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This article presents a quasiclassical trajectory �QCT� method for determining the cumulative
reaction probability �CRP� as a function of the total energy. The method proposed is based on a
discrete sampling using integer values of the total and orbital angular momentum quantum numbers
for each trajectory and on the development of equations that have a clear counterpart in the quantum
mechanical �QM� case. The calculations comprise cumulative reaction probabilities at a given total
angular momentum J, as well as those summed over J. The latter are used to compute QCT rate
constants. The method is illustrated by comparing QCT and exact QM results for the H+H2, H
+D2, D+H2, and H+HD reactions. The agreement between QCT and QM results is very good, with
small discrepancies between the two data sets indicating some genuine quantum effects. The most
important of these involves the value of the CRP at low energies which, due to the absence of
tunneling, is lower in the QCT calculations, causing the corresponding rate constants to be smaller.
The second is the steplike structure that is clearly displayed in the QM CRP for J=0, which is much
smoother in the corresponding QCT results. However, when the QCT density of reactive states, i.e.,
the derivatives of the QCT CRP with respect to the energy, is calculated, a succession of maxima
and minima is obtained which roughly resembles those found in the QM calculations, although the
latter are considerably sharper. The analysis of the broad peaks in the QCT density of reactive states
indicates that the distributions of collision times associated with the maxima are somewhat broader,
with a tail extending to larger collision times, than those associated with the minima. In addition, the
QM and QCT dynamics of the isotopic variants mentioned above are compared in the light of their
CRPs. Issues such as the compliance of the QCT CRP with the law of microscopic reversibility, as
well as the similarity between the CRPs for ortho and para species in the QM and QCT cases, are
also addressed. © 2006 American Institute of Physics. �DOI: 10.1063/1.2353837�

I. INTRODUCTION

The cumulative reaction probability �CRP�, defined as
the sum of reaction probabilities summed over all initial and
final states, provides a link between scattering theory and the
transition state formulation of the rate constant.1–7 Indeed,
the expressions of the microcanonical and canonical rate
constants in terms of the CRP are formally identical to those
obtained within the framework of transition state theory
�TST�. In particular, the microcanonical rate constant is
given by

k�E� =
Cr�E�

h�R�E�
, �1�

where Cr�E� is the CRP �Ref. 8� at total energy E, h the
Planck constant, and �R�E� the reactant density of states per
unit energy. Similarly, the canonical rate constant k�T� is
given by the Boltzmann average of k�E�:

k�T� = �
0

�

k�E�P�E;T�dE =
1

QR�T� � k�E��R�E�e−�EdE ,

�2�

where �=1/kBT and QR�T� is the total �translational and
internal� partition function of the reagents. Clearly, knowl-
edge of the CRP provides all the dynamical information nec-
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essary for the exact calculation of canonical and microca-
nonical rate constants.

The term CRP seems to have been coined by Miller in
1975 �Ref. 1� in the context of a quantum mechanical �QM�
and semiclassical version of TST, and its concept was sub-
sequently developed in a series of articles.2–4,9,10 The CRP
may be interpreted qualitatively as the number of reactive
reactant states at energy E. In some versions of TST �those
which quantize the motion orthogonal to the reaction coordi-
nate and neglect tunneling and recrossing effects� the CRP is
predicted to increase in stepwise unit increments at the en-
ergy levels of the activated complex, and thus, within TST,
the CRP may then be interpreted precisely and equivalently
as the number of reactive reactant states or the number of
transition states at energy E. The exact CRP, on the other
hand, increases in smooth “steps” that can take any value
between 0 and 1. Although the exact CRP only shows step-
like structure if the vibrational motion during the reaction is
to some extent adiabatic, the interpretation of the CRP as the
number of reactive reactant states is qualitatively correct and
remains very useful.

More recently, Truhlar and co-workers have demon-
strated further the importance of the CRP.5–7,11 Although the
CRP is an averaged magnitude, its dependence on energy
contains valuable information about the quantized spectrum
of the transition state and the global dynamics of the reac-
tion. Truhlar and co-workers showed that for the H3 system,
the derivative of the CRP with respect to energy, the density
of reactive states �DRS�, displays pronounced peaks that can
be attributed to quantized transition states or quantum bottle-
necks. They were able to fit the exact QM results with a
model based on an inverted parabolic barrier for each of
these quantum states and adjustable transmission coefficients
to account for recrossing. In this way, a set of spectroscopic
constants of the activated complex was determined, and the
various peaks in the DRS were assigned to different quantum
transition states. The latter could be characterized by three
quantum numbers, corresponding to the symmetric stretch,
the bend, and the vibrational angular momentum, �vss ,vb

��,
of a short-lived linear complex. These quantized transition
states are well approximated by locally vibrationally adia-
batic dynamical bottlenecks that control the overall
reactivity.11–13

The CRP is not necessarily a monotonically increasing
function of the energy. Especially for total angular momen-
tum J=0, the CRP may show other quantum effects related
in some cases with resonances, either of the Feschbach type
or shape-type resonances associated with van der Waals
wells in either the entrance or the exit channel.14–19

For some time the usefulness of the CRP was limited by
the fact that its accurate determination required a full scat-
tering calculation of the S matrix. An alternative to circum-
vent this problem is the quantum formulation of the rate
constant in terms of the flux autocorrelation function.9,20–24

Specifically, the flux operator can be used to calculate CRPs
or flux autocorrelation functions, from which rate constants
may be obtained. This formulation can be applied using a
variety of approaches, either within the time-independent or
the time-dependent formalism, and an increasingly complex

series of chemical reactions has thereby been successfully
modeled.25–29 These techniques are particularly promising
since they scale with the number of dimensions much more
slowly than conventional scattering approaches.

In spite of the importance of the CRP, it has seldom been
considered in quasiclassical trajectory �QCT� calculations.
Chapman et al.10 reported collinear and three-dimensional
�3D� calculations of CRPs for the H+H2 reaction using clas-
sical trajectories. In order to compare with the results from
classical transition state theory, these calculations were not
quasiclassical but involved a purely classical microcanonical
sampling of the initial conditions. While TST was found to
describe the reactivity in the threshold region very accu-
rately, as the energy was increased the dynamical calcula-
tions yielded reaction probabilities and microcanonical cross
sections significantly lower than those obtained using TST.
This effect can be ascribed to the neglect of recrossing tra-
jectories in TST. Note that recrossing was found to play a
much less important role when the reaction is studied in full
dimensionality. The dependence of the CRP on total energy
calculated in this way3,10 is remarkably similar to that ob-
tained later using exact QM methods and to those presented
in this work.

