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On coalescence time in graphs: When is coalescing as fast as meeting?

Extended Abstract*

Varun Kanadet

Abstract

Coalescing random walks is a fundamental stochastic pro-
cess, where a set of particles perform independent discrete-
time random walks on an undirected graph. Whenever two
or more particles meet at a given node, they merge and
continue as a single random walk. The coalescence time
is defined as the expected time until only one particle re-
mains, starting from one particle at every node. Despite re-
cent progress such as by Cooper, Elsdsser, Ono, Radzik [13]
and Cooper, Frieze and Radzik [12], the coalescence time
for graphs such as binary trees, d-dimensional tori, hyper-
cubes and more generally, vertex-transitive graphs, remains
unresolved.

We provide a powerful toolkit that results in tight
bounds for various topologies including the aforementioned
ones. The meeting time is defined as the worst-case expected
time required for two random walks to arrive at the same
node at the same time. As a general result, we establish
that for graphs whose meeting time is only marginally larger
than the mixing time (a factor of log?n), the coalescence
time of n random walks equals the meeting time up to
constant factors. This upper bound is complemented by
the construction of a graph family demonstrating that this
result is the best possible up to constant factors. For almost-
regular graphs, we bound the coalescence time by the hitting
time, resolving the discrete-time variant of a conjecture by
Aldous for this class of graphs. Finally, we prove that for
any graph the coalescence time is bounded by O(n®) (which
is tight for the Barbell graph); surprisingly even such a basic
question about the coalescing time was not answered before
this work. By duality, our results give bounds on the voter
model and therefore give bounds on the consensus time in
arbitrary undirected graphs.

We also establish a new bound on the hitting time
and cover time of regular graphs, improving and tightening
previous results by Broder and Karlin [10], as well as those
by Aldous and Fill [1].

1 Introduction

Coalescing random walks is a fundamental stochastic
process on connected and wundirected graphs. The
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process begins with particles on some subset of the
nodes in the graph. At discrete time-steps, every
particle performs one step of an independent random
walk.! Whenever two or more particles arrive at the
same node at the same time-step, they merge into a
single particle and continue as a single random walk.
The coalescence time is defined as the first time-step
when only one particle remains. The coalescence time
depends on the number and starting positions of the
particles.

Studying the coalescence time is of substantial im-
portance in distributed computing: At the heart of
many distributed computing applications lie consensus
protocols and leader election e.g., data consistency, con-
solidation of replicated states, synchronization of pro-
cesses and devices [33, 22] and communication networks
[34]). Other applications of the coalescence process ap-
pear in robotics [25]; here, robots perform random walks
to gather samples from their environment and need to
communicate these samples to all other robots. Study-
ing the coalescence time also implies results for other in-
teraction types of random walks including predator and
prey particles as well has annihilating particles [17].

1.1 Relationship to consensus protocols: Ar-
guably the simplest consensus protocol achieving con-
sensus on any undirected graph is the voter model. Ini-
tially, every node has a distinct opinion. At every round,
each node chooses synchronously one of its neighbors at
random and adopts that node’s opinion. The consen-
sus time is defined as the time it takes until only one
opinion remains. The voting process viewed backwards
is exactly the same as the coalescence process starting
with a random walk on every node; thus, the coales-
cence time and consensus time have the same distribu-
tion. Despite recent progress by Cooper et al. [13, 12]
and Berenbrink et al. [9], the coalescence time and con-
sensus time are far from being well-understood—even
for certain fundamental graphs as we describe below.
Recently, there have been several studies on variants of

IThroughout this paper, we use random walk and particle in-

terchangeably, assuming that every random walk has an identifier.
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the voter model, most notably 2-Choices and 3-Majority
which received ample attention [14, 7, 15, 6, 18, 24, 8,
26]. However, the behavior of these processes is funda-
mentally different and despite their efficiency in reach-
ing consensus on expanders and cliques, they are unsuit-
able on more general undirected graphs as the consensus
time is exponential in some graphs.

