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Abstract

This thesis considers a variety of problems in Extremal Graph Theory
and Probabilistic Combinatorics. Most of these problems are structural
in nature, but some concern random reconstruction and parking prob-

lems.

A matching in a bipartite graph G = (U,V, F) is a subset of the
edges where no two edges meet, and each vertex from U is in an edge. A
classical result is Hall’s Theorem [30] which gives necessary and sufficient
conditions for the existence of a matching. In Chapter 2 we give a
generalisation of Hall’s Theorem: an (s, t)-matching in a bipartite graph
G = (U,V,E) is a subset of the edges F' such that each component of
H = (U,V,F) is a tree with at most ¢ edges and each vertex in U has
s neighbours in H. We give sharp sufficient neighbourhood-conditions
for a bipartite graph to contain an (s,¢)-matching. As a special case,
we prove a conjecture of Bennett, Bonacina, Galesi, Huynh, Molloy and
Wollan [6].

The classical stability theorem of Erdés and Simonovits [19] states
that, for any fixed graph with chromatic number £+ 1 > 3, the following
holds: every n-vertex graph that is H-free and has within o(n?) of the
maximal possible number of edges can be made into the k-partite Turan
graph by adding and deleting o(n?) edges. In Chapter 3 we prove sharper
quantitative results for graphs H with a critical edge, showing how the
o(n?) terms depend on each other. In many cases, these results are

optimal to within a constant factor.

Turdn’s Theorem [66] states that the Kj.i-free graph on n vertices
with the most edges is the complete k-partite graph with balanced class
sizes Ti(n), called the ‘Turdn graph’. In Chapter 4 we consider a cycle-
equivalent result: Fix k£ > 2 and let H be a graph with xy(H) = k + 1
containing a critical edge. For n sufficiently large, we show that the

unique n-vertex H-free graph containing the maximum number of cycles



is Ti(n). This resolves both a question and a conjecture of Arman,

Gunderson and Tsaturian [2].

The hypercube @, = (V, E) is the graph with vertices V = {0,1}"
where vertices u, v are adjacent if they differ in exactly one co-ordinate
(so Q9 is the square and Q)3 is the cube). Harper’s Theorem [33] states
that in a hypercube the Hamming balls have minimal vertex boundaries
with respect to set size. In Chapter 5 we prove a stability-like result for
Harper’s Theorem: if the vertex boundary of a set is close to minimal
in the hypercube, then the set must be very close to a Hamming ball

around some vertex.

A common class of problem in Graph Theory is to attempt to recon-
struct a graph from some collection of its subgraphs. In shotgun assembly
we are given local information, in the form of the r-balls around vertices
of a graph, or coloured r-balls if the graph has a colouring. In Chapter
6 we consider shotgun assembly of the hypercube - given the r-balls of
a random ¢ colouring of the vertices, can we reconstruct the colouring
up to an automorphism with high probability? We show that for ¢ > 2,
a colouring can be reconstructed with high probability from the 2-balls,
and for ¢ > n2+e(log_%")
probability from the 1-balls.

, a colouring can be reconstructed with high

In Chapter 7 we consider a parking problem. Independently at each
point in Z, randomly place a car with probability p and otherwise place
an empty parking space. Then let the cars drive around randomly until
they find an empty parking space in which to park. How long does a
car expect to drive before parking? Answering a question of Damron,
Gravner, Junge, Lyu, and Sivakoff [12], we show that for p < 1/2 the
expected journey length of a car is finite, and for p = 1/2 the expected
journey length of a car by time ¢ grows like 3/ up to polylogarithmic

factors.
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Chapter 1

Introduction

A graph is a set of points (vertices) and a set of lines (edges) connecting pairs of
points. Graphs naturally arise from networks - for example one can view Facebook
as a graph where every person on Facebook is a vertex, and two people are joined
by an edge if they are friends. One might then ask what these graphs look like: How
many edges do I need to traverse to get from a to b? How many triangles does this

graph contain? Is the graph connected?

This thesis is composed of six chapters (excluding the introduction). Chapters
2, 3, 4 and 5 can roughly be characterised as Extremal Combinatorics. Chapters
6 and 7 are more probabilistic in nature, although Chapter 6 also contains some
structural results. Chapters 4 and 6 respectively apply results from Chapter 3 and

5; otherwise the chapters are entirely self-contained and can be read in isolation.

We give some background for this below. But before we start all of this, we
more rigorously define a graph, and fix some notation which we use throughout this
thesis. For general background on Graph Theory, we refer to [9, 14]. We would also
like to bring the reader’s attention to Bollobés’s “white book” [8] which is a lovely

introduction to Combinatorics.

1.1 Graphs and Set Systems

A graph G = (V, E) is an ordered pair, consisting of a set V' of vertices , and a
set E of edges, where E C V® = {{u,v} : u,v € V,u # v} (s0 the set of edges is



a subset of the 2 element subsets of V). We denote an edge e = {u, v} by uv or vu
and in this instance we say the vertices v and v are adjacent or are neighbours of

each other.

For each vertex v € V', we denote the set of neighbours of v by

I'(v):={u:uwv € E}.

We also define the degree d(v) := |['(v)| of a vertex v, the number of neighbours
v has. There may be cases when we are working with more than one graph in which
case we use the notation I'¢(v) to clarify that we mean the neighbourhood set of v

in G. (The use of subscripts for clarification will be extensive in this thesis!)

We may be interested in the set of vertices at a certain distance from a vertex.
So for a vertex u € V inductively we let T°(u) = {u} and I'*(u) = Users—1qu I'(v) \
U<, T'(u) (so T*(v) is the set of vertices which have shortest path length exactly k
to v). We will call I'*(v) the k-th neighbourhood of v. For a subset of the vertices
A CV, we also write I'(A) = J,c
be AUT(A), the set of vertices in A together with the neighbourhood of A. With

the natural understanding of a distance function, we define the r-ball B,(v) around

['(v), and we define the vertex boundary of A to

a vertex v as the subgraph induced by the vertices at distance at most r from v (so
for example By(v) is induced by {v} UT(v) UT?(v)).

We may wish to consider structures (V,F) where F is an arbitrary collection
of subsets (not necessarily of size 2) of V. Given a set V, we define its power set
= {5 : S C V} the set of all subsets of V. We call a subset of the power set
F CP(V) a set system or hypergraph on V. We call a set U C V a k-set if |U| = k.
We say F is k-uniform if all of its elements are k-sets (so we see that graphs are

2-uniform set systems).

A graph of particular interest will be the hypercube: for all positive integers n,
we define the n-dimensional hypercube @,, = (V, E) where V = {0,1}" and wv € F
if the two vertices differ in exactly one co-ordinate. This graph can also be thought
of as a graph on the power set of [n], P(n) = {A C [n]}, where two sets A, B are

adjacent if they differ in exactly one element.



1.2 Asymptotic notation

For functions f, ¢ : N — R2? we write the following:

e f=0(9) if%%Oasn—)oo.

e f = 0O(g) if there exists C > 0, N € N such that for alln > N, f(n) < Cg(n).
o [=9%(g)ifg=O(f).

o [=6(g)if f=0(g) and f = Q(g).

1.3 Matching problems

Matching problems and related covering and packing problems arise as formula-
tions of logistical problems. For example, a manager wishes to have a set of jobs
U completed by the set V' of workers at their disposal. Each job can be completed
by a single worker, but not every worker has the necessary skills to complete every
job. Therefore we have a set of pairs F consisting of pairs uv where u is a job and
v is a worker with the skills necessary to complete u. Some natural questions arise:
what is the maximum number of jobs that can be completed? When is it possible

to complete all the jobs? How can one find such an arrangement of the workers?

It is not difficult to see that we have defined a bipartite graph G = (U, V, E') and
so Graph Theory is the perfect setting in which to consider these problems. In the
problem described above we are looking to find a subset F' of the edges which cover
the vertices in U and for which no two elements e, f € F' meet at a vertex. We call
such a subset of the edges a matching. Koénig considered a method of generating a
matching of maximal size using augmenting paths (see [14, §2.1] for details). Kénig
was able to show that the maximal size of a matching is equal to the minimal size
of a vertex cover of the edges (a set of vertices W so that every edge is incident to
a vertex in W).

Theorem 1.3.1. [0/ The mazimum cardinality of a matching in a bipartite graph

G is equal to the minimum cardinality of a vertex cover of its edges.

Perhaps the most famous result in Graph Theory is that of Hall which gives nec-
essary and sufficient conditions for the existence of a perfect matching (a matching

which covers all vertices in U) in a biparite graph G = (U, V, E).



Theorem 1.3.2. [30] Let G = (U, V, E) be a bipartite graph. Then G has a matching
from U to V if and only if |I'(A)| > |A| for all ACU.

This result can be extended to show that we can match each vertex in U to h
vertices in V' if |[I'(A)| > h|A| for all A C U. This can be seen as a subgraph H of
G which is a forest consisting of trees with h edges in which each vertex of U has
degree h. In Chapter 2 we consider what happens when we allow the forest H to
consist of trees with more edges. We show the following result.

Theorem 1.3.3. Let k > 1 and h > 2 be positive integers and let G = (U, V, E) be
a bipartite graph. Suppose that for all S C U,

IT'(S)| 2<h -1+ ﬁ) S|

Then there exists a subgraph H of G which is a forest consisting of trees with at

most hk edges in which each vertex of U has degree h.

1.4 Extremal Graph Theory and Stability Prob-
lems

In Extremal Graph Theory, we ask what graphs/structures maximise/minimise
a certain quantity subject to having some property. The most well studied problem
is which graphs have the maximum number of edges subject to not containing a
fixed subgraph H. In this instance we say that such a graph is an extremal graph
for H. Further we write EX(n; H) for the set of extremal n-vertex graphs for H,

and ex(n; H) for the number of edges in an extremal graph.

Mantel [47] answered this question when H is the triangle K3. He showed that
the complete bipartite graph with class sizes [n/2] and [n/2] is the unique extremal
graph for K3. This result was extended to all complete graphs Kj,1 where k > 2
by Turan [66]. Turdn’s Theorem states that the graph on n vertices with the most
edges without a copy of the complete graph Ky, is the complete k-partite graph
with balanced class sizes. We call this graph Tj(n) the ‘Turdn graph’ and write
tr(n) = e(Tx(n)). Simonovits [64, Theorem 2.3] showed that the Turdn graph is
also extremal when H is a graph with a critical edge (a graph where the chromatic

number can be decreased by the deletion of a single edge) and n is sufficiently large.



An important theorem was proven by Erdds and Stone.
Theorem 1.4.1 (Erdés-Stone [21]). Let k > 2, t > 1, and € > 0. Then for n

sufficiently large, if G is a graph on n vertices with

e(G) > (1—%%) (Z)

then G must contain a copy of Ty (kt).

Suppose that H has chromatic number k + 1 where £ > 1. Since H is contained
in Tj41(kt) (where t = |V(H)]), Theorem 1.4.1 tells us that ex(n; H) < £ (5)(1+
0(1)). When k > 2, since H is not contained in the Turan graph T (n) which has
EL(7)(1 + o(1)) edges and, we in fact have equality. On the other hand, when
k =1 (and so H is a bipartite graph), we only know ex(n; H) = o(n?). The study of
extremal graphs for bipartite graphs is called ‘Degenerate Extremal Graph Theory’,
but will not be addressed in this thesis (see [26] for a good survey).

In Chapter 4 we prove a cycle-equivalent result of Turan’s Theorem: for a graph
H with a critical edge, what graph on n vertices without a copy of H has the most
cycles?
Theorem 1.4.2. Let k > 2, and let H be a graph with x(H) = k + 1 contain-
ing a critical edge. Then for sufficiently large n, the unique n-vertex H-free graph

containing the mazimum number of cycles is the Turdn graph Ti(n).

Given such results in Extremal Graph Theory, a natural follow up question arises:
what happens when we’re close to the maximum/minimum? In many cases, results
in Extremal Graph Theory are stable in the sense that if a graph/structure has
close to the maximum/minimum quantity, then it closely resembles the extremal

graph/structure.

The most famous stability result concerns Turan’s Theorem: Erdds and Si-
monovits [19] showed that Turdn’s Theorem is stable.
Theorem 1.4.3 (Erdés-Simonovits [19]). Let k > 2 and suppose that H is a graph
with x(H) = k+ 1. If G is an H-free graph with e(G) > t;(n) — o(n?), then G can
be formed from Ty(n) by adding and deleting o(n?) edges.

In Chapter 3 we give quantitative stability results for graphs with a critical edge,

showing how the o(n?) depend on each other.

Stability is also interesting in the context of isoperimetric questions. Given a

fixed graph G = (V, E'), what subset of the vertices of a given size has least vertex



boundary? This question has been answered exactly when G is the hypercube by
Harper [33] (see also [8, §16]). However, while the stability of Turdn’s Theorem is
well studied, there is little regarding the stability of Harper’s Theorem: what sets
with close to the minimal vertex boundary look like? Keevash and Long [38] prove a
stability result for Harper’s Theorem which works best for very large subsets of the
hypercube. In Chapter 5 we prove a stability result for Harper’s Theorem (5.1.1)

which uses different techniques but gives much stronger bounds for the specified set

sizes.
Theorem 1.4.4. Let k : N — N and p : N — R, be functions such that k(n) <
log n k(n)

TToglogn’ p(n) 1s bounded, and W — 0 as n — oo. Then there exists a constant
C' (which may depend on k and p) such that the following holds: If A C V(Q,) with
|A| = (k(%) and |T'(A)| < (k(n7;+1) + (k&))p(n), then there exists some w € V(Q,,)

for which we have

n

e a1z (4 0) =y )k,

We remark that there are many other problems of a similar flavour in Graph The-
ory. For example, the strongly related edge-boundary version of the isoperimetric
problem (see, e.g., Harper [32], Bernstein [7], and Hart [34]) has been considered in
the stability context by Ellis [17], Ellis, Keller and Lifshitz [18], Friedgut [24], and
others. And the famous Erdés-Ko-Rado Theorem [22] concerning the maximum
size of intersecting set systems has been extended using stability results by, among
others, Dinur and Friedgut [15], Bollobds, Narayanan and Raigorodskii [10], and
Devlin and Khan [13].

1.5 Reconstruction Problems

The problem of reconstructing a graph from a collection of its subgraphs goes back
to the famous reconstruction conjecture of Kelly and Ulam (see [39, 67, 31]), which
asks whether one can identify a graph G (up to isomorphism) from the multiset of
its vertex-deleted subgraphs, i.e. the graphs G — v for all v € V(G). The conjecture
has been confirmed for various classes of graphs, including trees, regular graphs, and

triangulations.

Recently, Mossel and Ross [52] asked the following strongly related question:

when can we reconstruct a graph GG with either vertices or edges randomly g-coloured

6



from the collection of bounded neighbourhoods of its vertices? The motivation for
this question came from the so-called DNA shotgun assembly, where the goal is
to reconstruct a DNA sequence from “shotgunned” stretches of the sequence. In
[52], the authors obtained bounds on the numbers of colours and on the sizes of
the neighbourhoods that guarantee reconstructability with high probability in the
case when G is a vertex-coloured d-dimensional finite lattice [n]?. Additionally,
Mossel and Ross suggested the random jigsaw puzzle problem, where GG is the n x n
square lattice, and we think of each vertex of the lattice as of the centre of a puzzle
piece with each of the four edges receiving one of the ¢ random colours (jigs). The
question then is, for which values of ¢ can a random jigsaw puzzle be reconstructed
with high probability from the collection of single pieces equipped with their 4-tuples
of colours? This problem has since been studied by Bordenave, Feige and Mossel
[11], Nenadov, Pfister, and Steger [55], Balister, Bollobés, and Narayanan [4], and by
Martinsson [48]. In [53], Mossel and Sun analysed the shotgun assembly of random
regular graphs.

In Chapter 6 we prove results concerning the reconstruction of random colour-
ings of the hypercube from the collection of induced colourings of r-balls around
vertices. (We say that a colouring x is “r-distinguishable” if the induced colour-
ings of r-balls uniquely determine y.) We show that neighbourhoods of radius 2
suffice to distinguish a random 2-colouring, and give bounds on the smallest ¢ such
that neighbourhoods of radius 1 distinguish a random g¢-colouring. We define a ran-
dom (p,1 — p)-colouring of V(Q,) as a collection of independent random variables
(X(v))UEV(Qn) where y(v) is red with probability p and blue with probability 1 — p
(see also Definition 6.1.1).

Theorem 1.5.1. Let € > 0 and let p = p(n) € (0,1/2] be a function on the natural
numbers such that for sufficiently large n, p > n=Y/4*¢. Let x be a random (p,1—p)-
colouring of the hypercube Q,,. Then with high probability, x is 2-distinguishable.
Theorem 1.5.2. There exists some constant K > 0 such that the following holds:
Let ¢ > n2+K1°g_% " and let x be a random q-colouring of the hypercube Q,. Then
with high probability, x s 1-distinguishable.

We remark that in general neighbourhoods of radius n/2 — O(1) are required to
distinguish 2-colourings. Indeed, colour two antipodal vertices blue and colour the
rest red. Changing the distance between the blue points from n to n — 1 does not

change the collection of neighbourhoods of radius [n/2] — 1.



1.6 Parking Problems

Parking problems arise naturally from real life - how long do you expect to drive
around a supermarket car park before finding a free space? For theoretical parking
problems, we specify a graph on which we start with some cars and some parking
spaces. The cars then move around according to a random walk and park in empty
parking spaces according to some well-defined set of rules. We can ask whether
every car will park or how long we expect cars to travel before parking. An example
of a parking problem is the model below which was first studied by Konheim and
Weiss [42].

Let n > 1 and let P, be a directed path on [n] = {1,2,...,n} with directed edges
fromi+1tosfori=2,3,...,n. Let 1 <m < n and assume that m drivers arrive at
the path one by one, with the ith driver willing to park in vertex X; € [n]. If the ith
driver finds X; empty, they park there. If not, they continue their drive towards 1,
parking in the first available parking spot. If no such spot can be found, the driver
leaves the path without parking. We say that (x1,...,%,,), with x1,..., 2, € [n],
is a parking function for P, if for X; = z; for 1 <4 < m, all m drivers park on the
path.

Konheim and Weiss evaluated the number of parking functions, which is equiv-
alent to evaluating the probability that an m-tuple of independent random vari-
ables uniformly distributed on [n] gives a parking function. A similar model, with
P, replaced by a uniform random rooted Cayley tree on [n| was studied by Lack-
ner and Panholzer [44]. Motivated by finding a probabilistic explanation for some
phenomenons observed in [44], Goldschmidt and Przykucki [27] analyzed the park-
ing processes on critical Galton-Watson trees, as well as on trees with Poisson(1)
offspring distribution conditioned on non-extinction, in both cases with the edges
directed towards the root. Note that in all the setups above, drivers have only one

choice of route at any time of the process.

In a recent paper, Damron, Gravner, Junge, Lyu, and Sivakoff [12] study the
parking process on a graph where at each vertex on the graph we place a car with
probability p and a parking space with probability 1 — p, and the cars follow inde-
pendent symmetric random walks until they find a free space where they park. In
Chapter 7 we consider this setting on Z and prove some bounds for the expected
journey time of cars before a given time.

Theorem 1.6.1.



o When p =1/2, the expected journey time of a car up to time t is 3% up to a
polylogarithmic factor.

o When p < 1/2, the expected journey time of a car is finite.



Chapter 2

Tree Matchings

2.1 Introduction

Let G = (U,V, E) be a bipartite graph. A matching from U to V is a subset
F' of pairwise disjoint edges from E such that each vertex from U is incident to an
edge in F'. For a > 0 we will say that G satisfies the a-neighbourhood condition if
IT(S)| > a|S| for each S C U. With this notation in mind, Hall’s Theorem (1.3.2)
may be restated as follows
Theorem 2.1.1. Let G = (U,V, E) be a bipartite graph, then G has a matching
from U to V' if and only if G satisfies the 1-neighbourhood condition.
Definition 2.1.2. Let ¢ > s be positive integers and G = (U, V, E) be a bipartite
graph. An (s,t)-matching is a subset F' of E such that in H = (U, V, F), each

component is a tree with at most ¢ edges, and dy(u) = s for each u € U.

It follows easily from Hall’s Theorem that if G satisfies the h-neighbourhood
condition then G has an (h, h)-matching, or in other words a collection of vertex
disjoint stars K j, centred on the vertices of U. But what happens if G' does not quite
satisfy the h-neighbourhood condition? G no longer has an (h, h)-matching, but
perhaps we can choose h edges incident with each vertex of U so that the resulting
graph has only small components. In particular, we can ask what conditions are

required for the existence of an (s, t)-matching (where we may assume s|t).

A special case of this question was raised in a paper of Bennett, Bonacina, Galesi,
Huynh, Molloy and Wollan [6]. That paper considered a covering game on a bipartite
graph. It turned out that which player wins is strongly linked to the existence of a

10



(2,4)-matching in G. Bennett, Bonacina, Galesi, Huynh, Molloy and Wollan showed
that for € < 55 the (2 — ¢)-neighbourhood condition is sufficient for the existence of
a (2,4)-matching in a bipartite graph G with maximal degree of a vertex in U at
most 3. They conjectured that the result should hold for e = % In this chapter, we

prove their conjecture as a special case of a much more general result.

We give sufficient neighbourhood conditions for the existence of (h, hk)-matchings
for general h, k.
Theorem 2.1.3. Let k > 1 and h > 2 be positive integers and let G = (U, V, E) be
a bipartite graph. Suppose that for all S C U,

IT'(S)| 2<h -1+ ﬁ) S|

Then G has an (h, hk)-matching.

Letting k tend to infinity, we can read off one direction of a result of Lovész [45]
- a bipartite graph G = (U, V, E) contains a forest F' such that dr(u) = 2 for all
u € U if and only if |T'(S)| > |S], for all S C U.

We will actually prove a stronger result which conditions on the maximum degree
of a vertex in U of the bipartite graph.
Theorem 2.1.4. Let k > 1 and d > h > 2 be positive integers and let G = (U,V, E)
be a bipartite graph with d(u) < d for allu € U.

(i) If d = h and |T(S)| = (h — 1+ £)[S| for all S C U, then G has an (h, hk)-

matching.

(i1) If d > h, and for all S C U

d—h+1
|F(S)|Z(h_1+k:+1+(d—h—1)(k:/h1>|s|’

then G has an (h, hk)-matching.

The case £ = 1 proves the non-trivial direction of Hall’s Theorem. The case
d = h is trivial and so a proof will not be given here. Taking h,k = 2 and d = 3,
we also see that Theorem 2.1.4 proves the conjecture of Bennett, Bonacina, Galesi,

Huynh, Molloy and Wollan [6] mentioned above.

By taking the limit as d tends to infinity, one can see that Theorem 2.1.3 follows
directly from Theorem 2.1.4.
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Showing the optimality of these neighbourhood conditions is a little tricky; unlike
the case of Hall’s Theorem, the conditions in Theorem 2.1.4 are sufficient but not
necessary (for example, K53 contains a (2,4)-matching but does not satisfy the g—
neighbourhood condition). It is necessary to provide an infinite family of examples
for o increasing to the relevant threshold as the example increases in size. Bennett,
Bonacina, Galesi, Huynh, Molloy and Wollan [6] provide a example to show that
for any a < g, there exists a bipartite graph G with maximal degree of a vertex in
U at most 3 which satisfies the a-neighbourhood condition but does not contain a
(2,4)-matching. We will modify this particular family of examples to give examples
for all values of d, k and h. These examples show that the sufficient neighbourhood
conditions given in Theorem 2.1.4 are in fact optimal.

Proposition 2.1.5. Let k> 2 and d > h > 1 be positive numbers and

d—nh+1

) A By N L TSR R

Then there exists a bipartite graph G with mazimum degree of a vertex in U at most
d which satisfies the a-neighbourhood condition but does not contain an (h,hk)-

matching.

We omit the case £ = 1 (for which the bound is in fact necessary by Hall’s
Theorem) and the case d = h (for which one merely needs to consider that no edges
may be deleted when forming the matching and we just need to check whether G is

already an (h, hk)-matching).

The chapter is organised as follows. In Section 2.2 we prove some preliminary
results regarding bipartite graphs that critically satisfy a neighbourhood condition
(critically in the sense that the original graph with any edge deleted no longer
satisfies the previously satisfied neighbourhood condition). In Section 2.3 we prove
Theorem 2.1.4. In Section 2.4 we prove Proposition 2.1.5, showing that the bounds
given in Theorem 2.1.4 are tight.

2.2 Preliminary results
Let G = (U,V, E) be a bipartite graph. For A C U and a > 0, let h(A, o) =

IT'(A)| — a]A| (so G = (U,V, E) satisfies the a-neighbourhood condition if and
only if h(A,a) > 0 for each A C U). Then for uwv € E, v € Uyv € V, let
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Fo={ACU:ueAvgl'(A\u)} and Gy, = {ACU\u:vel(A)}. Then we

define functions f and g¢:

fluv,a) = min h(4,0)
glw,a) = min h(4,a)

where we put g(uv,a) =1 if d(v) =1 (and so G, = 0). We will drop the o when

obvious or when its value is inconsequential.

We will prove Theorem 2.1.4 by induction on the number of edges in the graph.
For a bipartite graph G = (U, V, E), we will call an edge, e € E, a-redundant if G—e
satisfies the a-neighbourhood condition. In other words, an edge is redundant if it
is not necessary for the satisfaction of neighbourhood constraints. This section will
show that if a connected bipartite graph G = (U, V, F) satisfies the a-neighbourhood
condition, has no redundant edges, and is such that U minimises h(S, «) for S C U,

then it must be a tree.

f(uv) can be thought of as a measure of how redundant an edge uv is and g(uv)
can be thought of as a measure of how redundant the vertex v is to the graph G — u;
in other words, how little it is required by other vertices. For a graph satisfying the
a-neighbourhood condition it is clear that f(uv,«),g(uv, ) > 0 for each uv € E.
The next proposition analyses some properties of f and g on a graph satisfying the
a-neighbourhood condition.
Proposition 2.2.1. Let « > 0 and G = (U, V, E) be a bipartite graph which satisfies

the a-neighbourhood condition.
(i) An edge wv is a-redundant if and only if f(uv,a) > 1.
(i) For v eV and distinct u,w € T'(v), Fypy C Gy and so g(uv,a) < f(wv, a).
(111) Suppose further that G does not contain a redundant edge. For an edge uv € E,
g(uv, ) < 1 with equality if and only if d(v) = 1.
Proof. Let « > 0 and G = (U,V, E) be a bipartite graph which satisfies the a-

neighbourhood condition. Suppose uv € E and let H = G — uv.

(i) First suppose that f(uv,a) < 1 and let A € F,, be such that hg(A4) =
f(uv, ). Note that by definition of Fy,, I'y(A) =T'¢(A) \ v and so hg(A) =
ha(A) —1 < 0. Therefore uv is not redundant since H does not satisfy the

a-neighbourhood condition.

13



Now suppose that uv is not redundant. By definition, there must be some
A C U such that hy(A) < 0. Note that since G satisfies the a-neighbourhood
condition, such a subset A must contain u and that v &€ I'(A \ w). It is then
clear that A € F,, and so f(uv,a) < hg(A) =hy(A)+1 < 1.

(ii) Note that if S € F,, then S C U\ wand v € I['(S) and so S € G,. It follows
that if u,w € T'(v), then F,, C G, and so g(uv, ) < f(wv, a).

(iii) Recall that if d(v) = 1, then g(uv,a) = 1 by definition. So suppose that
d(v) > 2 and pick some w € I'(v) \ u. Since vw is not a redundant edge,

f(wv, ) < 1 and the results follows from (ii).
O
The following lemma considers the effect of applying h to a union of two sets and
will be used extensively in the remainder of the section.

Lemma 2.2.2. Let G = (U,V, E) be a bipartite graph and fixz some o > 0. Then
for A,BCU,

h(AUB)=h(A)+ h(B) —h(ANB) — ([I'(A) nT(B)| — [T'(AN B)|).

Proof. Note that [I'(AU B)| = |[I'(4)| + |I'(B)| — [I'(A) N I'(B)| and |[AU B| =
|A|+ |B| — |AN B, so

h(AUB) = |N(AUB)|—a|AU B
= [T+ I'(B)| = [I'(A) NT(B)| — a(|A] + [B| = [AN BJ)

= (A)+h(B) — ([L(A) NT(B)| — a|AN B|)
= h(A) +h(B) - ([I'(A)nT(B)| - [I'(An B)|) = (IT(AN B)| — a[AN BJ)
= (A)+h(B) — h(ANB) — (T(A) N T(B)| — |T(AN B))).

[]

We are now in a position to show that a bipartite graph G = (U, V, ') satisfying
the a-neighbourhood condition with no redundant edges, for which U minimises
h(S, ) for S C U, must be a tree.

Lemma 2.2.3. Let a« > 0 and let G = (U, V, E) be a bipartite graph with no isolated
vertices. Suppose that h(S,a) > h(U,«) for each S C U, and that G contains no

a-redundant edges. Then G is a tree.
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Proof. Since « is fixed, we will write h(S), f(uv) and g(uv) in place of A(S, a), f(uv, «)

and g(uv, a) respectively.

First suppose that G is not connected. Let A UT'(A) be the vertex set of a
component of G with A C U and let B = U\ A. As I'(A) and I'(B) are disjoint
we have h(U) = h(A) + h(B) by Lemma 2.2.2. Note that h(B) > h(U) > 0 by
assumption and so h(U) > h(A) + h(U). We have arrived at a contradiction since
h(A) > 0. So G is connected.

Now suppose that G' contains a cycle. Choose an edge uv that belongs to a cycle
which has g(uv) as small as possible. Choose A € F,, and B € G, such that
h(A) = f(uv) and h(B) = g(uv).

Suppose that G[AUT'(A)] is disconnected and J C A is such that G[J UT(J)]
is a component of G[AUT'(A)]. I'(J) and I'(A \ J) are disjoint, and so h(A) =
h(J) + h(J \ A). Since both J and J \ A are non-trivial subsets of U, we have
min{h(J),h(J\ A)} > 0 and so h(A) > max{h(J),h(J\ A)}. On the other hand,
assuming without loss of generality that v € J, we have that J € F,, and so
h(J) > h(A), a contradiction. Similarly, suppose that G[B UT'(B)] is disconnected
and that K C B is such that G[K UI'(K)] is a component of G[BUT'(B)]. I'(K) and
['(B\ K) are disjoint and so h(B) = h(K)+h(B\ K). K and B\ K are non-trivial
subsets of U, and so min{h(K),h(B\ K)} > 0 and max{h(K),h(B\ K)} < h(B).
On the other hand, assuming without loss of generality that v € I'(K'), we see that
K € Gy, and so h(K) > h(B), a contradiction. Thus we may assume that both
G[AUT(A)] and G[BUT(B)] are connected.

Letting C = AU B and D = AN B, an application of Lemma 2.2.2 gives

WMC) = WA)+h(B) = h(D) = ('(A) NT(B)| - [I(AN B)])
= fluw) +g(uww) = h(D) = ([T(A) NT(B)| = (AN B)[).  (2.1)

Note that G satisfies the a-neighbourhood condition, has no redundant edges, and
d(v) > 2. The conditions for Proposition 2.2.1 are therefore satisfied and so
fluv), g(uv) < 1. If T'(A) NI(B)| — (AN B)| > 2, then A(C) < 0 and we
arrive at a contradiction. Therefore [['(A) NT'(B)| — |[I'(AN B)| <1 and so

A NT(B) =T(AN B)U{v}, (2.2)

asv € ['(A)NT'(B) but v € I'(ANB). In particular, |I'(A)NT(B)|—|T'(ANB)| = 1.
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Putting this into (2.1) gives

h(C) = f(uv) + g(uv) — h(D) — 1. (2.3)

Now suppose that D # () and choose some vertex w € D. Since G[AUT(A)] and
G[B UT'(B)] are both connected, there exists a v — w path, v = a;---a, = w in
G[AUT(A)] and a v —w path v = by --- by = w in G[BUT'(B)]. Note that A € F,,
and so ANT(v) = {u}, forcing as = u. This means that ay # by and so the two
v —w paths are distinct. Let 7 > 1 be minimal such that a; = b; for some j > 1 and
fix 7 minimal with b; = a,. Note then that a;,as,...,a;, b, b3...b;_; are distinct

vertices and so ayas - - - a;bj_1b;_o - - - by is a cycle in G[C' UT'(C)].

Note that either a; € AN B = D or a; € I'(A) NT'(B). If the latter is the case,
then a;, € I'(D) since a; # v, and, by (2.2), I'(A) NT'(B) = I'(D) U {v}. In either
case, a; € DUT(D). Then since as = u ¢ DUT'(D), there must be some s < i such
that a; € DUT(D), but agy1 € DUD(D). If agy1 € D, then a, € I'(D), which gives
a contradiction. So a, € U\ D and a,yq € I'(D). This means that D € G,,,,,, and
so h(D) > g(asasy1). Finally, since asasyq is an edge in a cycle and we have chosen
uv to minimise g(uv), it must be that g(asas11) > g(uv). If we put this inequality
into (2.3), then we get

WMC) < fluv) +g(uv) — g(uv) — 1
= f(uv) —1. (2.4)

Since f(uv) < 1, we have that h(C) < 0, a contradiction. It must therefore be the
case that D = 0.

Now suppose wv is in some cycle F' = w0y ... v, with (ui,v,) = (u,v) and
let Q@ = {uy,...,uy}. Note that u,, € A and u; ¢ B. Soif Q C C = AU B,
then there exists some j # m with u; € A, u;j;; € B. It is then the case that
v; € I'(A)NI(B) = {v}, which gives a contradiction. So there exists some j such
that uj1 & C but u; € C. This means that C' € G, ., and so h(C) > g(u;1v;) >
g(uv). Since D = () and T'(A) NT(B) = {v}, (2.3) gives

h(C) = f(uww)+g(uv) —0—1

< g(uv).
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But this again gives a contradiction since then g(u;11v;) < g(uv). It follows that G

cannot contain a cycle and so must be a tree. [

2.3 Proof of Theorem 2.1.4

We now come to proving Theorem 2.1.4. We will prove this by considering an
edge-minimal counterexample and arriving at a contradiction. The first half of the
proof will show that this counterexample must be a tree and thus acyclic. The
second half will show that the counterexample, at the same time, must contain a

cycle.

Proof of Theorem 2.1.4. Let k> 1 and d > h > 2 be positive integers, fix r =d—h
and let

r+1

a=h = T S R

Since « is fixed, we will write h(S), f(uv) and g(uv) in place of h(S, @), f(uv, o) and

g(uv, a) respectively.

Suppose that there exists a bipartite graph G = (U, V, E) which satisfies the
a-neighbourhood condition and in which the maximum degree of a vertex in U is
at most h + r, but doesn’t have an (h, hk)-matching. Let G = (U, V, E) be a graph
with these properties with the minimal number of edges, and assume without loss
of generality that there are no isolated vertices in G. Note that in G, the minimum
degree of a vertex in U is at least h since h({u}) > 0 for each u € U. Suppose that
there exists some non-empty A C U such that h(A) < h(U) and suppose that A is
such a set with minimal h(A). It is clear that the subgraph H = G[AUT'(A)] satisfies
the a-neighbourhood condition and has fewer edges than GG and so by assumption
must have an (h, hk)-matching. If B C U \ A, then

Ta—(auray(B)| —a|lB] = (Te(BUA)|—a|BUA) - (|[T'c(4)] — afA|)
= R(AUB) — h(A)
> 0.

Thus G — (AUTI'(A)) satisfies the a-neighbourhood condition and so by assumption

must contain an (h, hk)-matching. The two (h, hk)-matchings are vertex-disjoint
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and so their union is an (h, hk)-matching in G. This gives a contradiction and so
we must have h(A) > h(U) for each non-empty A C U.

If there exists an a-redundant edge uv in G (equivalently f(uv) > 1), then we
may simply delete it to find a counter-example with fewer edges which contradicts
the minimality of G. So f(uv) € [0, 1) for each edge uv in E. If we pick some edge
uv, we have that f(uv) < 1 and so there must be some A € F,,, with h(A) < 1. We
have now shown that G satisfies all the conditions for Lemma 2.2.3 and so G must

be a tree.

For each positive integer i, let U; ={u € U : d(u) =i} and V; = {v € V : d(v) =
i}. Thenlet F' ={u € U, : |[I'(u)NnVi| = h—1} and Z = Uy, \ F. Suppose that
CUT(C) is a component of G[F UT'(F)]. For each u € C, let X, = I'(u) NV}
and Y, = I'(u) \ V4. Note that by pruning the leaves of G[C UT'(C)] contained in
Vi, we get G[C' U, ec Yul- We can then see that G[C' U J,c¢ Ya] is a tree and so
|E(G[CUUyee Yul)| = 1CUUyee Yul =1 = [C] + [Uyee Yul = 1. On the other hand
Y,| = 1 for each u € C and so |E(G]C U|J

expressions we see that || J,co Yul = 1.

wee Yul)] = |C|. Comparing these two

G is connected and so I'(C') and I'(U \ C') must have a non-empty intersection.
Note however that I'(U \ C) NT'(C) C |J,e¢ Yu since all vertices in J, . X, are
leaves. Therefore each component of G[F'UI'(F')] has exactly one vertex in I'(U \ F).