Much more recently, Lin et al.18,19 compared QM and
QCT reaction probabilities and CRPs for J=0 for the direct,
forward reaction between O�3P� and HCl and its reverse,
Cl+OH. Although they found relatively good agreement be-
tween the two theoretical approaches, especially for the latter
reaction, the CRPs for the direct and reverse reactions de-
rived using QCT methods were not identical, as required by
the principle of microscopic reversibility. This was attributed
to the much larger extent to which the direct reaction is vi-
brationally adiabatic in classical mechanics, relative to the
reverse reaction. Apart from this study, to the best of our
knowledge there have been no QCT calculations of CRPs. In
a recent article, some of the present authors30 developed a
QCT method to determine reaction probabilities as a function
of J for any value of the rotational angular momentum quan-
tum number. The present calculation of the CRP constitutes a
natural extension of that work. We present a procedure based
on a discrete sampling of integer quantum number values for
the various angular momenta involved in the determination
of the CRP. In this sense, the method is truly quasiclassical
and the corresponding QCT expressions have clear QM
counterparts.

The QCT method proposed in this work is not meant to
constitute an alternative to rigorous, fully converged QM cal-
culations, which are nowadays routine for direct, collinearly
dominated reactions. It is well known that classical mechan-
ics, even in its most sophisticated quasiclassical version, fails
to describe the dynamics in the threshold region, which is
strongly dominated by tunneling. Given the importance of
that energy region for the determination of thermal rate con-
stants, this is a major shortcoming of any classical mechanic
method. Nevertheless, the availability of an efficient QCT
procedure may be useful in cases where a full QM calcula-
tion, including all possible J values, is still prohibitively
computationally expensive. Under these circumstances, the
comparison between QCT and QM CRPs for low J values
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could be extremely useful in validating the QCT approxima-
tion. Note also that, unlike fully converged QM
calculations,32 the computational effort required to study a
reaction such as H++H2 using QCT methods is only slightly
greater than that needed for the title reaction.

This article is organized as follows. In Sec. II we present
expressions for the QCT CRP as a function of the total en-
ergy E and total angular momentum quantum number J,
while in Sec. III we outline the characteristics of the QM
calculations. In order to compare QCT and QM results, the
obvious choice of system is the H3 exchange reaction, for
which very accurate theoretical data are available �for a re-
cent review, see Ref. 31�, and in Sec. IV results are shown
for the following isotopic variants:

H + H2 → H2 + H, �3�

H + D2 → D + HD, �4�

D + H2 → H + HD, �5�

H + HD → H + DH, �6�

H + HD → D + H2. �7�

Fully converged QM calculations have been performed for
all these reactions, and J specific and total CRPs are thus
available. This comprehensive set of exact QM results pro-
vides a sound benchmark to test the corresponding QCT re-
sults and to establish its limitations. QM and QCT results are
compared for CRPs at fixed J, for total CRPs, and for rate
constants. Of particular interest is the investigation of the
behavior of the DRS to test if some remnant of the QM
bottleneck peak structure is found in the QCT results, and the
primary focus of Sec. V is a detailed comparison between
QCT and exact QM results for the DRS. We conclude in Sec.
VI with a brief summary of the main results of this work.
The practical details of the QCT calculation of CRPs by
scanning the energy continuously are presented in the Ap-
pendix.

II. GENERAL EXPRESSIONS AND QCT METHOD

In terms of the reaction probabilities Pvj
J �E� summed

over product states, at a given total angular momentum quan-
tum number J and specific initial vibrational and rotational
state �v , j�, the cumulative reaction probability can be written
as

Cr
J�E� = �

v,j
�2 min�J, j� + 1�Pvj

J �E� , �8�

where Cr
J�E� is the CRP �Ref. 8� at a given J, and the sum

comprises all the reagent states energetically open at a total
energy E.

The expression for the reaction probability from a given
v , j initial state, summed over all v� , j� final states, can be
written in the orbital angular momentum and helicity repre-
sentations as

Pvj
J �E� =

1

2 min�J, j� + 1 �
l=�J−j�

J+j

�
v�j�l�

Pv�j�l�←vjl
J �E�

=
1

2 min�J, j� + 1 �
K=−min�J,j�

min�J,j�

�
v�j�K�

Pv�j�K�←vjK
J �E� ,

�9�

where l�l�� and K�K�� are the quantum numbers for the re-
actant �product� orbital angular momentum and the projec-
tion of J onto the body fixed axis, respectively.

In QM, the state-to-state reaction probability can be
written in terms of the elements of the scattering matrix
S��v�j�l�1vjl

J,P ,

Pv�j�l�←vjl
J �E� = �

P
�

���1

�S��v�j�l�1vjl
JP �2 , �10�

where the sums in Eq. �10� run over the triatomic parity P
and over the relevant product arrangement channels, ���1.

The corresponding QCT expression to Eq. �10� summed
over final states is given by

Pvjl
J �E� = �

v�j�l�

Pv�j�l�←vjl
J �E� =

Nr�J,l;E,v, j�
N�J,l;E,v, j�

, �11�

where Nr�J , l ;E ,v , j� and N�J , l ;E ,v , j� are the number of
reactive and the total number of trajectories, respectively, for
given values of J and l and initial v , j state, at a total energy
E. Pvjl

J �E� is the joint, quantal, or quasiclassical reaction
probability, which depends on J and l for a given v , j state
and total energy E.30

Following Ref. 30, the QCT method we propose consid-
ers discrete, integer values of J and l as well as j. For each
trajectory with a given value of J and energy E, l is uni-
formly sampled in the interval �J− j�� l�J+ j using only in-
teger values. With this sampling the reaction probability is
given by

Pvj
J �E� =

Nr�v, j ;J,E�
N�v, j ;J,E�

, �12�

where Nr�v , j ;J ,E� is the number of reactive trajectories and
N�v , j ;J ,E� the total number of trajectories, reactive or not,
calculated for a single v , j initial state, with specific values of
J and E. It is important to emphasize at this point that Eq.
�12� holds only if l is sampled uniformly. Substituting Eq.
�12� into Eq. �8� yields the QCT expression for the CRP at
fixed E and J,

Cr
J�E� = �

v,j
�2 min�J, j� + 1�

Nr�v, j ;J,E�
N�v, j ;J,E�

. �13�

In order to carry out the calculation of Cr
J�E�, it is necessary

to first count the number of reagent quantum states with
energy below E, n�E�. Then, for every trajectory, one of
these n�E� states is chosen randomly with the same probabil-
ity. For a sufficiently large number of trajectories, all ener-
getically accessible v, j states are equally sampled, and
N�v , j ;E ,J��N�. If the total number of trajectories, includ-
ing all initial v, j states, for a given value of J and E is
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N�J ;E�, it becomes evident that N�=N�J ;E� /n�E�. Substitut-
ing this expression into Eq. �13� yields

Cr
J�E� =

n�E�
N�J;E��v,j

�2 min�J, j� + 1�Nr�v, j ;J,E� . �14�

For J=0, the expression is particularly simple, Cr
J=0�E�

=n�E�Nr�0;E� /N�0;E�. Apart from the selection of a par-
ticular initial state v, j, the rest of the sampling procedure for
each trajectory has been explained in detail in Appendix B of
Ref. 30.

The derivative of the CRP with respect to E, �r
J�E�, is the

DRS. This function has been extensively used5,6,11 and has
proven to be most invaluable for the investigation of quan-
tum bottlenecks.

