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1 Introduction

It has recently been appreciated that supersymmetric solutions of supergravity theories with
an R-symmetry generically have a set of equivariantly closed forms which can be constructed
from the supergravity fields and Killing spinor bilinears. Furthermore, these forms can be used
to compute various physical observables via localization i.e. the Berline-Vergne-Atiyah-Bott
(BVAB) fixed point formula [1, 2] can be utilized to express various integrals in terms of
quantities evaluated at the fixed point set of the R-symmetry Killing vector [3].



In [3-6] this approach was used to compute the on-shell action of D = 4, N' = 2 Euclidean
gauged supergravity. In the case of minimal gauged supergravity the results of [7], which
were obtained by a direct computation, were recovered using this new perspective and
further generalized. In addition, the formalism was extended to D = 4, N’ = 2 Euclidean
gauged supergravity coupled to an arbitrary number of vector multiplets. Using boundary
counterterms that are associated with a supersymmetric renormalization scheme, remarkably,
it was shown that the D = 4 on-shell action can be expressed entirely in terms of the fixed
point set of the supersymmetric Killing vector in the bulk of the solution. In particular, the
contribution from the boundary counterterms precisely cancel a boundary contribution that
arises after using the BVAB theorem for the bulk action.

The goal of this paper is to extend the results of [3—6] to D = 5 Euclidean gauged
supergravity, coupled to n vector multiplets. We focus on supergravity solutions on a manifold
M5y which have, in addition to the D =5 R-symmetry Killing vector, K, a second Killing
vector £. We assume that ¢ is nowhere vanishing and generates a circle fibration of the D =5
spacetime with base space M4, which may have orbifold singularities.! Furthermore, My
will have an asymptotic boundary that is associated with M) asymptotically approaching
Fuclidean AdSs. We also assume that the push-forward of K is not identically zero, and
hence descends to give a Killing vector £ on M. With these ingredients, we carry out a
dimensional reduction of the D = 5 supergravity theory to obtain a D = 4, N' = 2 Euclidean
gauged supergravity on M4 coupled to n + 1 vector multiplets. Furthermore, we find that £
is the D = 4 R-symmetry Killing vector which can be constructed as a bilinear of the D =4
Killing spinors. We then use the D = 4 results of [3-6] to compute the D = 5 on-shell action.

While our approach is conceptually straightforward, there are several technical issues
which make the analysis of D = 5 supergravity significantly more challenging than that of
D = 4 supergravity. The first is that identifying the holographic boundary terms which
are required for a supersymmetric renormalization scheme is more involved than for D = 4.
For the class of solutions with boundary S* x Ms, such counterterms have been identified
in minimal gauged supergravity [10, 11] and can be used to compute the supersymmetric
Casimir energy of the dual SCFT, an intrinsic quantity in the dual SCFT [12]. For other
classes of solutions one can take a pragmatic approach of removing divergences by suitably
employing a heuristic background subtraction procedure. Here we will illustrate how the
localization procedure can be used for both classes.

A second issue which arises is that after reducing on £ and using the BVAB theorem on the
base space M(y4), we obtain a contribution to the action from the fixed point set of the D = 4
R-symmetry Killing vector £, some boundary terms (as in [3-6]), as well as an additional term
which is the integral of a closed four-form A4. Locally, we can write A4 = dAg, but in general
A3 is not globally defined, and moreover, can depend on the choice of gauge for the gauge
fields. A third, and related, issue is that in the examples we consider, for certain choices of
Kaluza-Klein (KK) vector ¢, the final result for the D = 5 on-shell action can be expressed
purely in terms of the fixed point data of the D = 4 supersymmetric Killing vector £ on My,
but for other choices of ¢ one also gets contributions from the boundary as well as from Ay.

!One could also consider more general kinds of singularities, such as those arising in the D = 5 Kaluza-Klein
monopole [8, 9], but that will not be the focus here.



Nevertheless, we show how the localization formalism can be used to obtain the D =5
on-shell action for two classes of solutions, without using the explicit solutions. The first
is Euclidean AdSs with S x S% boundary and using the counterterm action of [10, 11], we
recover the known result for the supersymmetric Casimir energy. The second is the complex
locus of supersymmetric Euclidean black hole solutions of [13]. Using background subtraction
we obtain a result for the D = 5 action in minimal gauged supergravity that is dual to the
supersymmetric index of the dual SCFT. We also extend this to arbitrary numbers of vector
multiplets, confirming the conjecture of [14].

Before discussing the plan of the paper, we briefly comment on other approaches to
localization in D = 5 supergravity that have appeared. An analysis of D = 5 ungauged
supergravity coupled to vector multiplets was carried out in [15]. For a class of solutions
with toric symmetry, an equivariantly closed extension of the on-shell action was constructed
and used to compute the on-shell action. A connection to D = 4 solutions was also made.
In addition, inspired by the generalization of the BVAB theorem to odd dimensions given
in [16], a computation of the on-shell action for D = 5 minimal gauged supergravity was
presented in [17], which is applicable to Euclidean solutions that can be obtained from a
Wick rotation of Lorentzian supergravity solutions.

These works, like ours, require the existence of a second Killing vector in D = 5, in
addition to the supersymmetric Killing vector. In contrast to [15], we use the additional
isometry, which is assumed to act locally freely, to reduce to D = 4 from the start, and
then localize in D = 4 using the supersymmetric Killing vector. Instead [17] uses the
mathematical result in [16] which essentially applies a transverse BVAB theorem to the
additional isometry, having effectively reduced on the supersymmetric Killing vector direction.
The reduction/localization are effectively then carried out after exchanging the roles of the
two Killing vectors, when comparing the approach here to that of [17]. Thus, we expect
that the issues that we highlighted above, and discuss further in the text, will also arise
in the approach of [17] (where background subtraction was utilized to regulate the D = 5
action). We also remark that our formalism is applicable to D = 5 Euclidean supergravity,
which includes Euclidean solutions that can be obtained from a Wick rotation of Lorentzian
supergravity solutions, as studied in [15, 17], but also solutions that cannot be obtained in
this way. Finally, we note that another recent approach to localization in supergravity has
emphasized the significance of the equivariant volume in even dimensions [18, 19].

The plan of the paper is as follows. In section 2 we present the D = 5 Euclidean
supergravity theory of interest and carry out the dimensional reduction to D = 4. We also
discuss supersymmetric counterterms as well as the background subtraction procedure. In
section 3 we discuss the example of Euclidean AdSs with S x S? boundary, while in section 4
we discuss supersymmetric black holes. We briefly conclude in section 5. We have five
appendices: appendix A includes our conventions for D = 5 and D = 4 Clifford algebras;
appendix B discusses how to recover minimal gauged supergravity from the general set-up
with an arbitrary number of vector multiplets; appendix C summarizes some relations for
D = 5 bilinears and also includes some equivariantly closed polyforms in D = 5; appendix D
presents some useful results for D = 4 Euclidean gauged supergravity; appendix E includes
some details of the KK reduction of the D = 5 Killing spinor equations to D = 4.



2 The dimensional reduction of D = 5 supergravity

2.1 D = 5 supergravity theory: Lorentzian

We consider D = 5 gauged supergravity coupled to n Abelian vector multiplets. We first
discuss the Lorentzian theory. The theory is constructed using a very special real manifold of
real dimension n, specified by a symmetric tensor Crji, with I, J, K =1,...,n+ 1, with
real coordinates Y/ satisfying the cubic constraint

1
Vi (Y) = éCUKYIYJYK =1. (2.1)

This can be parametrized by n real scalars ¢*, i = 1,...,n. There are n + 1 gauge fields A’
with curvatures F! = dA’. In addition, we also have a set of n + 1 real Fayet-Iliopoulos
(FI) parameters (;.

The bosonic action has the form

1

7 j 2
50 = Tna /Mm (R~ 055(6) %5 46 A Ao — ¢V ) volg

1
—Gri(9) x5 F' N F = 2CrixFINF AK] , (2.2)
where G(5) is the D = 5 Newton constant,

1 92

ii(0) = 0Y1o; 77 =1 .
9i(@) = 0Y'OYICL|, . GO = —gprrreVel, o (29
and the scalar potential is
ij 4
Vis) = Cis (g Joy' oy - 3Y1Y‘]> - (24)

For some further details, see e.g. [20-22]. We will assume that there is an AdSs vacuum and
L™= g, (25)

is the inverse of the radius of the AdSs;. We also have

1 8a
—_—=—, (2.6)
g3G(5) ™
where a is the central charge of the dual d = 4 SCFT in the large N limit (assuming it
exists?); for N/ = 4 super-Yang-Mills a = N?/4.
A solution is supersymmetric if there is a non-trivial solution xr to the Killing spinor
and gaugino equations

6

: . i 3
0= [—;gijamqﬁfrm + %g&W(s)) + 0YIF T m"] XL - (2.7)

| 1 |
0= [vm U I S R 45:;rp)} XD,

2We return to this point in the discussion section.



Here T'), are the D = 5 gamma matrices and we have defined the D = 5 superpotential
W(5) = C]YI . (28)
Notice that we may then write the potential in (2.4) as

4
W - (2.9)

Vis) = 97 0iW(5)9Wis) — 3

We also have Y; = %G 7Y’ and Y1Y; = 1, and we will assume in the following that the
scalars parametrize a symmetric space, which guarantees symmetry properties of the tensor
Cryi that will be useful in the reduction to four dimensions. From (2.7), the equations
satisfied by the charge conjugate spinor (in the conventions of appendix A) are given by

. 1 .
0= [T+ 596AL = SaWey T + Vi Py (O™ = 405,17)] G

6 8
i

i , 3
0= |:—29ij8m(b71_‘m — §g8iW(5) + 881-Y1F,£mrm”] X%, - (2.10)
The special case of D = 5 minimal gauged supergravity is discussed in appendix B.

2.2 D = 5 supergravity theory: Euclidean

To construct the D = 5 Euclidean theory, which we study in the remainder of the paper,
we follow the approach of [23]. We allow all fields in the Lorentzian action (2.2) to become
complex, keeping the FI parameters (; and the tensor C7jx real, and perform a Wick rotation
to find the Euclidean theory with action given by

1 i . 9
1(5) = _167'('761(5) /M(5) { (R — 9ij *(5) do' A d¢] —-qg ‘/(5)) V01(5)

-Gy *(5) ]:I/\]:J—éC[JK]:I/\]:J/\.AK}. (2.11)

We also double the spinors, leading to two Dirac spinors y and X that satisfy the equations
derived from (2.7) and (2.10):

oz[v LaCiAL + ZaWiin + SYiFLy —45W>}x

iQaz‘W(&')) + 851'Y1J‘Ef;m7mn} X (2.12)

0= [—2gij3m¢J7m *3

and
1 T 1 i T np n_ | =
0= Vi + 580 An = c8Wis)ym + gV, (m™ = 46377) | X,

381»1/1]-"{,1”7”1"} X. (2.13)

i : i
0= [_gijam¢]7m — 590 W) + ¢

2 2

We can define the following D = 5 Killing spinor bilinears

S=xx, K"=X7"Xx,  Upn =iXVmnX- (2.14)



These satisfy a number of algebraic and differential relations, which can be found in appendix C.
In particular, K is a Killing vector that generates a symmetry of the full solution, i.e. we
also have Lx¢' = L F! = 0. We can also construct equivariantly closed extensions of the
field strengths, and of the D = 5 on-shell action (in the gauge K 2 Al = —iY!S). Generically,
these bilinears are complex. One way of obtaining real bilinears in D = 5 is to consider
a section of the Euclidean theory where it’s consistent to take ¥ = x¢ (see appendix A.2
for details on the charge conjugation in D = 5, and we note that x¢ is not the same as
the Lorentzian charge conjugate spinor x¢). Consistency between the equations satisfied
by x¢ and X would then require

AlerR, YleiR, ¢ €eR. (2.15)

As we shall see in section 2.5, though, these conditions are not consistent with the Kaluza-
Klein (KK) ansatz that we shall use.

We also demand that the D = 5 Killing spinors carry non-vanishing charge with re-
spect to IC,

Ly =i0x,  Lxx=i0¥. (2.16)

An expression for Q is given in (C.21) and one can show that é = —0Q.

We are interested in Euclidean solutions that also admit non-trivial solutions to both (2.12),
(2.13) in order to have a non-trivial I, and will refer to these as supersymmetric solutions
in the sequel. A class of such solutions can be obtained by Wick rotating solutions of the
Lorentzian theory, which have been classified in [24, 25]. It also seems likely that there
are additional solutions that cannot be obtained this way; for example, in a theory with
both vector and hypermultiplets there are such Euclidean solutions with R® topology, as
discussed in [26, 27].

