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Abstract

Bayesian inference has theoretical attractions as a principled framework for
reasoning about beliefs. However, the motivations of Bayesian inference which
claim it to be the only ‘rational’ kind of reasoning do not apply in practice.
They create a binary split in which all approximate inference is equally ‘irra-
tional’. Instead, we should ask ourselves how to define a spectrum of more-
and less-rational reasoning that explains why we might prefer one Bayesian
approximation to another. I explore approximate inference in Bayesian neural
networks and consider the unintended interactions between the probabilistic
model, approximating distribution, optimization algorithm, and dataset. The
complexity of these interactions highlights the difficulty of any strategy for
evaluating Bayesian approximations which focuses entirely on the method,
outside the context of specific datasets and decision-problems. For given ap-
plications, the expected utility of the approximate posterior can measure in-
ference quality. To assess a model’s ability to incorporate different parts of
the Bayesian framework we can identify desirable characteristic behaviours of
Bayesian reasoning and pick decision-problems that make heavy use of those
behaviours. Here, we use continual learning (testing the ability to update
sequentially) and active learning (testing the ability to represent credence).
But existing continual and active learning set-ups pose challenges that have
nothing to do with posterior quality which can distort their ability to evalu-
ate Bayesian approximations. These unrelated challenges can be removed or
reduced, allowing better evaluation of approximate inference methods.
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Chapter 1

Summary

1.1 Evaluating Bayesian Approximations

Bayesian inference has many attractions. When we know the structure of the
distribution generating our data, and it allows exact inference, probabilistic
updates to prior beliefs let us elegantly compress what we know and assess
how ignorant we are. In that happy case, Bayesian inference arguably follows
directly from axioms that represent basic rationality principles [Cox, 1961,
Jayned, 2003] and doing anything else can be exploited to your disadvantage
[Ramseyi, 1926, de Fineffi, 1937]. There are reasonable criticisms even in
this case, but the conceptual foundations of Bayesian inference are at their
strongest.

Unfortunately, in practice we need to make large approximations. We need
to restrict the class of models that we examine and to make approximations
to exact inference in those models. Insofar as Bayesian inference is entailed
by principles of rationality, following arguments like those of [Jaynes, 2003],
the principles only offer a binary split of the world into ‘rational’ and ‘not
rational’. Approximate Bayesian inference, the only kind anybody does, is
solidly in the ‘not rational’ category. But this really just demonstrates how
unhelpful that narrow notion of ‘rationality’ is. The sorts of axiomatic or
Dutch-book motivations of Bayesian inference do not really give us a way of
deciding which kinds of automated reasoning we should prefer when choosing
between practical options.

Methods inspired by Bayesian inference which make use of the approximate
probabilistic inference can be very successful. Moreover, they offer a range of
capabilities that ‘non-Bayesian’ methods do not necessarily: such as the ability
to ‘introspect’ and know what the model does not know.
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So, what makes one Bayesian approximation better than another one? I ar-
gue that it is not a matter of adherence to Bayesian doctrine. The complicated
interactions of the architecture of the model, the choice of approximate infer-
ence technique, the dataset, and the optimization strategies make it almost
impossible to tell up-front which of two methods actually 4s more ‘principled’.
An approximation that appears to be severe in one setting can be very mild
in another, and vice-versa. This thesis explores two settings where this sort of
behaviour arises, and the significance of different kinds of approximation can
vary greatly depending on the context.

In contrast, I try to answer the question of how to evaluate Bayesian
approximations in a pragmatic, and largely largely frequentist, way—good
expected utility of the approximate posterior under cross-validation. In order
to do this, we want to: identify desirable characteristic behaviours of Bayesian
systems, identify decision-problem families that rely primarily on that char-
acteristic behaviour, and develop evaluations for those decision-problems that
test the ability of approximate Bayesian methods to provide the desired char-
acteristic behaviour and which generalize to other examples of that decision-
problem family. We can then say that the quality of the Bayesian approxi-
mation lies in its ability to deliver the desired characteristic behaviours in a
wide range of settings. This will never be a guarantee—the behaviour might
change in settings that appear to be very similar—but by operationalizing the
things we want from approximate Bayesian methods we can get firmer pur-
chase on the idea of what makes an approximation ‘good’ than we can manage
otherwise.

This thesis proposes two examples of a characteristic behaviour we want
from Bayesian approximations. First, the ability to sequentially update ap-
proximate posteriors in light of new information. Second, the ability of an
approximate posterior to represent uncertainty at a parameter-level in a way
that lets us know what information would reduce our uncertainty the most.
This points towards decision-problem families of continual learning and active
learning respectively (although other decision-problem families might be just
as suitable for evaluating these characteristic behaviours).

