53)3”;1 s a sequence of normalized Orlicz functions

such that for some tg > 0,
o0
D 85(to) < 1.
j=1

Then hg is isomorphic to cy.
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PROOF. Suppose = & cp. Then there exists an ¢ > 0 such that |z;| > ¢ infinitely often. Hence
¢j(|zjl/e) = ¢;(1) = 1 infinitely often, so that >, ¢;(|x;]/e) does not converge. Therefore
x & hg i.e. hg C .

Now suppose that = € ¢g. Let p > 0 be fixed. Then there exists a J such that j > J
implies that |z;| < pto. Thus ¢;(|z;|/p) < ¢;(to) for j > J. Hence >, ¢;(|z;|/p) converges,
and so x € he. Hence, as sets, hg = ¢g. Now consider the identity map I : he — co. It is
immediate from the definition of the norm that ||z| > |lz|, for all € hg, so that I is a

continuous bijection. By the open mapping theorem, I is an isomorphism. O

Remark 4.6.2 Notice that the condition Y22, ¢j(to) < 1 for some to > 0 is equivalent to
the existence of t1 > 0 such that Z]oi1 ¢j(t1) < oo. This follows from the monotonicity of
the ¢;’s, their continuity and since ¢;(0) = 0. It is also clear that any such numbers ty and
t1 must be in (0,1), since ¢;(1) = 1.

The converse of Proposition 4.6.1 is also true. To prove this we will need the following

proposition, concerning the ‘uniqueness’ of the basis in cy.

Proposition 4.6.3 ([53, Proposition 2.b.9]) Every normalized unconditional basis in cg

is equivalent to the unit vector basis of cq.

Proposition 4.6.4 Suppose that & = (gﬁj);‘il s a sequence of Orlicz functions such that for
all t € (0,1),

(o]
D 6(t) > 1.
j=1

Then hg is not isomorphic to cy.

PROOF. Suppose that n > 1 is arbitrary. Then because Zj ¢j(5) > 1, there exists N € N

1

n
such that Ejvzl qﬁj(%) > 1. Hence ‘ SN L eil| > n. We will show that this can not happen if
he ~ cg.

Suppose that hg ~ ¢g, and let T": he — ¢o be an isomorphism such that for all z € hg,
1
A ]| < ([T < My |||

Define y; = Te;/ || Te;|| .- Then (y;)$2; is a normalized unconditional basis for ¢y, and hence
by Proposition 4.6.3, is equivalent to the unit vector basis of ¢g. Therefore there exists an

M> such that for any scalars a;,

[e.9]
> awi

1
—sup |a;| <
M . i=1

< Mssup |a,|.
i

[e.9]
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Thus for any n € N,

n n
D el <MD (ITeill o vi
i=1 i=1 %)
S M1M2 max HT@Z‘HOO
7
< MM,
Since n was arbitrary, we have a contradiction, and so hg % ¢g. O

4.7 New examples of asymptotic /., spaces

We can now construct some new examples of stabilized asymptotic £, spaces using the results
of Section 4.5 and Section 4.6. These will be from the class of generalized Orlicz spaces and
not isomorphic to ¢y. However, they will contain subspaces isomorphic to ¢y, and in fact,
we will later see that they are cg-saturated. In particular, this implies that they can not be
isomorphic to T*, the dual of Tsirelson’s space.

We begin with a simple observation. Let & = (¢j)§i1 be a sequence of normalized Orlicz
functions. Suppose A > 1 and that ¢,(j) — oo as j — oco. Then by Proposition 4.5.3, hg
is a stabilized asymptotic /o space. Now choose an increasing sequence (j;)3>, of natural

numbers, such that ¢y (jx) > k for every k € N. Then,

1 1 1 1 1 1
i <ﬁ> = w(jk)d)jk <X> = ¢A(jk)2¢jk(1) IRUNCBE =

Thus, > 22, ¢ (/\—12) < o0. Therefore by Proposition 4.6.1 (and Remark 4.6.2), it follows

that [e;, ]2, is isomorphic to ¢y. As we commented above, this implies immediately that he
is not isomorphic to T*.

It remains to show that we can find a sequence of Orlicz functions satisfying the above
conditions, but such that hg is not isomorphic to ¢y. Consider Example 4.5.4, where ¢;(t) =
t%, with a; = logy(j + 1). These functions satisfy the conditions of Proposition 4.5.3 with
A =2and ¥(j) = (j+1). It follows similarly to the above argument that for these ¢;, he is
isomorphic to c¢g. However we show now that it is easy to obtain from ® a sequence of Orlicz
functions I' such that hr is not isomorphic to cg.

Suppose that ® is any sequence of non-degenerate Orlicz functions such that for some
A > 1, ¥ (j) converges to infinity as j — oo. We now choose a strictly increasing sequence
of integers (nj)?io recursively as follows. We take ng = 0 and then iteratively choose n;
such that (n; —n;_1)¢;(1/j) > 1. Now define v,(t) = ¢;(t) when n;—; < k < nj, and
Ua(k) = inf {3 (\t)/v&(t) : t > 0}. Then (k) = ¥r(j) whenever n; 1 < k < nj, and
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therefore, 9y (k) — 0o as k — oo. Writing I’ = (7k)72, Proposition 4.5.3 tells us that Ar is
a stabilized asymptotic £, space. We now show that Ap is not isomorphic to ¢y. Suppose

that 0 < ¢ < 1. Choose an integer j such that 1/j < ¢. Then

i%(f) > i% <%> > kéﬂ% <%> = (nj —nj—1) ¢; <%) > 1.

Thus, by Proposition 4.6.4, hr is not isomorphic to ¢g. In conclusion, we have shown that
given any sequence ¢ of non-degenerate Orlicz functions, satisfying the hypotheses of Propo-
sition 4.5.3, we can extend ® to a sequence I' such that hr is a stabilized asymptotic £

space which is not isomorphic to ¢y or 1.

4.8 Isomorphically polyhedral generalized Orlicz spaces

In this section we show that if a generalized Orlicz space hg is stabilized asymptotic o, then
hg is isomorphically polyhedral. As we have already mentioned, this implies in particular
that these spaces admit equivalent analytic norms and are cg-saturated.

We will need to make use of the following characterization of isomorphically polyhedral

spaces given in [52].

Theorem 4.8.1 ([52, Theorem 3]) Let (e,,) be a shrinking basis of a Banach space (E,|-||).

Then the following are equivalent;

(i) E is isomorphically polyhedral.

(i) There exists an equivalent norm |||-||| on E such that (ey) is a monotone basis with
respect to |||-|||, and for all )", ane, € E, there exists m € N such that
o0 m
Z anenl|| = Z anén

Using this characterization, we will prove the result that we stated at the beginning of this

section.

Theorem 4.8.2 Let & = (qﬁj)‘;il be a sequence of Orlicz functions. If he is stabilized
asymptotic Lo, then hg is isomorphically polyhedral.

ProoF. Throughout this proof we will denote by A > 1 the asymptotic constant of he.
Observe that by Proposition 3.3.1 the basis of an asymptotic ¢, space is automatically

shrinking, and so we may make use of Theorem 4.8.1.
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Given n € N, let f(n) be the natural number given by condition (iii) of Proposition 4.5.1.
In other words, whenever f(n) < p < ¢ and Z?:p ¢j(laj|) < 1, then Zg:p éj (lajl/A) < %
Without loss of generality we may suppose that (f(n))S, is a strictly increasing sequence
with f(1) = 1. We define also g(m) = sup{n : f(n) < m}. Then (g(m))_; is an increas-
ing sequence of natural numbers converging to infinity as m — oo. It follows from these
definitions that if Zerk ®;(laj]) < 1, then Zerk #; (laj|/A) < 1/g(m). We now choose a

sequence (1), decreasing to 1 such that for each k,

(If g(k+1)=1 (ie k+1< f(2)), then we may take n; = 3.)

We define a new norm |[||-||| on he by,
ltan)lll = supm f[(a1, az, ..., ax, 0, )
Notice that ny ||(a1, a2, ..., a,0,...,)|| — |[(an)| as & — oco. Thus it is clear that

[(an) |l < 1@l < m[l(an)] -

It is also easy to check that (e;)?2; forms a monotone basis with respect to |||-]||. We aim to
show that |||-||| satisfies (ii) in Theorem 4.8.1.
Suppose that (a,) € hg. We claim that there exists a k such that

I(an)ll < e lI(ar, - -, ax, 0, )|

Otherwise, for all k, ||(an)|| > n ||(a1, ..., ak,0,...)||. By homogeneity, we may assume that

|(ay)|| = 1. Hence Z;’il ¢j(laj]) =1 and Z?Zl ®j(nklaj|) < 1. Choose an integer m > f(2)
such that
100,...,0, Gm,@mi1,.. )| < AL

This implies that Y72 ¢;j(Aas]) < 1, and therefore 3772 ¢;(laj]) < 1/g(m). Thus,

00 m—1 00
1= "65lajl) = > dillagD) + > ¢i(lay))
=1 =1 j=m

1 el 1
< bj(mm-1laj]) + ——
UmljZ; i (im—1la;1) g(m)
1 1
< +—
Nm—1 g(m)
<1
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This contradiction proves our claim. Thus there exists a k such that

[(an)ll < e lI(ar, - ax, 0, )]

Since n; ||(a1,az,...,a;,0,...,)| = |[(an)|| as j — oo, this tells us that the supremum in the
definition of |||-||| is always attained. Suppose that it is attained at j for the vector (a).
Then,
I(an)lll = 5 [[(a1, a2, .., a;, 0. )]

<[|||(a1,a2,...,a;,0,...)|

< [[l(an)lll -
Thus |||(an)||| = |||(a1,a2,...,a;,0,...)||| and by Theorem 4.8.1, hg is isomorphically poly-
hedral. O

Recall that the motivation for the work in this chapter was to investigate the question
of whether there is an asymptotic ¢, space which admits a ¢?-smooth bump function but
no €2-smooth norm. The results of this section shows that no generalized Orlicz space can
possibly satisfy these conditions. Any such space which is asymptotic £, is isomorphically

polyhedral and so, in particular, always admits an equivalent analytic norm.
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We say that a Banach space X with a basis has an upper ¢, estimate (1 < p < oo) with

constant C| if for any successive block vectors x1 < z2 < ... < Ty,

1
Y wi| < (Z rmv’) -
=1 =1

We will also be interested in spaces satisfying a type of lower £, estimate. Given a function

f:N— Ry, we will say that X has a lower (¢, f) estimate if for any vector z,

1
fn)

]| > sup

Sl

1
n P
(Z ||E,$Hp> :n €N, F) < Ey <...<E, intervals
i=1

In this chapter we will construct a Banach space X which is hereditarily indecomposable,

satisfies an upper /2 estimate and a lower ({2, f) estimate. A similar construction can be used
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to construct spaces with an upper ¢, estimate and a lower (¢, f) estimate for any p € (1, 00).
Spaces with similar properties have been constructed by Ferenczi in [22], using complex
interpolation methods. The method we will use is based upon that of Gowers and Maurey

in [33], where the first example of an hereditarily indecomposable space was constructed.

5.1 2-convexified Schlumprecht Space S

We will start by constructing an example of a space which satisfies an upper ¢ estimate and
a lower ({2, f) estimate, where f(x) = logy(x + 1). Let S denote Schlumprecht space which
was introduced in [74] (see Section 2.2.2). Since S has a 1-unconditional basis, we may form

its 2-convexification (see Section 2.1.3), which we will denote by S®) i.e.
S@ = {z = (z;): 2% = (2?) € S},

el = (ll*]l5)*-

Proposition 5.1.1 For every vector z € S,

N[ =

1
1 o 2
l|lz|| = ||zl V sup { <m Z HEZx||2> n>2 B <...<E, intervals} .
1=1

PROOF.

=1
O
Proposition 5.1.2 S® has an upper o estimate with constant 1.
PROOF. Let 1 < 29 < ... < z,, be successive vectors in S Then
2 2 2
> il = (Z) =|2a| <X lladllg =D lail
i=1 i=1 P i=1 s =1 i=1
O

99



Chapter 5. Hereditarily Indecomposable Banach Spaces with upper (,, estimates

We now define a class of functions, F, to be those functions f : [1,00) — [1,00) which

satisfy the following conditions;
(i) f(1) =1and f(z) < z for every z > 1.
(ii) f is strictly increasing and tends to infinity.
(iii) limy—oo ™ 9f(x) = 0 for every ¢ > 0.
(iv) The function z/f(z) is concave and non-decreasing.

(v) flzy) < f(x)f(y) for every z,y > 1.

For our purposes we will be considering the function f(z) = logy(z + 1) which is in F. It is
important to note that \/f € F too.

We also define a class of normed spaces, X, to be the collection of spaces of the form
X = (ego, ||]]) such that (e;) form a normalized bimonotone basis for X, with an upper ¢
estimate with constant 1, and a lower ({3, f) estimate for some f € F.

In our construction, certain special vectors, which we call €§V+—averages, will be very
important. Our first result is to show that every block subspace of a space in X contains a

large number of these special vectors.

Definition 5.1.3 Given a Banach space Y with a basis, y € Y is said to be an Eé\ﬂr—avemge
with constant C, if ||ly|| = 1, and there exist successive vectors y1 < ... < yn, such that
y =YL i with [yl < ON2.

We say that y is an Eé\g—vecton if there exist successive vectors y1 < ... < yn, such that
y =Yy with [yl < N2 [yl

Lemma 5.1.4 Let X € X, C > 1, n € N, Y a block subspace of X. Then Y contains an

05, -average with constant C.

PROOF. Suppose that C' > 1, n € N are given and the result were false. Fix k € N, and let
N = n*. Choose N successive normalized block vectors z1 < z9 < ... < zy in Y, and define
mzZﬁ\;lxi. Now for 0 < i <k, 1 < j < nF~? define

jn'

l‘(Z,]): Z Tt.

t=(j—1)ni+1

60



Chapter 5. Hereditarily Indecomposable Banach Spaces with upper (,, estimates

Then notice that for 1 < j < n*, we have x(0,j) = z;, and z(k,1) = 2. Further, each
x(i+1,7) is a sum of n different x(4,r)s. Since by hypothesis ¥ contains no /3 -average with

constant C', by induction we get that
(i, ) < C'na.

In particular, we get ||z| = ||z(k, 1)| < C~Fns = N=INz, where C = n? and g > 0. But

since the norm of X satisfies a lower ({3, f) estimate we get

Jall > (%)

NTIf(N)2 > 1,

Thus we get that

but this yields a contradiction if we choose k, and hence N, sufficiently large. 0

We now obtain a simple, but useful norm inequality, which applies to Eév ', -vectors.

Lemma 5.1.5 Let X € X, M\N € N, C > 1, = be an Eé\zr—vector with constant C', and
Fi1 < Ey < ...< Ep be intervals. Then

M > oM\ 2
(Simel) < c(ie2) .
j=1

PROOF. Write z = Zfil x; where 1 < ... < zy and ||z;]| < CN—2 |z||. Define
Aj = {i:supp(xi) € Ej},
B; = {i : supp(x;) N E; # @}.

By bimonotonicity, and from the upper ¢ estimate we find

1Bl < |3 o _(Zwmu) <ON“} ol B3,

’iEBj lGB
Thus,

l

<ZHE3:!> <ON“ ] (f} B)

J]=

—

1

M 2
> (14 \+2>

J
< CN72 |z (N +2M)3

—c(1+%7) .
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Chapter 5. Hereditarily Indecomposable Banach Spaces with upper (,, estimates

We now look at certain finite sequences of £o-vectors which we will call rapidly increasing
sequences. Define a function My : [1,00) — [1,00) by My (z) = f~!(1442%). This function is

used to specify how rapidly the sequences increase.

Definition 5.1.6 A sequence r1 < x2 < ... < TN 1S a rapidly increasing sequence of o -
averages (RIS), for f of length N with constant 1 + ¢, if each xj is an Egi—avemge with
constant 1 + ¢ for each k, where

2(1+¢) N\ 1+e+¢
=t () o)

> |supp(xg_1)| when 1 <k < N.

(£)?
1

S

f(ng)

We will also want to consider certain special elements of the dual space, which we will

call (M, g)-functionals.

Definition 5.1.7 A functional =* is said to be an (M, g)-functional if ||x*|| < 1 and there
exist functionals x7 < x5 < ... < x}; with ||z}]| < g(M)_% and constants (aj)j]\/il with

ij\i1 a? <1 such that

M
* ok
T = E a;T;.
J=1

The remaining lemmas in this section are very important to our construction. They give
us inequalities involving the norm of the sum of an RIS which will be vital to our construction

of an H.I. space. Throughout the rest of this section, when e > 0, we will write ¢’ = min(e, 1).

Lemma 5.1.8 Let f,g € F with g > f%, X € X satisfy a lower ({2, f) estimate, € > 0,
21,T2,...,xN be an RIS in X for f with constant 1 + ¢, x = Ef\il xi, M > Mf(g), z* an
(M, g)-functional, and E C N an interval. Then

2" (Bz)| < 14+e+4¢.

PRrOOF. Notice first that if 2* is an (M, g)-functional, then so is Ex*. Hence we may ignore
the interval E in the statement of the lemma. Let n; be maximal such that z; is an Egi—
average with constant 14+¢. Write 2* = g(M)fé Z]]Vil ajz; where ) oz? < land ||lz}[| <1 for

every j. Finally, we write E; = Supp(x;‘f). We now estimate x*(z;). Firstly, since ||z*|| < 1,
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we have [2*(z;)| < 1. Also, as ||z}]| <1 for each j,

| ()| = |g(M)™

M=

oz ()

< g(M)~ (i IBsw?)"

By applying the above estimate, and the lower (¢2, f) estimate for the norm of z; we can

<
Il
-

obtain,

X _1 1 _1
2" (2i)| < g(M) ™2 f(|supp(z:)[)2 < f(M)™74 f(| supp(i)|)
Alternatively, by applying Lemma 5.1.5, we can show,

1
2

N|—=

@l <g0ntasa (14 25) < sonta 1+

Let ¢ be maximal such that n; < M. If ¢ < t then,

2M
n; '

F(|supp(xi)]) < 4 f (| supp(ae-1)))-
Also,

Fsupp(een)) < E i h < £

Putting all of these inequalities together gives,

N
o (2)] < ) fa* ()]
=1

1 gi—t41 ) N 1 oM 1
<> - f(Isupp(zi-)))2 + 1+ ) (1+e)f(M)—4<1+ ' )
i=1 f(M)4 i=t+1 n;

<1+ (N =01 +e)f(M)71V3
<14e +N(1+e)V3f(M) .

But since M > M¢(Y), we know that f(M) > 1445

(oys- Hence f(M)i > 23, Thus,

6/

V3¢ gl
2 (x)| <14+ +N(1+¢ =144+ 1+e)=—<1+e+¢£.
lz*(z)| < ( )2\/§N ( )2_
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Corollary 5.1.9 Lete, M, z1,...,xN,  be as in Lemma 5.1.8, and E1 < Ey < ... < Epy
be intervals, and E be any interval. Then

1

M 1
2
f<M>%<§ j\|EZ-ExH2> et
=1

M
PROOF. Let 2} be a support functional for E;Ez, and let 2 = f(M)_% Z a;x;, where the
=1

a; will be chosen later to satisfy . a? < 1. Then z* is an (M, f)—fungtional, and so by
Lemma 5.1.8,

M M
F(M) 2 > ai|EiEx| = F(M) 2 > aiaf(Br)=a"(Bz) <1+e+e.
=1 =1

We complete the proof by choosing

_ | Ei Ex||
Q; = v oL
(Zj:l |1 E;Ex| )2
O
To state the next result we need some more notation. Let z1 < ... < xnx be an RIS for

f with constant 1 + . For each i, suppose that x; is an Egjr—average with constant 1+ €.
Write z; = ;1 + ... + Zipn,, where ||z ;|| < (1+ 5)711_% for every j. Let E be an interval in
N, and let g and jg be respectively the minimal ¢ and maximal j such that E meets x; and
z;. Let rg and sg denote the minimal » and maximal s such that £ meets ;. , and z; .
We define A\(E), the length of E, to be jg —ig+ sg/nj, —re/ni,. The length of E gives us
a fractional measure of how many of the z;s are covered by E. It follows from the definitions
that if £y < ... < E,, and E = U, E;, then > " | A(E;) < A(E). We will use this in the

proof of the next lemma.

Lemma 5.1.10 Let f,g € F with g > f%, X € X satisfy a lower (02, f) estimate, € > 0,
1 <xo <...<zy bean RIS for f with constant 1 +¢, x = Zf\;l x;. Suppose that

|Ex| < sup{|z*(FEz)|: M > 2, x* an (M, g)-functional},

for every interval E such that \(E) > 1. Then

lzll < (1 +e+5')<%[)>
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PROOF. By bimonotonicity and the upper /2 estimate in X we have

Nig JE—1
1Bzl < || D @ipr + Y xz+2%,
T=rg i=tg+1
Nig Jje—1 SE 1
2 2 2
< (Z il + S el +Z\|ij,su>
r=rg i=ip+1 s=1

1
1+4¢)2 1+4¢)?

ig Njp

< <(niE —rg+1)

<0+ (L)’

< (1+€)</\(E)+ if.

ni
Hence, if A\(E) > (1+¢)/(¢'n1), then ||Ezx|| < (1+e+ 5’))\(E)%.
We now define the function

i <z<
Glz) = T if0<z <1,
x/g(z) ifx>1

Then G is concave and increasing on R and also satisfies G(zy) > G(z)G(y) for any z,y.
We now claim that if E is an interval such that A(E) > (1 + ¢)/(e'ny1), then |[|[Fz| <
(I+e+ 5’)G()\(E))%. Notice that from the above, this is immediate provided A(E) < 1.
Suppose that this result were false. Then let E be an interval of minimal length such that
AME) > (1 4+¢€)/(¢'n1) but the result does not hold. Then clearly A(F) > 1. By hypothesis
there exists an (M, g)-functional 2* = g(M)_% ZMl a;z}, such that ||Ex| < |z*(Ez)|. Then
by Lemma 5.1.8 the inequality would fail unless M < M f(N /€.

