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It is well known that in the presence of a ring cavity the light scattering from a uniform atomic
ensemble can become unstable resulting in the collective atomic recoil lasing. This is the result of
a positive feedback due to the cavity. We propose to add an additional electronic feedback loop
based on the photodetection of the scattered light. The advantage is a great flexibility in choosing
the feedback algorithm, since manipulations with electric signals are very well developed. In this
paper we address the application of such a feedback to atoms in the Bose-Einstein condensed state
and explore the quantum noise due to the incoherent feedback action. We show that although
the feedback based on the photodetection does not change the local stability of the initial uniform
distribution with respect to small disturbances, it reduces the region of attraction of the uniform
equilibrium. The feedback-induced nonlinearity enables quantum fluctuations to bring the system
out of the stability region and cause an exponential growth even if the uniform state is globally
stable without the feedback. Using numerical solution of the feedback master equation we show
that there is no feedback-induced noise in the quadratures of the excited atomic and light modes.
The feedback loop, however, introduces additional noise into the number of quanta of these modes.
Importantly, the feedback opens an opportunity to position the modulated BEC inside a cavity as
well as tune the phase of scattered light. This can find applications in precision measurements and

quantum simulations.

I. INTRODUCTION

Feedback control is known to be a useful tool to mod-
ify dynamics of classical systems [1]. In resent years the
application of feedback to quantum systems attracts con-
siderable attention. Since the appearance of the elabo-
rated theory due to Wiseman and Milburn [2, 13] there
were many theoretical proposals |4, |5] and experimen-
tal realizations [6, [7] of feedback control in optics and
atomic physics. Among them many feedback-based cool-
ing methods for atoms, molecules and opto-mechanical
systems have been discussed [8-110]. Most of these discus-
sions involve a negative feedback loop as a mechanism to
compensate for the thermal noise. However there are cir-
cumstances where the positive feedback can improve the
performance of an atomic or molecular system. One pos-
sibility is to enhance the cooling and the self-organization
in ensembles of particles coupled to a cavity field. For re-
view of these systems without feedback see [11, [12]. A
semi-classical considerations of the application of feed-
back are given in Ref. [13] for cooling and in Refs |14, [15]
for the self-organization [16-18].

In this paper we consider the application of feedback
to a Bose-Einstein condensate (BEC) in a configuration
similar to a collective atomic recoil laser (CARL) [19-21].
A CARL setup consists of atoms inside a ring cavity. The
cavity is pumped so that only a single running mode is
excited. The uniform distribution of atoms for certain
pump becomes unstable. The fluctuation of atomic den-

sities result in scattering of light into the mode running in
the opposite direction with respect to the pumped mode.
As a result of the interference between the pumped and
the scattered modes a standing wave optical potential is
generated that makes further redistribution of the atoms
favorable. Finally the atoms are redistributed in a Bragg
grating that effectively scatter the pumped light and am-
plify the counterpropagating mode. This is similar to a
laser.

The CARL effect appears as a result of positive feed-
back due to the ring cavity. The cavity performs the
feedback that is proportional to the integrated signal over
some time interval defined by the cavity photon lifetime.
One, however, can imagine a more elaborated feedback
algorithm such as proportional - integral - derivative con-
trol (PID-control) [1], that can lead to a superior perfor-
mance or even introduce some new features into the sys-
tem dynamics. The simplest possibility is to use an elec-
tronic circuit that processes the photocurrent produced
by the scattered light. In the limit of cold particles the
bandwidth of typical electronic components should be
wide enough to correctly process the photodetected sig-
nal. The feedback mechanism is based on the extraction
and procession of a classical signal, which introduces the
measurement backaction noise into the dynamics. The
effect of this noise is one of the main subjects of this

paper.
Also in the absence of the feedback the phase of the
scattered CARL light and the position of the atomic
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Brag-grating are not defined. In the feedback scheme,
based on the photocurrent measurement of the scattered
light, the position of the generated periodic pattern of
the atoms as well as the phase of the scattered light will
be locked to the potential that serves as the feedback
actuator.

