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Special Lagrangian submanifolds with isolated

conical singularities. II. Moduli spaces

Dominic Joyce
Lincoln College, Oxford

1 Introduction

Special Lagrangian m-folds (SL m-folds) are a distinguished class of real m-
dimensional minimal submanifolds which may be defined in Cm, or in Calabi–
Yau m-folds, or more generally in almost Calabi–Yau m-folds (compact Kähler
m-folds with trivial canonical bundle).

This is the second in a series of five papers [12, 13, 14, 15] studying SL
m-folds with isolated conical singularities. That is, we consider an SL m-fold
X in M with singularities at x1, . . . , xn in M , such that for some SL cones
Ci in Txi

M ∼= Cm with Ci \ {0} nonsingular, X approaches Ci near xi in an
asymptotic C1 sense. Readers are advised to begin with the final paper [15],
which surveys the series, and applies the results to prove some conjectures.

Having a good understanding of the singularities of special Lagrangian sub-
manifolds will be essential in clarifying the Strominger–Yau–Zaslow conjecture
on the Mirror Symmetry of Calabi–Yau 3-folds [22], and also in resolving conjec-
tures made by the author [6] on defining new invariants of Calabi–Yau 3-folds
by counting special Lagrangian homology 3-spheres with weights. The series
aims to develop such an understanding for simple singularities of SL m-folds.

In this paper we study the deformation theory of compact SL m-folds X
with conical singularities x1, . . . , xn with cones C1, . . . , Cn in an almost Calabi–
Yau m-fold M , extending results of McLean [21] for nonsingular compact SL
m-folds. We define the moduli space MX of deformations of X as an SL m-fold
with conical singularities in M , and construct a natural topology on MX.

We prove that MX is locally homeomorphic to the zeroes of a smooth map
Φ : IX′ → OX′ , where the infinitesimal deformation space IX′ and the obstruc-
tion space OX′ are finite-dimensional vector spaces. Here IX′ depends only on
the topology of X , and OX′ only on the singular cones C1, . . . , Cn. If OX′ is
zero then MX is a smooth manifold. We also consider deformations of X in a
smooth family of almost Calabi–Yau m-folds

{

(M,Js, ωs,Ωs) : s ∈ F
}

.
The first paper [12] laid the foundations for the series, and studied the reg-

ularity of SL m-folds with conical singularities near their singular points. The
sequels [13, 14] will consider desingularizations of a compact SL m-fold X with
conical singularities x1, . . . , xn with cones C1, . . . , Cn in M . We will take non-
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singular SL m-folds L1, . . . , Ln in Cm asymptotic to C1, . . . , Cn at infinity, and
glue them in to X at x1, . . . , xn to get a smooth family of compact, nonsingular
SL m-folds Ñ in M which converge to X .

We begin in §2 with an introduction to special Lagrangian geometry, and
the deformation theory of nonsingular compact SL m-folds. Section 3 discusses
special Lagrangian cones and conical singularities of SL m-folds. The previous
paper [12] is reviewed in §4. To keep this paper and [13, 14] to a manageable
length we have done quite a lot of work on symplectic geometry and asymptotic
analysis in advance in [12], and we just quote the results.

Section 5 defines the moduli space MX of SL m-folds and its topology, and
explains why this definition of topology is a good one. In §6 we define the
infinitesimal deformation space IX′ and the obstruction space OX′ , and prove
our first main result, Theorem 6.10, which shows that the moduli space MX is
locally homeomorphic to the zeroes of a smooth map Φ : IX′ → OX′ . Thus, if
OX′ is zero then MX is a manifold. More generally, if dΦ|0 is surjective then
MX is a manifold near X .

Section 7 extends §5–§6 to families
{

(M,Js, ωs,Ωs) : s ∈ F
}

of almost
Calabi–Yau m-folds. We define a joint moduli space MF

X
with projection πF :

MF

X
→ F such that Ms

X
= (πF)−1(s) is the moduli space of deformations of X

in (M,Js, ωs,Ωs) for s ∈ F . Then we show that MF

X
is locally homeomorphic

to the zeroes of a smooth map ΦF : F × IX′ → OX′ , where IX′ ,OX′ are as
before.

Section 8 briefly describes various other extensions of the results to immer-
sions, families of SL cones in Cm, and so on. Finally, §9 considers genericity
and transversality results. We show that for any compact SL m-fold X with
conical singularities in (M,J, ω,Ω), we can choose a family of deformations
{

(M,J, ωs,Ω) : s ∈ F
}

such that MF

X
is a manifold near (0, X), and for small

generic s ∈ F the deformed moduli space Ms
X

= (πF)−1(s) is smooth near
(0, X). We conjecture that if the Kähler form ω is chosen generically in its
Kähler class, then MX is smooth.

Acknowledgements. I would like to thank Stephen Marshall, Mark Haskins and
Nigel Hitchin for helpful conversations. I was supported by an EPSRC Advanced
Research Fellowship whilst writing this paper.

2 Special Lagrangian geometry

We now introduce special Lagrangian submanifolds (SL m-folds) in two different
geometric contexts. First, in §2.1, we define SL m-folds in Cm. Then §2.2 dis-
cusses SL m-folds in almost Calabi–Yau m-folds, compact Kähler manifolds with
a holomorphic volume form, which generalize Calabi–Yau manifolds. Section 2.3
describes the deformation theory of compact SL m-folds. Some references for
this section are Harvey and Lawson [4], McLean [21], and the author [11].
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2.1 Special Lagrangian submanifolds in Cm

We begin by defining calibrations and calibrated submanifolds, following Harvey
and Lawson [4].

Definition 2.1 Let (M, g) be a Riemannian manifold. An oriented tangent
k-plane V on M is a vector subspace V of some tangent space TxM to M with
dimV = k, equipped with an orientation. If V is an oriented tangent k-plane on
M then g|V is a Euclidean metric on V , so combining g|V with the orientation
on V gives a natural volume form volV on V , which is a k-form on V .

Now let ϕ be a closed k-form on M . We say that ϕ is a calibration on M if
for every oriented k-plane V on M we have ϕ|V 6 volV . Here ϕ|V = α · volV
for some α ∈ R, and ϕ|V 6 volV if α 6 1. Let N be an oriented submanifold
of M with dimension k. Then each tangent space TxN for x ∈ N is an oriented
tangent k-plane. We say that N is a calibrated submanifold if ϕ|TxN = volTxN

for all x ∈ N .

It is easy to show that calibrated submanifolds are automatically minimal
submanifolds [4, Th. II.4.2]. Here is the definition of special Lagrangian sub-
manifolds in Cm, taken from [4, §III].

Definition 2.2 Let Cm have complex coordinates (z1, . . . , zm), and define a
metric g′, a real 2-form ω′ and a complex m-form Ω′ on Cm by

g′ = |dz1|
2 + · · · + |dzm|2, ω′ = i

2 (dz1 ∧ dz̄1 + · · · + dzm ∧ dz̄m),

and Ω′ = dz1 ∧ · · · ∧ dzm.
(1)

Then Re Ω′ and ImΩ′ are real m-forms on Cm. Let L be an oriented real
submanifold of Cm of real dimension m. We say that L is a special Lagrangian
submanifold of Cm, or SL m-fold for short, if L is calibrated with respect to
Re Ω′, in the sense of Definition 2.1.

Harvey and Lawson [4, Cor. III.1.11] give the following alternative charac-
terization of special Lagrangian submanifolds:

Proposition 2.3 Let L be a real m-dimensional submanifold of Cm. Then L
admits an orientation making it into an SL submanifold of Cm if and only if
ω′|L ≡ 0 and ImΩ′|L ≡ 0.

Thus SL m-folds are Lagrangian submanifolds in R2m ∼= Cm satisfying the
extra condition that ImΩ′|L ≡ 0, which is how they get their name.

2.2 Almost Calabi–Yau m-folds and SL m-folds

We shall define special Lagrangian submanifolds not just in Calabi–Yau mani-
folds, as usual, but in the much larger class of almost Calabi–Yau manifolds.

Definition 2.4 Let m > 2. An almost Calabi–Yau m-fold is a quadruple
(M,J, ω,Ω) such that (M,J) is a compact m-dimensional complex manifold,
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ω is the Kähler form of a Kähler metric g on M , and Ω is a non-vanishing
holomorphic (m, 0)-form on M .

We call (M,J, ω,Ω) a Calabi–Yau m-fold if in addition ω and Ω satisfy

ωm/m! = (−1)m(m−1)/2(i/2)mΩ ∧ Ω̄. (2)

Then for each x ∈ M there exists an isomorphism TxM ∼= C
m that identifies

gx, ωx and Ωx with the flat versions g′, ω′,Ω′ on Cm in (1). Furthermore, g is
Ricci-flat and its holonomy group is a subgroup of SU(m).

This is not the usual definition of a Calabi–Yau manifold, but is essentially
equivalent to it.

Definition 2.5 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold, and N a real
m-dimensional submanifold of M . We call N a special Lagrangian submanifold,
or SL m-fold for short, if ω|N ≡ ImΩ|N ≡ 0. It easily follows that ReΩ|N is a
nonvanishing m-form on N . Thus N is orientable, with a unique orientation in
which Re Ω|N is positive.

Again, this is not the usual definition of SL m-fold, but is essentially equiv-
alent to it. Suppose (M,J, ω,Ω) is an almost Calabi–Yau m-fold, with metric
g. Let ψ : M → (0,∞) be the unique smooth function such that

ψ2mωm/m! = (−1)m(m−1)/2(i/2)mΩ ∧ Ω̄, (3)

and define g̃ to be the conformally equivalent metric ψ2g on M . Then Re Ω is a
calibration on the Riemannian manifold (M, g̃), and SLm-foldsN in (M,J, ω,Ω)
are calibrated with respect to it, so that they are minimal with respect to g̃.

If M is a Calabi–Yau m-fold then ψ ≡ 1 by (2), so g̃ = g, and an m-
submanifold N in M is special Lagrangian if and only if it is calibrated w.r.t.
Re Ω on (M, g), as in Definition 2.2. This recovers the usual definition of special
Lagrangian m-folds in Calabi–Yau m-folds.

2.3 Deformations of compact SL m-folds

The deformation theory of special Lagrangian submanifolds was studied by
McLean [21, §3], who proved the following result in the Calabi–Yau case. The
extension to the almost Calabi–Yau case is described in [11, §9.5].

Theorem 2.6 Let N be a compact SL m-fold in an almost Calabi–Yau m-fold
(M,J, ω,Ω). Then the moduli space MX of special Lagrangian deformations of
N is a smooth manifold of dimension b1(N), the first Betti number of N .

We now give a partial proof of Theorem 2.6, glossing over the analytic details,
and concentrating on the parts we will use later. We start by recalling some
symplectic geometry, which can be found in McDuff and Salamon [19].

Let N be a real m-manifold. Then its tangent bundle T ∗N has a canonical
symplectic form ω̂, defined as follows. Let (x1, . . . , xm) be local coordinates
on N . Extend them to local coordinates (x1, . . . , xm, y1, . . . , ym) on T ∗N such
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that (x1, . . . , ym) represents the 1-form y1dx1 + · · · + ymdxm in T ∗

(x1,...,xm)N .
Then ω̂ = dx1 ∧ dy1 + · · · + dxm ∧ dym.

Identify N with the zero section in T ∗N . Then N is a Lagrangian submani-
fold of T ∗N . The Lagrangian Neighbourhood Theorem [19, Th. 3.33] shows that
any compact Lagrangian submanifold N in a symplectic manifold looks locally
like the zero section in T ∗N .

Theorem 2.7 Let (M,ω) be a symplectic manifold and N ⊂ M a compact
Lagrangian submanifold. Then there exists an open tubular neighbourhood U of
the zero section N in T ∗N , and an embedding Φ : U →M with Φ|N = id : N →
N and Φ∗(ω) = ω̂, where ω̂ is the canonical symplectic structure on T ∗N .

In the situation of Theorem 2.6, let g be the Kähler metric on M , and define
ψ : M → (0,∞) by (3). Applying Theorem 2.7 gives an open neighbourhood U
of N in T ∗N and an embedding Φ : U → M . Let π : U → N be the natural
projection. Define an m-form β on U by β = Φ∗(ImΩ). If α is a 1-form on
N let Γ(α) be the graph of α in T ∗N , and write C∞(U) ⊂ C∞(T ∗N) for the
subset of 1-forms whose graphs lie in U .

Then each submanifold Ñ of M which is C1-close to N is Φ(Γ(α)) for some
small α ∈ C∞(U). Here is the condition for Ñ to be special Lagrangian.

Lemma 2.8 In the situation above, if α ∈ C∞(U) then Ñ = Φ
(

Γ(α)
)

is a

special Lagrangian m-fold in M if and only if dα = 0 and π∗
(

β|Γ(α)

)

= 0.

Proof. By Definition 2.5, Ñ is an SL m-fold in M if and only if ω|Ñ ≡ ImΩ|Ñ ≡

0. Pulling back by Φ and pushing forward by π : Γ(α) → N , we see that Ñ is
special Lagrangian if and only if π∗

(

ω̂|Γ(α)

)

≡ π∗
(

β|Γ(α)

)

≡ 0, since Φ∗(ω) = ω̂
and Φ∗(ImΩ) = β. But as ω̂ is the natural symplectic structure on U ⊂ T ∗N
we have π∗

(

ω̂|Γ(α)

)

= −dα, and the lemma follows. �

We rewrite the condition π∗
(

β|Γ(α)

)

= 0 in terms of a function F .

Definition 2.9 Define F : C∞(U) → C∞(N) by π∗
(

β|Γ(α)

)

= F (α) dVg , where
dVg is the volume form of g|N on N . Then Lemma 2.8 shows that if α ∈ C∞(U)
then Φ

(

Γ(α)
)

is special Lagrangian if and only if dα = F (α) = 0.

We compute the expansion of F up to first order in α.

Proposition 2.10 This function F may be written

F (α)[x] = −d∗
(

ψmα
)

+Q
(

x, α(x),∇α(x)
)

for x ∈ N , (4)

where Q :
{

(x, y, z) : x ∈ N , y ∈ T ∗
xN ∩ U , z ∈ ⊗2T ∗

xN
}

→ R is smooth and
Q(x, y, z) = O(|y|2 + |z|2) for small y, z.

Proof. The value of F (α) at x ∈ N depends on the tangent space Tx′Γ(α), where
x′ ∈ Γ(α) with π(x′) = x. But Tx′Γ(α) depends on both α|x and ∇α|x. Hence
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F (α) depends pointwise on both α and ∇α, rather than just α. So we may
take (4) as a definition of Q, and Q is then well-defined on the set of all (x, y, z)
realized by

(

x, α(x),∇α(x)
)

for α ∈ C∞(U), which is the domain given for Q.
As F depends smoothly on α we see that Q is a smooth function of its

arguments. Therefore Taylor’s theorem yields

Q(x, y, z) = Q(x, 0, 0) + y · (∂yQ)(x, 0, 0) + z · (∂zQ)(x, 0, 0) +O(|y|2 + |z|2)

for small y, z. So to prove that Q(x, y, z) = O(|y|2 + |z|2) we just need to
show that Q(x, 0, 0) = ∂yQ(x, 0, 0) = ∂zQ(x, 0, 0) = 0. Now N = Φ(Γ(0)) is
special Lagrangian, so α = 0 satisfies F (α) = 0 by Definition 2.9. Thus (4)
gives Q(x, 0, 0) ≡ 0.

To compute ∂yQ(x, 0, 0) and ∂zQ(x, 0, 0), let α ∈ C∞(U) be small, and let v
be the vector field on T ∗N with v · ω̂ = −π∗(α). Then v is tangent to the fibres
of π : T ∗N → N , and exp(v) maps T ∗N → T ∗N taking γ 7→ α + γ for 1-forms
γ on N . Identifying N with the zero section of T ∗N , the image exp(sv)[N ] of
N under exp(sv) is Γ(sα) for s ∈ [0, 1].

Therefore F (sα) dVg = exp(sv)∗(β) for s ∈ [0, 1]. Differentiating gives

dF |0(α) dVg =
d

ds

(

F (sα)
)

∣

∣

∣

s=0
dVg =

d

ds

(

exp(sv)∗(β)
)

∣

∣

∣

s=0

=
(

Lvβ
)

∣

∣

∣

N
=

(

d(v · β) + v · (dβ)
)

∣

∣

∣

N
= d

(

(v · β)|N
)

,
(5)

where Lv is the Lie derivative, ‘ · ’ contracts together vector fields and forms,
and dβ = 0 as Ω is closed and β = Φ∗(ImΩ).

Calculation at a point x ∈ N shows that (v · β)|N = ψm ∗ α, where ∗ is the
Hodge star of g on N . As ∗dVg = 1 and ∗d∗ = −d∗ on 1-forms, (5) gives

dF |0(α) dVg = d(ψm ∗ α) =
(

∗d ∗ (ψmα)
)

dVg =
(

−d∗(ψmα)
)

dVg .

Comparing this with (4) shows that ∂yQ(x, 0, 0) = ∂zQ(x, 0, 0) = 0, which
completes the proof. �

We briefly sketch the remainder of the proof of Theorem 2.6. From Definition
2.9 and Proposition 2.10 we see that MX is locally approximately isomorphic
to the vector space of 1-forms α with dα = d∗(ψmα) = 0. But by Hodge
theory, this is isomorphic to the de Rham cohomology group H1(N,R), and is
a manifold with dimension b1(N).

To carry out this last step rigorously requires some technical machinery: one
must work with certain Banach spaces of sections of ΛkT ∗N for k = 0, 1, 2, use
elliptic regularity results to prove that the map α 7→

(

dα, dF |0(α)
)

is surjective
upon the appropriate Banach spaces, and then use the Implicit Mapping Theo-
rem for Banach spaces to show that the kernel of the map is what we expect.

Finally we extend of Theorem 2.6 to families of almost Calabi–Yau m-folds.

Definition 2.11 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold. A smooth
family of deformations of (M,J, ω,Ω) is a connected open set F ⊂ Rd for d > 0
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with 0 ∈ F called the base space, and a smooth family
{

(M,Js, ωs,Ωs) : s ∈ F
}

of almost Calabi–Yau structures on M with (J0, ω0,Ω0) = (J, ω,Ω).

If N is a compact SL m-fold in (M,J, ω,Ω), the moduli of deformations of
N in each (M,Js, ωs,Ωs) for s ∈ F make up a big moduli space MF

X
.

Definition 2.12 Let
{

(M,Js, ωs,Ωs) : s ∈ F
}

be a smooth family of defor-
mations of an almost Calabi–Yau m-fold (M,J, ω,Ω), and N be a compact SL
m-fold in (M,J, ω,Ω). Define the moduli space MF

X
of deformations of N in

the family F to be the set of pairs (s, N̂) for which s ∈ F and N̂ is a compact SL
m-fold in (M,Js, ωs,Ωs) which is diffeomorphic to N and isotopic to N in M .
Define a projection πF : MF

X
→ F by πF(s, N̂) = s. Then MF

X
has a natural

topology, and πF is continuous.

The following result is proved by Marshall [17, Th. 3.2.9], using similar
methods to Theorem 2.6.

Theorem 2.13 Let
{

(M,Js, ωs,Ωs) : s ∈ F
}

be a smooth family of deforma-
tions of an almost Calabi–Yau m-fold (M,J, ω,Ω), with base space F ⊂ Rd.
Suppose N is a compact SL m-fold in (M,J, ω,Ω) with [ωs|N ] = 0 in H2(N,R)
and [ImΩs|N ] = 0 in Hm(N,R) for all s ∈ F . Let MF

X
be the moduli space of

deformations of N in F , and πF : MF

X
→ F the natural projection.

