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Abstract

This thesis elaborates topics on a type of McKean—Vlasov stochastic differen-
tial equations and forward—backward stochastic differential equations arising from
physics models.

Mainly, this thesis is divided into three parts. Chapter 2 consists of preliminary
definitions and results from the theory of parabolic equations, stochastic differen-
tial equations and backward stochastic differential equations. Most of these are
standard concepts and known results, which will be found in [46] [65] [75] [129], etc.

Motivated by the random vortex method for the Navier—Stokes equation,
Chapter 3 studies a special type of McKean—Vlasov stochastic differential equa-
tion (MVSDE), whose kernel function is assumed to be continuous except at few
singularities in RY. With some technical estimates, we establish the existence and
uniqueness of both the weak and the strong solutions to the MVSDE theoretically.
The numerical simulations are also conducted to approximate the MVSDE and
the corresponding velocity field in R3.

Chapter 4 is devoted to studying a system of forward-backward stochastic dif-
ferential equations (FBSDEs) arising from the porous medium equation. The gen-
erating function of the backward equation for this class of FBSDEs has quadratic
growth in the variable Z. We construct the unique solution on a small time in-
terval by using a fixed point argument, and further extend the study to a class of

quadratic FBSDEs with more general growth conditions.
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Notations

e C(R? R¥) is the space of continuous functions from R? to R*.
e C,(R? R¥) is the space of continuous, bounded functions from R? to R*.
e C°(RY) is the space of smooth functions on R

e [P(RY) for 1 < p < oo is the collections of measurable functions in R¢ with

finite LP-norm with respect to the Lebesgue measure, that is

1/p
I = ([ 1rPan) <o 1<p<oc
R

and

[ £l = sup |f(z)] < oo, p=o0.
z€Rd

o Z2(R¥), the vector space formed by progressively measurable processes Y :

2 x [0,T] — R* such that
Y% =E [ sup ]Yt|2] < 0.
T 0<t<T

o J2°(RF), the vector space formed by bounded progressively measurable
processes Y : {2 x [0,7] — RF such that there exists M > 0 with YV; < M

a.s. for all t < T and

1Y% = inf {M > 0:P(|Y;| < M) =1,V € [0,T]} < 0.

o 2 (R**9), the vector space formed by progressively measurable processes

Z : 2% [0,T] — R¥*? such that

T
1Z]%: =E UO |Zt|2dt] < .

111



o 2, the space of bounded and measurable random variables such that £ € 2~

if and only if ¢; < & < ¢, for some constants ¢, co > 0.

o & C 7 (R), the space of bounded, progressively measurable processes

such that ¢; <Y; < a.s. forall 0 <t < T, where ¢, co, > 0 are constant.

o If A is a vector field (in the space of dimension d) dependent on some
parameters, then its components are labelled with upper-script indices, that
is

A= (A)) = (4., 4%).

For the coordinates, we use lower-script indices so that

r=(x;) = (21, ..., Tq).
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1 Introduction

In this thesis, we study two classes of stochastic differential equations arising from

physical problems with original formulation in partial differential equations.

1.1 McKean—Vlasov SDE from Navier—Stokes equation
1.1.1 Navier—Stokes equation and the random vortex method

The Navier—Stokes equations are non-linear partial differential equations of second
order

2quu-Vu:VAu—Vp,
ot (1.1)

V-u=0,

where v > 0 is the viscosity of the fluid flow, u(x,t) is the velocity field of the
incompressible fluid flow, and p(z,t) is the scalar function describing the pressure
at the location z and at the instant ¢. If the fluid occupies a finite range (of R? or
R3), then the Navier—Stokes system ([1.1)) must be supplied with physical boundary
conditions. The Navier-Stokes equations have been studied extensively since the
fundamental work by Leray [87], where a weak solution was constructed, see
[29, 149, 119, 134] and reference therein for example. Nevertheless, the resolution
of the three-dimensional Navier—Stokes equations remains to be an open problem
(see [119, [123] for example). Most literature in this research area concentrates on
the study of related partial differential equations and numerical solutions.

In particular, the vortex method serves as an important tool for studying the
Navier—Stokes equations numerically, which is essentially based on the velocity—

vorticity formulation [99]. In this formulation, the vorticity w, which is defined as



the curl of the velocity field, i.e. w = V A u, satisfies the vorticity equation

In case of inviscid incompressible flows, that is, v = 0, the vorticity w(zx,t) may be
numerically expressed in terms of the particle trajectory path X;. For example,

in the point vortex method, the vorticity is expressed as

N
wlz,t) = Tis(z — X]),
=1

where ¢ is the Dirac delta function, I'; represents the circulation and X} is the
location of the vortex at time t for each i = 1,..., N. One may refer to [30, 58] 84]
99], etc and literature therein for a detailed review of different approximations.
Nevertheless, the particle locations are obtained by solving the following ordinary
differential equations

d i i
%Xt = U(Xt,t)

On the other hand, with the incompressible condition V -u = 0, the velocity field

can be recovered from the vorticity field via the Poisson equation
Au=—-V Aw.

Let G be the Green’s function for the Laplace operator, and K = VG, then one

obtains the velocity field through the Biot—Savart law that

ula,t) = / K, y.1) Aw(y)dy,

where




in R?, and

1 1 z—y

Glx) = K(z,y) = —

dr|a] A |z — yP?
in R3.

In 1973, Chorin [27] proposed the random vortex method for viscous incom-
pressible fluids, i.e. ¥ > 0. This method generalized the inviscid vortex method by
adding a random walk so that particle trajectory paths were modelled by stochas-

tic differential equations. This random vortex method brings us the McKean—

Vlasov type stochastic differential equation

AX(2,) = (S foa BIKY(2 = X (5,0 oy w4 (w)dy ) dt + VEVAB (1),

X(z,t) =2, z€R?

(1.3)
where i = 1,...,d, v > 0 is a constant, B = (B!,..., B%) is a standard Brownian
motion on some probability space and wy = (w{,...,wd) is the initial data to

vorticity equation (1.2)). The structure kernel function K = (K%) is a dx d matrix-
valued Borel measurable function on R?, which is continuous except at several
singularities. In particular, this structure kernel is the Biot-Savart kernel in R?
for studying the two-dimensional Navier-Stokes equations. The equation is
the stochastic differential equation we are going to study. We will explain the
random vortex model and formulate the problem (|1.3)) more precisely in Chapter

3.

1.1.2 Study of McKean—Vlasov equations

The equation ([1.3)) is a system of SDEs which involves the distributions of its
solutions. This type of distribution-dependent SDEs and SDEs which share the
same nature may arise from physics models and applied mathematics, and they

have been studied intensively over the past decades, especially in the study of



mean field games. Historically, the general expositions on the McKean-Vlasov
model and nonlinear processes were proposed in the preprint of [139] in 1938 by

Vlasov. For the first time, Kac [73] [74] proposed the equations of the form

dX7¥ =b(t, X7, L(X))dt + o(t, X7, L (XF))dBy, (1.4)
1.4

Xy =zeRY,

where Z(X?) is the law of the process X*. Kac brought up the equation (|1.4)
when studying the Boltzman equation for the particle density in diluted mono-
tonic gases, and the stochastic toy model for the Vlasov kinetic equation of plasma.
McKean [97] showed that equations of type provided a probabilistic repre-
sentation to the solution of Boltzman equation. Sznitman [I30] provided an in-
troduction to the propagation of chaos phenomenon, which dealt with symmetric
evolution of particles and indicated that the study of one individual particle would
give information on the behaviour of the group. Since then, the McKean—Vlasov
SDEs, including their well-posedness, the theory of propagation of chaos, numer-
ical approximations, etc. have been studied in a variety of settings. In recent
years, there have been renewed interests in the study of McKean—Vlasov SDEs in
the context of the mean-field games theory, which was introduced by Lasry and
Lions [83] and Huang et al. [64], independently. The idea was to assign N ratio-
nal players with global information, independently, then the limiting behaviour,
as N tending to infinity, gave rise to an approximation of the Nash equilibrium.
One can refer to |21} 24] 56] for a detailed account in this topic including recent
progress.

The solvability of has been studied under various growth conditions. For
instance, under the global Lipschitz continuity assumption on the coefficients,

Sznitman [I30] proved the existence and uniqueness of the strong solution under



the global Lipschitz assumption of the coefficients using a fixed point argument
on the Wasserstein space. Jourdain et al. [72] followed this approach to study
mean-field SDEs driven by Lévy processes. Carmona and Delarue [23, 22] and
Buckdahn et al. [20] coupled the McKean-Vlasov SDEs with backward equations
and studied the McKean—Vlasov forward backward stochastic differential equa-
tions. Regardless of the complexity of the problem, this fixed point argument
takes advantage of the Lipschitz regularity of the coefficients upon the measure
argument with respect to the Wasserstein distance.

Another typical work for studying McKean—Vlasov SDEs was conducted by
Funaki [48], where a martingale problem was formulated to associate diffusion
processes with a kind of non-linear parabolic equations. In this work, Funaki
established the existence of the solution under the continuity assumption and
Lyapunov type condition. Using the same methodology of martingale problem,
Gértner [50] showed the existence and uniqueness of the weak solution of
under mild growth conditions and smoothness assumptions on the coefficients.
Jourdain [71] established the unique weak solution under the assumption that b
is bounded and Lipschitz continuous in the law variable. The application of mar-
tingale problems in the study of McKean—Vlasov SDEs has also been discussed in
other works, for example [26]. If we compare these works, it is easily seen that the
martingale problem provides a powerful tool in studying weak solutions for both
stochastic differential equations and McKean—Vlasov type equations. However,
this approach relies heavily on the continuity of the coefficients.

We remark that in the study of It6’s stochastic differential equations, a typical
approach for constructing strong solutions is via the Yamada—Watanabe princi-
ple (see [142]). Specifically, with the pathwise uniqueness, a weak solution is a
strong solution. Bauer et al. [10] used this property to study the one-dimensional

McKean—Vlasov equations under the condition that ¢ was a constant, and that



b was continuous in the third variable and of at most linear growth. The au-
thors constructed the weak solutions by a fixed point argument in addition to the
Girsanov’s theorem. With an analogy as It0’s stochastic differential equations,
the strong existence followed after showing pathwise uniqueness held for the weak
solution. Later in 2019, Bauer and Meyer-Brandis [9] extended the existence and
uniqueness result to the multi-dimensional case under additional continuity as-
sumptions on b. Mishura and Veretennikov [100] also used this Yamada—Watanabe
argument for the time-inhomogeneous problem, where the drift was required to
satisfy a linear growth condition. Whereas the weak existence was established
with an analogy as Krylov’s [79, [80] for 1t6’s SDEs.

Some other approaches were also employed to weaken the assumptions and
study the solvability of the McKean—Vlasov equation . One can refer to
[89, 34 61, 120], 131, 136] and literature therein for more recent progress and

other approaches for studying McKean—Vlasov equations.

1.1.3 Main contribution

In the study of the McKean—Vlasov tpye SDE , the kernel function K is
singular, for example, the Biot—Savart kernel —ﬁ# (where d = 3). In this
case, the above approaches are not appropriate. In our study, we overcome these
difficulties by devising a new and powerful approach which allows us to establish
the existence and uniqueness of both strong and weak solutions of under
very weak conditions on the singular integral kernel K. In particular, our results
apply to the the Biot—Savart kernel in two and three dimensions, and also apply
to the Green kernels (such as 1/]x|?"2 for d > 2), the Riesz kernels 1/|z|” where

v € [0,d) on R? and many other singular integral kernels.

Our novel approach is based on the following simple observation. If K is



singular, then the mapping

(e, ) Hz/ (K9 — &) wi(w)dy,

where £ has a distribution p, is unlikely to be Lipschitz continuous with respect to
the variational or the Wasserstein metric on the space of distributions. However,
we recognise that the distributions of possible solutions to , even if K is
singular, have much higher regularity. In fact, if {X(z,t) : z € R4t > 0} is a
(weak) solution to then

(1) Z [ I = X ]y

defines a vector field (although the vector field b(x,t) is defined via the solution of
the SDE), and X (z,t) must be a (weak) solution to the diffusion process defined
by ordinary SDE

dX, = b(X,, t)dt + V2wdB,.

Therefore, the distribution of X (xz,¢) can be represented by the Cameron-Martin
formula in terms of the Wiener measure and many results from diffusion processes
thus can be brought in to the study of SDE (|1.3]). The major technical tool is the

sharp heat kernel estimates obtained in [117] [115].

1.2 FBSDEs from the porous medium equation
1.2.1 Overview of the porous medium equations and FBSDEs

The porous medium equation is a quasi-linear parabolic equation

ou

T Au™, r€RY (1.5)



d 92

where m > 1is a constant and A = )7, 5,7 1s the Laplace operator with respect

to space variables, with given initial data

u(z,0) = up(x).

This models gas flows in a porous medium, where the non-negative solution u(z,t)
represents the density of the gas (see [7, [137] for example). The formulation (|1.5)
has also been used in describing the evolution of some biological population in
[57], where u describes the population density. For more extended applications of
the porous medium equation, one may refer to [137] and literature therein for a
detailed account.

Though this non-linear parabolic equation has been studied extensively, for
example [8 [13], BI], our goal is to find a probabilistic representation and study it
using probability method. Historically, the celebrated Feynman—Kac formula gives
a probability interpretation for linear second order PDEs of elliptic or parabolic
types, and has been generalised to the case of semi-linear second order PDE,
see [32, 109, [107], etc. In particular, a system of quasi-linear parabolic partial

differential equations:

/

l

l .. 1 .
%it +3 szzl a’(t,x, u)aijng + Zle fi(t, x,u, Vuo(t, z, u))g—:’;

+g'(t,x,u, Vuo(t,z,u) =0, [1=1,.. kte(0,T)zcR? (1.6)

ul(z, T) = h(z), 1=1,.. kxecRe

\

with a¥(t,z,u) = (00*)¥(t,z,u) for any 1 < i,5 < d,0 <t < T,r € RLy €

R¥, is closely related with the following system of forward-backward stochastic



differential equations:

Xe=a+ [y f(5, X, Ys, Zo)ds + [, 0(s, X, Yy, Z,)dB,, )
1.7

Yy = h(Xz) + [ 9(s, X, Vs, Zo)ds — [ Z,dB,,

when the coefficients f, g, 0 are deterministic functions and o is independent of z.
Several papers have studied this connection between forward—backward stochastic
differential equations and quasi-linear PDEs, for example [93] 108]. So knowing
properties of the system of PDEs , one can derive some results on the FBSDEs
, and vise versa.

If either of the following cases happens

(i) f,o do not depend on the processes Y, Z,

(ii) the terminal data of the process Y does not depend on X, i.e. h(Xr) = ¢ is

a given process,

then we say the system is decoupled. In these two cases, the problem can
then be treated by solving one of the equations first and then plugging the solu-
tion process obtained into the other equation. However, the theory of decoupled
problems is much more extensive than the theory of general coupled FBSDE, in
which many questions remain unanswered.

Coupled FBSDES like were first considered by Antonelli [I]. In his work,
the coefficients f, o, g were assumed to be measurable and uniformly Lipschitz. In
addition, these coefficients were independent of the variable z. Then the existence
and uniqueness of the solution were established for 7" > 0 sufficiently small via
the contraction mapping theorem. In fact, Antonelli also gave an counterexample
in [I] where the adapted solution may not exist when 7" > 0 is large. Pardoux and
Tang [108] used this idea and imposed some monotonicity conditions to extend T

to a larger time scale, and continuous dependence of the solution on a parameter



was obtained. Nevertheless, the main restriction of this Contraction Method is
that only local solutions could be obtained.

There are two other popular approaches in studying , which extends T to
be an arbitrary time scale under the Markovian setting (i.e. the coefficients are
deterministic). One is the so-called Four-Step-Scheme, initiated by Ma et al. [93].
This was the first solution method to remove time constraints for Markovian FBS-
DEs, which combined the methods of partial differential equations and stochastic
optimal control. However, the limitation was that the matrix-valued coefficient o
was required to be non-degenerate so that the decoupling quasi-linear PDE had a
classical solution. To overcome this limitation, Delarue [35] applied the contrac-
tion method to construct a local solution, then extended this local solution to a
global one with the help of the PDE method so that the regularity assumptions
on the coefficients were relaxed.

Another approach is the Method of Continuation, which was introduced by
Hu and Peng [63] and Peng and Wu [110], then developed by Yong [60, 143
144]. This method could be used to treat non-Markovian FBSDEs with arbitrary
time duration. However, the monotonicity assumptions on the coefficients were
imposed, which made this method restrictive.

More recently, Ma et al. [94] combined these methodologies and established
a unified scheme to address non-Markovian FBSDEs. The authors introduced
the concept of Decoupling Fields to patch solutions on small time intervals into
a solution on arbitrary time duration. The authors also pointed out that the
solutions of the PDEs in [35 93] both served as deterministic decoupling functions.
Followed by Fromm and Imkeller [47], the authors extended this method to study

multidimensional problems.
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1.2.2 Main contribution

In our study, we write the porous medium equation in terms of a system of

forward—-backward SDE

dX; = 2Y;tdBta Xo=ux
Vv (1.8)
Y, = =g S-dt + Z, - dBy, Yr = ¢(Xr),

where B = (B!, ..., BY) is a d-dimensional Brownian motion on some probability
space, and ¢ is a given function corresponds to ug in the porous medium equation.
With the assumption that ¢ is bounded and Lipschitz continuous, we show the
solvability of . We are concerned with a probabilistic method for studying
this FBSDE and avoid converting this system back to partial differential equations
as exploited in [93] 35]. Our approach involves decoupling the system and then
establishing the existence and uniqueness of the solution by using the fixed point
theorem on the space of bounded random variables. Specifically, we consider the

following non-linear mapping

s~>¢(x+/0T\/27;des),

where £ is a real-valued bounded, measurable random variable such that ¢; < £ <

co for some ¢, c9 > 0, and

ye ' 1 ’ZﬂQd TZdB
8‘“/3 2m—1) v ’“‘/s B

In this way, the backward equation in ([1.8)) can be studied independently for any
given terminal data & with ¢; < & < ¢y. Then the fixed point of this mapping is
the solution to this system of forward-backward stochastic differential equations.

Moreover, this approach can be employed to study quadratic FBSDEs with more

11



general growth conditions. However, the restriction is that the solution is only
obtained for small time intervals.

The thesis is organized as follows: In Chapter 2, we present a brief discus-
sion of the connection between parabolic equations and diffusion processes, and
summarize some key results and techniques in the theory of backward stochastic
differential equations, which will be needed for later discussion. Chapter 3 is a
submitted paper, see [116], which focuses on the study of the McKean—Vlasov
SDE - we explain the random vortex method for the Navier—Stokes equa-
tion, and prove the existence and uniqueness of the solution. Then by devising
a numerical scheme based on an existing method, we simulate the velocity field
for the 3D problem. In Chapter 4, we show the existence and uniqueness of the
system of forward—backward stochastic differential equations in a small time
interval using a fixed point argument. Following this approach, we extend the

solvability to a class of general quadratic FBSDE.

12



2 PDEs, SDEs and BSDEs

This chapter is devoted to introducing all the background materials that will be
used throughout the thesis. Basically, we will review some fundamental results
from the theory of parabolic equations and diffusion processes, stochastic differ-
ential equations, as well as some classical techniques from backward stochastic
differential equations.

In section 1, we investigate elliptic operators of second order. In particular,
we are interested in how the fundamental solutions to parabolic equations are
related to transition probability densities of diffusion processes. In section 2, we
emphasize some existence and uniqueness results from the theory of stochastic
differential equations. In section 3, we discuss some key techniques in studying
backward stochastic differential equations, which will play an important role in
Chapter 4.

For the rest of the discussion, we assume ({2,.%,P) is a complete probability
space and B = (B;)i>o is a d-dimensional Brownian motion on this space. Let
(:Z¢)t>0 be the natural augmented filtration generated by this Brownian motion.
By this we mean, if ZP = o(B, : s <t) and 2 = o(B, : s > 0) is the natural

filtration generated by this Brownian motion B, and
N ={NC2:3G ¢ 2 with N C G, and P(G) = 0}
is the collection of null sets, then

9,520(9}3UN), goo:O'(Utzogt).

13



2.1 Elliptic operator of second order

Throughout this section, let L be an elliptic operator of second-order:

d
:Z ;ptaxax]Jerzxt + ¢(z,t)

=1

where the coefficients a, b, ¢ are defined on D x [Ty, T1], with D being the closure
of a domain D C RY. We always take a = (a”) to be a symmetric matrix, b = (b°)
is a time-dependent vector field, and ¢ is a scalar function. Additionally, we make

the following assumptions:

(A;) L is uniformly elliptic, i.e. there exist positive constants A\g, \; > 0 such

that for any real vector ¢ € R,

d
Ml€? < a (@, 1)68 < MIEP

ij=1
for all (z,t) € D x [Ty, T1].
(A3) The coefficients of L are continuous for all (z,t) € D x [Ty, T1].

The following convention will apply unless otherwise specified: when L applies

to a function u(z,t), then

d
z:: axlax] (z,1) +Zb (2,t)5 xt)+c(x Hu(z, t)
for any (x,t) € D x [0, 7).

2.1.1 Fundamental solutions for forward and backward problems

Here we follow the terminologies established in Friedman [46], but we do not stick

with the notations established therein.

14



Let L be an elliptic operator defined as above. The formal adjoint L* of L is

again an elliptic operator of second order such that

d d

y o? ) 0
Lt = (gt )zt *(x,t
3 o) g YO )
where
d
oa¥
b ) = —=b"+2 =1 d
( ) + Zax]’ ? ) s Wy

0a¥  9%a¥ o’
Oxp ) Oxpdxy’ Oxp,

When we speak of L*, we may always assume that exist and are
continuous functions.
Suppose ¢, 1 are of class C*'(D x [Ty, T1]). Then the two elliptic operators L

and L* are related via the following identity

— 5. (09),

J

d d .

0 O o oa% ~

_ *in — gy v ig o 7
oLy —yL ;:1 oz, [E (soa oz, Ya oz, vell) 3 )+bsm/)

which is obtained by using formally integration by parts, so that the zero order
terms ¢ and ¢* do not appear in this equality. Moreover, here we emphasize the
fact that L and L* play an equal part and (L*)* = L (see [46, Theorem 13, page
27)).

Given an elliptic operator L, there are two types of fundamental solutions
associated with L (allowed having zero order term), namely fundamental solution
to the forward parabolic equations, denoted by I, and fundamental solution to

the backward parabolic equations, often denoted by Iz 1.

Definition 2.1. Let D C R? D be the closure of D in R?. For any Tp < 7 < t <

T, and z,€ € D, a function I'n(x,t;€,7) is called a fundamental solution to the
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forward parabolic equation
0 _
— —L)u(z,t) =0, (x,t) € D x [Ty, T}] (2.1)

if the following conditions are satisfied:

(i) for every (£,7) € D x [Ty, T fixed, I'rr(z,t; &, 7) which is seen as a function
of (x,t), say u(x,t) = I'rr(z,t;€, 7), satisfies the equation (2.1]) for 7 <t <
Ty and = € D;

(ii) for every continuous function f in D such that
|f(x)] < Cexp (hlz]?) (2.2)
for some constant C, h > 0, we have

lim / FE)Tpp (. t:€,7)de = f(x)
D

ARy
for all z € D.
Similarly, for Ty <t <7 < T1,2,& € RY I'p (€, 7;2,1) is called a fundamental
solution to the backward parabolic equation

(gt + L) u(z,t) =0, (z,t) € D x [Ty, T1] (2.3)

if it meets the following conditions:

(i) for every (£,7) € D x [Ty, Ty] fixed, I's 1,(€, 75z, t) which is seen as a function
of (z,t), say u(z,t) = ['rr(x,t; €, 7), satisfies the equation (2.3) for Ty <

t<7andx € D;
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(ii) for every continuous function f satisfying (2.2)) in D, it holds that

hm/Df(g)rB,L(g,T;x,t)di — f(@),

thr
for all z € D

Similarly, we may define fundamental solutions for forward and backward
parabolic equations generated by the dual operator L* in the same manner.

