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1 Introduction

Asymptotically flat spacetimes constitute useful models to describe real-world observable
phenomena. For this reason, the flat space holography program so far has mostly focused on
bulk spacetimes in four dimensions. For instance, the proposal of celestial holography suggests
that gravity in 4d flat space is dual to a 2d CFT living on the celestial sphere (see [1, 2]
and references therein). This framework was later related to Carrollian holography [3–5],
which instead suggests that the dual theory is a 3d Carrollian CFT living at null infinity (I ).
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Some Carrollian field theories can be constructed from standard relativistic field theories by
implementing a Carrollian limit, i.e. taking the speed of light to zero, c → 0 [6] (see e.g. [7–12]
for explicit examples). In this setup, massless scattering amplitudes in flat space can be recast
as Carrollian CFT correlators at I , called “Carrollian amplitudes” [5, 13] (see also [14–32]
for recent developments). Evidence has shown that Carrollian holography naturally arises
from AdS/CFT, through the correspondence between the flat limit in the bulk (ℓ → ∞)
and the Carrollian limit at the boundary (c → 0) [33–39]. This has recently been exploited
in [25, 40] to deduce features of a top-down 4d Carrollian hologram and compute flat space
scattering amplitudes from an intrinsic boundary computation.

However, from the example of AdS/CFT, we know that explicit realizations of dualities
may be more tractable in other bulk dimensions — a concrete example is the celebrated
duality between type IIB string theory on AdS5×S5 and N = 4 Super-Yang-Mills theory [41].
Several works have extended the aforementioned proposal of celestial holography to higher
dimensions; see e.g. [42–47]. One of the main features is that the dual theory is no longer a
2d CFT, and the conformal symmetries form a finite-dimensional group.1 Moreover, in the
Carrollian holography proposal, a discussion of Carrollian amplitudes in higher dimensions
was provided in [53] and, for the three-dimensional case, in [54].

In this paper, we formulate the Carrollian holography dictionary in general dimension
D≥ 4.2 More precisely, we elaborate on the definition of Carrollian amplitudes that encode
bulk scattering amplitudes in D dimensions in terms of Carrollian CFT correlators at null
infinity, and we discuss their relation to the flat space extrapolate dictionary. We provide the
explicit form of the two-, three-, and four-point Carrollian amplitudes for massless scalar fields.
We then connect this framework with AdS/CFT, showing that Carrollian correlators encoding
amplitudes in D dimensions arise from the flat space/Carrollian limit of holographic CFTD−1
boundary correlators. This extends the correspondence between the flat space limit in the bulk
and the Carrollian limit at the boundary of AdS/CFT to D dimensions. Finally, we revisit the
relation between Carrollian and celestial amplitudes in general dimensions and provide explicit
expressions for the latter, which we compare with [47]. Figure 1 summarizes the connections
we investigate and provides references to the sections containing the corresponding results.

The rest of the paper is organized as follows. In section 2, we discuss the basic ingredients
for establishing Carrollian holography in D dimensions, including flat Bondi coordinates,
the definition of boundary operators, and the flat-space bulk-to-bulk and bulk-to-boundary
propagators. In section 3, we define Carrollian amplitudes in D dimensions and compute the
explicit form of the two-, three-, and four-point functions. In section 4, we discuss the flat
space limit of bulk AdS/CFT correlators in position space and show that they naturally give
rise to Carrollian amplitudes. In section 5, we compute the Carrollian limit of the holographic
CFT correlators directly at the boundary and recover the Carrollian correlators at null infinity,
thereby illustrating the correspondence between the flat space limit and the Carrollian limit of
AdS/CFT at the level of correlators. In section 6, we discuss the relation between Carrollian
and celestial primaries and amplitudes, and derive explicit expressions for the two-, three-,

1An infinite-dimensional enhancement of the conformal algebra with superrotations would require smooth
superrotations [48–52], which erase the CFT structure.

2In the rest of the paper, we will always assume D ≥ 4.
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Witten diagrams
in AdSD

Feynman diagrams for
Carrollian amplitudes in D dimensions

Holographic CFTD−1
correlators

Carrollian CFTD−1
correlators

Celestial CFTD−2
correlators

ℓ → ∞ (4)

c → 0 (5)

[47]

AdS/CFT Carrollian holography (2, 3)

Carroll/Celestial correspondence (6)

Figure 1. Summary of the connections investigated in the paper.

and four-point celestial amplitudes in general dimensions. Finally, in section 7, we conclude
with some implications of our work for the flat space holography program.

This paper also contains an appendix A, where we discuss an additional contribution to
the three-point function arising in the Carrollian limit of a three-point CFT correlator.

2 Preliminaries

In this section, we introduce the building blocks of the Carrollian holography dictionary.
These include flat Bondi coordinates in D dimensions, the definition and transformation laws
of conformal Carrollian primaries, the relation between bulk fields and boundary operators,
and the construction of bulk-to-bulk and bulk-to-boundary propagators. This extends the
discussion of section 2 of [5] as well as section 2 of [25] to arbitrary spacetime dimensions D.

2.1 Bondi coordinates

In this section, we will work in Minkowski spacetime RD−1,1, on which we will use two
coordinate systems, rectangular coordinates Xµ and flat Bondi coordinates (u, r, x), which
are related by

Xµ = u□xqµ

D − 2 + r qµ =
(

u + r

2
(
1 + |x|2

)
, r x,−u − r

2
(
−1 + |x|2

))
. (2.1)

Here u, r ∈ R, x ∈ RD−2 are coordinates on the Celestial Sphere SD−2, □x is the Laplacian
in these coordinates and the vector

qµ (x) = 1
2
(
1 + |x|2 , 2x, 1− |x|2

)
(2.2)

picks out one null direction in RD for every point on the Celestial sphere SD−2. The metric
in flat Bondi coordinates is

ds2RD−1,1 = −2du dr + r2 |dx|2 . (2.3)

– 3 –
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The null boundaries I ± are reached when the radial coordinate r → ±∞. Thus, both
the infinite past and future are covered by one set of coordinates. The metric at this
conformal boundary is

ds2I ± = 0 du2 + |dx|2 . (2.4)

Points on this conformal boundary are denoted by x = (u, x). In these flat Bondi coordinates,
we can use the same coordinates at I + and I −: start with a point (u, x) at I − situated at
r → −∞, and follow the null geodesic generated by ∂r. You will reach a point at I + when
r → +∞ with the same coordinate (u, x). However, despite this geometric identification,
it will be crucial to remember if operators are inserted at I + or I − by using an index
ϵ = ±1, see e.g. equation (2.18) below.

2.2 Conformal Carrollian primaries

We will be interested in the effects of Poincaré transformations Xµ → X ′µ = Λµ
νXν + tµ

at I ±. The boundary coordinates transform as

u → u′ =
∣∣∣∣∂x′

∂x

∣∣∣∣
1

D−2
(u − qµ(x)Λµ

νtν) , x → x′, (2.5)

where x → x′ is the conformal transformation at the boundary induced by the Lorentz
transformation in the bulk. We will also require the following parametrization of a null
momentum of particle i:

pµ
i = ϵiωiq

µ (y) , i = 1, . . . n (2.6)

where ϵ = ±1 for incoming/outgoing particles. Under a Lorentz transformation of the
momentum pµ → p

′µ = Λµ
νpν

y → y′, ω → ω′ =
∣∣∣∣∂y′

∂y

∣∣∣∣−
1

D−2
ω. (2.7)

The boundary coordinate transformations (2.5) induced by bulk Poincaré transformations
can be re-interpreted as global conformal Carrollian transformations at I ± [55]. Conformal
Carrollian primary fields have been studied in general dimensions; see, e.g. [56, 57]. Here,
we restrict to scalar primaries and focus on those that transform trivially under Carrollian
boosts, as these are the ones relevant for encoding massless fields [5]. Under (2.5), a scalar
conformal Carrollian primary field Φ∆(u, x) with conformal dimension ∆ transforms as

Φ∆(u, x) → Φ′
∆(u′, x′) =

∣∣∣∣∂x′

∂x

∣∣∣∣−
∆

D−2
Φ∆(u, x) (2.8)

in D − 1 dimensions. In the following, we will show that correlators of these primaries at I ±

encode the bulk massless scattering amplitudes in D dimensions. Notice that u-descendants
of conformal Carrollian primaries are also primaries [5]: ∂m

u Φ transforms exactly as (2.8),
but with shifted conformal dimension ∆ → ∆ + m.

– 4 –
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2.3 Boundary operators

We can now use the conventions laid out above to define scalar boundary operators and their
correlators at I ±, extending [5] to general dimensions.3 We start with the Fourier mode
expansion of an on-shell massless scalar field in D bulk dimensions:

ϕ(X) =
∫

dD−1p
(2π)D−12p0

[
a(p)eipµXµ + a(p)†e−ipµXµ

]
. (2.9)

The creation and annihilation operators satisfy the commutation relations

[a (p1) , a (p2)] =
[
a† (p1) , a† (p2)

]
= 0, (2.10)[

a (p1) , a† (p2)
]
= (2π)D−1

(
2p01

)
δD−1 (p1 − p2) .

Using the parametrization (2.6) and introducing an iε prescription necessary for the integrals
to converge, we get

ϕ(X) = 1
2(2π)D−1

∫ ∞

0
dω ωD−3 dD−2y

[
a(ω, y)eiϵω(qµXµ+iϵε) + a(ω, y)†e−iωϵ(qµXµ−iϵε)

]
.

(2.11)

We are interested in the value of this bulk field at I ±. We can approach the boundary
in Bondi coordinates (2.1), in which we have

qµ (y)Xµ = −u − r

2 (x − y) · (x − y) ≡ −u − r

2ρ2. (2.12)

We have defined x − y ≡ ρn, with n being a unit vector on SD−3. After this change of
variables, we get

ϕ(X) = 1
2(2π)D−1

∫ ∞

0
dωωD−3

∫ ∞

0
dρρD−3 dD−3n e−iϵωrρ2 [

a(ω, x − ρn)e−iϵωu−εω + h.c.
]

.

(2.13)
As r → ϵ∞, we have the saddle point formula

ρD−3 e−iϵωrρ2 r→ϵ∞−−−−→ 2
D−4

2

(iω)
D−2

2

Γ
(

D−2
2

)
|r|

D−2
2

δ (ρ) . (2.14)

Using this and performing the integral over n gives:

ϕ(X) r→ϵ∞−−−−→ i

2(2πi)
D
2

1
|r|

D−2
2

∫ ∞

0
dω ω

D−4
2
[
a(ω, x)e−iϵωu−εω + h.c.

]
. (2.15)

The boundary values at I ± of the bulk field is then given by

lim
r→ϵ∞

[
−2 (2π)

D−2
2 ϵ

D
2 |r|

D−2
2 ϕ(X)

]
=
∫ ∞

0

dω

2π
(−iϵω)

D−4
2
[
a(ω, x)e−iωuϵ−εω + h.c.

