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Abstract

We develop forecast-error taxonomies when there are unieddariables, forecast ‘off-line’.
We establish three surprising results. Even when an opéersys correctly specified in-sample with
zero intercepts, despite known future values of stronghgexous variables, changes in dynamics
can induce forecast failure when they have non-zero medresadditional impact on forecast failure
of incorrectly omitting such variables depends only ontsthiif their means. With no such shifts, there
is no reduction in forecast failure from forecasting unmedevariables relative to omitting them in
1-step or multi-step forecasts. Simulation illustraticosfirm these results.
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1 Introduction

There are a number of taxonomies of the sources of foreqassén closed systems where every variable
to be forecast is modeled: see for example, Clements andrifét@b8, 2006) and Hendry and Hubrich
(2011). Such taxonomies have clarified the problems facngchsters when parameters change. Fore-
casting variables as part of systems that are subject tdtivipated changes is difficult, as the recent
floods in Australia and early heavy snows in Europe illustlaior meteorology, tsunamis in the Indian
and Pacific Oceans for geology, and the financial crisis dsirated for economics. Systematic forecast
errors and forecast failures are mainly due to locationtshifamely changes in the previous uncondi-
tional means of the variables being forecast, such that at@nges in parameter values can even be
hard to detect, as shown in Hendry (2000) and illustrated &ydty and Nielsen (2007).

In practice, many forecasting systems include unmodeleédrmiénants, whose future values are
determined ‘off-line’ by a separate process: examplesudelcommodity prices, exchange rates, and
outputs of trading partners. Equally, there are many reagamnot modeling some variables, hamely
those that are exceptionally difficult to forecast accuyatgher variables that are policy instruments de-
termined outside the system in use, and some weakly exogesoiables where conditioning on them
incurs no loss of information for modeling (see Engle, Hgralid Richard, 1983). It is sometimes as-
sumed that such variables are strongly exogenous, so cagdbed as given when forecasting. However,
there do not seem to be taxonomies that can reveal the likelgegjuences of including such ‘off-line’
variables in forecasting models. The results here clah#y groblems which could affect forecasting
when some variables are treated ‘off-line’ as inputs to thaih model’ forecasts. Even when the model
is correctly specified in-sample with accurately estimateelfficients, the unmodeled variables are in-
deed strongly exogenous and known into the future, nevegbehanges in the dynamics of the system
can induce forecast failure simply because the unmodeleaoles have non-zero means.

At first sight such a claim seems counter-intuitive: if a abley; is determined by

Yt = VYt—1 + A2t + €

say, whenr; ~ IN[0, 0], andz; is strongly exogenous, then for knowka;:

(e — Az) = VYi—1 + & (1)

where the right-hand side has no intercept. Hence it migérhsat (1) is in the class of models where
change is hard to detect. Howeverzjfhas a non-zero mean, then so dggsand that alone makes
the model susceptible to forecast failure after any parareehange, irrespective of whether or nois
included in the model, as we show below.

There are four distinct scenarios to consider for 1-step@ffierecasts, when facing parameter shifts
in the data-generation process (DGP). First, where styagmgdgenous variables with known future val-
ues are correctly included in the forecasting model andeaieters are known (or sufficiently precisely
estimated that sampling variation is a second-order isssegond, when the strongly exogenous vari-
ables are unknowingly and incorrectly omitted. Third, wlitle& strongly exogenous variables need to



be forecast, either within the system or ‘off-line’. Fingalallowing for parameter-estimation uncertainty,
model mis-specification for the DGP and measurement ertdiseedorecast origin, a setting which in
principle is applicable to all three previous cases but ieeoaly considered for the third. An analogous
four scenarios arise for multi-step forecasts, but as tyerésults seem little affected, we focus on the
first four scenarios and briefly note extensions to forewsgstiore than one period ahead.

Section 2 investigates a correctly-specifiéd) open system to consider the sources of forecast failure
that can result from changes in the parameters whemtbhamodeled strongly exogenous variablgs,
have non-zero means. Section 2.1 investigates any adalifimpacts from unknowingly omitting the
z:, and section 2.2 compares 1-step forecasts one periodrdieth those settings. Section 3 develops
1-step taxonomies, first for excluding thg then in§3.1 when they are forecast ‘off-line’, also allowing
for parameter-estimation uncertainty, measurementseaithe forecast origin, and mis-forecasting the
z;. Section 4 provides an artificial data illustration of thelgtical results. Section 5 considers multi-
step forecasts when the exogenous process is known in tre falhent5.1, §5.2 and§5.3 respectively
consider the impacts of omitting the unmodeled variablegdasting them, then parameter estimation.
Section 6 briefly notes the transformations needed to redndaitially (1) system tadl(0). Section 7
concludes. The append§8 compares forecasting in open and cloK&) systems.