2.3 Dimensional reduction

Our goal is to compute the D = 5 on-shell Euclidean action for supersymmetric solutions.
We will assume that in addition to the supersymmetric Killing vector, I, the D = 5 solutions
admit another Killing vector £. We assume that ¢ is nowhere vanishing and generates a circle
fibration of the D = 5 spacetime with base M),

T M(5) — M(4) . (217)

In general note that M) may have orbifold singularities. We introduce local D = 5
coordinates via 2™ = (z#,2°) with

0= 0,5, z° ~ 2?4 Axd. (2.18)

We also assume that the pushforward of I is not identically zero and write
¢ =m(K). (2.19)

In our setup below, we will see that £ is a supersymmetric Killing vector of a D = 4 Euclidean
supergravity theory. The fixed point set of { in My is precisely the subset over which K
and ¢ are aligned in Ms).



The D = 5 metric on M5y can be written in the form
—4\ A
ds%5) =e Ma? 4 e ds%4) , (2.20)

where dsa) is a metric on M4y and a = e is a globally-defined angular form on M),

with ¢™¢,, = e=**. In local coordinates we can write
o =dz® — AY, (2.21)

where A? is a D = 4 gauge field. We can also write the D = 5 scalars and gauge fields
in the form

I 2X I
Y = —e2z,

Al = AT+ 2l o+ aldab, = Fl=—andd —AF° + FT, (2.22)

where Al are D = 4 gauge fields and F! = dA!. The a! are constants that we discuss
further below. It is also convenient to define

=2 4 =2 — i, (2.23)
so 2l = 2(21+21), b = (21 —Z!) and we note that 2! and z/ are independent complex scalar
fields in D = 4. Notice that we can express A in terms of z/, Z/ via the cubic constraint (2.1):
éCUKz%zQ]zg( = —e 0, (2.24)
At this stage we have the D = 4 metric, ds%4), gauge fields AN = (A%, A7) and scalars 2/, Z7,
all of which are independent of 2°, and the constants a’ parametrizing a D = 5 flat connection
which is not, in general, a global flat connection.

The KK ansatz (2.20)—(2.23) is ambiguous, because we can perform various D = 5
gauge transformations on A’. First, the shift A’ — A’ + dI'!, where I'! is a local basic
function for £ (so £,I'! = 0), is associated with a D = 4 gauge transformation of A’; that
is, AT = Al +dI'!. Second, the coordinate redefinition 2® — x° + w with w a function on
My, is associated with a gauge transformation for A that is A — A° 4 dw. Finally, there
is also the possibility of performing transformations of the form A’ — A + ¢! da®, with ¢!
constant, which shifts a’ — af + ¢!. Notice that in terms of the D = 4 fields introduced
in (2.22), the gauge transformation can be implemented via z{ — z{ + ¢!, AT — Al 4 ¢l A,
We find it convenient to explicitly include a in our ansatz (2.22), and then observe that
the ansatz is invariant under the combined transformation

ol wal =, oy P, AT Al LA (2.25)

Notice that the variables

I
EZI+GI, z Ezl—l—al,

3
Al = AT 4 o1 A, Fl=Fl +a'F°, (2.26)

IS
=~

Il
N
=~
+
IS



are invariant under (2.25), and so we anticipate that after dimensional reduction various
D = 4 quantities can be expressed in terms of these variables. We highlight that in terms
of these variables we can write A’ in (2.22) as

Al = Al 4 5o (2.27)

Observe that £ 1 Al = 3/ and so a D = 5 gauge choice can impose a constraint on /.3

For later use we notice that if A’ is a globally defined one-form, #{ is globally defined
(since ¢ 3 AT = 2I). Then given « is a globally defined one-form, we conclude that A’
will be too. We also note that the D = 5 spinor y changes under gauge transformations.
We assume that the D = 5 spinors x and Y satisfy the relevant spinor equations with the
D = 5 gauge field as in (2.22).

We next want to write the D = 5 action in terms of a D = 4 action. After substituting
the ansatz into (2.11), we find that we can rewrite the D = 5 action as

Az®

Iigey=1Ipy — —— A 2.28
(5) (4) 167TG(5) M 4, ( )

where Ay is a basic four-form, which can be written, locally, as A4 = dA3 with
Ag = 2% dA+ %CUK (25 A7 A K — 2L A A FO), (2.29)

and ﬁ = % relates the D = 4 and D = 5 Newton constants.
The D = 4 action I(4) is given by the Euclidean N =2, D = 4 gauged supergravity theory,

discussed in [6]. There are n + 1 vector multiplets and A* = (A%, A’) and we can write

1

B I 5] _ 2 5
Iy = —167rG(4)/ [ (R = 26,702 007 — eV (=, Z)> ol

1 :
+ 5IA2 « FMAF> — %RAEFA A FZ} . (2.30)
The D = 4 theory has n + 1 vector multiplets and so n + 2 gauge fields A* = (A%, AT). There

are n + 1 scalars z! and their independent Euclidean counterparts z/. The metric on the
scalar manifold and the potential are simply related to D = 5 quantities via

1 ~
G,5= 5e‘MGU(z, z),

Viy(2,2) = e V5 (2,2) . (2.31)
We also have
Too = —e~ (1 + 4gIJZ{Z1J> ;
Tor = 4e~ %Gy yz]

I1y = —4e Gy, (2.32)

3For example, for solutions M4y that have a non-trivial two-cycle, we may choose the a’ to impose the
constraint on the fluxes: p’ = p’ + a’p® = 0, where the fluxes p* are defined in (2.61). We will make such a
choice for the black hole example in section 4. We won’t make a choice of a’ for the AdS5 example in section 3.



and

1
Roo = 7Crik (Z{Zijzf( + alaJ“K) ;

3
1
Ror = —§C]JK<Z{Z{< — aJaK) ,
Rij=Crix (Z{{ + CLK) . (2.33)

Notice that Ry only depends on z{, but Zyx also depends on z4, both via the warp factor
e %% asin (2.24), and Gy, as in (2.31). We can also inspect whether the action I 14y in (2.30)
is invariant under the shifts (2.25), as it should be, since it combines with A4, which in (2.29)
is locally written in terms of the invariant variables (2.26), to give I, (5)» Which is invariant by
definition. In fact one can check that the entire second line of (2.30), gauge fields included,
can be written in terms of (2.26), and hence is also invariant under (2.25).

The D = 4 action I(4) is governed by a special Kéhler manifold with a prepotential
that can be written as (see [21]):

1R XTXIXE

FX) = TS

XT=xT+a'X°, (2.34)

where the n+2 holomorphic sections X* = (X0, X]), with A =0,1,...,n+1 are homogeneous
coordinates, and the physical complex scalars are given by z/ = X!/X% The Kéhler
potential is given by*

K = —log(8X°X 064 (2.35)

and G, 5 = 0;07K, where here (and in (2.36) below) the derivative 9y is with respect to
2 = X1T/X0 (ie. use (2.24) and hold X9 X fixed).? Furthermore the D = 4 potential
can be written

Vy = e* (gf TN WV W — 3Wﬁ7> : (2.36)
where
w=¢Wxr o w=cPxh, (2.37)

Here 41(\4) are the n + 2 D = 4 FI parameters given by

o¢) = —4Q" + 20010’ ¢V =20 (2:38)

Here QU is the charge of the Killing spinor with respect to the D = 5 Killing vector ¢,
ie. Lox =iQWy, which we discuss below. The D = 4 scalar potential V(4) is proportional
to the D = 5 scalar potential V(5 via (2.31), and the latter only depends on the D = 5

FI parameters, as in (2.8), (2.9). Therefore, the potential V4 must only depend on C§4)

*We use the same letter for the Kéhler potential and the D = 5 Killing vector bilinear, but the meaning
should be clear from the context.

5Throughout the paper, and in particular to recover the D = 4 Killing spinor equations in the conventions
of [6] from dimensional reduction, we choose X° = X°=1 (see appendix E).



and be independent of C[()4): we now explicitly check that this is indeed the case. Using the
definitions (D.4), the terms in V(4) containing Cé4) are

Vi 2 | ((6f?)? + 26696041 (120°Tonropn - 1)
+ 25 (Qljajx + gﬁaJA> ] . (2.39)

It follows from (2.24) that

O\ = —iCLM]ZZLZéVIeﬁ/\ = —iez)‘YI,
O\ = iCLMIzQLzéW e = %eZ’\YI, (2.40)
where we have used
Y; = §GUYJ — Y, Yi=1, CryrY’'YE =6Y;. (2.41)

Then using G&L = 2e 4 GXL the first line in (2.39) vanishes, and the second line vanishes
because of the symmetry of G!/. While the D = 4 potential is independent of Cé4), we will
see that both C}4) and C(()4) appear in the D = 4 Killing spinor equations.

To summarize, we are interested in computing the on-shell D = 5 action for a supersym-
metric solution of the D = 5 equations of motion, that lies within the ansatz (2.20)—(2.23).
The above result (2.28) gives the answer. We will later use the equivariant localization results
of [6] which analysed supersymmetric solutions to the D = 4 theory with action I (4)- We have
checked that solutions of the D = 4 equations of motion associated with I(4) will also give
rise to solutions of the D = 5 equations of motion. Furthermore, we have checked that the
solutions which also admit solutions to the D = 4 Killing spinor equations, to be discussed
next, give rise to D = 5 solutions that admit solutions to the D = 5 Killing spinor equations.

We now discuss the dimensional reduction of the Killing spinor equations. To dimensionally
reduce the D = 5 Killing spinor equations we introduce the obvious D = 5 orthonormal frame

E® = ele?, E° =e P, (2.42)
with €%, a = 1,...,4, an orthonormal frame for the D = 4 metric dsa). For the D = 4
gamma matrices we take v, a = 1,...,4 and since Y1234 = 7> = 75, we see that s is also

the D = 4 chirality matrix. We assume that ¢ generates a symmetry of the entire D = 5
solution, and therefore the D = 5 Killing spinor equations are invariant under the action of
£. Thus, the space of solutions will form a representation of the U(1) symmetry generated
by £. But since the irreducible representations are then one-dimensional, classified by their
charge, it follows that we may take a solution x with definite charge [28], without loss of
generality. One can check that in the frame we are using, acting on D = 5 spinors we have
Ly = Oy,. Therefore, we can take

Lox =0 x =iQUx,  LiX=0ux =iQY5. (2.43)

,10,



The reduction of the Killing spinor equations is described in appendix E. We introduce
D = 4 spinors ¢, € via

. 2/2, —iQ®gs i ~ . —iQO g5 T~
e = ie M2 QT =T 5y € =ie M2 QT 5 (2.44)

which only depend on the D = 4 coordinates xz* (i.e. 0,5¢ = 0,5€ = 0). As anticipated in
footnote 5, to match the conventions of [6], we choose the sections such that

X0=Xx0=1. (2.45)

We then find that the D = 5 Killing spinor equations precisely give those of the D = 4
gauged supergravity theory provided that we take

00 = g0, (2.46)

with the FI parameters as given in (2.38). These D = 4 reduced Killing spinor equations are
given in appendix E. Also, recalling the definition of the D = 5 bilinears S and K in (2.14),
we notice (2.46) clearly implies £™9,,S = 0,58 = 0. Further using the D = 5 Killing spinor
bilinear identity dS = —ikC = (Y7.F!) in appendix C, we deduce the D = 5 condition

0=YmFL K. (2.47)

In fact, provided S # 0 this condition is actually equivalent to (2.46).° The condition (2.46)
is satisfied for all of the examples we study later. We also highlight that (2.44) allows us to
relate the D = 5 bilinears, S, K and the D = 4 bilinears S, P, &, as reviewed in appendix D
(see equation (D.9)), finding

S=-e'S, K=¢9,+ (£1A"-e*P)d,s. (2.48)
From now on, we will assume that we are in the gauge
LAY =0, (2.49)

which is possible since L¢F 0 = 0, and, moreover, is consistent with [6]. In this gauge,
we find that

d( 1A' P) =0, (2.50)

so the component of I along 0,5 is a constant, which we label

2T

up:
R T Axd

(gJ Ao—e?’)‘P) . (2.51)

This also allows us to find the connection between O, the charge of the spinor x under /C,
as in (2.16), and the charge Q© of the spinor e under &, namely

0=0® ¢ (€A% — e3/\p)Q(f) ] (2.52)

5To prove the converse, one obtains expressions for iQ(‘i)X using (2.12) and for iQY using (2.13) and
then uses these to obtain expressions for Q ixy and Q¥ ixx.
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At this stage we have shown that a supersymmetric solution of the D = 5 gauged
supergravity theory with an extra Killing vector ¢ and satisfying (2.46), is equivalent to a
supersymmetric solution of a D = 4 Euclidean gauged supergravity theory as described above.
For such solutions we can then import the equivariant localization results of [6]. The D = 4
gauge field strengths have an equivariantly closed completion given by

r=FA o), dedt =0. (2.53)
There is also an equivariantly closed four-form
(I):(I)4+q)2+q)0, d§(<I>4—|—CI>2+<I>0):O. (254)

On-shell, the D = 4 Euclidean bulk action Ij4) can be expressed as an integral of ®4 and
hence evaluated using the BVAB theorem. Explicit expressions for ®2, as well as ®4, $
and ®(, which are constructed from the D = 4 supergravity fields and the D = 4 Killing
spinor bilinears, can be found in [6], and in appendix D.

