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Abstract

We develop a sparse hierarchical Ap-finite element method (hp-FEM) for the Helmholtz
equation with variable coefficients posed on a two-dimensional disk or annulus. The mesh
is an inner disk cell (omitted if on an annulus domain) and concentric annuli cells. The
discretization preserves the Fourier mode decoupling of rotationally invariant operators, such
as the Laplacian, which manifests as block diagonal mass and stiffness matrices. Moreover,
the matrices have a sparsity pattern independent of the order of the discretization and admit an
optimal complexity factorization. The sparse 2p-FEM can handle radial discontinuities in the
right-hand side and in rotationally invariant Helmholtz coefficients. Rotationally anisotropic
coefficients that are approximated by low-degree polynomials in Cartesian coordinates also
result in sparse linear systems. We consider examples such as a high-frequency Helmholtz
equation with radial discontinuities and rotationally anisotropic coefficients, singular source
terms, the time-dependent Schrodinger equation, and an extension to a three-dimensional
cylinder domain, with a quasi-optimal solve, via the Alternating Direction Implicit (ADI)
algorithm.

Keywords #p-finite element method - Quasi-optimal complexity - Disk - Annulus -
Cylinder - Schrodinger equation - High-frequency Helmholtz equation

1 Introduction

In this work, we develop a sparse hierarchical ip-finite element method (2p-FEM) on disks
and annuli. The cells in the mesh are stacked concentric annuli where, if the domain is a disk,
the innermost cell is a disk. The FEM basis consists of Zernike and Zernike annular polyno-
mials, multivariate orthogonal polynomials in Cartesian coordinates, that are defined on disks
and annuli, respectively. The stiffness (weak Laplacian) and mass matrices are sparse and
banded irrespective of the polynomial order truncation and the number of cells in the mesh
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Fig.1 Meshing a disk domain into 3 cells, an inner disk, and two concentric annuli (left). Spy plots of the first
block diagonal submatrix (corresponding to the first Fourier mode) in the stiffness (middle) and mass (right)
matrices when truncating the hierarchical basis at degree N, = 20 on each cell in the displayed mesh. The
matrices are sparse and banded with a bandwidth independent of N,

considered. Moreover, for rotationally invariant operators, such as the (weak) Laplacian, the
induced matrices are block diagonal where the submatrices correspond to the Fourier mode
decoupling. Thus the solve reduces to parallelizable sparse one-dimensional solves for each
Fourier mode. In particular, each submatrix along the block diagonal in the Helmholtz opera-
tor may be factorized in optimal O(N;, N),) complexity. Here N, denotes the number of cells
in the mesh and N, is the highest degree! of the polynomial basis. Thus simply we achieve an
O(Np, N12,) optimal complexity solve in two dimensions. After an initial “arrowhead” of size
Nj, X Np, the local stiffness and mass submatrices on the block diagonal contain three and
five nonzero diagonals, respectively, for increasing degree N, with minimal coupling across
elements. The global stiffness and mass matrices are also block diagonal and the submatrices
have a so-called Banded-Block-Banded (B?) Arrowhead matrix structure with block-
bandwidths (1, 1) and (2, 2), respectively, and a sub-block-bandwidth of 1 [32, Def. 4.1]. The
mesh and spy plots of the global mass and stiffness submatrices are given in Fig. 1. By con-
sidering the tensor-product space of the basis on the disk with a univariate sparse continuous
hp-FEM basis for the interval [32], one obtains an FEM basis for the cylinder that is highly
effective at handling discontinuities in the radial and z-directions as exemplified in Fig. 2.
By leveraging the Alternating Direction Implicit (ADI) algorithm [26], we show one obtains
a quasi-optimal O(N, N 13, log(NyN))) complexity solve for the screened Poisson equation.

Studies on high-order FEM and spectral element methods (SEM) is an extremely active
area of research [6, 8, 17, 18, 25]. High-order methods typically lead to fast convergence
to the true solution, stabilize discretizations, and avoid pitfalls associated with low-order
methods, e.g. locking in linear elasticity [2]. The computational bottleneck is almost always
the loss of sparsity, assembly costs, and the ill-conditioning of the matrices that arise after
discretization of the equation operators. For many classical FEMs, attempting to assemble
the induced mass matrix on a single three-dimensional element with a truncation degree
of N, = 30 will surpass the working memory of a standard desktop. One remedy is the
use of matrix-free Krylov methods that only require the action of the discretized operators
on vectors. However, since the mass and stiffness matrices are often ill-conditioned, a good
preconditioner is required in order for the Krylov methods to converge in a reasonable number
of iterations [17].

An alternative to using a classical basis, and developing a preconditioner for each problem,
is to develop a basis that promotes sparsity in the discretized problem even for a high poly-

! FEM and spectral method literature denote the degree by p and n, respectively. We use both conventions in
this work, utilizing the notation that is most natural in the context considered.
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Fig.2 Plots of the right-hand side, f(x, y, z) (top row) and the solution u(x, y, z) (bottom row) in the screened
3D Poisson equation of Section 6.6 with the right-hand side and Helmholtz coefficient as given in (6.13). The
first column is a visualization on the 3D domain and the second and third columns are 2D slices through the
(x, y) and z-planes, respectively. Note the discontinuities in f(x, y,z)atr =1/2andz =0

nomial order and number of elements. The advantage is that the matrices may be explicitly
assembled and a direct solver employed for fast convergence. Sparse spectral methods may
be traced back to the integral reformulation method of Clenshaw, which uses recurrence rela-
tionships for integration of Chebyshev polynomials [20]. In 2013, the ultraspherical spectral
method was introduced for general ODEs [45] and recently the ultraspherical spectral ele-
ment method was also developed [25]. Using the ideas of the ultraspherical method as a base,
sparse spectral methods were constructed for two-dimensional domains e.g. triangles [46],
disks/balls [3, 14, 15, 23, 34, 37, 60, 61], annuli [36, 38], disk slices and trapeziums [56],
and spherical caps [57]. The cited works mostly focus on discretizing the strong formulation
of the partial differential equation (PDE) which has the disadvantage of not preserving the
symmetry of the operators (such as the identity). However, we note that some remedies exist
[4].

Utilizing orthogonal polynomials to construct high-order sparse finite element methods
stems back to the analysis of the one-dimensional hierarchical p-FEM basis first attributed
to Szabd and Babuska [7], see also [58, Ch. 2.5.2] and [52, Ch. 3.1]. The mass and stiffness
matrices induced by this basis have a special sparsity structure recently coined as a B3-
Arrowhead matrix structure [32, Def. 4.1]. In [32, Cor. 4.3], it was shown that B3-Arrowhead
matrices permit an optimal complexity O(Nj, N ) reverse Cholesky factorization, ultimately
leading to a quasi-optimal O(N, N, log?> N p) complexity solve for the 1D Poisson equation:
from the expansion of the right-hand side to the evaluation of the solution on a grid. Note
that other efficient solvers exist, e.g. via static condensation [52, Ch. 3.2].

Extensions to two-dimensional quadrilateral finite elements may be achieved via a tensor-
product space of the 1D hierarchical p-FEM basis or by constructing a serendipity element,
cf. [5] and [52, Ch. 4.4]. Recently it was shown that the tensor-product space admits, via the
ADI algorithm [26], a quasi-optimal O(N, NI% log2 N,) solve for the Poisson equation on a
quadrilateral domain [32]. Extensions to two-dimensional simplex finite elements have also
been considered, e.g. by Babuska et al. [5] as well as Beuchler and Schoberl [13]. Other works
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of a similar theme include [10-12, 21, 30, 31] and [56, App. A]. The FEM basis constructed
in this work may be thought of as an extension of these other hierarchical bases to the disk.

The choice of the mesh in this work caters towards solving high-frequency Helmholtz
equations with radial discontinuities in the Helmholtz coefficient A and the right-hand side
f. We consider such an example in Section 6.2. Unlike spectral method discretizations of
the strong form, this approach preserves symmetry and positive-definiteness. This makes it
suitable for a unitary preserving discretization of the time-dependent Schrodinger equation
via an exponential integrator as considered in Section 6.3. We show that the method can
tackle rotationally anisotropic coefficients in Section 6.4 and singular source terms via hp-
refinement in Section 6.5. By considering the tensor-product with a univariate basis, the
hierarchical basis extends to three-dimensional cylinders. By utilizing the ADI algorithm
[26], the three-dimensional solve has O (N, Ng log(N;/ ‘N p)) quasi-optimal complexity as
discussed in Section 5.

2 Mathematical Setup

LetQCcRY, d e {2, 3}, denote an open, bounded, and connected domain with a Lipschitz
boundary. In this work €2 is a disk, an annulus, or a cylinder. For 0 < a < b, we denote a
disk and annulus domain, respectively, as

Qo i={(x,y) e R* 1 ||(x, )2 < a}, 2.1)
Qap = {(x,y) eR? 1a < ||(x, V)2 < b}, 2.2)

where || - ||2 denotes the Euclidean norm. We use €2y to denote the unit disk 2o := 20,1 and
Q, =, 1,0 < p < 1, for an annulus with outer radius one.

Let W*:?(2) denote the family of Sobolev spaces [1] and H¥(2) := WS2(Q),s > 0. We
denote the Lebesgue space by L?(2), p € [1, oo]. HOl (€2) denotes the space of functions
that live in H!(2) that have a boundary trace of zero [27]. Moreover, let H ~1(Q) denote the
dual space of Hol (€2). If X is a Banach space and H is a Hilbert space, then (-, -) x+, x denotes
the duality pairing between a function in X and a functional in the dual space X* and (-, -)
denotes the inner product in H.

Although we consider more complex equations in Section 6, the canonical equation that
exemplifies the core principles of the Ap-FEM is the Helmholtz equation with a variable
coefficient. The Helmholtz equation seeks a u € HOl (2) that satisfies, for a given A € L3()
and f € H~(Q):

(Vu, Vo) 1210 + (Mt v) 12@) = (2 ) o1y i o forall ve H (). (2.3)

If A > 0 a.e. in €2, then the existence and uniqueness of u follows as a direct consequence of
the Lax—Milgram theorem [24]. In such a regime, the equation is coercive and we hereby refer
to this case as the screened Poisson equation. In contrast large negative choices of A < 0
induce oscillations in the solution which are traditionally hard to resolve with low-order
numerical methods.

We now rewrite (2.3) in quasimatrix notation [44]. Let ® = {¢;}7°, denote the set of
continuous piecewise polynomials that form the hierarchical basis for HO1 (€2). Then the
quasimatrix @ is defined to be a row vector where each entry is a basis function, i.e.

