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Abstract

An increasingly important research area within the field of cardiac modelling is the development and study
of methods of model-based parameter estimation from clinical measurements of cardiac function. This
provides a powerful approach for the quantification of cardiac function, with the potential to ultimately
lead to the improved stratification and treatment of individuals with pathological myocardial mechanics.
In particular, the diastolic function (i.e., blood filling) of left ventricle (LV) is affected by its capacity for
relaxation, or the decay in residual active tension (AT) whose inhibition limits the relaxation of the LV
chamber, which in turn affects its compliance (or its reciprocal, stiffness). The clinical determination of
these two factors, corresponding to the diastolic residual AT and passive constitutive parameters (stiffness)
in the cardiac mechanical model, is thus essential for assessing LV diastolic function. However these pa-
rameters are difficult to be assessed in vivo, and the traditional criterion to diagnose diastolic dysfunction
is subject to many limitations and controversies. In this context, the objective of this study is to develop
model-based applicable methodologies to estimate in vivo, from 4D imaging measurements and LV cavity
pressure recordings, these clinically relevant parameters (passive stiffness and active diastolic residual ten-
sion) in computational cardiac mechanical models, which enable the quantification of key clinical indices
characterising cardiac diastolic dysfunction.
Firstly, a sequential data assimilation framework has been developed, covering various types of existing
Kalman filters, outlined in chapter 3. Based on these developments, chapter 4 demonstrates that the novel
reduced-order unscented Kalman filter can accurately retrieve the homogeneous and regionally varying
constitutive parameters from the synthetic noisy motion measurements. This work has been published in
Xi et al. 2011a.
Secondly, this thesis has investigated the development of methods that can be applied to clinical prac-
tise, which has, in turn, introduced additional difficulties and opportunities. This thesis has presented the
first study, to our best knowledge, in literature estimating human constitutive parameters using clinical
data, and demonstrated, for the first time, that while an end-diastolic MR measurement does not constrain
the mechanical parameters uniquely, it does provide a potentially robust indicator of myocardial stiffness.
This work has been published in Xi et al. 2011b. However, an unresolved issue in patients with diastolic
dysfunction is that the estimation of myocardial stiffness cannot be decoupled from diastolic residual AT
because of the impaired ventricular relaxation during diastole. To further address this problem, chapter 6
presents the first study to estimate diastolic parameters of the left ventricle (LV) from cine and tagged MRI
measurements and LV cavity pressure recordings, separating the passive myocardial constitutive proper-
ties and diastolic residual AT. We apply this framework to three clinical cases, and the results show that
the estimated constitutive parameters and residual active tension appear to be a promising candidate to
delineate healthy and pathological cases. This work has been published in Xi et al. 2012a. Neverthe-
less, the need to invasively acquire LV pressure measurement limits the wide application of this approach.
Chapter 7 addresses this issue by analysing the feasibility of using two kinds of non-invasively available
pressure measurements for the purpose of inverse parameter estimation. The work has been submitted for
publication in Xi et al. 2012b.
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Chapter 1

Introduction

I found the task so truly arduous... that I was almost tempted to think... that the movement

of the heart was only to be comprehended by God. For I could neither rightly perceive

at first when the systole and when the diastole took place by reason of the rapidity of the

movement... (Power 1897) – William Harvey (1578-1657)

1.1 Background and Motivation

1.1.1 The Human Heart and Cardiac Disease

The heart, as the most important organ in the human circulatory system, is responsible for

pumping blood throughout the body by repeated, rhythmic contractions. As recognised

by researchers for many centuries, including Galen, da Vinci and Harvey (Brain 1986,

Popham 1945, Harvey et al. 1889), an essential step in understanding the heart’s function

is defining its structure and anatomy. The heart has four chambers, two superior atria

and two inferior ventricles (e.g. see figure 1.1 (a)). The atria are the receiving chambers

and the ventricles are the discharging chambers. The right ventricle discharges into the

lungs to oxygenate the blood. The left ventricle discharges its blood toward the rest of

the body via the aorta. Blood flows through the heart in one direction, from the atria to

2



1.1. BACKGROUND AND MOTIVATION 3

Figure 1.1: Anatomy (a), blood pathway (b), and wall infarction (c) of the human heart.
(van Brussel 2010; Patrick J. Lynch 2010).

the ventricles, and out of the great arteries (figure 1.1 (b)).

A token of the importance of this fundamental physiological function is the widespread

prevalence of cardiovascular disease (CVD), e.g. myocardial infarction (figure 1.1 (c)),

which has a significant impact on the European society in terms of mortality, morbidity

and allied healthcare costs. It causes over 2.0 million deaths in the European Union every

year (42% of all deaths) with a total estimated cost of 192 billion Euros (Allender et al.

2008).

1.1.2 Clinical Measurements and Cardiac Computational Modelling

For the diagnosis and treatment planning of CVD, medical imaging measurements pro-

vide valuable assistance. Within these medical imaging technologies are the specific

modalities of X-ray Computed Tomography (CT) and Magnetic Resonance Imaging

(MRI) (figure 1.2 (a),(b)). The development of medical image processing methodologies

and tools is one of the main focuses of imaging research communities (e.g. automatic

whole-heart segmentation based on the surface model in figure 1.2(a)).
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Figure 1.2: Examples of imaging data of the heart and the geometrical model of the heart.
a: CT imaging data along with the surface mesh used for model-based segmentation
(Ecabert et al. 2008). b: Short-axis tagged MR image. c: Patient-specific geometrical
model colour coded with displacements of data points extracted from (a).

In parallel with these developments, the discipline of computational physiology provides

a set of complementary tools to quantitatively describe and analyse physiological be-

haviour across a range of time scales and anatomical levels using mathematical and com-

putational models (Hunter et al. 2008). Recent advances have enabled multi-level and

multi-physics models, which link molecular, sub-cellular and cellular functions to whole

organ performance (Lee et al. 2009). Within these developments, the heart is arguably

the most advanced current exemplar of this approach (Bassingthwaighte et al. 2009).

1.1.3 The Image-driven Estimation of Cardiac Functions

The current developments of imaging measurements and computational modelling indi-

cate that quantitative physiological models now have the potential to make a significant

impact in the management of CVD in the clinic. The abnormality of myocardial me-

chanical and electrical properties, quantified by parameters in cardiac electro-mechanical

models, could be a clinically relevant indication of cardiac diseases such as regional

myocardial infarction (Abraham et al. 2006; Shishido et al. 1998). Specifically, impaired
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ventricular relaxation (one of the lusitropic abnormalities commonly present in heart fail-

ure, Katz 2010) has the possibility to be directly characterised by estimating the time

course of residual active tension during the diastolic phase of the heart cycle.

One of the central challenges to realising this potential is the personalisation of model

parameters to individual patients. However these parameters are generally difficult to

determine ex vivo, because obtaining viable human tissue presents a number of significant

logistical and ethical challenges. Furthermore in vivo myocardium tissue is highly likely

to display very different behaviour than that in ex vivo experiments. Therefore there is

an obvious interest in being able to perform in vivo parameter estimation by coupling

biophysically-based cardiac models with clinical in vivo imaging measurements of the

cardiac motion and function.

Focus of the D.Phil.

As one of the fundamental aspects involved in the clinical personalisation of quantitative

physiological models (figure 1.3), the theme of this study is focused on developing appli-

cable methodologies to estimate, from 4D imaging measurements and LV cavity pressure

recordings, the clinically relevant parameters in computational cardiac mechanical mod-

els. The specific contributions of this study are summarised below in section 1.4 after a

brief overview of the existing cardiac modelling and inverse parameter estimation works

in literature.

Clinical 
Observations

Computational 
Models

Personalized 
parameters

Diagnostic 
indices

In-silico
simulations

Data

assimilation

Figure 1.3: The process of clinical personalising of computational models, in which the
dashed box indicates the scope of this study.
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1.2 Introduction to Cardiac Mechanical Modelling

In this section, we briefly introduce the cardiac mechanical model considered in this

study, i.e. an anatomically personalised mechanical model of the left ventricle, with

a focus on the passive constitutive properties and active tension parameters of the my-

ocardium. The interaction between this mechanical model with cell and activation models

is illustrated in figure 1.4. This brief introduction serves as the prerequisite for reviewing

the most relevant parameter estimation works in literature in the next section, and more

detailed explanations are provided in chapter 2.

Cardiac modeling  framework

Mono- or bi-
domain model

Cell model

Mechanical  
model

Myocardial 
constitutive 

model

Active stress-
development 

model

Deformation-dependent conductivity

Membrane 

potential

1.Deformation-dependent channels

2. Length/tension dependent bindings

concentration 

(active contraction)

Ionic current

(depolarization)

Figure 1.4: Overview of the components and interactions of cardiac models within finite
element computational framework considered in this study. These components are further
explained in section 1.2 .Cell and activation models are outside the scope of this work.
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1.2.1 Geometric model

For functional simulation of the heart, an anatomically accurate and computationally effi-

cient geometric and laminar tissue micro-structural model (LeGrice et al. 1995) provides

the foundation for applying appropriate numerical solution techniques to solve the gov-

erning continuum equations. Cubic-Hermite finite element interpolation provides a con-

venient and efficient representation of geometry when compared to the more commonly

used linearly interpolated tetrahedral meshes due to its C 1 continuity (Pathmanathan et al.

2009). For this reason, it has been employed by researchers in the cardiac modelling

community for more than a decade (Bradley et al. 1997, Nash and Hunter 2000, Smith

et al. 2004, Wang et al. 2009). Following this approach in this study, patient-specific

cubic-Hermite finite element meshes of the human ventricular myocardium were created

based on clinical MRI measurements (Lamata et al. 2011). The finite element ventricular

meshes, together with finite element solution techniques, provide a geometric and com-

putational framework within which to embed continuum mathematical models as those

outlined in figure 1.4.

1.2.2 Mechanical Model of Finite Deformation

In order to predict the deformation of myocardium under applied stresses, a standard fi-

nite deformation mechanics model (Bonet and Wood 1997, Nash 1998) is utilised. Cen-

tral to this mechanical model is the stress equilibrium governing equations, which are

derived from the laws of conservation of mass, linear momentum, angular momentum

and the principle of virtual work. Details of stress equilibrium governing equations are

explained below in chapter 2.
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1.2.3 Myocardial Constitutive Models

Models of stress development, embedded in a cardiac finite deformation mechanics model,

relate the tissue-level stress to the tissue-level strain and cellular-level calcium transient.

These two aspects of stress development, i.e. the passive constitutive strain-stress relation

and the active stress generation model, are described in the following sections.

Passive Constitutive Properties of Myocardium

Figure 1.5: Microstructure of myocardium, showing three material directions (Nash
1998).

The deformation of the heart tissue, linked through the constitutive strain-stress relation-

ship, give rises to the passive stress, and this mechanism plays a major role in diastolic

function of the heart (Wang et al. 2009). This constitutive strain-stress relation is highly

dependent on the microstructure of myocardium. The cardiac muscle, like skeletal mus-

cle, is composed of tubular cells called myocytes, also known as muscle fibres (see figure
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1.5). It has been shown that the myocardium is stiffer along the direction of the mus-

cle fibres, characterised most often via a nonlinear stress-strain relationship. In order to

capture these properties, Guccione et al. (1991) proposed a transversely isotropic expo-

nential strain-energy function W̄ with four parameters. The strain-energy function W̄ is

expressed as a functional of six independent components of Lagrange Green’s strain ten-

sor E defined in fibre (f), sheet (s) and sheet-normal (n) coordinates (detailed in chapter

2). This exponential constitutive relationship has been shown, by Schmid et al. 2008, to

be most suitable for inverse parameter estimation through shear-stress tests, compared to

several popular alternatives such as the pole-zero law (Nash and Hunter 2000). The in-

vivo estimation of Guccione law parameters using MRI measurements has been studied

by various researchers (Wang et al. 2009, Sun et al. 2009), which will be discussed further

in section 1.3 below. In the first part of this study, we develop methodologies to estimated

these constitutive properties from clinical measurements, and apply our methods, to our

best knowledge for the first time in literature, to estimate constitutive properties of human

subjects.

Myofibre Active Tension Development

In addition to the passive stresses developed because of the stress-strain relationship as

the heart deforms, the active stress is also induced since the myocardial cells themselves

are excitable. When stimulated by the electrical impulse generated repeatedly and rhyth-

mically by the sinoatrial node, the myocardium will thus develop active stress causing

the heart to contract. The mechanism of contraction is explained by the sliding filament

theory (Huxley and Niedergerke 1954, Huxley et al. 1954). As shown in figure 1.6, the

cardiac muscle fibre contains many chains of myofibrils, formed by alternating segments

of thick and thin protein filaments, i.e. actin and myosin proteins. When the cell is depo-

larised, calcium ions are released into the muscle cell, and bound to troponin molecules.

Calcium binding changes the shape of troponin, causing tropomyosin to move deeper into
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the groove of the actin dimer, therefore causing the myosin binding sites on the actin pro-

tein to be exposed. Myosin binds to the now-exposed binding sites, and muscle contracts

as the thick and thin filaments slide into each other.

Figure 1.6: Sliding filament theory: cross-bridge movement during cardiac muscle fibre
contraction generating active tension (McKinley and O’loughlin 2006, chapter 10).

For this process, there has been a set of hierarchical models for the active stress devel-

opment, from the simple empirical model (Nash 1998, chapter 5, Guccione and McCul-

loch 1993, Guccione et al. 1993) to the detailed cellular electrophysiology models (ten

Tusscher et al. 2004; ten Tusscher and Panfilov 2006; Grandi et al. 2010). Nash (1998)

employed a simple empirical model to simulate the cardiac systole. This model links the

active stress along fibre direction to the level of activation Caactn (0 ≤ Caactn ≤ 1) and

the fibre stretch ratio λ (λ > 0).

T0(λ,Caactn) =
(Caactn[Ca2+]max)h

(Caactn[Ca2+]max)h + (c50)h
Tref (1 + β(λ−1)) (1.1)

The parameters for this empirical model are summarised in table 1.1. In this study,

the combined (Caactn [Ca2+]max)h

(Caactn [Ca2+]max)h+(c50)h Tref , renamed as Tz , will be estimated from clini-

cal measurement of heart failure patients (chapter 6). This parameter characterises the
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Table 1.1: Parameters in model of active stress development (Nash 1998, Chapter 5).
[Ca2+]max Normalized (0-1) Ca2+ concentration at the maximal activation level 1.0

c50 Normalized (0-1) Ca2+ concentration at 50% activation level 0.5
h Hill coefficient, determining the slope of the curve 3.0

Tref Isometric stress 100 kPa
β Linear slope for the depedence of stress on the sarcomere length 1.45

amount of active contractile tension developed in systole, and in case where there is sig-

nificant residual tension in diastole as well. In the latter case, the estimated residual active

tension has the potential to provide an important metric for understanding the cardiac re-

laxation profile of diastolic heart failure patients.

1.3 Overview of Related Works on in-vivo Estimation of
Parameters in Cardiac Models

Parallel to the development of cardiac mechanics models, the research on estimating pa-

rameters in these models has also been carried out for a number of decades. From the

one-dimensional and bi-axial data of tissue samples (Fung 1993) to the three dimensional

simple shear experiments (Dokos et al. 2002), there have been numerous ex vivo exper-

iments to quantify mechanical properties of the myocardium. Based on their research,

it is now well established that myocardium exhibits three-dimensionally anisotropic and

nonlinear (deformation-dependent) properties (Guccione et al. 1991; Hunter 1995; Costa

et al. 2001). Furthermore, recent studies have been able to quantify the passive material

parameters from these ex vivo experiments through nonlinear optimisation that matches

a force-displacement curve (Schmid et al. 2006; Schmid et al. 2008; Schmid et al. 2009).

Beyond these ex vivo experiments, there has been an increasing interest in estimating pas-

sive constitutive material parameters and parameters characterising the contractile prop-

erties of the heart directly from in vivo imaging data. This work was motivated and

enabled by the advances of medical imaging technologies, e.g. the specific modalities
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of X-ray computed tomography (CT) and magnetic resonance imaging (MRI), and the

development of medical image processing algorithms (Ecabert et al. 2008; Peters et al.

2009).

In the following section, we will review the relevant studies (Wang et al. 2009, Sun et al.

2009, Moireau et al. 2008, and Moireau and Chapelle 2011) on parameter estimation

from in vivo or in silico 1 imaging measurements, with a focus on the scope of parameters

that have been estimated within a range of models and methodology for solving those

inverse estimation problems. Further reviews are provided at the beginning of each of the

following result chapters (chapter 4-7).

1.3.1 Scope of Related Studies

Parameter estimation for the simulation of cardiac mechanics essentially falls into two

categories: the stiffness related parameters for the passive constitutive material law and

the contractility related parameters for the active tension development models, both of

which are outlined as follows.

Both Wang et al. (2009) and Sun et al. (2009) applied a similar cardiac modelling ap-

proach based on quasi-static finite deformation mechanics, in which they employed a

transversely isotropic material model of myocardium (the Guccione law introduced in

previous section, Guccione et al. 1991). Sun et al. (2009) also considered the active

stress development model of myocardium introduced in previous section (Guccione and

McCulloch 1993, Guccione et al. 1993) for the simulation of the cardiac systolic phase.

For parameter estimation, Wang et al. (2009) focused on the four homogeneous constitu-

tive parameters in Guccione’s passive material model, while Sun et al. (2009) estimated

the maximum isometric stress parameter (Tmax) of two myocardial regions.

1In silico data refers to the synthetic results numerically generated from model simulations.
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In contrast to the quasi-static finite deformation model used by Wang et al. (2009) and

Sun et al. (2009), the mechanical models of Moireau et al. (2008) and Moireau and

Chapelle (2011) have incorporated inertial and viscous terms – these frameworks are

dynamic models of cardiac mechanics. Moireau et al. (2008) adopted the assumption of

liner elasticity, with viscoelastic isotropic material model characterised by Young’s mod-

ulus, Poisson ratio and a viscoelastic coefficient. For active stress development, values

were prescribed via an activation profile. Myocardial contractility, represented by the

scale factors of the active stress (called pre-stress term), were estimated regionally. In

addition, myocardial stiffness, defined by Young’s modulus in 18 regions, was also esti-

mated separately. Later, Moireau and Chapelle (2011) extended this mechanical model

from linear to nonlinear elasticity, with a hyperelastic isotropic material model given by

the Ciarlet-Geymonat potential (Le Tallec 1994).

Discussion and motivation for this study

Extensive works have been done on estimating constitutive parameters using mammalian

hearts. However, there is currently still a lack of an automatic pipeline that can be applied

clinically to assimilate available measurements to identify human myocardial mechanical

parameters. In addition, an unsolved problem in patients with diastolic dysfunction is that

the estimation of myocardial stiffness (constitutive properties) cannot be decoupled from

impaired ventricular relaxation – one of the lusitropic abnormalities commonly present

in heart failure (Katz 2010). For this reason, the development of methods which can

robustly estimate both the stiffness (passive properties) and diastolic residual AT (active

properties), would have significant potential for application within clinical cardiology.
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Figure 1.7: Overview of the approaches of parameter estimation within a dynamic pro-
cess, and relationships between various Kalman filters. See text for explanations.

1.3.2 Methodology of Related Studies

Parameter estimation fundamentally involves solving an inverse problem, for which there

are two main approaches in the field of data assimilation 2: variational (optimisation) and

sequential (filtering) procedures (see figure 1.7). Variational approaches consist of min-

imising, with respect to all unknown parameters, a functional criterion based on the dis-

crepancy between model prediction and measurement, with the model equations taken as

constraints; the sequential approaches refer to filtering methods typically, using Kalman

filter (Kalman 1960) and its extensions to nonlinear systems.

2Data assimilation refers to the process which aims to estimate the state (and unknown parameters) of
dynamical systems based on observations, and has origins in fields such as meteorology.
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Nonlinear optimisation based approach

Both Wang et al. (2009) and Sun et al. (2009) employed traditional nonlinear optimisation

formulations. Specifically, their objective function was defined as the root mean squared

error (RMSE) between model predication and observation. The error was defined based

on end-diastolic displacements (Wang et al. 2009) or strains (Sun et al. 2009) of a set of

data points. To minimise this objective function, Wang et al. (2009) used a gradient-based

method (Sequential Quadratic Programming, or SQP). They reported a 19% decrease

in objective function, the value of which was reported to be insensitive to the fourth

parameter of the Guccione constitutive law (shear stiffness in the fibre-sheet and fibre-

normal plane). In contrast to the gradient-based method, Sun et al. (2009) chose the so-

called successive response surface method (gradient-free). In their study, it was reported

that convergence was reached under various parameter initialisation and the estimated

parameter values agreed with the ex vivo experiments on dissected samples from the

corresponding regions of the cardiac ventricles.

Among the gradient-based and gradient-free methods, the gradient-free method is, in

general, believed to be more suitable for application to the in vivo estimation problem

because of its global convergent properties and robustness. However, we are aware that

in practice the passive constitutive parameters (with an exponential relationship between

stress and strain) in Wang et al. 2009, are more challenging to estimate than the active-

stress parameters (with linear relationship to stress) in Sun et al. (2009).

Filtering based approaches

Researchers, such as Moireau et al. (2008) and Moireau and Chapelle (2011), explored

the possibilities of applying sequential approaches to address the parameter estimation

problem in cardiac models, namely via Kalman filtering based methods (see figure 1.7).
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The most widely used nonlinear Kalman filters are extended Kalman filter (EKF) and un-

scented Kalman filter (UKF) (Welch and Bishop 1995, Julier and Uhlmann 1997, Simon

2006). However, these filters are full-rank, and thus they require calculation and manipu-

lation of covariance matrices of the same dimension as the state 3 space (typically 103 to

106). This makes the problem of parameter estimation from computationally expensive

models intractable.

This intractability has motivated development of techniques to reduce the computational

requirements of classic filters. The rank-reduction by singular value decomposition (SVD)

of the covariance matrix is the main approach that has been explored, which has given

rise to the singular evolutive extended Kalman filter (SEEK, Pham 1995, Pham et al.

1998b; also see Brasseur and Verron 2006 for review of its recent development), the sin-

gular evolutive interpolated Kalman filter (SEIK, Pham 1996, Pham et al. 1998a, Pham

2001, Pham and Hoteit 2002), and reduced-order UKF (rUKF, Moireau and Chapelle

2011, derived in chapter 3 independently). Apart from the SVD approach, other re-

searchers (Moireau et al. 2008) achieved rank-reduction by introducing the so-called dual

Luenberger observer, which is analogous to “friction force” feedback control strategy to

change the dynamics of the mechanical model in order to reduce the discrepancy between

the model prediction and measurements. For conceptional illustration of the relationships

among the aforementioned filters, readers are referred to figure 1.7.

Among these filters, Moireau et al. (2008) based the parameter estimation on the extended

Kalman filter (EKF), whose “reduced-order” version is obtained via the novel technique

called direct velocity feedback control (DVF) – a simple collocated feedback control

mechanism to act as a Luenberger observer (Luenberger 1971). Applying this “reduced-

order” EKF estimator, local regions with abnormal material parameters were identified

by the estimator from in silico data with velocity measurements. These measurements

3The state of a system refers to the variables that can fully present the current status of that system at
a given time instance (Simon 2006). This is not a rigorous definition, but sufficient for this introductory
purpose.
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were subsequently down-sampled into 10 x 10 x 15 measurement cells, and corrupted by

additive Gaussian-type white noise with a standard derivation corresponding to 10% of

maximum velocity. Using these data, Moireau and Chapelle (2011) coupled their rank-

reduction strategy with a reduced-order unscented Kalman filter, which was reported to

give an estimation error of around 10%.

Discussion and motivation for this study

The non-invasive determination of passive constitutive parameters still remains a chal-

lenging inverse problem when we increase the model complexity by using anisotropic

and nonlinear myocardial constitutive laws (e.g. Guccione et al. 1991; Hunter 1995;

Costa et al. 2001). As outlined above, in previous studies (Omens et al. 1993; Augen-

stein et al. 2005; Wang et al. 2009; Sun et al. 2009) this inverse problem was typically

formulated as a nonlinear optimisation problem to minimise, with respect to all unknown

parameters, a functional criterion based on the observation error, with the model equa-

tions taken as constraints. However, the highly nonlinear dependency of the simulated

mechanical behaviour on material parameters and the interdependence between material

parameters, typically compromises the ability of an optimiser to retrieve the parameter

values correctly. This situation is further exacerbated by the introduction of inevitable

measurement noise.

An alternative to the traditional nonlinear optimisation formulation is the filtering ap-

proach (Simon 2006), which can naturally incorporate the knowledge of model error and

measurement noise to improve the estimation result. Among the filtering approaches, the

state-of-the-art approach based on the Reduced-order Unscented Kalman Filter (rUKF)

provided a tractable filtering algorithm (Moireau and Chapelle 2011). Nevertheless, the

feasibility of identifying material parameters using rUKF in the context of a detailed non-

linear mechanical models with microstructurally based transversely isotropic constitutive
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law has not yet been investigated in literature.

1.4 Contributions of This Study

Building on the literature outlined above the central contributions in this thesis are sum-

marised below and outlined in detail in the following chapters.

1. In-silico constitutive parameter estimation using reduced-order unscented Kalman

filter

We have developed a sequential data assimilation framework covering various

types of Kalman filters, outlined in chapter 3. Based on this theoretical develop-

ment, we applied the reduced-order unscented Kalman filter (rUKF, independently

derived in chapter 3) to the nonlinear cardiac mechanical model (chapter 4). The

rUKF is shown to be well adapted for solving the inverse problem of estimating

the constitutive parameters (stiffness) in the widely employed Guccione’s consti-

tutive law. We demonstrate that the novel rUKF approach can accurately retrieve

the homogeneous and regionally varying Guccione’s constitutive parameters. We

also show that these material parameters can be accurately estimated from the syn-

thetic noisy measurements of material displacements of data points from the epi-

and endocardium. This work has been published in Xi et al. 2011a, and detailed in

chapter 3 & 4.

2. Passive constitutive parameter estimation from clinical data

Following the estimation of constitutive parameters from synthetic data, we have

investigated the development of methods, which can be applied to clinical data.

Through this work, we have performed the first study in literature estimating hu-

man constitutive parameters using clinical data. Specifically, we present an au-
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tomatic workflow for extracting myocardial constitutive parameters from clinical

data. Our framework assimilates cine and tagged Magnetic Resonance Images

(MRI) together with left ventricular (LV) cavity pressure recordings to characterise

the mechanics of the LV. We apply our framework to two heart failure patient cases

and one normal case. These results indicate that while the diastolic motion (the my-

ocardium displacements between beginning of diastole and end of diastole) does

not constrain the mechanical parameters uniquely, it does provide a potentially ro-

bust indicator of myocardial stiffness. In addition, we have explicitly revealed the

identifiability of widely used Guccione parameters through a reformulation of the

Guccione law. This work has been published in Xi et al. 2011b, and is detailed in

chapter 5.

3. Diastolic active tension estimation from clinical data4

An unresolved issue in patients with diastolic dysfunction is that the estimation of

myocardial stiffness cannot be decoupled from diastolic residual AT, because of

the impaired ventricular relaxation during diastole. To further address this prob-

lem, chapter 6 presents the first study, to our best knowledge, to estimate diastolic

mechanical parameters of the left ventricle (LV) from cine and tagged MRI mea-

surements and LV cavity pressure recordings, separating the passive myocardial

constitutive properties and diastolic residual AT. We apply this framework to three

clinical cases, and the results show that the estimated constitutive parameters and

residual active tension appear to be a promising candidate to delineate healthy and

pathological cases. In particular, the difference in diastolic residual active tension

profiles may have the potential to differentiate diastolic heart failure (DHF) patients

from the systolic heart failure cases (SHF), which would make a significant clin-

ical contribution to the understanding and diagnosis of DHF. This work has been

4The author believes this is one of the key contributions of this thesis.
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published in Xi et al. 2012a, and detailed in chapter 6.

4. The need of LV pressure recordings for estimating diastolic LV functions

The need to invasively acquire LV pressure measurement limits the wide applica-

tion of this approach. Chapter 7 presents the first study, to our best knowledge, to

address this issue by analysing the feasibility of using two kinds of non-invasively

obtained pressure measurements for the purpose of inverse parameter estimation.

It is concluded that the knowledge of LV pressure transient is required for the es-

timation of cardiac diastolic properties. Without this knowledge, the information

implied by the estimation parameters are no more useful than that extracted from

the imaging measurements – the stiffness is correlated with the ejection fraction

calculated from the volume transients. The relative LV pressure can be used for

estimating parameters, with errors quantified in this study as 11% for stiffness and

22% for residual active tension with averaged 0.17 kPa error in pressure measure-

ment using the state-of-art non-invasive pressure estimation method. The accuracy

of pressure offset is important for the estimation of parameters, and given a fixed

accuracy of pressure measurement, increased resolution of diastolic MR measure-

ments could improve the accuracy of estimated parameters. This work has been

submitted for publication in Xi et al. 2012b, and detailed in chapter 7.

This thesis is structured as follows. Chapter 2 details the finite deformation theory for

modelling ventricular mechanics, following the brief introduction of cardiac mechanical

modelling in this chapter. Estimation methodologies are developed in chapter 3–7 which

enables the personalisation of this mechanical model to synthetic (chapter 3 & 4) and

clinical measurements (chapter 5, 6 & 7). As outlined above, the main body of chapters

4-7 consists respectively of the following four publications resulted from this study.

[ 1 ] Xi, J., Lamata, P., Lee, J., Moireau, P., Chapelle, D., and Smith, N. (2011a). My-

ocardial transversely isotropic material parameter estimation from in-silico mea-
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surements based on a reduced-order unscented kalman filter. Journal of the Me-

chanical Behaviour of Biomedical Materials, 4(7):1090-1102.

[ 2 ] Xi, J., Lamata, P., Shi, W., Niederer, Land, S., S., Rueckert, D., Duckett, S.,

Shetty, A., Rinald, A., Razavi, R. and Smith, N. (2011b). An automatic data as-

similation framework for patient-specific myocardial mechanical parameter esti-

mation. Lecture Notes on Computer Science. 6666:392-400. (FIMH 2011, oral

presentation).

[ 3 ] Xi, J., Lamata, P., Niederer, S., Land, S., Shi, W., Zhuang, X., Ourelin, S., Rueck-

ert, D., Duckett, S., Shetty, A., Rinald, A., Razavi, R. and Smith, N. (2012a).

The estimation of patient-specific cardiac diastolic functions from clinical mea-

surements. Medical Image Analysis. (In publication).

[ 4 ] Xi, J., Lamata, P., and Smith, N. (2012b). Understanding the need of LV pres-

sure for the estimation of LV diastolic function. Biomechanics and Modelling in

Mechanobiology. (Submitted for publication).
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Chapter 2

Theories of Nonlinear Mechanics and
FEM for Modelling LV Deformation

It is only the impossible that is possible for God. He has given over the possible to the

mechanics of matter and the autonomy of his creatures – Simone Weil (1909-1943)

The left ventricle (LV) is the largest and most important chamber in the human heart. It

pumps the oxygenated blood into the aorta, through the rhythmic contraction and infla-

tion. During the contraction, the LV myocardium can result in strains of up to 30%. To

model this amount of large deformation, this chapter details the fundamental theory of

finite deformation elasticity theory, followed by the explanation of the numerical solution

process based on the finite element method (FEM).

2.1 Finite Deformation Elasticity

Deformation is the transformation of a body from a reference configuration to a current

configuration. A configuration is a set containing the positions of all particles of the body.

Deformation can be described in terms of rigid body movement (including translation and

rotation), and relative movement of particles in the body. Strain is such a description of

deformation in terms of relative displacement of particles in the body. Deformations of

23
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elastic material (such as rubber) in which both rotations and strains are arbitrarily large

is considered to be finite (as opposite to infinitesimal), and is described by the theory of

finite deformation elasticity.

2.1.1 Kinematics

Kinematics is the subject concerning about describing the deformation without reference

to the cause. Let x = (x1, x2, x3) stands for the current position in rectangular Cartesian

coordinates of a material particle that occupied the position X = (X1,X2,X3) in the

reference or undeformed state.

Deformation Gradient

The deformation gradient tensor F is defined as a linear transformation, which maps the

undeformed line segment dX to the corresponding deformed line segment dx by

dx = F dX, whereF =
∂x

∂X
. (2.1)

Polar decomposition,

F = RU = V R (2.2)

splits F into the product of an orthonormal rotation tensor, R, and a symmetric positive

definite stretch tensor, U or V , which contains a complete description of the material

strain, independent of any rigid body motion.

