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Abstract

This thesis concerns improved results in the analytic theory of automor-
phic forms, as well as their applications to classical problems about the
primes and related arithmetic objects.

First, we prove new large sieve inequalities for the Fourier coefficients
of exceptional Maass forms of a given level, weighted by sequences with
sparse Fourier transforms. These give the first savings in the exceptional
spectrum for the critical case of sequences as long as the level, and lead to
improved bounds for various multilinear forms of Kloosterman sums. As
an application, we show that the greatest prime factor of n?+1 is infinitely

often greater than n'3, improving Merikoski’s previous threshold of n!-27.

We combine these results with other ideas to show that both primes and
smooth numbers are equidistributed in arithmetic progressions to moduli

5/8=0(1) ysing triply-well-factorable weights for the primes. This

up to x
completely eliminates the dependency on Selberg’s eigenvalue conjecture
in previous works of Lichtman and the author, which built in turn on
works of Maynard and Drappeau. As applications, we prove refined upper

bounds for the counts of twin primes and consecutive smooth numbers.

Next, we obtain density theorems for ‘exceptional’ cuspidal automorphic
representations of GL,,, which fail the generalized Ramanujan conjecture
at some place. We depart from approaches based on Kuznetsov-type trace
formulae, and instead rely on Rankin—Selberg L-functions. This improves
previous density results near the threshold of the pointwise bounds.

Building on these ideas, we develop a new approach to large sieve in-
equalities for families of automorphic L-functions L(s), improving earlier
results and simultaneously handling the Dirichlet coefficients of L, L1,
and log L. Our bounds are sharp in ranges that are complementary to
large sieve inequalities based on trace formulae. We apply our results to
establish zero density estimates for families of automorphic L-functions.
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Chapter 1

Introduction

Analytic number theory studies quantitative properties of the integers, prime num-
bers, and related arithmetic objects, using a variety of methods ranging from complex,
harmonic, and functional analysis to probability and discrete mathematics. Besides
the rich diversity of mathematical techniques involved, analytic number theory stands
out through its great number of unsolved problems, many of which have easy-to-grasp
statements. The methods developed to attack such problems often find applications
to other branches of mathematics, as well as cryptography and mathematical physics.

In this thesis, we study a few problems in analytic number theory that use or concern
the theory of ‘automorphic forms’. The latter are central objects of interest in number
theory, which obey certain symmetries and share additive and multiplicative struc-
ture; they often arise in classical problems as tools to estimate special exponential
sums. Unfortunately, many properties of these automorphic forms remain conjec-
tural, and a recurring theme in this thesis is showing that there are few ‘exceptional’
forms that fail these conjectures, which leads to unconditional results.

What follows in this chapter is an informal discussion, meant for a reader with a gen-
eral mathematical background and some basic knowledge of classical analytic number
theory, but no required knowledge of automorphic forms. We will aim to intuitively
answer the questions below:

e What are some key open problems and techniques in analytic number theory?
e What are automorphic forms, and how do they show up in these problems?

e What tools can we apply to estimate sums related to automorphic forms?

While we emphasize intuition and general principles here, Chapter 2 will contain
formal statements and preliminary results, to be cited in the later chapters.



1.1 Some key problems in analytic number theory

From finding patterns in the primes to finding primes in sparse sets, analytic number
theory has no shortage of difficult problems, which quickly begin to require deep tools.
Consider, for a start, the following major open questions:

Is n? 4+ 1 infinitely often a prime, or close to a prime, for n € Z? (1.1)

How many pairs of twin primes {p,p + 2} are there up to x?¢ (1.2)

Although a full answer to such questions is generally viewed as far beyond our current
technology, there is considerable partial progress. Indeed, for (1.1), while we cannot
show that n?+1 (or any other non-linear irreducible polynomial) takes infinitely many
prime values, one can show that it must have a large prime factor infinitely often; we
will give such a result in Chapter 3. For (1.2), while we cannot prove any nontrivial
lower-bound on the number of twin primes up to x, there are upper bounds of the
correct order of magnitude predicted by the Hardy—Littlewood conjectures, up to a
small constant; the currently-best constant is given in a corollary from Chapter 4.

1.1.1 Distribution in arithmetic progressions

A key idea in sieve theory is to detect arithmetic structure, such as primality or
‘almost-primality’ inside a set of integers A, using information about the equidistri-
bution of the elements of A in many arithmetic progressions.

Indeed, by sifting A = {n?+1:n <z} or A ={p—2:p < z prime}, our best
progress toward questions (1.1) and (1.2) relies on estimating sums of the shape

Z )‘q Z Ln241=0 (mod q)» Z )\q Z 1})52 (mod g) (13)

q<Q  n<z q<Q  p<z
prime

where (),) are certain 1-bounded coefficients, and 1g denotes the truth value (0 or 1)
of a statement S. The goal is to win over the trivial bound of ~ x after subtracting
a suitable main term, with a level of distribution () that is as large as possible.

The celebrated Bombieri—Vinogradov theorem [Bom65; Vin65| achieves this for the
second sum in (1.3), when (),) are arbitrary 1-bounded coefficients and @ is just
below +/x; this matches the conditional range implied by the Generalized Riemann
Hypothesis for individual moduli ¢q. Surprisingly, it is possible to go beyond this range
by averaging with special weights ()\;). Virtually all such results use a combinato-
rial decomposition of the indicator function of the primes into various multiplicative
convolutions of 1-bounded sequences (), (5,), which leads to estimating sums like

Z )‘q Z amﬁnﬂ-mnEQ (mod q)- (14)

q<Q  mn<z



A key feature of the congruences from (1.3) and (1.4),
n?+1=0 (mod q), mn = 2 (mod q),

is that they can be interpreted as finding solutions in r € Z to the determinant

det (n r):—l, det (m T):Q
q n q n

In particular, if \;, = a,, = £, = 1 in (1.3) and (1.4), then we are left with a
count of integer matrices with a given determinant, which has an approximate in-

equations

variance under multiplication by matrices in SLy(Z). If Ay = 14, for some pos-
itive integer ¢y, then we instead have a symmetry under the congruence subgroup
Lo(qo) :={(2%) € SLy(Z) : qo | ¢}. This suggests that our equidistribution problems
have some GLj structure, and may be attacked through methods of GLy automorphic
forms. The usual path (see Figure 1.2) from such counting problems to the realm of
automorphic forms goes through exponential sums, which we detail further.

1.1.2 Bounding exponential sums

Let e(x) := > for z € R (or R/Z). A wide class of arithmetic problems reduce,
through Fourier analysis (see (1.15)), to proving upper bounds for sums of the shape

> e(f(n)),

n<N

where [ : Z — R/Z is some function that we expect to equidistribute modulo 1. In
general, the best-case upper bound for such a sum is around v/ N; this square-root
cancellation matches the expected behavior of random functions f.

A key type of exponential sum, which comes up when estimating expressions like (1.3)
and (1.4), and obeys essentially square-root cancellation, is the Kloosterman sum

S(mnie)= Y e (W‘—Wl) , (1.5)

c
1<a,d<c
ad=1 (mod c)
for m,n € Z and ¢ € Z,. Bounding sums of these Kloosterman sums requires
a variety of tools from combinatorics, algebraic geometry, and the spectral theory
of GLy automorphic forms. Indeed, the GL, structure is apparent once again in
expressions like

S Smme~ Y e(maTmi), (1.6)

e<C a,b,c,d<C
¢=0 (mod q) ¢=0 (mod q)
ad—bc=1

which can be viewed as sums over (¢ %) € T'g(q).



1.2 Three perspectives on automorphy
1.2.1 Automorphic forms as generalized modular forms

In problems that have a symmetry under the action of SLy(Z) (or subgroups thereof),
it should not be too surprising that one encounters functions which are invariant (or
transform nicely) under this action — these are called automorphic functions.

In particular, SLy(Z) acts on the upper half-plane H by (¢§)z = ‘cfjrrg, and we may
consider automorphic functions f : H — C which obey
Flah)2)=(cz+d)f(2),  V(24) €Tolg) (soq]o). (1.7)

Here, ¢ and k are called the level and the weight of f. More generally, we can
incorporate a factor of x(d) in the right-hand side, where x is a Dirichlet character
modulo ¢ | ¢ (this is a go-periodic function x : Z — C, which is supported on integers
coprime with ¢o, and completely multiplicative).

Due to spectral decompositions and trace formulae, it is more fruitful to restrict
to automorphic functions which also obey some differential equations and growth
conditions — these are called automorphic forms. Thus in addition to the automorphy
condition above, the classical modular forms are holomorphic, while the classical
Maass forms (of weight k& = 0) are eigenfunctions of the hyperbolic Laplacian

o* 0
A=y ==+ |.
! (W " 01/2)
To estimate the sums in (1.6), we need to understand both holomorphic forms and

Maass forms. The Maass cusp forms (which vanish at the cusps of I'g(¢)\H) are often
the most problematic, due to very difficult unsolved problems like the following:

Conjecture 1.1 (Selberg). If f is a Maass cusp form for a congruence subgroup,
with Af = Xp(00) f, then Ag(o0) > 1.

A closely related conjecture involves the Hecke operators T,, which play a similar
role to the hyperbolic Laplacian but at non-Archimedean places. In fact, the spaces
of holomorphic and Maass forms are spanned by Hecke eigenforms satistying T, f =
Ar(n)f, and the Hecke eigenvalues Af(n) of a given form are multiplicative.

Conjecture 1.2 (Ramanujan—Petersson). If p{q is a prime and f is a Maass cusp
for To(q) with T,f = A¢(p)f, then |Af(p)] < 2.

Although the corresponding result for holomorphic cusp forms is known by the cele-
brated work of Deligne [Del71], our inability to prove Conjectures 1.1 and 1.2 affects
the best results on many classical questions, including those in Section 1.1.

4



One can extend these definitions to other congruence subgroups, and more impor-
tantly, to the GL,, setting, using functions on a generalized upper half-plane. In the
other direction, GL; forms are essentially just Dirichlet characters.

1.2.2 Automorphic L-functions as generalized Dirichlet L-functions

Recall that the Riemann zeta function is defined in Res > 1 by ((s) := > "2, n™",
and that given a Dirichlet character y, one similarly defines the Dirichlet L-function
L(s,x) == >~ x(n)n~*. More generally, one can collect the Hecke eigenvalues of an

automorphic form f (say, a Maass cusp form) into an L-function, defined in Re s > 1
by

L(s, =3 2

n

up to factors at the ramified primes, which divide the level ¢q. Much like the zeta
function and the Dirichlet L-functions, these L-functions have:

(4). An Euler product L(s, f) = I, juime Lo(s, f) in Res > 1, due to the mul-
tiplicativity of Hecke eigenvalues. For GL, forms and p { ¢, one can write
Ly(s, f) = (1 = prsr@=s)=1(1 — p=#s®)=5)=1 where pts®) 4 p=rs) = A (p).

(#4). Meromorphic continutation and a functional equation, which stems from the
automorphy condition (1.7). Specifically, after incorporating a suitable Gamma
factor to form a completed L-function A(s, f) = qj/QLoo(s, f)L(s, f), one has

Als, f) = esA(1 = s, f), (1.8)

for some ¢f | ¢ and e; € C with |ef| = 1.

We expect that essentially all L-functions which have both an Euler product and
a functional equation come from automorphic forms, and that the arithmetic data
associated to these L-functions obeys strong properties. In particular, for a GL,
Maass cusp form f, each local factor L,(s, f) (for v = p or v = 00) is defined in terms
of local parameters p¢(v), which encode (up to a change of variable) either the Hecke
eigenvalue Af(p) if v = p, or the Laplacian eigenvalue A\f(co) if v = co. Then the
seemingly-unrelated Conjectures 1.1 and 1.2 are together equivalent to the following:

Conjecture 1.3 (Generalized Ramanujan conjecture for GLy). If f is a Maass cusp
form for T'o(q), and v =p1tq is a prime or v = 00, then Re ps(v) = 0.

To make these problems even more inter-connected, the best progress towards Con-
jecture 1.3 (this is |[Re uy(v)| < &, due to Kim-Sarnak [Kim03, Appendix 2|) comes
from relating it to the analogous conjecture for GLs.

5



Notably, the generalized Ramanujan conjecture would lead to the bound |As(n)| <

(M) for the coefficients of cuspidal automorphic L-functions. This is, of course, true
for the classical (GL;) Dirichlet L-functions, when Af(n) = x(n). Beyond the size of
the coefficients Af(n), one can also try to capture their oscillation when varying either
f or n. The comparison to Dirichlet characers is once again fruitful: the identity

Z xX(m)X(n) = ¢(q) Lin=n (mod q) (1.9)

X (mod g)

corresponds more generally to a trace formula; see (1.18). Writing n ~ N for N <
n < 2N, the duality property

S xn) ~ e S x(h), (1.10)
V4

for primitive characters y mod ¢ (meaning that y is not induced by a character mod
d < q), has an analogue for any L-function; see (1.17). When varying both y and
n with rough coefficients, the orthogonality properties of y(n) are encapsulated into
large sieve inequalities [IK21, §7.5|, such as:

>3 | e

¢<Q x (mod q) In<N

< (@ + N)llall3, (1.11)

where x varies among the primitive Dirichlet characters mod ¢, a,, € C are arbitrary,
and [lal3 = Y, nlan|?. Here the @?||al|3 term corresponds to the diagonal terms
ny = ny after expanding the square (i.e., to square-root cancellation in the inner
sum), while the N||a|| term corresponds to the contribution of a single character y
when we choose a, = X(n); so this result is essentially best-possible. Obtaining such
large sieve inequalities for families of GL,, forms with n > 2 is an important problem,
closely related to our work in this thesis; we discuss this further in Section 1.3.3.

1.2.3 Automorphic representations from the Langlands perspective

It was an important conceptual leap, pioneered by Langlands in a letter to Weil from
1967, to pass from automorphic forms to automorphic representations. Very roughly
speaking, one can view the automorphic forms f discussed so far as functions on
a quotient of GL,(R), and then adelize them to obtain functions f on a quotient
of GL,(Ag), where Ag are the adeles of Q. Then GL,(Ag) acts on these adelic

automorphic forms by right-translation, which induces automorphic representations.

In particular, if f is a Hecke cusp form, then GL,(Ag) acts on the span of right-
translates of f, and the resulting cuspidal automorphic representation  is irreducible;
one associates to m the same L-function L(s,7) = L(s, f), with Dirichlet coefficients

6



Ar(n) = Af(n). Since Ag is given by a restricted product over all places v of Q, so
is m = @), Ty, and the local factor L(s, 7,) is precisely what we called L, (s, f) in the
previous section. This gives a cleaner and broader view of automorphic L-functions.

Now, there is another important source of L-functions that have Euler products and
functional equations: Galois representations. We won’t cover these, but we mention
that they come with some natural operations: one can take symmetric powers of a
Galois representation p — Sym”p, or the tensor product of two Galois representations
p, P = p®p, to obtain new Galois representations with associated Artin L-functions.

Langlands famously conjectured that automorphic representations mimic the prop-
erties of Galois representations (and that in many cases, they have the same L-
functions). In particular, operations on Galois representations should have a counter-
part on automorphic representations: one should be able to take ‘symmetric powers’
Sym”7 and ‘products’ 7 x 7’ to obtain new automorphic representations. By anal-
ogy with Artin L-functions, we can guess what the corresponding symmetric power
L-functions and Rankin—Selberg L-functions look like, and write them down for large
enough Re s:

L(s,SymFr) = E L(), L(s,m x ') 5 /=
nS
n=1 n=1

Heuristically, one can imagine that the Dirichlet coefficients above are given by
Asymir (1) & Ar(n"), Awxcrr () % A (n) Awr (1), (1.12)

and these identities actually hold when n is a product of distinct unramified primes.
Although we do not know in general that Sym*n and 7 x 7’ are automorphic, we
often know that their L-functions have nice properties, which gives us more flexibility
to study the coefficients A;(n) via (1.12). In particular, the generalized Ramanujan
conjecture would follow for 7 if Sym”"r was automorphic for all positive integers ,
and the best unconditional progress towards Conjecture 1.3 uses symmetric powers
[Kim03]. Thus the Langlands perspective gives us both heuristics and tools to attack
problems that involve automorphic forms, even in the classical GLy setting.

1.3  Our toolkit

Here we informally describe some useful operations to transform and bound com-
binatorial, exponential, or automorphic sums. See Chapter 2 for formal statements,
which include various error terms, smooth weights, GCD constraints, and factors with
sub-polynomial growth.



1.3.1 Involutions
We list a few (approximate) identities, the first couple of which are elementary:

e Switching moduli. Let a,b,@,b be integers such that aa = 1 (mod b) and
bb =1 (mod a). Then we have the approximate equality

’ (g) ~e (-2) , (1.13)

stemming from the congruence a@ + bb = 1 (mod ab). We usually pass to the
right-hand side if a < b, so that the modulus decreases.

° Swapping divisors. Given f : Z? — C, a positive integer n, D > 1, and

C := 35, one has
Y fdn)= > f(%n (1.14)
D<d‘<2D o<c|<2c
dn cln
by the simple substitution ¢ := %. This is usually helpful when D > \/n, i.e

C < D, so that we pass to a shorter sum over a smaller divisor.

e Truncated Poisson summation. (See Lemma 2.2.) Up to smooth weights,
given N > 1 and positive integers a, q, one roughly has

> 1%526(@), (1.15)

q q
n<N a
n=a (_mod q) Ihl<w
the frequency h = 0 giving the expected main term of %. This is usually helpful
when /g < N < g, so that we pass to a shorter dual sum. Very closely related
is the method of Fourier completion: if f : Z — C is periodic mod ¢, then one
can deduce from (1.15) that

NOESSVRTED VRS DU C T

n<N a (mod q) n<N |h|< 7 a (mod q)
n=a (mod q)

(1.16)
One encounters the Kloosterman sums S(m,n;c) from (1.5) this way (as the
inner sums over a), when ¢ = ¢, h =m, and f(a) = 3"} (10d ), ad=1 (mod ¢) € e(™).

e Approximate functional equations. (See Lemmas 5.6 and 6.12.) General-
izing (1.10), one can deduce from (1.8) and some complex analysis that for a

PIRVIOES

n~N

cusp form f,

(1.17)

hw—



where C} is the analytic conductor of f (this essentially equals ¢ from above
(1.8) times an Archimedean factor depending on L..(s, f)). Note that the nor-
malization is such that square-root cancellation would give the same bound on
both sides of (1.17). Once again, this duality property is usually helpful when
V/C; < N < Cy, so that the dual sum is shorter. Moreover, one can express
values of L(s, f) in the critical strip Re s € (0,1) in terms of these dual sums:

A (n 1g e (h
L(s,f) =~ ) J;(s ) —¢e5Cf ffl<s)'
n<N Cy
N

In fact, one can recover the truncated Poisson identity (1.15) from the approxi-
mate functional equation (1.17) for Dirichlet characters. Similarly, one can twist
a GL,, cusp form f by Dirichlet characters mod ¢ (increasing C'y by roughly ¢™),
and deduce a Voronot summation formula for additive twists like A¢(n)e(%").

Trace formulae. In the spirit of (1.9), using the spectral theory of automorphic
forms, one can obtain identities of the shape

Z Ar(m)As(n) = |S|1yu=pn + (Exponential Sums), (1.18)
fes

where § is a suitable family and 1,,—, is 1 or 0 depending on whether m = n.
In particular, in the GLy Kuznetsov trace formula (see Proposition 2.6) for
automorphic forms of level ¢ = rs, (r,s) = 1, the exponential sums look like

Z 1S(m?,n; sc),
c

c<C

with 77 = 1 (mod sc) (compare this with (1.6) when » = 1, s = ¢). In this
case, the shape of the spectral sum from (1.18) will depend on the parameter
X = C;SZ’"; for X > 1, the sum will incorporate factors of X%, where 0 < 614
measures the best progress towards Conjecture 1.3. Notably, the Kuznetsov

formula is useful both ways: to understand correlations between coefficients of
automorphic forms, or to bound sums of Kloosterman sums. Through the latter
process, Conjecture 1.3 comes up in applications to classical problems.

Duality principle for matrices. Let (a.,), (b,), (Cpnn) denote complex se-
quences supported on finite sets of m,n. Then

2 2

: (1.19)

llallz=1

max ‘ g AmCrn| = max ‘ E b, Crnn
b b :1 b

since both are equal to the square of the operator norm of the matrix C'.



1.3.2 Inequalities

The involutions in Section 1.3.1 can only take one so far before going in circles. At
some point in most analytic arguments, one needs to use a genuine inequality, trading
some cancellation for more structure. Some examples include:

e Trivial bounds and counting arguments. One can ignore all the oscilla-
tion in a sum by the triangle inequality, and bound the resulting sum either
trivially or by a combinatorial argument. This can be particularly helpful after
transformations like (1.17), where the two sides have different trivial bounds.
Elementary estimates like the divisor bound } ;1 < n°M often come in handy.

e Cauchy—Schwarz to create smooth sequences. Given 1-bounded complex
sequences (a,), (bn), (Cpn) supported on m < M, n < N, we have

2
> an Y 0Crn| <MD D 5.Cri

m<M | n
This eliminates the coefficients (a,,) and allows us to apply transformations

(1.20)

like (1.14) or (1.15) to the sum over m, at the expense of forfeiting all initial
cancellation in the m-variable. Indeed, the diagonal terms n; = ny obtained
after expanding the square in the right-hand side of (1.20) already contribute
about M2N, corresponding to square-root cancellation only in the n-variable.
Other instances of Holder’s inequality with even exponents are similarly helpful.

e Positivity. If we can view a quantity of interest S as a member of a larger
family of nonnegative quantities (Sf)ser, it may be easier to bound the full
sum rer Sf. This is beautifully exemplified by the amplification method of
Duke, Friedlander and Iwaniec [Fri95|, but comes up in many different contexts.
Indeed, such a trick will be crucial in our Chapters 5 and 6.

e Convexity bound. By the Phragmén-Lindelof principle, one can bound the
values of an L-function in the critical strip 0 < Res < 1 in terms of its values
outside the critical strip. By the functional equation, it essentially remains to
bound L-functions near the Res = 1 line, and in particular the residues of
L-functions with a pole at s = 1; see Lemma 2.14.

e Algebraic geometry. For exponential sums over complete variables n mod p,
typically obtained by Fourier completion as in (1.16), methods from algebraic
geometry developed by Weil and Deligne can often lead to square-root cancel-
lation. An important case for us is the Weil bound for individual Kloosterman
sums (see Lemma 2.1), but we also mention the work of Fouvry, Kowalski,
Michel and Sawin on algebraic trace functions and their applications to bilinear
sums of Kloosterman sums [FKM14; KMS17; KMS20].

10



1.3.3 A relevant example

In the spirit of the GL; large sieve inequality (1.11), one can try to bound more

general sums of the shape
2

2

TeS

Z anAr(n)

n~N

: (1.21)

where S is a suitable family of automorphic forms/representations and |laljs = 1. If
the sequence (a,,) is supported on a single n, so the sum becomes y__s [A-(n)|?, then
one can view such a bound as a density theorem towards the generalized Ramanujan
conjecture (GRC), since it implies that |A;(n)| cannot be too large for too many 7’s.
We essentially have two ways to bound sums like (1.21): via the spectral theory of
automorphic forms, or the L-function theory of automorphic representations. These
methods give sharp results in different ranges of NV and |S|, and are both reflected in
this thesis (in Chapters 3 and 4, respectively Chapters 5 and 6).

If the family S has an associated trace formula, it is natural to expand the square in
(1.21) to reach

= Z ama_nz)\Tr(m)Xﬂ(n)?

m,n~N TeS

D

TeS

Z anAr(n)

n~N

and then apply a trace formula like (1.18). The terms with 1,,—, correspond to square-
root cancellation in the initial sum over n, while for the remaining Kloosterman-type
sums, one can use bounds from algebraic geometry, Fourier analysis, combinatorics,
etc. Deshouillers—Iwaniec [DI82c| famously carried this out in the GLo setting, with
a large number of applications to classical analytic number theory; our Chapters 3
and 4 build on their work. More recently, Blomer and others [Blo23; AB24; BT24]
used the GL,, Kuznetsov formula to obtain such results in more general settings.

The second method is to pass, by the duality principle (1.19), from (1.21) to the
maximum over sequences (b;) with [|b||a = 1 of

DD S bA(n)] = > babe Y Ar(n)Aw(n).

n~N |T€S m, ' €S n~N

To evaluate the inner sum, one can apply an approximate functional equation like
(1.17) for the Rankin—Selberg L-function L(s,m x 7'), picking up residues at the
diagonal terms m = ', and trivially bounding the resulting dual sums. Duke-
Kowalski [DK00] pioneered this approach, which requires formalizing the approxima-
tion Ar(n)Ap(n) & Arxz(n) from (1.12). Normally, this argument incurs significant
losses unless one assumes GRC for m € §; a key idea in our Chapters 5 and 6 is to pass
to Arxz(n) via a positivity argument instead (using a linear-algebraic formulation),

and to avoid unconditional losses this way.
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1.4 Structure and related work

In Chapter 2, we formally state some notation and known preliminary results, per-
taining to both classical analytic number theory and automorphic forms. Chapters 3
to 6 constitute the main content of this thesis, and can be read independently®.

In Chapter 3, we build on the aforementioned work of Deshouillers-Iwaniec [DI82¢|
to prove better large sieve inequalities for the exceptional Maass forms (which might
fail Conjecture 1.1), and deduce various bounds for sums of Kloosterman sums. We
apply this to show that the greatest prime factor of n? + 1 is infinitely-often greater
than n'3 building on works of Merikoski [Mer23| and Bretéche Drappeau [BD20).
This is based on the author’s preprint available at [Pas25a].

In Chapter 4, we use the results of Chapter 3 and other ideas to prove better levels
of distribution for primes and smooth numbers in arithmetic progressions, match-
ing the best conditional results that assumed Conjecture 1.1. This builds on works
of Bombieri-Friedlander—Iwaniec [BFI86|, Maynard [May25b]|, Fouvry-Tenenbaum
[FT96], and Drappeau [Dral5|. We then deduce an improved upper bound for the
number of twin primes up to x, and a similar result for smooth numbers. This is
based on the author’s preprint [Pas25b|, which built on previous work in [Pas25¢].

In Chapter 5, we prove density theorems towards the generalized Ramanujan con-
jecture (GRC) for GL,, using Rankin—Selberg L-functions. This was inspired by
the pointwise argument of Luo-Rudnick-Sarnak [LRS95|, and works well in differ-
ent ranges than spectral methods [Blo23]. The key new input is a positive semi-
definiteness property of Rankin—Selberg coefficients. This is based on joint work with
Jared Duker Lichtman, available as a preprint at [LP24].

In Chapter 6, we develop the ideas from Chapter 5 to prove large sieve inequalities
for the coefficients of GL, automorphic forms. We build on the aforementioned ap-
proach of Duke-Kowalski [DKO00], and obtain sharp results in complementary ranges
to spectral methods [Blo23; BT24|. In particular, we improve the previous uncondi-
tional results of Thorner—Zaman [TZ21] by completely removing the dependency on
progress towards GRC. This is based on joint work-in-progress with Jesse Thorner.

Each of Chapters 3 to 6 has an ‘Outline’ section which informally explains the key
1deas therein, ignoring various technical details much like we did in this chapter.

The ideas in this thesis are also likely to find applications to trilinear sums of Klooster-
man fractions, low-lying zeros of Dirichlet L-functions, and smooth values of quadratic
polynomials. Other related directions of research include on-average substitutes for
GRC at large primes, and improving large sieve inequalities for automorphic forms
of varying levels, by combining spectral and L-function methods.

'However, Chapter 4 logically depends on Chapter 3, and Chapter 6 depends on Chapter 5.
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Finally, we leave the reader with two figures, illustrating the big pictures of how the
methods and results in this thesis fit together. Arrows indicate logical implications.?

Analytic theory of
automorphic forms

Section 2.2:
Spectral theory for GL,

e a

Chapter 3 Chapter J

»

Section 2.5:
L-function theory for GL,

e e

Chapter 5 Chapter 6

Figure 1.1: How the methods in this thesis are connected

Progress on classical problems like:
Theorem 3.1, Corollaries 4.3 and 4.5

Sieve

methods

Counting problems in ari

Propositions 3.20 and 3.21, Theorems 4.2 and 4.4, Lemma 3.7

thmetic progressions like:

Fourier

y

analysis
A

Sections 3.4.2 and 4

Bounds for exponential sums (Kloostermania) like:

.3.2, Proposition 3.9

1
Trace

A

A

formulae
v

Results about GLy automorphic forms like:
Theorems 3.2, 3.3 and 3.12

Symmetric | power lifts

Results about GL,, automorphic forms like:
Theorems 5.2, 6.1 and 6.11, Corollaries 6.2 and 6.3

Figure 1.2: How the main types of results in this thesis are connected

2Strictly speaking, our new GL,, results in Chapters 5 and 6 have not yet found applications about
GLy forms through symmetric power lifts, but related results have. For example, Theorem 2.4 relies,
by taking a fourth symmetric power, on partial progress towards GRC for GLs.
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Chapter 2

Preliminaries

The notation and preliminary results in this chapter are fairly standard, and formalize
some of the intuition given in Chapter 1. Further notation specific to each chapter
will be described therein. The reader may prefer to start reading Chapters 3 to 6
directly, and refer back to this chapter when necessary.

2.1 Classical notation and lemmas
2.1.1 Sets, sequences, growth, and some arithmetic

We denote by Z,Q, R, C, H the sets of positive integers, rational numbers, real num-
bers, complex numbers, and complex numbers with positive imaginary part. We may
scale these sets by constants, and may add the subscript + to restrict to positive
numbers; so for example 27, denotes the set of even positive integers, while iR is the
imaginary line. Given n € Z, and ring R, we write GL,(R), SL,(R), PSL,(R) for
the general, special, and projective special linear groups of degree n. Given q € Z,
we write Fén)(q) C SL,(Z) for the subgroup of matrices with bottom row congruent
to (0,0,---,0,%) modulo ¢, which also descends naturally to a subgroup of PSL,,(7Z).

When n = 2, we may drop the superscript and write I'g(q) = FéQ)(q).

We write 1 for the indicator function of a set S (or for the truth value of a statement
S), n ~ N for the statement that N <n < 2N (so, e.g., L,on = Ly<on — L<n), and
interpret sums like > v, > (mod ¢)» OF D m<ar 2o 4, With the implied restrictions
that n € Z and m,d € Z,. For n,k € Z,, we denote the kth divisor-counting
function by 74(n) := 3 4 .4, 1, 7(n) :== 1a(n) = 3_,, 1, Euler’s totient function by
o(n) == >0 _ Lonn=1, and the Mébius function by p(n). We say that a complex
sequence (a,) is divisor-bounded iff |a,| < 7(n)°1). We also write P*(n) and P~ (n)
for the largest and smallest prime factors of a positive integer n, and recall that n is
called y-smooth iff P*(n) < y.

14



We use the standard notation f <. g, f <. g, f = O(g), f = o(g) from analytic
number theory, where the subscripts indicate that the implicit constants may depend
on the parameter . In particular, the statement f(z) < 2°Mg(x) is equivalent to
the statement that for all € > 0, we have that f(x) <. z°¢g(z). Given ¢ € Z,, we
write f) for the £th derivative of a function f : R — C, and f(®) = f. For q € [1, o0],
we denote by || ||z« the L%-norm of a function f : R — C (or f : R/Z — C), and by

lall; (or ||ay||;) the ¢4 norm of a sequence (a,).

We may use the notation (a,b) for ged(a,b), and [a, b] for lem(a,b), when it is clear
from context to not interpret these as pairs or intervals. The same applies to number
fields: we write (m,n) and [m,n] for the GCD and LCM of two integral ideals.

For a € R (or R/Z), we denote e(a) := exp(2micr), and set
lvf] := min for — 7],
nez

which induces a metric on R/Z. We write Z/cZ for the ring of residue classes modulo
a positive integer ¢, (Z/cZ)* for its multiplicative group of units, and 7 for the inverse
of x € (Z/cZ)*, where ¢ is implied from context. We may use the latter notation
inside congruences or inside periodic functions modulo ¢; for example, = yZ (mod c)
means zz = y (mod ¢) (where (z,¢) = 1), and the correct version of (1.13) is

a b 1
el—-)=el—el—]-.
b a ab
We also recall the classical Kloosterman sums from (1.5), which can be rewritten as
mz + nx
S ic) = _—
o= Y e (M),
x€(Z/cZ)*
for m,n € Z and ¢ € Z, . The anticipated pointwise bound for Kloosterman sums is:

Lemma 2.1 (Weil and Ramanujan bounds). For any m,n € Z and ¢ € Z,

S(m,n;c) < 7(c) (m,n,c)/?cM?,
|S(0,n;¢)| < (n,c).

Proof. The first bound is due to Weil, and uses algebraic geometry; see [IK21, Corol-
lary 11.12]. The second bound is classical and follows from Mobius inversion. ]

2.1.2 The Fourier transform

We require multiple notations for the Fourier transforms of L! functions f,® : R — C,
¢ :R/Z — C, and a : Z — C (the latter could be, e.g., a finite sequence (a, )N
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extended with zeroes elsewhere). These are given by
fiR=C o~ f:c=c, Fl&) =

d:R—C s d:C—C, d(t) ::/Rcb(g)e(gt) de,

2.1
a:Z—C ~ a:R/Z — C, a(a) ::Zane(—na), (2.)
nez
¢0:R/Z—C ~ @:7Z — C, o(n) = / () e(na) do.
R/Z

Note that the first two and the last two of these transforms are inverse operations
under suitable conditions; in particular, if ® is Schwarz, a is L', and ¢ is smooth (so
&(n) decays rapidly as |n| — o0), one has

=, a=a, b= . (2.2)

We also denote the Fourier transform of a bounded-variation complex Borel measure
won R/Z by fi(n fR/Z e(na) du(a). For instance, one has A(n) = 1, for the
Lebesgue measure )\, and 64(n) = 3", e(na) for the Dirac delta measure on a finite
set A C R/Z. Moreover, if du = ¢ d\ for some L' function ¢ : R/Z — C, then ji = ¢.
Finally, with our notation, the Parseval-Plancherel identity reads ||a,||3 = ||a]|3. (and

£l = |If]|z2), while Poisson summation states that for any Schwarz function f,
Do) =" Fn) =" fn). (2.3)
nez nez nez

In practice, it will be useful to truncate the Poisson summation formula.

Lemma 2.2 (Truncated Poisson with separation of variables). Let z > 1 and 1 <
N,Q <2V, a€Z, qgeZy withq=@Q, and ® : (0,00) — C be a smooth function,
®(t) supported in t < 1, with ®*) <, 1 for k > 0. Then for any A,6 > 0 and
H :=2°N~'Q, one has

> @ (%) = T80)+ 0us (o)

q

S0 2 2 ) () ()

where ¥; ( ,2) — C are some compactly supported functions with \Ilg-k) < 1 for
k > 0. Note that the integrand is supported in u < 1, and that one can rewrite

gq> (%) du = %fb (Q) Ciu, where B(t) = td(t).
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Proof. This follows quickly from the Poisson summation formula and a smooth dyadic
partition of unity. Note that the variables h and ¢ are separated at the cost of a
slowly-varying exponential phase e(hw) where w = —uN/Q < x°H L.

Specifically, the Poisson identity (2.3) with a change of variables yields
N ~ (hN h
= o) TS () (2)
n=a (mod q) q heZ q q
We take out the main term at A = 0, put |h| > 1 in dyadic ranges via a smooth

]lZ+<|h|> = ]lZ+<|h|> Z v; <|th|) ’

H;=2i>1

partition of unity

and bound the contribution of H; > H = 2°N~'Q by O4s(x~*) using the Schwarz
decay of ®. In the remaining sum

Tz 2 (@) ()%

1<H <H

we separate the h, q variables via the Fourier integral

o(32)- [ (42 - [o(3)«(45)

where we let ¢ = ug/Q). Swapping the finite sums with the integral completes our
proof. O

2.1.3 The Mellin transform

Given a bounded smooth function ® on (0, 00) with Schwartz decay towards oo, we
define its Mellin transform as

B(s) = /0 " () da,

in Res > 0. This is related to the Fourier transform from (2.1) by a change of
variables,

) =F(—55),  FO)=0().

This function decays rapidly in vertical strips and satisfies the Mellin inversion formula

21

D(z) = = /( )x_sff)(s) ds, (2.4)

17



for any o > 0, where the integral is over the vertical line at Re s = 0. We recall that

the Gamma function is defined as the Mellin transform of e™*,

I'(s) ::/ ¥ e " du,
0

in Res > 0, and by meromorphic continuation otherwise. It can be estimated by
Stirling’s formula,

logT'(s) = (s - %) logs — s+ log(227r) + O(]s| ™),

valid in |[Args| < m —e. For any o,t € R with 0 < 1 and |t| > 1, it follows that
[(o + it) < |t[7 25,

(Here the implicit constants are allowed to depend on the constants implied in 0 < 1
and [t| > 1.) Since I" has no zeros, and poles only at the nonpositive integers, this
automatically improves to

T(o+it) > (1+ [t])7 ze 2l for o < 1, (2.5)
T(o+it) < (1+ [t])7ze 2l for o < 1, Miny,ez_, [0 + it —m| > 1. '
It will also be convenient to use the common notation
Tr(s) =721 (s/2), Le(s) :=22m)°T'(s) =Tr(s)Tr(s+1). (2.6)

From (2.5), it follows that for any complex numbers s,z with Res < 1, Rez < 1,
and Re(1 — s+ z) > ¢ > 0, one has

FR(l — S +2)

T 7 <o (14 |Im(s + 2)|)27Res, (2.7)

2.2 Spectral theory of GL; automorphic forms
2.2.1 Cusps, automorphic forms, and generalized Kloosterman sums

Recall that PSLy(R) := SLy(R)/{£1} acts on CU {oo} by (¢4)z := %. We will

focus on the action of the modular congruence subgroup I'g(q) < PSLy(Z).

A number a € CU{oo} is called a cusp of I'y(q) iff it is the unique fixed point of some
o € To(q); we write I'y := {0 € T'y(q) : ca = a} for the stabilizer of a inside I'y(q).
Two cusps are equivalent iff they lie in the same orbit of I'y(¢); the corresponding
stabilizers are then conjugate inside I'y(¢). By [DI82¢, Lemma 2.3|, the fractions

{E Cu,w € Ly, (u,w) =1, w|q, u<ged <w,2)} (2.8)
w w
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form a maximal set of inequivalent cusps of I'y(g). Following [DI82¢c, (1.1)], given a
cusp a of I'y(¢) and its equivalent representative u/w from (2.8), we denote

q
(e o= B0, (2.9)
q

(Like most of our notation involving cusps, this implicitly depends on the level ¢ as
well.) In particular, the cusp at oo of I'g(q) is equivalent to the fraction 1/¢, so we
have p(oo) = ¢~!. More generally, we have u(1/s) = ¢~ whenever ¢ = rs with
ged(r,s) = 1, and it is these cusps which account for most applications to sums of
Kloosterman sums; thus for simplicity, we restrict all of our main results to cusps with
p(a) = ¢~*. Following [DI82¢, (1.2)], a scaling matriz o, for a cusp a is an element
of PSLy(R) such that

o,00=a  and 0, Te0s =T ={({7) :n €Z}. (2.10)

Scaling matrices will allow us to expand I'j-invariant functions f : H — C as Fourier
series around the cusp a, via the change of coordinates z <— o,z (note that if f is
[p-invariant, then z — f(0,2) is '-invariant). For a given cusp a, the choice of o,
can only vary by simple changes of coordinates

da=0a(5%), (2.11)

for « € R (which result in multiplying the Fourier coefficients by exponential phases
e(na)). When p(a) = ¢~*, we must have a = 7(1/s) for some 7 € I'y(¢) and rs = ¢
with (7, s) = 1; in this case, inspired by Watt [Wat95, p. 195|, we will use the canonical
choice of scaling matrix

Og =T (S*/i f&f) : (2.12)

where 7,5 are integers such that 77 + ss = 1 (for definiteness, let us say we pick
5 > 0 to be minimal). This is different from the choice in [DI82¢, (2.3)], and leads to

the simplification of certain extraneous exponential phases. For the cusp a = co =
(1,9) (1/q), (2.12) reduces back to the identity matrix.

We refer the reader to the aforementioned work of Deshouillers—Iwaniec [DI82¢| for
a brief introduction to the classical spectral theory of GL, automorphic forms, to
[Iwa02; Iwa97; 1K21] for a deeper dive into this topic, to [Dral7; Topl8; DPR23;
BD20; Lic23; Pas25¢| for follow-up works and optimizations, and to [Bum97| for the
modern viewpoint of automorphic representations. For our purposes, an automorphic
form of level q, integer weight k£ > 0, and trivial nebentypus will be a smooth function
f +: H — C satisfying the transformation law

flo2) =j(o,2)"f(2) Vo € To(q), where 7 ((%%),2) :=cz+d.
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as well as moderate (at-most-polynomial) growth conditions near every cusp. We
say that f is square-integrable iff (f, f), < oo, where (f,g), = ffl"o(q)\H flz +
iy) g(x + iy) y* =2 dz dy is the Petersson inner product. We denote by L*(To(g)\H, k)
the space of square-integrable automorphic forms of level ¢ and weight k; when we
drop the dependency on k, it should be understood that £ = 0. Finally, we call f a
cusp form iff it is square-integrable and vanishes at all cusps.

Kloosterman sums show up in the Fourier coefficients of Poincaré series, which are
useful in detecting the Fourier coefficients of other automorphic forms via inner prod-
ucts (see |[DI82c, (1.8), (1.18)]). In fact, by Fourier expanding a Poincaré series
corresponding to a cusp a around another cusp b, one is led to a more general family
of Kloosterman-type sums, depending on both a and b.

More specifically (following [DI82¢, (1.3)], [Dral7, §4.1.1], [Iwa97]), given two cusps
a,b of T'y(q), we first let

Cop := {CGR+ :Ja,b,deR,(2Y) Eaglro(q)ob}.

Here o, and oy are arbitrary scaling matrices for a and b, but the set C4 actually
depends only on a and b (since multiplication by matrices (} ¢) does not affect the
bottom-left entry). Then we let

Das(c) = {Je R/cZ:3a,beR, ded, () € or'Tolq) o—b},

for any ¢ € R, (although this is only nonempty when ¢ € Cy). By this definition, the
set Dgp(c) is finite, does not depend on ,, and only depends on oy up to translations.
It turns out that a given d € Dgy(c) uniquely determines the value of @ € R/cZ such
that (25) € 0,'To(q) oy for some a € @, d € d (see [DI82c, p.239]). Symmetrically,
this a does not depend on oy, and only depends on ¢, up to translations. Thus given
c € R, and m,n € Z, it makes sense to define

a + nd
Sas(m,m;c) = Z e (% : (2.13)
JEDab(C)

where d and d are corresponding values mod ¢; note that this vanishes unless ¢ € Cgp.
Since varying the choices of o, and o, has the effect of uniformly translating a,
respectively c?, it follows that Syp(m, n; ) only depends on o4, 0y up to multiplication
by exponential phases e(ma), e(nf). In fact, the same holds true when varying a and
b in equivalence classes of cusps [DI82¢c, p.239]. We also note the symmetries

Sae(m, —n;¢) = Sep(—m, n; ), Sas(m,m;¢) = Spa(n, m;c), (2.14)
the second one following from the fact that
(theam Moo = (L) ==(t) €oy'To(g) o

Let us now relate these sums to the classical Kloosterman sums from (3.1).
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Lemma 2.3 (Explicit Kloosterman sums). Let ¢ = rs with r,s € Z,, ged(r, s) = 1,
and m,n € Z. Then with the choice of scaling matrices from (2.12), one has Cog1/s C
{s\/rc:c€Zy, (c,r) =1}. In fact, for ¢ € Z, with (¢,r) =1, one has

Saot1/s (M, m; s3/re) = S(mF,n; sc). (2.15)

Moreover, let a be any cusp of To(q) with u(a) = ¢!, and o, be as in (2.12). Then
Caa C qZ4, and for ¢ € qZ., one has

Saa(m,n;c) = S(m,n;c). (2.16)

Varying the choice of scaling matriz as in (2.11) would result in an additional factor

of e((n —m)a).

Proof. These identities are precisely [Wat95, (3.5) and (3.4)], at least when a = 1/s
for some rs = ¢, with (r,s) = 1. For a general cusp with u(a) = ¢~!, we have
a=7(1/s) for some 7 € I'y(q), but the presence of 7 in the scaling matrix from (2.12)
does not affect the set o, 'T(q) o4, nor the generalized Kloosterman sum Sqq(m, n; ¢).

For explicit computations of this type, see [DI82¢, §2|. O

2.2.2 The Kuznetsov formula and exceptional eigenvalues

We now recognize some important classes of GLy automorphic forms of level g:

(1). Classical modular forms, which are holomorphic with removable singularities at
all cusps, and can only have even weights k € 2Z, (except for the zero form).
A holomorphic cusp form f additionally vanishes at all cusps; such forms have
Fourier expansions

j(on,2) " fl0az) = ) taln) e(n2) (2.17)

around each cusp a of I'g(q) (see [DI82¢, (1.7)]). We mention that the space
of holomorphic cusp forms of weight k is finite-dimensional, and denote its
dimension by hy = hi(q).

