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Abstract

Motile and proliferative cell populations in growing tissues are a com-
mon feature of mammalian embryonic development. The aim of the work
presented in this thesis is to develop models that better describe the be-
haviour of motile and proliferative cell populations on growing domains.
We motivate our study by investigating the behaviour of melanoblasts,
a migratory and proliferative cell population responsible for fur pigmen-
tation in the embryonic mouse. We then develop mathematical models
to describe cell populations with cell-cell interactions such as adhesion
and repulsion, cell populations where spatial correlations established by
cell proliferation play an important role, and scenarios where cell popula-
tions consist of different species. We also develop methods to improve the
identification of motility parameters in migratory cell populations. The
processes we model often occur at developmental phases that are difficult
to observe experimentally, and so mathematical and computational mod-
elling can play a central role in understanding the behaviour of motile and

proliferative cell populations in growing tissues.
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Chapter 1

Introduction

Embryonic development requires the orchestrated movement and proliferation of cells
in growing tissues. For instance, cranial neural crest stem cells, a subset of a migratory
cell population that give rise to a diverse lineage, have been shown to migrate along
the growing cranofacial region in embryonic chickens [1-3]. Similarly melanoblasts,
neural crest precursors to melanocytes, have been shown to migrate through the
growing dorsal lateral epithelium (DLE) in the embryonic mouse [4-6]. Therefore, the
inclusion of domain growth in models of the aforementioned cell migration processes
is essential. To this end, the aim of the work presented in this thesis is to develop
models that better describe the behaviour of motile and proliferative cells on growing

domains.

1.1 The role of mathematical and computational modelling

in developmental biology research

Mathematical and computational modelling are important research tools in devel-
opmental biology. One reason for this is that certain aspects of biological systems
remain difficult to study with experimental techniques, for instance domain growth
[7]. Biological domain growth is difficult to study in wvitro, as experimentally recre-
ating domain growth is often not possible. Meanwhile, in vivo experiments studying

domain growth are typically not feasible. Although only part of the solution, math-



1.2. Individual-based and continuum models

ematical and computational modelling are able to alleviate some of the difficulties
associated with implementing experiments in developmental biology. First and fore-
most, mathematical and computational modelling can help with experimental design
and hypothesis testing. For instance, theoretical tools can be used to augment the
information content of experiments and help improve parameter identifiability from
experimental data [8, 9]. Mathematical and computational modelling can also test
the feasibility of a range of hypotheses given what is known about a biological system.
This can save both time and money for experimental biologists, as hypotheses can
be rejected without the need for experimental testing. Secondly, mathematical and
computational modelling can also generate new hypotheses about biological systems
that can be tested experimentally (albeit with the caveat that these experiments may

not be currently possible).

The contents of this thesis display both of the aforementioned roles of mathemat-
ical and computational research in developmental biology. In Chapters 2 and 7 we
use computational methods in conjunction with experimental data to test hypotheses
and improve experimental design [10, 11]. In Chapters 3, 4, 5 and 6 we develop new
mathematical methods, and from these methods generate novel hypotheses about the

effects of domain growth on populations of motile and proliferative cells [12-15].

1.2 Individual-based and continuum models

Throughout this thesis a combination of individual-based models (IBMs) and contin-
uum models are presented. The approach where both IBMs and continuum models
are used in tandem for addressing a research problem is widespread in mathematical
and computational modelling in biology [16-41]. The reasons for using both IBMs and
continuum models in tandem are manifold; the most important of which, in relation

to the work presented in this thesis, are discussed below.



1.2. Individual-based and continuum models

1.2.1 Individual-based models

All of the IBMs presented in this thesis take the form of agent-based (individual) dis-
crete (lattice-based) random-walk (stochastic) models with volume exclusion. Figure
1.1 displays the typical set-up of the lattice-based models we implement throughout

this thesis.

In all of the IBMs presented in this thesis a single agent is allowed per lattice site,
from which it can move or proliferate into adjacent sites. Throughout this thesis the
agents represent cells, although they do not necessarily have to. Agent movement
and proliferation events occur with specified probabilities per unit time. If an agent
attempts to move or proliferate into a site that is already occupied by another agent,
the event is aborted. This aspect of the IBM is referred to as ‘volume exclusion’.
The IBMs presented in this thesis are simulated stochastically. By this it is meant
that different realisations of the same IBM will generally yield different results. Two
different stochastic simulation algorithms (SSAs) are implemented in this thesis: i)
the Gillespie algorithm [42]; and ii) the random sequential update method (RSUM)

[43]. These two SSAs will be explained when necessary in the text.

The suitability of IBMs for representing cell populations is readily apparent. IBMs
provide an intuitive representation of cells, and allow for complex behaviours repre-
senting biological processes, such as cell-cell interactions and volume exclusion, to be
easily assigned to agents in the IBM [12, 33-35]. Importantly, IBMs can capture the
effects of spatial correlations and heterogeneity in agent populations, and the ramifi-
cations spatial correlations can have on processes such as cell proliferation [18-23, 44].
As such, IBMs have played an important role in research focussing on cell migratory
processes [2, 3, 10]. For example, our study using an IBM has shown, in the case

of melanoblasts, that spatial correlations established by melanoblast proliferation es-
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N | N
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Figure 1.1: A lattice-based model. The lattice sites occupied by an agent are indicated
by coloured sites (blue, grey and red). Only one agent is allowed per site, and this
agent is able to move or proliferate into adjacent sites at a given rate. For instance,
the agent in blue in (a) has been chosen to attempt a movement or proliferation event.
This blue agent can move or proliferate into any one of the four empty adjacent sites
next to it. If this blue agent moves in the positive horizontal direction (right) the
result is the configuration displayed in (b). If this agent proliferates into the lattice
site in the positive horizontal direction the result is the configuration displayed in (c),
where the red agent is the blue agent’s progeny.

tablish fur patterning phenotypes [10]. Beyond studies in cell migration, IBMs have
been widely applied to the study of other biological phenomena. For instance, IBMs

have been used to study spatial structure in cell aggregates [44, 45], the growth of
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cell colonies [18], enteric colonic growth [24], and infection spreading and ecological

interactions [16, 46].

Other IBMs include off-lattice models [1-3, 47]. In off-lattice IBMs agents are not
confined to a lattice, and can occupy any location in space in the IBM domain. Off-
lattice IBMs are often more realistic than lattice-based IBMs, in that agents are able
to move continuously in space, and do not have to ‘jump’ fixed distances. However,
what gain off-lattice IBMs potentially make in biological realism is generally coun-
tered by a reduction in their mathematical tractability, compared to lattice-based
IBMs [47-51]. Off-lattice IBMs are also typically more computationally expensive
than lattice-based IBMs, which can be an important consideration if a large number

of IBM repeats are required to generate results.

1.2.2 Continuum models

Throughout this thesis we derive continuum models that accurately approximate
certain features of the IBMs we present. The reason we derive continuum models
to approximate averaged IBM results is that continuum models are often useful for
forming a more thorough understanding of a process, which is not always apparent
(or feasible) from merely studying a large number of simulations of an IBM. Chapters
4, 5 and 6 of this thesis especially highlight how deriving a continuum model can
conceptually simplify a complicated system, and provide an analytical understanding

not readily apparent from examining the results of the corresponding IBM.

Importantly, all continuum models presented in this thesis are derived directly from
considering the averaged behaviour of the IBM. This is generally done by formulating
a probability master equation describing the evolution of the probability that a sys-

tem is in a certain state at a given time. The derivation of continuum models from



1.3. Thesis outline

IBMs typically utilises moment closure approximations, with the choice of moment
closure dependent on the process being modelled. The assumptions made in deriving

a particular continuum model will be made clear when necessary in the text.

1.3 Thesis outline

We now give a brief summary of the remaining chapters. In Chapter 2 we motivate the
use of mathematical and computational modelling in developmental biology research
with a study of how melanoblasts colonise the epidermis during murine development
[10]. We show, through the use of an IBM parameterised by experimental data,
that a simple mechanism consisting of undirected cell migration and proliferation, in
tandem with domain growth, can account for the colonisation of the epidermis by

melanoblasts in the embryonic mouse.

Cell-cell interactions, such as cell-cell adhesion or repulsion, are not included in our
IBM of melanoblast colonisation of the DLE presented in Chapter 2. In the case
of melanoblast colonisation of the DLE this is because complex cell-cell interactions
are not thought to exist between melanoblasts. However, it is well understood that
cell-cell interactions do play a significant role in some cell migratory processes, often
during embryonic development [52-54]. Therefore, in Chapter 3 we conduct a theoret-
ical study into how cell migration is affected by cell-cell interactions, and include the
effects of both domain growth and a chemoattractant [12]. In doing so we compare
results from IBMs and continuum models describing the spatial and temporal evo-
lution of a cell population with adhesive and repellent cell-cell interactions, on both
static (non-growing) and growing domains. From our studies we suggest that cell-cell
interactions can be inferred from population density characteristics in the presence
of a chemoattractant, and that these population density characteristics are conserved

on both static and growing domains. We also study the expected displacement of
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a tagged cell, and show that different types of cell-cell interactions give rise to cell

trajectories with distinct characteristics.

In Chapter 3 we assume agent proliferation is negligible in our IBM and corresponding
continuum models. However, cell proliferation is of obvious importance in develop-
mental biology, indeed in Chapter 2 we present an example of how a proliferative cell
population migrates along a growing domain. Agent proliferation in IBMs establishes
spatial correlations between agents, and these spatial correlations can lead to some
continuum approximations of IBMs being inaccurate. Therefore, the central topic
of Chapters 4, 5 and 6 is deriving accurate continuum approximations of IBMs that

include agent proliferation and domain growth.

In Chapter 4 we present methods to include the effects of domain growth on the
evolution of spatial correlations between agents in a continuum approximation of a
one-dimensional model of cell motility and proliferation [13]. We include the effect
of spatial correlations by deriving a system of ordinary differential equations (ODEs)
that describe the expected evolution of individual and pairwise density functions for
agents on a growing domain. We then demonstrate how to simplify this system of
ODEs by using an appropriate approximation. This simplification allows domain
growth to be included in models describing the evolution of spatial correlations be-

tween agents in a tractable manner.

In order to describe cell migratory processes more realistically it is necessary to extend
the methods presented in Chapter 4 to two dimensions. Therefore, in Chapters 5 and
6 we present methods to include the effects of domain growth on the evolution of spa-
tial correlations between agents in a continuum approximation of a two-dimensional

model of cell motility and proliferation [14]. In Chapter 5 we show that, depending
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on the way in which domain growth is implemented, different steady state densities
are predicted for otherwise identical agent populations. Furthermore, we demonstrate
that the way in which domain growth is implemented can cause the initial size of the
IBM domain to impact the evolution of the agent density. In Chapter 6 we extend
the results presented in Chapter 5 to show that, depending on the way in which do-
main growth is implemented, different species dominate in two species simulations
[15]. Continuum approximations of the IBM that ignore spatial correlations cannot
capture any of the aforementioned behaviour, while those that account for spatial
correlations can. The results in Chapters 5 and 6 show that the mechanism used to
implement domain growth can determine the long term behaviour of agent popula-

tions, and in certain circumstances, establish patterning.

To use the modelling approaches developed in Chapters 3 to 6 to represent biological
systems of interest, it is often necessary to accurately parameterise them. Therefore,
in Chapter 7 we develop methods to identify parameters for cell motility and adhe-
sion in a simple wound-healing experiment [11]. Building on the results of Chapter
3 we implement different cell-cell interactions in an IBM simulating a wound-healing
experiment, and address issues of parameter identifiability and experimental design.
We show that, given an ideal experimental design, cell motility and adhesion param-
eters can be successfully retrieved from synthetic data using approximate Bayesian
computation (ABC). Using an IBM we then improve the design of a practically real-
isable experiment, and show that identification of model parameters is more accurate
if the domain upon which the experiment is performed is expanded, as opposed to

increasing the number of repeats of the experiment.

We conclude the thesis in Chapter 8 with a short discussion of the main results,

and consider some possible extensions to the work presented here.



Chapter 2

Modelling neural crest stem cell migration on a

growing domain

Overview

In this chapter we present an IBM calibrated by experimental measurements to in-
vestigate colonisation of the dorsal lateral epithelium (DLE) by melanoblasts in the
embryonic mouse. Our observations indicate that melanoblast colonisation likely pro-
ceeds through a process of undirected migration, proliferation and tissue expansion.
Our IBM also explains the formation of murine pigmentation patterns such as diffuse
LaacZ' patterns, chimeric stripes, and belly spots via a common and, hitherto un-

recognised, mechanism.

The majority of the work in this chapter appears in the paper: R. L. Mort*?, R.
J. H. Ross™, K. J. Hainey, O. Harrison, M. A. Keighren, G. Landini, R. E. Baker, K.
J. Painter, 1. J. Jackson and C. A. Yates. “Reconciling diverse mammalian pigmen-
tation patterns with a fundamental mathematical model”. Nature Communications,
7(10288), 2016. R. J. H. Ross performed all the computational modelling. R. L.

Mort, O. J. Harrison, K. J. Hainey and M. A. Keighren performed the wet lab work,

!'Throughout this chapter we implement the standard convention whereby a gene is italicised,
and its corresponding protein is not. For example, LaacZ is the gene, and LaacZ is the protein.
2* These authors contributed equally to this work.
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and are the people referred to as experimental collaborators in this chapter.

2.1 The development of neural crest stem cells

Neural crest stem cells (NCSCs) are highly motile and invasive multipotent cells that
contribute to many tissues in the developing embryo. They originate in a region be-
tween the neural tube and the ectoderm after closure of the neural tube, and migrate
along well-defined pathways in the developing embryo to populate a variety of sites
[55]. The position along the neural tube at which NCSCs originate determines the
cell lineage they become. For instance, depending on the position NCSCs originate
they can become cranial, cardiac or trunk NCSCs, in addition to other types of NCSC
1, 55].

Given the fundamental role of NCSCs in human embryonic development, the fail-
ure of NCSCs to correctly develop is associated with many human birth defects. T'wo
such defects are neurofibromatosis type 1 and piebaldism [56]. One in 3000 babies
born in the UK is diagnosed with neurofibromatosis type 1, and it has been shown that
these children have an elevated risk of developing certain cancers [57, 58]. Therefore,
the study of NCSCs is not only important to understand correct human development,
but also has clinical applications regarding understanding the factors that contribute

to human disease.

In this chapter we study the development of trunk NCSCs. Trunk NCSCs are the
progenitors of cells that become the dorsal root ganglion and adrenal medulla, and
another population that become melanoblasts, which go on to become melanocytes

[55]3. Melanoblasts originate in a region between the neural tube and the ectoderm

3In this chapter we will technically be modelling the migration of melanoblasts. Trunk NCSCs
are referred to as melanoblasts once they begin colonisation of the DLE.
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2.1. The development of neural crest stem cells

in the trunk region of the back, before colonising the DLE. In Fig. 2.1 the region of
the embryonic mouse referred to as the DLE is displayed. During the colonisation of
the DLE by melanoblasts the DLE is growing. Therefore, melanoblast colonisation

of the DLE constitutes a migratory cell population on a growing domain.

Many genetic mutations that disrupt the colonisation of the DLE by melanoblasts
have been discovered [59, 60]. This makes melanoblast colonisation of the DLE a
powerful experimental system to work with, as many genetic manipulations can be
performed. Therefore, we use the colonisation of the DLE by melanoblasts as a model

system to try and further understand both the correct, and incorrect, development

of NCSCs.

Migration stagingarea

- ——

Neural tube

Figure 2.1: The migration path of melanoblasts in the developing mouse embryo. D
indicates the dorsal side of the mouse embryo, V indicates the ventral of the mouse
embryo, and the blue arrow indicates the direction of dorsoventral migration by the
melanoblasts. The surface of the abdominal region between the two straight black
lines in the left panel is the DLE. The right panel shows this same region from the
perspective of a cross section through the axial axis, and in this right panel the DLE
is the region between the somite and ectoderm.

We now formalise the research hypothesis we address in this chapter, and explain

why computational modelling was required to address this research hypothesis.

11



2.1. The development of neural crest stem cells

The research hypothesis

We hypothesise that undirected movement and proliferation of melanoblasts, and
displacement of melanoblasts by growth of the DLE is all that is required to colonise
the DLE by E15.5 (15.5 days post-conception) in a mouse embryo. Implicit in our
hypothesis is that colonisation of the DLE by melanoblasts does not require any
extracellular co-ordination such as complex cell-cell interactions, or directional cues,
such as that induced by a chemoattractant. This is different to other populations
of migrating NCSCs, which have been shown to depend on cell-cell interactions and

chemoattractants for successful migration [1-3, 61].

Why use computational modelling for this project?

Current experimental techniques only allow our collaborators to record live-imaging
of melanoblasts in the DLE from E14.5 onwards. By this time melanoblasts have
largely colonised the DLE. Therefore, the role of our IBM was to describe melanoblast
colonisation of the DLE from E10.5 onwards (E10.5 corresponds to the beginning of
melanoblast colonisation of the DLE), and verify the hypothesis that undirected move-
ment and proliferation of melanoblasts, in tandem with displacement of melanoblasts

by growth of the DLE, is all that is required to colonise the DLE by E15.5.

2.1.1 Phenotypes associated with melanoblast colonisation of the dorsal

lateral epithelium
We now describe the phenotypic properties associated with melanoblast colonisation
of the DLE that emerge from the IBM.
Pigmentation patterns
As melanoblasts play a role in the development of hair follicles in the DLE, many

murine pigmentation phenotypes depend on melanoblast behaviour. Stripes of colour

12



2.1. The development of neural crest stem cells

extending dorsoventrally are a common feature of mouse chimeras [62]. A chimera is
a single organism composed of cells from different zygotes. The genome from each
zygote may determine a different coat colour, and so a common feature of chimeric
organisms is that they have two coat colours. An example of a chimeric mouse with

two coat colours can be seen in Fig. 2.2.

Chimeric stripes were originally taken as evidence of the directed dorsoventral mi-
gration of melanoblasts as they colonise the DLE, and led researchers to conclude
that melanoblast colonisation of the DLE is organised, and that melanoblasts do
not mix significantly when colonising the DLE. That is, each stripe consists of
melanoblasts that are all progeny of the same progenitor melanoblast. This mecha-

nism of melanoblast colonisation of the DLE is displayed in Fig. 2.3.

Figure 2.2: Chimeric mouse. In this mouse the striped pattern is caused by having
melanoblasts from different genetic lineages localising to hair follicles. The dorsoven-
tral stripes on this mouse were originally taken as evidence of directed dorsoventral
migration of melanoblasts while colonising the DLE.

More recent research into melanoblast migration revealed a diffuse distribution of
melanoblasts with high levels of axial mixing post-colonisation of the DLE. By dif-

fuse it is meant that a melanoblast and its progeny are distributed sparsely across
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Figure 2.3: The original hypothesis for the mechanism of stripe formation in chimeric
mice. The initial configuration of melanoblasts is preserved as the DLE grows and
the melanoblasts proliferate and migrate dorsoventrally in an organised manner. Red
circles indicate melanoblasts of one genotype and blue circles indicate melanoblasts
of another genotype.

the DLE, and are not confined to a narrow region, as may be expected if melanoblast
migration is directed. Wilkie et al. [6] presented tracing of single melanoblast clones
using a marking method we refer to as LaacZ. These LaacZ marker gene patterns
are caused by ‘switching-on’ the LaacZ marker gene in a melanoblast at a random
time during embryonic development. All progeny of this melanoblast also express
the LaacZ marker gene, leading to the collection of marked melanoblasts in the DLE
that have all descended from the same melanoblast. An example of this diffuse dis-

tribution of melanoblasts, all of which share a common progenitor cell, can be seen

in Fig. 2.4.

The existence of both chimeric stripes and LaacZ patterns has been a contentious
issue in the field of melanoblast migration [6]. The stripes associated with chimeric
patterns have led some researchers to argue that melanoblast migration across the
DLE is organised [62], such that melanoblasts migrate and proliferate dorsoventrally

while colonising the DLE, with little axial mixing (see Fig. 2.3). Meanwhile, the dif-

14



2.1. The development of neural crest stem cells

fuse nature of LaacZ patterns suggest that melanoblast colonisation of the DLE is less
structured, with melanoblasts from the same progenitor cell being spread out across
the DLE [6]. Here we provide evidence to suggest that the contention surrounding
this issue is due to an erroneous interpretation of the original chimera experiments

62).

Figure 2.4: LaacZ mouse embryo at E15.5. In this mouse embryo the light blue dots
indicate melanoblasts with LaacZ marker gene expression. All of these melanoblasts
share a common progenitor cell.

Piebaldism

In mice piebaldism results in a white spots on the back and belly [59], an example of
the belly-spotting phenotype is shown in Fig. 2.5. This belly-spotting phenotype is
caused by the failure of melanoblasts to localise with hair follicles in the DLE. Kit, a
cytokine receptor expressed on the surface of stem cells, is known to be important in
melanoblast migration. It is thought Kit accelerates the localisation of melanoblasts
to hair follicles in the DLE, and mice heterogeneous for a mutation in Kit have
white back and belly spots [55], a piebaldism phenotype. The mechanism by which
mutation of Kit causes belly spots is not well characterised. Through a combination of

experiments and modelling we will show in this chapter that it is likely that impaired
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proliferation in melanoblasts is the cause of white belly spots in mice.

Figure 2.5: Belly spot phenotype in a mouse, also referred to as piebaldism. The
white belly spot indicates where melanoblasts have failed to colonise the DLE during
embryonic development.

2.2 Individual-based model

In this section we describe the IBM we use to model melanoblast colonisation of the
DLE. Following this we explain how we parameterise this IBM using experimental
data, and the phenotypic properties associated with melanoblast colonisation of the

DLE that we expect to emerge in the IBM simulation results.

We use an IBM with volume exclusion on a two-dimensional square lattice of size
N,(t) by N,(t) to model the DLE. Although the DLE is a curved region of a mouse
embryo, for simplicity we choose to represent it by a rectangle, as if flattened out.
N,(t) denotes the length of the domain (number of sites) dorsoventrally at time t,
and N, (t) denotes the length of the domain (number of sites) axially at time ¢. The
lattice spacing is A, with A? understood to represent the area of a melanoblast?,

and time, t, evolves continuously according to the Gillespie algorithm. Each agent

4By the area of a melanoblast we mean the region of the two-dimensional domain the melanoblast
occupies in the IBM.
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(melanoblast) is assigned to a lattice site, from which it can move or place progeny
into adjacent sites. Attempted agent movement or proliferation events occur with
rate P, or P, per unit time, respectively. That is, P,,0t is the probability of a given
agent attempting to move in an infinitesimally small time interval d¢. If an agent at-

tempts to move or proliferate into a site that is already occupied, the event is aborted.

Throughout the simulation the IBM domain grows in both the dorsoventral and the
axial directions. To model domain growth we employ a stochastic ‘pushing’ growth
mechanism, as described by Binder and Landman [25]. This domain growth mech-
anism is illustrated in Fig. 2.6. The insertion of new lattice sites into the domain
occurs with rates Py, and Py, per unit time, for growth in the axial and dorsoventral
directions, respectively. When a ‘growth event’ occurs in the dorsoventral direction,
for each row of the lattice one new site is added in a column, which is selected uni-
formly at random. To accommodate the new sites, in each row, the sites to the right
of the added site are shifted a distance A rightwards carrying their contents with
them (that is, agents move with their sites). Likewise, for axial growth one new site
is added to each column in a row, which is selected uniformly at random, and the
appropriate sites are shifted upwards. Growth is linear in both the dorsoventral and

axial directions in the IBM, as evidenced by experimental data [10].

All domain boundaries in our IBM of melanoblast colonisation of the DLE have
no-flux boundary conditions. We have very little information about melanoblast be-
haviour beyond the boundaries of our domain. Therefore, the simplest assumption

to make is no-flux boundary conditions.
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Figure 2.6: The domain growth mechanism for the IBM. An example of a domain
growth event in which domain growth is in the dorsoventral direction (horizontal
direction) for a two-dimensional lattice. In each row the yellow site has been chosen
to undergo a growth event. Following this the yellow site is moved to the right with
its contents, for instance an agent (represented by a black circle). The red sites are
the new lattice sites and are always initially empty.

2.2.1 Inferring parameters for the individual-based model from experi-

mental data

We now describe how we infer parameters from experimental data for our IBM. Fol-
lowing this we will describe the phenotypic properties associated with melanoblast
colonisation of the DLE that emerge from the IBM. The parameters we implement
in the IBM are listed in Table 2.1.

Table 2.1: IBM parameters.

Simulation parameter Parameter value

Axial growth (P,,) 0.0056 pm min~! (one site added to each column per
growth event)

Dorsoventral growth (P,;) | 0.0246 pmmin~' (one site added to each row per
growth event)

Motility rate (P,,) 0.0412 min~*

Proliferation rate () 0.00165 min~*

Site length (A) 38 pm

Initial axial length ~~ 1634 pm (43 sites in the IBM)

Initial dorsoventral length | ~ 1178 pum (31 sites in the IBM)

18
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The size of a melanoblast in the individual-based model

In the IBM one agent is defined to occupy a 38 nm by 38 um square (i.e. A = 38 pm),
which is the area of a lattice site in the simulation. This is a biologically realistic
estimate for the size of a melanoblast, as confirmed by experiments [10]. This means
for complete colonisation of the domain, that is, every site in the domain is occupied
by an agent, our simulation has 693 cells per mm?. This is the complete colonisation
density because the approximate number of melanoblasts that would fit into a mm?

is (1000/38)? a2 693. This density value for complete colonisation of the IBM domain

also agrees with experimental data.

The initial distribution of agents in the individual-based model

In agreement with experimental data our IBM is initialised in the following manner:
at E10.5 (¢t = 0) we initialise 21 agents on the domain such that, on average, a third
of the agents are between sites 12 and 32 of the axial axis, and the remaining two
thirds are evenly distributed between sites 1 and 11, and 33 and 43, corresponding to
a slight under-representation of agents in the middle of the axial axis. These agents
are distributed so that 95% of the initial agents are between sites 8 and 17 of the
dorsoventral axis. All agents are distributed between sites 8 and 19 of the dorsoventral

axis. An example initial configuration of the IBM is shown in Fig. 2.7.

The melanoblast motility parameter in the individual-based model

Our collaborators examined the mean square displacement (MSD) of melanoblasts in
the DLE at various densities. They found the MSD of melanoblasts to be linearly
proportional to time, indicating that Fickian diffusion is an appropriate description
of melanoblast migration. Our collaborators also examined the relationship between
melanoblast density and the diffusion coefficient, D, and found a strong negative

correlation, i.e. melanoblasts diffuse faster when they are less densely packed, as
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Figure 2.7: An example of the initial configuration of the agents in the IBM. 21
agents are initialised in accordance with an experimentally ascertained distribution
as described in the text.

illustrated in Fig. 2.8.
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Figure 2.8: (a) The relationship between the diffusion coefficient, D, and the agent
density is recapitulated as an emergent property of the IBM (red line) in agreement
with experimental data (black dots). (b) Similarly, the relationship between T (av-
erage minimum melanoblast cell cycle in the IBM) and agent density described is
also recapitulated as an emergent property of the IBM (red line) in agreement with
experimental data (black dots).

To determine the same relationship between melanoblast density and the diffusion
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coefficient in our IBM we proceeded as follows: we tracked agents moving on a 646
nm by 646 pm domain (corresponding to 17 by 17 sites) with periodic boundary
conditions. This domain size corresponds, approximately, to the field of view of the
microscope used to collect the experimental data on melanoblast movement. At ¢ =0
in the simulation, a number of agents (from 1 to 289, representing all possible non-zero
agent densities) are initialised with positions chosen uniformly at random throughout
the domain. These agents are allowed to move (but not to proliferate, so as to keep
the agent density constant) for a simulation duration equivalent to 400 minutes of
real time. This process was repeated 100 times for each agent density to guarantee
enough data for an accurate estimation of the MSD of the agent population. In
each simulation the resulting agent tracks were used to characterise the MSD?. To
determine the agent movement rate, P,,, we compared the relationship between the
agent density and the effective diffusion coefficient for the experimental data to those
for the IBM for a range of different values of P,,. By effective diffusion coefficient
we mean a diffusion coefficient that produces the correct relationship between the
diffusion coefficient and agent density in our IBM, as in agreement with experimental
data. We chose the value of P,, that gave the best fit to the experimental data
(smallest least squares error, [* norm), as can be seen in Fig. 2.8. This value P, is
given in Table 2.1. To convert between P,, and the effective diffusion coefficient, D,

we use the following formula

(2.1)

Equation (2.1) demonstrates the relationship between D, P,, and A in the IBM [63].

5For agents that crossed a boundary the portion of their tracks before they crossed a boundary
was included in the analysis, however, after this their tracks were ignored. This is because these
agents would be lost in the experimental system. These agents are not lost to the simulation however,
as the domain boundaries are periodic, and so a constant density was maintained.
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The melanoblast proliferation parameter in the individual-based model

The parameter for agent proliferation, F,, was chosen such that the average minimum
melanoblast cell cycle in the IBM, T, is 7 hours. This produced a similar relationship
between cell density and proliferation in the IBM that is exhibited in the experimental
data, as can be seen in Fig. 2.8. To convert between P, and T, we use the following

formula

log2

Le=G0)@)

(2.2)

Equation (2.2) is derived in the following manner: if we assume the melanoblast
population grows exponentially, the doubling time of a melanoblast population is

given by
2 = efrle, (2.3)
If we solve Eq. (2.3) for T, we obtain Eq. (2.2) (the dimension of P, is min™').

2.3 Results

The colonisation of the domain by melanoblasts

To better quantify the migration of melanoblasts during colonisation of the DLE our
collaborators performed ez vivo live imaging of mouse embryonic skin at E14.5. A
time-lapse sequence of melanoblasts in the mouse embryonic skin at E14.5 can be
seen in Fig. 2.9. Experiments showed that melanoblasts are polarized during migra-
tion, and move along their longest axis (often referred to as the Feret’s diameter).
The Feret’s angle is therefore assumed to be a good proxy for the direction of a cell’s
migration. Our collaborators demonstrated that the distribution of the Feret’s an-

gles in the melanoblast population in the DLE is uniform, consistent with completely
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random melanoblast orientation and undirected migration [10].

Figure 2.9: A time-lapse sequence of melanoblasts migrating in ex vivo culture of
E14.5 skin. The Feret’s diameter of each cell body is indicated in cyan. The path of
a single migrating cell is indicated in red. Melanoblasts migrate along their Feret’s
diameter - the longest distance between any two points along a given boundary. Scale
bar is 50 pm.

To supplement the Feret’s angle analysis we examined the melanoblast spatial dis-
tribution at E14.5 in the DLE with the pair-correlation function (PCF) [44, 45].
The PCF is a summary statistic that provides a measure of clustering between cells
in experimental images. To calculate the PCF from the experimental images we
proceeded as follows: experimental images provided us with coordinates of each indi-
vidual melanoblast’s centre of mass on a two-dimensional domain of 512 x 512 pixels.
Each pixel is 1.26 pm, and so the microscope field of view was 645.12 pm x 645.12
pm. We mapped each melanoblast centre of mass to a 512 x 512 lattice, whereby
if an agent occupies a lattice site this indicates the centre of mass of a melanoblast
in the experimental image. To map the position of cells in the experimental images,

where melanoblast position is a continuous variable, (x,y), to a discrete lattice site,
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(1,7), we use the following formulae

i = ['T—|7 J= hfl? (24)

where [-] denotes the ceiling function. To avoid possible boundary effects at the
edge of the microscope field we extracted a central portion of the lattice for the PCF
analysis. This central portion of the lattice was all lattice sites indexed by both
129 <4 < 384 and 129 < 5 < 384. This central portion of the lattice is therefore
256 x 256 lattice sites, and we denote its horizontal length by N? and its vertical
length by NP.

To compute the PCF we require p,(m), which we define as the number of nonperiodic
counts of occupied lattice pairs for each horizontal pair distance m =1,..., N? — 1.
We use j* to denote the column position of agent k, and j' to denote the column

position of agent [. This means p,(m) is given by

A A
pe(m) =Y > W= 4| =m}, Vm=1,.. N —1, (2.5)
k=1 l=k+1

where A is the number of agents and 1 is the indicator function such that it is equal
to one if |j* — j'| = m, and is zero otherwise. We also require p,(m), which we define
as the number of nonperiodic counts of occupied lattice pairs for each vertical pair
distance m = 1,..., N — 1. We use i¥ to denote the row position of agent k, and i

to denote the row position of agent [. This means p,(m) is given by

A A
py(m) =YY 1{ji* —i'|=m}, Vm=1,... N/ —1. (2.6)
k=1 l=k+1

Binder and Simpson [45] demonstrated that is necessary to normalise Eqgs. (2.5)

and (2.6) to account for volume exclusion (and the nonperiodic pair count). The
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normalisation term for Eqs. (2.5) and (2.6) are, respectively,

pe(m) = NP2(NPy —m)pp, Vm=1,... NP, — 1, (2.7)
and

py(m) = NP2(N*, —m)pp, YVm =1,...,N?, — 1, (2.8)

where p = A/(NENY), and p = (A —1)/(NINP —1). Equations (2.7) and (2.8)
describe the expected number of pairs of occupied lattice sites, for each nonperiodic
pair distance, m, in an agent population distributed uniformly at random on the IBM

domain. The horizontal component of the PCF, g,(m), is given by

qy(m) = =——, (2.10)

where ¢,(m), the horizontal component of the PCF, is a measure of how far p,(m)
departs from describing the expected number of occupied lattice pairs for each hori-
zontal distance of an agent population spatially distributed uniformly at random on

the IBM domain, and ¢,(m) is an analogous measure for each vertical distance.