1.2 Approximating Distributions Suit Different
Architectures

The first example of the complicated interactions between architecture and
approximation method which we explore (chapter B) focuses on methods that
pick an approximating distribution over a parametric model. Rather than al-
lowing our inference to give us a fully general distribution, one often insists on
some simplifying constraints: perhaps our parameters must all follow Gaus-

and van Camp, 1993]. Many authors discuss the restrictiveness of these as-
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sumptions in absolute terms (including MacKayi [1992d]). But this misses the
interaction between these approximating distributions and the ways that they
are used.

Imagine, for example, how limited a uniform distribution is as a way to
express a posterior distribution. But by being slightly clever about how we
use these uniform distributions, we can easily express a Gaussian distribution
[Box_and Muller, T958]. In an analogous way, though much more complicated,
a neural network which is parameterized with very simple approximating dis-
tributions can express very complex distributions over predictions. Only three
arbitrarily wide layers are required to allow a multi-layer perceptron to ex-
press arbitrary predictive distributions, under otherwise mild assumptions.
In practice, methods including variational inference [Jordan et all, T999] and
mean-field-ammortized stochastic-gradient Markov Chain Monte Carlo [Mad
dox_ef all, 20T9] seem to be remarkably unaffected by the mean-field assump-
tion, and this may be because they find good posterior predictive distributions
from a suitable mode of the parameter posterior.

As a result, existing efforts to enrich the approximating distributions over
parameters may be misguided for certain tasks (in cases where the actual
distributions over parameters do matter, such as transfer learning [Shwarfz-
Ziv_ef_all, P022] or continual learning [Riffer_ef all, ZOTR], this is not true).
In practice a simple approximating distribution in a complicated network is
often easier to work with, and computationally cheaper, than a complicated
distribution in a simple parametric model.

1.3 Optimizers Suit Different Approximating
Distributions

The second example considered in this thesis (chapter @) of unexpected difficul-
ties when understanding how ‘good’ a Bayesian approximation comes from the
interaction between the optimizer and approximating distribution in stochas-
tic variational inference in neural networks. Where the architectures used in
modern neural networks suit independent Gaussian distributions over param-
eters very well, the most common choices of optimizer may not. Stochastic
gradient-based optimizers can be used effectively for variational inference in
Bayesian neural networks with independent Gaussian approximating distribu-
tions [Blundell_ef all, ZOTH]. But researchers have found difficulties in using
this approach in large neural networks without applying a number of tweaks
which undermine the Bayesian principles underlying the methods.

Part of the reason for this lies in the strange sampling properties of in-
dependent Gaussian random variables in high-dimensional spaces. In high-
dimensions, with very high probability samples come from a hypersphere
‘soap-bubble’. This dispersion increases the variance of gradient estimators
which are based on samples from the approximating distribution. This can be
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corrected by using a slightly modified approximating distribution, a Radial-
Gaussian distribution, which does not demonstrate the ‘soap-bubble’ pathol-

ogy.

1.4 How Good Is My Bayesian Approximation?

Until now, we have loosely helped ourselves to notions of one approximate
Bayesian posterior being ‘better’ than another, but this idea is hard to pin
down. In practice, researchers often use metrics like accuracy or log-likelihood
on a held-out test set as a way to compare the performance of approximate
Bayesian models. This choice has some principled motivations from modelling
a Bayesian decision problem [Key et all, 1999]. But even if we wanted to use
the marginal likelihood instead, as suggested by [MacKay|, 1992a], this would
be intractable. An extension of the approach of Key et al] [1999] is to select a
number of interesting applications that test parts of Bayesian approximations
that we value, and examine the expected utility of the approximate posterior.

This approach shares motivations with loss-calibrated (approximate) infer-
ence [Lacoste=Julien ef all, 2071, Cobb ef all, PUTR]. Loss-calibrated inference
aims to produce posterior distributions that are tailored to a specific utility
function. We are proposing using the degree to which an approximate pos-
terior has high utility on a task that exemplifies a characteric behaviour as
an evaluation of good approximate inference. That is, we are not just trying
to find approximate posteriors that maximize expected utility, we are trying
to identify specific applications where the goal of maximizing expected utility
will require achieving the desired characteristic behaviours.