Write E; = E Nsupp(z}). Then,
1
M 2
1
H[Seien) <o (3 1t
i=1

Let A\; = A(E;). Then for each i, either \; < (1 +¢)/(¢'ny), or by the minimality of E,

|Eiz|| < (1+¢e+)G(\)z.

We now define,

A={i: N <Q+¢)/(n1)},
B = A°.
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Let k =|A|, so that |B| = M — k.

Recall Jensen’s inequality in the following form. If f is concave, and ), a; = 1, then
f(z ;iTi) > Z o f(z
i i

Applying this result to the concave function G gives,

S IE=P < (1+e+e)?D Gh) < (L+e+e) (M- k)G (M - k).
i€B i€EB

Hence,

|WMZSgw®1(ZNEwH+§jwwwﬁ

<g(m)~! (g(l + e)2<;i n%) +(1+e+e) (M- k)G(ﬁ))
<(l+e+ s’)2<(1 (R bV k:lnir;)

Let G'(1) denote the right derivative of G at 1. We can define another concave function
H : R, — R by,

G(1)+z2G'(1)-G'(1) for0<z<1.
Hence for any t € [0,1] and = € R4, we have

Hiz) - {G(x) for x > 1,

(1 - t)H(z) + tH(0) < H((1 — t)z).

Taking 0 < ¢ < 1, and x = A\/(1 — t) where A > 1 tells us that

(1-1HG <1 2 ) +HG(1) — G'(1) < GO,

for every A > 1 and 0 < ¢t < 1. Also, by differentiating we get G(1) — G'(1) = ¢'(1),
and as g > /f, we have ¢'(1) > %f’(l) From the definition of RIS we have n; > 2(1 +
)/(e'f'(1))M¢(N/e'), and hence

1+e &k Mf(N/E) k) ko,
< —(1 —_— < — < —q'(1).
knls’*M( +e) e'ny M 2 *Mg()
Hence putting t = k/M,
k. _ 14¢
E (1 )2 1—— (1—=)""N+k
Bl < 1+ +2( N R
(1+e+¢e 2(1—t (1=1)7"N) +tg' (1))
(1+€+€ )2G(A
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But this then contradicts our choice of interval F, so the claim is proved.

Since in the definition of RIS, ny > (14+e+¢’)/(¢'N), we know that N > (1—1—5—1—5/)/(5%1)

Hence we may take any interval E which covers all of x, so that A(E) = N — n_1 > (1+
e)/(¢'n1). Then the above claim gives
No\3
2
x| < (1—1—5—1—5’)(—) .
| 9(N)
O

5.2 Construction of an asymptotic biorthogonal system in S

Let § € (0,1) and let N7 < N3 < ... be a sequence of integers such that f(N7)/Ny < 62/4,
f(N1) > 1662, Nj > My(2N; 1) and N; > 4N7 |

We define Ay, to be the set of norm-one vectors of the form x = vaz’cl x;, where z1,..., TN,
is a multiple of an RIS with constant 1 4 §/2. From the definition of the norm in S®), if
we suppose this multiple to be «, then |a] < (f(N—Ai’“))% We define A} to be the set of
(N, f)-functionals.

Suppose we have y* € A7 and x € Ay. If j > k, then we know that N; > M (2Ny). Thus
by Lemma 5.1.8, with ¢ = 1/2, M = Nj,

1 1
(@) < (f(NNkk)> Ntete)= 2<f(]<[\7k)> < 2(]”(}3?)) > o5

k

N|—=

If j < k, then by Lemma 5.1.10 with g = f, ¢ = 1/2, whenever A C {1,2,..., Ny},
Nk)Ml)
il <2
Z <Nkf(|A|)

1
But if |A| > \/Ng, then this gives szeA %H < 2\/_(@) 2. Dividing « into /Ny, pieces gives
that = is an Er—average with constant 2v/2. But then Lemma 5.1.5 gives,

v ()] < F(N) %(ZHM)

Sf(Nk)h\f?(lJr\Q/lN—;) < A4f(Np) "2 < 6.

If j = k then let 7} be a support functional for ;. Then by Lemma 5.1.10 with ¢ = §/2, for

1= el < +5>(%)5 lai]
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1
Let z* = f(Ng) "2 XM N, %27 € A;. Then
_1
2

Ny
e (x) = f(Ne) "2 Y N, 2a}(x)
=1

Ny, )
1 -1
= F(Nk)72 Y N2 |
i=1

1 f(Nk)%
> f(Ny) ;(Hém
1
T 1490
>1-6

Hence the sets Ay, A form an asymptotic biorthogonal system in S @),

5.3 An hereditarily indecomposable space X satisfying an up-
per /, estimate

Let Q be the set of scalar sequences with finite supports taking rational values of modulus
at most one at each coordinate. Let J C N be written in increasing order as {j1, j2, j3,...}

such that f(j1) > 45%, and such that
n<m, nmeJ=logloglogm > 8n*.

Let K = {j17j3>j57 . } and L = {j2>j47j67 . }
Let o be an injection from the set of finite sequences of successive vectors in Q to L such
that if 21, 29, ..., zs is such a sequence, and we write z =Y 7, z; and | = o(21,..., 2s), then

1
100/ (11497 > | supp(2)].

m
Let Z = (coo, ||-||). Then let A* (Z) be the set of functionals of the form f(m) /2 Z a;fi
i=1

where Y a7 <1, ||fill* < 1 for each i, and f1 < fo < ... < fm. If k € N, then let

i=1
I'x(Z) be the set of sequences g1, g2, ..., gr such that g; € Q for each i, g1 € A;f%(Z) and
giv1 € Ay o gn(Z) for i =1,2,... k —1. We will call the clements of I'y(Z) special

sequences. We want to define special functionals in the same kind of way as in [33], but in
order to get a space which satisfies an upper ¢» estimate we need to be more careful. To

explain this we will need to consider restrictions of functionals in A% (Z) to intervals.
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Let z* be in A}, (Z). We can write z* as
M
2= f(M)"2 Y aifi,
i=1
where Zf\il a? <1and || f;]|* <1. Let E be an interval contained in N. Then

M
Ez* = f(M)"2 Z%’Efi
=1

2 M
1 ai || Efill Efi
— o0 (S iEsE| S L
i =1 (a2 ELIP) I
. . Ez* . .
This tells us that the functional - is also in A, (Z). In the case where |||

(35 021E617)°

also satisfies a lower (¢, f) estimate we also get

NI

2
1Bz < [ D aF IES
j

To simplify the notation we will define

I

BE)= | D o] IESI
i

Then the above results can be restated as Ez*/B(FE) is in A} (Z) and ||Ez*|| < B(E) when
the norm satisfies a lower (¢2, f) estimate.
We are now in a position to define our special functionals. Given a sequence of successive
functionals g1, ..., gx € I'k(Z) and an interval E of N, we define
i(F) = min{i : E meets supp(g;)},
J(F) =max{i: E meets supp(g;)}.
Define B};(Z) to be the set of functionals of the form

_1
2

J(E) Ji(E)
AR YD Bi(E)? > FEg;,
Jj=i(E) Jj=i(E)

such that |A| < 1, g1,...,9x € Tx(Z) and E, F are intervals contained in N. We will call

elements in Bj(Z), special functionals of length k. A functional will be called a special
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functional if it is in B} (Z) for some k € K. It should be noted that if we replace the X in
the definition above by 1 then it will not affect our construction but it is useful to include it

for technical reasons that will become apparent later.

Lemma 5.3.1 Let ||| be a bimonotone norm on X with an upper ly estimate with constant

1. Then X* satisfies a lower lo estimate with constant 1 on successive blocks.

ProoF. Let fi < ... < fn be a sequence of successive functionals on X, and write f =
>iy fi- Since the norm on X is bimonotone we can find vectors z; € Sx such that supp x; C
supp fi and f;(x;) = || fi|]|. Then, for any constants «; > 0, applying the upper {2 estimate in

X gives

s L) R el i eIl
T a1 aa]] T (O a2)1/2

N
= 15173

If we choose

then this shows that

/1l = (Z!fiHQ) :
i=1
O

Remark 5.3.2 Suppose that E is an interval in N and that 1 < Fy < ... < E, are
successive intervals contained in E. It follows from Lemma 5.3.1 that if a space has an upper

Uy estimate then for any functional f,
n
IEFI* =Y IES)?
i=1
In particular, this means that
n
BB =S BB
i=1

Lemma 5.3.3 Let ||-|| be a bimonotone norm on coy which satisfies an upper €y estimate

with constant 1. Define a new norm |||-||| on coo by
llalll = mas{ 2] sup{|2*(2)] : =* € Bi((con, 1)),k € K.

Then |||-||| defines a bimonotone norm on coo which satisfies an upper lo estimate with con-
stant 1.
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PrOOF. We show the bimonotone property to begin with. Since [|-|| is bimonotone it suffices
to check that |2*(Fx)| < |||z||| whenever F is an interval in N and z* is in some Bj,. But this
is immediate since by definition Fz* € By, and so z*(Fx) = Fz*(x) < |||z||.

Now we show that the new norm satisfies the upper £ estimate. Suppose that z1 <

zy < ... < my, are successive vectors in cpp, and write x = > ' | ;. Since ||-|| satisfies an
1
upper {2 estimate, it suffices to prove that |z*(x)| < <Z?:1 |Ha:z|||2) * for every z* € Bj.

l
Suppose that z* = f(k)_% < yal Z(E) Bi(E) > ]( ZZE) FEz;. For each i, let E; be the
interval £ N Supp(x;). Then,

i(E)
* -1 *
@)= |fR)a | Y BB Y Y FEzZ(w)
J=i(E) i=1 j=i(B)
(i) |
< f(k)x Z 5j(E)2 Z Z FElz;k(xl) .
J=i(E) =1 |j=i(E;)
By the definition of |||-||| and B}, it follows that,
] e : G(E) 3
fR7| S PR < | DD BiE)
J=i(Eq) J=i(Ex)

Hence by Cauchy-Schwartz and Remark 5.3.2 we have,

N[
(S

J(E) n

@< | D sE?] Y] Zﬂ] 1l
j=i(B)

i=1 \j=i(E;)
1

1
2

J(E) n 3
(S ) (X s (ZHmHF)
=1

J=i(E) i=1 j=i(E;)

(gmmﬁ)

5.4 Recursive definition of X

I

IN

In this section we define two sequences (||-||,,)5%; and (||-||’,)3>, of bimonotone norms on ¢

which satisfy an upper £ estimate with constant 1. We will denote by X,, and X, the space
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coo with the norms ||-||,, and ||-||!, respectively. We will define these norms by applying Lemma
5.3.3 at each iteration. We begin by defining ||z||, = ||z||,,. Trivially, ||-||, is bimonotone and
satisfies an upper ¢3 estimate with constant 1. Given a bimonotone norm ||-||,, which satisfies

an upper f£o estimate, we define

1
N 2
1
lall, = flall, v sup § F(V) "3 (ZuEixui) By <...<Ey
=1

It follows easily from the corresponding properties of |-, that ||-||!, is bimonotone and satisfies
an upper {9 estimate with constant 1. Hence by Lemma 5.3.3 we can define a new bimonotone

norm satisfying an upper ¢y estimate with constant 1 by
2,41 = max{|Jz;, ,sup{|"(z)| : 2* € Bi(X,), k € K}}.
Therefore the norms we have constructed satisfy

][, < ||33||:L < ||=|| for all n € N.

n+1

It also follows from the upper /3 estimate that each of these norms satisfy that ||lz||, < ||z||,,.
Hence we can finally define a norm on coo by ||| = lim, o ||z|[,,- It follows from the
properties of ||-||,, that ||-|| is bimonotone and satisfies an upper ¢, estimate with constant 1.

Also, from the definition of ||-||,,, it follows that |-|| satisfies a lower (¢2, f) estimate. We let

/
n’

X be the space cgp equipped with the norm ||-||, which by the comments above is in X. It
also follows from the increasing property of these norms that B} (X)) C Bj(X],,). (This is
where the scalar A is important in the definition of Bj(Z).)

We have an alternative implicit definition of the above norm in the usual way by

1
n 2
lz| = |lz]l V sup{f(n)_% (Z |EZ£E||2> :n>2,E) <...<E, intervals}
=1
Vsup{|z*(z)|: k€ K, z* € Bj(X)}.
5.5 Properties of rapidly increasing sequences in X

The next construction will be vital to our study of the properties of X. We will use exactly

the same notation as in [33]. Let Ky C K, and define a function ¢ : [1,00) — [1,00) by

22 ifz
¢(x>:{f” A,

f(z) otherwise.
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Let h be the submultiplicative hull of ¢, and H(z) = z/h(x), and let G be the concave
envelope of H. Finally, let g(z) = x/G(z). Tt is shown in [33] that f/2 < g < ¢ < f, and

that g € F. The following lemma, again contained in [33], is vitally important.
Lemma 5.5.1 If N € J\ Ky then g(x) = f(z) for every x in the interval [log N, exp N].

Lemma 5.5.2 Let N € L, n € [logN,expN], ¢ > 0, and z1,x2,...,z, be an RIS with
constant 1 +¢. Then

1
2

Zzn;xi <(1+e+€) (%)

ProOOF. Clearly the norm of X satisfies a lower ({2, f) estimate. Let g be the function given

in the case when Ky = K. Then every vector in X either has the supremum norm or is
normed by an (M, g)-functional. Also, it is clear that a vector of the form Ex can not have

the supremum norm whenever A\(E) > 1. Since g > f1/2, we may apply Lemma 5.1.10 to

give
n n %
Zwi <(1+e+¢€) (—) .
— g9(n)
Then Lemma 5.5.1 tells us that g(n) = f(n), so the result is proved. O

Lemma 5.5.3 Let N e L, 0<e < i, M = N¢, and x1,x2,...,xN be an RIS with constant

1+¢e. Then z = Zfil T; 45 an Eé\/i -vector with constant 1 + 4e.

PROOF. Let m = N/M = N'"¢. For 1 < j < M, let y; = ng(j_l)m 1% Then y;

is the sum of an RIS o/f length m with constant 1 + e. %y Lemma 5.5.2, we have that
1/2 1/2
M
lysll < (1 +29) (7255) - But [0 ws| = Nzl = (#f5) - Then,

- 1/2
||yj||s<1+25>($(fl§) Ja]
1/2
:(1+2e)(%> M2 |z
1+2 _
e

< (1+4)M 2 o]
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5.6 X is hereditarily indecomposable

We will now show that X is hereditarily indecomposable. Let Y, Z be two infinite dimensional
subspaces with Y N Z = {0}. Let § > 0 and pick k € K with § > %f(k:)_l/‘l. Without loss
of generality we may suppose that Y, Z are block subspaces. By Lemma 5.1.4 every block
subspace of X contains, for every ¢ > 0 and N € N an Eév ', -average with constant 1+e¢. Also,

from the definition of the norm, each vector either has the supremum norm or satisfies
|Ez|| < sup{|z*(Ex)|: M > 2,2™ an (M, g)-functional}.

Let 1 € Y be a normalized sum of an RIS of length M; = jor € L and constant 1 + /4
where e = 1/10 and Mf/4 = N1 > 4My(k/e)/ef'(1). Let the non-normalized RIS whose

sum is x1 be z11,...,215,. By Lemma 5.5.3, x1 is an ﬁévi—average with constant 1 + . By
1/2

Lemma 5.1.10, 1 = ||z1]| < (1 +¢) (g(]\/[]\/}l)> |z11]]. For j between 1 and M; let z7; be a

support functional for x1;. Let (z7)" be the (M, g)-functional g(Ml)_l/QMfl/2 2?4:11 T3

Then (z3})(z1) = (M1 /g(M7))"/? ||z11]| > 1/(1 4 ¢). Thus we may find an (M, g)-functional
x% € Q such that |z}(z1) — 1/2] < k=1 and supp(z1) = supp(z7).

Now let My = o(z}), and pick a normalized RIS vector zo € Z of length My with
constant 1 + /4 such that z; < xo. Then z9 is an Eé\if—average with constant 1 + &, where
Ny = MQE/A‘. As above, we can find an (Ma, g)-functional x% such that |23(xq) — 1/2] < k=t
and supp(z3) = supp(z2).

Continuing in this way, we obtain a pair of sequences z1, ...,z and z7,...,z} with the
following properties. z; € Y for odd 4, and z; € Z for even i. ||z;]| = 1 for each 4, and
|lz¥|| < 1 for each i. Also |z} (z;) —1/2| < 1/k for every i. The choice of ¢ and our lower

bound for Ny ensures that x1, ...,z form an RIS of length k. Also, 27, ..., z}, form a special

sequence of length k. Thus, from the implicit definition of the norm, we get

k k
i=1 i=1

Since §;(N) <1, this give us

k
> i
i=1

We will be done provided we can find a suitable upper bound for

N[

k
> f(k)TVA D B(N)?
j=1

k
> f) T ARTYEY (@) = f(e) T AT (k2 - 1) >
=1
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We will do this in Lemma 5.6.2. First we need another result which says that if x is a sum

of an RIS then ||Fz|| can not be too small provided F is large enough.

Lemma 5.6.1 Let x1,...,x; be an RIS where each x; is an 05" average with constant 1 + ¢
(e = 1) and let z = Zle x;. Let F be an interval in N such that A\(F) > 1. Then

PROOF. Since A(F') > 1, the interval F' must cover at least one half of some z;. Write this
_1
zi as ity @ ; where |[z;;]| < (14 ¢)n; >. Let 7 and s be respectively the minimal and

maximal j such that F' covers z; ;. Then by bimonotonicity and the upper /> estimate,

S
[Pl > | 2y
j=r

> il = || > @iy

j<r, j>s

2
>1—| > iyl

j<r, j>s

D=

>1-(1+e) | 3wt

Jj<r, j>s
1
n;i _1\2
>1-(1+¢) (E’nl 1)2
_ 1+¢
V2
Remembering that ¢ = {5, this shows that ||Fz| > 1. O
Lemma 5.6.2 Lete = %. Then
S v < e (75
—Dizl| < (1 42) [ — ) .
2=t 7%
ProoF. By Lemma 5.5.3, each z; is an Eé\z"r—average with constant 14-¢, where N; = Mf/4. By
the choice of ¢, and the lower bound for Ny, x1, o, ...,z is an RIS of length k with constant
1+¢. Note that the same is also true for the alternating sequence x1, —2, 23, ..., (—1)"lzy.
We will prove that HZle(—l)ixi is not normed by any special functional arising from

a special sequence of length k. Let 27, 23, ..., 2; be any special sequence of length k, and F,
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F be any intervals contained in N. We will show that |2*(z)| < 1 where,

J(E)
= f YD sy

J=i(E)

1
2

J(E)
Y FEz
i=i(E)

is a (k, f1/?)-functional and = = Zle(—l)ixi.

Let t < s be maximal such that z; = x} or zero if no such ¢ exists. If i # j or one of ¢, j
is greater than t + 1, then since o is injective, there exist L1, Lo € L with Ly # Ly such that
zf is an (L1, f)-functional and z; is the normalized sum of an RIS of length Lo and also is
an E;_%—average with constant 1 + &, where L, = Lg/ %, Since z} is an (L1, f)-functional, we
know that Ez}/f3;(E) is also an (L, f)-functional.

If Ly < Lo, then the definition of L gives L1 < L,. Also, Ly > jor as L; appears in
a special sequence of length k. Write Ezf/3;(E) = f(L1)~"2 3% ~,f.. Then by Lemma

5.1.5, writing F, = F Nsupp f, we have

E—ZZ*(FZU) = ;i’err(Fx')
B(E)T T p(yr ’
) I 3
< - Fraj|?
AL (2” . )
A3
< f(Ll)% (1+¢) (1 + 2L’2>
< V3(1 +¢)

From the definition of L, f(I) > 4k* whenever | > joi, so |Ez}(Fx;)| < 1/k?8;(E).

Suppose now that L1 > Lo. By Lemma 5.1.8 (with ¢ = 1) applied to the non-normalized
sum 7 of the RIS we get [((E2])/8;(E))(Fz})| < 3 (Note that the definition of L gives
M¢(Lo) < Ly). Hence

o N fL2)\? _ 1
(e e < o <3 (172 <

by the choice of L. So again, we have |Ez}(Fx;)| < 1/k*5;(E).

We now estimate |2*(Fx)|.

i(E) i(E)
¥ (Fo)| = ()~ D Bi(E)? Y Bz (F(=1)aj)|.
j=i(E) i=i(E) j=1
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We split this double sum into three separate parts. The first part is

Ji(E) &

Z ZEZ jx])

i=t4+2 j=1
By applying the above estimates this is at most
i(E
i(E) 1
Z OB
1=t+2

The second term corresponds to those given by the functional z;, ;. This is

Z Ez i (F 1‘])

and its modulus is bounded above by

—ﬁt+1 )+ ||Ezi || < 2841(E).

The final term consists of the remaining terms,

t k
> 2 BHF(ay).
i=i(E) j=1
For 4 in this range, 2z = x7 and recall also that for each ¢, suppz; = suppz;. Choose

r, s to be respectively the first and last 2] such that £ N F' meets suppx; = suppz; and

i(E) <r < s <t Since }(z;) is within 4 of £ we have the following estimate.

S

t k
>N B (F(-1Yay)| = > (—1)'Ex}(Fa;)

i=i(F) j=1 i1=r
s—1 A
<\ Bapl + | D (1)) (@) + | Bl
i=r+1

< Br(E) + 24 B5(E).

Observe that if r +1 <4 < s — 1 then E covers all of the functional 2] = x. Hence

. o111
Bi(E) 2 |Ball = s} 2 5 - 3 2 7.

