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21 IntroductionThe equivalence between the existence of an entropy and symmetrizability for a system ofconservation laws has been explained by Harten [1] bringing together results of Godunov[2] and Mock [3]. Harten takes as illustration the Euler equations for a polytropic gas.His work has subsequently been used by a number of authors some of whom have alsolooked at the theoretical aspects [4],[5],[6].Their results, however, are often obtained by unduly complicated methods. It is theintention of this paper to set out a number of simple properties of physical entropy andshow how they are related. In achieving this goal we shall make use of convex analysis asdescribed by Rockafellar in his book [7]. A brief account of the most important resultsis given in [8], Appendix 2. The notation for physical quantities is mostly standard butfor the convenience of readers we list at the end of the paper the symbols used in themain body of the paper.The general plan of the paper is as follows. Section two discusses the general con-cept of entropy, section three develops the classical equilibrium thermodynamics of astationary system, section four considers some general properties of convex functionsand applies them to entropy, section �ve uses the perfect gas as an example, section sixextends the theory to a convected 
uid, section seven deduces the Eulerian equations of
uid motion from the �rst principles along the lines of Harten's paper [1], section eightintroduces dissipative e�ects, section nine treats mixtures in the case where the individ-ual variables, e.g. density, are confounded, section ten shows how changes of phase orstate may be dealt with. Appendix A justi�es the transformations which allow one topass among the various variables while preserving their basic concavity or convexity.Some of the basic ideas for the stationary 
uid appeared some years ago [9], but thelater sections have been developed since.2 General concept of entropyWe give a brief account of the foundations of thermodynamics. For a fuller account see[10], [11].The subject of thermodynamics has its origin in the observation that not all systemsare conservative; situations are observed in which mechanical energy is not conservedand work done is not recoverable. It is also observed that such systems become warmand it is postulated that the missing energy has been converted into a form of energywhose presence is detected by a quality of `hotness'.To abstract we consider a thermodynamic system K de�ned by a set of macroscopicquantities at least one of which is not a deformation and is referred to as the non-deformation co-ordinate. The system is in thermodynamic equilibrium if all the de�ningquantities, including the non-deformation co-ordinate, are in equilibrium. It is an adia-batic enclosure if its equilibrium can be disturbed only by mechanical means.Any change is called quasi-static if the work done on K is done precisely by theforces holding K in equilibrium and each state of K during the change is an equilibrium



3state. A change is called reversible if it is quasi-static and each in�nitesimal changeinvolved can be reversed i.e. if S1 and S2 are neighbouring states in the transition thenit is possible to pass from S1 to S2 and from S2 to S1. Let us call the co-ordinatesx1; : : : ; xn, where xn is the non-deformation co-ordinate. The work done in any changeis W = R Pn�1k=1 Pkdxk.The so-called zeroth law states that any two systems which are in equilibrium witha third are in equilibrium with each other. Suppose that the equilibrium of the �rstpair is given by the functional relation f(x1; : : : ; xn; y1; : : : ; ym) = 0 and that of thesecond pair by g(y1; : : : ; ym; z1; : : : ; zl) = 0. These will imply the equality of the thirdpair h(x1; : : : ; xn; z1; : : : ; zl) = 0 only if eliminating y1 between them results in the si-multaneous elimination of y2; : : : ; ym, which can only be if the dependence is througha single variable �(y1; : : : ; ym). Similarly we deduce the existence of �(x1; : : : ; xn) and�(z1; : : : ; zl) such that the functional relations become f�(�; �) = 0, g�(�; �) = 0, andh�(�; �) = 0. Assuming that a form of the implicit function theorem holds these can bewritten as �(x1; : : : ; xn) = �(y1; : : : ; ym) = �(z1; : : : ; zl). Thus t = �(x1; : : : ; xn) may beregarded as de�ning an empirical quantity which we may call the empirical temperatureto distinguish it from the physical temperature which will be de�ned later.The �rst law states that work done on a system in an adiabatic transition dependsonly on its terminal states so that if the system passes from S0 through S00 to S000 thenthe work done may be written F (x0; x00) + F (x00; x000) = F (x0; x000) which implies thatwe can write F (x; x00) = U(x0) � U(x00) for some U and that for an adiabatic changeW0+�U = 0, while for a nonadiabatic change we have a nonzero Q = �U+W , referredto as the heat absorbed by the system.We now come to the second law . Consider the integral form ! = PXidxi. Thisis integrable if there exists an integrating factor q such that Xi = q@R=@xi for someR(x1; : : : ; xn). The necessary and su�cient condition for this is that the exterior product! ^ d! = 0. This can be written P(�1)�Xi@Xj=@xk = 0, where � = 1 for an oddpermutation and � = 0 for an even permutation of any �xed triplet of subscripts. Wehave the theorem of Carath�eodory: If every neighbourhood of a point contains pointsinaccessible from it along solution curves ofPXidxi = 0 then the equation is integrable.This leads to Carath�eodory's form of the second law: For any state there are stateswhich cannot be reached from it by an adiabatic change. Combined with the theoremthis implies the existence of an integrating factor for the form for an adiabatic change,namely the existence of � and � such that �d� = dU �Pi Pidxi.We consider isolated systems SA and SB in equilibrium i.e. with dxi = 0 and inthermal equilibrium with each other i.e. at the same empirical temperature so that�Ad�A = dUA, where �A = �A(t; UA) etc. They are brought into contact to form acombined system SC . We have UC = UA + UB. We want to have �C = �C(�A; �B) i.e.d�C = (@�C=@�A)d�A+(@�C=@�B)d�B. Comparing this with �Cd�C = �Ad�A+�Bd�Bwe see that this is only possible if �A=�C and �B=�C are independent of t, i.e. �A =T (t)�0A(�A) etc. for some function T (t). Now we can de�ne S(�) by dS = �0Ad�A andwrite TdS = dU . We call S the entropy and T the temperature. We have a choice ofsigns and choose to make S and T positive.We now need to appeal to physical observation namely that heat energy 
ows from



