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We characterize the optimal signal-adaptive liquidation strategy for an agent subject to power-law
resilience and zero temporary price impact with a Gaussian signal, which can include e.g an OU
process or fractional Brownian motion. We show that the optimal selling speed u} is a Gaussian
Volterra process of the form u*(r) = u®(r) + u(r) + fot k(u,t) dW, on [0, T), where k(-,-) and u sat-
isfy a family of (linear) Fredholm integral equations of the first kind which can be solved in terms of
fractional derivatives. The term u° () is the (deterministic) solution for the no-signal case given in
Gatheral et al. [Transient linear price impact and Fredholm integral equations. Math. Finance, 2012,
22, 445-474], and we give an explicit formula for k(u, t) for the case of a Riemann-Liouville price
process as a canonical example of a rough signal. With non-zero linear temporary price impact, the
integral equation for k(u, ) becomes a Fredholm equation of the second kind. These results build on
the earlier work of Gatheral et al. [Transient linear price impact and Fredholm integral equations.
Math. Finance, 2012, 22, 445-474] for the no-signal case, and complement the recent work of Neu-
man and Vol3[Optimal signal-adaptive trading with temporary and transient price impact. Preprint,
2020]. Finally we show how to re-express the trading speed in terms of the price history using a new
inversion formula for Gaussian Volterra processes of the form fot g(t — s) dWj, and we calibrate the
model to high frequency limit order book data for various NASDAQ stocks.

Keywords: Optimal liquidation; Transient price impact; Gaussian processes; Trading with signals;
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1. Introduction

A critical problem for algorithmic traders is how to optimally
split a large trade so as to minimize trading costs and market
impact. The seminal article of Almgren and Chriss (2001) for-
mulates this problem as trade-off between expected execution
cost and risk; more specifically, they assume the stock price
is a martingale and execution costs are linear in the trading
rate and the choice of risk criterion is variance. Under these
assumptions, there is a well known closed-form analytical
solution for the optimal selling speed which is deterministic.
More recently, authors have begun to relax the martingale
assumption of Almgren-Chriss to incorporate the effect of
signals. In particular, Cartea and Jaimungal (2016) provide
empirical evidence of the impact of order flow on NASDAQ
stocks, and propose a model of order flow for an investor
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who executes a large order when market order-flow from all
agents, including the investor’s own trades, has a permanent
price impact (see also Section 7.3 in Cartea et al. 2015).
Cartea and Jaimungal (2016) derive a closed-form solution
for the optimal strategy where the rate of trading depends on
the expectation of future order flow. Cartea et al. (2018) show
that volume imbalance is an effective predictor of the sign
of future market orders, and how trading signals arising from
order flow can be used to execute large orders and make mar-
kets. More recently Kalsi et al. (2020) and Cartea et al. (2020)
use signals as inputs to the signature of the market to devise
trading algorithms.

For the case of zero signal with a general impact function
G, the optimal trading strategy is deterministic and satisfies
fOT G(|t — v]) dX, = A, which is a Fredholm integral equation
of the first kind. The constant A has to be chosen so as to
enforce the liqudation condition X; = 0, and Gatheral et al.
(2012) prove existence in this case if G is non-constant,
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non-decreasing, convex and integrable at zero. The Fredholm
equation can be solved explicitly for the case of exponen-
tial and power law impact. For the former, the solution is
well known from Obizhaeva and Wang (2013) and consists
of a block (i.e. an impulse response) sell trade at time zero
and at the final maturity, with continuous selling in between
proportional to the resilience parameter p (see also Exam-
ple 2.12 in Gatheral et al. 2012). For the case of power law
impact, the integral equation reduces to the well known Abel
integral equation which also has an explicit solution which
is U-shaped and symmetric, c.f. Section 2.2 in Curato et
al. (2017). The Fredholm equation becomes a weakly singu-
lar Urysohn equation of the first kind if the temporary price
impact component is non-linear, i.e. the price paid per unit
stock is S; + fot G(t— s)f(f(s) dr for some non-linear impact
function f, and X is assumed to be absolutely continuous (see
Dang 2014, Curato et al. 2017 for more on this, and numerical
schemes for solving such non-linear integral equations).

Belak et al. (2020) derive the optimal trading strategy for
a linear price impact model with a partial liquidation penalty
of the form I'X? for I' > 0, when the stock price is a general
unspecified semimartingale. Using a similar variational argu-
ment to Bank et al. (2017), they show that (X, X,) satisfies
a coupled linear Forward-Backward Stochastic Differential
Equation (FBSDE), which can be re-written in a matrix form
and solved explicitly using the same trick that is used to com-
pute the solution for a standard OU process. The Belak et
al. (2020) argument can be very easily adapted to deal with the
infinite penalty case I' = oo by simply replacing the vector
(%, —1) with (1, 0), but one would need to verify admissibility
of the solution.

More recently, Neuman and Vol (2020) consider the prob-
lem of optimal trade execution under exponential resilience
i.e. G(t —s) = const. x e *#~9_ with a general square inte-
grable semi-martingale price process and: (i) a non-zero tem-
porary price impact and (ii) a finite quadratic penalty for non-
liquidation. The solution is shown to satisfy a system of four
coupled linear FBSDESs in X, u;, ¥, = f; e **~9u;ds and an
auxiliary process Z;. These can solved explicitly in terms of
the matrix exponential function using similar arguments to
Belak er al. (2020), to find that the optimal selling speed (in
feedback form) is affine-linear in the current inventory X, and
Y.