The QCT expression of total CRP is given by

Cr�E� = �
J=0

Jmax

�2J + 1�Cr
J�E� �15�

= �
J=0

Jmax

�
v,j

�2 min�J, j� + 1��2J + 1�n�E�
Nr�v, j ;J,E�

N�J;E�
,

�16�

where the sum over J extends to the maximum J value lead-
ing to reaction, Jmax, at energy E, and the sampling of each of
the n�E� energetically accessible states of the reagents is
done with equal probability. Given the larger weights carried
by higher J values, it is more efficient to sample J for each
trajectory proportional to the number of projections, 2J+1.
In practice, for each trajectory, J is sampled according to J
=int��1/2�Jmax+1��, where � is a random number in the �0,1�
interval, and int means to take the integer part of the expres-
sion. Once a J number has been chosen, the orbital angular
momentum quantum number is sampled uniformly for each
trajectory within the interval ��J− j� ,J+ j�.30 Under these cir-
cumstances, the total CRP is given by

Cr�E� =
�Jmax + 1�2

N�E�
n�E�

��
v,J

�
J=0

Jmax

�2 min�J, j� + 1�Nr�v, j,J;E� , �17�

where N�E� is the total number of trajectories run at a given
total energy, and N�J ;E�= �2J+1�N�E� / �Jmax+1�2.

Instead of using discrete values of the total energy in the
calculations, it is also possible to sample the total energy
continuously and uniformly in the desired range �E1 ,E2�.
The analysis of the results can be made using a series expan-
sion in Legendre polynomials, as described in the Appendix.

In terms of the CRP, the thermal rate constant is given by

k�T� =
	0

�Cr�E�exp�− E/kBT�dE

h	rel�T�Qv,j
BC�T�

, �18�

where 	rel�T� is the translational partition function for the
relative motion,

	rel�T� = 
2
�kBT

h2 �3/2

, �19�

and Qv,j
BC�T� is the rovibrational partition function of the re-

agents. When the QM or QCT Cr�E� are given in a series of
discrete E values, we have found that the best method is to
make an interpolation of the integrand, Cr�E�exp�−E /kBT�,
in order to carry out the integral in Eq. �18�. An alternative
method, useful when trajectories are calculated by varying
the energy continuously, is given in the Appendix.

For reactions with homonuclear diatomic molecules, the
nuclear spin statistics has to be taken into account. The ex-
pression of the total CRP is in this case34

Cr�E� = �
T

�2T + 1�Cr
T�E� , �20�

where T is the molecular nuclear spin quantum number, i.e.,
for H2 �I= 1

2
� T=0,1; for D2 �I=1� T=0,1 ,2. For p-H2 T

=0 �symmetric functions under permutation of the atoms�,
whereas for o-H2 T=1 �antisymmetric under spatial permu-
tation�. Thereby for H+H2 and D+H2, the para and ortho
CRPs are multiplied by I�2I+1� and �I+1��2I+1�, respec-
tively. Similarly, for H+D2 the symmetric functions are
given by T=0,2 �ortho�, with multiplicity �2I+1��I+1�=6,
and the antisymmetric functions �para� are given by T=1,
with multiplicity I�2I+1�=3. As will be discussed in Sec. V,
for the H3 system and its isotopic variants Cr

p�E��Cr
o�E�.

Collision times � were also calculated in this work for
J=0. The collision time is the time that the three atoms
spend close together without possible assignment to any of
the three collision channels. When the three atoms are suffi-
ciently close to each other, the potential is generally distorted
with respect to its asymptotic behavior. This generally occurs
when the initial R and final R� Jacobi distances �defined from
the atom to the center of mass of the diatomic� are less than
two distance parameters Rint and Rint� , that define the strong
interaction region. Their values depend on the reaction and
are determined by following the time evolution of the inter-
atomic distances and potential energy for a significant num-
ber of trajectories. In the present case, Rint=Rint� =2.1 Å. The
collision times were calculated directly, recording the times
when R was first �2.1 Å and when R� became 
2.1 Å. The
difference between these times gives the collision time.

All the calculations presented here were performed in
the BKMP2 potential energy surface �PES�.35 The integration
step in the trajectory calculations was 5�10−2 fs, ensuring
an energy conservation better than 1 in 105. The initial rovi-
brational energies were calculated semiclassically for all the
states using the asymptotic diatomic potential energy of the
PES, and their values are coincident with the exact QM ones
within four significant figures. For the calculations using a
discrete grid of total energies, batches of 5�104−1�105

trajectories were calculated at each energy and J. Calcula-
tions of the total CRP were performed with a grid of energies
with a spacing of 5�10−3 eV between 0.5 and 1.8 eV. For
those calculations in which the energy was scanned continu-
ously �see the Appendix�, batches of trajectories of 5�105

−2�106 were run for each individual J. For the analogous
calculation of the total CRP, the number of trajectories was
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2�106 for each of the isotopic variants studied. Overall the
number of calculated trajectories relevant to the present work
was of the order of 3�107. As a result of the large number
of trajectories used to determine the Cr

J�E�, the resulting
Monte Carlo uncertainties are of the order of 0.3%–1.5%.

III. QUANTUM MECHANICAL METHOD

In order to compare with exact QM results and to assess
the validity of the QCT calculations, we have made use of
the extensive QM calculations for a series of isotopic vari-
ants of the H+H2 reaction. These calculations were used in a
previous article36 to compare accurate QM rate constants and
kinetic isotope effects with those obtained with the quantum
instanton approximation. The methodology of these calcula-
tions is based on the accurate determination of the cumula-
tive reaction probabilities, and has been described exten-
sively in the literature.1,33,34 Thus only a brief outline will be
given in this section, along with the details of the specific
calculations.

In the present work, CRPs have been calculated for all J
up to Jmax, including all the projections in K and K� up to
maximum values of K=min�J , j ,Kmax� and K�
=min�J , j� ,Kmax�. Kmax values were chosen such that for the
highest energy calculated, for a given isotopic variant of the
reaction, contributions from higher K �K�� are practically
negligible. The QM reactive scattering matrix has been cal-
culated using a coupled-channel hyperspherical coordinate
method of Skouteries et al.37 Converged reaction probabili-
ties and CRPs for the H+ p-H2 reaction on the BKMP2 PES
were calculated for total angular momenta J=0–35 using a
basis set including all H+ p-H2 and HH+H channels with
diatomic energy levels up to Emax�2.6 eV and rotational
quantum numbers up to jmax�15. For this isotopic variant, a
total of 70 energies has been calculated for the reaction, be-
tween 0.271 and 1.651 eV. Note that only reactions with p
-H2 have been considered because the results for p-H2 and
o-H2 are practically identical up to energies �1.5 eV. It must
be stressed that this is the only approximation used, and that
the CRPs have been calculated for all partial waves J
� �0,Jmax�. For the H+HD reaction the CRPs were calcu-
lated for J=0–28 using a basis set with Emax�2.6 eV and
jmax�16. Using these basis sets, it was found that the CRPs
were converged to better than 1% for J=0. For J�0, angular
basis functions with helicities up to Kmax=7 for the reactant
and product arrangements were retained. We have checked
that for J=12 the CRPs are converged to 1.0% at the highest
energy with the above parameters.

