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1 Introduction

Special Lagrangian m-folds (SL m-folds) are a distinguished class of real m-
dimensional minimal submanifolds which may be defined in C™, or in Calabi—
Yau m-folds, or more generally in almost Calabi-Yau m-folds (compact Kahler
m-folds with trivial canonical bundle).

This is the second in a series of five papers [12, [3, [[4, 5] studying SL
m-folds with isolated conical singularities. That is, we consider an SL m-fold
X in M with singularities at z1,...,x, in M, such that for some SL cones
C; in T,;,M = C™ with C; \ {0} nonsingular, X approaches C; near z; in an
asymptotic C! sense. Readers are advised to begin with the final paper [T5],
which surveys the series, and applies the results to prove some conjectures.

Having a good understanding of the singularities of special Lagrangian sub-
manifolds will be essential in clarifying the Strominger—Yau—Zaslow conjecture
on the Mirror Symmetry of Calabi—Yau 3-folds [22], and also in resolving conjec-
tures made by the author [6] on defining new invariants of Calabi—Yau 3-folds
by counting special Lagrangian homology 3-spheres with weights. The series
aims to develop such an understanding for simple singularities of SL m-folds.

In this paper we study the deformation theory of compact SL m-folds X
with conical singularities x1, ..., x, with cones C1,...,C, in an almost Calabi—
Yau m-fold M, extending results of McLean [2I] for nonsingular compact SL
m-folds. We define the moduli space My of deformations of X as an SL m-fold
with conical singularities in M, and construct a natural topology on M.

We prove that My is locally homeomorphic to the zeroes of a smooth map
® : Ty — Oy, where the infinitesimal deformation space Iy, and the obstruc-
tion space Oy are finite-dimensional vector spaces. Here Zy/ depends only on
the topology of X, and Oy only on the singular cones Ci,...,C,. If Oy is
zero then My is a smooth manifold. We also consider deformations of X in a
smooth family of almost Calabi—Yau m-folds {(M, Jws Q%) s € .7-'}.

The first paper [12] laid the foundations for the series, and studied the reg-
ularity of SL m-folds with conical singularities near their singular points. The
sequels [I3, [T4] will consider desingularizations of a compact SL m-fold X with
conical singularities x1, ..., z, with cones Cy,...,C, in M. We will take non-



singular SL m-folds L1, ..., L, in C™ asymptotic to C1,...,C), at infinity, and
glue them in to X at z1,...,x, to get a smooth family of compact, nonsingular
SL m-folds N in M which converge to X.

We begin in § with an introduction to special Lagrangian geometry, and
the deformation theory of nonsingular compact SL m-folds. Section Bl discusses
special Lagrangian cones and conical singularities of SL m-folds. The previous
paper [12] is reviewed in @ To keep this paper and [I3, [[4] to a manageable
length we have done quite a lot of work on symplectic geometry and asymptotic
analysis in advance in [I2], and we just quote the results.

Section [ defines the moduli space My of SL m-folds and its topology, and
explains why this definition of topology is a good one. In §8 we define the
infinitesimal deformation space Iy and the obstruction space O:, and prove
our first main result, Theorem BT0, which shows that the moduli space M is
locally homeomorphic to the zeroes of a smooth map ® : 7y, — Ox/. Thus, if
Oy is zero then My is a manifold. More generally, if d®|y is surjective then
M is a manifold near X.

Section [ extends §A-90 to families {(M, Jw Q%) s € .7:} of almost
Calabi-Yau m-folds. We define a joint moduli space M7 with projection w7 :
MZ — F such that M3 = (77)71(s) is the moduli space of deformations of X
in (M, J%,w?, Q%) for s € F. Then we show that M7 is locally homeomorphic
to the zeroes of a smooth map ®” : F x Ty, — Oy, where Zy/, Oy are as
before.

Section B briefly describes various other extensions of the results to immer-
sions, families of SL cones in C™, and so on. Finally, 0 considers genericity
and transversality results. We show that for any compact SL m-fold X with
conical singularities in (M, J,w,Q)), we can choose a family of deformations
{(M, J,w*,Q) : s € F} such that M7 is a manifold near (0, X), and for small
generic s € F the deformed moduli space M5, = (7%)~!(s) is smooth near
(0, X). We conjecture that if the Kéahler form w is chosen generically in its
Kdhler class, then My is smooth.
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2 Special Lagrangian geometry

We now introduce special Lagrangian submanifolds (SL m-folds) in two different
geometric contexts. First, in §Z11 we define SL m-folds in C™. Then §Z3 dis-
cusses SL m-folds in almost Calabi—Yau m-folds, compact Kéahler manifolds with
a holomorphic volume form, which generalize Calabi—Yau manifolds. Section 23
describes the deformation theory of compact SL m-folds. Some references for
this section are Harvey and Lawson [4], McLean [21], and the author [TT].



2.1 Special Lagrangian submanifolds in C™

We begin by defining calibrations and calibrated submanifolds, following Harvey
and Lawson [].

Definition 2.1 Let (M, g) be a Riemannian manifold. An oriented tangent
k-plane V on M is a vector subspace V' of some tangent space T,,M to M with
dim V' = k, equipped with an orientation. If V' is an oriented tangent k-plane on
M then g|y is a Euclidean metric on V, so combining g|y with the orientation
on V gives a natural volume form voly on V, which is a k-form on V.

Now let ¢ be a closed k-form on M. We say that ¢ is a calibration on M if
for every oriented k-plane V on M we have |y < voly. Here |y = « - voly
for some a € R, and ¢|y < voly if @ < 1. Let N be an oriented submanifold
of M with dimension k. Then each tangent space T, N for x € N is an oriented
tangent k-plane. We say that N is a calibrated submanifold if o|p, Ny = volp, N
for all x € N.

It is easy to show that calibrated submanifolds are automatically minimal
submanifolds [, Th. 11.4.2]. Here is the definition of special Lagrangian sub-
manifolds in C™, taken from [l §IIT].

Definition 2.2 Let C™ have complex coordinates (z1,...,2m), and define a
metric ¢/, a real 2-form «’ and a complex m-form €’ on C™ by

g = |d21|2 N |dzm|2, W = %(dzl ANdzy + -+ dzm AdZy), (1)

and Q' =dz A---Adzp,.
Then Re§) and Im ' are real m-forms on C™. Let L be an oriented real
submanifold of C™ of real dimension m. We say that L is a special Lagrangian
submanifold of C™, or SL m-fold for short, if L is calibrated with respect to
Re (Y, in the sense of Definition EXT1

Harvey and Lawson [, Cor. IT1.1.11] give the following alternative charac-

terization of special Lagrangian submanifolds:

Proposition 2.3 Let L be a real m-dimensional submanifold of C™. Then L
admits an orientation making it into an SL submanifold of C™ if and only if
W' =0 and Im Q| = 0.

Thus SL m-folds are Lagrangian submanifolds in R?™ = C™ satisfying the
extra condition that Im ’|;, = 0, which is how they get their name.

2.2 Almost Calabi—Yau m-folds and SL m-folds

We shall define special Lagrangian submanifolds not just in Calabi-Yau mani-
folds, as usual, but in the much larger class of almost Calabi—Yau manifolds.

Definition 2.4 Let m > 2. An almost Calabi-Yau m-fold is a quadruple
(M, J,w, ) such that (M, J) is a compact m-dimensional complex manifold,



w is the Kéahler form of a Kéahler metric ¢ on M, and €2 is a non-vanishing
holomorphic (m, 0)-form on M.
We call (M, J,w, Q) a Calabi-Yau m-fold if in addition w and Q satisfy

w™/m! = (—=1)™m=D/2(/2)mO A Q. (2)

Then for each x € M there exists an isomorphism 7, M = C™ that identifies
9z, wy and Q, with the flat versions ¢’,w’, Q' on C™ in [@l). Furthermore, g is
Ricci-flat and its holonomy group is a subgroup of SU(m).

This is not the usual definition of a Calabi—Yau manifold, but is essentially
equivalent to it.

Definition 2.5 Let (M, J,w, 2) be an almost Calabi—Yau m-fold, and N a real
m-~dimensional submanifold of M. We call N a special Lagrangian submanifold,
or SL m-fold for short, if w|y = ImQ|y = 0. It easily follows that ReQ|y is a
nonvanishing m-form on N. Thus N is orientable, with a unique orientation in
which Re Q|y is positive.

Again, this is not the usual definition of SL m-fold, but is essentially equiv-
alent to it. Suppose (M, J,w, ) is an almost Calabi-Yau m-fold, with metric
g. Let v : M — (0, 00) be the unique smooth function such that

™ fml = (=)™ D232y A Q, (3)

and define § to be the conformally equivalent metric 1/2g on M. Then Re () is a
calibration on the Riemannian manifold (M, g), and SL m-folds N in (M, J, w, 2)
are calibrated with respect to it, so that they are minimal with respect to g.

If M is a Calabi-Yau m-fold then ¢ = 1 by @), so § = g, and an m-
submanifold IV in M is special Lagrangian if and only if it is calibrated w.r.t.
ReQ on (M, g), as in Definition 222 This recovers the usual definition of special
Lagrangian m-folds in Calabi-Yau m-folds.

2.3 Deformations of compact SL m-folds

The deformation theory of special Lagrangian submanifolds was studied by
McLean [211, §3], who proved the following result in the Calabi—Yau case. The
extension to the almost Calabi-Yau case is described in [T}, §9.5].

Theorem 2.6 Let N be a compact SL m-fold in an almost Calabi—Yau m-fold
(M, J,w, Q). Then the moduli space M of special Lagrangian deformations of
N is a smooth manifold of dimension b'(N), the first Betti number of N.

We now give a partial proof of Theorem[Z8 glossing over the analytic details,
and concentrating on the parts we will use later. We start by recalling some
symplectic geometry, which can be found in McDuff and Salamon [T9].

Let N be a real m-manifold. Then its tangent bundle T*N has a canonical
symplectic form &, defined as follows. Let (x1,...,2;,) be local coordinates
on N. Extend them to local coordinates (z1,...,Zm, Y1, --,Ym) on T*N such



that (z1,...,Ym) represents the 1-form yyday + -+ + ymda, in T(*I1 _____ IM)N.
Then @ =day Adyy + - + dz, A dyp,.

Identify NV with the zero section in T7*N. Then N is a Lagrangian submani-
fold of T*N. The Lagrangian Neighbourhood Theorem [I9, Th. 3.33] shows that
any compact Lagrangian submanifold N in a symplectic manifold looks locally
like the zero section in T*N.

Theorem 2.7 Let (M,w) be a symplectic manifold and N C M a compact
Lagrangian submanifold. Then there exists an open tubular neighbourhood U of
the zero section N in T*N, and an embedding ® : U — M with ®|y =id: N —
N and ®*(w) = &, where & is the canonical symplectic structure on T*N.

In the situation of Theorem EZf, let g be the Kahler metric on M, and define
¥ : M — (0,00) by @). Applying Theorem B gives an open neighbourhood U
of N in T*N and an embedding ® : U — M. Let # : U — N be the natural
projection. Define an m-form 8 on U by 8 = ®*(ImQ). If « is a 1-form on
N let T'(a) be the graph of a in T*N, and write C*°(U) C C*®°(T*N) for the
subset of 1-forms whose graphs lie in U.

Then each submanifold N of M which is C'-close to N is ®(I'(«)) for some
small « € C*°(U). Here is the condition for N to be special Lagrangian.

Lemma 2.8 In the situation above, if a € C=(U) then N = ®(I(a)) is a
special Lagrangian m-fold in M if and only if da =0 and 7. (B|ra)) = 0.

Proof. By Definition LA, N is an SL m-fold in M if and only if wy=ImQ|y =
0. Pulling back by ® and pushing forward by 7 : I'(a) — N, we see that N is
special Lagrangian if and only if 7, ((.D|p(a)) =, (6|p(a)) =0, since *(w) =W
and ®*(Im ) = 5. But as @ is the natural symplectic structure on U C T*N
we have m, (d)|p(a)) = —da, and the lemma follows. ([l

We rewrite the condition 7, (ﬁ|p(a)) =0 in terms of a function F'.

Definition 2.9 Define F': C*(U) — C*(N) by m, (B|r(a)) = F() dV,, where
dV, is the volume form of g|y on N. Then LemmaZ® shows that if « € C*°(U)
then ®(I'(a)) is special Lagrangian if and only if dow = F(ar) = 0.

We compute the expansion of F' up to first order in a.
Proposition 2.10 This function F may be written
F(a)z] = —d*(¥™a) + Q(z,a(z), Va(z)) forz € N, (4)

where Q : {(z,y,2) ;2 € N,y € TNNU, z € @®T;N} — R is smooth and
Q(x,y,2) = O(lyl* + [2]?) for small y, =.

Proof. The value of F(«) at € N depends on the tangent space Ty T'(a), where
2’ € I'(a) with 7(2") = 2. But T,y T'(«) depends on both «|; and Val,. Hence



F(«) depends pointwise on both a and Va, rather than just a. So we may
take @) as a definition of @, and @ is then well-defined on the set of all (z,y, 2)
realized by (z,a(z), Va(z)) for a € C°°(U), which is the domain given for Q.

As F depends smoothly on o we see that @ is a smooth function of its
arguments. Therefore Taylor’s theorem yields

Q(z,y,2) = Q(z,0,0) +y - (8,Q)(x,0,0) + 2 (9:Q)(,0,0) + O(ly|* + |2]*)

for small y,z. So to prove that Q(z,y,z) = O(|ly|> + |2|?) we just need to
show that Q(,0,0) = 9,Q(z,0,0) = 0.Q(x,0,0) = 0. Now N = &(T'(0)) is
special Lagrangian, so a = 0 satisfies F(a) = 0 by Definition Z4 Thus @)
gives Q(x,0,0) = 0.

To compute 9,Q(z,0,0) and 9,Q(x,0,0), let & € C°(U) be small, and let v
be the vector field on T*N with v-@ = —7*(«). Then v is tangent to the fibres
of m: T*N — N, and exp(v) maps T*N — T*N taking v +— « + v for 1-forms
~v on N. Identifying N with the zero section of T*N, the image exp(sv)[N] of
N under exp(sv) is ['(sa) for s € [0,1].

Therefore F(sa) dV, = exp(sv)*(8) for s € [0, 1]. Differentiating gives

dV, d *
v, = L (exp(on) ()] 5

= (£0)| = (A 9) +o-@3)] = a(w-B)lv).

dF|o(a)dVy = — (F(sa))

[

where L, is the Lie derivative, contracts together vector fields and forms,
and dB =0 as € is closed and § = ®*(Im ).

Calculation at a point « € N shows that (v - 8)|ny = ¥™ * a, where * is the
Hodge star of g on N. As #dV, =1 and *d* = —d* on 1-forms, [{) gives

dF|o(e) dVy = d(y™ x @) = (xd * (™)) AV, = (—=d* (")) dVj.

Comparing this with @) shows that 9,Q(z,0,0) = 0,Q(z,0,0) = 0, which
completes the proof. O

We briefly sketch the remainder of the proof of Theorem Xl From Definition
B and Proposition EZT0 we see that My is locally approximately isomorphic
to the vector space of 1-forms a with da = d*(¥™a) = 0. But by Hodge
theory, this is isomorphic to the de Rham cohomology group H'(N,R), and is
a manifold with dimension b!(NV).

To carry out this last step rigorously requires some technical machinery: one
must work with certain Banach spaces of sections of A¥T*N for k = 0, 1,2, use
elliptic regularity results to prove that the map o — (da, dF |0(a)) is surjective
upon the appropriate Banach spaces, and then use the Implicit Mapping Theo-
rem for Banach spaces to show that the kernel of the map is what we expect.

Finally we extend of Theorem Z8 to families of almost Calabi—Yau m-folds.

Definition 2.11 Let (M, J,w,Q) be an almost Calabi—Yau m-fold. A smooth
family of deformations of (M, J,w,Q) is a connected open set F C RY for d > 0



with 0 € F called the base space, and a smooth family {(M, J5w Q%) s € .7:}
of almost Calabi—Yau structures on M with (J° w% Q%) = (J,w, Q).

If N is a compact SL m-fold in (M, J,w,Q), the moduli of deformations of
N in each (M, J*,w*,Q®) for s € F make up a big moduli space MZ%.

Definition 2.12 Let {(M, Jwe Q%) s € .7:} be a smooth family of defor-
mations of an almost Calabi-Yau m-fold (M, J,w, ), and N be a compact SL
m-fold in (M, J,w, ). Define the moduli space M% of deformations of N in
the family F to be the set of pairs (s, ]\7) for which s € F and N is a compact SL
m-fold in (M, J*,w*, Q%) which is diffeomorphic to N and isotopic to N in M.
Define a projection 7 : M% — F by 7%(s, N) = s. Then MZ% has a natural
topology, and 77 is continuous.

The following result is proved by Marshall [I7, Th. 3.2.9], using similar
methods to Theorem 26

Theorem 2.13 Let {(M, J5w, Q%) s € f} be a smooth family of deforma-
tions of an almost Calabi-Yau m-fold (M,J,w,Q), with base space F C RY.
Suppose N is a compact SL m-fold in (M, J,w, Q) with [w*|n] =0 in H?(N,R)
and [ImQ°|n] =0 in H™(N,R) for all s € F. Let MY be the moduli space of
deformations of N in F, and n7 : M7 — F the natural projection.