Lorenz and Schied (2013) show that for exponential
resilience with zero temporary price impact and semimartin-
gale price process, optimal trading strategies (X;)e0,77 With
bounded variation do not exist in general. Hence one has
to enlarge the space of admissible strategies to the class of
all semimartingales, which includes processes with non-zero
quadratic variation. In this setting, Theorem 2.6 in Lorenz
and Schied (2013) computes the optimal X, (with the sur-
prising result that if the drift is not absolutely continuous
then the expected profit/loss is infinite, although such trading
strategies with infinite variation will of course incur infinite
transaction costs in the real world). For the well behaved case
when the drift is absolutely continuous, they give an explicit
formula for X; which includes martingale terms, which min-
imizes the modified cost functional in Lemma 2.5 in Lorenz
and Schied (2013) involving quadratic variation terms. More-
over, the process X is Gaussian if the stock price process is
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Gaussian. Theorem 2.6 in Lorenz and Schied (2013) extends
the classical Obizhaeva and Wang (2013) solution for the
no-signal case (see above).

In this article we compute an explicit solution for the opti-
mal signal-adaptive liquidation strategy for a trader subject
to power-law resilience and a Gaussian signal with zero tem-
porary price impact, which is obtained as the solution to
a Forward-Backward Stochastic Integral Equation (FBSIE).
The natural choice for the admissible space of strategies
turns out to be intimately related to the Fractional Gaussian
Field (FGF) with covariance equal to G which lives in the
space of tempered distributions, and the optimal trading speed
is a Gaussian Volterra process of the form ul(t) + u(t) +
fot k(u, ) dW,, where u°(¢) is the (deterministic) solution for
the non-signal case and k satisfies a family of Fredholm inte-
gral equations of the first kind (and %(¢) also satisfies a single
Fredholm equation of the first kind) all of which can be solved
explicitly using the known solution given in e.g. Chakrabarti
and George (1994), or more symbolically in terms of the
adjoint of the square root of the linear operator associated with
G. This generalizes the earlier work of Gatheral ef al. (2012)
for the no-signal case, and complements the recent work of
Neuman and Vof (2020) and has the advantage over (Neuman
and VoB 2020) that we impose the full liquidation constraint
Xr =0.

The layout of the article is as follows: Section 2.1 derives
the first order optimality condition for a general signal &,
Section 2.2 contains the main Theorem 2.2 which special-
izes Section 2.1 to the case of Gaussian signals, Section 2.3
recalls the known solution for the special case of zero signal
which is also relevant to Theorem 2.2, Section 2.4 computes
the expected profit/loss for the trading strategy in Theorem 2.2
and Section 2.5 re-writes the optimal solution in Theorem 2.2
in a more natural/practical way in terms of the observable
price process itself (and may be of independent interest).
Section 3.1 describes the most interesting and relevant exam-
ple of price process to consider for Theorem 2.2 (namely
a rough Gaussian Volterra process) with numerical simula-
tions, and Section 3.2 makes a minor addition to the setup
in Section 2.2 with the addition of the usual temporary price
impact term. Finally Section 4 calibrates the model to real
limit order book data for Apple, Cisco and Vodafone stocks
using a discretized version of the model with difference
equations.

2. The model setup

We work on a probability space (2, F,P) throughout, with a
filtration (F;)>0 which satisfies the usual conditions, and E,(-)
will denote E(-|F;). We consider an agent subject to transient
price impact where the execution price for an asset at time ¢ is

St:Pt+f G(1 —s) dX;, ey
0

where X; = Xy — fot uy ds is the number of shares held at time
t, which we assume is absolutely continuous in ¢ so u;, is
the selling speed, and P is some JF,-progressively measurable
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process P with E(P,z) < oo for all ¢ € [0, T] (which we refer
to as the unaffected price process). fof G(t — s) dX; represents
the cumulative effect of our trading activities on the current
stock price, and G is the decay kernel, which characterizes
resilience of price impact between trades.

From here on we assume that G(t) = ct~” for y € (0, 1) for
some constant ¢ > 0.

We set

& :=E,(Pr —P)).

Then a natural criterion is to maximize the agent’s expected
profit/loss at T

T '
Vu) =E (f (Pt - / G(t — $)ug ds) u, dr + PTXT>

0 0

T t

=]E</ (P,—/ G(t—s)usds) u, dt
0 0
T
L P (xo [ u dt))
0

T
=EPrXo) + E </ (P — Pr
0

- f G(t — $)ug ds) U dt)
0

over Z/Ié( ’, where U denote the space of F;-progressively
measurable processes u such that Xy =x— fOT u,dt =0
(i.e. we must liquidate all inventory by time 7) such
that E(f; |u:(P, — Pr)|dr) < oo and E(fy [i |G(t — s)usus|
dsdr) < oo.

One can in principle add additional penalty terms to our
performance criterion (the most common being a quadratic
inventory penalty of the form const. x fOT X2 dt to penalize
large positions before T') but our optimal solution is already
rather complicated to compute, so we leave the details of this
for future works. We also remind the reader that since we
are imposing full liquidation, we implicitly already have an
infinite penalty here for non-liquidation.

REMARK 2.1 From Fubini’s theorem, we know that u €
Uy also implies that [ E(|u,(P, — Pr)|)dt < oo and f; [y
E(|G(t — s)usu,|) dt < oo.

From Fubini’s theorem and the definition of Ug . we can
re-write V (u) as

T
V(u) = E(PrXo) +f E((P; — Pru,) dt
0

—E <f G(t — s)uy dsu, dt>
0

T
— E(PrXo) — f Eu&,) dr
0

—E (/ G(t — s)us ds u; dt)
0

(using the tower property)

T ‘
=XoE(Pr) —E (/ (%} + f G(t — 8)uy ds) u; dt) ,
0 0

(@)
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where we have used Fubini again in the final line, since
T T
| Baushar= [ BE - Popar
0 0

T
:/O E(|E,(u,(Pr — Py))]) dt

(by conditional Jensen)

T
< fo E(E,(u,(Pr — P dr
T
- / E(lu,(Pr — P)) dr,
0

which is finite for u € Z/{é( ® (see Remark 2.1). Since XoE(Pr)
is independent of u, for convenience we henceforth work with
the modified functional:

T t
V) = —E ( / (gt + / G(t — 8)uy ds) u dt). (3)
0 0

Note that we do not assume that S is a semimartingale (as is
usually assumed in the literature).