1.2 Related Work: In this paper, we follow the
approach of Cooper et al. [13] and Hassin and Peleg
[27] and study the consensus time through the more
tangible analysis of the coalescence time. When starting
with two particles, the coalescence time is referred
to as the meeting time. Let tpeet denote the worst-
case expected meeting time over all pairs of starting
nodes and let t.,, denote the expected coalescence time
starting from one particle on every node. It is clear that
tmeet < teoal; as for an upper bound, it can be shown
that tcoal = O(tmeet logn), where n is the number of
nodes in the graph. The main idea used to obtain the
bound is that the number of surviving random walks
halves roughly every tyeet Steps. A proof of the result
appears implicitly in the work of Hassin and Peleg [27].

Aldous [2] showed in continuous-time that the meet-
ing time is bounded by the maximum hitting time,
thit := MaxXy, , thit(u, v), where thit(u, v) denotes the ex-
pected time required to hit v starting from vertex w.
We observe that the result of Aldous also holds in dis-
crete time. Thus, this gives a bound of O(ty; logn)
for the coalescing time; however, in general O(ty;t) may
be a loose upper bound on tpeet- In recent work,
Cooper et al. [13] provide results that are better than
O(tmeet logn) for several interesting graph classes, no-
tably expanders and power-law graphs. They show that
teoal = O((log*n + ||7]|32) - (1 = X2)~1), where Xy is
the second largest eigenvalue of the transition matrix of
the random walk and 7 is the stationary distribution.
Berenbrink et al. [9] show that tcoar = O(m/(dmin - ®)),
where m is the number of edges, d,i, is the minimum
degree and ® is the conductance. Their result improves
on that of Cooper et al. for certain graph classes, e.g.,
cycles.

As mentioned before, despite the recent progress
due to Cooper et al. [13] and Berenbrink et al. [9], for
many fundamental graphs such as the binary tree, hy-
percube and the (d-dimensional) torus, the coalescing
time in the discrete setting remains unsettled. We pro-
vide a rich toolkit allowing us to derive tight bounds
for many graphs including all of the aforementioned
ones. Omne of our main results establishes a relation-
ship between the ratios tcoal/tmeet a0d timeet/tmix, Where

tmix = tmix(1/€) denotes the mixing time.? In particu-
lar, the result shows that if tiyeet /tmix = Q(log2 n), then
teoal = O(tmeet ); however, we also provide a more fine-
grained tradeoff. For almost-regular graphs,® we bound
the coalescence time by the hitting time. For vertex-
transitive graphs we show that the coalescence time,
the meeting time, and the hitting time are equal up to
constant factors. Finally, we prove that for any graph
the coalescence time is bounded by O(n?); it can be eas-
ily verified that this is tight by considering the barbell
graph. Surprisingly, the right bound on this fundamen-
tal quantity was not known prior to this work. Unlike
in the analogous case of the cover time [1] where such a
bound can be easily derived, the argument in the case of
coalescence time appears significantly involved.* Prior
to this work, Hassin and Peleg [27] had shown a worst-
case upper bound of O(n®logn). We also give worst-
case upper and lower bounds on the meeting time and
coalescence time that are tight for general graphs and
regular (or nearly-regular) graphs.

In the process of establishing bounds on the coales-
cence time, we develop techniques to give tight bounds
on the meeting time. We apply these to various topolo-
gies such as the binary tree, torus and hypercube. We
believe that these techniques might be of more general
interest.

The process of coalescing random walks was first
studied in continuous time; in this case, particles jump
to a random neighboring node when activated accord-
ing to a Poisson clock with mean 1. As Cooper and
Rivera [19] recently pointed out “It is however, not
clear whether the continuous-time results apply to the
discrete-time setting”, and to the best of our knowl-
edge, there is no general way in which results in con-
tinuous time can be transferred to discrete time or
vice versa, even when the random walks in discrete-
time are lazy. In the continuous time setting, Cox
[20] show that the coalescence time is bounded by
O(tnit) for tori. Oliveira [31] showed that the coales-
cence time is O(tnit) in general. In a different work,
Oliveira [32] derived so-called mean field conditions,
which are sufficient conditions for the coalescing pro-
cess on a graph to behave similarly to that on the
complete graph up to scaling by the expected meeting
time. His main result (for non vertex-transitive graphs)
in [32, Theorem 1.2], implies that tcoal = O(tmeet)

2The mizing time is the first time-step at which the distribu-
tion of a random walk starting from an arbitrary node is close to
the stationary distribution.