In this case, we will say that F' satisfies the critical link property.

The following algorithm adds vertices from Z to F' as long as it is possible to do

so under the constraint that ' must always satisfy the critical link property.

Initialization Set n =10 ;
while Z # () do
Pick u € Z;
if [I'(uw)NT(U\ (FU{u}))| =1 then
| set Z=nU(Z\{u}), F=FU{u} andn=0;
else
| set Z=2Z\ {u} and n =nU{u} ;
end

end

We claim that after each iteration of the loop, F' still satisfies the critical link
property. This is true initially and can only be changed in the loop if we add a vertex
to F. Suppose u is added to F' at a certain stage and let CUT'(C') be the component
of (FU{u})UT(F U{u}) containing u. Note that all other components of F' will
remain unchanged and so we only have to consider C UT'(C). Let B = C'\ {u}
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and note that B UT'(B) is the collection of components which are joined together
by the addition of u to F. Let R = I'(B) N I'(U \ B) be the set of vertices in V
which connect the components of BUTI'(B) to the rest of G and note that R must
be a subset of the neighbourhood of w since the addition of u U I'({u}) joins the
components of BUI'(B). Therefore I'(C) NT'(U \ (F U{u})) is a subset of I'(u).
Since we added u to F, |[I'(u) NT(U \ (FU{u}))|=1and so [I(C)NT(U\C)| =1

as required.

So let us suppose we have augmented F' as far as we can by running the algorithm
described above (so we have a subset F' C U}, such that G[F'UT'(F)] is a forest which
satisfies the critical link property and further that we cannot maintain this property
if we add any vertex from Uy). Since each component of G[F' U I'(F)] has exactly
one vertex in the neighbourhood of U \ F', we know that U \ F' cannot be the empty

set.

Let W ={v eV :|I'(v)\F| > 2} be the subset of V with at least two neighbours
inU\F.

Claim 2.3.1. Fach w € U\ F has at least two neighbours in W.

A corollary of this claim is that G[(U \ F') UW] is a subgraph of G with minimum
degree at least 2. We will then have arrived at a contradiction since this subgraph
of the tree G' must contain a cycle. To prove this claim we have to consider three
cases depending on the degree of u € U \ F and its neighbourhood’s intersection
with W.

e Case 1: d(u) = h.

Since we have not added u to F' while running the algorithm, either I'(u) N
TU\(F\{u}))=0or |[T'(u)NT(U\ (FU{u}))| > 2. In the latter case, note
that ['(u)NT(U\ (FU{u})) € W and so |I'(u)NW| > 2. In the former case, let
F* = FU{u} and consider the component, C = Q UI'(Q), of G[FFT UL'(F*)]
with u € Q@ C F*. Note that T'(Q) NT(U \ F*) =T'(u) NT(FT) since u must
be a neighbour of each vertex in I'(Q \ {u}) NT(U \ (@ \ {u})). Therefore
LQ)NTU\ FT) =0, ie. QUT(Q) is disconnected from the rest of the
graph. Since G is connected, ) = U.

Recall that G is a tree. Counting edges two ways, we see that h|U| = |U| +
V| —1and so |[V] = (h—1+ \Vll)’w On the other hand, recall that G
satisfies the a-neighbourhood condition and so |V| > «|U|. This in turn
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forces (h — 1+ ﬁ) > . We can then bound the size of U:

k+1+ (r—1)[k/h]

<
’U| - r+1
S ESSNY
2 h
k+1 k+1
< — .
- 2 + 2

It must therfore be the case that |U| < k. Now we have a contradiction since G
is already an (h, hk)-matching. Therefore any vertex u € U \ F' with d(u) = h

has at least two neighbours in W.
Case 2: d(u) > h+1 and |I'(u) N W|=0.

Let C = QUI'(Q) be the component of G[FU{u}UT'(FU{u})] withu € Q C F.
As argued before, it must be the case that I'(Q \ {u}) NT(U \ (@ \ {u})) is a
subset of I'(u). But note that T'(u) NT(U\ Q) = T'(u) NW = () and so C must
be the vertex set of a component in G. Since G is connected, we have U = Q).

As in the case when d(u) = h, we can now count edges in two ways to realise

WU =1)+d(u) = |U|+|V|-1 and so [V| = (h—1+ D= U]. Again, we

recall that GG satisfies the a-neighbourhood condition and so h —1+ d(“)|+|1_h
«. We can bound the size of U:
d 1—h)(k+1 — 1[k/h
o < 00+ 1Bk 1+ (= k). 05

r+1

On the other hand, order the vertices of I'(u) = {v1, ... v4)} such that if i < j,
then in G — u the size of the component containing v; is at most the size of the
component containing v; (alternatively, consider G as a tree with root u and
order the branches by increasing size). If the h shortest branches collectively
contain at most k — 1 vertices in U, then we can construct a matching by
cutting the edges wvpi1, Uvpt2, . .. uvg) (indeed consider that the remaining
branches have fewer than k vertices of U and by assumption the component
containing U has at most k vertices of U). Therefore the union of the smallest
h branches contain at least k vertices from U. It must also be the case that
all other branches contain at least [k/h] vertices from U (else the union of
the first h branches would contain fewer than k vertices of U). We now bound

the size of U by counting u, the vertices in the h smallest branches, and the
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vertices in other branches:

U] > 1+ k + (d(u) — h) [k/R] . (2.6)

After some algebra, we can reformulate (2.6) to get

Ul > (du)+1—=h)(k+1+(r—1)[k/Rh])
- r—+1
(r+h—dw)(k+1-2[k/h])+ (r+1)[k/h]
r4+1 )

(2.7)

Since k +1 — 2[%1 > 0, we see that the second term in (2.7) is positive and
so our lower bound for U here is strictly larger than the upper bound we

have from (2.5). We have a contradiction and so it cannot be the case that
II'(uw) N W|=0.

Case 3: d(u) > h+ 1 and |I'(u) N W| = 1.

Suppose that I'(u) "W = {w} and let Y = FU{u}, Z =T'(Y)\ {w}. Further
let AU B be the component of G[Y U Z] such that u € A C Y. As argued
before, I'(U\ A)NI'(A) is a subset of I'(u), and so I'(U \ A) C V'\ B. Therefore
G\ (AUB) inherits the a-neighbourhood condition from G and so must contain
an (h, hk)-matching by assumption. Let H = G[A U B]. Then if H contains
an (h, hk)-matching, it is independent of any (h, hk)-matching in G\ (AU B)
and their union is an (h, hk)-matching in G. Therefore H does not contain an

(h, hk)-matching.

Recall that d(w) > 2 by assumption and so there must exist some v’ € U \ Y.
It is then the case that A # U, so that h(A) > 0 and |B| > «a|A| — 1.
As in the previous case, we will now bound |A| above and below to reach
a contradiction. Firstly, since H is a tree and we know the degrees of all
the vertices in A, we can count the number of edges two ways to get that
h(JA| —1)+d(u) —1 = |A|+|B| — 1 and so | B] = (h 1+ d%—h) |A|. Using
the fact that |B| > a|A| — 1, we get an upper bound for |Al:

) < ) —h 1)(/.6:+ 11+ (r = )[k/h]) 2.4

On the other hand, order the vertices of I'(u) \ {w} = {v1,...v40)} such that
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if © < j, then in H — u the size of the component containing v; is at most the
size of the component containing v;. Since we cannot have a matching (as in
case 2), the h smallest branches must collectively have at least k vertices of A
in them and the (d(u) — 1 — h) other branches must each contain at least [£]

vertices of A. Therefore we get a lower bound for |A|:

Al > 1+k+ (du) —1— h)[k/R]
(r+ 1)(1+ & + (d(u) — 1 — B)[k/R])

r+1
_ (r+1)(k+1+(r—1[k/h]) — (r+h—d))(r+1)[k/h]
r—+1
_ (du) —h+1)(k+ 1+ (r—1)[k/R])
r+1
(r 4+ h = d(w)(k + 1 — 2[k/h]) 29
r+1

Again, since k 4+ 1 — 2[£7] > 0, we see that our lower bound for |A| from (2.9)
is at least the strict upper bound given from (2.8). This is a contradiction and
so it must be the case that |I'(u) " W| > 2.

We have now shown that G[(U \ F)) U W] is a graph with at least one vertex
and minimum degree at least 2. Therefore G must contain a cycle, contradicting
that GG is a tree and so acyclic. Finally, we conclude that there can be no such

counterexample and so the result holds. [

2.4 Optimality

In this section we give examples to show that the bounds given in Theorem 2.1.4
are tight. Much of the material in this section builds on the work given in the paper
of Bennett, Bonacina, Galesi, Huynh, Molloy and Wollan [6] (this is very clear for
the case k = h). For ease of notation, for a bipartite graph G = (U, V, E) and a set

S CU, welet Rg(S) = %

Rather than drawing the bipartite graph G = (U,V, E), we will give pictorial
representations of the hypergraph H = (V, F') where F' = {I'(u) : w € U}. So H is
the hypergraph on the right vertices V' of (G, where each edge is the neighbourhood
of a vertex in U. Throughout the section, an ellipse represents the neighbourhood of

a vertex in U (i.e. a hyperedge of H), a small circle represents a single vertex in V,
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and a rectangle with a number x inside represents a collection of x vertices in V. For
all the figures that follow, we will assume that parameters a, b, h, ¢ and r are given.
We give a toy example below where Figure 2.2 is the hypergraph representation of
Figure 2.1:

Figure 2.1

Figure 2.2

To make the graph representations more digestible, we will use a hexagon so that
Figures 2.3 and 2.4 represent the same graphs, which we will call ,. (Dashed lines in
this section indicate repetitions and the number alongside or above the dashed line
specify the number of repetitions.) Thus I, is a chain of ¢ hyperedges Ay,..., A,
each containing h vertices such that A; and A;,; overlap in one vertex for each
t < ¢ — 1 and the A; are disjoint otherwise. Another way of thinking of I, is to
start with a path consisting of ¢ left vertices and g+ 1 right vertices, adding another
h — 2 distinct leaf-neighbours to each left vertex in the path and then taking the
hypergraph representation.

w :
o |
© ' q
v l
© |
Figure 2.3 E
Figure 2.4
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Given our representation of the graph I,, we will use a star so that Figures 2.5
and 2.6 represent the same graph and a triangle so that Figures 2.7 and 2.8 represent

the same graphs.

Figure 2.5

Figure 2.7

Figure 2.8

Given these new pieces of notation, we are now in a position to prove Proposition
2.1.5

Proof of Proposition 2.1.5. Let k > 2 and d > h > 2, fix r = d— h and suppose that
a € N and b € [h] are such that £k = ah +b. We will have to construct a sequence of
bipartite graphs G,, each satisfying the «,-neighbourhood condition with no (h, hk)-
matching where a,, tends toa =h — 1+ m =h—1+ #})(QH) We
will do this starting with a small graph H which does not contain a (h, hk)-matching
and then replacing a copy of 1,1 connected to the rest of H through v, with a large
graph J,, in which in every (h,hk)-matching, v; is in a component with at least

h(a + 1) edges. We give the base graph H = (U, V, E) below.

24



o+
| L
o o .
@l O Dw
—~
el 0 o>m
"h—>b

Figure 2.9: Base Graph H

The augmenting gadget J, can be thought of an odd cycle where the edges are
replaced with copies of the graphs given in figures 2.5 and 2.7 alternately with two

“star” edges next to each other.

Sa

Figure 2.10: Augmenting Gadget J,

To form G,,, we first remove L, \ {v; } from H to give H'. We will then identify the
vertices labelled v; in H' and the augmenting gadget J,, to form G,, = (U,, V,, E,,).
To prove our proposition, it suffices to show that G,, does not contain a (h, hk)-
matching and that it satisfies the «,,-neighbourhood condition where «,, increases

to a as n tends to infinity.

So suppose that G, contains a (h, hk)-matching. This induces a (h, hk)-matching
on J,. One can verify that, in any (h, hk)-matching on .J,,, v is in a component with
at least (a + 1)h edges. Then the matching on G,, must induce a (h, hk)-matching
on H' where v; is in a component with at most (k — (a 4+ 1))h edges. This is a
contradiction though, since we could extend this to a (h, hk)-matching on H by
adding back L;. So G,, cannot contain a (h, hk)-matching.
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It is also easy to verify that R, (S) is minimised over S C U,, when U,,. G,, then
satisfies the Rg, (U, )-neighbourhood condition where

[Val

|Un|

V]| = (a+1)(h — 1) +|B,| — 1
Ul =(a+ 1)+ 4]

Re, (Uy)

After some simplification this becomes

(h—1(ah+7)+b+r+1)+r+1+n(r+1)+n(a(h+r—1)+b+7r)
l+ah+7r)+b+r)+nalh+r—1)+b+r)
n(r+1)+r+1
l+ah+7r)+b+r+n(a(h+r—1)+b+r)
(n+1)(r+1)
(n+1)(ah+b+ar—a+r)+1
(n+1)(r+1)
n+1)(k+1+(@+1)(r—1)+1

—h—1+

—h—1+

—h—1+

We now see that Rg, (U,) tends to a as n tends to infinity and so we are done.

2.5 Remarks

A natural question when considering matching results on bipartite graphs is
whether one can extend them to general graphs: given a graph (not necessarily
bipartite) can we find covering forests with bounded component sizes? For a collec-
tion of graphs G = {Hy, ..., Hy} and a graph GG, we say that a subgraph @ of G is a
G-factor if () contains all vertices of G and each component of () is an element of G.
With this notation, one can easily show that finding a covering forest in a graph G
with component sizes bounded by k is equivalent to finding an {Si, ..., Sk }-factor
in G where S; is the i-star consisting of a central vertex and i other vertices joined
to the central vertex. There is a wealth of material regarding G-factors - Szab¢ [65]
gives a comprehensive account. Particular to this question is a result of Las Vergnas
[68] (see also [65, Theorem 3.1.17]) which gives necessary and sufficient conditions

for the existence of an {Sj,. .., Sy }-factor.
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Another question is how one might actually find an (s, ¢)-matching in a bipartite
graph G = (U, V, E), and the complexity of this problem. While the proof presented
in this chapter is an inductive one and so constructive, it includes calculating the
size of the neighbourhood of all subsets of U and so is super-exponential in the size
of the vertex set U. The proof also does not consider graphs which do not satisfy
the relevant neighbourhood conditions (recall that we only show the neighbourhood
conditions are sufficient) and so this work does not immediately give an algorithm

for deciding whether a bipartite graph contains an (s, ¢)-matching.
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Chapter 3

Some stability results for graphs

with a critical edge

3.1 Introduction

A fundamental result in extremal Graph Theory is the Erdés-Simonovits Stability
Theorem, which says that an H-free graph that is close to extremal must in fact
look very much like a Turdn graph.

Theorem 1.4.3 (Erdés-Simonovits [19]). Let k > 2 and suppose that H is a graph
with x(H) = k+ 1. If G is an H-free graph with e(G) > t;(n) — o(n?), then G can
be formed from Ty(n) by adding and deleting o(n?) edges.

It is natural to ask how the o(n?) terms here depend on each other. Thus we
will consider an H-free graph G with n vertices and tx(n) — f(n) edges, where
f(n) = o(n?), and ask how close G is to the Turén graph T} (n).

In this chapter, we will be interested in the case when H has a critical edge: an
edge e in a graph H is said to be critical if x(H —e) = x(H) — 1. It was shown by
Simonovits [64, Theorem 2.3| that if H has a critical edge, then for sufficiently large
n the Turdan graph Ti(n) is the unique extremal H-free graph on n-vertices (while
if H does not have a critical edge, then the Turdn graph is not extremal). In this
case, we will prove the following version of the Erdds-Simonovits Theorem.
Theorem 3.1.1. Let H be a graph with a critical edge and x(H) = k+1 > 3,
and let f(n) = o(n?) be a function. If G is an H-free graph with n vertices and
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e(G) > tr(n) — f(n), then G can be formed from Ty(n) by adding and deleting
O(f(n)'/?n) edges.

There is a simple construction showing that this bound is sharp up to a constant
factor: if we take the Turdn graph Tj(n) and imbalance it by moving [f(n)"/?]
vertices from one class to another then we obtain a k-partite graph G with n vertices
and tx(n)—0O(f(n)) edges. However, in order to obtain T (n) from G we must change
at least Q(f(n)"/?n) edges.

Theorem 3.1.1 will follow from a result on the closely related question: how many
edges do we need to delete from G in order to make it k-partite? We will say that
a graph G is r edges away from being k-partite if the largest k-partite subgraph of
G has e(G) — r edges. In a recent paper, Fiiredi [25] gave a beautiful proof of the
following result.!

Theorem 3.1.2 (Fiiredi [25]). Suppose that G is a Kyy1-free graph on n vertices
with ty(n) —t edges. Then G can be made k-partite by deleting at most t edges.

We will show that a much stronger bound holds. More generally, we will prove
results for graphs H that contain a critical edge (note that every edge of Kjq is
critical). As we will see below, our bounds are sharp to within a constant factor for
many graphs H (including Ky 1).

Theorem 3.1.3. Let H be a graph with a critical edge and x(H) = k+1 > 3,
and let f(n) = o(n?) be a function. If G is an H-free graph with n vertices and
e(G) > ti(n) — f(n) then G can be made k-partite by deleting O(n='f(n)3/?) edges.

As we will see below, for many H (including Kj1) the bound in Theorem 3.1.3
is optimal up to a constant factor; in many other cases we will be able to prove a

stronger bound. In order to discuss this, we will need some definitions.

For disjoint sets A, B of vertices we write K[A, B] for the edge set {ab : a €
A,b € B} of the complete bipartite graph K4 5. For a graph G = (V, E), recall
that the Mycielskian [54] of G is a graph M (G) with vertex set VUV’ U{u} (where
V' ={v :v € V}) and edge set F U {vw' : vw € E} U K[V’ {u}]. Informally, the
Mycielskian of a graph G is the graph attained by adding a copy v’ of each vertex
v in G (where v’ is adjacent to I'¢(v), but not to copies of other vertices) and then
adding a new vertex adjacent to all copies. For example, the Mycielskian of an edge

is the pentagon.

'Fiiredi also claims that Gy6ri’s work [29] implies the bound O(f(n)?n~2). But Fiiredi’s claim
is not correct, and Proposition 3.1.4 below shows that the bound O(f(n)?n~2) is not in general
valid.
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We define the blown-up Mycielskian graph My/(a,b,c) as follows. Let V;,... Vg
be sets of size a, let Wy, ..., Wy be sets of size b, and let U be a set of size ¢ (and
let all these sets be disjoint). Then My (a,b, c) has vertex set I, V; UL, W, UU
and edge set

Urmv, viiul KV, Wl ul KW, U).

i#] i#] i
Note that My(a,b,c) is a blowup of the graph M (K}). Indeed, from M (K}) (with
vertex set V U V' U {u}), one obtains My(a,b,c) by taking a copies of each vertex

in V, then b copies of each vertex in V', and then ¢ copies of u.

Figure 3.1: Mycielskian of K3 (M35(1,1,1))

Figure 3.2: M;(1,2,2)

The optimal error bound in Theorem 3.1.3 turn out to depend on whether H
is a subgraph of some blown-up Myecielskian graph My(a,b,c) (note that here it is
enough just to consider the case a = b = ¢ = |H|. If H is not contained in one of
these blow-ups, then the bound in Theorem 3.1.3 is tight up to a constant factor.
Proposition 3.1.4. Let H be a graph with a critical edge and x(H) = k+1 > 3, and
let f(n) = o(n?) be a function with f(n) > 2n. Suppose that H is not a subgraph of
My (a,a,a) where a = |V (H)|. Then there is an H-free graph G with n vertices and
at least t,(n) — f(n) edges which cannot be made k-partite by deleting o(n=" f(n)3/?)
edges.

It is natural to ask what happens when f is very small. It follows from a result
of Simonovits [63, p. 282] that for sufficiently large n and f(n) < ¥ — O(1), any
H-free graph with n vertices and at least t,(n) — f(n) edges is already k-partite.
On the other hand, the bound in Theorem 3.1.1 is still sharp in this range. Indeed,
as noted above, unbalancing the class sizes in the Turan graph so that one class is
f(n)'/? larger than the rest gives a graph with e(G) > t,(n) — f(n) which requires
the addition and deletion of ©(f(n)'/?n) edges to form Ty(n).

If H is a subgraph of some blown-up Mycieslkian My (a, b, ¢) then the construction
used to prove Proposition 3.1.4 can no longer be used. However, we do have the

following general lower bound that holds for all graphs H with a critical edge.
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Proposition 3.1.5. Let H be a graph with a critical edge and x(H) = k+1 > 3,
and let f(n) = o(n?) be a function with f(n) > 2n. Then there is an H-free graph
G with n vertices and at least ti,(n) — f(n) edges which cannot be made k-partite by
deleting o(n=2f(n)?) edges.

Note that this is much weaker than the bound given in Proposition 3.1.4. How-

ever, if H is contained in Mg(a,a, 1) for some a, then the bound in Theorem 3.1.3
can be substantially strengthened. Indeed, for this class of graphs it turns out that
Proposition 3.1.5 is in fact tight to within a constant factor.
Theorem 3.1.6. Let H be a graph with a critical edge and x(H) = k+1 > 3,
and suppose that H is a subgraph of My(a,a,1) for some a. Let f(n) = o(n?) be a
function. If G is an H-free graph on n vertices with e(G) > tp(n) — f(n) then G
can be made k-partite by deleting O(n=2f(n)?) edges.

Theorems 3.1.3 and 3.1.6 give bounds that are sharp to within a constant fac-

tor when H is a subgraph of some Mjy(a,a,1) or when H is not contained in any
Mi.(a,a,a). What about graphs that are contained in some Mj/(a, a,a) but are not
contained in any My(a,a,1)? In this case, we do not have sharp results, but can say
a little.
Theorem 3.1.7. Let H be a graph with a critical edge and x(H) = k+ 1> 3, and
suppose that H is a subgraph of My(t,b,a). Let f(n) = o(n?) be a function. If G is
an H-free graph on n wvertices such that e(G) > ti(n) — f(n) then G can be made
k-partite by deleting O(nif(n)l_i) edges.

Note that the bound in Theorem 3.1.7 is stronger than the bound in Theorem
3.1.3 when f(n) > n®> %+, This shows that the upper bound O(n~1f(n)*?) in
Theorem 3.1.3 isn’t tight when H is contained in some Mjy(a,a,a) but is not con-
tained in any My(a,a,1). However, we will give examples in Section 3.4 showing
that these graphs need not satisfy the stronger O(n=2 f(n)?) bound of Theorem 3.1.6.

We discuss this further in the conclusion.

The chapter is organised as follows. In Section 3.2 we give proofs of Theorems
3.1.1, 3.1.3, 3.1.6 and 3.1.7. In Section 3.3 we will prove Propositions 3.1.4 and
3.1.5 by way of constructions. In Section 3.4 we discuss the gap between the upper
bound given by Theorem 3.1.7 and the lower bound given by Proposition 3.1.5, and

conclude the chapter with some related problems and open questions.

Related results can be found in papers by Norin and Yepremyan [56, 69], and
Pikhurko, Sliacan and Tyros [57]. Finally, we note that results from this chapter
are applied in Chapter 4.
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3.2 Upper Bounds

In this section we present our proofs of Theorems 3.1.1, 3.1.3, 3.1.6 and 3.1.7.
We start by recalling some important results that will be key to our argument. The
first is the Erdds-Stone Theorem [21] concerning the extremal number of a complete
symmetric k-partite graph.

Theorem 1.4.1 (Erdés-Stone [21]). Let k > 2, t > 1, and € > 0. Then for n

sufficiently large, if G is a graph on n vertices with

e(G) > (1—%%) (g)

then G must contain a copy of Ty (kt).

The second is a theorem proven by Simonovits regarding the extremal graph of
a graph with a critical edge.
Theorem 3.2.1 (Simonovits [64, Theorem 2.3]). Let H be a graph with x(H) =
k41> 3 that contains a critical edge. Then there exists some ng such that, for all
n > ng, we have EX(n; H) = {Ti(n)}.

As a stepping stone to Theorem 3.1.3, we first prove a weaker result. This can
also be deduced from independent work of Norin and Yepremyan ([56, Theorem 3.1]
and [69]) but we include a self-contained proof here for completeness. The approach
is essentially standard (see for example Erdés [19]), but we must keep careful track
of the error bounds.

Lemma 3.2.2. Let H be a graph with a critical edge and x(H) = k+1 > 3, and let
f(n) = o(n?) be a function. Suppose that G is an H-free graph on n vertices such

that e(G) > tp(n) — f(n). Then G can be made k-partite by deleting O(f(n)) edges.

The following easy lemma will be used repeatedly in the proof of Lemma 3.2.2.
Proposition 3.2.3. Fiz k > 2 andt > 1. Forn > 1, suppose G C Ti(kn) is a
Ty (kt)-free graph. Then for sufficiently large n,

n2

e(G) < ti(kn) — - (3.1)

Proof. Let k > 2 and n,t € N and suppose G C Ty(kn) is Ty (kt)-free. Then
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e(G@) < ex(kn;Ty(kt)), so we can apply Theorem 1.4.1 to get

ti(kn) —e(G) > tyx(kn) — ex(kn; Ty (kt))

(kn)? 1 (kn)? 1

> Y _ ) Y _ -

> 5 1 ? 5 1 1 +0o(1)
n2

> a0

- 2

for sufficiently large n. O]

Proof of Lemma 3.2.2. Let f(n) = o(n?) be a function, and let H be a graph
with a critical edge and x(H) = k+ 1 > 3. Choose t such that H C Ty (tk) + e,
where e is any edge inside a vertex class of Ty(tk). Let d,e,n € (0 with

2
7
e < T

500007%)
? 200002

Suppose that G is an H-free graph on n vertices with e(G) > tx(n) — f(n). Since
f(n) = o(n?), Theorem 1.4.3 tells us that there exists some Ny such that when
n > Ny, G is at most en? edges away from a complete k-partite graph. By Theorem
3.2.1 we may assume that EX(n; H) = {Tx(n)} for all n > Nj.

Now suppose n > 2N, and let L C V(G) be the set of vertices with degree less
than (1 — 5)% Consider an arbitrary subset B C L with |[B| < % and let
J = G\ B. We can count the number of edges in J by considering the number of

edges removed from G to get that

{0 = )~ g - (1= an () B (32)

Now tj,(n) > ty(n—1)+%-2(n—1), since we can form T} (n) from Ty (n—1) by adding
a vertex to a smallest vertex class, and so tx(n) > t;(n — |B|) + £2(n — |B|)|B|. If

we apply this inequality to (3.2), we see that

«) = ) g+ () (Bl 1B) - (1= oyl
= (g = £+ (55 @i - 157
> () - £+ () s 33)

On the other hand, J does not contain a copy of H and |J| > n — gn > 5 > Ny, so
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e(J) < tg(]J]). Comparing this upper bound with the lower bound given by (3.3),

we see that
2k
Bl < ——— - 3.4
Bl < s (ol (3.4
Recall that f(n) = o(n?) and so S 1)f( n)yn- %" for large enough n. Since B is

an arbitrary subset of L with |B| < 2, we can conclude that |L| < (k - 5f( n)yn-

for sufficiently large n.

Now fix J = G\ L. Since |L| < (k - 5f( n)n~!, we have lost at most 2 f(n) =
O(f(n)) edges, so it suffices to show that the graph J must be k-partite.

Let ¢ :== |J| = (1 + o(1))n. For sufficiently large n, the graph J has minimum
degree at least (1 — 20)2%-1 k Y and has e(J) = t,(q) — O(f(n)). Furthermore, we
already know that .J is at most en? = eq?(1+o(1)) edges away from being k-partite
since J is a subgraph of G. We may then choose a partition Vi, ..., V} of V(J) which
contains at most en? edges within the vertex classes. For n sufficiently large, since
f(n) = o(n?), there are at most 2en® edges missing between the vertex classes. We

now use this fact to derive mformatlon about the vertices in J.

Suppose some vertex v has at least nn neighbours in each vertex class. Pick nn
neighbours of v in each vertex class to form @ C V(J). Now let P be the subgraph
of J[Q] obtained by deleting all edges inside the classes @ N V;. Note that if P
contains a copy of Tj(kt), then J[Q U {v}]| contains a copy of H, contradicting the
fact that J is H-free. Therefore P is Ty (tk)-free. An application of Proposition 3.2.3

then gives, for n sufficiently large,

e(P) < tk(kn)—n;nz. (3.5)

Since € < %, we get e(P) < tx(knn) — 4en®. But then at least 4en® edges between
vertex classes are not present in J, which gives a contradiction. We may therefore

assume that every vertex in J has at most nn neighbours inside its own vertex class.

If |Vi|—|V;] > zar for some j, then e(J) < tk(q)—ﬁ—i—eqal—l—o(l)) < tk(q)——n2
for sufficiently large n, since € < s55iomz. This is impossible as f(n) = o(n?) and

e(J) = ti(q) — O(f(n)). So we may asume that |V;| > %(1 — =) for each i.

Suppose, without loss of generality, that there is an edge uv inside V. Consider

the neighbourhoods of v and v in each of the vertex classes V5,... V). Note that
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IT(u) N (VaU -~ U Vi) = q(1 —20)(52) — 2npn. At the same time [VoU--- U V| <
q(1—4(1— %)) and so [(VaU--- U V) \T(u)| < (5 + 26 4 2n) < & The same
argument applies for v and so there are most g vertices not in I'(u) N T'(v) in each
vertex class Va,..., Vi. So |[T(u) NT(w) NV > 4(1 — &) — & > 2= > nn for each

5k = 2k
1> 2.

Pick S; € Vi and S; € I'(u) NT'(v) NV} for each i = 2,... k with |S;| = nn for
each i. Let Q = S;U...U S and P be the subgraph of J[Q] obtained by deleting
all edges inside the S;. Arguing as in (3.5), we get e(P) < ti(knn) — 4en® and so
arrive at the same contradiction. Therefore there is no edge uv inside Vi and so J

must be k-partite as required. O

We are now in a position to prove Theorem 3.1.3. We have to work rather harder,

and our argument is guided by the structure of the examples showing lower bounds.

Proof of Theorem 3.1.3. Let f(n) = o(n?) be a function, and let H be a graph
with a critical edge and x(H) = k+ 1. Choose t such that H C Tj(tk) + e, where e
is any edge inside a vertex class of Ty(tk). Let G be an H-free graph on n vertices
with e(G) > ty(n) — f(n). Take a partition (Vi,..., V%) of V(G) which minimises
the number of edges inside vertex classes. Then by Lemma 3.2.2, there are O(f(n))
edges within vertex classes and at most O(f(n)) edges between vertex classes are
not present in G. Furthermore for each i, we must have |V;| = (1+40(1))%, otherwise

G cannot contain enough edges.

Let v be a vertex in G with maximal number of neighbours inside its own vertex
class. Without loss of generality, we may assume v € V;. Let r(v) = [['(v) NV4|. By
our choice of partition, v has at least r(v) neighbours in every other vertex class.
Pick r(v) neighbours of v from each vertex class to form @ C V(G) and let J be the
subgraph of G[Q] with all the edges within vertex classes removed (so J is k-partite).
If J contains a copy of Ty(tk), then by adding v to this copy, we must get a copy of
H. J must then be Ty (tk)-free and so we may apply Proposition 3.2.3 to get that if
r(v) is sufficiently large, then

r(v)?

() < tulkr(v) =2

(3.6)

As G is missing at most O(f(n)) edges between vertex classes, we must have

tu(kr(v)) — e(J) = O(f(n)) and so r(v) = O(f(n)"/2).
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Let 6 € (0,55) and S be the set of vertices in V(G) with degree less than
n(l — £)(1 —6). Arguing as in Lemma 3.2.2 (around (3.3)) we sce that |S| =
O(f(n)n~'). We will show that each edge inside a vertex class is incident to a

vertex in S.

Let E; be the set of edges inside vertex classes. Pick some edge e = uv € Ej
and suppose that neither v nor v is an element of S. Without loss of generality,
assume that u,v € Vi. Recall that [Vi| = (1 + o(1))} for each i. Since |I'(u)| >
n(l—1H(1—0) > Eln — 2 and [VaU...UVi| = (1+0(1))5=1 it follows that
[Vi\ T'(u)] < 55z(1 4 0(1)) for each i € {2,...,k}. The same is true for v. So for
sufficiently large n, [V; N T'(u) NT'(v)| > 5 for each 7 € {2,...,k}. Pick By C V}
and B; C I'(w) N T'(v) N'V; for each i = 2,...,k with |B;| = 3 for each i. If
Q = G[B1 U...U By] contains a copy of Ty (kt), then G[Q U {u,v}] contains a copy
of H, contradicting the fact that J is H-free. Therefore Q) is Tj(tk)-free. So by

Proposition 3.2.3,

This is a contradiction since G is missing O(f(n)) edges between vertex classes.

Therefore u or v must belong to S.

We have shown that each edge in FEj is incident with S, every vertex of S is
incident with at most r(v) = O(f(n)"/?) edges from E;, and |S| = O(f(n)n™"). It
follows that |E;| = O(f(n)3/?n™"). O

The proof of Theorem 3.1.3 came in two parts. The first part bounded the number
of neighbours a vertex can have inside its respective vertex class by considering
whether there is a copy of Ti(kt) in its neighbourhood. When we move to the
regime of graphs contained in some Mj(a,a,1), we can improve the argument by
considering whether there is a copy of T, (kt) present in many of the neighbourhoods
of the vertex’s neighbours. Again, our arguments are guided by considering the

examples giving lower bounds.

Proof of Theorem 3.1.6. Let f be a function on the natural numbers such that
f(n) = o(n?), let H be a graph with a critical edge and x(H) = k + 1 and suppose
that h is such that H C Mjy(h,h,1). Let G be an H-free graph on n vertices
with e(G) > tx(n) — f(n). Let 6,1 € (0, 555007z)- Take a partition (V,...,V;) of

V(G) which minimises the total number of edges inside vertex classes and let E;
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be the set of edges inside vertex classes. Furthermore, let S = {u € V(G) : d(u) <
(1 =0t}

Carrying on from the end of the proof of Theorem 3.1.3, we know that each edge
e € Ey is incident with a vertex in S and that |S| = O(f(n)n™!). It therefore suffices
to show that the maximum number of neighbours a vertex can have inside its own

vertex class is O(f(n)n™1).

Suppose without loss of generality that v € V; has the maximum number of
neighbours inside its own vertex class. Then for each i, let A; = V; N I'(v) and split
each A; into B; = SN A; and C; = A; \ B;. Let us consider the size of the C;.
Suppose that |C;| > h for each i and pick h-subsets D; C C; for each i. Now for
each i € [k], let

JFi

Note that for large enough n, each u € D; is adjacent to all but at most 207 vertices
in V;. Thus for large enough n, |W;| > 5 — 2khd7 > nn. So pick nn vertices from
each W, to form a set @ of vertices and let J be the subgraph of G[Q] with all edges
inside vertex classes deleted. Note that if J contains a copy, J[F], of Ty(kh), then
G{v}UU,epy Di U F] will contain a copy of M(h, h, 1) and so will contain a copy of
H, a contradiction. So we may apply Proposition 3.2.3 to give that for n sufficiently
large,
2
e(J) < tg(knn) — %nQ.

On the other hand, we know that there are O(f(n)) edges between vertex classes not
present in G. Therefore, e(J) > tp(knn) — O(f(n)). We then have a contradiction
since f(n) = o(n?). So there is a j € [k] such that |C;| < h.

Now note since B; C L, that |B;| = O(f(n)n™') and so |A;| = O(f(n)n™").
Note that since we have taken the partition which minimises the total number of
edges inside vertex classes, |A;| < |A;|. We conclude that the maximum number of

neighbours a vertex can have inside its own vertex class is |[A;| = O(f(n)n™1). O

Theorem 3.1.1 now follows as a direct corollary of Theorem 3.1.3.
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Proof of Theorem 3.1.1. Let f(n) = o(n?) be a function, and let H be a graph
with a critical edge and x(H) = k + 1. Let G be an H-free graph on n vertices
with e(G) > tx(n) — f(n). By Theorem 3.1.3, we can delete O(f(n)*?n~!) edges
from G to form a k-partite graph G’ which has tx(n) —O(f(n)) edges. Suppose that
Vi,..., Vi is a vertex colouring of G'. If the size of two colour classes differ by 2t,
then the maximum number of edges possible in the graph G’ would be t3(n) — O(t?),
and so two classes can differ in size by at most O(f(n)'/?). It follows that ||V;|—2%| =
O(f(n)Y?) for each i and so a new graph G” with equal class sizes can be formed
by deleting the edges incident to O(f(n)/?) vertices. G” has tz(n) — O(f(n)/?n)
edges and has class sizes equal to that of the Turan graph. We can then attain the
Turén graph by filling in the missing edges. To summarise, we deleted O(f(n)'/?n)
edges to form G” and then added O(f(n)'/?n) edges to reach the Turan graph.