2.4 Evaluating the D = 5 on-shell action

We are interested in computing the on-shell action for a supersymmetric solution of D =5
gauged supergravity. The total D = 5 action computed using holographic renormalization
consists of the bulk action I(5) supplemented with boundary contributions which we write as

ota oM
I5™ = L) [Ms)) + Loy’ + I

(2.55)

Here Ig]g\(f) is the standard Gibbons-Hawking-York term and 1(85])\4(5)

remove divergences, as well as finite counterterms, which are associated with choosing a

are counterterms to

renormalization scheme. Since we are interested in supersymmetric solutions, we want
to employ a supersymmetric scheme. In contrast to the D = 4 setting, a general set of
supersymmetry-preserving counterterms which are written in terms of the boundary metric
and gauge field and preserving boundary diffeomorphisms, are not known in D = 5. The issue
has been studied in some detail for the special case when OM5) = S I x Ms, where Ms is a
Seifert manifold: coupling a SCFT to this background using the R-symmetry multiplet and
requiring a supersymmetric regularization, leads to an unambiguous definition of the Casimir
energy of the SCFT obtained from the partition function on S! x Mz [12] (this has been
especially studied in the case of M3 being homeomorphic to S3). However, in the presence
of an 't Hooft anomaly for the U(1)r symmetry, coupling via the R-multiplet leads to an
anomaly in the supercurrent, which has been argued to be related to the non-vanishing value
of the supersymmetric Casimir energy and to the anomalous dependence of the partition
function on the background geometry [29-34]. The latter issue had been originally flagged
in [10, 11], and a set of local finite counterterms was proposed that restored supersymmetry
at the expense of invariance under boundary diffeomorphisms and gauge invariance (from the
field theory side, a local functional on M3 acting as a counterterm to preserve supersymmetry
has also been suggested in [32]). The supersymmetry-preserving counterterms suggested
in [10, 11], however, have been derived for supersymmetric solutions to minimal gauged
supergravity and with a gauge field that is a global one-form.
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We will use the counterterms of [10, 11] to compute the on-shell action for Euclidean
AdSs with S! x S boundary in section 3, and recover the holographic expression for the
supersymmetric Casimir energy using localization. However, we note that in section 4,
where we compute the on-shell action for supersymmetric black holes, we will instead use
background subtraction, which we discuss in section 2.6.

The class of solutions we are interested in have an additional Killing vector ¢ = 0., and
can be written in the form of the Kaluza-Klein (KK) ansatz (2.20)—(2.23). The bulk on-shell
action I(5) can then be written in the form (2.28) where 4 is the bulk on-shell action for a
D = 4 gauged supergravity theory. We can now use the results of [6] to evaluate I (4)- As
noted at the end of the last subsection, it was shown in [6] that the bulk D = 4 action I(4
can be written as the integral of an equivariant closed form ® = &, + &9 + P satisfying
de (@4 + P2 + $g) = 0, which is canonically constructed from the D = 4 supergravity fields
and the D = 4 Killing spinor bilinears. Using the BVAB theorem, the on-shell D = 4 bulk
action can then be written

oM,
Iuy =10y + 1y ¥ (2.56)

where I(F41)3 is a contribution from the fixed point set of £ in M4 and 1(84];/[(4) is the D = 4
boundary contribution given by

oMy 1

I _
(4) 87TG(4)

/ A (By + B d) | (2.57)
BM(4)

where the one-form n on M) is given by n = |€]72€". It was shown in [6] that for super-
symmetric solutions of a D = 4 supergravity theory with M4 asymptotically approaching
Euclidean AdSy this boundary term exactly cancels the associated D = 4 counterterms (in
a D = 4 supersymmetric scheme). Here, however, M4y does not asymptotically approach
Euclidean AdS; and moreover the boundary terms that are relevant for our purposes are
the D = 5 terms 1(851;/1(5) in (2.55).

Putting these ingredients together we can therefore write the D = 5 total on-shell

action (2.55) as
I / A A (B + Body) — o5 [ M g0V
) @ 87G (5) Jom s, 167G (5) J g, GHY G

(2.58)

where we recall” that Ay = dA3 with A3 given in (2.29). Remarkably we find that for certain
classes of solutions, and for a certain choice of Killing vector ¢, the last four terms on the right
hand side of this expression exactly cancel and we have I(5) = | (}jf)). However, for different
choices of ¢ this is no longer the case and one finds that all four terms combine with the
fixed point contribution to give the same total result for I(s).

The expression for I (111)3 can be obtained from the results of [6] for the specific D = 4
gauged supergravity theory obtained from the dimensional reduction. As explained in [6] the

"On-shell we can use the D = 4 equation of motion for \ to rewrite dAz, but the resulting expression is not
very illuminating; see (2.73) for the case of minimal gauged supergravity.
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fixed point set of § on My consists of isolated fixed points (nuts) or fixed surfaces (bolts)
and on them the Killing spinor has definite 4+ chirality with respect to the D = 4 chirality
operator ~5. Specifically, we can write

Az’ 1 (biFbe)?
P —— — iF(u
W @G ngs:i dry bty )
(2.59)
1
+ D (inifA(ui)pA—if(ui) / cl(L)H,
bOltSi F2 bOlti

where F is given in (2.34), by, be are the weights of the D = 4 R-symmetry Killing vector
¢ and ui are given by

v A A
ul = % ub = % (2.60)
<E X + CE X —

For the contribution from bolts X1, ¢;(L) is the first Chern class of the normal bundle to
Y+ and p* are the fluxes through the bolt

1

A A

pr = F 2.61
1/9 ) (2.61)

subject to the constraint

k= [ (D) - a(rL)], (2.62)

pINS

where ¢1(T34) is the first Chern class of the tangent bundle to ¥1. We similarly define

1
0:_7
p = 47T/nga. (2.63)

From (2.21) we see that this times 4mg~!/Az® is the Chern number of the U(1) KK bundle
over X associated to reduction along ¢. The constant x = %1 is a sign that can be fixed for
each connected component of the fixed point set, as discussed in various examples in [5, 6].
Moreover, we have allowed for the possibility that the normal space to the nuts and bolts
can have orbifold singularities with the order of the orbifold being dg, ,, respectively.

In fact, we can rewrite (2.59) in terms of the gauge field equivariant forms, which will
be useful in the examples later. As reviewed in appendix D (see equation (D.19)), at an
isolated fixed point with chirality x and sign k, we have

g®( = —2k(b1 — xb2)ul , (2.64)
from which we have
a0 = —2k(b1 — xbo)ul,  ¢®h = —2k(by — xbo)iil (2.65)

where we have introduced {Li = ui + alug]( and (fé = @) +a’®), in analogy with X' in (2.34).
By the definition of u”* in (2.60), these are constrained by

gC/(\4)(IJOA = —2/43([)1 — ng) s (2'66>
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or equivalently
—4QV Y + g\ b) = —2k (b1 — xba), (2.67)
where we have used the definition of 60(4) from (2.38). Therefore, the contribution from
isolated fixed points to (2.59) can be rewritten as
e ArPmi~ 1 1 Cryx®hd]df
@7 "G5y 6 2= dp, 4b1by o) ’

subject to the constraint (2.67).
Something similar can be done for fixed surfaces. From (D.21) we find that, at a bolt

(2.68)

with chirality x such that the action of £ on the normal plane has weight b

K
uh = T ad) (2.69)
constrained by
—4QUBY + g¢ M Bf = 2kxb. (2.70)
Therefore, the contribution from bolts to (2.59) is
Ax57r i 1 1C[JK(i)J(i)K (i)I ~ q x
[FP=—"" 2 o N - SR 070 0 31_7@/ L 2.71

where p = p! + a’p°. In both cases, note that, since the “checked” variables are invariant
under the transformation (2.25), the final answer is invariant under it too.

Many of the examples considered in sections 3 and 4 are supersymmetric solutions to
D = 5 minimal gauged supergravity. In this case, we have only one D = 5 gauge field, so
the constraints (2.62), (2.67), (2.70) can be solved, and the answer written only in terms
of the data from the isometry and ®J. In the conventions of appendix B, we find that the
contribution from fixed sets to the on-shell action of a supersymmetric solution of D =5
minimal gauged supergravity is

PP 277Ax5.{ 1 1 1

3
= 0= = (—k(by — xby) +2QW Y
(4) 27g3G(5)1 ot dFo 8bybo (1)8 ( ""7( 1= X 2) + Q O)

1 111 2 11
+ o — = (kxb+2QY®Y [— kxb + 2Q0 Y
4 bo%z dp, b ®Y ( 0) ) g ( 0)
(0) (0)
—I-GQiPO—G— KX — Q—@g /cl(L) —3/-1/ a(T)| ;. (2.72)
g b » 2 Jx

Here, we have isolated as an overall factor the action of Euclidean AdSs with S! x S3
boundary, computed in [11]. On-shell, the expression for Ay = dA3, with A3 as in (2.29),
can be written for minimal gauged supergravity as
o2\ 5 o
Ailos = —— (F+e) « FOANF® =22« FONFL 4 +F! A F1)
— e x dzy ANdzZ + 4g2e2)‘v014

+i(2dz A AN A P4 25 PV A B - 25d5 A AV AR - BFUAFY),(2.73)

where we have eliminated the d *(4) d\ term using its equation of motion.
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Finally, we remark that ®) at a fixed set is determined by the geometry of the KK
reduction, as can be argued analogously to [22]. Recall that the assumptions on the KK
fibration of the D = 5 solution means that

Sl — M(5) — M(4) s (2.74)

and S! is fibred as an associated bundle for the U(1) action on S* C R?, with connection
one-form —A" (as can be gleaned from (2.20)—(2.21)). The condition for having a good
fibration corresponds to 47p’g~!/Ax5 being an integer (or, in presence of an orbifold, an
integer divided by the order of the orbifold group). Because of the existence of the Killing
spinors, Ms) has an additional Killing vector XC, which upon reduction becomes ¢ (as is clear
from (2.48)). Using (2.51), over each fixed point p of £, we can write

A 5
Kl, = %Rupaﬁ

(2.75)

On the base M4, we know that for an equivariant Chern class evaluated at a fixed point

)| = 6”2(7?) , (2.76)
where €,(L) is the weight of the action of £ on the complex line bundle L over the fixed
point p. Since & /27 are by construction representatives of the cohomology class of c§ (LA),
we find that by construction g®4|, = ¢,(L*). In particular, g®J|,, which recall is equal to
the evaluation of the equivariant completion of gF° = —gda at the fixed point, corresponds
to the weight of the lift of £ in M), that is, K. Therefore, with the appropriate rescaling
due to the definition (2.21) of A°

A 5
;TQR“P . (2.77)

Q‘I)8|p =

Note that this identification requires the gauge field A° to be in the regular gauge at the
fixed point

€A%, =0, (2.78)

which is a more stringent condition than the gauge choice £cA% = 0 in (2.49), used to
derive (2.50). Indeed, substitution in (2.48) gives us

Blp = (€2 A° = *P)|,, (2.79)

and in the regular gauge, the result ®J p = —e3)‘P|p is consistent with our choice of holo-

morphic sections (see (D.10)).

2.5 Reality conditions

We briefly pause to make various comments regarding reality conditions that are associated
with the derivation of the key result (2.59).
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First, we recall that the derivation in [6] assumed a real section of the D = 4 Euclidean
theory with

g4 € R, AN e R, JFeR,
AciR, XM XMeRr, F(X)eiR, F(X)=-F(X). (2.80)

These assumptions guarantee that the D = 4 Euclidean Killing spinor € can be taken to be
€, and thus the D = 4 spinor bilinears are real and define a (real) identity structure on the
frame of M4). We want to compare these conditions with the D = 5 reality conditions (2.15),
mentioned earlier, and the dimensional reduction ansatz (2.22). We first notice that (2.80)
means A’ and z{ (as defined in (2.23)) are real, and so are A’ in (2.22), provided a! € R.
So, (2.80) is consistent with the reality of the D = 5 gauge fields required in (2.15). Reality
of A% instead, is guaranteed if o in (2.21) and z® are both real. We then notice that 24
is instead pure imaginary, and then so is the power of the warp factor e %, because of
the cubic constraint (2.24) (with Crjx € R). However, this means that its third root e}
cannot be real, and so the condition Y/ = —e?*24 is not consistent with the D = 5 reality
conditions, since (2.15) requires YT € iR. Moreover, if e7%* is pure imaginary, then the
Kihler potential (2.35) is real if and only if X°X° € iR, which is not consistent with the
assumptions in (2.80) (and indeed also not with our choice (2.45)). Thus, the D = 4 reality
conditions (2.80) are not consistent with the D = 5 reality conditions (2.15).

In fact, the form of the prepotential (2.34) already means that we are outside the class
of gauged supergravities to which the derivation of [6] strictly applies: indeed we have
F(X) = F(X), which is not consistent with (2.80) and the symplectic constraint between
the prepotential and the Kéahler potential (2.35). We do not believe this is a fundamental
issue [6]: there are many supersymmetric solutions which violate the reality conditions (2.80),
and yet the equivariant localization expression for the D = 4 action remains valid. This
suggests that the localization result applies far beyond the restrictive assumptions (2.80),
which were made to simplify the computations. In [6] it was highlighted how the final results
are expected to change if the D = 4 reality assumptions are relaxed (e.g. see eq. (3.34) of [6])
and this has been used in obtaining (2.59).