Then M is a smooth manifold of dimension d+b'(N), and 7% : M% — F
a smooth submersion. For small s € F the moduli space M5 = (77)71(s) of
deformations of N in (M, J*, w*, Q%) is a nonempty smooth manifold of dimen-
sion bY(N), with M% = M.

Here a necessary condition for the existence of an SL m-fold N isotopic to
N in (M, J%,w*® Q?) is that [w®|ny] = ImQ¥|x] = 0 in H*(N,R), since [w?|y]
and [w?®| 5] are identified under the natural isomorphism between H?(N,R) and
H2(N,R), and similarly for Im Q*.

The point of the theorem is that these conditions [w?|y] = [ImQ%|5] = 0
are also sufficient for the existence of N when s is close to 0 in F. That is,
the only obstructions to existence of compact SL m-folds when we deform the
underlying almost Calabi-Yau m-fold are the obvious cohomological ones.

3 SL cones and conical singularities

After some preliminary work in §80] on special Lagrangian cones, and some
examples in §82A section defines special Lagrangian m-folds with conical
singularities in almost Calabi—Yau manifolds, which are the subject of the paper.

3.1 Preliminaries on special Lagrangian cones

We now give some definitions and results on special Lagrangian cones. Some
are quoted from [12], and some are new.



Definition 3.1 A (singular) SL m-fold C in C™ is called a cone if C = tC for
all ¢ > 0, where tC' = {tx : x € C'}. Let C be a closed SL cone in C™ with an
isolated singularity at 0. Then ¥ = CNS?™~! is a compact, nonsingular (m—1)-
submanifold of §?™~1, not necessarily connected. Let gy be the restriction of
g’ to X, where ¢’ is as in ().

Set C' = C'\ {0}. Define ¢ : 3 x (0,00) — C™ by ¢(o,r) = ro. Then ¢ has
image C’. By an abuse of notation, identify C' with ¥ x (0,00) using ¢. The
cone metricon C' 2% x (0,00) is ¢’ = 1*(¢') = dr? + r?gs.

For a € R, we say that a function u : ¢/ — R is homogeneous of order
aif uot = t*u for all t > 0. Equivalently, v is homogeneous of order « if
u(o,r) = r*v(o) for some function v : ¥ — R.

In [T2, Lem. 2.3] we study homogeneous harmonic functions on C'.

Lemma 3.2 In the situation of Definition Bl let u(o,r) = r*v(o) be a homo-
geneous function of order oo on C' =X x (0,00), for v € C?>(X). Then

Au(o,r) =r*7*(Agv — aa +m — 2)v),

where A, Ay are the Laplacians on (C',¢') and (2, gs). Hence, u is harmonic
on C'" if and only if v is an eigenfunction of Ay with eigenvalue a(a+m — 2).

Following [T2, Def. 2.5], we define:
Definition 3.3 In the situation of Definition Bl suppose m > 2 and define

Dy ={a € R:a(a+m—2) is an eigenvalue of A}. (6)

Then Dy is a countable, discrete subset of R. By Lemma B2l an equivalent
definition is that Dy, is the set of @ € R for which there exists a nonzero homo-
geneous harmonic function u of order o on C”.

Define my, : Dy — N by taking my(a) to be the multiplicity of the eigen-
value a(a +m — 2) of Ay, or equivalently the dimension of the vector space of
homogeneous harmonic functions u of order o on C’. Define Ny : R — Z by

Ns(6) = — Z ms(a) if § <0, and Ny(d) = Z ms(a) if 6 >0. (7)

aeDxN(4,0) a€DxN|0,d]

Then Ny, is monotone increasing and upper semicontinuous, and is discontinuous
exactly on Dy, increasing by my(«) at each a € Dy. As the eigenvalues of Ay
are nonnegative, we see that Dy N (2 —m,0) = and Ny =0 on (2 —m,0).

We shall show that there automatically exist homogeneous harmonic func-
tions on C’ of orders 1 and 2, using the idea of moment map. The group of
automorphisms of C™ preserving ¢’,w’ and ' is SU(m) x C™, where C™ acts
by translations. Its Lie algebra su(m) x C™ acts on C™ by vector fields.

Let v be such a vector field in su(m) x C™. Then v - w’ is a closed 1-form
on C™, and we may write v - w’ = du for some function p : C™ — R, which is
unique up to addition of constants, and is in fact a real quadratic polynomial.
We call y a moment map for v.



Lemma 3.4 Let L be an SL m-fold in C™, and let p: C™ — R be a moment
map for a vector field v in su(m) x C™. Then p|r is a harmonic function on
L, using the obvious metric ¢'|,.

Proof. In the proof of Theorem B8 we saw that infinitesimal deformations of an
SL m-fold L as a submanifold correspond to 1-forms « on L, and infinitesimal
deformations as an SL m-fold to closed and coclosed 1-forms « on L.

Now as SU(m) x C™ takes SL m-folds in C™ to SL m-folds in C™, the vector
field v in su(m) x C™ gives an infinitesimal deformation of L as an SL m-fold in
C™. Tt is easy to see that the corresponding 1-form on L is (v - w)|r. Therefore
(v-w)|r = dp|r is a closed and coclosed 1-form on L, and thus d*(du|z) = 0,
o |z is harmonic. O

Proposition 3.5 Let C be an SL cone in C™ with isolated singularity at 0,
and G the Lie subgroup of SU(m) preserving C. Set C' = C \ {0} and ¥ =
CNS? L and let my, be as in Definition[T3. Then

(a) The restriction of real linear functions on C™ to C' form a vector space
of order 1 homogeneous harmonic functions on C', with dimension 2m.
Hence mg(1) = 2m.

(b) The restriction of su(m) moment maps p: C™ — R with p(0) =0 to C’
form a wvector space of order 2 homogeneous harmonic functions on C’,
with dimension m?>—1—dimG. Hence my(2) > m?—1—-dimG.

Proof. Real linear functions on C™ are moment maps of translations on C™,
and so restrict to harmonic maps on SL m-folds L in C™ by Lemma B4 Thus
the vector space in (a) is of harmonic functions on C’, which are clearly homo-
geneous of order 1. Now C' has a unique singular point at 0, so it cannot be
invariant under nontrivial translations. Therefore the moment map of a non-
trivial translation cannot vanish on C’, and the restriction in (a) is injective. It
follows that the vector space has dimension 2m, proving part (a).

For (b), each su(m) vector field has a unique moment map p : C™ — R
with 1(0) = 0, which is a homogeneous real quadratic polynomial. It follows as
for (a) that the vector space in (b) consists of order 2 homogeneous harmonic
functions on C’. This vector space is the image of a linear map from su(m), and
it is easy to show that the kernel of this map is g, the Lie algebra of G. Hence
the dimension of the vector space is dim su(m) — dim g by rank-nullity, and the
proposition follows. O

We define the stability index of C, and stable and rigid cones.

Definition 3.6 Let C be an SL cone in C™ for m > 2 with an isolated
singularity at 0, let G be the Lie subgroup of SU(m) preserving C, and use the
notation of Definitions B.1] and Then

ms(0) =0°(%), mx(1) =2m and mx(2) =>m? —1—dimG, (8)



where the first equation follows as my(0) is the multiplicity of the eigenvalue 0
of Ay, and the others from Proposition B
Define the stability index s-ind(C') to be

s-ind(C) = N (2) — b°(2) = m? — 2m + 14 dim G. 9)

Then s-ind(C) > 0 by @), as Ny (2) = my(0) + mg(1) + my(2) by @). We call
C stable if s-ind(C) = 0.
Following [12, Def. 6.7], we call C' rigid if ms(2) = m? — 1 —dimG. As

s-ind(C) = my(2) — (m? =1 —dimG) > 0,
we see that if C is stable, then C is rigid.

Here is the point of this definition. In deforming SL m-folds X in an almost
Calabi—Yau m-fold M with a conical singularity  modelled on C, it will turn out
in g8 that = contributes an obstruction space of dimension Ny(2) to deforming
X. However, we will be able to overcome a subspace of these obstructions with
dimension b°(X) + m? + 2m — 1 — dim G automatically, by moving x around in
M, and changing the identification C"™ = T,, M. Thus s-ind(C) is the dimension
of the residual obstruction space, which we cannot get rid of.

If C is stable then the deformation problem is unobstructed. Rigid (and more
generally Jacobi integrable) SL cones were discussed in [I2, §6]. An SL cone C
is rigid if all infinitesimal deformations of C' as an SL cone come from su(m)
rotations.

3.2 Examples of special Lagrangian cones

Examples of SL cones are constructed by Harvey and Lawson [ §IIL.3], the
author [7, 8], and others. We will study a family of special Lagrangian cones in
C™ constructed by Harvey and Lawson [ §I11.3.A]. For m > 3, define

Cl ={(z1,...,2m) EC™ t |z = -+ = |z|, " 21+ 2, €[0,00)}. (10)

Then C}}} is a special Lagrangian cone in C™ with an isolated singularity at
0, and ¥m = C™ NS?™ 1 is an (m—1)-torus 7™~ ! with a flat metric. Also
C™ and ™ are invariant under the U(1)™~! subgroup of SU(m) acting by

(21, s 2m) = (€21, .. e 2,,) for 6; € R with 0 +---+6,, =0. (11)

In fact £ C} for m odd, and CJ}},iC}]} for m even, are the unique SL cones in
C™ invariant under ([[Il), which is how Harvey and Lawson constructed them.
We shall find the stability index s-ind(CT ) of these cones, and test whether
they are stable or rigid. This was first done by the author [6l, §3.2] for m = 3 and
Marshall [T7, §6.3.4] for 3 < m < 8. The metric on ¥ = T™~! is flat, so it is

not difficult to compute the eigenvalues of Ay . There is a 1-1 correspondence

between (n1,...,M,_1) € Z™ ! and eigenvectors of Agp  with eigenvalue
m—1 m—1
m Z n? — Z nn;. (12)
i=1 ij=1

10



Using ([[2) and a computer we can find the eigenvalues of Ay , and their
multiplicities. Thus we can calculate Ny (2), which is the sum of multiplicities
of eigenvalues in [0, 2m], and mypm (2), which is the multiplicity of the eigenvalue
2m. A table of eigenvalues and multiplicities for 3 < m < 8 is given in Marshall
[T7, Table 6.1]. Now the subgroup G,, of SU(m) preserving C is U(1)™~ 1,
with dimension m — 1. Thus () gives s-ind(C}jt) = Nyp (2) —m? —m — 1.
Table [ gives the data m, Ny (2), myp (2) and s—ind(Cg‘) for 3<m < 12.

m 31 4] 5| 6 7 8 9| 10| 11 12

Ngw (2) 13 |27 | 51 | 93 | 169 | 311 | 331 | 201 | 243 | 289
HL

mgm (2) 61220 | 30| 42| 126 | 240 | 90 | 110 | 132
HL

s-ind(CT) 0| 612050 | 112|238 | 240 | 90 | 110 | 132

Table 1: Data for U(1)™~‘-invariant SL cones C in C™

Motivated by Table [l with some more work one can prove that
Ngp (2) = 2m? +1 and My (2) = s-ind(Cjjy) = m? —m for m > 10. (13)

As C is stable when s-ind(C') = 0 we see from Table [l and () that C3 is
a stable cone in C3, but C is unstable for m > 4.

Also C! is mgzd when myp (2) = m? —m. Thus C is rigid if and only if
m # 8,9, by Table [l and (3. It would be interesting to know whether the SL
cones CS and C2, are Jacobi integrable in the sense of [T, §6], as rigid implies
Jacobi integrable but not vice versa. The author guesses that C3,,C, are not
Jacobi integrable.

3.3 Special Lagrangian m-folds with conical singularities

Now we can define conical singularities of SL m-folds, following [I2, Def. 3.6].

Definition 3.7 Let (M, J,w,Q) be an almost Calabi—Yau m-fold for m > 2,
and define ¢ : M — (0,00) as in ([@). Suppose X is a compact singular SL

m-fold in M with singularities at distinct points z1,...,z, € X, and no other
singularities.
Fix isomorphisms v; : C™ — T,,M for i = 1,...,n such that v} (w) = '

and v} () = ¥(x;)™EY, where ', are as in [@). Let C4,...,C, be SL cones
in C™ with isolated singularities at 0. For i = 1,...,n let ¥; = C; N S?™ 1,
and let u; € (2,3) with

(2, i) N Dy, =0, where Dy, is defined in (&). (14)

Then we say that X has a conical singularity at z;, with rate u; and cone C;
fori=1,...,n, if the following holds.

By Darboux’ Theorem [I9, Th. 3.15] there exist embeddings Y; : Bg — M
for i = 1,...,n satisfying Y;(0) = x;, d¥;]o = v; and T} (w) = w’, where Bp

11



is the open ball of radius R about 0 in C™ for some small R > 0. Define
ti:%; X (0,R) — Bg by t;(o,7) =ro fori=1,...,n.

Define X’ = X\{x1,...,2,}. Then there should exist a compact subset K C
X' such that X'\ K is a union of open sets S1,. .., S, with S; C T;(Bg), whose
closures S1, ..., S, are disjoint in X. Fori =1,...,n and some R’ € (0, R] there
should exist a smooth ¢; : 3; X (0, R") — Bpg such that Y;0¢; : 3;x(0,R') = M
is a diffeomorphism ¥; x (0, R') — S;, and

‘Vk((bi —u)| = O~ 1"%) asr — 0 for k=0,1. (15)

Here V,|.| are computed using the cone metric ¢ (g’) on X; x (0, R’).
If the cones C1,...,C, are stable in the sense of Definition B0, then we say
that X has stable conical singularities.

The reasoning behind this definition was discussed in [T2, §3.3]. Here we
just make two remarks:

e We suppose m > 2 for two reasons. Firstly, the only SL cones in C? are
finite unions of SL planes R? in C? intersecting only at 0. Thus any SL
2-fold with conical singularities is actually nonsingular as an immersed
2-fold, so there is really no point in studying them. Secondly, m = 2 is a
special case in the analysis of [I2, §2], and it is simpler to exclude it.

In the rest of the paper we shall assume m > 2.

e The purpose of [[d) is to reduce to a minimum the obstructions to deform-
ing X as an SL m-fold with conical singularities. If we omitted condition
(@) then each a € (2, ;) N Dy, would contribute additional obstructions
to deforming X in §8

4 Review of material from [12]

We now review the definitions and results from the preceding paper [12] which
we will need later. Throughout we suppose m > 2.

4.1 Analysis on SL m-folds with conical singularities

We will need the following tool [I2, Def. 2.6], a smoothed out version of the

distance from the singular set {z1,...,2,} in X.
Definition 4.1 Let (M, J,w,) be an almost Calabi-Yau m-fold and X a
compact SL m-fold in M with conical singularities at x1,...,x,, and use the

notation of Definition BZd Define a radius function p on X’ to be a smooth
function p : X’ — (0,1] such that p = 1 on K and p(y) = d(z;,y) for y € S;
close to z;, where d is the metric on X. Radius functions always exist.

For B = (B1,...,n) € R™, define a function p® on X’ by pP(y) = p(y)? on
S; for i = 1,...,n and pP(y) = 1 on K. Then p? is well-defined and smooth
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on X', and equals p% near z; in X’. If B, € R”, write 3 > ~ if 8; > ~; for
i=1,....,n. f BeR”and a € R, write B+a = (/1 +a,...,0, +a) in R"™.

Now we define some Banach spaces of functions on X', [I2, Def. 2.7].

Definition 4.2 Let (M, J,w, Q) be an almost Calabi—Yau m-fold with metric
g, and X a compact SL m-fold in M with conical singularities at x1,...,Zn,
and use the notation of Definitions B and EZIl Let p be a radius function on
X'. Regard X' as a Riemannian manifold, with metric ¢ restricted from M.

For 3 € R" and k > 0 define Ck( ") to be the space of continuous functions
f on X’ with k continuous derlvatlves such that ‘p Brivi f ‘ is bounded on X’
for j =0,...,k. Define the norm ||. ||ck on CE(X') by

k
I flley = ZS;(IIP |p~ PV f). (16)
=0

Then C{(X’) is a Banach space. Define C§°(X’) = Neo CEH(X).

For p > 1, 8 € R™ and k > 0 define the weighted Sobolev space Liﬂ(X’) to
be the set of functions f on X’ that are locally integrable and k times weakly
differentiable, and for which the norm

1/p

k
Iz, = |2 [ oo v ma, (17)
§=0

is finite. Then L} 5(X') is a Banach space, and L} 5(X’) a Hilbert space.

We call these weighted Banach spaces since the norms are locally weighted by
a power of p. Roughly speaking, if f lies in Lgﬂ (X') or CE(X’) then f grows at
most like p” near x; as p — 0, and so the multi-index 3 = (31,. .., 3,) should
be interpreted as an order of growth.

Here is a weighted version of the Sobolev Embedding Theorem, [12, Th. 2.9].

Theorem 4.3 In the situation above, suppose k > 1 > 0 are integers and p > 1
with 11) < =L and B,y € R with B > ~. Then LY g(X') — CL(X") is a

continuous inclusion.

Here is a Fredholm result for the operator P : f — d*(¢¥™df) on weighted
Sobolev spaces, [T2, Th. 5.3]. Putting « = df in @), we see that P appears in
the linearization of the deformation problem for SL m-folds.