In addition, extra calculations of the CRP for J=0–5 for
D+H2 and H+D2 were carried out including ortho and para
states in an extended range of energies up to 2.25 eV, in
order to compare the CRPs for the two diatomic parities. In
both cases Emax=3.0 eV, and a rovibrational basis with
vmax=6 and jmax=30 was employed, together with 300 inte-
gration sectors, and a maximum hyper-radius of 11 Å, at
energy intervals of 0.02 eV.

QM calculations were also carried out with a fictitious

Planck constant h�=h /�10 for H+H2 and J=0. For these
calculations the rovibrational basis extends to vmax=15 and
jmax=60.

IV. RESULTS

We will first compare the QM and QCT Cr
J�E� for the

H+D2→HD+D and D+H2→HD+H reactions. Figure 1
displays these results for J=0, 2, and 4. Unless otherwise
stated, the CRPs shown here are the sum of those corre-
sponding to the reaction with p-H2 �o-D2� and o-H2 �p-D2�,
that is, including even and odd j states without any nuclear
spin statistical weight. The QCT Cr

J�E� are quite smooth,
increasing monotonically with E. As can be seen, the agree-
ment between the QCT and QM results is very good for all J
shown.

The main visible discrepancy between the two sets of
results can be found in the steplike structure clearly observ-
able in the QM Cr

J�E� for J=0. This steplike behavior is
reminiscent of the ideal quantized transition state thresholds
that would appear in the absence of tunneling and recrossing.
If transition state theory were an accurate description of the
quantum dynamics, the Cr

J�E� would increase in stepwise
unit increments at the energy levels of the activated complex.
This steplike pattern is sometimes associated with “classical”
behavior �i.e., the absence of tunneling�. However, a purely
classical Cr

J�E� would be completely smooth in the absence
of quantization in reagents, transition state, or products.10

The steplike pattern implies at least a local adiabaticity in the
region of the transition state. As J increases, the agreement
between QM and QCT results becomes better as the steplike
structure smoothes out. As can be seen from the respective
scales, the number of reactive states increases rapidly with J

FIG. 1. Comparison of QM �open circles, dashed line� and QCT �solid line�
cumulative reaction probabilities resolved in J ,Cr

J�E� �Ref. 8�, as a function
of the total energy �in eV� for the H+D2 �left panels� and D+H2 �right
panels� reactions at the indicated values of J. The Cr

J�E� displayed here is
given by the �unweighted� sum of the corresponding Cr

J�E� for the ortho and
para species. The error bars of the QCT CRP are equal or smaller than the
width of the line.
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and the quantum bottlenecks associated with each of the
steps in the CRP overlap, causing the disappearance of the
structure observed for J=0. Although the agreement remains
good at low energies on the scale employed in the figures,
there is nonetheless a significant difference in behavior in the
threshold region, as discussed in more detail below when the
total CRPs are presented.

The comparison between the QM and QCT Cr
J�E� for the

H+H2 reaction is shown in Fig. 2. The agreement between
the two calculations is slightly worse for the H+H2 reaction
than the isotopic variants shown in Fig. 1. The steplike struc-
ture in Cr

J=0�E� for this reaction �see Fig. 2� is clearly more
pronounced than for the H+D2 and D+H2 reactions, and the
difference with the QCT Cr

J=0�E� is more noticeable. Since
the rovibrational energy levels in D2 are more closely spaced
than those of H2, the magnitude of Cr

J�E� is considerably
smaller in the H+H2 and D+H2 reactions than in the HD2

system.
In the case of the H+H2 reaction, a larger range of J

states is shown in order to appreciate the increase in the total
energy of the reaction threshold as J increases. For a given
energy, as J increases larger values of l become accessible,
with the resulting increase of the centrifugal barrier and, con-
sequently, the total energy threshold for reaction increases
with J as shown in Fig. 2. The change in the absolute value
of the CRP with J can be explained in similar terms. Initially,
the degeneracy associated with each state, 2 min�J , j�+1,

causes the CRP to grow rapidly with J, but as larger values
of l become accessible, the reactivity �i.e., the number of
reactive states� decreases. It is worth noticing that the reac-
tivity of the H+H2 system is smaller than for the D+H2.

Figure 3 shows Cr
J�E� �J=0,10,20� for the two reaction

pathways of the H+HD reaction, namely, the H-atom ex-
change channel, leading to HD+H, and the H-atom abstrac-
tion channel, leading to H2+D. The CRPs at low J values for
the exchange H+DH→HD+H reaction are consistently
higher than those for the H+HD→H2+D abstraction reac-
tion �see top panels of Fig. 3�. However, with increasing J,
the situation is reversed. At J
15, the Cr

J�E� for the abstrac-
tion channel is already larger at all total energies, with a
lower threshold energy �see bottom panels of Fig. 3�. At the
highest calculated J values �25–30�, the difference becomes
very important, with thresholds 0.2 eV higher for the ex-
change HD+H channel.

This behavior is a consequence of the asymmetry of the
HD molecule with respect to its center of mass. Due to this
asymmetry, two effects take place. On the one hand, colli-
sions of the incoming H atom with the H side of the HD
molecule atom can take place at higher R values. Therefore,
for a given collision energy and impact parameter, the cen-
trifugal barrier will be smaller than in the case of the atom
approach to the H part of molecule. On the other hand, the
range of angles of attack leading to reaction will be more
restricted for the H than for the D end of molecule. The net
consequence of these opposite effects is that reactivity lead-
ing to HD formation �the exchange channel� will be clearly
promoted for low values of J. However, as J increases the
centrifugal barrier becomes higher, and the preferred channel
will be that yielding H2+D products. The influence of the
mass asymmetry on the dynamics of this system has been
thoroughly discussed in the literature �see for instance Refs.

FIG. 2. Same as Fig. 1 but for H+H2, showing results for J=0,15,25.

FIG. 3. Comparison of QM �open circles, dashed line� and QCT �solid line�
Cr

J�E� for J=0, 10, and 20 for H+DH→HD+H �left� and H+HD→H2

+D �right�. The error bars of the QCT results are of the order of the width of
the line.
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38 and 39 and references therein� but, to our knowledge, it
has not been discussed in terms of CRP for various J values.