4a hotter body to the colder. Mathematically T1 < T2 corresponds to U1 < U2 ordT=dU > 0. This means that d2U=dS2 = TdT=dU > 0 so that U is a convex function ofS and d2S=dU2 = �T�2dT=dU < 0 so that S is a concave function of U , i.e. S(�U1 +(1 � �)U2) � �S(U1) + (1 � �)S(U2) for 0 < � < 1. This means that if we mix twosystems with heats per unit mass U1 and U2 in the proportions � : 1 � � the entropyof the combined system is not less than the combination in the same proportions of theoriginal entropies per unit mass.We shall pursue this property of concavity in the next section for S as a function ofU and volume or, as we prefer to consider it, the inverse of density.3 Thermodynamics of a stationary systemFrom now on we shall use lower case for all physical variables except temperature whichwe shall continue to denote by T , i.e. we shall write s and u for entropy and heat. Weintroduce the following quantities: density � and its inverse (sometimes called speci�cvolume) � , pressure p, and � = T�1. We shall also use the Gibbs free energy de�nedas g = �sT + �p + u. We shall not use the enthalpy h = u + p� and the free energyf = u� Ts.Of these s, u, �, and � are quantities that inhere in the substance, are measured inunits per unit mass, and are called extensive quantities; while T , �, p, and g are de�nedglobally and are called intensive quantities or �elds.We start by observing that g is the Legendre transform of �u (see [7] x26 or [12]ch 2), so that as du = Tds � pd� we have dg = �sdT + �dp and if u(s; � ) is a convexfunction g(T; p) is a concave function and vice versa. This allows us to de�ne g byg = inf(s;�)(�sT + �p+ u)and u by u = sup(T;p)(sT � �p + g)which will be valid even when u is not di�erentiable as happens at a phase change (seesection 10).We have seen that u is a convex function of s. It is also a convex function of s and� jointly. It should be stressed that this a stronger result than convexity in s and �separately which is all that is usually proved and is sometimes referred to as stability.Theorem 1 Necessary and su�cient conditions for g(T; p) to be a concave functionand hence for u(s; � ) to be a convex function are cp = T (@S=@T )p > 0 and �s =���1(@�=@p)s > 0 or equivalently cv = T (@S=@T )� > 0 and �T = ���1(@�=@p)T > 0.Remark The quantities cv and cp are called the speci�c heats at constant volume andconstant pressure respectively and the quantities �T and �s are called the isothermicand isentropic compressibilities. They satisfy the relation cv�T = cp�s.We give the proof at the end of this section.



5We can now appeal to Proposition 4 in Appendix A and deduce that s(u; � ) isconcave in both its arguments jointly. Together with Proposition 5 this justi�es theformal division by T that takes du = Tds� pd� to ds = �du + (�p)d� . The conjugatefunction of s is seen to be �g. A further application of Propositions 4 and 5 allows us tomultiply through by � in the expressions for dg and d(�g) and then to take conjugates.The de�nition of g can thus be written in the following four ways�p = ��(�u) + (�g)�+ �s; (3.1a)�g = �u+ (�p)� � s; (3.1b)g = �sT + �p + u; (3.1c)p = T (�s) + �g � �u; (3.1d)with the dual pairs (�s, �p), (s, �g), (u, g), and (�u, p), where the �rst of each pairis an extensive and the second an intensive variable. Writing each as a function ofthe appropriate variables (�s)(�u; �), s(u; � ), g(T; p), and (�g)(�; �p) are concave, while(�p)(�; �g), p(T; g), u(s; � ), and (�u)(�s; �) are convex. We also have the di�erentialsd(�s) = �d(�u) � (�g)d� d(�p) = �(�u)d� + �d(�g) (3.2a)ds = �du + (�p)d� d(�g) = ud� + �d(�p) (3.2b)du = Tds� pd� dg = �sdT + �dp (3.2c)d(�u) = Td(�s) + gd� dp = (�s)dT + �dg (3.2d)which may also be interpreted as subdi�erentials.We now prove the theorem, namely that g(T; p) is concave which as we saw willimply that u(s; � ) and (�u)(�s; �) are convex and s(u; � ) and (�s)(�u; �) are concave.Proof Since g concave is equivalent to �g convex we may start from�dg = sdT � �dpwrite ds = �dT + �dp�d� = �dT + 
dpand apply the conditions for the matrix � � �� 
 �to be positive de�nite, which are � > 0 and 
��2=� > 0 or else 
 > 0 and ���2=
 > 0. Butthese are (@s=@T )p > 0, �(@�=@p)s > 0 or �(@�=@p)T > 0, (@s=@T )� > 0. Applying this testto any other of the relations leads to one or other of these criteria. �



64 Entropy as a concave functionAs we have noted f convex is the same as �f concave and vice versa. We shall stateeverything in terms of convex functions as this is the usual convention. If we wish tostate the corresponding result for concave functions then it is necessary to replace supby inf.Let x = (�1; : : : ; �n) 2 Rn and f : Rn ! Rn be a convex function, that is to sayf(�x1 + (1 � �)x2) � �f(x1) + (1� �)f(x2) for 0 < � < 1:If f is di�erentiable we may write the vector of partial derivatives x� = @f=@x. If welet � ! 1 in the de�nition we �ndf(z)� f(x) � hz � x; x�ifor any z 2 Rn. If f is not di�erentiable this relation may still hold and any x� satisfyingit is called a subgradient of f . The set of all such x� is called the subdi�erential of fand is denoted @f(x). In general it is a closed convex set in Rn which reduces to apoint when f is di�erentiable. In the case where n = 1 this means that, where f has a`corner', @f(x) is a closed interval.We de�ne the conjugate f� of f byf�(x�) = supx (hx; x�i � f(x)):Since the subgradient inequality may be writtenhx; x�i � f(x) � hz; x�i � f(z); 8z;we have that the following are equivalent(a) x� 2 @f(x); (4.1a)(b) hz; x�i � f(z) achieves its maximum at z = x; (4.1b)(c) f(x) + f(x�) � hx; x�i; (4.1c)(d) f(x) + f(x�) = hx; x�i: (4.1d)In general @f(x) is a multivaluedmapping from Rn to Rn. Substituting x0 and x1 forx and z in the de�nition and adding we �nd hx1�x0; x�1�x�0i � 0, i.e. @f is a monotonemapping from Rn to Rn. This concept can be extended to include an inde�nite numberof points. A multivalued mapping � from Rn to Rn is said to be cyclically monotone ifhx1 � x0; x�0i+ hx2 � x1; x�1i + � � �+ hx0 � xm; x�mi � 0for any set of pairs (xi; x�i ) such that x�i 2 �(xi) for i = 1; : : : ;m, where m is arbitrary.This set forms the graph of �. A maximal cyclically monotone mapping is one whosegraph is not properly contained in any other cyclically monotone mapping. Using thesubgradient inequality it is easy to show that if f is a convex function @f is cyclicallymonotone. In fact the following can be proved.



7Theorem 2 Let � be a multivalued mapping from Rn to Rn. In order for there to exist aclosed proper convex function f on Rn such that �(x) � @f(x) for every x it is necessaryand su�cient that � be cyclically monotone.Proof The condition is clearly necessary since @f is cyclically monotone. Now suppose that� is cyclically monotone. Take any pair (x0; x�0) in the graph of � (if � is empty the conclusionis trivial) and de�ne f on Rn byf(x) = supfhx� xm; x�mi+ � � �+ hx1 � x0; x�0ig;where the supremum is taken over all �nite pairs (xi; x�i ), i = 1; : : : ; m, in the graph of �. Sincef is the supremum of a �nite collection of a�ne functions it is a closed convex function. Bythe cyclical monotonicity of �, f(x0) = 0 and hence f is proper (not identically �1). Let xand x� satisfy x� 2 �(x). We shall show that x� 2 @f(x). It will su�ce to show that for any� < f(x) and any y 2 Rn f(y) > � + hy � x; x�i:Given � < f(x) there exist pairs (xi; x�i ); i = 1; : : : ; m such that x�i 2 �(xi) and� < hx� xm; x�mi+ � � �+ hx1 � x0; x�0i:Setting xm+1 = x and x�m = x� we have by the de�nition of ff(y) � hy � xm+1; x�m+1i+ hxm+1 � xm; x�mi+ � � �+ hx1 � x0; x�0i > hy � x; x�i+ �as required. This proves that �(x) � @f(x). �We conclude by quoting without proof one further theorem.Theorem 3 The subdi�erential mappings of the closed proper convex functions on Rnare the maximally cyclically monotone mappings fromRn to Rn. The function is uniquelydetermined by its subdi�erential mapping up to an additive constant.We can see that this provides an alternative method of de�ning s ass(u) = supfu� umTm � � �+ u1 � u0T0 g;where the supremum is taken over all �nite pairs (ui; Ti), i = 1; : : : ;m in a sequence ofreversible changes. This generalizes the classical de�nitions = Z duT :There is one further interesting observation concerning properties of convex functions.Let us consider a concave function s(u) where u = (�1; : : : ; �n) may be considered asa general entropy function. Let A be an n �m matrix of rank m, where n > m. Let~u = (~�1; : : : ; ~�m) and de�ne ~s(~u) = supfs(u) : Au = ~ug. Then the conjugate function ~gof ~s is given by~g( ~�) = inf~u fh~u; ~�i � ~s(~u)g = inf~u infAu=~ufh~u; ~�i � s(u)g = infu fhu;A� ~�i � s(u)g = g(A� ~�);