]

To end this section, we prove Theorem 3.1.7 using a method similar to that used
by Ko6vari, Sés and Turan [41].

Proof of Theorem 3.1.7. Let f(n) = o(n?) be a function, and let H be a graph
with a critical edge and x(H) = k + 1. Further suppose that h,t and a are natural
numbers such that H is contained in My(t, h,a) and that H is contained in no
M;y.(b,b,1). Suppose that G is an H-free graph on n vertices such that e(G) >
tr(n) — f(n). Take the k-partition Wi,..., W of V(G) which minimises the total
number of edges inside vertex classes. By the proof of Theorem 3.1.3 we know that
there is a set S of order |S| = O(f(n)n™') such that G — S is a k-partite graph,
that the minimum degree of the vertices in V(G) \ S is (1 + o(1))n®2 and that
the maximum number of edges inside a vertex class incident to a vertex in S is
O(f(n)/?). We further know that there are O(f(n)) edges missing between any
pair V;,V;, where V, = W, \ S for each [ € [K].

Let E; be the set of edges inside the vertex classes (so that G is |Fj| edges
away from being k-partite). We assume that |E;| = Q(f(n)'"snw), else we are
done. Note that if we delete a different set of edges F' C E to obtain a k-partite
subgraph of GG, then since we have taken the k-partition which minimises the total
number of edges inside vertex classes, it must be the case that |F| > |Ef|. So to
get an upper bound on |E;| consider deleting all the edges between vertices in S,
of which there are O(f(n)?n~2), and then deleting the edges between each vertex
s € S and one of the V;, where i may depend upon s. The best we could do (in

terms of minimising edges deleted) by using this method is if for each s € S we
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deleted the edges between s and a V; such that |T'(s) N V;| is minimised. So if we
let e;(s) = min{|['(s) N V;| : i € [k]}, we have an upper bound for the number of

irregular edges in G.

[Bil < er(s) +O(f(n)’n”?).

ses

1

Recall that |E;| = Q(f(n)"wne) and note that f(n)*n=2 = o(f(n)'~#nwm). This
means that > __ce;(s) = O(Er). Let 8" = {s € S : e/(s) > 2h}. Since |S| =
O(f(n)n=1) the contribution to the sum of those vertices in S\ S’ is negligible and

SO

> eils) = O(E)). (3.8)

Following the argument of Theorem 3.1.6 from (3.7), we see that if we pick h-
subsets D; of each V;, then there exists C; € (V;\ D;)® for each i such that G[C;, D]
and G|[C;, C;] are homomorphic to K; ) and K;; respectively for ¢ # j. Therefore
if there is an a-set A in S such that the vertices share A common neighbours in
each V;, then we can find a copy of My(t,h,a) in G which contradicts our initial
assumption that G is H-free. We will therefore count how many times an element

of Vl(h) X ... X Vk(h) is contained within the neighbourhood of a vertex in S.

Since no element of Vl(h) X ... X Vk(h) can we contained within the neighbourhood
of a distinct vertices in S, we have an upper bound given by a|V1(h) X ... X Vk(h)| =
O(n™). On the other hand if we count over the vertices of S, we see that the

neighbourhood of a vertex s € .S, contains

T (rr<s>hm w) . (}(l>> (3.9)

i€[k]

elements of Vl(h) X ... X Vk(h). Summing over the vertices in and comparing to the

upper bound given earlier, we see that

3 (efl(l‘s))k — O(n™). (3.10)

seS

Note that we may easily bound the left hand side of (3.10) by summing only over
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S’ and bounding (e’,(f))k below by (e’,(ls))hk to get that

> er(s) = 0(n). (3.11)

ses’

We can then bound the left hand side by applying Holder’s inequality to get that

[
~
—~
V2)
~—
>
e
\

SR en(s))k

ses’ ses’

(fr)n™ ") (Y er(s) "k

ses’

= O((f(n)n™") " ET"). (3.12)

v

Combining (3.11) and (3.12), we see that
(f(m)n™ )" B = O(n™),

and so after rearranging, the result follows. O

3.3 Lower Bounds

In this section, we prove Propositions 3.1.4 and 3.1.5.

Proof of Proposition 3.1.4. Fix k > 2 and let f(n) = o(n?) be a function with
f(n) >2n. Let r = f(Z—);/Z and s = % For n a large positive integer, consider the
graph

n—s—kr

,T,S).

Note that the numbers given for G may not be integer valued. This can easily be
fixed but we have left it as it is for clarity and ease of reading (this will also be true
of the remainder of this chapter). Furthermore label subsets of the vertices of G as

in Figure 3.3.
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Figure 3.3: G

Now suppose that H is graph with a critical edge and x(H) = k+ 1 and H is
not a subgraph of My(a,a,a) for any a. Thus H cannot be a subgraph of G.

We can obtain Tj(n) from G by adding the edges between the W; ((’;) r? < %
edges) and changing the edges incident with U (ns = @ edges). In this process we
add at most f(n) edges and so e(G) > tx(n) — f(n). It is therefore enough to show

that G is Q(f(n)??n~') edges away from being k-partite.

So let @ be a k-partite subgraph of G formed by deleting edges from G. If
we have deleted a fraction # of the edges between some pair (U, W;), (W;, V) or
(Vi,V;) in forming @ from G, then in all cases we have deleted at least %
edges. Otherwise if we pick a vertex uniformly at random from each U, W; and V; to
form a copy of M (1,1,1) within G, then we expect to have deleted less than half an
edge on average from this subgraph when forming Q (note that e(My(1,1,1)) < 4k?).
It must then be the case that we can pick a vertex from each U, W; and V; to form
a copy of M (1,1,1) in @. This contradicts () being k-partite and so there must be
some pair (U, W), (W;,V;) or (V;,V;) between which we have deleted a fraction g
of the edges. In all cases we must have deleted Q(f(n)*?n™") edges from G and so

G must be Q(f(n)3?n~!) edges away from being k-partite. O

For critical graphs contained within some My(a, a, a) we will consider graphs with
chromatic number k£ + 1 such that every small subgraph has chromatic number at
most k. We can construct an example of such a graph by adding more levels to the
Mycielskian graph of a clique and blowing it up.

Definition 3.3.1. Let a,b,c,l and k be positive integers. Let Vi,..., V; be sets of
size a, let W, . Wk ... W] ... W be sets of size b and let U be a set of size ¢
(and let all these sets be disjoint). Then the I-layer Mycielskian graph M,gl)(a, b, c)
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has vertex set V (M,gl)(a, b, c)) = Ule ViUlUicpgmeng Wit U U and edge set

E(MP (b)) =KV viiuUKWwhu J ke wi ol J Kol

i£j i#£j i#j,me[l—1] ick

4

NRZ v

RPN ALK e

SRR S
2

W2\ S

"\

Figure 3.4: MéS)(l,Q,B)

Proof of Proposition 3.1.5. Fix k > 2 and let f(n) = o(n®) be a function. Let

f(n)
2n "

X(H) =k + 1. For n a large positive integer, consider the graph G,

s = Suppose that H is a graph with a critical edge on N vertices with

n— (Nk+1)s

G =M -

, S, 8).

Furthermore label subsets of the vertices of G as in Figure 3.3 (we have drawn an

example with k = 4).

Figure 3.5: G

Note that if we delete U or | J,; V;, then we are left with a k-partite and a bipartite
graph respectively. It must then be the case that any subgraph J C G with chro-
matic number k4 1 must contain vertices in both U and J, V; and so must contain
at least N + 2 vertices. It follows that G is an H-free graph since |H| = N.
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We can obtain Tj(n) from G by adding the edges between the W/ (N x (g) s? <
NE*f(n)?n=2 < @ edges) and changing the edges incident with U (ns = L%
edges). In this process we add at most f(n) edges and so e(G) > tr(n) — f(n).
Therefore if we can show that G is Q(f(n)?n™2) edges away from being k-partite,

then we will be done.

So let () be a k-partite subgraph of G formed by deleting edges from G. If we have
deleted a fraction g7z of the edges between some pair (U, W}), (WY, W]Hl), (WHN,V))

7 )
f(n)’n2
16N2k2

edges. Otherwise if we pick a vertex uniformly at random from each U, W] and

or (V;,V;) in forming @) from G, then in all cases we have deleted at least

V; to form a copy of MéN)(l, 1,1) within G, then we expect to have deleted less
than half an edge on average from this subgraph when forming @ (Note that
e(M™N(1,1,1)) < 4N2k?). It must then be the case that we can pick a vertex
from each U, Wi(l) and V; to form a copy of M,EN)(L 1,1) in Q. This contradicts
Q being k-partite and so there must be some pair (U, W}), (W}, W) or (W;, V)
between which we have deleted a fraction ﬁ of the edges. In all cases we must
have deleted Q(f(n)%?n~1) edges from G and so G is Q(f(n)?n"2) edges away from

being k-partite. O

3.4 Conclusion

We have given bounds that are tight to within a constant factor for graphs with
a critical edge that are not contained in any Mg(a,a,a) and also graphs that are
contained in some Mg(a, a, 1). It would be interesting to have even sharper bounds.

For instance, is it possible to get an exact result for Theorem 3.1.1 or Theorem
3.1.37

The other cases appear more difficult to handle. Theorem 3.1.7 shows that for
graphs contained in some Mj(a,b,c) (but not with ¢ = 1), we can improve on the
O(f(n)**n~1) upper bound of Theorem 3.1.3. The arguments used in the proof
of Theorem 3.1.7 are rather crude, and it seems likely that stronger results should
hold, at least when f(n) is quite large. For instance, what can we say if f(n) > n*~¢
for small e = ¢(H)?

For some graphs we can improve on the Q(f(n)?n~?) lower bound of Proposition
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3.1.5. Let r = f(n)"/? and s = f(n)n~!. Consider the graph

n—s—kr

G = My( 2

) T? 8)7

and label the subsets U, W1, ..., Wy, Vi,..., Vi as in Figure 3.3. Suppose we wanted
to avoid a copy of My(1,1,2). Then it would be sufficient to change the edges
between U and Wi U ---U W} so that for each pair of vertices u; # uy € U, there is
a j € [k] so that u; and us have no common neighbour in W;.

1

Let g = f(@ +1)#] and for each i € [k], let W, ..., W7V be disjoint subsets
of W; all of size Lf("T)l/Qj Let the vertices of U be uy, ..., u,, where r = [ f(n)n='].

Each j € [r] can be expressed as a g-ary number with k digits
j= Z aiq" ", (3.13)
1€[k]

where a; € {0,...,q — 1} for each i. Now form a new graph G’ from G, where
each vertex u; in U has neighbourhood ;¢ VVi(ai) where the a; are as in (3.13).
The graph G’ does not contain Mj/(c,b,a) for any a,b and ¢ with a > 2, but is
O(f(n)¥2 *n~1*%) edges away from being k-partite. This improves a little on the
bound given by Proposition 3.1.5.

Proposition 3.1.4 tells us that there are constants C,Cy and a Kj-free graph
G with e(G) > ti(n) — Cin which is at least Con'/? edges away from being k-partite.
On the other hand, if e(G) > tx(n) — # + O(1) then, as noted above, a result of
Simonovits [63, p. 282] shows that G must be k-partite. It would be interesting to

know what happen in the range in between.

In this chapter we have discussed graphs H with a critical edge. It would be
interesting to get sharp results for all graphs both for the Erdés-Simonovits problem
of distance from the Turan graph, and for the problem of the distance from being

k-partite.

Finally, we note that the condition f(n) = o(n?) in Theorems 3.1.3, 3.1.6, 3.1.7
and Propositions 3.1.4, 3.1.5 can be replaced by the condition that f(n) < en? for

some sufficiently small ¢ with only minor changes to the proof.
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Chapter 4

Maximising the Number of Cycles
in Graphs with Forbidden

Subgraphs

4.1 Introduction

Recall the classical result of Turan which states that the unique n-vertex Ky ;-
free graph with the maximum number of edges is the complete k-partite graph with
all classes of size |n/k] or [n/k]. In this chapter we consider a closely related
problem where, instead of determining the maximum number of edges an H-free

graph can have, we instead consider maximising the number of cycles.

For graphs G and H, let ¢(G) be the number of cycles in G' and let
m(n; H) := max{c(G) : |V(G)| =n,H L G}.

The problem of determining m(n; K3) was studied by Arman, Gunderson and Tsa-
turian [2], who proved that for all n > 141, Ty(n) is the unique triangle-free graph
containing m(n; K3) cycles. They made the following natural conjecture.

Conjecture 4.1.1 (Arman, Gunderson and Tsaturian [2]). For any k > 1, for suffi-

ciently large n, Ty(n) is the unique n-vertex Copy1-free graph containing m(n; Cogi1)
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cycles.

A partial result towards this conjecture is given in [2], where they show that
m(n; Copt1) = O(c(T(n))). They also ask about a different generalisation.
Question 4.1.2 (Arman, Gunderson and Tsaturian[2]). For k > 4, what is m(n; Kj)?
Is Ty_1(n) the Kj-free graph containing m(n; Kj) cycles?

In this chapter we prove Conjecture 4.1.1 for any fixed k and sufficiently large n
and answer Question 4.1.2 affirmatively for sufficiently large n. In fact we prove a
much more general result. In what follows we say that an edge e of a graph H is
critical if x(H\{e}) = x(H) — 1. Our main result is the following.

Theorem 1.4.2. Let k > 2, and let H be a graph with x(H) = k + 1 contain-
g a critical edge. Then for sufficiently large n, the unique n-vertex H-free graph

containing the mazimum number of cycles is the Turdn graph Ti(n).

Observe that this result can only hold for graphs with a critical edge, since for all
other graphs H we can add an edge to the relevant Turdn graph without creating
a copy of H (and the addition of this edge will increase the number of cycles).
Conjecture 4.1.1 follows from Theorem 1.4.2 as an odd cycle contains a critical

edge.

By using the same techniques as in the proof of Theorem 1.4.2, we are able to
obtain a bound on the number of cycles in an H-free graph for any fixed graph H
(not just critical ones).

Theorem 4.1.3. Let H be a fized graph with x(H) =k + 1. Then

E—1\"
m(n, H) = (T) n"e~(t—eWin,

We remark that Andrii Arman [1, §5] has carried out similar work in his PhD

thesis.

4.1.1 Outline of Proof

In what follows we fix H to be a graph with x(H) = k + 1 that contains a
critical edge and assume that n is sufficiently large. As usual, for a graph F' we will

write e(F') := |F(F)| and in the particular case of the Turdn graph, we will write
tr(n) := |E(Tx(n))|. Let G be an n-vertex H-free graph with ¢(G) = m(n; H). As
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Ty(n) is H-free, we have that m(n; H) > ¢(Ty(n)). We will suppose that G is not
Tr(n) and obtain a contradiction by showing that ¢(G) < ¢(Tx(n)).

The first step in the proof (Lemma 4.4.1) is to show that G with ¢(G) > ¢(Tk(n))
contains at least e(Tj(n)) — O(nlog®n) edges. In order to prove this, we will need
a bound on the number of cycles an n-vertex H-free graph with m > B(H) - n
edges can contain, where 5 will be defined in (4.4). Such a bound is provided by
Lemma 4.3.1.

Given Lemma 4.4.1, we are able to apply Theorem 3.1.3 which we restate here
for ease of reading.
Theorem 3.1.3. Let H be a graph with a critical edge and x(H) = k+1 > 3,
and let f(n) = o(n?) be a function. If G is an H-free graph with n vertices and
e(G) > ty(n) — f(n) then G can be made k-partite by deleting O(n~' f(n)3/?) edges.

Since we have f(n) = O(nlog®n), we obtain that G is a sublinear number of edges
away from being k-partite. We then take a k-partition of G which minimises the
number of edges within classes and carefully bound (given that G is not Tj(n)) the
number of cycles G can contain that do not use edges within classes (Lemma 4.4.2).
We conclude the proof by separately counting the cycles in GG that use edges within
classes and observing that the total number of cycles in GG is not large enough, a

contradiction.

The chapter is organised as follows. Section 4.2 contains a number of lemmas
about counting cycles in complete k-partite graphs (Lemmas 4.2.1-4.2.6). These
will be used in Section 4.4 for the proof of Theorem 1.4.2. The statements are very
intuitive yet our proofs are unfortunately technical, so we defer these to Section 4.5.
In Section 4.3 we prove Lemma 4.3.1 and use similar techniques to prove Theorem
4.1.3. The proof of Theorem 1.4.2 is completed in Section 4.4. We conclude the

chapter in Section 4.6 with some related problems and open questions.

4.2 Counting Cycles in Complete k-partite Graphs

In this section we state some results about the number of cycles in complete k-
partite graphs. These are needed in Section 4.4 for the proof of Theorem 1.4.2, but
may be of independent interest. Despite the simplicity of the statements, the proofs

are annoyingly technical, and so we will give them later in Section 4.5.
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The first gives a bound on the number of cycles in T(n). In what follows we
write h(G) for the number of Hamiltonian cycles in G (a Hamiltonian cycle of a
graph is a cycle covering all of the vertices). We also define ¢,(G) to be the number
of cycles of length r in G.

Lemma 4.2.1.

Ca(n/2) (Ty(n)) ~ m2l e,

and for fized k > 3,

WTy(n)) = Q ((%)n nn—%e—") .

From Lemma 4.2.1, we also know that ¢(Tx(n)) = Q ((%)nn"*%e_") . Arman
[1, Theorems 5.22 and 5.26] proves similar results here and also provides an upper
bound for ¢(Ty(n)).

Lemma 4.2.2. Let k > 2 and G be an n-vertex k-partite graph. Then for any r,
¢ (Te(n)) > ¢.(GQ). Furthermore, c(Tx(n)) > ¢(G) for any n-vertex k-partite graph

G not isomorphic to Ti(n).

In particular, Lemma 4.2.2 implies that the Turdn graph Tj(n) has the most

Hamilton cycles amongst all k-partite graphs on n vertices.

In order to state the next few lemmas we require some more technical definitions.
For a = (ay,...,a;) € N* we define K, to be the complete k-partite graph with
vertex classes Vi, ..., Vi, where |V;| = a;. Let v be some vertex in V(K,). We define
hy(j, K,) to be the number of permutations vy - - - v, of the vertices of K,, such that
v; = v, v € V; and vy - - - v, is a Hamilton cycle (we count permutations rather than
cycles, so that we count a cycle vy ...v, with vy and v, from the same vertex class
twice). Note that if we count the Hamilton cycles by considering vy - - - v, with vy
fixed, by counting the number of cycles visiting each other vertex class first, then
each cycle will be counted twice due to the choice of orientation. So for v € V;, we

have

WK = 5 3 h( Ko) (41)
J#i

The next lemma will allow us to count cycles more accurately in k-partite graphs

that are not complete.
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Lemma 4.2.3. Let k > 3. Letb = (by,...,b,), c = (c1,...,¢,) € NF be such that
b; > b; if and only if ¢; > ¢;, and that K, = T} (n). Denote the vertex classes of K,
by Vi, ..., Vi, and vertex classes of K by V{,...V}!. Then if v e Vij,w € V/, then

k
bq
Bo(2, Ko) < huo(2, Ti(m) [T e,
=1

We now bound the proportion of Hamilton cycles starting from a fixed vertex
that immediately pass through a fixed vertex class. This will be important when we
bound the cycles in a non-complete k-partite graph.

Lemma 4.2.4. Let k > 3, and suppose T(n) has vertex classes Vi,...,Vi. Then
for n sufficiently large, if v € V7,

2
he(2, Ti(n)) > S—kh(Tk(n))

The next two lemmas give a recursive bound on the number of Hamilton cycles
in Ti(n). This will allow us to bound the number of cycles in the Turdn graph in
terms of the number of Hamilton cycles it contains. Throughout the chapter we will
make use of the notation (n); :=n-(n—1)...(n— (i — 1)).

Lemma 4.2.5. For k,n € Nk > 3 and i € [n],

MTi(n)) = (n — 1) (%) W(Tu(n — ).

Lemma 4.2.6. For k,n € N,k > 3:

(Ti(n)) < e 2h(Ti(n).

Finally, we have similar results when k£ = 2.
Lemma 4.2.7. Forn € N,

c(Tz(n)) < 2eca|nsa)(Ta(n)) (4.2)
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and

o(Ty(n — 1)) (4.3)

4.3 Counting Cycles in H-free Graphs

Fix H to be a graph with x(H) = k + 1 containing a critical edge. The first aim
of this section is to prove a lemma bounding the number of cycles in an n-vertex H-
free graph containing a fixed number of edges. We will need the following theorem
of Simonovits [64].
Theorem 3.2.1 (Simonovits [64, Theorem 2.3]). Let H be a graph with x(H) =
k41> 3 that contains a critical edge. Then there exists some ng such that, for all
n > ng, we have EX(n; H) = {Tx(n)}.

Given H, define ny(H) to be the smallest value of ny such that Theorem 3.2.1
holds and choose no(H) > ny(H) such that ex(n; H) > 10n for each n > ny. We

define
10t k (no )

no—l

gt) = max { S o+ 1) — (o)) | (4.4

We can now state the lemma which we will apply in the proof of Theorem 1.4.2.
Lemma 4.3.1. Let H be a fized graph with x(H) = k+ 1 containing a critical edge.
For n sufficiently large, let G be an H-free graph with n vertices and m > B(H) - n

akn

edges. Then ¢(G) = O(oz”*ln””eé*m), where

n2k
k 20h—1)

1
) 1
k 1 07 n (k‘—l) 2

o= —— ( ax{ 2k m) . (4.5)

Lemma 4.3.1 follows easily from the next lemma which bounds the maximum
number of paths that an H-free graph G can contain between two fixed vertices.
For z,y € V(G), define p,, to be the number of paths between z and y in G.
Lemma 4.3.2. Let H be a graph with x(H) = k+1 > 3 that contains a critical edge.
For n sufficiently large, let G be an H-free graph with n vertices and m > B(H) - n
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edges. Then for any x,y € V(G),

1_ akn

Puy(G) =0 (a"“n”“ea*m) :

where « is as defined in (4.5).

We will first show how Lemma 4.3.1 follows from Lemma 4.3.2, before proving

Lemma 4.3.2 itself.

Proof. Observe that for each edge e = zy in GG, the number of cycles containing e is

at most p,,. Thus, by Lemma 4.3.2

c(G) < Y pay(G)
zy€E(G)

akn

=0 (ma”“n"“el/o‘_m)

_ n+1,_n+3 l/a—o‘—fn
—O(a n""’e k=1 )

as required. O
We now present the proof of Lemma 4.3.2.

Proof of Lemma 4.3.2. Fix x,y € V(G) and let z; = x. Then

Porg(G) = D Peay(G\{z1})
22€N(z1)

< dg(w1) - max{p., (G \ {1}) : z € N(a1)}.

Let Gy := G and G; := G;_1\{x;_1}. Given z;, define x;,; to be a neighbour of z;
in GG; such that

Paiy(Gi) == max{p.,(Gis1) : 2 € N, (2)}-
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Recursing as above, we have

V4
pﬂﬁhy(G) < HdGz(xl)7
=1

where £ is minimal such that max{p,,., ,(Gr1) : Te41 € Ne,(20)} = 1.

For 1 <i </, let d; := dg,(z;). Note that the d; are positive integers and that
Zle d; < m. Also note that for any ¢t € {1,..., ¢}, we have

4
> d;i < e(Gy).
1=t

Therefore, as Gy is an (n — t + 1)-vertex H-free graph, Zf:t d; <ex(n—t+1;H).
Let ;, =0fori=2,....n—Cand r; =d,;1_; fori =n+1-4¢,...,n. It follows

that p,,(G) is bounded above by the maximal value of the product

H max{r;, 1} (4.6)

under the following set of constraints:
(i) 7 € Zsp, for 2<i<n
(i) Yo ,r <m, and
(it)) S0, <ex(t; H), for 2 <t < n.

We bound (4.6) under these conditions by considering a relaxation of these con-
straints. Let ng := no(H) be large enough that ex(s; H) > tx(s) for all s > ngy and

ex(ng; H) > 10n for all n > ng. We look to maximise

H max{r;, 1}, (4.7)

under the following relaxed constraints:
(a) r; € Z>, for i > ny
(b) r; € R, for i < ny.

(c) doipri < m.
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(d) S'_, 7 < ex(t; H), for each ng <t < n.

—10;’“("0) Now let (r;)", be a sequence maximising

Since m > (n, we have ™ >
(4.7) subject to (a)-(d). We may assume that rq,...,7,

increasing order as this will not violate (a)-(d).

o and 7 41,..., 7, are in

Claim 4.3.3. There is some I such that:

(i) r; = —tﬁonol), for i <mnyg.

(i1) r; = ti(i) —tp(i — 1), forng+1<i< 1.

(1ii) r; € {ry,ry+ 1}, fori> 1.

Proof of Claim. Let T = Y"1 r(i). (ra,...,7n) = (0,...,0,%,..., %

S € [ng — 1] (else we can increase [[°, ;). Also note that we may assume that 7'

) for some

is an integer as we can replace T by [T] and still satisfy (a)-(d). Differentiation of
the function j(z) = (£)" reveals that if T > eny, then S =ny — 1 and so r; = %
for each i € [ny).

Suppose that T' < e - ng. Then since 2 > mt’“ "O (by definition of 3 (4.4)), there
must be a j > ngy such that r; > ts(”o) > 10 Choose J to be minimal with this
property. It can easily be verified that increasing ro by 2 and decreasing r; by 2
gives a sequence which satisfies (a)-(d) but gives a larger product. Therefore it must

be the case that T'> e-ng and so S = ng — 1.

m > lotk(no)
nog—1 ?

Now suppose that (i) doesn’t hold and so e-ny < T' < t4(ng). Since =

tr(no)

02, Choose j to be mlnlmal with
0

there exists some j > mny such that r; >
this property and define (s;)", by s; = gi for i < ng, s; =r;—1lands, =r
otherwise. Then (s;)!", is a sequence satisfying (a)-(d) which gives a larger product,

a contradiction. Therefore T' = tj(ng) and (i) holds.

Now suppose that (ii) does not hold and so 7,41 < tx(ng + 1) — tx(ng). Since
> 2(tk(no+1) —tr(no)), there must be a j > ng such that r; > tx(ng+1) —tx(no).
Choose j to be minimal with this property and define (s;)"_5 by Sng+1 = Sng+1 + 1,
s; = s;—1 and s; = r; otherwise. Then (s;), is a sequence satisfying (a)-(d) which
gives a larger product, a contradiction. Therefore it 7,11 = tg(no+ 1) — tx(ng) and
(ii) holds.

Let j > ng be minimal such that >>7_ 7; < t,(j) — 1 (if no such j exists then we
are done). Suppose that (iii) does not hold with I = j — 1. Then there exists some
t > j such that r; +1 < r,. Let ¢ be minimal with this property, and then define
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sji=rj+1,s:=mr—1,and s; ;= r; for all i & {j,t}. The sequence (s;);c|n satisfies
(a)-(d) but

H max{r;, 1} < H max{s;, 1},
=2 i=2

a contradiction. Therefore (r;)!, satisfies properties (i)-(iii), completing the proof
of the Claim. O

Putting the values for r; from the claim into (4.7), we see that

Dy < (%) . H [t (i) — t(i — 1)] H T

t+no+1 i=I+1

=2

where (s;) is some sequence such that s; = t(i) — tg(i — 1) for i € {2,...,1},
s; € {sr,sy + 1} for i > I, and m = Y ,s;. We may assume that the s; are
increasing and so there exists some integer 1 < t < N — I such that s; = s; for
1=14+1,...,]+t,and s; =s;+1for I +t <7 <n.

Note that s; = (i) — te(i — 1) = (i — 1) — |22 for i < I. Then the sequence
(si)_y is just the natural numbers up to I — 1 — [4%] with each multiple of k — 1
repeated once. If welet « =2 and b=1 —an = Lk J then (s;)L_, is the natural
numbers up to an with the multlples (k—1),2(k—1),...,b(k—1) repeated (we will

show below that « satisfies (4.5)). Therefore
b

H si = (an)! ] jk = (an)bl(k — 1)". (4.9)

j=1

Of the remaining n — I elements of the product []\, s;, t are equal to s; = an
and the rest are an + 1. Therefore, by (4.8) and (4.9) we have
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Poy = O <ﬁ Si)
_ o((;i bl(k — 1) (an)'(an + 1)"~ D)
= O (an)bl(k — 1)"(an)™ (1 + %)") (4.10)
= O ((an)!bl(k — 1)"(an)"Tel/®) | (4.11)

Applying Stirling’s approximation and simplifying, (4.11) yields

Pry = O ((an) PR~ D exp {1/a — (an +b)})

Recall that I/ = an +band b = L J Therefore

1/2—1 an \"?
Pzy = O ((an)n+an+ /2= <m) (k — 1)bexp{1/a — (an + b)}>

_ 0 <(an)"+1 exp {1/a _ l:‘fnl }) |

This is the required bound and so it remains to determine the value of a. We do

this by counting edges. Since m =), s;, we see that

m=tp([)+tsi+(n—(t+1))(sr+1). (4.12)

Arguing as for (4.9), we see that

an b
() =it (k=13
_ %(QQnQ +an + (k= 1)(0> +1).
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If we put this value for 5 (/) into (4.12) we see that

2,2 E—1)(*+0b
o +an+(2 (0" + )—l—omt—i-(om—I—l)(n—(t“‘]))
a?n? + an + (k — 1)(b* + b) kan
> 5 +an n_k;—l :

Recall that b= | 2% | > % — 1. Then b* 4+ b > (22)° 4 an _2.0n anq

n an

a’n® +an + (k — 1) ((%)2 + ﬁ) kan
5 + an ( ) —an

_ ok (k-1 2+n2k—1
O 2k—-1D\ Kk 2k

m >

Rearranging this expression and noting that o < % gives

o< n?k
k 20h—1)

1
kE—1 (max{O,%—m})2

akn

Since the expression an"tle k=1 is increasing in o when o < 21 this suffices
k bl

to complete the proof of the lemma. n

Theorem 4.1.3 now follows easily from this result by applying the following the-
orem of Erdds and Simonovits.
Theorem 4.3.4 (Erdds and Simonovits [20, Theorem 1]). Let H be a graph with
X(H) = k. Then,
i S L

O I

Proof of Theorem 4.1.53. Let € > 0. By Theorem 4.3.4 and the fact that t;(n) ~
(1—+5) (), we know that for n sufficiently large, ex(n; H) < (1 + €)ty(n). Thus,
for n sufficiently large, ex(s; H) < (1 + €)tx(s) for all nz2 < s < n. For ease of

. 1
notation, let n, := nz.

To bound the number of cycles in the graph, we wish to bound p, ,(G) for z,y €
V(G). Arguing as in the proof of Lemma 4.3.2, we see that it is enough to bound
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the product

ﬁ max{r;, 1},
=2

where (r;) satisfies the relaxed conditions:
(i) r; € R, for all i.

(i) 20,7 < (14 €)ty(t), for each ny <t < n.

It is easily seen that this expression is maximised when r; := (12?;_’“?1) for i =

2,...,ny and r; = (1 + €)(tx(i) — tx(i — 1)) otherwise. Therefore, we arrive at the

following bound:

g (He—tk(nl)) } [ @+e —ui-1)

n1—1

-0 (e"l H(l +€)(tr (1) — (i — 1)))
=0 <em+m H(tk(l) — (i — 1))) .

Recall that we bounded the expression [[;_,(¢x(7) — tx(i — 1))) in (4.9) and so by

the same argument we have

Py = O ((%) n"+le€”+”1_”) . (4.13)

Now, as in the proof of Lemma 4.3.1, we see that by (4.13) and the fact that

ny = o(n),

-0 n? E ! nrtlgentno—n
k
—1
-0 ((k - > nne—(l €— o(l))n) )

Since € is arbitrary, we have our result. [
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4.4 Proof of Theorem 1.4.2

Here we complete the proof of Theorem 1.4.2. This will follow from the next two

lemmas.

The first will give a lower bound on the number of edges in an extremal graph.
(See also [1, Theorem 5.3.2] for a Kj; version.)
Lemma 4.4.1. Let H be a graph x(H) = k+ 1 > 3 containing a critical edge.
For sufficiently large n, let G be an n-vertex H-free graph with m edges and ¢(G) >
c(Tx(n)). Then m > % —n - (logn)%.

Given this lemma, we can apply Theorem 3.1.3 to show that any extremal graph
G is close to being k-partite. We then carefully count the number of cycles in such a
graph. In what follows, for a graph GG and a k-partition of its vertices, we call edges
within a vertex class irreqular and those between vertex classes, reqular. Define the
best k-partition of a graph G to be the one which minimises the number of irregular
edges contained within G. The next lemma counts the cycles using only regular
edges if G is not Ti(n). Recall that ¢.(G) is the number of cycles of length r in G.
Lemma 4.4.2. Let H be a graph with x(H) = k + 1 > 3 containing a critical
edge. Suppose G % Ty(n) is an n-vertex H-free graph with ¢(G) > ¢(Tx(n)). Then
for sufficiently large n, the number of cycles using only reqular edges in the best

k-partition of G is at most:

c(Ty(n)) — =h(Tp(n))  for k>3,

16k

¢(Ta(n)) — gea13)(Ta(n)).

Given Lemmas 4.4.1 and 4.4.2, we now complete the proof of Theorem 1.4.2. We
will then prove the lemmas themselves. The main work remaining for Theorem 1.4.2

is to count the number of cycles using irregular edges.

Proof of Theorem 1.4.2. Let H be a graph with a critical edge with chromatic
number y(H) = k4 1 > 3, and suppose G is an n-vertex H-free graph with
c¢(G) = m(n;H). Then, in particular, ¢(G) > ¢(Tk(n)). Suppose for a contra-
diction that G is not isomorphic to Ti(n). By Lemma 4.4.1 and Theorem 3.1.3, we

0.55

know that for sufficiently large n, the graph GG has at most n°°° irregular edges in

its best k-partition.
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Let ¢/(G) be the number of cycles in G containing at least one irregular edge
and let ¢®(G) be the number of cycles in G using only regular edges. If ¢/(G) =
o(h(Tx(n)), then by applying Lemma 4.4.2 and taking n sufficiently large, we have
c(G) = B(G) + (G) < ¢(Ti(n)). Thus ¢! (G) = QN(Tk(n))).

Let E; be the set of irregular edges in GG. For each non-empty A C Fy, let C4 be
the set of cycles C' in G such that E(C)N E; = A and such that C' contains at least
one regular edge. For each A we will bound |C4]. Fix A such that C'4 is non-empty
and fix an edge ajay € A. For any cycle C = z125...2; in Cy, with 2y = a; and
Ty = ag, define S(C) to be the directed cycle z125 - - - z; (so for all ¢, the edge z;x;41

is directed towards x;,1, where indices are taken modulo 7).

For each C' € Cy, the orientation of S(C') induces an orientation fc on the edges

of A. Given a fixed orientation f of A, we write

OA(f) = {CGCA : fCZf}.

We will bound each C4(f). A bound on |Cy4| will then follow by summing over all
possible f.

Let G/A be the graph obtained by contracting every edge in A. Then remove the
remaining irregular edges to form J (so J is an H-free k-partite graph with n — |A|
vertices, as A is a vertex-disjoint union of paths). For each cycle C' in Cx(f), we
obtain the oriented cycle ¢(C) in H by replacing each maximal path u;...u; in
S(C) N A oriented from uy to u; by u;. As C contains at least one regular edge,

g(C) is either an edge or cycle in J.

We claim that for distinct Cy, Cy € C4(f), g(C1) # g(Cs). Suppose that g(Cy) =
g(Cy). Then there exist distinct maximal paths P, := wu;...u, € C; N A and
Py :=wv1... v, C CyN A satisfying u; = v; and which are directed away from u;. Let
¢ be minimal such that w;u;,, is in P, but not P. Therefore v; = w; and w;u; 1 and
u;v;41 are two edges in A both directed away from wu; in f. This is a contradiction
as every edge of A with the orientation f must appear in C4, but as a cycle only

passes through a vertex once, u;v;11 cannot be present. Therefore, for each cycle C'
in Cu(f), g(C) is unique.

As J is a k-partite graph on n — |A| vertices, by Lemma 4.2.2 we have

c(J) < e(Ti(n — |A])).
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As for each C' € Cy(f), g(C) is either an oriented edge or an oriented cycle in J.

Thus we obtain
[Ca(H)] <2 c(The(n = |A]) + 2[E(Ti(n))]| < 4 - c(Ti(n — [A])),

for sufficiently large n by applying Lemma 4.2.1 and recalling that |A] < n®%. Let
F4 be the set of all possible orientations f of A. We have

(@) < B 3 S e, (4.14)

ACE! feFy

where the first term counts cycles that contain only irregular edges and the second

term counts cycles in ¢!(G) that contain both a regular and irregular edge.

