PUBLISHED FOR SISSA BY 4) SPRINGER

RECEIVED: September 5, 2025
ACCEPTED: September 27, 2025
PUBLISHED: October 22, 2025

On Carrollian and celestial correlators in general
dimensions

Harshal Kulkarni®, Romain Ruzziconi’® and Akshay Yelleshpur Srikant

Mathematical Institute, University of Ozford,

Andrew Wiles Building, Radcliffe Observatory Quarter,

Woodstock Road, Ozford, OX2 6GG, U.K.

E-mail: harshal .kulkarni@maths.ox.ac.uk, romain.ruzziconi@maths.ox.ac.uk,
yelleshpursr@maths.ox.ac.uk

ABSTRACT: Carrollian holography is a framework for flat space holography, suggesting that
gravity in asymptotically flat spacetime in D dimensions is dual to a conformal Carrollian
field theory in D — 1 dimensions living at null infinity. In this work, we elaborate on the
definition of Carrollian amplitudes for massless scalar fields in general dimensions and provide
explicit expressions for the two-, three-, and four-point functions. We show that these
amplitudes naturally arise from Lorentzian holographic correlators in AdS/CFT through
a correspondence between the flat space limit in the bulk and the Carrollian limit at the
boundary. Finally, we use the relation between Carrollian and celestial holography to derive
explicit expressions for celestial amplitudes in D dimensions, which are reinterpreted as
correlators of the celestial CFT in D — 2 dimensions.

KeyworDS: AdS-CFT Correspondence, Duality in Gauge Field Theories, Gauge-Gravity
Correspondence, Scattering Amplitudes

ARX1v EPRINT: 2508.06602

OPEN AcCESS, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP10(2025)187


https://orcid.org/0000-0003-1559-3307
https://orcid.org/0000-0002-4359-7586
https://orcid.org/0000-0003-2254-0879
mailto:harshal.kulkarni@maths.ox.ac.uk
mailto:romain.ruzziconi@maths.ox.ac.uk
mailto:yelleshpursr@maths.ox.ac.uk
https://doi.org/10.48550/arXiv.2508.06602
https://doi.org/10.1007/JHEP10(2025)187

Contents

1 Introduction 1
2 Preliminaries 3
2.1 Bondi coordinates 3
2.2 Conformal Carrollian primaries 4
2.3 Boundary operators )
2.4 Propagators 6
3 Carrollian amplitudes in D dimensions 8
3.1 Definitions 8
3.2 Two-point amplitude 9
3.3 Thee-point amplitude 9
3.4 Four-point amplitude 10
4 AdSp boundary correlators and their flat limits 12
4.1 Bondi coordinates 12
4.2 Propagators 14
4.3 Two-point correlator 15
4.4 Three-point correlator 15
4.5 Four-point correlator 16
5 Carrollian limit of CFTp_1 correlators 17
5.1 Two-point function 17
5.2 Three-point function 18
5.3 Four-point function 20
6 From Carrollian to celestial amplitudes 23
6.1 Celestial operators 24
6.2 From Carrollian to celestial amplitudes 24
6.3 Two-, three- and four-point celestial amplitudes 25
7 Outlook 26
A Computation of C3 28

1 Introduction

Asymptotically flat spacetimes constitute useful models to describe real-world observable
phenomena. For this reason, the flat space holography program so far has mostly focused on
bulk spacetimes in four dimensions. For instance, the proposal of celestial holography suggests
that gravity in 4d flat space is dual to a 2d CFT living on the celestial sphere (see [1, 2]
and references therein). This framework was later related to Carrollian holography [3-5],
which instead suggests that the dual theory is a 3d Carrollian CFT living at null infinity (.#).



Some Carrollian field theories can be constructed from standard relativistic field theories by
implementing a Carrollian limit, i.e. taking the speed of light to zero, ¢ — 0 [6] (see e.g. [7-12]
for explicit examples). In this setup, massless scattering amplitudes in flat space can be recast
as Carrollian CFT correlators at .#, called “Carrollian amplitudes” [5, 13] (see also [14-32]
for recent developments). Evidence has shown that Carrollian holography naturally arises
from AdS/CFT, through the correspondence between the flat limit in the bulk (¢ — o)
and the Carrollian limit at the boundary (¢ — 0) [33-39]. This has recently been exploited
in [25, 40] to deduce features of a top-down 4d Carrollian hologram and compute flat space
scattering amplitudes from an intrinsic boundary computation.

However, from the example of AdS/CFT, we know that explicit realizations of dualities
may be more tractable in other bulk dimensions — a concrete example is the celebrated
duality between type IIB string theory on AdSs x S® and NV = 4 Super-Yang-Mills theory [41].
Several works have extended the aforementioned proposal of celestial holography to higher
dimensions; see e.g. [42-47]. One of the main features is that the dual theory is no longer a
2d CFT, and the conformal symmetries form a finite-dimensional group.! Moreover, in the
Carrollian holography proposal, a discussion of Carrollian amplitudes in higher dimensions
was provided in [53] and, for the three-dimensional case, in [54].

In this paper, we formulate the Carrollian holography dictionary in general dimension
D> 4.2 More precisely, we elaborate on the definition of Carrollian amplitudes that encode
bulk scattering amplitudes in D dimensions in terms of Carrollian CFT correlators at null
infinity, and we discuss their relation to the flat space extrapolate dictionary. We provide the
explicit form of the two-, three-, and four-point Carrollian amplitudes for massless scalar fields.
We then connect this framework with AdS/CFT, showing that Carrollian correlators encoding
amplitudes in D dimensions arise from the flat space/Carrollian limit of holographic CFT p_;
boundary correlators. This extends the correspondence between the flat space limit in the bulk
and the Carrollian limit at the boundary of AdS/CFT to D dimensions. Finally, we revisit the
relation between Carrollian and celestial amplitudes in general dimensions and provide explicit
expressions for the latter, which we compare with [47]. Figure 1 summarizes the connections
we investigate and provides references to the sections containing the corresponding results.

The rest of the paper is organized as follows. In section 2, we discuss the basic ingredients
for establishing Carrollian holography in D dimensions, including flat Bondi coordinates,
the definition of boundary operators, and the flat-space bulk-to-bulk and bulk-to-boundary
propagators. In section 3, we define Carrollian amplitudes in D dimensions and compute the
explicit form of the two-, three-, and four-point functions. In section 4, we discuss the flat
space limit of bulk AdS/CFT correlators in position space and show that they naturally give
rise to Carrollian amplitudes. In section 5, we compute the Carrollian limit of the holographic
CFT correlators directly at the boundary and recover the Carrollian correlators at null infinity,
thereby illustrating the correspondence between the flat space limit and the Carrollian limit of
AdS/CFT at the level of correlators. In section 6, we discuss the relation between Carrollian
and celestial primaries and amplitudes, and derive explicit expressions for the two-, three-,

! An infinite-dimensional enhancement of the conformal algebra with superrotations would require smooth
superrotations [48-52], which erase the CFT structure.
2In the rest of the paper, we will always assume D > 4.
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Figure 1. Summary of the connections investigated in the paper.

and four-point celestial amplitudes in general dimensions. Finally, in section 7, we conclude
with some implications of our work for the flat space holography program.

This paper also contains an appendix A, where we discuss an additional contribution to
the three-point function arising in the Carrollian limit of a three-point CFT correlator.

2 Preliminaries

In this section, we introduce the building blocks of the Carrollian holography dictionary.
These include flat Bondi coordinates in D dimensions, the definition and transformation laws
of conformal Carrollian primaries, the relation between bulk fields and boundary operators,
and the construction of bulk-to-bulk and bulk-to-boundary propagators. This extends the
discussion of section 2 of [5] as well as section 2 of [25] to arbitrary spacetime dimensions D.

2.1 Bondi coordinates

In this section, we will work in Minkowski spacetime RP~%! on which we will use two
coordinate systems, rectangular coordinates X* and flat Bondi coordinates (u,r,x), which
are related by

u Uxq”

Xt =
D2

+rgt = (u—|—;(1+’X|2>,7‘X,—u—;(—1+|X2)>- (2'1)

Here u,r € R, x € RP~2 are coordinates on the Celestial Sphere SP~2, [y is the Laplacian
in these coordinates and the vector

1
¢ (x) = 5 (14 [x 2%, 1~ [xP?) (2.2)

picks out one null direction in RP for every point on the Celestial sphere SP~2. The metric
in flat Bondi coordinates is

dsip,l,l = —2dudr +r? \dx]Z . (2.3)



The null boundaries .#* are reached when the radial coordinate » — +o0o. Thus, both
the infinite past and future are covered by one set of coordinates. The metric at this
conformal boundary is

ds’+ = 0du® + |dx|?. (2.4)

Points on this conformal boundary are denoted by x = (u,x). In these flat Bondi coordinates,
we can use the same coordinates at .# ™ and .# ~: start with a point (u,x) at .#~ situated at
r — —o0, and follow the null geodesic generated by 0,. You will reach a point at .#+ when
r — +oo with the same coordinate (u,x). However, despite this geometric identification,
it will be crucial to remember if operators are inserted at .# " or .#~ by using an index
e = £1, see e.g. equation (2.18) below.

