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Controller synthesis

1. Introduction

Two-player zero-sum games on finite automata, as a mechanism for supervisory controller synthesis of discrete event
systems, were introduced by Ramadge and Wonham [1]. In this setting the two players—called Min and Max—represent
the controller and the environment, and controller synthesis corresponds to finding a winning (or optimal) strategy of the
controller for some given performance objective. Timed automata [2] extend finite automata by providing a mechanism
to model real-time behaviour, while priced timed automata are timed automata with (time-dependent) prices attached to
the locations of the automata. If the game structure or objectives are dependent on time or price, e.g. when the objective
corresponds to completing a given set of tasks within some deadline or within some cost, then games on timed automata
are a well-established approach for controller synthesis, see e.g. [3-7].

In this paper we extend the above approach to a setting that is quantitative in terms of both timed and probabilistic
behaviour. Probabilistic behaviour is important in modelling, e.g., faulty or unreliable components, the random coin flips of
distributed communication and security protocols, and performance characteristics. We consider an extension of probabilistic
time automata (PTA) [8-10], a model for real-time systems exhibiting nondeterministic and probabilistic behaviour.

In our model, called probabilistic timed game arena (PTGA), a token is placed on a configuration of a PTA and a play of
the game corresponds to both players proposing a timed move of the PTA, i.e. a time delay and action under their control
(we assume each action of the PTA is under the control of exactly one of the players). Once the players have made their
choices, the timed move with the shorter delay is performed and the token is moved according to the probabilistic transition
function of the PTA. Intuitively, players Min and Max represent two different forms of non-determinism, called angelic and
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demonic. To prevent the introduction of a third form, we assume the move of Max (the environment) is taken if the delays
are equal. The converse can be used without changing the presented results.

Players Min and Max choose their moves in order to minimise and maximise, respectively, the objective function. The
upper value of a game is the minimum expected time that Min can ensure, while the lower value of a game is the maximum
expected value that Max can ensure. A game is determined if the lower and upper values are equal, and in this case the
optimal value of the game exists and equals the upper and lower values.

The objectives frequently studied include reachability, which asks for certain locations to be eventually reached, safety,
which asks for a given target set to be avoided, or more complex properties, expressed using a formula of a linear temporal
logic. The objective function is then an indicator function saying whether the property is satisfied on a play, and the
expected value then corresponds to the probability of the property being true. In our paper we are interested in a more
complex setting and study reachability-time time objectives, which express the expected time to reach a given target set. These
objectives have many practical applications, e.g., in job-shop scheduling, where machines can be faulty or have variable
execution time, and both routing and task graph scheduling problems. For real-life examples relevant to our setting, see
e.g. [7,11]. The reachability-time objectives are a special case of weight or price objectives in which different numbers are
assigned to locations, and the value of the objective function depends on the respective numbers and the time spent in
the locations; in our setting, the numbers are fixed to be 1 and the objective function simply sums the times spent in
for each location. Computing properties related to price functions often leads to undecidability, even in non-probabilistic
setting [12,13]. Studying simpler properties is thus motivated by the desire to obtain decidable properties while still being
able to study sufficiently complex class of properties.

1.1. Contribution

We demonstrate the decidability of the problem of whether the upper (lower, or the optimal when it exists) value of a
game with reachability-time objectives is at most a given bound. Our proofs immediately yield a NEXPTIME N co-NEXPTIME
complexity bound. To our best knowledge, this is the first decidability result for stochastic games on timed automata in
which the objective concerns a random variable that takes non-binary values.

Our approach is based on extending the boundary region graph construction for timed automata [14] to PTGAs and
demonstrating that the reachability-time problem can be reduced to the same problem on the boundary region graph. In
particular, our proof aims to show that the limit of the step-bounded value functions in the timed automata and boundary
region graph also coincide.

Generic results exist that allow one to prove that step-bounded values converge to the step-unbounded value, but to the
best of our knowledge none are readily applicable in our setting where the state space is uncountable and little is known
a priori about the value functions. For example, Banach fixpoint theorem requires the value iteration function (that takes
a n-step value function and returns the n + 1-step value function) to be a contraction on an underlying metric space, and
it appears difficult to devise the metric space so that the contraction property is easily obtained. Another possible proof
direction is Kleene fixpoint theorem, which requires Scott-continuity on the value functions, which again is a property that
is difficult to establish in our setting. We are able to partly rely on the Knaster-Tarski fixpoint theorem which characterises
the set of fixpoints, but it is not strong enough to prove the convergence itself, for reasons similar to the ones above.
Several other theorems such as Brouwer fixpoint theorem or Kakutani fixpoint theorem are generally not suitable for proving
properties that we require in turn-based stochastic games.

Hence, to prove that the limit of the step-bounded value functions is the desired value, we need to take a tailor-made
approach. We first inductively show that, when the number of steps is bounded, then the value functions in timed automata
and boundary region graph coincide and are non-expansive within a region. Here we make use of quasi-simple functions
which generalise simple functions, previously used by Asarin and Maler in the study of games over non-probabilistic timed
automata [3]. Then, using the non-expansiveness property, we show that the limit of the step-bounded value functions in
the timed automata and boundary region graph also coincide. In this part we use Knaster-Tarski fixpoint theorem.

The definition of quasi-simple functions is a central component of our proof, as it is strong enough to enable us to
utilise an approach used in proofs of fixpoint theorems, but on the other hand general enough to capture the values of
reachability-time objectives. We believe that it can serve as a step from simple functions towards functions describing even
more complex but still decidable objectives.

1.2. Related work

Hoffman and Wong-Toi [15] were the first to define and solve the optimal controller synthesis problem for timed au-
tomata. For a detailed introduction to the topic of qualitative games on timed automata, see e.g. [16]. Asarin and Maler [3]
initiated the study of quantitative games on timed automata by providing a symbolic algorithm to solve reachability-time
objectives. The works of [17] and [14] show that the decision problem for such games over timed automata with at least
two clocks is EXPTIME-complete. The tool UPPAAL Tiga [6] is capable of solving reachability and safety objectives for games
on timed automata. Jurdzifski and Trivedi [18] show the EXPTIME-completeness for average-time games on automata with
two or more clocks.
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A natural extension of games with reachability-time objectives are games on priced timed automata where the objective
concerns the cumulated price of reaching a target. Both [4] and [5] present semi-algorithms for computing the value of such
games for linear prices. In [12] the problem of checking the existence of optimal strategies is shown to be undecidable, with
[13] showing undecidability holds even for three clocks and stopwatch prices.

As for two-player quantitative games on PTAs, for a significantly different model of stochastic timed games, deciding
whether a target is reachable within a given bound is undecidable [19]. In [20], continuous-time games are verified against
time-automata objectives, giving rise to systems whose semantics is related to the ones of [19]. The work of [21] studies
probability of satisfying Biichi objectives in a timed game where perturbations of probabilities can take place, and [22]
studies games on interactive Markov chains which are modelled as a game extension of timed automata.

Regarding one-player games on PTAs, in [23] the problem of deciding whether a target can be reached within a given
price and probability bound is shown to be undecidable for priced PTAs with three clocks and stopwatch prices. The work of
[24] shows that the problem becomes decidable when the price functions are of a restricted form. In [25], simple functions
are extended to devise a symbolic algorithm for computing minimum expected time to reach a target in one-player games
on PTAs; the extension differs fundamentally from our quasi-simple functions. We also mention the approaches for analysing
unpriced probabilistic timed automata against temporal logic specifications based on the region graph [8,9] and either
forwards [8] or backwards [26] reachability. The complexity of performing such verification is studied in [27] for almost-sure
reachability, and in [28] for PCTL properties and a restricted number of clocks. Finally, [29] deals with a model similar to
PTAs in which time evolves continuously and controllable “fixed delay” events are introduced.

A preliminary version of the work was published in conference proceedings [30]. The result presented in [30] required
an assumption on the structure of the PTAs that enforced a terminal state to be reached almost surely under any pair of
strategies. In this paper we lift this restriction and consider arbitrary PTAs. Further, the proofs in [30] contain a significant flaw
which required major changes to be made to the proof, also for the restricted case. Thus, although the high-level idea behind
the proof (bounding the difference of values for two configurations whose clock values are close to each other) stays the
same, the actual steps of the proof changed significantly. Note that, although [30] also introduces quasi-simple functions,
the definition used here is different (and not equivalent). Most notably, our proofs here use a much more “constructive”
approach when defining value functions.

1.3. Outline

The structure of the paper is the following. In Section 2 we introduce Stochastic Games Arenas, which serve as semantics
for games on PTAs. Games on PTAs are then introduced in Section 3, and Section 4 defines boundary region abstraction,
which plays a fundamental role in our proofs. Section 5 provides the proofs for the main result.

2. Stochastic game arena

We now introduce a general notion of stochastic game arenas (SGAs), which will later serve as semantics for the model
we study. The reader may notice that our definition of a stochastic game arena differs from the standard concurrent stochas-
tic game arena [31,32]. However, as we shall demonstrate later, it captures precisely the semantics of probabilistic timed
game arena. In addition, presenting the basic concepts relating to values in the general setting of SGAs allows us to use
these concepts in the context of both probabilistic timed game arenas and their abstractions.

2.1. Stochastic game arena: syntax and semantics

We write N for the set of non-negative integers, Q for the rational numbers, R for the non-negative reals, and R";O
for the reals with the maximum element co. A function f : (]R;OO)” — R;"O is non-expansive if for any x,y € (]R;OO)” we
have | f(x) — f(y)| < |x—y| where |-| is the max norm, i.e. [(X1,...,X;)| = maxXiign |Xi|. A discrete probability distribution, or

just distribution, over a (possibly uncountable) set Q is a function d: Q — [0, 1] such that quQ d(q) =1 and supp(d) def
{q € Q | d(q) > 0} is at most countable. Let D(Q) denote the set of all discrete distributions over Q. We say a distribution
d € D(Q) is a point distribution if d(q) =1 for some q € Q. Given a set Q and two functions f, f': Q — R;OO, we state
f < f" when f(q) < f'(g) for all g€ Q. A function f:Q — Ry is a convex combination of functions fi,..., fu: Q = Rxo
if there are non-negative coefficients p1, ..., pn such that Z?:l pi =1 and we have f(q) = 2?21 pi- fi(q) forallqge Q.

Definition 1 (Stochastic Game Arena (SGA)). A stochastic game arena is given by a tuple G = (S, Amin, AMax> PMin» PMax, Win,
TMin,» TMax) Where:

e S is a possibly uncountable set of states;

e Amin and Apax are possibly uncountable sets of actions controlled by players Min and Max respectively, and L is a
distinguished action such that Apin N Amax = {L};

® Dnin : (S X Amin) — D(S) and pmax : (S X Amax) — D(S) are the probabilistic transition (partial) functions for players
Min and Max respectively, such that pyin(s, 1) and pmax(s, L) are undefined for all s € S, and for any s € S either there
exists o € Amin such that pyin(s, @) is defined or there exists o € Apmax such that pyax(s, &) is defined;
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e win: (Amin X Amax) = (Amin U Amax) is a function specifying which of the actions chosen by the players takes place,
requiring that for any (o, ) € Amin X Amax We have win(a, B) € {«, B}, and moreover win(c, 8) is never equal to L
unless e = =1;

® Tnmin : (S X Amin) — R>o and Twmax : (S X Amax) — R are the time delay (partial) functions for players Min and Max
respectively, specifying the delay associated with performing an action in a state.