8where g is the conjugate function of s and since~s(~u) + ~g( ~�) = h~u; ~�i = hAu; ~�i = hu;A� ~�i = s(u) + g(AT�);we see that ~� 2 @~s(~u) if and only if AT ~� 2 @s(u) with Au = ~u.As an application let us take A = (I; 0) so that ~u = (�1; : : : ; �m). Then we �ndthat if � = (�1; : : : ; �n) then ~� = (�1; : : : ; �m; 0; : : : ; 0) and that ~s is found by using�m+1 = � � � = �n = 0 to solve for �m+1; : : : ; �n in terms of �1; : : : ; �m, i.e. (�1; : : : ; �m) 2@~s(�1; : : : ; �m) if and only if (�1; : : : ; �m; 0; : : : ; 0) 2 @s(�1; : : : ; �n), so that �1; : : : ; �mbear the same relation to �1; : : : ; �m in both s and ~s.We shall return to this theme in section 9.5 Perfect gasesFor a perfect or ideal gas we have p� = RT;where R is a constant called the universal gas constant. This relation is equivalent to� (�p) = R, so that from the expression (3.2b) for d(�g) we have� @u@(�p)�� = �@�@��(�p) = 0and hence u = u(�) i.e. u depends only on temperature.We may use du = Tds� pd� to obtain� @@��s (p� �RT ) = �@p@��s � + p+RdTdu p = 0;which may also be written�@p@��s = c2(T ) = RT �1 +RdTdu� = RT
(T );where c(T ) is the isentropic sound speed, 
(T ) is a dimensionless quantity satisfyingR = (
(T )� 1) dudT ;and dudT is the speci�c heat at constant volume. We note that (3.2b) may also be writtend(�g) = (u+ �p)d� + ��dp:The coe�cient of d� is of course the enthalpy h de�ned in Section 3. Its derivative withrespect to T is called the speci�c heat at constant pressure and has the valuedudT +R = 
(T ) dudT



9so that 
(T ) may be identi�ed as the ratio of the two speci�c heats.A gas for which dudT and hence 
(T ) is a constant is referred to as a polytropic gas.Using u = cvT i.e. � = cv=u in (3.2b) we have the perfect di�erential ofs� s0 = cv1n u+R 1n �;which may also be written u = � 1�
 exp((s� s0)=cv):In terms of quantities per unit volume we have�s = �(s0 + cv1n(�u) � cp1n�); (5.1)where cp = cv +R, the speci�c heat at constant pressure.6 Thermodynamics of a 
uid in motionFor a moving 
uid the energy density per unit mass is given bye = u+ 12vivi;where to the internal energy u we must add the kinetic energy 12vivi. (The repeatedindex implies summation).We see immediately that since u(s; � ) is convex so is e(s; �; vi) andde = Tds� pd� + vidvi:Let us denote the left hand side of (3.1c) by g0 and rede�ne the Gibbs free energy asg = g0 � 12vivi = �sT + �p � vivi + e;so that �g is the convex dual of e, i.e. g(T; p; vi) is concave anddg = � sdT + �dp� vidvi:The complete set of dual equations (3.1) becomes�p = ��(�e) + (�g)�+ ��vivi + �s (6.1a)�g = �e+ (�p)� � �vivi � s (6.1b)g = �sT + �p� vivi + e (6.1c)p = T (�s) + �g + �vivi � �e: (6.1d)We have the concave functions �s(�e; �; �vi), s(e; �; vi), g(T; p; vi), (�g)(�; �p; �vi) andthe convex functions (�p)(�; �g; �vi), p(T; g; vi), e(s; �; vi), (�e)(�s; �; �vi).