It is noteworthy that the QM results invariably lie above
the QCT data for the systems studied in the present work.
This is most clearly seen for J=0, where the steps in the QM
Cr

J�E� are always above the QCT results, and in fact appear
to sit on top of the smoother QCT curves. The effect is most
marked in the threshold region, where classically there is not
enough energy for reaction to take place, but is also observed
as the energy increases sufficiently to access each new quan-
tum bottleneck. One can picture the resulting QM Cr

J�E� as a
series of contributions from individual bottleneck states,
each with its own threshold that, when summed, gives rise to
a relatively smooth steplike structure. The different behav-
iors seen in the QM and QCT calculations partly reflect the
lack of tunneling in the QCT calculations, but is likely also
to be due to the reduced tendency for recrossing of the tran-
sition state in the QM calculations.31 Interestingly, just below
the energy of each new threshold, the QM and QCT CRPs
tend to be in very good agreement. This implies that, in
addition to the above factors, vibrational adiabaticity may
also have a role to play in both the QM and the QCT calcu-
lations in the region of the onset of each new “quantum”
bottleneck �the issue of vibrational adiabaticity is returned to
in Sec. V�. As J increases, more states become allowed and
their respective thresholds start to overlap, causing the dis-
appearance of easily identifiable structures in the QM CRP,
and thus the agreement between QM and QCT results im-
proves. However, at high enough values of J �see Figs. 2 and
3� the QM Cr

J�E� are slightly higher than the QCT ones. In
this case, it is tunneling through the combined potential and
centrifugal barrier that enhances the reactivity in the QM
case.

The total CRPs, defined by Eq. �15�, are presented for
reactions �3� and �5�–�7� in Fig. 4. The logarithmic scale is
employed to emphasize the discrepancy between the QM and
QCT results at low energies, and to show the variation of the

total CRP over seven orders of magnitude in this energy
range. Although the absolute value of the QM CRP is very
small for energies below 0.55 eV, the fact that classical
threshold is relatively large for all these reactions has a de-
cisive influence on the values of the rate constant �see be-
low�. The comparison with the QCT total CRP clearly indi-
cates that below that energy threshold, all the reactivity is
due to tunneling. Agreement between the QM and QCT re-
sults is generally good outside this region, becoming increas-
ingly accurate at higher energies, although some discrepan-
cies can also be observed at energies between 0.6 and
0.8 eV, where again the QM results are slightly above the
QCT data. It seems that discrepancies between the QM and
QCT CRPs above 0.6 eV are most likely associated with
tunneling through the combined potential and centrifugal
barrier. As commented on above, the differences between the
total CRPs of the exchange and abstraction channels for the
H+HD reaction are attributable to the mass asymmetry.
Overall both QM and QCT predict higher reactivity for the
latter channel.

Comparison of the QM and QCT rate constants k�T� for
reactions �3� and �5�–�7� is shown in Fig. 5. As expected, the
QM rate constants are systematically higher than the QCT
ones, the difference becoming more pronounced with de-
creasing temperature. At temperatures around 200 K these
discrepancies can be associated almost entirely with QM tun-
neling below the barrier. The evident discrepancies between
the QM and QCT rate constants observed at higher tempera-
tures �300–1000 K� can be associated principally with the
differences noted above in the total CRP in the energy range
of 0.6–0.8 eV. These higher temperature discrepancies in the
rate constants therefore arise principally from tunneling
through the combined potential and centrifugal barrier at en-
ergies above threshold. The best agreement happens for the
endothermic H+HD→H2+D reaction. This can be attrib-
uted to the lack of quantization of the H2 product in the QCT
calculations, which can therefore be formed below its zero
point energy, and to some extent this compensates for the

FIG. 4. Comparison of QM �open circles, dashed line� and QCT �solid line�
total Cr�E� as a function of total energy �incorporating J=0–32 for the QCT
case� for H+H2 �top left�, D+H2 �top right�, H+HD→H2+D �bottom left�,
and H+DH→HD+H �bottom right�.

FIG. 5. Comparison of QM �open circles, dot-dash line� and QCT �solid
line� k�T� for H+H2 �top left�, D+H2 �top right�, H+DH→DH+H �bottom
left�, and H+HD→H2+D �bottom right�.
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absence of tunneling. This effect is reminiscent of that oc-
curring in the QCT calculations of muonium with H2,40 in
which the violation of the zero point energy in the transition
state and the products overcomes by far the neglect of tun-
neling, thereby yielding QCT values of k�T� considerably
higher than those obtained either experimentally or with ac-
curate QM calculations. For the reverse D+H2 reaction, the
discrepancies between QM and QCT are more important. In
this case, the reaction is exothermic �from the zero point
energy� and the requirements for the HD zero point energy
conservation are less stringent, given its lower value.

The results obtained here for k�T� compare very well
with previous QM and QCT calculations on the same or
similar PESs.33,34,41–43 The comparison with the most recent
theoretical calculations of k�T� for the H+D2 and D+H2 by
Mielke et al.44 is also very good considering that in that
study the effect of the Born-Oppenheimer diagonal correc-
tion was included in the calculations.

V. DISCUSSION

The invariance under time reversal establishes that the
CRP for a given reaction and its reverse must be identical.
While this is guaranteed in converged QM calculations,
given the unitarity of the S matrix, it is not necessarily the
case in QCT calculations. Although microscopic reversibility
is strictly adhered to by individual trajectories, this is not
formally the case for the ensemble of trajectories, since only
the reactant motions are pseudoquantized. In Fig. 6 the QCT
CRPs for J=0 and 1 are shown for the D+H2→H+HD
�summing ortho and para contributions� and reverse H
+HD→H2+D reactions. Note that the Cr

J�E� for H+HD has

been multiplied by 2 to account for the two indistinguishable
arrangement channels for D+H2. Rigorously speaking, one
would equate the CRP of the D+ p-H2 divided by 2 to the
CRP for the H+HD→p-H2+D, and similarly for the o-H2

species. In spite of small discrepancies, beyond the statistical
uncertainties, between the two sets of calculations, the over-
all agreement is fairly good, both for the low J data shown as
well as at higher J. However, in the low energy region, due
to the violation of the zero point energy in the endothermic
H+HD→H2+D reaction �see Sec. IV� the CRPs are system-
atically slightly higher for this reaction than for D+H2. Al-
though the differences are very small, it causes the total
Cr�E� to be greater at E�0.6 eV for the latter reaction, and
this is reflected in the values of its rate constant, which is in
better agreement with the QM calculation than for any other
isotopic variant examined here. The situation is analogous,
although not so extreme, as that found for the O�3P�+HCl
and its reverse reaction,19 and in both cases the disagreement
can be traced back to a smaller degree of adiabaticity of the
reverse reactions.

It has been shown previously that the QM CRP for the
hydrogen exchange reactions with p-H2 �o-D2� and o-H2

�p-D2� are almost indistinguishable, and that the approxima-
tion of calculating just one diatomic parity is very accurate
�to within three significant digits for energies below
1.5 eV�.34,36,44 The corresponding QCT results are shown in
Fig. 7. As can be seen, appreciable differences exist between
the ortho and para QCT Cr

J�E� for both the D+H2 and H
+D2 reactions, especially for J=0, although the differences
become smaller as J increases. Agreement is generally better
for H+D2 than for D+H2. The Cr

J=0�E� for p-H2 is consis-
tently higher than that for o-H2 in the QCT case. By sum-
ming over all J, the difference between the CRP with even
and odd diatomic parities becomes almost negligible but, in
any case, we have used Eq. �20� to determine the k�T�.