Finally, for a square domain we define the average PCF as

QSZ% )+ a5(m) (211)

where ¢;(m) and g;(m) are the pair-correlation functions for the horizontal and ver-
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tical directions, respectively, for the s sample of S total experimental images. The

total number of experimental images S = 440.

The PCF analysis of the melanoblast spatial distribution at E14.5 showed a vol-
ume exclusion effect below 28 pm as can be seen in Fig. 2.10, consistent with volume
exclusion at the scale of an individual melanoblast®. Above this distance the spac-
ing of melanoblasts conformed to complete spatial randomness (CSR). By CSR it is
meant the spacing of melanoblasts conforms to expected number of pairs of occupied
lattice sites, for each pair distance m, in an agent population distributed uniformly
at random on the IBM domain. It has been shown that cell-cell interactions, for in-
stance, cell-cell adhesion or repulsion, can cause patterning between cells at distances
greater than the cell volume [44]. The existence of CSR at distances greater than
the cell volume suggests that no cell-cell interactions of this kind are present between
melanoblasts. We therefore conclude that the melanoblast distribution at E14.5 is
spatially random (above 28 nm), and cell-cell interations between melanoblasts does

not contribute to their colonisation of the DLE.
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Figure 2.10: The PCF analysis on experimental data for melanoblast spatial organi-

sation at E14.5. The red line indicates the value of F' for CSR (F =1).

6The reason for the difference between the volume exclusion demonstrated by the PCF analysis
and the size of a melanoblast in the IBM is because melanoblasts are typically not symmetric.

26



2.3. Results

To reiterate, our hypothesis is that undirected melanoblast movement and prolifera-
tion, in tandem with domain growth, is sufficient for melanoblast colonisation of the
DLE. Using the experimentally established parameters listed in Table 2.1 our model
predicts colonisation of the DLE. That is, the averaged agent density in the model
at all stages of embryonic development closely fits the experimental data, as can be

seen in Fig. 2.11.

I Model
700 - | I Experimental

E10.5 E11.5 E125 E135 E145 E155
Embryonic age (days)

Figure 2.11: A comparison of the experimental melanoblast densities with results
from the IBM for E10.5 to E15.5 (IBM results are an ensemble average from 100
repeats).

Chimeric and mosaic patterns formed by a common mechanism

To examine the emergence of pigmentation patterns in the IBM we simulated both
mice with LaacZ marker genes and chimeric mice. To simulate the LaacZ marker
gene we proceeded in the following manner: at a time point chosen uniformly at
random during the simulation, we chose a single agent uniformly at random from
amongst all the agents that populate the domain at that time to have the LaacZ
marker gene. This single agent is ‘marked’, and all of this agent’s progeny inherit this
mark. At the end of the simulation all marked agents are plotted to give a LaacZ

pattern. To compare the LaacZ pattern generated by the IBM and those previously
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described, the LaacZ patterns from both from the IBM and Wilkie et al. [6] are
displayed in Fig. 2.12. It can be seen that the LaacZ IBM patterns appear qualita-
tively similar to the patterns previously described. A shortage of experimental data
regarding LaacZ patterns prohibited a more quantitative comparison of the LaacZ
patterns generated by the IBM and those observed experimentally. A quantitative
description of LaacZ patterns is therefore deserving of further study, the possibility

of which we discuss in this chapter’s summary.

8 8
2 2
Wilkie et al. 2002 Simulation
(a) (b)
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Dorsoventral Dorsoventral
(c) (d)

Figure 2.12: Two examples of diffusive LaacZ patterns described in Wilkie et al. [6]
redrawn with permission from Development (replotted here in (a) and (c¢) - LaacZ
expressing melanoblasts shown in black). In (b) and (d) patterns qualitatively similar
to those in Wilkie et al. [6] generated by randomly labelling a single agent during a
simulation and tracing all its progeny.

To simulate chimeric mice in our IBM we initialized our simulations with two differ-
ently labelled agent populations (representing two different genotypes) and tracked
the positions of their progeny over time. When a simulation was complete, we as-
signed the value +1 (associated with light grey cells in Fig. 2.13 (a)) to one of the
agent types and —1 (associated with black cells in Fig. 2.13 (a)) to the other (while

empty lattice sites are assigned the value ‘0’).
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Figure 2.13: Identification of stripes in the IBM. (a) A stripe-like pattern from a
single simulation of the IBM initialised with agents of two melanoblast genotypes
(black and light grey) in equal proportions. (b) The axial profile of the genotype
signal for the simulation depicted in (a).

To quantify the presence of stripe-like patterns in our IBM we averaged the val-
ues associated with the agent populations on each row for a given simulation. This
provides a measure of the proportion of each agent genotype in each row, which we
call the ‘genotype signal’. The genotype signal for Fig. 2.13 (a) can be seen in Fig.
2.13 (b). We repeat this process for each of the possible divisions of the twenty-one
initial cells into two non-overlapping subsets, which we call a ‘genotype ratio’”. We
then apply the discrete fast Fourier transform (DFFT) to our genotype signal (Fig.
2.13 (b)). We repeat this process 100 times and generate an average DFFT for each
different initial genotype ratio. For simulations without stripe-like patterns no dom-
inant frequency is identifiable. However, in the case where different agent genotype
populations are not well mixed and have formed dorsoventral stripes, a single, low
frequency is identifiable that relates directly to the periodicity of the stripes in the
simulation. This means a dominant frequency (corresponding to the maximum value

of the averaged DFFT) can be identified for each initial genotype ratio. We call this

TFor instance, (1 light grey cell, 20 black cells), (2,19), (3,18), etc.

29
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dominant frequency the ‘stripe intensity’. This method allows us to systematically

identify the presence of stripes.

Following the above procedure we find that stripes are most apparent when we ini-
tialise simulations with only two genotypes. This corresponds to most experimental
patterns in mice consisting of only two colours. As we increase the number of starting

genotypes the stripe intensity decreases, as can be seen in Fig. 2.14.
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Figure 2.14: Stripe intensity vs. number of starting genotypes. When only two geno-
types are present stripes are most apparent. As the number of genotypes is increased
‘stripe intensity’ is reduced (where stripe intensity is defined as the dominant fre-
quency emerging from the mean DFFT of the intensity profile of 100 simulations of
the IBM).

These results demonstrate that the IBM is able to produce both chimeric stripes
and diffuse LaacZ patterns, and that this is through a common mechanism for
melanoblast colonisation of the DLE. Given the described analysis of stripe for-
mation in the IBM, we hypothesise that the stripes are formed by the coalescence of
clusters of melanoblasts with different progenitor cells. This means that stripe for-
mation does not proceed through the directed dorsoventral migration of descendent
melanoblasts, but rather stripes form from a favourable arrangement of melanoblasts
of the same genotype in the initial conditions that are elongated dorsoventrally by the

growth in that direction. Consequently, increasing the number of differently labelled
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melanoblast populations, akin to increasing the genotypes in the chimera, removes
the stripe-like pattern in the chimeras. For example, compare the panels in Fig. 2.15,
showing two-colour and multicolour depictions of a single simulation. In the two-
colour chimera a stripe-like pattern is discernible, whereas in the twenty-one colour

chimera it is not.

Axial

Dorsoventral Dorsoventral

(a) (b)

Figure 2.15: Example chimeric patterns from single simulations of the IBM initialised
with either agents of two genotypes in equal proportions, or with twenty-one differ-
ently coloured genotypes. (a) and (b) are generated from a single simulation. In the
case of chimeras with two genotypes (colours) melanoblasts of the same genotype,
but from different initial progenitor cells, are more likely to create continuous bands
of a single colour when compared with twenty-one genotype chimeras. This coalesc-
ing of melanoblasts of like genotype in the two-genotype chimera creates stripe-like
patterns.

Belly spots arise from reduced proliferation

Belly spot formation has long been proposed as a product of either altered prolifer-
ation or migration in melanoblasts [55]. Experiments by our collaborators had con-
firmed that Kit mutant melanoblasts have similar motility to wild type melanoblasts.
However, Kit mutants were shown experimentally to have a longer cell cycle, i.e. to
proliferate more slowly. To compare the effect of agent motility and proliferation
rate on domain colonisation we performed a parameter sweep comparing different
values of D and T, in our IBM. This revealed that domain colonisation in our IBM
is markedly more sensitive to changes in 7, than in D, as can be seen in Fig. 2.16.

We proceeded to test this conclusion for single realisations of the IBM. Accordingly,
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small increases in cell cycle time in the IBM resulted in a failure of agents to fully
populate the domain and produced a white belly spot that mimics the belly spot seen
in vivo, as can be seen in Fig. 2.17. As the cell cycle time is increased in the IBM
belly spots are increasingly observed, and at longer cell cycle times dorsal spots are
also observed. This is consistent with existing mutant phenotypes known to affect

melanoblast proliferation, such as Racl [59] or Magoh [60].
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Figure 2.16: The bellyspotting phenotype in the IBM is more sensitive to a decrease
in melanoblast proliferation rate than diffusion coefficient as indicated by the yellow
region (blue: low probability of colonisation; yellow: high probability of colonisation).
The parameter sweep compares colonisation in the IBM for different values of diffu-
sion, D,s, (normalised by the diffusion coefficient value used in our simulations, D)
and cell cycle time, T, (normalised by the cell cycle time used in our simulations,
T.). 100 repeats of the IBM were performed for each combination.

2.4 Summary

Neural crest stem cell migration is a fundamental developmental process, the fail-
ure of which leads to human birth abnormalities. Therefore, understanding NCSC
development has important implications for the treatment of a variety of human
diseases. In this chapter we have used melanoblast colonisation of the DLE as a
model with which to study the the development of NCSCs. We have shown, using

a combination of experiments and analysis, that migrating melanoblasts do not have
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Axial

Dorsoventral

Dorsoventral

(b)

Figure 2.17: Model phenotypes for different values of T... (a) T, = 7 hours, (b) 7. = 10
hours. An increase in T, from 7 to 10 hours, results in a ventral belly spot at E15.5
in our simulations similar to the pattern observed in Kit mutant mice. Each plot
represents one side of the embryo extending from the dorsal most aspect on the left
to the ventrum on the right. (a) Wild type (7. = 7 hours), (b) Kit mutant (7, = 10
hours).

preferred directionality, but rather diffuse and proliferate throughout the DLE in a
density-dependent manner. Undirected melanoblast migration and proliferation, in
combination with domain growth, is sufficient for the colonisation of the DLE by
melanoblasts. Our IBM suggests that the formation of diffuse LaacZ patterns and
chimeric stripes can arise through a common mechanism. Further experiments, us-
ing stochastic labelling methods such as brainbow and confetti [64], are required to
definitively confirm our findings concerning the formation of pigmentation patterns
in mice. Our IBM, in conjunction with experimental data, also suggests that im-
paired proliferation in melanoblasts is the cause of bellyspotting in mice rather than
impaired migration. This suggests piebaldism is caused by a defect in melanoblast

proliferation and not motility.
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To conclude; melanoblast colonisation of the DLE, belly spot formation, chimeric
stripes, and diffuse LaacZ patterns are all explained by a simple model incorporat-
ing random melanoblast migration with proliferation, in conjunction with domain
growth, during the course of colonisation. Importantly, colonisation and the observed
phenotypes are produced without the need for more complex cell-cell interactions
or extracellular signals. This result has broader implications for cell behaviour in
other NCSC lineages and their associated neurocristopathies, in that other NCSC

populations may exhibit similar behaviours.

In this chapter we have studied how a simple mechanism of undirected cell migra-
tion and proliferation, in tandem with domain growth, can account for melanoblast
colonisation of the DLE. Cell-cell interactions, such as cell-cell adhesion or repul-
sion, are not present in our IBM of melanoblast colonisation of the DLE. In the case
of melanoblast colonisation of the DLE this is because cell-cell interactions are not
thought to exist between melanoblasts. However, it is well understood that cell-cell
interactions do play a significant role in some cell migratory processes, often during
embryonic development [52-54]. Therefore, in Chapter 3 we conduct a theoretical
study as to how cell-cell interactions affect cell migratory processes on both static
and growing domains. The aim of this study is to better understand the effect of

cell-cell interactions on cell migratory processes.
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Chapter 3

Modelling cell-cell interactions and cell pathlines

on a growing domain

Overview

In this chapter we compare IBMs and continuum models describing the spatial and
temporal evolution of a cell population with different forms of cell-cell interactions,
such as cell-cell adhesion or repulsion. We study cell-cell interactions on static (non-
growing) and growing domains, and also in the presence of a chemoattractant. We
suggest that cell-cell interactions can be inferred from cell population density char-
acteristics in the presence of a chemoattractant, and these population density char-
acteristics for different cell-cell interactions are conserved on both static and grow-
ing domains!. We also study the expected displacement of a tagged cell in the cell
population and show, depending on the form of cell-cell interaction, the expected
displacement of a tagged cell has different characteristics. Our results are relevant
for researchers who study the role of cell-cell interactions in cell migratory processes,
in so far as we suggest that different types of cell-cell interactions could be identified

from cell population density and individual cell trajectory data.

The majority of the work in this chapter appears in the paper: R. J. H. Ross, C.

!By population density characteristics we mean simple measurements that can be applied to the
cell population to identify the cell-cell interactions present at the individual (cell) level.
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A. Yates and R. E. Baker. “Inference of cell-cell interactions from population density
characteristics and cell trajectories on static and growing domains”. Mathematical
Biosciences, 264:108-118, 2015. R. J. H. Ross performed all the computational and

mathematical modelling presented in this chapter.

3.1 Introduction

It is widely understood that cell-cell interactions play a significant role in cell mi-
gration [52-54, 65]. For example, multiple different cell-cell interaction mechanisms
have been identified as promoting metastasis in breast cancer [65], and repulsive in-
teractions mediated via ephrins on the surface of NCSCs have been shown to be
important in organising NCSC migration [52]. Therefore, understanding interactions
between motile cells is important for understanding cell migration in biological sys-
tems. However, although significant progress has been made in the identification and
quantification of cell-cell interactions, work to understand the effect different cell-cell
interactions have on cell motility at both individual and population levels is still on-

going [66-71].

Throughout this chapter we use mathematical and computational modelling to eluci-
date simple measurements that could be made during experiments in order to discern
cell-cell interactions. To do so we use an IBM with volume exclusion to represent
a motile cell population on a two-dimensional domain [43]. As outlined in the in-
troduction we use an IBM as it is straightforward to incorporate a large number of
cell-cell interactions, the focus of our study [33, 34, 38]. We also study these cell-cell
interactions in the presence of domain growth and motility bias. By motility bias
we mean the directed migration of a cell caused, for example, by a chemoattractant
[72-74]. Chemoattractants have been shown to play a major role in cell migration.

For instance, chemoattractants are known to be essential for the correct migration of
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cranial, cardiac and enteric NCSCs [1, 55, 61, 73]. Meanwhile, growth is an essential
component of biological systems, especially in the context of development, when large
scale tissue formation is taking place [75]. This means that the inclusion of domain

growth into models is necessary to understand cell migration in many contexts.

Importantly, we derive continuum approximations of our IBM for the spatial and
temporal evolution of the cell population density, and the expected displacement of
tagged cells on both static and growing domains [31, 33, 34, 38]. These continuum
approximations in many cases are extensions of previously derived continuum models
[33, 34, 38]. As outlined in Chapter 1, the derivation of continuum models is impor-

tant because IBMs are often computationally expensive and analytically intractable.

By applying simple measurements to our simulation results we show that cell-cell
interactions can be inferred from population density characteristics in the presence
of motility bias, and these population density characteristics for different cell-cell
interactions are conserved on both static and growing domains. Different cell-cell
interactions can also be inferred from the characteristics of the trajectory of a tagged
cell. This means the results presented here are relevant to experimentalists in the field
of cell biology, as the study of population density and cell trajectory characteristics

could be used to distinguish between different cell-cell interactions.

The outline of this chapter is as follows: in Section 3.2 we introduce our IBM of
migratory cells on a growing domain. We also postulate mathematical representa-
tions of different types of cell-cell interactions, and derive corresponding continuum
approximations of our IBM. In Section 3.3 we compare the accuracy of these contin-
uum approximations with their IBM counterparts. We do this for a range of cell-cell

interactions, for both static and growing domains, and show that different cell-cell
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interactions can be inferred from population density and cell trajectory characteris-
tics using simple measurements. In Section 3.4 we summarise the results presented

in this chapter.

3.2 Model formulation

In this section we first introduce our IBM and the cell-cell interactions that we employ
throughout this chapter. We then derive continuum approximations of our IBM, and

compare the IBM simulation results with our continuum approximation solutions.

3.2.1 Individual-based model

We implement an IBM on a two-dimensional square lattice with lattice spacing A
[46] and size N,(t) by N,(t). The lattice spacing A is understood to represent the
length of a cell (the area the cell occupies is A?). For IBM simulations in which
the domain does not grow, the number of sites in the z and y directions is constant,
so that N,(t) = N, and N,(t) = N,. All simulations are performed with periodic
boundary conditions at y = 0 and y = N,(¢), and no-flux boundary conditions at
x =0 and x = N,(t). Furthermore, in all simulations displayed here, domain growth

only occurs along the x axis.

The lattice is populated by agents, which represent biological cells. Each agent is
assigned to a lattice site, from which it can move into an adjacent site. If an agent
attempts to move into a site that is already occupied, the movement event is aborted.
In this chapter we neglect cell proliferation, death and differentiation as they add
significant complications to our methodology and provide little extra insight into the
scenarios we study here. However, in Chapters 4, 5 and 6 the impact of cell prolifer-

ation is studied in detail.
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3.2. Model formulation

At each time step, 7, all agents on the lattice have the opportunity to move to
an adjacent site with probability P,,. On a square lattice, with an agent positioned
at site (row = i, column = j) and not on a boundary, adjacent sites would consist
of sites (i,7 — 1), (i —1,7), (i,7 + 1) and (i + 1,7). To relate site coordinates to
continuous Cartesian coordinates, we use x = iA, y = jA. This means the length
of the x axis is L,(t) = N,(t)A, where N,(t) is the number of sites in the x direc-
tion. An analogous relationship exists for L,(¢). For all simulations presented here
P,, = 1. The random sequential update method (RSUM) we employ to evolve the
system forward in time means that if there are M agents in the domain, M sequential
random agent movements to an adjacent site are attempted at each time step with
replacement [43]. This means each agent is chosen on average once per time step,

however, in some time steps an agent may be selected more than once or not at all.

Key to both the IBM we implement and continuum models we derive in this chapter
is the growth mechanism we employ. This growth mechanism is the same as the one
employed in Chapter 2, except that in this chapter the domain only grows in the
horizontal direction. We briefly describe the growth mechanism again for clarity, and
describe some small differences in its implementation in this chapter. Our growth
mechanism is as follows: at each time step one site is selected uniformly at random
from each row of the domain to undergo growth. This means that domain growth is
linear. It also means that all realisations of the IBM grow to the same length, and
so in this respect our growth mechanism is deterministic. We choose linear domain
growth as it has been shown to occur in many biological systems [10, 24, 26, 76]. How-
ever, this growth mechanism is equally applicable to other types of isotropic domain
growth, such as exponential growth [31]. As in Chapter 2 if site (¢, 7) is selected for
growth, the new site is inserted at (i, 7), and the ‘selected’ site is moved to (i, 7 + 1),

taking its contents (i.e. an agent or no agent) with it. This means new sites are
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unoccupied initially, and that all sites to the right of a site that undergoes growth are

‘pushed’ one lattice spacing, A, in the positive = direction, along with their contents?.

3.2.2 Transition probabilities that represent cell-cell interactions

As outlined in the introduction of this chapter it is known that cell-cell interactions
play an important role in cell migration [52-54, 65]. Therefore, we implement a
number of cell-cell interactions in both our IBM and continuum models. These four
types of cell-cell interaction, which we term blind, adhesive, repulsive and myopic,
are designed to imitate cell-cell interactions in biological systems [33, 34, 53, 65]. We
also study the effect of motility bias, for example induced by a chemoattractant, as
it is known to play a significant role in some cell migratory processes [61, 72, 74]. Tt
is important to note that the way in which we model these cell-cell interactions is
not unique. However, given the focus of our study to discriminate between different
types of cell-cell interactions we have chosen models of cell-cell interactions that have

previously been published [33, 34].

To define our cell-cell interactions we first introduce some notation [34]. For any
site v on the square lattice we define the nearest neighbourhood set A'{v}. This set
contains all lattice sites that share a boundary with v, so that N = |[N{v}| = 4 (away
from the boundary) for a two-dimensional square lattice. This neighbourhood is typ-
ically referred to as a von Neumann neighbourhood, and these are the sites from/to

which agent movements into and out of site v can be made.

Throughout this chapter we use standard conservation arguments to derive our con-
tinuum approximations of our IBMs [35, 39]. The occupancy of site v is denoted by

C,, with C, = 1 for an occupied site and C, = 0 for an unoccupied site. By aver-

2This growth mechanism is illustrated in Fig. 2.6.
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aging over many identically prepared realisations of our IBM we obtain the expected
occupancy of site v, denoted by (C,). This quantity represents the probability of oc-
cupancy of site v. Continuum approximations of our IBMs will describe the evolution
of these expected occupancies in the IBM. Importantly, we assume that adjacent sites
are independent in the derivation of the continuum approximations in this chapter?.

This approach is well-established in the literature [34, 38, 77, 78].

Blind agent interactions

In ‘blind’ agent interactions the agent does not consider the occupancy status of
adjacent sites before attempting a move. In this sense the agent is ‘blind’ to its
environment. The transition probability for a blind agent, in which an agent attempts

to move to one of the N nearest neighbour sites with probability P,,(1 + p,_.)/N is

written as
Pm 1 v—v!
T ) = %(1 — Cy), (3.1)
such that
1 + pv—w )
0< Z <1 (3.2)
v'eN{v}

In Eq. (3.1) T'(v'|v)p is the probability that an agent will successfully move from
site v to site v € N{v} during [t, ¢ + 7), given it is at v at time ¢ (the subscript
B denotes blind) [38], and p,_,, is the bias present in moving from site v to v’. For
our purposes p,_,,y will be one of +p, or +p,, with £p, the bias for movements in
the positive/negative x directions and +p, for movements in the y direction. For
example, a movement from site (i, 7) — (4, j+ 1) would have a bias of p,. Conversely,

a movement from site (i,7) — (¢,j — 1) would have a bias of —p,. We define p,_.

3This assumption will be disregarded in Chapters 4, 5 and 6.
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€ [-1, 1] and, given 0 < P, < 1, Eq. (3.2) is a condition that must be satisfied

so that the probability of an agent attempting to move if selected does not exceed one.

We now proceed to define more complicated agent interactions. To do so we adopt a
transition probability notation similar to that used by Landman and Fernando [34],
with some modifications. From our nearest neighbourhood set N{v} we define two
further sets. O{v} is defined as the set of all nearest neighbour occupancy configu-
rations in the set N{v}\{v'}. O,{v} is then defined as a subset of O{v} containing
exactly n occupied nearest neighbour sites from the possible N — 1 sites in the set
N{v}I\{v'}. We then use Of{v} to index the possible choices of sites in O,{v},
where the superscript k denotes one of the (Ngl) possible choices of n distinct sites
in O,{v}. Put simply, these represent all the possible combinations of occupied sites
in N{v}\{v'}, and are the elements of set O,{v}. Additionally, we define U*{v} to
be (N{v}\{v'})\OF{v}. Therefore, U{v} can be understood as the set of all possible
combinations for unoccupied sites in the nearest neighbourhood set of site v. These
combinations are displayed in Fig. 3.1. With this notation we can now define more

complicated agent interactions for our IBM.

Adhesive/repulsive agent interactions

In adhesive and repulsive agent interactions, the number of sites that are occupied
in the nearest neighbourhood of an agent influence the probability of that agent
completing a move. In this sense the agent is not ‘blind’, as it takes its nearest
neighbourhood into account before attempting a move. For adhesive interactions the
success of a move decreases if the agent is in contact with other agents that it can
adhere to. Conversely, for repulsive interactions the success of a move increases if
an agent is in contact with other agents. In adhesive and repulsive agent interac-

tions an agent attempts to move to one of its N nearest neighbours with probability
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(a) ‘ v v ‘ (b) v v
Ot{v} or Oi{v} or
Uy {v}. - Ui {v} -

Figure 3.1: The nearest neighbourhood occupancy sets. The shaded sites indicate a
site that is occupied by a cell.

Po(1+ pysw)(1 + @)*/N, where n < N signifies the number of nearest neighbours
of v that are occupied, —1 < a < 0 for adhesive agent interactions, and 0 < a < 1
for repulsive agent interactions. This transition probability was first suggested by
Khain et al. [33], and has been successfully applied to IBMs of wound-healing and

cell aggregation [19, 33, 35].

We denote the occupancy of sites v and w by C, and C,, respectively, and let
u € OF{v} and w € U*{v} represent all configurations of occupied and unoccupied
members of the nearest neighbour set of site v, respectively. For a two-dimensional

lattice the transition probability for adhesive/repulsive agent interactions with bias
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can be written as

T(W'|v)ar =

N_1 Nfl)

(1—01,,)2137"(”0‘);\;1””%’) ST o I -6, 33

= k=1 uecOk{v} welk{v}

3

such that

< P - oLt p)] o |
0< U,e;{v} { ~ <1 (3.4)
Here, the subscript A/R denotes adhesive/repulsive agent interactions (adhesion or
repulsion depends on the sign of a). Note that if « = 0 Eq. (3.3) is equivalent to Eq.
(3.1), the blind transition probability. This is because the sum of the probabilities
of all possible neighbourhood configurations is equal to unity, i.e. the neighbourhood
must be in some configuration. Once again, Eq. (3.4) is a condition that must be
satisified so that the probability of an agent attempting to move during [t, t+7) does

not exceed one.

Myopic agent interactions

The final interaction type we study is myopic agent interactions. A myopic agent
never attempts to move into an occupied site [63]. Instead, an agent’s probability of

moving to an occupied site is redistributed amongst non-occupied sites. That is

> Twph)=1 Vk nelo, .. N-1], (3.5)
welk{v}

for an agent selected to move in the IBM. For a transition probability describing
myopic agent interactions without bias this means an agent at site v attempts to

move into an unoccupied site in N'{v} with equal probability P,,/(N — n), where n
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signifies the number of nearest neighbours of v that are occupied. If bias is introduced,
then not only is the number of occupied neighbours important, but also the position
of the occupied neighbours. An example of myopic agent interactions is displayed in
Fig. 3.2. For Fig. 3.2 (a), none of the nearest neighbour sites of v are occupied, so
an agent at v would move left into site v" with probability

T(V'|v) = “;I—px).

However, in Fig. 3.2 (b), a site in the nearest neighbourhood of v is occupied,

(1-py)/4 (1= )/ (3~ p2)
=p)/ [o [0 | aspa A=p/G-p) |0|0v
(14 py)/4 (1+0,)/ 3~ ps)
(a) (b)

Figure 3.2: Myopic neighbourhood example. In panel (a) an empty nearest neigh-
bourhood is displayed. With this configuration T'(v'|v) = (1 — p,)/4. In panel (b), a
nearest neighbourhood in which one site is occupied is shown. The transition proba-
bility associated with this is T'(¢v'|v) = (1 — pz)/(3 = pz).

and so the probability of moving to this occupied site from v must be redistributed
amongst the unoccupied sites. Therefore, an agent at site v would move to site v’

with probability

(1_pz) _
TWW) = Gy T G = L),
2e) o (o) 4 o) (3 - py)
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The transition probability for a myopic agent is

T )y = (1—Cy) x

n-1 [ (%)

(1 + pvﬁv’) H Cu H (1 . Cw)

- ; (L4 Pooso) + Lovera oy (1 + Poow) | iy wetiig

(3.6)

The subscript M denotes that this is the transition rate for myopic agent interaction.

3.2.3 Population-level density continuum equations

We have described a range of transition probabilities that represent cell-cell inter-
actions. In this section we derive corresponding continuum approximations for the
spatial and temporal evolution of the population density and expected displacement
of a tagged agent on both static and growing domains, and then compare our approx-

imations with the results of our IBM simulations.

Static domains

We begin by deriving a continuum approximation for a static domain with agents
that undergo blind interactions [39]. To derive our continuum approximation we
proceed as follows. If the change in the average occupancy of site v during the time
interval [t, t 4+ 7) is denoted by §(C,(t)), and the change in average occupancy due
to a transition from v — v’ is written as T'(v'|v) 5(C,) [39], then by summing over all
members of the nearest neighbourhood set N{v} the discrete conservation equation

for agents with blind agent interactions can be written as
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In Eq. (3.7) our transition rate, T'(v|v’) g, is now treated as an ensemble average tran-
sition rate for blind agent interactions. That is, Eq. (3.7) gives the expected change

in occupancy over many realisations, assuming independence of lattice site occupancy.

To derive a partial differential equation (PDE) describing the spatio-temporal evolu-
tion of the agent population density from Eq. (3.7) we make a change of variables,
such that v — (z,y) and (C,(t)) — C(z,y,t), and then perform Taylor series expan-
sions on Eq. (3.7). It has previously been shown [27, 38, 79] that Eq. (3.7) is related
to a PDE in the limit as A — 0 and 7 — 0, such that A?/7 is held constant. Thus,
the spatial and temporal evolution of the continuous density, C'(x,y,t), for a popu-
lation with blind agent interactions on a two-dimensional square lattice is governed

by

oC

= = DV2C —V - [uC(1 - O], (3.8)

where p = (j1, ) is the advective velocity with components

e = lim (PmpmA), fy = lim (M)’ (3.9)

2t - A, 70 21

2
D = lim <PmA ), (3.10)

which implies p, = O(A) and p, = O(A) [63].

If we follow the same procedure for the adhesive, repulsive and myopic agent interac-
tion transition probabilities, that is Eqs. (3.3) and (3.6), we can derive equations for

the spatial and temporal evolutions of the density, C(z,y,t), for adhesive, repulsive
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and myopic interactions. Further details are given in Appendix A. These equations

are listed in Table 3.1.

It is of interest to note that the cell-cell interactions presented in this chapter can lead
to negative diffusion for some values of C'. This has been previously reported, and in
these cases the PDE models may give rise to solutions containing shocks [35]. Given
our choices for the values of the parameters in this chapter this is not a situation we
encounter, however it is something that one should be aware of when implementing

the techniques presented in this chapter.

Growing domains

We now add domain growth into the continuum approximations of our IBM. To do
so we name the two horizontally adjacent sites of v, i.e. (i,7 — 1) and (¢,j + 1) as vg,
and vg, respectively. Similarly, the two vertically adjacent sites of v, i.e. (i —1,)
and (i + 1,7) are defined as vy and vp, respectively. Ignoring agent movement, we
can write a difference equation to account for the effect of growth in the x direction

on the average occupancy status of site v, that is

HC) = (o) + e, 0, (3.13)

Here, P, represents the probability of a growth event in the time duration [t, t + 7).
The terms on the right-hand side (RHS) of Eq. (3.13) represent the ways in which a
growth event can affect the occupancy status of site v. The first term on the RHS of
Eq. (3.13) represents site v being occupied and a growth event occurring to the left of,
and including, site v. The second term on the RHS of Eq. (3.13) represents a growth
event occurring to the left of site v and causing site v to become/remain occupied.

If we transform Eq. (3.13) from discrete to continuous variables and perform Taylor

48



3.2. Model formulation

‘suorjoeIoful Juoge drdoAwr pue oarsindor ‘OArsoype 10j suoryenbo Aysuop pad[-uorpemdod :1°¢ O[qR],

(cre) - ? + (D% — ;09 — 0Tl — wom:mv ni A —

¢ 10
—(O+.0+0)2+ : = =
TD A%m (O +0+D) . HZ Ad o
otdoATN
(11°¢) .::%T%ATSJ@M +
i G
10
[DAG0¢0G + ¢06(09 + 001) — O(PET +0¢) + Do — 1) - AT = 0

(0 > ©) uowsindar pue (() < ©) UOISOYPY

uoryenbs Ajsusp [pas-uoryendog

UOI}0RIIUT JUITY

49



3.2. Model formulation

series expansions, noting that

No(t) = La(t)/A, (3.14)
and
P,A = Lo(t +7) — La(t), (3.15)
we obtain
%—f - —L;(t)(% { Lf(t) (J} + ALé(t) 88; { Lf(t)o} . (3.16)

Here, L (t) represents the growth rate of our domain in the positive x direction. This
is the same equation derived by Hywood et al. [31]. Importantly, in the derivation
of Eq. (3.16) we do not explicitly take A,7 — 0. This is because if we did the
first term on the RHS of Eq. (3.16) would be divergent. This approach is not ideal,
however it can be argued that this approach is reasonable as A is non-zero in the IBM
simulations. This growth term can now be added to the previous equations describing
the evolution of population density, Eqs. (3.8), (3.11) and (3.12), to represent the

effects of domain growth. For instance, with the addition of growth Eq. (3.16)

becomes
oC , 0 x L (t) 0? T B 9
E—i_Lx(t)ax {Lw(t)c] — A 5 922 {Lw(t)c} = DV°C-V-[uC(1l-0C).

(3.17)

We can combine motility and growth terms in this way as the motility and growth

terms would be independent of each other in the derivation of Eq. (3.17).
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3.2. Model formulation

3.2.4 Cell trajectories

Initially, we derive equations for the expected displacement of a tagged agent on a

two-dimensional square lattice on a static domain.