Such positioning of atoms and control of quantum light
can assist in quantum simulations, based on ultracold
gases inside cavities [22-25], where even small shift in the
position leads to very different quantum phases. This
is in line with recent breakthrough experiments, where
an external optical lattice trapping quantum gases was
implemented inside a cavity for the first time [26, [27].
These experiments open the field of cavity QED for truly
many-body strongly correlated states of quantum matter.

We will explore the ultimate quantum regime where
the number of excitations in BEC and the number of
photons are small, so the quantum theory of operation
of the feedback loop |3] will be eventually applied. Us-
ing quantum trajectories |28, [29] as well as semi-classical
equations we solve for the dynamics of the system. It
appears that the feedback loop makes the stability of the
system dependent on the value of the fluctuations. The
quantum solution demonstrates that the fluctuations in
the number of BEC excitations grow with the value of the
feedback strength. This is the result of the amplification
of the photon number noise by the feedback loop.

The paper is organized as follows. The description
of the physical model and the mathematics used for it
are given in Sec. [0l The results of semi-classical and
fully quantum treatment are presented and discussed in
Sec. [IIl The main conclusions of the paper are given in

Sec. [Vl

II. MODEL

Although the method is potentially applicable to all
polarizable particles including molecules [30], we assume
that the particle ensemble is represented by trapped
atoms cooled below the Bose-Einstein condensation tem-
perature. The atom-atom interactions will be neglected
since quite dilute atomic ensembles, N ~ 10% atoms, will
be considered. The atoms are placed inside a ring op-
tical cavity, see Fig. [l and interact with it scattering
photons from the externally pumped running mode into
the counter-propagating one. We restrict the considera-
tion to only two counter-propagating modes of the same
frequency, which is assumed to be well red-detuned from
the atomic transition. Moreover, as we are interested in
the evolution of the atomic sub-system and its ability
to form periodic density patterns, we consider regimes
where the field of the coherently pumped mode 7 can be
considered constant. Thus only one operator cavity field
a remains for the quantum dynamical problem. Adia-
batic elimination of the excited atomic state gives the
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FIG. 1. Principal scheme of the setup. Atomic BEC is inside
the ring cavity. The light scattered by BEC form the probe
beam is detected and used to control additional potential via
an electronic circuit.

following result for the atom-field Hamiltonian
ﬁ2
Hy = hAata + /dIM/JT(ZE) [ - %(ﬁ (1)
+ hUy (CLTCL + |,,7|2 + aTne2ikm + n*a672ikm) :|¢(I),

where (z) is the bosonic field operator obeying
[¢(x),yT(2")] =8(x — 2’), A is the atom-field detuning,
Up is the atom-field interaction constant, and m is the
mass of the atom. Apart from the mentioned above sim-
plified consideration of the cavity, this is the well-known
result that can be found for example in Ref [31].

Together with the cavity field the controlled potential
is applied to the atoms. The control signal determines
the depth of this potential. The signal is derived from
the result of the measurement of the number of photons
leaving the scattered cavity mode. In principle, one can
design a control scheme where the potential depth would
be any function of the detected signal. We assume the
linear feedback control as it will be shown to be enough
for our purpose. This is described by the following addi-
tional term to the system Hamiltonian ()

Hﬂ):i(t—T)Z. (2)

Here i(t—7) is the photocurrent detected outside the cav-
ity. The description of feedback can take into account
possible delay of the electronic feedback loop, which is
represented by the time interval 7 in Eq. (). Here we
assume that the photocurrent i(¢) is a classical quantity
that represents the output of the classical apparatus. The
feedback operator Z in our case acts only on the atomic
subspace of the total Hilbert space, it represents the ad-
ditional controlled potential for the atoms. It is assumed
to be the standing optical wave with the well defined
phase

Z =UyK / daip’ (z) sin? (kz)y (z). (3)

The parameter K is the feedback gain, it is defined in
such a way that the intensity of the lasers forming the



feedback potential is given by I, (t) = Ki(t — 7). The
atom-field coupling parameter Uy here is assumed to be

the same as in Eq. () since the similar frequencies should
be used for the probe and feedback light fields.