As noted in Sec. I, Truhlar and co-workers5–7,11 have
shown that the derivative of the CRP, the DRS, exhibits the
type of behavior predicted by TST, with its most prominent
features coinciding very well with vibrationally adiabatic
transition state levels. These structures have been found in
the QM derivative of the Cr

J�E� presented in this work, and,

FIG. 6. Comparison of QCT Cr
J�E� for H+HD→H2+D multiplied by 2

�dashed line� and Cr
J�E� for D+H2 �solid line� as a function of total energy.

QCT error bars are of the order of the width of the line.

FIG. 7. Comparison of QCT Cr
J�E� as a function of total energy for H+ p

-D2 �solid� and H+o-D2 �dash� �left panels� and D+ p-H2 �dash� and D+o
-H2 �solid� �right panels�. Top panels: J=0, bottom panels: J=1.
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apart from relatively small differences attributable to the use
of a different PES, they coincide very well with those ob-
tained in previous works.11,12 Subtle structures can also be
detected in the QCT CRP, revealing slight deviations from a
purely smooth behavior. It is instructive to compare the DRS
obtained by differentiating the QCT CRP with those resulting
from the exact QM calculations, particularly for low J, where
the structures in the QM DRS are most pronounced. Such a
comparison is shown in Fig. 8 for the H+D2 and D+H2

reactions with J=0–2. The QM and QCT DRSs are the sum
of the para and ortho contributions in each case. The QCT
DRS is found to have clear features, with a succession of
maxima and minima that resembles those obtained in the
QM case. As expected, the quantal results display much
sharper peaks in the DRS, but the QCT results match the
overall structure reasonably well, and there is some coinci-
dence in the location of the maxima in many cases, some-
thing one might not expect if this structure were purely quan-
tal in origin. To check the reliability of the QCT DRS, a
sensitivity analysis of the general shape and position of the
maxima was performed, both with discrete total energies and
by scanning E continuously and fitting the results using an
expansion in Legendre polynomials �see the Appendix�. Both
procedures yielded almost identical results. The number of
trajectories employed was �3–4��106 for J=0 and about

1�106 for the other J. The statistical uncertainties in the
QCT DRS are well represented by the error bars shown in
Fig. 8.

As J increases, the QM DRS becomes smoother, and the
various maxima overlap, although they still retain a clear
structure. The QCT DRS seems to represent an average of
the QM results over a certain range of energies. Neverthe-
less, some structure is still present, as can be seen for J
=1,2 in the D+H2 reaction. Overall the agreement is quite
good.

It is worth examining these features in more detail, sepa-
rating out the contributions from ortho and para hydrogen to
the Cr

J=0�E�. Recall that these contributions are not identical,
at least in the QCT case. Figure 9 demonstrates the differ-
ences that exist between the QM and QCT Cr

J�E� and �r
J�E�

for D+o-H2 and D+ p-H2 reactions. As mentioned above, the
QM CRPs for both reactions are practically identical up to
E�1.5 eV, and indeed their respective �r

J�E� below that en-
ergy are also indistinguishable within the scale of the plot.
However, it is apparent that there is a significant difference
between the QM DRSs for the ortho and para species at
higher energies. For p-H2, the spectral assignment was car-
ried out by Chatfield et al.11 on the Liu-Siegbahn-Truhlar-
Horowitz �LSTH� potential energy surface up to 1.6 eV, and
that assignment is also valid here. However, the differences

FIG. 8. Comparison of QM �dashed line� and QCT �solid line� densities of reactive states, �r
J�E�, for H+D2 �left� and D+H2 �right� as a function of total

energy at the indicated values of J. In both cases �r
J�E� is given by the unweighted sum of �r

J,o�E�+�r
J,p�E�. The error bars represent the statistical errors of the

QCT �r
J�E�.
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in the QM CRPs for ortho and para hydrogen are still very
small, and they do not affect the rate constant values, even at
temperatures above 1500 K.

Figure 9 illustrates the larger differences that are ob-
served in the QCT calculations between the reactivities of
ortho and para hydrogen, with �even j only� p-H2 being con-
sistently more reactive than �odd j only� o-H2. Note that the
QCT CRP for o-H2 is systematically below the QM one,
while that for p-H2 is always above. The comparison be-
tween the QM and QCT DRSs reveals some similarities,
with some coincidence in the location of their respective
peaks.

While the maxima observed in the QM DRS can be as-
signed to the opening of new internal states in the triatomic
transition complex,5–7,11,12 this cannot be strictly the case in
the QCT calculations, since no quantization exists outside
the reactants. The H+H2 reaction is to a large extent vibra-
tionally adiabatic in the QM calculations,7,12,45 and it would
appear that analogous behavior must be responsible for the
structure observed in the QCT case, in spite of the fact that
the internal energy of the transition state and the product is
not quantized. The similar positioning of the maxima in the
DRS seems to suggest that, although there can be no single
QCT “transition state” for a given vj→v�j� reaction, there
exists a narrow range of transition state internal energies
through which the reaction is more likely to proceed. The
QM peaks themselves are also broadened by an analogous
process—there exists a region of nonadiabatic behavior on
either side of the transition state, so that there is no single
vj→ �vssvb

K�‡→v�j� pathway through which the reaction ex-
clusively progresses.12 Incorporation of these extra reaction
pathways leads to a broadening of the maxima displayed in

the QM DRS. While, in principle, there could be a con-
tinuum of possible paths for a given vj→v�j� reaction in the
QCT case, the presence of the maxima in �r

J�E� seems to
suggest that a quasiclassical analog to the QM bottlenecks
does exist, indicating some degree of vibrational adiabaticity.
In fact, in a series of recent works, Skodje and
co-workers12,13,45 have emphasized the role of the assump-
tion of adiabatic separability along the reaction coordinate
with respect to the quantized internal modes of the complex,
i.e., with respect to the quantum bottlenecks. They derived a
model using a Frank-Condon approximation that allows
computation of the S matrix using a local transition state
dynamics. The results obtained with this approximation were
in good agreement with the exact results. If, in the adiabatic
approximation, each internal mode of the reactive complex is
assumed to conserve the action along a reaction coordinate,
an approximation which seems to work very well in the QM
treatment, it is very likely that a similar situation will also be
obtained in the classical approach.