We end this subsection with an observation regarding reality conditions for Wick-rotations
of real stationary, Lorentzian, supersymmetric D = 5 solutions; this is relevant for the AdSs
example in section 3 (but not the black hole example in section 4). If we assume that
we can take £ to be the Wick-rotated timelike Killing vector o, i.e. we set x° = it, then,
from the reality of the original Lorentzian fields we infer the following reality properties
for the KK ansatz (2.20)—(2.22):

gy ER, A% iR, Al eR,
AdeikR, ZeRr, dciR. (2.81)

Moreover, Y € R. The D = 5 metric (2.20) is then complex unless the original spacetime
is static (as in the AdSs; example treated in section 3). As it stands, this ansatz is outside
both the D = 5 reality condition (2.15) and the D = 4 condition (2.80). However, we
observe it is consistent with studying D = 4 solutions with Euclidean spinors related by
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€ = Y5¢¢ (cf. (E.19)—-(E.21)), provided we use the following choice of parametrization of
the holomorphic sections

1:X7[ gfzﬁ
X0’ X0

z , (2.82)
and we take XI,X'I € iR, XO,XO € R, so that Zyy,Zr; € R, Zy; € iR (note the consistency
with (2.32) and with (2.45)). Moreover, we require Q) € iR, to have Cé4) € iR and C§4) e R
(compare with (2.38)). These assumptions provide a well-defined D = 4 “real” contour in
the Euclidean theory. Thus, they correspond to having complex D = 5 spinor bilinears and
imposing a D = 4 reality condition different from the one studied in [6]. We also remark
that (2.81), and setting X° real with X! pure imaginary with our parametrization of the
sections corresponds to the reality condition imposed in [35].

2.6 Background subtraction

In section 2.4 we described how to compute the D = 5 on-shell action using localization
for classes of solutions where the supersymmetric boundary counterterms are known; we
will illustrate this formalism for Euclidean AdSs with S! x S boundary and recover the
supersymmetric Casimir energy in section 3.

In general, such supersymmetric boundary counterterms are not known. In such cases, a
practical procedure to obtain a finite result for the D = 5 on-shell action is to regulate using
background subtraction, with the hope of obtaining a result that is scheme independent. This
effectively computes the regularized free energy of the solution relative to that of a suitable
reference background. Instead of (2.55), one introduces a suitably chosen supersymmetric
D = 5 solution N5 and defines

1T = 1) [Mis)] + Tty — L) [N(s)] — Ty - (2.83)
There is certainly some arbitrariness in the choice of N(3), but one definite requirement that
is needed to cancel the divergences is that N(s) has the same geometry as dMs). In the
most well-studied examples Nis) is simply taken to be the Euclidean AdS; vacuum.

It should be noted that in the case of Euclidean AdSs with S' x S3 boundary, this
background subtraction procedure will lead to a vanishing result for the D = 5 on-shell action,
and hence will not give the known non-vanishing result for the supersymmetric Casimir
energy. On the other hand, using background subtraction for complex supersymmetric black
hole solutions in minimal gauged supergravity leads to a result for the action which agrees
with the supersymmetric index for N/ = 4 super-Yang-Mills theory [13, 36-38].

Now suppose that the GHY terms in (2.83) cancel: in fact this is known to be the case®
for the black hole solution [39], that we consider in section 4. Then, the evaluation of (2.83)
boils down to evaluating the D = 5 action on the closed manifold M) U (—N(5)). In this

8For minimal gauged supergravity, by carrying out a Fefferman-Graham expansion, one finds that the
evaluation of the GHY terms only depends on the intrinsic geometry and hence will also cancel. This will not
be the case with vector multiplets: if the GHY terms in (2.83) do not cancel, it is possible that at least for
some classes of solutions, they will cancel with the boundary terms in (2.58), again leading to the result (2.84),
assuming the vanishing of the A4 contributions as discussed below.
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case we can evaluate (2.83) by choosing a Killing vector ¢ and using the BVAB theorem in
D = 4. Now recalling (2.58) we will get fixed point contributions in M) and N and an
integral of A4 over M4 U (—N(4)). Now Ay is closed but not necessarily exact, and moreover
it is gauge dependent, in general (recall Ay = dAg with Ag given in (2.29)). However, there
are classes of solutions and choice of ¢, where the integrals of A4 would give no contribution:
for example, if A4 was globally defined and exact on both? M4y and Ny, it would be exact
on My U (=N(y)). For such classes the final answer for the D = 5 on-shell action will be

I(%%é = I(FLLI)D[MM)] - I(F41)D[N(4)] : (2.84)
where [(111)) is given by (2.59).

Bearing all these comments regarding background subtraction in mind, we will take (2.84)
as a concrete prescription for evaluating the D = 5 on-shell action. In section 4, we will see
that for D =5 black hole solutions in minimal gauged supergravity, taking N(s) to be the
AdS5 vacuum, it gives a result (without using the explicit solution), for various choices of ¢,
that precisely gives the supersymmetric index in the dual field theory. Furthermore, it can be
used in theories with arbitrary vector multiplets to give a result which has the natural form
to be the supersymmetric index of the dual field theories. It would certainly be of interest to
precisely characterize the validity of (2.84), including an understanding of how to deal with
the gauge fields when there is not a global choice of gauge, but we leave this to future work.

3 Euclidean AdSs with S! x S3 boundary

The first example we consider is D = 5 hyperbolic space i.e. Euclidean AdSs. As in [11] the
solution has vanishing scalars and flat gauge fields, with metric given by

1 [dp? 1 2 p2 1 2
ds2:g2l;+<p+4¢§) b (D= L) et e

where ds?(S3) has unit radius and recall that the AdSs radius is given by L = g~'. Here 7
parametrizes an S! with A7 = 27 and p € (0, 2r3], with p — 0 giving the conformal boundary
S’é X ng. The topology of the D = 5 solution is ST x R*.

The essential features of utilizing our localization techniques for this example are covered
by considering D = 5 minimal gauged supergravity, with a single D = 5 gauge field A
(see appendix B). In order to have spinors that are independent of 7, we take the D = 5
gauge field to be

p
Ed’r, (32)

i

B 47T\/§g
(in models with additional vector multiplets this would be the form of the R-symmetry
gauge field %C 1A’). The on-shell action for this solution was explicitly computed in [11]
using novel supersymmetry-preserving counterterms, and matched to the supersymmetric

9Taking N(s) to be the AdS5 vacuum, as we will for the black hole example later, then A4 would be exact
and globally defined on N.
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Casimir energy defined in [12]. The result is

2 p
ITOtal — > 3.3
(5) 2793(;(5) s’ (3.3)

which only depends on 3, r3 through their ratio, which is conformally invariant.
This D = 5 solution has been generalized to one with S' x R* topology, but allowing
for the boundary to be the product of Sé and a squashed three sphere. In [40] metrics were

constructed numerically that approach Sé and a biaxially squashed three-sphere Sﬁw with

metric given by dsQ(SS’S’v) =13 [0} + 03 + v?03], for some constant v. More generally, one can
consider a conformal boundary that is a Hopf surface with topology S x S§3. These solutions
have a boundary supersymmetric Killing vector on Sé x 3., of the form 8T+i% (b10g, +b204,)
which for b = by = 1/r3 reduces to the case of (3.1). Although no solutions have been

analytically constructed with this boundary and S! x R* topology, it was also shown [11]

how to compute the on-shell action with result'?

ITotal _ 27 (bl + b2)3

= 4
®) 27Q3G(5) 8()1 b2 (3 )

which agrees with (3.3) after setting by = by = 1/rs, and also agrees with the field theory
prediction of [41].

The goal is to now see how this result can be obtained using the localization and
dimensional reduction technology developed in section 2.4. We first compute the result only
using the data from topology and geometry: for a particular choice of reduction vector ¢, we
precisely recover (3.4) from contributions from the D = 4 fixed point set. However, for another
choice of ¢ we find that we do not recover (3.4) from contributions from the D = 4 fixed point
set, so necessarily there are additional contributions arising from the last four terms in (2.58).
We explicitly check that this is what is going on by analysing the explicit form of the metric
and Killing spinors. Before starting, though, we briefly pause to record some facts about S3,
which will also be useful for the black hole solutions considered in the next section.

3.1 Some S3 results

The round metric on a unit radius S® can be written as
ds?(S?) = dv¥? 4 cos® 9 dp? + sin® ¥ dyp3, (3.5)
with ¥ € [0,7/2] and Ayp; = 2. It is also useful to use the coordinates
V=p1+p2, O=—p1t+¢2, 0=20, (3.6)
with Ay = 4r, A¢p = 27 and 0 € [0, 7] which is associated with the Hopf fibration:
ds?(S3) = i [46% + sin? 9 dg? + (dy — cos 0.dg)? | |
= 2ot +o}+0d] | (3.7)

4

9Reference [11] implicitly made some assumptions about sign conventions in the weights b;. We shall be

more precise below.
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where o; are left-invariant one forms on S? with o3 = di) — cos @ d¢. Half of the 4 Killing
spinors on S® are constant in the left-invariant frame, and are solutions to the Killing spinor
equation Vg v = %7,(13)11, where (3 are elements of Cliff(3), with @ = 1,2,3. These two
spinors satisfy, respectively,

i i
ﬁasolU:CJiU, ,Casé?U:CJgU, cyg = =*1, (3.8)

implying that they are charged under 0, with charge %c 7, and uncharged under 0.

3.2 Simple reduction

Ignoring for a moment the explicit form of the metric and gauge field in (3.1)-(3.2), we
assume the existence of a supersymmetric solution on M5y with topology and bilinear Killing
vector given by

M@ =S" xR, K =0, +¢e10, +e20,,, (3.9)

where 1, (o are the polar angles in the two orthogonal planes in R?*, and 7 parametrizes S*,
and they all have period 27. As noted below (2.14), K is generically complex, so £1,e9 € C.

We first consider carrying out the reduction with respect to the Killing vector ¢ along
the S' given by

(= gd, . (3.10)

1 using the possibility of rescaling z° via a redefinition of

Here, we have fixed Az® = 2wg~
e** in the ansatz (2.20). We now assume there exists a gauge field such that the spinors
are independent of 7 (and in particular periodic) so the charge, Q). of the D = 5 Killing

spinor y with respect to the KK reduction vector ¢ vanishes:
QWY =o0. (3.11)
It is clear that My = R*, and from (2.48), we have
£ =10y, + €20, , (3.12)

which has an isolated fixed point at the origin with weights €1 and €5, and chirality y. We
identify R =1 in (2.75), and so g®§|nut = 1 from (2.77). So, (2.72) immediately gives

pp_ 21 (e1—xe2)®

It = graag— (-mizm)

1
27Q3G(5) (3 3)

Note that this matches the value for the on-shell action (3.4), which had been constructed
for solutions with Hopf surface boundary, with the following identification

B B -
51—127Tb1, €9 = 1277Xb2’ X =—K. (3.14)

Note that this identification requires a choice of chirality for the D = 4 spinor, which in
analogous analysis for specific backgrounds of D = 4 minimal gauged supergravity was shown
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to be due to regularity [42] (see the discussion in [6]). Moreover, we observe that with this
identification the Killing vector K is generically complex and matches the one computed
from the actual solution and mentioned above (3.4).

Thus, with the choice of KK Killing vector in (3.10), we have I&;Stal =1 (111)3. We will
later confirm that the last four terms in (2.58) indeed vanish and so the D = 5 on-shell
action for this choice of KK Killing vector is given precisely by the D = 4 fixed point set
contribution. While this is a pleasing result, interestingly, it does not generalize to generic
choices of the KK Killing vector, as we shall now see.

3.3 Reduction with a g-twist using the Hopf fibre
We now carry out the KK reduction of the solution associated with (3.9) using the Killing
vector £ given by

(=0 +200,) . (3.15)

with ¢ an integer. We refer to this as a “g-twist” of the previous reduction, that uses also the
Hopf fibre of the S (we are using the Euler angles defined in (3.6)); setting ¢ = 0 returns us
to the simple reduction just considered. As before, we assume that the gauge field is flat and
that the spinor is periodic around S!. Without loss of generality, we focus on

X, (3.16)

£81/,X = _2

so that
QY = —gq. (3.17)
To proceed it is useful to introduce periodic coordinates u,v via
rev, =2+, (3.18)

with Ay = Av = 27, in terms of which

€1+¢&2
2

{=q0,, K=0,+ (—q + ) 8# - (2’51 — 52)8¢. (3.19)

For simplicity, we now just consider €; = 9 = izwﬁ%g, which will allow us to see the key
feature that using this KK reduction, the contribution from the “boundary” terms (the last
four terms in (2.58)) to the D = 5 on-shell action will not vanish. Reducing along ¢ we

again find that M) = R*, and from (2.48) we have

¢ = (—q +i ) Dy (3.20)

Modulo the caveats about the connection between weights, chirality, and regularity, discussed

2mrs

in the previous subsection, this D = 4 supersymmetric Killing vector again has an isolated
B

2773
x = 1. From (2.72) we now obtain the fixed point contribution

fixed point at the origin of M4, with weights equal to (—q + 1 ), negative chirality, and

pr_ 8 S S+mian
7 293Gy s 1 276°G5 (B + 2miqrs)?