Hence,
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Applying Cauchy-Schwartz to the whole sum tells us that

|z*(Fz)| < 9f(k:)*i < — by the choice of K.

Ut =

Let ¢ be the function

o (logo(x +1)Y/? ifz e K,z # F,
xr) =
logy(z + 1) otherwise.

Let ¢’ be the function obtained from ¢’ by the construction before Lemma 5.5.1, in the case
where Ko = K \ {k}. Then Lemma 5.5.1 tells us that ¢'(l) = f(l) for every l € L U {k}.

By Lemma 5.6.1, for every interval F' such that A\(F) > 1, we have ||Fz| > 1/5. Hence
we know that F'x can not be normed by a special functional arising from a special sequence
of length k. Thus

é < ||Fz|| < sup{|z*(Fz)|: M > 2, * an (M, g’)-functional}
for any interval F' such that A\(F') > 1. Thus by Lemma 5.1.10 we have that
]| < (1+2¢)(k/g' (k)2 = (1 + 2¢) (k/ f (k) "/2.
O

We can now complete our proof that X is hereditarily indecomposable. Let y € Y be the

sum of the odd z;s and z € Z be the sum of the even x;s. Then

k
1 kl/Q
— o>
ly + 2| Zx Z T
and by Lemma 5.6.2,
k .
ly = 21l = D (=1) " || < (1+20)(k/ S (R) >
i=1
Therefore,
. 1 k1/2
ly + =]l = 17(R)A
1 1/4
> - _
> a0 =
IR VZ AT
= DYy =]
> 67 ly —z]|.
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But as § is arbitrary, this implies that the projection y + z — y is not continuous. Indeed,
suppose that the map ¢ + Z — ¢ were continuous from Y + Z to Y. Then there exists a
constant K > 0 such that ||g|| < K ||g+ Z|| for all gy € Y, Z € Z. This implies also that
12| < (K +1)||g+ 2| for all g € Y, Z € Z. Suppose first that the vectors y and z that we
have constructed satisfy ||z|| < ||y||. Then,

1
7 ol < lly =2l < 6lly + 2] < 25 [yl -

Otherwise, if ||y|| < ||z, then,

e Il < lly = 21 < 6y + 21 <2521

Hence, in either case § > m, which gives us the required contradiction for sufficiently

small §. Therefore we have shown that X is hereditarily indecomposable.
Finally, it is easy to show that X is reflexive.
Proposition 5.6.3 X is reflexive.

PrROOF. We show that the basis of X is shrinking and boundedly complete. Suppose that
the basis is not shrinking. Then there is a norm one functional z* and successive normalized

block vectors x1 < x3 < ... such that *(z,) > € for all n € N. But then for any N € N,

N N N 3 )
Ne < z* <Z$Z> < ZJJZ < (Z|]:c1]2> =Nz,
i=1 i=1 i=1

which gives us a contradiction for sufficiently large N.
Now suppose that the basis is not boundedly complete. Then there is a sequence of
scalars (a;) such that sup, [|>°1; aie;]| = M < oo but Y ;2 ae; does not converge. Thus

there exist an € > 0 and a sequence of block vectors y; < y2 < ... where each y; has the form

Yyi = Y5, ajej such that [ly;|| > . Then
1
N N 2 1
1 9 N \?2
M S we]| > —— [l z(—) ,
= FE\ = V)
which gives us the required contradiction for large V. O
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In this chapter we will consider the consequences of strong compactness of certain subsets
of T(X), the set of types on X. We will show that in certain circumstances, we can deduce

the existence of spreading models that are ¢, over X for some p (or ¢ over X) i.e. for any
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x € X and any scalars (a;)] 4,

1
n n P
a:—i-g a;e; m+<§ af) e
i—1 i—1

We will also show that, under the same conditions, X will then contain (1 + ¢)-isomorphic

copies of £, or cg. We then give some examples of spaces for which this compactness condition

is true.

6.1 Existence of symmetric strong types

Definition 6.1.1 A strong type 7 is said to be symmetric if T = (—1) - 7.

Our proof that symmetric strong types exist uses the Borsuk-Ulam Theorem, which can

be found in any introductory book on algebraic topology (see e.g. [34, 26.15]).

Theorem 6.1.2 (Borsuk-Ulam Theorem) Ifn > m, and f : S™ — R™ is a map such
that f(—x) = —f(x) for all x € S™, then there exists zo € S™ such that f(zo) = 0.

We are now able to prove our existence result.

Lemma 6.1.3 If X is an infinite dimensional Banach space, then 8(X) contains a non-

degenerate symmetric strong type.

Proor. Notice first that the only degenerate symmetric strong type is 79. For if 7, is

symmetric, then in particular for any =z € X,
2+ yll = 7y(0z) = 7 (=1 - 02) = 7y(0—2) = [l — yll-

Taking z = y tells us that y = 0.

Suppose that F' = {61,...,60,} is a finite subset of T(X), and consider the mapping
x— (0;(z) — Gj(—a:))?zl from X to R™. By the Borsuk-Ulam Theorem, there exists xp € Sx
such that 6;(xp) = 0;(—zF) for j =1,...,n. Then for every such F, 7., € 8§;(X) = {0 €
8(X) :||lo|| <1}, which is a compact subset of §(X). We define a filter F on 81(X) by

F={ACS8(X):3F C T(X) finite s.t. 7, € A when G D F'}.

By the compactness of 8;(X), F has an accumulation point 7 in 8;(X). We will show that

T is a symmetric strong type.
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Suppose that § € T(X) and € > 0. Define a neighbourhood U of 7 in 8§(X) by
U={ce8(X):|o0)—7(0) <e,|o(-0)—1(-0)| <&},

and a member A of F by

A={r, :GD{6}}.
Since 7 is an accumulation point of F, U N A # &. Thus, there exists a finite subset G
containing 6, such that |7,,(0) — 7(6)| < € and |7,(—0) — 7(—0)| < €. Notice that since
0 € G, 7p,(—0) = 0(—z¢) = 0(zq) = Tuy (0). Hence

7(0) — (=7)(0)] = |7(0) — 7(=0)]
<|7(0) = Tai (O)] + |72 (=0) — 7(=0)]

< 2e.
Since ¢ is arbitrary, this shows that 7 = —1 - 7. Also, since for every F' C T(X), |7z, =
|lxg]| = 1, an argument similar to the above one shows that ||7|| = 1. Thus, 7 # 79, and so
T is non-degenerate. O

6.2 Spreading models induced by strong types

Let 7 be a non-degenerate strong type given by 7(0) = lim,_,,0(z) for every 6 € T(X).

Using 7, we can obtain a spreading model of X, by defining

k
x + Z Ci€;
i=1

= (p(err * ... % e7) (1))

Observe that,
(plerT s .ox 7)) (@) = (17 % .k g T)(02)
= (e17)((caT * ... x cpT) * 0y)

= lim ((eam * ... % cxT) x 0;)(c11)
xr1—U

= lim (com * ... % cxT)(Ozterzy)
xlﬂlxl

= lim (p(co * ... % 7)) (x + c121).
1 —U

Iterating this, gives

xr1—U T _1—U

k
T + Z CZil| -
i=1

k—1
(plerm*...xcpr))(z) = lim ... lim (p(cpT)) (a: + Z cimi>
i=1

= lim ... lim
x1—U x—U
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We know that the above defines a spreading model provided the ultrafilter & does not con-
verge. This follows from the fact that 7 is non-degenerate, for if i/ — x, then it is clear that
T =T,

Now suppose that in addition 7 is symmetric. Then clearly for any scalars cq, ..., cg,
(£er) * .. ox (FepT) = 1T * ... % ¢ T.

In other words, the spreading model generated by 7 is 1-unconditional over X i.e.

k k
T+ Z Tcie; T+ Z cie;
i=1 i=1

Hence Lemma 6.1.3 guarantees the existence of spreading models that are 1-unconditional

over X.

6.3 Sufficient conditions allowing us to pull the spreading
model back into X

Definition 6.3.1 Given 7 € §(X), we define K(7) to be the closure in 8(X) of
{e1iT*...xcx7: k€N and cq,...,c, € R}
We then define, for any M > 0,
EM(r)={o € K(r): |lo| < M}.

Remark 6.3.2 K!(7) is a closed subset of the compact set {o € §(X) : |o|| < 1}, and
hence is itself compact. Since p : $(X) — T(X) is continuous, it follows that p(K' (7)) is
compact in the weak topology of T(X). In particular, p(K'(7)) is closed in the weak topology,
and therefore closed in the strong topology. In what follows therefore we shall consider the

consequences if we have the stronger property that p(K(7)) is strongly compact.

Our first lemma shows that strong compactness of p(K'(7)) implies strong compactness
of p(K™ (7)) for any M > 0.

Lemma 6.3.3 If 7 € 8(X) is such that p(K'(7)) is strongly compact, then p(KM (1)) is
strongly compact for all M > 0.
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PROOF. Let qpr : 8(X) — 8(X) denote the map ¢ — M - o, and rj : T(X) — T(X)
denote the map 6§ — M - 6. Observe that ||p(c)]| = (p(¢))(0) = o(6y) = ||o|| and that
|- o|| = |a|||o||. Thus it is clear that KM (1) = qas (K (7)), since qas maps K (7) into K (7)
and ¢y is invertible. It is immediate from the definitions that p(qas(0)) = rar(p(o)). Hence
p(KM (1)) = rar(p(K*(7))). To complete the proof it suffices to show that 3 is continuous
from T(X) to itself when T(X) is equipped with the strong topology. Let U C T(X) be open
in the strong topology, and let 6 € r]T/[l(U). Hence M -6 € U, and so there exists NV and € > 0
such that
dy(M-0,¢) <= ¢ e U.

Since dn (M -0, M -¢)) = Mdy/p(0,%), it is immediate that

3

M:>M~1/JGU:>w€r;41(U).

dn/(0,9) <
Therefore r;j(U ) is open in the strong topology, and we are done. O

Lemma 6.3.4 For any x, y € X, x x 7y is a continuous function from T(X), equipped with
its strong topology, to R. Further, if p(K(7)) is strongly compact, then for any My, My > 0,
the set

{@xm) ey 1o < My and |ly|l < Mz},

is a relatively compact subset of C(p(KM (7)), where we again have the strong topology on
p(KM (7).

PROOF. Let (0;);cr be a net contained in T(X) which converges to # in the strong topology.

Then in particular, (6;) converges to 6 weakly. Hence
(@5 7y)(0:) = 7y (2 % 0;) = (2% 0:)(y) = Oi(x +y) — 0z +y) = (x+7)(0).

Thus, z * 7, is a continuous function on T(X) equipped with the strong topology.

If p(K'(7)) is strongly compact then by Lemma 6.3.3, p(K™ (7)) is strongly compact
and the strong topology is metrizable. Therefore, to prove relative compactness of a sub-
set of C(p(KM(1)) it suffices, by the Arzela-Ascoli Theorem, to show that the family is
equicontinuous and uniformly bounded.

We start by showing equicontinuity. Recall that the strong topology has the metric
d0,¢) => 0127 "dm (0, ¢). Therefore whenever ||z|| < M; and |Jy|| < Ma, letting N be an
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integer bigger than My + Mo, we have
(25 7y)(0) = (x % 7y)(9)] = [0(z +y) — o(z + )|
< dN(Hv ¢>
< 2%d(6,9).

This completes the proof of the equicontinuity.
If 6 € p(KM(7)), then ||f|| < M. Hence,

(@ 7)(0)] = [0(z + y)| <[l +yl + 0] < M+ My + M.

Hence {(a: * 7)oy llz]] < My and [yl < Mg} is a uniformly bounded family of func-
tions as well as being equicontinuous. It follows by the Arzela-Ascoli theorem that this set

is relatively compact in C(p(K(7))). O

We will also need the following lemma due to Haydon and Maurey. We use the notation

A ' 4 to mean I+e) I A<pu< (T +e)A

Lemma 6.3.5 ([42, Lemma 1.1]) Let U be a normed space, V' a normed space containing
U as a closed subspace, and v an element of V \ U. Given ¢ > 0, there exists M and n > 0

such that, if W is a normed space containing U, and w € W satisfies
[lw+z|| = |lv+z||| <n forall z € U with ||z]| < M,

then

lw + 2| o + 2|

forall z € U.

Lemma 6.3.6 Suppose T is a symmetric non-degenerate strong type such that p(K'(r))
is strongly compact, and consider the spreading model given by 7. Then for every finite
dimensional subspace F' of X, and every € > 0 there exists x1 € X such that for all x € F

and every k and every sequence of scalars cy, ..., c,

k
T + Z Ci€;
i=1

Proor. We will apply Lemma 6.3.5 with

1+e

~

k
T+ cixy + Z Ci€;
i=2

U=F @&span({e, : n > 2}),
V = X @span({e, : n > 1}),
W = X @span({e, : n > 1}).
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We take the vector ey € V '\ U. Thus we have M and n > 0 such that if y € W satisfies

|ly + z|| —|le1 + z|| | < n for all z € U with ||z|| < M, then ||y + z|| T ller + z|| for all z € U.
Suppose that (y;)ier is a net such that 7(0) = lim; . 0(y;) for all § € T(X). We may

assume that the net (y;) is bounded, with say ||y;|| < K for all ¢ € I. By Lemma 6.3.4,

{(w*Ty)fp(szf(T))i ||£UH < M and Hy” < K}

is a relatively compact subset of C(p(K?M(7)). For all § € T(X), (z * 7,)(0) — (2 * 7)(0)
as i — oo. Choose a finite ¥-net, £, for M Bp. By the compactness in C(p(K?M (7)), we can
find z; € X (which will be one of the y;) such that

n

(@ 72,)(0) = (2% 7)(0)] < 5

for all z € £ and all # € p(K?*M(7)). It follows from this that
(25 72, )(0) = (& + 7)(O)] <. (6.1)

for all x € M By and all 6 € p(K*M(7)).
Suppose that z € U with ||z|| < M. We write z = x + Zfﬁ cie; with x € F. Since
T is symmetric, the spreading model is 1-unconditional over X. Hence [|z|| < M and

Hzi.;Q cieill < 2M. Now,

k

Tr+x+ E Ci€;
i=2

le1 + 2| =

= (plieir)) (& + 1)

k
= Tx+a, (p(;cn))

= (@ 7)),

and similarly,
k

$+61+Zci€i

=2

- T((gcm %0,)

ler + 2] =

= 7w+ p(3eir)

= (e + ) (p(3eim).
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k
Now 21 € X CW, x € MBp and p(;cn)) € p(K?M (7)), and hence by (6.1) we have

k k
[llzr+ 2l = llex + 2] | = | (@ * 72, ) (p(3ei7)) — (2 + T)(p(%eiT)) | < 1.
Thus by the result of Lemma 6.3.5,

lz1 + 2| " [ley + 2| for all 2 € U.

In other words for all € F, all £ and scalars co, ..., ¢,
k
Tr+x + Z Ci€; e

k
$+€1+ZcieiH.

=2 =2

Hence, for all ¢q,...,cg,

1+€

~

k
T+ cxr + E Ci€;
=2

k
T + E Ci€;
=1

This follows by homogeneity for ¢; # 0, and by continuity for ¢; = 0. This completes the

proof of the lemma. O

Theorem 6.3.7 Let T be a symmetric non-degenerate strong type and suppose that p(K'())
is strongly compact. Then for any € > 0 there is a sequence (xy) in X which is (1 + €)-
equivalent to the sequence (ey) in the spreading model determined by 7. Moreover, in the
case where X is separable and (yy,,) is a Brunel-Sucheston sequence for this spreading model,

then (x,,) may be taken to be a subsequence of (ym).

PROOF. This follows easily from Lemma 6.3.6. Choose a sequence (g;) of positive numbers
such that [[72,(1 +&;) < (1 +¢). We define our sequence (z,,) in X recursively. We begin
by choosing 1 to be the vector given by Lemma 6.3.6 with ' = {0} and ¢ = ;. Then given

X1,...,Tn—1, we take x, to be the vector given by Lemma 6.3.6 with F' = span(z1,...,2,—1)
and € = &,. Then for any k and any constants cy, ..., c; we have,
k n
1+e1
Z Ci€i ~ 1Ty + Z Ci€;
=1 =2
(1e1)(1+2) -
£1 )
~ c1x1 + cox2 + E Ci€;
i=3
k
[T5, (1+e0) .
~ Z Cixj
=1
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Thus,

1+4¢

)

k k
E Ci€; E CiTg
i=1 i=1

which completes our proof. If our spreading model is given by a Brunel-Sucheston sequence,

then notice that in the proof of Lemma 6.3.6 we can choose the vectors x; to be elements of

the Brunel-Sucheston sequence. [

6.4 Sufficient conditions for existence of spreading models
that are /, over X

Lemma 6.4.1 Let 7 be a non-degenerate strong type on X. For everyn € N and € > 0
there exists a strong type 0 = (c1-7)* ... % (¢;-7) and A1, ..., A, € R with the property that
loll =1 and

sup [(o*...%0)(0) — (A -0)(0)] <e form=1,2,...,n.

0ET(X) o’
m terms

PROOF. Let Y = R{) where J = QN (0,1). We define a norm on Y by

m
cheq]. = (17 * ... % cyy7)(60),
j=1

where ¢ < g2 < ... < ¢m. We define operators 11,...,7T, on Y by
k—1
Treq = jzo 6(%;’).
T}, is the operator on Y which takes the vector x € Y to the vector which repeats x k-times

in the intervals (0, 1), ..., (%, 1). These operators commute, with T;7; = Tj; = T;T;, and

n

they are each continuous, since if y = =1

cjeq;, then

k—1 n

| Teyll = || Z%e($>

r=0 j=1

o
—_

n

2 (5)

j=1

IN

\3
Il
o

x>
I
—

n

E :cjqu'

j=1
= klyll-
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Chapter 6. Consequences of strong compactness in T(X)
Hence we can find Aq,

., An >0, and a sequence (y,,)50_; € Y such that ||y,,| =1 and

I Txym — Aeyml|| — 0 for 1 < k < n.

Ym =

> i Cieg;- If we transfer this into the language of spreading models, then this tells us
that in the spreading model generated by 7

Given ¢ > 0, choose m sufficiently large that ||Txym — Axym| < € for 1 < k < n. Write
l

Z Z Ci€jl+i — Ak Z ciegi|| < €

<e. (6.2)
7=0 =1

Now if # € T(X), then notice that

k-1 1
k—1 1
* ok T | (0 lim ... lim @ Zan@ ;
<j:0i:1 t >( ) @1 —U - g |

w30
and,
l
l
* ¢ 0 lim ... lim @ i Tl
(il ZT> ( ) :mlgll/l :L";;gllx{ ( szk1> ’
=1
Also, by (6.2) we have
$£1E1u. . wgr_r)lu Z Z CiTjl4i — Ak Z Tl <e.

7=0 i=1

Hence, given 1 > 0 we can find z1,..., x5 € X such that

k=1 1
k=1 1
Kk T -0 E i || <m,
7=01i=1

=0 i=1

<)\k 3 :ilci7'> (6) -0 (zl: /\kcixki>

i=1

<.

< n and,

! !
Z CiTjl4i — Ak Z CiTi|| < €+m.

i=1

Using these inequalities and the fact that 6 is Lipschitz with Lipschitz constant 1, tells us
that

K’“*; }il m) (6) — <)\k, * m> (e)‘ <e+3n.
j=0 i=
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Chapter 6. Consequences of strong compactness in T(X)

l
We take o = X G which then satisfies for any 6 € T(X)

1=

(o%...%x0)(0) — (A -0)(@)] <eform=1,2,...,n.
—_——
m terms

The fact that ||o|| = 1 follows from the condition that ||y,,| = 1. O

Lemma 6.4.2 p(K(7)) C T(X) is closed in the weak topology.

Proor. For any M, KM (1) = {0 € K(7) : ||o|| < M} is compact in 8(X), as a closed subset
of the compact set {o € §(X) : ||lo|| < M}. Also the map p: §(X) — T(X) is a continuous
surjection when T(X) is given the weak topology. Thus p(K (7)) is compact in the weak
topology of T(X), and so is closed in the weak topology.

Suppose that (0%);c; is a net in p(K (7)) such that §* — 0 weakly in T(X). Now we write
0° = p(7*) where ¢ € K() for each i € I. Now,

|7 = 7 (60) = p(7")(0) = 6°(0) — 6(0).

Thus, we may assume that (HTZH)ZE 1 is bounded by M say. Then
0" = p(r') € p(EM (7).
Since p(KM (7)) is closed in the weak topology, it follows that § € p(KM (7)) C p(K(7)).
Thus p(K (7)) is closed in the weak topology of T(X). O
Lemma 6.4.3 Suppose that 0,0; € T(X) and 7,7, € 8(X) are such that 7, — 7 in 8(X),
|7l < M, and 0; — 6 strongly in T(X). Then 7; x 0; — 7 % 0 weakly in T(X).
PrOOF. Let x € X, and € > 0 then
(73 03) () — (7% 0) ()] < [(7i % 05) () — (73 % 0) (2)| + | (7 % 0) () — (7 % 0) ()]
=|r(x*x0;) — m(x*0)| + |1i(x % 0) — 7(x % 0)].

Since 7; — 7 in 8(X), |i(z % 0) — 7(x x 0)| < € provided i is sufficiently large. Suppose that
U; is an ultrafilter such that 7;(¢) = lim,_;, ¢(z) for all ¢ € T(X). Since ||7;|| < M, there
exists U € U, such that ||z|| < M +1 for all z € U. Choose an N such that N > M +1+||z||.

Then
|7i(z* 0;) — Ti(x*0)] =| Zlirgl(m x0;)(2) — (xx0)(2)|

=| lim ;(x + z) — O(x + 2)|
z—U1
<dn(0;,0)

< ¢ for i sufficiently large.