2.1. The first order condition for the optimizer

We now establish the first order optimality condition for
an optimal trading strategy using variational and convexity
arguments, similar to Section 5 in Bank ez al. (2017).

THEOREM 2.1 A sufficient condition for u € L{g ° to be an opti-
mal trading strategy is that u satisfies the Forward-Backward
Stochastic Integral equation (FBSIE):

T
&+ E; (/ G(t —v)u, dv) =M, as. (@)
0

fort € [0, T] for some martingale M such that Xr = 0.

REMARK 2.2 Note that (4) by itself does not uniquely deter-
mine the optimal u, we need the additional terminal condition
Xr = 0 as well (see e.g. Lemma 5.2(ii)) in Bank ef al. (2017)
and equation (3.5) in Belak et al. (2020) for qualitatively
similar results for different problems).

Proof Let L={ue A: (u,u)g < oo}, where (u,v)g:=
E(fOT u, fOT vsG(|t — s|)dsdf) and A is the space of F;-
progressively measurable processes.

Perturbing u to u + eu' with u' € U (i.e. a round trip so

" u} dr = 0) we find that

V(u+ euh)

T t
=-F (/ (g, + / (us + eul)G(t — 5) ds)
0 0

X (u; + 8u,1) dt)

T T '
=V@) —¢E (f S,u,l dr + / u,l / u,G(t — s)dsdr
0 0 0

T t
+/ u,/ u;G(t—s)dsdt>)
0 0
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T t
—82E(/ u}/ u;G(r—s)dsdz)
0 0

T t
= V() + V(eu') — ¢E ([ u! / usG(t — s5)ds dt)
0 0

T '
—¢E (/ u,/ u;G(t —5) dsdt)
0 0

T t
= V() + V(eu") — ¢E (f u! / u;G(t — ) ds dt)
0 0

T K
—¢E (/ Uy / u,lG(s — 1) ds dt)
0 0

T t
= V() + V(eu') — ¢E </ u / usG(t — ) dsdt)
0 0

T T
—¢cE (f u,l / u,G(s — ) dsdt)
0 t
5 5 T T
= V() + V(eu') — ¢E (/ u! / u;G(|t — s|)dsdt>
0 0

=V + V(eu") — e(u', u)g. 5)

From the definition of L{é( * above, we know that u € Z/Ié( 0
implies that E(f; [ G(t — s)ugu, ds dr) = Ju|l% < oo.
The O(e) component of (5) can be re-written as

T T t
—E(/ é,u[]dt—i—/ u;/ u,G(t — s)dsdt
0 0 0
T t
+/ u,/ uiG(t—s)dsdt)
0 0
T T t
=-FE (/ Eu) dt+/ u}/ u;G(t — s) dsdt
0 0 0
T T
+/ ul/ G(t—s)u,dtds)
0 s
T T t
=—E</ Eu,) dt—l—f u! [/ uG(t — s)dsdt
0 0 0
T
+ / u,G(s —t) ds:| dt)
T T
=-FE </ ul (§,+[ usG(|t—s|)ds> dt)
0 0
T T
=—E</ u) [stHE, (/ usG(|t—s|)ds>:|dt>. (6)
0 0

Now assume that (4) is satisfied which implies M, := & +
E,(f) G(t — shuyds) = B,(J;| G(T — vl)u,dv). Then we
see that

T
]E(/ u}M,dz>
0
T T
:]E(f u! <€,+]E,</ usG(|t—s|)ds>)dt>. 7
0 0

The second term on the right in (7) is just (u,u;)g, which
we know is finite from Lemma A.1, and the first term on the
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right is also finite from the definition of Z/{g . The following
observations will be needed in what follows:

o Jy Eughdi= [y E(E Gy (Pr =P dr < [y
E(E,(|lu; (Pr — P)D) dr = [y E(lu; (Pr — P)))dr,
which is finite for u' € U (see the definition of 14}
and Remark 2.1)

e Similarly fOTE(|u}IE,(fOT G(t —vDu,dv)|) dt =
[ EE ! (fy G(t — vhu, dv))dr < [ E(E,(|u}

(fy Gt —vhu, dv)D)de = [y E(u!(fy Gt —vD)
u, dv)|) dr < (|u'l, |u|)g, which is finite by Lemma
A.1 since |u| and |u'| are in U,° and U respec-
tively, which implies they are also in L.

Then using that M, = &, + IE,(fOT usG(|t — s|) ds) and the
two bullet points immediately above, we can apply Fubini and
the tower property to say that

T T
E (/ uM, dt) =R (/ u E,(Mr) dt)
0 0
T
=E ( / E,(u! Mr) dt)
0

T
= / E(E, (u! Mr)) dt

0

T
= / E(u My) dt
0

T
:]E<MT/ lltl dt)
0
:O,

since u' is a round trip. Thus (6) is zero, so (4) is a suffi-
cient condition for u to be a local optimizer. Moreover, using
the Plancherel identity, we can re-write the expectation in the

O(?) term in (5) (up to a minus sign) as

T T

IE(/ u}/ u;G(|t—s|)dsdz>
0 0

E(/ u}f uiG(|t—s|)dsdt>
o0

—E ( f i (o () G k) dk)