2 Forecasting in an operl(0) system

Consider an opet(0) system conditional on a set of strongly exogenous variablds; },* which are
known into the future (lagged unmodeled variables can mksthwithinz,) where the conditional DGP
overt=1,...TIis:

vi=T+Yy, 1 +TIz +¢ (2

whene; ~ IN,, [0, X] andE [&|z; ...z ] = 0. A system which id(1) and cointegrated is considered
in §6. When all the variables are weakly stationary in-sampulehe eigenvalues or lie within the unit
circle, and we initially set all parameters to be constaking expectations in (2) wheh|z;] = p:

Ely]) =¢p=7+Y¢dp+TE[z] =7+ Y+ Tp,
so the in-sample equilibrium mean pfs:
¢=(L,—X)"' (7 +Tp) 3)
Consequently, we can re-write (2) as:

Vi—@ =" (y;-1— @)+ T (z—p) + ¢ (4)

Below, we use whichever parametrization (2) or (4) provestngonvenient, although it must be re-
membered that how the meagsand p are connected in (3) depends on the invariants of the urnidgrly
behavior represented by agents’ plans. For example, (§)anthils co-breaking betweeh and p so
long as the other parameters remain constant varehifts (see e.g., Hendry and Massmann, 2007, for an
analysis of co-breaking). Concerning notation for foréeatues,y denotes a correctly specified model
with known futurez; y denotes whew is omitted from the model; angl is when thez are included in
the model, but future values need to be forecast; and if mggdfor that last case when parameters are
estimatedy, denotes an estimated forecast-origin value.

We first consider a 1-step ahead forecast from tifer knownzy; from a model that is correctly
specified in-sample with known parameter values, denoted:

Yriyr =7+ Yy +Tzpp (5)

!Corresponding ta ., = 0 in §8.



However, the DGP in the next period in fact changes to:

yro1 =7 +X'yr + Tz + e (6)

where all the parameters shift, including the dynamic feedpandp shifts toE [zp1] = p*. The
resulting forecast error between (5) and (6§4s 17 = yr+1 — Y7417 @nd hence:

erpr=("—7)+ (X" =Y)yr+ T —T)zp ; +erp (7)
so that:
E [ET+1|T] =(t"—71)+ (" =")Elyr] + (T = T)E[z741]
= (T -1+ (C-1) (L, - X) ' (r+Tp)+ (" —T)p* (8)

Consequently, even #* = 7 = 0 so (7) has no intercept aldtf = T" andp* = p, so (8) then does not
depend directly o, 1 which anyway has constant parameters, nevertheless $bfadare can occur
for p £ 0 whenY™* £ Y as then:

E[ersur] = (X" =X)L, —Y) "' Tp (9)

which reveals an equilibrium-mean shift occurgin }.
This outcome may be clearer when (4) is written using (3) as:

vi=Li =) ' (r+Tp)+ Y (i1 — )+ T (2 — p) + & (10)

so that even whem = 0, although(y;—1 — ¢), T' (z: — p) ande; all have expectations of zero, (10)
entails an equilibrium mean of
(I, - Y)"'Tp (11)

which is zero only ifp = 0 whenI" # 0.

This is our first main result despite correctly including unmodeled strongly exogeneariables
with known future values in a forecasting equation with neiioept and known parameters, a change in
dynamics alone can induce forecast failure when thoseblagdave non-zero means.

More surprising still is that such failure is little differeto that resulting either from modeling and
forecastingz; (see§3) possibly by a vector autoregression (VAR) say, or evetuekag z; entirely from
the model, either deliberately or inadvertently, as we nbansin §2.1.

2.1 Omitting the exogenous variables
If it is not known thatz; is a relevant variable, so it is inadvertently omitted, ths-specified version of
4)is:

yi=¢+Ye(yi-1—¢) tw 12)
where the subscriptin (12) denotes the finite-sample expected value followingrspecification (i.e.,
E[Y] = Y.). Thenu, = I, (z; — p)+e€; with E [u;] = 0. Provided there have not been any equilibrium-
mean shifts in-sample, thef, = ¢. The forecast using the expected parameter values (taabftom
sampling uncertainty) is:

Yriir =@+ Ye(yr — @) (13)

with 077 = y741 — Y7417 Where (6) is reparametrized as:
yri1 = ¢ + X" (yr — ¢*) +T* (2741 — p*) + €711 (14)
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where¢* = (I, — T*)~ ' (* + I p*). Then:
urpr = (@" = @) + X" (yr — ¢*) = Ye (yr — @) + I (2041 — p7) + €r1
= (L~ Y) (¢ — @)+ (X —Xo) (yr — ¢) + T (141 — p*) ey (15)
with:
E[ryr] = @ — X)) (¢" — )
= (T* = T)+ (T = YX) ¢+ (T* ~T)p* + T (p" — p) (16)
as against the reformulated outcome in (8) of:

E[eriyr] = @ —Y7) (¢" —¢) —T (p" —p)
(T =7+ (X" =Y)o+(I"-T)p" (17)

Thus, (16) and (17) only differ bY' (p* — p), and hence are the same wheh= p despite the mis-
specification. When alse* = 7 = 0 andI'* = T, both are non-zero at the value in (9). However, the
forecast-error variances will differ between (15) and (ijh the former being larger in general.

This is our second main resulthe additional impact on forecast failure of incorrectigiting
strongly exogenous variables depends only on shifts im theans. Combining these first two results,
as the comparison of (16) and (17) shows, when their meansoaiant at zero, that irrespective of
whether or not these strongly exogenous variables arededlin the forecasting system, they neither
cause nor augment forecast failure
2.2 1-step forecasts one period later

The analyses of forecasting one period after a break in Giesrend Hendry (2011) show that results
can be substantively altered because of the impacts of dakéion later data. From (6):

Yri2 =T + X 'yrp1 + T 200 + €742 (18)
so that as [zp2] = p*:
Elyrie] = 7"+ XY E[yrs1] + IT'"E[2742] = (In - (T*)z) & + (") ¢
=¢" — (Y*)* (¢" — ) (19)

as¢* = (I, — Y*) ' (* + I p*) andE [yr41] = ¢* — Y* (¢* — ¢). Forecasting from (5) updated
one period, but still with in-sample known parameters? so:

Yriori1 =T+ Xyri +Tzrp (20)

the resulting forecast err@r 5711 = yr+2 — Yrior41 IS:

erpory1 = L+ X" =0) (I, — X%) (9" — ¢)
+ (X" = 0) (yr+1 — Elyr+1)])

+ €742
+(I" =T) (zr+2 — p*)
—T (p" —p) (21)

2Recursive or moving-windows updating will drive the forstiag system towards the robust device consideré@ 8.



with
E[€rsori1] =T+ X =X)L, —Y*) (¢ — @) —T (p* — p) (22)
Similarly, omitting thezr, o, and using:
Yrior+1 =@+ Ye(yri1 — @) (23)
then as:

yrio = ¢ — (Y92 (¢" — @) + X (yri1 — E[yrs1]) + T (2752 — p*) + €712 (24)

the forecast erroér o711 = yr+2 — Y2741 IS:

ET-‘,-Q\T—l-l = (In + X" — Te) (In - T*) (¢* - ¢)
+ (X" = Ye) (yr+1 — Elyr+1])

+ €742
+ T (2742 — p7) (25)
with:
E [ET+2|T+1] = (In + X" — Te) (In - T*) (¢* - ¢) (26)

Consequently, unlike Clements and Hendry (2011), comgai22) and (26) shows that there are no
substantive changes compared to the baseline case hetbpaadwo formulae are essentially the same
whenp* = p.

2.3 Avoiding systematic forecast failure

One implication of52.2 is that until the forecasting model is changed, systienfiatecast failure will
persist. Out of the many possible methods for updating a imogléntercept corrections, modeling
the break, recursive or moving window re-estimation anteéhcing, we only note the last here (see
Hendry, 2006).

In place of (23), consider simply using a first-differenceefast Ay o741 = 0:

Yrior41 =yr41 =@ + X (yr — @) + I (2741 — p*) + erpa
so that using (24) o741 = YT+2 — Yr12/7+41 IS

Eriorin = 0" — (Y (@" — &)+ X" (yri1 — Elyra]) + T* (2142 — p°) + e4o
-+ X (¢ =) =X (yr — @) —T" (2111 — p*) — €rt1
=Y (L, - Y")(¢" — @)+ X" (yr+1 — Elyr1]) = X" (yr — @)
+T*Azp o + Aerya

with:
E[€rsors1] =X (I, — X7) (¢* — ¢) 27)

which considerably dampens the forecast-error bias velati (21) and (25) (e.g., for a univariatg,
thenT* (1 — T*) < 0.25).