Then MF

X
is a smooth manifold of dimension d+ b1(N), and πF : MF

X
→ F

a smooth submersion. For small s ∈ F the moduli space Ms
X

= (πF)−1(s) of
deformations of N in (M,Js, ωs,Ωs) is a nonempty smooth manifold of dimen-
sion b1(N), with M0

X
= MX.

Here a necessary condition for the existence of an SL m-fold N̂ isotopic to
N in (M,Js, ωs,Ωs) is that [ωs|N ] = [ImΩs|N ] = 0 in H∗(N,R), since [ωs|N ]
and [ωs|N̂ ] are identified under the natural isomorphism between H2(N,R) and
H2(N̂ ,R), and similarly for ImΩs.

The point of the theorem is that these conditions [ωs|N ] = [Im Ωs|N ] = 0
are also sufficient for the existence of N̂ when s is close to 0 in F . That is,
the only obstructions to existence of compact SL m-folds when we deform the
underlying almost Calabi–Yau m-fold are the obvious cohomological ones.

3 SL cones and conical singularities

After some preliminary work in §3.1 on special Lagrangian cones, and some
examples in §3.2, section 3.3 defines special Lagrangian m-folds with conical
singularities in almost Calabi–Yau manifolds, which are the subject of the paper.

3.1 Preliminaries on special Lagrangian cones

We now give some definitions and results on special Lagrangian cones. Some
are quoted from [12], and some are new.
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Definition 3.1 A (singular) SL m-fold C in Cm is called a cone if C = tC for
all t > 0, where tC = {tx : x ∈ C}. Let C be a closed SL cone in Cm with an
isolated singularity at 0. Then Σ = C∩S2m−1 is a compact, nonsingular (m−1)-
submanifold of S2m−1, not necessarily connected. Let gΣ be the restriction of
g′ to Σ, where g′ is as in (1).

Set C′ = C \ {0}. Define ι : Σ × (0,∞) → Cm by ι(σ, r) = rσ. Then ι has
image C′. By an abuse of notation, identify C′ with Σ × (0,∞) using ι. The
cone metric on C′ ∼= Σ × (0,∞) is g′ = ι∗(g′) = dr2 + r2gΣ.

For α ∈ R, we say that a function u : C′ → R is homogeneous of order
α if u ◦ t ≡ tαu for all t > 0. Equivalently, u is homogeneous of order α if
u(σ, r) ≡ rαv(σ) for some function v : Σ → R.

In [12, Lem. 2.3] we study homogeneous harmonic functions on C′.

Lemma 3.2 In the situation of Definition 3.1, let u(σ, r) ≡ rαv(σ) be a homo-
geneous function of order α on C′ = Σ × (0,∞), for v ∈ C2(Σ). Then

∆u(σ, r) = rα−2
(

∆Σv − α(α+m− 2)v
)

,

where ∆, ∆Σ are the Laplacians on (C′, g′) and (Σ, gΣ). Hence, u is harmonic
on C′ if and only if v is an eigenfunction of ∆Σ with eigenvalue α(α+m− 2).

Following [12, Def. 2.5], we define:

Definition 3.3 In the situation of Definition 3.1, suppose m > 2 and define

DΣ =
{

α ∈ R : α(α+m− 2) is an eigenvalue of ∆Σ

}

. (6)

Then DΣ is a countable, discrete subset of R. By Lemma 3.2, an equivalent
definition is that DΣ is the set of α ∈ R for which there exists a nonzero homo-
geneous harmonic function u of order α on C′.

Define mΣ : DΣ → N by taking mΣ(α) to be the multiplicity of the eigen-
value α(α +m− 2) of ∆Σ, or equivalently the dimension of the vector space of
homogeneous harmonic functions u of order α on C′. Define NΣ : R → Z by

NΣ(δ) = −
∑

α∈DΣ∩(δ,0)

mΣ(α) if δ < 0, and NΣ(δ) =
∑

α∈DΣ∩[0,δ]

mΣ(α) if δ > 0. (7)

ThenNΣ is monotone increasing and upper semicontinuous, and is discontinuous
exactly on DΣ, increasing by mΣ(α) at each α ∈ DΣ. As the eigenvalues of ∆Σ

are nonnegative, we see that DΣ ∩ (2 −m, 0) = ∅ and NΣ ≡ 0 on (2 −m, 0).

We shall show that there automatically exist homogeneous harmonic func-
tions on C′ of orders 1 and 2, using the idea of moment map. The group of
automorphisms of Cm preserving g′, ω′ and Ω′ is SU(m) ⋉ Cm, where Cm acts
by translations. Its Lie algebra su(m) ⋉ Cm acts on Cm by vector fields.

Let v be such a vector field in su(m) ⋉ Cm. Then v · ω′ is a closed 1-form
on Cm, and we may write v · ω′ = dµ for some function µ : Cm → R, which is
unique up to addition of constants, and is in fact a real quadratic polynomial.
We call µ a moment map for v.
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Lemma 3.4 Let L be an SL m-fold in Cm, and let µ : Cm → R be a moment
map for a vector field v in su(m) ⋉ Cm. Then µ|L is a harmonic function on
L, using the obvious metric g′|L.

Proof. In the proof of Theorem 2.6 we saw that infinitesimal deformations of an
SL m-fold L as a submanifold correspond to 1-forms α on L, and infinitesimal
deformations as an SL m-fold to closed and coclosed 1-forms α on L.

Now as SU(m)⋉Cm takes SL m-folds in Cm to SL m-folds in Cm, the vector
field v in su(m)⋉Cm gives an infinitesimal deformation of L as an SL m-fold in
Cm. It is easy to see that the corresponding 1-form on L is (v · ω)|L. Therefore
(v · ω)|L = dµ|L is a closed and coclosed 1-form on L, and thus d∗(dµ|L) = 0,
so µ|L is harmonic. �

Proposition 3.5 Let C be an SL cone in C
m with isolated singularity at 0,

and G the Lie subgroup of SU(m) preserving C. Set C′ = C \ {0} and Σ =
C ∩ S2m−1, and let mΣ be as in Definition 3.3. Then

(a) The restriction of real linear functions on C
m to C′ form a vector space

of order 1 homogeneous harmonic functions on C′, with dimension 2m.
Hence mΣ(1) > 2m.

(b) The restriction of su(m) moment maps µ : Cm → R with µ(0) = 0 to C′

form a vector space of order 2 homogeneous harmonic functions on C′,
with dimension m2−1−dimG. Hence mΣ(2) > m2−1−dimG.

Proof. Real linear functions on Cm are moment maps of translations on Cm,
and so restrict to harmonic maps on SL m-folds L in C

m by Lemma 3.4. Thus
the vector space in (a) is of harmonic functions on C′, which are clearly homo-
geneous of order 1. Now C has a unique singular point at 0, so it cannot be
invariant under nontrivial translations. Therefore the moment map of a non-
trivial translation cannot vanish on C′, and the restriction in (a) is injective. It
follows that the vector space has dimension 2m, proving part (a).

For (b), each su(m) vector field has a unique moment map µ : Cm → R

with µ(0) = 0, which is a homogeneous real quadratic polynomial. It follows as
for (a) that the vector space in (b) consists of order 2 homogeneous harmonic
functions on C′. This vector space is the image of a linear map from su(m), and
it is easy to show that the kernel of this map is g, the Lie algebra of G. Hence
the dimension of the vector space is dim su(m)− dim g by rank-nullity, and the
proposition follows. �

We define the stability index of C, and stable and rigid cones.

Definition 3.6 Let C be an SL cone in Cm for m > 2 with an isolated
singularity at 0, let G be the Lie subgroup of SU(m) preserving C, and use the
notation of Definitions 3.1 and 3.3. Then

mΣ(0) = b0(Σ), mΣ(1) > 2m and mΣ(2) > m2 − 1 − dimG, (8)

9



where the first equation follows as mΣ(0) is the multiplicity of the eigenvalue 0
of ∆Σ, and the others from Proposition 3.5.

Define the stability index s-ind(C) to be

s-ind(C) = NΣ(2) − b0(Σ) −m2 − 2m+ 1 + dimG. (9)

Then s-ind(C) > 0 by (8), as NΣ(2) > mΣ(0) +mΣ(1) +mΣ(2) by (7). We call
C stable if s-ind(C) = 0.

Following [12, Def. 6.7], we call C rigid if mΣ(2) = m2 − 1 − dimG. As

s-ind(C) > mΣ(2) − (m2 − 1 − dimG) > 0,

we see that if C is stable, then C is rigid.

Here is the point of this definition. In deforming SL m-folds X in an almost
Calabi–Yaum-foldM with a conical singularity xmodelled on C, it will turn out
in §6 that x contributes an obstruction space of dimension NΣ(2) to deforming
X . However, we will be able to overcome a subspace of these obstructions with
dimension b0(Σ) +m2 + 2m− 1− dimG automatically, by moving x around in
M , and changing the identification C

m ∼= TxM . Thus s-ind(C) is the dimension
of the residual obstruction space, which we cannot get rid of.

If C is stable then the deformation problem is unobstructed. Rigid (and more
generally Jacobi integrable) SL cones were discussed in [12, §6]. An SL cone C
is rigid if all infinitesimal deformations of C as an SL cone come from su(m)
rotations.

3.2 Examples of special Lagrangian cones

Examples of SL cones are constructed by Harvey and Lawson [4, §III.3], the
author [7, 8], and others. We will study a family of special Lagrangian cones in
Cm constructed by Harvey and Lawson [4, §III.3.A]. For m > 3, define

Cm
HL =

{

(z1, . . . , zm) ∈ C
m : |z1| = · · · = |zm|, im+1z1 · · · zm ∈ [0,∞)

}

. (10)

Then Cm
HL

is a special Lagrangian cone in Cm with an isolated singularity at
0, and Σm

HL = Cm
HL ∩ S2m−1 is an (m−1)-torus Tm−1 with a flat metric. Also

Cm
HL

and Σm
HL

are invariant under the U(1)m−1 subgroup of SU(m) acting by

(z1, . . . , zm) 7→ (eiθ1z1, . . . , e
iθmzm) for θj ∈ R with θ1 + · · · + θm = 0. (11)

In fact ±Cm
HL

for m odd, and Cm
HL
, iCm

HL
for m even, are the unique SL cones in

Cm invariant under (11), which is how Harvey and Lawson constructed them.
We shall find the stability index s-ind(Cm

HL
) of these cones, and test whether

they are stable or rigid. This was first done by the author [6, §3.2] for m = 3 and
Marshall [17, §6.3.4] for 3 6 m 6 8. The metric on Σm

HL
∼= Tm−1 is flat, so it is

not difficult to compute the eigenvalues of ∆Σm
HL

. There is a 1-1 correspondence
between (n1, . . . , nm−1) ∈ Zm−1 and eigenvectors of ∆Σm

HL
with eigenvalue

m

m−1
∑

i=1

n2
i −

m−1
∑

i,j=1

ninj . (12)

10



Using (12) and a computer we can find the eigenvalues of ∆Σm
HL

, and their
multiplicities. Thus we can calculate NΣm

HL
(2), which is the sum of multiplicities

of eigenvalues in [0, 2m], and mΣm
HL

(2), which is the multiplicity of the eigenvalue
2m. A table of eigenvalues and multiplicities for 3 6 m 6 8 is given in Marshall
[17, Table 6.1]. Now the subgroup Gm of SU(m) preserving Cm

HL is U(1)m−1,
with dimension m − 1. Thus (9) gives s-ind(Cm

HL
) = NΣm

HL
(2) − m2 − m − 1.

Table 1 gives the data m,NΣm
HL

(2),mΣm
HL

(2) and s-ind(Cm
HL) for 3 6 m 6 12.

m 3 4 5 6 7 8 9 10 11 12

NΣm
HL

(2) 13 27 51 93 169 311 331 201 243 289

mΣm
HL

(2) 6 12 20 30 42 126 240 90 110 132

s-ind(Cm
HL) 0 6 20 50 112 238 240 90 110 132

Table 1: Data for U(1)m−1-invariant SL cones Cm
HL in Cm

Motivated by Table 1, with some more work one can prove that

NΣm
HL

(2) = 2m2 + 1 and mΣm
HL

(2) = s-ind(Cm
HL

) = m2 −m for m > 10. (13)

As Cm
HL

is stable when s-ind(Cm
HL

) = 0 we see from Table 1 and (13) that C3
HL

is
a stable cone in C3, but Cm

HL is unstable for m > 4.
Also Cm

HL
is rigid when mΣm

HL
(2) = m2 −m. Thus Cm

HL
is rigid if and only if

m 6= 8, 9, by Table 1 and (13). It would be interesting to know whether the SL
cones C8

HL and C9
HL are Jacobi integrable in the sense of [12, §6], as rigid implies

Jacobi integrable but not vice versa. The author guesses that C8
HL
, C9

HL
are not

Jacobi integrable.

3.3 Special Lagrangian m-folds with conical singularities

Now we can define conical singularities of SL m-folds, following [12, Def. 3.6].

Definition 3.7 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold for m > 2,
and define ψ : M → (0,∞) as in (3). Suppose X is a compact singular SL
m-fold in M with singularities at distinct points x1, . . . , xn ∈ X , and no other
singularities.

Fix isomorphisms υi : C
m → Txi

M for i = 1, . . . , n such that υ∗i (ω) = ω′

and υ∗i (Ω) = ψ(xi)
mΩ′, where ω′,Ω′ are as in (1). Let C1, . . . , Cn be SL cones

in Cm with isolated singularities at 0. For i = 1, . . . , n let Σi = Ci ∩ S2m−1,
and let µi ∈ (2, 3) with

(2, µi] ∩ DΣi
= ∅, where DΣi

is defined in (6). (14)

Then we say that X has a conical singularity at xi, with rate µi and cone Ci

for i = 1, . . . , n, if the following holds.
By Darboux’ Theorem [19, Th. 3.15] there exist embeddings Υi : BR → M

for i = 1, . . . , n satisfying Υi(0) = xi, dΥi|0 = υi and Υ∗
i (ω) = ω′, where BR

11



is the open ball of radius R about 0 in Cm for some small R > 0. Define
ιi : Σi × (0, R) → BR by ιi(σ, r) = rσ for i = 1, . . . , n.

Define X ′ = X\{x1, . . . , xn}. Then there should exist a compact subsetK ⊂
X ′ such that X ′ \K is a union of open sets S1, . . . , Sn with Si ⊂ Υi(BR), whose
closures S̄1, . . . , S̄n are disjoint in X . For i = 1, . . . , n and some R′ ∈ (0, R] there
should exist a smooth φi : Σi×(0, R′) → BR such that Υi◦φi : Σi×(0, R′) →M
is a diffeomorphism Σi × (0, R′) → Si, and

∣

∣∇k(φi − ιi)
∣

∣ = O(rµi−1−k) as r → 0 for k = 0, 1. (15)

Here ∇, | . | are computed using the cone metric ι∗i (g
′) on Σi × (0, R′).

If the cones C1, . . . , Cn are stable in the sense of Definition 3.6, then we say
that X has stable conical singularities.

The reasoning behind this definition was discussed in [12, §3.3]. Here we
just make two remarks:

• We suppose m > 2 for two reasons. Firstly, the only SL cones in C2 are
finite unions of SL planes R2 in C2 intersecting only at 0. Thus any SL
2-fold with conical singularities is actually nonsingular as an immersed
2-fold, so there is really no point in studying them. Secondly, m = 2 is a
special case in the analysis of [12, §2], and it is simpler to exclude it.

In the rest of the paper we shall assume m > 2.

• The purpose of (14) is to reduce to a minimum the obstructions to deform-
ing X as an SL m-fold with conical singularities. If we omitted condition
(14) then each α ∈ (2, µi] ∩ DΣi

would contribute additional obstructions
to deforming X in §6.

4 Review of material from [12]

We now review the definitions and results from the preceding paper [12] which
we will need later. Throughout we suppose m > 2.

4.1 Analysis on SL m-folds with conical singularities

We will need the following tool [12, Def. 2.6], a smoothed out version of the
distance from the singular set {x1, . . . , xn} in X .

Definition 4.1 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold and X a
compact SL m-fold in M with conical singularities at x1, . . . , xn, and use the
notation of Definition 3.7. Define a radius function ρ on X ′ to be a smooth
function ρ : X ′ → (0, 1] such that ρ ≡ 1 on K and ρ(y) = d(xi, y) for y ∈ Si

close to xi, where d is the metric on X . Radius functions always exist.
For β = (β1, . . . , βn) ∈ R

n, define a function ρβ on X ′ by ρβ(y) = ρ(y)βi on
Si for i = 1, . . . , n and ρβ(y) = 1 on K. Then ρβ is well-defined and smooth
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on X ′, and equals ρβi near xi in X ′. If β,γ ∈ Rn, write β > γ if βi > γi for
i = 1, . . . , n. If β ∈ Rn and a ∈ R, write β + a = (β1 + a, . . . , βn + a) in Rn.

Now we define some Banach spaces of functions on X ′, [12, Def. 2.7].

Definition 4.2 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold with metric
g, and X a compact SL m-fold in M with conical singularities at x1, . . . , xn,
and use the notation of Definitions 3.7 and 4.1. Let ρ be a radius function on
X ′. Regard X ′ as a Riemannian manifold, with metric g restricted from M .

For β ∈ Rn and k > 0 define Ck
β(X ′) to be the space of continuous functions

f on X ′ with k continuous derivatives, such that
∣

∣ρ−β+j∇jf
∣

∣ is bounded on X ′

for j = 0, . . . , k. Define the norm ‖ . ‖Ck
β

on Ck
β(X ′) by

‖f‖Ck
β

=

k
∑

j=0

sup
X′

∣

∣ρ−β+j∇jf
∣

∣. (16)

Then Ck
β(X ′) is a Banach space. Define C∞

β (X ′) =
⋂

k>0 C
k
β(X ′).

For p > 1, β ∈ Rn and k > 0 define the weighted Sobolev space Lp
k,β(X ′) to

be the set of functions f on X ′ that are locally integrable and k times weakly
differentiable, and for which the norm

‖f‖Lp

k,β
=





k
∑

j=0

∫

X′

∣

∣ρ−β+j∇jf
∣

∣

p
ρ−mdVg





1/p

(17)

is finite. Then Lp
k,β(X ′) is a Banach space, and L2

k,β(X ′) a Hilbert space.

We call these weighted Banach spaces since the norms are locally weighted by
a power of ρ. Roughly speaking, if f lies in Lp

k,β(X ′) or Ck
β(X ′) then f grows at

most like ρβi near xi as ρ → 0, and so the multi-index β = (β1, . . . , βn) should
be interpreted as an order of growth.

Here is a weighted version of the Sobolev Embedding Theorem, [12, Th. 2.9].

Theorem 4.3 In the situation above, suppose k > l > 0 are integers and p > 1
with 1

p < k−l
m , and β,γ ∈ Rn with β > γ. Then Lp

k,β(X ′) →֒ Cl
γ(X ′) is a

continuous inclusion.

Here is a Fredholm result for the operator P : f 7→ d∗(ψmdf) on weighted
Sobolev spaces, [12, Th. 5.3]. Putting α = df in (4), we see that P appears in
the linearization of the deformation problem for SL m-folds.

Theorem 4.4 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold, and define
ψ : M → (0,∞) as in (3). Suppose X is a compact SL m-fold in M with
conical singularities at x1, . . . , xn with cones Ci. Define DΣi

, NΣi
and Lp

k,β(X ′)
as in Definitions 3.3 and 4.2. Fix p > 1 and k > 2, and for β ∈ Rn define
Pβ : Lp

k,β(X ′) → Lp
k−2,β−2(X

′) by Pβ(f) = d∗(ψmdf). Then

13



(a) Pβ is Fredholm if and only if β ∈
(

R \ DΣ1

)

× · · · ×
(

R \ DΣn

)

, and then

ind(Pβ) = −
n

∑

i=1

NΣi
(βi). (18)

(b) If βi > 0 for all i then Pβ is injective.

