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Abstract

The Prussian blue analogs (PBAs) are a family of electrochemically reactive com-

pounds with great promise as electrode materials in next-generation sodium- and

potassium-ion batteries. They are also an excellent platform for the computational

study of interesting phenomena within electronic-structure theory, including mixed

valency, redox activity, photo-induced spin transition, and charge disproportiona-

tion. However, modeling the PBAs with density-functional theory (DFT) is difficult

because the electrons in these compounds are strongly correlated. In this work,

I demonstrate how important electrochemical properties of the PBAs are calcula-

ble from first principles, but advanced, DFT-based methods like non-local, hybrid

functionals or DFT+U must be used to overcome the self-interaction error in these

strongly correlated systems.

With these advanced, DFT-based methods, I am able to show with a hybrid

functional that three metal hexacyanoferrates (NaxM [Fe(CN)6]), which are impor-

tant cathode candidates, have very heavy effective masses for charge-carrying elec-

trons and holes, and, thus, small-polaron hopping is an important mechanism for

PBA electronic conductivity. Also with the use of a hybrid functional, I provide

strong theoretical support to the hypothesis that the high specific capacity of sodium

manganese hexacyanomanganate arises from the insertion of a third sodium ion per

formula unit to form Na3MnII[MnI(CN)6], answering a long-standing question from

experiment. Finally, I use DFT+U to predict materials properties like reduction

potential, ion-hopping activation energy, direct magnetic exchange-coupling coeffi-

cient, and infrared-spectroscopy absorption frequencies in four defect-free alkali-metal

chromium hexacyanochromates, AxCr[Cr(CN)6].

This work provides critical, new insight into the electronic structure and electro-

chemical properties of the PBAs. Technically, it contributes another example system
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to the list of strongly correlated systems successfully simulated with hybrid function-

als and DFT+U. And it is an important work in the ongoing, urgent, and global

effort to make next-generation batteries better.
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Chapter 1

Introductions: Prussian blue
analogs as battery materials

1.1 Motivation for this work

This work is a first-principles study of the electrochemical properties of the Prus-

sian blue analogs. It is motivated by the global need for better batteries, especially

batteries that can insert ions other than lithium, like sodium and potassium. The

Prussian blue analogs (PBAs) are excellent candidates for active materials in these

next-generation batteries. This is also motivated by the great number of interesting,

unanswered questions about the electronic structure of the PBAs. These questions

lend themselves well to investigation by ab-initio simulation with density-functional

theory (DFT). Figure 1.1 shows the growth in research into this work’s three main

topics: Prussian blue, density-functional theory, and batteries. Each is more popular

than the last, with almost 20,000 scientific papers per year written on batteries in the

decade from 2010 to 2020.

This chapter introduces the necessary context for what follows. The first section

focuses on the science of electrochemical cells (the individual components of batteries).

After that, the PBAs and the tunability of their materials properties are discussed.

Finally, the use of DFT is motivated by the presentation of three achievements of the

method in the study of batteries.
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Figure 1.1: Growth in citations over time. The percentage of all scientific publications
matching the search terms “Prussian blue” (blue, left), “Density functional theory”
(red, middle), and “Battery” (black, right) are plotted versus time over the last 5
decades. Values are taken from a search of the database at webofknowledge.com.

1.2 The physical chemistry of electrochemical cells

This section introduces the physical chemistry of electrochemical cells. First, the

thermodynamics of half-reactions are discussed and related to the energy that can

be extracted from a battery. Electrode kinetics, including the effects of ionic and

electronic conductivities, are then introduced through the Butler–Volmer equation.

Finally, transport in the electrolyte phase is briefly discussed.

1.2.1 Thermodynamics and reduction potentials

A battery is a device made of one or more electrochemical cells, each of which con-

verts chemical energy into electrical energy. A battery is based on a electrochemical

reaction. One such reaction between the PBA iron hexacyanoferrate, Fe[Fe(CN)6],

and sodium metal is [1]

Fe[Fe(CN)6] + Na→ NaFe[Fe(CN)6]. (1.1)

2



The particular electrochemical properties of this and other PBAs are introduced in

the following section; at present, it suffices that iron hexacyanoferrate is an elec-

trochemically reactive species. In this reaction, an electron is transferred from the

sodium to the iron hexacyanoferrate, so the sodium is said to be oxidized and the iron

hexacyanoferrate is reduced. This reaction can be rewritten as two half-reactions [2]

FeIII[FeIII(CN)6] + e− → FeIII[FeII(CN)6]− (1.2)

and

Na→ Na+ + e−. (1.3)

The oxidation states of the iron ions have been included explicitly. A battery oper-

ates by spatially separating the two half-reactions. During discharge, the reduction

half-reaction (equation 1.2) happens at the cathode while the oxidation half-reaction

(equation 1.3) happens at the anode. The cathode and anode are known generically

as electrodes. At the same time, one or more ionic species cross from one electrode to

the other internally through a phase called the electrolyte. In this case, sodium ions

move from the anode to the cathode. The electrolyte is often a solution of conductive

salts in an aqueous or organic solvent, but the study of solid-state electrolytes is one

of the busiest in battery science [3]. Finally, while ions move through the electrolyte,

electrons are driven from the anode to the cathode through a circuit external to the

battery. These electrons can be harnessed to do useful electrical work. If the reaction

is chemically reversible then the battery is called secondary; it can be recharged by

inputting energy and driving the electronic circuit (and the electrochemical reaction)

in reverse. If the reaction is irreversible the battery is called primary [4].

Chemical thermodynamics bounds the maximum amount of useful energy avail-

able from a battery. No more than the Gibbs free energy of reaction, ∆Grxn, can be

extracted. In electrochemistry, is it more usual and experimentally simpler to work

in terms of the electric potential of the cell, Ecell (also called the cell potential). The

3



Figure 1.2: A clean energy economy. The work’s motivation is shown schematically,
highlighting the role of PBA batteries in grid-scale storage of clean energy. Renewable
energy sources like solar and wind are needed to reduce greenhouse-gas emissions, and
thus to stop further anthropogenic climate change. Solar and wind are intermittent or
diurnal, so substantially more electrical-energy storage is required. Batteries based on
inexpensive and easily synthesized PBAs could soon be deployed widely in grid-scale
storage. Reprinted with permission from [5]. Copyright 2018 Cell Press.

two quantities are related by [6]

∆Grxn = −nFEcell (1.4)

in which n is the amount of electrons per ion transferred (that is, the ion’s valency)

and F is the Faraday constant, 9.6485× 104 C mol−1. The cell potential can also

be written as the difference between the reduction potential of the cathode and the

anode as

Ecell = Ecathode − Eanode. (1.5)

For many electrodes (including iron hexacyanoferrate), the potential is nearly

constant over the course of the reaction. However, this is not generally the case.

The lithium-ion cathode lithium cobalt oxide (LixCoO2) has a cell potential that is

strongly a function of the lithium stoichiometry, x [7]. In these cases, the available

4



energy when a number of electrons n(x2 − x1) is passed between electrodes is

∆Grxn(x1, x2) = −nF
∫ x2

x1

dx[Ecathode(x)− Eanode(x)]. (1.6)

The important materials properties for high-performance battery electrodes are ap-

parent from equation 1.6. A good cathode-anode pair maximizes (Ecathode(x) −

Eanode(x)) and n(xmax − xmin). The latter quantity is called the capacity, and it

corresponds to the total amount of charge that can be extracted from or inserted into

an electrode. When normalized by the electrode material’s molar mass it is referred

to as the specific capacity. Specific capacity is often reported in units of milliampere

hours per gram, mA h g−1. Much of modern materials science for batteries is devoted

to predicting, synthesizing, and characterizing new electrodes with these properties.

1.2.2 Kinetics of crystalline electrodes

Besides thermodynamics, the kinetics of the reaction strongly influence battery per-

formance. Electrochemical kinetics are governed in many important cases by the

Butler–Volmer equation [6],

i = i0

[
co
c0
o

exp

(
αaFη

kBT

)
− cr
c0
r

exp

(
−αcFη

kBT

)]
. (1.7)

Here i is the areal current density; i0 is the areal exchange current density; ci/c
0
i are

the ratios of the oxidant or reductant concentration at the electrode surface to the

bulk concentrations; αi are the anodic and cathodic exchange coefficients; kB is the

Boltzmann constant, 1.381×10−23 J K−1; T is the thermodynamic temperature; and

η is the overpotential. (Note that I have the adopted the convention with Newman

[6] that positive overpotentials result in positive, oxidizing currents. Bard takes the

opposite convention [8].) The overpotential is defined as the difference between an

electrode’s operating potential and its equilibrium potential,

η = E − Eeq. (1.8)

5



It can be thought of as a measure of how far from equilibrium an electrode must be

driven to produce the desired current density, i.

A battery’s rate capability refers to how quickly it can be charged or discharged.

Improving a battery’s rate capability requires increasing the battery’s areal current

density, i. As equation 1.7 shows, increasing the magnitude of i requires increasing the

overpotential. Doing so, however, has two effects on the cell potential, and thus on the

overall energy. First, increasing the magnitude of the overpotential in the cathode,

where reduction occurs during discharge, requires decreasing Ecathode relative to its

equilibrium value, per equation 1.8. Similarly, Eanode must increase relative to its

equilibrium value. This is precisely the opposite of what is needed to maximize the

cell energy, as discussed above. Second, increasing the magnitude of the overpotential

causes the capacity, n(xmax−xmin), to decrease. This is due to the fact that xmin, for

example, is determined practically by the minimum potential the cathode can achieve

before the onset of deleterious, irreversible side reactions. So the cathode driven at a

higher overpotential (magnitude) will reach the minimum safe potential at a higher

value of x compared to the same battery operated at a slower rate. This leads to the

general trend that increasing the rate at which a battery is operated decreases the

amount of energy that can be extracted [9].

1.2.3 Mass transport in the electrolyte phase

Finally, transport phenomena in the electrolyte phase are critically important to un-

derstanding and improving battery operation. They are discussed here only briefly

because this work focuses on the simulation of crystalline electrodes. But transport

in the electrolyte is simply too important and too active an area of research to omit

completely. In contrast to electrodes, electrolytes must be ionically conducting but

electronically insulating. This ensures all electrons move through the external cir-

cuit and prevents short circuits, which are damaging and dangerous. Conduction,

6



diffusion, and convection all contribute to the flux of ions through the electrolyte, N ,

according to [6]

N = −nuFc∇Φ−D∇c+ cv (1.9)

where n is (still) the valency, u is the ion mobility, c is the concentration, Φ is the

electric potential field, D is the diffusivity, and v is the velocity of bulk flow (if any).

Poor transport in the electrolyte has several undesirable effects. First, it increases the

overpotential in analogy to the effect of conductivity in the electrodes discussed above.

Second, it can deplete the ionic concentration at the cathode during discharge, which

decreases the areal current density per the cr/c
0
r term in equation 1.7. Additionally,

depletion at the anode during charge can lead to the metal plating and the formation

of dendrites, which frequently cause cell failure - especially in lithium-metal anodes

[10]. A great deal of research and development goes into optimizing the electrolyte

for diverse applications, and a commercially viable solid-state electrolyte remains one

of the great unsolved challenges of modern materials science.

This section reviews the general science and salient materials properties of electro-

chemical cells. While lithium-ion batteries are the incumbent technology, sodium- and

potassium-ion batteries will be important components of the global energy-storage

portfolio in any scenario where lithium or cobalt becomes scarce or prohibitively ex-

pensive [11]. More detailed reviews of the broader literature on these batteries can

be found in references [12–14]. This work deals with calculating these and other

properties of the PBAs for next-generation batteries.

1.3 Diverse, tunable materials properties of the

Prussian blue analogs

The Prussian blue analogs (PBAs) are a scientifically and technologically important

class of closely related materials. They have been applied as active electrochemical

materials in clean energy technologies including sodium- [15–17] and potassium-ion
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[18, 19] and all-solid-state [20] batteries, as well as electrocatalysis [21], thermionics

[22], capacitors [23], and smart windows [24]. Outside clean energy, they are used

as sensors [25], MRI contrast agents [26], and as a medicine for treatment of heavy-

and radioactive-metal poisoning [27, 28]. Scientifically, the PBAs are a sandbox

for the exploration of important, fundamental phenomena in solid-state physics and

electronic-structure theory. They exhibit redox activity [29]; mixed valency [30] and

disproportionation [31]; photo-induced charge transfer [32]; electronic spin transitions

[33]; and ferro-, antiferro-, and ferrimagnetism [34, 35]. They have the general formula

AIxM
J [M ′K(CN)6]1−y · wH2O. (1.10)

Here, M and M ′ are possibly distinct transition metals in oxidation states J and

K, respectively. They are bridged by cyanide ligands to form the PBA lattice as

shown in Figure 1.3. The interstitial ion, A, has oxidation state I and is present in an

amount x. There are y vacancies of the hexacyanometallate (M ′ and its six cyanide

ligands), and there are w crystalline water molecules present per formula unit. The

charge neutrality condition is then xI + J + (1 − y)(K − 6) = 0. The remainder of

this section discusses the structure-property relationships in the PBAs.

1.3.1 The carbon-coordinated metal

The metal M ′ is octahedrally coordinated to the cyanide ligands via the carbon atoms.

Synthetically, the PBAs are often prepared by a simple, aqueous co-precipitation re-

action between the hexacyanometallate complex anion (where the central metal is

M ′) and the cation that is to occupy the nitrogen-coordinated position [1]. So the

availability of the hexacyanometallate salt can limit or at least complicate the choice

of carbon-coordinated element. Salts of hexacyanoferrate are readily available, and

others are more difficult to source or prepare. Structurally, the carbon-coordinated

element strongly influences lattice parameter [36], and, therefore, density. Electro-

chemically, the lattice parameter can also determine the size of the channel through
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which ions move in the crystal, so the choice of M ′ influences ion kinetics. The carbon-

coordinated ion is (usually) the sole redox center for high-vacancy PBAs [16] and is

(usually) the higher-potential redox center in compositions for which the nitrogen-

coordinated ion also reacts [37]. The potentials for the hexacyanoferrate(III/II), hex-

acyanomanganate(III/II), and hexacyanochromate(III/II) couples are about +1, 0,

and -1 V versus the standard hydrogen electrode (SHE), respectively [1].

1.3.2 The nitrogen-coordinated metal

The metal M is nitrogen-coordinated. Manganese [38], iron [39], and cobalt [40]

hexacyanoferrates are of particular importance because they have been shown to be

redox active within the electrochemical stability window of conventional organic elec-

trolytes for next-generation cathodes. This nearly doubles theoretical specific capacity

from 92 mA h g−1 to 171 mA h g−1 for sodiated Prussian blue, NaFe[Fe(CN)6]. The

reduction potential for the redox couple on the nitrogen-coordinated iron is usually

within about 1 V of the hexacyanometallate’s, and, in the case of dehydrated sodium

manganese hexacyanoferrate, the two potentials are indistinguishable. The choice of

nitrogen-coordinated element in conjunction with the choice of carbon-coordinated

elements also determines important magnetic properties. For instance, the two metal

centers in iron hexacyanoferrate align ferromagnetically, while they align antiferro-

magnetically in chromium hexacyanochromate [41].

1.3.3 The interstitial ion

Insertion or removal of the ion A balances the charge in the material as the compound

is reduced or oxidized. The alkali metals lithium [42], sodium [16], potassium [18],

rubidium [43], and cesium [44]; alkaline-earth metals magnesium [45] and calcium

[46], and ions of other elements including aluminum [47] and zinc [48] have been in-

serted into the PBA lattice, shown schematically in Figure 1.4. Crystallographically,

X-ray diffraction has convincingly placed the position of heavier atoms like rubidium
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a. b.

Figure 1.3: Crystal structure and ion transport. In (a), blue, green, gold, light blue,
and gray atoms correspond to the nitrogen-coordinated, carbon-coordinated, and
inserting ions and the nitrogen and carbon atoms, respectively. In (b), an inserting
ion enters and moves from one subcube to another. Adapted with permission from
[5]. Copyright 2018 Cell Press.

at the center of the interstitial site [49]. Locating the smaller ions like sodium is

harder because they are lighter with smaller scattering cross sections, but compu-

tational evidence suggests that sodium prefers the interfacial position between two

subcubes (see Chapter 3). Electrochemically, the reduction potential for insertion of

the alkali metals increases with their ionic radius. The reduction potentials for nickel

hexacyanoferrate for lithium, sodium, potassium, rubidium, and cesium are 0.4, 0.6,

0.7, 0.9, and 1.3 V versus the SHE, respectively [43] .

1.3.4 Vacancies, the primary defect

Vacancies of the hexacyanometallate complex are the most important defect in the

PBAs [50]. A vacancy can be thought of as a positively charged defect competing

with the inserting ion, A, for occupation. So vacancies severely limit specific capacity

and therefore specific energy. A vacancy concentration of 10% (a common value for

widely used synthesis conditions) leads to a decrease in theoretical specific capacity
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a. b.

Figure 1.4: Tunable PBA crystallography. In (a), the inserting ions’ relative sizes
are shown. They are (clockwise from upper left) lithium, sodium, rubidium, and
potassium. Ionic radii, taken from [53] are (Li, 0.92 Å), (Na, 1.18 Å), (K, 1.51 Å),
and (Rb, 1.66 Å). In (b), two vacancies of the hexacyanometallate are shown with
water coordinated to the under-coordinated lattice ions. Adapted with permission
from [5]. Copyright 2018 Cell Press.

of 18%. Vacancies have two beneficial effects on PBA electrochemistry. First, there

is evidence that vacancies open alternative routes for ion transport that can lead

to faster solid-state diffusion and better rate capability in batteries. In the case of

cesium, it seems that the ions are too large to move through the subcube faces at room

temperature and that vacancy-mediated transport is the primary method of cesium

conduction in PBAs [51]. Second, vacancies ameliorate undesirable phase changes

that occur during discharge and that can decrease cycle life. A cubic-to-tetragonal

transition is observed on oxidation of sodium manganese hexacyanoferrate because

of the formation of manganese(III, high spin), inducing a Jahn–Teller distortion.

With 17% vacancies, this transition was not observed [52]. Vacancy content must be

optimized between the competing demands of high energy, high power, and long life.
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1.3.5 The importance of crystalline water

The role of water in PBA crystallography and electrochemistry is a highly active

area of research. Neutron diffraction studies have shown two distinct sites that water

occupies [54, 55]. The first is zeolitic water, residing in the interstice. The second is

bonded to under-coordinated ions at vacancies. Water seems to increase the rate of ion

transport through the lattice, though the mechanism is poorly understood. The PBA

battery with the highest recorded cycle life used an acidic proton as the counter ion

and leveraged a Grotthuss-type conduction mechanism to achieve 0.73 million cycles

[56]. In contrast, PBA electrodes targeting high specific energy are usually dehydrated

aggressively [15]. Achieving high capacity requires cycling at higher voltages, which

can lead to undesirable side reactions. As with vacancy engineering, water content

has to be designed depending on the battery’s application.

The PBAs have a wide composition space of lattice metals (M and M ′), inserting

ion (A), vacancy content (y), and water content (w), which leads to the great diversity

and tunability in their materials properties. Comprehensive reviews of these and

other structure-property relationships for batteries can be found in references [57–59].

There remains substantial opportunity, though, to better understand and even expand

on the structure-property relationships described above. First-principles modeling is

a powerful tool in that endeavor.

1.4 A survey of density-functional theory for bat-

teries

This section introduces DFT as a useful tool by examining three examples of the

technique in practice. The goal of this section is not to explain how DFT works or

how the calculations considered were set up. Chapter 2 details DFT as a method,

including its theoretical underpinnings and practical considerations for setting up
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calculations. The aim of this section is rather to motivate the use of DFT by demon-

strating several import and interesting contributions to battery science. These are

Jung and coworkers’ rationalization of the reaction voltages in sodium manganese

oxide through a study of the material’s stable phases; Ceder and coworkers’ eluci-

dation of design principles for the lithium solid electrolytes by calculating activation

energies of transition states; and Bruce, Pérez-Osario, and coworkers’ determination

of the role of molecular-oxygen formation in the first-cycle hysteresis in lithium-rich

transition-metal oxides.

1.4.1 Predicting insertion voltages for a sodium-ion cathode

Sodium-ion batteries are an increasingly active area of battery research. Two rea-

sons for this are that sodium-ion batteries replace rare and expensive lithium with

ubiquitous and inexpensive sodium and because there are fewer (if any) adequate

active materials for electrodes relative to lithium-ion technology. Some compounds

that are inert toward lithium insertion, like layered chromium dioxide, are active for

sodium ions, while some lithium-ion electrodes like graphite are inert toward sodium

intercalation. Certain transition-metal oxides, like sodium manganese oxide, are an

interesting middle case; that is, LixMnO2 is an excellent lithium-ion cathode and while

NaxMnO2 is electrochemically active, it has a wide range of insertion potentials.

Jung and coworkers studied the charge-storage mechanism for sodium ions in the

material Na0.44MnO2 using DFT [60]. The various stable phases of NaxMnO2 for x ∈

[0.17, 0.67] were calculated. They simulated 156 difference sodium-ion configurations

in the host lattice; the formation energies they calculated for these compounds are

reproduced in Figure 1.5. The convex hull of formation energies consists of 7 stable

sodium stoichiometries between 0.17 and 0.67. Figure 1.5 shows also the insertion-

voltage profile calculated by Jung and coworkers. It is in very good agreement with

the experimental data, reproducing the 1.75 V variation in the reduction potential
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between Na0.17MnO2 and Na0.67MnO2. They found that the lattice structure actually

changes very little over the course of the reaction.

1.4.2 Elucidating design rules for solid electrolytes

One important goal of battery science today is the design of a viable solid electrolyte.

A solid electrolyte has a significant advantage, per se, over the incumbent technology

in that it is safer. Lithium-ion batteries contain a liquid electrolyte that is comprised

of a highly flammable organic solvent like ethylene carbonate, diethyl carbonate,

dimethyl carbonate, ethyl methyl carbonate, or a mixture of those, with dissolved

conductive and hazardous salts like lithium fluorophosphate and other additives. A

solid electrolyte would replace this flammable electrolyte with a safer overall device.

A solid electrolyte may also enable the use of an energy-dense lithium-metal anode.

The first requirement of a solid electrolyte is adequate lithium-ion conductivity (on

the order of 1 mS cm−1 to be comparable to liquid electrolytes).

Ceder and coworkers published design principles for developing solid-state lithium

superionic conductors in 2015 [61]. To study how easily lithium ions can be conducted

through a lattice, they relied on the nudged elastic band method. Briefly, nudged

elastic band is a strategy for calculating the energy of a transition state between

two local minima on the potential energy surface. In this study, they examined the

movement of lithium ions through theoretical lattices of sulfide anions (S2−), free

of any other cations. The results of some of their calculations are shown in Figure

1.6. They find that the lowest activation energies arise when the sulfide anions are

arranged in a body-centered-cubic geometry. In particular, the bcc-like structure has

an activation energy of 0.18 eV, versus 0.4 eV for the fcc-like and hcp-like geometries.