Fundamental solutions for second-order parabolic equations were first con-
structed by Gevrey [51] for a” = 6, and Rothe [122] for time independent coef-
ficients by using parametrix method introduced by Levi [88]. Since then, a large
amount of work has been done to relax the assumptions on the coefficients when
studying the existence of the fundamental solutions, for example [39] 40] for suf-
ficiently smooth coefficients, and Pogorzelski [I12] and Aronson [3] for Holder
continuous coefficients. One may refer to |4, 66] for a detailed description for
this theory. Here we quote without proof from [46l Theorem 10, Page 23] for the

existence theorem of fundamental solutions.

Proposition 2.2. Let D be any domain in R In addition to (A;),(As), the

coefficients satisfy the following assumption:
(As) the coefficients are bounded functions and Hélder continuous such that for

all 21,29 € D, t,ty € [Ty, Th),

‘aij(xl,tl) — CLij(ZL’Q,Tb)} < A(ll’l - .'E2|a + |t1 — t2|a/2),
0" (1, 1) — V' (22, t2)| < A2y — 22,
(w1, t1) — (22, 2)| < Alzy — 1|7,
for any 1 <i,5 <d, where A >0 is a constant and 0 < o < 1.

Then there ezists a fundamental solution I'pp(x,t;&,7) of (% — L)u =0.
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For the uniqueness of the fundamental solution, we note that

(a) If the boundary 0D is non-empty, then fundamental solutions are not nec-
essarily unique, so certain boundary conditions to the forward/backward
parabolic equations (2.1) and (2.3) must be assigned to achieve a unique

fundamental solution.
(b) If D =R, and the coefficients satisfy the additional assumption that

(A4) the functions

da'l d*a’ ob*
Oa:h ’ 8$h8xk’ aZL"h

are bounded and continuous in R? x [Ty, T3] for any 1 < 4,75, h, k < d.

Then the fundamental solutions for both the forward and the backward
parabolic equations exist uniquely. The proof of this uniqueness result can

be found in [46, Theorem 16, page 29]. In this case,
Ipp(z,t;:6,7) = I'p (&, T2, 1)

for any t > 7,2 € R Since (L*)* = L, we also have
Ipp(x, t;€,7) =g (& T2, t)

for t > 7,2 € RY.

If L is an elliptic operator, the importance of a fundamental solution lies in

the resolution of the Cauchy initial value problem

P d
(L — a) u(z,t) = flz,t), (z,t) € R x (0,7, (2.4)

u(z,0) = ¢(x), r € R
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Proposition 2.3. Suppose L is an elliptic operator in R x [0,T] such that it
satisfies the assumptions (Ay) — (Asz). Let f(x,t), ¢o(x) in (2.4) be bounded contin-
uous functions in RY x [0, T],RY, respectively. Assume also that f(z,t) is locally

Hoélder continuous in x € R, uniformly with respect to t. Then the function

wat) = [ Tralo 0000~ [ [ Trnlotien)fardcir

is a solution of the Cauchy problem (2.4)), and u is also bounded. In addition, if

(Ay) is satisfied, i.e. the functions

da'l d*a’ ob*
8xh’ 8a:h8xk’ 81’h

a‘Z] Y bl ) C’

are continuous and bounded for any 1 < i,j, h, k < d, then such solution is unique

and satisfies the boundedness condition

T
/ / lu(x,t)| exp (—k|x|) dzdt < 0o
o Jre

for some positive number k > 0.

Here we state this representation formula without proof from [46, Theorem 12
and Theorem 16, Chapter 1]. In fact, the proof relies on the parametrix method,
and we are not interested in this method in this thesis. But a good derivation can

be found in the reference cited.

2.1.2 Diffusion processes generated by differential operators

This subsection focuses on the most interesting example for the study in this work,

where L is a diffusion operator, i.e. L is a uniformly elliptic operator of second
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order without zero order term:

2 d

d
0
X_: 8x 0T * Zb G ox;’

where (a¥) is a symmetric matrix and (b') is a vector field in R?. Here we assume
the assumptions (A;), (As) are satisfied. We may then define diffusion processes
via this operator.

Formally, by a diffusion with infinitesimal generator L (or L-diffusion), we
mean a family of strong Markovian probability measures (P;¢),>¢ere On the

path space C(R,, R?) of all continuous functions w : Ry — R¢, such that

(i) for every 7 > 0,& € R?

P (weCRy,RY 1w(t)=EV0<t<T) =1,

(ii) for every f € C*Y(R? x R,), let

MY = Fo(t).t) — f(w(r)7) - / (L +8,) F(w(s), s)ds

for any t > 7 > 0 and th =0 for any 0 < ¢t < 7. Then M1 is a local

martingale under the probability measure P, ¢.
Such an L-diffusion is unique if it further satisfies the uniqueness condition:

(i) if (P ¢)r>0,¢cre is another system of probability measures on the path space

C(R,,R?) satisfying the above conditions (i) and (ii), then
Pre = P/T,g

for every & € RY.
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In this sense, we say the probability measure PP, ¢ solves the L-martingale problem
(see [127]).

In the case where (a”) has a good square root, that is,
T
a’(x,t) = Zalk(x,t)akj(x,t), i,j=1,..,d,
k=1

where 0 = (0'%) is a continuous matrix in R¥", we may consider the following

stochastic differential equations

X! =2 Z o* (X, t)dBF + b(X,, t)dt, X, =€, (2.5)
k=1

where B = (B!, ..., B") is a Brownian motion on (£2,.%,P), and i = 1, ...,d. For
example, if 0 and b are global Lipschitz continuous, then this SDE has a unique
strong solution; if ¢ is Lipschitz and uniformly elliptic, and b is bounded Borel
measurable, then has a unique weak solution. Nevertheless, the distribution
of X, which solves the SDE ({2.5), gives us the probability measure P,¢. The
standard references are Stroock and Varadhan [129] for the martingale approach,
and Tkeda and Watanabe [65, Chapter IV] for an excellent exposition of diffusion

processes and stochastic differential equations.
Assume a(z, t) is continuous, bounded and uniformly elliptic for any ¢ > 0, x €
R%, and b(x,t) is bounded and measurable. Then [127, [128] indicates that for any
£ € R 1 >0, the solution P, ¢ to the martingale problem, starting from the point

¢ at time 7 > 0 exists, and is unique. Define
P(r,6,t,T) =P (w(t) €T),

for any t > 7,T' € B(R%), then P(r,&,t,T), seeing as a function of (7,¢), is

measurable on [0,¢) x R%. In particular, P(7,&,t,-) is the transition probability
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function of (Pr¢),>0¢erae (see [129, Theorem 5.1.5, page 128]). Under the above
assumptions on the coefficients a(x,t) and b(z,t), P(1,£,t, z) has a density with

respect to the Lebesgue measure, that is,
P(7,&,t,dx) = pr(7,&,t, x)dz,

which defines the transition density function pp(7,§,t,x) (for t > 7 > 0) associ-
ated with the L-diffusion (see [129, Theorem 9.1.9, page 220]). Also, p(7,&,t, x)

is continuous for t > 7 > 0 and &,z € R%. Moreover, it is assumed that
P(r,&,t,dx) — b¢(dr) ast L 7

weakly.

Fixt > 0, let f be any bounded continuous function on R?. Define the function

v(y,s) == /Rd P(s,y,t,dx)f(x)
for y € R4, ¢t > s > 0. Then v(y, s) satisfies the backward parabolic equation
(0s + L)v(y,s) =0 (2.6)
for any (y,s) € R? x (0,1), subject to the terminal condition

1§glv(y78) = f(y).

In particular, for t > s > 0 and z,y € RY, (2.6) implies that the function

u(y, s) :== p(s,y,t,x) is a solution to

(0s + L)u(y,s) =0

22



for any (y,s) € R? x (0,t), and

lim [ p(s,y,t,z)f(x)de = f(y)

st Jrd

for any bounded continuous function f. Therefore, the transition probability
density function for the L-diffusion coincides with the fundamental solution to
the backward parabolic equation. We may summarize this, together with the fact

from earlier discussion as the following lemma.

Lemma 2.4. If L is a diffusion operator given as , and satisfies the as-
sumptions (A1) and (Az), and also that a(x,t) is continuous and bounded, b(x,t)

1s bounded and measurable then

FF,L*<x)t;§)T) = FB,L(€7T;x7t> :pL(T7§;t7x)
for all0 <1 <t, and z,& € R4,

2.1.3 Heat kernel estimates

This subsection is devoted to estimating the fundamental solution to the Cauchy

problem
2—L u(z,t) =0 (2.7)
at ) - .
where L is an elliptic operator defined as
9 d

d
’ 0 o0
L=> a"(xt) omr, T > b t)o— (2.8)
i.j=1 ‘ ‘ ’

To simplify the notation, we write a = (a”)1<; j<q and b = (b)1<i<q. Here we
assume a is symmetric, and the coefficients a,b satisfy the assumptions (A;)-

(A4). Then the fundamental solution to (2.7) exists uniquely, and is denoted by
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I'(7,&;t, ). We may now present our first estimate for the fundamental solutions,

which is the so-called Aronson estimate. Here we quote from [5, Theorem 1]:

Lemma 2.5 (Aronson estimates). There exist positive constants oy, ay and M >

0 such that
M_lfyl(m - gvt - T) S F(T7§7t7$) S M’}/Q(I' - {,t - T) (29)

for all (z,t),(&,7) € R x (0,T) with t > 7, where v;(x,t) is the fundamental

solution to the equation

%u—alAu 0, i=1,2.

The constants depend only on v,d, T and the bounds for the coefficient a,b.

This heat kernel estimate for parabolic equations constitutes a summary
of the results from De Giorgi [33] and Nash [102], culminated by Moser [I0I]. In
fact, Aronson [4, B] was the first to to prove the two-sided Gaussian estimates
for the fundamental solutions. [5] presented a detailed proof of this inequality
for the special case where b = 0. Then [3], [6] indicated that this heat kernel

estimate can be extended to a general parabolic equation

d

%—Z%(ai 8%) Zb]xt Z@x]( ' >+c(:1: tyu =0,

i,j=1

where a is symmetric and uniformly elliptic, and b,ZA) are bounded measurable
functions. One may refer to [43, 103} 125] for a proof of the estimates.
In 2003, Qian et al. [I15] established a sharp bound estimate for the funda-

mental solutions of a class of parabolic equations using probabilistic method. Let
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Ly be the elliptic operator defined by

where b is a bounded and measurable vector field on R?. Then the L-diffusion
process associated with this infinitesimal generator solves the following stochastic

differential equation
dXt = b(Xt, t)dt + dBt, XO =X,

where (B;);>0 is a standard d-dimensional Brownian motion on some probability
space. If p,(0,z,t,y) is the transition probability density function (with respect
to the Lebesgue measure), then it coincides with the fundamental solution to the

parabolic equation

(% + Lb) u(a,t) = 0.

In the case of bounded drift, that is, ||b|cc < Co for some Cy > 0, Qian et
al. [I15] presented a sharp bound estimate for py(0, z,t,y). Qian and Zheng [118]
further extended the two-side estimates to the case where b grows not faster than

linear growth. But here we only focus on the case of bounded drift.

Proposition 2.6 (Qian et al.). For d > 2, if ||b]|l < Co, and pp(0,2,t,y) is
the the transition probability density of the Brownian motion with bounded drift

b, that is, the diffusion process

dX, = b(X,)dt + dB,, X, = z.

25



Then we have the following lower bound

- 2
pb(O,x,t,y) > #GXP <_(|ZL‘ y|+00t) _CO ((dﬂ+|x—y|>>,

(27t )d/2 2t
where
Ca=2(ag—11 +arn),
and
1 o _lal?
adp = W e |Q§'| e 2 dx.

For the upper bound, for any 1 < q < d%'ll,

1 _lz—y|?

(2rt)ir2©
X 1—|—Cd’q00 (/iq\/l_f+2|x—y|) e 24t 3(¢—1)

pb(O, xz, ta y) <

for every x,y € R? and t > 0, where

_ 2V2q
Cd—q(d—-1)

2 —
Cdq Kq = e/ad—l,q + 2207 ay 4.

This sharp bound estimate will play a crucial role in our study for the McKean—
Vlasov type SDE in Chapter 3. Without explicit calculation, we give a sketch of

the proof followed by [115] [T17].

Sketch of proof. The idea is to utilise the comparison theorem for transition prob-
ability density functions, which is established in [IT5, Theorem 4]. Then the esti-
mates for p,(0, x, ¢, y) may be passed to the estimates for the transition probability
density of Bessel processes.

Specifically, given any 3 € R and z,y € R% let ((X;)i>0,P*) be the weak
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solution to the stochastic differential equation
dX; =B (V|X; —y|)dt +dB;, Xo=zx.

If pgy(z,t,2) is the transition probability density function with respect to the
Lebesgue measure, then the comparison theorem established in [I15] indicates

that

Piela(®,ty) < po(,t,y) < Py (2, t,y)

for all z,y € R? and ¢ > 0, where [|b|| = sup,cga Zle |b?(z)|? is the supremum
norm of Euclidean length of the vector field b.
On the other hand, let ((7)o<t<7,P") be a one-dimensional diffusion process

such that

2

1
dy, = dt + pt+dW,, ~vo=r >0,

where (W;)o<i<r is a standard Brownian motion. Then (7:)o<i<r is a Bessel
process with parameter d and constant drift 5. This process was first introduced
by Kendall in [77], and is called a Bessel process with a naive constant drift
in [ITI]. On an application of the It6’s formula to the process |X — y|, it can
be easily seen that the process ((|X: — y|)i>0, P*) has the same distribution as
((’Yt)tzo, P'x_y‘) for every x € R?. Hence, in order to find the upper and the lower
bounds for py, it is sufficient to estimate the transition probability density for the
Bessel process, which is straightforward to compute. A detailed computation can

be found in [IT5]. O

Another topic related to the Aronson estimates is the regularity of solutions to

the parabolic equation (% — Ly)w = 0 (see [82] for a complete survey of classical

results).
Lemma 2.7 (J. Nash). Let L be an elliptic operator defined in (2.8)) such that the
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a(x,t) is a measurable, symmetric matriz elliptic, and the coefficients satisfy the
assumptions A(1) and A(4). If X is the elliptic constant, then for each ¢ € (0,1),

there ezist o € (0,1],C € (0,00) depending on [|b]|s,d, X\ and 6 such that

‘pb(87y7t)x) _pb(s’yaig’ ‘%)| < 5d S

C (|t—f|1/2\/|x—9?|)a

forall s >0,0% <t,t<1/6? |z — 3| <6.

We take this from [125, Theorem I1.2.12, page 340]. This is the so-called Nash’s
theorem on continuity. It demonstrates the Holder continuity of the fundamental
solutions, and proves that the Holder exponent depends only on the dimension, the
bound of the coefficient b and the elliptic constant. Within the same setting as in
Nash [102], Moser [I01] established the Harnack inequality for positive solutions
of the parabolic equation (& — L)u = 0. Fabes and Stroock [43] showed that
Moser’s Harnack inequality could be derived via Nash’s idea by using the two-sided
estimate . Stroock [125] further demonstrated that both Nash’s theorem and

Harnack inequality could be derived via the Aronson estimates on the fundamental

solutions.

2.2 Stochastic differential equations

Given a diffusion operator L with coefficients (a”(x,t))1<; j<a and (b'(z,))1<i<d,
we have discussed how to generate a diffusion process from L. In this section, we
study the diffusion processes via It6’s theory of SDEs.

The term stochastic differential equation was introduced by Bernstein [14] in
the limiting study of a sequence of Markov chains arising in a stochastic difference
scheme. However, it was debatable whether to regard Bernstein as the founder of
this theory (see [54]). Nevertheless, the study of stochastic differential equations

was carried out in a masterly way by Ito [67), 68, [69]. Independently, Gihman
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[52, B3] developed a theory of stochastic differential equations, complete with
results on the existence, uniqueness, smooth dependence on the initial conditions,
and Kolmogorov’s equations for the transition density. Since then, the study of
stochastic differential equation has enjoyed remarkable success, and many works
have been carried out to seek strong solutions under weaker assumptions on b, o
(see [75] for a detailed account).

This section is devoted to reviewing theories of stochastic differential equations
(SDEs) driven by Brownian motions. For the study of SDEs driven by general
semimartingales, one may refer to [38, 114] for example. Mainly, in this section
we will revisit some existence and uniqueness results of stochastic differential

equations of the form
dXt = b(Xt, t)dt + O'(Xt, t)dBt, Xo = é—, (210)
or written in componentwise as

dX] = V(X t)dt + > o7 (X,,t)dB], Xj=¢'
j=1
for each 1 < i < d, where b : R x [0,00) — R? and ¢ : R? x [0,00) — R¥*"
are Borel measurable functions, and B = (B;)i>o is a standard r-dimensional
Brownian motion on some probability space. Here we call the d-dimensional
vector b = (b')1<i<q a drift vector, and the d x r matrix 0 = (0Y)1<;<q1<j<, &

dispersion matrix.

2.2.1 Strong solutions

In order to develop the concept of strong solution, we choose a complete prob-
ability space (£2,.%#,P) and B = (B;):>o an r-dimensional Brownian motion on

this space. Let (%;);>0 be the natural augmented filtration generated by this
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Brownian motion.

Definition 2.8. A strong solution to the stochastic differential equation ([2.10)
with respect to the fixed Brownian motion (B;):>o and the initial condition £ is a

d-dimensional process (X;):>o with continuous sample paths such that it satisfies
(i) (X)e>0 is adapted to the filtration (.%;):>o,
(i) P(Xo =¢) =1,

(i) [y (|b'(Xs,8)| + |07 (X, 5)|?) ds < o0, P-as. forevery 1 <i<d,1<j<r

and t > 0,

(iv) the integral version of (2.10)
t t
X = X0+/ b(XS,s)ds+/ o(Xs, s)dBs,
0 0

holds almost surely for any ¢ > 0.

Definition 2.9. Given the drift vector b and dispersion matrix o. Suppose B =
(Bt)i>0 is an r-dimensional Brownian motion on (£2,.%,P), ¢ is an independent,
d-dimensional random vector, and (% )o<;<7 is an augmented filtration generated
by B. Let (X):0, (X)is0 be two adapted strong solutions to relative to
B with the initial condition &. If P(X, = X;,t > 0) = 1, then we say pathwise

uniqueness (or strong uniqueness) holds for the SDE ([2.10]).

With a proper definition of strong solutions of SDEs, it is natural to ask when
the stochastic differential equation (2.10) has a solution, and whether such a
solution is unique. These studies were first carried out by Itd [67, 68] for uniformly

continuous coefficients b and o.

Proposition 2.10. Suppose that the coefficients b(t,-),o(t,-) are both uniformly

Lipschitz continuous and satisfy the linear growth conditions, i.e. there exist pos-
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itive constants K1, Ko > 0 such that

16, 2) = bt y)|| + llo(t, ) — ot y)|| < Kallz = yll,

o, 2)1* + llo(t, 2)[* < Ko (1 + [l]?)

for everyt > 0 and x,y € RL. Let € be an R%-valued square-integrable random
vector on (£2,.%,P) and independent of the Brownian motion B = (By)i>o. If
(F1)e>0 s an augmented filtration generated by B, then there ezists a continuous,
adapted process (Xi)i>0, which is a strong solution of relative to B with
the initial condition &. Moreover, this process is also square-integrable, and is

pathwise unique.

This proposition establishes the existence and uniqueness of the strong solution
of an SDE under the condition that the drift and dispersion coefficients
satisfy the Lipschitz and linear growth conditions. One may refer to [75, Chapter
5.2, page 288] for a detailed discussion of this proposition and related results.

In particular, we are interested in ordinary stochastic differential equations of

the form

dX, = b(X, t)dt + dB,, X, =1, (2.11)

where b is bounded and Borel measurable. This type of SDEs will play an impor-

tant role in later discussion in Chapter 3.

Lemma 2.11. Assume b(x,t) is bounded and Borel measurable, then (2.11)) has

a strong solution, and the solution is pathwise unique.

This lemma is a special case of [I38]. In fact, the existence and uniqueness
result of the strong solution holds under more general conditions, which can be
found in [138, Theorem 1, page 388] or in Zvonkin-Krylov [147] for one-dimensional

problem.
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2.2.2 Weak solutions

Under certain regularity conditions on the drift and dispersion coefficients, we
have seen some results on the existence and uniqueness of the strong solutions.
However, for coefficients under more general settings, a strong solution to the
stochastic differential equation may not exist. Thus, the concept of weak solutions
is introduced, which aims to find a process with the right law. The principal
method for constructing weak solutions to stochastic differential equations is by
utilising the Girsanov theorem, where the drift term will be transformed. Stroock
and Varadhan [127, 128] developed another approach, which formulated the law
of a diffusion process in terms of a martingale problem. One may refer to [129]

for a detailed discussion.

Definition 2.12. Let (£2,.#,P) be a complete probability space. Then (X, B:):>o
is called a weak solution to the stochastic differential equation (2.10]) with initial

distribution p if:
(i) (F)e>0 is a filtration of sub-o-fields of .# satisfying the usual conditions
such that (B;)¢>o is adapted to (F)i>0,

(i) (X¢)s>0 is a continuous, adapted Révalued process,

(iii) for any I' € Z(RY),
H(F> = ]P)(XO € F)>

and (iii), (iv) of Definition [2.8 are satisfied.

It is clear that a strong solution of the stochastic differential equation is
constructed on a given probability space with respect to a given filtration and a
given Brownian motion, whereas in the notion of a weak solution, the probability
space, the filtration, and the driving Brownian motion are part of the solution

rather than the statement of the problem.
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Here we make a remark: it can be easily checked by the [t6’s formula that the
weak solution to the SDE ([2.10)) will give rise to the L-martingale problem, where
P is the distribution of the law of X. The converse is also true in the sense that if

b, o are measurable and bounded, then the weak solution to the SDE (2.10)) exists

whenever the L-martingale problem exists a solution (see [42, Theorem 5.3.3]).

Definition 2.13. Let the drift vector b and dispersion matrix o be measurable

functions, and consider the stochastic differential equation ([2.10j).

(i) Let (X1, B0, (X¢, By)i»o be weak solutions to with the same Brow-
nian motion (B;)i>o (relative to possibly different filtrations) on a common
probability space (£2,.%,P). If they have the same initial value, i.e. P(X, =
Xo) = 1 and they are indistinguishable, i.e. P(X, = X,,0 < t < 00) = 1,
then we say that there is a pathwise uniqueness for the weak solution of

@.10).

(ii) Let (X¢, Bt)i>o, ()N(t, Bt)tzo be weak solutions to ([2.10|) possibly defined for
different Brownian motions on different probability spaces. If X, = X, in
distribution, and the two processes X ,X have the same law, then we say

there is a uniqueness in law for (2.10).

In particular, Yamada and Watanabe [142] showed that if pathwise uniqueness

holds for weak solutions, then every weak solution was a strong solution.