4.2 Homology, cohomology and Hodge theory

Next we discuss homology and cohomology of SL m-folds with conical singular-
ities, following [12, §2.4]. For a general reference, see for instance Bredon [2].
When Y is a manifold, write Hk(Y,R) for the kth de Rham cohomology group
and Hk

cs(Y,R) for the kth compactly-supported de Rham cohomology group of Y .
If Y is compact then Hk(Y,R) = Hk

cs(Y,R).
Let Y be a topological space, and Z ⊂ Y a subspace. Write Hk(Y,R) for the

kth real singular homology group of Y , and Hk(Y ;Z,R) for the kth real singular
relative homology group of (Y ;Z). When Y is a manifold and Z a submanifold
we define Hk(Y,R) and Hk(Y ;Z,R) using smooth simplices, as in [2, §V.5].
Then the pairing between (singular) homology and (de Rham) cohomology is
defined at the chain level by integrating k-forms over k-simplices.

Suppose X is a compact SL m-fold in M with conical singularities x1, . . . , xn

and cones C1, . . . , Cn, and set X ′ = X \ {x1, . . . , xn} and Σi = Ci ∩ S2m−1 as
above. Then by [12, §2.4] there is a natural long exact sequence

· · · → Hk
cs(X

′,R) → Hk(X ′,R) →
n

⊕

i=1

Hk(Σi,R) → Hk+1
cs (X ′,R) → · · · , (19)

and natural isomorphisms

Hk

(

X ; {x1, . . . , xn},R
)∗∼=Hk

cs(X
′,R)∼=Hm−k(X ′,R)∼=Hm−k(X ′,R)∗ (20)

and Hk
cs(X

′,R) ∼= Hk(X,R)∗ for all k > 1. (21)

The inclusion ι : X → M induces homomorphisms ι∗ : Hk(X,R) → Hk(M,R)
and ι∗ : Hk(M,R) → Hk(X ′,R).

If (Y, g) is a compact Riemannian manifold, then Hodge theory shows that
each class in Hk(Y,R) is represented by a unique k-form α with dα = d∗α = 0.
Here is an analogue of this on X ′ when k = 1, part of [12, Th. 5.4].

Theorem 4.5 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold, and define
ψ : M → (0,∞) as in (3). Suppose X is a compact SL m-fold in M with conical
singularities at x1, . . . , xn. Set X ′ = X \ {x1, . . . , xn}, and let ρ be a radius
function on X ′, in the sense of Definition 4.1. Define

YX′ =
{

α ∈ C∞(T ∗X ′) : dα = 0, d∗(ψmα) = 0,

|∇kα| = O(ρ−1−k) for k > 0
}

.
(22)

Then the map π : YX′ → H1(X ′,R) taking π : α 7→ [α] is an isomorphism.
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4.3 Lagrangian Neighbourhood Theorems

In [12, §4] we extend the Lagrangian Neighbourhood Theorem, Theorem 2.7, to
situations involving conical singularities, first to SL cones, [12, Th. 4.3].

Theorem 4.6 Let C be an SL cone in C
m with isolated singularity at 0, and

set Σ = C ∩ S2m−1. Define ι : Σ × (0,∞) → Cm by ι(σ, r) = rσ, with image
C \{0}. For σ ∈ Σ, τ ∈ T ∗

σΣ, r ∈ (0,∞) and u ∈ R, let (σ, r, τ, u) represent the
point τ + u dr in T ∗

(σ,r)

(

Σ×(0,∞)
)

. Identify Σ × (0,∞) with the zero section

τ=u=0 in T ∗
(

Σ × (0,∞)
)

. Define an action of (0,∞) on T ∗
(

Σ×(0,∞)
)

by

t : (σ, r, τ, u) 7−→ (σ, tr, t2τ, tu) for t ∈ (0,∞), (23)

so that t∗(ω̂)= t2ω̂, for ω̂ the canonical symplectic structure on T ∗
(

Σ×(0,∞)
)

.

Then there exists an open neighbourhood UC of Σ×(0,∞) in T ∗
(

Σ×(0,∞)
)

invariant under (23) given by

UC =
{

(σ, r, τ, u) ∈ T ∗
(

Σ × (0,∞)
)

:
∣

∣(τ, u)
∣

∣ < 2ζr
}

for some ζ > 0, (24)

where | . | is calculated using the cone metric ι∗(g′) on Σ × (0,∞), and an em-
bedding ΦC : UC → C

m with ΦC |Σ×(0,∞) = ι, Φ∗
C
(ω′) = ω̂ and ΦC ◦ t = tΦC for

all t > 0, where t acts on UC as in (23) and on Cm by multiplication.

In [12, Th. 4.4] we construct a particular choice of φi in Definition 3.7.

Theorem 4.7 Let (M,J, ω,Ω), ψ,X, n, xi, υi, Ci,Σi, µi, R,Υi and ιi be as in
Definition 3.7. Theorem 4.6 gives ζ > 0, neighbourhoods UCi

of Σi × (0,∞) in
T ∗

(

Σi × (0,∞)
)

and embeddings ΦCi
: UCi

→ Cm for i = 1, . . . , n.
Then for sufficiently small R′ ∈ (0, R] there exist unique closed 1-forms

ηi on Σi × (0, R′) for i = 1, . . . , n written ηi(σ, r) = η1
i (σ, r) + η2

i (σ, r)dr for
η1

i (σ, r) ∈ T ∗
σΣi and η2

i (σ, r) ∈ R, and satisfying |ηi(σ, r)| < ζr and

∣

∣∇kηi

∣

∣ = O(rµi−1−k) as r → 0 for k = 0, 1, (25)

computing ∇, | . | using the cone metric ι∗i (g
′), such that the following holds.

Define φi : Σi×(0, R′) → BR by φi(σ, r) = ΦCi

(

σ, r, η1
i (σ, r), η2

i (σ, r)
)

. Then
Υi ◦ φi : Σi × (0, R′) → M is a diffeomorphism Σi × (0, R′) → Si for open sets
S1, . . . , Sn in X ′ with S̄1, . . . , S̄n disjoint, and K = X ′ \ (S1 ∪ · · · ∪ Sn) is
compact. Also φi satisfies (15), so that R′, φi, Si,K satisfy Definition 3.7.

Next we extend Theorem 2.7 to SL m-folds with conical singularities [12,
Th. 4.6], in a way compatible with Theorems 4.6 and 4.7.

Theorem 4.8 Suppose (M,J, ω,Ω) is an almost Calabi–Yau m-fold and X a
compact SL m-fold in M with conical singularities at x1, . . . , xn. Let the nota-
tion ψ, υi, Ci,Σi, µi, R,Υi and ιi be as in Definition 3.7, and let ζ, UCi

,ΦCi
, R′,

ηi, η
1
i , η

2
i , φi, Si and K be as in Theorem 4.7.
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Then making R′ smaller if necessary, there exists an open tubular neighbour-
hood UX′ ⊂ T ∗X ′ of the zero section X ′ in T ∗X ′, such that under d(Υi ◦ φi) :
T ∗

(

Σi × (0, R′)
)

→ T ∗X ′ for i = 1, . . . , n we have

(

d(Υi ◦ φi)
)∗

(UX′) =
{

(σ, r, τ, u) ∈ T ∗
(

Σi × (0, R′)
)

:
∣

∣(τ, u)
∣

∣ < ζr
}

, (26)

and there exists an embedding ΦX′ : UX′ →M with ΦX′ |X′ = id : X ′ → X ′ and
Φ∗

X′(ω) = ω̂, where ω̂ is the canonical symplectic structure on T ∗X ′, such that

ΦX′ ◦ d(Υi ◦ φi)(σ, r, τ, u) ≡ Υi ◦ ΦCi

(

σ, r, τ + η1
i (σ, r), u + η2

i (σ, r)
)

(27)

for all i = 1, . . . , n and (σ, r, τ, u) ∈ T ∗
(

Σi × (0, R′)
)

with
∣

∣(τ, u)
∣

∣ < ζr. Here
|(τ, u)| is computed using the cone metric ι∗i (g

′) on Σi × (0, R′).

Here is an extension of Theorem 4.8 to families of almost Calabi–Yaum-folds
(M,Js, ωs,Ωs) for s ∈ F , deduced from [12, Th. 4.8 & Th. 4.9].

Theorem 4.9 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold and X a com-
pact SL m-fold in M with conical singularities at x1, . . . , xn, with identifications
υi and cones Ci. Let the notation R,Υi, ζ,ΦCi

, R′, ηi, η
1
i , η

2
i , φi, Si,K be as in

Theorem 4.7, and let UX′ ,ΦX′ be as in Theorem 4.8.
Suppose

{

(M,Js, ωs,Ωs) : s ∈ F
}

is a smooth family of deformations of
(M,J, ω,Ω), in the sense of Definition 2.11, such that ι∗(γ) · [ω

s] = 0 for all γ ∈
H2(X,R) and s ∈ F , where ι : X → M is the inclusion and ι∗ : H2(X,R) →
H2(M,R) the induced homomorphism. Define ψs : M → (0,∞) for s ∈ F as in
(3), but using ωs,Ωs.

Then making R,R′ and UX′ smaller if necessary, for some connected open
F ′ ⊆ F with 0 ∈ F ′ and all s ∈ F ′ there exist

(a) isomorphisms υs
i : Cm → Txi

M for i = 1, . . . , n with υ0
i = υi, (υs

i )
∗(ωs) =

ω′ and (υs
i )

∗(Ω) = ψs(xi)
mΩ′,

(b) embeddings Υs
i : BR → M for i = 1, . . . , n with Υ0

i = Υi, Υs
i (0) = xi,

dΥs
i |0 = υs

i , (Υs
i )

∗(ωs) = ω′, and

(c) an embedding Φs
X′ : UX′ →M with Φ0

X′ = ΦX′ and (Φs
X′)∗(ωs) = ω̂,

all depending smoothly on s ∈ F ′ with

Φs
X′ ◦ d(Υi ◦ φi)(σ, r, τ, u) ≡ Υs

i ◦ ΦCi

(

σ, r, τ + η1
i (σ, r), u + η2

i (σ, r)
)

(28)

for all s ∈ F ′, i = 1, . . . , n and (σ, r, τ, u) ∈ T ∗
(

Σi × (0, R′)
)

with
∣

∣(τ, u)
∣

∣ < ζr.

The condition that ι∗(γ) · [ωs] = 0 for all γ ∈ H2(X,R) essentially says that
ι∗

(

[ωs]
)

= 0 in H2(X,R). However, we have not put it like this as we have
not defined de Rham cohomology on the singular manifold X . We could make
sense of this by, for instance, interpreting [ωs] as a Čech cohomology class on
M using the equivalence of de Rham and Čech cohomology, and pulling back
to the Čech cohomology of X .
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4.4 Regularity of X near xi

In [12, §5] we study the asymptotic behaviour of the maps φi of Theorem 4.7,
using the elliptic regularity of the special Lagrangian condition. Combining [12,
Th. 5.1], [12, Lem. 4.5] and [12, Th. 5.5] proves:

Theorem 4.10 In the situation of Theorem 4.7 we have ηi = dAi for i =
1, . . . , n, where Ai : Σi × (0, R′) → R is given by Ai(σ, r) =

∫ r

0 η
2
i (σ, s)ds.

Suppose µ′
i ∈ (2, 3) with (2, µ′

i] ∩ DΣi
= ∅ for i = 1, . . . , n. Then

∣

∣∇k(φi − ιi)
∣

∣ = O(rµ′

i−1−k),
∣

∣∇kηi

∣

∣ = O(rµ′

i−1−k) and
∣

∣∇kAi

∣

∣ = O(rµ′

i−k) as r → 0 for all k > 0 and i = 1, . . . , n.
(29)

Hence X has conical singularities at xi with cone Ci and rate µ′
i, for all

possible rates µ′
i allowed by Definition 3.7. Therefore, the definition of conical

singularities is essentially independent of the choice of rate µi.

Theorem 4.10 in effect strengthens the definition of SL m-folds with conical
singularities, Definition 3.7, as it shows that (15) actually implies the much
stronger condition (29) on all derivatives. In [12, Th. 6.8] we use Geometric
Measure Theory to prove a weakening of Definition 3.7 for rigid cones C.

Theorem 4.11 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold and define
ψ : M → (0,∞) as in (3). Let x ∈ M and fix an isomorphism υ : Cm → TxM
with υ∗(ω) = ω′ and υ∗(Ω) = ψ(x)mΩ′, where ω′,Ω′ are as in (1).

Suppose that T is a special Lagrangian integral current in M with x ∈ T ◦,
and that υ∗(C) is a multiplicity 1 tangent cone to T at x, where C is a rigid
special Lagrangian cone in Cm in the sense of Definition 3.6. Then T has a
conical singularity at x, in the sense of Definition 3.7.

Here integral currents, tangent cones and multiplicity are technical terms
from Geometric Measure Theory which are explained in [12, §6]. In fact [12,
Th. 6.8] applies to the larger class of Jacobi integrable SL cones C, for which all
special Lagrangian Jacobi fields are integrable.

Basically, Theorem 4.11 shows that if a singular SL m-fold T in M is locally
modelled on a rigid SL cone C in only a very weak sense, then it necessarily
satisfies Definition 3.7. One moral of Theorems 4.10 and 4.11 is that, at least
for rigid SL cones C, more-or-less any sensible definition of SL m-folds with
conical singularities is equivalent to Definition 3.7.

5 Moduli of SL m-folds with conical singularities

The rest of the paper studies moduli spaces MX of compact SL m-folds X with
conical singularities in an almost Calabi–Yau manifold M . This section sets up
the notation needed to do this, and defines the moduli space MX as a topological
space, paying particular attention to the rôle of asymptotic conditions at the
singular points in defining the topology on MX. We continue to suppose m > 2.
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5.1 Notation to vary the xi, υi

We are interested in deformations of X in M that are allowed to move the
singular points x1, . . . , xn and the identifications υi : Cm → Txi

M . We begin
by setting up some notation to allow us to do this.

Definition 5.1 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold and X a com-
pact SL m-fold in M with conical singularities at x1, . . . , xn with identifications
υi : Cm → Txi

M and cones C1, . . . , Cn, and use the notation of §3.3. Define

P =
{

(x, υ) :x ∈M , υ : C
m → TxM is a real isomorphism,

υ∗(ω) = ω′, υ∗(Ω) = ψ(x)mΩ′
}

,
(30)

where ω′,Ω′ are as in (1). Then (xi, υi) ∈ P for i = 1, . . . , n, and P is the family
of all possible alternative choices of xi, υi, by Definition 3.7.

Regard each matrix B ∈ SU(m) as a map Cm → Cm. Then if (x, υ) ∈ P and
B ∈ SU(m) then (x, υ ◦B) ∈ P as ω′,Ω′ are SU(m)-invariant. Define a smooth,
free action of SU(m) on P by B : (x, υ) 7→ (x, υ ◦ B−1). If (x, υ), (x, υ̂) ∈ P
then B = υ̂−1 ◦ υ ∈ SU(m) and B(x, υ) = (x, υ̂). Hence the SU(m)-orbits in
P correspond to points x ∈ M , and P is a principal SU(m)-bundle over M .
Thus dimP = m2 + 2m− 1.

Let Gi be the Lie subgroup of SU(m) preserving the cone Ci in Cm for
i = 1, . . . , n. Then Gi acts on P . If (x, υ) and (x, υ̂) lie in the same Gi-orbit
then they define equivalent alternative choices for (xi, υi), since υ(Ci) and υ̂(Ci)
are the same SL cone in TxM . Therefore if we use P to parametrize alternative
choices for (xi, υi) we will have redundant parameters when dimGi > 0, since
each cone υ(Ci) in TxM is represented not by a point in P but by a submanifold
isomorphic to Gi.

To avoid this, let Ei be a small open ball of dimension dimP − dimGi in
P containing (xi, υi) and transverse to the orbits of Gi for i = 1, . . . , n. Then
Gi · Ei is a small open neighbourhood of the Gi-orbit of (xi, υi) in P . Define
E = E1 × · · · × En and e = (x1, υ1, . . . , xn, υn) ∈ E . Write a general element
of E as ê = (x̂1, υ̂1, . . . , x̂n, υ̂n). Then E is a family of alternative choices x̂i, υ̂i

of the xi, υi, which represent all nearby alternative choices exactly once up to
equivalence, and

dim Ei = m2 + 2m− 1 − dimGi

and dim E = n(m2 + 2m− 1) −
∑n

i=1 dimGi.
(31)

The metric g on M induces a Riemannian metric on P which restricts to Ei.
Let dE be the metric induced on E = E1 × · · · × En by the product Riemannian
metric, so that (E , dE) is a metric space.

The following result, modelled loosely on Theorem 4.9, extendsX to a family
of Lagrangian m-folds X̂ with conical singularities at x̂i and identifications υ̂i

for ê = (x̂1, υ̂1, . . . , x̂n, υ̂n) in an open neighbourhood Ẽ of e in E , and also
defines Lagrangian neighbourhoods Φê

X′ for X̂ .
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Theorem 5.2 Suppose (M,J, ω,Ω) is an almost Calabi–Yau m-fold and X
a compact SL m-fold in M with conical singularities at x1, . . . , xn. Use the
notation of Theorem 4.7, let UX′ ,ΦX′ be as in Theorem 4.8, and e, E as in
Definition 5.1. Then for some connected open Ẽ ⊆ E with e ∈ Ẽ and all
ê = (x̂1, υ̂1, . . . , x̂n, υ̂n) in Ẽ there exist

(a) embeddings Υê
i : BR →M for i = 1, . . . , n with

Υe
i = Υi, (Υê

i )
∗(ω) = ω′, Υê

i (0) = x̂i and dΥê
i |0 = υ̂i, (32)

(b) an embedding Φê
X′ : UX′ → M with Φe

X′ = ΦX′ and (Φê
X′)∗(ω) = ω̂, such

that Φê
X′ ≡ ΦX′ on π∗(K) ⊂ UX′ ,

all depending smoothly on ê ∈ Ẽ , with

Φê
X′ ◦ d(Υi ◦ φi)(σ, r, τ, u) ≡ Υê

i ◦ ΦCi

(

σ, r, τ + η1
i (σ, r), u + η2

i (σ, r)
)

(33)

for all ê ∈ Ẽ, i = 1, . . . , n and (σ, r, τ, u) ∈ T ∗
(

Σi × (0, R′)
)

with
∣

∣(τ, u)
∣

∣ < ζr.

Proof. We shall define Υê
i and Φê

X′ by modifying Υi,ΦX′ near xi ∈ M using a
symplectomorphism of BR ⊂ Cm. Let R′′ ∈ (0, 1

2R) satisfy conditions we will
specify at the end of the proof, and let BR′′ , B2R′′ ⊂ BR be the open balls of
radius R′′, 2R′′ about 0 in C

m. Choose a connected open neighbourhood Ẽ of
e in E such that for all ê = (x̂1, υ̂1, . . . , x̂n, υ̂n) in Ẽ we have x̂i ∈ Υi(BR′′ ) for
i = 1, . . . , n. Clearly this is possible.

Next, choose diffeomorphisms Ξê
i : BR → BR for i = 1, . . . , n and ê ∈ Ẽ

depending smoothly on ê, such that

(i) Ξe
i is the identity on BR for i = 1, . . . , n,

(ii) (Ξê
i )

∗(ω′) = ω′ for ê ∈ Ẽ and i = 1, . . . , n,

(iii) Υi ◦ Ξê
i (0) = x̂i and d(Υi ◦ Ξê

i )|0 = υ̂i for ê = (x̂1, υ̂1, . . . , x̂n, υ̂n) ∈ Ẽ and
i = 1, . . . , n, and

(iv) Ξê
i is the identity outside B2R′′ ⊂ BR for ê ∈ Ẽ and i = 1, . . . , n.