Using eigendecomposition, the real symmetric matrix V can be decomposed as

V = QΛQ−1 = Q

 λ1 0 0
0 λ2 0
0 0 λ3

Q−1, (2.3)



2.1. FINITE DEFORMATION ELASTICITY 25

whereQ is a square matrix whose columns are the eigenvectors of V , and λ1, λ2, λ3 > 0

are the eigenvalues of V , denoting the stretch ratios along the three eigenvector direc-

tions. These stretch ratios are conceptually useful for the understanding of the strain

tensors presented below. Similarly the stretch tensor U can also be written as

U = RTV R = RTQΛ(RTQ)
−1

= RTQ

 λ1 0 0
0 λ2 0
0 0 λ3

(RTQ)
−1
. (2.4)

Strain Tensors

As mentioned earlier, strain is a measure of deformation in terms of relative displacement

of particles in the body, independent of translation and rotation. Consider three represen-

tative particles X0, X1 and X2 which are infinitely close to each other in the reference

configuration. To describe the strain at these points, consider the change in the scalar

product of the two elemental vectors dX1 = X1 −X0 and dX2 = X2 −X0, which

involve both the stretching (that is, change in length) and changes in the enclosed angle

between the two vectors. Suppose dX1 and dX2 deform to dx1 and dx2, then we can

find tensors E (named as Lagrangian or Green strain tensor) or e (named as Eulerian

or Almansi strain tensor) such that the change in the scalar product of the two elemental

vectors can be expressed as the scalar product of the elemental vectors transformed by

these strain tensors in either reference or spatial configuration.

1

2
(dx1 · dx2 − dX1 · dX2) = dX1 ·EdX2, (2.5)

1

2
(dx1 · dx2 − dX1 · dX2) = dx1 · edx2. (2.6)

Using the definition of deformation gradient tensorF in equation 2.1,E can be expressed

as

E =
1

2
(F TF − I) =

1

2
(U 2 − I) = RTQ


λ2
1−1

2
0 0

0
λ2
2−1

2
0

0 0
λ2
3−1

2

(RTQ)
−1
, (2.7)
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and e can be expressed using the deformation gradient tensor F as

e =
1

2
(I − (FF T )−1) =

1

2
(I − V −2) = Q


1−λ−2

1

2
0 0

0
1−λ−2

2

2
0

0 0
1−λ−2

3

2

Q−1, (2.8)

by noticing

dX1 ·EdX2 = (F dx1) ·E(F dx2) = dx1 · (F TEF )dx2 = dx1 · edx2, (2.9)

and thus the relationships between Lagrangian Green strain tensor E and Eulerian Al-

mansi strain tensor e are that

F TEF = e, or F−TeF−1 = E. (2.10)

Strain Tensors in Local Material Coordinates

For inhomogeneous, anisotropic materials the orientation of the material axes may vary

with location, for example fibre direction changes spatially throughout the myocardium.

Thus it is no longer practical to identify the material axes in the undeformed body with the

reference coordinates (X1,X2,X3). Instead, a new material coordinate system (ν1, ν2, ν3)

is introduced which is aligned with the microstructural features of the material. For

myocardium, a natural set of material axes are formed by identifying νi(i = 1, 2, 3) with

muscle fibre direction (f ), sheet direction (s) and sheet-normal direction (n) (Smith et al.

2004). The transformation between strain in X-Y-Z coordinate system (E) and strain in

f-s-n coordinate system (Efsn) is given by

E =

 fT

sT

nT

Efsn
(
f s n

)
, or (2.11)

Efsn =
(
f s n

)
E

 fT

sT

nT

 , (2.12)
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where f , s, and n are three mutually orthogonal unit vectors expressed in X-Y-Z coor-

dinate system. This formula can be derived from the strain’s definition (equation 2.5) by

noticing that

dX fsn
1 ·EfsndX fsn

2 =
((
f s n

)
dX1

)
·Efsn

((
f s n

)
dX2

)
(2.13)

= dX1 ·

 fT

sT

nT

Efsn
(
f s n

) dX2 (2.14)

= dX1 ·EdX2 (2.15)

2.1.2 Stress Analysis

Stress analysis is the determination of the internal distribution of stresses in a structure.

The state of stress at any internal point of a structure is defined by all of the 3-dimensional

forces (called the stress vectors) experienced at that point when the structure is sliced by

all planes (infinite in number) that pass through that point (Chen et al. 2007). Therefore

in the first instance it would seem that in order to being able to define the stress at a point,

an infinite number of stress vectors are needed. However, the Cauchy’s stress theorem,

developed by Augustin-Louis Cauchy in the early 19th century, states that these infinite

number of stress vectors on any plane passing through that point can be found through

a linear combination of only three stress vectors on three mutually perpendicular planes.

This theorem can be proved by analysing the stress of an infinitesimal tetrahedron using

Newton’s second law of motion (Atanackovic and Guran 2000).

Cauchy Stress Tensor

If tn denotes the stress vector on plane n, te1 ,te2 and te3 denote the stress vectors on

three mutually perpendicular planes e, e and e, and

n = n1e + n2e + n3e =
(
e e e

) n1

n2

n3

 , (2.16)
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then Cauchy’s stress theorem states that

tn = n1te1 + n2te2 + n3te3 (2.17)

=
(
te1 te2 te3

) n1

n2

n3

 , (2.18)

=

 t1
e1

t1
e2

t1
e3

t2
e1

t2
e2

t2
e3

t3
e1

t3
e2

t3
e3

 n1

n2

n3

 , (2.19)

=

 σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

 n1

n2

n3

 , (2.20)

= σn. (2.21)

σ defined in the above equations is the Cauchy stress tensor, which is a 3 by 3 matrix

whose columns are the three stress vectors on three mutually perpendicular planes e, e

and e.

The Cauchy stress tensor can be further decomposed into the sum of two parts – a mean

hydrostatic stress tensor or volumetric stress tensor pI , which tends to change the volume

of the stressed body, and deviatoric stress tensor σ′, which tends to distort the body.

σ = σ′ + pI, (2.22)

σ′ =

 σ11 − p σ12 σ13

σ21 σ22 − p σ23

σ31 σ32 σ33 − p

 , (2.23)

p =
1

3
tr(σ) =

1

3
σ : I =

1

3
(σ11 + σ22 + σ33), (2.24)

tr(σ′) = 0. (2.25)

Newton’s Second Law of Motion

Consider a body of volume deformed by (external) surface traction t per unit deformed

area and (external) body force b per unit deformed volume. x denotes the position of the

body, Ω denotes the 3D space occupied by the body, ∂ΩN denotes the surface on which

the external traction is applied, and ρ denotes the mass density of the deformed body.
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A body can be viewed as a system of infinite number of particles. According to New-

ton’s second law, the rate of change of the momentum of a particle is proportional to the

resultant force acting on the particle and is in the direction of that force. And therefore

by applying Newton’s second law, we have

∂

∂t (

∫
Ω

ρẋdV ) =

∫
∂ΩN

tdS +

∫
Ω

ρbdV , (2.26)

=

∫
∂ΩN

σndS +

∫
Ω

ρbdV , (2.27)

=

∫
Ω

(σ∇x + ρb)dV , (2.28)

=

∫
Ω

(divσ + ρb)dV . (2.29)

Equilibrium Equation

For static equilibrium of the material, important in solid mechanics, the left-hand-side

acceleration term in the above equation vanishes. Furthermore, if the above equation is

to be valid for arbitrary volume, equation 2.29 must hold at every point and thus the inte-

grated mush vanish as well. Therefore, under these two assumptions, the above equation

becomes

divσ + ρb = 0, (2.30)

which holds for every point inside the deformed body Ω.

Principle of Virtual Work

Define the residual force vector r as

r = divσ + ρb. (2.31)

The virtual work, δw, per unit volume done by the residual force r during this virtual
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displacement δv is r · δv, and the equilibrium equation (r is zero) implies,

δw = r · δv = 0, for any δv. (2.32)

Note that the above scalar equation 2.32 is essentially equivalent to the vector equation

2.30 due to the fact that δv is arbitrary.

Next we integrate the equation 2.32 over the small body volume v (of each finite element)

to give a weak statement of the static equilibrium of the body:

δW =

∫
Ω

(divσ + b) · δvdV (2.33)

=

∫
Ω

(divσ) · δvdV +

∫
Ω

b · δvdV (2.34)

=

∫
Ω

div(σδv)dV −
∫
Ω

σ : ∇δvdV +

∫
Ω

b · δvdV , (2.35)

=

∫
∂Ω

n · σδvdS −
∫
Ω

σ : ∇δvdV +

∫
Ω

b · δvdV , (2.36)

=

∫
∂Ω

δv · σTndS −
∫
Ω

σ : ∇δvdV +

∫
Ω

b · δvdV , (2.37)

=

∫
∂Ω

δv · σndS −
∫
Ω

σ : ∇δvdV +

∫
Ω

b · δvdV , (2.38)

=

∫
δΩ

t · δvdS +

∫
Ω

b · δvdV︸ ︷︷ ︸
external work

−
∫
Ω

σ : ∇δvdV︸ ︷︷ ︸
internal work

= 0 (2.39)

The equation 2.39 is the fundamental scalar equation and states the static equilibrium of

a deformable body. In the above equations, ∇δv is the gradient of virtual displacement

δv. The above derivation uses the following equations.

σn = tn (Cauchy stress theorem, eq. 2.21) (2.40)

σ = σT (Symmetry of Cauchy stress tensor) (2.41)

div(σδv) = (divσ) · δv + σ : ∇δv (Divergence operator property) (2.42)∫
Ω

div(σδv)dV =

∫
δΩ

n · (σδv)dS (Divergence theorem) (2.43)

n · σδv = δv · σTn (Rule for commuting dot product) (2.44)
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Remark 2.1.1. The kinematics and equilibrium equations can be established in either

the material (undeformed) configuration or the spatial (deformed) configuration. Either

of these configurations can be used to derive the discretised equilibrium equations for

finite element method (see below), although only the spatial version has been discussed

here because of its relative simplicity for implementation. However, in case of inhomo-

geneous and anisotropic materials of myocardium, it’s often convenient to express the

stress in term of the strain in undeformed material configuration, using the second Piola-

Kirchhoff tensor T . Then the deformation gradient F is used to transform the second

Piola-Kirchhoff tensor defined in the undeformed configuration into the Cauchy stress

tensor defined in the deformed configuration by

σ =
1

detF
FTF T , (2.45)

which can be derived by using the relationship between force vector in the deformed

configuration (σnda) and force vector in undeformed configuration (TNdA) over the

same small internal clipping plane of the body, i.e.

σnda = F (TNdA) = F (T (F Tn
1

det(F )
da) = (

1

det(F )
FTF T )nda. (2.46)

In the above equation, the relationship between undeformed area NdA and deformed

area TNdA is used (Bonet and Wood 1997).

The second Piola-Kirchhoff tensor T is related to the Lagrangian or Green strain tensor

E via the constitutive equation, which depends on the material of the deformed body. The

LV myocardial constitutive equation, introduced previously in chapter 1, will be detailed

later in chapter 4 for modelling the nonlinear material behaviour of the myocardium.

2.2 Finite Element Discretisation

The static equilibrium equation 2.39 that govern the finite deformation must be solved in

order to analyse the deformation under certain loading conditions. For bodies with regu-
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lar geometrical shape and simple mechanical properties this can be achieved analytically.

However, for practical applications the domain on which the problem is defined is often

irregular and materials behave nonlinearly. Irregular domains can be discretised into a

finite number of sub-domains (called elements), over which the quantities involved in the

governing equations are continuously approximated by interpolation functions (called

basis functions). For each element, the finite elastic deformation governing equations

are expressed in terms of material properties and discretised displacements of element

vertices (referred to as nodes) together with nodal basis functions. Element-wise contri-

butions are assembled into a global system of equations, and this nonlinear system, with

boundary conditions and constraints, are solved to yield a set of nodal displacement from

which the deformation field of the body is approximated using interpolations.

2.2.1 Discretised Representation of Continuous Fields

Let us begin describing the finite element theory with the idea of representing a con-

tinuous field u(ξ1, ξ2, ξ3) over a small domain Ωξ
(e) = 0 ≤ ξi ≤ 1, i = 1, 2, 3 by a finite

number of variables um (m = 1, 2, ...,N ) at some discretised points.

u(ξ1, ξ2, ξ3) =
∑
m

ψmum, (2.47)

where ψm is the interpolation/weighting function (called basis function) associated with

each discretised point (called nodes). The entire problem domain Ωx ⊂ R3 can be subdi-

vided into such small domains (called elements) Ω(e) in which a local coordinate system

{g(ξi), i = 1, 2, 3} is used.
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Figure 2.1: One-dimensional linear basis functions.

Linear Lagrangian Basis Function

The one-dimensional linear Lagrangian basis function (shown in figure 2.1) is defined as

ψ1(ξ) = 1− ξ, (2.48)

ψ2(ξ) = ξ, (2.49)

where 0 ≤ ξ ≤ 1 is the local element coordinate takes value of 0 at node 1 and 1 at node

2.

A continuous field variable u (scalar, vector or tensor) is interpolated using the basis

function as

u(ξ) = ψ1(ξ)u1 + ψ2(ξ)u2, (2.50)

where u1 and u2 are field values at element node 1 and node 2.

Quadratic Lagrangian Basis Function

It’s useful to view basis functions in FEM as weighing functions on the nodal variables,

and the weight function associated with a particular node takes the value of 1 when eval-

uated at that node and zeros at every other node in the same element (Hunter and Pullan
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(a) (b)

(c)

Figure 2.2: One-dimensional quadratic basis functions.

2001). That is, the nodal value has whole control on the field value at that particular node

and no control at other nodes of the same element, unlike B-spline interpolation functions

in which the control points typically don’t lie in the spline. This property is the key to

establishing other high-order interpolation functions. For example, the quadratic basis

functions (figure 2.2) can be derived from this property as

ψ1(ξ) = 2(ξ − 1)(ξ − 0.5), (2.51)

ψ2(ξ) = 4ξ(1− ξ), (2.52)

ψ3(ξ) = 2ξ(ξ − 0.5), (2.53)

u(ξ) = ψ1(ξ)u1 + ψ2(ξ)u2 + ψ3(ξ)u3, (2.54)

where u1, u2 and u3 are field values at element node 1 ,2 and 3, 0 ≤ ξ ≤ 1 is the local

element coordinate takes value of 0 at node 1, 0.5 at node 2 and 1 at node 3, and u is the

continuous scalar, vector or tensor field variable.
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Two- and Three-Dimensional Basis Functions

Let us assume that there are ki (i = 1, 2, 3) nodal variables in ξi direction, then three-

dimensional basis functions, with a total number of k1 × k2 × k3, can be simply con-

structed from the products of the appropriate 1D basis functions as follows

ψ(l,m,n)(ξ1, ξ2, ξ3) = ψl(ξ1)ψm(ξ2)ψn(ξ3), (2.55)

u(ξ1, ξ2, ξ3) = ψ(l,m,n)(ξ1, ξ2, ξ3)u(l,m,n), (2.56)

where l = 1, 2, ..., k1,m = 1, 2, ..., k2, n = 1, 2, ..., k3 are the basis function index in each

spatial directions, and u(l,m,n) are the field values at the element grid points.

2.2.2 Discretisation of Finite Deformation Elasticity

The kinematics and equilibrium equations have been established in terms of a material

or a spatial description. Either of these descriptions can be used to derive the discretised

equilibrium equations for finite element method implementation.

Discretised Kinematics

Let us use {ψa(ξ1, ξ2, ξ3)}(a = 1, 2, ..., n) to denote the standard three-dimensional basis

function or shape functions associated with node a, with n denoting the total number of

nodes.

The continuous vector field variables, previously defined for the governing equations

of finite deformation mechanics, can be presented by the corresponding nodal variables
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together with the basis functions as follows.

ξ =
n∑

a=1

ψaξa, (2.57)

X =
n∑

a=1

ψaXa, (2.58)

x =
n∑

a=1

ψaxa, (2.59)

δv =
n∑

a=1

ψa(ξ1, ξ2, ξ3)δva. (2.60)

The continuous tensor field variables, describing the deformation tensors for the process

of dξ → dX → dx, can be obtained using the above equations as follows.

∂X

∂ξ
=
∂(
∑n

a=1 ψaXa)

∂ξ
=

n∑
a=1

Xa ⊗
∂ψa

∂ξ
, (2.61)

∂x

∂X
=
∂(
∑n

a=1 ψaxa)

∂X
=

n∑
a=1

xa ⊗
∂ψa

∂X
, (2.62)

∂δv

∂x
=

n∑
a=1

δva ⊗
∂ψa

∂x
, (2.63)

where ⊗ denotes the tensor product operator, and ∂ψa
∂X

and ∂ψa
∂x

in the above equations are

obtained using differentiation rules as

∂ψa

∂X
= (

∂ξ

∂X
)T
∂ψa

∂ξ
= (

∂X

∂ξ
)−T ∂ψa

∂ξ
, (2.64)

∂ψa

∂x
= (

∂ξ

∂x
)T
∂ψa

∂ξ
= (

∂x

∂ξ
)−T ∂ψa

∂ξ
= (

∂x

∂X

∂X

∂ξ
)−T ∂ψa

∂ξ
. (2.65)

Discretised Stress Equilibrium Equation

In order to obtain the discretised version of spatial static equilibrium equations for FEM

usage, recall the spatial virtual work Equation (2.39) given as the total virtual work done

by the residual force r along an arbitrary virtual velocity vector δv as,

δW (δv) =

∫
δΩ

t · δvdS +

∫
Ω

b · δvdV︸ ︷︷ ︸
external work

−
∫
Ω

σ : ∇δvdV︸ ︷︷ ︸
internal work

= 0 (2.66)
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Consider the contribution to δW (δv) caused by a single virtual nodal velocity δva oc-

curring at a typical node a of element e. Substituting δv and∇δv given by equation 2.60

and 2.63, using the symmetry property of Cauchy stress tensor σ and the property that

σ : (u⊗ v) = u · (σv) for any vector u and v, (2.67)

the virtual work done by moving a single node a of element e by a virtual displacement

δva can be obtained as

δW (e,a)(ψaδva) (2.68)

=

∫
Ω(e)

b · (ψaδva)dV +

∫
δΩ(e)

t · (ψaδva)dS −
∫
Ω(e)

σ : (δva ⊗∇ψa)dV (2.69)

= δva · (
∫
Ω(e)

bψadV +

∫
δΩ(e)

tψadS︸ ︷︷ ︸
external equivalent nodal force

−
∫
Ω(e)

σ∇ψadV︸ ︷︷ ︸
internal equivalent nodal force

) (2.70)

= δva · (F (e,a)
EX − F (e,a)

IN ) (2.71)

which is the element-wise fundamental discretised version of the static equilibrium equa-

tion. It’s instructive to think of the above equation in terms of nodal forces based on the

simple fact that the amount of the work done is the product of force and distance along

the force direction. The internal and external equivalent nodal forces F (e,a)
IN and F (e,a)

EX

are defined in the above equations.

By assembling the local equivalent nodal forces F (e,a)
EX and F (e,a)

IN (defined in equation

2.70) into the equivalent global nodal internal and external force vector FEX and FIN

(e.g., detailed by Hunter and Pullan 2001 ), we have the equivalent global residual force

vector

R(x) = FEX − FIN = 0, (2.72)

where is the x is the global vector of nodal free variables. The numerical solution of this

system is discussed in the next subsection.
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Incompressibility Constraints

For incompressible materials, an additional constraint, which guarantees that the volume

of each element does not change, is needed, i.e.,

det(F )− 1 = 0. (2.73)

If this constraint is added via the Lagrange Multiplier Method, an additional degree of

freedom p (named as hydrostatic pressure) is introduced. For a Galerkin or weak formu-

lation, the virtual work done by changing hydrostatic pressure at node a of element e is

given by

δW (e,a)(ψp
aδpa) = δpa

∫ (e)

Ω

(det(F )− 1)ψpdV = 0 (2.74)

where Ω(e) denotes the deformed domain of the element and ψp are the basis functions

used to approximate the three-dimensional hydrostatic pressure field. This derivation is

similar to the virtual work in equation 2.69, and the details can be founded in Bonet and

Wood 1997.

Remark 2.2.1. Oden 1972 and Golub et al. 2005 suggest that the interpolation scheme

chosen to describe the deformed geometric coordinate should be of higher order than

those chosen to approximate the hydrostatic pressure field. Smith et al. 2004 points out

that the strain energy contribution to the stress component is related to the first deriva-

tives of the geometric displacement fields, whereas the hydrostatic pressure directly con-

tributes to the stress component. For consistency, and to avoid numerical ill-conditioning

when calculating components of the stress tensor, the two contributions should vary in a

similar manner.



2.3. NUMERICAL SOLUTION 39

2.3 Numerical solution

2.3.1 Numerical integration using Gaussian Quadrature

The calculation of surface and volume integrals is essential and common when FEM is

used. Often these integrals can not be determined analytically. For this reason numerical

or quadrature based integration is therefore required and one of schemes for efficiently

integrating the expressions that arise in FEM is Gauss-Legendre quadrature (hereafter

referred as Gaussian quadrature), which approximates the integrals using a weighted sum

of function values at specified points within the domain of integration.

Integration In One-Dimension

To illustrate the idea of Gaussian quadrature scheme, let’s consider the problem of inte-

grating f (ξ) between 0 and 1. Approximating this by∫ 1

0

f (ξ)dξ =
I∑

i=1

Wif (ξi) + E (2.75)

where Wi are the weights associated with sample points ξi (called Gauss Points), I is the

number of Gauss points (called the order of quadrature scheme) and E is the error in the

approximation. We now choose the Gauss points and weights to exactly integrate a poly-

nomial of degree 2I − 1 with I -th order quadrature scheme (since a general polynomial

of degree 2I − 1 has 2I arbitrary coefficients and there are 2I Gauss points and weights

to fit).

For example, with I = 2 we can exactly integrate a polynomial

f (ξ) = a + bξ + cξ2 + dξ3 (2.76)
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of degree 3 by∫ 1

0

f (ξ)dξ = W1f (ξ1) + W2f (ξ2) (2.77)

= a
∫ 1

0

dξ + b
∫ 1

0

ξdξ + c
∫ 1

0

ξ2dξ + d
∫ 1

0

ξ3dξ. (2.78)

By choosing f (ξ) = 1, ξ, ξ2, ξ3 respectively in the above equation, we get four equations

for four unknowns, and the Gauss points and weights are fully determined as follows.

ξ1 =
1

2
− 1

2
√

3
, (2.79)

ξ2 =
1

2
+

1

2
√

3
, (2.80)

W1 = W2 =
1

2
. (2.81)

Integration in Two- and Three-Dimensions

To approximate surface and volume integrals using Gaussian quadrature, one-dimensional

schemes are set up in each dimension, such as∫ 1

0

∫ 1

0

f (ξ1, ξ2)dξ1dξ2 =

∫ 1

0

(
I∑

i=1

Wif (ξi , ξ
2) + EI )dξ2 (2.82)

=
I∑

i=1

J∑
j=1

WiWj f (ξi , ξj) + EIEJ (2.83)

≈
I∑

i=1

I∑
j=1

WiWj f (ξi , ξj) (2.84)

=
I2∑

g=1

¯̄Wgf (ξg), (2.85)

where ¯̄Wg, defined in the above equation, are the weights on the function values at ξg

over a 2D domain.

Similarly for three-dimensional integrals, the three-dimensional integration is approxi-
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mated as a weighted sum of functions values by∫ 1

0

∫ 1

0

∫ 1

0

f (ξ1, ξ2, ξ3)dξ1dξ2dξ3 =
I∑

i=1

I∑
j=1

I∑
k=1

WiWjWkf (ξi , ξj , ξk) + EIEJEK

(2.86)

≈
I∑

i=1

I∑
j=1

I∑
k=1

WiWjWkf (ξi , ξj , ξk) (2.87)

=
I3∑

g=1

¯̄̄Wgf (ξg), (2.88)

where ¯̄̄Wg,defined in the above equation, are the weights on the functions values at ξg

over a 3D domain.

Remark 2.3.1. The number of Gauss points I chosen for each ξi-direction is governed

by the complexity of the integrand in that direction, including the degree of basis func-

tion in ξi-direction and any additional multiplication terms such as ∂ξi
xj

coming from the

inverse of the matrix [∂xi
ξj

] (Hunter and Pullan 2001). The quadrature error must be bal-

anced against the discretisation error. For example, if the cubic-linear interpolation used

for two-dimension interpolation, three and two (for cubic and for linear interpolation

respectively) Gauss points in each respective direction is sufficient to exactly integrate

these basis functions. In the practice of implementation, it’s suggested to check error

convergence against the number of Gauss points to give a reasonable feeling about the

number of Gauss points needed in a particular application.

Rewriting Residual Vector using Gaussian Quadrature

Using the Gaussian quadrature outlined above, the integrals in equation 2.70 for defining

the external and internal nodal force vectors can be written as :

F
(e,a)
EX =

∫
Ω(e)

bψadV +

∫
δΩ(e)

tψadS (2.89)

=
I3∑

ξg∈Ω(e),g=1

¯̄̄Wgbψa det(
∂x

∂ξ
) +

6∑
k=1

I2∑
ξg∈δΩ(e)

k ,g=1

¯̄Wgtψa det(
∂xk

∂ξk ), (2.90)
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where the first summation is over all the Gauss points ξg within the 3D eight-node hexa-

hedral element e volume Ω(e), and the second summation is over all the Gaussian points

ξg over six 2D quadrilateral elements {δΩ(e)
k | k = 1, ..., 6} on the boundaries of element

e.

Similarly the volume integral in internal nodal force vector can be written as

F
(e,a)
IN =

∫
Ω(e)

σ∇ψadV (2.91)

=
I3∑

ξg∈Ω(e),g=1

¯̄̄Wgσ∇ψa det(
∂x

∂ξ
). (2.92)

2.3.2 Solving Nonlinear Systems using Newton-Raphson Method

The nonlinear equation 2.72 needs to be numerically solved, and Newton-Raphson algo-

rithm is a commonly-used iterative method to solve such a nonlinear system. Specifically,

given a solution estimate xk at iteration k, a new value is obtained in terms of an incre-

ment u, i.e.

xk+1 = xk + u, (2.93)

such that

R(xk+1) = R(xk) +DR(xk)[u] = 0, (2.94)

where DR(xk)[u], called the directional increment, is the incremental of R(xk) if xk

is increased by u. The directional increment can be approximated linearly by forward

difference scheme as

DR(xk)[u] ≈Ku, where (2.95)

Kĳ(xk) =
∂Ri

∂xj
|xk

, i,j = 1,..., NDOF. (2.96)

In the above equations, matrixK is usually called the stiffness matrix.



2.3. NUMERICAL SOLUTION 43

Thus a linear system is formulated at each iteration as

K(xk)u = −R(xk). (2.97)

Line Search Algorithm

During the course of a complex deformation process, the search space for incremental

u is often highly nonlinear and the straight application of Newton-Raphson method may

be insufficient to achieve a fast convergence. “Post-processing” techniques, at the end

of each Newton-Raphson iteration, are often needed to give better convergence result.

Among them, the line search method is a simple yet effective candidate, which inter-

prets the displacement vector u obtained from equation (2.97) as an optimal direction

of advance toward the solution but allows the magnitude of step to be controlled by an

additional parameter η as

xk+1 = xk + ηu. (2.98)

The value of η is normally chosen so that the residual at the state of xk+ηu is orthogonal

to the direction of u (Bonet and Wood 1997), that is,

R(η) = uTR(xk + ηu) = 0. (2.99)

In practice, we relax this stringent condition to find η values satisfying

|R(η)| = ρ |R(0)| , (2.100)

where ρ=0.5 typically sufficient even for highly nonlinear function of R(η).

If we approximate R(η) as a quadratic function of η, only parameters are needed to fully

determined R(η) locally. By noticing

R′(0) =
dR
dη

∣∣∣∣
η=0

= uT
∂R

∂x

∣∣∣∣
x=xk

u = uTK(xk)u = −uTR(xk) = −R(0), (2.101)
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thus R(0) and R′(0) are ready to use without the extra computation cost to evaluate

R(xk). Finally, a third value is typically the standard value of the residual force for

which η = 1, that is,

R(1) = uTR(xk + u). (2.102)

Using R(0), R(1) and R′(0), the local quadratic approximation of R is thus obtained as

R(η) ≈ (1− η)R(0) + R(1)η2 = 0. (2.103)

Setting the first-order derivative of R(η) with respect to Rη to the zero, the optimal value

η is found to be

η =

{
α
2

+
√

(α
2
)2 − α, α < 0

α
2
, α > 0

, where (2.104)

α = R(0)/R(1). (2.105)

2.4 Summary

In this chapter, we explained the fundamental theory of finite deformation mechanics

and its relevant numerical techniques, whose implementation lies at the foundation of

modelling and simulating the cardiac ventricular deformation. In the following chapters,

we will explain the parameterization of the mechanical model using patient-specific clinic

measurements.



Chapter 3

Kalman filters

“The most probable value of the unknown quantities will be that in which the sum of

squares of the differences between the actually observed and the computed values multi-

plied by numbers that measure the degree of precision is a minimum”. – Karl Friedrich

Gauss

The Kalman filter is a mathematical method named after Rudolf E. Kalman (Kalman

1960). It uses a system’s dynamics model (e.g., physical laws of motion), known con-

trol inputs to that system, and measurements (from sensors) to form an estimate of the

system’s varying quantities (its state) that is better than the estimate obtained by using

measurement alone. To simultaneously estimate both state variables and parameters, the

principle of joint state-parameter estimation is commonly employed, in which the sys-

tem’s state is augmented with its parameters to form a joint state-parameter vector, and

this vector is recursively estimated (Chen et al. 2008).

In this chapter, as the theoretical foundation of the parameter estimation approach in

chapter 4, we derive, from Kalman filters, its four extensions to the nonlinear systems

and reduced-order versions. This foundation forms the basis of the reduced-order un-

scented Kalman filter (rUKF) which will later be employed as an inverse approach for

the estimation of myocardial constitutive material parameters in chapter 4.

45
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In section 3.1, the development of the classic Kalman filter is presented. Following this

review, its extensions and generalisations are also developed. Its extension to nonlinear

systems, namely the extended Kalman filter (EKF) and unscented Kalman filter (UKF),

are derived in section 3.2 and 3.3 respectively, where the joint state-parameter estimation

problem is formulated. Finally the reduced-order extensions of EKF and UKF to large

systems are developed in sections 3.4 and 3.5. The derivations for KF, EKF, UKF and

reduced-order EKF (or SEEK) in section 3.1 to 3.4 are based on existing literature and

reduced-order UKF (or SEUK) in section 3.5 is self-derived in this thesis.

3.1 Derivation of discrete Kalman filter (KF)

As the foundation of the Kalman filter extensions (EKF and UKF in this chapter and

reduced-order UKF in the next chapter), the derivation of the Kalman filter following

Kalman (1960) is presented (Simon 2006).

3.1.1 Derivation of measurement update component of KF

Suppose we want to recursively estimate a constant vector x ∈ Rnx (i.e., no transient

changes in time, or updates as stated below in equation 3.6) and we obtained a set of

measurements {yk ∈ Rm, k = 1, ...,K} which is related to x by

yk = Hkx+ vk , (3.1)

where Hk ∈ Mm×nx is the (linear) observational operator, and vk is the additive mea-

surement noise of Gaussian type with mean 0 and constant covariance matrix R, that

is,

E [vk ] = 0, k = 1, ...,K (3.2)

E
[
viv

T
i
]

= R, i = 1, ...,K , (3.3)
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where E [·] is the mean or expectation of a random variable, and R ∈ Mm×m is the

measurement error covariance. From now on, the Gaussian-type noise vk satisfying the

above two equations will be denoted by

vk ∼ N (0,R), (3.4)

and for justification of this Gaussian distribution assumption, see Remark 3.3.1. Further

we assume the measurement noise vk is white (no temporal auto-correlation), i.e.,

E
[
viv

T
j
]

= O, i 6= j . (3.5)

The constant vector x is recursively estimated, from the time point1 (k − 1)+ (k =

1, 2, ...,K ) to k− (time update), and from k− to k+ (measurement update), that is,

x̂−k = x̂+
k−1, (3.6)

x̂+
k = Kk(yk −Hkx̂

−
k ), (3.7)

where ·̂ denotes the variable estimated, and K ∈ Mnx×m is the (Kalman) gain matrix

which we will derive based on criterion 3.8 below. Note that since we want to estimate

a constant vector x, therefore there is no transient between the prior estimation at time

point k + 1 and the posterior estimation at time point k (equation 3.6).