Note that an interesting generalization of the described
feedback setup exists. For the feedback loop one can use
light scattered at any angle with respect to the BEC axis
and the pump beam direction. This light contains differ-
ent information about the distribution of the atoms [32-
34] than the back scattered light. Thus generation of
more exotic atomic density distributions and BEC states
may be possible.

To clarify the sort of feedback we are dealing with, we
distinguish between two types of photo-detectors. The
first type is a very fast device that can reproduce all
features of the system evolution and response to a sin-
gle photon. In this case the photo-current is given as,
i(t) = dN(t)/dt, the derivative of the total number N ()
of photo-counts, which is a Poisson stochastic process,
having the ensemble average E(dN(t)) =0 and the mo-
ment E(dN (t)dN(t'))=(a'a)é(t —t'). It has been shown
by Wiseman |3] that in order to correctly handle this type
of photo-detection one can use the master equation that
in our notation can be written as

% = _il_i [Hy, o] + kD [ae_’Z] 0, (4)
where the decay superoperator reads as D[c]o = cocl —
(cfco + ocfe)/2. The parameter & is the cavity photon
decay rate. This equation governs the evolution of the
unconditioned density matrix of the whole system, BEC
and the cavity field. The equation (@) is valid in the
Markovian limit, that is neglecting the time delay 7. We
assume that in the considered system the Markovian limit
can be at least potentially satisfied since the feedback
circuit operates with electro-magnetic signals which are
much faster than the motion of atoms.

In contrast to the described above, the other type of
feedback uses an integrating detector that averages the
measurements over some time interval 7. If this inter-
val is small compared with the atomic evolution time
scale and simultaneously large compared with the pho-
ton cavity decay rate then it is natural to approximately
consider the time average over 1" as an ensemble average.
The photo current is then given by i(t) = Tr {o(t)a'a}.
Inserting this into Eq. (B]) one ends with a non-linear mas-
ter equation. It is rather straightforward to check that
the corresponding equations for average values will con-
tain the feedback contribution as the potential for atoms
proportional to the scattered photon number. No feed-
back induced higher-order correlations appear. Such a
feedback effect agrees with the classical intuition and rep-
resents the physical model of the semi-classical approxi-
mation that we will also address below.

We start with the first type of feedback that pre-
serves quantum correlations. Following the convenient
approach developed in Ref. [31] we decompose the atomic

field into a cosine and sine excitation modes as

Y(x) = %dfo + \/%7/}(: cos(2kx) + \/%1/15 sin(2kx). (5)

Here L is the length of the BEC sample, the bosonic
annihilation operators ¥y, ¥, and s describe uniform
distribution of atoms, their cosine and sine modes, re-
spectively. We assume that the number of atoms in the
uniform BEC N is large enough so that it only negligibly
changes due to the interaction with the cavity field. The
large N also allows to neglect the operator character of
o and consider ¢y =+/N.

Using the 3-mode representation of the atomic field,
Eq. (), one can rewrite the Hamiltonian (l) and the mas-
ter equation in a simpler form. This form of the master
equation will be used for the direct numerical simula-
tions. Having this approximation one obtains the follow-
ing Hamiltonian

Ho = 4hwr (Y5 + i) + UV Ny (a + ab) (0 + )
+ihUgV N7 (a — at) (0f + 1) . (6)

Here we also define the recoil frequency wgr = hk?/2m.
To eliminate additional phase shift of the optical fields
we assume the atom-field detuning to be given by A =
UpN. The action of the feedback potential Z can also be
rewritten using Eq. (B) to finally give

GV EKU@I o) gy =iV FRUWI+0) g /%KUO.
(7)

The expression () is valid for wr > Uy, otherwise it will
contain addition phase multipliers. This condition can
easily be fulfilled as we assume quite weak coupling of in-
dividual atoms to the cavity field. At the same time this
condition does not mean that the evolution of the atoms
is solely determined by wgr since the collective coupling
~ UyV/N still can be comparable or larger than the re-
coil frequency. To take into account the losses of atoms
from the excited cosine/sine modes we add to the final
version of the master equation () the dissipation terms
YD [)c]+7D [ths]. The losses are assumed to have equal
rate . Here we introduce the atomic losses phenomeno-
logically and avoid discussing their physical mechanisms.
For the detailed analysis of this aspect refer |35].