Making Ẽ smaller if necessary, one can do this explicitly using standard but
messy symplectic geometry techniques, and we leave it as an exercise.

Now define an embedding Υê
i = Υi◦Ξê

i : BR →M for i = 1, . . . , n and ê ∈ Ẽ .
Then Υê

i depends smoothly on ê as Ξê
i does, and (32) follows immediately from

Υ∗
i (ω) = ω′ and parts (i)–(iii) above. Regard (33) as a definition of Φê

X′ on
π∗(Si) ⊂ UX′ for i = 1, . . . , n, and define Φê

X′ ≡ ΦX′ on π∗(K) ⊂ UX′ . Then
Φê

X′ : UX′ →M is well-defined, and satisfies (33).
To see that Φê

X′ is smooth, we need to show that its definitions on π∗(Si)
and π∗(K) join together smoothly on π∗(∂K). This follows from part (iv) above
provided ΦX′

(

π∗(∂K)
)

does not intersect Υi(B2R′′ ), since then when r is close
to R′ in (33) we have Υê

i = Υi, and thus Φê
X′ = ΦX′ near the boundary of π∗(Si)

where it joins onto π∗(K).
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Hence, choosing R′′ ∈ (0, 1
2R) such that ΦX′

(

π∗(∂K)
)

does not intersect

Υi(B2R′′ ) for i = 1, . . . , n ensures that Φê
X′ is smooth for all ê ∈ Ẽ , and making

Ẽ smaller if necessary we can assume it is an embedding. As Φ∗
X′(ω) = ω̂ we see

that (Φê
X′)∗(ω) = ω̂ on π∗(K), and (Φê

X′)∗(ω) = ω̂ on π∗(Si) follows from (33)
since (Υê

i )
∗(ω) = ω′. Finally, Φe

X′ = ΦX′ as Υe
i = Υi for i = 1, . . . , n. �

In the situation of the theorem, fix ê ∈ Ẽ and define X̂ ′ = Φê
X′(X ′), where

X ′ ⊂ UX′ ⊂ T ∗X ′ is the zero section, and set X̂ = X̂ ′ ∪ {x̂1, . . . , x̂n}. As
(Φê

X′)∗(ω) = ω̂ it follows that X̂ ′ is a Lagrangian submanifold of M , and thus
X̂ is a compact Lagrangian m-fold in M with conical singularities at x̂1, . . . , x̂n,
identifications υ̂1, . . . , υ̂n and cones C1, . . . , Cn, generalizing Definition 3.7 in
the obvious way.

Thus we have extended X to a smooth family of Lagrangian m-folds X̂ with
conical singularities, which realize all nearby alternative choices of xi, υi exactly
once up to equivalence. When ê is close to e, X̂ will be approximately special
Lagrangian, and so we can try to deform it to an exactly special Lagrangian
m-fold with the same x̂i, υ̂i.

5.2 Small deformations of X and moduli spaces

Suppose that (M,J, ω,Ω) is an almost Calabi–Yau m-fold and that X, X̂ are
compact SL m-folds in M which both have n conical singular points x1, . . . , xn

and x̂1, . . . , x̂n respectively, with the same cones C1, . . . , Cn and rates µ1, . . . , µn.
When X, X̂ are ‘sufficiently close’ in a C1 sense we shall write X̂ in terms of
a small closed 1-form α on X ′ with prescribed decay, using the Lagrangian
neighbourhood Φê

X′ of Theorem 5.2. Thus we shall define a topology on the set
of compact SL m-folds in M with conical singularities.

Theorem 5.3 Suppose (M,J, ω,Ω) is an almost Calabi–Yau m-fold and X a
compact SL m-fold in M with conical singularities at x1, . . . , xn, with iden-
tifications υi, cones Ci and rates µi. Let e, E be as in Definition 5.1, and
UX′ ,ΦX′ , Ẽ ,Υê

i and Φê
X′ be as in Theorem 5.2.

Let ê = (x̂1, υ̂1, . . . , x̂n, υ̂n) ∈ Ẽ, and suppose X̂ is a compact SL m-fold in
M with conical singularities at x̂1, . . . , x̂n, with identifications υ̂i, cones Ci and
rates µi. Then if ê, e are sufficiently close in Ẽ and X ′, X̂ ′ are sufficiently close
as submanifolds in a C1 sense away from x1, . . . , xn, there exists a closed 1-form
α on X ′ such that the graph Γ(α) lies in UX′ ⊂ T ∗X ′, and X̂ ′ = Φê

X′

(

Γ(α)
)

.
Furthermore we may write α = β+df , where β is a closed 1-form supported in
K and f ∈ C∞

µ (X ′).

Proof. Apply Theorem 4.7 to X and X̂, using Υe
i = Υi for X and Υê

i for X̂,

and the same R, ζ, UCi
and ΦCi

for both. Theorem 4.7 then gives R′, R̂′ ∈ (0, R]

and closed 1-forms ηi on Σi × (0, R′) and η̂i on Σi × (0, R̂′) for i = 1, . . . , n such
that X ′, X̂ ′ are parametrized on Si, Ŝi using maps φi : Σi × (0, R′) → BR and

φ̂i : Σi × (0, R̂′) → BR defined using ηi, η̂i in the usual way.
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Theorem 4.10 defines real functions Ai on Σi × (0, R′) and Âi on Σi × (0, R̂′)
with ηi = dAi and η̂i = dÂi, and proves results on the decay of φi, ηi, Ai and
φ̂i, η̂i, Âi and their derivatives. Using (25) and µi > 2 we see that ηi, η̂i = o(r) for
small r. Therefore we may choose R′′ ∈

(

0,min(R′, R̂′)
]

such that |η̂i − ηi| < ζr
on Σi × (0, R′′) for all i = 1, . . . , n.

Let S′
i = Υi ◦φi

(

Σi×(0, R′′)
)

and Ŝ′
i = Υê

i ◦ φ̂i

(

Σi×(0, R′′)
)

for i = 1, . . . , n,

so that S′
i ⊆ Si ⊂ X ′ and Ŝ′

i ⊆ Ŝi ⊂ X̂ ′. Define a 1-form α on S′
i by α =

(Υi ◦φi)∗(η̂i − ηi) for i = 1, . . . , n. Now as φ̂i(σ, r) = ΦCi

(

σ, r, η̂1
i (σ, r), η̂2

i (σ, r)
)

by Theorem 4.7, we see from (33) that if (σ, r) ∈ Σi × (0, R′′) and (τ, u) =
(η̂1

i − η1
i , η̂

2
i − η2

i )(σ, r) then

Φê
X′

[

α
(

Υi ◦ φi(σ, r)
)]

= Φê
X′ ◦ d(Υi ◦ φi)(σ, r, τ, u) = Υê

i ◦ φ̂i(σ, r) ∈ Ŝ′
i ⊂ X̂ ′.

Thus the subsets Ŝ′
i in X̂ ′ coincide with Φê

X′

(

Γ(α)
)

on the subsets S′
i in X ′

where α is defined so far. To show that X̂ ′ = Φê
X′

(

Γ(α)
)

for some 1-form α
defined on the whole of X ′, we need that

(a) X̂ ′ should lie in Φê
X′(UX′), and

(b) X̂ ′ should intersect the image under Φê
X′ of each fibre of π : UX′ → X ′

transversely exactly once.

We have already shown that (a) and (b) hold on the subsets Ŝ′
i.

Under the assumptions of the theorem ê, e are close in Ẽ and Φê
X′ and Φe

X′ =
ΦX′ are close on the complement of the S′

i. Also X ′, X̂ ′ are close as submanifolds
in a C1 sense away from x1, . . . , xn, and thus on the complement of the subsets
S′

i in X ′ and Ŝ′
i in X̂ ′ for i = 1, . . . , n. Therefore X̂ ′ satisfies (a) and (b) on the

complement of the Ŝ′
i, and α exists. Since X̂ ′ is Lagrangian and (Φê

X′)∗(ω) = ω̂,
the usual argument shows that α is closed.

Define a smooth real function f on S′
i by f = (Υi ◦ φi)∗(Âi − Ai) for i =

1, . . . , n. Then α = df on S′
i, as ηi = dAi and η̂i = dÂi. As α is closed and

S′
i ⊆ Si are homotopy equivalent we can extend f uniquely to Si with α = df .

Then extend f smoothly over K. This defines a smooth function f on X ′ with
α = df on Si for i = 1, . . . , n. Let β = α − df . Then α = β + df and β is
a closed 1-form supported in K = X ′ \ (S1 ∪ · · · ∪ Sn), as we have to prove.
Finally, (29) for Ai, Âi with µ′

i = µi gives f ∈ C∞
µ (X ′). �

We define the moduli space MX of SL m-folds X̂ with conical singularities
in M , which are isotopic to X in M and have the same cones C1, . . . , Cn.

Definition 5.4 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold and X a
compact SL m-fold in M with conical singularities at x1, . . . , xn with identifi-
cations υi : Cm → Txi

M and cones C1, . . . , Cn. Define the moduli space MX of
deformations of X to be the set of X̂ such that

(i) X̂ is a compact SL m-fold in M with conical singularities at x̂1, . . . , x̂n

with cones C1, . . . , Cn, for some x̂i and identifications υ̂i : Cm → Tx̂i
M .
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(ii) There exists a homeomorphism ι̂ : X → X̂ with ι̂(xi) = x̂i for i = 1, . . . , n
such that ι̂|X′ : X ′ → X̂ ′ is a diffeomorphism and ι̂ and ι are isotopic as
continuous maps X → M , where ι : X →M is the inclusion.

Note that by Theorem 4.10 the definition of X̂ is independent of choice of rates
µi, so there is no need to include the µi in (i).

Let VX be the subset of X̂ ∈ MX such that for some ê = (x̂1, υ̂1, . . . , x̂n, υ̂n)
in Ẽ and some 1-form α on X ′ whose graph Γ(α) lies in UX′ ⊂ T ∗X ′ we have
X̂ ′ = Φê

X′

(

Γ(α)
)

, as in Theorem 5.3. Note that if X̃ ∈ MX then MX̃ = MX.

Thus, for each X̃ ∈ MX we have X̃ ∈ VX̃ ⊂ MX.

The construction of VX above gives a 1-1 correspondence between VX ⊆ MX

and a set of pairs (ê, α) for ê ∈ Ẽ and α a smooth 1-form on X ′ with prescribed
decay. Using the given topology on Ẽ and a suitable choice of topology on the
1-forms α, this 1-1 correspondence induces a topology on VX .

To define the α topology, choose some µ as in Definition 3.7, and let the
Ck

µ−1 topology on α be induced by the norm

‖α‖Ck
µ−1

=

k
∑

j=0

sup
X′

∣

∣ρ−µ+1−j∇jα
∣

∣,

and the C∞
µ−1 topology on α be induced by the Ck

µ−1 topologies for all k > 0.

Proposition 5.5 The C1
µ−1 and C∞

µ−1 topologies on α induce the same topology
on VX, which is also independent of the choice of rates µ.

Proof. This is implicit in the proofs of Theorems 4.10 and 5.3. In particular,
Theorem 4.10 in effect shows that an a priori estimate for the C1

µ−1 norm of α

implies a priori estimates for the Ck
µ−1 norms for all k > 1, and so the C1

µ−1

and C∞
µ−1 topologies on α induce the same topology on VX . It also proves

independence of the choice of µ. �

We can now define a topology on MX.

Definition 5.6 For each X̃ ∈ MX , use the 1-1 correspondence between VX̃

and pairs (ê, α) to define a topology on VX̃ as in Proposition 5.5. We get the
same topology using the C1

µ−1 or C∞
µ−1 topologies on α for any choice of µ, so

there is no ambiguity. One can show that overlaps VX1
∩ VX2

are open in VXj

and the VXj
topologies agree on the overlaps. Piecing the topologies together

therefore defines a unique topology on MX.

Remarks. Basically, MX is the family of compact SL m-folds X̂ in M with
conical singularities which are deformation equivalent to X in a loose sense.
Note that MX may not be connected, as the isotopies in part (ii) of Definition
5.4 need not be through special Lagrangian embeddings.

In Theorem 5.3 we assumed only that ê, e are close in Ẽ and that X ′, X̂ ′ are
‘sufficiently close as submanifolds in a C1 sense away from x1, . . . , xn’. These
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closeness assumptions are actually very weak, in that we have imposed no asymp-
totic conditions on how X ′, X̂ ′ converge to xi and x̂i, but instead required only
C1 closeness on large compact subsets of X ′, X̂ ′.

Because of this, we can be confident that the topology defined on MX above
is a sensible choice. In particular, Theorem 5.3 effectively shows that if X, X̂ are
close in a very weak sense, then they are close in the MX topology. Theorem
6.14 below gives another way of seeing the naturality of the topology on MX.

Definitions 5.4 and 5.6 don’t actually need X to be special Lagrangian in
(M,J, ω,Ω), except to ensure that X ∈ MX . We are simply using X to fix the
topological type, isotopy class and singular cones Ci of X̂ ∈ MX. In particular,
given a family

{

(M,Js, ωs,Ωs) : s ∈ F
}

of almost Calabi–Yau structures on
M with X special Lagrangian in (M,J0, ω0,Ω0), we can define a moduli space
Ms

X
of special Lagrangian deformations of X in (M,Js, ωs,Ωs), for each s ∈ F .

6 Deformations, obstructions, and smoothness

We can now prove the first main result of the paper, Theorem 6.10 below, which
is an analogue of McLean’s Theorem, Theorem 2.6, for compact SL m-folds
X with conical singularities x1, . . . , xn in a single almost Calabi–Yau m-fold
(M,J, ω,Ω). An important difference with the nonsingular case is that there
may be obstructions to deforming X , which means that the moduli space MX

may be singular.
Instead, MX is locally homeomorphic by a map Ξ to the zeroes of a smooth

map Φ : IX′ → OX′ between finite-dimensional vector spaces IX′ , the infinites-
imal deformation space, and OX′ , the obstruction space. Here IX′ is isomorphic
to the image of H1

cs(X
′,R) in H1(X ′,R), and OX′ is a direct sum of subspaces

depending on the SL cones C1, . . . , Cn of X at x1, . . . , xn.
We set up the problem in §6.1, and define OX′ in §6.2. The main theorem

is proved in §6.3, with some corollaries on cases when MX is smooth. Section
6.4 discusses the naturality (independence of choices) of IX′ ,OX′ ,Φ and Ξ, and
§6.5 another way to define IX′ and OX′ .

6.1 Setting up the deformation problem

We shall parametrize the moduli space MX locally in terms of the zeroes of a
map F between Banach spaces.

Definition 6.1 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold and X a com-
pact SL m-fold in M with conical singularities at x1, . . . , xn with identifications
υi : Cm → Txi

M and cones C1, . . . , Cn. Let UX′ ,ΦX′ be as in Theorem 4.8, and
e, E as in Definition 5.1, and Ẽ , Υê

i and Φê
X′ as in Theorem 5.2.

Choose a vector space HX′ of closed 1-forms on X ′ supported in K, such
that the map HX′ → H1

cs(X
′,R) given by β 7→ [β] is an isomorphism. Since X ′

retracts onto K, this is clearly possible. Now the subspace of HX′ corresponding
to the kernel of the map H1

cs(X
′,R) → H1(X ′,R) in (19) consists of exact 1-

forms on X ′, so each such 1-form may be written dv for some v ∈ C∞(X ′).
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Let the connected components of Si
∼= Σi×(0, R′) be Sj

i for j = 1, . . . , b0(Σi).

As dv = 0 on Si we see that v = aj
i on Sj

i for some constants aj
i . Since v is defined

up to addition of a constant, we specify v uniquely by requiring that
∑

i,j a
j
i = 0.

Define KX′ to be the vector space of all such functions v. Then dKX′ = {dv :
v ∈ KX′} is a subspace of HX′ , and d : KX′ → HX′ is injective. Also KX′ is
isomorphic to the kernel of H1

cs(X
′,R) → H1(X ′,R) in (19). Thus by (19) we

have an exact sequence

0 → H0(X ′,R) →
n

⊕

i=1

H0(Σi,R) → KX′ → 0,

so as X ′ is connected we see that

dimKX′ =

n
∑

i=1

b0(Σi) − 1. (34)

Let the infinitesimal deformation space IX′ be a vector subspace of HX′ with

HX′ = IX′ ⊕ dKX′ . (35)

As dKX′ corresponds to the kernel of H1
cs(X

′,R) → H1(X ′,R) in (19) and
IX′

∼= HX′/dKX′ , we see that the map IX′ → H1(X ′,R) given by β 7→ [β] is an
isomorphism between IX′ and the image of H1

cs(X
′,R) in H1(X ′,R).

Let k > 2, p > m, and µ be as in Definition 3.7. Then Lp
k,µ(X ′) is continu-

ously included in C2
µ(X ′) by Theorem 4.3. Define

DX′ =
{

(β, f) ∈ HX′ × Lp
k,µ(X ′) : the graph of β + df lies in UX′

}

. (36)

Then DX′ is an open subset of HX′ × Lp
k,µ(X ′) containing (0, 0). Here we use

the fact that f is C1 to make sense of the graph of β + df .
Define a map F : Ẽ × DX′ → C0(X ′) by

π∗
(

(Φê
X′)∗(ImΩ)|Γ(β+df)

)

= F (ê, β, f) dVg, (37)

where Γ(β+df) is the graph of β+df in UX′ , and π : Γ(β+df) → X ′ the natural
projection, and dVg the volume form of the metric g on X ′. Since f is C2 we see
that Γ(β + df) is a C1-submanifold of UX′ , and so (Φê

X′)∗(ImΩ)|Γ(β+df) makes
sense and its image under π is continuous. Hence F (ê, β, f) lies in C0(X ′), the
vector space of continuous functions on X ′.

The point of the definition is given in the following proposition.

Proposition 6.2 In the situation of Definition 6.1, suppose (ê, β, f) ∈ Ẽ ×DX′

with F (ê, β, f) = 0. Set X̂ ′ = Φê
X′

(

Γ(β + df)
)

and X̂ = X̂ ′ ∪ {x̂1, . . . , x̂n},

where ê = (x̂1, . . . , υ̂n). Then f ∈ C∞
µ (X ′) and X̂ is a compact SL m-fold in

M with conical singularities at x̂i with identifications υ̂i, cones Ci and rates µi.
Thus X̂ lies in VX ⊆ MX in Definition 5.4. Conversely, each X̂ in VX comes

from a unique (ê, β, f) ∈ Ẽ × DX′ with F (ê, β, f) = 0. Write Ψ(ê, β, f) = X̂.
Then Ψ : F−1(0) → VX is a homeomorphism, with Ψ(e, 0, 0) = X.
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Proof. Suppose F (ê, β, f) = 0. Then f ∈ C2
µ(X ′) from above, so f is locally C2

and X̂ ′ is a C1 submanifold of M . As (Φê
X′)∗(ω) = ω̂ and β + df is a closed

C1 1-form, we see that ω|X̂′ ≡ 0 by the usual argument. Also (37) implies that

ImΩ|X̂′ ≡ 0. Therefore, if we can prove that X̂ ′ is a C∞ submanifold of M

then X̂ ′ is special Lagrangian, by Definition 2.5.
With ê, β fixed F (ê, β, f) depends pointwise on df,∇2f by (37), so

F (ê, β, f)[x] = F ′
(

x, df(x),∇2f(x)
)

= 0, (38)

where F ′ is a smooth, nonlinear function of its arguments defined on some
domain. Now (38) is a second-order nonlinear p.d.e., and using the ideas of §2.3
one can show that it is elliptic. Aubin [1, Th. 3.56] gives an elliptic regularity
result for such equations which shows that if f is locally C2 then f is locally
C∞. Thus f is smooth, so X̂ ′ is C∞ and thus special Lagrangian.