(2). Maass forms (of weight 0), which are invariant under the action of I'y(¢), and are
eigenfunctions of the hyperbolic Laplacian A = —y? (02 + 97). These include:

(a). Maass cusp forms, which additionally vanish at all cusps and are square-
integrable. These (plus the constant functions) correspond to the discrete
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spectrum of the hyperbolic Laplacian on L? (T(g)\H), consisting of eigen-
values 0 = A\g < A\ < Ay < A3 < ... with no limit point. Around a given
cusp a, Maass cusp forms have Fourier expansions (see [DI82c, (1.15)])

u(oaz) = y'/? Z pa(n) K\ (27| n]y) e(max), (2.18)
n#0

where z = z+ 1y and K is the Whittaker function normalized as in [DI82¢,
p. 264].

(b). Eisenstein series, explicitly defined by Ey(2;s) := > cp \ry(q I’ (o7'72)
for Res > 1, and meromorphically continued to s € C. Although not
square-integrable themselves, “incomplete” versions of Eisenstein series
with s =  +ér (and r € R) can be used to describe the orthogonal com-
plement in L? (Ty(¢)\H) of the space of Maass cusp forms, corresponding
to the continuous spectrum of the hyperbolic Laplacian. Sharing similari-
ties with both Maass cusp forms and Poincaré series, the Eisenstein series
E, have Fourier expansions [DI82¢, (1.17)] around any cusp b, involving
the Whittaker function and the Kloosterman-resembling coefficients (for
ne€Z,n#0)

pan(nis) =Y ¢ Y e (”?d) . (2.19)

c€Cab dE€Dqp(c)

We are particularly interested in the exceptional Maass cusp forms, which have Lapla-
cian eigenvalues \; = \;(q) € (0,1/4); there can only be finitely many such forms
of each level ¢, and Selberg conjectured [Sel65] that there are none (this is Conjec-
ture 1.1). With implicit dependencies on ¢, we denote

K= \j — and 0; == 2ir;, (2.20)

1
4
where k; is chosen such that ix; > 0 or x; > 0; thus exceptional forms correspond to
imaginary values of x; and positive values of ¢;. Letting

01(q), 01(q) € Ry
0, otherwise. (2.21)

0(q) == /max (0,1 — 4X;(q)) = {

emax ‘= sup 6(‘])7

q>1

Selberg’s eigenvalue conjecture asserts that 6., = 0, and the best result towards
it is due to Kim—Sarnak [Kim03, Appendix 2|, based on the automorphy of fourth
symmetric power L-functions.

Theorem 2.4 (Kim-Sarnak’s eigenvalue bound [Kim03]). One has Opax < o5
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Remark. As in [May25a; Pas25¢; Lic23|, we use Deshouillers—Iwaniec’s normalization
[DI82c¢] for the spectral parameters 6; and the Fourier coefficients p;q(n) of exceptional
Maass forms. In various other works [Topl8; Dral7; BD20; Mer23|, 6; and p;q(n) are
rescaled by factors of 1/2 and n='/2.

Based on earlier work of Kuznetsov [Kuz80|, Deshouillers—Iwaniec [DI82c¢| developed a
trace formula relating weighted sums over ¢ of the generalized Kloosterman sums from
(2.13) to (sums of products of) the Fourier coefficients of holomorphic cusp forms,
Maass cusp forms, and Eisenstein series, around any two cusps a, b of I'g(¢). Roughly
speaking, this follows by summing two applications of Parseval’s identity for the
aforementioned Poincaré series: one in the space of holomorphic cusp forms (summing
over all weights k € 2Z,), and one in the space L*(T'y(q)/H) of square-integrable
automorphic forms of weight 0, via the spectral decomposition of the hyperbolic
Laplacian (leading to the terms from Maass cusp forms and Eisenstein series).

One can arrange the resulting Kuznetsov trace formula so that the Kloosterman
sums in the left-hand side are weighted by an arbitrary compactly-supported smooth
function ¢; in the right-hand side, the Fourier coefficients of automorphic forms are
consequently weighted by Bessel transforms of ¢, defined for r € R\ {0} by

Bor) = / N Jr<y>w<y>%,

B = ey, ) (2:22)

sinh(7r) 2i x

B,(r) = %cosh(wr) /000 Ky () <p(x)d—x,

xz

where K;; is the aforementioned Whittaker function, and the Bessel functions J,, J;
are defined as in [DI82¢, p. 264-265| (above we slightly departed from the notation in
[DI82¢; Dral7|, to avoid confusion with the Fourier and Mellin transforms). All we
will need to know about these transforms are the following bounds.

Lemma 2.5 (Bessel transform bounds [DI82¢|). Let Y > 0 and ¢ : R — C be a
smooth function with compact support in y <Y, satisfying o) (y) <; Y7 for j > 0.
Then one has

S s 1+Yy—2r 1

B,(ir), B,(ir) < iy for 0<r< 2 (2.23)
~ N . 1+ |logY
B(r), B(r), Bu(r) < LT for reR\(OL  (224)
By(r), Bo(r), By(r) < [r|™ + |r[7%Y, for r€R, |r|>1, (2.25)

Moreover, if ¢ is nonnegative with [ ¢(y)dy > Y, and Y < ¢ for some constant
¢ < 1 (depending on the implied constants so far), then one has

B,(k) < (k2 +1)7", for ke R\ {0}, (2.26)
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~ . 1
B, (k) < Y " for 0<ik < 5 (2.27)

Proof. The bounds in (2.23) to (2.25) constitute [DI82¢c, Lemma 7.1] (note that ¢
satisfies the requirements in [DI82¢, (1.43) and (1.44)| for (Y, 1) in place of (X,Y)).
Similarly, (2.26) and the lower bound in (2.27) are [DI82c, (8.2) and (8.3), following
from (8.1)], using an appropriate choice of the constants 7;, 7. The upper bound in
(2.27) also follows from [DI82c, (8.1)], but is in fact already covered by (2.23) (using
r = —ix and the fact that B\q, is even). O

Finally, we state the Kuznetsov trace formula, following the notation of Deshouillers—
Iwaniec [DI82c¢].

Proposition 2.6 (Kuznetsov trace formula [DI82¢; Kuz80|). Let ¢ : R — C be a
compactly-supported smooth function, ¢ € Z, and a,b be cusps of I'o(q). Then for
any positive integers m,n and sgn € {1, —1}, one has

Z Sap(m, sgn - n; C)<p <4m/mn> _ {H+M +&, sgn=1, (2.28)

c c M+ & sgn = —1,

c€Cap
with the following notations. Firstly, the holomorphic contribution is

1) hi(q)

Z B,( Aﬂil/f_ o Zwﬂm ) Yjke(n), (2.29)

T yeoz,

for any orthonormal bases of level-q holomorphic cusp forms (f;r); of weight k € 2Z.,
with Fourier coefficients 1jiq(n) as in (2.17). Secondly, the Maass contributions are

M= Zcosh L D ). M= S o) ). (230

for any orthonormal basis (u;); of level-¢ Maass cusp forms, with eigenvalues \;
(and K;,0; as in (2.20)), and Fourier coefficients pjo(n) as in (2.18). Thirdly, the
Eisenstein contributions are

1 oo —r 1 1
= ; Z/ Bgo(r) (%) Pea (m; 5 + 'i?") Pcb (n; 5 + 'i?") dr,
I I
Z/ (mn)" Spca (m; 5 + zr) Pcb (n; 3 + zr) dr,

where the Fourier coefficients pqau(n;s) are as in (2.19), and ¢ varies over the cusps

of To(q).

(2.31)

Proof. This is [DI82¢, Theorem 2|. O
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Remark. Upon inspecting the Maass contribution (2.30) in light of the bounds (2.23)
and (2.27), the losses due to the exceptional spectrum are apparent. Indeed, if ¢(y)
is supported in y <X Y < @ for some C' > 0 (indicating the size of ¢), then the
Bessel transforms bounds for exceptional eigenvalues are (a priori) worse by a factor
of

5a) C 0(a)
rnax(l,Y q)x(l—i—m) ,

compared to the regular (non-exceptional) spectrum.

2.2.3 Bounds for Fourier coefficients

For holomorphic and Maass cusp forms that are Hecke eigenforms, the nth Fourier
coefficient around the cusp a = oo is proportional to the eigenvalue of the Hecke oper-
ator T, for (n,q) = 1. With our normalization, the size of the proportionality factor,
which is the first Fourier coefficient, depends on the weight, Laplacian eigenvalue,
and level; in particular it grows roughly like ¢~'/2 in the level aspect. In light of the
Ramanujan—Petersson conjecture (see Conjecture 1.2), we expect most Fourier coef-
ficients of exceptional Maass forms, which have weight 0 and bounded eigenvalues, to

—-1/2

have size ~ ¢~'/*. This will help motivate the bounds in this subsection.

If one is interested in a particular holomorphic or Maass cusp form (ideally, a Hecke
eigenform), then various bounds for its Fourier coefficients follow from the theory
of automorphic representations and their L-functions [DI82¢; Sar95; Kim03; Bum97;
GH11a; GH11b|. Notably, the Kim—Sarnak result [Kim03, Appendix 2| also gives the
best pointwise bound for Hecke eigenvalues (towards Conjecture 1.2), and thus for
individual Fourier coefficients.

Here we are interested in bounding averages over bases of automorphic forms, re-
sembling those that show up in (2.29) to (2.31); naturally, these would be useful in
combination with the Kuznetsov formula. Remarkably, such bounds are often de-
rived using the Kuznetsov formula once again (with different parameters, including
the support range of the smooth function ¢), together with various bounds for sums
of Kloosterman sums including Lemma 2.1.

The first results that we mention keep the index n of the Fourier coefficients fixed,
while varying the automorphic form. One can view these results as density theorems
towards the Ramanujan—Petersson and Selberg eigenvalue conjecture, asserting that
the Archimedean parameter X% and the non-Archimedean parameter pj,(n) cannot
be large for too many forms f; on I'y(g). See [Iwa90; Hum18§|.
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Proposition 2.7 (Fourier coefficient bounds with fixed n). Let K > 1 and € > 0.
With the notation of Proposition 2.6, each of the three expressions

hi(q) 2

|pJu

> 47m b= Z Uaa)Ps D o e Z [P 3 ir)| dr

keQZ+ || <K i)

k<K
s bounded up to a constant depending on ¢ by

K + (qnK)" (¢,n)"* p(a) n'/2.
Moreover, for the exceptional spectrum we have
D> X% pja(n)* <o (gN) (1+ (g,n)"? p(a)n'’?) (2.32)

Aj<1/4
for any X < max <1, ((g,n) p(a)? n)71>.

Proof. These bounds roughly follow by combining Lemma 2.1 with trace formulas
like Proposition 2.6, for m = n and suitable choices of ¢. See for example [Topl7,
Lemmas 2.7 and 2.9] with gy = 1 and X = Xj, noting the different normalizations of
the Fourier coefficients. O

One of the key insights of Deshouillers—Iwaniec [DI82¢| was that the bounds in Propo-
sition 2.7 can be improved when averaging over indices n ~ N, by exploiting the
bilinear structure in m,n of the spectral side of the Kuznetsov formula (2.28). This
leads to the so-called weighted large sieve inequalities for the Fourier coefficients of
automorphic forms, involving arbitrary sequences (a,,); for 1-bounded sequences, the
result below saves a factor of roughly N over the pointwise bounds in Proposition 2.7.

Proposition 2.8 (Large sieve for the regular spectrum |DI82¢|). Let K, N > 1/2, ¢ >
0, and (a,) be a sequence of complex numbers. With the notation of Proposition 2.0,
each of the three expressions

(k? 1) hi(q) 2 . 9
) —(k=1)/2 ), |

k; (d7)F-1 Zl ;Vann Vjka(n)| Z cosh(mi) ;anﬂja(n) :

g = | <K iy
k<K
2
.
Z/ Zann Soca(n;i-i-l’r’)‘ dr
- n~N

1s bounded up to a constant depending on € by

(K% + () NT7) [lan]l3.
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Proof. This is [DI82¢, Theorem 2. O

Proposition 2.8 includes the contribution of the exceptional Maass cusp forms, but
is not the optimal result for handling it. Indeed, to temper the growth of the Bessel
functions weighing the exceptional Fourier coefficients in (2.30), one needs to incor-
porate factors of X% into the sum over Maass forms, as in (2.32). The following is a
preliminary result toward such bounds.

Lemma 2.9 (Preliminary bound for exceptional forms). Let X, N > 1/2, ¢ > 0,
(an)n~n be a complex sequence. Let ®(t) be a nonnegative smooth function supported
int =<1, with ®9(t) <; 1 for j >0, and [ ®(t)dt > 1. Then with the notation of
Proposition 2.6, one has

Z X Zanpja(n)

)\j<1/4 n~N

2
<

Z% 3 mansaa(m,né@q’(\/z%)(ﬂ (2.33)

c€ECqa  mn~N

+ O. (L4 p(a)N') flan |3

Proof. This is essentially present in [DI82¢| (see [DI82c¢, first display on p.271], and
[DI82¢c, (8.7)] for the case a = o0), but let us give a short proof for completion. If
X < 1, the result follows immediately from Proposition 2.8 with K = 1/4, and the
bound cosh(rk) < 1 for ik € [0,1/4] (recall that ix; = 6;/2 < 7/64 by Theorem 2.4,
but the weaker Selberg bound #; < 1/2 suffices here).

Otherwise, let o(y) := ®(yX (47)~1), which satisfies all the assumptions in Lemma 2.5
for Y = 47 X~!; in particular, we have

max (B, (r), B,(r)) < |r|™/?, for [r] > 1, (2.34)
Bu(r) < (k2 +1)7", for & € R\ {0}, (2.35)
B, (k) > X**, for 0 < ir < 1/2. (2.36)

Now apply Proposition 2.6 with this choice of ¢ and a = b, multiply both sides by
@, a,, and sum over m,n ~ N, to obtain

51 Y @ sutmnie (T

c€Caa  mn~N ¢
gw(”j)
=3 Bel) I5~ )
;COSh(ﬂ-/{j) 7;\[ e

2
1 ® = ir 1 ;
—l—;Z/_wB(p(r) Zann gom(n;§+zr)

c n~N

1 ~ kE—1)!
+% Z B<P(k_1)((47r)k—)1 Z

1<j<hi(q)

2

dr

2

> a0 Yra(n)

n~N




Bounding the contribution of non-exceptional Maass cusp forms, holomorphic cusp
forms, and Eisenstein series via (2.34), (2.35), and Proposition 2.8 (in dyadic ranges
K = 2P), this reduces to

1 _ Jmn
o X mosummoe (VEX) = 3 St

c€Cqa m,n~N )\j <]./4

+0. (1+ u(a)NHE) @ ||3.

Z an pja(n

n~N

(2.37)
Combining this with the lower bound B, (k;) > X% (due to (2.36)), we recover the
desired bound in (2.33). O

From Lemma 2.9, one quickly deduces the following large sieve inequality for excep-
tional Maass forms, most of which is due to Deshouillers—Iwaniec [DI82c].

Proposition 2.10 (Large sieve for the exceptional spectrum [DI82¢c|). Let ¢ > 0,
X >0, N >1/2, and (ay)nn be a complex sequence. Let q € Zy, a be a cusp of
Lo(q) with pu(a) = g1, and o, € PSLy(R) be a scaling matriz for a. Consider an
orthonormal basis of Maass cusp forms for I'o(q), with eigenvalues \; and Fourier
coefficients pja(n) around the cusp a (via o4). Then with 0; := \/1 — 4X;, one has

Z X0 Zanpja(n)

N
<. (gN) (1 ; —) a2 (2.38)
)\j<1/4 n~N q

for any

2
qa q

X 1, =, — .

<<max(,N,N3>

Proof. 1t suffices to show that (2.38) holds with X =1, X = L and X = ]%—23. The

N
case X = 1 follows immediately from Proposition 2.8, which is [DI82¢, Theorem 2].

Otherwise, by Lemmas 2.3 and 2.9, it suffices to show that
1 N
> 1Y s e (Y ) < v (147 ) ol
c c q
c€qZy mmn~N

If X = £, then by taking ®(¢) to be supported in ¢ > 2, the sum vanishes. This is
the content of [DI82¢, Theorem 5|. Finally, the case X = ]‘\17—2 follows by bounding the
Kloosterman sums pointwise, via Lemma 2.1; see also (3.12). O

Remark. An equivalent (and more common [DI82¢; Dral7|) way to phrase results like

Proposition 2.10 is that
X (q) N
o (142" 1+ D
@y (1+ 5 ) Nl

Z Xej Zanpja(n)
28
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Aj<1/4 n~N



for any X > 0, and X, = Xo(IV, ¢) given by the right-hand side of (3.4). We prefer
to state our large sieve inequalities in terms of the maximal value of X which does
not produce any losses in the right-hand side, compared to the regular spectrum
(ie., X < Xj). We note that in applications, one usually has /g < N < ¢, and
the best choice in (3.4) for this range is X =< ¢/N. But in the critical range N < ¢,
Proposition 2.10 is as good as the large sieve inequalities for the full spectrum [DI82c,
Theorem 2|, since the limitation X < 1 forestalls any savings in the #-aspect.

When some averaging over levels ¢ ~ @ is available, a = oo, and (a,), 0 are
independent of ¢, Deshouillers-Iwaniec [DI82c, Theorem 6| improved the admissi-
ble range to X < max(1,(Q/N)?); Lichtman [Lic23] recently refined this to X <
max (1, min((Q/N)**7,Q?/N)), by making 6-dependencies explicit in [DI82c, §8.2].
We note that these results are still limited at X < 1 when N < Q.

Finally, we will also need the following results of Deshouillers—Iwaniec [DI82¢c| and
Watt [Wat95], which require averaging over the level ¢, and save more in the X
aspect for very special sequences (ay,).

Proposition 2.11 (Large sieve with level averaging 1 [DI82¢|). Let ¢ > 0, X > 0,
N.QQ>1/2, and w € R/Z. Let q € Z; and oo, denote the cusp at oo of I'y(q), with
the choice of scaling matriz o, = Id. Then with the notation of Proposition 2.10,

one has
2
D7D XYY e(nw) pioc, (n)| << (@N)(Q + N) N, (2.39)
q~Q Xj(g)<1/4 n~N
for any
QQ
X < max (N, W) . (2.40)

Proof. This follows immediately from [DI82c, Theorem 1.7] with X <« X2 As
noted in previous works [Pas25¢; BFI87; BD20], although [DI82¢, Theorem 7| was
only stated for o = 0, the same proof holds uniformly in o € R/Z. O

Proposition 2.12 (Large sieve with level averaging 2 [Wat95]). Let e, X >0, Q >
1/2, Ni,Noy Z > 1, N := NiN,, and V(t),Vy(t) be smooth functions supported
t =<1, with @Ej) <; 727 for j > 0. Let g € Zy and oo, be the cusp at 0o of To(q), with
the choice of scaling matriz o, = Id. Then with the notation of Proposition 2.10,
one has

Z Z x?(a)

a~Q Nj(g)<1/4

2

Z Uy (Zf_ll) U, (%) Pjocy(Min2)| < Q°Z° (Q + N) N,

ni,n2

for any
QQ

X —_—
< NN,

(2.41)
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Proof. This is [Wat95, Theorem 2| with H = N; and K = N,. In fact, [Wat95,
Theorem 2| is stated for functions Wy(t), Wo(¢) supported on t € [1,2], but the same
proof extends to any support ¢ < 1 (alternatively, one can use a smooth partition of
unity to reduce to functions supported in [1,2]). O

2.3 L-function theory of GL, representations

We now recall some standard facts about GL,, automorphic representations and their
L-functions, where implicit constants may depend on n > 1. We refer the reader to the
books of Bump [Bum97] and Goldfeld-Hundley [GH11a; GH11b| for a comprehensive
introduction to these concepts.

Throughout this section, we work over a number field F' with ring of integers Op,
absolute norm N = Npg/qg, absolute discriminant Dp, ring of adeles Ap, and fixed
degree [F': Q]. We use p (resp. n) to denote a nonzero prime ideal (resp. a nonzero
ideal) of Op. On a first read, it may help to pretend that F' = Q; in particular, we will
have F' = Q in Chapter 5, and then our notation may identify ideals (m) C Z = Oq
with positive integers m

Let §, denote the family of all cuspidal automorphic representations 7 of GL, (AFr),
normalized to have unitary central characters w, which are trivial on the diagonally-
embedded positive reals R.y C A@. In particular, the representations in §; (which
include the trivial representation) correspond to the primitive Dirichlet characters
when F' = Q. Similarly, the (Maass or holomorphic) primitive Hecke cusp forms
discussed in Section 2.2 have associated representations in §s. We may express any
T € §, as a restricted tensor product @), 7, of smooth admissible representations of
GL,(F,), where v varies over places of F; finitely many of these may be ramified.

2.3.1 Automorphic L-functions, locally

Let m € §,. At the non-Archimedean places, which are given by prime ideals v = p,
the local component 7, is described by n Satake parameters o 1(p), ..., arn(p) € C,
which make up the local L-function

(s,mp) = [ (1 = e (p)Np~)~ Z Npks . (2.42)
7j=1

This has an associated local conductor g, , which is a power of p, and equals (1) = Op
iff 7, is unramified.
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Similarly, at each Archimedean place v, the local component 7, is described by n
Langlands parameters i 1(v), ..., tizn(v) € C, from which one defines

L(s,m,) = Hro — pix(v)),

where the localization F, could be R or C, and must be R if 7, is unramified (spher-
ical); recall the notation in (2.6). To bring the Archimedean and non-Archimedean
places on a similar footing, we may denote

(Np)#=i® = ari(p), (2.43)

where Im p. ;(p) is only defined’ modulo At the ramified primes we may have

long
ar;(p) =0, case in which we take pi. ;(p) = —o0.

If 7 € §, denotes the contragredient representation to 7, then we have q,, = gz, for
each p. Moreover, for every place v (Archimedean or not), we have the equality of
multisets

{izj(v) :j < n} = {ny(v) 1 j <}
By combining the work in [LRS99; MS04], we know that there exists

1 1
<0, < =— 2.44
0<bn< 2 n?+1 (244)
such that
Re pirj(v) < 6,. (2.45)

At the non-Archimedean places v = p, this means that |a, ;(p)| < Np’». Remarkably,
the fact that Re prj(v) < 3 follows from purely local considerations [Sar05, (12), (13)];
see also [RS96, (2.2), (2.5)].

At the unramified places v, the fact that the central character w, is unitary leads to
the further symmetry

{brj i <ny={~f,; 7 <n}. (2.46)

One of the biggest open problems in the theory of automorphic forms and represen-
tations remains:

Conjecture 2.13 (Generalized Ramanujan conjecture). One can take 6, = 0 in
(2.45), for all places v. Due to (2.46), if v is unramified, this means that Re i, ; = 0.

1S0 pir j(p) € (RU{—00}) + iR/ log%pZ. One can still add and conjugate such quantities.
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This includes Conjecture 1.3 when n = 2 and F' = Q. We remark that Conjecture 2.13
would follow from the automorphy of all symmetric powers [Ser98|.

Let us briefly describe how the local parameters of automorphic representations relate
to the Laplacian and Hecke eigenvalues of GL,, Maass cusp forms for n > 2 (the latter
are described in Section 2.2 for n = 2 and a trivial nebentypus, and are automorphic
functions on a generalized upper half-plane for n > 3). If FF = Q and 7 € §, is
induced by a Maass Hecke cusp form f for ' (()n)(q), the following hold:

e At v = oo, the local parameters of m correspond to the Laplacian eigenvalue
Af(00) by [Ter88, p.49, pp. 185-6]

n—n 1
A(00) = S i i(00)2,
Keeping n fixed, this implies that one has Af(oco) < 1 iff for each j, pi j(00) < 1
(since the real parts always satisfy Re i, j(00) < 1).

e At the unramified primes v = p < 0o, the local parameters of 7 correspond to
the (appropriately normalized) p' Hecke eigenvalue A\¢(p) by

A(p) = An(p) = p=a®.
=1

e The ramified primes v = p < oo, and in fact the local conductors q,, (which
are positive integers when F' = Q), divide the level ¢ [JPS81; Blo23].

e The central character w, is an adelization of the nebentypus x (indicating how
f transforms under the action of T (¢)).

In particular, when n = 2, the Laplacian and Hecke eigenvalues of f uniquely deter-
mine the local parameters of 7w at the unramified places. It is now easy to see that
Conjecture 2.13 particularizes to Conjectures 1.1 and 1.2.

2.3.2 Automorphic L-functions, globally

The standard L-function L(s,7) associated to m € §, and its associated arithmetic
conductor are given by

L(s,m):= H L(s,m,) = Z )\1:]1(:), qr = H s B
p p

n

so in particular, all ramified primes satisfy p | .. The Euler product and Dirichlet
series converge absolutely when Res > 1. For example, if n = 1 and 7 = 1 is the
trivial representation, then L(s,7) = (r(s) is the Dedekind zeta function for F.
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The Archimedean factors are similarly gathered into

L(s, 7o) = H L(s,m,).

v]oo

Let 7, be the order of the pole of L(s,m) at s = 1; this is 1 iff 7 is the trivial
representation, and 0 otherwise. Then the completed L-function

A(s,m) == (s(s — 1)) (DENg)*?L(s, o0 ) L(s, )

is entire of order 1, and there exists a complex number ¢, of modulus 1 such that for
all s € C, we have the functional equation (anticipated in (1.8))

A(s,m) = e-A(1 — s, 7). (2.47)

Since A(s, ) is entire of order 1, there exist complex numbers a, and b, such that

A(s, ) = e tbns H (1 — f) e’/

A(p,m)=0 P

The zeros p in the above Hadamard product are the nontrivial zeros of L(s, ), and
the zeros of L(s, ) that arise as poles of s"* L(s, T ) are the trivial zeros.

Now let d(v) = 1if F,, = R and d(v) = 2 if F, = C. Following Iwaniec—Sarnak [IS00],
the completed L-function has an associated analytic conductor

Cr o= DpNae [TT] (3 + lpws(w)™™) . (2.48)

v]oo j=1

This controls the dual lengths in approximate functional equations, as in (1.17).
Relatedly, for £ > 0 and Res € (—O(1), 3 — €], it follows from (2.7) and (2.47) that
L(s, )

L(1 —s,ms)
L(1 —s,m)

(1 o) iz Res 9.49
T < (1+ |s]) (2.49)

= . (DENg,)2

In Chapter 5, we will also need some closely-related non-standard notation. We define
the total conductor of m by

ni#t{v|oo}

¢, = DvNq, (m|ax max (3 + | uﬂ,j(u)\d@))) . (2.50)
vjoo Jsn

In particular, we have C; < €.. Beyond the arithmetic conductor, the analytic and

total conductors C,, €, include an Archimedean factor which capture the growth

of L(s, 7). In particular, for automorphic representations induced by Maass cusp

forms, C; and €, encode the growth of both the level and the Laplacian eigenvalue.
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Finally, one can also twist any cuspidal automorphic representation 7 by any Hecke
character of the idele class group F*\AZ, to obtain another automorphic represen-
tation 7 ® x [Bum97, p.305]; this multiplies the underlying automorphic forms on
GL,(F)\GL,(AFr) by x(det()). If 7 has central character w,, then 7 ® y has central
character y"w;,, so in particular 7 ® x remains unitary if x is unitary. As one would
expect, the contragredient of 7 ® x is 7 ® Y. Following [RS96, Appendix|, when
X = |- |? for some z € C, we may also write

Tz =@ |- |7

The unitary twists by ||, for t € R, affect the L-function by L(s, w[it]) = L(s+it, 7).
Our normalization ensures that only one representation from each family {x[it] :
t € R} is included in §,, but all definitions so far apply without the normalization
assumption. For example, it is helpful to write

Cﬂ'(it) - Cfr[it] = D%qu H H (3 + |,uw-(v) — it|d(v)) .

v]oo j=1

The advantage of the total conductor € is that it is more stable under Archimedean
twists than C;.

When F' = Q and yx is induced by a primitive even Dirichlet character of prime
conductor g 1 q, (as in [GH11a, Definition 2.1.7]), the twist affects the L-function by
[LRS95]

L(s,m®x) = Z W, L(s,(m ® X)oo) = L(8, Too),

the conductors by
drex CW@X €7r®x n

qﬂ' - Cﬂ' - €7'(' - q ’

and the ‘sign’ ,5, by an explicit Gauss sum factor.

2.3.3 Rankin—Selberg L-functions

Fix n,n’, and let 7 € §, and ©’ € §,. If the Langlands conjectures are true,
there should be a (not necessarily cuspidal) unitary automorphic representation m x
7" of GL,2(AF), corresponding to the tensor product of the Galois representations
associated to m and #’. Unconditionally, we can still associate to the pair (m,7)
an L-function L(s, 7 x 7’), through the theory of Rankin-Selberg L-functions. This
was developed by Jacquet, Piatetski-Shapiro and Shalika [JPS83], Shahidi [Sha81],
and Moeglin—Waldspurger [MW89]; we also refer the reader to [Bru06; LRS95; RS96;
DKO00] for exposition, basic properties, and some applications.

34



Most properties of automorphic L-functions have counterparts for Rankin—Selberg
L-functions. At each prime ideal p, Jacquet, Piatetski-Shapiro, and Shalika [JPS83]
associate n'n Satake parameters .. jj(p) to m, and m,, which make up the local
Rankin—Selberg L-function

n n

L(s,m, x m,) H H — Qe g (P)Np %) ! = Z A (P) (2.51)

and a local conductor g, xx . If p 1 4rQqy, then Oy ) -

At an Archimedean place v of F', Jacquet, Piatetski-Shapiro, and Shalika associate
n'n complex Langlands parameters firx.j/(v) to 7, and =}, from which one defines

L(s,my x 7) i= [ [ T[] Tr (s = tascar e (v)). (2.52)

j=1j'=1

Using the same convention as in (2.43), we may write
(Np)#mrtia’®) = Qe 0 (p).

For all places v (Archimedean or not), from the explicit descriptions of local param-
eters from [HB19; ST19], one sees that

Re M xnl j,5 < en + QTL,7 (253)

where 6, is as in (2.45). When v = p, this reads |ayxq ;i (p)| < Npfeton,

Moreover, if both 7, and 7 are unramified, we have equalities

MHrxnrl j g (U) = Hr,j (U) + Mmj/(U)'
At the non-Archimedean places v = p, this reads arxqjj/(p) = r;(P)ar j(p).

The Rankin—Selberg L-function L(s, 7 x ') associated to m and 7’ and its arithmetic
conductor are

L(s,mx7'):= HLSWPXW Z)\ﬂg;r;s(n), CIWXW'ZHCIW,@M(,;
p

where the convergence is absolute in Re s > 1. Similarly, we let

L(s, oo X ) = HL(S,WU X 7))

v]oo

Let rpxn = —ords—1 L(s,m x 7). By our normalization for the central characters of
m and 7', we have that r . = 0 if and only if 7 # 7, and r,«z = 1 otherwise. The
function

A(s,mx ') = (s(s — 1)) (DE"Napurw )/ 2L(s, Too X 7 )L(s,m x 1) (2.54)
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is entire of order 1, and there exists a complex number ¢,y of modulus 1 such that
we have the functional equation

A(s,m x ') := enum A1 — 8,7 X ). (2.55)

Since A(s,m x ') is entire of order 1, there exist complex numbers @,y and by
such that the Hadamard factorization

A(s,m x ') = etmxn' Tomxnrs H (1 - f)es/’) (2.56)
A(p,mx7")=0 P

holds. The zeros p in (2.56) are the nontrivial zeros of L(s, 7 x 7’), and the zeros of
L(s,m x ') that arise as poles of s"=x=' L(s, o X 7.,) are the trivial zeros.

As with automorphic L-functions, the completed Rankin—Selberg L-functions have
an associated analytic conductor

Cﬂ'Xﬂ" = D%IHNCwaw’ H H H (3 + ‘MWXW/7j7j/<U)|d(U)> ) (257)

vljoo j=1 j/=1

which plays a similar role as before. For e > 0 and Res € (—O(1), —¢], it follows
from (2.7) and (2.55) that

L(s,m x 7') e (DYNG /)%ﬂL(l — 8, Moo X L)
L(1—s,mxa) = omoE L(8, Too X Thy) (2.58)
Ll _Res
< (L+ 1) O

We also define the total conductor (which is, once again, non-standard notation) by

n/n#{v|oc}
) L (2.59)

Crxnr = DV "Ny (max maxmax (3 + |frxn jj (v)|d(”))

vloo j<n j'<n’

so that Cryr < €. The combined work of Bushnell and Henniart [BH97| and
Brumley [HB19, Appendix| yields

Qe << 47 G, Croxmr < C™'C™, (2.60)
and a simpler version of Brumley’s computations also gives
Crvmr K CVET, (2.61)

We can also effectively twist a Rankin—Selberg L-function by a Hecke character, by
twisting one of the two original representations. For twists by | - |, this affects the
L-function by L(s, w[it] x ") = L(s +it, 7 x 7). In particular, it is helpful to write

C7r><7r/ (Zt) = Cﬂ[it]xw/ = D?/anﬂ'X’ﬂ'/ H H H(3 + |it _ waw’,j,j’(v)‘d(v))7

v]oo j=1j'=1

which is immediately bounded by (3 + [¢t|)° F:@C .
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Lemma 2.14 (Li / Harcos—Thorner [HT22|). For (m,7') € §n X Fu, consider the
holomorphic function

- 1 T7r><7r’
L(s,m x ') = lim (SO - 1) L(so,m x ),  Res> —1. (2.62)
S0—S 80

If 7>20,0>0,teR, and e > 0, then

Lo +it, 1 x 1) Ko Corr (i) x0700)/24€, (2.63)
In particular, if rrxm =0 or |t| > 1, then

L(j)(a +it,m X 7') <o Cﬂ_xﬂ,(it)max(l—a,O)/2+s‘

Proof. This is [HT22, Lemma 3.2|, based on the convexity bound of Li [Li10, Theorem
2]. O

Finally, suppose F' = Q, and let x be a primitive, even Dirichlet character of prime
conductor ¢ f q,q.; in this case, the twist by x affects the Rankin—Selberg L-function?
by

L(s, (r@x)x7) = Z /\M%l(mms)X(m>, L(8, (TRX) oo XT0.) = L(8, Too XT.), (2.64)

and its conductors by

Arexxw _ Cmexxw _ Caonxa _ "

Jrxn C7r><7r’ €7r><7r’

One can also explicitly compute the ‘sign’ €(zgy)x7; see [LRS95, Lemma 2.1].

2Note that we reserve the notation ® for twists, and x for Rankin-Selberg L-functions.
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Chapter 3

Large sieve for exceptional Maass
forms and the greatest prime factor
of n? +1

3.1 Introduction

Let m,n,c € Z with ¢ > 1, and consider the classical Kloosterman sums

Stm,n;c):= Y e(mT%) (3.1)

x€(Z/cZ)*

where e(a) := exp(2mia) and 27 = 1 (mod ¢). A great number of results in analytic
number theory, particularly on the distribution of primes [BFI86; May25a; May25b;
May25¢; DI82a; BD20; Mer23; Lic23] and properties of Dirichlet L-functions [DI82b;
DI84; Wat95; Youll; DPR23; Topl8|, rely on bounding exponential sums of the form

Z A Z by Z g (%) S(m7F, £n; sc), (3.2)

m~M n~N  (¢,r)=1

where (a,,) and (b,) are rough sequences of complex numbers, g is a compactly-
supported smooth function, and r,s are coprime positive integers. One can often
(but not always [Mer23; BD20; May25a|) leverage some additional averaging over r
and s, if one of the sequences (a,,), (b,) is independent of r, s.

Bounds for sums like (3.2) are typically obtained via the spectral theory of auto-
morphic forms [Iwa02; Iwa97], following Deshouillers—Iwaniec [DI82c|; this allows one
to bound (3.2) by certain averages of the sequences (a,,), (b,) with the Fourier co-
efficients of automorphic forms for I'y(rs). Often in applications, the limitation in
these bounds comes from our inability to rule out the existence of exceptional Maass
cusp forms, corresponding to exceptional eigenvalues A € (0,1/4) of the hyperbolic
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Laplacian. This is measured by a parameter § = max, /max(0, 1 — 4)\), normalized
as in Section 2.2.2; under Selberg’s eigenvalue conjecture there would be no excep-
tional eigenvalues [Sel65], so one could take § = 0. But unconditionally, the record is
Kim—Sarnak’s bound 6 < 7/32 [Kim03, Appendix 2|, reiterated in Theorem 2.4.

This creates a power-saving gap between the best conditional and unconditional re-
sults in various arithmetic problems, for example, on the prime factors of quadratic
polynomials [BD20; Mer23|, the exponents of distribution of primes [Lic23] and
smooth numbers [Pas25¢| in arithmetic progressions, and low-lying zeros of Dirich-
let L-functions [DPR23|. Improvements to the dependency on 6, which help narrow
this gap, come from large sieve inequalities for the Fourier coefficients of exceptional
Maass cusp forms (see [DI82¢c, Theorems 5, 6, 7| and their optimizations in [Dral7;
ABL21; Lic23; Pas25¢|), which function as weak on-average substitutes for Selberg’s
eigenvalue conjecture. However, in the key setting of fixed r, s and sequences (a,,) of
length N = rs, no such savings were previously available.

Luckily, for many of the most important applications, we don’t need to handle (3.2) for
completely arbitrary sequences, but only for those arising from variations of Linnik’s
dispersion method [Lin63; FI85; BFI86; BFI8T; BFI8I|; these often have the rough
form

A = e(ma) and b, = Z 1, (3.3)

hi,ho~H
h1£1—hala=n

for « € R/Z and ¢, =< {5 > H with ({1,¢;) = 1. Our main results in this chapter
are new large sieve inequalities for such sequences, with Fourier transforms that obey
strong concentration conditions. These are obtained by combining the framework of
Deshouillers-Iwaniec with combinatorial ideas — specifically, with new estimates for
bilinear sums of Kloosterman sums, stemming from a counting argument of Cilleruelo—
Garaev [CG11|. The resulting improved bounds for (3.2) can then feed through to
the strongest results on several well-studied arithmetic problems.

Points on modular Applications
hyperbolas (Lemma 3.7) (including Theorem 3.1)
X ad
Bilinear Kloosterman Multilinear Kloosterman
bounds (Proposition 3.9) bounds (Corollaries 3.14 to 3.17)

S ad

Large sieve for exceptional Maass
forms (Thm. 3.12 = Thms. 3.2, 3.3)

Figure 3.1: Structure of chapter (arrows signify logical implications).

Figure 3.1 summarizes the results outlined above, which go from “counting problems”
(on the top row), to exponential sums (middle row), to automorphic forms (bot-
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tom row), and then backwards. The transition between the first two rows is mostly
elementary (using successive applications of Poisson summation, Cauchy—Schwarz,
combinatorial decompositions, and/or sieve methods), while the transition between
the last two rows uses the Kuznetsov trace formula [Kuz80; DI82¢].

Before we dive into the large sieve, let us motivate our discussion with an application.

Theorem 3.1. For infinitely many n € Z, one has PT(n? + 1) > nl3.

This result makes progress on a longstanding problem, approximating the famous con-
jecture that there exist infinitely many primes of the form n?+1. Back in 1967, Hooley
[Hoo67] proved the same result with an exponent of 1.1001, using the Weil bound for
Kloosterman sums. In 1982, Deshouillers—Iwaniec [DI82a] used their bounds on mul-
tilinear forms of Kloosterman sums [DI82¢| to improve this substantially, up to an
exponent of 1.2024. More recently, using Kim—Sarnak’s bound ¢ < 7/32 [Kim03,
Appendix 2|, de la Bretéche and Drappeau [BD20] optimized the exponent to 1.2182.
Finally, Merikoski [Mer23] proved a new bilinear estimate (still relying on the bounds
of Deshouillers-Iwaniec [DI82¢|), and used Harman’s sieve to reach the exponent
1.279; assuming Selberg’s eigenvalue conjecture, Merikoski also reached the condi-
tional exponent 1.312. With our new large sieve inequalities (Theorems 3.2 and 3.3),
we can improve the arithmetic information due to both Merikoski [Mer23] and de
la Bretéche-Drappeau [BD20|, leading to the unconditional result in Theorem 3.1.
As in [Mer23; BD20|, by adapting our proof, it should be possible to obtain similar
results for other irreducible quadratic polynomials.

We also note that an extension of our large sieve inequalities to Maass forms with
a general nebentypus should have consequences to counting smooth values of irre-
ducible quadratic polynomials [BD20; Har08; Har24| (by improving de la Bretéche—
Drappeau’s [BD20, Théoréme 5.2|), and to enlarging the Fourier support in one-level
density estimates for Dirichlet L-functions [DPR23].

3.1.1 The large sieve inequalities

We now turn to our main technical results. The sums of Kloosterman sums from
(3.2) are related to the Fourier coefficients of GLy automorphic forms of level ¢ = rs
by the Kuznetsov trace formula [Kuz80; DI82¢| for the congruence group I'y(q).

More precisely, the spectral side of the Kuznetsov formula (see Proposition 2.6) con-
tains three terms, corresponding to the contribution of holomorphic cusp forms, Maass
cusp forms, and Eisenstein series. The (conjecturally inexistent) ezceptional Maass
forms, which have Laplacian eigenvalues \; € (0,1/4), typically produce losses of the
form X% where X is a large parameter and 6; = m . The aforementioned
large sieve inequalities for exceptional Maass forms can help alleviate this loss, by

40



incorporating factors of X% . We recall that Proposition 2.10, which follows from the
work of Deshouillers—Iwaniec [DI82c|, handles a value of

X < max (1 xa q_2> (3.4)

"N’ N3 )’ '
with no losses in the upper bound. Although it seems difficult to improve the range
(3.4) in general (see Section 3.2.1), one can hope to do better for special sequences
(a,); for instance, the last term in (3.4) can be improved if the sequence (a,,) is sparse.
In this work, we consider the “dual” setting when (a,,) is sparse in frequency space,
i.e., when the Fourier transform @(§) := ) a,e(—n&) is concentrated on a subset of
R/Z. We give a general result of this sort in Theorem 3.12, which also depends on
rational approximations to the support of a. Below we state the two main cases of
interest, corresponding to the sequences in (3.3) (we also incorporate a scalar a in the
Fourier coefficients, but on a first read one should take a = 1).

Theorem 3.2 (Large sieve with exponential phases). Let ¢, X >0, N > 1/2, a €
R/Z, and q,a € Zy. Then with the notation of Proposition 2.10 and the choice of
scaling matriz in (2.12), the bound

>, X”

/\j<1/4

2

<. (qaN)* (1 + %) N (3.5)

Y e(na) pjalan)

n~N

holds for all
max (N, g)
mingez, (t+ N|ltal])

X < (3.6)

In particular, this implies the range X < max(v N, QL

\/N>’ uniformly in o« and o,.

The same result holds if e(na) is multiplied by ®(n/N), for any smooth function
®:(0,4) — C with ®V) < 1.

We recall that ||| denotes the distance from « to 0 inside R/Z; the fact that the worst
(“minor-arc”) range covered by (3.6) is X < max(v/N, #ﬁ) follows from a pigeonhole
argument. The best range, X < max(N, %), is achieved when o is O(N~') away from
a rational number with bounded denominator. In particular, Theorem 3.2 obtains
significant savings in the #-aspect in the critical case N < ¢, for an individual level

¢, which was previously impossible to the best of our knowledge.

Remark. As detailed in Section 2.2.1, altering the scaling matrix o, in bounds like
(3.5) is equivalent to altering the phase «; the canonical choice in (2.12) leads to
several simplifications in practice.

When a = 1, a = 00, and « is independent of g, Deshouillers—Iwaniec [DI82¢| (see
Proposition 2.11) showed that the bound in (3.5) holds on average over levels ¢ ~ Q
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in the larger range X < max(N,Q?/N). In this on-average setting, we also mention
the large sieve inequality of Watt [Wat95]| (see Proposition 2.12), which saves roughly
X = @Q*/N®? when a, is a divisor-type function.

For the second sequences mentioned in (3.3), we state a bound which also incorporates
exponential phases e(h;a;). The reader should keep in mind the case of parameter
sizes N < HL, H < L, and «; = 0, when the X-factor saved below can be as large
as max(vV.N, —=).

Theorem 3.3 (Large sieve with dispersion coefficients). Let ¢, X > 0, N > 1/2,

LH>1,a1,a0 € R/Z, and q,a, 0,0y € Z satisfy b1,0, < L, (¢1,03) = 1. Consider
the sequence (ay)non given by

h h
Ap = Z D, (ﬁl) O (Ez) e(hiay + hea),

h1,ho€Z
h1l1—hola=n

where ®; : (—o00,00) — C are smooth functions supported in (—O(1),O(1)), with
CIDEJ) <; 1 for all 3 > 0. Then with the notation of Proposition 2.10 and the choice of
scaling matriz in (2.12), if ¢ > L*, one has

2

Z X Z an pjalan)| <. (qaH)* <1 * ﬂ)

q

Aj<1/4 n~N (3.7)

H H?