3We call a graph almost-regular if deg(u) = ©(deg(v)) for all
u,v € V.

4Cooper et al. [13] mistakenly stated, as a side remark, that
this last result was a simple consequence of their main result.
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whenever tmix © Tmax = O(l/log4 n). One of our
main results, Theorem 2.1, implies tcoa1 = O(tmeet)
whenever tmix/tmeet = O(1/ log? n). Notice that since
tmeet = 1/(||7]|3) > 1/7max, our condition is consid-
erably more general—however, the results in [32] also
establish mean-field behavior (that is, when suitably
scaled, the distribution of the coalescence time is sim-
ilar to that on a complete graph), while ours are only
concerned with the expected coalescence time, teoa. On
the other hand, our result also applies to graphs where
teoal > tmeet Such as the star graph, and together with
Theorem 2.2, demonstrate that the trade-off between
meeting and mixing time is the best possible.

2 Contributions

In this work, we provide several results relating the co-
alescence and meeting times to each other and to other
fundamental quantities of random walks on undirected
graphs. In particular, our focus is on understanding for
which graphs the coalescence time is the same as the
meeting time, as we know that t.., is always in the
rather narrow interval of [tmeet, O(tmeet < logn)]. As a
consequence of our results, we derive new and re-derive
existing bounds on the meeting and coalescence times
for several graph families of interest. These results are
summarized in Table 1 and discussed in greater detail in
Appendix C of [28]. Formal definitions of all quantities
used below appear in Section 2 of [28]. Throughout this
paper, we assume that random walks are lazy meaning
that w.p. 1/2 the walk stays put.

Our first main result relates tcoal t0 tmeet and tmix-
As already mentioned in the introduction, the crude
bound tcoa = O(tmeet logn) is well-known. However,
this bound is not in general tight, as demonstrated by
our result below.

THEOREM 2.1. For any graph G, we have

tmix
teoal = 0 (tmeet (1 + : log n)) 5
tmeet

Consequently, when tmpeet = tmix log2 n, teoal

O(tmeet) .

The proof of Theorem 2.1 appears in Sec-
tion 3 of [28]. One interesting aspect about this bound
is that it can be used to establish t.oa = O (tmeet) €ven
without having to know the quantities tpeet O fmix-
This flexibility turns out to be particularly useful when
dealing with random graph models for “real world” net-
works, where we establish (nearly-)tight and sublinear
bounds (w.r.t. to the number of vertices) in Appendix
C.5 of [28].

Another interesting feature of our theorem is that
the main result of Cooper et al. [13, Theorem 1]

can be reproven by combining [13, Theorem 2] with
Theorem 2.1 (see Prop. B.2 in [28]).

Our next main result shows that the bound in
Theorem 2.1 is tight up to a constant factor, which we
establish by constructing an explicit family of graphs.
Interestingly, for this family of almost-regular graphs we
also have tpit > tmeet, thus showing that ¢,;; may be a
rather loose upper bound for t.., in some cases.’

THEOREM 2.2. For any sequence (0m)n>0, On €
1, log2 n| there exists a family of almost-regqular graphs
(Gr), with Gy, having ©(n) nodes and satisfying ttmn:it =
O(ay,) such that

tmix
teoal = Q <tmeet ' (1 + \/» IOg ’I’L>> .
tmeet

The above two results show that that tmeet/tmix
should be Q(log2 n) to guarantee that teoal = O(fmeet)-

A natural question is therefore whether in the case
of structured sub-classes such as regular graphs, or
vertex-transitive graphs, or special graphs such as grids,
tori, binary trees, cycles, real-world (power-law) graphs,
etc., better bounds can be obtained through other
methods. We provide results that are tight or nearly
tight in several of these cases; some of these results were
previously known using other methods, some are novel
to the best of our knowledge.

THEOREM 2.3. The following hold for graphs of the
stated kind

(i) For any graph G,
teoal = @) (thit : 10g 1Og n) .