®(x,y) = (go(x,y) ¢1(x,y) pa(x,y) ...). 2.4
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Linear operations such as % acting on quasimatrices are understood entry-wise. For any

function u € H'(S), there exists a column coefficient vector u such that u(x,y) =
Z?io u;¢;(x,y) = ®(x, y)u. Throughout this work we expand the right-hand side in a
basis of discontinuous piecewise polynomials denoted by W. We define the L?-inner product
between the two quasimatrices ® and W as follows:

(0. WO)LZ(Q) (¢, 1ﬂl)LZ(Q) T
(@7, W) 2 = [ (P12 Volr2@ (@1 Vi) | 2.5)

Rewrite u(x, y) = ®(x, y)u and consider f € L2(S2) such that f(x, y) = W(x, y)f. We
define the load vector as b := G g yf where Go .y = (@', W) o) is the Gram matrix
between ® and W. We find that the Helmholtz equation (2.3) may be rewritten as find u that
satisfies

(A+M,)u=b (2.6)

where the stiffness matrix, A = ((V<I>)T, Vo) L2(Q) and the weighted mass matrix, M, =

(<I>T, LD) 12(Q)> are symmetric infinite-dimensional matrices. M, (provided A > 0 a.e.) and
A are symmetric positive-definite. If A = 1 then we drop the subscript ; and call M the mass
matrix. The goal of this work is to choose the hierarchical basis ® with spectral approximation
properties that promotes sparsity in the stiffness and mass matrices for an annulus and disk
domain.

Remark 2.1 (Alternative discretizations for disk domains) Other sparsity preserving dis-
cretizations, that decompose the domain, already exist for the disk. A direct extension
of the spectral Galerkin method in [53] considers a tensor-product basis of the clas-
sical one-dimensional hierarchical p-FEM basis in the radial direction [5, 32] with a
Fourier discretization in the angular direction, i.e. the basis functions are of the form
P,(r)sin(m6 + jm/2),r € [0,1],60 € [0,27), m € N, j € {0, 1}, where P, is a piece-
wise polynomial of degree n. However, the FEM established in this work has the following
advantages:

1. Zernike polynomials often represent functions to the same accuracy with half the degrees
of freedom when compared to a Chebyshev ® Fourier expansion [15, Sec. 6.2].

2. The discretization preserves symmetry of the PDE operator on annular cells unlike in the
spectral Galerkin method found in [53, Sec. 5.2]. Kwan [33] recovered symmetry but the
basis functions are nonstandard.

3. A 4+ M, is approximately twice as sparse as that of a p-FEM ® Fourier expansion, with
7 or less nonzero entries per row when A is piecewise constant.

4. Thanks to the symmetric B>-Arrowhead structure, the 7 x 1 linear systems admit a simple
optimal complexity O(n) factorization via a reverse Cholesky factorization.

5. On disk domains, there have been several studies showing that discretizations of the form
P, (r)sin(m0 + jm/2),r € [0, 1], 0 € [0, 27), that treat the origin as a boundary point
are suboptimal. They suffer from both coordinate singularities and artificially clustered
grids at the origin cf. [15, Sec. 6], [61, Sec. 2], [60, Sec. 1]. In turn this leads to worse
approximations and numerical instabilities. There are some alternatives, e.g. using double-
wrapped Chebyshev [61], leveraging a quadratic argument [15, 33] or, as discussed in
this work, one-sided Jacobi polynomials (i.e. Zernike polynomials) that resolve the origin
coordinate singularity issue [15, 51, 60].

@ Springer



51 Page6of38 Journal of Scientific Computing (2025) 104:51

Although the FEM matrix entries must be numerically computed, as discussed in Remark 3.1,
the computational cost to find the entries is optimal, scaling as O (N, NIZ,). Moreover, for
coefficients that are not piecewise constant, the entries must also be numerically approximated
in the case of a p-FEM ® Fourier discretization.

3 Orthogonal Polynomials

In the previous section, we noted that our goal is to construct an FEM basis that promotes
sparsity in the stiffness and mass matrices. In Section 4 we show that a suitable basis consists of
so-called hat and bubble functions, otherwise known as external and internal shape functions,
respectively. In this section we introduce the multivariate orthogonal polynomials that are
used to define the hat and bubble functions.

3.1 Jacobi and Semiclassical Jacobi Polynomials

At its core, the hat and bubble functions consist of scaled-and-shifted (semi)classical Jacobi
polynomials multiplied with harmonic polynomials. The (orthonormal) Jacobi polynomials

{P,l(a’b) (x)}nen, are a family of complete univariate bases of classical orthonormal poly-
nomials on the interval (—1, 1) with basis parameters @, b € R such that a, b > —1 [39,
Sec. 18.3]. They are orthonormal with respect to the L2-weighted inner product

1
/ PP (x) P (x) (1 = x)* (1 + x)Pdx = 8. 3.1)
—1

A number of common orthogonal polynomials are special cases of Jacobi polynomials,
e.g. Chebyshev and ultraspherical polynomials. A weighted orthogonal polynomial refers to
an orthogonal polynomial multiplied by its orthogonality weight, e.g. the weighted Jacobi
polynomials are W,Ea’b) x)=0=-x)41+ x)bP,,(a'b) (x).

Semiclassical Jacobi orthogonal polynomials {Qi,’ @b.0) (x)}nen, are a shifted generaliza-
tion of the Jacobi polynomials. These are univariate orthogonal polynomials with respect to
the inner product

1
/ 05 @b (x) Q1O (x) x4 (1 — x) (1 — x)°dx = S, 3.2)
0

where t > 1, a,b > —1, and ¢ € R. They were introduced by Magnus [35, Sec. 5] and
are a building block for a variety of methods. When ¢ = 0, these become scaled-and-shifted
Jacobi polynomials and we drop the ¢ dependence. That is, we have for any > 1,

0,@b0 (x) = 2@th/2plab) (| _ 2y, (3.3)

As with all univariate orthogonal polynomials, a three term recurrence exists for the gener-
ation of the (semiclassical) Jacobi polynomials. Equivalently, there exist tridiagonal Jacobi
matrices, denoted by X, ) and X (4,5,¢), such that

PO () = PO ()X gy, 2QV0 ) = QNI X @by (B4

where P@ (x) and Q'@ (x) denote the quasimatrix of the bases {P4"? (*)}nen, and
t,(a,b,c) .
{Qn (%) }nen,, respectively.
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The following lemma concerning the integral of the (semiclassical) Jacobi weights is used
in the construction of the stiffness matrix of the hierarchical basis introduced in Section 4.

Lemma 3.1 (Normalization) Fora,b > —1,c € R, andt > 1,

1
Plab) = / A=A +x)dx =21 B+ 1,b+ 1), (3.5)
—1

1
N a1 _ \brr € __ 4 +a,—
4t,(a,b,c) .—/0 X1 =x)" —x)dx =1"B(1+a,1+ Dbk (2+ pE 1/t>

(3.6)

where B is the Beta function [39, Sec. 5.12] and , Fy is the Gauss hypergeometric function
[39, Sec. 15.2].

3.2 Generalized Zernike and Zernike Annular Polynomials

We denote the generalized Zernike polynomials by Zflazn j .(x, y). These are two-dimensional
multivariate orthogonal polynomials in the Cartesian coordinates (x, y) defined on the unit
disk. Here a is the Zernike weight parameter for the orthogonality weight, n denotes the
polynomial degree, m denotes the Fourier mode, and j denotes the Fourier sign. For n odd,
m e {1,3,...,n},and for n even, m € {0,2,...,n}. lf m = 0 then j = 1, otherwise j €
{0, 1}. Throughout this work, we denote the polar coordinates by (r, 6) where r> = x> + y?
and 6 = atan(y/x). We define the generalized Zernike polynomials as

Z\ 06, y) = Y G, PG (207 = 1), 3.7)
where

cos(mf) ifmeNpand j =1,

. . . (3.8)
sin(mf) iftm e Nand j =0,

Y, j(x,y) :=1r" x {

are the harmonic polynomials, orthogonal on the surface of the disk. The generalized Zernike
polynomials satisfy

T
//;2 Z'(la’)n ,(x, y)Z(“) ((x v -—-r ) dxdy = W+H3nv5mu5j§, 3.9)

where 7, = 2w if m = 0 and 7, = 7w form € N.

The generalized Zernike annular polynomials are the extension of the Zernike polynomials
to the annulus domain and are used in the construction of gyroscopic polynomials [22]. They
are denoted by Z}’f r(na b (x,y), where 0 < p < 1, with the same relationship between n, m
and j as for the Zermke polynomials. The non-generalized family (orthogonal with respect
to the unweighted L2-norm) was first introduced by Tatian [59] and Mahajan [36]. We define

the generalized family as:
0.(a,b) Y a1 =12 3,10
nmj (x,y) := Y j(x, y)Q(” m)/2 1—p2) (3.10)
Throughout this work we denote t := (1 — r2) where r = (1 — pz)_l. Note that

1—r2=t"'7, PP=t""¢—1), and 2= p?> =171 -1). (3.11)
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Utilizing (3.11), one finds that Z”**? satisfy [51]

n,m,j

J(a,b ,(a,b T
[ 2 2 1 = Py = b
0

(3.12)

Out of the spectral methods they considered for disks, Boyd and Yu [15] noted that
Zernike polynomials often offer the best approximation per degree of freedom and a similar
observation was made for the annulus [51, Sec. 6]. In order to compute with these polynomials
quickly, we heavily rely on new methods for quasi-optimal O(N; log Nj,) complexity analysis
(expansion) and synthesis (evaluation) operators introduced by Slevinsky [54] and Gutleb et
al. [28] and further studied in [51, Sec. 4.2]. In a nutshell, for the analysis, one expands a
function in a Chebyshev—Fourier series (for which a fast transform exists) and utilizes fast
transforms to convert these expansion coefficients to those of the Zernike (annular) expansion.
The synthesis operator is the reverse process.

As many operators decompose across Fourier modes, it is useful to consider each Fourier
mode of the Zernike (annular) polynomials separately. Hence, we define the quasimatrix

2" (x, y) as
J(a,b J(a,b J(a,b J(a,b
50y = (20 e 1 280 1 Z0 o) B

The quasimatrix Zf:;y) i (x, y) is defined analogously.

3.3 Raising and Laplacian Matrices

In the next section, we will show that the (weighted) mass and stiffness matrices may be
computed via the raising matrices for (semiclassical) Jacobi polynomials and the Laplacian
matrices for Zernike (annular) polynomials.

Remark 3.1 (Fast assembly) In the next section, we will show how to compute the entries
of the stiffness and mass matrices without any need for quadrature. Moreover, the entries
of the load vector may also be computed in quasi-optimal complexity. This is achieved by
considering hierarchies of raising matrices for (semiclassical) Jacobi polynomial families
that can be computed in optimal complexity as detailed in [51, Sec. 4.1], see also [28, 54].
The right-hand side is expanded in Zernike annular polynomials by leveraging a fast DCT ®
FFT transform to compute the coefficients of a Chebyshev ® Fourier expansion. These are
then converted to the coefficients of a Zernike annular expansion via the hierarchy of raising
matrices. How we then use the raising matrices to compute the entries of the FEM matrices
and vectors is the main focus of Section 4.

Using raising matrices rather than quadrature to assemble the FEM matrices results in a
fast and stable FEM framework.

We now define the hierarchy of raising matrices.

Definition 3.1 (Raising matrices) For m € Ny, we denote the raising matrix for weighted
Jacobi and weighted semiclassical Jacobi polynomials by R;O(I"ZH) and RQB(,%%’,’Z)’ respec-
tively, where

(1 — x)PL™ () = pOm () RO (3.14)

a,(1,m)’
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2(1 = x0)Q" 1M (x) = QMO0 () RGO (3.15)
R‘(lo(g”:n) and R:b((zl()]";;) are lower triangular matrices with lower bandwidths one and two,
respectively.