90



Chapter 6. Consequences of strong compactness in T(X)
Thus, for large enough ¢,
|(7i % 0;)(z) — (7% 0)(z)| < 2e,
i.e. (7; % 0;) converges weakly to (7 6) in T(X). O
We will need to use the following simple lemma from topology.

Lemma 6.4.4 Suppose that A is a set, and S and T are topologies on A, such that S C T.
Suppose that (A,S) is Hausdorff and (A,T) is compact. Then S =T .

Lemma 6.4.5 Let 7 be a strong type on X and suppose that p(K'(7)) is strongly compact.
Then

(01, 0n) = plor*...%0p)

is continuous from K (7)™ — p(K (7)), where K(7) is equipped with its weak topology.

ProoF. We will do this by induction on n. Notice that we need to prove that the above map
is into p(K(7)). If n =1, then the map o — p(o) is a map that takes K(7) into p(K(7)). It

is continuous, since, if (0;) is a net converging to o in §(X) then for any z € X,

ploi)(x) = 0i(0z) — o(62) = p(o)().

Now suppose that the map (o1,...,0,_1) — p(o1%*...%x0,_1) is continuous from K (7)1 —
p(K(7)). Let (o%,...,0%);cr be a net in K(7)" converging to (o1,...,0,). Let z € X, and

observe that

For any y € X,

((oh*...%0) % 0,)(y) = (0h % ... % 0)(Opsy) (6.3)
= Dok %k oh) (@ +)
— p(og * ... % 0y)(x + y) by inductive hypothesis

= ((o2% ... % 0n) % 02)(y).

We may suppose that HaiH < M and Hoé“ +...+ Ha;H < M for every i € I. By the
inductive hypothesis, p(c4 ... * o) € p(KM(7)) for every i € I . Consider the weak and
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Chapter 6. Consequences of strong compactness in T(X)

strong topologies on p(K M (7)). The strong topology is finer than the weak topology, the weak
topology is Hausdorff and the strong topology on p(K™ (7)) is compact. By Lemma 6.4.4,
the weak and strong topologies on p(K™ (7)) coincide. Therefore p(cf . ..*0?) converges to
p(og ... % 0y) in the strong topology. Hence by (6.3), ((o} *...%0b) % 0,) actually converges
to ((o2 % ...x0y) * 0;) in the strong topology of T(X). Thus, by Lemma 6.4.3, we have

(ob % ((0h % ... % 0) % 0:))(0) — (o1 % (02 % ... % 0) % 6))(0).

In other words,

p(ol x ... x0l) () = ploy ... % 0p)(x).

This shows that the map (o1,...,0,) — p(o1 * ... 0,) is continuous from K (7)™ to T(X).
It is clear that if each o; has the form ¢;7 % ...¢,7, then p(o1 * ... x 0,) € p(K(7)). By the
continuity, for general o; € K (1), the image is in the weak closure of p(K(7)). Hence by

Lemma 6.4.2, the map is into p(K(7)). This completes our proof. O

Proposition 6.4.6 Let 7 be a non-degenerate strong type on X, and suppose that p(K'())
is strongly compact. Then there exists a normalized strong type o € K(7) with the property

that for all m € N,

I % o

CjO)* g% ...0 % (ji1ck+ja)) =p(( * ¢cjo)* (Am - 0) * (jilckﬂ-a)).

m terms

7=1

PRrROOF. To begin with, consider a fixed n € N. Then for each € > 0, let 0. be the strong

type given by Lemma 6.4.1. Then for any m < n,

k n k n
¥ Cio ) %0k ...0:%( % Coyi0))(x) = ( % cioz)(oc*...0:%( * Cyi0-) %0,).
p(<j:1 i) ) * 0c 5 <j:1 k+j ) () (J.Zl o) (0: 5 <j:1 k+j c) % 0z)
m terms m terms

Using the notation that a = b if |a — b| < ¢, it follows from the conclusion of Lemma 6.4.1
that for any y € X,
n n
(0c*...0¢ % (ji1ck+j05) x0.)(y) = (0c*...0c% (jilck+j05))(9$+y)
m terms m terms
n
= (0e*... 05)(<ji1ck+j05) * Oppy)
m terms

= (Am - 06)<(j£1ck+j‘75) *Ozty)
=((Am-0e) x(
J

= ((Am -0e) * (.

Chtj0e)) (Orty)

Cktj0e) * ) ().

<
%3 Il %3
— —
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Chapter 6. Consequences of strong compactness in T(X)

€

It is straightforward to show that if p € $(X), and 61,62 € T(X) are such that 6;(y) = 62(y)
for all y € X, then p(81) = p(6-). It follows that

k g
(jilcjag)((ffs * ... Og X (J.Elckﬂae)) #02) = (

I % o

; €50) (A - 02) * (jglckﬂ-aa) % 0z). (6.4)

m terms
Notice also that,

P % 50e) * O 02) = (£ cnigoe)) (@) = (&

cjoe)(Am - 0c) * (% ChtjOc) * Oz).
J 7=1

7j=1

Hence, (6.4) shows that

k £ k} n
p((jilcjo'e) *O0g % ...0g% (jEICkJrjas))(x) = p((jilcjaa) * ()‘m : Us) * (jilckJrjUa))(x)' (6'5)
m terms

Now consider {0/, : 7 € N}. This set is contained in the compact set §1(X) = {p €
8(X) : [lpll < 1}. Let o be any limit point of {0/, : 7 € N}. Since |o1/r|| = 1 for every
r €N, [[o|| =1, and also as each o/, € K(7), we also have o € K(7). Using the continuity

result from Lemma 6.4.5, it follows from (6.5) that for every € X and every m < n,

k

(%)

k n

CjO) kg *...0 % (jglckﬂa))(a:) = p((ji1cj0) * (Am - 0) * (jilck+jo))(x).
m terms

Now to complete the proof we do this for every n to obtain a normalized strong type o,
satisfying the above equation for every m < n. We then take an accumulation point o of

{on : n > 1}, and this is the required strong type. O

The result of Proposition 6.4.6, tells us that in the spreading model generated by o, we

have for every x € X and every k,

k m n k n
T+ Z cie; + Z €k+i 1+ Z ChtiCk+m+il = ||z + Z ci€; + Amek+1 + Z Chti€htm+i
=1 1=1 i=1 i=1 i=1

If we also suppose that o is symmetric, then we can apply an argument due to Lemberg (see
[51]), which actually only requires the above result for m = 2,3, to prove that the spreading
model is isometric to £, over X for some p, or isometric to ¢y over X.

Suppose that u, v are vectors in the spreading model with suppu < j < j+3%—1 < suppv.
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Chapter 6. Consequences of strong compactness in T(X)

Then,
2k 2k—1
$+U+Z€j+i+v = ||z +u+ A Ze]urﬁ-v
i=1 =1
2]@72
= ||z 4+ u+ A3 Zej+¢+v
i=1

= ||z +u+ e +o

k . . k
S22 eill = A5 llea||. Similarly, ||[S55, e = A le]]-

Since we are supposing that ¢ is a symmetric type, the spreading model generated by o

In particular,

is 1-unconditional over X. Hence,

ok >3m = M > am, (66)

6.6

ok <3m = 2\ < a7,

We now consider two cases. Firstly, suppose that Ao = 1. Notice that this holds if

and only if A3 = 1 too. Let (a;)¥_; be scalars, with @ = max|a;| = |as|. Then by the
1-unconditionality and the fact that Ay = 1, it follows that

k k
x—l—Zaiei < x+aZei
i=1 i=1
= ||z + aeq]| .
But on the other hand,
k
T+ Z%’Q‘ > ||z + aer||
i=1
= ||z + aey]| .

Thus,

9

k
xr + Z a;e;
i=1

which means that the spreading model is isometric to ¢g over X.

x + max |a;|e1
7

The second case is when Ao > 1, which will hold if and only if A3 > 1. It follows from
(6.6) that we can find a p € [1, 00) such that Ay = 27 and A3 = 37. Let k € N and ¢ > 0. By

a result in [73], we can find n,m,n’,m’ € N such that

2n3—m S k < 2n’3_m/ S (1 +6)2n3—m (67)
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Let M = max(m,m’), then using the 1-unconditionality, we find

o+ @34 myper | = |2+ XgA e

2n3M—m

IN
8
+
Ing
S

IN
8
+
]
£

z+ ((1+ 5)2”3M*m)%e1

IN

Letting € | 0 tells us that
k
T+ Z €;
i=1

1
Now suppose that a; are scalars with a; = (2"37™)r for i = 1,...,k. Let M = max; m;,
M
and §; = ;3 7. Then,

' e+ kb

Zj an 3]Mfmj

= ||l + Z €;

=1

= |z + (;ﬁf) e1

k
v+ Bie
i=1

B =

It follows that for any x € X,

S =

k
T+ E (671 &)
i=1

k
= |z + <Zaf) el
i1

Since we can approximate any scalars by numbers of the form 2”3~ as in (6.7), this implies

that the spreading model is isometric to £, over X.
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Chapter 6. Consequences of strong compactness in T(X)

6.5 Strong compactness of certain subsets of T(X) implies X
contains (1 + ¢)-isomorphic copies of ¢, or ¢

Theorem 6.5.1 Let X be a Banach space. Suppose that there exists a non-degenerate strong

type T on X with p(K'(7)) strongly compact. Then there is a spreading model that is £, over
1

X for some p € [1,00) or cy over X, and either there exists p € [1,00) such that £, T x

for alle > 0, 07"601<—>+€Xf07“alle>0.

PROOF. Our first step is to show that there is a non-degenerate symmetric strong type in
K (7). We do this in a similar way to the proof of Lemma 6.1.3. Let K = {0 € §(X) :
lo|l <1}, which is a compact subset of §(X). For each n, let E;, denote the subspace of the
spreading model spanned by ey, ..., e,. Given a finite subset F' = {601,...,0,} of T(X), we
define a map ¢ : Sg,_., — R", by

¢(a) = (1a(i) — 7-al6:))il1,

where

a=qwie] + ...+ On+1€n+1,

and

To = QT * ... % Qpy1T.

Then the Borsuk-Ulam Theorem implies that there is an ap € S, , such that ¢(ap) = 0.

n+1
In other words, 74, (0;) = (—7a,)(8i) for i =1,...,n. Note that

1Tap | = [P(Tap)ll = llarer + ... + anprenpa | = 1.

Hence each 7,, € K, and so taking an accumulation point 7/ as in the proof of Lemma
6.1.3, gives a symmetric strong type. Since each 7,, is contained in the weak closed set
K(7), we also have 7 € K (7). By Lemma 6.4.5, we see that for any scalars ci,...,cp,
pleir’ * ... x c,7') € p(K (7)) and thus by continuity we have that p(K(7')) C p(K(T)).
Hence p(K'(7')) C p(K'(7)), and since p(K'(7")) is weakly closed and thus closed in the
strong topology, p(K'(7')) is strongly compact. Thus we may apply Proposition 6.4.6 to
obtain a normalized strong type o in K(7’), which will automatically be symmetric since 7’
is symmetric. We can then apply the Lemberg argument to the spreading model generated by
o and show that it is isometric to ¢o or to some £, over X. Similarly to the above, p(K*(c))
is strongly compact and so we can apply Theorem 6.3.7 to obtain (1 + ¢)-isomorphic copies
of cg or £, in X. O
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Chapter 6. Consequences of strong compactness in T(X)

From a practical point of view, Theorem 6.5.1 is not of much use. It is difficult to describe
the strong types on a Banach space, and thus it is difficult to find a strong type 7 such that
p(K(r)) is strongly compact. We now want to show that a compactness condition on a more
easily identified subset of T(X) is also sufficient. The subset we will be interested in is the so
called weakly null types, which we will define below. This will be more useful, since in some

cases we can find a simple description of the weakly null types.

Definition 6.5.2 We define To(X) to be the set consisting of limit points in T(X) of se-
quences (0,) with (x,) weakly null. We further define T5(X) to denote the subset of To(X),
where the weakly null sequence (x,,) satisfies ||x,|| < 1 for every n. We will call an element
of To(X) a weakly null type.

The condition we will be interested in is strong compactness of T§(X). If this condition
holds, then notice that in particular, ‘J'(l](X ) is weakly compact, and therefore weakly closed.

In general this need not be the case, but we have the following result.

Proposition 6.5.3 Let X be a Banach space with X* separable. Then To(X) is closed in
the weak topology on T(X). In particular, the result holds if X is a separable reflexive space.

PROOF. Suppose that (6;) € To(X) such that §; — 0 in T(X). We may suppose that for
every r € X
0i(x) = lim 0.,  (x),

n—oo
where (z;,)0; is weakly null. Since X and X* are both separable we may choose dense
sequences (u,) C X and (fs) € X*. By a Cantor diagonalisation argument, we may assume

that

1
|fs(zin)| < 5 for every i and n > s, (6.8)
and
1
10i(wr) — Oz, ,, (ur)| < 5 for every ¢ and n > 7. (6.9)

Consider the sequence y, = x5 . Using (6.8) we can show that (y,) is weakly null. Indeed,

given f € X* and € > 0, we choose s such that ||f — f,|| < 5. Then for n > s,

€
|f(yn)| < B} [ynll + [ fs(yn)
° . (6.10)
<l + o
Since lim;_, o0 limy, o0 ||Zin || = 6(0), we may assume that the sequences (z; ) are uniformly

bounded. Hence (y,) is bounded, so (6.10) tells us that (y,) is weakly null.
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We now show that € is a limit point of (,,)2>; and hence § € To(X). Let U be a
neighbourhood of . Without loss of generality we may suppose that

U={¢:|p(z) —0(z)| <efort=1,...,k },

and that each z; is an element in the sequence (u,). Choose S sufficiently large that

{z1,.. ., 2k} C{ui,...,us}. Then for n > S and every i, we have by (6.9) that

1
105(20) = Oz (20)] < 5+

Since 0; — 0, there exists I such that for ¢ > I,
10;(z¢) — 0(21)] < % fort=1,... k.
Hence, for n > max(S, I) we have
€ 1
10(2¢) — 0y, (2)] < 3 + on fort=1,... k.
Thus, for sufficiently large n, we have 6, € U which completes our proof. O

In general, the result of Proposition 6.5.3 need not hold. The essential difficulty in the
proof is the selection of a diagonal weakly null subsequence. This can not always be done
(for example in spaces of the form ¢;(¢,)). In view of this result, we will be interested in
what we can deduce from strong compactness of f(l)(X ), the weak closure of T}(X).

The next proposition gives a simple, but useful, way of deciding which weakly null types
are in T3(X) and T(X).

Proposition 6.5.4 T} (X) = {6 € To(X) : ||0]| < 1}. If we denote the weak closure of T§(X)
by To(X) (and similarly for To(X)), then To(X) = {6 € To(X) : [|6]| < 1}.

PROOF. We prove the first claim, the proof of the second being similar. It is clear that every
element in T§(X) has norm at most 1. Conversely, suppose that 6 is a limit of (6, ), where
() is weakly null and [|#]] < 1. Since X is separable, we may assume by passing to a
subsequence that 6(x) = lim,_. 05, (x) for every z € X. Hence lim,_. ||z.|| = [|0] < 1.
If limy,—c0 ||Zn]| < 1, then it is clear that § € T} (X). Now suppose that lim, e ||z,] = 1.
Consider y,, = zp/ ||zy||. Then for any z € X,

6,.(2) — B (@)] = | [l + gall — 1z + 2l |
< llgm — 2l
1
T — —1'

— 0 asn — co.
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Hence, 0 is the limit of the sequence 6, , and the sequence (y,,) is a normalized weakly null

sequence. Thus, § € T4 (X). O

We are now nearly ready to prove our main result for this section. Before we do this, we

will need prove the following two lemmas, which will be used in the proof of our result.

Lemma 6.5.5 If 7 is an accumulation point of the sequence (1,,) in 8(X), then p(T) is an

accumulation point of (0,,) in T(X).

PROOF. Let U be an open set in T(X) such that p(7) € U, and N € N. Since p: §(X) —
T(X) is continuous, it follows that p~!(U) is open in §(X), and 7 € p~}(U). Since 7 is an
accumulation point of the sequence (7., ), there exists n > N such that 7., € p~}(U). Hence

0., = p(r2,) € U. Thus, p(7) is an accumulation point of (6., ). O
Lemma 6.5.6 Suppose that o,7 € 8(X) are such that T is a limit point of (1y,) in 8(X),
and p(o) is a limit point of (6,,) in T(X). Then, p(T * o) is a limit point in T(X) of

{0y, 42, : m >n}.

PROOF. For any = € X,
p(r*0)(z) = (7*0)(0;)

=7(0*0,).
Similarly,
(7 #p(0))(x) = 7(z *p(0)).
For any y € X,
(0 0:)(y) = o(y*6y)
= 0(0z1y)
=p(o)(z+y)
= (zxp(0))(y)-
Thus,

p(Tx0)=7xp(o).

Suppose that U is an open set in T(X) such that p(t o) € U. Without loss of generality

we may suppose that U = {0 € T(X) : |0(x;) —p(t*0)(x;)| < e fori=1,...,k}. Let N € N.
Then, since 7 is a limit point of (7,,) in §(X), there exists n > N such that for i =1,...,k,
3

|7(xi % p(0) = 7y, (@i * p(0))] < 5.
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In other words, for i =1,...,k,
5
(7% p(0))(25) = po) (@i + )| < 5
Since p(o) is a limit point of (6,,) in T(X), there exists m > n such that fori =1,... k,

13
’p(0)<mi + yn) - 025m (xz + yn)’ < 5

Hence, for i =1,...,k,
(7 % o) (@) = Oy, 42, (wi)| <.

Hence 0,,,.,, € U which completes our proof. a

Corollary 6.5.7 If X is separable and the set T(l)(X) 15 strongly compact, then there exists

1 1
p € [1,00) such that ¢, ifX, or ¢ any's

PROOF. Suppose that ¢1 ¥+~ X. Since £; is not distortable this is equivalent to the condition
that 1 17L>+8 X for some € > 0. By Rosenthal’s /1 theorem, every bounded sequence in X has
a subsequence that is weakly Cauchy. Suppose that we take a Brunel-Sucheston sequence
(zp) in X, then by passing to a subsequence we may assume that (x,) is weakly Cauchy.
Now consider the vectors y, ,m = ,, — 2, Where n < m. These form a weakly null sequence
which we will denote by (z,). Let 7 be any accumulation point in 8(X) of (75,).

We will now show by induction that for every k, p(c17*...%cp7) is a limit point in T(X)
of

{9012n1+~-+0kznk m<... < nk}

The case k = 1 follows from Lemma 6.5.5 since ¢;7 is an accumulation point of (7c,, ).
Given the result for k£ — 1, we can deduce the result for k£ from Lemma 6.5.6. Note that ¢;7 is
a limit point of (7,2, ) in 8(X), and by the inductive hypothesis p(ca7 * ... * cx7) is a limit
point of {9022n2+-~~+ckznk :ng < ...<ng}. Thus the result follows by Lemma 6.5.6.

It is immediate from this that p(ci7 % ... % ¢;7) € Tp(X) for any k and any scalars ¢;.
By definition To(X) is closed in the weak topology. Hence, since p is continuous from §(X)
into T(X), it follows that p(K (7)) € To(X). Also, p preserves norms, so it follows from
Proposition 6.5.4 that p(K'(7)) C T(l)(X). K'(7) is compact in §(X) and p continuous,
so p(K'(r)) is weakly compact in T(X). Therefore p(K'(7)) is weakly closed and there-
fore closed in the strong topology. Thus by the strong compactness of T(l)(X ), it follows
that p(K'(7)) is strongly compact. Note that 7 is non-degenerate because for any r € X,
p(7)(z) = ||x 4+ e1 — ez]|]. This shows that p(7) is non-degenerate, and hence 7 is too. The
result then follows by Theorem 6.5.1. O
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In fact we can prove a slightly stronger result.

Corollary 6.5.8 Let X be a separable Banach space such that T(l)(X) 15 strongly compact.
Then if Y is a subspace of X, there exists p € [1,00) such that ¢, &5 Y, or cy &5 Y, for

every € > 0.

PROOF. Let § € T}(Y). Then there exists a weakly null sequence (y,) contained in Y such
that 0(y) = limy, 0 ||y + yn|| for every y € Y. The sequence (y,,) is also weakly null in the
larger space X, so we may pass to a subsequence (y/,) such that 6(z) = lim, .o ||z + ¥/,
exists for every = € X. Hence every 8 € T3(Y) is a restriction to Y of an element 6 € T3(X).
Since every element of T(l] (Y) is a pointwise limit of a sequence in T§(Y), it follows that every
RS ﬁ'(l)(Y) is a restriction to Y of an element 6 € T(l)(X).

Thus, given a sequence (6;) C T(l)(Y), we consider the sequence (6;) C fé (X). By strong
compactness of T(l)(X ) there exists a subsequence (énz) which converges uniformly on every
bounded subset of X. Hence, in particular, (6,,) converges uniformly on every bounded

subset of Y. Thus Té(Y) is strongly compact and the result follows from Corollary 6.5.7. [

6.6 A class of spaces such that f(l)(X ) is strongly compact

In this section we introduce a class of spaces for which T(l)(X ) is strongly compact. These
spaces have a structural property known as property (M). This property was introduced
by Kalton in [44], where it arose in the classification of spaces, X, such that the compact
operators K(X) form an M-ideal in £(X). For further properties of spaces with property
(M), we refer the reader to [20], [45] and [3].

Definition 6.6.1 Let X be a Banach space. We say that X has property (M), if whenever

u,v € X satisfy ||u|| = [|v]|, and (x,) is a weakly null sequence then
limsup ||u + x,|| = limsup ||v + x,|| .
n—oo n—oo

Notice that property (M) is an isometric invariant, but not an isomorphic invariant. It
is shown in Kalton’s paper that every generalized Orlicz space can be equivalently renormed

so as to have property (M).

