
Numeri
al solution of the omitted areaproblem of univalent fun
tion theoryLehel Banjai and Lloyd N. TrefethenAbstra
tThe omitted area problem was posed by Goodman in 1949: whatis the maximum area A� of the unit disk D that 
an be omitted bythe image of the unit disk under a univalent fun
tion normalized byf(0) = 0 and f 0(0) = 1? The previous best bounds were 0:240005� <A� � :31�. Here the problem is addressed numeri
ally and it is foundthat these estimates are slightly in error. To ten digits, the 
orre
tvalue appears to be A� = 0:2385813248�.Keywords: omitted area problem, numeri
al 
onformal mapping,univalent fun
tion theory.Mathemati
s Subje
t Classi�
ation: 30C30, 30C75, 65E05.1 Introdu
tionOne of the major bran
hes of 
omplex analysis is univalent fun
tion theory:the study of one-to-one analyti
 fun
tions f of the unit disk D = fz : jzj < 1g
onventionally normalized to have Taylor seriesf(z) = z + a2z2 + a3z3 + � � � : (1)Many papers and books have been written about the properties of the 
lass Sof su
h fun
tions. A 
elebrated result in this area is Bieberba
h's Conje
ture(1916), whi
h be
ame de Branges Theorem (1985): for any f 2 S, the Taylor
oeÆ
ients satisfy jakj � k [5, 9, 10℄.Our subje
t here is another well-known problem of univalent fun
tiontheory. For ea
h f 2 S, let A(f) denote the area of D n f(D). The example1



f(z) = z/(1−z)2  A(f)=0 f(z) = sin(z)  A(f)=.0679 π

f(z) = ez−1  A(f)=.1484π f(z) = log(1+z)  A(f)=.1782 π

Figure 1: Four examples of fun
tions f 2 S. The dashed 
urve is the unit
ir
le.f(z) = z shows that A(f) 
an be as small as 0. Sin
e f(D) always 
ontainsthe disk about 0 of radius 14 [9℄, it 
an be no larger than 15�=16. How large
an it be? That is, what is the value of the 
onstantA� = supf2S A(f) ? (2)Moreover, what 
an be said about the fun
tion or fun
tions f �, if any, thata
hieve this supremum? This is the omitted area problem.Figure 1 shows four fun
tions f 2 S and the 
orresponding values ofA(f). From these examples we see that A� is at least as large as 0:1782�.Here are all the results we know of that have been published bounding A�from above and below:Goodman 1949 [7℄ :2272� < A� � :5�Jenkins 1953 [11℄ :2272� < A� � :4613�Goodman & Rei
h 1955 [8℄ :2272� < A� � :38�Barnard & Pear
e 1985 [4℄ :240005� < A� � :38�Barnard & Lewis 1987 [3℄ :240005� < A� � :31�2
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Figure 2: The form of the extremal fun
tion f �, a

ording to Theorem 1.f � is symmetri
 about the real axis, and 
oloured parts of the unit 
ir
leare mapped to the parts of the boundary of the image domain of mat
hing
olour.These estimates result from theoreti
al arguments supported to varyingdegrees by numeri
al 
omputations, and one 
ould dis
uss to what extentea
h should or should not be regarded as a theorem. Our own results to bepresented here are purely numeri
al, and give an estimate of A� that we donot 
laim as a theorem but believe is 
orre
t to many digits. Our numberfalls a fra
tion of a per
ent below the �nal lower bound in the table above,whi
h we 
on
lude is in error.An almost full 
hara
terization is known of the extremal fun
tions forthe omitted area problem. We trust that the following notation involvingfun
tions of intervals [�; �℄ and (�; �) is self-explanatory.Theorem 1. There exist fun
tions f � 2 S that attain the supremum in(2). If a fun
tion f 2 S has this property, then it takes the form illustrated inFigure 2: f is symmetri
 about the real axis and maps three ar
s exp(i[0; �1℄),exp(i[�1; �2℄), and exp(i[�2; �℄) of the unit 
ir
le to [�1;�1℄, to the 
ir
ularar
 exp(i[�; �℄) for some � 2 (0; �), and to a 
urve � interior to the unitdisk 
hara
terized by a 
ondition of 
onstant modulus of the derivative:jf 0(z)j = 
onst.; z 2 exp(i(�2; �)): (3)Moreover, f 0 is 
ontinuous along the ar
 exp(i[�2; �℄), in parti
ular at thepoint exp(i�2) that maps to ei�. 3