; d N(=+ =

 (Jlanll + seatea (F+ 55 )).
whenever

q NH . N

X < max <1, aN) max (1, (H—l—L)LM) , M = tr%%?} (t+ 7 HtOézH) . (3.8)
i€{1,2

Remark. In Theorem 3.3, when N < HL and «; = 0, the norm ||a,||3 is on the order
of N (% + 21—22) So in this setting, which is the limiting case for our applications,
the right-hand side of (3.7) produces no important losses over the regular-spectrum
bound of (¢N)*(1 4 2¥) [[a. 3.
Remark. Some instances of the dispersion method [DPR23; Dral7; ABL21]| use coef-
ficients roughly of the shape

bo= > 1 (3.9)

ey~ =

where ¢ < ly > H, {1 # {5, and the level is ¢ = {1{5. Although these resemble the
second sequence from (3.3) (treated by Theorem 3.3), one should actually handle this
case using Theorem 3.2, with « = 0, N = H, and a = |¢; — l5|. In particular, for
these ranges we have alN = |{; — l3|H < l1ly = q, so the 1-term in the right-hand
side of (3.5) is dominant, and the range in (3.6) becomes X < ¢10y/[ly — (5.
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Remark. For simplicity, we state and prove our results in the setting of arbitrary
bases of classical Maass forms, following the original work of Deshouillers—Iwaniec
[DI82¢|. However, our work should admit two independent extensions, which are
relevant for some applications. The first is handling Maass forms with a nebentypus,
following Drappeau |Dral7[; this leads to bounds for sums like (3.2) with ¢ restricted
to an arithmetic progression. The second is to consider exceptional Hecke-Maass
forms for the Ramanujan—Petersson conjecture at finite places, the non-Archimedean
analogue of Selberg’s conjecture; this should improve the dependency on the scalar
a when aN > ¢. One can either follow Assing—Blomer—-Li [ABL21] to ‘factor out’
a from pj,(an), and apply Kim-Sarnak’s bound at places dividing a [Kim03] before
using our large sieve inequalities, or treat the exceptional forms at places dividing a
similarly to the Archimedean case, to match the regular-spectrum bound whenever
aX is at most a function of ¢ and N (this option is better when a is well-factorable).

3.2 Outline

Let us summarize the key ideas behind our work, ignoring a handful of technical
details such as smooth weights, GCD constraints, or keeping track of z°(") factors.

3.2.1 Large sieve with general sequences

Let ¢ € Z, and consider the simplified version

Z Xej Zanpj%(n)

)\j<1/4 n~N

N
< (1 i 5) a2 (3.10)

of the large sieve inequality from Proposition 2.10, for a = oo, ignoring (gNV)°™"
factors. Here (a,) are arbitrary complex coefficients, and the reader may pretend
that |a,| =~ 1 for each n, so that ||a,||3 ~ N. Such an inequality follows from [DI82c,
Theorem 2] when X = 1, but we need larger values of X to temper the contribution
of exceptional eigenvalues. The Kuznetsov trace formula [Kuz80| in Proposition 2.6,
combined with large sieve inequalities for the regular spectrum [DI82¢, Theorem 2],
essentially reduces the problem to bounding (a smoothed variant of) the sum

)3 1 D @y anS(mync) (3.11)

e~NX m~N n~N

by the same amount as in the right-hand side of (3.10) — see Lemma 2.9 for a formal
statement in this direction. The left-hand side vanishes for X < ¢/(2N), so we
immediately obtain (3.10) for X < ¢/N, which is the content of [DI82c, Theorem
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5]. Alternatively, we can plug in the pointwise Weil bound for S(m,n;c) and apply
Cauchy-Schwarz, to obtain an upper bound of roughly

NX 1 N3/2X1/2

TWNH%HSV NX = TH%H%- (3.12)
This is acceptable in (3.10) provided that X < ¢?/N3, which completes the range
from Proposition 2.10.

Improving the range X < max(1, ¢/N,¢?/N?3) turns out to be quite difficult. Indeed,
it is not clear how to exploit the averaging over ¢ without the Kuznetsov formula, so
any savings are more likely to come from bounding bilinear forms of Kloosterman sums
Y o Gm o b S(m, n; ¢); this is a notoriously hard problem for general sequences
(@), (by) [KMS17; KMS20; Ker23; Xil8|. For example, an extension of the work of
Kowalski-Michel-Sawin [KMS17] to general moduli should improve Proposition 2.10
when ¢ =~ N2, but even then the final numerical savings would be relatively small.

The other critical case encountered in applications is ¢ &~ N, where Proposition 2.10
gives no non-trivial savings in the f-aspect (i.e., X < 1), and where such savings
should in fact be impossible for general sequences (a,). Indeed, we expect |p;(n)| to
typically be of size &~ ¢~'/2, so by picking a, = ¢ pi(n), the left-hand side of (3.10)
is at least X?@ N2 while the right-hand side is (1 + %)qN ; this limits the most
optimistic savings for general sequences at X = (1 + ]%)1/ 0(a),

The key idea in our work is to make use of the special structure of the sequences (a,)
which show up in variations of the dispersion method [Lin63|. Often, such sequences
have sparse Fourier transforms, and using Fourier analysis on the corresponding ex-
ponential sums leads to a combinatorial problem.

3.2.2 Exponential phases and a counting problem

Let us focus on the case a,, = e(na), for some a € [0,1). Expanding the Kloosterman
sums from (3.11) and Fourier-completing in m, n leads to a variant of the identity

Z e(—ma) Z e(na) S(m,n;c) ~ N? Z e (M) Luy=1 (mod c)-

C
m~N n~N |z—ca|<c/N
ly+eca|<c/N

(3.13)
Taking absolute values and ignoring the outer averaging over ¢, we are left with the
task of bounding

Z ]]-J:yzl (mod c¢)>» (314)

|z—ca|<X
ly+ca|<X
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for ¢ ~ N X, which is just a count of points on a modular hyperbola in short intervals
(as considered in [CG11]). When a = 0, one can directly use the divisor bound to

2
Z ]la:yzl (mod ¢) — Z Z ﬂmy:cz—i-l < XT + 17

2l Jyl<X o< 22 lallyl<X

write

up to a factor of X°W which leads to a variant of

Z S(m,n;c) <c+ N?*=NX + N>

m,n~N

(This type of bound was also observed by Shparlinski and Zhang [SZ16].) Overall,
we roughly obtain

1 NX + N?
- S 0) < ———— 3.15
> LY Stmme < ST (3.15)
c~NX m,n~N
¢=0 (mod q)

which is at most (1 + %)N , as required in (3.10), provided that
X < max(N,q).

This gives the best-case range from (3.6) (when a = 1). The analogue of this argument
for other values of & € R/Z depends on the quality of the best rational approximations
to «, due to a rescaling trick of Cilleruelo-Garaev [CG11|. For an arbitrary value of
«, a pigeonhole argument (Dirichlet approximation) leads to a bound of the shape

3/2 2
> % Y e(=ma) Y e(na)S(m,n;c) < NTXF AT (3.16)

c~NX m~N n~N q

and ultimately to the range X < max(v/N,q/Vv/N), which is the worst (and average)
case in (3.6) when a = 1. Incorporating a scalar a inside p;o.(an) is not too difficult,
since a similar argument handles the analogous bilinear sums of S(am,an;c), up to
a loss of ged(a, ).

Remark. A consequence of not leveraging the exponential phases in the right-hand
side of (3.13) is that the same argument extends to sums over |m|,|n|] < N. In
particular, the term m = n = 0 already gives a contribution of about ¢ < N X, which
produces a term of NX/q in (3.15) with a linear growth in X (as opposed to the
square-root growth from (3.12), coming from the Weil bound).
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3.2.3 Sequences with frequency concentration

It will probably not come as a surprise that one can extend the preceeding discus-
sion by Fourier-expanding other sequences (a,), given a strong-enough concentration
condition for their Fourier transforms but there are some subtleties in how to do
this optimally. If a, = fi(n) = [ 12.€ e(na) du(a) for all n ~ N and some bounded-
variation complex measure u, then there are at least two ways to proceed — depending
on whether the integral over « is kept inside or outside of the square.

Indeed, by applying Cauchy—Schwarz in a and our Theorem 3.2 for exponential phases
as a black-box, one can directly obtain a bound like

Z X Zanpja(n) <

>\j<1/4 n~N

N 2
<1 + E) Nu|(R/Z)?, (3.17)

for all X < max(v/N,¢/+v/N) (and this range can be slightly improved given more
information about the support of u near rational numbers of small denominators).
Unfortunately, this replaces the norm ||a, |2 from Proposition 2.10 with v/N|u|(R/Z),
which produces a significant loss unless p is very highly concentrated — and it is
difficult to make up for this loss through gains of X?.

The alternative approach is to expand the square in the left-hand side of (3.17), pass
to a sum of Kloosterman sums as in (3.11) by Kuznetsov, and only then Fourier-
expand (two instances of) the sequence (a,). Using similar combinatorial ideas as for
(3.16), we can then essentially bound

1 N°3X + N?
E - e(ma) E e(nf) S(m,n;c) < —+, (3.18)
c~NX ¢ m~N n~N q
¢=0 (mod q)

for arbitrary values of «, 5 € R/Z. With no further information about the support
of p, this ultimately gives a bound like

_ N N3/3X + N2
S XS g pln)| < (1+5) Joull + 2 w2

Aj<1/4 n~N

which is acceptable in (3.10), in particular, whenever X < N3 and v/N|u|(R/Z) <
Vq/N||ay||2. Compared to the first approach, this generally gains less in the X-
aspect, but it relaxes the concentration condition on p if N < ¢. This second approach
turns out to be better for our applications; the resulting large sieve inequality is
Theorem 3.12, which particularizes to Theorems 3.2 and 3.3.

What is perhaps more surprising, though, is that strong-enough frequency concen-
tration (i.e., vV N|u|(R/Z)* < \/q/Nlla,|2) arises in applications, beyond the case
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of exponential sequences. A key observation is that the aforementioned dispersion

an =y 1 (3.19)

h1,ho~H
h1l1—hala=n

coeflicients

with ¢; < {5 < L, come from a convolution of two sequences supported on arithmetic
progressions, of the form 1,=¢ (mod ¢,)Lln~me,- The Fourier transform of each of these
two sequences has £; periodic peaks of height H and width (H¢;)~!, supported around
multiples of 1/¢;. When ({1, (5) = 1, multiplying these two Fourier transforms results
in cancellation everywhere away from a small number (< 14 L) of rational points

(and thus, in frequency concentration on a set of size see Lemma 3.10.

HL + H2>
3.2.4 Multilinear forms of Kloosterman sums

Consider once again the sums (3.2), in the ranges

. s\/_C
X = \/__

which are relevant for most applications. An additional use of the Kuznetsov formula,

M, N <rs,

for the level ¢ = rs and the cusps oo, 1/s (with suitable scaling matrices), gives a
variant of the bound

Z A Z by Z g (%) S(m7, £n; sc)

m~M n~N (e,r)=1
<ovi0 Y X 5 || S bt
m~M n~N

)\j<1/4

+ ...

Here we omitted the contribution of the regular Maass forms, Eisenstein series and
holomorphic forms (which will not be dominant). A priori, this arrangement intro-
duces a factor of X% in our bounds, recalling that 6(q) = maxy,g<1/46;(q) (if the
maximum is nonempty, and 6(q) = 0 otherwise). However, the value of X in this loss
can be decreased through the large sieve inequalities for exceptional Maass forms.
Indeed, after splitting X = X¢v/ X, X,, taking out a factor of only (1 + X)%@, and
applying Cauchy—Schwarz, we reach an upper bound of

9 1/2
sVPC (14 X) D | 37 XV | Y pjec(m
)\j<1/4 m~M
2 1/2
0.
X Z X2] anpjl/s(n)
)\j<1/4 n~N
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Above, we can choose X; and X5 as the maximal values that can be fully incorporated
in large sieve inequalities like (3.10) without producing losses in the right-hand side,
for the specific sequences (a,,) and (b,). In this case, we roughly obtain a final bound

of
S\/FC b(a)
3\/7_"0 (1 + —WXlXQ> |@mll2 [|bn]]2-

For example, if a, = e(ma,,) for some a,, € R/Z, then we may take X; =
max(v/N,q/v/N) by Theorem 3.2, which ultimately saves a factor of N4 Simi-
larly, if (b,) are of the form in (3.19), where H < L < /N, then by Theorem 3.3 we
may also take Xy = max(v/N, q/v'N).

If some averaging over 7 ~ R,s ~ S is available and the sequence (a,,) does not
depend on 7, s, then larger values of X; are available due to Deshouillers-Iwaniec
[DI82¢, Theorems 6, 7]. In this setting, if a,, = e(mw) for a fixed w € R/Z, one
can combine the essentially-optimal value X; = Q?/N (see Proposition 2.11 below)
with our savings in the Xs-aspect. Following [DI82¢, Theorem 12|, similar estimates
can be deduced for multilinear forms of incomplete Kloosterman sums, simply by
Fourier-completing them and appealing to the estimates for complete sums; see our
Corollary 3.17. Such bounds feed directly into the dispersion method and its appli-
cations, as we shall see in Section 3.5.

3.2.5 Structure

Section 3.3 only contains elementary arguments, from counting points on modular hy-
perbolas in Lemma 3.7 (following Cilleruelo-Garaev [CG11]), to the bilinear Klooster-
man bounds in Proposition 3.9 (which may be of independent interest to the reader).
In Section 3.4.1, we combine these combinatorial inputs with the Deshouillers—Iwaniec
setup [DI82¢| to prove a general large sieve inequality in Theorem 3.12; which can be
viewed as our main technical result; we then deduce Theorems 3.2 and 3.3 from it.
Section 3.4.2 contains the corollaries of these large sieve inequalities: various bounds
for multilinear forms of Kloosterman sums, with improved dependencies on the ¢
parameter. Finally, in Section 3.5 we will use these bounds to prove Theorem 3.1,
building on the work of Merikoski [Mer23| and de la Bretéche-Drappeau [BD20].

3.3 Combinatorial bounds

In this section, we obtain bounds for bilinear sums of the form ) a,, > b, S(m,n;c)
(say, in the range ¢'/* < N < ¢), saving over the Pélya-Vinogradov and Weil bounds

~

if the Fourier transforms @ and b are concentrated enough. Our computations here are
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elementary (not requiring the spectral theory of automorphic forms yet), and use a
combinatorial argument inspired by [CG11]; the latter was also used, e.g., in [Ker23].

We highlight the following non-standard notation.

Notation 3.4 (Rational approximation). Given M, N > 0, let Ty n : (R/Z)*> - R
denote the function
Tun(a, B) :=min (t + Mllat]| + N|5t])
teZt (3.20)
(abbreviating T := T n, Tn(a) := Ty (a, @),
measuring how well o and 3 can be simultaneously approximated by rational numbers
with small denominators ¢, in terms of the balancing parameters M, N. The inverses
of these parameters indicate the scales at which T n(a, 8) has roughly constant size,
due to the following lemma.

Lemma 3.5 (Basic properties of Ty n). Let M, N > 0 and o, 3,v,6 € R/Z. One
has Ty (B, @) = Tayrn(a, B) = Ty v (o, £0) and

Ty(a, f+a) < Ty(a, 5). (3.21)
Moreover,
Tyl 4, 8) < (14 M| Tarn (e, 5). (3.22)
In particular, if ||v|]| < M~ and ||6|| < N71, then
Tun(a+7,8+6) <Tyn(a,B). (3.23)

Proof. The first equalities are obvious, and (3.21) follows from the triangle inequalities
18 £ a)t]| < [lez| + [|5t], 18] < llatll + [|(8 + )t
For (3.22), we note that

t+ Ml|(c + )t + NG| < ¢+ Myt]| + Mllat]| + N||5t]
< L+ M) + Mllot]| + N|5t]
< (T My [l) (¢t + Mot + N{[5t]]) ,

and take a minimum of both sides over ¢ € Z,. Finally, (3.23) follows immediately
from (3.22). O

Lemma 3.6 (Dirichlet-style approximation). Let «, 5 € R/Z. Given any parameters
A, B > 1, there exists a positive integer t such that

1 1
t< AB t — t —.
< AB, Jat] < . 164 <
In particular, for N > 1/2, one has
Ty(a, ) < min <\/N(1 + o — BN, N2/3) . (3.24)
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Proof. Consider the sequence of points {(t, t3) }i<ra115)+2 in (R/Z)?; by the pigeon-
hole principle, at least two of these must lie in a box of dimensions A~! x B~!, say
(tia, t;8) for ¢ € {1,2}. Then we can pick t := |t; — 5] to establish the first claim.

Using A = B = N3, we find that

Ti(a, B) < N3,

uniformly in «, 8 € R/Z. Using A = \/N/(1 + ||8||N) and B = 1, we also have

N
Tn(o, B) < min (t+ N (llat] +115]1) < A+ — + N|5]|A

< /N1 +|BIN),

and thus

TN(a7ﬁ) < TN(OC,OZ - ﬁ) < \/‘]\[(1 + Ha - BHN)
This proves (3.24). O
Lemma 3.7 (Concentration of points on modular hyperbolas, following Cilleruelo—

Garaev [CG11|). Letc € Zy, a,b,A € Z/cZ,0 < X, Y < ¢, and I, J C R be intervals
of lengths |I| = X, |J| =Y. Then for any € > 0 and any (ca,cf) € I x J, one has

#{(r,y) e INZ)x (JNZ):2zy =X (mod ¢)}

<L <¥ L (cr, B) + ged(A, C)) , (3:25)

with Ty n(a, B) as in Notation 3.4.

Remark. Lemma 3.7 counts solutions to the congruence xy = A (mod ¢) in short
intervals. On average over intervals of length X, Y > /¢, one should expect around
XY /c solutions; (3.25) essentially recovers this average bound when «a and 5 can be
simultaneously approximated by rational numbers with a bounded denominator.

Remark. One can also interpret Lemma 3.7 in terms of sum-product phenomena
over Z/cZ. Indeed, the intervals a + [—X, X] and b + [—Y, Y] have many “additive
collisions” of the form x; + y; = x5 + Y2 (mod ¢) (with 21,29 € a + [-X, X] and
y1,Y%2 € b+ [-Y,Y]), so they should have few “multiplicative collisions” of the form
T1Y1 = A = xays (mod c).

Proof. f INZ = @ or JNZ = @, the claim is trivial. Solet a € INZ and b € JNZ;
by a change of variables, we have

#{(x,y) € I x J: 2y =X (mod ¢)} < #S(a,b),
where

S(a,b) :={(z,y) € ([-X,X]NZ) x ([-Y,Y]NZ): (x+a)(y+b) =X (mod c)}.
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The key idea, borrowed from |[CG11, Theorem 1] (and also used, for example, in
[Ker23, Lemma 5.3]), is to effectively reduce the size of a and b by appropriately
scaling the congruence (x+a)(y+b) = A (mod ¢), and then to pass to an equation in
the integers. Indeed, let t € Z, be a scalar, and let @/, b’ be the integers with minimal
absolute values such that

at = a' (mod c) and bt = b (mod c). (3.26)
Then any given pair (z,y) € S(a,b) also satisfies the scaled congruence
t(x +a)(y +b) = t\ (mod c) = try + 0w + d'y = t(\ — ab) (mod c¢).

Denoting by r € {0,1,...,¢ — 1} the residue of t(\ — ab) (mod ¢), and

tey + bz +dy—r
z=z(z,y) = . ,

it follows that (z,y, z) is an integer solution to the equation

tey + b +dy=cz+r & (tx +a)(ty + V) =t(cz+7)+d'b.

Note that
tXY +|V|X + |d]Y +¢
z K
C
t bt t
<<—XY+H— X+ | Ey +1=2@).
C C C

Now let n(z) := t(cz +r) + a'b'. The number of pairs (z,y) € S(a,b) with n(z) # 0

1S at most
> > 1 < (ct) Z(t),

2L Z(t) T,YEZ
n(2)£0 (to+a’)(y+b)=n(z)
(z+a)(y+b)=A (mod c)

by the divisor bound. On the other hand, if (z,y) € S(a,b) satisfies n(z) = (tx +
a)(ty +b') = 0, this forces tx = —a’ or ty = —0V, determining one of = and y
uniquely. Suppose x is determined; the condition ¢ | (x + a)(y + b) — A implies
d = ged(z + a,c) | ged(A, ¢), so

T +a

c A

d

Since ged(e/d, (x + a)/d) = 1, this uniquely determines the value of y (mod ¢/d),
leading to a total contribution of 14 Y'd/c. Putting things together, we conclude that

X+Y

#S(a,b) <. ¢cmin (t°Z(t)) + 1 + ged(A, )
t€Z+ C
(XY c ||lat c (|bt X+Y
<L c (Ttrg%rjt (t—{—} - +? ?H)+1+ . gcd()\,c))
XY a b
2e
<Lc (T < (Z’E) —|—gcd()\,c)> ,



where we used that X,Y < ¢ in the last line (and implicitly that the minimum of
t+ <llat/c|| +57||bt/c|| is attained for t < c). Now if o, B € R satisfy (ca, ¢f8) € 1 x J,
then we have |a — ca| < X and |b—¢f| <Y, ie.,

X

c

a
- — S
C

I

l—’—ﬁ‘gf.
C C

So by (3.23), we have
a b
T§7% (— —> = T%7$(Oé,ﬁ).

)
Cc C

We thus obtain the desired bound, up to a rescaling of ¢. m

We now work towards our bilinear Kloosterman bound for sequences with sparse
Fourier transforms, reminding the reader of the Fourier-analytic notation in Sec-
tion 2.1.2. The connection to counting solutions to congruences of the form xy =
1 (mod ¢) comes from the identity

; (m ; b, S(m,n;c) = Z a (%) b (%) Loy=1 (mod ¢), (3.27)

z,y (mod ¢)

obtained by expanding S(m,n;c) and swapping sums. One can interpret this as
a Parseval-Plancherel identity, the Kloosterman sum S(m,n;c) being dual to the
function 1gy=1 (mod ¢); this duality is often exploited in the converse direction (see,
e.g., [May25b, Chapter 6] and [FKM15]), but it turns out to also be a useful input
for methods from the spectral theory of automorphic forms.

Proposition 3.8 (Bilinear Kloosterman bound with exponential phases). Let ¢,a €
Zy, a,p € R/Z, 1 < M,N < ¢, and I,J C Z be nonempty discrete intervals of
lengths |I| = M, |J| = N. Then for any € > 0, one has

Z e(ma) Z e(nf) S(am,an;c) <. ¢ (¢Tun(e, B) + ged(a,c)MN) .

mel neJ

Remark. When oo = 3 = 0, this recovers a result of Shparlinski and Zhang [SZ16]. A
similar argument produces the more general bound

Z e(ma) Z e(nf) S(am +r,bn + s;c)

mel neJ

ab
€ © T ) d Y A MN )
e (eTnton) e (Lol 1)

for a,b € Z\ {0}, r,s € Z.
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Proof. Let S denote the sum in Proposition 3.8; as in (3.27), we expand S(am, an;c)
and swap sums to obtain

Z Ze(momLm—)Z (nﬁ—i—n%).
z€(Z/cZ)* mel neJ ¢
x —1>

We note that

ax .

g e (moz—l—m—) <<m1n(
C

mel

and put M|la + ax/c|| into dyadic ranges

Ay :=10,2], A= (27,2771
Proceeding similarly for the sum over n, and writing a’ := m, d = m, we
get
a'w a'T
s= X Y Se(marntT) e (nsenty)
0<j<10g2 = Z/cZ)X mel neJ C
0<k<loga N 1 o'a e
N|B+2F €Ay,

MN

C
< Z o Z I[z\4||a+ac’—,“”||eAj]1N||5+ac’—?\|eA,c itk
0<j<log, M~ 2€(Z/c'Z)*

0<k<logy N
MN

<ged(a,c) > YR > Lujasrsiea; Injsryjea,
0<j<logy M z,y€L/C'Z
0<k<logy N zy=a’? (mod c’)

< ged E MN 1 1

< ged(a, ¢) 2j+k Z |z+c/ ol <’ 20— 200 yter <o 5L 2’”1 ’
0<j<logy M z,YyEL
0<k<logy N zy=a’? (mod ¢’)

where we noted that for any o, yo € Z/c'Z, there exist x,y € Z with x = z¢ (mod ¢’),
v =10 (mod &), and fla+ 2] = Ja+ 2|, 3+ 2 = |5+ 2]

We can bound the inner sum using Lemma 3.7 with X = ¢2/72M 1 Y = ¢2F2 N1,

and A\ = a'%; since the function Ty, y is non-decreasing in M, N, this yields

R MN (C'QjM71)<C/2kN71) o
S <. ged(a, c)e E R ( o ng»il . (o, B) + gcd(a’ 7@/)
0<;j<logy M
0<k<log, N

<. * (cTyn (o, B) + ged(a,c)MN) .
This yields the desired bound up to a rescaling of e. n

Proposition 3.9 (Bilinear Kloosterman bound with frequency concentration). Let
c,a €2y, 1 <K M|N < ¢, and I,J C Z be nonempty discrete intervals of lengths
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|I| = M, |J| = N. Let (am)mer, (bn)nes be complex sequences, and u,v be bounded-
variation complex Borel measures on R/Z, such that ji(m) = a,, for m € I and
v(n) =b, forn € J. Then for any € > 0, one has

Z (m Z b, S(am,an;c)

mel neJ

(3.28)
< [ T8+ acda OMN) dlul(o) di(5),

By (3.24), when M = N, this bound is < ¢ (cN*3 + gcd(a, ) N?) |u|(R/Z) |v|(R/Z).

Proof. By Fourier inversion, expand
on= [ clma)duta) b= [ cnd)dut)
R/Z R/Z

then swap sums and integrals, and apply Proposition 3.8. O

Remark. Suppose M = N and a = 1. By comparison, the pointwise Weil bound
would yield a right-hand side in (3.28) of roughly N+/c||am||2||bx]l2, while applying
Cauchy—Schwarz after (3.27) gives the bound cl||a,,|2]|bn||2 (these essentially lead to
the ranges in Proposition 2.10). It is a very difficult problem [KMS17; Ker23| to
improve these bounds for general sequences (a,,), (b,), but it becomes easier given
suitable information in the frequency space. Indeed, with the natural choice of mea-
sures du = ad\, dv = bd\ (where X is the Lebesgue measure), Proposition 3.9
saves over the relevant bound cl|a,,||2]|bn|l2 = c||a||L2||/b\||L2 whenever @, b satisfy the
concentration inequality

e Bl _, (1)

@l o]l 2 N3 4+ N2t )

For reference, the left-hand side is always > N~!. One may do better by treating the
integral in (3.28) more carefully, or by including the contribution of other frequencies
into p and v (this liberty is due to the handling of sharp cutoffs in Proposition 3.8).
For instance, one could extend the sequences (a,,), (b,) with a smooth decay beyond

I and J before taking their Fourier transforms, or one could construct u,v out of
Dirac delta measures (in particular, one recovers Proposition 3.8 this way).

We will ultimately use Proposition 3.9 for sequences (a,) of the shape in (3.3), so it
is necessary to understand their Fourier transforms. The case of exponential phases
a, = e(na) is trivial, but the dispersion coefficients from Theorem 3.3 are more
interesting, warranting a separate lemma.
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Lemma 3.10 (Fourier transform of dispersion coefficients). Lete > 0 and H, L > 1.
Fori e {1,2}, let {; € Z, with l; < L and ((1,¢3) =1, a; € R/Z, and ®; : (0,00) — C
be smooth functions supported in t < 1, with <I>§j) < 1 for all 5 > 0. Then for any
e > 0, the sequence

h h
Ay = Z (I)l <]_}) CI)Q (ﬁ) e(h1a1 + théz),

hi,ho€Z
h1l1+hotlo=n

supported in n < HL, has Fourier transform bounds
a < H?, a(a) <. H % unless ||l — oy < HEP Vi€ {1,2}. (3.29)

In consequence,

~ H N H3/?
lall: <. H° (1+—), ll e <. B (H+ )

L L1/2

Proof of Lemma 3.10. We take ¢ € (0,1) without loss of generality. The sequence
(a,) can be expressed as a discrete convolution,

= " bi(m) ba(n —m) = a(a) = by(a) - bo(e),  (3.30)

meZ
n n
bz(n) _:H-n O(mod@)(b (Hg) (E_O‘z)

where for i € {1,2},
But we further have
bi(a) = ¢ (o — o), (3.31)

where ¢;(h) := ®;(h/H). By Poisson summation and the Schwarz decay of ®;, iden-
tifying o € R/Z with a € (—1/2,1/2], we have

_ %;pi (%) e(—ha) = 3" HE: (H(n + )

neL

= HO;(Ha) + O (H™2).
In fact, we also have H®;(Ha) = O.(H ) when |Ha| > H¢. So overall,
¢i(a) < H, VaeR/Z,
Gi(a) < O(H2), if ||oof| > H
Thus by (3.30) and (3.31), we obtain

2 max (|[lia — aq ||, |[lea — an|) < HET,

a(a) < ’ 3.32
i) {OE(H—NO), max (|[61a — ), [fser — asl]) > H, (3:32)
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which proves (3.29). Now suppose that max (|[(;a — ], [[facr — aa]]) < H*Y; we
would like to estimate how often this happens. Identifying o, a; € R/Z with o, «a; €
(—1/2,1/2], there must exist integers m;(a) < L such that

81&—061:77114‘0([‘[571), 6204—&2:771124‘0([{671),
so in particular,
Elmg — £2m1 = 62051 — €1a2 + O (H€_1L> . (333)
Since ged(lq1,05) = 1, as my,my < L vary, the difference ¢;ms — om; can only

cover any given integer O(1) times; thus there are a total of O(1 + H*'L) pairs
(my,ms) € Z? satisfying (3.33). Moreover, to each such pair (mq,ms) there can
correspond an interval of ’s of length at most O(H*"'L~1), since

o= T G ey,
b
Overall, we obtain that the set
{a € R/Z : max (||[(ia — o], [[lacx — ) < H'}
has Lebesgue measure at most
O((l+H'L)-H'L™") =0 (H 'L+ H*7?).
By (3.32), we conclude that for any p > 1,
lallr <. HO® (H? (HT' L™ + H~?) + 1)

91
<p HO® <H2’23 + & 1p> )

L»

which completes our proof up to a rescaling of ¢. O

Remark. As in [Shpl8|, the arguments in this subsection extend immediately to sums
of weighted Kloosterman sums

Sw(m,n;c) == Z w(zx)e (W—W) :
x€(Z/cL)* ¢

for arbitrary 1-bounded coefficients w(z). In particular, choosing w(x) in terms of
a Dirichlet character x mod ¢o, where gy | ¢ | ¢, should ultimately extend our large
sieve inequalities to the exceptional Maass forms of level ¢ associated to a general
nebentypus y, rather than the trivial one.
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3.4 Spectral bounds

We now combine the combinatorial arguments from the previous section with tech-
niques from the spectral theory of automorphic forms (inspired by [DI82¢|), to prove
new large sieve inequalities for exceptional Maass cusp forms, and then to deduce
bounds for multilinear forms of Kloosterman sums. The reader should be familiar
with the prerequisites in Section 2.2, especially Section 2.2.3.

3.4.1 Large sieve for exceptional Maass forms

Our generalization of Theorem 3.2 requires the following notation, applied to the
Fourier transform of a sequence (a,).

Notation 3.11 (Rational-approximation integrals). Given N > 1/2 and a bounded-
variation complex Borel measure p on R/Z, we denote

Ty = [ It 5y diee) dip9),

recalling the definition of Ty (a, 8) from Notation 3.4. In general, the bound in (3.24)
ensures that

Zolw) < [ /(R/Z)2 win (VN T [la — BTN N*) dipl(e) dinl(9).  (3.34)

which is invariant under translations of u. Noting the trivial lower bound T (v, 5) >
1, this implies
l(R/Z)? < In(n) < N*2|ul(R/Z)". (3.35)

We also recall the Fourier-analytic notation from Section 2.1.2.

Theorem 3.12 (Large sieve with frequency concentration). Let ¢ > 0, X, A > 0,
N > 1/2, q,a € Z,, and (ay)nn be a complex sequence. Let f : (0,4) — C be a
smooth function with f9) <, 1 for 37 >0, and p be a bounded-variation complex Borel
measure on R/Z, such that*

an=f (5) i (0),

for alln ~ N (in particular, one can take f =1, du =adX). Let a, pjo(n), A;, 8, be

=1 and the choice of scaling matriz o, in (2.12).

as in Proposition 2.10, with u(a) = q
Then one has

2
> X

/\j<1/4

Z an pja(an)

n~N

N
<. (qaNX)* (1 + a—) A2, (3.36)
q

'We slightly abuse notation in this section: the measure i should not be confused with the cusp
parameter p(a) = ¢!, and the scalar a should not be confused with the sequence (a,).
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whenever

2

lu|(R/Z), X < max (1, %) max (1, %) . (3.37)

ged(a, )N
Vq+aN
Remark. Theorem 3.12 obtains a saving over Proposition 2.10 whenever we can take

A < (gN)°Wlay||2 and X > max(1,-L). To satisfy (3.37) in this context, assuming
ged(a, q) = 1, we need

A [lanll2 +

vqg+aN

1l(R/2) < (g YL

[lan]]2 and In(p) = o (llanllz) . (3.38)
These should be compared with the lower bound
ul(R/Z) > N~12|ag |2, (3.39)

which always holds, by Fourier expansion and Cauchy—Schwarz. This has the follow-
ing implications:

(1). From (3.39) and the lower bound in (3.35), we have Zy (1) > N~V?||a,||o. With
A < (gN)°D]|ay||2, this limits the range of X in (3.37) to the best-case scenario
X < max(N, ). This is indeed achieved by Theorem 3.2 when o = 0.

(2). When a < 1 and ¢ = N, (3.38) requires nearly-optimal concentration for x, in
the sense that |u|(R/Z) is almost as small as possible; this happens to hold for
the sequences in (3.19).

(3). Using the upper bound Zy (1) < N%3|u|(R/Z)? from (3.35) and choosing f = 1,
dp = adX (so that |u|(R/Z) = |[a||: and ||an|ls = |[@]|z2), we see that (3.38)
holds in particular when

HaHL1 . (min(q1/2+o(1), (aN)1/2+0(1),N2/3))
N Y

[all 2

which gives a more palpable concentration condition on the Fourier transform
a. The weights of Ty (a, 3) inside Zy(u), combined with the liberty to choose
other measures ;1 and functions f, allow for additional flexibility when more
information about the sequence (a,,) is available.

Proof of Theorem 3.12. We assume without loss of generality that ¢ < 1, and that f
is supported in [0.5, 3] (otherwise, multiply f by a fixed smooth function supported
in [0.5, 3] and equal to 1 on [1,2]; then the identity a, = f(n/N) fi(n) remains true
forn ~ N).
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In light of Proposition 2.8, we are immediately done if X < 1, so assume X > 1. Let
® be a fixed nonnegative smooth function supported in [2,4], with positive integral.
Then by Lemma 2.9, it suffices to show that

! \% N
S = Z - Z A, G, Saa(am, an; c) @ AV <. (qaNX)* 1+ v A2,
ceC m,n~N ¢ q

(3.40)
in the range (3.37). Since u(a) = ¢~!, Lemma 2.3 implies that

S= > @ (3.41)

ce(aNX/4,aNX)
¢=0 (mod q)

where

Se)=Y" manS(am,an;c)cp(a Tnx)

m,n~N
If aNX < g, the sum over c is void; so we may assume that X > max (1, ﬁ), which
by (3.37) implies
In(p) < A% (3.42)

We aim to bound each of the < aN X/q inner sums S(c) separately, using Proposi-
tion 3.9. To this end, we need to separate the variables m,n, c; we can rewrite

S(e) = Z mﬂ(n) S(am,an;c) ¥, <%, %) , (3.43)
where
Uo(wy, 22) == f(x1) fz2) P (\/maNX)

is a compactly-supported smooth function with bounded derivatives (since ¢ < aN X
and we assumed WLOG that f is supported in [0.5,3]). By two-dimensional Fourier
inversion, we have

U (21, 29) = // \/I}\c(tth) e(timy + taxs) dty diy,
RQ

where
\I/C(tl, tg) = // \I/C(Il, ZEQ) 6(—t1l’1 — tQZEQ) del de’Q.
(0,00)2
Since W.(x1,x9) is Schwarz, so is \T/(tl,tQ); in particular, we have @(tl,tg) < (14

tH~1(1+t3)~! with an absolute implied constant. Plugging the inversion formula into
(3.43) and swapping sums and integrals, we obtain

S(c) = // E’\c(tl,b)S(C, t1,t2) dty dts, (3.44)
RQ
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where

Sletit) = 3 im)e (‘ﬁ“) fi(n) e <%@> S(am, an; c).

m,n~N

Note that translating p corresponds to multiplying ji(n) by exponential factors e(na),
so Proposition 3.9 and a change of variables yield

S(C, tl,tg)
e t1 to
<. ¢ //(R/Z)2 (cTy(ev, B) + ged(a, c)N?) d|pl (—a + N) d|pl (ﬁ — N)

— & hg b )
- //(R/Z)2 (CTN (“ Tt N) +ged(a, )N ) dlpl(a) dlpl (8),

where we recalled that Ty («, 8) = Tn(—«, ). By (3.22), we have

Ty (a4 08+ 52) < (4 DL+ ) Tlar ).
so that
S(estist) <o (14 1)1+ ta]) & (T (1) + god(a, )N (R/Z)?)
Together with (3.44) and the bound W, (1, t5) < (1 + t4)~1(1 + t4)~!, we obtain
S(e) e ¢ (eIn (p) + ged(a, ) N*|ul(R/Z)?)
and by (3.41) we conclude that

aNX cd(a, ¢) N?
q To(n) + & (a, q)

S <. (aNX)* ( | u\(]R/Z)Q) . (3.45)

By the lower bound for A in (3.37), the contribution of the second term is

N
<. (aNX)* (1 + a—) A%
q

which is acceptable in (3.40). Similarly, the first term in (3.45) is acceptable provided
that

NX N
W2 Telp) < (1 + “—) A2,

q q

ie.,
qy\ A
X < max <1, —) ,
alN/ In(p)

which follows from (3.37) and (3.42). O

In particular, we can now deduce the large sieve inequalities promised in Theorems 3.2
and 3.3.
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Proof of Theorem 3.2. Consider the sequence a, := ®(n/N)e(na) for n ~ N and
some a € R/Z, which has [la,|ls < VN =: A. Choosing i := &}, We have a, =
®(n/N) ji(n) for n ~ N, and |p|(R/Z) = 1. In particular, the lower bound for A in
(3.37) holds for any values of ¢ and a, since

Ul(R/Z) = 1 < N72 |ay]2.

Finally, we have
In(n) =Tn(a, @) < min (t + N|[tal]),
teZy

so Theorem 3.12 (i.e., (3.37)) recovers the large sieve range

max I , —— -

from (3.6). In particular, we can recall from (3.24) that Tn(a,a) < VN, so this
includes the range X <« (\/N , #ﬁ) uniformly in . Since varying the choice of scaling

matrix o, is equivalent to varying a, we can use the same range X < (v N, #ﬁ) for

an arbitrary scaling matrix. O]

Proof of Theorem 3.3. Assume without loss of generality that ¢ € (0,1). By changing
hy <> —hg, Oo(t) <> Po(—t) and ay <> —aw, we can equivalently consider the sequence

(@n)n~n given by

h h
ay, = Z D, (ﬁl) D, (ﬁ) e(hiay + haa).

hi1,ho€Z
h1f1+hotlo=n

We may of course assume that N < HL, since otherwise (a,),~n vanishes. Note
that the extension (a,)nez is exactly the sequence considered in Lemma 3.10. Thus
letting ¢ : R/Z — C be the Fourier transform of (a,)nez, and pu := @ dX\ (where X is
the Lebesgue measure on R/Z), we have

f(n) = @(n) = ap, Vn ~ N.
Moreover, Lemma 3.10 implies that
o < H?, ola) <. H ' unless || — il < H' Vi € {1,2}, (3.46)

and "
W(R/Z) = |lollm < H (1 + f) : (3.47)

To compute the integral
Zow) = [ T(ud)ela)eld)dads,
(R/Z)?
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we first consider the contribution of v, 3 which have ||{;a— ;|| > H* or ||£;8—ay| >
He™! for some i € {1,2}. By (3.46), either p(a) or ¢(f8) is <. H'% in this case, so
the total contribution to Zy(p) is

<<€ N2/3H7100H2 < LH790.

On the other hand, when max;e g1 2y max(||[f;a — o), [|4:8 — a4]]) < H*', we have by
definition (Notation 3.4) that for any t € Z,

Ty (o, B) < th + N||tler|| + N|t:4)|
< tL+ N|[t(lior — )| + N[E(0:8 — i) || + N|Jtes]|
< tL+ NtH ' + Ntoy]
< HetL + Nty

N
< H°L (t + —||taz~||) .
L
Taking a minimum over ¢t € Z, and i € {1,2}, we obtain

Tn(a,B) < H' LM, M = n?m} Tnyr(ag).
ie{1,2

Using (3.47), we conclude that

Ty(u) = / / Tu(a, B) dlpal(e) djn|(8) <. LH™* + HELM |u|(R/Z)?
R/Z)? (3.48)

2 |

<. H¥LM (1 + %) .

We are now in a position to apply Theorem 3.12, with

H H
o =l + Vel )N (\/ L) ,

where C. is a sufficiently large constant. Note that by (3.47), the assumption ¢ > L2,
and the fact that N < HL, we have

H(R/Z) < C.H" (1 i %)

L++vN H H vq+aN
CCHZTI D (24 T ) « 0y
VN L L ged(a, q)N

so the lower bound for A in (3.37) holds (above we used that \/LN\/% =/ ZE > 1).
It follows that the large sieve bound (3.36) holds for all

q A?
e (12,
aN In (1)
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where by (3.48),

This proves (3.7). O

3.4.2 Multilinear Kloosterman bounds

In contrast to the “vertical” bilinear averages of Kloosterman sums S(m, n; c) over m,n
from Section 3.3 (or from [KMS17; Ker23|), the bounds in this subsection also require
“horizontal” averaging over the modulus ¢ — crucially, with a smooth weight in this
variable. Generally, it is such horizontal averages that make use of the Kuznetsov
trace formula for T'y(¢), leading to dependencies on the spectral parameter 6(q) =
Vvmax(0,1 — 4X(g)) < 7/32; we recall that the purpose of large sieve inequalities for

the exceptional spectrum, like Theorem 3.12, is to improve the dependency on 6(q).

Throughout this subsection, we will work with sequences obeying the following con-
dition.

Assumption 3.13 (Large sieve for the tuple (¢, N, Z, (an)nn, An, Yn)). This applies
to complex sequences (a,)non and parametersq € Zy, N > 1/2, Z > 1, Ay > ||a,]|2,
Yy > 0. For anye > 0, € R, any cusp a of To(q) with p(a) = ¢! and o, chosen as
in (2.12), and any orthonormal basis of Maass cusp forms for T'o(q), with eigenvalues
A; and Fourier coefficients pjq(n), one has

Z XY Z e (%5) ap, pja(n)

Aj<1/4 n~N

2

N
<. (qNZ)* (1 + ?) A3, (3.49)

for all X < max (1, %) 1}:% Here, 0; := /1 —4X; and 0(q) := maxy,<1/40;(q).

For example, Proposition 2.10 shows that the tuple (¢, N, 1, (an)n~n, ||an||3, 1) satisfies
Assumption 3.13 for any ¢ € Z,, N > 1/2 and any complex sequence (a,)nn;
attaining higher values of Yy requires more information about (a,). Theorem 3.2
implies that another suitable choice of parameters is

a, = e(na), Yy = T]\(]a) > VN, Ay = VN, (3.50)

for any a € R/Z and q € Z,, N > 1/2, Z = 1; note that the phase {/N can be
incorporated into a, and we implicitly used that Ty (a + &/N) < (1 + [£]?) Tn () by
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(3.22). Likewise, incorporating ¢;£/N into «;, Theorem 3.3 shows that we can choose

h h
Ay = Z (I)l <ﬁ1) q)g (ﬁ) €(h10&1 + hQO[Q),

h1,ho€Z
h1l1—hola=n
NH H
Yy = 1 Ay = |lanlls + VN = + =,
N max( ’(H—i—L)LminiTH(ai))’ ni= [lanz + R
(3.51)

where 1 < [? < ¢, 1 < H K Z, a; € R/Z, l; < L, ({1,05) = 1, and ®,(¢)
are smooth functions supported in ¢t < 1 with @Ej) <; 1. Other than the input
from Assumption 3.13 (and implicitly Theorems 3.2 and 3.3), all arguments in this
subsection are fairly standard [DI82c; Dral7; BD20].

Corollary 3.14 (Kloosterman-averaging over n,c). Let (¢, N, Z, (an)nn, AN, YN)
satisfy Assumption 3.13. Let e >0, C > 1, m € Z,, and a,b be cusps of I'o(q), with
p(a) = u(b) = ¢! and oy as in (2.12). Let ® : (0,00)* — C be a smooth function,
with ®(x,y) supported in x,y < 1, and 6%85@(%@ Kjpe 29 for j,k > 0. Then with
a consistent choice of the &+ sign, one has

C?An
C++vVmN

1/2 12
N N N
x <1 + (q’qm)m> (1 + o ) ,

> a0 300 (% L) Sulm. i) <. (qNCZ)°0 (1479

n~N c€Cqp

T g
(3.52)
for
Ty C C
T = — Ty = < .
’ max (m, ¢2(¢, m)~1)"? max (N, q)'/* = ¢**(q,m)~'/?

VYN

Remark. The parameter Ty indicates the best known dependency on 6 = 6(q) that
one could achieve without our large sieve inequalities; for example, when a,, = e(na)
and Yy = v/N, Corollary 3.14 saves a total factor of N4 over previous bounds (and
up to N2 if o is close to a rational number of small denominator). We note that
in practice, the second term in each maximum from 7j is usually dominant, and the
factors in the second line of (3.52) are typically < 1.

Remark. While the smooth weight in the ¢ variable is necessary here (stemming from
Proposition 2.6), the smooth weight in n only confers additional flexibility. Indeed,
one can take ®(z,y) = f(x)g(y) for compactly-supported functions f, g : (0,00) — C,
where f = 1 on (1,2); this effectively replaces ®(n/N,c/C) with g(¢/C) in (3.52).
The same remark applies to the next results.