Proposition 6.6.2 Let X be a separable Banach space with property (M). If 6 € To(X),
then there exists a 1-Lipschitz function f: Ry — Ry such that

0(z) = f(||z]|) for all x € X.
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PROOF. Suppose to start with that 8 € To(X). Since X is separable, we may suppose that
0(z) = lim, o ||z + x| for every x € X, where (z,,) is a weakly null sequence. Since X has
property (M), it follows immediately that if z,y € X satisfy ||z| = |ly||, then 0(z) = 0(y). If
6 € To(X), then 6§ is a pointwise limit of a sequence (6;) € To(X), and therefore §(x) = 0(y)
whenever ||z|| = |ly||. Hence there exists a function f : Ry — Ry such that 0(x) = f(||z|)
for all z € X. Fix a vector x € Sx, then for any scalars o, 8 > 0, using the fact that types

are 1-Lipschitz, we have

[f(a) = f(B)] = [0(ax) = 0(Bx)| < [lax — Bz| = |a - 3],
O

Proposition 6.6.3 If X is a separable Banach space with property (M) then ‘.T'(l)(X) is strongly

compact.

PRrROOF. By Proposition 6.6.2, we can associate with Té (X) a family S of 1-Lipschitz functions
f iRy — Ry with 0 < f(0) < 1. Fix any M € R, and consider Syr = {fljpa: f € S} C
C([0, M]). [0,M] is a compact metric space, and since each of the functions in Sy is 1-
Lipschitz, Sy is an equicontinuous family. Also, for any f € S and any « € [0, M], we have
|f(a)] < f(0)+a < 14 M, so the family Sy is also uniformly bounded. By the Arzela-Ascoli
theorem therefore, Sy is a relatively compact subset of C(]0, M]).

We will now show that Té (X) is strongly compact. Since the strong topology is always
metrizable it suffices to show that it is sequentially strongly compact. Let (;) be a sequence
in Té(X ). Let f; be the Lipschitz function associated to #; in Proposition 6.6.2. By the
compactness result proved above, given any M € R we can pass to a subsequence of (f;) such
that the subsequence converges uniformly on [0, M]. Repeating this for every M € N and
passing to a diagonal subsequence gives us a subsequence (g;) of (f;) such that (g;) converges
pointwise to some function g, with convergence being uniform on each interval [0, M]. Hence

if we let (¢;) be the subsequence of (6;) corresponding to (g;), then for any = € X we have

¢i(x) = gilllz[]) — g(llz]),
and the convergence is uniform over x € M Bx for any M € N. Hence ¢;(x) converges in
the strong topology, and since T(l)(X ) is in fact strongly closed, we have shown that T(l)(X ) is
strongly compact. O

Corollary 6.6.4 If X is a separable Banach space with property (M), then either ¢, & X

1+
for some p € [1,00), or ¢ X,
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ProoOF. This follows immediately from Proposition 6.6.3 and Corollary 6.5.7. O

Notice that property (M) is hereditary i.e. if X has property (M) and Y is a subspace of
X then Y also property (M). Thus Corollary 6.6.4 immediately yields the following corollary.
Alternatively, this follows from Corollary 6.5.8. This result has been proved previously using

a different method (see [44, Proposition 8]).

Corollary 6.6.5 Let X be a separable Banach space with property (M). Then for any sub-
space Y of X, there either exists a p € [1,00) such that ¢, &5 Y for every e > 0, or ¢ &5 Y

for every e > 0.

6.7 An application of strong compactness of types to Tsirelson
type spaces

We will consider here spaces of the form X = T'(As, (a,b)) where a,b < 1. These spaces are

defined to be the completion of (cqo, ||||), where the norm ||-|| satisfies the implicit relation
[zl = llzllo V sup{a || Eve|| + b[| Eaz|| : Ex < Eb}.

The natural basis of such a space is 1-unconditional and so we lose nothing by the additional
assumption that the sets F; and FEs are adjacent intervals. We will begin by obtaining a
description of the weakly null types which will allow us to prove that the set T(l)(X ) is strongly

compact. In fact, we will prove a result which is stronger than we require.

6.7.1 Notation
We first introduce the uniform metric on T(X). Given two types 61,602 € T(X), we define
p(01,02) = sup{|01(z) — O2(z)| : v € X }.

p(01,02) is always finite since every type is given by a bounded net (z;);c;. For example, if
X is separable, then every type is given by a bounded sequence. Hence if 1 and 02 are limits
of (0g,)2, and (6,,)72, respectively, where ||z;|| < M and ||y;|| < M for all ¢ € N, then for
any € X, |01(x) — 62(x)| < 2M since,

|z 4+ il =l + will | < lla — will < 2M.

Given a vector z € X, we will need a collection of functions to describe how the norm of

x is obtained. The implicit definition of the norm leads naturally to the use of dyadic trees
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of intervals (see [41]). The approach we use here is similar, but slightly different, following
the method in [62], in which the types of Tsirelson’s space are studied. Our situation is on
the one hand simpler because we do not have an admissibility condition, but on the other
hand we have the added complication of the scalars a, b.

If n = (ny,...,nx) € {0,1}*, we will call a finite sequence {E;}*_; of (possibly empty)

subsets of N an n-partition if the following properties are satisfied;

i) fS={i:1<i<k, nj=1}and S = {s1,...,s,} when written in increasing order,

then B, < Es | <...< Ey < Fj.

Given j € {1,...,k}, we define
n(j) =[{i <j:n;=0}.

We also define [(j) = j — 1 —n(j) and r(j) = 1 + n(j). Finally, we set

k
fn(x) = sup Zal(j)br(j) |Ejz| : {E:}F_; is an n-partition
j=1

and
fo(z) = [z| .

Remark 6.7.1 If v € X and n € {0,1}*, then ||z|| > fu(z). For example, if we take
n = (0,1,0,1), and if (E;)% is an n-partition, then Ey = E3 = @ and Ey < Ey. Given a
subset E of N, we will denote the interval [0, min E' — 1] by E. Then,

lall = al|(Ba)al| + bl (B2 U Ea)al
> b||[(EyU E2)z||
> blal| Exa + b | Esal))
= || Bz + ab | By
— Zal(j)br(j) |E;z]| .
j=1

The following lemma is the most important part of our example. It will allow us to
identify the weakly null types on X with a suitable metric space, and will provide us with a
useful estimate for p(6, ¢) for 6, ¢ € T(X).
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Lemma 6.7.2 Let u,z,y € X with maxsuppu < min(suppx U suppy), and put v =
max(a,b). Then for any k € N,

[t all = lfu+ gl | < max{|fa(@) = falv)] : n € (0,11 U {2} |+ (ol + Iyl)-

Proor. We will show that

Jut 2l < llu+ gl + max {| fa(@) = faly)] : 0 € {0,1}* U{@} |+ (2] + Ilyl).

Consider ||u + z||. Suppose first of all that ||u + x| = ||u + z|| .. Then either ||u + x| = ||u||

or [[u+z| = ||z| . In the first case,
lu+ ]| = flull o < llull <lu+yll,

and in the second,

lu+ 2] = llzllo < 2] < llyll + [zl =yl < llu+yll +[fo(z) = fa(y)]-

Otherwise, ||u+ z|| = a||Fi(u + z)|| + b||F2(u + z)||. By 1-unconditionality of the norm,
we may suppose that F; < Fy are consecutive intervals which cover all of u and z, and that
F1 meets u and F5 meets . Now, at most one of the intervals F; and F meets both u and x.
If F5 meets only x, then put n; = 1, otherwise we put n; = 0. We now look at the interval
F; which possibly meets both v and x and consider ||F;(u + x)||. We continue this process,
until after a finite number of steps, we obtain a sequence of intervals F1 > Ey > ... > Ej,

with E; = @ if n; = 0, which do not meet both v and x, and n = (ny,...,n). This gives us,

t
lu+z|=U+Y a@v0) | Ejz|, (6.11)
j=1
where U is the contribution from wu.
Fix k € N. Suppose that ¢t < k, and set p = (n1,...,n0,...,0). It follows from (6.11),
N——

k—t
that ||lu+z| < U + fp(z). Now suppose that k& < t, and we define p = (ny,...,n%), and

q = (Ngt1,...,n¢). Let A denote the number of zeros in p. Then
S Oy Byl = A Y a0FARO-A | ()
j=k+1 Jj=k+1

IN

ak*Abqu(x)
< aF= 44 ||z|| by Remark 6.7.1.

<"l
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Hence, by (6.11), it follows that

k
lutzl| <U+> D00 | Ejz|| ++* |||
j=1

< U+ fola) +9" [l

It also follows from the definition of the norm, and the fact that suppu < suppy, that

U+ foly) < lu+y-

Hence,
lu+ 2l < U+ folx) +" |2
< lu+yll + fo (@) = foly) +" |2l
This gives the required result. O

6.7.2 A description of the weakly null types on X

Define A = (J;2 {0, 1}*U{@}, and define a map X — R2 by 2 — w, where wy; = (fn(7))nea.
We equip R® with the Tychonoff product topology and we then define Ag to be the set of
limits in R® of sequences (w,, ) where (z,,) is weakly null, and Ag to be the closure of Ag in
RA. R2 is a complete separable metric space and therefore Ay is also a complete separable
metric space. Given n € A, we let f, denote the coordinate function defined on R?. Hence,
each fy is a continuous function on R2. Also, since fu(zn) < ||2n]| = fo(x,) for every n, we
get that fn(w) < fz(w) for each w € Ay. We will now show using Lemma 6.7.2 that we can
identify Ay with T(X), and A with To(X).

Suppose that (z,) is a weakly null sequence such that w = limw,,. Let ¢ > 0, and
suppose that [z,| < M for all n. Choose k sufficiently large that 2M~* < £. Now there
exists N such that n,m > N implies that

| fa(zn) — falam)] < % for all n € {0,1}* U {@}.
Hence, Lemma 6.7.2 (and a moving hump argument), tells us that
| lu+zp|| — lu+zn| | <eforallueX.

Hence 6(u) = limy, oo ||u+ 2| exists for all u € X, and defines a type 6 € Tp(X).
Conversely, if 6(u) = limy—oo by, (u) for all v € X, where x, is weakly null, then it
is a consequence of Tychonoff’s theorem, that we can find a subsequence (z],) such that

w = limy, 00 wyr, exists in R2. Hence we can identify Ay with To(X).
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Suppose that 6, ¢ € To(X), with § = limw,, and ¢ = limw,,,, where (x,) and (y,) are
weakly null sequences. Then for any k € N, and any u € X, writing Ay, = {0,1}* U {@},

602) = o()| = lim | [lu+ ] = [fu+ ] |
< lim_(max{|fa(@n) — fa(ym)| : 0 € Ak} + 2 (lom] + lyml))
= max { lim_|fu(@n) = falyn)] i1 € A} + Hm F(llzll + [yl
= max {|fa(6) = fa(9)| : 1 € A} +74(6(0) + $(0)).

Now we consider Ag. Let w be an element in Ag. Then there exists a sequence (w;) C Ag

(6.12)

such that w; — w in R?. Let 6; denote the weakly null type identified with w;. Then for any
r e X,

16:(2) — 8;(x)| < max {|fa(6:) — fu(6))] : 1 € A} ++*(6(0) + ¢(0)).
Since (w;) converges in R® to w, this guarantees that f(z) = lim; .o 0;(x) exists for every
r € X and so defines § € To(X). Conversely, if 6 € To(X) and 0(z) = lim; .o 6;(z) for each
x € X, where 0; € To(X), let w; denote the element of Ay corresponding to 6;. Then for
any n € A, we have fn(w;) < fz(w;) = 6;(0). Since 6;(0) — 6(0), Tychonoft’s theorem gives
us a subsequence such that (w;, )22, converges in R®. Therefore, we have a correspondence
between To(X) and Aj.
Suppose that 6, ¢ € To(X), then by taking pointwise limits in (6.12) we find that,

p(0,¢) = sup |0(u) — ¢(u)]

ueX

(6.13)
< max{|fa(0) = fa(9)] : m € {0,1}° U {2} } +45(0(0) + 6(0)).

We now define a sequence (p) of pseudometrics on To(X) by

pr(0,¢) = max {|£a(6) — fu(9)| : m € {0,1}* U {2} }.

Then (6.13) can be rewritten as
p(0,9) < pr(0,¢) +~*(0(0) + ¢(0)).

6.7.3 Strong compactness of T(l)(X)

Suppose that (6;) C ﬁ'(l)(X). Then for any n € A, 0 < fn(0;) < fz(6;) < 1. Hence we can
pass to a subsequence (6}) of (6;) such that fy(6}) converges for every n € {0,1}! U{@}. By
choosing this subsequence suitably, we may suppose that

1

1a(6}) = Fal6D)] < 57,

107



Chapter 6. Consequences of strong compactness in T(X)

whenever i < j for every n € {0,1}' U {@}.
We then iterate this procedure, so that for each k € N we have a subsequence (%) of
(6F1) such that

al0h) — Ful0)] < o

whenever i < j for every n € {0,1}* U {@}.

We now pass to a diagonal subsequence (1/;) where 1; = . Suppose that n € {0,1}* U
{2}, and that k <4 < j. Then there exists r < s in N with i < r such that ¢; = 6! = 6% and
Vj = 0;: = 0%, Hence

) = Fal5)] = 1n(0) — Fal8)] < o < o (6.14)

Suppose that € > 0. Choose k sufficiently large that 2% < 5 and 27k < 5. Itj>i>k,
then by (6.14),
Thus,
p(ir ) < pr(hi 03) +7*(43(0) + 95(0)
€ k
< BY + 29" < e.

Hence, every sequence in fé(X ) admits a subsequence which converges uniformly over all of
X. Since T(l)(X ) is closed under pointwise limits, the limiting function is also in T(l] (X). Also,
since the convergence is uniform over all of X, it follows in particular, that this subsequence
converges in the strong topology on J(X). Since the strong topology is metrizable, this shows

that 7(1)()() is strongly compact.

6.8 Strong compactness of types for spaces T(As, f)

In this section we extend the result of Section 6.7 to more general Tsirelson type spaces of the
form T'(As, f), for a suitable norm f on R2. We take f(-,-) to be a normalized 1-unconditional

norm on RZ of the form

f(aaﬁ) - max(H(a,ﬂ)Hoo 7g(a7ﬁ))7

where g(-,-) is also a 1-unconditional norm on R? such that ¢(1,0) < v and ¢(0,1) < ~,
where v < 1. The shaded area in Figure 6.1 denotes the part of the unit ball of f(-,-) in

the quadrant x > 0, y > 0. Notice that the unit sphere has corners where it meets the lines
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g(0,1)~*

X
1 g(1,0)7!

Figure 6.1: The positive quadrant of the unit ball for f(,-) in R?

x =1 and y = 1, so that the tangents at these points meet the x and y axes at some point
greater than 1.

The norm on X = T'(As, f) satisfies the implicit relation
2]l = Izl Vsup{ f([[Ere|l, [ Eoz]]) - Ex < Ea},

and the standard basis of this space forms a 1-unconditional basis.
We will introduce a collection of functions g, where n € {0,1}* U {@} for some k, which
will describe how the norms of vectors in X are obtained. We define gg(a1, a2) = g(ay, az),

and then given n € {0,1}* we define recursively

g(O,n)(ah ey Oék+3) = g(ala gn(OZQ, o 7ak+3))7
gy (@t oy api3) = g(gnla, . .., pi2), Ak y3).

Similarly, we define a collection of functions fy, replacing g by f in the above definitions.
We begin by looking at some simple properties of these functions g, and f,. We state

these results for g, but the same results clearly hold for fy,.

Lemma 6.8.1 Ifn € {0,1}* U {2}, and o, 3 € R¥*2, then

|gn(a) - gn(ﬂ)| < gn(a - ﬁ)

PROOF. The case where n = @ is immediate from the triangle inequality applied to the norm

g(+,+). In general we prove the result by induction on the length of n. Suppose the result is
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true for every n € {0,1}*. If m € {0,1}**! is of the form (0,n) (the argument for (1,n) is

similar), then applying the triangle inequality for the norm g gives,
|gm () — gm(B)| = |g(a1, gn(a2, .., ak+3)) — 9(B1,gn(B2, - . ., Br+3))]
< gloar = Br,gn(a2, ..., ak+3) — gn(B2, - - - Brt3))-
But by inductive hypothesis,
lgn(a2, ..., apt3) — gn(B2, ..., Bets)| < gnlaz — B2, ..., iy — Bits).
Using the 1-unconditionality of the norm g gives us that

|gm () — gm(B)| < glar — B1, gn(a2 — B2, .., a3 — Brta))
= gm<a - /8)

Lemma 6.8.2 Ifn € {0,1}* U {2}, and a € R¥*2, then gn(a) < fu(a).

Proor. This follows by induction on k. For n = &, this is immediate from the definition of
f in terms of g. Suppose the result is true for every n € {0,1}*. If m € {0,1}¥*! is of the

form (0,n) (again the case of (1,n) is similar), then

gm(a) = g(a1, gn(az, ..., ary3))

< flar, gn(ag, ..., aky3))
< floa, fu(ag, ..., ak13))
= fm(a).

Given n € {0,1}*, we define r(n) to be the number of zeros in n.

Lemma 6.8.3 Givenn € {0,1}* and M € N, there exists a finite subset An us of R"™) gych
that whenever o € R™™ satisfies fn(e,0) < M, there exists o' € Annr such that for every
~ € Rk—f—?—r(n)

‘fn(aa’)') - fn(a/,’y)’ < %

PRrOOF. This follows by a compactness argument. Let A = {a € R"™ : f,(a)} < M. Note
that any coordinate of an element in A is at most M. Hence given a sequence of elements

of A, we can choose a subsequence so that the corresponding sequence of coordinates all
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converge. It follows by continuity that the limit lies in A. Thus A is compact. Now we
choose Ay s to be a finite n-net for A. Provided we choose 7 sufficiently small, Lemma 6.8.1

implies that,

ol M

|fn(a77) - fn(ﬂ77)| < fn(a _1870) <
O

Definition 6.8.4 We define a collection of functions Gne : X — R forn € {0,1}* U {2},
and o € R"M | by

Ghn,a(z) = sup { fa(,0,0, || E1z|, ...,

}Ek,r(n)xH) Ei<...< Ekfr(n)} s
whenever n € {0,1}*, and we also define
Goo(z) = ||z|-

Lemma 6.8.5 Suppose that u,z,y € X are such that maxsuppu < min(supp x U suppy)
with ||ul| < M. Then for every k € N,

[u+ ]l = lu+ gl | < sup{|Gal@) - Gna)| :n € 0,1} U {2}, a € Anu}

2
+ 2 A7l + [l + 1y ])-

Proor. Consider ||u + x||. Suppose first of all that ||u + x| = ||Ju + x| . If [|u + z|| = |Ju| .,
then
lu+ 2| = [Jull o < llull < lu+yll.

Else, ||u + z|| = ||z||,, and hence
lu+ 2| = el < Nzl < Nyl + [zl = lyll] < llu+yll + |Goo(2) = Gaz(y)]-

The second case is where ||[u + z|| = f(||Ei(u + )|, || E2(u + x)]|) for some intervals Ey < E».
If [u+z| = ||E1(u+ )| or ||u+ x| = ||E2(u+ x)| then we may consider ||Eq(u+ x)|| or
|E2(u + z)|| instead. Hence we may suppose that ||u+ x| = g(||E1(u+ )|, ||E2(u + z)]|)-
At most one of the intervals F; and Fo meets both u and x. If F; meets only u then we let
n1; = 0, otherwise we set n; = 1. We continue in this way, splitting the interval which meet
both w and x. Suppose we continue down to k levels, then we get n € {0, 1}k and intervals

Fr<.. -Fr(n) <Gi<Ga<E1<...< Ekfr(n) such that

lu+ 2|l = gn(l|Frull,..... |

NGi(u+ ), 1Ga(u+ ), | Bl |

Fr(n)u Ek*T(n)H)
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The intervals G; and G4 are the two obtained from the last splitting, and as usual at most

D,

one of these meets both v and z. For convenience we will write a for (|| Fyu], ...,
and 8 for (||E1z],..., ). By Lemma 6.8.1,

F,,(n)u

[u+ ]| = gn(a, |Gr(u+2) ||, [Go(u + 2)[, B)
< gn(@,0,0,8) + gn(0, |G1(u+ z)[|, [|G2(u + 2)|, 0)
< gn(@,0,0,8) +7*g(|G1(u+ )|, |Ga(u+2)])
< gn(@,0,0,8) + 7" (|fu] + [|z])
(cx )+

< fu(e,0,0,8) + 7 (full + [l])-

Notice that if the above method of norming u + x ends in fewer than the k stages then since
f(1,0) = f(0,1) = 1 we can extend n by zeros and the above expression still holds with the
o extended by zeros.

Since u < y, we automatically get from the implicit definition of the norm that

Hu + y” Z fn(a70707’7)7

where v = (HElva SRR ”Ekfr(n)yn) and El <...< Ekfr(n)'
Hence,

lu+ ]| = llu+yll < fa(e,0,0,8) = fa(e, 0,0,7) +~*(|lull + |lz])).

Note that in particular
M Z ||UH Z fl’l(aaoaoao)v

and hence we may choose o’ € Ay, ) satisfying the conclusion of Lemma 6.8.3. Hence,

2
lu+ || = llu+yll < fu(a,0,0,8) = fa(@',0,0,7) + 7 +~+*(lu]l + [|z))-

k
It follows that
2
|u+ 2zl = [[u+yl < |Gnea () = Gno (Y)| + t YV (llaell + [l ]])-

This proves our result using the symmetry between x and y. O

6.8.1 A description of the weakly null types on T'(A,, f)

We define,
[e.e]
A= 2)yu Y

k=1

{(n,a) :ne€{0,1}* ac Ap ).