3 1-step taxonomies

We now also allow for parameter estimation uncertaintyntie specification of omitting, and possible
mis-measurement at the forecast origin, so the forecagiepBGP remains (14), whereas the forecasting
model becomes:

ror =6+ (5 9) (28)
The forecast errok; 7 = yr+1—yr+17 can be decomposed into eleven empirically-relevant ssurce

wheng, # ¢:

eryuyr = (I, — Y*) (¢* — @)  [1] equilibrium-mean shift

( ¢) [2] dynamic shift

(¢ — ¢.) [3] equilibrium-mean mis-specification
( )

[4] dynamic mis-specification

e <¢e — &) [5] equilibrium-mean estimation
(Te - T) (yr — ¢) [6] dynamic estimation (29)

Y. (yr —yr) [7] forecast origin mis-measurement

T
Y — 're) (<~b - ¢) [8] estimation covariance
+ (T — Te) (yr —yr) [9] measurement covariance
+ €T [10] innovation error
+ T (zp41 — p¥) [11] omitted variables

As with earlier taxonomies, terms in (29) can be divided thtuse with non-zero expected values that
lead to forecast biases, namely [1] and possibly [3] andr@lifg that [8] isO,(7~1)), and those with
zero means that only affect forecast-error variances, lyaati¢he other terms, noting th&fyr — ¢| =
E[zr+1 — p*] = 0 (Hendry, 2011, illustrates for a univariate process). Tlhiespite estimating a mis-
specified system with omitted variables:

E[€riir] ~ (@I — Y7) (¢" — @) + Y (¢ — E[F7])

which matches (16) whel [yr| = ¢.

This outcome could be compared directly with that from idahg the knownz; in estimation and
forecasting by dropping line [10], stacking = (y; z;) and redefining parameters, estimates and vari-
ables accordingly. Indeed, whé&it = T = 0, (29) becomes the forecast-error taxonomy for a VAR.

3.1 Forecasting the unmodeled variables

However, the more interesting and realistic case is whetg is known to be relevant and has to be
forecast with its parameters estimated in (2), which we nomsider via:

ror =6+ (97— &) + T @ri - p) (30)

compared to (6). Although the following derivation is undlee correct specification of (30), the results
above show that mis-specification does not create impoaidditional problems, and for the dynamics
is already reflected in (29). Then, lettieg | = y7+1 — Y741/, @l the terms from (29) remain other



than [11] (still allowing for finite-sample biases in the dynics, soY. # Y, but for simplicity taking
E[p] = p andE[I'] ~ I") with the following 9 terms replacing the old [11].

€rir = [1}-[10] in (29)
—T(p"—p) [11] exogenous mean shift
+ (" —T) (zrye1 — p*) [12] exogenous slope shift
+T(p—p) [13] exogenous-mean estimation
— (f‘ — I‘) (zr+1 — p*) [14] exogenous slope estimation (31)
+ T (zr41 — EZr41)) [15] exogenous mean mis-forecast
+ (f‘ — I‘) (p—p) [16] estimation covariance
— (f‘ — I‘) (p*—p) [17] exogenous mean shift covariance
+ T (E[zry1] — Zz741) [18] exogenous mis-forecast.

+ (f‘ — I‘) (zr+1 —2r+1) [19] exogenous mis-forecast covariance

We focus on the terms in (31) with non-zero expectations,reBéz; 1] = p*, and for simplicity
covariances are ignored as a smaller order of magnituden dém@bined with (29):

E [erar] = (L — ") (6" — @) — T (p" — p) + Yo (¢ — E[Fr]) + T (p" — E[zr11])
(7" =)+ (T = 1) ¢+ (T* = 1) p* + T, (¢ — E[Fr]) + T (p — E [3741))

from (16). As before, whem* = 7 = 0 andI'™* = T, with E [yr] = ¢:

E[éryyr] ~ (XY* = X) ¢ +T (p* — Ezrsi])

compared t& [ur 7] = (¥* - Y) ¢+ T (p* — p), so:

E [€r417r]) — E[Urspr] = —T (E[2Zr11] — p) (32)

Thus, exogenous variable forecasts have to be closer tetheneano* than the old meap to deliver a

smaller forecast-error bias than arises from omitting théthenp* = p, E [zr1] = p is necessary for
E [ér11r] = E [Ur41)r], and even then there will be variance effects both from paterestimation
and(E [/Z\T-i-l] — /Z\T-i-l)-

This is our third main resultwhenp* = p, there is no reduction in forecast failure from accurately
forecasting the exogenous variables relative to omittiegrt.

Our fourth main result is thathis outcome does not depend on the strong exogeneity ofitned-
eled variables, and holds even when they are only weaklyexnamgs.

Without strong assumptions about the dependencies betiveenany mean-zero terms in the tax-
onomy, itis not possible to derive explicit forecast-ewariances, but it is clear there are many contribu-
tions beyond the innovation error variance, some of whialiccwvell beO, (1), such as mis-forecasting
the unmodeled variables, and forecast-origin mis-measemé Moreover, as forecast errors could
arise from every possible (non-repetitive) selection fithie@19 terms, namel;E}f:1 19!/ (19 — k)! ~

3.3 x 10'7, delineating their source must be nearly impossible.