]
(2.16)

3Spinning boundary correlators can be defined in a similar way.
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where the overall normalization is chosen for convenience. When acting on the in/out vacua,
only one of the two terms in the right-hand side will survive. With this in mind, we define
the boundary operators

Φ+1(u, x) ≡
∫ ∞

0

dω

2π
(−iϵω)

D−4
2 a (ω, x)e−iωu−εω,

Φ−1(u, x) ≡
∫ ∞

0

dω

2π
(−iϵω)

D−4
2 a† (ω, x)eiωu−εω.

(2.17)

or, more compactly,

Φϵ(u, x) =
∫ ∞

0

dω

2π
(−iϵω)

D−4
2 aϵ (ω, x)e−iϵωu−εω, (2.18)

where ϵ = ±1 is there to remember if the operator is inserted at I ±, and a+1 = a and
a−1 = a†. A crucial difference compared to the case D = 4 [5] is that the boundary operator
is no longer a Fourier transform of the creation and annihilation operators — the integrand
now includes an additional factor of ω

D−4
2 . These boundary operators transform as conformal

Carrollian primaries under Poincaré transformations, which is the key ingredient for the
flat space extrapolate dictionary. To see this consider the general Poincaré transformation
described in (2.5). Under this, we have

Φϵ (u, x) → Φ′ϵ(u′, x′) =
∫ ∞

0

dω

2π
(−iϵω)

D−4
2
[
aϵ(ω, x′)e−iϵωu′−εω

]
,

=
∣∣∣∣∂x′

∂x

∣∣∣∣−
1
2
Φ(u, x).

(2.19)

In arriving at the last equality, we changed variables to ω =
∣∣∣∂x′

∂x

∣∣∣− 1
D−2 ω′, and used the

transformation laws for the creation and annihilation operators

a′(ω′, x′) = e−iωqµ(x)Λµ
νtν a(ω, x) , a†′(ω′, x′) = eiωqµ(x)Λµ

νtν a†(ω, x). (2.20)

The final equality is precisely the transformation law for a conformal Carrollian primary (2.8)
with conformal dimension ∆ = D−2

2 in D − 1 dimensions. In D = 4, we recover the result
that the boundary values of the bulk fields coincide with conformal Carrollian primaries with
∆ = 1 [58]. The boundary operators act on the in and out vacua to prepare in and out states
for scattering amplitudes expressed in a position space basis at I ±:

Φ−1 (u,x) |0⟩in =
∫

dω

2π
(−iω)

D−4
2 eiωu−εωa† (ω,x) |0⟩in =

∫
dω

2π
(−iω)

D−4
2 eiωu−εω |ω,x⟩in

out ⟨0|Φ+1 (u,x)=
∫

dω

2π
(iω)

D−4
2 e−iωu−εω

out ⟨0|a(ω,x)≡
∫

dω

2π
(iω)

D−4
2 e−iωu−εω

out ⟨ω,x| ,

(2.21)

where |ω, x⟩in and out ⟨ω, x| are one particle states in a momentum basis.

2.4 Propagators

For the purposes of connecting with the flat limit of AdS Witten diagrams, it is useful to give
a definition of Carrollian amplitudes that mirrors that of Witten diagrams, involving bulk-to-
bulk and bulk-to-boundary propagators. These are sometimes refered to as the “Feynman

– 6 –
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rules for Carrollian amplitudes” [21, 25]. The bulk-to-bulk propagator for a massless scalar
field in flat space is the solution to the differential equation

□X1GFlat
BB (X1, X2) =

(
□x1

r21
− D − 2

r
∂u − 2∂u∂r

)
GFlat

BB (X1, X2) = δD (X1 − X2) , (2.22)

where □X1 is the wave operator in the rectangular coordinates Xµ
1 in D dimensions and □x1

is the wave operator in the D − 2 dimensional coordinates x1. Of course, this coincides with
the standard Feynman propagator, which can be easily expressed in momentum space as

GFlat
BB (X1, X2) = −

∫
dDp

(2π)D

e−ip.X12

(p2 + iε) = −i

4πD/2
Γ(D−2

2 )
(X2

12 + iε)
D−2

2

= −i

4πD/2
Γ(D−2

2 )
(−2r12u12 + r1r2 |x12|2 + iε)

D−2
2

. (2.23)

In the second line, we have expressed the bulk-to-bulk propagator in position space in
Bondi coordinates (2.1) in which X2

12 = −2r12u12 + r1r2
∑D−2

i=1 x2
i . We can obtain the

bulk-to-boundary propagator by sending one of the points to I ±:

GFlat
Bb,±(x1, X2) = lim

r1→±∞
|r1|

D−2
2 GFlat

BB (X1, X2)

= −i

2 (2π)D/2
Γ(D−2

2 )
(−u1 − q1.X2 ± iϵ)

D−2
2

. (2.24)

It will be useful for us to rewrite the bulk-to-boundary propagator as an integral transform:

GFlat
Bb,±(x1, X2) =

−ϵ

2(2π)D/2

∫ ∞

0
dω(−iϵω)

D−4
2 e−iϵωu1−iϵωq1.X2e−εω. (2.25)

It will also be useful to consider the bulk-to-boundary propagators for u-descendants,

GFlat,∆
Bb,± (x1, X2) ≡ ∂m

u1G
Flat
Bb,±(x1, X2) =

−i

2 (2π)
D
2

Γ
(

D−2
2 + m

)
(−u1 − q1.X2 ± iϵ)

D−2
2 +m

= −i

2 (2π)
D
2

Γ (∆)
(−u1 − q1.X2 ± iϵ)∆ .

(2.26)

In the last line, we have rewritten the formula in terms of the conformal weight

∆ = D − 2
2 + m. (2.27)

We can also give an integral representation for these bulk-to-boundary propagators:

GFlat,∆
Bb,± (x1, X2) =

−ϵ

2(2π)D/2

∫ ∞

0
dω(−iϵω)m+D−4

2 e−iϵωu1−iϵωq1.X2e−εω (2.28)

= −ϵ

2(2π)D/2

∫ ∞

0
dω(−iϵω)∆−1e−iϵωu1−iϵωq1.X2e−εω.

– 7 –
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3 Carrollian amplitudes in D dimensions

In this section, we discuss the definition of Carrollian amplitudes in general dimensions [53],
which extends the definition given in [5, 13, 25] in the D = 4 case. The idea is to recast the
usual bulk amplitudes in terms of correlators at I ± which can then be re-interpreted as
Carrollian correlators in a putative dual theory. We give explicit expressions of the latter
for the two-, three- and four-point functions for a massless scalar field.

3.1 Definitions

We will now give two equivalent definitions of Carrollian amplitudes in D dimension. First,
based on [5], we can define them as correlators of the boundary operators defined in (2.18):

Cn (ui, xi) = out ⟨0|Φϵ1 (u1, x1) . . .Φϵn (un, xn) |0⟩in

=
∫ ∞

0

n∏
k=1

dωk

2π
(−iϵkωk)

D−4
2 e−iϵkukωk−εωkAn (ωi, xi) . (3.1)

We have left it implicit in the above equation that the boundary operators with ϵ = ±1
act on the “out” and “in” vacua respectively. An (ωi, xi) is the corresponding momentum
space scattering

An (ωi, xi) = out ⟨{ω1, x1} , . . . {ωk, xk} | {ωk+1, xk+1} , . . . {ωn, xn}⟩in , (3.2)

where we have assumed that operators 1, . . . , k are outgoing and k + 1, . . . , n are incoming.
Notice that (3.1) is no longer a Fourier transform in D ̸= 4 because of the prefactor in the
integrand, see also (2.18) and the text below. Under a conformal Carrollian transformation
at I ± (2.5), we have

C′
n

(
u′

i, x′
i

)
=

n∏
i=1

∣∣∣∣∂x′
i

∂xi

∣∣∣∣−
1
2
× Cn (ui, xi) (3.3)

since each boundary operator is a conformal Carrollian primary with weight ∆k = D−2
2 . It is

therefore natural to identify Carrollian amplitudes (3.1) with correlators in the dual theory
which satisfy Carrollian CFT Ward identities.

Since u-descendants of conformal Carrollian primaries are also primaries (see below (2.8)),
it is natural to consider their correlators:

C∆1,...,∆n
n (ui, xi) ≡

n∏
k=1

∂mk
uk

Cn (ui, xi) =
∫ ∞

0

n∏
k=1

dωk

2π
e−iϵkukωk (−iϵkωk)

D−4
2 +mk An (ωi, xi)

=
∫ ∞

0

n∏
k=1

dωk

2π
e−iϵkukωk (−iϵkωk)∆k−1 An (ωi, xi) ,

(3.4)

where in the final line, we have written the formula in terms of the conformal weights
∆k = mk + D−4

2 , see (2.27). As usual, one can extend this definition for any ∆ ∈ C via
the modified Mellin transform [59, 60].
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The second definition of Carrollian amplitudes is based on Feynman diagrams in position
space and is closely related to the definition of AdS boundary correlators via Witten daigrams.
Given a collection of Feynman diagrams contributing to the ampltiude, to every external line,
we associate a bulk-to-boundary propagator (2.24) and for every internal line, the bulk-to-bulk
propagator (2.23). Integrating over the bulk points, we are left with a function of the external
positions. Using the integral representation (2.25), we can relate this to the definition (3.1).
We will demonstrate this with explicit examples in the following sections.

3.2 Two-point amplitude

We will first compute Carrollian amplitudes of massless scalars in a D-dimensional bulk
spacetime using the definition (3.1). We start with the two-point amplitude in momentum
space, which is

A2 = 2κ2p
0
1δ

D−1 (p1 + p2) =
2κ2

ωD−3
1

δD−2 (x12) δ (ω1 − ω2) δϵ1,−ϵ2 , (3.5)

where we used the parametrization (2.6) and introduced the notation x12 ≡ x1 − x2. The
corresponding Carrollian amplitude is

C∆1,∆2
2 =

∫ ∞

0

2∏
k=1

dωk

2π
(−iϵkωk)∆k−1 e−iϵkukωk−εωkA2 (3.6)

= κ2
2π2 iD(−1)∆1 δD−2 (x12) Γ (Σ∆ − (D − 2))

(u12 − iϵ1ε)Σ∆−(D−2) δϵ1,−ϵ2 ,

with Σ∆ = ∆1 + ∆2. Notice that the integral diverges if ∆1 = ∆2 = D−2
2 , as in the

D = 4 case [5].