10 The di�erentials are given byd(�s) = �d(�e)� (�g)d� � �vid(�vi) (6.2a)d(�p) = �(�e)d�+ �d(�g) + (�vi)d(�vi) (6.2b)ds = �de+ (�p)d� � (�vi)dvi (6.2c)d(�g) = ed�+ �d(�p) � vid(�vi) (6.2d)de = Tds� pd� + vidvi (6.2e)dg = �sdT + �dp� vidvi (6.2f)d(�e) = Td(�s) + gd� + vid(�vi) (6.2g)dp = (�s)dT + �dg + (�vi)dvi: (6.2h)7 Fluid 
ow IWe consider the motion of an inviscid, perfectly conducting 
uid. Since we can ne-glect viscous stresses and heat conduction, we may write the equations of motion inconservation form ut + f i;i = 0; (7.1)where u is a vector of unknowns, f1; � � � ; fd are the 
ux vectors of the same dimension,and d is the space dimension.Suppose that there exists a new vector of unknowns v for which (7.1) can be writtenin symmetric form uvvt = f ivv;i = 0;where v;i stands for the derivative with respect to xi and we sum over the repeatedindex. By symmetric form we mean that uv; f iv are symmetricmatrices and uv is positivede�nite. The symmetry implies that uv; f iv are gradients with respect to v i.e. there existscalar functions q(v); ri(v) such thatqv = uT ; riv = (f i)T ; (7.2)the superscript T denoting transpose. The positive de�niteness of uv is equivalent tothe convexity of q.Denote by U(u) the convex dual of qU(u) = hu; vi � q(v); (7.3)which, for su�cient smoothness, is the Legendre transform, and denote by F i the Leg-endre transform of ri F i(f i) = hf i; vi � ri(v): (7.4)We have dU = hv;dui; dF i = hv;df ii;so that vT transforms (7.1) into Ut + F i;i = 0: (7.5)



11This is the result of Godunov [2], [1] that, if (7.1) can be symmetrized, there existsan entropy U(u) and entropy 
uxes F i(f i) such that (7.5) holds.The converse, due to Mock [3], [1], is that, if U;F i exist such that (7.5) holds, then(7.1) is symmetrizable. To see this we use (7.3), (7.4) to de�ne the duals q and ri suchthat (7.2) holds, which again implies that uv; f iv are symmetric and uv is positive de�nite.Let us now deduce the equations of 
uid motion from the hypothesis that the entropy
ux equation (7.5) takes the form(�s)t + (�svi);i = 0: (7.6)Now the dual of �s is �p. Let us guess the dual of the 
ux �svi to be �pvi. Using(6.2b) we �nd.d(�pvi) = vid(�p) + pd(�vi)� pvid�= �(�e+ p)vid� + �vid(�g) + (�vivj + p�ij)d(�vj); (7.7)where �ij is the Kronecker delta. We can now see that the entropy 
ux satis�esd(�svi) = �d((�e+ p)vi)� �gd(�vi)� �vjd(�vivj + p�ij): (7.8)We may note that (6.2g), and (6.2h) also yield a dual pair deducible from (7.8), viz.(�e + p)vi and pvi. The other two pairs based on densities per unit mass do not yieldconservation forms of the equations of 
uid motion.Let us now write down the equations yielded by (7.8). They are(�e)t + ((�e+ p)vi);i = 0 (7.9)�t + (�vi);i = 0(�vj)t + (�vivj);i + p;j = 0;where we have unparcelled the �nal p term.We have further con�rmation that the dual variable p is the pressure as commonlyunderstood.It is interesting to note that if we start with (6.2e) then the equations (not in 
uxform) of 
uid 
ow motion may be writtenDs = 0D� = ��ijvi;jDvj = ���ijp;i;where D = @@t + vi @@xi is the convected time derivative. Since p and vi are the dualvariables of T and vi the right hand side is a symmetric rank-two matrix of the formabT + baT multiplying the xi derivative of the intensive variable (T; �; vi), where a and bare vectors, in this case unit vectors. It follows from the contravariant relations analyzedin Appendix A that this result holds for the other three sets of equations (6.2a), (6.2c),(6.2g). The inverse of a �nite rank modi�cation of a matrix is of course a modi�cationof the inverse of the same rank. It is possible that this result may have some numericalapplication.



128 Fluid 
ow IIIn order to include dissipative e�ects such as viscosity and heat conduction in the theoryof 
uid 
ow we shall modify (7.1) by incorporating an additional divergence term so thatit becomes ut + f i;i +Qi;i = 0: (8.1)Taking the inner product with v we obtain the modi�ed versions of (7.5)Ut + F i;i + hv;Qi;ii = 0; (8.2)which, on integration over a �nite region 
, becomesddt Z
 U + Z@
 F ini = Z
hgradv;Qi � Z@
hv;Qiini;where (ni) is the normal derivative on @
. The �rst integrand on the right hand sideis the local rate of generation of entropy in the 
uid, which is assumed, by traditionalhypothesis, to be positive. For small gradients the dependence of Q on grad v will beapproximately linear, Q = L grad v, and the requirement of positivity demands thatL be positive de�nite matrix. For larger gradients some nonlinear dependence may beassumed e.g. Q is the subgradient of a convex function of grad v that vanishes at theorigin. The simple linear form of dependence allows an existence proof in the case ofa stationary 
uid based on the results of Brezis [13] (see [9]). The phenomenologicaltheory of Onsager derives the result from more fundamental principles. For a simpleexposition consult [14] Chapter 7.Let us return to (7.10) and include a number of simple dissipative terms. Considerthe forces acting on the 
uid. These are of two types, a body force and a pressure tensor.We denote the �rst by a vector (fj) and the second by (pji), where pji is the force indirection j on a surface whose normal is in direction i. The force on a volume elementdue to pressure is �Z@
 pjini = �Z
 pji;iwhere ni is the outward normal and the third (momentum) equation of (7.10) becomes(�vj)t = (�vivj);i + pji;i = f j ;where the scalar pressure had been included in the pressure tensor.The kinetic energy will be increased by the work done on the 
uid by these forces,while the internal energy will be increased by internal generation of heat and heat 
uxesin the 
uid. Denoting the heat 
ux by qi, the total heat 
ux into 
 is�Z@
 qini = �Z
 qi;i;so that the �rst (energy) equation of (7.10) is now(�e)t + (�evi);i + (vjpji);i + qi;i = f jvj + �;