=E </OO i (k) |2G (k) dk) >0,

where we are setting u! = 0 outside [0,T], and G(k) =
cylkl”’l for some constant ¢, ; hence V(u + eu') is concave
in €, so any local optimizer is a global optimizer. |

2.2. Gaussian signals

We now assume that &, is a Gaussian Volterra process of the
form

§=£@ +/ Ky (u, 1) dW, ®)
0

for some deterministic function & (7), where W is a standard
Brownian motion and fot K¢ (u, 12 du < oo for all t € [0,T]
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and F; = F. Given that & = Er(Pr — Pr) =0 is a Nor- Jo kv, 1) AW, s0 Ey(it,) = a(v) + f3" k(u, v) dW,.
mal random variable with zero mean and zero variance, we Then from (4) we see that
see that
- T
ET) =K:u,T)=0 ) 0=¢ +F, (/ (G(t = v)) —G(|T—v|))f4vdv>
0

forall u € [0, T]. Let . -
=§(r)+/ Ks(u,t)dWmL/ )
0 0

k(u, 1) = mG;l(—KE (,u+ (T —u)(-))

— ) <%) and

] 1
m(u>=—5—/0 6T Keluu+ (T — () () ds (10)
Y

T
— G(T — V)it dv + /0 (Gt —v])
AV
— G(T — v))/ k(u,v) qu> dv
0

t T
:/ |:K,§(u,t)+/ k() (Gt = v])
0

1 5 u
228 g3 (T (L B+y)) sec(S7y)

<1+y>r<$(1—y>>%x/r@y)mw)
G is defined by

where ¢, =

, and the operator _ T
— G(T —v)dv]ldW, + &) + / Gt —v))
0

— G(T — v])a(v) dv.

1
G19)() 22/ ()G — 5) ds. 1) . ,
0 Then we see that this is zero for all ¢ € [0, T'] a.s. if
and only if
Gfl (f) for a general function f has an explicit form which is
stated and used in the proof of Theorem 2.2. r
We let X°(t) = Xo — f, u’(s) ds denote the (determinis- —Ke(u,1) = /; k@, )(G(It = vI) = G(T —v))dv
tic) solution to the same problem but with no signal (see (15)
Subsection 2.3 for the explicit solution for X°). r
We now state the main result of the article: —E() = / (G(t —v]) — G(T — v]))ia(v) dv
THEOREM 2.2 If K¢ is such that fo k(v,)dW, € Z/{g, then the 0 (16)

optimal trading strategy X* is given by dX; = dX°(t) —
u(t)dr, where u(t) = u(t) + fot k(v, 1) dW_V is a Gaussian are satisfied for all u, t withO <u <t < T.
Volterra process on [0,T) and k(u, -) and u(t) are the unique o Enforcing the liquidation condition. Now con-

solutions to the following Fredholm integral equations of the sider a solution k(u,-) to (12) for all u € [0, T]

first kind: where A(u) will be chosen to ensure that E(X?) =

0, and we will see that this implies that k(u, -) satis-

T
_ fies (15) and (16) for all u € [0, T] as well. Setting
—Ke(u, 1) = G(|t — vDk(u,v)dv + A 12
8.0 / (= vhktwmdvatn - (12) a(t) = () + [ k(v.1) dW, we see that

T
—£(®) =f Gt —vhuw)dv + A, (13) t rops
0 Xt=—/ L_t(v)dv—/ / k(v,s)dW,ds
0 0 Jo
where the first equation holds for each u € [0,T] fixed and r topt
all t € [u, T, and the function )(u) and the constant A, are = —/0 u(v)dv — /0 / k(v,s)dsdW,

chosen (uniquely) to ensure that IE(X%) =0, for which the

following two conditions are necessary and sufficient: so in particular

r r T T pt
/ k(u,t)dt =0 forallu € [0,T], / u(v)ydv =0. Xr = _/ a(v) dv — / / k(v, ) dW, dt
u 0 0 0 0
14 T T T
= —/ u(v)dv — / / k(v,t) dedW,,.
dX (t) = —i(t) dt is the optimal solution to the round trip 0 0 Jv (17
problem, i.e. for the case Xy = 0.
. . Consequently, to impose that E(X?) = 0, we see
Proof We break up the proof into multiple parts. that both equations in (14) must hold, the first of
e Deriving the Fredholm equation. We first assume which determines A(u) and second determines the
Xy = 0 (at the end of the proof we show how to constant A, (below we will show that A(x) and
extend to the general case with case Xy # 0). Since A, are uniquely determined using operator formal-

it has to be adapted, we guess that i1, = u(r) + ism and we give an explicit formula in (21)). Then
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setting t = T in (12) and using that K¢ (u,7) =0
(from (9)), we see that

T
0:/ G(T — vDk(u,v)dv + A(u)

so (15) is indeed satisfied. Similarly using that
E(T)=0 (from (9)) we find that fOT G(T —
vDu()dv 4+ A, = 0, so (12) implies (16).