We will bound the second term of this expression. Recalling that there are at

0.55

most n”°° irregular edges, we get that

Z Z 1Ca(f)] < Z (”Z )Qi.4.c(Tk(n—i)).
ACE! feFa =1

For k£ > 3, we now apply Lemma 4.2.6 and Lemma 4.2.5 for each 7 in the sum,

Y s zzj (")t anin - )
o () )
< e7h(Tk(n));n°-55i12i(2/n)i

= o(h(Ti(n))).
We have |ET|IF'l < (n%55)""% which is o(h(Ty(n))) by Lemma 4.2.1. Using the

analysis of the two terms of (4.14) we see that ¢/ (G) = o(h(T}(n)), a contradiction.
Therefore G is isomorphic to Ty (n).
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Similarly for £ = 2, we appeal to Lemma 4.2.7 to get

n0-55

055\ .
Z Z Ca(f) < Z ( ; >ZZ - 8eCany2) (Ta(n — 1))
ACE! feFy i=1
0 55 4 )
e
< 8e Z n® 55”2Z Calns2) (T2(n))
j 1( 23)
O 55
< 8ecynya) (Ta(n Zno %(8e)"(2/n)"
= o(ca[ns2)(Ta(n ))),
and we conclude as before. O]

We now present the proofs of Lemmas 4.4.1 and 4.4.2.

Proof of Lemma /.4.1. First suppose that m = O(n). We can then crudely bound
P2y (G) as in Lemma 4.3.2. By equation (4.6) and the constraints (i) and (ii) above

we have

‘
Payy(G) < m?XHlTi < max (%)Z

=1

m

The function f(z) = ()" is maximised at z = 2 and so p,, ,(G) < e* = 9.

This is asymptotically smaller than ¢(7y(n)) by Lemma 4.2.1.

So m # O(n). Consider dividing the bound for ¢(G) obtained in Corollary 4.3.1
by ¢(Tx(n)) = Q((kgl)”n”_’ ~"). We obtain:

where « is defined in (4.5).

Let € := % If we take the logarithm of the right hand side and call it R for

ease of notation, we get

3.51og(n) + n(log(e) + (1 —¢€)) + kl; 1.

< 3.5log(n) +n(log(e) + (1 —€)) + ¢ .

R
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First assume that (1 — €) > log(n)n"2.

If € < e72, then log(e) + (1 —¢) < @. Furthermore we see from (4.5) that
a > and so et

o = o(n). Therefore

R < 3.5log(n)+ g log(€) + o(n)
< 3.5log(n) —n+o(n) = —oo,

as n tends to infinity.

Otherwise, e 7! < €2 and recalling our assumption that (1 — €) > log(n)n"2, we

may apply Taylor’s theorem to see

R

IN

3.51log(n) — n(1 — €)* 4 ¢
< 3.5log(n) — log*(n) + ¢* = —o0,

as n tends to infinity.

In either case R tends to —oo for sufficiently large n, and we must have that
c(G) < ¢(T(n)), a contradiction.

Therefore (1 —¢) < log(n)n_iand soq > &1 B log(n)n"2. Equation (4.5)
allows us to conclude that m > = (2’“]; D _ Edn - (logn)?, as required. O

For the proof of Lemma 4.4.2 we recall the Erd6s-Stone Theorem [21].
Theorem 1.4.1 (Erdds-Stone [21]). Let k > 2, t > 1, and ¢ > 0. Then for n

sufficiently large, if G is a graph on n vertices with

e(G) > (1—%%) (Z)

then G must contain a copy of Ty, (kt).

We now apply this theorem to complete the proof of Lemma 4.4.2.

Proof of Lemma 4.4.2. Let the best k-partition of G, be Vi,..., V., and note that
G cannot be k-partite (else ¢(G) < ¢(Tx(n)) by Lemma 4.2.2). Therefore G must
contain an irregular edge. Now we count the cycles in G which contain only regular
edges. Note that if we define G® to be G\ E7, where Ej is the set of irregular edges,
then G® is k-partite; G C K, for some a = (ay, ..., a;) € N*.
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Let ¢t be such that H C Ty(tk) + e, where e is any edge inside a vertex class

of Ty(tk). Pick an irregular edge wv, without loss of generality we may assume

_n
10k

other vertex class. Suppose otherwise and form a set @) by picking 57 vertices in
N(u) N N(v)NV; fori=2,..., k and picking

uv € V7. We first show that v and v cannot have common neighbours in every

7oz vertices in V; to be in Q.

The graph G¥[Q] does not contain a copy of Ty (tk): if it did, it would contain a
copy of Ti(tk) + e and hence a copy of H. So then applying Theorem 1.4.1, there
are O(n?) regular edges that are not present in G, a contradiction. Thus, without
loss of generality, |N(u) N N(v) N V| < -+, and, again without loss of generality,

10k°
|N(v) N V| < 2% for sufficiently large n.

When k£ > 3, this means that G cannot contain at least g of the Hamilton cycles
contained in K, which start from v and then go to vertex class V5. Recall that
hy(2, K,) is the number of permutations of V(K,) = {v1,...,v,} such that v; = v,
vy € V; and v - - - v, is a Hamilton cycle. Since cycles may be counted at most twice
due to orientation when considering permutations, the number of Hamilton cycles
in K, which start from v and then go to vertex class V3 is at least $h,(2, K,). By
applying (4.1), we get

(G < el — 5 g2 Ky
= ECT(KQ) + % Zh(z K,) + G — 1%) he(2,K,).  (4.16)

By applying Theorem 3.1.3, each vertex class in the best k-partition of G is of order
b

(1 + 0(1))% Then a; = %(1 + 0(1)) and so Hle 6‘10g< )’ = (1 + 0(1)), Therefore by
applying Lemmas 4.2.3 and 4.2.4 we get

n—1

c(GR) < o(Ky) + [ [ llox()

= Yl + (14 o) (enlTil) - b2 Tiin) )
< (o) (elTin) - geh(miin).
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Finally, we can apply Lemma 4.2.6 to get

24k 12k
< (1+0(1) (cm(n)) (1 - m) - ékh@k(n))) ,

and so for n sufficiently large, ¢(G*) < ¢(Ty,(n)) — 15 h(Ti(n)).

(G < (1+o(1)) (a(Tkm))—ih(Tk(n))—ih(ﬂ(n»)

For k = 2, first consider that if |V;| and |V5] differ in size by more than 1, then G
contains no cycle of length 2|n/2|. Counting cycles by length and applying Lemma
4.2.2 gives

In/2)—1

o(GM = > (G
r=2
[n/2]—-1

< Y elBn)

— (Taln)) — capuyey (Ta(n).

Therefore assume that |V;| and |V5] differ in size by at most 1 (so G is a subgraph
of Ty(n)). Recall that G contains a vertex v with degree at most 5n/16. Therefore
when applying the argument for £ > 3 we lose at least a quarter of the cycles of
length 2|n/2] which contain v from T5(n). Note that v is present in at least half of
the cycles of length 2|n/2] in Ty(n) and so ¢(G®) < ¢(Ty(n)) — %CQL J(Tk(n)) O

n
2

4.5 Counting Cycles in Complete k-partite Graphs

In this section we present the proofs for the lemmas concerning counting cycles
in complete k-partite graphs that we stated in Section 4.2. We will first prove
some of the preliminary lemmas. In order to state these we require some technical

definitions.

Define a code on an alphabet A to be a string of letters ay - - - a,, where each a; is
in A. For k > 3, we now discuss a way to count the number of Hamilton cycles in
a k-partite graph G. Suppose each vertex class V; of GG is ordered. Consider a code

aj - - a,, where each a; € [k]. From such a code, we attempt to construct a Hamilton
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cycle vy ... v, in G as follows: for j =1,...,nlet p(j) :== [{¢ < j:ar = a;}|. Define
v; to be the p(j) vertex in Vg,. For v; ... v, to be a Hamilton cycle, each letter must
appear in the code a; ...a, the correct number of times (|{j : a; =i}| = |Vj|, for
each i € [k]) and any two consecutive letters of the code must be distinct (a; # a;41

for each j € [n — 1], and a; # ay).

For a code a; - - a,, with each a; € [k], we say that the code is in Q if a; # a;41
for each i, where indices are taken modulo n (so each pair of consecutive letters are
distinct). For ¢ = (cy,...,¢;) € NF we say that the code is in P, if there are ¢;
copies of i, for each ¢ € [k]. Finally we say that a code is in P, if it is in P,;, where
d=(dy,...,d;) € NFissuch that d; < dy <...<dy, <dy+1and ) ;d; =n.

We can count the number of Hamilton cycles in K, by considering the number
of codes in @) N P, and the number of ways of ordering the vertices in each vertex
class. That is, for each code in ) N P,, we consider all of the Hamilton cycles which
arise from the different orderings of vertices. Each Hamilton cycle will be counted

exactly 2n times due to the choice of the starting point and orientation, and so

_|QnAlT
MK, = Tgci!. (4.17)

We will calculate |@ N P.| by considering the probability that random code is
in @ N P,. To this end, let (), denote the random code C,; = a;---a,, where
each q; is independently and uniformly distributed on [k]. Obtaining good bounds
on the probability that a random code is in @ (and similarly in P,) is relatively
easy but approximating the probability of the intersection of the events proves more
tricky. The following lemma will help us bound (4.17) from below, in order to prove
Lemma 4.2.1.

Lemma 4.5.1. Let k > 2 and suppose C,, , = ay - - - an, where the a; are independent
and identically uniformly distributed on [k]. If ¢ = (c1,...,cx) € N¥ is such that
Y ;¢ =n, then

P[Cn,k S Q|Cn,k S Pn,k] > P[Cn,k S Q|Cn,k S Pg]u

and in particular,

]P)[Cn,k S Q|Cn,k S Pn,k] Z P[Cn,k € Q]
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Proof. Let k > 2 and suppose ¢ = (ci, ..., ¢) € NF is such that Y, ¢; = n. Suppose
that there exist some i and j such that ¢; <¢; — 2, and let ¢ = (¢}, ..., ¢;) be such
that ¢; = ¢; +1,¢; = ¢; — 1 and ¢, = ¢; for t # 4,j. It is sufficient to show that
P[Chx € Q|Crx € Pu] > P|Chx € Q|Chx € P.] - we may inductively find an ¢ and
7 until the ¢, differ by at most one and ¢ corresponds to the vertex class sizes of a

Turén graph.

Fix a subset A of [n] with |A| = n—(¢;+¢;) and let R4 be the event that C,, j is
in P,, that A= {¢:a, # 1,7}, and that ay # asyy for all £ in A and a,, # a, if both
n and 1 are in A. R4 . can be thought of as the event that everything in the code
except the letters with values 7 and j behave well. Now note that we can partition

over all the sets of size n — (¢; + ¢;) in [n], and get the expression

P[On,k < Q|Cn,k < Pd = Z P[ka c Q|RA7§] 'IP)[RA79|C'H’1C c PQ]. (418)

Ae[n](”—(ci+cj))

Note that given P, holds, we may as well identify 7 and j when considering
whether R4 holds. As such, P[R4 |C, € P,.] is constant with respect to ¢; and ¢;
with fixed ¢; + ¢;. This in turn, means that P[Ra.|Chx € P.] = P[Ray|Chx € Py

and so to prove the first statment of the lemma, it is sufficient to show that

PlCyk € Q|Rac <P[Chr € QlRa], (4.19)

for each A C [n], with |A| =n — (¢; + ¢;).

Let A C [n], with |A| = n—(¢;+¢;) and condition on the event R, . (note that we
may assume that this event is not null else we have nothing to prove). If we consider
Ch.x as a code that is a cycle (imagine joining a; to ay,), then the occurrences of 7, j
form a collection of segments of total length ¢; +¢; with ¢; copies of ¢ and ¢; copies of
j. Conditioning just on R4 ., we have choice over where we place the ¢ and j letters
in the segments. Since we must have ¢; total copies of ¢ in the segments, there are
(“*<) such choices of placement of the i and j letters. Conditional on R4, the i and

T
ci+c;

j placements are uniformly distributed on these (“*%) choices. Conditional on R4,
for the code (), i, to be in @), the segments all have to be a string of letters alternating
between i and j. As such the first letter of a segment dictates the remainder of that

segment.

Let the lengths of the {i,j}-segments of C, be r1,...,7, and let s,qq and
Seven e the number of odd length {7, j}-segments and even length {i, j}-segments
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respectively. We are then able to compute P[C,, € Q|Ra.] by considering the
starting letter of each {i, j }-segment. Suppose that ¢ of the soaq {1, j }-segments with
odd length start with ¢. Then in the code, there will be t—(s,q9q—t) more appearances
of 4, than of j. Therefore, since C,, € F,, we must have 2t — s,qq4 = ¢; — ¢; and so
t = ‘O’Odﬁ# Note that if seqq + ¢; — ¢; is odd, then P[C,,; € Q|Ra,.] = 0 since ¢
must be an integer (and so we have nothing to prove). Therefore we assume that

Sodd + ¢; — ¢; is even in what follows.

We can specify such a code by choosing the starting letter of each even interval
arbitrarily and choosing exactly ¢ odd intervals to start with i. Comparing this with

all possible choices of placements of ¢ and j letters, we obtain

25even Sodd
P[Chx € Q|Ras = # (4.20)

(Ci;i;cj) )
25even Sodd
P[Cn,k E Q|RA£/] = M

T 9
(cl-—f—cj)
c

3

2o (1)
(557)

Writing b = ¢; — ¢; and dividing (4.20) by (4.21), we get

P[Cyx € Q|Ra ~ ¢j(Sodd + ¢ — ¢ +2)
]P)[Cn’k S Q|RA’§/] B (CZ‘ + 1)(Sodd + Cj — Ci)
(Ci + b) (Sodd — b —|— 2)
(Ci + 1)<Sodd + b)
CiSodd + 2¢; — be; + bsgqq + 20 — b?
CiSodd + bC;i + b+ Soda
201' + b— Sodd
= 1-0- 1)ci50dd +bc; + b+ Soaa

(4.22)

Since there can be at most ¢; + ¢; = 2¢; + b odd length {i, j}-segments, we have
2¢; + b > Soqq, and b > 2. The right hand side of (4.22) must be less than or equal

to 1 and so

P[Cn,k € Q|RA72] < ]P)[Cn’k < Q|RA’Q/], (423)

as required for (4.19). This completes the proof of the first statement of the lemma.
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For the second statement we partition P[Q)] over the P, to give

PlQ] =) P[NP
= XC:P[Q!PJP[PC]
<> P[QIP.4]PIP]
= P[Q|P, 4],

as required. This completes the proof of the Lemma. O]

We now use Lemma 4.5.1 to bound from below the number of Hamilton cycles

in Tj(n) and in turn prove Lemma 4.2.1.

Proof of Lemma 4.2.1. Let k > 3 and suppose ¢ = (c1,...,c,) € NF is such that
> ¢ = n. Recall from the proof of Lemma 4.17 that computing h(kK,) is equivalent
to calculating |Q N P.|. We can do this by considering the probability that the code
Cp = a1 ---ay is in both @) and P,. There are k" equiprobable values for C), ;, and
so |Q N P,| = k"P[C,, 1 € QN P.]. Putting this into (4.17) gives:

i) = g |[leh] -Ficeqnr)

ok
- l;_n {H(Ci!ﬂ P[Cop € QCyy € PJ-P[Cop € P (4.24)
=1

It is easy to see that if g; = [{j € [n] : a; = i}| for each ¢, then (g1, ..., gx) follows

1

a multinomial distribution with parameters n and (%, ..., %) and so in turn

|
P[Chp € PJ = — k. (4.25)

[T (i)
Putting this into (4.24) we see that

!
hK,) = ;—nIP’[Cn,k € Q|Cnx € Po. (4.26)
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As an aside, note that if ¢; < ¢; — 2 and we let ¢ = (¢},...,¢,) be such that
¢, =ci+1,¢; =c¢; — 1 and ¢; = ¢; otherwise, then applying Lemma 4.5.1 to (4.26)
gives that

By (4.26) and Lemma 4.5.1 we get

n!

h(Tx(n)) = %P[Cnﬂk € Q|Crk € Poyl
S n! PlC
= % [ nk € Q]
! n—1
B ;L_np[a" 7 a1, Gnot|@n-y 7 - F 11 Pla; # ai1|ai1 # -+ # a1

n (k—=2\ (k—1\"""
>
- 2n k k
) E—1\"
— Q(n"ze (1= .
(e (557))

Since ¢(Tx(n)) > h(Tk(n)), we arrive at the desired result for k£ > 3.

For k = 2 we apply a simple counting argument. Observe that the number of
cycles in a graph is at least the number of cycles of length ¢t = 2 L%J For T5(n) this
is easily counted by ordering both colour classes and accounting for starting vertex

and orientation. Therefore we get

(D 5D 272
c(Ty(n)) = ——5—= = M%m , (4.28)
and the result follows by applying Stirling’s approximation. O]

We now use a counting argument to prove Lemma 4.2.2.

Proof of Lemma 4.2.2. As before, let ¢ = (ci1,...,c;) € N¥ be such that Y, ¢; = n.
If there exists ¢ and j such that ¢; < ¢; — 2, and we let ¢’ = (c,...,c},) be such

that ¢; = ¢; +1,c; = ¢; — 1 and ¢}, = ¢, otherwise. It is sufficient to show that
o (Ky) > ¢ (K,), for all 7.

Without loss of generality, we may assume that ¢ = 2 and j = 1. We can count

the number of cycles of a given length, r, by choosing r vertices and then counting
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the number of Hamilton cycles in graph induced by this cycle and then summing

1(2)) 0]

over all choices of r vertices:

o= 2 |(]

gEHle{O,...,ci}: g
Zf:l ai=r

Fix a copy K of K. with vertex classes Vi, ..., V) and choose v € V;; then define
K' to be K \ v with a vertex v' added to V5 which is a neighbour of all vertices
not in V5. We can see that K’ is a copy of K.. Using this coupling to compare
¢ (K,.) and ¢, (Ky), we only need to consider cycles in K containing v and the cycles
in K’ containing v'. We write ¢, ,(G) to be the number of cycles of length r in G
containing vertex v. In what follows, e,, = (v1,...,yx), where y,, = 1 and y, = 0
otherwise. Since we already assume that v is in our cycle, we then choose r — 1
other vertices and count the number of Hamilton cycles on the induced subgraph to

express ¢, (K) as

R (O RN ()R

{01~ TIXTTE g {0, i
Ele a;j=r—1

- X 0 = () )]

a1€{0,....c1 =1} (@350 ) ETTF_3{0,..ci}:
a2€{0,...,ca} Zf—l aj=r—1

and similarly we may express ¢, (K) as

s 06, 2 ) ]

a1€{0,...,c1—1} (a3,...,ak)el—[fzg{o,...,ci}: =3
aQE{O,...,CQ} 21?71 a;=r—1

E D0 2 A6 ]

a1€{0,....,c1—1} (@3- ) ETT_5{0,.ci}:
a2€{0,...,c2} Sk a=r—1
i

where @’ = (ag, a1, a3, a4, ..., ax) is the vector a with the first two values switched.
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Define:

S p—
Then
C1 — 1 Co
K) = 4.2
C'I’,U( ) Z ( ay ) <(I2) n(ala a2, C, 7’) ( 9)
a1€{0,...,c1—1}
a2€{0 ..... CQ}

and

colks) = 30 (Cl_1> (CQ)n(ag,al,g,?"). (4.30)

If we subtract (4.30) from (4.29) and rearrange, we get

Cra (K') = ¢ (K)

- 2 () (Y e o)

+ ) <Cl - 1) <CQ> (n(az, a1,¢,7) = n(ar, az, ¢, 7). (4.31)

ay a2
a1 €{c2+1,...,c1—1}
a2€{0,...,c2}

From (4.27), we obtain that if x > y, then we have n(z,y,c,r) < n(y,z,c, 7).
Thus in the first sum of (4.31), when a; > ay, we have n(ag, aq, ¢, ) —n(ay, as,c,r) >
0, and similarly when a; < as, we have n(ag, ay,¢,7) — n(ay, as,c,r) < 0. At the

same time, note that since ¢; — 1 > ¢y,

()6 - )6) -

if and only if x > y. Combining these, we must have that for all 0 < as # a1 < ¢

((Cla_l 1) (CCLZ) - (Cla; 1) (Zi)) (77(@7“1797 r) = nlai, az ¢, 7”)) >0
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and so the first sum is positive.

In the second sum, a; > ay and (4.27) tells us n(ag, a1, c,r) — n(ay, az,c,r) >
0. Thus the second sum is positive as well. We are then able to conclude that
Cro(Ky) > ¢ (K,) as required.

All that remains is to prove that ¢(Tg(n)) > ¢(G) for any k-partite graph G.
Suppose that G = K, where ¢® = (&2,...,%) € NF is such that >F , & = n.

i=1 Ci
While there exist some i and j such that ¢f < ¢ — 2, define ¢! = (et

by ¢t = ¢l + 1, &' = &' — 1 and &t = ¢ otherwise. Suppose that this

process terminates with ¢!, so Ty(n) ~ K. Note that by successive applications
of (4.27), h(G) < h(K_-1). In order to get a strict inequality, we have to consider

(4.22) a bit more closely. To get equality in h(K.-1) < h(K_.r), we must have that

Sodd = 261{71 +bfor all A € [n](“—(CHCﬁj)_

Say that a code ay,...,a, has an ij transition if there exists some s such that
as is in class ¢ and agy; is in class j, or such that ag is in class j and agyq is
in class i, where indices are taken modulo n. By the conclusion of the previous
paragraph, we have that all codes in ) N P have no ¢j transition. However we
can construct such a code with an 5 transition. Note that if the vertex class sizes
of a k-partite graph are not all equal, then in any Hamilton cycle, there must a
transition from a smaller vertex class to a larger vertex class and so if ¢! # cJI. ,
then by symmetry there must be a Hamilton cycle with a ij transition. Suppose
that ¢/ = cjl . By a similar argument, if classes ¢ and j are both larger classes,
then there must be a Hamilton cycle with a ij transition. Suppose instead that
vertex classes ¢ and j are both smaller classes. Consider a permutation m = 7y - - - 7y
such that mp_y = i, 7 = j and {m,...,m.} = {l : ¢/ =l +1}. If r =1 and
k = 3, then ¢! > 2 and so mmmms(mmams) -+« (mimems) is sufficient. If r = 1
and k > 4, then mymommamy -+ mg(my -+ mg) -+ (w1 - m). Finally, if » > 2, then

(e ) L. (g - - ) is sufficient.

We have shown that there must be an instance of a strict inequality at (4.27) in
the comparison of A(K r-1) with A(K_r). It then follows immediately that c(7%(n))

c(Ku) > (K1) > ¢(G).

U

The proof of Lemma 4.2.3 has a similar flavour to that of Lemma 4.5.1. We will
first prove a preliminary lemma where we evaluate h, (2, K,.) by considering random
codes and then compare h, (2, K.) with h,(2, K). Lemma 4.2.3 will follow directly

from this next lemma. We define R4 as in the proof of Lemma 4.5.1.
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Lemma 4.5.2. For k > 3, suppose ¢ = (c1, ..., c) € NF is such that >, ¢; = n with
0#c <cj—2. Letd = (c},...,¢,) be such that ¢; = c¢; +1,¢; = ¢; — 1 and ¢}, = ¢
otherwise. Suppose Vi,..., Vi and V{,..., V] are the vertex classes of K. and Kq
and pick some v € Vi,v" € V/. Then

2Ky < Gt G, o gy

7T alg - 1) .
Proof. Recall that h,(2, K.) counts orderings vy,...,v, of V(K.) where v; = v,
vg € V5, and vy ...v, is a Hamilton cycle. There is a bijection between such an
ordering and the pair (C, (7;);cix)) where: C'is a code a; - --a, on [k] with a; = 1,
ay = 2 that is in both @) and F,; and 7; is an ordering of V; for each 7 and v is the
first vertex in m;. So if we let C,,;, = a; ---a, be a random code where each a; is
independently and identically uniformly distributed on [k], we have an expression
for h,(2, K,):

k

hv(Q, KE) = kn(Cl - ].)' (H(C[!))P[ka S Q N Pg, (al, CLQ) = (]_, 2)]

=2

An application of (4.25) then gives

n!
hU(27 Kg) - _]P)[Cn,k € Qa (al,ag) - (1a 2)|Cn,k S Pg]

1

n!
= ZP[ka € Q,(a1,a2) = (1,2)|RaJP[RA|Cri € P.](4.32)
Ly

where R4 . is defined as in the proof of Lemma 4.5.1, and the sum is taken over all
Ae [n](n—(0i+6j))_

For what follows, we only consider A € [n]™~(¢+%)) such that R4 . N {(a1,az) =
(1,2)} # 0 as these are the only ones that contribute to (4.32) when considering
either ¢ and ¢’. As in the proof of Lemma 4.5.1, conditioning on Ry, let soqq and
Seven D€ the number of {7, j} subcodes with respectively odd and even lengths, where
we consider the code cyclically. Unlike before, we now require (a1, az) = (1,2) and
so if one of ¢ and 7 is 1 or 2, one of the subcodes will have a fixed value at a; and
so a fixed starting letter. Let Xeven be the indicator that there is an even length
subcode with a fixed first letter. Similarly let x,qq be the indicator that there is an
odd length subcode with a fixed first letter and further let xoqa(7) and Xoaa(j) be
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the indicator that there is an odd length subcode with the first letter having fixed

value ¢ and j respectively.

As in Lemma 4.5.1, by letting ¢t = w we can now compute P[C,; €

Q, (alv a2) = (17 2>|RA,§]:

25even —Xeven (Sodd _Xeven)

P[Cok € Q,(a1,05) = (1,2)|Ra ] = (Wj) xew 2 (4.33)
2Seven_Xeven (t‘:'fgi;sze(lz))
PlCn € Q, (a1, a2) = (1,2)|Rae]| = 68 S (4.34)
Ci—i-l

Note that the y values will be the same when considering both ¢ and ¢ and so

we can now apply (4.33) to both
P[Cn,k € Q7 (a’haQ) - (172)‘RA72]7

and
PlChi € Q. (a1,a2) = (1,2)|Ra .

Let b = ¢j — ¢; > 2. Then dividing (4.33) by (4.34), we get

P[On,k € Qv (ala a2) — (1’ 2)|RA,§] _ Cj(t +1-— Xodd(i))
PlCoi € Q. (a1,a2) = (1,2)|Rae] (i + 1)(Soad — t — Xoad(j)
Cj  Sodd —b+2-— 2Xodd ()
ci+1  Soad + b —2Xoda(y)
Cj Sodd — b + 2
Ci—|—1 . Sodd+b—2.

(4.35)

Note that % is non decreasing in s,qq and Seqq < 2¢; +b = 2¢; — b, so we

can bound (4.35) by taking soqq = 2¢; + b = 2¢; — b to get:

P[ka - Q,(al,ag) = (1,2)|RA,§] < Cj ) 201+b—b—|—2
]P)[Cn’k € Q, (al,ag) = (1,2)‘RA£/] - CZ+1 QCl—Fb—b—Q
ci(e; +1)
ot D 1)
Cs

= (4.36)

Cj—]_.
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If we apply inequality (4.36) to (4.32):

C:

|
J Z |:n—IP[Cn,k c Q, (al, az) = (1, 2)|RA7£/] . IP’[RA,QlOn,k € PC]:| .

Cj—]_ a C1

he(2,K.) <

Recall that IED[R,LLAC',L]€ € Pd = IED[RA,Q/|C',L]€ S Pgl], SO:

, !
hv<2a Kg) S < E |:C—P[Cn,k S Qa (a17a2) = (]"2)|RA,Q’] : ]P)[RA,Q|Cn,k € Pd:|
1

. !
- . _1 Z {n_P[Cn,k € qQ, (a17 a2) = (L 2)|RA7§’] ’ IP[RA,Q’|Cn,k € PC’]}
A

IN

as required. O
We now apply this result to prove Lemma 4.2.3.

Proof of Lemma 4.2.3. Let k > 3 and ¢ = (cy,...,¢,) € N¥ and suppose K, has
vertex classes Vi, ..., V. Further suppose T;(n) has vertex classes V/,... V] with
bi = |V/| < |Vj| = b; only if ¢; < ¢; and suppose that v € V; N'V{. We will prove by
induction on f(c,b) =Y. |¢; — b;| that

(2. 5) < ho(2, Tun) [ Lo (). (1.37)

The base case of f(c,b) = 0 follows since K, is Ti(n). Suppose that f(c,b) > 1
and the result holds for smaller values of f(c,b). Note that if f(c,b) # 0, then since
> ;(ci = b;) = 0, there must be ,j such that ¢; < b, — 1 and ¢; > b; + 1. Let ¢
and j be such that b, — ¢; and ¢; — b; are maximised. If b, = b; + 1, we have a
contradiction since then ¢; < ¢j, but b; > b;. This means that ¢; > ¢; + 2 and so if

we let ¢ = (c},...,¢;,) be such that ¢, = ¢; + 1,¢; = ¢; — 1 and ¢}, = ¢; otherwise,
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we may apply Lemma 4.5.2 to get that

(ci +1)¢y
< —c,(c]Jrl)h 0(2,Ky)

c
= exp{ log (i) ‘ +
Ci

To proceed by induction, we first observe that f(c¢/,b) < f(c,b) and secondly we
must check that if b, < by, then ¢, < ¢.. Note that this still holds for r =i and s = j
and will still hold if neither r =i nor s = j. If r =i and b; < bs but ¢, > ¢, then it

h"U(2’ KQ)

log (C—J) ‘} ho(2, K). (4.38)

Cj

must be the case that by — ¢ > b; — ¢;, which contradicts our choice of 7. Similarly
if we have s = j, b, < b; and ¢, > c¢;, then we arrive at the similar contradiction
that ¢, — b, > ¢; — b;. Therefore we may apply the inductive hypothesis to (4.38)

to conclude that

log (%) ‘} hU(Q,Tk(n))ﬁe

=1

he(2,K.) < exp{

= 2 Tk H e‘log

We use a more complicated probabilistic argument for the proof of Lemma 4.2.4.

We consider a different version of the random codes we have previously considered.

Proof of Lemma 4.2.4. Let (by,...,b;) € N¥ be such that >, b; = n. Fix a; = 1,
then given a;_; for ¢ > 2, let a; be uniformly distributed on [k ] \ {a;—1}. Define
the code C%(by, k) = ay---a,,, where m = max{j : |[{i < j : a; = 1}| = b;} (in

other words, keep track of a random walk on K} and stop just before the (by + 1)-th

appearance of 1).

Conditional on m = n, the code C?(by, k) is uniformly distributed on codes
fi--- fn in @ that contain b; copies of 1 and satisfy f; = 1. This is equal in
distribution to C,, = d; - - - d,,, where each d; is independently uniformly distributed

on [k], conditional on C), ;. being in (), having b, copies of 1 and starting with d; = 1.
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Now let W be the number of transitions from 1 to 2 in C?(by, k) — that is W =
{j : (aj,a;+1) = (1,2)}|. Note that any shift of a code in QNP, (a14pr - - - anay - - - ap
for example) will also be in @ N P,. This means that we can shift the code C?(by, k)
to each appearance of 1 to get another instance of a code f;--- f, in @, with f; =1
containing b; appearances of 1. Thus by symmetry, given W, the probability that
C?(by, k) starts with (ay,as) := (1,2) is % Thus it suffices to show that W is at
most & with probability asymptotically smaller than the probability that C?(by, k)

is in P, and Q.

Since each letter after a copy of 1 is independently and uniformly distributed on
{2,...,k} and there are b; copies of 1, W is distributed like a Binomial random
variable Bin(b, -15). Applying a Chernoff bounds gives:

n

P [W < 2—k2} <ew (4.40)

Now consider the probability that the code C?(by, k) is of the correct length. Note
that the letter directly after a 1 cannot be a 1 but (until the next copy of 1), each
subsequent letter is a 1 with probability k—il and so removing the letter after each 1
and considering an appearance of a 1 as a failure, the variable m — 2b; is distributed

like a Negative Binomial random variable, NB(by, £=2).

Plm=n] = P{NB(bl,::i) :n—bl]

N ()

Now an application of De-Moivre Laplace (see [23, VIL.3]) tells us that

Plm=n] = @(n% exp{—2(<bl — 7’%222 }) (4.41)

n — bl) *—1)2
Note that |b; — 2| < 1, as we are in the Turén graph Tj(n) and so |b; — 2=%| =
|25 (b — 2)| < 2. Putting this into (4.41), we see that
Pm=n] = © <n_é exp{—O(n_l) })
= @(n’%). (4.42)



Next, consider P [C?(by, k) € B|m =n]. As mentioned above, conditional on

m = n, C*(b, k) is distributed like C, ; conditional on being in @, starting with

di = 1 and having by copies of 1. By Lemma 4.5.1, the events {C,; € F,} and

{Cnr € Q} are positively correlated and so

P[C?(by, k) € PyJm=n] =

v

v

v

P[Crx € Po|Crp € Q,d1 = 1, by copies of 1]
PlCk € Py|Cr € Q)
PlCnk € P
1 1
P {Mult <n, (E’ .. ’K)) :b}

Qn2). (4.43)

So combining (4.42) and (4.43) we can conclude

P [C2(by, k) € QN By

= P[C*(by, k) € Pylm =n]| Plm = n
- Q(m’i) (4.44)

We can now complete our proof. We have

ho(2,Ti(n)) = k”(bl—l)!<

= k(b — 1)!<

k

H(bl!))]P)[Cn,k € QN By, (ar,a2) = (1,2)]

z:z

H(bl'))P[ka € Q,al = 1, ’{j ta; = 1” = bl]

=2

]P)[ka - PQ, a9 = 2|Cn,k € Q,al = 1, ’{] taj = 1}‘ = bl]

Recall that C,, , = a; - - - a,, given that C,,, € Qanda; = land [{j : a; = 1} =b;
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is equal in distribution to C?*(by, k) = d; - - - d,,, given m = n and so

k

ho(2,T(n)) = k" (by — 1)! (H(bﬂ))P[Cm €Q,a1=11{j:a; =1} =]
=2
“P[C?(by, k) € Py, dy = 2|m = n]
k

= (0= (IO PG € Qs = 1,170y = 1} = ]

=2

Pldy = 2|C*(by, k) € Py,m =n]-P[C*(b1, k) € Pylm =n]. (4.45)

By considering P[dy = 2|C?(by, k) € By, m = n|, we get

Pldy = 2|C?*(by, k) € Ppym=n] > P [a2 =2|C?(by, k) € PB,ym =n, W > —222]
n
P [W < 2k2]C (b1, k) € Byym n}

n PW < 55]

> - .
— 2k, P[C?%(b1, k) € PB,,m = n)]

Thus by applying (4.40) and (4.44) we get

5 n e wT
P[d2:2|C’ (bl,k;)GPQ,m:n] = M—O Rt
1 n- 2
n
= —— —o(1
ST

This means that for sufficiently large n, Play = 2|C*(by, k) € Py,m = n] > 5.
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Putting this into (4.45), we see

_— k
hv(a,Tkm»z%(g(bm)m Cok € Quar =L [{j 0 = 1} = b

P[C?(b1, k) € Fylm = n]
" _ k
_ W(Q(bm)%k €Qar=1[{jra; =1 =0

PlChy € B|Crr € Qa1 =1,[{j 1 aj =1} = b]

" _ k
_ % (ll‘!(bl!)mcn,k €QNPya; = 1]

_ R 2n - Pla; = 1|Ch € QN By
l . . >
2n - Pla; = 1|Ch € QN B
= h(Tk(n)) : o = UG € QO A
3kby

By symmetry, Pla; = 1|C,x € QN P = 2. This completes the proof of the

n

lemma. O

Now we bound below the number of Hamilton cycles in Ti(n) by the number of

Hamilton cycles in Tj(m), where m < n.

Proof of Lemma 4.2.5. Let v be a vertex contained in the largest vertex class V; in
Ti(n). Removing v gives Ty (n — 1). For each Hamilton cycle vy - - - v, in Ty (n—1),
we can form a Hamilton cycle in T} (n) by inserting v between two vertices v; and
Vjt1, both not in V;. For each Hamilton cycle in Ty(n — 1), there are at least
(n— 1) 2 spaces where we can insert v and under this construction each Hamilton
cycle in Tk( ) will be formed in at most one way. Counting over all Hamilton cycles
in Tp(n — 1), we get that

WTh(n)) > (n — 1)%/1@(71 —1)). (4.46)

We can apply equation (4.46) inductively to get that for any ¢ € [n],
k—2

A(Tu(n)) > (0 — 1) (T)ihm(n—i)).
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]

We now bound the number of cycles in Tj(n) in terms of the number of Hamilton

cycles.

Proof of Lemma 4.2.6. Let I be a subset of [n] with |/| = r. Then by Lemma 4.2.5

and Lemma 4.2.2, we have

h(G[I]) < h(Ti(r))
k \"" h(Tu(n))
< (15) oo
() e
B k—2 (n)n—r

So then, summing over all subsets I, we have

o < £

IA
(e
ol
i
=
3
S
= ©

as required. O
Finally, we prove Lemma 4.2.7.

Proof of Lemma 4.2.7. Let n € N and denote [%J by t and (%1 by t'. We first prove
(4.2).