Static domains

The expected displacement of a blind tagged agent at site v in the positive x direction,
given its position along the x axis is p, at time ¢, during the time-interval [t, t + 7)

is [38]

dpr = AT (vglv)p — AT (vi|v)B. (3.18)

Equation (3.18) states that the expected transition probability in the positive x di-
rection multiplied by the jump length, minus the expected transition probability in
the negative x direction multiplied by the jump length, gives the expected displace-
ment of a blind tagged agent in the positive x direction. Equivalently, the expected
displacement of a blind tagged agent in the positive y direction, given its position

along the y axis is p, at time ¢, is

dpy = AT (vy|v)p — AT (vp|v)s. (3.19)

If we rearrange Eq. (3.19) and divide by 7, with A?/7 held constant as A, 7 — 0
simultaneously, it has been shown by Simpson et al. [38] that for an agent with blind

agent interactions

dp, oC
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3.2. Model formulation

and

dp, oC

where C, D, i, and p, are defined as previously.

If we follow this same procedure with the relevant transition probabilities, Eqgs. (3.3)
and (3.6), we can the derive equations for the expected displacement of agents with
adhesive, repulsive and myopic cell interactions. The resulting equations for the
expected displacement of a tagged agent are listed in Table 3.2. Solving Egs. (3.20)-
(3.25) gives the expected displacement of a tagged agent initially at [p.(0), p,(0)]. As
can be seen from Eqs. (3.20)-(3.25) the rate of change in the expected displacement
of an agent depends explicitly on the average agent density. It should also be noted
that if @« = 0 in Eqgs. (3.22) and (3.23) we recapitulate the expected displacement

equation for a blind agent.

Growing domains

To add growth to Eqs. (3.20)-(3.25) we proceed in the following manner. Ignoring
agent movement, the expected displacement of an agent at position p,(t), at time t,
in the positive horizontal direction during the time interval [t, ¢t + 7) due to growth

is

Pz

Op. = P,A . 2
On dividing Eq. (3.26) by 7 and taking A, 7 — 0, Eq. (3.26) becomes

dp, Pz

— = L,(t) . 3.27

b — Ly (3.27)
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3.3. Comparing continuum approximations to individual-based model results

As with the population-level density equations we simply add this growth term to
the expected displacement equations previously derived. For instance, with domain

growth Eq. (3.20) becomes

dp, oC /iy P
5 = 205 (J)+Lx(t)Lx(t).

(3.28)

Like Eq. (3.17), we can combine motility and growth terms in this way as they would

be independent of each other in the derivation of Eq. (3.28).

3.3 Comparing continuum approximations to individual-based

model results

We now compare our continuum approximations with the results of our IBM. The re-
sults presented here are not exhaustive, however they serve to present our key findings.
For static domains simulations are performed on a square lattice with N,(t) = 200
and Ny(t) = 20, with A = 1. For growing domains one site is added to each row
per time step for all simulations (i.e. P, = 1)*. All sites between 85 < x < 115 are
initially occupied with agents, and an agent at site (114, 10) is tagged. We chose this
initial location for our tagged agent as it emphasises the differences between different
types of agent interaction, as compared to other initial locations. All simulations have
periodic boundary conditions at y = 0 and y = N,(¢), and no-flux boundary condi-
tions at x = 0 and x = N,(t). Together these conditions allow us to treat the system

as translationally invariant in the y axis, hence we can write (C(z,y,t)) = (C(z,1)).

In all simulations we consider three values of bias parameter in the x direction,
pz = 0, 0.1, 0.5, with p, = 0 for all simulations. The density profiles from the

IBM, (C(z,t)), are obtained by averaging the column occupancy for R identically

“In the case of P, < 1, for instance P, = 0.5, one site would be added to each row every two time
steps. This could either be implemented deterministically or stochastically.

o4



3.3. Comparing continuum approximations to individual-based model results

prepared realisations of the IBM. That is,

(Clx,1)) = % > Cla,t), (3.29)

where C,.(z,t) is defined as the averaged column occupancy in a realisation r at time
t. We also calculate the average displacement of the tagged agent over R identically

prepared realisations of the IBM, that is

i=v]

) = = 3w (0), (3:20)

where z,.(t) represents the displacement of a tagged agent in realisation r at time ¢.
Comparisons of simulation and continuum results are presented at ¢t = 100 (R = 100)
for static domains, and ¢t = 200 (R = 500) for growing domains. We generate addi-
tional realisations on the growing domain as we simulate the IBM for a longer time,

and the growth mechanism introduces additional stochasticity to the IBM results.

Finally, we introduce a measure for the ‘concavity’ of the expected displacement
profile of our tagged agents. To do so we draw a straight line between the initial
and final expected displacement of a tagged agent, and subtract the area beneath
the straight line from the area beneath the expected displacement trajectories of the
agent (using the trapezium rule). This difference is then normalised with respect
to the displacement the agent has travelled. The concavity measure is illustrated
graphically in Fig. 3.3. We will show that with this measure it is possible to identify

different types of agent interaction.

On a static domain the population-level continuum Egs. (3.8), (3.11) and (3.12)
are solved with a centred-in-space finite difference method and implicit Euler method

with Picard iteration with 6t = 0.05 and dx = 0.5 for time integration, and abso-
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3.3. Comparing continuum approximations to individual-based model results

Expected E.xpected
displacement displacement

Time Time

(a) (b)

Figure 3.3: Concavity measure. The dotted line is the trajectory of a tagged agent. A
straight line has been drawn connecting the start and final point of the tagged agent.
The region between these two lines is shaded and used to calculate the concavity
measure. This difference is then normalised with respect to the distance the agent
has travelled. (a) Negative concavity, (b) positive concavity.

lute error tolerance € = 1078, From the solutions of these equations we approximate
0C' [0z, 0C/0y and C using linear interpolation, and then solve Eqs. (3.20), (3.22)

and (3.24) with initial position [p,(0), p,(0)], as in [38].

For simulations on a growing domain we implement the change of variables used
by Crampin et al. [80], that is £ = z/L(t) and ¢t = 7. This allows Egs. (3.8), (3.11)
and (3.12) to be solved on a fixed domain [25, 80]. The growing domain equations
are solved with a centred-in-space finite difference method and implicit Euler method
with Picard iteration with 7 = 0.05 and 6§ = 0.1, and absolute error tolerance

e=1078.

3.3.1 Static domain

We begin by testing the accuracy of our continuum approximations of our IBM on

static domains.

Adhesive agent interactions
Figure 3.4 row (a)-(b) shows results from IBM simulations and the corresponding

continuum approximation for blind agent interactions. The averaged density profile
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3.3. Comparing continuum approximations to individual-based model results

of the IBM simulations, taken from 100 repeats, compares well with the solution of
Eq. (3.8) for all values of p,, as can be seen in Fig. 3.4 row (a) (largest percentage
error (LPE) for (p, =0, p, = 0.1, p, = 0.5) is (0.13, 0.14, 0.06))®. The effect of the
non-linear advection term introduced into Eq. (3.8) by a non-zero p, is seen in the
asymmetry of the density plots, whereby the agent density skews to the right and
reduces in height more quickly compared to agents without motility bias. Figure 3.4
row (b) shows that the expected displacement of the tagged agent predicted by the
solution of Eq. (3.20) compares well with the IBM simulation for all values of p,

(0.01, 0.03, 0.02).

Figure 3.4 row (c) shows a comparison of the IBM simulation and continuum ap-
proximation solution for agents with adhesive interactions with a = —0.2. Like the
blind case, the averaged density profiles of the IBM simulations and the solution of
Eq. (3.11) compare excellently for all values of p, for this value of « (0.08. 0.07,
0.10). However, compared to agents with blind interactions, agents with adhesive
interactions spread less, due to fewer movements being attempted. Importantly, the
density profile for the agent adhesion process is convex on its RHS in the presence of
motility bias (the direction of positive bias). This is due to two reasons: (i) agents
with adhesive interactions have dispersed less by ¢ = 100; (ii) the adhesive interaction
means once an agent has left a high density region it is more likely to move again,
resulting in the density skewing in the direction of positive motility bias. Finally,
Fig. 3.4 row (d) shows that the evolution of the expected displacement for the tagged
agent predicted by Eq. (3.22) compares well with the simulation data for all values
of p, (0.02, 0.02, 0.02). In the case of agent adhesion the expected displacement of

the agent is less than for an agent with blind interactions, as would be expected.

5Throughout this thesis we quantify the error between the IBM results and continuum models
using the largest percentage error (LPE). This is the largest percentage (relative) difference between
an IBM simulation and the continuum model results at any point during the simulation.
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3.3. Comparing continuum approximations to individual-based model results

Repulsive agent interactions

We now study repulsive-type agent interactions, that is, agents with repulsive and
myopic interactions. Figure 3.5 row (a) shows the averaged density profile for the
IBM simulation and continuum approximation solution for agents with repulsive in-
teractions for a = 0.2. Compared to agents with blind interactions, agents with
repulsive interactions spread more due to movement probability being ‘redistributed’
from occupied sites to unoccupied sites in the nearest neighbourhood set. As with
blind and adhesive interactions the density profiles of the averaged simulation data
and solution of Eq. (3.11) compare excellently for all values of p, for o = 0.2 (0.05,
0.06, 0.04). This excellent agreement between the continuum approximation and IBM
is maintained for any 0 < oo < 0.2. When this threshold is passed the condition stip-
ulated by Eq. (3.4) is violated and the continuum approximation becomes inaccurate

(dependent on the value of the motility bias, p,).

In contrast to agents with adhesive interactions, the density profile for agents with
repulsive interactions is concave on the RHS of the agent population in the presence
of bias. This is because agents with repulsive interactions have dispersed more by
t = 100. This is an important observation as visualising the profile of the cells at
the edge of a cell population is experimentally tractable. We suggest that looking at
the shape of the leading edge could aid researchers in identifying cell behaviours and
interactions. For instance, a chemoattractant could be placed in the vicinity of a cell
population in vitro, and the density profile at the edge of this population could then
be measured to test whether there are adhesive or repulsive interactions between the
cells. Figure 3.5 row (b) shows that the evolution of the expected displacement for
the tagged agent predicted by Eq. (3.22) compares well with the simulation data for

all values of p, (0.02, 0.01, 0.03). As predicted, the expected displacement of an agent
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3.3. Comparing continuum approximations to individual-based model results

with repulsive interactions is greater than would be expected for an agent with blind
or adhesive interactions. Therefore, the magnitude of the displacement of individual

agents is indicative of the type of interactions between agents.

Finally, Fig. 3.5 row (c) shows the IBM simulations and continuum approximation
solutions for agents with myopic interactions. Like all other agent interactions the
density profiles of the averaged simulation data and the solution of Eq. (3.11) com-
pare excellently for all values of p, (0.02, 0.06, 0.06). As with agents with repulsive
interactions the RHS of the agent population exhibits a concave profile. The myopic
agent interaction can be thought of in some sense to be a ‘maximised’ repulsive in-
teraction. The expected displacement Eq. (3.24) also agrees well with the simulation
data for all values of p,, as can be seen from Fig. 3.5 row (d) (0.01, 0.02, 0.01). A
tagged agent with myopic interactions exhibits the greatest expected displacement by

t = 100 compared to the other interactions, which we would expect.

In Fig. 3.6 the evolution of the standard error of the mean (SEM) for the displacement
of the tagged agent in the IBM for all agent interactions has been plotted against time
with and without motility bias. It can be seen that without bias the repulsive-type
interactions exhibit a larger SEM in the displacement of the tagged agent at all time
points in the IBM, when compared to blind and adhesive interactions. Therefore, we
could expect cells with repulsive-type cell-cell interactions to exhibit greater variance
in their displacement in cell trajectory experiments. In the presence of motility bias,
however, the SEM of different agent interactions becomes less distinguishable. This
is the opposite to what is found when considering the population density, in which
case it is in the presence of motility bias that different agent interactions become
distinguishable. This difference between the collective and individual migration of

agents is an interesting observation.
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SEM

0 20 40 60 80 100 0 20 40 60 80 100

Figure 3.6: The evolution of the SEM for the position of the tagged agent for all
agent interactions. The SEM was calculated from 100 repeats of the IBM for each
agent interaction. (a) p, = 0, (b) p, = 0.5. Blind (red), adhesive (green), repulsive
(black), myopic (blue).

3.3.2 Growing domain

We now compare the solutions of our continuum approximations to our IBM sim-
ulations on a growing domain. Figure 3.7 row (a) shows a comparison of the IBM
and continuum model results for agents with adhesive interactions (0.02, 0.03, 0.10).
The density profiles of the averaged IBM data and the solution of Eq. (3.11) are not
as accurate as compared to a static domain for adhesive interactions (although the
inaccuracy is only minor). This is noticeable on the left-hand side (LHS) of the agent
population for p, = 0.5. However, the agent population retains its convex character
in the presence of motility bias on its RHS. Figure 3.7 row (b) shows that the expected
displacement of the tagged agent predicted by the solution of Eq. (3.22) compares
well with the simulation data for all values of p, (0.01, 0.01, 0.02). Compared with
a static domain the displacement of the tagged agent is much greater, as we would

expect due to domain growth.

Figure 3.7 row (c) shows the spatial and temporal evolution of the population density

for agents with repulsive interactions on a growing domain (0.02, 0.02, 0.00). The
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3.3. Comparing continuum approximations to individual-based model results

averaged density profile of the IBM simulations compares excellently with the con-
tinuum solution of the growth analogue of Eq. (3.11) for all values of p,. This is
different to the adhesion process, where the continuum solution does not accurately
predict the averaged density profile on the LHS of the population. Like the non-
growing domain the density profile for agents with repulsive interactions is concave
on the RHS of the agent population. Therefore, both agents with adhesive and repul-
sive interactions maintain their population density characteristics caused by motility
bias in the presence of growth. Finally, as before, Fig. 3.7 row (d) shows that the
evolution of the expected displacement of the tagged agent predicted by Eq. (3.22)

compares excellently with the IBM simulations for all values of p, (0.01, 0.01, 0.00).

Summary of population density results

These results, for all agent interactions, have shown that our continuum approxi-
mations of our IBM are accurate for static domains, and for the parameters values
presented here could be used as our model instead of our IBM. This is important as
IBM simulations can be time-consuming and difficult to complete parameter sweeps
with. However, with the addition of domain growth our continuum approximations
for the spatial and temporal evolution of the population density for agents with ad-
hesive interactions were less accurate, especially on the LHS of the agent population.
We found this to be the case for agents with myopic interactions too, but not for
agents with blind interactions, which gave results that were similar in accuracy to
agents with repulsive interactions. Finally, our continuum approximations for the ex-
pected displacement of a tagged agent were accurate for all four interactions for the

parameter values presented here (data not shown for blind and myopic interactions).
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3.3. Comparing continuum approximations to individual-based model results

3.3.3 Tagged agent trajectories

We now briefly discuss the results of our continuum approximations for the expected
displacement of a tagged agent in more detail, and illustrate how they could be used
to identify different agent interactions. Figure 3.8 shows the expected displacement of

the tagged agent for all interactions when p, = 0. All four trajectories have inflection

117.5

117.07

116.5¢

X116.01

115.5¢

115.07

114.55 10 20 30 40 50
t

Figure 3.8: The expected displacement trajectory of a tagged agent in the positive
x direction for all interactions with respect to time. Egs. (3.20), (3.22) and (3.24)
with p, = 0 and on a static domain. Blind (green), adhesive (red), repulsive (black),
myopic (blue).

points. In the case of blind agent interactions this signifies the point at which the
tagged agent passes the inflection point in the agent population density profile. This
can be seen most easily by looking at Eq. (3.20) with p, = 0. If we take the derivative

of Eq. (3.20) with respect to time we obtain

d?p, o [(0C
w7 = 2D <a_a;) . (3.31)
Additionally, we know that
o¢ <0Vt Vaz>100. (3.32)
Ox
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Figure 3.9: Agent trajectory concavity measure with respect to adhesion parameter
« for a tagged agent initially situated at (114, 10) in the continuum model. (a) Static
domain, p, = 0 (blue), p, = 0.1 (green), p, = 0.5 (red). (b) Growing domain, same
colour scheme as (a).

So for d?p,/dt* (Eq. (3.31)) to change sign we require 9/9t(0C/dz) to change sign
at the position of the tagged agent. This occurs when the tagged agent passes the
inflection point in the agent population density profile. This observation, although
qualitative, could be of some use to researchers trying to identify cell properties
through cell trajectories. Cells with repulsive cell-cell interactions may be expected
to exhibit a convex trajectory in their displacement for a shorter amount of time (see
black line, Fig. 3.8), after which they exhibit a concave trajectory. Conversely, the
expected displacement trajectory of cells with adhesive cell-cell interactions exhibit
a convex shape for a longer amount of time compared to cells with repulsive cell-cell

interactions (see red line, Fig. 3.8).

Figure 3.9 displays how the concavity measure of a tagged agent depends on the
adhesion parameter a. Specifically, Fig. 3.9 (a) shows the concavity measure for a
static domain at ¢ = 50. The blue line shows the non-biased case, p, = 0. We can
see that for most positive values of « (i.e. repulsive interactions) the trajectory has a
positive concavity measure. However, as a approaches zero, that is, interactions be-

come blind, the concavity measure becomes negative, as for adhesive interactions the
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3.3. Comparing continuum approximations to individual-based model results

tagged agent trajectory is convex. Therefore, we suggest that the concavity measure
could be used to identify repulsive and adhesive cell-cell interactions experimentally.
In the presence of a strong motility bias, p, = 0.5, the concavity measure is negative
for all values of o. This is important as it suggests that repulsive interactions may
not exhibit concave profiles in the presence of motility bias. Meanwhile, Fig. 3.9 (b)
shows the same continuum approximation solutions, with the addition of growth, at
t = 50. Here we see that while growth reduces the magnitude of the concavity mea-
sure of the trajectory of a tagged agent with repulsive interactions, it does not make
the concavity measure negative for repulsive interactions. Therefore, the concavity
measure associated with different agent interactions are conserved in the presence of

the growth mechanism implemented in this chapter.

It is important to discuss how the concavity measurement will depend on the time
period over which it is measured. This is because the rate of change of the concavity
measure reverses in sign in value after an inflection point in the cell trajectory. If we
observed a cell with adhesive cell-cell interactions with no directional bias on a static
domain at the edge of a cell mass, such as in Fig. 3.4 row (d), we would eventually
expect an inflection point in its expected displacement trajectory (see Fig. 3.8, red
line) [38]. Therefore, it would be necessary to study cell trajectories over an appro-
priate timescale. The relationship between the variance in cell trajectory data and
the timescale of measurement has been previously studied, and it was shown that
collecting large numbers of repeats over short timescales is most effective in reducing
the variance of cell trajectory data [81]. Therefore, given the nature of cell trajectory
experiments we would only recommend use of the concavity measure over short time
scales with multiple repeats, as with long time scales both theoretical and experimen-
tal difficulties with cell trajectory experiments arise. However, it stands to reason

that over short timescales the different concavity properties of cell trajectories with

67



3.4. Summary

adhesive and repulsive cell-cell interactions presented here could be viable, as long as

the experiment is effectively controlled.

3.4 Summary

In this chapter we have extended previously formulated IBMs and continuum models
for a range of agent interactions, representing known cell-cell interactions in biological
systems. These have been implemented on both static and growing domains. The
density profiles resulting from different types of interactions are differently shaped.
Agents with myopic and repulsive cell-cell interactions display concave profiles in the
presence of a motility bias, whereas agents with adhesive interactions exhibit a convex
profile in the presence of motility bias. These agent density profiles were conserved
on both static and growing domains, suggesting these profile differences would be
conserved in the presence of domain growth, an important consideration when con-
sidering whether experimental data collected in vitro is applicable to growing domain
environments. Visualising the profile of the cells at the edge of a cell population in
the presence of a chemoattractant is potentially experimentally tractable, and so this

knowledge could help researchers identify different cell-cell interactions.

We have also presented continuum equations describing the expected displacement of
a tagged agent with different interaction mechanisms. By studying the expected tra-
jectory of a tagged agent with different agent interactions (Fig. 3.8) we showed that
different agent interactions give rise to different trajectory profiles and magnitudes.
Agents with repulsive interactions exhibited concave trajectories compared to agents
with adhesive interactions. In the presence of strong motility bias the differences in
the trajectories of tagged agents with different agent interactions was lost. More-
over, agents with repulsive-type interactions exhibited greater expected displacement

compared to agents with adhesive interactions. This is an obvious but important con-
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sideration when analysing cell trajectory data, and could be used to identify cell-cell
interactions. We also found that repulsive-type agent interactions exhibited a greater
SEM when compared to blind or adhesive interactions. Therefore, the SEM could
also be used as a potential means by which to distinguish between repulsive-type
cell-cell interactions. The difference in the magnitude of the SEM for tagged agents
with different agent interactions was lost in the presence of a strong motility bias.
This highlights how understanding the effect of different agent interactions in the
presence of motility bias is not straightforward. Ironically, the presence of motility
bias is what allows us to distinguish between different agent interactions when look-
ing at the population density. However, the presence of motility bias obscures the
differences between the trajectories of tagged agents with different agent interactions.
This is an interesting difference between analysing population and individual agent

level statistics from our individual-based and continuum models.

In this chapter the parameter values we use mean that our PDE models never exhibit
negative diffusion. However, this is a phenomenon that has been previously examined
[35] and is something to be aware of when developing models for cell-cell interactions

if using the framework presented in this chapter.

In this chapter we have ignored the effect of agent proliferation in our IBM and con-
tinuum models. Cell proliferation is of obvious importance in developmental biology,
indeed in Chapter 2 we studied an example of a proliferative cell population on a grow-
ing domain. Chapter 2 also demonstrated how agent proliferation generates spatial
correlations between agents in the IBM, and in the case of melanoblast colonisation
of the DLE, these spatial correlations are hypothesised to underpin stripe formation

in chimeric mice.
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The spatial correlations generated by agent proliferation in IBMs can lead to some
continuum approximations of IBMs being inaccurate. This means the derivation of
accurate continuum models including agent proliferation often requires the use of
different moment closure approximations to those presented thus far. The central
topic of the next three chapters will be deriving accurate continuum approximations

of IBMs that include agent proliferation, for IBMs with growing domains.
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Chapter 4

Modelling spatial correlations on a growing

domain in one dimension

Overview

In this chapter we present methods to include the effects of domain growth on the
evolution of spatial correlations between agent locations in a continuum approxi-
mation of a one-dimensional lattice-based model of cell motility and proliferation.
This is important as the inclusion of spatial correlations in continuum models of cell
motility and proliferation without domain growth has previously been shown to be
essential for their accuracy in certain scenarios [18, 21-23]. We include the effect of
spatial correlations by deriving a system of ODEs that describe the expected evolu-
tion of individual and pairwise density functions for agents on a growing domain. We
then demonstrate the simplification of this system of ODEs by using an appropriate
approximation. This simplification allows domain growth to be included in models

describing the evolution of spatial correlations between agents in a tractable manner.

The majority of the work in this chapter appears in the paper: R. J. H. Ross, C.
A. Yates and R. E. Baker. “The effect of domain growth on spatial correlations”.
Physica A, 466:334-345, 2016. R. J. H. Ross performed all the computational and

mathematical modelling presented in this chapter.
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4.1 Introduction

In Chapters 2 and 3 we have seen how IBMs can play a significant role in research into
cell migratory processes. In Chapter 2, we demonstrated that an IBM parameterised
by experimental data could be used to validate a scientific hypothesis regarding coloni-
sation of the DLE by melanoblasts. In Chapter 3 we saw that IBMs allow complex
behaviours, such as cell-cell interactions, to be easily assigned to agents in an IBM
[12, 33-35]. The effects of cell-cell interactions on cell migratory processes can then
be studied with the IBM, potentially leading to the generation of new hypotheses
that can be tested experimentally. Importantly, IBMs also capture spatial correla-
tions established by cell proliferation, and the ramifications spatial correlations can
have on density-dependent processes such as cell migration and proliferation [18-
23, 44, 50, 51, 82, 83]. An example of this is presented in Chapter 2, whereby the
coalescence of clusters of agents, established by agent proliferation, formed chimeric
stripes in the IBM. The main focus of the next three chapters will be the study of
proliferative agent populations on growing domains and, in particular, modelling the
evolution of the spatial correlations established by agent proliferation in these popu-

lations.

In Chapter 3 we demonstrated that IBMs are often amenable to approximation by
population-level continuum models. Accurate continuum approximations of IBMs are
important tools for understanding biological systems as, in contrast to IBMs, they
generally allow for more mathematical analysis. As discussed in the thesis introduc-
tion, this analysis can be crucial in forming a mechanistic understanding of biological
systems, which is not always apparent (or feasible) from simply studying the aver-
aged results of a large number of repeats of an IBM. However, in certain scenarios
standard mean-field continuum descriptions of IBMs, such as those describing the ex-

pected evolution of the population density, suffer from the limitation that they neglect
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to incorporate the impact of spatial correlations and clustering. Therefore, in order
to derive accurate continuum approximations of IBMs it is often necessary to include
the effects of spatial correlations in continuum models [18-23, 50, 51, 78, 82, 84-87].
Furthermore, having the mathematical tools to directly compute spatial correlations
allows them to be analysed, which can give important insights into the biological
process being studied. For instance, spatial correlations indicative of different types
of cell-cell interactions can be observed in cell populations [44, 45, 88|, and spatial

correlations between cells are thought to play an important role in tumour growth [89].

In this chapter we examine how domain growth affects the evolution of individual
and pairwise density functions for agents in an IBM. A large body of literature al-
ready exists concerning the evolution of individual and pairwise density functions on
static domains [18-23, 50, 51, 82, 83], the most striking examples of which show that
standard mean-field PDE descriptions can be wholly insufficient approximations of
the evolution of the agent density in IBMs in certain scenarios [18, 21]. We there-
fore also demonstrate the integration of the results presented in this chapter into
pre-existing models. In doing so we simplify the implementation of the methods we

present so that they can be more easily applied to the study of complex systems.

The outline of this chapter is as follows: to begin we introduce our one-dimensional
IBM and domain growth mechanism in Section 4.2.1. We then define the individual
and pairwise density functions, and derive a system of ODEs describing the evolution
of the individual and pairwise density functions with respect to time on a growing
domain in Section 4.2.2. To test the accuracy of this system of ODEs we compare
its numerical solution with ensemble averages of the individual and pairwise agent
density functions from the IBM for a range of initial conditions and parameter values

in Section 4.3. In Section 4.4 we integrate domain growth into existing models for
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calculating the evolution of pairwise spatial correlations. These models are typically
used to correct mean-field approximations (MFAs) for the evolution of the agent den-
sity in an IBM by taking spatial correlations into account. In Section 4.5 we conclude

with a summary of the results presented in this chapter.

4.2 Model

In this section we first introduce the IBM and the domain growth mechanism we
employ throughout this chapter. We then introduce the individual and pairwise
density functions and derive a system of ODEs describing the evolution of these

functions.

4.2.1 One-dimensional individual-based model and the domain growth

mechanism

We use an agent-based, discrete random-walk model on a one-dimensional regular
lattice with lattice spacing A [46] and length L(t), where L(t) is an integer describ-
ing the number of lattice sites. Throughout this chapter the lattice site spacing, A,
is always taken equal to one!. All analysis and simulations are performed with pe-
riodic boundary conditions. Each agent is assigned to a lattice site, from which it
can move or proliferate into an adjacent site. If an agent attempts to move into a
site that is already occupied, the movement event is aborted. Similarly, if an agent
attempts to proliferate into a site that is already occupied, the proliferation event is
aborted. Time is evolved continuously, in accordance with the Gillespie algorithm
[90], such that movement, proliferation and growth events are modelled as exponen-
tially distributed ‘reaction events’ in a Markov chain. Attempted agent movement
or proliferation events occur with rates P, or P, per unit time, respectively. That

is, P,,0t is the probability of an agent attempting to move in the next infinitesimally

'Note, however, that A does not have to be equal to one for the results presented in this chapter
to hold.
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small time interval 6t. Throughout this chapter the initial agent distribution for all
simulations is achieved by populating lattice sites uniformly at random until the re-

quired initial density is achieved?.

We employ a stochastic growth mechanism in one dimension in which the insertion of
new lattice sites into the domain occurs with rate P,L(t) per unit time. That is, each
individual lattice site undergoes growth events with rate P, > 0. When a growth
event occurs a site on the domain is selected uniformly at random and a new (empty)
lattice site is inserted at the selected site, as can be seen in Fig. 4.1. For notational

convenience from this point on we write L(t) as L.

Figure 4.1 also displays how the distance ‘r’ between two lattice sites on the do-
main is defined. This distance r is measured between the centres of the lattice sites
and in the clockwise direction. This means that on a domain of length L there are L

counts of each distance r € [1,..., L — 1] between pairs of lattice sites.

4.2.2 System of ordinary differential equations

We begin by introducing the density functions. A density function, pZ, is defined
as the probability that n sites have given occupancies when there are L sites in
the domain [18-23]. For instance, a pairwise density function, p%(A;, A;t), is the
probability that sites j and k are both occupied by an agent ‘A’ at time ¢ on a domain
of length L (i.e. contains L sites)®. An individual density function, pl(A;;t), is the

probability that site j is occupied by an agent ‘A’ at time ¢ on a domain of length L.

2An alternative method to generate the same average initial density in the simulations would be
to populate each lattice site uniformly at random with the probability of the initial density required.
This method was also implemented and found to make no difference to the results (not shown).

3In our notation we explicitly write the pairwise density function with ‘A’ to indicate the occu-
pancy of a lattice site by an agent. This is because when we introduce agent proliferation into the
model terms such as pZ(0;, Ay;t) will be present in the equations, where pk(0;, Ag;t) is taken to
mean the probability that site j is unoccupied and site k is occupied by an agent at time ¢. This
notation is also easily extendable to multispecies models [21], which will be necessary in due course.

5
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Figure 4.1: A one-dimensional domain with periodic boundary conditions can be
represented as a circle. A site marked by a black cross has been chosen to undergo
a growth event. Following this event the site marked by the black cross and its
contents are moved one lattice spacing in the clockwise direction on the circle and a
new lattice site is inserted. The new lattice site is empty. The distance between the
lattice site marked by the red cross and that marked by the blue cross is measured in
the clockwise direction. In this example the distance between the two sites initially,
o (r old), is two. Following the growth event the distance between these lattice sites,
ry (r new), is three.

In the course of this derivation the pairwise density functions will be rewritten in
terms of the distance between two sites, r. We can do this as we assume translational
invariance of the density functions throughout this chapter. This is a valid assumption
because the initial condition used in our IBM simulations is achieved by populating
sites uniformly at random until we have achieved a required initial density. Two

important consequences of assuming translational invariance are

pf(Amt) :pf(Aj—M;t)a vj766 [17'”7[/}7 (41)

and

5 (Aj, A t) = p5 (Ajie, Arest), Vi k,Lel,... L. (4.2)

Equation (4.1) simply means that the probability of a site being occupied is indepen-
dent of its location on the domain. Similarly, Eq. (4.2) means that the probability of

two sites a distance r apart being occupied is independent of the location of the two
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sites on the domain (where j +r = k)*. Importantly, Eqs. (4.1) and (4.2) allow us to
simplify the following derivation greatly as pX(A;, Ax;t) can be written as a function

of the distance between two sites, so that
P (Aj, Auit) = pH(Ay, Ajirit) = b (rs0). (4.3)

This ‘abuse’ of notation, whereby pZ is rewritten as a function of the distance between
two lattice sites, as opposed to the lattice sites themselves, will prove useful in the

following derivation.

To begin with, we only model the effects of domain growth on the density func-
tions (the effects of agent motility and proliferation on the density functions have
been derived previously and will be included in due course). On a growing domain

the individual probability density functions evolve according to

L L _
D (At +0t) = (1= 6tP,L) Y pi(Ajit) +6tP, > (L —1)pi " (Aj;t) + O(52).
j=1 j=1 j=

(4.4)

That is, the sum of individual probability density functions on a domain of length L

t [t + dt) corresponds to the following terms on the RHS of Eq. (4.4): i) the sum of
individual probability density functions at time ¢ multiplied by the probability that
no growth event occurs in [t, ¢+ 0t); and ii) the sum of individual probability density
functions at time ¢ on a domain of length L — 1 multiplied by the probability that a

growth event occurs.

To simplify Eq. (4.4) we rewrite pl'(A;;t) as c(t) (and pf~(Aj;t) as c¥71(¢)), which

“Translational invariance in the initial conditions also means pk(A;, Ag;t) is symmetric under
permutation, i.e. p&(A;, Ag;t) = p¥(Ay, A;;t). Equations (4.1) and (4.2) also mean j + ¢ mod L is
the location of site j + £.
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we can do due to Eq. (4.1), and obtain

c(t + 6t) = (1 — 6tP,L)c"(t) + 6tP, (%) (L—1)c" M)+ 0@6t%).  (4.5)

Finally, if we rearrange Eq. (4.5) and take the limit as ¢ — 0, we arrive at

Equation (4.6) is a system of coupled ODEs for the evolution of the individual agent
density for each domain length, L. That is, the probability of a site being occupied
on a domain of length L at time ¢. It is of interest to note that Eq. (4.6) is exactly
solvable. A generating function approach can be employed to rewrite Eq. (4.6) as a
first-order linear PDE, which can then be solved using the method of characteristics
[41]. However, this approach is only valid for systems without agent proliferation, and

so is something we do not pursue further.