Two such applications are continual learning and active learning. Con-
tinual learning, in a Bayesian fashion [Nguyen et all, PUIR], involves using
a Bayesian model to compress data observed up to a time, and then to se-
quentially update this model as new data arrives. In true Bayesian inference,
the prior can be updated sequentially with each data point in any order and
reach the same posterior distribution. Performing well at sequential learning
therefore tests an approximation’s ability to capture this aspect of Bayesian
inference, which is at least partly a measure of the approximation’s success
compressing the available data. Active learning, in contrast, involves picking
which unlabeled data points should be labelled in order to learn as effectively
as possible. In a Bayesian setting, this problem can be interpreted as es-
timating expected information gain [MacKay, T9925]. Good active learning
performance, therefore, can be interpreted as showing that an approximate
Bayesian model is able to identify places where the uncertainty is most capa-
ble of being reduced by new information.

However, in both of these cases, the application raises considerable dif-
ficulty interpreting performance measures. In the case of continual learning,
deficiencies in standard benchmarks have hidden the failures of Bayesian meth-
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ods. Desiderata can be identified for continual learning evaluations that are
both more suited to applications and better measures of Bayesian approxi-
mation. For active learning, performance measures are complicated by the
fact that active learning in practice relies on implicit biases. The most use-
ful approximate posteriors during active learning are the ones that encode
these implicit biases well, rather than the ones that come closest to the true
posterior distribution of the given model. By removing the bias, we can flip
the ordering that active learning evaluations assign to different approximate
posteriors. Instead, we may be able to use active testing [Kossen ef all, 2021
as an evaluation, which is not dependent on implicit biases in the same way
(though active testing may face its own challenges).

1.5 Overview

In chapter B, I consider the challenges for approximate Bayesian inference.
I review the motivations for Bayesian inference in exact settings as well as
the literature on various approximations. Immediately, many of the ways in
which ‘good’ exact Bayesian inference was historically motivated become inap-
plicable. Measuring quality in terms of the expected utility on representative
decision-problems for desirable characteristic behaviours of an approximate
posterior remains a sensible option.

In chapter B, I consider how the architecture of a neural network affects
the family of predictive distributions which a parametric approximating dis-
tribution can represent. Using deeper neural networks can allow even simple
mean-field Gaussian approximating distributions over parameters to approx-
imate arbitrarily complicated predictive posterior distributions to arbitrary
precision as they become arbitrarily wide. I investigate this phenomenon from
several analytical angles, and suggest that in practice approximation methods
seem to uncover these successful modes.

In chapter &, I consider how parametric approximating distributions can af-
fect optimization procedures used in some approaches to approximate Bayesian
inference. Because the approximating distribution affects the sampling prop-
erties of the optimization objective, we can prefer approximating distributions
which lead to low-variance Monte Carlo estimators of the loss, even if these
were a worse fit to the true posterior than the global optimum for another
approximating distribution. In particular, I show how avoiding pathologies
of mean-field Gaussian distributions in high-dimensional spaces can improve
variational approximations by reducing the variance of Monte Carlo loss esti-
mators.

In chapter B we return to the use of expected posterior utility for model
evaluation. Active learning and continual learning each test different and
important aspects of Bayesian approximations. However, when used naively,
each can give a very misleading picture of the effectiveness of the Bayesian
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approximations which are used. For each, I examine some of these failures
and suggest ways to use these applications to get a better understanding of
the quality of the approximate posterior.
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Notation

General notation

A

ME R MK K

proposition

scalar random variable

vector random variable
matrix random variable
scalar

vector

matrix

Machine learning notation

D
T
Yi, Yi
Yi, Ui
L(yi, Ui)

data

i’th input data point (generally vector)
i’th supervision data point (vector, scalar)
i’th prediction of a model (vector, scalar)
Loss for the i’th prediction

Neural network notation

0
fo

neural network parameters
neural network parameterized by 6

Other notation

N
Dxr(- )
E, x]
o(-)

Acronyms

NN
BNN
VI
MFVI
FCVI
ELBO
GP
MC
MCMC
ii.d.
p.d.f.
c.d.f.

Gaussian distribution
Kullback-Leibler divergence
Expectation of x under distribution p
Big-O

neural network

Bayesian neural network
variational inference

mean-field variational inference
full-covariance variational inference
evidence lower bound

Gaussian process

Monte Carlo

Markov chain Monte Carlo
independently and identically distributed
probability density function
cumulative distribution function
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Chapter 2

Challenges for Evaluating
Approximate Bayesian
Inference in Neural Networks

How can we know if we are doing Bayesian inference well? In some sense, the
answer is trivial. All we need to do is to select a model and prior that express
our subjective beliefs and update it following the laws of probability.