III. CLASSICAL AND QUANTUM DYNAMICS

Before doing quantum trajectory simulations which are
limited in the number of the excitation quanta, it is worth
trying a semi-classical analysis. It should allow to test
a broader range of parameters and approximately deter-
mine different regimes of the feedback operation. To do
so we calculate the equations of motion for the average
atomic and light fields using the master equation (). It
is convenient to write down these equations in terms of
quadratures, defined as z = (a + a')/2, y=(a — a')/(2i)



for the cavity field and analogously for X., Y. and Xj,
Y; being the quadratures of the cosine and sine atomic
modes, respectively. The resulting evolution equations
read

T = —2U0\/N77XS — g:v,

j = =20V NnX. - 2y,

X = dwrYe — gXC,

. /N
Y, = —4dwr X, — %Yc — 22UV Nnz + kKU 3(352 +v7);

X, = dwgY, — gx

Y, = —dwrX, — 2, — 2Uov/Nry. (8)
Here the feedback enters via the last term in the equa-
tion for Y, which is proportional to the feedback con-
stant K. To obtain this last term it has been assumed
that the average of the intracavity photon number can
be approximated as the product of the average fields,
(a'a) = (a")(a). This is true for coherent cavity field
states, but wrong for a general quantum state.

The easily seen steady state solution of Eqs (&) is zero
field in all of the involved modes. This solution is stable
for small value of the pumping 7, but at some threshold
value of 7 it loses stability and fluctuations grow to infin-
ity. The unphysical infinity is the drawback of the model
and is connected to the fact that there is no depletion for
BEC and the cavity pump. Thus the considered model
correctly describes the growth of the excitations only in
the beginning of the evolution.

The stability conditions for the zero steady state of
Eqgs () can be analytically calculated but appear to be
quite lengthy. It is much easier to check the stability
for some numerical values. In all the simulations below
we will use the following values Uy = 0.1wgr, N = 10%,
Kk = 10wg, 7 = 10wgr. These values correspond to quite
weak coupling and moderate cavity finesse with respect
to realistic cavity QED experiment with cold Rubid-
ium [36]. The real parts of the eigenvalues of the evolu-
tion matrix corresponding to Egs (8] are shown in Fig.
It is seen that for some value of the pump field n=0.3 the
real part of one of the eigenvalues becomes positive and
the zero steady state becomes unstable. Note that the
presence of feedback does not affect the linear stability
condition of the uniform equilibrium state as it is repre-
sented via a quadratic term and therefore vanishes in the
linear approximation around the initial equilibrium with
zero reflected field and atomic excitations.

The presence of feedback however changes the range
of attraction of the zero-reflection uniform equilibrium
state, so that for relatively large values of the feedback
constant K even small fluctuations can force the system
to loose its stability. This effect is demonstrated in Fig. 3]
where the number of photons n in the scattered mode as
a function of time is shown for several values of the feed-
back constant K. The cavity pump 7 is assumed to be
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FIG. 2. Real parts of the eigenvalues of the semi-classical
evolution, given by Egs (8), as functions of the pumping 7.
The parameters of the system are Up =0.1wr, N =10%, k=
lOwR, ¥= 10wR.
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FIG. 3. The number of photons scattered from the atoms as
a function of time for different values of the feedback constant
K. The solid line corresponds to K =1.06, dashed line corre-
sponds to K =1.05, dashed-dotted line corresponds to K =0.
The Iiump is set below the threshold, n=0.3. The time scale
isk™ .

below the threshold. The dash-dotted line, that corre-
sponds to K =0 thus approaches zero demonstrating the
decay of initial fluctuations. The values of the initial fluc-
tuations are set to quadrature variances of the vacuum
state: 2(0) =y(0) = X.(0) =Y. = Xs=Y;=0.5. For the
value of K = 1.05 and the used initial fluctuations the
system is unstable and the rapid growth of the scattered
photons n appears, see the dashed line in Fig. The
rate of this growth is very sensitive to the value of K, as
it is seen from the comparison of the dash line (K =1.05)
and the solid line (K =1.06). Thus, though the feedback
based on the photodetection does not change the linear
stability of the zero steady state, in the presence of (quan-
tum) fluctuations the feedback-induced nonlinearity can
render the system unstable.



with feedback: K=0.1

FIG. 4. The number of atoms in the ”cosine” n. and ”sine”

ns modes of BEC. The pump is above the threshold, n=0.4,

the feedback constant is small, K = 0.1. The time scale is
—1

K.