For r > 2, the number of cycles of length 2r in Ty(n) is

(1), (),
2r
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. Summing over r = 2, ...t gives

C(Tg(ﬂ)) _ Z(t)r(t/>r

IA

tit' t
2t Z (t — ")’’’

r’'=0

(4.47)

where we substituted 7 =t — r. Recall that ¢y (T2(n)) = %' Also note that ﬁ

is easily bounded by 2. We therefore have

t—2

c(Ty(n)) < 202t(T2(n))Zm

< 2 (Ty(n) 3 % — 2een(To(n)).

r'>0

Now we prove (4.3). Let s = |25%] and s’ = [2]. Note that ¢t = s’ and ¢/ = s+1,

and so

'l Slslt s . n—25'ls!
— 2>
2t 2s t— 2 2s
An application of (4.2) gives
tht'!  n—251sl n-—2 n—2
T > ey (Ty(n)) = — > - (To(n —1)) >
c(Ta(n)) = cu(Ta(n)) of = 9 9 5 cas(To(n ) > e

]

4.6 Conclusion and Open Questions

In this chapter we resolve Conjecture 4.1.1 for sufficiently large n (we do not

optimise the value of n given by our approach, as it would still be very large). For
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triangle-free graphs, the conjecture remains open for 14 < n < 140 (see [2, 16]), but

we believe that it should hold for all values of n.

Theorem 1.4.2 only deals with H such that x(H) = k41 and where H contains a
critical edge. When H does not satisfy these properties, our approach is not feasible
as the n-vertex H-free graph with maximal number of edges is no longer Tj(n). It
is interesting to consider what could be true for other H. Let EX(n; H) denote the
family of edge maximal H-free graphs.

Question 4.6.1. Is EX(n; H) the family of n-vertex H-free graphs containing
m(n; H) cycles?

As Ty(n) does not contain any odd cycle, Theorem 1.4.2 implies that for any odd
k, Ty(n) is the n-vertex graph with odd girth at least k& containing the most cycles.
Arman, Gunderson and Tsaturian [2] ask a more general question.
Question 4.6.2 (Arman, Gunderson, Tsaturian [2]). What is the maximum number

of cycles in an n-vertex graph, with girth at least g7

This question seems difficult since comparatively little is known about edge max-

imal H-free graphs where H is bipartite.

Lemma 4.3.1 provides an upper bound when n is sufficiently large for the number
of cycles in an n-vertex H-free graph with at least g -n edges. A more general result
of this flavour has recently been proved by Arman and Tsaturian [3] who showed

that if G is an n-vertex graph with m edges, then

BA(G) ()" for >3,

c(G) <
SA(G) - (\3/§)m, otherwise.

It would be interesting to find a good bound on the number of cycles in an n-
vertex H-free graph with m edges with no conditions on how large n is. Perhaps

this could be useful in proving the result in Theorem 1.4.2 for all values of n.

Another direction of research could be to consider which graphs contain the
maximum number of induced cycles. This is interesting to ask without imposing
any extra conditions on the graph as the addition of an edge could increase or
decrease the number of induced cycles in a graph. However, for counting cycles
(that are not necessarily induced), clearly adding an edge increases the number of
cycles. Given a graph G, let m;(G) denote the number of induced cycles in G and let
my(n) := max{m(GQ) : |V(G)| = n}. Morrison and Scott [51] recently determined
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my(n) for n sufficiently large and proved that the extremal graphs are unique. The
extremal graphs in question are essentially blow-ups of C, /3 and contain many copies
of 04‘

It would be interesting to consider what happens to the extremal graphs when
we forbid Cjy.
Question 4.6.3. What is m;(n; Cy) := max{m;(G) : |V(G)| = n, G is Cy-free}?
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Chapter 5

Vertex-isoperimetric stability in

the hypercube

5.1 Introduction

Let A, B C [n] and let <, be the ordering of subsets of [n| such that A <, B if
|A| < |B] or if |A| = |B| and min((AU B) \ (AN B)) € A. (This is known as the
lexicographic, or lex, ordering.) Since with every vertex v = (vy,...,v,) € V(Q,)
we can naturally associate a set Z, = {i € [n] : v; = 1}, the ordering < induces an
ordering on V(Q,): for u,w € V(Q,,) we have v < w if Z, <y Z,. The following
well known result of Harper [33] (see also [8, §16]) shows that initial segments of <,
have minimal vertex boundaries.

Theorem 5.1.1. For each ¢ € N, let Sy be the first £ elements of V(Q,) according
to <p. If D C V(Qn) with |D| = ¢, then

IT(D) U D[ > |I'(Sg) U Sy

When ¢ = (Z), Sy closely resembles a k-th neighbourhood (the set of vertices at
distance k from a vertex). Two questions arise. Firstly, must all sets of order (Z)
with minimal vertex boundary closely resemble a k-th neighbourhood. Secondly,
what happens when a set of size (Z) has close to the minimal vertex boundary? We

show the answer to the first question is yes through a stability theorem when k is
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not too large. Note that we consider neighbourhoods rather than vertex boundaries,
but since these differ by at most (Z) vertices this does not change the nature of our
result.

Theorem 1.4.4. Let k : N — N and p : N — R, be functions such that k(n) <
%, % 15 bounded, and M — 0 as n — oo. Then there exists a constant
C' (which may depend on k and p) such that the following holds: If A C V(Q,,) with
Al = (k&)) and |T'(A)| < (k(rgﬂ) + (k&))p(n), then there exists some w € V(Q,,)

for which we have

reownaz ()=o)

Remark 5.1.2. The fact that £ : N — N and k(n) = O(p(n)) together imply that

p(n) is bounded away from 0. For the ease of notation, we will often denote k = k(n)
and p = p(n).

This chapter is organised as follows. In Section 5.2 we prove some preparatory
lemmas including a tightening of the Local LYM Lemma, and in Section 5.3 we

prove Theorem 1.4.4.

We also remark that Peter Keevash and Eoin Long have independently been
working on a similar problem [38]. They use very different techniques and their
results give weaker bounds for the set-sizes we consider but work in somewhat greater

generality (i.e., for k > 31(1)(;%:%, although with p = O(1/k)).

5.2 Preliminaries

Another important ordering in finite set theory is the colexicographic, or colex,
ordering < of layers [n]"). For A, B € [n]™) we have A <¢ B if A # B and
max((AU B)\ (AN B)) € B. An important fact connecting the orderings < and
<¢ on [n]") is that if F is the initial segment of <, on [n]" then JF* is isomorphic
to the initial segment of colex on [n]™~") (more precisely, it is the initial segment of
colex on [n]("~") using the “reversed alphabet” where n <n —1 < ... < 1). Indeed,
if |A| = |B| = r and A < B then by definition we have min((AUB)\ (AN B)) € A,
which implies that min((A° U B°) \ (A°N B¢)) € B°. Treating the alphabet as

“reversed” we see that indeed A¢ <o B°.
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Let us now fix some more notation that will be used throughout this chapter.

For F C [n]™ we write
IF)={Aecn)"Y:3Bc F,AC B}
for the shadow of F, and similarly

oY (F)={Ae[n)"V 3B e F,BC A}

for the upper shadow of F. For a set system F C P(n) we write F¢ = {[n] \ A :

Ae F}.

It will be useful to be able to bound from below the size of the neighbourhood

of a subset of [n] by some function of the size of the subset itself. A good starting

point for this is the local LYM-inequality [46, Ex. 13.31(b)].
Lemma 5.2.1. Let A C [n]™), then

and

> M

() Q)

Theorem 5.1.1 and Lemma 5.2.1 give us the following corollary.
Corollary 5.2.2. Let k € N and let B C V(Q,,) with |B| < (}). Then

n n
r(B) > |Bl—— —2(").
(8 = 5 - 2()
Proof. We have

(B) = [BUr(s)] - |8 = 1Burm) - ()

Let ¢ = |B|. By Theorem 5.1.1 we can bound further to obtain

[BUT(B)| = [I(Se) U Se| = [T(Se)| = Z T(Se N [n]P)] > Z 07 (Sen]
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Applying (5.2) we then have

d k
ZWSK > s k+1_| | —nu_(@

1=0

completing the proof. n

Unfortunately the well-known inequality (5.2) is not quite strong enough for our
purpose, and so we will need the following result.
Lemma 5.2.3. Let m,r,i € N. If F C [n]") has order

A0 CY 0

6+ (F)| > |f|w (5.4)

(=00

We do not claim that Lemma 5.2.3 is unknown, but we have been unable to find

then

a reference and so we provide a proof here. The proof uses the following celebrated
result of Kruskal and Katona [36, 43].

Theorem 5.2.4. Let F C [n]") and let A be the first | F| elements of [n]") according
to <c. Then |0(F)| > |0(A)|.

Proof of Lemma 5.2.3. Let m,r,i € N and suppose F C [n]") satisfies (5.3). It
is easy to see that 07 (F) = (9(F¢))¢, and so it suffices to estimate |0(F°)|. By
Theorem 5.2.4, the size of the shadow of F¢ is at least the size of the shadow of the

initial segment of size | F| in the <¢ order on [n]™~").

So suppose that H C [n]™") is an initial segment of < order of size as in (5.3).
We first want to claim that

i—2 .
n—j—1
=% ("7 s

J=0

where 1 < s < (:’__1’) Indeed, observe that the first (:L) — (";z) elements in the <,
order on [n]™ are the sets that are not fully contained in [n] \ [i]. These can be

listed as the (’Zj) sets that contain 1, followed by the (’::f) sets that contain 2 but
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do not contain 1, etc., followed finally by the (f__f) sets A such that AN[i] =i A

similar argument holds for the lower bound in (5.3), which proves our claim.

For j =0,...,i—2, let
Hj:{AU{n+1—j,n+2—j,...,n}ZAE[n_j_l]n—r—j}’

so that |H;| = ("_j_l) = (”_j_l). Then H, being the initial segment of the <

n—r—j r—1

order on [n]("™"), can be expressed as the disjoint union H = U;;QO ;U S, where
S C {AU{R—!—Q—i,...,n} A€ [n_z‘](n—r—(i—n)}

has size s. We may then write the shadow of H as the disjoint union

OH = L_J (OH; \ (OHo U ...UI0H;_1)) U (OS\ (OHoU...UOH;_2)).

J=0

For each j, OH; \ (OHo U ... U OH,_1) contains exactly the sets of the form
AUu{n+1—-jn+2—37....,n} where A € [n —j — 1] =7=1 Writing S =
{Au{n+2—i,...,n}: A€ A} (so A C [n—i]™ (=) has |A| = s) we similarly
see that

Hence OH is the disjoint union

i—2
87-[:U{AU{n+1—j,n+2—j,...,n}:AE [n_j_u(n—r—j—l)}

=0

U{AU{n+2—1,...,n}: A€ dA}.
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Observing that (n —j — 1) — (n —r — j — 1) = r and applying (5.1), we see

1—2

n—j—1
|aw:z(n_r_j_1)+|a/1|.

=0
i—2 : .
n—j—1 n—r—(i—1)
ZZ( . )+ - 4]
=0
i—2

:in—r—j(n—j—l)+n—7“—(z'—1)8.
r r—1 r

J=0

If we divide the above expression by |#H|, we can think of this lower bound as a

“weighted average”, with the weights of the elements of H; equal to ”_:_j , and the

n—r—(i—1)

weights of the elements of S equal to . This last weight is the smallest,

hence increasing s only decreases this average. Therefore we get

oA | Tjmo " ("2
[#] ZE; (" )
s e
i (72
(1) — ()
O-00
completing the proof of the lemma. O

Corollary 5.2.5. The sequence %

r

(5.5)

n

in (5.4) is decreasing in i.

Proof. By (5.5) we have

() = () _ X2 (00
()= (") Yo ()

If we move from 7 to ¢ + 1 on the left-hand side, in the weighted average on the

n—r—i,

right-hand side we obtain another term ("Tf 1) with weight ; this weight is

smaller than all the preceding weights and so the average decreases. O]

The next lemma somewhat cleans up the multiplicative factor in Lemma 5.2.3.
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Lemma 5.2.6. Suppose o, c € (0,1) are such that (:) — (O;”) = c(:) Then

(TL) B (rofl) S n—r <1+ 1—0)
m-e St )
Proof. Suppose that (o‘r") =(1-¢) (:f) Then
an —i
(1-c)= ill n-—a1

:ﬁ(a—(l—a)nii)
Zﬁ(a—(l—a)nir)

i=0
I

an —r
n—r '

Hence we have that =" < (1 — ¢)"/". Thus

()=o)

We therefore have

()= () -a=g™) ()
) 0

n—rc+(l—c)(1—(1—-c)r)

r+1 c
n—r 1—c¢
= 1 1-(1—-¢)")).
r—i—l( + c ( ( C) >>

A generalisation of Bernoulli’s inequality says that if z > —1 and ¢ € [0, 1], then we
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have (1 + z)" <1+ tz. Applying this to the above formula we obtain

L) ) nor (1o o)

- e

n—r( 1—0)
1+ .
r+1 r

v

]

In the proof of Theorem 1.4.4 we first delete sets of vertices with too many unique
neighbours. The next lemma will allow us to impose that after this deletion, we get
larger and larger layers around vertices in our set.

Lemma 5.2.7. Let k = o(logn). For sufficiently large n the following holds. Let J
be a subset of the hypercube such that for all S C J,

n 1
r r <|S—(14+—]. .
EEN TS < I8l (14 5 (5:6)
Then for any vertex v and j < 2k, if |J NT7(v)| € [1, %(Z)], then

n

64k3

|JNTV2(v)| > |J N (v)].

Proof. Without loss of generality, throughout this proof we assume that v = (0, ..., 0),
so Z, = () and for all j we have I'V(v) = [n]¥). Let k = o(logn) and let J be a subset
of the vertex set of the hypercube such that (5.6) holds for all S C J.

Assume that there exists j < 2k with [JNTY(v)| € [1,4(})]. If j < k — 1, then
we may appeal to (5.2) to see that for sufficiently large n,

(N ()] n—j
JNTi(0)] — j+1

Now suppose that 7 > k. By Theorem 5.2.4 and the relation between the orders
<c and <p, |07 (J NTY(v))| is minimised when J N T7(v) is the initial segment of
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size |J NIY(v)| in the <z order on [n]V).

First suppose that [J NT7(v)| < (”_k(ijz)) for some ¢ > 1. Then all elements of
the initial segment of length |J N TV (v)| in the < order on [n]U) contain the set
[j — k +1]. So remove [j — k + 4| from all sets in J N IY(v) and instead work in
[n]\ [j — k +4]. We now have an initial segment of size |J N TY(v)| in the < order
in ([n]\ [j =k +i)* and so (5.2), together with the fact that j < 2k and i > 1,

give

n-j
k—it1

. n 1
> J — 1.
>1JNT (v)|k+1 <1+4k:)

0 (J NI (v))| = |7 N T (v)]

Finally let us consider the case when |J NTY(v)| > (";(f{l)). Since k = o(logn),
we have [J NV (v)| < 3(}) < %("_fjk) for sufficiently large n. Therefore we see
that all elements of the initial segment of length |J N T7(v)| in the <j order on
[n]Y) contain the set [j — k]. Hence remove [j — k] from all sets and instead work in
[n] \ [j — k]. For convenience, we relabel our ground set so that we work with the
initial segment of <; order in [m]® where m = n — j + k instead. For n (and so

also m) large enough we have

(1) -2 () -5 =3(0) 3 (72 wnw

By Corollary 5.2.5, we can apply Lemma 5.2.3 with F = JNTY(v), n=m,n—1i=

m(3)V*, and r = k, to get

() = (")

(1) = (")

0 (J NI (v))| = |7 N T (v)

(We note that m(%)"/* should be an integer to apply Lemma 5.2.3. This can be

fixed by considering the floor of m(3)'/*, but for ease of reading we refrain from
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doing this.) Now,

(57 _ m()VEm) = 1) ()Y~ k1)
( ) lm(m—l)...(m—k/;!—i-l) l(m)
).

IN

3 k! 3

so for n large enough we have (7]?) — (m(%k)l/k) > %(m) and we can apply Lemma
5.2.6 to find

A ) —k 1-—2
+ J > J m 3
0" (TNTI) 2 [T ()5 1+ )

:|erj(v)|Z;J (1+

- n 1
> | R 14+ —
> |JN (v)]k+1< +4k

In all cases, we see that

0% (J N TV (v))| > umrj(v)\kil (1+ﬁ). (5.7)

Since j < 2k, each vertex in IY72(v) is adjacent to at most 2(k + 1) vertices in
Ot (J NTY(v)). Together with (5.7), this gives

DT NI )\ T\ (v)] = [0%(J NI (0))] = (2K +2)|J N T ()|

> J _ j+2
_ijP@mk+1(L+ﬂJ (2k +2)|J NI (v)).

On the other hand, by assumption,

0 O D) \ T T ()] < 1 0] (1 ' 8%,) .

Together these inequalities give

n

(2k +2)|J T2 ()| > [T N rf(v)ym,
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and so [J NIV (v)| = i [/ NIV (0)]| = gis | NTY (v)]. O

16k k+1 64k3

5.3 Proof of Theorem 1.4.4

In this section we prove Theorem 1.4.4. The nature of the proof is much like
that of the Erdés-Simonovits stability arguments [19]. Starting with a set A with
close to minimal neighbourhood size, we first delete sets of vertices which contribute
too many unique neighbours (neighbours unseen by the rest of A). We then build
up, layer by layer, a rough structure around a vertex of A. If A has many vertices
in the j-th neighbourhood of a vertex v, then there must be many vertices of A
in T972(v) (else ANTY(v) has too many unique neighbours). This will mean that
for each vertex v € A, there is some j(v) such that almost all of A is contained in
%) (y), and we then show that j(v) = k for almost all v € A. This means we
find two vertices u,v € A at distance 2k from one another with j(u) = j(v) = k. A
pigeonhole argument then reveals a vertex w between u and v for which A is almost

entirely contained in T'*(w).

Proof of Theorem 1.4.4. Let k : N — N and p : N — R, be functions with k <
loen_ "} — O(p), and p = o(n/k?) as n — oo. Suppose A C V(Q,) with |A| = )

loglogn’

and |[T'(A)] < (kil) + (})p. For ease of reading, we now state the following two

claims here which we will prove later.

Claim 5.3.1. There exists B C A with |B| > (Z) — D(kfl)pk, where D > 0 is a

constant depending on p, such that for all S C B we have

EENTE\S) <18l (14 57 )

Claim 5.3.2. Let B C A be a set which satisfies Claim 5.5.1. Suppose that there is
a vertez u € V(Q,) and an integer { € [k, 2k] such that |BNT(u)| > %(2) Then

o= () -o(()w)

Fix a set B C A which satisfies Claim 5.3.1. We additionally claim that for all
v € B, there exists a j(v) < k such that [I%(v) N B| > |B| — O((,",)pk). Fix a
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vertex v € B and let j be the least integer such that

n

2(3+1)
|IBNT (v)| < nE

BN (v)]

(note that since v € B, we have |[BNT°(w)| = |[BN{v}| = 1). If j < k then, by

Lemma 5.2.7, |B N T% (v)| must be at least £(}), which means that we must have

24 > k. Since for n large enough we have %(Z) > 6‘2“3 (Z), by Claim 5.3.2 we obtain

IBATY%(v)| = (Z) —o<(kf1)pk). (5.8)

Suppose now that j > k£ 4+ 1. Then, by the choice of j, we obtain

n

64 k3

k1
|BN T2 ()] > < > = exp{(k + 1)logn — 3klogk + O(k)}.

On the other hand,

k
|B T2 (0)] < |B| < (Z) < % = exp{klogn — klogk + O(k)}.

Putting these together, we get

logn — 2klogk + O(k) < 0.

Since k < =1%" _ we have a contradiction and so j<k.
3loglogn’

For j <k, let H(j) ={v € B: j(v) =j}. Fix j < k, and suppose that there are
distinct vertices u,w € H(j) such that d(u,w) = 2j. Without loss of generality, we
may assume that Z, = () and Z,, = [2j]. Observe that

% () NI (w) = {UUW : U € [25]9, W e ([n]\ [2]])V}.

The size of this set is clearly (2]] ) (”_ij ) On the other hand

% (u) N T%(w) D T%(u) NI (w) N B

= B\ (B\T%(w)UB\T% ).
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Recall from (5.8) that [B\ I'¥(u)| = O((,",)pk) and |B \ I'*(w)| = O((,",)pk),

and so 0% () O T% (w)] > (Z) -0 <(k: i l)pk) '

Putting these bounds together gives (ij) (";23') > (Z) — O((kfl)pk). But j < k and

((57) =)

SO

Since k = o(logn), we have (2]3 ) (’;) = 0((})). We have a contradiction and so no

two vertices from H(j) can be at distance 2j from each other.

Since for any v € H(j) by definition we have |B\ I'¥(v)| = O((,",)pk), and no
two vertices from H(j) can be at distance 2j from each other, we obtain |H (j)| =

O((kﬁl)pk). Summing over j < k, we see

k—1
IH(k)IleI—Z!H(j)I

2181-0((, 2 Jok)
> () o ((2)w)

Since “most” of B lies in H (k) and for a vertex v € H(k), “most” of B lies in I'**(v),
there must exist two vertices in H (k) at distance 2k from each other. Let u,v € V

be such vertices and without loss of generality, suppose that Z, = () and Z, = [2k].

Any vertex in I'*(u) N T%(v) N B must be of the form X UY, where X € [2k]®)
and Y € ([n] \ [2k])®), and so any such vertex must be at distance & from some
vertex in [2k]®). For w € [2k]®) let f(w) = [{z € T®*(u)NT?**(v)NB : d(w, 2) = k}|

be the number of vertices in I'**(u) N '**(v) N B whose restriction to [2k] coincides
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with w. Then we have

Y flw)=[I*(w)NT*(v) N Bl

we|[2k] (k)
n n
> — .
= (k) © ((k - 1)]”“)

Hence by the pigeonhole principle, there exists a vertex w € [2k]*®) for which we

have ( )
IT*(w) N B| > (2) O(k%l pk:).
v) ()
Recall that k& < 31(1)‘;%:% and so (215) < 48 = no) = o(Ls). Since we have p =
o(n/k?), by Claim 5.3.2 we have |['*(w) N B| = (Z) — O((,",)pk), proving Theorem
1.4.4. [

We now complete our argument by proving Claims 5.3.1 and 5.3.2.
Proof of Claim 5.3.1. Let us run the following algorithm.

Initialization Set i =0, By = A,

while 35 C B; such that [[(S) \T(B; \ S)| > |S| G5y (1 + 5;) do
pick such an S;

set 1 =14 1;

set L; = S;

set BZ = Bi—l \ S,
end

Suppose that the algorithm terminates when i = m. An easy induction gives

|_Z|F (Bic1 \ Li)| + [T(Bm)]-
Recall that for each i we have [I'(L;) \ I'(Bi—1 \ Li)| > |Li| 735 (1 + 7). and so

A2 0 Bal i (14 5 ) + PGB
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Corollary 5.2.2 gives [['(B,)| > | Bl — 2(). Therefore

DA 2 AN Bl + 14\ m'gk(k+1)+| m|k+1 2(Z>

Bl ()
~ Mo = k)'k+1+“4\ m‘m_Q(Z)

() it o)

Since by assumption [T'(A)| < (,7,) + (7)p and p > 1, we obtain

s ()22
)
D(kfl)pk,

where D > 0 is such that Dp > 16p + 32. Setting B = B,, we obtain the desired
result. O

=|A
|k:

| /\

IN

For the proof of Claim 5.3.2 we first appeal to Lemma 5.2.7 to get that BNT(v)
is at least £ (7). From here, we consider B as the union of BNI'(v) and B\I':(v). We
bound below the neighbourhood of B by considering the size of the upper shadow
of BN T!v) and the neighbourhood of B\ I''(v). We also have to worry about
the overlap, but this is relatively small since any vertex of B\ T''(v) sees little of
[+ (v). For the upper shadow of BN Fl( ), we just use the Kruskal-Katona and

the LYM inequality to get expansion For neighbourhood of B\T'(v), we apply

ey
Harper’s Theorem and then Lemma 5.2.3. Since B\ I''(v) is not too large, we get
pony (1 +¢) for some e > 0. We then are able to conclude that B\ T(v)

is very small else B has too large a neighbourhood.

an expansion

Proof of Claim 5.3.2. Let B be the set given by Claim 5.3.1 (so |B| > (Z) —

D(,",)pk). Let v € V(Q,) be such that for some ¢ € [k, 2k] we have |[B N T'(v)| >

%(2) (Without loss of generality we again assume that v = (0,...,0), so that
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Z, = 0.) If we also have |[BNT*(v)| < £(}) then by Lemma 5.2.7 we have

+o n  65k* n
BT W) 2 gm0 k: =\

which contradicts the fact that [B| < (}). Therefore we may assume that |B N

I(v)] > 1(}) and so [ANT v)| > 2(}) and [A\T*(v)| < 1(}). I [ANT (v)| =

(Z) — O((kfl)pk) then we are done. Hence, throughout the proof, we assume |A \

I(v)| > (") (pk +2) (recall that k > 1 and p is bounded away from 0).

We can undercount the neighbourhood of A as follows: We count the neighbours
of ANT*w) in T*"1(v) (ignoring the neighbours in T'*~1(v)). We then add the
neighbours of A\ I'(v) not in T'**!(v). Since any vertex in A \ I'“(v) has at most
¢ + 2 neighbours in T (v) we have

ID(A)] > [T(ANT () NI (v)] + DA\ T (v)] = [ANT (0)[(€+2).  (5.9)

As we remarked at the beginning of the proof, we may assume |A \ T(v)| >
(,",)(pk +2). By Theorem 5.1.1, [[(A\ I'*(v))] is at least the upper shadow of the
first |T(A\ T(v)| — S0 (") elements of [n]* according to the <, order. Write

C<Z) |A\ T (v) kzo( ) (5.10)

and observe that by the assumption that |A\ T'(v)| < 3 (}) we have ¢ < 1/2.

Let a € (0,1) be such that
7 2 (7 (o
k) \k k)
Since |[A\T*(v)| > (}) — (%), by Lemma 5.2.3 and Corollary 5.2.5 we have

ID(AN\T ()] > 07 (A\T(v))]

> |A \ PZ( (ki ) (kofl) '

-0

(As in Lemma 5.2.7 we refrain from ensuring things are integer valued for ease of
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reading.)

Recalling the relation between o and ¢, Lemma 5.2.6 gives

DA\ T (0))| > C<Z)Z—;’f (1 ;1 - c) | (5.11)

We clearly have
ID(ANT (v)) NI (v)| = |07 (AN T (v))].

As we mentioned earlier, for a family A C [n]® we have 9t A = (9.A°)¢, thus by
Theorem 5.2.4 the size of the upper shadow of A is minimised when A° is isomorphic
to the initial segment of colex <¢ on [n]"~, i.e., when A is isomorphic to the initial

segment of lex <y, on [n]®.

If [ANT (v)| > (}) — O((,",)pk) then the claim holds and there is nothing
to prove. Hence, since p is bounded away from 0, we may assume that %(2) <

|ANT (v)| < (Z) — (k:)k Applying the Pascal’s rule k times, for n large enough

we have
ANT ()] < (Z) - (kﬁl)k
(")) - ()
(L) (e =)

Recall also that we have k£ < ¢ < 2k. This implies that (";k) < ("f(ﬁfk)). Hence
every set in the initial segment of size |A N T (v)| of <1 on [n]¥) consists of the set
[¢ — k] union one of the ("_(ﬁ_k)) subsets of [n] \ [¢ — k] of size k. Hence we can
again imagine removing [¢ — k| from all sets in our segment and instead working in
[n] \ [¢ — k]. We now have an initial segment of size |A N T¢(v)| in the <; order

in ([n] \ [¢ — k])® which we denote by H. Then (5.2), together with the fact that
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¢ < 2k, gives

0 (ANT ()| = [0F(H)]

n—{—k)—k
> Jan )t

. |AmF’Z(v)IZ;]f +0 ((Z» '

We know that [A\T*(v)|(¢+2) = O((}) k). Substituting (5.11) and (5.12) into (5.9)

then gives

s e eo (1)) e ()it (1) o ()
) ()

Since we defined ¢(}) = [A\T*(v)| — Zf:ol ("), and also we have ¢ < 1/2, we obtain

r(4)] > (|A| —Z (")) o +£k(k:il> o (1))

1=

Since we assume |[I'(A4)| < (k+1) +0((})p), and k = O(p), we must have ¢ = O(’%Q).
By the definition of ¢ in (5.10), we then have |4\ I'(v)] = O ((,",)pk) and so
|B\T*(v)| = O ((,",)pk). Since |B| > (}) — D(,",)pk, we then have |[BNT*(v)| =

(1) = O (("1)pk)- -

(5.12)
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Chapter 6

Shotgun assembly of the

hypercube and set-system stability

6.1 Introduction

In this chapter, we address the question of shotgun assembly of the vertex-
coloured hypercube from the collection of r—balls centred at the vertices of the
cube. We will need some notions of distances between colourings. Suppose x and

are {0, 1}-colourings of the same graph G = (V, F), then we define

D(x,v) = [{w eV : x(w) # (w)} |

For isomorphic graphs G and H, and for a colouring y of G and ¢ of H, we define

d(x, ) = iSOI}}iGgHD(X, Yo f),

where the minimum is taken over all graph isomorphisms.

We say that two colourings x and ¥ on G and H respectively are equivalent
(x = ) if and only if d(x,v) = 0, and we define the equivalence class [x] of a
colouring x accordingly ([x] = {¢ : x = ¢}). For a colouring x and r > 0, let
X" (v) := x|B, () be the coloured r—ball around v. We say that y and ¢ are r-locally
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equivalent (x =, 1) if and only if there exists a bijection f : V(G) — V(H) such
that x) (v) = ) (f(v)) for all v € V.

We say that a colouring x is r-distinguishable if there is no colouring A such that
X =, A but x 2 A, and we say x is r-indistinguishable if it is not r-distinguishable.
Thus y is r-distinguishable if the collection of local colourings of r—balls determines
the global colouring. Given r-locally equivalent colourings y and A of the vertices
of the hypercube, there exists a bijection f such that x™(v) = A" (f(v)) for all
v € V(Q,). It is clear then that A = xy o f~!, and A = x if and only if f can
be chosen to be a graph isomorphism. In what follows, we define x; by xf(v) =
x © f~'(v). For a colouring y of the hypercube @, let Isom(y) be the set of
bijections f : V(Q,) — V(Q,) such that x(v) = (x;)"(f(v)) for all v € V(Q,).
So x is r-indistinguishable if and only if there exists a bijection f € Isom™ () which
is not a graph automorphism. In other words, if x is r-indistinguishable then there

exists a bijection f € Isom™(x) and two non-adjacent vertices u,v € V(Q,) such

that f(u)f(v) € E(Qy).

We will concern ourselves with the problem of whether random colourings of the
hypercube are distinguishable.
Definition 6.1.1. Let p be a probability mass function on N. A random pu-
colouring of the hypercube V(Q,) is an independent collection of random variables
(x(v))vev(q,) each with distribution p. For a natural number ¢, we will write g¢-

colouring instead of Unif([¢])-colouring.

We show that for r = 2 and p not too small, with high probability, a random
(p, 1 — p)-colouring of the hypercube is 2-distinguishable.
Theorem 1.5.1. Let € > 0 and let p = p(n) € (0,1/2] be a function on the natural

—1/4+4€

numbers such that for sufficiently large n, p > n . Let x be a random (p,1—p)-

colouring of the hypercube Q),,. Then with high probability, x is 2-distinguishable.

A direct corollary of this result is that random colourings of the hypercube are
reconstructable with high probability from its r-balls for > 3. In this case, however,
there is an easy argument attesting to this - with high probability the colourings of
the (r — 1)-balls are unique and then one can place (r — 1)-balls inside the r—balls.
We are also able to prove a similar result when we have more colours (see Section

6.6 for a discussion of this).

Theorem 1.5.1 does not hold for 1-balls however. Indeed, if the hypercube is g-

coloured where ¢ = o(n), then there are asymptotically fewer collections of colourings

of the 2" 1-balls than there are g-colourings of the hypercube: let g(n) = —'~=

w(n)
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where w(n) — oo as n — oo. Allowing for automorphisms, there are at least
¢ — 92" log(@)(1+o(1)) pogsible colourings of the hypercube; on the other hand there

27!
are q(nzfil) ways of colouring a 1-ball (up to isomorphism).

. q n og 3w(n
<n+q 1) < (3_”) = (3w (n)) "™ = 2" Nt = 2000),

q—1 q

n—+q—1
q—1
of the 1-balls (assuming ¢ > 2) is at most

(E67) < ()

< 92"(1+o(1)

and so q( ) = 0(2"). Therefore the number of possible collections of colourings

- 0 (22" 1og(q)(1+0(1))) )

Therefore at least €(n) colours are required. We prove the following upper bound
on the number of colours required.

Theorem 1.5.2. There exists some constant K > 0 such that the following holds:
Let q > n2HELg 20 g of x be a random q-colouring of the hypercube @Q,,. Then
with high probability, x is 1-distinguishable.

The proof of Theorem 1.5.1 has some probabilistic elements but also uses some

structural properties of the hypercube. Indeed, we will make use of Theorem 1.4.4.

The chapter is organised as follows. In Section 6.2 we prove some probabilistic
tools we will use in our proofs. In Section 6.3 we prove some structural results
regarding subgraphs of the hypercube. In Section 6.4 we prove Theorem 1.5.1, and
in Section 6.5 we prove Theorem 1.5.2. We conclude the chapter in Section 6.6 with
some related problems and open questions. We first finish the current section with

an overview of the proof of Theorem 1.5.1 and some notation.

6.1.1 Outline of proof and notation

A colouring of the hypercube x is 2-indistinguishable if there is another colouring
A which is not equivalent to x but has the same collection of 2—ball colourings. Recall
that we may express A as A = x where f is a bijection on the hypercube which is not
an automorphism. Recall that we write Isom®(y) for the collection of bijections

f for which x and x; have the same collection of 2-balls colourings. We prove
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Theorem 1.5.1 by showing that with high probability every bijection in Isom®(y)

is an automorphism, and so no such A can exist.

To do this, we first consider what sort of properties a function f € Isom(2)(x)
would almost surely have to display. In Section 6.2 we look at the neighbourhood
['(v) of a vertex v, and consider how spread out its image f~'(I'(v)) is in the hy-
percube. We show that with high probability, for every vertex v, the second neigh-
bourhood T'?(f~1(T'(v))) is not very large. From here we prove in Section 6.3 that
f~HT(v)) must closely resemble a neighbourhood of a vertex g(v) for each vertex
v. Tt follows that with high probability each bijection f € Isom® (x) roughly maps
neighbourhoods to neighbourhoods.

This rough mapping of neighbourhoods forces a certain amount of rigidity of f=!;
around each vertex, there must be a large structure which is invariant under f—!.
If an f € Isom® (x) exists which is not an automorphism, then there must be two
non adjacent vertices v and v with f~'(u) and f~!(v) adjacent. But u and v each
have a large structure around them invariant under f~!. The colourings of these
two large structures must then fit together. We show that the probability of this
occurring is small. We may conclude that Isom(2)(X) contains only automorphisms
with high probability.

The proof of Theorem 1.5.2 is similar. This time, we show that with high prob-
ability, for every vertex v, the neighbourhood I'(f(I'(v))) is not very large. Since ¢
is so large, with high probability, the colourings of 1-balls have very little overlap,
and so it cannot be that f(I'(v)) has large clusters around more than one vertex.
We combine these to show that f(I'(v)) has a large cluster around some vertex g(v)

for each vertex v. The remainder of the proof mimics that of Theorem 1.5.1.

We record here for reference some notation that will be used later in the proofs.
The reader might want to skip some of these now, as they will all be introduced in
Section 6.3.

e Fori € [n], we define e; € {0, 1}" as the vector whose i-th entry is 1 and whose

other entries are 0.

Given a colouring y, x"(v) is the restriction of x to the rball around v.

Bij is the set of bijections f: V(Q,) — V(Q,).

e Given a colouring x and a bijection f € Bij, we define x5 by x(v) =
X (f7H(v).
Given a colouring , Isom™ (y) := {f € Bij : " (v) = ng)(f(v)),‘v’v € V(Qn)} :
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e Clusterl, = {f € Bij: Vo € V(Q,), [I"(f(T'(v)))] < (T_Til) + R} (see Definition
6.2.5).

e Mono!, is the set of bijections f € Cluster} for which, for all v € V(Q,,), there
exists at most one vertex w € V(Q,) such that |f(I'(v)) N T'(w)| > ¢ (see
Definition 6.3.8).

e Localy is the set of s-approximately local bijections (see Definition 6.3.1).

e Diag, := {f € Locals : f,. = f} is the set of diagonal s-approximately local
bijections (see Definition 6.3.12).

o Self, := {f € Local, : f, = f} is the set of s-approximately local bijections for
which the dual of f is itself (see Definition 6.5.2).