13where � is the internal heating. We leave the second (continuity) equation unaltered notwishing to admit the creation of matter.We now rewrite (7.6) using the dual variables to multiply the modi�ed equations.We �nd (�s)t + (�svi);i = �pvi;i � �pjivj;i � �qi;i + ��:To make sense of this we need to use some general results concerning the possible lineardependence of vectors and tensors on other vectors and tensors. We shall make use of[14] Chapter 8.The fourth, scalar, term is straightforward, �� > 0 implies that � and � increase ordecrease together. Since � = T�1 and � is an internal or spontaneous heat source thismeans that raising T must inhibit �.The third, vector, term should be considered as acting on a body of 
uid�Z
 �qi;i = �Z@
 �qini + Z
 �;iqi;of which the �rst term on the right hand side is minus the heat 
ux out of the 
uid andthe second is the net entropy increase which is positive providedqi = ��;i;where � is a positive constant. As � = T�1 this says that heat 
ows down a temperaturegradient.The �rst and second terms need to be taken together. The pressure tensor maybe decomposed into three parts, the trace, an anti-symmetric part and the remainingsymmetric part. The anti-symmetric part is usually neglected as it is the dissipation dueto internal rotation of the 
uid and only contributes in the case of \rough" molecules. Weare left with a symmetric tensor for which the most general isotropic linear dependencemay be written pij = p�ij + �ij; p being the pressure, and �ij is given by�ij = aijklvk;lwith aijkl = ��ij�kl + �(�ik�jl + �il�jk);where � is the coe�cient of shear viscosity, familiar from elementary accounts of thesubject, and � is called the second coe�cient of viscosity. The quantity �+ 23� is calledthe bulk (or volume) viscosity. It is the constant of proportionality between the traces�ii and vk;k. The contribution to the entropy is positive proved � + 23� and � are bothpositive.9 Fluid mixturesWe turn now to a subject that can be made to appear unnecessarily complicated. Itis therefore desirable to state at the beginning the basic assumptions. They are simply



14that the mixture is treated as having a single density, energy density, and momentumdensity, and consequently single Gibbs energy, temperature, and velocity. The motion ofthe di�erent components within the 
uid is assumed to be wholly di�usive and subjectto the principle of entropy increase given in the previous paragraph. Thus �s is to be afunction of �e; �; �vj and the vector (ni) of the relative concentrations of the components.Let us revert to the notation of section 4. We start with a �rst attempt to writedown S and G for a mixtureS =PniSi � kPni log ni with Pni = 1:The second term is called the entropy of mixing and the expression we have writtendown is the simple form to be found in any text book on thermodynamics. It is in factthe function f of the example following [7] Thm 16.4. Assume that U = PniUi andcalculate the conjugate of S. As before the variable conjugate to U will be denoted by� and the variable conjugate to ni, usually referred to as the chemical potential, will bedenoted by �i. We haveG(�; (�i)) = inf(Ui;ni)fPni�i + h�;PniUii �PniSi + kf((ni))g= inf(ni)fPni(Gi(�) + �i) + kf((ni))g= �k sup(ni)fPnik�1(�Gi(�)� �i) � f(ni)g= �kf�(�(�i +Gi(�))=k)= �k logPi exp(�(�i +Gi(�))=k);using the expression for f�, the convex conjugate of f found in the example. Theassumption U =PniUi is a simpli�cation. Let us calculate the conjugate of G.S(U; (ni)) = inf�;(�i)fh�; Ui +Pni�i + kf�(�(�i +Gi)=k)g= inf� fh�; Ui � k sup(�i)f�ni�i=k � f�(�(�i +Gi)=k)gg= inf� fh�; Ui �PniGi(�)g � kf((ni)):We may now use [7] Thm 16.4. For a concave function g and � > 0, the conjugate of �gis simply (�g)�(x�) = infx fhx; x�i � �g(x)g= � infx fhx; ��1x�i � g(x)g= �g�(��1x):So (niGi)�(Vi) = niG�(n�1i Vi), and the conjugate of PniGi is given by(PniGi)�(U) = supfP(niGi)�(Vi) jPVi = Ug= supfPniG�i (n�1Vi) jPVi = Ug= supfPniG�i (Ui) jPniU i = Ug;