We now consider the evolution of the pairwise density functions. As previously dis-
cussed we can rewrite the pairwise density functions pZ(A;, Ag;t) as pX(A;, Aj ;1) for
r=0,..,L—1(if j+r > L the pairwise density function is instead p%(A;, Aji,_1;t)
as the domain boundary is periodic). The evolution of the pairwise density functions

on a growing domain can be written as

L L
Zpg(AjaAjJrr;t"i_ét) 1 _5tPL Zp ]+r> )
j=1 j=1

—l—étPZr—l YA, Ajry;t)

+5tPgZ —1—7)pk (A, Ay t) + O(61%). (4.7)
7=1
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The LHS of Eq. (4.7) is the sum of pairwise density functions for lattice sites a dis-
tance r apart on a domain of length L at [t + dt). The RHS of Eq. (4.7) corresponds
to: (i) the sum of pairwise density functions for lattice sites a distance r apart on
a domain of length L at time ¢ multiplied by the probability that no growth event
occurs in [¢, t+0t); (ii) the sum of pairwise density functions for lattice sites a distance
r — 1 apart on a domain of length L — 1 multiplied by the probability that a domain
growth event occurs in the interval between these sites (i.e. in one of r — 1 sites),
thereby moving two lattice sites to a distance r apart on a domain of length L at
time [t + dt); (iii) the sum of pairwise density functions for lattice sites a distance r
apart on a domain of length L — 1 multiplied by the probability that a growth event
occurs in one of the L — 1 — r sites in which the distance r between the two lattice
sites is not affected, therefore moving two lattice sites a distance r apart on a domain

of length L — 1 into a domain of length L at [t + dt).

To simplify Eq. (4.7) we can rewrite pk(A;, Aji.;t) as pk(r;t), as in Eq. (4.3).

Equation (4.7) then becomes
L L
Y o5 (rit+t) = (1= 6tP,L) > py(rit)
=1 =1
+(5tPZr—1 “r - 1;¢)

+5tPgZ —1—7r)pk (i t) + O(5t2). (4.8)
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Equation (4.8) can be simplified and rewritten as

Lok(rit+ 6t) = (1 — 6tP,L)Lpk(r;t)
+0tPy(L = 1)(r — 1)py ' (r = 1;1)

+ 6tPy(L —1)(L — 1 —7)ps(r; 1) + O(5t?). (4.9)

Finally, if we rearrange Eq. (4.9) and take the limit as dt — 0 we arrive at

—dpﬁ: Y P L)
w1, (B ) - vt - 100
+ P, (%) (L—1—7)ps 1 (r;t). (4.10)

Equation (4.10) describes the evolution of all pairwise density functions for distances
r=1,...,L —1 on a growing domain. Similar to Eq. (4.6), Eq. (4.10) constitutes
a system of coupled ODEs for the evolution of the pairwise density functions at a

distance r for each domain length L.

4.2.3 Agent motility and proliferation

We now demonstrate how to include the effects of agent motility and proliferation
in Eqgs. (4.6) and (4.10). The addition of agent proliferation will introduce three-
point density terms into Eq. (4.10), that is, the probability of three sites having a
given occupancy. Similarly, an expression for three-point distribution terms would
include four-point distribution terms and so on. Therefore, it is necessary to close the
system of equations. To do so we will employ the Kirkwood superposition approxi-
mation (KSA) in due course, which has been used successfully in scenarios in which
the domain does not grow [18, 21, 22]. It is important to acknowledge that other

closure methods exist, such as those that fall under the Orstein-Zernike category, or
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the BBGKY hierarchy, of which the KSA is a member [91]. Both approaches have
advantages and disadvantages, and their success is often evaluated in comparison with
stochastic simulations, as is the case in this chapter for the KSA. How to choose the
most appropriate closure relation is not well defined, and typically aesthetic concerns
are prioritised. We implement the KSA as it has been implemented in models of
cell proliferation and migration previously, such as those described in this chapter
[18, 21, 22]. However, a more rigorous study into other types of closure that could be

employed in these models is an important topic for further research.

Individual density functions

On a growing domain the individual density functions for motile and proliferative

agents evolve according to

L L1
D pT(Ajt+0t) = (L=6tP,L) Y py(Ajst) +6tP, Y (L —1)pr ™" (4;.1)
j=1

J=1 Jj=1

=%

L
tP
+ QPZ Py (Aj-1,0;) + p3 (05, Ajr)

j=1
L

StPy,
+ =" ]Zl

+ 5 (Aji1,05) = py (041, Ay)

Py (Aj_1,0;) — p5 (0,1, Aj)

+ O(5t?). (4.11)

As we assume translational invariance we have pX(A4;_1,0;) = pZ(0;_1, A;) and ¢ (t) =

pl(A;,t) = p¥(Ay, t). Furthermore, if we recognise that

pr(Ajit) = py(Aj, Ajrat) + py (A5, 05415), (4.12)

that is, by conservation arguments, an individual density function can be written as

the sum of two pairwise density functions. Then we can use Eq. (4.12) and simplify
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Eq. (4.11) to obtain

c"(Ajit + 6t) = (1 — 6tP,L)c (A t) + 6tP, (%) (L —1)c" 1 (A1)

+ 6tP,[cH(Aj, 1) — pX(1,1)] + O(6t%). (4.13)

If we rearrange Eq. (4.13) and take the limit as 6t — 0 we arrive at

= —P,Lc*(t) + P, (?) (L — 1)1 (t) + P[c"(t) — pX(1,1)].  (4.14)

del(t)
dt

Equation (4.14) describes the evolution of the individual density functions for a motile,
proliferative agent population on a growing domain. It can be seen that the addition
of agent motility does not affect the evolution of individual density functions given

by Eq. (4.14) (i.e. P, is not present in Eq. (4.14)) [18].

Pairwise density functions

On a growing domain the pairwise density functions for motile and proliferative agents

for the distance » = 1, such that the lattice sites are nearest neighbours, evolve
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according to

L L
D P5(Aj Ajprt+0t) = (1= 8tP,L) > p5 (A, Ajpa; )
j=1 j=1

-1
+ 0t P, (L — 2) (A Ajirit)

J

P L
T A

~

Il
—

Aj_1,05, Ajyrst) — p5 (0521, Ay, Ajiast)

+ p5 (A, 041, Ajait) — p5(Aj, Ajir, 0405 t)

L

P
+5t7pz

j=1

py(Aj1,0;, Ajist) + p5 (05, Ajia;t)

T pH(AS, O, Ajsai ) + pE (A}, 003 )| +O(312). (4.15)

We now assume translational invariance and recognise, by conservation arguments,

that

Py (Aj, Ajinst) = p3 (A, Ay, 0jaait) + p3 (A, Ay, Ajrast). (4.16)

Equation (4.16) demonstrates how a pairwise density function can be written as the

sum of two three-point density functions. We can use Eqs. (4.12) and (4.16) in Eq.
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(4.15) and obtain

L L
ZIO§<A]'7 Ajiist+0t) = (1 - 6tPL) ZP Ajast
— o
+ 6tP, Z YA, Ajyqst)
L
+ 0P > [05 (Aj 1, Ajiast) — p5 (A, Ajia; )]
j=1

L
T 6tP, S ok (Ao, 0 Apyri ) + ¢ (Agit) — p (A, Ay )]

Jj=1

+ O(5t?). (4.17)

We now implement the KSA [18], which allows us to write three-point density func-
tions in terms of pairwise density functions, and so close our system of equations Eqs.

(4.14) and (4.17). The KSA for three-point density functions is

P2<AJ 1,053 t) (O AJ+17 )P%(AjflvAjH;t)

L
p5 (A 1,0, Aiyst) =
3 (-1, 05, Api ) PE (A2 D0 )P (A s )

(4.18)

If we substitute Eq. (4.18) into Eq. (4.17) we obtain

L L
Zpg(Ajv Ajpit+0t) = (1 — 0tP,L) ZP Ajit
— —
+0tP, Z (A5, Ajiait)
L
+(5th Z[pg(Aj*17Aj+1u ) (A A]+17 )]
j—l
+5tP Z p2 AJ 170 't) (0 AJ+17 )pg(AjflaAjJrl;t)
= pY(Aj—1;:t)p1(05:8) pT (A5 t)

H(Agit) = p5(Ay, Agiit) | +O(R). (4.19)
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Eq. (4.19) can be simplified to obtain

e+ a0 = (- sE D)+, (1) (2= 2k

+ 6tPp[p5 (2:1) — p¥ (15 )]

(c"(Aj;t) — py(1;1))2p% (2; 1)
ot (D1 — (1))

+ O(6t%). (4.20)

c(Ajit) — p3(Aj, Ajiast)

If we take the limit as 6t — 0 Eq. (4.20) becomes

% —PL,o21t+P( ) —2)p3H(151)
+ Palph(2:1) — pb(1:1)
(cH(ARD) — phD0ER D)
R oo (45:8) = pa (A A
(4.21)

Equation (4.21) describes how the pairwise density function for a distance of r = 1
(lattice sites that are nearest neighbours) for motile and proliferative agents evolves

on an exponentially growing domain.

For distances 1 < r < L the pairwise density functions for motile and proliferative
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agents evolve according to

L
ZP%(AﬁAjM;t“‘&) (1= 0tP,L) Zﬂz (Aj; Ajirit)
j=1 j=1

+0tP, Yy (r—1)py ' (Aj, Ajyr15t)

~
[aary

~ .
Il
Lon

+0tPy Y (L—1=7)py " (Aj, Ajirit)

+6t—z

+ 5 (A, A1, 0jans ) + 05 (A5, 0y Ajrias t)

_P3( i1, Ajy Ajrs t) — Pé(Aj,OjH,AjJrr;t)

<.
—_

~

103 J— 17OJ7A]+T7 )+IO3(O]7A]+17A]+T7t)

- pé(Aja Oj—?‘—la Aj+7‘7 ) (A A]-i-’r’) j+r+1; t)

L
P
+ 5757]9 Z 5 (Aj 1,05, Ajirit) + p5 (05, Ajin, Ajrit)
=1
+ p3 (A AJJrrfl? 0j+r7 ) + P3 (A OJ+T7 Aj+r+1; t) + O((StQ)'
(4.22)

If we follow a similar procedure as that presented for Eq. (4.21), from Eq. (4.22) we
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obtain

dpg(r;t)

L—-1 _
w1, (B - vt 100
L—-1

+ P, (T) (L—1—7)ps™(r;t)

+ Polpg (r + 156) = 2p5 (r;t) + py (r = 1;1)]

b, Loy Lyq. L, i L) — oL (r
ey () — AR+ 10) (0 — (1)
+ (M) = PO = L0)H(0) = ph(rs1)) (4.23)

As can be seen from Egs. (4.21) and (4.23), the inclusion of agent proliferation and
the use of the KSA means that individual density functions are now present in the
equations for the evolution of the pairwise density functions, which is not the case
without agent proliferation (Eq. (4.10)). Similarly, the inclusion of agent proliferation
means the evolution of the individual density functions now depend on the pairwise
density functions, as can be seen in Eq. (4.14). It is important to note that Egs.

(4.21) and (4.23) are not exact due to the use of the KSA [18].

4.3 Results

We initially present results for motile agents on a growing domain in which do-
main growth is exponential. We will present results including agent proliferation
in due course. The state of lattice site 7 in the ith realisation of the one-dimensional
IBM is described by variable ¢;, (i.e. occupied by an agent (A) or unoccupied (0)).

This means the normalised average agent density for the ¢th realisation in the one-
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dimensional IBM is
1 L
L _
di(t) = ¢ ; 14{0;,}. (4.24)

Here 14 is the indicator function for the occupancy of a lattice site (i.e. 1 if an agent
occupies lattice site 7, and 0 if it does not). If we take the ensemble average of Eq.
(4.24) over many repeats we obtain the average density. Given our initial conditions,
the expected (average) probability of two specified sites a distance r apart being

occupied can be calculated exactly as

(number of agents)
2
(domain length) ’
2

(4.25)

that is, the number of agents on the domain choose two, divided by the number
of lattice sites choose two. For an initial condition in which all lattice sites are
occupied this is simply unity, and for an initial condition containing only one agent
it is undefined (because at least two agents are required for a pairwise density).
Expression (4.25) provides the means of calculating the initial values for Eqs. (4.21)
and (4.23). The initial condition for the individual density functions, Eq. (4.14),
is simply the initial density at the initial domain length Ly, and zero for all other

lengths (i.e. for L > Ly). That is

ko () = number;f agents) (4.26)
0

and

0)=0, L> L. (4.27)
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We calculate the pairwise counts between agents from IBM simulations in the fol-
lowing way: at each time-point every distance between an agent and all other agents
is recorded. For a one-dimensional domain with periodic boundaries there are two
distances between a pair of agents, of which we record the shorter distance. This

count, defined as s(r, L, t), is then normalised so that

p(r, L,t) = w (4.28)

To make comparisons between ensemble averages from our discrete model and nu-
merical solutions of the system of ODEs straightforward we only solve the system of

ODEs given by Eqgs. (4.21) and (4.23) for distances
L
r< {—J (4.29)

where |-] represents the floor function. Implementing Eq. (4.29) makes the results
directly comparable to much of the previously published work on density functions,
whereby the shortest distance between two sites is taken as the distance between
these two sites [44, 45, 88]. In cases where p)~*(r;t) does not exist due to the con-
dition imposed by Eq. (4.29), for instance when the domain length is even, we set
pE(r;t) to p¥~'(r — 1;t). This is simply the anti-clockwise distance between the
same two sites. These two sites must have the same joint probability of occupancy
independent of the direction taken to measure the distance between them. In cases
where pZ(r + 1;t) does not exist due to the condition imposed by Eq. (4.29), it is set
to pk(r — 1;t) if the domain length L is even (again, by considering the symmetry of

the domain), and p&(r;t) if the domain length L is odd.

Finally, given we are modelling domain growth it is necessary to truncate our state

space, and so we truncate the derived ODE model at approximately three times the
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expected final domain length. As the domain grows exponentially the expected final

domain length is simply

L(ty) = Loe™', (4.30)

where 4 is the end time-point of the simulation. The truncation length is represented
by Lipune in the figures. Small alterations to Ly..,. had no noticeable effect on the
results presented here. We solve Eqs. (4.14), (4.21) and (4.23) using MATLAB’s

odel5s, with an absolute error tolerance of 10712

4.3.1 Motile agents on a growing domain

In Fig. 4.2 the evolution of the individual density functions can be seen for two dif-
ferent simulations with different parameters. In Fig. 4.2 (a) results are shown for
a domain with an initial length of ten lattice sites and ten agents. In Fig. 4.2 (b)
results are shown for a domain with an initial length of thirty lattice sites and fifteen
agents. We see an excellent agreement between the numerical solution of Eq. (4.14)
and the ensemble averages from the IBM, Eq. (4.24), for all domain lengths for both
simulations ((a) LPE = 0.00, (b) 0.00). This is to be expected as Eqgs. (4.14) and
(4.21), (4.23) are all exact when P, = 0. The probability of a site being occupied
when the domain is a given length increases and then decreases for all domain lengths
(apart from the initial domain length Lg). This is because initially all domains are of

length Ly (see Eq. (4.27)).

In Fig. 4.3 the evolution of the pairwise densities, given by Eqs. (4.21) and (4.23),
can be seen. In the top row of Fig. 4.3 the evolution for distances » = 1, 6 and 10 is
displayed (panels (a)-(c) correspond to Fig. 4.2 (a)). We see an excellent agreement
between the ensemble average of the IBM and the numerical solution of Eqgs. (4.21)

and (4.23) for all values of r as both time and domain length increases ((a) 0.00, (b)
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0.02, (c) 0.15). In the bottom row of Fig. 4.3 the evolution for distances r = 1, 16 and
30 corresponding to Fig. 4.2 (b) is displayed. Again we see an excellent agreement for
all values of r ((d) 0.00, (e) 0.01, (f) 0.16). It is important to note that the ensemble
averages become increasingly noisy for larger values of r. This is because the number
of samples in the ensemble average from the IBM decreases for each count, Eq. (4.28),

as the variance in the domain length increases.

P =100,P =0.1,L0=10,IC=1.0 P =10,P_ =0.1,L0=30,IC=0.5
m g9 m g

1.0 0.5
0.81 1 0.4
0.6+ 1 0.3

= =

- -l

o [&]
0.4} 1 0.2}
0.2} \ ] 0.1} \
0.0! 0.0

0 5 10 15 0 5 10 15
Time Time

(a) (b)

Figure 4.2: The evolution of the individual densities, ¢ (¢), for two different sets of
parameters and initial conditions. L is the initial domain length, and IC is the initial
density of agents. Numerical solution of Eq. (4.14) (red) and the corresponding
ensemble averages from the IBM given by Eq. (4.24) (blue). It can be seen that
the blue curves lie on top of the red curves, which indicates an excellent agreement
between the numerical solution of Eq. (4.14) and the ensemble averages from the
IBM. In (a) domain lengths Lo, Lo + 1,. .., Liune = 135 are plotted, in (b) domain
lengths Lo, Lo + 5, ..., Lipune = 405 are plotted. Ensemble averages are taken from
10000 repeats. Increasing domain length is down and to the right in all panels, as
indicated by the arrows.
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4.3.2 DMotile, proliferative agents on a growing domain

We now present results for motile, proliferative agents on a growing domain. As before
the initial condition in the IBM is achieved by populating a certain number of sites
uniformly at random. We initialise the individual density functions corresponding to
the initial domain length in the same manner as Eq. (4.26). However, to avoid a
singularity in Eqs. (4.21) and (4.23) we follow Johnston et al. [20] and initialise all
other individual densities (for each domain length) with a small parameter € = 1072

[20]. That is,

c(0)=¢ L> L. (4.31)

This small parameter was selected by iteratively reducing its size until the error toler-
ance threshold of the ODE numerical solver was compromised. This approach meant

that the effect of introducing the small parameter € into the equations was minimised.

In Fig. 4.4 the evolution of the individual density functions can be seen for two
simulations with different parameters. In Fig. 4.4 (a) we see the evolution of the
individual densities for a domain with an initial length of ten lattice sites and two
agents. As P, # 0 Egs. (4.21) and (4.23) are not exact due to the use of the KSA.
Despite this, we see that a good agreement is achieved between the numerical solution
of Eq. (4.14) and the ensemble averages from the IBM for a low rate of agent prolif-
eration (0.11). However, as we increase agent proliferation, relative to agent motility,
the approximation by the numerical solution of Eq. (4.14) of the ensemble averages
from the IBM becomes less accurate, as can be seen in Fig. 4.4 (b) (0.68). This is
because as agent proliferation is increased spatial correlations become more prevalent
in the IBM [18, 21]. The error associated with the KSA also grows monotonically

as time evolves, as can be seen in Fig. 4.4 (b) where the evolution of the individual
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density functions for a domain with an initial length of Ly = 30 lattice sites and
fifteen agents is displayed. This error arises for two reasons: i) the use of the KSA;
and ii) the initialisation of the one-point distributions with a small parameter € to

avoid a singularity.

In Fig. 4.5 the evolution of the pairwise densities can be seen. In the top row of
Fig. 4.5, which corresponds to Fig. 4.4 (a), the evolution for distances r = 1, 6 and
10 is displayed. We see a good agreement between numerical solution of Eqs. (4.21)
and (4.23) and the ensemble averages from the IBM for » = 1, 6 and 10 ((a) 0.15,
(b) 0.20, (c) 0.29). In the bottom row of Fig. 4.5, which corresponds to Fig. 4.4
(b), the evolution for distances r = 1, 16 and 30 is displayed. We initially see a good
agreement for r = 1 and 16 ((d) 0.24, (e) 0.33, (f) 0.25). This agreement begins to

break down as time evolves for the two reasons discussed above.

P =100,P =0.1,P_=0.1,L0=10,IC =0.2 P_=10,P_=01,P_=02,L0=30,IC=05
m g P g P
0.20 : ‘ 0.5 : ‘
0.16 ] 0.4
_oa2; .
= =
_IV -
[$) [$)
0.08|
0.04| \
0.00 !
0 5 10 15
Time
(a)

Figure 4.4: The evolution of the individual densities, c*(¢), with agent proliferation
for two different sets of parameters and initial conditions. Numerical solution of Eq.
(4.14) (red) and the corresponding ensemble averages from the IBM given by Eq.
(4.24) (blue). In (a) domain lengths Lo, Lo + 1,. .., Lyune = 135 are plotted, in (b)
domain lengths Lo, Lo+ 5, ..., Lyune = 405 are plotted. Ensemble averages are taken
from 10000 repeats. Increasing domain length is down and to the right in all panels
as indicated by the arrows.
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4.4. Integrating domain growth into correlation functions

4.4 Integrating domain growth into correlation functions

Our current framework, Eqs. (4.14), (4.21) and (4.23) results in a system of individ-
ual density functions given by Eq. (4.14) which, while mathematically sound, is not
easy to relate to biological systems and the experimental data associated with them,
whereby the evolution of a macroscopic density on a growing domain is generally only
measured with respect to time [2, 3, 10, 36]. Therefore, to mitigate these issues, we
present a method to reduce the ODE system describing the evolution of the individ-
ual density functions, Eq. (4.14), into a single equation describing the evolution of
the macroscopic density on a growing domain. To do this we introduce ‘correlation
functions’; and integrate the effect of domain growth into pre-existing work on the
calculation of spatial correlations between agents [18-23]. To derive this simplified
model we will assume all domains are of length L, where L is the mean length of the

domain in the stochastic model.

To reduce the ODE system describing the evolution of the individual density func-
tions, Eq. (4.14), into a single equation describing the evolution of the macroscopic

density on a growing domain we use the following heuristic approximations

E(t) ~ QCH(@, (4.32)

for the individual density functions, and

pstrity = LD i), (1.33)

for the pairwise density functions. This is a previously published approximation [17]
and implies that domain growth ‘dilutes’ both the agent density and the pairwise

densities. To demonstrate the validity of Eqgs. (4.32) and (4.33) we measure the
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4.4. Integrating domain growth into correlation functions

relative error

(4.34)

of approximation Eq. (4.32).

In Fig. 4.6 the error caused by approximation Eq. (4.32) for the individual den-
sity functions for two different simulations can be seen. The relative error is initially
high, due to all of the domains initially being the same length (Eqs. (4.26) and

(4.31)), but decreases towards zero as the expected domain length increases.

If we substitute approximation Eq. (4.33) into Eqgs. (4.21) and (4.23), for r = 1

we obtain

dps(1;¢)

7 = 2hire(L)

+ Plp2(2;t) — pa(151)]
P

T —c) [0 = ) 2 0)

+ Ble(t) — pa(151)], (4.35)

and for 1 <r < L

L)~ By = )patr = 1:0) = P+ Dpalrit)
+ Pm[Pz(T + 1;t> — 202(7‘;15) +p2(r o 1;t)]

P

+ (C(t))2(1p_ C(t)) [(C(t) - p2<1§ t))(pg(T + 1; t))(C(t) _ p2<7"; t))
+ (c(t) = p2(1;8)) (p2(r — 158)) (c(t) — pa(r;t))], (436
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Figure 4.6: The relative error, calculated with Eq. (4.34), in the individual densities
due to approximations Eq. (4.32) and (4.33) for different domain lengths. The
domain length increases in distances of 10A starting from the initial domain length
Ly (indicated by the blue line). In panels (a) and (c) increasing domain length is up
and to the right of the blue line. Panels (b) and (d) are magnified aspects of panels
(a) and (c), and increasing domain length is indicated by the black arrows. We can
see that the relative error approaches zero as the domain length increases for long
times. The black line indicates a relative error of zero.

whereby all pairwise density functions are now for the same domain length, L, and
so the superscript indicating domain length has been dropped. Similarly, when ap-

proximation Eq. (4.32) is applied to Eq. (4.14) it becomes

S Pett) + Blett) — pa1:1)]. (437)

~—
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This is a single equation, albeit coupled to a pairwise density function, describing the
evolution of the macroscopic density on a growing domain that includes the effect of

spatial correlations between agents created by agent proliferation.

4.4.1 Correlation function

We finally introduce correlation functions. We define the correlation function [86, 87]

as

F(r,t) = . (4.38)

The correlation function is a useful variable to improve the visualisation of results.
This is because F'(r,t) = 1 indicates that the occupancy of two lattice sites a given
distance apart is independent. It has therefore been used in the study of spatial cor-

relations in models of cell motility and proliferation [18-23, 44].

Eq. (4.38) can now be substituted into Eqgs. (4.35) and (4.36) to describe the evolu-
tion of spatial correlations between agents on a growing domain. This results in Eq.

(4.35) becoming

dF(1,1)
dt

= P, [F(2,t) — F(1,)] — 2P,F(1,£) [1 — c(t)F(L,1)]

by P, )
Tl T COF DI+ T FLO[L = () F (1, 1)

— 2P, F(1,1), (4.39)
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and Eq. (4.36) becoming

dFé? ) PulF(r—1,t) =2F(r,t) + F(r + 1,t)] = 2B, F(r,t)[1 — c(t) F(1, )]
b 22— OF ][ = el (][ = 1,6) + Flr+ 1,0)
— Py(r+1)F(r,t) + Py(r —1)F(r — 1,1). (4.40)

If we rewrite Eq. (4.37) in terms of Eq. (4.38) we obtain

SO Pyefe) + Bttt - F(L1)e(r)]. (441)

~—

Eq. (4.41) is a hybrid (corrected) mean-field correlation ODE model (referred to
from now on as the corrected ODE model), whereby the effect of agent proliferation on
spatial correlations between agents is included in an equation describing the evolution

of the agent density on a growing domain.

4.4.2 Results for correlation ordinary differential equation model

We now compare simulations for motile, proliferative agents on a growing domain
with the numerical solutions of Eqgs. (4.39)-(4.41). As before the initial condition in
the IBM is achieved by populating a certain number of sites uniformly at random.
The initial length of the domain in all simulations is one hundred lattice sites. We

also compare ensemble averages from the IBM with a (uncorrected) MFA

= Pye(t)[1 — c(t)] — Pye(t), (4.42)

in which it has been assumed that F(1,t) = 1, i.e. the effect of spatial correlations
is insignificant. This means we compare ensemble averages from the IBM with both

the MFA (Eq. (4.42)) and the corrected ODE model (Eq. (4.41)).
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To solve Eqgs. (4.39)-(4.41) numerically we use an implicit Euler scheme. For all
numerical solutions presented here ot = 0.1, and our correlation truncation value is
r = 50. By this it is meant we set all correlation functions at and beyond this distance

equal to one. That is,

F(r,t)=1, Vr>50. (4.43)

Equation (4.43) stipulates that at long distances between sites, relative to the domain
size, we would not expect significant correlations. Similarly, our initial condition is

that all distances are initially uncorrelated, that is

F(r,0) =1. (4.44)

Initially, we provide results from simulations that involve only domain growth i.e. no
agent proliferation or movement. In Fig. 4.7 (b) we see the effects of exponential do-
main growth on spatial correlations between agents in the IBM. Domain growth does
not create spatial correlations between agents that are initially distributed uniformly
at random (when averaged over many repeats). This is indicated by the correlation
function remaining at a value of one, and is also captured by the numerical solutions
of Egs. (4.39) and (4.40), as can be seen in Fig. 4.7 (c) and (f). As the position of the
agents remains uncorrelated throughout the course of the simulation, the evolution of
the macroscopic density in the IBM, mean-field and corrected ODE models all match
exactly as can be seen in Fig. 4.7 (a) and (d) ((a) 0.00, (d) 0.00).

We now turn our attention to simulations that include agent proliferation and motil-
ity. As we increase P, relative to P, the approximation of the spatial correlations
in the IBM by the corrected ODE model becomes less accurate, as can be seen by

comparison of Fig. 4.8 (b) and (c), and Fig. 4.8 (e) and (f). This is due to both
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4.5. Summary

the KSA approximation and the use of the closure Eqgs. (4.32) and (4.33), and leads
to the approximation of the evolution of the agent density in the IBM becoming less
accurate as can be seen in Fig. 4.8 (a) and (d) ((a) 0.00, (d) 0.14). However, in both
scenarios the corrected ODE model more accurately approximates the evolution of

the agent density in the IBM than the standard mean-field model given by Eq. (4.42).

4.5 Summary

In this chapter we have presented methods to include the effects of domain growth
on the evolution of the individual and pairwise agent density functions in a contin-
uum approximation of a one-dimensional IBM. Spatial correlations have been shown
to play an important role in cell migration and tumour development, with both of
these processes often associated with domain growth [1-3, 10, 89]. For systems with-
out agent proliferation, comparisons between averaged IBM results and our corrected
ODE model are excellent, as can be seen in Figs. 4.2 and 4.3. These results show that
uniform domain growth, somewhat intuitively, reduces spatial correlations between
agents. The introduction of agent proliferation into the correlation ODE model leads
to some inaccuracies. However, there is still good agreement between the averaged
IBM results and our corrected ODE model in parameter regimes with low prolifer-
ation rates, as can be seen in Figs. 4.4 and 4.5. These inaccuracies are largely due
to the use of the KSA approximation, and to a lesser extent the small parameter €

introduced into the model [18, 20].

We then integrated our correlation ODE framework into the existing literature on
calculating the evolution of pairwise spatial correlations, namely, correcting MFAs
for the evolution of the agent density in the IBM [18-23]. This required heuristic ap-
proximations [18], Eqgs. (4.32) and (4.33), that allowed us to derive a single equation

describing the evolution of the macroscopic density in the IBM on a growing domain.
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4.5. Summary

This meant we could place the results naturally alongside the measurement of cell

density on growing domains in experimental data [1-3, 36, 44, 45, 88].

The results presented here are extendable to non-periodic boundary conditions and
systems where we do not assume translational invariance. In addition, the framework
presented could also be extended to higher-dimensional models of cell motility and
proliferation. It is also important to reiterate that there are alternative approaches
to moment closure than those presented in this chapter. Both closures we implement
(KSA and domain length closure) could possibly be replaced by closures that would
result in more accurate correlation ODE models. Different moment closures may also
lead to less cumbersome equations than those presented here. This could save time
and allow a more rigorous analysis of these equations’ properties. Therefore, the re-
visiting of the closure methods employed in deriving the equations presented in this

chapter is a topic of future research that could prove fruitful.

In the next chapter we extend the methods presented in Chapter 4 to two-dimensional
models of cell motility and proliferation. This is important as to realistically describe
many cell migratory processes modelling them in two or three spatial dimensions is

crucial.
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Chapter 5

Modelling spatial correlations on a growing

domain in two dimensions

Overview

In this chapter we present methods to include the effects of domain growth on the
evolution of spatial correlations in a continuum approximation of a two-dimensional
lattice-based model of cell motility and proliferation. We show that, depending on
the way in which domain growth is implemented, different steady-state densities are
predicted for an agent population. Furthermore, we demonstrate that the way in
which domain growth is implemented can result in the evolution of the agent density
depending on the size of the domain. Continuum approximations that ignore spatial
correlations cannot capture these behaviours, while those that account for spatial

correlations can.

The majority of the work in this chapter appears in the paper: R. J. H. Ross, R.
E. Baker and C. A. Yates. “How domain growth is implemented determines the long
term behaviour of a cell population through its effect on spatial correlations”. Physi-
cal Review E, 94(1):012408, 2016. R. J. H. Ross performed all the computational and

mathematical modelling presented in this chapter.
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5.1. Introduction

5.1 Introduction

In this chapter we examine how domain growth affects the evolution of spatial corre-
lations between agents in IBMs in a two-dimensional model, and importantly, how the
way in which domain growth is implemented affects spatial correlations differently.
To do so we use an agent-based, discrete random-walk model on a two-dimensional
square lattice with volume-exclusion. We reasoned that a standard MFA would not
be able to capture the behaviours exhibited by the IBM, and that this standard MFA
would require correction by the inclusion of spatial correlations in the form of a cor-
relation ODE model to accurately approximate the IBM results. This last point has

been shown previously in scenarios without growth [18].

The outline of this chapter is as follows. To begin with we introduce the IBM and
growth mechanisms in Section 5.2. We then define our individual and pairwise den-
sity functions, and derive a system of ODEs describing the evolution of the individual
and pairwise density functions with respect to time on a growing domain. To test
the accuracy of these ODE models we compare them with ensemble averages for the
evolution of the macroscopic density from the IBM in Section 5.3. We demonstrate
that the standard MFA is not able to accurately capture the effects of domain growth
in the IBM, whereas the ODE models that include the effect of spatial correlations

can. In Section 5.4 we summarise the findings presented in this chapter.

5.2 Model

In this section we introduce the IBM and the domain growth mechanisms we employ
throughout this chapter. We then derive equations describing the evolution of the

individual and pairwise density functions in the IBM for both growth mechanisms.
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5.2. Model

5.2.1 IBM and domain growth mechanisms

The IBM we use in this chapter is similar to that used in Chapter 2. However, for
clarity we briefly define the IBM again. The IBM is simulated on a two-dimensional
square lattice with lattice spacing A [46] and size N,(t) by N,(t), where N,(t) is the
number of lattice sites in a row and N(t) is the number of sites in a column. All
simulations are performed with periodic boundary conditions, and throughout this
chapter the lattice spacing, A, is equal to one. For notational convenience we shall

now write N,(t) as N,, and N,(t) as NN,,.

In the IBM each agent is initially assigned to a lattice site, from which it can move
or proliferate into an adjacent site. If an agent attempts to move into a site that
is already occupied, the movement event is aborted. Similarly, if an agent attempts
to proliferate into a site that is already occupied, the proliferation event is aborted.
Time is evolved continuously, in accordance with the Gillespie algorithm [90], such
that movement, proliferation and growth events are modelled as exponentially dis-
tributed ‘reaction events’ in a Markov chain. Attempted agent movement or prolif-
eration events occur with rates P, or P, per unit time, respectively. For example,
P,,0t is the probability of an agent attempting to move in the next infinitesimally
small time interval 0¢. Throughout this chapter the initial agent distribution for all
simulations of the IBM is achieved by populating lattice sites uniformly at random

until the required density is achieved.