Recall that Ai is a function and ηi = dAi a 1-form on Σi × (0, R′) for
i = 1, . . . , n, defined in Theorems 4.7 and 4.10, and that Υi ◦φi : Σi × (0, R′) →
Si ⊂ X ′ is a diffeomorphism. Define Âi and η̂i on Σi × (0, R′) by

Âi = f ◦ Υi ◦ φi +Ai and η̂i = dÂi = d(f ◦ Υi ◦ φi) + ηi. (39)

Let η̂1
i , η̂

2
i be the components of η̂i as in Theorem 4.7, and define

φ̂i : Σi × (0, R′) → BR by φ̂i(σ, r) = ΦCi

(

σ, r, η̂1
i (σ, r), η̂2

i (σ, r)
)

. (40)

Combining (25), (29), (40) and f ∈ C2
µ(X ′) from above, we prove that

∣

∣∇k(φ̂i − ιi)
∣

∣ = O(rµi−1−k) and
∣

∣∇kη̂i

∣

∣ = O(rµi−1−k) for k = 0, 1

and
∣

∣∇kÂi

∣

∣ = O(rµi−k) for k = 0, 1, 2, as r → 0 for i = 1, . . . , n.
(41)

Using (33) and the facts that X̂ ′ = Φê
X′

(

Γ(β + df)
)

and β = 0 in Si, we find

that Υê
i ◦ φ̂i : Σi × (0, R′) → M maps into X̂ ′, and defines a diffeomorphism

Σi×(0, R′) → Ŝi with an open subset Ŝi of X̂ ′. Also the natural diffeomorphism
X ′ → X̂ ′ identifies Si and Ŝi, and thus K̂ = X̂ ′ \ (Ŝ1 ∪ · · · ∪ Ŝn) is compact.

Therefore all the conditions of Definition 3.7 are satisfied, and so X̂ is a
compact SL m-fold in M with conical singularities at x̂1, . . . , x̂n, with identifi-
cations υ̂i, cones Ci and rates µi, as we have to prove. Applying Theorem 4.10
to X and X̂ then shows that |∇kAi| = O(rµi−k) and |∇kÂi| = O(rµi−k) for all
k > 0. Thus (39) gives |∇kf | = O(ρµi−k) on Si for all k > 0 and i = 1, . . . , n.
Since f is smooth this implies that f ∈ C∞

µ (X ′), as we have to prove.

Definition 5.4 now shows that X̂ ∈ VX. Conversely, if X̂ ∈ VX then Definition
5.4 gives X̂ ′ = Φê

X′

(

Γ(α)
)

for some ê ∈ Ẽ and 1-form α on X ′ whose graph Γ(α)

lies in UX′ . The proof of Theorem 5.3 then shows that α = β̃ + df̃ , where β̃ is
a closed 1-form supported in K and f̃ ∈ C∞

µ (X ′).

Let β be the unique element of HX′ with [β] = [β̃] in H1
cs(X

′,R), where HX′

is as in Definition 6.1. Then β̃− β = dγ, for γ ∈ C∞
cs (X ′). Set f = f̃ + γ. Then
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f ∈ C∞
µ (X ′) with α = β + df . Theorem 4.10 shows that we can improve the

rates µi of the singularities x̂i of X̂ to some rates µ′
i > µi for i = 1, . . . , n. It

follows that f ∈ C∞
µ′ (X ′), and therefore f ∈ Lp

k,µ(X ′) as C∞
µ′ (X ′) ⊂ Lp

k,µ(X ′).
Therefore (β, f) ∈ DX′ by (36).

As X̂ ′ is special Lagrangian ImΩ|X̂′ ≡ 0, and it follows from (37) that

F (ê, β, f) = 0. Thus each X̂ in VX comes from some (ê, β, f) ∈ Ẽ × DX′ with
F (ê, β, f) = 0. Since there are no nontrivial G1 × · · · ×Gn equivalences in Ẽ by
construction, X̂ determines ê uniquely, and X̂, ê then determine α and so β, f
uniquely. Thus (ê, β, f) is unique.

Thus writing Ψ(ê, β, f) = X̂ defines a bijection Ψ : F−1(0) → VX with
Ψ(e, 0, 0) = X . We must show that Ψ is a homeomorphism. The topology on
VX is defined using pairs (ê, α), where ê has the Ẽ topology and α either the C1

µ−1

or the C∞
µ−1 topology on 1-forms for any choice of µ, and Ψ takes (ê, β, f) 7→

(ê, β + df).
Now f has the Lp

k,µ topology, so df has the Lp
k−1,µ−1 topology. This is

intermediate between the C1
µ−1 and C∞

µ′−1 topologies on α for µ′
i > µi as above,

as C∞
µ′−1(T

∗X ′) ⊂ Lp
k−1,µ−1(T

∗X ′) ⊂ C1
µ−1(T

∗X ′) by Theorem 4.3. But the

C1
µ−1 and C∞

µ′−1 topologies on α induce the same topology on VX by Proposition
5.5. Thus the Lp

k−1,µ−1 topology on df also induces the same topology on VX,
and it follows quickly that Ψ is a homeomorphism. �

Here is an analogue of Proposition 2.10 for F .

Proposition 6.3 In the situation above, for x ∈ X ′ we may write

F (ê, β, f)[x]=−d∗
(

ψm(β+df)
)

[x]+Q
(

ê, x, (β+df)(x), (∇β+∇2f)(x)
)

, (42)

where Q :
{

(ê, x, y, z) : ê ∈ Ẽ, x ∈ X ′, y ∈ T ∗
xX

′ ∩ UX′ , z ∈ ⊗2T ∗
xX

′
}

→ R is
smooth, and for ρ(x)−1|y|, |z| and dE(ê, e) small we have

Q(ê, x, y, z) = O
(

ρ(x)−2|y|2 + |z|2 + ρ(x)dE(ê, e)
)

, (43)

and more generally for ρ(x)−1|y|, |z| and dE(ê, e) small and a, b, c > 0 we have

(∇x)a(∂y)b(∂z)
cQ(ê, x, y, z) = O

(

ρ(x)−a−max(2,b)|y|max(0,2−b)

+ ρ(x)−a|z|max(0,2−c) + ρ(x)1−a−bdE(ê, e)
)

,
(44)

where ∇x, ∂y, ∂z are the partial derivatives of Q in the x, y, z variables, using
the Levi-Civita connection ∇ of g to form ∇x.

Proof. The value of F (ê, β, f) at x ∈ X ′ depends on ê, via (Φê
X′)∗(ImΩ), and

on the tangent space to Γ(β + df) at x′, where x′ ∈ Γ(α) with π(x′) = x. But
Tx′Γ(β+df) depends on both (β+df)|x and (∇β+∇2f)|x. Therefore F (ê, β, f)
depends pointwise on the arguments of Q in (42).

As in the proof of Proposition 2.10 we may take (42) as a definition of Q,
and Q is then well-defined on the given domain, which is the set of all ê, x, y, z
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realized by ê, β, f in the domain of F . As π, ψ, ImΩ, dVg are smooth and Φê
X′ is

smooth and depends smoothly on ê, we see that Q is a smooth function of its
arguments.

Since Φe
X′ = ΦX′ and ΦX′ is the identity on X ′ = Γ(0) ⊂ UX′ we see that

F (e, 0, 0) dVg = ImΩ|X′ = 0 as X ′ is special Lagrangian. Thus F (e, 0, 0) = 0,
and so Q(e, x, 0, 0) = 0. Following the proof of Proposition 2.10 we can also
show that ∂yQ(e, x, 0, 0) = ∂zQ(e, x, 0, 0) = 0.

Therefore by Taylor expansion of Q(ê, x, y, z) about ê = e, y = z = 0 we see
that for fixed x in X ′ and small |y|, |z|, dE(ê, e), we have

Q(ê, x, y, z) = O
(

|y|2 + |z|2 + dE(ê, e)
)

, (45)

and more generally for fixed x, small |y|, |z|, dE(ê, e), and a, b, c > 0 we have

(∇x)a(∂y)b(∂z)
cQ(ê, x, y, z) = O

(

|y|max(0,2−b) + |z|max(0,2−c) + dE(ê, e)
)

. (46)

To prove (43) and (44) we have to extend (45) and (46) to hold uniformly
for x ∈ X ′ by inserting appropriate functions of x as multipliers. Careful con-
sideration of the asymptotic behaviour of F and Q and their derivatives near xi

for i = 1, . . . , n shows that the powers of ρ given in (43) and (44) suffice. These
powers are independent of µ as the inequalities µi > 2 imply that the terms
given dominate other error terms involving the µi. �

We can also refine the image of F in C0(X ′).

Proposition 6.4 In the situation above, F maps

F : Ẽ × DX′ →
{

u ∈ Lp
k−2,µ−2(X

′) :
∫

X′ u dVg = 0
}

, (47)

and this is a smooth map of Banach manifolds.

Proof. If (ê, β, f) ∈ Ẽ × DX′ then β is smooth and compactly-supported and
f ∈ Lp

k,µ(X ′), so −d∗
(

ψm(β + df)
)

∈ Lp
k−2,µ−2(X

′). Hence we must show that

the Q term in (42) also lies in Lp
k−2,µ−2(X

′). For x ∈ X ′, write

y(x) = (β+df)(x), z(x) = (∇β+∇2f)(x) and v(x) = Q
(

ê, x, y(x), z(x)
)

.

Then we must show that v ∈ Lp
k−2,µ−2(X

′).

As Lp
k,µ(X ′) ⊂ C2

µ(X ′) by Theorem 4.3, we have |y| = O(ρµ−1) and |z| =

O(ρµ−2). Equation (43) then gives

v = Q
(

ê, x, y(x), z(x)
)

= O(ρ2µ−4) +O(ρ2µ−4) +O
(

ρ(x)dE(ê, e)
)

.

Now 2µi − 4 > µi − 2 and 1 > µi − 2 as 2 < µi < 3, so v decays faster than
ρµ−2 near xi, and it follows that v ∈ Lp

0,µ−2(X
′).
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For the derivatives of v, by the chain rule we have

∣

∣∇jv
∣

∣ 6 j!
∑

a,b,c>0
a+b+c6j

∣

∣

∣(∇x)a(∂y)b(∂z)
cQ

(

ê, x, y(x), z(x)
)

∣

∣

∣

×
∑

m1,...,mb,n1,...,nc>1
a+m1+···+mb+n1+···+nc=j

b
∏

i=1

∣

∣∇miy(x)
∣

∣ ·
c

∏

i=1

∣

∣∇niz(x)
∣

∣ .

Using (46) to estimate
∣

∣(∇x)a(∂y)b(∂z)
cQ

(

ê, x, y(x), z(x)
)∣

∣ and noting that y ∈
Lp

k−1,µ−1(X
′) and z ∈ Lp

k−2,µ−2(X
′), after some calculations using Theorem

4.3 and Hölder’s inequality we can show that |∇jv| ∈ Lp
0,µ−2−j(X

′) for j =
0, . . . , k − 2, so that v ∈ Lp

k−2,µ−2(X
′).

Therefore F maps Ẽ × DX′ → Lp
k−2,µ−2(X

′). As in Proposition 6.2, each

(ê, β, f) ∈ Ẽ × DX′ defines a compact C1 Lagrangian m-fold X̂ in M with
conical singularities. Regard X̂,X as m-chains in homology. Then [X̂] = [X ] ∈
Hm(M,Z) as X̂,X are isotopic. So using (37) we see that

∫

X′

F (ê, β, f) dVg =

∫

X̂′

ImΩ = [X̂ ] · [ImΩ] = [X ] · [ImΩ] =

∫

X̂′

ImΩ = 0,

as ImΩ is closed andX ′ is special Lagrangian. Thus F maps to the r.h.s. of (47),
as we have to prove. The smoothness of F as a map between Banach manifolds
easily follows from the smoothness of Q and general limiting arguments. �

6.2 The obstruction space

We shall determine the derivative dF |(e,0,0) of F at (e, 0, 0).

Proposition 6.5 There exists a unique linear map χ : TeẼ → C∞
0

(X ′), where
0 = (0, . . . , 0) ∈ Rn and χ(y) ≡ 0 on K for all y ∈ TeẼ , such that dF |(e,0,0) :

TeẼ × HX′ × Lp
k,µ(X ′) → Lp

k−2,µ−2(X
′) is given by

dF |(e,0,0) : (y, β, f) 7→ d∗
(

ψm(d[χ(y)] − β − df)
)

. (48)

Proof. As F is smooth by Proposition 6.4, dF |(e,0,0) is well-defined. Equation
(42) then shows that dF |(e,0,0) maps (0, β, f) 7→ −d∗(ψm(β + df)), since (43)
implies that the Q term in (42) can only have derivative 0 in β, f at (0, 0). This
gives the final two terms in (48).

Let y ∈ TeẼ , and differentiate Φê
X′ w.r.t. ê in the direction of y at ê = e.

This gives ∂yΦê
X′ |ê=e, which is a section of the vector bundle (Φe

X′)∗(TM) over
UX′ . Now dΦe

X′ induces an isomorphism of TUX′ and (Φe
X′)∗(TM) as vector

bundles over UX′ . Therefore v = (dΦe
X′ )∗

(

∂yΦê
X′ |ê=e

)

is a section of TUX′ , that
is, a vector field on UX′ , which depends linearly on y.
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Differentiating (Φê
X′)∗(ImΩ) w.r.t. ê in the direction of y, we find that

∂y(Φê
X′)∗(ImΩ)|ê=e = Lv(Φe

X′)∗(Im Ω),

where Lv is the Lie derivative. But restricting to X ′ ⊂ UX′ we have

(Φê
X′)∗(Im Ω)|X′ = F (ê, 0, 0) dVg,

by (37). Combining the last two equations gives

∂yF (e, 0, 0) dVg =
(

Lv(Φ
e
X′ )∗(ImΩ)

)

|X′ . (49)

Define a 1-form α on UX′ by α = v · ω̂. Then from (49) and the proof of
Proposition 2.10 we find that

∂yF (e, 0, 0) = d∗(ψmα|X′ ). (50)

Since (Φê
X′)∗(ω) = ω̂ for all ê ∈ Ẽ , it follows that Lvω̂ ≡ 0, and hence α is a

closed 1-form on UX′ . Also v = α = 0 on π∗(K) as Φê
X′ ≡ ΦX′ on π∗(K) ⊂ UX′ ,

by Theorem 5.2.
Thus α|X′ is a closed 1-form onX ′ which is zero onK. Since X ′ retracts onto

K there exists a unique smooth function χ(y) : X ′ → R with α|X′ = d[χ(y)]
and χ(y) ≡ 0 on K. Clearly χ(y) is linear in y, and (50) gives

dF |(e,0,0)

(

(y, 0, 0)
)

= ∂yF (e, 0, 0) = d∗
(

ψmd[χ(y)]
)

.

This completes the proof of (48).
It remains to show that χ maps TeẼ → C∞

0 (X ′). As Φê
X′ satisfies (33),

one can show that v and α on π∗(Si) ⊂ UX′ are the pull-backs under Φe
X′

of a smooth vector field v′ and a smooth closed 1-form α′ on Υe
i (BR), where

Υ∗
i (v

′) = ∂yΥê
i |ê=e and α′ = v′ · ω. This implies estimates on the decay of α

and its derivatives on Si for i = 1, . . . , n, which imply that χ(y) ∈ C∞
0

(X ′), as
we want. �

To apply the Implicit Mapping Theorem to F in §6.3, we will need to know
how close dF |(e,0,0) is to being injective and surjective. First we show that
dF |(e,0,0) is injective on a large subspace of its domain.

Proposition 6.6 The restriction of dF |(e,0,0) to TeẼ × dKX′ × Lp
k,µ(X ′) is

injective, where dKX′ 6 HX′ as in Definition 6.1.

Proof. Let (y, dv, f) ∈ TeẼ ×dKX′×Lp
k,µ(X ′) with dF |(e,0,0)(y, dv, f) = 0. Then

d∗
(

ψmd[χ(y) − v − f ]
)

= 0

by (48). Multiplying this equation by χ(y) − v − f and integrating over X ′ by
parts, we find

∫

X′

ψm
∣

∣d[χ(y) − v − f ]
∣

∣

2
dVg = 0.
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This holds even though X ′ is noncompact, because of the asymptotic behaviour
of χ(y)− v − f and its derivatives near xi, and may be proved rigorously using
[12, Lem. 2.13]. Thus d[χ(y) − v − f ] = 0.

Now (y, dv, f) corresponds to an infinitesimal deformation of X as a La-
grangian m-fold in M with conical singularities, locally the graph of d[χ(y) −
v − f ] = 0. As d[χ(y) − v − f ] = 0 this infinitesimal deformation is trivial, and
so cannot change the singular points xi or identifications υi. Therefore y = 0,
as Ẽ parametrizes nonequivalent choices of xi, υi by definition.

Hence d(v + f) = 0, so v + f ≡ c ∈ R. As f ∈ C0
µ(X ′) by Theorem 4.3

we have f(x) → 0 as x → xi in X ′. But v ≡ aj
i on Sj

i and
∑

i,j a
j
i = 0, by

Definition 6.1. Taking x → xi shows that aj
i = c for all i, j, and thus c = 0 as

∑

i,j a
j
i = 0. Hence v = 0 on Si for all i, and v is compactly-supported, so that

[dv] = 0 in H1
cs(X

′,R). Since the map KX′ → H1
cs(X

′,R) given by v 7→ [dv]
is injective, by Definition 6.1, we see that v = 0, and hence f = 0. Therefore
dF |(e,0,0) is injective on TeẼ × dKX′ × Lp

k,µ(X ′). �

Next we in effect measure how close dF |(e,0,0) is to being surjective.

Proposition 6.7 In the situation above, the map Lp
k,µ(X ′) → Lp

k−2,µ−2(X
′)

given by f 7→ d∗(ψmdf) is Fredholm with cokernel of dimension
∑n

i=1NΣi
(2).

Proof. This is just the map Pµ : Lp
k,µ(X ′) → Lp

k−2,µ−2(X
′) of Theorem 4.4.

Thus part (b) of Theorem 4.4 shows that Pµ is injective, and then part (a)
proves that Pµ is Fredholm with cokernel of dimension

∑n
i=1NΣi

(µi). But
NΣi

(µi) = NΣi
(2) by (14), as NΣi

is upper semicontinuous and discontinuous
exactly on DΣi

by Definition 3.3. �

Now we can define the obstruction space in our problem.

Definition 6.8 Proposition 6.4 shows that

dF |(e,0,0)

(

TeẼ × dKX′ × Lp
k,µ(X ′)

)

⊆
{

u ∈ Lp
k−2,µ−2(X

′) :
∫

X′ u dVg = 0
}

,

and Propositions 6.5 and 6.7 show that this inclusion is of finite codimen-
sion. Choose a finite-dimensional vector subspace OX′ of smooth, compactly-
supported functions v on X ′ with

∫

X′ v dVg = 0, such that

{

u ∈ Lp
k−2,µ−2(X

′) :
∫

X′ u dVg = 0
}

=

OX′ ⊕ dF |(e,0,0)

(

TeẼ × dKX′ × Lp
k,µ(X ′)

)

.
(51)
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This is possible as such functions v are dense in the l.h.s. of (51). We call OX′

the obstruction space. Propositions 6.5–6.7 imply that

dimOX′ =

n
∑

i=1

NΣi
(2) − dim Ẽ − dimKX′ − 1

=

n
∑

i=1

NΣi
(2) − n(m2 + 2m− 1) +

n
∑

i=1

dimGi −
n

∑

i=1

b0(Σi)

=

n
∑

i=1

(

NΣi
(2) − b0(Σi) −m2 − 2m+ 1 + dimGi

)

=

n
∑

i=1

s-ind(Ci),

(52)

where dim Ẽ = dim E is given in (31) and dimKX′ in (34), we use (9) in the last
line, and s-ind(Ci) > 0 is the stability index of Definition 3.6.