3.3 Thee-point amplitude

The three-point amplitude for scalars is

A3 = κ3 δD

( 3∑
k=1

pk

)
= π

D−2
2

Γ
(

D−2
2

) κ3 |x12|D−4

ω1ω2ω
D−3
3

δ

( 3∑
k=1

ϵkωk

)
δD−2 (x12) δD−2 (x23) . (3.7)

It is important to point out that the second equality only holds in Lorentzian signature, where
all three particles must be collinear. Such amplitudes have also been considered in [17, 47].
The corresponding Carrollian amplitude is:

C∆1,∆2,∆3
3 = κ3

∫ 3∏
k=1

dωk

2π
(−iϵkωk)∆k−1 e−iukωkϵkδD

 3∑
j=1

pj

 (3.8)

We will set −ϵ1 = ϵ2 = ϵ3 = 1 for concreteness. In this case, we have:

C∆1,∆2,∆3
3 = κ3

8
π

D−8
2

Γ
(

D−2
2

) (−i)Σ∆−3 |x12|D−4 δD−2 (x12) δD−2 (x23)

×
∫

dω2dω3 (ω2 + ω3)∆1−2 ω∆2−2
2 ω∆3−D+2

3 ei(u12ω2+u13ω3) (3.9)
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where Σ∆ =
∑3

i=1∆i. After performing the integral, we get

C∆1,∆2,∆3
3 = κ3

8 π
D−8

2 (−i)D−3 Γ(Σ∆−D)B(∆2−1,∆3−D+3)
Γ
(

D−2
2

) |x12|D−4 δD−2 (x12)δD−2 (x23)

×uD−Σ∆
12 2F1

(
Σ∆−D,∆3−(D−3),∆2−1; u32

u12

)
. (3.10)

Note that in doing the integral we have used that the Gauss hypergeometric function
2F1(a, b, c; z) has an integral representation only when Re(z) < 1, which translates to the
choice of ordering u32 < u12. We can also obtain this from the second, Feynman diagrammatic
definition of the three-point Carrollian amplitude:

C∆1,∆2,∆3
3 = β3κ3

∫
dDX

3∏
i=1

GFlat,mi
Bb,ϵi

(xi, X) (3.11)

= −ϵ1ϵ2ϵ3β3κ3

8(2π)3
D
2

∫
dDX

∫ ∞

0

3∏
k=1

dωk (−iϵkωk)∆k−1 e−i
∑3

k=1(ϵkukωk+ϵkωKqk·X−εωk).

In arriving at this, we have used the integral representation of the bulk-to-boundary prop-
agators (2.25). Performing the integral over X to get (2π)D δD

(∑3
i=3 pi

)
and comparing

with (3.8), we find an equality if β3 = − (2π)D/2

π3 ϵ1ϵ2ϵ3.

3.4 Four-point amplitude

We will focus on the contact 4-point diagram between scalars (as discussed in [25] for the
D = 4 case, this analysis can be easily extended to exchange diagrams). The momentum
space amplitudes for this is

A4 = κ4 δD (P µ) , (3.12)

where P µ =
∑4

i=1 ωiϵiq
µ
i is the total momentum. We will first compute the Carrollian

amplitude by using the above formula and (3.4):

C∆1,...∆4
4 =

∫ 4∏
k=1

dωk

2π
(−iϵkωk)∆k−1 e−iukϵkωkA4. (3.13)

In order to perform this integral, we must first solve the equations for momentum conservation.
To this end,4 let (n5, . . . nD) be D − 4 linearly independent vectors in RD−1,1 that complete
(q1, q2, q3, q4) into a basis. We can also assume without any loss of generality that

ni · qj = 0, ∀i = 5, . . . , D and j = 1, 2, 3. (3.14)

Here and in everything that follows below, the dot product represents a contraction carried
out with using the Minkowski metric. We decompose the δ function as follows:

δD (P µ) = det (q1, . . . , q4, n5, . . . , nD)
4∏

i=1
δ (P · qi)

D∏
j=5

δ (P · nj) , (3.15)

= det (q1, . . . , q4, n5, . . . , nD)
ωD−3
4 |x13|4 |x24|4

δ
(
(z − z̄)2

) 3∏
i=1

δ (ωi − ω⋆
i )

D∏
j=5

δ (q4 · nj) .

4Recall that D ≥ 4. The decomposition (3.15) will only be valid under this assumption.
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We have solved 4 out of the D equations P µ = 0 by considering its components along
q1, . . . , q4. The first three give:

ω⋆
1 = −|x24|2

|x12|2
zϵ1ϵ4ω4, ω⋆

2 = |x34|2

|x23|2
1− z

z
ϵ2ϵ4ω4, ω⋆

3 = −|x14|2

|x13|2
1

1− z
ϵ3ϵ4ω4, (3.16)

while the last simply gives δ
(
(z − z̄)2

)
. z, z̄ are defined intrinsically via

zz̄ = |x12|2 |x34|2

|x13|2 |x24|2
, (1− z)(1− z̄) = |x14|2 |x23|2

|x13|2 |x24|2
. (3.17)

The remaining components P · nj simply reduce to q4 · nj due to (3.14). We can further
simplify the determinant on the support of the δ function constraints.

|det (q1, . . . , q4, n5, . . . , nD)|
D∏

j=5
δ (q4 · nj) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

q11 q12 q13 q14
...

...
...

...
q41 q42 q43 q44

0

0
n5
5 . . . nD

5
...

...
...

...
n5

D . . . nD
D

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

D∏
j=5

δ (q4 · nj)

= 1
4 (z − z̄)x2

13x2
24 det (n̄5, . . . , n̄D)

D∏
j=5

δ (q4 · nj)

(3.18)

The D − 4 δ-function constraints δ (q4 · nj) reduce the full determinant to the determinant
of a block-diagonal matrix with n̄j being the (D − 4)-dimensional vectors in the directions
orthogonal to q1, . . . , q4. In addition, note that although this vanishes when z = z̄, when
combined with δ((z − z̄)2), this gives a non-trivial result in general since (z − z̄)δ

(
(z − z̄)2

)
=

1
2δ (z − z̄) is non-vanishing on the support of z = z̄. All in all, the momentum conserving
δ function reduces to:

δD (P µ) = det (n̄5, . . . , n̄D)
2ωD−3

4 |x13|2 |x24|2
δ (z − z̄)

3∏
i=1

δ (ωi − ω⋆
i )

D∏
j=5

δ (q4 · nj) . (3.19)

Without loss of generality, we can choose the (D−4)-dimensional vectors n̄j with j = 5, . . . , D

to be orthonormal, which then implies det (n̄5, . . . , n̄D) = 1. With this, it is straightforward to
evaluate the integrals to find a closed-form expression for the four-point Carrollian amplitude
in D dimensions. The final result is given by the following compact expression

C∆1,...∆4
4 = κ4

8 (2π)4
S Z (xij)
UΣ∆−D

δ (z − z̄)
D∏

j=5
δ (q4 · nj) (3.20)

× (−1)∆1+∆3−D z∆1−∆2 (1− z)∆2−∆3 Γ (Σ∆ − D) ,
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with the various quantities entering the equation above defined below:

S = Θ(−zϵ1ϵ4)Θ ((1− z) zϵ2ϵ4)Θ ((z − 1)ϵ3ϵ4) , (3.21)

Z (xij) =
∣∣x2

14
∣∣∆3−1 ∣∣x2

24
∣∣∆1−2 ∣∣x2

34
∣∣∆2−1∣∣x2

12
∣∣∆1−1 ∣∣x2

13
∣∣∆3 ∣∣x2

23
∣∣∆2−1 , (3.22)

U = u4 − u1z
|x24|2

|x12|2
+ u2

1− z

z

|x34|2

|x23|2
− u3

1
1− z

|x14|2

|x13|2
. (3.23)

Note that we can express U in a manifestly translation invariant way (with uij ≡ ui − uj) as

U = −u14z
|x24|2

|x12|2
+ u24

1− z

z

|x34|2

|x23|2
− u34

1
1− z

|x14|2

|x13|2
. (3.24)

The amplitude can also be defined using bulk-to-boundary propagators as

C∆1,...∆4
4 = β4κ4

∫
dDX

4∏
i=1

GFlat,mi
Bb,ϵi

(xi, X) (3.25)

= ϵ1ϵ2ϵ3ϵ4β4κ4
16(2π)2D

∫
dDX

∫ ∞

0

4∏
k=1

dωk (−iϵkωk)∆k−1 e−i
∑4

k=1(ϵkukωk+ϵkωKqk·X−εωk).

We get an agreement with (3.13) if we choose β4 = 16 (2π)D−4 ϵ1ϵ2ϵ3ϵ4.

4 AdSD boundary correlators and their flat limits

In this section, we extend the analysis of [25] to general dimensions. For recent and related
discussions on the flat space limit of holographic correlators in D = 4, we also refer to [17,
19, 47, 61–63]. After reviewing Bondi coordinates and propagators in AdS, we compute
the bulk flat space limit of the 2-, 3- and 4-point holographic correlators from the AdS
Witten diagram expressions. We will naturally recover the Feynman diagram expressions
for Carrollian amplitudes presented in the previous section.

4.1 Bondi coordinates

Bulk metric. Lorentzian AdSD is the hyperboloid

χ · χ = −χ+χ− − (χ0)2 + |χ|2 = −ℓ2, (4.1)

where χI =
(
χ+, χ−, χ0, χ

)
are coordinates on the embedding space in RD−1,2 with metric

ds2RD−1,2 = −dχ+dχ− − (dχ0)2 + |dχ|2 . (4.2)

Bondi coordinates (u, r, x) are a set of intrinsic coordinates given by

χI = r

(
1,

2u

r
− u2

ℓ2
+ |x|2 ,− ℓ

r
+ u

ℓ
, x
)

. (4.3)
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It can be checked that these coordinates satisfy the constraint (4.1). The AdS metric in
Bondi coordinates becomes [33, 37, 64, 65]

ds2AdSD
= −r2

ℓ2
du2 − 2du dr + r2 |dx|2 . (4.4)

The flat limit is the limit in which r
ℓ → 0. In situations where there are multiple distance

scales, this is the limit in which every distance scale is smaller than the AdS radius. Keeping
this in mind, in the rest of the paper, we will tacitly denote this limit as ℓ → ∞. In this limit,
we recover the metric on D-dimensional Minkowski spacetime as seen below:

lim
ℓ→∞

ds2AdSD
= −2du dr + r2 |dx|2 = ds2RD−1,1 . (4.5)

We will now discuss various features of this spacetime in Bondi coordinates. These will be
useful in later sections in discussing boundary correlators and their flat limits.