Proposition 2.14. Fix T > 0, consider the stochastic differential equation
dXt - b(Xt, t)dt + dBt,

for 0 <t < T, where b(z,t) is a progressively measurable, R%-valued function on

RY x [0, T] which satisfies

16z, )] < K1+ =)
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for any 0 < t < T,z € R? and for some K > 0. Given the initial condition
Xo with probability measure p on B(R?), then this stochastic differential equation
has a weak solution with initial distribution p. Furthermore, the weak solution is

unique in law if b(x,t) is uniformly bounded.

This existence and uniqueness result can be found in [75, Proposition 3.6,
Corollary 3.11], whose proof heavily relies on the Girsanov’s theorem. On an
application of the Girsanov’s theorem, the underlying measure has been changed
so that the process X defines a new Brownian motion under the new measure.
We do not go into details here, but will explain the Girsanov’s theorem in the
next subsection. The proof of this proposition can be found in [75, Chapter 5.3].

A variation of this approach is the study of martingale problems introduced by
[127,[128]. The idea is to formulate the search for the law of a diffusion process with
given drift and dispersion coefficients in terms of a martingale problem [75]. With
the martingale problem, Stroock and Varadhan [127] established the following
existence and uniqueness for weak solutions of stochastic differential equations

with bounded, continuous coefficients.

Proposition 2.15. Consider the following stochastic differential equation

dXt = b(Xt, t)dt + O'(Xt, t)dBt,

where the coefficients b, o are continuous and bounded. Then for any probability

measure (1 on B(RY) with

, |z|*™u(dz) < 0o for some m > 1,
R

this SDE admits a weak solution (X;)i>o such that the law of Xy coincides with

L.
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2.2.3 Girsanov’s Theorem

Let (£2,.7,P) be a complete probability space and B = (B}, ..., BY);> be a d-
dimensional Brownian motion defined on this space. Let (.#;):>0 be the augmented
filtration generated by the Brownian motion B.

Suppose X = (X}, ..., X%);>0 is a d-dimensional stochastic process, which is

assumed to be adapted and measurable, and also that

¢
]P’(/ |X§’2ds<oo) =1
0

for any 0 < t < 00,7 = 1,...,d, then the stochastic integral f(f X.dBy, is well-

defined and is a continuous local martingale. Set

t 1 t
Zy(X) :=exp (/ X, dB, — 5/ ]Xs‘QdS) , (2.12)
0 0

then it follows from the Itd formula that

t

Z(X) =1+ / Z,(X)X,dB,
0
d

t
=1+> / Z(X)XdB..
0

i=1
So Z(X) is a continuous local martingale with Zy(X) = 1.

Proposition 2.16 (Girsanov(1960), Cameron and Martin (1946)). Let P be a
probability measure on a probability space (2, F), and B be a d-dimensional
Brownian motion with respect to P. If Z(X) defined in (2.12) is a martingale

with E[Z(X)] = 1 for any t > 0, then there is a unique probability measure P

on (£2,.F) such that P is equivalent to P on %, for allt > 0, and we have the
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Radon—Nikodyn derivative defined as

dP

| = Z(X).

Ft

Moreover, the process B = (B}, ..., B!)=o defined by
B =B - / Xids
0

fori=1,....d,t >0, is a Brownian motion under the probability measure P.

This is the so-called Cameron-Martin-Girsanov formula. One may refer to
[129, Chapter 6.4] or [75, Chapter 3.5] for a detailed discussion.

This proposition indicates that on the transformation of probability measures
from P to P, the Brownian motion B is transformed to B. Therefore, this transfor-
mation of probability measures induces a drift term fot X'ds for Brownian motions.
For this reason, this transformation from P to P is also called transformation of
drift (see [65, [75]). As a important application, this method of transformation
of drift provides a device for solving stochastic differential equations driven by
Brownian motions. Specifically, with a change of probability measure, the driving
Brownian motion becomes, under the new probability measure, the solution to
the differential equation. This technique will play an important role in our study
in Chapter 3.

In order to use the Cameron-Martin-Girsanov’s formula effectively, we need
some general conditions ensuring that the local martingale Z(X) is a true mar-
tingale. The most well-known results are the Novikov’s condition [104] and Kaza-

maki’s condition [76].

Proposition 2.17 (Novikov’s criteria). Let X be a vector-valued stochastic pro-
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cess described as above. If X satisfies the condition

1 t
E [exp <§/ |Xs]2ds>
0

for any 0 <t < oo, then Z(X) is a martingale, and E[Z;(X)] = 1.

< 00

Proposition 2.18 (Kazamaki’s criteria). With the above notations, if the process

1 t
exp | = X,dB,
2 Jo

is uniformly integrable for any t > 0, then the process Z(X) is a martingale.

2.3 Backward stochastic differential equations

Backward stochastic differential equations (BSDEs) are equations of the following

form

dY, = —f(t,Y,, Z))dt + Z,dB,, Yy =€, (2.13)

where (B¢)o<t<r is a standard d-dimensional Brownian motion on some probability
space (§2,.7, (% )o<i<, P), with (% )o<i<r being the natural Brownian filtration.
Here f : [0, 7] x R*¥ x R¥*4 — RF is the generator of the BSDE and ¢ is the
terminal condition. Sometimes we say that is a backward stochastic dif-
ferential equation generated by the pair (f, ). Formally, the couple (Y;, Z;)o<t<r

adapted to the filtration (% )o<t<r is called a solution to the backward stochastic

differential equation (2.13]) if

(i) (Y3, Zi)o<i<r is Fi-progressively measurable and taking values in R x R¥*d
for all 0 < t < T, where the integer k is known as the dimension of the

BSDE;
(ii) fOT (1f(8,Ys, Zs)| + | Z4|?) ds < o0, P-a.s.;
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(i) Y, = £+ ftT f(s,Ys, Zy)ds — ftT Z,dB,, 0 <t < T, holds almost surely.

For the convenience of notations, we write (Y, Z) for the process (Y;, Z;)o<t<r. In
particular, the terminal time could be a finite stopping time, see [16, 28], [32] T3] for
instance. But in our study, we are only concerned with 7" > 0 being deterministic.

The concept of backward stochastic differential equation was first introduced
by Bismut [15], when studying the stochastic version of the Pontryagin maximum
principle, and the adjoint process was written as a linear backward stochastic
differential equation. Pardoux and Peng [106] were the first to consider BSDEs
in general settings, and proved the existence and uniqueness result under the
condition that f was Lipschitz continuous in the variables (Y, Z), and that the
terminal data £ was square-integrable. Then in the seminal work [41], El Karoui
et al. explained the applications of backward stochastic differential equations in
mathematical finance. Since then, the topic of backward stochastic differential
equations has drawn great interest in the research of this area. In particular, Le-
peltier and San Martin [85] showed the existence of solutions for one dimensional
BSDE when the generator f was continuous with linear growth. Inspired by this
work, Kobylanski [7§] studied the one-dimensional BSDEs, where f had quadratic
growth in Z and the terminal data was bounded a.s.. In their studies, the com-
parison theorem for Lipschitz backward stochastic differential equations played a
crucial role. One may refer to [18| 19, 25], 37, [70 [T} [135] [141] for more recent
progress in showing the solvability of backward stochastic differential equations
under various growth conditions.

This section is devoted to revisiting some existence and uniqueness results, as
well as several key techniques, from the theory of backward stochastic differential
equations, which will be used in Chapter 4.

Firstly, we define the following spaces:
o Z2(R*), the vector space formed by progressively measurable processes Y :
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2 x [0,T] — R* such that

VI =2 | s 1] < o

o J2°(RF), the vector space formed by bounded progressively measurable
processes Y : (2 x [0,7] — RF such that there exists M > 0 with YV; < M

a.s. for all t < T and

V]2 = inf {M > 0: P(|Y;] < M) =1,vt € [0,T]} < o0

o J2(R**9), the vector space formed by progressively measurable processes

Z : 2 x [0,T] — R4 such that
T
nm%:EUsz4<w
0

Before moving on to the classical existence and uniqueness theorems, we here
emphasise the Burkholder-Davis-Gundy inequality (see [65, Theorem 3.1, page
110] for example), which is a fundamental inequality for continuous local martin-

gales, and will be used several times in later discussion.

Proposition 2.19 (Burkholder-Davis-Gundy inequality). For every continuous

local martingale (My)i>o, there exist universal constants c,, C, > 0 for 0 < p < 0o

2p 2p
(max |MS]> (max \MSO ]
0<s<t 0<s<t

for every t > 0, where (M) denotes the quadratic variation process of M.

such that

cpE <E[(M)}] <CE

The following proposition is from the seminal paper [4I], which states the

existence and uniqueness of a backward stochastic differential equation when the
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coefficients are uniformly Lipschitz. We also give a proof of this result to illustrate
how a fixed point argument is applied in proving the existence and uniqueness of

the BSDE.

Proposition 2.20. Assume the generator f : [0, T] x RF x R**? — RF s uniformly

Lipschitz with respect to (y, z), i.e.

|f<t,y,2) - f<t7y/7zl)| < CL(‘y - y/| + ’Z - Z/|)7

forany 0 <t <T,y,y € R¥ 2 2 € R** where C > 0 is the Lipschitz constant.

Also, assume f satisfies the integrability condition that

< 0. (2.14)

T
2
EUO 1£(s,0,0)[2ds

If the terminal data & is square-integrable, i.e. E[|£]?] < oo, then the BSDE (2.13)

admits a unique solution (Y, Zy)o<i<r € LEH(RF) x HZ(RF*D),

Proof. We equip the space ZZ(R*) x s#2(RF*?) with the norm || - ||, which is
defined as

T 1/2
102l = | sup Wi+ [ 12
0<t<T 0

for any 8 > 0 and (Y, Z) € Z2(R¥) x s2(R¥*?). We aim to use a fixed point
argument in this space by constructing a non-linear mapping ¥ such that (Y, Z) €
L2(RF) x #72(R¥*9) is a solution of the BSDE if and only if it is a fixed
point of .

Given (U,V) € L2(RF) x 2 (R**9), define (Y, Z) = U(U,V) to be the solu-
tion of the following BSDE

T T
Yi=¢ +/ f(s,Us, Vi)ds — / ZdBs. (2.15)
t t
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Since f(s,Us, Vs) is progressively measurable, then <f0 s,Us, Vs ds) is

0<t<T
adapted. If we take the conditional expectations in (2.15) with respect to %,

/|
} / f(s,Us, Vi)d

Apply the martingale representation theorem ([75, Theorem 3.4.15 page 182]) to

we may write

_]E |:§+/Tf(87Usa‘/s)dS

_E[§+/ F(s,Us, V,)ds

the martingale part, we construct a predictable process Z € 772 (R**?) such that

T t
E [§+/0 £(s,U,, Vi)ds %] :E[Q%H/O Z.dB,,

so that

E[g\%]—/o f(s,Us,V;)der/O Z,dB,

T T
=¢ +/ f(s,Us, Vi)ds — / Z,dBs.
t t
Therefore, the processes (Y;, Z;)o<i<r constructed is a solution of the BSDE
T T
Y, =&+ f(s,US,VS)ds—/ ZdB,.
t t

It follows from the the square-integrable assumptions on f,& and (U,V') that
(v, 2) € LHRF) x H(R¥)

It remains to show the mapping (U, V) — (Y,Z) is a contraction. Let the
processes (U, V), (U’, V') be in the space Z2(R¥) x 5?(R¥*?). Define

Y, 2)=®(U,V), (Y, Z)=oU, V).
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To simplify the notation, we write

y:=Y =Y’ =77,

w=U-U" vi=V -V,
Then
dyt = - (f(t> U7 V) - f(tv Ula V/)) dt + thBt’ Yr = 0.

Take any 3 > 0, apply the Ito’s formula to e’|y;|?, then

T T
Ml 5 [ s+ [ el pds
T ' ! T
B 2/ €'Bsys (f(s’ US’ VS) o f(s, Uéa ‘/s/)) ds — 2/ €5syszsst
t ¢

T T
< ZC’L/ eﬁs|ys| (Jus| + |vs|) ds — 2/ "%y 2, d B,
t t

t

T T
< e |ys|ds + 6/ e (Jusl® + [vs]?) ds — 2/ e?*y,2,dBy, (2.16)
t t

for any € > 0, where the last inequality comes from the inequality 2ab < a?/e+€b?.
By the Burkholder-Davis-Gundy inequality, there exists a constant C'z > 0 such

that

t
E l sup / eﬂsyszsst} < PTCRE
0

0<t<T

[ t 1/2
([ e as) ]
| \Jo
i t 1/2
< PTCRE | sup || </ |zs|2ds) ]
0<t<T 0
BT T
< ¢ B (IE [ sup |yt|2} +E {/ |zs|2ds]) ,
2 0<t<T 0

where the last inequality follows as ab < a?/2 + b*/2. Therefore, it follows from

42



the integrability assumption of y, z that

t
E [ sup / eﬁsyszsst} < 0.
0

0<t<T

So the local martingale fot eP*y,z,dB, is a true martingale, which is null at t = 0.

Choose 8 = 2C% /e and take expectations on both sides of (2.16)), it yields

T T
E [/ eﬁslzs|2ds} < ek [/ e’ (|us|® + |vs]?) ds] .
0 0

On the other hand, take expectations on the supremum of (2.16]) and rearranging

to obtain
E { sup eﬁtlytIQ]
0<t<T
T T
<e€ P (\uS\Q + ]1)5]2) ds — 2 [ sup / eﬁsyszsst}
0<t<T J¢

T

I
[

—

t

t
e’ (\us\z + |vs]2) ds + 2IE { sup /0 eﬁsyszsstl

0<t<T

VAN
)
—
)ﬂ

T 1/2
e’ (Jus|* + |vs[?) ds + 2CEE (/ ezﬁswys\2|z312d5> ]
0

<e€

T T 1/2
5 (uf? + o) s+ 208 | sup el ([ [afas)

0<t<T
T
<e

—

S 1 r S
e’ (Jus)* + |vs]?) ds + §E Liltl%emyf} +2C3E {/0 e’ |Zs’2d8:| .

t

where the second inequality follows from the Burkholder-Davis-Gundy inequality.

So rearranging and adding the two derived inequalities together to obtain

T
E [ sup eﬁt\ytl2+/ eﬁ5]23|2d3}
0

0<t<T

T
< e(3+4C3E U e’ (Jus” + |vs)?) ds]
0
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T
< e(3+4C%)(1VTE [ sup e”|u,|* +/ eﬁs|vs|2ds] .
0

0<t<T

Choose € > 0 small so that €(3 +4C%)(1VT) = 1. Then

T T
1
E{sup 65t|yt|2+/ eﬁsIZSIQdS] <3E [ sup 6ﬁt|ut|2+/ eﬁSIUSIQdS},
0 0

0<t<T 0<t<T

which implies that the mapping (U,V) +— (Y,Z) is a strict contraction from
LERF) x A7 (R*9) to itself, when equipped with the norm || - ||5. Thus, the
mapping ¥ has a unique fixed point, which ensures the existence and uniqueness

of a solution of the BSDE (2.13)) in .Z2(R*) x 52 (RF*?), O

Another important result in the theory of backward stochastic differential
equations is the comparison theorem, which permits to compare the solutions of
two one-dimensional BSDEs as soon as one can compare the terminal conditions

and the generators (see [41], [106] for example).

Proposition 2.21 (Comparison Theorem). Suppose k = 1, that is, S a
one-dimensional BSDE. Let (f',&'), (f* &%) be parameters of the BSDEs
such that f* is globally Lipschitz satisfying the integrability condition and
&' is square-integrable for i = 1,2. Let (Y', Z') and (Y?, Z?) be the corresponding
square-integrable solutions, respectively. Suppose also that €& < &2, P-a.s., and
that f1(t, Y72, Z2) < f2(t, Y2, Z2), dP @ dt-a.s.. Then Y;'! <Y?2 a.s. for any time
t€10,7].

This comparison theorem plays a key role in the approximation strategy for
showing the existence of the solutions, which involves constructing an increasing
sequence of BSDEs with Lipschitz generators. In particular, Lepeltier and San
Martin [85] applied this strategy to study BSDEs whose generator was continuous
with a linear growth. Kobylanski [78] also used this method to study quadratic

BSDESs, whose generating function had a quadratic growth in the parameter Z.
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Here we revisit the main argument of this approximation method, which will

be used in Chapter 4.

Proposition 2.22. Let & be a real-valued square-integrable process, and f : [0, T]x

Q x R x R? be measurable such that it satisfies the following conditions:

(i) linear growth: there exists K < oo such that |f(t,w,y,2)|] < K(1+ |y|+|2|)

forallt €[0,T),y € R,z € R%;
(i) f(t,w,-,-) is continuous for any given t € [0,T],w € Q.

Then the BSDE
T T
Y= g +/ f(sa Y, Zs>d8 - / ZdB,
t t

admits an adapted solution (Y,Z) € 2 (R) x 72 (RY).

Outline of proof. Here we outline the proof of the existence of the solution using
approximation method. One may refer to [85] for a rigorous proof.

Step 1: Construct a sequence of approximating functions that are Lipschitz

continuous.

Suppose f satisfies the above assumptions, we may construct a sequence of func-

tions
(y,z) = inf J2) +nly — | +nlz— 2L
faly,2) = b A 2) 4 nly =y 40l 1}
Then f,, is well-defined for any n > K and it satisfies the following properties:
(i) Linear growth: |f,(y,2)| < K(1+ |y| + |2]) for all y € R, z € R

(ii) Monotone in n: f,(y, 2) < fuy1(y, 2) for any given (y,2) € R x RY;

(iii) Lipschitz: |f,(y,2) — fu(¢, 2)| < n(ly — | + |z — 2']) for any (y,z2) € R x

Rd'
(iv) Strong convergence: if y, — vy, z, — 2z then f,,(yn, z,) = f(y,2) as n — oc.
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With the Lipschitz condition, the BSDE generated by (f,,&) admits a unique
solution (Y™, Z") € L4(R) x 72 (RY) for each n € N. In particular, (Y™, Z") €
A7 (R) x A7 (RY).

Step 2: Show (Y™),,, (Z"), are uniformly bounded in J?(R) x 57 (R?).
If one defines

h(t,w,y,2) = K(1+ [yl + [2])

for any y € R,z € RY, then h is Lipschitz continuous. So the BSDE generated
by (h,€) has a unique solution, say (U,V) € H#2(R) x #*(R?). Then by the
comparison Theorem,

Ym<y"<U,

almost surely for any n > m > K. So one may conclude that there exists a

constant B > 0 depending on K, T and E[{] such that

sup [[Y" ||z < B, ||Ulluz < B.
n>K

By applying the Ito’s formula to the process |Y™|?, it yields

T T T
Y = [P 42 / Y7 f (s, Y0, Z0)ds — / 2" Pds — 2 / Y1 Z"dB,.
t

t t

Taking expectations on both sides, together with the linear growth condition,

E UOT |Z§|2ds} <E[|£]’] + 2KE UOT |Ys”|2ds} +2KE UOT 1Y'(1 4+ |Z;‘|)ds]

T
<B[j¢?) + 2k | [ [v7pas]
0

71 1
+ KE [/ (—2+262|Sg"|2+—2|2512) ds}
0 € €
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for any € > 0. By choosing €2 > K, we deduce for any n > K that

E[|€]?] + TK/e* + 2K (1 + €*)B?
1—K/e ’

1271z <

that is, the sequence (Z"),, is uniformly bounded in JZ?(R?).

Step 3: Show the sequence (Y™, Z"), converges in J72(R) x J72(R%).
By the comparison theorem, (Y™),, is an increasing sequence of processes. Since
it is also bounded in J?(R), then it follows from the dominated convergence
theorem that (Y™), converges in #%(R) to some process Y. Again, by applying

the 1to’s formula to the process |Y™ — Y™|? for n,m > K, it yields

T
E (| — V] + E [ [ - Z;”Fds]
t

T 1/2
o[ -]
t
1/2

<(e][ ey zoral) L e

Take ¢t = 0, then by the uniform linear growth condition of the generators f,, and
the fact that (Y™, Z"),, is uniformly bounded in 472 (R) x 5472 (R?), there exists a

constant C' depending on K, T such that
n m||2 n m]|2
12" = 2"z @ey < CIY" =Y 2y -

Thus, (Z") is a Cauchy sequence in #72(R?). Hence, it converges in 7 (R%).
Step 4: The last step is to pass on the limit by showing (Y™), converges
uniformly in ¢ to Y.

From (2.17) we have
2 T 2 2
B[y - vrP) + 2| [ 120 - 20Pas| <Ol - Y,
t
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for some positive constant C' depending on K, T, that is, (Y™),, converges to Y in
mean square. As a consequence, there exists a subsequence (Y"*); that converges
to Y a.s.. Due to the monotonicity of (Y™),, the whole sequence (Y"),, converges
to Y a.s., and sup,, |Y"| is dt ® dP-integrable.

On the other hand, since (Z™),, converges to some Z in J#?(R), then sup,, |Z"|
is dt ® dP-integrable, and there exists a subsequence of (Z"), such that (Z™)

converges to Z a.s.. Hence, we have
klim fe@, Y™ 20 = f(t, Y5, Zy)  a.s.,
—00

and

| fu(t, Y™, Z1%)) < K(1+ Sup Y| + Sup | Z{*]).

Then by the dominated convergence theorem,

T T
lim/ fk(s,Y;”k,ZS"’“)ds:/ f(s,Ys, Zs)ds
t t

k—o00

for almost all w € © and uniformly in ¢ € [0,7]. From the continuity property of

the stochastic integral, we have

T T
/ ZMdB, — / Z,dB,
t t

By passing to a subsequence, say (Z");, we may assume that this convergence

lim sup

=0 in probability.
k—oo 0<t<T

is P-a.s.. Finally, we consider the dynamics of [Y™ — Y|, that is,

T
<]
t
T T e
/ Z"dB, — / Z. " dB,
t t

Let j — oo and taking the supremum over ¢, we get from the dominated conver-

Nk

AR Jals: Y2 Z5) = fun, (8,3, 2) | ds

+
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gence theorem and the almost sure convergence of the stochastic integral that

T
sup |V7' — Yy < / a5, Y2, Z0) = f(s,Ya Z,)] ds
0

0<t<T
T T
+ sup / Z;Lst—/ ZsdB,
t t

0<t<T

— 0

almost surely as n — oo. Hence, Y" converges to Y uniformly in ¢. Taking the

limit of n — oo in the following sequence

T T
Y / Fals, Y, Z0)ds — / 7rdB,
t t

one concludes that (Y, Z) is an adapted solution in J#2(R) x J32(RY). O

With the same philosophy, Kobylanski [78, Theorem 2.3, page 565] established
the existence of the solution for a class of quadratic BSDEs using a similar ap-

proximation method.

Proposition 2.23 (Quadratic BSDE). Let ag, 8y, € R, ¢ be a continuous in-
creasing function. Suppose the continuous function F : [0,T] x R x R? — R

satisfies the following condition:
F(tu Y, Z) = aO(ta Y, Z)y + FO(t7 Y, Z)7
with

BO S aO(t7y7 Z) S g, a.s.,

[Fo(t,y, 2)| <b+c(lyDl=l®,  as..