Recently a fast QR factorization technique was introduced that allows one to compute the
. . L. .. . 1,(0,0, .
semiclassical Jacobi hierarchy of raising matrices {Rabf Q. 1r,nn)1)}m€{0q 1,...Np} in O(N,%) com-

plexity [51, Sec. 3.1]. Thanks to explicit expressions for Ré(lo(’ '1",)”) , one may compute the Jacobi
hierarchy in the same complexity.

Definition 3.2 (Laplacian matrices) For m € Ny, we denote the Laplacian matrix for
weighted Zernike and weighted Zernike annular polynomials by D,, and D, respectively,
where

AL(L = rDZ) 1 y) = Z4) (x, y) D, (3.16)
AL = )02 = pPIZYy 1, y) = 23 (v, y) DS (3.17)

D,, and D}, are diagonal and tridiagonal matrices, respectively.

The same techniques that allow us to compute the raising matrices in optimal complexity,
also allow us to compute the hierarchies of Laplacian matrices in optimal O(N ,2,) complexity
[51, Sec. 3.4].

4 The FEM Basis: Hat and Bubble Functions

In this section we construct the hat and bubble functions that form the continuous hierarchical
FEM basis ® for disk and annulus domains.

Definition 4.1 (Radial affine transformation) Consider the disk and annular cells Ko = 9,
p > 0,K1 =Qp p,0 < p1 < p2. Then we define the radial affine transformation of the
Zernike (annular) polynomials as

7K@y y) = 7@ <£,X) and ZK1-@D) (x| yy = 7P/ @) (i,l) 4.1)
P P P2 P2

Definition 4.2 (Bubble functions) Consider the disk and annular cells Ko = €0,,, p > 0,
and K| = 2, p,, 0 < p1 < p2. The disk and annulus bubble functions (otherwise known as

internal shape functions) are denoted by pko (x, y) and pki .(x, y), respectively, where

n,m,j n,m,j
B ((x.y) = (1= (/)M Zp0 D (x. y), (4.2)
BXL () = (1= (/o)) ((r/p2)* = (o1 /o)D) Zp b P (x ). 43)

Note that the disk bubble functions vanish at » = p and the annulus bubble functions vanish
atr = p; and r = p;.

We now distinguish between hat functions that are supported on two adjacent annulus
elements and those supported on the disk element and the adjacent annulus element.
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Definition 4.3 (Disk-annulus hat functions) Consider the disk and annular cells Ko = 0,
and K| = Q,, p,,0 < p1 < p2. The disk-annulus hat functions (otherwise known as external
shape functions) are defined as follows:

K 0) .
Ko Kl(x y) Km mOm ](x y)K o in Ky,
s A= /e Z 0, y) i Ky

The coefficient k,, := (1 — (p1/02)>)(p1/p2)" ensures the continuity of HnIiO;KI (x,y) at
r=pi.

The disk-annulus hat functions are only supported on the disk cell and the adjacent annular
cell, vanishing at r = p;.

Definition 4.4 (Annulus-annulus hat functions) Consider the annular cells K1 = €, ,, and
K> = Qp, 3,0 < p1 < p2 < p3. The annulus-annulus hat functions (otherwise known as
external shape functions) are defined as follows

,(0,1 .

HEUK gy Ym((r/p2)? = (1 /p) Z P () in Ky,
j = 1,0 .

" (A= /p))Zy 2 (x, 3) in K.

The coefficient y,, := (1 — (02/03)>)(02/p3)" (1 — (p1/p2)?)~" ensures the continuity of
Hy 2 (x, y) atr = po.

The annulus-annulus hat functions are only supported on the two annular cells, vanishing at
r = p1 and r = p3. In Fig. 3, we plot a one-dimensional slice at & = 0 of the bubble and hat
functions with the Fourier mode and sign (m, j) = (0, 1) and (m, j) = (1, 1) on a two-cell
mesh for increasing degree N,,. We emphasize that bubble functions are only ever supported
on one cell and hat functions are supported on a maximum of two cells.

We denote the continuous hierarchical basis quasimatrix restricted to the Fourier mode
(m, j) by ®,, ;. We order the basis functions such that the basis functions of the same degree
are grouped together. Hence, the hat functions across all the cells appear first and the bubble
basis functions appear after. Consider the mesh 7;, = {K; j }N” ! where K; i =
0=p0<p1 <---<pn,. Let

Pj+17°

Th . Ko.K KNy, —2, KNy, -1 Ky, 1.0 .
Hm.j = (Hmoj L Hm’jh h Hm’j” ) (Np, hat functions), 4.4)
T Ky, - .
Bn,’m,j = (Bf?nj Bﬁn’j . Bn,r[:lh,j]) (N, bubble functions per degree n).  (4.5)

We use the superscript ® in a hat function that is only defined on one cell (such as the hat
function at the boundary). H,, T (x y) and Bn . -(x, y) are the quasimatrices of the hat and
bubble functions, respectlvely, on the mesh ’Z}, restricted to the Fourier mode (m, j) and
polynomial degree n. The hierarchical basis quasimatrix defined on the mesh 7}, restricted
to the Fourier mode (m, j) is

o) = (W) B, Bl ). (4.6)

m,j m,j Cm,m,j

As is standard in FEM, we derive a number results for the local assembly of a matrix with
respect to a reference element. The global assembly of the matrices is then deduced in the
classical manner. With this in mind, we define the hierarchical basis quasimatrices on the
unit disk domain €2y and the annulus domain €2, as:

anzf’j(x, y) = ( Qo (x,y) Bm(’m ](x y) Bm+2m J(x’ y) ), 4.7
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Fig. 3 Consider the mesh 7}, = (K¢, K1}, Ko = Q0,1/2, K1 = 21/2,1. (Left column) A one-dimensional
slice at 6 = 0 is plotted for the hat and lowest degree bubble functions with the Fourier mode and sign
(m, j) = (0, 1) (top left) and (m, j) = (1, 1) (bottom left) across the two cells. The solid black vertical lines
indicate the edges of the cells. The bubble and hat functions are plotted with a solid and dashed line, respectively.
(Right column) A one-dimensional slice at & = 0 of the first three bubble functions with (m, j) = (0, 1) (top
right) and (m, j) = (1, 1) (bottom right) on the inner disk cell

Q 0, Q Q.0 Q Q
@, 0030 1= (Hy oy Hy " y) Bty s By o0 ). @48)
oW (x,y) = (@54 (r. ) ®T0x. 1) BT 3 -+ (4.9)
O% (x, ) i= (@5 (. y) @Tpx.y) @5 ) ) (4.10)

For clarity, let &< be the ith entry in (4.9) or (4.10), then m = [i/2] and j = i mod 2.
m, j

Remark 4.1 (Homogeneous Dirichlet boundary condition) A homogeneous Dirichlet bound-
ary condition is enforced by dropping the hat functions in the basis that are nonzero on the
boundary of the domain.

A crucial ingredient for constructing the (weighted) mass matrices in later sections will be
the following proposition, which connects our basis to multivariate orthogonal polynomials
with respect to a uniform weight:

Proposition 4.1 (Raising operators) Consider the unit disk domain Q2o and the annulus
domain Q,, p > 0. Recall the definitions of the raising matrices R;O(’inzn) and R;i)((z’lo’lmri)

from Definition 3.1. Then

Q 0) Q 2 0.(0,0) Q2
®,°(x,y) =7, ;(x, )R, and ®,° (x,y) =Z """ (x, )Ry’ (4.11)
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where
1 ri ri2
1 t,(0,0,m)
o _ [0|LROm | Lo, 1|7 2| L1pt©0
R = | O 5Ry oy | R =1 0 0 | T Rab i [ @)
such that (ry 1 )T and (riz o -1 are the first columns of the
lower bidiagonal matrices R;E?g;’g and RL((%(;:;)) respectively, where xQ" (L0 (x) =
Qt,(O,O,m)(x)Rf,(Uso»m) and (1 — x)Qt,(O,l,m)(x) — QI,(O,O,m)(x)Rfv(O,Oam)

a,(1,0,m) b,(0,1,m)’

Proof We first consider the unit disk.
(Disk). Note that the first entries of <I>fn2? i (x,y) and ng) j (x, y) are both Z,(,? )m, F (x, y) which
corresponds to the first column in R,gnzo. Now, for n = 202 — 1,

1
Bf?l?j(x’ ¥) = =Y j(x, (A — P ()

2
4.13
= PO (RO 7O (L pm ¢
_5 m,](X,y) (77) a,(l,m) — m’j(x’y)i a,(1l,m)*

The first and third equalities follow from (3.7) and the second equality follows from Defini-
tion 3.1. o a
(Annulus). Note that <I>mf’ ;= (H e

m, j

Qe Q
Hmf;. Bmf’j).Now, fort =t(1—r?), (x,y) € Qp,

. Q (1,0
Hy'r e y) = (1= r)Z0 30 (x, y)

— ,(1,0,
=t lmej(x,y)er)( m)(r)

- ,(0,0, ,(0,0,
= 7Y, I 05 0™ (2) + 721 @O0 (1))

_ ,(0,0 ,(0,0
=t 2000, )+ 2250 el

m,m, j m+2,m,j

(4.14)

The first equality follows by the definition of the hat function, the second and fourth equalities
follow from Definition 3.10 and the third equality follows from the definition of r1; and r1;.
Thus we recover the first column and the second column follows similarly. We recover the
remaining columns as follows:

Q
B, (x, ) = (1 =) = pZp P x, y)

m,j
=172Y,, j(x, YTl — 0)Q 1M (1) (4.15)
-2 1,(0,0, 1,(0,0,m) __ . —2p,(0,0) ,(0,0,m)
=172V, (x, Q" m)(T)Rab,(l.l,m) =177, " Ry imy-
o

Remark 4.2 RS is upper triangular with upper bandwidth one and R,S,,Z” is almost upper
triangular (the upper-triangular structure is disrupted by the r;-entry) with upper bandwidth
two.

4.1 Mass and Stiffness Matrices
This subsection focuses on computing the entries of the mass and stiffness matrices. The

entries are computed via the raising matrices defined in Proposition 4.1. In particular we
emphasize that no quadrature is required.

@ Springer



Journal of Scientific Computing (2025) 104:51 Page 130f38 51

Theorem 4.1 (Mass matrix) Consider the unit disk domain Q¢ and the annulus domain
Q,, p > 0. Define the mass matrices M = (@%0)T, QQO)LQ(QO) and M%» =
((<I>QP)T, <I>Q/’)L2(Qp). Then both M and M are block-diagonal where the blocks cor-
respond to each Fourier mode:

Q Q
MO,(I) o MO,II) o
Ml 8 Ml 8
M = S , MY = Y9 4.16
Ml,(l) Ml,/lj ( )
where
MQU = (@) oy, (R$%0)T RS 4.17)
m,j m L2 (RQ0) = 2m+2 '
Q T Q
M,’ = <(<I>mfj) L@, ) 120, = ;m+1( Ry T RS (4.18)
Thus Mm,() = Mm,1~
Proof 1If either m # p or j # ¢, then
Q Q Q Q
(@,°)7, %) 1200 = (®,°), @) 12q,) =0, (4.19)

where 0 denotes the infinite-dimensional matrix of zeroes. (4.19) follows by substituting in the
definitions of the basis functions and noting that f02 T sin(m6 + jm/2) sin(ud+¢mw/2)do =0
if either m # w or j # ¢. In other words hat and bubble functions with different Fourier
modes have a mass matrix entry of zero. This implies that the block diagonal structure in
(4.16) holds.