Note that SGAs introduced above are more general than classical stochastic games, in particular SGAs contain information
about the time delays of actions.

We say that an SGA is finite if S, Ayin and Amax are finite. For any state s € S, we let Ayin(s) denote the set of actions
available to player Min in s, i.e., the actions o € Ay for which pwin(s, @) is defined, letting Apin(s) = {_L} if no such action
exists. Similarly, Amax(s) denotes the actions available to player Max in s and we let A(S) = Amin(S) X Amax(s). From the
conditions required of the probabilistic transition functions of the players, we have (L, 1) ¢ A(s) for all s S.

A game on SGA G starts with a token in an initial state s € S and players Min and Max construct an infinite play
by repeatedly choosing enabled actions, and then moving the token to a successor state determined by the probabilistic
transition function of the player proposing the action that is favoured by the win function. Formally, we introduce the
following auxiliary definition for an SGA.

Definition 2 (Probabilistic transition function of an SGA). For any stochastic game arena G = (S, Amin, AMax> PMin> PMax,> TMin»
TMmax) the probabilistic transition function of G is given by the partial function p : (S x Amin X Amax) — D(S) where for any
se€S, o€ Avin and B € Amax:
undefined if («, B) ¢ A(S)
p(s,a, B) =1 Pmin(s, ) ifwin(er, ) =«
Pmax (s, B) otherwise.

Using this definition, if we are in state s and the action pair (o, 8) € A(s) is chosen by the players, then the probability
of making a transition to s’ equals p(s, «, B)(s’). We similarly define the time delay function 7 of the SGA G by

def undefined if (o, B) ¢ A(S)
(5., 8) = { tmin(s, @) ifwin(a, B) =«
™Max(S, B) otherwise.

A transition of G is a tuple (s, (&, 8), s) such that p(s,«a, 8)(s’) > 0 and a play of G is a finite or infinite sequence

(s0, (@1, B1), 51, (002, B2), - - -, Sis (i1, Bit1)s Sit1s---)
such that (s, (¢¢j+1, Bi+1), Si+1) is a transition for all i > 0. The length of a play p, denoted len(p), is defined as the number
of transitions appearing in the play. For a finite play p = (So, (¥1, 81), 51, - - -, (¢, Bk)s Sk), let last(p) denote the last state sy

of the play. We write 2 () for the sets of infinite (finite) plays in G and (s) (£2s(s)) for the sets of infinite (finite) plays
starting from s € S.

Definition 3 (SGA strategy). Let G = (S, AMin, AMax> PMin» PMax»> TMin» TMax) be an SGA. A strategy of Min is a function pu :
Qf — Awmin such that w(p) € Amin(last(p)) for all finite plays p € Qf. A strategy x of Max is defined analogously and we
let Xvin and Tmax denote the sets of strategies of Min and Max, respectively.

For any finite play, a strategy of Min (Max) returns an action available to Min (Max) in the last state of the play.

For an SGA G, state s of G and strategy pair (i, X) € ZMin X ZMax, let QX (s) (Q}"X(s)) denote the set of infinite
(finite) plays in which Min and Max play according to w and x, respectively. Given a finite play p € Qjﬁ‘ X(s), a basic
cylinder set Cyl(p) is the set of infinite plays in /X (s) for which p is a prefix. Using standard results from probability
theory [33] we can construct a probability space (#X (s), F*X(s), Prt“*) where F*X(s) is the smallest o -algebra gen-
erated by the basic cylinder sets and Pri“X : F — [0,1] is the unique probability measure such that for any finite play
P ={s0, (@1, B1), 51, .., Sk—1, (0, Bk), Sk) € QF’X(S)I

Pri“ X (Cyl(p)) = [Tz Psio1. i Bi)(si)
where pre(p, i) = (so, (@1, B1), S1, - - . Si—1, (&, Bi), si) for all i < k.
Given a real-valued random variable f :Q — R";O, the expression EXX (f) denotes the expected value of f with respect
to the probability measure Pri“X.

We extend Pré"x(f) also to the cases where the game is assumed to start from a finite play p = (so, (¢1, 81), S1, .- -,

(ot Br), Sk) as opposed to a state s, and we let PriX =P % where the strategy [, is defined from u by
P last(p) 1Y

/’Lp(p/) = H’((S(L (a17 ﬁ])a Sl’ sy (ak7 ﬂk)v Skv (all<+‘1 ’ ﬂl/<+l)v S;<+17 ... (a[7 ﬂf)7 SZ))
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for all o’ = (s}, ... (. B, SI,<+1’ ... (ate, Be), s¢) such that sy =s,, and w, (o) is defined arbitrarily otherwise; the strategy
X, is defined analogously. We then also use Ef,"* defined with respect to Priy*.

2.2. Reachability-time objective in stochastic game arena

We now define the reachability-time objective for plays of SGAs.

Definition 4. For an SGA G and target set of states F of G, the (finite-horizon) n-step reachability-time objective associated
with an infinite play p = (so, (o1, B1), 51, ...) is given by:

Reachl(p) = YK T(siot, o B)

where k =min{i e N|s; € F} if s; € F for some j <n e N and k =n otherwise. Furthermore, the (infinite-horizon) reachability-
time objective (with target set F C S) associated with an infinite play p is given by:

Reachr (p) = lim,_, o Reachl (p).

In the definition of the infinite horizon objective the limit always exists, but it can be infinite. To simplify notation, we
often omit the target set F when it is clear from the context.

In our games on an SGAs players Min and Max move a token along the edges in order to minimise and maximise,
respectively, the (n-step) reachability-time objective function. Formally, for an SGA G and an objective Reach™ we define
lower and upper value with respect to Reach™ for G in state s € S by

n o def ; Mo X n
Valg (s) = supy exy,., ifuezy, Es ~ (Reach™)
——n def . 7% ¢ n
Valg(s) = infexy, SUPyexy, Bs ~ (Reach™)

respectively. Similarly, for an objective Reach we define the lower and upper values:
def . s X
Valg(s) = supy exy,,, infuesy;, Es * (Reach)

Valg(s) Gl=efinfue>:Mm SUDy 3y, B5 % (Reach).

In the cases when the lower and upper values coincide, we denote this value simply as Valg(s) or Valg(s) and say that the
corresponding game is determined. We omit G if it is clear from the context, e.g. we write simply Val instead of Valg.
For (4 € Zpmin, X € Emax and s € S, let
def w.x' def . w,x
Valg (s, ) = sup, e, Es " (Reach) and Valg(s, x) = infycs,, Es '* (Reach).

We say w is optimal (or &-optimal), LVaIG (s, ) = Valg(s) (or Valg(s, u) < Valg(s) — ¢) for all s € S. Furthermore, x is
optimal (or e-optimal), if Valg(s, x) = Valg(s) (or Valg(s, x) > Valg(s) —¢) for all s € S. If G is determined, then each player
has an e-optimal strategy for all & > 0.

Since we will consider two-player games on SGAs that are not determined, we are interested in the following problem
with respect to the upper value of a game.

Definition 5. Given an SGA G, initial state s € S, reachability-time objective and value B € Q, the corresponding game
reachability-time problem is to decide whether Val(s) < B.

All results presented in the paper are still valid when replacing the upper value with the lower value. The following is a
well-known result.

Theorem 6. (See [34,35].) The reachability-time problem for infinite-horizon objectives over finite SGAs is in NP N co-NP.
Efficient algorithms exist to solve the problem over finite SGAs, e.g. using value iteration [36,37].
2.3. Optimality equations for SGAs

We now introduce optimality equations for reachability objectives over SGAs. For the remainder of this section we fix an
SGA G = (S, Amin, AMax, PMin, PMax TMin, TMax) and a target set F C S.
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Definition 7. The Bellman-style equations for n-step reachability time objective are given as follows: Val"(s) = 0 whenever
n=0orseF,andforn>0and s¢F:

W"Jrl(s): inf sup {t(s,a,ﬂ)+Zs,esp(s,a,/3)(s’).@"(s’)]

€ Amin () BeAMax(S)
The correctness of these equations can be easily obtained from the fact that for any n > 0, s ¢ F, path p with last(p) =s
and strategies u and x, where @ = win(i(p), x (p)), by definition of E/;'* we have:
Ely X (Reacht ™) = E{”"* (Reach™)
= Reach’}+1 (o")dprie*e (by definition of expectation)
pEQIP-XP (5)

=Y ( / (s, 115 (5). Xp($))(s)

s'eS .
pegﬂpas/ Xpas’ ()

. (T(S, Wp(S), Xp(S)) 4+ Reachy (,5)> dPTZ/)aS/’XM/ (,5)) (by definition of Q“»-X» (s), Pry”"*” and Reach”!)

=T(s, p(S), Xp(S))

+ 3 D06, 1p(S), XS - / Reachl} (7)dPr, " " (5) (rearranging)
s'eS Mo X s e
eq' pas” *pas’ (51

=75, 1(P), X (D) + D p(s, w(p), X (PN - B X (Reach(t)
s'eS
(by properties of (1, x, and definition of expectation)

Let us now turn to the equations for infinite-horizon objectives.
Definition 8. A function P : S — R, is a solution of the optimality equations Optg, written P = Optg, if for any s € S:

0 ifseF

inf sup {r(s,a,,B)+Zp(s,a,ﬂ)(s’)-P(s/)} ifs¢ F

o €AMIN(S) BeAmax(s) s'eS

P(s) =

and is a solution of the optimality equations %G, written P |=%G, if for any s € S:
0 ifseF

Pis)= sup inf [r(s,a,ﬁ)—f- > p(s,a,ﬁ)(s/)-P(s/)} ifs¢F.

BEAMax(s) #EAMin(S) s'eS

To simplify the presentation, from now we will only concentrate on upper value Val. Analogous results for the lower
value follow in a straightforward manner.

Our aim is to utilise the optimality equations for Optg and prove that Val and limy_ 00 Val" are equal, as an initial step
towards computing or approximating Val. Although this equivalence can seem obvious, it is not at all trivial and, due to the
uncountable nature of SGAs, it is not possible to use results such as Kleene fixpoint theorem out of the box. In fact, in this
paper we will only prove the equivalence for a special case of SGAs (sufficient for our purpose). Nevertheless, the following
two lemmas can be established for SGAs in general.

Lemma 9. For any solution V = Optg we have Val < V.