(i) For any graph G with mazimum degree A and
average degree d,

tcoal =0 (thit + tmeet ' IOg(A/d)> .

Hence for any almost-reqular graph G, teom =
0] (thit) .

(iii) For any vertez-transitive G,
2‘;Coal =0 (tmeet) =0 (thit) .

(iv) In the case of binary trees, d-dimensional
tori/grids, paths/cycles, expanders, hypercubes,
random power law graphs,’ we have teom =

@(tmeet) .

5Note that the star also exhibits thit > tmeet. However, the
star is not almost-regular.
6The exact model is specified in Appendix C.5 of [28].
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Graph tmix tmeet teoal thit
Binary tree O(n) O(nlogn) Thm. 2.3 & Thm. C.6[28] ©(nlogn) Thm. 2.3 &Thm. C.6[28] O(nlogn)
Clique o(1 O(n) [13, 9] & Thm. 2.1 O(n) (13, 9] & Thm. 2.1 O(n)
Cycle O(n?) O(n?) 9] & Thm. 2.3 O(n?) 9] & Thm. 2.3 O(n?)
Rand. r-reg. O(logn) O(n) [12, 13, 9] & Thm. 2.1 O(n) [12, 13, 9] & Thm. 2.1 O(n)
Hypercube O(lognloglogn)  O(n) Thm. 2.3 O(n) Thm. 2.1 O(n)
Path O(n?) O(n?) 9] & Thm. 2.3 O(n?) 9] & Thm. 2.8 O(n?)
Star o(1) o(1 folklore O(logn) (27],Prop. 3.4[28] & Thm. 2.5  ©(n)
Torus (d = 2) O(n) O(nlogn) Thm. 2.3 O(nlogn) Thm. 2.3 O(nlogn)
Torus (d > 2) O(n?/) O(n) Thm. 2.1 O(n) Thm. 2.1 O(n)

Table 1: A summary of bounds on the mixing, meeting, coalescence and hitting times for fundamental topologies
for discrete-time random walks. All bounds on the mixing and hitting times appear directly or implicitly in
[1]. The cited results may refer to those appearing in [28].

The proof of the first three statements of Theorem 2.3
appear in Section 4 and the last statement follows from
the results in Appendix C of [28]. We point out that
since tmeet = O(tniy) for any graph,” Theorem 2.3
implies the bound t¢oa1 = O(tnit) not only for almost-
regular graphs, but also for dense graphs where |E| =
©(n?). This settles the discrete-time analogue of a
conjecture by Aldous [1, Open Problem 14.13] for these
graph classes. In very recent work, Oliveira and Peres
improve on these results and establish that t.,. =
O(tnit) holds for all undirected graphs [30].

Another natural question is to express tyeet O teoal
solely in terms of ¢y, the spectral gap 1 — Ag or other
connectivity properties of G. We derive several such
bounds on tmeet, thit and teoal-

As a by-product of our techniques, we also derive
new bounds on tp;; and t.oy, the cover-time. The
detailed results are given in Appendix B of [28], but
we highlight the results for regular graphs here:

THEOREM 2.4. Let G be any graph with T' = A/d,
where A is the mazximum degree and § the minimum
degree. It holds that

I‘n/\/l —/\2

where ® is the conductance of the graph and Ao is the
second largest eigenvalue of the transition matriz P of
a lazy random walk. Consequently, tmeet < tecoal =
O(Tnlog(I')/vV1—A2) = O(I'nlog(l')/®) and teoy =
O(Tnlogn/®).

thit = Fn/@

We point out that so far the best possible bound on
teoal for regular graphs has been tcoa = O(n/(1 — A2))

In Proposition B.9 of [28], we prove this formally by following

the proof for the continuous setting [1, Proposition 14.5].

from [13].® The best possible bound on tyi; (and tcoy)
in terms of 1 — A9, was tpy = O(n/(1 — Ag)) and
teov = O(nlogn/(1—X\3)) due to Broder and Karlin [10]
from 1989. In all four cases, tmeet, tcoals thits and teov,
Theorem 2.4 improves the dependency on 1/(1 — A2)
(or, equivalently ¢mix ), by almost a square-root (we refer
the reader to Theorem B.6 and Lemma B.3 of [28] for
further details). As a result of this improvement, we
get a bound of O(n/®) on the hitting time which is the
best known bound on the hitting time (and cover time)
in terms of the conductance and improves the bound of
[1, Corollary 6.2.1] by a factor of 1/®.