This theorem is due to Barnard and Lewis [2, 3, 12℄ 1. All that is missingis a statement about uniqueness. It seems likely that f � is unique, but itappears that this has not been proved. Nevertheless in what follows, forsimpli
ity, we shall speak of \the fun
tion f �".2 Simpli�
ation by 
onformal mapsTheorem 1 establishes so mu
h about f � that one might imagine that itwould have led qui
kly to a numeri
al solution of the omitted area problem.However, it is not a straightforward matter to 
onstru
t fun
tions to higha

ura
y that satisfy the required 
onditions. Indeed, we approa
hed thisproblem with the 
on�den
e of hands-on numeri
al analysts and were sur-prised at how 
hallenging it proved. Along the way we tried a method thatwe shall not des
ribe, whi
h involved the numeri
al 
onstru
tion of S
hwarz-Christo�el maps onto polygons with many verti
es by means of Dris
oll'sS
hwarz-Christo�el Toolbox for Matlab [6℄. We were unable to obtainmore than four or �ve digits of a

ura
y by that method, but those digitsagreed with the results we will now present from our more eÆ
ient method.This lends us 
on�den
e that our �nal value is probably a

urate.Our 
omputation is based on the 
onstru
tion of f as a 
omposition of
onformal maps, ea
h symmetri
 with respe
t to the real axis:f(z) = f3(f2(f1(z))): (4)The fun
tions f1 and f3 
ontain boundary singularities, but are known ana-lyti
ally. The fun
tion f2 is unknown, but smooth, and 
an be representedby a rapidly 
onverging Taylor series. We now des
ribe f1, f2 and f3 in turn.As sket
hed in Figure 3, f1 maps D onto the left half of the unit disk,whi
h we denote by C (\
res
ent"). In view of the real symmetry 
ondition,there is just one free parameter in this map, whi
h we take to be the angle�2, 0 < �2 < �, su
h that f1(ei�2) = i. The formula isf1(z) = ip1� zei�2 �pz � ei�2p1� zei�2 +pz � ei�21In fa
t, not all of Theorem 1 as we have stated it appears in the published papers[2, 3, 12℄, for these papers leave open the possibility that � may 
ontain slits along thereal axis. We are informed privately by Barnard, however, that this possibility has beenex
luded in subsequent work. 4



−1 −0.5 0 0.5 1
0

0.5

1

−1 −0.5 0 0.5
0

0.2

0.4

0.6

0.8

1

−1 0 1
0

0.5

1

1.5

2

2.5

−1 −0.5 0
0

0.2

0.4

0.6

0.8

1

1.2

D−‘‘disk’’ 

A −  ‘‘arc−of−circle
         domain’’

B − ‘‘bulged
       strip’’ 

C − ‘‘crescent’’ 

f
1
 

f
2
 

f
3
 

f 

Γ 

eiα 

1+ia
0
 

eiθ
2 

Figure 3: Constru
tion of f as a 
omposition of three maps.with appropriate 
hoi
es of bran
hes.The fun
tion f2 maps C to a region B (\bulged strip") bounded on theright by the line Rez = 1 and on the left by a smooth 
urve whose real partapproa
hes 0 as z ! �i1. We represent f2 in the formf2(z) = p(z) + 2i� log�z + iz � i�� 1for some fun
tion p(z) analyti
 in D. The term 
ontaining the logarithmmaps the half-disk to the in�nite strip bounded by Rez = 0 and Rez = 1,and p provides the bulge on the left. Sin
e p maps the imaginary axis intoitself, its Taylor series takes the formp(z) = d1z + d3z3 + d5z5 + � � � (5)for some real 
oeÆ
ients dj. Our 
onstru
tion guarantees that this represen-tation is valid, with the Taylor series 
onverging throughoutD, and in se
tion4 we shall present numeri
al eviden
e that the 
onvergen
e is geometri
 (sothat the radius of 
onvergen
e is in fa
t > 1).5