We may interpret (52) by saying that each singular point xi contributes an
obstruction space of dimension s-ind(Ci) to deforming X as an SL m-fold with
conical singularities, and OX′ is the sum of these obstruction spaces.

6.3 The main result

We are now ready to prove our main results on the moduli space MX of compact
SL m-folds with conical singularities. The key tool is the Implicit Mapping
Theorem. The following version may be proved from Lang [16, Th. 2.1, p. 131].

Theorem 6.9 Let Y, Z and T be Banach spaces, and W an open neighbourhood
of (0, 0) in Y × Z. Suppose that the function G : W → T is a smooth map
of Banach manifolds with G(0, 0) = 0, and that dG(0,0)|Z : Z → T is an
isomorphism of Z, T as vector and topological spaces. Then there exist open
neighbourhoods U, V of 0 in Y and Z with U × V ⊆ W and a smooth map
H : U → V with H(0) = 0 such that if (u, v) ∈ U × V then G(u, v) = 0 if and
only if v = H(u).

Here is our first main result, describing MX near X .

Theorem 6.10 Suppose (M,J, ω,Ω) is an almost Calabi–Yau m-fold and X
a compact SL m-fold in M with conical singularities at x1, . . . , xn and cones
C1, . . . , Cn. Let MX be the moduli space of deformations of X as an SL m-fold
with conical singularities in M , as in Definition 5.4. Set X ′ = X \{x1, . . . , xn}.

Then there exist natural finite-dimensional vector spaces IX′ , OX′ such that
IX′ is isomorphic to the image of H1

cs(X
′,R) in H1(X ′,R) and dimOX′ =

∑n
i=1 s-ind(Ci), where s-ind(Ci) is the stability index of Definition 3.6. There

exists an open neighbourhood U of 0 in IX′ , a smooth map Φ : U → OX′ with
Φ(0) = 0, and a map Ξ : {u ∈ U : Φ(u) = 0} → MX with Ξ(0) = X which is a
homeomorphism with an open neighbourhood of X in MX .

31



Proof. As Ẽ is an open neighbourhood of e in E , which is an open ball, we can
choose a smooth identification of Ẽ with an open neighbourhood of 0 in TeẼ
which identifies e with 0 and induces the identity map on TeẼ . Define

Y = IX′ , Z = OX′ × TeẼ × KX′ × Lp
k,µ(X ′),

T = {u ∈ Lp
k−2,µ−2(X

′) :
∫

X′ u dVg = 0
}

and
(53)

W =
{

(β, γ, ê, v, f) ∈ Y × Z : ê ∈ Ẽ ⊂ TeẼ , (β + dv, f) ∈ DX′

}

. (54)

Then 0 ∈ Z is (0, e, 0, 0). Choose any norms on the finite-dimensional spaces
IX′ ,OX′ , TeẼ ,KX′ , and use the usual norms on Lp

k,µ(X ′) and T . Then Y, Z, T
are Banach spaces, and W is an open neighbourhood of (0, 0) in Y × Z, as in
Theorem 6.9.

Define a map G : W → T by G(β, γ, ê, v, f) = γ + F (ê, β + dv, f). This
is a smooth map of Banach manifolds, by Proposition 6.4, and G(0, 0) =
G(0, 0, e, 0, 0) = 0 as F (e, 0, 0) = 0. The map dG(0,0)|Z is given by

dG(0,0)|Z : (γ, y, v, f) 7→ γ + dF(e,0,0)(y, dv, f). (55)

Now Proposition 6.6 proves that (y, v, f) 7→ dF(e,0,0)(y, dv, f) is an injective

map on TeẼ × KX′ × Lp
k,µ(X ′). Also (51) implies that OX′ intersects the image

of dF(e,0,0) only in 0. Therefore dG(0,0) : Z → T is injective.
But (51) shows that dG(0,0) is surjective. Thus dG(0,0) is an isomorphism of

Z, T as vector spaces. Since dG(0,0) is continuous, it is an isomorphism of Z, T
as topological spaces by the Open Mapping Theorem. Hence the hypotheses of
Theorem 6.9 hold, and the theorem gives open neighbourhoods U of 0 in IX′

and V of 0 in Z and a smooth map H : U → V ⊂ Z with H(0) = 0.
Since (β, v) 7→ β + dv is a homeomorphism IX′ × KX′ → HX′ by (35), we

see from (54) that the map

{

(β, 0, ê, v, f) ∈ W
}

→ Ẽ × DX′ given by (β, 0, ê, v, f) 7→ (ê, β + dv, f)

is a homeomorphism. Applying Proposition 6.2 we see that

(a) The map
{

(β, 0, ê, v, f) ∈ G−1(0) ⊂ W
}

→ VX given by (β, 0, ê, v, f) 7→
Ψ(ê, β + dv, f) is a homeomorphism taking (0, 0, e, 0, 0) 7→ X .

Define Φ : U → OX′ , H1 : U → TeẼ , H2 : U → KX′ and H3 : U → Lp
k,µ(X ′)

by H(u) =
(

Φ(u), H1(u), H2(u), H3(u)
)

∈ V ⊂ Z. Then Φ, H1, H2, H3 are
smooth as H is smooth, and Φ(0) = 0, Hj(0) = 0 as H(0) = 0. By Theorem
6.9, if (u, v) ∈ U × V then G(u, v) = 0 if and only if v = H(u). That is:

(b) if (β, γ, ê, v, f) ∈ U × V ⊆ W then G(β, γ, ê, v, f) = 0 if and only if
γ = Φ(β), ê = H1(β), v = H2(β) and f = H3(β).

Combining (a), (b) proves that Ξ : {u ∈ U : Φ(u) = 0} → VX given by
Ξ(u) = Ψ

(

H1(u), u + dH2(u), H3(u)
)

is a homeomorphism from U to an open
neighbourhood of X in VX with Ξ(0) = X . This completes the proof. �

32



Here are two simple corollaries of Theorem 6.10. Firstly, if X has stable
singularities in the sense of Definition 3.7 then s-ind(Ci) = 0, so dimOX′ = 0,
and MX is locally homeomorphic to IX′ . Thus MX is a manifold near X .

But all SL m-folds X̂ ∈ MX have the same cones Ci, so all X̂ ∈ MX have
stable singularities, and MX is a manifold everywhere. The maps Ξ of Theorem
6.10 provide coordinate charts on MX. It is easy to see that the transition maps
are smooth (this follows for instance from Theorem 6.14 below), so MX is a
smooth manifold. This gives:

Corollary 6.11 Suppose (M,J, ω,Ω) is an almost Calabi–Yau m-fold and X a
compact SL m-fold in M with stable conical singularities, and let MX and IX′

be as in Theorem 6.10. Then MX is a smooth manifold of dimension dim IX′ .

Here is another simple condition for MX to be a manifold near X .

Definition 6.12 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold and X a
compact SL m-fold in M with conical singularities, and let IX′ ,OX′ , U and Φ
be as in Theorem 6.10. We call X transverse if the linear map dΦ|0 : IX′ → OX′

is surjective. It is not difficult to see that this definition is independent of the
choices made in defining IX′ ,OX′ , U and Φ.

If X is transverse then {u ∈ U : Φ(u) = 0} is a manifold near 0, so we prove:

Corollary 6.13 Suppose (M,J, ω,Ω) is an almost Calabi–Yau m-fold and X a
transverse compact SL m-fold in M with conical singularities, and let MX, IX′

and OX′ be as in Theorem 6.10. Then MX is near X a smooth manifold of
dimension dim IX′ − dimOX′ .

6.4 Naturality of IX
′ ,OX

′, Φ and Ξ

In the course of proving Theorem 6.10 we made a considerable number of arbi-
trary choices in §4.3, §5 and §6, including Υi, ζ, UX′ ,ΦX′ , E , Ẽ ,Υê

i ,Φ
ê
X′ ,HX′ , IX′ ,

OX′ and U . We now consider to what extent the final result depends on these
choices, in particular the vector spaces IX′ ,OX′ and maps Φ,Ξ.

Now IX′ is naturally isomorphic to the image of H1
cs(X

′,R) in H1(X ′,R)
by §6.1. Thus as a vector space IX′ depends only on X ′, though as a vector
space of 1-forms it depends on an arbitrary choice. Let us identify IX′ with the
image of H1

cs(X
′,R) in H1(X ′,R), so that IX′ is independent of choices.

Then Ξ maps Φ−1(0) ⊂ IX′ ⊆ H1(X ′,R) to MX, as a local homeomorphism.
In the next theorem we shall construct an inverse Θ for Ξ, defined nearX in MX

and mapping into H1(X ′,R), which is independent of all arbitrary choices. This
proves that both Ξ and its domain {u ∈ U : Φ(u) = 0} ⊂ IX′ are independent
of arbitrary choices near 0 in IX′ .

In §6.5 we will explain an alternative construction of OX′ as a vector space
which is independent of choices. The author does not know to what extent Φ is
natural where it is nonzero, but this does not seem a very important question.
The theorem is based on the construction of natural coordinates on moduli
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spaces MX of compact, nonsingular SL m-folds, which is described by Hitchin
[5, §4] and the author [11, §9.4].

Theorem 6.14 Let (M,J, ω,Ω), X,X ′,MX, U,Ξ and Φ be as in Theorem 6.10,
and let V be a path-connected, simply-connected open neighbourhood of X in
MX. Then there exists a natural, continuous map Θ : V → H1(X ′,R) depend-
ing only on M,ω,X and V , such that Θ,Ξ are inverse maps on the connected
component of V ∩ Ξ(U) containing X.

Proof. Let X̂ ∈ V . As V is path-connected and simply-connected there is a
unique isotopy class of continuous paths γ : [0, 1] → V with γ(0) = X and
γ(1) = X̂. This determines a unique isotopy class of continuous maps Π :
[0, 1] ×X ′ → M with Π

(

{0} ×X ′
)

= X ′ and Π
(

{1} ×X ′
)

= X̂ ′. Let Π be a
smooth map in this isotopy class. Then Π∗(ω) is a closed 2-form on [0, 1] ×X ′

vanishing on {0, 1} ×X ′, since X ′, X̂ ′ are Lagrangian.
Thus [Π∗(ω)] defines a class in H2

(

[0, 1] × X ′; {0, 1} × X ′,R
)

, the relative

de Rham cohomology group, which depends only on M,ω, V,X and X̂. Define
Θ(X̂) to be the class in H1(X ′,R) corresponding to [Π∗(ω)] under the natural
isomorphism H1(X ′,R) ∼= H2

(

[0, 1] × X ′; {0, 1} × X ′,R
)

. Then Θ : V →
H1(X ′,R) depends only on M,ω,X and V , and is clearly continuous.

We must show that Θ,Ξ are inverse near X . Let X̂ lie in the connected
component of V ∩ Ξ(U) containing X . From §6.1–§6.3 we find that X̂ ′ =
Φê

X′

(

Γ(β + df)
)

for some (ê, β, f) ∈ Ẽ × DX′ , and that [β] ∈ H1(X ′,R) lies in

U ⊂ IX′ ⊂ H1(X ′,R) with Φ
(

[β]
)

= 0 and Ξ
(

[β]
)

= X̂ .
Now Φê

X′ ≡ ΦX′ on π∗(K). Assuming the fibres of π : UX′ → X ′ are convex
for simplicity, we may take Π|[0,1]×K above to be Π(t, x) = ΦX′

(

t(β + df)|x
)

.

This has the correct isotopy class asX, X̂ lie in the same component of V ∩Ξ(U).
Since Φ∗

X′(ω) = ω̂, a short calculation then shows that Π∗(ω) = (β + df) ∧ dt
on [0, 1] × K. As X ′ retracts onto K, we find that Θ(X̂) is [β + df ] = [β] ∈
H1(X ′,R). But Ξ

(

[β]
)

= X̂ , so Θ,Ξ are inverse. �

The theorem implies that the topology on MX is locally induced from the
Euclidean topology on H1(X ′,R) via Θ. This gives another way of seeing the
naturality of the topology on MX.

6.5 Another way of thinking about IX
′,OX

′

In §2.3 we saw that for a compact, nonsingular SLm-foldN in an almost Calabi–
Yau m-fold M , the infinitesimal deformations correspond to 1-forms α on N
with dα = d∗(ψmα) = 0, which form a vector space naturally isomorphic to
H1(N,R). To extend this to SL m-folds X with conical singularities x1, . . . , xn

with rates µ1, . . . , µn, we need to regard α as a 1-form on X ′ with asymptotic
conditions on α and its derivatives.

We saw in Theorem 4.5 that the most natural asymptotic condition on α from
the point of view of Hodge theory is |∇kα| = O(ρ−1−k) for all k > 0. The vector
space YX′ of such α is isomorphic to H1(X ′,R). Consider for the moment only
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deformations of X that fix the xi and υi. Then the most natural asymptotic
condition on α for the deformation theory of X is |∇kα| = O(ρµ−1−k) for
all k > 0.

Clearly if |∇kα| = O(ρµ−1−k) then |∇kα| = O(ρ−1−k). So define

ZX′ =
{

α ∈ YX′ : |∇kα| = O(ρµ−1−k) for all k > 0
}

.

This is an obvious candidate for the infinitesimal deformations of X which fix
the xi, υi. Therefore we ask: how big a subspace of YX′

∼= H1(X ′,R) is ZX′?
First note that if the image of [α] ∈ H1(X ′,R) under the map H1(X ′,R) →

⊕n
i=1H

1(Σi,R) of (19) is nonzero, then one can easily see from the proof of
Theorem 4.5 in [12, §2.5] that α decays exactly at rate O(ρ−1) near some xi, and
thus α /∈ ZX′ . Hence ZX′ corresponds to a subspace of the kernel ofH1(X ′,R) →
⊕n

i=1H
1(Σi,R), that is, to a subspace of the image of H1

cs(X
′,R) → H1(X ′,R)

in (19), which is isomorphic to IX′ .
Define Gi to be the space of germs of smooth 1-forms on X ′ near xi, that is,

smooth 1-forms ξ defined on Ui \ {xi} for some small open neighbourhood Ui of
xi in X , where two such 1-forms are equivalent if they agree on the intersection
of their domains. For i = 1, . . . , n define

Oi =

{

ξ ∈ Gi : ξ is exact, d∗(ψmξ) = 0, |∇kξ| = O(ρ−1−k) for all k > 0
}

{

ξ ∈ Gi : ξ is exact, d∗(ψmξ) = 0, |∇kξ| = O(ρµi−1−k) for all k > 0
} .

Then one can show that Oi is a vector space of dimension NΣi
(2) − b0(Σi),

an obstruction space. Each ξ in the subspace of YX′ corresponding to IX′ has a
natural projection to Oi for i = 1, . . . , n, and ξ ∈ ZX′ if and only if all of these
projections are zero. Thus the infinitesimal deformation space ZX′ is the kernel
of a linear map IX′ →

⊕n
i=1 Oi, and each obstruction space Oi depends only

on the germ of X at xi, and essentially only on the cone Ci.
In fact

⊕n
i=1 Oi does not correspond exactly to the obstruction space OX′

of §6.2, as OX′ is the obstructions to deformations which can vary xi, υi. Each
Oi contains a vector subspace Pi isomorphic to T(xi,υi)Ei, corresponding to
infinitesimal deformations ξ which vary xi, υi. It can be shown that there is a
natural isomorphism OX′

∼=
⊕n

i=1 Oi/Pi. The corresponding linear map IX′ →
OX′ is dΦ|0, in the notation of §6.3.

This way of thinking about the infinitesimal deformation and obstruction
spaces IX′ ,OX′ has the advantages of being closer to McLean’s method, and of
presenting OX′ as a direct sum of contributions from each singular point xi, in
a way that was implicit in (52) but was not brought out in §6.2. However, the
author did not find it helpful in actually writing down a proof.

7 Extension to families
{

(M, Js, ωs, Ωs) : s ∈ F
}

We now extend the material of §5 and §6 from a single almost Calabi–Yau m-
fold (M,J, ω,Ω) to a smooth family of deformations

{

(M,Js, ωs,Ωs) : s ∈ F
}
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of (M,J, ω,Ω), as in Definition 2.11. The basic idea is that we consider defor-
mations X̂ of a compact SL m-fold X in (M,J, ω,Ω) with conical singularities,
not just in (M,J, ω,Ω) but in (M,Js, ωs,Ωs) for s ∈ F .

We collect these deformations (s, X̂) into a big moduli space MF

X
with a

natural topology and a continuous projection πF : MF

X
→ F , generalizing §5.

Then we show that MF

X
is homeomorphic near (0, X) to the zeroes of a smooth

map ΦF : F × IX′ → OX′ between finite-dimensional spaces, generalizing §6.

7.1 Moduli spaces of SL m-folds in families (M, Js, ωs, Ωs)

We first explain how to extend §5 to families
{

(M,Js, ωs,Ωs) : s ∈ F
}

of almost
Calabi–Yau m-folds, as in Definition 2.11. In fact this is not very much work,
as we are already dealing with families E of choices of xi, υi, so we simply have
to enlarge these families to include F , and make appropriate changes. Consider
the following situation.

Definition 7.1 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold and X a com-
pact SL m-fold in M with conical singularities at x1, . . . , xn with identifications
υi : Cm → Txi

M , cones C1, . . . , Cn and rates µi. Suppose
{

(M,Js, ωs,Ωs) :

s ∈ F
}

is a smooth family of deformations of (M,J, ω,Ω), where F ⊂ R
d is

the base space, such that ι∗(γ) · [ωs] = 0 for all γ ∈ H2(X,R) and s ∈ F
and [X ] · [ImΩs] = 0 for all s ∈ F . Here ι : X → M is the inclusion,
ι∗ : H2(X,R) → H2(M,R) the induced map, [ωs] ∈ H2(M,R), [X ] ∈ Hm(M,R)
and [ImΩs] ∈ Hm(M,R).

The point of this definition is that ι∗(γ)·[ω
s] = 0 for all γ and [X ]·[ImΩs] = 0

are necessary conditions for there to exist an SLm-fold X̂ in (M,Js, ωs,Ωs) with
conical singularities, isotopic toX inM . For if ι̂ : X̂ → R is the inclusion then by
isotopy ι̂∗(γ) = ι∗(γ) under the natural isomorphism H2(X̂,R) ∼= H2(X,R) and
[X̂] = [X ]. But clearly ι̂∗(γ) · [ωs] = 0 for all γ ∈ H2(X̂,R) and [X̂] · [Im Ωs] = 0,
since ωs|X̂′ ≡ ImΩs|X̂′ ≡ 0.

We have written these conditions in an odd way. In effect ι∗(γ) · [ωs] = 0
for all γ and [X ] · [ImΩs] = 0 simply mean that [ωs|X ] = [ImΩs|X ] = 0 in
H∗(X,R). However, we have not defined the de Rham cohomology H∗(X,R) of
the singular manifold X , so this does not make sense. The conditions [ωs|X′ ] =
[ImΩs|X′ ] = 0 in H∗(X ′,R) do make sense, but are not strong enough.

Here are the analogues of Definition 5.1 and Theorems 5.2 and 5.3.