4 Artificial data illustration

We consider a bivariate system with one unmodeled (stroegbgenous) variable, with known future
values, where the baseline parameter values-are0 andp = 0 when:

05 0 1
I:<0 0.5>F:<1> (33)

with ¥ = 1I,, T = 100, andh = 1,...,5 one-step ahead forecasts after the break. The paraméfter shi

investigated is:
« (075 0

r= ( 0 05 > (34)

first for the baseline, then when= 0 but:
5
T = < 0 ) (35)
and finally whenr = 0 butp = 5.
The two equations are decoupled in this first experimentyedwin the second:

0.5 0.5
r= ( -0.3 05 > (36)
again for the same scenarios.

The results of the first set are reported in Figure 1.

\ ——- 1-step forecasts—y,
)

5.0 : _

r a
25 . 2.5 1 b
0.0F I = p 0.0 /_‘,_,{\o——/—\ _‘\T Tﬁ

25 Y 25 !
- 95 100 105 o 95 100 105
55 4 Cl25 1 d
0.0i _ A= _ / g 007 4\’—/_\ ‘_\\T Tﬁ
25 g 2.5 I
95 100 105
20
| f
95 100 105
20-

f Jd h
lSj ,}/}I
10- =TT

95 100 105

Figure 1: Forecast failure for correct and mis-specified emd



Panel arecords forecastg; 1. r+,—1 from a single draw of the initial process in (33) when pa-
rameters are estimated, shown with error bands-2#,;, and when including parameter estimation
uncertainty, shown with bars. There is a very small incréagerecast uncertainty from adding param-
eter variances, consistent with @p(1/7") effect.

Panel breports forecasts whef is omitted both in estimation and forecasting. Althoughftrecast
intervals are wider, forecasts are similar and remain witheirex anteforecast intervals.

Panel cis for the correct specification but after the shift in (34)] with = = 0 andp = 0. Despite
the break in the dynamics, forecasts remain within trianteforecast intervals, even though those are
now incorrect. Panel daugments the problem by the incorrect omissior,ofut hardly differs from
Panel b

Although we do not report the outcomes for a constant modhan-zeror, they are well behaved
around the new data outcomes. The same cannot be said fontttwrees inPanels e & ffor the non-
zero value ofr in (35) after the break ifC in (34): forecast failure is manifest, and almost unaffdcte
by whetherz; is included or omitted.

Finally, for p = 5, Panels g & hshow the forecasts for the same break when the model is tgrrec
specified by including:;, and incorrect by omitting it. Despite the known future \eswfz, and the
absence of forecast failure after the break whes 0, failure is again manifest and similar Ranels e
&f.

The second setting in (36) yielded similar results, alttotlgroughout both sets of experiments,
the second variable was correctly forecast. All these tesuk consistent with the implications of the
taxonomy in (29).

5 h-step ahead forecasts

We now consider the outcomes when an investigator needsdodsth-steps ahead, > 1. As the im-
pacts of parameter-estimation uncertainty, mis-foréogthe unmodeled variables, and forecast-origin
mis-measurement are similar to those derived above, wedférbte the outcomes for known parame-
ters to highlight the impacts of breaks when there are unfeddariables. Thus, the in-sample system
remains:

yi=0+ X (yi-1— &)+ T (2 —p)+ e

forecasting fromil’ + h — 1to T + h by:

YTihT+h-1 =@+ Y (YT+h—1|T+h—2 — @) + T (zr4n — p)
leading to the multi-step forecast:

h—1

Yrinr = ¢+ Y YT (zrini—p) + X" (yr — ¢) (37)
i=0

If the system remained constant, the outcome would be:

h—1

yrin = ¢+ > [XT (2140 — p) + Yerpni| + X" (yr — ¢) (38)
=0

h—1
so a known futurgz, } enters the same way as the cumulative error process. Yheéfi’er,;,_;, would

=0
be the only source of forecast error when equation (37) wad. udowever, that will not remain the case
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once there are changes in parameters, mis-specificatidre shodel, or mis-estimation af in (2), or
unanticipated changes goin the forecast period when tHer_,_;} are not known with certainty.