We also derive a general lower bound on #cet that
combines the trivial bound, 1/||7||3, with the minimum
number of collisions (see Theorem B.1(iii) of [28]).
Although this bound does not directly yield the correct
lower bound for binary trees, it forms the basis of a later
analysis in Theorem C.6 of [28].

Finally, we also provide asymptotically tight worst-
case bounds on tpeet and teon. We show that on any
graph the coalescence time must be at least Q(logn) and
is no more than O(n?®). For regular (and in particular
vertex-transitive) graphs these bounds become Q(n)
and O(n?) (See also Table 2 on page 51 of [28], which
also contains an explanation why these bounds are
asymptotically tight.) These two new upper bounds
for general and regular graphs complete the picture of
worst-case bounds:

THEOREM 2.5. The following hold for graphs of the
stated kind.

(i) For any graph G we have tyeer € [2(1), O(n?)] and
teoal € [Qlogn), O(n?)].

8 Alternatively, the same bound as the known bound can also

be derived from the bound on the conductance in [9] together with
Cheeger’s inequality.
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(i) For any regular graph G we have tmeet,teoal €
[Q(n), O(n?)].

The proof of Theorem 2.5 appears in Section 5 of [28].

2.1 Summary of Technical Contributions: Our
work also makes several technical contributions, which
might be of interest for future research on coalesc-
ing walks and other stochastic processes; these are ex-
plained in greater detail in Section 3. Below we give a
very brief summary.

¢ Conditional Expectation Approach. Most of
our results make use of the conditional expectation
approach given in (3.1), a very simple yet extremely
powerful tool, which to the best of our knowledge
has not been used in the context of meeting and
coalescing times before.

e Division of Particles into two Groups. One
basic ingredient in our proof is a domination result
that allows us to divide random walks into a
group of “destroyers” (Gy), which are particles that
cannot be eliminated, and a group of remaining
particles (G2), which can be eliminated by any
other random walk. This domination result might
be helpful to analyze other stochastic processes
involving different types of particles, e.g. [12].

¢ New Concentration Inequalities. We derive
a new concentration inequality for random walks
on graphs in Section 4.1 of [28]. Unlike previous
approaches which are based on the mixing time (or
the closely related spectral gap), our new inequality
depends only on the hitting time and improves on
the existing bounds when the mixing time is close
to the hitting time. These tighter inequalities are
required to derive worst-case upper bounds on the
colaescence time.

3 Proof Ideas and Technical Contributions

When dealing with processes involving concurrent ran-
dom walks, a significant challenge is to understand the
behavior of “short” random walks. This challenge ap-
pears in several settings, e.g., in the context of cover
time of multiple random walks [4, 23], where Efremenko
and Reingold [23, Section 6] highlight the difficulty in
analyzing the hitting time distribution before its expec-
tation. In the context of concentration inequalities for
Markov chains, Lezaud [29, p. 863] points out the re-
quirement to spend at least mixing time steps before
taking any samples. Related to that, in property test-
ing, dealing with graphs that are far from expanders has

been mentioned as one of the major challenges to test
the expansion of the graph by Czumaj and Sohler [21].

In our setting, we also face these generic problems
and devise different methods to get a handle on the
meeting time distribution before its expectation. De-
spite our focus being on coalescing and meeting times,
several of our approaches can be leveraged to derive new
bounds on other random walk quantities such as hitting
times or cover times (see Appendix B of [28]).

3.1 Bounds on t.,, in terms of t,;x and tycet:
The key ingredient in the proof of Theorem 2.1, where
we express teoa as a tradeoff between ¢, and tpyix is
a better understanding of meeting events prior to the
meeting time. More precisely, we derive a tight bound
on the probability p,; that two random walks meet before
¢ time-steps, for £ in the range [tmix,tmeet|- Arguing
about meeting probabilities of walks that are much
shorter than t,..t allows us to understand the rate at
which the number of alive random walks is decreasing.