64



Proof of Corollary 3.1/. Let S be the sum in (3.52). For U(z;y) := /z ®(z,/x/y),

we can Fourier expand
\ﬁéeﬁﬁ)z/@@wdﬁma
) R

where the Fourier transform is taken in the first variable. Integrating by parts in x,

we note that for £ > 0,
ZO(E)

L+&
where the implied constant in O(e) (say, K > 0) does not depend on k. Then we can

let
C ) 47/ mN
vmN Cy ’

which is supported in y < X! and satisfies gpék) <pe XF, for

alyc \/I\’(& y) <<j,s

pely) =275 (1+¢) 0 (f;y
A7

C
AV (3.53)
This way, we can rewrite
(e 2)
/ o («S5) G
= n 47r\/_
- /1+§4 <N> ( g )dé,
and thus ’S( e
O(e)
S se R 1+£4 ’ (3.54)
where . » 4
- (3 S ()
n~N c€Cat

The inner sum is in a suitable form to apply the Kuznetsov trace formula from
Proposition 2.6. We only show the case when the choice of the + sign is positive; the
negative case is analogous (and in fact simpler due to the lack of holomorphic cusp
forms). The resulting contribution of the Maass cusp forms to S(§) is

5 e () sarmt

n~N

%@«Zﬁ%ﬂmwm = Sppene€) + Swias(©)

)

where Sy exc contains the terms with A\; < 1/4 and Spqee contains the rest. We first
bound Siyreg; the contribution of the holomorphic cusp forms and Eisenstein series
is bounded analogously. For the Bessel transforms, we apply (2.24) if |r] < R and
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(2.25) otherwise, where R > 1 will be chosen shortly. Together with Cauchy—Schwarz
and the bounds in Proposition 2.7 (in m) and Proposition 2.8 (in n ~ N), this yields

1+ |log X|
1+ X!

1/2 1/2
N
% <R2—|— <Q,m)m> <R2+—> HGHHQ
q q

Picking R := 14 X!, we get

Smreg(§) <e (gmNR)® ( 4+ R/ 1 R3X1)

1
O(e
SM,reg(f) <. (gqmNC) ( )m
2 12 (3.55)
N
x <1+X—2 +M> (1 L xe +_) ]l
9 q

For the exceptional spectrum, we let X = Xgv/ XX, for X7, Xy > 1 to be chosen
shortly, and note the bound

0,/2

1+ X% < (14 Xo) X{2X97 < (14 Xo)" @ X2 x572,

Then by (2.23) and Cauchy—Schwarz, we obtain

8M,exc<£>
1 1+ XY n
<i1rx— ; mlma(mﬂ rgve (N£> an Pjp(1)
1/2 o\ 1/2
(14 X))@ 9, 0 n
< | Xl || XD X3 e (55€) an ()
)\j<1/4 )\j<1/4 n~N
(3.56)
We pick X; and X, as large as (2.32) and Assumption 3.13 allow, specifically
2
q q Yy
X1 :=max |1, , X ‘= max <1, —> . 3.57
pim s (1) 9 N v B
Then by Proposition 2.7 and Assumption 3.13, we obtain
¥ 6(q)
Sitexe(§) <o (qmNC)OE) [ 1+ ——— S
Mese(€) < (gmNC) =) T
(3.58)

1/2 1/
x<1+M> <1+E) .
q q
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Putting together (3.55) (and the identical bounds for Eisenstein series and holomor-
phic cusp forms) with (3.58) and (3.54), while noting that ||a,|s < Ay by Assump-
tion 3.13, we conclude that

6(q)
X C
O(e
S <. (qmNCZ)°¢) <1+ X1X2(0)> e

(q,m)m i N\Y?
X <1+X‘2+q’—> <1+X‘2+—> Ay,
q q

(3.59)

where the factor of 1+|¢]? inside X5(€) disappeared in the integral over £ with a greater
decay. This recovers the desired bound after plugging in the values of X, X7, X, from
(3.53) and (3.57). O

Remark. In treating the regular spectrum, we picked a slightly sub-optimal value of
R (following [DI82¢, p.268]), to simplify the final bounds; in practice, this does not
usually matter since one has X > 1.

Corollary 3.15 (Kloosterman-avg. over m,n,c). Let (q, M, Z, (am)m~rs Anrs Yar)
and (¢, N, Z, (bp)n~n, AN, Yn) satisfy Assumption 3.13. Let e >0, C > 1, m € Z,,
and a,b be cusps of To(q), with u(a) = wu(b) = ¢! and 04,04 as in (2.12). Let
P : (0,00)> — C be a smooth function, with ®(x,y,z) supported in x,y,z < 1, and
HLONOLD(2,y, 2) Kjree Z9TE for j k€ > 0. Then with a consistent choice of the
+ sign, one has

D an b 3 @ (Gr 1 &) SawlmsEnie) <. ((MNCZ)%O (147)"

m~M n~N  c€Cqp

C’ZAMAN <1+MN M>/< MN N>/

+
e+ VI q cz
(3.60)
for
iV YMYN’ 0 max (M7 Q)1/2 max (N7 Q)l/Q S a

In particular, for relatively prime positive integers r,s with rs = q, one has

Z U Z bn Z <%, %, é) S(mF, 4n; sc) <. (rsMNCZ)°®)

mNM nNN c 7‘)7

C 0(q)
X <1 + —_TYMYN) AvAn  (3.61)

<sﬁc+¢m+mc) (5\/_C—|—\/_—|—\/_C’>
sv/rC +vVMN

X
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Remark. Once again, T} represents the smallest value of T" that one could use prior to
this work; see [DI82¢, Theorem 9]. When a,, = e(ma) and b,, = e(nf), Corollary 3.15
saves a factor of (M N)?* over previous bounds (and up to (M N)%?2 if o, B are close
to rational numbers with small denominators).

Proof of Corollary 5.15. We only mention what changes from the proof of Corol-
lary 3.14. We expand the sum S in the left-hand side of (3.60) as a double integral
in ¢, &, using the Fourier inversion formula

\/_<I><:I:y, ) J[ Bz etag + ) dc e

for U(z,y; 2) := /ry ®(z,y, /TY/%), where the Fourier transform is taken in the first
two variables. This yields

O 1S(¢, €)] d¢ d§
§ <. 2% C//]Rz (1+¢H(+ &4y’

where

s S (o) Ee (o) 5 S5 (217).

m~M n~N c€Cqp

and p¢¢(z) is a smooth function supported in z < X !, satisfying 9022 < X! for

We proceed as before, applying the Kuznetsov formula from Proposition 2.6 to the
inner sum, then using the Bessel transform bounds from Lemma 2.5. When applying
Cauchy—Schwarz we keep the variable m inside (as for n), and in consequence we
use large sieve inequalities for the sequence (a,,) (i.e., Proposition 2.8 and Assump-
tion 3.13). The resulting bounds are symmetric in M, N, with

Yy

Q> Yu
IR

X1(¢) := max <1, AEIE

and  X5(§) := max (1, %)
Instead of (3.59), we thus obtain

6(q)
. X C
S < (GMNC2)™ (1 + m) T
1 2

M 1/2 N 1/2
y <1+x—2+7) <1+X-2+;) lamll [Bala;

which recovers (3.60) after plugging in the values of X, X, Xs.

(3.62)
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Finally, to prove (3.61) for ¢ = rs, we pick a = oo, and b = 1/s, keeping the scaling
matrices in (2.12), and use (2.15) to rewrite S(m7, n; sc) as Soo1/s(m, £n; s4/7¢) when
(c,7) = 1. After substituting C' < s1/rC, the value of T inside the 6 factor becomes

s/rC sy/rC C
< = ,
max(M, ¢)'/2 max(N, q)V/2/YuYy ~ rsv/YuYn  VrYuYy
and so (3.60) recovers (3.61) up to minor rearrangements. O

Corollary 3.16 (Kloosterman-avg. over ¢,m,n,c). Let Q, M, N > 1/2, C,Z > 1,
Yn>0,e>0, andw € R/Z. Foreachq~ @, let (¢, N, Z, (anq)nn, Ang, YN) satisfy
Assumption 3.13, w, € C, b, be a cusp of To(q), and @, : (0,00)*> — C be a smooth
function, with ®q(x,y,z) supported in x,y,z < 1, and JOFOP(x,y,2) <Kjree
ZUtReE for j, k¢ > 0. Then with the choice of scaling matrices in (2.12) and a
consistent choice of the + sign, one has

qu Z e(mw) Z n g Z (%,%,%) Soob, (M, £n;¢) <. (QMNCZ)°®

q~Q mn~M n~N c€Cooby

X (14 T7)0mex X QMg An.gl|2C” (1 + MN + My/z (1 + MN + Ey/z
C++vVMN ¢ Q c:Q)
(3.63)
for
S _ C _C
VYN " max (M, Q) max (N, Q)2 ~ Q¥

In particular, let R, S > 1/2; for everyr ~ R,s ~ S with (r,s) =1, let w, s € C, ®, 4
be as above, and (rs, N, Z, (anr.s)n~N, Anrs: YN) satisfy Assumption 3.13. Then one
has

Z Wy s Z e(mw )y, r.s Z <I>rs<% %

) S(mF, +n; sc) <. (RSMNCZ)°®

'C
r~R m~M (e,r)
( SN)S L n~N
r,8

C emax
X |1+ —F—= RSM ||lw, sAn s
(14 gge) VA Al

(S\/_C+\/_+\/_O>(S\/_C+\/_+\/_C)
SVRC +vVMN

(3.64)

Remark. The norms ||w,An 4|2 and ||w, ;AN s||2 refer to sequences indexed by ¢ ~ @,
respectively r ~ R, s ~ S (but not n ~ N). In practice, it is often helpful to follow
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(3.64) with the bound

(S\/EC +VMN + \/S_MC> (S\/}_%C +VMN + \/S_Nc)
SV/RC ++vVMN

< SVRC + VMN +VSMC ++VSNC + ‘S]\;\(’/%ENO (3.65)

CQ 1/2
< (E(MJFRS)(NJFRS) +MN) .

Remark. Corollary 3.16 should be compared with [DI82¢, Theorem 11|, the relevant
saving being Y fmax/2 " One can state a similar result, to be compared with [DI82c,
Theorem 10], using a general sequence (b,,)m~nr instead of b,, = e(mw); one would
need to replace a factor of v/M with ||b,,||2, and adjust the value of Ty using [DI82c,
Theorem 6] (or rather, its optimization in |[Lic23|) instead of [DI82¢, Theorem 7|.

Proof of Corollary 3.16. We proceed as in the proof of Corollary 3.15, swapping the
sum over g with the integral to bound the sum S in the left-hand side of (3.60) by

O S(¢, &) d¢ dg
§ <. 2% C//]Rz (1+¢H(+ &y’

Z( (wﬁ))%w(n%)

(m, £n;c) 47t\/mn
oy seea (410 |

C
CGCoo[q

where

)= lwyl

q~Q

and ¢, 5 4(z) are smooth functions supported in z < X !, satisfying goéﬁé e X ¢ for

X = W =
regular spectrum to S((,&) pointwise in ¢, as in the previous proofs (leading only

to an extra factor of |[w,An 4|1 < ||w,AN4ll2v/@Q instead of Ay). As in (3.56), the

contribution of the exceptional spectrum is
elmlw+ < Pico, (M)
7‘{ JQq
mn~M

Zanqe( >pﬂ,q( |-

We then apply Cauchy—Schwarz in the double sum over ¢ and j, splitting X =
Xov X1 X5 for X5(€) as in (3.57); but this time we choose

After applying the Kuznetsov formula, we bound the contribution of the

1+ X%
Siexc((,§) < 1+X 1Z| d Z cosh( 7m3)

q~Q Aj<1/4

X1 := max <M, QMZ) , (3.66)
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corresponding to the allowable range in Proposition 2.11. Keeping |w,| only in the
second sum, this yields

(1 _I._ XO)Omax

1 + X—l SM(C,&) SN(<7£)7

Smexc(C,€) < \/

where

2
C -
=5 5 st 5 (n (o 37) ) o]
q~Q N\;<1/4 J me

) X ¢ 2
IEDMIE cosh(mry) %awe (nﬁ) Piby (1)

q~Q /\j<1/4

The treatment of Sy remains the same as before, pointwise in ¢, leading to an extra
factor of ||w, Ay ,||3 instead of A%. For Sy, we apply Proposition 2.11 (which allowed
the choice of X from (3.66)), leading to an extra factor of /@Q. Overall, instead of
(3.62), we obtain

gmax
X C
S <. (QMNCZ)°® [ 1+
(@ ) X,X,(0) 14+ X-1

1/2 1/2
«(1+x24+ Y4 / Lyx24 Y / VOM ||weAn 4|
Q Q q41N,q||2;

and plugging in the values of X, X, X, yields (3.63).

To prove (3.64), let @ := RS. By the divisor bound, the left-hand side is at most

Z max |w, | Z e(mw Zanrs Z TS(% % 5) S(mT, £n; sc)|,

Q<q<4Q  s~S m~ M n~N (e,r)
(r,s)=1
rs=q

where we interpret any empty maximum as 0. For each ¢, let r = r(q), s = s(¢) attain
the maximum (if there are no such r, s, pick w, := 0 and disregard the rest of this

paragraph). Then let w, := w5, 4y q = Qpnyrs, Py, y, 2) = P, 5(x,y, 2 (S/s)\/R/T),
and b, := 1/s, with the scaling matrix in (2.12).

Due to Lemma 2.3, after the change of variables ¢ < ¢/(s1/7), this leaves us with the
sum

ey Z |w,| Z e(mw) Z g Z P, (%, %, S\/%C) Socb, (M, £n; )] .

Q<q<4Q mn~M n~N c€Cooby
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Incorporating 1-bounded coefficients into (w,) to remove absolute values, the desired
bound now follows from (3.63). We note that the 7" parameter becomes

L SVRC ¢
Q32/Yy ~ RVSYy'

as in (3.63). O

T

As a direct consequence of Corollary 3.16 and standard techniques, we also deduce a
result for sums of incomplete Kloosterman sums, improving [DI82¢, Theorem 12].

Corollary 3.17 (Incomplete Kloosterman bounds with averaging over r,s,n, ¢, d).
Let R,S,N > 1/2, C,D,Z > 1, Yy >0, and ¢ > 0. For eachr ~ R,s ~ S with
ged(r, s) = 1, let the tuple (rs, N, Z, (anrs)nns ANrs, YN) satisfy Assumption 3.13,
w5 € C, and ®,.5: (0,00)* — C be a smooth function, with @, (z,y, z) supported in
x,y,z < 1, and dLOOL Ry (x,y, 2) Kjpee Z9° for j k0 > 0. Then with a consistent
choice of the &+ sign, one has

n d c rd
Z Wy s Z Qp rs Z (I)r,s (N, 5, 6) € (:I:n;)
r~R n~N c,d
(T,s;)il (rd,sc)=1 (367)

x <. (RSNCDZ)°® ||w, ;A rsll2-7,

where
02
R2SYyN

Omax
% :=D’NR+ (1+ ) CS(C'+ DR)(RS + N).
Proof of Corollary 3.17. This follows from Corollary 3.16 (specifically, (3.64)) by com-
pleting Kloosterman sums, passing from the d-variable to a variable m of size <.
(CDS)*CS/D; this is completely analogous to how [DI82¢, Theorem 12] follows from
[DI82¢, Theorem 11] in [DI82c, §9.2]. We note that [DI82c, Theorem 12| has a minor
error (replacing D*N R with D> N RS™!), which has been corrected in [BFI19]. O

3.5 The greatest prime factor of n? + 1

Here we use our new inputs from Section 3.4.2 in the computations of Merikoski
[Mer23] and de la Bretéche-Drappeau [BD20], in order to prove Theorem 3.1. We
begin with a brief informal sketch.
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3.5.1 Sketch of the argument

We will ultimately prove a lower bound of the shape

Z Z logp > exlogx,

n~x p prime
pln2+1
p>:1:1'3

which implies that for some (in fact, for many) n ~ x, we must have P*(n?+1) > 3.
As in previous works [Mer23; BD20; DI82a; Hoo67|, we use an idea of Chebyshev to
estimate the full sum

Z Z logpzz Z A(d):Zlog(n2+1):2xlogx+0(x),

n~x p prime n~ din?+1 n~w
pln?+1

where A is the von Mangoldt function. It then remains to upper bound

Z Z logp = Z log p Zﬂnzz_l (mod p) ; (2—¢)xlogux.

n~x p prime p prime n~T
pln?+1 p<al?
p<zl3

Following Merikoski [Mer23], we use repeated applications of Buchstab’s identity
inside the Harman sieve method, to reduce estimating the above sum over primes to
bounding “Type I” and “Type II” sums of the form

Z Ad Z Z L= (mod q) — g Z L=y (mod q) | »
)

d<D ~Q n~w v (mod ¢
¢=0 (mod d)
respectively
x
Z /\q1 Z Hgo Z :H-nQE—l (mod q1q2) — ﬁ Z ]]'V2E—1 (mod q1¢2) )
0 Q1 q2nQ2 n~a P22 (mod q142)

for various ranges of D, Q, Q; with Q:Q, = Q < z'3, aiming to win over the trivial
bound of x. We can then Fourier-complete the sum over n = v (mod ¢), where v
ranges over the solutions to v = —1 (mod q); this results in a smooth variable h
of size up to @/z, and the principal frequency h = 0 cancels with the subtracted
main term. After a potential Cauchy—Schwarz step (for the Type II estimate), one
reparametrizes the solutions to v?> = —1 (mod ¢) by the Gauss correspondence; this
leads to sums of incomplete Kloosterman sums, ultimately amenable to our bounds
from Section 3.4.2.
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To obtain our Type I information from Proposition 3.20, we improve the computations
of de la Bretéche—Drappeau [BD20, §8] (based in turn on Duke—Friedlander—Iwaniec
[DFI95]) using our large sieve inequality for exponential phases, Theorem 3.2. This
is nearly enough to remove the dependency on Selberg’s eigenvalue conjecture in the
relevant Type I ranges, as illustrated in Figure 3.2 (left).

For the Type II information, we follow Merikoski’s arrangement of exponential sums,
which relies on bounding trilinear forms of Kloosterman sums as in (3.2); this argu-
ment cannot fully exploit the averaging over the “level” variable r, since both sequences
(a,) and (b,) depend on r. However, using our large sieve inequalities, we can lever-
age the fact that (a,,) happen to be exponential-phase sequences as in Theorem 3.2,
while (b,,) are roughly of the form in Theorem 3.3. The second maximum inside the
X-factor from (3.8), combined with different ways of applying Cauchy—Schwarz (i.e.,
keeping the sum over h inside or outside), lead to three admissible Type II ranges,
all gathered in Proposition 3.21. This is also reflected in the blue polygonal line from
Figure 3.2 (right).

By carefully plugging in these Type I and II estimates into Merikoski’s Harman sieve
computations, which require the numerical calculation of multidimensional integrals,
we deduce Theorem 3.1.

3.5.2 Arithmetic information

We aim to improve the dependency on the 6 parameter in the arithmetic informa-
tion from [Mer23, Propositions 1 and 2[; to do so, we first improve a lemma of de la
Bretéche-Drappeau [BD20, Lemme 8.3]. We stress again that we use Deshouillers—
Iwaniec’s original normalization for the 6 parameters, with 0,,,c < 7/32 by Theo-
rem 2.4; this differs from the normalizations of de la Bretéche-Drappeau [BD20| and
Merikoski [Mer23| by a factor of 2.

Lemma 3.18 (De la Bretéche-Drappeau-style exponential sums). Lete > 0, M > 1,
and 0 :=7/32.

(7). Let g,h € Z and 1 < |h| < q. Given a smooth function f : (0,00) — C
supported in v < 1, with {9 <; 1 for j >0, one has

ORI VI O
(m,q)=1 v2=—1 (mod mgq) q

(3.68)
< (ahM)” (|| + Vad (1+ (q.1)"Pq*1*0°%) ).
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(@) Let @ > 1/2, 1/2 < H < QM, and t € R/Z. Given smooth functions
(fq(v))g~q supported in v < 1, with f9) < 1 for j >0, one has

XX el 2 ()

q~Q h~H m,q)=1 v2=—1 (mod mq)

< (QHM)S <H + \/M (1 + H70Q9/4M9/2) + /QTM (1 + Q39/4M9/2)> .
(3.69)

Proof. This is a refinement of the first and third bounds in [BD20, Lemme 8.3,

9/4 via our Corollaries 3.14 and 3.16. We only mention what

winning factors of about ¢
changes from the proof in [BD20, §8.1], working in the particular case d = r = 1,
D = —1. We note that for D = —1, the relevant cusps a from [BD20, §8.1| are
equivalent to 0/1, and thus have p(a) = ¢~' (which is also why Merikoski’s bounds

in [Mer23, §3.8] only require such cusps too).

For part (i), we consider the sums of Kloosterman sums from [BD20, (8.30)], given
(with notation to be explained below) by

VN = VN(Qa h) = Z Z Sooa(h>n§7) GN(%n)'

N/2<|n|<2N vECooa

Here, the n-variable came from a completion of Kloosterman sums, and was localized
to a dyadic range of size N < ¢'™"M" (where n > 0 is a small parameter), while
Gn(7,n) is a smooth function normalized such that

O(z,y) :=qGnN (qu, xN)

satisfies the assumptions of Corollary 3.14 with Z = gM and ¢ < 7. Also, a is
a cusp of I'g(¢q), and the scaling matrix o, used implicitly in the Kloosterman sum
Soca(h, n;7y) hides an exponential phase of the form e(na,); the value of «, is arbitrary
for our purposes.

exc

We can now apply Corollary 3.14 (equivalently, we can bound .Z in [BD20, (8.40)]
using Theorem 3.2), using a, = e(nay), Yy = Ay = V/N (corresponding to (3.50)),
C =gV M, and m = |h|. This yields

@%(q, h)"12N1/A

i [
Vv <, (ghM)Om (1 + qv > VNM,

where we used that ¢"C' = ¢'*™"v/M > hN, that \/(q, h)|h| < |h| < ¢, and that
N < ¢"*"M™" (in particular, the 1-term is dominant in the last two parentheses from

(3.1), up to factors of (ghM)°W).

5



This bound is increasing in N, so using N < ¢'*"M" once again, we get
Vv <) (qh M) \/qM (1 + (g, h)" ¢34 MO7?)

which gives the second term claimed in the upper bound from (3.68).

Part (ii) follows similarly using Corollary 3.16 (or equivalently, by bounding .Z{*°
in [BD20, §8.1.12] using Theorem 3.2 once again). Indeed, with the similar choices
Ung = e(nay), Yy = Ang = VN, Z = QM, and C = Q/M, our bound (3.63) yields

5

q~Q

> " e(th) Vi(g, h)

h~H

max(Q, H) Q1/2N1/4 H Q

o 1/2
%) o ()

<, (QHM)O™ (1 -

Again, this bound is increasing in N, so plugging in N < Q'™"M" gives a further
upper bound of

<, (QHM)P M nax(Q. H)Y2 (1 + max(Q, H) Q" A"
" H

< (QHM)O(W)‘ /% (H1/2 + Ql/z + ( HW/2)-0 4 Q (1/2)— ) Q9/4M9/2) :

which gives all but the first term in the upper bound from (3.69). As in [BD20], the
first terms of |h| and H from our bounds in (3.68) and (3.69) could be improved via
partial summation, but we omit this optimization too since it will not be relevant for
our computations. O

Notation 3.19 (Set-up for arithmetic information). Let z > 1, a € [1,3/2), and
P = z“.
Let ®, ¥ be smooth functions supported in [1, 4], satisfying ® > 0 and @), ¥ < 1

for j > 0 (in [Mer23, §2.1], Merikoski uses b(t) = ®(t/x) and ¥(t) « \I/(t/P)) For
q € Z., define

A= Y @(g), X = /()dt—x/qb

p(q) = # {V € Z/qZ : v* = —1 (mod q)} )

We will estimate the difference

A, - X@
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in “Type I” and “Type II” sums with ¢ < P. The Type I sums average over moduli in
arithmetic progressions, say ¢ = 0 (mod d) and d < D, with arbitrary divisor-bounded
coefficients \g; the Type II sums average over moduli with a conveniently-sized factor,
say ¢ = mn with n ~ N (and m < P/N), with divisor-bounded coefficients a,y,, b,,.
One can also view the Type I sums as special Type II sums where a,, = 1, except
that Type II estimates typically require a lower bound on N.

The strength of the resulting Type I and II information is given by the ranges of pa-
rameters D and N (in terms of x and P) for which we can obtain power-savings over
the trivial bound - i.e., for which the sums over |.A,| have an asymptotic formula. Fig-
ure 3.2 illustrates the (previous unconditional, new unconditional, and conditional)
admissible choices of log, D and log, N in terms of a = log, P; both graphs continue
downwards, the second region being lower-bounded by the function o — 1. The pre-
vious unconditional and the conditional ranges are due to Merikoski [Mer23| and de
la Bretéche-Drappeau [BD20]; our improvements are Propositions 3.20 and 3.21.

0.50

032+
0.49+
0301

0.48+ 028+

0471 026+
log D log N
X X

0.244
0.46-

022+
0.45+
0201

0.44+ 0181

043

T T T 0.16 T T T T 1
11 12 13 1.05 1.10 1.15 1.20 125

o=log P o=log P
X X

Figure 3.2: Type I (left) and Type II (right) ranges. Previous results in gray; our improve-
ments in blue; conditional ranges in red (assuming Selberg’s eigenvalue conjecture).

Proposition 3.20 (Type I estimate). For any sufficiently small € > 0 there exists
0 > 0 such that the following holds. With Notation 3.19, 1 < a <14, 6 :=7/32, and
D > 1, one has

Z Ad Z (\Aq| - X@) v <%> logq <. x'7°, (3.70)

d<D ¢=0 (mod d)
for any divisor-bounded coefficients (\g), provided that

D <. ¢ min (‘7:1/27 x2(1—0a)/(4_59)) '
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Proof. This is a refinement of Merikoski’s [Mer23, Prop. 1] (which explicitated the
computations in de la Bretéche-Drappeau’s [BD20, §8.4]), using our Lemma 3.18.(7)
instead of [BD20, (8.7)]. Indeed, in the first display on [BD20, p. 1620], by applying
(3.69) for H < PX~'*% (for § = §(e) to be chosen shortly), @ + D < z'/2? and
M <« P/D, we instead obtain the bound

Ry(z, P,D) <5 2O pP-1DH

(B (e ) ) B oo 5))

which simplifies to
PD
Ry(z, P, D) <5 200) (_ ++vPD (1 + x6P—0/2D—0/4) +\/zD (1 + D-59/4P9/2)) ‘
x

Here, Ry(x, P, D) resulted from our Type I sum after putting d in dyadic ranges,
expanding and Fourier-completing |A,|; see [BD20, §8.4] and then [DI82a, §4, 5.
Overall, this bound is acceptable in (3.70) (i.e., <. 2'7%) provided that for an absolute
constant K, one has

D <. 2% min (xQP_l, 212, p01-0)/(2-0) p=2(1-0)/(2-0) Iz/(4—59)P—29/(4—59))

2-a 1/27 x(lOO—SOa)/57’ x(64—14a)/93) 7

=2 “min (x T

where we picked ¢ := ¢/K and substituted § = 7/32, P = z® A quick numerical
verification shows that for 1 < o < 1.4, the first and the third term do not contribute
to the minimum. O

Proposition 3.21 (Type II estimate). For any sufficiently small € > 0 there exists
d > 0 such that the following holds. With Notation 3.19, 0 := 7/32, and MN = P
with M, N > 1, one has

o p(mn) mn 15
n%ambn (|Amn| X ) v ( = >10g(mn) <.z, (3.71)
n~N

for any divisor-bounded coefficients (a,,) and (b,), provided that one of the following
holds:

(7). (by) is supported on square-free integers, and
2« N <. 2 max (x(2—(1+9)a)/(3—20)’x(2—a)(1—0)/(3—c9)) : (3.72)
(7i). (bn) is supported on primes, and
o7 <, N <, g3/, (3.73)
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Remark. The upper range in Proposition 3.21.(i7), which completely removes the de-
pendency on Selberg’s eigenvalue conjecture, wins over that in Proposition 3.20.(7)
only for av < 136/129 ~ 1.054. As in [Mer23|, assuming Selberg’s eigenvalue conjec-
ture, the full admissible range in part (i) is N <. 32~%/3 which includes the range
in part (i7).

Proof of Proposition 3.21.(ii), assuming (i). This is a refinement of Merikoski’s re-
sult [Mer23, Prop.4.(ii)], using our Lemma 3.18.(7) instead of Bretéche-Drappeau’s
bound [BD20, (8.5)].

We briefly recall that in [Mer23, §3|, Merikoski expanded and Fourier-completed
| Apn| (resulting in a sum over 1 < |h| < H := Pax~'*°) removed the smooth
cross-conditions in h,m,n, and inserted the condition (m,n) = 1 to reach Type
IT sums (M, N). Then they applied Cauchy—Schwarz with the sum over n inside,
to obtain (M, N) < MY2=(M, N)¥/2, and trivially bounded the ‘diagonal’ contri-

Aa=D+e To estimate the remaining

bution of n; = ny using the condition N >, x
sum =Z¢(M, N) from the second-to-last display in [Mer23, §3.10], we apply our bound
(3.68) with g <— ning and h < h(n; — ng); with our normalization of @, this gives the

refined bound

— 1
Eo(M,N) <5270y H
ni,na~N
(n1,n2):1
Y (HN + VMN? (14 (ning, h(ng — nz))e/zN’:”e/QM‘g/Q)) ,
1<|hl<H

which directly leads to
Eo(M7 N) <5 xO(é)NQ (HN + M1/2N + M(1+9)/2N(2—39)/2) ]
This results in a contribution to X(M, N) of

<<6 xO(&)Ml/QN (H1/2N1/2 +M1/4N1/2 +M(1+6)/4N(2_39)/4)
< 1,0(5) (I_I/QPN + P3/4N3/4 + P(3+0)/4N(3_40)/4),

which is acceptable (i.e., <. x'°) provided that for a large enough absolute constant

K

Y

N <. 5% min (a:3/2P‘1, B3P x4/(3‘49)P‘(3+9)/(3‘49)) _

Trivially removing the first term, picking ¢ := ¢/K, and substituting P = x“, this
proves (3.71) in the range

2204 « N« 2~ min (l,(4—3o<)/3,x(4—(3+9)o¢)/(3—49))7
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when (b,,) is supported on primes. The remaining ranges to consider are
:Ea—l-i-a <. N <. min (x2(a—l)+£,$(4—3a)/3—5) (374)

and
min (xaflJrs’$(47(3+9)a)/(3746’)75) <. N <. x(473a)/375, (375>

both of which are (barely) covered by Proposition 3.21.(7). Indeed, for (3.74), a quick
numerical verification shows that

min (2(a - 1), ! —33@) < 2 —3(i—12-09)04

for # = 7/32 and all «, the smallest gap being ~ 0.07, at a = 10/9. In (3.75), we
have a nontrivial range only when
4—(3+9)a<4—3a 16

> — > 1.
5 10 < = 04_1 > 1.066,

and for such «, we have
4 — 3« _ 2—-(1+0)a
3 3—20
Thus (3.71) holds in the full range from (3.73). O

Remark. As in [Mer23, §3.10], the bound for Zy(M, N) in the proof above does not
leverage any cancellation over h. One can attempt to do this using Corollary 3.15 with
am = e(may) and b, as in (3.9), but the gain in the H-aspect would be smaller than
the loss in the #-aspect in our computations. This is because Proposition 3.21.(i7) is
only relevant for a close to 1, i.e., for small values of H.

Proof of Proposition 3.21.(i). This is a refinement of Merikoski’s [Mer23, Prop. 4.(i)],
using Corollary 3.15 (plus Theorem 3.3) instead of Deshouillers—Iwaniec’s bound
[DI82¢, Theorem 9.

We very briefly recall the relevant parts of Merikoski’s argument and the sizes of the
parameters therein, pointing the reader to [Mer23, §3| for details. In [Mer23, §3.4],
one expanded and Fourier-completed |A,,,|, resulting in a sum over 1 < |h| < H with

H := Py~ '%0, (3.76)

as before. Then, one removed the smooth cross-conditions in h,m,n, and separated
k = (m,n) to reach the type-II sums ¥;(M, N) from the first display on [Mer23,
p. 1275]; we need to bound these by <. 2'79/k, for § = (&) to be chosen.

In [Mer23, §3.5], one applied Cauchy—Schwarz keeping the sums over h,n inside, to
obtain

M 1/2
Y(M,N) < (?) =r(M, N)V2, (3.77)
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and trivially bounded the contribution of hon; = hins to =, using the condition
N >_ 2z !*¢; then they separated ng = (ny,ns) (and let n; < n;/ng). We note that
considering nontrivial values of the GCD-parameters k£ and ng was not necessary in
the proof of Proposition 3.21.(i7), since then (b,) was supported on primes; in a first
pass the reader can pretend that k = ng = 1.

In [Mer23, §3.6], one expanded the condition (m,ngning) = 1 by Mobius inversion,
resulting in a sum over d | ngniny (we switched notation from ¢ to d). Then, one
applied Gauss’ lemma (|[Mer23, Lemma 9]), resulting in sums Wi (R, S) of incomplete
Kloosterman sums, ranging over r, s of sizes

PN
1< R,S < /— (3.78)
]{Zn(]

In [Mer23, §3.7|, one completed Kloosterman sums, resulting in a sum over [¢| < T

with
. SdN?

Rno
and trivially bounded the contribution of ¢ = 0. This ultimately leads to the sums of
Kloosterman sums Wi (R, S) from [Mer23, p. 1279, which have a relevant level of

T =

(3.79)

dN?
0 = dk2n0n1n2 = n_o (380)

Finally, in [Mer23, §3.8], Merikoski used [DI82a, Theorem 9| to bound the trilinear
sums of Kloosterman sums

K =K(d,ng,ni,ns) := _ max Z aman Z @(%,%,E)S(m@inm) ,

(mod
2 n~N (c,0)=1

where ® is a smooth function as in Corollary 3.15 with Z = 1, (¢,) are bounded

Am =€ (—mg) , b, = Z Chy Chay (3.81)

0 hi~H;
ho~Ho
n=hins—hony

coefficients,

both of which depend on the level g,

HN
M<T, N« T C<5S, (3.82)
0

and 1/2 < Hy < H; < H. We will achieve better bounds for K by leveraging the
structure of the coefficients (a,,) and (b,). To do so, we note that the coefficients ¢,
(obtained by removing the cross-condition in h, m,n on [Mer23, p. 1274]) are smooth
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functions of h. In fact, expanding |A,,,| — % via Lemma 2.2 and fixing j,u up to

a logarithmic loss, we can use the coefficients

cp = Y5 (L{ﬂ) e (—h%) ,

J

where 1 < 2/ = H; < H = Pz~ ' u < 1, and ; : (%,2) — C are compactly-
supported smooth functions with bounded derivatives. Through Lemma 2.2 we have
put |h| in (smooth) dyadic ranges, and then separated into positive and negative
values of h, all before applying Cauchy—Schwarz; so the resulting variables hq, hy are

of the same size. The coefficients (b,,) from (3.81) become

b, = g ChyChys

hl,hQEZ
n=hings—hony

which are in a suitable form to use Theorem 3.3 (see also (3.51)), witha =1, H = Hj,
o; = fur/P < 2°H~!, and

N

L:=— =<n; Xno. 3.83

kno m 2 ( )
In particular, since ¢ > niny < L2 the tuple (o, N, z, (by)nn, An, Yr) satisfies
Assumption 3.13 with

NH; H. H?

Yv = 1, —— 7 A — 1 / j j
o max( ’(Hj+L)Lx5) and N = ool VAN 0+ 7
(3.84)

where we used that Thr(c;) < Ty(a;) < 1+ H|a;| < 2°. On the other hand,
by Theorem 3.2 (see also (3.50)), the tuple (o, M, x, (am)m~rm, Art, Yar) satisfies As-
sumption 3.13, with

Yy =vM and Ap = VM. (3.85)
By Corollary 3.15, specifically (3.61), it follows that

C 0

7o) A
<\/§C+\/M—N+x//\_/lc) <\/§C+\/M—N+\/JVC)

) Vo€ + VMN ’

K <5 200 (1 +
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and substituting (3.84) and (3.85) gives
0

C
oM/ 4 max <1 NH

(H;+L)L +L)L

XVM | [[bn L]l + \/_\/7 (3.86)

<\/_C+\/—+\/_C>(\/_C+\/—+\/_C>
VC + VMN

Since N' < o (which follows from H < N), the term on the second line of (3.86) is
at most < /pC + VMC + VMN, as in [Mer23, p.1280]. The resulting bound is
non-decreasing in M, C, so we can plug in their upper bounds from (3.82), as well as
(3.79) and (3.80) to obtain

K<sx 0(9) 1+

1 0(5) Rng S'min (1’ (HAJ/;HL)L)
J
Z TH2’C(d’n0’n1’n2) 5% rglzalx SAN2H? L+ fanz ( sanz\'*
d|noninz “no ( Rno >

SdN? H?
><\/ [0 Lnen|l2 + VN —+
Un)
dN?2 AN o SdN2 5dN2
N RTLO RTLO

where none of the remaining variables have implicit dependencies on d. The right-

hand side is seen to be non-increasing in d, so we can plug in d = 1 for an upper
bound. Moreover, when summing over ny,ns ~ L = N/(kng), we have the same
bound as in [Mer23, bottom of p.1280| (by [Mer23, Lemma 7]) for the contribution
of A N

H. H?
Do Ionbaewlle + VY S+ 5 | < VIV max (L, 12 L92)
ni,no~L
The resulting bound for >, 1 > 400 712K(d, ng, n1,ny) is non-decreasing in
N, H;, so we can plug in the upper bounds in N' < HL and H; < H and simplify

the resulting expression to obtain

1
Z Z m’c(da ng, N1, N2) Ks £0®

n1,n2~L dlngning

[
- 53/4R1/4n3/4 ' . /H + L
o min | 1, ——p—

VRS

L
xmax(H1/2L3/2,L2)< = +Z+ H).
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Summing over ngy and plugging in the bounds for R, S, L from (3.78) and (3.83), we

get
1
Tk = Z p(no) Z Z W’C(da n07n17n2)
no<<N ni,no~L d|n0n1n2

N

PNnY/* H+ 50

0(9%) Yo TT0 g vy

<50 Z 1+ N min | 1, 7

N2 /N \? PN N
x max | H'? [ — | — v + :
kng kng VknoH knoH
Using that H < N, this further yields

0
700 1 VPN . VN , (VPN N
Y <6 T 2, S (”Wm b)) Y \TE TV

no<N "0

o (N (5 5)

k ‘N /NH H VH

Since we have N < /z < v/P and VNH < g'/*Py=140 < g!/443/4-140/P for the
ranges in Proposition 3.21.(7), we may ignore the 1-term in the #-factor; plugging in
(3.76), we obtain

L1H+0(8) \5/2 N 0

T, <s ————min| —, — | ,
kvVP N VNP

which improves [Mer23, (3.7)]. In light of (3.77) and M N = P, this gives a contri-

bution to X, (M, N) of

1/2+0(6)
<5 x—P1/4N3/4 min (

0/2
VP x>/
k )

N UNP

which is acceptable (i.e., <. #17%/k) provided that for a large enough absolute con-
stant K,

N <. 2750 max (xQ/(3—20)P7(1+9)/(3720)7 x2(170)/(370)Pf(lfe)/(iife)) ‘

Choosing § := ¢/K and substituting P = z® completes our proof. O]

3.5.3 Sieve computations

To complete the proof of Theorem 3.1, it remains to adapt the calculation in [Mer23,
§2| with our Type I and Type II information.
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Notation 3.22 (Set-up for sieve computations). Further to Notation 3.19, we follow
[Mer23, p.1257] and let P, := P* ([],<p<s,(n*+ 1)), then use a smooth dyadic
partition of unity to split

S(x) =Y |Allogp

c<p<P,
p prime

intoasumoverxSPSch,P:Pj:2jxof

S, P)i= 3 (%) 14l logp.

p prime

up to an error of O(x). Here ¥; are smooth functions supported on [1,4], with
\P§k) < 1 forall £ > 0. As in [Mer23, p.1257|, we aim to find the greatest @ for
which

> S(z,P)<(1-¢)Xloga. (3.87)

z<P<z¥
P=21x

Since S(z) = Xlogx + O(x) (see [Mer23, (2.1)]), this will imply the lower bound
P, > .

Following [Mer23, p.1259], given 2z > 1 and u € Z, we also let P(2) := [] im0 pe. P
and

S(AP)uz) = Y |Aun|\I/< >log(un)
(n,P(2))=

so that S(z, P) = S(A(P),2v/P) (where dropping the u index means that u = 1).
This has a corresponding main term of

S(B(P) =X Z

(n,P(2))=1

(un) log(un),

sums of which can be computed via [Mer23, Lemma 1|. Finally, the linear sieve upper
bound will require the solutions F(s), f(s) to the delay-differential equation system
from [Mer23, p. 1263|, while the Harman sieve computations will require the Buchstab
function w(u), bounded as in [Mer23, (2.5)].

Lemma 3.23 (Linear sieve upper bound). For any € > 0 there exists § > 0 such
that the following holds. With 6 = 7/32, Notation 3.19, Notation 3.22, and D :=
z~¢ min (z!/2, 22 700)/4=50)) “one has

S(A(P), 2) < (1+5)X/\If (%) alogr (IOgD) du

e log z logz / u

for any x* < z < D, where v is the Fuler—Mascheroni constant.
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Proof. This is just [Mer23, Lemma 2| with the updated parameter D from our Type
I information (Proposition 3.20). O

Proposition 3.24 (Asymptotics for Harman sieve sums). For any € > 0 there exists
d > 0 such that the following hold. With 6 := 7/32, Notation 3.19 and Notation 3.22,
let

D := 2z °min (xl/z, wQ(l_ea)/(4_59)) , U := Dzl =: 28,

and (\,) be divisor-bounded coefficients. Also, let

o 2—(1+0)a (1-60)(2—a)
00.—max( 3 59 - ) (3.88)

be the exponent from Proposition 3.21.(1).
(7). For 1 < a < 228/203 — O(¢e) and

4—-3
0 := max ( a, O'0> — &, (3.89)

one has
> N (S(AP)y,27) = S (B(P),,27)) <. '™,

u<U

(77). For1 < a < 139/114 — O(e) and
vi=00— (@ —1) — 2¢, (3.90)

one has
" A (S (AP, ) = 8 (B(P),a7)) < o'

u<U

Proof. These are just [Mer23, Propositions 3 and 4|, adapted with our Type II infor-
mation from Proposition 3.21; the additional term of (4 — 3a)/3 from (3.89) comes
from Proposition 3.21.(ii). We note that the proof of [Mer23, Proposition 3| requires

2(a —1) < 0p — O(e) = max <2 _S(i—;:)a, C _5)_(20_ a)) —O(e),

which happens for o < 228/203 — O(e). Similarly, the proof of [Mer23, Proposition
4] requires

a—1<o0y—0(e) = max (2 _3(i—i2_99>a’ u _Ef)—<26_ a)) —O(e),

which happens for a < 139/114 — O(e). O
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We are now ready to prove our Theorem 3.1, in a very similar manner to [Mer23,
§2.6].

Proof of Theorem 3.1. We follow the Harman sieve computations in [Mer23, §2.4],
applying Buchstab’s identity in the same ways (with adapted ranges corresponding to
the values of D, U, 0¢, 0,7, from Lemma 3.23 and Proposition 3.24). The five ranges
relevant in the proof are now a < 25/24, 25/24 < a < 228/203, 228/203 < o < 7/6,
7/6 < a < 139/114, and o > 139/114. Here, the values 228/203 and 139/114 come
from Proposition 3.24, while 25/24 and 7/6 are the thresholds deciding the inequalities
a < & + 20, respectively 2(a — 1) < &, up to o(1) factors. Indeed, we recall that

and only the first term in the minimum is relevant for the aforementioned inequalities.
We thus obtain

> S@p)< (g—1+G1+GQ+G3+G4+G5—G6+0(1))Xlog:zc,

< P<g139/114
P=2iyg

where
25/24 a—20 o dﬁ a/2 a dﬁ
Gr = Q wl—=-1 ——|—/ w(——l)— da < 0.02093,
1 / (/ (6 ) 5 Je 6 )
228/203 a/2
Gy = / a/ w (3 - 1) @da < 0.10528,
25/24 B B

7/6 a2 d
Gy = / a/ w (9 — 1) —fda < 0.07319,
228/203  J oo B B

._ g a—B1— Pa— B3\ dB1dB2dSs
= /f4 (oa,ﬂ) aw( 5, ) BBl da < 0.00163,

139/114
Gy = 4/ ada < 0.25116,
7/6

139/114 o0 d
G = / a/ w (9 - 1) 9 10, > 0.02789.
7/6 a—1 ﬁ ﬁ

Here, f, denotes the characteristic function of the set

G

N

228 7
{Q—(B<a<6,7<53<52<61<a—1,

B+ Ba, fr + B3, B2+ B3, b1+ Bo + Bs & [04—1,00]}-

We computed the integrals G; (for i # 5) by directly adapting the ranges in Merikoski’s
Python 3.7 code files (see [Mer23, p.1268|). In the expression for G5, we implicitly
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used the value D = z'/27¢ since 1 < 22:59:) for @ < 139/114, and the fact that

1<1/(2(a—1)) <3for 7/6 < a <139/114. Thus

> S(x,P)<0.59097 X log z.