Explicit computation of A(z) and A,. We now
transform (12) so the range of integration is [0, 1].
To this end, we first re-write (12) in the form

T
c/ 80) dv :f(x)

lx — vy

where g(v) = k(u,v) and f (x) = —Ke (1, x) — A(x)
andletw = 7=, sodw = de’u, then we can re-write
this as

1
C(T—u)f s = ww + u) dw = (T — u)
o x— (T —ww—ul|r

: g1(w) 2
/0 =T —ww—ap =T

where g, (w) = g((T — u)w + u), where our nota-
tion is chosen so as to be consistent with that used
in Chakrabarti and George (1994). Now letx — u =
(T — u)x' to obtain

1
c(T —u) f 81 () dw
o |T—wx — T —wwl|r

1
=c|T — u|1_V/ de
0

[x" —w|¥

=fu+ (T — uwx) (18)

which we can re-write more succinctly as

_fut T —w)

Gign c|T — u|'-r

, 19)

where G; is the operator defined in (11). Then
from (12) and the linearity of Gl", we see that

k(u,t) = g(1)
1 ~
= m(;flf(u,u + T —uw()
(%)
X
T—u

1

— ) (;:t) . (20)

Integrating from r=u to T and using that
fuT k(u,t)dt = 0 for all u € [0, T] and moving the

A(u) term to the other side and canceling terms, we
see that

r o t—u
/ G (—Ke(u,u+ (T —u)(-))) (T—u) dt

u

T _
- [ a'ow (%) d,

so by the linearity of Gl’l, we see that

ST G (K u + (T — w)())) (424 dr

AMu) = —
JEGr ) (522 ar

2D

Moreover, from Example 2.30 in Gatheral et
al. (2012), we know that

—1 Cy
G (D(s) = TR (22)
(s(1 — )27

where ¢, = [277'T(} — 1y)r(dy)/ /7172, Then

"o (L gt
/M 1()(m> t=c, (T —u

(where ¢, is defined in the statement of the
Theorem), so A(u) simplifies to

11 T
Mu) = _Em/u Gy (Ke(u,u+ (T — u)())

X (t_u)dt
T—u
1 1
__ ! fo G (Ke (1 + (T — () (s) .

Cy

Similarly we find that

1 ! -
ho = —— / G ET())(s) ds
Cy 0

and

1
cT-v

i) = —— Gy (<E(T() — 1) (%)

and note that u = 0 in these last two formulae.
Decomposing G; and explicit computation of
GT 1, From Example 9.2 (see also Example 6.2) in
Porter and Stirling (1990), setting v = y we know
that G| can be decomposed as G = 7 7%, where 7
is the Volterra-type operator defined by

(Te)(1) = /0 (5. 0 (5) ds

and k(s,1) = ¢, (H)I2 (1 — 5)~20+Y) for some
constant ¢, depending on v, and 7* is its adjoint
given by (T*¢)(t) = fSTK(S, N (1) dt (see e.g. the
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start of Appendix A of Forde and Zhang (2017)
to see why 7* takes this form). Then we can fur-
ther re-write 7 as 7 = B~'I,B, where B is the
bounded operator on L? which multiplies functions
by t~U7/2 and I, is the Riemann-Liouville oper-
ator (I,¢) (1) := [y (t — ) 21 (s) ds = 1"
where r = % — %y SO I;l =TI —r)D", where I"
and D" are the fractional derivative operators of

order r. Summing this up, we can re-write (18) as

TT*gl = h]
for some function 4, which has solution
g1 =T""(T "hy).

To compute (7*)~', we note that (¢,Ty) =
(¢.B~'I,BY) = (B'¢.1,BY) = (I;B'¢,By) =
(BI*B~'¢,v), so T* = BI*B~!, and we know how
to invert B and I7}.

Practical computation of k(u,f). We can read
off the solution to (18) more explicitly from
Chakrabarti and George (1994), with f(x;) =

|Tf— (rfl‘)*V and their a = b = ¢, for which the explicit

solution is given in equations (3.14a) and (3.14b)
in Chakrabarti and George (1994) which we can
re-write in our variables as

_pesn’Gry) d

ku, 1) = 72 dt
1 s —y
x/ ! / Y Vh(v)i dv where
C =07 Jo (5=
1- t
e R

b dt )y (x—ylr

and u=y, a+y=1, —A:m—l—ncot
(mr(1 —y)) and y satisfies |A| = 7 cot(ry) with
O0<y< % (note y here is the y parameter in
Chakrabarti and George (1994) and our y is the u
parameter in Chakrabarti and George (1994).

REMARK 2.3 For the case commonly considered
where y = % the a-parameter in Chakrabarti and
George (1994)is 1 — y = % and their A parameter
is —(arm /(b sin(zlroz) — mcot(ma)— = —m so their

y parameter is ; (which we call y; to distinguish

from our y parameter).

If two distinct solutions exist to (20), then we
must have a non-zero solution ¢ to Gi¢ = 0, so
in particular f[0,1] f[(),l] D ()P OG(|t — s|)dsdt =
(¢, G1¢) 2 = 0. But from Plancherel’s theorem we
know this quantity is equal to

/ ¢ ()P (NG(|t — s|) dsdr
0,71 J10.71

=f I$U)PG(k) dk = const. x [I9]2 .

o0
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where G(k) = cylkly’1 > ( is the Fourier trans-
form of G (see Appendix for the exact formula)
for some constant ¢, > 0, and ||.||z-s denotes the
norm on the homogenous fractional Sobolev space
of order —s < 0 (see Appendix for details, and ref-
erences on this). Hence we cannot have two distinct
solutions to (20) in H /.

o Extending to the general case X, # 0. For X, #
0, we can easily verify that X°(¢) + )A(, satisfies (4)
(since the equation is linear in u), i.e. we can
decompose the general solution as the (determinis-
tic) no-signal solution plus the round trip solution
(again see next subsection for details of how to
compute X ).

REMARK 2.4 Note that u = 0 if § = 0, since from the unique-
ness part at the end of the proof, we know the solution to the
Fredholm equation is unique.

REMARK 2.5 If we replace W with an Itd process of the
form M, = fot o2 dW;, then the stochastic integral part of (17)
will be replaced by fOT / " kv, 1) dt o, dW,, whose variance is
E(f) (f] k@0 dn? o2 dv) = [ (f] kv, 1) d)*E(c?) dv. Then
if E(o?) > 0 for all v we still require that [ k(v,7)dr =0
and (formally at least) Theorem 2.3 still holds if the pro-
posed trading strategy is admissible. A potentially interesting
example which falls in this framework is an affine drift-
less Rough-Heston model-type process for P of the form
P,=Py+c fot(t — 5)H=3 /P, dW,, which also has the advan-
tage that P is non-negative (we defer the details for future
research).