2.2 Conformal Carrollian primaries
We will be interested in the effects of Poincaré transformations X# — X'* = A¥, XV + t#
at #*. The boundary coordinates transform as

1
D—2

!
Ox (u—g"(x)A"t), x — x/, (2.5)

ox

u—u =

where x — x’ is the conformal transformation at the boundary induced by the Lorentz
transformation in the bulk. We will also require the following parametrization of a null

momentum of particle i:

i = ewig" (y), i=1,...n (2.6)
where ¢ = +1 for incoming/outgoing particles. Under a Lorentz transformation of the
momentum pt — p* = AH,p¥

T D—2

%'
Jy

y—=y, w—od= (2.7)
The boundary coordinate transformations (2.5) induced by bulk Poincaré transformations
can be re-interpreted as global conformal Carrollian transformations at .#* [55]. Conformal
Carrollian primary fields have been studied in general dimensions; see, e.g. [56, 57]. Here,
we restrict to scalar primaries and focus on those that transform trivially under Carrollian
boosts, as these are the ones relevant for encoding massless fields [5]. Under (2.5), a scalar
conformal Carrollian primary field ® A (u,x) with conformal dimension A transforms as

ox’ -3
X

(b @/ / / — | ==
2l x) = B () = | X

P (u,x) (2.8)

in D — 1 dimensions. In the following, we will show that correlators of these primaries at %+
encode the bulk massless scattering amplitudes in D dimensions. Notice that u-descendants
of conformal Carrollian primaries are also primaries [5]: 9;/'® transforms exactly as (2.8),
but with shifted conformal dimension A — A + m.



2.3 Boundary operators

We can now use the conventions laid out above to define scalar boundary operators and their
correlators at .#*, extending [5] to general dimensions.> We start with the Fourier mode
expansion of an on-shell massless scalar field in D bulk dimensions:

D—1
p(X) = /(2;{)[)_11)2])0 {a(p)ei”“X“ + a(p)Te’ip“X“} . (2.9)

The creation and annihilation operators satisfy the commutation relations

[a(p1),a(p2)] = |af (p1) ,a' (p2)| = 0, (2.10)
[a(p1),a’ (p2)] = (2m)” 7 (267) 6”7 (p1 — p2).

Using the parametrization (2.6) and introducing an ie prescription necessary for the integrals
to converge, we get

1 ° — - tew iee —iwe —iee
6(X) = gy ) dww” ™ APy [ae, y)e D) 4 o, yyle @ X,

(2.11)

We are interested in the value of this bulk field at #*. We can approach the boundary
in Bondi coordinates (2.1), in which we have

0" (¥) Xy = —u— 5 (x=¥)- (x—y) = —u—Zp" (2.12)

We have defined x — y = pn, with n being a unit vector on SP~3. After this change of
variables, we get

¢(X) = # /OO dwwD—?) /OO dppD—B dD—?)ne—iewrpQ {a(w x — pn)e—iewu—aw +h C}
2(27T)D_1 0 0 ’ e
(2.13)
As r — eoo, we have the saddle point formula
D—4 D-2
A . 9= T
RPET RS il i PP (2.14)

(iw) 2 |r| 2
Using this and performing the integral over n gives:
1 1 oo D—4

»(X) reco, 20 )% ‘ ’M ; dww™ 2 {a(w,x)e_ie“’“_w +h.c.] . (2.15)
iy’ rl 2

The boundary values at #* of the bulk field is then given by

lim {—2 (27r)¥ €z ]r\¥ qﬁ(X)} = /OOO dw (—iew)% {a(w,x)e‘iwue_gw + h.c.} (2.16)

r—€00 2

3Spinning boundary correlators can be defined in a similar way.



where the overall normalization is chosen for convenience. When acting on the in/out vacua,
only one of the two terms in the right-hand side will survive. With this in mind, we define
the boundary operators

> _ .
O (u, x) E/ d (—iew)% a(w,x)e W

2
0OO - - | (2.17)
& Hu,x) = / (—iew) 2 al (w,x)ev=ew,
0 2
or, more compactly,
€ > dw : Do4 o —lEWU—EW
D¢ (u,x) = o on (—iew) 2 af(w,x)e , (2.18)

where € = +1 is there to remember if the operator is inserted at .#*, and at! = @ and
a~! = al. A crucial difference compared to the case D = 4 [5] is that the boundary operator
is no longer a Fourier transform of the creation and annihilation operators — the integrand
now includes an additional factor of w” 7" . These boundary operators transform as conformal
Carrollian primaries under Poincaré transformations, which is the key ingredient for the
flat space extrapolate dictionary. To see this consider the general Poincaré transformation
described in (2.5). Under this, we have

/ * dw D—4 _—
P (u,x) — @ (v, x') = / 5 (—iew) 2 [ae(w,x/)e_“w“ _E“’} ,
0o 27
! |- (2.19)
X 2
= P(u,x).
I (u,x)
_1
In arriving at the last equality, we changed variables to w = %—’)‘(l P2/, and used the
transformation laws for the creation and annihilation operators
d (W, x) = e WM g (4 %) al (W X)) = e AT T () x). (2.20)

The final equality is precisely the transformation law for a conformal Carrollian primary (2.8)
with conformal dimension A = % in D — 1 dimensions. In D = 4, we recover the result
that the boundary values of the bulk fields coincide with conformal Carrollian primaries with
A =1 [58]. The boundary operators act on the in and out vacua to prepare in and out states

for scattering amplitudes expressed in a position space basis at #:

d 4 d g,
7 () [0}y, = [ 55 (i) T el )0, = [ 52 (i) T e ),
d — ) d _ )
out (0] otl (u,x)= % (z’w)% e W L (0] a (w,x) = % (iw)¥ e WTEY e (w, x|

(2.21)

where |w,x);, and oyt (w, X| are one particle states in a momentum basis.

2.4 Propagators

For the purposes of connecting with the flat limit of AdS Witten diagrams, it is useful to give
a definition of Carrollian amplitudes that mirrors that of Witten diagrams, involving bulk-to-
bulk and bulk-to-boundary propagators. These are sometimes refered to as the “Feynman



rules for Carrollian amplitudes” [21, 25]. The bulk-to-bulk propagator for a massless scalar
field in flat space is the solution to the differential equation

Oy, D-2 .
Oy, GHa (X1, Xo) = ( T; - 0. 28@) G (X1, Xo) = 6P (X1 — Xo), (2.22)
1

where Oy, is the wave operator in the rectangular coordinates X' in D dimensions and Oy,
is the wave operator in the D — 2 dimensional coordinates x;. Of course, this coincides with
the standard Feynman propagator, which can be easily expressed in momentum space as

dPp e~ir-Xa2 —1 F(—DQ_2)

GERYN (X, Xy) = */ — = —
GrP P 7) D (x2, 1 i)
_ i I'(P52)
ArD/2 (=2r1ous + r1ra |x12] + i€)¥

(2.23)

In the second line, we have expressed the bulk-to-bulk propagator in position space in
Bondi coordinates (2.1) in which X%, = —2riuis + 7172 2?;12 22, We can obtain the
bulk-to-boundary propagator by sending one of the points to .#*:

D—2
Ghi (21, X2) =, lm 11|72 GRE (X1, Xa)
—i I(2:2)

_ _ (2.24)
2 (27T)D/2 (—up — q1. X2 + i€)¥

It will be useful for us to rewrite the bulk-to-boundary propagator as an integral transform:

D—4

—€ > . —ie —ie —Ecw
G (0, X0) = g || do(iew) e o (2.

It will also be useful to consider the bulk-to-boundary propagators for u-descendants,

. T D—2 +m
Flat,A _ —i 2
DY SR Y S S & ) N
B —1 I'(A)
9 (27[-)% (—up — q1.X2 £ ie)A’

In the last line, we have rewritten the formula in terms of the conformal weight

A= ? +m. (2.27)

We can also give an integral representation for these bulk-to-boundary propagators:

—_ oo _ . .
GRELA (21, Xp) = 2(2 ;DTQ / duw(—iew)™ 77 gmiwmmien Xagmew (9 9g)
) T 0
—¢€ o . A—1_—iewur —iewq. Xo —cw
= 2(27r)D/2/0 dw(—iew)=""e e,



3 Carrollian amplitudes in D dimensions

In this section, we discuss the definition of Carrollian amplitudes in general dimensions [53],
which extends the definition given in [5, 13, 25] in the D = 4 case. The idea is to recast the
usual bulk amplitudes in terms of correlators at .#* which can then be re-interpreted as
Carrollian correlators in a putative dual theory. We give explicit expressions of the latter
for the two-, three- and four-point functions for a massless scalar field.