6.2 Probabilistic arguments

In this section we show that we need only consider bijections f such that f—!
“behaves well” on neighbourhoods: for every vertex v, the second neighbourhood
of {f(w):w € I'(v)} is not too large. Before we do this, we show that under the
assumptions in Theorems 1.5.1 and 1.5.2, the colourings of 1-balls and 2-balls re-
spectively differ greatly from one another. To do this, we will need the following
bounds on the tail of the Binomial distribution (see [49] for the proof of Lemma
6.2.1).

Lemma 6.2.1 (Chernoff’s Inequality). Let n € N,p € (0,1) and ¢ > 0. Then

P [Bin(n, p) < np(1 — £)] < exp {—52;”9 } .

Lemma 6.2.2. Fiz K > 0 and let p = p(n) € (0,1/2] be such that np — oo. Then
for 0 < ¢ < K such that n/2 + c\/nlogn is an integer we have

2

P |:B1n<n7p) =np+c\/np IOg np] =0 ((np>_(§+c2<1—2(1p—p)))> (61)
uniformly over c. Furthermore

P [Bin(nvp) > np + c\/m] =Q ((np)%ﬂ” [Bin(n,p) =np+ c\/m}) (6.2)

107



Proof. Let K > 0 and suppose 0 < ¢ < K. Let r = cy/nplognp. We first prove
(6.1). We have

P [Bin(n,p) =np+ cy/nplog np]

np—i—r o \n(l-p)—r
(np + r)p
_ nlpnp+r 1 —p
(np +r)!(n(1 - ) )
_o Vn(n/e)"prtr (1 —p)"t

n(l—-p)—r

\/@ (%ﬂ)np—&-r n(l — p) (n(lfep)77‘>

e (\/2_]3 <p +pr/n)np+r (%) n(l—p)—r>
e (\/Ln_p (1 + an) —np—r (1 _ n(lv“_p)>n( pm) |

By Taylor expansion of log(1 + z),

14+~ o e r 4 r 10 r’
— =expy — — .
np P 2np (np)?

Analogously,

(i) el e ()

Therefore

P [Bin(n,p) =mnp + cy/nplog np]

N R )

E\/Z—p exp {—62 lognp)G + %) +0 (K3( )2 log™? >}>
— 0 ((np) Grzta) )|

I
@
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Now (6.2) follows immediately by observing that for 0 < ¢ < ns,

P |Bin(n,p) = np + c¢y/nplognp + t} > P [Bin(n,p) = np + cy/nplognp + (np)%}

= 0 (IP [Bin(n,p) =np+ CWD )

O

The next two lemmas show that with high probability the pairwise distances
between colourings of the r-balls around vertices are large.
Lemma 6.2.3. Let p = p(n) € (0,1/2] be such that £~ — oo. Let x be a random

logn

(p, 1 — p)-colouring of the hypercube Q,. Then with high probability, there do not
exist distinct vertices u,v € V(Q,) such that d(x® (u), x?(v)) < M.

Proof. Let x be a random (p,1 — p)-colouring of the hypercube @Q,. Let u,v €
V(Q,) be distinct vertices and let b : By(u) — Bs(v) be an isomorphism. Let
T = (By(u) N By(v)) Ub H(By(u) N By(v)) and let Y = (Bg(u) \ T') U b(Ba(u) \ T).
Let

N =Hw e By(u) \ T : x(w) # (x 0 b)(w)}|.

Since (x(w))wey is a collection of independent (p, 1 — p) random variables,

n?>+n-+2

NwBin( - |T\,2p(1_p)>.

A simple counting argument shows that |T'| < 4n and so (for sufficiently large n)

we may apply Lemma 6.2.1 to get

P [Bin (” S ap(1 —p>) < M]

IA

2 2

o )2 ()

S RLIEY

p {N < n?p(1 —p)}

Taking a union bound over all possible choices of vertices u, v and isomorphisms b we
obtain that the probability that there are distinct vertices u, v with d(x® (u), x® (v)) <
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1s at most

n?p(1—p)
2

22! exp {—"2’&1—8_29)} =o(1).

O

Lemma 6.2.4. For every e > 0 there exists a constant K > 0 such that the following
holds: Let ¢ > n'™® and let x be a random q-colouring of the hypercube @Q,,. Then
with high probability, there do mot ezist distinct vertices u,v € V(Q,) such that
d(xW(u), x(v)) < n— &

logn*

Proof. Let e > 0 and let K > 4/¢. Let ¢ > n'™ and let x be a random ¢-colouring
of the hypercube @,. Let u,v € V(Q,) be distinct vertices. Let T" = I'(u) N T'(v),
and let Y = I'(u) \ 7. Then (x(w))wey is a collection of independent Unif ([¢])
random variables independent of S := {x(w):w € I'(v)}. Let us first observe S
and then set N := {w € I'(u) : x(w) € S}. Then (conditional on S) the probability
that an arbitrary r-tuple of Y is a subset of N is (|S|/q)". Let r = {%W —2. We
can apply a union bound to get

P[IN|>r+2] < Z P[ZC N} < ('i') (1S|/q)" < (M)

.
Zey® q

Since | S|, |Y| < n, for sufficiently large n we therefore have

eKn

P[N|>r+2] < (en’/rq)" < (BK 'n°logn)" < 23 < 975

Taking a union bound over all possible pairs of distinct vertices u,v we obtain
that the probability that there exist distinct vertices u, v with d(x® (u), x" (v)) <

1ZgKn is at most 222" Since K > 1, we see the probability is o(1). O

n —

We now come to considering the local behaviour of bijections of the hypercube.
For this we will need a notion for how spread out the image of a neighbourhood
is. Note that if f is an isomorphism then, for any vertex v, [["(f(I'(v)))| =
D] = ().

Definition 6.2.5. For natural numbers r and R (where R may be a function
of n) define Cluster, to be the set of bijections f : V(Q,) — V(Q.) such that

110



7 (F(T)] < (7)) + R for all v € V(Qy), ie.

r+1

Cluster’, = {f € Bij : Vo € V(Q,), [I"(f(D(v)))] < (T _’i 1) + R} .

We now show that if y is a random 2-colouring and K > 0 is sufficiently large,
then with high probability, every f € Isom® (x) satisfies f~1 € Cluster%nzp_llogn.
This means that in Theorem 1.5.1 we need only consider bijections f such that
for every vertex v, the set f~!(I'(v)) has a second neighbourhood that is close to
minimal in size.

Lemma 6.2.6. Let p = p(n) € (0,1/2] be such that 7, — oco. Then there exists a
constant K > 0 such that the following holds: Let x be a random (p,1—p)-colouring
of the hypercube Q,. Then with high probability, every f € Isom@)(x) satisfies

—1 2
J7 € Cluster,2,-110gn-

The proof of Lemma 6.2.6 is a little hard to follow so we provide a brief out-
line here. Let x be a random (p,1 — p)-colouring of the hypercube @,, let f €
Isom® () and fix a vertex v € V(Q,). Recall that f € Isom®(x) means that
XA (fH(w)) = X?) (w) for each neighbour w of v. Therefore it is possible to “match
up” (X (w))uer2(s(r@))) With (xf(4))ueBs@)- We bound the probability that this is
possible by considering whether it is possible for (x(u))uerz(s-1(r(v))) to match up
with any colouring of Bz(v). If T?(f~*(T'(v))) is too large, then this happens with
very small probability because we have to match up too many colours. Applying a
union bound, we are able to conclude that T?(h~1(T'(x))) must be sufficiently small

for any h € Isom® () and = € V(Q,,).

Proof. Let x be a random (p, 1 — p)-colouring of the hypercube @),,. Suppose there
exists an f € Isom®(x) such that f~! ¢ Cluster%ngp,llogn (for K > 0 to be
determined later). Pick v € V(Q,) such that [P*(f~1(T'(v)))| > (3) + Kn’p~*logn.
Since f € Isom®(y),

WP+ e) 2O (f (0 + )

for each i € [n], and so there is a permutation 7% of [n] such that for all distinct
Jik e [n]

Xr(v+ei+e +ex) = x(f v+ e) + enig) + erigr)-

Let A= {f"v+ei),....,fHv+en)}, so then (x(u))uerz(a) is determined by
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(x © f7H(w))uer@yursw) and (7");c,. Therefore there must exist a 2-colouring ¢ of
I'(v)UT3(v), asubset A C V(Q,) for which |A] = n and I’?(A) > () + Kn’*p~*logn,
and a family of permutations (7");,), which is compatible with (x(u))yerz(a). Fix

a vertex v, a colouring ¢, a set A and a family of permutations (7).

We may express each vertex w € I'(v) UT?(v) as w = v + e; + €; + e, where
J # k and we carry out addition mod 2. Further fix this expression of w so that i
is as small as possible and j < k (so for each w € I'(v) UT?(v) we have fixed i, j, k
such that w = v + ¢; + ¢; 4+ ;. Then if the vertex v, the colouring ¢, the set A
and the family of permutations (7°);cjn) are compatible with (x(u))uerz(s), we have

X(fHv + e) + eri(j) + €xi(ry) = c(w). For ease of reading, define h by
h(i, g k) = (0 4 €5) + exigg) + enigpy-

By independence, the probability that (x(u))uer2(a) is compatible with v, ¢, A and

(Wi)ie[n] iS

H pioclvteteiten) (1 _ p)c(v+ei+ej+ek), (6.3)
h(i,5,k)€T2(A)

(Note that we are using the colours 0 and 1.)

We have an injection ¢ : T'(v) U T3(v) — T?(A) such that y ot = c. Let B =
t(T'(v) UT3(v)). Splitting (6.3) into B and I'*(A) \ B gives

—c(v+e;te;jte c(vte;+e;+e —c(t Yz c(t— Yz
I1 plrewreterten (1 pyelvertestan) TT plet @) (1 — p)et'@)
h(i,5,k)€T2(A)\B zeB

2 —clw clw
< (1 — p)IFENBI H ple) (1 — p)yet),
weTl (v)UT3 (v)

Consider that the right hand product is the probability that a random (p, 1 — p)-
colouring of T'(v) UT®(v) (denote this random colouring Q) is equal to c¢. Recall that
IT2(A)| > (5)+EKn?*p'lognand |B| = (})+nso that [[2(A)\B| > Kn’p~'log n—n.
Therefore the probability that (x(u))uerz(a) is compatible with v, ¢, A and (7°);ep)
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1S at most

(1—p)NBIPIQ =] < exp {—p(Kn’p~"logn —n)} P[Q = (|

< exp {—grﬂ logn} PlQ=c]. (6.4)

The number of choices for v, A and the permutations (7);cp, is at most
279" (n))* < exp {Cn*logn}, (6.5)

so the probability that (x(u))uer2(a) is compatible with a fixed ¢ and any such choice

of v, A and permutations (7");cp, is at most

exp {Cn”logn} exp {—%nQ logn} P[Q = c] =exp { (C’ — %) n? logn} PlQ = ].

Finally, we sum over the colourings to get that the probability (x(u))ucr2(a) is
compatible for any such choice of v, ¢, A and permutations is at most exp {(C — %)n2 log n}

This upper bound is then o(1) if K is large enough. O

In fact for any C' > 1, if n is sufficiently large, then (6.5) holds, and so the result
holds for any K > 2. A similar result holds for g-colourings of 1-balls.
Lemma 6.2.7. Let a > 0 and let ¢ : N — [, 00). Then there exists a constant
K > 0 such that the following holds: Let q > Kn'"= and let X be a random
q-colouring of the hypercube Q,,. Then with high probability, every f € Isom(l)(x)
satisfies f~1 € Clusteri(

n)n? -

1
24+0(log" 2 n

In Theorem 1.5.2, we consider ¢ = n ) which corresponds to £(n) =

z - @(log_%(n)). The proof of Lemma 6.2.7 is much like the the proof of Lemma

6.2.6 but in order to minimise the exponent in Theorem 1.5.2, we carefully bound

the choice of permutations.

Proof of Lemma 6.2.7. Let ¢ = £(n) be as above. Let K > 0 be a constant (which

we will choose later) and let ¢ > K n'*2. Let x be a random ¢-colouring of the

hypercube @,,. Suppose there exists an f € Isom(l)(x) such that f~' ¢ Cluster. ,,

and pick v € V(Q,) such that [D(f~'(I'(v)))] > (5) + en®. Note that for each

i € [n], X;I)(v +e;) =2 xW(f~H(v +¢;)) and so there are permutations 7° of [n] for
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each i € [n], such that for distinct i,j € [n]
Xf(U -+ €; -+ Gj) = X(f71<1} + Gi) + ewi(j)).

Let A={f""(v+e1),...,["(v+en)}. Then (x(u))uer(a) is determined by (x r())uep, ()
and (7);c,. Therefore there must exist a g-colouring c of By(v), a subset A C V(Q,,)

for which |A| = n and T'(A) > (})+en?, and a family of permutations (7)e[,, which
determines (x(u))uer(a). Fix a vertex v, a colouring ¢, a set A and a family of per-
mutations (7);cf,). Then the probability that (x(u))uer(a) is compatible with v, ¢, A

and (7);efy is ¢~ T,

+OM) choices for the colouring ¢, and 20"

There are 2™ choices for v, and q@)
choices for the set A. Fix a vertex v, a colouring cand fix A = {f Y (v +e1),..., [Hv+e,)}
with [T(A)| > (5) + 1 4+ e(n)n®. For ease of reading we define a; = f~'(v + ¢;)
for each i € [n]. Since ¢M(v + ¢;) = YV (a;), there has to exist a permutation
7' such that c(v + e; + ex) = x(a; + eqigy) for all k € [n]. For each i € [n],
consider an equivalence relation ~; on permutations where m ~; 7’ if and only if
c(v+e;+exm) = c(v+e;+enpy) for all k € [n]. For each i € [n], pick an arbitrary
permutation from each equivalence class to form a set of representatives P. So then
for all 7 € [n] there must be a 7" € P* such that c¢(v+e; +ex) = x(a; + exi)) for all
k € [n].

Let r; = |I'(a;) \ T'({a1,...,a;-1})|- Note that if we have picked permutations
nl, ..., 7 then we have at most r;! choices from P* for permutation 7 (since the
colours of n — r; neighbours of a; have already been determined). We can therefore

bound the total number of choices for the permutations (from the P?) by

H ! < n2icln M — T

1€[n]

By a union bound, the probability that (x(u))uer(a) is compatible with any choice

of v,¢, A and (7");epn 1s at most

2nq<g)+o(”) Z n|F(A)|q*‘F(A)| < 2nq<g)+0(n) Z(n/q) (g)+8n2
A A
q(3)+0(n)20(n2) (n/q) (5)+en?

nn2 ( % +e) q—6n2+0(n) 20(n2) )

IN

IN
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Recalling that ¢ > K nl*+3= and that ¢ > « we see that this probability is at most

an(%Jrs)nfeanérﬁJrO(n)K75n2+0(n) 2O(n2) S 20(n2)K7cm2.

If K is sufficiently large, then this upper bound is o(1) and we are done. O

6.3 Structural results

Let A C V(Q,) with |A| = n. In this section, we start by proving a stability
result regarding the size of the neighbourhood of A. We will also prove a slightly
weaker stability result when the neighbourhood of A is allowed to be quite large.
This allows us to later deduce some properties of functions f € Isom™ (x) where x
is a random colouring.

Definition 6.3.1. For a natural number s (which may depend on n) we say that
a bijection f on V(Q,) is s-approzimately local if for all v € V(Q,,) there exists a
g(v) € V(Q,) such that |f(I'(v)) NT'(g(v))| > n —s. We call the function g a dual

of f.

If f has a unique dual g, then we write f, = ¢g. Note that this will be the case
when s < ¢ and additionally g is a bijection. We also define Local, as the set of

s-approximately local functions.

Note that if f is s-approximately local, then the set {f(w) : w € I'(v)} is clus-
tered around a vertex of @, although perhaps not around f(v). Note also that a
bijection f being s-approximately local where s is small does not force f to be an
automorphism. For example, the map on ()9 that fixes vertices of even weight and
maps vertices of odd weight to the antipodal point is 0-approximately local but not

an automorphism.

We will make use of Theorem 1.4.4 when k = 1. For ease of reading, we restate
the result when & = 1 here.
Theorem 6.3.2. Let s be a function with s(n) — oo and s(n) = o(n) as n — oo.
Then there ezists a constant C' (which may depend on s(n)) such that the following
holds: If A C V(Qy) with |A] =n and |[(A)| < (3) +ns(n), then there exists some
w € V(Qy) for which |T'(w) N A| >n— Cs(n).

We also make use of the following well-known result of Harper [33] which provides

a lower bound for sizes of neighbourhoods.
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Theorem 6.3.3. Let <y be the ordering of V(Q,) such that A <y B if |A| < |B|
or if |A| = |B| and max((AUB)\ (AN B)) € B. For each { € N, let Sy be the first
¢ elements of V(Q,,) according to <g. If D C V(Q,,) with |D| = ¢, then

IT'(D) U D| > |I'(Se) USy.

An application of this theorem shows that for A C V(Q,,) with |A| < n,

D(A)UAl > 14n+ (;l) B <n—(|;1|—1)>

= l4n+ (Z) = <(” _2"4') +n— |A|)
L+ 4] + (g”) _ (” _Q‘A’).

Then since |[I'(A4)| > [I'(A) U A| — |A| we see

P(A)] > (Z) - (" ‘2"4'). (6.6)

The following result is a simple corollary of Theorem 6.3.3.

Corollary 6.3.4. Let r > 2 and let s(n) be a function with s(n) — oo and s(n) =
o(n) as n — o0o. Then there exists a constant C > 0 such that the following holds:
If ACV(Qy) is such that [T'(A)] < (%) +n""ts(n), then |[A] < (")) + Cn"2s(n).

Proof. Suppose that A C V(Q,,) with |A] = (")) + [Cn"2s(n)] (where C' > 0 is a
constant to be specified later). Let S be the first |A| elements of V(Q,,) according
to <p. By Theorem 6.3.3,

T(A)]

v

IT(A) UA|—|A]
> [D(S)US|—19].

S may be written as B,_1(0) U S’ where S’ is a subset of [n]") with |S| = |A| —
|B,_1(0)|. Thus we have I'(S) U S = B,(0) UT, where T = I'(S") N [n]"+Y). By the

local LYM inequality (see [46, Ex. 13.31(b)]), |T'| > %55 |5"[, and so [I'(S) U S| >
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| B,(0)] + 25 |5"[. Therefore for sufficiently large n,

n —

A 2 [B(0)] + =8 = (1B (0)] +15')

n n—2r—1
= ( )+—\S’|.
r r+1

For sufficiently large n, |S'| = [A] — |B,_1(0)] > (C/2)n"2s(n) and 2=2=1 > =

r+1 = 2
and so o
n
I(4)| > "1s(n).
012 (1) + 5oy s(o
So we see that if C' > 2(r + 2), then I'(4) > (") + n""'s(n). O

An application of Corollary 6.3.4 gives the following corollaries which will later
be used in conjunction with Lemma 6.2.6.
Corollary 6.3.5. Let s(n) be a function with s(n) — oo and s(n) = o(n) asn — oo,
and let v > 1. Then there exists a constant K = K(s(n),r) > 0 such that if
A C V(Qn) with |A] = n and [T7(A)] < (,7,) + n"s(n), then there exists some

w € V(Qy) for which |T'(w) N Al > n— Ks(n).

Proof. We will prove this result by induction on r. The base case r = 1 is just
Theorem 6.3.2 and so we just need to prove the inductive step. Let s(n) be a
function with s(n) — oo and s(n) = o(n) as n — oo, and let r > 1, and suppose
|A| =nand |[T"(A)| < (,"',) +n"s(n). Then we may apply Corollary 6.3.4 to I""*(A)

r+1
to see that there is a constant C' with |[T"1(A)| < () + Cn""'s(n). The result then
follows by the inductive hypothesis. O]

Corollary 6.3.6. Let r > 1, and let s(n) be a function with s(n) — oo and s(n) =

o(n) as n — oo. Then there exists a constant K > 0 such that any bijection
[ V(Qn) = V(Qn) such that [T"(f(T(v)))| < (%)) +n"s(n) for all v € V(Q,) is

r+1
K s(n)-approzimately local.

Proof. Let r > 1, and let s(n) be a function with s(n) — oo and s(n) = o(n) as
n — oco. Suppose that [I7(f(T(v)))| < (,},) +n"s(n) for each vertex v € V(Qn).
By Corollary 6.3.5, there exists a constant K > 0 such that for all v € V(Q,,), there
exists a g(v) € V(Q,) such that [['(g(v)) N f(T'(v))| > n — Ks(n). Then g is the

dual of f realising that f € Localg(). O]

While Corollary 6.3.6 is needed for our proof of Theorem 1.5.1, it is not enough
for Theorem 1.5.2 where we will need to allow s(n) = ©(n). It would be helpful to
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have a result similar to Theorem 6.3.2 in this case. Here, we prove a result with
the added condition that the set A does not cluster too much around two different
vertices.

Lemma 6.3.7. Let t(n) > 5 be a function with t(n) — oo and t(n) = o(n) as

n — 0o, and let s(n) be a function on the natural numbers such that 1 —2s(n)n=' —

14y/t(n)/n > 0. Suppose that A C V(Q,) with |A| = n and [T(A)] < (5) + s(n)n
and suppose there do not exist distinct wy,ws € V(Q,,) such that |ANT (w;)| > t(n)
fori=1,2. Then there exists some w € V(Q,,) for which

ID(w) N Al > n (1 —2s(n)nt — 14 t(n>/n>é .

Proof. Let G = (A, E) where uv € E if and only if d(u,v) = 2. Suppose that A; is a
largest clique in GG. A clique of size at least 5 in G corresponds to a collection of ver-
tices in A in the @),,-neighbourhood of a single vertex. Then by assumption all cliques
other than A; have size at most t(n). Let A’ = {v € A\ Ay 1 dg(v) > SW}
Suppose there exist distinct u,v € A" with [I'g(u) NTg(v)| > 2t(n). t(n) > 5, and
so |[Tg(u) NTe(v)| > 10, which corresponds to there being at least 10 vertices at

distance 2 from both v and v in ),,. This is only possible if u and v are at distance
2 in Q,.

Without loss of generality assume that v = () and v = {1,2}. Then every vertex
x € I'g(u)NTg(v) contains two elements exactly one of which is 1 or 2. So then x is
a neighbour of either 1 or 2 in ),,. Then by the pigeonhole principle one of 1 and 2
(without loss of generality assume 1) has at least t(n) @,-neighbours in A. But then
these @,-neighbours of 1 plus v and v form a clique in G of size at least t(n) + 2.

This cannot be since there is no clique of size t(n) 4+ 2 not entirely contained in A;.

Therefore |I'g(u) N Tg(v)| < 2t(n) for each u,v € A’. But now for any Y C A’,

we have

Le(¥)| = ) do(v) = Y [Le(v) NTa(w)

veY vAWEY

> 3y/nt(n)|Y] —t(n)|Y].

So we see that if Y| = { n/t(n)-‘, then we have [I'¢(Y)| > n. This gives a
contradiction, so we must have |A'| < /n/t(n).

Note that if v € A\ (A;UA’), then |T'(v)\['(A\{v})| > n—2dg(v) > n—6+/nt(n).
We can now give a lower bound for [['(A)| in terms of ¢(n) and |A;| by applying
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(6.6).

LA > LA+ Y L) \T(A\{o})]

vEA\ (A UA)

> (5) = (") i = g (o - o)

> (5) - A (g V) (n - /)
> (Z) - 2”"‘;' AP 24 = i)

> () + AR - rai!

Recall that [T'(A)| < (5) + s(n)n, and so

n2 _ ’A1|2

5 - 7n%t(n)% < s(n)n.

Rearranging this gives

|AL]? > n? (1 —2s(n)n"' — 14 (@) ;) ,

and we are done by taking square roots. O]

Definition 6.3.8. Define Mono', (where s and ¢ may depend on n) as the set of
bijections f € Cluster! for which, for all v € V(Q,,), there exists at most one vertex
w € V(Q,) such that |f(I'(v)) NT'(w)| > t.

We then have the following direct corollary of Lemma 6.3.7.
Corollary 6.3.9. Let t(n) > 5 be a function with t(n) — oo and t(n) = o(n) as
n — oo, and let s(n) be a function on the natural numbers such that 1 —2s(n)n=! —

144/t(n)/n > 0. Then Monoz((z))n C Localy (), where

aln) =1-— (1 —2s(n)n"' — 14 t(n)/n)é :

Further, if a(n)n < n —t(n), then a function f € Monoi((:?)n has at most one

dual.
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The following lemma shows that the inverse of an approximately local bijection
is itself approximately local.
Lemma 6.3.10. Let s be some natural number. If f € Localy has a bijective dual
g, then f=! € Local, and g~! is a dual of f~*.

Proof. Note that for all w € V(Q,), |f(I'(w)) NI'(g(w))| > n — s and so, since f is
a bijection, |T'(w) N f~1(T(g(w)))| > n —s. Now let v € V(Q,,) and suppose that

v = g(w). Then f~Y(D(v)) = f~1(T(g(w))), and so
FHC @)D (g7 @) [ = 1 (0 (g () AT (u) | = n —s.

Since v was an arbitrary vertex of the hypercube, we can conclude that f=! is

1

s-approximately local and has g~ as one of its duals. O]

We now use Theorem 6.3.2 to show that s(n)-approximately local bijections have
O(s(n))-approximately local duals.
Lemma 6.3.11. Let s(n) < n/2 be a function with s(n) — oo and s(n) = o(n)
as n — oo. Then there exists some constant K > 0 such that for every s(n)-

approzimately local bijection f, the dual f, is Ks(n)-approzimately local.

Proof. We will show that the inverse of the dual is K s(n)-approximately local, and
then apply Lemma 6.3.10. Let s(n) < n/2 be a function with s(n) — oo and
s(n) = o(n) as n — oo. Suppose that f € Localy,) and let ¢ = f, (so that for
all v € V(Q,), |f(T'(v)) NnT(g(v))] > n —s(n)). Fix some v € V(Q,). For each
w € T(v), writing w' = g~ '(w), we have |T'(w) N f(T'(w))] > n — s(n) and so
IT2(v) N f(T(w'))] > n —s(n). Let R, = f(T(w)) \ ['%(v), so |R,| < s(n). Now

FOg T ))cr’@u |J R
Since f is a bijection, we see that

E(o o)< (5) +nso.

Since g H(T'(v)) C V(Q,) is a subset of size n, we may appeal to Theorem 6.3.2 to
see that there exists some w € V(Q,,) such that [['(w) N g~ (T'(v))] = n — O(s(n)).

Then g~' is O(s(n))-approximately local. Since s(n) = o(n), it follows that g~*
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must have a unique, bijective dual. By Lemma 6.3.10, we conclude that g is O(s(n))-

approximately local. O

Definition 6.3.12. For an s(n)-approximately local bijection f, we say that f is
diagonal if it is the dual of its dual, i.e. if fi, = f.

For a natural number s (which may depend on n), let Diag, be the set of diagonal
bijections in Locals. The next two results will show that an s(n)-approximately local
diagonal bijection induces large rigid structures within the hypercube.

Corollary 6.3.13. Let s(n) be a function with s(n) — oo and s(n) = o(n) as
n — 0o0. Then there exists a constant K > 1 such that the following holds: Suppose
f 1s an s(n)-approzimately local diagonal bijection and let G = (V(Q,), E') where

E' = {uv € E(Qn) : f(u) fu(v), f(v) fu(u) € E(Qn)} -

Then G has minimum degree at least n — Ks(n).

Proof. Let f be an s(n)-approximately local diagonal bijection. By Lemma 6.3.11,
there exists some K’ > 0 such that f, is K’s(n)-approximately local. Now pick
v € V(Q,) and note that

dg (v) Zn = ([T (f ()N ST ) [+ TS @)\ L@ (@)1 (6.7)

Since f € Localyny and f, € Localgrsmy, [I'(fe(v))\ f(I'(v))]| < s(n) and [T'(fiu(v)) \
fx(T(v))| < K's(n). Recall that f is diagonal, so f.. = f and I'(f.(v)) \ fu(T'(v)) =
L(f(v)\ fo(I'(v)). Putting these inequalities into (6.7), we see that dg(v) > n —
Ks(n), where K = K’ + 1. O

Lemma 6.3.14. Let s(n) be a function with s(n) — oo and s(n) = o(n) asn — oo,
and suppose G = (V(Qn), E') is a subgraph of the hypercube with minimum degree
at least n — s(n). For a vertex v € V(Q,), let Ry(v) = {v}, and then recursively for
1 >1 let

Ri(v) ={we Fégn (v) : Ig, (w) N anl(v) =Te(w) NRi—1(v)} . (6.8)

Then |Ri(v)] > (}) — en*s(n) for all k > 1.

Note that w € R;(v) if and only if w is distance ¢ from v in the hypercube, and

G contains all shortest vw paths found in the hypercube.
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Proof. We will show by induction on k that | Ry (v)] > (}) —Yin*'s(n) where ¥} =1
and inductively for i > 1, ;41 = % +Y;, = 2321 % (so then Yy < e for all k). The
base case k = 1 follows directly from the minimum degree condition, giving Y; = 1.

So suppose the result holds for k& < m (so that |Ry(v)| > (}) — Yi(n*"'s(n)) for
allv € V(Q,) and k < m) and consider 2 € T (v) \ Ryy1(v). Then either there is
an edge missing between I'} (v) and z in G or there is a vertex w € I'} (v) \ Ry (v)

with x € I'g, (w). We therefore have the following relation

I3 W\ Rona0) € | To.@\Te)u  |J  To(w).

u€ly (v) wely (V)\Rm(v)

The inductive hypothesis then gives

057 (0) \ R (v)]

IN

(”) s(n) + Yn™ Ls(n)n

m

Y,
< (—1' + Ym> n™s(n) = Y,an™s(n).
m!

Thus |Ry.1(v)] > (m’ll) —Y,an™s(n) > (mfrl) —en™s(n). O

Suppose that there is a colouring x and an s(n)-approximately local bijection f
such that f € Isom(Q)(X). The next lemma shows that the y-colouring of a 2-ball
around a vertex v € V(Q,,) differs by O(ns(n)) from the y-colouring of the 2-ball
around f}(f(v)). Note that we are considering the dual of the dual and that there
is no ambiguity in writing f.;!, as Lemma 6.3.10 tells us that (g,)~! = (¢7'),. This
result will later allow us to consider only diagonal bijections and so be able to apply
Lemma 6.3.14.

Lemma 6.3.15. Let s(n) be a function with s(n) — oo and s(n) = o(n) asn — oo,
and let f € Localyyy. If x @ V(Qn) — {0,1} is such that f € Tsom®(x), then for
allv e V(Qn),

A0 (), X2 (1)) = O(ns(n)).

Proof. Let f be an s(n)-approximately local bijection and let 8 = f~1. Let g = f..
By Lemmas 6.3.10 and 6.3.11, there is a K > 0 such that g is K s(n)-approximately
local. Let h = g, = [,x be the dual of g.

Let v € V(Qn), w = f(v), and let S = {i: g(w+e¢;) € I'(h(w))}. Note that
|S| > n— Ks(n) since g is K s(n)-approximately local. Then let 7% be a permutation
such that g(w + €;) = h(w) + er(;) for all i € S.
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For each i € S, let T" = {j : B(w+e; +¢;) € [(g(w +€;))}. Note that |T7| >
n —s(n) for each i since 3 is s(n)-approximately local. Then let 7° be a permutation
such that B(w + e; + €;) = g(w + €;) + eqi(y for all j € T".

Ifi,7 € S and j € T*, then

B(f()+eit+e) = g(f(v)+e)+emig
= h(f (V) + ex(i) T €xigy)-

Additionally, if i € 77, then B(w+e;+¢€;) = h(w) + €xx(j) + €ri(i)- SO €xs(j) + €mi(s) =

xr(i) + €xi(j), and thus e ) = eqi(;) and er«(j) = eqi;). Therefore f(w + e; + ¢;) =
h(w) + exx) + exes)-

Let

W={f)+e+eji#jen]B(f()+eite)=h(f©)+emn+enp}.

If w+e; +e; € W, then it must be that either ¢ and j are not both in S or ¢ is not

in 77 or j is not in T*. Hence we can bound I'*(w) \ W as follows.
D)\ W C {w+e+e:{i,j} ZStu{w+e +e:i€8,j¢T}
= {w+e +e:{ij} ,@S}UU{w—i—ei—l—ej jg T}, (6.9)
ics
Recall that |S| > n — Ks(n) and so since s(n) = o(n)

Hwtete: G gst= () - () < Knswu o). @)

Similarly |T%| > n — s(n) for all : € S and so

U{w+€i+€j:j€Ti}

1€S

< ns(n). (6.11)

Combining (6.9), (6.10) and (6.11) we see that

T (w) \ W] < (1+ K)ns(n)(1+o(1)).
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Now suppose also that f € Isom® (). Then y® (v) = X;Q) (w) and so there exists

an isomorphism y from By(v) to By(w) such that (xf o) [Byw)= X [Baw). Let p
be a permutation on [n] such that y(v + e;) = w + e,(;) for each j € [n]. Then for

distinct 4, j € [n]

X(v e+ e;) = xp(w+ e + ep))- (6.12)

Let WP = {v +ep1(a) + €1y T W €g+ €y € W} Recall that for f(v) + e; +

e; € W we have

f(v) +ei+ej=fh(f(v) + e (i) + exs)-

Combining this with (6.12) gives, for v +e,-1;) + €,-1(;) € W

X (v+ e +emi) = xp(f(v) +eite)
= X7 (f (R (f () + emp) + €xi)
= X (A (f () + empi) + €x()
= X (h(w) + er) + ey -

Consider that ((v+4e,-1(;)+€,-1(j)) = (W) +€x+(5) +€x+(j) defines an isomorphism
between By (v) and By(h(w)). Further, we have

X (Ut €10y + epm1() =X 0 C (vt e +epmip)

for each v + e,-1(;y + €,-1(;y € W*. Therefore D(x 5w, (X ©€) TBy)) < ((5) —
(W]) + 7+ 1, and so d(x® (v), x? (h(w))) < [T?(w) \ W[+ n + 1.

We can then conclude that d(x® (v), x@ (f5'(f () < (1+K)ns(n)(1+0(1)) =
O(ns(n)). O

6.4 Proof of Theorem 1.5.1

In this section we will prove Theorem 1.5.1 by combining the probabilistic and

structural results proved in Sections 6.2 and 6.3 respectively. Much of the work
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has already been done for this. Indeed, by Lemma 6.2.6 and Corollary 6.3.6 we
may assume that if f € Isom(Q)(X), then f is s(n)-approximately local, for some

s(n) = o(n).

For a graph G = (V, E') we say that a subset of the vertices A C V is t—spread if
AN B;_1(u) = u for all u € A (so then all pairs of vertices in A cannot be joined
by a path of length ¢ — 1 or less). We start with a simple lemma which allows us to
cover a fraction of the tenth neighbourhood of a vertex with 6-spread large sets.
Lemma 6.4.1. Let 0, > 0 be such that 2e6 < ﬁ. Then for sufficiently large n,
there exists a collection of disjoint sets (A;)ics where J = {1,...,, [en®]}, such that

each A; is a 6-spread subset of [n]?) and |A;| = [én?].

Proof. Let Ajy,...,A; be a maximal collection of 6-spread sets of size [dn?]. If

i > enb we are done. Otherwise let B be a maximal 6-spread set disjoint from

10

U;:1 A;. By assumption |B| < dn*. Now every element of [n]' either belongs to

the 5-ball around a vertex v which is in B, or to one of the sets A;. So for sufficiently

large n,
n i 10 4.5
(10) < Z |A;| + Z |Bs(u)| < 2e6n™" + dn"n’.
7=1 ueB
Since 2 < %0!’ for sufficiently large n we get a contradiction. O]

Recall that a colouring y of the hypercube is 2-indistinguishable if there is a
bijection f for which x; and x are 2-locally equivalent and there exist two non-

adjacent vertices u, v such that f(u) and f(v) are adjacent in the hypercube.

Proof of Theorem 1.5.1. Let € > 0 and let p = p(n) satisfy n=Y/4+ < p(n) < 1/2
for sufficiently large n. Let x be a random (p,1 — p)-colouring of the hypercube
@,. By Lemma 6.2.6, there is a K > 0 such that with high probability, for every
f € Isom®(x) we have f~! ¢ Clusterinzp

s =o(n) as n — o0). We have

“llogne Let s(n) = k’% (so s — oo and

P[x is 2-indist.] =P [Elf € Tsom® () s.t. £~ € Clustery,»,, x o f ' 2 X] + o(1).
By Corollary 6.3.6, there exists a K’ > 0 such that Cluster%, ., C Localg,, so that

P[x is 2-indist.] =P [Elf e Isom@(x) s.t. f7' € Localgrs, xo f1 2 X} + o(1).
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Then by Lemma 6.3.10 we can express this entirely in terms of f:
P [x is 2-indist.] = P |3f € Isom® () s.t. f € Localgrs, x o f71 % x| + o(1).