If the maxima in the QCT DRS can be considered “qua-
siclassical bottlenecks,” it is pertinent to ask whether or not
are they associated with some specific property. In quantum
mechanics the bottlenecks are associated with short-lived
species and, in fact, calculations of their lifetimes have been
presented for the H+H2 reaction.7 The passage over a barrier
is usually associated with a time delay, due to the slowing
down of the system as it crosses the top of barrier. This
interpretation was used to explain the time delay occurring in
the forward scattering direction for the various isotopic vari-
ants of the H3 reaction.31,46 The time delays obtained in clas-
sical calculations47 coincide neatly with those obtained with

FIG. 9. Comparison of QM �open circles, dashed line� and QCT �solid line� Cr
J�E� �top� and �r

J�E� �bottom� as a function of total energy for D+o-H2 and
D+ p-H2 for J=0.
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the plane wave packet analysis of the QM time-dependent
scattering48 and with time-independent calculations.49

In the present work, collision times � have also been
analyzed to ascertain whether the various maxima �minima�
in the DRS are associated with relatively longer �shorter�
collision times. The distribution of collision times for reac-
tive trajectories was calculated at different energies, in par-
ticular, for those corresponding to the various maxima and
minima in the J=0 DRS. As expected, the most probable
collision time decreases with the total energy, first rapidly
and then more slowly. Superimposed on this trend, the dis-
tributions associated with the maxima in the DRS are
slightly, but noticeably, broader than those corresponding to
the minima, and more interestingly, they have a longer tail
extending to higher values of �. Information about the energy
and collision time dependence of the DRS, �r

J=0�E ,��, can be
compactly presented using a contour plot �see the Appendix�,
as shown in Fig. 10 for the D+ p-H2 reaction. Integration of
this function over � yields the usual �r

J=0�E�. The most prob-
able collision time, shown in the figure as a dashed line,
decreases with total energy, and ranges from �35 fs at E
=0.6 eV to �15 fs at 1.8 eV. This evolution of the most
probable � with E constitutes the main feature of the double
distribution, and the �r

J=0�E ,�� along this ridge increases al-
most monotonically with E without displaying evident
maxima or minima. However, in addition to this dominant
feature, a series of smaller ridges is also observed, as indi-
cated in the figure by the dotted lines protruding from the
main ridge. It would appear that there are some energy inter-
vals over which the distribution of collision times extends to
larger values of �. These energies correspond quite accu-
rately with those of the maxima in �r

J=0�E�. Furthermore, the
separation between these tails �
0.2 eV� is quite close to
both the transition state symmetric stretching frequency in
DHH �0.26 eV� and to two quanta in the bend �0.23 eV�.

The latter mode, in particular, seems to be an important fea-
ture in the assigned structures of the QM DRS for D+H2.11

The tails in �r
J=0�E ,��, once integrated over �, give rise to the

observed maxima in the DRS. Given that the above analysis
for both diatomic parities yielded similar results, it can be
concluded that the presence of maxima in the DRS is asso-
ciated with the existence of reactive trajectories with some-
what longer collision times or, at least, with a distribution of
� biased towards longer values.

The association of the observed maxima in the QCT
DRS with a broader distribution of collision times is perhaps
not surprising. It suggests a possible connection with peri-
odic orbits which Pollak and co-workers studied in the col-
linear H3 reaction.50–52 They demonstrated that the best
choice of transition state in a classical collinear collision is a
classical bound state embedded in the continuum, which is
necessarily a periodic orbit. Pollak and Child52 showed that
collinear resonances can be described classically by a reso-
nant energy transfer between adiabatic states of the incoming
and outgoing diatoms, as long as there exists a well in the
adiabatic PES, which usually shows up in the vicinity of
adiabatic thresholds of new vibrational channels. By the
semiclassical quantization of the action along the periodic
orbit it was possible to predict very accurately the location of
the resonances found in QM calculations. More recently Sad-
hegi and Skodje53 carried out a comparative analysis of the
collinear D+H2 reaction using spectral quantization methods
and a semiclassical treatment based on periodic orbits. They
concluded that most resonances are associated with single
quantized periodic orbits in the transition state region. The
situation is considerably more complex in 3D collisions, but
it has been shown that the adiabatic barrier maxima corre-
spond to quantized quasiperiodic trajectories �see Refs. 7 and
51 and references therein�. It will be interesting to perform a
detailed analysis of the trajectories with longer �col pertaining
to the ridges shown in Fig. 10.

As mentioned above, the only quantization in the present
QCT calculations is in the internal energy of the reactants,
the total angular momentum J, and the orbital angular mo-
mentum l. Any structure in the Cr

J�E� must arise from the
initial state quantization. In the absence of reactant quantiza-
tion, one would expect a completely smooth increase in
Cr

J�E� with energy. Better agreement between QM and QCT
results is therefore likely if the energy level spacing of the
reagents, products, and transition states was considerably
smaller.

Figure 11 investigates the effect of varying the spacing
of the internal energy levels of the reactants on the QM and
QCT Cr

J=0�E� for H+H2. The spacing is reduced by a given
factor by decreasing the value of Planck’s constant h by the
same amount �note that the density of internal states scales
with the square of this factor�. QCT and QM CRPs calcu-
lated with a modified Planck constant h�=h /�10 are repre-
sented in Fig. 11. By comparing with the results of Fig. 3, it
is clear that the absolute value of the CRP has increased by a
factor of 10. More importantly, the agreement between QM
and QCT is noticeably better than for h�=h, as the QM CRP
becomes closer to a smooth curve. Additional QCT calcula-
tions were carried out for h�=h /10, and the CRP is also

FIG. 10. �Color� Contour plot of the density of reactive states as a function
of total energy and collision time, �J=0�E ,��, for the D+ p-H2 reaction. The
arrows labeled with energy values correspond to the various maxima in the
J=0 DRS shown in Fig. 9.
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included in the top panel of the figure, divided by 10 so as to
be plotted on the same scale. The agreement between the
CRP with these two scaling factors for h is almost perfect,
indistinguishable within the resolution of the figure, and
clearly shows that the magnitude of CRP scales with the
square of the quotient, h� /h�. As a result of the energy spac-
ing being smaller, the steplike structure in the Cr

J�E� becomes
much more diffuse. This can be rationalized by considering
the density of internal states of the triatomic transition state.
As h� becomes smaller, the number of internal states per unit
energy increases, and so the steps in Cr

J�E� become both
more frequent and smaller in relative magnitude, accounting
for the smoother increase in Cr

J�E�. The bottom panel shows
this nicely, comparing QCT and QM �r

J=0�E� for h�=h /�10.
In both cases the structure is much less significant when
compared with the absolute value of �r

J=0�E�. Note that, be-
cause the zero point energy of the reactants scales with h�,
the QM and QCT energy thresholds for reaction also de-
crease with h�, and in the limit of h→0, will be just the
height of the barrier. Additionally, the effect of tunneling and
zero point energy becomes smaller as h decreases.

VI. CONCLUSIONS

In this work, we have presented a general quasiclassical
trajectory method to calculate cumulative reaction probabili-
ties �CRPs�. It is based on a discrete sampling of integer
values of the total, J, and orbital, l, angular momentum quan-
tum numbers in strict correspondence with that used in QM
calculations. This procedure allows the determination of the
CRP at a given J, or that summed over all J contributing to

the reaction, i.e., the total CRP. By using this latter magni-
tude, rate constants can be readily and effectively deter-
mined.

To test the method and to check the reliability of the
QCT results, extensive calculations of the CRP have been
carried out at a given J for several isotopic variants of the H3

exchange reaction. The results have been compared with ex-
act and thorough QM calculations, which include results for
all J values in a dense grid of total energies from
0.25 to 1.65 eV. It has been found that QCT J-resolved
CRPs are in excellent agreement with the corresponding QM
results, with two exceptions. One is their values at the lowest
collision energies, where, as could be expected, tunneling
plays an important role. While the QCT CRPs are zero, the
QM CRPs at low energies, although small in absolute terms,
become significant, and this is neatly reflected in the values
of the rate constant. The other exception is the steplike struc-
ture that appears in the QM CRP for J=0, which is washed
out in the QCT calculations. These structures have been
traced back to quantum transition state features or dynamical
bottlenecks which gate the flow of reactive flux from reac-
tants to products.