As before, we allow for structural change in the DGP, but @hhght the key problem, we first
analyze a setting without estimation of, or mis-specifarain, the econometrician’'s model for the DGP
in-sample, so the in-sample parameter values are knownerittanges in all parameters of (38), the
actual future outcomes will be:

h—1 '
yrin = ¢+ > (X [T (arsn-i — p*) + erpn-il + (X" (yr — ¢*) (39)
i=0
When (37) is used, the forecast ersf . = yr+n — yrn /7 bECOMES:

Veanr = ¢ — ¢+ (X" (yr — ¢") — X" (yr — ¢)
h—1 h—1
+) () T (215n—i — p*) = Y _Y'T (2714 — p)
=0

<.
[en]

>
Ju

+> (X erin—

=0
Taking these rows one at a time, and using:

h—1
Y oAl= <In - Ah) (I, — A)~
i=0
first:
¢" — &+ (X" (yr — ¢*) — X" (y7 — ¢)
= (- (X)) (0" =) + () = 1") 0 — ¢)

where the terms respectively represent equilibrium-meahséope shifts. Next:

h—1 h—1
Z () T* (zr4n-i — P*) — ZTT (Z74h—i — P)
i=0 i=0

h—1 h—1
=[O T = YT (@rani — 0 = Y XT (0" - p)
i=0 1=0

where the first component has mean zero and the second isf et @xogenous mean shift. Finally,
combining:
Vi = (In — (T*)h> (¢p™ — @) [A] equilibrium-mean shift

+

A~

()" - Th) (yr — @) [B] dynamic shift

— (In — Th> (I, —X)'T'(p* —p) [C] exogenous mean shift (40)
+ Z [(‘I"“)Z " — T’I‘} (zp+n—; — p*) [D] exogenous slope shift

i=0

h—1 '
+ > (' eryn_q [E] innovation error

i=0

11



This outcome matches the earlier taxonomy specializecbgpptely, namely [1], [2], [9], plus new [11]
and [12]. As terms [A] and [C] have non-zero means, and thersthave zero means:

Efvrin] = (T = (09") (6" = ¢) = (T = ") (L, = 1) ' T (o~ p) (41)
Thus, everh-steps ahead, whept = p, forecast biases depend @b — ¢) which is non-zero whenever

p # 0 despiter* = = 0.
This is our fifth main resultthe first two results continue to hold for multi-step forsisa

5.1 Omitting the unmodeled variables inih-step ahead forecasts
The forecasting model in-sample is now (4) leading to thetirstép forecasts:
Yronr = ¢+ (Xe)" (yr — @) (42)
When (42) is used, the forecast ersof, 7 = yr+n — Y1417 DECOMES!
Vopnr = (@ — @)+ (X" (yr — ") — (X)" (yr — @) + Vrin
I, - < ) 5 —¢)
( T)") (yr - )

_|_

—_

_|_

Mz

(T*) €T+h—i
=0

~.

>
—_

+) () T (2710 — P7) (43)
=0

matching the four terms in (15), where:

h—1
vien =Y (X)) [T (2r1h—i — p*) + €rpn—i]
i=0
with E [vy44] = 0, so that:
E[Frnr] = (I — (X9)") (6"~ ¢) (44)

The previous conclusions about forecast failure based @ritstep analyses are essentially unaltered:
whenp* = p, (41) and (44) are equal, so forecast failure is only redinsetthe inclusion of unmodeled
variables when they have mean shifts.

5.2 Forecasting the unmodeled variables ih-step ahead forecasts
Now:

h—1

YTinr =@+ ZTT @Zr4h-i—p)+ X" (yr — ¢) (45)
i=0

12



with the forecast erovy 1 = yrin — Yr4nr:

h-1
Vi = (6" — @) + ()" (yr — ¢") — (Xe)" (yr — ¢) + Z (X*) €rsn—i
h-1 ' he1 =
+) ()T (27— — p*) = D YT (Zrini — p)
i=0 i=0
h—1
= (L= (X)) (" = &)+ (X" = (X)) (yr = @) + > (X erny
h—1 ‘ 4 el . el
+y ((Y*)Z - TT) (2r4h-i — p*) = > _XT (Zryn—i — 2r1n—) — »_X'T (p* - p)
i=0 i=0 i=0

(46)

In the second block, the first three terms are identical tedtio (43), an@?;ol (X*)'T* (2p1h—i — p*)
has been replaced by terms relating to the shift in the dycm(ith mean zero), the forecast mistake,
and the shift in the mean of the exogenous variables, as )n (16

5.3 Parameter estimation inh-step ahead forecasts

The estimated model forecasts are now:

h—1
Vranr =&+ > YT @roni— )+ X" (37 - @) @7)

~
o

Thus, facing (39), the forecast err%hhw =VYrin — §T+h|T is:

éTJrh\T = ¢ — o+ () (yr —¢*) - X" (?T — a))

ho1 ho1 ho1
+ > () [T (zryn—i — p)] = D YT @rpni —p) + Y (X)) eryny
i=0 i=0 i=0

which can be decomposed into the equivalent 19 terms as ther dastep taxonomy i3, analogous
to the relation between (40) and (7). However, no new insighem to be gained by doing so, and it is
clear that the third result above still holds.