Theorem 4.4 Let (M, J,w,) be an almost Calabi—Yau m-fold, and define
v M — (0,00) as in @). Suppose X is a compact SL m-fold in M with
conical singularities at x1,...,x, with cones C;. Define Dy, Ny, and Lp (X')
as in Definitions [13 and@ Fixp>1and k > 2, and for B € R” deﬁne
Pp Ly, 5(X') = Lj_y g_o(X') by Pa(f) =d*(y™df). Then
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(a) Pg is Fredholm if and only if B € (R\Dy,) x -+ x (R\ Dy, ), and then
ind(Pg) = ZN (). (18)

(b) If B; > 0 for all i then Pg is injective.

4.2 Homology, cohomology and Hodge theory

Next we discuss homology and cohomology of SL m-folds with conical singular-
ities, following [I2, §2.4]. For a general reference, see for instance Bredon [2].
When Y is a manifold, write H*(Y,R) for the k** de Rham cohomology group
and HX (Y, R) for the k™ compactly-supported de Rham cohomology group of Y.
If Y is compact then H*(Y,R) = HE (Y, R).

Let Y be a topological space, and Z C Y a subspace. Write Hy(Y,R) for the
k™ real singular homology group of Y, and Hy(Y; Z,R) for the k' real singular
relative homology group of (Y; Z). When Y is a manifold and Z a submanifold
we define Hi(Y,R) and Hy(Y; Z,R) using smooth simplices, as in [2 §V.5].
Then the pairing between (singular) homology and (de Rham) cohomology is
defined at the chain level by integrating k-forms over k-simplices.

Suppose X is a compact SL m-fold in M with conical singularities x1, ..., T,
and cones C1,...,C,, and set X' = X \ {z1,...,2,} and X; = C; N §2™m~1
above. Then by [12], §2.4] there is a natural long exact sequence

- — HF (X' R) - HFY(X',R @Hk i R) = HEFYX/ R) — -+, (19)

and natural isomorphisms
Hp (X5 {1, ..., 2}, R) 2 HE (X R)2 H,, (X R)ZH™ (X', R)* (20)
and HE (X' R) = Hp(X,R)* forall k> 1. (21)
The inclusion ¢ : X — M induces homomorphisms ¢, : Hp(X,R) — Hy(M,R)
and ¢* : H*(M,R) — H*(X',R).
If (Y,g) is a compact Riemannian manifold, then Hodge theory shows that

each class in H*(Y,R) is represented by a unique k-form a with da = d*a = 0.
Here is an analogue of this on X’ when k = 1, part of [I2, Th. 5.4].

Theorem 4.5 Let (M, J,w,Q) be an almost Calabi-Yau m-fold, and define
Y : M — (0,00) as in @). Suppose X is a compact SL m-fold in M with conical
singularities at x1,...,x,. Set X' = X \ {z1,...,2n}, and let p be a radius
function on X', in the sense of Definition [l Define

Yo ={aeC®T*X'):da=0, d*(¥™a)=0

|VEa| = O(p' %) for k > 0}. (22)

Then the map m: Yy — HY (X' R) taking 7 : a — [a] is an isomorphism.
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4.3 Lagrangian Neighbourhood Theorems

In [T2, §4] we extend the Lagrangian Neighbourhood Theorem, Theorem B to
situations involving conical singularities, first to SL cones, [I2, Th. 4.3].

Theorem 4.6 Let C be an SL cone in C™ with isolated singularity at 0, and
set ¥ = CNS*™L Definer: ¥ x (0,00) — C™ by (o,r) = ro, with image
C\{0}. Foroce X, 7€ Ts%, r € (0,00) and u € R, let (o,r,T,u) represent the
point T +udr in T(, . (£x(0,00)). Identify ¥ x (0,00) with the zero section
T=u=0 in T*(X x (0,00)). Define an action of (0,00) on T*(Xx(0,00)) by

t:(o,r,7,u) — (o, tr,t>1,tu)  for t € (0,00), (23)

so that t* (@) =t?w, for & the canonical symplectic structure on T* (X x (0,00)).
Then there exists an open neighbourhood U of X x (0,00) in T* (% x (0, 00))
invariant under Z3) given by

Ue = {(o,r,7,u) € T*(X x (0,00)) : |(T,u)| < 2(r}  for some (>0, (24)

where | .| is calculated using the cone metric t*(g’) on X x (0,00), and an em-
bedding ®c : Ue — C™ with ®c|sx(0,00) = ¢, Po(W') =@ and Pcot =t Do for
all t > 0, where t acts on Us as in @3) and on C™ by multiplication.

In [T2, Th. 4.4] we construct a particular choice of ¢; in Definition B

Theorem 4.7 Let (M, J,w,Q), ¥, X, n,x;,v;, Ci, Xy, iy R, L and ¢; be as in
Definition[374 Theorem [I.g gives ¢ > 0, neighbourhoods U, of ¥; x (0,00) in
T* (Ei x (0, oo)) and embeddings @, : Us, = C™ fori=1,...,n.

Then for sufficiently small R’ € (0, R] there exist unique closed 1-forms
ni on ¥; x (0,R') for i = 1,...,n written n;(o,7) = ni(o,r) + n(o,r)dr for
nt(o,r) € Ti%; and n?(o,r) € R, and satisfying |n;(o,r)| < (r and

|Vk77i‘ =0(r" ') asr—0 fork=0,1, (25)

computing V,| .| using the cone metric 1;(g'), such that the following holds.
Define ¢; : X x (0, R') — Bpg by ¢i(0,r) = @, (0,r,n} (0,7),n?(0,7)). Then
Y;0¢;:3; x (0,R") — M is a diffeomorphism ¥; x (0, R') — S; for open sets
S1y...ySp in X' with Sy,...,8S, disjoint, and K = X'\ (S;U---US,) is
compact. Also ¢; satisfies ), so that R, ¢;,S;, K satisfy Definition [F7]

Next we extend Theorem X7 to SL m-folds with conical singularities [I2
Th. 4.6], in a way compatible with Theorems EEf| and EE71

Theorem 4.8 Suppose (M, J,w,Q) is an almost Calabi-Yau m-fold and X a
compact SL m-fold in M with conical singularities at x1,...,x,. Let the nota-
tion ¥, v, Ci, B, i, R, Ty and ¢; be as in Definition[37], and let (,Us,, ®c,, R/,
Nisntsm?, i, Si and K be as in Theorem [}
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Then making R’ smaller if necessary, there exists an open tubular neighbour-
hood Uyx: C T*X' of the zero section X' in T*X', such that under d(T; o ¢;) :
T*(Ei X (O,R’)) —T*X’ fori=1,...,n we have

(d(Yi0¢:) (Ux) = {(o,7r,7u) € T*(Z x (0,R))) : ()| < ¢r},  (26)

and there exists an embedding ®x : Uxr — M with ®x/|x =id : X' — X' and
O* (W) = w, where & is the canonical symplectic structure on T*X', such that

Oy 0d(YTi004)(o,r,m,u) = Y0P, (a, T+ nil(a, r),u+ 771-2(0, 7")) (27)

forall i =1,...,n and (0,7, 7,u) € T*(%; x (0, R')) with ‘(T,u)| < (r. Here
|(7,u)| is computed using the cone metric v (g") on X; x (0, R').

Here is an extension of Theorem EERlto families of almost Calabi—Yau m-folds
(M, J*,w*, Q%) for s € F, deduced from [I2, Th. 4.8 & Th. 4.9].

Theorem 4.9 Let (M, J,w,Q) be an almost Calabi-Yau m-fold and X a com-
pact SL m-fold in M with conical singularities at x1, .. ., T,, with identifications
v; and cones C;. Let the notation R, Y;,(, @Ci,R’,m,n},n?,(bi,Si,K be as in
Theorem [, and let Uy, @+ be as in Theorem [I.§

Suppose {(M, J5wt Q%) s € f} is a smooth family of deformations of
(M, J,w, ), in the sense of Definition[ZI1), such that v.(7y)-[w®] =0 for all v €
Hy(X,R) and s € F, where v : X — M s the inclusion and i, : Ho(X,R) —
Hy(M,R) the induced homomorphism. Define ¥° : M — (0,00) for s € F as in
@), but using w*, Q°.

Then making R, R’ and Uy smaller if necessary, for some connected open
F' CF with 0 € F' and all s € F' there exist

(a) isomorphisms vi : C™ — T, M fori=1,...,n with v) = v;, (v)*(wW®) =
W' and (v7)*(Q) = P*(z:)" Y,
(b) embeddings Y5 : BR — M fori = 1,...,n with T? = Y;, T(0) = x;,
dYilo = vf, (T3)*(w®) =, and
(c) an embedding ®%, : Uyxr — M with %, = &/ and (93,)*(w*) = @,
all depending smoothly on s € F' with
%, 0 d(Yj0 i) (o,r, 7, u) = Y0 @0, (0,7, 7 + 1) (0,7), u+n7(0,r))  (28)

forallse F,i=1,...,n and (o,7,7,u) € T*(Ei X (O,R’)) with ‘(T,u)‘ < Cr.

The condition that ¢.(7) - [w®] = 0 for all v € Ha(X,R) essentially says that
*(w?]) = 0 in H?(X,R). However, we have not put it like this as we have
not defined de Rham cohomology on the singular manifold X. We could make
sense of this by, for instance, interpreting [w®] as a Cech cohomology class on
M using the equivalence of de Rham and Cech cohomology, and pulling back
to the Cech cohomology of X.
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4.4 Regularity of X near z;

In [T2, §5] we study the asymptotic behaviour of the maps ¢; of Theorem ET
using the elliptic regularity of the special Lagrangian condition. Combining [T2]
Th. 5.1], [I2, Lem. 4.5] and [I2, Th. 5.5] proves:

Theorem 4.10 In the situation of Theorem [ we have n; = dA; for i =
1,...,n, where A; : 5; x (0,R') — R is given by A;(o,r) = [, nZ(o,s)ds.
Suppose ;€ (2,3) with (2,1, NDy, =0 fori=1,...,n. Then

[VF(¢; — )| = O =17F), [VEn| = O~ 7%)  and

, (29)
‘VkAi‘ =0 ) asr—0forall k>0andi=1,...,n.

Hence X has conical singularities at x; with cone C; and rate u;, for all
possible rates  allowed by Definition [F2 Therefore, the definition of conical
singularities is essentially independent of the choice of rate u;.

Theorem EETO in effect strengthens the definition of SL m-folds with conical
singularities, Definition B, as it shows that ([[H) actually implies the much
stronger condition (Zd) on all derivatives. In [I2Z, Th. 6.8] we use Geometric
Measure Theory to prove a weakening of Definition B for rigid cones C.

Theorem 4.11 Let (M,J,w,Q) be an almost Calabi-Yau m-fold and define
Y : M — (0,00) as in @). Let x € M and fiz an isomorphism v : C™ — T, M
with v*(w) =W’ and v*(Q) = Y(x)™Q, where W', Q' are as in ().

Suppose that T is a special Lagrangian integral current in M with © € T°,
and that v.(C) is a multiplicity 1 tangent cone to T at x, where C' is a rigid
special Lagrangian cone in C™ in the sense of Definition [Z@. Then T has a
conical singularity at x, in the sense of Definition [F_]

Here integral currents, tangent cones and multiplicity are technical terms
from Geometric Measure Theory which are explained in [I2, §6]. In fact [IZ
Th. 6.8] applies to the larger class of Jacobi integrable SL cones C, for which all
special Lagrangian Jacobi fields are integrable.

Basically, Theorem EETT] shows that if a singular SL m-fold T in M is locally
modelled on a rigid SL cone C' in only a very weak sense, then it necessarily
satisfies Definition BZl One moral of Theorems EETO and EETT] is that, at least
for rigid SL cones C, more-or-less any sensible definition of SL m-folds with
conical singularities is equivalent to Definition B

5 Moduli of SL m-folds with conical singularities

The rest of the paper studies moduli spaces My of compact SL m-folds X with
conical singularities in an almost Calabi—Yau manifold M. This section sets up
the notation needed to do this, and defines the moduli space M x as a topological
space, paying particular attention to the rdle of asymptotic conditions at the
singular points in defining the topology on M . We continue to suppose m > 2.
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5.1 Notation to vary the x;,v;

We are interested in deformations of X in M that are allowed to move the
singular points x1,...,2z, and the identifications v; : C™ — T,, M. We begin
by setting up some notation to allow us to do this.

Definition 5.1 Let (M, J,w, ) be an almost Calabi—Yau m-fold and X a com-
pact SL m-fold in M with conical singularities at x1, ..., z, with identifications
v; : C™ — T,,M and cones C1,...,Cy, and use the notation of §83 Define

pP= {(x,v) cx € M, v:C™ — T, M is a real isomorphism, 20
viw) =, vH(Q) = ¢(2)" 0}, (30)

where ', Q' are as in ([@l). Then (z;,v;) € P fori =1,...,n, and P is the family
of all possible alternative choices of x;, v;, by Definition B

Regard each matrix B € SU(m) as a map C™ — C™. Then if (x,v) € P and
B € SU(m) then (z,voB) € P as ', are SU(m)-invariant. Define a smooth,
free action of SU(m) on P by B : (x,v) — (z,v0 B7Y). If (x,v),(2,0) € P
then B = ©~! ov € SU(m) and B(x,v) = (x,0). Hence the SU(m)-orbits in
P correspond to points € M, and P is a principal SU(m)-bundle over M.
Thus dim P = m? 4+ 2m — 1.

Let G; be the Lie subgroup of SU(m) preserving the cone C; in C™ for
i =1,...,n. Then G; acts on P. If (x,v) and (z,0) lie in the same G;-orbit
then they define equivalent alternative choices for (x;, v;), since v(C;) and 0(C;)
are the same SL cone in T, M. Therefore if we use P to parametrize alternative
choices for (z;,v;) we will have redundant parameters when dim G; > 0, since
each cone v(C;) in T, M is represented not by a point in P but by a submanifold
isomorphic to G;.

To avoid this, let & be a small open ball of dimension dim P — dim G; in
P containing (z;,v;) and transverse to the orbits of G; for ¢ = 1,...,n. Then
G; - &; is a small open neighbourhood of the G;-orbit of (z;,v;) in P. Define
E=& X+ x&, and e = (x1,V1,...,Zn,v,) € E. Write a general element
of £ as é = (&1,01,...,&n,0,). Then £ is a family of alternative choices &;, ¥;
of the x;,v;, which represent all nearby alternative choices exactly once up to
equivalence, and

dim& =m? +2m—1—dimG;

. 2 n . (31)

and dim& =n(m”+2m—1)->""  dimG;.
The metric g on M induces a Riemannian metric on P which restricts to &;.
Let d. be the metric induced on € = &; X - -+ x &, by the product Riemannian
metric, so that (€,d;) is a metric space.

The following result, modelled loosely on Theorem L9 extends X to a family
of Lagrangian m-folds X with conical singularities at Z; and identifications 0;
for é = (&1,01,...,2n,0pn) in an open neighbourhood € of e in &, and also
defines Lagrangian neighbourhoods ®¢, for X.
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Theorem 5.2 Suppose (M, J,w,Q) is an almost Calabi-Yau m-fold and X
a compact SL m-fold in M with conical singularities at x1,...,x,. Use the
notation of Theorem [ 7, let Ux/, Py be as in Theorem [f.8 and e, & as in

Definition [2Jl  Then for some connected open E C & with e € € and all
é=(21,01,...,8n,0p) in & there exist

(a) embeddings Y¢: B — M fori=1,...,n with

=7 (YH)*w) =, Y0)=i; and dY¢|o =0y, (32)

K3

(b) an embedding ®%., : Uxr — M with ®, = &y and (9.)*(w) = @, such
that ®%, = @y on 7 (K) C Uy,

all depending smoothly on é € E, with

0% 0 d(Ti o ¢i)(o,r,7,u) = Y5 0 e, (0,7, 7 + 1 (0,7),u+ 07 (0,7))  (33)
forallée &, i=1,...,n and (o,r,7,u) € T* (3 x (0, R')) with ‘(T,U)‘ < (r.
Proof. We shall define Y¢ and ®¢, by modifying Y;, s near x; € M using a
symplectomorphism of Bg C C™. Let R” € (0,1 R) satisfy conditions we will

specify at the end of the proof, and let Br/, Barr C Br be the open balls of
radius R”,2R” about 0 in C™. Choose a connected open neighbourhood & of

e in £ such that for all é = (21,01, ..., &, 0,) in € we have &; € Y;(Bg) for
t=1,...,n. Clearly this is possible. ~
Next, choose diffeomorphisms Z¢ : B — Bp for i = 1,...,n and é € &

depending smoothly on é, such that

(i) Z¢ is the identity on Bg for i =1,...,n,

(i) (E9)* (W) =w'forécfandi=1,...,n,
(iif) T; 0 Z6(0) = &; and d(Y; 0 E)|g = 05 for é = (&1,71,...,%n, Upn) € € and
i=1,...,n, and

(iv) Z¢ is the identity outside Bagrr C By for é € Eandi=1,...,n.

Making £ smaller if necessary, one can do this explicitly using standard but
messy symplectic geometry techniques, and we leave it as an exercise.

Now define an embedding Y¢ = Y;0Z5 : Bg — M fori=1,...,nand é € €.
Then Y¢ depends smoothly on é as Z¢ does, and (B2) follows immediately from
Ti(w) = ' and parts (i)—(iii) above. Regard ([B3) as a definition of ®¢, on
7*(S;) C Uxs for i = 1,...,n, and define ®%, = &,/ on 7*(K) C Uys,. Then
¢, : Uy — M is well-defined, and satisfies (B3).