Geodesic distance. The geodesic or chordal distance χ12 between two points χ1, χ2 in AdS
is simply the distance between them in embedding space

χ12 = −r1r2
u2
12

ℓ2
− 2r12u12 + r1r2 |x12|2 . (4.6)

In the flat limit, this reduces to the geodesic distance in Minkowski spacetime in Bondi
coordinates as seen from the metric (2.3).

lim
ℓ→∞

χ12 = −2r12u12 + r1r2 |x12|2 = X2
12. (4.7)

Conformal boundary. The conformal boundary of Lorentzian AdSD is RD−2,1. Points
on this boundary, denoted as X̄I (these are the embedding coordinates for the boundary
RD−2,1), are reached by sending r → ±∞ and performing a suitable rescaling:

lim
r→±∞

χI

r
= X̄I =

(
1,−u2

ℓ2
+ |x|2 ,

u

ℓ
, x
)

. (4.8)

It is easily seen that X̄2 = 0. Furthermore, because X̄ lies on the conformal boundary,
it satisfies X̄ ∼ λX̄ for λ ∈ R+ showing that it is a point in RD−2,1. The metric at the
conformal boundary is

ds2∂AdSD
= − 1

ℓ2
du2 + |dx|2 . (4.9)

Note that this is just the Minkowski metric with 1
ℓ playing the role of the speed of light. The

flat limit in the bulk (ℓ → ∞) is thus implemented as a Carrollian limit at the boundary
and we get

lim
ℓ→∞

ds2∂AdSD
= 0 du2 + |dx|2 = ds2I ± , (4.10)

which is the degenerate metric at the boundary of Minkowski spacetime defining the Carrollian
geometry.
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Euclidean AdSD. We will also use Euclidean AdSD which is defined as the quadric

χ · χ = −χ+χ− + (χ0)2 + |χ|2 = −ℓ2 , χ+ + χ− > 0 , (4.11)

in the embedding space RD,1. This is related to the Lorentzian one by analytic continuation
χ0 → iχ0 and has the metric

ds2RD,1 = −dχ+dχ− + (dχ0)2 + |dχ|2 . (4.12)

4.2 Propagators

Bulk-to-bulk propagator. The bulk-to-propagator for a massive scalar with dimension ∆
in Lorentzian AdSD is the solution to the differential equation[

∇2
χ1 + m2

]
GAdS,∆

BB (χ1, χ2) =
1√
−g

δD (χ12) , (4.13)

where ∇2
χ1 is the wave operator on AdSD and m2ℓ2 = ∆(D − 1−∆). This can be written

in Bondi coordinates as[
D r1
ℓ2

∂r1 +
r2

ℓ2
∂2

r1 +
□x1

r21
− D−2

r
∂u−2∂u∂r +m2

]
GAdS,∆

BB (χ1,χ2) =
1√
−g

δD (χ12) (4.14)

where □x is the wave operator on RD−2. Notice that as ℓ → ∞ and keeping ∆ fixed, the
above equation reduces to the massless wave equation in flat space (2.22). It is useful to
introduce the following dimensionless parameter related to the chordal distance (4.6):

ρ12 = − 4ℓ2

χ12
= − 4ℓ2

−r1r2
u2

12
ℓ2 − 2r12u12 + r1r2 |x12|2

. (4.15)

Upon changing variables to ρ12, we get an ordinary differential equation in one variable.
Thus, we need to solve:[

(4−2D+ρ12 (D−4))∂ρ12 +2ρ12 (1−ρ12)∂2
ρ12 +m2

]
GAdS,∆

BB (ρ12) =
1√
−g

δD (χ12) . (4.16)

This is a hypergeometric differential equation whose solutions is5

GAdS,∆
BB (χ1, χ2) = C2 (∆) ρ∆12 2F1

(
∆,∆− D − 2

2 , 2∆− D + 2, ρ12 + iε

)
. (4.17)

The normalization is fixed by demanding that the solution behaves like a δ function as
χ12 → 0. This gives

C2(∆) =


− i(−1)D

2ℓD−2
Γ(∆)

(−4)∆π
D−1

2 Γ(∆−D−3
2 )

∆ ̸= D−2
2 ,

− i(−1)D

4ℓD−2
Γ(∆)

(−4)∆π
D−1

2 Γ(∆−D−3
2 )

∆ = D−2
2 .

(4.18)

Note that unlike the flat space case, the bulk-to-bulk propagator depends on an additional
parameter ∆. It is easy to check that

lim
ℓ→∞

GAdS,∆
BB (χ1, χ2) = GFlat

BB (X1, X2) , (4.19)

independently of the value of ∆. This has to be expected since m → 0 in the limit we
are considering.

5We have discarded the solution which doesn’t behave as ρ∆
12 near the boundary at ρ12 = 0.
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Bulk-to-boundary propagator. This is obtained from the bulk-to-bulk propagator (4.17)
by sending one point to infinity and multiplying by appropriate powers of r to keep it finite.

GAdS,∆
Bb,ϵ (X̄1, χ2) ≡ ℓ

D−2
2 lim

r1→ϵ∞

(
r1
ℓ

)∆
GAdS,∆

BB (χ1, χ2) (4.20)

= ℓ
D−2

2 C2(∆)
(

−4ℓ

− 1
ℓ2 r2u2

12 − 2u12 + r2 |x12|2 + iϵε

)∆

.

Here ϵ = ±1 and distinguishes incoming and outgoing particles. We can compute the flat
limit of this propagator to get

lim
ℓ→∞

GAdS,∆
Bb,ϵ (X̄1, χ2) = αD (∆)GFlat,∆

Bb.ϵ (x1, X2) , (4.21)

where

αD (∆) = i(−1)∆ℓ∆+D−2
2 21+∆+D

2
π

D
2

Γ (∆)C2 (∆) =


(−1)D√

πℓ∆− D−2
2

Γ(∆−D−3
2 )2∆− D

2
∆ ̸= D−2

2 ,

(−1)D ∆ = D−2
2 .

(4.22)

In the next sections, we will use these propagators to define boundary correlators in AdSD

which we will denote by
〈
Oϵ1

∆1

(
X̄1
)

. . .Oϵn
∆n

(Xn)
〉
. The representation of the propagators

in Bondi coordinates is useful for computing the flat limit. However, in order to perform
the integrals over the bulk points, it is necessary to Wick rotate to Euclidean AdS. The
resulting correlators can be analytically continued to Lorentzian signature following well-
known procedures [66]. We will denote Euclidean correlators by

〈
O∆1

(
X̄1
)

. . .O∆n

(
X̄n

)〉
E

.

4.3 Two-point correlator

The 2-point boundary correlator in AdSD can be computed by sending the bulk point to
infinity in the bulk-to-boundary propagator (4.20):

⟨O−1
∆ (X̄1)O1

∆(X̄2)⟩ = ℓ
D−2

2 lim
r2→∞

(
r2
ℓ

)∆
GAdS,∆

Bb,− (X̄1, χ2) =
C̃2(∆)

(− 1
ℓ2 u2

12 + |x12|2 + iε)∆
(4.23)

where C̃2(∆) = (−4)∆ℓD−2C2(∆), with C2 (∆) defined in (4.18). Note that this is just a
CFTD−1 2-point function with 1

ℓ playing the role of the speed of light. The corresponding
Euclidean correlator is

⟨O∆(X̄1)O∆(X̄2)⟩E = ℓ
D−2

2 lim
r2→−∞

(
r2
ℓ

)∆
GAdS,∆

Bb,1 (x1, χ2) =
C̃2(∆)

( 1
ℓ2 t212 + |x12|2)∆

. (4.24)

The flat space limit of this will be discussed at the same time as the Carrollian limit in
section 5.1.

4.4 Three-point correlator

We can compute the 3-point correlator by integrating three bulk-to-boundary propagators
over the common bulk point:

〈
Oϵ1

∆1

(
X̄1
)
Oϵ2

∆2

(
X̄2
)
Oϵ3

∆3

(
X̄3
)〉

=κ3β3

∫
AdSD

dD+1χδ
(
χ2+ℓ2

) 3∏
i=1

GAdS,∆i
Bb,ϵi

(
X̄i,χ

)
(4.25)
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However, the integration is best performed in Euclidean AdS and the resulting Euclidean
CFT correlator is:

⟨O∆1 (x1)O∆2 (x2)O∆3 (x3)⟩E = ℓ
6−D

2 κ3N∆1,∆2,∆3

∏
i<j

(
t2ij
ℓ2

+ x2
ij

)−∆ij

, (4.26)

where β3 was defined in the paragraph below (3.11) and

N∆1,∆2,∆3 = β3
π

D−1
2

2 Γ
(Σ∆ − (D − 1)

2

)∏
i<j

Γ (∆ij)
∏
k

C̃2 (∆k)
Γ (∆k)

,

∆ij = ∆i +∆j −
Σ∆
2 , Σ∆ =

∑
i

∆i. (4.27)

Note that the scaling of ℓ
6−D

2 in the definition of the three-point CFT correlator follows from
the usual normalization of the AdS Witten diagrams, as in [67]. In order the compute the
flat limit from a bulk perspective, we first express the integral (4.25) in Bondi coordinates.
There is a subtlety in taking the flat limit that we address here. This was also highlighted
in [25]. We are interested in computing the limit r

ℓ → 0, where r corresponds to any length
scale. In practice, we take this limit by first introducing a cutoff scale Λ in the domain of
integration, before taking the limit. We can then replace each bulk-to-boundary propagator
by its flat limit using (4.21). If we now take Λ → ∞, we get:

〈
Oϵ1

∆1

(
X̄1
)
Oϵ2

∆2

(
X̄2
)
Oϵ3

∆3

(
X̄3
)〉

ℓ→∞−−−→ κ3β3

∫
Flat

dDX
3∏

i=1
αD (∆i)GFlat,∆i

Bb,ϵi
(xi, X) (4.28)

=
3∏

i=1
αD (∆i) C∆1,∆2,∆3

3

which reproduces the integral representation of the 3-point Carrollian amplitude (3.11).
We will also demonstrate this result explicitly from the boundary CFT perspective in the
next section.