Optimistically, one may hope that starting with
k random walks, as there are (g) possible meeting
events, roughly (g) - p¢ meetings may have occurred
after ¢ time-steps. However, the non-independence of
these events turns out to be a serious issue and we
require a significantly more sophisticated approach to
account for the dependencies. We divide the k random
walks into disjoint groups G; and G (with |G| usually
being much smaller than |G2|) and walks of G; can’t
be eliminated. The domination of the real process by
the group-restricted one is established by introducing a
formal concept called immortal process at the beginning
of Section 3.1 of [28]. In this stochastic process, we
can expose the random walks of Gy first and consider
meetings with random walks in Gy (for an illustration,
see Figure 2 on page 11 of [28]). Conditioning on a
specific exposed walk in Gy, the events of the different
walks in Gy meeting this exposed walk are indeed
independent. In fact, we will also use the symmetric
case where the roles of G; and G are switched. Thus,
the problem then reduces to calculating the probability
of a random walk in G5 having a ‘good trajectory’, i.e.,
one which many random walks in G; would meet with
large enough probability.

Surprisingly, it suffices to divide trajectories into
only two categories. Although, one may expect that
a more fine-grained classification of trajectories would
result in better bounds, this turns out not to be the
case. In fact, the bound that we derive on the coalescing
time in Theorem 2.1 is tight, and this is precisely due
to the tightness of Lemma 3.3 of [28]. The tightness is
established by the following construction (cf. Figurel).
The graph is designed such that the vast majority of
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Gi Gt Gy

Figure 1: The graph that exhibits t.oa1

meetings (between any two random walks) occur in a
relatively small part of the graph (G2 in Figure 1). On
average, it takes a considerable number of time-steps
before random walks actually get to this part of the
graph. What this implies is that for relatively short
trajectories (of length significantly smaller than ¢peet),
it is quite likely that other random walks will not meet
them. There is a bit of a dichotomy here, once a walk
reaches Gy it is likely that many random walks will meet
it; however, a random walk not reaching G5 is unlikely
to be met by any other random walk.

Equipped with Theorem 2.1, we can bound tco. =
O(tmeet) for all graphs satisfying tmeet/tmix = log? n.
Therefore, the problem of bounding t... reduces to
bounding teet-

For some of the other results including Theorem 2.2
and Theorem 2.3, we will need a more fine-grained ap-
proach to derive lower (or upper bounds) on the prob-
ability that two walks meet during a certain number of
steps, which may or may not be smaller than the mixing
time or meeting time. The starting point is the follow-
ing simple observation. If we have two random walks
(Xt)i>0 and (Y3)¢>0, and count the number of collisions

Z =374 1x,=v, before time-step 7 € N, then

E[Z]

(3.1) P[Z>1]:W.

If we further assume that both walks start from the

961

- Q(tmeet + \/ tmeet/tmix . IOgn : tmix)~

stationary distribution, then we have

7|73
>1]=—_— """z
Plz2l =577 251

To the best of our knowledge, this is the first applica-
tion of this formula to meeting (and coalescence) times.
However, we should mention that variants of this for-
mula have been used by Cooper and Frieze in sev-
eral works (e.g., [16]) to derive accurate bounds on the
hitting (and cover time) on various classes of random
graphs, and in Barlow et al. [5] to bound the collisions
of random walks on infinite graphs. Using (3.1), we are
able to obtain several improvements to existing bounds
on the meeting time, and as a consequence for coalesc-
ing time. We believe that our work further highlights
the power of this basic identity.

The crux of (3.1) is that in order to lower (or upper)
bound the probability that the two walks meet, we need
to derive a corresponding bound on E[Z | Z > 1], i.e.,
the number of collisions conditioning on the occurrence
of at least one collision. Our results employ various tools
to get a handle on this quantity, but here we mention
one that is quite intuitive:

(3.2) E[Z | Z}l]gmaXTiZ(pzw)z.

ueV
t=0 veV

The inner summand . (p}, ,)? is the probability that
two walks starting from the same vertex u will meet
after a further ¢ steps. Thus, summing over ¢ and

Copyright © 2019
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conditioning on the first meeting happening (i.e., the
condition Z > 1) at some vertex u before time-step 7
yields the bound in (3.2). Despite the seemingly crude
nature of this bound, it can be used to derive new results
for thit, tmeet and teoa that significantly improve over
the state-of-the-art for regular graphs (see Appendix
B of [28], or the last paragraph in this section for a
summary).