In practice, this approach struggles. We select models and priors that
we know how to express and choose them partly for computational simplic-
ity. For complicated models like neural networks, we do not know what the
stated priors actually mean—Iet alone whether they match our beliefs. In
addition, following the laws of probability is computationally intractable for
most models.

This creates the challenge which this thesis addresses. Can we construct
evaluations which give us insight into how well our machine learning systems
are pursuing Bayesian goals? Falling short of idealised Bayesian inference is
guaranteed—our task is to define a spectrum of degrees of Bayesian success.
Without making this precise, it is hard to know whether research in approxi-
mate Bayesian methods is making progress.

The first two sections of this chapter should be interpreted as an opinion-
ated review of prior work. The first considers the foundational motivations for
an unrealisable Bayesian ideal about finding the ‘right’ posterior distribution.
The second discusses obstacles to using this idealised approach in practice.
In the third section, I explain why aiming for an approximate posterior that
is ‘close’ to the true posterior is the wrong way to evaluate the quality of
approximate inference.
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2.1 Ideal Bayesian Inference

Bayesian inference is a formal system for reasoning about beliefs. This makes
it a promising candidate for understanding machine learning. With Bayesian
inference, we represent the strength of our belief in various propositions as
probabilities, and then adjust beliefs in light of new evidence by following the
laws of probability. Why would we want idealised Bayesian inference?

Axioms for Reasoning

Jaynes [2003] develops an argument by Coxl [1961] that Bayesian inference is
not just a way to reason about information, it is the only rational way to do
so. They prove that every system of reasoning that obeys some assumptions
follows the laws of probability, which in turn entail the ‘updating’ procedure
commonly associated with Bayesian inference. I sketch the assumptions and
character of their argument, deliberately leaving the details aside.

Assume that reasoning is a procedure that lets us adapt the strength of
our belief about the plausibility of claims as we accumulate evidence. Assume
further that we can represent degrees of belief using numbers, where more
plausible claims get bigger numbers and infinitesimally more plausible things
get infinitesimally bigger numbers. These assumptions are not completely
trivial, but they come easily to machine learning practitioners who are in the
habit of assigning numbers to messy things.

Add some modest rules about how these degrees of belief behave. Suppose
I think I saw you in the supermarket yesterday. But then you tell me that
you were in a different city giving a talk. This makes it less likely that I saw
you in the supermarket, but has no bearing at all on whether the sun will rise
tomorrow. Our modest rules entail two things. First, on learning you were
in a different city, I ought to think less likely the conjunction that I saw you
in the supermarket and that the sun will rise. Second, on learning you were
in a different city, I should think it more likely that I did not see you in the
supermarket (since we know a priori that you cannot be in two cities at the
same time). This can be easily formalized and is plausible.

Last, we add some consistency conditions. We assume that if any conclu-
sion can be reached in multiple ways, all procedures of reasoning reach the
same conclusion. We assume that we always use all our evidence. We assume
that equivalent states of knowledge get assigned the same number.”

In practice, none of these conditions describe how people actually reason.
Moreover, it seems likely that no physically implementable system could sat-
isfy all these conditions. Any definition of ‘rationality’ which is so demanding
as to be impossible to implement does not correspond to natural use of the

'This final assumption seems problematic to me. I have not seen a grounding of equiv-
alent states of knowledge which seems non-circular and I believe this mostly reprises the
same problems Laplace had in using symmetry to ground classical probabilities.
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term. But there is a sense in which they might represent an ideal for how one
ought to reason. This raises the question of how we ought to evaluate degrees
of rationality along a spectrum where a system that follows these axioms is at
the unattainable optimum.

Dutch Books

There is another way to give teeth to ideal Bayesian inference. A family
of results [Ramsey, 1926, de Finetfi, 1937], called Dutch Book arguments,
operationalize the mistake of not following these probability rules. These
arguments demonstrate that any system of reasoning which assigns numbers
to degrees of belief about a proposition, which does not follow the laws of
probability regarding the relationship between those numbers, can be taken
advantage of. They show that if you follow such a ‘non-Bayesian’ system of
reasoning, it is possible to construct bets such that if you set the price, and
I am allowed to choose whether to buy or sell the bet, you are guaranteed to
lose money no matter the outcome [Jackson and Pargettey, T976]. Moreover,
the converse holds and following the laws of probability protects you from
having a Dutch book formed against you [Lehman, T955, Kemeny], T955]

Once again, we can quibble with the strength of these arguments. It’s a
narrow sense of ‘rationality’, maybe. Perhaps it is just as rational to opt out,
wherever possible, of letting strangers pick which side of a bet they are on
after you declare a price!