As they describe it, the bcc-like arrangement uniquely produces a connected network

of tetrahedral sites between which lithium ions can move easily. They confirm this

structural motif is present in two known lithium superionic conductors (Li10GeP2S12
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Figure 1.5: Formation energies and voltage in a sodium-ion electrode. Reprinted with
permission from [60]. Copyright 2012 American Chemical Society.
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and Li7P3S11) and suggest that it can be used to design new electrolytes for solid-

state batteries. This study is also a excellent demonstration of DFT’s power to answer

questions in ways that are challenging or impossible experimentally.

1.4.3 Formation of molecular oxygen in lithium-rich cath-
odes

The charge-storage mechanism in transition-metal oxides like LixMO2 involves the

reduction of the transition-metal ions on insertion of the lithium ions. However, the

maximum capacity (the n(xmax−xmin) value from section 1.2) can be increased by syn-

thesized a “lithium-rich” cathode with a formula that can be written as Lix+δM1−δO2.

Here, a small amount, δ, of the lattice transition-metal ions are substituted by lithium,

which can be extracted without destroying the crystal structure. This strategy

can lead to a cathode specific capacity of over 200 mA h g−1, compared to about

180 mA h g−1 in state-of-the-art cathodes. In these materials, the charge-storage

mechanism also involves oxygen redox (reduction / oxidation) to balance the charge.

This technology is still in the research phase; important questions about the re-

versibility of the reaction are still being investigated. However, this is one of the most

promising areas of research to improve the performance of the lithium-ion battery -

a technology that has been heavily optimized since its inception in 1990.

The effect of extracting this excess charge was investigated by Bruce, Pérez-Osario,

and coworkers in a combined computational and experimental study [62]. They deter-

mined that the large hysteresis in the first cycle for Na0.75[Li0.25Mn0.75O2] is due to the

formation of molecular oxygen in the crystal structure. There was substantial experi-

mental evidence for this, and it was complimented by their computational data shown

in Figure 1.7. Pérez-Osario’s key insights were crystallographic and electronic. First,

relaxation of the crystal geometries for the high-voltage phase of the compound (that

is, the phase with many alkali-metal ions removed) revealed migration of the man-

ganese ions with a concomitant decrease in some O–O bond distances, from 2.6 Å to
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Figure 1.6: Different paths and associated activation energies. Reprinted with per-
mission from [61]. Copyright 2015 Nature Publishing Group.
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1.2 Å. This latter value is equal to the bond length in a diatomic oxygen molecule.

Furthermore, the atom-projected densities of states reveal that states arising from

the oxygen orbitals take on much more molecular π and π∗ character, also consistent

with the formation of molecular oxygen. The authors were able to use these insights

to synthesize a different phase in which the manganese was unable to migrate. This

prevented the formation of molecular oxygen and decreased the hysteresis. In this

case, DFT was able to provide complementary, consistent data on a complicated and

unintuitive reaction mechanism.

Three case studies are presented in this section. Each demonstrates the use of

DFT in battery science. Calculation of reduction potential for sodium-ion cathodes,

establishing design principles for solid electrolytes, and collaborating with experiment

to understand a deleterious reaction mechanism are only a few of the many benefits

that theory and computation have for electrochemical energy storage. Excellent re-

views of how to use DFT to model battery materials can be found in references

[63–65].

1.5 Overview of this work

1.5.1 State of the art in ab-initio simulation of PBAs for
energy storage

Some of the earliest PBA modeling was performed on magnetic systems, including the

hexacyanochromates and hexacyanovanadates, using a “binuclear” model to calculate

magnetic exchange coupling constant [66, 67]. Modeling for batteries began in earnest

with Wojde l and coworkers in the first decade of the 2000s. Their first attempts to

model the strong correlation in Prussian blue, NaFe[Fe(CN)6], relied on the use of two

different pseudopotentials for carbon- and nitrogen-coordinated ions in the lattice [68–

70]. They would go on to apply more advanced methods including DFT+U and hybrid

functionals to predict half-metallic conductivity [71], to correlate hydration state with

18



Figure 1.7: Formation of molecular oxygen. Reprinted with permission from [62].
Copyright 2020 Nature Publishing Group.
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band gap [72], and to look at spin-crossover in cesium iron hexacyanochromate [73].

In 2013, Mizuno and coworkers used DFT+U to show that the voltage of a PBA

increases with the ionic radius of the inserting ion [74]. Henkelman, Goodenough, and

coworkers conducted a thorough theoretical investigation of the different stable phases

of dehydrated sodium manganese hexacyanoferrate [75] to help explain data from

a ground-breaking experimental study that found certain drying conditions which

improved electrode performance [15]. In 2016, Hegner and coworkers tabulated a

wide variety of simulated properties for the three oxidation states of Prussian blue

[76]. And, most recently, Ong and coworkers studied the effect of water and voltage

on PBA phase stability in diverse compositions [77].

1.5.2 Outline of this work

Despite the excellent work described above, important theoretical questions about

the PBAs—including charge-transport properties, stability of highly sodiated phases,

and the electronic structure of vacancy defects—remain. This work shows that im-

portant electrochemical properties of the PBAs are calculable from first

principles, but advanced, DFT-based methods including hybrid functionals

and DFT+U are necessary to model strong correlation in these materials’

electronic structures.

The remainder of this work is organized as follows. Chapter 2 explains the theo-

retical underpinnings of DFT, practical considerations for setting up calculations, and

the steps involved in proceeding from the output of DFT (total energy and ground-

state electronic density) to materials properties relevant to battery performance. The

chapter begins from the time-independent many-body Schrödinger equation and pro-

ceeds through the Hohenberg and Kohn Theorem, the Kohn–Sham equations, conven-

tional and advanced functionals, and finally the mathematical operations to calculate

battery properties from the output of DFT.
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In Chapter 3, the electronic structure and electron-transport properties of three

cathode materials are calculated and discussed. The materials are manganese, iron,

and cobalt hexacyanoferrate, which are very promising active materials as positive

electrodes in sodium- and potassium-ion batteries. A hybrid functional is used to find

the ground-state spin configuration for each compound. From there, the projected

densities of states are plotted to identify valence- and conduction-band states. Finally,

the effective masses of electrons and holes are calculated. This work is the first

experimental or theoretical calculation of effective masses in the PBAs. Future work

on small-polaron hopping is suggested.

Chapter 4 addresses a quizzical, outstanding question from experimental PBA

science. What is the origin of the specific capacity (209 mA h g−1) in sodium man-

ganese hexacyanomanganate? The formation energies for various oxidation states and

magnetic phases for this system are calculated and the convex hull of stable phases is

constructed. The simulated X-ray diffractograms are compared to synchrotron data

from a previously published study and the electronic structure is examined through

the projected densities of states and through the projected charges and magnetic mo-

ments. Finally, crystalline water is simulated in this system to examine how it affects

the material’s properties.

In Chapter 5, I consider the anode and molecular magnet chromium hexacyanochro-

mate. A defect-free version of this compound is highly desirable, but it has thus-far

eluded experimentalists. So I predict several materials properties in this material

to provide theoretical support for ongoing efforts in our laboratory to synthesize it.

First, I parameterize the Hubbard U values for this material, and then I use those val-

ues and supercells to explore four alkali-metal chromium hexacyanochromates: those

base on sodium, potassium, rubidium, and cesium. I predict unit-cell volumes, re-

duction potentials, activation energies, infrared-spectroscopy absorption frequencies,

and magnetic ordering.
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Finally, the work concludes in Chapter 6 with a summary of the key results,

and a description of important, future studies enabled by these findings. This work

is an important contribution to the science of PBA electrochemistry and electronic

structure. It is also an interesting story of advanced DFT-based methods achieving

chemical accuracy in a spin-polarized, strongly correlated system. And this work

enables future studies for faster commercialization and deeper understanding of next-

generation batteries.
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Chapter 2

Methods: simulating batteries with
density-functional theory

2.1 Density-functional theory in context: time and

length scales

This chapter details density-functional theory (DFT) as a method generally and as

a tool for modeling batteries specifically. For context, the time and length scales ad-

dressed by DFT are shown alongside the scales of other theoretical methods used in

materials science for energy storage in Figure 2.1. DFT is an ab-initio theory, or a the-

ory from first principles [1, 2]. It makes appropriate approximations to fundamental

quantum-mechanical laws like the Schrödinger and Dirac equations to predict prop-

erties of materials. Its aim is to make predictions without the input of experimental

parameters, making it a bottom-up approach.

This chapter begins with a development of the Kohn–Sham equations, starting

from the time-independent many-body Schrödinger equation. The equations are then

extended to the case of spin DFT for magnetic systems and some practical considera-

tions for planewave representation are discussed. Then, the exchange-and-correlation

functional is discussed in detail and the failure of local functionals in strongly cor-

related systems is described. The theory of hybrid functionals and DFT+U, which

are two advanced, DFT-based methods that can deal with strongly correlated sys-
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Figure 2.1: Time and length scales of different battery theories. Also shown are ab-
initio molecular dynamics (AIMD), kinetic Monte Carlo (kMC), mesoscale models
of particles’ mechanical properties (mesoscale), the Newman method within contin-
uum mechanics (Newman), and pack-level, battery management systems software
(BMS) and technoeconomic analyses (technoeconomics). The limits of the theories
are approximate.

tems, is then developed. Finally, mathematical procedures are introduced to bridge

DFT’s ground-state electronic density and total energy with battery properties like

ground-state crystal structure, voltage, and density of states. This chapter is a suc-

cinct introduction to the state of the art in first-principle modeling for batteries, and

it will be a useful reference for researchers starting calculations on the PBAs or other

strongly correlated systems.

2.2 The algorithm for spin-density-functional the-

ory

The aim of this section is to develop the Kohn–Sham equations, a set of simultaneous

differential equations that are solved iteratively to achieve self-consistency in DFT.

The equations are also extended to account for electron spin. Finally, the planewave

representation of DFT is explained and a few relevant practical elements are consid-

ered.
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2.2.1 The many-body Schrödinger equation

Materials are a collection of electrons and nuclei. Electrons are light enough that

they require quantum mechanics to be described accurately. All information about

a quantum-mechanical system composed of multiple particles is encoded in the sys-

tem’s wavefunction [3]. Strictly, the wavefunction is a function of the position or

positions of a system’s particles as well as time. But the ground-state electronic

density and total energy (as well as many others of interest) are time-independent

properties. This is because the Coulombic potential-energy operator does not vary in

time. Throughout this work, the potential energy is not time varying, so it suffices

to find the so-called stationary states of a system. (Note that in Chapter 5 spec-

troscopic properties are considered which necessarily involve interactions with the

time-varying electromagnetic field. It is still sufficient to consider stationary states,

though, since the relaxation time for perturbations of electrons is much faster than

atomic vibration.) So I consider the many-body wavefunction, Ψ, which is a function

of the electronic and nuclear coordinates, ri and RI , respectively, as

Ψ = Ψ(r1, r2, ..., rN ; R1,R2, ...,RM). (2.1)

The ground-state total energy is related to the many-body wavefunction by the

time-independent, many-body Schrödinger equation [4]

ĤΨ = EtotalΨ (2.2)

in which Etotal is the system’s total energy and Ĥ is the Hamiltonian operator: the

sum of the kinetic- (T̂ ) and potential- (V̂ ) energy operators, Ĥ = T̂ + V̂ .

Substituting the standard form of the kinetic-energy operator and writing the

potential-energy operator as the electrostatic potential energy [5] between pairs of

nuclei with mass MI and atomic number ZI , pairs of electrons, and nucleus-electron
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pairs, I write (in atomic units)[
−
∑
i

∇2
i

2
−
∑
I

∇2
I

2MI

− 1

2

∑
I 6=J

ZIZJ
|RI −RJ |

−
∑
i,I

ZI
|ri −RI |

−1

2

∑
i 6=j

1

|ri − rj|

]
Ψ = EtotalΨ. (2.3)

At this point, I make the clamped-nuclei approximation. This is generally a good

approximation for molecules and extended solids. I take the limit of equation 2.3

as MI go to infinity. The nuclear kinetic energy term goes to zero. I also make

the following two definitions. First, subtracting off the constant contribution of the

nucleus-nucleus potential energies, I define

E = Etotal −
1

2

∑
I 6=J

ZIZJ
|RI −RJ |

(2.4)

and I write the potential energy between nuclei and electrons as

Vn(r) = −
∑
I

ZI
|r−RI |

. (2.5)

This allows me to regard the nuclear coordinates as external parameters and to write

the problem in terms of the electronic positions only, as[
−
∑
i

∇2
i

2
+
∑
i

Vn(ri)−
1

2

∑
i 6=j

1

|ri − rj|

]
Ψ(r1, r2, ..., rN) = EΨ(r1, r2, ..., rN).

(2.6)

This is the fundamental equation for electronic-structure theory [6], and all of electronic-

structure theory is as simple as solving equation 2.6 for a given arrangement of nuclei.

This problem is intractably difficult for essentially everything more complicated than

the hydrogen molecule.

2.2.2 The Hohenberg and Kohn Theorem

While equation 2.6 must be solved for Ψ to determine a quantum mechanical property

of a system in general, it is not necessary to know the exact form of Ψ for the special
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case in which the property of interest is the ground-state energy. Fortunately, this is

exactly the property that governs many important materials properties like crystal

geometry. It can be shown that the ground-state energy is a unique functional of the

ground-state electronic density, n(r). This result is due to Hohenberg and Kohn and

is appropriately called the Hohenberg and Kohn Theorem [7]. A “functional” is a

mathematical object that takes as input a function and returns a number. The name

“density-functional theory” refers to the fact that the ground-state energy is a unique

functional of the electronic density.

Briefly, the proof is organized into three parts. First, the ground-state electronic

density, n(r), uniquely determines the nuclear potential, Vn. Second, the nuclear

potential uniquely determines the wavefunction, Ψ. Third, the wavefunction uniquely

determines the total energy. If all three hold, then the total ground-state energy

is a unique functional of the ground-state electronic density. The third statement

is a phrasing of the fact that the total energy of the ground state is defined by

E = 〈Ψ|Ĥ|Ψ〉. The second statement can be understood by inspecting equation

2.3. It simply means that the identical arrangements of identical elements will have

identical wavefunctions, and moving any ions will change the wavefunction. The first

statement is somewhat more subtle. Hohenberg and Kohn showed it by contradiction,

assuming that two different nuclear potentials, Vn and V ′n, with two different energies,

E and E ′, can both produce the same ground-state electronic density. This leads

to a false conclusion, so it must be that there is no such other potential V ′n, which

completes the proof.

2.2.3 The Kohn–Sham equations

The problem of finding the ground-state total energy has now been simplified from

a hunt for the electrons’ many-body wavefunction, Ψ(r1, r2, ..., rN), a function of 3N

variables, to the hunt for n(r), a function of only 3 variables. If n(r) is known, the
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total energy can be written as a functional, F of n, as

E = F [n] =

∫
dr n(r)Vn(r) + 〈Ψ[n]|T̂ + Ŵ |Ψ[n]〉 (2.7)

in which Ŵ is the operator for the Coulomb potential energy between electron pairs.

To determine n, I next assume the electrons are independent and group the error this

causes into a new term. In the independent-electron assumption, the wavefunction

of the ith electron is written φi. The electrons do not “see” each other, which allows

us to disregard the electron-electron repulsion term that made solution of equations

2.3 and 2.6 intractably difficult. Including only the Hartree potential, which is the

potential each electron experiences in the average electrostatic field arising from the

total electronic density, I write

E = F [n] =

∫
drn(r)Vn(r)−

∑
i

∫
drφ∗i (r)

∇2

2
φi(r)+

1

2

∫
dr

∫
dr′

n(r)n(r′)

|r− r′|
+Exc[n].

(2.8)

The first term is the external, nuclear potential, the second term is the kinetic en-

ergy, the third term is the Hartree potential, and the fourth term is the energy

left over. It is called the exchange-and-correlation energy because it arises from en-

ergy associated with the “exchange” of identical, quantum-mechanical particles (more

specifically, fermions) and with the “correlated” behavior of electrons (that is, their

“non-independence” in some sense).

Equation 2.8 gives us an expression for the energy as a functional of the electronic

density. The method of actually determining the ground-state electronic density

relies first on a variation principle, which states that the ground-state electronic

density is whatever function minimizes the total energy. In the parlance of functional

derivatives, it is required that

δF [n]

δn

∣∣∣∣∣
n0

= 0. (2.9)

Further requiring that the wavefunctions be orthonormal, I write[
−1

2
∇2 + Vn(r) + VH(r) + Vxc(r)

]
φi(r) = εiφi(r). (2.10)
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def dft():
read in nuclear coordinates and atomic numbers
evaluate the nuclear potential
make an initial guess at the electron density
while the electron density is not converged:

calculate the Hartree potential
calculate the exchange and correlation potential
solve the Schrödinger equation for the wavefunctions
calculate the new electron density

calculate the total energy

Figure 2.2: Pseudocode for DFT. The figure shows the algorithm for self-consistently
determining the ground state electron density, n (blue), given the nuclear potential,
V (RI) (red). The Hartree potential, VH(r) (green), and the exchange-and-correlation
potential, Vxc(r) (gold) must be evaluated on each iteration before the Kohn–Sham
single-particle wavefunctions, φi (pink) can be determined.

The equations defined by 2.10 are the Kohn–Sham equations [8], and they are a

huge simplification of the problem. They can be solved in an iterative fashion from

some initial guess at the electronic density until self-consistency is achieved. For

reference, the simultaneous equations are written out as equations 2.11 to 2.16, and

pseudocode explaining the algorithm to solve them is shown in Figure 2.2.

[
−1

2
∇2 + Vtot(r)

]
φi(r) = εiφi(r) (2.11)

Vtot(r) = Vn(r) + VH(r) + Vxc(r) (2.12)

Vn(r) = −
∑
I

ZI
|r−RI |

(2.13)

∇2VH(r) = −4πn(r) (2.14)

Vxc(r) =
δExc[n]

δn
(r) (2.15)

n(r) =
∑
i

|φi(r)|2 (2.16)
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2.2.4 Extending DFT to include electron spin

As discussed in Chapter 3, spin configuration is an interesting and important phe-

nomenon in the PBAs. Spin is an intrinsic property of all electrons that gives rise

to a measurable angular momentum and magnetic moment [9]. The development of

spin DFT is analogous to the development of DFT. It begins with the relativistic

extension of Schrödinger’s equation, the Dirac equation [10], proceeding through von

Barth and Hedin’s proof [11], in analogy with the Hohenberg and Kohn Theorem,

that in the spin-polarized case the total ground-state energy is a unique functional of

the ground-state electronic density and the spin density, s(r). Detailed treatment of

magnetism and spin can be found in references [12] and [13], but the counterparts of

the Kohn–Sham equations that result for spin DFT are[
−1

2
∇2 + Vn(r) + VH(r)

]
φi(r;α) +

∑
β

vxc
αβ(r)φi(r; β) = εiφi(r;α) (2.17)

Vn(r) = −
∑
I

ZI
|r−RI |

(2.18)

∇2VH(r) = −4πn(r) (2.19)

vxc
αβ(r) =

δExc[nαβ]

δnαβ
(r) (2.20)

nαβ(r) =
∑
i

φ∗i (r;α)φi(r; β) (2.21)

n(r) =
∑
α

nαα(r) (2.22)

Many quantities remain unchanged, but several new quantities have been intro-

duced. First, the single-particle wavefunctions, φ, are now a function of a spin co-

ordinate, α. Second, the equations include the density matrix, nαα. This matrix

encodes both the electronic density, n, by equation 2.22 and the spin density, s(r).

Heuristically, one can think of the quantity s(r)dr as the magnetic moment of an

infinitesimal volume of space dr. It is given by

s(r) =
1

2

∑
αβ

nαβ(r)σαβ (2.23)
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in which σαβ = σxαβx̂ + σyαβŷ + σzαβ ẑ for the Pauli matrices

σx =

[
0 1
1 0

]
, σy =

[
0 −i
i 0

]
, σz =

[
1 0
0 −1

]
(2.24)

in which i is the imaginary unit. Finally, the exchange-and-correlation potential, vxc
αβ,

is a matrix performing essentially the same function as Vxc.

All spin-DFT calculations in this work are collinear. That is, I make the approx-

imation that the electron-spin vectors are orientable in one direction.

2.2.5 Planewaves, reciprocal space, and pseudopotentials

From Bloch’s Theorem [14] it is known that the wavefunction for an electron in a

periodic potential (like, for instance, a crystalline arrangement of ions) must satisfy

φνk = eik·ruk(r) (2.25)

in which ν is the band index, k is the electron’s wavevector, and uk(r) is a periodic

function with the same period as the potential. The function uk(r) can be expanded

in a set of planewaves as

uk(r) =
∑
G

cGe
iG·r. (2.26)

In DFT, this is called a planewave representation, and it is a natural choice for mod-

eling the unit cell of an extended, crystalline solid with periodic boundary conditions.

Combining equations 2.25 and 2.26 gives

φνk =
∑
G

cGe
(G+k)·r. (2.27)

The vectors G in equations 2.26 and 2.27 are the lattice vectors in reciprocal space.

For a lattice spanned by the vectors a1, a2, and a3, the reciprocal lattice vectors, bi,

are given by [15, 16]

b1 = 2π
a2 × a3

a1 · (a2 × a3)
, b2 = 2π

a3 × a1

a2 · (a3 × a1)
, b3 = 2π

a1 × a2

a3 · (a1 × a2)
. (2.28)
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The set of vectors G are defined by the points m1b1 +m2b2 +m3b3 for integer values

of mi. To be exact, the summation in equation 2.26 is taken over an infinite number

of G vectors. Obviously, this is impossible, so a kinetic-energy cutoff is specified when

running calculations and only those G vectors with a kinetic energy

E(G) =
|G|2

2
(2.29)

that is less than the cutoff are included in the sum. Furthermore, the wavevectors k

in equation 2.25 are, in fact, points in reciprocal space. In practice, multiple k points

in the first Brillouin zone are specified in DFT calculations.

The problem of solving the Kohn–Sham equations in a planewave representation

has become a problem of solving for the matrix of coefficients in equation 2.27. This

is usually done with a Fourier transform and algorithms that efficiently diagonalize

matrices [17].

For completeness, planewaves are not the only sensible choice for expanding the

Kohn–Sham wavefunctions. Real-space representations [18] and atomic orbitals [19]

are other reasonable choices. Atomic orbitals in particular can have certain advan-

tages over the planewave representation, especially for isolated molecules. All calcu-

lations in this work are carried out using planewaves.