The manifestation of these quantized transition states
can be best appreciated if the density of reactive states
�DRS�, that is, the derivative of the CRP with respect to the
energy, is represented as a function of the energy. A series of
pronounced peaks shows up in what constitutes an energy
level spectrum of the transition state, that can be assigned
using the conventional model of a linear triatomic complex
with a missing degree of freedom. Interestingly, the QCT
DRS also displays some structure that is less pronounced and
smoother than those found in the QM DRS. The locations of
the relatively broad peaks in the QCT DRS roughly coincide
with those found in the corresponding QM DRS. A collision
time analysis of the trajectories pertaining to the successive
maxima and minima of the DRS was performed, and showed
that the distributions of collision times of the former were
somewhat broader than those of the latter, with a tail extend-
ing to higher values of the collision time. Trajectories corre-
sponding to maxima therefore have on average very slightly
longer collision times than those appearing in the adjacent
minima. This effect is relatively small, but it is appreciable.
In consequence, it is possible to associate the peaks in the
QCT DRS with the existence of classical bottlenecks. The
situation is somewhat analogous to that occurring in forward
scattering, in which the surmounting of the centrifugal bar-
rier causes a delay in the appearance of products after the
reactive collision.

In order to further assess the convergence of the QM and
QCT CRPs in the correspondence limit, QM and QCT cal-
culations for J=0 were carried out using a Planck constant
h�=h /�10. The CRP scales with �h� /h�2 and, as expected, it
was found that the agreement between QM and QCT results
improves noticeably. Some oscillatory behavior of the QM
DRS still persists, but becomes gradually closer to the QCT
case as h� is reduced.

Finally, the dynamics of various isotopic variants of the
H3 exchange reactions have been discussed by comparing the
exact QM and QCT CRPs. Many of the findings have been

FIG. 11. Comparison of QM �open circles, dashed line� and QCT �solid
line� Cr

J�E� �top� and �r
J�E� �bottom� for H+H2, J=0, with a modified value

of Planck’s constant, h�=h /�10. The QCT CRP with h�=h /10 is also rep-
resented on the top panel divided by 10 to be directly comparable to the
results for h�=h /�10.
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discussed in other contexts, but it is the first time, to the best
of our knowledge, that such joint analysis of no less than
four isotopic variants of the title reaction has been carried
out.
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APPENDIX: CALCULATION OF Cr
J
„E… AND Cr„E…

USING AN EXPANSION IN LEGENDRE
POLYNOMIALS

The method for calculating the CRP described in Sec. II
assumes a single value of the total energy. Hence to deter-
mine the CRP at a sufficiently dense grid of energies, it is
necessary to run many batches of trajectories each at a dif-
ferent value of E and J.

An alternative method, which has been employed in the
calculation of cross sections as a function of collision
energy,42,43,54 consists of running trajectories at a given J
sampling the total energy randomly and uniformly within the
interval �E1 ,E2�, such that the total energy threshold will be
E0
E1. Once the value of E is fixed for each trajectory, the
total number of energetically accessible states, n�E�, is deter-
mined and the initial v , j state is randomly selected with
equal probability from that set of states. The rest of initial
conditions are selected as in Ref. 30. Then the CRP as a
function of E can be fitted to a series of Legendre polyno-
mials. The method is entirely analogous to that used for cal-
culating reaction probabilities as a function of the energy for
a given J value, Pr

J�E� �see Ref. 30�.
It is easy to show that Cr

J�E�, when the energy is con-
tinuously scanned, can be written in terms of a series of
Legendre polynomials as

Cr
J�E� =

2Q

Emax − Emin
�
m=0

M

amPm�x�E�� , �A1�

where Pn�x� is the nth degree Legendre polynomial whose
argument is the reduced variable x�E� defined in �−1,1�, and
the normalization constant Q is given by

Q =
Sr

N�J�
�E2 − E1� , �A2�

where N�J� is the total number of trajectories run in the
interval �E1 ,E2� and Sr is the sum of the weights wi of each
individual reactive trajectory, i.e.,

Sr = �
i=1

Nr

wi, �A3�

wi = �2 min�Ji, ji� + 1�n�Ei� , �A4�

with Ei, Ji, and ji the total energy and the total and rotational
angular momentum quantum numbers, respectively, for the
ith reactive trajectory. The normalization constant Q is noth-
ing but the integral of Cr

J�E� in the �E1 ,E2� energy interval.
This method offers significant advantages over that using

discrete values of total energies, avoiding the necessity of
running many batches of trajectories at different energies. In
addition, the derivatives of the Cr

J�E�, the DRS, �r
J�E�, are

analytical and can be readily determined. It is also quite
straightforward to calculate the statistical errors by propaga-
tion of those associated with the am coefficients.

A similar method can be applied to calculate the total
CRP in a single batch of trajectories by scanning the total
energy continuously within an interval �E1 ,E2�. Once the
value of E is randomly sampled, the J value is obtained by a
sampling proportional to the number of projections 2J+1.

The expression of Cr�E� in terms of a series of Legendre
polynomials is similar to Eq. �A1� but now the normalization
factor is given by Q= �E2−E1�Sr /N, where N is the total
number of trajectories and the weights for reactive trajecto-
ries is now given by

wi = �2 min�Ji, ji� + 1�n�Ei��Jmax�Ei� + 1�2, �A5�

where Jmax�Ei� is the maximum value of J at which reaction
can take place at Ei.

The sampling method to determine the total CRP can be
effectively used to calculate directly the rate constants k�T�
without needing to determine first the CRP and avoiding the
numerical integration.

It is straightforward to demonstrate that the value of k�T�
at a given temperature must be

k�T� =
E2 − E1

N

S̃r

h	rel�T�Qvj
BC�T�

, �A6�

where 	rel�T� and Qvj
BC�T� are the translational and internal

partition functions of the reactants. S̃r is given by

S̃r = �
i=1

Nr

w̃i, �A7�

w̃i = �2 min�Ji, ji� + 1�n�Ei��Jmax�Ei� + 1�2 exp�− Ei/kBT� ,

�A8�

where N and Nr are the total number and the number of
reactive trajectories in the interval �E1 ,E2�. In the case of
reaction with homonuclear molecules, the nuclear spin
weights Ii�2Ii+1� or �Ii+1��2Ii+1� for each trajectory can
also be introduced in Eq. �A8�.

As mentioned in Sec. II, collision times were calculated
for batches of trajectories at J=0. In order to obtain the de-
pendence of the CRP and DRS as a function of both total
energy and collision time, the results were fitted to a double
series of Legendre polynomials, similarly to that previously
used for the probability density function of other variables.54
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Once the double dependent Cr
J�E ,�� is obtained in terms

of a series of Legendre polynomials, the DRS dependent on
E and � ,�r

J�E ,��, is simply given by derivation with respect
to E.
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