2.3. The zero-signal case

For the case of power-law impact where G(f) = ¢t~ 7 for y €
(0, 1), the optimal selling speed with no-signal satisfies

T
f G(lt = vDul(v)dv = 2, (23)
0

where A is the unique constant which ensures that Xy = Xy —

fOT u®(¢) df = 0, and setting t = T we see that

T
/ (G(r =) = G(IT —v)u’ () dv =0
0

which is consistent with (4) for the case of zero signal. We
can re-write (23) using operator formalism as Gu® = A where

Go(-) = fOT G(|(-) = vD@(v) dv, so A satisfies

T
X, — A/ G '@ dr=0
0

and the solution is given by

0 €1

(T — )20

for some constant ¢; (see Example 2.30 in Gatheral et
al. 2012, Curato et al. 2017).
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Figure 1. On the left we have plotted the optimal inventory X;* in Theorem 2.2 when P; = ¢ fot (t—sf -2 dW; is a Riemann-Liouville

process using (26) with H = % o0=1,c=1and y =.5and Xp = 0, and in the middle we have plotted u; (blue) and & (in red). On the
right, as a sanity check, we have plotted the expected profit/loss for o times the optimal trading speed, as a function of « (which we see is
correctly maximized close to o = 1, the small numerical error is there because we have to estimate the triple integral in (24) with Monte

Carlo).

2.4. Computing the expected optimal profit/loss

If £(r) = 0, the expected profit/loss from the optimal trading
strategy in Theorem 2.2 is

T t
V(@) = E(PrXo) — E ( / (s, + f Gt — )i ds) at dt>
0 0

T t
=EPrXy) — E (/ / Kg (s, 1) dW;
0 0

X (uo(z) +/Ik(u, 1) qu> dt)
0
T t K
—IE(/ /G(t—s) <u0(s)+/ k(u,s)qu>
0 0 0
x (uo(t)—l— / tk(v,t) de) dsdt)
0

T t
— E(PrXo) — / / Ke 0k, ) du i)
0 0

T t N
— f / G(t—ys) / k(u, s)k(u, t) duds dt
0o Jo 0

T t
— / / Gt — $)ul()u®(r) ds dr.
o Jo

where the final line gives the contribution from u’. We can
easily adapt this expression to include the case of a general
non-zero & (z) but the expression will be a lot messier due to
the squared terms. We have found Monte Carlo to be the most
efficient way to compute this triple integral in practice, which
is what was used to compute the right plot in figure 1.

2.5. Re-expressing the trading speed in terms of the price
history

At the moment our optimal selling speed is expressed as u; =
fot k(u,t) dW,, but it is more natural and useful to re-express u;
in terms of P itself. To this end, let Z, = fot g(s,t) dWy, and we
seek a function A(-,-) such that h(t,1)Z, — for hy(s,t)Zyds =
W;. Then we see that

t
h(t,0)Z, — / hy(s, 1) Z ds
0

t t N
= h(t, l)f g(u,t)dW, — / hy (s, t)/ g(u,s)dW,ds
0 0 0

t t t
= h(t, t)/ g(u,t) —/ / hs(s,0)g(u,s)dsdW,,
0 0 Ju

where h,(-, -) denotes the partial derivative of & with respect
to the first argument. Hence to find an inversion formula, we
need to solve the integral equation

h(t,t)g(u,t) —/ hy(s,0)g(u,s)ds = 1.

u

If g(s,t) = g(t — s) with g € L? and we guess that h(s,f) =
h(t — s), then the equation takes the special form

h(O)g(t—u)+/ Wt — $)g(s — uyds = 1.

u

Setting § = s — u, we can re-write this as

h(O)g(t — u) + / TR = )G & = 1,
0

and replacing t — u with ¢ we can further re-write as
t
h(0)g(t) + f H(t—35)g3)ds =h0)g@) +H xg=1.
0
Then taking the Laplace transform, we have
o~ . A .1
h(0)g + (H)g = h(0)g + (Ah — h(0)g = —,

so we see that
1

h=—=.
A2g

24

Hence if P, = fotg(t —u)dW, for some g € L? then & =
Jo Ke(u,0)dW, with Ke(u,t) = g(T —u) — g(t —u), and
from the preceding computations we have the inversion for-
mula

t
W, = h(t,t)P, — / hy(s,t)Psds
0

and recall that z1, = f(; k(u,t) dW, (where k(-, -) depends on K
via the Fredholm eq (12), and hence on g itself) so we now see
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Figure 2. Non-Round trip case: from left to right (with Xo = .25 and the same parameters as above) we see (i) the optimal buying speed

with no-signal (i) X;* with no signal.

how & depends solely on the (unaffected) stock price history
(Pu)o<u<s» which gives us our signal-adaptive optimal selling
speed.

We can compute & explicitly for the case when g(f) =
H=3e70 for H € (0,1), 8 > 0 for which we find that

e fiiH [2 — (1 + 2H + 216)

(Eg+H(t9) — (1) (= — H)>]

h = 200(—L —Hrd + H)

(25)

00 e~

where E,(z) = J, - dt. H = % corresponds to the OU pro-
cess for which h(f) = 1 4 6t, and 6 = O corresponds to the

1
274

Riemann-Liouville process for which k() = FamraTm

(see next section).