For the disk cell, one finds that

M = (@507 @20 12y = (REVT(EZY )T ZL) ) 1209 RSP
2
= </ sin(m6 + jm/2) d9>
0

% (Rgo)'r((P(O,m))T’ 2—(m+2)(1 + n)mP(O,m)>L2(_1’1)R’szo
= 2*(m+2)nm(Rr€lZO)TRrSn20'

(4.20)

The first equality follows by the definition of the mass matrix and the second equality from
Proposition4.1. The third equality follows from (3.7) and a change from Cartesian coordinates
(x, y) to polar coordinates (r, 6) followed a the second change of coordinates n = 2r2 —
1. The final equality follows from a direct evaluation of the 6-dependent integral and the
orthogonality of the Jacobi polynomials P(0-")

A similar calculation reveals that

Q2 Q Qp Qy T ,(0,0 ,(0,0 Q
M, = (@, )" @, ) 20, = R ) (@0 O 200 ) R
2w
= (/ sin(mé + jn/2) d@)
0 4.21)
Q N Q
% (R ,O)T<(Qt,(0,0,m))—|—’ 2 lt (m+1)(t _ z.)m(lt,(o,(),m))Lz(o’l)Rm,O
Q
= 2tm+l (R p) R

[}
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Remark4.3 M, QO. is tridiagonal and anzf ; has a 4 x 4 “arrowhead” followed by a pen-

tadiagonal tail. Thus M j is a B3-Arrowhead matrix with block-bandwidths (2, 2) and
sub-block-bandwidth 1 [32, Def. 4.1]. Hence, the global mass matrix is block diagonal
where each submatrix is a B3-Arrowhead matrix with block-bandwidths (2, 2) and sub-
block-bandwidth 1.

Remark 4.4 Mass matrix entries corresponding to the L>-inner product of bubble functions
centred on different cells are equal to zero since their supports have zero measurable overlap.

The following lemma concerning the Laplacian applied to harmonic polynomial will be
required to compute the entries of the stiffness matrix.

Lemma4.1 Let p > O0and recall that Yy, j(x,y) 1= r" sin(mé + jm/2). Then the following
holds:

AL = )Y )1 = —AL0? = 0D Y 1 = —4(m + )Yy ;. (4.22)

Proof (4.22) follows by a direction calculation after applying the polar coordinate version of
the Laplacian A = 32, + 8, /r + 32, /r>. o

Theorem 4.2 (Stiffness matrix) Consider the unit disk domain Q2 and the annulus domain
Qp, p > 0. Recall the definition of the Laplacian matrices Dy, and D}, in Definition 3.2 and
the normalization constants pq,p) and q; (a.p,c) from Lemma 3.1. Define the stiffness matrices
A = (VO T Vo) 5 o and A% = (VO)T, v«pﬂp)Lz(Qp). Then both A% and

A% are block-diagonal where the blocks correspond to each Fourier mode:

Q Q
g o
AT A?
Q 1,0 Q, _ 1,0
A A?f} , AP = A?[l) (4.23)
where
mi
P0,m)
Q Qo \T Q
Am(,)j = ((Vq)m(,)j) ’ V<I)m(,)j>L2(Qo) = 0 T D ’ (4.24)
2m+3
and
ay by, dy O --
by ¢ em 0 --
Q Q, d
AL =((Ve,”, )7, v<1> e, = v e(r)n p , (4.25)
tm+3 D
such that

2—p"mQ2+m)=2mQ2+m)p*+ 2 —-mR2+ m))p4)
P (4.26)
2+ m)qi,1,0,m)
27_[(1 _ 4+2m)

- 172 12 ’
Q+ma, ' 0.m9.0.1.m)

>
3
|

4.27)
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2 =204 L (2 +m)t?

Cm =T, , (4.28)
" " 2+ m)% (0,1,m)
1/2 —_
dw = 21 (m + 1), '3 | m)q, ot Y, (4.29)
1/2 —
= 27w (m + 1)a, " @it (4.30)
Thus Ao = Am.1-
Proof 1If either m # p or j # ¢, then
Q Q Q Q

(VOLO)T, V) 2g) = (V®," ), V& ") 2 ) =0, 4.31)

where 0 denotes the infinite-dimensional matrix of zeroes. (4.31) follows by substituting in the
definitions of the basis functions and noting that f02 T sin(m6 + jm/2) sin(ud+¢mw/2)do =0
if either m # w or j # ¢. In other words hat and bubble functions with different Fourier
modes have a stiffness matrix entry of zero. This implies that (4.23) holds.

First consider the disk cell.
(Disk). The (1,1) entry in (4.24) follows by a direct calculation:

0 -1
(Vzr(n)m j’ Vzr(n m ]>L2(Qo) = Po,m) //Q VY j(x,y) - VY j(x,y)dxdy
0 (4.32)

1
2 1 2m—1 ~1
=2mm p(oym)/o r" N dr = MIT P 0 my-

The first equality follows from (3.7) and noting that Péo’m) x)=p, (O m) The second equality

follows by utilizing the gradient in polar coordinates, i.e. V.= (3, 9¢/r)" and a change
from Cartesian coordinates to polar coordinates.

The remainder of <I>f;12° ; consists of bubble functions which vanish on the boundary of the
cell. Thus one may perform an integration by parts and the boundary term vanishes, i.e.

Q Q Q Q
(VBT VBm?j>L2(S20) = —((B, 0‘)T’ ABmOj>L2(S20)

m,j
o) VAR __Tm
—((—=r )(Zm /) m j>L2(QO)Dm - _2m+3 D

(4.33)

The final equality follows from the orthogonality of Z( ) where the normalization constant

is calculated via the definition (3.7). It remains to show that the off- diagonal entries are zero.
This follows as:

(VZ, i VB 120y = —(AZ,) 5 B ) )

12 . (4.34)

= _P(o,m)<AquJ" Bm,j>L2(Qo) =0.

The final equality follows since, by definition, AY,, ;(x, y) = 0.

(Annulus). We first consider the interaction with the bubble functions with themselves. As
the bubble functions vanish on the boundary of the element, one may perform an integration
by parts and the boundary term vanishes. Hence,

Q Q
((VB,” )T Vij)Lz(Qp) = ((Bm"J)T ABm]>L2(Qp)

4.35)
1,1 L(1,1 T (
—((1=r? = p2 @y ST 20 ) 2o, DE " Dp,

- 2tm+3
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We now compute d,, in the (1,3)-entry and the trailing vector of zeroes from the (1,4)-entry
in the first row. Note that these entries correspond to

2 (1,0 Q 2 (1,0 Q
(VI —rDZ0 D1 VB, ) 2,y = — (A0 =D Z0 VLB, Y, (436)

where the equality follows by an integration by parts. Then, by utilizing Lemma 4.1 and
definition (3.10), we see that

20 50,(,0); e (1,0) pQ
—({A[(1 =7 )Zz,m,j 1, Bmf’j>L2(Qp) =4(m + 1)<Z,f1,m,_,' ,Bm?ﬂu(szﬂ)
q1/2
_ L(1,1,

= 27, (m + D~ 72/(2 m)

q;,(1,0,m)
1 - 4.37)
x/ t(1—0)t — )" Q5" () Q1 () de
0

q1/2

= 27, (m + 1)r(’"+3>w (100--1).
q;,(1,0,m)

Thus we recover the value of d,, and the trailing zeroes. The value of ¢,, and the subsequent
trail of zeroes in the second row follow in an almost identical fashion. It remains to verify
the values of a,,,, by,, and c;,. Note that by Definition 3.10 and Lemma 4.1

ap = (VI = )20 D1 VI =) 200D 120,

m,m,j m,m,j

= a4, o (VIA = )Y 1. VI = )Y 1120,

=4, om) / /Q m* (P2 P22 4 2m+ D" sin® (m6 + jr/2) dxdy
3

1 1
=4, Lom) [271 / m? (¥ 4 P2y dr 4 / @m + Lyr?m*3 dr].
o o o
(4.38)

The third equality in (4.38) followed by utilizing the gradient in polar coordinates, i.e. V =
(0 09/ r)T. The value of a,, follows by computing the final integral in (4.38). The values
of b, and c,, follow similarly. O
Remark 4.5 Afzo ; is diagonal and A:f’ ; has a3 x 3 “arrowhead” followed by a tridiagonal tail.

Thus AZ" -is a B3-Arrowhead matrix with block-bandwidths (1, 1) and sub-block-bandwidth
1 [32, Def. 4.1]. Hence, the global stiffness matrix is block diagonal where each submatrix
is a B3-Arrowhead matrix with block-bandwidths (1, 1) and sub-block-bandwidth 1.

4.2 Variable Helmholtz Coefficients

In this subsection we demonstrate how to handle variable coefficients.

4.2.1 Rotationally invariant coefficients

The hierarchical basis can discretize a rotationally invariant Helmholtz coefficient A(r?)
efficiently. Moreover, the sparsity of the induced weighted mass matrix M, is correlated with

the number of terms in a Chebyshev expansion required to resolve the coefficient.
We first consider the following lemma:
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Lemma 4.2 Consider the disk and annular cells Ko = Q0,p, 0 > 0, K1 = Qp;,p,, 0 < p1 <
2. Then

2
22,5 ) = L U+ Xiam), (4.39)
Pz (x, y) = pzl,i?,(“ DU =17 X b)), (4.40)

where I is the identity matrix.

Proof We prove (4.40) and note that (4.39) follows similarly. Consider t = ¢(1 — r2). Then,
by utilizing (3.11),

PP, y) = Y, QP (x)
= Yo j@ (1 =17 DQN P (1)
= Yo, j (6, Q"M (@I — 17 X1 ()
=205 o) U =17 Xy (abam)-

4.41)

Thus (4.40) holds when p; = p and pp = 1. The result follows for a general annular cell K
with a scaling argument. O

Leveraging Lemma 4.2 we now describe how one discretizes a rotationally invariant
Helmholtz coefficient A(r2). The Helmholtz coefficient is expanded over each cell in the
mesh independently.

Definition 4.5 We define {7},},¢cN, as Chebyshev polynomials of the first kind [39, Sec. 18.3]
and T/“?(x) := T,,((2x — a — b)/(b — a)). In other words {T,,[“’b]},,eNO are Chebyshev
polynomials of the first kind scaled to the interval [a, b].

Theorem 4.3 (Weighted mass matrix: disk) Consider the unit disk domain Qg and let

{Tn[o'l]},,eN0 be the Chebyshev polynomials scaled to the interval [0, 1] as defined in Defini-
tion 4.5.