33<P<33139/114
P=2g

For the remaining range o > 139/114, we apply Lemma 3.23 to obtain (as in [Mer23,

(2:8)])

1.25 o
Z S(z, P) < (4/ ada+(4—59)/ a da)Xlogx,
£189/114 ¢ pc @ 139/114 195 L — 0«
P=2iz

where o« = 1.25 = 5/4 is the threshold where the expression for D changes (i.e., when

1= 2(41_;;90‘)). We conclude that (3.87) holds (for small enough ¢) provided that

) a 1.25
(4 —50) / da < 1—0.59097 — 4/ ada,
125 1 — o 139/114

where the right-hand side is at least 0.257406. This inequality (barely) holds true
when w = 1.30008, which proves Theorem 3.1. O]
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Chapter 4

On the exponents of distribution of
primes and smooth numbers

4.1 Introduction

Let ¢ be a large positive integer, a € Z have (a,q) = 1, and A > 0. The Siegel-Walfisz
theorem gives a pointwise asymptotic for the number of primes up to x which are
congruent to a modulo ¢,
(x,qa) ~ @’ as © — oo, for ¢ < (logz)?,
v(q)

where 7(z) := #{prime p < 2} and 7(z,q;a) := #{prime p < z : p = a (mod ¢q)}.
The small range of moduli ¢ < (logz)4 is an obstruction to many applications,
and can be improved substantially to ¢ < z'/?(logz)~? assuming the Generalized
Riemann Hypothesis (GRH). Unconditionally, the celebrated Bombieri—-Vinogradov
theorem [Bom65; Vin65| achieves the same range of moduli in an on-average setting:

for B = B(A) large enough in terms of A, one has

2.

q<a'/?(logz) =P
(g,a)=1

o a _ m(x) x
TEED T S| < oy

(4.1)

(In fact, a stronger statement holds true, with a maximum over a € (Z/qZ)* inside
the sum.) This result has been critical to sieve theory methods and their applications,
for instance to results on small gaps between primes [May15; Poll4]. Overcoming the

172 ie., going “beyond GRH” on average, remains a central

square-root barrier at ¢ < x
open problem in analytic number theory. Elliot-Halberstam [EH68| conjectured that
the same estimate holds true in the optimal range of moduli ¢ < 2'~¢, and Polymath8b
[Pol14] showed that a generalization of this conjecture would imply the existence of

infinitely many pairs of primes with distance at most 6.
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Since the pioneering work of Fouvry [Fou84; Fou87; Fou85; Fou82|, Fouvry—Iwaniec
[FI80; FI83|, and Bombieri-Friedlander—Iwaniec [BFI86; BFI87; BFI89]|, we have been
able to overcome this square-root barrier in special settings [Zhal4; May25a; May25b;
May25¢; Sta25] — in particular, by replacing the absolute values in (4.1) with special
weights (\,) that arise in sieve theory applications. If such an analogue of (4.1)
holds with a weighted sum over all ¢ < 2V, for any fixed residue a, then we say that
the primes have exponent of distribution ¥ € (0,1) (or level of distribution x”) with
respect to the weights ().

Motivated by a ‘well-factorable’ variant of the linear sieve weights [Iwa80; FI83],
Bombieri-Friedlander—Iwaniec [BFI86, Theorem 10| considered sequences (),) that
can be expressed as a Dirichlet convolution of two sequences of any pre-specified
lengths, and achieved an exponent of distribution of % — ¢ in this setting. More
recently, Maynard [May25b| considered the refined setting of ‘triply-well-factorable’
weights, which we recall from [May25b, Definition 2|.

Definition 4.1 (Triply-well-factorable weights [May25b]). A complex sequence (\;),<0
is said to be triply-well-factorable of level @ iff for any @)1, Q2, Q3 > 1 with Q1Q2Q3 =
@, there exist 1-bounded complex sequences (ay, ), (84,), (74) supported on ¢; < Q;,
such that for all ¢,

Ag = Z g1 By Vas-

9=4149243

For such weights, which arise in a slight variant of the §-sieve with 5 > 2, Maynard
[May25b, Theorem 1.1] achieved the exponent of distribution % — ¢ (i.e., with a level
Q = 2%/°7°). His results also implied an improved exponent of 1—72 — ¢ for the well-
factorable variant of the upper-bound linear sieve weights (the case § = 1), which are
close to being triply-well-factorable.

Essentially all such results are based on equidistribution estimates for convolutions of
sequences in arithmetic progressions, proven using Linnik’s dispersion method |Lin63].
Ultimately, these rely on bounding sums of Kloosterman sums via the spectral theory
of automorphic forms, following Deshouillers—Iwaniec [DI82¢|. In this context, Licht-
man [Lic23] used optimized Deshouillers-Iwaniec-style estimates, via Kim-Sarnak’s

bound [Kim03|, to improve the exponent of distribution for triply-well-factorable
weights to % — ¢ &~ 0.6168 unconditionally, and up to g —

Selberg’s eigenvalue conjecture.

e = 0.625 — € assuming

Our goal in this work is to completely eliminate the dependency on Selberg’s conjec-
ture in several exponent-of-distribution results. For the primes, parts (i) and (7i) of
the result below improve on the previous exponents of %67 due to Lichtman [Lic23|,
respectively 5 due to Maynard [May15|.
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Theorem 4.2 (Primes in APs to large moduli). Let a € Z \ {0}, A,e > 0, x > 2.
Assume either:

(1). Q < 2°/87¢, and (\,) are triply-well-factorable weights of level Q, or

(i1). Q < 2357, and ()\,) are the upper-bound well-factorable linear sieve weights of
level Q).

(See Definition 4.16 for part (ii).) Then one has

Z A\ < m(x;q,a) — go(q)) < A (log )3’ (4.2)

q<Q
(g,a0)=1

Moreover, in Theorem 4.19, we obtain a similar result applicable to both the upper-
bound and the lower-bound well-factorable linear sieve weights, with a variable ex-
ponent of distribution depending on the factorization of the modulus ¢; this refines
[Lic23, Proposition 6.6]. As a consequence, we deduce a sharper upper bound for the
number of twin primes up to x.

Corollary 4.3 (Count of twin primes). As z — oo, one has
#{p <x:p,p+2 are prime} < (3.203 + o(1)) [Iy(z),

where Iy(x) := (loga: Toasy Hp>2 2// s 18 the asymptotic predicted by Hardy—Littlewood
[HL23].

This improves the constant of 3.229 from [Lic23, Theorem 1.1]; we point the reader to
[Lic23, p. 2] for a table of previous results. Once again, the key qualitative feature of
Corollary 4.3 is that it cannot be improved directly by assuming Selberg’s conjecture.

The analogous equidistribution problem for smooth numbers [FT96; Dralb| concerns
the quantities

U(z,y) =#{n<z:Pt(n)<y
U, (z,y):=#{n<z:P"(n) <y, (nq) =1}, (4.3)
U(z,y5a,9) ==F{n<z:P"(n)<y a

where P*(n) denotes the largest prime factor of n; the key setting is y < 2'/¢, with
C'large. In this context, Granville [Gra93a, Theorem 2| proved a suitable analogue of
the Bombieri—Vinogradov theorem, achieving the exponent of distribution % — ¢ (see
also [Wol73a; Wol73b; FT91; Grad3b]). Relying on a triple convolution estimate of
Bombieri-Friedlander-Iwaniec [BFI86, Theorem 4|, Fouvry—Tenenbaum [FT96| raised

—A

the exponent to % — &, with an upper bound of z(log )~ as in (4.1). Drappeau later

91



[Dral5] strengthened the bound back to ¥(z,y)(logz)~*, with the same exponent
of g — . We remark that all of these results use absolute values (i.e., arbitrary 1-
bounded weights \,), which is possible beyond the square-root barrier due to the
flexible factorization properties of smooth numbers.

Using a different arrangement of exponential sums and optimized Deshouillers-Iwaniec-
style estimates, the author [Pas25c| recently showed that smooth numbers have ex-

ponent of distribution % — ¢ =~ 0.6168, and up to g — ¢ = 0.625 — ¢ assuming

Selberg’s eigenvalue conjecture. As in the case of primes, we can now fully close the

gap between the conditional and unconditional results.

Theorem 4.4 (Smooth numbers in APs to large moduli). Let a € Z \ {0} and
A,e >0, x > 2. Then there exists a large enough C' = C(a, A,e) > 0 such that for
any y € [(log2)®, Y€ and Q < 2°/57¢, one has

U, (x, V(zx,
Z ’\Il(xaya a7q> - M <<€,A,zz (—y1)4
= v(a) (log z)

(g,a)=1

Remark. Following Drappeau-Granville-Shao [DGS17], one can deduce a similar re-
sult for smooth-supported multiplicative functions in arithmetic progressions, using
a slight extension of our triple convolution estimate (Proposition 4.27).

Moreover, in Theorem 4.29, we prove a similar result with a slightly-better saving
when the sum over ¢ is supported on smooth moduli; this refines a result of de la
Bretéche-Drappeau [BD20, (2.1)]. As a consequence, we improve the exponent of 2
in [BD20, Théoréme 4.1] to g in Corollary 4.30, which includes the following upper
bound for the number of consecutive smooth numbers up to x.

Corollary 4.5 (Count of consecutive smooth numbers). For any € > 0 there exists
C > 0 such that for any v > 2 and y € [(log )¢, xY/“], one has

#{n<z:Pt(n),PT(n+1) <y} <. xg(u)1+5/8_5,

where u = (logz)/logy and o denotes the Dickman function [Hil86].

We note that g — ¢ is now the best exponent of distribution for both primes and
smooth numbers, in essentially any setting relevant for sieve theory. In particular,
there does not appear to be a slightly more flexible setting which allows for a better
exponent with current methods (e.g., primes with quadruply-well-factorable weights,
or smooth numbers with well-factorable weights).

Our improvements stem mainly from a large sieve inequality for exceptional Maass
forms from Chapter 3, combined, in the case of primes, with a large sieve inequality
of Watt [Wat95, Theorem 2|. These results act as on-average substitutes for Selberg’s
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eigenvalue conjecture, by improving the dependency on X in bounds for sums of the

shape
2

, (4.4)

Z an Pf(n)

n~N

>
f
where f ranges over certain families of automorphic forms, with Fourier coefficients
,é]; here 6y > 0 only when f fails Selberg’s
conjecture, and the uniform bound of 3—72 is due to Kim—Sarnak [Kim03, Appendix

ps(n) and spectral parameters 6; € [0

2] (see Theorem 2.4). Importantly, both aforementioned large sieve inequalities use
special sequences (a,,) that arise in applications, roughly of the form

Ay = Z The wor—n, respectively ap = Z Lhk=n. (4.5)
hoh!~H hll

The first sequence in (4.5) comes from an additive convolution, and its additive struc-
ture is manifested through a sparse Fourier transform, which was crucial for the large
sieve inequalities in Chapter 3. By contrast, the second sequence above comes from
a multiplicative convolution, and Watt’s argument [Wat95, Section 2| crucially relied
on its multiplicative structure. Both arguments use the smoothness of the variables
h,h', k, which come from Fourier completion.

Remark. For some applications, it would be interesting to obtain improved large sieve
inequalities for sequences which display a mix of additive and multiplicative structure,

Ay, = g Lnke—nrkror=n-

hoh!~H
kK ~K

such as

In particular, this would be relevant for improving the total length in a mean-value
estimate for the squared zeta function times a product of two Dirichlet polynomials,
due to Deshouillers-Iwaniec [DI84, Theorem 2| (and refined to an asymptotic by
Bettin-Chandee-Radziwill [BCR17]). For an optimal choice of unbalanced ranges
M > N, assuming Selberg’s eigenvalue conjecture, one should reach the threshold
MN < T5/3; the presence of the exponent % here is not a coincidence, since these
results rely on bounds for exponential sums of the shape in (4.10).

Remark. Although we will focus on equidistribution results with fixed (or small)
residues a, similar results are possible in the range a < x'*¢; this is relevant, e.g., to
upper-bounding counts of Goldbach representations |Lic23|. However, working with
large values of a ultimately has the effect of replacing some of the dependency on
(progress towards) Selberg’s eigenvalue conjecture with its non-Archimedean counter-
part, the Ramanujan—Petersson conjecture at primes dividing a. In |Lic23|, Lichtman
incorporates technology of Assing—Blomer—Li [ABL21] to explicitate the dependency
on the Ramanujan—Petersson conjecture; with this approach, the final exponent of

93



distribution decreases with a. However, using appropriate non-Archimedean ana-
logues of the large sieve inequalities from Chapter 3 and [Wat95], one should be able
to match the exponent of distribution 2 — ¢ in a larger range of a, and in the full

8
range a < x'¢ if a is well-factorable.

4.2 QOutline

Our proofs of Theorems 4.2 and 4.4 build on the arguments of Maynard [May25b| and
Lichtman [Lic23|, respectively Drappeau |[Dral5| and the author [Pas25c¢|, with new
inputs in the exceptional automorphic spectrum. Here we give an informal outline
of our arguments, ignoring various technical details such as smooth weights, common
divisors, and some z°() factors.

4.2.1 Reduction to sums of Kloosterman fractions.

Let Q € (x'/7+o() 25/8=0()) "and fix the residue a = 1 for simplicity. In the critical
ranges, Theorem 4.2.(7), respectively Theorems 4.4 and 4.29, rely on bounding sums
of the form

Z )\th Z Hao Z Vas Z Qn Z ﬁm (ﬂmnl (mod q1g2q3) — M) )

qa~Q1 q2~Q2 q3~Q3 n~N  m~z/N SO(QNJZQZ‘))

(4.6)
respectively
l(n nang,q)=1
Z)‘q Z Olpy Z Bn2 Z Tns <ﬂn1n2n351 (mod ¢q) — %3)(1) s (47)
~Q ni~Ny na~N2 nz~N3 ¥lq

for certain ranges of Q;, @, N;, N with [[Q; < @ and [[ N; < z, and for arbitrary
divisor-bounded coefficients (A,), (¢q), (@), (Bn), (7). The goal in both cases is to
beat the trivial bound of size about x, while making () as large as possible.

In (4.6) (for primes, with triply-well-factorable weights in the modulus), we are es-
sentially free to factorize @) = [[Q; as we wish in terms of x and N, and we will

roughly choose
Q° x

~ N ~ —.
Ql ) QQ I’ Q?) QN

Similarly, in (4.7) (for smooth numbers, with arbitrary weights in the modulus), we

(4.8)

are free to factorize N = [[ N; as we wish in terms of z and @, and we will roughly
choose 0

T

N1 ~ , NQ N3 ~ (49)

ol
ol
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There is a certain duality between the two problems, partly due to the correspondence
of sizes Q2 =~ Ny, N()3 ~ N3; indeed, the two convolution estimates above reduce to
bounding the same sum of Kloosterman fractions, given below in (4.10). This is why
the final exponents of distribution are the same — both in previous works [May25b;
Dralb], [Lic23; Pas25¢|, and in our Theorems 4.2 and 4.4. Both proofs rely on Linnik’s
dispersion method [Lin63; BFI86; BFI87; BFI89|, which begins with an application
of Cauchy—Schwarz in ¢, m, respectively ¢, n;; expanding the square will duplicate
the other variables. The main dispersion sums will contain smooth sums over ¢, m,
respectively ¢, ny, as well as congruences

!

n =n' (mod q), o,
. nang = nynj (mod q),

m =7 (mod ¢1¢2q3), respectively

m

n S
_ ny = nang (mod q).

(mod ¢545),

One can Fourier-complete the sums in m mod ¢1¢2¢3¢5¢5, respectively n; mod ¢, which
introduces a smooth variable h of size

2 2 2
|h| < Ql(f/—zj\??’) ~ %, respectively || < % ~ %7

and the contribution of the principal frequency at h = 0 simplifies with other main

terms. Moreover, one can pass from ¢y, respectively ¢, to the complementary divisors

n—n' : nong—nhHny
-, respectively ———2-=2

, which have size < 1 (so we can ignore them for the
moment). In the critical ranges, it essentially remains to bound

SIE Y (1)< (110

Q |e~@2/z  h~Q?fa

cr~
d~a/Q

where the (¢, d, ) variables correspond to (ngsqs, n'qs, q2), respectively (n4nf, ns, na),
and (vy) are divisor-bounded coefficients. Note that we need to save a factor of roughly
Q?/z over the trivial bound, corresponding to the loss from Fourier completion.

4.2.2 Reaching the exceptional spectrum

We may now forget about the original structure from (4.6) and (4.7), and focus on the
exponential sum in (4.10). After applying Cauchy—Schwarz once again and swapping
sums, one is left with proving that

Z Ug/@g Z Z € ((hf - h%I)@) < %4 (4.11)

00 ~Q2 )z hh~Q2 [z e~Q
d~a/Q
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The diagonal terms with h¢ = h'¢’ are barely acceptable. In the off-diagonal terms,
denoting r := ', n := hl — h'¢', and*

Ay 1= Z Lhe—per=n, (4.12)
h,h!'~Q? [z

and completing Kloosterman sums (passing from d to a variable m of dual size
Q(x/Q)™1), it remains to show that

6

Z Z Z Gn,rZS(mF,n;c) < % (4.13)

r~Q4/z2 |m~Q?%/x n~Q* /22 e~Q

At this point, applying the Kuznetsov trace formula [Kuz80; DI82¢| to the inner sum
over ¢ brings in the Fourier coefficients ps(m), ps(n) of automorphic forms f for
the congruence subgroup I'g(r). The contribution of Maass cusp forms is the most
difficult to bound; after moving the sums over m,n inside, we are left to bound

To(r) 5
Z Z\/Eef Z ps(m) Z nrPy(n) <Q—, (4.14)

@1 I Qa2 .

where 6 € [0, 7/32] measures the failure of Selberg’s eigenvalue conjecture as in (4.4),

1/2

and pr(m), ps(n) have size about =/ on average. Following Deshouillers-Iwaniec

[DI82¢]|, one can now apply Cauchy—Schwarz a third time, so that it remains to bound
2

S CAND IR

m~Q2?/x

, (4.15)
FO(T) 4 9f 6
. _ Q
2. 2 (@) 2 anym)| | <
r~Q /a2 f Q4 /22

The reason for this arrangement is that the large sieve inequalities from [DI82¢| obtain
square-root cancellation in the sums over m, n. Moreover, in the exceptional spectrum
where 6y > 0, [DI82¢, Theorem 7| can incorporate the factor of (Q%/2%)% from the
first sum with no losses.

However, for the exceptional factor of (z*/Q%)% in the second sum, all previous works
[May25b; Lic23; Dralb; Pas25¢| essentially use an L* bound. Denoting 6 := max 6
and using the aforementioned spectral large sieve inequalities, this would leave us
with

Q4 Q2 <l‘4 >9 Q4 Q4 QG 540

gl 00 < —= — Q < x8-60,

x? x? 22
'Really, a,,, depends on n, ¢, ¢’ since there may be more factorizations r = ¢, but let us ignore
this here.
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where we really need a power-saving in the final bound. Plugging in Selberg’s bound
6 < 1/2 (which was the state of the art in [DI82a]), one reaches the exponent of
distribution 2 — o(1) from the works of Maynard [May25b] and Drappeau [Dral5].
Using the celebrated bound 6 < 312 of Kim—Sarnak [Kim03, Appendix 2|, one reaches
the exponent 2% — o(1) from the works of Lichtman [Lic23] and the author [Pas25¢|.

Conditionally on Selberg’s conjecture that 8 = 0, the resulting exponent is g —o(1).

4.2.3 Our improvements

Naturally, one can hope to win more in the exceptional spectrum using a suitable large
sieve inequality for the second sum in (4.15); but until very recently, it was impossible
to obtain any savings in the #-aspect for sequences like (a,,) which depend on the
level r, when n and r have the same size. This is now possible using our work from
Chapter 3, provided that the sequence (a, ) has enough additive structure. Indeed,
for the shape of a,, from (4.12), which matches the left-hand side of (4.5), our
Theorem 3.3 saves an additional factor of (Q?/x)% in (4.15). This leads to a final
bound of

Q* Q2 <x5)0 QrQ* QS s 56

X =2 _ ,.5/8
el o < — Q < x3-80 = x°/°

x? x? o 2?
and thus to the unconditional exponent of distribution of 2 — o(1).

This concludes the outline of our results on smooth numbers from Theorems 4.4
and 4.29, up to various technical details. However, the case of primes from Theo-
rem 4.2.(i) presents a significant additional challenge: the triply-well-factorable con-
dition from Definition 4.1 can only really guarantee that ()7 < N, () < %2 and
Q3 < QLN, as opposed to the double-sided bounds implied in (4.8). The potential gap
between (); and N creates a large complementary-divisor factor

n—n N

= L F = —,
/ a1 o

which ultimately alters the shape of the coefficients (ay,,) from (4.12) to

Uy A Z Z Lf(he—nery=n-

I~F b Q2 (@F)

This sequence displays a mix of additive and multiplicative structure, and we do not
know how to prove a corresponding large sieve inequality in the exceptional spectrum,
generalizing Theorem 3.3 with a good dependency on F'. This is a significant issue,
since the previous argument could only barely reach the unconditional exponent of

2 —o(1).
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We overcome this issue by moving f-variable to the other entry of the Kloosterman
sums, by a variant of the identity

S(mr, fn;c) = S(fmrF,n;c),

which holds when (f,c¢) = 1; working around the latter coprimality constraint is a
nontrivial argument in itself, within the proof of Lemma 4.12. In the n-aspect from
(4.15), this leaves us with coeflicients (a,,,) as in the left-hand side of (4.5), which
can be handled by Theorem 3.3. In the m-aspect from (4.15), we are left with a
multiplicative convolution of two smooth sequences, as in the right-hand side of (4.5).
For such sequences, Watt’s large sieve inequality [Wat95, Theorem 2|, incorporated
into our Proposition 4.10, produces nearly-optimal savings when an average over the
level r is available. The final dependency of the resulting bounds on F' is acceptable,
partly because the m-variable is much smaller than the level (so there is enough
‘room’ for the f-variable).

For Theorem 4.2.(i7) and Theorem 4.19, we mention that Iwaniec’s well-factorable
linear sieve weights are not very far from being triply-well-factorable — in fact, such
results still depend on bounding the sum in (4.6), but with less freedom in choosing
the parameters ()1, )2, Q3. This lower degree of flexibility leads to fairly complicated
(but purely elementary) combinatorial optimization problems, which we treat in Sec-
tion 4.5. Once again, the final levels of distribution match the best conditional results
(that one would obtain by assuming Selberg’s eigenvalue conjecture in our proofs).

4.2.4 Structure

In Section 4.3, we rely on works of the author (Chapter 3) and Watt [Wat95| to deduce
new bounds for multilinear forms of Kloosterman sums. We use these to prove:

Theorem 4.2 (parts (i) and (i7), resp.) in Sections 4.4 and 4.5.1, building on
Maynard [May25b];

Theorem 4.19 and Corollary 4.3 in Section 4.5.2; building on Lichtman [Lic23];

Theorem 4.4 in Section 4.6, building on Drappeau [Dral5|;

Theorem 4.29 and Corollary 4.5 in Section 4.7, building on de la Bretéche—
Drappeau [BD20)].

The figure below summarizes the relationships between the results in this chapter.
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Proposition 2.12 [Wat95] | Theorem 3.3 | Corollary 3.17

v v v

Proposition 4.10 Proposition 4.8 Proposition 4.9
|

| L |
Lemma 4.11 Lemma 4.25

Lemma 4.12 Lemma 4.26

Proposition 4.14 Proposition 4.27
" Theorem 4.2 || | Theorem 4.19 | " Theorem 4.4" | Theorem 4.29 |
Corollary 4.3 Corollary 4.5

Figure 4.1: Structure of proofs (arrows represent logical implications).
4.3 Kloosterman sums in the exceptional spectrum

Here we develop improved bounds for multilinear forms of Kloosterman sums, ap-
plicable in particular to the expression in (4.13). This relies on the framework of
Deshouillers—Iwaniec [DI82a], with new inputs in the exceptional spectrum.

4.3.1 Large sieve for exceptional forms

Following Deshouillers—Iwaniec [DI82¢]|, in expressions like (4.14) and (4.15), the fac-
tors of X% can be tempered through large sieve inequalities for the Fourier coefficients
of exceptional Maass forms, of the shape in (4.4). The goal is to incorporate factors of
X% with X as large as possible, while matching the essentially-optimal upper bound
for the regular-spectrum large sieve inequalities (see Proposition 2.8). Below we recall
Assumption 3.13, which is just a framework to state large sieve inequalities and their
corollaries succinctly. On a first read, one should pretend that £ = 0 and A = ||a,||2.

Assumption 4.6. We say that a tuple (¢, N, Z, (an)non, A, Y), with q € Z,, N >
1/2, Z > 1, A > |lau|l2, Y > 0, satisfies this assumption iff the following holds.
For any e > 0, £ € R, any cusp a of T'y(q) with p(a) = ¢, and any orthonormal
basis (f;) of exceptional Maass cusp forms for I'o(q), with Laplacian eigenvalues \;,
;= \/1—74)\]», and Fourier coefficients pjq(n) (using the choice of scaling matriz in
(2.12)), one has

> X"

Aj<1/4

2

N
< (QNZ>8 (1 + E) A2,

> (36) it

n~N
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for all

q Y
X < (1,—) . 4.16
max (1, 5 T+ e (4.16)

The reason for this notation is that a result of Deshouillers-Iwaniec [DI82¢|, given
in Proposition 4.7 and reiterated below, incorporates a factor of X = max(1, &) for
an arbitrary sequence (a,). In fact, this is still the best-known result for general
sequences and individual levels, when N > ,/q. Therefore, the factor Y in (4.16)
represents the additional saving over this result, achieved using the special structure
of the sequence (ay,).

Proposition 4.7 (Large sieve with general sequences |DI82¢|). Let ¢ € Z,, N >
1/2, and (ay)n~n be any complex sequence. Then the tuple (q, N, 1, (an)nn, ||@n|l2, 1)
satisfies Assumption 4.6.

Proof. This follows immediately from Proposition 2.10. ]

Next, we recall (and slightly rephrase) the large sieve inequality Theorem 3.3, con-
cerning the first type of sequence from (4.5). This will be the main ingredient behind
the improvements in Theorems 4.2 and 4.4. Following Notation 3.4 only up to a
constant, for « € R/Z and N > 0 we use the notation

Tn () := min (¢t + N||ta|]) . (4.17)
teZy

This quantity is nondecreasing in N, and measures the quality of rational approxima-
tions to a with small denominators ¢ (recall that ||a|| denotes the distance from 0 to «
in R/Z). In particular, we have Ty (a) < 1+ N||af|, Tn(a+ 8) < (1+ N||B|NTn (),
and Ty (a) < v/N by a pigeonhole argument (see Lemma 3.6).

Proposition 4.8 (Large sieve with additive convolutions). Let N > 1/2, L, H > 1,
a,ay € R/Z, and q,01,0, € Z,, a € Z be such that ¢ > L?, (1,0, < L, and
(01,05) = 1. Let ®;(t) : (0,00) = C be smooth functions supported in t < 1, with
@Ej) <1 forall 7 >0, and

h h
Ay = Z (I)l (ﬁ) (I)Q <ﬁ) e(h1a1 + hQOéQ).

hi1,h2€Z
a(hi1f1—hal2)=n

Then the tuple (q, N, H, (an)nn, A, Y) satisfies Assumption 4.6, where

H H2 NH
A = n N — e 9 Y = 17 : :
llanl2 + \/ (L + Lz) fHax ( la|(H + L)L min; TH(O@))
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Proof. This follows from Theorem 3.3 with a,, < ay/jq;, N < N/|a|, a < |al, as in
(3.51) (we note that the statement is trivial unless N < |a|HL). One can in fact
replace T (o) with the smaller quantity Ty (qjr) (), which is helpful in incorporating
the phase £ from Assumption 4.6 via the bound

CL& N aéi
IN/(lalL) (ai + T§> < (1 + W|T§|> Tny(laiz) (i) < (14 [€])Th ().

4.3.2 Multilinear forms of Kloosterman sums

We now state a couple of bounds for sums of Kloosterman sums, incorporating the
large sieve inequalities with averaging over levels from Propositions 2.11 and 2.12,
and also using the framework of Assumption 4.6. We will combine these results with
the large sieve inequalities from Propositions 4.7 and 4.8 to remove the dependency
on Selberg’s eigenvalue conjecture in our results. We recall from (2.21) that fyax < 312
measures the worst counterexample to Selberg’s conjecture.

Proposition 4.9 (Sums of incomplete Kloosterman sums). Let R, S, N > 1/2,
C,D,Z>1,andY,e >0. Forallr ~ R, s ~ S with (r,s) =1, let:

o w,,€C;
o &, :(0,00)% = C be smooth, with ®,,(x,y,z) supported in x,y,z =<1, and
8&8585@61(% Y, 2) K roe 2°°, Vi, k£ > 0;

o (rs,N,Z (anrs)nn;Ars,Y) be a tuple satisfying Assumption 4.6.

Then with a consistent choice of the sign £, one has

d rd
Z Wy s Z n,r,s Z CI)T’S (%7 5’ %) © (inz_c)

r~R n~N c,d

s~S r 870 — (418)

(r,s)=1 (rd,sc)=1

< (RSNODZ)O(E) ||wr7sAr,s||2<ﬁ7
where
2 emax
2.= D’N 1 D N).
5 R+ (1+ G CS(C+ DR)(RS + N)

Proof. This is Corollary 3.17 from Chapter 3. m
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Proposition 4.10 (Sums of Kloosterman sums with multiplicative convolutions).
Let R,S,N > 1/2, My, M5, C,Z > 1, M < M Ms, and Y,e > 0. For allT™ ~ R,
s ~ S with (r,s) =1, let:

o w,, €C;

o &, :(0,00)" = C be smooth, with @, ,(x1,x9,y,2) supported in Ty, Ts,y,z <1,
and

831 832 akae (xla x2,Y, Z) <<j1,]'2,k757€ Z(j1+j2+k)s7 vj17j27 ka f Z 07

1YYy z
o (rs,N,Z (anrs)nn;Ars,Y) be a tuple satisfying Assumption 4.6.

Then with a consistent choice of the sign &, it holds that

my Mo N C _
E Wy s § § Qp,r,s § (I)r,s (Ma Ea N; 6) S(mlmgr, :l:na SC)
r~R m1,mo€Z n~N (e,r)=1

s~S
(r,s)=1

(4.19)

Oz
M max
<. (RSMNCZ)°® (1 + g \/_”S;) |wr.sApsllaVRSM

CQ 1/2
x <E(M + RS)(N + RS) + MN) .

Proof. We closely follow the proof of Corollary 3.16, with minor changes. We start
by inserting coefficients W;(m;/M;) in the sum S from the left-hand side of (4.19);
here W,(t) are smooth functions with \I/l(j) <; 1, supported in ¢ < 1, and equal to 1
on the supports of xy,xs < 1 in @, (21, 22,7y, 2). We then separate variables using

the Fourier inversion formula

/X122y
U, (21, 22,5 2) 1= \/T122Y CI%S(fcl,:vz,y, )

_ / / / U, (Cro s € 2) erCy + aCo + yE) Gy dGo dE,
R3

where the Fourier transform is taken in the first three variables. Thus

e (35 ) Y ] e )

M’ M2 N C MiMoN
n
xe (MQ + MZCz + N§> d¢y d¢s d§.

Similarly as in (3.54), this yields

. (C1, G2, §) dGy dp d€
S <. 2°CCSVR / / /R g C““l) : +) Cwé)(f Pzt (4.20)




where

w0 % ol £ 0 (5% () (o 0

(gf:jgl mi1,mo€Z
n S(mymaF, £n; sc) 47 /miman
X bn <_ ) rs \ — )
Z € ]\]é Z CS\/F ()0<17C27£7 s c
n~N (e,r)=1

and ©¢, ¢, ¢.r.5(2) is supported in z < X! and satisfies gog)@ e <o X for

_ CSVR
VMN '
We can incorporate the factors e(t(;) into the functions W;(t), incurring derivative

bounds \Ifz(j ) < 14|¢;)?. From here on, the proof is analogous to that of Corollary 3.16
(starting with an application of the Kuznetsov formula for the cusps oo and 1/s),

(4.21)

except that we apply Proposition 2.12 instead of Proposition 2.11 in the exceptional
spectrum; we use Z = max;(1 + |(|) in Proposition 2.12, which disappears in the
integral over (1, ¢y from (4.20). Importantly, instead of (3.66) we use

2
X1 = 622—,

as in (2.41). Combining this with the value of X from (4.21) and the value of X»(&)
from (4.16) (with ¢ = rs) leads to a total exceptional factor of

<1+—X (0)) mx<< <1+ CSVR M, VN )

X, X, VM M,N @  /RSY
RVSY ’

n (4.19). Other than this, the right-hand side of (4.19) is identical to that of
(3.64), after inserting the follow-up bound from (3.65). O

4.4 Primes with triply-well-factorable weights

Here we prove Theorem 4.2.(7) rigorously, building on the arguments of Maynard
[May25b]. Compared to the outline in Section 4.2, we will essentially work in reverse,
starting from bounds for multilinear forms of Kloosterman sums and building up to
a convolution estimate in Proposition 4.14.

We begin with a bound for a sum like in (4.13), which follows from Propositions 4.8
and 4.10.
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Lemma 4.11. Lete > 0, a € Z \ {O}, 1< S F K ,C H<2°M, &,t) be smooth
functions supported in t < 1 with @EJ) <; 1, and

¢(h1, hg) = (I)l <};Il) (1)2 (%) €<h1041 + hQO-/Q)a

where a; € R/Z have min; Ty (o) <. x° (recall (4.17)). Then for any smooth
function ®(xq,x2,2) supported in x;,z =< 1, satisfying 030205 (x1, 2, 2) <y jote
U2 one has

f k c .
YUY Y k) Y ‘I’(f@a S(fksiss, als )
s1,52~S | fk hi,ho (¢,8182)=1
{=h1s1—h2s27#0
emax
VF
Leg 190 1+O—2 VH2S3(H + S)FK
H

SQ

H+S

o2 1/2
><<S (FK +5*) (H+5) +FKHS> :

Proof. Let Ky denote the sum in the left-hand side. We first let sy := (s1, s2), change
variables s; <— sgs;, £ < sol for i € {1,2}, and put sq into dyadic ranges. This yields

Ko < 2°M sup K,(Sp), (4.22)
Spk S

where after simplifying S(fks3sis2, asol; c) = S(fkSgs152,al;c),

SPOID V) SIS SRUREND SRR (o 5

50~S0 s1,52~S5/s0 h1,h2 (e,808182)=
(s1,52)=1 f h1s1—has2#0

S(fksosisa,al;c)l.

We then put n = |af| and r = sgs;s9 in dyadic ranges n ~ N, r ~ R, insert
coefficients W(n/N) where ¥) <; 1 and ¢ =1 on [1,2], and use the divisor bound
to write

Ky <z sup KN, R), (4.23)
N<<aHS/SO
R=S52/So
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for

Kom  max |y > ohha) ) (%) ¢ (% % %)

r~R 51,82~S5/50 fik n~N h1,h2 (e,r)=1
(31752):1 a(h1517h252):in
S0S189=T
S(fkT,£n;c)|,
(4.24)

where the supremum in (4.23) includes the choice of the + sign. If the maximum
above is attained at some s;(7), s2(7), we let

Ap g = Z ¢(h17 hZ)

h1,ho€Z
a(his1(r)—has2(r))=xn

- 2 1 (E) 2 (}[Lj) e(hiay + haay).

hi1,h2€Z
+a(his1(r)—has2(r))=n

If the maximum is empty, we let a,, := 0. Then we can rewrite (4.24) as

DI TDIN (%)@(%%é) S(fkr, +n;c)|.

r~R | fk n~N (e,r)=1

By Proposition 4.8, the tuple (r,N,z, (@n;)nn, Ar,Y') satisfies Assumption 4.6,

B NH
~a|(H + S/S0)(S/So) min; T ()’

1/2
HS H?2S?
A= (Z |am|2> YN T

n~N
Since min; Ty (o) <. ¢, we further have

where

NHS,
Y>> 0" ——0—.
Zeat THT9)9
We can now apply Proposition 4.10; specifically, by (4.19), we obtain
elnax
CVF
Ko eg 299 |14 — = |A ||, VRFK

R NHS()
(H+S)S

2 1/2
X (%(FK%—R)(NHLR) +FK/\/') :

We claim that
|A,]12 < x®WN(HS + H2S,). (4.25)
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Indeed, this follows from the definition of A, and the two bounds

HS, H2S? HSy | HS; )
— =N(H H
;N( oo I < S (Heh ) < s + %s0),

2

PPN D DD IEDD 2. 1

r~R n~N n~N so~So s1,59~5/s0 hi,hox<H
(31’52):1 hlsl—hzszzzl:n/a

LD IDIED DS 2. 1

n~N so~So s1,52~5/s0 h1,ho=<H hi,hy=<H
(s1,82)=1 hisi—hasa=%n/a s1(h1— h) s2(ha—h})

SPID DD 2. 2. 1

n~N sg~So s1~S/ 50 s2~S/s0 hy=<H hiy<H
hi1=<H hoxH h'l_hl (Inod 52) 81(h1 —h' ) Sg(hz hé)
h282:h181:Fn/a

< xo(”NSOS (1 + HTSO) = 2°WN(HS + H2S)).
0

Using (4.25), we can further bound

emax

C
© 11+ \;;S VN(HS + H2S,)RFK
R H+S)OS

K:2 <<s,a 110

C 1/2
X (ﬁ(FK—FR)(N—'—R) +FKN) ,

where the right-hand side is increasing in N <, HS/Sy. Substituting this value of
N and R =< S?/S, it follows from (4.23) that

Omax
Ky <o 206 Ly OVE
2 [
So H+S
HS 52 28, S2\ (HS S?\ FKHS\Y?
20 HS + 12 FK FK + H2o 0
<\, (HS+ H2S0) o (52 ( so)(so+so>+ S >

Since Onax < 1/2, the right-hand side is seen to be decreasing in Sy > 1; substituting
So with 1 and plugging this into (4.22), we obtain the desired bound for K. O

We use Lemma 4.11 to deduce a power-saving bound for an exponential sum like
n (4.10) (before passing to the complementary divisor). This improves [May25b,
Lemma 7.1| by allowing larger ranges of @, R, S in (4.26); as a technical difference,
we require that h lies in a smooth dyadic range. We note in passing that the case
h < 0 follows immediately by changing a <> —a.
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Lemma 4.12 (Exponential sum bound for well-factorable weights). Let a € Z\ {0},
d € Z, with (a,d) =1, ¢,C > 0, and M,N,z,Q,R,S > 1 satisfy MN < x and,
with 6 :==7/32,
NQRQS S xl—&e,
N7 RS> % < x'16 (4.26)
N%Q%R%@ < 2732
Let Q' € [Q,2Q], 1 <« H < 2°WQR?S*/M, B; > 1, and let N C Z% be such
that if (u;v), (u';0") € A, then (u,v') = (v/,v) = 1. Finally, let (v,), (As), (o) be
1-bounded sequences, w € R/Z with Ty(w) < z°Y, and ®(t) be a smooth function
supported in t =< 1, with ®U) <1 for j > 0. Then

T )\S T )\S _
D D S

Q<q<LQ' r1,r2~R 51,52~ ni,na~N
(g,0)=1 (r1s1,ar2s2)=1 ni=nz (mod qd)
(res2,aqdrisi)=1 (n1,m2qdris1)=1
7i5;<DB; (n2,m1qdras2)=1

(n1resane)eN
In1—nz2|>N/(log )¢

h ah(ny — ng)narysidq N?
o — - .
X Z e(hW) (H) € ( Nn1T9S9 <<a, © Qxe

heZ

Proof. We closely follow the proof of [May25b, Lemma 7.1], taking Q < N without
loss of generality (otherwise the sum over nj,ny vanishes). After the substitution
fdq = nq1 — no, a separation of variables and an application of Cauchy—Schwarz in
f,n1,n9,71, 79, S92, We reach the sum

e S ()

similar to [May25b, p.23, third display]. Here we also inserted a smooth majorant
in the f variable, where ¥, is a compactly-supported nonnegative function satisfying
\If(()j) <; 1. As in [May25b, p. 23, second display]|, the ranges B, Cy, F} satisfy

2

?

g (3)(4)

s~ S heZ

N
B < NR, Co < NRS, Fy < 1ok (4.27)

and as in [May25b, (7.4)], we need to show that ¥ <., z %N?R?S%. Normally at
this stage, we would expand the square in %}, leading to a sum like in (4.11), and
then complete Kloosterman sums. But as outlined in Section 4.2.3, to achieve good
savings in the complementary divisor (f ~ F) aspect, we will need to ‘move’ f to the
other entry of the resulting Kloosterman sums. Towards this goal, we split the sum
according to the value of d = (f, ¢):

Pi< > #s(d), (4.28)

1<d<kz
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where, after relaxing the constraint (b,c¢) = 1 to (b,¢/d) = 1, substituting (f,c) <
(fd,cd), and letting

CO FO
c=" i (1.29)
we have
2
. b c f / hl CthE
b.e,f s~S heZ
(bf,c)=1 (5,0)=1

Due to (4.28) and >, % < log z, it is enough to show that

L N2R2S8
d

Wy Lcq @ . (4.30)

Now let

hl ahTs
W (x;c) = ! —
(x;¢) E /\SE e(hw)@(H)e( . ),
s~S heZ
(s,0)=1
for x € (Z/cZ)*, so we can write

X)X o(p) 3 o s) woror
i

(f?c): b,C):l

:Z%(g) Z%(F> ACH Y xpo(%)

(f,e)=1 x€(Z/cl)* b=zf (mod c)
c f b
<Y ()T w (F) S ol Y w (E) ,
c f 2€(Z)cZ)* b=zf (mod c)

where we dropped the restriction (f,¢) = 1 in the last line. Expanding the square
and swapping sums, we get

< Y A;EZM,MZ%@) > (g

51,52~S hi,hs f (c,s182)=1
(s182,a)=1
al3155% b
X E E |\ _
z€(Z/cZ)* b=zf (mod c)

where

0= hys; — hasa,  d(hy, ho) = e((hy — ho)w) @ <%) o (%) (4.31)

Splitting the sum above into the terms with £ = 0 and ¢ # 0, we have

Ws < Wizo + Wiro- (4.32)
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In light of (4.27) and (4.29), the diagonal terms contribute at most

Wi—g <K Z Z ZZZ Z To=2f (mod c)

S1, so~S h1 hox<H fAF c=C b=B zc Z/CZ
hisi1=has2

<22 2.2 > el

s1,59~8 hi,ha<H f=F c=<C b=<B (4.33)
hi1s1=hasa

< 2" VSHFCB

QR’S* N NRS \ , _ N'R'S'

o) N NR'ST
SESTUN dQ d P

and this is acceptable in (4.30) provided that
N2R2S <. x1—8€’

which we assumed in (4.26). For the off-diagonal terms, which roughly correspond to
(4.11), we complete the inner sum over b via Lemma 2.2 to obtain

Wizo < | W| +O0(x™) +2°V sup  |[#4(K,u),
K<z°WB-1C (4.34)
Tk« 1

ux1

where ¥ is a smooth function supported in (%, 2),

29

SN, DT el ) Y W (%) > w(g)

81,89~S hi,ho f (c,s182)=1

(s182,a)=1
alsis3z\ B —~
—Wy(0
< 3 (M) TR0

2€(Z/c)*

is the contribution of the principal frequency, and

Lo 3 emmzn(p) 3 n()
(;1152?521 f:h1811—7h2282¢0 d (e,5152)=1
=) e @2 (7) () ()
X € —\Ij J— \Ij e _k— e | L2 .
me(zz/cjzv ( ¢ /¢ O<C>zk: K C c
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We first bound #4 using the Ramanujan sum bound (see Lemma 2.1), (4.27) and (4.29):

SN S G, ko) Z\IIO( ) R 7 (é) S(0,al;c) = \1/0(0)

(sl,sy\)»Sl h1,ha (e,5182)=1
s182,a)=

B
<) D ) lato—
S1,SQ~S hl,hQXH fXF c=C
<, 2*VS?H?FB
QR25%\* QRPS6N*
N i A
N ) ag e T

< 2?1 g2 (
(4.35)
This is acceptable in (4.30) (i.e., <. 27 *N?R%S3/d) provided that
N2QR3S3 < [E2_8€,
which follows from ) < N and the first and third assumptions in (4.26):
N?QR’S® < N°R*S°

< (N*R?S)"°.

(NRZS5)1/3 ($1—85)4/3 <x2—328)1/3 < 28

We are left to consider #%, which roughly corresponds to the sum in (4.13), and can
be rewritten as

%:g > )\;1/\;22%() (‘f{‘%(-k%) > ¢(ha,ho)

s1,59~8 hi,h2
(s182,a)=1 {=h1s1—h2s27#0
C uc
X v (—)\IJ (—)S ks183,al;c).
> 0(5) w0 () st ot
c,8182)=

We can now apply Lemma 4.11 with the smooth weight

O (21,29, 2) 1= Vg (1) U (x9) € (ZFQ:Q u[éB) Uy (2) ¥g (uz),

once for each choice of the + sign (corresponding to the sign of k; note that we have
S(—fksi83,al;c) = S(fks1S2, —al; c), so one can transfer the sign change to a without
loss of generality). Then ® is compactly supported and 99! 97295 (x1, w2, 2) Kjy jo ke

(KB/C)" < °U2) where we used K < z°MB~!C by (4.34). Since Opax < 55 =0,
we can bound

B CVvF

Wo <o x?W= [ 14+ ——
C S2 H?2

H+S

2 1/2
x /H2S3(H + S)F K ((; (FK +S%) (H+5)+ FKHS) :
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At this point we note that by (4.26),

NQR’S* _ o N?RS
X

S < z°MS.