To see that ®¢, is smooth, we need to show that its definitions on 7*(S;)
and 7*(K) join together smoothly on 7*(0K). This follows from part (iv) above
provided & - (w*(aK)) does not intersect Y;(Bag~ ), since then when r is close
to R' in () we have Y¢ = T;, and thus ®, = &/ near the boundary of 7*(.S;)
where it joins onto 7*(K).
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Hence, choosing R” € (0, 3R) such that ®,/ (7*(9K)) does not intersect
Yi(Bagw) for i =1,...,n ensures that ®%, is smooth for all é € £, and making

€ smaller if necessary we can assume it is an embedding. As ®%,(w) = & we see
that (®%,)*(w) = @ on 7*(K), and (®%,)*(w) = & on 7*(S;) follows from (B3
since (Y¢)*(w) = w’. Finally, %, = &y as Y¢ =T, fori=1,...,n. O

In the situation of the theorem, fix é € £ and define X’ = ®¢,(X’), where
X' € Uy C T*X'is the zero section, and set X = X’ U {#1,...,&n}. As
(®€,)*(w) = @ it follows that X’ is a Lagrangian submanifold of M, and thus
Xisa compact Lagrangian m-fold in M with conical singularities at Z1, ..., Zn,
identifications ©1,...,0, and cones C1,...,C,, generalizing Definition B in
the obvious way.

Thus we have extended X to a smooth family of Lagrangian m-folds X with
conical singularities, which realize all nearby alternative choices of x;, v; exactly
once up to equivalence. When ¢ is close to e, X will be approximately special
Lagrangian, and so we can try to deform it to an exactly special Lagrangian
m-fold with the same Z;, 0;.

5.2 Small deformations of X and moduli spaces

Suppose that (M, J,w,Q) is an almost Calabi-Yau m-fold and that X , X are
compact SL m-folds in M which both have n conical singular points z1,...,z,
and 21, . .., &y respectively, with the same cones C1, ..., C), and rates u1, . .., fin-
When X, X are ‘sufficiently close’ in a C! sense we shall write X in terms of
a small closed 1-form « on X’ with prescribed decay, using the Lagrangian
neighbourhood ®¢, of Theorem [ Thus we shall define a topology on the set
of compact SL m-folds in M with conical singularities.

Theorem 5.3 Suppose (M, J,w,Q) is an almost Calabi—Yau m-fold and X a
compact SL m-fold in M with conical singularities at x1,...,Ty,, with iden-
tifications v;, cones C; and rates p;. Let e, & be as in Definition B, and
UX/,QX/,S,Tf and ®%, be as in Theorem A

Let é = (21,01,...,8n,0n) € E, and suppose X is a compact SL m-fold in
M with conical singularities at Z1, ..., Ty, with identifications 0;, cones C; and
rates ;. Then if é,e are sufficiently close in & and X', X' are sufficiently close
as submanifolds in a C' sense away from 1, ..., %y, there exists a closed 1-form
o on X' such that the graph T'(«) lies in Uy, C T*X', and X' = ®¢, (T(a)).
Furthermore we may write « = B+ df, where B is a closed 1-form supported in
K and f e CR(X').

Proof. Apply Theorem B0 to X and X, using Y¢ =T, for X and Y¢ for X,
and the same R, (, U, and ®, for both. Theorem BT then gives R, R € (0,R]
and closed 1-forms 7; on ¥; x (0, R’) and #; on ¥; x (0, R)fori=1,...,nsuch
that X', X' are parametrized on S;, S; using maps ¢; : 3; x (0, R') — Bg and
D I (0, R’) — Bpg defined using 7;, 7); in the usual way.
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Theorem BT defines real functions A; on X; x (0, R') and A; on ; x (0, R')
with 17Z = d4; and 7; = dA;, and proves results on the decay of ¢;,n;, A; and
i, M, A; and their derivatives. Using ) and p; > 2 we see that ;, 7; = o(r) for
small 7. Therefore we may choose R” € (0, min(R/, R’)] such that |7; —n;| < (r
on%; x (0,R")foralli=1,...,n

Let S/ = T;0¢;(%; x (0,R")) and S = Y¢o¢;(%; x (0, R")) fori = 1,...,n,
so that S, € S; C X’ and S‘l’ C S; C X'. Define a 1-form « on Sl by a =
(Yi0¢:)«(7; —m;) for i =1,...,n. Now as (jgi(O', r) =&, (a, r, Ny (o, 1), (0o, 7"))
by Theorem BT we see from B3) that if (o,7) € £; x (0,R”) and (7,u) =
(i =307 —nf)(o,r) then

la(Tiogi(o,r)] = @5 0d(Yio di)(o,r,T,u) = TE 0 di(a,r) € S € X'

Thus the subsets S/ in X’ coincide with ®¢, (I'(a)) on the subsets S} in X’

where « is defined so far. To show that X’ = @, (T(a)) for some 1-form o
defined on the whole of X', we need that

(a) X’ should lie in ®¢,(Uy/), and

(b) X' should intersect the image under ®¢, of each fibre of 7 : Uy — X’
transversely exactly once.

We have already shown that (a) and (b) hold on the subsets S!.

Under the assumptions of the theorem &, e are close in £ and ®¢, and ®¢, =
® .+ are close on the complement of the S/. Also X', X" are close as submanifolds
in a C' sense away from 1, ..., ., and thus on the complement of the subsets
S/in X" and S/ in X’ for i =1,...,n. Therefore X’ satisfies (a) and (b) on the
complement of the S/, and a exists. Since X’ is Lagrangian and (®%,)*(w) = &,
the usual argument shows that «a is closed.

Define a smooth real function f on S/ by f = (T; 0 ¢;)«(A; — A;) for i =
1,...,n. Then o = df on S}, as n; = dA4; and 7; = dA;. As a is closed and
S! C S; are homotopy equivalent we can extend f uniquely to S; with v = df.
Then extend f smoothly over K. This defines a smooth function f on X’ with
a=dfonS;fori=1,...,n. Let  =a—df. Then o« = g+ df and 3 is
a closed 1-form supported in K = X'\ (S; U---US,), as we have to prove.
Finally, @) for A;, A; with p} = ; gives f € Cr(X). O

We define the moduli space My of SL m-folds X with conical singularities
in M, which are isotopic to X in M and have the same cones C,...,C,.

Definition 5.4 Let (M, J,w,) be an almost Calabi-Yau m-fold and X a
compact SL m-fold in M with conical singularities at x1,...,x, with identifi-
cations v; : C"™ — T, M and cones C1,...,C,. Define the moduli space Mx of
deformations of X to be the set of X such that

(i) X is a compact SL m-fold in M with conical singularities at &1,...,&,
with cones C1,...,Cy, for some Z; and identifications 0; : C™ — T, M.
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(ii) There exists a homeomorphism i : X — X with i(z;) =& fori=1,...,n
such that i|x/ : X’ — X’ is a diffeomorphism and i and ¢ are isotopic as
continuous maps X — M, where ¢ : X — M is the inclusion.

Note that by Theorem ELI0 the definition of X is independent of choice of rates
ti, S0 there is no need to include the p; in (i).

Let Vy be the subset of X € M such that for some é = (Z1,01, .., &n, On)
in £ and some 1-form a on X’ whose graph I'() lies in Uy, € T*X’ we have
X' = ®¢,(T'(a)), as in Theorem B2 Note that if X € My then My = My.
Thus, for each X € My we have X € Vg C M.

The construction of Vx above gives a 1-1 correspondence between Vy C My
and a set of pairs (&, ) for é € £ and a a smooth 1-form on X’ with prescribed
decay. Using the given topology on € and a suitable choice of topology on the
1-forms «, this 1-1 correspondence induces a topology on Vy.

To define the « topology, choose some p as in Definition B, and let the
C’ﬁ_l topology on « be induced by the norm

k
ladler = sup|[p I Val,
123 j:O X/

and the €7 ; topology on a be induced by the C’ij1 topologies for all k > 0.

Proposition 5.5 The C’}kl and Cj7_ 4 topologies on v induce the same topology
on Vx, which is also independent of the choice of rates p.

Proof. This is implicit in the proofs of Theorems EETO and In particular,
Theorem EET0 in effect shows that an a priori estimate for the C’}kl norm of &
implies a priori estimates for the C’ﬁ_l norms for all £ > 1, and so the C}L_l
and C?; topologies on a induce the same topology on V. It also proves
independence of the choice of p. O

We can now define a topology on M x.

Definition 5.6 For each X € M, use the 1-1 correspondence between Vg
and pairs (é, ) to define a topology on Vg as in Proposition Bl We get the
same topology using the C}kl or C;2, topologies on « for any choice of u, so
there is no ambiguity. One can show that overlaps Vx, N Vy, are open in Vx|
and the Vi, topologies agree on the overlaps. Piecing the topologies together
therefore defines a unique topology on M y.

Remarks. Basically, My is the family of compact SL m-folds X in M with
conical singularities which are deformation equivalent to X in a loose sense.
Note that My may not be connected, as the isotopies in part (ii) of Definition
B need not be through special Lagrangian embeddings.

In Theorem B3 we assumed only that é, e are close in € and that X’ , X' are
‘sufficiently close as submanifolds in a C' sense away from x1,...,z,". These
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closeness assumptions are actually very weak, in that we have imposed no asymp-
totic conditions on how X', X/ converge to x; and Z;, but instead required only
C! closeness on large compact subsets of X', X'

Because of this, we can be confident that the topology defined on My above
is a sensible choice. In particular, Theorem B3 effectively shows that if X, X are
close in a very weak sense, then they are close in the My topology. Theorem
BT below gives another way of seeing the naturality of the topology on M y.

Definitions B4 and 28 don’t actually need X to be special Lagrangian in
(M, J,w, ), except to ensure that X € M. We are simply using X to fix the
topological type, isotopy class and singular cones C; of XeM, In particular,
given a family {(M, Jws Q%) s € f} of almost Calabi—Yau structures on
M with X special Lagrangian in (M, J% w° Q°), we can define a moduli space
M, of special Lagrangian deformations of X in (M, J® w?®, Q%), for each s € F.

6 Deformations, obstructions, and smoothness

We can now prove the first main result of the paper, Theorem B0 below, which
is an analogue of McLean’s Theorem, Theorem B, for compact SL m-folds
X with conical singularities z1,...,2, in a single almost Calabi-Yau m-fold
(M, J,w,). An important difference with the nonsingular case is that there
may be obstructions to deforming X, which means that the moduli space My
may be singular.

Instead, My is locally homeomorphic by a map E to the zeroes of a smooth
map @ : 7, — Oy between finite-dimensional vector spaces Zy, the infinites-
imal deformation space, and Oy, the obstruction space. Here Iy, is isomorphic
to the image of HL(X’,R) in H*(X',R), and Oy is a direct sum of subspaces
depending on the SL cones Cy,...,C, of X at x1,...,xy.

We set up the problem in §611 and define Oy in g6 The main theorem
is proved in §63 with some corollaries on cases when My is smooth. Section
B4 discusses the naturality (independence of choices) of Zx/, Ox/, ® and E, and
6.1 another way to define Ty, and Oy .

6.1 Setting up the deformation problem

We shall parametrize the moduli space My locally in terms of the zeroes of a
map F' between Banach spaces.

Definition 6.1 Let (M, J,w, Q) be an almost Calabi—Yau m-fold and X a com-
pact SL m-fold in M with conical singularities at z1, ..., z, with identifications
v; : C™ — T,,M and cones C1,...,C,. Let Ux/, D/ be as in Theorem L§ and
e, & as in Definition Bl and &, Y¢ and ®%, as in Theorem

Choose a vector space Hxs of closed 1-forms on X’ supported in K, such
that the map Hy — HL(X',R) given by 8 — [3] is an isomorphism. Since X’
retracts onto K, this is clearly possible. Now the subspace of Hx/ corresponding
to the kernel of the map HL(X',R) — H'(X’,R) in ([[@) consists of exact 1-
forms on X', so each such 1-form may be written dv for some v € C*°(X").
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Let the connected components of §; = %;x (0, R') be S7 forj=1,. L 00(%).
Asdv = 0on S; we see that v = a] on S] for some constants a. Since v is deﬁned
up to addition of a constant, we specify v uniquely by requiring that ), i al =0.

Define Ky to be the vector space of all such functions v. Then dKy, = {dv :
v € Kx/} is a subspace of Hys, and d : Kx» — Hyx is injective. Also Ky is
isomorphic to the kernel of HL (X', R) — H'(X',R) in [[@). Thus by () we
have an exact sequence

0— H(X",R) = @ H(Z:,R) - Ky — 0,
i=1

so as X' is connected we see that
dim Ky = 50(%;) — 1. (34)
Let the infinitesimal deformation space Ly be a vector subspace of Hys with

Hy =Ty &AL (35)
As dKy corresponds to the kernel of HL (X' R) — H'(X’,R) in (@) and
Ty 2 Hyr /dKxs, we see that the map Zy — H(X’,R) given by 8+ [f] is an
isomorphism between Zy: and the image of HL (X' ,R) in H'(X' R).
Let k > 2, p > m, and p be as in Definition B0 Then L} ,(X') is continu-
ously included in C7.(X") by Theorem EE3 Define

Dy = {(8, f) € Hxs Ly .(X) : the graph of 3 + df lies in U} (36)

Then Dy is an open subset of Hxs x L} ,(X') containing (0,0). Here we use

the fact that f is C! to make sense of the graph of 8 +df.
Define a map F : £ x Dy — C°(X’) by

T ((25)* (Im Q) r(s1ay)) = F(&, B, f) dVy, (37)

where I'(8+df) is the graph of f+df in Uxs, and 7 : ['(8+df) — X' the natural
projection, and dVj, the volume form of the metric g on X’. Since f is C* we see
that I'(8 + df) is a C''-submanifold of U/, and so (®$,)*(Im Q)|p(s1qy) makes
sense and its image under 7 is continuous. Hence F(é, 3, f) lies in C°(X’), the
vector space of continuous functions on X”’.

The point of the definition is given in the following proposition.

Proposition 6.2 In the situation of Definition i, suppose (¢, 3, f) € EXDy

with F(&,0,f) = 0. Set X' = ®¢, (T(B + df)) and X = X’U {Z1,..., &0},

where é = (L1,...,0,). Then f € Cp2(X') and X is a compact SL m-fold in

M with conical singularities at &; with identifications ¥;, cones C; and rates ;.
Thus X lies in Vx € My in Definition[d-4} Conversely, each X in Vx comes

from a unique (&, 0, f) € & x Dy with F(é,0, f) = 0. Write U(¢,3, f) =

Then W : F~1(0) — Vx is a homeomorphism, with ¥(e,0,0) = X.
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Proof. Suppose F(é,8, f) =0. Then f € Ci (X') from above, so f is locally C?
and X' is a C' submanifold of M. As (9%,)*(w) = & and (4 df is a closed
C' 1-form, we see that w| ¢, = 0 by the usual argument. Also (B7) implies that
ImQ| ¢, = 0. Therefore, if we can prove that X’ is a O submanifold of M
then X' is special Lagrangian, by Definition

With é, 3 fixed F(é, (3, f) depends pointwise on df, V2f by 1), so

F(é,8, f)lz] = F'(x,df (), V2 f(2)) =0, (38)

where F’ is a smooth, nonlinear function of its arguments defined on some
domain. Now (BY) is a second-order nonlinear p.d.e., and using the ideas of §Z3
one can show that it is elliptic. Aubin [I, Th. 3.56] gives an elliptic regularity
result for such equations which shows that if f is locally C? then f is locally
C°°. Thus f is smooth, so X’ is C* and thus special Lagrangian.

Recall that A; is a function and n; = dA4; a l-form on %; x (0, R’) for
i=1,...,n, defined in Theorems L7 and EET0, and that Y;0¢; : &; x (0, R') —
S; € X' is a diffeomorphism. Define A; and 7 on X; x (0, R') by

Aj=foYiop;+A; and iy =dA;=d(foYiog)+m.  (39)
Let 7}, 72 be the components of 7); as in Theorem E7, and define
¢i % x (0,R) — Br by &io,r) = @, (o,7r,0; (0,7),97(0,7)). (40)
Combining @3), @9), @) and f € C;(X’) from above, we prove that

[VE(di — )| = 0@ 7%) and  |VFi| = O %) for k=0,1

41
and |kali| =O0@" %) fork=0,1,2,asr —0fori=1,...,n. (4D
Using @B3) and the facts that X' = ¢, (D(B+df)) and B =0 in S;, we find
that Y¢ o ¢; : %; x (0, R') — M maps into X', and defines a diffeomorphism
¥, x(0,R) — S; with an open subset S; of X', Also the natural diffeomorphism
X’ — X’ identifies S; and S}-, and thus K = X’ \ (Sl u---u S’n) is compact.
Therefore all the conditions of Definition B are satisfied, and so X is a
compact SL m-fold in M with conical singularities at 1, ..., Z,, with identifi-
cations ¥;, cones C; and rates u;, as we have to prove. Applying Theorem EETO
to X and X then shows that |[V*A;| = O(r#i—%) and |V*A;| = O(r#~*) for all
k > 0. Thus @) gives |[VFf| = O(p*i~*)on S, for all k >0 and i =1,...,n.
Since f is smooth this implies that f € C5°(X’), as we have to prove.
Definition EAInow shows that X € Vx. Conversely, if X e Vx then Definition
B gives X' = ®¢, (I'(a)) for some é € & and 1-form a on X’ whose graph T'(«)
lies in Uys. The proof of Theorem then shows that o = 3 + df, where 3 is
a closed 1-form supported in K and f € Cr(X).
Let 8 be the unique element of H, with [3] = [4] in HL (X', R), where H
is as in Definition BIl Then 3 — 3 = dv, for v € C°(X'). Set f = f+~. Then
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f € Cr(X') with @ = g+ df. Theorem LT shows that we can improve the
rates p; of the singularities Z; of X to some rates i > pfori=1,...,n. It
follows that f € Cp?(X'), and therefore f € L} ,(X') as Cp2(X') C L} ,(X').
Therefore (8, f) € Dy by E).