6 Transforming an (1) system tol(0)

Consider am-dimensional(1) VAR with p lags and an innovation errey, ~ IN,, [0, 2, ] written as:

p
W =T + Z ILw;_; +m (48)
=1
where some of thep eigenvalues of the polynomi@n -yr, HiLi\ in L lie on, and the rest inside,
the unit circle. Them = (I, — le IT,) has reduced rank < r < n, and can be expressed as
I' = aB wherea and3 aren x r with rankr (see e.g., Johansen, 1995). Alse= v + au, SO when
(e.g)p=2:
Aw; =5+ (I = L) (Awgq — ) — o (B'wi—g — p) + 1, (49)
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with E [3'w;] = p andE [Aw] = v where bothAw; and3'w; arel(0) even thouglw; is I(1). Thenr
of thex, above arg8'w; andn — r area’, Aw; wherea| isn x (n —r) witha/, e =0 and(a : o)
is non-singular.

Partitioningw; into endogenous (modeled) variabjgsconditional on unmodeleg; then produces
an open system as analyzedi8 Thus, our results hold in an open cointegrated system.

7 Conclusion

Even when a model is correctly specified in-sample, and theodeled variables;, are strongly exoge-
nous with the correctly estimated coefficients, changelardyynamics alone can induce forecast failure
simply because the unmodeled variables have non-zero m#dnen the mean a; is constant, this
forecast bias does not depend substantively on whethet @ imincluded in the forecasting model, but
only on its non-zero mean. Includirg in the forecasting model is beneficial when its mean shifis, b
that advantage can be lost when future valies;, have to be forecast ‘off-line’. These results are ex-
plicitly derived for one-step ahead forecasts and knowarpaters, but continue to hold when extended
to estimated models, to multi-step forecasting, and toea fatecast origin following a break.
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8 Appendix: comparing open with closed(0) systems

Here, we relate the forecast-error taxonomy of the openitiondl I(0) system in (2) to that for a closed
VAR(1). Letx} = (y}; z}), then the DGP over=1,...,T for y, andz, is now:

xt =P+ ¥x 1+ vy (50)
/ / / ny Qyz H /
whenv; = (vj;,v.;) ~ INy,, [0,9] andQ = a’ q with ., = Q. When all the
zy 2z

variables are weakly stationary in-sample, taking expects. in (50):

Ex| =%+ PE[xi(—1]=¢%+¥u=p,

u=<In+m—@>‘1w=(E[y”>=("5>. (51)

Consequently, we can re-write (50) as:

SO:

xt—p =T (xt—1 — p) +vi (52)

fort=1,2,..T.
We first consider a one-step ahead forecast from fiimeom a model that is correctly specified
in-sample with known parameter values:

KT+1|T = 'l/) + ‘I’XT (53)
but where the DGP in the next period has shifted to:
xXry1 =Y + iy + vy (54)

with vyy1 ~ INp4 [0,€2]. The resulting forecast error between (53) and (54)is 7 = X741 —
X741 @nd hence:

Vrpyr = (" — ) + (¥ = ¥)xr + vy (55)
so that:
E[Vrir] = (W —¢) + (8" — W) E[xgp] = (0" — p). (56)
From (51), we can patrtition (56) as:
= ¢ —¢ >
E —
[VT+1|T] ( pi—p
= ( (1/’2—%) >+ ( (‘IIZy_‘I’yy) (‘I’Zz—‘I’yz) > < ¢ >
(1@ - "pz) (lII;y - ‘I’zy) (lIlzz - ‘I’ZZ) P
_ V’l,by n ve,, V¥, o}
Vi, Ve, V. p
®Note that althouglk [x;] = ¥+WE [x;_1] = ¥+®u = pfort = 1,2, .. T whent > TE [x74,] = Z
(®*)7 u for j > 1 which for a stationary{x; } process converges (@, — ¥*) '¢* = u* asj — oo.

j-1 *\1 [k
)iyt
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whereV denotes a change in a parameter, with:

Vo, = (Y —,) Vo= (@l-v.) V= (¥, -T,)
V. = (T, =) VO, = (T, - T,) V. = (T, - T..)