The optimality criterion Jk at time k to be minimised by equation 3.7 is the total uncer-

tainty of the estimation, which can be written as the sum of variances of the estimation

error

Jk = tr(E
[
(x− x̂+

k )(x− x̂+
k )T

]
), (3.8)

= tr(E
[
ε+x,k(ε+x,k)T

]
), (3.9)

= tr(P+
k ), (3.10)

1k− and k+ denote the time point just before and after assimilating the measurement at time point k
(also called the prior and posterior time point k). 0+ is the initialisation point.
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where εx,k , the estimation error, and Pk , the estimation error covariance are defined

by the above equation. That is, the posterior estimation error ε+x,k and estimation error

covariance P+
k are given by

ε+x,k = x− x̂+
k , (3.11)

P+
k = E

[
ε+x,k(ε+x,k)T

]
. (3.12)

And similarly the prior estimation error ε−x,k and estimation error covariance P−k are

calculated by

ε−x,k = x− x̂−k , (3.13)

P−k = E
[
ε−x,k(ε−x,k)T

]
. (3.14)

Substituting from equation 3.1 for yk into equation 3.7, and then substituting from equa-

tion 3.7 for x+
k in equation 3.11, we can rewrite equation 3.12, by simple algebra, as

P+
k = E

[
ε+x,k(ε+x,k)T

]
(3.15)

= E
[
((I −KkHk)ε−x,k −Kkvk)((I −KkHk)ε−x,k −Kkvk)T

]
(3.16)

= (I −KkHk)E
[
(ε−x,k)(ε−x,k)T

]
(I −KkHk)T +KkE

[
vkv

T
k
]
KT

k

−KkE
[
vk(ε−x,k)T

]
(I −Kk)T − (I −Kk)E

[
ε−x,k(vk)T

]
KT

k . (3.17)

Since ε+x,k is the error before assimilating measurement vk at time k (εx,k−), the prior esti-

mation ε+x,k is independent of the measurement noise vk . Therefore the terms E
[
vk(ε−x,k)T

]
and E

[
ε−x,k(vk)T

]
in equation 3.17 become

E
[
ε−x,k(vk)T

]
= E

[
ε−x,k
]
E
[
(vk)T

]
= 0, (3.18)

E
[
ε−x,k(vk)T

]
= E

[
ε−x,k
]
E
[
(vk)T

]
= 0. (3.19)

Substituting from the above equations for the terms in equation 3.17, we have

P+
k = (I −KkHk)E

[
(ε−x,k)(ε−x,k)T

]
(I −KkHk)T +KkE

[
vkv

T
k
]
KT

k , (3.20)

= (I −KkHk)P−k (I −KkHk)T +KkRK
T
k . (3.21)
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Based on the above equation and equation 3.8 of the optimality criterion, we can derive

the optimal gain matrixKk by minimising Jk with respect toKk , i.e.,

∂Jk

∂Kk
= 2(I −KkHk)P−k (−HT

k ) + 2KkRk , (3.22)

where the equality

∂ tr(KkRK
T
k )

∂Kk
= Kk(R+RT ) = 2KR. (3.23)

has been used. Set equation 3.22 to be zero and solve forKk , we have

Kk = P−k H
T
k (HkP

−
k H

T
k +Rk)−1. (3.24)

In summary, equations (3.7), (3.21) and (3.24) form the measurement update component

of Kalman filter, which, viewed from another Bayesian perspective, is based on the opti-

mality criterion in equation 3.8 to recursively maximise the likelihood of estimated state

variable (and parameters) given available observations (Evensen 2009, Chapter 9).

3.1.2 Derivation of time update component of KF

Now we generalise equation 3.6 to have a temporal transient. That is, the estimated vector

x is no longer constant, but the state variable of a linear time-invariant (LTI) system:

xk = Fxk−1, k = 1, 2, ...,K , (3.25)

where F is the system transition matrix.

The above system is generalised further to have an additive stochastic noise term wk

(the system noise) which reflects the system error due to, e.g., the uncertainty of system

initial condition or parameters, which is a common practice of the standard state-space

representation of LTI stochastic system:

xk = Fxk−1 +wk−1, k = 1, 2, ...,K . (3.26)
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Same as the measurement noise in equation 3.5, we assumewk is white and of Gaussian

type. That is,

wk ∈ N (0,Q), (3.27)

E
[
wiw

T
j
]

= O, i 6= j . (3.28)

With the introduction of system equation 3.26, the time update of mean x̂−k in Kalman

filter (equation 3.6) is rewritten as

x̂−k = E
[
x−k
]
, (3.29)

= E
[
Fx+

k−1 +wk−1

]
, (3.30)

= F E
[
x+

k−1

]
+ E [wk−1] , (3.31)

= F x̂+
k−1. (3.32)

Besides the update of mean x̂−k , the update of error covariance matrix P−k follows

P−k = E
[
x−k (x−k )T

]
, (3.33)

= E
[
(Fx+

k−1 +wk−1)(Fx
+
k−1 +wk−1)

T] , (3.34)

= FE
[
x+

k−1(x
+
k−1)

T]F T + E
[
wk−1w

T
k−1

]
+ FE

[
x+

k−1w
T
k−1

]
+ E

[
wk−1(x

+
k−1)

T]F T ,
(3.35)

Since the system state xk at time k is independent of the system noise Qk at the same

time, the terms E
[
x+

k w
T
k
]

and E
[
wk(x+

k )T
]

in equation 3.35 are simplified as

E
[
x+

k w
T
k
]

= E
[
x+

k
]
E
[
wT

k
]

= O, (3.36)

E
[
wk(x+

k )T
]

= E [wk ] E
[
(x+

k )T
]

= O, (3.37)

where the assumption of equation 3.27 is used. Therefore equation 3.35 (the time update

of estimation-error covariance P−k+1) becomes

P−k = FP+
K−1F

T +Q. (3.38)
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Finally, equations 3.32 and 3.38 form the time update component of Kalman filter, which

are based on the propagation of mean and covariance through a linear transformation.

Later in unscented Kalman filter (UKF), this prorogation is achieved through carefully-

selected sampling, where the transformation is nonlinear (section 3.3.1).

As a summary, table 3.1 lists all the components of Kalman filter developed in this sec-

tion. For further references on the optimal estimation, Kailath et al. 2000 provides an

in-depth treatment by starting from the so-called asymptotic observer and the modifica-

tion in the presence of random disturbances, particularly useful for better understanding

of properties of the Kalman filter, e.g., its asymptotic behaviour.

Table 3.1: Summary of discrete-time Kalman filter in section 3.1
Filter components referenced equations
(System equations)
xk = Fxk−1 +wk−1 3.26
w ∈ N (0,Q) 3.27

E
[
wiw

T
i
]

= Q 3.27
E
[
wiw

T
j
]

= O, i 6= j 3.27
(Measurement equations)

yk = Hkxk + vk 3.1
v ∼ N (0,R) 3.4

E [vivj ] = O, i 6= j 3.5
Initialize x̂+

0 and P+
0

(Time update)
x̂−k = F x̂+

k−1 3.32
P−k = FP+

K−1F
T +Q 3.38

(Measurement update)
x̂+

k = Kk(yk −Hkx̂
−
k ) 3.7

Kk = P−k H
T
k (HkP

−
k H

T
k +Rk)−1 3.24

P+
k = (I −KkHk)P−k (I −KkHk)T +KkRK

T
k 3.21

3.2 Discrete-time extended Kalman filter (EKF)

The Kalman filter developed in the previous section only applies to linear systems, whereas

in general the systems in many areas are seldom linear (e.g., the finite-deformation me-

chanical system of the heart). For this reason, the extended Kalman filter was developed
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as an extension of Kalman filter to nonlinear systems (Welch and Bishop 1995). Al-

though not used in our applications, the EKF serves as the theoretical foundation for

the reduced-order filters (i.e., SEEK filter in sections 3.4, and the reduced-order UKF in

section 3.5) which we will rely heavily on in chapter 4 for the application to parameter

estimations in cardiac mechanical systems.

In this section, for the purpose of theoretical developments, we will consider the problem

of estimating the parameter (conductivity) and state (the temperature distribution) in the

heat equation, given noisy temperature measurements.

3.2.1 Joint state-parameter estimation formulation

System equation

The model problem is the one-dimensional heat equation in the spatial domain Ω with

Dirichlet boundary condition, that is,

u̇(x , t) = θ(x)uxx , (3.39)

u(x , 0) = 0, x ∈ Ω = [0, 1], (3.40)

u(0, t) = 0, t ∈ [0,T ], (3.41)

u(1, t) = 1, t ∈ [0,T ], (3.42)

where is u(x , t) is the temperature at spatial location x and time t, and θ(x) the diffusivity

parameter at x .

Discretised in space by finite element method and in time by (backward) finite difference

method, the above model is written as

(M +∆tK)uk = Muk−1 +∆tu∞, (3.43)

where∆t is the time interval,M the mass matrix,K the stiffness matrix, and uk a vector

of unknowns with steady values u∞ (Hunter and Pullan 2001).
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The above equation can be rewritten as the standard discrete system in the state-space

form as

uk = F u
k−1(θk−1)uk−1 + qk−1(θk−1), k = 1, ...,K + 1, (3.44)

with

F u
k−1(θk−1) = (M +∆tK)−1M , (3.45)

qk−1(θk−1) = ∆t(M +∆tK)−1u∞. (3.46)

In the above equations, uk ∈ Rnu is a state vector which represents temperature of discre-

tised points at time k, θ ∈ Rnθ is a parameter vector which represents spatially-varying

(constant over time) diffusivity in the problem domain , qk−1 is the system input, and

F u
k−1 ∈ Rnu×nu is the system transition matrix which is dependent on the parameter

vector θ.

The diffusivity parameter is constant over time, i.e.

θk = θk−1, k = 1, ...,K + 1. (3.47)

Since we want to estimate the stateuk and parameter θ together, we define the augmented

state variable xk ∈ Rnx
(nx = nu + nθ) as

xk =

(
uk
θ

)
. (3.48)

With the above definition, equation 3.44 and 3.47 are written together as(
uk
θ

)
=

(
F u

k−1(θk−1) O
O I

)(
uk−1

θk−1

)
+

(
qk−1

O

)
+wk−1, (3.49)

xk = f (xk−1, qk−1,wk−1), (3.50)

where f (.), the nonlinear (with respect to θ) system transition operator, is defined by the

above equation. As with equation 3.26, the system noise wk−1 ∈ Rnx+nθ is introduced
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from the uncertainty of the system knowledge (e.g. the uncertainty of the model param-

eters). Similar to equation 3.26 and 3.27 in previous section, we assumewk is white and

belongs to the Gaussian distribution. That is,

wk ∼ N (0,Qk), (3.51)

E
[
wiw

T
j
]

= O, i 6= j . (3.52)

Remark 3.2.1. (Nonlinearity of the system transition operator) System transition oper-

ator f (·) is generally nonlinear in the context of joint state-parameter estimation, that

is, where the augmented state variable consists of both uk and θk , because the gradient

∂xk
∂xk−1

is dependent on the system parameter, i.e.,

∂xk

∂xk−1

∣∣∣
(u+

k−1,θ
+
k−1; qk−1,wk−1)

=

(
∂uk
∂uk−1

∂uk
∂θk−1

∂θk
∂uk−1

∂θk
∂θk−1

)∣∣∣
(u+

k−1,θ
+
k−1)

(3.53)

=

(
F u

k−1(θ
+
k−1)

∂uk
∂θk−1

(u+
k−1,θ

+
k−1; qk−1(θ

+
k−1))

O I

)
.

(3.54)

In this case, the parameter θk−1 is part of the augmented state variable. Therefore the

terms ∂uk
∂θk−1

(u+
k−1,θ

+
k−1; qk−1(θ

+
k−1)) and F u

k−1(θ
+
k−1) (equation 3.54), the dependence

of the state uk on the previous state uk−1 and parameter θk−1, become nonlinear terms.

In cardiac mechanics, the deformation (equivalent state variable uk) is highly nonlin-

ear with respect to the constitutive parameters (equivalent parameter variable θk−1). In

general these nonlinearities would render extended Kalman filter to have a poor perfor-

mance.

Measurement equation

For the observations {yk ∈ Rm, k = 1, ...,K}, the general form is that

yk = h[xk ] + vk , (3.55)
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where h is the general observation operator 2, and vk ∈ Rm is the measurement noise

with the same assumption as 3.5 in previous section, that is,

vk ∼ N (0,Rk), (3.56)

E
[
viv

T
j
]

= O, i 6= j . (3.57)

Further assume that we can measure the temperature at all discretised points, that is,

yk = (I O)

(
uk
θk

)
+ vk (3.58)

= H xk + vk , (3.59)

where H is the linear observational operator defined in the above equation (also recall

equation 3.1 in the section of Kalman filter), I ∈ Rm×nu the identity matrix and O ∈

Rm×nθ the zero matrix.

3.2.2 Derivation of EKF from KF

At this point, to apply the Kalman filter developed in the previous section directly on the

system 3.50 and 3.59, we need to linearise the nonlinear system transition operator f in

order to obtain the system transition matrix F , as that in equation 3.54. In fact, that’s the

motivation of EKF.

Following equation 3.54, the system transition matrix Fk−1 at time k − 1 is given by

Fk−1 =
∂xk

∂xk−1

∣∣∣
(u+

k−1,θ
+
k−1; qk−1,wk−1)

(3.60)

=

(
F u

k−1(θ
+
k−1)

∂uk
∂θk−1

(u+
k−1,θ

+
k−1; qk−1(θ

+
k−1))

O I

)
. (3.61)

After this linearisation in the above equation, we reach the standard formulation of

Kalman filter, which is summarised in table 3.2. However in practical implementation,
2We use the lowercase letter for nonlinear operator (e.g., h for the nonlinear observational operator),

and its uppercase letter for the linear operator (e.g.,H for the linear observational matrix).



3.3. DISCRETE-TIME UNSCENTED KALMAN FILTER (UKF) 56

we can calculate this linearisation term numerically by finite difference at each time point,

at the cost of additional model evaluations.

Table 3.2: Discrete-time extend Kalman filter summary
Filter components referenced equations
(System equations)
xk = f (xk−1,wk−1) 3.50
wk ∼ N (0,Qk) 3.51

E
[
wiw

T
j
]

= O, i 6= j 3.52

Fk−1 =

(
F u

k−1(θ
+
k−1)

∂uk
∂θk−1

(u+
k−1,θ

+
k−1; qk−1(θ

+
k−1))

O I

)
3.61

(Measurement equations)
yk = Hxk + vk ,H = (I O) 3.59

vk ∼ N (0,Rk) 3.56
E
[
viv

T
j
]

= O, i 6= j 3.57
Initialize x̂+

0 and P+
0

(Time update)
same as Kalman filter table 3.1

Fk−1 is linearized in equation 3.61 Fk−1 corresponds to F in 3.26
(Measurement update)
same as Kalman filter table 3.1

3.3 Discrete-time unscented Kalman filter (UKF)

The EKF derived in previous section is theoretically straightforward as an extension to

KF in section 3.1 and particularly useful when the gradient of the system transition op-

erator ( ∂f
∂x

) is well available (e.g., in equation 3.61). However for applications in cardiac

mechanics, we are interested in the constitutive parameters that control the system be-

haviour in a highly nonlinear manner, e.g., the exponential anisotropic constitutive law

in section 1.2.3. For such systems, extended Kalman filter is not a good choice, since, as

mentioned before, severe nonlinearity would render EKF to have a poor performance.

Recall that the EKF propagates the mean and covariance of the state based on linearisa-

tion. By contrast, Julier et al. (1995) proposed the unscented Kalman filter (UKF) as an

extension to EKF, using the observation that it is easier to approximate a Gaussian prob-
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ability distribution than to approximate an arbitrary nonlinear function via linearisation

(demonstrated in section 3.3.1). UKF generalises elegantly to nonlinear systems without

linearisation 3, based on the principle that a set of carefully selected sampling points (or

sigma points) can be used to parameterise mean and covariance. It is shown by Julier

and Uhlmann (1997) that the performance of UKF is superior to EKF. In this section,

we will derive the UKF based on EKF and apply it to our previous joint state-parameter

estimation problem for the heat equation.

3.3.1 The propagation of probability distribution function through
a transformation

In all Kalman filters, the estimation of the state variable is not (just) a value x̂, but a

probability density function (PDF) f p(x) = Pr(X = x),x ∈ Rnx (typically assumed to

be of Gaussian distribution N (x̂,Px), see Remark 3.3.1). Maintaining the accuracy of

this probability density function as the state evolves (i.e., goes through the system tran-

sition operator f (·)) is crucial for Kalman filters to perform well. Therefore we need to

have a thorough understanding of how a PDF changes when going through a (nonlinear)

transformation.

Remark 3.3.1. (Error assumption based on Gaussian distribution) By the central limit

theorem, the sum of a number of independent random variables with finite means and

variances approaches a normal distribution as the number of variables increases. For

this reason, the normal distribution is commonly encountered in practice, and is used

as a simple model for complex phenomena where each influencing variable is assumed

random and independent. Therefore the observational error in an experiment is usually

assumed to follow a normal distribution.

3Interesting to note that in [Lefebvre et al. 2002], it is pointed out that UKF can actually be derived
from the so called statistic linear regression, which linearise the system transition operator and observation
operator through some sampling points.
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Suppose, as an example of nonlinear transformation, f 1[·] is the Polar coordinate to Carte-

sian coordinate transformation:

f 1 : x =

(
x1

x2

)
−→

(
x1 cos(x2)
x1 sin(x2)

)
,x ∈ R2, (3.62)

and the PDF of x is :

x ∼ N
((

100
90

)
,

(
2 0
0 15

))
. (3.63)

The gradient of f 1[·] is given by

df
dx =

π

180

(
cos(x2) −x1 sin(x2)
sin(x2) x1 cos(x2)

)
, (3.64)

and its value at the mean point is

df
dx

∣∣∣0@ 100
90

1A =
π

180

(
0 −100
1 0

)
. (3.65)

As a comparison, table 3.3 lists the estimation of the transformed PDF, by f 1 from its

initial distribution (equation 3.63), using methods of EKF (i.e., linearisation based on

equation 3.65), UKF (i.e., unscented transformation with 4 sigma points. See next sec-

tion) and Monte Carlo simulation with 3.5× 106 samples (as the ground-truth).

For the mean, the linearisation method gives an estimation error of 3.5122% , while the

unscented transformation has only 0.50410% error. This indicates that EKF is signifi-

cantly more biased (i.e., it introduces an error of about one standard derivation) for the

mean estimation than UKF. And since this bias comes from the linearisation itself, the

same error with the same sign will be introduced at each time update (equation 3.32), and

influence the subsequent measurement update (equation 3.7).

For the covariance, the linearisation method gives an estimation error of 4.1389% , while

the unscented transformation has only 0.5334% error. Specifically, the EKF has signifi-

cantly underestimated the error of x2, which indicates that EKF will pay less attention to
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the measurement of x2 (equation 3.24 and 3.7) and the estimation of x2 may diverge from

the true value. Therefore in practice the EKF needs a stabilising noise term to increase

the transformed error covariance (Julier and Uhlmann 1997). This is probably why the

EKF is not as robust as UKF and difficult to tune.

Table 3.3: Comparison of statistical estimation of PDF transformed by f 1[·] using differ-
ent methods (see text for detailed explanation).

mean error of mean covariance
error of

covariance
linearization

(EKF)

(
0.0000e + 0
1.0000e + 2

)
3.5121%

(
6.8539e + 2 0.0000e + 0
0.0000e + 0 4.0000e + 0

)
4.1389%

unscented
transformation

(UKF)

(
0.0000e + 0
9.6120e + 1

)
0.50411%

(
6.5464e + 2 0.0000e + 0
0.0000e + 0 1.5478e + 1

)
0.5334%

Monte Carlo
simulation

(
1.5115e − 3
9.6607e + 1

)
truth

(
6.5815e + 2 5.5665e − 2
5.5665e − 2 1.2866e + 1

)
truth

3.3.2 Unscented transformation

The essential part of UKF is the unscented transformation, which is a technique to calcu-

late the statistics of a random variable that undergoes a nonlinear transformation (Julier

and Uhlmann 1997). More specifically, suppose vector x ∈ Rnx is a random variable

with mean x̄ and covariance P , that is,

x ∼ N (x̄,P ). (3.66)

We want to find a set of deterministic vectors, called sigma points, whose ensemble

mean and covariance are equal to x̄ and P . We then apply the nonlinear transformation

y = h(x) to each of these sigma points to obtain transformed vectors. The purpose is

that the ensemble mean and covariance of these transformed vectors will give a good

estimate of the true mean and covariance of y.

One of the commonly employed schemes is the symmetric set of 2nx sigma points where

nx is the size of state variable x. This scheme is also named as canonical unscented
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transformation (Moireau and Chapelle 2011). These 2nx sigma points can be determined

from the square root of covariance matrix P as follows:

x(i) = x̄+ x̃(i), i = 1..2nx , (3.67)

where

x̃(i) = (
√

nP
T

)(:,i), i = 1..nx , (3.68)

x̃(i) = −(
√

nP
T

)(:,i), i = nx + 1..2nx , (3.69)

and

wi =
1

2nx
, (3.70)

In the above equations, (
√

nxP
T

)(:,i)
4 denotes the ith column of

√
nxP

T , and wi is the

weight for each sigma points (here we choose equal weight since the sigma points are in

a symmetric position geometrically).

The canonical unscented transformation presented here is not the only one that exits.

There are other possibilities with nx + 1 or 2nx + 1 sigma points (Simon 2006, p. 452;

Julier et al. 2003), which can be used when we have particular knowledge of the statics

of noise, or if we are interested in computational saving.

3.3.3 From EKF to UKF

The UKF is derived from EKF essentially by replacing the propagation of mean and

covariance in EKF with the unscented transformation described above.
4M (:,i) denote the sub-matrix or sub-vector consisting of all the rows and i-th column(s) of M . For

example, M (1:2, 3:5) is the 2 by 3 sub-matrix consisting of 1st and 2nd rows and 3rd to 5th columns of
M .
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Time update

To propagate the estimation of the state and its error-covariance from the previous time

(k−1)+ 5 to current time k−, instead of linearisation as in EKF or KF (equation 3.32 and

3.38), we sample at sigma points x̂+(i)
k−1 by

x̂
−(i)
k = f (x̂

+(i)
k−1 ,0), (3.71)

where f (.) is the system transition operator (equation 3.50).

From the ensemble matrix
[
x̂
−(i)
k

]
(i = 1..2nx) 6, we can obtain the prior estimation of

state and error-covariance by

x̂−k =
[
x̂
−(i)
k

]
w1

w2
...

w2nx

 , (3.72)

and

P−k =
[
x̂
−(i)
k − x̂−k

] w1

. . .
w2nx

[x̂−(i)
k − x̂−k

]T
+Qk , (3.73)

where the additive term Qk (the covariance matrix of system noise) is introduced by the

system noise wk in equation 3.51.

Measurement update

Based on the fact that the measurement operator h(.) is in the same position in the mea-

surement update as the system transition operator f (.) in the time update, we derive equa-

tions similar to equations 3.71 to 3.73, for measurement update from the ensemble matrix

5‘+’ denotes the moment just after measurement assimilation, or posterior. ‘−’ denotes the moment
just before measurement assimilation, or prior.

6
[
x̂
−(i)
k

]
∈ Mnx×2nx is constructed by piling up x̂−(i)

k ∈ Rnx (i = 1..2nx) column-wise, that is,[
x̂
−(i)
k

]
(:,i)

= x̂
−(i)
k . From now on, we will [vi ] in this way where vi is a vector.
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[
ŷ

(i)
k

]
:

ŷ
(i)
k = h(x̂

−(i)
k ), (3.74)

ŷk =
[
ŷ

(i)
k

]
w1

w2
...

w2nx

 , (3.75)

P y
k =

[
ŷ

(i)
k − ŷk

] w1

. . .
w2nx

[ŷ(i)
k − ŷk

]T
+Rk , (3.76)

where ŷk is the measurement estimation and P y
k is the error covariance matrix of mea-

surement estimation.

In addition, we will also compute the state-measurement cross covariance

P xy
k =

[
x̂

(i)
k − x̂

−
k

] w1

. . .
w2nx

[ŷ(i)
k − ŷk

]T
. (3.77)

The reason for computing P xy
k is that it is an equivalent term for P−k H

T (equation 3.24)

in the case of linear measurement operatorH , that is,

P xy
k
∼= P−k H

T , (3.78)

which is noticed by the fact that

P xy
k =

[
x̂

(i)
k − x̂

−
k

] w1

. . .
w2nx

[ŷ(i)
k − ŷk

]T
(3.79)

=
[
x̂

(i)
k − x̂

−
k

] w1

. . .
w2nx

 (H
[
x̂

(i)
k − x̂

−
k

]
)T (3.80)

= P−k H
T . (3.81)

Similar derivation indicates that P y
k is the equivalent term forHkP

−
k H

T
k +Rk in equa-

tion 3.24 of EKF

P y
k
∼= HkP

−
k H

T
k +Rk , (3.82)
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Based on the relationships of equation 3.78 and 3.82, the gain matrixKk in equation 3.24

can be adapted to UKF by

Kk = (P−k H
T
k )(HkP

−
k H

T
k +Rk)−1 (3.83)

= P xy
k (P y

k )−1. (3.84)

From the gain matrix, we have the state update equation (eq. 3.7) for UKF:

x̂+
k = x̂−k +Kk(yk − ŷk). (3.85)

The covariance update equation for UKF is derived, by basic linear algebra, based on

equation 3.21:

P+
k = (I −KkHk)P−k (I −KkHk)T +KkRK

T
k (3.86)

= P−k (I −HT
k K

T
k )−KkHkP

−
k (I −HT

k K
T
k ) +KkRK

T
k (3.87)

= P−k − P
−
k H

T
k K

T
k −KkHkP

−
k +KkHkP

−
k H

T
k K

T
k +KkRK

T
k (3.88)

= P−k − P
−
k H

T
k K

T
k −KkHkP

−
k +Kk(HkP

−
k H

T
k +R)KT

k (3.89)

= P−k − P
−
k H

T
k K

T
k −KkHkP

−
k + P−k H

T
k K

T
k (3.90)

= P−k −KkHkP
−
k (3.91)

= P−k −Kk(P xy
k )T (3.92)

= P−k − P
xy
k (P y

k )−1(P xy
k )T (3.93)

where in the last two steps, equations (3.82) and (3.84) are used.

As a summary, table 3.4 lists all the components of UKF filter developed in this section.

3.4 Singular Evolutive Extended Kalman filter (SEEK)
as a reduced-order EKF

EKF (section 3.2) requires the operation (e.g. matrix inverse in equation 3.24) on a ma-

trix of size nm × nm (m ∼ O(nx) is the size of measurement vector y defined in section
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Table 3.4: Discrete-time UKF summary
Filter components referenced equations
(System equations)

Same as EKF table 3.2
(Measurement equations)

yk = h(xk ,vk) 3.55
v ∼ N (0,R) 3.4
E [vivi ] = R 3.5

E [vivj ] = O, i 6= j 3.5
Initialize x̂+

0 and P+
0

(Time update)

x̂−k =
[
x̂
−(i)
k

]
w1

w2
...

w2nx

 3.72

P−k =
[
x̂
−(i)
k − x̂−k

] w1

. . .
w2nx

[x̂−(i)
k − x̂−k

]T
+Qk 3.73

(Measurement update)

ŷk =
[
ŷ

(i)
k

]
w1

w2
...

w2nx

 3.75

P y
k =

[
ŷ

(i)
k − ŷk

] w1

. . .
w2nx

[ŷ(i)
k − ŷk

]T
+Rk 3.76

P xy
k =

[
x̂

(i)
k − x̂

−
k

] w1

. . .
w2nx

[ŷ(i)
k − ŷk

]T
3.77

x̂+
k = x̂−k +Kk(yk − ŷk) 3.85
Kk = P xy

k (P y
k )−1 3.84

P+
k = P−k − P

xy
k (P y

k )−1(P xy
k )T 3.93

3.1.1), and storage of the matrix of size nx × nx . When the size (nx) of state variable

(x in equation 3.48) becomes large – e.g., in the context of finite element (FE) mod-

els with a fine spatial discretisation – this heavy computational burden prohibits EKF’s

application to large systems. Moreover, apart from the unaffordable matrix operation

and storage cost in EKF, UKF (in section 3.3) also requires a significant amount of sigma

points to propagate the mean and covariance (i.e., 2nx sigma points according to equation
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3.67), which is practically impossible for the models whose single-time-step simulation

is expensive.

This problem introduces the need to seek a computational affordable extension to EKF

and UKF. The idea is to reduce the rank of error covariance matrix P from full-rank nx

to r (r � nx , r � m) so that the most expensive matrix operation can be performed in a

subspace Mr×r instead of Mm×m (see remark 3.4.1 later in this section), and the number

of sigma points can be reduced from 2nx to 2r .

3.4.1 Low-rank approximation of covariance matrix

Based on the EKF derived in section 3.2, Singular Evolutive Extended Kalman filter

(SEEK) (Pham 1995; Pham et al. 1998b; Brasseur and Verron 2006) was designed for

dynamical systems of very large dimension in the context of data assimilation in oceanog-

raphy. SEEK applies SVD (singular value decomposition) to error-covariance matrix

P ∈Mnx×nx (P is symmetric),

SVD(P )→ UΛUT , (3.94)

whereU ∈Mnx×nx is an orthonormal matrix (UUT = I ), andΛ ∈Mnx×nx is a diagonal

matrix. The full-rank matrix P can be approximated by P̃ as

P̃ =
r∑

j=1

σjuj ⊗ uj , (3.95)

where

σj = Λjj , σ1 ≥ σ2 ≥ ... ≥ σnx ≥ 0, (3.96)

and

uj = U(:, j). (3.97)



3.4. SINGULAR EVOLUTIVE EXTENDED KALMAN FILTER (SEEK) AS A
REDUCED-ORDER EKF 66

Furthermore, P̃ is the best approximation of P in the subspace Mr×r , with an approxi-

mation error σr+1 under L2 norm (Trefethen 2009). That is,∥∥∥P − P̃∥∥∥
L2

= σr+1 ≤ ‖P − P ′‖L2 , for all P ′ ∈Mr×r . (3.98)

3.4.2 Derivation of SEEK filter from EKF

Time update

With the low-rank approximation available (equation 3.95), we derive the time update

equations for the SEEK filter from EKF. Recall that the goal is to convert matrix opera-

tions from Mnx×nx to Mr×r .

Equation 3.95 can be rewritten using definition 7

S =
[√
σjuj

]
, j = 1..r , (3.99)

as

P̃ = SST . (3.100)

Recall the time update equation 3.38 of EKF (or KF)

P−k = Fk−1P
+
k−1F

T
k−1 +Qd .

Substituting from equation 3.100 for covariance P−k in the above equation gives

P−k = Fk−1S
+
k−1(S

+
k−1)

TF T
k−1 +Qd (3.101)

= S̃−k (S̃−k )T +Qd (3.102)

=
1

ρ
(S̃−k (S̃−k )T ) (3.103)

= S−k (S−k )T , (3.104)

7Recall notation
[√
σjuj

]
∈Mnx×r is constructed by piling up √σjuj ∈ Rnx (j = 1..r) column-wise.

See footnote in section 3.3.3.
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where we define

S̃−k = Fk−1S
+
k−1, (3.105)

S−k =
1
√
ρ
S̃−k , (3.106)

and assume the system noise

Qd = (
1

ρ
− 1)(S̃−k (S̃−k )T ). (3.107)

Here ρ ∈ (0, 1] is the so-called “forgetting factor” (Brasseur and Verron 2006) to increase

the estimation error covariance. Since we want to keep the rank of error covariance P to

be r during the time update, the additive system noise term Q should also be of rank r ,

therefore we defineQd in equation 3.107 with the help of ρ and S̃−k . Another alternative

is to project Qd into the Mr×r in the way of equation 3.95 if rank of Qd is larger than r ;

however this is computationally expensive since the projection needs to be performed at

each time update.