Definition 7.2 In the situation of Definition 7.1, for s ∈ F define ψs : M →
(0,∞) as in (3), but using ωs,Ωs. Extending (30), define

PF =
{

(s, x, υ) : s ∈ F , x ∈M , υ : C
m → TxM is a real isomorphism,

υ∗(ωs) = ω′, υ∗(Ωs) = ψs(x)mΩ′
}

,
(56)

where ω′,Ω′ are as in (1). Define πF : PF → F by πF : (s, x, υ) 7→ s. Define
a free SU(m)-action on PF by B : (s, x, υ) 7→ (s, x, υ ◦ B−1). Then PF is a
principal SU(m)-bundle over F ×M .
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Let Gi be the Lie subgroup of SU(m) preserving Ci. Let 0 ∈ F ′ ⊆ F and
υs

i : Cm → Txi
M for i = 1, . . . , n and s ∈ F ′ be as in Theorem 4.9. Then

(s, xi, υ
s
i ) ∈ PF for i = 1, . . . , n and s ∈ F ′. Let Ei, E be as in Definition 5.1.

For i = 1, . . . , n let EF
′

i be a submanifold of dimension dimPF − dimGi in
(πF)∗(F ′) ⊆ PF such that πF : EF

′

i → F ′ is a submersion, (πF)−1(s) is a small
ball containing (s, xi, υ

s
i ) for s ∈ F ′ which is transverse to the orbits of Gi, and

(πF)−1(0) = {0} × Ei. Making F ′ smaller if necessary, such EF
′

i exist. Define

EF
′

=
{

(s, x̂1, υ̂1, . . . , x̂n, υ̂n) : (s, x̂i, υ̂i) ∈ EF
′

i for i = 1, . . . , n
}

. (57)

Write a general element of EF
′

as (s, ê) for s ∈ F ′ and ê = (x̂1, υ̂1, . . . , x̂n, υ̂n)
as in §5.1, and let es = (x1, υ

s
1, . . . , xn, υ

s
n), so that (s, es) ∈ EF

′

for all s ∈ F ′.
Define πF : EF

′

→ F ′ by πF : (s, x̂1, . . . , υ̂n) 7→ s. Then (πF)−1(0) = {0} × E .
This EF

′

is a family of (s, x̂i, υ̂i) such that x̂i, υ̂i are close to xi, υi, and are
valid alternative choices of xi, υi in (M,Js, ωs,Ωs), noting that υ̂i : Cm → Tx̂i

M
has to be compatible with ωs,Ωs as in §3.3. Each G1 × · · · × Gn equivalence
class of choices of s, x̂i, υ̂i close to 0, xi, υi is represented exactly once in EF

′

.

Theorem 7.3 In the situation above, use the notation of Theorem 4.7, let
UX′ ,ΦX′ be as in Theorem 4.8, let 0 ∈ F ′ ⊆ F and υs

i ,Υ
s
i ,Φ

s
X′ for s ∈ F ′

be as in Theorem 4.9, and let Ẽ ,Υê
i and Φê

X′ be as in Theorem 5.2.
Then making F ′ smaller if necessary, there exists a connected open subset

ẼF
′

⊆ EF
′

with (s, es) ∈ ẼF
′

for all s ∈ F ′ and (πF)−1(0)∩ ẼF
′

= {0}× Ẽ, and
for all (s, ê) = (s, x̂1, υ̂1, . . . , x̂n, υ̂n) in ẼF

′

there exist

(a) embeddings Υs,ê
i : BR →M for i = 1, . . . , n with

Υs,es

i = Υs
i , Υs,ê

i (0) = x̂i, dΥs,ê
i |0 = υ̂i and (Υs,ê

i )∗(ωs) = ω′, (58)

(b) an embedding Φs,ê
X′ : UX′ → M with Φs,es

X′ = Φs
X′ and (Φs,ê

X′ )∗(ωs) = ω̂,
such that Φs,ê

X′ ≡ Φs
X′ on π∗(K) ⊂ UX′ ,

all depending smoothly on (s, ê) ∈ ẼF
′

, with Υ0,ê
i = Υê

i and Φ0,ê
X′ = Φê

X′ for all
ê ∈ Ẽ and

Φs,ê
X′ ◦ d(Υi ◦ φi)(σ, r, τ, u) ≡ Υs,ê

i ◦ ΦCi

(

σ, r, τ + η1
i (σ, r), u + η2

i (σ, r)
)

(59)

for all (s, ê) ∈ ẼF
′

, 16 i6n and (σ, r, τ, u)∈T ∗
(

Σi × (0, R′)
)

with
∣

∣(τ, u)
∣

∣<ζr.

Theorem 7.4 In the situation above, let (s, ê) = (s, x̂1, υ̂1, . . . , x̂n, υ̂n) ∈ ẼF
′

,
and suppose X̂ is a compact SL m-fold in (M,Js, ωs,Ωs) with conical singu-
larities at x̂1, . . . , x̂n, with identifications υ̂i, cones Ci and rates µi. Then if
(s, ê), (0, e) are sufficiently close in ẼF

′

and X ′, X̂ ′ are sufficiently close as sub-
manifolds in a C1 sense away from x1, . . . , xn, there exists a closed 1-form α
on X ′ such that the graph Γ(α) lies in UX′ ⊂ T ∗X ′, and X̂ ′ = Φs,ê

X′

(

Γ(α)
)

.
Furthermore we may write α = β+df , where β is a closed 1-form supported in
K and f ∈ C∞

µ (X ′).
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The proofs are straightforward modifications of §5.1, replacing Theorem 4.8
by Theorem 4.9. Here is the analogue of Definitions 5.4 and 5.6.

Definition 7.5 In the situation above, define the moduli space MF

X
of defor-

mations of X in the family F to be the set of pairs (s, X̂) such that

(i) s ∈ F and X̂ is a compact SL m-fold in (M,Js, ωs,Ωs) with conical
singularities at x̂1, . . . , x̂n with cones C1, . . . , Cn, for some x̂i.

(ii) There exists a homeomorphism ι̂ : X → X̂ with ι̂(xi) = x̂i for i = 1, . . . , n
such that ι̂|X′ : X ′ → X̂ ′ is a diffeomorphism and ι̂ and ι are isotopic as
continuous maps X → M , where ι : X →M is the inclusion.

Define πF : MF

X
→ F by πF : (s, X̂) 7→ s. Let VF

0,X
be the subset of (s, X̂) ∈ MF

X

such that for some (s, ê) ∈ ẼF
′

and some 1-form α on X ′ whose graph Γ(α) lies
in UX′ ⊂ T ∗X ′ we have X̂ ′ = Φs,ê

X′

(

Γ(α)
)

, as in Theorem 7.4.
This gives a 1-1 correspondence between VF

0,X
and a set of triples (s, ê, α)

for (s, ê) ∈ ẼF
′

and α a smooth 1-form on X ′ with prescribed decay. Also
(πF)−1(0) ∩ VF

0,X
= {0} × VX, where VX is as in Definition 5.4, and the triples

(0, ê, α) for (πF)−1(0)∩VF

0,X
agree with the pairs (ê, α) for VX in Definition 5.4.

Use this 1-1 correspondence to define a topology on VF

0,X
, using the natural

topology on ẼF
′

and either the C1
µ−1 or the C∞

µ−1 topology on α, defined as in
§5.2. The analogue of Proposition 5.5 shows that these yield the same topology
on VF

0,X
, which is also independent of choice of rates µi.

For each (s̃, X̃) ∈ MF

X
we can regard

{

(M,Js, ωs,Ωs) : s ∈ F
}

as a family
of deformations of (M,J s̃, ωs̃,Ωs̃) rather than of (M,J0, ω0,Ω0), and we can
redo the whole of this section replacing 0 ∈ F by s̃ ∈ F and X by X̃ . In this
way we define a subset VF

s̃,X̃
of MF

X
containing (s̃, X̃) with a 1-1 correspondence

between VF

s̃,X̃
and a set of triples (s, ê, α), and a topology on VF

s̃,X̃
.

One can show that the topologies on different neighbourhoods VF

s̃,X̃
agree

on the overlaps, and that the overlaps are open in each. Piecing the topologies
together therefore defines a unique topology on MF

X
. In this topology πF :

MF

X
→ F is continuous, and VF

0,X
is an open neighbourhood of (0, X).

Note that (πF)−1(0) ⊂ MF

X
is just {0}×MX in the notation of §5.2, and the

subspace topology on (πF)−1(0) agrees with the topology on MX in Definition
5.6. More generally, if (s, X̂) ∈ MF

X
then (πF)−1(s) ⊂ MF

X
is {s} × MX̂

as a topological space, where MX̂ is the moduli space of deformations of X̂
in (M,Js, ωs,Ωs).

Remarks. Basically, MF

X
is the family of pairs (s, X̂) where s ∈ F and X̂

is a compact SL m-fold in M with conical singularities, which is deformation
equivalent to X in a loose sense. Note that MF

X
may not be connected. The

fibres (πF)−1(s) of πF : MF

X
→ F are (as topological spaces) moduli spaces of

compact SL m-folds in (M,Js, ωs,Ωs) with conical singularities, deformation
equivalent to X , and with (πF)−1(0) = MX .

The whole point of constructing MF

X
, and its topology, is that we can now

make sense of the idea of a continuous family of compact SL m-folds X̂ in M
with conical singularities, in which the underlying almost Calabi–Yau structure
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is allowed to vary. That is, we can continuously deformX not just in (M,J, ω,Ω)
but also in (M,Js, ωs,Ωs) for s ∈ F .

7.2 The main result for families (M, Js, ωs, Ωs)

Next we extend §6 to the families case. Here are the analogues of Definition 6.1
and Proposition 6.2.

Definition 7.6 Let HX′ ,KX′ , IX′ , k, p,µ,DX′ and F be as in Definition 6.1.
Define a map FF : ẼF

′

×DX′ → C0(X ′) by

π∗
(

(Φs,ê
X′ )∗(ImΩ)|Γ(β+df)

)

= FF(s, ê, β, f) dVg (60)

for (s, ê) ∈ ẼF
′

and (β, f) ∈ DX′ . Then FF(0, ê, β, f) ≡ F (ê, β, f) on Ẽ × DX′ .

Proposition 7.7 In the situation above, suppose (s, ê, β, f) ∈ ẼF
′

× DX′ with
FF(s, ê, β, f) = 0. Set X̂ ′ = Φs,ê

X′

(

Γ(β + df)
)

and X̂ = X̂ ′ ∪ {x̂1, . . . , x̂n},

where ê = (x̂1, . . . , υ̂n). Then f ∈ C∞
µ (X ′) and X̂ is a compact SL m-fold in

(M,Js, ωs,Ωs) with conical singularities at x̂i with identifications υ̂i, cones Ci

and rates µi. Thus (s, X̂) lies in VF

X
⊂ MF

X
in Definition 7.5. Conversely, each

X̂ in VF

X
comes from a unique (s, ê, β, f) ∈ ẼF

′

× DX′ with FF(s, ê, β, f) = 0.
Write ΨF(s, ê, β, f) = (s, X̂). Then ΨF : (FF)−1(0) → VF

X
is a homeomor-

phism, with ΨF(0, e, 0, 0) = (0, X).

The modifications to the proof of Proposition 6.2 are just trivial notational
ones. We shall use Proposition 6.3 as it is. The analogue of Proposition 6.4 is

Proposition 7.8 In the situation above, FF maps

FF : ẼF
′

×DX′ →
{

u ∈ Lp
k−2,µ−2(X

′) :
∫

X′ u dVg = 0
}

, (61)

and this is a smooth map of Banach manifolds.

Again, the modifications to the proof are just trivial changes in notation. We
shall use all of §6.2 as it is. The point is that FF |s=0 ≡ F , so the calculations
in §6.2 about dF |(e,0,0) immediately tell us about the restriction of dFF |(0,e,0,0)

to the vector subspace with s = 0.
We can now prove the main result of this section, the analogue of Theorem

6.10 for families, which describes MF

X
near (0, X).

Theorem 7.9 Suppose (M,J, ω,Ω) is an almost Calabi–Yau m-fold and X a
compact SL m-fold in M with conical singularities at x1, . . . , xn. Let MX, X

′,
IX′ ,OX′ , U,Φ and Ξ be as in Theorem 6.10.

Suppose
{

(M,Js, ωs,Ωs) : s ∈ F
}

is a smooth family of deformations of
(M,J, ω,Ω), in the sense of Definition 2.11, such that ι∗(γ) · [ωs] = 0 for all
γ ∈ H2(X,R) and s ∈ F , where ι : X →M is the inclusion, and [X ]·[ImΩs] = 0
for all s ∈ F , where [X ] ∈ Hm(M,R) and [ImΩs] ∈ Hm(M,R). Let MF

X
and

πF : MF

X
→ F be as in Definition 7.5.
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Then there exists an open neighbourhood UF of (0, 0) in F × U , a smooth
map ΦF : UF → OX′ with ΦF(0, u) ≡ Φ(u), and a map ΞF : {(s, u) ∈ UF :
ΦF(s, u) = 0} → MF

X
with ΞF(0, u) ≡

(

0,Ξ(u)
)

and πF ◦ΞF(s, u) ≡ s, which is
a homeomorphism with an open neighbourhood of (0, X) in MF

X
.

Proof. Recall that 0 ∈ F ′ ⊆ F ⊂ Rd and πF : ẼF
′

→ F ′ is a submersion with
fibres open balls, and ẼF

′

⊃ (πF)−1(0) = {0}×Ẽ. Thus we can choose a smooth
identification of ẼF

′

with an open neighbourhood of (0, 0) in F ′×TeẼ ⊂ Rd×TeẼ
which identifies the projections πF : ẼF

′

→ F ′ and πF : F ′ × TeẼ → F ′, and
on (πF )−1(0) = {0} × Ẽ and {0} × TeẼ agrees with the identification between
Ẽ and a subset of TeẼ chosen in the proof of Theorem 6.10. Define

Y F = R
d × IX′ , Z = OX′ × TeẼ × KX′ × Lp

k,µ(X ′),

T = {u ∈ Lp
k−2,µ−2(X

′) :
∫

X′ u dVg = 0
}

and

WF =
{

(s, β, γ, ê, v, f)∈Y F × Z : (s, ê)∈ẼF
′

⊂R
d × TeẼ , (β + dv, f)∈DX′

}

.

Then 0 ∈ Z is (0, e, 0, 0). Choose any norms on the finite-dimensional spaces
R

d, IX′ ,OX′ , TeẼ ,KX′ , and use the usual norms on Lp
k,µ(X ′) and T . Then

Y F , Z, T are Banach spaces, and WF is an open neighbourhood of (0, 0) in
Y F × Z, as in Theorem 6.9.

Define a map GF : WF → T by G(s, β, γ, ê, v, f) = γ + FF(s, ê, β + dv, f).
This is a smooth map of Banach manifolds, by Proposition 7.8, and GF(0, 0) =
GF(0, 0, 0, e, 0, 0) = 0 as FF(0, e, 0, 0) = 0. The map dGF

(0,0)|Z is given by

dGF

(0,0)|Z : (γ, y, v, f) 7→γ+dFF

(0,e,0,0)(0, y, dv, f)=γ+dF(e,0,0)(y, dv, f), (62)

since FF |s=0 ≡ F , as in Definition 7.6.
Comparing (62) with (55) we see that dGF

(0,0)|Z : Z → T agrees with

dG(0,0)|Z : Z → T in the proof of Theorem 6.10. Therefore dGF

(0,0)|Z is an
isomorphism of topological vector spaces as in the proof of Theorem 6.10, and
we can apply Theorem 6.9 to Y F , Z, T,WF and GF . The rest of the proof is a
straightforward modification of that of Theorem 6.10. �

Here is the analogue of Corollary 6.11. Note the similarity to Theorem 2.13.

Corollary 7.10 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold, X a compact
SL m-fold in M with stable conical singularities, let

{

(M,Js, ωs,Ωs) : s ∈ F
}

be
a smooth family of deformations of (M,J, ω,Ω) for F ⊂ Rd with ι∗(γ) · [ωs] = 0
and [X ] · [Im Ωs] = 0 for all γ ∈ H2(X,R) and s ∈ F , and let MX,MF

X
, πF ,

and IX′ be as in Theorem 7.9.
Then MF

X
is a smooth manifold of dimension d+dim IX′ and πF : MF

X
→ F

a smooth submersion. For all s ∈ F sufficiently close to 0 the fibre (πF)−1(s)
is a nonempty smooth manifold of dimension dim IX′ , with (πF)−1(0) = MX.

Here πF : MF

X
→ F is a submersion means that πF : T(s,X̂)MF

X
→TsF =Rd

is surjective for all (s, X̂) ∈ MF

X
. This follows near (0, X) ∈ MF

X
as ΞF is a

40



diffeomorphism from UF ⊂ F × U to a neighbourhood of (0, X) ∈ MF

X
which

identifies the projections πF : MF

X
→ F and πF : F × U → F . Thus it holds

near every (s, X̂) ∈ MF

X
, by applying Theorem 7.9 with (M,J, ω,Ω) replaced

by (M,Js, ωs,Ωs) and X by X̂.
Corollary 7.10 implies the analogue of Theorem 2.13 for compact SL m-

folds X in M with stable conical singularities. That is, it shows that there are
no local obstructions to deforming X to nearby almost Calabi–Yau structures
(Js, ωs,Ωs) on M , except the obvious cohomological ones.

Here are the analogues of Definition 6.12 and Corollary 6.13.

Definition 7.11 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold, X a com-
pact SL m-fold in M with conical singularities,

{

(M,Js, ωs,Ωs) : s ∈ F
}

a
smooth family of deformations of (M,J, ω,Ω) for F ⊂ Rd with ι∗(γ) · [ωs] = 0
and [X ] · [Im Ωs] = 0 for all γ ∈ H2(X,R) and s ∈ F , and let IX′ ,OX′ , UF ,Φ
and ΦF be as in Theorem 7.9.

We call X transverse in F if the linear map dΦF |(0,0) : R
d × IX′ → OX′

is surjective. This definition is independent of the choices made in defining
IX′ ,OX′ , UF and ΦF . Since the restriction of dΦF |(0,0) to IX′ ⊂ Rd × IX′ is
dΦ|0, we see that if X is transverse in the sense of Definition 6.12 then it is also
transverse in F , for any family F .

Corollary 7.12 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold, X a compact
SL m-fold in M with conical singularities, let

{

(M,Js, ωs,Ωs) : s ∈ F
}

be a
smooth family of deformations of (M,J, ω,Ω) for F ⊂ Rd with ι∗(γ) · [ωs] = 0
and [X ] · [ImΩs] = 0 for all γ ∈ H2(X,R) and s ∈ F , and let MF

X
, IX′ and OX′

be as in Theorem 7.9. Suppose X is transverse in F . Then MF

X
is near (0, X)

a smooth manifold of dimension d + dim IX′ − dimOX′ , and πF : MF

X
→ F is

a smooth map near (0, X).

Here Theorem 7.9 implies that near (0, X) we can identify MF

X
with a sub-

manifold of F ×U , and πF then coincides with the projection πF : F ×U → F ,
so πF is smooth near (0, X). Corollary 7.12 will be important in §9, as we
will show that for any compact SL m-fold X in (M,J, ω,Ω) with conical sin-
gularities, there exists a family of deformations

{

(M,Js, ωs,Ωs) : s ∈ F
}

of
(M,J, ω,Ω) such that X is transverse in F .

8 Other extensions of Theorems 6.10 and 7.9

Section 7 discussed the extension of the deformation theory of §5–§6 to families
of almost Calabi–Yau m-folds. We now briefly consider other possible exten-
sions of the theory, first to immersed rather than embedded submanifolds, and
secondly to ways in which we can allow the SL cones C1, . . . , Cn to vary over
the moduli spaces MX ,MF

X
, rather than being the same at every point. Allow-

ing the Ci to vary reduces the dimension of the obstruction space OX′ , and so
increases the (expected) dimension of MX ,MF

X
.
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8.1 Immersions

So far, for simplicity, we have worked throughout with embedded submanifolds.
In fact, nearly everything we have done can be generalized to immersed sub-
manifolds in an obvious way, with only trivial, notational changes. Here are a
few of the details involved in doing this.