1. Consider the expansion: k(r2)|Q0 = ZZ’;O An Tn[o’l](rz);
0,1

2. Let Aw = Y520 T (U + X0.m)/2).

Then

(@) T AP 12000 = st (R T AR (4.42)

om +2

Proof Note that

(@) T AP ) 120y = (RENT(ZS )T (Z In TN NZY) ) 120 REP

n=0
Qo\T /(70 \Tr(0) Q Q
= (R;)°) ((Zm’j) Zm,j)L2(Qo)AmRm 2m+2 (R, A, R0
(4.43)
The first equality holds thanks to Proposition 4.1 and the second equality holds thanks to
Lemma 4.2. o

Theorem 4.4 (Weighted mass matrix: annulus) Fix the annulus domain Q,, p > 0 and

let {Tn[p’”}neNo be the Chebyshev polynomials scaled to the interval [p, 1] as defined in
Definition 4.5.
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1. Consider the expansion: k(r2)|gp = Z;O:O An T,,[p’”(rz);
1 _
2. Let Ay = Y020 M Ti" (02 = 171 X, 0.0.m).

Then
Q Q T Q
(@, A0 @, )2,y = 5 (R ) T A Ry (4.44)
Proof The result follows analogously to the proof of Theorem 4.3 O

Remark 4.6 In practice we truncate the scaled Chebyshev expansion at some degree N and
utilize the Clenshaw algorithm to compute the matrices A,.

4.2.2 Rotationally anisotropic coefficients

If X is rotationally anisotropic (it cannot be written as A(r)) but it can be represented by
a piecewise low-order polynomial in Cartesian coordinates, we may still recover a sparse
discretization. However, a rotationally anisotropic coefficient means the PDE operator is
now non-separable. In other words, the operator does not decouple across Fourier modes and
thus the resulting linear system is not block diagonal.

We confine the discussion to discretizing A(x, y) = x on an annular cell. Discretizing
on a disk cell follows similarly. For a more complex coefficient, one expands A(x, y) in a
tensor-product Chebyshev expansion in x and y and the linear system is assembled akin to
Section 4.2.1.

We first partially quote a proposition from [51].

Proposition 4.2 (Proposition 4.8 in [51], x-Jacobi matrix) Let t = (1 — p>)~! and
Rz’a(i’l;’)CH) denote the raising matrix for the orthonormal semiclassical Jacobi families
Q@b — Qt,(a,b,c+1)RE(,I(,Z:!;,)CH)_ Then
J(a,b J(a,b ,(a,b,1
2P ey = 20D RS, (4.45)
(@b 1, p.ab (a.b2
X2 (x, y) = 5Z§,<§” " RS (4.46)
and for, m = 1, (m, j) # (1, 0),
p.(a,b) _ 1 —1rgp.(a,b) t,(a,b,m) \T p.(a,b) t,(a,b,m+1)
XLy (e, y) = 3 [’ 2,21 Ry m—1) + Ly R G ) ] :
(4.47)
Inspired by Proposition 4.2, we define the x-Jacobi matrix X% as
1 pt.(0,0,D)\T
2% (R.00) ) 00
1 pt(0,02)\T
2% (Roon) )
X = [ Koo £ IRCRTY
1 55%,(0,0,2)
fR(O,(),l)
such that
0,(0,0) p,(0,0) £0,(0,0) _ (7,:(0,0) £0,00,0) p,0,0) Q
X (ZO,I ZI,O Zl,l .. > = (ZO,I Zl,O Zl,l .. ) X% (4.49)
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Proposition 4.3 Let R,,” denote the raising operators defined in Proposition 4.1. Define

Ry diag(%4)
R% = R) . D% = diag(3H) |, 450

such that ®%0 (x, y) = 27 ©0 (x, y)R% and ((Z°- 00T 7,-(0.0) 2@, = D% Then

(@)1, x®%) 12 ) = (R)T D X RS 4.51)
Proof We note that
(@)1, x0%) 12 ) = (R T(@ONT, 52O 12 R (4.52)
= (R%) (@O T, 27 O0) 5 o X R (4.53)
= (R*%) T D% X% RS, (4.54)
[}

The result in Proposition 4.3 then allows us to assemble the FEM matrices associated with
anisotropic coefficients as further demonstrated in Section 6.4.

4.3 The Load Vector

In order to construct the load vector b in (2.6), we are required to test the data against a
test function (f, v)2(q) forall v € HOl (£2) where the test function has been expanded in
the basis ®. We choose to expand the right-hand side in the discontinuous Zernike (annular)
polynomial basis orthogonal with respect to the Lebesgue measure, which can be achieved

in quasi-optimal complexity. More precisely, consider the mesh 7;, = (K j};‘vi 0_1 where
Kj=Sp,p1-0=p0 <p1 <--- < pp, and the quasimatrix:
Th . (7Ko0.(0) K1.(0,0) Ky, -1-(0,0)
W= (2K © 78000 g , (4.55)

such that W7 = <\II(7)”’1 \Ilﬁ) ) Then we expand f(x,y) in (2.3) as f(x,y) =
W7i(x, y)f and fix b = ((®7)T, )5 o f. The entries in the matrix Goy =
(@)1, w7y L12() May be computed thanks to the following proposition.

Proposition 4.4 (Load vector) Consider the unit disk domain Qo and the annulus domain
Qp, p > 0. Entries in Go,y associated with basis functions on different cells in the mesh
are zero. Similarly, if either m # | or j # ¢, then

Qo T 7%0,0) Q) T 592,.(0,0)

((@,°) 2% 2y = (@) 2,7 )2, =0, (4.56)

where 0 denotes the infinite-dimensional matrix of zeroes. Moreover,

Q0 \T 7,0 7 Q0T

(@) " 2,5 ) 20 = 5t (R (4.57)

QT Q,,(0,0) TTm QT
(@) 2,75 2@, = S R (4.58)
Proof The proof of this result is very similar to the proof of Theorem 4.1. O
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Remark 4.7 A more naive approach for computing the load vector expands f (x, y) directly
in the continuous hierarchical FEM basis ® and does a matrix-vector product with the mass
matrices in Theorem 4.1. However, if f(x, y) has a radial discontinuity, then an expansion in
a continuous basis will result in a poor approximation. Moreover, as discussed in Section 4.5,
the analysis operator for the basis @ is increasingly ill-conditioned as m — oo.

4.4 Truncation

Until this section, the discussion revolved around computing operators which are infinite-
dimensional. Hence (2.3) was being approximated exactly. However, in order to ensure the
computations are numerically tractable, we must discretize the operators by truncating the
stiffness and (weighted) mass matrices as well as the load vector. Consider a mesh 7}, for the
disk domain €2. The continuous hierarchical basis quasimatrix @7 consists of the Fourier
mode restrictions such that

o7 (q, o7 o7 ) (4.59)

where <I>Z:" j is as defined in (4.6). We denote a truncation of the quasimatrix at degree N,
on each element by & 71Ny, Suppose that N, is even. Then

Th.Np . Tn,Np Np Th Np n:Np & ThNp
o7V = (057" o " @ e e ), (4.60)
where <I>mh’J " denotes the ﬁmte dimensional quasimatrix with any polynomial with degree
, ,N , Ti, N,
n > N, removed. Thus <I> and @, T _1” ; have one entry and <I> 7 J . and <I> ! 3 ; have

two entries. Moreover, for m < Np 3, then @, TioNp as Np(Np — m)/2 + 2 entries 1fm is
even and N,(N, —3 —m)/2 + 2 entries if m is odd
The truncated (weighted) mass and stiffness matrices are subsequently formed from the
truncated quasimatrices. For instance
N,
My o
Yp
M 1,0

M(D,Np _ <(d)7;qup)T’ d)T;”N”)Lz(Q) = . s (461)

DN,
My,

such that M®Nr € RV*N where N = %(N;,N,7 +2)(N, — 1) +2.

4.5 Synthesis

In order to inspect and plot the solutions, one requires a fast synthesis (evaluation) operator,
i.e. given a vector u, we wish to evaluate ®(x;, y;)u for a (non-Cartesian) grid of points
{(xi, yj)}ij in quasi-optimal complexity O(Ny NIZ, log N),). We focus on applying the syn-
thesis operator on a single annular cell £2,, but we note that this technique generalizes to
multiple cells. In particular, the synthesis operator may be applied on each cell in the mesh
independently and in parallel.

Suppose we wish to evaluate an expansion of u(x,y) = ®%(x, y)u on the Zernike
annular grid. Then by leveraging Proposition 4.1, we may construct a raising operator matrix

@ Springer



Journal of Scientific Computing (2025) 104:51 Page210f38 51

R (consisting of the Fourier mode submatrices R,S,,Z’) ) such that
u(x, y) = ®% (x, yyu = 270 (x, y) R%u = 2700 (x, )i (4.62)

Then one applies the quasi-optimal synthesis operator that exists for Z*>©-9 with the coef-
ficient vector u [28, 51]. A synthesis operator for the disk cell follows analogously.

Remark 4.8 The analysis operator is the reverse of the synthesis operator. Given a known
function f (x, y) on £2,, the goalis to find the coefficient vector f, in quasi-optimal complexity,
such that f(x, y) = ®% (x, y)f. The analysis operator may be deduced by first expanding

= . . .. . .
fx,y) = 27O (x, y)f and then inverting the raising operator matrix R,,” for each Fourier
. . Q
mode to deduce the corresponding coefficient vector for @, * I However, we note that a square

truncation R,SZ” becomes increasingly ill-conditioned as m — oco. Hence, we advise against
directly expanding a known function in the continuous hierarchical basis. Indeed, this is
typically never required. One only ever expands the right-hand side in the well-conditioned
7P 0.0 (, y) basis and computes the load vector as in Section 4.3.

4.6 Optimal Complexity Factorization and Solves

As shown in Section 4.1 the mass, M, and stiffness, A, matrices are block diagonal where each
submatrix on the diagonal corresponds to a different Fourier mode of the basis. Moreover,
the sparsity pattern of the submatrices are that of a B>-Arrowhead matrix [32, Def. 4.1].
Symmetric positive-definite B3-Arrowhead matrices admit a reverse Cholesky factorization
(a Cholesky factorization initialized from the bottom right corner of the matrix rather than
the top left) with sparse factors with zero fill-in [32, Cor. 4.3]. Thanks to the sparsity of the
reverse Cholesky factors, they may be computed and inverted in optimal linear complexity
O(Ny (N, —m)) where the Fourier mode submatrix has size | N (N, —m)/2| x |[Np(Np —
m)/2]. The linear complexity Cholesky factorization may be applied to any positive-definite
addition of the mass and stiffness matrix, e.g. A + x>M for any x € R. For more details on
the optimal complexity reverse Cholesky factorization for the matrices that arise here, we
refer the reader to [32].

The linear system in (2.6) may be indefinite for more general choices of A. In the examples
considered in Section 6, we have reported some success with a UL factorization (with no
pivoting) and the factors remain sparse and computable in linear complexity. We do not expect
this to be stable for a general choice of the Helmholtz coefficient A. A stable alternative is
a QL factorization which, for fixed Ny, achieves linear complexity as N, — oo but it is
currently unknown how to achieve linear complexity as N, — oo due to fill-in.