Measurement update

Next we derive the measurement update equations.

First, it is necessary to introduce the famous matrix inverse lemma (e.g., see Simon 2006)

(A+BD−1C)−1 = A−1 −A−1B(D +CA−1B)−1CA−1, (3.108)

where A and D are invertible square matrices, and matrices B and C matrices may not

necessarily be square.

Recall the gain matrix (equation 3.24) for EKF (or KF)

Kk = P−k H
T
k (HkP

−
k H

T
k +Rd)−1. (3.109)
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According to equation 3.100, the prior estimation-error covariance matrixP−k is replaced

by its low-rank square root approximation, i.e.,

P−k = S−k (S−k )T . (3.110)

Therefore equation 3.109 becomes

Kk = S−k (S−k )THT
k (S̄−k (S̄−k )T +Rd)−1, (3.111)

where we define

S̄−k = HkS
−
k . (3.112)

Next we apply the matrix inverse lemma (eq. 3.108) to the equation 3.111:

Kk = S−k ((S̄−k )TR−1
d − (S̄−k )TR−1

d (S̄−k )(I + (S̄−k )TR−1
d (S̄−k ))−1(S̄−k )TR−1

d )
(3.113)

= S−k (I − (S̄−k )TR−1
d (S̄−k )(I + (S̄−k )TR−1

d (S̄−k ))−1)(S̄−k )TR−1
d . (3.114)

By defining in the above equation

P r = I + (S̄−k )TR−1
d (S̄−k ), (3.115)

equation 3.114 can be simplified as

Kk = S−k (P r(P r)−1 − (P r − I)(P r)−1)(S̄−k )TR−1
d (3.116)

= S−k (P r)−1(S̄−k )TR−1
d . (3.117)

Similar to the derivation in equations (3.109)–(3.117), we derive the covariance update
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equation of SEEK filter from that equation (eq. 3.21) of EKF as follows:

P+
k = (I −KkHk)P−k (3.118)

= (I − S−k (P r)−1(S̄−k )TR−1
d Hk)S−k (S−k )T (3.119)

= S−k (I − (P r)−1(S̄−k )TR−1
d HkS

−
k )(S−k )T (3.120)

= S−k ((P r)−1P r − (P r)−1(P r − I))(S−k )T (3.121)

= S−k (P r)−1(S−k )T (3.122)

= S−k (P r)−1/2((P r)−1/2)T (S−k )T (3.123)

= S+
k (S+

k )T , (3.124)

where

S+
k = S−k (P r)−1/2, (3.125)

and equation 3.110, 3.115 and 3.117 are used.

Remark 3.4.1. (The reduction of computational complexity in matrix operations) Note

that the most expensive operations ((P r)−1 and (P r)−1/2) in measurement update equa-

tions (eq. 3.117 and 3.125) are now on matrixP r ∈Mr×r , instead of in the space Mm×m

as that in EKF((HkP
−
k H

T
k +Rd)−1 in eq. 3.24) and UKF ((P y

k )−1 in eq. 3.84) where

m (r � m) is the size of measurement vector y defined in section 3.1.1.

Although the measurement error covariance matrix Rd is still in Mm×m , the cost of the

operationR−1
d in equation 3.115 is negligible sinceR−1

d is assumed to be diagonal (i.e.,

no correlation between individual measurements at different spatial location).

As a summary, table 3.5 lists all the components of SEEK filter developed in this section.
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Table 3.5: Summary of discrete-time SEEK filter (reduced-order EKF)
Filter components referenced equations
(System equations)

Same as EKF table 3.2
(Measurement equations)

Same as EKF table 3.2
Initialize x̂+

0 and S+
0 3.99

(Time update)
x̂−k = Fk−1x̂

+
k−1 (Same as EKF) 3.32 and 3.61

S−k = 1√
ρ
Fk−1S

+
k−1 3.105 and 3.106

(Measurement update)
S̄−k = HkS

−
k 3.112

P r = I + (S̄−k )TR−1
d (S̄−k ) 3.115

Kk = S−k (P r)−1(S̄−k )TR−1
d 3.117

x̂+
k = Kk(yk −Hkx̂

−
k ) (Same as EKF) 3.7

S+
k = S−k (P r)−1/2 3.125

3.5 Singular Evolutive Unscented Kalman filter (SEUK)
as a reduced-order UKF (rUKF)

The SEEK filter developed in previous section reduces the unaffordable matrix operation

cost in EKF. However, the time update phase is essentially based on the linearisation as

EKF (equation 3.32, 3.61, 3.105 and 3.106 in table 3.5). As pointed out in section 3.3.1,

the unscented transformation in UKF significantly improves the estimation accuracy of

the mean and covariance, in the context of nonlinear systems.

This naturally motivates the idea of improving the accuracy of time update phase in SEEK

filter by replacing its time update phase using the unscented transformation, which re-

sults in a hybrid filter of SEEK and UKF. We name it as the singular evolutive unscented

Kalman filter (SEUK) given its root from singular evolutive extend filter (SEEK) and

unscented Kalman filter (UKF), and it is one of the approaches to the more general

reduced-order UKF (rUKF). Since this derivation was completed, we have been made

aware of a recent paper in which Moireau and Chapelle (2011) presented a deviation of

the reduced-order UKF developed in parallel by applying SVD directly to UKF.
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3.5.1 From SEEK to SEUK

Time update

As mentioned before, it is straightforward to apply unscented transformation to replace

the time update equation of SEEK (equation 3.32, 3.61, 3.105 and 3.106 in table 3.5),

i.e.,

x̂−k =
[
x̂
−(i)
k

]
w1

w2
...

w2r

 , (3.126)

P−k =
[
x̂
−(i)
k − x̂−k

] w1

. . .
w2r

[x̂−(i)
k − x̂−k

]T
+Qk . (3.127)

where

x̂
−(i)
k = f (x̂

+(i)
k−1 ,0), i = 1...2r . (3.128)

Note that above equations are directly from UKF (eq. 3.71 to 3.73).

With the same assumption as the that for the system error covariance matrixQk in SEEK

(equation 3.107)

Qk = (
1

ρ
− 1)(S̃−k (S̃−k )T ) (3.129)

= (
1

ρ
− 1)P−k , (3.130)

the covariance update equation 3.127 becomes

P−k =
1

ρ

[
x̂
−(i)
k − x̂−k

] w1

. . .
w2r

[x̂−(i)
k − x̂−k

]T
. (3.131)

To meet the input of the measurement update equation 3.117 in SEEK, we apply SVD to

error covariance matrix P−k to get S−k , that is,

SVD(P−k )→ U−k Λ
−
k (U−k )T , (3.132)
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and we define

S−k = U−k (:, 1 : r)
√
Λ−k (1 : r , 1 : r). (3.133)

For convenience, we will write the above equations (3.132 and 3.133) as

SVD(P−k )→ S−k (S−k )T . (3.134)

Measurement update

As explained in the beginning of section 3.5, the measurement update of SEUK remains

the same as SEEK.

As a summary of section 3.5, table 3.6 lists all the components of SEUK filter.

3.6 Summary

In this chapter, the derivation of Kalman filter and its extensions are presented in a unified

framework, including the EKF and UKF as extensions to nonlinear systems, and the

reduced-order EKF and UKF (SEEK and SEUK) as extensions to large systems.

In next chapter, the application of the Singular Evolutive Unscented Kalman filter (SEUK,

developed in section 3.5)) or equivalently the reduced-order UKF (rUKF) to estimating

myocardial constitutive material parameters will be formulated.
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Table 3.6: Summary of discrete-time SEUK filter (reduced-order UKF)
Filter components referenced equations
(System equations)
xk = f (xk−1,wk−1) 3.50
wk ∼ N (0,Qk) 3.51

E
[
wiw

T
j
]

= O, i 6= j 3.52
(Measurement equations)

yk = Hxk + vk ,H = (I O) 3.59
vk ∼ N (0,Rk) 3.56

E
[
viv

T
j
]

= O, i 6= j 3.57
Initialize x̂+

0 and S+
0 3.99

(Time update)
x̂
−(i)
k = f (x̂

+(i)
k−1 ,0), i = 1...2r 3.128

x̂−k =
[
x̂
−(i)
k

]
w1

w2
...

w2nx

 3.126

P−k = 1
ρ

[
x̂
−(i)
k − x̂−k

] w1

. . .
w2nx

[x̂−(i)
k − x̂−k

]T
3.131

SVD(P−k )→ S−k (S−k )T 3.134
(Measurement update)

S̄−k = HkS
−
k 3.112

P r = I + (S̄−k )TR−1
d (S̄−k ) 3.115

Kk = S−k (P r)−1(S̄−k )TR−1
d 3.117

x̂+
k = Kk(yk −Hkx̂

−
k ) 3.7

S+
k = S−k (P r)−1/2 3.125
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Chapter 4

Myocardial transversely isotropic
material parameters estimation from in
silico measurements

Parameter estimation from non-invasive measurements is a crucial step in patient-specific

cardiac modelling and provides potentially significant assistance in the clinical diagnosis

of cardiac diseases through the quantification of myocardial heterogeneity of constitu-

tive properties. In this chapter, we apply a novel approach based on a reduced-order

unscented Kalman filter (rUKF), to estimate spatially-heterogeneous parameters in the

widely-employed transversely isotropic Guccione’s material law within a quasi-static left

ventricular (LV) mechanical model using cubic-Hermite finite element interpolation. We

demonstrate the performance of this approach on a set of in silico data whose ground-

truth parameters are unknown. We conclude that the constitutive parameters in Guc-

cione’s law can be accurately determined from in silico noisy displacement measure-

ments of material points from the myocardial surfaces. Given the effectiveness (high tol-

erance of noisy measurements) and computational efficiency (natural parallelism and ef-

ficiency for assimilating multiple measurements), the future application of this approach

to state-of-art cardiac models coupled with in vivo motion and pressure measurements is

promising. The work presented in this chapter has been published in Xi et al. 2011a.

75
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4.1 Introduction

The measurement of regional myocardial function and contractility are vital for the as-

sessment of heart diseases. From these measurements, the quantification of local my-

ocardial stiffness provides significant values for the diagnosis assistance from the inves-

tigation of diastolic dysfunction (Wang and Nagueh 2009) to better selection of patient

candidates with infarcted or hibernating tissue for further therapy (Nagel and Schuster

2010).

Accordingly, model-based parameter estimation from non-invasive clinical measurements

of cardiac function has been an active research area. Various frameworks and methods

have been proposed (Sermesant et al. 2006, Moireau et al. 2008, Sermesant et al. 2001).

In Sermesant et al. (2006), a variational data assimilation method was employed to es-

timate the contractility parameters of a electromechanical model from clinical MRI. In

order to achieve tractable solutions, simplified assumptions were needed for modelling

the complexities of myocardial electromechanical activities and the details of material

constitutive laws (e.g., an electromechanical model for better cardiac image analysis in

Sermesant et al. 2001).

However, the non-invasive determination of passive constitutive parameters still remains

a challenging inverse problem when we increase the model complexity by using anisotropic

and nonlinear myocardial constitutive laws (e.g., Guccione et al. 1991; Hunter 1995;

Costa et al. 2001; Nash and Hunter 2000)1. In previous studies (Omens et al. 1993; Au-

genstein et al. 2005; Wang et al. 2009; Sun et al. 2009), this inverse problem was typically

formulated as a nonlinear optimisation problem to minimise–with respect to all unknown

1The mechanical and constitutive model in this chapter is defined and solved within the CMISS (Contin-
uum Mechanics, Image processing, Signal processing and System identification) software package, written
in FORTRAN and developed at the University of Auckland (www.cmiss.org). The code was compiled us-
ing the INTEL FORTRAN compilers for XEON CPUs and solved using 2 Quad core CPUs and 16 GB
RAM. All geometrical visualisations of the model are generated using the freely available CMGUI graph-
ical user interface.
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parameters–a functional criterion based on the observation error, with the model equa-

tions taken as constraints. However, the highly nonlinear dependency of the simulated

mechanical behaviour on material parameters and the interdependence between material

parameters typically compromises the ability of an optimiser to retrieve the parameter

values correctly. This situation is further exacerbated with the introduction of inevitable

measurement noise.

An alternative to the traditional nonlinear optimisation formulation are filtering approaches

(Simon 2006), which can naturally incorporate the knowledge of model error and mea-

surement noise to improve the estimation result. Among filtering approaches, the un-

scented Kalman filter (UKF) (Julier et al. 1995) has shown to be robust for nonlinear

systems, and possess natural parallelism. For this reason, UKF has been extensively

applied to state estimation problems, including myocardial motion recovery from MR

images (Wong and Shi 2004, Wong et al. 2007, Wong et al. 2010) and electrical activity

recovery from body surface potential measurements (Wang et al. 2010a). Moireau et al.

(2008) has also applied UKF to the more challenging problems of joint state-parameter

estimation where myocardial parameters are identified from synthetic MR measurements.

However, the UKF approach is not tractable for the current parameter estimation problem

in this chapter, since it requires a significant number of computationally expensive model

evaluations and manipulations of large matrices solely for the estimation of model state.

For this reason, we developed the Reduced-order Unscented Kalman Filter (rUKF) as a

tractable filtering algorithm (Moireau and Chapelle 2011). Nevertheless, the feasibility

of identifying material parameters using rUKF in the context of detailed nonlinear me-

chanical models with microstructurally based transversely isotropic constitutive law has

not yet been investigated in literature. Our goal of this chapter is to directly address this

gap through the formulation of rUKF on this nonlinear mechanical model, and investi-

gate feasibility of identifying Guccione’s material parameters by using noisy synthetic

measurements.
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4.2 Material and methods

4.2.1 Personalised geometrical modelling based on cubic-Hermite
Finite Elements

Figure 4.1: Mesh construction. (a) Voxelized representation of the LV at the beginning
of diastole after its segmentation from the cine CT data set. The LV is cropped at its base,
just underneath its valve planes. (b) Cubic-Hermite template of a generic left ventricle,
with 12 elements and 26 nodes. (c) Cubic-Hermite mesh personalised (white) overlaid
with a surface representation of the binary image (red).

Using the geometrical segmentation from cine CT measurement (shown in fig 4.1(a),

provided by Dr. Olivier Ecabert, Peters et al. 2009)), an anatomically accurate mesh

for the mechanical simulation of the left ventricle (LV) is built with cubic-Hermite ele-

ments. The mesh is constructed by Dr. Pablo Lamata using a novel approach detailed in
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Figure 4.2: Personalised LV geometrical model with embedded micro fibre structure.
The constructed mesh (b) consists of 12 cubic-Hermite elements with 26 nodes and 624
degree of freedom (before the application of boundary conditions). The streamlines on
the epi- and endocardium in (b) are along fibre directions, and the fibre field with trans-
mural and apex-to-based heterogeneity, further illustrated in (a), is generated based on
Usyk et al. (2000).

Lamata et al. (2010a), which uses medical image registration and a cubic-Hermite warp-

ing technique to fit a template mesh to a given geometry. Firstly, the geometry of the LV

myocardium is segmented from the image frame at the beginning of diastole using the

method of Ecabert et al. (2008). The topology of the template mesh is then adapted to the

binary image from the segmentation. Finally the fibre field inside LV myocardium with

transmural and apex-to-base heterogeneity was automatically generated based on data by

Usyk et al. (2000). This process is illustrated schematically in figures 4.1 and 4.2.
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4.2.2 Mechanical modelling based on the theory of finite deforma-
tion

Passive LV mechanics is simulated using the finite element method (FEM) to solve finite

elasticity stress equilibrium governing equations, which are derived from the laws of

conservation of mass, linear momentum, angular momentum and the principle of virtual

work (Malvern 1977; Nash and Hunter 2000).

Kinematics

Central to determining the kinematics of an object is the deformation gradient tensor

(F ), which relates a infinitesimal material segment (dx) in the deformed state to the

same material segment (dX) in the reference configuration

F =
∂x

∂X
. (4.1)

The concept of strain, established upon gradient tensor F , is to measure how much a given

displacement differs locally from a rigid body motion (Lubliner and Moran 1992). The

Green-Lagrange strain tensor E is one of such strains for large deformation, determined

by

E =
1

2
(FTF − ), (4.2)

where  is the identity tensor.

Stress and equation of equilibrium

Deformation and motion of a body is governed by stress equilibrium equations. To define

equilibrium, consider the spatial configuration of a general deformable body defined by

a volume V with boundary area ∂V , and assume that the body is under the action of a

surface force s on the boundary ∂V . Making a quasi-static assumption, the inertia force
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is ignored. The principle of virtual work states that in the equilibrium state, for a body

that undergoes an arbitrary small displacement ∂v from the current position, the work

done by the residual force during this process is zero. To express the material behaviour

conveniently, the stress is represented by material forces measured per unit undeformed

area, which is given by the second Piola-Kirchhoff stress tensor (T ). The residual force

can thus be expressed in terms of the second Piola-Kirchhoff stress tensor T and surface

force s, and the principle of virtual work relates s to T by∫
V

TMN 1

det(F )

∂xj

∂XM

∂δvj

∂XN
dV =

∫
∂V
s · δvdS , M ,N , j = 1, 2, 3, (4.3)

where X and x are the positions of a material point in the undeformed and deformed

configurations respectively.

Constitutive relationship

The equilibrium equations in the previous subsection are written in terms of the stresses

(T ). These stresses result from the deformation, and thus for a hyperelastic material, they

can be expressed in terms of the measure of this deformation, for instance, the Green-

Lagrange strain tensor E.

TMN =
1

2

(
∂W
∂EMN

+
∂W
∂ENM

)
− p

(
∂XM

∂xk

∂XN

∂xk

)
, M ,N , k = 1, 2, 3. (4.4)

In the above equation, the second Piola-Kirchhoff stress tensor (T ) is decomposed into

deviatoric and hydrostatic components. The deviatoric component of the stress tensor

is characterised by the strain energy function W , which is associated with the volume-

preserving motion, that is,

det(F ) = 1. (4.5)

The functional W , defined in equation (6.4), incorporates parameters that directly reflect

mechanical and structural properties of myocardium (see next section). In the hydrostatic

component of the stress tensor, the variable p is the hydrostatic pressure due to the bulk

modulus of the tissue.
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Strain energy density function of the myocardium

The strain energy function W in the constitutive equation (4.4) depends on the type of

material under consideration. In literature, based on the experimental results of uniaxial

and biaxial tests in isolated cardiac muscle (Fung 1981, Yin et al. 1987), the myocardium

was assumed to be a transversely isotropic material with preferred directions that vary

transmurally (Guccione et al. 1991). More recently, LeGrice et al. (1995) has shown

that the ventricular myocardium has a fibre-sheet laminar structure, which suggested or-

thotropic mechanical response with respect to fibre, sheet and sheet-normal directions.

Based on this experimental finding, the myocardium has been modelled as orthotropic hy-

perelastic material, including the 12-parameter Pole-zero law by Nash and Hunter (2000)

and the 7-parameter Costa law by Costa et al. (2001). For the type of hyperelastic strain-

energy functions, Fung (1973) argued persuasively that exponential functions (e.g., Costa

and Guccione law) are preferable because there is less ambiguity in interpretation of the

coefficients. Recently a comparative study by Schmid et al. (2008) reported a higher level

of parameter identifiability for the Costa law among the five tested well-known nonlin-

ear constitutive laws using data from ex-vivo bi-axial tests. However, for our study, this

detailed 7-parameter constitutive law compromises the parameter identifiability using

imaged-derived deformation measurements. Thus we chose the 4-parameter transversely

isotropic Guccione law (Guccione et al. 1991), from which the Costa law was extended.

This law provides a good balance between feasibility of estimating its parameters and

the ability to accurately account for the physiological properties that result from the my-

ocardial laminar structure. Moreover, the Guccione law has been extensively employed

in previous parameter estimation studies using in-vivo or in-silico imaging measurement

data (Omens et al. 1993, Augenstein et al. 2005, Wang et al. 2009, Sun et al. 2009).

The transversely isotropic strain-energy function in Guccione law has the exponential
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form

W =
1

2
C1(eQ − 1) (4.6)

where

Q = C2E2
ff + C3(E2

ss + E2
nn + 2E2

sn) + C4(2E2
fs + 2E2

fn). (4.7)

In the above equation, the strain energy density function W is a functional of six inde-

pendent components of Green-Lagrange strain tensor E defined in fibre (f), sheet (s) and

sheet-normal (n) coordinates, and has four material parameters Ci (i = 1, ..., 4). In table

4.1, we list the four parameter values, which are assumed to be the ground-truth in our

model simulation to generate synthetic measurements.

parameter symbol C1(kPa) C2 C3 C4

ground-truth values 0.189 29.9 13.5 13.3

Table 4.1: Parameters in Guccione law (Guccione et al. 1991). These parameter values
were reduced from the Costa Law parameter values fitted by Schmid et al. (2008), using
8 by 8 by 8 finite element cube model, to data from the three dimensional simple shear
experiments done by Dokos et al. (2002).

4.2.3 Estimation of passive material properties via rUKF

State-space representation of quasi-static nonlinear mechanical model

Spatial and temporal discretisation

Applying finite element discretisation with the cubic-Hermite interpolation for displace-

ment field and linear Lagrange interpolation for hydrostatic pressure, the quasi-static

nonlinear mechanical model based on the equilibrium equation (4.3) is first written as a

finite dimensional nonlinear system

F in(a,j)
(x(t),θ) = F ex(a,j)(t), j = 1, 2, 3, a = 1, 2, ... ,Nnode, (4.8)

where the terms F in(a,j)
(x(t),θ) and F ex(a,j)(t) are given in equations (4.9) and (4.10)

below. The above equation states that the j-th component of the equivalent internal nodal
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force vector F in(a,j)
(t) at time t and node a of the finite element mesh, as a function of

deformed configuration x(t) and given material parameter θ, is in equilibrium with the

equivalent external nodal force vector F ex(a,j)(t) (Bonet and Wood 1997). Nnode is the

number of total nodes of the geometrical mesh.

The equivalent internal nodal force vector F in ∈ R3Nnode is given, at node a of the finite

element mesh, by

F in(a,j)
(x(t),θ) =

∫
V

TMN (x(t),θ)
1

det(F )

∂xj

∂XM

∂φa

∂XN
dV , j = 1, 2, 3, a = 1, 2, ... ,Nnode,

(4.9)

where the scalar-valued function φa , defined over the body volume V , is the finite el-

ement basis function of node a, and TMN is the nine components of the second Piola-

Kirchhoff stress tensor, whose dependency on the material parameter vector θ is given

by equation (4.4)–(4.7). Similarly the equivalent external nodal force vector F ex(t) ∈

R3Nnode , coming from the external surface force s, is given by

F ex(a,j)(t) =

∫
∂V

sj(t)φadS , j = 1, 2, 3, a = 1, 2, ... ,Nnode. (4.10)

Given the external forces F ex(t) at a set of discretised time points {tk , k = 1, 2, ... ,K},

we solve the nonlinear system (equation 4.8) for the deformed configuration xk via ap-

plying the Newton-Raphson method, i.e.,

xk , x(tk) = G(F ex(tk),θ), (4.11)

where the operator G denotes the solution process.

System equations

In order to formulate the filtering problem, we will describe the spatially and temporally

discretised model (outlined in the previous section) with the standard form of a discrete

nonlinear state-space system (Franklin et al. 2005, chapter 6). A system in this standard
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form is characterised by the augmented state vector z, the system transition operator f

(mapping the current state to the future state) and system input vector u.

We define the external nodal force vector F ex(tk) in equation (4.11) as the system input

vector uk−1 at time k − 1, i.e.,

uk−1 , F ex
k = F ex(tk). (4.12)

The system augmented state vector zk is the combined deformed configuration x and

parameter vector θ

zk =

(
xk
θk

)
. (4.13)

Furthermore, the material parameter θ is independent of the deformation, i.e.,

θk = θk−1. (4.14)

Note that although parameter θk has no time dependence itself, it will be recursively

changed by the estimator over time.

Combining equation (4.11) – (4.14), the nonlinear mechanical system can be described

by the following discrete-time, nonlinear system

zk =

(
G(θk−1,uk−1)

θk−1

)
(4.15)

= f (zk−1,uk−1), (4.16)

where f , the system transition operator, is defined by the above equation.

Since the mathematical model is seldom a perfect representation of reality and the param-

eters for the model are yet to be estimated, the system described by the model (equation

4.16) has prediction errors. This is represented by the system noise wk as

zk = f (zk−1,uk−1) +wk−1, (4.17)

where the white, additive system noise for xk is assumed to be of Gaussian type with

zero mean and covarianceQ reflecting the confidence on the model prediction.
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Remark 4.2.1. We point out that with quasi-static assumption, it is sufficient to write the

system equation (4.17) as

zk = f (θk−1,uk−1) +wk−1, (4.18)

since the augmented state vector z at time point k has no dependency on xk−1 (the

deformed configuration at time point k − 1). This justifies the usage of the reduced-order

filter for estimation of the augmented state vector since the rank of error covariance

matrix Pk is only of the size of parameter vector θ. In contrast, for the dynamic systems

where the quasi-static assumption does not hold, there is the necessity to apply a first-

stage observer (Moireau et al. 2008) to essentially reduce the uncertainty of augmented

state vector to the parameter space.

Measurement equations

The measurements yk ∈ Rm are given by

yk = h(zk) + vk , (4.19)

vk ∼ (,Rd), (4.20)

where h(zk) = hx(xk), and hx(·) is a operator that maps deformed model configuration

xk to its measurements. These measurements are assumed to be corrupted by a noise term

vk with zero mean and covariance Rd. Assume that we can track the positions of some

material points over time, hx(·) is the linear interpolation matrix that maps all degrees of

freedom (coordinates and their spatial derivatives at nodes of the cubic-Hermite mesh) in

the model to the coordinates of these material points, that is,

yk = H zk + vk . (4.21)
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Figure 4.3: Schematic illustration of the estimation procedure via rUKF.

Parameter estimator equations

Our objective is to estimate constitutive parameters (table 4.1) in the mechanical system

(eq. 4.17 and 4.19) formulated in previous section. This is achieved by applying filtering

to the problem of estimating the augmented state vector zk (equation 4.13).

Compared with widely-employed UKF, rUKF essentially reduces the rank of the error

covariance matrix of the augmented state vector zk from full rank nz to r , where

r � nz, zk ∈ Rnz (i.e., nz is the size of augmented state vector zk), (4.22)

and

r � m, yk ∈ Rm (i.e., m is the size of measurement vector yk). (4.23)

With this simplification, the covariance matrix storage is reduced from nz × nz to nz ×

r and the matrix inversion operation can be performed in a subspace Mr×r instead of

Mm×m . Furthermore, the number of model evaluations required by the filter at each time

point is also significant decreased, roughly from O(nz) to O(r). As mentioned in remark
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(4.2.1), in the quasi-static systems the uncertainties primarily lie in the parameter space,

and thus r can be chosen as the dimension of parameter space, that is

r = nθ, θk ∈ Rnθ (i.e., nθ is the size of parameter vector θk). (4.24)

The filtering process consists of three steps (figure 4.3) – (1) initialisation of the aug-

mented state vector ẑ+
0 and its error matrix P+

0 , (2) time updates involving one-step

model evaluations, and (3) measurement updates where the noisy data are assimilated

based on the relative confidence of the model prediction and measurements accuracy.

In the following notations, we use superscripts − and + to differentiate the prior and

posterior estimations (variables before and after assimilating measurements), and ˆ for

indicating estimated variables (the mean of the true variable value).

Filter initialisation

For filter initialisation, the initial error-covariance P+
0 ∈ Mnz×nz , which is typically pre-

scribed as a diagonal matrix with r non-zero elements representing the uncertainties of

the system parameters, is decomposed using singular value decomposition (SVD) method

P+
0 = L+

0Λ
+
0 L

+
0

T
, (4.25)

where L+
0 ∈ Mnz×nz and Λ+

0 ∈ Mnz×nz are orthonormal and diagonal matrices respec-

tively.

We keep the first r eigenvectors L+
0 (: , 1 : r) (here this notation denotes the sub-matrix

consisting of all the rows and 1 to r columns of L+
0 ) of P+

0 , and define its reduced-rank

square-root approximation S+
0 ∈Mnz×r as

S+
0 = L0(: , 1 : r)

√
Λ+

0 (1 : r , 1 : r). (4.26)

The r column vectors of S span the space in which the filter is allowed to make correc-

tions to the augmented state vector z.
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Time update

In time update phase, 2r model simulations f (ẑ
+(i)
k−1 ,uk−1) (recall equation 4.17) are

performed at a set of sampling points ẑ+(i)
k−1 , in parallel:

ẑ
−(i)
k = f (ẑ

+(i)
k−1 ,uk−1). (4.27)

These sampling points are referred to as sigma points if they are constructed by the so-

called unscented transformation (Julier and Uhlmann 1997). Sigma points are deliber-

ately constructed so that they have the same known statics, e.g., first and second and

possibly higher moments, as the given estimate.

While a minimal set of r + 1 sigma points are adequate to preserve the first and second

moments (mean and covariance), we have adopted a symmetric set of 2r-sigma points

to improve estimation accuracy, based on the assumption that error processes associated

with calibrated measuring devices exhibit the symmetries about a set of principle mea-

surement axes, and such symmetries provide information about the third central moment

of the unknown distribution of estimated variables (Julier and Uhlmann 2002). We gen-

erate the 2r sigma points ẑ+(i)
k−1 from the reduced-rank square-root approximation matrix

S by

ẑ
+(i)
k−1 = ẑ+

k−1 + z̃
+(i)
k−1 , i = 1, ..., 2r , (4.28)

where

z̃
+(i)
k−1 = S−k−1(:, i), i = 1, ..., r , (4.29)

and

z̃
+(i)
k−1 = −S−k−1(:, i − r), i = r + 1, ..., 2r . (4.30)
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The statistics (mean ẑ−k and error covariance P−k ) of the augmented state variable z−k are

estimated from the transformed sampling set by

ẑ−k =
1

2r

2r∑
i=1

ẑ
−(i)
k , (4.31)

P−k =
1√
2r

2r∑
i=1

(ẑ
−(i)
k − ẑ−k )(ẑ

−(i)
k − ẑ−k )T + Q, (4.32)

where Q is the covariance matrix of the system noise (equation 4.17). As mentioned ear-

lier, the magnitude of Q, typically initialised as a diagonal matrix, reflects our confidence

on the accuracy of the model predication.

To keep the rank of P−k to be r , we again decompose P−k as eq. (4.25) and (4.26) to

reobtain the reduced-rank square-root approximation S−k of P−k :

SVD(P−k )→ S−k (S−k )T . (4.33)

Remark 4.2.2. Equation 4.32 incorporates the additive system-noise covariance matrix

Q of any structure. However, from the view of implementation, SVD operation (equa-

tion 4.33) on the covariance matrix P−k resulted from equation 4.32 is computationally

expensive for large systems.

We point out that the SVD operation on the first additive term of equation 4.32 can be

implemented with efficiency independent of the system size, as detailed by Moireau and

Chapelle 2011. Moreover, some particular choices of model noise statistics allow to

preserve the structure of P−k , such as

Q =
1√
2r

(
1
√
ρ
− 1)

2r∑
i=1

(ẑ
−(i)
k − ẑ−k )(ẑ

−(i)
k − ẑ−k )T , (4.34)

where ρ (typically ρ ∈ [0.9, 1]) is a “forgetting factor” used by Brasseur and Verron

(2006) for SEEK filter, which characterises the scale of system-error covariance. Thus

equation 4.32 becomes

P−k =
1√
2ρr

2r∑
i=1

(ẑ
−(i)
k − ẑ−k )(ẑ

−(i)
k − ẑ−k )T , (4.35)



4.2. MATERIAL AND METHODS 91

from which P−k can be reduced by SVD efficiently as mentioned before.

As it is usually impossible to specify the model error perfectly, the simple reparameter-

ization in equation 4.34 provides a technique with tradeoff between the computational

efficiency of the SVD operation and the accurate representation of error covariance ma-

trix P−k , and yet in practice the reparameterization gives satisfactory results in terms of

filter performance.