49



If € is a bounded real-valued process, then the BSDE generated by (F.,§), i.e.

dY; = —F(t’ Y;, Zt>dt + ZdB,, Yr=¢,

has at least one solution (Y,Z) such that the process Y € HF°(R) and Z €

HF(RY).
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3 McKean—Vlasov type SDE arising from ran-
dom vortex method

This chapter studies the solvability and the numerical approximation of the fol-

lowing McKean—Vlasov type stochastic differential equation

AX(w,1) = (S0 o B (2 = X (00| w3(0)dy ) db + V20dB (1),

X(z,t)=2, z€R4

(3.1)
where i = 1,...,d, v > 0 is a constant (which has its origin in fluid mechanics,
namely the kinetic viscosity), B = (B!, ..., B%) is a standard Brownian motion on
some probability space and wy = (w{, . .., wd) is the initial data to the correspond-

ing non-linear (and non-local) vorticity equation. The structure kernel function
K = (K"), which defines the SDE (3.1), is a d x d matrix-valued Borel measurable
function. It is assumed to be continuous except at several singularities.

This distribution-dependent SDE has its origin from Chorin [27] when
applying the random vortex method to study the Navier-Stokes equations in
dimension 2. Chorin suggested convolving the singular kernel K with some cutoff
functions and assumed the convergence of the cutoff model to the original model.
This convergence was not mathematically proved until Marchioro and Pulvirenti
[96]. Followed by Osada [105], a propagation of chaos result was established for
large viscosities.

As written at the end of [96], Marchioro and Pulvirenti wished to give a unified
approach to the Navier—Stokes and Euler equations. So they did not fully exploit
the stochastic nature of the Navier—Stokes equation. Méléard [98] followed their
framework and proved the existence and uniqueness of the weak solution to the

equation (3.1)) when K is the two-dimensional Biot—Savart kernel. In addition, a
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propagation of chaos result for this particle system was established.

Fontbona [45] then extended the study to the three-dimensional problems,
where a probabilistic interpretation of local mild solutions in the L” space was
established. Then the author constructed trajectorial stochastic particle approx-
imations to the mild solutions of w and u. For detailed discussion on various
approaches for the random vortex method, one may refer to [95, [140], etc.

Though a few papers discussed the approximation schemes for this McKean—
Vlasov type equation in dimension 2 with Biot—Savart kernel (for example
[44, 00, 124]), and a weak solution was constructed in [98] 145, [146], a strong
solution has not yet been established. This chapter devices a new approach to
show the existence and uniqueness of the strong solution as well as the weak
solution. In particular, our results apply to the Green kernels (such as 1/|z|¢!
for d > 2), the Riesz kernels 1/|z|” where v € [0, d) on R? and many other singular
integral kernels.

This chapter is a submitted paper, see [116], and it is organised as the fol-
lowing. In section 1, we will explain the random vortex method and formulate
the problem (3.1)) more precisely. In section 2, we revisit some key properties
of the Taylor’s diffusions along with the heat kernel estimates, and prove several
technical estimates which will be used in proving our main results. In section
3, we define a non-linear mapping, which is crucial to construct both the strong
and the weak solution of . We will then show this non-linear mapping is a
contraction so that the SDE admits a unique weak solution. Section 4 shows that

(3.1) admits a strong solution and the drift vector field

d
Hia) = Y [ B[R = X(.0)] wh)ds
j=1
is Holder continuous under certain growth conditions on the kernel function K.
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Section 5 recovers the solution to the corresponding non-linear PDEs by using
the solutions to (3.1)), which can be considered as a probabilistic representation
for this class of non-local and non-linear PDEs. Section 6 discusses the numerical
approximation schemes for the SDE . Then the velocity fields are simulated
in the 3D space.

The following set of conventions are employed throughout this Chapter. Firstly
Einstein’s convention on summation on repeated indices through their ranges is

assumed, unless otherwise specified. If u is a vector field on R? then V Au denotes

ighous 1t

the curl of u which is again a vector field on R? with its component & o
J

z,t) is a function on R?x [0, T'| then a or, if no confusion is possible,
LP(Rex[0,T]) p
denotes the LP-norm with respect to the Lebesgue measure on the product
p g

space R? x [0, T).

3.1 Random vortex method — from PDE to SDE

Particle formulations for fluid flows have been studied as a tool for understanding
fluid dynamics of turbulence. The underlying idea is simple, originally due to
Taylor [132]. Instead of considering the velocity vector field u(x,t) of the flow,
one may study the dynamics of trajectories X (z,t) of the fluid particles emitting

from x at the moment 0, i.e. the dynamical equation

d
EX(I',t) = U()((:E,t))t)7 X(LL'70) —

and reformulate the equation of motion of the vorticity w = V Aw into an evolution
equation for X (x,t). This is the vortex method, which works well for certain
inviscid fluids (see [11], 12} 95] for example).

For viscous incompressible fluid with constant viscosity v > 0, a natural idea

is to consider Brownian particles instead, i.e. X(z,t) is modelled by the Taylor
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diffusion

dX (z,t) = u(X (z,t),t)dt + V2vdB;, X(z,0) =z, (3.2)

where B is a standard Brownian motion. Then the vorticity w may be reritten in
terms of the distribution of the Taylor diffusion (see [132, 133]). This approach
is called the random vortex method, originally from Chorin [27], developed by
[45], 96, 105, 98], etc. For incompressible fluid flows, u(x,t) satisfies the Navier—

Stokes equations

%u +u-Vu =vAu— Vp, (3.3)

V-u=0 (3.4)

where p(x,t) is a scalar function representing the pressure at (z,t). If the fluid is
constrained in a finite region, then certain boundary conditions must be identified,
but for simplicity, we consider the case where the evolution of the fluid can take
place without physical boundary and also without external force. In this case, the
implicit boundary condition at infinity is applied: both u(x,t) and p(z,t) tend
to zero sufficiently fast as |x| — oo. This is the model used in the homogeneous
turbulence for example. The incompressible condition allows to reformulate
the first equation in terms of the fluid vorticity w = V A u. So the equation

of vorticity motion satisfies the following vorticity equation
0
aw—l—wVw:l/Aw—i—w-Vu,

where the velocity field u can be recovered from the Poisson equation

Au= -V Aw.
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At this stage, it is worth to point out a significant difference between the
two-dimensional and three-dimensional problems in the random vortex method.
We note that the 3D formulation may still apply to the 2D case by identifying
the velocity u as a 3D vector (u',u? 0). So the vorticity, which is identified
with a scalar field, may be written as w = (0,0,w) with the formulation that

_ ou? Jul!

w = 3~ — 5. So the term w - Vu vanishes identically, and the vorticity equation
1 €2

then appears as a linear equation in w.

3.1.1 Taylor’s diffusions

Clearly in our approach, Taylor’s diffusions will play a crucial role due to the
formulation (3.2). We have discussed this matter in Chapter 2.1, but here we
summarize and emphasise some key properties along with the vortex dynamics.

We rewrite the vorticity equation in terms of an elliptic operator

0
L_ *
(_t u) w=w GU,

where

L_,=vA—u(z,t) -V

with v > 0. In general, if b(x,t) is a time-dependent vector field (here ¢ is the

time variable), then the L, operator is defined as
Ly =vA+b(z,t)- V.

This is a uniformly elliptic operator of second order and is time inhomogeneous in
general. This convention will be applied to any time dependent vector field b(z, t)
on R? where d is not necessary to be 3. If no confusion may arise, the argument

(x,t) will be suppressed.
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Moreover, Lj is the infinitesimal generator of the Taylor diffusion describing the
motion of Brownian particles (X});>-, which can be defined by the Itd’s stochastic
differential equation

dXt = b(Xt, t)dt —+ vV 2VdBt,

where (B);>, is a d-dimensional standard Brownian motion on some probability
space (£2,.7,P). Denote P, , to be the probability measure of the process X, then

X has a transition probability defined as

P(r,z,t,dy) =P, (X, € dy)

for any 0 < 7 < t. Moreover, if the vector field b(x,t) is bounded and measurable,
then [125, Theorem 2.2.2, page 35| indicates that the probability measure has a

density (with respect to the Lebesgue measure) in the sense that

]P)T,x (Xt € dy) = pb(Ta Z, ta y)dy

for any 0 < 7 < t. This function py(7, z,t,y) is the transition probability density
function of the L;-diffusion, for t > 7 > 0 and z,y € R%.

On the other hand, the formal adjoint operator of L is given by

Ly=vA-b-V-V-b=L_4,—-V-b.

This is again a diffusion operator if and only if the vector field b is divergence-free.
In particular, if b(-, ) is solenoidal then L} = L_,.

The following lemma summarizes the representation formula in Proposition[2.3]
and the relation between fundamental solutions of parabolic equations and tran-
sition probability density functions in Lemma which will be used throughout

this chapter.
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Lemma 3.1. Let b(xz,t) be a time-dependent Borel measurable and bounded vector
field on R, Let I'p 1y be the fundamental solution to the forward parabolic equation

(% —Ly)u = 0 and I'py, the fundamental solution to the backward parabolic

equation (% + Lb) u = 0.
(i) The following holds:
pb<7-7 57 tv I’) = FB,Lb (ga T, t) = FF,L_;,—VJ)(:E) t7 57 7—)

for all0 <1 <t and &, 2 € RY.

(i) For given T >0, ¢ and g, the function

w(x,t) = /pb(T,f,t,x)c,o(f)d§+/Tt/pb(s,f,t,a:)g(f,s)dﬁd&
for x € Rt > 1, solves the initial value problem of the parabolic equation:
(Q—Lb—V-Z))w:g, w(-,T) = .
ot
(iii) If in addition b(x,t) is solenoidal, i.e. V -b =0, then
(T &t x) =Tk, (2,86, 7)

for all0 <1 <t and &,z € RY.

In fact, the results in the previous lemma hold under much weaker conditions
on b and can be generalised to a large class of elliptic operators, see [4) 5], 46, 126]

and other standard literature on parabolic equations for details.
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3.1.2 An archetypical example

Suppose the vorticity w(z,t) of an incompressible fluid flow with velocity u(z,t),
without applying external force, always lies in the kernel of the rate-of-strain

tensor, so that w - Vu = 0 identically. Then the vorticity equation becomes

(% - L_u(m)) w(z,t) =0 (3.5)

with initial data w(-,0) = wy. According to Lemma the vorticity equation

may be represented by the fundamental solution to the forward parabolic equation

(), denoted by p,(0,y,t,z), that
w(e.) = [ puOpita)en(w)dy (3.
R

In particular, p, is identical to the transition probability density function of the
L,~diffusion. On the other hand, the velocity field u can be recovered from the

Poisson equation Au = =V Aw. If Go(x) = is the Green’s function for the

1
4|z

Laplace operator in 3D, then according to the Biot—Savart law,

u(z,t) = /11@3 G(r — z) Nw(z,t)dz, (3.7)

where G(z) = VGy(z) = —%# is the vector valued singular kernel in R?. Since
w is a solution to (3.5)) and can be represented by (j3.6]), we are able to rewrite the

velocity field (3.7)) in terms of the fundamental solution p,, that is,

)= [ [ 6o =) nen(w)pa(0..t, 2)dzdy

— / (/ Gz — Z)pu(O,y,t,Z)dZ’) A wo(y)dy

_ / E Gz — X (y,1))] A woly)dy, (3.8)

o8



where X (y,t) is the Taylor diffusion process with infinitesimal generator L,, start-
ing at y at ¢t = 0. That is, X(y,t) is the solution to the stochastic differential
equation

dX (y,t) = w(X (y,t),t)dt +V2wdB,, X(y,0) =1y, (3.9)

where (By)i>0 is a standard Brownian motion on a probability space ({2,.7,P).
Substituting (3.8)) into (3.9)), we may rewrite the previous stochastic differential

equation as

dX (z,t) = (JE[G(z — X (y,1))] Awo(y)dy) ‘Z:X(m) dt + v/2vdB,

X(z,0) =z,

where z runs through the state space R3. This is the archetypical example of the

SDEs we are going to study in the present section.

3.1.3 Formulation of the problem

Although our main examples come from the study of fluid dynamics, it will be
beneficial formulating the problem in a more general setting. Still, we restrict our
study to vector fields on the Euclidean space R?, though the methods and the
results can be generalised to tensor fields with certain modifications.

Let K(z) = (K%(z)) be a d x d matrix-valued ‘singular integral’ kernel, where
K'Y are Borel measurable and locally integrable. We are interested in the following

stochastic differential equation, written in componentwise,

AX(2,1) = (z;?_l S E[KY (2 = X (y.0))] i (y)dy

) dt + dBj,
z=X(z,t)

X(z,0) =z,
(3.10)

where i = 1,...,d, wy = (w)) is the initial data, and B = (B") is a d-dimensional
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standard Brownian motion on some probability space. Before we carry out a study
of this class of SDEs, let us reformulate in a different form to facilitate our
approach.

If 11 is a measure on (R4, Z(RY)), then Kxp = (K% %p) denotes the convolution

of K and the measure ;1 such that

K9 % p(x) = /Rd K9 (x — y)p(dy),

for i, j = .,d, as long as the right-hand side is well defined.
If U is an R%valued random variable on some probability space (§2,.%,P), and

its distribution is denoted by Z(U), then by definition
K% Z(U)(z) =E [K9(z - U)].
If, in addition, the law of U has a probability density function p(z), then
K9« 20)(@) = [ K@= y)pla)ds

where the right-hand side is the convolution of K and the function p.
After having introduced the basic data K and wy and the notations, we are

now in a position to reformulate the SDE we are going to study:

dt +dB}  (3.11)

R4

X [Z (K + 2(X (5, 1))) (X (0, ) 0)dy

with initial value X (x,0) = 2 for x € R4 and i = 1,...,d. The concepts of strong
and weak solutions to (3.11)) may be defined accordingly as in Chapter 2:

Definition 3.2. Let (£2,.#,P) be a complete probability space. Then the pair

(Xt, Bt)t>o is called a solution of the distribution-dependent stochastic differential
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equation (3.11]) if

(i) (Li)i>0 is a filtration of sub-o-fields of .# satisfying the usual conditions

and right-continuity such that (B;);>0 is adapted to (:%)>o,
(ii) (X;)¢>o is a continuous, adapted R?-valued process,

(iii) the integral equation

d t
X'(z,t) = 2"+ Z/o |:/Rd (Kij * Z(X(y, s))) (X (z, S))wg(y)dy ds + B!

holds P-a.s. for any i = 1,...,d and t > 0, where .Z(X(y, s)) denotes the

law of X (y, s) with respect to P.

We do not repeat the definition for strong solutions here, but note that a
weak solution is a strong solution if the (B;);>o is any fixed Brownian motion on
(2, #,P), and (.F;)>0 is the filtration generated by the Brownian motion (B;):>g
and augmented with the P-null sets.

In order to better illustrate our idea of showing the solvability of the McKean-
Vlasov equation , it will be convenient to introduce the following notations.
If Z = (Z(x,t))i>0 is a family of continuous processes on some probability space,
which is jointly continuous in (z,t), then we may define a vector field, denoted by

bz, whose components are given by

blat) =3 [ (K95 2(20.0) @iy

fori=1,...,d. Notice that by definition, b, depends only on the one-dimensional
marginal distributions of the process (Z(y,t))>o-
Suppose b(x,t) is a time dependent vector field on RY, we may define another

t-dependent vector field on R%, denoted by K ob(z,t), such that its i-th component
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is given by

> [ (5« 2201) ()

where Z = (Z(y,1t))i>0 is the Ly-diffusion started at y at the moment ¢ = 0, so
that K ob = bz. Since Z(y,t) has a transition probability density py(0,y,t, z), we

can write

(Kov(et)= [ [Z [ K = 200,08, 20z

We therefore have constructed the mapping b — K ¢ b which sends a vector field
b(x,t) to the vector field K ¢ b(x,t). This non-linear mapping will play a crucial
role in our study.

Under the above notations, we may rewrite SDE (3.11)) as
dX(z,t) = bx(X(z,t),t)dt +dB;, X(z,0) =z,

for z € R%. The following simple observation indeed leads to the approach we are

going to develop in what follows.

Lemma 3.3. Let b(x,t) be a bounded and Borel measurable vector field on R,
depending on time t. Suppose K o b = b and (X, B) is a weak solution to the
following SDE

dX'(z,t) = b (X (x,t),t)dt + dB;, X(z,0)=z, (3.12)

fori = 1,....d, where B is a d-dimensional standard Brownian motion on a

probability space. Then

dX"(x,t) = [Z/Rd (K% L(X(y,1))) (X (2, t))w}(y)dy | dt +dB;,  (3.13)
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fori=1,...,d. That is, (X, B) is a weak solution to (3.11)).
Similarly, if X is a strong solution to the SDE (3.12)), then it is also a strong

solution to (3.11).

This lemma follows by definition: since K ¢b = b, then b = bx. As a conse-

quence,
d
S [ (9« (X)) @i(0)dy = .
j=1"/R
and (3.13)) follows from (3.12)) immediately.
Example 3.4. If d = 3 and K = (K!, K?, K?), then we set K¥ = ¢* K* and

SDE (3.13) becomes

dt +dBy, X(z,0) ==z,

z=X(z,t)

ix(o,0) = ( [ BIK G~ X000 Aoy

which is the random vortex dynamical model, where wy represents the initial

vorticity.

3.2 Several facts about diffusions with bounded drifts

In this section, we collect a few facts on diffusion processes and prove several
technical estimates which will be used in later discussion.

Let b(x,t) be a Borel measurable vector field on the Euclidean space RY,
dependent on the time parameter ¢ > 0. It is also assumed that b(z,t) is
bounded, i.e. |b(z,t)] < A for every x and ¢, where A is a non-negative con-
stant. Then the unique Lj-diffusion (in the sense of weak solutions) may be
constructed by using Cameron-Martin formula. Specifically, let B = (B;);>0 be
a d-dimensional standard Brownian motion on some probability space (2, %, P).

Let # =0 {Bs:s <t} and %, =0 {B;s:s >0} be the natural filtration gener-
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ated by this Brownian motion. Given x and 7 > 0, define the process

t 1 t
Ny(T,x,t) = b(B, — B, +x,r)dB, — = b*(B, — B, + z,r)dr 3.14
2

T

for t > 7. Clearly, the process (b(Bt — B, +u, t)) is adapted, measurable and

t>1

bounded a.s. for any ¢t > 7. So the process N, is well-defined. Also, it is trivial

to see

oo (3 [ 9708~ 5.4 20| <o (- ) <

for any ¢ > 7. So by the Novikov’s criteria (see Proposition [2.17)), the process
Ry(T,z,t) := eM(Ta) (3.15)

is an exponential martingale, which is called the Cameron-Martin density. If
7 =0, then the symbol 7 will be suppressed from the notations.

In the next step, we construct the probability P, , on ({2,.%) such that

dP,,
dIP

for all t > 7. Then by the Girsanov’s theorem (see Proposition [2.16]), the process
t
W,:= B, — B, — / b(B, — B, + z,7)dr (3.16)

is a Brownian motion under the new probability measure [P, ,. Notice that if we
define
Y, '=B,— B, +x

for any t > 7, with the help of (3.16)), we may then rewrite the process (Y;)i>, in
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terms of (W;)¢>, such that
t
Y, =2+ / b(Y,.,r)dr + W;.

This implies that (Y;):>, is a diffusion process with infinitesimal generator Ly,
whose underlying Brownian motion is (W;)¢>,. Therefore, the family {P,, : 7 >
0,z € R} on (£2, #,) is a diffusion family with generator L; (see for example

[75, 129]). In particular, for any Borel measurable function f,

rd f(y)pb(T7 z,t, y)dy =E [Rb<7—7 Z, t)f<Bt - BT + I)] (317)

as long as one of the integrals in the equation makes sense, where p, (7, z,t,y) is
the transition probability density function of the L;-diffusion, and the expectation
on the right hand side is taken under the probability measure P.

As we have discussed in Chapter 2, under the bounded assumption of the
vector field b(x,t), py(7, x,t,y) is positive and continuous as a function of (t,y).
Moreover, the Aronson estimate (see Lemma indicates that for every T > 0,

there is a constant M depending on A, d and T only, such that

1 ly—e|2 M =z
i po(Ty 2, T+t y) < —e” N

for any 7 > 0 and 7 < t < T. In our study, we need more precise information
about the upper bound, which was obtained in [I17, 115]. With the notations

established in this chapter, we may rewrite Proposition [2.6] as follows:

Lemma 3.5. There is a positive universal constant k, depending only on the
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dimension d and 1 < g < such that

dl’

1 _ ==yl y o
P(ra T+ by) < G : (1+KA (Vi+1o—y|) el ais 1>)
(3.18)

for all z,y € RY, 7 >0 and t > 0.

One may refer to Proposition for the precise expression for k. As a conse-
quence, we establish the following estimates, which will play a crucial role in the

proof of our main theorem.

Lemma 3.6. Let f € L®(R%), v € [0,d) and p > 0. Define

1
I(f:%@ﬂ: 7) - / / _,Ylf(y)‘pb(()?yat:m - Z)dZdy
Rd J {|z|<p} 2]

for any x € R? and t > 0. Then there exists a universal positive constant K,

depending only on d such that

Pd_w A2
I(f,z,t,p,7) < d— 7/‘61 ||f||OO (1 + A\/%@Q(q—l))

for all z € R and t > 0.

Proof. Without losing generality, we may assume that f > 0. Using the sharp

estimate ((3.18)), we have

_ ly—z+=2[ w+z|?

2t
I(f7 a”'? t? p7 / /
Re J{|2]<p} ’Z\” 27T75)d/2
L oo+ 5k
X |1+ KA (\/Z+ |y—w+z|> e 2t 2D | dzdy

// fly+z—2) e
R J{|2]<p} 2] (2mt)4/2

_ 2
X <1 + KA (\/%%— |y|> 6%?"2“(‘1}1)) dzdy
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<l ( /{ » B )

_lwl?

(/ 2 ;;/2 (1 + KA (\/l_tJr |y!> e%yl2+2’(32t1>)) dy)

d
— 17l va1<sd—1>
ly|?
A% e 2 R =N
1 AV te2(@=1) 1 171 2t (]
( et [ oo (1) y)
e 2 Vo (s

ly|?

A2 e 2 g—1, |2
D) Sl
X <1+/<;A\/Z62< 2 /Rd 2y (1+[yl)e= dy)

d—v 24
<l i £l oo <1+A\/E62£—1))
d—r
where
\UI2
- d—1
k1 = max { Vol(S ),/‘i/Rd (1+ \y!) 2 )d/Qdy ’

with Vol(S971) being the volume of the unit (d — 1)-sphere, and the proof is

complete. O

From the proof of this lemma, it is easy to understand why we have restricted
the power of the kernel to be strictly less than the dimension: we must ensure
that the kernel function is locally integrable within the disk {z € R?: |z| < p} so
that the computation for the upper bound of I(f,z,t, p,~) could carry on.

We also need the following estimate, which is completely elementary though.

Lemma 3.7. Let f € L*(RY) and p > 0, v > 0 be two constants. Define

1
J(fv'ratvpv 7) = / / _,ylf(y)|pb(07y7t7‘r - Z)dZdy
R J (2120} 2]
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for all z € R and t > 0. Then

1
J(f7x7t7p77> S ﬁ ||f||L1

for all x andt >0, p>0 andy > 0.

Proof. Note that it follows from the fact that p;, is a density function that

/ pb<07y7t7 Z)dZ = 17
Rd

and py(0,y,t,2) > 0 for any t > 0,z € R%. Therefore, with v > 0,

J(f7$at7p77) < — / / |pb 0 y,t T — Z)dZdy
Rd J{|z |>P}

= [ 0.t ey
/Rd/ £ () Ipe(0, 3, ¢, 2)dzdy
m ( [/ (y )!dy> (/deb(o v, t, z)dz)

= ﬁ (i

| A

and the proof is complete. O]

3.3 Weak solutions

In this section, we prove under certain conditions that there is a unique weak
solution to . To this end, we make several assumptions on wy and K which
will be in force throughout the remainder of the discussion.