Partitioningp = (L4 — )" 2 yields:
<¢>:<<In—wyy> ~T, ><w>
P _‘Ilzy (Im - ‘I’zz) ¢z

B Al AW, (1, — W) ¥,
I ¢ S JERTY 2 B v,

— A_lwy - A_I‘I’yZ(Im - ‘IIZZ)_IT/’Z (57)
N B¢Z - (Im - ‘I’zz)_l‘I’zyA_l"py

whenA =[(1, - ¥,,) — ¥,. (I, — ¥.,)"'¥,,]and
B=(,-¥,.) L, +¥,A ¥, (I, - ¥,.)"!]. Therefore (56) has the form:

E [V ] = Yy + Vi, V¥, A_1¢y AT (L, — ) e,
T Vb, V¥, V. By, — (L — 0..) 10, Ay,

Hence, if the mean of théz, } process is constanVp, = 0,V¥,, = 0,V¥_, = 0), and there is no
intercept in thely, } process ¢, = 1, = 0), the mean of the forecast error becomes:

_ V‘I’ ZB—V‘I’ A_llIl K Im_‘I’ZZ -1 z
E[VT-HT]:({ ! " Oy( ) }¢ >

so if there is a change in the dynamics of the} process andz;} has a non-zero mean, there will
be forecast failure. Further, evenzf is strongly exogenous for the parameters of {lye} process
(P, = 0), there will be forecast failure as:

— V‘IIZ_V‘II A_l‘I’z Im_lIlzz ! z
E[VT+1|T]=<{ v vy Oy}( )Y >

which will be non-zero provided), # 0 and there is a change in the dynamics of {lyge} process,
consistent with the closed system results in Clements amdiff€1999).

These closed system results can be mapped to an open systgrausonditional and marginal
factorization of the joint distribution. From (50), the abiional distribution ofy; givenz, and the past
is:

Yt = ('lpy - E’l,bz) + (‘I’yy - E‘I’zy) Yi—1 + 2z + (‘I’yz - E‘I’zz) Zi1 + (Vyt + Evzt)
=0+0y, | +Zz;+ Az 1 + 1y (58)

whenZ= = Q,.Q_!. The initial VAR formulation induces one lag longerdpwith:
Ely:] =0 +OE[y;_1] + ZE[z;] +AE[z,-1] =0 + O+ E+A)p=¢

so that:
¢ =1, — )" {6+ (E+A) p}
and:
(Yt — @) =0O(yt-1 — @) +Z(zt — p) + A(2zt—1 — p) + 1.
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The forecast error from predictingr+1 by y .17 = 0+©y,_+Ezr11+Azy with known parameters
andzr, andzr is:

Uri1 = Y141 — Yo r = VO +VOy,_ + VEzry + VAzZr + v
hence:
E[Frp] = VO +VOe + (VE+VA) p
=VO+VO(I,—-0) {8+ (E+A)p}+ (VE+VA)p

with

P = B’(pz - (Im - ‘I’zz)_l‘I’zyA_l"py

VO = (Vy, - V=, — =V,

ve = (vV¥,, —-VE¥, —-=V¥,)

VA = (V¥,, - VEY,, —EVV¥,,)
If the {z,} process is constan¥yy, = 0,V¥_, = 0, V¥, = 0) and there is no intercept in tHg; }
process{, = 1, = 0) thenp = By, and the mean of the forecast error becomes:

E[Dru] = —[VE+ (V¥,, - VEV,,) (I, — ¥, +EW_,) " Zp,
+ (VO — VEL.) (I, - ¥y, + 20.,)7! (F+A) + (VE+VA)| By,
which, whenz, is strongly exogenous for the parameters of{the} process ¥, = 0), simplifies to:
E[pral = ~[VE+ V¥, (I, - y,) " Sy,
(VO (L = )7 (E4A) + (VEHVA)| (L — @.) e,

so again will be non-zero whett, # 0 and there is a change in the dynamics of {lye} process
(i.e., at least one oWW¥,,, VE and VA is non-zero). This result mirrors that in (8) noting that=
(I, — ¥,.) 11, in this case.

An analogous result is obtained when we close the open ¢ondlit(0) system in (2) by endogeniz-
ing z; in:

ye=T+ Yy, 1 +Tz + & (59)
2zt =A+ Py, | + 11z, + (60)
so that:
Elze)] = A+ ®E[y; 1] +E[z; 1] = A+ @+ Tp =p
or:
A=(In-1)p— 2o
leading to:

(zt —p) = @ (yi-1 — @) + IL(z-1 — p) +m,
Then,asp = (I, — X¥) ' (r +Tp):*
yi— @ =X (yi-1—&)+T(z—p)+e
= (Y +T®)(yt-1—¢) + T (ze-1 — p) + (T + &)

These results allow a general evaluation of the relativeantgpof breaks whes is treated as ‘external’
or ‘internal’.

“This is true whether or net; is strongly exogenous (i.e® = 0) for the parameters of; in the VAR.
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