§C8
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Given k, M € N we will also write Ay, 3y to denote the finite set
{(2,29)}U{(n,a) :nec{0,1}*, ac Ay}

A is countable, and hence R?, when equipped with the Tychonoff topology, is metrizable.
We define a map from X into R®, by x +— w, = (Gs())sea. We then define Ag(X) to be
the set of limits in R® of sequences (w, ) where (z,,) is a weakly null sequence in X, and
let Ag(X) denote the closure of Ag(X) in R®. We can identify Ag(X) with the weakly null
types on X. Indeed, suppose that w is the limit of the sequence (w,,) where (z,) is weakly
null. Let K be such that ||z,| < K for all n. Choose any M € N and let £ > 0 be arbitrary.
Choose k sufficiently large that 2 + (M + 2K) < £. Then whenever [ju|| < M, by Lemma
6.8.5, we have

€
w4 zn| = lu+ 2| | < sup{|Gs(zy) — Gs(@m)|: 6 € A} + 3

Since (wg,) converges in R®, we find N = N(e) such that ||ju+ 2| — |[u+zml| < &
whenever n,m > N. Thus the limit lim,,_. ||u + x,|| exists for every u € X, and so defines
a weakly null type (and in fact this limit exists uniformly over bounded subsets of X).

Conversely, suppose (z,,) is a weakly null sequence which generates a weakly null type.
We may assume that ||z, || < K for all n € N and some K. If n € {0,1}* and € Ay, s, then
Gn,a(zy) < M + K by Lemma 6.8.1, and Gg g(z,) < K. Hence, by Tychonoft’s theorem,
there is a subsequence (z/,) of (x,,) such that the (w,) converges in R2.

Given 6 € A we will denote by Gs the coordinate function on R?®. These functions are
continuous from R? to R.

Now suppose that 6, ¢ are in Tp(X) and that under the above identification we have
§ = limw,, and ¢ = limw,,, where (z,) and (y,) are weakly null. Then for each k € N and

|lu|| < M, we have by Lemma 6.8.5 that,
lm [ [lu+zn| = flu+ynll| < lim sup{|Gs(zn) = Gs(yn)| : 0 € Agar}
n—oo n—oo
2 .
= T yF ([l + ] + lynl)-

Thus whenever |Ju|| < M we have

10(u) — ¢(u)| < sup{|Gs(0) — Gs(d) - 0 € Ap o} + % + 7" (Ilull +6(0) + 6(0)).

We can also identify Ag(X) with To(X). Suppose that w € Ag(X) is the limit of the
sequence (w;)5°; € Ag(X). Let 6; be the weakly null type corresponding to w;. Then if
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[[ul| < M,
2
10:(u) — 05 ()| < sup{|G5(0:) — G5(0;)] - 0 € Apar} + -+ Y (llull + 6:(0) + 6;(0)).

Since, w is a limit point of (w;)$2, it follows that (u) = lim; ., 6;(u) exists for every u
and defines a type 6 € To(X). Conversely, if §(u) = lim; o 0;(u) for every u € X, where 6;
is a weakly null type, let w; be the element in Ay(X) corresponding to ;. Then for every
n € {0,1}* and every a € Ay, Gma)(wi) < M + 6;(0). Hence, by Tychonoff’s theorem,
we can pass to a subsequence of (w;) which converges in RA. We identify the limit w of this
subsequence with 6.

Suppose that 6, ¢ € To(X). Then it follows from the above that

A11(6,8) < pir (6, 6) + 1 +H (M +6(0) + 9(0)),

where dj; is the one of the pseudometrics that defines the strong topology on T(X), and
i (0, 0) = sup{|G5(0) — G5(9)| : 6 € Agn}-

6.8.2 Strong compactness of T(l)(X)

Let (6;) be a sequence contained in 5% (X). Observe that G5(0;) < M +1 whenever 6 € Ay pr.
Since A1 1 is a finite set, we can pass to a subsequence (6}) such that p1 1 (6}, 6]1) < % for all 7, 5.
Tterating this procedure we can find a subsequence (0F) of (05~1) such that py, 5 (6%, 9;“) < 2%
for all 7,j. Passing to a diagonal subsequence, gives us a sequence (¢;) of (6;) such that

Pk (bi, ) < 2% whenever k < i < j. So for this subsequence we have

1 2
di (i, 05) < 5 + 7+ (k+2),

whenever k <14 < j.
Soife > 0, and M € N is given, then choose k sufficiently large that 2% + % +78(k+2) < e
and such that £k > M. Then, whenever k£ <1 < j, we have

dur (@i, b5) < d(¢i, 5) < €.

Thus, our subsequence converges uniformly on bounded subsets of X. Hence T(l)(X ) is

strongly compact.

114



Chapter 7

Stopping time Banach spaces
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The idea of a stopping time Banach space was first introduced by Rosenthal in an un-
published article. Some properties of this space were studied by Bang and Odell in [9] and

[10]. The spaces which we will define in this chapter are generalizations of Rosenthal’s space.

7.1 Definition and simple properties of stopping time Banach

spaces

Definition of stopping time Banach spaces

Let (Q,.%7,P) be a probability space, and let %y C %] C %, C ... be an increasing sequence

of o-subalgebras of .%.
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is adapted (with

oo
n=0’

Definition 7.1.1 We say that a sequence of random variables, (X,)

respect to the filtration (%)) if for each n, X, is Fp-measurable.

Definition 7.1.2 We say that a random variable T, taking values in NU{oco}, is a stopping
time if for each n, {w € Q: T(w) = n} € .F,. We denote by 7, the collection of stopping

times.

Suppose that X = (Xo, X1,...,X,,0,...) is a finitely supported adapted process. We
define

I X|lg = sup E(|X7]).
TeT

The stopping time Banach space, S, is then defined to be the completion of the finitely

supported adapted processes under this norm.

The dyadic stopping time Banach space S¢

The dyadic stopping time Banach space is the one studied by Bang and Odell in [9] and
[10]. The description given in these papers is different to the one that we will give but it is
easy to see that they are equivalent. Let = [0, 1], .# be the Borel subsets of [0, 1], and let
P be Lebesgue measure on [0,1]. We define a filtration by taking .#¢ to be the o-algebra
generated by
{lG-1/2"j/2"):1<j <2}

A function is then .Z%-measurable if and only if it is constant valued on each of the intervals
[(j —1)/2™,5/2™). The stopping time Banach space defined by this filtration will be called
the dyadic stopping time Banach space, and will be denoted by S¢. This is the simplest

example of such a space because each of the random variables can only take finitely many

values.

Notation

We will introduce some notation to describe finitely supported processes. Given an .%;-
measurable random variable X;, we will denote the adapted process (0, ...,0, X;,0,...), where
the X; occurs in the i position, by X;e;. So for example, we may represent an adapted
process (Xo, X1,...,Xn,0,...) by Y1 Xse.

We shall also frequently be using conditional expectations, E(X |ﬁz), of random variables
conditional on our filtration. To simplify our working, we shall often denote E(X ‘ﬁz) by
E;(X).
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7.1.1 Backwards recursion property of the stopping time norm

In this section we prove an important property of the norm in any stopping time Banach
space, S. This will enable us to calculate the norms of finitely supported vectors in a

systematic way.
Lemma 7.1.3 Let X = (Xo, X1,...,Xn, Xnt1,0,...) be a finitely supported adapted process,
and X = (X0, X1, -+, Xn—1,|Xn| VE,(|Xpn11]),0,0,...). Then || X||g = | X]s-

PROOF. Let T be a stopping time, and for each ¢, let B; = {w € Q : T(w) = i}. Let
B ={w:T(w) >n} € .%,. Then

n+1

E(Xr) =Y /B 1X| dP
1=0 i

n
<> [ 1Xd P+ [ X P
1=0 i

By the definition of conditional expectation, since B € %,

/ | Xpt1] dP = / E.(| Xnt1]) dP.
B B
Define a new stopping time

T'(w) = T(w) HfweByU...UBy 1,
n ifwe B, UB.

Then,
EEDS / 1X,| dP + / En(|Xpsa]) AP
i=0 7 Bi B

n—1
:Z/ | X dP+/ | X | dP+/ En(|Xpi1]|) dP
i=0 7 Bi Bn B

n—1
< Z/ X dP+/ (%] V En(|Xnsa])) dP
o /B B.UB

= E(|Xp).
This shows that || X| g < |[X|s. We now establish the opposite inequality in a similar
way. Let T be any stopping time, and as before we let B; = {w € Q : T(w) = i} and
C={w:T(w)>n—-1}€ Z,_1 C %, Let D ={w:|X,| <E,(|Xnt1])} € Z#,. Note that
C N D and C N D¢ are therefore in .%,. Define a new stopping time
Tw) ifweByU...UB,_1,
T(w)=<n if we CnDe,
n+1 ifwelnD.
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Then,
n—1
B(Xel) =Y [ Xl dP+ [ (Xl VE(Xoni])) dP
i=0 / Bi Ba
n—1
< [l ap s [ (X VE(Xon]) dP
i=0 Y Bi c
n—1
=Y [ ptars [ pjars [ B () P
/B cnpe cnD
n—1
= Z/ | X dIP’+/ | X dIP’+/ | Xpi1| AP
= /B cnpe cnp
= E(|X7).
Therefore, we have established that || X|s < || X||g, which proves the lemma. O

We now introduce some notation to simplify the statement of the above lemma. Given

a finitely supported adapted process, X = (Xo, X1,...,Xn,0,...), we can define (by ‘back-
wards recursion’),

on(X) = [Xnl,

0j(X) = |X;| VE;j(0;4+1(X)) for j <mn.
Then by induction, using Lemma 7.1.3, we can prove the following corollary.
Corollary 7.1.4 If X = (X0, X1,...,X,,0,...) is a finitely supported adapted process then
for each k < n,

1X1s = (X0, X1, Xe1, 0:(X), 0, ).

In particular,
1 X[lg = E(oo(X)) = lloo(X) I, ) -

7.2 Block types on S¢

In this section we give a characterization of the sequences of successive block vectors which
determine types on S, Our first lemma appears in [9], though we rewrite the proof in terms

of our probabilistic description of S¢.

Lemma 7.2.1 Let (Y*),_, be a sequence of successive block vectors in S. (Y*),_, is
type determining if and only if for every n € N and every E € F,, (E(on,(YF); E))pe, is
convergent. Further if (Z’“)ZO:1 1s another type determining sequence of successive blocks
then (Z%),—, determines the same type as (Y*),—, if and only if limy E(o,(Y"); E) and

limy E(0,,(Z%); E) are the same for every n and every E € F2.
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PROOF. (<) Let X be a finitely supported adapted sequence with X < m. Then for suf-
VE||l o = ||(Xo, X1, 0, Xy 001 (Y5),0,..) || ga- Since o1 (YF) is

ficiently large k,

F4, -measurable, if we write E; = [(j — 1)/2"1,j/2"*1) then
= ) E;)
(o ); E;
o1 (Y E n+1 L 1g,.

=1

Let A(n, E) denote limy,_,, E(0,(Y*); E), then

2n+1
E(0nia(Y4); By)

XY’“‘ = |[(X0, X1,..., X n 15,,0,...

H + gd ( 0, A1, ’ 77,7. ]P)(EJ) E;» Y )
Jj=1 gd
20N +1 E

n
— (XQ,Xl,...,Xn, IlE],O,...)

Jj=1 qd

Hence, we have shown that (Y’“);OZ1 determines a type.

(=) Suppose that (Yk),iil defines a type 6, but there exists some n and an E € F¢
such that E(c,(Y*);E) does not converge as k — oco. Without loss of generality we
may suppose that F is an atom in the o-algebra .#Z. Since (Yk),;“;l determines a type,
limy_ oo HYkHsd exists, and so by homogeneity we may suppose that ||Y;| g« < 1 for all &
and limg_, 0 HYkHsd = 1. Since (E(0,,(Y*); E))22, is a bounded non-convergent sequence,

we may find two sequences (ny),—, and (my),—, of integers such that
r= liinE(an(Y"k); E) # lilin]E(an(Ymk); E)=s.

Let X,, = ﬁlE, and X = X,e,. Then,

(
X) = lim X + Y™
= liin E(X, V op(Y™)).

Notice that [y, o, (Y*)dP < HYkHSd <1, and therefore 0, (Y") < 5 ﬁ on E. Thus,

0(X)= 1i’£nIE(ﬂEXn + Lgeon,(Y™))
= lim (B(Xy; B) + E(on(Y™)) = Blon (Y"*); )
=2-—r.

An identical argument shows that 0(X) = 2 — s, which gives the desired contradiction.
For the final claim, notice that the proof of (<) shows that the value taken by a type
only depends on the values of A(n, E). This immediately implies the claim. O
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The preceding theorem has the following immediate corollary, which gives us a correspon-

dence between the block types on S¢ and integrable martingales.

Corollary 7.2.2 There is a correspondence between block types on S and integrable mar-

tingales (with respect to (F3)22,).

PRrROOF. Let (V)" be a block sequence determining a type, and let W,, = limy, 0, (V") €
L1(%,). Then for large k, 0,(Y*) = E,(0,41(Y¥)). Letting k tend to infinity implies that
Wy, = Ep(Wy41). Therefore (W,),7, forms a martingale.

Conversely, given a martingale (W), let Z¥ = Wyey. Then o,(Z%) = W, for k > n.

Hence, by Lemma 7.2.1, (Z”“)Zo:1 determines a type, which is the same as that determined
by the block sequence (Y*)~ ;. O

The backwards recursion property of the stopping time norm should be contrasted with
the behaviour of the norm in spaces with Property (M). Roughly speaking, if z < y are
successive block vectors in a space with Property (M), then ||z + y|| does not depend on the
specific form of z. In a stopping time Banach space, however, ||z + y|| does not depend on the
specific form of y (by backwards recursion). The results of Chapter 6 applied to spaces with
Property (M). Unfortunately, we can not apply the same results to stopping time Banach

- =1 .
spaces because as the next proposition shows T,(S59) fails to be strongly compact.
Proposition 7.2.3 Té(Sd) is not strongly separable, and therefore not strongly compact.

Proor. Let A = {0,1}N. Given a € A and k > 1, we define

b
lk(a) = Zl ?a’u
and,
1
re(a) = (o) + oF"

We define X*(a) = 2’“]1[,,6(&)”(&)). Note that X*(a) is Z{-measurable with E(X*(a)) = 1.
Also the support of X*(a) is an atom of ﬁg‘, with the support of X7 () contained in that
of X*(a) whenever j > k. Thus, E;(X’(a)) = X*(a) whenever j > k. It follows from
Corollary 7.2.2 that (X*(a)e)?°, determines a block type, fq, on S In fact, it is easy
to show that (X*(a)er)?2, is l-equivalent to the usual basis of cp, and so in particular is
weakly null. Therefore, 4, is in T3(59).
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Now suppose that a, 8 € A with a # 3. Let k be the first coordinate where ay # (.
Then, since X*(8) and X" () have disjoint supports whenever n > k,

Ba(X*(B)er) = lim ‘Xk(ﬁ)ek+X”(a)en

n—oo Sd
= || X*(B)er + Xk(a)ek‘ <
=2
However,
05X (B)er) = lim | XH(Ber+ X" (Blen|,

=1.

Therefore, sup{|fa(x) — 0g(x)| : ||[[ga < 1} > 1. Recalling the definition of the metric for
the strong topology (see Section 2.4.1), this shows that

1
d(ba,b8) > 5 whenever o, 8 € A, a # 3.

Since A is uncountable, this shows that T(l)(Sd) is not strongly separable. Also, a compact

metric space must be separable, and therefore T(l)(Sd) is not strongly compact. O

7.3 Subspaces of S arising from independent random variables

Let Xo, X1,... be a sequence of random variables with X; > 0 and E(X;) = 1 such that
each X; is independent of .%; 1 (i.e. the value of X; is independent of the information
available at time ¢ — 1). Let F; denote the cumulative distribution function of X;. Then,
E;(X;) = E(X;) = 1 almost surely whenever j < i, since X; is independent of .%;. In this
situation we can apply Lemma 7.1.3 to obtain a simple expression for the norm. For u,v € R,

we define functions ®* : R x R — R, by
' (u,v) = E(JulX; V |v]).

It is important to note that ®* only depends on the distribution function of X;. Indeed for

any u,v > 0, ‘
O (u,v) =E(uX; Vv)

=v+E((uX; —v)")
:v—i-/ P(uX; —v >t) dt
0

o0

:v—i—u/ 1 — Fi(s) ds.
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Since 1 = E(X;) = [;° 1 — Fy(s) ds, it follows that

' (u,v) = u + u/o Fi(s) ds. (7.1)

We can then apply Lemma 7.1.3, to obtain,

n
§ o; Xie;
=0

n—2
Z a; Xie; + (an—an—l \ anEn—l(Xn))en—l
=0

S S

n—2
Z a; Xie; + (an—1Xn_1Vay)en—1
i=0

S
Since X,,_; is independent of .%,,_s it follows that (c,—1X,—1 V ) is also independent of

Fn—2. Therefore applying Lemma 7.1.3 again gives,

n
g a; Xie;
i—0

n—3
D aiXiei + (an-2Xn-2V En_a(om-1Xn 1V om))en—a
=0

S S
n—3
= Z aiXiei + (n—aXn_2 VO Han_1,n))en—2
=0 S
Continuing this process we find that,
n
> aiXiei|| =|(c0XoV @ (a1, @%(..., 2" N an-1,0m).. )14
=0 S
= 0%, @ (ag, P*(..., " Hap_1,0an)))...).
Therefore if we recursively define
(@7 @) (ag, a1, a2) = ®(p, @' (1, a2)),
(@Y« @ 5. 0" ) (g, 1, ..., ania) = B (ap, (B ... ®" ) (ay,. .., ant2)),

then we can express the norm of finite linear combinations of {Xje; }2°; by

n
g a; Xie;
i—0

In the situation where the X; are also identically distributed then we get a simpler ex-

= (@5 ...« ®" ) (ag,..., o).
S

pression for the norm. If ®(-,) is the function ®' defined above (which is independent of i

in this case), then

=, (g, ..., ap),
S

n
E a; Xie;
i=0

where the function ®,, = ® * ... * .
N———

n
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Remark 7.3.1 Suppose that ng < nip < ng < ... is a strictly increasing sequence of natural
numbers and that (X;)52, is a sequence of non-negative random variables such that E(X;) = 1,
X is Py, -measurable and independent of Fy, . We may regard Y, a; Xie,, as being an
element in the stopping time space with respect to the filtration (Fy,)52,. Therefore, the
result of the previous section still applies giving,

n
E o; Xien,;
=0

= (@ x...x " V) (ag,...,an).

n

Example 7.3.2 In this example we consider a simple subspace of S given by a sequence of

independent identically distributed random variables.

Xl X X3

[ V)

I
1

I
1

N[
|

AN
AN
T
T
T

Figure 7.1: A sequence of independent random variables

Let X1, Xa,... be the sequence of random wvariables represented in Figure 7.1. It is easy to
check that each X; is independent of %#;_1. The X; each satisfy E(X;) = 1 and are identically

distributed, with cumulative distribution function,

1 o<
Pla) = 3 if0<zx <2,
1 ifx>2.

Hence, we can calculate ®(u,v), giving for u,v > 0,
1 .
u—+ 350 if v < 2u,
q)(ua U) = 2 f
v if v > 2u.
It is trivial that for any n,

> max |ay|.
Sd ’

n
E a; Xie;
i—1

In fact, we can prove that

< 2max |oy].
(2

n
E o; Xie;
i—1

Sd
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This will follow if we prove the stronger claim, that for every n,
1
D, 1(ag,...,opn) < |2-— o1 m?x]ai].
We prove this by induction on n. The case n =1 is trivial, and the case n = 2 is easy since,
1 3
Q1 (1, a9) < max | |ag| + §]a2|, lag| | < imzax\ai\.

Given the result for n,

@n(al, ey Ctn+1) = @(al, (I)n_l(ag, N ,an+1))

<o <a1, <2 - %) max !ai\)
< max <|a1] + <1 — i) max |/, <2 - L) max ]aﬂ)
2n | i>2 on—1 ) 5i>2
< <2— i) max |a;|.
- 2" ) 1<i<n
This proves our claim. Hence we have shown that [X;e;]22, is isomorphic to cg.

7.4 Isomorphic structure of subspaces generated by indepen-
dent random variables

In this section we show that for any stopping time Banach space, S, the closed linear span
of {Xje;}2,, where X; are identically distributed with E(X;) = 1 and each X; independent
of .Z;_1, is in fact isomorphic to an Orlicz space. Let ®(-,-) be the function introduced in

Section 7.3, which is a norm on R2. Define a function ¢ : R, — R, by

o(t) = ®(t,1) — 1.