(3.21)
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Thus, for the g-twist KK reduction vector, the D = 5 on-shell action is not entirely given
by the fixed point contribution in the reduced D = 4 action. Indeed, we shall now show from
a concrete computation for the explicit metric (3.1) that the last four terms in (2.58) do not
vanish and contribute precisely the term proportional to ¢ above.

3.4 Reduction with a g-twist: analytic computation

We now consider the explicit metric (3.1), verifying that when one does a g-twist reduction,
the boundary terms give a non-trivial contribution to the D = 5 on-shell action that precisely
cancels the term in (3.21) proportional to q.

Writing (3.1) according to the reduction ansatz (2.20) and using the coordinates v, u
in (3.18), we find

2
e P = \/ f—ﬁwi +@PriIn?,

1 2w? 1
a:(du+q = ik lde (du—cos&dgb)) ,
g ZIW2 + @?r3w? 2

1 /B2 dp?
2 _

+W2ﬁ ( %Wi 4 (du— 1cos€d¢>2+d82(52)) ] (3.22)
T4\ EWE + gr3n2 2 ’ '
where . )
Wi = p + g (3.23)
From (2.22), we have
z1+a= lﬁJ.A, Zy = —e 2, (3.24)
V3
so, using the gauge field in (3.2), we find
z1+a= if , 29 = — —ZW_%_ + q2r§WE ) (3.25)
6713 472

Note that, despite the fact that the D = 5 gauge field is flat, 7 = 0 (so the consistency
condition (2.47) is trivially satisfied). Despite this the D = 4 gauge fields are not flat:

40— q r%Wg <
8 ZW2 4 2rdn?
Al =2 A°. (3.26)

dyp — ;cosﬁd¢> ,

It is worth studying the geometry of the D = 4 space M. First, note that the
metric and fields are clearly smooth everywhere outside p = 2r3. As p — 2r3, we have
2
Wi = % +o(p—2r3) and W_ = % +o((p — 2r3)?), so the metric and gauge fields are
3 3
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regular, so the topology is that of R*. On the other hand, near the conformal boundary
p — 0, we can introduce r = 1/p to find

ds? 2 e |9 e | g Lenag) s ass?
Sy~ T3\l 2 Q3W+T1m p—geosfdg) +ds (7)) | .
™

(3.27)
This is conformal to AlAdS, with boundary being a squashed three-sphere preserving SU(2) x
U(1) symmetry. This is consistent with the fact that the D = 4 scalar potential obtained
reducing minimal gauged supergravity is V(4) = 12/29, which does not have a minimum,
so there is no AdS; vacuum.
In order to study the supersymmetric structure, we introduce the D = 5 frame

1
El=-w_ e,
g 2

1
E2 — EW_%B sinf de,

2w
E3:}VV_B - 2n 2(d,u,—10089d¢) ,
a2 JEW 4 w2 2
E4 = ldi
gp
1 | B2 qrinw? 1
ES = \/W2 +@2r3W? [ dv + 3 (du - = cos@dqb) , 3.28
g\ dm2 T ’ %Wﬁ + ¢2rin? 2 (3:28)

which is consistent with (2.42), and the generators of the Clifford algebra

M23=—02Q®0123, Y=03R1Ly, yp5=01@12, 7y2345=1. (3.29)
The D = 5 supersymmetry equations for Euclidean minimal gauged supergravity are (cf.

appendix B)

1 i
0: Vm— 3 .Am o m 7]:71 mnp74577:l p] ’
{ V3igAn + 547 t 1A p(y )| x

1 i
0= |V + V3igAm — =g7m + —=Fnp(ym™ — 45" p]~. 3.30
[ + V/3ig 9m + s p(7 )| X (3.30)

With the choices made above, these equations are solved by

p%ei(ww) _ﬁﬁei(u+qV)

q2ze—ilu+av) —q/peiuta)

=M X=M/| ~or; i 3.31
X —pﬁei(lﬁ_qu) s X p%el(u-‘rqu) s ( )

_q\/ﬁe—i(u—i-qu) q%e_i(ﬂ'ﬂﬂ/)

where p,q,p,q are constants and M is the matrix given by
-1
f f £W+ + iq?“gW_ i
M = , f= 25 : . (3.32)
/ oWy — igr3V_
ffl
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Out of these spinors we can compute the D = 5 spinor bilinears (2.14). In particular,
in order to match (3.19) with e = &3 = ii, we restrict to the case

27rs
qﬁzLQ, p=q9=0, (3.33)
8mgrs
SO
S:_%irg’ K=a,+ (—q+127§3) 9. (3.34)

Moreover, we find that the Killing spinors y and X are charged under K and ¢, as required
in (2.16), with

ph— 8 QU= = QY. (3.35)
Trs

Q=

Note that this solution does not satisfy the reality condition (2.15), and indeed K is manifestly
complex.

We now consider the supersymmetry structure induced on the D = 4 solution with
metric (3.22) and fields (3.25), (3.26). The D = 4 frame is constructed from the D = 5
frame (2.42) via {e* = e *E%}, and the v matrices are the same as the above. It is
straightforward to check that the spinors € and € constructed from (3.31) as in (2.44) solve the
Killing spinor equations for the D = 4 model obtained reducing minimal gauged supergravity,
namely (using z/ = X7, 2/ = X!, which is consistent with (2.45) and (2.82)):

3i i QWY 0 .
Vu+ 4728,12175 — 19 <<_4g +6a | A, +64,

Pl QQ(@ 3% | 1 — 3i
—9122\/5% - T-i- 21 — 312275

zZ
e (221 = 8iz1%5) FS, + 315, | 7”%1 e, (3.36)

0=

16

20\/% , .
0= [ — QTﬁfy”p {FSp (=211 4 izoys) + Fl}p ]l] + " (Opz11 — i0u2275)

i 1+i(32 QQ(@ 3.37
—9\/5<22 +1<Z1— g)’YS)}G, (3.37)

3i i QWY 0 Ll
0= VM + 47228112175 + —q <<—4g + 6a AM + 6A,u

4
i1 QW
1 oY s )1 _ 3
94 22\/5’7“ (( g + 3z 312’2"}/5
\/ %2 . . v ~
+ 6 [(2211 — 3iz17s) FBp + 3175Fl,1p} ~ p’m] €, (3.38)

,25,



and

224/22 . .
- [21/»7 P [FBp (=211 +izos) + Fl}p ﬂ} + 9" (Opz1l —i0,2275)

i 1+i(32 2Q(€) € 3.39
- g\/—?2 2l 41| 3% — e 75 | | €. (3.39)
From these, we can construct the D = 4 bilinears (D.9), finding
B Boa ( B e 2>
- P=__" L
2mgrae 27Tge 27 Wi +iarsW- ) .
P >

=|- 0, . 3.40
e=(~a+iz—)o. (340

We then check that indeed the only fixed point is at p = 2r3, where S = — P, thus confirming
the negative chirality necessary to obtain a non-zero on-shell action, and the weights are

by =by = —q—+1i 5 We also immediately confirm the relations between the D = 5 and

27rs
D = 4 spinor bilinears given in (2.48), and compute the charge of ¢ under &, obtaining
1
QO =g—i-2 =0 (g1 A~ PP)QY = 09— 1O (3.41)
27rs g

as in (2.52). Moreover, we can compute the equivariant Chern classes ®/, confirming that
<I>(I) are not constant, but at p = 2r3

p

) =1 Py = —i
3% ) (8 1)) 137”,37

(3.42)

which is consistent both with (2.67) with x = 1, and with (2.77) with R"’ = 1.

Finally, we move to checking the rewriting of the D = 5 action given in (2.58). First,
we compute the contribution of the single fixed point at the origin of R*, which is given
by (2.72), and indeed, precisely matches (3.21). We are then left with the evaluation of the
“boundary” terms, the last four terms in (2.58), all of which are non-zero and separately
divergent. We evaluate them considering a cutoff spacetime {p > ¢} with boundary 0Ms and
induced metric h. For the first two terms arising from the BVAB theorem we get

1
87TG(5)

3mpry 7Brs(38? + 8w2q?r3)
AN A (P2 + @odn) = —
/8M<s> @i (et B 8g°G (50"~ 8¢°Gis) (87 + dn?qr) &2
B (1158* + 21607 g r5 + 12247°5%¢*r3 + 5127i3%grs)

_ Yo(1), (343
1728733G 5) (62 + 47r2q2r§)2 ) (3.43)

and
_M’/ WL S ULRE
167G (5) J My ! 8g3G (50" 8¢°G(s) (82 + 4m?g?r3) 6
76 (818% — 43274qtrd — 58472 32¢%r3)
1728r3g3G ) (8% + 4n2g?r3)

Yo(1),  (3.44)
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while the Gibbons-Hawking-York and counterterm actions give

oM 1 prs wors
Iy = K volj, = 3~ 1 3.45
GHY 87TG(5) OM; volp g3G(5)54 4g3G(5)52 +o(1), ( )
and
A / (39 +ipe L (E — Oy CF 8 F, ~]-“U> log 5) voly, + ASpew
() 87Gs) | Jou, 4q g J J
3rBr3 1778

G5 Tingas o(1). (3.46)

Here the counterterm action contains the logarithmically divergent Weyl anomaly expressed
in terms of the Euler scalar E, the Weyl tensor Cjji; and the gauge field, which vanishes for
this background. It also contains the finite counterterms ASyeyw, which can be found in [11],
to obtain a scheme that preserves supersymmetry. The total sum of (3.21) and these four
expressions does indeed match (3.3), confirming that indeed the rewriting (2.58) is consistent.

We also note that the boundary terms sum to zero when ¢ = 0, so they don’t contribute
to the untwisted reduction leading to the purely fixed point contributions in D = 4. It is
interesting to highlight, though, that each one separately is non-zero. In particular, the
integral of A4 is non-zero, essentially because of the term coming from the d *4) dA from
the reduction of the D = 5 Ricci scalar. More specifically, for AdSs the D = 5 gauge field
is flat, so the D = 4 gauge are related by A' = 3 A°, and the on-shell expression of Ay
given in (2.73) simplifies further to

e—G/\

Aslog =2 x4y FO N FO + 2g%e*voly + %zﬁ”FO AFOL. (3.47)
Thus, we see that it is non-zero even for the untwisted reduction along 0., where F° = 0.
Finally, we recall that the supersymmetric solution (3.1), (3.2) is the Wick-rotation of

Lorentzian AdSs, and its reduction satisfies the D = 4 reality conditions (2.81), though
not the original ones (2.80) used in [6].

4 The black hole

We now look at the complex solutions described in [13], which represent supersymmetric
complex non-extremal deformations of the supersymmetric extremal black holes of [43, 44].
The deformation away from extremality allows one to avoid the bulk divergence associated
with the infinite near-horizon throat. The topology of the D = 5 solution is R? x S3, and
supersymmetry is preserved via the Killing spinor being anti-periodic around the circle
shrinking at the origin of the R? factor, when considered in a regular gauge for the U(1)
gauge field.
We start by writing the D = 5 bilinear Killing vector as

K=0,+ 818901 + 828902 R (4.1)
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where (1, 02 are coordinates on S3, as in (3.5), and 7 is a coordinate on S!, the “thermal
circle”, with AT = Ap1 = Aps = 27w, As before, K is generically complex, with €1,e2 € C.
The horizon of the black hole is generated by

Vi = 0r, (4.2)

and note, in general, K # V7. Using a regular gauge for the U(1) gauge field, the anti-periodic
spin structure of the R? disc factor implies that the Killing spinor x satisfies

Lo.x = CR%)@ cp=*£1. (4.3)

Next, recalling (3.8), we also have

i i
Lojx=cigx,  Lo,x=cjox, ¢ =+l (4.4)

In contrast to section 3, we will compute the on-shell action for the black holes by utilizing
background subtraction, as discussed in section 2.6. We will take the background solution N5
to be the vacuum AdSs5 solution and then compute the on-shell action for different choices of
KK vectors ¢ using the specific formula (2.84). We first consider black holes in minimal D =5
gauged supergravity, before considering black holes with multiple charges in section 4.2.

4.1 Reduction with a p-twist using the thermal circle; minimal gauged
supergravity

We first carry out a KK reduction with respect to the Killing vector
(= g(20,+pd) , (4.5)

where p is an arbitrary integer. Doing so leads to a D = 4 base with topology M) =
O(—p) — S2. We shall see that the D = 5 on-shell action, regularized by background
subtraction, is independent of p. Note for p = 0 the reduction is simply along the Hopf
fibre in the S3, as done in [20, 21]. Interestingly, we find that in this case the contribution
from the subtraction manifold vanishes, and the black hole on-shell action (2.84) is recovered
solely from the fixed point contributions of M. As discussed around equation (2.78), we
proceed assuming we are in a gauge with EgAO = 0, and such that the gauge field is regular
at the fixed points, with £ = m,(K).