The key (and the most promising for applications) dif-
ference between the system with and without the feed-
back is the possibility to control the position of the
atomic Bragg grating and the phase of the scattered
light. The solutions of the classical equations (8) con-
firm the ability of the feedback loop to fix the position of
the atomic density grating. The number of atoms in the
”cosine” and ”sine” modes of BEC with small feedback,
K =0.1, are shown in Fig. @ It is seen that the feed-
back discriminates the ”sine” mode with respect to the
”cosine” one, since the number of atoms in the ”cosine”
mode grows much faster which eventually results in the
atomic distribution compatible with the feedback poten-
tial Z. As a consequence the phase of the light scattered
from such an atomic Bragg-grating will be locked to some
certain value. In the absence of the feedback there will
be no predefined position of the atomic density grating,
its position will be random according to initial density
fluctuations.

Note that this locking effect cannot be achieved by
simply imposing some fixed external potential. This po-
tential will lead to the oscillations in the number of atoms
in the excited BEC modes without clear discrimination
of one of them. Similar effect can be reached if one could
control the losses of the excited atomic modes v and make
them different for the ”sine” and ”cosine” modes. This
could be possible, but the physical implementation of
such an approach is not obvious.

Let us now address the quantum behavior of the sys-
tem with and without the feedback. We solve the master
equation ({]) numerically using the method of quantum
trajectories |28, [29]. The simulation has been done with
the Python package QuTiP [37].

In Fig. [l the result of the quantum simulation for the
light mode is shown. The left column corresponds to
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FIG. 5. The average values (solid lines) and variances (dashed
lines) of the number of quanta and the quadratures of the
scattered light. The left and right columns correspond to the
case without and with the feedback, respectively. The time
scale is k1.

the case above the threshold n = 0.4, but without the
feedback, whereas the right column corresponds to some
feedback K =0.75 acting on the system below the thresh-
old 7 =0.3. The upper row shows the average number
of the scattered photons (n) (solid lines) and the Mandel
parameter @ (dashed line). The second row shows the
average (X) (solid line) and the variance AX (dashed
line) of the amplitude quadrature. Finally, the third row
corresponds to the phase quadrature (Y') and its variance
AY. The case without the feedback demonstrates that
the light scattered from the BEC is in the thermal state
as it has no well defined phase and the Mandel parameter
equals the average number of photons.

The presence of feedback (left column in Fig. [l re-
sults in the appearance of some additional noise in the
number of photons, so that the photon number fluctu-
ations exceed that of a thermal light. On the contrary,
the fluctuations of the quadratures are of the same or-
der as in the case without the feedback. Moreover, the
feedback results in the appearance of nonzero values of
the quadrature averages, which shows the existence of a
well-defined phase in the scattered light.

What is more interesting is the quantum fluctuations
of the excited atomic modes. The comparison between
the averages and fluctuations of atom number and the
quadratures for the ”cosine” mode with and without the
feedback is shown in the Fig. [0l It is worth noting that
even without the feedback the fluctuations of the atom
number are larger than in the thermal state, which is jus-
tified by the fact that the Mandel parameter @) is larger
than the average number of atoms (n.). The ”sine” and
”cosine” modes interact with the light independently and
do not directly interact with each other as we neglect the
atom-atom scattering. Thus there is an uncertainty con-
nected with the fact that it is not known which, ”sine”
or ”cosine”, was involved in a particular act of the ex-
change of quanta with the light field. This uncertainty
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FIG. 6. The average values (solid lines) and variances (dashed
lines) of the number of quanta and the quadratures of the ex-
cited atomic ”cosine” mode. The left and right columns corre-
spond to the case without and with the feedback, respectively.