Suppose that there exists such an f € Localg/s \ Diagy,, and pick a vertex v €
V(Q,) such that f5' o f(v) # v. If f € Isom®(y), then by Lemma 6.3.15,
d(x® ), x?P(f5'(f(v)))) = O(ns(n)). But by Lemma 6.2.3, the probability that
there is a pair of distinct vertices z,y with d(x® (z), x?(y)) < w is o(1). Since
s(n) = 10% and p > n~* for sufficiently large n, we get that the probability we

can choos f € Isom® (x) with f € Localg \ Diagy,, and y o f~1 2 x is o(1).
Thus

P[yis 2-indist.] =P |3f € Isom®(x) s.t. f € Diagy.,, x o f 2 X] + o(1).

Suppose that f € Isom® (x) with f € Diagy/,, and let g = f,. Recall that by
Lemma 6.3.11 there exists an L > 0 such that g € Localy,. As in Corollary 6.3.13,
we let G = (V(Q,), E') where

E ={xy € E(Qn): f(x)g(y), f(y)g(x) € E(Qn)} -

Then G has minimum degree at least n — M's for some constant M. Furthermore,
define Ry(w) as Lemma 6.3.14 (see (6.8)). So [Rx(w)| > (}) — eMn*!s.

For each u € V(Q,), let m, be a permutation such that g(u +e;) = f(u) + ex, ()
for all j such that v+ e; € Ri(u). We claim that for £ > 1 odd, (g(w))wep,(u) can
be determined by (f(w))wer, ,(w): Suppose that w = u—l—Zle e;; is in Ry(u). Then
Lo, (w)yNTE H(u) = Pa(w) N Ry_1(u). Then for all £ € [k], U+ e €5 € Br—1(u)
and g(w)f(u + > ;cpe€;) € E(Qn). However there is a unique vertex in the
hypercube adjacent to f(u + Zje[k]\é e;;) for all £, and so g(w) is determined by
(f(W))wery 1 (u)- We may similarly say that when k > 1 is even, (f(w))wer,(u) can
be determined by (¢(w))wer, ) (note that when k = 2, there may be a choice of
two vertices adjacent to both f(u) + e; and f(u) + e;, but one of these is f(u)).

Inductively for £ > 0 we then have

f (u +) ej) = f(u)+ > eni) (6.13)

jes jES
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for all S € [n]®® such that u + Y. _ge; € Rox(u), and

jeSs

g <u+ Zq) = f(u) + Zem(j),

JET JjeSs

for all T € [n]**) such that u+ "y e; € Ragr1(u). (For example, if u+e; + ez +
e3 € R3(u), then g(u+ e + eg + e3) is adjacent to f(u+ e + e3), f(u+e; +e3) and
f(u+ es + e3). By the inductive hypothesis, f(u + e1 +€2) = f(u) + €x,) + €ru(2),
fluter+es) = f(u)+ en,) + en,), and fu+ex +e3) = f(u) + en,(2) + €, (3)-
There is only one vertex adjacent to all three, and so g(u + e; + es + e3) = f(u) +
Er,(1) F €m, (@) T m,(3)-)

Fix two non-adjacent vertices u,v € V(Q,). Our goal is to show that f(u) and
f(v) cannot be adjacent. We do this by first showing that if f(u) and f(v) are

adjacent, then there are rigid structures around each which overlap. We then show

that with high probability this cannot happen.

Let C = {S € [n]" s u+ 3 cgen, 1) € Ro(u),v + X jesen,-1(5) € Rao(v)},
then by Corollary 6.3.13 and Lemma 6.3.14, |C| > (];) — Yn’s. We now split into
three cases depending on the distance between u and v. In each case we define a
subset C' C C.

Case A: u =10+ e, + ¢. In this instance, let
C'={SeC: (7ru_1(5) U Wv_l(S)) N{s,t} = 0}.

Then |[C'] > (f;) — O(n%s), and if a € {u + > jesCr1) ¢ S € C'} and
be{v+ ) jcgen,-1(j) 1 S € C'} then a and b are at an even distance at least

two from each other.

Case B: u=1v+es + e + e,.. In this instance, let
C'={SeC:(x, Y (S)Um,(S))N{s,t,r} =0},

so [C'] > (1y) —O(ns). If a € {u+ Y jes Em1(g) S € C'}, then there may
be a unique vertex in {v + > i geq,-1(j) : S € C'} at distance three from a.
In this case, let b, be this vertex and otherwise let b, be an arbitrary vertex
in {v+ > cgr15) 0 S €CH Ifae{ut) cgen-1y 5 € C'} and
be{v+2 jesen-1(): S € C'}\{ba}, then the distance between a and b in
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the hypercube is at least 5 (as the distance between them is odd and greater
than 3).

Case C: u and v are at distance at least four from each other. In this instance, let
s,t,r,y be such that the distance between u + e; + e, + e, + ¢, and v is four

less than the distance between v and v. Then let
C'={SeC:(m, (S)Um () N{s,t,r,y} = 0}.

Then |C'| > (J;) — O(n%s), and if a € {u + > jeser1) ¢ S € C'} and
be{v+ > icgen-1() S € C'} then a and b are at a distance at least four

from each other.

Let 6,¢ > 0 be such that 266 < 5 and choose sets (A,)ses (with [As] = [on*]
for each s, and |.J| = [en®]) as in Lemma 6.4.1. Note that | (., As| > den'® and
50 |(Uscrem As) N C'| > den'® — O(ns). By the pigeonhole principle there exists a
j € J such that |[A; N C'| > dn* — O(n3s). Let C" = A;NC".

en]

For all vertices w € V(Qn), let (w) = 3_ () x(2) — np and then let ¥(w) =
{(x) : © € T'(w)}. Recall that ng)(f(w)) =~ @ (w) for all w € V(Q,). If
f(u)f(v) € E(Q,), then (6.13) gives

Xy (f (w)+ ) e@) = X (“ Y enulw))

lesS Les

and

XS”Q) (f (v) + Z €f> = ¥ (” + Z %%f))

Les les

for all S € C". This means that (u + > g€ -1)) El \12/(1) + D res Eni(py) for all
S € C". For permutations 7%, 72 and S C [n](19 let B ™ be the event

7T1 7r2
By = {w (u + Zeﬂ-l(g)) evw (U + 26”2(£)> } .
les les

Note that if f(u)f(v) € E(Qy), then Bg"rl’m_l occurs for all S € C”.

Given j € J and a pair of permutations 7y, 72, we say that a subset C” C A; of

size ont — O(n3s) is a (j, 7', w2%)-tester if j, 7', 7%, C” satisfy the properties outlined

128



in Case A, Case B or Case C as appropriate. Let T;(7!,7%) be the set of (j, 7!, 7%)-
testers. If f(u)f(v) € E(Q,) then there is a j € J, pair of permutations 7', 72, and
C" € T;(w', 7*) such that ngl’w“_l occurs for all S € C”.

Then we can bound the probability that there exists an f € Diag,, for which
fw)f(v) € BE(Qn) and f € Isom™® (x) by

P [3/ € lsom®(x) s.t. f € Diagyen, f(u) (1) € B(Qu)]

uu U ﬂ%w

w172 jeJ CMETy () x2) SEC”

Z > Z Pl B:™|. (6.14)

j€J CVeTy(x!x2)  Lsecr

IN

Note that for each w € V(Q,), ¥(w) is determined by (x(2))zerw) and ¥(w) is
determined by (X())zer2(w)ufw}- Since the sets in C" are all at distance at least 6
from each other, ((X(x))xGF(UJrZiesewl(i)))SGC” is a family of disjoint sets of random
variables. This means that (¢¥(u + > geri(j)))sec is a family of independent
identically distributed random variables. Similarly, (V(v + 3 ex2(j)))secr is a

family of independent identically distributed random variables.

Case A: Suppose that C” satisfies the properties outlined in Case A. Since all
vertices a € {u—l— djes Emi() 1 S € C”} and b € {v + Y iesengy S € C//}
are an even distance at least 2 from each other, I'(a) and T'%(b) U {b} do not

intersect. Therefore (Y (u+ ) cgeri(j)))secr and (V(v+3 ;g ex2(j)))secr are
independent families of random variables and so, picking an arbitrary Sy € C”,

210"
P - Py

w2
[ B3

Sec”

(6.15)

Case C: Suppose that C” satisfies the properties outlined in Case C. Since all ver-
tices a € {u+ Djes Eri() P S € C”} and b € {v + D jeser2(j) i S € C’”} are
at distance at least 4 from each other, I'(a) and T'?(b) U {b} do not intersect.
We can then follow the line of argument as in Case A, and (6.15) again holds.

Case B: Suppose that C” satisfies the properties outlined in Case B. For each

a€{ut ) cqeny S E€C"} let ¥'(a) =3, crnre v, X(w) — np. Then as
in the previous cases, (¥'(u+ > cgexi()))secr and (V(v + > g ex2j)))secr
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are independent families of random variables. Define the events AglﬂrQ by

Ag17ﬂ-2 _ {w/ (u—l— Zeﬂ.l(j)> ev (U + Zeﬂa ) -3 3]}
JES JES

Since |T'(a) NT?%(b,)| < 3 (0 if the distance between a and b, is greater than
3), Bgl’ﬁz C Agl’FQ. Then picking an arbitrary Sy € C”, we have

ﬂ Bglﬂﬂ S ﬂ Aglﬂ?
secr sec
7T1 7.|.2 |CH‘
- PlAR"] (6.16)

Let ¢ € (,/ﬁ—l,ﬁ) (so then % < 1 and (3/4+€)(#) > 1).

Denote Z =T <U + D jeso ewz(j)> and M = c(nplog(np))%. To bound below
the probability of (Ag;’WQ)C, we condition on the value of 1)’ (u + > ieSo eﬂl(j))
and then consider whether v (x) — ¢/ (u—i— > jeso e,,1(j)) € [-3,3] for any

x € Z. A union bound gives

Pl(ag™)]

> P (u +3 em ) > Mand (Agj;”z)c]
JE€So
> P w’ (u+ Z eﬂ.l(j)> > M]
L J€So
'(1—ZIP’ U (z) = (u—l—Ze,r > -3, 3]y’ <u+26ﬂ1])>>M])
z€Z J€So J€So

> (1—nP(z) — M € [-3,3))) P [w, (u +5° eﬂlm> > M] ,

J€So

where the last inequality follows from the fact that ¢(z) is a normalised bino-
mial random variable with mean 0. Since the same applies to ¢/, and recalling
that (3/4+¢)(3£2) > 1 and p > n~'/**¢, we therefore appeal to Lemma 6.2.2
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to get

P [03,71] 2 (1= n6 (G (5070 ) Y (g (50 -))
> (1 0 (n‘(3/4+5’(“52>)> 0 ((np)‘(é“f(l—zu’im)))
_Q ((np)—(é+°f)) .

Let A = li’fﬁ so that np = n®. We may express the above inequality as

1,2
o] 1o (D).
Putting this into (6.16) we see

P

wl w2
[ B3

SeCc”

A similar argument works for Cases A and C. Now observe that |Tj(7!,7%)| <
(O‘gg;‘s)) = exp {O(n3slogn)}, |J| = O(n®) and there are exp(O(nlogn)) choices for

the permutations 7! and 72. Putting these into (6.14) we see that

P[3f € Tsom®(x) s.t. f € Diaggoiog, /(1) (v) € E(Qn)]

1 62
= exp {O (n’slogn) — Q (n4_A(3+7)>} .
Recall that s = p~tlogn = n'~2logn and so

P (37 € lsom®(x) s:t. f € Diageiog, /() f(v) € E(Qn)]

— exp {0 (2 log?n) — O (n4‘A(é+c§)) } .

(;2
We chose ¢ so that 1 +< < 1 and so n* 2 log? n = o(n*"26+%)). As we already
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observed, for y o f~! 2 v, there must be a pair of non-adjacent vertices u and v
such that f(u)f(v) € E(Q,). We have fewer than 22" choices for u and v and so

taking a union bound gives

P [Elf e Isom@(y) s.t. f € Diag g/ 1o ns X © [t X}
= exp {O(n) + 0 (n* *log’n) — Q <n4_A(fls+°22)) }
=o(1).

Finally, we can conclude that P [y is 2-indistinguishable] = o(1). O

6.5 Proof of Theorem 1.5.2

As with Theorem 1.5.1, we prove Theorem 1.5.2 by combining some of the proba-

bilistic and structural results already proven. We start off with a lemma to discount
bijections which map large parts of neighbourhoods to neighbourhoods.
Lemma 6.5.1. For any K > 0, there ezists a constant C' = C'(K) such that the fol-
lowing holds: Let q(n) > n2+010g7%”, and let x be a random q-colouring of the
hypercube Q,,. Then with high probability, there does not exist a bijection f €
Localn(l_mog_% ") and a pair of non-adjacent vertices u,v such that f € Isom(l)(x)
and f(u)f(v) € E(Qn).

It will be useful in the proof to introduce the following piece of notation:
Definition 6.5.2. For a p(n)-approximately local bijection f, we say it is self-dual

if it is its own dual and this dual is unique, i.e. if f, = f.
For a natural number p = p(n), let Self, be the set of self-dual bijections in

Local,, i.e. let Self, = {f € Local, : f, = f}.

Proof. Let C, K > 0, and let ¢(n) > n2+01°g7%”. For ease of notation, let M =
n(l — K log_% n). Let x be a random g-colouring of the hypercube @,. First
suppose that there exists a bijection f € Localy, \ Selfy; such that f € Isom(l)(X).
Let f, be a dual of f (note that since M > n/2, there may not be a unique dual).

Pick w € V(Q,) such that f,(w) # f(w). Then |T'(w) N f~HT(fu(w)))] >
Recall that M (f~'(f.(w))) = chl)(f*(w)), and so d(xW(f 1 (fu(w))), xP(w)) <
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n(l — Klog™2 n). Since we assumed that f(w) # f.(w), we see that there must
exist some z # y € V(Q,) such that d(xM(z), xV(y)) < n(l — Klog 2n). By
Lemma 6.2.4, the probability of this occurring is o(1) and so

P |3f € Tsom®(x) s.t. f € Localy \ Selfy | = o(1).

Pick two non-adjacent vertices u and v. Suppose that there exists a bijection
f € Self; such that f € Isom(l)(x) and f(u)f(v) € V(Q,), and let

U={wel(u): f(w) € l(f(u),dw,v)#2}.

Recall that u and v are non-adjacent vertices, and so | {w € T'(u) : d(w,v) =2} | < 3.
Also consider that f € Selfy; and so |U| >n— M —3 = Knlog™2n — 3.

Consider that each f(w) € U is distance 2 from f(v) in the hypercube and so for
each w € U there is a distinct iy € [n] such that

L(f)NT(f(w)) = {f(u), f(v) + e}

Let Y = I'?(u) \ I'(v). Recall that y™(z) = chl)(f(x)) for all z € V(Q,) and so
X (F(0) + e1,) € X(D(w) \ {u}) € x(Y) for all w € U. Since x| (f(v)) = xV(v),
there exists a permutation 7 such that x(v + eru)) = x¢(f(v) + €;) for all i € [n].
But then x(v + €x(i,)) € x(I'?(u)) for all w € U. Then there exists a set Ty; C [n] of
size %nlogf% n such that x(v +¢;) € x(Y) for all ¢ € Ty;. Therefore

P [3 £ € Tsom®M(y) s.t. f € Selfys, f(u)f(v) € E(Qn)}

<P [HTU e )52 0) b (vt er) € (V) Vi € TU} S (6a7)

Now (x(v+é€;i))icin) and (x(2))zey are independent families of independent Unif ([g])
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1
random variables and so for an arbitrary 1" € [n](gnlog zn)

PIVieT x(v+e)ex(Y) | x(V)} = [[P(v+e)exty) | x(Y)]

€T

Eno_ln
_ <|X(Y)|)2 e
q

VAN
A
|3,
~_

We can take an expectation over x(Y') to get

PVi € T x(v+e;) € x(Y)] < (%2) s

We can then apply a union bound to (6.17) to get the following bound

n ng Snlog”2n
P |3f € Isom V() s.t. f € Selfy, f(u)f(v) € E(Qn)] < (K 1 ) (—) :

Fnlogzn q

By applying Stirling’s approximation, for sufficiently large n, this is at most

1

_1 _1
n—%nlog 2n %nlog 2n 9 %nlogf% n
n n n
K _1 K _1 T
n—45nlog 2n snlog zn q

1 n—Knlog_%n K -1

Knlog 2n : 2logn prlog 2 o 1

< 1+ - n- 2 nlog™ ' n
n— %nlogﬁn K

1 1 K 1 KC
< exp {log(e)Kn log™2 n+ Knlog 2 nlog(logn) — log K — 5 nlog 2n — Tn}

We have fewer than 22" choices for non-adjacent vertices v and v and so by a union
bound,

P [Eluv Z E(Q,), f € IsomW () s.t. f € Selfyy, f(u)f(v) € E(Qn }
< exp {K <log( Jnlog™2 n +nlog ™2 nlog(logn) — <§ - 210}g<( )> n> _ 1ogK§nlog‘5n}.
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This upper bound is o(1) if C' is large enough and so then

P [Eluv ¢ E(Q,), f € Isom®(y) s.t.f € Localy, f(u)f(v) € E(Qn)] = o(1).

We are now in a position to prove Theorem 1.5.2.

Proof of Theorem 1.5.2. Let K, Ky, Ko > 0 be constants, and then let €(n) = % —
1
Kslog 2 nand ¢ > K n?t2K2108"2 7 Tet y he a random g-colouring of the hypercube

Q.- By Lemma 6.2.7, if K is sufficiently large then
P [Elf e IsomW(y) st. f1 ¢ Clusteri(n)nz] =o(1),
and so

P[x is 1-indist.] =P [Elf e IsomW(y) st fl e Cluster;(n)ng,x o f X] + o(1).

Now suppose that there exists a bijection f € Isom® () with f~! € Clusteri(n)nz\
Monogz)lzgln. Since f~! ¢ Monoﬁjj)lg%*l” there must exist vertices v, w;, ws such
that w; # wy and |f~1(T(v)) N T(w;)| > Knlogn™' for i = 1,2. Note that
|fHT(v))NT(w;)| > Knlogn~! implies that d(XE})(v), XM (wy)) < n—Kg fori=
1,2. Recall that X?)(v) = xW(f(v)) and so d(xM (f~1(v)), xP(w;)) < n — K2

logn

for s = 1,2. Tt cannot be the case that w; = wy = f~!(v) and so we have found two
vertices u # x such that d(x™ (u), xY(z)) < n — K. By Lemma 6.2.4, if K is

logn

sufficiently large, this occurs with probability o(1) and so

P[3y is 1-indist.] = P [Hf e IsomW(y) s.t. fle MonoKnlog_ln, o fte X] + o(1).

e(n)n?

Remark 6.5.3. In a similar fashion, there cannot exist vertices vy, vy, w such that
v1 # vy and |fH (T (vy)) NT(w)| > Knlog™'n for i = 1,2.

Recall that by Corollary 6.3.9

Knlog™!

Mono_ (n)n?

" C Localy (),
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where

- n (1 _ (2K2 _ 14}(%)§ logn™

=
N—

So then if we take Ky > SK%,
y(n) Sn(l—K%log_%n>,

and then since Localp C Localy when R < T, we see that

Knlog™?
Mono™ "% ™ C Local 11N,
e(n)n n(l—K4log 4n>
Knlog™!

and any f~! € Mono " has a unique dual g.

e(n)n?

Suppose that g is not bijective. Then there exist vertices v, vy, w such that
vy # vy and |f7H(T(v;)) NT(w)| > Knlog™'n for i = 1,2. By Remark 6.5.3, this

cannot be, so g must be bijective.

Since f~! € Localn(l_K%log_i@ with bijective dual g, we may apply Lemma
6.3.10 to get

P [y is l-indist.]| = P [f e IsomW(y) s.t. fL e Monogz)lzg_ln,x oftzt X} +o(1).

<P [Hf e IsomW (y) s.t. f € Localn(l_K%{log_%n),X of Ttz X} +o(1).

Finally, since log_% n=o (log n_%>, we may apply Lemma 6.5.1 to conclude that

P {Elf e IsomW (y) st. f e Localn<17K%Ing%n>,X of tz X] =o0(1),

and so P [ is 1-indistinguishable] = o (1). O
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6.6 Some Further Questions

A natural question in light of the statement of Theorem 1.5.1 is how small can
p be? Le. is there a function 7 such that if £ — oo, then a random (p,1 — p)-
colouring is 2-distinguishable, but the same is not true if p = o(7). More generally,
given a function p, how large must r be so that a random (p,1 — p)-colouring is

r-distinguishable?

One might also ask when colourings are 2-distinguishable with high probability

when we colour with more than two colours. We have the following corollary of
Theorem 1.5.1 that answers this question.
Corollary 6.6.1. Let ¢ > 0 and let p, be a sequence of probability mass functions
on the natural numbers for which 1 — p,(m) > n=Y**¢ uniformly over m € N for
sufficiently large n. Let x be a random p,-colouring of the hypercube Q,,. Then with
high probability, x is 2-distinguishable.

To prove this corollary, partition N into two parts A, and B, for each n so that
n~V/4%e <, (A,) < pa(B,) for sufficiently large n. Then consider the colouring X’
where ' = 0 when x € A, and x’ = 1 when y € B,,. By Theorem 1.5.1, with high
probability, we may reconstruct y’. From there we appeal to the uniqueness of local

colourings of 2-balls (see Lemma 6.2.3) to recover x from y’ with high probability.

Another question is what values of ¢ would mean that a random g¢-colouring is 1-
distinguishable with high probability. We have an upper bound of the form n?+°(;
we expect n' M) should be possible, and down to this range, Lemma 6.2.4 shows
that neighbourhoods are unique. One could also ask whether this is a monotone
property? I.e. if a random g¢-colouring is 1-distinguishable with high probability,

must the same be true for a random (g + 1)-colouring?

Roughly speaking, we prove of Corollary 6.6.1 by first reconstructing the “A/not
A-colouring” for each A C [g], and then use our knowledge of the colourings of the
2-balls, appealing to their uniqueness. It would be nice to know what happens when
we remove the remove the knowledge of the colourings of the 2-balls:

Question 6.6.2. Let y : V(Q,) — [q] be a colouring of the hypercube. Suppose
that we are given the structure of each Cy := {v : x(v) € A} for each A C [¢]. Can

one (up to an isomorphism) reconstruct x given the Cy?

Other questions regarding the reconstructability of colourings of the hypercube
have also been considered. For example, Keane and den Hollander [37] asked when

it is possible to reconstruct a colouring ¢ of a graph G by observing (c¢(X,))nen,
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where X, is a random walk on the vertex set of G (also see Benjamini and Kesten
[5]). In [28], Gross and Grupel showed that ¢ cannot in general be reconstructed
when G = @, for all n > 5.
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Chapter 7

Parking on Z

7.1 Introduction

In this chapter, we concern ourselves with a parking process on Z. At each
position i € Z, we independently place a car with probability p (in which case we
say that i is a car) or a parking spot with probability 1 — p (we then say that i is
a parking spot). The cars follow independent symmetric random walks until they
find a free space where they park (if more than one car arrives at a free space at the
same time, then one is chosen to park according to some rule). In particular we are
interested in the distribution of journey times of cars. We introduce the stopping
time 7° where 7! = 0 if position 7 is a parking spot, and otherwise 7% is the time the
car starting at i takes to park (7; = oo if the car never parks). We also write 7 = 79

(by symmetry we only need to consider i = 0). Given ¢t > 0, let
Vi(t) = |{(j,s) € Z x [t] : car j visits i at time s}| + 1 is a carys

be the number of cars (with multiplicity) that visit ¢ up to time t.

In a recent paper, Damron, Gravner, Junge, Lyu, and Sivakoff [12] study the
parking process on unimodular graphs. In the particular case of grid graphs, they
prove the following theorem.

Theorem 7.1.1. Consider the parking process on Z with simple symmetric random

walks.
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1. If p > 1/2, then lim;_,o E[min{7, t}] = oo with E[min{r,t}] = (2p— 1)t +o(t).
2. If p < (256d%?)™! then lim;_,o, E[min{r,t}] < oco.

For p > 1/2, Theorem 7.1.1 gives good asymptotics for E[min{r, ¢}]. However, for
p = 1/2 Theorem 7.1.1 only tells us that E[min{7,¢}] is o(t), while the authors of [12]
conjecture that for p = 1/2 we have E[min{7,t}] = ©(t*/*) [35]. Moreover, in the
particular case d = 1, case 2 of Theorem 7.1.1 only gives lim;_,, E[min{7,¢}] < oo
for p < 0.000528, while it is conjectured that this holds for all p < 1/2.

Here, we address both conjectures, and prove the following two theorems con-
cerning parking in Z.
Theorem 7.1.2. For p = 1/2, there exists constants C,c > 0 such that

ct**(logt)™V* < E[min{r,t}] < Ct*/*.

Theorem 7.1.3. For all p < 1/2 we have E[T] < c0.

For the parking process on Z with p = 1/2, Theorem 7.1.2 gives good bounds
on the asymptotic growth of lim; ., E[min{7,¢}] by showing that it indeed equals
t3/4 up to a fractional power of logt. For p < 1/2, Theorem 7.1.3 confirms that the

expected journey length of a car is finite as predicted.

The chapter is organised as follows. In Section 7.2 we define the parking process,
and introduce the notions of parking strategies and teleportations. These definitions
allow us to consider both more and less restrictive parking problems, which we will
use in our arguments. In Section 7.3 we recall some known probability bounds that
will be used in this chapter. In Section 7.4 we prove the upper bound on E[min{r, ¢}|
in Theorem 7.1.2, and in Section 7.5 we prove the lower bound. In Section 7.6 we
prove Theorem 7.1.3. Finally in Section 7.7 we conclude the chapter with some

related problems and open questions.

Throughout this chapter, we use the notation a A b = min{a,b}. For a nor-
mally distributed random variable Z with mean 0 and variance 1, we write ®(x) =

P[Z < x].
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7.2 Model specifics

We will want to consider slight modifications of the original parking problem on
Z. In this section, we will introduce new notation for these modifications and also
compare these modifications to the original problem. The first modification will be
the addition of parking strategies. The second will be the addition of teleportation

to the process. To start though, we need some standard notation.

Let (92, F,P) be a probability space. A filtration is a sequence Fy C F; C ... of
o-algebras with each F; C F. A random variable 7 : w — N is a stopping time with
respect to a filtration (F3)2, if 771({t}) € F; for each ¢t € N. We will denote the
set of all stopping times by 7.

We define the original parking problem on Z as follows.
Definition 7.2.1. Independently for each integer 7 in Z, let X* = (X¢, X},...) be
a simple symmetric random walk with X} = ¢ and let (U!)seny be an independent
sequence of independent Unif([0, 1]) random variables. Independently for each in-
teger i in Z, we let B; be a Bernoulli(p) random variable, and we initially place a
car at ¢ when B; = 1 and otherwise a parking spot with the capacity for one car.
A car starting at position i moves according to the random walk X? until it finds a
free parking spot and parks there. (We do not use the random walks X; for those 4
where we initially place a parking spot; we define them just for the simplicity of the
model.) If cars iy, ..., 4 all arrive at the same free parking spot at time s, we park

car i; with smallest Ui

For this parking problem, the probability space (2, F, (F¢)i>0,P) is as expected,
with
Fo = 0((By)icz, (Uiczo<s<t: (X )iez0<s<t)

for all ¢ > 0.

In this parking problem, all cars try to park as soon as they reach a free parking
spot. This can be thought of as a parking strategy. Let G denote this “greedy”
parking strategy, when a car parks whenever it can. It will be useful to consider dif-
ferent (possibly random) parking strategies as a way of controlling where cars park.
In the definition below we introduce parking strategies more formally; S;(i,7) = 1
should be thought of as the event that the car starting from ¢ parks in j at time ¢.
Definition 7.2.2. For all i, j € Z, a parking strategy S = (S:(i,j))¢>1 is a sequence

of random variables taking values in {0, 1} with the following properties:

e Si(i,j) is Fi-measurable for each i,j € Z and t > 1.
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e Si(i,7) = 0 whenever B; = 0 (a parking spot cannot be filled by a non-existent
car).

e S,(i,7) = 0 whenever car i does not visit spot j at time ¢.

e Si(i,7) = 0 whenever B; = 1 (a car cannot park where there is no parking
spot).

[ ]

> is1jez (1, 7) <1 (a car parks at most once).
® > io1ez9t(1,5) <1 (a parking spot can hold only one car).
A car starting at i parks in spot j at time ¢ if and only if S;(7, j) = 1.

For a parking strategy S and an event E we let P° [E] denote the probability of
E when all cars follow stategy S (note that P = P“). We note that the filtration
and the o-algebra may also be different when the parking strategy is random but

this is of no consequence to our argument.

We say that a parking strategy S is translation invariant if for all 7 € Z and
t >0, PY[S,(i,i + j) = 1] is constant with respect to i. An equivalent property is
that for all j € Z and t > 1, PS[car i arrives at spot i + j at time ¢] is constant
with respect to . This condition allows us to equate car journey times with total
visitations of a position in Z.
Lemma 7.2.3. Let S be a translation invariant strategy. Then for all t > 0 and
1€ 7,
E%[r A t] = EF[Vi(t)].

Proof. Let t > 0 and fix an arbitrary ¢ € Z. By translation invariance

t

ES[r At] = ES[rP At] = Z Z P [car i arrives at spot i + j at time s]
seft] j=—t
t

= Z Z PP® [car i — j arrives at spot i at time s]
seft] j=—1

= E°[Vi(t)].

O

The next lemma considers the expected journey of a car up to time ¢ under

different parking strategies.
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Lemma 7.2.4. Let S be a translation invariant parking strategy. Then for allt > 0,

E2[r At] > EY[r At].

Lemma 7.2.4 will allow us to derive upper bounds on E¢[7 A t] by considering a

different parking strategy which is easier to control.

Proof. Instead of attaching a random walk to each point in Z, we can generate a
stochastically equivalent process by attaching a sequence of random directions, left
or right, to each point. More formally, for each i € Z let (E"),en be independent
sequences of independent 2 Bernoulli(1/2) — 1 random variables. Then each time a
car arrives (but does not park) at position i, it leaves in the next time step according
to the first unused E’. If more than one car arrive at i at time s and do not park,
they collect the unused E' in the order determined by their increasing values of U7,

We use this formulation to prove our bound.

Let S be a translation invariant strategy. We write V,%(t) for the value of V;(t)
when strategy S is followed, and V,%(t) for the value of V;(t) when the greedy strategy
is followed. We want to show that at every position ¢ and for any ¢ > 0 we have
V3(t) > VE(t); by Lemma 7.2.3 this will complete our proof. Observe that V;(t) is
equal to the number L; (¢t — 1) of cars that arrived at i + 1 in the first ¢ — 1 time
steps, picked up Eit! = —1 and went left, plus the number R;_;(t — 1) of cars that
arrived at ¢ — 1 in the first ¢ — 1 time steps, picked up E:~! = +1 and went right,
possibly plus 1 for the car that might have started at ¢ initially. By induction on ¢ we
will prove the following claim: for all ¢ > 0 we simultaneously have V;°(t) > V.¢(t),
Ry (t—1)> RY,(t—1),and LY, (t—1) > LY | (t — 1), where again R®, R“, L5 L¢

denote different quantities when all cars follow strategy S or G.

If a car parked at 7 in the first ¢ time steps under S then ¢ must have initially
been a parking spot; then, if at least one car drove to ¢ under G then by definition
of G some car parked in i as well. Hence if the number of cars arriving at any vertex
in the first ¢ time steps is at least as large under S as under GG, the same applies to
the number of cars leaving ¢ in the first £ 4 1 time steps. Moreover, the fact that the
directions E¢ are selected one-by-one in a fixed order implies that V°(t) > V.%(#)
gives R?(t) > RY(¢) and L7 (t) > LE(¢).

The base case t = 0 of the induction is trivial. Hence suppose that our claim is
true for ¢ = s—1 > 0. By induction we have V;*  (s—1) > V¢ (s—1) and V5, (s—1) >
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V¢, (s —1); hence we have Ry (s—1) > RY (s—1),and L7, ,(s—1) > L& (s —1).

Hovever, we then have

s s s
Vo(t) =R (s—1)+ Li+1(3 - 1)+ ]1{1' initially contains a car}

G G
>R (s— 1)+ L (s — 1)+ ]1{1‘ initially contains a car}

= Vo).

This completes the proof of Lemma 7.2.4. O

We now come to the concept of teleportation. Under certain circumstances it
will be helpful to pretend that a car has been removed from the process. A car
is teleported just before it finishes a step, and it is parked off Z. So if car i is at
position j at time ¢, it could start moving towards j — 1 but be teleported before
reaching 7 — 1. We then remove the car from the process without it taking up a
parking spot and set 7° = t + 1. We remark that we will always assume a greedy
parking strategy when we have a non-trivial teleportation strategy.

Definition 7.2.5. For all i € Z, a teleportation strategy Q = (Q:(i)):>1 1s a sequence

of random variables taking values in {0, 1} with the following properties:
o ():(i) is Fi-measurable for each i € Z and ¢t > 1.
e (:(i) = 0 whenever B; = 0 (a non-existent car cannot be teleported).
® > -1 @Qi(i) <1 (acar can only be teleported once).

A car starting at i teleports in the ¢-th time step if and only if Q4(i) = 1.

Let N denote the parking strategy when Q;(i) = 0 for all t > 1,7 € Z, i.e., when
no car is ever teleported. Whenever we explicitly consider a process involving tele-
portation strategies, we assume that all vehicles follow the greedy parking strategy

(hence we also have P = PV).

As we did for parking strategies, we define P? for a teleportation strategy Q.
The definition of a translation invariant teleportation strategy is equivalent to a
translation invariant parking strategy; @) is translation invariant if for all j € Z
and t > 0, P9[S,(i,i + j) = 1] is constant with respect to i. We are similarly
able to compare the expected journey times under different translational invariant

teleportation strategies.
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Lemma 7.2.6. Let () be a translation invariant teleportation strategy. Then for all
t>0,
EQ[r At] < EN[r At

This result will later allow us to derive lower bounds on E¥[rAt] by considering an
interval in Z, and assuming that cars entering/leaving the interval are immediately

teleported.

Proof. Let @ be a translation invariant teleportation strategy. For each ¢ € Z and
t>0,let VViQ(t) be the set of unparked cars at position ¢ at time ¢ under (), and let
WHN(t) denote the same quantity under N. We claim that at every position i € Z
and for every time ¢ > 0 we have W (t) C WN(t). We prove our claim by induction
on t > 0. The base case t = 0 is trivial, hence suppose that the claim is true up to

and including time ¢ — 1.

First observe that if a parking spot ¢ is filled at time ¢ under @), then a car j
from W, (t — 1) or from V[/ﬁl(t — 1) must arrive at i at time ¢. By the inductive
hypothesis, j must be in the appropriate set: in W2, (¢ — 1) or in WA, (¢ — 1), and
so it must arrive at i at time ¢t under N (note that we are back to the original
interpretation of the process, where cars have random walks attached to them).
Therefore under N spot ¢ must already be filled before ¢, or a car must park in spot
1 at time t. Therefore any parking spot filled under @) at time ¢ must be filled under
N at time not later than t.

Fix a position . By the inductive hypothesis, any car arriving at position ¢ under
(@ at time t must arrive at position ¢ under N at time t. If ¢ is not a free parking
spot under N at time ¢ — 1, then W2(t) € WX(t) and the claim holds. Suppose
that 7 is a free parking spot at time ¢ — 1 under N. Then by the argument above,
7 must be a free parking spot at time ¢ — 1 under (). Further if under N a car not
from W (t) parks at i at time ¢, then again W2 (t) C W (t) and again we are done.
So suppose that under N a car k € Wl-Q(t) parks at position ¢ at time t. By the
tie-breaking procedure, k must have the smallest Utj value over the cars j that arrive
at i under N, and so must have the smallest U; value over cars j that arrive at
under (). Therefore under @) the car k must also park at ¢ at time ¢, and so once

again we have W2 (t) C W (t). This proves our claim.

Since W2(t) € WN(s) for all s < t, we see V.?(t) < V:N(t), and a quick applica-
tion of Lemma 7.2.3 completes the proof. [
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7.3 Probability bounds

In this section, we state some probability bounds that are needed for the proofs
in Sections 7.4, 7.5 and 7.6.

We make use of a variant of the Chernoff [49] bound which we state here for
clarity.
Lemma 7.3.1. Let p € (0,1), N € N, and e > 0. Then

P [Bin(N,p) > N(p+¢)] < e 2"V,

We will need some facts about hitting times of the simple symmetric random
walk.
Lemma 7.3.2. Let a,b > 0 be positive integers. Let { X, }n>0 be a simple symmetric
random walk on 7, with Xo = 0. For i € Z, let H; = min{s : X; =i}. Then

(i) P[H, < H_,] = 5.

(ii) E[Hy|H, < H_,] = 20222,

(iii) E[H_o A H,) = a?.