3.1 Definitions

We will now give two equivalent definitions of Carrollian amplitudes in D dimension. First,
based on [5], we can define them as correlators of the boundary operators defined in (2.18):

Cn (13, Xi) = out (0| (u1,%x1) ... P (un, Xp)[0);,

oo I dwy, IV
- / [T 5 (miepen) 7 emiommon—=on 4, g, ;). (3.1)

We have left it implicit in the above equation that the boundary operators with ¢ = +1
act on the “out” and “in” vacua respectively. A, (w;, X;) is the corresponding momentum
space scattering

.An (wi, Xi) = out ({wl, Xl} gooe {wk, Xk} ’ {wkH, Xk—‘rl} goos {wn, X"}>in s (3.2)

where we have assumed that operators 1, ...,k are outgoing and k + 1,...,n are incoming.
Notice that (3.1) is no longer a Fourier transform in D # 4 because of the prefactor in the
integrand, see also (2.18) and the text below. Under a conformal Carrollian transformation
at #* (2.5), we have

_1
2

!
axi X Cn (U,Z‘, Xi) (3.3)

Cp, (uj, x}) =

since each boundary operator is a conformal Carrollian primary with weight Ay = %. It is
therefore natural to identify Carrollian amplitudes (3.1) with correlators in the dual theory
which satisfy Carrollian CFT Ward identities.

Since u-descendants of conformal Carrollian primaries are also primaries (see below (2.8)),
it is natural to consider their correlators:

dw D4
Cﬁl""’A” (ui, x;) = H Ok Cr (i %) / Tk o iepurwr (—iepwr) 2 7™ Ay (wi, Xq)
k=1

d A X
/ Wk —lekukwk (—Z(kUJk;) k n (w17 Z) ?

where in the ﬁnal line, we have written the formula in terms of the conformal weights
A = myg + —, see (2.27). As usual, one can extend this definition for any A € C via
the modified Mellin transform [59, 60].



The second definition of Carrollian amplitudes is based on Feynman diagrams in position
space and is closely related to the definition of AdS boundary correlators via Witten daigrams.
Given a collection of Feynman diagrams contributing to the ampltiude, to every external line,
we associate a bulk-to-boundary propagator (2.24) and for every internal line, the bulk-to-bulk
propagator (2.23). Integrating over the bulk points, we are left with a function of the external
positions. Using the integral representation (2.25), we can relate this to the definition (3.1).
We will demonstrate this with explicit examples in the following sections.

3.2 Two-point amplitude

We will first compute Carrollian amplitudes of massless scalars in a D-dimensional bulk
spacetime using the definition (3.1). We start with the two-point amplitude in momentum
space, which is

2/‘?2

Ay = 2kp 6P (p1 + p2) = D3 5772 (x12) 0 (w1 — w2) bey,—es (3.5)
1

where we used the parametrization (2.6) and introduced the notation x13 = x; — x2. The
corresponding Carrollian amplitude is

o 2 d i
CQALAQ _ /0 H % (_,L-Ekwk)Akfl e—zekukwk—ska2 (36)

= [2.D(_1)As 6772 (x12) T (Za — (D - 2))

)
2 . —(D— €1,—€29
2 (ulz — Z€1€)EA (D 2)

with XA = Aj; + As. Notice that the integral diverges if Ay = Ay = %, as in the
D = 4 case [5].
3.3 Thee-point amplitude

The three-point amplitude for scalars is

D—2

2

It is important to point out that the second equality only holds in Lorentzian signature, where
all three particles must be collinear. Such amplitudes have also been considered in [17, 47].
The corresponding Carrollian amplitude is:

3 3
s B I | d ; - —i
C;f‘l Ag,Ag Kg/ 2&: (—ZGka)Ak 1 o —iupwper gD (§ :pj) (3.8)
pie] j=1

We will set —e; = eo = €3 = 1 for concreteness. In this case, we have:

D—8
Aq,Aq,A K3 T 2 . _ _ _ _
C31 283 _ M3 (—Z)EA 3 ’Xlg‘D 45D 2(X12) 5D 2 (X23)
871 (M)
2
X /dw2dw3 (wo + OJ3)A172 wQAQ_2w3A3_D+26i(“12‘”2+“13w3) (3.9)



where YA = E?:l A;. After performing the integral, we get
CgAI’AQ’A3 Iigﬂ_Dz—s( Z_)ng F(EA—D)B(ADQ;LA:J,—D—F?))
r(%?)

xuly” 2F1< —D,Ay—(D—3),A5— “i’i) (3.10)

|X12‘D74 (5D72 (X12)6D72 (X23)

Note that in doing the integral we have used that the Gauss hypergeometric function
9F1(a,b,c; z) has an integral representation only when Re(z) < 1, which translates to the
choice of ordering uss < u12. We can also obtain this from the second, Feynman diagrammatic
definition of the three-point Carrollian amplitude:

CALAZ’A3 ,83/%3/dDX H gglbaz ml X) (3'11)

_ 616263/63"03/ DX/ Hdwk —zekwk)A’“ 1 —zzk 1 (epupwrterwic gy X — swk)
8(2

In arriving at this, we have used the integral representation of the bulk-to-boundary prop-
agators (2.25). Performing the integral over X to get (27T)D 5P (E?:s pi> and comparing

)D/2

with (3.8), we find an equality if 83 = —(27;3

€1€9€3.
3.4 Four-point amplitude

We will focus on the contact 4-point diagram between scalars (as discussed in [25] for the
D = 4 case, this analysis can be easily extended to exchange diagrams). The momentum
space amplitudes for this is

Ay = kg 67 (PP, (3.12)

where P* = S} Jwi€igt is the total momentum. We will first compute the Carrollian
amplitude by using the above formula and (3.4):

4
d .
C4A1"”A4 = / H 7;;_]6 (—iekwk)Akil e RSk Ay (313)

In order to perform this integral, we must first solve the equations for momentum conservation.
To this end,* let (ns,...np) be D — 4 linearly independent vectors in RP~! that complete
(q1,92,q3,q4) into a basis. We can also assume without any loss of generality that

ni-q;=0, Vi=5,...,Dandj=12,3. (3.14)

Here and in everything that follows below, the dot product represents a contraction carried
out with using the Minkowski metric. We decompose the § function as follows:

4 D
6P (P*) = det (Q1,---,C_I4,7”L5,-~-,TLD)H5(P‘Q¢) H5(P-nj), (3.15)

D

ot n0)s () ) ot

wi ™% [x13|* |xoa[* .

“Recall that D > 4. The decomposition (3.15) will only be valid under this assumption.

,10,



We have solved 4 out of the D equations P* = 0 by considering its components along
qi,---,q4- The first three give:

2
|X24| *

*
226164(,04, Wy =

2 2
1-— 1
wr = — B |x34] z . |x14]

€2€4Wy, W3 = —

€3€4W4, (316)

[x12] %23 |x13)*1— 2

while the last simply gives ¢ ((z — 2)2). z, z are defined intrinsically via

_ ’X12|2 |X34’2 _ ‘X14’2 ’X23‘2
pp = 2L g1 gy = sl (3.17)
|x13]” [x24] Ix13] [x24]

The remaining components P - n; simply reduce to g4 - n; due to (3.14). We can further
simplify the determinant on the support of the § function constraints.

R
o 0
= ai 45 45 4i .
|det(q1,...,Q4,n5,...,nD)|H&(q4-nj): 5 WD Hé(q4~nj)
]:5 5 e 5 ]:5
0 L
np ... np
1 D
4(z—z)x13x24det N5, ..., N H (g4 - mj)

7=5
(3.18)

The D — 4 é-function constraints 0 (g4 - n;) reduce the full determinant to the determinant
of a block-diagonal matrix with n; being the (D — 4)-dimensional vectors in the directions
orthogonal to qi,...,q4. In addition, note that although this vanishes when z = z, when
combined with §((z — 2)?), this gives a non-trivial result in general since (z — 2)d ((z — 2)?) =
%5 (z — Z) is non-vanishing on the support of z = z. All in all, the momentum conserving
0 function reduces to:

5D (PH) — det (75, ..., 7ip) 5( _)ﬁ 1’3[ (3.19)
z—z (q4-m; .
2w [x13]” 24/ =1 =5 2
Without loss of generality, we can choose the (D —4)-dimensional vectors n; with j =5,...,D

to be orthonormal, which then implies det (75, ...,np) = 1. With this, it is straightforward to
evaluate the integrals to find a closed-form expression for the four-point Carrollian amplitude
in D dimensions. The final result is given by the following compact expression

SZ (x D
et - M i n, 3.20

(1D A (g >A2*A3r<zA—D>,

— 11 —



with the various quantities entering the equation above defined below:

S$=0 (—26164) O ((1 — 2) ze2eq) O ((2 — 1)ezeq) , (3.21)
A371| 2 |A172| 2 |A271
x x
’ Tl ™" Ixts] T X357
U:u4—u12|x24| tu 1_Z|X34|2 L Pl (3.23)
[x12/* Z [xo? 1=z x5/

Note that we can express U in a manifestly translation invariant way (with w;; = u; — u;) as

U= —u14Z|X24|2 + Lz Pl —u3 Ll (3.24)
[x12/* Z |xasf” 1= 2 |x3)”
The amplitude can also be defined using bulk-to-boundary propagators as
chr-B = g, m/dDXHgglba‘; M (%5, X) (3.25)

6162636454H4/ D Ak=1 =i Yp_ (ekupeontepwrcge X —ewy)
_ dPx dwn (—ierwn )36 oo (ERUEWEHERWR QL 3
16(2m)2D H k (—iexwr)

We get an agreement with (3.13) if we choose 85 = 16 (2m)”* e1e2e3¢e4.