Given (4.3)—(4.4), the charge of the D = 5 Killing spinor y with respect to ¢ is given by

Q" =% (per +2¢5) | (4.6)

where recall that the charges in (4.3)—(4.4) are fixed by assuming a regular gauge for the
D = 5 gauge field. To proceed, we introduce periodic coordinates u, v via

T=prdp, =2, (4.7)
with Ay = Av = 27, In the new coordinates we have

0 =4q0,, (4.8)
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and so from (2.18) we have Ax® = 27g~!. Also, the D = 5 supersymmetric Killing vector
is given by

€1+ €2

K- (1 _at 62])) By — (e1 — £2)05 + 5, . (4.9)

2

The pushforward of I, £ = 7,(K), can then be read off from (2.48). In order to compute
the weights of § at the fixed points of M, we first diagonalize the U(1)? action at (say)
the south pole of the zero-section S? C My = O(=p) — S2. This leads to the coordinate
transformation

O =0+ 500, Dy =0s, (4.10)
where Ay; = Ay, = 27, so that we have
£=—(e1—€2)0y, + (1 —e2p)0y, . (4.11)
In this basis we then have the standard toric data for this manifold [5]:
= (-1,0),  #=(0-1), @&=(1,-p. (4.12)

Here ¥ = —0,, rotates the fibre of O(—p) — 52, fixing the zero-section, while ¥y = —0y,,
Uy = 0,, — pd,, rotate the tangent spaces in S? at the south (6 = m) and north (6§ = 0) poles,
respectively. As explained in [5], the weights b,JL»V’S of ¢ at the fixed north and south poles
can be computed from the toric data. Given (4.11), (4.12), these are

(b1, 02)

det(t, £), det (w7, €))

14+e1p,—e1 + 82)
det (71, §), det(tp, §))
€1 — &2, —1 4 e2p).

4.13
(b5.55) = (4.13)

(—
(—
(—
= (
Notice that, when &1 = €9, the S? becomes an isolated fixed surface, i.e. a “bolt” for the D = 4
supersymmetric Killing vector £. The fixed point contribution to the action is then evaluated
using the bolt formula in (2.72). Noting that the 1 — 2 limit is smooth, in the sequel we
assume €1 # €2, noting that the “bolt limit” can be easily recovered, as explained in [5].
Next, from (2.77), we have that g®) at the fixed points give the weights of the lift of

§ in M), i.e. K. The circles generated by ¢2 and (1 degenerate at the north and south
poles, respectively, so from (4.1) we have

g<1>8’N —e1, 9B == (4.14)

Since we are working with Euclidean D = 5 minimal gauged supergravity, the constraint (2.67)
uniquely determines (i(l), and the fixed point contribution to the action is simply given
by (2.72). Specifically, from the constraint we have

[— kn(=1+ e+ (1 — e2)xw) + (per +260)e ] s

W =W =

|~ ss(e1 — 2+ (1 — e2p)xs) + (per + 2¢5)e2] -
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Note that these are invariant under the following symmetry

K§ 4> —K§, XN,5 > —XN,S, E124> —€12, D —D, Cjé> —CJ. (4.16)

The KK reduction introduces the signs xkn, s, Xn,s, in addition to the signs cg, ¢ associated
to the charge of the original D = 5 Killing spinor under the U(1)3 isometry, (4.3), (4.4).
These signs are not all independent: some are related, as explained in [5], and some may
be absorbed via coordinate redefinitions and choices of convention.

In order to analyze this carefully, we begin by recalling from [5] that to each edge 9, of
the toric diagram, a = 0, 1,2, we have an associated sign o, € {£1}. The latter specifies
(twice) the charge of the Killing spinor under the U(1) subgroup defined by ¥,, which must
be +1 in order that the spinor is non-singular along the subspace corresponding to that
edge. This data is related to Kn,g, XN, Via

00 =—KS, 01=—KN, 02=—XNO1, (4.17)

where xyg = —0go1, xN = —o1092. In particular, it’s immediate from these relations that
KN = —XSKS-

Further constraints on the signs are most easily fixed by looking at the gauge field fluxes.
These are given by (4.13), and we apply the BVAB theorem on the equivariantly closed

form @?F) = FA + &) to obtain
1
A A A
=————(g® —gd . 4.18
el CLURE L) (4.18)
From (2.66), it follows that the D = 4 R-symmetry gauge field flux is constrained by
1
O = ——— [an (o) — xwb)) — s (b5 — xsb5)] - (4.19)
(1 —&2)

Substituting the weights (4.13), together with the relation Ky = —xgsksg, (4.19) reads

CXL)PA = —rs(l 4+ xnXxs + xsP) - (4.20)

Now, substituting the FI parameters (2.38), this can be re-written as:
4 .
—EQ“)pO +6p" = —rs(1+ xnxs + Xxsp) - (4.21)

We can then choose a' = —p!/p°, such that p' = 0 (recalling that these combinations
are invariant under the redundancy in the reduction ansatz (2.25)). On the other hand,
pY is proportional to the Chern number of the KK bundle over S?, as noted below (2.63).
Since Az’ = 2rg~!, it must be that p° is half the Chern number. To compute it, we

substitute (4.14) in (4.18), obtaining
1
p? = -5 (4.22)

Note that this relation gives the same Chern number as the Hopf fibration over S2, which is
precisely as expected for the “p-twist” we have done. Substituting this value for p®, along
with Q) from (4.6), into (4.21), we find

pcr + 2cy = —Iis(l—i—XNXS—i-XSp). (4.23)
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We thus conclude that xxxs = 1. This is consistent with the fact that when €1 = €9, which
is associated with D = 5 black holes with the two angular momenta equal to each other, the
reduction along the (p = 0) Hopf-fibre direction is then known to lead to supersymmetric
D = 4 static solutions with R? x S? topology, that preserve supersymmetry via a topological

twist (see also [45]). We also observe that ky = —xsks = cg and kg = —c;. Thus, we have
XN = XS = CRCJ, ks = —CJ, KN = CR . (4.24)
In terms of the sign variables o, in (4.17), these are 0y = 09 = ¢j,01 = —cp.

Taking these signs in (4.15), we may now evaluate (2.72). A short computation shows
that the contribution of the D = 5 on-shell action in (2.84) from M is given by

10 M) = IENN + I0s (4.25)
where
I(F41)3N _ in? en [1+4 crey(er +&2)]? 7
54¢3G5) ei(e1 — e2)(1 — per) (4.26)
PP ir? [1+ cres(e1 + e2)]? '

Iipng =— .
48 54Q3G(5) CREQ(El — 62)(1 - p€2)

In order to carry out background subtraction, we next need to compute [ (}1}; [N(4)]. Here
N4y arises by starting with N(s) being the AdSs vacuum, with the same D = 5 supersymmetric
Killing vector K in (4.1). We perform the same KK reduction with respect to ¢, which we
remind the reader is

0 = g(20y + pdy). (4.27)

Note the difference with the KK reduction of the AdS5; example considered in section 3 in
equation (3.15). Equations (4.3) and (4.4) for spinor charges hold as before, and hence so
does the expression for Q) given in (4.6).

We then compute I (111)3 [N(4)] using D = 4 localization with respect to the D = 4 super-
symmetric Killing vector § (4.11). Dimensional reduction of AdSs gives Ny = R*/Z,, for
which the toric data is specified by (in the conventions of [5])

To=(~1,0), & =(1,-p). (4.28)

Notice this is the toric data (4.12), where the old vector ¥, has been discarded (corresponding
to collapsing the S? horizon of the D = 4 black hole/black bolt), and relabeling vy +— .
We can then correspondingly immediately identify the signs for this KK reduction of AdSs:
K = —09 = kg = —cj, X = —ogoa = —1. In particular, notice that the chirality of the
spinor is fixed to be negative,'! independently of other unfixed signs that may be specified
freely. The geometry has a single fixed point at the origin of R*/Z,. It follows that the
weights of £ (4.11) at the fixed point are given by

b1 = —1 det(ﬁl,ﬁ) = —1 +eé1,

p p

1

. (4.29)
by = —det(ﬁo,ﬁ) = ——+¢é9.
p p

"That it is negative rather than positive can be traced back to the fact that we took both signs in (4.4) to
be cj, rather than ¢y and —c.
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Again, ®J at the fixed point is given by (2.77). Since the entire S® degenerates at the centre
of AdSs, from (4.1) we have

=, (4.30)

(I)O
g 0 centre p

where the order of the orbifold group appears, as the complex line bundle L is now over the
orbifold singularity at the centre of R*/Z,. Finally, the constraint (2.67) uniquely determines
Cfé at the fixed point. Collecting everything, we find that I (%) [N4)] using (2.72) evaluates to

in2 [l 4+ crey(er +e2))
IFPIN ] = ¢ 1 [ RCJ 2
& W) "54g3G(5) (1—pe1)(1—pe2)

(4.31)

Thus, we find that the total D = 5 action, using background subtraction as in (2.84),
leads to

Total _ . in? (L+ei+e)® (L+erter)
(5).bs R54&'13G(5) e1(e1 — €2) e2(e1 — €2)
im2 [1—|—CRCJ(€1+€2)]3
= - . 4.32
Cr 2g3G(5) 275162 ( )

Before discussing this expression further, we note that to use (2.84) we require the
vanishing of the A4 contributions for both M4y and N(4). As discussed in section 2.6, this
requires A4 to be globally defined (and hence exact) on both M4 and N(y). First, from the
reduction of AdSs5, we have Ny = R4/ Z,, on which any closed two-form is exact. Next, for
the black hole, in the regular gauge Vi - A vanishes at the horizon, where the IR? disc factor
smoothly caps off. It follows that A is a globally defined one-form, and so is A, as noted
below (2.27). This shows (2.29) is globally defined, which implies that A4 is exact on My).
We thus conclude that (2.84) is valid for this example, for any choice of /.

Notice that all p dependence has dropped out of the final result (4.32). We also notice
that the first expression is in the form of gravitational blocks [46]; for p = 0, when the KK
reduction is just with respect to the Hopf direction, the contributions are coming from the
north and south pole fixed point contributions to I (F4§) [My)] (with (F41)3 [N4)] = 0). When
p # 0 the gravitational origin of the block formula is more obscure, although formally the
additional contribution of I (11];’ [N(4)] appears as another “gravitational block,” as part of the
way the on-shell action has been regularized.

We have recovered the correct expression for the on-shell action, suitably regularized,
to be dual to the supersymmetric index of the dual SCFT. For example, we can compare
with e.g. [38], where one should identify

Og <> —CJjé1, Tg <7 —CJ€2, (4.33)
and introduce A,4, which satisfies!?

0g+ Ty — 30y =cRr. (4.34)

2To compare with [13], note that wihere
3

Total __ 27 @ . . _ o .
I(5>,bs = Fag, men with constraint wi + wa — 2¢ = 27ickg.

= 2rig,, W™ = 2rir,, and ™M™ = 37iA,. We then have
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With this constraint imposed, (4.32) is then equivalent to
2 3
Ay

Total __ 1

= 9 4.
61 = 2g3Gig) 7y, (4.35)

We remark that the sign cg = £1 in (4.34), associated to the two “branches” of solutions [38],
is precisely the discrete data specified by the charge of the D = 5 Killing spinor with
respect to Vi (4.3).

At this point it is interesting to compare with the recent results of [17], where the odd-
dimensional generalization of the BVAB theorem given in [16] was used to localize the same
black hole action in D = 5 minimal gauged supergravity. The method consists of constructing
a polyform using the D = 5 supersymmetric Killing vector, £° which is equivariantly
closed with respect to another arbitrary Killing vector field Xt Subsequently, their
localization is performed with respect to X" Our approach is inherently different, in that
we perform a dimensional reduction with respect to an arbitrary Killing vector ¢, and localize
with respect to the D = 4 supersymmetric Killing vector £. Interestingly, the two localization
computations can be matched, term by term, if the arbitrary Killing vectors in the two
prescriptions are identified. Note our (7, ¢1, p2) basis is equivalent to their “¢-basis”, in which

gghere _

1 .
g%here - 7(_0‘}17 —w2, 27T1) )

B
(—wa, 27, —wq) . (4.36)

(—2mi, —w1, —w2) ,

gghere _

R~ | =

Xthere

Next, we identify the arbitrary vector in their prescription with our KK reduction

vector £ = (p,1,1). Specifically, we have
X = (-p,1,1), X{"=(1,1,p), X§°=(1p1). (4.37)

It follows that (see (4.25) there)

1 there L3 (27— wp —w2)?
— L X]| = : )
167T1G(5) 54G(5) w1(27r — 1pw1)(w1 — WQ)
1 2L3 2ri — _ 3
: Ighere[X] - _ T ( m - w1 w2) , (4.38)
167T1G(5) 54G(5) CL)Q(27T — IPWQ)(Wl — CL)Q)
1 here | = TL? (2mi—w —w2)?
167iG (5 ° ~ 108G (27 — ipwn) (27 — ipwn)”
Each line in (4.38) agrees with our I (I“ZS’N, 1 (F41)3 g, and [ (F41)3 [IN(4)], respectively, where one should
identify
wibere s _omie; Wil o —2miey, (4.39)

and set cg = ¢;j = 1.