As X' is special Lagrangian ImQ|¢, = 0, and it follows from (B7) that
F(é,3,f) = 0. Thus each X in V comes from some (&, 3, f) € € x Dy with
F(é, B, f) = 0. Since there are no nontrivial Gy x - - x G, equivalences in & by

construction, X determines é uniquely, and X é then determine « and so 3, f
uniquely. Thus (é, 8, f) is unique.

Thus writing W(&, 3, f) = X defines a bijection ¥ : F~1(0) — Vy with
U(e,0,0) = X. We must show that ¥ is a homeomorphism. The topology on

V, is defined using pairs (&, o), where ¢ has the £ topology and « either the C}kl
or the C;7 ; topology on 1-forms for any choice of p, and W takes 06, f) —

(6,3 +df).
Now f has the L} , topology, so df has the Ly , , , topology. This is

intermediate between the C’Ilkl and C;7_; topologies on a for wi > u; as above,
as Oy _(T"X") C Ly, ,, (T*X') C Cl 1 (T*X') by Theorem EE3 But the
Cl _;and C _; topologies on « induce the same topology on Vx by Proposition
E:ﬂ Thus the Ly i , topology on df also induces the same topology on Vy,
and it follows qulckly that ¥ is a homeomorphism. O

Here is an analogue of Proposition 2210 for F'.

Proposition 6.3 In the situation above, for x € X' we may write
F(e, 8, fle]=—=d* (™ (B+df)) [2]+Q(&, z, (B+df)(2), (VB+V2[)(z)), (42)

where Q : {(é,3,y,2) : é € E,xe X, yeT:X' NUy, 2 € @ TrX'} — R s
smooth, and for p(z)~1|y|, |2| and de(é,e) small we have

Q(é,2,y,2) = O(p(x) ?|yl* + |2* + p(x)de (¢, ¢)), (43)
and more generally for p(x)~t|y|, |2| and de(é,€) small and a,b,c > 0 we have

(V2)*(8,)"(8:)°Q(e, 2,1y, z) = O(p(ar) ~o 7m0y max(©:270)

_ _ Cacby s (44)
+p(a) |02y p(a) ' (6, e)),

where Vg, 0y, 0, are the partial derivatives of @ in the x,y,z variables, using
the Levi-Civita connection V of g to form V.

Proof. The value of F(é,3, f) at € X’ depends on ¢, via (®%,)*(Im ), and
on the tangent space to I'(8 + df) at ’, where 2’ € T'(«) with w(2’) = x. But
T T(B+df) depends on both (3+df)|, and (VB+V2f)|.. Therefore F (¢, [, f)
depends pointwise on the arguments of @ in ([{2).

As in the proof of Proposition XTI we may take [ Z2) as a definition of Q,
and @ is then well-defined on the given domain, which is the set of all é, x,y, z
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realized by é, 3, f in the domain of F. As m,¢,Im ), dV, are smooth and ®<, is
smooth and depends smoothly on é, we see that @ is a smooth function of its
arguments.

Since ®%, = @4 and Py is the identity on X’ = I'(0) C Uy’ we see that
F(e,0,0)dV, = ImQ|xs = 0 as X' is special Lagrangian. Thus F'(e,0,0) = 0,
and so Q(e,x,0,0) = 0. Following the proof of Proposition XTI we can also
show that 9,Q(e,z,0,0) = 9,Q(e, z,0,0) = 0.

Therefore by Taylor expansion of Q(é,z,y, z) about é = e, y = z = 0 we see
that for fivzed x in X’ and small |y|, |z|,d(é, €), we have

Q(é,2,y,2) = O(ly” + [2* + de (&, 0)), (45)
and more generally for fixed x, small |y|, |z|,d:(é,€), and a,b,c > 0 we have
(Va)*(9y)7(0:)°Q(é, m,y, 2) = O(Jy|™ >0 4 [o|m>(0279) 1 d, (¢, ¢)). (46)

To prove [3) and ) we have to extend EX) and EH) to hold uniformly
for z € X' by inserting appropriate functions of x as multipliers. Careful con-
sideration of the asymptotic behaviour of F' and ) and their derivatives near x;
for i =1,...,n shows that the powers of p given in [3]) and 4] suffice. These
powers are independent of p as the inequalities p; > 2 imply that the terms
given dominate other error terms involving the ;. ([

We can also refine the image of F in C°(X").
Proposition 6.4 In the situation above, F' maps
F:ExDy —{uel]_,, o(X): [y udV, =0}, (47)

and this is a smooth map of Banach manifolds.

Proof. 1f (é,8, f) € € x Dy then § is smooth and compactly-supported and
fery, (X'),so—d* (y™(B+df)) € L} 5, 5(X'). Hence we must show that
the @ term in (2) also lies in L} , , ,(X'). For z € X', write

y(z) = (B+df)(x), () = (VB+V2f)(z) and v(z) = Q(&,z,y(z), 2(x)).

Then we must show that v € L} _, , »(X').
As Ly ,(X') € C}(X') by Theorem I3 we have [y| = O(p#~") and 2] =
O(p*~2). Equation () then gives

v=Q(&z,y(x), z(x)) = O(P** ) + O(p** ") + O(p(x)d: (¢, ¢)).

Now 2p; —4 > p; —2and 1 > p; —2 as 2 < p; < 3, so v decays faster than
p*~2% near x;, and it follows that v € L ,, o(X").
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For the derivatives of v, by the chain rule we have

Wil <t Y |V @) @R 2, y(w), =)

a,b,c20
a+b+c<j
b c
Moy M, N1, 21 =1 i=1

atmit-tmptni+tne=j

Using (@) to estimate |(V4)*(0y)"(9:)°Q(é, z,y(x), 2(z))| and noting that y €
Ly 4,1 (X)) and 2 € L}, , »(X'), after some ‘calculations using Theorem
and Holder’s inequality we can show that [V7v| € Lg , o ;(X') for j =
0,...,k—2, so that v €~L£721H72(X').

Thereforie F maps € X Dyr — L£_2)”_2(X’). As in PropositAion B2, each
(6,8,f) € €& x Dy defines a compact C! Lagrangian m-fold X in M with

conical singularities. Regard X, X as m-chains in homology. Then [X] = [X] e
H,,(M,Z) as X, X are isotopic. So using @1) we see that

F(é, B, f)dV, = AImQ:[X]-[ImQ]z[X]-[ImQ]:/ ImQ =0,
X' X'

X

as Im Q is closed and X’ is special Lagrangian. Thus F maps to the r.h.s. of (@),
as we have to prove. The smoothness of F' as a map between Banach manifolds
easily follows from the smoothness of () and general limiting arguments. O

6.2 The obstruction space

We shall determine the derivative dF | o0y of F at (e,0,0).

Proposition 6.5 There exists a unique linear map x :Teg — C§°(X"), where
0=(0,...,0) € R" and x(y) =0 on K for all y € T.E, such that dF|(c 0,0 :
T.E x Hyr % LZH(X’) — Li—z,u—2(X/) is given by

AF(e,0,0) : (4, 8, f) = d* (™ (d[x(y)] = B — df)). (48)

Proof. As F is smooth by Proposition B4, dF'|( g, is well-defined. Equation
(D) then shows that dF|e 00y maps (0,3, f) — —d*(¢)™ (8 + df)), since @)
implies that the @ term in #2) can only have derivative 0 in 3, f at (0,0). This
gives the final two terms in (E3).

Let y € T.€, and differentiate ®%, w.r.t. é in the direction of y at é = e.
This gives 9,P%/|s=., which is a section of the vector bundle (®<,)*(T M) over
Uyx. Now d®%, induces an isomorphism of TUy: and (®%,)*(TM) as vector
bundles over Uy/. Therefore v = (d®%,)* (8, 9%/ |e=c) is a section of TUy/, that
is, a vector field on Uy, which depends linearly on y.
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Differentiating (®¢,)*(Im ) w.r.t. € in the direction of y, we find that
0, (@%,)* (I Q) |oe = £,(3%,)* (Im ),
where L, is the Lie derivative. But restricting to X’ C Uy we have
(%) (I Q)[x = F(é,0,0)dV,,
by (). Combining the last two equations gives
0,F(¢,0,0)dV, = (L,(%)* (I Q)] v (19)

Define a 1-form o on Uy by @ = v - @. Then from () and the proof of
Proposition 210 we find that

8,F(e,0,0) = d* (™| x). (50)

Since (®%,)*(w) = & for all é € &, it follows that £,& = 0, and hence a is a
closed 1-form on Uy/. Also v =a =0 on 7*(K) as ®¢, = &/ on 7*(K) C Uy,
by Theorem

Thus «|x is a closed 1-form on X’ which is zero on K. Since X' retracts onto
K there exists a unique smooth function x(y) : X’ — R with o|x, = d[x(y)]
and x(y) =0 on K. Clearly x(y) is linear in y, and (Bl) gives

dF(c,0,0)((,0,0)) = 9, F(e,0,0) = d* (¥ d[x(1)])-

This completes the proof of [EX).

It remains to show that y maps T, — C°(X'). As ®¢, satisfies (B3,
one can show that v and a on 7*(S;) C Uy are the pull-backs under @<,
of a smooth vector field v' and a smooth closed 1-form o' on Y$(Bpg), where
Ti(v') = 0, T¢|e—e and o/ = v’ - w. This implies estimates on the decay of «
and its derivatives on S; for ¢ = 1,...,n, which imply that x(y) € C§°(X’), as
we want. 0

To apply the Implicit Mapping Theorem to F' in §63 we will need to know
how close dF[(.,0,0) is to being injective and surjective. First we show that
dF|e,0,0) is injective on a large subspace of its domain.

Proposition 6.6 The restriction of dF|,0) to T.E x AKXy x LQ“(X’) is
injective, where Ay < Hx as in Definition [

Proof. Let (y,dv, f) € T.E x dK s x Ly (X') with dF|(c,0,0)(y;dv, f) = 0. Then

d*(¢™d[x(y) —v—f]) =0

by EX). Multiplying this equation by x(y) — v — f and integrating over X’ by
parts, we find

"|dlx(y) — v — f*aV, = 0.
»
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This holds even though X’ is noncompact, because of the asymptotic behaviour
of x(y) — v — f and its derivatives near x;, and may be proved rigorously using
2, Lem. 2.13]. Thus d[x(y) —v — f] = 0.

Now (y,dv, f) corresponds to an infinitesimal deformation of X as a La-
grangian m-fold in M with conical singularities, locally the graph of d[x(y) —
v— f] =0. As d[x(y) — v — f] = 0 this infinitesimal deformation is trivial, and
so cannot change the singular points x; or identifications v;. Therefore y = 0,
as € parametrizes nonequivalent choices of z;, v; by definition.

Hence d(v + f) = 0,s0 v+ f = c € R. As f € Cp(X’) by Theorem B3
we have f(z) — 0 as ¢ — x; in X’. But v = @ on S/ and D i al =0, by
Definition Taking © — x; shows that az = ¢ for all 4, j, and thus ¢ = 0 as
Zi_’j af = 0. Hence v =0 on S; for all 4, and v is compactly-supported, so that
[dv] = 0 in HL(X’,R). Since the map Ky — HL(X',R) given by v — [dv]
is injective, by Definition Bl we see that v = 0, and hence f = 0. Therefore
dF|(c,0,0) is injective on T,.& x dK s x Ly (X'). O

Next we in effect measure how close dF'[(. o,0) is to being surjective.

Proposition 6.7 In the situation above, the map LZ,M(X/) — L£727H72(X’)

given by f — d*(y™df) is Fredholm with cokernel of dimension >, Ny, (2).

Proof. This is just the map Py, : L} (X') — L} , , ,(X’) of Theorem B2
Thus part (b) of Theorem EEAl shows that P, is injective, and then part (a)
proves that P, is Fredholm with cokernel of dimension ) . | Ny (p;). But
Ny, (1i) = Ny, (2) by (@), as Ny, is upper semicontinuous and discontinuous
exactly on Dy, by Definition O

Now we can define the obstruction space in our problem.

Definition 6.8 Proposition 54 shows that
AF|(e,0,0)(Te x dKxr x LY (X")) S {u € LE_, , o(X'): [y, udV, =0},

and Propositions and B show that this inclusion is of finite codimen-
sion. Choose a finite-dimensional vector subspace Oy of smooth, compactly-
supported functions v on X’ with [, vdV = 0, such that

{u S Li—z,u—z(X/) : fX, udV, = O} =

i . (51)
OX/ &b dF|(e,O,O) (Teg X dICX/ X ka“(X ))
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This is possible as such functions v are dense in the Lh.s. of ([&Il). We call O/
the obstruction space. Propositions [B.0HE ] imply that

dim Oy =Y Ny (2) —dim& — dim Ky — 1

K3

I

N
Il
-

Ny, (2) = n(m? +2m — 1)+ > dimG; — Y (%))
=1 i=1

|

@
Il
=

(52)
(N5, (2) = b°(23) = m? — 2m + 1 + dim G;)

|

@
Il
A

s—ind(CZ—),

I

N
Il
-

where dim £ = dim & is given in &) and dim K in @), we use @) in the last
line, and s-ind(C;) > 0 is the stability index of Definition B8l

We may interpret (B2)) by saying that each singular point x; contributes an
obstruction space of dimension s-ind(C;) to deforming X as an SL m-fold with
conical singularities, and Oy is the sum of these obstruction spaces.

6.3 The main result

We are now ready to prove our main results on the moduli space My of compact
SL m-folds with conical singularities. The key tool is the Implicit Mapping
Theorem. The following version may be proved from Lang [T6, Th. 2.1, p. 131].

Theorem 6.9 LetY,Z and T be Banach spaces, and W an open neighbourhood
of (0,0) in'Y x Z. Suppose that the function G : W — T is a smooth map
of Banach manifolds with G(0,0) = 0, and that dG0lz : Z — T is an
isomorphism of Z,T as vector and topological spaces. Then there exist open
neighbourhoods U,V of 0 in'Y and Z with U x V. C W and a smooth map
H:U — V with H(0) = 0 such that if (u,v) € U XV then G(u,v) =0 if and
only if v = H(u).

Here is our first main result, describing My near X.

Theorem 6.10 Suppose (M, J,w,Q) is an almost Calabi—Yau m-fold and X
a compact SL m-fold in M with conical singularities at x1,...,x, and cones
Ci,...,Cp. Let My be the moduli space of deformations of X as an SL m-fold
with conical singularities in M, as in Definition[5]] Set X' = X\{z1,...,z,}.

Then there exist natural finite-dimensional vector spaces Ty, Ox/ such that
Iy is isomorphic to the image of HL(X',R) in H*(X',R) and dim Oy =
Yo s-ind(C;), where s-ind(C;) is the stability index of Definition Ed. There
exists an open neighbourhood U of 0 in Zx/, a smooth map ® : U — O with
®(0) =0, and a map Z: {u € U : ®(u) = 0} — My with 2(0) = X which is a

homeomorphism with an open neighbourhood of X in Mx.
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Proof. As € is an open neighbourhood of e in &, which is an open ball, we can
choose a smooth identification of £ with an open neighbourhood of 0 in T.€
which identifies e with 0 and induces the identity map on T.€. Define
Y =Ty, Z=0xxT.ExKyx xL{ (X,
T={uce Li_27#_2(X’) : [y udVy =0} and
W={(B7.év,f)eYxZ:é€cECT.E, (B+dv,f)eDyx}.  (54)

(53)

Then 0 € Z is (0,¢,0,0). Choose any norms on the finite-dimensional spaces
Ty, 04, T.E, Ky, and use the usual norms on LZ,H(X/) and T. Then Y, Z, T
are Banach spaces, and W is an open neighbourhood of (0,0) in Y x Z, as in
Theorem B9

Define a map G : W — T by G(8,v,é,v,f) = v+ F(é,8 + dv, f). This
is a smooth map of Banach manifolds, by Proposition 4 and G(0,0) =
G(0,0,e,0,0) = 0 as F'(e,0,0) = 0. The map dG/g,p)|z is given by

dG,0)lz : (7, 9,0, f) = v+ dF(e,0,0)(y, dv, f). (55)

Now Proposition proves that (y,v, f) — dFe,0,0) (y,dv, f) is an injective
map on T,& x Ky X LZ#(X’). Also (EI) implies that Oy intersects the image
of dF{. 0,0y only in 0. Therefore dG g,y : Z — T' is injective.

But (BIl) shows that dG g o) is surjective. Thus dG g, is an isomorphism of
Z,T as vector spaces. Since dG/q ) is continuous, it is an isomorphism of Z, T
as topological spaces by the Open Mapping Theorem. Hence the hypotheses of
Theorem hold, and the theorem gives open neighbourhoods U of 0 in Zx-
and V of 0 in Z and a smooth map H : U — V C Z with H(0) = 0.