Finally, the fun
tion f3 is 
hosen to map the half-strip �1 < Rez < 1,Imz > 0 to the upper half-plane minus the 
ir
ular ar
 exp(i[�; �℄), withRez = �1 mapping to the inside of the ar
 and Rez = 1 to the outside ofthe ar
 together with the interval [�1;�1℄. Note that this map is againdetermined by just one parameter, for example �, but it turns out to bemore 
onvenient to have a number a0 > 0 as the parameter, so that f3 maps1 + ia0 to �1. The full strip 
ontains B as a subset, and thus f3 maps theupper half of B to a subset of the upper half-plane minus the ar
. This subsetis a domain A (\ar
-of-
ir
le domain") of the form des
ribed by Theorem 1,ex
ept not in general satisfying the 
onstant-modulus 
ondition along �. The
urved left boundary of the upper half of B maps to �, and as just mentioned,the straight right boundary maps to [�1;�1℄ and exp(i[�; �℄).In addition these maps must satisfy the two normalizing 
onditions:f(0) = 0; f 0(0) = 1: (6)With �2 and a0 �xed, the fun
tions f1 and f2 are determined, and hen
e theabove two 
onditions redu
e to two linear equations on the 
oeÆ
ients dj:f2(f1(0)) = f�13 (0); (7)f 02(f1(0)) = 1f 03 (f2(f1(0))) f 01(0) : (8)To satisfy these 
onditions, we need two free parameters, and these we 
hooseto be d1 and d3.An expli
it spe
i�
ation of the fun
tion f3 is elementary, but tri
ky. One
ould write down a single formula, but as a pra
ti
al matter, for maps likethis that are to be implemented on the 
omputer without mistakes involvingbran
hes, we �nd it safest to work with 
ompositions of elementary maps.This 
ould be done in various ways. Our 
hoi
e has been to takef3 = g5 Æ g4 Æ g3 Æ g2 Æ g1with g1(z) = sin��z2 � ;g2(z) = �2(z + 1)a1 + 1 � 1�2 ;g3(z) = z(b� 1)b(z � 1) ;6



g4(z) = z1=2;g5(z) = 1 + z1� z ;where a1 = g1(1 + ia0) and b = g2(1).Here is a brief des
ription of the behaviour of these maps, taking theargument of g1 to be a point z in the upper half-plane; the lower half isobtained by re
e
tion (though this is never needed in our numeri
al solu-tion). The fun
tion g1 maps the upper half-strip bounded by Rez = �1and Rez = 1 to the upper half-plane; three parti
ular boundary values areg1(�1; 1;1) = (�1; 1;1). The fun
tion g2 maps the half-plane to the whole
omplex plane minus the slit [0;1), with g2(�1; a1;1) = (1�; 1+;1), where1� and and 1+ denote the numbers 1 on the lower and upper side of the slit,respe
tively. The fun
tion g3 is a M�obius transformation that maps the slitplane to the plane with two slits extending to 1 with a �nite gap between;we have g3(0; b; 1) = (0; 1;1), where b = g2(1). The fun
tion g4 folds theplane with two slits ba
k to the upper half-plane with a single slit extendingfrom a point along the positive imaginary axis to 1. Finally, g5 is anotherM�obius transformation that maps the slit upper half-plane to the ar
-of-
ir
ledomain A.3 Computing the area of an ar
-of-
ir
le do-mainFrom Theorem 1 it follows that the area of the region bounded byf(exp(i[�1; 2� � �1℄)) and the unit 
ir
le, not 
ontaining 0, is equal to theomitted area A(f). Hen
e we 
an use the following formula [13, p.5℄:A(f) = �12 Z 2��1 Im��f(z)�� f(z)� d� (9)= �12 Z 2��1 Re nzf 0(z)f(z)o d�; z = ei�: (10)The minus sign is present sin
e when the unit 
ir
le is tra
ed in the positivedire
tion, the image under f tra
es a 
urve around the omitted region in thenegative dire
tion. 7