Proof. Consider any ¢ > 0 and let i be a strategy for player Min that, for any finite play p, selects an & -2~ €(®+D optimal
action. For an initial state s € S and a finite play p such that last(p) =s, it follows that:

V(s) + g - 27 len(o)+) >ﬁ sup T(s, (), B) + X p((p), B)(s) - V(s ¢ . (1)
€AMax (S s’eS
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We will now show that for any path p, counter-strategy x for Max and n € N we have:

, I —
Ejy ¥ (Reach) < V (last(p)) + Y i) e -27m, 2)

We prove (2) by induction on n € N. The case for n =0 follows from Definition 4 and Definition 8.
Now suppose (2) holds for some n € N. Consider any finite path p where last(p) =s and counter-strategy x for Max.
Now, if s € F, then by Definition 4 we have:

IE,’;’X (Reach'}“) =1=V(ast(p)) < V(last(p)) + Zgi;l?;’j:f) g.27m,

On the other hand, if s ¢ F and letting a = win(it(0), x (p)), then by Definition 4 and Definition 8:
Ej (Reachy™) = T(s, u(p). x (0)) + X p(s, 11(p), X (P)(s') - Elpes (Reach})

s'eS
n+len(pas’)
< TS, (), x () + 2 p6s, w(e), x(ENEH - (VEH+ > e-27" (by induction)
s'eS m=len(pas’)+1
n+len(p)+1
ST, (), x(P) + 2 ps, (), x(PNE) - {VisH+ > e-27™ (by definition of len(-))
s'eS m=len(p)+2
, , (n+1)+len(p) )
=76 1), x () + X pG (), x(ENE)-VEH )+ > 27" (rearranging)
s'eS m=len(p)+2
(n+1)+len(p)
V(s)+eg.27tn+D 5 g pm (by (1))
m=len(p)+2
(n+1)+len(p)
=V (last(p)) + > g-2™™m (rearranging.)
m=len(p)+1

Since these are all the cases to consider, it follows that (2) holds by induction on n.
Letting p = s and taking the limit of n in (2), we have E{“% (Reachr) < V(s) + & and, since £ and x were arbitrary, it
follows that Val(s) < V(s) as required. O

Lemma 10. Val > lim,_, o, Val .

Proof. The proof follows straightforwardly from the fact that for any n € N and finite play p we have that Reachg(p) >
Reach}(p). O

3. Probabilistic timed game arenas

In this section we introduce Probabilistic Timed Game Arenas (PTGAs) which extend classical timed automata [2] with
discrete distributions and a partition of the actions between two players Min and Max. However, before we present syntax
and semantics of PTGAs, we need to introduce the concept of clock variables and related notions.

3.1. Clocks, constraints, regions, and zones

Clocks. Let C be a finite set of clocks. A clock valuation on C is a function v :C — Rxo and we write V(C) (or just V
when C is clear from the context) for the set of clock valuations. Abusing notation, we also treat a valuation v as a point
in (]R>g)|c‘. Let 0 denote the clock valuation that assigns 0 to all clocks. If v e V and t € R3¢ then we write v +t for the

clock valuation defined by (v + t)(c) def v(c) +t for all c € C. For C C C, we write v¢ for the valuation where v¢(c) equals
0 if c € C and v(c) otherwise. For X C V (C), we write X for the smallest closed set in V containing X. Although clocks are
usually allowed to take arbitrary non-negative values, for notational convenience we assume that there is an upper bound
K € N such that for every clock ¢ € C we have that v(c) < K.

Clock constraints. A clock constraint over C with upper bound K € N is a conjunction of simple constraints of the form c >« i
or c—c' i, where ¢c,c’ €C,ieN,i<K, and ~e{<,>,=,<,>}. For ve V(C) and K €N, let SCC(v, K) be the set of
clock constraints with upper bound K which hold in v, i.e. those constraints that resolve to true after substituting each
occurrence of a clock x with v(x).

Clock regions. Every clock region is an equivalence class of the indistinguishability-by-clock-constraints relation, and vice
versa. For a given set of clocks C and upper bound K € N on clock constraints, a clock region is a maximal set ¢CV (C)
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such that SCC(v, K) = SCC(v’, K) for all v, v’ € ¢. For the set of clocks C and upper bound K we write R(C, K) for the
corresponding finite set of clock regions. We write [v] for the clock region of v. If ¢ = [v], write ¢¢ for [vc]; this definition
is well-defined, since for any clock valuations v and v’ if [v] = [v'] then [vc] = [v(].

Clock zones. A clock zone is a convex set of clock valuations, which is a union of a set of clock regions. We write Z(C, K)
for the set of clock zones over the set of clocks C and upper bound K. Observe that a set of clock valuations is a clock zone
if and only if it is definable by a clock constraint. Although more than one clock constraint can represent the same zone,
for any clock zone ¢, there exists an O(|C|3) algorithm to compute the (unique) canonical clock constraint of z [38]. We
therefore interchange the semantic and syntactic interpretation of clock zones.

When the set of clocks and upper bound is clear from the context we write R and Z for the set of regions and zones
respectively.

3.2. Probabilistic timed game arena: syntax

For the remainder of the paper we fix a positive integer K, and work with K-bounded clocks and clock constraints.

Definition 11 (Probabilistic Timed Game Arena (PTGA)). A probabilistic timed game arena is a tuple T = (L, C, Inv, Actwin, ACtMax,
E,§) where

e L is a finite set of locations;

e (C is a finite set of clocks;

e Inv: L — Z is an invariant condition;

e Actyin and Actyax are disjoint finite sets of actions, and we use Act for the set Actyin U Actmax;
e E: L x Act — Z is an action enabling condition,

e §:L x Act — D(2€ x L) is a probabilistic transition function.

When we consider a PTGA as an input of an algorithm, its size is understood as the sum of the sizes of encodings of
L, C, Inv, Act, E, and §. As usual [28], we assume that probabilities are expressed as ratios of two natural numbers, each
written in binary, and zones in the definition of Inv and E are expressed as clock constraints.

A standard probabilistic timed automaton (PTA) is a PTGA where one of Actyin, and Actmax is empty. On the other hand,
the standard (non-probabilistic) timed game arena (timed automaton) is a PTGA (PTA) such that §(¢, a) is a point distribution
for all £ € L and a € Act.

3.3. Probabilistic timed game arena: semantics

Let T= (L, C, Inv, Actmin, Actmax, E, §) be a probabilistic timed game arena. A configuration of a PTGA is a pair (¢, v), where
£ is a location and v a clock valuation such that v € Inv(¢). For any t € R, we let (¢, v)+t equal the configuration (¢, v +t).
In a configuration (¢, v), a timed action (time-action pair) (t,a) is available if and only if the invariant condition Inv({) is
continuously satisfied while ¢ time units elapse, and a is enabled (i.e. the enabling condition E (¢, a) is satisfied) after ¢ time
units have elapsed. Furthermore, if the timed action (t,a) is performed, then the next configuration is determined by the
probabilistic transition relation 8, i.e. with probability §[¢, a](C, £') the clocks in C are reset and we move to the location ¢'.

A game on a PTGA starts in an initial configuration (¢, v) € L x V and Min and Max construct an infinite play by repeatedly
choosing available timed actions (g, a) € R>q x Actyin and (tp, b) € R>g X Actmax proposing L if no timed action is available.
The player responsible for the move is Min if the time delay of Min’s choice is less than that of Max’s choice or Max
chooses L, and otherwise Max is responsible. We assume the players cannot simultaneously choose L, i.e. that in any
configuration there is at least one timed action available.

Definition 12 (PTGA semantics). Let T= (L, C, Inv, Actpin, Actmax, E, 8) be a PTGA. The semantics of T is given by the SGA
[[T]] = (S, AMin, AMax, PMin» PMax» Win, TMin, TMax)

where

e SC L xV is the (possibly uncountable) set of states such that (¢, v) € S if and only if v € Inv(£);

o Amin = (Rxo x Actmin) U {L} and Amax = (R0 X Actmax) U { L} are the sets of timed actions of players Min and Max;

e for x € {Min, Max}, (¢,v) € S and (t,a) € A, the probabilistic transition function p, is defined when v +t" € Inv(¢) for
allo<t’' <t,v+teE,a) and for any (¢/,V'):

P+ ((€,v), (£, @) (', V) =3 ccenwtye= SLE al(C, €);
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Fig. 1. Example of a probabilistic timed game arena.

o for (tg,a) € Rxo x Actyin and (tp, b) € R>o X Actmax, we define

(tg,a) iftg <ty
(tp, b) otherwise.

Win((taa a)v (tbv b)) = {

If one of the arguments to win is L, we define the returning value to be the other argument.
o the time delay function is given by 7,(s, (t,a)) =t for all x € {Min, Max}, s € S and (t,a) € A, such that p.(s, (t,a)) is
defined.

The sum in the definitions of pyi, and pmax is used to capture the fact that resetting different subsets of C may result
in the same clock valuation (e.g. if all clocks are initially zero, then we end up with the same valuation, no matter which
clocks we reset). Also, notice that the time delay function of the SGA corresponds to the elapsed time of each move.

Time divergence. When modelling real-time systems it is important to restrict attention to time divergent (or non-Zeno) be-
haviour. More precisely, one should not consider strategies which lead to behaviour in which time does not advance beyond
a certain point, as this cannot occur in a real system. We achieve this by restricting attention to structurally non-Zeno PGTAs,
these are PGTA where all strategies will yield time-divergent behaviour by construction. We use the syntactic conditions
given in [39] for PTAs and are derived from those for timed automata [40,41].

Example 13. Consider the PTGA in Fig. 1; we use solid and dashed lines to indicate actions controlled by Min and Max
respectively. Considering location ¢1, the invariant condition is (0 < y < 2) A (x < 2), actions a and c are enabled when
y > 1 and, if a is taken, we move to ¢, while if c is taken, with probability 0.2 we move to ¢¢ and reset y, and with
probability 0.8 move to £5.

Let us denote clock valuations by tuples where the first (second) coordinate correspond to the clock x (y). Starting in
the configuration (¢g, (0,0)) and supposing Min’s strategy is to choose (1.1, b) (i.e.,, wait 1.1 time units before performing
action b) in location £¢ and then choose (0.5, a) in location ¢1, while Max’s strategy in location ¢; is to choose (0.2, ¢), one
possible play under this strategy pair is

((£0,(0,0)), ((1.1,b), L), (£1,(0,1.1)), ((0.5,a), (0.2,c)), (£0,(0.2,0)), ((1.1,b), 1), (€2, (0,0)))
which has probability 0.5-0.2-0.5=0.05 and time 1.1+ 0.2 4+ 1.1 = 2.4 of reaching the location ¢,.

3.4. Reachability-time problem over PTGA

We are interested in the reachability-time problem for games over the semantics of a PTGA T. We assume that the
target set is given as a set Lr of locations (the corresponding target of the SGA [[T], with state space S, is given by
F={(,v) € S| £ e Lr}). However, the results presented can be easily generalised to target sets of location-zone pairs.

3.5. Non-determinacy of PTGA with reachability-time objectives

Before proceeding with the definitions that we need to prove the main decidability result of the paper, we show, through
the following counter-example, that PTGAs are not determined, even when the game contains only non-strict inequalities.