4 AdSp boundary correlators and their flat limits

In this section, we extend the analysis of [25] to general dimensions. For recent and related
discussions on the flat space limit of holographic correlators in D = 4, we also refer to [17,
19, 47, 61-63]. After reviewing Bondi coordinates and propagators in AdS, we compute
the bulk flat space limit of the 2-, 3- and 4-point holographic correlators from the AdS
Witten diagram expressions. We will naturally recover the Feynman diagram expressions
for Carrollian amplitudes presented in the previous section.

4.1 Bondi coordinates

Bulk metric. Lorentzian AdSp is the hyperboloid
Xx =X = () Ix = (4.1)
where ! = (xt,x~, XY, X) are coordinates on the embedding space in RP=12 with metric
dsgp-12 = —dxFdx™ — (dx")* + |dx|*. (4.2)

Bondi coordinates (u,r,x) are a set of intrinsic coordinates given by

2 u? {  u
I_ 2
X —7’<1,T 2 + |x| ,—T+,X> . (4.3)
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It can be checked that these coordinates satisfy the constraint (4.1). The AdS metric in
Bondi coordinates becomes [33, 37, 64, 65]
2 r? 2 2
dsaas, = _ﬁdu — 2dudr + r*|dx|”. (4.4)
The flat limit is the limit in which 7 — 0. In situations where there are multiple distance
scales, this is the limit in which every distance scale is smaller than the AdS radius. Keeping

this in mind, in the rest of the paper, we will tacitly denote this limit as £ — co. In this limit,
we recover the metric on D-dimensional Minkowski spacetime as seen below:

Zlim dS?\dSD = —2dudr + r? |dx|* = dsgp-1,1- (4.5)
oo

We will now discuss various features of this spacetime in Bondi coordinates. These will be
useful in later sections in discussing boundary correlators and their flat limits.

Geodesic distance. The geodesic or chordal distance y12 between two points x1, x2 in AdS
is simply the distance between them in embedding space

2
U

X12 = —7“17“2% — 2r1ouqe + 1172 |X12‘2 . (4.6)
In the flat limit, this reduces to the geodesic distance in Minkowski spacetime in Bondi
coordinates as seen from the metric (2.3).

lim 192 = —2r19u12 + 172 |X12|2 = X122 (47)
£—00

Conformal boundary. The conformal boundary of Lorentzian AdSp is RP~21. Points
on this boundary, denoted as X! (these are the embedding coordinates for the boundary
RP=21) are reached by sending r» — 400 and performing a suitable rescaling:

2
. X 0 u 2 U
lim ==X = (1,—€2+’X| 7E’X> . (48)

It is easily seen that X2 = 0. Furthermore, because X lies on the conformal boundary,
it satisfies X ~ AX for A € RT showing that it is a point in RP~21. The metric at the
conformal boundary is

1
ds3aas, = —K—Qdu2 + |dx|*. (4.9)

Note that this is just the Minkowski metric with % playing the role of the speed of light. The
flat limit in the bulk (¢ — o0) is thus implemented as a Carrollian limit at the boundary
and we get

gli}m ds%AdSD = 0du® + |dx|* = ds? -, (4.10)
oo

which is the degenerate metric at the boundary of Minkowski spacetime defining the Carrollian
geometry.

,13,



Euclidean AdSp. We will also use Fuclidean AdSp which is defined as the quadric

X-x==x"x +0"+IxIP=-¢, xT+x >0, (4.11)

in the embedding space RP-1. This is related to the Lorentzian one by analytic continuation
XY — ix? and has the metric

dsip, = —dxtdx™ + (dx®)? + |dx|*. (4.12)
4.2 Propagators

Bulk-to-bulk propagator. The bulk-to-propagator for a massive scalar with dimension A
in Lorentzian AdSp is the solution to the differential equation
AdS,A 1
[vil + mﬂ Ggp™™ (x1,x2) = ﬁ5D (x12) ; (4.13)
where Vil is the wave operator on AdSp and m?¢? = A (D — 1 — A). This can be written
in Bondi coordinates as
D7“1
72

U D-2
B 0, - 20,0, +m”
1

r

1
Gap™ (X1, x2) = —=—=0" (x12)  (4.14)

V=9

where [y is the wave operator on RP~2. Notice that as ¢ — oo and keeping A fixed, the

Y, S 7 8,?1

above equation reduces to the massless wave equation in flat space (2.22). It is useful to
introduce the following dimensionless parameter related to the chordal distance (4.6):
42 402
po= = - (4.15)
X12 —r1T2 ¢ — 2r19u12 + 7172 [X12]

Upon changing variables to pi2, we get an ordinary differential equation in one variable.
Thus, we need to solve:

1
[(4— 2D+ p12 (D —4)) Oy, +2p12 (1= p12) 85, +m } Gpn” (pr2) = ——0" (x12).  (4.16)

V=9

This is a hypergeometric differential equation whose solutions is®

D

—9 .
GRISA (x1,x2) = Ca (A) py o Fy (A, A—="—"29AN-D+2 pir+ zs) . (4.17)

The normalization is fixed by demanding that the solution behaves like a ¢ function as
x12 — 0. This gives

i(— D
S ==l
CQ(A) = i(—l)D F(A) 2 (418)
T 4eD-2 A= 2

(—4)ArT T r(A- L5
Note that unlike the flat space case, the bulk-to-bulk propagator depends on an additional
parameter A. It is easy to check that

Jim Gl B (x1, x2) = GRBE (X1, X)), (4.19)

independently of the value of A. This has to be expected since m — 0 in the limit we
are considering.

®We have discarded the solution which doesn’t behave as pf near the boundary at pia = 0.
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Bulk-to-boundary propagator. This is obtained from the bulk-to-bulk propagator (4.17)
by sending one point to infinity and multiplying by appropriate powers of r to keep it finite.

gggiA(XbXQ)—E > lim (72) Gpa " (X1 x2) (4.20)

T1—>€00

A
=07 cum( ; — .>.

2
_727’2“%2 — 2u1g + 72 |X12|” + tee

Here ¢ = £1 and distinguishes incoming and outgoing particles. We can compute the flat
limit of this propagator to get

Jim GRS (X1, x2) = ap (A) Gpre® (a1, X) (4.21)
where
p ¥ e e N
ap (A) = i(—1)2 A+ P g0+ Ay (8) = e e D2 (4.22)
(-1)” A=t

In the next sections, we will use these propagators to define boundary correlators in AdSp
which we will denote by <(921 ()_( 1) O (Xn)> The representation of the propagators
in Bondi coordinates is useful for computing the flat limit. However, in order to perform
the integrals over the bulk points, it is necessary to Wick rotate to Euclidean AdS. The
resulting correlators can be analytically continued to Lorentzian signature following well-
known procedures [66]. We will denote Euclidean correlators by <(’)A1 (X'l) ...0n, ()_(n) >E

4.3 Two-point correlator

The 2-point boundary correlator in AdSp can be computed by sending the bulk point to
infinity in the bulk-to-boundary propagator (4.20):

Co(A)
(—gudy + |x10]* + ie

(4.23)

ro—oo \ {

D—2 A
(O3 (Xn)OA (X)) = £°5° tim_("2)" G35 (%, xa) = s

where Cy(A) = (— )AED_zCQ(A), with Cy (A) defined in (4.18). Note that this is just a
CFTp_; 2-point function with % 7 Playing the role of the speed of light. The corresponding
FEuclidean correlator is

Cs(A)
(Ft3, + |x12[H)2

The flat space limit of this will be discussed at the same time as the Carrollian limit in

A
<> < =< . r
(Oa(X1)0a (o)) = 052 1im (Z) GASA (x), xo) = (4.24)
section 5.1.

4.4 Three-point correlator

We can compute the 3-point correlator by integrating three bulk-to-boundary propagators
over the common bulk point:

<06All (Xl) 0222 <X2) 0233 <X3)> = K3[3 /AdS dDJrlxé (XZ—MZ) ﬁgggf Ai (X’MX) (4.25)
b i=1
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However, the integration is best performed in Euclidean AdS and the resulting Euclidean
CFT correlator is:

“ A
6—D t?- “
(Oa, (21) O, (22) Ony (43))p =€ 2 k3 Na asas ] (,55 + X%) ; (4.26)
1<J
where 3 was defined in the paragraph below (3.11) and

D

Sa—(D-1 Gy (A
Ny dong =P F ( 8 (2 )> IIr@anI] FQ((A k)
i<j 2
XA
Ay =Rithj—=5  Ea= Z,.:Ai' (4.27)

Note that the scaling of ¢*3° in the definition of the three-point CFT correlator follows from
the usual normalization of the AdS Witten diagrams, as in [67]. In order the compute the
flat limit from a bulk perspective, we first express the integral (4.25) in Bondi coordinates.
There is a subtlety in taking the flat limit that we address here. This was also highlighted
in [25]. We are interested in computing the limit 7 — 0, where r corresponds to any length
scale. In practice, we take this limit by first introducing a cutoff scale A in the domain of
integration, before taking the limit. We can then replace each bulk-to-boundary propagator
by its flat limit using (4.21). If we now take A — oo, we get:

(08, (%1) 0%, (X2) 0%, (X3)) == ngﬁg/la d’ X EQD ) Gt (24, X)  (4.28)

f[ Al Ao,Ag

which reproduces the integral representation of the 3-point Carrollian amplitude (3.11).
We will also demonstrate this result explicitly from the boundary CF'T perspective in the
next section.