Let Cy, C; and C, be three non-negative constants. In addition to the con-
tinuous and measurable conditions, it is assumed that K = (K%) satisfies the

following growth condition: there are two constants 7, € [0,d) and 75 > 0 such
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that

for all x # 0 and |z| < 1,

and

for all |z| > 1.

In addition, we assume that the initial vorticity wqg is bounded and integrable
such that [Jwol|;, < Ci and [Jwo||, < Co. Choose and fix a number ¢ € (1, ;%)

and set
K1 Coo

OK I:CQ (d—"yl

1 |
1+e2<ql>>+C’1), Ti = ——.
( &

The crucial fact about C'x and Tk is that they depend on Cy, C, Cy and 7, only.
Firstly, we show whenever the vector field is bounded, the induced vector field

K ¢ b is also bounded, and they have the same bounds.

Lemma 3.8. If b(x,t) is a time-dependent vector field such that |b(z,t)| < Ck
for allz € RY and t < Ty, then K ob is also bounded such that |K ob(z,t)| < Cx

for allz € R and t < Tk.

Proof. Let B={z € R?: |z| < 1}. Then

K o bla,t)| =

/ / K(2) Awo(y)pp(0,y,t, 2 — z)dzdy

rRd JB

s [ [KE A0t z>dzdy]
Rd JRI\B

< [ ] K@l m0.5.t.0 = 2)dzdy

[ et RCCICYRES 2)dz ) dy

= [1 +IQ
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The estimate for I; follows directly from Lemma [3.6}

1
I < Co/ / e lwo(y)| pe(0, y, t, v — 2)dzdy
Re J{|z|<1} 2]

= OQ[((JJ(), Z, t, 1, "}/1)

c2.¢
S % (1 + CK\/I_?€2(‘1}£1))
d—m

And by a similar argument as Lemma [3.7, we deduce that

1
-[2 S CO/ |w0<y>| (/ _.ylpb(ovy7t7x - Z)dZ) dy
R {]z|>1} |2|

d
<Gy / |wO<y>|( / pb<o,y,t,x—z>dz) dy
Rd R4

< CyCh.

Putting the estimates for I; and I together, we may conclude that

KquCOO

Kob(z,t) <
K obla.0)] < 4

c2t
(1 + CK\/Ee%q}fl)) eNel

for all z € R? and ¢ > 0. Since Cx+/t < 1 for any t < Tk, we therefore have

CoC o
K ob(z,1)] < Kcll_—(’% (1 + ez<;_1>) + Gyl

for any x and ¢t < Ty. The conclusion then follows immediately from the definition

of CK and TK. ]

Lemma 3.9. Let b(z,t),b(z,t) be bounded vector fields such that |b(x,t)] < Ck
and |b(z,t)| < Ck for all x € R and t < Tx. Let B be a d-dimensional standard

Brownian motion on some probability space (2, ,P), define

Ry(x,t) = er(m,t), Rl;(x,t) — oNi(@d)
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to be the Cameron-Martin density (see (3.14) and (3.15)) ) with respect to the vector

field b,b starting at x at the moment T = 0, respectively. Then

< .
[Ny(, ) = Ny(a, D) < [M;] + Cict b - med o (3.19)
where
t ~
M(x,1) ;:/ <b—b) (B, +z,7)dB,. (3.20)
0
Also,
1
Ry(z,t) — Ry(z,t) < / Ry, (x,t)(Ny — Nj)(x, t)ds (3.21)
0

for any v € R4t < Tk

Proof. By the construction of N,, N, we may write

Ny(w,t) — Ny(z, t) = /Ot (b - 13) (B, +x,7)dB,

1 ! 2 712
_5/0 (1612 = ) (B, + 2, r)dr

= M(x,t) + A(z, 1),
where M (xz,t) is defined as (3.20) and

Az, t) = —% /Ot (|by2 - |z3;2) (B, + x,r)dr

:_g/ot (b-5) (6+5) (B, +a.r)ar.

It is clear that

Nl <C tHb—bH
|A(z,t)| < Ck @i o)
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Therefore, we can write

Ny (z,t) — @tﬂ<yMJ+ckﬂ@—bH

L (R4,[0,1])

for all z € R ¢t < Tk

By the fundamental theorem of calculus, we may write

1
0 ds

1
:/QWWWWM—%W. (3.22)
0

Define b, := (1—35)b+sb for s € [0, 1], then |by(z,t)| < Ck for any z € Rt < Tk,

and

(ﬂ—wﬂ%+&N@@j)—/ﬁal—$5+%)ﬂ%+xwaT
— %/Ot <(1 — 5)|b]2 + S]b|2> (B, + x,r)dr

= Ny, (z, 1—s/|b—b| 4z, 7)dr
Substituting this equality into (3.22]) to obtain

1 -
Rb _ Rf) _ / 6—%5(1—3) fg \b—b|2(BT—&-:/E,T)der5 (Nb _ Nl;)ds
0

1
S/ Ry, (N, — Nj)ds.
0

]

With the estimates on the Cameron-Martin density, we are going to establish
another key estimate for the non-linear mapping b — K ¢ b, where b(x,t) is any

bounded vector field such that |b(x,t)| < Ck for all t < Tk.
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Lemma 3.10. There exists a positive constant Cp, depending only on Cy, C1, Cy,
such that for any b(x,t) and b(x,t) satisfying that |b(z,t)| < Cx and |b(x,t)| < Ck

for all x and t < Tk, we have

K ob(z,t) — K bz, )| < (t + \/E) Cy Hb - zBHLw(Rd b (323)

for allz € R and t < Tk.

Proof. We prove this inequality by using the Cameron-Martin formula (see Propo-

sition [2.16)). According to the expression (3.17), we may write

Kob(x,t)—/

Rd

[ = 02002 iy
R

- [ BlR(w. 0K~ Bi— ) el
R
Split K into a sum K = K; + K5 where
Ki(2) = Ty K(2),  Ko(2) = Tz K(2).

Then

K o bz, t) = / E[Ry(y, 0K (x — By~ )] Awoly)dy

n /R E [Ry(y, ) Ka(x — By — )] A woly)dy.

Let

D(z,t) == Kob(z,t) — K ob(z,t).

Then by using the previous formula for K ¢ b, we have

D(z,t) = /Rd E[(Ry(y,t) — Ry(y,t)) Ki(x — By — y)] Awo(y)dy
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With the inequality (3.21)) from the previous lemma, it yields

sos [E]([ R0t - Nt 005 ) Kate = B =) Al

and

ns [ B]([ Rt 0it0.0) — N5t 005 ) Kot = B =) Al

Therefore, with the Fubini’s theorem, we may change the order of the integrals to

write

I < / / E [Ry, (5.1) [Ny, £) — Ny(y, )| | Ka(z — By — )] jwoly)] dyds

< CO/ / {Rbs y,t {|x gt yl<1} !Mtl] |lwo(y)| dyds
Rd — "Yl
b Ljo—B,—yl<1)
bl [ [ B2
+ 0V K LOO(]Rd,[O,t]) 0 Rd bs(y )‘:C—Bt—yhl ‘(JJO<y)| y S

=:Jiq1+ Ji2,

where the second inequality comes from the inequality (3.19)).
To deal with J; 1, choose and fix o, 3 > 1 such that ay; < dand a™'4+871 = 1.

Then by construction,

t
Rzi(:t,t):exp( /b(B +x,7)dB, — /‘b‘ —l—a:,r)dr)

:Rabsexp< /\b\ » +x,r)d )

a(a—1
(2 )C2t

S € K Rozbs~ (324)
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Also, by the boundedness of the vector field b, b, the process M is a martingale

with quadratic process

:/t|b—5|2 +xrdr<tHb—bH
0

Loo(R[0,4])

So by using Burkholder-Davis-Gundy inequality (see Proposition [2.19)), there ex-

ists a constant C'z > 0 such that for any ¢t < Tk,

B
2

E [|M;]?] < CSE {(M}t} <Oy (\/EHb - B“Lm(Rdx[()’t]))ﬁ. (3.25)

Thus, by applying Holder’s inequality in .J; ;, we deduce that

Jll — CO/ / |:Rb y’ {lw gt y\<1} |Mt|:| |(U0(y>|dyds

R4 |’Yl

v {|"L"*Bt*y\<1}
> OA \//Rd b5<y7 )|{L'— Bt —y|0¢’Yl:| |W0(y)| Y

’ (// (M1 [wo(y) | dyds
R
a(a—1) 2 4 1 o By—y|<1)

< Cpe™5Ck / / Ry (. 1) =B o
- \/ B 0 D = e | o) s

C1CV/t

Lo (R4,[0,1])

a(a—1) ~2
= Cy &/T1Ce ™5kt Hb
1-8¢ Vi Lo°(R4,[0,¢])
1
X / v / / —a'ylpo‘bs (ana t,l’ - Z)dZ |W0(y)| dde
0 Re J{|z|<1} |2|
< CO 3/—Clc,ﬁea(gal)czt\/'”b H

0202 ¢
« Iﬁcoo <1+OCCK\/_€2(‘1 1))

d—ay

Lo (R?x[0,t])

X

atact) o] F1C00 <1+a62<q 1>>

SCme - d— ay \/_Hb_bH

Lo (Rix[0,t])
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for all t < Tk, where the second inequality follows from and - the
third inequality follows from Lemma [3.6] and the last inequality follows from the
fact that Cxt <1 for all ¢t < T¥k.

To deal with J; 2, we use to rewrite the expectation in terms of an

integral so that

Jio = COC’KtHb—bH

Loo(R4,[0,¢])
{\x Bt yi<1)
/ /Rd |:Rbs ) yl”l} |wo(y)] dyds
—OOC’KtHb bH
Lo (RE,[0,¢])

AV

’|lem(0;y,t,$'—'Z)dZ|QM(y)|dy) ds

< QO (14 oo ) oo

pp Lo (Rex [0,t])
e e
- Lo (Rex[0,t])

for any t < Tk, where the first inequality follows from the estimate in Lemma [3.6|

Now we treat with J;. Since

so= [ B]([ R0t t) — Nt s ) Kot = B =) Al

and |Ky(z)| < Cp, we may plug in (3.19) to write

<o [ [ Butn (1l Cotllo=5 )] bl duds
<00 [ [ Bl 0 o) duds

+00010KtHb—bH

Lo (REx[0,4])

<%//»T__'[m%]w«mws
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+00010KtHb— bH
Lo (R4x[0,t])

< o o -9 //\/ Rt Ry, | wn(y) | dyds
Lo (REx[0,t]) Rd

+ CyCy Okt Hb— b‘

Lo (R4x[0,t])

< coclez\be — bH + CoCyCt Hb . bH

Lo (REx[0,t]) Lo (RIx[0,4])

where the third inequality follows fromm Holder’s inequality with o = 3 = %, the
second last inequality comes from (3.24)), (3.25) and the last inequality follows

from Cit <1 for all t < Tk and the fact that
E[Ry(z,t)] =1

for any Cameron-Martin density R,. Putting these estimates for J; and J, to-
gether, we deduce (3.23)) with a positive constant C;, which depends only on the
structure constants Cy, C1, Cx,y1 and d (as « and ¢ are constants depending only

on d and 7). For example,

CL = 00016%(1 -+ CK)

1 1
K1 (1 + 62<‘1*1)>
-—N

al(a COO o2
Co{/C1Cge Eol K1 (1 + Oze2<q*1)> (3.26)

— am

+ C'OCOOC'Kd

will do. [

We are now in a position to prove the main result about weak solutions to the

distribution-dependent stochastic differential equation ((3.11)).

Theorem 3.11. There exist two positive constants T, and Ck depending on

Co,C1,Cx, 1 € [0,d) and d only such that the followings hold:
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(i) The (non-linear) mapping b — K ob is a contraction on the space of bounded

time-dependent vector fields. More precisely,
- 1 .
HKob—KobH < 5Hb—bH (3.27)

for any bounded vector fields b and b such that bl < Ck, HBHOO < Ckg,
where [|bl| o = [/l poo (rax(ory))- Hence, there is a unique vector field b such

that K b = 0.

(i1) There is a unique weak solution (X, B) on some probability space to the SDE
(3-11)) up to time Ty, where B is a Brownian motion and X satisfies (3.11]),

and
d .
V)=S0 [ (K7 2(X(0.0) wi0)dy
j=17%
1s bounded forv=1,--- ,d.
Proof. Choose T, = }lC’L A 1 where Cp, is given by (13.26). Then (3.27) follows
immediately.

Since b(z,t) is bounded and Borel measurable, Proposition indicates that

the 1to’s stochastic differential equation
dX (z,t) = b(X(x,t),t)dt + dB;
has a unique weak solution. Consequently, the second part follows from Lemma

3.3l O

We finish this section with a comment on the global solutions of (3.11)). As
long as K is a singular integral kernel, bounded at infinity, we have shown that
there is a unique weak solution to (3.11)) with initial data wy € L'(R?) N L>(R9)

for the time duration [0, 77|, where T}, depends only on the structure constants C;
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(1 =0,1,00) and v; € [0,d). However, we are unable to conclude that the weak
solution exists for all time ¢. The reason is that the SDE does not define a
dynamical system, which is not proposed as an initial value problem.

Finally, we should point out that we do not claim, although we strongly believe
it is not the case, if wy and K are regular enough, there are other fixed vector
fields ¢ in the sense that K ¢c = ¢ but ¢(z,t) is unbounded on some time interval

[0, 7].

3.4 Strong solutions

With the same assumptions on K and wy as in the earlier section, we aim to show
that there is a strong solution to (3.11) by using the result in [I38] for multi-
dimensional diffusion processes with bounded drifts. Moreover, under a growth

condition on K, we are able to show the Holder continuity of the vector field K ¢b.

Theorem 3.12. Let B = (By)i>o be a d-dimensional standard Brownian motion
on a probability space (§2,.% ,P). There is a unique family of stochastic processes
X (z,t) which is jointly continuous in (x,t) almost surely, and satisfies the stochas-

tic integral equations

d

t
Xi(z,t) = x+/
0

[ (7« X 0,9) (X)) | ds + B

j=1
fort € [0,T;], and

d

W) =3 [ (K7 2(X (. 5)) whlo)dy (329
j=1 /R
where 1 = 1,...,d, are bounded.

Proof. According to Theorem [3.11] for any ¢ < T}, (and extend it to be zero for

t > T7), there is a unique bounded vector field b(z,t) satisfying K ¢ b = b. Since
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b is bounded and Borel measurable, Lemma indicates that there is a unique

strong solution X (z,t) to the ordinary stochastic differential equation

dX (z,t) = b(X (z,t),t)dt + dB,, X(z,0) = .

Hence, by Lemma [3.3] X (z,¢) is the unique strong solution to (3.11). ]

We are going to show that the vector field is in fact Holder continuous.
To this end, we recall Lemma [2.7] for the Holder continuity result of the transition
probability density function, proved originally by Nash [102] and later by Aronson
[5], Fabes and Stroock [43] that

- C t—iz vz —a\
\pb(s,y,t,x)_pb(s,y,t,xﬂgé—f(‘ |5| |> (3.29)

foralls > 0,62 <t t< 5%,|a:—§:] < 0, for any 0 > 0, where Cy > 0 and o € (0, 1)

depending only ||b||o and the dimension d.

Lemma 3.13. Under the same assumptions for K and wg as in the previous
section, we further assume vy, = vy = 7, which belongs to [0,d). Suppose [b(z,t)] <
Ck for all x € R and t < Tyx. Then K o b(x,t) is Hélder continuous on any
compact subset of R x (0, Tk, where the Holder exponent and Hélder norm depend

only on Cx and the dimension d.

Proof. Let 62 < t,t < Ty and |z — Z| < § (for § > 0 small enough), and set
H=|Kob(z,t) — K ob(z,1)].
for simplicity. By the inequality (3.29)), it yields

H =

/Rd { 5 K(z) Awo(y) (pe(0,y,t,x — 2) — py(0, 4,1, 7 — 2)) dz] dy‘
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< [ ][ @It - 2 - m0. 7 - 2]
< [ a0t = 2) = .5 = 2]y

i / [/{Izlzp} K ()l wo)llpo 0,9t = 2) = po(0,y. 1,7 = z)|dz] dy

=: Jl + JQ.

Since the transition probability function is Holder continuous and ((3.29) holds,

then

Ji = / {/ | K (2)||wo(y)|[p6(0,y, t, 2 — 2) — pp(0,y,,& — z)]dz] dy
Re L/{]z[<p}

C t—ipvie -2\
< [/ |K<z>||wo<y>|<' Y ') dz] y
Re | J{lz[<p}

_Cn (‘t —HE Ve - ') (L fatonias) ([ o)

Cu (1t=13 vz -3\ Gy 4 o
<o ol .
< 5 ( 5 - Vol(577)

And it is trivial to check

=[] R 0.0:t2 —2) ~ (0,085~ 2] dy
R [J{]z[>p}

C 7 ~
<5 | U{' N R A ZW} iy
R z|>p
< Co Co -
N |wo () Ips(0, 9, t, 2)dz | dy + — |wo(y)|po(0, v, T, 2)dz | dy
p R4 R4 p Rd Rd
Netel
=9 p’y

for any p > 0. So putting J;, Jo together to obtain

Cu (lt=1Fviz—2\"| C o, G0y
H S C]_ {W < 5 mp ’YVOI(S 1)+2 p'Y 5
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where Vol(S971) is the volume of the unit (d — 1)-sphere. Choose p > 0 such that

Cl{@(yt—thle—xg } Co_iryoysi-t) — 2 C0C

e ) d—~ pY
that is
-1 ay 1/d

1 CyVol(S41) [ |t —t|]2 V |z — 7|

p | 2(d—~)sd J '
Then ”

~, « vy
CuVol(8%Y) (|t =1z V |z — 7|
H<4

which proofs the claim. O

Corollary 3.14. Under the same conditions for wy as in the previous section.

Suppose the kernel K = (K') satisfies the following condition:

|K(z)] < C’oL for all x #0

[

where 0 < v < d and Cy > 0. Then there is a unique strong solution X (x,t) to

B.11) for any t < Ty, such that
. d L. .
bz($,t> = Z/d (K”LJ *X(X(y’ 3))) Wé(y)dy
=17k

i=1,---.d, are bounded and Hélder continuous on any compact subset of R% x

(0,77%).

82



3.5 From SDE to PDE

In this section, we recover the partial differential equation from the distribution-

dependent stochastic differential equation

R4

dX'(z,t) [Z (K7 % Z(X(y,1))) (X(z, ) (y)dy | dt +dB:  (3.30)

Theorem 3.15. Let K and wy satisfy the assumptions in Section 3. For any
reRYandt >0, let (X(z,t), B;) be the unique weak solution of SDE on
a probability space (2,7 ,P) fort € [0,T;]. Then for any y € R? and t > 0, the
distribution of X (y,t) has a positive and continuous density denoted by p(0,y,t,-).
Let b(x,t) be defined by

d
=Y | (K7%2(X(y,9)) wh(y)dy
Jj=1 Rd
fori=1,....d, and
o) = [ 90,0t heb)dy (3.31)
R

for any x € R and t € [0, T1]. Then the pair (b,w) is the solution to the following

non-local partial differential equation

d .
Lo o'\ i i
—w—l—(Zb] ) :§Aw—<j_ (’%J)w’ w'(+,0) = wy
and
d
i) =3 [ K=ty
j=1 /R
for any x any t € [0,Ty], wherei=1,...,d.

Proof. According to our construction, b(x,t) is the unique bounded vector field
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such that K ob =10, and X (z,t) is the unique weak solution of the SDE
dX(xz,t) =b(X(z,t),t)dt +dB;, X(x,0) =

Then p(0,y,t,2) = pp(0,y,t, ) is the transition probability density for the dif-
fusion with its generator L,. Thus, by considering py(0,y,t,x) as a function of

(t,x), py is the fundamental solution to the forward adjoint equation

9 :

where L} = %A —b-V —V -b. Hence, according to Lemma w(x,t) given by

(3.31]) is the solution to

(% — L;) w=0, w(0)=wy,

that is
0 1
aw—i—b Vw——Aw—(V bw, w(-,0)=wp.
Moreover,
d .
B t) =D | (K9 2(X(g, ) w(0)dy
— JRr
d .
= Z/ (/ KY (z = 2) ps(0, 9, t, Z)dZ) wi(y)dy
j=1 Re
= Z K” — 2)w!(2,t)dz
which completes the proof. O]

As an example, we may apply this representation theorem to the Biot—Savart

kernel G(z) = —£ % on R3 so that K% = £*/G*. Then there is a unique weak

4m |z|3
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solution to the following SDE
AX (1) = ( /R CEIG( ~ X ()] o) A wo(y)dy> dt +V2wdB,,  (3.32)
where wy € L*(R?) N L>=(R?) is the initial vorticity. In this case, we define
w(.)= [ 900t 2)en(s)i,

where p(0,y,t,-) is the probability density function of the law of X (y,t) to (3.32),

and define
u'(z,t) = | K9z — 2)w’(2,t)dz
R3
= —— LR w!(z,t)dz.

AT Jps | — 23

That is,
1 _
u(z,t) = —— Aw(z,t)dz.

A Jg |z — 2P

By the previous theorem, (u,w) satisfies the following PDE

%w—i—u-Vw:VAw—(V-u)w, w(+,0) = wo.

Moreover, by a direct computation,

9 3 ikj (zp — 1) (2 — 1)
&Biu (x,t) = . /Rss w'(z,t)dz,

so that

V-u(z,t) =0, and Au(z,t)=-V Aw(z,t),

where the second equation follows from the Green formula which can be also
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written as

VANVAu—w)=0.

Therefore, it yields that

w=VAu—-Vf

for some scalar function f. If one also imposes a constraint that V - wy = 0, then

w =V Awu. In this case,

%w+u-Vw =vAw, w(-,0)=uwp

and

w=V Au.

Hence, (X (z,t), B;) is the probability representation of the solution to the above

vorticity equation.

3.6 Numerical approximation

This section aims to refine the numerical approximation for the random vortex
method developed by Long [90]. Then we will simulate the velocity field to com-

pare the two methods.

3.6.1 Approximation scheme

In [90], Long proposed a numerical approximation scheme for the two-dimensional
Navier—Stokes equation and proved the effectiveness of the random vortex method
by computing the rate of convergence explicitly. Specifically, in his argument,

particle trajectory paths X(x,t) are assumed to be solutions to the following
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diffusion process
dX(z,t) = u(x,t)dt + V2vdB;, X(z,0) ==z,

where u(z,t) is the velocity field for the Navier-Stokes equation, and B = (By):>o
is a standard 2-dimensional Brownian motion on some probability space. Then
with a similar argument as in the archetypical example, this process X (z,t) is the

solution to the following stochastic differential equation

dX(z,t) = (/ E[G(X(x,t) — X(y,t))]wg(y)dy> dt +V2vdB;, X(z,0) =z,
R2

(3.33)

where G is the Biot—Saward kernel %(_I%’ I%)’ and wy is the initial vorticity,

which is assumed to be continuous and bounded with compact support. Then the

velocity field is modelled by

wat) = [ BIG (= XD enln)d, (3.34)

We point out that in the two-dimensional problem, the vorticity equation is a
scalar function defined as w = % — g—;;.