Measurement update

Recalling equation (4.21), the observation operator can be adequately written as the ob-

servational matrixH for our problem. In the measurement update phase, the observation

yk is assimilated into the prior estimation ẑ−k to give the posterior estimation based on

the innovation or Kalman gain matrix Kk by

ẑ+
k = ẑ−k +Kk(yk −Hẑ−k ), (4.36)

In the above equation, the Kalman gain matrixKk in rUKF can be obtained by applying

the matrix inverse lemma (see e.g., Simon 2006) to that for the UKF

Kk = S−k (I + (HS−k )TR−1
d HS

−
k )−1(HS−k )TR−1

d , (4.37)

whereRd is the measurement error covariance matrix (recall equation 4.20). The square-

root approximation of error covariance Sk is updated as

S+
k = S−k (I + (HS−k )TR−1

d HS
−
k )−1/2. (4.38)

Note that the matrix inverse and square-root operations in the above equations are per-

formed on I+(HS−k )TR−1
d HS

−
k (as mentioned before at the beginning of this section),

which reduces the computational cost significantly for large systems.

The previous chapter provides further details and derivations of the equations in rUKF.

rUKF decreases the computational costs dramatically based on the assumption that the
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rank of error covariance (second order moment) can be reduced. However, filter opti-

mality might be lost because of this simplification. Thus the effectiveness of this filter

applied to the nonlinear mechanical model is assessed numerically in next section.

4.3 Results

The performance of estimating Guccione constitutive parameters via rUKF is analysed

using noisy synthetic measurements with known ground-truth.

4.3.1 Synthetic measurement setup

Figure 4.4: The noise-free synthetic measurement (ȳ): end-diastolic displacement field
with 600 observational data points on epi- and endocardium. It is numerically generated
by the model with ground-truth parameter values, following equations (4.19)-(4.21).

The model is loaded with ventricular pressure set at 3.7 kPa on endocardium to simu-

late the myocardial dilation. The noise-free synthetic measurement ȳ, generated from

the model with ground-truth parameters, are the end-diastolic displacements of the 600

material points located at the epi- and endocardium (figure 4). Noisy measurements {y,
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y, y ... } are determined from the sum of the noise-free measurement ȳ and a series of

white Gaussian noise vectors {χ, χ, χ ... }.

The next two sections present the filtering results of homogeneous and spatially vary-

ing parameters, where the size of parameter vector nθ is 4 and 12 respectively. Note

that the synthetic measurements are not always available for all time points of forward

model simulation. Thus in these experiments, only the time update of the filter (i.e., the

update which only requires the model simulation results for one additional time step) is

performed at the time point when no measurement is available.

4.3.2 Estimation of homogeneous material parameters

The 4 homogeneous parameters in Guccione’s constitutive law are estimated from syn-

thetic measurements (table 4.2 and figures 4.5a-c).

Table 4.2 lists the results from 5 experiments with two level of measurement noise (stan-

dard deviation of 1.8 and 3.5 mm). The initial parameter guesses are chosen randomly

with 40% error from the ground-truth parameter values (table 4.1). The estimation error

is defined as ‖θ
estimated−θtruth‖
‖θestimated‖ .

Estimation experiments 1 2 3 4 5
1.8 mm noise level 1.19% 1.05% 1.03% 0.55% 1.24%
3.5 mm noise level 2.22% 4.19% 1.42% 0.71% 0.71%

Table 4.2: Five experiments showing the estimation error of homogeneous parameters
for 1.8 and 3.5 mm noise levels. The parameters are initialised randomly with 40% error
from the ground-truth parameter values. The results for first experiments are further
shown in figures 4.5b-c.

Figures 4.5b-c shows a typical estimation for both noise levels of table 4.2, and figure

4.5a is the estimation result from noise-free measurement. The 4 parameters are well

estimated in spite of the observational noise. The estimation errors are 2.77 × 10−4 %,

1.19%, and 2.22% respectively.
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Figure 4.5: Estimation of four homogeneous parameters in Guccione’s constitutive law
from (noisy) synthetic data. The in silico measurements are corrupted by the Gaussian
noise with standard derivation of 0, 1.8 and 3.5 mm in (a)-(c) respectively. The parameter
estimation error are 2.77× 10−4 %, 1.19%, and 2.22%.
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4.3.3 Estimation of regional stiffness parameters

(a) (b)

Figure 4.6: Regional C2 parameter field (b) presented by values at 12 interpolation points
(a). This is the ground-truth parameters for regional stiffness estimation. (a): Long-axis
view (from base to apex) of interpolation points distribution. (b): Ground-truth material
field. Blue area (C2 = 45) corresponds to the region with increased stiffness while red
area (C2 = 29.9) is normal.

After validating the estimation of homogeneous parameters, we apply the rUKF to a syn-

thetic case of inhomogeneous myocardial stiffness. This inhomogeneity is represented by

spatially varying C2 parameter (the stiffness in myocardium fibre direction, Costa et al.

2001). The C2 parameter field is linearly interpolated, with 12 values for all the interpo-

lation points (figure 4.6). We set C2 at point 5 to be 45 (high stiffness) while keeping the

others to be 29.9 at the remaining 11 interpolation points.

Figures 4.7a-c list three estimation results using measurements with 0, 0.75 and 1.5 mm

noise. The estimation error are 0.30%, 0.70% and 1.54% respectively.
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Figure 4.7: Estimation of regional C2 parameter in Guccione’s law. The in silico mea-
surements are corrupted by Gaussian noises with standard derivations of 0.75 and 1.5
mm in (a)-(c) respectively. The parameter estimation errors are 0.30%, 0.70%, 1.54%.
The myocardium material is approximated by linearly interpolated field with 12 nodal
values, and the nodes distribution and ground-truth material field are illustrated in figure
4.6.
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C1(kPa) C2 C3 C4

C1 1.000 0.612 -0.601 -0.486
C2 1.000 0.087 0.093
C3 1.000 -0.608
C4 1.000

Table 4.3: The correlation matrix of four parameters of the Guccione law at the ground-
truth parameter point. This correlation matrix is similar to the one reported in Augenstein
et al. 2006, indicating a strong coupling between C1 and C2-C4 (see section 4.4.1 for more
discussions on constitutive laws). For technical details calculating correlation matrix,
please see Hill and Osterby 2003.

C1 (kPa)

ɑ
(u

n
it

 l
e
ss

)

Figure 4.8: The landscape of the objective function based on the sum of the squared
differences of all material points’ position. The colour represents the normalised error.
The arrowed lines show typical optimisation paths of SQP and rUKF. The landscape is
plotted again parameter C1 and α (α=C2+C3+C4). This objective function is explicitly
minimised by SQP using gradient-descent method. rUKF estimate the parameters by
implicitly minimising this objective function as well. In this experiment, rUKF estimated
the global minimal set of parameter successfully, while SQP was trapped in the local
minimum close to the initialization point. See discussion section 4.2 for further details.

4.4 Discussions

The results in the previous section demonstrate that our rUKF approach can accurately

retrieve the homogeneous and regionally varying nonlinear Guccione constitutive param-

eters. The low level of estimation errors is highly encouraging.
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4.4.1 Comments on constitutive laws

The transversely isotropic Guccione law chosen in this study has been widely used for

cardiac modelling (Fung 1993, Weiss et al. 1996), and thus is of interest for parameter

estimation studies. It is important to note that the four parameters of the Guccione law

are not independent - in that an increase of C1 can be compensated by a decrease of

C2, C3, C4 at any particular inflation state. This leads to uncertainty in the parameter

estimation reflected by higher off-diagonal values in the correlation matrix (Augenstein

et al. 2006). In our study, we observed a similar correlation matrix at the ground-truth

parameter point (table 3). We visualised this coupling relationship in figure 4.8, where the

objective function of SQP approach differs only in an order of 0.04 mm in the coupling

valley (the area with blue curves in figure 4.8).

In our preliminary investigations, we considered the 7-parameter exponential-form Costa

law. However these results indicated that the in-silico imaging measurements were not

able to constrain the filtering approach to obtain a global convergent estimation. Thus,

we reduced the complexity of embedded within our material assumption by assuming

the myocardium was transversely isotropic rather than orthotropic. For the strain energy

functions in the transversely isotropic class, we showed the rUKF can uniquely identify

the parameters of the Guccione law. As explained in section 2.2.4, the Guccione law,

with a lower level of complexity, is still a good representative of the extensive myocardial

modelling studies published. Nevertheless, although the identifiability of parameters is

problem dependent, we believe the rUKF approach is likely to have similar performance

for alternative transversely isotropic strain energies (e.g., polynomial form strain energy

function by Humphrey et al. (1990), and the optimised strain energy function based on

uncoupled strain attributes by Criscione et al. (2003)).
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4.4.2 rUKF and SQP approaches

It can be theoretically demonstrated that the filtering approach is equivalent to a classic

nonlinear optimisation approach in that the goal of both is to minimise the same objective

function based on the sum of squared differences (Simon 2006). However rUKF-based

filtering method is robust at handling the nonlinearities within the system, because of

its UKF-like sampling scheme. It is well established that the sampling-scheme of UKF,

known as unscented transformation, captures the nonlinear transformation process more

accurately than the gradient-like linearisation (Julier and Uhlmann 1997, Moireau et al.

2008). Practically we also observed that gradient-based SQP method 2 seems to be more

frequently trapped in the local minima while rUKF was consistently able to retrieves

the globally minimal set of parameter values (see figure 8 for a typical example). How-

ever, the performance of the unscented transformation in rUKF essentially depends on

the accuracy of the statistical assumptions of the filter estimation and the measurement

noise distribution. This advantage of rUKF may be undermined if the noise is not dis-

tributed as expected. In terms of computational efficiency, rUKF is more straightforward

to parallelise the independent model simulations (at sigma points) than SQP. This feature

fits seamlessly to implementations optimised for high performance shared or distributed

memory clusters.

4.4.3 Synthetic imaging protocol

The primary aim of the simulations presented in section 4.3 is to assess the performance

of rUKF approach in the context of large measurement noise (0, 1.8 and 3.5 mm). The

noise-free measurement is taken at the end of diastole, when the magnitudes of noise

are maximal (1.8 and 3.5 mm for homogeneous case and 0.75 and 1.5 mm for hetero-

2In our experiments, we use the SQP implementation in the standard optimisation toolkit of MATLAB
2010b.
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geneous case). With this single noise-free measurement (figure 4.5a and figure 4.7a), it

is shown that the homogeneous material parameters can be typically estimated within 5

updates and that regional parameters estimation requires approximately 15 updates. In

the presence of additive measurement noise of white (uncorrelated in time) and Gaussian

type, the results (figures 4.5b-c and figures 4.7b-c) indicate that the parameters can be

still correctly estimated when more measurements are taken into account.

For the clinical data–e.g. tagged Magnetic Resonance Images (tagged MRI)–there are

typically 3-5 image frames acquired in the diastole. The synthetic measurement in our

experiments is analogous to the displacements extracted from end-diastolic frames. The

end-diastolic measurement has the biggest signal to noise ratio compared to intermedi-

ate frames, because the myocardium has the maximal displacements at end-diastole and

thus most distinguishable from the early-diastolic state. Furthermore, quasi-static ap-

proximation of the mechanical models is likely to be best at the end-diastole, and may

introduce undesirable error in its prediction of the intermediate deformed states (Nash

and Hunter 2000). Therefore for these two reasons, the conclusion on the identifiability

of Guccione parameters using end-diastolic measurements is valuable for the future ap-

plication to tagged MR data. In addition, for the imaging modalities where the extraction

of actual point-wise displacements may be out of reach (e.g., cine MRI), Moireau et al.

2009 provides an in-depth analysis of how to incorporate such type of measurements.

4.4.4 Limitations

While our results are encouraging, it is important to note the limitations in our study

presented in this chapter. Although the geometric model we used is sufficient for the

purpose of this study, there is a clear need to improve the model in two aspects for further

applications. The fibre field is reconstructed based on an empirical model, and could

be improved by incorporating in vivo measurements (e.g. DT-MRI). The parameters are
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defined in the local coordinates aligned with fibre directions, and thus the error in fibre

orientation will render the estimations unreliable. In addition, there is a clear need for a

bi-ventricular model to take into account the inflation pressure in the right ventricle, and

it would also be necessary to refine the mesh for convergent solution of the physiology

simulation if applied to coupled electromechanical models (Niederer and Smith 2008).

These improvements will result in a mesh with much more degrees of freedom, and thus

an increase of the state vector size. However, as explained, rUKF is well-equipped to

deal with such a change with little overhead due to its reduced-order nature.

In addition, unlike SQP, rUKF cannot be categorised as a choice for constrained optimi-

sation. That is, there is no guarantee that the parameter updated by rUKF will be in a

valid range (e.g., the stiffness should not be negative). In our study, the Newton solution

process fails to converge because of the non-positive parameters determined via rUKF.

This typically happens when the initialization point lies in or near the corner of the valid

parameter subspace. One solution to this problem might be to decrease the gain matrix

heuristically (either directly, or indirectly through increasing the measurement noise co-

variance) such that the correction made to the parameter vector is decreased. However,

this has the potential to cause the filter to diverge from the ground-truth of state variable.

Another solution is to constrain the parametric space, which necessitates the extension

of the so-called constrained Kalman filter to rUKF so as to achieve a constrained rUKF.

Finally, we could also re-parameterise the problem by introducing θ = eα. In this case,

the additional non-linearity changes the understanding of the covariance that should then

be considered with respect to α instead of θ, hence the covariance initialization must be

accordingly modified to achieve comparable performance.
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4.5 Summary

This chapter formulated a novel and effective non-invasive material parameter estima-

tion approach for estimating material parameters in nonlinear cardiac mechanics. The

reduced-order unscented Kalman filter is well adapted to solve the inverse problem of es-

timating the material parameters in widely-employed Guccione’s constitutive law. These

material parameters can be accurately estimated from the noisy measurements of material

displacements of data points from the epi- and endo-cardium. With the ongoing advances

in medical imaging which has the potential to meet the demands of measurement require-

ment of this approach, the application to in vivo measurements of motion and pressure is

very promising.
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This appendix provides more information on the details of rUKF initialisation and error

covariance matrix estimation.

4.A rUKF initialisation

Corresponding figure 4.5(a) 4.5(b) 4.5(c) 4.7(a) 4.7(b) 4.6(c)
measurement error (mm) 0 1.8 3.5 0 0.75 1.5
parameter initialisation

error (%)3 40% 40% 40% 14% 14% 14%

final parameter
estimation error (%)4 2.77× 10−4% 1.19% 2.22% 0.30% 0.70% 1.54%

measurement
error covariance matrix5 0.102I 0.102I 0.202I 0.102I 0.102I 0.202I

initial error covariance
matrix for parameters 6 1.02I 1.02I 1.02I 1.02I 1.02I 1.02I

system
error covariance matrix 7      

Table 4.4: rUKF initialisation details.

3The initialisation error is defined as ‖θ
initialisation−θtruth‖
‖θinitialisation‖ .

4The estimation error is defined as ‖θ
estimated−θtruth‖
‖θestimated‖ .

5The measurement values are normalised by a maximum value of 15mm (realistic LV maximal diastolic
displacement). 0.102I means that measurements can have 10% (i.e., 1.5 mm) error.

6The parameter values are first non-dimentionalised via normalising using initial values. The parameter
estimation error covariance matrix is initialised as identity matrix, which indicates that the initial parameter
values can have up to 100% error. Larger error covariance matrix will force the filter to pay more attention
to the assimilated measurements.

7We set the system error covariance matrix (modelling error) to be null matrix, following the rationale
that the measurement (observed reality) was synthetically produced by the same model and thus our model
should not have any systematic modelling error. This practice brings the benefits that the error covariance
of parameter estimation converges to zero after enough measurements are assimilated (full confidence on
the estimated parameters). Please note that the system error covariance matrix can be set to be non-zero
as well, in which case the variance of the parameter estimation error will not converge to zero and thus
the parameter estimation will not converge to a steady value (typically oscillate around the ground-truth
parameters).
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4.B rUKF error covariance matrix
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Figure 4.9: Variance/uncertainty of the parameter estimation in figure 4.5(a-c) and 4.7(a-
c). The y axis plots the square root of averaged diagonal values in the error covariance
matrix, which reflects the averaged variance/uncertainty of the estimated parameters. It
decreases from 1.0 (100% error/uncertainty) to be close to zero after enough measure-
ments are assimilated. This final uncertainty reflects the final parameter estimation un-
certainty/error, which agrees well with the errors that are directly calculated using the
ground-truth parameters (as shown by “final parameter estimation error” column in table
4.4).



Chapter 5

Constitutive parameter estimation from
clinical data

Following the estimation of constitutive parameters from synthetic data, we have investi-

gated the development of methods which can be applied to clinical data. This introduces

additional difficulties as well as opportunities. Specifically, in this chapter, we present an

automatic workflow to extract myocardial constitutive parameters from clinical data. Our

framework assimilates cine and 3D tagged Magnetic Resonance Images (MRI) together

with left ventricular (LV) cavity pressure recordings to characterise the mechanics of the

LV. Dynamic C 1-continuous meshes are automatically fitted using both the cine MRI and

4D displacement fields extracted from the tagged MRI. The passive filling of the LV is

simulated, with patient-specific geometry, kinematic boundary and loading conditions.

The mechanical parameters are identified by matching the simulated diastolic deforma-

tion to observed end-diastolic displacements. We applied our framework to two heart

failure patient cases and one normal case. The results indicate that while the diastolic

motion (the myocardium displacements between the beginning of diastole and the end

of diastole) does not constrain the mechanical parameters uniquely, it does provide a po-

tentially robust indicator of myocardial stiffness. The work presented in this chapter has

been published in Xi et al. 2011b.
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5.1 Introduction

Myocardial stiffness substantially influences cardiac function, as evidenced by the changes

in material properties often being associated with disease processes such as myocardial

infarction and diastolic heart failure (Abraham et al. 2006, Wang and Nagueh 2009). The

quantification of this myocardial stiffness can be provided by patient-specific mechanical

parameters, which are also crucial for the in-silico research on underlying mechanisms

of heart failure using personalised models (Niederer et al. 2010). Thus there has been

a significant interest in being able to perform in vivo parameter estimation through the

coupling of biophysically based cardiac models with clinical measurements of the car-

diac function (Sermesant et al. 2006, Wang et al. 2010a,Wang et al. 2010b ). Previously,

Wang et al. (2009) have described a work flow involving interactive actions to estimate

mechanical parameters from detailed high-resolution MRI data acquired from a canine

heart. However, there is currently still a lack of an automatic pipeline to assimilate clini-

cally available data to identify human myocardial mechanical parameters.

In this chapter, we present such an automatic framework, reporting parameter values

obtained for one healthy and two heart failure cases. With these results we analyse the

properties of strain energy function whose parameters are estimated in this work and

conclude with a proposal for an index of myocardial stiffness.

5.2 Material and methods

The mechanical parameters are identified by comparing a simulated diastolic inflation to

observed heart deformation. Passive filling of the human left ventricle (LV) is simulated

with patient-specific finite element geometry and boundary conditions extracted from

MRI and with the loading condition determined from LV cavity pressure recordings. The

geometry and displacement boundary conditions are obtained with an automatic dynamic
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meshing process that captures both the LV anatomy and tracked deformations from MRI

data. Figure 5.1 schematically illustrates this complete process, where the numbered

labels correspond to the subsequent sections in this chapter.

Figure 5.1: Workflow of proposed data assimilation framework for patient-specific pa-
rameter estimation. The text labels correspond to the section number in this chapter.

5.2.1 Clinical measurements

The data used in this study were acquired from two patients selected for Cardiac Resyn-

chronisation Therapy (CRT) in St Thomas’ Hospital, London and one healthy subject for

control. This study conforms to the principles outlined in the Declaration of Helsinki and

was carried out as part of a local ethics committee-approved protocol with informed con-

sent obtained from the patient. Cardiac deformation is characterised by spatially aligned

cine MRI (29 frames per heart cycle, short-axis view, voxel size 1.3× 1.3× 10 mm) and

3D tagged MRI (23 frames per heart cycle, voxel size 0.96 × 0.96 × 0.96 mm, tagging

line width ∼ 5 voxels). The LV cavity pressure transient is obtained from the cardiac

catheterisation procedure (separately from the MR scan), when the rate of change of LV

pressure is measured.
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Patient case 1 is a 74-year-old female with NYHA Class II heart failure despite optimal

medical treatment. There was significant LV systolic dysfunction with an LV ejection

fraction of 16% and QRS duration of 168 ms. The LV is significantly dilated with an end

systolic volume (ESV) of 335 ml. Figure 5.2 summarises this data set. Patient case 2, a

78-year-old male, has the same disease classification as case 1, with ejection fraction of

17% and an ESV of 186 ml. The control case used in this chapter is a healthy 36-year-old

male. The diastolic cavity pressure for the healthy case is taken by digitising the data of

a typical pressure profile (Klabunde 2005, Chapter 4, page 62). End diastolic pressure is

1.47 kPa for the control case, while case 1 and 2 are 1.93 and 1.69 kPa respectively.

3.4

3.5

3.6

3.7

3.8

3.9

4

4.1

x 105

Normalized time−line

LV
 V

ol
um

e 
(m

l)

 

 

0 0.2 0.4 0.6 0.8 10

20

40

60

80

100

120

140

LV
 P

re
ss

ur
e 

(m
m

H
g)

LV pressure

tagged MRI coverage cine MRI coverage

LV Volume

Figure 5.2: The coverage of cine and tagged MRI, pressure transient, and derived volume
transient for patient case 1. The x-axis is the normalised heart cycle (R-R interval). The
top horizontal line shows the coverage of the 29 frames of cine MRI and the 23 frames of
tagged MRI. The beginning of diastole is at the frame 18 of the tagged MRI sequence, and
thus 5 frames at early diastole are available while the frame of end-diastole is assumed
to be synchronous to the R wave. The volume transient is calculated as the LV cavity
volume of the fitted FM meshes (described in section 5.2.3). The pressure transient is the
averaged value recorded over multiple heart cycles.



5.2. MATERIAL AND METHODS 110

5.2.2 Myocardial motion tracking

Central information for the guidance of mechanical parameter estimation are the 3-dimensional

displacements of N tracked myocardial points, or a time series of the Lagrangian dis-

placement vectors from frame j to frame i {jZi ∈ R3N | i = 1, 2...T} where T is

the number of MRI frames. The automatic extraction of these displacements from the

combined short-axis cine and 3D tagged MRI is performed with the Image Registration

Toolkit1, which uses a non-rigid registration method based on free-form deformations

developed by Rueckert et al. (1999) and extended to the cardiac MRI motion tracking

by Chandrashekara et al. (2004). Temporal alignment is achieved by interpolating cine

MRI at the time points of tagged MRI. The spatial alignment of cine and tagged MRI is

done by rigid registration between cine MRI and detagged tagged MRI, and the tagging

line is removed in Fourier space. The aligned short-axis cine and tagged MRI provides

information of the ventricular radial movement while the long-axis tagged MRI is for

the apex-to-base movement. This complete process of motion tracking using combined

information from cine and tagged MRI is detailed by Shi et al. (2012), which shows the

relative registration error compared to manually tracked landmarks is less than 15% of

the cardiac displacement throughout the cardiac cycle.

5.2.3 Dynamic mesh personalisation

Geometric model construction

As shown in figure 5.3, based on clinical segmentation of the end-diastolic (ED) frame of

cine MRI, the LV mechanical mesh at ED is built with cubic-Hermite (CH) elements us-

ing methods developed by Lamata et al. (2011). This CH mesh, with nodal positions and

derivatives as degrees of freedom (DOF), provides a C 1-continuous representation of the

1IRTK, http://www.doc.ic.ac.uk/ dr/software/
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geometry. The fibre field, representing the preferred orientation of tissue microstructure

within the LV, is embedded in the geometric model with transmural heterogeneity (±60o

as shown in figure 5.3), based on the data of Usyk et al. (2000). The fibre field values are

stored as angles of fibre at each node and interpolated within the material space of the

finite element mesh using tri-linear basis functions.

Geometric model propagation

Given the constructed geometrical model at end-diastole and the 4D myocardial displace-

ment field from section 5.2.2, a simple technique is employed to propagate this geometri-

cal model to the time points of the displacement field. Specifically, given an initial mesh

fitted to the anatomical data at a time point Uj (in our specific case this is at ED) and a

time-series of N (∼6000, regular grid points inside the LV myocardium) material points’

displacement jZi ∈ R3N (with the size of ∼ 18000) from time point j to i , we find,

for each of the time points i (i=1,2...,T), the nodal positions and derivatives Ui (or DOF

vector, with the size of ∼1872) that define a M -node cubic-Hermite mesh. This mesh

is found by minimising the error in the mesh approximation to the observed positions of

data points, which is a standard linear least-squared minimisation problem.

This mesh approximation error ei is defined as the L2 norm of the residual vector–the

difference between the observed positions of material points

zi = HξUj + jZi (5.1)

and the embedded positions in the fitted mesh

yi = HξUi , (5.2)

i.e.,

ei = ‖zi − yi‖L2 = ‖HξUj + jZi −HξUi‖L2 , (5.3)
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where Hξ ∈ M3N×8M is the shape matrix related to the CH basis functions (Smith et al.

2004), and HξUi is spatial coordinates of the local ξ-coordinates embedded in the mesh

Ui . Solving the standard linear weighted least-square minimisation problem described in

equation 5.3, we obtain the DOF vectors of new meshes {Ui} given by

Ui = (Hξ
THξ)

−1Hξ
T (HξUj + jZi). (5.4)

5.2.4 Mechanical simulation

Using the geometric meshes developed in section 5.2.3, we simulate the passive diastolic

filling phase of the cardiac cycle, by inflating the early-diastolic LV model to an end-

diastolic LV cavity pressure (table 5.1, column 2). Deformation is simulated using the

standard finite deformation theory, where the finite element method (FEM) is utilised to

solve a stress equilibrium governing equation, which is derived from the laws of con-

servation of mass and momentum, and the principle of virtual work (Nordsletten et al.

2010).

Boundary Conditions

The model developed in this chapter only represents the LV, and does not include repre-

sentations of the right ventricle (RV), great vessels, pericardium and organs around the

heart. Thus the effects of these structures on the LV mechanics are not explicitly mod-

elled. To account for these physical constraints on the heart, we prescribe the kinematic

movement of the LV model at its base plane and apex node (figure 5.3) to match the

displacements extracted from the tagged MRI.
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Figure 5.3: Geometric model with fi-
bre vectors embedded. Kinematic
boundary conditions (displacement
and its derivatives) are prescribed on
the purple nodal points (four at the
base plane and one in the apex). The
movements of the free wall region
(transparent green area) are com-
pared with the measurements in the
parameter fitting process.

Passive constitutive parameters of the myocardium

The myocardium is modeled as a transversely isotropic hyperelastic material. The con-

stitutive equations are defined by a well-known strain-energy function (Guccione et al.

1991), given by

W = C1(eQ − 1), and Q = C2E2
ff + C3(E2

ss + E2
nn + 2E2

sn) + C4(2E2
fs + 2E2

fn), (5.5)

where C1, C2, C3 and C4 are the constitutive parameters, Eff , Ess and Enn are the Green-

Lagrange strains in in fibre (f), sheet (s) and sheet normal (n) directions, and Esn , Efn and

Efs are the Green-Lagrange shear strains in the fs, fn and fs planes. The f , s and n di-

rections correspond to the fibre axes aligned with the microstructure of the myocardium,

shown in figure 5.3.

5.2.5 Identification of myocardial passive constitutive parameters

The mechanical simulation is performed by inflating the early-diastolic LV model to an

end-diastolic LV cavity pressure (table 5.1, column 2), with kinematic boundary con-

straints (section 6.2.1). The simulated result is then compared with the corresponding

mesh fitted in section 5.2.3, and the constitutive parameters are tuned to minimise an

objective function based on the shape differences, defined by integrating the distance be-

tween equivalent material points in the two meshes over the myocardial free wall volume
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(see figure 5.3 for visualisation of free wall volume). In order to reduce the influence

of the RV and its unknown cavity pressure, the difference to minimise is only defined in

those elements belonging to the LV free wall region.

To solve this optimisation problem, we first re parameterise the constitutive parameters

C1 = C1, C2 = αr2, C3 = αr3, C4 = αr4, r2 + r3 + r4 = 1, (5.6)

where α and r2-r4 are the scale factors and anisotropies of C2-C4 respectively. The

reason for this is that we identified that the difficulty with the Guccione formulation in

the context of parameter estimation is that multiple parameter sets are able to reproduce

similar end-diastolic deformation states. The reparameterization is able to clarify the

parameter coupling issue. We design a two-step optimisation procedure in which C1 and

α are first optimised, followed by optimising r2 and r3. This two-step process is iterated

until the estimated parameters are converged. In each step, the optimisation is solved

using 2-D exhaustive searching, chosen in order to explore the landscape of objective

function and to avoid convergence within local minima.

5.3 Results

The proposed automatic data assimilation framework was applied to two CRT patient data

sets and one healthy control case. For each case, the processing time is approximately 40

minutes for the motion tracking, 1 minute for the dynamic meshing, and 30 minutes for

the mechanical property estimation2.

2We used a highly optimised cubic-Hermite elements based mechanical simulation code (Land et al.
2011), running on a standard desktop computer (4 2.5GHz cores and 4GB RAM). For non-optimised
implementations, the mechanical property estimation can take up to 12 hours.
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Figure 5.4: Results of dynamic meshing stage in figure 5.1 (healthy case, visualised with
the cine MRI from different views, corresponding to frame 1, 9 and 17). The whole-
heart-cycle dynamic meshes are automatically reconstructed from the displacements of
data points (embedded in the mesh) extracted from the tagged MRI. The colour represents
the magnitude of displacement referencing to the end-diastole in mm.

5.3.1 Dynamic meshing

Figure 5.4 shows the C 1-continuous CH geometrical meshes for patient case 16, which

are automatically constructed over a heart cycle following the methods outlined in section

2.3. The residual of this fit (i.e., components of the fitting residual vectorZk−H(Ξ)Uk),

see equation 5.3) has a zero mean, standard deviation of 0.28-0.53 mm, and in general

no obvious spatial correlations. As a result of this process, the displacements of discrete

data points, which are extracted from the MRI data, are now smoothed and regularised

into the local material coordinates (model space).

5.3.2 Mechanical property estimation

Following the methods described in section 5.2.5, table 5.1 shows the mechanical param-

eter estimation results (parameters C1 to C4 and its fitting residual), with comparison to

the values reported in literature. Figure 5.5(a) further plots the landscape of fitting resid-

ual with respect to log(C1)-log(α) for case 16, gathered in the last iteration of the two-

step optimisation procedure. We fitted the iso-curves (coupling relationships between C1
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Table 5.1: Estimated constitutive parameters for one healthy case and two patient cases, and com-
parison to three studies in literature. Initial parameter values are C1 = 0.4,C2 = 9.2,C3 =
2.0,C4 = 3.7, taken from Niederer et al. 2010.

- EDP(kPa) ESV(ml) EF C1 C2 C3 C4 R1

healthy case 1.81 2 67 51% 0.15 41.71 9.07 51.52 2.76
case 16 1.93 345 16% 3.40 9.22 2.05 17.92 1.73
case 28 1.69 186 17% 1.40 34.21 5.86 66.39 2.36

Wang et al. 2009, dog 0.5 - - 0.831 14.3 4.49 0.762 1.81
Augenstein et al. 2005, dog - - - 1.53 11.1 1.76 10.0 -

Omens et al. 1993, rat - - - 1.2 26.7 2.0 14.7 -
EDP, end-diastolic LV cavity pressure; ESV: end-systolic LV cavity volume; EF, ejection fraction.

1 Residual (mm) – the root-mean-squared-error (RMSE) between simulated and fitted mesh at
end-diastole over free wall. 2 Average EDP of cases 16 and 18. 3 C1 = 3.0 in this study is defined

with a multiplier of 1
2
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Figure 5.5: (a) The landscape of fitting residual with respect to C1-α for case 16, showing
coupling of C -α (dark blue valley). The colour represents the fitting residual in mm.
(b) The three fitted iso-curves (C a

1 α = b), showing the coupling relationships between
C -α for cases listed in table 5.1. These curves can be easy-to-estimate indicators of
myocardial stiffness for differentiating normal and heart failure patient cases (see text for
more discussion).

and α) with the form of C a
1 α = b (a, b are constants) to the minimum valley in figure

5.5(b). This coupling relationship can also be derived from the stress-strain relation-

ship for Guccione’s law. The exponential coefficient a is proportional to the magnitude

of deformation, and the value of b could provide an easy-to-estimate metric to quantify

myocardial stiffness (discussed in next section).