4.5 Four-point correlator

The 4-point Lorentzian correlator corresponding to a contact interaction in D dimensions
is given by:
% v % % D AdS, A
(0%, (X1)OZ, (X2)08, (Xa)OR, (Xa) = wafs [ aPHxs (3 + £2) Hnge %)

D
(4.29)
where 4 has been defined earlier below (3.25). As before, the integration is best carried
out in Euclidean AdS bulk with the result:

(O, (K1) 00, (X2) O, (X3)On, (X)) = o €7 P81 Z (Xig ) NaDiay a5,05,84 (U, V). (4.30)

Similar to the 3-point case, the scaling of =P again follows from the usual normalization
of 4-point contact AdS Witten diagrams. Here U,V are the D — 1 dimensional conformal
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cross ratios

oGt (o) (Red)(Bed)

(o) (Bod) " (o) (B o)

Z (Xi]) is a standard prefactor responsible for the correct transformation properties

EAfAl A4 ZA*A3*A4
(u14 +x ) <u34 +x )

z(x,) = — e v e : (4.32)
() ()
and the overall normalization is given by
N4:7r< ;>F<2A—(D—1)>ﬁC’Q(Ai) (4.33)
2 2 i (A ’ '

with YA = Z;-l:l A;. We can compute the flat limit from a bulk perspective as in the
three-point case. This gives

€ \ € \ € % € = f
(03, (X1)OR, (X2) OR, (X5) O, (20))¢ = rafy / d7rix H ap (8) Gy ™ (i X)
4
H A17A2,A37A4 (4.34)
which reproduces the integral expression of the 4-point Carrollian amplitude (3.25).

5 Carrollian limit of CFT p_; correlators

In this section, we will compute Carrollian limits of scalar correlators in a CFT in D — 1
dimensions. We will show that the Carrollian limits of 2-, 3- and 4-point correlators dual
to bulk Witten diagrams ((4.24), (4.26), (4.30)) reproduce the corresponding Carrollian
amplitudes ((3.6), (3.10), (3.13)). Hence, combined with the results of the previous section,
this demonstrates the correspondence between flat space limit in the bulk (¢ — oo) and
Carrollian limit at the boundary (¢ — 0) at the level of the correlators, extending the results
of [25] to general dimensions.

5.1 Two-point function

We can either directly start from the Lorentzian 2-point function (4.23) (and replacmg by
¢) or, alternatively, start from the Euclidean 2-point function (4.24) and analytically continue
to Lorentzian signature to the time ordering in which operator 1 is in the past and 2 is in the
future. This corresponds to the configuration in which operator 1 is incoming and 2 is outgoing.

(05, (1) 05, (1)) = — B e 5
(—c uiy + |x12|° + 26)
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Computing the Carrollian limit of this 2-point function is similar to the D = 4 case in [25].
There are exactly two different possible Carrollian limits given by:

Ca(A)oa, A
|2A11 2 a = 07

_ — X12
limc® (O (X;)Of (X5)) = 226 _D—2 _
Jhn < Aq ( 1) Ao ( )> 2 02(?()£)(A 5 ) §(D 2)(){172)D_2 a=2A—-D+2.

(—u%ﬁ-ia)A 2
(5.2)

These are generalizations of the usual 2-point functions of Carrollian CFTs to D —1 dimensions.
The first corresponds to the magnetic branch, and the second, the electric branch. Like the
D = 4 case, one can note that the electric branch is only reached when the two operators
are timelike separated. We can then formally define the Carrollian electric and magnetic
operators ® and ¥ as

A—D=2 1 — 1

0w 2 P(x) = llgé MOZ(X) , Ux) = 213% m(’)g(x) (5.3)

Notice the different scalings in ¢ for the electric and magnetic limits, where a(A) is given
in (4.22). With these definitions, we have:

—1 +1
A-PF2 o g A-BF2 11 o <0A (1) Oa (x2)>
O = @7 wn)0 7 BT (w2)) = limy S s (5.4)
—1
:47T/€202A7A

which agrees with the 2-point Carrollian amplitude (3.6) if we set ko = %

5.2 Three-point function

As with the two-point correlator, we must analytically continue the three-point correlator (4.26)
to Lorentzian signature. Continuing to the configuration in which all three are timelike
separated from each other, we get

K3 Na Aa A
(03, (1) 0F, (22) OF, (w5)) = 55 Hndate - (5.5)
c 2 H (—c uj; + X5 + iseiej)
1<j

Recall that the scaling of 1/ ¢*3” follows from (4.26) with the identification ¢ <+ 1/¢. The

magnetic Carrollian limit is straightforward and gives

NA1,A27A3

. Aij?
H (x?j + zaeie])

i<j

lim <021 (x1) 0222 (x2) (923 ($3)> = (U (x1) U2 (x2) U (x3)) = K3

c—0

(5.6)

-D
where CGT F3 = k3 is a rescaled coupling. We can have a non-trivial electric limit only on
the support of singular configurations. In order to compute this electric limit, we will use
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a technique presented in section [5] of [47]. We start by rewriting the three-point function
in a Schwinger parametrized form as:

(0%, (21) O, (22) OF (x3)>

’<‘73NA1,A2,A3 je—1 zw rejer (—c2u?, %2, ) —ew,
== Hdw]kwj jeser (—cPud ) ik,

c 2 [Li; I'(Ay) 7o 2

X2

B K3NAL Az A > A1 ek ikei (—“?ﬁf;) —ew;wi

= S D Hdwzwi e . (5.7)
AT [, T (AG) ;

In the first line, we have introduced three Schwinger parameters wis,wss, w13 and in the

second line, we changed variables to wj = Yik  For the electric limit, we want to compute

lim T (op (80)) 7 (OR, (11) OF, (22) OF, (x3))

c—0 ;
_ E3NA1,A2,A3 / Hdw
- ’l
1 —’LZ. WiWELE;ZE u. —EW;W,
X ——————¢ <k IR SRRk (5.8)
[Lic; T (Aij)
where
. 1 . . ejskijk 2 _ _ _

L = lim —DeZZKk Ik = glw;) [x12] 7T 0P 72 (x12) 6772 (x13) - (5.9)

c—0 ¢

The second equality is an ansatz motivated by the Carrollian amplitude (3.10). It is worth
pausing here to comment on this ansatz and on the limit in general. Note that one can rewrite

1 (S * pe
= Zwleeze] Xii= "= <Z eiwiqi> =—, (5.10)

1<J =1

where P as defined above is total momentum. In the ¢ — 0 limit, we will pick up dominant
contributions from the locus where P is null, which does not imply P = 0. Indeed, if the
¢; are all collinear, then clearly P? = 0 but P is in general non-zero. In [47], the authors
focused on the term with P = 0 which reproduced the correct Celestial amplitude. We will
see the same holds true for the Carrollian case. However, in the limit, we expect more than
just the Carrollian amplitude. We will see this expectation borne out explicitly below. We
can evaluate ¢ (w;) by computing the following integral:

€, Ekw L/Jk
g (wi) :/dD x12d” x5 [x12]*” ZEK’“ T (5.11)
D—2 2-D 4-D
277 (€3w3) 2 (61w1 + eowo) 2
= "D-a . (5.12)
iz T (7—2) e1€awiwo (€1w1 + €awa + €3w3)
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The integral over the w; is now ill defined due to the pole at ejw; + €aws + €3w3 = 0.5 The
result depends on the choice of ie prescription. Indeed this can be explicitly demonstrated
by using the well-known Sokhotsky formula:

1 1
i = Fimd V. . 5.13
é:—lgl+ €1wW1 + €owo + €3w3 L i€ e (61&11 tewzt 63W3) TPV €1W1 + €a2w92 + €3ws ( )
We thus get
) 1 t AL AL A3 | 5
tim [T (ap (80) 7 (OR, (21) OF, (22) OF, (wa)) = €522 4G (5.14)
7
C3A 18285 i¢ the Carrollian amplitude in (3.10) which arises from the § function piece in (5.13).