3. Examples and extensions of the main model

3.1. Rough signals

If P, =0 [j(t—)"2dW, (i.e. a Riemann-Liouville pro-
cess) for H € (0,1) and y =1 and £(r) =0 for simplic-
ity, then clearly & = E,(Pr—P) = [,(T — $)H=1 — (1 —

s *%) dW; and (after some lengthy Mathematica computa-
tions) we find that

3o (3) T(Hy)

k(u, ) = —Qem2t2ai T(H)) ™ - [

wi(u—t)
3 1 3
+Hyr it g (*) (—B (ﬁ, —H., *)
3 4 i 4
r@r(-#)
; F(HL)
I'(; —H) !
V2aTDH)(z:H o + 1 (u
n (H)( . 1(u)) , 26)
w4
where H%:H—i—i, t=T—u, w= -, =% and

B(z,a,b) = [;1*~'(1 — )"~ dr denotes the incomplete Beta

function, and enforcing the liquidation condition fMT k(u,t)
dr = 0 we find that

Aw) = -T2

where Y is given by

72esc(@n) + T(w_) [ZHF (3) T (H) — HyzT (1) 1)
— m cos(Hm)esc(@m)T (w4 ) + /7T (—%) r (% +H)|

2HT (3)’ T (0 )T (H)

with 0 = % + Hand w4 = % + H (see numerical simulations
above and overleaf). Note that we have not rigourously veri-
fied that this strategy is admissible which would be extremely
difficult to check (figures 2 and 3).

REMARK 3.1 H can be efficiently estimated from a time series
using maximum likelihood methods (see Chang 2014 for
explicit formulae) or using convolutional neural networks (see
Stone 2020).

3.2. Temporary price impact

If we add a temporary price impact term nX; = —nu, on the
right hand side of (1), then we incur an additional nu,z term
in (3), and a standard first order variational analysis of this
expression leads to the following modified (4):

T
&+ 2nuf +E, (/ G(t —vhui dv) =M,
0

for some martingale M to be determined such that X; =0
as before. Then using the same ansatz u, = fot k(u,t)dW,, we
can readily verify that (12) changes to

T
—Ke (u, 1) = 2nk(u, t) + / G(It — vk (u, v) dv + A(u) — E(2)
T
= 2ni(t) + / G(lt — v)a(v) dv + A2
0

where A(u) and A, are again chosen to ensure that X7 = 0,
and this is now a Fredholm equation of the second kind, for
u € [0, T] fixed.
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Figure 3. On the left we see the optimal selling speed with non-zero signal (blue) and the no-signal optimal speed (grey) and on the right we
see X;* with non-zero signal (blue) and zero signal (grey), for the same parameters and simulated Brownian motion as figure 2.

4. Calibrating the model to real limit order book data

To calibrate the price impact model in equation (1) we employ
the order flow of all market participants, the transaction
prices weighted by volume, and the unaffected price process.
We then look for parameters that best fit the data. In (1)
we refer to P, as the unaffected price process, and dX; =
—u, dt is the instantaneous trading of the agent. Let P, = P, —
fo G(t — s) dY, be the “observable unaffected price”, where
dY, = v,dr and Y is the cumulative instantaneous trading of
all other market participants excluding the agent. Then (1)
changes to

S, =P + / G(t — 5)dZ, 27

0
where dZ; = dX; + dY; = (u, + vy) ds captures the order flow
of the entire market (see Cartea and Jaimungal 2016).

Given the previous decomposition, we show how to esti-
mate the parameters that appear in the decay kernel G. Let
© be the parameter space associated with G. For example, in
the power-law impact case, in which 8 = (c, y), the param-
eter space is ©® = R* x (0, 1). Take 6 € ® and consider a
discretized version of (27) given by

S, &Py + Y GOty — timy) (uy, + v)A
i=1

where 0=t <t; <---<t,, and A=t —t,_; for ie
{1,2,...,n}. The quantity (u; + v;)A represents the volume
traded in [#;_;, ;) by all market participants. The observable
unaffected price P, , can be taken to be the mid-price of the
asset at time #,_;, and S, is the volume-weighted average
price of all transactions in [t;_1, ;).

Fix a given calibration horizon T (for example, one day
of trading), let #p < t; < - -- < ty be a fixed time grid, where
to = 0 and ty = T (for example, one minute intervals through-
out the day), let (S;,)1<i<n be the observed volume-weighted
transaction prices,T and let (V;)o<i<y be the volume traded
by all market participants. For instance, fori € {1,2,..., N},
Vi, = (u;, + v;,)A. Finally, let (Pt,-)OSiSNfl be the mid-price

T We define Sy = Py. If there are no transactions in a given interval
[ti—1,t;) fori e {1,2,..., N}, we define S;, = §;, ,. Otherwise, S, is
the volume-weighted trade price over all trading carried in [#;_1, ;).

sampled at times #) < #; < - -+ < ty_;. We assume our obser-
vations have noise, that is to say

n

St,l = PI,,,I + Z Gg(tn - ti—l) Vt[ + €,
i=1

where (€,)qen 1S a collection of independent and identically
distributed normal random variables. We take the estimator 6
of 6 to be the parameters that minimize the residual sum of
squares, in other words,

N

2
n
0 = argming . Y (St” —P, =Y Gt —1) v,,.) . (28)
i=1

n=1

Next, we test the calibration method in (28). We employ limit
order book (LOB) data from VOD, AAPL, and CSCO trad-
ing in NASDAQ from 2 December 2019 to 31 January 2020.
The data comprise all of the updates in the best prices, quan-
tities, and trades. We take the time intervals to be spaced
by one minute, and we set [0,7] to be from 10:00am to
2:00 pm. We calibrate the parameters (c, y) in R™ x (0, 1) for
the power-law impact case G?(f) = ct7, and we refer to the
estimates as ¢ and y. We observe that over the two months
of data, the mean value (and standard deviation) of the esti-
mate y was 0.384 (0.104) for VOD, 0.440 (0.125) for AAPL,
and 0.493 (0.104) for CSCO. Similarly, the mean value (and
standard deviation) of the estimate ¢ was 0.0015 (0.0004)
for VOD, 0.0028 (0.0007) for AAPL, and 0.0009 (0.0004)
for CSCO. For an alternate approach to the calibration of
parameters under transient market impact, see Busseti and
Lillo (2012).
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Appendix

Recall that (u,v)G = E(fy [, usvG(|r — s]) dsdo).
LEMMA .1 Let u,v € U such that ||u||g and ||v|g are finite. Then

(u,v)g < o0.