In [90], Long worked our an approximation for the process X(z,t), and the
velocity field followed accordingly. Specifically, trajectory paths are simulated for
each starting position z; on the lattice point. For the drift function, the integral
in is replaced by a discrete sum, and the expectation is dropped. In this

way, each discretized path is read as the following

dX? = <Z Gy ()?;‘ - )Zf) wo(xj)h2> dt +V2wdBi, Xi=az;,  (3.35)

J#i

where (Bf);>o are independent copies of Brownian motions for each ¢, G5 is the
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Biot-Savart kernel convolved with a cutoff function ¢s(x) = 559 (32) for any
0 > 0, and x; is a lattice point on the lattice space with spacing h > 0, i.e.
z; € A, where

A= oy iai=h-i=h-(i1,is),5 € Z).

Since the coefficient is globally Lipschitz, (3.35)) admits a unique strong solution
X} defined for all ¢ > 0 (see [130] for example). Then the discrete velocity field is

defined as
i, ) = Gs <:z: - )?g') wo(z;)h2 (3.36)
J

It is obvious that the discrete velocity field in (3.36)) is a random process. Long
indicated that except for an event of small probability, this discrete velocity con-
verges to the velocity field u(x,t) defined in uniformly in the discrete L?
space, and the rate of convergence depends on the size of h and the choice of the
cutoff function.

We make a remark that Long assumed in [90] that the SDE has a so-
lution without explicitly working out its solvability. We have filled this gap in
earlier discussion by showing it indeed has a unique strong solution in a small
time interval. Particularly, the solvability of this type of McKean—Vlasov SDEs
holds in higher dimensions with general kernel functions. In fact, one can extend
the approximation scheme developed in [90] to approximate the McKean—Vlasov
equation in higher dimensions. With an explicit computation, this dis-
cretization method may yield a different of the rate of convergence. Specifically,

if we define the space of lattice points as

A =Az;:zi=h-i=h-(is,...,iq4),4 € 2},
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the discretized stochastic differential equation Xt is read as

d)?f = (Z Ks (th — )?f) A wg(xj)hd> dt +v2vdB, )Z'S = x;,
J#i

where Kj is the singular kernel convolved with the cutoff function s for any 6 > 0,
and B? are independent copies of Brownian motions for each starting point, and wy
is the given initial vorticity, which is assumed to be bounded in L*°(R%) N L}(R?).
But still, the problem is that the simulated result might blow up, especially when
the viscosity v > 0 is not small.

In order to reduce this stochastic noise, we modified this approach by splitting
each particle into N copies of the same particle, and run independent copies of
Brownian motions for each particle. Hence, we propose the following stochastic

differential equations for each particle path

where B! are independent copies of d-dimensional of Brownian motions for each
starting point x; and each path n. Again, the drift function is Lipschitz so that
this SDE has a unique strong solution. Then for each particle starting at the

position z;, its trajectory path is modelled by
- 1 X
XNy ==Y Xt
(0= 5 LR

with the initial data XN (0) = z;.
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To simplify the notation, we write
(e, t) = Y K (g; - )?g(t)) A wol;) e,
J#i
Then the particle path with the same starting lattice points is modelled by the

following stochastic differential equation

AXEN (1) — % 3 (% S (K (1), 1)t + @dB:;(t)) | (3.37)

1

n=1 m

so that the velocity field is approximated by

Wz, t) =Y K (g; - )N(i’N(t)) A wol; ) e,
J#
When N = 1, this is exactly the same as Long’s scheme.
Here we have used independent copies of Brownian motions for each particle
path at different locations. So by the strong law of large numbers, the martingale
part in (3.37)) vanishes almost surely as N — oo. On this account, the stochastic

error is reduced for the approximated velocity field a”.

3.6.2 Simulation for 3D case

With the numerical scheme established in earlier subsection, we show some figures
of the approximated velocity field for 3D flows and compare these two schemes.
For the simulation, we choose the kernel K to be the 3D Biot—Savart kernel,
which is defined as K(z) = —%ﬁ. For illustration purpose, we choose the
spacing h = 0.5 and set v = 1.

Before carrying out the simulation, we need the initial vorticity wp. In litera-
ture, there are several methods for approximating the vorticity equation, and one

may refer to [30] 84, [99] and literature therein for a detailed discussion. Here we
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emphasize the point vortex method originated from Rosenhead [121], where the

vorticity field w(x,t) is represented by

N

w(z,t) = Zrits(if — (1)),

=1

where ¢ is the Dirac delta function, z;(¢) is the location of the vortex at time ¢,
and I'; is the corresponding circulation for each ¢+ = 1,..., N. With an analogy
as this point vortex method, we construct the initial vorticity as a sum of Dirac
delta functions. The locations of the vortices and the corresponding vorticity are

listed in Table [} otherwise the vorticity is null.

a ‘ UJo(:E)
(1,1,0)
(50—1 1())) (0,0,10)
(—1,-1,0)
(0.5,1,—1)
((—11?6(.]5?3)) (10,20, 0)
(0.5, —1.5,0.5)

Table 1: Initial vorticity wy(z) at different positions

With these setups, we may simulate trajectory paths of the particles for each
given initial lattice point ;. Ideally, 2 is taken on the whole space of Z3 so
that the integration over R?® could be approximated by the summation over A%.
Indeed, the rate of convergence in [90] is based on this assumption. However, this
is impossible in the simulation. We set M > 0 to be the mesh size instead so that

the lattice points are taken on the set
Ag’M = {%, Xy = h-1=h- (il,ig,’i3), |’i1‘, |’i2|, ’23| S M}

Then the computational complexity is proportional to M. Favorably, under the
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point vortex assumption, this complexity can be reduced to M3.

In the modified scheme, we have repeated N paths for each initial lattice point.
By allowing this repetition, this scheme becomes N2-times more complex than
without repeating. Table [2| shows the computation time for simulating trajectory

paths under different M and N values.

M =10 M =20
N =1 72s 512s
N =10 7326s 57044s

Table 2: Computation time for simulating trajectory paths

Now we are ready to plot the velocity field for different schemes under different
lattice sets. Figure [l — Figure {4 plot the velocity field on the space [—2,2] X
[—1,1] x [-0.5,0.5] under different M and N values. In these plots, directions
of the velocity field are illustrated by the stream tubes, whereas their magnitude
are marked by different colours. Each figure visualizes how velocities evolve along
with time in the 3D space.

If we compare Figure [I] and Figure [2] it is obvious to see that the velocity
fields have been refined for each time step. For example, at time ¢ = 0.3, Figure
only displays a rough direction of the velocity field whereas Figure [2 reveals
the vortices behind. This observation can also be justified from other time steps
in these two figures. However, under the modified approach shown in Figure
and Figure [} we cannot see a big refinement in terms of underlying vortices.
So we conclude that without repetition of the trajectory paths, an increment
of the lattice size will significantly boost the accuracy of the approximation for
the velocity field. However, in the modified approach with N = 10, the simulated
velocity field tends to stabilize. Therefore, an increase of lattice size will not make
a significant difference. Nevertheless, restricted by the hardware of the computer,

we cannot test if this still holds true when the lattice size M has been increased
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Figure 1: Plot of velocity field on 3D space, N =1, M = 10.
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Figure 2: Plot of velocity field on 3D space, N = 1, M = 20.
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Figure 3: Plot of velocity field on 3D space, N = 10, M = 10.
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to a larger scale, say M = 10000. Without any doubt, M = 10000 will give a
better approximated result even with repetitions. But we believe the size of M
will not matter as much up to some point.

If we compare Figure [2| and Figure [4 we see a difference in the shape of the
velocity field. This is due to the fact that only stream tubes that passes the plane
y = —1 will be plotted. So a slight change in the position of the vortex around
y = —1 might result in an obvious change in the velocity field in the figure. So
it is better to compare the velocity field in a full picture on the whole space. For
this reason, we plot the projection of the velocity on the plane z = 0 in Figure
— Figure 8l The direction of the velocity field is marked with arrows, whereas the
magnitude is represented by different colours.

By comparing Figure [f| with Figure[6] and Figure [7]with Figure[§]| we have two
observations. Firstly, if we focus on the shape of the velocity field, Figure [6] and
Figure [§ seem to be more consistent comparing with Figure [5 and [7], respectively.
For example, at t = 0, there is a vortex at the location (—1,—1), which can
be observed from the figures or by checking the initial vorticity in the Table [1}
Theoretically, we would expect this vortex to move away or disappear gradually
along with time. This feature can be observed in Figure [6] and Figure[§] However,
this vortex disappears in Figure , and moves to somewhere around (—0.5, —2)
in Figure So we conclude that with a repetition of N (here we have chosen
N = 10) times on the particle path, the velocity converges faster.

Secondly, less spikes appear in the velocity field under the modified approach.
This might not be obvious from the plot as velocities are plotted in terms of stream
lines. But if we examine the magnitude of the velocity, we see a difference. At
time ¢ = 0, most of the stream lines are coloured in violet in Figure |5 and Figure
[7, which means the magnitude of the velocity is between 0 and 1. However, the

maximum value reaches up to 14 in both figures, whose corresponding velocity
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streamline can be barely seen in the figures. The reason behind is the potential
spike on the velocity fields. At some locations, the velocity might shoot up due to
the stochastic error in the simulation. On the other hand, the highest magnitude
of the velocity field in both Figure [6] and Figure [§is 0.16, and the colour map
seem to be more consistent.

In conclusion, the modified approach, which splits each particle trajectory
paths into N copies, provides a better approximation from two aspects: Firstly,
the simulated velocity field converges faster. Even the mesh size is as small as
M = 10, it provides a more reliable approximation. Secondly, few stochastic

errors occur, so the simulated velocity field is more stable.
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4 Study of FBSDEs from the porous medium
equation

In this chapter, we study the following system of quadratic forward—backward

stochastic differential equations (FBSDEs)

dXt = v/ 2}/tdBt7 XO =,
(4.1)

dy, = _%K%dt + ZdBy, Yr = ¢(Xr),

where £ > 0 is a universal constant, B = (B;)o<;<7 is a standard d-dimensional
Brownian motion on some probability space (£2,.%,P), and ¢ : R? — R is uni-
formly Lipschitz continuous and bounded such that for all z € R?, it yields that
1 < ¢(x) < ¢y for some cq, ¢y > 0. This system of forward—backward equations
arises from the porous medium equation

g—qz(x,t) = Au™(z,t), (z,t) € R?x (0,00),

u(x,0) = up(x), r € R?

We will explore the connection between the quasi-linear PDE and the FBSDE in
later discussion.

In fact, FBSDEs appearing in the study of stochastic control problems are
typically of quadratic growth in Z. In particular, Horst et al. [62] showed that
this class of quadratic forward—backward stochastic differential equations may
characterize solutions of utility maximization problems with non-trivial terminal
endowment. To our best knowledge, Antonelli and Hamadene [2], Fromm and
Imkeller [47], Luo and Tangqi [92], and Kupper et al. [8I] are the only works
studying the coupled forward-backward stochastic differential equations whose

backward equation has quadratic growth in the variable in SZ, that is, the system
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of equations

X, =a+ [y b(s, Xy, Ys, Z)ds + [ 0(s, X, Ys, Zs)dBs,

Yy = h(Xr) + [ g(s, X, Vs, Zy)ds — [ Z,dB,,

where ¢ has quadratic growth in Z.

Antonelli and Hamadene [2] studied the one-dimensional problem with con-
tinuous coefficients and assumed that b is independent of Z and ¢ depends only
on X. In addition, the terminal data of the backward equation was assumed to
be independent of the solution of the forward equation, that it, h(Xr) = £ is a
random variable independent of the process X. Then the authors constructed a
monotone sequence of processes to approximate the solution of the FBSDE. They
also pointed out that this method could be applied to the quadratic FBSDEs
whose backward equation satisfied the same growth conditions as in [7§]. In this
scheme, the solution was shown to exist for any arbitrary time interval. However,
the uniqueness was not concluded.

Fromm and Imkeller [47] discussed the fully coupled equations under the
Markovian setting, where the coefficients were deterministic functions and inde-
pendent of the variable w € (2. By assuming the coefficients to be locally Lipschitz
in (Y, Z), the authors established the existence of the local solution using the Pi-
card iteration. Then with the decoupling fields, the local solution was extended
to a global one via concatenation.

Luo and Tangqi [92] studied the multidimensional FBSDEs under a non-
Markovian setting, where the coefficients of are allowed to be random. The
authors restricted h to be a bounded and Lipschitz function of X+. In addition, b
was Lipschitz, o was dependent on (t,w) for any (¢t,w) € [0,7] x £2, and g could

be separated into a quadratic and a subquadratic part in the control variable Z.
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Under this setting, the authors applied a fixed point argument with the help of
BMO-martingales and obtained the existence and uniqueness of the solution on a
small time interval. With the same growth conditions but the coefficients being
restricted to be deterministic, Kupper et al. [81] established a local existence and
uniqueness result for this system of Markovian equations based on a Malliavin
calculus argument. Under additional monotonicity conditions on the coefficients,
global solutions were constructed by a pasting technique based on PDE solutions.

In our study, we are concerned with the solvability of the system of FBSDEs
in , where the generator for the backward equation has a quadratic growth
in Z and an inverse growth in Y. Different from [2], the backward equation in
our problem is coupled with the forward equation via both the coefficients and
the terminal data. Therefore, the classical approximation method, which relies on
constructing a monotone sequence of processes, fails for studying .

This chapter is structured as follows. In section 1, we will formally formulate
the porous medium equation into a system of forward—backward stochastic differ-
ential equations. Section 2 gives an a priori estimate on the decoupled backward
equation and studies the solvability of this decoupled BSDE. Section 3 establishes
the existence and uniqueness of the FBSDE on a small time interval by us-
ing a fixed point argument. Then we use this methodology to study a class of

quadratic FBSDEs with more general growth conditions and prove its solvability.

4.1 Formulation of the FBSDE system

The porous medium equation (PME)

ou "
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in the FEuclidean space, where m > 1, is a quasi-linear parabolic equation with
initial condition u(0,z) = ue(z) for all z € R% This equation has been studied
as a useful model for describing physical processes of liquid flows passing through
a concrete medium. Due to this physical meaning, we are only interested in its

positive solutions. For positive u, (4.3]) can be written as

% —mu™ Au —m(m — Du™ % Vul? = 0.
This differential operator mu™ ! A is uniformly elliptic if u is bounded, and is away
from 0. For this case, the theory of fully non-linear equations may be applied,
and the regularity of positive solutions follows from the Krylov-Safonov’s theory
[55].

To exploit the positivity of u, we may apply the Hopf transformation to intro-

duce
m(u™ 1t —1)

m—1

f=

)

and rewrite the PME in terms of f so that

of _

5 = ((m—l)f+m)Af+|Vf|2.

Notice that

1

(m—1)f+m=mu""" >0.

Given any T > 0, we run a diffusion process (X;)o<¢<r defined as the solution to

the following stochastic differential equation:

dX, = \/2((m — V) f(X,. T — t) + m)dB,,
where (B;)o<i<r is a standard d-dimensional Brownian motion on some probability
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space ({2, Z,P). If there is no risk of confusion, we omit the specification of
variables on (X, T — t) in our computations below. It follows from the It6’s

formula that

f(X1,0) = f(X4, T — 1)

T T
:_/t %dﬁ/t V2 (m = 1)f + m)V fdB,

—l—/t (m—=1)f+m)Afds

T T
—— [ IVPds+ [ Veltm=DF +m)viaB.
forall 0 <t <T. Let
Yi=(m—-1)f(X;, T —t)+m,

and

Zy=(m—1DvV2(m—-1D)f(X, T —t) + m)Vf(X;, T —t).

Then (Y, Z) satisfies the following backward stochastic differential equations

Y—Y——/ —| S|2 d—l—/ Z.dB Y = ( (X )) !
= S sdBy, =mlu
r t ¢ Q(m—l)YS ‘ r A

Let ¢(z) = (m—1)f(z,0)+m = m(uo(m))m_l. Then (Y, Z) is the solution to the

following system of forward-backward stochastic differential equations

dX, = \2Y,dB,, X, = z,
(4.4)

4y, = —3w2lat + Z,dB,, Yr = 6(Xy),

where kK = ﬁ is considered as a parameter.
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In our study, we consider the problem as an example of FBSDEs and
solve this problem by using probabilistic method. Here we assume the function
¢ : R? — R, is globally Lipschitz and ¢; < ¢(x) < ¢, for every x € R?, where
c1,c9 > 0 are two positive constants. For the rest of the discussion, whenever we
mention c¢q, co, we mean the bounds of the positive function ¢.

Then the main difficulty of solving this system lies in the coupling between the
forward equation and the backward equation. This leads to a circular dependence
in the solution of both the forward and the backward equation.

Let 2" be the space of all .#p-measurable random variables £ such that ¢; <

€ <cy. Let £ € 2. If (Uy, Vi)o<i<r solves the following BSDE

_ 1 VP
dUt = —514, U

t

dt +VidBy, Ur =¢,

set

T
WT =X +/ \V4 2UtdBt,
0

and define £ — ¢(Wr). This defines a mapping from 2 to itself. Then the

solution to the problem (4.4]) are fixed points of this mapping.

4.2 Decoupled quadratic backward stochastic differential

equations

Based on the observation described in Section 1, the first step is to study the

solvability of the decoupled backward stochastic differential equation

‘ 2

1 |Z
Y, = =
dYy = —5r+

t

dt —|— thBt, YT = S, (45)

where k > 0, (By)o<i<r is a standard d-dimensional Brownian motion, and £ €

Z . This is an example of BSDEs whose non-linear drive is quadratic in Z, and
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therefore the existing theories in BSDEs do not follow at least directly.

Kobylanski [78] was the first to study BSDEs with quadratic growth in the vari-
able Z, then followed by [86]. In [78], Kobylanski applied an exponential change
of variable and proved the existence of the solution using the comparison theorem
for one-dimensional BSDEs (with Lipschitz coefficients). Briand and Hu [17], 18]
relaxed the boundedness assumption on the terminal condition and obtained the
existence of the solutions. Additionally, by assuming the generating function was
convex in Z, the solution was unique. Moreover, the authors obtained a com-
parison theorem for solutions to unbounded quadratic BSDEs in [I8]. Delbarn et
al. [37] studied the uniqueness under these conditions using the stochastic control
method. Tevzadze [135] studied a general quadratic BSDE driven by martingales.
The existence and uniqueness of the solution was constructed by using Picard
iteration method, which relied on the theory of BMO-martingales. In particu-
lar, Tevzadze showed that this argument could be extended to multidimensional
quadratic BSDEs when the terminal data was small enough. One may also refer
to [19, 25] 70, OT], T4T] for more recent progress, especially extensions to higher
dimensions.

This section is devoted to showing the BSDE admits a unique solution
on the space #2°(R) x H#2(R?) for any terminal data £ € 2. Here we adapt an
approximation method inspired by [78], [85], while our arguments or notations will

be different from their settings in order to solve (4.5)).

4.2.1 An a priori estimate

Firstly, we aim to establish an a priori estimate on a solution (Y;)o<i<r to the
BSDE (4.5)). Specifically, we aim to show that if the terminal data £ is bounded,
that is, ¢; < € < ¢y, then the process (Y;)o<i<r is also bounded, and shares the

same bounds for any 0 < ¢ < T. This a priori estimate will play a key part in
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showing the solvability of the BSDE (|4.5]), and also the coupled forward—backward
equation (4.4). However, this boundedness property for a general BSDE does not
hold in general. In particular, Delbaen et al. [36] indicated that bounded terminal

data may not necessarily lead to bounded solution for quadratic BSDEs.

Lemma 4.1. Define h: R — R such that

e:”—l—x—%, if £ >0,

0, if x < 0.

Then h € C*(R) with h > 0,/ > 0,h” > 0. For any k # 0, define

() = h(|xl(z — 1)) (4.6)

Then, with the convention that 0/0 = 0,

V()

X

V(@) -k

> 0, (4.7)

for all z € R.

Proof. Clearly, h is twice differentiable for all x > 0 or z < 0. Also, it is easily

checked that

BT / T " .
h(O)-lﬁ]{f}lh(x)—lggh (x) =0.

So h € C?(R) with &’ > 0,h” > 0. This also implies ¢ € C*(R). So we may write

V'(x) - /ﬁ@ = K2 (h” (I5|(z = 1)) — ﬂw> ‘

K i

If z < 1, then with the convention that 0/0 = 0, (4.7]) holds true for any s # 0.

Now suppose > 1. If k < 0, it is trivial to see that (4.7) holds. So for now
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we assume s > 0. Then

w//(x) - H¢/(x> /12 <h// (Fd(l‘ _ 1)) _ 3 (H(ZL‘ B 1)))

T T

1
= K> (e”(m_l) —1—= (" —1 — g(x — 1))>

Hence, the inequality (4.7)) follows for all z € R and x # 0. n

With the help of this function, we are ready to give an a priori estimate for

the process Y defined in (4.5)).

Lemma 4.2. Given any k > 0, let £ be a real-valued process in the space Z . If
the pair of processes (Y, Z) € 2 (R) x #7(RY) is a solution to the BSDE (4.5),

1.€.,

1|z

dY, = —=
t 2"1 Y,

dt + Z;dBy, Yr =¢,
then c; <Y, < ¢y a.e. forall0 <t <T.

Proof. Let A > 0 be any positive constant. If (Y, Z) satisfies the backward stochas-
tic differential equation (4.5)), then scaled process (AY, A7) satisfies the following
BSDE

1 |\Z)?
d()\}/;) _ ——KJ‘)\ t’

Therefore, the pair of processes (A\Y, A7) solves the BSDE (4.5)) with terminal

data \¢. If we choose \ = i or A = é, we may rescale the lower bound and the

upper bound so that it is sufficient to show the following:
(i)if0<¢<las,then0<Y,<las forall0<t<T;

(ii)) if € > 1 as., then ¥; > 1 as. forall0 <t <T.
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To show (i), we apply the Ito’s formula to e'¢(Y;), where v is a non-negative

function of class C*(R), then

e"P(&) — e'P(Y))

T 1 T ‘Z ’2 T
= [ evtis— g [ ew)Shas s [ vy zas,
t t S t

1 T
5 | evonzpas
g /T68¢<Y5)d8+1/T68|Z5|2 (1/}//(}/;) . I{QXJ/}(/}{;)) dS

2

T
+ / e/ (Y,) ZodBs. (4.8)

With the Burkholder-Davis-Gundy inequality, we have

( /0 e (v 2, ds) 1/2]
(/1))

Choose 1 to be the function defined as (4.6]), then it follows from the assumption

T
E [ sup / esw’(Ys)ZSst} < 2E
t

0<t<T

<2 ((sup W] E

0<s<T

that (Y, Z) € #°(R) x #?(R?) that the term ftT e’ (Ys) ZsdBs is a martingale.
Taking expectations on both sides of (4.8)), it follows from the fact that ¢» > 0
and the inequality (4.7)) that

E [e"y(€) — 'p(Y3)] > 0.

By construction, ¢(x) = 0 if and only if x < 1. So if £ <1 a.e., then

E [¢"$(¢)] = 0.
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Therefore, it follows from the positivity of the function ¢ that

0<E[e"y(Y;)] <E[e"¢(§)] =0

for any ¢ € [0,7]. Hence,

E [e"$(Y))] = 0.

Since ef)(x) > 0, then for any 0 <t < T,
YY) =0 ae.
Again, e'y)(x) = 0 if and only if x < 1, it suffices to show that
;<1 a.e.

forall 0 <t <T.
Now we assume £ > 1 a.s., we aim to prove Y; > 1 as. forall 0 <t < T.