3.2 Bounds on t.., in terms of tu;: The deriva-
tion of our bounds on t¢,,) in terms of ¢y (Theorem 2.3)
are based on two general reduction results, that might
be useful in other applications:

THEOREM 3.1. (REDUCTION RESULTS) The following
results hold for any graph G:

1. The coalescence process reduces the number of walks
from n to O(log® n) in O(ty) steps with probability
at least 1 —n~1. (see Theorem 4.3 of [28])

2. The coalescence process reduces the number walks
from log*n to (A/d)°M) in O(tni;) steps in expec-
tation, where A is the mazimum degree and d is the
average degree (see Theorem 4.4 of [28])

A basic ingredient are new concentration inequali-
ties, which are derived in Section 4.1 of [28]. Our con-
centration inequalities yield sufficiently strong bounds
for upper tails of returns (or other, possibly more com-
plex random variables) by a random walk of length ty;,
while most of the existing bounds (e.g., [11, 29]) re-
quire that the expectation of the random variable is at
least as large as tpgix. While ¢ < tpie in general,
the challenging case in our analysis is when i & thig
and in this cases our concentration inequalities provide
stronger upper tails than the existing ones.

Equipped with these concentration results, the
proof of Theorem 3.1 (Part 1) is surprisingly simple
and rests again on (3.1). First, by a straightforward
bucketing argument on the degree distribution, we show
that with high probability, we can find for each random
walk (X;)¢>0 with label i a set S (depending on the tra-
jectory of X;), so that with high probability, (i) each
vertex in S is visited frequently during O(tyn;) steps,
and (ii) each vertex in S has the same degree up to
constant factors. Conditioning on this, it follows that
a second random walk (Y});>¢ will have sufficient col-
lisions with (X¢);>0 in expectation, i.e., E[Z] is large
enough. Tobound E[Z | Z > 1], we use the concentra-
tion inequalities to establish that with high probability,
the trajectory (X;):>0 will be good in the sense that
E[Z | (x0,21,...),Z > 1] is not too large. Combin-
ing these bounds yields P[Z > 1] = Q(1/log® n), and a
straightforward division into groups G; and G, of sizes

O(log® n) and n — |G;| shows that all random walks in
G2 can be eliminated in O(tpi) steps.

The proof of the second reduction result (Theo-
rem 3.1 (Part 2)) is more involved, although it again
revolves around (3.1). The issue is that we can no
longer repeat the simple bucketing argument described
above about the degree distribution, since the number
of buckets may vastly exceed the number of walks. Fur-
thermore, we may no longer obtain “w.h.p.”-bounds on
the probability for certain good events. For all these
reasons, a refined approach is needed.

Our analysis allocates small phases of length
O(tnit/ k) in order to halve the number of random walks,
where k = k¢ is the number of walks at the beginning
of the phase, for some suitably large constant c¢. The
first step is to show that starting from any vertex, there
exists a large set of vertices, so that each vertex is vis-
ited the “right” amount of time, but also that it was not
too unexpected to visit that vertex. The latter condi-
tion is quite subtle, but it allows us to arrange a proper
scheduling of the walks to show that, regardless of which
vertices the random walk i decides to visit in that set,
there are enough walks that are able to reach these ver-
tices by then. In other words, it rules out the possi-
bility that, despite two random walks visiting the same
set of vertices, they never collide (for an illustration, see
Figure 5 on page 45 of [28]). Using our concentration
bounds with a careful choice of the slackness parame-
ters in terms of k, the above approach can eventually
be shown to reduce the number of random walks k by
a constant fraction within O(ty;/k) steps. Repeating
this iteratively yields the bound O(ty;).