Both growth mechanisms we employ are stochastic growth mechanisms [24]: the
insertion of new lattice sites into the domain occurs with positive rate constants Py,
and P, per unit time, for growth in the = (horizontal) and y (vertical) directions,
respectively. That is, each lattice site undergoes growth events in the = direction with

rate P, . This means the total rate of domain growth in the x direction is P, N,. In
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5.2. Model

growth mechanism 1 (GM1) when a ‘growth event’ occurs along the x axis (horizontal
axis in Fig. 5.1), one new column of sites is added at a position selected uniformly
at random. In growth mechanism 2 (GM2) when a ‘growth event’ occurs along the
x axis (horizontal axis in Fig. 5.1), for each row, one new site is added in a column

1 Importantly, when a growth event occurs,

which is selected uniformly at random
the site selected for division is moved one spacing in the positive horizontal/vertical
direction along with its contents (i.e. an agent or no agent, an agent is symbolised
by a black circle in Fig. 5.1). The new lattice site is empty, and the contents of all
other lattice sites remain unaffected. Growth in the y direction is implemented in an
analogous manner to the x direction for both growth mechanisms. We chose these
growth mechanisms as they are significantly different to each other, and both may
have biological relevance [92-94]. For example, biological growth similar to GM1 can
occur when adjacent cells become synchronous in their cell cycles (that is, the under-
lying cells that form the domain). Furthermore, both of these growth mechanisms
can be used to implement any form of isotropic growth in our IBM, and are adaptable
to three spatial dimensions [24]. Finally, it is important to stress that both growth

mechanisms give rise to the same overall growth rate when implemented with the

same growth rate parameters.

5.2.2 Individual density functions

inXNy (m;t), as the probability that site

We define the individual density functions, p
m is occupied by an agent at time ¢ on a domain of size N, x N,, where m is the
vector (i,7), with ¢ indexing the row number of a lattice site, and j indexing the

column number of a lattice site. For instance, (2,3) would be the lattice site situated

in the second row and the third column of the lattice.

! This is the same domain growth mechanism as implemented in Chapters 2 and 3.
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5.2. Model

Figure 5.1: Before and after a growth event for both (a) GM1 and (b) GM2, in which
the growth event is along the z-axis (horizontal direction) for a two-dimensional
lattice. In each row the yellow site has been chosen to undergo a growth event.
Following this the yellow site is moved to the right with its contents, for instance an
agent (represented by a black cell). The blue sites are the new lattice sites and are
always initially empty. The contents of all the other sites remain unaffected, although
in some cases their neighbouring sites will change.

The following derivation for the individual density functions is the same for GM1
and GM2. The derivation also follows a similar pattern to the work presented in
Chapter 4. The sum of the individual density functions on a domain of size N, x N,

at [t + dt) can be written in terms of the individual density functions at time ¢:

NI Ny Nz Ny
SO N it 4 0t) = (1= 6tPy, Ny — 6tP,, N,) > > pp ™ (ms )
i=1 j=1 i=1 j=1
Nz—1 Ny
+0tP, > S (N = 1) N (my )
i=1 j=1
N, Ny—1
+0tPy, Y (N, = 1)y M (my ) + O(68%).
i=1 j=1

(5.1)

The terms on the RHS of Eq. (5.1) correspond to the following events: i) the prob-

ability that no growth event occurs in [t,¢ 4 0t); ii) the probability that a growth
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5.2. Model

event occurs in the horizontal (x) direction in [t, ¢ + dt); and iii) the probability that
a growth event occurs in the vertical (y) direction in [t,t + dt). Due to our initial
conditions in the IBM we can assume translational invariance for the probability of

an agent occupying a site in this derivation, by this we mean

N:cXNy NQCXNy(

P (m;t) = p; n;t), Vm,n, (5.2)

where n indexes any other site on the domain?.

Therefore we can rewrite Eq. (5.1) as

(N2)(N)pr ™M (m; t 4 6t) = (1 — 6t Py, N, — 6Py, N, ) (No)(N,)pr =™ (m; 1)
+ 6P, (N, — 1)(N) (N, — 1)p{ =N (m; 1)
+ 0t Py, (N2) (N, = 1)(N, = D)oy ™ (s 1) + O(682).
(5.3)

We can simplify Eq. (5.3) in the following manner

pr M (mt 4 8t) = (1 — 6t Py, N, — 5t Py, N,)pt =™ (m; t)

N, -1 _
+6tP,, ( i ) (N, — 1)pN= N 1)

x

+0tP,, (Niv_ 1) (N, = D)pt M D 1) + O(52).  (5.4)

Y

2We can assume translational invariance throughout this chapter because the initial agent density
for all simulations in the IBM are achieved by populating lattice sites uniformly at random until the
required density is achieved.
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5.2. Model

If we now rearrange Eq. (5.4) and take the limit as ¢t — 0 we obtain

dpy M
T

m; 1)

= _(szN:Jc + ngNy)pjlvaNy(m§ t)

N, —1 1) x
+ Py, <T) (N, — 1)pt™ Y N (m; )

T

N,

Y

N, —1 _
+ng< . )(Ny—l)ij“(Ny Y(m;t). (5.5)

If we make the approximation p)* ™ (m; ) ~ (N, —1)/N,) inzX(Ny_l)(m; t) and
piv’”XNy(m; t)~ ((N,—1)/N,) pgN"_l)XNy(m;t), Eq. (5.5) can be written as
Nax Ny
dpr " (
dt

m;t)

Nz XNy
:_(szNx+ngNy)p1 ) (mQt)
+ Pga:(Nac - 1)inZXNy (m;t)

+ Py, (Ny = 1D)py ™ (m; ). (5.6)

This approximation has been previously published [17], and reasonably implies that
domain growth ‘dilutes’ the agent density. It is the same approximation that we used
in Chapter 4. Finally, we simplify Eq. (5.6) to obtain

dpy ™" (m; 1)
at

= —(P,, + P,)py " (m; t). (5.7)

Equation (5.7) describes how exponential domain growth affects agent density. The
method presented here is also extendable to other forms of isotropic domain growth,
as demonstrated in Chapter 6. It is important to note that Eq. (5.7) describes
how ezxponential domain growth affects the evolution of individual density functions
because we have defined Py, and P, as constants. In the course of the following
derivation it will be useful to write the pairwise density functions in terms of the

displacement between sites, therefore we shall rewrite the individual density functions
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5.2. Model

as

PN (mst) = c(t). (5.8)

If we substitute Eq. (5.8) into Eq. (5.7) we obtain

de(t)
dt

= — (P, + Py, )c(t). (5.9)

Eq. (5.9) is a MFA describing the effect of domain growth on the evolution agent
density [78].

5.2.3 Pairwise density functions

We now derive the terms necessary to include the effect of two-dimensional exponen-
tial domain growth in the evolution of the pairwise density functions. Importantly,
GM1 and GM2 affect the evolution of the pairwise density functions differently. Fig-
ure 5.2 displays two configurations of two agents, which we will term colinear and

diagonal.

‘oo oo
Ty,

] ] E e T
INNENN N NNy

r-axis r-axis

r

y-axis
y-axis

(a) (b)

Figure 5.2: The two types of configuration of lattice sites: (a) colinear and (b) diag-
onal. The lattice sites in question are labelled m and n and bordered in blue (thick
border). In (a), two colinear lattice sites share the same row but not the same column
(or vice versa). In (b), two lattice sites are diagonal, meaning they do not share the
same row or column. In both (a) and (b) r, is the distance between two lattice sites
in the horizontal direction, and r, is the distance between two lattice sites in the
vertical direction. In (b) this means r, = 3 and r, = 1.
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The horizontal and vertical distances between sites is measured from their centres,
as displayed in Fig. 5.2 (b), where r, is the distance between two lattice sites in the
horizontal direction and r, is the distance between two lattice sites in the vertical

direction.

5.2.3.1 Growth mechanism 1

We now derive equations for the evolution of the pairwise density functions for GM1

domain growth. We define the pairwise density functions, p;VIXNy(

m, n;t), as the
probability sites m and n are occupied at time ¢ on a domain of size N, x N, (where
m # n). We now rewrite péV“XNy(m, n;t) in terms of a displacement vector between

lattice sites, that is

Nz XNy

Nz XN,
py " (my s t) = py Y

m, m + (r,,7y);t), (5.10)
where m is (,7), with ¢ indexing the row number of a lattice site, j indexing the
column number of a lattice site, and (r,,7,) is a vector that represents a fixed dis-

placement between m and n, as defined in Fig. 5.2.

As the initial conditions in the IBM are, on average, spatially uniform we are able to
assume translational invariance for the probability of two sites a given displacement
apart being occupied. This means the pairwise density function can be written solely
as a function of the displacement between two lattice sites, (r,,r,). Therefore, we

will further simplify our notation to obtain

Nz XNy

YN (mym + (ry, )i t) = pa (re,7y;t). (5.11)

This ‘abuse’ of notation, whereby péV“”XNy is rewritten as a function of the displacement

between two lattice sites as opposed to the lattice sites themselves, will prove useful
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in the following derivation.

Colinear component

We begin with the colinear component of the equations for the evolution of the pair-
wise density functions, that is, the scenario in which the lattice sites in question share
the same column or row, as depicted in Fig. 5.2 (a). For agents colinear in the hor-

izontal direction, that is, r, = 0, the evolution of the pairwise density functions for

GM1 is
N, Ny Ny Ny
SN e, 0t 4 6t) = (1= 0tPy, N, — 6tPy, N, Y Y oy (1, 0;1)
=1 j=1 i=1 j=1
Na—1 Ny
+ 0tP,, Z Z(rx — 1)pgN“_1)XNy (re —1,0;t)
i=1 j=1
Ny—1 Ny
+0tP, > Y (N, re) oV TN (1 0:4)
=1 j=1
N, Ny—1
+0tPy, Y > (N, = 1)y MY (i, 0:) + O(682).
=1 j=1

(5.12)

The terms on the RHS represent: i) the probability that no growth event occurs in
[t,t+dt); ii) the probability that a growth event occurs in the horizontal direction be-
tween agents (1, —1,0) apart, moving them (r,,0) apart on a domain of size N, x N,

t [t + Ot); iii) the probability that a growth event occurs in the horizontal direction
at a site that is not in between agents (r,,0) apart, meaning that they remain (7, 0)
apart but now on a domain of size N, x N,, at time [t+0t); and iv) the probability that
a growth event occurs in the vertical direction (as the sites are horizontally colinear

in this a GM1 growth event cannot change the distance between them).

Similarly, the evolution of the colinear component for GM1 for agents colinear in
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the vertical direction, that is, r, = 0, is

Ny Ny N Ny
DD 0,y 4 6t) = (1= 0tPy, Ny — 6tPy, N,) Y Y oy (0, 7y58)
i=1 j=1 i=1 j=1
N, Ny—1
+ 0th,, Z Z (ry — 1)pévxx(Ny_1)(O, ry — 1;%)
i=1 j=1
N, Ny—1
+ 0th,, Z Z (N, —1— ry)p;VIX(Ny_l)(O,ry; t)
i=1 j=1
Nz—1 Ny
0Py, Y Y (Ne = 1)ps " (0,1, 8) + O(582).
i=1 j=1

(5.13)

As in the case of the individual density functions, we can simplify Eq. (5.12) to obtain

o (1, 0t 4 8t) = (1 — 6t Py, N, — 5t Py, N, py =™ (r,,0;1)
N, 1 -
+ 5tPg:c (T) (Tz - 1)105]\[1 1)XNy(Tw - 1,0 t)

N, —1 .
+ 0P, ( N ) (No =1 =r2)py (10, 0:8)

xT

N, —1 (N —
+6tng( 5 )(Ny—np;“ WDy, 05) + O(612).
Y

(5.14)

If we apply the approximations ((N, — 1)/Nm)p(2N”_1)XN'“ ~ pp= ™M and
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(N, — 1)/Ny)pév’”x(]vy_l) ~ par*™ 3 Eq. (5.14) can be rewritten as

péVIXNy (sz 0;t + (5t) = (1 - 5tP9xNiF - 5tP9yNy)péVIXNy (Tz’ 0; t)
+0tPy, (re = 1)py " (ry — 1,051)
+ 5tPga:<Na: —1- rx)péVIXNy (Tﬂﬁ? 0; t)

+ 0P, (N, — 1)py =N (1, 0 1) + O(6t2). (5.15)

Rearranging Eq. (5.15) and taking the limit as 0t — 0 we finish with

Ao N (o 0: 1
: dz(fr 0 = Py, (ry — 1)PévZXNy(7’:c —1,0;¢)

= Py (re+ 1)py " (10, 0:1)

— ngpéV”XNy(rx,O;t). (5.16)

The equivalent equation for sites colinear in the vertical direction (see Eq. (5.13)) is

dpy (0,73 1)

Nz XNy .
dt = ng<ry - 1)102 ) (07 Ty — 17t)

NixN,
- ng<7“y +1)py ) (0, Ty;t)

— Py 0y (0,1, 1). (5.17)

Equations (5.16) and (5.17) describe the temporal evolution of the colinear compo-

nents of the pairwise density functions for GM1.

3This approximation sensibly implies that domain growth ‘dilutes’ pairwise agent densities.

117



5.2. Model

Diagonal component

For the diagonal component for GM1, that is, r,, 7, # 0, we have, by similar reason-

ing,
Nx Ny Nx Ny
Z ZpéVIXNy (13, ryit 4+ 0t) = (1 = 6t Py, Ny — 6t P, N,) Z Z po N (g, Ty; t)
=1 s=1 i=1 j=1
No—1 Ny
Nz—1)xN,
+0tPy, Y D (e = 1)py M = Lryit)
i=1 j=1
Nz—1 Ny
+ 0P, Y Y (No = 1= 1) p M (g 1y t)
=1 j=1
X (Ny—
+0tP, Z Z )(rx,ry—l;t)
=1 j=1
Ny Ny—1
Ny x(Ny—1
+ 0t P, Z Z —1—ry)p, XNy )(rz,fry;t).
=1 j=1
(5.18)
If we follow the same procedure as for the colinear component we obtain
dPNIXNy(TmT ;1) Nz xN,
L = P = 1 = L)
— Py, (ry + 1)p;VIXNy(rz’ ry;t)
+ Py, (ry 1>péVZXNy(Tx’Ty_ 1;t)
— Py, (ry + 1)péVIXNy (ra, my5t). (5.19)

5.2.3.2 Growth mechanism 2

It is simpler to derive the evolution of the pairwise density functions for GM2 for
a domain of size (N, + 1) x (N, + 1)*. For GM2 it is also necessary to introduce

some new notation. The distance of the lattice site m from the left-hand and bottom

4This avoids having (N, — 1) in the denominator of a number of fractions.
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boundary of the domain is m; and m;, respectively, i.e. the position of m, and the
distance of the lattice site n from the left-hand and bottom boundary of the domain
is n; and n;, respectively, i.e. the position of n. How n; and n; are measured for

lattice site n is displayed in Fig. 5.3.

n;

A
ENEENEN
EEENOEN
T T
Oy

2-axis

y-axis

Figure 5.3: Measuring the distance of a lattice site from the boundary. For lattice
site n the distance from the left-hand boundary of the domain is n;, and the distance
from the bottom boundary is n;. For lattice site m, m; and m; are measured in an
analogous manner.

Growth mechanism 2 diagonal component

The evolution of the pairwise density functions for the diagonal component of GM2

is described by the following equation
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Np+1 Ny+1
Z Z (Na+1) x(Ny+1)<m7 m + (ry,ry,);t+ 0t) =

(1= 0tPy, (Ny + 1) = 6ty (N, + 1)) 3 Y p ™ W m m + (r,7,)s 1)

+0tP,, (

+ 0L Py,

+ 0t Py,

+ 5tP,, (N,

+6tP,, (N

+6tP,, (N

+ 0tP,, (N,

+ 0t P,

i=1 j=1
NI 1 Ny

Z( e ) DXy (1 11 4 ()i )

=1 j=1

( o ) A5V g (1))
=1 j=1

( ) ps VM m (e — 1))
=1 j=1

( J > PN m 4 (g, 7y 4 1)38)
=1 j=1
DY ( RATEY ) SO (mm (., ) )
=1 j=1
Ny Ny+1 . n)
0% Y () A mm i)
i=1 j=1
e ftl (n; — 1)
)3 ( Z ) oy D m (= 17 0)
=1 j=
N, Ny+1 )
N.) D ( > Py (m,m + (ry + 1,7)3 1),
=1 j=1

(5.20)

The terms on the RHS of Eq. (5.20) represent: i) the probability that no growth event

occurs in [t+44t); ii) the probability that a growth event occurs in the vertical direction

and both agents are moved by it; iii) the probability that a growth event occurs in

the vertical direction and both agents are not moved by it; iv) the probability that a

growth event occurs in the vertical direction and m+(r,,7, — 1) moves and m does

not move (we can write this in terms of a displacement vector: (r,,r, —1)); and v)
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the probability that a growth event occurs in the vertical direction and m+(r,, —1)
moves and m+(r,,r,) does not move. The rest of the terms are the equivalent for
growth in the horizontal direction. First, we assume translational invariance and

simplify Eq. (5.20) to obtain

Nz+1 Ny+1
Z Z pgNz+1)X(Ny+1)<Tx7ry;t+ 0t) =
i=1 j=1
+1 Ny+1
(L 6P (N, 1) = 0P (N, 4 1) 30 3 o500,
=1 j=1
Ny+1 Ny 2mn,;
+ (Stpgy Z Z (Ny —n; —m;+ #) pgNm—i_l)XNy(Ti?ry;t)
i=1 j=1 !
Np41 Ny (Ny —mj)(n; — 1)\ (Na+1)xN,
i=1 j=1 ()
Ne+1 Ny (mj —1)(Ny — 1)\ (No+1)xn,
+5tngZ ( : : ])pQE y(rmry—l—l;t)
e (Ny)
+ 6P, Z (Nx —n; —m; + %) PéVIX(NyH)(Twa ry;t)
i=1 j=1 ’
Ny Ny+1
Ny —my)(n; — 1
+5tszZ (< m)(n ))p;VIX(Nerl)(Tx_Lry;t)
i=1 j=1 <Nz)
N; Ny+1
i — 1) (Ny — ny
+6tPy, > <<m (i\(f ) - )) 2 (1, 41,y ).
i=1 j=1 *

(5.21)

We rewrite Eq. (5.21) using 7., m, and mzn,, which are constants defined as

. 1
Ny = N, 1) Z Z n;, (5.22)

=1 j=1

N, Ny+1

. 1
o = NN, ) > ms, (5.23)

=1 j=1
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and
1 Ny Ny+1
Mgy Z Z m;n; =
1 Ny+1 [Ny—rg Ny
N 3 | 5 e 3 o )
z Y 1 L oi=1 i=Ng—rz+1
1 Ny+1 [ N, Ny
(NN, + 1) D [ mimitr) = Y] Nxmz]
z Y =1 Li=1 i=Ng—rz+1
1 Ny+1 [ N, No—ra N.
NN, T 1) Z Z(m,)(ml + 7))+ N, ( Z m; — Zmz>] (5.24)
z Y =1 Li=1 i=1 i=1
Egs. (5.22)-(5.24) can be evaluated directly to give
N, +1
Ny = g, (5.25)
2
N, +1
My = M7 (5.26)
2
and
- N, 1 T 1
man, = Ny ( 3 + 5) + 5 (ry — Ng) + & (5.27)

We substitute Eqgs. (5.22)-(5.24) into Eq. (5.21) to obtain
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(N, + 1) (N + 1)ps =t N D e e g 4 61) =

(1= 3Py, (Ny + 1) = 6Py, (N, + 1)) (N, + 1) (N + 1)ps™ S o)

+ 0t Py (N, + 1)(IVy)

. N 2m,n
Ny —ny —my + #) pngH)XNy( o Tyit)

Y

_ MyNy T
+ 0t P, (No + D)(N,) ( iy = 1= =+ Fy) AN XNy (g
Y Y

N, Ny

. QW:ZHI) Naox(Ny+1)

N P2 (T2, Ty; t)

Mgy My
+ ) NmX(NyH)(rx—l,ry;t)

2

N, N,

+ 5tng(NI —+ 1)(Ny) (my -1 - M + &) péNerl)XNy(rx’ Ty + 17t)

- MaNy Ty
+ 6tP,, (Ny)(Ny+ 1) (M, — 1 — N + F) p;vxx(zvym(rm +1,7y0t).

(5.28)

That Eqgs. (5.21) and (5.28) are equivalent can be shown by substituting Eqs. (5.22)-

(5.24) into Eq. (5.28).

If we now apply the approximation

(No+1)x (Ny+1) N N, (No+1)x N, '
Py A (R (Ny j’_ 1) 2 U (1, Tys t), (5.29)
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to Eq. (5.28) we obtain

(1= 6Py, (No + 1) = 8Py, (Ny + 1))y D )

o

Y

+6tP,, (7, —1- T2y @) PN DX 1)

( Ny Ny
+0tP,, (my —1- mj@—f Z[—Z) plNeA AN (10
+tP,, (Nx — Ny — My + 277\‘;;%) péNZH)X(NyH)(m, ryit)
s, (ﬁx 1 m]éllx %) PN (g
L 6tP, (ﬁzm . m]é:x N %) PNV (g gy
(5.30)

If we rearrange Eq. (5.30) and take the limit as 0t — 0 we arrive at

Nz+1 N,+1
dpé T )( ) y5t)
dt

— (Pp (N + 1) + Py, (N, + 1)t e )

o~
. myny> pgNm—i-l)x(Ny-&-l)(rx’ ry:t)

Y

_ myn, m No+1)x(Ny+1)
+ P <n _1_ﬂ+_y> é Y (7’177‘ —1;t>
9y Y Ny Ny Yy
N Myn. n Na+1)x (Ny+1)
+ P, <m —1- 27 —y>pé T g,y + 15t)
9y Y Ny Ny Yy
2mgny,
P, (Nz A 4 njzvn ) péNx-‘rl)X(Ny-i-l)(Tx, ryt)
+P, (" R —Zz) PO ()

1 Ml @) PR gy

(5.31)
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which we can simplify further to obtain

dpgNzH) X (Ny+1) (

Ty Tyi T)

dt

2mang\ L
*(mn>‘%‘mﬁé“”““%%ww
N
+

+ Py, (_1 (%) — Ny — my) PéNZH)X(NyH)(Tszy;t)
Yy
Fa (ﬁly - % * ZZ/) gNmH)X(NyH)(rm"’y + 1)
+m@““ﬁ% %ﬁVW%Wwﬂww
+ P, (Thm —1- m]f[nm + E) péNzH)X(NyH)(Tz + 1,7y t).
(5.32)
If we now evaluate Eqs. (5.22)-(5.24) with Egs. (5.25)-(5.27) we have
dpéNz+1)><(Ny+1)(rx’ rit)
dt B
+ Py, (—% + % - %y (% - 1) + %y) AR (S P
+ P, (—% + % — %y (% — 1) + %y) pA N D (1)
+ P, (—% + % - %x (T—z - 1) + 3]1%) pe A 1 ).
(5.33)
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Growth mechanism 2 colinear component

For the colinear component we have (assuming that lattice sites are horizontally

colinear, i.e. r, = 0)

+1 Ny+1
> Z XN (- (1, 0); 8+ 6t) =
=1 =1

Na+1 Ny+1

(1= 6tPy, (Ny +1) — 6Py, (N, +1)) > Z (NNt (1 m+ (1, 0); 2)

i=1 =1

x Ny
StP. (N. & m;n; (Nz+1)X Ny 0):
+ t gy( y) (N )(N) p2 (m7m+(rﬁﬂ7 )?t)
; Y Y

+ 6tP,, (N,) (Ny — ”j>(Ny)— mj)) (Nat1)x N,

(Ny) (N

Ny+1 Ny

+ 6P, (N,) 3)3 ((Ny an;)’()](\gj)_ 1)) pSN N m (ry,
Ny+1 Ny

e 33 (S ) A s

+0tP, (N) Y > (<TZN_)1)) > (m m - (r, — 1,0);1)
i=1 j=1 x
Nz Ny+1

+ 6tP,, ( e > oo N m m 4 (g, 0); ).
=1 j=1

PN (m m 4 (7, 0):4)

—1);1)

—1);t)

(5.34)

The terms on the RHS of Eq. (5.34) represent: i) the probability that no growth event

occurs in [t+46t); ii) the probability that a growth event occurs in the vertical direction

and both agents are moved by it; iii) the probability that a growth event occurs in

the vertical direction and both agents are not moved by it; iv) the probability that a

growth event occurs in the vertical direction and m+-(r,, —1) moves and m does not

move; and v) the probability that a growth event occurs in the vertical direction and

m+(r;,0) does not move and m+(0, —1) does move. The rest of the terms are for

growth in the horizontal direction. We rewrite Eq. (5.34) using Eqgs. (5.22)-(5.24) to
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obtain

(N, 4+ 1)(N + 1)ps =N D 00t 4 61) =

(1= 8Py, (No + 1) = 6Py, (N, + 1)) (N, + 1)(Ny + 1)ps™ S 0;4)

—+ 5tng(Nm + 1)(Ny) (m]ilfny> péN;c-‘rl)XNy (Txy 0; t)
)

m,n
+ (5tng(Nx + 1)(Ny) (Ny — Ty — My, + ﬂ) pgNm—l)xNy (rm 0; t)

Ny
4 6tP, (N, + 1)(N,) (7, — 1 — el Ty ) Net Ny g
v N, "N,

+ 0t Py, (Ny + 1)(Ny) (my —1- + @) péNZJrl)XNy(Tx: —1;7)

6Py, (NL) (N + 1) (= 1) (= 1,0;1)

+ 6Py, (N) (N + 1) (Ny =)oy~ (1, 051). (5.35)

We now make the approximation Eq. (5.29) to arrive at

2

p I (05t 4 6t) = (1 = 6Py, (N, + 1) — 6t Py, (N, + 1)) p8 ™D 0:4)

+ 6tP,, (—myny> P (051

Ny
+ 5tng (Ny — Ry — My + myny) pgN;c—s—l)x(NyH)(rm 0;t)
Ny
N myn, M Na+1)x (Ny+1)
+ 6tP, (n —1—ﬂ+—y)p§ VT (g, —15t)
Gy Y Ny Ny

+ 8tP,, (my B L ﬂ) PN N (g
vy Ny
+ 6tP,, (ry — l)pg\[’CJrl)X(]\f?’Jrl)(7"m —1,0;¢)

+ tP,, (N, — 1) pNe TNt (-4, (5.36)
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which we can simplify to obtain

dpéNI-i-l)X(Ny-i-l) (Tx, 0’ t)

- P
dt gz

+ Py, (1 — 1)y N D 0;1)
-

+ P, (n REs ﬁ) py Ny 1)

N,

Yy

2

N,

_ myny + @) (Nz+1)><(Ny+1)(7,x —].t)
Y

(5.37)

If we evaluate Eqgs. (5.22)-(5.24) with (5.25)-(5.27) we have

dp(Nx+1)X(Ny+1) (rx’ 0: t)

T = Py, (e + D)o Y 051

+ P, (ry — 1)pgN’”+1)X(Ny+1)(rw —1,0;1)

N, 1 No41)x(Ny+1)
p 1Y (Nz+ y 2, 00t
+ gy( 3 +37\7y>p2 (Ta 7)

N, 2 No41)x (Ny+1)
Py =1+ 2Y 4 ) piNet Nt 1),
+ 9y ( + 3 + 3Ny> p2 (7’ 9 ) )

(5.38)

Therefore, the evolution equation for the colinear component (horizontally colinear)
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for GM2 is

=_P
dt gz

+ Py, (1 — 1)ps G 0; 1)

N 1 No+1)x (Ny+1)
b (1 N (Vo)X tD) .
+ gy( 3 +3Ny>p2 (T7 ) )

N, 2 Not1)x (Ny+1)
P T T (Na+1)x (Ny o —1:1).
+ gy( + 3 +3Ny)p2 (7’, ) )

(5.39)

An analogous equation exists for the vertically colinear component for GM2.

If we compare Egs. (5.16) and (5.19), and Egs. (5.33) and (5.39) it is apparent
that the length of the domain influences the evolution of the pairwise density func-
tions in the case of GM2, but not in GM1. Therefore, we expect the evolution of

the pairwise density functions to be affected by the initial domain size in the case of

GM2, but not GM1.

5.3 Results

We initially present results for immotile, non-proliferative agents on a growing do-
main, in which domain growth is exponential. We simulate the scenario in which all
lattice sites are occupied by an agent in the IBM on a lattice of size 100 by 100 sites.
This means the initial conditions for Egs. (5.9), (5.16), (5.19), (5.33) and (5.39) are

c(0) =1, (5.40)
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and

péV“XNy(rx,ry;O) =1, Vry,<DN,r, <N, (5.41)
As previously stated, N, and N, describe the number of lattice sites in the horizontal
and vertical directions, respectively. However, as results from the IBM are ensemble
averages we substitute N, and N, for their continuum analogues L, (t) and L,(?),

respectively. For exponential domain growth L,(t) evolves according to

dLy(t) _
= = P L), (5.42)

The evolution of L,(t) is equivalent. This substitution of N,(t) and N,(t) with L,(t)
and L,(t) avoids jump discontinuities in the numerical solutions of Egs. (5.16), (5.19),
(5.33) and (5.39), which are not present in the averaged IBM results. To solve our
equations numerically we use MATLAB’s ode15s, with an absolute error tolerance of

10712

5.3.1 Agents on a growing domain

In Fig. 5.4 the numerical solutions of Egs. (5.16), (5.19), (5.33) and (5.39) are shown
for the evolution of the pairwise density functions on a growing domain. In Fig.
5.4 (a) we plot the evolution of the pairwise density functions for GM1, and see the
anticipated difference in the evolution of the colinear and diagonal components. In
the absence of agent motility and proliferation the evolution of the pairwise density
functions for all colinear distances (i.e. A, 2A, 3A, ...) is the same for GM1, this
is also the case for the diagonal component. Conversely, in Fig. 5.4 (b) we plot the
evolution of the pairwise density functions for GM2, and in this case in the evolution

of all the colinear and diagonal components is the same.
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Figure 5.4: (Colour online): The evolution of the colinear and diagonal components
of the pairwise density functions for (a) GM1 and (b) GM2. P, = P, = 0.1.

5.3.2 Agent motility, proliferation and death

To include the effect of agent motility and proliferation in Egs. (5.9), (5.16), (5.19),
(5.33) and (5.39) we follow a similar procedure as presented in Chapter 4, and as such
we present the detailed derivation in Appendix B. If we include agent motility and
proliferation in Eq. (5.9) we obtain

de(t)
dt

—p, (c(t) — N o, t)) — (P, + P,)c(t). (5.43)

As can be seen from Eq. (5.43), the inclusion of agent proliferation means that
pairwise density functions are now present in the equations for the evolution of the
individual density functions, which is not the case without agent proliferation (Eq.
(5.9)). We present the detailed derivation with the inclusion of agent motility and

proliferation in the pairwise density functions in Appendix B.

Correlation functions

To make our results comparable with the large amount of research already completed

in this area we display the results in terms of the correlation function [18; 19, 21—
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23, 78, 84-87]. The correlation function [86, 87] is simply defined as

Nz XNy

o Tyt
F(ry,ryt) = P2 (re, 43 )

c(t)?

(5.44)

As discussed in Chapter 4, the correlation function is a useful variable to work with as
F(ry,ry;t) = 1 means that the occupancy of two lattice sites of a given displacement

is independent. If we substitute Eq. (5.44) into Eq. (5.43) we obtain

de(t
dt

~—r

= Pe(t) (1 — F(1,0; t)c(t)) — (P, + P,,)c(t). (5.45)

The standard MFA assumes F'(1,0;t) = 1, that is, the effect of spatial correlations is

insignificant, and so Eq. (5.45) becomes

= Pye(t) (1 —c(t)) — (P, + Py, )c(t). (5.46)

For all IBM simulations we use initial uniform random seeding of density 0.05. The
lattice state of site m of the two-dimensional IBM is described by variable oy, (i.e.
occupied by an agent or unoccupied). This means the normalised average agent

density for the two-dimensional domain is

. Na(£)Ny (t)
c(t)zm %: 14{0m}. (5.47)

Here 14 is the indicator function for species A (i.e. 1 if species A occupies site m, and
0 if it does not). As previously discussed, the initial condition in the IBM is achieved
by populating a certain number of sites uniformly at random until the initial density

is achieved, the initial condition for the correlation function is therefore

F(ry,ry;0) =1, Vr, < Ng,r, <N, (5.48)
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That is, at all distances there are initially no spatial correlations between agents. We
also rescale time to allow for ease of comparison between simulations with different

parameters:
i = (Pp — P~ (P, + ng)>t. (5.49)

The rescaling of time is necessary to allow the easy comparison of simulations with
different parameters. As before we solve our equations numerically with MATLAB’s

odel5s with an absolute error tolerance of 10712,

5.3.3 Agent motility and proliferation

In Fig. 5.5 the effects of domain growth via GM1 on the evolution of the macroscopic
agent density can be seen ((a) LPE = 0.04, (b) 0.09). We see that the inclusion of
GM1 renders the steady-state density predicted by the standard MFA, Eq. (5.46),
to be inaccurate. The steady-state density calculated from an ensemble average from
the IBM is lower than the MFA predicts, which the correlation ODE model (Eq.
(5.45)) is able to capture. The rate at which the agent density increases is also
reduced in the IBM due to spatial correlations, and the correlations ODE model
better approximates this than the MFA. One may expect domain growth to decrease
spatial correlations by ‘breaking-up’ existing agent clusters which, in turn, would
allow greater agent movement and cause the MFA to be more accurate. However, the
nature of GM1 means that it does not break up agents effectively, only potentially
‘freeing-up’ one lattice site for two agents in each row/column with every growth event
(see Fig. 5.1). GM1 also does not cause agents to make new neighbouring agents,
with agents and their neighbours moving synchronously in a growth event (except

at the position of growth where two columns/rows will be separated). Therefore,

®As in Chapter 4 in Chapter 5 the LPE is calculated between the correlations ODE model and
the IBM results.
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the spatial correlations associated with agent proliferation (in conjunction with the
dilution of agent density due to domain growth) lower the steady-state density of
the agents more than the displacement of agents by domain growth counteracts the

spatial correlations established by agent proliferation.