Instead of regarding compact SL m-folds X in (M,J, ω,Ω) with conical sin-
gularities as subsets of M , we instead regard X as a Riemannian manifold with
conical singularities, in the sense of [12, §2], together with an isometric immer-
sion ι : X →M , which is locally but not necessarily globally injective. The sin-
gular points x1, . . . , xn ∈ X are distinct, but their images ι(x1), . . . , ι(xn) ∈M
may not be.

The Σi become compact Riemannian manifolds with isometric immersions
Σi → S2m−1, and the cones Ci on Σi become Riemannian cones in the sense
of [12, §2.1], with isometric immersions Ci → Cm which need not be locally
injective near 0. The Υi can still be embeddings, but their images may overlap.
The φi, ιi,ΦCi

,ΦX′ , etc., should be taken to be immersions.
The only point the author is aware of where there is a significant problem in

changing from embeddings to immersions is in the Geometric Measure Theory
of [12, §6], in particular Theorem 4.11 above, where the tangent cone C must
have C\{0} a genuine embedded submanifold. However, we do not use Theorem
4.11 in this paper, so this does not affect the results of §5–§7.

Suppose C is an embedded SL cone in Cm with an isolated singularity at 0, so
that Σ = C∩S2m−1 is a compact (m−1)-manifold. If Σ is not simply-connected
we may be able to take a finite cover π : Σ̃ → Σ. Then Σ̃ is an immersed
minimal Legendrian (m−1)-fold in S2m−1, with a corresponding immersed SL
cone C̃ in Cm.

This construction considerably increases the supply of possible SL cones
available as model singularities in the immersed case. It is particularly effective
when m = 3, as then Σ is an oriented Riemann surface of genus g > 1, and so
admits many finite covers. A similar phenomenon is described in [9, Th. 11.6],
which constructs a large family of immersed SL 3-folds in C3 diffeomorphic to
S1 × R2, which are asymptotic at infinity to the double cover of an embedded
SL T 2-cone in C3.

8.2 Cones Ci with multiple ends

The moduli spaces MX and MF

X
defined in §5 and §7.1 have the same set of

SL cones C1, . . . , Cn (up to SU(m) equivalence) for every X̂ ∈ MX or (s, X̂) ∈
MF

X
. There are various ways of relaxing this, and enlarging the moduli spaces

MX,MF

X
by allowing the SL cones Ci to vary. Consider the case in which

Σ1, . . . ,Σn are not all connected, so that b0(Σi) > 1 for at least one i. We shall
explain two ways to generalize MX and MF

X
.

The first way is to regardX as an immersed SLm-fold in M with conical sin-
gularities, as in §8.1. That is, instead of X having n singular points x1, . . . , xn,
we regard it as having ň =

∑n
i=1 b

0(Σi) distinct singular points y1, . . . , yň, where
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ň > n, which happen to be mapped to n points in M in groups of b0(Σi) for
i = 1, . . . , n by the immersion ι : X →M .

Essentially, we replace X by X̌ = X ′ ∪{y1, . . . , yň}, where each yi compact-
ifies one of the ň noncompact ends of X ′. Then we deform X̌ to get a moduli
space M̌X or M̌F

X
of immersed SL m-folds with ň singular points. Note that for

general elements of M̌X or M̌F

X
, there will be up to ň distinct singular points

in M , rather than just n.
The second way is to retain the number n of singular points, but to allow

the b0(Σi) components of C′
i to move around separately under SU(m) rotations.

Let Σj
i be the connected components of Σi for j = 1, . . . , b0(Σi), and let Cj

i be

the cone on Σj
i in Cm, so that Ci =

⋃

b0(Σi)

j=1 Cj
i .

Then in defining MX,MF

X
we allow the SL m-folds X̂ with conical singu-

larities at x̂1, . . . , x̂n to have cones Ĉi =
⋃

b0(Σi)

j=1 Bj
iC

j
i for Bj

i ∈ SU(m) with

B1
i = 1. This enlarges the family of SL cones allowed in MX ,MF

X
, and so

enlarges MX,M
F

X
.

In §5–§7 we have to enlarge E , etc., by including possible values of Bj
i near

1 for j > 1. The main effect that this has on the final results is that it reduces
the dimension of the obstruction space OX′ , and thus increases the (expected)
dimension of MX,MF

X
. The old formula (52) for dimOX′ should be replaced by

dimOX′ =

n
∑

i=1

(

−2m+

b0(Σi)
∑

j=1

(

s-ind(Cj
i ) + 2m

)

)

. (63)

If b0(Σi) > 1 one can show that this does strictly reduce dimOX′ .
The new obstruction space OX′ is a quotient of the old by a vector subspace,

which is the extra obstructions we can overcome by moving the Cj
i around

separately under SU(m). The new infinitesimal deformation space IX′ is the
same as the old one.

There is one special case to be considered above. In Definition 3.6 and
throughout we have assumed that the SL cone Ci has an isolated singularity at
0. It could be that if b0(Σi) > 1 then some of the Cj

i above are SL planes Rm

in Cm, and thus are nonsingular at 0, and so are not covered by Definition 3.6.
In this case (8) fails for Σj

i = Sm−1, as mΣ
j
i
(1) = m. To compensate for this,

the appropriate value of s-ind(Cj
i ) in (63) is s-ind(Cj

i ) = −m. This is because

the term s-ind(Cj
i ) + 2m in (63) contains a contribution 2m on the assumption

that mΣ
j
i
(1) = 2m, and this has to be reduced from 2m to m.

8.3 Families of special Lagrangian cones

Let X be a compact SL m-fold in (M,J, ω,Ω) with conical singularities at
x1, . . . , xn with cones C1, . . . , Cn. Here is a more general way of relaxing the
condition that the SL m-folds X̂ in MX, MF

X
must all have the same SL cones

C1, . . . , Cn at their singular points.
Suppose Ci is a smooth, connected family of distinct SL cones in Cm with

Ci ∈ Ci for i = 1, . . . , n. Since we can always move cones through SU(m)
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rotations by changing the identifications υi, suppose for simplicity that Ci is
closed under the action of SU(m). Then in defining MX,MF

X
we allow the

SL m-folds X̂ with conical singularities at x̂1, . . . , x̂n to have cones Ĉi ∈ Ci

for i = 1, . . . , n.
If Ci is the SU(m)-orbit of Ci, then this yields exactly the same moduli

spaces MX,MF

X
as in §5–§7. In the situation of §8.2, if Ci =

⋃

b0(Σi)

j=1 Cj
i and

we take Ci to be an open subset of the product of the SU(m)-orbits of Cj
i for

j = 1, . . . , b0(Σi), so that Ci consists of cones Ĉi got by moving the Cj
i about

independently with SU(m) rotations, then this recovers the ‘second way’ of §8.2.
But if Ci contains nontrivial deformations of Ci not obtained by SU(m)

rotations of the components of C′
i, then this is a true generalization of the prob-

lem, which will enlarge MX ,M
F

X
and their (expected) dimension. Intuitively

one might expect that special Lagrangian cones are pretty rigid things and will
not admit nontrivial deformations in this way, so that there do not exist any
interesting families Ci to use in this construction.

However, at least when m = 3, this is not true. There exists a complicated
theory which describes all special Lagrangian T 2-cones in C3 using integrable
systems, which is described in McIntosh [20] and the author [10]. It establishes
a 1-1 correspondence between SL T 2-cones in C3 up to isometry and collections
of spectral data, including a Riemann surface Y with even genus called the
spectral curve, and a holomorphic line bundle L→ Y .

As [20, §4.2] and [10, §4.3], it turns out that an SL T 2-cone with spectral
curve Y of genus 2d > 4 is part of a smooth (d− 2)-dimensional family of
SL T 2-cones up to isometries of C3, which have the same spectral curve Y
but varying line bundles L → Y . Ian McIntosh (personal communication) and
Emma Carberry have recently announced a proof of the existence of SL T 2-cones
with spectral curves of every even genus. Thus there exist smooth families Ci of
SL T 2-cones in C

3 with arbitrarily high dimension, to which we can apply this
deformation theory.

The main changes to the final results are that we replace the definition of
s-ind(Ci) in (9) by s-indCi

(Ci) = NΣi
(2) − b0(Σi) − 2m − dim Ci, the stability

index of Ci in Ci, and then the old formula (52) for dimOX′ should be replaced
by dimOX′ =

∑n
i=1 s-indCi

(Ci). The new infinitesimal deformation space IX′ is
the same as the old one.

9 Transversality and genericity results

Finally we discuss the question: if (M,J, ω,Ω) is a generic almost Calabi–Yau
m-fold, are moduli spaces MX of compact SL m-folds X in M with conical
singularities necessarily smooth?

Consider what we mean by generic here. The conditions ι∗(γ) · [ω] = 0 for
γ ∈ H2(X,R) and [X ] · [ImΩ] = 0 mean that when [ω], [ImΩ] are generic there
will not exist any such SL m-folds X in (M,J, ω,Ω). Thus, choosing (M,J, ω,Ω)
generically in the family of all almost Calabi–Yaum-folds is too strong. Instead,
we shall require only that ω is generic in its Kähler class.
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That is, given an almost Calabi–Yau m-fold (M,J, ω,Ω) containing a com-
pact SL m-fold X with conical singularities, we consider generic perturbations
(M,J, ω̌,Ω) with ω̌ = ω + d(J df) for some Kähler potential f ∈ C∞(M), so
that [ω̌] = [ω] ∈ H2(M,R). Then there are no cohomological obstructions to
the existence of SL m-folds X̌ with conical singularities in (M,J, ω̌,Ω) isotopic
to X , and we wish to know whether the moduli space M̌X of such X̌ is smooth.

We begin by showing that for any compact SL m-fold X with conical singu-
larities, there exists a family of deformations F with X transverse in F .

Theorem 9.1 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold and X a com-
pact SL m-fold in M with conical singularities. Let IX′ ,OX′ be as in §6.
Then there exists a smooth family of deformations

{

(M,J, ωs,Ω) : s ∈ F
}

of (M,J, ω,Ω) with [ωs] = [ω] ∈ H2(M,R) for all s ∈ F , such that X is trans-
verse in F , in the sense of Definition 7.11, and dimF = dimOX′ . Hence the
moduli space MF

X
of §7 is a manifold near (0, X).

Proof. Use the notation of §6–§7. Recall from Definition 6.8 that OX′ consists
of smooth, compactly-supported functions v on X ′ with

∫

X′ v dVg = 0. Since
Hm

cs (X
′,R) = 0, we see that each such v may be written as d∗(ψmα) for α

a smooth, compactly-supported 1-form on X ′. Let d = dimOX′ , and choose
smooth, compactly-supported 1-forms α1, . . . , αd on X ′ with

OX′ =
〈

d∗(ψmα1), . . . ,d
∗(ψmαd)

〉

. (64)

Suppose f ∈ C∞(M) with f |X′ ≡ 0. Then df |X′ ∈ C∞(ν∗), where ν → X ′

is the normal bundle to X ′ in M . But the complex structure J induces an
isomorphism ν ∼= TX ′, so we can regard df |X′ as an element of C∞(T ∗X ′),
that is, a 1-form on X ′.

Choose smooth functions f1, . . . , fd ∈ C∞(M) such that fj |X′ ≡ 0, and fj

is supported on a small open neighbourhood Uj in M of the support of αj in
X ′ with xi /∈ Uj for i = 1, . . . , n, and dfj|X′ is identified with αj under the
isomorphism C∞(ν∗) ∼= C∞(T ∗X ′) above, for j = 1, . . . , d. It is easy to show
that this is possible.

For s = (s1, . . . , sd) ∈ Rd, define a closed real (1,1)-form ωs on M by

ωs = ω +
∑d

j=1 sj d
(

J(dfj)
)

. (65)

Choose an open neighbourhood F of 0 in Rd such that ωs is the Kähler form of
a Kähler metric gs on (M,J) for all s ∈ F . This is true for small s ∈ Rd. Then
{

(M,J, ωs,Ω) : s ∈ F
}

is a smooth family of deformations of (M,J, ω,Ω), in
the sense of Definition 2.11.

The definition of fj implies that (J dfj)|X′ = αj . Thus (65) gives

ωs|X′ =
∑d

j=1 sj dαj . (66)

Applying Theorem 4.9 gives 0 ∈ F ′ ⊆ F and family of maps Φs
X′ : UX′ → M

for s ∈ F ′ with (Φs
X′)∗(ωs) = ω̂. Identifying X ′ with the zero section in UX′ ,
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we see from (65) and (66) that

(Φs
X′ )∗(ω)|X′ = −

d
∑

j=1

sj dαj +O
(

|s|2
)

for small s ∈ F ′. (67)

As the restriction of ω̂ on UX′ to the graph Γ(α) of a 1-form α is −dα, examining
the proof of Theorem 4.9 in [12] we find that we can choose Φs

X′ such that

Φs
X′(x) = ΦX′

(
∑d

j=1 sj αj

)

+O
(

|s|2
)

for x ∈ X ′ and small s ∈ F ′. (68)

That is, the image of the zero section under Φs
X′ approximates the image of the

graph of
∑d

j=1 sj αj under ΦX′ .
The proof of Proposition 2.10 now shows that

(Φs
X′ )∗(ImΩ)|X′ = −

d
∑

j=1

sj d∗(ψmαj)dVg +O
(

|s|2
)

for small s ∈ F ′. (69)

But Φs,es

X′ = Φs
X′ in Theorem 7.3 and (60) in Definition 7.6 imply that

(Φs
X′)∗(ImΩ)|X′ = FF(s, es, 0, 0)dVg. (70)

Combining equations (64), (69) and (70) shows that the projection to OX′ of
the derivative dFF |(0,e,0,0) is surjective. It easily follows that in Theorem 7.9,

the map dΦF |(0,0) : Rd × IX′ → OX′ is surjective. Hence X is transverse in F
by Definition 7.11. The last part follows from Corollary 7.12. �

Let F : P → Q be a smooth map between finite-dimensional manifolds.
Recall that q ∈ Q is called a critical value of F if q = F (p) for some p ∈ P for
which dF |p : TpP → TqQ is not surjective. Points q ∈ Q which are not critical
values are called regular values. Then Sard’s Theorem (see Bredon [2, §II.6 &
App. C] for a proof) says that the set of critical values of F is of measure zero
in Q. Thus, almost all points in Q are regular values.

This is important because if q ∈ Q is a regular value then F−1(q) is a
submanifold of Q, of dimension dimP − dimQ. Now in Theorem 9.1 we know
that MF

X
is a manifold and πF : MF

X
→ F a smooth map near (0, X). Thus

Sard’s Theorem shows that (πF)−1(s) is a manifold near (0, X) for small generic
s ∈ F . So we prove:

Corollary 9.2 In the situation of Theorem 9.1, for small generic s ∈ F the
moduli space Ms

X
= (πF)−1(s) ⊂ MF

X
of deformations of X in (M,J, ωs,Ω) is

near (0, X) a manifold of dimension dim IX′ − dimOX′ .

If dim IX′ − dimOX′ < 0 then Ms
X

is empty near (0, X) for small generic
s. We can generalize Theorem 9.1 in the following way. As transversality is
an open condition, X̂ is transverse to F for X̂ in an open neighbourhood of
X in MX . In the same way, for each X̃ ∈ MX we can construct a family of
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deformations FX̃ of (M,J, ω,Ω) and an open neighbourhood of X̃ in MX in
which all X̂ are transverse to FX̃.

Let W ⊆ MX be compact. Taking a finite subcover of W from this collec-
tion of open neighbourhoods in MX, we get families of deformations F1, . . . ,Fl

of (M,J, ω,Ω) such that every X̂ ∈ W is transverse in Fj for some j = 1, . . . , l.
Choose a family F of deformations of (M,J, ω,Ω) containing open neighbour-
hoods of 0 in F1, . . . ,Fl. This is easily done, as the Fj are open neighbourhoods
of ω in affine subspaces A1, . . . ,Al of the Kähler class of ω, and we can take F
to be an open neighbourhood of ω in the affine subspace spanned by A1, . . . ,Al.
Then all X̂ ∈ W are transverse in F , giving:

Theorem 9.3 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold and X a com-
pact SL m-fold in M with conical singularities. Let MX , IX′ ,OX′ be as in
§5–§6, and suppose W ⊆ MX is a compact subset. Then there exists a smooth
family of deformations

{

(M,J, ωs,Ω) : s ∈ F
}

of (M,J, ω,Ω) with [ωs] = [ω] ∈

H2(M,R) for all s ∈ F , such that X̂ is transverse in F for all X̂ ∈W . Hence
the moduli space MF

X
of §7 is a manifold near {0} ×W .

The analogue of Corollary 9.2 is:

Corollary 9.4 In the situation of Theorem 9.3, for small generic s ∈ F the
moduli space Ms

X
= (πF)−1(s) ⊂ MF

X
of deformations of X in (M,J, ωs,Ω) is

near {0} ×W a manifold of dimension dim IX′ − dimOX′ .

Roughly speaking, Corollaries 9.2 and 9.4 imply that for a small generic
perturbation (M,J, ω̌,Ω) of (M,J, ω,Ω) in the same Kähler class, the perturbed
moduli space M̌X is a manifold nearX , or more generally near a compact subset
W of MX. Of course, X and W do not lie in M̌X, but the idea does make sense.
We conjecture that if ω̌ is sufficiently generic then M̌X is a manifold everywhere.

Conjecture 9.5 Let (M,J, ω,Ω) be an almost Calabi–Yau m-fold and X a
compact SL m-fold in M with conical singularities, and let IX′ ,OX′ be as in
§6. Then for a second category subset of Kähler forms ω̌ in the Kähler class of
ω, the moduli space M̌X of compact SL m-folds X̂ with conical singularities in
(M,J, ω̌,Ω) isotopic to X is a manifold of dimension dim IX′ − dimOX′ .

Recall that a subset of a topological space is of second category if it can be
written as the intersection of a countable number of open dense sets. Using
the Baire category theorem one can show that second category subsets of the
Kähler class of ω are dense. Thus, the conjecture implies that M̌X is smooth
for generic ω̌.

As a countable intersection of second category subsets is second category, the
conjecture also implies that by choosing ω̌ generically we can make a countable
number of moduli spaces M̌X1

,M̌X2
, . . . simultaneously smooth. However, we

have not extended Conjecture 9.5 to the tempting, much simpler statement that
for generic ω̌, all the moduli spaces M̌X are smooth.
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This is because, as in §8.3, there can exist smooth, positive-dimensional
families of SL cones in Cm which are distinct under SU(m) transformations.
Now with the definitions of §5, every X̂ ∈ MX has the same cones C1, . . . , Cn.
If these cones Ci are allowed to vary in positive-dimensional families, we would
get corresponding uncountable families of moduli spaces M̌t

X
, and it is too much

to expect all of these to be simultaneously smooth.
Results similar to Conjecture 9.5 are proved by Donaldson and Kronheimer

[3, §4.3] for moduli spaces of instantons on 4-manifolds w.r.t. a generic Cl metric,
and by McDuff and Salamon [18, §3] for smoothness of moduli spaces of pseudo-
holomorphic curves on a symplectic manifold w.r.t. a generic Cl or smooth
almost complex structure.

Following these proofs, the author has a sketch proof of a version of Con-
jecture 9.5 using Cl Kähler forms ω̌ rather than smooth Kähler forms, for large
l > 3. It involves messy issues in infinite-dimensional analysis, so we will not
give it. The reason for using Cl Kähler forms is to be able to apply the Sard–
Smale Theorem, a version of Sard’s Theorem for Banach manifolds. The author
cannot yet see how to extend this to smooth Kähler forms.
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