4.2 Spindle reduction; multi-charge black holes

Families of supersymmetric extremal Lorentzian black hole solutions are also known in D =5
gauged supergravity coupled to an arbitrary number of vector multiplets [25, 47]. To deal
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with the infrared divergence associated with the AdSs factor in the near-horizon, one can
compute their on-shell action using the limiting procedure presented in [13], which requires
constructing a non-extremal, supersymmetric (and complex) deformation. For the U(1)3
model, this could be obtained using the non-supersymmetric, Lorentzian (and real) black
hole solutions with two angular momenta and three electric charges found in [48], but this
has not yet been done. However, when two angular momenta are equal, such deformations
have been constructed and analyzed in [49] using the Lorentzian solutions of [50, 51].

Here, we use dimensional reduction and equivariant localization to find the on-shell action
of supersymmetric solutions with topology R? x S% and U(1)? isometry in D = 5 gauged
supergravity coupled to an arbitrary number of vector multiplets, finding

51 5J HE
JTotal _ _ ir? Cryc P00 %0 ’m
(5),bs 2G(5) 6 £1€2

(4.40)

generalizing (4.32) for minimal gauged supergravity. As we will remark at the end of the
section, after using some generalization of the “UV-IR” relations of [6], this result is consistent
with field theory conjectures in the literature.

In the previous subsection, we have shown that for minimal gauged supergravity we obtain
the D = 5 on-shell action solely from fixed point contributions, given that one performs a
reduction along the Hopf direction in the S3, by setting p = 0. We therefore anticipate that
we can obtain the on-shell action for the multi-charge black holes in the same way. While this
is indeed the case, instead of considering ¢ to be a Hopf reduction, where the KK reduction
vector is simply ¢ = 2g0,, we perform a reduction along

0= g(nx0,, +nsd,,). (4.41)

with ny,ng € N and coprime; setting ny = ng = 1 returns to the Hopf reduction. Reducing
along this Killing vector we obtain a spindle black hole in D = 4 with topology M =
R? x W(C]P[lnN’nS}, and accordingly we will refer to this as the “spindle reduction” in the
sequel. Interestingly, as in the Hopf reduction, we find that there is no contribution from the
background manifold N4 obtained by doing a spindle reduction of N5y = AdSs; it would be
interesting to know if this is the most general Killing vector ¢ with this property.

We start by considering the following coordinate transformation [52]:

V= mgp1 — mNp2, W=nNp2 —ngpr, (4.42)

where my, mg € Z are any solutions to nymg — ngmpy = 1, which exist by Bézout’s lemma.
As before, the coordinate transformation is such that in the new coordinates we have

(=qd,. (4.43)

Given (4.4), the charge of the D = 5 Killing spinor y with respect to ¢ is then given by

nN +ng

QY = gc; 5 (4.44)
The D = 5 supersymmetric Killing vector (4.1) reads
K =0; — (e1ns — eann )0, + (e1ms — eamn )0, , (4.45)
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and from (2.48) it follows that

§=0r— (e1ns — e2nn)0y, (4.46)

1

[annS] . In

where 9, rotates the R? direction, and Oy generates azimuthal rotations of WCP

1
[nn,ns

U = (-ng,0), @ =(0,-1), ¥ = (ny,0). (4.47)

the conventions of [4], the toric data specifying R? x WCIP | is given by

Using the above data, one can now compute the weights of £ at the fixed points, located
at the north and south poles of WCIP

1 .
[nn,ns]*
(b1, b3") = (— det(i2, §) /nn, det(i1, ) /ny)

. 1 Eing — eanNN
B <_ " nw > ’
(bigv bg) - (_ det(ﬁl7§)/n57 det(7707§)/n5)

. E1Nng — ENN
- val ’

(4.48)

where now the orders of the orbifold singularities appear, given by ny = det(¥;, ¥2) and
ng = det (%, #), respectively. Finally, by (2.77), ®) at the fixed points are the weights of
the lift of £ in M5), that is, K. The circles generated by (o and ¢1 degenerate at the north
and south poles, respectively, so from (4.1) we have

g €9
Y = — Y =—= 4.4
g O‘N an g O‘S ns? ( 9)
where, again, the complex line bundle L is over fixed points with orbifold singularities, thus
dressing the weights of K by ny,ngs.
Collecting everything, we can now evaluate the fixed point contribution to the on-shell

action, using (2.68), to find

b bg P

i

I My] =12 G [‘fé%’i’é{

®F

] , (4.50)
S

1
4G(5) 6 E1ng — E9NN N

where we have yet to substitute in (4.49). Before we do that, we pause to consider the flux
of the gauge fields through W(C]P[lnmn sl Applying the BVAB theorem on the equivariantly
closed form @?F) = FA + @)}, we have
1

2(eing —eany)

ph=— (s8], — a9f],) - (451)

Moreover, using (2.66) we find that the R-symmetry flux gauge field is constrained by

(4), A 1 N N s s
= — — — . 4.52
CA'P T (ﬁN(bl xnby' ) — kg (by Xsz)> (4.52)
To ensure that the spinor is globally defined on W(C]P’[lnNm s]» We require Ky = —XgkKg
(cf. (4.17)). Substituting the weights, (4.52) then reads
COpA = g MY T XNXSTS (4.53)

nyns
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Now, substituting the FI parameters (2.38), this can be re-written as:

4 " ny + n
~2QUR0 4 (W = g N T ANXSTS (4.54)
g nNn"s
where notice that both sides of this equation are invariant under the redundancy (2.25).
Utilising the freedom to choose the flat connection piece in the reduction ansatz (2.22), we
now set a’ = —p’/p°, such that p! = 0. Next, substituting (4.49) into (4.51), we find
1

0
= — 4.55
Tl (45)

which is half the Chern number of the reduction fibration, as expected. Substituting in (4.54)
the flux p°, and QW) from (4.44), we deduce (cf. (4.24))

XNXs =1, Kg = —CJ . (4.56)

The first condition implies that supersymmetry is preserved via a topological twist.
Turning back to (4.51), from p/ = 0 we have

51
(I)O

(4.57)

Therefore, the constraints on the fluxes allow one to rewrite the fixed point contribution
to the on-shell action (4.50). For our choice of ¢ we get no contribution from background
subtraction so the full on-shell action is then

51 &HJ HEK
_ im? Crikx (I)Oq)O(I)O IR
2G(5) 6 E1€2

It = I [Mg)) = (4.58)

A field theory-based conjecture for the on-shell action of the complex deformations of
multi-charge black holes was made in [14], finding an entropy function I given by

im2 Crik AéAgA{f

- 2g3G(5) 6 ogTg

I (4.59)

with the variables explained below. It was proved in [49] that the Legendre transform of (4.59)
leads to the entropy of the supersymmetric extremal black holes of [25, 47], provided the
variables are constrained by

0g + Ty — (1A = cR, (4.60)

where, recall cg = +1. For a number of SCFTs with holographic duals, this expression for
the entropy function (4.59) has been recovered by computing the Cardy-like limit of the large
N limit of the superconformal index (see [53] for a recent review of the results).

We now compare our result (4.58) for the on-shell action of the complex deformations
of multi-charge black holes with the field theory conjecture in (4.59). Given that o4, 7, are
chemical potentials conjugate to angular momenta, we may identify

Og <> —CJé€1, Tg <7 —CJE2, (4.61)
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as we did in (4.33). While the identification is relating bulk and boundary quantities, such
an identification is natural: while 1 o are associated with angular velocities of the black
hole, they are also off-diagonal components of the boundary metric on OM5) = S Ix S8 It
is then suggestive that we should also identify
gd! ’m = -AL, (4.62)

such that (4.58) agrees with (4.59). However, we should note that CféhR are IR fixed point
quantities, whereas Aé are associated with UV background holonomies of the boundary
gauge fields. In the context of AdS,/CFTs, novel “UV-IR relations” were constructed by
considering submanifolds of topology R?, whose boundary ends on M, = M3 [4, 6]. This
can be generalized to the present setting, and for constant holonomies this will lead to
a precise agreement with the field theory conjecture. Black hole solutions may also exist
when the holonomies are not constant and this leads to more intricate UV-IR relations,
as discussed in [4, 6].

At this point, it is interesting to highlight the role of the constraint (2.67), which is a
constraint on the IR fixed point quantities. Using the values of Q) ®Y| N5, and the weights
(biv’s,bév’s) computed above, the constraint (2.67) (at both poles) reads

gg}éé‘m = CR-i-CJ(El —I—Eg), (4.63)

with xy = xs = crcy. Under the assumption that the suggested identification (4.62) is true,
this is precisely equivalent to the field theory constraint (4.60). It is remarkable that this
constraint can be derived from (2.67), just assuming that the solutions exist.

5 Final comments

We have presented a formalism which allows one to compute the on-shell action for super-
symmetric solutions of D = 5 gauged supergravity coupled to n vector multiplets using
equivariant localization. In addition to the D = 5 R-symmetry Killing vector X, the ap-
proach requires the existence of an extra Killing vector ¢, which we assume to be nowhere
vanishing. We use ¢ to carry out a dimensional reduction to a D = 4 gauged supergravity
coupled to n + 1 vector multiplets. We then deploy the results of [4, 6] for computing the
D = 4 on-shell action using equivariant localization. We showed how the formalism can be
used to recover the on-shell action for the Euclidean AdSs vacuum solution with S x §3
boundary, recovering the known result for the supersymmetric Casimir energy, and also for
the complex locus of supersymmetric black hole solutions of [13], obtaining expressions for
the supersymmetric index of the dual SCFT.

For D = 4 gauged supergravity, the on-shell action can be expressed entirely in terms
of the fixed point data of the R-symmetry Killing vector [3, 4, 6], which is a remarkable
result. Specifically, this allows one to compute the on-shell action after just inputting some
topological information regarding the R-symmetry Killing vector and the fixed point set. By
contrast, things are considerably more involved for D = 5 gauged supergravity. A key issue
is that using the BVAB theorem in the D = 4 KK reduced space My gives rise to boundary
terms on dM(yy (as in (2.58)), as well as a contribution from integrating A4 = dAsz, with A3
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(as in (2.28)) not globally defined or gauge invariant, in general. Determining exactly when
these terms contribute to the D = 5 on-shell action for particular classes solutions, and how
to carefully deal with A3 globally, are important open issues that we hope to return to in
future work. The origin of the gauge dependence of Aj3 is associated with the Chern-Simons
term in the D = 5 action, and so resolving this issue will certainly involve anomalies of the
boundary theory. Similar issues will also arise in the approaches of [15, 17].

For the example of the AdSs vacuum solution, using the supersymmetric boundary
counterterms of [10, 11] we have shown there exists a choice of KK reduction vector ¢ whereby
the computation of the D = 5 action is entirely given by contributions from the fixed point
set of the D = 4 R-symmetry Killing vector on M4). However, for other choices of £ we have
seen that there are additional boundary contributions, and the formalism appears to be less
useful. We do not have a good understanding of what characterizes the special choice of ¢
that leads to just fixed point contributions in this example. More generally, given a class of
solutions, it would be most desirable to know a priori whether or not such an ¢ exists.

For the black hole example, we used a background subtraction technique to regulate the
D = 5 action; although less satisfactory than holographic renormalization, this can be a
helpful pragmatic approach. After discussing some additional assumptions, we presented a
concrete prescription for computing the D = 5 on-shell action using localization in (2.84).
For the black hole solution, (2.84) gave the correct result for the D = 5 on-shell action to be
identified with the supersymmetric index of the dual SCFT. Moreover, for this example, we
showed that the result for the action was obtained from fixed point data (both in M4 and
Ny in (2.84)), for various choices of ¢, including reductions on the Hopf fibre, reductions on
the Hopf fibre twisted by the thermal circle, as well as a spindle generalization of the Hopf
fibre reduction for which M) has a different topology than the other two reductions. It would
also be interesting to have a better understanding why in this example all of these different
reductions just involved fixed point contributions. More generally, given a class of solutions, it
would be most desirable to know a priori when (2.84) will compute the correct physical result.

With the above comments in mind, our formalism can nonetheless be used to construct the
on-shell action of other classes of solutions with different topologies, either using holographic
renormalization or background subtraction, and we aim to report on this in the future.

The results we have obtained are relevant for arbitrary D = 5 gauged supergravity
theories coupled to vector multiplets. In a few cases, these theories arise from a consistent
KK truncation of D = 10, 11 supergravity. For example minimal gauged supergravity can be
uplifted on an arbitrary SFEs manifold [54] or an Mg solution of [55], as shown in [56]. In
addition the STU model can be uplifted on S® to D = 10 [57]. In such cases our results for
the D = 5 on-shell action-immediately lead to an associated exact result for the corresponding
D = 10,11 solutions. However, in the D = 4 context it was argued that one can obtain
exact top-down holographic results even if there is not a consistent KK truncation and
some concrete examples were discussed. Without a consistent KK truncation one should
be studying the lower-dimensional gauged supergravity coupled to an infinite tower of KK
multiplets and yet it seems that the latter are not relevant for computing the on-shell action
via equivariant localization, at least for some examples. While we hope that a general proof
of this can be obtained, it is natural to conjecture that the same is also true for computing
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the D = 5 on-shell action. In particular we anticipate that our result for the on-shell action
for multiply charged black holes in (4.58) will be an exact result for infinite classes of SCFTs
with holographic duals.