5.4. DISCUSSION AND SUMMARY 117

5.4 Discussion and Summary

In this chapter, we have described, to our knowledge, the first automatic pipeline to assim-

ilate clinical measurements into the mechanical modelling framework in order to estimate

myocardial constitutive parameters. This fast pipeline enables us to explore the value and

associated issues of patient-specific in-vivo parameter estimation.

The proposed framework converts the displacements extracted from the tagged MRI reg-

istration into model space, in which the analysis of strain and stress can be performed in

local material coordinates using standard finite element (FE) theory. The representation

of this deformation in model space also provides patient-specific kinematic boundary

conditions and makes the comparison to FE model simulations straightforward.

The results in table 5.1 indicate a wide range of mechanical parameter values estimated

from in-vivo observations. The reason for this is likely to be the coupling between C1 and

α, which produces the valley in the landscape of objective function shown in figure 5.5(a).

Previous studies (Wang et al. 2009, Omens et al. 1993) optimised C1-C4 sequentially. In

these cases, the two-way coupling between C1 and C2-C4 is unnoticed. However, those

final parameter values may well be dependent on the initial values. Nevertheless, despite

this C1-α coupling, the comparison between healthy (a = 0.512, b = 19.3) and diseased

cases (a = 0.880, b = 53.6 and a = 0.849, b = 48.0) in figure 5.5(b) indicates that

C a
1 α = b could be a potentially reliable and easy-to-estimate indicator of the myocardial

stiffness.

There are a number of limitations in the study presented in this chapter. In particular, we

did not consider the residual active tension in the early-diastolic geometry, which would

render the estimated stiffness lower than reality. Furthermore, the fibre distribution of

our LV model does not incorporate directly the patient-specific measurements, and this

may influence the estimation of material anisotropies.
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From these results, we conclude that one end-diastolic measurement does not constrain

the mechanical parameters uniquely, but it does already provide an easy-to-estimate in-

dicator of myocardial stiffness. In order to obtain the complete set of unique parameter

values, more constraints need to be added to the optimisation criteria. Additional mea-

surements points during diastolic filling can potentially provide the necessary constraints.

However, accurate time registration between imaging data sets and pressure recordings

is required for this. In the future, we plan to acquire additional clinical data sets with

optimised protocols (e.g., synchronised pressure, ECG and MR recordings, ideally with

the diffusion-tensor imaging for the patient-specific fibre distribution), in order to fur-

ther investigate the identifiability of parameters and to correlate our parameter estimation

results with clinical diagnosis.
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5.A Constitutive parameter coupling

5.A.1 Derivations of the C1-α coupling

The Guccione parameters are identified by matching the simulated deformed meshes to

the fitted mesh’s from the MRI frames. However, from the current clinical data, the

Guccione parameters can not be reliably identified using only the ED frame in the sense

that an increase of C1 can be compensated for by a decrease of C2-C4 or α.

To explicitly reveal this problem, our goal is to find the coupling direction d in C1-α

space (if any) along which two sets of different parameters would render the same (or

very similar) mechanical simulation. In the following analysis, the hydrostatic tensor

term can be safely eliminated. From the numerical solution perspective, given the same

external loading conditions (external forces) and temporary trial solution of a strain ten-

sor (displacement DOF), the whole stress tensor (deviatoric plus hydrostatic) should be

always the same as long as the deviatoric stress tensors are the same. This is because the

solver for the hydrostatic term is only concerned with the strain and residual stress, not

the material parameters.

For notations, T is the deviatoric second Piola-Kirchhoff stress tensors. E is the Green-

Lagrangian strain tensor.

T =
∂W
∂E

= 2C1eQ

 C2 C4 C4

C4 C3 C3

C4 C3 C3

 · E. (5.7)

The material elastic tensor K for Guccione’s constitutive law is defined as:

K = 2C1eQ

 C2 C4 C4

C4 C3 C3

C4 C3 C3

 = 2C1αeQ

 r2 r4 r4

r4 r3 r3

r4 r3 r3

 (5.8)

The coupling direction d in C1-α space (if it exists) is defined where the directional

gradient of K along d is a zero-tensor. Intuitively the material response (stress-strain
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relationship) is the same along this (local) direction.(
∂Ki
∂C1
∂Ki
∂α

)
· d = 0, i = 1, ..., 9. (5.9)

These nine conditions from the above equations are combined to be one constraint inde-

pendent of r2-r4:(
αeQ

C1eQ + C1α
∂eQ

∂α

)
· d = eQ

(
α

C1(1 + α∂Q
∂α

)

)
· d = 0. (5.10)

The existence of the coupling direction

The coupling direction d exists if and only if equation 5.10 has a solution. The term ∂Q
∂α

in equation 5.10 can be further expanded by using equations 6.4 and 6.9, i.e.

∂Q
∂α

=

∂

(∑
i,j
αrĳE2

ĳ

)
∂α

(5.11)

=
Q
α

+
∑
i,j=1

α(2rĳEĳ
∂Eĳ

∂α
), i, j = 1, 2, 3, (5.12)

where rĳ denotes the corresponding elements of rightmost matrix in equation 5.8, and Eĳ

are the Green-Lagrange strains in fibre (f:=1), sheet (s:=2) and sheet normal (n:=3) direc-

tions. The second term ∂Eĳ
∂α

is varying at different (C1,α) points, and thus dependent on

the coupling direction d which we are solving for. Therefore equation 5.10 is nonlinear.

The solution of a nonlinear equation does not necessarily exist. Thus the “zero-coupling

direction” (the direction along which the deformation is exactly the same) may not exist.

However, as evidenced by figure 5.6 and reported by Xi et al. (2011a), there does exist a

“principle-coupling direction”–the direction along which the change is very close to zero

and significantly smaller than other directions.
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The approximated exponential coupling curve

If we ignore the second nonlinear term in ∂Q
∂α

, that is,

∂Q
∂α
≈ Q
α
, (5.13)

equation 5.10 can be simplified as

eQ
(

α
C1(1 + Q)

)
· d = 0. (5.14)

Therefore the coupling curve in (C1, α) space roughly has the tangent direction d =

(C1

α
− 1

1+Q )T , which indicates the curve is

C
1

1+Q
1 α = b, (5.15)

where b is a constant.

Note that we ignored the second nonlinear term in equation 5.12 and use the assumption

that the slope of the curve 1
1+Q is constant when we derive the approximated yet simple

curve expression (equation 5.15). While these are mathematical approximations, in prac-

tice it already provides a good agreement with the coupling curves fitted numerically (see

figure 5.6).

5.A.2 The landscape of minimisation objective function

The landscape of objective function using only the ED measurement (i.e., the equation

6.15 when i = n) with respect C1-α and r3 − r4 are shown in figure 5.6 and figure

5.7 respectively. These landscape empirically demonstrated that, from the parameter

estimation point of view, C1 and α are coupled while r3 and r4 are relatively uncoupled.
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Figure 5.6: Parameter optimization and C1-α curve fitting. (a) The landscape of objective
function (equation 6.15, using only end diastolic tagged MRI frame) with respect to C1-
α for case 1. This landscape is obtained from our two-step optimization process. The
colour represents the magnitude of the objective function in mm. The dark blue valley
indicates a straight line with equal optimal parameter fits. (b) A linear line in the log-
scale space with the form of a∗log(C1)+log(α)=b is fitted to optimal fitting valley in (a).
This line in the log-space corresponds to the curve of C a

1 α = b in (b).
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r4 is 0.53. Unlike the strong C1-α coupling, the optimization problem in r3-r4 space is
better posed.



Chapter 6

Diastolic residual active tension
estimation from clinical data

An unresolved issue in patients with diastolic dysfunction is that the estimation of my-

ocardial stiffness cannot be decoupled from diastolic residual active tension (AT) be-

cause of the impaired ventricular relaxation during diastole. To address this problem,

this chapter presents a method for estimating diastolic mechanical parameters of the left

ventricle (LV) from cine and tagged MRI measurements and LV cavity pressure record-

ings, separating the passive myocardial constitutive properties and diastolic residual AT.

Dynamic C1-continuous meshes are automatically built from the anatomy and deforma-

tion captured from dynamic MRI sequences. Diastolic deformation is simulated using

a mechanical model that combines passive and active material properties. The problem

of non-uniqueness of constitutive parameter estimation using the well known Guccione

law is characterised by reformulation of this law. Using this reformulated form, and by

constraining the constitutive parameters to be constant across time points during diastole,

we separate the effects of passive constitutive properties and the residual AT during di-

astolic relaxation. Finally, the method is applied to two clinical cases and one control,

demonstrating that increased residual AT during diastole provides a potential novel index

for delineating healthy and pathological cases. The work presented in this chapter has

been published in Xi et al. 2012a.
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6.1 Introduction

The quantification of diastolic dysfunction is vital for the diagnosis and assessment of

heart disease, enabling improved selection and treatment of individuals with pathologi-

cal myocardial mechanics for further therapy (Nagel and Schuster 2010). Patient-specific

cardiac models, parameterised from clinical measurements on an individual basis, pro-

vide a powerful approach for this purpose (Smith et al. 2011). Accordingly, model-based

parameter estimation from clinical measurements of cardiac function has been an active

research area.

Parameters in organ-level cardiac mechanical models can be broadly classified as passive

and active. Typically within computational models, passive constitutive parameters have

been used to characterise the diastolic function, and with the addition of active contrac-

tion models simulate systole (Nash and Hunter 2000, Nordsletten et al. 2011). Various

frameworks and methods have been proposed to estimate these parameters (Sermesant

et al. 2006, Sermesant et al. 2011, Marchesseau et al. 2013a, Marchesseau et al. 2013b,

Marchesseau et al. 2012, Chabiniok et al. 2011, Delingette et al. 2012, Moireau and

Chapelle 2011, Wang et al. 2009, Wang et al. 2010b). In Sermesant et al. (2006), a vari-

ational data assimilation method was developed to estimate the contractility parameters

of an electromechanical model from clinical cine MRI. Focusing on passive parameters,

Wang et al. (2009) have described a workflow to estimate the Guccione constitutive pa-

rameters using high-resolution MRI data acquired from a canine heart. An approach

which these authors further extended in Wang et al. 2010b to estimate the active tension

(AT) during the isovolumetric contraction, systole and isovolumetric relaxation using the

constitutive parameters pre-estimated during diastole.

However, an unsolved problem in patients with diastolic dysfunction is that the estimation

of myocardial stiffness cannot be decoupled from impaired ventricular relaxation (one
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of the lusitropic abnormalities commonly present in heart failure, Katz 2010). For this

reason, the development of methods which can robustly estimate both the stiffness and

residual AT during diastole would have significant potential for application within clinical

cardiology.

The focus of this chapter is to address this issue directly through the inclusion and esti-

mation of an AT term during diastole. Specifically, built upon the parameter estimation

framework for passive constitutive properties in our previous work (Xi et al. 2011b),

we propose an approach to further estimate the residual AT during diastole to directly

characterise the delayed relaxation often present in heart failure patients. We first un-

dertake the necessary step for our estimation problem of reformulating the constitutive

law to reveal and address the issue of the non-uniqueness of material parameters. Us-

ing this reformulated form, we then introduce an AT term in our mechanical model and

estimate the residual AT in early diastole. Finally we apply this methodology to clini-

cal cases with pressure, cine and tagged MRI measurements, with the results showing

that estimated myocardial stiffness and residual AT appear to be promising candidates to

delineate healthy and pathological patient cases.

6.2 Material and methods

The parameter estimation framework, schematically illustrated in figure 5.1 in previous

chapter, for estimating the passive constitutive properties in our previous work (Xi et al.

2011b) is extended. As outlined in the previous chapter and briefly reminded here, the

mechanical parameters are identified by comparing simulated diastolic inflation to a set

of observed deformations extracted from dynamic 3D tagged MRI. Specifically, passive

filling of the human left ventricle (LV) is simulated with a patient-specific finite element

geometry and displacement boundary conditions and with the loading condition deter-

mined from LV cavity pressure recordings. The geometry and displacement boundary
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conditions are obtained with an automatic dynamic meshing process, which captures the

LV anatomy using one frame of cine MRI, and extract the deformation fields using com-

bined cine and tagged MRI data.

The methods of clinical measurements acquisition, myocardial motion tracking and dy-

namic mesh personalisation remain unchanged from the previous chapter, and thus the

description of those components is omitted here. In the following sections, we focus on

the extension of our methods in two aspects. Firstly, the mechanical model is extended

with an addition of AT component. The motivation for considering AT apart from the

passive materials is explained. Secondly, we present a comprehensive method for esti-

mating not only the passive materials, but also the reference (or stress-free) state, which

enables us to gain a better quantitative understanding of patient-specific diastolic heart

functions.

6.2.1 LV Mechanical model

(a) LV model (b) Schematic 1D spring model

Figure 6.1: Schematic illustration of LV mechanical model. As illustrated by the
schematic 1D spring model in subplot (b), the deformation of the spring (analogous to
the deformation of LV myocardium in subplot (a)) is driven by two factors–the external
force (analogous to the LV cavity pressure) and the active stress (analogous to the active
tension developed by the contraction of the myocardial fibre).

The passive diastolic filling phase of the cardiac cycle is simulated by inflating the un-

loaded LV model up to cavity pressures corresponding to each frame of tagged MRI, as
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schematically illustrated by figure 6.1a. Deformation is then simulated using the stan-

dard finite deformation theory. The finite element method (FEM) is utilised to solve the

stress equilibrium governing equation, with the measured LV cavity pressure being ap-

plied as the loading condition on the endocardium (Nash and Hunter 2000, Nordsletten

et al. 2011). The stress equilibrium governing equation is derived from the laws of con-

servation of mass and momentum, and the principle of virtual work. As demonstrated in

appendix 6.B.1, our preliminary results necessitate an active tension term to be included

in our mechanical model, to account for the residual tension generated by the contrac-

tion of myofibres. This active component is illustrated schematically by figure 6.1(b),

in which the 1D spring is not only stretched by the external force P , but also contracted

by the active component parallel to the spring. The deformation of the spring, for this

simple 1D case, is analogous to the deformation of the LV myocardium.

Our LV mechanical model, denoted by an operator M, determines the deformed position

xi of material points whose initial positions at unloaded state are x0. In addition to the

unloaded state, the model operator also takes as its inputs C ∈ R4 (constitutive param-

eters characterising the stiffness of myocardium), Pi (LV cavity pressure at time point

i), Tz(i) (residual AT), yB
i (displacement boundary conditions based on the observed

displacements yi). That is,

xi = M(x0,C,Pi ,Tz(i),yB
i ). (6.1)

Each of these inputs are further explained in the following subsections. The backward

mechanical model (or deflation model), denoted by the inverse operator M−1, takes the

deformed position xi as its input and retrieves the unloaded initial position x0 (Rajagopal

et al. 2008).

x0 = M−1(xi ,C,Pi ,Tz(i),yB
i ). (6.2)
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Constitutive parameters of the myocardium

Consistent with existing literature and based on the experimental results of uniaxial and

biaxial tests in isolated cardiac muscle (Fung 1981,Yin et al. 1987), the myocardium in

this chapter is modeled as a transversely isotropic material with preferred directions that

vary transmurally. We chose the widely employed 4-parameter Guccione law (Guccione

et al. 1991) to balance the feasibility of estimating parameters with the ability to accu-

rately account for the nonlinear mechanical properties that result from the myocardial

laminar structure. The Guccione strain-energy function W is defined as

W = C1(eQ − 1), (6.3)

Q = C2E2
ff + C3(E2

ss + E2
nn + 2E2

sn) + C4(2E2
fs + 2E2

fn), (6.4)

where C1, C2, C3 and C4 are the constitutive parameters to be estimated, Eff , Ess and

Enn are the Green-Lagrange strains in fibre (f), sheet (s) and sheet normal (n) directions,

and Esn , Efn and Efs are the Green-Lagrange shear strains in the fs, fn and fs planes. The

f , s and n directions correspond to the fibre axes aligned with the microstructure of the

myocardium.

Reformulation of the Guccione law

As outlined in the introduction, in our previous study (Xi et al. 2011b), we identified that

the difficulty with the Guccione formulation in the context of parameter estimation is that

multiple parameter sets are able to reproduce similar end-diastolic deformation states. To

clarify this issue further, we can reformulate the constitutive parameters by introducing

α and r2-r4 as
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C1 = C1, (6.5)

α = C2 + C3 + C4, (6.6)

r2 =
C2

α
= 1− r3 − r4, (6.7)

r3 =
C3

α
, (6.8)

r4 =
C4

α
, (6.9)

where α and r2-r4 (non-negative) are the scale factor and anisotropies of C2-C4, respec-

tively. The underlined parameters (C1, α, r3 and r4) on the left side of the above equa-

tions are those to be actually estimated in the following section. As we outline below,

this reformulation uncouples C1-C4 into C1-α (homogeneous stiffness scale) and r3-r4

(anisotropy stiffness ratios), which clearly reveals the parameter correlation of the origi-

nal Guccione’s law in the C1-α space. The motivation for using this formulated version

of the law is that C1-α assists in the interpretation of parameter estimation results in terms

of myocardial homogeneous stiffness, and r2 indicates the relative stiffness along the my-

ofibre compared to other material directions. This coupling relationship was explained

in detail in our previous work (Xi et al. 2011b) and summarised in appendix 5.A.1 of the

previous chapter, including the plots of optimization objective function with respect to

C1-α and r3-r4.

Active tension model

In literature, the diastolic cardiac mechanics is usually modeled as pure passive inflation

(e.g., Wang et al. 2009). That is, the myocardial stress is assumed to be the passive stress,

caused by deformation of the elastic (incompressible) myocardial material.
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T =
∂W
∂E

+ pC−1, (6.10)

where T is the second Piola-Kirchhoff stress tensors, W is the strain energy function,

and E is the Green-Lagrangian strain tensor in the local material directions. pC−1 is the

hydrostatic stress tensor because of the incompressible nature of the tissue, while ∂W
∂E

is

the deviatoric stress tensor due to the distortion of the tissue.

However, in this chapter, we found that the pure passive mechanical model could not

fully explain the deformation presented in the early diastole (as demonstrated in appendix

6.B.1). To account for this discrepancy, we introduce a compensatory AT term along the

fibre direction to the model.

T =
∂W
∂E︸︷︷︸

deviatoric stress tensor

+ pC−1︸ ︷︷ ︸
hydrostatic stress tensor

+

 Ta 0 0
0 0 0
0 0 0


︸ ︷︷ ︸

active stress tensor

, (6.11)

where the length-dependent AT Ta , as explained in the HMT model (Hunter et al. 1998,

Nash 1998, Wang et al. 2010b), is defined by

Ta = Tz(1 + β(
√

2Eff + 1− 1)), Tz = Tref · z . (6.12)

In the above equation, Ta is the length-dependent AT along fibre direction, Tref is the

maximum homogeneous reference tension, Tref · z is the tension developed at activation

level z (0 ≤ z ≤ 1), constant β is the coefficient for the linear length dependence of

AT, Eff is the Lagrangian-Green strain along fibre direction, and
√

2Eff + 1 − 1 is the

extension ratio.

The activation level z during diastole, which can be obtained from electrical activation

models such as monodomain or bidomain models (Smith et al. 2004), is assumed to be

spatially homogeneous over the LV. The combined Tref · z term (renamed as Tz , and

referred as the “AT term” or “AT parameter” from now on) is estimated at each time point
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of diastolic MR images, using a pre-estimated constant passive material parameter set

(explained in detail below). At the end-diastole, the heart is assumed to be completely

relaxed (i.e., no residual AT) and thus Tz is zero.

6.2.2 Model parameter estimation

As outlined above, model parameters are estimated by matching the simulated LV defor-

mation with that observed in each of the diastolic MRI frame i during diastole (i ∈ [1, n]

is the diastolic frame number, and n is the total number of diastolic MRI frames). The

first diastolic frame (i = 1, i.e., the beginning-of-diastole frame) is defined as the mini-

mum pressure frame, while the last diastolic frame (i = n, i.e., the end-diastole frame) is

defined as the frame synchronous to the R wave. The LV reference state (unloaded state,

or stress-free state), defined as the state at which both the cavity pressure and myocardial

AT are zero, is unknown. The state measured by the first diastolic frame is unlikely to be

the reference state because while the pressure for this frame is assumed to be zero, the

AT, particularly in the diseased cases, is likely to exist, and thus the the LV measured by

the first diastolic frame is expected to be smaller than its reference state in terms of cavity

volume.

Thus the model parameters to be estimated includes constitutive parameters C̃, ATs

{T̃z(i)} (i = 1, ..., n is the diastolic MRI frame number)), as well as the reference

state x̃0. These parameters are estimated by minimising objective functions {Ji} (de-

fined below in equation 6.15) based on the averaged geometrical difference between i-th

simulated mesh and the mesh fitted from the i-th MRI frame. There are thus only n inde-

pendent objective functions, from which n + 2 variables are to be determined. Therefore

this inverse problem is under-determined. This concept is schematically illustrated in

figure 6.2 using the previously introduced 1D system, where 6 model parameters are to

be determined from only 4 measurements/equations at all time points.
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Figure 6.2: Schematic illustration of the inverse problem using the 1D model: 6 model
parameters to be determined are active forces Tz(1),Tz(2),Tz(3),Tz(4) and two other
variables illustrated in figure 6.1(b) – K (stiffness) and x0 (reference position), However,
only 4 measurements (x1, x2, x3, x4) at 4 time points are available.

Further assumptions

To fully determine the system, two assumptions are added. Firstly, the AT is set to zero

at the end-diastole, assuming the myocardium is fully relaxed.

Tz(n) = 0. (6.13)

Secondly, the unloaded state x0 can be initially approximated (note this approximation

will be later refined – see below) by the LV shape measured in one of the diastolic MRI

frames (i.e., the reference MRI frame), where LV inflating pressure and contracting resid-

ual tension are assumed to be roughly balanced. k ∈ [1, n− 1] is defined as the reference

frame number.

x0 ∼ yk . (6.14)

Algorithmic description of parameter estimation procedure

Applying this approach, algorithm 1 details the procedures for estimating constitutive pa-

rameters, reference state, and active tensions during diastole. This algorithm consists of
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five main steps as explained in the comments. Firstly, the assumption defined in equation

6.14 is applied to each diastolic MRI frame k before the ED frame, and the reference state

xk
0 is set to be the state measured by MRI frame k (line 3 of algorithm 1). This reference

state is then used in the second step to estimated the constitutive parameters Ck (line 4),

which are chosen as the optimal parameters with which the reference state can be best

deformed to the ED state. These estimated constitutive parameters are in turn used in

the third step to refine the reference state xk
0, by deflating from the ED state (line 5). AT

at each time point of MRI frames before the ED are estimated, using the pre-estimated

reference state xk
0 and constitutive parameters Ck (line 7). Finally a criterion based on

the physiological constraints of estimated AT, which is explained below, is devised to

retrospectively choose the most sensible reference frame number (line 8) and the most

plausible estimation of constitutive parameters, reference state, and active tensions (line

9).

The objective functions {Ji} for estimating constitutive parameters and active tensions

(used in lines 4 and 7 of algorithm 1) are introduced below in section 9. The details of

methods for minimising these objective functions {Ji} are explained in section 9. Finally

the criterion in line 8 for choosing the most sensible reference frame number is described

in section 9.
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Algorithm 1: Estimating constitutive parameters C̃, reference state x̃0, and di-
astolic residual active tensions {T̃z(i)}, given the MRI observations {yi} during
diastole and corresponding LV pressures {Pi}. x̃0 are the 3D coordinates of Gauss
points at the reference state. yi are the coordinates of the same Gauss points given
by the fitted meshes at time point i during diastole.

Data: {yi}, {Pi}
Result: C̃, x̃0, {T̃z(i)}

1 begin
// Try each frame k before the ED as the reference frame

2 for k=1 to n − 1 do
// Step 1: First set reference state xk

0 to be the state
measured by MRI frame k

3 xk
0 = yk

// Step 2: Estimate constitutive parameters Ck from ED
measurement yn

4 Ck = argmin
C

Jn(xn,yn), where xn = M(xk
0,C,Pn,Tz(n) = 0,yB

n )

// Step 3: Refine the estimation of reference state xk
0 by

deflation
5 xk

0 = M−1(yn,C
k ,Pn,Tz(n) = 0,yB

n )
// For each diastolic frame i before the ED

6 for i=1 to n − 1 do
// Step 4: Estimate AT T k

z (i) from yi using result from
line 4 & 5

7 T k
z (i) = argmin

Tz

Ji(xi ,yi), where xi = M(xk
0,C

k ,Pi ,Tz ,y
B
n )

// Step 5: Choose retrospectively which MRI frame should be
initially assumed to be the reference frame using AT-based
criterion (eq. 6.16)

8 k = AT-Criterion({T k
z (i)})

9 [C̃, x̃0, {T̃z(i)}] = [Ck ,xk
0, {T k

z (i)}]
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Objective functions for estimating C and Tz

The objective functions {Ji} for estimating constitutive parameters and active tensions

(used in lines 4 and 7 of algorithm 1) are defined as the averaged distance between equiv-

alent Gauss point g ∈ [1,G] of the simulated (xig) and fitted (yig) meshes at time point

of i−th MRI frame, i.e.

Ji(xi·,yi·) =

√
1

G
∑

g

‖xig − yig‖2L2 , (6.15)

where i ∈ [1, n] is the diastolic MRI frame number, g enumerates the index of Gauss

points embedded inside each mesh volume (typically 4th order, G=768 per element),

and xig and yig denote the spatial coordinates of a Gauss point g at time point of ith

MRI frame in the simulated and fitted mesh respectively. Gauss points are the sample

points used in the standard Gauss-Legendre quadrature scheme for computing numerical

integration (Hunter and Pullan 2001).

Minimisation method for estimating C and Tz

Having defined the objective function, the estimation of parameters described in algo-

rithm 1 is reduced to two minimisation problems. We solve these minimisation problems

using the method of parameter sweeps, in which simulations are performed with varying

parameter sets and the optimal parameter set is chosen. This kind of method is embar-

rassingly parallel, and it enables us to explore the landscape of the objective function,

which in turn, helps to characterise the problems of parameter identifiability.

The method of minimisation for constitutive parameters C (line 4 of algorithm 1) is a

two-step procedure. Using the reformulated Guccione law defined in equations (6.5)-

(6.9), C1 and α are first optimised by choosing the global minimum point across a grid

that regularly samples 2D parameter space, followed by optimization of r3 and r4 using
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the same parameter sweeps method. This two-step process is iterated until the estimated

parameters are converged. As we reported previously (Xi et al. 2011b), this optimization

approach reveals the landscape of the objective function with respect to C1-α, in which

the two parameters are strongly coupled. Because of the coupling between C1 and α,

C1 needs to be fixed during the parameter estimation process to allow the remaining

parameters to be uniquely determined. C1 was fixed at 1, based on average value of

previous estimates of the Guccione law in literature (see table 6.1). How this assumption

C1 = 1 affects the results of this study is provided in the results section.

The method of minimisation for AT Tz (line 7 of algorithm 1) is implemented as param-

eter sweeps in 1D parameter space, which regularly sample the AT parameter in a typical

range of [-10, 30] kPa. To reduce the parameter samples, we first start with a coarsely

even distributed parameter samples (typically with an interval of 1 kPa), from which we

choose the optimal parameter and refine it locally using a smaller interval (typically 0.033

kPa).

AT criterion for selecting reference frame

In line 8 algorithm 1, a criterion based on physiological constraints is devised to select the

most plausible frame as the reference frame. If frame k is the reference frame, then the

estimated AT is expected to be monotonically decreasing during diastole and be positive

(meaning that the AT is a contracting force). That is,

T k
z (i) > T k

z (j), for any i > j ; and T k
z (n − 1) > 0. (6.16)

Starting from k = 1, the first frame satisfying this criterion is chosen. We have tested and

demonstrated the validity of this criterion using synthetic data where the ground-truth is

known (details are provided in appendix 6.B.2).
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6.3 Results

Our methodology is applied to three clinical cases. For each case, the processing time

is approximately 40 minutes for the motion tracking, 1 minute for the dynamic meshing,

and 3 hours for the parameter estimation. We used a highly optimised cubic-Hermite

elements based mechanical simulation code (Land et al. 2011), running on a standard

desktop computer (4 2.5GHz cores and 4GB RAM). The results of the dynamic meshing

stage are the same as those presented in the previous chapter, and thus omitted here.

6.3.1 Estimated constitutive parameters

Table 6.1 lists the estimated constitutive parameters (C̃) for the three clinical cases. The

results indicate consistently that the myocardium of two diseased patients is about three-

fold stiffer than the healthy case.

Table 6.1: Estimated constitutive parameters (C̃) for one healthy case and two patient
cases, and comparison to studies in literature.

- ESV(ml) EF C1 C2 C3 C4 Residual1

healthy case 67 51% 1.0 19.13 10.67 12.76 1.78
case 1 345 16% 1.0 53.44 22.01 29.34 1.58
case 2 186 17% 1.0 50.50 16.83 27.19 1.39

Augenstein et al. (2005), dog - - 1.52 11.1 1.76 10.0 -
Wang et al. (2009), dog - - 0.831 14.3 4.49 0.762 1.81

Omens et al. (1993), dog - - 1.2 26.7 2.0 14.7 -
Okamoto et al. (2000), dog - - 0.51 67.07 24.16 21.60 -

Omens et al. (1993), rat - - 1.1 9.2 2.0 3.7 -
Walker et al. (2005), sheep 84.7 21.6% 0.233 49.25 19.25 17.44 -

EDP, end-diastolic LV cavity pressure; ESV: end-systolic LV cavity volume; EF, ejection fraction.
1 The root-mean-squared-error (RMSE) in mm between simulated and fitted mesh at end-diastole over
free wall. 2 C1 = 3.0 in this study is defined with a multiplier of 1

2 .



6.3. RESULTS 139

6.3.2 Estimated diastolic AT

In figure 6.3, the colour-coded points show the estimated residual AT {T̃z(i)} at all time

points of diastole for the three cases. The relaxation (i.e., the tension decay) profiles,

which in figure 6.3 are the exponentially fitted lines to the data points, of the patient

cases show AT to be significantly different when compared to the healthy case. The

values of k (i.e., reference frame number) are 2,4,4 for healthy and two diseased cases.

To test the sensitivity of the residual AT profile against the assumption of C1, we also

estimated the tension profiles for each case using C1 = 0.5 and C1 = 2.0, based on the

variability of C1 in the literature. The right panel of figure 6.3 shows these results. In

each of the three cases, the variability introduced by varying C1 is much smaller than the

difference across patient cases. In addition, the estimated AT increases with the increase

of C1, which is a result of the decreased nonlinearity in the Guccione constitutive law

due to the compensatory decrease of α.
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Figure 6.3: The estimated residual diastolic active tensions (Tz term defined in equation
6.12) with its sensitivity against C1 assumption shown in the right panel. The data points
show the optimised values of residual tension for each frame. The lines are the exponen-
tial fits to the data points. The time-line is the normalised time in a heart cycle, starting
with end-diastole. Because limitations in clinical data acquisition protocol, tagged MRI
only covers roughly one third of the early diastole. The residual AT of the two patient
cases are significantly higher than the healthy one, indicating delayed tension decay. The
differences among the estimated AT using C1 = 0.5, 1.0, and 2.0 are very small, and this
variability introduced by varying C1 is much smaller than the difference across patient
cases.

6.3.3 Model simulation with estimated parameters

Figure 6.4 shows the final model simulation results for the three clinical cases, using

the estimated constitutive parameters, reference state and active parameters. As reported

previously in table 6.1, the residual at the ED (100%) is 1.78, 1.58 and 1.39 mm for the

healthy case, disease 1 and 2 respectively.
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Figure 6.4: The final simulated meshes for the diastole process of the three cases (1 is
healthy, and 2,3 are diseased 1 and 2), using estimated constitutive parameters, reference
(unloaded) state, and AT parameters. These simulated meshes are visualised with the
corresponding cine MRI frames. The meshes are shown in short axis view (left three
columns) and long axis view (right three columns), each view consisting of the simulation
results at 0%, 15%/24%/16% and 100% of the diastole phase.