It follows from the properties of a norm and ®(0,1) = 1 that ¢ is an Orlicz function. We will

show that [Xe;]7°, is isomorphic to he. For instance, in Example 7.3.2, we get

ifp <1
¢(t):{0 1 if t < 3,

: 1

Thus, in this case, ¢ is a degenerate Orlicz function. It is straightforward to show that the

Orlicz space, hg, is isomorphic to cg, which agrees with the result of Example 7.3.2.
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Lower Orlicz norm estimates

In this section we show that we can bound [|3"1"  a; X;e;|| ¢ below by the Luxemburg norm

in £4. Let ag, ..., a, be any scalars with «,, # 0, and for convenience let
n
o-X = ZaiXiei.
i=0
Then,

Pn(ao, ..., on) = (g, Pn-1(a, ..., om))
= q)n—l(al"' ’ 7O£n) @ <©n—1(a17' : .,O[n)71>
7.2
=&, 1(a1,...,0n) <1+¢<CI) _1(0’;0-|-- an)>> "

(e
:(b”1(a1""’an)+‘1’n1(0417---,Oén)¢<<1> 1(o|z10‘ o )>.
n— yee ey Oy

Hence, (7.2) tells us that

||
Xl =P 1(1s )+ O (ar, .. . 7.3
o X = Booafan, ) 4 Bualonsane (52— )

We repeat this procedure n — 1 times, by substituting (7.2) (with appropriate n) for the first
term in (7.3), giving

n—2
o X|g = P(an—1,0n) + ;‘I)n—i—l(aiﬂ, N L <(Dn—i—1((lz(')[—:1’7 - _7an))
n—1 o
= |am| + Zz;q)nil(aiﬂ, ey Qn)d <(I)ni1(05i+1; — ,an)> :
We rearrange this into the form,
o] R B (g, ) ||
X 2T e Xy (o)

Now, since ¢ is convex and ¢(0) = 0, it follows that for any = > 0 and any A € [0,1],
d(Az) = ¢(Az + (1 — N)0) < Ap(z). In particular, since ¢(1) = ®(1,1) =1 < 1, p(A) < A

whenever A € [0,1]. In particular,

el (el ), r5)
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and for 0 <i<n—1,

Ppim1(Wig1, .. 00) || ||
¢ >l —— | . (7.6)
||aX||S @n,i,l(ai+1,...,an) HQXHS

Therefore, combining (7.5) and (7.6) with (7.4) shows that

Z¢ (na'a?'fn > =h

Thus, we have shown that [|ef|, < [lec- X[[g.

Upper Orlicz norm estimates

In this section we show that we can bound ||3 7" o; Xie;|| g above by the Amemiya norm of

(g, ..., n,0,...). Clearly,

Xiei|ll = sup E(Jar|Xr) < E(Orél&};\aﬂXi).

s TeT

Let t > 0 be arbitrary. Then,

E (max |0¢Z|X> <t+ ZE((|Oéj|Xj —t)")

0<i<n -
]—0

_t+z (laj| X, V t) —t)

Therefore,

i Xie

n
, |avj
< J1
_%gg t+t E ¢< .
S j=0

n

1

= inf o | 1+ o(klay))
7=0
A
= [lefy -
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We have shown that

A
< lelly < 2lelly-
S

el <

n
E a; Xie;
i=0

Therefore, [X;e;]52, is isomorphic to hg.

Remark 7.4.1 If instead of the above situation we know that the X; are each indepen-
dent of %#;_1, but not necessarily identically distributed then the above proof, with suitable
modifications, shows that [X;e;|5° is isomorphic to the generalized Orlicz space hy, where
U = (¢i)2, with ¢i(t) = *(t,1) — 1.

Remark 7.4.2 Suppose that ng < ny < ng < ... is a strictly increasing sequence of natural
numbers and that (X;)2, is a sequence of non-negative random variables such that E(X;) = 1,
X is Fp,-measurable and independent of F,, ,. Then for the same reasons as we mentioned
in Remark 7.3.1, the results of this section still hold. In other words, [X;en,]32, is isomorphic
to an Orlicz space if the X; are identically distributed, and to a generalized Orlicz space

otherwise.

7.5 Subspaces of S? almost isometric to subspaces of

In this section we prove a theorem which is a useful tool for finding subspaces of S¢. We
show that for an arbitrary stopping time Banach space, .S, the subspaces of S described in

Section 7.3 also occur almost isometrically in S

Theorem 7.5.1 Let S be a stopping time Banach space with respect to some filtration
(Fi)2y Let (X;)2, be a sequence of non-negative random variables such that X; is %;-
measurable and independent of F;—1 and E(X;) = 1. Then for every ¢ > 0 there exists a
subspace of ST which is (1 + €)-isomorphic to [X;e;]3,-

oo

PROOF. Let ¢ > 0 and choose a sequence of positive numbers (£,,)0,

converging to zero

sufficiently rapidly that

o oo 1
H(1+5i)§1+5 and H(l—si)>

=0 =0 Cl4e

Let F; be the distribution function of X;. Since E(X;) =1 and X; > 0, 1 — Fj(x) € L1(0, 00)

with Li-norm equal to one. By approximating by step functions, if we choose ng sufficiently

large then we can find an f,fo—

Go such that

measurable random variable Yy > 0, with distribution function

(1= Fo(x)) = (1 = Go(2))l 1, (0,00) < €0-
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(see Figure 7.2. The shaded area represents the function 1 — Go(x)).

1— F(x)
1
[~
[~
P
A
A
]

OO g .

Figure 7.2: Approximating 1 — F(x)

By re-scaling we may suppose that E(Y;) = 1. We then repeat this argument for X, which

yields us a ﬂ’ffl—measurable random variable Y7, which we can also choose to be independent
of ﬁ,‘fo, with distribution function G1 such that

11~ Fi()) — (1 = Ga(@))llp, 00y < €1

Continuing in this way we construct a sequence of random variables Y; > 0 with E(Y;) = 1

and Y; . -measurable, independent of .Z¢

and
11— Fi(@) — (1= Gi@)) |, 0.0y < &

Let ®F(u,v) = E(max(|u|Xy,|v|)) and U*(u,v) = E(max(|u|Y%, [v])). Then for each k, and
any u,v > 0,

|DF (u,v) — TF(u,v)| = | <v + u/:o(l — Fk(s))ds> — (v + u/voo(l - Gk(s))ds> ‘

=Uu

[ =R - 1= Gulsas

< epu

< exUF (u,v).
Therefore, for any u,v € R and any k € N,

(1 — ) TF(u,v) < ®*(u,v) < (14 ) T*(u, v).
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Using the right-hand inequality twice shows that

((I)n_Q * q)n_l)(anf% Ap—1, an) = én_2(an72a q)n_l(anfla an))

\I’n_Q(anf% q)n—l (anfla an))

< (14+ep-2 \I’n72(an—27 (]— + En—l)\ynil(an—lv an))

Iterating this procedure gives,

(@ % ... % ®" ) (ay, .. H T4&) (B0 ...« 0" Y(ag,...,an)

<(T+4e) (W x. ..« Y(ag,...,an).

A similar argument also shows,

n—1
(@0 ...+ @ N (ag,...,an) =[] —&i) (P05 ...« U (0, ..., an)
=0
1 _
> 1+E(\IJO*...*\II" Y, ..., an).

Hence, by the results of Section 7.3, (7.7) and (7.8) tell us that

n
5 a;Yien, 5 osze@
=0

Therefore, [X;e;]5°, is (1 + €)-isomorphic to [Yie,. |S2,.
=0 il1=0

1
1+e¢

1—1—5

E o;Yiey,
1=0

Sd qd

7.6 Subspaces of S? almost isometric to /,

1+ 5n—1)‘yn72(an—27 \Ijnil(an—lv an))
1+ 5n—1)(111n72 * \I]nil)<an—27 Qn—1, an)-

(7.8)

It is easy to find subspaces of S? that are isometric to ¢; and co (see e.g. Section 7.7).

In fact, it is possible to find subspaces that are almost isometric to ¢, for any p € (1, 00).

This result is mentioned in [10] as a result of Schechtmann. The proof does not seem to

appear in the literature, so we include a proof, which is presumably the same method used

by Schechtmann.

Fix p € (1, 00) and suppose that X is a random variable which has cumulative distribution

function given by

Py = [T e >0
0 if z <O0.
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By differentiating, we find that the density function of this random variable is given by

fay = { =D ) e 0
0 if z <O.

mxyzémﬁ@mhqp—n/wﬁ*u+ﬁﬁ4&

0

_p—l/oo du
p 0 (1—|—u)2_%

+uyp ]
1.1
p u=0

_p—-1
p
=1.

For this distribution function F' we can explicitly calculate ®. For u,v > 0, we have
m 1
O (u,v) =u+ u/ sPH1 + sP)r s
0

KA
u

=u+t+u {(1—}—57’)%}

+=0 (7.10)
—u(1+ (1+ (%)p)g —1)
= (uf + vp)zl’.
It is well known that we can construct a sequence Xy, X1, ... of independent random variables

on a suitable probability space (2, .%,P), each having (7.9) as its distribution function. We
define a filtration by .%; = o(Xo, ..., X;). Then each X; is .#;-measurable and independent
of #;,_1. Let S be the stopping time Banach space associated with this filtration. It follows

easily from (7.10) that
n n 11_,
ZaiXiei = (Z!aﬂp) ;
i=0 s i=0

so that [X;e;]22, is isometric to £,. Hence, by Theorem 7.5.1, S contains almost isometric

copies of £p,.

7.7 Orlicz subspaces of S¢

In Section 7.4, we showed that subspaces arising from sequences of independent identically
distributed random variables are isomorphic to an Orlicz space, hg. It is therefore natural
to ask for which Orlicz functions, ¢, can we embed hy in S @ We shall address this question

in this section.
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Properties of our Orlicz functions

In Section 7.4, the Orlicz functions which arose were of the form

o) = @(t,1) — 1,

where ®(¢,1) = E(max(tX, 1)), and X is a non-negative random variable with E(X) = 1.

We obtain the following elementary estimate,
L+ (t— 1) =max(t,1) < &(¢,1) <t + 1.
Therefore,
(t—1)T <¢(t) <tforallt>0.

In particular, this implies that ¢/ (t) < ¢/ (t) < 1 for all ¢ > 0, where ¢/ denote the left and
right derivatives of ¢ at t. Also, for any t > 1,

(1)

_Sla
t

1—

& | =
VAN

and therefore lim; @ = 1. Also, @ = E(max(X,1)) — 1 = E((X — 1)T). Note that

(X — H)* — 0 pointwise as t — 0, and |(X — %)ﬂ < X. Therefore, by the dominated

t
@:E(@_;)*)HO%HQ

convergence theorem,
Recovering the distribution from the Orlicz function
The Orlicz function ¢ is completely determined by the distribution of X. Indeed, if F' is the

distribution function of X, then by (7.1),

1

¢(t):<b(t,1)—1:t+t/tF(s) ds — 1.

0

Rearranging the above expression shows that,

o(t) —t+1 7
f_/o F(s) ds.

Since F' is right-continuous, we can take the left-derivative of both sides, and rearrange to

obtain

F G) =¢(t) —to! (t) + 1. (7.11)
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In the remainder of this section we show that if ¢ is an Orlicz function satisfying suitable
conditions, then (7.11) defines a cumulative distribution function of some random variable
which in turn induces the Orlicz function ¢. We will deduce from this a sufficient condition

on ¢, for hy to embed in S,

Lemma 7.7.1 Let ¢ be an Orlicz function such that (t — 1)* < ¢(t) <t for allt > 0 and
such that lim,_o 22 = 0. Define F : (0,00) — R by

t
1 1 1
F(s)=¢ <—> — = (—) + 1.
s s s
Then F is the distribution function of some non-negative random variable X with E(X) = 1.
PROOF. The conditions on ¢ ensure that ¢’ () < 1 for all ¢. Hence,
P(t) —to () > p(t) =t = (t—1)" —t > —L.

Thus, F(s) > 0for all s > 0. It is also immediate that lim_.o F(s) = 1. F is right continuous
since ¢! is left continuous (see [47, Lemma 1.2]). Thus, F will be a cumulative distribution
function of some non-negative random variable provided we show that F' is increasing, or

equivalently that ¢ : t — &(t) — t¢” (t) + 1 is decreasing. Let 0 < u < v. Then

Y(u) —¥(v) = d(u) — ¢(v) +vé” (v) — ud” (u).

Since ¢ is convex,

Therefore,

= u(¢. (v) — ¢L(u)).

Since t +— ¢’ (t) is increasing, this shows that 1(u) > 1 (v). Therefore F is a distribution

function for some non-negative random variable X.
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Let € > 0. By [47, Theorem 1.1], fo " (t)dt for all uw > 0. Therefore,

1

oo [ (02 )
o [ (3
// o dsdt—//¢ dsdt+/

= (e~ Dyote) + <tol1/2) -
= eo1/e) - X&)

—lase—0.

o =

1(]5’, <1> ds
s s

Since, 1 — F'(s) > 0 for all s, we can apply the monotone convergence theorem, to obtain,

E(X):/Oool—F(s) ds = 1.
O

Lemma 7.7.2 Let ¢ be an Orlicz function satisfying the conditions of Lemma 7.7.1, then
for every t >0,

(1) :t+t/0 F(s)ds — 1.

— o1 -2)+ ¢ (5 - <) 60) - el6(1/2) - 6(0)
/e

=t—cet+P(t) —tep(l/e)
— ¢(t) as e — 0.
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Applying the monotone convergence theorem shows that

¢(t):t+t/0?F(s)ds—1.
O

Corollary 7.7.3 Let ¢ be an Orlicz function such that (t —1)" < ¢(t) <t for all t > 0 and

o(t)

such that limy_.o =~ = 0. Then the Orlicz space, hg, embeds isomorphically into S,

PrOOF. Let F' be the cumulative distribution function obtained in Lemma 7.7.1. As in
Section 7.6, we can construct (on a suitable probability space) a sequence (X;)72, of in-
dependent random variables each having distribution function F. Define a filtration by
Fi = 0(Xo,...,X;), and let S be the corresponding stopping time Banach space. Then by
Lemma 7.7.2, and the result in Section 7.4, it follows that [X;e;]30, is 2-isomorphic to hg.
Thus by Theorem 7.5.1 we can find subspaces of S% that are (2 4 ¢)-isomorphic to hg for
every € > 0. O

Embedding Orlicz spaces in 5¢

In fact, we can show that every Orlicz space, hgy, embeds isomorphically in Se. This will
follow from the fact that hg is determined up to isomorphism by the behaviour of ¢ on any

neighbourhood of 0. More precisely, we have the following proposition.

Proposition 7.7.4 ([53, Proposition 4.a.5]) Let ¢1 and ¢a be two Orlicz functions. Then

the following assertions are equivalent;

(i) Ly, = Ly, (i.e. both spaces consist of the same sequences) and the identity mapping is

an isomorphism between Ly, and {g, .
(it) The unit vector bases of hg, and hg, are equivalent.

(iii) ¢1 and ¢ are equivalent at zero i.e. there exist constants k > 0, K > 0 and tg > 0
such that, for all 0 <t < ty, we have

K go(k™') < ¢ (t) < Ko(kt).

#(t)

Let ¢ be any Orlicz function. The function ¢ — =

is increasing and for every ¢t > 0,

< ¢! (). (7.12)
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We now consider two cases. First, suppose that lim;_.q @ = 0. It follows from (7.12) that
¢! (0) = 0. Recall that t — ¢/ (t) is an increasing right-continuous function, and therefore
there exists t9 > 0 such that ¢’ (t) < ¢/ (t) <1 for all t < ty. Without loss of generality we
may suppose that ¢ty < 1. Define

) if + < to,
vt = {t —to+ ¢(to) if t > to.

Then 1) is an Orlicz function which satisfies the conditions of Corollary 7.7.3, and therefore h,

embeds isomorphically into S¢. However, 1) and ¢ coincide on [0, o], and so by Proposition

7.7.4, hy is isomorphic to hy. Hence we have shown that hg embeds isomorphically into S d,
The remaining case is when lim;_,q @ =0 > 0. Then, there exists a tg > 0 such that

ot < ¢(t) < 20t whenever t € [0, to].

Thus, ¢ is equivalent at zero to the Orlicz function v : t — t. Hence, by Proposition 7.7.4,
hg is isomorphic to hy = ¢1. It is straightforward to find subspaces of S @ that are isomorphic
to £1. Indeed, if we take X1, Xs,... to be the sequence of random variables in Figure 7.3,

then [Xje;|5°, is isometric to ¢;.

X, Xo X;
8=
-
-
-
-
iz Z
-
2 % =
= Z
1 : 1 3 : 3/7I
3 1 z 1 ! 15 1

Figure 7.3: A sequence of random variables generating ¢;

For any n € N, we define a stopping time 1" by

n
T=2 iy gy T (D,
=1
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Then,
n
> aiXiei|| > E(larXrl)
i=1 Sd
n
=E (2 i Xilpy 1, ,1;>>
1=

n
=>_lail
i=1

The opposite inequality is immediate from the triangle inequality, and therefore for any n € N

and any scalars (a;),

n n
Z aiXZ-ei = Z |CL1’
i=1 Sd i=1

In summary, we have proved the following result.

Theorem 7.7.5 Let ¢ be any Orlicz function. Then S¢ has a subspace which is isomorphic
to hg.

7.8 Mixtures of Orlicz spaces

Suppose that %y C %1 C %5 C ... is an increasing sequence of o-subalgebras of .%, and that
w > ¢y is an Fp-measurable mapping such that ¢,, is an Orlicz function for each w € .
We define a mixture of Orlicz spaces to be the completion of the finitely non-zero sequences

of real numbers a = (a;);°; under the norm,

all = a dP.
Jal / lall,

In this section we construct subspaces of a stopping time Banach space which are isomorphic
to mixtures of Orlicz spaces. The existence of these subspaces will follow from the results of
Section 7.4, and a conditional backwards recursion property corresponding to that in Lemma
7.1.3. It should be noted that this construction works in an arbitrary stopping time Banach
space, but it is only of interest in the case where % is not discrete. In the discrete case,

these spaces are all isomorphic to c¢g.

Lemma 7.8.1 Let X = (0,X1,Xo,..., X, Xnt1,0,...) be an adapted process, and X =
(0, X1, Xo,...,, X0 1, ‘Xn| V En(’Xn—l—l’)a 0,0,.. ) Then,

sup Eo(|X7|) = sup Eo(|X7|) almost surely.
TeT TeT
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PROOF. Let T be any stopping time, and define B; = {w : T(w) =i} € %; and B = {w :
T(w) > n} € #,. Then,

n+1
Eo(|Xz)) =) Eo(ls|Xi])
=1

n—1

<> Eo(1p,|Xil) + Eo(1p, | Xn| + 15| Xn41) (7.13)
=1
n—1

< D Eo(1g,]Xil) + Eo(1p,08(1Xal V En(| Xn1)))-

=1

The last step follows since

Eo(1En([Xn+11)) = Eo(En(1B(|Xn+1l))) as B € F,
= Eo(15|Xn+1l)-

Therefore, (7.13) shows that Eo(|X7|) < Eo(|X7v|) almost surely, where 7" is the stopping
time defined by
() = {T(w) w€ ByU...UBp_1,
n w € B, UB.
We now prove the opposite inequality in a similar way. Let T be any stopping time, and
define B; = {w : T(w) =i} € %, C ={w: T(w) > n} € F1 C %, and D = {w :
X (@) 2 Eal|Xn11))()} € Fo. Then

n—1

Eo(| X)) =Y Eo(1s,|Xi]) + Eo(1p, (| Xn| V En(| Xnt1])))
=1
n—1

<Y Eo(15,]X:]) + Eo(Le(|Xn| V En(|Xn411))) (7.14)
i=1
n—1

=Y Eo(1,]Xil) + Eo(Lenp| Xl + LenpeEa(| Xn+1l)).
i=1

Now,
Eo(lenpeEn(|Xnt1l)) = Eo(TonpeEn (| Xn11]))

=Eo(En(Llonpe|Xn+1|)) as C N D° € .7, (7.15)
= Eo(1enpe| Xnt1)-
Hence, substituting (7.15) into (7.14) shows that, Eo(|X7|) < Eo(|X7|), where T” is the
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stopping time defined by
T(u}) weBIU...UBy,_1,
T(w)=<n welnD,
n+1 welCnDC

Combining these two inequalities gives us the result that, almost surely,
sup Eo (| X7[) = sup Eo(|X7|).
TeT TeT
O

Lemma 7.8.1 allows us to apply backwards recursion as we did in Corollary 7.1.4. Using
this result repeatedly shows that, almost surely,
sup Eo(|X7[) = sup Eo(|Y7]),
TeT TeT
where Y = (0,01(X),0,0,...). Therefore,
sup Eo(|X7|) = Eo(01(X)),
TeT

and thus, taking expectations,

E(;gpyEo(!XT!)) = E(Eo(01(X)))

= E(o1(X)) (7.16)
= [|X||g-

7.8.1 Independence conditional on .%,

In Section 7.4, we showed that if (X;)$°; were a sequence of random variables such that each
X, is independent of .%;_; then [Xje;]?°, was isomorphic to an Orlicz space. Mixtures of
Orlicz spaces will arise in a similar way, with a different notion of independence. We introduce
this in the next definition. Recall that two random variables X and Y are independent if
and only if E(f(X)g(Y)) = E(f(X))E(g(Y)), whenever f and g are measurable functions
for which these expectations exist. This motivates the following definition of conditional

independence.

Definition 7.8.2 Suppose %y C 4 C S are o-algebras, and that X is a F-measurable
random variable. Then we say that X is independent of 4 conditional on %y, if for every

measurable function f: R — R such that f(X) € L1(H) and every Y € Loo(9),
Eo(f(X)Y) = Eo(f(X))Eo(Y).
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A well known result in probability is that if a random variable X is independent of a
o-algebra &, then E(X|¥) = E(X) almost surely. Our next lemma is the corresponding

result for conditional independence.

Lemma 7.8.3 Let %9 C Y be o-algebras, and suppose that X satisfies
Eo(X]lg) = Eo(X)Eo(ﬂg) forallGe 9.

Then,
E(X{g) = Eo(X) almost surely.

In particular, this result holds if X is independent of 4 conditional on Fy.
PrOOF. Let G € 4. Then,
Eo(X1g) = Eo(X)Eo(1lg) (by conditional independence)
=Eo(Eo(X)1g).
Taking expectations implies,

/ XdP = E(X1¢) = E(Eo(X)1g) = / Eo(X)dP.
G G

Eo(X) is Fo-measurable and so in particular is ¢-measurable, and satisfies the defining
condition of E(X|¥). Therefore, E(X|¥) = Eo(X) almost surely. O
7.8.2 Mixtures of Orlicz spaces

Suppose that X7, Xo,... is a sequence of non-negative random variables satisfying the fol-

lowing conditions;
(i) X; is F;-measurable for each i > 1.
(ii) X; is independent of .%;_; conditional on .%y, for each ¢ > 1.
(iii) Conditional on %y, X1, Xo, ... are identically distributed with expectation 1.