4.5 Four-point correlator

The 4-point Lorentzian correlator corresponding to a contact interaction in D dimensions
is given by:

⟨Oϵ1
∆1

(X̄1)Oϵ2
∆2

(X̄2)Oϵ3
∆3

(X̄3)Oϵ4
∆4

(X̄4)⟩c = κ4β4

∫
AdSD

dD+1χ δ
(
χ2 + ℓ2

) 4∏
i=1

GAdS,∆i
Bb,ϵi

(X̄i, χ)

(4.29)
where β4 has been defined earlier below (3.25). As before, the integration is best carried
out in Euclidean AdS bulk with the result:

⟨O∆1(X̄1)O∆2(X̄2)O∆3(X̄3)O∆4(X̄4)⟩c
E = κ4 ℓ4−Dβ4Z

(
X̄ij

)
N4D̄∆1,∆2,∆3,∆4(U, V ). (4.30)

Similar to the 3-point case, the scaling of ℓ4−D again follows from the usual normalization
of 4-point contact AdS Witten diagrams. Here U, V are the D − 1 dimensional conformal
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cross ratios

U =

(
u2

12
ℓ2 + x2

12

) (
u2

34
ℓ2 + x2

34

)
(

u2
13

ℓ2 + x2
13

) (
u2

24
ℓ2 + x2

24

) , V =

(
u2

14
ℓ2 + x2

14

) (
u2

23
ℓ2 + x2

23

)
(

u2
13

ℓ2 + x2
13

) (
u2

24
ℓ2 + x2

24

) , (4.31)

Z
(
X̄ij

)
is a standard prefactor responsible for the correct transformation properties

Z
(
X̄ij

)
=

(
u2

14
ℓ2 + x2

14

) 1
2Σ∆−∆1−∆4 (u2

34
ℓ2 + x2

34

) 1
2Σ∆−∆3−∆4

(
u2

13
ℓ2 + x2

13

) 1
2Σ∆−∆4 (u2

24
ℓ2 + x2

24

)∆2
, (4.32)

and the overall normalization is given by

N4 =
π

(D−1)
2

2 Γ
(Σ∆ − (D − 1)

2

) 4∏
i=1

C̃2(∆i)
Γ(∆i)

, (4.33)

with Σ∆ =
∑4

i=1∆i. We can compute the flat limit from a bulk perspective as in the
three-point case. This gives

⟨Oϵ1
∆1

(X̄1)Oϵ2
∆2

(X̄2)Oϵ3
∆3

(X̄3)Oϵ4
∆4

(x̄4)⟩c ℓ→∞−−−→ κ4β4

∫
dD+1X

4∏
i=1

αD (∆i)GFlat,∆i
Bb,ϵi

(xi, X)

=
4∏

i=1
αD (∆i) C∆1,∆2,∆3,∆4

4,c (4.34)

which reproduces the integral expression of the 4-point Carrollian amplitude (3.25).

5 Carrollian limit of CFTD−1 correlators

In this section, we will compute Carrollian limits of scalar correlators in a CFT in D − 1
dimensions. We will show that the Carrollian limits of 2-, 3- and 4-point correlators dual
to bulk Witten diagrams ((4.24), (4.26), (4.30)) reproduce the corresponding Carrollian
amplitudes ((3.6), (3.10), (3.13)). Hence, combined with the results of the previous section,
this demonstrates the correspondence between flat space limit in the bulk (ℓ → ∞) and
Carrollian limit at the boundary (c → 0) at the level of the correlators, extending the results
of [25] to general dimensions.

5.1 Two-point function

We can either directly start from the Lorentzian 2-point function (4.23) (and replacing 1
ℓ by

c) or, alternatively, start from the Euclidean 2-point function (4.24) and analytically continue
to Lorentzian signature to the time ordering in which operator 1 is in the past and 2 is in the
future. This corresponds to the configuration in which operator 1 is incoming and 2 is outgoing.

〈
O−

∆1

(
X̄1
)
O+

∆2

(
X̄2
)〉

=
C̃2 (∆) δ∆1,∆2(

−c2u2
12 + |x12|2 + iε

)∆1
. (5.1)
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Computing the Carrollian limit of this 2-point function is similar to the D = 4 case in [25].
There are exactly two different possible Carrollian limits given by:

lim
c→0

cα
〈
O−

∆1

(
X̄1
)
O+

∆2

(
X̄2
)〉

=


C̃2(∆)δ∆1,∆2

|x12|2∆1 α = 0 ,

π
D−2

2 C̃2(∆)Γ(∆−D−2
2 )

Γ(∆)
δ(D−2)(x12)

(−u2
12+iε)∆− D−2

2
α = 2∆− D + 2 .

(5.2)

These are generalizations of the usual 2-point functions of Carrollian CFTs to D−1 dimensions.
The first corresponds to the magnetic branch, and the second, the electric branch. Like the
D = 4 case, one can note that the electric branch is only reached when the two operators
are timelike separated. We can then formally define the Carrollian electric and magnetic
operators Φ and Ψ as

∂
∆−D−2

2
u Φϵ(x) ≡ lim

c→0

1
αD(∆)O

ϵ
∆(X̄) , Ψϵ(x) ≡ lim

c→0

1√
C̃2(∆)

Oϵ
∆(x). (5.3)

Notice the different scalings in c for the electric and magnetic limits, where α(∆) is given
in (4.22). With these definitions, we have:

⟨∂∆−D−2
2

u1 Φ−1(x1)∂
∆−D−2

2
u2 Φ+1(x2)⟩ = lim

c→0

〈
O−1

∆ (x1)O+1
∆ (x2)

〉
(αD(∆))2

= −i

4πκ2
C∆,∆
2

(5.4)

which agrees with the 2-point Carrollian amplitude (3.6) if we set κ2 = iπ
2 .

5.2 Three-point function

As with the two-point correlator, we must analytically continue the three-point correlator (4.26)
to Lorentzian signature. Continuing to the configuration in which all three are timelike
separated from each other, we get〈

Oϵ1
∆1

(x1)Oϵ2
∆2

(x2)Oϵ3
∆3

(x3)
〉
= κ3

c
6−D

2

N∆1,∆2,∆3∏
i<j

(
−c2u2

ij + x2
ij + iεϵiϵj

)∆ij
. (5.5)

Recall that the scaling of 1/c
6−D

2 follows from (4.26) with the identification c ↔ 1/ℓ. The
magnetic Carrollian limit is straightforward and gives

lim
c→0

〈
Oϵ1

∆1
(x1)Oϵ2

∆2
(x2)Oϵ3

∆3
(x3)

〉
= ⟨Ψϵ1 (x1)Ψϵ2 (x2)Ψϵ3 (x3)⟩ = κ̃3

N∆1,∆2,∆3∏
i<j

(
x2

ij + iεϵiϵj

)∆ij
,

(5.6)

where c
6−D

2 κ̃3 = κ3 is a rescaled coupling. We can have a non-trivial electric limit only on
the support of singular configurations. In order to compute this electric limit, we will use
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a technique presented in section [5] of [47]. We start by rewriting the three-point function
in a Schwinger parametrized form as:

〈
Oϵ1

∆1
(x1)Oϵ2

∆2
(x2)Oϵ3

∆3
(x3)

〉
=

κ3N∆1,∆2,∆3

c
6−D

2
∏

i<j Γ (∆ij)

∫ ∞

0

∏
j<k

dωjk ω
∆jk−1
jk eiωjkϵjϵk

(
−c2u2

jk+x2
jk

)
−εωjk ,

=
κ3N∆1,∆2,∆3

cΣ∆+ 6−D
2
∏

i<j Γ (∆ij)

∫ ∞

0

∏
i

dωi ω∆i−1
i e

i
∑

j<k
ωjωkϵjϵk

(
−u2

jk+
x2

jk

c2

)
−εωjωk

. (5.7)

In the first line, we have introduced three Schwinger parameters ω12, ω23, ω13 and in the
second line, we changed variables to ωjk = ωjωk

c2 . For the electric limit, we want to compute

lim
c→0

∏
i

(αD (∆i))−1
〈
Oϵ1

∆1
(x1)Oϵ2

∆2
(x2)Oϵ3

∆3
(x3)

〉
=

κ3N∆1,∆2,∆3∏
i αD (∆i)

∫ ∞

0

∏
i

dωi ω∆i−1
i

× 1∏
i<j Γ (∆ij)

e
−i
∑

j<k
ωjωkϵjϵku2

jk−εωjωkL, (5.8)

where

L = lim
c→0

1
cD

e
i
∑

j<k

ϵj ϵkωj ωk

c2 x2
jk = g(ωi) |x12|D−4 δD−2 (x12) δD−2 (x13) . (5.9)

The second equality is an ansatz motivated by the Carrollian amplitude (3.10). It is worth
pausing here to comment on this ansatz and on the limit in general. Note that one can rewrite

1
c2

∑
i<j

ωiωjϵiϵjx⃗2
ij = − 1

c2

( 3∑
i=1

ϵiωiqi

)2

≡ P 2

c2
, (5.10)

where P as defined above is total momentum. In the c → 0 limit, we will pick up dominant
contributions from the locus where P is null, which does not imply P = 0. Indeed, if the
qi are all collinear, then clearly P 2 = 0 but P is in general non-zero. In [47], the authors
focused on the term with P = 0 which reproduced the correct Celestial amplitude. We will
see the same holds true for the Carrollian case. However, in the limit, we expect more than
just the Carrollian amplitude. We will see this expectation borne out explicitly below. We
can evaluate g (ωi) by computing the following integral:

g (ωi) =
∫

dD−2x12 dD−2x13 |x12|4−D 1
cD

e
i
∑

j<k

ϵj ϵkωj ωk

c2 x2
jk (5.11)

= 2π
D−2

2

i
D−4

2 Γ
(

D−2
2

) (ϵ3ω3)
2−D

2 (ϵ1ω1 + ϵ2ω2)
4−D

2

ϵ1ϵ2ω1ω2 (ϵ1ω1 + ϵ2ω2 + ϵ3ω3)
. (5.12)
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The integral over the ωi is now ill defined due to the pole at ϵ1ω1 + ϵ2ω2 + ϵ3ω3 = 0.6 The
result depends on the choice of iε prescription. Indeed this can be explicitly demonstrated
by using the well-known Sokhotsky formula:

lim
ε→0+

1
ϵ1ω1+ϵ2ω2+ϵ3ω3± iε

=∓iπδ(ϵ1ω1+ϵ2ω2+ϵ3ω3)+p.v. 1
ϵ1ω1+ϵ2ω2+ϵ3ω3

. (5.13)

We thus get

lim
c→0

∏
i

(αD (∆i))−1
〈
Oϵ1

∆1
(x1)Oϵ2

∆2
(x2)Oϵ3

∆3
(x3)

〉
= C∆1,∆2,∆3

3 + C̃3. (5.14)

C∆1,∆2,∆3
3 is the Carrollian amplitude in (3.10) which arises from the δ function piece in (5.13).

C̃3 is the contribution of the principal value piece. We present the details of the computation
in appendix A, merely reproducing the final result here

C̃3=− 4π2K̃3

(−u2
23)

Σ∆−D

2

δD−2(x12)δD−2(x13)|x12|D−4 (5.15)

×

[
C1F1+C2

(
u13

u23

)D−2−2∆13

F2+C3

(
u12

u23

)2−2∆12

F3+C4

(
u13

u23

)D−2−2∆13(u12

u23

)2−2∆12

F4

]
,

where Ci are constants defined in (A.16) and the Fi are Kampe de Feriet functions whose
explicit expressions can be found in (A.18). Note that the Carrollian amplitude C̃3 depends
only on one ratio u32

u12
, while these functions depend on two. C̃3 is consistent with the Carrollian

Ward identities derived in [17, 18]. This can be seen from the form of C̃3 as a series in u13
u23

and u12
u23

presented in (A.10). We will further comment on the unexpected extra contribution
C̃3 while analyzing its celestial counterpart in section 6 and in the Outlook section 7.