One drawback of the planewave representation is that it requires very high energy

cutoffs to accurately represent wavefunctions that oscillate with a small wavelength

in real space. And this is precisely the behavior for core electrons. This is doubly

unfortunate, because these electrons are less important that the valence electrons

involved in chemical bonding and many materials properties. One strategy to avoid

the computational cost of modeling these tightly bound electrons is the use of pseu-

dopotentials [20]. A pseudopotential is a description of the behavior, especially the

screening effect, of the core electrons. The benefit of pseudopotentials is that they

reduce the total number of electrons that have to be simulated, reducing the amount
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of computational memory and time needed to solve the Kohn–Sham equations. The

main disadvantage to the use of pseudopotentials is that they require semiempirical

parameters to capture the nature of the core electrons, and at least one unique pseu-

dopotential has had to be developed for every element. However, the pseudopotential

for a given element is usually usable for any crystal structure. And by now, high-

performing and highly transferable pseudopotentials have been developed for basically

every element. Reference [21] details the field of pseudopotential development.

2.3 Functionals for strongly correlated systems

This section discusses the exchange-and-correlation functionals used in later chapters

and why they are appropriate to modeling the PBA electronic structure. While

the Hohenberg and Kohn Theorem guarantees the existence of the exact functional

mapping from the ground-state electronic density to the ground-state energy, it does

not provide for how to determine the functional. All functionals used in practice are

approximations, and the hunt for a fast, accurate, and widely (or even universally)

applicable functional is one of the great open questions of modern materials science

[22]. First, conventional DFT functionals are introduced, using the local-density

approximation (LDA) as an example. The problem of electron self-interaction is then

introduced. Finally, two functionals are discussed that have seen great success in

overcoming spurious self-interaction in related materials. These methods are DFT+U

and hybrid functionals.

2.3.1 The local-density approximation

The first and simplest exchange-and-correlation functional of DFT is that developed

under the LDA. This approximation concerns the homogeneous electron gas, a model

very closely related to the free electron gas (FEG) of elementary solid-state physics

[16]. The added feature relative to the FEG is electron repulsion. The exchange
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energy for the homogeneous electron gas is exactly [23]

Ex[n(r)] = −3

4

(
3

π

)1/3

n4/3(r). (2.30)

The correlation energy, in contrast, cannot be written analytically for even this sim-

plest system. It has been calculated by Monte Carlo methods [24] and parameterized

as [25]

Ec = nV ·


−0.0480 + 0.0311ln(rs)− 0.0116rs + 0.002rsln(rs) rs < 1

−0.1423

1 + 1.0529
√
rs + 0.3334rs

rs ≥ 1

(2.31)

in which rs is the Wigner-Seitz radius, the radius of the sphere occupied by each

electron on average, given by

V

N
=

4π

3
r3
s =

1

n
. (2.32)

A simple extension to LDA which increases its accuracy in some important cases is

writing the functional in terms of the gradient of the local electronic density as well.

That is, Exc = Exc[n(r),∇n(r)]. This extension is called the generalized-gradient

assumption (GGA). Despite the simplicity of the LDA and GGA, they are the basis

for the overwhelming majority of functionals used in modern DFT. The functional due

to Perdew, Burke, and Ernzerhof (PBE) [26] and extensions of it are used throughout

this work.

2.3.2 Self-interaction and over-delocalization in strongly cor-
related systems

Self-interaction is a consequence of separating the electronic potential into a classical

part (the Hartree potential of equation 2.14) and everything else (the exchange-and-

correlation potential). Because the electron interacts with the electrostatic field, an

electron in DFT can repel itself, which is obviously unphysical. A clear and dramatic

example is Pople’s observation that a functional within the LDA incorrectly predicts
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the molecule H3 to be stable relative to H and H2 [27]. There should be absolutely no

electron repulsion on H, since it has exactly one electron, but the model has a non-

zero Hartree potential. Self-interaction also destabilizes highly localized orbitals to

minimize self-interaction. The leads to, for example, over-delocalization of electrons

in d orbitals of transition metals [28]. Materials that contain multiple electrons in

these kinds of highly localized states are called strongly correlated.

2.3.3 A hybrid function

Hartree–Fock theory is a wavefunction-based method in quantum chemistry. Within

Hartree–Fock, the self-interaction error introduced by the Hartree potential is pre-

cisely canceled by the exchange energy given by [3]

EHF
X = −1

2

∑
i

∑
j

∫
dr

∫
dr′

φ∗i (r)φ∗j(r
′)φj(r)φi(r

′)

|r− r′|
(2.33)

in which the φi are single-particle wavefunctions. Hartree–Fock theory gives an exact

value for the exchange energy where the LDA and GGA give only an approximation.

The hybrids are a class of functional that mix a portion of the non-local Hartree–

Fock exact exchange with a local approximation (from, for instance, LDA or GGA)

[29, 30]. The hybrid functional due to Heyd, Scuseria, Ernzerhof (HSE) [31] is defined

by

EωPBEh
xc = aEHF,SR

x (ω) + (1− a)EPBE,SR
x (ω) + EPBE,LR

x (ω) + EPBE
c (2.34)

in which SR and LR are short- and long-range contributions, respectively. The value

a is the mixing fraction and ω is the range-separation parameter. It characterizes how

fast short-range interactions become negligible. Throughout this work I use HSE06

[32] for which a = 0.25 and ω = 0.2 Å−1.

The great advantage of hybrid functionals is that they allow strongly correlated

materials to be modeled purely ab initio. Critically, though, they are non-local. That

is, equation 2.33 involves evaluating an integral over the additional variable, r′. This
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significantly increases the time and memory required to perform DFT calculations

with hybrid functionals.

2.3.4 The Hubbard model and DFT+U

Another strategy to overcome self-interaction is DFT+U [33, 34]. In DFT+U, an

energetic penalty determined by the parameter U is added to partially occupied or-

bitals, driving the system to localize electrons. The Hamiltonian is based on Hub-

bard’s model of a lattice with onsite repulsion [35–37], so the parameter is called the

Hubbard U . The DFT functional is modified according to [38]

EDFT+U = EDFT +
∑
l

[
U l

2

∑
m,σ 6=m′,σ′

nlσmn
lσ′

m′ −
U l

2
nl(nl − 1)

]
(2.35)

in which EDFT is the underlying LDA or GGA, l and m are the orbital and magnetic

quantum numbers, respectively, σ is the spin coordinate, and n is the orbital’s oc-

cupation. The second term is the Hubbard-model penalization of partially occupied

orbitals while the third term subtracts those electronic interactions from EDFT where

they are already counted. It is appropriately called the double-counting term.

A first-order approximation to the rotationally invariant form of equation 2.35

EDFT+U =
∑
l,σ

U l

2
Tr[nlσ(1− nlσ)]. (2.36)

where n is now an (m x m) matrix of orbital occupations and Tr represents a matrix’s

trace. Equation 2.36 is the form of the equation as commonly implemented in DFT

codes.

The great advantage of DFT+U is that its time and memory requirements are

insignificantly greater than those of DFT. Its main disadvantage is that it requires

the parameter U as input. This must be parameterized by comparison to experiment

or to results from more advanced, purely ab-initio methods. Some groups have had

success calculating U from first principles by linear-response theory [39].
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To conclude, I reemphasize that the transition-metal oxides are almost the pro-

totypical material family in which DFT can fail because of over-delocalization of

d-orbital electrons. But these are exactly some of the most relevant compounds for

battery electrodes. Ceder and coworkers have shown the improvement over conven-

tional functionals by hybrids [40] and DFT+U [41] in these compounds by minimizing

self-interaction error.

In this section, the conventional DFT functionals within the LDA and GGA are

discussed. Self-interaction error introduced by the Hartree potential in the Kohn–

Sham equations is not completely canceled by these approximate functionals. Ad-

vanced, DFT-based methods including hybrid functionals and DFT+U are necessary

to accurately model strongly correlated systems. This work demonstrates the need

for these methods in simulating the PBAs.

2.4 From total energy and electronic density to

materials properties

As discussed above, the main outputs of DFT are the ground-state electronic density

and the ground-state total energy. This section discusses six mathematical processes

by which these outputs (along with the final Kohn–Sham single-particle wavefunc-

tions) are used to predict materials properties relevant to batteries. Those properties

are the equilibrium crystal structure, formation energy of a chemical phase, electro-

chemical reduction potential, activation energy for ion movement, electronic density

of states, and the projection of the charge density onto atomic orbitals. These prop-

erties are chosen because they are particularly common or important throughout the

work.
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2.4.1 Relaxation of the crystal geometry

Determining the ground-state crystal structure of a material is among the most impor-

tant applications of DFT. It is so important that implementations of DFT commonly

automate the procedure of finding the ground-state ion positions iteratively. It can

be shown that the forces acting on the ions are given by [1]

FI = − ∂U

∂RI

(2.37)

where U = U(RI) is the total energy experienced by the nuclei, including contribu-

tions from their mutual repulsion and attraction to the electrons. The mapping U is

the potential-energy surface. From equation 2.37 it is obvious that the equilibrium

ion positions are the stationary points on the potential-energy surface. An impressive

quantum-mechanical result due to Hellmann and Feynman is that the forces can also

be written as [42, 43]

FI = ZI

[
∇VH(RI)−

∑
J 6=I

ZJ
RJ −RI

|RJ −RI |3

]
. (2.38)

This result is striking because a fully quantum-mechanical treatment gives an ex-

pression for the forces on the ions that can be understood in terms of two classical

fields: electron attraction and nuclear repulsion. This result is useful because a single

DFT run allows for the calculation of ionic forces. Relaxation is performed iteratively

(with the DFT process of Figure 2.2 essentially wrapped in an outer, ionic loop) us-

ing an optimization algorithm, like the quasi-Newtonian [44] or conjugate-gradient

algorithm [45].

2.4.2 Formation energies and chemical phase stability

The formation energy is the relevant thermodynamic property for determining whether

a chemical compound is stable relative to other nearby compositions. For conventional
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transition-metal oxides, LixMO2, I can consider the energy of their formation from

the fully delithiated (x = 0) and fully lithiated (x = 1) compounds as [46]

Ef(LixMO2) = E(LixMO2)− xE(LiMO2)− (1− x)E(MO2). (2.39)

There are other electrodes, like phosphorus, which alloy with lithium and sodium.

For a binary mixture, AaBb, the formation energy is written as [47]

Ef(AaBb) =
E(AaBb)− aE(A)− bE(B)

a+ b
. (2.40)

Equations 2.39 and 2.40 can be shown to be equivalent by setting A = LiMO2,

B = MO2, a = x, and b = (1 − x). So the denominator a + b = x + (1 − x) = 1

is unity. The energies in equations 2.39 and 2.40 are the DFT total energies. The

formation energies of the chemically stable phases form the convex hull when plotted

versus x. Finally, I note that this discussion addresses binary mixtures, but it is

possible to consider more decomposition products in a higher-dimensional space of

chemical compositions.

2.4.3 Reduction potential

The reduction potential of an electrode is calculable from the DFT. Rearranging

equation 1.4 and approximating the Gibbs free energy by the DFT total energy, the

average voltage, V , for the insertion of an amount x2−x1 of sodium into Fe[Fe(CN)6]

(for example) can be written as [48]

V (x1, x2) =
E(Nax2Fe[Fe(CN)6])− E(Nax1Fe[Fe(CN)6])− (x2 − x1)E(Na)

e(x2 − x1)
(2.41)

in which e is the fundamental charge and E(Na) is the energy of sodium in some

reference phase. Throughout this work, the reference phase is the metallic form

of the inserting alkali-metal ion. In experimental electrochemistry, the voltage is

often reported as a function of the charge, or capacity, passed to the electrode under

conditions of constant current, i. (The usefulness of this format is evident from

equation 1.6). These are known as galvanostatic conditions [49].
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2.4.4 Activation energy for ion movement

Diffusivity and ionic conductivity for crucial parameters for understanding and im-

proving electrode kinetics. These properties follow Arrhenius-type relations as [50]

D = D0e
Ea
kBT (2.42)

in which D is the diffusivity, D0 is a limiting diffusivity, and Ea is a characteristic

activation energy for the movement of an ion from one lattice site to another. The

activation energy is calculable from first principles using the nudged elastic band

(NEB) method [51, 52].

Within NEB, finding Ea is framed as finding the minimum-energy path, M , be-

tween two stationary points on the potential-energy surface. That is, NEB minimizes

the function

M(r1, r2, ..., rP ) =
P−1∑
i=1

E(ri) +
P∑
i=1

1

2
K(ri − ri−1)2 (2.43)

in which ri are a set of ion positions, called images, E is the total energy, and K is a

spring constant that prevents the images from simply sliding down to the stationary

points. Within NEB, it is further required that ions only be allowed to relax within

the hyperplane normal to the tangent of the local path, τ̂ . Meanwhile, only the

component of the spring force that is parallel to the path is considered.

2.4.5 Electronic densities of states

The electronic density of states, ρ, for a system is a measure of the number of Kohn–

Sham states with energy eigenvalues inside some energy interval. It is given by [16]

ρ(E) =
∑
ν

∫
BZ

dk

ΩBZ

δ(E − ενk) (2.44)

in which the integral is taken over the whole first Brillouin zone, BZ (although in

practical calculations this is a sum over the finite number of k points), ΩBZ is the

volume of the first Brillouin zone, and the sum is taken over all bands. In a plot of
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the density of states versus energy, the states can be divided into two regions: one

of occupied states and one of unoccupied states. The two regions are divided at the

Fermi energy, εF, given by [16] ∫ εF

−∞
ρ(E)dE = N (2.45)

in which N is the total number of electrons in the system. The Fermi level and the

density of states are extremely important to the study of electronic structure. For

example, whether or not a material conducts electrons like a metal can be determined

by checking if there are states at the Fermi level. Chapter 3 explores exactly this

question for nine important PBAs.

2.4.6 Projection onto atomic orbitals

It is often useful to examine the electronic charge density or spin density arising from

(or localized to) atomic orbitals. The planewave state |φνk〉 with band index ν at

k-point k can be projected onto the l atomic orbital of atom α by [53]

nαl =
1

Nk

∑
νk

fνk|〈Y α
ml|φνk〉|2 (2.46)

in which f is the occupation factor and the Yml are the spherical harmonics. Atomic

projection allows for the assignment of electronic charge density and spin density to

specific atoms. This is helpful in, for instance, differentiating the two possible inter-

mediate oxidation states for a PBA: AMJ−1[M ′K(CN)6] versus AMJ [M ′K−1(CN)6].

The projection of the density of states is discussed frequently in this work. It is useful

for determining which atoms give rise to valence- and conduction-band states.

This section explains the scientific and mathematical procedures by which impor-

tant materials properties like voltage, ion-hopping activation energy, and the density

of states are calculated from the ground-state electronic density and total energy (and

the single-particle Kohn–Sham wavefunctions). These methods are used throughout

this work to understand the theoretical properties and performances of new PBA

compositions.
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2.5 Conclusions

This chapter describes the methodology used in the rest of this work. DFT is a

suite of theoretical, ab-initio methods to describe the properties of materials. The

Kohn–Sham equations are a set of equations that can be solved iteratively to find

the ground-state electronic density. The Hohenberg and Kohn theorem guarantees

that the functional which maps from that ground-state to the total energy exists.

The method to expand the equations to describe electron spin, and thus magnetism

in materials, is sketched. The failure of conventional DFT functionals within the

LDA and GGA to describe strongly correlated systems is described; the advantages

and disadvantages of hybrid functionals and DFT+U to overcome the electron self-

interaction error are discussed. Finally, the mathematical procedures to move from

DFT’s output, ground-state electronic density and total energy (and the approxi-

mate single-particle Kohn–Sham wavefunctions), are described as used throughout

this work. This chapter’s review of DFT is a concise summary of several levels of

electronic-density-based theory. It will be beneficial to researchers beginning first-

principles studies of PBAs and of battery materials.
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Chapter 3

Electronic structure and
electron-transport properties of
three metal hexacyanoferrates

Abstract

Metal hexacyanometallates, or Prussian blue analogs (PBAs), are active materials

in important electrochemical technologies, including next-generation sodium- and

potassium-ion batteries. They have tunable properties including reduction potential,

ionic conductivity, and color. However, little is known about their electronic conduc-

tivities. In this work, I use density-functional theory to model electronic structures

and explore the likely electron-conduction mechanism in three promising cathodes

(manganese, iron, and cobalt hexacyanoferrate) in each of three oxidation states.

First, I demonstrate that a hybrid functional reliably reproduces experimentally ob-

served spin configurations and geometric phase changes. I confirm that these materials

are semiconductors or insulators with band gaps ranging from 1.90 eV up to 4.94 eV.

I identify that for most of the compounds the electronic band edges originate from

carbon-coordinated-iron orbitals, suggesting that doping at the carbon-coordinated

site may strongly affect carrier conductivity. Finally, I calculate charge-carrier effec-

tive masses, which are very high. This study is an important foundation for making

electronic conductivity a tunable PBA material property.
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3.1 Electronic conductivity in the PBAs

Manganese, iron, and cobalt hexacyanoferrate are the Prussian blue analog (PBA)

compositions that are among the most promising cathodes for sodium-ion batteries

[1–3]. They have high reduction potentials (about +1.0 V versus the standard hydro-

gen electrode), a high specific capacity of about 170 mA h g−1, and two flat voltage

plateaus. Despite the importance of this system, a critical material property remains

poorly understood; that property is the electronic conductivity.

Many structure-property relationships have been established in the PBAs. In

particular, the effect of the choice of elements for the two lattice ions and the in-

serting metal ion on properties like lattice parameter [4], reduction potential [5], and

coefficient of thermal expansion [6] have been reported previously. But there has

never been a systematic study of the effect of composition on electronic conductiv-

ity. This is despite the fact that electronic conductivity is important in virtually

every PBA-based technology. Early work on the composition NaFe[Fe(CN)6] (also

known as Prussian blue, the prototype compound) reported a value on the order of

σe = 10−5 S m−1, but it lacked structural characterization [7]. Studies on the effect of

hydration state [8] and nickel substitution at the nitrogen-coordinated site [9] gave

similar values. The full range of possible values for the electronic conductivities of

the PBAs remains unmeasured.

Here the electronic structure and electron-transport properties are explored sys-

tematically for (NaxMn[Fe(CN)6]), (NaxFe[Fe(CN)6]), and (NaxCo[Fe(CN)6]). Each

material is studied in each of three oxidation states (x ∈ {0, 1, 2}) for a total of

nine (9) compounds, related schematically in Figure 3.1. The ground-state spin con-

figuration for each compound is determined by comparing the total energy of the

low-spin and high-spin phases. The projected densities of states are calculated to

examine the nature of the valence- and conduction-bands as well as to determine the

compounds’ band gaps. Finally, the charge-carrier effective masses are calculated.
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Figure 3.1: Metal hexacyanoferrate phases. Manganese (black, top), iron (blue, mid-
dle), and cobalt (green, bottom) hexacyanoferrates are shown in each of three oxida-
tion states corresponding to 0 (left), 1 (middle), and 2 (right) sodium ions (gold) per
formula unit. Note reaction arrows showing the addition of sodium (reduction) or re-
moval of sodium (oxidation) in the upper left are implied in all the other 5 reactions;
they are omitted only for clarity.

Results are compared between the Perdew–Burke–Ernzerhof (PBE) functional [10]

and the hybrid Heyd–Scuseria–Ernzerhof (HSE06) functional [11, 12]. This work is a

critically important study of the electronic structure of three highly promising cath-

odes for sodium-ion batteries, and it is an important foundation for making electronic

conductivity a tunable PBA property.

3.2 Ground-state crystal structure and spin con-

figurations

For PBAs, the carbon-coordinated metal ion assumes a low-spin (ls) electronic config-

uration while the nitrogen-coordinated metal is usually in a high-spin (hs) electronic

configuration. In order to treat the spin configuration of PBAs within spin-polarized
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Figure 3.2: Energy differences between spin configurations. Negative differences cor-
respond to energetic stability of the (ls, hs) state. Black, blue, and green bars corre-
spond to Mn, Fe, and Co, respectively. Within each color, the three bars represent 0,
1, or 2 Na ions per formula unit from left to right. The inset shows the results using
the PBE functional. Reprinted with permission from [13]. Copyright 2021 American
Chemical Society.

DFT calculations, I assume a ferromagnetic ordering between the two metal centers

and fix the overall spin, per formula unit, of the material, and perform a total energy

calculation. Figure 3.2 shows the difference in total energy between the (ls, hs) config-

uration and the (ls, ls) configuration. Seven compounds are more stable in the (ls, hs)

configuration, and only compounds Co[Fe(CN)6] and NaCo[Fe(CN)6] are more stable

in the (ls, ls) configuration. The total energies calculated using the hybrid functional

correctly reproduce the experimentally observed spin configuration for all nine com-

pounds as measured by soft X-ray absorption and infrared spectroscopies [1, 2, 4].

Contrast these results with those calculated by the PBE functional, which incorrectly

energetically favors the (ls, ls) configuration for eight of the nine compounds.

The compound NaMn[Fe(CN)6] can attain two (ls, hs) electronic configurations:

(Fe(t52g), Mn(t32ge
2
g)) and (Fe(t62g), Mn(t32ge

1
g)), with the latter lower in energy by less
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than 0.04 meV atom−1. These correspond to different oxidation states: (Fe(III),

Mn(II)) versus (Fe(II), Mn(III)), respectively. Experimental characterization in-

cluding X-ray diffractometry, X-ray photoelectron spectroscopy, and infrared spec-

troscopy have shown that below 225 K, the tetragonal, Jahn–Teller-distorted (Fe(t62g),

Mn(t32ge
1
g)) phase is favored, in agreement with these calculations; at higher tem-

peratures, cubic (Fe(t52g), Mn(t32ge
2
g)) is observed [14]. Furthermore, operando X-ray

diffraction (XRD) [15] and ex-situ X-ray absorption near-edge structure (XANES) [16]

studies of room-temperature batteries clearly show that the manganese is first reduced

from manganese(III) to manganese(II) and then the iron is reduced form iron(III) to

iron(II) [2]. So in the rest of this chapter I only consider the technologically relevant

(Fe(t52g), Mn(t32ge
2
g)) phase of NaMn[Fe(CN)6]. The three iron compounds are lower

in energy in the (ls, hs) configuration. The intermediate oxidation state is (FeC(t62g),

FeN(t32ge
2
g)), which is also consistent with experimental findings.[1]. The compounds’

electronic configurations as calculated within HSE are shown in Figure 3.3.

Each atom in Figure 3.3 has two sets of valence orbitals: the triply degenerate t2g

orbitals (lower in energy) and the doubly degenerate eg orbitals (higher in energy).

These originate from the 5 degenerate, atomic d orbitals in the isolated atom. The

dx2−y2 and dz2 orbitals are oriented such that the maxima of their electron densities

are on axis (the x and y axes for the dx2−y2 orbital and the z axis for the dz2 orbital).