The time scale is k1.

explains the additional noise in the number of atoms of
the atomic modes.

The feedback, in addition, induces the phase locking of
the ”cosine” mode, as nonzero average values of the X,
and Y, quadratures appear. Similar to the photon num-
ber in Fig [B] the fluctuations of the quadratures are not
affected by the feedback loop and have approximately the
same level as in the absence of the feedback. The atom
number fluctuations of the ”cosine” mode are increased
by the feedback, which is similar to the mode represent-
ing the scattered light.

It is left to consider the behavior of the atomic ”sine”
mode. The corresponding averages and the fluctuations
are presented in Fig.[7l The results corresponding to the
case without the feedback coincide with the results for the
”cosine” mode within the accuracy of the simulations, left
column in Fig. [6l However, the results corresponding to
the system with the feedback are quite different from that
for the ”cosine” mode. The fact that the feedback action
is performed by the optical potential that is favorable
for the ”cosine” mode results in smaller population of
the ”sine” mode as it is seen from the comparison of the
Figs [0 and [ Thus the resulting density distribution
of the atoms in BEC will eventually comply with the
feedback potential which is predefined.

It is important to note that the feedback action al-
most does not affect the quadrature fluctuations of all
the modes, even when the nonzero average values of the
quadratures appear. The quantity that suffers from the
additional noise due to the feedback is the number of
quanta. This can be expected since the number of pho-
tons is detected and its noise is amplified in the positive
feedback loop. Additional increase in the variances of
atom numbers in the BEC modes is due to the fact that
the light mode is separately coupled to the ”sine” and
”cosine” atomic modes. Thus if a photon appears in the
light mode it remains uncertain which atomic mode is
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FIG. 7. The average values (solid lines) and variances (dashed
lines) of the number of quanta and the quadratures of the ex-
cited atomic ”sine” mode. The left and right columns corre-
spond to the case without and with the feedback, respectively.

The time scale is k1.

responsible for that.

IV. CONCLUSION

The application of the positive feedback loop to BEC
with the assistance of a ring cavity has been considered.
The probe light scattered from BEC into a cavity mode
is detected and the signal is used to control the poten-
tial. The system is treated both semi-classically and fully
quantum mechanically. The linear stability analysis of
a semi-classical model shows that the feedback based
on the photodetection does not change the stability of
the zero-field equilibrium. However, numerical simula-
tions show that the phase-space region of attraction of
the zero-field equilibrium shrinks due to the feedback-
induced nonlinearity. Thus the system may exhibit ex-
ponential growth if due to initial fluctuations it starts
from some point in the phase space that is sufficiently
remote from the equilibrium. In addition the feedback
induces a predefined atomic density distribution and as
a consequence a fixed phase of the scattered light.

The quantum treatment of the feedback was based on
the Markovian approximation expressed by the master
equation of Ref. [3]. The numerical solution of this equa-
tion has shown that in the presence of feedback the quan-
tum fluctuations can lead to the exponential growth even
below the classical instability threshold. The fluctuations
of the quadratures of all the modes are not increased by
the presence of the feedback, which is not the case for the
fluctuations of the number of quanta. The photon num-
ber fluctuations in the scattered light become stronger
than in a thermal state due the noise amplification by the
feedback. The atom number fluctuations in the ”sine”
and ”cosine” BEC modes are even larger than that of
the scattered photon number.

The quantum simulation results show that the elec-



tronic feedback loop based on the photodetection can
be applied to control the excitation of specific BEC
modes without the introduction of additional noise in
their quadratures. Although it has not been discussed in
the paper, the use of electronic feedback can be more ef-
ficient and result in faster growth of BEC nonuniformity
than the cavity-based feedback alone. This can happen
since the electronic feedback strength can be made quite
large in the beginning of the process. Thus an essential
feedback action on the atoms can be obtained even for
quite few scattered photons. These aspects, thought for
slightly different system, have been addressed in |14, [15].
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