Example 14. Considering the PTGA given in Fig. 2 with target set L = {4}, recall that we use solid and dashed lines to
indicate actions controlled by Min and Max respectively. Constructing the optimality equations Optg for the SGA semantics
of this PTGA, we have, after some simplifications:
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Fig. 2. Example demonstrating that PTGAs are not determined. Action names are omitted for brevity.

P({4,x)=0
P(l3,x)=1—x
1 ifx=0
Pt %) = { 0 otherwise
0 ifx=0
Py, %) :{ 1 —x otherwise
and P (£, 0) is equal to the minimum of:
max{0 + P(£2,0),0 + P(¢1,0)) (3)
and
inf {max{ sup (t+ P(€2,1)), sup (t'+ P, t))¢¢- (4)
0<t<1 t<t'<1 o</t

The expression (3) is equal to 1 and corresponds to player Min leaving ¢y immediately (when the clock x equals 0). The
expression (4) corresponds to the infimum over leaving ¢y after a non-zero delay (when the clock x is greater than 0) and
is also equal to 1. Combining these results we have that P (¢, 0) = 1.

On the other hand, considering the optimality equations %G, the values for the locations ¢1, ..., £4 are as above, while
the value for P(£g,0) equals the maximum of:

0+ P(1,0) and sup {min{ inf (t+ P(¢q,1)), inf (t’—i—P(Ez,t’))”. (5)
0<t<1 NN | ot/ <t

The first expression in (5) equals 0 and corresponds to player Max leaving ¢p immediately. The second expression in (5)
corresponds to the supremum over leaving £y after a non-zero delay, and is also equal to 0, and therefore it follows that
P(£g,0) =0. Hence the game is not determined as the upper and lower values of the game differ in the state (¢g, 0).

4. Boundary region abstraction

The region graph [2] is useful for solving time-abstract optimisation problems on timed automata. The region graph,
however, is not suitable for solving competitive optimisation problems and games on timed automata as it abstracts away
the timing information. The corner-point abstraction [42], which captures digital clock semantics [43] of timed automata,
is an abstraction of timed automata where the configurations of the system are restricted to L x NIC!, j.e. transitions are
allowed only when all clocks have non-negative integer values. Although this abstraction retains some timing information, it
is not convenient for proof techniques based on dynamic programming, used in this paper. The boundary region abstraction
(BRA) [14], a generalisation of the corner-point abstraction, is better suited for such proof techniques. More precisely, we
need to prove certain properties of values in a PTGA, which we can do only when reasoning about all the states of the
PTGA. In the corner-point abstraction we cannot do this since it represents only states corresponding to corner points of
regions. Here, we generalise the BRA of [14] to handle PTGAs. First, we require a number of preliminary concepts.

Timed successor regions. Recall that R is the set of clock regions. For ¢, ¢’ € R, we say that ¢’ is in the future of ¢, denoted
¢ —* ¢/, if there exist v € ¢, v/ €¢’ and t € Ryg such that v/ =v +t and say ¢’ is the time successor of ¢ if ¢ # ¢’ and
v+t ec U forall t’ <t and write ¢ — ¢’ to denote this fact. We also use ¢ —7 ¢’ if there is ¢” such that ¢ — ¢” —*¢’.
For regions ¢, ¢’ € R such that ¢ —* ¢’ we write [¢, ¢'] for the zone U{¢” | ¢ —* " AL —* ).

Intuition for the boundary region abstraction. In our definition of the boundary region abstraction (BRA) we capture the
intuition that, when studying the “optimal” behaviour of the players, it is sufficient to consider moves that take place near
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the start or end of the regions. This allows us to abstract from moves that specify the precise time, but instead allow the
players to say which regions they wish to enter, and then either say that they want to take the move at the start of the
region (inf), or at its end (sup).

Based on this intuition we define the boundary region abstraction of a probabilistic game arena as follows.

Definition 15 (Boundary region abstraction (BRA)). For a probablllstlc timed  game arena T T= (L C, Inv, Actyin, Actmax, E, 8), the
boundary region abstraction of T is given by the SGA T= (S AMm, AMax, PMins PMax. win, TMin, T™Max) Where

e SCLxV xR is the (possibly uncountable) set of states such that (¢, v, ¢) eSifand only if ¢ CInv(¢) and v € ¢ (recall
that ¢ denotes the closure of ¢);

e Apmin = (Actpmin X R x {inf, sup}) U {L} is the set of actions of player Min;

° ZMaX = (Actmax X R x {inf, sup}) U {L} is the set of actions of player Max;

e for » € {Min, Max}, $ = (¢, v, ¢) €S and o = (a,¢”,opt) € A, such that ¢ —* ", the probabilistic transition function P,
is defined if [¢,¢”] € Inv(¢) and ¢” € E(¢,a) and for any (¢/,V’, ") €s:

PuG (W) = Lecenpmvngr=e 16,1(C, €)

where V" =0pt,rerr >0V + L

o win((a, Za, OPty), (b, &y, Opty)) is equal to (a, &g, opty) if (i) &g — & or (ii) & = &, opt, = inf and opty, = sup; it is equal
to (b, ¢, opty,) otherwise;

e for x € {Min, Max}, (¢,v,¢) € S and (g, ¢, OpL) € A, such that P D« is defined the time delay function is given by
T.((4,v,0), (o, {o» OPL)) = OPt, 4 e, L

Given a target set of locations Lr of T, the corresponding target set of the BRA is given by F= {,v,2) es | € €Lg}.

To simplify notation, for two elements a € AMm and b € AMax we write a < b to denote that win(a,b) = a. We use
analogous notation also for other SGAs. For an element s = (¢, v) € L x V, we use S to denote the element (¢, v, [V]) € s.

Although the boundary region abstraction is not a finite SGA, for a fixed initial state we can restrict attention to a finite
SGA, adapting an approach from [44] as follows.

Proposition 16. Let T be a PTGA and T the corresponding BRA. For any state of T, its reachable sub-graph is finite and constructible in
time exponential in the size of T.

Proof. The most demanding part of the proof is to show that there is a set V of valuations that has exponential size and
contains v for any state (¢, v, ¢) reachable in the sub-graph of T

For r € R»o we write (r) for the fractional part of r, i.e. r — |r]. For a clock valuation v we define its fractional signa-
ture {v§ to be the sequence (fo, f1,..., fm) such that fo =0, fi < fj if i < j, for all i, j <m, and f1, f,..., fm are all the
non-zero fractional parts of clock values in the clock valuation v. In other words, for every i >> 1 there is a clock ¢ such that
(v(c)) = fi, and for every clock ¢ € C there is i <m such that (v(c)) = fj.

Let & denote addition modulo m. For 0 < k < m we define the k-shift of a fractional signature ( fo, f1,..., fm) as the frac-
tional signature (fy, fi...., fy,) such that for all 0 <i<m we have f/ = (figk +1— fi). Note that a k”-shift (f{,..., f)

of a k'-shift (f{,..., fn) of (fo, f1,..., fm) is an (K" @ k”)-shift of (fo, f1...., fm) because for any i we have:

i = figrr + 1= fir)
= {fiokrgk +1— fi) +1 = (firaw +1— fi))
= (fioar) +1— frrar)-

This means that, by successive application of shifts, only m different fractional signatures can be obtained. We further say
that a fractional signature (fg, f1,..., f;) is a subsequence of another fractional signature (fo, f1...., fm) if n <m and for
all i <n there exists j <m such that jl: fj.

For any state (¢,v,¢) of the BRA T, we claim that it is only possible to transition to states (¢/,v’,¢’) such that (v’)
is a subsequence of a k-shift of (v), for some k. To see that, notice that the v, in the definition of P, (Definition 15)
satisfies that (vy) is a k-shift of (v) = (fo,... fm) for k chosen so that f, is the fractional part of clocks that have integer
value in vy. Subsequently resetting clocks gives rise to a subsequence of a fractional signature, and so (v’) (for v’ from the
defining sum of p,) is a subsequence of (v,). O

Example 17. Returning to Example 13 (see Fig. 1), a sub-graph of BRA reachable from (£g, (0.3,0.1),0 <y < x < 1) for the
PTGA of Fig. 1 is shown in Fig. 3. The names of the regions correspond to the regions depicted in the bottom right corner.
Edges are labelled (a, ¢, opt) and the intuitive meaning is to wait until we reach the lower or upper (depending on opt)
boundary of the region. For some regions, for example ¢4, the boundaries coincide and we keep this redundancy to simplify
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Fig. 3. Sub-graph of the boundary region abstraction for the PTGA of Fig. 1, with the region names as depicted in the bottom right corner.

the notation. Considering the region ¢1, we see that it is determined by the constraints (1 <x <2)A0 <y <1)A(y <x—1).
The bold numbers on edges correspond to the time delay before the action labelling the edge is taken. Fig. 3 includes the
actions available in the initial state and one of the action pairs that are available in the state (£1, (0,1), x=0A(1 <y < 2)).

To simplify the figure, the probabilities that are equal to 0.5 are omitted.

5. Decidability of the reachability-time problem
In this section we show decidability of the reachability-time problem, which is the main result of the paper. The result
is formalised in the following theorem.
Theorem 18. Let T be a PTGA. The reachability-time problem for infinite-horizon objectives in T is in NEXPTIME N co-NEXPTIME.
The crucial, and most demanding, step of the proof of Theorem 18 is proving that the problems on PTGAs can be reduced
to problems on BRAs. This fact is formalised in Theorem 19. Theorem 18 then follows straightforwardly from Theorem 19,
Proposition 16 and Theorem 6.
Theorem 19. Let T be a PTGA and T the corresponding BRA. The answers to the reachability-time problems for T and T are the same.
The remainder of this paper is devoted to the proof of Theorem 19. First, in Section 5.1 we introduce quasi-simple

functions and prove some of their properties. Then, in Section 5.2 we show that values in the games we study can be
characterised using quasi-simple functions, and that this allows us to establish the correspondence between PTGA and its

boundary region abstraction.
For the remainder of this section, unless otherwise specified, we fix a PTGA T = (L, C, Inv, Actwin, ACtmax, E, 8), set of

target locations Fy, suppose the semantics of T is given by:
[T] = (S, Amin, AMax> PMin, PMax, WiN, TMin, TMax)

with corresponding target set F = {(¢,v) € S| £ € F;} and the boundary region abstraction of T is given by
T = (S, Amin, AMax; /ﬁMina /p\MaXy win, ?Min» ?Max)

with corresponding target set F= {¢,v,0) e§| LeFp}.

5.1. Quasi-simple functions

To prove properties of controllers for (non-probabilistic) timed systems, Asarin and Maler [3] introduced simple func-
tions, a finitely representable class of functions with the property that every decreasing sequence is finite. We define these

functions here and show that they are not sufficient for our purpose.