Since (8,v) — [+ dv is a homeomorphism Ty x Kx» — Hy by BH), we
see from (Bdl) that the map

{(8.0.6.0.f) W} —Ex Dy givenby (8,0,8,0,f)r (&,4+dv, [)

is a homeomorphism. Applying Proposition we see that

(a) The map {(8,0,é,v, f) € G7'(0) € W} — Vy given by (8,0,&,v, f) —
U(é,B+ dv, f) is a homeomorphism taking (0,0,¢,0,0) — X.

Define @ : U — Oy, Hy : U = T.€, Hy : U — Ky and Hs : U — L, ,(X)
by H(u) = (®(u), Hi(u), Hy(u), H3(u)) € V C Z. Then ®,Hy,Hsy, Hy are
smooth as H is smooth, and ®(0) = 0, H;(0) = 0 as H(0) = 0. By Theorem
B3 if (u,v) € U x V then G(u,v) = 0 if and only if v = H(u). That is:

(b) if (B,7,é,v,f) € UxV C W then G(3,7,é,v,f) = 0 if and only if
v =®(B), é = Hi(B), v=Hz(fB) and f = H3(B).
Combining (a), (b) proves that E : {u € U : ®(u) = 0} — Vy given by
E(u) = ¥(H1(u),u + dHz(u), Hs(u)) is a homeomorphism from U to an open
neighbourhood of X in Vy with Z(0) = X. This completes the proof. d
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Here are two simple corollaries of Theorem BT Firstly, if X has stable
singularities in the sense of Definition B then s-ind(C;) = 0, so dim Oy = 0,
and My is locally homeomorphic to Zy/. Thus My is a manifold near X.

But all SL m-folds X € My have the same cones C;, so all X € My have
stable singularities, and My is a manifold everywhere. The maps = of Theorem
BT provide coordinate charts on M. It is easy to see that the transition maps
are smooth (this follows for instance from Theorem below), so My is a
smooth manifold. This gives:

Corollary 6.11 Suppose (M, J,w, ) is an almost Calabi—Yau m-fold and X a
compact SL m-fold in M with stable conical singularities, and let My and Ly
be as in Theorem Il Then My is a smooth manifold of dimension dimZy..

Here is another simple condition for My to be a manifold near X.

Definition 6.12 Let (M, J,w,Q) be an almost Calabi—Yau m-fold and X a
compact SL m-fold in M with conical singularities, and let Zy/,Ox/,U and ®
be as in Theorem [ET0 We call X transverse if the linear map d®|o : Zx» — O/
is surjective. It is not difficult to see that this definition is independent of the
choices made in defining Zy/, O/, U and .

If X is transverse then {u € U : ®(u) = 0} is a manifold near 0, so we prove:

Corollary 6.13 Suppose (M, J,w, ) is an almost Calabi—Yau m-fold and X a
transverse compact SL m-fold in M with conical singularities, and let My, Ly
and Oy be as in Theorem [EI0. Then My is near X a smooth manifold of
dimension dimZy, — dim Oy .

6.4 Naturality of 7/, O/, ® and =

In the course of proving Theorem B0 we made a considerable number of arbi-
trary choices in @3, §and §8 including Y;, ¢, Uy, &/, E, E, Y8, 0%, Hyr, Iy,
Oy and U. We now consider to what extent the final result depends on these
choices, in particular the vector spaces Zy/, Ox/ and maps @, =.

Now Zy- is naturally isomorphic to the image of HL (X', R) in H!(X',R)
by 601 Thus as a vector space Iy depends only on X', though as a vector
space of 1-forms it depends on an arbitrary choice. Let us identify Ty, with the
image of HL(X’,R) in H!(X’,R), so that Zy- is independent of choices.

Then = maps &7 (0) € Zy» € H'(X’,R) to My, as a local homeomorphism.
In the next theorem we shall construct an inverse © for =, defined near X in M«
and mapping into H(X’,R), which is independent of all arbitrary choices. This
proves that both = and its domain {u € U : ®(u) = 0} C Zx+ are independent
of arbitrary choices near 0 in Zy.

In §6H we will explain an alternative construction of O/ as a vector space
which is independent of choices. The author does not know to what extent ® is
natural where it is nonzero, but this does not seem a very important question.
The theorem is based on the construction of natural coordinates on moduli
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spaces My of compact, nonsingular SL m-folds, which is described by Hitchin
5, §4] and the author [TT), §9.4].

Theorem 6.14 Let (M, J,w,Q), X, X', Mx,U,=Z and ® be as in Theorem[G 11,
and let V be a path-connected, simply-connected open neighbourhood of X in
M. Then there exists a natural, continuous map © : V — HY(X' /R) depend-
ing only on M,w, X and V', such that ©,Z are inverse maps on the connected
component of VNE(U) containing X.

Proof. Let XeV. AsVis path-connected and simply-connected there is a
unique isotopy class of continuous paths v : [0,1] — V with v(0) = X and
~(1) = X. This determines a unique isotopy class of continuous maps IT :
0,1] x X' — M with TI({0} x X’) = X’ and TI({1} x X’) = X’. Let I be a
smooth map in this isotopy class. Then IT*(w) is a closed 2-form on [0,1] x X’
vanishing on {0,1} x X', since X', X’ are Lagrangian.

Thus [II*(w)] defines a class in H2([0,1] x X’;{0,1} x X', R), the relative
de Rham cohomology group, which depends only on M,w,V, X and X. Define
O(X) to be the class in H'(X’,R) corresponding to [IT*(w)] under the natural
isomorphism H'(X',R) = H?([0,1] x X";{0,1} x X’,R). Then © : V —
H'Y(X',R) depends only on M,w, X and V, and is clearly continuous.

We must show that ©,= are inverse near X. Let X lie in the connected
component of V' N E(U) containing X. From §EI-J63 we find that X' =
@i,(l"(ﬁ + df)) for some (¢é,8, f) € € x Dy, and that (8] € HY(X',R) lies in
U C Iy CHY(X',R) with ®([3]) = 0 and Z([8]) = X.

Now ®¢, = &,/ on 7*(K). Assuming the fibres of 7 : Uy, — X' are convex
for simplicity, we may take II|jo 1)xx above to be II(t,z) = @ (t(ﬁ + df)|x)
This has the correct isotopy class as X, X lie in the same component of VNZ(U).
Since ®%,(w) = @, a short calculation then shows that II*(w) = (8 + df) A dt
on [0,1] x K. As X’ retracts onto K, we find that ©(X) is [+ df] = [3] €
H'(X',R). But £([4]) = X, so ©, Z are inverse. O

The theorem implies that the topology on My is locally induced from the
Euclidean topology on H(X’,R) via ©. This gives another way of seeing the
naturality of the topology on M.

6.5 Another way of thinking about Z,/, O

In 3 we saw that for a compact, nonsingular SL m-fold N in an almost Calabi—
Yau m-fold M, the infinitesimal deformations correspond to 1-forms o on N
with da = d*(¥™a) = 0, which form a vector space naturally isomorphic to
HY(N,R). To extend this to SL m-folds X with conical singularities z1, ...,z
with rates ui, ..., tn, we need to regard « as a 1-form on X’ with asymptotic
conditions on « and its derivatives.

We saw in TheoremEEH that the most natural asymptotic condition on « from
the point of view of Hodge theory is |[V¥a| = O(p~1%) for all k > 0. The vector
space Yy of such « is isomorphic to H!(X’,R). Consider for the moment only
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deformations of X that fix the x; and v;. Then the most natural asymptotic
condition on « for the deformation theory of X is |VFa| = O(p*~17%) for
all k£ > 0.

Clearly if [V*a| = O(p#~17%) then |VFa| = O(p=17F). So define

Zyr ={a €Yy : |VFa| =0(p* %) for all k > 0}.

This is an obvious candidate for the infinitesimal deformations of X which fix
the x;,v;. Therefore we ask: how big a subspace of Yy = HY (X', R) is Zx/?

First note that if the image of [a] € H'(X’,R) under the map H!(X’,R) —
@, H'(X;,R) of ([T is nonzero, then one can easily see from the proof of
TheoremEER in [12, §2.5] that o decays exactly at rate O(p~1) near some z;, and
thus a ¢ Zy/. Hence Zy corresponds to a subspace of the kernel of H(X',R) —
@, H'(X;,R), that is, to a subspace of the image of HL(X',R) — H'(X',R)
in (@), which is isomorphic to Zy-.

Define G; to be the space of germs of smooth 1-forms on X' near x;, that is,
smooth 1-forms ¢ defined on U; \ {;} for some small open neighbourhood U; of
x; in X, where two such 1-forms are equivalent if they agree on the intersection
of their domains. For ¢ = 1,...,n define

B {€¢ € G : ¢is exact, d* (™€) =0, [VFE| = O(p~7F) for all k > 0}
L {€ € Gi: &is exact, d* (™€) =0, [VFE| = O(pHi~1F) for all k > 0}

Then one can show that O; is a vector space of dimension Ny, (2) — b°(%;),
an obstruction space. Each & in the subspace of Yy corresponding to Zy+ has a
natural projection to O; for i =1,...,n, and £ € Zy if and only if all of these
projections are zero. Thus the infinitesimal deformation space Z - is the kernel
of a linear map Zy — @, O;, and each obstruction space O; depends only
on the germ of X at z;, and essentially only on the cone Cj;.

In fact @), O; does not correspond exactly to the obstruction space Oy
of A as Oy is the obstructions to deformations which can vary x;,v;. Each
O; contains a vector subspace P; isomorphic to T{,, )&, corresponding to
infinitesimal deformations £ which vary x;,v;. It can be shown that there is a
natural isomorphism Oy = @ |, O;/P;. The corresponding linear map Z» —
Oy is d®|o, in the notation of 63

This way of thinking about the infinitesimal deformation and obstruction
spaces Zx/, Oy has the advantages of being closer to McLean’s method, and of
presenting Oy as a direct sum of contributions from each singular point x;, in
a way that was implicit in (B2) but was not brought out in §2 However, the
author did not find it helpful in actually writing down a proof.

7 Extension to families {(M, J5w® Q%) s € f}

We now extend the material of 8] and 6l from a single almost Calabi-Yau m-
fold (M, J,w, ) to a smooth family of deformations {(M, Jows 0%) s € .7:}
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of (M, J,w, ), as in Definition XTIl The basic idea is that we consider defor-
mations X of a compact SL m-fold X in (M, J,w, ) with conical singularities,
not just in (M, J,w,Q) but in (M, J* w* QF) for s € F.

We collect these deformations (s, X) into a big moduli space MZ with a
natural topology and a continuous projection 77 : M% — F, generalizing §0
Then we show that M7 is homeomorphic near (0, X) to the zeroes of a smooth

map ®7 : F X Tyr — Oy between finite-dimensional spaces, generalizing §0l

7.1 Moduli spaces of SL m-folds in families (M, J* w?® Q*)

We first explain how to extend Hto families {(M, Jws Q%) s € .7-"} of almost
Calabi—Yau m-folds, as in Definition EZTTl In fact this is not very much work,
as we are already dealing with families £ of choices of z;,v;, so we simply have
to enlarge these families to include F, and make appropriate changes. Consider
the following situation.

Definition 7.1 Let (M, J,w, Q) be an almost Calabi—Yau m-fold and X a com-
pact SL m-fold in M with conical singularities at z1, ..., z, with identifications
v; : C™ — T,. M, cones Cy,...,C, and rates p;. Suppose {(M, Jo W, Qf)
s € .7-'} is a smooth family of deformations of (M, .J,w,Q), where F C R? is
the base space, such that t.(y) - [w®] = 0 for all v € Hy(X,R) and s € F
and [X]- ImQ®] = 0 for all s € F. Here ¢+ : X — M is the inclusion,
Lo+ Hy(X,R) — Hy(M,R) the induced map, [w®] € H?*(M,R), [X] € H,,,(M,R)
and [ImQ°] € H™(M,R).

The point of this definition is that ¢, (v)-[w®] = 0 for all v and [X]-[Im Q°] = 0
are necessary conditions for there to exist an SL m-fold X in (M, J*,w*, Q%) with
conical singularities, isotopic to X in M. Forif 7 : X — Ris the inclusion then by
isotopy i« () = t«() under the natural isomorphism Hy(X,R) 2 Hy(X,R) and
[X] = [X]. But clearly i,(v) - [w®] = 0 for all v € Hy(X,R) and [X]-[Im Q°] = 0,
since w®| ¢, = ImQ°| ¢, = 0.

We have written these conditions in an odd way. In effect ti(7) - [w®] =0
for all v and [X] - [Im Q°] = 0 simply mean that [w®|x] = [ImQ¥|x] = 0 in
H*(X,R). However, we have not defined the de Rham cohomology H*(X,R) of
the singular manifold X, so this does not make sense. The conditions [w®|x/] =
[ImQ?%|x/] =0 in H*(X’,R) do make sense, but are not strong enough.

Here are the analogues of Definition Bl and Theorems and
Definition 7.2 In the situation of Definition [Tl for s € F define ¢* : M —
(0,00) as in (@), but using w?, Q°. Extending (B0), define

P7 = {(s,:mv) c:seF,xeM,v:C"™ — T,M is a real isomorphism, 6
U*(ws) _ w/’ ’U*(QS) _ 1bs(w)vnﬂl}7 ( )

where w’, Q) are as in (). Define n* : P¥ — F by n” : (s,x,v) — s. Define
a free SU(m)-action on P¥ by B : (s,z,v) — (s,x,0 0 B7!). Then P” is a
principal SU(m)-bundle over F x M.

36



Let G; be the Lie subgroup of SU(m) preserving C;. Let 0 € 7/ C F and
vi : C™ — T,,M for i =1,...,n and s € F' be as in Theorem EEd Then
(s,x5,vi) € PP fori=1,...,nand s € F'. Let &, & be as in Definition Bl

For i = 1,...,n let & be a submanifold of dimension dim P* — dim G; in
(77)*(F') C P” such that * : &' — F' is a submersion, (77)~!(s) is a small
ball containing (s, z;, vf) for s € F' which is transverse to the orbits of G;, and
(77)~1(0) = {0} x &. Making F’ smaller if necessary, such & exist. Define

E7 ={(5,81,01, ..., 30, 0p) 1 (5,84,0;) € E fori=1,...,n}. (57)

Write a general element of £ as (s,¢é) for s € ' and é = (&1,01,. .., %n, On)
as in §511 and let e = (z1,v5,...,2,,v3), so that (s,e®) € £ for all s € F'.
Define 7% : £ — F' by n% : (s,41,...,0n) — 5. Then (77)~1(0) = {0} x &.
This £7 is a family of (s, #;,0;) such that #;,0; are close to x;,v;, and are
valid alternative choices of z;, v; in (M, J*,w®, Q%), noting that 0; : C"™ — Tz, M
has to be compatible with w?® Q® as in 83 Each G; x --- x G, equivalence
class of choices of s, Z;,0; close to 0, z;, v; is represented exactly once in 7.

Theorem 7.3 In the situation above, use the notation of Theorem [ let
Uxr,®x: be as in Theorem [I.§, let 0 € F' C F and vi, Y7, ®%, for s € F'
be as in Theorem[I.9, and let £, T and @, be as in Theorem 2.

Then making F' smaller if necessary, there exists a connected open subset
E7' C &7 with (s,e®) € E7 for all s € F' and (77)"1(0)NET = {0} x €, and

for all (s,6) = (s,81,01,...,%n,0n) in E7 there exist
(a) embeddings Tf’é :Br— M fori=1,...,n with
T =718 YEN0) =2, dAYSo=10; and (Y9 (W) =o',  (58)
(b) an embedding S8 Uy — M with @3¢ = @3, and (9%8)* (w*) = &,
such that ®%F = @5, on 7*(K) C Uy,

all depending smoothly on (s,€) € E7', with T?’é =T¢ and ®%¢ = &%, for all
éef and

B%f 0 d(Y; 0 ¢4) (0,7, T, u) = Tf’é 0P, (U, 7 +ni(o,r),u+n2(o, r)) (59)

for all (s,€é) € E7 1<i<n and (U,’I‘,T,’U,)ET*(EZ' X (O,R')) with ‘(T,U)‘<<T.

Theorem 7.4 In the situation above, let (s,é) = (8,21,01,...,8n,0n) € &7,
and suppose X isa compact SL m-fold in (M, J* w*, Q%) with conical singu-
larities at Z1,...,%Ty, with identifications U;, cones C; and rates p;. Then if
(s,€),(0,e) are sufficiently close in £ and X', X' are sufficiently close as sub-
manifolds in a C' sense away from x1,...,%,, there exists a closed 1-form o
on X' such that the graph T(a) lies in Usxr C T*X', and X' = ®%f (T(a)).
Furthermore we may write « = B+ df, where 8 is a closed 1-form supported in
K and f € Cp(X').
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The proofs are straightforward modifications of §o.1] replacing Theorem
by Theorem EEAQ Here is the analogue of Definitions B2l and B

Definition 7.5 In the situation above, define the moduli space M7 of defor-
mations of X in the family F to be the set of pairs (s, X) such that

(i) s € F and X is a compact SL m-fold in (M, J* w*® Q%) with conical
singularities at Z1, ..., &, with cones Cq,...,C,, for some Z;.

(ii) There exists a homeomorphism i : X — X with i(z;) = &; fori =1,...,n
such that i|x/ : X’ — X’ is a diffeomorphism and 7 and ¢ are isotopic as
continuous maps X — M, where ¢ : X — M is the inclusion.