In contrast the dxy, dyz, and dxz orbitals are oriented with their maximal electron

density off axis. Within crystal field theory, the ligands are modeled as negatively

charged point particles. For octahedral crystal environments (as in the PBAs), the

ligands’ negative charge interacts repulsively more with the on-axis orbitals (dx2−y2

and dz2) which increase in energy and become the eg orbitals. And the ligands’ charge

density interacts less with the off-axis orbitals (dxy, dyz, and dxz) which become the t2g

orbitals. The names eg and t2g come from the orbitals’ symmetries. The separation in

energy between the t2g and eg orbitals is designated ∆oct. If ∆oct is large, the ligand
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Figure 3.3: Ground-state electronic configurations. The three t2g orbitals and two eg
orbitals are formed from the five d orbitals of an octahedrally coordinated transition
metal. The red orbitals correspond to carbon-coordinated iron, while black, blue, and
green states refer to manganese, nitrogen-coordinated iron, and cobalt orbitals, re-
spectively. Reprinted with permission from [13]. Copyright 2021 American Chemical
Society.

is referred to as a “strong-field ligand”. (Cyanide is an example of a strong-field

ligand when coordinated via the carbon atom.) Strong-field ligands lead to low-spin

configurations on the metal atom as it is energetically favorable to fill the relatively

low-lying t2g orbitals. In contrast, “weak-field” ligands (like bromide) have a small

∆oct, on the order of the energy of repulsion between two electrons (of opposite spin)

in the same orbital. Weak-field ligands cause a high-spin configuration on the metal

atom.

The two lower oxidation states of the cobalt compound (i.e. Co[Fe(CN)6] and

NaCo[Fe(CN)6]) are more stable in the (ls, ls) configuration; both contain cobalt(III,

ls). On further reduction to Na2Co[Fe(CN)6], the cobalt becomes cobalt(II) and

switches to high spin. This is in agreement with electrochemical observations of

a spin transition over the second reduction plateau during battery discharge [17].

NaCo[Fe(CN)6] has the smallest energy difference between the two spin configura-
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tions at 4 meV atom−1. This small energetic difference is consistent with studies that

observe facile photo-induced spin transition in this material [18]. These experiments

show that the spin transition is accompanied by a charge transfer from the iron to

the cobalt. The calculated atom-projected magnetic moment vanishes on both the

iron atom and the cobalt atom in the ground state, which is consistent with a non-

spin-polarized electronic configuration of t62g for iron and t62g for cobalt. In the higher

energy (ls, hs) state, the atom-projected magnetic moments are µFe = 1.051 µB and

µCo = 2.753 µB (where µB is the Bohr magneton). This is consistent with an elec-

tronic configuration of t52g for iron and t52ge
2
g for cobalt, shown in Figure 3.3, and

supports the experimental model of charge-transfer-accompanied spin transition [18].

All other energy differences are greater (in magnitude) than the thermal excitation

of 26 meV atom−1 at 300 K.

In terms of crystal structure, the fully oxidized compound Mn[Fe(CN)6] has a

tetragonal geometry. This is the result of a Jahn–Teller distortion arising from the

electronic configuration on the manganese, Mn(t32ge
1
g). The simulated X-ray diffrac-

togram for this compound, shown in Figure 3.4 along with the diffractograms for all

other compounds, has two peaks at 16.68◦ and 17.62◦. These arise from the (110)

and (101) reflections, respectively. On reduction to NaMn[Fe(CN)6], the sodium ion

occupies the center of the face separating two subcubes (that is, the cubic interstice

formed by eight cyanide ligands and four of each lattice metal ion). This relaxes the

tetragonal distortion, so that the (110) and (101) reflections combine into a single in-

tense peak at about 16.79◦. But it introduces a slight rhombohedral distortion. The

lattice vectors are changed by about 2◦ away from the value of 60◦ for the face-centered

cubic geometry. The fully reduced compound Na2Mn[Fe(CN)6] has its second sodium

ion in a different face of the cube and is also rhombohedrally distorted. For the iron

materials, the fully oxidized compound Fe[Fe(CN)6] is cubic. The reduced compounds

NaFe[Fe(CN)6] and Na2Fe[Fe(CN)6] have their sodium ions in the cube faces and are
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Table 3.1: Average bond lengths in NaFe[Fe(CN)6]. The cyanide bond length and
the average FeC–C bond lengths are mostly unchanged, but the FeN–N bond length
increases by 7.3% in the (ls, hs) phase versus the (ls, ls) phase.

(ls, ls) (ls, hs)

volume / Å3 246.08 267.12
FeN–N / Å 1.92 2.06
N–C / Å 1.16 1.17

C–FeC / Å 1.89 1.89

rhombohedrally distorted. For the cobalt materials, Co[Fe(CN)6] is cubic and the

reduced compounds are rhombohedrally distorted. For all compounds, the main dif-

ference between the (ls, ls) and the (ls, hs) configurations is a longer MN–N bond

length (where MN is Mn, Fe, or Co), and thus higher unit-cell volumes, for the (ls,

hs) configuration. This is due to the increased density of spin-aligned electrons. As

an example, the bond lengths for the two spin configurations of NaFe[Fe(CN)6] are

summarized in Table 3.2. Finally, comparing structural optimization between DFT-

PBE with the hybrid HSE functional, I found that both result in basically the same

geometry for all studied compounds.

These calculated geometries are consistent with two important phase changes

that have been observed experimentally. First, fully desodiated Mn[Fe(CN)6] has

been shown to be tetragonal [2]. Second, NaxMn[Fe(CN)6], NaxFe[Fe(CN)6], and

NaxCo[Fe(CN)6] all become rhombohedral above a critical sodium concentration be-

tween 1 and 2 sodium ions per formula unit, 1 < xcritical < 2 [19, 20]. Below xcritical

the compounds are cubic (except for Mn[Fe(CN)6], which, as discussed, is tetrag-

onal). The calculated geometries are already rhombohedral in the x = 1 phase. I

attribute the early onset of the rhombohedral distortion to the fact that the simulated

compounds are completely free of vacancies and crystalline water, both of which are

known to stabilize the cubic structure over the rhombohedral structure [21].
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Figure 3.4: Simulated diffractograms for the hexacyanoferrates. The X-ray diffrac-
tograms for the compounds NaxM [Fe(CN)6] are simulated using VESTA at an in-
cident wavelength of λ = 1.5406 Å and plotted using a Lorenzian function with
γ = 0.1◦.
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3.3 Atomic projections of valence- and conduction-

band states

The projected density of states (PDOS) for the ground-state spin configuration of the

nine materials as calculated with the HSE functional are shown in Figure 3.5. (The

PDOS as calculated with the PBE functional are plotted for comparison in Figure

3.6. The differences between the two levels of theory are highlighted and discussed

at the end of this section.) For MnIII[FeIII(CN)6], the valence-band states arise from

spin-down iron t2g orbitals, which are nearly degenerate with the spin-up manganese

eg orbitals and cyanide orbitals. The conduction-band states stem from spin-down,

iron t2g orbitals. The valence-band states for NaMnII[FeIII(CN)6] originate from the

spin-up, manganese eg orbitals, in accordance with Figure 3.3 and the conduction-

band states still arise from spin-down, iron t2g orbitals. These become occupied on

further reduction to Na2MnII[FeII(CN)6], in which the valence-band states stem from

degenerate spin-up iron t2g orbitals, spin-up manganese eg orbitals, spin-down iron t2g

orbitals, and cyanide orbitals. The conduction-band states originate from spin-down

manganese t2g orbitals and cyanide orbitals.

In FeIII[FeIII(CN)6], the valence-band states arise from spin-down t2g orbitals on

the carbon-coordinated iron. The conduction band bottom stems from t2g orbitals

of both iron atoms, which is consistent with the t52g and t32g spin configuration shown

in Figure 3.3. Upon reduction, NaFeIII[FeII(CN)6] also has its valence-band states

originating from the carbon-coordinated-iron, but the conduction-band states now

solely originate from the nitrogen-coordinated-iron t2g orbitals. This can be explained

due to the change of the carbon-coordinated-iron spin configuration to the fully filled

t62g. Further reduction to Na2FeII[FeII(CN)6] breaks the symmetry of the spin-down

nitrogen-coordinated-iron t2g orbitals, one of which becomes occupied. Both the

valence-band and the conduction-band states thus stem from spin-down orbitals.
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Figure 3.5: PDOS computed with the HSE06 functional. The top, middle, and
bottom rows correspond to Mn, Fe, and Co, respectively. The left, middle, and right
columns correspond to 0, 1, and 2 Na ions per formula unit, respectively. The energy
axis is referred to the Fermi level (gray, dotted line) and occupied states are shaded
light gray. Reprinted with permission from [13]. Copyright 2021 American Chemical
Society.
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Figure 3.6: PDOS computed with the PBE functional. The top, middle, and bottom
rows correspond to Mn, Fe, and Co, respectively. The left, middle, and right columns
correspond to 0, 1, and 2 Na ions per formula unit, respectively. Occupied states are
shaded light gray. Reprinted with permission from [13]. Copyright 2021 American
Chemical Society.
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Similarly in CoIII[FeIII(CN)6], both the conduction- and valence-band states arise

from spin-down, iron t2g orbitals. For the reduced material, NaCoIII[FeII(CN)6], both

Co- and Fe-sites are in the same fully filled t62g electronic configuration; hence, it is

not spin-polarized. Valence-band states originate from the iron t2g orbitals and the

conduction-band states arise from cobalt eg orbitals (and some cyanide states). The

spin transition of the cobalt on reduction to Na2CoII[FeII(CN)6] changes the electronic

structure substantially. The valence-band states stem from degenerate spin-up and

spin-down iron t2g orbitals. The valence band originate from spin-down cobalt t2g

orbitals.

In eight of the nine compounds either the valence-band or conduction-band states

(or both) arise from t2g orbitals of the carbon-coordinated iron atom. For all three

fully oxidized materials (x = 0), both the valence and conduction bands stem from the

carbon-coordinated iron. This suggests that the carbon-coordinated iron participates

significantly in the conduction of charge-carrying electrons and holes through the

metal hexacyanoferrate lattice, especially for battery electrodes in the fully charged

state. Sluggish kinetics caused by low electronic or ionic conductivity have been

suggested as the cause of low Coulombic efficiency, especially in manganese hexa-

cyanoferrate [22]. Research efforts to increase conductivity have focused on doping

the nitrogen-coordinated element [16]. However, if the low Coulombic efficiency is

caused by lower conductivity in the fully oxidized lattice, then these results sug-

gest that experimental work must refocus on doping the carbon-coordinated iron to

improve cycle lives of PBA batteries.

All nine materials have band gaps with values, as calculated with the HSE func-

tional, shown in Table 3.2. The gaps range from 1.90 eV to 4.94 eV. Even the smallest

band gap is too large for appreciable populations of thermally generated carriers at

room temperature. The calculated band gap for Prussian blue, NaFeIII[FeII(CN)6], is

1.90 eV, versus an experimental value of 1.75 eV [23]. The material NaCo[Fe(CN)6]
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Table 3.2: Band gaps calculated using the HSE functional. Reprinted with permission
from [13]. Copyright 2021 American Chemical Society.

M [Fe(CN)6] NaM [Fe(CN)6] Na2M [Fe(CN)6]
Mn 2.46 2.88 4.94
Fe 1.96 1.90 3.33
Co 3.00 3.33* 3.80

* direct band gap

has a direct band gap; the rest have indirect band gaps.

The PDOS as calculated with the PBE functional, shown in Figure 3.6, differ

substantially from the HSE-level PDOS. Note that the PBE-level PDOS do not cor-

respond to the PBE-predicted ground spin configuration; rather, they correspond to

the spin configuration as predicted using the HSE functional (that is, (ls, hs) except

for Co[Fe(CN)6] and NaCo[Fe(CN)6]) so as to make a fair comparison. The first and

most important difference is that the PBE functional predicts that six of nine com-

pounds, Mn[Fe(CN)6], NaMn[Fe(CN)6], Fe[Fe(CN)6], Na2Fe[Fe(CN)6], Co[Fe(CN)6],

and Na2Co[Fe(CN)6], are half-metals. As half-metals, those compounds have par-

tially occupied states at the Fermi level in exactly one spin channel. Partial occupa-

tion at the Fermi level is a hallmark of metals, and so the PBE functional predicts

metallic electronic conduction in one spin channel. For those six compounds the

spin-down (minority-spin) channel is metallic. For the other three compounds, one,

NaFe[Fe(CN)6], is a zero-gap semiconductor and the gaps for the remaining two com-

pounds are much smaller than the gaps as predicted by the HSE functional.

3.4 Charge-carrier effective masses and charge dis-

tributions

This section proceeds to an actual calculation of the effective masses of the charge

carriers in this system. The location of the valence-band tops (VBTs) and conduction-

band bottoms (CBBs) in reciprocal space are tabulated. A slice of the 3-dimensional
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dispersion relation (that is, the relationship between band energy, εν and crystal

momentum, ~k) is then plotted; these energy isosurfaces at ±10 meV the VBT and

CBB, respectively, give a sense of how dispersive the bands are and the directionality

of the dispersion. Finally, the band-decomposed charge densities are projected onto

atomic orbitals and rendered.

The effective mass of an electron is defined as the second derivative of the electron

energy with respect to the wavevector k about the minimum according to

m∗ij = ~2(∂2ε/∂ki∂kj)
−1,

in which i and j are the indices for the three crystallographic directions, ε is the energy

eigenvalue, ~ is the reduced Planck’s constant, and m∗ij is the (i, j) component of the

effective-mass tensor [24]. The partial derivatives are calculated numerically using a

first-order, finite-difference approximation, and diagonalization of the effective-mass

tensors gives the effective masses along the three principal axes.

Figures 3.7 through 3.9 are slices of the compounds’ energy-wavevector dispersion

relations. Each surface is the set of all k points in the first Brillouin zone with

energy corresponding to 10 meV below the valence-band top (left plot) or 10 meV

above the conduction-band bottom (right plot). They have several general features

important to evaluating and comparing effective masses. First, the center of each

isosurface is the k point at which the derivatives are evaluated. These are summarized

in Tables 3.4 and 3.4. For example, the Γ point is the center for the conduction-

band bottoms in Mn[Fe(CN)6], NaMn[Fe(CN)6], Na2Mn[Fe(CN)6], Fe[Fe(CN)6], and

Co[Fe(CN)6] and for the valence-band tops in Na2Fe[Fe(CN)6] and Na2Co[Fe(CN)6].

Larger isosurfaces are less dispersive, so they correspond to heavier effective masses.

Compare the conduction bands in Mn[Fe(CN)6] and NaMn[Fe(CN)6]; the latter has

a larger isosurface and a heavier electron effective mass. Finally, the shape of the

isosurface indicates the directionality of the effective masses. A spherical energy

73



Table 3.3: Wavevectors of the valence-band tops. Reprinted with permission from
[13]. Copyright 2021 American Chemical Society.

kx / 2π/a ky / 2π/a kz / 2π/a
Mn[Fe(CN)6] -0.98 0.00 0.00

NaMn[Fe(CN)6] -0.46 0.46 -0.50
Na2Mn[Fe(CN)6] -0.04 -0.04 0.98

Fe[Fe(CN)6] -1.02 0.00 0.00
NaFe[Fe(CN)6] 0.00 0.00 1.02
Na2Fe[Fe(CN)6] 0.00 0.00 0.00

Co[Fe(CN)6] -1.06 0.00 0.00
NaCo[Fe(CN)6] 0.00 0.00 1.06
Na2Co[Fe(CN)6] 0.00 0.00 0.00

surface corresponds to an isotropic effective mass while an ellipsoidal surface indicates

a degree of anisotropy.

The results shown in Figures 3.7 through 3.9 are useful first in confirming that the

valence-band tops and conduction-band bottoms are well separated from other points

in the first Brillouin zone. This is significant because degenerate band extrema can

both contribute to electron or hole transport. So, if there are degenerate extrema the

effective masses at both points should be calculated. However, the extrema for these

nine compounds are all well separated as shown by Figures 3.7 through 3.9. These

results are significant as a qualitative demonstration that the valence and conduction

bands are not very dispersive in these PBA materials. This high degree of delocal-

ization of electronic states in reciprocal space implies a high degree of localization of

electronic states (and thus electron density) in real space. This is especially insightful

as complementary evidence to the data shown in Figure 3.10 and discussed in the

context of PBAs as ionic crystals below.

The isotropic average effective mass (m∗ = (1
3
Σim

∗−1
i )−1) for the compounds are

given in Table 3.5. The hole effective masses range from 2.06me in NaCo[Fe(CN)6] to

3.62 me in Na2Mn[Fe(CN)6] with a median value of 2.60 me for all nine compounds.

(The unit me is the electron rest mass.) The electron effective masses range from
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a.

b.

c.

Figure 3.7: Energy isosurfaces for NaxMn[Fe(CN)6]. The energy isosurfaces in the
first Brillouin zone at 10 meV below the valence-band top (left) and 10 meV above the
conduction-band bottom (right) for (a) Na0Mn[Fe(CN)6], (b) Na1Mn[Fe(CN)6], and
(c) Na2Mn[Fe(CN)6]. Reprinted with permission from [13]. Copyright 2021 American
Chemical Society.
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a.

b.

c.

Figure 3.8: Energy isosurfaces for NaxFe[Fe(CN)6]. The energy isosurfaces in the
first Brillouin zone at 10 meV below the valence-band top (left) and 10 meV above
the conduction-band bottom (right) for (a) Na0Fe[Fe(CN)6], (b) Na1Fe[Fe(CN)6], and
(c) Na2Fe[Fe(CN)6]. Reprinted with permission from [13]. Copyright 2021 American
Chemical Society.
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a.

b.

c.

Figure 3.9: Energy isosurfaces for NaxCo[Fe(CN)6]. The energy isosurfaces in the first
Brillouin zone at 10 meV below the valence-band top (left) and 10 meV above the
conduction-band bottom (right) for (a) Na0Co[Fe(CN)6], (b) Na1Co[Fe(CN)6], and
(c) Na2Co[Fe(CN)6]. Reprinted with permission from [13]. Copyright 2021 American
Chemical Society.
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Table 3.4: Wavevectors of the conduction-band bottoms. Reprinted with permission
from [13]. Copyright 2021 American Chemical Society.

kx / 2π/a ky / 2π/a kz / 2π/a
Mn[Fe(CN)6] 0.00 0.00 0.00

NaMn[Fe(CN)6] 0.00 0.00 0.00
Na2Mn[Fe(CN)6] 0.00 0.00 0.00

Fe[Fe(CN)6] 0.00 0.00 0.00
NaFe[Fe(CN)6] -0.50 0.50 0.00
Na2Fe[Fe(CN)6] 0.50 0.50 0.46

Co[Fe(CN)6] 0.00 0.00 0.00
NaCo[Fe(CN)6] 0.00 0.00 1.06
Na2Co[Fe(CN)6] -0.46 0.50 -0.50

Table 3.5: Charge-carrier effective masses, in units of the electron rest mass.
Reprinted with permission from [13]. Copyright 2021 American Chemical Society.

Na0 Na1 Na2

m∗hole m∗electron m∗hole m∗electron m∗hole m∗electron

Mn[Fe(CN)6] 2.82 0.87 2.28 1.41 3.62 1.39
Fe[Fe(CN)6] 2.60 0.73 2.44 2.15 3.00 1.94
Co[Fe(CN)6] 2.20 4.95 2.06 2.88 2.92 3.04

0.73me in Fe[Fe(CN)6] to 4.95me in Co[Fe(CN)6] with a median value of 1.94me for

all nine compounds.

The effective masses are very high due to the fact that these compounds are ionic

crystals, as shown in the band-decomposed charge densities for the valence and con-

duction bands of Figure 3.10. Eight of the nine compounds have significant valence-

band charge density on the carbon-coordinated iron atom, and six of nine compounds

have significant conduction-band charge density on the carbon-coordinated iron atom.

This is in agreement with the PDOS data, and underscores the need for investiga-

tion of the effect of doping at this site for tuning PBA electronic conductivity. Also

of note is that the valence band in Prussian blue, NaFe[Fe(CN)6], is localized on

the carbon-coordinated iron while the conduction band is localized on the nitrogen-

coordinated iron. This is consistent with experimental observation of charge transfer
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between the two iron atoms on excitation of a valence electron to the conduction band

[23]. In general, the charge density is highly localized on the transition-metal ions.

Together, the high effective masses and the ionic character of the electronic struc-

ture imply that small-polaron hopping is likely an important mechanism for charge

conduction in these compounds. First-principles studies have shown the importance

of small-polaron hopping for electronic conductivity in battery materials including

lithium iron phosphate [25] and the (manganese, cobalt) oxide family [26]. Ten-

nakone and coworkers used small-polaron hopping to interpret experimental data on

the complicated relationship between crystalline water, temperature, and electronic

conductivity in Prussian blue (NaFe[Fe(CN)6]) [8]. These theoretical results rational-

ize Tennakone and coworkers’ application of the small-polaron-hopping mechanism to

understand their data; these results also call for future work to model and understand

polarons in PBAs in greater detail.

3.5 Conclusions

In this chapter, I modeled three highly promising sodium-ion cathodes in each of

three oxidation states with a hybrid functional to better understand their electronic

conductivity and electron-transport properties.

First, the crystal structures of all nine compounds are relaxed and compared us-

ing the PBE and HSE functionals in two difference spin configurations: (low spin,

low spin) and (low spin, high spin). The total energies as calculated using the two

functionals are compared, and it is found that the HSE functional reproduces the

experimentally observed ground state for all nine compounds. The ground state is

(low spin, high spin) for all compounds except Co[Fe(CN)6] and NaCo[Fe(CN)6] for

which it is (low spin, low spin). In contrast, the PBE functional fails badly, predicting

that the (low spin, low spin) is lower in energy for all but one compound. Crystal-

lographically, the cubic-to-rhombohedral and cubic-to-tetragonal phase changes are
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Na2M[Fe(CN)6]Na0M[Fe(CN)6] Na1M[Fe(CN)6]
conductionvalence

Mn

Fe

Co

conductionvalence conductionvalence

Figure 3.10: Band-decomposed charge densities. For each compound, the band-
decomposed charge-density isosurface is plotted for the valence band (purple, left) and
the conduction-band (orange, right). The manganese, iron, and cobalt compounds are
in the top, middle, and bottom rows, respectively. The number of sodium ions (gold)
per formula unit are 0 (fully oxidized), 1, and 2 (fully reduced) from left to right.
Reprinted with permission from [13]. Copyright 2021 American Chemical Society.
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reproduced by the model.

The PDOS make it clear that all these compounds exhibit an electronic band gap

with wide separation in energy between the valence band and the conduction band,

ranging from 1.90 eV to 4.94 eV. This is the first calculation of the gap for most of

these compounds. The PDOS and band-decomposed charge densities further reveal

the importance of the carbon-coordinated iron, which gives rise to conduction- and

valence-bands states in many cases, confirming this as a promising site for substitu-

tional doping to design more or less electronically conductive PBAs.

The charge-carrier effective masses are calculated, with median values of 2.60 me

for holes and 1.94 me for electrons. These very high effective masses, along with

the highly ionic character of the compounds, suggest that small-polaron hopping is

likely an important mechanism for electron transport. Future work will center around

modeling polarons in PBAs in greater detail.