1.0 1.0
..... ; WL Gl ¥ Gaflef N Gullet B Geten
o -
10 15 20 25
Rescaled time Rescaled time

(a) (b)

Figure 5.5: For GMI1 including pairwise correlations in a correlation ODE model

provides a more accurate approximation of the evolution of the macroscopic density
in the IBM than the MFA. (a) P, = 1, B, = 1, P, = 0.05, P,, = 0.05, (b) P, = 1,
P,=1,P, =0.1,F, =0.1.

In Fig. 5.6 the effect of GM1 on spatial correlations in both the correlation ODE
model and the IBM can be seen. Importantly, we see that as the growth rate is
increased the spatial correlations augment. From Fig. 5.5 this result is to be expected,
as domain growth lowers the steady-state density but is not effective at reducing
spatial correlations. A similar result has previously been observed in the case of
agent death [18]. In addition, at the steady-state density the spatial correlations do
not return to F' = 1 for the plotted distances. This explains why the MFA incorrectly
predicts the agent steady-state density, and shows why the correlation ODE model
is able to correctly approximate the steady-state density of the IBM. This is because
the MFA is only accurate when F' = 1, which is not the case in the IBM in this

scenario with GM]1.
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Figure 5.6: Increasing the growth rates, P, and P, , causes the pairwise correlations
to augment for GM1 in the correlation ODE model (compare (a) with (b)), and in
the IBM (compare (c¢) and (d)). In the case of GM1 the pairwise correlations do
not return to ' = 1. In (a)-(d) the distance increases from A to 6A in steps of A.
Increasing distance is from top to bottom as indicated by the arrows. The parameters
for (a) and (c) are P, = 1, P, = 1, P,, = 0.05, P;,, = 0.05, and for (b) and (d) are
Pn,=1,P,=1,P, =01, P, =0.1.
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In Fig. 5.7 the effect of domain growth via GM2 on agent density can be seen ((a)
0.01, (b) 0.00). In this case we see that with GM2 the steady-state density pre-
dicted by the MFA is accurate. This is because GM2 is more effective at breaking
up agent clusters than GM1, potentially ‘freeing-up’ one lattice site for four agents in
each row/column with every growth event. This counteracts the effect of the spatial
correlations created by agent proliferation. GM2 also causes agents to change neigh-
bouring agents in the IBM, and so further reduces the spatial correlations associated
with agent proliferation. Despite this we see that the correlations ODE model still
more accurately predicts the rate at which the agent density evolves, while also ac-

curately approximating the steady-state density in the IBM.

1.0 : ‘ 1.0

5 10 15
Rescaled time Rescaled time

(a) (b)

Figure 5.7: For GM2 including pairwise correlations in a correlation ODE model pro-
vides a more accurate approximation of the results of the evolution of the macroscopic
density in the IBM. (a) P, =1, B, =1, P,, =0.05, P,, = 0.05, (b) P, =1, P, = 1,
P, =0.1, P, =0.1.

In Fig. 5.8 the effect of GM2 on spatial correlations can be seen in both the cor-
relations ODE model and calculated directly from the IBM. In contrast to GM1 we
see that as the growth rate is increased the spatial correlations decrease. We also see
that at the steady-state density ' = 1, this provides the reason as to why the agent

steady-state predicted by the MFA is correct.
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Figure 5.8: For GM2 increasing the growth rates, P, and P,

gy

causes the pairwise

correlations to decrease in the correlation ODE model (compare (a) with (b)), and in
the IBM (compare (c¢) and (d)). In the case of GM2 the pairwise correlations return
to F' = 1. The distance increases from A to 6A in steps of A. Increasing distance is
from top to bottom as indicated by the arrows. The parameters for (a) and (c) are
P,=1 P, =1, F, =0.05 P, =0.05 and in (b) and (d) are P, = 1, P, = 1,

P, =0.1, P, = 0.1.
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In Fig. 5.9 we confirm that the size of the domain influences the evolution of the
agent density in the case of GM2, but not in the case of GM1. In the case of GM2,
as the initial domain size is increased evolution of the macroscopic agent density is
accelerated. This is because colinear spatial correlations, established by agent prolif-

eration, are broken down proportional to the domain size in GM2 (Eq. (5.39)).

Finally, in Figs. 5.11 and 5.10 we see the initial domain size also impacts the evolu-

tion of the spatial correlations for GM2, but not for GM1. In the case of GM2 as the

initial domain size is increased the spatial correlations between agents are reduced.
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Figure 5.9: Altering the initial size of the domain does not cause the evolution of
the agent density to change for GM1, but does for GM2. As the initial size of the
domain is increased, from 50 by 50 to 200 by 200 lattice sites, the evolution of the
agent density to steady-state remains the same in GM1 as can be seen in both (a)
IBM and (b) correlation ODE models. In the case of GM2, altering the initial domain
size does cause the evolution of the agent density to change. As the initial size of the
domain is increased, from 50 by 50 to 200 by 200 lattice sites, the evolution of the
agent density accelerates in GM2, as can be seen in both (c) IBM and (d) correlation

ODE models. P, =1, P,=1, P, =0.1, P,, = 0.1.
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5.4. Summary

5.4 Summary

The importance of accurately including the effect of domain growth in models of bi-
ological phenomena is becoming increasingly apparent [1, 7, 17, 80, 95-97]. Many
of the fundamental developmental processes that determine mammalian morphology
are either characterised by growth, or occur during it, and so it is likely that growth
plays an important role in determining and coordinating cell population behaviour

(10, 98).

In this chapter we have studied two different implementations of domain growth. We
chose two different, yet potentially biologically relevant, growth mechanisms [92-94]
to highlight how understanding the form of domain growth is crucial. These growth
mechanisms originated from thinking about the different ways in which new sites
could be added to the IBM domain, and the consequences this may have on agent
density. As has been shown in this chapter, GM1 is an implementation of domain
growth that conserves colinear correlations in comparison to diagonal correlations,
and GM2 is one that reduces colinear correlations as a rate proportional to the size
of the domain. This difference between GM1 and GM2 is why the evolution of the

agent density for GM2 depends on the initial size of the domain and GM1 does not.

It is important to acknowledge that we have only looked at scenarios where P, = P,,.
This case represents a very high rate of cell proliferation relative to motility in a bio-
logical context. However, we chose these parameters to highlight the accuracy of our
approximate correlation ODE model. In situations where P, < P, the correlation
ODE model approximates the IBM results even better, as has been shown previously
[18, 22]. We have also only looked at the case when P, = P, in order to reduce
the computational complexity of solving the model equations, however, the results

presented here can be naturally extended to cases where Py, # I, .
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5.4. Summary

We wish to stress that the work presented in this chapter is an initial study on
the effect of domain growth on spatial correlations between agents and, as such, we
have chosen the simplest modelling framework for this. Therefore, an important con-
sideration is whether the work presented here could be extended to other, perhaps
more realistic models, such as an off-lattice IBM. Finally, the development of different
closure methods as discussed in the summary of Chapter 4 is of equal importance to

the work presented in this chapter and the next.

In the next chapter we extend the methods presented in this chapter to an IBM
containing two species. Heterogeneous cell populations are widespread in biological
systems, and therefore it is important to examine the effects of domain growth on

heterogeneous cell populations.
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Chapter 6

Modelling spatial correlations on a growing

domain in two dimensions with two species

Overview

In this chapter we study the effect of domain growth on spatial correlations in agent
populations containing multiple species. This is important as heterogeneous cell pop-
ulations are numerous during the embryonic development of many species [98]. In the
previous chapter we have shown that the long term behaviour of an agent population
depends on the way in which domain growth is implemented. We extend this work
to show that, depending on the way in which domain growth is implemented, differ-
ent species dominate in multispecies simulations. Continuum approximations of the
lattice-based model that ignore spatial correlations cannot capture this behaviour,
while those that explicitly account for spatial correlations can. The results presented
here show that the precise mechanism of domain growth can determine the long term
behaviour of multispecies populations, and in certain circumstances, establish pat-

terning.
The majority of the work in this chapter appears in the paper: R. J. H. Ross, C.
A. Yates and R. E. Baker. “Pattern formation and variable species densities are

induced by domain growth”. Physical Review E (under review), 2016. R. J. H.
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6.1. Introduction

Ross performed all the computational and mathematical modelling presented in this

chapter.

6.1 Introduction

Heterogeneous cell populations are widespread throughout biology. Obvious examples
in humans include the immune system [99], the brain [100], and the heart [101]. Tu-
mours are often composed of cells that are not phenotypically identical, an important
factor that reduces the efficacy of many drug treatments [102]. Cranial neural crest
stem cells, a subset of a migratory cell population that give rise to a diverse lineage,
exhibit ‘leader’ or ‘follower’ phenotypes during their collective cell migration [1-3].
Similarly melanoblasts, another neural crest stem cell subset, and keratinocytes, si-
multaneously populate the dorsal lateral epithelium during embryonic development
[10]. Importantly, many of the aforementioned examples of heterogenous cell pop-
ulations are associated with growing tissues, either during embryonic development
[1-3, 10, 100], or in pathological scenarios [101, 102]. Therefore, it is important to
be able to include domain growth in models of cell populations containing multiple

species where spatial structure plays a significant role [1-3, 10, 21, 26].

In the previous chapter we have shown that the way in which domain growth is
implemented in an IBM can alter the population-level behaviour of agents [13, 14].
Therefore, we hypothesised that the way in which domain growth is implemented in a
simulation with multiple agent species could change the dominant agent species. We
also reasoned that a standard MFA would be insufficient to capture the behaviours
exhibited by the IBM. Therefore, as in Chapter 5, the MFA would require correction
by the inclusion of spatial correlations in the form of a system of ODEs to accurately
approximate the IBM results. This has previously been shown in scenarios without

growth. For example, Markham et al. [21] demonstrated the necessity of including the
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6.2. Model

effect of spatial correlations in continuum models to accurately predict the dominant

species in a multispecies context.

The outline of this chapter is as follows. We briefly introduce a two-dimensional
IBM containing multiple species in Section 6.2.1. We then define the individual and
pairwise density functions, and derive a system of equations (referred to as the corre-
lation ODE model, as in Chapters 4 and 5) describing the evolution of the individual
and pairwise density functions for multiple species on a growing domain in Sections
6.2.2-6.2.3. In Section 6.3 we test the accuracy of the correlation ODE model by
comparing it with the standard MFA and IBM models for multispecies simulations.
We demonstrate that the precise details of the implementation of domain growth can
affect agent population fates; a species that dominates in one growth regime might
not dominate in the other. We also demonstrate that the MFA is unable to accu-
rately capture the effects of domain growth in the IBM, whereas the correlation ODE
models that include the effect of spatial correlations can. Finally, we examine some
biologically motivated examples of non-uniform domain growth in our IBM in Section
6.3.2, and show that non-uniform domain growth can cause patterning in multispecies

agent populations. We conclude in Section 6.4 with a discussion of our results.

6.2 Model

The IBM we employ in this chapter is the same IBM as in Chapter 5, except that it
contains two agent ‘species’. Both growth mechanisms we employ in this chapter are

the same as those in Chapter 5 (Fig. 5.1).

6.2.1 IBM containing two species

Throughout this chapter we only present examples with two species, and these species

are referred to as A and B. However, all the results presented in this chapter are eas-
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6.2. Model

ily extendable to scenarios containing more than two species [21]. Attempted agent
movement or proliferation events occur with rates an or Pp] per unit time, respec-
tively, where I denotes the species type. For example, P26t is the probability of an
individual agent of species A attempting to move in the next infinitesimally small
time interval dt. Death events occur with rate P} per unit time and result in the

removal of an agent from the lattice.

To begin with in this chapter we employ (on average) homogenous initial conditions
in our IBM. That is, our initial distribution for both species is achieved by populating
a certain number of sites uniformly at random. An occupied site is indicated by A
or B, and an unoccupied site is indicated by 0. This means the normalised average

agent density for species A on the two-dimensional domain is

calt) = N:Ny S 1a{m}. (6.1)

Here 1,4 is the indicator function for species A (i.e. 1 if species A occupies site m,

and 0 if it does not). An analogous equation holds for species B.

6.2.2 Individual density functions

The derivation of the evolution equations for the individual density functions is the
same as that given in Chapter 5. Therefore, we only state the final equations in this

chapter. We define the individual density functions, pX”XNy(

m;t), as the probability
that site m is occupied by an agent of species A at time ¢ on a domain of size N, x Ny,
where m is the vector (7, j), with ¢ indexing the row number of a lattice site, and j

zXNy(

indexing the column number of a lattice site. Similarly, pg m; ) is defined as the

probability that site m is occupied by an agent of species B at time ¢ on a domain of

size Ny X Ny.
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6.2. Model

dpy” ™ (m; )

dt

NxXNy<

= —(Py, + Py, )pa m;t). (6.2)

Equation (6.2) describes how exponential domain growth affects the evolution of the
individual density functions for species A. It is straightforward to derive equations

for linear and logistic domain growth analogous to Eq. (6.2).

As in Chapter 5 we will write the pairwise density functions in terms of the displace-
ments between sites, and so to clarify our notation we shall rewrite the individual

density functions as

p%ﬁxNy (m; t) _ ngxNy (t) _ CA(t)- (6.3)

If we substitute Eq. (6.3) into Eq. (6.2) we obtain

dCA(t)
dt

= —(Py, + Py, )ca(t), (6.4)

as expected.

6.2.3 Pairwise density functions

We define the auto-correlation pairwise density functions, prAX Ny(rn,n;t), as the

probability sites m and n are both occupied by species A at time ¢ on a domain
of size N, x N, (where m # n). Similarly, the auto-correlation pairwise density
function pgf]; Ny (m, n;t) is defined as the probability sites m and n are both occupied
by species B at time ¢t on a domain of size IV, x N,. The cross-correlation pairwise

m, n;t) is the probability sites m and n are occupied by

density function pi\fBX Ny(

!The simplest way to do this is to rescale P, and Py, in Eq. 6.2). For instance, the rescaled

growth parameter for linear growth in the & direction, Py, , is Py, = (N;(0)/N4(t))P,,.
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6.2. Model

species A and B?, respectively, at time ¢ on a domain of size N, x N,. We now
rewrite the pairwise density functions in terms of the displacement vector between

lattice sites, that is

Ny xN, N, xN

pA,,: ‘(m,n;t) = pA,/;( Y(m,m + (ry,7y); 0). (6.5)

As the initial conditions in the IBM are, on average, spatially uniform we are able to
assume translational invariance for the probability of two sites a given displacement
apart being occupied. This means that the pairwise density function can be written
as a function of the displacement between two lattice sites, (r,,r,). Therefore, we

will further simplify our notation and write

NuxN Nz x N
Paca (it (rg,my)it) = s (e, 13 t). (6.6)

6.2.3.1 Agent motility, proliferation and death

The inclusion of agent motility and proliferation in Eq. (6.4) is similar to the deriva-
tion presented in Chapter 5 [18, 21, 22|, therefore we refer the reader to Appendix
C for the derivation and simply state the result for the individual density functions
in the main text. The evolution of the individual density function for a motile and

proliferating species A on a growing domain is

dea(t
A B (eatt) - ™ (1,000) = 5 (10:8)) = Bilea(t) = (P + By, )ealt).

(6.7)

An analogous equation exists for species B. As can be seen from Eq. (6.7), the

inclusion of agent proliferation means that pairwise density functions are now present

2The ordering of A and B in the subscript of the cross-correlation pairwise density function
does not matter in this chapter as we assume translational invariance of the individual and pairwise
density functions throughout.
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6.2. Model

in the equations for the evolution of the individual density functions, which is not the

case without agent proliferation (Eq. (6.4)).

6.2.3.2 Growth mechanism 1

We now present the equations for the evolution of the pairwise density functions for
GM1 domain growth. These equations have the same derivation as those presented

in Chapter 5, and so we only present the final result.

Colinear component

For agents colinear in the horizontal direction, that is, r, = 0, the evolution of the

auto-correlation pairwise density functions for species A with GM1 is
dph Ny Ty, 05
Pan m00 _p 1~ 1,0:0)

dt 9z
= Py (re + 1)pl ™ (2, 031)

NuxN,
- ngpAAX Y(rg,0;t). (6.8)
An analogous equation exists for sites colinear in the vertical direction for GM13.

Diagonal component

For the diagonal component, that is, 7, r, # 0, we have?

dPXxAXNyO"mT ;1) Ny xN,
7 d 2 = Py, (re — 1)pA,E,: Y(re = 1,my5t)
Nz XNy

— Py, (ry + 1)pA,A (rasryit)

NaxN,
+ ng(ry - 1)pA,AX (rz,my — 15)

Ny xN.
— Py, (ry + 1)pA’AX U (g, Ty t). (6.9)

3These are Eqgs. (5.16) and (5.17) in Chapter 5.
4This is Eq. (5.18) in Chapter 5.
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6.2. Model

6.2.3.3 Growth mechanism 2

We now present the equations for the evolution of the pairwise density functions
for GM2 domain growth. Like GMI1 these equations have the same derivation as
those presented in Chapter 5, and so we only present the final result. The evolution

equation for the colinear component (horizontally colinear) for GM2 is®

)

- = =Py (ra + Dpia (0, 051)
+ Py, (re = Va7 (i, — 1,050
+P, (—1 - % + 3—]1\@) PN G 0;e)
+ P, (—1 + % + 311\@) PN G 1),

(6.10)

°This is Eq. (5.33) in Chapter 5.
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6.3. Results

An analogous equation exists for the vertically colinear component for GM2. The

equation for the evolution of the diagonal component for GM2 is®

W T, Ty; t)
dt

dp N D)

+ P, (—% + % -2 (% ~ 1) + %y) P N oy 4 158)
. (‘% t ey (_ - 1) y 3J1Vx> paa O — L)
(6.11)

6.3 Results

As in Chapters 4 and 5 we present our results in terms of correlation functions [78, 84—
87] in order to simplify the visualisation of results, and allow the results presented
here to be easily related to other research in this field [18, 19, 21-23]. The correlation

function is defined as

Nz XN,
F AR pA,; (re, 1y t)
A,A(rxa Tya t) = CA(t)2 )

(6.12)

and is simply a measure of the degree to which the occupancies of two lattice sites by
species A are independent of one another. Analogous correlation functions exist for

auto-correlations in species B and for the cross-correlations between species A and

6This is Eq. (5.39) in Chapter 5.
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B:
Nz XN,
ppp " (TaTy;t)
F s Ty t) 1= — , 1
B.B(Tz, Ty t) cn(t)2 (6.13)
and
Nz XN,
Pap ' (TaTyit)
F 2y Ty ) 1= — 14
A,B(T Ty ) CA(t)CB<t> (6 )
If we substitute Eqgs. (6.12) and (6.14) into Eq. (6.7) we obtain
dea(t
gt( )~ Pleatr (1= Faa(1,0:)ea(t) = Fap(1,0:)en(t))
~ Plea(t) — (sz + ng>c,4(t). (6.15)

We refer to Eq. (6.15) as the correlation ODE model. The standard MFA assumes
Fya(ry,ry;t) = Fap(ry,ry;t) = 1, that is, spatial correlations between agents are
insignificant, and so Eq. (6.15) becomes

dCA(t)
dt

= Phey(t) (1 —ealt) — cB(t)> ~ Phey(t) — (sz + ng>cA(t). (6.16)

As discussed in Chapters 4 and 5, Eq. (6.16) is relevant as it represents the standard
MFA often used to model the evolution of the macroscopic density of a cell population
[12, 34, 37]. However, in certain scenarios the standard MFA has been shown to be
inadequate [18], especially when the spatial structure of a cell population is known to

be important. As such, we will compare Eqgs. (6.15) and (6.16) in the results section.
For our IBM simulations we use a regular square lattice of initial size 100 by 100

lattice sites. The boundary conditions are periodic, and we have an initial uniform

random seeding of density 0.05 for each species A and B (so the total agent density
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6.3. Results

is 0.1). By an initial uniform random seeding it is meant that, on average, the initial
conditions of the IBM are spatially uniform for both species. All results presented
from the IBM are ensemble averages taken from 500 repeats. To solve Eqs. (6.7)-

(6.11) we use MATLAB’s ode15s, with an absolute error tolerance of 107!2.

Our initial condition for all simulations entails that site occupancies at all pairwise

distances are initially uncorrelated, that is,
Fya(ry,ry;0) = Fp p(ry,ry;0) = Fap(ry,7y;0) = 1. (6.17)

Initially we study the effect of exponential domain growth for both GM1 and GM2
on agent density and spatial correlations in the IBM and correlation ODE model. As
previously stated, N, and N, are integers that describe the number of lattice sites
in the horizontal and vertical directions, respectively. However, as results from the
IBM are ensemble averages we replace N, and NV, with their continuum analogues
L,(t) and L,(t), respectively. This substitution of N, and N, with L,(t) and L,(t)
avoids jump discontinuities in the numerical solutions of Eqgs. (6.10)-(6.11), which
are not present in the averaged IBM results. For exponential domain growth in the

IBM L,(t) can be shown to evolve according to

dL(t)
Sl = B L), (6.18)

An analogous equation exists for L, (t).
We also study the effect of linear and logistic domain growth (for both GM1 and

GM2) on agent density and spatial correlations in the IBM and correlation ODE

model. For simulations with logistic domain growth the individual density function
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for species A evolves according to

C;i; = P;CA (1 — Fu4(1,05t)ca(t) — FA7B(1,O;t)cB(t)) — Pilea(t)
— (Py, + Fy,) (1 - %[;y(t)) ca(t), (6.19)

where K? is the carrying capacity and L, (t) evolves according to

ALo(t) _ 1 ) <1 _ M) _ (6.20)

An analogous equation exists for L,(t), and for all simulations presented here K =
300. Finally, the individual density function for species A with linear domain growth

evolves according to

% = PfCA(l — Faa(1,0;)ca(t) — Fap(1,0;t)cp(t)) — Pitca(t)
Py, Lo(0) | Py, Ly(0)
- < L,(t) * L,(t) ) ca(t), (6.21)

where L,(t) evolves according to

dL.(t) _

& e Lz (0), (6.22)

that is, linear growth. As in Chapter 5 we also rescale time to allow for ease of

comparison between simulations with different parameters:

(= (B - P (P.+R,))t (6.23)
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6.3.1 Uniform domain growth

In Fig. 6.1 we recapitulate results from [21] ((a) LPE = 0.00, (b) 0.05)". We see that
in the case of an IBM with a non-growing domain and two species, a more motile,
slower proliferating species (species A) can dominate a less motile, faster proliferating
species (species B) in a specific parameter regime. This is the case on a non-growing
domain without agent death, as can be seen in Fig. 6.1 (a), and the dominance of
species A is augmented with agent death as evident in Fig. 6.1 (b), whereby species
B eventually goes extinct. Importantly, the standard MFA (Eq. (6.16)) is not able to
accurately approximate the IBM results in either case, whereas the correlations ODE
model is able to. The reason as to why species A dominates over species B is because
of the following: although species B has a higher proliferation rate, its motility is
much lower than species A. This means the spatial correlations species B establishes
(with itself) by its own proliferation causes future proliferation events to be aborted
by those same agents. This does not happen to species A, to the same extent, as its
higher motility rate means the spatial correlations established by its own proliferation

are broken down more quickly.

Figure 6.2 (a) shows that domain growth implemented via GM1 has a similar ef-
fect on agent density as agent death in Fig. 6.1 (b), allowing species A to dominate
(although species B does not become extinct in this case as there is no agent death)
(0.08). In Fig. 6.2 (b) we can see that domain growth implemented via GM2 has
the opposite effect, and enables species B to dominate (0.04). This is because GM2
breaks up colinear correlations (correlations between agents that share the same row
or column) at a rate proportional to the size of the domain. This means species

B, which is more affected by colinear correlations due to its higher proliferation and

7As in Chapters 4 and 5 in Chapter 6 the LPE is calculated between the correlations ODE model
and the IBM results. The largest LPE out of species A and B is presented.
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(a)
Figure 6.1: Including the effects of pairwise correlations renders the correlations ODE
model (Eq. (6.15)) able to accurately approximate the averaged results from the IBM,
whereas the standard MFA (Eq. (6.16)) cannot. In (a) the parameters are P2 = 20,
P}=09,P}=0,P5 =1, PP =1and P/ = 0. In (b) the parameters are P} = 20,
PA=09, P} =04, PF =1, PP =1and P} =04.

lower motility rates compared to species A, increases in ‘fitness’ as the domain grows.
Importantly, the standard MFA is not able to capture the GM1 results, whereas the
correlations ODE model is. In the GM2 scenario, the MFA ultimately predicts the

correct dominant species, but the correlations ODE model more accurately predicts

the temporal evolution of the system to ¢ = 20.

0.6

0.6

Density
Density

0.0 : ‘ ‘
0 10 15 20
Rescaled time

(b)

Rescaled time

(a)
Figure 6.2: Including the effects of pairwise correlations renders the correlations ODE
model (Eq. (6.15)) able to accurately approximate the averaged results from the IBM,
whereas the standard MFA (Eq. (6.16)) cannot. The parameters for both panels (a)
GM1 and (b) GM2 are P; =20, P =09, PF =1, PP =1, P,, =0.1and P,, = 0.1.
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In Fig. 6.3 it can be seen that the inclusion of domain growth has a different effect on
spatial correlations depending on the type of growth mechanism implemented. We
see in Fig. 6.3 a good agreement between the spatial correlations computed from the
correlation ODE model and those calculated from the IBM. For GM1 in Fig. 6.3
(a) the species A auto-correlations decrease as species A begins to dominate (long
term behaviour). This is because as species A begins to dominate its density becomes
increasingly spatially uniform. In Fig. 6.3 (b) we see that species B auto-correlations
increase as species B becomes less spatially uniform, due to proliferation. Meanwhile
in Fig. 6.3 (c) we see that the cross-correlations decrease as species A begins to dom-

inate.

With GM2 we see that domain growth has a different effect on spatial correlations,
as shown in Fig. 6.4 (d)-(e). Again we see a good agreement between the spatial
correlations predicted by the correlation ODE model and those calculated from the
IBM. It can be seen that with GM2 the auto-correlations for both species A and
B decrease as the domain grows. In Fig. 6.4 (f) we see that the cross-correlations
between agents decrease with increasing distance, and note that this is because GM2

breaks up spatial correlations between agents more effectively than GMI.

In Fig. 6.5 we see that the initial size of the domain influences the evolution of
the agent density in the case of GM2, but not in the case of GM1 with exponential
domain growth ((a) 0.08, (b) 0.08, (c) 0.08, (d) 0.04, (e) 0.04, (f) 0.08). In the case
of GM2, as the initial domain size is increased the evolution of the macroscopic agent
densities is accelerated, i.e. species B begins to dominate at an earlier time. This is
because colinear spatial correlations established by agent proliferation, which affect
species B more significantly than species A, are broken down at a rate proportional

to the domain size in GM2. This means the relative ‘fitness’ of species B increases

158



6.3. Results

as the domain grows.

Figure 6.6 (a)-(b) shows the results from the same two-species scenario with lin-
ear domain growth ((a) 0.04, (b) 0.03). As before we see that with GM1 species A
dominates. The correlation ODE model is able to capture this behaviour while the
standard MFA is not. In the case of GM2 we see that species A initially dominates,
but as the domain grows species B begins to increase relative to A (and the density
of species B will exceed the density of species A at a later time). Finally, Fig. 6.6
(c) and (d) shows the results from the same two-species scenario with logistic domain
growth ((c) 0.04, (d) 0.02). In this case we see that species A dominates with both
GM1 and GM2. This is because the domain stops growing when the domain size

carrying capacity is reached.
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Figure 6.6: Including the effects of pairwise correlations renders the correlations ODE
model (Egs. (6.19) and (6.21)) able to accurately approximate the averaged results
from the IBM, whereas the standard MFA cannot. (a) GMI linear domain growth,
(b) GM2 linear domain growth, (c) GM1 logistic domain growth, (d) GM2 logistic
domain growth. The parameters for all panels are P; = 20, P! = 0.9, P2 = 1,

P2 =1, P, = 0.1 and F,, = 0.1.
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6.3.2 Non-uniform domain growth

To conclude our results we study some biologically motivated examples of non-uniform
domain growth. In these examples we only present results from the IBM. However, we
do so aware of the differing effects that GM1 and GM2 have on the evolution of agent
density due to the previous work we have carried out in this thesis. We hypothesise
that, given the same motility and proliferation parameters for species A and B as in
Fig. 6.2, in a two-species scenario non-uniform domain growth could enable species B
to dominate in a faster growing region of the domain, while species A could dominate
in a slower growing (or non-growing) region of the domain. This means non-uniform

domain growth could lead to pattern formation in simulations containing two species.

We choose two ‘canonical’ examples of domain growth that serve to represent ide-
alised versions of known growth mechanisms in biological systems. The first example
we term ‘apical’. We use apical to mean domain growth localised to one end of the
domain. This type of growth has been observed in root growth and embryonic limb
development [103, 104]. For our apical example domain growth is uniform in the
vertical direction (we look at both exponential and linear domain growth), while in
the horizontal direction growth is restricted to the right-most half of the z-axis, as
displayed in Fig. 6.7 (a). This half of the domain is updated throughout the simu-
lation as the IBM domain grows. That is, this half of the domain is recalculated as

the IBM grows to include new lattice sites.

The second example we term ‘enteric’. Enteric growth, that is, intestinal growth,
is associated with different regions of the intestine growing at different rates [24]. For
our enteric example domain growth is again uniform is the vertical direction, while
in the horizontal direction ninety percent of the growth events are restricted to the

middle third of the z-axis, as displayed in Fig. 6.7 (b) (this ‘third” of the domain is
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updated throughout the simulation as the IBM domain grows). The other ten percent

of growth events are distributed uniformly amongst the two remaining regions.

w2 w
— " —
" »S
T T
) =
- -
I-aXx1S I-ax1S

(a) (b)

Figure 6.7: The non-uniform domain growth examples. For apical growth (a) all
growth events in the horizontal direction occur in the region indicated by the grey
zone, this zone is fifty percent of the lattice in the z-axis, and its position is updated
throughout the simulation. For enteric growth (b) ninety percent of growth events
in the horizontal direction occur in the region indicated by the grey zone with the
other ten percent distributed equally between the two other regions, this zone is
middle third of the lattice in the z-axis, and its position is updated throughout the
simulation. For both examples growth in the vertical direction (y-axis) is uniform.

For both of these growth mechanisms we implement no-flux boundary conditions in
the = direction, and periodic boundary conditions in the y direction. With these
boundary conditions the IBM domain can be thought of as a cylinder, and could
therefore represent a growing root or the developing intestine [24]. We use no-flux
boundaries to augment the differences between GM1 and GM2 on the density of
agents in apical growth [103, 104]. We only present results for linear and exponential
domain growth in a two-species scenario, and in all simulations the domain grows to
a horizontal length of 1500 lattice sites in the x-axis before the simulation is termi-
nated. Both agent species are, on average, initially placed uniformly at random at
densities of 0.05 (giving a total initial agent density of 0.1). All figures presented in

this section are column averages taken from 1000 IBM repeats.

In Fig. 6.8 (a) and (b) density profiles for exponential apical growth are shown.
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In Fig. 6.8 (a) GMI is implemented and this enables species A to dominate across
the domain. However, in Fig. 6.8 (b) GM2 is implemented and this enables species A
and B to have similar densities in the middle region (grey zone, Fig. 6.7 (b)) of the

domain. Similarly, in Fig. 6.8 (c) and (d), density profiles for linear apical growth are
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Figure 6.8: Apical domain growth. (a) GMI1 exponential domain growth, (b) GM2
exponential domain growth, (¢) GM1 linear domain growth, (d) GM2 linear domain
growth. The parameters for all panels are Ps = 20, P = 0.9, PE =1, P? =1,
P, =0.1and P, = 0.1,

shown. In Fig. 6.8 (¢) GM1 is implemented and, much like exponential growth, this
results in species A dominating across the domain. In contrast, in Fig. 6.8 (d) GM2
is implemented and this results in species A and B having similar densities in the
middle region of the growing domain. This result suggests that apical growth can de-

termine the dominant species at the interface of two differently growing regions, and
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could have interesting implications in biological systems that undergo apical growth

103, 104].