5.3 Four-point function

The procedure to compute the Carrollian limit of the correlator (4.30) is the same as the one
followed in [25] in D = 4. Recall that the Euclidean correlator takes the form:

⟨O∆1(X̄1)O∆2(X̄2)O∆3(X̄3)O∆4(X̄4)⟩c
E = κ4

c4−D
β4Z

(
X̄ij

)
N4D̄∆1,∆2,∆3,∆4(U, V ), (5.16)

where β4,N4 and Z(X̄ij) are introduced below (4.30) and the scaling 1/c4−D follows from
the usual identification c ↔ 1/ℓ. We first analytically continue the Euclidean correlator to
Lorentzian signature by moving two of the operator positions, say X̄1, X̄2 to the future of the
other two. This is expressed as a Lorentzian D̄∆1,∆2,∆3,∆4 function, whose leading singularity
Φls

∆1,∆2,∆3,∆4
is given by the dimension agnostic formula

Φ̂ls
∆1,∆2,∆3,∆4 = K∆

Z∆3+∆4−2(1− Z)∆1+∆4−2

(Z − Z̄)Σ∆−3 , K∆ = π3/22Σ∆−2Γ
(Σ∆ − 3

2

)
(−1)∆1+∆3 .

(5.17)
6The branch point at ϵ1ω1 + ϵ2ω2 = 0 also needs a prescription and will lead to a new contribution to the

Carrollian limit. However, this contribution will not include the Carrollian amplitude and we will not discuss
it in this work.
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Here Z, Z̄ are defined in terms of the D − 1 dimensional cross ratios (4.31) as

U = ZZ̄, V = (1− Z)(1− Z̄). (5.18)

As in the D = 4 case, the Carrollian limit is non-trivial only on special kinematic configurations.
We can identify this configuration by noting that7

(
Z − Z̄

)2
= (z − z̄)2 − 2c2F +O

(
c4
)

, F = (z + z̄) (U1 − V1)− 2U1, (5.19)

with z, z̄ related to the cross ratios on the Celestial sphere defined in (3.17) and

U1
U

= u2
12

|x12|2
+ u2

34
|x34|2

− u2
13

|x13|2
− u2

24
|x24|2

,
V1
V

= u2
23

|x23|2
+ u2

14
|x14|2

− u2
13

|x13|2
− u2

24
|x24|2

. (5.20)

We can have non-trivial behavior as c → 0 on the support of the locus (z − z̄)2 = 0. While
this might seem like one constraint, it necessarily imposes D − 3 constraints on the points
x1, . . . , x4 of the celestial sphere. To see this, consider the Gram matrix G defined by
Gij = |xi − xj |2 = −2qi · qj . We have

detG = (z − z̄)2

|x13|4 |x24|4
= (z − z̄)2

16 (q1 · q3) (q2 · q4)
. (5.21)

This is a positive-definite matrix and its determinant vanishes if and only if the vectors
q1, . . . , q4 are linearly dependent. The vectors qi are the embedding space vectors corre-
sponding to the points xi. To be more precise, linear dependence requires the D conditions
qµ
4 =

∑3
i=1 ciq

µ
i which imposes D − 3 constraints on q4. In other words, the determinant of

the Gram matrix G being zero implies that there exist ci ∈ R such that:

4∑
i=1

ciq
µ
i = 0 µ = 1, 2 . . . , D (5.22)

In fact, this implies that the singular locus (z − z̄)2 = 0 is equivalent to
∑4

i=1 ciq
µ
i = 0 for

arbitrary ci ∈ R satisfying this constraint. Hence, this leads to the ansatz:

lim
c→0

cαΦ̂ls
∆1,∆2,∆3,∆4 =

∫ 4∏
j=1

dcjδ(D)
( 4∑

i=1
ciq

µ
i

)
RD(ci, qi) (5.23)

where RD(ci, qi) is some particular function of ci, qi, which we are denoting here just for
schematics; and α is an appropriate scaling of c that makes the right-hand side finite and
non-zero. Note that with ci = ϵiωi (with ϵi = ±1 and ωi ∈ R+, this is precisely the structure
that a D-dimensional 4-point Carrollian amplitude has! Recall that from the point of view
of the bulk, the qi are related to the momenta of the four bulk scalars as pi = ϵiωiqi, and
the vanishing of the determinant is precisely telling us that the momenta of the four bulk
scalars are linearly dependent. This is the origin of the δ functions in (3.19). Ofcourse,
since there are more constraints imposed by the delta functions than there are ci, one can

7We have dropped terms of O
(
c4) in (5.19) since they will not contribute to the Carrollian limit unless F

also vanishes.
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exactly solve for the ci in terms of the variables xi, barring an overall scale factor which
needs to be integrated out separately.

The above discussion clearly shows that the bulk-momentum conserving δ functions can
be recovered from the Carrollian limit of the 4-point CFT correlator. However, we want
to precisely derive the full Carrollian amplitude. This is most easilt done by choosing a
special conformal frame for the four points on the boundary. To this end, first note that
the constraint imposed by the delta functions also implies that:

3∑
i=1

ci(xi − x4) = 0 (5.24)

which is precisely the statement that the four points lie on a two-dimensional subspace
of the celestial sphere SD−2. Without loss of generality, we can consider the four points
to be located at

xi =
(
x1

i , x2
i , 0, . . . , 0

)
, i = 1, 2, 3, (5.25)

x4 =
(
x1
4, x2

4, 0, . . . , 0
)
+
(
0, 0, x3

4, . . . , xD−2
4

)
≡ x4,s + x4,n.

The subscript s indicates the scattering plane, i.e. the plane formed by the points x1, x2, x3.
We can define cross-ratios in the scattering plane by

zsz̄s = |x12|2 |x34,s|2

|x13|2 |x24,s|2
, (1− zs)(1− z̄s) =

|x12|2 |x34,s|2

|x13|2 |x24,s|2
. (5.26)

Note that this choice is equivalent to choosing the vectors nj (See (3.14)) to be

nµ
j = δµ

j−2, j = 5, . . . , D. (5.27)

With this explicit choice of conformal frame, the δ functions in the Carrollian amplitude (3.19)
become

δ (z − z̄)
D∏

j=5
δ (q4 · nj) = δ (zs − z̄s) δD−4 (x4,n) . (5.28)

As explained earlier, these are also the constraints imposed by linear dependence of q1, . . . , q4.
This leads us to the following claim that there exists a value of α for which

lim
c→0

cαΦ̂ls
∆1,∆2,∆3,∆4 = R (uij , xij) δ (zs − z̄s) δD−4 (x4,n) . (5.29)

The function R and the exponent α can now be explicitly determined by performing the
integral

R = cα
∫

dzs dD−4x4,n Φ̂ls
∆1,∆2,∆3,∆4 = K∆Z∆3+∆4−2(1− Z)∆1+∆4−2R̃ (5.30)

where

R̃ = cα
∫

dzs dD−4x4,n
1

((z − z̄)2 + 2c2F)
Σ∆−3

2

. (5.31)
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In order to evaluate this integral, we must work out how (z − z̄)2 depends on zs, z̄s. This
is given by

(z − z̄)2 = (zs − z̄s)2 − σ1 |x4,n|2 + σ2 |x4,n|4 , (5.32)

where σ1, σ2 are functions of uij , xij,s. It is sufficient to determine σ1 only (see (5.34) for
the explicit expression), since we can redefine the integration variables to cw = zs − z̄s and
cx̃4,n = x4,n, in which case the contribution from σ2 |x4,n|4 becomes subleading in c. This
simplifies the integral to give

R̃ = cα+D−Σ∆

∫
dw dD−4x̃4,n

1(
w2 − σ1 |x4,n|2 + 2F

)Σ∆−3
2

= cα+D−Σ∆24−Σ∆π
D−3

2
Γ
(
Σ∆−D

2

)
Γ
(
Σ∆−3

2

)
(

|zs|2|x23|2

|x34,s|2|x24,s|2

) 4−Σ∆
2

UΣ∆−D
, (5.33)

where we have used:

σ1 = 4 |zs|2 |x23|2

|x34,s|2 |x24,s|2
, F |z=z̄ = 2 |zs|2 |x23|2

|x34,s|2 |x24,s|2
U2, (5.34)

with U defined in (3.23). We see that we must set α = Σ∆ − D to have a finite and non-zero
limit. Putting all of this together, we finally get

lim
c→0

〈
Oϵ1

∆1
(x1) . . .Oϵ4

∆4
(x4)

〉
∏4

i=1 αD (∆i)

= lim
c→0

κ4
c4−D

cD−Σ∆∏4
i=1 αD (∆i)

β4Z
(
X̄ij

)
N4K∆z∆3+∆4−2(1− z)∆1+∆4−2R̃

= C∆1,...∆4
4 , (5.35)

where, in going to the last equality we have noted that
∏4

i=1 αD(∆i) also has a c-scaling
of c2(D−2)−Σ∆ , which precisely cancels the c-scaling, hence yielding a finite and non-zero
answer in the c → 0 limit. Therefore, after an appropriate analytic continuation of (4.30) to
Lorentzian signature, the electric Carrollian limit exactly reproduces the Carrollian 4-point
amplitude (3.20). It is worth stressing that the explicit formula of the Carrollian limit of
the 4-point CFTD−1 correlator derived here has wide applicability. One can now apply
this formula to a variety of interesting 4-point holographic CFTD−1 correlators to derive
features of the general top-down Carrollian holograms from AdSD/CFTD−1 at the level
of correlation functions.

6 From Carrollian to celestial amplitudes

Up to this stage, we have been focusing on Carrollian holography and showed that this
framework is naturally related to AdS/CFT via a limiting procedure. We now relate the
Carrollian boundary operators and amplitudes defined in sections 2.3 and 3 to celestial
operators and amplitudes in general dimensions. This relationship generalizes the one in
D = 4 presented in [3–5].
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6.1 Celestial operators

For a massless scattering, boundary values of bulk fields, identified with Carrollian primaries,
are in one-to-one correspondence with celestial primaries, as they are related via an invertible
integral transform, which is the combination of a Fourier and a Mellin transform [3, 5]. We
have seen above that u-descendants of Carrollian primaries are also primaries (see below (2.8)),
which allows to generate more Carrollian correlators as in (3.4). Although the latter do
not contain extra information on the massless scattering amplitudes, they are useful if one
analytically continues ∆ to complex values. In that case, the celestial amplitudes can just be
found by setting u = 0 [4, 59, 60]. As we have computed these extra Carrollian correlators
in section 3, we can simply apply this procedure here.