Define the paired processes (H;, Zt)ogth such that

Then an application of the 1to’s formula shows that

1_|Z,?
H = —-
A, = =5k

t

~ 1
dt ‘|‘ thBta HT - E

with Kk = —2 — k < 0, and the terminal data Hr < 1. We apply the same
argument as above with the parameter £ < 0. Thanks to Lemma we draw
the same conclusion that H; <1 a.e. for all 0 <t < T. Hence, Y; > 1 a.e. for all

0<t<T. 0
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4.2.2 Existence and uniqueness result

With the boundedness property, we may define a subspace % C J°(R) of those
Y = (Yi)o<t<r such that ¢; <Y; < ¢y as. forall 0 <¢ <T. Lemma implies
that whenever £ € 27, any solution of the problem (4.5) lies in the space %.

Now we aim to show that the BSDE

| 2

1 |Z
d}@=——n| L

admits a unique solution for any given terminal data £ € 2.

Define the function F : R x R — R as

1 |2|?
F(y,z) ==k
2 (91[01702]@) + cll(—oom)(y) + c21(62700) (y))

I

then (4.9)) is a backward stochastic differential equation generated by (F,¢):
d}/t - —F(}/;, Zt)dt + thBta YT - f

In other words,

T T
Y, =&+ / F(Ys, Zy)ds — / Zds.
¢ ¢

We aim to prove the existence and uniqueness of the solution using a suitable
approximation of the generator and a comparison theorem for Lipschitz BSDEs.
This technique has been illustrated in the proof of Proposition originally

from [85].

Lemma 4.3. For each n € N, define f, : R? — R, by

2, if |2 < m,
fn<z) =

n?,  if |z| > n.
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Then we may define a sequence of functions F, : R, x R — R such that

1 fu(2)
F.(y,z) ==k . 4.10
( ) 2 Ylie; en) (y> + Cll(—oom)(y) + c2lcy,00) (y) ( )

Then F, is bounded and F,, < F,.1 for each n. Also, F, is globally Lipschitz

continuous such that for any y',y?> € Ry, 2%, 22 € RY, it yields that
’Fn@la Zl) - Fn(y2>22)’ <Cp (|yl - 92‘ + ‘Zl - 22‘) )

where C,, = max <%, ’Z—f) 18 the Lipschitz constant, depending on n,c; and k.

Moreover,

lim F,,(y", 2") = F(y, 2) (4.11)
n—

for any converging sequence lim,, . y" =y, lim,,_,, 2" = 2.

Proof. The boundedness and monotone properties are trivial. Now we show the
function F,, is Lipschitz for each n. To simplify the notation, we define the function

g : Ry — [y, ¢o) such that

g(y) = yﬂ[cl,CQ](y) + Clﬂ(foo,cl)(y) + 021(02,00) (y)
Then for each n, we may write

’Fn@ljzl) - Fn(y2722)’ < ’Fn@ljzl) - Fn(yl,zQ)’ + |Fn(?/laz2> - Fn(y2722)|

_ 1/{ <|fn(zl) — fn(zl)’

2 9(y") )

g 9(y?)

for any y',y? € Ry, 2%, 22 € RY Without loss of generality, we assume y' <

y?, |2t < |2%, then

[fn(zD) = GO _ a2 = Fu(22)]
9(y") - gl
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,
LR i < )2 < n?,

C1

IN

3
N
N
N»—A
=

if |21 <n? < 2%,

0, if n? < |2t < 2.
\
2
< et - 2
&1
On the other hand,
£.(22) [ £.(2%) l9(y") — g(y?)|
gy g " 9(yH)g(y?)
< 2o = 9(y?)]
- |c1]?
nZ

S ’C1|2’y1 - y2’

’FTL(ylaZl)_F ‘ =

Finally, the convergence of (4.11]) follows from the continuity of the function F,

and the fact that f,, converges pointwise to the function f(z) = 2% O

Lemma 4.4. Let F,, be defined as in (4.10) and & be a measureable process with
c1 <& < cy. Then for each n € N, the BSDE generated by (F,,§) has a unique
pair of solution (Y",Z") € % x H#F(R?). Moreover, the norm of (Z™), in the

space 72 (RY) is independent of n such that

4 KC
12°1% < i (e o 52 1) (4.12)
K2 C1

Proof. Since F,, is globally Lipschitz, then it follows from Proposition that

the BSDE generated by (F,,¢) admits a unique pair of solution (Y}, Z")o<t<r
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for each n. Moreover, thanks to the comparison theorem in Proposition [2.21] the
sequence of processes (Y™),, is monotone increasing, that is for each n, Y;* < Y,
a.s. forall 0 <t <T.

Let 1 be a function in C*(R) with 1)’ > 0. Then we may apply the It6’s formula

to the process ¥ (Y") to obtain

et [ VO £ (22)
P =e@) 2 /t Y ey o0 (YS) + a1 l(cooen) (V) + 21 (e5,00) (YS?) o
1 T T
-3 | oz [ v oz,
T 1 T
<v©+ [ (oo - o) zfas— v o)z

Choose ¢(z) = e%, then 1 is monotone increasing with 1) > 0 and also

K V() _

So taking the conditional expectation on both sides of (4.13) at time ¢, and by

the fact that ftT W' (Y]') Z'dBs is a martingale, we deduce that

(V) =E [ (V) |F] <E[0(E)| 7] < v(e)

for any £ € Z". On the other hand, we also have

O 2 v0 + [ (o o) - o) zfas - v o) 22,

262

By choosing () = e and taking conditional expectations, it yields

v (V") 2 E [$(&)|F] = v(e).
By the construction of the function 1, we may recover the bounds for Y™ and
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conclude that Y™ € % for each n.

Now we come back to the inequality (4.13]) and choose

o) = 25 (- Lon).

K2 c
so that ¢/(z) > 0 for all > 0, and

Ko V'x)

So (4.13) may be written as

T T
/ 27 ds < 0(E) — b (V1) — / ¥ (V™) Z7dB,.

t

Again, taking expectations on both sides yields

7 = [ [ 220 as] =mivte) v < 3 (22 1) <

Before proceeding to showing the convergence of the sequences (Y™),, (Z"),,

we need the following lemma.

Lemma 4.5. Let (Z"), be a uniformly bounded sequence in 57 (R?) such that
(Z™),, converges weakly to some Z € FZ(RY). If (H"), is another bounded se-

quence in 72 (RY) and H" — H in H#72(RY), then H"Z" — HZ weakly.

Proof. Let g € #7?(R%) be bounded. Since (Z"),, converges weakly to Z, so that

E [/OT HSZ:g(s)ds} —E UOT HSZSQ(S)ds}
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as n — o0o. In particular,

T T
E [/ |Zs|2ds} < liminf E [/ |Z§L\2ds} :
0 " 0

On the other hand, since H" — H in #2(R?), then

s [ - )z

< [lgll o sup “ZnH,yfg(Rd) | H" — HH,yfg(Rd) — 0.
Therefore, by using triangle inequality, we may conclude that

E UOT H”Z?g(s)ds] SE [/OT HSng(s)ds}

as n — oo for any bounded processes g € S22 (R?).

For a general g € J#?(R?), consider

oo | [ st e [ msc]|

For every £ > 0, we may find an N such that

e[ [ vt - atoas] < =

where

gn(s) = =NV g(s) AN.

Thus, by the triangle inequality,

J<‘ U H"Z g (s ds}— U H,Zsgn (s }

119




e[ -]
R

+ 2sup [H"|sup || 27| 2 |9 — gl 12 -

By sending n — oo to obtain

lim sup J;, < 23up|H \sup 12"\ sz €

n—oo

Since € can be any given positive number, we therefore can conclude that

limsup J,, < 0.

n—o0

So we must have

E UOT angg(s)ds] SE UOT Hsng(s)ds}

as n — 0 for any g € S22 (R?), which by definition shows that
H"Z" — H,Z,

weakly as n — oo. O]

Lemma 4.6. For each n € N, let (Y™, Z™),, be the unique solution to the BSDE
generated by (F,, &), where F, is defined in and & € 2. Then there ezists
(Y, Z) € # x A2 (RY) such that (Y™)nen converges to'Y uniformly, and (Z™)pen
converges to Z in HE(RY). As a consequence, (Y, Z) is a solution of the BSDE
9.
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Proof. This proof is inspired by [85], and some of the arguments below are modi-
fications in [7§].

Since Y™ € % is monotone in n, so that Y" 1Y € # and lim,,_,, E[Y;"] =
E [Y;] for every 0 < ¢ < T'. Since Y™ are continuous semimartingales, so that there
exists a subsequence (Y™ ), of (Y™), such that (Y;"*); converges to Y; almost
surely for all ¢ < T (see [59] for example). Since Y™ is monotone in n, so that
Y,* — Y, almost surely for all ¢ <7

According to ([4.12), (Z"), are bounded uniformly in Z?(R?), which is a
separable Hilbert space, and the sequence is weakly compact. Hence, there is
a subsequence (Z"); of (Z"), such that (Z"*); converges weakly to some Z €
JE(RY), that is,

T
EU Hs-(Z;‘k—Zs)ds} —0
0

as k — oo for any H € s?(R%). In particular,

T T
EU \ZS|2ds]§hminfE[/ ]ka|2ds}.
0 k—o0 0

Therefore, Z satisfies (4.12)) too.
Step 1. We show (Z™),, converges to Z in 47 (R?).

For any n,m € N, we can write

|Fo(y1, 21) — Fo(y2, 22)| < |Fu(yn, 21)] + [ Fon(y2, 22)]

K
< |l 4+ —|z/
- 261' 1| 201| 2|
K
< — |2 — 2> 4+ |20 — 2] + — |2
2cq 1

for any c; < y1,y2 < 2,21, 22,2 € R%

Let v be a C2-function such that ¢’(z) > 0 for every z > 0, and ¥(0) = 0. Let
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n, > m so that Y™ > Y™, Apply the It6’s formula, we have

(Y =Y

S

T
= [ ) (B (2 - B (V20 ds
t
1 T
—5 [ vz - 2o ds
t

T
_ / (Y Y™ (20— Z7) dB,

t
T
< [Fwom v (i - zmp s Sl - 2p s B2k as
t 261 C1 C1

1 g " n m n m|2
—5 e vy iz -z s
t
T
- [ v - vy - 2 as.
t
Rearrange the terms on the right-hand side to obtain

K

T
1
s vy <= [ (G- gev) 0 - vz - 20Ras
t

T

+ [ Y =Yy 2 — Z)Pds
K T
+ 2y =y Zds

T
- [ e vy -z,
t

Now taking expectations on both sides, to deduce that

1 K

T
Bl -y <k [ [ (o - ) o - vz
K T/ ng _ \ym mo_ 2
w2 | [ o - vmizn - gt

K T
v 2u | [Cwom vzl
C1 0
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Suppose ¢'(z) > 0 for = > 0, then from Y™ <Y we deduce that

E Ynk Y™ < E g 1 " K / Yk YY) | 7 gm 2d
g -yl <E| [ (g0 e o) (- v 220 - 2P
T
ﬁ / _ym mo 2
+E[/ WY, Y™z Z|ds}
T
E / _ym 2
+2u| [ - vrizke).

2

Choose ¢(z) = ﬁ(e%x - 3'1% — 1) for 2 > 0 so that

9K2 c

1 " 3K I / _ _
5V et = L W(0) = () =0

Then

T
Bl 07 - Y4B | [ |z 2y
0
. T
<-Zg| [ -z - za
Cl 0
o T
+ 2| [ v vz - zpaf
C1 0
p T
+Eg [/ W (Y, — Ysm)]Z|2ds} |
C1 0
By taking limit on & — oco, one gets from the previous estimate that

T
E [y (Yo —Yy")] + limkinfE {/ |z — zm ds]
0
Tk
< liminf —E U S (Y =YY | 2 — Z;“|2ds}
. T
+ e[ [T v - vz - 2P|
C1 0
p T
LB V WY, — Ysm)|Z]2d51 |
C1 0
Since ¢'(Yy; — Y™) > 0 is bounded, and (Z™ — Z,,)r, — Z — Z™ weakly, we may
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apply Lemma with H* = \/zp’(Y;"’“ —Ym) for 0 < s <T, so that for each m,

VO ZYm) (2™ — Z2%) — (Y, — YY) (Z™ — Z)  weakly as k — oo.

In particular,

|Vt =y - 2)|

| < limkinf H\/Q/J’(stk —Ym)(Z™ — Z")

A2 (R ’%g(Rd) '

This inequality is equivalent to that

T T
E [/ (Y, = Y™)|Z™ — Z|2ds} < lim inf E U (Y Y™ Z™ — Z”k|2ds] :

0 0
Putting together these estimates we thus have the following key estimate
T . T
Bl (0 - Yyl ot B | [ (200 - 20 as] < K | [ - vizpas).
0 €1 0
Since Z™ — Z™ — Z — Z™ weakly, so that
T T
E [/ | Z, — Z;”|2ds} < liminf E [/ |z — Z§”|2ds}
0 0

and therefore

T T
Bl (- v+ 8 | [ 1z~ 20 as < Bk [ v - vmizpas)

o
for any m. Letting m — oo, we conclude that

T
E [/ | Z, — Z;”\st} — 0.
0

Thus Z™ — Z in 2 (RY).
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Step 2. We show the uniform convergence of the process (Y™"), to Y, that is,

lim sup |¥)" -Y| =0.

n—o0 0<t<T

Since (Z"),, converges to Z in #7(R?), then it follows from the continuity property

of stochastic integrals (see [75], Proposition 2.26, page 147]) that

T T
/ ZMdB, — / Z,dB,
t t

By passing to a subsequence, we may obtain an almost sure convergence, that is

T T
/ ZMdB, — / Z,dB,
t t

On the other hand, it has been shown in Lemma [£.3] that

lim sup =0 in probability.

lim sup =0 as. (4.14)

k—ooo<t<T

lim F,(y",z") = F(y, 2)

n—o0

for any y" — y, 2" — z. Therefore, it follows from the almost sure convergence of

the sequence (Y, Z"™); that
lim B, (V" Z7%) = F (Y;, Z)
almost surely for all 0 <t < T. Also, since
. 2
|F, (Y™, Z")| < — <sup]Z”\) ,
2Cl n

with sup,, |Z"| € 2 (RY) (see [78, Lemma 2.5, page 569] for example), it follows
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from the Lebesgue’s dominated convergence theorem that

T T
im [ F, (v, 20 ds / F (Y., Z.) ds
t

s
k—o0 ¢

for all 0 < ¢ < T and almost all w € (2.
If we take any two subsequences such that the almost sure convergence (|4.14))
holds for (Z™), (Z™),, then

S S

T T
/ Z™dB, — / ZMdB,
t t

We consider the supremum over ¢t € [0,7] on both sides and take the limit on

T
Y™ =Y S/ | Foy (Y, Z8%) — B (Y, Z00) | ds
t

+

k — o0, then it yields that

T
sup Y, — ;| < / |F(Ya, 2,) — Fo, (Y4, 20| ds
t

S
0<t<T

T T
/ Z,dB, — / ZMdB,
t t

_|_

— 0

as [ — oo. This concludes the uniform convergence of the sequence (Y™); to the
process Y. Again, by the monotonicity of the sequence, this uniform convergence

holds for the entire sequence. By passing to the limit in the following BSDE
T T
\ :54-/ F (Y] Z)ds —/ Z'dBg,
t t

we conclude that (Y, Z) € # x H#2(R?) is a solution of the BSDE generated by

the parameter (F,§). O

Lemma 4.7. Let £ € 2 be a measurable with ¢; < & < ¢y. Then the backward
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stochastic differential equation

|Z,|?

t

dt + Z,dB,, Yy =¢ (4.15)

1
dn = —§KJ

admits a unique pair of solution (Y, Z) € ¥ x 7 (RY).

Proof. The existence of the solution follows immediately from Lemma 4.6, We
are are now concerned with the uniqueness.
Suppose both (Y;', Z}) and (V}?, Z?) are solutions to the BSDE (4.15). To

simplify the notation, we define
Y =Y -Y? 7 =7 -7
and also define the process Y+ to be
V" :=max (Y;,0) = max (V! — ¥}%,0)

for any 0 < t < T. With an application of the Tanaka’s formula to Y+ (see [75),

Chapter 3.6.A]),

dY,H = Ty, s0ydY; — dK,

2 2
= -5 410 2N vy 2B, — di
= 75 >0} Yl - Y2 + Liyi>014ed by — alsy,
where K; is a continuous increasing process with Ky = 0 and K; increases only
when Y,* = 0.

Define f: R\{0} x R? — R by

K|2|*

fly, z) = %
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Then for any y # 0,z € R%, and € > 0,

(y,2) = (eﬂf - 5) = (4.16)

On the other hand, by the Mean-Value Theorem,

flyts2h) = fly?, 2%
_ (/01 %(yA,zA)d)\) (' —v°) + (/01 %(ywx)dk) GO

for any yt,y? € [c1, o] and 21, 22 € RY, where
(Yn, 2n) = ()\yl + (1 =Nyt 4+ (1 - )\)22) )
We may also define Y;*, Z} in a similar manner such that
(V)20 = (V! + (1= NY2AZ! + (1- 0 Z7),
so that for any 0 <¢ < T,

FYG 20 — f(YV2 Z)

1 af ! 8f 1
= ([ Boezn) o vy« ([ Lo zom) @z - 7z)

Let p > 2 and apply the [to’s formula to (Yfr)p. Then for any € > 0, it follows

- ~ 2 1312
from the inequality ab < ea® + -b° that

2
r -1
o [0 — (2 22) ds

1 T )
(Y;Jr)p + sp(p—1) / Liay,>0} (Y;r)p ? | Z,|*ds
t

128



T T
_ p/ (Y:r)pfl Z.dB, +p/ (Yj)pﬂ dK,
t t

~
=0

:p/tT (v </ Ty ZA)dA) (V! —Y?2) ds
+p/tT (v ( 0 g]zc(yA ZA)dA) (71— 72) ds
[ 02y 2,
Sp/tT (Yj)p( O gfm ZA)d)\> ds
—l—pe/T(YS )’ /0 gi(w ZA)d)\st
n pe tTﬂ{AYs>O} (V)" |2, 2ds — /tT (V)" Z.dB,
p/T (Y,h)* (/ ( ZJ;(YA 7N + ‘gf(w Z) 2) dA) ds
+ fﬁ /t ' Lavisoy (V;5)" 7 |Z.2ds — p /t (Y™ Z,dB,
oo (] (- ) )

p r p—2 2 r p—1
+ E/ Liayv,>o0p (Y;7)" 7| Zs7ds —p/ (Y)Y Z,dB,,
t t

where the last equation follows from the identity (4.16)).

Since Y is a bounded process, then ftT (Y;hy ~' Z,dB, is a martingale. Choose

s

€= i > (0 and take expectations on both sides, we obtain

E[(}@*)phg(p—u&mu Liav,s0y (Yo5)' 7| Z2ds| = 0.

So for any xk > 0, we may choose p > max(1 + k,2) so that

B[] <o
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Together with the fact that ¥,© > 0 for any 0 <t < T, we may conclude that
Y =0 as.

forany 0 <t <T,ie.
V' <Y? as.

forany 0 <t <T.
Conversely, if we define Y = Y?-Y! 7 = 72— 7! and with the same argument

as above, we have

V2<Y! as.

for any 0 <t < T. Hence, for any ¢ € [0, T,
Y =Y? as.,
which implies the uniqueness of the solution. [

4.3 Study of the FBSDE for small time duration

Given ¢ : R? — R and ¢ € 27, we have constructed a non-linear mapping
D : & ¢(Xr) by

b(E) = ¢ (x+/OT ¢2_stBs) ,

where the process (Y:)o<i<r is the unique solution to the following backward

stochastic differential equation

1 T |Zs‘2 T
Yi=¢64 =k ——ds — ZsdBs. (4.17)
2 J Y t
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We assume that ¢ is bounded such that ¢; < ¢(x) < ¢ for all z € R?, then the
random variable ®(£) always lies in the space 2 . In particular, we have shown in
earlier section that given any terminal data & € 27, the decoupled BSDE (4.17))
admits a unique pair of solution (Y, Z) € 2~ x 2(R?). So ® is well-defined from
Z to itself.

This section aims to show that this mapping has a unique fixed point so that
the system of forward—backward stochastic differential equations admits a

unique solution.

Lemma 4.8. Let £,n € 2 be bounded measurable random variables. If (Y, Z¢),
(Y, Z") are the solutions of the BSDE defined in (4.17) with terminal data &, n,

respectively. Then

P 16
B | sw 16— w['| < Bl -, (118)
0<t<T p—1—k
for any p > max(1 + &, 2).
Proof. Define f : R, x R? — R by
1|2
f(y7 Z) T 5’% y

Then (Y*, Z¢), (Y, Z") are the solutions of the BSDEs generated by (f,£), (f,n),

respectively. To simplify the notation, we define
AY =YY", AZ=2°—2"
Also, we define

(20 = (A + (1= WY AZ + (1= 027
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for every 0 <t <T. Then by the Mean Value Theorem,

FOG,Z5) = £ (Y] 27)
_ O va o €y FOf oa o € o
= ([ Looza) (v vy« ([ Lovzon) (- z).
Let (Y — Y”)Jr = max (V¢ — Y",0), then by the Tanaka’s formula,

+
A (¥ =Y7) = LavendYi - dK,
= —Lyavsoy (FOG,26) = 17, 20)) dt

+ Lavizo) (26 = 27) dB, - dKs,,

where K; > 0 is a non-decreasing process such that it increases only when Yf —
Y,” < 0. Therefore,
T
/ AY,dK, =0
t

for every 0 <t <T.
Apply the It6’s formula to the process ((YE — Y”)*)p for some p > 2, then
+\P 1 ’ +\p—2 2
((AY)")" + ép(P - 1)/ Liav,soy ((AY) )" 7 [AZ | ds
t
T
= (E=m")"—»p / ((AY,)")" AZ.dB,
t
T
o [ (Y)Y (PO, 20 - 17, 2) ds
t

~ (- n))—p/(

(A

+p /t ( YA ZA)dA) AY,ds
([
(A

Y)")' ™ AZ,dB,

+p / YA ZA)dA) AZds
t

< ((€— n))—p/(

Yo' AZ,dB,
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T 1
+p/t ((AY,)T)? (/0 %(}QA,ZQ)+6‘%(§@,ZQ) 2d>\> ds

T
+4% / Tiav,s0p ((AY) T |AZ,| ds, (4.19)
t

where the inequality comes from the fact that ab < ea® + 4%172 for any ¢ > 0.

Choose € = i > 0, so that

of
dy

af

2

—l—e‘

Then (4.19) is read as

(@YD) + 5= 1) [ Liarso (AY)7)1AZ/ ds
<((€=m*)"—p / (A7) AZaB,

T
+ 2 / Liavso (AY,)F)" 2 [AZ,J ds. (4.20)
t

Taking expectations on both sides with ¢ = 0 and choosing p > max(1 + &, 2), we

obtain that

2

p—1=m)" [((€ —m)")F]@-21)

T
E { / Liaviso) ((AY,)F)2 ]AZS|2ds] <
0

By the Burkholder-Davis-Gundy’s inequality and the inequality ab < Ba? + %, it

yields for any § > 0 that

E { Sup (—p /t ! (Av) D) AZSdBS)}

0<t<T

—pE [ sup /0 t (Av)H) ! AstBs}

0<t<T

< 4pE ( /0 ' (AY)) ¥ Az ds) 1/2]

T 1/2
< 4pE | sup ((AY%)JF)]W (/ Liay,>0} ((AYL)JF)IFQ IAZ,|? ds) ]
0

0<t<T
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< BpE { sup <<Am+)p} +2E { / L (av)) Az, ds} .