This is the first work to explore electron transport in PBAs computationally,

and it contributes to the understanding of PBA electronic conductivity, a critically

important material property for batteries, electrocatalysts, and more. These cal-

culations predict a charge-transfer-mediated spin transition for several compounds,

which in several instances agrees with extant experimental observation. I confirm

that all studied compounds exhibit an electronic band gap. I identify the importance

of the carbon-coordinated iron to electronic conductivity, despite experimental focus

of doping only at the nitrogen-coordinated site. Finally, I report charge-carrier effec-

tive masses in a PBA for the first time. These results are important contributions

to the study of PBA electronic conductivity and first-principles modeling, and this

work lays the theoretical groundwork to incorporate electronic conductivity into the

repertoire of tunable PBA properties.
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Computational details

All calculations were carried out using DFT as implemented in the Vienna ab ini-

tio Simulation Package (VASP) [27, 28]. A Γ-centered 4 × 4 × 4 k-point grid and

a planewave kinetic-energy cutoff of 520 eV were used. Electronic and ionic con-

vergence criteria were 10−5 eV and 0.05 eV Å−1, respectively. Atomic positions and

lattice parameters were relaxed for all compounds with both the PBE and HSE func-

tionals separately. The initial geometry for all relaxations was Fm3m with lattice

parameter 10.4 Å, with small perturbations introduced to the atomic positions and

lattice parameters to allow the model to access lower symmetries. (The lattice param-

eters of the compounds studied have been measured experimentally and are within

about 3% of 10.4 Å [29]. The initial lattice parameter was uniform across all 9 com-

pounds, so more significant digits were not used.) For the HSE functional, I used

the HSE06 functional [11, 12], with the standard screening parameter of 0.2 Å−1 and

a mixing of 25% Fock exchange with 75% PBE exchange. The X-ray diffraction re-

flections were calculated using an incident photon wavelength of λ = 1.5406 Å in the

“Visualization for Electronic and Structural Analysis” (VESTA) software [30, 31]

and the diffractograms were plotted using the Lorentzian function with γ = 0.01◦.

The effective masses were calculated using a first-order finite-difference approxima-

tion of the second partial derivative of the energies at 18 zero-weight k points about

the band extremum with a discretization of the local reciprocal space of 0.01 · 2π/a.

Band-decomposed charge densities were calculated using the band and k point that

were used for the effective-mass calculations.
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Chapter 4

Origin of the high specific capacity
in sodium manganese
hexacyanomanganate

Abstract

Sodium manganese hexacyanomanganate, NaxMn[Mn(CN)6], has been studied exper-

imentally as an active material in rechargeable batteries. It has a reversible specific

capacity of 209 mA h g−1—substantially higher than the theoretical specific capacity

of 172 mA h g−1 expected for insertion of two sodium ions. It has been hypothesized

that this compound is uniquely able to insert a third sodium ion. However, the plau-

sibility of this mechanism has remained ambiguous. Here, I use density-functional

theory (DFT) with a hybrid functional to calculate the formation energies of various

oxidation states and magnetic phases of the NaxMn[Mn(CN)6] system. I confirm that

the compound Na3Mn[Mn(CN)6] is, indeed, thermodynamically stable. It contains

manganese(I) and the sodium ions occupy the interfacial position of the lattice sub-

cubes. I also provide strong evidence that the phase of the fully oxidized compound

is charge-disproportionated MnII[MnIV(CN)6]. I proceed to show that crystalline wa-

ter increases reduction potential and that the hydrated compounds have theoretical

crystal geometries and reduction potentials that closely match experiment. This work

clarifies the charge-storage mechanism in a well-known but less-understood PBA.
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Mn(III)
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Mn(II)
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Mn(I)
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Figure 4.1: Electrochemical relationship among compounds examined. Schematic
of the reversible insertion of three sodium ions (per formula unit) into the open-
framework Mn[Mn(CN)6]. Red atoms are carbon-coordinated manganese, black
atoms are nitrogen-coordinated manganese, gray are carbon, light blue are nitrogen,
gold are sodium.

4.1 An unexpected and unexplained specific ca-

pacity

Sodium manganese hexacyanomanganate, NaxMn[Mn(CN)6], is a PBA of particu-

lar interest, because in 2014 Pasta and coworkers [1] observed a reversible specific

capacity in sodium manganese hexacyanomanganate of 209 mA h g−1. This is the

highest-ever recorded specific capacity in a PBA. It is also 22% higher than the the-

oretical specific capacity that would be expected from the reversible (de)insertion of

two sodium ions per formula unit. Furthermore, they observed three distinct voltage

plateaus, at 3.5, 2.7, and 1.8 V versus the Na+/Na redox couple. This is unusual for

a PBA. The authors hypothesized that the extra capacity came from the insertion

of a third sodium ion with the reduction of the carbon-coordinated manganese to

manganese(I). The study included high-quality synchrotron X-ray diffraction (XRD)

data, but the authors were unable to refine the structure sufficiently to determine

conclusively the positions or number of the sodium ions. Work from Wessells and

coworkers in 2018 [2] provided good X-ray spectroscopic evidence for the formation of

monovalent manganese. The hypothetical relationship between the different oxidation

states is shown schematically in Figure 4.1.

Here I investigate the material theoretically using density-functional theory (DFT)

and a hybrid functional. First, I consider a pseudo-binary mixture of sodium atoms
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with manganese hexacyanomanganate (empty of any interstitial sodium atoms). Many

different, plausible magnetic moments and sodium-ion arrangements are considered.

The lattice parameters and atom positions are fully relaxed and the total energy

calculated. From this, the formation energies for the different phases are plotted

and the convex hull is constructed to determine whether the hypothetical compound

Na3Mn[Mn(CN)6] is thermodynamically stable against separation into the x = 2

phase and sodium metal. I discuss the crystal structures of the simulated compounds

and compare them to the experimental synchrotron X-ray diffractograms.

I then examine the compounds’ electronic structure through their projected den-

sities of states (PDOS). The atoms the orbitals of which give rise to the valence

and conduction bands are identified. These data are compared to the atom-projected

magnetic moments of the phases to determine the oxidation states of each compound.

This determines on which manganese ion (if either) each reduction event is localized

and whether monovalent manganese forms.

Finally, I investigate the effect of crystalline water in NaxMn[Mn(CN)6] · wH2O.

The monohydrate and dihydrate of each oxidation state (using the ground-state mag-

netic moment from the dehydrated compound) are fully relaxed. Their crystal struc-

tures are compared to the experimental diffractograms. A phase diagram in (water

activity, voltage) space is constructed from the grand potential, and the reduction

potentials of the system are compared for water-poor and water-rich environments.

Finally, an isoelectronic analog is briefly considered.

This is the first thorough theoretical investigation of the manganese hexacyanoman-

ganate system, and it answers several interesting scientific questions about this tech-

nologically important battery-electrode material.
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4.2 Convex hull of formation energies

In this section, I consider a pseudo-binary mixture of sodium atoms with the empty

manganese hexacyanomanganate lattice (that is, the lattice containing no inserted

sodium atoms), that can be written as

Mn[Mn(CN)6]+xNa→ NaxMn[Mn(CN)6] (4.1)

in which x is the number of sodium atoms per formula unit and sodium is in some

reference state—here, that is bcc sodium metal. The formation energy for such a

mixture is given by [3, 4]

Ef(x, S) =
E(NaxMnSN [MnSC(CN)6])− E(Mn[Mn(CN)6])− xE(Na)

1 + x
(4.2)

Here, S = SC + SN is the total magnetic moment of the unit cell. While the hexa-

cyanoferrate PBAs can be modelled by assuming a ferromagnetic ordering between

the carbon-coordinated iron and the nitrogen-coordinated ion, the hexacyanoman-

ganates can have more exotic magnetic phases [5]. Various magnetic moments arise

from several phenomena. First, spin configurations of the two ions in the structure can

differ leading to magnetic moment; this was dealt with at length in Chapter 3. Also,

different oxidation states are plausible a priori; for instance, in the (x = 1) phase,

both oxidation states (MnIII
C ,MnII

N) and (MnII
C,MnIII

N ) might occur. (Throughout this

chapter, MnC and MnN refer to the carbon-coordinated and nitrogen-coordinated

manganese ions, respectively.) And charge disportionation should be considered,

since it is is often observed in compounds containing high-spin manganese(III) [6].

Finally and for completeness, the atomic magnetic moments on the manganese ions

can be either aligned or anti-aligned. These result in a wide variety of electronic

configurations, which are tabulated for the oxidation states examined in Tables 4.1

through 4.5. Fortunately, many of these configurations share a total magnetic mo-

ment. So the magnetic moment can be fixed, the ground state determined, and the
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Table 4.1: Plausible magnetic moments for Mn[Mn(CN)6]

µ/µB MnC MnN alignment
0 t42g t42g anti-aligned

2

t42g t32ge
1
g anti-aligned

t52g t32g anti-aligned
t32g t52g anti-aligned
t32g t32ge

2
g anti-aligned

4
t42g t42g aligned
t52g t32g aligned
t32g t52g aligned

6 t42g t32ge
1
g aligned

8 t32g t32ge
2
g aligned

Table 4.2: Plausible magnetic moments for NaMn[Mn(CN)6]

µ/µB MnC MnN alignment

1
t42g t52g anti-aligned
t52g t42g anti-aligned

3

t42g t32ge
2
g anti-aligned

t52g t32ge
1
g anti-aligned

t62g t32g n/a
t42g t52g aligned
t52g t42g aligned

5 t52g t32ge
1
g aligned

7 t42g t32ge
2
g aligned

actual electronic configuration resolved by examining the atom-projected magnetic

moments. The formation energies for the phases are shown in Figure 4.2.

For the fully oxidized compound, Mn[Mn(CN)6], the two phases with 6 µB and

8 µB (where µB is the Bohr magneton) are degenerate and lowest in energy. For the

compound NaMn[Mn(CN)6], the ground-state magnetic moment is 7 µB and is well

separated in energy from the other magnetic phases. The compound Na2Mn[Mn(CN)6]

has a ground-state magnetic moment of 6 µB. In this compound, the two sodium ions

can occupy either edge-sharing faces of the interstitial subcube or opposite faces of the

interstitial subcube. The edge-sharing phase is just 11 meV atom−1 lower in energy.

The ground-state magnetic moment for the compound Na3Mn[Mn(CN)6] is 5 µB. For
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Table 4.3: Plausible magnetic moments for Na2Mn[Mn(CN)6]

µ/µB MnC MnN alignment
0 t52g t52g anti-aligned

2

t52g t52g aligned
t62g t42g n/a
t42g t62g n/a
t42g t42ge

2
g anti-aligned

4
t52g t32ge

2
g anti-aligned

t62g t32ge
1
g n/a

6
t52g t32ge

2
g aligned

t42g t42ge
2
g aligned

Table 4.4: Plausible magnetic moments for Na3Mn[Mn(CN)6]

µ/µB MnC MnN alignment

1

t62g t52g n/a
t52g t62g n/a
t42g t62ge

1
g anti-aligned

t42g t52ge
2
g anti-aligned

3
t52g t42ge

2
g anti-aligned

t42g t62ge
1
g aligned

5
t62g t32ge

2
g n/a

t52g t42ge
2
g aligned

t42g t52ge
2
g aligned

Table 4.5: Plausible magnetic moments for Na4Mn[Mn(CN)6]

µ/µB MnC MnN alignment

0
t62g t62g n/a
t52g t62ge

1
g anti-aligned

t62ge
1
g t52g anti-aligned

2
t52g t52ge

2
g anti-aligned

t52g t62ge
1
g aligned

t62ge
1
g t52g aligned

4
t62g t42ge

2
g n/a

t62ge
1
g t32ge

2
g anti-aligned

t52g t52ge
2
g aligned

6 t62ge
1
g t32ge

2
g aligned
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Figure 4.2: Formation energies for the NaxMn[Mn(CN)6] system. The color of the
data points signifies the total magnetic moment of the unit cell (in units of the Bohr
magneton), which is equal to the difference between the number of majority- and
minority-spin electrons. The convex hull is connected by the black line.

this compound, the three sodium ions can occupy either three faces of the intersti-

tial subcube that share a corner or three faces in a “saddle” arrangement. These

two phases are also essentially degenerate in energy (the corner-sharing arrangement

is 2 meV atom−1 lower in energy). For Na4Mn[Mn(CN)6], the two magnetic phases

µ = 6 µB and µ = 4 µB are degenerate. (Note that the labels “adjacent” and “oppo-

site” in this compound refer to the arrangement of subcube-faces that do not contain

a sodium atom.) The adjacent arrangement of the empty faces is slightly lower in

energy.

The compound Na3Mn[Mn(CN)6] is part of the convex hull of formation energies

for the pseudo-binary mixture of sodium with manganese hexacyanomanganate, so

the experimental observation of the insertion of three sodium ions into the lattice is,

indeed, thermodynamically reasonable.

The compound is stable relative to separation into Na2Mn[Mn(CN)6] and sodium

94



metal. Other decomposition pathways at room temperature are unlikely. First, the

sample from Pasta and coworkers was cycled reversibly. Second, the low-potential

behavior of a closely related composition, sodium manganese hexacyanochromate

(NaxMn[Cr(CN)6]), has previously been explored experimentally [7]. The lattice was

found to be stable below the minimum potential (about 1.21 V versus Na+/Na) that

these calculations predict is necessary to insert the third sodium ion. Third, closely

related PBA compositions have been found to be thermally stable up to 200 ◦C or

higher [8].

Interestingly, Na4Mn[Mn(CN)6] lies almost exactly on the convex hull. This in-

dicates that insertion of a fourth sodium ion may be possible, but the reduction

potential would be so close to metallic sodium as to make experimental confirmation

challenging.

The chemical potentials of the various phases are plotted as a function of sodium

chemical potential (referred to the chemical potential of solid sodium metal) in Figure

4.3. The chemical potential for a phase NaxMn[Mn(CN)6] is given by

µNaxMn[Mn(CN)6](µNa, x) = µMn[Mn(CN)6] − xµNa (4.3)

in which µMn[Mn(CN)6] is the chemical potential of the lattice empty of any sodium ions

and µNa is the chemical potential of sodium.

4.3 Crystal structures and sodium-ion positions

In this section, the ground-state crystal structures and the simulated diffraction pat-

terns are compared to experiment. The positions of the the sodium ions are deter-

mined.

The phases’ relaxed crystal structures are shown in Figure 4.4, and their simulated

X-ray diffractograms are shown in Figure 4.5 along with the experimental synchrotron

XRD data collected by Pasta and coworkers [1]. For the fully oxidized Mn[Mn(CN)6],
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µ(Mn[Mn(CN)6]). This is plotted as a function of the chemical potential of sodium,
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that which minimizes the chemical potential. The compound Na3Mn[Mn(CN)6] is
thermodynamically stable between about 1.2 and 0 V (versus Na+/Na). Note that
Na4Mn[Mn(CN)6] becomes lower in energy almost exactly at 0 eV versus sodium
metal.
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a. b.

c. d.

Figure 4.4: Ground-state crystal structures. Throughout, the carbon-coordinated
manganese, nitrogen-coordinated manganese, carbon, nitrogen, and sodium atoms
are shown in red, black, gray, light blue, and gold, respectively. The structures
contain (a) x = 0, (b) x = 1, (c) x = 2 (“adjacent”), and (d) x = 3 (“saddle”),
sodium ions per formula unit. Sodium ions occupy the faces separating neighboring
subcubes. See Table 4.6 for associated lattice parameters.

the diffraction pattern for the µ = 8 µB phase is shown. This phase is face-centred

cubic (space group Fm3m) with a lattice parameter of 10.734 Å. The most intense

peaks arise from the (101) reflection at 4.42◦ and the (202) reflection at 8.84◦. (All

patterns are simulated for an incident wavelength of λ = 0.413737 Å.) The µ = 6 µB

phase for this compound has a tetragonal crystal structure with lattice parameters

a = 10.2 Å and c/a = 1.06. The cubic crystal structure for µ = 8 µB is in excellent

agreement with synchrotron XRD data. Figure 4.6 for the crystal structure and

simulated XRD pattern of the µ = 6 µB phase.)

In the simulated pattern for the compound NaMn[Mn(CN)6], the most intense

peaks arise from the (011) and (110) reflections at 4.42◦ and 4.44◦, respectively.

These are followed in intensity by the (022) and (220) reflections at 8.85◦ and 8.88◦,
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Figure 4.5: Simulated diffractograms and peak indices. The simulated (dashed line)
and experimental (solid line, collected by Pasta and coworkers [1]) patterns are plot-
ted for the four compounds Mn[Mn(CN)6], NaMn[Mn(CN)6], Na2Mn[Mn(CN)6], and
Na3Mn[Mn(CN)6]. Peak indices are included for the simulated patterns and the
asterisk indicates sodium chloride reference peaks in the experimental data. The
corresponding crystal structures are shown at the right.

a = 10.2 Å
c/a = 1.06

a = 10.7 Å

CUBIC

TETRAGONAL

MnIV
MnII

MnIII
MnIII

ΔE = 3 meV atom-1

101 110

211 121
101

101
211

202

202

Figure 4.6: Crystal structures for two magnetic phases of Mn[Mn(CN)6]. The µ = 6µB

phase (blue) is tetragonal due to a Jahn–Teller distortion arising from the high-spin,
nitrogen-coordinated manganese(III). The µ = 8 µB phase is cubic. Disproportiona-
tion results in manganese(II) and manganese(IV), removing the Jahn–Teller distor-
tion.
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Table 4.6: Comparison of experimental and computational lattice parameters.
Experimental Computational

a / Å b = c / Å a / Å b / Å c / Å
Mn[Mn(CN)6] 10.706 10.736 10.732

NaMn[Mn(CN)6] 10.688 10.750 10.728 10.726
Na2Mn[Mn(CN)6] 10.658 10.616 10.607 10.703
Na3Mn[Mn(CN)6] 10.459 10.905 10.710 10.633 10.475

respectively. This, too, is in excellent agreement with the synchrotron XRD data.

The simulated pattern for Na2Mn[Mn(CN)6] (adjacent arrangement of sodium

ions) is also very similar to experiment. The doublet peak consisting of the (101)

and (110) reflections is aligned with an experimental doublet with peaks centered at

about 4.45◦ and 4.47◦. Similarly, the simulated (202) and (220) reflections are close

to two experimental peaks at about 9◦. The main difference is the presence of the

(001) reflection at 4.27◦ in the simulated pattern. This reflection arises from long-

range ordering of sodium ions, an unphysical feature of modeling a single unit cell

with periodic boundary conditions. Also, the separation between the (211) and (101)

reflections is wider in the computational data (0.715◦) compared to the experimental

data (about 0.25◦).

For Na3Mn[Mn(CN)6] (saddle arrangement of sodium ions), the simulated data

also broadly match the empirical data. The model has three reflections, (011), (101),

and (110), which match an experimental triplet at 4.47◦, 4.52◦, and 4.54◦. The

simulated (022), (202), and (220) reflections also correspond closely to another ex-

perimental triplet with peaks at 8.95◦, 9.07◦, and 9.09◦. Table 4.6 is a summary of

the computed lattice parameters.

4.4 Electronic structures and oxidation states

The projected densities of states (PDOS) and electronic configurations consistent

with the atom-projected magnetic moments for the four compounds are shown in

Figure 4.7. For the fully oxidized compound, Mn[Mn(CN)6], the µ = 8 µB phase has
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atom-projected magnetic moments of µMnC
= 3.023 µB and µMnN

= 4.567 µB. This is

consistent with an electronic configuration of (MnC(t32g), MnN(t32ge
2
g)). In this phase,

the nitrogen-coordinated manganese is high spin and the two manganese ions are

spin aligned. The two manganese ions are in oxidation states (MnC(IV), MnN(II)),

so this phase is charge disproportionated. This is in agreement with experiment [9].

The PDOS shows that the conduction-band states arise from spin-down, t2g orbitals

on the carbon-coordinated manganese. The electronic configuration for the nearly

degenerate µ = 6 µB is (MnC(t42g), MnN(t32ge
1
g)). This non-disproportionated phase,

(MnC(III), MnN(III)), has a singly occupied eg orbital which gives rise to a Jahn–

Teller distortion and the tetragonal geometry discussed above.

On reduction to the compound NaMn[Mn(CN)6], the spin-down t2g orbitals be-

come partially occupied; both the valence- and conduction-bands arise from spin-

down, t2g orbitals on the carbon-coordinated manganese. The atom-projected mag-

netic moments for this µ = 7 µB phase are µMnC
= 2.013 µB and µMnN

= 4.572 µB;

the orbital occupations are (MnC(t42g), MnN(t32ge
2
g)). In this phase, the nitrogen-

coordinated carbon remains high spin and the two manganese ions remain spin

aligned.

Further reduction to the compound Na2Mn[Mn(CN)6] adds an electron to the a

spin-down, carbon-coordinated-manganese t2g orbital, resulting in increased density

of states in the valence band arising from these orbitals. The conduction band still

originates from these same, carbon-coordinated-manganese, spin-down t2g orbitals

(albeit with lower density of states). The atom-projected magnetic moments are

µMnC
= 1.075 µB and µMnN

= 4.567 µB and the electronic configuration is (MnC(t52g),

MnN(t32ge
2
g)). The nitrogen-coordinated manganese atom is still in a high spin config-

uration and the manganese ions are still spin aligned.

Reduction to the Na3Mn[Mn(CN)6] fully occupies the t2g orbitals on the carbon-

coordinated manganese atom, so the valence band arises from these orbitals. The
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Figure 4.7: Electronic structures for NaxMn[Mn(CN)6]. Projected densities of states
(PDOS), band-decomposed charge densities, and electronic configurations are shown
for phases with 0, 1, 2, and 3 sodium ions per formula unit from top to bottom.
In the PDOS, red, black, purple, and gold lines refer to states arising from orbitals
on the carbon-coordinated manganese, nitrogen-coordinated manganese, cyanide lig-
ands, and sodium, respectively. Solid, dashed, and dotted lines refer to states arising
from (s and p), t2g, and eg orbitals, respectively. The charge-density isosurfaces are
for the valence-band and conduction-band states.

101



μ = 6 μB

μ = 4 μB

μ = 6 μB

μ = 4 μB

a. b.

c. d.

Figure 4.8: Projected density of states for Na4Mn[Mn(CN)6]. Red, black, purple, and
gold lines refer to states arising from orbitals on the carbon-coordinated manganese
atom, nitrogen-coordinated manganese atom, cyanide ligands, and sodium atom(s),
respectively. Solid, dashed, and dotted lines refer to states arising from (s and p), t2g,
and eg orbitals, respectively. The µ = 6 µB phase (upper plot) and µ = 4 µB phase
(lower plot) differ only in the spin-orientation of the electron in the sodium-projected
valence state.

atom-projected magnetic moments are µMnC
= 0.094 µB and µMnN

= 4.561 µB. This

implies an orbital occupation of (MnC(t62g), MnN(t32ge
2
g)) with high-spin nitrogen-

coordinated manganese.

Figure 4.8 shows the PDOS for the possibly stable compound Na4Mn[Mn(CN)6].