We start by recalling the expression for boundary operators at I ± defined in (2.18),

Φϵ(u, x) =
∫ ∞

0

dω

2π
(−iϵω)

D−4
2 aϵ (ω, x)e−iϵωu−εω, (6.1)

where ϵ = ±1 and a+1 = a and a−1 = a†. We will use these to define the family of operators

Oϵ
∆ (x) ≡ 2π ∂

∆−D−2
2

u Φϵ(u, x)
∣∣∣∣
u=0

=
∫ ∞

0
dω (−iϵω)∆−1 e−εωaϵ(ω, x). (6.2)

For ∆ ∈ C, the derivative in the above equation should be understood to be defined via the
integral. The integral transform in the right-hand side is just a Mellin transform. These
operators Oϵ

∆ (x) transform as SO(D − 2) conformal primaries. To see that this is indeed the
case, consider a bulk Lorentz transformation under which the coordinates at I ± transform as

u → u′ =
∣∣∣∣∂x′

∂x

∣∣∣∣
1

D−2
, x → x′. (6.3)

An argument along the lines of (2.19)–(2.20) shows that under such a transformation, we have

Oϵ
∆ (x) → O

′ϵ
∆
(
x′) ≡ 2π∂m

u′Φ
′ϵ(u′, x)′ |u=0 =

∣∣∣∣∂x′

∂x

∣∣∣∣−
∆

D−2
Oϵ

∆ (x) . (6.4)

Since Lorentz transformations in the bulk correspond to conformal transformations on the
celestial sphere SD−2, the above equation shows that the operators O∆ (x) indeed transform
as conformal primaries with conformal weight ∆. Under a bulk translation u → u′ = u − ξ

with ξ = qµtµ, we have [5]

Oϵ
∆ (x) ≡ 2π∂

∆−D−2
2

u Φϵ (u, x) |u=0 → 2π∂
∆−D−2

2
u Φϵ (u, x) |u=ξ = eiϵ∂∆ξOϵ

∆ (x) . (6.5)

This is the expected transformation law of conformal primaries in the celestial CFT [68].

6.2 From Carrollian to celestial amplitudes

Using the celestial primary operators defined in (6.2), we can define the celestial amplitude

M∆1,...,∆n
n ≡ out

〈
0
∣∣∣Oϵ1

∆1
(x1) . . .Oϵn

∆n
(xn)

∣∣∣ 0〉
in
=

n∏
i=1

∫
dωi (−iϵiωi)∆i−1An. (6.6)
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Here An is the momentum space amplitude and the last equality follows from reasoning
identical to that explained at the beginning of section 3. From the above discussion, the
celestial amplitude transforms as a correlator of primaries in the celestial CFT. Comparing
this definition with the correlator of Carrollian primaries with u-descendants (3.4), we arrive
at the following simple relationship between Carrollian and celestial amplitudes [59, 60],

M∆1,...,∆n
n = lim

ui→0
(2π)n C∆1,...∆n

n . (6.7)

It is important to consider a limiting procedure to obtain celestial amplitudes from Carrollian
amplitudes, because the Carrollian amplitudes, when evaluated exactly at ui = 0, are often
ill-defined.

6.3 Two-, three- and four-point celestial amplitudes

We can now use the relationship in (6.7) to write down explicit expressions for celestial
amplitudes directly from the Carrollian ones in (3.6), (3.10), (3.13).

Two-point function. The two-point amplitude is:

M∆1,∆2
2 = 2κ2i

D(−1)∆1δD−2 (x12) δϵ1,−ϵ2 ×
[

lim
ε,ui→0

Γ (Σ∆ − (D − 2))
(u12 − iϵ1ε)Σ∆−(D−2)

]
(6.8)

= 4πκ2i
D+1(−1)∆1+1δD−2 (x12) δ (Σ∆ − (D − 2)) δϵ1,−ϵ2 .

In arriving at this formula, we have made use of the distributional identity limν→0 Γ (x) ν−x =
−2πiδ (x). The formula (6.8) is in agreement with (3.16) of [47] upto an overall normalization.

Three-point function. Similarly the three-point celestial amplitude can also be obtained
from the Carrollian one (3.10). It is important to recall that in writing down the 3-point
Carrollian amplitude in terms of the hypergeometric function, we required a specific ordering:
u32 < u12, which must also be respected as we take ui → 0 to recover the celestial amplitude.
Hence, in this limiting procedure, we first take u32 → 0, and then take u12 → 0. Keeping
this in mind and noting that

lim
z→0 2F1(a, b, c; z) = 1 and lim

ν→0
Γ(x)ν−x = −2πiδ(x) (6.9)

we get the final form of the three-point celestial amplitude as

M∆1,∆2,∆3
3 = 2κ3π

D
2 (−i)D−2 B(∆2 − 1,∆3 − D + 3)

Γ
(

D−2
2

) |x12|D−4

× δD−2 (x12) δD−2 (x23) δ (Σ∆ − D) . (6.10)

This matches with the D-dimensional three-point celestial amplitude in [47] up to a nor-
malization. We can also compute M̃3, the Celestial counterpart of C̃3 appearing in (5.14).
First, note that:

lim
x,y→0

F 2;0,1
0;1,2 (a⃗(p), b⃗(q); ⃗c(r), d⃗(s); ⃗c′(k), d⃗′

(l);x, y) = 1. (6.11)
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Consider the ordering u2 < u1 < u3, which guarantees that |u12|, |u13| < |u23|. We now take
u12, u13 → 0 first, and then take u23 → 0, which guarantees that the limiting procedure ui → 0
respects the ordering. Using this, we can write down the celestial counterparts of C̃3 to be

M̃3 = −4πiD−Σ∆+1K̃3δ
D−2 (x12) δD−2 (x13) |x12|D−4 (6.12)[

π cscπ∆12B (∆2 − 1,∆1 − 1) δ (Σ∆ − D)

−2π2iδ (∆1 +∆3 − (D − 1)) δ(∆2 − 1) csc π

2 (D − 2∆1),

−2iπδ

(
∆1 +∆2 −

D − 2
2

)
δ

(
∆3 −

D − 2
2

)
B

(
∆1 − 1,

D

2 −∆1

)
,

−16πδ

(
∆1 −

D

2

)
δ(∆2 − 1)δ

(
∆3 −

D − 2
2

)]
,

where K̃3 = K3πD−2

Γ(∆23)Γ(D
2 −1) with K3 defined in (A.6). As in the Carrollian case, it is unclear

how to interpret these extra terms. The presence of multiple δ functions in the conformal
dimensions indicates that this might be related to the soft sector of the 3-point amplitude,
along the lines of [69]. This expression is not the Mellin transform of a momentum space
amplitude. Consequently, it isn’t clear how one would check if it was invariant under
translations. We leave a complete understanding of these extra terms for future work.

Four-point function. Using the same logic, we can easily write down the four-point celestial
amplitude by taking the ui → 0 limit of the four-point Carrollian amplitude (3.20):

M∆1,∆2,∆3,∆4
4 = −iπκ4

4 S Z (xij) δ (z − z̄)
D∏

j=5
δ (q4 · nj) (6.13)

× (−1)∆1+∆3−D z∆1−∆2 (1− z)∆2−∆3 ×
[
lim

ui→0

Γ (Σ∆ − D)
UΣ∆−D

]

= −π2κ4
2 S Z (xij) δ (z − z̄)

D∏
j=5

δ (q4 · nj)

× (−1)∆1+∆3−D z∆1−∆2 (1− z)∆2−∆3 × δ (Σ∆ − D) .

To the best of our knowledge, this expression, valid in any dimension, has not appeared
earlier in the literature.

7 Outlook

In this paper, we have presented the Carrollian holography dictionary for massless scalar
fields in D ≥ 4 dimensions and defined the notion of Carrollian amplitudes, extending the
results of [5, 13]. We also derived explicit expressions for celestial amplitudes, extending
the relation between Carrollian and celestial holography established in [3–5]. Furthermore,
we have shown, in general dimensions, how Carrollian holography emerges naturally from
AdS/CFT through a correspondence between the flat space limit in the bulk and a Carrollian
limit at the boundary, extending the analysis of [25]. In D = 4, this correspondence allowed us
to derive features of the top-down Carrollian hologram [40] from AdS4/CFT3 by considering
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the Carrollian limit of ABJM correlators. Our present analysis offers a clear setup to push this
further and consider the flat space/Carrollian limit of AdS/CFT in other dimensions. More
concretely, (5.2), (5.14) and (5.33) — which provide explicit expressions for the Carrollian
limit of massless scalar holographic CFT correlators, can be leveraged to compute the
Carrollian limit of any known holographic CFTD−1, at least at the level of two, three, and
four-point correlators. Notably, the D = 5 case is of major interest as it constitutes the
foundational example of holography [41], and many results are available on the CFT side
for N = 4 Super-Yang-Mills theory.

The current set-up does not address the important question of the fate of the compactified
dimensions that appear in explicit holographic dualities. For instance, in D = 4, the bulk
theory is AdS4 × S7, and in D = 5, it is AdS5 × S5. In these cases, the radius of the
sphere is related to the radius of AdS. Therefore, taking the flat space limit leads to a
decompactification of the sphere, and we expect to land on a higher-dimensional flat space
in the limit, with the KK modes yielding an infinite tower of massless fields. This technical
issue was discussed in [40]: the Carrollian limit captures scattering amplitudes restricted
to the hyperplane coming from the limit of AdS. The transverse directions come from the
decompactification of the sphere. We hope to come back to this question in the future.