0<t<T B

So taking expectations of the supremum on both sides of (4.20]) gives

E [ sup ((AY;S)JF)p:| + lp(p —E { sup /tT ((AY,)*)"™ !AZSIQdS]

0<t<T 2 0<t<T

<[(c- 0] +E [ s (< [t (@) 28]

0<t<T

T
+£E{Sup/ Liav,>0) ((AKV)H’AZS'QdS}
t

de  |o<i<T

S E [((5 — 77)+)p} + %E |: sup /t :H-{AYSZO} ((AY;)+)p_2 |AZ$|2 d8:|

0<t<T

T
+ BpE { sup ((AYS)WP} +E V Lav,sop (AY)T)" |AZ‘9|2dS}
0<t<T B 0

=E[((€—n")"] + BpE { sup ((AY4)*)"

0<t<T :|

T

Rearranging to get

(1-Bp)E { sup ((AY;>+)p:|

0<t<T

S]E[((g—n)+)”}+%p(n+%+1—p)

T
x K |:/ :H-{AYSZO} ((AY;)+)p_2 |AZS|2 d8:|
0

2 E[(c-n")].

Sﬁ@—l—@

where the second inequality follows from (4.21)). In particular, choose § = QLp, we

obtain the following inequality

E[sup ((YE—Y;"Y)Z)} S%E[(@—m*)p]- (4.22)

0<t<T
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By symmetry, we also have

el ((0-1)")] s LB l0-0)]. )

0<t<T

Hence, with the identity

Ytﬁ_YtTl

() ) () )

we may add (4.22)), (4.23) together so that

P +\? +\7
bt e, (05 ], (0299 )]
0<t<T 0<t<T 0<t<T
16p
— P _me—qpm.
S 1€ —nl"]

]

Theorem 4.9. For any random variable Y € %, and p > max(1l + k,2), define
the p-norm as

Y]l =E[JY ).

Suppose ¢ : RT — R is a bounded, Lipschitz function, that is, there exist some

positive constants cq,co, C, > 0 such that

c1 < o(z) < e,

|p(z") — o(2%)] < Cp |2 — 27

for all z,z', > € RY. Define the non-linear mapping ® : 2~ — 2 by

(&) = ¢ (:H/OT 2Y£dBS) :
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where

T €12 T
€ _ ﬂ@| _ £
Y, —f—l—/s 5 yE dr S Z%dB,s (4.24)

r

and

T _1é’p_ - (\/%an){

Then given any &,m € ¥, it yields that

12(&) = 2, = 5 e - ll, -

Moreover, the system of forward-backward stochastic differential equation (4.4)
admits a unique solution (X,Y,7) € L2(RY) x ¥ x #7Z(RY).

Proof. Given any terminal data £ € 2", Lemma shows that is uniquely
defined, and Y¢ € #/. Thus, from the theory of SDE, the mapping ® is well-
defined.

Let &, € 27, define Y&, Y" via , respectively. Since ¢ is globally Lips-

chitz, then for any p > max(1 + «, 2), we have

‘¢<x+/T\/27§st>—¢(x+/T\/ﬁst)p
CL(/ \/;dB /\/FdB)

<C?

— Y| dB,

T
/ Y- v7|aB.
0

\/26
= (2c1) P07

p

I

where the second inequality follows from the Mean Value Theorem applied to the

function z — v/2x on the interval x € [c;, cs]. Taking expectations on both sides,
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it then follows from the Ito isometry that

EH¢(x+/OT\/2T§dBS) —¢(x+/OT\/ﬁdBS)

|
< ey (L)

T p/2
(/ |Yf—m2ds>
p_l 0 S S

D p T
< (20)72CY (—) E[ / !Yf—n"l”ds]
p—1 0

p
< (2ey 20y (20 ) 78 | sup ve- vy

0<s<T

Po16pT
< (2e) 7t (L E[|¢ —n|”
< (20) 720 (25 ) —F—Elc— P,

]

T
< ey gz || [ e - v am
0

where the last inequality follows from (4.18)) in Lemma Choose

* p_l_’% \/Cl(p_l))p
T = >0
16p < V2C1p

so that

Po16pT™ 1
(2e1) 72?2 b —
p—1) p—1—x 2°

So for any T' < T™, we have

T T
Hcﬁ <m+/0 2Y§st) —¢ (x+/0 \/ZYJdBS)

p

1
<5 lle=l,.

This implies that the mapping ® is a contraction on the space 2 when equipped

with the p-norm. As a consequence, it has a unique fixed point, denoted by &*.

Then the corresponding triple (X¢ Y4 Z¢") is the unique solution to the FBSDE

[@4), and (X, Y%, 2%) € LR(RY) x & x AE(RY).

Inspired by this decoupling method, we may extend the existence and unique-

ness result to FBSDEs under more general settings. Particularly, our approach
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strongly relies on the solvability of the decoupled BSDE. Here we study the solv-
ability of a class of FBSDEs of the form (4.2)), whose decoupled backward equation

satisfies the growth conditions described in [78].

Lemma 4.10. Consider the following one-dimensional BSDE
aY, = —g(t,Y,, Zy)dt + Z,dBy, Yr =€, (4.25)

where (By)o<t<r 15 a standard d-dimensional standard Brownian motion on some
probability space, & is a bounded, measurable real-valued process, and the generator
g:[0,T] x R x R* — R satisfies the growth conditions as described in Proposition

[2.23. In addition, it is assumed that

@(t z)+€ 99 2(25 2) < A(t)
ay 7y7 82’ 7y7 —

for some constant € > 0 and A : [0,T] — R. If A is bounded on [0,T], then for

any bounded measurable terminal data &,m, the corresponding processes Y&, Y™

satisfies
P
| s [V - 70| < Cane Bl - 011, (4.20)
0<t<T
where
32€p 16ep?
Chep=—"7— ———||A| 1 :
A 2ep —2¢ — 1 P (2€p — 2€ — 1|| e ([O’TD)

depends only on €, the bound of A(t) on [0,T], and the choice of p with p >

max(1 + o, 2).

Proof. Given any bounded measurable process &, Proposition[2.23implies that the
backward stochastic differential equation has at least one solution. Denote
this solution by (Y, Z), then (Y, Z) € 7°(R) x 72 (R%).

Now suppose (Y4, Z%), (Y, Z") are both the solutions to with corre-
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sponding terminal data &, 7, respectively. We argue similarly as in Lemma 4.8
Define
AY =Y -Y", AZ=2°—2"

and

(2 = (W + (1= YAz + (1= 027

for any A € [0,1]. Then we have

1 T _
(@YD) + 50— 1) [ Liavso (AY) 7 18Z[ ds
t

T

< (- —p / (AY.))) ' AZ.dB.

t

T 1
wo [ oy ([ Loz Sz

2d)\) ds

+ - / sy (V) |AZ s
< ((€=m")" p/tT ((AY,) )" AZ,dB,

+ p/tT A(s) ((AY,) ") ds + :ﬁe /tT Liay,0p ((AY)) 1) |AZ,| ds
< (€—=n*) —p/tT (AY)*)" " AZdB,

T T
+ p||A||Loo([t7T]) / ((AYS)-F)I’ ds + % / Liay,>0) ((AY’S)+)1’—2 ’AZSIQdS
t t

(4.27)

for any 0 <t < T'. For any p > max(1+ -, 2), we take expectations on both side.

Rearrange to get

e[ [ (@ iazgas

<———+E [((f — 77)-%—)1’] + M@E {/t ((AYs)Jr)p ds}
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Similarly, with the Burkholder-Davis-Gundy inequality,

E { sup <—p /t : (A" AstBS)]

for any g > 0.
Hence, take expectations of the supremum of both sides of (4.27)) and rearrange

to give

(1—Bp)E LiltlgT ((AY;)+)Z)}

<E[((€=m)7)"] + pllAl=(orE UO ((AYSV)pdS]

(oo [ s

=g ) Bl

+ (m - 1) PlIIAll oo B {/OT ((AY;)JF)pdS}

2e

- ' +\P
+5@_—1_§>PHAHMT]E{ /0 (A1) ds]

2 DAl B UT sup ((AYU)+)pd8}

_|_—
5(19— - % 0 0<u<s

for any B > 0. In particular, choose f = L for any p > max(1 + &,2), then
2p 2e
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rearrange to get

- |:Oiltl£T ((Yf _ Yﬂ)+) p}

< 8—p1E [((c=m™)"]

8p? T »
+ (p—1-— L) HAHLOO[O,T]]E {/ sup ((Yf — Yu")+> ds] .

% 0 0<u<s

So by the Gronwall’s inequality, one obtains

L, (0

< 8—plexp (@_8% ||A||L°°[O,T]) E [((5 - 77)+)p] :

)

Hence, by the identity

p p

ve—y|’ = ((Yé—wﬁ) + ((Y"—Yf)+> ,

we conclude the desired inequality.

[]

Theorem 4.11. Let b, o, h be Lipschitz continuous functions such that there exist

constant Cy,Cy, C3 > 0 satisfying

b(t, z',y") — b(t, 2,y < Cy (Jz* = 2°| + |y" — 7])
lo(t,z',y") —o(t, 2 y?)| < O (Ja' — 27| + |y' — v?])

h(y") — h(y*)| < Cs (Iy' — )

for any 0 <t < T,2', 2% € R y', y? € R. In addition, we assume h is bounded

and g € C([0,T] x R x R?) satisfies the growth conditions described in Lemma
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[4.10. Then there exists a Ty, > 0 with

\/<%>2p+4(401)p . (%)p 2/p
2(4Ch)p

T, <

such that the following system of forward—backward stochastic differential equa-

tions

dX, = b(t, X, Y,)dt + o(t, X, Y,)dB,, Xo=a
(4.28)

dYy = —g(t, Yy, Z)dt + Zd By, Yr = h(Xr)
has a unique solution (X,Y,Z) € 2L (R?) x J5°(R) x 7 (RY) on the time

duration [0,Ty).

Proof. Choose n = ¢ in Lemma then it yields that the decoupled backward

stochastic differential equation

dY, = —g(t,Y,, Z)dt + Z,dB,, Yp=¢ (4.29)

admits a unique solution for any 7" > 0, where £ is .#p-measurable and bounded
process. We denote this solution by (Y, Z8)o<i<r, then (Y%, Z¢) € #°(R) x
AR,

Under the global Lipschitz condition of the coefficients, and that the process

Y¢ is adapted and bounded a.s., the stochastic differential equation

dX, = b(t, X;, YE)dt + o(t, X, Y)dB,, Xo=ux (4.30)

admits a unique strong solution that is square-integrable. We denote this solution
by (th)ogtST. Then whenever h is bounded, one may construct the following

non-linear mapping ® from the space of bounded random variables to itself such
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that
T T
dE)=h (:)3+/ b(s, X§,Y§)d5+/ o(s, Xf,Yj)dB)
0 0

Now we aim to show this mapping is a contraction. So we need the following
estimate.

Let £,m be bounded processes, and (X¢ Y¢, Z%), (X", Y" Z") be the corre-
sponding processes generated by and , respectively. Then by the

global Lipschitz condition, we have

‘Xf x| =

/}stist — f(s, XY ds
/ lo(s, X5, YE) — o(s, X1, Y| dB,

gcl/o (| X5 — X7+ |Ye = Y]|) ds
+02/0t(}Xg—X§|+\Yf—ygy)dBS.

Take the p-th power on both sides with p > max(l—I—i, 2), then with the inequality

la + b|P < 2P|aP 4 bP|, it yields that

‘Xf _ X7

t p
T<or (01/ (\X§-X§\+\1§—w|)ds)
0
t p
+2° (02/ (|X§—X§|+\}§—YS’7])st) .
0

Take expectations on the supremum over 0 < ¢t < T on both sides, then by the

Burkholder-Davis-Gundy inequality, we obtain that
|
t p
< (2C,)PE [ sup (/ (| X5 = X2+ [y =Y7)) ds) ]
0<t<T \Jo
t p
+ (2C2)’E { sup </ (] x5 = X7+ \Y;f—m)st) }
0

0<t<T

E [ sup ‘Xf—Xt”

0<t<T

143



<o ([ (x| e -vap ) |
cecy (1) s | ([ 2 (% e o) ds)wl

< (4C\TYE { sup p]

0<t<T
p p
4CopvT 4CopVT
+ L\/_ E[sup )Xf—Xfp}—i- L\/_ E[sup
p—1 p—1 0<t<T

0<t<T

Xf— X/ Y- vy

p] + (4C,T)PE { sup

0<t<T

AR A

1

So rearrange to get

E[sup ’Xf—Xt"

0<t<T

]

4C: p\/T p
< UaTY + ( b1 > E { sup |V —Y) p}
11— (40T — (M)p ozesr 't !
-
4CopvT \ P
| uary+ (19T)

Caepe E[l€ =[], (4.31)
1— (4G, T — <4C;+1ﬁ>p :

where the last inequality follows from the inequality (4.26)).
Now we are ready to show the mapping ® is a contraction under the p-norm,

where p > max(1 + é, 2). Again, by the Lipschitz assumption, we have

[2(&) — ()"
T T
—|n b(s, X6, Y4)d X5, Y5)dB,
‘ (x+/0 (57 s s) S+/(; 0<S’ s) 5) )

T T
—h (x —i—/ b(s, X1, Y ds —i—/ o(s, X7, Ys")st>
0 0

p

CRE-]

T
< ‘03/ |b(s, X&,YE) — b(s, X2, Y| ds
0

p

T
£y [ ot XE¥E) — (s, X2, Y1) 4B,
0

p

T
<2 (0G| (15 - X2+ Y- v ds
0
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p

T
e 0203/ (|XE = X7| + Y€~ v7|) dB,|
0

where the last inequality comes from the inequality |a + bP < 2P|a? + DP|. Since
the process X¢ — X" is square-integrable and Y¢ — Y is bounded a.s., then the
stochastic integral fOT (|X§ — X;’! + |Y;f — Ys"‘) dB; is a martingale. So taking

expectations on both sides to obtain

E[|®(¢) — @(n)|"]
< aeym || [ (s xalvs vl oo

1A A

+ sup
0<t<T

p

] +E [ sup

0<t<T

g@qaﬂ%[

sup ‘Xf - X}
0<t<T

|
< (4C,C5T)P <E [ sup ‘Xf - X/ Yté -y

0<t<T

1)
(e Ty + (/D)

< (40, C5TY
1— (e Ty - (12T

P CA,evpeTE (1€ — "]

+ (4C1C3T)PCpepe B [IE — ]

Cacn(4C,C5TIPET
S v v ]
1—@GTV—(7%7>

where the last inequality follows from (4.31)) and (4.26)). To simplify the notation,

we define the function f to be

C . (4C,C5TYPeT
(1) = —CaeslIGCT) =
1— (G Ty — (e

D

Also, define

* \/<%>2p+4(401)p_ (%)p 2/p
T = 2{ACy)” :

Since f is continuous with limy_,o f(7') = 0 and limy_p« f(T) = oo, then we can
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find a T7, between 0 and 7™ such that

CA’57P(40103TL)176T . 1
- (e Ty — ()t 2

If f(T;) = % has more than one root, then we choose the smallest one. Therefore,
we have

E[|®(5) — 2" < SE[l§ —nl"].

N | —

This implies that the mapping ® is a contraction, so it has a unique fixed point. In
this case, the system of forward—backward stochastic differential equation (4.28))

has a unique solution on the time duration [0, 77%]. O
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V]

A Simulation of velocity fields

In this section, we include the Python code for simulating the velocity field with
repetitions so that the reader may repeat the experiment.

Listing [1] lists all the packages we have used. Mainly, the package plotly
is applied to plot the 3D stream tubes of the velocity fields and the package

matplotlib is used for the stream lines in the 2D projection.

import numpy as np

import matplotlib.pyplot as plt

3 import math

import time

import plotly.graph_objects as go

Listing 1: Packages in use

We enumerate the important parameters in Listing [2| and record some functions
for facilitating further calculations in Listing [3]
# M is the size of the mesh and h is the spacing. These two

concepts are explicitly defined in Chapter 3.

M = 20

sh = 0.5

# For each given initial value xj, we use the Euler scheme to
simulate the particle paths.

# Here T is the entire time interval and N is the number of time

steps.
T =10.5
N =5
dt = T/N

# v is the viscosity constant
v =1
delta = le-6

# This path_number is the number of repetitions explained in the
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modified approach.

13 path_number = 10

Listing 2: Initial data

1 # This is the kernel function after removing singularities

def G_delta(x):

V]

3 X = np.array(x)

4 sumSquare = sum(x ** 2)
5 if sumSquare < delta:

6 sumSquare = delta

7 return 1/(2 * math.pi * sumSquare ** 1.5) * x

9o # This is the initial vorticity function as has been defined in
Chapter 3.6.

10 def wO(x):

11 x = list(x)

12 if x in [[t, &, 01, [0, %, 1], [t, -1, O], [-1, -1, O]I:

13 return np.array ([0, O, 10])

14 elif x in [[O.5, 1, -1], [1.5, O, O], [-1, 0.5, 0], [0.5,
-1.5, 0.5]11]:
15 return np.array([10, 20, 0])

16 return np.zeros (3)

17

18 # This function here computes the cross product of two vectors a,
b.

10 def CrossProduct(a, b):

20 return np.array([a[1]l*b[2] - a[2]*b[1], al[2]1*b[0] - al[0l*b

(2], al0l*b[1] - a[1]*b[0]])

22 # With specifications on location, particle path and time, this
function returns the velocity at (x,t_n).
23 def u_h(x,X,t_n):

24 X = np.array(x)
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V)

res = np.zeros (3)
for j in j_eff:

res += CrossProduct(G_delta(x - X[t_n][j]), wO(xO[jl)) =*
(h ** 3) * dt

return res

Listing 3: Initial functions

As we have mentioned in Chapter 3.6, choosing the initial vorticity function
to be a sum of Dirac delta function could substantially reduce the computational
complexity. This is because the initial vorticity wy only takes values on the lattice
set AQ’M. Therefore, it is enough to pin down all the lattice points with non-zero
vorticity. Listing 4| shows how we select the valid lattice points, that is, lattice

points corresponding to non-zero vorticities.

# Creating the lattice set.

x0 = np.mgrid[-M:M+0.1:h, -M:M+0.1:h, -M:M+0.1:h].reshape(3,-1).T

# Fiding the indices of valid lattice points whose corresponding
vorticity is non-zero.

j_eff = []

for j in range(len(x0)):
if np.any(w0(x0[j]) != np.zeros(3)):

j_eff.append(j)

Listing 4: Indices of valid lattice points

With all the initial data and the self-defined functions, we are then able to

simulate the particle trajectory paths (see Listing [5)).

# Creating particle trajectory paths with repetitions.

X = np.zeros(shape = (N+1, path_number, int (2*M/h+1) **x 3, 3))

; for p in range (path_number):

X[0]l[p]l = x0

for t in range(N):
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N

dX = np.zeros(shape = (path_number, int (2*xM/h+1)*%*3, 3))
for n in range(path_number):
for m in range(path_number):
for i in range(len(x0)):
for j in j_eff:
dX[n] [i] += CrossProduct(G_delta(X[t][n][i] -
X[t1[m]l[j1), wO(x0[jl)) * (hx*3) * dt / path_number
X[t+1][n] = X[t][n] + dX[n] + (2 * v) **%x 0.5 * np.random.

normal (0O, dt**x0.5, dX[n].shape)

3 # Particle paths with the same starting lattice points.

Y = X.mean(axis=1)

Listing 5: Simulating particle trajectory paths

Then the velocity at each point (x,t) can be computed from the function u_h.
But note that the time ¢ is restricted to be the time step defined in Listing [I}
So the 3D velocity field is plotted via the function Streamtube in the package
plotly (see Listing[f]).

spacing = 0.05

n=2

x1, x2, x3 = np.meshgrid(np.arange(-2, 2, spacing), np.arange (-1,
1, spacing), np.arange(-0.5, 0.5, 0.1), indexing=’ij’)

x1

x1.flatten ()

x2 = x2.flatten ()

x3 x3.flatten ()
# Creating the velocity field.

ul = np.zeros(len(xl))

u2 np.zeros (len(xl))
u3 = np.zeros(len(xl))
for i in range(len(x1)):

velocity = u_h([x1[i]l, x2[il, x3[il]l, Y, n)

ul[i] = velocity [0]
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7 )

maxdisplayed = 3000
))

; fig.update_layout (

u2[i] = velocity[1]
u3[i] = velocity[2]
r fig = go.Figure(data=go.Streamtube (x=x1, y=x2, z=x3, u=ul, v=u2,
w=u3,
sizeref = 1.5,
colorscale = ’Portland’,
showscale = True,

scene = dict(
aspectratio = dict(
X = 2,
y =1,
z = 0.3
)
),
margin dict(
t = 20,
b = 20,
1 = 20,
r = 20
)
s fig.show ()

Listing 6: 3D plot of the velocity field

To implement the Streamtube function, one needs to specify a starting position.
Here we have used the default position which is the plane y = —1. But one can
use starts to determine the stream tubes’ starting position.

For the 2D plot, we have used the function streamplot from the package

mathplotlib. Then the velocity field on the plane z = 0 is computed at each
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step. Finally, the projection of the velocity field on the plane is plotted, that is,
we plot the velocity field (@!((z1, z2,0)), @*((x1,x2,0))) in the 2D plot (see Listing
7).

1 spacing = 0.5

3 # Creating the velocity field for all the time steps.

» vf_proj1 = []

(]

5 vi_proj2
¢ vi_proj3 = []
7 vi_abs = []

s for n in range(N+1):

9 x_axis_2d np.arange (-2, 2.1, spacing)
10 y_axis_2d = np.arange(-2, 2.1, spacing)
11 X_axis_2d, Y_axis_2d = np.meshgrid(x_axis_2d, y_axis_2d,

indexing=’ij’)

12 vi_projl_n = np.zeros(X_axis_2d.shape)
13 vi_proj2_n = np.zeros(X_axis_2d.shape)
14 vf_proj3_n = np.zeros(X_axis_2d.shape)
15 vf_abs_n = np.zeros(X_axis_2d.shape)

16 for i in range(len(x_axis_2d)):

17 for j in range(len(y_axis_2d)):

18 vf_projl_nl[il[jl, vf_proj2_nl[il[j], vf_proj3_nl[il[j]
= u_h([x_axis_2d[i], y_axis_2d4([j]l, 0], Y, n)

19 vi_abs_n[i][j] = np.sqrt(vf_projl_nl[i][j] **x 2 +
vE_proj2_nl[il[j] ** 2 + vf_proj3_nl[ill[j]l =*x 2)

20 vf_projl.append(vf_projl_n)

21 vf_proj2.append(vf_proj2_n)

22 vf_proj3.append(vf_proj3_n)

23 vf_abs.append(vf_abs_n)

25 # Plotting the 2D stream lines in for the n-th time step.

% n = 2
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27 fig = plt.figure(figsize=(15, 8))
28 strm = plt.streamplot(x_axis_2d, y_axis_2d, vf_projl[n].T,
vi_proj2[n].T, color=vf_abs([n], linewidth=1, cmap=’rainbow’)

20 fig.colorbar(strm.lines)

Listing 7: 2D projection plot of the velocity field

We have chosen the plane z = 0 for illustration, but one may vary the projection

plane for different perspectives.
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