Interestingly, its valence-band states arise from sodium orbitals. This indicates that

on addition of a fourth sodium ion, the accompanying electron does not reduce either

of the lattice manganese ions; rather, it is localized on the sodium atom.

So the high specific capacity in sodium manganese hexacyanomanganate orig-

inates, in part, from the fact that Na2Mn[Mn(CN)6] has a relatively low-energy

conduction-band state arising from an unoccupied t2g orbital on the manganese atom

coordinated to carbon. Reduction to Na3Mn[Mn(CN)6] results in the particularly sta-

ble electronic configuration (MnC(t62g), MnN(t32ge
2
g)). The nitrogen-coordinated man-

ganese ion remains manganese(II) over the course of three reduction events from

Mn[Mn(CN)6] to Na3Mn[Mn(CN)6]. The carbon-coordinated manganese atom is the

exclusive redox center in this system. Furthermore, the nitrogen-coordinated man-
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ganese is always in a high-spin configuration, and the two manganese ions are always

ferromagnetically aligned. (Though in Na3MnII[MnI(CN)6], the carbon-coordinated

manganese atom has a negligible magnetic moment.)

4.5 Effect of composition: crystalline water and

isoelectronic lattice ions

This section examines the effect of two changes to composition. First, crystalline

water molecules are introduced into the structure and changes to the crystal geome-

try and energetics are discussed. Second, an isoelectronic composition, sodium iron

hexacyanochromate, is examined as a possible composition also capable of inserting

a third ion.

Water is taken up into the crystal structure of the PBAs [10, 11]. Aggressive drying

techniques are often used when PBA electrodes are being optimized to prevent the

reaction of water with the lattice at more extreme potentials [12, 13].

Here the hydrated compounds, NaxMn[Mn(CN)6] · wH2O, for w ∈ {1, 2} are

considered. The crystal structures after explicit inclusion of the water molecules and

full relaxation of the lattice vectors and atom positions are shown in Figure 4.9. (The

crystal geometries of the fully dehydrated compounds (w = 0) are shown in Figure

4.5 for reference.)

In Mn[Mn(CN)6] · 1H2O the water occupies the centers of the subcubes. In the

more hydrated phase, Mn[Mn(CN)6] · 2H2O, the electric dipole moments of the two

water molecules are aligned.

In NaMn[Mn(CN)6] · 1H2O, the water molecule continues to occupy the interstitial

position while sodium continues to occupy the interfacial site. The water molecule’s

electric dipole moment points away from the positively charged sodium ion. (That is,

the oxygen atom, with its partial negative charge, is oriented toward the positively

charge sodium ions, while the hydrogen atoms, with their partial positive charge, are
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a. b.

c. d.

e. f.

g. h.

Figure 4.9: Relaxed crystal structures for the NaxMn[Mn(CN)6] ·wH2O system. The
subplots are (a) x = 0, w = 1; (b) x = 0, w = 2; (c) x = 1, w = 1; (d) x = 1, w = 2;
(e) x = 2, w = 1, ; (f) x = 2, w = 2; (g) x = 3, w = 1; (h) x = 3, w = 2.
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oriented away from the sodium ions.) The O–Na distance is 2.25 Å. In the more

hydrated NaMn[Mn(CN)6] · 2H2O, both O–Na distances are 2.33 Å—slightly larger

than in the monohydrate. In this compound the water molecules’ electric dipole

moments are anti-aligned with respect to their 6 nearest-neighbor water molecules in

the adjoining subcubes.

The monohydrate of the more reduced phase, Na2Mn[Mn(CN)6] · 1H2O, still has

water at the center of the subcube and sodium ions in adjacent faces, forming an

Na–O–Na angle of 93◦. The two O–Na distances are 2.40 and 2.41 Å. The water

molecule’s electric dipole moment points about equally away from both sodium ions

(more formally, the moment bisects the Na–O–Na angle). Addition of a second water

molecule results in an average O–Na distance of 2.47 Å. The water molecules’ electric

dipoles are anti-aligned with those of their nearest neighbors.

In Na3Mn[Mn(CN)6] · 1H2O, the three O–Na distances are 2.56, 2.57, and 2.59

Å for an average of 2.57 Å. The water electric dipole is directed normal to and

away from the sodium ion in the middle face of the “saddle” arrangement of the

occupied faces (formally, it bisects the angle formed by the three sodium ions).

In Na3Mn[Mn(CN)6] · 2H2O the average O–Na distance is 2.33 Å , and the water

molecules’ electric dipole moments are at approximately 90◦.

The effect of the presence of crystalline water on the lattice geometry is best

understood by examining the simulated diffraction patters show in Figure 4.10. For

Mn[Mn(CN)6] · wH2O, the addition of one and then two waters breaks the cubic

symmetry; the (101) and (110) reflections give rise to two peaks at 4.40◦ and 4.44◦

in Figure 4.10. They give rise to only one peak for the dehydrated, cubic compound.

The experimental data is well fit by a cubic symmetry, so the dehydrated compound

(w = 0) matches the empirical data best.

In the next oxidation state, NaMn[Mn(CN)6] ·wH2O, the peaks corresponding to

the (211) and (011) reflections move progressing closer to the (121) peak by moving
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Figure 4.10: Simulated diffractograms for various hydration states. Each oxida-
tion state has one simulated pattern that is darker than the other two hydra-
tion states: Mn[Mn(CN)6], NaMn[Mn(CN)6] · 2H2O, Na2Mn[Mn(CN)6] · 2H2O, and
Na3Mn[Mn(CN)6] · 2H2O. These are the hydration states that best match experi-
mental reduction potentials.
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to higher and lower values of 2θ, respectively. The separation between them begins

at 0.57◦ in the dehydrated (w = 0) phase. It decreases to 0.31◦ in the (w = 2) phase,

compared to about 0.23◦ in the experimental diffractogram. So of all the hydration

states, NaMn[Mn(CN)6] · 2H2O best recreates the experimental diffractogram for the

compound containing 1 sodium ion per formula unit.

For two sodium ions, a similar effect is seen. The large separation between the

peaks between 6◦ and 7◦ decreases as water is added, in improving agreement with ex-

periment. A similar effect is present for the peaks at about 7◦. In this oxidation state,

too, the diffractogram for the two-water phase is in best agreement with experiment.

Finally, for the compounds Na3Mn[Mn(CN)6] · wH2O, one interesting effect of

water on the simulated diffractogram is the change in the peaks around 9◦. The

fully dehydrated pattern has two peaks at about 8.91◦ and one peak at about 9.11◦,

whereas the experimental patter has one peak at the first position 2θ and one peak at

the second position. Adding water has the effect of separating the two peaks at about

8.91◦ by pushing one of them toward higher 2θ. While this peak is not positioned

as high as about 9.1◦ (the experimental position) even in the dihydrate phase, the

addition of water improves the agreement with experiment. Furthermore, the relative

intensities of the peaks at about 4.5◦ better reflect experiment in the (w = 2) state.

So the simulated pattern Na3Mn[Mn(CN)6] · 2H2O is also closest to experiment.

So the hydration states in best agreement with experimental synchrotron XRD

data are Mn[Mn(CN)6], NaMn[Mn(CN)6] · 2H2O, Na2Mn[Mn(CN)6] · 2H2O, and

Na3Mn[Mn(CN)6] · 2H2O. I turn now to examine the energetics of these hydrated

phases and the construction of an appropriate phase diagram. To begin, I derive an

expression relating the grand potential to the DFT-calculable quantities following the

procedure of reference [14].

The ground state for the phase NaxMn[Mn(CN)6] · wH2O is that coordinate,

(x, w), which minimizes an appropriate thermodynamic potential. For a battery elec-
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trode, the appropriate thermodynamic function is the grand potential, because the

electrode can exchange sodium particles with the counter electrode and can exchange

water particles with the aqueous or wet-organic electrolyte. The grand potential, Φ,

is given by

Φ = U − TS − ΣiµiNi (4.4)

where U is the internal energy, T is the thermodynamic temperature, S is the entropy,

µi is the chemical potential of the ith species and Ni is the number (or amount) of

the ith species. The summation runs over every species, i, present. Separately, the

Gibbs energy, G, can written as

G = U − TS + pV (4.5)

where U , T , and S are as above, p is the pressure, and V is the volume. So then

Φ = G− pV − ΣiµiNi. (4.6)

I assume that any volume difference between the phases is small enough to make

any differences in the pV -energy terms negligibly small relative to the G and ΣiµiNi

terms. I sum over the three species: sodium metal, liquid water, and the manganese

hexacyanomanganate lattice (empty of sodium or water), and write

Φ = GNaxMn[Mn(CN)6] · wH2O − µMn[Mn(CN)6] − xµNa − wµH2O. (4.7)

I assume that at 0 K the Gibbs energy and the chemical potential of the empty lattice,

µMn[Mn(CN)6], are well approximated by the DFT total energy. Since the chemical

potential of the empty lattice, µMn[Mn(CN)6], is a constant I can set it to zero. (Said

differently, since it is a constant added to all phases, it cannot affect which phase is

the ground state). Finally, recognizing that in equation 4.7 the grand potential for a

given (x,w) is a function of both the chemical potential of sodium and the chemical

potential of water, I write

Φ(µNa, µH2O, x, w) = GNaxMn[Mn(CN)6] · wH2O − xµNa − wµH2O. (4.8)
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The chemical potential of water and the chemical potential of sodium can be related

to more readily available experimental values according to the following equations.

The chemical potential of water, µH2O, is

µH2O = µ0
H2O + kBT ln(aH2O) (4.9)

in which µ0
H2O is the reference chemical potential for water and aH2O is the activity of

water in a liquid electrolyte. The sodium chemical potential is related to the electric

potential (or voltage), V , by

V = −µNa − µ0
Na

e
(4.10)

where µ0
Na is the reference chemical potential of sodium metal and e is the fundamental

charge.

Determining the (x,w) value that minimizes the grand potential at various values

for the activity of water and the voltage allows for the construction of a phase diagram

in (aH2O, V ) space. (This is similar in many ways to a Pourbaix diagram which is

a kind of phase diagram for metals and metal oxides in (aH+ , V ) space.) The phase

diagram for the NaxMn[Mn(CN)6] · wH2O system is shown in Figure 4.11a.

At the lowest chemical potential for water (that is, for the driest electrolyte),

the dehydrated (w = 0) phase is most stable for all four oxidation states (x = 0 to

x = 3). At the highest chemical potential for water (that is, the wettest electrolyte)

the most stable phase has two water molecules per formula unit for x = 1, 2, 3. For the

x = 0 compound, though, the dehydrated compound remains that most stable, and

neither Mn[Mn(CN)6] · H2O nor Mn[Mn(CN)6] · 2H2O appears in the phase diagram.

The intermediate hydration states, NaMn[Mn(CN)6] · H2O, Na2Mn[Mn(CN)6] · H2O,

and Na3Mn[Mn(CN)6] · H2O, are the ground state at intermediate water chemical

potentials.

Water has the effect of increasing the reduction potential in closely related PBA

compositions [14], and it also increases the reduction potential of this NaxMn[Mn(CN)6]
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Figure 4.11: Phase diagram and simulated galvanostatic discharge curve. In (a),
the stable phase of the NaxMn[Mn(CN)6] · wH2O system is plotted as a function of
voltage and chemical potential of water at 300 K. In (b), the simulated galvanostatic
discharge curves are plotted for a drier electrolyte (lower chemical potential for water)
(black dotted line) and for a wetter electrolyte (higher chemical potential for water)
(blue dotted line). The average experimental potential is plotted from Pasta and
coworkers for comparison.
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· wH2O system as shown in Figure 4.11b. The calculated reduction potential for the

dehydrated MnII[MnIV/III(CN)6] couple is 3.13 V versus Na+/Na; this underestimates

the observed average potential of about 3.5 V by 370 mV. The MnII[MnIII/II(CN)6]

has a calculated reduction potential of 2.12 V versus Na+/Na, which is 580 mV be-

low the observed average value of about 2.7 V. Finally, the MnII[MnII/I(CN)6] couple

is computationally at 1.21 V versus Na+/Na, while the average experimental data

is around 1.8 V, or 590 mV higher. However, the reduction potentials for the hy-

drated materials at higher chemical potential are 3.4, 2.7, and 1.7 V versus Na+/Na.

These are in much better agreement with experiment, underestimating observed val-

ues by 100, 0, and 100 mV. To emphasize, the phases in the simulated galvanostatic

curve that best match the experimental are Mn[Mn(CN)6], NaMn[Mn(CN)6] · 2H2O,

Na2Mn[Mn(CN)6] · 2H2O, and Na3Mn[Mn(CN)6] · 2H2O. And these are the same

phases that best match the crystallographic data discussed above.

At finite temperature, the effect of the configuration entropy, Sconfig, of water on

the Gibbs energy of a phase, GNaxMn[Mn(CN)6] · wH2O can be included by subtracting

the term TSconfig from the DFT total energy. Since the configuration entropy is non-

negative, this term can lower the grand potential for a hydrated phase according to

equation 4.8. The configuration entropy is given by

Sconfig = kB ln(Ω) (4.11)

in which Ω is the number of arrangements for the water molecule. For w = 1, the

single water molecule can occupy one of two subcube centers in the simulation cell.

This gives a configuration entropy of Sconfig = kB ln(2) = 5.97× 10−5 eV K−1. At 300

K, this lowers the grand potential of the w = 1 phases by 17.9 meV. Incorporating

this effect into the phase diagram in Figure 4.11 has the effect of slightly increasing

the areas of the w = 1 phases.

In the w = 0 case, there is only one “arrangement”, so Ω = 1 and Sconfig = 0. For
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the w = 2 case, both available sites (that is, the subcube centers) are occupied by

water molecules, so Ω = 1 and Sconfig = 0 in this case as well.

Finally, this chapter ends with a discussion of an interesting analog to manganese

hexacyanomanganate: iron hexacyanochromate, Fe[Cr(CN)6]. Because the compound

MnII[MnIV(CN)6] is disproportionated, it is isoelectronic to FeIII[CrIII(CN)6]. In both

compounds the carbon-coordinated ion is in a t32g configuration and the nitrogen-

coordinated ion is in a t32ge
2
g configuration. Iron hexacyanochromate, then, is a promis-

ing hypothetical candidate for also observing the reversible insertion of three sodium

ions and three reduction events at the carbon-coordinated chromium. A model of

the reduced compound, NaFe[Cr(CN)6], though, predicts reduction at the nitrogen-

coordinated iron. The subsequent two reductions happen at the carbon-coordinated

chromium and, indeed, the compound Na3Fe[Cr(CN)6] is stable against phase sep-

aration into Na2Fe[Cr(CN)6] and sodium metal, as shown in the blue data points

in Figure 4.12. However, the whole sodium iron hexacyanochromate system is only

metastable relative to sodium chromium hexacyanoferrate, NaxCr[Fe(CN)6]. That

is, Fe[Cr(CN)6] is susceptible to ligand isomerization in which the cyanide bonds

rotate so that the iron becomes carbon-coordinated and chromium becomes nitrogen-

coordinated. And, as Figure 4.12 shows, the convex hull of formation energies is

formed by Cr[Fe(CN)6], NaCr[Fe(CN)6], Na2Cr[Fe(CN)6], and sodium metal; the

three-sodium phase lies above the convex hull for this system. Ligand isomeriza-

tion has been observed in this [15] and similar analogs previously. However, the

reaction can take more than an hour at room temperature, and the kinetics of the

process are poorly understood. It may be possible to prepare Fe[Cr(CN)6] and cycle

it reversibly to demonstrate the insertion of three sodium ions before it decomposes.
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Figure 4.12: Formation energies for the NaCrFe(CN)6 system. At the top are shown
the electronic, orbital configurations for the compounds. Iron hexacyanochromate is
shown in blue and chromium hexacyanoferrate is shown in green. Below the formation
energies for the compounds are plotted.

4.6 Conclusions

In this chapter, I examined the PBA sodium manganese hexacyanomanganate to

understand the technologically important origin of the material’s unexpectedly high

specific capacity using DFT with a hybrid functional. First, the formation energies of

various plausible magnetic phases and sodium-ion arrangements of a pseudo-binary

mixture of sodium and Mn[Mn(CN)6] were calculated for the first time. The com-

pound Na3Mn[Mn(CN)6] is part of the convex hull of formation energies, indicating

that the insertion of a third sodium ion into the structure is thermodynamically sta-

ble against phase separation into sodium metal and Na2Mn[Mn(CN)6]. Interestingly,

the compound Na4Mn[Mn(CN)6] lies essentially on the convex hull, indicating that

careful experimentation may allow one to observe a fourth sodium-ion-insertion event.

The simulated diffraction patterns for the various phases are in very good agree-

ment with synchrotron XRD data. For Mn[Mn(CN)6], the structure corresponding to
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the ground-state magnetic moment of µ = 6µB is tetragonal because of a Jahn–Teller

distortion induced by the presence of high-spin manganese(III). The crystal struc-

ture of the µ = 8 µB phase is cubic, in excellent agreement with experiment. This

indicated that the fully oxidized material is charge disproportionated into carbon-

coordinated manganese(IV) and nitrogen-coordinated manganese(II). This is the first

theoretical evidence for charge disproportionation in this particular composition. In

Na3Mn[Mn(CN)6], the sodium ions do not compete with each other for occupation

of the interstice, of which there are only 2 per formula unit; rather, they occupy the

face of the subcube, of which there are 6 per formula unit.

The compounds’ PDOS are consistent with the atom-projected magnetic mo-

ments. They indicate that the compounds’ oxidation states are MnII[MnIV(CN)6],

NaMnII[MnIII(CN)6], Na2MnII[MnII(CN)6], and finally Na3MnII[MnI(CN)6]. That is,

all reduction events happen at the carbon-coordinated manganese atom. And the

thermodynamic stability of the compound Na3MnII[MnI(CN)6] is due in part to its

particularly stable electronic configuration t62ge
5
g. This is the first modeling from first

principles to support the identification of monovalent manganese in this compound.

The presence of crystalline water leads to lattice geometries that are in even better

agreement with experimental data. Energetically, the grand potential for this system

is derived. A phase diagram of oxidation states and degree of hydration in (water

activity, voltage) space is constructed. Water has the effect of increasing the mate-

rial’s reduction potentials. Including water in the model puts the calculated voltage

in much better agreement with experiment. Finally, an isoelectronic system, iron

hexacyanochromate is examined. While this compound can theoretically also insert a

third sodium ion, it is susceptible to isomerization into chromium hexacyanoferrate.

This theoretical work settles the questions of whether the insertion of a third

sodium ion into a PBA lattice is even possible, and whether that is the likely origin

of the high capacity in sodium manganese hexacyanomanganate. The answer to both
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is yes.

Two interesting experiments are suggested immediately by this work. First, a

sample of manganese hexacyanomanganate should be driven, carefully, to as close to

the potential of sodium metal as possible, to see if a fourth ion will enter the structure.

Second, the isoelectronic iron hexacyanochromate system should be prepared and

studied to examine the importance of electronic structure and electronic configuration

to the PBA high specific capacity.

One question that remains is why the experimentally observed specific capacity,

209 mA h g−1, is lower than the theoretical value for the as-synthesized 229 mA h g−1,

a difference of 9%. The physio-chemical characterization of the as-synthesized mate-

rial and the good agreement between theory and experiment seem to exclude the pres-

ence of hexacyanometallate vacancies as a justification for this discrepancy. A more

plausible explanation is that the specific capacity is limited by the electrode’s kinetics.

Komaba and coworkers reported the beneficial effect of vacancies on potassium-ion

conduction in potassium manganese hexacyanoferrate, highlighting the limited dif-

fusivity in the vacancy-free material [16]. Future theoretical work can examine the

activation energy for ion movement through the lattice using, for instance, the nudged

elastic band method. This work provides a convincing explanation for the origin of

the highest-ever observed reversible specific capacity in a PBA and is an important

contribution to the theory of PBA electrodes.

Computational details

I performed all DFT calculations using the Vienna ab initio Simulation Package

(VASP) [17, 18]. I used a Γ-centered 4× 4× 4 k-point grid and a planewave kinetic-

energy cutoff of 520 eV. The convergence criteria were 10−5 eV and 0.05 eV Å−1 for

electronic and ionic convergence, respectively. Full geometric relaxation was per-

formed on all materials first within the generalized-gradient approximation using the
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Perdew–Burke–Ernzerhof (PBE) functional [19] and then with the non-local, hybrid

Heyd–Scuseria–Ernzerhof (HSE06) functional [20, 21]. For the HSE06 functional, I

used the standard screening parameter of 0.2 Å−1 and a mixing of 25% Fock exchange

with 75% PBE exchange [21]. For the structures that contain water, water molecules

were included explicitly in the model and full relaxation of the lattice vectors and

atom positions (including water) were performed again using the HSE functional.

The X-ray diffraction reflections were calculated using an incident photon wavelength

of λ = 0.413737 Å in the ”Visualization for Electronic and Structural Analysis”

(VESTA) [22, 23] and the diffractograms were plotted using the Lorentzian function

with γ = 0.01◦.
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Chapter 5

Properties of vacancy-free
chromium hexacyanochromate

Abstract

Chromium hexacyanochromate, AxCr[Cr(CN)6], is a Prussian blue analog that has

significant promise as an anode in next-generation batteries and as a magnetic mate-

rial with a high ordering temperature. Both uses require minimal vacancies. However,

synthesis of a defect-free sample continues to elude experimentalists. In this work,

the materials properties of four alkali-metal chromium hexacyanochromates are pre-

dicted from first principles. The DFT+U formalism is used. The two chromium

ions in unique crystal fields are parameterized with different U values, but these are

constant among the three oxidation states examined. The reduction potentials of

the compounds increase with inserting-ion radius from −1.6 to −0.6 V versus the

SHE. The ion-hopping activation energies range from 0.14 eV for sodium to 1.83 eV

for cesium. The compound Cr[Cr(CN)6] is confirmed to be antiferromagnetic with

J1 = −22 meV, and A2CrIII[CrI(CN)6] is predicted to be charge disproportionated.

Finally, a vacancy itself is simulated and the deep-level traps that result in the elec-

tronic structure are studied. This work is the first thorough, computational, and

electrochemical investigation into this PBA system. It presents testable predictions

for ongoing experimental efforts to synthesize the defect-free phase of this promising
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material.

5.1 An anode and a magnet

Chromium hexacyanochromate, AxCr[Cr(CN)6], is a promising anode for the next

generation of batteries. The carbon-coordinated chromium has a low reduction po-

tential of about −0.6 to −0.8 V versus the standard hydrogen electrode for the inser-

tion of sodium [1–3] and potassium [3, 4]. The system is also an important platform

for studying magnetism in materials [5–7]. The compound Cr[Cr(CN)6] is an antifer-

romagnet; that is, the magnetic moment on each carbon-coordinated chromium ion

is anti-aligned with the moments on the six nearest-neighbor nitrogen-coordinated

chromium ions. Certain stoichiometries have demonstrated an ordering temperature

as high as 270 K [8].