In Fig. 6.9 (a) and (b) density profiles for exponential enteric growth are shown.
When GM1 is implemented species A dominates across the domain, although the
density of species A is reduced in the region of high growth (see Fig. 6.9 (a)). How-
ever, in Fig. 6.9 (b) GM2 is implemented and causes species B to have a higher

density in the middle region of the domain. In Fig. 6.9 (¢) and (d) the density
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Figure 6.9: Enteric domain growth. (a) GM1 exponential domain growth, (b) GM2
exponential domain growth, (¢) GM1 linear domain growth, (d) GM2 linear domain
growth. The parameters for all panels are P4 = 20, PI;4 =09, P2 =1, PpB =1,
P,, =0.1 and P, =0.1.

profiles for linear enteric growth are shown. As before, when GM1 is implemented
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this enables species A to dominate across the domain (see Fig. 6.9 (c)). However, in
Fig. 6.9 (d) GM2 is implemented and this causes species B to have a slightly higher
density in the middle region of the domain. Finally, in both Fig. 6.8 (b) and (d) and
Fig. 6.9 (b) and (d) small ‘oscillations’ in the agent density can be observed near the
boundary. These oscillations only occur in the presence of GM2, but the reason for

their appearance is not clear.

In conclusion, with initial conditions that are, on average, spatially uniform for two
species non-uniform growth can establish patterns in species density across the do-
main given certain parameter values. The development of these patterns is directly
attributable to the effects of GM1 and GM2 on spatial correlations between agents
in the IBM.

6.4 Summary

In this chapter we have studied the effect of two growth mechanisms on spatial cor-
relations in agent populations containing multiple species. We chose two different,
yet potentially biologically relevant growth mechanisms [92-94], to highlight how un-
derstanding the form of the domain growth in biological systems is important. It is
important to acknowledge that in reality it is unlikely that domain growth in bio-
logical systems is captured by algorithms as simple as GM1 and GM2. However, it
stands to reason that more realistic growth mechanisms may exist that exhibit similar

effects on spatial correlations as GM1 and GM2.

Our key finding is that the specific type of growth mechanism can influence the dom-
inant species, as shown in Figs. 6.2, 6.5 and 6.6. Under certain parameter regimes
a more motile, slower proliferating species will dominate under growth mechanism

GM1, whereas a less motile, faster proliferating species will dominate under growth
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mechanism GM2. This is because GM2 breaks down colinear correlations more effec-
tively than GM1, and so benefits the faster proliferating species. Interestingly, this
result suggests that the way in which a domain grows could play a role in determining

cell population fates in biological systems.

To conclude our results section we studied some biologically motivated examples of
non-uniform domain growth. We found that we were able to establish simple patterns
(Fig. 6.9), and that these patterns changed depending on the way domain growth was
implemented. This shows that non-uniform growth can establish agent patterning on

a domain, which is an intriguing result.

In this chapter all models studied are two-dimensional. The correlation ODE model
has been derived for three dimensions on a non-growing domain [22], and so this
is an obvious extension to the work presented here. In addition, we have also only
considered the case when P, = P, . We did this to reduce the complexity of the equa-

tions, however, the results presented here could be extended to cases where Py, # P, .

A final consideration is whether the work presented here could be extended to other
types of model, such as an off-lattice IBM whereby agents can occupy any position
in space (while taking volume exclusion into account, if necessary). Research has
been directed towards including spatial structure in continuum approximations of
off-lattice IBMs [50, 51, 105]. The effect of the domain growth mechanisms on the
evolution of the agent density in an off-lattice IBM, as with the work presented here,
will depend on how effectively the growth mechanisms break up spatial correlations

established by agent proliferation.

In the next chapter we analyse an experiment commonly used to study cell migration,
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and examine how some of the techniques presented in this thesis (especially those

presented in Chapter 3) can be used to improve the design of this experiment.
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Chapter 7

Model parameterisation for a simple wound

healing experiment

Overview

In this chapter we implement approximate Bayesian computational (ABC) methods
to improve the design of a wound-healing assay' used to quantify cell-cell interac-
tions. It is important to be able to quantify cell-cell interactions, such as adhesion
and repulsion, as they have been shown to play an important role in cell migration.
Initially, we demonstrate with an IBM of an ideal experiment that we are able to
identify model parameters for agent motility and adhesion, given we choose appro-
priate summary statistics. Following this, we replace our IBM of an ideal experiment
with an IBM representative of a practically realisable experiment. We demonstrate
that, given the current (and commonly used) experimental set-up, model parameters
cannot be accurately identified using ABC methods. We compare new experimental
designs through simulation, and show more accurate identification of model param-
eters is possible by expanding the size of the domain upon which the experiment is
performed, as opposed to increasing the number of experimental repeats. The re-
sults presented in this chapter therefore describe time and cost-saving alterations for

a commonly performed experiment for identifying cell motility parameters. More-

"'Wound-healing assays are also often referred to as scratch assays.
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over, the results presented in this chapter will be of interest to those concerned with
performing experiments that allow for the accurate identification of parameters gov-
erning cell migratory processes, especially cell migratory processes in which cell-cell

adhesion or repulsion are known to play a significant role.

The majority of the work in this chapter appears in the paper: R. J. H. Ross, R.
E. Baker, Andrew Parker, M. Ford, R. L. Mort, and C. A. Yates. “Using approx-
imate Bayesian computation to quantify cell-cell adhesion parameters in a cell mi-
gratory process”. npj Systems Biology and Applications (under review), 2016. R. J.
H. Ross performed all the computational and mathematical modelling presented in
this chapter. R. L. Mort and M. Ford performed the wet lab work and provided the

experimental data.

7.1 Introduction

As described in Chapter 3, cell-cell interactions are known to play an important role
in several cell migration processes. For example, multiple different cell-cell interac-
tions, such as cell-cell signalling and cell-cell adhesion [65], have been identified as
promoting metastasis in breast cancer. Repulsive interactions mediated via ephrins
on the surface of neural crest stem cells are known to coordinate the early stages
of melanoblast migration away from the neural tube [52]. More fundamentally, it is
hypothesised that the emergence of cell-cell interactions over one billion years ago

helped establish the necessary conditions for multicellular organisms [69].

If an IBM is an effective? representation of a cell migration process it can be used

for a number of purposes. One such purpose for an IBM is to perform in silico ex-

2By an effective representation we mean the IBM captures the salient features of the process of
interest, and is therefore a viable research tool with which to study the process of interest.
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periments to test scientific hypotheses. For instance, in Chapter 2 we used an IBM
to demonstrate that a simple mechanism of undirected cell movement and prolifera-
tion could account for neural crest stem cell colonisation of the developing epidermis
in the embryonic mouse [10]. Other studies involving IBMs have tested hypotheses
concerning the influence of matrix stiffness and matrix architecture on cell migration
[106], and the mechanism by which cranial NCSCs become ‘leaders’ or ‘followers’ in

the embryonic chick to allow their collective migration [1-3].

IBMs can also be used to identify parameters in experimental data (with the caveat
that the parameters are model-dependent). The reasoning behind using an IBM to
identify parameters in experimental data is as follows: if an IBM is an effective repre-
sentation of an experiment, then the parameter values the IBM requires to reproduce
the experimental data may be representative of the parameter values in the biological
process that is the focus of the experiment®. For instance, the value of a parameter
that describes cell proliferation rate. Even if the parameter values in the parame-
terised IBM are not representative of the parameter values in the biological process,
the parameterised IBM may still be used to make predictions about the process of
interest by performing in silico experiments, as described above. These predictions

can then be tested experimentally.

Alternatively, if the IBM is an effective representation of an experiment (i.e. the
experimental data can be reproduced), but the parameters of the IBM are not identi-
fiable, this may suggest the experiment is not well-designed (that is, if the experiment
has been designed to estimate parameters). By parameters not being identifiable it
is meant very different parameter values in the IBM can reproduce the same experi-

mental data. If this is the case, the IBM can then be used to suggest improvements

3Throughout this chapter we assume that cellular processes such as migration have constant
parameter values associated with them.
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to the experiment’s design, namely by altering the IBM design such that the IBM
parameters become identifiable. These alterations can then be applied to the experi-
ment to improve parameter identifiability. For example, a recent study using an IBM
has examined the time-points at which data should be collected from an experiment
to maximise the identifiability of IBM parameters [9]. Other theoretical work has
shown how to maximise the information content of an experiment by choosing an

appropriate experimental design [8].

The focus of this chapter is to determine the experimental conditions, and exper-
imental data, required for the accurate identification of cell motility and adhesion
parameters in a wound-healing assay. To do so we employ ABC, a probabilistic
approach whereby a probability distribution for the parameter(s) of interest is gen-
erated, as opposed to a point estimate [107-109]. Although ABC is well-established
in some fields, for instance in population genetics [110], its applicability for IBMs
representing cell migration is still an area of active research [9, 108]. Recent stud-
ies combining ABC and IBMs have been able to identify motility and proliferation
rates in cell migratory processes [108], and improve the experimental design of scratch
assays [9]. However, as far as we are aware nobody has used ABC methods to ex-
amine the experimental conditions, and experimental data, required for the accurate
identification of cell motility and adhesion parameters in a wound-healing assay. It
is important to acknowledge that in migrating cell populations there are many more
factors at play than simply cell motility and adhesion. For instance, the cell cycle and
a cell’s response to environmental cues may be important factors in a cell’s behaviour.
However, in agreement with other studies we have purposely simplified our study be-
fore attempting to introduce additional complexity to our IBM. This ‘bottom-up’
approach is common in the literature [9, 108, 111-114], and we further address this

point in this chapter’s summary.
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Other methods to identify parameters in experimental data using IBMs also exist.
For instance, a standard approach is to generate point estimates of model parame-
ters that best reproduce statistics of the experimental data in the IBM. For example,
the generation of motility and proliferation rates for agents in an IBM representing
a biological process. This method of parameter identification was demonstrated in
Chapter 2 [10]. This approach, while applicable in some circumstances, often gives
no insight into how much uncertainty exists in the parameters chosen, a factor that
can be of importance when analysing biological systems. For example, relationships
between parameter uncertainty and system robustness are thought to be connected

in biological function at a systems level [115].

The outline of this chapter is as follows: in Section 7.2 we introduce the IBM and
define the cell-cell interactions we consider. We also outline the method of ABC, and
the summary statistics we use to analyse the IBM output. In Section 7.3 we present
results and demonstrate that, given an IBM representing an ideal experiment, we
are able to identify IBM parameters for agent motility and adhesion. Following this,
we replace our IBM representing an ideal experiment with an IBM that simulates a
practically realisable experiment. In doing so we show that parameters cannot be
successfully identified using ABC given the current experimental design. To improve
parameter identifiablity we compare different experimental designs, and show that
identification of IBM parameters is made more accurate if the size of the domain
upon which the experiment is performed is expanded, as opposed to increasing the
number of experimental repeats. Experimentally, expanding the size of the domain is
equivalent to increasing the field of view of the microscope used to collect the exper-
imental data. For instance, five simulation repeats on a larger domain provides more

accurate identification of IBM parameters than 500 simulation repeats on a smaller
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domain. In Section 7.4 we discuss the results presented in this chapter.

7.2 Methods

In this section we first introduce the IBM. We then define what we mean by summary

statistics and explain ABC and its implementation.

7.2.1 Individual-based model

The IBM is simulated on a two-dimensional square lattice with lattice spacing A [46]
and size L, by L,, where L, is the number of lattice sites in a row and L, is the
number of sites in a column. Each agent is initally assigned to a lattice site, from
which it can move into adjacent sites. If an agent attempts to move into a site that
is already occupied by another agent, the movement event is aborted. In the IBM
time evolves continuously, in accordance with the Gillespie algorithm [90], such that
agent movement events are modelled as exponentially distributed reaction events in
a Markov chain. Attempted agent movement events occur with rate P,, per unit
time. P,,0t, therefore, is the probability of an agent attempting to move in the next
infinitesimally small time interval §t. A lattice site is denoted by v = (4, j), where 7 in-
dicates the column number and j the row number. Each lattice site has four adjacent
lattice sites (except for those sites situated on nonperiodic boundaries), and so the
number of nearest neighbour lattice sites that are occupied by an agent, denoted by

n,is 0 < n < 4. We denote the set of unoccupied nearest neighbour lattice sites by U.

The IBM domain size for simulations representing ideal experiments is L, = 100
by L, = 100, and the lattice sites indexed by 1 < 7 < L, and 1 < 7 < 10, and
1 <j<L,and 91 < i < L, are initially occupied by agents. In Fig. 7.1 the
initial conditions in the IBM for the ideal experiment can be seen. The initial con-

dition in Fig. 7.1 represents a ‘wound’, in that agents are positioned either side of
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an unoccupied region of the lattice, the ‘wound’, that they can migrate into. The
agent migration into this space simulates one aspect of the wound-healing process.
We refer to this simulation as ideal because the symmetry of the initial conditions
may not be possible in a realistic experimental setting. The initial condition is also
ideal as it is ‘double-sided’, as opposed to the ‘single-sided’ experiment data that we
will later analyse. It has been shown that double-sided initial conditions can provide
more information than single-sided initial conditions for some model parameters [9)].
For instance, double-sided initial conditions can provide more information when in-

creasing the number of agents in a simulation improves parameter identifiability.

100
80
60

40

20

0
0 20 40 60 80 100

i

Figure 7.1: The initial condition in the IBM for the ideal experiment. Yellow indicates
a site occupied by an agent and blue indicates an empty lattice site.

For the IBM of an ideal experiment all simulations have periodic boundary conditions
at the top and bottom of the domain (i.e. for lattice sites indexed by j =1 or j = L),
and no-flux boundary conditions at the left-hand and right-hand boundaries of the

domain (i.e. for lattice sites indexed by ¢ = 1 or i = L,).

7.2.2 Cell-cell adhesion models

In the IBM cell-cell interactions are simulated by altering the probability of an agent
attempting to move, depending on the number of nearest occupied neighbours, n,
an agent has. We employ two models to simulate cell-cell interactions in the IBM,

one of which has been published before [12, 33]. We define T'(¢v'|v) as the transition
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probability of an agent situated at site v, having been selected to move, attempting to
move to site v, where v’ indicates one of the nearest neighbour sites of v. Therefore,
T'(v'|v) is only non-zero if v and v are nearest neighbours. The transition probability
in the first model, which we refer to as model A, is defined as

1 —na

Ta(wlo) = —,

(7.1)

where « is the adhesion parameter. The subscript A on the transition probability in
Eq. (7.1) indicates that this is the transition probability for model A. If & > 0 Eq.
(7.1) represents cell-cell adhesion, and if o < 0 Eq. (7.1) represents cell-cell repulsion.

The transition probabilities stated in Eq. (7.1) must satisfy

0< i Ta(v'|v) < 1. (7.2)

v'e U

Equation (7.2) ensures the probability of an agent, if selected to move, attempting
to move to any of its unoccupied nearest neighbour sites never exceeds unity, and
so constrains the value a can take. The transition probability in the second model?,

which we refer to as model B [12, 33], is defined as

1 — n
Tyffe) = L2 73
and must satisfy
u
0< > Tp(v'|o) < 1. (7.4)
v'e U

As in model A if & > 0 Eq. (7.3) models cell-cell adhesion, and if o < 0 Eq. (7.3)

models cell-cell repulsion.

4This is the same model for cell-cell adhesion that we implemented in Chapter 3.

178



7.2. Methods

Models A and B simulate different forms of cell-cell interaction. In model A the
transition probability is a linear function of n. Meanwhile, in model B the transition
probability is a nonlinear function of n. Not only may these different forms of cell-
cell interaction be relevant for different cell types, but implementing two models of
cell-cell interaction allows us to test the robustness of the methods we present in this

chapter.

7.2.3 Summary statistics

Summary statistics are lower-dimensional summaries of data that provide a tractable
means to compare different sets of data. Summary statistics are important because
experimental data is often of high dimensionality, and if we want to use experimen-
tal data to efficiently guide computational algorithms we require ways to accurately
summarise it. We now define the summary statistics we apply to the IBM output
and experimental data. Following this we describe how we utilise these summary

statistics to implement ABC.

We initially use three summary statistics to evaluate the IBM output, all of which
have been considered previously [111, 116]. The reason we study three summary
statistics is to ascertain which summary statistic is most effective for the identifica-
tion of agent motility and adhesion parameters in the IBM. These summary statistics

are now described.
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Average horizontal displacement of agents

The average horizontal displacement of all agents, 7, in a given time interval, [t;, /],

in the IBM is calculated as
| N
R (7.5)

where N is the total number of agents in the simulation, zf is the column position of
agent k at time ¢;, and iff is the column position of agent k at time ¢;. We only look
at the horizontal displacement of agents as this is the direction in which the majority
of agent displacement will occur, due to the initial conditions of the IBM (Fig. 7.1).
We have shown in Chapter 3 that different cell-cell interactions have different effects
on the average displacement of agents in an IBM [12]. As demonstrated in Chapter
3, repulsive (adhesive) interactions between agents tend to increase (decrease) the
average displacement of agents, and so the average displacement of agents may be
a useful summary statistic for distinguishing between repulsive and adhesive cell-cell

interactions in the IBM.

Agent density profile
The agent density profile, Cy(i), at time ¢ in the IBM is calculated as

Ly

(i) = Li S 1{u}. (7.6)

Yy j=1

Here 1 is the indicator function for the occupancy of a lattice site v (i.e. 1 if an
agent occupies lattice site v, and 0 if it is not occupied by an agent). We have shown
in Chapter 3 that different cell-cell interactions have different effects on the agent
density profile [12]. For instance, repulsive interactions between agents can create

a concave agent density profile, whereas adhesive interactions between agents can
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create a convex agent density profile. Therefore, the agent density profile may be an
effective summary statistic for distinguishing between repulsive and adhesive cell-cell

interactions in the IBM.

Pairwise-correlation function

The final summary statistic we consider is the pairwise-correlation function (PCF).
The PCF provides a measure of the spatial clustering between agents in an IBM,
and has been used frequently in the analysis of cell migratory processes [10, 44,
45, 111]. The PCF has also been successfully used as a summary statistic for the
parameterisation of IBMs of cell migration [108]. We use ¥ to denote the column
position of agent k at time ¢, i} to denote the column position of agent [ at time ¢, and
define ¢;(m) to be the number of occupied pairs of lattice sites for each nonperiodic®

horizontal pair distance m = 1,..., L, — 1 at time ¢. This means ¢;(m) is given by

N N
a(m)=>" > W{lif —it| =m}, Vm=1,..., L, — 1, (7.7)

k=1 l=k+1

where 1 is the indicator function such that it is equal to 1 if |i#¥ — i{| = m, and
0 otherwise. In Eq. (7.7) only the pair distances in the horizontal direction are
counted. This is because, given the translational invariance of the initial conditions
in the vertical direction of the IBM, the majority of important spatial information
will be in the horizontal direction®. Binder and Simpson [45] demonstrated that it is

necessary to normalise Eq. (7.7) to account for volume exclusion. The normalisation

5By nonperiodic it is meant the distance measured between two agents cannot cross the IBM
boundary.

6This approach is in agreement with previous studies [45], which showed the most relevant in-
formation from the PCF summary statistic is perpendicular to the wound axis in a wound-healing
assay.
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term is
¢e(m) = Ly (Ly —m)pp, Vm=1,... L, — 1, (7.8)

where p = N/(L,L,), and p = (N —1)/(L,L, — 1). Equation (7.8) describes the
expected number of pairs of occupied lattice sites, for each nonperiodic horizontal
pair distance, m, in an agent population distributed uniformly at random on the

IBM domain. Combining Eqs. (7.7) and (7.8), the PCF is

qi(m) = : (7.9)

where ¢:(m), the PCF, is a measure of how far ¢;(m) departs from describing the
expected number of occupied lattice pairs for each horizontal distance of an agent

population spatially distributed uniformly at random on the IBM domain.

It is important to briefly explain why we chose these summary statistics and not
others, as other summary statistics different to those described here have been used
to analyse cell migration [108, 112, 114]. Other summary statistics were initially im-
plemented in this study. However, they were found to add little in terms of novelty
and so were excluded from this chapter. Therefore, in this chapter we are not pre-
senting an exhaustive list of summary statistics to analyse cell migration. Instead,
we are studying three previously published ones and analysing their effectiveness in

parameterising cell adhesion and motility in an IBM of a wound-healing assay.

7.2.4 Approximate Bayesian computation

Here we introduce the ABC algorithm [107]. We define M as a stochastic model
that takes parameters © and produces data D. This relationship can be written as

D ~ M(©). For the IBM presented in this chapter © = (P,,, ), where O is sampled
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from a prior distribution, w, and so this relationship can be written as ©® ~ w. The
relationship between 7 and © is often written as © ~ 7(0), which indicates that a
new © sampled from the prior distribution may depend on the previous ©. This re-
lationship will be relevant later on in this chapter, however, initially each © sampled

from 7 is independent of the previous ©.

The identification of IBM parameters in this chapter centres around the following
problem: given a stochastic model, M, and data, D, what is the probability density
function that describes © being the model parameters that produced data D? More
formally, we seek to obtain a posterior distribution, p(©|D), which is the conditional

probability of © given D (and the model, M).

Typically, to compute the posterior distribution a likelihood function, L(D|O), is
required. This is because the likelihood function and posterior distribution are re-

lated in the following manner by Bayes’ theorem:

p(6|D) x L(D|O)x(O). (7.10)

That is, the posterior distribution is proportional to the product of the likelihood func-
tion and the prior distribution. Approximate Bayesian computation is a well-known
method for estimating posterior distributions of model parameters in scenarios where
the likelihood function is intractable [107]. By an intractable likelihood function it
is meant that the likelihood function is impossible or computationally prohibitive to

obtain.

In many cases for ABC, due to the high dimensionality of the data, D, it is nec-

essary to utilise a summary statistic, S = S(D). The summary statistics we employ
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in this chapter are of varying dimension. For instance, the agent density profile at
time t has L, data points, whereas the average agent displacement at time ¢ has one
data point. Therefore we write S(D) as S(D),;, where S(D),, is the r'* data point

in the summary statistic at the t**

sampling time.

The ABC method proceeds in the following manner: we wish to estimate the poste-
rior distribution of © given D. We now simulate the process that created D using
model M with parameters O, sampled from =, and produce data D. We calculate

the difference, d, between a summary statistic applied to D and D with

d=7 > [S(D)r; = S(D)rsl, (7.11)

t=1 r=1

where R is the number of data points in S(D) and 7T is the number of sampling
times. We repeat the above process many times, that is, sample © from 7, produce
D, calculate d with Eq. (7.11), and only accept © when d is below a user defined
certain threshold (alternatively, a predefined number of © that minimise d can be
accepted). This enables us to generate a distribution for © that is an approximation
of the posterior distribution, p(©|D), given M. More specific details of the ABC

algorithms we implement are introduced when necessary in the text.

7.3 Results

We begin by demonstrating that for an IBM representing an ideal experiment we are

able to identify model parameters, given we use the appropriate summary statistics.

7.3.1 Ideal experiment

To ascertain the effectiveness of the chosen summary statistics to identify model pa-

rameters, we first attempt to identify © from data generated synthetically. Synthetic
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data is IBM data generated with fixed parameter values, and so can be thought of as
a simulation equivalent of experimental data. To generate the synthetic data using

the IBM we proceed as follows:

1. We choose parameters O to identify. To help clarify this explanation let us

make these parameters © = (P,,, ) = (0.5,0.1) in model A”.

2. For model A we perform a simulation of the IBM with © = (0.5,0.1), generate
data, D, and calculate summary statistics, S(D), from the simulation at our
time-points of interest. These times are ¢t = [240, 480, 720]. We choose these
times as they are the times (in minutes) we will later analyse for the simulations
of the practically realisable experiment, and correspond to 4 hours, 8 hours and

12 hours into an experiment.

3. We repeat step 2 ten times and calculate the ensemble average for each summary

statistic for each individual time-point.

This procedure generates synthetic data for which we will now attempt to identify
the parameters. In this chapter we present estimates for P,, = 0.5 and a = 0.1 for
model A, and P,, = 0.5 and a = 0.25, and P,, = 0.5 and a = —0.1 for model B. We
examined identifying further combinations of values of P,, and « from synthetic data,

and what we present here is a representative sample of the combinations we tested.

Throughout this chapter we sample P,, and « for our model from uniform priors.
In the case of model A, P,, € [0,1] and a € [—0.2,0.25], and for model B, P, € [0, 1]
and a € [—0.2,1.0]. We stipulate these lower and upper bounds for « for both models

A and B to make sure inequalities (7.2) and (7.4) are satisfied.

7A value of P, = 0.5, given that the simulation time will later be defined to be in minutes, and
the length of a lattice site represents cell length (typically between 10pm-100pm), means that the
motility of the agents is biologically realistic. The parameter « is dimensionless. The experimental
realism of these parameters will be expanded on when we address the simulation of a practically
realisable experiment.
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We begin by implementing an ABC rejection algorithm since we expect to identify
model parameters quickly as we are simulating an ideal experiment. The rejection

ABC algorithm proceeds as follows:

1. run 10* IBM simulations, in each case using © sampled uniformly at random

from the prior distributions;
2. compute the distance d as defined in Eq. (7.11), where t = [240, 480, 720];
3. accept the 100 parameter values, ©, that minimise d.

In Fig. 7.2 the posteriors generated using each of the three summary statistics ap-
plied to data from simulations of an ideal experiment are displayed. The most effective
summary statistic for identifying the synthetic data parameters is the PCF. The ef-
fectiveness of the PCF for parameter identification is evident in the location of the
posterior distribution density relative to the red dot (the red dot represents the syn-
thetic data parameter values), and the narrow spread of the posterior distribution
density as indicated by the scale bar in Fig. 7.2 (¢), (f) and (i). The agent density
profile summary statistic performs less well than the PCF for parameter identification,
especially for model A (Fig. 7.2 (b)). In the case of the average agent displacement
many combinations of P, and « lead to the same average agent displacement, which
results in an extended region of probable parameter values. To some extent this is to
be expected, as increasing either P,, or a will have opposing effects on the average
agent displacement. This means that using agent displacement as a summary statistic

results in parameter identifiability issues in this example.

To quantify the difference between the performance of the different summary statis-
tics we use the Kullback-Leibler divergence, which is a measure of the information

gained in moving from the prior distribution to the posterior distribution [117]. The
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Figure 7.2: (a)-(c) Posterior distributions for model A for an ideal experiment with
different summary statistics: (a) average displacement of agents in the horizontal
direction; (b) agent density profile; (¢) PCF. In all cases the red dot indicates the
value of the parameters used to generate the synthetic data, P,, = 0.5, a = 0.1. As
indicated by the colour bar the yellow regions indicate areas of high relative density of
the posterior distribution, while the blue regions indicate areas of low relative density
of the posterior distribution. (d)-(f) Model B, P,, = 0.5, a = 0.25: (d) average
displacement of agents in the horizontal direction; (e) agent density profile; (f) PCF.
(g)-(i) Model B, P,, = 0.5, « = —0.1: (g) average displacement of agents in the
horizontal direction; (h) agent density profile; (i) PCF.

Kullback-Leibler divergence for a discrete probability distribution is defined as fol-

lows:

o) — og [ P(OUD)
Drstlr) = S ptexyes (P ). (7.12)

where the index [ accounts for all possible discretised parameter pairs (i.e. all com-
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binations of P, and «). A larger Dk (p|m) value suggests that more information
is obtained (the entropy of the distribution is reduced) when moving from the prior

8

distribution to the posterior distribution®. We discretise our posterior distribution

onto a lattice with 2¢ equally spaced values of P,, and 2° equally spaced values of a.

Computing Dy (p|r) for all nine plots in Fig. 7.2 gives: (a) 1.77; (b) 1.70; (c)
2.32; and (d) 2.15; (e) 2.57; (f) 3.35; and (g) 2.45; (h) 2.72; (i) 3.27. In tandem with
the proximity of the peak of the posterior distribution densities to the red dots in Fig.
7.2 (c), (f) and (i), compared to Fig. 7.2 (a)-(b), (d)-(e) and (g)-(h), this suggests
that the PCF summary statistic is more effective for parameter identification than

the average agent displacement and agent density profile summary statistics.

7.3.2 Practically realisable experiment

In the previous section we demonstrated that for ideal experimental conditions the
PCF summary statistic is best able to identify synthetic data parameters (for an IBM
of an ideal experiment), and so now we will only use the PCF summary statistic for
parameter identification. Previous work has combined summary statistics to improve
parameter identification [108]. However, in this case it makes a negligible improve-

ment to the posterior (results not shown)?.

We now replace our IBM that represents an ideal experiment with an IBM that rep-

resents an actual experiment, and examine whether synthetic data parameters can

8However, this does not necessarily mean the posterior distribution is a more accurate represen-
tation of the parameter distribution. It is important to stress that the KL divergence should not
be seen as ubiquitously applicable to inference problems of this nature. For instance, the use of the
KL divergence as presented here should be used with caution in scenarios whereby ABC is being
implemented with an informative prior. In scenarios such as these, other methods to measure the
improvement of an inference procedure have been reported [118].

9That there is little improvement in parameter identification from combining summary statistics is
to be expected. Combining summary statistics is most effective when the posterior distributions are
‘orthogonal’, which is not the case for the posterior distributions created by the summary statistics
presented here.
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be identified in the IBM. We provide brief details of the experiment here, however, a
more detailed description can be found in Appendix D. In Fig. 7.3 a typical initial

frame of the experimental data can be seen.

Figure 7.3: Typical initial frame of the experimental data. The cells are positioned
such that they will migrate primarily horizontally into the space without cells, this
space represents a wound (the direction of migration is indicated by the white arrow).
The red and green cells are the same cells, with red and green indicating which phases
of the cell cycle cells are in. In this chapter we do not take the cell cycle or cell
proliferation into account (figure courtesy of Richard Mort).

In total we have data from five repeats of the experiment. Each data set contains cell
track data for every cell for 64 hours imaged at 20 minute intervals. Therefore, we
have the information required to apply our summary statistics to the experimental
data. More specifically, we have the position of all cells at each time interval so that

the PCF may be computed.

One key difference between the ideal and practically realisable experiments is the
size of the domain and, because of this, the number of agents in a simulation. As we
have data from five experiments we now generate our synthetic data from five repeats

of the IBM, using the same procedure as described in Section 3.1.

The experimental images were captured by a microscope with a field of view of 597.24
pm by 597.24 pm. The cell size in the experimental images is consistent with each

cell occupying a 26 pm by 26 pm square lattice site. Given the size of the microscope
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Column Initial density
15 0.8261
ond 0.7826
3rd 0.8261
Ath 0.8261
5th 0.8261
6" 0.7391
7th 0.6957
gth 0.6087
9th 0.5217
10t 0.2609
11t 0.2174
12th 0.0870
13t — 237 | 0

Table 7.1: Average initial condition for the IBM.

field of view this means the IBM domain size is L, = 23 by L, = 23. To generate
the initial conditions in the IBM we proceed as follows: to map the position of cells
in the experimental images where cell position is a continuous variable, (z,y), to a

discrete lattice site, (i,7), we use the following formulae

=Tzl =121 =

where [-] denotes the ceiling function and A is the lattice site length. No two cells

were mapped to the same lattice site!®.

The application of Eq. (7.13) to the initial frames of the five experiments allowed
the average initial condition for the IBM to be calculated. These initial conditions
are expressed in terms of the average initial density of each column. These average

initial column densities can be seen in Table 7.1.

10Tf two cells did map to the same lattice site, one of these cells would be placed in the nearest
unoccupied lattice site to the original lattice site. If there was more than one nearest unoccupied
lattice site, one of these sites would be chosen uniformly at random for the cell to be mapped to.
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To generate the initial conditions at the start of each IBM realisation each site in
a column receives an agent uniformly at random at a probability equal to the average
initial column density of the column the site is in. Therefore, the initial condition in
the IBM is generated such that an ensemble average of the initial conditions of many

realisations would equal the averaged initial conditions from the experiment.

We also alter the IBM to have flux (nonperiodic) boundary conditions at the left-
hand and right-hand boundaries of the domain (i.e. for lattice sites with j = 1 or
j = N,). The left-most column is kept at or above a constant density throughout the
simulation time course. This means following the start of the simulation the density
of the left-most column is checked after each agent movement event out of the first
column in the IBM. If the left-most column’s density is below 0.6, agents are added
uniformly at random to empty sites in the left-most column until the density of the
first column is greater than 0.6. This mechanism (and density) ensures that the agent
density profile in the IBM matches the experimental density profile throughout the
simulation. The top and bottom boundaries of the IBM domain remain periodic as
cells were seen to move in and out of the microscope field at these boundaries in the

experimental images, at an approximately equal rate.

To reduce the computational time of the ABC algorithm we are using we now employ
the Metropolis-Hastings algorithm. Details of the implementation of the algorithm
are as follows: we define a transition kernel w that proposes ©’ values as a bivariate
uniform distribution. The transition kernel ensures P,, € [0,1] and « € [—0.2,0.25]
for the model A, and P, € [0,1] and « € [—0.2,1.0] for the model B. The parameter
d* is a constant selected so that approximately one percent of the proposed parameter

sets are accepted, the value of which is obtained through trial and error.
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To implement Markov Chain Monte ABC (Metropolis-Hastings algorithm) we pro-
ceed as follows [107]:

1. if at © step to © according to a transition kernel w(© — ©');

2. simulate D from the model using © and calculate the summary statistic S(D)
at each sampling point. That is, for each individual ¢ = [240, 480, 720] calculate
d:

R
d="> [S(D)ps — S(D)yal, (7.14)

r=1
If d > d* (at any t) reject ©" and return to step 1;

3. calculate

)

R ( | T(@)w(e @))

(©@w(® — ©)

4. accept ©" with probability h;
5. return to step 1 until 10° steps have been attempted.

Initially, we sample © randomly from the prior distribution until a parameter set has
been accepted (step 4). We do not implement rejection ABC as we expect parameter
identification to be less efficient with a more realistic model, and so we implement a
correlated Monte Carlo method. Given our model assumptions our implementation
of the Metropolis-Hastings algorithm reduces to a Markov chain Monte Carlo method

with a correlated outcome [107], of which we attempt 10° realisations.