Cs is the contribution of the principal value piece. We present the details of the computation
in appendix A, merely reproducing the final result here

~ 472K _ _ _
Cs=—— 07 (x12) 0772 (xa3) [xa P (5.15)
(—u3s) 2
e\ D—2-280 o\ 22002 o\ D=2280 4N 2-200
x |C1F1+Cy (13> Fy+C5 <12) F3+Cy (13> (12> Fyl,
U923 U923 U23 Uz3

where C; are constants defined in (A.16) and the F; are Kampe de Feriet functions whose
explicit expressions can be found in (A.18). Note that the Carrollian amplitude C3 depends
only on one ratio %, while these functions depend on two. Cs is consistent with the Carrollian
Ward identities derived in [17, 18]. This can be seen from the form of C3 as a series in “12

u23

and % presented in (A.10). We will further comment on the unexpected extra contribution

C3 while analyzing its celestial counterpart in section 6 and in the Outlook section 7.

5.3 Four-point function

The procedure to compute the Carrollian limit of the correlator (4.30) is the same as the one
followed in [25] in D = 4. Recall that the Euclidean correlator takes the form:

K

(O, (X1) O, (X2)On, (X3)On, (Xa)) g = 5 Ba Z (Xij) NaDa, 6y 58,0 V), (5.16)

ct-
where 84, Ny and Z(X;;) are introduced below (4.30) and the scaling 1/c¢*~P follows from
the usual identification ¢ <» 1/¢. We first analytically continue the Euclidean correlator to
Lorentzian signature by moving two of the operator positions, say X1, X to the future of the
other two. This is expressed as a Lorentzian DAl, As,As,A, function, whose leading singularity
‘blAsl’ Ay.AsA, 18 given by the dimension agnostic formula

ZA3+A4—2(1 _ Z)A1+A4—2

, Ka= 13/29¥a—21 (EA_?)) (71)A1+A3‘

Fls _
(I)A17A2,A37A4 =Ka (Z _ Z)EA—3 2
(5.17)

5The branch point at e€1wi + eaw2 = 0 also needs a prescription and will lead to a new contribution to the
Carrollian limit. However, this contribution will not include the Carrollian amplitude and we will not discuss
it in this work.
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Here Z,Z are defined in terms of the D — 1 dimensional cross ratios (4.31) as

U=722Z, V=>01-2)1-2). (5.18)

Asin the D = 4 case, the Carrollian limit is non-trivial only on special kinematic configurations.
We can identify this configuration by noting that”

Ak )2 2 4 5
(2-2) =(z-2"-22F+0(d"),  F=(2+2) (U1 -W)-204, (5.19)
with z, z related to the cross ratios on the Celestial sphere defined in (3.17) and

2 2 2 2 2 2 2 2
ﬂ U1 U3q Uis Uy Vi U33 U1y Uis U3y

(5.20)

U xif  xaa® Ixasl xea” VO xesf [xual® [xas [xea”

We can have non-trivial behavior as ¢ — 0 on the support of the locus (z — 2)2 = 0. While
this might seem like one constraint, it necessarily imposes D — 3 constraints on the points

Xi,...,%X4 of the celestial sphere. To see this, consider the Gram matrix G defined by
Gij = |xi *Xjfz = —2¢; - ¢;. We have
2 _\2
det G = (Z Z) — (Z Z) (521>

xis|* [x24)t 16 (q1-q3) (g2 qa)’

This is a positive-definite matrix and its determinant vanishes if and only if the vectors

q1,--.,q4 are linearly dependent. The vectors ¢; are the embedding space vectors corre-
sponding to the points x;. To be more precise, linear dependence requires the D conditions
q = ?:1 ¢;¢t'which imposes D — 3 constraints on ¢4. In other words, the determinant of

the Gram matrix G being zero implies that there exist ¢; € R such that:
4
> el =0 w=12...,D (5.22)
i=1

In fact, this implies that the singular locus (z — z)? = 0 is equivalent to 2?21 cigtt =0 for
arbitrary ¢; € R satisfying this constraint. Hence, this leads to the ansatz:

4 s
lim DR, Avaga, = / [T dejo™ (Z cmi‘) Rp(ci,qi) (5.23)
Jj=1 i=1

where Rp(c;,q;) is some particular function of ¢;, g;, which we are denoting here just for
schematics; and « is an appropriate scaling of ¢ that makes the right-hand side finite and
non-zero. Note that with ¢; = €;w; (with ¢; = +1 and w; € R, this is precisely the structure
that a D-dimensional 4-point Carrollian amplitude has! Recall that from the point of view
of the bulk, the g; are related to the momenta of the four bulk scalars as p; = €;w;q;, and
the vanishing of the determinant is precisely telling us that the momenta of the four bulk
scalars are linearly dependent. This is the origin of the § functions in (3.19). Ofcourse,
since there are more constraints imposed by the delta functions than there are ¢;, one can

"We have dropped terms of O (c4) in (5.19) since they will not contribute to the Carrollian limit unless F
also vanishes.
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exactly solve for the ¢; in terms of the variables z;, barring an overall scale factor which
needs to be integrated out separately.

The above discussion clearly shows that the bulk-momentum conserving ¢ functions can
be recovered from the Carrollian limit of the 4-point CF'T correlator. However, we want
to precisely derive the full Carrollian amplitude. This is most easilt done by choosing a
special conformal frame for the four points on the boundary. To this end, first note that
the constraint imposed by the delta functions also implies that:

CZ'(XZ‘ — X4) =0 (5.24)

3
=1

(2

which is precisely the statement that the four points lie on a two-dimensional subspace
of the celestial sphere SP~2. Without loss of generality, we can consider the four points
to be located at

X; = (:c},xf,o,...,o), i=1,2,3, (5.25)
X4 = (mi,xi,O,...,O) + (0,0,xi,...,xfﬁ) = X4+ X4p.

The subscript s indicates the scattering plane, i.e. the plane formed by the points x1, X2, X3.
We can define cross-ratios in the scattering plane by

[l [xsal? o xaef? xsal?
848 2 2 (I=2)(1=2%)=1—"3 "3 (5.26)
|x13]” |%24,6] [x13]” [%245]
Note that this choice is equivalent to choosing the vectors n; (See (3.14)) to be
nf =% ,, j=5,...,D. (5.27)
With this explicit choice of conformal frame, the ¢ functions in the Carrollian amplitude (3.19)
become
D
0 (Z - 2) H 0 (Q4 : nj) =0 (Zs - 23) 5D_4 (X4,n) . (5'28)
j=5
As explained earlier, these are also the constraints imposed by linear dependence of ¢1, ..., q4.

This leads us to the following claim that there exists a value of a for which

lim c*®X, o, aga, = R (uijy xij) 8 (2 = 2) 677 (x4.n) - (5.29)

The function R and the exponent o can now be explicitly determined by performing the
integral

R=d / dzs dD_4X4vn (i)lAS1,A2,A3,A4 = ’CAZA3+A4_2(1 - Z)A1+A4_27é (530)

where
1

R =" /dzs dD_4X4,n (5.31)

SA-3 "
2

((z—=2)242¢2F) 2
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In order to evaluate this integral, we must work out how (z — 2)2 depends on zg, zs. This
is given by

4 (5.32)

(z — 5)2 = (25 — 55)2 — 01 ‘X47n’2 + 02 ’X4,n

where 01,09 are functions of u;j,x;js. It is sufficient to determine o only (see (5.34) for
the explicit expression), since we can redefine the integration variables to cw = z; — z5 and
cX4y = X4, in which case the contribution from o9 ]}(47n|4 becomes subleading in ¢. This
simplifies the integral to give

. 1
R =cotP—>a / dw d %4

(w2 — 0 ]><4’n|2 + 2]-")EA23

4-Sp

Ya—D |25 [x23]° ) 2
= Ca+D_EA24_EATF% g ( = - 3) <X34)S|Z[;24’S|12) ) (533)
_ AT
r(%7)
where we have used:
|25 [xa3]” |22 |xas>
o =4—" Flomz =2——5—""5U7, (5.34)

%34 [x24.5]> |%34.6|% [X24.4]*

with U defined in (3.23). We see that we must set @ = 3o — D to have a finite and non-zero
limit. Putting all of this together, we finally get

- (0%, (1) ... 0%, (z4)
lim

0 [Tioy ap (&)
D-%a

1i K4
= 11m
=0 AP T ap (A)

= B (5.35)

B4 Z (XU> N4’CAZA3+A4_2(1 — Z)A1+A4_27é

where, in going to the last equality we have noted that H?Zl ap(A;) also has a c-scaling
of 2(P=2)=¥a which precisely cancels the c-scaling, hence yielding a finite and non-zero
answer in the ¢ — 0 limit. Therefore, after an appropriate analytic continuation of (4.30) to
Lorentzian signature, the electric Carrollian limit exactly reproduces the Carrollian 4-point
amplitude (3.20). It is worth stressing that the explicit formula of the Carrollian limit of
the 4-point CFTp_; correlator derived here has wide applicability. One can now apply
this formula to a variety of interesting 4-point holographic CFT p_; correlators to derive
features of the general top-down Carrollian holograms from AdSp/CFTp_; at the level
of correlation functions.