V. Forejt et al. / Theoretical Computer Science 631 (2016) 139-160 151

a
0 5? 0.5 1
. = = >
0<x<1 @ x:=0 @ r=1 . Zg i/:lo

b, x=1

Fig. 4. Example demonstrating optimal strategies are not regionally positional.

Definition 20 (Simple functions). Given a set of valuations XCV, a function f: X — R is simple if there exists e € N and
eithAer f()=e for all v € X, or there exists a clock ¢ € C such that f(v) =e — v(c) for all v € X. Furthermore, a function
f:S— Ry is regionally simple if f(¢,-,¢) is simple for all £e L and { € R.

For timed games, Asarin and Maler showed that upper values for n-step reachability-time objectives are regionally sim-
ple, and because the fixpoint is reached for some n the upper value for reachability-time objective is regionally simple.
Also, using the properties of simple functions, [14] shows that, for a non-probabilistic game reachability-time objectives, the
optimal strategies are regionally positional, i.e., in every state of a region the strategy chooses the same action. Unfortunately,
in the case of PTGAs, applying the value improvement function does not necessarily preserve regional-simplicity. Moreover,
as the example below demonstrates, neither is the value of the game necessarily regionally simple nor optimal strategies
regionally positional.

Example 21. Consider the one-player PTGA shown in Fig. 4. Observe that, for every state (g, V) in the region (9,0 <x < 1),
the optimal expected time to reach ¢, equals

min {inf;>o{t +0.5-140.5-0}, 1 — v(x)} = min{0.5, 1 — v(x)}.

Hence, the values in PTGA with reachability-time objectives may not be regionally simple. Moreover, the optimal strategy is
not regionally positional, since if v(x) < 0.5 then the optimal strategy is to take action a immediately, while otherwise the
optimal strategy is to wait until v(x) =1 and then take action b.

Due to these results it is not possible to work with simple functions. Our proof instead relies on regional non-
expansiveness of value functions. Given X € V, a function f:X — RY, is non-expansive if for all x,y € X we have
[f(x)— f(¥)| <|x—y|. A function f (S RS, is regionally non-expansive if f(¢,-,¢) is non-expansive for any £ and ¢,
and similarly any f:S — R";O is regionally non-expansive if f(¢,-) is non-expansive when its domain is restricted to a
single region.

The proof direction that we take requires us to establish that limy_ o Val" is non-expansive. To do this, we will show
that for each n € N the function Val" is non-expansive. However, a direct proof by induction would fail and instead we are
required to prove a stronger claim about the functions Val". To do this, we first introduce quasi-simple functions.

Definition 22 (Quasi-simple functions). Let X C V be a set of clock valuations. The class of quasi-simple functions is built
by first defining every simple function to be quasi-simple, and then inductively by stipulating that convex combination,
maximum and minimum of finitely many quasi-simple functions are quasi-simple.

A function f 5S> RZ, is regionally quasi-simple if f(¢,-,¢) is quasi-simple for all £€ L and ¢ € R, and any f:S —
R‘;’O is regionally quasi-simple if f(¢,-) is quasi-simple when its domain is restricted to a single region.

We will later show that functions Val 1y : S — R and Val7 : S — R for n € N are regionally quasi-simple. From this
using the lemma below we can then demonstrate that these functions are non-expansive.

Lemma 23. Every quasi-simple function is non-expansive.

Proof. Consider any quasi-simple function f : X — R§o~ We will prove by induction on the structure of f (see Definition 22)
that for any vy, v € X we have |f(v1) — f(v2)| < v — v2l.

e If f is a simple function, then either f is a constant, and hence:
[f(v1) = F(12)|=0< [v1 — vy
or f=e—v(c) for some clock c, in which case:
Lf(v1) = F(w2)l =1v2(c) — v ()] < [v2 — 11l

as required.



152 V. Forejt et al. / Theoretical Computer Science 631 (2016) 139-160

e If f is a convex combination p1, ..., pp of quasi-simple functions f1,..., f;, then:
I> 0 ipi- fitv) = X iapi- fiv)| < |Xqipi - (fiv) — fi(v2))|
<Y igpi-lvi— v (by induction)
=|v1 — 7| (since we are considering a convex combination)

as required.
e If f is the maximum of two quasi-simple functions fi; and f,, then without loss of generality we suppose f1(v1) >
f2(v1). In the case when f1(v2) > fo(v2) we have

[max{fi1(v1), f2v1)} —max{fi1(v2), LW} <Ifi(v1) — f1(w2)| < [v1 — V2]

since fi is non-expansive. On the other hand, in the case when f1(v2) < fo(v2):

[max{ f1(v1), 2(v1)} —max{fi1(v2), o)} < | f1(v1) — f2(v2)l.

Now either f1(v1) > f2(v2), and therefore we have:

[f1(v1) — L2 < 1f1(v) = fr(w)| < v — v

since fi1 is non-expansive, or fi(vq) < f2(v2) in which case:

[f1(v1) = f20) I <[ f2(v1) = fa(v2)] < [v1 — V2|

since f, is non-expansive. Since these are all the cases to consider we have f is non-expansive as required.
e If f is minimum of two quasi-simple functions the proof follows similarly to the case when f is the maximum of two
quasi-simple functions.

Since these are the only cases to consider the proof is complete. O

In the proofs below we will make use of several technical properties of quasi-simple functions. First, however, we require
an alternative representation of quasi-simple functions in terms of parse trees.

Let T be the set of all parse trees whose leaves are simple functions and whose nodes are the operations: min, max
and convex combination. Clearly, every tree A € Y corresponds to a unique quasi-simple function which we will call gs(A).
Conversely, every quasi-simple function corresponds to infinitely many trees from Y. The definition below gives us a unique
representative.

Definition 24. Let the rank of a quasi-simple function f : X — RZ, denoted rank(f), be the smallest k such that there is a
tree A € T of height k such that gs(A) = f. For any quasi-simple function f : X — RZ), we define a unique representative
parse tree Ay by induction on the rank of f.

o If rank(f) =0, then let Ay to be any tree with height 0 such that gs(Af) = f.

e If rank(f) =k + 1 for some k € N, there must be an operation op (either min, max or convex combination) and integer
n such that f is obtained by taking the op of the quasi-simple functions f1, ..., f;, each of which has rank at most k.
Therefore, by induction we have representatives Ag,,..., Ay, for fq,..., fn. Let Ay be the tree with root op and
subtrees Ay, ..., Ay,. Clearly, by construction we have gs(Ay) = f.

The first technical property of quasi-simple functions will allow us to establish that when we take a delay so that a
boundary of a region is reached, quasi-simplicity is preserved.

Lemma 25. Let f : X — ]Ri;oo be a quasi-simple function, ¢ a clock and i an integer such that v(c) > i forall v € X. If felapse . X — R;OO
is the function where for any v € X we have fel9s¢(v) =t, + f(v +t,) and t, = v(c) — i, then fe9Pse is quasi-simple.

Proof. Consider any quasi-simple function f:X — RZ), and let Ay be its representative parse tree constructed using
Definition 24. Let A?"d be the modified parse tree where any leaf labelled with a constant simple function e is replaced by

the non-constant simple function e’ — v(c), where e’ =e + i.
We will prove that felapse — qs(A?”d), which demonstrates that f€@Pse is quasi-simple as required. The proof is by

induction on the rank of f. If rank(f) =0, then there are two cases to consider.

o If Ay is a leaf labelled with a constant simple function which for any v € X returns e for some e € N, then for any
veX:
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FE9PSe(Vy =t + F( +ty)

=t,+e (by definition of A )
=i—v(c)+e (by definition of t,))
=e — () (by definition of e’)

which equals qs(A?"d)(v) as required.
e If Ay is a leaf labelled with a simple function which for any v € X returns e — v(c’) for some e € N and clock ¢/, then
we have for any v € X:

FAPL) =ty + f(V+1)
=ty +e— () +ty) (by definition of A )
=e—v(c) (rearranging)
which again equals qs(Ag"d)(v) as required.
For the inductive step, suppose rank(f) =k + 1 for some k € N and for any quasi-simple function of rank less than or equal
to k the result holds. Since rank(f) =k + 1 there must be an operation op (either min, max or convex combination) and

integer n such that f is obtained by taking the op of some quasi-simple functions fi,..., fn, each of which has rank at
most k. Now, for any v € X:

fewPe) =t, + f(v+1t,)

=ty +op(fi(v+ty),..., fa(v +tv)) (by definition of f)
=op(ty + frv+ty), ..., ty + fn(v + ty)) (rearranging)
= op(fI W), .., fEP(v)) (by definition of f*%* for 1 <i <n)
= op(gs(AT*) (W), ..., gs(ATH () (by the inductive hypothesis)
= gs(AT*H(v) (by definition of A7)

This completes the induction step, and hence the lemma holds. O
The next lemma states that resetting clocks preserves quasi-simplicity.

Lemma 26. For any region ¢ and quasi-simple function g : {c — R";O, the function g"®%¢t : ¢ — ]R;oo defined by g™ (v) = g(vc) is
quasi-simple.

Proof. For a quasi-simple function f, let A’}“’d be the modified parse tree of Ay where a leaf labelled with a non-constant
simple function which for any v € ¢¢ returns e — v(c) for some integer e and clock c € C is replaced with a leaf labelled
by the constant function e. The proof follows by showing fe = qs(A’}“’d) for all quasi-simple functions f. This proof is by
induction on the rank of f.

If rank(f) =0, then Ay is a leaf and there are three cases to consider.

o If Ay is a leaf labelled with a constant simple function which for any v € ¢¢c returns e for some e € N, then for any
v € ¢ by construction:

freew) = f(ve)
=e (by definition of A )
= qS(ATOd) (by construction)

e If Af is a leaf labelled with a simple function which for any v € ¢ returns e — v(c’) for some e € N and clock ¢’ ¢ C,
then for any v e¢:

freetw) = f(ve)
=e —vc(c) (by definition of A )
=e —v(c) (sincec ¢ C)

= qS(AT}wd) (by construction)
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o If Ay is a leaf labelled with a simple function which for any v € ¢¢ returns e — v(c) for some e € N and clock ¢ € C,
then we have for any v € ¢:

W) = f(ve)

=e—vc(0) (by definition of A f)
=e (since c € C)
= qS(Arand) (by construction)

For the inductive step, suppose rank(f) =k+ 1 for some k € N and for any quasi-simple function of rank less than or equal
to k the result holds. Since rank(f) =k + 1 there must be an operation op (either min, max and convex combination) and
integer n such that f is obtained by taking the op of some quasi-simple functions fi,..., fn, each of which has rank at
most k. Therefore for any v € ¢ by construction:

W) = f(ve)

= 0P(f1(vc), s fa(ue)) (definition of f)
= op(f1%( N A (D)) (by definition of f/** for 1 <i <n)
—meMWwwwmmﬁMw) (by the inductive hypothesis)
= gs(AT°h) (v) (by definition of Aj*?)

which completes the proof. O

The following technical lemma will allow us to establish that, assuming quasi-simplicity in successor states, the players’
optimal behaviour is to pick delays so that boundaries of regions are reached.