We need to be able to 
ompute A(f) qui
kly and to high a

ura
y. Usingthe symmetry property of f we get thatA(f) = � Z �2�1 Re nzf 0(z)f(z)o d� � Z ��2 Re nzf 0(z)f(z)o d�: (11)It 
an be seen that the �rst integral is equal to twi
e the area of the sli
e ofthe unit disk frei� : � � � � �; r � 1g, i.e., � � �. For the se
ond integral,we expe
t that the integrand is analyti
 along z = exp(i(�2; �℄) but has asingularity at z = exp(i�2). Hen
e if we 
hoose some � > �2 we 
an split theintegral into two integralsI1 = � Z ��2 Re nzf 0(z)f(z)o d�; (12)I2 = � Z �� Re nzf 0(z)f(z)o d�; (13)where I1 
an be evaluated using standard adaptive quadrature software andI2 
an be eÆ
iently evaluated using Gauss-Legendre quadrature. Hen
eA(f) = � � � + I1 + I2: (14)We 
hoose � = �2+0:01 and evaluate I1 using adaptive Simpson quadrature(the Matlab fun
tion quad) with toleran
e set to 10�14, whi
h requiresabout 70 evaluations of the integrand. We evaluate I2 using Gauss-Legendrequadrature with 80 nodes whi
h appears to give a

ura
y on the order of10�15.4 Numeri
al methods and resultsFor any real parameters d5; d7; : : : ; d2N�1; �2 and a0, 0 < �2 < �, a0 > 0, wehave 
onstru
ted an analyti
 fun
tion f in the unit disk with the properties(6). The 
onstru
tion is su
h that, provided the 
oeÆ
ients dj are smallenough so that f 0(z) 6= 0 for z 2 D, this will be a univalent fun
tion mappingD 
onformally onto an ar
-of-
ir
le domain A. We now fa
e a numeri
alproblem: 
hoosing these N parameters so that A(f) is maximal. There aretwo natural approa
hes to this: either maximize A(f) dire
tly, or make useof the 
hara
terization (3) to enfor
e the 
onstant modulus 
ondition alonga 
ir
ular ar
. We have tried both. 8



Let f be our solution to the omitted area problem using the above 
on-stru
tion. From the 
onstru
tion it is not 
lear if f is univalent. Certainlythe maps f1 and f3 are univalent inside their domains of de�nition. As asum of an analyti
 fun
tion in C and a polynomial, f2 is 
ertainly analyti
in C. Hen
e f is analyti
 on the open unit disk. Let exp(i�) tra
e the unit
ir
le in the positive dire
tion with � stri
tly in
reasing. Then by 
onstru
-tion, f(exp(i�)) tra
es the boundary of A on
e in the positive dire
tion. Ifthe image of exp(i[�1; 2� � �1)) under f is a simple 
urve, then by the argu-ment prin
iple, f is univalent. We 
he
k whether this last 
ondition holdsby dis
retizing the 
urve.As just mentioned, we have implemented two methods for �nding theextremal fun
tion for the omitted area problem. In the �rst method we set upan optimization problem with parameters d5; d7; : : : ; d2N�1; �2; a0. We iterateto maximize A(f). At every iteration, given all the parameters, 
oeÆ
ientsd1 and d3 are determined so that the linear equations (7) and (8) are satis�ed.In the se
ond method we sear
h for fun
tions satisfying the 
onstant-modulus 
ondition. The set of unknowns is slightly enlarged by the additionof a parameter M representing the value of jf 0j on exp(i[�2; �℄). We set upan over-determined system and minimize the following expressionLXk=1 ��jf 0(ei
k)j �M�2� (15)for �2 < 
k < � with L = 50N . The points 
k are 
hosen so as to be densernear �2.Both methods work, and their results agree. The se
ond method provesto be more eÆ
ient. Its results suggest that the 
orre
t value of A� is0:2385813248� to ten digits. The 
onvergen
e to this number using the twodi�erent methods is shown in Figure 4. Results of the two methods are shownin Tables 1 and 2.5 The optimal fun
tion f�The error is de
reasing exponentially, whi
h suggests that the fun
tion p(z)whi
h we approximate by a trun
ated Taylor series, is analyti
 in the 
losedunit disk. Indeed the 
oeÆ
ients dj suggest that the radius of 
onvergen
eof the Taylor expansion is about 1:6. The two methods 
onverge at the same9



N omitted area (�)2 0.238303778968453 0.238540600298644 0.238573250485075 0.238579720286786 0.238580985468057 0.238581252258528 0.23858130840494Table 1: Results for Method 1.
N omitted area (�) max�2[�2;�℄ jf 0(ei�)j �M2 0.23719466292381 5:6e� 23 0.23838494717525 2:5e� 24 0.23854792113829 1:2e� 25 0.23857485970016 5:6e� 36 0.23858001311453 2:7e� 37 0.23858103791058 1:3e� 38 0.23858126165609 6:7e� 49 0.23858130994730 3:4e� 410 0.23858132142118 1:7e� 411 0.23858132397435 8:9e� 512 0.23858132463176 4:5e� 513 0.23858132477544 2:4e� 514 0.23858132481692 1:2e� 5Table 2: Results for Method 2. The �nal value for the omitted area seemsto be 
orre
t to 10 digits.