6 From Carrollian to celestial amplitudes

Up to this stage, we have been focusing on Carrollian holography and showed that this
framework is naturally related to AdS/CFT via a limiting procedure. We now relate the
Carrollian boundary operators and amplitudes defined in sections 2.3 and 3 to celestial
operators and amplitudes in general dimensions. This relationship generalizes the one in
D = 4 presented in [3-5].
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6.1 Celestial operators

For a massless scattering, boundary values of bulk fields, identified with Carrollian primaries,
are in one-to-one correspondence with celestial primaries, as they are related via an invertible
integral transform, which is the combination of a Fourier and a Mellin transform [3, 5]. We
have seen above that u-descendants of Carrollian primaries are also primaries (see below (2.8)),
which allows to generate more Carrollian correlators as in (3.4). Although the latter do
not contain extra information on the massless scattering amplitudes, they are useful if one
analytically continues A to complex values. In that case, the celestial amplitudes can just be
found by setting u = 0 [4, 59, 60]. As we have computed these extra Carrollian correlators
in section 3, we can simply apply this procedure here.
We start by recalling the expression for boundary operators at .#* defined in (2.18),

€ > dw : Do ¢ —lEWU—EW
o (u,x):/o o (—iew) 2 af (w,x)e , (6.1)

where € = +£1 and a*! = ¢ and a=! = af. We will use these to define the family of operators

D—2

0% (x) =21 9y 7 & (u,x)

:/ dw (—iew)> 71 e 0 (w, x). (6.2)
u=0 0

For A € C, the derivative in the above equation should be understood to be defined via the
integral. The integral transform in the right-hand side is just a Mellin transform. These
operators Qf (x) transform as SO(D — 2) conformal primaries. To see that this is indeed the
case, consider a bulk Lorentz transformation under which the coordinates at .#* transform as

1
D—-2

!/
ox , x — x. (6.3)

ox

u—u =

An argument along the lines of (2.19)—-(2.20) shows that under such a transformation, we have

A
D—2

’ X 04 (x). (6.4)

04 (x) = 0% (x') = 2700 @"“(u/, %) |,_o = -

Since Lorentz transformations in the bulk correspond to conformal transformations on the
celestial sphere SP~2, the above equation shows that the operators O (x) indeed transform
as conformal primaries with conformal weight A. Under a bulk translation u — v’ = u — &
with § = ¢"t,, we have [5]

A_D=2 A_D=2 .5
Oh (x) =2m0u  * @ (u,x) [,ug = 2700 * @ (u,X) |,_¢ = € A0S (x). (6.5)
This is the expected transformation law of conformal primaries in the celestial CET [68].

6.2 From Carrollian to celestial amplitudes

Using the celestial primary operators defined in (6.2), we can define the celestial amplitude

m

Mbrtn = o (0]0%) (). 0%, (xa)|0). =] / dwi (—iciw)™ 1 Ay (6.6)
=1
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Here A, is the momentum space amplitude and the last equality follows from reasoning

identical to that explained at the beginning of section 3. From the above discussion, the

celestial amplitude transforms as a correlator of primaries in the celestial CF'T. Comparing

this definition with the correlator of Carrollian primaries with u-descendants (3.4), we arrive

at the following simple relationship between Carrollian and celestial amplitudes [59, 60],
./\/lﬁl""’A" = lim (27)" Cﬁl""A". (6.7)

ui~>0
It is important to consider a limiting procedure to obtain celestial amplitudes from Carrollian

amplitudes, because the Carrollian amplitudes, when evaluated exactly at u; = 0, are often
ill-defined.

6.3 Two-, three- and four-point celestial amplitudes

We can now use the relationship in (6.7) to write down explicit expressions for celestial
amplitudes directly from the Carrollian ones in (3.6), (3.10), (3.13).

Two-point function. The two-point amplitude is:

(XA —(D-2)
D-2)

A1,A2 ;D Argh-2 .
) — 2 —1 ! - 1
Ms kot (—1)7107 77 (X12) Oy —ep X et 30 (urg — iere)=2"

= 4prgiP T (—1)21 116072 (x19) 6 (Za — (D = 2)) 0y —cr.-

(6.8)

In arriving at this formula, we have made use of the distributional identity lim, o I' (z) v~* =

—2mid (x). The formula (6.8) is in agreement with (3.16) of [47] upto an overall normalization.

Three-point function. Similarly the three-point celestial amplitude can also be obtained
from the Carrollian one (3.10). It is important to recall that in writing down the 3-point
Carrollian amplitude in terms of the hypergeometric function, we required a specific ordering:
ugy < u12, which must also be respected as we take u; — 0 to recover the celestial amplitude.
Hence, in this limiting procedure, we first take uss — 0, and then take w2 — 0. Keeping
this in mind and noting that

ll_r}r})gFl(a,b, ¢;z)=1 and lll)%r(x)lj = —2mid(x) (6.9)

we get the final form of the three-point celestial amplitude as

MSALA%AB — 2/4?371'% (—i)D_2 B(A2 - 17 A3 -D + 3) ‘X12|D—4
r (%)
x 0772 (x12) 6777 (x23) 6 (Sa — D). (6.10)

This matches with the D-dimensional three-point celestial amplitude in [47] up to a nor-
malization. We can also compute M3, the Celestial counterpart of Cs appearing in (5.14).
First, note that:

— —

—
1

-

(%), bgyi €5y, ds)i gy dlyyi 2 y) = 1. (6.11)

[\

. 2;0
lim Fyo°
z,y—0 7
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Consider the ordering ug < u; < ug, which guarantees that |uja|, |uig| < |uzs|. We now take
u12,u13 — 0 first, and then take uog — 0, which guarantees that the limiting procedure u; — 0
respects the ordering. Using this, we can write down the celestial counterparts of Cs to be

Mz = —AmiPEa 16072 (x15) 6072 (x13) |x12| P (6.12)
[WCSC?TAHB (Ag — 1,A1 — 1) 5 (ZA — D)
—272%5 (Ag + Ay — (D — 1)) §(Ag — 1) csc g(p —2A,),

—2i7r6(A1+A2—D2_2)5<A3—D2_2>B(A1—1,§—A1>,

— 1676 <A1 - 1;) 5(Ag —1)5 <A3 - 1)22)] 7

#13(72271) with C3 defined in (A.6). As in the Carrollian case, it is unclear
2

how to interpret these extra terms. The presence of multiple § functions in the conformal

where K3 =

dimensions indicates that this might be related to the soft sector of the 3-point amplitude,
along the lines of [69]. This expression is not the Mellin transform of a momentum space
amplitude. Consequently, it isn’t clear how one would check if it was invariant under
translations. We leave a complete understanding of these extra terms for future work.

Four-point function. Using the same logic, we can easily write down the four-point celestial
amplitude by taking the u; — 0 limit of the four-point Carrollian amplitude (3.20):

. D
M4A1,A2,A3,A4 _ ZZ"MSZ (xij) 6 (2 — 2) H §(qq - nj) (6.13)
j=5
'3a—-D
O R P e
2

D

— 4Ky

= S Z (x45) 0 z—zH (qa - mj)
J:

2

x (—1)AFRTD g Re (1 582788 5 (S5 — D).

To the best of our knowledge, this expression, valid in any dimension, has not appeared
earlier in the literature.

7 Outlook

In this paper, we have presented the Carrollian holography dictionary for massless scalar
fields in D > 4 dimensions and defined the notion of Carrollian amplitudes, extending the
results of [5, 13]. We also derived explicit expressions for celestial amplitudes, extending
the relation between Carrollian and celestial holography established in [3-5]. Furthermore,
we have shown, in general dimensions, how Carrollian holography emerges naturally from
AdS/CFT through a correspondence between the flat space limit in the bulk and a Carrollian
limit at the boundary, extending the analysis of [25]. In D = 4, this correspondence allowed us
to derive features of the top-down Carrollian hologram [40] from AdS,/CFT3 by considering
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the Carrollian limit of ABJM correlators. Our present analysis offers a clear setup to push this
further and consider the flat space/Carrollian limit of AdS/CFT in other dimensions. More
concretely, (5.2), (5.14) and (5.33) — which provide explicit expressions for the Carrollian
limit of massless scalar holographic CFT correlators, can be leveraged to compute the
Carrollian limit of any known holographic CFTp_1, at least at the level of two, three, and
four-point correlators. Notably, the D = 5 case is of major interest as it constitutes the
foundational example of holography [41], and many results are available on the CFT side
for N' = 4 Super-Yang-Mills theory.

The current set-up does not address the important question of the fate of the compactified
dimensions that appear in explicit holographic dualities. For instance, in D = 4, the bulk
theory is AdSy x S7, and in D = 5, it is AdSs x S°. In these cases, the radius of the
sphere is related to the radius of AdS. Therefore, taking the flat space limit leads to a
decompactification of the sphere, and we expect to land on a higher-dimensional flat space
in the limit, with the KK modes yielding an infinite tower of massless fields. This technical
issue was discussed in [40]: the Carrollian limit captures scattering amplitudes restricted
to the hyperplane coming from the limit of AdS. The transverse directions come from the
decompactification of the sphere. We hope to come back to this question in the future.