Lemma 27. Let f : X — R o be a quasi-simple function. For any x € X and t € R such that x +t € X:

o SUPyciaxirex (U + fFX+E)}=t+ fx+1);
o infoseaxrrex {t'+ fX+)} =t+ fx+0).

Proof. Consider any quasi-simple function f : X — RZ} and clock x. It suffices to show that the function t = t + f(x+1t) is
increasing. Now for any t1,t; € R>o such that t; <t and x +t1, x4t € X, we have:

b+ fx+t)=t1+ f(x+t) + (82 —t) + (fx+1t2) — f(x+t1) = 1+ f(x+1t1)

where the inequality follows since the term (t; —t1) + (f(x+t2) — f(x+t1)) is non-negative by the non-expansiveness of f
(see Lemma 23). O

5.2. Establishing correspondence of PTGA and boundary region abstraction

Having introduced quasi-simple functions and their properties, we will now show how they relate to PTGAs and how
they can be utilised to finish the proof of Theorem 19. The proof is notationally heavy, and to alleviate some of the technical
notation we first introduce a number of functions (and properties of these functions) that will allow us to abbreviate some
of the notation. Intuitively, these functions are counterparts to Val functions that in addition to an initial state also take the
first action to be taken.

Definition 28. Let n€ N, ¢ € L and ¢ C Inv(¢). For % € {Min, Max} and (a, ¢’, opt) € A L, 0), let VaI#Jrl (£, -,¢),(a, ¢, opt)):

.- R>¢ be the function where for any v € ¢ we have ValT ((Z, v,¢), (a, ¢’ opt)) equal

OPtyrrer E+ 3 Pull,v.0),(a,¢',0p)) (€. D, ) - VaiF(l, 9, )
(Zv;)es

Furthermore, for v € Inv(¢) and (t,a) € Apin U Amax such that v+t e let:

ﬂ'ﬁ;ﬁ]‘((z,\)),(r,a))thr ZC 8[¢,al(C, £') - Val 7y (€', (v + £)c)
(C,0)e2C xL

nn:{x]((Z V), (), o) =t+ > 8[L,al(C.¢)-ValFl, (v +t)c, L)
(€.¢)e2C xL
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Intuitively, W%ﬂ(([, v, ), (a,¢’,opt)) corresponds to the optimal value in (£, v, ¢) when the length of the horizon is
n+1 and the first action performed is fixed to be (a, ¢’, opt). Similarly, V_alr[l[}Lﬁ (¢, v), (t,a)) corresponds to the optimal value

in (¢, v) for the length of the horizon n+ 1 when the first action performed is (t,a). The definition of Val’ mix ((Z V), (t,a),¢)
gives an auxiliary functlon which combines the values of [T] and T Intuitively, it corresponds to taking a fixed action in [T],
and then transferring to T for n more steps.

Next we show that, within a region, the values in the BRA T are quasi-simple when we restrict to a finite horizon
reachability objectives. To simplify the notation, we assume that in any state player Min can pick at least one action, and
that, for each action a player Min can select, there exists an action b player Max can select that is preferred, i.e. b = win(a, b),
and also an action b that is not preferred, i.e. a = win(a, b) (in addition, there can be actions b not satisfying any of the two
conditions). We refer to this assumption as choice freedom.

Lemma 29. Assume T is choice-free. Foranyn e Nand s € S:

Valtn (s) = inf  max{Valy(s, (t,q)), sup Val 't (s, (t', b))
[ (£.0)E AN (S) [ O Dermmorr<e LD

Furthermore, forany n e N ands € S we have that ﬁ%ﬂ (%) equals':

(@,,inf)eAyin(3)

min {V_al%_H (5, (a, ¢, inf)),

max _ Vai} (5 (b,¢sup), max _ Vair (5 (b.¢, inD)]
Ezg SUP;i/?M‘ZX(S% (b.¢,inf)e Amax (S)
.sup)<(a,Z,in

Proof. For W?ﬁﬁ (s), the proof follows easily using Deﬁnition 8, choice- freedom and properties of win. For W%ﬂ (5) we

use the definition of win together with the fact that VaIT (s (a, ¢, inf)) < VaI (’s\, (a, ¢, sup)) for all a € Act. The latter
follows from Definition 15. O

From now on, we will assume T is choice-free. Note that this is purely a notational advantage, which will allow us to
use Lemma 29. The proofs we give can be easily extended to non-choice-free T by omitting an appropriate part of the
equations. For example, if Actyin(s) = &, then the first equation in the Lemma 29 reduces to

Vallr) ()= sup  Valfp(s. (t',b)).
(t',b)eAmax(s)

We now proceed with the following lemma which states that the n-step value functions on a BRA are regionally quasi-
simple.

Lemma 30. Foranyn e N, £ € L and ¢ € R such that ¢ C Inv(£), the function W%(ﬁ, -, £) 1 T — Ryq is quasi-simple.

Proof. Consider any ¢ € L and ¢ € R such that ¢ C Inv(£). We proceed by induction on n € N. For n =0, by Definition 7 we
have that W%(E, -, ) is constant and equals 0, and hence quasi-simple.

Now suppose the claim holds for n € N. If £ € Lf, then V_al?q (¢, -, ¢) is constant and equals 0, and hence quasi-simple.
It therefore remains to consider the case when ¢ ¢ Lg. By Definition 15 for * € {Min, Max} we have 2*(6, v, ¢) :Z*(z, V', ¢)
for all v, v’ € , hence we use ’/L(Z, ) to denote K*(E, v,¢) for any v € ¢ and € {Min, Max}.

Using induction, Lemma 26, Lemma 25 and the quasi-simplicity of a convex combination of quasi-simple functions, it
follo’v\vs that the function W?]((Z, S0),a)  — R>o given in Definition 28 is quasi-simple for any x € {Min, Max} and
aeA(L2).

Now, by Definition 7, for any v € ¢:

Vaiil(e.v.e)= min  max [r((z v.0a B+ Yy P, o)., BE D, ) - Valg(L, b E)]

a€Apin(€,8) BEAMax(E.8) @ §)65

= min max{Va} (@ v.0),0), _ max  Vai((€v,0),8)
a€Amin(€,2) BeAmax (L. OHNBLa

1 Recall that a < b denotes the fact that vﬁ1(a, b) =a.
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by Definition 15 and Definition 28. Hence, W%H(Z, L0 —> R>o equals an expression which takes the maxima and
minima of quasi-simple functions, and therefore by Definition 22 is also quasi-simple. O

The following lemma demonstrates that, for finite-horizon reachability-time objective, the values in the BRA and PTGA
coincide.

Lemma 31. Forany n e N and s € S we have WT[T}] (s) = Val#(3), and hence W'Em] (€,-) : T — Ry is regionally quasi-simple for
any £ € L and ¢ € R such that ¢ C Inv({).

Proof. Consider any s = (¢, v) € S. We proceed by induction on n € N. If n =0, then by Definition 7 both V_al?m] (s) and

W%(?) equal 0, and hence the result holds.
Now assume that the lemma holds for some n € N. If £ € L then

Val[f] (5) = Valf" () =0

and the result follows. It therefore remains to consider the case when ¢ ¢ Lr. Using Lemma 29 we have:

T n+1

Val 1] (s) = max V_alrﬁl(s,(t,a)), sup V_aIE;-r]]l(s,(t’,b)) ) (6)

inf
(¢,a)€Amin(s) (t',b)eAmax(s)
t'<t

Let Aﬁ;x(s) ={(t',b) € Amax(s) | t’ <t} be the set of actions available to Player Max in s with delay up to t, let R(v,t) =

[[v], [v + t]] be the regions obtainable from v by delaying at most t time units, and Actyax (¢, ¢) = {b € Actmax | ¢ C E(¢, b)}
be the set of actions of T available when in location ¢ and region ¢. It follows by Definition 12 that:

At = | (.b) eRso x Act(E.0) [V + e ¢ AL <1 )
CeERM,0)

Furthermore, letting R(v) ={¢ € R | ¢ C Inv(£) A [v] =>* ¢} be the set of regions obtainable from v by some delay and
Actymin(4, ¢) ={a € Actmin | ¢ S E(¢,a)} the set of actions of player Min available in location ¢ and region ¢, again by Defini-
tion 12 we have:

Amin(s)= | {(t.0) € Rz x Actyin(€,¢) | v+t € 7} (8)
{ER)

Now, by Definition 28, letting tl‘f(, =supf{t’ | v+t €’} we have:

sup_ Valr (s, (t',b)

' b)eAS!,

= sup_ {t’+ > S[Z,b](c,z/)-V_aIET]](E’,(v—i—t’)c)}
Max

(t'.b)eA (C,0H)e2€ xL
= sup {t’ + Z 8[¢,b1(C, £) -V_al%(ﬁ’, W+, [(v+ t’)c])} (by induction)
(' b)eAst, (€, e)e2C %1
= max sup A+ Y S[6IC &) - Valg (', (v + e, £0) (by (7))
JeRW)  '<tAv+t el e
beActyn (£.2) (C,0)e2€ x1L

= max min{t, tj;,} +
'eR(v,t) ’
beActyax (€,¢")

Z 8[€,b1(C, €'y - ValF(¢/, (v + min(t, tjg,})c, ;“é)] (since Valf is quasi-simple and by Lemma 27)
(C,0)e2€ xL
= max Valtl(s, (min{t.t"}.b).¢") (by Definition 28)

JERM,E) By
beActyax (€,¢")
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Now substituting this into (6), it follows that W?ﬁﬁ (s) equals

. oon+1 oon+1 . + ’
= inf max{Valyy (s, (t,a)), max Val., (s, (min{t,t" ,},b), ")
(€0 EAvin(s) [ CeRmy MK Vg
bEAC[Max(K,{/)

. . ——n+1 ——n+1 . + /
= min inf max { Valf (s,(t,a)), max  Val.. (s,(min{t,t" _,},b),") (by (8))
CERW) vtter [] ERMWLL) mx V¢ £ v
acAwin (¢,5) beActyax (£,¢")

For any ¢ € R(v) and (t,a) € Amin(¢, £) the expression

on+l . n ,
max Val . .. (s, (min{t, t b),
'eRW,HAbACtMax (6, T (s, (min{t, £, E’} ). ¢)

equals the maximum of

' (s, (min{t, ¢+ ), b), )

max Imix (5 (tv N b), C/) and max T N

{’eR(v,t)\{ beActyax (¢,8)
beActyax (€,¢")

mix

and both of these expressions decrease as t decreases. Moreover, letting ¢, ¢ = inf{t’ | v+t € ¢} and using Lemma 27,
Definition 28, and induction, we have:

1
UJlrrtlf Val't [[T]} (s (t,a)) _Valnmfx (s, (t,, {,a) 2)

Consequently, it follows that V_al'ﬁﬁ (s) equals:

. gon+l - oon+1 Son+1 -
min  max{Val . (s,(t;,,a),7), max Val.. (s, (tF, ,b),¢)), max Val . (s, (t;,, b))
eR() { mx g CeR(m\e MRS beActya(6.0) e

a€Apin (€,¢) beActmax (4,¢)

By definition of e and tj{, and Definition 28 we have:

anxl(S (t, ¢ @), {)—VaIT (3. (a. ¢.inf))

al i e s, (t,,;,a) ;)—VaIA '3, @ ¢, sup))

and hence, using definition of R(v, t), W?ﬁﬁ (s) equals:

min Vaiit'(s, (@ ¢,inf),  max  Vali'(5(b,¢,sup)),  max  Vaii'' (5, (b, ¢,inf)
(a,¢,inf)€Apin(3) (b.t’",sup)€Amax () (b,¢,inf)eApax (3)
(b.¢/,5up) < (a,¢.inf)

which from Lemma 29 equals V_alyl(/s\), completing the proof. O
In the rest of this subsection we use the lemmas to prove properties of the infinite-horizon setting.
Lemma 32. The function limy_, o WETH is regionally non-expansive.