6.4 Discussion

In this study, we present a method for estimating diastolic active and passive myocardium

parameters–namely the myocardial constitutive properties and diastolic residual AT–from

combined cine and tagged MR images and cavity pressure measurements. Applying

this method to three clinical cases, the diastolic AT estimation results show a significant

difference between healthy and two diseased cases, which may provide an interesting

starting point for further clinical research. Below we discuss the issues related to the

estimation of myocardial constitutive parameters, and the sensitivity of key steps in our

methods on AT estimation results.
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6.4.1 Issues related to the estimation of constitutive parameters

Parameter identifiability and C1 assumption

Clinically, tagged MRI data covering the whole of diastole is difficult to record, while

the end-diastolic frame (typically the first frame when synchronised with the R-wave of

ECG) is always available. Thus, it is desirable to characterise myocardial stiffness us-

ing displacements (relative to the reference state) extracted from the end-diastolic frame

of tagged MRI. However, the issues associated with the identification of the Guccione

parameters using displacements extracted from only one MRI frame have been already

reported by several previous studies (Omens et al. 1993, Augenstein et al. 2005, Augen-

stein et al. 2006, Xi et al. 2011b). For this reason, Omens et al. (1993) only estimated C1

and the ratio of C2:C3. Augenstein et al. (2006) has reported identifiability problems in

the form of a correlation matrix, which interestingly showed a low level of linear corre-

lation between C1 and α. Our previous study (Xi et al. 2011b) further explicitly reveals

the nonlinear (or log-linear) correlation between C1 and α (C a
1 α=b, where a and b are

constant).

In order to obtain the complete set of unique parameter values, multiple tagged MRI

frames during diastole can be used. Each frame can provide information from which

a distinct curve of the form C a
1 α = b can be estimated. For example, the synthetic

results provided in the appendix (figure 6.8(a)) show that all C1-α curves estimated from

different MRI frames intersect at the ground-truth parameter point. Augenstein et al.

(2005) has also showed that five MRI frames were sufficient to characterise the material

parameters to within 5% error. However, results with patient data showed that there is

not a unique intersection point in the parameter space, and the presence of residual AT

is likely the main reason. This is illustrated by figure 6.8(f) where the rapid decrease

of residual AT between early diastolic frames leads to estimation of softer myocardial

stiffness in fibre direction. Thus, the high level of residual AT compromises the feasibility
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of estimating full set of Guccione parameter using early-diastole frames, particularly in

the clinical cases where diastolic pathologies are indicated.

For this reason, it is assumed that C1 is one, based on the average value reported in

literature (see table 6.1). For the range of the variability in C1 as reported in literature, our

analysis was consistent in its ability to identify a significant difference between tension

profiles of the healthy and diseased cases as shown in figure 6.3.

Choice of constitutive laws

There are a number of existing constitutive models for passive cardiac mechanics (e.g.,

see Holzapfel and Ogden 2009 for a comprehensive survey). In particular, to solve the

parameter identifiability problem, a number of researchers have proposed new constitu-

tive laws, such as the 5-parameter polynomial form strain energy function by Humphrey

et al. (1990), and the optimised strain energy function based on uncoupled strain at-

tributes by Criscione et al. (2001). In our study, in order to facilitate the comparison of

estimated parameter values with those reported in literature, we employed and reformu-

lated the Fung-type Guccione’s law, which is consistent with the widely-used approach in

the cardiac modelling community for both forward simulation of cardiac mechanics and

inverse model parameter estimation (Omens et al. 1993, Augenstein et al. 2006, Wang

et al. 2009, Sun et al. 2009, Niederer and Smith 2009, Xi et al. 2011a). Nevertheless,

the general principles of our proposed method for estimating diastolic AT apply to other

constitutive laws as well.

6.4.2 Sensitivity of individual components in our methods on AT

The algorithm 1 outlined in section 6.2.2 is the core of our AT estimation method. In

this method, we proposed to estimate not only the passive constitutive parameters (step
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2 in algorithm 1), but also the reference state by deflating from the ED state (step 3

in algorithm 1). Both of these two steps depend on assumption defined in eq. 6.14 –

the state measured by k-th diastolic MRI frame is close to the reference state (i.e., the

step 1 in algorithm 1). The validity of our proposed approach clearly relies on both

assumption 6.14 and individual step of algorithm 1, which in turn motivates the analysis

of the contribution to the accuracy of the final AT result.

In figure 6.5, we investigate, using six scenarios, the analysis of the relative importance

of

1) step 1 – the choice of reference frame number k and

2) step 3 – the deflation step of estimating reference state.

Figure 6.5(a) and 6.5(b) shows the errors for in-silico case and patient case 1 respectively

in each of six scenarios. Scenario 1 is the simplest form of algorithm 1, in which k = 1

and the deflation step is omitted. This scenario is effectively equivalent to directly using

the state measured by the first diastolic MRI frame as the unloaded reference state, a

situation that is only true if the residual AT and LV cavity pressure are both zero. In

scenario 2, the deflation step is included on top of scenario 1. Similarly, the frame number

k determined by the criterion of equation 6.16 is used in scenario 3 (without deflation)

and 4 (with deflation). Note that scenario 4, which uses the whole algorithm 1, produces

the gold standard result for comparison for the patient case where ground-truth AT is

unknown. Scenario 5 and 6 (both with deflation) use one frame before and after the

correct reference frame used in scenario 3 and 4.
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(b) Patient case 1.

Scenario ID Explanation
1 using the first diastolic MRI frame and without deflation
2 using the first diastolic MRI frame and with deflation
3 using the correct frame without deflation
4 using the correct frame with deflation (our methods)
5 choosing one frame before the reference frame with deflation
6 choosing one frame after the reference frame with deflation
(c) Summary of each scenario (see the text in section 6.4.2 for more details).

Figure 6.5: The error of AT introduced under six scenarios for an in-silico case and the
patient case 1, to assess the importance of choice of reference frame and deflation step in
our methods (see the text in section 6.4.2 for details). The error of AT (in kPa) is defined
as the root of mean squared error (RMSE) between AT estimated in each scenario and
the known ground-truth (in-silico case)/AT estimated in scenario 4 (patient case 1). In
the in-silico case, the measurement used are the simulated meshes, which are produced
by our model using a linearly increasing LV pressure (0.33, 0.67, 1.00, 1.33, 1.67 and
2.00 kPa) and exponentially decaying AT (8.00, 2.35, 0.68, 0.21, 0.05, and 0 kPa).

These results indicate that the inclusion of deflation step improves the accuracy of AT

estimation. Nevertheless, the deflation is relatively less important when choosing the

correct reference frame since the state at correct reference frame is already very close to

the reference state.

In addition, the choice of k is the most important step, because this affects both the

estimation of constitutive parameters and reference state. In particular, if k = 1 and the

deflation step is omitted (scenario 1), the influence of AT is not considered (Wang et al.

2009, Xi et al. 2011b), possibly leading to biased estimation of constitutive parameters.
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Figure 6.6: Schematic illustration of the timing of the diastolic MR frame and the es-
timated reference frame (for illustrative purpose) using a standard Wiggers diagram of
the LV pressure and volume, together with self-drawn typical active tension profile for a
healthy subject.

Estimation of the reference state

For a schematic illustration of the timing of the reference frame, a standard Wiggers dia-

gram (Landis 1976) in figure 6.6 is included to show the pressure and volume transient of

LV in the diastole phase, together with the timing of MR measurement, in the context of

a whole cardiac cycle events. The reference state, for our modelling purpose, is defined

as the LV state at which the LV does not experience any passive inflating or active con-

tracting force (please refer to figure 6.6 for illustration). The reference frame is defined

as the MR frame which approximately measures the reference state when the contracting

residual AT and inflating pressure are best balanced. The first diastolic MR frame is by

our definition the minimum-pressure frame, which is shortly after the LV valve opens.
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For a healthy subject, the LV is in the rapid filling phase at the time of the first diastolic

frame (when the LV pressure drops to minimum), and residual AT should have already

significantly decayed during the previous isovolumetric relaxation phase (if not zero).

Thus for a healthy subject, it is reasonable to assume that the first diastolic MR frame is

the reference frame, which is also the assumption in a very similar work performed by

Wang et al. (2009) from the Auckland Group. However, for patient whose LV relaxation

is impaired, the rate of decay of LV AT is relatively low, and there could be still a con-

siderable amount of residual AT (relative to the magnitude of the passive pressure at this

stage) in the first diastolic frame. Therefore the reference frame can be better approxi-

mated by one of the subsequent frames when the AT are further reduced and LV pressure

is further increased, which is essentially one of the extensions proposed by this thesis

based upon the work of Wang et al. 2009.

For patients with impaired relaxation, if the first frame is assumed to the reference frame,

the LV volume at the reference state is actually underestimated due to the existence of

contracting AT. In turn, this would cause the estimated myocardium stiffness to appear to

be softer if this incorrect reference frame is used. Similarly if the reference is assumed to

be the frame after the correct one, the myocardium stiffness will be overestimated.

6.4.3 Comments on the parameter estimation using only diastolic
measurements

Being able to directly estimate the diastolic residual active tension is clinically vital for

identifying the mechanism of diastolic heart dysfunction. The motion in the diastolic

phase is least affected by the large magnitude of active tension during the contraction.

Thus it is the closest approximation we can obtain from the available measurement to a

pure passive mechanical movement. The parameter estimation problem should be better

posed before attempting to estimate both active and passive parameters using the whole
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heart cycle measurement, because the diastolic parameters could then be, to certain de-

gree, decoupled from other unknown active contraction model parameters. For this rea-

son, there has been a number of very similar studies on diastolic parameter estimation

which have the same focus on diastolic only measurements as our study (Wang et al.

2009, Augenstein et al. 2006). Using the obtained diastolic parameters, in particular the

stiffness parameters, the active parameters are then be further estimated by incorporating

the systolic measurements (Wang et al. 2010b)

6.4.4 Limitations and future work

Limitations

While our results appear promising, it is important to note that there are a number of

limitations in our approach. The rule-based fibre distribution of our LV model does not

incorporate directly the patient-specific measurements, and this may influence the esti-

mation of material anisotropies and the accuracy of AT estimated. To address this issue,

we are currently in the process of building a human fibre model by acquiring and post-

processing in-vivo diffusion-tensor images. In addition, because we have not included

the mechanical effects of organs around left ventricle, kinematic displacements are im-

posed as boundary conditions at both the LV apex and the base in order to constrain

the predicted movement. However, this is likely to affect the finite elasticity solution

and motion prediction in the free wall, possibly leading to a biased material property

estimate. Ideally models of pericardium, right ventricle, and atrium would be included.

However, such additions would clearly be at the cost of increasing complexity in both

model simulations and inverse parameter estimation.

Limitations in the measurements include the pressure data recordings which have a level

of uncertainty due to the calibration error, in part because only the dP
dt trace was available

without a reference to the absolute value of P . To account for this gap in the data, we
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assumed that the minimum pressure (at the beginning of diastole) is zero, based on the

data reported by Wang et al. 2009. Another limitation regarding pressure data is that the

clinical protocol limits the pressure measurements to being recorded separately from the

MR imaging. While the patients were in the same physical position in both MRI scan and

catherisation procedure (rest on their back), it is possible there might be small changes in

haemodynamics states in the pressure and imaging recordings due to the insertion of the

pressure catheter lead and the surgical anesthetisation.

Future work

We choose a robust but computational expensive approach to sample the parameter space.

As explained above, this enabled us to fully explore and understand the coupling rela-

tionships between parameter values. In the future, it would be possible to adopt more

sophisticated but computationally effective approaches to directly estimate the coupling

coefficients a and b, such as SQP (Augenstein et al. 2005) or filtering approaches (Xi

et al. 2011a).

Finally, this study brings about a significant requirement on the completeness and accu-

racy of various clinical data. Limitations of the patient data used in this study restrict

the analysis to early filling, in which passive diastolic recoil is combined with the relax-

ation of AT. Since the tagged MRI measurements do not cover the period of pure passive

filling, passive material properties are confounded with active relaxation. In the future,

we plan to acquire additional clinical data sets with optimised protocols (e.g., whole-

heart-cycle tagged MRI coverage, diffusion-tensor imaging for the patient-specific fibre

distribution), in order to further investigate and correlate our new indices with clinical

diagnosis.
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6.5 Summary

Our methods of integrating the clinical MRI and LV cavity pressure data across multi-

ple measurement points in the diastole enabled us to provide, to our knowledge, the first

attempt to estimate the diastolic residual active tension profile in human subjects, which

has significant potential to provide an important metric characterising diastolic heart fail-

ure. The results from our preliminary application of this method indicates that early

diastolic residual AT in the two diseased cases are significantly higher than the normal

cases, which may well indicate that myocardial relaxation (i.e., lusitropy) is impaired in

those two patient cases.
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6.A Constitutive parameter coupling

6.A.1 The theoretical implication of incorporating multiple measure-
ments

As demonstrated in appendix 5.A.1 of the previous chapter, C1 and α are coupled which

sufficiently render the optimization problem effectively ill posed. However, the coupling

relationships at different deformation state are different, because 1
1+Q is dependent on the

strains. Thus we can improve our estimation by comparing the simulated deformations

with multiple displacement measurements instead of only the end-diastolic one.

The theoretical implication of incorporating multiple measurements is intuitive. The

Guccione constitutive law is a Fung-type or exponential-type strain energy function. Its

linear (C1) and exponential (α) coefficients are coupled at one measurement point, but

differently coupled across multiple measurements. Figure 6.7 shows changes of the Guc-

cione strain energy with respect to C1 − α, where the increase of measurement points

improves the identifiability of the parameters.
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Figure 6.7: Changes of the Guccione strain energy with respect to C1−α, averaged over
1, 2, 3 and 4 “measurement point(s)”. The optimization problem becomes less ill defined
with the increase of measurement constraints. This reveals the possibility of obtaining
a unique global minimum solution of parameter estimation when incorporating multiple
measurements.

6.B Estimation of diastolic active tension

6.B.1 Motivation of accounting for diastolic AT in the model

Although the idea of incorporating multiple measurements (appendix 6.A.1) is appealing,

the reality of its application is not. Figure 6.8 shows the constitutive parameter estimation

results without accounting for AT in the model, which, in turn, motivates the necessity of

adding an AT component into the model to explain the deformation fields. These results

are the estimation of four reformulated Guccione parameters – C1, α, r3 and r4 (r2 =
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1− r3− r4), using observations of meshes fitted to different MRI frames or synthetically

simulated meshes. Since C1-α is coupled and cannot be uniquely identified from one

displacement measurement, figure 6.8(a,b,d,f) show C1-α (coupling) curves, instead of

only one unique (C1, α) point. These exponential C1-α lines are fitted separately, in log

space, to a set of equally optimal parameters points (refer figure 5.6 and Xi et al. 2011b

for more details of the C1-α curve and its fitting).

The in-silico results (figure 6.8(a,b,c)) are the estimation results from synthetically sim-

ulated meshes. In figure 6.8(a), varying LV endocardium pressure (0-2 kPa) are applied

as loading conditions with zero AT within simulation, and C1-α relationship is estimated

separately from each of these measurements. In figure 6.8(b,c), the synthetic meshes are

simulated with the same pressure (2 kPa) and varying AT (0-8 kPa), a C1-α relation-

ship is estimated separately from each of these measurements (figure 6.8b), together with

corresponding r3-r4 estimation results (figure 6.8c).

The results for the healthy and diseased cases (figure 6.8(d,e,f,g)) are obtained from the

meshes fitted to different MRI frames. In this estimation process, the reference mesh

is set to be the beginning-of-diastole frame (defined in section 6.2.2 as the 1st diastolic

frame whose LV pressure is assumed to be zero). This is because when AT is not consid-

ered in the model, the LV is unloaded if and only if LV cavity pressure is zero.

The result for the in-silico case indicates that the inclusion of AT in the measurement

would shift the C1-α curve in parallel, as well as changing the r2 (the stiffness ratio in

fibre direction) consistently. This behaviour is hardly noticeable in the healthy case, but

is clearly demonstrated in the disease cases, which motivates the needs of considering AT

for estimating parameters in the disease cases.
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Figure 6.8: Constitutive parameter estimation without accounting for AT in mechanical
model, showing that the C1 − α curves (subplots a, d, b and f) and r2 = 1 − r3 − r4

(subplots c and g) estimated from different MRI frames are not constant. All the models
assume zero AT as part of the parameter estimation process. The “with AT” plots refers
to AT added to the in-silico simulation (figure b) or assumed in the patient data (figure f),
and please refer to section 6.B.1 for details.

6.B.2 Illustration of the criterion of selecting reference frame

Since each early diastolic MRI frame is initially assumed to be the reference frame in

algorithm 1, we use the physiological constraints on AT to devise a criterion (defined in

equation 6.16) to retrospectively choose which MRI frame should be the most correct ref-

erence frame. This criterion implies that AT is monotonically decreasing during diastole
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and non-negative (since a positive AT denotes a contracting force).

To demonstrate this idea, the same in-silico case as previously described in figure 6.5

is used. In this in-silico case, the measurement used are the six simulated LV meshes,

which are produced by the mechanical model using a linearly increasing LV pressure

(0.33, 0.67, 1.00, 1.33, 1.67 and 2.00 kPa) and exponentially decaying AT (8.00, 2.35,

0.68, 0.21, 0.05, and 0 kPa). The volume of these simulated meshes (the ground-truth PV

curve) is shown in figure 6.5(c). The AT estimation method (algorithm 1) is applied and

the estimated AT is shown in figure 6.5(a,b), in which the AT 1-4 corresponds to the AT

estimated using 1st, 2nd, 3rd and 4th frame as the reference frame (i.e., when k=1,2,3,4

in algorithm 1).

According to the AT criterion defined in equation 6.16, frame 2 is selected as the refer-

ence frame and AT 2 of figure 6.5(b) is selected as the AT estimation result, which in turn,

produces a very small error between estimated and ground-truth AT. Note that AT 3 and

AT 4 also satisfy the criterion. However, as stated previously in the text explaining the

AT criterion, only the first frame satisfying the criterion should be selected. The reason

for this is demonstrated by figure 6.5(a) where the simulated PV curves using the mostly

plausible reference frame (i.e., PV 2) should the one tangent to the ground-truth PV curve

at the ED point. Subsequent PV curves (PV 3 and 4 using frame 3 and 4 as reference

frame) would overestimate the stiffness in constitutive parameters (i.e., the slope of PV

curve) while the PV curve before (PV 1) would underestimate the stiffness.
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(c) PV curves (PV 1-4) of the in-silico purely LV inflation simulations without AT.

Figure 6.9: In-silico AT estimation using different frames as the reference frame (a,b)
and the corresponding simulated PV curves using estimated parameters without account-
ing for AT (c). In subplots (a) and (b), AT 1-4 are the in-silico AT estimation results
using the 1st, 2nd, 3rd and 4th measurement as the reference frame. In subplot (c), the
corresponding PV 1-4 are produced by the pure passive inflation with estimated consti-
tutive parameters and reference state. The difference between each of PV 1-4 curves and
the ground-truth PV curve in subplot (c) corresponds to the sign of AT 1-4 in subplot
(a). That is, AT are estimated to effectively match the ground-truth PV curve of the in-
silico measurements. The positive AT decreases the volume of LV while the negative
AT increases the volume of LV (e.g., see AT 1 and PV 1). Note that the volume curves
in subplot (c) are only for schematically illustrating the meaning of the sign of AT, and
the actual minimised objective function for estimating the parameters is based on the 3D
displacement of the LV (equation 6.15), which is similar but not identical to the objective
function based on LV volume.



Chapter 7

Understanding the need of LV pressure
for the estimation of LV diastolic
functions

The diastolic function (i.e. blood filling) of the left ventricle (LV) is affected by its ca-

pacity for relaxation, or the decay in residual active tension (AT), whose inhibition limits

the relaxation of the LV chamber, which in turn affects its compliance (or its recipro-

cal, stiffness). The clinical determination of these two factors (the stiffness and diastolic

residual AT) is thus essential for assessing LV diastolic function. To quantify these two

factors, in the previous chapter, a novel model-based parameter estimation approach was

proposed and successfully applied to multiple cases using clinically acquired motion and

ventricular pressure data. However, the need to invasively acquire LV pressure measure-

ment limits the wide application of this approach. We address this issue in the current

work by analysing the feasibility of using two kinds of non-invasively available pressure

measurements for the purpose of inverse parameter estimation. Firstly, we investigate the

reliability of estimating stiffness and diastolic residual AT using data sets of 18 clinical

cases (10 healthy and 8 diseased) with MR imaging data but no specific LV pressure data,

by prescribing pressure boundary conditions based on a generic pressure-volume (PV) re-

lationship reported in literature. To overcome the significantly reduced quality of these

158



7.1. INTRODUCTION 159

estimation results without any pressure data, we then further investigate scenarios of pa-

rameter estimation with additional information about LV pressure, specifically using only

the relative pressure measures that are now becoming available experimentally. To quan-

titatively analyse the influence of the pressure offset values needed to transform these

relative measures into absolute values, we design three sets of physiologically realistic

synthetic data sets with three levels of diastolic residual active tension (i.e. impaired re-

laxation capability) and quantify the percentage error in the parameter estimation against

the possible pressure offsets within the physiological limits. The results indicate that

the knowledge of LV pressure transient (at least the relative pressure) is required for the

estimation of cardiac diastolic properties. Without this knowledge of pressure, the infor-

mation implied by the estimated parameters is no more than that can be directly extracted

from imaging measurements. However, we also show that the relative LV pressure pro-

vides valuable information for estimating diastolic parameters, with errors quantified in

this chapter as 11% for the magnitude of stiffness α and 22% for AT with averaged 0.17

kPa error in pressure measurement using the state-of-the-art non-invasive pressure es-

timation method. Finally we illustrate that given a fixed accuracy of relative pressure

measurement, increased resolution of diastolic MR measurements should be able to im-

prove the accuracy of estimated parameters. The work presented in this chapter has been

submitted for publication in Xi et al. 2012b.

7.1 Introduction

An increasingly important research area within the field of cardiac modelling is the devel-

opment and study of methods of model-based parameter estimation from clinical mea-

surements of cardiac function (Sermesant et al. 2006, Wang et al. 2009, Wang et al.

2010b, Moireau and Chapelle 2011, Chabiniok et al. 2011, Xi et al. 2012a). This set

of techniques provides a potentially powerful approach for the quantification of cardiac



7.1. INTRODUCTION 160

function, with the potential for improved selection of individuals with pathological my-

ocardial mechanics for further therapy (Nagel and Schuster 2010). In organ-level cardiac

mechanical models, both passive constitutive material parameters and active contractility

parameters are required for the simulation of diastolic and systolic functions respectively

(Niederer and Smith 2009, Nordsletten et al. 2011). As such, these active and passive

parameters are important physiological variables related to the function of the heart.

In particular, the diastolic function (i.e. LV blood filling) is affected by two main char-

acteristics of the myocardium (Zile et al. 2004, Maeder and Kaye 2009): (1) its capacity

to relax, produced by the release of the actin-myosin cross-bridges, and (2) its compli-

ance (or its reciprocal, stiffness), often quantified within models via constitutive material

parameters that dictate the capacity of the LV chamber to passively dilate. These two

physiological properties, corresponding to the diastolic residual active tension (AT) and

passive constitutive parameters in the mechanical model, are difficult to be assessed in

vivo, and the traditional criterion to diagnose diastolic dysfunction is subject to many

limitations and controversies.

In the previous chapter (Xi et al. 2012a), we demonstrated that estimating these diastolic

mechanical parameters and decoupling the estimates from the effects of active recoil and

passive inflation were possible. Using this model-based approach we showed a clear

difference in the diastolic mechanical parameters (i.e. the stiffness and diastolic residual

active tension) between healthy and diseased subjects. In particular, the high level of

diastolic residual active tension (AT) in early diastole, estimated from the diseased cases,

indicated an impaired ventricular relaxation capability (Zile et al. 2004, Xi et al. 2012a).

This parameter methodology used a novel computational framework incorporating both

clinical imaging and LV pressure measurements. However, the requirement of needing

both motion and pressure measurements in a single subject to utilise this method lim-

its the application of this approach. Specifically, accurate values of LV pressure are only
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available in the clinic with an invasive cardiac catheterisation procedure, where a catheter

is typically introduced through a femoral artery and advanced to the LV (Sasayama et al.

1984, Urheim et al. 2002, Zile et al. 2004). Furthermore, while the cardiac catheterisation

remains the clinical standard, these measurements can be affected by calibration errors

(Solomon and Stevenson 2009), and the potential complications and health risks associ-

ated with this invasive technique underscore the need for reliable noninvasive methods to

measure LV pressures (Chatterjee 2009, Solomon and Stevenson 2009).

As a potential alternative to invasively acquired data, there are three main non-invasive

methodologies for estimating the LV diastolic pressure. The first approach uses 4D veloc-

ity fields available via specialised US, CT or MR imaging protocols, and then computes

the pressure gradients by solving the pressure Poisson equation (Krittian et al. 2012, Song

et al. 1994, Yotti et al. 2011). This method can potentially provide a high spatial-temporal

resolution pressure maps, but it is limited to the domain captured by the image, and per-

haps more significantly, pressure values can only be computed relative to one point in that

domain (and not relative to a known pressure data). This technique has been successfully

applied to compute LV filling pressure gradients (Ebbers et al. 2001, Yotti et al. 2011),

and thus has the potential to be also used for the estimation of diastolic parameters. The

second methodology uses a microbubble-based ultrasound contrast agent (UCA), and is

based on the fact that the change in the non-invasive measurement of the acoustic prop-

erties of this agent using ultrasound depends on the blood pressure (Forsberg et al. 2005,

Dave et al. 2012). This use of the UCA has been approved in the United States for clinical

LV opacification studies (Dave et al. 2012), and has the potential to non-invasively mon-

itor LV pressures in real-time, with reported pressure offset errors ranging from 0.025

to 0.33 kPa when calibrated with aortic pressure using transferred cuff-based measure-

ments (Dave et al. 2012, Geoffrey et al. 2003). With both these developing methods, LV

pressure can effectively be estimated in relative terms, with an uncertain amount of offset

in its absolute value. A further approach to the central blood pressure estimation is to
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non-invasively measure radial artery pressures, from which a transfer function is applied,

as introduced by (Karamanoglu et al. 1993). While this approach has been widely used

in the last few years for the systolic pressure estimation (Hope et al. 2008), as currently

implemented it does not provide accurate information about the central pressure during

diastole. As such this method, for the purpose of our study, should be regarded as com-

plementary to the aforementioned two methodologies which are able to estimate the LV

relative pressure during diastole phase.

These developments in LV pressure measurement technology present both challenges in

the relative nature of the resulting data and opportunities for using this information of

relative pressure to estimate mechanical properties. In this context this chapter addresses

two important questions for the clinical translation of the estimation of passive stiffness

and active tension parameters: are absolute pressure measurements required for param-

eter estimation? If so, what is the impact of the presence of errors in the pressure offset

value required to transform the relative pressure measures into absolute values?

Specifically, the investigation of the importance of the LV pressure boundary condition

on estimation of diastolic proprieties is developed as follows. Firstly, we investigate the

reliability of estimating stiffness and active tension (AT) using data sets of 18 clinical

cases (10 healthy and 8 diseased) with MR imaging data but no LV pressure data, by pre-

scribing pressure boundary conditions based on a P-V relationship reported in established

literature. Using this approach, we show that this generic pressure data adds little to our

ability to discriminate the parameter difference between healthy and diseased cases, com-

pared to the information extracted only from the imaging measurements. Secondly, due

to the low quality of the estimation results without any pressure data (shown below), we

investigate scenarios of parameter estimation with additional information about LV pres-

sure – specifically using the relative pressure with offset. To quantitatively analyse the

influence of the pressure offsets we design three sets of physiologically realistic synthetic
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measurements with three levels of diastolic residual active tension (i.e. impaired relax-

ation capability) as benchmarks, and quantify the percentage error in both residual AT

and passive constitutive parameter estimation against the possible pressure offsets within

the physiological limits.

7.2 Materials and Methods

7.2.1 Parameter estimation without knowing the LV pressure

As discussed above, LV pressure data has previously been an important element to pa-

rameter estimation. However, in many clinical scenarios an estimate of the LV pressure is

completely unknown. In this situation, in order to apply our model-based parameter es-

timation methodology to clinical cases, we would thus need a method to infer it from the

available measurements (i.e. the MRI data), as it is required in the model as an essential

boundary condition. In literature, the LV pressure-volume (P-V) data has been reported

extensively (Kawaguchi et al. 2001, Steendijk et al. 2006, ten Brinke et al. 2010), and

the LV P-V relationship has been well studied (Zile and Brutsaert 2002, Zile et al. 2004,

Klotz et al. 2007). Thus, for the purpose of parameter estimation without pressure in-

formation we consider the implications of inferring the LV pressure using relationships

defined from this data.

LV pressure surrogates using normalised LV volume

The diastolic LV P-V relationship has previously been described by an exponential equa-

tion (Zile and Brutsaert 2002 and Zile et al. 2004), P=AeβV , where P is the left ventric-

ular diastolic pressure, V is the left ventricular diastolic volume, and A and β are empiri-

cally determined constants used to quantify passive stiffness. This empirical P-V relation-

ship has been widely used, and the stiffness constant β is currently the gold-standard for
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the characterisation of the stiffness of the heart in the clinical practice (Aurigemma and

Gaasch 2004, Burkhoff et al. 2005,Westermann et al. 2008). To understand the impact of

pressure on the parameter estimation, we use the P-V relationship (P = 2.3e0.01V ) mea-

sured in the control cases in Zile et al. 2004 for our following experiments. The reason

for this choice is that using this single pressure profile prescribed in the same way (i.e.

without biasing the estimation result by the prescribed pressure), our goal is to analyse,

as a criteria of assessing the plausibility of estimated parameters, how the estimation of

AT and stiffness differs between healthy and diseased subjects.
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Figure 7.1: Illustration of the pressure surrogate using “Zile2004” normalized diastolic P-
V relationship (Zile et al. 2004). (a): the dash line is the direct application of “Zile2004”
(black solid line) to LV with large volume; the green and red lines are the application
to two new cases using normalized volume (detailed in section 7.2.1). (b): validation of
the normalized P-V relationship (solid line) against the diastolic PV data (dash lines, the
same volume normalisation is performed) reported in literature for AHA class II and III
patients (with large LV volumes).

However, it is important to note that the P-V relationship cannot be used directly, because

when applied to diseased hearts with a large LV volume this relationship will produce

an unrealistic pressure (figure 7.1a). To address this limitation we use the normalized

volume as suggested by Klotz et al. 2007. As shown in figure 7.1a, this normalisation

is done using the diastolic LV minimum and maximum volume (denoted by the black

leftmost and rightmost vertical dashed lines). To infer the LV pressure for new cases

(the green and red curves in figure 7.1a), the same normalisation is done on each of

the new cases to get the normalized volume. Pressure is then determined by indexing
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the normalized P-V relationship. In figure 7.1b, we verify this normalisation-based PV

relationship by comparing it to the diastolic PV data reported in literature for AHA class

II and III patients (Lorusso et al. 1997, Kawaguchi et al. 2001, Steendijk et al. 2006,

ten Brinke et al. 2010). The same normalization is performed on these diastolic PV data

in figure 7.1b, where the “Zile2004” relationship (bold black line) is consistent with the

normalized PV data in literature (dash lines).

Application of LV pressure surrogate to 18 clinical cases

Using the method of prescribing the LV pressure outlined above, we apply the parameter

estimation methodology proposed in our previous work (Xi et al. 2012a) to a total of 18

clinical cases with only imaging measurements. As introduced earlier, we analyse the

parameter difference between healthy and diseased cases, and compared these results to

the information extracted only from the imaging measurements.

The imaging data are short axis cine MRI and low resolution 2D tagged MRI, acquired in

St Thomas’ Hospital London using an MR imaging machine produced by Philips Med-

ical Systems. The data sets used in the study conform to the principles outlined in the

Declaration of Helsinki and the study was carried out as part of a local ethics committee-

approved protocol with informed consent obtained from the subjects. In these 18 cases,

10 cases are healthy volunteers and 8 are heart failure patients. A summary of each case

is provided in table 7.3. The LV volume transients (normalized) are plotted in figure

7.2 which, interestingly, shows a clear difference in the timing of the minimum volume

points, suggesting a delayed diastolic relaxation for the diseased cases.

The parameter estimation methodologies, including the methods for processing the MR

measurements, mechanical model simulation and algorithm for estimating the AT and

material properties, are described in detail in Xi et al. 2012a. In brief, the cine MRI se-

quence is first processed using a motion tracking algorithm (Shi et al. 2012) to extract the
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Figure 7.2: Normalized volume transients over a heart cycle for the 18 clinical cases.