A curious result that we found is that the Carrollian limit of the 3-point function
does not match the 3-point Carrollian amplitude, see (5.14). The two expressions differ
by Cs, which is explicitly written in appendix A. Notice that this extra contribution is
compatible with the freedom left in the Ward identities to fix the electric 3-point function,
see e.g. [17, 18]. A further interesting observation is that the computation of C is strikingly
similar to the one encountered in computing correlation functions in non-conformal D,-brane
holography [70]. A notable point of difference worth mentioning is that correlation functions
in the strong-coupling limit in these non-conformal theories are in general obtained by
integrating CFT correlators over auxiliary spacetime dimensions, whereas in the computation
of C' (See (A.2)), the integration is performed over physical spacetime dimensions. On the
other hand, the two-point function on the electric branch of Carrollian CFTs (See (5.2))
does precisely take the form of two-point functions in non-conformal field theories having a
generalized conformal structure. Whether this is a mere coincidence or hints towards some
kind of generalized conformal structure [71, 72] of Carrollian CFTs is worth exploring. In
addition, it would be interesting to understand the precise role of C3 and the implications
for scattering processes in flat space.
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A Computation of Cs

In this appendix, we compute the contribution C3 in (5.14). Instead of computing the
Schwinger parameterized integral, we will find it convenient to start from the position space
representation (4.25) and compute the integrals over x; directly. We make the ansatz:

lim (Op, (21) Op, (72) Op, (73))
=0 [T ap (A)

For more explanation about the ansatz, see (5.9). We can now compute the function G (u;)

=G (us) 6P72 (x12) 6P72 (x13) [x12| P4 (A1)

by integrating the CFT 3-point function over xi9,x13:

k3 Najasa o 2 o x12]" "
Gui) = =p =g 0 / 147 % A (A.2)
c 2 i—1ap (A;) i=1 H ( 02u2 —|—x2 + ZE) N
1<J
This is a highly non-trivial integral, but is precisely the kind of integrals encountered in
computing two-loop Feynman diagrams and we can use the plethora of well known techniques
available for such computations. To start with, let us first check if the scaling works out
correctly to give a non-zero and finite Carrollian limit. Note that the change of variables
x1 — ¢(x1 — x3) and x3 — ¢(x2 — x3) changes the form of the integral to:

D=6 )
c 2
G(u;)
' H?—l ap (A;) c@a=b
oo 2 N 4—D
X/ HdDizxi Aﬁi’i A1,A2,A3 ’X12|A - (A3)
Ti=1 ( uiy + ’X12‘) (—ugy + [x2]?) 7% (—uis + [x12) 7"

Recall that each of the ap(4;) in the expression above itself has a scaling of C_AH_%, which
ensures that G(u;) is independent of ¢, and hence is non-zero and finite in the Carrollian limit.
To explicitly compute the integral, we will use the Mellin-Barnes integral representation,

(A . By m;(u) [, T W (=) o (A4)

for two of the three factors in the denominator to get:

G(u:) /CSH / / Lo T(Ais + o0)D(=00)T(Arz + 0o)T(—00) ()" (~1sdy)"™
—ioo ’X1’2A13+2U1 ‘x12|2A12+2v2+D—4 (_u%3 + |X2|2)A23
(A.5)

where K3 is defined to be:

3D76_EA EA—D—6 — —
ICS _ c 2 K3NA1,A2,A3 _ 2 T (ZA (2D 1>> 1B (AQS) (AG)

[ ap (A) 4T (Ap)T (D) 250

and is actually independent of ¢. The integral over x; is well known and G(u;) evaluates to:

G(u;) = EA b H/ (u13) . (uu)m'y(m,vg)

u (7
( u23) 23 23
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. I KanP—2
with ]Cg = W(%*l) and

F(1)1+?)2+A1—1)P(—2—1)1 Alg)F(v1+vg+27A—%

)F(—Ul)F(—vg).
sinm (vg + Agg) T (’1}2 + Aqg + %)

V(v v2) =7
(A7)

The evaluation of the vy, v integral now requires a careful study of the singularity structure
of v (v1,v2) We will deform and close the v; and v contour in the right half-plane. The only
possible singularities in the right half-plane come from the presence of I' functions, which have

singularities for non-negative integers. In particular, note that for D > 4, when A, > D and

YA > D, we have no singularities coming from I'(v; +va+A; —1) and I’ (111 + vg + Za _ %)

Hence, for simplicitly, we will restrict ourselves to this regime. We can then see that the
only possible singularities one can encounter are from the following I" functions: I'(—wv1),
['(—wv9), T (% — v — Alg), and I'(1 — vy — Aj2). Now note that the integrand then has
singularities on the right-half plane at:

-2

V1 € Zzo, V9 € Zzo, V1 + A13 — € Zzo, Vo + Alg —1€ ZZO (AS)

I" functions have simple pole singularities. Hence, the integrand has simple pole singularities
when the singularities coming from the above I' functions are distinct and non-overlapping.
This requires the assumption that:

ps- 22283, An¢ (A.9)
If these constraints are not satisfied then we have overlapping singularities and then one needs
to take into account the O(1) term in he Laurent series expansion of I' functions, in addition
to the simple pole term. However, for the purpose of demonstrating an explicit computation,
we will suppose that the above holds and that the I' function singularities are all distinct.
Noting that Res I'(2)|,=—n = (—1) the double integral evaluates to the double sums:

42K M—A
) =~y 3 A [P+ Quned T (4.10)
(—us) ™7 mima=0
D=2 A
+Rn1,n2A%_A12 + Snima Ay ? 13A%—A12 )
2
where A; = (u—;g) LAy = (5—;5) and
—1)mtne T'(Ais+n D-2
Povsa = e = o (222 Ay ) (A1)
nim2: T <A12 + ng + T_) 2
b)) D
X F(l—Alg—ng)F(A1+n1+n2— 1)F (2A+n1+n2— 2>
—1)atne T'(Ais+n D -2
Qn1,n2 = ( ) ( 12 2) (A13 —ni — 2)

mlnel (Au +ng + D2_4)

D—14
I'(1—= A —no)l'(As +n1 +no —1)0 (Au +n1+n2+ 2)
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—1)mtnz T(14n D -2
Rnl,nz = ( )' | ( D2—)2 r ( 5 — A3 — 7’Ll>
nin9: T (n2 + 7)

D-2
x I'(Ajg —ng — 1)T (Ag +n1 +ng — 2) I'(Az +n1 +ng)
(=pm*m2 T(1+no)

nilng! <n2 4+ D=2

D -2
>F(A13—n1—2) F(Alg—ng—l)

Sm,m =
2

D—-2
XF<n1+n2+2)F(A23+n1+n2).

To get a closed-form expression for the above sums, we first note that the ni, no-dependent
I" functions can be written in terms of Pocchammer symbols using:

(k= F(I(f(;k)

Secondly, note that when D = 4, the structure of the summation resembles the definition

(A.12)

of the Appell hypergeometric function Fjy:

Fi(a,b; e, d; A1, As) Z Z n1+n2 Oy iy AT A5 (A.13)
1(a,b;e,d; Ay, Ag) s (A nq!ns! '

n1=0mn9=0

For general D, it looks slightly more complicated due to the presence of |x12|”~* in the
ansatz (A.1). However, there is a well-known function that generalizes the generalized
hypergeometric function, known as the Kampe de Feriet function [73]:

ok - 7 _;7 n1+n2 (C(_;))n1 (C/(_];))nz AT AL?
Fyit (ay, by €y, ey €y diyys A, o) = >y T rng!
n1=0mn2=0 (b( ))m-‘rnz (d s))m (d(l))n2 S

(A.14)
where V(;) = {v1,v2,...vi}. (V(j))k is a vector with i components and (v(j)) denotes the
product of the Pocchammer symbols (v1)k(v2)k - - - (v3)g. After some simplification, we express
G (u;) in terms of the Kampe de Feriet function F[i;lo, 21 as:

21 D—2—-2A13 2—2A12
G(u;) = Lirlcgi[, [C1F1 + Oy <Z13> >+ Cj3 <Zl2> F3 (A.15)
(_u23) 2 23 23
D—2-2A13 2-2A12
+Cy (ulg) (u12> F4] ,
u23 U23
where
1 (A1) r (D —2 A13) I'l—Ap)(A, —-1)r (ZA — D) , (A.16)
T (A1 + Bt 2 2
Cr = F(AIQJ)D Y <A13 B D_Q) I'(1—App)l(Ay —1)T <A12 + D4> ;
1 D -2 D -2
Co= el (T~ 8ag) DAz~ 1 (80— 22 ) T (Aug).
I (232 2 2
(%)
D -2
Cy=T <A13 - 2> ['(A1z — 1I'(Ags), (A.17)
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Al—l,EA } {0};{0}, {Alg—D24},{o},{Au+Dz4,o} (Z;,)Q

g
Fy=F20) ({A2 1 A12+D} {0}:{0}, {?Alg};{o},{AquM,O ;(“1)2,
{

|
222 aiLopton o 2 by foan 22 (1)

Fy=Fyy ({D22 A23} {o0}:{o}, {?-A13}§{1}a{2—A12,D22}; (g)Q’(ZZf) (A.18)

As mentioned earlier, when D = 4, this reduces to a sum of the Appell F; hypergeometric

functions.
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