Proof. The proof follows from Lemma 31 and the fact that a limit of non-expansive functions is a non-expansive func-
tion. O

Lemma 33. The function lim,_ oo WET]] is a solution of the optimality equations O_pt[m].
Proof. Let I' = limn_moer[T]] and for any (¢, v) € S and (t, a) € Amin((€, V)) let:

L), () =t+ Y 8[L.al(C.£) T, v+)0).
(C,0H)e2C xL
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By Definition 8 and by using similar arguments as those from the proof of Lemma 29, to prove the result it is sufficient to
demonstrate that for any s € S:

I's)= inf maxiI(,(t a)), sup I(s, (', b)) . (9)
(t.a)€Amin(5) (t',b)eApax ()AL Kt

Showing the left hand side is less than or equal to the right hand side follows easily from the monotonicity of the operator

defining Opt[ry, i.e. of the operator F: (S — ]R;"O) - (§— R;"O) given by

Fy)(s) = inf max [y(s, (t,a)), sup y (s, (t, b))}

(t,@)€Amin(S) (t',b)€Amax ()AL <t
and from the Knaster-Tarski fixpoint theorem which implies that for all ordinals 0; < 02 we have F°1(0) < F°2(0) where 0
is the lowest element in the complete lattice of functions S — RZ, ordered with respect to <.
We complete the proof of (9) by showing the left hand side is greater than or equal to the right hand side. Consider

any s € S. If T'(s) is infinite, then the result follows. On the other hand, if I'(s) is finite, it is sufficient to show that for any
e>0:

INO B inf  max{IG,(t, a)), sup (s, b))},
(t,0)€Apmin(S) (t'.b)eAmax ()AL’ <t
We begin by selecting a finite sequence tq,...,t, of positive reals such that for any possible delay t in s = (¢, v) there
exists t; (denoted nr(t)) with [v +t] =[v +nr(t)] and |t — nr(t)| < &/6. Note that such a sequence ¢y, ..., ty can always be
selected as the clock values are bounded. By construction we have for any t e R>¢ and C CC:
[(W+t)—(w+nr@®)|<e/6 and |(v+t)c— (v +nrt))c|<e/6 (10)

Now for any (t,a) € Amin U Amax We have:
TG, (t.@) = T, (r(t), @)
<t —nr®)] + Z 8[£,al(C,¢') - IT(', (v+1b)c) =T, (v+nrt)c)l

(C,0)e2€ xL
<t —nr®)] + Z 8[€,al(C. &) - |(v+t)c — (v +nr())cl
(C,0)e2€ xL
(since T is regionally non-expansive (Lemma 32))
<lt—nr@ol+ Y. 8[6.alC.¢) /6 (by (10))
(C,eHe2C xL
<|t—nr(t)| +¢/6 (since 8[¢, a](C, £') is a distribution)
<e/6+¢/6 (by construction of nr(t))
=g/3. (11)

By similar arguments (using Lemma 23 and Lemma 31) we can show that for any n € N:
[Vl . (¢, @) — Vel 5, (nr(0), )| < /3 (12)
Since I' = limn%wWET]}, for any 1 <i<m there exists N; € N such that:
P, @ +)0) — VAl v+t <e/3
for all ¢ € L, C €C and n > N;. Setting N = 14+ max;gigm Ni, it follows that:
PG, (nr(©), @) = Val s, (ur@), )| < /3 (13)
for all (t,a) € Apin U Amax and n > N. Now using (11) we have for any n > N:
(s, (t,a) <TG, (nrt),a) +¢/3
< Val [y (s, (nr(t), @) +&/3 +£/3 (by (13))
< Val (s, (t, @) +€/3+2¢/3 (by (12))
=EETH(S, (t,a) +¢ (14)
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Finally, for any n > N we have:

inf  max T, (t,a)), sup I'(s, (t', b))
(.0 Amin(S) (' b)EAMax (IAL'E
< ¢ a)Eigf © max q Val I[ET]] (s, (t,a))+¢&, sup {Val '[1[-”] (s, (t', b)) + e} (by (14))
s Min

(t',b)eAmax (5)
t'<t

= inf max @ET]] (s, (t, ), sup @ET]] (s, (t',b) } +¢ (rearranging)
(t,a)€Amin(s) (t/,b)eApmax ()AL’ <t

= V_alﬁ-rﬂ (s)+¢ (by Lemma 29)

<T(s)+¢ (since V_all[ﬂ-]] () < V_zﬂ'[m]_] for all m)

which completes the proof. O
We are now a few steps away from concluding the proof of the main result of the paper.

Theorem 34. Val [ = limy V_alr[lm].

Proof. Using Lemma 10 it follo&that Val 1] > limn_moﬁrm. On the other hand, Lemma 33 states that lim”—’OOET[T]]
is a solution of the equations Optpry and Lemma 9 states that W[{T]] <V for any solution V of the equations Optpry.
Therefore, we have Val I < limn_,oov_al'f[T]], which completes the proof. O

The above theorem together with Lemma 31 tells us that, to compute Val [rp(s), it is sufficient to compute
limn_,oov_a#(s), which is equal to Vals(s) using results similar to [36,37]. This completes the proof of Theorem 19.

6. Conclusions

In this paper we introduced the reachability-time problem for PTGAs and showed that it is decidable and in NEXPTIME
N co-NEXPTIME. Our proof relies on an analysis of step-bounded value functions, showing that they are quasi-simple and
non-expansive when infinite horizon is taken. This allows us to reduce the problem to the reachability-time problem on
a finite abstraction. As opposed to the preliminary version of the work presented in [30], the reduction works for an
unrestricted class of PTGAs.

Although the computational complexity of solving games on timed automata is high, UPPAAL Tiga [6] is able to solve
practical reachability and safety properties for timed games by using efficient symbolic zone-based algorithms [7,11]. A nat-
ural future direction is to investigate the possibility of devising similar algorithms for probabilistic timed games.

On the theoretical level, we plan to study if our approach can be utilised for extensions of reachability-time objectives
by considering an appropriate class of reward-based properties.

Acknowledgements

This work is partly supported by ERC Advanced Grant VERIWARE and EPSRC grant EP/M023656/1. Vojtéch Forejt is also
affiliated with FI MU, Brno, Czech Republic.

References

[1] P. Ramadge, W. Wonham, The control of discrete event systems, Proc. IEEE 77 (1) (1989) 81-98.

[2] R. Alur, D. Dill, A theory of timed automata, Theoret. Comput. Sci. 126 (1994) 183-235.

[3] E. Asarin, O. Maler, As soon as possible: time optimal control for timed automata, in: F. Vaandrager, J. van Schuppen (Eds.), Proc. 2nd Int. Workshop
Hybrid Systems: Computation and Control, HSCC'99, in: LNCS, vol. 1569, Springer, 1999, pp. 19-30.

[4] R. Alur, M. Bernadsky, P. Madhusudan, Optimal reachability for weighted timed games, in: J. Diaz, ]. Karhumadki, A. Lepist6, D. Sannella (Eds.), Proc.
31st Int. Coll. Automata, Languages and Programming, ICALP'04, in: LNCS, vol. 3142, Springer, 2004, pp. 122-133.

[5] P. Bouyer, F. Cassez, E. Fleury, K.G. Larsen, Optimal strategies in priced timed game automata, in: K. Lodaya, M. Mahajan (Eds.), Proc. 24th Int. Conf.
Foundations of Software Technology and Theoretical Computer Science, FSTTCS'04, in: LNCS, vol. 3328, Springer, 2004, pp. 148-160.

[6] G. Behrmann, A. Cougnard, A. David, E. Fleury, K. Larsen, D. Lime, UPPAAL-Tiga: time for playing games!, in: W. Damm, H. Hermanns (Eds.), Proc. 19th
Int. Conf. Computer Aided Verification, CAV'07, in: LNCS, vol. 4590, Springer, 2007, pp. 121-125.

[7] F. Cassez, J. Jessen, K. Larsen, J. Raskin, P. Reynier, Automatic synthesis of robust and optimal controllers: an industrial case study, in: F. Vaandrager,
J. van Schuppen (Eds.), Proc. 12th Int. Conf. Hybrid Systems: Computation and Control, HSCC 2009, in: LNCS, vol. 5469, Springer, 2009, pp. 90-104.


http://refhub.elsevier.com/S0304-3975(16)30060-3/bib52573839s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib41443934s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib414D3939s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib414D3939s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib41424D3034s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib41424D3034s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4243464C3034s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4243464C3034s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib42432B3037s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib42432B3037s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib434A4C52523039s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib434A4C52523039s1

160 V. Forejt et al. / Theoretical Computer Science 631 (2016) 139-160

[8] M. Kwiatkowska, G. Norman, R. Segala, J. Sproston, Automatic verification of real-time systems with discrete probability distributions, Theoret. Comput.
Sci. 282 (2002) 101-150.

[9] H. Jensen, Model checking probabilistic real time systems, in: B. Bjerner, M. Larsson, B. Nordstrom (Eds.), Proc. 7th Nordic Workshop Programming
Theory, Chalmers University of Technology, 1996, pp. 247-261, Report 86:247-261.

[10] D. Beauquier, Probabilistic timed automata, Theoret. Comput. Sci. 292 (1) (2003) 65-84.

[11] L AlAttili, F. Houben, G. Igna, S. Michels, F. Zhu, F. Vaandrager, Adaptive scheduling of data paths using Uppaal Tiga, in: Proc. 1st Workshop Quantitative
Formal Methods: Theory and Applications, QFM’'09, in: Electronic Proceedings in Theoretical Computer Science, vol. 13, Open Publishing Association,
2009, pp. 1-11.

[12] T. Brihaye, V. Bruyere, J. Raskin, On optimal timed strategies, in: P. Pettersson, W. Yi (Eds.), Proc. 3rd Int. Conf. Formal Modeling and Analysis of Timed
Systems, FORMATS'05, in: LNCS, vol. 3829, Springer, 2005, pp. 49-64.