For the factorizations to accurately capture the inverses of the matrices in the linear
systems, we require each submatrix on the block-diagonal to be sufficiently well-conditioned.
The conditioning of A and M is largely influenced by the continuity coefficients «,, and y,,
in Definitions 4.3 and 4.4 for the hat functions. These coefficients degrade the conditioning
as m — oo. Consider a mesh 7, = {I?j}jyio_l where K;j = Qp, 5..,,0 = po < p1 <

- < pn,- Let ratio(7) = minje(1,.. N,—1} j/Pj+1- Then the smallest singular value of
the submatrices is roughly O(ratio(7;)™). ratio(7j,) is a measure of the thickness of the annuli
cellsin the mesh. The smaller the diameter of the cells, the closer the value of ratio(7,) is to one
and the better the conditioning. Thus the conditioning is improved by increasing the number
of cells in the mesh. Consider a maximum truncation degree of N,,. In practice, provided one
picks a mesh such that ratio(7,)» > 10~8 (double 64-bit precision), then utilizing a robust
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Inner cylinder cell

>
=
. 4

Fig.4 A four cell mesh for the cylindrical domain €2

factorization (such as reverse Cholesky or UL) means that the ill-conditioning will not cause
numerical pollution in the solutions.

Remark 4.9 (Static condensation) The hierarchical ordering of the basis functions, together
with the sparsity structure of the mass and stiffness matrices, mean that the induced Helmholtz
linear systems are amenable to preconditioning via static condensation. Essentially one con-
structs the Schur complement induced by considering the top left block consisting of the rows
and columns associated with the hat functions. Then the hat and bubble degrees of freedom
may be solved for independently. For more details we refer the reader to [52, Ch. 3.2].

5 Quasi-Optimal Solves in 3D Cylindrical Domains

We construct a hierarchical FEM basis for a three-dimensional cylindrical domain with
multiple elements not just in the x, y-axis but also the z-axis. This is achieved by considering
the tensor-product space of the continuous FEM hierarchical basis for the disk with the
univariate continuous hierarchical p-FEM basis for the interval as defined in [32, Sec. 2.1],
see also [58, Ch. 2.5.2] and [52, Ch. 3.1]. Moreover, if the equation considered is the screened

Poisson equation, then we prove that there exists a quasi-optimal O(N;, N,3, log(N;/ ‘N »)

complexity solve. The setup complexity is O(Np, Ng log> N ). To clarify, here we use N, to
denote the truncation degree of each polynomial basis factor of the tensor-product space, such
that the tensor-product basis contains polynomials of maximum degree 2N,. Nj, denotes the

number of three-dimensional cells in the mesh. The total degrees of freedom is %(N 2 2N p+

2)(Np — D+ (N, + DN,* = 1) = O(N,ND).

Without a loss of generality, let 2 = Qg x (—1, 1) C R3bea cylindrical domain. Let 7,
denote a mesh for £ into cylindrical and tube cells as exemplified in Fig. 4.

Fix a Helmholtz coefficient A(r) > 0 a.e. and consider the screened Poisson equation, find
u € Hy () that satisfies (2.3). We pick the basis u(x, y, z) = ®(x, y))UQ(z) " where U is
the matrix of expansion coefficients and Q(z) is the quasimatrix of the univariate continuous
hierarchical p-FEM basis consisting of weighted Jacobi polynomials and piecewise linear
hat functions defined in [32]. Note that Q(—1) = Q(1) = 0. In quasimatrix notation, the
three-dimensional screened Poisson equation may be rewritten as a generalized Sylvester
equation, i.e., find the coefficient matrix U that satisfies:

(MP +A*YUMC + MPUA? = Go wFG)) p. (5.1)
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Here M®, M f’ ,and A® are the mass, weighted mass, and stiffness matrices, respectively, for
the hierarchical basis ® on the disk. Whereas M < and A€ are the mass and stiffness matrices
of the univariate basis. F' denotes the matrix of expansion coefficients for the right-hand
side f(x,y,2) =¥(x, y)F P(z) " where P(z) denotes the quasimatrix of the discontinuous
hierarchical basis (consisting of piecewise Legendre polynomials) [32]. Moreover, G, v =
(@7, V)i, and Go p = (Q,P)12; 1y. We note that A2, M2, and G, p are sparse
[32]. Hence all the operator matrices appearing in (5.1) are sparse. We now truncate the
tensor-product factor bases to degree N, to recover the finite-dimensional matrices M ;D N ,
MO®Np APNp AQNp ppQ-Np, Gg”w, and Gg{’P. For the remainder of this subsection, we
drop the superscript N, for readabilfty. '

The ADI algorithm is an iterative algorithm for finding the matrix X that solves the
Sylvester equation AX — X B = F [26]. It requires the two following assumptions to hold:

1. A and B are symmetric matrices;
2. There exist real disjoint nonempty intervals [u,, ip] and [pe, pg] such that o (A) C
[ta, mp] and o (B) C [e, al, where o denotes the spectrum of a matrix.

The algorithm proceeds iteratively. First one fixes the initial matrix X¢ = 0. Then, iteratively
for¢ € {1,2,..., €max}, We compute

Xe—1/p=(F —(A—peDXe—1)(B — pe])7", (5.2)
Xe=(A—qeD)™"(F — X¢—1)2(B — qI)), (5.3)

where the value of the final iterate is £max = [log(16y) 10g(4/e)/n21 with y = |ue —
Wallwa — wpl/(e — mpllta — pal). The ADI shifts p, and g have explicit formulae
depending on y [26, Eq. (2.4)]. Notably, we have that py > 0 and g, < O for all £ €
{1,..., €max}-

The first step to obtaining quasi-optimal solves is to notice that, due to the block diagonal
(Fourier mode decoupling) nature of M ® and M ;D + A?®, (5.1) also admits a Fourier mode
decoupling. Hence, form € {0, 1, ..., Np}, j € {0, 1}, (m, j) # (0, 0), we instead consider
the equations:

Kr?l),ijstQ + M::,ij»jAQ = Hp,j, 54

where Kf;.j = [MP,; +A$’j and Hy, j := Go, ;. v, ; Fm.jG;P.The following theorem

reveals how to leverage the ADI algorithm to solve (5.4) for each Fourier mode.

Theorem 5.1 Consider the cylindrical domain @ = Q¢ x (—1, 1) and a mesh Ty, as depicted
in Fig. 4. Consider the reverse Cholesky factorizations of the truncated matrices (not indi-
cated) LTL = A2 and V'V = K,?;,j-

Suppose that o(L~TM2L™YY C [pa, pp] and a(—V_TM:;’jV_l) C [fte, pal. Pick
an ADI tolerance €. Let y = |pe — pallita — pol/(Ie — pollita — tal) and fix €max =
[og(16y)log(4/€)/m?]. Assign Wo = 0 and for £ € {1,2, ..., €max} compute:

We 12 =[Hnj — My, ; — peKpy DWe11(=M? — peA2)~! (5.5)
We =My i —qeKyy ) [Hp j — Weo10(—M© — g A9)], (5.6)
Then Uy, j ~ Wi, . (A~ More precisely,
1V Ui, j = Weo (A2 DL 2 < €V U LT 2. (5.7
Proof The result follows by a direct application of Lemma 5.1 in [32]. O
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Thanks to Theorem 5.1, we may compute Uy, ; via the ADI algorithm. The remainder
of this sections focuses on showing that the solution may be computed in quasi-optimal
O(Np Ni log(N,i/zN,,) loge~!) flops. The first step is to show that asymptotically £max =

O(log(N,>N,) loge™).

Lemma 5.1 (Inverse inequality) Consider a disk or annulus domain Q,p, 0 < a < b.
Suppose that 7w, denotes a degree p multivariate polynomial. Let h = b — a. Then there
exists a ¢ > 0 such that the following inverse inequality holds:

IVaplr2@,, < ch™ PPlImplag, - (5.8)

Proof The case of a disk domain, @ = 0, was shown in [19, Ex. 4.25]. Then the extension to
the annulus domain follows by leveraging a rescaling argument in the radial direction akin
to the techniques introduced in [16, Ch. 4.5]. O

Proposition 5.1 (Spectrum) Suppose the conditions of Theorem 5.1 hold and . € L*°(R2)
with A(r) > 0 a.e. in Q. Suppose the mesh is quasi-uniform such that N, ~ h=2, where
h denotes the minimum diameter of the cells in the mesh [16, Def. 4.4.13]. Consider the
reverse Cholesky factorizations of the truncated matrices (not indicated) LT L = A2 and
vy = K,f,j. Then there exist constants 0 < ¢ < C < oo, independent of N, and Ny, such
that

o(L-TM2LYH 4 (5.9)
- 12NhN;"n2 ’ '
o (V- TMy V™Y S Le(NyNy + I o)~ CI. (5.10)

It follows that asymptotically lmax = O(log(N;: /4Np) log €YY where may is the value of
final iterate in the ADI algorithm and € is the ADI tolerance.

Proof (5.9) was shown to hold in [32, Lem. 5.2] and (5.10) may be derived by utilizing
Lemma 5.1 and following the proof of [32, Lem. 5.2] with some small modifications. O

Corollary 5.1 Suppose the conditions of Proposition 5.1 hold. Then (5.1) may be solved with
O(NhN; log(N;/“Np) log €~ flops via the ADI algorithm, where € is the ADI tolerance
for each Fourier mode subsolve.

Proof We first note that the eigenvalues w, and p, may be approximated in O(N; 2N »)

flops via an inverse iteration (with shifts). The same is true for . and pg butin O(N, ,i / 2Ng)
flops. The result then follows by deconstructing each component of the setup and execution
of the ADI algorithm in Theorem 5.1. The most expensive part of the algorithm is the £max
solves of (5.5) and (5.6) for each Fourier mode. Thanks to the optimal complexity reverse

Cholesky factorization discussed in Section 4.6, we have that each solve requires O (N}, Ng)
flops. Proposition 5.1 reveals that O (£pax) = O(log(N,: /4Np) log €~1). Thus the £y solves
requires O (N, N,% log(N;MNp) log e flops. This must be conducted over O(N,) Fourier
modes resulting in an O(Nj, N; log(N;: /4Np) log e ~!) complexity solve. O
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Compute entries of A%, M?, and G p: O(NyN,) l Decompose across Fourier modes: O(N,,) l

Compute entries of M, K, and Go g om‘yp\g‘;u] Lna iterations of ADI: O(log(N,/*N, log s"))l

Expansion in ¥ (z,y): O(N,/*N2log N,) applied O(N,/*N,,) times

Solving (5.5) and (5.6): O(N,,N,‘f>]

Expansion in P(2): O(N}/?N, log? N,)) applied O(N,/*N2) times

Fig.5 Complexity flowchart of the setup and solve for the 3D screened Poisson equation of Section 6.6. The
overall complexity of the setup is O(NhNg log2 Np) and the solve is O(Ny, N; log(N}IL/4Np) log e_l)

6 Examples

In this section we utilize the hierarchical FEM basis introduced in this paper for disk and
annulus domains to approximately solve a number of equations. When measuring the errors,
we measure the £°°-norm on a heavily over-resolved Zernike (annular) grid on each cell in
the mesh.