By (iii), we mean that there is a .%#p-measurable mapping w — F,,, such that each F, is a
distribution function, and the conditional distribution of each X; given % is given by F
ie. P(X; < z|.%)(w) = F,(z) for each i > 1. We shall suppress the dependence of F on
w throughout the remainder of this section. As in Section 7.3, the norm in [Xje;]?°, will be

determined by a function ® which we define by
D (u,v) = Eo(|u| X1V |v]).
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Notice that in this new situation however ®(u,v) is an .%#p-measurable random variable
instead of a real number. ® is determined totally by the random distribution F'. Indeed, for
u,v > 0,

®(u,v) = Eg(uX1 Vv) = Eo(v+ (uX; —v)T)

=v+ /000 P((uX1 —v) > t|Fo)dt

=v+ u/oo(l — F(s))ds.

v

It is clear from this formula, and (iii), that for any & > 1, <I)(u v) = Eo(|u| X V |v]). Also,
taking v = 1 and v = 0, shows that Eq(Xy) fo (1- ))ds = 1. Therefore, if j < k,
then by Lemma 7.8.3, E;(X}) = Eo(Xj) = 1 almost surely. We will use these facts later.
Before we can show that [X;e;]?°, is isomorphic to a mixture of Orlicz spaces we need some

technical results which we will prove in the following two lemmas.
Lemma 7.8.4 Suppose that Y > 0 is .Fy-measurable. Then for any k > 1,
Eo(aXp VY) = ®(a,Y).

PROOF. Suppose first that Y is simple. Then Y = "7 | b;14,, where the A; are pairwise
disjoint .Zp-measurable sets. Without loss of generality we may assume that |J;_; 4; = Q.
Then,

Eo(aXp VY) = EO(Z 1a,(aXy Vb))
=1

Z A, Eo(aXy v b;)
T
= ®(a,Y).

Now suppose that Y is an arbitrary non-negative element of L;(.%p). Choose an increasing
sequence (Y3,)5; of non-negative simple functions converging to Y almost surely. Then

(aX) V Yy)0 , is pointwise increasing and converges to a Xy V'Y almost surely. Also,
E(aXy VY,) < aE(Xy) + E(Y,) < adE(Xy) + E(Y) < co.

Hence, by the monotone convergence theorem, a Xy VY, — aX; VY in L1(.%). The mapping
X — Ey(X) is continuous from L;(.%) to L1(%#), and therefore Eg(a X VY,,) — Eq(a Xt VY)
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in L1(.%p). By passing to a subsequence, we may also assume that Eq(a Xy VY,) — Eo(aXy V
Y’) pointwise almost surely.

On the other hand,

e}

o) (1= F,(u))du.

a

D(a,Y,)(w) =Y, (w) + a/
Y, (w) — Y (w) almost surely, and for almost every u € [0, 00),

Ly, (w)/a00) (W) (1 = Fu(w) = Ly (@) /a,00) (1) (1 = Foo(w))-

Also for every u,

Ly, (w)/as00) (W) (1 = Fip(u))] < (1 = Fou(u)) € L1(0,00).

Therefore, by the dominated convergence theorem,

Yn (w)

/OO (1= F(u))du — /Q(l _ Ay())du.

Thus, we have shown that ®(a,Y,) — ®(a,Y) almost surely.
Since each Y, is simple, we know from the first part of this proof that Eg(aXy V Y,) =
®(a,Y,). Taking pointwise limits on both sides shows that Eg(aX; VY) = ®(a,Y) almost

surely, completing our proof. O

Lemma 7.8.5 Suppose that Fo C G C I are o-algebras. Let Y > 0 be Fy-measurable, and
X be H-measurable and independent of 4 conditional on Fy. Then,

E(XVY|¥) =Eo(X VY).

PRroOOF. The proof follows a similar method to that of Lemma 7.8.4. We will show that
Eo((X VY)lg) = Eo(X VY)Eo(1g) for all G € 4. The result then follows immediately by
Lemma 7.8.3.

Fix G € 4. Suppose first that Y is simple, with ¥ = """ | b;14,, where the A; are
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pairwise disjoint .#p-measurable sets and |J;_; A; = Q. Then,

n

Eo((X VY)lg) = IEo((Z(X Vbi)la,)1c)

=Eo() (X Vb)la1c)
=1

= Z 14,Eo((X Vbi)lg)
i=1

= 14,Eo(X Vb;)Eo(lg)
=1

= Eo(X VY)Eo(1g).

Now suppose that Y is an arbitrary non-negative element of Li(%p). Let (Y,)2%, be
a pointwise increasing sequence of simple functions converging almost surely to Y. Then
(X VY,)1g)oo, is a pointwise increasing sequence converging to (X VY)1g almost surely.
By the monotone convergence theorem, (X V Y,)1lg — (X VY)lg in L1(5). Since the
map Z +— Eo(Z) is continuous from Li(7) to Li(.%p), it follows that Eo((X V Y,)1lg) —
Eo((X VY)lg) in Li(%)). By passing to a subsequence we may assume that we have
pointwise convergence almost everywhere. The same argument (with G = Q) shows that
Eo((X VY,)) — Eo((X VY)) in Li1(%p) and again we may assume pointwise convergence
almost surely. Since each Y, is simple, Eo((X V Y;,)1g) = Eo(X V Y,)Eo(1¢g), and therefore

letting n — oo shows that Eq((X VY)1lg) = Eo(X VY)Eq(1g) almost surely. O

We are now able to show that [X;e;]?°; is isomorphic to a mixture of Orlicz spaces. Our

next proposition gives a formula for Eg(o1(a - X)) in terms of a convolution of ®.

Proposition 7.8.6 Let v, ..., ay be a finite sequence of scalars, and - X = > | o; Xje;.
Then,
Eo(o1(a- X)) = (@ x*...xD)(aq,...,qn).
n—1

PROOF. We calculate o1(a - X) using the recursive definition of the o;. We suppose for
convenience that «; > 0 for all i. Recall that o, (- X) = @, X,,. Then,

Jn,l(a . X) =ap_1Xn_1V En,l(an(a . X))
= ap-1Xn-1V anEn—l(Xn)

= ap-1Xn-1V an.

142



Chapter 7. Stopping time Banach spaces

Substituting the above equation into the definition of o, _2(ca - X)) gives,

O'n72(a : X) =ap 2Xp 2V Ean(O'nfl(a : X))
=ap2Xp 2V Ean(anlenfl \ an)
= ap—2Xn—2VEo(an-1Xn-1V ) by Lemma 7.8.5

=ap2Xp_2V (I)(an—la an)-
Similarly,

Un—S(a : X) =ap-3Xp-3V En—3(an—2(a : X))
=an 3Xp3VE, 3(an2Xn 2V ®(an_1, an))
= ap-3Xn—3VEq(an—2Xn_2V ®(a,_1,0,)) by Lemma 7.8.5

= ap-3Xn—3V ®(ap_2, ®(ap-1,®,)) by Lemma 7.8.4.
Continuing this process, ultimately gives
oi(a-X)=a1 X1V P(az, ®(as,...,P(an—1,an)...)).
Therefore, by Lemma 7.8.4, Eg(o1(a - X)) = ®(a1, P(ag, ..., P(an-1,0n)...)). O

By (7.16),

= E(Eo(01(a - X))),
s

n
E a; Xe;
i1

and Proposition 7.8.6 implies that,

Eo(o1(a- X)) (w) = (P * ... x Py) (a1, .., ap).

It follows immediately from the results in Section 7.4 that, Eg(o1(a - X))(w) is 2-equivalent

to [|e[|, , where ¢, is the Orlicz function defined by

bu(t) = Du(t,1) 1.

Hence, taking expectations shows that,

/ e, dP < o X|| < 2/ el dP.
9] 9]

Thus, we have shown that [Xj;e;]?°; is isomorphic to a mixture of Orlicz spaces.

143



Bibliography

[1]

[10]

[11]

[12]

[13]

D. ALSPACH AND S. ARGYROS, Complexity of weakly null sequences, Dissertationes
Mathematicae 321 (1992), 44 pp.

G. ANDROULAKIS, P. CAsAzzA, AND D. KUTZAROVA, Some more weak Hilbert spaces,
Canadian Mathematical Bulletin 43 (2000), no. 3, 257-267.

G. ANDROULAKIS, C.D. Cazacu, AND N.J. KALTON, Twisted sums, Fenchel-Orlicz
spaces and Property (M), Houston Journal of Mathematics 24 (1998), no. 1, 105-126.

G. ANDROULAKIS AND E. ODELL, Distorting mixed Tsirelson spaces, Israel Journal of
Mathematics 109 (1999), 125-149.

S. ARGYROS, A universal property of reflexive hereditarily indecomposable Banach
spaces, Proceedings of the American Mathematical Society 129 (2001), no. 11, 3231-
3239.

S. ARGYROS AND I. DELIYANNI, Examples of asymptotic £; Banach spaces, Transac-
tions of the American Mathematical Society 349 (1997), no. 3, 973-995.

S. ARGYROS, I. DELIYANNI, D. KUTZAROVA, AND A. MANOUSSAKIS, Modified mixed
Tsirelson spaces, Journal of Functional Analysis 159 (1998), no. 1, 43-109.

S. ARGYROS AND V. FELOUZIS, Interpolating hereditarily indecomposable Banach
spaces, Journal of the American Mathematical Society 13 (2000), no. 2, 243-294.

H. BanG AND E. ODELL, Isomorphic properties of the stopping time Banach space,
Longhorn Notes, Texas Functional Analysis Seminar (1984-1985), 63-81.

H. BANG AND E. ODELL, On the stopping time Banach space, Quarterly Journal of
Mathematics, Ozford, Second Series 40 (1989), no. 159, 257-273.

B. BEAUzAMY AND J.T. LAPRESTE, Modeéles etalés des espaces de Banach, Universite
Claude Bernard-Lyon, 1983.

Y. BENYAMINI AND J. LINDENSTRAUSS, Geometric non-linear functional analysis,
American Mathematical Society, 2000.

M. BODDINGTON, Generalized Tsirelson spaces, D.Phil thesis, Oxford University, 2000.



BIBLIOGRAPHY

[14]

[15]

[16]

[17]

[18]

P.G. Casazza, C.L. GARciA, AND W.B. JOHNSON, An example of an asymptotically
Hilbertian space which fails the approximation property, Proceedings of the American
Mathematical Society 129 (2001), 3017-3023.

P.G. CasAzzA AND T.J. SHURA, Tsirelson’s space, Lecture Notes in Mathematics, no.
1363, Springer-Verlag, 1989.

R. DEVILLE, V. FONF, AND P. HAJEK, Analytic and polyhedral approximation of
convex bodies in separable polyhedral Banach spaces, Israel Journal of Mathematics

105 (1998), 139-154.

R. DEVILLE, G. GODEFROY, AND V. ZIZLER, Smoothness and renormings in Banach
spaces, Pitman Monographs and Surveys in Pure and Applied Mathematics, no. 64,
Longman Scientific and Technical, 1993.

R. DEVILLE AND E. MATHERON, Pyramidal vectors and smooth functions on Banach
Spaces, Proceedings of the American Mathematical Society 128 (2000), no. 12, 3601—
3608.

M. FaBIiAN, D. Preiss, J. WHITFIELD, AND V. ZIZLER, Separating polynomials on
Banach spaces, Quarterly Journal of Mathematics, Ozford, Second Series 40 (1989),
no. 160, 409-422.

J.G. FALSET AND B. Sims, Property (M) and the weak fixed point property, Proceedings
of the American Mathematical Society 125 (1997), no. 10, 2891-2896.

V. FERENCZI, Operators on subspaces of hereditarily indecomposable Banach spaces,
Bulletin of the London Mathematical Society 29 (1997), no. 3, 338-344.

V. FERENCZI, A uniformly convex hereditarily indecomposable Banach space, Israel
Journal of Mathematics 102 (1997), 199-225.

V. FERENCZI, Quotient hereditarily indecomposable Banach spaces, Canadian Journal
of Mathematics 51 (1999), no. 3, 566-584.

V. FONF, One property of Lindenstrauss-Phelps spaces, Functional Analysis and Appli-
cations 13 (1979), no. 1, 66-67.

V. FonF, Polyhedral Banach spaces, Matematicheskie Zametki 30 (1981), no. 4, 627
634.

I. GASPARIS, A continuum of totally incomparable hereditarily indecomposable Banach
spaces, Preprint, 2000.

W.T. GOWERS, A Banach space not containing cg, ¢1 or a reflexive subspace, Transac-
tions of the American Mathematical Society 344 (1994), no. 1, 407-420.

W.T. GOWERS, A solution to Banach’s hyperplane problem, The Bulletin of the London
Mathematical Society 26 (1994), no. 6, 523-530.

ii



BIBLIOGRAPHY

[29]

W.T. GOWERS, A hereditarily indecomposable space with an asymptotic unconditional
basis, Geometric aspects of functional analysis (Israel 1992-1994), Operator Theory
Advances and Applications, no. 77, Birkhauser, 1995, pp. 112-120.

W.T. GOWERS, A new dichotomy for Banach spaces, Geometric and Functional Anal-
ysis 6 (1996), no. 6, 1083-1093.

W.T. GOWERS, Banach spaces with small spaces of operators, Mathematische Annalen
307 (1997), no. 4, 543-568.

W.T. GOWERS, Banach spaces with few operators, Collection: FEuropean Congress of
Mathematics Volume I, Progress in Mathematics, vol. 168, Birkhauser, Basel, 1998,
pp. 191-201.

W.T. GOwWERS AND B. MAUREY, The unconditional basic sequence problem, Journal
of the American Mathematical Society 6 (1993), no. 4, 851-874.

M. GREENBURG AND J. HARPER, Algebraic Topology: A first course, The Ben-
jamin/Cummings Publishing company, 1981.

P. HAJEK, Smooth norms that depend locally on finitely many coordinates, Proceedings
of the American Mathematical Society 123 (1995), no. 12, 3817-3821.

P. HAJEK, Smooth functions on cg, Israel Journal of Mathematics 104 (1998), 17-27.

P. HAJEK, Smooth functions on C(K), Israel Journal of Mathematics 107 (1998), 237—
252.

P. HAJEK AND S. TROYANSKI, Analytic norms in Orlicz spaces, Proceedings of the
American Mathematical Society 129 (2000), no. 3, 713-717.

R.G. HAYDON, Strong compactness in the space of types, unpublished, 1986.
R.G. HAYDON, Two remarks about the duality of asymptotic £,-spaces, Preprint, 1999.

R.G. HAYDON, Subspaces of the Bourgain-Delbaen space, Studia Mathematica 139
(2000), no. 3, 275-293.

R.G. HAYDON AND B. MAUREY, On Banach spaces with strongly separable types,
Journal of the London Mathematical Society 33 (1986), no. 2, 484-498.

H. HupziK AND L. MALIGRANDA, Amemiya norm equals Orlicz norm in general, Inda-
gationes Mathematicae 11 (2000), no. 4, 573-585.

N.J. KALTON, M-ideals of compact operators, Illinois Journal of Mathematics 37
(1993), no. 1, 147-169.

N.J. KALTON AND D. WERNER, Property (M), M-ideals, and almost isometric structure
of Banach spaces, Journal fur die Reine und Angewandte Mathematik 461 (1995), 137
178.

iii



BIBLIOGRAPHY

[46]

[47]

[48]

[49]

[50]

[51]

[52]

R. KOMOROWSKI AND N. TOMCZAK-JAEGERMANN, Banach spaces without local un-
conditional structure, Israel Journal of Mathematics 89 (1995), no. 1-3, 205-226.

M.A. KRASNOSEL’SKII AND Y.B. RuTticKIl, Conver functions and Orlicz spaces, P.
Noordhoff Ltd., 1961.

J.L. KRIVINE, Sous-espaces de dimension finie des espaces de Banach reticules, Annals
of Mathematics 104 (1976), no. 1, 1-29.

J.L. KrRIVINE AND B. MAUREY, Espaces de Banach stables, Israel Journal of Mathe-
matics 39 (1981), no. 4, 273-295.

S. KwAPIEN, Isomorphic characterizations of inner product spaces by orthogonal series
with vector valued coefficients, Studia Mathematica 44 (1972), 583-595.

H. LEMBERG, Nouvelle demonstration d’'un theoreme de Krivine sur la finie representa-
tion de ¢, dans un espace de Banach, Israel Journal of Mathematics 39 (1981), no. 4,
341-348.

D.H. LEUNG, Some isomorphically polyhedral Orlicz sequence spaces, Israel Journal of
Mathematics 87 (1994), no. 1-3, 117-128.

J. LINDENSTRAUSS AND L. TZAFIRI, Classical Banach spaces I, Springer-Verlag, 1977.
J. LINDENSTRAUSS AND L. TZAFIRI, Classical Banach spaces II, Springer-Verlag, 1979.

B. MAUREY, Types and ¢ subspaces, Longhorn Notes, Texas Functional Analysis Sem-
inar (1982-1983), 123-138.

B. MAUREY, A remark about distortion, Geometric aspects of functional analysis (Israel
1992-1994), Operator Theory Advances and Applications, no. 77, Birkhauser, 1995,
pp. 131-142.

B. MAUREY, Symmetric distortion in o, Geometric aspects of functional analysis (Israel
1992-1994), Operator Theory Advances and Applications, no. 77, Birkhauser, 1995,
pp. 143-147.

B. MAUREY, A note on Gowers’ dichotomy theorem, Collection: Convexr geometric
analysis (Berkeley, CA, 1996), vol. 34, Cambridge University Press, 1999, pp. 149-157.

B. MAUREY, V. MILMAN, AND N. TOMCZAK-JAEGERMANN, Asymptotic infinite-
dimensional theory of Banach spaces, Geometric aspects of functional analysis (Israel
1992-1994), Operator Theory Advances and Applications, no. 77, Birkhauser, 1995,
pp. 149-175.

V.D. MILMAN AND G. SCHECHTMANN, Asymptotic theory of finite dimensional normed
spaces, Lecture Notes in Mathematics, no. 1200, Springer-Verlag, 1980.

v



BIBLIOGRAPHY

[61]

[62]

[63]

[66]

[67]

[68]

[69]

73]

[74]

[75]

V.D. MILMAN AND N. TOMCZAK-JAEGERMANN, Asymptotic £, spaces and bounded
distortions, Banach spaces (Merida, 1992), Contemporary Mathematics, vol. 144, Amer-
ican Mathematical Society, 1992, pp. 173-195.

E. ODELL, On the types in Tsirelson space, Longhorn Notes, Texas Functional Analysis
Seminar (1982-1983), 49-60.

E. OpELL AND T. SCHLUMPRECHT, Distortion and stabilized structure in Banach
spaces; new geometric phenomena for Banach and Hilbert spaces, Collection: Pro-

ceedings of the International Congress of Mathematicians, vol. 1, 2, Birkhauser, 1994,
pp- 955-965.

E. ODELL AND T. SCHLUMPRECHT, The distortion problem, Acta Mathematica 173
(1994), no. 2, 259-281.

E. ODELL AND T. SCHLUMPRECHT, On the richness of the set of p’s in Krivine’s the-
orem, Geometric aspects of functional analysis (Israel 1992-1994), Operator Theory
Advances and Applications, no. 77, Birkhauser, 1995, pp. 178-198.

E. OpELL AND T. SCHLUMPRECHT, Asymptotic properties of Banach spaces under
renormings, Journal of the American Mathematical Society 11 (1998), no. 1, 175-188.

E. ODELL AND T. SCHLUMPRECHT, A problem on spreading models, Journal of Func-
tional Analysis 153 (1998), no. 2, 249-261.

E. ODELL AND N. TOMCZAK-JAEGERMANN, On certain equivalent norms on Tsirelson’s
space, Illinois Journal of Mathematics 44 (2000), no. 1, 51-71.

E. ObpELL, N. TOMCZAK-JAEGERMANN, AND R. WAGNER, Proximity to 1 and distor-
tion in asymptotic ¢; spaces, Journal of Functional Analysis 150 (1997), no. 1, 101-145.

G. Pisier, Weak Hilbert spaces, Proceedings of the London Mathematical Society 56
(1988), no. 3, 547-579.

G. Pi1sier, The Volume of Convexr Bodies and Banach Space Geometry, Cambridge
Tracts in Mathematics, vol. 94, Cambridge University Press, 1989.

F. RABIGER AND W.J. RICKER, Cy-groups and Cp-semigroups of linear operators on
hereditarily indecomposable Banach spaces, Archives of Mathematics 66 (1996), no. 1,
60-70.

H.P. ROSENTHAL, On a theorem of J.L. Krivine concerning block finite representability
of £, in general Banach spaces, Journal of Functional Analysis 28 (1978), no. 2, 197-225.

T. SCHLUMPRECHT, An arbitrarily distortable Banach space, Israel Journal of Mathe-
matics 76 (1991), no. 1-2, 81-95.

N. ToMCZAK-JAEGERMANN, Banach spaces of type p have arbitrarily distortable sub-
spaces, Geometric and Functional Analysis 6 (1996), no. 6, 1074-1082.



BIBLIOGRAPHY

[76] N. TOMCZAK-JAEGERMANN, A solution of the homogeneous Banach space problem,
Collection: Canadian Mathematical Society (1945-1995), vol. 3, Canadian Mathematical
Society, 1996, pp. 267-286.

[77] B.S. TSIRELSON, Not every Banach space contains an imbedding of ¢, or ¢y, Functional
Analysis and its Applications 8 (1974), no. 2, 138-141.

[78] R. WAGNER, Gowers’ dichotomy for asymptotic structure, Proceedings of the American
Mathematical Society 124 (1996), no. 10, 3089-3095.

vi