[13] P. Bouyer, T. Brihaye, N. Markey, Improved undecidability results on weighted timed automata, Inform. Process. Lett. 98 (2006) 188-194.

[14] M. Jurdzifiski, A. Trivedi, Reachability-time games on timed automata, in: L. Arge, C. Cachin, T. Jurdzifski, A. Tarlecki (Eds.), Proc. 34th Int. Coll.
Automata, Languages and Programming, ICALP'07, in: LNCS, vol. 4596, Springer, 2007, pp. 838-849.

[15] G. Hoffmann, H. Wong-Toi, The input-output control of real-time discrete event systems, in: Proc. Real-Time Systems Symposium, RTSS'92, IEEE Press,
1992, pp. 256-265.

[16] E. Asarin, O. Maler, A. Pnueli, Symbolic controller synthesis for discrete and timed systems, in: P. Antsaklis, W. Kohn, A. Nerode, S. Sastry (Eds.), Hybrid
Systems I, in: LNCS, vol. 999, Springer, 1995, pp. 1-20.

[17] T. Brihaye, T. Henzinger, V. Prabhu, J. Raskin, Minimum-time reachability in timed games, in: L. Arge, C. Cachin, T. Jurdzifiski, A. Tarlecki (Eds.), Proc.
34th Int. Coll. Automata, Languages and Programming, ICALP'07, in: LNCS, vol. 4596, Springer, 2007, pp. 825-837.

[18] M. Jurdzifski, A. Trivedi, Average-time games, in: R. Hariharan, M. Mukund, V. Vinay (Eds.), Proc. 28th Int. Conf. Foundations of Software Technology
and Theoretical Computer Science, FSTTCS'08, in: LIPIcs, vol. 2, Schloss Dagstuhl - Leibniz-Zentrum fuer Informatik, 2008, pp. 340-351.

[19] P. Bouyer, V. Forejt, Reachability in stochastic timed games, in: S. Albers, A. Marchetti-Spaccamela, Y. Matias, S. Nikoletseas, W. Thomas (Eds.), Proc.
36th Int. Coll. Automata, Languages and Programming, ICALP'09, in: LNCS, vol. 5556, Springer, 2009, pp. 103-114.

[20] T. Brazdil, ]. Krcdl, J. Kretinsky, A. Kucera, V. Rehdk, Stochastic real-time games with qualitative timed automata objectives, in: P. Gastin, F. Laroussinie
(Eds.), Proc. 21st Int. Conf. Concurrency Theory, CONCUR'10, in: LNCS, vol. 6269, Springer, 2010, pp. 207-221.

[21] Y. Oualhadj, P.-A. Reynier, O. Sankur, Probabilistic robust timed games, in: P. Baldan, D. Gorla (Eds.), Proc. 25th Int. Conf. Concurrency Theory, CON-
CUR’14, in: LNCS, vol. 8704, Springer, 2014, pp. 203-217.

[22] T. Brazdil, H. Hermanns, J. Krcdl, J. Kretinsky, V. Rehak, Verification of open interactive Markov chains, in: D. D'Souza, T. Kavitha, ]. Radhakrishnan
(Eds.), IARCS Annual Conf. Foundations of Software Technology and Theoretical Computer Science, FSTTCS'12, in: LIPIcs, vol. 18, Schloss Dagstuhl -
Leibniz-Zentrum fuer Informatik, 2012, pp. 474-485.

[23] J. Berendsen, T. Chen, D. Jansen, Undecidability of cost-bounded reachability in priced probabilistic timed automata, in: J. Chen, S. Cooper (Eds.), Proc.
6th Int. Conf. Theory and Applications of Models of Computation, TAMC'09, in: LNCS, vol. 5532, Springer, 2009, pp. 128-137.

[24] M. Jurdzifiski, M. Kwiatkowska, G. Norman, A. Trivedi, Concavely-priced probabilistic timed automata, in: M. Bravetti, G. Zavattaro (Eds.), Proc. 20th
Int. Conf. Concurrency Theory, CONCUR'09, in: LNCS, vol. 5710, Springer, 2009, pp. 415-430.

[25] A. Jovanovic, M. Kwiatkowska, G. Norman, Symbolic minimum expected time controller synthesis for probabilistic timed automata, in: S. Sankara-
narayanan, E. Vicario (Eds.), Proc. 13th Int. Conf. Formal Modeling and Analysis of Timed Systems, FORMATS'15, in: LNCS, vol. 9268, Springer, 2015,
pp. 140-155.

[26] M. Kwiatkowska, G. Norman, J. Sproston, F. Wang, Symbolic model checking for probabilistic timed automata, Inform. and Comput. 205 (7) (2007)
1027-1077.

[27] F. Laroussinie, J. Sproston, State explosion in almost-sure probabilistic reachability, Inform. Process. Lett. 102 (6) (2007) 236-241.

[28] M. Jurdzinski, J. Sproston, F. Laroussinie, Model checking probabilistic timed automata with one or two clocks, Log. Methods Comput. Sci. 4 (3) (2008)
1-28.

[29] T. Bréazdil, L. Korenciak, J. Krcdl, P. Novotny, V. Rehdk, Optimizing performance of continuous-time stochastic systems using timeout synthesis, in:
J. Campos, B.R. Haverkort (Eds.), Proc. 12th Int. Conf. Quantitative Evaluation of Systems, QEST'15, in: LNCS, vol. 9259, Springer, 2015, pp. 141-159.

[30] V. Forejt, M. Kwiatkowska, G. Norman, A. Trivedi, Expected reachability-time games, in: K. Chatterjee, T. Henzinger (Eds.), Proc. 8th Int. Conf. Formal
Modelling and Analysis of Timed Systems, FORMATS'10, in: LNCS, Springer, 2010, pp. 122-136.

[31] J. Filar, K. Vrieze, Competitive Markov Decision Processes, Springer, 1997.

[32] L. de Alfaro, R. Majumdar, Quantitative solution of omega-regular games, J. Comput. System Sci. 68 (2004) 374-397.

[33] A. Neyman, S. Sorin (Eds.), Stochastic Games and Applications, NATO Science Series C, vol. 570, Kluwer Academic Publishers, 2004.

[34] A. Condon, The complexity of stochastic games, Inform. and Comput. 96 (1992) 203-224.

[35] U. Zwick, M. Paterson, The complexity of mean payoff games on graphs, Theoret. Comput. Sci. 158 (1996) 343-359.

[36] K. Chatterjee, T. Henzinger, Value iteration, in: O. Grumberg, H. Veith (Eds.), 25 Years of Model Checking, in: LNCS, vol. 5000, Springer, 2008,
pp. 107-138.

[37] A. Condon, On algorithms for simple stochastic games, in: Advances in Computational Complexity Theory, American Mathematical Society, 1993,
pp. 51-73.

[38] D. Dill, Timing assumptions and verification of finite-state concurrent systems, in: J. Sifakis (Ed.), Proc. Automatic Verification Methods for Finite State
Systems, in: LNCS, vol. 407, Springer, 1990, pp. 197-212.

[39] G. Norman, D. Parker, J. Sproston, Model checking for probabilistic timed automata, Form. Methods Syst. Des. 43 (2) (2013) 164-190.

[40] S. Tripakis, Verifying progress in timed systems, in: Proc. ARTS'99, in: LNCS, vol. 1601, Springer, 1999, pp. 299-314.

[41] S. Tripakis, S. Yovine, A. Bouajjani, Checking timed Biichi automata emptiness efficiently, Form. Methods Syst. Des. 26 (3) (2005) 267-292.

[42] P. Bouyer, E. Brinksma, K.G. Larsen, Staying alive as cheaply as possible, in: R. Alur, G. Pappas (Eds.), Proc. 7th Int. Workshop Hybrid Systems: Compu-
tation and Control, HSCC'04, in: LNCS, vol. 2993, Springer, 2004, pp. 203-218.

[43] T. Henzinger, Z. Manna, A. Pnueli, What good are digital clocks?, in: W. Kuich (Ed.), Proc. 19th Int. Coll. Automata, Languages and Programming,
HSCC'04, in: LNCS, vol. 623, Springer, 1992, pp. 545-558.

[44] A. Trivedi, Competitive optimisation on timed automata, Ph.D. thesis, Department of Computer Science, The University of Warwick, 2009.


http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4B4E53533032s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4B4E53533032s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4A656E3936s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4A656E3936s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4265613033s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib41482B3039s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib41482B3039s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib41482B3039s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4242523035s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4242523035s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib42424D3036s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4A543037s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4A543037s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib48573932s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib48573932s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib414D503935s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib414D503935s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib424850523037s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib424850523037s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4A54303862s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4A54303862s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib42463039s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib42463039s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib44424C503A636F6E662F636F6E6375722F4272617A64696C4B4B4B523130s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib44424C503A636F6E662F636F6E6375722F4272617A64696C4B4B4B523130s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib74696D65642D726F62757374s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib74696D65642D726F62757374s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib44424C503A636F6E662F6673747463732F4272617A64696C484B4B523132s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib44424C503A636F6E662F6673747463732F4272617A64696C484B4B523132s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib44424C503A636F6E662F6673747463732F4272617A64696C484B4B523132s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib42434A3039s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib42434A3039s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4A4B4E543039s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4A4B4E543039s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4A4B4E3135s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4A4B4E3135s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4A4B4E3135s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4B4E53573037s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4B4E53573037s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4C533037s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4A4C533038s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4A4C533038s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib44424C503A636F6E662F716573742F4272617A64696C4B4B4E523135s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib44424C503A636F6E662F716573742F4272617A64696C4B4B4E523135s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib464B4E54313061s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib464B4E54313061s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib46563937s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib64414D3034s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4E533034s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib436F6E3932s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib5A503936s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib43483038s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib43483038s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib436F6E3933s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib436F6E3933s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib44696C3839s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib44696C3839s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib4E50533133s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib5472693939s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib5459423035s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib42424C3034s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib42424C3034s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib484D503932s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib484D503932s1
http://refhub.elsevier.com/S0304-3975(16)30060-3/bib5472693039s1

	Expected reachability-time games
	1 Introduction
	1.1 Contribution
	1.2 Related work
	1.3 Outline

	2 Stochastic game arena
	2.1 Stochastic game arena: syntax and semantics
	2.2 Reachability-time objective in stochastic game arena
	2.3 Optimality equations for SGAs

	3 Probabilistic timed game arenas
	3.1 Clocks, constraints, regions, and zones
	3.2 Probabilistic timed game arena: syntax
	3.3 Probabilistic timed game arena: semantics
	3.4 Reachability-time problem over PTGA
	3.5 Non-determinacy of PTGA with reachability-time objectives

	4 Boundary region abstraction
	5 Decidability of the reachability-time problem
	5.1 Quasi-simple functions
	5.2 Establishing correspondence of PTGA and boundary region abstraction

	6 Conclusions
	Acknowledgements
	References