3.3 Bounds on t,;; and Worst-Case Bounds :

With the two reduction results, Theorem 2.3 follows
immediately. Furthermore, the aforementioned results
can be also used to derive worst-case upper and lower
bounds on meeting and coalescing time on general and
regular graphs that are tight up to constant factors.
Some of these were known, or follow directly from
existing results, the others are novel to the best of our
knowledge.

We proceed by establishing that te.. = O(n?) on
all graphs. The proof of teoa = O(n?®) (Theorem 2.5)
follows by first applying both reductions (Theorem 3.1
(Parts 1 & 2)) to reduce the number of walks from n
to (A/d)°M) < (n?/|EN°M in O(tyi). We have, by
Proposition B.9 of [28], tmeet < 4tnis = O(n-|E|), where
this last bound follows from [3].

Finally, combining the bound tpeet = O(n - |E|)
together with tcoa1(So) = O(tmeet - 10g(]So])) (Proposi-
tion 3.4 of [28]) for any set of start vertices Sp, yields
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that after additional
O(tmeet - 10g(|S0])) = O(n - |E| - log(n?/|E])) = O(n?)

steps the coalescing terminates. The fact that this is
tight can be easily verified by considering the Barbell
graph.’

For regular graphs, the same argument as before
shows that tcoa1 = O(n?), and this is matched by the
cycle, for instance. The proofs of the other results are
straightforward, and we refer the reader to Section 5.3
of [28].

3.4 Bounds on t,.; and Other Results: In Ap-
pendix B of [28], we derive several bounds on #peet-
These bounds are derived more directly by (3.1) and/or
(3.2), and involve other quantities such as ||7]|3 or the
eigenvalue gap 1 — Ag. One important technical contri-
bution is to combine routine spectral methods involving
the spectral representation and fundamental matrices
that have been used in previous works, e.g., Cooper et
al. [13] with some short-time bounds on the ¢-th step
probabilities. This allows us to improve several bounds,
not only on e and teoq but also tyiy and teoy, by sig-
nificantly reducing the dependency on the spectral gap
or mixing time—by almost a square root factor. As a
corollary, we also derive a new bound on the cover time
for regular graphs that considerably improves over the
best known bound by Broder and Karlin [10] from 1989.

3.5 Concrete Topologies: Finally, in Appendix C
of [28], we apply the derived upper and lower bounds
on tpeet and teon on various fundamental topologies
including grids, expanders and hypercubes. In most
cases, these results follow immediately from the general
bounds by plugging in corresponding values for ||7||3,
thit Or tmix. One exception is the binary tree, for which
it seems surprisingly non-trivial to derive a lower bound
of tmeet = Q(nlogn). Here again we use a refinement of
(3.1) that restricts the vertices to leaf-nodes w, for which

i:{‘(zvevpsz = Q(logn). The matching upper
bound tpeet = O(nlogn) follows from teoa = O(thit)
for almost-regular graphs (Theorem 2.3).

Of particular interest might be the analysis of “real-
world” graph models. There we show how to utilize our
bounds from earlier sections to establish tcoa = O (fmeot )
on two random graph models, leading to bounds on tcua)
that are sublinear in the number of vertices.

3.6 Discussion and Future Work In this work we
derived several novel bounds on t.o,. Our first main

YThis n-vertex graph is constructed by taking two cliques of

size n/4 each, and connecting them through a path of length n/2.
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result implies that a gap of just Q(log® n) between tpix
and tyeet is sufficient to have tcou = O(fmeet). We
also proved that this result is essentially tight. Further,
we derived several new bounds on t..4 based on tpit.
For almost-regular-graphs, our new result implies the
following hierarchy for the discrete-time setting,

tmeet < Teoal = O(thit)7

which refines the already known result ¢meet = O (thit)-
Finally, we also determined tight worst-case lower and
upper bound for fcoa;.

For future work, an obvious problem is to extend the
teoal = O(tnit) result to all graphs (so far, we only know
tecoal = O(thit-loglogn)). Even more ambitious would be
to try to prove that the continuous-time variant and the
discrete-time process are (asymptotically) equivalent,
as this would immediately resolve the tcoa1 = O(tnit)
problem. A different direction may be to further explore
lower bounds on ¢eet-
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