The usefulness of this system as an anode or as a magnet depends on preparing

material with as few vacancies as possible. In PBA batteries, vacancies decrease the

specific capacity. In PBA magnets, vacancies decrease the number of anti-aligned

spin centers, lowering the ordering temperature.

While there have been experimental claims of the preparation of chromium hex-

acyanochromate without defects [9], the data are ambiguous. Specific capacities are

below the theoretical value of about 170 mA h g−1, and saturation magnetizations

are nonzero. Both are very possibly due to non-stoichiometry of the hexacyanochro-

mate. This chapter is motivated, in part, by the need for theoretical prediction of

some properties of this system for comparison to previous reports and ongoing exper-

imental efforts.

In this chapter, I use DFT+U to predict the materials properties for defect-free

alkali-metal chromium hexacyanochromates, shown schematically in Figure 5.1. The

need for supercells, containing up to 112 atoms and over 500 bands, to calculate
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Cr2+ Cr3+ Cr2+ Cr3+Cr2+ Cr3+ Cr2+ Cr3+

Cr3+ Cr3+

Cr+ Cr3+Cr+ Cr3+Cr+ Cr3+Cr+ Cr3+

Na K Rb Cs

Figure 5.1: Schematic of alkali-metal chromium hexacyanochromates. Carbon-
coordinated chromium, nitrogen-coordinated chromium, carbon, and nitrogen atoms
are shown in red, pink, gray, and light blue, respectively. Sodium, potassium, rubid-
ium, and cesium atoms are shown in gold, blue, green, and dark red, respectively.
At the top is the fully oxidized phase. The middle row is the intermediate oxidation
state containing one alkali-metal ion and mixed-valent (Cr(II), Cr(III)). The bottom
row is the fully reduced phase with two alkali-metal ions per formula unit and charge-
disproportionated (Cr(I), Cr(III)). Note that the sodium ions are not in the cyanide
bond; they are out of the plane of the cyanide bond in the center of the subcube face.

properties like vacancies, activation energy for ion hopping, and magnetic exchange-

coupling coefficients makes DFT+U preferable to hybrid functionals. Multiple insert-

ing elements are investigated because various alkali-metal PBAs are of scientific and

technological importance per se [10] and because synthetic efforts in our laboratory

at this time involve different alkali metals. This is also why the study is confined

to the dehydrated phases - instability of the precursors in water precludes aqueous

syntheses.

First I parameterize the Hubbard U values for the carbon- and nitrogen-coordinated

chromium ions, (UCrC , UCrN), by comparing the unit-cell volumes and reduction po-

tentials to the values predicted by the HSE functional for KxCr[Cr(CN)6]. I then
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proceed to contrast the physiochemical and electrochemical properties of four alkali-

metal chromium hexacyanochromates (sodium, potassium, rubidium, and cesium),

calculating their volumes, reduction potentials, and activation energies for ion hop-

ping. I then proceed to compare the compounds’ electronic and magnetic properties

like atomic charges and magnetic moments, infrared (IR)-spectroscopy absorption

frequencies, and the direct magnetic exchange-coupling coefficient, J1. Finally, I sim-

ulate a vacancy itself and analyze its crystal and electronic structures.

This work includes the first prediction of chromium hexacyanochromate’s reduc-

tion potential for the insertion of the second alkali-metal ion; activation energy for

ion-hopping; IR absorption frequencies as a function of oxidation state; and the crys-

tal and electronic structures of a vacancy. These results are important complemen-

tary evidence in support of ongoing experimental attempts to synthesize and confirm

defect-free chromium hexacyanochromate. This is critical new insight into this tech-

nologically promising and scientifically intriguing system.

5.2 Parameterization of the Hubbard U values

In this section, the Hubbard U values for the two chromium ions, UCrC and UCrN are

parameterized within the model system potassium chromium hexacyanochromate.

The U value for an ion is dependent on its crystal environment and is not generally

portable between DFT implementations [11]. Potassium is chosen because of the

technological relevance of potassium-ion batteries and because it has been a common

and convenient inserting ion for experimental studies of this system. Two properties,

unit-cell volume and reduction potential versus potassium metal, are calculated with

the HSE functional and by DFT+U for 121 values of (UCrC , UCrN) for a single formula

unit. The results are used to identity the (UCrC , UCrN) that best matches the HSE-

calculated values.
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5.2.1 HSE-level prediction for the potassium analog

The compound Cr[Cr(CN)6] is cubic with a unit-cell volume of 282 Å3. The atom-

projected magnetic moment on the carbon-coordinated chromium ion is −2.845 µB

and the moment on the nitrogen-coordinated chromium is 2.842 µB. This is consis-

tent with an oxidation state of (CrC(III), CrN(III)) with anti-ferromagnetic ordering

between the two chromium ions. The compound KCr[Cr(CN)6] has a unit-cell vol-

ume of 278 Å3. The magnetic moments are −1.825 and 2.822 µB for the carbon-

and nitrogen-coordinated chromium ions, respectively. This indicates the first re-

duction event occurs at the carbon-coordinated chromium and the oxidation state

is (CrC(II), CrN(III)) with ferrimagnetic alignment. The reduction potential for the

reaction Cr[Cr(CN)6] + K → KCr[Cr(CN)6] is 1.875 V versus K+/K (that is, ver-

sus potassium metal). Finally, the compound K2Cr[Cr(CN)6] has a unit-cell volume

of 271 Å3. The atom-projected magnetic moments of −0.716 and 2.766 µB for the

carbon- and nitrogen-coordinated chromium ions, respectively. This suggests that the

second reduction event also occurs at the carbon-coordinated chromium ion, and the

oxidation states for this phase are (CrC(I), CrN(III)). That is, the fully reduced phase

is expected to be charge disproportionated. It is also ferrimagnetic. The reduction

potential for KCr[Cr(CN)6] + K→ K2Cr[Cr(CN)6] is 1.602 V versus K+/K.

5.2.2 Parameterizing based on volume

The volumes of the unit cells for the three compounds to DFT+U are plotted in

Figure 5.2 versus the two U parameters, (UCrC , UCrN). Both U values cover the

closed region [0, 5] eV with a discretization of 0.5 eV, giving a total of 121 query

points in the search space. The values plotted are the fractional difference between

the DFT+U-calculated volume, VDFT+U, and the HSE-computed value, VHSE, as

v =
VDFT+U − VHSE

VHSE

. (5.1)
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For Cr[Cr(CN)6], the volume depends only on the value of the sum of the U values,

as UCrC + UCrN . The line UCrC + UCrN = 2.5 eV matches the HSE-calculated volume

most closely. For UCrC +UCrN < 2.5 eV, the DFT+U-calculated result underestimates

the HSE-calculated value, while for UCrC +UCrN > 2.5 eV it overestimates it. For the

compound KCr[Cr(CN)6], the dependence on U is slightly more complicated. This

compound still has the best agreement with HSE along the line of constant UCrC +

UCrN = 2.5 eV. A second effect is overlaid, though. For UCrC − UCrN > 2.0 eV in the

region UCrC = [3.0, 5.0] eV, DFT+U more severely overestimates the volume. This is

caused by a change in the calculated oxidation state. Inside this region, the DFT+U-

calculated oxidation state is (CrC(III), CrN(II)) (as opposed to CrC(II), CrN(III) as

calculated outside the region and by the HSE functional). This oxidation state leads

to a larger lattice parameter and volume. In the compound K2Cr[Cr(CN)6], the effect

of U is similar to the effect in KCr[Cr(CN)6]. The best agreement with HSE occurs

along a line of constant UCrC + UCrN . Here the line is shifted somewhat toward the

origin, to between UCrC +UCrN = 1.0 and UCrC +UCrN = 2.0 eV. However, the volume

change changes less rapidly with U in this compound. That is, the agreement between

DFT+U and HSE falls off slower with UCrC +UCrN in this compound. The compound

also has a secondary region similar to KCr[Cr(CN)6], but it is shifted to the region

UCrC−UCrN > 4.0 eV for UCrC = [4.0, 5.0] eV. This region also corresponds to different

oxidation states. Both (CrC(II), CrN(II)) and even (CrC(III), CrN(I)) are observed

here.

5.2.3 Parameterizing based on reduction potential

The reduction potentials for the electrochemical reaction for the compounds with

potassium are plotted in Figure 5.3. The U space is the same and the value plotted

is

ε =
EDFT+U − EHSE

EHSE

. (5.2)
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Cr[Cr(CN)6] KCr[Cr(CN)6] K2Cr[Cr(CN)6]

Figure 5.2: Unit-cell volumes of KxCr[Cr(CN)6] as a function of Hubbard U . The
values plotted represent a fractional difference from the volumes calculated using the
HSE functional.

Note that there are only two subplots in Figure 5.3 because the reduction potential

depends on the energies of pairs of compounds. For the reaction Cr[Cr(CN)6] →

KCr[Cr(CN)6], the best agreement between DFT+U and HSE occurs along the line

UCrC = 2.0 eV. For UCrC < 2.0 eV, DFT+U overestimates the reduction potential

and underestimates it for UCrC > 2.0 eV. Also, the region (UCrC − UCrN > 2.0 eV for

UCrC = [3.0, 5.0] eV) of increased volume in KCr[Cr(CN)6] also has a lower reduction

potential. For the reaction KCr[Cr(CN)6] → K2Cr[Cr(CN)6], the best agreement

between DFT+U and HSE occurs near the lines UCrC = 1.0 eV and UCrC = 1.5

eV. The region with the elevated volume for K2Cr[Cr(CN)6] in Figure 5.2 has lower

reduction potentials here.

The rest of the calculations in this chapter use DFT+U with values (UCrC =

2.0, UCrN = 0.5) eV as an optimal parameterization based on comparison with the

HSE-level results. While those values are specific to the implementation used to

calculate them, they show that this system does require unique U values for the same

element because they are in different crystal environments. However, the U values are

independent of oxidation state (for at least the three oxidation states studied here),

making it possible to model different oxidation states and thus calculate reduction

potentials.
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Cr[Cr(CN)6] + K → KCr[Cr(CN)6] KCr[Cr(CN)6] + K → K2Cr[Cr(CN)6]

Figure 5.3: Reduction potentials of KxCr[Cr(CN)6] as a function of Hubbard U .
The values plotted represent a fractional difference from the reduction potentials
calculated using the HSE functional.

5.3 Physio- and electrochemical properties

This section deals with the physiochemical and electrochemical properties of three

oxidation states of four alkali-metal chromium hexacyanochromates: sodium, potas-

sium, rubidium, and cesium; that is AxCr[Cr(CN)6] for A ∈ {Na, K, Rb, Cs} and x ∈

{0, 1, 2}. Since the x = 0 phase is free of any inserting ion, a total of 9 compounds

are considered. The effects of the inserting ions on the crystal structure, volume,

reduction potential, and activation energy are compared and contrasted.

5.3.1 Volume and crystal structure

The volumes of the compounds are plotted in Figure 5.4 versus number of inserting

ions per formula unit. The empty lattice has a volume of 282 Å3. The volumes of the

sodiated compounds then decrease to 278 and 274 Å3 for the x = 1 and x = 2 phases,

respectively. The potassiated compounds contract to 278 and then 274 Å3, while the

rubidiated compounds go to 278 and then 273 Å3. Finally, the cesiated decrease in

volume to 279 and then to 276 Å3. First, the magnitude of the volume charge should

127



be noted; it is less than a 3% change in the volume for all materials on reduction, or

a change of less than 1% change to the lattice parameter. This is in good agreement

with the general trend in the PBAs that they have very small volume changes as they

are oxidized or reduced [12]. Second, the volume decreases as more inserting ions are

added, regardless of the element being inserted. This is perhaps counterintuitive, and,

indeed, many important electrode materials like NMC expand as they are lithiated [13,

14]. In the PBAs, though, contraction on reduction is a well-documented phenomenon

[15]. The cause is the added electron density in the hexacyanometallate complex. In

this case, the extra electrons in the hexacyanochromate add electron density to the

Cr–C bond. Finally, the differences between the volume for the sodium, potassium,

and rubidium analogs are negligible. However, the compounds CsCr[Cr(CN)6] and

Cs2Cr[Cr(CN)6] have significantly higher volumes. Cesiating the lattice still causes

it to contract, but the cesium has such a large ionic radius that the lattice cannot

contract as much due to steric hindrance.

5.3.2 Reduction potentials

To compare the reduction potentials of the various alkali-metal chromium hexa-

cyanochromates, it is useful to reference them to the same standard potential. The

standard hydrogen electrode (SHE) is convenient for this purpose. This standard is

based on the half-reaction

2H+(aq) + 2e− → H2(g). (5.3)

The alkali metals sodium, potassium, rubidium, and cesium have reduction potentials

(for the half-reaction A++e− →A(s)) of −2.71, −2.93, −2.98, and −2.92 V versus the

SHE, respectively. If VA is the voltage of the alkali-metal chromium hexacyanochro-

mate versus the alkali metal (as calculated from DFT) and E0
r,A is the reduction

potential of the alkali metal versus the SHE (taken from reference [16]), then the po-
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Figure 5.4: Unit-cell volumes as a function of oxidation state. The volumes of the 9
compounds are plotted against number of alkali-metal ions per formula unit. Data
for the sodium, potassium, rubidium, and cesium analogs are plotted in gold, blue,
green, and dark red, respectively.

tential of the alkali-metal chromium hexacyanochromate versus the SHE is VA+E0
r,A.

These potentials, versus the SHE, are plotted in Figure 5.5.

The two reactions for NaxCr[Cr(CN)6] + Na(s)→ Nax+1Cr[Cr(CN)6] have poten-

tials of −1.31 and −1.60 V. The potassium compounds reduce at −1.01 and −1.17

V, and the rubidium compounds react at −0.89 and −1.06 V. Finally, insertion of

cesium becomes favorable at −0.60 and −0.81 V. These potentials, ranging 1 V from

−1.60 up to −0.60 V versus the SHE, are relatively low, and this comports with the

interest in this system for application as an anode. Furthermore, the trend that both

voltage plateaus increase with the ionic radius of the inserting ion is consistent with

experimental and theoretical studies on other PBA compositions [17, 18]. Also, two

voltage plateaus exist for all four analogs. That is, insertion of two ions is thermo-

dynamically spontaneous. Finally, I reemphasize that this model does not include

water. As seen in Chapter 4, crystalline water can increase the reduction potential
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Figure 5.5: Simulated galvanostatic curves for AxCr[Cr(CN)6]. The reduction po-
tential for sodium (gold), potassium (blue), rubidium (green), and cesium (dark red)
chromium hexacyanoferrates are plotted versus normalized capacity in simulated gal-
vanostatic curves.

by several hundred millivolts. So it would be valuable for future work to explore the

role of water in this system.

5.3.3 Activation energy for ion movement

Kinetically, the compounds’ electrochemistry is strongly influenced by the diffusivity

and ionic conductivity of the alkali-metal ions through the lattice. The activation

energy for these processes is the maximum along the minimum-energy path (MEP)

between two stationary points on the potential-energy surface [19]. The energy as a

function of position is shown in Figure 5.6. The activation energies for sodium, potas-

sium, rubidium, and cesium in chromium hexacyanochromate are 0.14, 0.52, 1.04, and

1.83 eV, respectively. For comparison, Van der Ven and coworkers [20] calculated the

activation energy for lithium movement through various olivines and found values

that ranged from 0.11 to 0.36 eV in LixCoPO4. The prediction of a low activation

energy for sodium is unsurprising given the exceedingly high rate capabilities in PBA
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sodium-ion cathodes [21]. The ionic conductivity in the chromium hexacyanochro-

mate system has never been experimentally characterized, but the model suggests

that it, too, is quite high. The prediction of the jump up to 0.52 eV for potassium

would also agree with the current understanding of potassium kinetics; a combination

of poor ionic and electronic transport has been suggested as the cause of lower-than-

expected capacities in some potassium-ion electrodes [22]. Finally, ion transport

becomes very difficult and all-but-impossible for rubidium and cesium, respectively,

in the defect-free lattice.

The MEPs for the ions are also shown in Figure 5.6. The path for cesium is

straightforward; the ion begins in the center of the subcube, moves through the

center of the interfacial square, and proceeds to the center of the next subcube.

Rubidium is similar, but its starting and ending equilibrium positions are slightly off

the exact center of the subcube toward a corner. Potassium continues the trend, with

its starting and ending positions even closer to the corner (compared to rubidium).

The MEP for sodium is quite different. Its equilibrium position is the center of the

subcube face, and its path “bounces” to the center of the edge-sharing face (a local

minimum), then bouncing again to the center of the face opposite the starting face.

It avoids the center of the subcube entirely.

The motion also has a polaronic character, which is best illustrated by the potas-

sium analog. The potassium ion is displaced to a position only 3.80 Å away from

a corner of the subcube occupied by a carbon-coordinated chromium. (The subcube

center is 5.00 Å away from the corners.) And the atomic magnetic moments indi-

cate that the electron added by the inserting potassium ion is highly localized on

the same carbon-coordinated ion, making it chromium(II). Its magnetic moment is

−1.66 µB, while all other carbon-coordinated chromium atom’s maintain magnetic

moments between −2.73 and −2.74 µB, the value in the fully depotassiated com-

pound. At the same time, the six CrII
C − C bonds contract by about 1% compared
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Figure 5.6: Activation energies and paths for ion movement. At the left, the energy
versus reaction coordinate is plotted for the movement of sodium (gold), potassium
(blue), rubidium (green), and cesium (darker red) ions through the chromium hex-
acyanoferrate lattice. At the right, the minimum-energy path is shown. Lighter-
red ions are carbon-coordinated chromium and pink ions are nitrogen-coordinated
chromium.
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Table 5.1: Properties of the small polaron. This table lists certain properties of
the 8 chromium ions that form the subcube containing the potassium ion in a 2 ×
2 × 2 supercell simulation. The atomic magnetic moment (µ), distance from each
chromium ion to the potassium ion (M–K), and distance from the chromium ion to
the cyanide ligand (either carbon or nitrogen, M–L). The small polaron is localized
at CrC,1, highlighted in red.

M µM/µB M -K / Å M -L / Å
CrC,1 −1.66 3.80 2.02
CrC,2 −2.73 4.50 2.05
CrC,3 −2.74 4.98 2.05
CrC,4 −2.74 5.00 2.05
CrN,1 +2.67 5.30 1.99
CrN,2 +2.65 4.63 1.99
CrN,3 +2.65 4.14 2.00
CrN,4 +2.64 4.18 2.00

to the other CrIII
C − C bonds. This localized electron and lattice distortion is a small

polaron, and its properties are summarized in Table 5.1. And it has to hop with the

potassium ion. In the transition state, the extra charge density is shared by the two

carbon-coordinated chromium ions in the square face (for atomic magnetic moments

of −2.34 and −2.35 µB). After the potassium moves through the face, the polaron

reforms in the adjacent subcube.

This section has examined the physiochemical and electrochemical properties of

chromium hexacyanochromate as a function of inserting ion and oxidation state. Sev-

eral important trends are predicted that have been observed in other PBA composi-

tions. These include decrease of the unit-cell volume as the number of insertion ions

increases, but small volume changes overall and increase of both reduction potential

and activation-energy for ion hopping with ionic radius of the inserting ion.

5.4 Magnetic and electronic properties

This section explores magnetic and electronic properties. It begins by discussing the

charge and magnetic moment attributed to each chromium ion in the compounds.
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Next, the magnetic exchange-coupling coefficient is introduced and calculated for the

fully oxidized compound Cr[Cr(CN)6]. The simulated IR spectra are then plotted

and their salient features are discussed.

5.4.1 Lattice ions’ atomic charges and magnetic moments

The charge and magnetic moment arising from the each chromium ion as a function

of oxidation state are plotted in Figure 5.7. Of note is how similar the charge and

magnetic-moments plots are for all the compounds. This is a consequence of the

highly ionic nature of PBAs; when the lattice is reduced by any alkali-metal, an

electron is donated completely from the reducing atom to the crystal lattice, where

the electron becomes highly localized on one of the ions (see also Chapter 3). So, the

electronic structure is not strongly a function of the element inserted, in contrast to

the physiochemistry and electrochemistry discussed above.

Note that, in the following discussion, the charge added to the lattice ion on reduc-

tion is less than 1 because the Wigner-Seitz radius for the chromium ions excludes

some charge density. There is no unambiguous choice of Wigner-Seitz radii for a

multi-element simulation, and the projection of the density matrix will necessarily

exclude or double-count some volume. As will be seen, though the charge added

on reduction is less than 1, it is constant for the two reduction events. These same

considerations hold for the magnetization and spin density.

The two chromium atoms have approximately equal charge in the fully oxidized

state, consistent with the oxidation state CrIII[CrIII(CN)6]. On reduction to the

A1Cr[Cr(CN)6] phase, the number of electrons on the carbon-coordinated chromium

ion increases by an average value of 0.275 e−, while the change in the charge on the

nitrogen-coordinated chromium is negligible. The oxidation state for these four com-

pounds is the mixed-valent A1CrIII[CrII(CN)6]. Reduction to A2Cr[Cr(CN)6] sees the

charge on the carbon-coordinated chromium increase again and by the same amount,
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Figure 5.7: Charges and magnetic moments. The charges and magnetic moments
localized on the chromium ions are plotted versus number of inserted alkali ions
for AxCr[Cr(CN)6]. Sodium, potassium, rubidium, and cesium chromium hexa-
cyanochromates are plotted from top to bottom. The charges, in units of the funda-
mental charge, are shown on the left and the magnetic moments, in units of the Bohr
magneton, are shown on the right. The red data points are for the carbon-coordinated
chromium and the pink lines are for the nitrogen-coordinated chromium.
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0.268 e−. Again, the charge on the nitrogen-coordinated ion is nearly constant.

This indicates that the compounds’ oxidation state is the charge-disproportionated

A2CrIII[CrI(CN)6].

The ions’ magnetic moments agree with these oxidation-state assignments and

give further information about orbital occupations and spin configurations. In the

fully oxidized state CrIII[CrIII(CN)6], the chromium ions have magnetic moments of

about +3 and −3. This is consistent with an electronic configuration of anti-aligned

(CrC(t32g), CrN(t32g)). Importantly, the total magnetic moment for the cell is 0, so the

model predicts a zero remnant magnetization in the material. In A1CrIII[CrII(CN)6],

the magnetic moment on the carbon-coordinated chromium increases by 1.06 µB while

the nitrogen-coordinated chromium’s magnetic moment does not change. This means

that the added electron occupies a spin-up t2g orbital on the carbon-coordinated

chromium, as anti-aligned (CrC(t42g), CrN(t32g)). Addition of the second electron to give

A2CrIII[CrI(CN)6] again increases the magnetic moment of the nitrogen-coordinated

ion by 1.17 µB. The magnetic moment of the nitrogen-coordinated ion does not

change. So the electronic configuration is anti-aligned (CrC(t52g), CrN(t32g)).