6.1 Plane Wave with Discontinuous Coefficients and Data

The first example we consider is a plane wave problem with radial discontinuities in both
the right-hand side f(x, y) and the Helmholtz coefficient A(r). Consider p, Ao, A1 > 0 and
define:

(6.1)

1 {)»orz + (1 — 20)p% — Ay + 20k — ADp>log(p) if 0 <7 < p,
4

IZ(V) ==X 2 2 .
Are — i1 4+ 2o — Ap)p~ log(r) if p<r<l.
In this example we choose the Helmholtz coefficient:

W) = Ay = |10 TEO=r=p, (6.2)
Mo if p<r <.
Note that (r) is twice differentiable (but the second derivative is not continuous) and
(1) = 0. Consider a unit disk domain ¢ and fix the parameters as p = 1/2, 19 = 1072,
A1 = 50. Let u.(x,y) = sin(50x)u(r) and consider the right-hand side f(x,y) =
[— % A+ X(r)]ue(x, y). Our goal is to recover the exact known solution u,(x, y) by approx-
imately finding u € H(} (R20) that satisfies the screened Poisson equation:

1
%(VU, Vu)Lz(QO) + (v, )"u)Lz(QU) = <U, f>L2(Q())' (63)

We mesh the unit disk domain with 7, = {0 < r < 1/2}U{2=U+D/2 < <2739 004 g
culminating in Nj = 10 cells. We then compute the load vector from f(x, y) as described in
Section 4.3 and compute the stiffness and weighted mass matrices as described in Sections
4.1 and 4.2.1. The resultant matrix is block diagonal where the blocks correspond to the
Fourier mode decoupling and have a B3-Arrowhead matrix structure. Hence, we solve for
each block individually via a reverse Cholesky factorization (as described in Section 4.6) for
an optimal complexity solve: O (N, N;).

We plot the right-hand side f and the approximated solution u of (6.3) on the whole
domain ¢ as well as a slice at & = 0.6168 in Fig. 6. Note the discontinuity of the right-
hand side at »r = 1/2. We examine the convergence of the discretization with a fixed mesh
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Fig. 6 Plots of the right-hand side f(x, y) (top) and solution u(x, y) (bottom) of the plane wave problem of
Section 6.1. The black vertical lines in the slice plots indicate the edges of the cells in the mesh. The right-hand
side has a radial discontinuity at » = 1/2. Nevertheless the sparse 1p-FEM accurately captures the jump and
enforces the necessary continuity in the solution

but as N, — oo in Fig. 7. After an initial plateau, we observe spectral convergence as we
simultaneously increase N, on each element.

6.2 High Frequency with a Discontinuous Helmholtz Coefficient

In this example we consider the indefinite Helmholtz equation (2.3) on the unit disk domain
0. We pick a Helmholtz coefficient and a right-hand side with radial discontinuities at
r=1/2:

d fx,y) = 6.4
902 if 12 <y <1, ST 64

) —80% if 0<r< 1/2, 2sin(200x) if 0 <r <1/2,
r) =
sin(100y) if 1/2 <r < 1.

We mesh the unit disk domain with 7, = {0 < r < 1/2} U {2=U+D/IL < 4 <
2_1'/”}]-5{0,1,,__,11} culminating in N, = 12 cells. We compute the entries of the matri-
ces in the indefinite linear system (2.6) as in the previous example. The resultant matrix is
block diagonal where the blocks correspond to the Fourier mode decoupling. We solve for
each block individually via a UL factorization with no pivoting for an optimal complexity
solve: O(Ny, N;). We provide the spy plots of the (m, j) = (175, 1) Fourier mode submatrix
of A + M, and the UL factors in Fig. 8 when N, = 200.

We do not have a closed-form expression for the exact solution of this problem. Hence, we
measure the error against two over-resolved reference solutions. The first reference solution
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Fig.7 A semi-log convergence plot of the £°°-norm error of the hierarchical basis for the plane wave problem
of Section 6.1 with increasing polynomial degree N on each of the 10 cells in the mesh. The plot indicates
spectral convergence when N, > 50 despite the radial discontinuities in A(r) and f(x, y).

o 30 50 % 120 o 30 50 % 120 o 30 50 %0 120

(a) (m,7) = (175,1) submatrix (b) reverse L factor (c) reverse U factor

Fig.8 Spy plots of the (m, j) = (175, 1) Fourier mode submatrix of A 4+ M) _and its UL factors (computed
without pivoting) that arise in Section 6.2. The mesh contains 12 cells and the polynomial order is N, = 200
on each element. The UL factors are sparse, have no fill-in, and may be computed in linear complexity

is computed via the sparse hp-FEM of this work. The second reference solution is computed
via the SEM introduced in [51, Sec. 6] which discretizes the strong form of the equation.
In this reference solution, the domain is meshed into the two cells g = Q0,12 U Q1/2,1.
A Zernike polynomial discretization is used in the inner disk cell and a Chebyshev—Fourier
series discretization is used in the outer annular cell. Boundary conditions and continuity
across the cells are enforced via a tau-method [51, Sec. 6], see also [18, 47].

We plot the right-hand side f and the approximated solution # on the whole domain
Qo as well as a slice at 6 = 0.6319 in Fig. 9. The negative Helmholtz coefficient causes
oscillations to occur in the solution which are normally very difficult to capture. Moreover,
one can spot the change in the behaviour of the solution as one crosses the radial discontinuity
barrier at r = 1/2. We plot the convergence of the sparse #p-FEM in Fig. 10. After an initial
period where the error decreases slowly, we observe spectral convergence for N, > 100.
Convergence is reached at N;, = 160. The error with respect to the reference SEM solution
stagnates at O(10~12) with is due to the discretization error in the reference solution.
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Fig.9 Plots of the right-hand side f(x, y) (top) and solution u(x, y) (bottom) of the high frequency problem
in Section 6.2 with the Helmholtz coefficient and right-hand side as given in (6.4). The black vertical lines in
the slice plots indicate the edges of the cells in the mesh. The right-hand side and Helmholtz coefficient have
aradial discontinuity at » = 1/2. Nevertheless the sparse 2p-FEM accurately captures the jump and enforces
the necessary continuity in the solution

== SEM reference
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Fig. 10 A semi-log convergence plot of the £°°-norm error of the continuous hierarchical basis for the high
frequency problem in Section 6.2 with increasing polynomial degree N, on each of the 12 cells in the mesh.
After aninitial plateau until N, = 100, the plotindicates spectral convergence despite the radial discontinuities
in the problem data and the high-frequency oscillations of the solution. The larger error plateau with respect
to the reference SEM solution is due to the discretization error in the reference solution
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6.3 Time-Dependent Schrodinger Equation

The time-dependent Schrédinger equation is one of the fundamental equations in quantum
mechanics and describes how the wave function of a quantum system changes in response
to the energy of the system. We consider the following form of the equation:

2
ihdu(x, y, t) = (—zh—mA + V(r2)) ux,y, 1), ulx,y,0 =u®,y), (6.5)

where t > 0 and (x, y) € R2. Here i is the imaginary unit, iZ = —1, K is the reduced Planck
constant, m is the mass of the particle, and V is the potential of the environment. We assume
V depends on r2 and is stationary. From here on, we choose the normalization constants
h=1,m = 1/2and let A(r>) = V (r?). Thus (6.5) reduces to

WuCx, y, 1) = (=A + 20D ulx,y,0), ulx,y,0) =ux,y). (6.6)
(6.6) is unitary and has the solution u(x, y, t) = e =AM, O0) (x| y) which implies that
luC. Ol 22y = 1@ Nl p2g2) forany ¢ > 0. (6.7)

A favourable property for any temporal discretization of (6.6) is that the energy is conserved,
i.e. (6.7) holds. Provided the spatial discretization leads to a symmetric linear system, then the
Crank—Nicolson method is the simplest temporal discretization that preserves energy and to
which we restrict our investigations. High-order temporal discretizations will be considered
in future work [9, 29].

Closed form expressions for the solutions of (6.6) are difficult to find. When A(r?) = r?
in (6.6), the problem is known as the quantum harmonic oscillator. Here, the eigenfunctions
of the operator (—A + r2) are known and take the form [62, Eq. (17)]:

(A + ) Yum(x, ¥) = Enm¥nm(x, ), (6.8)

where Y, m(x, y) = Hy(x)Hpu(y) exp(—(x* + y*)/2) and E, , = 2(n 4+ m + 1). Here
H,, n € Ny, denote the orthonormalized Hermite polynomials [39, Sec. 18.3]. Thus if
u© (x, ¥) = ¥um(x, y), then the solution of (6.6) is u(x, y, t) = e Ermley, . (x, y).

As the domain in (6.6) is R%, we truncate the domain to the disk € = {0 < r < 50}. We
mesh the domain with the 16 cells 7, = {0 < r < 50(6/5)~1%} U}, (50(6/5)/*! < r <
50(6/5)7}. We discretize (6.6) in the time variable with the Crank—Nicolson method with the
uniform time step 6t. We consider the final time 7 = 2w/ E»9 21 which corresponds to one
full period of oscillation of the solution, u(x, y, T) = u(x, y, 0). Rewritten in quasimatrix
form, then at each time step k = 0, 1, 2, . . ., the time-stepping problem reduces to solving:

QM +i81(A + M2 )u*tD = oM —i51(A + M,2))u®. (6.9)

We consider the initial state u© (x,y) = ¥0.21(x,y). We discretize in space with the
continuous hierarchical FEM basis with truncation degree N, = 100 on each cell. This
problem and discretization preserves the Fourier mode decoupling and, therefore, the matrices
in (6.9) are block diagonal with 2N, + 1 blocks which may be decoupled into 2N, + 1
independent linear systems. Each block permits a complex-valued UL factorization with no
pivoting. Moreover, the complex-valued UL factors may be computed in linear complexity
and are sparse with zero fill-in as observed in Fig. 11.

The initial state is plotted in Fig. 12 and the spatial discretization yields an ¢°°-norm
error of 7.94 x 10713 As discussed one must truncate the domain sufficiently large in order
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(a) (m,j) = (70,1) submatrix (b) reverse L factor (c) reverse U factor

Fig. 11 Absolute value spy plots of the (m, j) = (70, 1) Fourier mode complex-valued submatrix of 2M +
i61(A + M,2) and the complex-valued UL factors (computed without pivoting) as they arise in Section 6.3.
The mesh contains 16 cells and the polynomial order is Nj, = 100 on each element. The UL factors are sparse,
have no fill-in, and may be computed in linear complexity

Fig. 12 Plots of the initial state u©® (x, y) in the Schrodinger equation of Section 6.3 on the whole domain
(left) and zoomed in (middle). A slice of the initial state in the first 8 cells is also displayed (right). The black
vertical lines in the slice plot indicates the edges of the cells

to sufficiently emulate an unbounded domain. However, since the initial state exponentially
decays asr — 00, the initial state evaluates to below (double) machine precision forr > 9. A
one-cell discretization would struggle to sufficiently capture the oscillations of the initial state
close to the origin. Our investigations revealed that a one-cell Zernike Z© (x, y) discretization
required a truncation degree N, = 700 to resolve the initial state to an £°°-norm error of
5 x 10~15 on the domain € = {0 < r < 50}.