15where we have set Ui = n�1i Vi. Thus S(U; (ni)) = S0(U; (ni))� kf((ni)), whereS0(U; (ni)) = supfPniSi(Ui)jPniUi = Ug:The entropy is thus made up of two parts: the �rst part is the sum of the entropies ofthe individual components, the second is an entropy of mixing. The individual entropiesare calculated using the individual values of Ui given by the in�mum (which is attained).Because the Ui are chosen in this way the corresponding � 2 @Si(Ui) are all the same. Ifwe chose to measure the individual values of Ui then we should have a more elaboratemodel | with more variables | but it would no longer be a mixture in the above senseand, because the �i for each component would not necessarily be the same, it would nolonger be in equilibrium.10 Change of phaseIt may be that a substance can exist in two phases, liquid and solid, gas and liquid, ordi�erent alloys. A simple model for a change of phase is to set G = min(G1; G2) whereG1 and G2 are the Gibbs functions associated with the two phases. Then [7] Thm 16.5tells us that S(U) = inff(1� �)S1(U1) + �S2(U2) j (1� �)U1 + �U2 = Ug:As a simple example in a single variable considerf1 = 12x2 ; f2 = 12x2 + bxwith b > 0.We have (as an easy exercise)f�1 (x�) = 12(x�)2; f2(x�) = 12(x� � b)2:Let f = sup(f1; f2). Then f(x) = f1(x) x � 0f2(x) x � 0; (10.1)and @f(x) consists of a single value for x 6= 0.Now f�(x�) = inff(1� �)f�1 (x�1) + �f�2 (x�2) j x� = (1� �)x�1 + �x�2g;and we �nd f�(x�) = f�1 (x�) x� � 0;f�2 (x�) x� � b;0 0 < x� < b:



16If we calculate @f(0) we may use the subgradiant inequality. If x� 2 @f(0) then 12z2 �zx� for z < 0 implying x� � 0 and 12z2 + bz � zx� for z > 0 implying x� � b. Hence@f(0) is closed interval [0; b]. Geometrically any line through the origin whose gradientlies in this interval supports the graph of f at x = 0.More generally we see that for a single pair of dual variables U; � we may expect avalue of �0 for which G1(�0) = G2(�0), where the value of U jumps by a discrete amountfrom [G01(�0); G02(�)]. At the same time S(U) also jumps by a discrete amount. Forany U there is a value of � for which the above in�mum is attained and this � maybe interpreted as the proportion of phase two present. For vectors U; � the set of � forwhich G1(�) = G2(�) will be a hypersurface and, for these values of �; @G(�) will be aset. Again the value of � for which the in�mum is attained may be interpreted as theproportion of phase two.References[1] A. Harten. High resolution schemes for conservation laws. Journal of ComputationalPhysics, 49:357{393, 1983.[2] S.K. Godunov. An interesting class of quasilinear systems. Soviet Mathematics,2(2):947{949, 1961.[3] M.S. Mock. Systems of conservation laws of mixed type. Journal of Di�erentialEquations, 37:70{88,1980.[4] F. Bourdel, J.P. Croisille, P. Delorme and P.A. Mazet. On the approximation ofK-diagonizable hyperbolic systems by �nite-elements|applications to the Eulerequations and to gasaeous-mixtures. Recherche Aerospatiale, 5:15{34, 1989.[5] J.P. Croisille and P. Delorme. Kinetic symmetrizations and pressure laws for theEuler equations. Physics D, 57(3-4):395{416, 1992.[6] F. Dubois. Concavity of the thermostatic entropy and convexity of the Lax mathe-matical entropy. Recherche Aerospatiale, 3:77{80, 1990.[7] R.T. Rockafellar. Convex Analysis. Princeton, 1970.[8] G. A. Maugin. The Thermomechanics of Plasticity and Fracture. Cambridge Uni-versity Press, 1992[9] J.D.P. Donnelly. A model for non-equilibrium thermodynamic processes involvingphase changes. Journal of the Institute of Mathematics and Its Applications, 24:425{38, 1979[10] C. J. Adkins. Equilibrium Thermodynamics. Cambridge University Press, 1983.[11] H. A. Buchdahl. The Concepts of Classical Thermodynamics. Cambridge UniversityPress, 1966