10
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e of the omitted area to the number 0:2385813248�using the two methods. These data points were 
al
ulated as the di�eren
ebetween the 
omputed area for ea
h N and the number 0:2385813248300�.
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Figure 6: Closeup near the point ei� = f �(ei�2), showing 
ontinuity of thederivative there.rate, but for any �xed N , Method 1 gives a slightly better result. This isto be expe
ted sin
e at any stage the �rst method is �nding the maximumarea whereas the se
ond method is �nding the best approximation to theextremal fun
tion. Yet the optimization problem in the �rst method is mu
hmore diÆ
ult to solve. The �nal result took 7 hours to 
ompute in Matlabon a Pentium III 800 MHz pro
essor, whereas all the data obtained usingthe se
ond method 
an be 
omputed on the same ma
hine within an hour.Our methods 
onverge to the same number. Indeed the best two approx-imations to the extremal fun
tion using the two methods are equal within anerror of 5:7�10�5 along the ar
 exp(i[�2; �℄). As a result of our 
omputationswe propose the following value of A�:A� = 0:2385813248�:We believe that this number is probably a

urate to the full ten digits dis-played. The extremal domain is plotted in Figures 5 and 6. We also showimages of 
on
entri
 
ir
les around 0 and radial lines under f � in Figure 8.Figure 7 plots (f �)0(z) near z = ei�2 . The values of the parameters of our bestapproximation to the extremal fun
tion are the following: M = 0:44074691,a0 = 0:5787293, �2 = 0:5575142 and the 
oeÆ
ients dj are shown in Table 3.12



j dj1 0.666744442542563 0.101514971572675 0.026030624124727 0.008315067267769 0.0028908380264211 0.0011221788105913 0.0004435103557215 0.0001926040526017 0.0000804513338519 0.0000381914214621 0.0000158533246123 0.0000085062670025 0.0000030899967527 0.00000218932186Table 3: The 
oeÆ
ients dj for our best approximation to the extremal fun
-tion f �. Note that the even 
oeÆ
ients are 0.
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Figure 8: Images under f � of 
ir
les of radius r = :2; :4; :6; :8; :9; :95 
entredat 0, and of radial lines at angles � = 0;��=12;��=6;��=3;�2�=3; �. Inthe lower plot, one 
an see from the uniform spa
ing of the 
urves near theboundary ar
 � that (f �)0 has 
onstant modulus there.14
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A Code to 
ompute the extremal fun
tionfun
tion f = extremal(z) % Evaluate f(z) for |z|<=1if any(imag(z)<0) % Im z<0 handled by refle
tionL = imag(z)<0;f(~L) = extremal(z(~L));f(L) = 
onj(extremal(
onj(z(L))));returnendtheta2 = .5575142;a0 = .5787293;d = [ 0.6667444425 0.1015149716 0.0260306241 0.0083150673 ...0.0028908380 0.0011221788 0.0004435104 0.0001926041 ...0.0000804513 0.0000381914 0.0000158533 0.0000085063 ...0.0000030900 0.0000021893 ℄;p = kron(fliplr(d),[1 0℄);a1 = real(sin((pi*(1+a0*i))/2));b = (4/(a1+1)-1)^2;f0 = (1-z*exp(i*theta2))./(z-exp(i*theta2));J = abs(abs(z)-1) <= 1e-15;f0(J) = real(f0(J));f1 = i*(sqrt(f0)-1)./(sqrt(f0)+1);f2 = polyval(p,f1)+(2i/pi)*(log(f1+i)-log(f1-i))+3;g1 = sin((pi*f2)/2);g2 = (2*(g1+1)/(a1+1)-1).^2;g3 = (1-1/b)*g2./(g2-1);K = real(g1)<(a1-1)/2;g4(K) = -sqrt(g3(K)); g4(~K) = sqrt(g3(~K));f = (1+g4)./(1-g4);
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