Sex Age Heart Rate Weight EF AHA minV maxV
H1 M 34 74 72 49% 0 67 131
H2 M 32 77 82 44% 0 62 110
H3 M 27 50 89 49% 0 98 193
H4 M 29 61 65 41% 0 97 165
H5 M 22 67 65 45% 0 65 118
H6 M 22 69 73 40% 0 85 143
H7 M 30 54 74 36% 0 102 160
H8 M 31 71 65 38% 0 96 153
H9 F 24 50 54 54% 0 77 156
H10 M 20 74 85 43% 0 116 204
D1 M 79 43 70 26% 3 271 365
D2 M 66 83 85 18% 3 262 318
D3 F 65 57 65 19% 2 264 328
D4 M 62 51 110 23% 3 218 282
D5 M 80 62 90 30% 3 169 243
D6 M 58 54 90 33% 2 236 353
D7 M 58 77 104 26% 2 166 225
D8 F 76 59 54 30% 3 142 204

Figure 7.3: Table of patient information of the 18 clinical cases. H stands for healthy, and
D stands for diseased. The minimum and maximum LV volume is in milli-liter (ml). The
ejection fraction calculated here seems to be consistently underestimated, possibly due
to the lower base plan cropping in the LV blood pool segmentation and underestimated
myocardial movements by the motion tracking algorithm.

myocardial displacements, based on which a sequence of cubic-Hermite meshes are then

constructed and aligned to the motion observed in each frame of MRI sequence (Lamata
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et al. 2011). These meshes are compared to the simulation results generated using our

finite deformation based mechanical model, with the previously defined pressure surro-

gate (illustrated in figure 7.1d) as its boundary condition. The mechanical parameters are

then estimated using our novel parameter algorithm (detailed in Xi et al. 2012a).

It is important to note that only cine MRI sequences were in these cases reliable for the

estimation of myocardial movement. Because the cine MRI data did not provide accurate

3D displacements within the myocardium, the parameter optimization criterion is based

on the residual of LV volume instead of the residual of 3D displacements. The parameter

estimation results are reported and compared, to assess the ability of using estimated

parameters to distinguish between healthy and diseased cases below.

7.2.2 Parameter estimation using the relative LV pressure

Our second goal in this study is to assess the accuracy of parameter estimation using

relative pressure measurements (i.e. the relative LV pressure transient with an estimated

absolute offset). In order to achieve this, synthetic cases with ground-truth values provide

clean benchmarks to quantitatively analyse the error introduced with the presence of

pressure offsets.

Synthetic measurements are simulated using our LV mechanical model. The reference

geometrical model, with patient-specific geometry published in Xi et al. 2012a, is shown

in figure 7.4a. A set of typical Guccione constitutive parameters (1,30,20,20) is pre-

scribed and three types of decaying residual active tension were simulated respectively,

representing different levels of diseased conditions with impaired LV relaxation capa-

bilities during early diastole (figure 7.4b). The pressure range (figure 7.4c), from the

beginning of diastole pressure (BDP) to the end of diastole pressure (EDP), is prescribed

as 1.1 kPa to 1.9 kPa, based on the average values of AHA class II and III patients re-

ported in literature (Lorusso et al. 1997, Kawaguchi et al. 2001, Steendijk et al. 2006,
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Figure 7.4: Illustration of the generation of three synthetic measurements used for pa-
rameter estimation experiments. Figure (a) shows the stress-free reference geometry
(visualised with one slice of short-axis cine MRI), a patient-specific geometrical model
constructed from MR images (Xi et al. 2012a). Figure (b) shows three types of decay-
ing residual active tension profiles, which are prescribed in the synthetic simulations to
present three levels of disease conditions (i.e. impaired relaxation during early diastole).
Figure (c) shows the volume of the six simulated synthetic measurements for each case,
together with the corresponding prescribed LV pressure. Note that since the reference
geometry and constitutive parameters are assumed to be the same for the three synthetic
cases and the residual tension is zero at end-diastole, the simulated end-diastolic volume
is thus the same.

ten Brinke et al. 2010). Six evenly distributed measurements were simulated, which is

the typical number of MRI frames covering the diastole phase. Note that the under the

prescribed levels of AT, the volume at 3rd, 2nd and 1st measurements points for cases 1,

2 and 3 respectively is close to the volume of the stress-free reference geometry (i.e. the

reference volume denoted by the dash line in figure 7.4c). The method outlined below

is based on the assumption that at these measurement points the active contractile stress

and passive inflating pressure are roughly balanced.

Parameter estimation, using the same method as applied to the cases in section 7.2.1, is

performed using each of the three sets of synthetic measurements. We assume that for

the purpose of parameter estimation, the pressure is only known relatively (i.e. up to an

offset). We performed the parameter estimation with eight evenly distributed values of

pressure offset (-1.10 kPa, -0.73 kPa, -0.36 kPa, 0 kPa, 0.39 kPa, 0.76 kPa, 1.13 kPa,

1.50 kPa), which shift the BDP from a minimum of 0 kPa to a maximum of 2.6 kPa,

corresponding to the physiological range of BDP reported in literature (Lorusso et al.
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1997, Kawaguchi et al. 2001, Steendijk et al. 2006, ten Brinke et al. 2010).

7.3 Results

We present the results of parameter estimation using both the prescribed pressure and the

relative pressure respectively in the following two subsections.

7.3.1 The effect of prescribed pressures and the feasibility of param-
eter estimation without any pressure data

Figure 7.5 plots the α values (stiffness, defined in Xi et al. 2012a) of the estimated Guc-

cione parameters for the 18 clinical cases using the prescribed pressure. Overall, there

is a significant difference between healthy and diseased cases in terms of the stiffness

implied by α, which agrees with the prior knowledge of disease classification. However,

we are aware that the difference in the α values between the healthy and diseased cases

might be already implied by the difference in the ejection fraction (EF) calculated from

the volume (discussed below in section 7.4.1).

Figure 7.6 plots the estimated diastolic AT transients for the 18 clinical cases using the

prescribed pressure. The AT transients are quite similar among the healthy and diseased

cases, which is inconsistent with disease classification. The difference in the timing of AT

can be explained by the volume transient in figure 7.2, which shows the different timing at

the beginning of diastole. Notably, although the deformation of the 18 clinical cases are

significantly different (in terms of the LV volume and ejection fraction), surprisingly the

estimated AT transients (especially in terms of the maximal AT) are similar, indicating

that AT is likely to be highly correlated with the prescribed pressure. This difference in

the estimated AT transients between healthy and diseased cases is significantly smaller

then that reported in Xi et al. 2012a, using the measured LV pressure.
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Figure 7.5: The estimated α (stiffness) of the Guccione material parameters for the 18
clinical cases: cases 1-10 are healthy and cases 11-18 are diseased. Due to the conver-
gence issue, 3 of the 10 healthy cases cannot be simulated.
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Figure 7.6: Estimated diastolic AT transient for the 18 clinical cases with only imaging
measurements. These AT transients are grouped by disease class: healthy (green) and
diseased (red). As described in previous chapter (Xi et al. 2012a), the AT transients
shown here are fitted exponential curves.
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7.3.2 The effects of pressure offset and the accuracy of parameter
estimation using relative pressure

Figures 7.7 shows, using the three sets of synthetic benchmark cases, the percentage

change of estimated parameters–α of Guccione parameters (figure 7.7a), maximal dias-

tolic AT (figure 7.7b) – with respect to the percentage offset of relative pressure with

respect to the beginning-of-diastole pressure (1.10 kPa) from -100% to +136% (or -1.10,

-0.73, -0.36, 0, 0.39, 0.76, 1.13 and 1.50 kPa in their absolute values, -100% correspond-

ing to an offset of -1.10 kPa and +136% to an offset of +1.50 kPa). The traditional

empirically derived clinical stiffness index β is calculated for all these experiments, and

shown in figure 7.7c, with comparison to the stiffness parameter α calculated using our

model-based methods.

Overall, the changes in α and AT are not monotonically increasing/decreasing until the

pressure offset reaches a positive limit (i.e. shifted up to a limit). This limit is first reached

in case 3 (from 0%), where the AT is the smallest among the three cases. This is because

the 1st measurement is already close to the reference state and a positive pressure offset

would cause the estimated reference state go beyond the 1st measurement (explained in

details in the discussion section).

When the pressure offset is negative (i.e. pressure shifted downwards), α changes by

a maximum amount of 35% (in contrast, β changes by -51% to +1120%), and AT by

a maximum of 60%. The maximal error ranges of α and AT also hold for the positive

pressure offset, but not after the monotonically increasing limit, after which the estimated

parameter will increase without an upper bound.

In the ±30% window of pressure offset, which corresponds to the reported maximal

measurement error 0.33 kPa using the current state-of-art non-invasive pressure estima-

tion method (Dave et al. 2012), the maximal changes are 27% for α and 45% for AT
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respectively. In the ±16% window of pressure offset, which corresponds to the reported

mean error (0.17 kPa) in the pressure estimation, the maximal changes become 11% for α

and 22% for AT respectively. It is important to note that based on the published results in

Xi et al. 2012a, the healthy and diseased cases have differences of approximately 42% in

α, and 69% in AT. As such, under the mean error assumption, these results show promise

for delineating the healthy and diseased cases using the relative pressure obtained from

the current non-invasive pressure estimation method.
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Figure 7.7: The percentage change of estimated parameters (α(a) and AT (b)) with re-
spect to the percentage offset of the LV pressure, comparing to the percentage change of
clinical stiffness index β in (c). The percentages are calculated using the ground-truth
parameters prescribed in the three synthetic cases. These results are explained in details
in section 7.3.2.

7.4 Discussion

We have performed the first study, to our best knowledge, to analyse the feasibility of

using prescribed and relative pressure measurement, for the purpose of inverse parameter

estimation. In the following, we discuss the reliability and implications of the parameter

estimation results using both these two types of LV pressure.
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7.4.1 The feasibility of using the prescribed pressure for parameter
estimation

Despite the significant advantage such a technique would offer in the clinic, our results

show that estimation of diastolic AT and constitutive parameters without LV pressure is

an ill-posed problem. Specifically we have shown there is a clear need for both stim-

uli (pressure) and response (deformation) to estimate parameters of the LV mechanical

system. The prescription of pressure based on a P-V relationship significantly affects

the computation of AT – high similarity among the 18 clinical cases despite of clear dif-

ferences in the cardiac deformation and diseased conditions. In addition, the estimated

stiffness seems to be highly correlated to the ejection fraction (discussed in the next sub-

section).

The correlation between constitutive parameters α and ejection fraction

Despite the clear bias introduced by a pressure surrogate, the stiffness estimated differ-

entiated healthy and diseased cases in a cohort of 21 clinical cases. The relationship

between ejections fraction (EF) and the α-stiffness estimated in the previous experiments

is shown in figure 7.8. When the α-stiffness or the material properties are estimated using

the same pressure surrogate prescribed according to Zile et al. 2004, they are essentially

negatively correlated to the EF. Therefore, the information implied by the stiffness es-

timated using the prescribed pressure is no more than that can be directly measured, in

terms of ejection fraction, using only the data observable from the image.
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Figure 7.8: Regression line between stiffness and EF in the clinical cases (18 cine-only
cases and 3 MediA cases (Xi et al. 2012a)), when estimated using the “Zile2004” pres-
sure. The ground-truth α (estimated using the measured pressure) of the three MediA
cases are plotted in box marks. The green star marks correspond to the healthy cases
among the 18 cine-only cases, while the red stars marks correspond to the diseased ones.

Comments on the way of prescribing the LV pressure

We acknowledge that pressures of LV with different volumes have a large variability, and

it is less likely that there is a universally applicable way of determining the pressure solely

based on LV volume. The way we prescribed the LV pressure is just a preliminary trial to

investigate the influence of pressure on parameter estimation. More complex methods of

determining the LV pressure could be investigated (e.g. taking account of the influence

of the LV absolute volume), which lies beyond the main purpose of our study in this

chapter.
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7.4.2 The in-silico benchmarks for parameter estimation experiments
using relative pressure

The three sets of synthetic measurement provide benchmarks to quantify the error that

could be possibly introduced by the uncertainty in transforming relative pressure into

the absolute values. These three synthetic cases have different levels of diastolic resid-

ual active tension covering a wide range of diseased condition (i.e. impaired ventricular

relaxation capability) in terms of the magnitude of possible residual tensions (Xi et al.

2012a). We adopted our assumptions for generating those synthetic benchmarks based on

the averaged PV data reported in literature (Lorusso et al. 1997, Kawaguchi et al. 2001,

Steendijk et al. 2006, ten Brinke et al. 2010) and tested a large range of possible pressure

offsets according to physiologically realistic variability of diastolic PV data. However,

we acknowledge that the experiments done on the in-silico cases have an inherent limi-

tation: the measurements (both the pressure and motion measurement) are free of noise

compared to the real measurements obtained in the clinic. Most often these errors are not

white noise and knowing the distribution is challenging. Nevertheless, we believe these

in-silico experiments do provide a clean and reliable estimate of the possible errors in

estimated parameters using relative pressure measurements.

7.4.3 The error mechanism of using relative pressure for the param-
eter estimation

To better understand the mechanism of how pressure shifts influence the parameter esti-

mation, a 1D spring model provides helpful insights into the influence of pressure offsets

and ways to reduce the parameter estimation error.

As shown in figure 7.9(a-b), the deformation of the spring (analogous to the deformation

of LV) is driven by two factors–stretched by the external force P (analogous to the LV

cavity pressure) and contracted by the active stress Tz (analogous to the active tension
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developed by the contraction of the myocardial fibre). Passive stress Tp is developed

when the spring is stretched/compressed from the reference position x0 to position xi

(i=1,2,3,4,5), for a classical Hookean spring this is a linear relationship with the dis-

placement xi − x0 and the spring constant K (stiffness). Assuming that the external force

P and active stress Tz are balanced at the 3rd measurement, then x3 should be equal to x0.

At five measurement points the external force Pi and deformed position xi are measured

as shown in the left panel of figure 7.9c. Using these measurements, the parameters to

be estimated include the stiffness K, the reference position x0 and the active stress Tz at

each time point.

Using our estimation methods, if the ground-truth measured pressure (without an offset)

is used for the parameter estimation, the correct stiffness K and correct reference position

x0 are estimated, by drawing a tangent line (red line in the left panel of figure 7.9c) for

the P-X curve at the final measurement point, reaching the horizontal line of P = 0

(essentially analogous to deflating from the end diastolic state to zero pressure for the

LV model), assuming Tz5=0. The amount of active tension is proportional to the length

of the 5 horizontal dashed lines at the 5 measurement points, because that is the amount

of force needed to compress the spring from the red line to the corresponding positions

of the P-x curve. The blue line in the left panel of figure 7.9c represents the scenario

where x2 is assumed to the reference position. With this assumption, the AT estimated at

measurement point 4 (denoted by the dash vertical line) is negative, as the blue line falls

to the left of the P-x curve (i.e. negative AT is needed to stretch the spring to match the

P-x curve). Therefore the assumption of x2 being the reference position will be rejected

based on the proposed retrospective AT criteria (Xi et al. 2012a) – the estimated AT

at these five measurement points should be decreasing and all non-negative. Since the

assumption of x2 being the reference position has been rejected, the correct estimation

of reference position x3 (the red line in the left panel of figure 7.9c) is obtained based

on our proposed estimation methods (detailed in Xi et al. 2012a) – the first assumption
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of reference position that satisfies the decreasing and nonnegative criteria is the correct

reference position. This results in the correct estimation of stiffness and AT as well.

The right panel of figure 7.9c shows the scenario of using shifted pressure for parameter

estimation. The correct estimation of stiffness K should be the red line, the same as

the red line in the left panel of figure 7.9c. However, due to the limited resolution of

measurements, the reference state indicated by the red line (between the 2nd and 3rd

measurements) is not measured. The 2nd measurement will be selected as the reference

state, as the AT estimated by the green line is the first one that satisfies the decreasing

and non-negative AT criteria (as introduced above). Compared to the red line (ground-

truth) the green line (taking 2nd measurement as the reference state) underestimates the

stiffness K as well the AT. This situation happens also in our previous experiments and

explains the reasons why the stiffness and AT is often underestimated, as shown above in

figure 7.7 in the results section.

If we have more measurements available between x2 and x3 to cover also the reference

state, we will still not be able to improve the parameter estimation results. The reason

is because the 2nd measurement (the green line), as the first one satisfies the AT criteria,

will still be selected as the reference state. This incorrect selection of reference state

happens because of a lack of measurement towards the end of deformation. If more

measurements are available at the rightmost horizontal dash line, the error of selecting the

wrong reference state will be corrected since the AT of the green line at that measurement

point will be shown as negative, and thus reject the assumption that 2nd measurement is

the reference state. In this situation the correct reference frame (the red line) will be

chosen, resulting in the correct estimation of both constitutive parameters and AT.

Therefore, in summary, in order to improve the robustness of parameter estimation against

the pressure offsets, more measurements during the whole deformation process are needed.
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(a) Schematic 1D spring model.

(b) Illustration of the available measurements for the 1D spring model.

(c) Illustration of the parameter estimation process for the 1D spring model.

Figure 7.9: (a) Schematic 1D spring model, demonstrates the key concepts in the LV
mechanical model. The displacement of the spring x , relative to the reference position
x0, is driven by both the external force P and the active stress Tz . The passive stress
Tp is developed as the spring is deformed, relating to the spring stiffness constant K .
This is detailed in section 7.4.3. (b) Illustration of the available measurements for the
1D spring model–the deformed position xi (analogous to the MR measurement of the LV
deformation), and the external loading force Pi (analogous to the measurement of the LV
cavity pressure). (c) Illustration of the parameter estimation process for the 1D spring
model, using ground-truth pressure (left) and the shifted pressure (right). This process is
explained in details in section 7.4.3.
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7.5 Summary

This chapter presents the first study, to our best knowledge, to analyse the feasibility

of using prescribed and relative pressure measurement for the purpose of inverse dias-

tolic cardiac parameter estimation (using our previously published methodology, Xi et al.

2012a). It is concluded that the knowledge of LV pressure transient is required for the

estimation of cardiac diastolic properties. Without this knowledge, the information im-

plied by the estimation parameters is no more useful than that extracted from the imaging

measurements (i.e., the stiffness is correlated with the ejection fraction calculated from

the volume transients). The relative LV pressure can be used for estimating parame-

ters, with errors quantified in this study as 11% for α and 22% for AT with averaged 0.17

kPa error in pressure measurement using the state-of-art non-invasive pressure estimation

method. We believe that the accuracy of pressure offset is important for the estimation of

parameters, and given a fixed accuracy of pressure measurement, increased resolution of

diastolic MR measurements could improve the accuracy of estimated parameters.
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Chapter 8

Summary and future directions

8.1 Summary

This thesis on the patient-specific model-based parameter estimation has presented con-

tributions that are both methodological and clinical applicable. In particular, it has de-

veloped methods of integrating dynamic MRI and LV cavity pressure data within a phys-

iologically realistic mechanical model, providing methods for, to our best knowledge,

the first estimation of both myocardial stiffness and diastolic residual active tension (AT)

profile in human subjects. Preliminary results show that early diastolic residual AT in

the two diseased cases is significantly higher than the normal case, which confirms that

myocardial relaxation is impaired in those two heart failure patients. In addition, this

work also reports how the estimated constitutive parameters provide a potential robust

indicator of the myocardial stiffness.

One of contributions of this model-based method of quantifying the degree of active ten-

sion during diastole lies in the potential application of our approach to diastolic heart

failure (DHF) and dysfunction in patients in the clinic. As explained in detail by Fuster

et al. (2001) and briefly summarised here, diastolic heart failure and diastolic dysfunction

refers to the decline in performance of ventricles (usually the left ventricle) during dias-

181
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tole. The clinical determination of the mechanisms which cause the diastolic heart failure

remains challenging. A number of studies have sought to characterise LV diastolic func-

tion, and current guidelines rely on bulk and indirect measures – such as pressure volume

loop measures or Doppler ultrasound (Paulus et al. 2007). Current diagnostic metrics

are surrogates of the actual complex physiological processes occurring in the heart it-

self. For example, one of the difficulties of using pure analysis of image and pressure

measurements lies in the fact that ejection fraction and LV pressure could appear normal

for DHF patients. In addition, systolic and diastolic heart failure commonly coexist in

patients present with many ischemic and nonischemic etiologies of heart failure. These

problems bring difficulties to the determination of and therapy-planning for DHF using

traditional non-model based methods (i.e., pure analysis of clinical measurements) (Zile

and Brutsaert 2002).

The difficulty is, to a significant degree, because any condition or process that leads

to stiffening of the left ventricle can lead to diastolic failure (i.e., ventricle can’t be

filled properly), including impaired relaxation or increased wall thickness and/or stiff-

ness (Fuster et al. 2001). These two causes of impaired ventricular filling are explicitly

modeled and quantified in our approach – the reduction in the passive muscular elasticity

and increase in diastolic active tension. The quantification of these two factors provides

the potential for the identification of the true root cause of the stiff left ventricle in a

clinical context, and thus guides the therapy to target the underlying root of DHF.

However, there are a number of steps to be completed before bringing proposed methods

into clinical practice (discussed in more details in the following sections). Firstly, this

thesis has provided the proof of concept and demonstrated feasibility of the approach

through the positive validation of the reported results in three clinical cases. However

clearly the clinical significance of the proposed approach has to be further analysed (e.g.,

in a large patient universe). Additionally, the confirmation and validation of the physi-

ological mechanism of increased residual active tension, using electrophysiology exper-
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iments and modelling, represents an interesting and important aspect in its own right.

Secondly, the invasiveness of pressure measurement would limit potentially wide clinical

application. As analysed in chapter 7, there is a clear need for both stimuli (pressure)

and response (deformation) to estimate parameters of the left ventricular (LV) mechan-

ical system. In current clinical practice LV pressure is measured with invasive cardiac

catheterisation procedures, which are subject to associated risks and complications. This

limitation, of requiring LV pressure measurements, prevents the potentially wide applica-

tion of the proposed methodological approach. Nevertheless, there are already promising

non-invasive pressure estimation methods (Forsberg et al. 2005, Dave et al. 2012), still

not fully integrated into clinical practice, that have the possibility of providing the re-

quired LV pressure estimates. The combination of these non-invasive pressure measures

with our proposed parameter estimation approach have the ability to widen potential clin-

ical application, however, the accuracy and sensitivity of the integrated approach needs

to be assessed in its own right.

8.2 Future directions

A number of directions of further research are outlined here in order to achieve the ulti-

mate and exciting goal of the envisioned clinical application.

8.2.1 Clinical application and experimental validation

Current clinical practice makes use of the required invasive pressure transients in se-

lected cases, and the analysis of more diseased cases is thus a necessary step to assess the

diagnostic value of the diastolic relaxation and stiffness estimated with proposed method-

ology. This thesis has provided the proof of concept and feasibility through the positive

validation results in three clinical cases, but clearly the clinical significance of the di-
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astolic indexes has to be further analysed. Further validation using a large number of

clinical data sets is needed to link the estimated abnormal diastolic AT and stiffness pa-

rameters to the pathology of LV dysfunctions in patients. To understand the fundamental

mechanism underlying this link would be a promising research area.

The main challenge in this direction of clinical validation is the data acquisition and data

quality. Both pressure and deformation data need to be complete and temporally aligned.

The acquisition of MRI in disease conditions is specially challenging due to breathing

and heart rhythm irregularities. It is therefore important to assess the uncertainty in the

parameters estimated, the sensitivity of results to noise and bias in data. In addition,

this thesis has analysed the effect of an offset in the pressure transient, but further work is

needed to assess the impact of other sources of uncertainties in the clinical measurements.

The observed increase in the residual active tension in our patient cases can be well ex-

plained using the existing well-established cellular electrophysiological experiments and

models (ten Tusscher et al. 2004, ten Tusscher and Panfilov 2006, Grandi et al. 2010).

When the cell is depolarised, calcium ions are released into the intracellular space, which

causes the myocyte to contract via the sliding-filament mechanism. During the repolari-

sation, if the cell’s ability of pumping calcium and/or potassium ions back to extracellular

compartment is decreased due to a reduction of key membrane proteins, the developed

active tension remain high in the early diastole, limiting the LV to relax. The confirmation

of this mechanism (i.e., blockage of a specific calcium or potassium channel) could be

very interesting and significant for future research directions using electrophysiological

experiments.

8.2.2 The usage of non-invasive LV pressure estimation methods

The results described in chapter 7 demonstrate that the LV pressure data, characterising

the amount of force per unit area applied to the endocardium, is required to correctly es-
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timate the material properties and residual active tension of the myocardium. However,

current clinical methods of pressure acquisition employ invasive catheters, and their as-

sociated risks limit the wide application of the proposed methodology for the assessment

of diastolic parameters. Results in chapter 7 also demonstrate the possibility of using

relative pressure obtained via non-invasive methods (Krittian et al. 2012) to estimate the

myocardial material properties, and further work is needed to confirm this hypothesis.

Specifically, pressure differences can be computed from the velocity data captured by

phase-contrast MRI (Krittian et al. 2012). The possibility of using this information for

the estimation of parameters requires the existence of an anatomical point of constant or

known pressure, which is used to convert the relative measures into absolute values of

pressure in the left ventricle. This imaging modality is also limited in temporal resolution

(current technology enables the acquisition of 15 to 20 frames per heart beat), and the

signal to noise ratio during diastole can be quite low. An alternative is the use of Doppler

ultrasound for the acquisition of blood velocity (Yotti et al. 2011), a modality that offers

much higher temporal resolution at the expense of a more limited field of view.

Alternatively, absolute values of blood pressure can be estimated through micro-bubble

based ultrasound contrast agent (Dave et al. 2012). This method has been approved in the

United States for clinical LV opacification studies, and has the potential to non-invasively

monitor LV pressures in real-time, with reported pressure offset errors ranging from 0.025

to 0.33 kPa (Geoffrey et al. 2003). Due to its relatively high accuracy, performing non-

invasive parameter estimation using pressure estimated from this method is promising.
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8.2.3 Model assumptions

Patient-specific fibre structure

Cardiac fibre architecture has an important role in the cardiac function, affecting the

electro-physiological and mechanical behaviour of the myocardium. In this study, due

to the limitation of the data, rule-based fibre distribution is used (Usyk et al. (2000)),

which does not incorporate directly the patient-specific measurements. Although previ-

ous studies (Niederer et al. 2009, Vendelin et al. 2002, Bovendeerd et al. 1992) have sug-

gested that fibre orientation has a limited effect on organ scale metrics of cardiac function,

the absence of patient-specific fibre orientation may influence the estimation of material

anisotropies and the accuracy of AT estimated. To address this issue, in our group we

are currently in the process of developing robust and time efficient methods which enable

the creation of a human fibre model from in-vivo diffusion-tensor MR images (Tous-

saint et al. 2010, Lamata et al. 2010b). Using this data it will then be straightforward to

incorporate a patient-specific fibre distribution model into our current framework.

Myocardial volume change

Most of the mechanical models in literature assume the material of myocardium to be

incompressible. However, based on the displacements of three clinical data sets we have

observed in our study that there could be up to a 10% of volume change. This level of

volume change, which has been also reported in literature (Yin et al. 1996), is likely due

to myocardium perfusion with distensible blood vessels. This finding implies that more

works need to be done on accounting for the impressibility of myocardium, possibly by

incorporating myocardial perfusion models (Lee et al. 2009, Marchesseau et al. 2010).
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Boundary conditions

For the purpose of this study, the model in this thesis only represents the LV and does not

include any representation of the right ventricular atrium, valve plane and pericardium.

As a result, movement of the LV is less constrained. In this study, the model simulations

aim at replicating patient-specific imaging measurements, and thus boundary conditions

can be defined by recording the movement of the base and apex using the patient-specific

data. However, to use the developed model in its predictive way would require generic

boundary conditions which can approximate the effects of the absent structures around

the LV. Niederer et al. (2009) investigated the impacts of different methods of defining

generic boundary conditions by constraining the LV basal movement, suggesting that

simulated end-diastolic volume is relative sensitive to boundary conditions. Beside these

generic boundary conditions, another alternative could be to develop the so-called “peri-

cardia constraint” using a pericardium model which was reported to lead to the physically

realistic diastolic wall motion (Nash 1998).

Regional variation of material properties

For the present purpose of estimating homogeneous indices of myocardial stiffness and

relaxation functions, the model in this thesis incorporated homogeneous material proper-

ties throughout the myocardium. In reality, micro-structural observations suggest that this

can be an oversimplification of ventricular wall properties as the extend of branching be-

tween myocardial sheets changes across the ventricular wall, suggesting that myocardial

stiffness could be transmurally varying (LeGrice et al. 1995, Nash 1998). This regional

variation of material properties could be incorporated into the LV mechanical model.

This would allow the regional parameter estimation, which could be potentially valuable

for identifying regional myocardial infarction using data of patients with ischemic heart

disease (Chabiniok et al. 2011).
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8.2.4 Methods of parameter estimation

Currently in our clinical parameter estimation framework, we choose a robust but com-

putationally expensive approach for sampling the parameter space. This enabled us to

fully explore and understand the coupling relationships between parameter values. In the

future, it would be possible to adopt more sophisticated but computationally effective

approaches to directly estimate the coupling coefficients a and b, such as the sequential

quadratic programming or SQP (Augenstein et al. 2005) or filtering approaches (Xi et al.

2011a).

The filtering approach using various Kalman filters is commonly employed as an effective

framework for assimilating large amounts of noisy measurements into a dynamic model

(Moireau et al. 2008). However, in the literature, it is not uncommon that mechanical

models of the heart are presented and simulated in quasi-static form. This brings the

questions as to what order should measurements be assimilated. This could be a valuable

point for comparison and better understanding of the Kalman filter performance when

applied to quasi-static systems.

Apart from those two main streams of optimization approach using SQP and filter-

ing approaches, genetic algorithms (GA), which generate optimization solutions using

techniques inspired by natural evolution such as inheritance, mutation, selection, and

crossover (Bäck and Schwefel 1993), are promising choice. GA is highly parallel, prob-

lem independent, gradient-free, and reassures a high chance of reaching a global optimum

by using random cross over and mutation operators, and starting with multiple random

search points. Thus it has been widely used in large real-life optimization problems such

as the financial trading model parameter estimation (Pictet et al. 1995) and engineering

design optimization (Gen and Cheng 1999). For our problem, it could provide a good

balance between the robustness of brute-force sampling method and the computation

efficiency of the filtering and SQP approaches. However, the parameter estimation al-
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gorithm proposed in chapter 6 (Xi et al. 2012a) cannot be translated directly into other

optimization algorithms such as GA without modification. In particular, the problem lies

in the unknown stress-free state, which cannot be easily treated as a single additional

unknown parameter. One solution is to define an additional parameter as the index of the

MR frame to which the stress-free state is close to (Xi et al. 2012a). In this way, GA

algorithm could be effectively used and thus its robustness and efficiency can be lever-

aged to give an optimal estimation of model parameters within a clinical applicable time

frame.

8.3 Conclusion

Imagine a scenario where a patient with symptoms of cardiac disease is referred to have

a set of MR scans and other regular measurements of their heart, and the referring clini-

cian gets a report including the 3D physiologically realistic virtual heart of that specific

patient, informing in mechanistic detail how their heart beats and functions both at the

macro (phenomenal) and the micro (physiological) levels. Moreover, the clinical report

provides key indices of this virtual heart (e.g. the stiffness of his myocardium and the

residual tension during the cardiac relaxation). This rich new set of information derived

from the virtual physiologically realistic heart enables the clinician to quickly and accu-

rately assess the disease condition and give appropriate treatment.

Achieving this goal is the ultimate aim of developing and personalising patient-specific

computational cardiac models that, in turn, enable the estimation of immeasurable pa-

rameters and reveal derived metrics which effectively describe the functions of the heart.

While this remains a difficult task, there are already a number of promising steps in this

direction that can be found in the literature (e.g. Sermesant et al. 2006, Sermesant et al.

2011, Chabiniok et al. 2011, Delingette et al. 2012, Moireau and Chapelle 2011, Wong

et al. 2010, Wang et al. 2009, Wang et al. 2010b). The work presented in this thesis has
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been to further push forward the frontier of the current state-of-the-art research towards

achieving this exciting goal (Xi et al. 2011a, Xi et al. 2011b, Xi et al. 2012a, Xi et al.

2012b).
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