A curious result that we found is that the Carrollian limit of the 3-point function
does not match the 3-point Carrollian amplitude, see (5.14). The two expressions differ
by C̃3, which is explicitly written in appendix A. Notice that this extra contribution is
compatible with the freedom left in the Ward identities to fix the electric 3-point function,
see e.g. [17, 18]. A further interesting observation is that the computation of C̃ is strikingly
similar to the one encountered in computing correlation functions in non-conformal Dp-brane
holography [70]. A notable point of difference worth mentioning is that correlation functions
in the strong-coupling limit in these non-conformal theories are in general obtained by
integrating CFT correlators over auxiliary spacetime dimensions, whereas in the computation
of C̃ (See (A.2)), the integration is performed over physical spacetime dimensions. On the
other hand, the two-point function on the electric branch of Carrollian CFTs (See (5.2))
does precisely take the form of two-point functions in non-conformal field theories having a
generalized conformal structure. Whether this is a mere coincidence or hints towards some
kind of generalized conformal structure [71, 72] of Carrollian CFTs is worth exploring. In
addition, it would be interesting to understand the precise role of C̃3 and the implications
for scattering processes in flat space.
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A Computation of C̃3

In this appendix, we compute the contribution C̃3 in (5.14). Instead of computing the
Schwinger parameterized integral, we will find it convenient to start from the position space
representation (4.25) and compute the integrals over xi directly. We make the ansatz:

lim
c→0

⟨O∆1 (x1)O∆2 (x2)O∆3 (x3)⟩∏3
i=1 αD (∆i)

= G (ui) δD−2 (x12) δD−2 (x13) |x12|D−4 . (A.1)

For more explanation about the ansatz, see (5.9). We can now compute the function G (ui)
by integrating the CFT 3-point function over x12, x13:

G(ui) =
κ3

c
6−D

2

N∆1,∆2,∆3∏3
i=1 αD (∆i)

∫ ∞

−∞

2∏
i=1

dD−2xi
|x12|4−D∏

i<j

(
−c2u2

ij + x2
ij + iε

)∆ij
(A.2)

This is a highly non-trivial integral, but is precisely the kind of integrals encountered in
computing two-loop Feynman diagrams and we can use the plethora of well known techniques
available for such computations. To start with, let us first check if the scaling works out
correctly to give a non-zero and finite Carrollian limit. Note that the change of variables
x1 → c(x1 − x3) and x2 → c(x2 − x3) changes the form of the integral to:

G(ui) =
c

D−6
2∏3

i=1 αD (∆i)
1

cΣ∆−D

×
∫ ∞

−∞

2∏
i=1

dD−2xi
κ3N∆1,∆2,∆3 |x12|4−D(

−u2
12 + |x12|2

)∆12 (−u2
23 + |x2|2

)∆23 (−u2
13 + |x1|2

)∆13
(A.3)

Recall that each of the αD(∆i) in the expression above itself has a scaling of c−∆i+D−2
2 , which

ensures that G(ui) is independent of c, and hence is non-zero and finite in the Carrollian limit.
To explicitly compute the integral, we will use the Mellin-Barnes integral representation,

1
(A + B)ν

= 1
2πiΓ(ν)

∫ i∞

−i∞
duΓ(ν + u)Γ(−u) Bu

Aν+u
, (A.4)

for two of the three factors in the denominator to get:

G(ui) = K3

2∏
i=1

∫ i∞

−i∞
dvi

∫ i∞

0
dD−2xi

Γ(∆13 + v1)Γ(−v1)Γ(∆12 + v2)Γ(−v2)(−u2
13)v1(−u2

12)v2

|x1|2∆13+2v1 |x12|2∆12+2v2+D−4 (−u2
23 + |x2|2

)∆23

(A.5)

where K3 is defined to be:

K3 = − c
3D−6

2 −Σ∆∏3
i=1 αD (∆i)

κ3N∆1,∆2,∆3

4π2Γ(∆12)Γ(∆13)
= 2Σ∆−D−6

π
D+11

2
Γ
(Σ∆ − (D − 1)

2

)
Γ (∆23) , (A.6)

and is actually independent of c. The integral over xi is well known and G(ui) evaluates to:

G(ui) =
K̃3(

−u2
23
)Σ∆−D

2

2∏
i=1

∫ i∞

−i∞
dvi

(
u13
u23

)2v1 (u12
u23

)2v2

γ (v1, v2)
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with K̃3 = K3πD−2

Γ(∆23)Γ(D
2 −1) and

γ (v1, v2) = π
Γ (v1 + v2 +∆1 − 1) Γ

(
D−2
2 − v1 −∆13

)
Γ
(
v1 + v2 + Σ∆

2 − D
2

)
sin π (v2 +∆12) Γ

(
v2 +∆12 + D−4

2

) Γ(−v1)Γ(−v2).

(A.7)

The evaluation of the v1, v2 integral now requires a careful study of the singularity structure
of γ (v1, v2) We will deform and close the v1 and v2 contour in the right half-plane. The only
possible singularities in the right half-plane come from the presence of Γ functions, which have
singularities for non-negative integers. In particular, note that for D ≥ 4, when ∆1 > D

4 and
Σ∆ > D, we have no singularities coming from Γ(v1+v2+∆1−1) and Γ

(
v1 + v2 + Σ∆

2 − D
2

)
.

Hence, for simplicitly, we will restrict ourselves to this regime. We can then see that the
only possible singularities one can encounter are from the following Γ functions: Γ(−v1),
Γ(−v2), Γ

(
D−2
2 − v1 −∆13

)
, and Γ(1 − v2 −∆12). Now note that the integrand then has

singularities on the right-half plane at:

v1 ∈ Z≥0 , v2 ∈ Z≥0 , v1 +∆13 −
D − 2

2 ∈ Z≥0 , v2 +∆12 − 1 ∈ Z≥0 (A.8)

Γ functions have simple pole singularities. Hence, the integrand has simple pole singularities
when the singularities coming from the above Γ functions are distinct and non-overlapping.
This requires the assumption that:

∆13 −
D − 2

2 /∈ Z , ∆12 /∈ Z (A.9)

If these constraints are not satisfied then we have overlapping singularities and then one needs
to take into account the O(1) term in he Laurent series expansion of Γ functions, in addition
to the simple pole term. However, for the purpose of demonstrating an explicit computation,
we will suppose that the above holds and that the Γ function singularities are all distinct.
Noting that Res Γ(z)|z=−n = (−1)n

n! , the double integral evaluates to the double sums:

G(ui) = − 4π2K̃3

(−u2
23)

Σ∆−D

2

∞∑
n1,n2=0

An1
1 An2

2

[
Pn1,n2 + Qn1,n2A

D−2
2 −∆13

1 (A.10)

+Rn1,n2A1−∆12
2 + Sn1,n2A

D−2
2 −∆13

1 A1−∆12
2

]
,

where A1 =
(

u13
u23

)2
, A2 =

(
u12
u23

)2
and

Pn1,n2 = (−1)n1+n2

n1!n2!
Γ(∆12 + n2)

Γ
(
∆12 + n2 + D−4

2

)Γ(D − 2
2 −∆13 − n1

)
(A.11)

× Γ (1−∆12 − n2) Γ(∆1 + n1 + n2 − 1)Γ
(Σ∆

2 + n1 + n2 −
D

2

)
Qn1,n2 = (−1)n1+n2

n1!n2!
Γ(∆12 + n2)

Γ
(
∆12 + n2 + D−4

2

)Γ(∆13 − n1 −
D − 2

2

)

× Γ(1−∆12 − n2)Γ(∆2 + n1 + n2 − 1)Γ
(
∆12 + n1 + n2 +

D − 4
2

)
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Rn1,n2 = (−1)n1+n2

n1!n2!
Γ(1 + n2)

Γ
(
n2 + D−2

2

)Γ(D − 2
2 −∆13 − n1

)

× Γ(∆12 − n2 − 1)Γ
(
∆3 + n1 + n2 −

D − 2
2

)
Γ (∆13 + n1 + n2)

Sn1,n2 = (−1)n1+n2

n1!n2!
Γ(1 + n2)

Γ
(
n2 + D−2

2

)Γ(∆13 − n1 −
D − 2

2

)
Γ(∆12 − n2 − 1)

× Γ
(

n1 + n2 +
D − 2

2

)
Γ (∆23 + n1 + n2) .

To get a closed-form expression for the above sums, we first note that the n1, n2-dependent
Γ functions can be written in terms of Pocchammer symbols using:

(q)k = Γ(q + k)
Γ(q) (A.12)

Secondly, note that when D = 4, the structure of the summation resembles the definition
of the Appell hypergeometric function F4:

F4(a, b; c, d;A1, A2) =
∞∑

n1=0

∞∑
n2=0

(a)n1+n2(b)n1+n2

(c)n1(d)n2

An1
1 An2

2
n1!n2!

(A.13)

For general D, it looks slightly more complicated due to the presence of |x12|D−4 in the
ansatz (A.1). However, there is a well-known function that generalizes the generalized
hypergeometric function, known as the Kampe de Feriet function [73]:

F p;r,k
q;s,l (a⃗(p), b⃗(q); ⃗c(r), d⃗(s); ⃗c′(k), d⃗′

(l);A1, A2) =
∞∑

n1=0

∞∑
n2=0

(a⃗(p))n1+n2( ⃗c(r))n1( ⃗c′(k))n2

(b⃗(q))n1+n2(d⃗(s))n1(d⃗′
(l))n2

An1
1 An2

2
n1!n2!

(A.14)
where v⃗(i) = {v1, v2, . . . vi}. (v⃗(i))k is a vector with i components and (v⃗(i))k denotes the
product of the Pocchammer symbols (v1)k(v2)k . . . (vi)k. After some simplification, we express
G (ui) in terms of the Kampe de Feriet function F 2;0,1

0;1,2 as:

G(ui) = − 4π2K̃3

(−u2
23)

Σ∆−D

2

[
C1F1 + C2

(
u13
u23

)D−2−2∆13

F2 + C3

(
u12
u23

)2−2∆12

F3 (A.15)

+C4

(
u13
u23

)D−2−2∆13 (u12
u23

)2−2∆12

F4

]
,

where

C1 =
Γ(∆12)

Γ
(
∆12 + D−4

2

)Γ(D − 2
2 −∆13

)
Γ(1−∆12)Γ(∆1 − 1)Γ

(Σ∆ − D

2

)
, (A.16)

C2 =
Γ(∆12)

Γ
(
∆12 + D−4

2

)Γ(∆13 −
D − 2

2

)
Γ(1−∆12)Γ(∆2 − 1)Γ

(
∆12 +

D − 4
2

)
,

C3 =
1

Γ
(

D−2
2

)Γ(D − 2
2 −∆13

)
Γ(∆12 − 1)Γ

(
∆3 −

D − 2
2

)
Γ (∆13) ,

C4 = Γ
(
∆13 −

D − 2
2

)
Γ(∆12 − 1)Γ(∆23), (A.17)
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and

F1=F 2;0,1
0;1,2

({
∆1−1,

Σ∆−D

2

}
,{0};{0},

{
∆13−

D−4
2

}
;{0},

{
∆12+

D−4
2 ,0

}
;
(

u13

u23

)2
,

(
u12

u23

)2
)

F2=F 2;0,1
0;1,2

({
∆2−1,∆12+

D−4
2

}
,{0};{0},

{
D

2 −∆13

}
;{0},

{
∆12+

D−4
2 ,0

}
;
(

u13

u23

)2
,

(
u12

u23

)2
)

F3=F 2;0,1
0;1,2

({
∆3−

D−2
2 ,∆13

}
,{0};{0},

{
∆13−

D−4
2

}
;{1},

{
2−∆12,

D−2
2

}
;
(

u13

u23

)2
,

(
u12

u23

)2
)

F4=F 2;0,1
0;1,2

({
D−2
2 ,∆23

}
,{0};{0},

{
D

2 −∆13

}
;{1},

{
2−∆12,

D−2
2

}
;
(

u13

u23

)2
,

(
u12

u23

)2
)

(A.18)

As mentioned earlier, when D = 4, this reduces to a sum of the Appell F4 hypergeometric
functions.
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