H < z°0 2°(

Using this and the fact that K < 2°) B~'C from (4.34), our bound for #4 simplifies

to

0
s <a x"(l)g (1 + S%—[Z) VH?STFC[B (C* (FC/B + 8°) + FCHS/B)"*

0
. CVF 1/2
< z° (1 + 83/—2H> VH2S1F (C (FC + BS®) + FHS) '~

Plugging in the bounds for B, C, F' from (4.29) and (4.27), we are left with

o) CovV'Fy ’ 1/2
W <a — (1+ 53/2H> VH?S'F (Cy (FC + BS?) + FyHS)

0
o) NRS\/g N N N 1/2
-V 2¢4° _ 2 _
<, 7 1+ S H2S Q(NRS(QNRS+NRS)+QHS)

o) N32R\" HSY2N 12
=11 NR?S (N SY+ H)'".
d <+H¢_SQ> g WIES(N+Q9) + H)

Finally, noting that the right-hand side is increasing in H < 2°V NQR2S?/z, we get

0
o(1) /N N2[R2G59/2 NOR2S2\ /2
i (1 - ) s <N2RQS+NQRQS2+ﬂ)
T

Vi <a d + RS5/2Q3/2 T

0
o(1) 5/2 3 Q5
x (1 VN ) N32R3S (N 1052

<a d R55/2Q3/2
N3R3S5 . x\/ﬁ 0 N5/2Q1/2R3SH/2 ) x\/ﬁ 0
¢ Jpl—e - RS5/2 + drl—¢ + RS5/2Q3/2 ’

where we omitted a factor of @Q—3%/2 in the first term of the expansion. For this to be
acceptable in (4.30) (i.e., <., x7©N?R?S3/d), we need the following restrictions:

NRS2 < CCl_SE, N2+0R2—2954—50 < CC2—29—16<€7
NQR255 < x2—166’ N1+9Q1—36’R2—2955—59 < $2_29_166.
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All of these restrictions follow from (4.26), Q@ < N, and 6 < 1/2, as shown below:

NRS? < (N2R2S-NRQS5)1/3 < (1,1—85_x2—325)1/3 < gl

20
2 @5 ﬂ e 205 _ NS Y p2os 2-16¢
NQR* S’ < ) NQR*S*=N1=01Q =0 RS’ <«x ,

2-26
240 4—560
N2+0 R2-20 g4—56 _ (NWRSW> < (plm16e)2-20 < 2-20-16e

— )

146 1

N1+6 (130 220 g5-56 _ (NWQ 30 R255> 1-0 - (x2—325)1—0 < 2216

In light of (4.32) to (4.35), this establishes (4.30) and completes our proof. O

Our next result is a convolution estimate corresponding to (4.6), which improves
[May25b, Proposition 7.2|; to state it, we recall the Siegel-Walfisz condition from
[May25b, Definition 3|.

Definition 4.13 (Siegel-Walfisz sequences). A complex sequence (a, ),y is said to
obey the Siegel-Walfisz condition iff one has

Z L q)zl) o N
Qp, ]]-nEa mo - ’ LA T d ( )—7
( med @ o (g) 4 7(d) (log N)A

n~N
(n,d)=1

forall d,q € Z, a € Z with (a,q) =1, and all A > 1.

Proposition 4.14 (Triply-well-factorable convolution estimate). Let a € Z \ {0},
A,e >0, and M, N,z,Q1,Q2, Q3 > 1 satisfy MN =< x and

N
ng <)
i

N2QuQ2 < 21715, (4.36)
NQQSQ?; S $2_40€.

Let (), (Bm) be 1-bounded sequences, such that (cv,) is supported on P~ (n) > zy :=
g/ eglos2)® 0 g satisfies the Siegel-Walfisz condition from Definition 4.15. Then for
any 1-bounded complex sequences (Vq, ), (Ng,), (Vgs) Supported on (g;,a) =1, one has

Z T Z /\Q2 Z Vas Z An Z B (lmnza (mod ¢) — l(mn’q):1>

q1~Q1 q2~Q2 q3~Q3 n~N m~M g&(q
xXr

(log )4

<<E,A,a
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Proof. From (4.36) we can deduce the slightly-weaker system of inequalities (with

0= 17/32)
N
Ql S _67
T
N2Q2Q§ S xl—QE’ (4 37)

xl—l?a’

4—560

N Q57 Qs

NEQ Q303

which will be enough for this proof. Indeed, the third bound in (4.37) follows from
(4.36) and (2+6)/(2 —20) = 71/50, (4 — 50)/(2 — 20) = 93/50 < 187/100, since

IN

x2733s7

IN

4—560

240 5—5g —17.9¢
N2*29Q22 20 QB < <N2Q2Q§)21/50(N2Q3Q§)29/100 < l’l 17.9 )
Similarly, the fourth bound in (4.37) follows from (4.36) since
1 1-30 1 1—
NEIQT Q5 < NEINT Q303 = N*QIQ) < «*

We now closely follow the proof of [May25b, Proposition 7.2|, which begins by fac-
toring out the zp-smooth parts of ¢, and g3 and applying [May25b, Proposition 5.§]
(at that step we use N > @Q;2°). With yo := x¥/1°81%¢® D < 92 and DR =< Q2Qs3,
it remains to bound |&1| + |&| < %fyo, where &; are the exponential sums from
[May25b, p.26]. As in [May25b, p. 27|, the contribution of & is acceptable provided
that

N32QyQ3 < 2'7%, Q1Q2Q3 < ' 7%,

both of which follow easily from (4.37). As in [May25b, p. 27|, to handle &3 it suffices
to bound another exponential sum & by & <. N2/(Q,2%/'°). We note that the

range of the h variable can be extended to all h € Z \ {0}, since the contribution of
|h| > Hy := (log x)°QDR?/M is negligible.

We apply a close variant of [May25b, Lemma 5.9] (which is [May25a, Lemma 14.5]) to
&3. Specifically, in the proof of [May25a, Lemma 14.5], we omit the step of applying
partial summation in the h variable; instead, we follow the proof of Lemma 2.2 and put
|h| in smooth dyadic ranges W(|h|/H’), bound the contribution of H > H, using the
decay of 1)y, separate the variables h and qdr,r, variables via a Fourier integral, and fix
the integration variable u = 1. This produces a smooth factor Jo(uqdrlrg /(QDR?)),
which we eliminate by partial summation in ¢, 7, o, leading to the exponential sum
&' below. But first, we need to verify the conditions [May25b, (5.1), (5.2)] from
[May25b, Lemma 5.9],

Q1Q2Q3 < 23, Q1(Q2Q3)* < Ma' 2,
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both of which follow from (4.37). Indeed, recalling that M N < x, we have

Lip 1236 1/8
0,0:0Q3 < (N2Q2Q§)3/8 (N1+2Qf_6 QgQg) < (371_96)3/8 (m2_33€)1/8 < x5/8’

(NQ2Q3)2 < x?1%e < (N2Q2Q§)2

M1_185.
N - N N S

Q1(Q2Q3)* <

(4.38)
As in [May25b, p.27], it remains to bound an exponential sum &’ (roughly corre-
sponding to (4.10), before passing to the complementary divisor of ¢) by

2

/
& <e les/Q’

(4.39)

but we now have

Ari Ary _ I
fe= T g T ey (g)

Q1 SqSQ’l R<ri1<Ri ni,no~N heZ

(g,a)=1 R<ro<R3 n1=ng (mod ¢d)
(r1,ar2)=1 (n1,qdring)=1
(r2,aqdr1)=1 (n2,qdrani)=1

(nir2,n2)eN

. (ahnqurl (ny — nz))

niro

where U : (%, 2) — C is compactly-supported with V1) <; 1, Q4 < 2Qy, Ry, Ry < 2R,
H' < Hy = (logz)°QDR?/M, and

w = UQDRQ < x*WH;! = Ty (w) < z°W,

All that changed from the sum &” from [May25b, p.27] is that A now lies in a smooth
dyadic range, which is ultimately required by our large sieve inequality in Proposi-
tion 4.8. After expanding (\,) and fixing one of 2°(") choices of ¢}, ¢4, Lemma 4.12
gives the desired bound in (4.39) provided that

2, 2 1-9¢

N Q3 Q2 S €z )

246, , 4=3¢ 1-17e
N2-20 Q3Q2 720 < x )

1

—36
40 S—5 12,5 _
- 1-0 / 2—33¢
N1 te 3 2 SI Y

for all @, < @9 and Q4 < Q3. These bounds follow directly from (4.37), completing
our proof. O

We are now ready to establish a Type II estimate for triply-well-factorable weights,
improving [May25b, Proposition 4.1]; recall the triply-well-factorable condition from
Definition 4.1.
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Remark. The system of inequalities in (4.37) is significantly more flexible than the
triply-well-factorable condition from Definition 4.1. In particular, in Section 4.5, we
will need to use Proposition 4.14 directly rather than the result below.

Proposition 4.15 (Triply-well-factorable Type II estimate). Let a € Z\ {0}, A, e >
0, and ()\,) be triply-well-factorable of level Q < /8710 Let M, N,z > 1 with
MN = x and

2 < N < 2%/8,

Let (o), (Bm) be divisor-bounded complex sequences, such that (o) is supported
on P=(n) > zy 1= 2z := g/ oglos2)® ond satisfies the Siegel-Walfisz condition from
Definition 4.13. Then for any interval T C [x,2x], one has

]]-(mn, )=1 L
I S O i R e

<Q  m~M
n~N
mnel

Proof. We follow the proof on [May25b, p.28|, reducing to the case of 1-bounded
coefficients via [May25b, Lemma 5.1] and separating the variables mn (from the
condition mn € T) via [May25b, Lemma 5.2]. We may assume that z'/27¢ < Q <
x5/87100¢ "gince the Bombieri-Vinogradov theorem yields the result for @Q < x'/27¢,
The only difference is that we choose the ranges

N Q2 x1—205
Q1= —, Q2 = pl-21e’ Q3= —~

xE
where we note that @; > 1 since z/27¢ < Q < 25/871002 and 22 < N < z%/8.

We claim that any Q] < Q1, Q5 < Q2, Q5 < Q3 obey the constraints in (4.36);

5/8—100¢

indeed, using Q) < x , we have

NQQQQ?; — .351_195 S xl—lSa)

2152 Q° 2-40
— —4le
N°QQ = gz <27
After decomposing the triply-well-factorable weights as in Definition 4.1 and putting

¢; in dyadic ranges, Proposition 4.14 yields the result. O]

Proof of Theorem /.2.(i). This is completely analogous to the proof on [May25b,
p. 10|, decomposing the von Mangoldt function via the Heath-Brown identity [May25b,
Lemma 4.3], and noting that x'/3 < 2%/®. After Proposition 4.15 handles the critical
ranges where some M; or Nj lies in [2°, 2%/8], [May25b, Lemma 4.4] handles the case
of one large smooth factor N; > x3/8, while [May25b, Proposition 4.2] handles the
case of two large smooth factors N; > 2%/5. O
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4.5 Primes with linear sieve weights

Here we work with the upper-bound and lower-bound linear sieve weights, using
Proposition 4.14. We first recall some definitions from [May25b; Lic23].

Definition 4.16 (Linear sieve support). For D > 1, consider the sets of positive
integers

- > py prime, py---pj_1p; < D forodd j <7},

I\/ I\/

- > p, prime, py---pj_ap; < D for 2| j <r;p} < D},

Dweu D = {pl"' Prip1 > -e- > ppprime, py--opioap; < D for j <},
(4.40)
which satisfy
D*(D) c D™(D).

Similarly, for r» € Z,, we define the sets of vectors

D(D):={(P,....,P):P>--->P.>1 PP P’<Dforoddj <r},

D (D):={(P,....,P): Pp>--->P.>1,P--- P, P} < Dfor2|j<r; P} <D},

DY D) :={(P,....P): P>+ >P>1, PP P<Dforj<r}, o
4.41

which have
DE(D) c DYY(D).

The standard upper-bound (+) and lower-bound (—) linear sieve weights of level D
are given by
A;lt = (d) . ]]-deDi(D)'

There is also a well-factorable variant X§ of these weights due to Iwaniec (see [FI10,
Chapter 12.7], [Iwa80], [May25b, Chapter 8]), which produces results of essentially
the same strength in sieve problems. Given small parameters v,n > 0, A= Xf(v, n)
is a sum of O, ,(1) sequences of the form

Nt = (=17 d=pi--prpj € (Pj,PjH"] primes,
P 0, otherwise,

where P = (Py,..., P,) € DE(DY0+m) and P, are part of the sequence (DV0+77),5.
Each such sequence is supported on d € D*(D), and well-factorable in the sense that
for any choice of D1Dy = D with D; > 1, one can write

)\i~— Z o, P,

dida=
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for some 1-bounded sequences (o, ), (B4,) supported on d; < D;. This is inherited
from the fact that every d € D"!(D) can be greedily factorized as d = d,d,, for some
positive integers d; < D;.

However, the weights Xf are not triply-well-factorable in the sense of Definition 4.1,
since not every d € D*(D) can be factorized as d = dydyds with d; < D;, given any
choice of D1 Dy;D3 = D. Fortunately, to apply our Proposition 4.14, it will suffice to
use a particular choice of Dy, Dy, D3 which obey the system in (4.36). Specifically,
following [May25b; Lic23], it will be enough to show that every modulus d of interest
has a factorization d = dyd»d3 into positive integers obeying the system

N
dl S Ea
N2dyd? < 2179, (4.42)
N2dyd? < 2%,

for some small § > 0 (compare this with (4.36)).

4.5.1 The upper-bound linear sieve weights

Here we deduce Theorem 4.2.(i7) for the upper-bound well-factorable linear sieve
weights X:{(U, n), where v is chosen to be sufficiently small in terms of &, and 7 is
sufficiently small in terms of ¢, v (if one allows arbitrarily small values of v, 7, the
implicit constant in (4.2) should also depend on v, 7). Our key factorization result is
the following.

Proposition 4.17 (Factorization in the upper-bound linear sieve support). Let 0 <
§ < 107°, D = g3/5700 42 < N < '3+ and d € DT(D). Then there exists a
factorization d = dydsds into positive integers obeying (4.42).

Remark. The level D = 2%/5=°() in Proposition 4.17 is optimal, as seen by taking

1/5

N = z'5 and p; = p, ~ 2'/°. There are various other limiting cases, but essentially

all situations where D < 23/5=°(1) can be handled by an interpolation of the ranges
2/5+0(1)
dy < Na—oW, dy < 2'/P70W), ds < x—a
N
and
L1/3+0(1)
dy < No=°W), dy < ¥/157o) dz < N

both of which are acceptable in (4.42) (up to a good choice of the o(1) exponents in
terms of §).

Proof of Theorem /.2.(ii) assuming Proposition 4.17. This follows analogously as in
[May25b, Chapter 8], using Proposition 4.14 instead of [May25b, Proposition 7.2],
and Proposition 4.17 instead of [May25b, Proposition 8.1]. ]
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Our proof of Proposition 4.17 is structured differently from Maynard’s computations
in [May25b, Chapter 8], to accommodate a new range of limiting cases. We start

with a preliminary result concerning the greatest 6 prime factors of the elements of

DT(D).

Lemma 4.18 (Placing the first 6 prime factors). Let 0 < § < 107°, D = 3/5750%

22 < N < g3 and d € DT(D) have 6 prime factors, counting multiplicities.
p g p

Then there exists a factorization d = dydsds into positive integers such that

2/5+26

d1 S D1 = NZL’_é, dg S D2 = 174/15_55, dg S D3 = N

(4.43)

Remark. The values of Dy, Dy, D3 in (4.43) do not multiply up to D, and do not (yet)
obey the conditions on ()1, )2, Q3 from Proposition 4.14. So Lemma 4.18 does not
directly imply Proposition 4.17 (not even for integers with 6 primes factors), but it
will be a crucial step in its proof.

Proof of Lemma 4.18. We first observe that D, Dy, Dy > 2° by the conditions on N
and 0. Now let d € D" (D) have prime factorization d = py - - - pg, with p; > -+ > pg;
in particular, we have

p < D, pipeps < D, p1p2papaps < D.

We claim that it is impossible for the following system of inequalities to hold true
simultaneously:
p1paps > Do,

pap3ps > Do,
P1papapaps > D1 Dy Ds.

Indeed, by multiplying all three inequalities, one would obtain
28571 = Dy DDy < (pipapspapl)’ < D,

which is a contradiction. Thus at least one of these inequalities fails, which leads us
to three cases.

Case 1: pipsps < Dy. Then, we fix dy := p1psps. We will construct d; < D; and
ds < D5 such that dids = papsps; for now, we set d; = ds := 1. Since

p2 < p? < D*3 < 2*5 < D Ds,

we must have py < Dy or ps < D3; we set di < po if po < Dy, and d3 < po otherwise.
We also have

1/2 1/2 1/2 1/2
paps = (pap) P ps” < pt/? (papapl)? < 2104310 < D, Dy,
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so p3 < /D1 Ds3/(dyds), which forces p3 < Dy/dy or ps < D3/ds; we set dy < dyps if
p3 < D1/dy, and d3 < dsps otherwise. Finally, we note that

1/2 1/2 1/2 1/2
popsps = py'> (papept)? < ot/ (prpapapap?) ' < 2194310 < Dy Dy,

SO Pg S \/ D1D3/(d1d3), which forces Pe S Dl/dl or Pg S D3/d3, we set d1 — d1p6 if
pe < D1/dy, and d3 < d3pg otherwise. At this point, we have dydads = p; - - - pg and
d; < D; for i € {1,2,3}, as we wanted.

Case 2: popsps < Ds. Then, we fix dy := popsps, and construct d; < Dy,d3 < Ds
such that dids = pipsps. The process is completely analogous to the previous case
(with p1, ps taking the places of p, p3), using the bounds

P < D3 < 225 < D, Ds,
1/2 1/2 1/2 1/2
pip? = (pp) 2 pi < pi? (pupap) V2 < 210430 < Dy Dy, (4.44)

1/2 1/2 1/2 1/2
pipapt = pi’* (pip2pd) 7 < pi? (mapapspap?)? < @/1043/10 < Dy D,

Case 3: pipopspsps < D1DyD3. We can also assume without loss of generality that

we are not in the previous case, so papsps > Ds. Then, we fix dy := pops3, noting that
1/3 _
P2p3 < pl/ (pip2pi)t/? < DYO < 215750 = D,

We will construct dy < Dy and d3 < D3 such that dids = p1pspsps. We start by
placing the primes pi, ps, pg into d; and dsz exactly as in the previous case, using the
bounds in (4.44).

At this point, we have did3s = p1psps, and it remains to place ps. Since

4

P1p2p3p4p DDy D3

P1PapePr < pipaps = 2 < = D, D3,
DP2P3D5 D,

we have ps < \/D1D3/(dy1d3), which forces ps < D;/dy or ps < D3/ds. Then we are
done by setting d; < d;ps for some i € {1,3}. O

We can now prove Proposition 4.17, thus completing the proof of Theorem 4.2.

Proof of Proposition /.17. Let d € DT (D) have prime factorization d = py - - - p, with
p1 > pe > ... Werecall from (4.40) that this implies

DL .ijpng <D and P pe—1pin < D,

forall 0 < j <r/2and 1 <k <r. We aim to place the primes py, ..., p, into dy, ds, d3
such that the bounds in (4.42) hold.

We begin by setting d; = dy = d3 := 1, and perform the following iterative greedy
process. At step 1 < 7 <r, we do the following:
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J.(@). If 7 < 6, we place p; in the corresponding factor d; from the factorization in
Lemma 4.18 (i.e., we set d; <— d;p;). If j > 7, we act greedily and place p; into
any factor d; such that after substituting d; < d;p;, we have the same system
of inequalities

p2/5+26

dy < Nz~°, dy < /1573 ds < ——,

as in (4.43). We terminate unsuccessfully if this is impossible.

j.(i7). Having placed p; into some d;, we check whether either of the lower bounds

/342

1/5—56
J N Y

or dg >

dy > x

holds; if so, we terminate unsuccessfully. Otherwise, we continue with step 741
(or terminate successfully if j = 7).

Case 1: The process terminates successfully; this is the easier case.
We are left with a factorization d = didsds satisfying

£1/3+26

dl S Ngj_é? d2 S $1/5_55, d3 S N )

which actually forces d < 2%1°=% (significantly smaller than D = 2%1°759)  Then

we can verify the conditions in (4.42), with room to spare:

deng < g20/3+20)+(1/5-58) - 16

)

N2dgd§ < 2(1/3+20)+(1-250) ;26

Case 2: The process terminates unsuccessfully in substep j.(i); we show that this
cannot happen.

Indeed, we must have j > 7 since Lemma 4.18 handles all j < 6. We are left with a
factorization p; - - - pj_1 = didads3, which must satisfy

dej > :C4/15755’

in order to terminate in substep j.(7). Moreover, since we did not terminate in substep
(7 — 1).(4i), we must have

But since 7 > 7, we have

1/9 < DY ~ m1/15,

1755 g =P < (p1-- - pep?)
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which gives a contradiction.

Case 3: The process terminates unsuccessfully in substep j.(i7); this is the main case.

We are left with a factorization p; - - - p; = didads satisfying

12/5+26
N

and either dy > 2'/57% or ds > 2'/3%2 /N (we cannot have both, since we should have

terminated in a previous substep (i7) in that case; note that both of these bounds fail
1/3+6

dy < Nz7%, dy < g4/15750 dy < (4.45)

at the very beginning of the greedy process because N < x , and that only one

d; gets updated in each substep (7)).

Case 3.1: One has dy > 2'/°7% and d3 < x'/372 /N . In this case, we set Dy := Nz ~°,
Dy = dy, and Dy := 2%/°7%/(Nd,), which have D; > d; (in light of (4.45)) and
D1Ds;D3 > D. We then run a greedy process to place the remaining primes p; with
k > j + 1 into either d; or d3, while preserving the inequalities d; < D;. This works
because at step k, before placing p,, we have

P < D < D1D37

didads — dids
so pr < max(D;/dy, D3/ds) (i.e., there is “enough room” for py in d; or d3). In the

1o PP <D =

end, we have d = dydyds with d; < D;, and we can verify the bounds in (4.42) using
ZL/558 < (g, < gA/15-56.

= <
Nd, d, T
3/5—36

Ndy

Case 3.2: One has dy < '/°7% and dy > x'/3*?/N. Then we set D; := Nz ~°,
Dy = 23/°73 /(Nds), and D3 := ds, which have D; > d; (in light of (4.45)) and
D{DsD3s > D. We run a similar greedy process to place the remaining primes py
with £ > j 4 1 into either d; or dy, while preserving the bounds d; < D;. This works
because at step k, before placing p;, we have

3/5—36\ 2 6/5—60
N2dpd? < N2d, <:” ) ‘ 1-6

X

2
N2dgd§ < Nng < ) — d§x6/5—65 < 1172_6.

, D Dy D,
pk S S )
didads — didy

. In the end, we have d = d;dsdz with d; < D;, and we can verily
In th d h d = dydsds with d D d if
) using #1320 /N < dy < 2¥/°+% /N

1o PP <D =

so pp < max(fl)—ll, %

the bounds in (4.4
3/5-38

N2d2d§ < NZN—d?)dg _ Nd3 x3/5—36 < 1;176’

_ 5 _
23/5 35) 3156 os

d? = <
Nds ) 7 (Ndy? ="
We have now covered all cases. O

N%dyd; < N? (
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4.5.2 The linear sieve weights with special factors

From the work of Bombieri-Friedlander-Iwaniec [BFI86, Theorem 10| and our work
in the previcius subsgction, we have exponents of distribution of % — ¢ and % — ¢ for
the weights \; and A}, respectively. Here we obtain a better level of distribution for
Xf, up to g — ¢, when more information about the factorization of d is available.

We adapt the computations from [Lic23, Section 6] using our Proposition 4.14 instead
of [Lic23, Proposition 5.2]. More precisely, our Theorem 4.19, Propositions 4.20
and 4.24, and Lemmas 4.22 and 4.23 correspond respectively to [Lic23, Proposition
6.6, Proposition 6.1, Lemma 6.3, Lemma 6.4, Proposition 6.5]; additionally, we use
Lemma 4.21 to fix a small error in the argument from [Lic23, Section 6]. For ¢ > 0,

we let
14+t 2—-3t 15

9(t) := min (T T) € {5, g} , (4.46)

which achieves its maximum (only) at ¢ = i. For i >t >ty >t3>0and d >0, we
also define
19(t1, tz, tg) = Imax {19(251), 19(t2), 19(151 + tQ), 19(251 + t2 + tg), w<t1, tQ, tg), w(tg, t1, tg),

YOt + t3), 01 + 2t + t3), Y((t2 + t3), 261 + o + £3) },
(4.47)

where ¥(x,y) := 1,;5,4+25 and
5 —3t 1+t
w(tl,tg,tg):w<min{ 3 3,1—2752—25}, —g 1).

Our main result in this subsection, which will imply Corollary 4.3, is the following.

Theorem 4.19 (Primes in APs with linear sieve weights). Let ¢ = 105 > 0 be
sufficiently small and A > 0. Let (Py,...,P,) € D¥YD) with 1 < D = 2% and
P, = a', where t; are part of the sequence (¢*(1 + £°)7),;51. Then provided that
Yo < V(t1) — €, for any choice of the sign £+, we have

Y M) (W(x,d, ) )<<a,,4,5 g7

d
b=p1--pr 9d=bCSD 90( )
Di<Pi§Dil+E (Ccll];()p:q

Moreover, if t; < }l and r > 3, then the same holds provided that 9o < O(ty,ts,t3) —€.

Much like Theorem 4.2.(77) stems from the factorization result in Proposition 4.17,
Theorem 4.19 depends on the factorization result below.

122



Proposition 4.20 (Factorization in the well-factorable support). Let 0 < § < 1072,
1 <D =2a% 2% <N < 2'3% and d € D*(D). Write d = p,---p, where
p1 > -+ > p, are primes with p; = xt. Then there exists a factorization d = dydads
into positive integers obeying (4.42), provided that ¥y < 9(t1) — 28, as in (4.46).

Moreover, if t; < 411 and r > 3, then it suffices that 99 < 9(ty,ta,t3) — 29, as in (4.47).

Proof of Theorem /.19 assuming Proposition 4.20. This is almost identical to [Lic25,
Proof of Proposition 5.4|, using Proposition 4.14 instead of [Lic25, Theorem 2.5|, and
Proposition 4.20 instead of [Lic25, Proposition 3.3]. O

To prove Proposition 4.20, we will need a few lemmas.
Lemma 4.21 (Two-factor greedy algorithm). Let 0 < § < 107°, 9 € [3,2], % <
N < V39 1< D < 2% and suppose that

59—2

r s < N.

Then, any d € DYY(D) has a factorization d = dydods into positive integers satisfying
(4.42).

Proof. Let (D1, Dy) := (Na2=% 2°79/N), so that D < DDy and D; > 1. Let d; =
do =1 and d = p;---p., where p; > --- > p, are primes. We will run a greedy
algorithm to append each of these primes to one of d; or ds, while preserving the
bounds d; < Dy, dy < Dy. At step j > 1, the definition of DV!(D) implies

e 2
p2 _ D1 p]—lpj < D < D1D2
yi — —_ Y
P Pj-1 Pr--Pj—1 dydy

so p; < max(D;/dy, D2/ds), and we can append p; to one of d; and dy. In the end,
we take d3 = 1, and obtain d = dydyds with d; < Dy, dy < Ds. To verify the system
(4.42), we write

N
di <Dy =—;,
T

N2d2d§ S N2D2 — Nxﬂ—d S $1/3+5+2/3_25 — xl—é)

and, using the hypothesis in the form Dy = 2779 /N < 2(2=29)/3

NZde?)) < (NDQ)ZDS < x2(§75)x272ﬁ < :C275

?

as required. O
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Lemma 4.22 (General factorization criterion). Let 0 < 6 < 107°, ¢ € [3,2], 2® <
N <3t 1< D<z"% and
1 2 — 20

v v < 7 < u 3 (4.48)

Suppose d € DV(D) has a factorization d = dydads into positive integers satisfying

N 9—6
dl < E, d2 € [x”’gju]’ dg < max (1, 22—]\[) .

Then, d has a (potentially different) factorization obeying the system (4.42).

Proof. First, if max(l,’zlz—;\;) = 1, then 2779 < d,N < 2"N, and we can apply
Lemma 4.21. Otherwise, we may assume dods < 279/N, and we will use the given

factorization d = dydads.
The first bound in (4.42) is reiterated in the hypothesis here. For the second and
third bounds, note that

2 205
(Ndyds) <t _ p29-6-20+1 _ 16

dg oY

N2d2d§ -

)

degdg _ (ngdg)ng S :L,21975$3u — x21975+27219 — 33275'
]

4

15, Which gave a relevant interval for

Remark. When o = %, we have v = ¢ and u =

1
5
the construction of ds in Section 4.5.1.

Lemma 4.23 (Three-factor greedy algorithm). Let §, 9, u,v, N be as in Lemma 4.22,
r>3,1<D<2"% andd e DVY(D). Writed = p,---p, where p; > --- > p,
are primes. Suppose that p3 < z~Y. Also, assume that (py < x%, p2 < '79=%) or
(pa < ¥, p? < 2'7929) Then there exists a factorization d = dydyds into positive
integers satisfying (4.42).

Proof. Let (Dy, Dy, D3) := (No=° 2% 2'=9=9/N), so that D < D;DyDs and D; > 1.
Note that any tuple (dy, ds, d3) with d; < D; satisfies (4.42), since

N2D2D§ — xv+27279725 — ‘1:1725’
. 5
and using ¥ < o
NZDng — pPUt2-20-26 _ 80-3-25 ~ )2-25

By assumption, we have (p; < Dy and p3 < D D3) or (py < Dy and p? < Dy D3),
so for some choice {d;,dy,d3} = {1, p1,p2} we must have d; < D; for all i. We keep
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this choice, and run a greedy algorithm to append the primes p;, for j > 3, to one
of dy,dy,ds (i-e., d; + d;p;), while preserving the bounds d; < D;. If this algorithm
terminates after appending all primes ps, ..., p,, then we obtain a factorization d =
dydyds which satisfies d; < D;, and thus also (4.42).

Otherwise, there must be some index 3 < j < r such that the prime p; cannot be
appended to any d;, where dydods = p; - - - p;j—1; thus we have d;p; > D; for all <. By
our assumption, we thus have

x’ =Dy < dgpj < Dops < 2%2"7Y = 2,

so db := dap; € [z, "], and

dld2d3p]2'< D <D1D2D3

Dy < dyp; = ,
! 1P dodsp; — dodzp; —  dyds
so D := DyD3/dy > d3. By the definition of D¥!!( D) we have that for each k > j,

D __ DiDDs DDy
prePr—1  didadsps o opr—1 didspisr - Dr—1

2
Pk <

Using this bound, we can greedily construct a factorization didy = didspjt1---p,
(starting from d} = d;, dy = d3 and appending each p; at a time) such that d} < D,
and dj < Dj. Therefore, we have d|d,d; = d and

1,1976

N
d/l SDl 257 d/2:d2p] S [xvaqu dlzdé Sd/QDé:DZD?):T
By Lemma 4.22, we conclude that d}, d}, d} satisfy (4.42). O

Proposition 4.24 (Factorization depending on the anatomy). Let §,9,u,v, N be
as in Lemma /.22, 1 < D < 2972 and d € D"Y(D). Write d = p, ---p, where
p1 > -+ > p, are primes. Assume that py < z%, and that one of the following holds
(statements involving p; implicitly assume r > j):

Then there ezists a factorization d = dydayds into positive integers satisfying (4.42).
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Proof. Assuming (iv), the conclusion follows immediately from Lemma 4.23. So let
us assume that one of (i), (i), (#4i) holds. Let Dy := Nz ~°, dy be the corresponding
value from (i), (i7), or (ii7) (say, the first of these that holds), and

xﬂfé
D3 = Inax (1, N_d2> .

Note that D < Didy D3 and D1, D3 > 1. If we can find a factorization d = didads
with d; < D; and d3 < Ds, then Lemma 4.22 will complete the proof.

Suppose for a start that dy = py---p; € [z¥, 2] for some ¢ € {1,2,3} as in (i). For
each j € {i+1,--- ,r}, by the definition of D! we have

D < D1 Dy .
P Pj-1 Pit1-Dj—1

2
pjg

Using this bound, we can greedily construct a factorization dids = p;11 - - - p, (starting
from d; = 1, d3 = 1 and appending each p; at a time) such that d; < D; and ds < Ds,
so we are done.

Otherwise, we have py, p1pa, p1paps € [, 2%]; in particular, p; < z* and p; & [z7, 2"
imply p; < zV, so py < x¥ as well; thus (¢) cannot hold.

e If (ii) holds, so dy := pyp3 € [z¥,7%] and p3 < 272 /dy < D, D3, then we have
p2 < Dyorpy < Ds.

e If (iii) holds, so dy := pop3 € [z, 2"] and p? < 2972 /dy < D;Ds, then we have
p1 < Dyorp < Ds.

In either case, we can factor pipaps = didads where di < D; and d3 < Ds. Then for
each j € {4,...,r} (if any), we have
D < Ddy D5 < (Dy/dy)(D3/ds3)

p2-<
] — — — Y
Pr--"Pj—1 D1 Pj-1 Da---Pj-1

so we can greedily append p; to one of d; and ds until we have d = dydyds with
di < Dy, d3 < Ds. O]

Proof of Proposition 4.20. Let d = py---p, where p; > --- > p, are primes with
p; = x''. We want to show that d has a factorization obeying (4.42), under one of the
following assumptions:

(a). d € DV (x?()=29) where ¥(t,) is as in (4.46), or

(b). t1 < 1,7 >3, and d € DY (271121 =2) where U(t1, s, t3) is as in (4.47).
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Applying Proposition 4.24 for some ¢ € [3,2] and letting u = u(?), v = v(J) be

as in (4.48), we deduce that d has a factorization obeying (4.42) provided that d €
Dvell(9=20) '+ < wu, and that one of the following holds:

(i

t € [v,u] for some t € {t1,lo,t; + to,t1 + to + t3};
(ZZ t1+t3€[v,u] and t1+2t2+t3§19—2(5;

(1w

).
).

(13i). to +t3 € [v,u] and 2ty + to + t3 < ¥ — 26;
). t3 <u—wvandt; <wv, 2ty <1—19— 20;
).

(v

ts<u—vand ity <w,2t; <1—19—20.

Note that from (4.48), (4.46) and a short computation, we have the equivalence

2—-29 14+t 2-3t
telv,ul = {219—1, } ¥ < 9Y(t) = min (%,%)
Now suppose assumption (a) holds. Then we can use ¥ = ¥(¢;), which implies

t; € [v,u]. Sod € D¥N(z9=%), t; < u, and (i) holds for ¢t = ¢, and thus d has a
factorization as required.

Next, suppose assumption (b) holds. Then we can use ¥ = ¥(t1, t2, t3), which also lies
in [%,g] Moreover, we have t; < }l < % =u. Sod € DV (z"?), t; < u, and
it suffices to verify one of conditions (i)-(v) above; we split into cases based on the

maximum from (4.47):

o 19 € {0(t1),9(ta), O(ts + t2), 9(ty + L5 + t3)}, then (i) holds;

o [TV = @D(Q?(tl +t3),t1 +2t2—|—t3), so v = ﬁ(tl +t3) and tl +2t2 +t3+25 S 19(t1 +t3),
then (i7) holds;

o [TV = w(ﬁ(tg —|—t3),2t1+t2+t3), so ¥ = ﬁ(tg—i—tg) and 2t1 +t2 +t3+25 S 19(152 +t3),
then (i47) holds;

o If ¥ = w(ty,ta,t3), so ¥ = min {221 — 2, — 26} and 5% + 26 < ¥, then (iv)

holds (noting that u —v = 5—3819);

o If ¥ = w(ty,ty,t3), so V¥ = min{%,l — 2t —25} and Hth + 2§ < ¥, then (v)
holds.

This completes our proof. O
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Proof of Corollary 4.3. We very closely follow the sieve computations in [Lic23, Sec-
tions 7.1 and 7.2|, using our Theorem 4.19 instead of [Lic23, Proposition 6.6]. By
comparing the exponents ¥(t), ¥(t1,t2,t3) from (4.46) and (4.47) with [Lic23, (6.2)
and (6.4), with o = 0], this simply amounts to taking § = 0 rather than § = 7/32, and
correcting the typo w(ty, ts, ta) — w(te, t1,t3) in [Lic23, (6.4)]. Adapting the Mathe-
matica file ‘PrimeAPTwinTheta.nb’ from [Lic23] with these quick changes, we obtain
adjusted values for the sieve integrals on [Lic23, p. 30| as below (to be compared with
the table on [Lic23, p. 32]).

n G, | n G,

1 38.8989 [ 5 1.84027
2 -5.88606 | 6 0.628688
3 -4.13106 | 7 0.420003
4 -5.20164 | 8 0.913626

This results in an improvement of [Lic23, (7.13)] to
{p <x:p,p+2 are prime} < 3.20254 TIy(x),

as we claimed. Note that we have omitted various parameter optimizations for sim-
plicity. [

4.6 Smooth numbers with arbitrary weights

Here we prove Theorem 4.4, building on the arguments of Drappeau [Dral5|. As in
Section 4.4, we will work in reverse compared to the outline in Section 4.2, gradually
building up to a triple convolution estimate in Proposition 4.27.

We start with a bound for multilinear forms of incomplete Kloosterman sums as
in (4.11), which follows from Propositions 4.8 and 4.9, and plays a similar role to
Lemma 4.11.

Lemma 4.25. Lete > 0, 1 < N,T,H,K,L < z with TH < N, a,d € Z \ {0}
with 1 < |a| < 2%, 1 < d < 2%, ®;(t) be smooth functions supported in t < 1 with
CIDE.]) <; 1, and

o(h1, he) == Py <%) ®, (%) e(hiay + hoo),

where o; € R/Z have min; Ty (o) < 2% (recall (4.17)). Then for any smooth func-

tion ® (1, x9, 2) supported in x;, z < 1, satisfying 85}18;38@(:51, Tg,2) Kjy jote 1, ONE
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has

)ONID D SRR NONDS q)(%%)e(e@)

nn/~N | 1<|t|<T h,h/ kt
(t,nn")=1 e=at(n'h—nh')#£0 (k,dnn'€)=1 (449)
tln—n’
1/2

2

6e 2 3
<<5$ THN(L THN +<1+W

Omax
) K (K + LN?) NQ)

Proof. Let KC denote the sum in question; we begin by splitting
K=K(n=n")+Kn#n'), (4.50)

where after a rescaling of the e variable,

( k edn/
Kn=n'):= E E E o(h,h') E @(z,?)e( - ) .
n~N |1<[t|<T h,h k.t
(t,;n)=1 e=at(h—h')#0 (k,dnt)=1

The dominant contribution will come from K(n # n'), but let us first bound the
simpler sum K(n = n'). Setting e < |e|, putting e and ¢ = dn in dyadic ranges and
denoting

teg=lgq Y o(h 1),

1<[t|<T

(t.a/d)=1
h,h' €7
+at(h—h')=e

we get
Kn=n')<z® sup Ki(E,Q), (4.51)

E<|a|TH
Q=dN

where

( k +eql
=Y Tan o5 E)e (20,
q~Q |e~E k0
(k,q6)=1
We recall that by Proposition 4.7, the tuple (q, E, 1, (acg)e~p, || (Geq)e~rl|2, 1) satisfies
Assumption 4.6. So by Proposition 4.9 with S = 1 (which uses none of our new large

sieve technology in this instance), we have

2

1/2
K Hmax
K1 < 2°O|(aeg)empgnoll2 (LQE@ + (1 + @> K(K +LQ)(Q + E)) :
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Recalling that ¢(h,h') is supported on h,h' < H, we can bound a., < x°YH by
the divisor bound, and thus ||a.,||s < 2°Y/EQH. The resulting bound for K; is
non-decreasing in E, (), so we can plug this into (4.51) to bound

1/2
K2 emax
K(n=n') <. 2 HVTHN <L2THN + (1 + m) K(K + LN)(N+TH))

emax 1/2
14+ — K(K + LN)N?

L’HN 1 K?
6e
< 2“THN < ( e

where in the second line we multiplied and divided by 7', then used the assumption
TH < N. Since Oy < 1/3, we have

1 1 + K2 emax << 1 + K2 emax << 1 + K2 emax
T°N N2 N>5T N3TH? ’

so the contribution of C(n = n') is acceptable in (4.49).

To bound K(n # n’), we let ng := (n,n’), substitute (n,n’, e) < (non,nen’, npe), and
use the triangle inequality in ¢ to obtain

Kn#n') <
( k ednonn’t
/ N A Py G ULCE I
S B i ) Iy
no<2N  1<[t|<T hh! k.0
n&n/N/])V,/TO tln—n'#0 |e=at(n’h—nh’)#0 (k,dnonn’/€)=1

We then put ng, e < |e|, and ¢ = dngnn’ in dyadic ranges, and use the divisor bound

to write
K(n#n) <z sup  Ka(No, E,Q), (4.52)
No< N
E<|a|THN/No
Q=dN?/Ng
where
l k +eql
J— !/
=Y om0 o) X () o (5 ) ()
q~Q nn/~N/ng |e~E h,h' k.t
(n,n')=1 at(n’h—nh')==xe (k,q0)=1
1<[t|<T

l k +eql
:ZZae,q Z @0(3)@0(%>6< k’ )
q~Q |e~FE k.t
(k.qt)=1

Above, we denoted

(og i= > o(h, 1)
h,h' €7
+at(q)(n' (g)h—n(q)h')=e
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if the maximum on the first line is attained at some choice of n(q),n'(q),t(q); if
the maximum is empty, we let a., = 0. Then by Proposition 4.8, we know that
(q,E, 2, (acq)e~r, Ag, Y) satisfies Assumption 4.6, where

v EH
" a|(H + N/Ng)(N/No) min; T (o)’

1/2
—— |HNy H2N{
Ay = (Z’ae,qF) + TE\/ N N2O'
e~E

Since min; Ty (a;) < 2%, we further have

EHNy

Yo a0
Ze T LHF NN

From Proposition 4.9, we conclude that

1/2
2

emax
K
Ko <o @] Agllo | L2EQ + (1 + W) K(K +LQ)(Q+ E)
Q* N

Now by the same computation as in (4.25) (incorporating a sum over 1 < |¢t| < T,
t|e), we have
|A,)12 <. 2*TE(HN + H*N,),

so that (using |a| < x¢)

Ky <. 2*\/TE(HN + H2N,)

X (LQEQ + (1 -

K2(H + NN = 2
ﬁ) K(K + LQ)(Q + E))

Since this right-hand side is non-decreasing in E' (due to . < 1), we may use the
bounds E < |a|THN/Ny, Q < dN?/Ny from (4.52), and d < 2% to obtain

THN
Ky <. x5€\/T N (HN + H2N,) x
0
Omax 1/2
THN N? K?(H + N)N N?\ (N? THN
L? — 1+ (2+ ) K<K+L—) <—+ )
No Ny (N_2> THN 7 N No No No
No No 0

Since Opax < 1/2, this bound is seen to be non-increasing in the Ny > 1 parameter;
plugging this into (4.52) and using the assumption T"H < N, we conclude that

2

B 1/2
W) K (K + LN?) N2> :

K(n#n') <. 2%THN <L2THN3 + (1 +
which gives the right-hand side of (4.49). O
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We now deduce a power-saving bound for an exponential sum as in (4.10) (before
passing to the complementary divisor), which improves the first set of conditions in
[Dral5, Proposition 1.

Lemma 4.26 (Exponential sum bound for convolutions). Let € > 0 be small enough,
a€Z\{0}, v,dy,dy € Zy, 0:=7/32, and 1 < M,K,N,L,H, R < x satisfy

R
lavdidy| < 2, NL < 2°K, R< K < min(z *MN,LN?), H< xaﬁ,

K < 2 %VMNR, (3O 230 o —2008 ) r2-20 246 ]
(4.53)
Let (ug) k<k<arc, (Bn)n~n, (Ae)e~r be complex sequences such that |ug| < 7(k), |Bn| < 1,
|Ael <1, and

(k,vdidy) > 1 = up =0, (nl,vdy) >1 = B\ =0.

Then for any smooth functions ®(t), W(t) supported in t < 1 with ®WV) VW) <, 1,
and any w € R/Z with Ty(w) < ¢, one has

> o) wag () (FHE)

r~R kn,t heZ
(r,avdid2)=1 dik=danl (mod r)
(d1 k,dant)=1
o 10 KMNL
c _—
(4.54)

Remark. As is common for exponential sum estimates with a variable h ~ H coming
from Poisson summation, Lemma 4.26 needs to win a factor of H (times an extra z°)
over the trivial bound; the same was true for Lemma 4.12.