But equally, the argument should give us pause. A Dutch book feels
like a violation of the principles of our reasoning system in a way that can
be separated from the pragmatics of forming bets with predatory strangers
[Skyrms, 1987].

More than that, if we, as machine learning researchers, want to develop
mathematical systems of reasoning that are not robust to this sort of betting
game, but we want to deploy our systems in practice, then we should make
very sure that the decision-problems we work on are not isomorphic to this
sort of betting game. That is, when I roll out a face-recognition algorithm
I ought to be sure that none of its users are doing something that is similar
enough at a conceptual level that the same results apply. This is especially
true when machine learning systems might encounter interested adversaries
who might construct situations that create a Dutch Book-style dynamic. To
save ourselves the difficulty of constructing our decision problems to avoid this,
and proving that we have done so (if this is possible, which I am unsure of),
we might find our lives greatly simplified by following the rules of probability.

Bayes and Probability

Suppose that degrees of belief are the sorts of things that you can apply the
laws of probability to, and that we do so. How does this relate to Bayesian
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inference?

Bayes’ theorem follows from the product rule of probability and commu-
tativity of conjunction. Consider some claims about the world, A and B. For
example, A might be true if and only if I saw you at the supermarket yesterday.
We assign a credence to this claim, representing its degree of plausibility, P(A).
We further define P(A | B) to be the plausibility that A is true given the evi-
dence provided by B. The product rule states that P(AB) = P(A | B)P(B),
where AB is used to stand for the probability that both A and B are true at
once. The commutativity of probabilities states that P(AB) = P(BA) (after
all, A and B are true precisely when B and A are). Then

P(B| A)P(A) = P(BA) = P(AB) = P(A | B)P(B)
P(B| A)P(A) = P(A | B)P(B)

P(B|A)= W (Bayes’ Theorem)
There are multiple sets of laws of probability, such as those by Kolmogorov
[1950] and Cox [1961]. While they disagree about some subtleties, especially
involving infinitesimals, they agree about these rules, and so they agree about
Bayes’ theorem. Although abstract at this point, it offers a powerful rule for
changing your mind about B when you learn about A.

A few notational remarks. Propositions are named with capital letters A,
B, etc. In work on probability it is common to name random variables with
capital letters. However, because it can be important in machine learning
to distinguish scalar, vector, and matrix quantities, we adopt the practice of
denoting scalar, vector, and matrix random variables using the letters like x,
x, and X. Their realizations are denoted z, x, and X and are drawn from
spaces which are defined where required but are typically calligraphic capitals
(e.g., X). Some special variables depart from these conventions for sake of
consistency with other work, which will be noted as it arises.

Bayes for Machine Learning

Earlier, we chose to view machine learning as a formal system for reasoning
about beliefs. Moreover, we wanted a way to move from observations to
generalizations about what one might observe.

One way to describe those generalizations is to write down a paramet-
ric model. We will be mostly concerned with neural networks, which are a
particularly versatile family of non-linear parametric models.

x € X : input
y € Y : output
fo : X = Y : parametric model (sometimes just written f)

0 : parameters of the parametric model
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In order to generalize beyond our observations D = {(z;,y;) | 0 < i <
N} we would like to infer a degree of plausibility for each possible value of
the parameters in the context of that parametric model’s structure. In the
notation of probability this may be written p(@ | D; f) and by [Bayes” Theorem

likelihood prior

(D 6;f)p(6; f)
P i f) p(0;

marginal likelihood

(2.1)

where we have used the fact that the probability of the observations is un-
affected by the parametric model’s structure. In what follows, I will mostly
suppress the context of the function, as this is often taken for granted. It is,
however, very important when we consider model-selection and approxima-
tion, which enters into section 2.

Within the context of that parametric model, if we could state the three
terms on the right-hand-side we could state the plausibility of any parameter
value. The plausibility of any output, y, given some input, x, can then be
found by integrating over all possible parameter values

p(y |z, D) = / Py | z,8)p(6 | D) db. (2.2)

For many useful parametric models, the likelihood is provided directly by the
model. In principle, the prior can be written down a priori—relying only on
our subjective beliefs when we frame the problem. The marginal likelihood is
challenging because it requires integrating over 6.

In this way, Bayes’ rule offers a principled way to capture what we know
about the parameters of a model given some observations. Moreover, when
the true observation-generating process can be expressed by fg, in the limit of
infinite observations our beliefs about 8 will converge to reality DooR [T949].
Suppose the data are generated by a process which is exactly a parametric
likelihood function fg«. Then, in the limit of infinite data, IV, when we approx-
imate @* by 0, the Bernstein-von Mises theorem can be used to s