We collect simulation data at three time-points so that the computational time is of
practical length (our longest ABC implementations took approximately 192 hours).

A value of P,, = 0.5, given that the simulation time is in minutes, and the length of
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a lattice site is 26 pm, means that the motility of the agents is biologically realistic.
To be precise, the agents here are approximately five times faster than cell motility
rates previously published [10, 111]*. However, the cells considered in [10, 111] are
not thought to exhibit cell-cell adhesion, and so a higher motility rate is sensible as

agent movement in our IBM is being reduced in the case of cell-cell adhesion.

In Fig. 7.4 it can be seen that the synthetic data parameters cannot be accurately
identified using our ABC method, with the PCF summary statistic, given the current
IBM design. This is evident in the location of the red dots relative to the posterior
distributions, and the wide spread of the posterior distributions (as indicated by the
scale bar in Fig. 7.4). A possible reason why the synthetic data parameters cannot
be identified is that the synthetic data does not accurately represent the parameter
values used to generate it, making parameter identification infeasible. To examine
this possibility we calculated the variance in the PCF synthetic data!?. In Fig. 7.5
(a)-(c) the blue line indicates the variance in the PCF synthetic data for the current
simulation design generated from five repeats of the IBM on a domain of size L, = 23

by L, = 23.

If the variance in the summary statistics of the synthetic data precludes accurate
identification of model parameters using ABC, a sensible strategy may be to exam-
ine methods to reduce the variance in the summary statistics of the synthetic data.
Reducing the variance of the summary statistics may mean the synthetic data is a
more accurate reflection of the parameter values used to generate it. This may also
explain why parameter identification for the ideal experiment was successful, as the
variance in the summary statistics of the synthetic data was much smaller than for

the practically realisable experiment (data not shown).

1 Using the relationship that the diffusion coefficient is equal to P,, A2
12The variance was calculated using MATLAB’s in-built var function.
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Figure 7.4: Posterior distributions for simulations of the experiment described in
Section 2.5 using the PCF as a summary statistic for an IBM of size L, = 23 and
L, = 23. The synthetic data is generated from five repeats of the IBM. (a) Model
A: P, = 0.5, a = 0.1, (b) model B: P,, = 0.5, « = 0.25, (c) model B: P,, = 0.5,
a = —0.1. In all cases the red dot indicates the value of the parameters used to
generate synthetic data.
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Figure 7.5: The variance in the PCF synthetic data for model B with P,, = 0.5,
a = 0.25 and different IBM domain sizes. Panels (a)-(c) display synthetic data
generated from five repeats of the IBM, panels (d)-(f) display synthetic data generated
from 500 repeats of the IBM. The domain size is indicated in the legend.

We conjectured that the variance in the summary statistics of the synthetic data

could be reduced in two ways:
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1. increasing the number of IBM repeats used to generate the synthetic data;

2. increasing the size of the IBM domain while keeping the column density of
the initial conditions invariant. An example of this proposed initial condition
is given in Fig. 7.6 (b). Importantly, increasing the size of the IBM domain
increases the number of agents in the simulation, and can be thought of as

equivalent to increasing the field of view of the microscope.

(a) (b)

Figure 7.6: Increasing the size of the simulation domain while keeping the initial
column densities the same. Panel (b) is twice the size of panel (a), however, the
average initial density of each column is the same for both panels (a) and (b).

In Fig. 7.5 the variance in the PCF synthetic data for model B with P,, = 0.5 and
a = 0.25 for different domain sizes and varying numbers of repeats can be seen. It
is evident that the variance in the PCF calculated from 500 repeats of a L, = 23 by
L, = 23 sized domain (blue line in Fig. 7.5 (d)-(f)) is greater than the variance in the
PCF calculated from five repeats of a L, = 23 by L, = 184 sized domain (purple line

in Fig. 7.5 (a)-(c)). This can be understood by considering Eq. (7.7): the number of
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occupied lattice pairs for each horizontal pair distance used to generate the PCF does
not increase linearly with the number of agents. Specifically, the number of occupied
lattice pairs for each horizontal pair distance that generates the PCF is proportional

tol?)

N(N —1)

5 (7.15)

Therefore, the identification of parameters in experimental data using the PCF as a
summary statistic may be best facilitated by increasing the size of the domain upon
which the experiment is performed, rather than increasing the number of repeats of
an experiment with a smaller domain. Further variance plots for models A and B for

the PCF summary statistic can be found in Appendix D.

It is important to note that it is also the case for the agent density profile syn-
thetic data. If generated from 500 repeats of a L, = 23 by L, = 23 sized domain, the
agent density profile synthetic data will have greater variance than the agent density
profile synthetic data generated from five repeats of a L, = 23 by L, = 184 sized
domain (data not shown). In this case the variance reduction is an artefact of the
lattice-based model. This is because the density of each column in the IBM can take
on a greater range of values between 0 and 1 as the column length is increased, leading
to a reduction in variance in the agent density profile synthetic data (especially in the
initial conditions of the simulations used to generate the synthetic data). However,
as we do not use the agent density profile summary statistic to identify parameters

in the current simulation design we do not pursue this matter further.

13This is not quite correct as a distance of ‘0’ between agents, that is they share the same column,
is not accounted for in Eq. (7.7). To make Eq. (7.15) exact is not trivial as the expected number of
agents each agent shares a column with depends on both the column position and simulation time.
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7.3.3 Improving the experimental design

We now confirm that more accurate identification of synthetic data parameters oc-
curs by expanding the domain upon which the experiment is performed, as opposed

to increasing the number of experimental repeats.

In Fig. 7.7 (a)-(c) we plot the posterior distribution for synthetic data generated
from 500 repeats of a L, = 23 by L, = 23 sized domain, while in Fig. 7.7 (d)-(f) we
plot the posterior distribution generated from synthetic data generated five repeats
of a L, = 23 by L, = 184 sized domain. As predicted, it is apparent that increas-
ing the domain size is more effective for parameter identification than increasing the
number of repeats used to generate the synthetic data. This is evident in the location
(and narrow spread) of the posterior distribution relative to the red dot, whereby the
posterior distribution is closer to the red dot in the case of Fig. 7.7 (d)-(f) compared
to Fig. 7.7 (a)-(c). Despite this, the identification of the parameters for repulsive
interactions remains somewhat elusive (Fig. 7.7 (f)). A possible reason for this is
that the repulsive interaction we present here is a weak one, due to the constraint
of Egs. (7.2) and (7.4), and larger values of |a| are easier to identify as they have a

more profound effect on the behaviour of the agent population.

Computing Dy (p|m) for all six plots in Fig. 7.7 gives: (a) 2.55; (b) 2.69; (c¢) 1.53;
and (d) 3.69; (e) 2.97; (f) 3.54. In tandem with the proximity of the peak of the
posterior distribution densities to the red dots in Fig. 7.7 (d)-(f) compared to Fig.
7.7 (a)-(c), this suggests that generating synthetic data on a larger domain is more
effective for improving parameter identification than increasing the number of repeats

used to generate the synthetic data.
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Figure 7.7: (a)-(c) Posterior distributions for simulations of the experiment using the
PCF as a summary statistic for an IBM simulated on a domain of size L, = 23 by
L, = 23 with synthetic data generated from 500 repeats. (a) Model A: P,, = 0.5,
a = 0.1, (b) model B: P,, = 0.5, a = 0.25, (c¢) model B: P,, = 0.5, a = —0.1. (d)-(f)
Posterior distribution plots for simulations of the experiment using the PCF as a
summary statistic for an IBM simulated on a domain of size L, = 23 by L, = 184
with synthetic data generated from five repeats. (a) Model A: P, = 0.5, « = 0.1,
(b) model B: P,, = 0.5, a = 0.25, (¢) model B: P,, = 0.5, « = —0.1. Further figure
information can be found in Fig. 7.4.

7.4 Summary

In this chapter we have presented methods to identify motility and adhesion param-
eters in an IBM of a wound-healing assay. Our findings suggest that for a commonly
performed experiment increasing the size of the experimental domain can be more
effective in improving the accuracy of parameter identification, than increasing the
number of repeats of the experiment. This is because increasing the size of the do-
main, which is equivalent to increasing the number of cells in the experiment, more
effectively reduces the variance in the synthetic data from which the parameters are
identified. The reason for this reduction in variance is explained by Eq. (7.7), where

the number of agent pair counts that generate the PCF increases nonlinearly with
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the number of agents on the domain. In addition, increasing the size of the experi-
mental domain may make the collection of experimental data less time-consuming, as
potentially fewer repeats of the experiment will need to be conducted. For instance,
five repeats of the experiment on a larger domain provides more information about
parameters than 500 repeats of the experiment on a smaller domain (in the examples
we have presented in this chapter). Given this, it would be of great interest to carry
out a comprehensive study of all commonly used summary statistics for analysing cell
migration, and see how their variance scales with the size of the experimental domain.
Not only would that put the work presented in this chapter on a firmer theoretical
footing, but it would also provide the means by which to parameterise IBMs of cell

migration more accurately.

We also studied implementing the average horizontal displacement of agents and
the agent density profile as summary statistics. These were found to be less effec-
tive than the PCF in parameter identification. This was especially the case for the
averaged agent displacement, whereby a range of adhesion and motility parameters
could result in the same average agent displacement. This result suggests that agent
displacement may not be a suitable summary statistic for estimating cell motility and

adhesion parameters, due to parameter identifiability issues.

The obvious extension to the work presented in this chapter is to experimentally
validate the findings. That is, expand the wound-healing experimental domain and
demonstrate: i) that the cell migratory process can be effectively described by the
model we have presented here; and ii) that the experimental parameters are identi-
fiable with a larger experimental domain. If validated, alterations could be made to
the IBM to try and further improve parameter identification, and evidence may be

provided that demonstrates which adhesion model, A or B, is more applicable to the
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cell type under consideration.

To conclude, the findings presented in this chapter will be of particular interest to
those concerned with performing experiments that enable the effective parameteri-
sation of cell migratory processes. In particular, cell migratory processes in which
cell-cell adhesion or repulsion are known to play an important role. More generally,
we have also suggested time and cost-saving alterations to a commonly performed

experiment for identifying cell motility parameters.
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Chapter 8

Discussion

Research into the effect of domain growth on many-body processes is not new. In
1927 Georges Lemaitre originally proposed the “Cosmic Egg” hypothesis, which is
now better known as the Big Bang theory. Work on domain growth also exists in
quantum theory [119-121]. For example, examining the effect expansion of the canon-
ical square well has on the wave function [122]. Statistical physics is also concerned
with domain expansion, for instance in a Carnot engine, and what effect that has on
macroscopic properties such as heat capacitance, energy, entropy, and so on [123].
A well-established collection of work exists on describing the evolution of reaction-
diffusion systems on growing domains, especially in the context of Turing patterns
[80]. Mathematical models describing tumour growth are prevalent in biological re-

search, as are models describing growth in many other biological tissues [32].

Despite this long and varied research history, research into the effect of domain growth
on many-body processes is far from complete. Typically, in many of the examples
given above, and often with good reason, domain growth is implemented as a uniform
stretch. In this thesis we have studied examples of domain growth where the domain
is grown in discrete ‘units’. This has led to a range of interesting results, especially
in the case of proliferative agent populations, whereby the method of implementing

domain growth had dramatic consequences on the long term behaviour of agent pop-
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ulations.

The work presented in this thesis, in conjunction with the biological and theoreti-
cal examples provided throughout, demonstrates that accurately describing the be-
haviour of motile and proliferative cells on growing domains is an important part of
developmental biology research. We conclude this thesis by restating the main find-
ings, and discussing a collection of both experimental and theoretical extensions to

the work presented in this thesis.

8.1 Conclusions and future work

In Chapter 2 we motivated the use of mathematical and computational modelling in
developmental biology research with a study of how melanoblasts colonise the DLE
during murine embryonic development [10]. We demonstrated, through the use of
an IBM parameterised by experimental data, that a simple mechanism consisting of
undirected cell migration and proliferation, in tandem with domain growth, could ac-
count for the colonisation of the epidermis by melanoblasts in the embryonic mouse.
We also demonstrated with our IBM that the formation of diffuse LaacZ patterns
and chimeric stripes can arise through a common mechanism. Further experiments,
using stochastic labelling methods such as brainbow and confetti [64], are required
to definitively confirm our findings concerning the formation of pigmentation pat-
terns in mice. Our model, in conjunction with experimental data, also suggests that
impaired proliferation in melanoblasts is the cause of bellyspotting in mice rather
than impaired migration. We showed that, in the model, colonisation of the DLE
by melanoblasts is more sensitive to changes in the melanoblast proliferation rate, as
opposed to the melanoblast motility rate. This suggests piebaldism is caused by a

defect in melanoblast proliferation and not motility.
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In Chapter 3 we extended our modelling approach to examine how cell migration is
affected by cell-cell interactions, and included both the effects of domain growth and
a chemoattractant [12]. From our studies we found that cell-cell interactions could be
inferred from population density characteristics in the presence of a chemoattractant,
and that these population density characteristics were conserved on both static and
growing domains. Visualising the profile of the cells at the edge of a cell population
in the presence of a chemoattractant is experimentally tractable, and so our find-
ings could be experimentally tested. We also studied the expected displacement of a
tagged cell in the cell population, and showed that different types of cell-cell interac-
tions give rise to cell trajectories with distinct characteristics. These cell trajectory
differences could be used to identify cell-cell interactions, and so is something that

could be experimentally explored.

In Chapter 4 we examined how to derive accurate continuum approximations of IBMs
with agent proliferation on growing domains. To do so we initially developed meth-
ods to include the effects of domain growth on the evolution of spatial correlations
between agents in a continuum approximation of a one-dimensional model of cell
motility and proliferation [13]. We included the effect of spatial correlations by deriv-
ing a system of ODEs that describe the expected evolution of individual and pairwise
density functions for agents on a growing domain. We then demonstrated how to
simplify this system of ODEs by using an appropriate approximation. This simpli-
fication allows domain growth to be included in models describing the evolution of
spatial correlations between agents in a tractable manner. Possible extensions to the
work presented in Chapter 4 would be to implement no-flux boundary conditions in
the model, or non-uniform initial conditions. Mathematical extensions such as these
could then be implemented in two-dimensional models. Perhaps a more pressing mat-

ter is further research into implementing alternative approaches to moment closure.
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Both closures we implement (KSA and domain length closure) could possibly be re-
placed by closures that would result in more accurate correlation ODE models. It
could also lead to developing less cumbersome equations than the current ones, which
could save time and allow a more rigorous analysis of their properties. Therefore, the
revisiting of the closure methods employed in deriving the equations in Chapters 4 to

6 is a topic of future research that could prove fruitful.

In Chapter 5 we presented methods to include the effects of domain growth on the
evolution of spatial correlations between agents in a continuum approximation of a
two-dimensional model of cell motility and proliferation [14, 15]. We showed that,
depending on the way in which domain growth is implemented, different steady state
densities are predicted for otherwise identical agent populations. Furthermore, we
demonstrated that the way in which domain growth is implemented can cause the
initial size of the domain to affect the evolution of the agent density. In Chapter
6 we extended the work presented in Chapter 5 to show that again, depending on
the way in which domain growth is implemented, different agent species dominate in
multispecies simulations. Continuum approximations of the IBM that ignore spatial
correlations cannot capture any of the aforementioned behaviour, while those that
account for spatial correlations can. The results in Chapters 5 and 6 show that the
mechanism used to implement domain growth can determine the long term behaviour
of agent populations, and in certain circumstances, establish domain patterning. The
most obvious extension to the work presented in Chapters 5 and 6 is to try and exper-
imentally validate the findings. Experimental methods have recently been developed
that can control the expansion of a gel upon which a cell population is situated, and
we are currently in discussions with experimental researchers to use this to test some

of the findings we have presented.
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In Chapter 7 we developed methods to identify parameters for cell motility and adhe-
sion in a simple wound-healing experiment, which is an experiment commonly used
to study cell migration. Building on the results of Chapter 3 we implemented dif-
ferent cell-cell interactions in an IBM simulating a wound-healing experiment, and
addressed issues of parameter identifiability and experimental design. We showed that
cell motility and adhesion parameters can be successfully retrieved from synthetic data
using appropriate summary statistics and ABC. Using our IBM we then improved
the experimental design of the wound-healing assay, and showed that identification
of simulation parameters is more likely if the domain upon which the experiment is
performed is expanded, as opposed to increasing the number of repeats of the exper-
iment. For instance, 500 repeats of the experiment on a standard domain provides
less information about simulation parameters than five repeats of the experiment on
a domain eight times larger than the standard domain. The most pressing extension
to the work presented in Chapter 7 is experimental validation of the findings. That is,
expand the would-healing experimental domain and demonstrate i) the cell migratory
process can be effectively described by our IBM; and ii) show the experimental pa-
rameters are identifiable with a larger experimental domain. If validated, alterations
could be made to the IBM to try and further improve parameter identification, and
evidence may be provided that demonstrates which cell-cell adhesion model, A or
B, is more applicable to the cells examined in Chapter 7. It would also be of great
interest to carry out a comprehensive study of all commonly used summary statistics
for analysing cell migration, and see how their variance scales with the size of the
experimental domain. Not only would that recast the work presented in Chapter 7
in a more theoretical framework, and so allow for further analysis, but would also

provide the means by which to parameterise IBMs of cell migration more accurately.

In this thesis we have presented methods to describe the behaviour of motile, prolifer-
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ative and interactive cells on growing domains. Our work has generated many novel
hypotheses, which will be of interest to both theoretical and experimental researchers

alike.
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Appendix A

Appendices for Chapter 3

A.1 Example transition probabilities

An example two-dimensional agent adhesion transition probability for a movement

from (¢,j + 1) — (4,7) is given in Eq. (A.1):

(1 - p:v)

T(Z,]’Z,j + 1)A = (1 - <Cl,J>)

+ B2 1400, )~ (g1~ (G

+ [(1 = (Ciz2,)) (1 = (Cig15-1)) (Cit1411))

+ (1 = (Cit2,)) ((Ciy1-1))(1 — (Ci+1,j+1>)]]

+ 2= O 140 )~ (o)) (Gt o)

+ ({Cirz 1)) (Cipr-1)) (1 = (Cigr511))]
+ (1 - (Ci+2,j>)((Cz'+1,j—1>)(<Ci+1,j+1>)]}

+ e pz)4(1 —a) |:<<Ci+2,j>)(<Ci+1,j—1>)(<Ci+1,j+1>)]] : (A1)

(1= (Cira g1 = (Cias )1 = (Cisrgs1))

An example two-dimensonal myopic transition probability for a movement from
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A.1. Example transition probabilities

(1,7 4+ 1) = (¢,7) is given in Eq. (A.2):

T(i,jli,j+Du = (1=(Cij)) u _4’)9”) [(1 — (Ciyo N1 = (Cipr o)1 = (Crar 1))
(1 - px) [
+ G L(Cisa) (1 = (Cuaga))(1 = (Cirig01))]
(1 _ px)

(1= (Cira D)1 = (Cisry 1)) (Cisn )

2= p)
+ (Cira))(Cirag-1)) (A = (Crprgsa))]
(1-p0)

+ [<<oz-+2,j>><<cm,j1>><<oi+1,j+1>>}]. (A-2)
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Appendix B

Appendices for Chapter 5

B.1 Individual density functions

To include the effect of agent motility and proliferation in Eqgs. (5.9) we follow a

similar procedure as presented in Chapter 4. To do so we are required to introduce

further notation. We indicate a site unoccupied by an agent in the following manner:
Nz XNy

01 (m’;t), that is, the joint probability of lattice site m not being occupied on a

domain of size IV, x N, at time ¢. We also introduce the summation,

m

Ny xN, NoxXNy /. o /. ) NuoxNy,/. o /. .
> N mgt) = oy (6, 4), (4 1)) + oy (0, 4), (= 1,5)i )

00 N (0,9), (6,5 + 1)58) + po (0, 9), (1,5 — 1) 1),
(B.1)

which indexes over the von Neumann neighbourhood of the site indicated by the up-

per limit of the sum.

The sum of the individual density functions on a domain of size N, x N, at [t + dt)
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B.1. Individual density functions

for motile and proliferating agents is

Nz Ny s
o> o Mmit 4 6t) = (1 - 6tPy, N,y = 6tP,, N,) ZZ " m

i=1 j=1

Nr_l Ny
+ Ot Y > (Ne = 1)pf™ ™ M (m; 1)
=1 j=1
N, Ny—1
+ 0Py, > > (N, = 1)y (mst)
i=1 j*l
+5t_zz [Z [l i) — 3 am, nm}]
i=1 j=1 n
Ny Ny m
A5 [Z (5 (l )] | + O(6).
=1 j5=1 n

(B.2)

As we assume translational invariance, Eq. (B.2) can be simplified to obtain

N, Ny P y
DD mst 4 8t) = (1 - 8tF, N, = 0tP,N,) Y Y pr (i)

i=1 j=1

i=1 j=1
No—1 Ny

+ 6tP,, Z Z

=1 j=1

P ()

Ny Nyil
(Ny_l)(

+5tngZ Z (N, —

i=1 j=1

+5t—ii [i 2 M (m', n;t)

=1 =1 L n

m; 1)

+ O(6t*). (B.3)

NxxNy(m;t) _ péVfXN’y(L 0;t) we can rewrite

If we recognise that py® ™ (m’,n;t) = p
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B.2. Pairwise density functions

Eq. (B.3) as
SOS o it 4 01) = (1 6B, N, — 6B, N,) S0 S o (1)
=1 j5=1 i=1 j=1
Nz—1 Ny
+ 0Py, > Y (Ne = D)pf™ TN ()
i=1 j=1
N, Ny—1
+ 0P, Y > (Ny = D)py ™ (m; )
i=1 j=1
N;U Ny
+6t2,3 Y [pjlv’:XNy(m; £) — phe N1 0:)] + O,
i=1 j=1
(B.4)
From Eq. (B.4) we can obtain
dC(t) Nz xN,
“ = By (elt) = N 1,0:0)) = (P, + By )eld). (B.5)

As can be seen from Eq. (B.5) the inclusion of agent proliferation means that pairwise
density functions are now present in the equations for the evolution of the individual

density functions, which is not the case without agent proliferation (Eq. (5.9)).

B.2 Pairwise density functions

The derivation for the evolution of the pairwise density functions can be found in
[18], and the equations are stated in the supplementary material of [18]. However,
we also outline the derivation below. The addition of agent motility and proliferation
is the same for GM1 and GM2. For agents colinear in the horizontal direction, that

is, 7, = 0, and 7, > 1, the evolution of the pairwise density functions for motile and
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proliferative agents with GM1 is

Nz Ny
SN N, 05+ 6t) =

i=1 j=1

N, Ny

(1 - 6tP, N, — 6tP, N,) Z Z =N, 05 1)

Nz—1 Ny

Nz—1)X Ny

+0tP, YD (r PNy —1,0:t)

=1 j=1

Nz—1 Ny
+6tP, S S (N, — 1= 1ot N, 0;1)

i=1 j=1

N, Ny—1
+0tP, > Y (N, Nex(Nu=D) (. 0:4)

=1 j=1

P Nl Ny n
m Nz x N, Nz XN,

+0t— - 222 [; [P:a T (m ' ki t) - p3 7 (mym, K )}

S S ] S ]

+ O(6t%). (B.6)
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Ifr,=1
N Ny
ZZP2ZXNy(Tva;t+ ot) =
i=1 j=1
Ny Ny
(1= 0tPy, N, — 6ty N Y -~ py M (1, 0:1)
i=1 j=1
Ny—1 Ny
+ 6tP,, Z Z(rw - 1)p(2Nw_1)XNy(rm —1,0;1)
i=1 j=1
Ny—1 Ny
+ 6tP,, Z Z(N’” -1- rz)pgNm_l)XNy(rm, 0;1)
i=1 j=1
N, Ny—1
+6tP, Y > (N, = 1)y MV, 0:1)
i=1 j=1
P N, Ny n
+ 6157’” >N [ > [pf»,V“XNy(m, n' k;t) — py " (m,n, K t)]
i=1 j=1 Lkz#m
+ 3 [ k) = 5N (mm, K1) ]
k#n
P N, Ny m
oD D [Z [Pév’”XNy(m’, n, k; f)} +py N (m s t)
i=1 j=1 Lk#n

+ ) [pév“XNy(m, n', k; t)] +,0§V’”XNy(m,n’;t)]
k#m

+ O(0t?), (B.7)

from which we can obtain the necessary equations.
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Appendix C

Appendices for Chapter 6

C.1 Individual density functions

We first display how to include agent proliferation, motility and death in the indi-
vidual density functions. To do so we are required to introduce further notation. We
indicate a site unoccupied by an agent in the following manner: péV”XNy (m;t), that is,
the joint probability of lattice site m not being occupied on a domain of size N, x N,
at time t. We indicate a site unoccupied by an agent in a pairwise density function
in the following manner, pé\szNy(m, n;t), that is, the joint probability of lattice site
m not being occupied, and lattice site n being occupied by species A on a domain of

size N x N, at time ¢t. We also introduce the summation,

m

Ny xN. NoxNy /o o - ) NoxNy /e o /. .
> s momgt) = o (6 4), (1)) + et (0, 4), (= 1,5);)

NoxNy /o o o . NoxNy /o o go .
Fopaa (G G), (6 F + 1))+ pats (30 9), (5,5 — 1)3t),

(C.1)

which indexes over the von Neumann neighbourhood of the site indicated as the up-

per index.

The sum of the individual density functions on a domain of size N, x N, at [t + dt)
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for motile and proliferating agents is

Nz Ny S
YO T oa M (myt 4+ 6t) = (1= 6tP,, Ny — 6tPy N,) > Z % (m
i=1 j=1 o

No—1 Ny
FOtF DD (Na =1y (mit)
=1 j=1
N, Ny—1
Nz X (Ny—1
+0tPy, Y Y (N, = py M (m; )
i=1 j=1
A Ng y m
PSS S [ ) < 4 |
i=1 =1 L n
A N, Ny ['m

+ 5t— >3 [pgfjgwy(m, n; t)}]

=1 5=1 L n

— 5tP{ NN (my ) + O(682). (C.2)

As we assume translational invariance Eq. (C.2) can be simplified to obtain

N, Ny Ny Ny
SO N it 4 0t) = (1= 6tPy, Ny — 6tP, N,) > > i (m; )
=1 j5=1 =1 j5=1
Nz—1 Ny
+0tP, > Y (N, NNy (1 4)
=1 j=1
N Ny—1
+ 6Py, Y > (Ny = D)oy (m 1)
i=1 j=1

NI><N
Y(m, n; t)]

+6t—zz

i=1 j=1

n

— 5tPP NN (my ) + O(512). (C.3)

Nz XN,
N (m,n;t) = py — Pa's

If we recognise that p; %y

215



C.2. Pairwise density functions

we can rewrite Eq. (C.3) as

Nz Ny

SN NN (st o+ 6t) =

i=1 j=1

N, Ny
(1 6tP, N, — 0tP, N,) Z Z 2 No(p

Ny—1 Ny
FOtP, Y D (Ve = Dp M (i)
i=1 j=1
N, Ny—1
+0tP, > Y (N, Mo (Nu=1) (- )
i=1 j=1
z Ny
+otBt 0> [ i) — o) (1,000) = g (1 0:0)
i=1 j=1
— 5tP} NN (my t) + O(5t2). (C.4)

From Eq. (C.4) we can obtain

dea(t) Nox N, Nm N,
A _ pAeat) - o (L0:0) — o35 (L.0:8) = Pitealt) — (P + Py )ealt),

which is Eq. (6.7).

C.2 Pairwise density functions

The derivation of the pairwise density functions for multispecies without domain
growth can be found in [21]. However, we outline the derivation for the auto-
correlations below. To do so we require some further notation. We indicate a site
being unoccupied by an agent in a triplet density function in the following manner:
péYZféVy(m, n, k;t), that is, the joint probability of lattice site m not being occupied,

lattice site n being occupied by species A, and lattice site k being occupied by species

A on a domain of size N, x N, at time ¢. The addition of agent motility and prolifer-
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ation is the same for GM1 and GM2. For agents colinear in the horizontal direction,

that is, r, is zero and 7, > 1, the evolution of the pairwise density functions for motile

and proliferative agents with GM1 is

z-l]l

Nz Ny
(1= 6tPy, Ny — 6tPy, Ny Y > pis ™ (15, 0:1)
i=1 j=1
Ny—1 Ny
+0tP, YD (r Ny 1,001)
i=1 j=1
Ngy—1 Ny
+ 0tP,, Z Z —1-r,) pEL‘NA 1)XNy(rgC,O;t)
=1 j=1
N, Ny—1
+0tP, Y 3 (N, = D) M (1, 00)
i=1 j=1
A N, Ny n
S [Z P, 1) — ) ()
=1 j5=1

+ Z [ D (mym, ks ) — pyE o (m, n,k;t)] ]

AN:t Ny[m
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from which we can obtain the necessary equations [21].
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Appendix D

Appendices for Chapter 7

D.1 Experimental methods

The details of the experiment we aim to identify cell motility and adhesion parame-
ters from is as follows: Fucci2a 3T3 flp-In cells were maintained in dulbeccos modified
eagle medium (DMEM) containing 10% fetal calf serum, 1% Penicillin/Streptomycin
and 100pg/ml Hygromycin B. A silicon well (Ibidi) was attached to the surface of a 24
well glass bottomed plate (Greiner bio-one) by surface tension and allowed to attach
overnight. Cells were plated within the insert and allowed to attach phenol-red free
DMEM (Biochrom) containing 10% fetal calf serum, and 1% Penicillin /Streptomycin.
Cells migrating from the leading edge of the cell mass were then imaged with a 20x
objective using a Nikon A1R inverted confocal microscope in a heated chamber sup-
plied with 5% CO2 in air. All image analysis tasks (required to generate the initial
conditions for the IBM of a practically realisable experiment) were performed using
custom written macros for the Fiji [124] distribution of ImageJ an open source image
analysis package based on NIH Image [125]. The cell nucleus of each cell was identi-
fied by merging of the green and red channels containing the Fucci signal followed by
segmentation. The centre of mass of each object in the segmented image was then

determined automatically.

In total we have data from five repeats of the experiment. Each data set contains cell
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D.2. Further variance plots for models A and B for the PCF summary statistic

track data for every cell for 64 hours imaged at 20 minute intervals. Therefore, we
have the information required to apply our summary statistics to the experimental
data. More specifically, we have the position of all cells at each time interval so that
the expected horizontal displacement of cells, cell density profile, and PCF may be

computed.

D.2 Further variance plots for models A and B for the PCF

summary statistic
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Time = 240, 5 repeats Time = 480, 5 repeats Time =720, 5 repeats
0.04 0.04 0.04
—23x 23 —23 x 23 —23x 23
—23 x 46 —23 x 46 —23 x 46
0.03 23 x 92 0.03 23 x 92 0.03 23 x 92
8 —23 x 184 3 —23 x 184 3 —23 x 184
c c c
® 0.02 ®©0.02 ®0.02
@ S ©
> > >
. Q&Qﬁ - w -
0.00 29% - 0.00 0.00 B A \/\(
5 10 15 5 10 15 5 10 15
Distance Distance Distance
(a) (b) (c)
Time = 240, 50 repeats Time = 480, 50 repeats Time = 720, 50 repeats
0.04 0.04 0.04
—23x23 —23 x 23 —23 x 23
—23 x 46 —23 x 46 —23 x 46
0.03 23 x 92 0.03 23 x 92 0.03 23 x 92
3 —23 x 184 3 —23 x 184 3 —23 x 184
c c c
® 0.02 ®©0.02 ®© 0.02
@ 5 &
> > >
0.01 \/J\/ 0.01 __\__/_/\/\/ 0.01 \/\/
0.00 —\’—//—/ 0.00 0.00
5 10 15 5 10 15 5 10 15
Distance Distance Distance
(d) (e) (f)
Time = 240, 500 repeats Time = 480, 500 repeats Time =720, 500 repeats
0.04 0.04 0.04
—23x 23 —23x 23 —23x 23
—23 x 46 —23 x 46 —23 x 46
0.03 23 x 92 0.03 23 x 92 0.03 23 x 92
8 —23 x 184 3 —23 x 184 3 —23 x 184
c c c
®© 0.02 ®0.02 ®© 0.02
@ S S
> > >
0.01 \_’/ 0.01 x/ 0.01 Q__‘_—/
0.00 —_ 0.00 0.00
5 10 15 5 10 15 5 10 15
Distance Distance Distance
(2) (h) (i)

Figure D.1: The variance in PCF synthetic data for model A with P,, = 0.5, a = 0.1
for different IBM domain sizes. Panels (a)-(c) display synthetic data generated from
five repeats of the IBM, panels (d)-(f) display synthetic data generated from 50 repeats

of the IBM and panels (g)-(i) display synthetic data generated from 500 repeats of
the IBM.
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Figure D.2: The variance in the synthetic data for the adhesion model B with P, =
0.5, a = 0.25 for different IBM domain sizes. Panels (a)-(c) display synthetic data
generated from five repeats of the IBM, panels (d)-(f) display synthetic data generated
from 50 repeats of the IBM and panels (g)-(i) display synthetic data generated from
500 repeats of the IBM.
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Figure D.3: The variance in PCF synthetic data for model B with P,, = 0.5, « = —0.1
for different IBM domain sizes. Panels (a)-(c) display synthetic data generated from
five repeats of the IBM, panels (d)-(f) display synthetic data generated from 50 repeats
of the IBM and panels (g)-(i) display synthetic data generated from 500 repeats of
the IBM.
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