Proof of Lemma /.26. We closely follow the proof of [Dral5, Proposition 1]. We
denote the exponential sum considered in (4.54) by R; it is essentially identical to
the sum in [Dralb, Section 3.5|, except that h lies in a smooth dyadic range. As in
[Dral5, Section 3.5|, we denote

max(dlK, dgNL) 25K

v i=vdidy K 2° and T .= 7 <Lz =
Following through the computations in [Dral5, p.844-846| with minor changes, we
obtain

R < e KM + max (x* MR (KLT)"*BY?), (4.55)
w (mod v)
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where

B Y

2 orel) x ) e

n,n/~N | 1<[¢|<T (k,vdann’e h,h'€Z
(t,nn)=1
tln—n’
donn'l
xe (at(n'h - nh’)y 2Zn ) |,
with
h h' aw
! = Q) - Q> - —n ! /::: -
(h, ) (H> (H)e((h W), W=t

This corresponds to the sum on top of [Dralb, p.847|; note that we broke up the
coefficients B(n,h) in [Dral5, p.846| and ignored the phases in n,n’ via absolute
values. We note at this point that by (4.17),

Ty (w") < min (tv + H|[tvw'||)
teZy

= min (tv + H|[tvw]|)
teZy

< minv (t + H|[tw]]) = vTy(w) < 2.
teZy

Letting e := at(n’h — nh’), the contribution of e = 0 is bounded by
Ble = 0) <. 2 KLNHT,

just as in [Dralb, (3.24)]. Since by (4.53),
KR K
TH e > 77 3e 74 N
<Lz R Lz i < N,
Lemma 4.25 applies directly to the contribution of e # 0, giving

1/2
9 /

6e 2 3
Ble #0) <. THN(LTHN +(1+W

)eK(KJrLNQ) NQ)

Plugging these bounds and K < LN? (from (4.53)) into (4.55), we obtain

R <. KM+ 2'%“MRVKLT
1/4

K2\’
x | VKLNHT +~THN <L2THN3 + <1 + W) KLN4>

Combining TH <« N with L < NL <« 2°K (from (4.53)), we see that
L*THN? <« L?N* <« * KLN*,
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SO

R <. x5EKM71

2 6/4

Since this bound is non-decreasing in H and 7', we can plug in H < 2°R/M (from
(4.53)) and T < 2% K/R to obtain

[LN  [KN K2\ 14
K 1 KLN*
( M + M < + N3R> ( )
: 0/4
15 KQL /MN 15 K7/4L3/4M1/2N3/2 <1 KM2> /

e Tt R3/2 T NoR

This is acceptable in (4.54) (i.e., <. 2 ' KMNL/R) provided that

M [K?L
R < a” KMt + 2> —
LT +x R R

= KM '+ 2

R < ¥ M?NL, K < 7%V MNR,
K3N2 < $_100€M2R2L, K3+9N2—39 < $_1006M2_26R2+0L.

The first of these conditions follows easily from R < K < 27 2°vMNR, while
the second and fourth conditions are part of (4.53). It remains to verify the third
condition which can be deduced from (4.53) as follows:

1

30 , . ) -0
KON = (K9 N ((5) <a: K) K3_39N2_29>19

R NL
1
Oe -6
_ €z 340 A12—30
o (RSHLG KN )

1

1 1—-60
(6—200) 7 7220 240
< ( 730 LGI M R L)

< p100 (M2—29R2—29L1—9) ™ _ L1002 21

This completes our proof. O

We can now deduce an estimate on the equidistribution in arithmetic progressions
of convolutions of three sequences, corresponding to (4.7) and improving [Dral5,
Théoréme 3]. For r € Z, and k (mod r), we recall Drappeau’s notation

wksr) == > x(k) (4.56)
X primitive
cond(x)<z*
cond(x)|r

from |Dralb, (3.1)]. Separating all the Dirichlet characters of conductors < x° was
crucial to obtaining power-saving convolution estimates in [Dral5|. In a certain sense,
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]1(:; (”) *w.(k; r) gives a better approximation to the function 1;— (mod ) than the crude

Lo, (T =L indeed, (k T) *w. (k; ) interpolates between the latter two quantities as ¢ varies
n [0, 00

The relevant constraints on the ranges of the convolved sequences are gathered in
(4.57). We note that the conditions on the top row of (4.57) also appear in [Dral5,
Théoréme 3|.

Proposition 4.27 (Triple convolution estimate). For any small enough € > 0, there
exists 0 > 0 such that the following holds. Let M, N,L > 1, x := MNL, ai,as €
Z\ {0} satisfy |ayas| < 2°, (a1, a2) = 1, and (m)m~nss (Bn)n~n, (Ye)e~r, be 1-bounded
complex sequences. Suppose that with 0 := 7/32, one has

2 <N, NL<2?3% L[<a2M, M<R<z°NL N?L*><az'R,
N7—49L4—9 < [E2_20_6R2+6.
(4.57)

Then one has

1 mnl,r)=1 — _
Z Z Oémﬁn?@ <:H-ngEa1ag (mod r) — ¥w5<mn£ala2; T)) <<€,a1,a2 xl 6~
r~R m~ M SD(T)

raia2)=1 | n~N
(ra1a2) N

Remark. The above inequalities R < 2 °WNL, N2L3? < z'"°WR and N"%[*0 <
2~ 2= R0 imply R < 2%/8-°() which corresponds to the level from Theorem 4.4.
We note that for R = 2 °W N L, the last inequality in (4.57) is equivalent to N7L* <
=W R? which explains why our final exponent of distribution does not depend on
the 6 parameter.

Proof of Proposition 4.27. We closely follow the proof of [Dral5, Théroéme 3|, which
applies Cauchy—Schwarz in r,m (and inserts a smooth majorant f(m) = ®(m/M))
to obtain three dispersion sums [Dral5, Section 3.1]. We change nothing in the
treatment of the second and third dispersion sums from [Dral5, Sections 3.2, 3.3|,
noting that the conditions on the top row of (4.57) are sufficient here.

We also begin treating the first dispersion sum similarly as in [Dral5, Section 3.4],
with the technical change that we Poisson complete via Lemma 2.2 rather than [Dral5,
Lemme 2|. Instead of [Dralb, (3.12)], we thus obtain

~ du
) 1-n/4 -1
= f(0)X:1 + / ]u(v7d17€17€2);+077<x KR,
v d1,61,62<$" 0.1 H =27
d1|v™,e1]as® ealaz 1<H <H
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where X; is the main term from [Dral5, (3.12)], H = z"RM™', ¥, are as in

Lemma 2.2, and

Rutders 3 a(E) 5w Yenn ()
J

r~R (k1 ,k2)EX hez

(r,a1a2v)=1
(—halagkl)
xel|————|,
r
uM

W= —p- < H '2" = Ty(w) < 2.

where uy, == )" ,_, Bnye, K is as in [Dral5, p.841], and

We then develop and bound R;, as in [Dral5, p.843|, with the only major change
that we use our Lemma 4.26 instead of [Dral5, Proposition 1]|. To apply Lemma 4.26
(with > 0 in place of ¢), we need to verify the conditions in (4.53); thus instead of
the third-to-last display on [Dral5, p.843], we require that |a;as| < 27/'° and

R < 70N, L < 1%y 1 < 100N,
VNL < z7/MR, NP7H L0 =300 1220 240
Here, we implicitly used that in Drappeau’s computations near [Dral5, bottom of
p.843|, one has vdidy < 2°", H = x"RM ', and ' NL < K < 27" NL. Since

MNL = z, these conditions follow from (4.57) provided 7 is chosen sufficiently small
in terms of ¢. [

Finally, we prove a direct generalization of Theorem 4.4, in a form analogous to
[Dral5, Théoréme 1]. We recall the notation specific to smooth numbers,

log x u
= H = e —
7 Togy’ () = exp ((10g(u + 1))2) ’

from [Dral5|, as well as the definitions of ¥ (z,y) and ¥(z,y; a,q) from (4.3).

Theorem 4.28 (Smooth numbers in APs to large moduli, refined). For any e > 0,
there exist 6,C > 0 such that the following holds. Let x > 2 and ay,ay € Z \ {0}
satisfy (a1,as) = 1 and |ajaz| < 2°. Then for any y € [(logz)®, zY/¢] and A > 0, one
has

v, (z, _ _ _
S \P(x,y;ala—z,q)—% o (o) (H(w)(log )™ +y77)
qgm5/8—a

(g,a1a2)=1

The implicit constant is effective if A < 1.
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Proof. We assume without loss of generality that ¢ > 0 is small enough, and choose 7
to be a small multiple of €. As in [Dralb, p.855-856|, Harper’s result [Dral5, Lemme
5] (see also [Har12]) handles the contribution of Dirichlet characters with conductors
< 2", so it suffices to prove the bound

Ln,g)=1 _ _
Z Z <1nalag (mod g) — qu)wn(n; alag)) < 21702 (4.58)

q<az5/8-¢ n<x

(q,_alag):l P+(n)§y
for some = d(¢) > 0. Such a power-saving is enough up to a final rescaling of 0, due
to the bound z'7%/2 <5 W(x,y)y%/* for sufficiently large C' (see [Dral5, p.856]).

The proof of (4.58) is completely analogous to that of [Dralb, Proposition 2|, except
that we use our triple convolution estimate from Proposition 4.27 instead of [Dral5,
Théoréme 3]. The key point is that the indicator function of smooth numbers can
be approximated by convolutions of three sequences with pre-specified ranges, due
to their flexible factorization. Specifically, we rescale € < 100e, take C' = 7! so
that y < /¢ < 2°, and put ¢ < r in dyadic ranges r ~ R. Then instead of the
parameters on the bottom of [Dral5, p.852|, we pick

1-10e R2 1-30s

R No = p1—402” T TR

in the range x(1/2=(/10) < R < 25/8-100¢ (gmaller values of R are covered by previous
results [Dralb]). Any resulting values of M, N, L with

X

MO =

M, L
MoSMSyTO, LOSLgyg’, y 2Ny < N < Ny

are seen to satisfy the conditions in (4.57). In particular, for the last two conditions
in (4.57), we note that

TR 10- p2-20 240 1 5(1-0)—(160—1306)=

— — > 100e
NZL3 € and Ng_‘wLé_@ R3(1-0) =

5/8-100e. this gives enough z°) room when replacing My, No, Ly by

since R < x
M, N, L, since y < z°. Following through the combinatorial decompositions and
separations of variables in [Dralb, p.852-854|, we can apply Proposition 4.27 for
the sequences ()%, (Bm)Y, (A)¥) on [Dral5, p.854], which recovers the desired

bound. O

4.7 Smooth numbers with weights on smooth moduli

Here we quickly prove a variant (and in fact, a generalization) of Theorem 4.4 when
the sum over ¢ is restricted to smooth moduli, which improves the first exponent of
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distribution in [BD20, Théoréme 2.1] from £ — ¢ to 2 —e. Recall again the notation
from (4.3).

Theorem 4.29 (Smooth numbers in APs to smooth moduli). For any ¢, A > 0 and
k > 1, there exist 6,C > 0 such that the following holds. Let x > 2 and ay,ay €
Z\ {0} satisfy (ay,a3) = 1 and |ajay] < 2°. Then for any y, € [(logx)®, 2],
Y2 € [(log:r;)c,x], Q< 513'5/8_67 and qo € Zy with go < 2, (90, a1a2) = 1, P*(qo) < o,
one has

— Wooq (5 91) Uz, 1) U(Q, 1) o
Ti\q \D T,Y1;a1a2,qo0q) — — 09\ I e, Ak e k(uz)’
qgé:? @] ) ¢(q09) (logz)4 ©(q)Q
P (q)<y2
(g,a1a2)=1
(4.59)

where uy := (log x)/log ys.

Proof. Again, we assume without loss of generality that ¢ > 0 is small enough, and
we will pick 7,9 to be small enough in terms of €, A, k. It suffices to prove our claim
with § replaced by §/10.

Let S denote the left-hand side of (4.59). Recalling the notation in (4.56), we separate
the contribution of Dirichlet characters of small conductors by writing

|8| S Ssmall + Slarge7

where

1 n, =1
Slarge = Z 7(q) Z (ﬂnalaz (mod qog) — %Wn(”; QOQ)> )

4~Q n<a #(d0d)
Pt (q)<y2 Pt (n)<y:
(q7a1 a2):1

Ssmall := Z i Z Z x(n)]-

a~Q n<z X (mod qoq)
Pt (g)<y2 P+ (n)<y1 1<cond(x)<z"
(g,a1a2)=1
For Sgnan, we use the triangle inequality for the sum over x, and then proceed iden-
tically as in [BD20, after (2.3)]; this gives the desired bound when ¢ is sufficiently

small and C' is sufficiently large.

For Siarge, we drop the smoothness condition on ¢, use the pointwise divisor bound
7(¢) <i ¢°V, group qoq into a new variable, and drop its divisibility constraint by
¢o- Combined with (4.58) (which followed from Proposition 4.27), this gives

1-6/3
Slarge <<s,k x / )
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provided ¢ is sufficiently small and C' is sufficiently large in terms of . This is
acceptable once C' is chosen to be large enough in terms of §, A, due to the bounds
20 Wy )y, QU <5 W(Q, ), and iy 2 (logz)”, g < @10 O

Corollary 4.30 (Smooth values of factorable quadratic polynomials). For anye > 0,
there exist C, 6 > 0 such that the following holds. Let x > 2 and a,b,c,d € 7Z satisfy
(a,¢) =1, ad — be # 0, and |a|,|b], |c|, |d| < 2. Then for any (logz)® <y <y <z
with yo < y¢, one has

#{n <w: P (an+0b) <y, PH(en+d) <y} < Uz, y1)0(un)®/,
where uy := (log x)/log ys.

Proof. This is identical to the proof of [BD20, Théoréme 4.1], using Theorem 4.29
instead of [BD20, Théoréme 2.1]. When applying Theorem 4.29, ¢ will be a divisor
of en + d coming from an upper-bound sieve [BD20, Proposition 3.1|, while ¢ = a,

a; = —(ad — bc), and ay = ¢; note that
qlen+d — an + b = aja; (mod goq),
and PT(an +b) < yi, PT(q) < ys. O

Proof of Corollary 4.5. Take (a,b,c,d) = (1,0,1,1), y; = yo in Corollary 4.30, and
use U(z,y1) = ro(u)e®™ where u := (logx)/logy (see [BD20, (1.7)] and [Hil86, (2.6)
and (2.7)]). O
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Chapter 5

Density theorems for GL,, via
Rankin—Selberg L-functions

(based on joint work with Jared Duker Lichtman)

5.1 Introduction

Several results in analytic number theory [Topl8; BD20; DPR23; Lic23; Wu23|
depend on the best progress towards the Ramanujan—Petersson conjecture and its
Archimedean counterpart, Selberg’s eigenvalue conjecture. These concern the sizes of
the Hecke and Laplacian eigenvalues of automorphic forms for congruence subgroups
of SLy(Z), corresponding to the local parameters of GLy automorphic representations.
While the full conjectures seem out of the reach of current methods, it is desirable
for such applications to obtain partial results about the (conjecturally inexistent) ez-
ceptional forms, which disobey the Ramanujan and Selberg bounds. In some cases,
such substitutes can even match the best conditional results [Wat95; ABL21].

The GL, setting [LRS99; BB11; Blo23; AB24| has also attracted significant inter-
est, in part because it leads to bounds for GLy via symmetric power lifts [LRS95;
Kim03]. The generalized Ramanujan conjecture (GRC) from Conjecture 2.13, one
of the most important unsolved problems in number theory [BB13], asserts that the
local components of cuspidal automorphic representations of GL,, over a number field
are tempered. For concreteness, let m be a cuspidal automorphic representation of
GL,(Ag) with unitary central character; such 7 has a generic, unitary, and irreducible
local component at each place v, which is parametrized by Langlands parameters
{#r 5 () }5-; (see Section 2.3.1). At the unramified places v, GRC predicts that

Re pir ;(v) = 0.
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What motivates the present work is a discrepancy between the two main ways to
make progress towards the generalized Ramanujan conjecture. On the one hand, the
best pointwise, uniform bounds (i.e., valid for any given representation 7) rely on
properties of L-functions. Without further assumptions, the record at unramified
places v of Q is

%_Tﬂl—l-l’ 1fn257
|Re MTFJ(U” < % - n(n2+11)+17 ifne {37 4}7 (51)
= if n =2,

due to Luo—Rudnick—Sarnak [LRS95] when n > 5 (see also [Ser81; RS96]), and to
Kim-Sarnak [Kim03, Appendix 2| otherwise; see [LRS99; BB11] for results on general
number fields.

On the other hand we have results that hold on average, stating that there are few rep-
resentations in a given family which fail the Ramanujan conjecture by too much. The
best such results have come from the spectral theory of automorphic forms [Iwa97;
Hum18; Blo23; AB24]|, and relied, through Kuznetsov-type trace formulae [DI82c;
AB24|, on bounds for Kloosterman sums. Sarnak’s density conjecture [Sar91; SX91|
gives a prediction for families of representations induced by forms on a congruence
subgroup, based on a linear interpolation between two extreme cases. One of these
cases is the non-cuspidal trivial representation, so one should expect Sarnak’s conjec-
ture to be suboptimal for cuspidal forms, and the following result of Blomer [Blo23,
Theorem 1] gives an improvement for the subgroup F(()n)(q) C SL,(Z).

Theorem 5.1 (Blomer [Blo23|). Let n € Z,, v be a place of Q, q # v be a prime,
I C [0,00) be a fixred compact interval, and S;(q) be the family of cuspidal automorphic
representations of GL, (Ag) induced by F(()n)(q)—mvariant Maass forms, with Laplacian

eigenvalues N € I. Then for any e > 0 and 6 € [0, 1

,5), one has

# {7T € Sr(q) : max |Re pur j(v)| > 9} s IO
J

On GLs, this result is due to Iwaniec [Iwa90|; see also the density theorems of
Humphries [Hum18|.

A consequence of the two different methods leading to these pointwise and on-average
results is that density theorems like Theorem 5.1 fail to see’ the sharp cutoffs in (5.1).
In particular, the upper bound in Theorem 5.1 is always ¢" =", although (5.1) implies
. 1 1
that the set is empty for 6 > 5 — .
pointwise bounds, one may hope for a density bound that decays more smoothly as

Given the great difficulty of improving the

!Blomer [Blo23] also remarks that it is not clear how to combine their spectral methods with the
L-function techniques of Luo—Rudnick—Sarnak [LRS99].
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one approaches 6 = % (naturally, this is the most relevant range for applications where
the uniform bound (5.1) is currently used).

In this chapter, we prove density theorems for the local parameters of cuspidal au-
tomorphic representations of GL,(Ag), using the L-function techniques that were
previously applied to the pointwise bounds; to achieve this, we study averages over
and 7’ of coefficients of Rankin—Selberg L-functions L(s, 7 x 7). Such an approach
is likely to achieve a smoother decay towards the thresholds in (5.1), and thus to
improve results like Theorem 5.1 for large values of §. We state our main result using
the notation from Section 2.3 (for the base field F' = Q), which normalizes the central
characters of automorphic representations to avoid duplicates by Archimedean twists.

Theorem 5.2. Letn € Z,, v be a place of Q, S C §,, be a finite subset of cuspidal
automorphic representations unramified at v, and € := max,cs €, (these are the total
conductors, defined as in (2.50)). Then for any e > 0 and any 0 € (0, %), one has

# {ﬂ' € S : max |Re pi, ;(v)]| > 9} Kb enimte
J

1/2

X"

In fact, one can replace the base €" in the right-hand side with max, ycs €

L/ 2~, in Theorem 5.2 is advanta-

Remark. The more explicit dependency on max, res € "~

geous for ‘close-knit’ families (in the sense of [PY23, §1.5]), which have comparatively-
small Rankin—Selberg conductors. This is the case for families of representations with
the same arithmetic conductor, and perhaps also the same central character (as in
Theorem 5.1); see the improved Bushnell-Henniart bounds in [BTZ22, Appendix B|.

A smaller close-knit family is S := {7 ® x : x € Z}, where 7 € §, is fixed and =

contains all the primitive even Dirichlet characters of a large prime conductor ¢ 1 q,.

Then |S| < ¢, and applying Theorem 5.2 with § := max; |Re yi ;(v)| implies that
n 7’L2/2 ﬂ+€ . . . . .

q Knwoe (Crg™/?) 20 ¢, Letting ¢ — oo, this gives a contradiction unless

1

0 < _
n?+2

1
S5
In fact, in running the proof of Theorem 5.2 for this particular family, one can apply
Deligne’s bound for hyper-Kloosterman sums as in [DI90; LRS95; Kim03| to get an
additional square-root cancellation over the Dirichlet characters; this would ultimately
recover the pointwise bound 6, < § — —' of Luo-Rudnick-Sarnak [LRS95; LRS99]
from (2.44). See Section 5.4.3 for further discussion on the role of character twists.

Remark. When v = p < oo, Theorem 5.2 holds, with the same proof, for the Iwaniec—
Sarnak notion of analytic conductors [IS00| (i.e., with (2.48) instead of (2.50)). In
Corollary 6.2 from Chapter 6, we will remove the constraint that 7, is unramified,
and compare our bound to the size of subfamilies of §,, ordered by analytic conductor.
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Finally, let us compare our result to previous density theorems. We will focus on
Blomer’s Theorem 5.1, but a similar comparison holds, e.g., with Jana’s density
result for PGL, (Z) |[Jan21, Theorem 3| (notably, the latter matches Sarnak’s density
hypothesis, while Blomer’s Theorem 5.1 goes beyond it).

It can be deduced from Sections 2.3.1 and 2.3.2 that the representations considered in
Theorem 5.1 have total conductors of size €, <; ¢, so S;(¢q) C S(€) for some € =7 g.
Therefore, Theorem 5.2 gains over Theorem 5.1 in two key aspects:

(1). The upper bound in Theorem 5.2 is better for large values of # (near 3) and n.
1
n2+1
bounds in Theorem 5.1, respectively Theorem 5.2, have the shape

In particular, at the pointwise threshold of 6§ = % — from (5.1), the upper

", respectively ¢/,

(2). Theorem 5.2 includes all conductors €, < € (corresponding to all levels ¢ < @),
and makes meaningful use of the average over different conductors. Relatedly,
Theorem 5.2 allows for arbitrary central characters, i.e., for including all neben-
typen x (mod d), d | g.

Let us detail this analysis; suppose first that n > 3. Given @ > 1 and 6 € (0,1/2),
consider how many Hecke Maass forms for GL,,, with levels up to ) and Laplacian
eigenvalues in a fixed interval, have max; |Re yr j(v)| > 6. Summing Theorem 5.1
over ¢ < @ gives a bound of Q"~*%+°(1) n this context, Theorem 5.2 (with € <; Q)
beats Theorem 5.1 whenever

1—20 n—+/(n—2)n
—4 =
-y <n—40 0 > 4 ,
which approaches the range 6 > }1 as n — oo. The barrier at i(n —+/(n—2)n)

is always below the pointwise threshold from (5.1), so our Theorem 5.2 gives a new
result for n > 3.

When n = 2, one should first take the symmetric fourth power lifts [Kim03] of the
GL, representations considered, and then apply Theorem 5.2 for the resulting family
of GLj representations. Currently, this fails to beat the existing density theorems
[Hum18] for 6 below the 7/64 threshold of Kim—Sarnak, even when summing over
all levels ¢ < @ and all nebentypen x (mod d), d | ¢. However, it is likely that
Theorem 5.2 may be improved using similar ideas, and it would be interesting to
obtain new results in the GL, setting this way. For applications, it would be most
relevant to obtain a nontrivial density theorem with only one form per level, as below;
such results seem inaccessible to spectral methods, which rely on a trace formula for
a single congruence subgroup.
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Open Problem 1. Let v be a place of Q. For q € Z,, let 0, := max, ; |Re pir ;(v)],
where m ranges over cuspidal automorphic representations of GLa(Ag), generated by
Lo(q)-invariant Maass forms. Show that, for all Q@ > 1 and some explicit ,6 > 0,

7 —&
#{q§Q10q>6—4_5}<<vQ1 .

In particular, this means beating the Kim—Sarnak bounds [Kim03, Appendix 2| for
almost all levels q.

Indeed, such a density theorem with averaging over the levels could be combined
with fixed-level large sieve inequalities for exceptional Maass forms, which arise in
the dispersion method [DI82¢c; Dral7| as in Chapters 3 and 4 (these are similar to
density theorems, but incorporate additional information about the orthogonality
of coefficients, which is useful in bounding multilinear forms of Kloosterman sums)?.
This would automatically improve several results which currently rely on the pointwise
bounds of Kim—-Sarnak |[Topl8; BD20; DPR23; Lic23; Wu23|. We note that the
dependency of the implied constant on v can be important in applications.

5.2 Outline

This section gives a brief and informal outline of our method. We refer the reader to
Section 2.3 for background on automorphic and Rankin-Selberg L-functions.

Let v be a fixed place of Q. First, consider the problem of bounding the local param-
eters pr; = firj(v) of a given cuspidal automorphic representation = for GL, (Ag),
unramified at v, as in (5.1). Recall that these parameters appear in the local factors
L,(s,m) and L,(s,m x 7).

The “trivial” bound |Re fir ;| < 5 follows from the fact that the local factors L,(s, w X
7) have no poles in Res > 1 [JS81]. But there is another simple, global argument for
this bound (which is somewhat redundant in this setting, but generalizes well): for
any ¢ > 1, one has

Aexz(0) € ) Apwz(m) < 01700, (5.2)

met)2

by the nonnegativity of the Rankin—Selberg coefficients A,xz(m) [RS96] and the ab-
solute convergence of the Dirichlet series of L(s, 7 x7) in Res > 1. When v = p < o0,
taking ¢ = p*, the coefficient \;xz(f) grows (at least on a subsequence of k’s) like

2There exist large sieve inequalities for exceptional Maass forms which use averaging over levels
(see [DI82¢, Theorems 6, 7], [Wat95]), but the same techniques do not seem to apply to proving
density theorems with averaging over levels.
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(2max; [Repx @)l 50 letting k — oo, this gives a contradiction unless [Re i ;(p)| < 1.
Similarly, when v = 0o, one can instead bound
B ¢ ’ 14+o0(1)
Pxx(1) < A — et 2.3
#(1) £ Y eslin) () (5.3

m</

for 5 € R such that L(8, 7 x m) = 0, by a contour-shifting argument to Res =1+ ¢
(namely, the zero of L(s,m x 7) at s = 3 cancels the pole of a Mellin-transformed
smooth majorant; see Lemma 5.6). Taking 5 = pir; + Hr j» which must be a zero of
L(s, 7 x7) to cancel the corresponding pole of L(s, To X Ts) (see (2.52)), and letting
{ — 0o, one recovers the bound |Re y, j(00)| < 3.

1
7L2+1 ’
family of twisted L-functions. Indeed, the classical method of Landau-Serre [Ser81]

One can improve this to |Re pir ;| < % — as anticipated in (5.1), by considering a
essentially uses twists by Archimedean characters to achieve this bound at the finite
places of Q. Luo—Rudnick-Sarnak [LRS95] used twists by Dirichlet characters to
obtain results of the same strength at the infinite place, and their method extends
to general number fields [LRS99|. In the latter setting, one restricts the sums from
(5.2) and (5.3) to residue classes m = ¢ (mod ¢q) (resp., m = £1 (mod q)) for a
large prime ¢, and detects the congruences by Dirichlet characters y (mod ¢); one
then employs the properties of the twisted L-functions L(s, (7 ® x) X 7), along with
Deligne’s bounds for hyper-Kloosterman sums.

When n < 4, one can work with the symmetric square Sym?r instead of = x 7, which
improves the bound to [Re i ;| < 3 — m,
[DI90]. When n = 2, one can also combine such results with symmetric power lifts

[Kim03, Appendix 2|. This explains (5.1).

using related ideas of Duke-Iwaniec

Our Theorem 5.2 uses neither twists by Dirichlet characters nor symmetric squares;
see Section 5.4.3 for a discussion of the potential role of character twists in our esti-
mates. Rather, we insert averaging over representations 7, 7’ € S in the simpler argu-
ment from (5.2) and (5.3), working with the Rankin—Selberg L-functions L(s, 7 x 7).
The diagonal terms with m = 7’ can be treated as before, but constitute only a |S|~!-
fraction of the total sum. In the off-diagonal terms with m # 7/, we obtain savings
from the fact that L(s,7 x 7') has no poles — so essentially, from the orthogonality
of the coefficients of L(s, ) and L(s,n’). This is akin to the proof of mean-value
estimates in [DKO00].

However, the pointwise argument in (5.2) and (5.3) depended on the fact that the
coefficients A\, z(m) are nonnegative®. Our argument uses, as a key input, a gener-
alization of this fact: the Rankin—Selberg coefficients A;«z (m) form a positive semi-
definite matrix in 7,7’ € S. In other words, for any weights w, € C and any positive

3Even when using Sym?r instead of 7 x 7, one deduces the absolute convergence of the Dirichlet
series of L(s,Sym?7) in Res > 1 from that of L(s, 7 x 7).
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integer m, one has
Z W W )\ﬂxgr(m) >0, (54)

' €S

as we show Proposition 5.5 (and Section 5.5). This allows one to bound

oo
— m _
E U, E Wy W Apxzr (M) gHuHOOE ®<M> E WrWa Apxzr (M),
m<M 7, €S m=1 ! €S

for any complex sequence (u,,) and a suitable smooth majorant ®; the inner sums in
the right-hand side can then be expressed in terms of the L-functions L(s, 7 x 7). We
consider such trilinear sums over m,w, 7', with additional weights of (M/ m)ﬂ’f*Bw/,
in Proposition 5.7. We will ultimately apply this for the (very sparse!) sequences
U, = Ly, respectively u,, = 1,1 (with M =¢).

This argument leads to better bounds for averages like # Zmr,e 5 Wrlm Arxez (£),
which can be exploited to produce density theorems: rather than seeking a contra-
diction when max; |[Re i, ;| is too large, we seek an upper bound for |S| in terms
of the smallest local parameter min,ecs max; |Re i ;| and the largest total conductor
max,es €;. The conductor aspect is crucial in such results (unlike in the pointwise
bounds from [LRS95; RS96; Kim03]), so we need to make all dependencies on it ex-
plicit; the convexity bounds of Li [Lil0] are helpful here. Another difficulty is that
we cannot simply let various parameters tend to oo as in [LRS95; RS96; Kim03]; we
will need to carefully optimize such parameters. Thus for instance, in our results at
finite places, concluding the argument requires a more explicit lower bound in (5.4)
when m = p*, together with Turan’s lower bounds for power sums.

5.2.1 Structure

For the rest of this chapter, the reader should be familiar with the L-function notation
from Section 2.3, in the case F' = Q. We identify the nonzero ideals of Ogp = Z with
the positive integers, the finite places of Q with the primes, and use ‘co0’ to denote
the unique Archimedean place.

In Section 5.3, we study sums over 7,7’ € S of Rankin—Selberg coefficients; in par-
ticular, we establish the aforementioned Propositions 5.5 and 5.7, which may be of
independent interest. In Sections 5.4.1 and 5.4.2, we carry out the argument described
above, with averaging over 7w, 7’ € S, to prove density theorems for the local parame-
ters of GL,, automorphic representations at v = p < oo and then v = oco. We discuss
some limitations and potential improvements in Section 5.4.3. A technical proof of
the positive semi-definite property of Rankin—Selberg L-functions at ramified places
is left to Section 5.5.
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5.3 Families of Rankin—Selberg L-functions
5.3.1 Positive semi-definite coefficients of L-functions

As discussed in Section 5.2, it is often a helpful property that the Dirichlet coefficients
of a given L-function are nonnegative. When dealing with families of L-functions, it is
desirable to generalize this property to produce nonnegative averages of coefficients.
A natural way to proceed is to consider positive semi-definite matrices.

Recall that a Hermitian matrix M = (M, ;) € CN*V is positive semi-definite iff all
eigenvalues of M are nonnegative, equivalently 7* M7 € R for all vectors v € CV.

Definition 5.3 (Positive semi-definite families). Let Z be a finite ordered sequence.
Fori,j € Z,let L; ;(s) = > o _, Aij(m)m™* be a formal Dirichlet series with complex
coefficients. We say that the family (L; ;(s)); ez is positive semi-definite iff for any

m > 1, the matrix M € CT*7 with entries
M j := Aij(m)

is (Hermitian and) positive semi-definite. Note that this is independent of the ordering
of the sequence Z. When applied to complex L-functions, this definition refers to their
Dirichlet expansions in Res > o, for large enough o.

Recall that a matrix is positive semi-definite iff it may be written as a positive linear
combination of rank-1 matrices of the form ww*, e.g., via its eigendecomposition
(here w* denotes the conjugate transpose of a complex vector ). It follows that
(Lij())ijez is a positive semi-definite family of L-functions iff L, ;(s) is a positive
linear combination of terms

ww; m”?, where @ = (w;) € C*, m € Z,. (5.5)

Lemma 5.4 (L-function operations preserve positive semi-definiteness). Let Z be
a finite ordered sequence and ¢ > 0; let (L;;(s))ijer and (LEZ)(S))i,jGI be positive
semi-definite families of L-functions, for k > 1. Then the families
(CLif@iyer- (EO+LI) o and (L)L)

are positive semi-definite. Moreoever, if there exists a family of formal Dirichlet
series (LZ(E-O))MGI such that LE? — L§3°> (in the sense of pointwise convergence of
Dirichlet coefficients), then the limit family (LE?)),-JQ is also positive semi-definite.
In particular, if well-defined, then the families

(Z Lﬁj(s)> ; (H L%(s)) : and (exp(Li;(5))); jer -

are positive semi-definite.
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Remark. The last fact in Lemma 5.4 can be rephrased as follows: to show that the
L-functions L; ; form a positive semi-definite family, it suffices to show the same for
their formal logarithms log L; ;.

Proof. The facts that a positive scaling of a positive semi-definite family, a sum of two
positive semi-definite families, and the limit of a sequence of positive semi-definite
families are positive semi-definite follow immediately from the corresponding matrix

properties. For the product of two L-functions LE? = D 1 )\f’](m) m~%, we note
that the Dirichlet coefficients of Lg}j)(s) : Lg?j)(s) are given by
1 2) (M
Na(m) = S AD@AE (%)

dm

and the claim follows from Schur’s product theorem that the Hadamard product of
two positive semi-definite matrices is positive semi-definite. Equivalently, the fact that
(Lg}j)(s) : LE? (s))ijer is positive semi-definite is apparent from the characterization in
(5.5).

The last claim (about infinite sums, products, and exponentials) follows from the
previous properties, noting that exp L(s) = >, %L(s)k. ]
We apply this notion to families of Rankin—Selberg L-functions. The following result
is closely related to the computations of Brumley in [ST19, Appendix].

Proposition 5.5 (Rankin—Selberg L-functions are positive semi-definite). For any
finite set S C Fn, the family (log L(s,m X T'))rwes s positive semi-definite. In
particular, so is (L(s,7 X 7))z wes; thus for any m € Z; and w, € C, one has

Z WrWqr )\7T><7~r’(m> > 0.

T, €S
In fact, if m = p* is a prime power, where k > 1 and p is an unramified prime for
all m € S, one has

2

Z W Z Q5 (p)k

TeS j=1

1
Z wﬂ’wﬂ'/ )\WX%’(pk) Z %

w,m €S

(5.6)

Proof. In what follows we work with the Dirichlet expansions of Rankin—Selberg L-
functions in Res > 1; one may alternatively treat these as formal Dirichlet series.
By Lemma 5.4, positive semi-definiteness can be verified locally: i.e., it suffices to
show that each local factor in log L(s,m x 7) = > log L(s, m, x 7,) forms a positive
semi-definite family in 7, 7.
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If p is unramified for both 7 and 7/, by [RS96, (2.18)] the (formal) logarithm of local
factor has the form

" = -1
log L(S, Tp X %;)) = log H (1 _ Oéﬂ',](p> aw’,g’(p))

j4'=1 p
S -0
4'=1 p

|

[+
|M8
pay

L

o

S

g

b\
S
N—

qs
5,4'=1 g=1 ap
5 (s ans@)7) (Zhs aws(p)?)
qp? ’

which is clearly positive semi-definite in 7, 7’. In fact, if p is unramified for all 7 € S,
it follows that

Z wﬂwﬂ Z 7r><7r (p )

k
' €S k=0 p ’
(Zrmami0)?) (S amsp)?)
- Y wmew |3 -
T, €S g=1 qp

L

1 e (0)7) (X 4w (0)7)

qp?*

-3 zwwri<

'7r7r€$

Each of the inner Dirichlet series is positive semi-definite in 7,7’ in the sense of
Definition 5.3. Thus for & > 1, identifying coefficients of p~** and dropping all terms
except for £ = 1 by nonnegativity, we obtain

Zn | i (p)" Z?:l ;i (p)F
Z WrWar Apxir (P Z Wy Wy ( Y )k< Y >

' €S 7, €S
1 n 2
k
- T i
w (0% (p)
TeS 7=1

This proves (5.6). It remains to show that log L(s,m x 7') forms a positive semi-
definite family in 7,7’ when p is an arbitrary prime, which may be ramified for
some 7 € S. This follows almost immediately from [ST19, Formula (A.8)|, after
explicitating J,,z; and K, 2, as functions of 7 and #’; but for completeness, we
include a proof in Section 5.5. n
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Remark. Taking |S| = 1 in Proposition 5.5 recovers the fact that the ‘diagonal’
Rankin—Selberg L-functions L(s, 7 x ) have nonnegative Dirichlet coefficients [RS96],
ie. for allm > 1,

)\ﬂxg(m) Z 0.

Taking |S| = 2, say S = {m, 7'}, shows that the matrix

(el el

has nonnegative eigenvalues (in particular, nonnegative determinant), so

A ()] < 3/ A (1) Ao ().

Applying the same argument for the Dirichlet coefficients of log L(s, 7 x 7') recovers
[ST19, Lemma 2.2, first part|. But in this work, we will only use Proposition 5.5 for
large families S of representations.

Remark. Writing log L(s,m x 7) = Y. =& iy Res > 1, the positive semi-

m=1 ms
definiteness property in Proposition 5.5 states that Zmﬂ,e s WrlWsr by > 0, for any

complex weights (w,). If one was only interested in the case w, = 1, this would follow
by considering the isobaric sum of all 7 € § (and the Rankin—Selberg convolution
with its contragredient). Morally, our situation corresponds to a “weighted isobaric
sum” with complex weights.

5.3.2 Triple sums of Rankin—Selberg coefficients

In the previous subsection, we looked at sums over m and 7’ of the Rankin—Selberg
coefficients A,z (m). Here we insert an additional sum over m, searching for upper

bounds; we begin with the following lemma. We recall that n is fixed, and the notation
§, from Section 2.3 for the base field F' = Q.

Lemma 5.6 (Duality + convexity bound). Let m, 7' € §,. Let* ®(x) := zPe", for
some [ € C such that one of the following is true:

(7). 0<Refx<1andImp <1, or
(i1). m, 7" are unramified at 0o, and —f = pxxz ;7 (00) for some 1 < j, 7" < n.
Then for any M > 1, one has

> m M ifr=x
o (2) oo < -
mZ:1 M X (m> ( X ) min(M, Q:wx%/),

4We use this explicit choice of ® to have fine control over its Mellin transform.

(5.7)

otherwise.
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Remark. Condition () in Lemma 5.6 will ultimately be relevant for our estimates at
the finite places, while condition (i7) will be relevant for the infinite place.

Proof of Lemma 5.6. We first note that condition (i7) implies |Re 8| < 1; so under
either of conditions (i) and (ii), we have —1 < Re 8 < 1 and

Imf <14+ max |prxz,;,(00)]. (5.8)
1<j,5'<n
Let ¢ € (0, %), if (7) holds, we also take ¢ < Re 5. Moreover, we can assume that

|Re 5 —¢| > /2 by substituting € <— ¢/10 if necessary. By replacing = with 7[—iu] =
7®|-|7™ and B with 8 — iu where u = Im 3, we may also assume that

Impg =0.

Indeed, these substitutions make no impact on conditions (i) and (ii), and affect the
left-hand side of (5.7) only by a factor of M*™# and the right hand side of (5.7)
only by a constant. For the last claim, note that (2.59) and (5.8) imply®

Crmitm g7 K Crxz

We now use Mellin inversion, as in (2.4), to expand

i P <%) Arscir (M) = % /(2) M°L(s, 7 x @) ®(s) ds. (5.9)

Here we can explicitly compute (in Re (s+ 3) > 0, and by meromorphic continuation
elsewhere)

EIVD(S):/ 5P 4
0

_ l/oo y(s_1+ﬂ)/2e—yy—1/zdy _ 11‘ (s + 5) '
0

2 2 2

In particular, (2.5) and Re 8 < 1,Im 3 = 0 imply that for 0 < 1 and min,,esz_, |0 +
it+ f —m| > ¢e/2, one has

g+RepB—1

g t 2 ™
®(o + it) =. (1 + %) el « ezl (5.10)

Since L(s,m x 7') has moderate vertical growth, we may shift contours. We first shift
to Res =1+ ¢ to obtain

- m 1 s ~N T
mzlq) (M) A (m) = 5— - M3L(s,m x @) ®(s) ds

L(1+¢e+it,m x7)
1+ |t

<oy M max
teR

°This is the critical step where we need total conductors as in (2.59) rather than analytic con-
ductors as in (2.57), and this only really affects our results towards GRC at the Archimedean place.
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But by the convexity bound of Li from Lemma 2.14 (noting Cryz < €,x5), we have
Ld+e+it, 7 x7) =Ll +e,nm[it] xT) < (1 +[t]) Caxzr)®, (5.11)

where we recall the notation 7[z] = 7 ® | - |*. Thus we always have
= m
520 (§7) Arselm) < M,
m=1

Now suppose that the original representations in §,, are distinct, so we have r[it] # 7’
for all t € R (even after potentially twisting 7 by |- |~®). Then A(s, 7 x 7') is entire,
so L(s,m x 7') is also entire. If (i) holds, then L(s,m x 7’) has a zero at s = —f to
cancel the corresponding pole of I'r(Ss — frxsj.57) inside Loo(s,m x 7).

Then we can shift the contour in (5.9) to Res = —e&, picking up no residues in the
process. Indeed, the simple pole of ZIVD(S) at s = —[f is either outside the contour
integral (if (¢) holds), or cancelled by the zero of L(s,m x 7') (if (i7) holds). The other
poles at s + 8 € 2Z.( are also outside the contour since —s + Re 8 > —% —1> -2
Thus

> m 1 s ~/
Z o (M> Az (m) = 5 /(_E) M°L(s,m x ") ®(s)ds

m=1
1 _ Lis,m x7) =~

=— M°L(1 —s, 7 x ) (s Wfﬂ) O(s)ds.

2mi J_o L(1—s,mxn)

Plugging in (5.11), (2.58) (noting again that analytic conductors are not larger than
total conductors), and (5.10), the triangle inequality gives

m 142
0 (57) Aelom) - €12,
which completes our proof. O]

Finally, using Lemma 5.6 and Proposition 5.5, we can prove our key estimate for
exploiting the averaging over automorphic representations. This result may be of
independent interest to the reader.

Proposition 5.7 (Triple sums of Rankin—Selberg coefficients). Let S C §, be a finite
set. Let Crg := max; ves Caxzr and M > 1. Let (Up)m<n and (Br)zes be complex
sequences such that one of the following holds.

(7). Forallm e S, B, < 1, and (u,,) is supported on m =< M, or

(i1). Allm e S are unramified at oo and satisfy Br = jir ;(00) for some 1 < j < n.
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Then for any complex weights (Wy 1 )xxres forming a positive semi-definite matriz in

CS*S, one has

M Bw‘i‘Bﬂ-l
5w X wmdenwln) () (1€ ISPl 21

m
7, €S m<M
Mo\t
x | |S]7 + <1 + —) :
Crs

Remark. The first line from the right-hand side of (5.12) contains the ‘trivial’ bound,
which can be achieved without the averaging over 7, 7’ € S; the second line contains

(5.12)

two saving factors: one from the diagonal terms 7 = 7/, and one from the off-diagonal
terms m # 7'. Relatedly, if w, . are arbitrary complex weights, an application of
Cauchy—Schwarz in 7, 7’ combined with the argument below produces a similar bound
as in (5.12), with the diagonal saving |S|~* replaced by |S|~1/2.

Proof of Proposition 5.7. Let B denote the sum in the left-hand side of (5.12). By
Proposition 5.5 and Schur’s product theorem, the matrix M € C5*S with entries
M7r,7r’ = Wgr,n! )\WX%’ (m)

is also positive semi-definite. Letting o € C® be the (column) vector with entries

M P
m

M ﬁerBW/
Z Wr ! /\ﬂx%’(m) (_> = MU S Rzo.

m
w,m' €S

we thus have

By the triangle inequality, it follows that

Br+B s
Z U, Z Wa o A (M) <%>

m<M ' €S

00 m M BW—’—EW/
< HUHOO Z o (M) Z Wr ! )\ﬂx%’(m) (E) )
m=1

T, €S

|B| =

where we inserted a majorant given by the nonnegative smooth function

O(z) = 2Be Ve B 1+ 2max,es |Re 8|, if (4) h(?lds. '
0, otherwise.

Note that having B > 0 is acceptable if condition (7) in our assumption holds, since
then (u,,) is supported in m < M. Denoting ®, . (x) := ®(z) x7 PP~ we thus have

B < lulloe Y wew D P (37) Awcr ().
m=1

w, 7' €S
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Now the inner sum over m satisfies the assumptions in Lemma 5.6, with § = B— 3, —
By indeed, if condition (i) or (1) of Proposition 5.7 holds, then the corresponding
condition of Lemma 5.6 holds. So applying Lemma 5.6 yields

B < (MEps)Vlullac D | (MUnz +min(M, €1f2))

T, €S
) ¢
= (MCprs)D||uljoc M (Z |Ws | + min ( Rs) Z [ |>
TES ' €S

Trivially bounding ﬁ Y res |Wrx| and # > rares |[Wrar| by the £2° norm completes
our proof. O

5.4 The density theorems

5.4.1 The non-Archimedean case

Fix n > 2 and a place v = p < oo. We aim for a density theorem for the local
parameters of cuspidal automorphic representations at p, which we access through
the Dirichlet coefficients at powers of p. The following power sum bound due to
Turan [Mon94, Ch. 5| will be helpful in this process.