A convergence plot is given in Fig. 13 for decreasing step size §t where we measure the
£%°-norm error at the final time step T = 27 /E0 21 (which always had the largest error
across all the time steps). We observe the expected O(81%) convergence. Fig. 13 displays
a plot of the difference in the L?(£2)-norm between the approximate solution at time step
iterate k and the discretization of the initial state for the finest temporal discretization where
8t = 5.75x 107> In other words we plot |[[u®|| ;2 (g — 1@ || 12y | fork = 1,2, ..., 1300.
We see that there is some loss of energy due to the floating point error. At each time step
e D1 2y — Nu® 129yl & 10713 and 1300 x 10713 ~ 10719,

6.4 Rotationally Anisotropic Coefficient

Here we consider an equation with a Helmholtz coefficient that is rotationally anisotropic,
i.e. A cannot be written as A(r). Let 2 = {10_2 <r<1}. Weseeku € HO1 (£2) that satisfies

(14 e %) sin(50x) if 1072 <r < 1/2,

—A —80? Ly) =
( WHEI)Z0 (4 e 60 sin(50y) if 1/2 <7 < 1.

(6.10)
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Fig. 13 (Left) A log-log convergence plot of the £°°-norm error at the final time step T = 27/E20 21 as
8t — 0 for the time-dependent Schrodinger equation described in Section 6.3. The domain is a disk with outer
radius 50. It is meshed into 16 cells where we truncate at Nj, = 100 on each element. The plot indicates the
expected O1%) convergence of the Crank—Nicolson temporal discretization. (Right) The difference in the
L2(2)-norm between a time step iterate and the discretization of the initial state when 8t = 5.75 x 1073

0.01

0.02 2500

f(a.y)
u(z,y)

5000
—0.02
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—0.06
10000

a0 <000 7300 Toone

Fig. 14 Plots of the right-hand side (left) and the solution (middle) in the non-separable problem of Section 6.4
with the right-hand side and rotationally anisotropic Helmholtz coefficient as given in (6.10). We mesh the
domain into two cells meeting at r = 1/2 which corresponds with the radial discontinuity of the right-hand
side. As x grows from —1 to 1, we notice a change in the behaviour of the solution corresponding to the
transition of a solution to the screened Poisson equation to one of a Helmholtz problem. On the right, we
provide a spy plot of the FEM discretization matrix of (6.10) where N, = 100 on both cells

By leveraging the x-Jacobi matrix for Zernike annular polynomials (as discussed in Sec-
tion 4.2.2), we are able to assemble the FEM linear system efficiently. Moreover, since
the coefficient is a polynomial of degree one, we retain sparsity. However, the PDE oper-
ator is no longer rotationally invariant and the resulting discretization matrix is not block
diagonal unlike the previous examples. We mesh the domain into two annular cells at
{10_2 <r < 1/2} and {1/2 < r < 1} which align with the radial discontinuity of the
right-hand side. We then consider a discretization degree of N;, = 100 on both cells, assem-
ble the linear system and solve it via a sparse LU factorization. In Fig. 14 we provide a spy
plot of the FEM matrix as well as plots of the right-hand side and the solution. Note that when
x < 0, the PDE operator is locally positive-definite but when x > 0, we enter a Helmholtz
regime. This is reflected in the solution where we notice a switch in the behaviour at x = 0
from structured oscillations to highly unstructured oscillations akin to those in the solution
of the high frequency problem in Section 6.2.
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10° #=0.0
~—@— Graded mesh, p-refinement

- Graded mesh'\, - 38

~—@ Pure p-refinement

—norm error

I

1 \
0 250 500 750 1000 1250 0.00 0.25 0.50 0.75 1.00
Degrees of freedom r

Fig. 15 (Left) Convergence to the solution u of (6.11) via a pure p-refinement on a single-celled mesh and via
a graded mesh with a fixed truncation degree N, = 38 (graded mesh, Nj, = 38) or where N, = N (graded
mesh, p-refinement). The errors are measured against the number of degrees of freedom in the solution
coefficient vector of the first Fourier mode (m, j) = (0, 1). The convergence of the second strategy is spectral.
(Right) A one-dimensional slice of the approximate solution at N = 38, i.e. where N, = 77 and N, = 38.
The dashed vertical lines indicate the edges of the annular cells which are graded towards the origin

6.5 Singular Source Term

In this example we consider the unit disk domain Q¢ = {r < 1} and seek u € H(; (2p) that
satisfies

—Au=r"32, 6.11)

The exact solution to (6.11) is u(x,y) = 4 — 4(x2 + )}2)1/4 = 4 — 4rY/2, This problem
features a non-integrable singularity at » = 0 in the source term as well as a square-root
singularity in the solution. These singularity will impede the convergence of a p-refinement
strategy. Nevertheless, we will recover spectral convergence to the solution by constructing
a mesh that is graded towards the origin [52, Ch. 3].

In Fig. 15 we consider three discretization strategies. One involves fixing a single-celled
mesh (the unit disk) and solely increasing the truncation degree N, (pure p-refinement).
Due to the singularity, p-refinement is ineffective. Consequentially, even when N, = 1004
(corresponding to 502 degrees of freedom in the first Fourier mode coefficient) we still
observe an £>°-norm error of 0.32. The other two strategies involve constructing a mesh of
the unit disk domain where Ty = {0 < r <272M}U{2™ <r <27=D}, ;53 ony. This
results in a mesh with N = 2N + 1 cells which are graded towards the origin. Then, for each
mesh 7y we consider either an FEM discretization with degree N;, = N on each cell (graded
mesh, p-refinement) or fix N, = 38 across all the meshes (graded mesh, N, = 38). The latter
strategy recovers spectral convergence to the exact solution with respect to number of degrees
of freedom in the solution coefficient vector of the first Fourier mode (m, j) = (0, 1). Note
that due to the rotational symmetry of the solution, the solution coefficients corresponding to
other Fourier modes are equal zero. The former strategy achieves a smaller error per degree
of freedom. However the convergence is not spectral. In Fig. 15 we also provide a one-
dimensional slice of the approximate solution when N = N, = 38 at & = 0. The vertical
dashed lines indicate the edges of the annular cells in the mesh.
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Fig. 16 Plots of the right-hand side f(x, y, z) (top row) and the solution u(x, y, z) (bottom row) in the 3D
cylinder screened Poisson equation of Section 6.6 with the right-hand side and Helmholtz coefficient as given in
(6.12). The first column is a visualization on the 3D domain, the second column is a 2D slice in the (x, y)-plane
and final column is a 2D slice through the z-plane

6.6 Screened Poisson in a 3D Cylinder

In this example we solve the screened Poisson on a 3D cylinder with a quasi-optimal com-
plexity setup and solve of O(N, Ng log? N p) and O(Np, Ng log?> N VAN ), respectively. We
utilize the hierarchical tensor-product FEM basis designed in Section 5. Recall that in 3D we
use N, to denote the truncation degree of each polynomial basis factor of the tensor-product
space, such that the tensor-product basis contains polynomials of maximum degree 2N,. Nj,
denotes the number of three-dimensional cells in the mesh.

Let 2 = Qo x (=1,1) c R3bea cylindrical domain. Consider the screened Poisson
equation, find u € HOl () that satisfies (2.3) and choose the Helmholtz coefficient and the
right-hand side:

1072 if 0<r<1/2,

Alr) = [50 12 <r<1. and f(x,y,2) = (A +AF)ue(x,y,2), (6.12)
where u.(x,y,z) = cos(5x)u(r)cos(5z)(1 — 20). We pick iu(r) as defined in (6.1) with
o = 1072, 41 = 50, and p = 1/2. We mesh the domain into four cells: {r < 1/2} x[—1, 0],
{r <172}y x[0,1],{1/2 <r <1} x [-1,0],and {1/2 < r < 1} x [0, 1]. In Fig. 16, we
plot the right-hand side and the solution together with slices in (x, y) and z plane. Note the
radial discontinuity in the right-hand side. The convergence plot is displayed in Fig. 17. We
observe spectral convergence of our discretization as we increase N, in each cell. In Fig. 17
we also plot the growth of final ADI iteration £ax,, as N, — oo, averaged over all the
Fourier mode solves (5.4) in order to solve the full problem (5.1). We observe the expected
lograthmic growth.

To exemplify the flexibility of the hierarchical basis on the cylinder, in Fig. 2 we plot
the right-hand side and solution to a screened Poisson equation with a radial discontinuous
Helmholtz coefficient A(r2) and a right-hand side f (x, y, z) with discontinuities at r = 1/2
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Fig. 17 (Left) A semi-log convergence plot of the £°°-norm error of the hp-FEM basis for the 3D cylinder
screened Poisson problem in Section 6.6 with a right-hand side and Helmholtz coefficient as given in (6.12)
with increasing polynomial degree N, on each of the four cells in the mesh. The plot indicates spectral
convergence despite the radial discontinuities in the problem data. (Right) The growth of the final ADI iterate
value £max as defined in Theorem 5.1 averaged across all the Fourier modes solves (5.4) for increasing Np.
We observe logarithmic growth

and z = 0. Let

172 if r<1/2,

Ary=149 5 . and f(x,y,z2) = fi(x,y)f2(z) where
r if r>1/2,

(6.13)
2cos(20y) if r <1/2, 2cos(20z) if z <0,
filx,y) = . L@ =1 . .

cos(10x) if r > 1/2, sin(10z) if z>0.

We utilize the same discretization as in the previous 3D cylinder example truncation degree
N, = 60 and the quasi-optimal complexity solver for 3D cylinders introduced in Section 5.
The discontinuity of the right-hand side and the Helmholtz coefficient is severe. Nevertheless,
the hierarchical tensor-product FEM basis accurately approximates the right-hand side and
we obtain a solution that is qualitatively accurate.

7 Conclusions

In this work we designed a sparse hp-finite element method for the disk and annulus domains.
The mesh consists of an innermost disk cell and concentric annuli cells. The hierarchical FEM
basis contains bubble (internal shape) functions, which are weighted multivariate orthogonal
Zernike (annular) polynomials whose support is fully contained on one cell, and hat (external
shape) functions which are supported on a maximum of two cells. The bubble functions
encode the high-order approximation properties of the FEM whereas the hat functions enforce
continuity in the solution. The basis induces sparse block-diagonal stiffness and mass matrices
where the blocks correspond to the Fourier mode decoupling of the corresponding PDE
operators. The discretization retains symmetry and sparsity in the induced linear systems
for a number of PDEs including the Helmholtz equation with a rotationally invariant and
radially discontinuous Helmholtz coefficient. Moreover, the linear systems admit an optimal
complexity O(Nj, N]%) factorization where N}, is the number of cells in the mesh and N, is
the truncation order on each element.
We considered a number of examples including:
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1. Ahigh-frequency Helmholtz equation with a radially discontinuous Helmholtz coefficient
and right-hand side.

2. The time-dependent Schrodinger equation. The discretization is unitary preserving and,

therefore, respects the conservation of energy of the system.

A rotationally anisotropic coefficient resulting in a non-separable Helmholtz problem.

A singular source term resolved with a graded mesh towards the origin.

5. The screened Poisson equation on a three-dimensional cylndrical domain with disconti-
nuities in the right-hand side in the radial and z-directions. The basis is the tensor product
of the FEM basis we developed for the disk and the continuous hierarchical basis for
the interval cf. [32], [58, Ch. 2.5.2], and [52, Ch. 3.1]. Using recent results for Zernike
(annular) polynomials [28, 51, 54] we obtain a setup complexity of O(N), N; log2 Np).
Then via the ADI solver [26, 32], we derive a solve where we prove the complexity is

O(Ny N3 log(N,*N)y)).

In all examples we observe spectral convergence, potentially after an initial plateau, for
increasing truncation degree N,.
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