Define 77 : MZ — Fby 7 : (s, X) — s. Let V7« be the subset of (s, X)e MZ
such that for some (s,¢é) € £7 and some 1-form a on X’ whose graph T'(a) lies
in Uy, € T*X' we have X' = ®%¢ (I'(a)), as in Theorem [ZA

This gives a 1-1 correspondence between V7, and a set of triples (s,é, )
for (s,¢) € £ and a a smooth 1-form on X’ with prescribed decay. Also
(m7)71(0) N V7 = {0} x Vy, where Vy is as in Definition B4, and the triples
(0,¢, ) for (x7)~1(0) N V7 agree with the pairs (¢, ) for Vx in Definition B2

Use this 1-1 correspondence to define a topology on Vy ,, using the natural
topology on £7" and either the C}L_l or the C[}2 ; topology on «, defined as in
§52 The analogue of Proposition i shows that these yield the same topology
on V7, which is also independent of choice of rates ;.

For each (3, X) € M% we can regard {(M,J*,w®, Q%) : s € F} as a family
of deformations of (M, J%,w?® QF) rather than of (M, J% w° Q°), and we can
redo the whole of this section replacing 0 € F by 5§ € F and X by X. In this
way we define a subset V7 ¢ of M7 containing (3, X) with a 1-1 correspondence
between V7 ; and a set of triples (s, é, «), and a topology on V7.

One can show that the topologies on different neighbourhoods V7 agree
on the overlaps, and that the overlaps are open in each. Piecing the topologies
together therefore defines a unique topology on M7. In this topology 77 :
M’ — F is continuous, and V;, is an open neighbourhood of (0, X).

Note that (7%)~1(0) C MZ% is just {0} x M in the notation of 52 and the
subspace topology on (7%)~1(0) agrees with the topology on My in Definition
BA  More generally, if (s, X) € MZ then (77)"'(s) ¢ MZ is {s} x My
as a topological space, where My is the moduli space of deformations of X
in (M, J*,w*, Q).

Remarks. Basically, M% is the family of pairs (s, X) where s € F and X
is a compact SL m-fold in M with conical singularities, which is deformation
equivalent to X in a loose sense. Note that M7 may not be connected. The
fibres (77)~!(s) of 7* : M% — F are (as topological spaces) moduli spaces of
compact SL m-folds in (M, J*,w® Q%) with conical singularities, deformation
equivalent to X, and with (7%)~1(0) = M.

The whole point of constructing M7, and its topology, is that we can now
make sense of the idea of a continuous family of compact SL m-folds X in M
with conical singularities, in which the underlying almost Calabi-Yau structure
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is allowed to vary. That is, we can continuously deform X not just in (M, J, w, Q)
but also in (M, J*,w®, Q) for s € F.

7.2 The main result for families (M, J* w?® QF)

Next we extend 0 to the families case. Here are the analogues of Definition BT
and Proposition

Definition 7.6 Let Hx/,Kx/,Zx/,k,p, p,Dxs and F be as in Definition
Define a map F* : £ x Dy, — C°(X') by

T (@95) (Im Q) |r(s1ay)) = F7 (5,6, 8, f) AV, (60)

for (s,é) € £ and (8, f) € Dys. Then F7(0,é,06, f) = F(é,53, f) on € x Dx.

Proposition 7.7 In the situation above, suppose (s,é,03, f) € E7' X Dy with
F7(s,6,8,f) = 0. Set X' = @/ (T(B+df)) and X = X' U {@1,...,8n},
where é = (21,...,0,). Then f € Cp2(X') and X is a compact SL m-fold in
(M, J%,w*, Q%) with conical singularities at &; with identifications 0;, cones C;
and rates pi;. Thus (s, X) lies in VI C M% in Definition[T3 Conversely, each
X in VI comes from a unique (s,é,08, f) € E7' x Dy with F7(s,é,08,f) =0.
Write U7 (s,é,83, ) = (s,X). Then % : (FF)~1(0) — VZ is a homeomor-
phism, with ¥7(0,e,0,0) = (0, X).

The modifications to the proof of Proposition are just trivial notational
ones. We shall use Proposition [£3 as it is. The analogue of Proposition 6.4 is

Proposition 7.8 In the situation above, F7 maps
F7: 87 x Dy = {uelf_, , ,(X): [y, udV, =0}, (61)
and this is a smooth map of Banach manifolds.

Again, the modifications to the proof are just trivial changes in notation. We
shall use all of §62 as it is. The point is that F7|;—9 = F, so the calculations
in 6.2 about dF'|(c,0,0) immediately tell us about the restriction of dF'” | ¢,0,0)
to the vector subspace with s = 0.

We can now prove the main result of this section, the analogue of Theorem
[E10 for families, which describes MZ% near (0, X).

Theorem 7.9 Suppose (M, J,w,Q) is an almost Calabi-Yau m-fold and X a
compact SL m-fold in M with conical singularities at x1,...,T,. Let My, X',
L, Ox, U, ® and = be as in Theorem [GI1

Suppose {(M, Jws Q%) s € .7:} is a smooth family of deformations of
(M, J,w,Q), in the sense of Definition L1, such that t.(7) - [w®] = 0 for all
v € Ho(X,R) and s € F, where v : X — M is the inclusion, and [X]-[ImQ°] =0
for all s € F, where [X]| € Hp,(M,R) and [ImQ°) € H™(M,R). Let M% and
w7t MY — F be as in Definition [7.3
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Then there exists an open neighbourhood U” of (0,0) in F x U, a smooth
map 7 : U7 — Oy with ®7(0,u) = ®(u), and a map =7 : {(s,u) € U” :
7 (s,u) = 0} — M% with 7 (0,u) = (0,Z(u)) and 77 0Z7(s,u) = s, which is
a homeomorphism with an open neighbourhood of (0,X) in M%.

Proof. Recall that 0 € 7/ C F ¢ R% and 7% : £7 — F' is a submersion with
fibres open balls, and €7 > (77)~1(0) = {0} x €. Thus we can choose a smooth
identification of £’ with an open nelghbourhood of (0, O) in F' xT.€ C RIXT.E
which identifies the projections 7” &7 = Fland 7 1 F' x T.E — F', and
on (77)71(0) = {0} x € and {0} x T.€ agrees with the identification between
F and a subset of T,€ chosen in the proof of Theorem EIl Define

Y7 =R XLy, Z=0x xT.ExKyw x L (X),
T={uel} 5, o(X): [y, udVy=0} and
W7 ={(s,8,7,6,0, [)€EY" x Z: (5,6)€E” CR! x T.E, (B+ dv, f) €Dy }.

Then 0 € Z is (0,¢,0,0). Choose any norms on the finite-dimensional spaces
R Zy, Oy, T.E,Ky/, and use the usual norms on Ly u( ")y and T. Then
Y7, Z,T are Banach spaces, and W7 is an open nelghbourhood of (0,0) in
Y? x Z, as in Theorem B9

Define a map G* : W7 — T by G(s,83,7,é,v,f) = v+ F7(s,é,8 + dv, f).
This is a smooth map of Banach manifolds, by Proposition [[8 and G”(0,0) =
G7(0,0,0,e,0,0) =0 as F7(0,¢e,0,0) = 0. The map dG(FQO)|Z is given by

dG-&J)O)'Z . (’77 Y,v, f) ’_Vy—*—dF(}O—,e,O,O) (07 Y, dU7 f) :7+dF(e,O,O) (y7 d’U, f)u (62)

since F7|s—o = F, as in Definition [LG

Comparing @) with (BH) we see that dGﬁ))0 lz : Z = T agrees with
dG(o,0)lz : Z — T in the proof of Theorem B Therefore dG7; (0,02 is an
isomorphism of topological vector spaces as in the proof of Theorem t[ﬂ, and
we can apply Theorem B3 to Y, Z, T, W7 and G”. The rest of the proof is a
straightforward modification of that of Theorem [B.10} O

Here is the analogue of Corollary 11l Note the similarity to Theorem EZT3l

Corollary 7.10 Let (M, J,w,Q) be an almost Calabi—Yau m-fold, X a compact
SL m-fold in M with stable conical singularities, let {(M, J5we Q%) s € f} be
a smooth family of deformations of (M, J,w,Q) for F C R? with 1.(7)-[w®] =0
and [X] - [Im°] =0 for all v € H2(X,R) and s € F, and let My, M%, 77,
and Iy be as in Theorem [T.9

Then MY is a smooth manifold of dimension d+dimZy/ and 7 : M7 — F
a smooth submersion. For all s € F sufficiently close to 0 the fibre (m%)~1(s)
is a nonempty smooth manifold of dimension dim Zy,, with (7%)~1(0) = M.

Here 77 : M% — F is a submersion means that 77 : T\, x,M% —T.F=R4
is surjective for all (s, X) € MZ%. This follows near (0,X) € M7 as 27 is a
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diffeomorphism from U7 C F x U to a neighbourhood of (0, X) € MZ which
identifies the projections 7% : M%{ — F and 7% : F x U — F. Thus it holds
near every (S,X) € MZ, by applying Theorem with (M, J,w, Q) replaced
by (M, J*,w*, Q%) and X by X.

Corollary [ZT0 implies the analogue of Theorem for compact SL m-
folds X in M with stable conical singularities. That is, it shows that there are
no local obstructions to deforming X to nearby almost Calabi—Yau structures
(J%,w*, Q%) on M, except the obvious cohomological ones.

Here are the analogues of Definition and Corollary .13

Definition 7.11 Let (M, J,w,2) be an almost Calabi—Yau m-fold, X a com-
pact SL m-fold in M with conical singularities, {(M, Jw 0% 1 s € f} a
smooth family of deformations of (M, J,w,Q) for F C R¢ with .(v) - [w®] =0
and [X] - [ImQ®] = 0 for all v € Hy(X,R) and s € F, and let Zy/, O/, U”, P
and ®* be as in Theorem [O

We call X transverse in F if the linear map d®”|q o) : R? x Ty — Oy
is surjective. This definition is independent of the choices made in defining
Iy, Ox,U" and ®7. Since the restriction of d<1>7|(010) to Zyr C R% x T is
d®|g, we see that if X is transverse in the sense of Definition T2 then it is also
transverse in F, for any family F.

Corollary 7.12 Let (M, J,w, Q) be an almost Calabi—Yau m-fold, X a compact
SL m-fold in M with conical singularities, let {(M, Jw Q%) s € .7:} be a
smooth family of deformations of (M, J,w,Q) for F C R with 1,(7) - [w*] =0
and [X]-ImQ®*] =0 for all v € Hy(X,R) and s € F, and let M%, Iy and O
be as in Theorem[T.d Suppose X is transverse in F. Then MZ is near (0,X)
a smooth manifold of dimension d +dimZy —dim O/, and 7 : M% — F is
a smooth map near (0, X).

Here Theorem [ implies that near (0, X) we can identify M7 with a sub-
manifold of F x U, and ©” then coincides with the projection 77 : F x U — F,
so 77 is smooth near (0,X). Corollary will be important in 3 as we
will show that for any compact SL m-fold X in (M, J,w,)) with conical sin-
gularities, there exists a family of deformations {(M, J5ws Q%) 1 s € .7-'} of
(M, J,w, Q) such that X is transverse in F.

8 Other extensions of Theorems [6.1T0 and

Section [ discussed the extension of the deformation theory of §8-4d to families
of almost Calabi—Yau m-folds. We now briefly consider other possible exten-
sions of the theory, first to immersed rather than embedded submanifolds, and
secondly to ways in which we can allow the SL cones C,...,C), to vary over
the moduli spaces M x, M7, rather than being the same at every point. Allow-
ing the C; to vary reduces the dimension of the obstruction space O/, and so
increases the (expected) dimension of My, MZ.
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8.1 Immersions

So far, for simplicity, we have worked throughout with embedded submanifolds.
In fact, nearly everything we have done can be generalized to immersed sub-
manifolds in an obvious way, with only trivial, notational changes. Here are a
few of the details involved in doing this.

Instead of regarding compact SL m-folds X in (M, J,w,?) with conical sin-
gularities as subsets of M, we instead regard X as a Riemannian manifold with
conical singularities, in the sense of [I2, §2], together with an isometric immer-
sion v : X — M, which is locally but not necessarily globally injective. The sin-
gular points z1,...,x, € X are distinct, but their images ¢(x1),...,t(z,) € M
may not be.

The ¥; become compact Riemannian manifolds with isometric immersions
¥; — S?™~ 1 and the cones C; on ¥; become Riemannian cones in the sense
of [I2, §2.1], with isometric immersions C; — C™ which need not be locally
injective near 0. The T; can still be embeddings, but their images may overlap.
The ¢4, t;, Pc,, Px/, etc., should be taken to be immersions.

The only point the author is aware of where there is a significant problem in
changing from embeddings to immersions is in the Geometric Measure Theory
of [T2Z, §6], in particular Theorem EETT] above, where the tangent cone C' must
have C'\ {0} a genuine embedded submanifold. However, we do not use Theorem
ETT in this paper, so this does not affect the results of §5-§1

Suppose C'is an embedded SL cone in C™ with an isolated singularity at 0, so
that ¥ = CNS?™~ ! is a compact (m—1)-manifold. If ¥ is not simply-connected
we may be able to take a finite cover m : ¥ — Y. Then X is an immersed
minimal Legendrian (m—1)-fold in §?*™~1, with a corresponding immersed SL
cone C' in C™.

This construction considerably increases the supply of possible SL cones
available as model singularities in the immersed case. It is particularly effective
when m = 3, as then X is an oriented Riemann surface of genus g > 1, and so
admits many finite covers. A similar phenomenon is described in [0, Th. 11.6],
which constructs a large family of immersed SL 3-folds in C? diffeomorphic to
S! x R2, which are asymptotic at infinity to the double cover of an embedded
SL T?-cone in C3.

8.2 Cones (C; with multiple ends

The moduli spaces My and MY defined in § and ] have the same set of
SL cones C1,...,C, (up to SU(m) equivalence) for every X € My or (s, X) €
MYZ. There are various ways of relaxing this, and enlarging the moduli spaces
My, MZ% by allowing the SL cones C; to vary. Consider the case in which
¥1,..., %, are not all connected, so that b°(%;) > 1 for at least one i. We shall
explain two ways to generalize M x and M.

The first way is to regard X as an immersed SL m-fold in M with conical sin-
gularities, as in @811 That is, instead of X having n singular points x1, ..., Ty,
we regard it as havingn = > | b9(3;) distinct singular points y1, . . . , Y5, where
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% > n, which happen to be mapped to n points in M in groups of b°(%;) for
i =1,...,n by the immersion ¢ : X — M.

Essentially, we replace X by X = X’ U{y1,...,yn}, where each y; compact-
ifies one of the 72 noncompact ends of X’. Then we deform X to get a moduli
space M, or ./\;li of immersed SL m-folds with 7 singular points. Note that for
general elements of My or J\;li, there will be up to n distinct singular points
in M, rather than just n.

The second way is to retain the number n of singular points, but to allow
the °(3;) components of C! to move around separately under SU(m) rotations.
Let Eg be the connected components of ; for j = 1,...,b%(%;), and let C’Z-j be
the cone on X7 in C™, so that C; = Ub»o(z” cl.

j=1
Then in defining My, M we allow the %L m-folds X with conical singu-
larities at &1,...,&, to have cones C; = (J;7* B/C] for B] € SU(m) with

B! = 1. This enlarges the family of SL cones allowed in My, M%, and so
enlarges M, M7%. _

In §8-91 we have to enlarge &, etc., by including possible values of B] near
1 for 7 > 1. The main effect that this has on the final results is that it reduces
the dimension of the obstruction space Oy, and thus increases the (expected)
dimension of M, M7%. The old formula (B2) for dim O should be replaced by

n b0 (i)

dmOc =3 (—2m + 3 (sind(C)) + 2m)). (63)

=1

If °(%;) > 1 one can show that this does strictly reduce dim Ox.

The new obstruction space O is a quotient of the old by a vector subspace,
which is the extra obstructions we can overcome by moving the C] around
separately under SU(m). The new infinitesimal deformation space Zyx: is the
same as the old one.

There is one special case to be considered above. In Definition Bl and
throughout we have assumed that the SL cone C; has an isolated singularity at
0. It could be that if 8°(3;) > 1 then some of the C/ above are SL planes R™
in C™, and thus are nonsingular at 0, and so are not covered by Definition 6l

In this case () fails for ¥] = S™', as my; (1) = m. To compensate for this,
the appropriate value of s-ind(C?) in (B3) is s-ind(C?) = —m. This is because
the term s-ind(C?) 4+ 2m in (B3) contains a contribution 2m on the assumption
that mys(1) = 2m, and this has to be reduced from 2m to m.

8.3 Families of special Lagrangian cones

Let X be a compact SL m-fold in (M, J,w, ) with conical singularities at
Z1,...,Ty With cones C1,...,C),. Here is a more general way of relaxing the
condition that the SL m-folds X in M, M% must all have the same SL cones
Ci,...,C), at their singular points.

Suppose C; is a smooth, connected family of distinct SL cones in C™ with
C; € C; for i = 1,...,n. Since we can always move cones through SU(m)
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rotations by changing the identifications v;, suppose for simplicity that C; is
closed under the action of SU(m). Then in defining My, M% we allow the
SL m-folds X with conical singularities at Z1,...,Z, to have cones C’Z e
fori=1,...,n.