Lemma 5.8 (Turan’s second theorem for power sums [Mon94|). For any positive
integers M, N and any complex numbers zi, ..., zy with max; |z;| > 1, one has

Theorem 5.9 (Density at finite places). Let S C §, be a finite set of cuspidal
automorphic representations unramaified at v = p, satisfying

max
MA+1<k<M+N

>>N max|z]|M
j

Vr e S, max IRe i j(p)| > 0,
or some 0 € (0,%). Then for €pg := max, yecs Crxz, one has
2 b
‘S‘ <<n7p9 Q: 49 +0( )'

Proof. Let ¢ be a positive integer and consider the sum

Z wwww’/\ﬂ'Xﬂ' f) (513)

7r7r€$
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where w, are complex numbers of absolute value 1 to be chosen shortly. By Propo-
sition 5.7 (specifically, (5.12)) for M = ¢ and the sequence

Uy = 1m=€;
we can upper bound
l
S < ((€Rg)°W (E + €Rs> :
Now take ¢ = p*, for some k > 1. By Proposition 5.5, we can lower bound

> e Y o)

TeS j=1

2

- kl5|2

Picking w, to achieve absolute values around the inner sum above, it follows that

> sl

7j=1

k
(S O A
f|3\z ) g + Vs

TES

This holds for any k£ > 1. Summing over k from kg + 1 to kg + n, for some kg > 1 to
be chosen shortly, we obtain

ko+n n
1 k 1 pho
E E E o7 <K OQ:Rs)O( W=+ v €rs,
v k0|8| €S k=ko+1 | j=1 J 2 S|

where we implicitly used that n is fixed. Applying Lemma 5.8 with M = kg, we reach

ko

— . .14
‘S| + v/ C€prs (5 )

> max o ()" <, (F0€ns) "
TES

kn+1/2‘8|
But by our assumption on S and unitarity ({~;} = {—7,;}), we have

mjax ]am(p)|k° = mjaxpkURe“”’j(p) > pho? VreS.

Plugging this into (5.14) and squaring, we reach

L ok 3 o(1) p*
il <p (PCrs) o T Vs (5.15)
kg S|

To optimize, we pick ko such that p* =<, |S|v/€gs; in particular, the factor of kot
grows like (|S|€rs)°™M. We conclude that

(IS1v/€rs)* < (IS|€as)" v/ Crs,

which rearranges to the desired bound. O]

In particular, Theorem 5.9 establishes Theorem 5.2 at the finite places (using (2.61)
to bound Q:RS)'
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5.4.2 The Archimedean case

Fix n > 2 and v = oo. Here we modify the argument in Section 5.4.1 to prove
density theorems for the local parameters of cuspidal automorphic representations
at co. Following Luo-Rudnick-Sarnak [LRS95|, we access these parameters through
the vanishing of L(s, 7 x 7) at s = jir j(00) + i, ;(00); this was used in Lemma 5.6
and Proposition 5.7, conditions (i7).

Theorem 5.10 (Density at the infinite place). Let S C §,, be a finite set of cuspidal
automorphic representations of GL,(Ag) unramified at v = oo, satisfying

VreS, max |Re i, j(00)| > 0,
J

for some 0 € (0, %) Then with €rg := max, res Crxz, one has

1-26

Proof. For m € S, let
Br = mjaXReumj(oo).

In particular, by unitarity we have §, = max; |Re i, ;(c0)| > 6. In analogy with
(5.13), we consider the sum

S = Z W D 0P P

2
’ ‘ T,/ €S

BW+BW/
Z wﬂww’/\WXw ) (g) )

7r7r’€5

where / is a positive integer and w, are 1-bounded weights to be chosen shortly. Using
Proposition 5.7 (specifically, (5.12)) for M = ¢ and the sequence

Um = ﬂmzla

we can again upper bound

12
S < ((€xg)°W (E + @RS) :

On the other hand, picking w, = |€5’f| /0%, we have the lower bound

<5 2 |-

7, €S

Putting these two bounds together gives
l
(?% < ((€Rg)°W <E + Q:RS) :
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We pick ¢ < |S]v/€rs to optimize, and conclude that

20—o0(1) 1.,
(IsIVers) < e,

which rearranges to the desired bound, as before. O]

This also completes the proof of Theorem 5.2, in light of Theorem 5.9 and (2.61).

5.4.3 Remarks on character twists

Recall that one can apply our Theorem 5.2, as a black-box, to the family of twists
of a given cuspidal automorphic representation by Dirichlet characters, to almost
recover the pointwise bounds of Luo-Rudnick—Sarnak [LRS95]. If one unpacks the
proof of Theorem 5.2 for this particular family, the resulting argument resembles that
in [LRS95]. A more optimistic goal would be to use twists by Dirichlet characters
to obtain a better density theorem, i.e., to enhance the strength of Theorem 5.2 for
a general family of cuspidal automorphic representations (say, inequivalent by Hecke
character twists). Indeed, such twists have led to the threshold 6 = % — n21+1 in the
pointwise bounds [LRS95; RS96; LRS99|, so one could hope for a density theorem
5 — 72 currently, in the right-hand side
1

of Theorem 5.2, the exponent only vanishes at 6 = 5. Below, we explain why this

with an exponent that vanishes at 6 =

approach doesn’t quite work.

There are two essentially-equivalent ways to enhance our bounds via Dirichlet charac-
ter twists; unfortunately, their impact is limited when 6 < %— n++1 Indeed, let S be a
finite family of unitary cuspidal automorphic representations of GL,(Ag), unramified
at a fixed place v, with max; |Re pir j(v)| > 6, no two equivalent by a Hecke character

twist. Let Q:RS = INaXy x/es Q:7r><%’-

The first approach is to boost the size of S by considering the family
S ={re@yx:me8, xez}

where = contains all the primitive even Dirichlet characters of a well-chosen prime
conductor g. This increases the size of |S| by ¢'—°M | and the maximal Rankin-Selberg
conductor by ¢"* (provided that ¢q 1 g, for all # € §). Applying Theorem 5.2 as a
black-box to S leads to the bound

n2 o7 to(1)
qlS| <o <¢qu ) : (5.16)

The second approach is to adapt the proofs of Theorems 5.9 and 5.10 by boost-
ing the contribution of the terms m = ¢, respectively m = 1. More specifically,
in these proofs, one can majorize the indicator function 1,,—, (respectively, 1,,—1)
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by Lp=+¢ (mod q) (respectively, 1,,=+1 (mod q)), then detect the congruences via even®

Dirichlet characters, and ultimately apply Lemma 5.6 to the twisted Rankin—Selberg
L-function L(s, (7 ® x) x ©’), via (2.64). This would lead to the bound

Y 2
0% <K (EC]Q:RS)O(D (m +q2 €35> , (517)

which recovers (5.16) after optimizing in /.

In both approaches, a more careful analysis of the off-diagonal terms (to which
Lemma 5.6 applies the functional equation) would extract an additional square-root
cancellation over Dirichlet characters mod ¢, stemming from Deligne’s bounds for
hyper-Kloosterman sums (as in [LRS95; Kim03|). This would produce the slightly-
better bound

829<<(€q€Rs)°(1)( + ¢qun2—1>, (5.18)

o
q|S|

and ultimately

) 1229_’_0(1)
q|S| <o (€Rs q" *) ' : (5.19)

The issue is that at this point, if § < % — n21+1

density theorem), the power of ¢ is smaller in the left-hand side of (5.19) than in the

(as is always the case in a nontrivial

right-hand side, so it is optimal to pick ¢ = 1. In other words, the gamble of character
twists only pays off in the range where it produces a contradiction by letting ¢ — oo,
which already gave the pointwise bounds.

There are, however, two caveats which could make twists by Dirichlet characters
useful in the setting of density theorems. On the one hand, when v = p < oo, the
dependency of the implied constant in (5.19) on p may be important for applications.
This dependency arises mainly through the optimization in £ = p* (which only allows
for multiplicative jumps of size p), and can be improved when the parameter g is also
available for optimization.

On the other hand, it might be possible to run a similar argument with character
twists mod ¢, where ¢ is not relatively prime to the arithmetic conductors q,. Suppose
that all 7 € & have the same arithmetic conductor q, = qo, which is a prime,
and that the Langlands parameters at v = oo of all 7 € S are O(1); this is the
case in Theorem 5.1. Then for a large enough exponent k£ =~ 2n, one would expect
Clrax) 7 ~ ¢ for all primitive even Dirichlet characters mod ¢ := g%, as in [Cor19).
The analogues of (5.18) and (5.19) in this context would be

é 2 1;%+0(1)
629 < (éqo)o(l) (m + q"2_1> ~ q|S| <y <qn —1) 40 '

SWorking with even Dirichlet characters is only crucial when v = oco.
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If successful, this strategy would therefore imply a bound of the shape

On(i——L——9 +o(1)
18] < g BT

1
n24+1’
Note that this would automatically beat the pointwise threshold

which would improve Theorem 5.2 for 6 close to 5 — with an exponent of o(1)

1
nZl-
for almost all forms of a given prime conductor; the downside of this

when 0 = % —
1

n2+1

approach is that it cannot leverage any averaging over the arithmetic conductor (i.e.,

1
Ofﬁ—

over the level of the underlying Maass forms), as required in Problem 1.

5.5 Positive semi-definiteness at ramified primes

Here we complete the proof of Proposition 5.5, by showing that (log L(s, 7, X7},) ) xres
is positive semi-definite for an arbitrary prime p (which may be ramified for some
m € S). We assume the setup of Proposition 5.5, fix p, and follow the computations
of Rudnick—Sarnak [RS96, §5]; we also point the reader again to the closely-related
computations of Brumley in [ST19, Appendix].

As in [RS96, (5.1)], we can write the local component 7, of 7 € S as a Langlands
quotient, the unique irreducible quotient of the induced representation

Ind (GLn, P (0r; [tm]);]il) ;

where Py is a standard parabolic subgroup of type (n,r,j)}];l,

representations of GL,,_ , and t,; € R are the Langlands parameters. Here we recall

o ; are unitary tempered

the notation o[t] := o®|-|*; since 7 is unitary, we also have {0 ;[tx;]} = {0 j[—tx;]}-

Furthermore, as in [RS96, (5.3)], each tempered o, ; is given as an induced represen-
tation

Ind (Ganj? Pﬂ‘,j; (Tﬂ»j>k)£(:7rij) ?

where P ; a standard parabolic subgroup of type (nﬁ,j,k)sz”f, and 7. ;; are unitary
square-integrable representations of GL,_,. In turn, as in [RS96, §5.2], each square-
integrable 7, ; is the unique square-integrable constituent of the induced represen-
tation

7 L7r .
Ind (GLnﬂ,j,ka Pﬂ-,j,k; (pﬂ"j’kl:g — %])g:f’k) ’

for some Ly i | nxjk, and Pyr ;i is a standard parabolic subgroup of type (d,...,d)
with d = 1y i/ Lxjk, and pr i is a unitary super-cuspidal representation of GLdmk.
We can write 7, j = A(Lx jk, prji), Where the contragredient of such a representa-

tion A(L, p) is A(L, p) = A(L, p).
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Then as in [RS96, §5.2], the local factor at p of L(s, ) splits as a product

Jr Jr Kr
L(s,mp) = [ [ L(s + tagrong) = [T TL L(s + tess Trsit)

j=1 Jj=1k=1
Jr Krx

= TTTI LG+ trs ALn i pri) (5.20)
j=1k=1
J’/l' s

= HHL <s+t7r,j + ’”k 1,p7r,gk)
j=1k=1

For unitary supercuspidal representations, we have

1—p N ifd =1, p=]| |t teR,
Lis, prsn) = {i ) else '

Similarly, the local factor of the Rankin—Selberg L-function of 7,7’ € S splits as a
product

L (s,m, % '7?1'))

J7\' J’/\'/
- H H L(s +tr; = ta jr, Onj X Ow )

J=1j=1
Jr Kﬂ.J J/ K/ 5!

H H H H L(s+4tnj = tw g, Trjh X Tnrjrbr)

7j=1 k=1 j'=1 k'=1
Jr Kx K/ i
-1l H T T 2+ e — fo Al ) Al
7j=1 k=1 j'=1 k'=1
min(Ly j ., Lo s 1)
o Lﬂ—’jak + Lﬂ—,aj,’k/ ~
= H H L S —|— tTl',j — tﬂ'/,j/ —'I— 2 - g, pﬂ,j,k X pﬂ'/’j/’k/ s
J<n =1
kSKw,j
J'<J.
k/<K 74t

(5.21)
where we expanded the Rankin—Selberg factor L(s, A(L,p) x A(L',p'")) for square-
integrable representations as in [RS96, (5.5)]. For unitary supercuspidal representa-
tions, we have

(1- p*”(sﬂ'“))_l if p' ~ pliu], u € R,

5.22
1 else, ( )

L(Suoxﬁ):{

where in the first case, r = r(p) is the order of the cyclic group of characters | det(-)|™
such that p ~ pliu]; note that this r only depends on the twist class of p among
unitary supercuspidals,

o] = {pliu] : v € R},
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so we may write 7 = 1.

In particular, the product in (5.21) will only pick up terms where p. ;i and pp j i
are in the same twist class, so it is natural to split it into a (finite) product over all
twist classes [p] of the unitary supercuspidals that arise in (5.20) for some m € S.
This yields
L(s,mp x 7)) = [ [ Ly (5.7, x 7)), (5.23)
[p]
where by (5.21) and (5.22),

L[p}(s,ﬂ'p X %1/7) = H H

1<i<Jr 1<5'<J
1<k<K, 1<k<K g
Pr i k= p[luw j.k] Pt i 1t =Pl 1 gor]
mln(Lﬂ.,jﬁk,Lﬂ. ,j’,k’) Lkt Llnt 5t 1 -1
—Tp] S+Sﬂ-7j7k—s7r/7j/’k/+%—€
X | | 1 - P )
/=1

for sy := tx; + 1y ;x; this corresponds to [RS96, (5.9)]. Note that for each [p] and
each 7, by unitarity, we have {(syjk, Lrjk) : Prik € [P1} = {(=5r k>, Lrjk) * Prjk €
[p]}. Thus we can rewrite

Ly (s, mp x %I/,) =

min(Lw’j’k’LW/J/,k/) Ly igx+L_s 21 1 —1
ol (S+Sﬁajak+§ﬂ,,j/,k/+w_z)
1—p |

1<5<dr 1<5/<J {=
1<k<K7T] 1<k<K, 1t
prk€lR]l p /| ,k,e[p}

[y

By (5.23) and Lemma 5.4, it suffices to prove that for each class [p], the family
(log Liy) (s, Tp X T,))s,wes is positive semi-definite. In fact, we can further split

L[p](s,ﬂ'p X %;)) = HL[pM(S,ﬂ'p X %;)),

where
Ly e(s,mp % 7?;,) =

-1
L_ .+L_, .
—T] (s+sﬁ,j,k+§ﬁ/’j/,k,+w,e)
1 — P )

1<G<r 1<§/<J
I1<SkE<Krj; 1<k<K,_ '

pﬂjke[p] Pr ’ /k/E[p]
Lrje2 L. ’ /k/>f

161



and it suffices to prove that (log Ly ¢(s, 7, X T)))rres is positive semi-definite for
each /. One can expand the formal logarithm as

log Lm,g(s, Tp X %1/7)

Ly ik+Llos
E o] (S+Sﬁ,j,k+§ﬂ/’j/’k/+M_€)
Z - 10g 1 - [

1<5<Jxr 1<5'<J
1<k<K,rJ 1<k<K, 1t

P g k=Ip] P ,k,e[p]
L k2 L oy /’k/ZZ

Lo gkt lar 5w

Z Z Z —ar(p] (S-i-sﬂ,J ktS /,jzyk/—l—f”—e)
- )

1<<Tr 1<5'< T q>1
1<k<Kr ; 1<k<K, '

Pr,5.kE[P] Pt /k/e[p]
L7TJ k2t L oy QMZE

which can be rearranged to

3705k
E p—qu] s—{) § P —qTp] sﬂ.]k+ ’31 > Z pfqr[p] (3 ’ ’k’+7])‘

q>1 1<j<Jx 1<4'<J s
1<k<Kr ; 1<k<K_, 3
pw,j,kE[,D] p.,r/’j/’k/E[p]
Lrje2t L o g2t

But this is a positive linear combination of terms of the shape wy Wy, p~*¢ and thus
positive semi-definite. This completes our proof.
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Chapter 6

Unconditional large sieve and zero
density estimates for GL,,

(based on joint work with Jesse Thorner)

6.1 Introduction

Let n > 1, F be a number field, and §,, consist of all cuspidal automorphic represen-
tations of GL,(AF), suitably normalized as in Section 2.3. For m € §,,, we recall the
standard automorphic L-function [Bum97; GH11a| given in Re s > 1 by

Do) = 32 2

n

where n varies over the nonzero integral ideals of Op. This has an associated arith-
metic conductor g, as well as an analytic conductor C;, following [waniec and Sarnak
[ISO0]; our normalization of the central characters ensures that the universal family

Sn(@) ={m € n: Cx < Q}

is finite. In fact, we expect that |§,(Q)| <, r Q"™ and a sharp lower bound follows
from work of Brumley and Mili¢evi¢ [BM24]:

[30(Q)] >nr Q" (6.1)
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Now given N,Q > 1, a finite set S C F,(Q), we denote’

LN, 8) = max, 2 ‘ 2 Ml

€S Nn<N

2 (6.2)
LN S) := max ‘ Ar(m)a(n)| ,
(¥.8) = s 3 ZN (n)a(n)
ged(n, Clw) Or

where the maximum ranges over all complex-valued sequences (a(n))xn<y normalized
so that [|lal3 = ZNngN la(n) = 1.

The Cauchy—Schwarz inequality yields £L(N,S) <y N|S|, and a large sieve inequality
is any improvement over this, possibly when N is large with respect to |S| or vice
versa’. The best possible bound is

L(N,8) <nr (NQ)"M(N +18)), (6.3)
which can be viewed as a “quasi-orthogonality” result for the 7 € §. There are some

choices of S for which (6.3) is provably not attainable [DR24; IL07].

When F = Q, each m € §(Q) corresponds with a primitive Dirichlet character
x (mod ¢y ), and Cr = 3¢,. The classical large sieve inequality for Dirichlet characters,
mentioned in (1.11), is the optimal bound

LN, F1(Q) < N +|3.(Q)| (6.4)

The bound (6.4) frequently makes decisive appearances in analytic number theory.
For example, it is crucial in the proof of the Bombieri-Vinogradov theorem, zero
density estimates, and bounds for moments of Dirichlet L-functions.

Assuming the generalized Ramanujan conjecture (GRC) from Conjecture 2.13 for all
7 € S, the first bound on £(N,S) that holds for all S is implicit in the work of Duke
and Kowalski [DK00, Section 4]. It follows from their work that

L(N,S) <njrg) (NQ)" V(N +Q"SP).

Let 0 <4, < % - 2 =) be the best exponent towards GRC that holds for all 7 € S.
Thorner and Zaman [TZ21] unconditionally proved that?

2
LN, 8) <o) (NQ)'D(N 4 Q1 (S)). (6.5)
!Given an ordering (71, w2, .. ., mj,...) of & with monotonically increasing analytic conductor and
(n1,ng,...,n4,...) of the nonzero ideals of O with monotonically increasing norm in [1, N], let A

be the matrix [Ar, (n;)]. Then L(N,S) equals the largest eigenvalue of the self-adjoint matrix A'A.
2The methods in this chapter perform well when N is large with respect to |S| and Q.
3The result stated here incorporates a small correction involving the contribution from the n such
that ged(n, q,) # Op and an extension to subsets S, as outlined in [HT24, Section 4].
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The exponent 46,,n? arises from addressing the n such that ged(n, q,) # Op. In par-
ticular, if each 7 € S has trivial conductor, then the 46,,n? can be replaced with zero;
similarly, if GRC were true, then the factor of Q%" in (6.5) would be eliminated.
In the absence of subconvexity bounds for the the family {L(s,7 x 7): m, 7’ € S} or
a suitable trace formula for S, this seems to be the limit of the current methods.

We build on the ideas from Chapter 5 to develop a new approach to large sieve
inequalities that handles the contribution from ramified prime ideals more efficiently,
fully eliminating the dependency on GRC. Here is the principal case of our main
result, Theorem 6.11.

Theorem 6.1. Ifn,N,Q > 1 and S C §,(Q), then
L(N,S) <) (NQPD(N + Q7|S)).
In particular, by (6.1), we have
L(N,Fu(Q)) e (NQ" V(N + [3,(Q) P 77).

Theorem 6.1 improves upon (6.5) in two ways. Firstly, it eliminates the need to avoid
the n that are not coprime to the ramification. Secondly, the removal of the factor
Q" is significant when 6 is bounded away from zero. Note that if S = $n(Q), then
Q" is quite large relative to the expected order of magnitude of |S| from (6.1).

As a corollary of our large sieve inequality, we extend the main result of Chapter 5,
on density theorems towards GRC, to include representations that may be ramified
at the non-Archimedean place p considered. This also extends our previous results
to number fields.

Corollary 6.2. Forn,Q > 1, 6 € (0, %), and any prime ideal p C Op, one has

#{r € 5.(@) s lacy ) 2 39 b aniney @ F

1-2¢
i 26 to(l)

Using (6.1), the upper bound is at most |§,(Q)
n 1 1

n+2 4 8n+4
Remark. As in Chapter 5, Corollary 6.2 also wins over the bound attainable with

trace formulae [Blo23] when 6 > i + Op—y0o(1).

, which is nontrivial when

6 >

Finally, our large sieve inequality also leads to zero density estimates for automorphic
L-functions. Given T"> 0 and ¢ > 0, we define*

Ny(o,T) = Z 1.

p=P+iy
B=ao, I<T
L(p,m)=0

4In this work, all zeros are counted with multiplicity.
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The generalized Riemann hypothesis (GRH) for L(s, 7) is equivalent to the statement
that if o > %, then N (o,T) = 0. In the absence of strong zero-free regions for L-
functions, strong bounds for N (o, T), for individual L-functions or in families, can
sometimes serve as a substitute for GRH.

The methods in [HT24] combined with a small refinement of (6.5) yield the bound

[F:Q]n(n+1
4

SN0, T) gy (QU7 5T HS|) e o) (6.6)

TES

Using Theorem 6.11, we obtain the following substantial improvement over (6.6).

Corollary 6.3. Ifn,QQ > 1 and S C §,(Q), then

Wl&+1|8|)43(177f2?+0(1)

Y Na(0,T) Ljrgy (@ T

TesS

In light of the sharpness of (6.1), we separately record the consequence

3" Ne(0,T) orr (15,(Q) - T 7 e 1y 4159 Loty
Wegn(Q)

Throughout the rest of this chapter, we view n and [F' : Q] as fixed, so we will allow
implied constants to depend on them.

6.2 Outline

Here we summarize our argument, ignoring various technical details, and emphasizing
our key innovations. Let n € Z, be fixed, N,;Q > 1, and § C §,(Q). By the duality
principle, the large sieve inequality for £(N,S) in Theorem 6.1 is equivalent to the
bound )

sup 3 | D wmAe )| < (NQIIN +QS]). (6.7

lwll2=1 Np< N ' res

Duke and Kowalski [DKO00, Section 4] expanded the square in (6.7), swapped the
order of summation, and applied Mellin inversion, thus obtaining

S wmrm)| = 3 wmwe Y Ao )

‘ 2

Nn<N 7eS ' €S Nn<N
1 e Ar () A (n)\ N*
= N UGS B Y
W;Sw(ﬂ)w(ﬁ)%ri 3 ioo (zn: Nns ) 5 °
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It is implicit in their work that if 6 is the best bound towards GRC for each m € S, then
there exists a constant ¢, > 0 a and function H (s, 7, 7') <. C<C% (Res—(5+26)) ",
holomorphic in the region Re s > % + 26, such that

Ar (M)A ~
Z % = H(s,m, 7' )L(s,® x 7).
The basis for the results in [DKO00] is that this factorization holds inside of the critical
strip when # < 1/4 (and in particular, when GRC holds). Now, one pushes the
contour as far to the left as progress towards GRC permits, bounding L(s, 7 x ) in
the critical strip using Lemma 2.14.

It follows from the work of Thorner and Zaman |[TZ21, Section 4.2], which relies on
the orthogonality of Schur polynomials evaluated at the local roots {oy ;(p)} and
{aw y(p)}, that the bound

2

S wErm| £ Y wEE A, (0aa) =0 (69)

TeS m, ' €S

holds without recourse to unproven progress towards GRC. Summing over all n with
Nn < N and applying Mellin inversion, we arrive at

> |2 w0

Nn<N =weS

2

3+ioo o X s (6.10)
< Y wmmn) o Horxm) N

s 2700 J3— i quﬂq”/ L(s,m, X %{J) s

ds.

One then pushes the contour far to the left, bounding L(s, 7 x 7') using Lemma 2.14
and the product over p 1 q,q, using the existing progress towards GRC in (2.44). It
is this latter contribution that leads to the factor of Q%" in (6.5).

One of our key observations is that (6.9) actually holds with no conditions on n:

S wimAa(n) T Y wmE(r) A (). (6.11)

TeS w7 €S

To prove (6.11) in general, we need a more careful treatment of Rankin-Selberg co-
efficients at ramified places. While an explicit combinatorial argument as in [T7Z21]
becomes rather cumbersome and difficult to see, a linear-algebraic formulation in-
spired by our Chapter 5 will lead to a fairly short proof. In fact, a reformulation of
(6.11) is the fact that for any n,

ez (1) = Ar(n) A (n) form a positive semi-definite matriz in CS*S.  (6.12)

In Proposition 5.5, we proved that A,y (n) form a positive semi-definite matrix (in
the case F' = Q), which is a priori a weaker statement. However, applying this to
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the family &’ := SU {1}, where 1 denotes the trivial representation, we see that the
(|S| + 1) x (|]S] + 1) block matrix

(%

A = <14i* U) ’ where Aﬂ',ﬂ" = AWX%/(H)’ Ur 2= )\”(n)’

is positive semi-definite. It is a nice exercise to deduce that the matrix A — vv*
is positive semi-definite (either by matrix algebra or by spectral decomposition and
Cauchy—Schwarz), which is precisely the content of (6.12).

A key further step, inspired by [HT24], is to extend our arguments to include Dirich-

let coefficients A\° -, (n) of other related Dirichlet series, such as L(s,m x 7)~! or

X!
log L(s,m x ). Although these coefficients do not form a positive semi-definite ma-
trix, they turn out to have ;<7 as a “positive semi-definite cover”, in a sense that

we introduce in Section 6.3. This leads to a general inequality of the form
2

’Zw(w))ﬁ,(n) < 3 W)W g (). (6.13)

TES m, ' €S

The resulting large sieve inequality for A (n) is given in Theorem 6.11. Our proof of
Corollary 6.3 relies on inserting this result, in the specific case where A2(n) equals
the n-th Dirichlet coefficient i, (n) of L(s,m)™!, into the zero detection arguments of
Humphries and Thorner [HT24, Section 5].

6.2.1 Structure

For the rest of the chapter, the reader should be familiar with most of the notation
and preliminaries from Section 2.3.

In Section 6.3, we introduce the notion of positive semi-definite covers for L-functions,
which significantly develops the linear-algebraic formalism from Section 5.3.1. In Sec-
tion 6.4, we prove our main result generalizing Theorem 6.1, and deduce Corollary 6.2.
Finally, in Section 6.5, we establish the zero density estimate in Corollary 6.3.

6.3 Positive semi-definite covers

In this section, we significantly extend the ideas from Chapter 5 on positive semi-
definite families of L-functions. Our goal is to prove the inequality (6.13) for Rankin—
Selberg coefficients, reiterated in Proposition 6.10 — recall that such a result is implicit
in the proof of [HT24, Theorem 4.1] when n has no ramified prime factors. In our
approach, we treat ramified and unramified places on the same footing; to this end, we
use a fairly general linear-algebraic language, although our arguments are ultimately
combinatorial.
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6.3.1 Covers for matrices

We first introduce a generalization of the classical positive semi-definiteness property
for matrices.

Definition 6.4. Let S be a finite set and a,at : S xS — C (which can be viewed as
matrices in C5*%). We say that a™(z,y) is a positive semi-definite cover for a(z,y) if

and only if there exist countably-many functions u; : S — C and complex numbers
d; with |d;| <1 such that

ale.y) = 3 dyu; (2)7, (1), o) =Y w@ne.  (61)

for all x,y € S, where the convergence is absolute.

Remark. In particular, a™*(z, y) is positive semi-definite iff it is a positive semi-definite
cover for itself (or for the identically-zero matrix). Any Hermitian matrix has a pos-
itive semi-definite cover, obtained by replacing all eigenvalues in its spectral decom-
position with their absolute values.

To motivate this definition, consider the following inequality.

Lemma 6.5. Let S be a finite set and a,a®™ : S x § — C, such that a*(z,y) is a
positive semi-definite cover for a(x,y). Then for any §;,S8, C S and v : & — C,
w: Sy — C, one has

S wewaey)| < (X w@eat @) (Y wwme)e @, y).

TES) z,2' €Sy Y,y €S2
YyES2

Proof. By expanding a(x,y) and a™(x,y) as in (6.14), swapping sums, and applying
Cauchy—Schwarz in j, we obtain

| id 3 wtouto) Sl )|

< (3 X o) (izs w0 () ) )

= ( Z o(@)() S (@) ()) Z w(y)ﬂy’)i%(y)uj(y’))a
st e et ;
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Definition 6.4 is also well-behaved, in the sense that positive semi-definite covers are
stable under several operations which also preserve positive semi-definiteness.

Lemma 6.6. Let A € C. If a™(z,y),b"(x,y) are positive semi-definite covers of
a(z,y),b(x,y) respectively, then

|/\|a+(:v,y), (a+—|—b+)(a:,y), (a+'b+)($’y)
are positive semi-definite covers, respectively, of

ra(z,y),  (a+b)(z,y),  (a-b)(z,y).

Proof. Let us write a(z,y) = > 277, cju;(2)u;(y), a*(z,y) = 3272, wi(2)u;(y) ac-
cording to Definition 6.4, and similarly b(z,y) = 372, djv;(2);(y), b*(z,y) =
> 521 vi(@)T;(y), where |¢j],|d;| < 1. The claims for scaling and addition are im-
mediate; for multiplication, we expand

a(z,y) bz, y) =D D epdp (u;-ve) (@) (- vn)(y),
j=1 k=1
and a™(x,y) b (x,y) similarly, then re-index to a single countable sum. ]

6.3.2 Covers for families of Dirichlet series

We now pass from matrices a(x, y) to families of Dirichlet series A(s; z,y). The reader
should keep in mind the case when § is a family of automorphic representations, and
the families A(s;x,y) come from Rankin-Selberg convolutions.

Definition 6.7. Let F' be a number field, and let n range over the nonzero ideals of
Op. Let S be a finite set, and (A(s; ,Y))zyes, (AT(s;2,9))zyes be families of formal
Dirichlet series with expansions

an;z,y at(n;z,y
A(s;2,y) :Z% A*(&%@/)ZZ%-

n

We say that A*(s;x,y) is a positive semi-definite cover for A(s;x,y) if and only if
for each n, a*(n;z,y) is a positive semi-definite cover for a(n;z,y) (indexing over
z,y € §). In other words, there exist functions u; : S — C, complex numbers d; with
|d;| <1, and integral ideals n; such that

- U ()i (Y Oou»xﬂ-y
A(S;%y)zzdj—J(N)ni( ) A*(S;x,y)zz—j(l\?ng( )
j=1 J j=1 J

where the convergence of the Dirichlet coefficient of each Nn™* is absolute, pointwise
in z,y. We say that A" (s;x,y) is positive semi-definite if and only if it is a positive
semi-definite cover for 0.
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Fortunately, some natural operations on L-functions preserve positive semi-definite
covers; the following lemma is a generalization of Lemma 5.4.

Lemma 6.8. Let z € C. If AT(s;x,y), BT (s;x,y) are positive semi-definite covers
of A(s;x,y), BT (s;x,y) respectively, then the families

2| At (si2,y), (AT +BY)(siz,y), (AT BY)(si2,9), expAT(s;z,y)
are positive semi-definite covers, respectively, of
M(s;zy),  (A+ B)(sizy), (A-B)(sizy), expA(s;z,y)

Moreover, if C(s;x,y) is positive semi-definite, it has exp C(s;x,y) as a positive
semi-definite cover.

Proof. The claims about the covers of NA(s;x,y), (A+ B)(s;x,y), and (A- B)(s;z,y)
follow from Lemma 6.6. For the exponentiation property we can expand

1

(o] (o] 1
exp A(s;x,y) = Zk_ (532, y), exp AT (s;2,y) Zk’_ (s;2,y)"
k=0 P

and use the previous properties (note that A™(s;z,y)* is a positive semi-definite
cover for A(s;x,y)* for each k). For the final claim, expand exp C(s;z,y) as above
and consider the terms with k£ = 1. O

Finally, we apply these notions to Rankin—Selberg L-functions.

Lemma 6.9. If S is a finite subset of \J,—, §n, then the family (log L(s, 7 X))z res
is positive semi-definite.

Proof. This is purely formal generalization of Proposition 5.5 to variable ranks n and
general number fields. When F' = Q, the computations of Brumley [ST19, Appendix
A2, (A.8)] express each factor in the Euler product L(s, 7 x ') = [, ,ime L(8; mp ¥
7,), with minor changes of notation, as

log L(s, m, x 7T Z Z fpe‘ff ) Z Zj(”pvg)eef Z 2 (7, £)°ed

[o¢] for Qp fr>1 pj(mp)€ler] pr (T ) [o¢]
n;(mp) 2y ng(my,)>v

where [g;] ranges over all the twist-equivalence classes of unitary supercuspidal rep-
resentations of a general linear group over Q,, e, is the torsion number of o, p;(7,)
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(resp., pr(,)) ranges over the supercuspidals in a deconstruction of the p-adic com-
ponents m, (resp., 7,) that are twist-equivalent to g, n;(m,) are positive integers de-
pending only on 7,, j, and z;(m,, {) are complex numbers depending only on m,, ¢, j.
Summing over primes p and collecting terms, one can ultimately write

- S;(m)S; (")
log L "= e
og L(s,m x 1) Z - :
j J
where j = (p,?, f,v) is a tuple of parameters with countably many values (such
that n; only achieves a given value finitely many times), and S;(7) are complex
numbers depending only on 7, 5. For a general number field F', an analogous argument
expresses
- S;(m)S; (")
log L(s,m x ) = L 6.15
og L(s,m x ) ; Nn: (6.15)
where all parameters involved depend implicitly on F. This is precisely the form
required by Definition 6.7. O

Putting together our ingredients in this section, we obtain the following result, which
may be used as a black-box.

Proposition 6.10. Let S, S, be finite subsets of | J, - §n. With the understanding
that families are indexed over S U {7 : m € Sa}:

(). L(s,m x 7) is a positive semi-definite cover for itself, L(s,m x 7)™

log L(s,m x 7).

, as well as

(i3). If LY (s,mx7®) =Y A = (n)Nn~* is a positive semi-definite cover for L°(s, mx
)= Al = (M)Nn~°, then for alln andv: S — C, w: S, — C, one has

‘Zv(m)w(mmm(n) < Y vmE)AL L (0)

‘ 2

m1EST 71,7 €S1
T ESy
+
X g )\ﬂ oy (1)
71'2,71'2 €Sy

In particular, if S = {m} consists of only one element, this reads

)Zw(m»mm(n) <N ) Y w(m)w(m)A, (). (6.16)

7r2€$2 7r277T5652

If Sy = {my}, this further simplifies to
|)\Tr1><7r2( )‘ )\7—:'_1><7r1( )A;’r_2><7r2 (n) (617>
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Proof. For the first claim in (i), note that log L(s, 7 x ') is a positive semi-definite
cover for —log L(s,m x 7’), and exponentiate both sides. The second claim in (1)
follows directly from the last part of Lemma 6.8. Part (ii) is simply an application
of Lemma 6.5 for S; and {7 : 7 € Sy} O

Remark. Proposition 6.10 generalizes several results found in literature, with no de-
pendencies of the conductors of the representations involved, and no assumptions
about ramification:

(1). Take L° = LT = L, i.e., A2, (n) = A -, (n) = A\rx7(n). Then (6.16) implies
our claim from (6.11) by taking m to be the trivial representation; recall that
(6.11) extends the bound (6.9) used by Thorner-Zaman [TZ21] in the unramified
case. Meanwhile, (6.17) generalizes [TZ21, Corollary 3.2] and a remark from

Section 5.3.1.

(2). Take X° = (n) = AF - (n) = Az (n) — A (n)Ax(n), which is positive semi-

definite in 7, 7’ by (6.12). Then (6.17) becomes the bound
‘)‘ﬂ1><7f2 (‘I‘l) — Amy (n))‘ﬂ'z(n)’Q < ()\WIX%I (ﬂ) - ’)\ﬂ'l (n)’2)<)‘%2><ﬂ'2(n) - |)‘ﬂ'2(n)|2)7

which removes the real part and the coprimality constraint from another result
of Thorner-Zaman [TZ21, Proposition 3.1].

(3). Take L° = L™" and LT = L, i.e., A2 ~(n) are the coefficients of L(s, 7 x 7')7*,

and A - (n) = Arxw(n). Then (6.16) extends a bound implicitly used by
Humphries-Thorner [HT24, Section 4| in the unramified case.

(4). When LT = L° = log L, (6.17) recovers |[ST19, Proposition A.1]. Moreover,
when L° =log L, Lt = L, and m; = m9, (6.17) recovers [ST19, (6.10)]. These
were the key inequalities for Rankin—Selberg coefficients used in the work of
Soundararajan-Thorner [ST19].

6.4 The large sieve

We now state a general large sieve inequality for the Dirichlet coefficients of various
L-functions. This improves on the first bound in [TZ21, Theorem 4.2] by a factor
of Q49””2; the second bound therein can be improved similarly. Once again, we fix
n € Z, and the degree [F': Q], so all implicit constants may depend on n, [F': Q).

Theorem 6.11. Let ¢ > 0, 2,Q,T > 1, a(n) be a complex-valued function, and
S C §n be such that max,cs Cr < Q. Denote by \o(n) the Dirichlet coefficients of
either L(s,m), L(s,m)™', orlog L(s,n). Then one has

S| S ol <o (1 us) S o

TES  Nng(z,el/Tx] Nne(z,el/Tz]
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Proof of Theorem 6.1 assuming Theorem 6.11. Theorem 6.1 follows from (2.38) and
a standard dyadic decomposition argument, by taking A> = X and T"= 1. O]

To prove Theorem 6.11, we require a simpler version of [TZ21, Lemma 4.1] which
does not include a coprimality constraint, and which is closely related to Lemma 5.6
from Chapter 5. We recall our notation for the Fourier transform from Section 2.1.2.

Lemma 6.12. Fiz a smooth test function ¢ with compact support in [—2,2], and let
2, T>1, m,7e€F, CiCr <Q. Then for alle >0, one has

‘ Z¢ (T log %) )\wx%’(n) _ xw lj:els L(S, T X %/) < Qn+€T

Q]n

Proof. This calculation is almost identical to the proof of [TZ21, Lemma 4.1], except
that we do not need to bound the contribution of the ramified prime ideals p | q,q
separately. This removes a factor of Q%" from our final bound compared to [T7Z21].
Note that the subtracted main term vanishes unless 7 = 7’. O]

Proof of Theorem 6.11. Our key new input over [TZ21, Theorem 4.2| is Proposi-
tion 6.10, which lets us handle the ramified and unramified primes on the same foot-
ing. We may assume without loss of generality that [lal|3 := > \pe(per/ra [a(m)]? = 1.
Then by duality, we have

L= ||??Xlz‘ a(m) Az (n )‘2 - ‘Z

TES  Nné&(w,el/Ta) Nne(z, el/T Tes

for some function w : § — C with [Jw]|3 := > s |w(7)|* = 1. Now apply inequality
(6.16) for each n, with At = X (as allowed by Proposition 6.10.(7)) and m; being the
trivial representation, to obtain

£< Y Y wmw) e (n).

Nne(z,e!/Tq] mm' €S

Moreover, each summand is nonnegative, so we can insert a smooth majorant for
the indicator function of (z,e'/Tx]. Let ¢ : R — [0,1] be an infinitely differentiable,
bounded function supported in [—2,2], which is a pointwise upper bound for the
indicator function of [0,1]. We find that

L< qu(Tlog%) S Wl A ()

7, €S

- Y w Zcb(Tlog ) Aw ().

m,w' €S
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Using Lemma 6.12 to evaluate the inner sums, we obtain

¢ 27rzT

L x——F— Z|w ResLs7r><7T)
TES
+Oa <Qn+€T[F:%]n +e Z |w(7r)w(7r’)|>,

w,m €S

where the main term comes from the diagonal terms 7 = 7. Using gg(—(QWiT)_l) <1
and [|w|]2 = 1, we conclude that

L L, xmax| Res L(s,mx m)| + Q”J“ET J“5|S| (6.18)

Finally, using Lemma 2.14, we recover the desired bound of Q°(x + Q”T +5|S .
]

From Theorem 6.11, we can now quickly deduce Corollary 6.2. Again, the key point
is that using our positive semi-definite cover formalism, we can include automorphic
representations whose local components at the non-Archimedean place p are ramified.

Proof of Corollary 6.2. We apply Theorem 6.11 with
8= {m € Fu(Q) : max|az,(p)| = Np'},

T =1, and A2(n) being the Dirichlet coefficients of log L(s, 7). This yields

2

S Y amem| <@OEris) Y P (619)

TES |Nne(z,ex] Nne(z,ex]
where in Res > 1,

o0 )\O
log L(s,7) = Z 7;1(:).
n=1

Now let k& > 1, and take a(n) to be supported on the single ideal n = p* (so also
x =< Np*). In particular, by (2.42) we have

pk) _ Z Qr kap) ’

j=1

0 (6.19) becomes

2

< QW (Np* +Q"8]),

Z Q. j (p)k

j=1

53

TES
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which implies, by Cauchy—Schwarz,

> o)

7=1

< Q°W\/Npk + Qn[S|.

Summing over k in a range [ko + 1, ko + n| and using Turén’s lower bound for power
sums, exactly as in Section 5.4.1, we conclude that

\/|S
k:nl1/‘2 Np*? < n+1/2 Zmax e (P)[F <y Q7 /Npho + Q"[S],

0 7r6$

Finally, picking kqy to balance the right-hand side, we conclude that

VISIQ"S]) <, (QIS)" V@S],

which rearranges to the desired bound, |S| < Q"% +o(V). O

6.5 Zero density estimates

When the large sieve inequality in Theorem 6.11 is combined with Plancherel’s theo-
rem, we can deduce “hybrid” large sieve inequalities. To state these in our setting of
interest, we define the numbers p,(n) by the Dirichlet series identity

n

NICTS:) = HH (1= ar;(p)Np~), Res > 1.

p Jj=1

Corollary 6.13. Let Q,T > 1, and e > 0. IfY > e and

X > QU +1|3|(QT) logY =, log X,

then

dv <. Q°T*log X,

Z/T Nusx Nn' +1‘E 3+w 2
>[5 sy

Nn<X Nn2

dv <. QT X log X.

Proof. The proof is the same as that of [HT24, Corollary 4.4], with Theorem 6.11 in
the role of [HT24, Theorem 4.1], using A2 (n) = u,(n). O

Proof of Corollary 6.3. We proceed along the same lines as in the proof of [HT24,
Theorem 1.1], with n’ = 1, 7’ given by the trivial representation, and with the
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coprimality restrictions (as well as the dependencies on 6,,) completely removed. We
summarize as follows. The parameters in the beginning of [HT24, §5] become

[F: @]n

— QT S|(QT), Y = (QFT R S|X (QT)) T,

fir (1) N
Nne LMx (s, m) = L(s,m)Mx(s, ),

Nn<X

in Res > 1, so that

1—LMx(s,m) = L(s,m) ZMW

Nn>X

Following the ideas Montgomery [Mon69|, we note that LMx(p,7) = 0 when p is a
zero of L(s,m), and use a contour-shifting argument to bound the number of zeros
Ny(0,T) in terms of an integral of 1 — LMx(s, ) near the 1-line, and an integral
of LMx(s,m) on the i-line. As in [HT24, near (5.6)|, summing over 7 and using
Cauchy—Schwarz, we conclude that

2
Nﬂ— ’ <<e Xe Y2 1 o / ‘ d
Z (U Z Z Nn1+l Y—i—w v
TeS ﬂ‘ES Nn>X
’_“ L} +idv,nm dv / ) dv) : + Yl_”} )
([, St i DI

It should be noted that one of the intermediate steps in [HT24, §5] uses the bound in
[HT24, Lemma 3.3]:

)\7r x(n +)‘ﬂ’ A
o ()] < WL AW g g gy =0, (620)

Fortunately, (6.20) holds independently of the coprimality condition per (6.17).

We estimate the two v-integrals involving i, (n) using Corollary 6.13 in place of [HT24,
Corollary 4.4|. The remaining integral is estimated trivially using Lemma 2.14. These
estimates yield the bound

D Ne(o,T) < Y77 X,

TeS

which is equivalent to desired result in Corollary 6.3. O]
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