17[12] M. J. Sewell. Maximum and Minimum Principles : a Uni�ed Approach, with Ap-plications. Cambridge University Press, 1992[13] H. Brezis. Probl�emes unilat�eraux. Journal de Math�ematiques pure et appliqu�es 51:1{168, 1972.[14] L.C. Woods. The Theormodynamics of Fluid Systems. Clarendon Press, Oxford,1975.Appendix A Convex inverse functionsIn section 3 we wrote down four pairs of conjugate functions. Transition among thesepairs was e�ected by inversion of some of the functions with respect to one argument.In this appendix we show that these inversions carry concave functions to convex onesor vice versa. We shall also show how subgradients transform.Proposition 4 Let f be jointly convex (resp. concave) in a scalar � and a vector xand strictly increasing in �. Then f(�; x) = � de�nes a unique inverse function g byg(�; x) = � jointly concave (resp. convex) in � and x.Proof Since f is strictly increasing in �, a unique inverse function exists. We show that it isconcave.Let �i = f(�i; xi) i = 1; 2. By the convexity of f we have for � satisfying 0 < � < 1f((1� �)�1+ ��2; (1� �)x1 + �x2) � (1� �)�1 + ��2;and by monotonicity in the �rst argument(1� �)�1 + ��2 � g((1� �)�1 + ��2; (1� �)x1 + �x1):As �i = g(�i; xi) this shows that g is concave. Since the correspondence between f and g isone-to-one the transition from a concave to a convex function is also valid. �Corollary 4A If f = max(f1; f2), where f1; f2, have the properties f in Proposition 4,then g = min(g1; g2), where g; g1; g2 are the inverse functions of f; f1; f2.Remark In the application to section 3 monotonicity is a consequence of density andtemperature being positive.Proposition 5 Let f and g be as in Proposition 4. Then (�; y) 2 @f(�; x) is equivalentto (��1;���1y) 2 @g(�; x).Proof Set �0 = f(�0; x0) for abitrary �0; x0. Then the subgradient inequality for f may bewritten �0 � � � (�0 � �)� + (x0 � x; y)or �0 � � � (�0 � �)��1 + (x0 � x;���1y);which is the subgradient inequality for g. �Rockafellar eschews the use of the more correct \supergradient" in this context.



18Corollary 5A The conjugate functions f� and g� are related by��1f�(�; y) = g�(��1;���1y):Proof From (4.1d) u� 2 @�(u) if and only if �(u) + ��(u) = hu; u�i. �Let us assume that f and g are twice di�erentiable and let us set ! = ��1; w = ���1y.We may then write d� = �d� + yTdx;d� = !d� + wTdx;which are obviously equivalent and have already in e�ect been used to de�ne ! and w.Proceeding formally we haved2� = �d2� + d�d� + hdy;dxid2� = !d2� + d!d� + hdw;dxi:Multiplying the �rst equation by ��1 and adding we obtain0 = ��1d�d� + h��1dy;dxi+ d!d� + hdw;dxi:Let J be the Jacobian matrix @(�;x)@(�;x). Then this last equation tells us that the Jacobianmatrix @(�;y)@(!;w) is ��JT , a result that may also be obtained by direct computation.As in section 7 let us write D for the total convected derivative and ( );i for thederivative in the ith spatial direction.Proposition 6 Suppose that we have an equationD� �x� = Ai� �y�;i ;then in the transformed variable this becomesD� �x� = ��JAiJT � !w�;i ;so that if one system is symmetric so is the other; if one has a rank two matrix so doesthe other.Proof The symmetry is obvious. If Ai = aibTi +biaTi then JAiJT = (Jai)(Jbi)T+(Jbi)(Jai)T .� In section 8 we mentioned models for di�usive e�ects.Proposition 7 Suppose we have an equation� �x�t = divLgrad� �y� ;where L is a symmetric matrix. Then modulo terms involving j grad j2 we have� �x�t = �div(�JLJT )grad� !w� :



19Proof What we actually obtain on transforming is� �x�t = ��JdivLJT grad� !w�and the extra term which we have neglected is�hgrad(�J); Lgrad� !w�i:�RemarkNotice that the sign of the right changes. This is because the original equationis entropy-increasing, while the second corresponds to a convex quality which will bedecreasing.Appendix B Homogeneous convex functionsThe following example is given as an application of [7] Thm 16.4. Consider the functionf(�1; : : : ; �n) = �1 log �1 + � � �+ �n log �n if �j � 0; j = 1; : : : ; nand �1 + � � �+ �n = 1+1 otherwise:We may write f(x) = g(x) + �(xjD);where D = fx = (�1; :::; �n)j�1 + :::+ �n = 1jg;and g(x) = k(�1) + :::+ k(�n);with k(�) = � log � � > 0;0 � = 0;+ 1 � < 0:Although int D is actually empty ri D, the interior relative to the hyperplane containingD, is the whole of D and the theorem still applies i.e.f�(x�) = infy� fg�(x� � y�) + ��(y�jD)g;where the in�mum is attained. Nowg�(x�) = k�(��1) + � � �+ k�(��n)



20and by modifying the calculation of the dual of ex we �ndk�(��) = e���1:Also ��(x�) = � for x� = (�; : : : ; �); 8� 2 R;+1 otherwise;so that f�(x�) = min� f�+Pnj=1e�����1g= log(e��1 + � � �+ e��n)by setting to zero the derivative with respect to �.Appendix C Notatione energy per unit mass - sum of internal energy and kinetic energyf free energy per unit massg Gibbs free energy per unit massh enthalpy per unit massp pressureR gas constants entropy per unit massT temperature measured from absolute zerou internal energyv velocity� T�1� chemical potential� density� ��1