5.4.2 Magnetic direct exchange-coupling coefficient, J1

The energetic interaction between the magnetic centers in a material is characterized

by the Heisenberg Hamiltonian [23]

Ĥ = −
∑
〈ij〉

Jijei · ej (5.4)

in which the Jij are the magnetic exchange-coupling coefficients (to be determined),

ei are the direction vectors for the spin at the ith magnetic center, and the sum is

taken over all pairs of centers, ij, once. (If pairs are double counted, a factor of

one-half should be included.) This is a kind of cluster expansion over the magnetic

ordering [24]. Here, I consider only nearest-neighbor effects because the second-

nearest-neighbor lattice ion in a PBA is almost 7.5 Å distant and the orbital overlap
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that determines Jij falls off exponentially with distance. The Heisenberg Hamiltonian

then reduces to

Ĥ = −J1

∑
〈ij〉

ei · ej (5.5)

in which the sum now runs only over nearest neighbors. This J1 is called the direct

(magnetic) exchange-coupling coefficient.

Taking the total DFT energy of the ground-state, antiferromagnetic ordering of

Cr[Cr(CN)6] and the energy of the excited state with the spin of exactly one chromium

atom (in a 2× 2× 2 supercell) inverted gives two relations from 5.5,

EAFM = E0 + 6J1 (5.6)

and

EFM = E0 − 6J1. (5.7)

Subtracting these gives

∆E = EAFM − EFM = 12J1. (5.8)

From this, the direct magnetic exchange-coupling coefficient is J1 = −22 meV in

Cr[Cr(CN)6]. That the compound is antiferromagnetic is apparent from the fact that

J1 < 0. For context, NiO is a high-temperature antiferromagnet and its coupling

coefficient has been measured experimentally to be −19 meV [25]. (Note that next-

nearest-neighbor interactions dominate in this material, so J2 = −19 meV.) For

NiO, Kotani and van Schilfgaarde calculated a value of −28.3 meV within the LDA

and −14.7 meV with the more-advanced quasiparticle self-consistent GW (QSGW)

method [26]. Connecting the magnetic exchange-coupling coefficients to properties

like magnetic susceptibility or ordering temperature requires the use of some other

theory of statistical mechanics—like mean-field methods or Monte Carlo simulation—

that is beyond the scope of this work. But this work provides the seed parameter for

those other theoretical strategies.
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(Note that the Hamiltonian in 5.4 is sometimes defined in terms of the spin vector,

S, rather than the unit vector aligned with the spin. That is, Ĥ = −
∑
〈ij〉 JijSi · Sj.

Using that definition and a total electron spin of 3
2

on Cr(III), J1 = −9.7 meV.)

5.4.3 Simulating the IR spectra

The infrared (IR) spectrum of a PBA is an important tool in characterizing the bond-

ing environment and oxidation state of the lattice ions. Simulating the IR spectrum

for a material from first principles relies on density-functional perturbation theory

[27, 28] to probe the responsiveness of the normal modes to a perturbative force.

By calculating the matrix of second derivatives, known as the Hessian matrix, the

frequencies can also be calculated.

The simulated IR spectra are shown in Figure 5.8. In Cr[Cr(CN)6], the cyanide

stretching peak, νCN, occurs at about 2200 cm−1. For the potassium, rubidium, and

cesium analogs, this peak consistently shifts to lower wavenumbers as the oxidation

state decreases. For the absorption is at about 2100 cm−1, and for A2Cr[Cr(CN)6] it is

at about 2000 cm−1. The cyanide stretching frequency decreases with the oxidation

state because the added electron density on the carbon-coordinated chromium ion

increases the amount of π backbonding between the chromium atom and the cyanide

ligand. In π backbonding, some of the carbon atom’s electronic density moves into

the σ bond with the chromium atom while some of the chromium atom’s electronic

density feeds into the π∗ orbitals of the carbon and nitrogen atoms, weakening their

bond [29]. The fact that the shift is constant at about 100 cm−1 per electron added is

good evidence that both reduction events occur at the carbon-coordinated chromium

atom, which moves from chromium(III) to chromium(II) to chromium(I).

The peak for Na2Cr[Cr(CN)6] has slightly more complicated behavior. It has two

peaks in the cyanide stretching region: one at about 2050 cm−1 and another at about

1900 cm−1. It is possible that this is due to the fact that the sodiated compounds,
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Figure 5.8: Simulated IR spectra. Data for the completely oxidized compound are
shown in black. Data for the sodium, potassium, rubidium, and cesium analogs are
shown in gold, blue, green, and dark red, respectively. Dashed and dotted lines
correspond to 1 and 2 alkali ion(s) per formula unit, respectively.
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uniquely, occupy the faces of the subcubes and have much smaller Na–C and Na–N

distances than any of the other alkali-metal analogs.

This section details the theoretical electronic and magnetic properties of the

AxCr[Cr(CN)6]. In contrast to the physiochemistry and electrochemistry, the prop-

erties in this section vary much less between different alkali-metal analogs. Clear

predictions are made for defect-free chromium hexacyanochromate that can be tested

using techniques including SQUIDS magnetometry and IR spectroscopy.

5.5 Some comparisons to the defective analog

This final section introduces the simulation of a vacancy itself. This is only possible

with the use of a supercell. Here a 2 × 2 × 2 supercell is modeled in which one

carbon-coordinated chromium and its six cyanide ligands have been removed. The

simulated cell is Cr8[Cr(CN)6]7, which is more conventionally written Cr[Cr(CN)6] 7
8

or

Cr[Cr(CN)6]0.875. The relaxed crystal structure is presented alongside the defect-free

supercell for comparison, and differences between the simulated X-ray diffractograms

are discussed. Finally, the effect of the defect on the compound’s electronic structure

is presented through analysis of the DOS and the real-space electronic charge density

inside the vacancy.

5.5.1 Effect of vacancy on crystallography

The relaxed crystal structures are shown in Figure 5.9. The major difference intro-

duced by the vacancy is an outward bulging of the six nitrogen-coordinated chromium

ions away from the vacancy due to the absence of the cyanide ligand’s negative charge

density. The bulge changes the N–CrN–N bond angle, distorting it from 180.0◦ to

170.6◦. It also increases the CrN–CrN distance through the vacancy to 10.50 Å from

10.41 Å. This value is the lattice parameter and it does not change when a va-

cancy is introduced, meaning the volumes are the same. However, since the mass
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Figure 5.9: Crystal structure of a defective structure. The defect-free compound is
shown at the left and the defective compound is shown at the right. The red, pink,
gray, and blue atoms represent carbon-coordinated chromium, nitrogen-coordinated,
carbon, and nitrogen, respectively. Certain distances and bond angles are marked in
black

has decreased, the defective phase has a lower density. Finally, the five CrN–N bond

lengths are not equal in the defective phase. The four coplanar nitrogen atoms are

1.99 Å away from the undercoordinated chromium ion, while the fifth nitrogen bond

is contracted to 1.96 Å, a difference of 1.5%.

The simulated XRD patterns for the two phases are shown in Figure 5.10. The

defect-free phase shows the class PBA peaks indicative of the Fm3m, face-centered

cubic crystal structure. The defective phase has a similar pattern. The main difference

is the presence of three new peaks of low intensity between about 12 and 16◦ 2θ. The

relative intensities of the peak from the (400) reflection (at about 34◦) to the peak

from the (420) peak (at about 39◦) also change from greater than one to less than

one.
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Cr[Cr(CN)6]

Cr[Cr(CN)6]7/8

Figure 5.10: Simulated diffractogram and DOS of a defective structure. The plot at
the left shows the XRD pattern for defect-free (upper) and defective (lower) com-
pounds. The defect-free compound has the space group Fm3m. The spin-polarized
DOS are shown at the right for the same compounds. The Fermi level is marked by
the dotted gray line.
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5.5.2 Electronic structure of a defect

Figure 5.10 also shows the DOS for the two compounds. Compared to its effect on the

crystal structure, the effect of a vacancy on the electronic compound is quite stark.

While the defect-free compound exhibits an electronic band gap with a separation

of about 2.5 eV between the valence- and conduction-band states (to reemphasize,

these calculations are performed using DFT+U), introducing a vacancy opens states

almost exactly in the middle of the band gap. In semiconductor physics, these kinds

of states are called deep-level traps or deep traps [30], because they are located deep

in the band gap and because it is easy for charge-carrying electrons or holes to become

localized in these states and recombine. These states are partially occupied.

The states that form the deep trap are not completely degenerate. That is, there

is one small peak at about −1.7 eV and another, larger, peak at about −1.3 eV. The

existence of two peaks in the PDOS is reflected in the crystallography, in which the

CrN–N bond lengths are not all equal. Contraction of one bond length lowers the

energy of one of the dxy, dxz, and dzy orbitals and increases the energy of the other

two. This is analogous to the change induced by the Jahn–Teller effect.

To understand these deep traps better, the orbitals that give rise to them are ren-

dered in Figure 5.11. The charge density for these states is localized on the nitrogen-

coordinated chromium ions. Moreover, the charge density is asymmetrically directed,

in real space, toward the vacancy. The charge density around all six chromium ions

is equivalent.

These interesting and peculiar changes to the electronic structure can be ratio-

nalized as follows. To maintain charge neutrality when one chromium atom and six

atoms (each) of carbon and nitrogen are removed from CrIII
8 [CrIII(CN)6]8, three more

electrons have to be accommodated by the ions that remain. (This can be thought

of as the [CrIII(CN)6]3− complex anion “giving back” its three electrons before being

removed as a neutral species.) So those three electrons are highly localized within
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Figure 5.11: Band-decomposed charge density inside a vacancy. The crystal structure
of Cr[Cr(CN)6]0.875 is rendered with carbon-coordinated ions in red and nitrogen-
coordinated ions in pink. Carbon and nitrogen atoms are light blue and gray, re-
spectively. The vacancy is at the center. The electronic-charge-density isosurface,
composed of the bands around the Fermi energy in Figure 5.10, is in yellow. The d
orbitals from the undercoordinated chromium ions are directed into the cavity.

the cavity, but they are highly delocalized among the six d orbitals of the undercoor-

dinated chromium ions.

Vacancies are an important and much-studied feature of PBAs. This work mod-

eling Cr[Cr(CN)6]0.875 is the first description, to my knowledge, of how the excess

charge is accommodated in PBAs with vacancy defects. Furthermore, this is the first

suggestion that deep traps can be engineered into PBAs by controlling their vacancy

content.

5.6 Conclusions

In this chapter, the properties of the chromium hexacyanochromate system are pre-

dicted from first-principles DFT+U modeling. First, the Hubbard U parameters for

the system are parameterized based on the unit-cell volumes and reduction poten-

tials of the KxCr[Cr(CN)6] system as calculated using a hybrid functional. Adapting

144



those U values to three other alkali-metal analogs, important materials properties are

calculated.

In terms of the analogs’ physio- and electrochemistry, the unit-cell volumes are

shown to decrease with decreasing oxidation state for all analogs. Reduction poten-

tials are calculated to be in the range of about −1.6 to −0.6 V versus the SHE,

showing that the PBA can insert two alkali ions at low potentials. The potential

increases along the series sodium, potassium, rubidium, cesium. The MEPs for the

ions’ movement through the lattice are shown and the activation energy calculated,

ranging from 0.14 eV in fast-moving sodium to 1.83 eV for immobile cesium. The

polaronic character of potassium transport is discussed.

Electronic and magnetic properties are calculated, too. These vary less as a func-

tion of the inserting ion because the crystal is so ionic, but they are strongly a function

of oxidation state. First, it is confirmed that the fully reduced material is charge-

disproportionated A2CrIII[CrI(CN)6], and not chromium(II)-chromium(II). The fully

oxidized compound is antiferromagnetic while the more reduced phases are both fer-

rimagnetic. The antiferromagnetic phase has a direct magnetic exchange-coupling

coefficient, J1, of −22 meV. And in the simulated IR spectrum, the cyanide stretch-

ing mode absorbs at about 2200, 2100, and 2000 cm−1 with 0, 1, and 2 inserting ions,

respectively.

Finally, the effect of a defect on the crystal and electronic structure is simulated.

Behaving like a positively charged particle, the vacancy causes the six surrounding

nitrogen-coordinated chromium ions to bulge outward. Those ions’ d orbitals extend

into the cavity in which three excess electrons are accommodated. This gives rise to

deep traps in the compound’s electronic structure.

These data suggest strongly that synthesis of a defect-free chromium hexacyanochro-

mate still eludes the community. A second reduction event at the carbon-coordinated

chromium is thermodynamically possible for specific capacities of 175, 159, 125, and
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102 mA h g−1 for the sodium, potassium, rubidium, and cesium analogs, respectively.

The ground-state magnetization for the unit cell is exactly 0, implying antiferromag-

netic chromium-chromium alignment and zero saturation magnetization.

The most important future work suggested by this study is experimental validation

of the predictions by synthesizing the defect-free compound. There are substantial

synthetic challenges to this effort that our laboratory is working on now (see [31]).

Probably the most promising computational follow-on work is to explore the struc-

ture of vacancies in greater depth and in other PBAs. This will require careful deter-

mination of Hubbard U values for other compositions, following the parameterization

procedure used here. But engineering water-filled vacancies is particularly impor-

tant for catalyzing the hydrogen-evolution reaction [32], and experimental study of

long-range defect ordering is a fruitful contemporary subfield of research [33].

This work is the most comprehensive theoretical study of the chromium hexa-

cyanochromate PBA to date. It is an important contribution to the design of anode

materials for the next generation of electrochemical energy storage.

Computational details

I performed all DFT calculations using the Vienna ab initio Simulation Package

(VASP) [34, 35]. A planewave kinetic-energy cutoff of 520 eV was used through-

out, and criteria for electronic and ionic convergence were 10−5 eV and 0.05 eV Å−1,

respectively. Simulations of a single formula unit used a Γ-centered 4× 4× 4 k-point

grid, while 2 × 2 × 2 real-space supercells were Γ-point only. Full geometric relax-

ation with unconstrained total magnetic moments was performed on all materials us-

ing the generalized-gradient approximation and the Perdew–Burke–Ernzerhof (PBE)

functional [36] with Hubbard U parameters of UCrC = 2.0 eV and UCrN = 0.5 eV.

The HSE-level calculations on KxCr[Cr(CN)6] were done with the non-local, hybrid

Heyd–Scuseria–Ernzerhof (HSE06) functional [37, 38]. I used the standard screening
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parameter of 0.2 Å−1 and a mixing of 25% Fock exchange with 75% PBE exchange.

The NEB calculations for the ion-hopping activation energies used a spring constant

of 5 eV Å−2. The IR spectra were also plotted using a Lorentzian function with

γ = 25 cm−1.
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Chapter 6

Conclusions and future work

6.1 Summary of key findings

This work has been motivated by the need for next-generation electrochemical en-

ergy storage and the opportunity that the PBAs have to serve as active materials

in (especially) sodium- and potassium-ion batteries. DFT modeling has allowed for

new insight into the electronic structure of the PBAs. Throughout, it has been

demonstrated that advanced methods based on spin-polarized DFT succeed

in modeling the electronic structure and electrochemical properties of the

PBAs. This concluding chapter summarizes the key findings of this work from the

study of the electron-transport properties of three metal-hexacyanoferrate cathodes;

from the rationalization of the high specific capacity in sodium manganese hexa-

cyanomanganate; and from the prediction of the properties of the defect-free alkali-

metal chromium hexacyanochromates. Finally, three new and important projects are

proposed that can follow on directly from this work. These are a study into the ki-

netics of potassium manganese hexacyanoferrate; the extension of DFT values into a

statistical-mechanical study of magnetic-ordering temperature and vacancy ordering;

and the detailed simulation of other spectra.
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6.1.1 Modeling electron transport in three cathodes

Chapter 3 is motivated by the general lack of understanding around the charge-

transport properties of the otherwise-intensely studied sodium-ion-cathode materi-

als: manganese, iron, and cobalt hexacyanoferrate. There, I demonstrate that a

hybrid functional reproduces experimentally observed spin configurations and geo-

metric phase changes, while the local PBE functional fails badly. I identify a band

gap in all nine compounds; the gaps range from 1.90 eV in NaFe[Fe(CN)6] up to

4.94 eV in Na2Mn[Fe(CN)6]. In most of the compounds the electronic band edges

originate from carbon-coordinated-iron orbitals as shown by the projected densities

of states. This suggests an experimental strategy to dope that ion to tune carrier

conductivities. The effective masses are reported, for the first time in any PBA ex-

perimentally or computationally, and are found to be very heavy. This is consistent

with the band-decomposed charge densities, which show that the charge density of

the valence and conduction bands is highly localized on the lattice ion. This study is

an important foundation for making electronic conductivity a tunable PBA material

property.

6.1.2 Explaining why three sodium ions fit

Sodium manganese hexacyanomanganate, NaxMn[Mn(CN)6], has a reversible specific

capacity of 209 mA h g−1, which is substantially higher than the theoretical specific

capacity of 172 mA h g−1 expected for the insertion of two sodium ions per formula

unit. In this chapter, I examine the hypothesis that that high capacity and the

third voltage plateau arise from the insertion of a third sodium ion from a theoretical

perspective. Using a hybrid functional, the formation energies of various oxidation

states and magnetic phases of the NaxMn[Mn(CN)6] system are calculated. From

this, the convex hull of stable phases is constructed. The crystal structures of the

modeled compounds are compared to synchrotron XRD data and found to be in ex-
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cellent agreement. The compound Na3Mn[Mn(CN)6] is, indeed, thermodynamically

stable. Examining its electronic structure reveals that it contains manganese(I) (a

relatively rare species) and the sodium ions occupy the interfacial position of the

lattice subcubes. I also show that the phase of the fully oxidized Mn[Mn(CN)6] com-

pound is charge disproportionated, containing manganese(II) and manganese(IV), as

opposed to the perhaps more expected manganese(III)-manganese(III). I also exam-

ine crystalline water and observe that its presence increases the reduction potential of

the system. The hydrated compounds have theoretical crystal structures and reduc-

tion potentials that closely match experiment. This work clarifies the charge-storage

mechanism in a well-known but less-understood PBA.

6.1.3 Predicting properties in a perfect crystal

Chromium hexacyanochromate, AxCr[Cr(CN)6], is of great interest as an anode be-

cause of its low reduction potential and as a magnet because the chromium ions

align antiferromagnetically with a high ordering temperature. In both applications,

vacancies need to be minimized, but the synthesis of the defect-free compound is chal-

lenging. Chapter 5 uses DFT+U to predict the properties of the defect-free material.

I find that the two chromium ions have different Hubbard U values because they are

in unique crystal fields, but the values are constant for the three oxidation states ex-

amined. Using those U values, I examined four alkali-metal analogs; their reduction

potentials increase with ionic radius from −1.6 to −0.6 V versus the SHE. The kinet-

ics are probed with the NEB method and the activation energies for ion movement

through the lattice (as well as the MEP) are heavily dependent on the size of the

ion, ranging from Ea = 0.14 eV for sodium to Ea = 1.83 eV for cesium. The atomic

projection of the charges and the magnetic moments are reported, which reveal that

both reduction events occur at the carbon-coordinated chromium, ultimately forming

charge-disproportionated A2CrIII[CrI(CN)6]. The fully oxidized Cr[Cr(CN)6] is con-
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firmed to be antiferromagnetic with J1 = −22 meV. The IR absorption frequencies

are calculated. Finally, a vacancy itself is simulated and deep-level traps that arise

in the electronic structure are noted. This work is by far the most in-depth compu-

tational investigation into this PBA system, and it makes predictions that will assist

ongoing experimental efforts to synthesize the compound.

6.2 Future projects enabled by this work

6.2.1 Kinetics of potassium manganese hexacyanoferrate

Potassium manganese hexacyanoferrate is one of the most promising cathodes for

potassium-ion batteries [1], but it is suspected that its performance is hampered,

at least in part, by poor kinetics [2]. From this work, it is clear how to proceed

with a careful theoretical consideration of the kinetics in KxMn[Fe(CN)6]. First, the

material’s Hubbard U values should be parameterized against HSE-level results or

against operando XRD data. Then the formation and transport of polarons can be

simulated. As seen in the case of chromium hexacyanochromate, in the movement

of a polaron through the lattice, ionic and electronic transport are very closely tied.

Ways of deconvoluting the two phenomena should be explored to explore different

strategies like doping and vacancy engineering to improve transport. The opportunity

to possibly separate the two effects—electronic and ionic—is one of the virtues of

theory in this prospective study.

6.2.2 Statistical mechanics of vacancy ordering and magnetic-
ordering temperature

As discussed in Chapter 5, the direct magnetic exchange-coupling constant calculated

is a seed for other levels of theory to calculate materials properties like magnetic-

ordering temperature. An interesting future work would be to engage with these

statistical mechanics for chromium hexacyanochromate. The study can easily be ex-
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panded to also consider the isoelectronic compoundsAVII[CrIII(CN)6], ACrIII[VII(CN)6],

and A2VII[VII(CN)6]. Vanadium hexacyanochromate has been prepared and its or-

dering temperature is even higher than that of chromium hexacyanochromate [3]. The

hexacyanovanadates are difficult to prepare, which is another reason to turn to theory.

Magnetic ordering is just one kind of ordering about which a cluster-expansion Hamil-

tonian can be written and finite-temperature Monte Carlo simulations run. These are

well reviewed in reference [4]. The thermodynamics of long-range vacancy ordering

is an active area of research that would also benefit from this type of study [5].

6.2.3 Simulating more detailed spectra

From one perspective, this work has centered on accurately describing the electronic

structure of the PBAs computationally. This allows for the simulation of a much wider

variety of spectra than just the IR absorption simulated in Chapter 5. Simulation of

ultraviolet-visible (UV-VIS) [6], nuclear magnetic resonance (NMR) [7], and electron-

energy-loss spectroscopies (EELS) [8] are all possible with modern methods. Modeling

the spectra will increase understanding of the PBAs’ electronic structures.

References

[1] S. Dhir, S. Wheeler, I. Capone, and M. Pasta, “Outlook on K-Ion Batteries,”

Chem, vol. 6, no. 10, pp. 2442–2460, 2020.

[2] T. Hosaka, T. Fukabori, H. Kojima, K. Kubota, and S. Komaba, “Effect of Particle

Size and Anion Vacancy on Electrochemical Potassium Ion Insertion into Potas-

sium Manganese Hexacyanoferrates,” ChemSusChem, vol. 14, no. 4, pp. 1166–

1175, 2021.

[3] S. Ferlay, T. Mallah, R. Ouahès, P. Veillet, and M. Verdaguer, “A room-

temperature organometallic magnet based on Prussian blue,” Nature, vol. 378,

no. 6558, pp. 701–703, 1995.

157



[4] A. Van der Ven, J. C. Thomas, B. Puchala, and A. R. Natarajan, “First-Principles

Statistical Mechanics of Multicomponent Crystals,” Annual Review of Materials

Research, vol. 48, pp. 27–55, 2018.

[5] A. Simonov, T. De Baerdemaeker, H. L. Boström, M. L. R. Gómez, H. J. Gray,
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