Proof. All of this is standard. Part (i) is Gambler’s ruin (see [23, XIV.2]). Part (iii)

follows from (ii) by symmetry.

For part (ii), we will first prove the statement in a slightly different setup. Let
¢, d be positive integers with 0 < ¢ < d and assume that Xq = c. We show that
d—c)(d+c
]E[Hd|Hd < Ho] = %
Part (ii) of the lemma then follows immediately since we are considering a simple
shift of the original problem. Indeed, thinking of ¢ and d as of lengths of intervals,

we can take d = a + b and ¢ = a.
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Hence let Z, = X3 — 3nX,. Then

E[Zn-i-ll"rn] = E[(Xn + (Xn-i-l - Xn))g - 3(” + 1)(Xn + (Xn-H - Xn))|Fn]
= E[X3 - 3X%(Xpi1 — X)) + 33X, (X1 — X)) — (Xpy1 — X)°

n

= 3(n + 1)(Xn + (Xns1 — X)) | Ful.

Since X, 11 — X, takes values in {—1,+1} with mean 0 independently of F,,, and

since X, is F,-measurable, we have

E[Zp1|Fa] = X} = 3X2E[Xn1 — Xu|Fo] + 3X,, — E[(Xpg1 — X0)? |l
—3n+1)X,, —3(n+ E[X, 11 — X, | F]
= X2 +3X, - 3(n+1)X, = Z,,
and so Z is a martingale. For n € N, Doob’s optional stopping theorem gives
E[Zunsonm,] = E[Zo] = ¢®. At the same time, |Z,\pgonm,| is bounded by 3d® +

3(Ho A Hy)d for all n. Additionally, Hy A Hy is integrable and so by the dominated

convergence theorem we have

E[ZHo/\Hd} = nh_?;.loE[Zn/\Ho/\Hd] = CS‘

But ZHO/\Hd = ]lHd<H0(d3 — 3de> Therefore

¢ =B Zuynn,) = Elluyen, (d* — 3dHy)]

=P[Hy < Ho) (d° — 3dE[Hy|Hy < Hy)).

By (i), P[Hy < Ho) = ¢/d, and so E[Hy|H, < Ho] = €554 = £2¢, O

Let M,, denote the maximum value in the first n time steps of the simple symmet-
ric random walk starting at 0, and let m,, denote its corresponding minimum value.
Define p,, , = (&)2_”. It can be shown, (see, e.g., Feller [23, Theorem II1.7.1]) that

2
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for r > 0 we have

Py if n —r is even,

Prr+1, otherwise.

Let Y ~ Bin(n,1/2) where we will assume that n is even, so that for &k < n/2,
P [Y = %%] = P2k We now conclude this section with some tail bounds for the

maximum of the random walk.

Lemma 7.3.3. (i) P [M, > 2ay/nlogn] < 2n~ 2",
(ii) P [M, > cy/n] and P[M, < cy/n] are bounded away from zero for each ¢ > 0.

We remark that the analogous results hold for m,, by symmetry.

Proof.
n/2
P[M, > 2k] =P[M, =2k]+ Y _ P[M,=2(—1]+P[M, = 2(]
l=k+1
n/2
= Pn2k t Z Pn2e—1 1+ Pn2e
l=k+1
n/2
= pn,Qk + 2 Z pn,%
(=k+1
+ 2k & + 2
n n
=P |Y = 2 — '
=R S S -
(=k+1
< 9P [YZ n—;Zk] '

The same holds for odd n, and so we see that P [M,, > 2k] < 2P[Y > n(1/2 + k/n)].
Setting k = a/nlogn and applying Lemma 7.3.1 gives

P [Mn > 2y/nlog n} < on—2e*
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Setting k = c¢y/n we get

P[M, <2k] >1—P[M, > 2k]
>1-=2P[Y >n(1/2+ k/n)]

Y —n/2
_n/ZQC]

N

5 1—2(1— ®(20)),

=1-2P

= 20(2c) — 1,

as n — oo by the Central Limit Theorem. Since ¢ > 0 we have ®(c¢) > 1/2, and so
P[M,, < ¢y/n] is bounded away from zero for each ¢ > 0.

From (7.1), we may read off P[M, > 2k] > P[Y > nt2H2] — p[y > ni2k] _
O(n~%/2), and so again for k = cy/n,

n + 2k

IP’[M,LE%]Z]P’{YE ]—0(1)

Y —n/2
Vo

—1—P(2¢) >0

> 20] —o(1)

as n — oo by the Central Limit Theorem. Therefore P [M,, > ¢y/n] is bounded away

from zero for each ¢ > 0. O
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7.4 TUpper bound on E![r A {]

In this section, we prove the upper bound in Theorem 7.1.2. We fix a target time
t and consider a particular translation invariant parking strategy with additional
properties. The parking strategy we give designates a parking space for most of the
cars and tells the other cars they can never park. The work left to do is to show that
many cars are given parking spots that they will reach in a short expected amount
of time. We split this section into two parts; the first one detailing the parking
strategy and showing some of its properties, and the second one bringing everything

together to prove the desired upper bound.

7.4.1 The parking strategy

Fix t > 1. We define the parking strategy T" = T, as follows. We first divide Z
into intervals of length [v/¢]. On each interval I, we run through the locations from
right to left, attempting to give each car ¢ a parking space P(i) somewhere in I. If
there is no unassigned parking space available within distance O(t/4) to the left of
i, then car ¢ will not try to park, and we set P(i) = . This will define a strategy
that is periodic, but not translation invariant (because the intervals have specified
endpoints). So we begin by applying a random shift to our intervals to make the

strategy translation invariant.

More formally, let ¢ = [v/#] and v = [t!/4]. First let Z be uniformly distributed

on [¢] independently from the original model. Then, given Z = z, for each interval
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[z 4+ kC,z 4+ (k4 1) — 1] we assign specific spaces for cars to park in as follows:

Initialization Seti=z+ (k+ 1) — 1, W = 0;
while ¢ > 2z + k( do

if There is initially a parking space at ¢ then
Set P(i) = i;

if W # () then
Let v be the largest element of W. Remove v from W and set

end

if There is initially a car at ¢ then
Add 7 to W;

end

if |IW| = v then
Let v be the largest element of W. Remove v from W and set

P(v) = %;
end

Set i:=1i—1;

end

Finalization For allv € W, set P(v) = *.

The strategy T is defined as follows: for each car i,
o if P(i) = x, then Tx(i,7j) = 0 for all s > 1, j € Z (car i never parks).

o if P(i) # x, then Ti(i, P(i)) = 1 for the first time s that car i visits P(7), and
Ts(i,7) = 0 otherwise.

Note that the random variable Z causes this parking strategy to be translation
invariant, and so it is sufficient to show that ET[r A t] = O(t*/*) to prove the upper
bound in Theorem 7.1.2.

The benefit of this parking strategy is that it is much easier to give bounds on

the expected hitting time of a fixed vertex rather than an arbitrary empty parking
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spot. However, there are a couple of potential problems: the parking strategy might
designate distant parking spots; and the parking strategy might dictate that many
cars never park (P(v) = % for too many v). The next two lemmas resolve these
problems.

Lemma 7.4.1. For all i we have P(i) =% ori— P(i) < 3v.

Lemma 7.4.2. For all i € Z, P[P(i) = «| = O(t7'/%).

Lemma 7.4.1 follows from our choice to abandon the oldest car when the queue

is too long.

Proof of Lemma 7.4.1. Since we define P(i) = ¢ whenever i is a parking spot, the
lemma is equivalent to saying that a vertex does not stay in W for too long. Indeed
suppose that ¢ joins W. Since W contains at most v elements at any time and
elements of W get assigned a parking space (or *) in the order of when they join
W, i will be assigned a parking space P(i) with ¢ — P(i) < 3v if there are at least

v parking spaces in the next 3v runs of the while loop.

Suppose that there are fewer than v parking spaces in the next 3v runs of the
while loop. Then the number of elements joining W is at least 2v. Since W contains
at most v elements at any time, at least v elements leave W during these 3v runs
of the while loop. Therefore ¢ must leave W during these 3v runs of the loop, either

with i — P(i) < 3v or with P(i) = *. O

The proof of the Lemma 7.4.2 is a little more involved. We use some elementary

properties of irreducible, aperiodic Markov chains.

Proof of Lemma 7.4.2. We may analyze the execution of our algorithm for £ = 0.

By symmetry and translation invariance, we see that

P"[P(v) =+ = (T'ET[[{i € [0,¢ — 1] : P(i) = #}]. (7.2)

We may assume without loss of generality that Z is 0.

Let X,, be the size of W just before the last if clause of the loop when ¢ = ( —n,
and set Xy = 0. In most situations we can only have X, — X, equal to either 1
(if (—n—1isacar) or —1 (if ( —n — 1 is a parking spot). However, there are two
exceptions to that rule. If X,, = 0, i.e., if W = () after we observe (—n, and if (—n—1
is a parking spot, then X,,,; = 0 as well. Moreover, if X,, = v then in the last if

clause of the loop we deterministically remove one element from W. Thus depending
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on the value of B;_,_; we might have either X, ;1 = v or X,,;; = v — 2. Hence
X = (Xo,Xy,...) is a Markov chain with transition probabilities (p; ;)i eqo,..v}
satisfying:

® poo = 1/2 (there is a parking space but no queue),
® po1 = 1/2 (a car joins an empty queue),

® pii1=1/2whenie {1,...,v—1} (a car in the queue is assigned a parking

space),
® piiv1=1/2whenie€ {l,...,v— 1} (a new car joins the queue),

® p,,—2=1/2 (we tell an old car to leave the queue, and assign another queueing

car to a parking space),

e p,, = 1/2 (we tell an old car to leave the queue, and a new car joins the

queue),
e p, ;i = 0 otherwise.

We see that some vertex gets assigned x each time X hits v. Additionally, the
X vertices remaining in W at the end of the execution of the algorithm also get

assigned P(v) = . Therefore

[{ie[0,(—1]: PG =+} = Xc+ D Tx (7.3)

i=0,...,(—1

In our algorithm, we initially impose that W = (. If, however, we started the
algorithm with W' containing some cars, then at every step in the algorithm, we
would have W C W’. Let X] be the size of W’ just before the last if clause
of the loop when ¢ = ¢ —n. Then we see that {X]} is a Markov chain with
transition probabilities (p; ;)i je{o,...cy Which majorises X. Thus, if W] initially has

distribution u, we see
PX; =v] <P[X] =v] =Py, [X; = 1.
In particular, if we let © be a stationary distribution of X, then for all ¢

Pxo=0 [Xi = V] < Pxoor [Xi = 1] = 7(v).
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Hence if we take the expectation of (7.3) we obtain

E'[|{i € [0,¢ = 1] : P(i) = x}|] <E[X(] + ¢m(v).

Since X is irreducible and aperiodic and has a finite state space, it has a unique

stationary distribution . One can then verify that w(k) = < for k =0,...v—2 and

m(k) = 5 for k = v — 1,v. Since X takes values in 0,...,r, we may bound E[X]
by v to find
E'[l{i € [0.C~1): P() = )] S v + o
Together with (7.2) we obtain P[P(v) = %] < ¥+ 5, = ot=4). O

7.4.2 Proof of the upper bound

We now have all the ingredients necessary to prove the upper bound in Theorem
7.1.2. We will do this by bounding E”[r A t] and then appealing to Lemma 7.2.4.

Proof of the upper bound in Theorem 7.1.2. Let t > 0. Without loss of generality

we can consider 7 = 7. Then

Ef[r At] = B [ro A 1
=E"[ro A t|P(0) = *|P" [P(0) = %] + E"[1g A t|P(0) # «]PT [P(0) # #]
< tPT [P(0) = «] + E[ro A t|P(0) # .

Lemma 7.4.2 gives PT[P(v) = %] = O(t"*/*) and so

E [y A t] < B[ A t|P(0) # «] + O(t¥4). (7.4)

Let a = 3,0 = (. For an integer m, let H,, be the first hitting time of the
random walk X° to m. Lemma 7.4.1 tells us that if P(0) # %, then P(0) > —a. We
therefore see 7o At = Hpoy ANt < H_,. When H_, > H,, we may trivially bound
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7o At by t. Putting this into (7.4) gives

Bl [ro A t) < ET[H,|H, < Hy, P(0) # +PT[H, < Hy|P(0) # |

+tPT [H, > Hy|P(0) # ] + O(t*%).

Clearly X is independent from P(0) which only depends on the initial configu-

ration, and so

B (7o At] S B[H_o|H_o < Hy] +tP[H_, > Hy| + O(t¥4).

Lemma 7.3.2 tells us that P[H, < H_,] = O(t~Y*) and E[H_,|H_, < H,| =
O(t¥*). We therefore see

El[r A t] < O +tO(t™Y4) + O34 = O(t¥/4).

Finally, we appeal to Lemma 7.2.4 to obtain

E[r At] =ES[r At] <ET[r At] = O¥4).

7.5 Lower bound on E'[r, A t]

In this section, we prove the lower bound in Theorem 7.1.2. We do this by
considering a parking process on an interval, and appealing to various properties
of the simple symmetric random walk. While the underlying ideas are relatively
simple, proving them rigorously requires a number of steps and some new ideas. We

start with an outline of the proof.
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7.5.1 Outline of proof

Instead of considering the expected journey time up to time ¢, we instead consider
the expected proportion of parked cars at time . It is helpful to restrict ourselves
to a finite interval, and this is where the concept of teleportation strategies becomes
useful. We will show that by teleporting cars to parking spots outside of Z, we make
it easier for the remaining cars to park. Therefore, any lower bound over an interval

for the proportion of unparked cars will give a lower bound for E[r A ¢].

From here, we consider a long interval L U M U R, where L, M, R are the left,
middle, and right subintervals respectively. We will choose the sizes of L and R so
that with high probability no car from M leaves L U M U R by time t. The idea is
that with positive probability the number of cars starting in M is a few standard
deviations above the mean, creating an excess of cars, and that this excess is not
relieved by what happens in L and R. To be able to quantify this, we will introduce
swapping - this can be thought of as a way of switching positions of cars so that at
any time, from left to right, we see the cars that started in L, then M, and then R.
This modification will not change the stochastic properties of the process, but will
allow us to say how much relief L and R provide by way of parking spots available

to cars starting in M.

From there we will be able to bring everything together and appeal to Lemma
7.2.6 to obtain the desired lower bound on E[r, A t].

7.5.2 The teleportation strategy and the swap-modification

We define the teleportation strategy @ as follows. Fix integers £ > 8 and ¢ > 4.
Let ¢ = [/tlogt] and let Z be uniformly distributed on [2(k + £) + 1]. Then given
Z = z, for each integer m € Z we teleport any car which attempts to make a step
(in either direction) between m(2(k+¢)(+1)+z and m(2(k+¢)(+1)+z+1. By the

randomisation of Z, we see that this teleportation strategy is translation invariant.

We will show that a proportion (¢logt)~'/4

of cars remains active (i.e., has not
parked) at time t under the teleportation strategy ). To establish this, it is equiv-
alent to consider the parking process on an interval of length 2(k + ¢)( + 1 where
we assume there is a cliff edge at either side. Let L = Z N [—(k + £)(, —k(), let

M =70 [=k(, k¢] and R = Z N (k¢ (k + 0)].
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The idea of the proof of the lower bound in Theorem 7.1.2 is that we start with an
excess of cars in M which do not escape LU M U R and that L and R do not offer up
enough spare parking capacity. It turns out that quantifying what capacity R and
L provide is not straightforward since one cannot easily separate what happens to
the cars with respect to their starting positions. As such the following modification
of the process will prove very useful.

Definition 7.5.1 (The modified parking process). At time 0, label cars according
to their starting intervals L, M or R, and for s > 0 let C(s) be the set of starting
positions (in LU M U R) of the cars that are still active at time s (hence C'(0) is the
set of ¢ such that we initially place an active car at 7). Further let C(s) be the set
of starting positions in L of the cars that started in L and are still active at time s
(and similarly define Cy/(s) and Cg(s)). For a car starting at ¢ which is still active

at time s we write Y?(s) to denote its position at time s.

Given the set C(s) of cars active at time s, and their positions (Y(s) : i € C(s)),
we want to define C'(s + 1) and the positions (Y'(s+ 1) :i € C(s+1)). We will do
this in several steps: at each step, we move the cars around in a way that preserves
the number of cars at each location. We use Z{, Zi, and Z} to denote intermediate

rearrangements, preserving Y for the final position.
e For any car active at time s, define Zi(s + 1) = Y(s) + (X(s + 1) — X(s)).

e Letiy,..., 1, € L be all the starting positions of cars labelled L that are active
at time s and such that the move at time s + 1 places them to the right of
some active car labelled R. Let ji,...,j, € R be all the starting positions of
cars labelled R that are active at time s and such that the move at time s+ 1
places them to the left of some active car labelled L. We order the labels so
that Zi*(s+ 1) < Zi"' (s + 1) and ZI*(s + 1) < ZI*"'(s + 1) for all £. Thus
i1,...,0; € Cp(s) and jy,...,J, € Cgr(s) and (if there are such cars)

; Je ; ig Je iy
R Z{'(s+1) < nin Zit(s+1) and max Z{'(s+1) < max Zi'(s+1).
We rearrange these cars as follows: for all i ¢ {i1,..., 45, 71,...,Jy} let Zi(s+

1) = Zi(s+1). Let (my,...,myy,) be a permutation of {i1, ..., 0, J1,---,jy}
such that Z7*(s+1) < 27" (s+1) for 1 < ¢ < xz+y—1. Then, for 1 < /¢ <z,
let Zi(s+1) = Z™(s+1), and for 1 < <y, let ZJ(s+1) = Z]"* (s + 1).
After this procedure, no car labelled L is to the right of a car labelled R.
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e Analogously, given Z(s+1) for all i € C(s), we define Zi(s+ 1) by reordering
the positions Z:(s + 1) of the cars that started in L or in M in such a way
that no car that started in L has a car that started in M to its left. Note that
this operation can only move cars labelled L to the left, hence we still have no
car labelled L to the right of a car labelled R.

e Finally, given Zi(s+ 1) for all i € C(s), we define Y?(s + 1) by reordering the
positions Z:(s+1) of the cars that started in M or in R in such a way that no
car that started in R has a car that started in M to its right. Again, note that
this operation can only move cars labelled R to the right, hence we still have
no car labelled L to the right of a car labelled R. Moreover, a car labelled M
can only be moved to a position Z% previously occupied by a car labelled M
or R, which we know has no car labelled L to its right, hence the same holds

about cars labelled M after the rearrangement.

If a single car starting at ¢ reaches an empty parking spot at Y*(s + 1), then it

parks there. When at least two cars simultaneously arrive at a parking spot v at
time ¢, we choose the car ¢ labelled L with smallest U} to park there; in the absence
of a car labelled L, the car i labelled R with smallest U} parks there; finally, if only
cars labelled M meet at v, the car i with smallest U} parks there. When a car leaves
LU M U R, we say it is inactive and remove it from the process. We say that a
car becomes left-inactive if it reaches min L — 1, and it becomes right-inactive if it
reaches max R + 1. Finally, let C'(s 4+ 1) C C(s) be the set of cars active at time s
that have neither parked nor become inactive at time s + 1.
Remark 7.5.2. In the process described in Definition 7.5.1, no car ever changes its
position by more than 1 point at a time. Indeed, consider an arbitrary car labelled
M. At time s it has no cars labelled L to its right and no cars labelled R to its
left. At time s+ 1, all cars labelled L can only drive to positions at most j + 1, and
cars labelled R to positions at least 7 — 1. Thus if there is no need to rearrange the
position of our car then it changes by at most 1, and if a rearrangement is necessary
then it again changes to a value in {j — 1, 4,7+ 1}. Similar arguments apply to cars
labelled L or R.

Let P be the probability measure with respect to the modified parking process.
If we ignore the labels of the cars, then the difference from the original parking
process under () is that we swap some future trajectories of cars. Since the swapping

is determined by past trajectories, the unlabelled modified process has the same
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distribution as the unlabelled unmodified process. Thus

E[#active cars in LU M U R at time ¢] = E9[#active cars in LU M U R at time t].

(7.5)

7.5.3 Proof of the lower bound

Before completing the proof of Theorem 7.1.2, we prove some preliminary lemmas
concerning the modified parking process. Unless stated otherwise, we assume that
we are dealing with the modified parking process (Definition 7.5.1) throughout this

section.

First we consider how many cars from L and R drive off the cliff. Intuitively this
should be maximised if the cars drive monotonically towards the cliff edge. Given
the initial arrangement of cars and parking spaces on L, let D = Dp(t) be the
number of cars starting in L which would become left-inactive by time ¢ should all
cars with label L move left deterministically. Similarly let Dr = Dg(t) denote the
number of cars with label R that become right-inactive by time ¢ in the process
where all cars with label R move right deterministically. The next lemma shows
that our intuition is correct.

Lemma 7.5.3. The number of cars with label L which become left-inactive by time

t is at most Dy,.

Proof. Under ﬁ”, suppose that j is the smallest integer which has a parking space
filled by a car labelled M or R by time t. Under P at any time, from left to right,
the unparked cars have labels L, then M, and then R. Therefore, any car v labelled
L originating from an integer greater than j, before it parks, must stay to the left
of the car w which parks in j. Since cars in the modified process move at most one
step at each time, the car v cannot be unparked at time ¢ since it would have visited
j before w parks there. Similarly, v cannot park to the left of j since it would pass
through j before w parks there. Therefore, any car labelled L originating from an

integer greater than 7 must have parked in a spot greater than j.

Let J = LN [—(k+¢)C,j—1]. Then the only cars labelled L that can become

left-inactive are the cars from J, and only cars originating in J park in J.

Suppose that cars starting at positions i1 < --- < iy < j become left-inactive

starting from J. Observe that every parking space to the left of iy + 1 must be
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filled by a car originating from J (otherwise, the car starting in iy must reach a free
parking spot on its route to min L — 1). Let p = 7 — 1 if all parking places in J are
filled in the process, and otherwise let p 4+ 1 be the leftmost empty parking spot in
J at time t. We see that all parking spaces to the left of p+ 1 must be filled by cars
originating from the left of p + 1 (a car starting to the right of p would fill p + 1
first). But then there must be a surplus of N cars to the left of p + 1.

If all the cars drove left deterministically, this surplus would result in at least N
cars, starting to the left of p 4+ 1, becoming left-inactive. Thus we have D > N,

proving the claim. O

Remark 7.5.4. Clearly, an analogous claim holds about the number of cars from

R becoming right-inactive being bounded by Dp.

Note that Dy and Dg are dependent only on the initial car configuration (B;)cz.
Let S7 be the number of cars which start in L and let P be the number of parking
spaces in L (hence clearly Sp + P, = |L|). Similarly define Sy and Pkg.

Lemma 7.5.5. There exists € > 0 (independent of t) such that

P [SL — P, — D > —(tlogt)l/ﬂ > E.

Proof. Consider the simple symmetric random walk starting at 0 which goes up at
time ¢ > 1 if the ith rightmost point in L initially contains a car, and goes down if
the ith rightmost point in L contains a parking spot. Suppose that while traversing
L, the walk last attains its minimum value —m < 0 at time j, and let = be the
jth rightmost point in L. Then, in the process where all cars in L deterministically
drive left, every car starting to the right of x finds a parking place, the process ends
with m empty spots to the right of  — 1, every spot to the left of z is filled by a
car, and all the cars that do not park reach the left end of the interval and become

left-inactive.

The number of parked cars in this process is S;, — Dy, and so the number of
unfilled parking spaces is P, — S, + Dy. Therefore S;, — P, — Dy, = —m. From the
previous paragraph, we see that S; — P, — Dy is distributed like the minimum of
a simple symmetric random walk of length ¢¢. So by Lemma 7.3.3(ii) it is at least

—(tlogt)'/* with probability bounded away from zero. O

Remark 7.5.6. An analogous claim holds if we replace Sy, P;,, D, with Sg, Pgr, Dr

respectively.
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We would like to say that no car from L becomes right-inactive. Indeed, we

could then say that at time ¢, the number of cars from L (possibly parked) still in
LU M U R minus the number of parking spots (filled or unfilled) in L is at least
Sy — Py, — Dy, > —(tlogt)'/* with probability at least . The next result shows that
this occurs, and also that no car from M becomes inactive.
Lemma 7.5.7. With probability 1 — o(1/t), for all starting configurations of active
cars and parking places in LU M U R, in the first t time steps, no car starting in M
becomes inactive, no car starting in L reaches R, and no car starting in R reaches
L.

Proof. For each i € LU M U R, let M* be the maximum of {X’ — i : s < t}, and
m’ the minimum of {X! — i : s < ¢}. By Lemma 7.3.3(i), P [m' < —4y/tlogt] =
P [M' > 44/tlogt] < 2t78. Hence by the union bound, with failure probability
o(t™1), for all i € L U M U R the random walks X* are at distance at most 4¢ from

their corresponding starting point ¢ until time ¢.

Assume that for alli € LUM U R, X* is at distance at most 4¢ from 4 until time
t. We now show that for all starting configurations of active cars and parking places
in L UM U R, in the first ¢ time steps, no car starting in M becomes inactive, no

car starting in L reaches R, and no car starting in R reaches L.

Consider a car starting at ¢ € L. If the car is still active at time s in the modified
parking process, then Y?(s) < X'(s), as if the position of the car is ever changed as
a result of landing to the right of a car labelled M or R, then it can only be pushed
further left. Therefore it stays to the left of (4 — k). Similarly all cars labelled R
stay to the right of (k —4)¢. Since k > 8, no car from L reaches R, and vice versa.

Now consider a car starting at ¢ € M. If the position of the car is never changed
due to moving past a car labelled L or R, then it never reaches a point more than

4¢ from ¢ and so cannot become inactive.

Hence suppose the car at some point has its position changed due to finding itself
to the left of a car labelled L. This implies that the car must at some point be to the
left of (4—k)C (or else it cannot pass a car labelled L). If the car reaches (k—4)(+1
at some point, then there must be a passage of the car between (4 —k)( and (k—4)¢
contained within [(4 — k)¢, (k —4)]. In this segment, the position of the car cannot
be changed as it keeps all cars labelled L to its left, and all cars labelled R to its
right. Therefore it moves according to X, and so X" reaches points 2(k — 4)( > 8
apart (recall that & > 8). This cannot happen since the maximum modulus of X*—i

is at most 4¢.
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Therefore the car does not have its position changed due to being to the right
of a car labelled R. So while the car remains active, its position is bounded below
by X* (having its position changed can only push its the car to the right). Since
the car does not reach (k — 4)(, we see that the position of the car is contained in
[(—k —4)(, (k — 4)¢] and so the car cannot become inactive (recall that ¢ > 4).

The argument for a car which at some point finds itself to the right of a car labelled

R is identical. We conclude that no car originating from M becomes inactive. [
We are now in a position to prove Theorem 7.1.2.

Proof of the lower bound in Theorem 7.1.2. It is enough to show that with proba-
bility bounded away from zero (say at least § > 0), at time ¢ there are at least
(tlogt)/* active cars in L U M U R in the modified process. If this holds, then the
result easily follows by symmetry, Lemma 7.2.6 and (7.5):

Elr At] =EN[r At] > E°r A t]
- EQ[#active cars at time ¢ in LU M U R]
- |LUMUR)|
B E[#active cars at time ¢ in LU M U R]
B 2(k+0)¢+1
§(tlogt)/4
20k +0C+1

= O(t¥*log™ /1 1).

v

Let I, be the number of cars starting in L that become left-inactive and let Iz be
the number of cars starting in R that become right-inactive. Let S3; be the number
of cars which start in M and let Py; be the number of initial parking places in M.
Hence, in total there are Pr, 4+ Py + Pr parking places in LU M U R.

Suppose that in the first ¢ steps of the process, no car starting in M becomes
inactive, no car starting in L reaches R, and no car starting in R reaches L. Then at
time ¢, the number of cars (active or parked) in LUMUR is Sy, +(Sp—1I1)+(Sr—1IR).
By Lemma 7.5.3 this is at least Sy + (S, — Dr) + (Sg — Dg). Since only one car
can park in a parking spot, the number of active cars in LU M U R at time n must

be at least

(SM—PM>+(SL—PL)—DL+(SR—PR>—DR. (76)
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Observe that Sy, — Py, is determined by the starting configuration in M, Sy, —
P, — Dy is determined by the starting configuration in L, and Sz — Pg — Dp is
determined by the starting configuration in R. Therefore these random variables
are mutually independent. Let B); be the event that Sy, — Py is at least 3(¢logt)'/4,
let By, be the event that S; — Py, — Dy, > —(tlogt)'/*, and let Bg be the event that

SR — PR — DR Z —(tlogt)1/4.

Let A be the random event, depending on the random walks X* only, that for
all initial configurations of cars and parking places in L U M U R, no car from M
becomes inactive, no car from L reaches R, and no car from R reaches L. Observe
that A, By, By, Br are mutually independent events. By Lemma 7.5.7, A occurs
with high probability. By Lemma 7.5.5 both By and Bp occur with probability
bounded away from zero. Let K = 2k( + 1 ~ 2k+/tlogt. Since

Sy — Py =2k( +1— 2Py ~ K — 2Bin(K,1/2),

we have

K — 3(tlogt)/*
2

P[By] =P [Bin(K, 1/2) <

Bin(K,1/2) — £ _ —6(tlogt)'/4
K - VK

4

By the Central Limit Theorem, this probability tends to (I)(\/ifk) as t tends to infinity.
Therefore Bj; occurs with probability bounded away from zero. So all four events

A, Br, By, Br occur simultaneously with probability bounded away from zero.

Suppose that the events A, B, By, Bg all occur. Then recalling equation (7.6)
we see that the number of active cars in L U M U R at time ¢ is at least
(Sa — Par) + (Sr — Pr) — Dr + (Si — P) — Dy, > 3(tlogt)V/* — (tlogt)'/* — (tlogt)'/*

= (tlogt)"/*.

Since A, By, By, Br simultaneously occur with probability bounded away from
zero, we see that with probability bounded away from zero, there are at least
(tlogt)/* active cars in L U M U R at time t. The lower bound ©(t¥*log="/*t)
on E[7 A t] follows. O
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7.6 Subcritical parking on 7Z

In this section we prove Theorem 7.1.3. We start with the following simple lemma,

which we state here without proof.
Lemma 7.6.1. Let p € (0,1), and let M = M(p) be a Markov chain on N U {0}

with Moy = 0 and transition probabilities (p; ;)i jenuio} where

(

P, =i+,

Dij=4§1-—np, j=1—12>00ri=7=0,

0, otherwise.
\

Then M has stationary distribution Geomso(12;). Furthermore, since M is an
aperiodic and irreducible Markov chain, M; — Geomzo(ﬁ) in distribution as t —

Q.

Let E%(t) be the number of cars in [—t, —1] that would reach 0 if all cars de-
terministically drove right. We also define E%(t) to be the number of cars in [1,1]
which would reach 0 if all cars deterministically drove left. Note that (E¥(t))en
is an increasing sequence by a simple coupling argument. Finally, let EZ be the
number of cars in (—oo, —1] that would reach 0 if all cars deterministically drove
right.

Lemma 7.6.2. For all p < 1/2 we have E*(t) — E* almost surely as t — oo,

where EL ~ Geomso(12;). In particular, for allt >1 and k > 0 we have

P[EN(t) > k] <P [Geomzo(l%p) > k} _ (11—_25>k.

Proof. Since (EE(t));>; is a discrete increasing sequence, it is sufficient to show
that EL(t) — Geomzo(1%;) in distribution as ¢t — co. To compute EL(t), consider
forming a queue of cars from left to right in [—¢, —1]: Let Sy = 0 (there is initially
no queue), then given S;, we set S;1 1 = S; + 1 if there is initially a car at i — ¢ (a
car is added to the queue), S;11 = S; — 1 if S; > 0 and there is initially a parking
space at position ¢ — t (a car from the queue is parked), and S;; 1 = 0 otherwise.
Then S; = EL(t). On the other hand, (S, : s < t) is distributed like (M, : s < ¢),
and so E*(t) has the same distribution as M; (with M, = 0). By Lemma 7.6.1,
EL(t) — Geomzo(12;) in distribution as ¢ — oo. O
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Clearly, E%(t) also increases almost surely to the random variable E which is

distributed like a Geomx(7%;) random variable (and is independent of EL).

For all r > 0, let EX(t) be the number of cars in [r + 1,7 + t] that would reach r
if all cars deterministically drove left, and similarly let E*(t) be the number of cars
in [—r —t,—r — 1] that would reach —r if all cars deterministically drove right. Let
EE and E* be the limits as t — oo respectively of E£(t) and EL(t). For all r > 1,

let S® and SI be the number of cars that start in [1,7] and [—r, —1] respectively.

In the proof of Theorem 7.1.3, we first condition on the smallest K such that
ER+ Ff+ SE < K/2, and Ef + E® + Sk < K/2. These conditions mean that for
a car starting at 0, there will be parking spaces in both [1, K] and [— K, —1] and so
the car will have parked by the time its associated random walk hits either —K or

K.

Proof of Theorem 7.1.3. Let p < 1/2 and let M be the smallest K such that E% +
Ef + SR < K/2, and EL + ER + SE < K/2. If M is at least N, then by averaging

one of the following must happen:
(i) One of S® and S% is at least N(p+ (1/4 — p/2)).
(i) One of E®, EX, EX and E is at least N(1/8 — p/4).

Since S® and S% are both distributed like Bin(N, p) random variables and so the
probability that (i) occurs is at most 2e~(1/2-p)*N/2, by Lemma 7.3.1. On the other
hand, E* and E" are distributed like Geom> (%) random variables, and by Lemma

7.6.2 the distributions of F{ and E% are stochastically dominated by Geomzo(ﬁ).
If X ~ Geomxo(7%;), then P[X > N(1/8 —p/4)] < (ﬂ)N(1/87P/4), and so the

1-p
probability that (ii) occurs is at most

1— 2p N(1/8-p/4)
1—p '

4P {Geomzo (%) > N(1/8 — p/4)] <4 (

Putting these together we see that for all N > 1 we have

5 1—2 N(1/8—p/4)
P[M = N| <P[M > N] < 2¢~(1/2-PN/2 +4( p)

IL—p

— 9¢~(1/2-p)?N/2 . 4<1 _ 1L (7.7)

—p
< 9~ (1/2-PPN/2 | 4o~ T2 N (/8=p/1).

)N(l/S—p/4)
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For a given a € N, let H, be the first hitting time of a by the random walk X°. We
claim that if M = N, then 7° < H_yx A Hy. We justify this by showing that at
any time ¢ > 0, there are at most E® + EL + S cars excluding car 0 (parked or

not) present in [1, N] at time ¢. A similar statement can be shown for cars present
in [N, —1].

Let us temporarily exclude the car starting at 0 from the parking process (e.g.,
assume that this car never decides to park) and suppose that at time ¢, there are
B cars that started in [—t, —1] U [1, N] parked in [N + 1, N + t]. Let R be the
number of cars that start in [V 4+ 1, N + t] that are in [—¢, N] at time ¢. We have
the bound R < B + E&(t) since each parked car from [—t, N] that parks inside
[N +1, N +t] can only increase the number of cars that reach N from [N +1, N +1]
by 1. Similarly, if C' is the number of cars that started in [1, ¢] and parked in [—¢, —1],
and L is the number of cars that start in [—¢, —1] present in [1, N| at time ¢, we
have L < C' + EL(t). So the number of cars present in [1, N| at time ¢ is

SR+ R+L—-B—C<SE+ EXt)+ EX(t)
< S¥+ E* + EX.
Since M = N, this quantity is by definition less than N/2. On the other hand, there
are initially N — S > N/2 parking spots in [1, N] and so car 0 must go through an
empty parking space before reaching N. A similar argument applies to [—N, —1].

In the real process, where car 0 tries to park, this implies parking before reaching
N or —N.

We therefore have

E[r] < Y P[M = NJE[H_y A Hy|M = N].

N>1

By independence and Lemma 7.3.2(iii) we have

E[H_y A Hy|M = N] =E[H_y A Hy] = N?,
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and so (7.7) gives

E[r’] <E[M®] =) N°P[M = N]

N>1
< ZN2[2€7(1/271;)2N/2 4+ 4e T T, N(1/8— p/4)]
N>1
This series converges for any p < 1/2 and so E[r] is finite. O

7.7 Concluding remarks

An obvious problem to consider is to try to close the gap between the upper and
lower bounds in Theorem 7.1.2. Following the conjecture presented in [35], we also

believe that the upper bound gives the right order ¢3/4.

Another question is what happens in higher dimensions, where the problems seem
to become more difficult and the methods used in this chapter are unlikely to be
enough. In two dimensions it is also natural what happens in other lattices; for
example, are there analogous results to Theorems 7.1.2 and 7.1.3 for the hexagonal
lattice?

Finally, what can we say for more general jump distributions? We conjecture
that if the increments of the random walks X on Z are universally bounded, then
Theorems 7.1.2 and 7.1.3 should still hold. Although similar methods could work,
one would have to be careful about specifying parking places for cars (as in the

parking strategy 7' in Section 7.4) as cars might jump over them!
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