Proof We first consider a deterministic function ¢ in the Schwarz
space S with supp(¢) € [0, T] (¢ will be replaced with a random

ue Z/{(})( ® below once we have the required machinery in place). Using
Plancherel’s theorem, we see that

T T
w¢m=ﬁ;wqﬁ¢mcm_mmm

=/ ¢m/ $(5) G(lt — sy ds dr

/ dk)p k)G (k) dk

/WWQWQMMEQ

where G(k) = cylkly_1 is the Fourier transform of G, for some
constant ¢, > 0. Thus () is a positive semi-definite bilinear
form on S. Using similar arguments to equation (8) in Forde and
Smith (2020), we can also show (-, -) is continuous on the Schwarz
space S(R). Hence by Minlos’s theorem,

e~ (#9) — [ (el#2))

is the characteristic functional of the Fractional Gaussian Field
(FGF) Z with covariance function G(|t — s|) = c¢|t — s|”¥ which
lives in the space of tempered distributions S’ (see e.g. pg 8 of Jan-
son 2009, and Duplantier er al. 2017 and Appendix A in Forde et
al. 2020 for more details) which is the dual of the Schwartz space
S (see e.g. Section 2.2 in Duplantier et al. 2014 and Theorem 2.1 in
Bierme et al. 2017). Moreover, S is a Montel space and thus is reflex-
ive, i.e. (8')' is isomorphic to S using the canonical embedding of S
into its bi-dual (S")’. B

Proceeding as in Forde and Smith (2020), we now let F' denote the
Hilbert space equal to the 12 (S, Fr,P) closure of

F=1{Z(¢) : ¢ € S,supp(¢) < [0.T]}

where 77 = o (Zu)o<u<r)-
In order to characterize F, we first note that

T pT
]E((Z,d>)2)=/0 /; G(lr = sNg ()¢ (1) ds dr.

We also know that

T pT o) -
/0 /0 G(r—sho Y dsdt =E (/ PR Y (k)G (k) dk)
=cy(®. ¥)

H10-n

where G(k) =cy |k|”~! for some constant ¢y, and H* denotes the

homogenous fractional Sobolev space of order s (see e.g. page 5
in Duchon et al. 2012 for definitions). Thus, setting s = %(1 -,
the following two inner products on the linear space S of Schwarz
functions are equivalent and hence generate the same topologies
onS:
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(D) (@, ¥)g-s = [, |k|_25¢3(k)g[:/(k) dk (i.e. the standard inner

product on H™%)

) (¢, ¥) = EIZOZW)] =[] [ ¢ v Gt — s) dsdr.

We now make the following observations:

o Let¢p € H™*, with supp(¢p) C [0,T]. S is dense in H ™%,

so there exists a sequence ¢, € S with supp(¢,) < [0,7T]
such that ||¢, — ¢|lg-s — 0, and ¢ is a Cauchy sequence
in H™ so (by the equivalence of norms) Z(¢,) is a
Cauchy sequence in F, and thus converges to some Y in
F. This defines Z(¢) := Y as a continuous linear exten-
sion of Z from S to the larger space H~°, which we
will also often write as f ¢ (t)Z; dt. To check that Z(¢) is
uniquely specified, consider two such sequences ¢, and
¢;,. Then from the triangle inequality

on = Gpllr— < ll¢n — Sl + I — $pllg— — 0

and thus (by the equivalence of norms) we have || Z(¢,) —
Z(O 2 (s5,70p) = 1Z(dn) — Z($p)llF — 0.
Conversely, for any Z € F, there exists a sequence ¢, €
S such that Z(¢,,) converges to Z € L2(S, Fr,P), so bn
is a Cauchy sequence with respect to the second norm
defined above, and hence also a Cauchy sequence with
respect to the H™* norm (by the equivalence of the two
norms). H~* is a Hilbert space so Cauchy sequences in
H~* converge i.e. there exists a ¢ in H~* such that ¢, —
¢ € HS.

Thus we have shown that

F={Z(¢): ¢ € H*,supp(¢) [0, T1},

where we are using the extension of Z to H~* on the right hand side
here as defined in the first bullet point above. Moreover, we can now
extend the inner product to H~* as

@.v) = lim E[Z(@n)ZWn)]

= lim
n— 00

T T
A fo Gn (YOGt — s]) dsdr

where ¢, ¢, € S and ¢, — ¢ in H* and v, —  in H*.
Finally, to prove the lemma, if u € Mé(" and IE(]OT ]OT usu; G(|t —

s|)dsdf) < oo, then fOT fOT usu;G(|t — s|)dsdt < oo as., so u e

H~* a.s. Then if we assume the field Z is independent of u then

()6 = E((Z,u)(Z,v)) < E(Z,)?) T E(Z,v)?)?

= E(E((Z, w)*|u)) EE((Z,)?)?)

T T 3
=E</ / usu,G(lt—sl)dsdt)
o Jo
T T 3
(/ / vy G(|t — s]) dsdt)
o Jo

as required. |
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