If C; is the SU(m)-orbit of Cj, then this yields exactly the same moduli
spaces My, M% as in §3-J In the situation of &2 if C; = U;Zf)Cf and
we take C; to be an open subset of the product of the SU(m)-orbits of Cf for
j=1,...,0°(%;), so that C; consists of cones C; got by moving the Cf about
independently with SU(m) rotations, then this recovers the ‘second way’ of §82

But if C; contains nontrivial deformations of C; not obtained by SU(m)
rotations of the components of C/, then this is a true generalization of the prob-
lem, which will enlarge My, M7% and their (expected) dimension. Intuitively
one might expect that special Lagrangian cones are pretty rigid things and will
not admit nontrivial deformations in this way, so that there do not exist any
interesting families C; to use in this construction.

However, at least when m = 3, this is not true. There exists a complicated
theory which describes all special Lagrangian T?-cones in C3 using integrable
systems, which is described in McIntosh [20] and the author [T0]. It establishes
a 1-1 correspondence between SL T2-cones in C3 up to isometry and collections
of spectral data, including a Riemann surface Y with even genus called the
spectral curve, and a holomorphic line bundle L — Y.

As |20, §4.2] and [I0, §4.3], it turns out that an SL T2-cone with spectral
curve Y of genus 2d > 4 is part of a smooth (d—2)-dimensional family of
SL T2-cones up to isometries of C3, which have the same spectral curve Y
but varying line bundles L — Y. Tan Mclntosh (personal communication) and
Emma Carberry have recently announced a proof of the existence of SL T%-cones
with spectral curves of every even genus. Thus there exist smooth families C; of
SL T?-cones in C? with arbitrarily high dimension, to which we can apply this
deformation theory.

The main changes to the final results are that we replace the definition of
s-ind(C;) in @) by s-indc, (C;) = Ny, (2) — b°(%;) — 2m — dimC;, the stability
index of C; in C;, and then the old formula (B2) for dim O/ should be replaced
by dim Oy = >, s-indc, (C;). The new infinitesimal deformation space Zy- is
the same as the old one.

9 Transversality and genericity results

Finally we discuss the question: if (M, J,w, ) is a generic almost Calabi—Yau
m-fold, are moduli spaces My of compact SL m-folds X in M with conical
singularities necessarily smooth?

Consider what we mean by generic here. The conditions . () - [w] = 0 for
v € Ha(X,R) and [X] - [Im Q] = 0 mean that when [w], [Im 2] are generic there
will not exist any such SL m-folds X in (M, J,w, Q). Thus, choosing (M, J, w, Q)
generically in the family of all almost Calabi—Yau m-folds is too strong. Instead,
we shall require only that w is generic in its Kahler class.
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That is, given an almost Calabi-Yau m-fold (M, J, w, 2) containing a com-
pact SL m-fold X with conical singularities, we consider generic perturbations
(M, J,@,9Q) with @ = w + d(Jdf) for some Kahler potential f € C*>°(M), so
that [0] = [w] € H?(M,R). Then there are no cohomological obstructions to
the existence of SL m-folds X with conical singularities in (M, .J,&, Q) isotopic
to X, and we wish to know whether the moduli space My of such X is smooth.

We begin by showing that for any compact SL m-fold X with conical singu-
larities, there exists a family of deformations F with X transverse in F.

Theorem 9.1 Let (M, J,w,Q) be an almost Calabi-Yau m-fold and X a com-
pact SL m-fold in M with conical singularities. Let Tx/,Ox: be as in 0
Then there exists a smooth family of deformations {(M, Jws Q) s € .7:}
of (M, J,w,Q) with [w*] = [w] € H*(M,R) for all s € F, such that X is trans-
verse in F, in the sense of Definition [T.11], and dim F = dim Oy/. Hence the
moduli space M7 of {7 is a manifold near (0,X).

Proof. Use the notation of §-dd Recall from Definition that Oy consists
of smooth, compactly-supported functions v on X’ with [ - vdVy = 0. Since
H'(X',R) = 0, we see that each such v may be written as d*(¢™a) for a
a smooth, compactly-supported 1-form on X’. Let d = dim Oy, and choose
smooth, compactly-supported 1-forms aq,...,aq on X’ with

Oxr = (d* (™), ..., d* (" ag)). (64)

Suppose f € C°°(M) with f|x- =0. Then df|x, € C*°(v*), where v — X’
is the normal bundle to X’ in M. But the complex structure .J induces an
isomorphism v = TX’, so we can regard df|x/ as an element of C*>(T*X’),
that is, a 1-form on X".

Choose smooth functions fi,..., fa € C°°(M) such that f;|x» =0, and f;
is supported on a small open neighbourhood U; in M of the support of «; in
X' with z; ¢ U, for i = 1,...,n, and df;|x- is identified with «; under the
isomorphism C*°(v*) =2 C>®°(T*X’) above, for j = 1,...,d. It is easy to show
that this is possible.

For s = (s1,...,54) € R% define a closed real (1,1)-form w® on M by

w=w+ Y0 s d(J(df)). (65)

Choose an open neighbourhood F of 0 in R? such that w® is the Kihler form of
a Kiéhler metric g° on (M, J) for all s € F. This is true for small s € R%. Then
{(M, Jw®Q): s € f} is a smooth family of deformations of (M, J,w, ), in
the sense of Definition ZZT11

The definition of f; implies that (J df;)|x’ = «;. Thus @) gives

s d
w |X’ = Zj:l S5 dOéj. (66)

Applying Theorem EEQ gives 0 € F' C F and family of maps ®%, : Ux» — M
for s € F with (®3,)*(w®) = @. Identifying X’ with the zero section in Uy,
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we see from (BH) and (GH) that
d
(®%)"(W)|xr ==Y _sjda; +O(|s]*) for small s € F'. (67)
j=1

As the restriction of @ on Uy~ to the graph I'(a) of a 1-form « is —da, examining
the proof of Theorem I in [I2] we find that we can choose ®%, such that
Si(x) =Dy (Z?:l sja;) +O(]s]?) for € X’ and small s € /. (68)
That is, the image of the zero section under ®%, approximates the image of the
graph of E?:l sj oj under @ -.
The proof of Proposition XTI now shows that

d
(®%) (ImQ)|x == s;d" (" a;)dV, + O(|s|?)  for small s € . (69)

j=1
But ®%¢° = ®%, in Theorem [ and @0) in Definition [CH imply that
(®3)" (ImQ)|x = F*(s,€e°,0,0)dV,. (70)

Combining equations ), @) and () shows that the projection to O of
the derivative dF”|(g,e,0,0) is surjective. It easily follows that in Theorem LT

the map d®”|,q) : R? x Tys — Oy is surjective. Hence X is transverse in F
by Definition [[TTl The last part follows from Corollary [[T2 O

Let FF : P — @ be a smooth map between finite-dimensional manifolds.
Recall that ¢ € @Q is called a critical value of F' if ¢ = F(p) for some p € P for
which dF|, : T,P — T,Q is not surjective. Points ¢ € @ which are not critical
values are called regular values. Then Sard’s Theorem (see Bredon [2 §I1.6 &
App. C] for a proof) says that the set of critical values of F' is of measure zero
in . Thus, almost all points in @) are regular values.

This is important because if ¢ € @ is a regular value then F~1(q) is a
submanifold of @, of dimension dim P — dim ). Now in Theorem [T we know
that M7 is a manifold and 77 : M% — F a smooth map near (0, X). Thus
Sard’s Theorem shows that (7)1 (s) is a manifold near (0, X) for small generic
s € F. So we prove:

Corollary 9.2 In the situation of Theorem [Al, for small generic s € F the
moduli space M5, = (n7)~(s) C MZ of deformations of X in (M, J,w?®,Q) is
near (0, X) a manifold of dimension dimZy, — dim Ox.

If dimZy — dim Oy < 0 then M% is empty near (0, X) for small generic
s. We can generalize Theorem Bl in the following way. As transversality is
an open condition, X is transverse to F for X in an open neighbourhood of
X in My. In the same way, for each X € My we can construct a family of
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deformations Fx of (M, J,w,Q) and an open neighbourhood of X in My in
which all X are transverse to F. Fe

Let W C M be compact. Taking a finite subcover of W from this collec-
tion of open neighbourhoods in My, we get families of deformations Fi,...,F;
of (M, J,w, ) such that every X € W is transverse in Fj for some j =1,...,1L
Choose a family F of deformations of (M, J,w, ) containing open neighbour-
hoods of 0 in F7,...,F;. This is easily done, as the F; are open neighbourhoods
of w in affine subspaces A1, ..., A; of the Kéhler class of w, and we can take F
to be an open neighbourhood of w in the affine subspace spanned by Ay, ..., A;.
Then all X € W are transverse in F, giving:

Theorem 9.3 Let (M, J,w,Q) be an almost Calabi-Yau m-fold and X a com-
pact SL m-fold in M with conical singularities. Let Mx,Zx/,Oxs be as in
g3-94, and suppose W C My is a compact subset. Then there exists a smooth
family of deformations {(M, J,w*,Q) : s € F} of (M, J,w,Q) with [w®] = [w] €
H?(M,R) for all s € F, such that X s transverse in F for all X € W. Hence
the moduli space M% of {4 is a manifold near {0} x W.

The analogue of Corollary @2 is:

Corollary 9.4 In the situation of Theorem [D3, for small generic s € F the
moduli space M5, = (77)~(s) C MZ of deformations of X in (M, J,w?®,Q) is
near {0} x W a manifold of dimension dimZy, — dim Oy

Roughly speaking, Corollaries and imply that for a small generic
perturbation (M, J, @, Q) of (M, J,w, Q) in the same Kéhler class, the perturbed
moduli space M is a manifold near X, or more generally near a compact subset
W of M. Of course, X and W do not lie in My, but the idea does make sense.
We conjecture that if @ is sufficiently generic then My is a manifold everywhere.

Conjecture 9.5 Let (M,J,w,Q) be an almost Calabi-Yau m-fold and X a
compact SL m-fold in M with conical singularities, and let Tx,Ox: be as in
gad Then for a second category subset of Kdhler forms & in the Kdhler class of
w, the moduli space My of compact SL m-folds X with conical singularities in
(M, J,,Q) isotopic to X is a manifold of dimension dimZy — dim Ox.

Recall that a subset of a topological space is of second category if it can be
written as the intersection of a countable number of open dense sets. Using
the Baire category theorem one can show that second category subsets of the
Kshler class of w are dense. Thus, the conjecture implies that M is smooth
for generic w.

As a countable intersection of second category subsets is second category, the
conjecture also implies that by choosing & generically we can make a countable
number of moduli spaces M Xl,M X,, - - - simultaneously smooth. However, we
have not extended Conjecture [ to the tempting, much simpler statement that
for generic @, all the moduli spaces My are smooth.
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This is because, as in §83 there can exist smooth, positive-dimensional
families of SL cones in C™ which are distinct under SU(m) transformations.
Now with the definitions of §8 every X € My has the same cones C1, ..., Ch.
If these cones C; are allowed to vary in positive-dimensional families, we would
get corresponding uncountable families of moduli spaces ./\;l’;, and it is too much
to expect all of these to be simultaneously smooth.

Results similar to Conjecture [LH are proved by Donaldson and Kronheimer
[3, §4.3] for moduli spaces of instantons on 4-manifolds w.r.t. a generic C! metric,
and by McDuff and Salamon [I8, §3] for smoothness of moduli spaces of pseudo-
holomorphic curves on a symplectic manifold w.r.t. a generic C! or smooth
almost complex structure.

Following these proofs, the author has a sketch proof of a version of Con-
jecture [LH using C! Kahler forms @ rather than smooth Kéhler forms, for large
[ > 3. It involves messy issues in infinite-dimensional analysis, so we will not
give it. The reason for using C! Kihler forms is to be able to apply the Sard-
Smale Theorem, a version of Sard’s Theorem for Banach manifolds. The author
cannot yet see how to extend this to smooth Kéhler forms.

References

[1] T. Aubin, Some nonlinear problems in Riemannian Geometry, Springer-
Verlag, 1998.

[2] G.E. Bredon, Topology and Geometry, Graduate Texts in Mathematics 139,
Springer-Verlag, Berlin, 1993.

[3] S.K. Donaldson and P.B. Kronheimer, The Geometry of Four-Manifolds,
OUP, Oxford, 1990.

[4] R. Harvey and H.B. Lawson, Calibrated geometries, Acta Mathematica 148
(1982), 47-157.

[5] N.J. Hitchin, The moduli space of Special Lagrangian submanifolds, Ann.
Scuola Norm. Sup. Pisa Cl. Sci. 25 (1997), 503-515. dg-ga/9711002.

[6] D.D. Joyce, On counting special Lagrangian homology 3-spheres, pages
125-151 in Topology and Geometry: Commemorating SISTAG, editors
A.J. Berrick, M.C. Leung and X.W. Xu, Contemporary Mathematics 314,
A.M.S., Providence, RI, 2002. hep-th/9907013.

[7] D.D. Joyce, Special Lagrangian m-folds in C™ with symmetries, Duke
Math. J. 115 (2002), 1-51. math.DG/0008021.

[8] D.D. Joyce, Constructing special Lagrangian m-folds in C™ by evolving
quadrics, Math. Ann. 320 (2001), 757-797. math.DG/0008155.

[9] D.D. Joyce, Evolution equations for special Lagrangian 3-folds in C3, Ann.
Global Anal. Geom. 20 (2001), 345-403. math.DG/0010036.

48


http://lanl.arXiv.org/abs/dg-ga/9711002
http://lanl.arXiv.org/abs/hep-th/9907013
http://lanl.arXiv.org/abs/math/0008021
http://lanl.arXiv.org/abs/math/0008155
http://lanl.arXiv.org/abs/math/0010036

[10]

[15]

[16]
[17]

18]

[19]

[20]

21]

[22]

D.D. Joyce, Special Lagrangian 3-folds and integrable systems,

math.DG /0101249, 2001. To appear in volume 1 of the Proceedings of the
Mathematical Society of Japan’s 9th International Research Institute on
Integrable Systems in Differential Geometry, Tokyo, 2000.

D.D. Joyce, Lectures on Calabi-Yau and special Lagrangian geometry,
math.DG /0108088, 2001. Published, with extra material, as Part T of M.
Gross, D. Huybrechts and D. Joyce, Calabi—Yau Manifolds and Related
Geometries, Universitext series, Springer, Berlin, 2003.

D.D. Joyce, Special Lagrangian submanifolds with isolated conical singular-
ities. I. Regularity, math.DG /0211294, version 3, 2003.

D.D. Joyce, Special Lagrangian submanifolds with isolated conical singu-
larities. III. Desingularization, the unobstructed case, math.DG/0302355,
version 2, 2003.

D.D. Joyce, Special Lagrangian submanifolds with isolated conical singular-
ities. 1V. Desingularization, obstructions and families, math.DG /0302356,
version 2, 2003.

D.D. Joyce, Special Lagrangian submanifolds with isolated conical singular-
ities. V. Survey and applications, math.DG /0303272, 2003.

S. Lang, Real Analysis, Addison—Wesley, Reading, Massachusetts, 1983.

S.P. Marshall, Deformations of special Lagrangian submanifolds, Oxford
D.Phil. thesis, 2002.

D. McDuff and D. Salamon, J-holomorphic curves and Quantum Cohomol-
ogy, University Lecture Series volume 6, A.M.S., Providence, RI, 1994.

D. McDuff and D. Salamon, Introduction to symplectic topology, second
edition, OUP, Oxford, 1998.

I. McIntosh, Special Lagrangian cones in C3 and primitive harmonic maps,

math.DG /0201157, 2002.

R.C. McLean, Deformations of calibrated submanifolds, Communications
in Analysis and Geometry 6 (1998), 705-747.

A. Strominger, S.-T. Yau, and E. Zaslow, Mirror symmetry is T-duality,
Nuclear Physics B479 (1996), 243-259. hep-th/9606040.

49


http://lanl.arXiv.org/abs/math/0101249
http://lanl.arXiv.org/abs/math/0108088
http://lanl.arXiv.org/abs/math/0211294
http://lanl.arXiv.org/abs/math/0302355
http://lanl.arXiv.org/abs/math/0302356
http://lanl.arXiv.org/abs/math/0303272
http://lanl.arXiv.org/abs/math/0201157
http://lanl.arXiv.org/abs/hep-th/9606040

	Introduction
	Special Lagrangian geometry
	Special Lagrangian submanifolds in Cm
	Almost Calabi--Yau m-folds and SL m-folds
	Deformations of compact SL m-folds

	SL cones and conical singularities
	Preliminaries on special Lagrangian cones
	Examples of special Lagrangian cones
	Special Lagrangian m-folds with conical singularities

	Review of material from Joyc7
	Analysis on SL m-folds with conical singularities
	Homology, cohomology and Hodge theory
	Lagrangian Neighbourhood Theorems
	Regularity of X near xi

	Moduli of SL m-folds with conical singularities
	Notation to vary the xi,i
	Small deformations of X and moduli spaces

	Deformations, obstructions, and smoothness
	Setting up the deformation problem
	The obstruction space
	The main result
	Naturality of IX',OX', and 
	Another way of thinking about IX',OX'

	Extension to families {to.(M,Js,s,s):sF}to.
	Moduli spaces of SL m-folds in families (M,Js,s,s)
	The main result for families (M,Js,s,s)

	Other extensions of Theorems ?? and ??
	Immersions
	Cones Ci with multiple ends
	Families of special Lagrangian cones

	Transversality and genericity results