Finally, it would also be interesting to incorporate hypermultiplets into the formalism as
well as higher derivatives. In particular, the latter would help to clarify the puzzle highlighted
in [58], where a D = 4 fixed point result obtained via dimensional reduction was shown to
disagree with a direct D = 5 computation.
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A Conventions

A.1 D =5 Lorentzian

In D =5 with Lorentzian signature a basis of Cliff(1,4) is given by I';,, satisfying

I}, =TI,
rl =cr,ct, ¢ =-c,
T}, = —BrlwBrt, B, =icr?, (A.1)

with BY = —Br. The charge conjugate of a D = 5 spinor \ is defined by

¢ =B I\ =ir%Cc i, (A.2)
and we have
Ao = (\5)Te = —iar?. (A.3)
On CIliff(1,4) we take
LCotosa =1, (A.4)

SO le,_,ms = i€m1-.-m5 with €gio34 = +1.

A.2 D =5 Euclidean
In D =5 with Euclidean signature a basis of Cliff(5) is given by ~,, satisfying
T

Tm = Tm
vE = CymCt, cr=—c, (A.5)
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The charge conjugate spinor is defined by
N=B N =—c, de=(\9)Te=)T. (A.6)

We obtain the 7, from the Lorentzian I',, via 71234 = I'1234 and 75 = —il'g and
so on Cliff(5) we take

Y2345 = 1, (A.7)

and €, m; = +1. Notice also that we can use the same C in both the Lorentzian and
Euclidean theory, but Bg # Br, and so one cannot identify A\ with A°.

A.3 D = 4 Euclidean

In D = 4 with Euclidean signature a basis of Cliff(4) is given by 7, satisfying

V=,
=Cy.C71, ¢t =—c, (A.8)
v = BevuBg', Bp=—C.

The charge conjugate spinor is defined by
N=Ba=—c7, xe=00. (A.9)

We obtain the D = 4 Euclidean v, from the D = 5 Euclidean ~,, via y1234 = 71,234
and notice from (A.7) we have 75 = 71727374 and so 75 is also the D = 4 chirality matrix.
Notice also that we can use the same C in both the D = 5 and the D = 4 Euclidean theories.

B Minimal gauged supergravity

Here we briefly discuss the special case of D = 5 minimal gauged supergravity, connecting
with the conventions of [24]. We focus on the D = 5 Lorentzian theory.

The minimal case is when there are no vector multiplets, so n = 0. The only bosonic
fields are the metric and a real gauge field A'. The real scalar Y is a constant. Without
loss of generality we can take

2
yl=1, =3, Al="—4 B.1
Cl \/§ ( )
The D = 5 Lorentzian action (2.2) then takes the form
1
= 12¢° — F?) vol A
167G (5) /M(S) KR ti2g -7 )VO ®r- \f}— 7 A} (B-2)

with F2 = F,,, F™". This theory admits an AdSs vacuum with radius L = g~!. We have
W5 = 3 and the Lorentzian Killing spinor equations (2.7), (2.10) become

0= { — V3igA,, + gFm + —=Fnp(Tn"? — 45%1“”)} X

4{ Fup

1

0= [vm +V3igA,, — 3

Fp(To™® — 45;;rp)} X (B.3)
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To match [24], which had the opposite signature, choose
Xthere _ 2\/§Q, (,Ym)there _ (irm)here ’ grirs?];elre — _ggfée ] (B.4)

Note that in [24] they used €. .ms = (Ymy...ms )" with £o1234 = +1 and with (7,,)there =
(—iT,, )P this is in agreement with (A.4).

C Bilinear relations in D = 5

In this appendix, we consider a supersymmetric solution of the D = 5 Euclidean supergravity
theory with bosonic action (2.11). Such a solution supports two non-vanishing Dirac spinors
x and Y satisfying (2.12) and (2.13). We also define bilinears as in (2.14):

S=xx. K"=xX7"x,  Unn = iXVmnX- (C.1)

Note that in absence of any choice of “reality contour” for the spinors, each of these bilinears
is complex. Using Fierz identities, one checks that

S2 = K, K™, 482 = U™, SU = —]CJ*(5)U. (02)

From the equations derived from the variations of the gravitino, we find that K is a
Killing vector, and that

dS = ik 2 (Y1Fh),
dK’” = —%QW@ U +iK 0 (x5 Y1 F) + 21S Vi FT
dUd =0. (C.3)
From the variations of the gaugino, we immediately see that Lx¢’ = 0, and that
Sd¢' = %igiﬂ'ajyf (KoFh, (C.4)
as well as
ig;de? AK” = —gdWis)U + gam(s.rf — %) (K" A ff)) . (C.5)
Combining these equations, we find that
d(Y1S) =v1ds + 9,Y! Sd¢/
=i (YIYJ — ;gijajyfanJ> (KoF7). (C.6)
However, it follows from the definitions of the sections and metric reviewed in section 2.1 that
;Y = —%Gl 0.y g9yl =Gl — ;yfw, (C.7)
which allows us to conclude that

d(Y!S) = —ik o FL. (C.8)
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From this, it follows that LxF! = 0, so the vector K generates a symmetry of the entire
solution. Moreover, the following polyform is equivariantly closed

ol = Fl +ivls, (C.9)

satisfying (d — K2)®! = 0.
Although not used in this paper, one can also construct an equivariantly closed extension
of the D = 5 on-shell action,

= P5+ Py + Py, (C.10)
with
D5 = —§g2V(5)V01(5) + %GU ) FIANF! + éCUK]-"I NFT A AR,
Py = ;igW(g,) x5y U —1VIFTAK + gGUcbé x5 F + %CUchg FInAK

d =8 (/cb - gGU@{JAJ) : (C.11)

where we have introduced ® =1iY’S from (C.9), and to show equivariant closure with these
representatives, we needed to choose the gauge

KoAl = -], (C.12)

which we remark is the same gauge that was chosen in the analysis of the minimal theory

n [24]. Notice that, in general, the expressions (C.11) depend on the choice of gauge for
AL but are otherwise globally defined. We can also write an alternative expression for ®3
to emphasize the relation with Wald’s formalism [59], already highlighted in [6]. In fact,
recalling that the D = 5 gauge equations of motion represents the conservation of the electric
current (associated to a Page charge)

0=dxg |GrsF’ + i #(s) (CraF! A AK)} =d x5 Jr, (C.13)

we can write
Dy = — x(5) A" + 28 *(5) J1 — éCUchg FI A AKX, (C.14)
Finally, we also comment on the relation with the equivariantly closed extension of the

D = 5 on-shell action appearing in [15] for ungauged supergravity (i.e. ¢ = 0) and for
non-supersymmetric solutions. First, note that we can rewrite the forms in (C.11) as

2
Ps = g (—g2‘/'(5) V01(5) + ]:I AN *(5)jj) ,
2.
D3 = 3 (1gW(5) *(5) U+ (I>6 *(5) Jr+vr A .7:I> ,
2
¢ = ch)(I)yI, (C'l5>
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with

3i 1
vy = —5 (Y[}Cb — GC[JKq)LO]AK>
i 1
= e (32‘1’5 K + AK> , (C.16)

where we have used (2.41). These correspond to (4.55) of [15], provided we identify
G}here — *(5)j[, (—§JAI + Cl)there — ‘P(I], (017)

and set ¢ = 0. The Killing vector £ of [15], should be identified with the D = 5 R-
symmetry Killing vector K. Here, for supersymmetric solutions, we have found canonical
expressions for the forms ®5, ®3, ®; appearing in [15] in terms of Killing spinor bilinears
and supergravity fields. The authors prove that their expression for ® is equivariantly closed
provided the following conditions hold

dl/[ — (gJGI)there, (gJVI)there —=0. (018)

We note that with the expression (C.16) for v; and using ™' = K, the first condition holds,
and the second one is implied by (C.12). Conversely, from (C.16) we have

YI(/CJV[) = —G]JYIS (‘I’OJ + ICJ.AJ) , (C.19)

using (2.41), which implies (C.12) provided we can take Y/ # 0. Moreover, when combined
with (C.17), this suggests that (c!)t™her® = 0 if we choose (£)*h*® = K. We remark that this
condition is different from the choice of constants (c’)*™*® used in [15], which was justified
by the choice of setting to zero the boundary contribution to the action.

A solution of the Killing spinor equations transforms in a one-dimensional irreducible
representation of the U(1) symmetry generated by I, so we can take y to transform with
definite charge Q:

1
'CICX = ]Cmva + g(dlcb)mnfymnX7
=iQyx. (C.20)

To compute the charge Q, we take the product with Y, use the Killing spinor equation (2.12),
and substitute (C.3) and the relations (C.2), finding

Q= %QCI (chAf + @5) . (C.21)

It is straightforward to check that the charge of ¥ is Q = —Q. Notice that in the gauge
chosen in (C.12), we have Q = 0. In the D = 4 context, the analogous gauge condition that
gives rise to the vanishing of the charge of the Killing spinor was called a “supersymmetric
gauge” [6], which is generically a weaker requirement than (C.12).
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D D = 4 Euclidean supergravity

In this appendix, we review some useful formulae for D = 4 Euclidean supergravity coupled
to an arbitrary number of vector multiplets, as constructed in [6].

We consider Euclidean D = 4, N/ = 2 gauged supergravity coupled to n + 1 Abelian
vector multiplets, with n +2 Abelian gauge fields A*, A =0,...,n+1, and 2(n + 1) complex
scalar fields 2! and 2/, I = 1,...,n 4+ 1.2 On the manifold parametrized by the scalars
we define a (Euclidean) Kéhler potential K(z, %), 2(n + 2) sections X*(z), XA (%), and we

assume the existence of a prepotential F = F(X) with Euclidean counterpart F(X). They
are related by the constraint

e (XAN oF XA) =t (D.1)

axA  9xA

From the prepotential, we can construct the matrices representing the kinetic and 6 terms
for the gauge fields as follows

| PF 0*F
Nps = —i — == )
OXMOXE  HXAYXE
O2F NppXFNspXT
NAE = g = 1 = )
0XA9XE N=p XEXI
— 02 F NypXPNsrXT
NAE - A 5 1 =_ = )
OXAoX N=pg X=X
Ras = L (NAE +NAE) Ips = $ (NAE _ﬁAE) : (D.2)
2 ’ 21

Finally, we need the n + 2 Fayet-Iliopoulos parameters for the gauging, C/(\4), which we assume
to be real, and enter the action in the scalar potential

Vi = (PcPek (g’7 ViXAVXT - 3XAXE) , (D.3)
where gﬁ = 818J~IC, and
VXt =0 x*+o KXY, VXY =0 XN 4o XN (D.4)
The bosonic part of the action is written in terms of these quantities:

1

Ig 57 3
Iay = —167rG(4)/ l (R ~26,50"210,2" — ¢V (=, Z)> vols

. .
+ 5T PN AT - %”RAEFA AFE. (D.5)

3Note that we use the labelling of the main text, which is slightly different from that used in [6].
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A solution to the equations of motion is supersymmetric if there exist two Dirac spinors
e and € satisfying the following equations

_ i EREY SR S T
0=V, e+ 2./4“"}/56 2gAue+ 2\/§gfyue (W]P’_ +WIP+)6
o i X _vp A TA
LT (LAp_+ I Py ) e,
i
-7
22 AY

L xp (A 10 IJw T
—\ﬁge/ <g VI WE- +GHVWR, e, (D.6)

0 FZve <QUVJLAIP’_ + g”vjEAIm) et ot <auz119>_ + ausz+> ;

and

RTIPO ~ 1 R, 1 K/2 T ) >
0= Vue + 5./4/1,’756 + §gAM6 + ﬂg’yﬂe / (WI[D7 + WIP>+> €

N

FZAy"P, (LA P_ 4+ A Im) g,

i

— 7

o AT

_ﬁIAEFE,;yVP (gf Iv, AP + ¢! V;EAIP+> €+ A+ (8“21 P_ + 9,2 ]P+> ¢
L xpe (10 IJo T ~

- A% (g VWP + GV Ry e (D.7)

Here we have used the same Euclidean conventions as in section A.3, and introduced the

_'_

0:

following objects

A, = —% <6ﬂ€ Bt — 0K auzf) . AR= % (022 P, = %(1 5,
W= CXI)XA, W = 41(\4))@7 A = eIC/2XA’ A = eIC/2XvA’
VLA = 0L 4 Lok I VA = 0 - oI (D.5)

Using these spinors, we construct the following D = 4 bilinears
S=¢, P=cye, &= —ieyyyse, K =éyqe, U =ieyg)e. (D.9)

One then shows [6], using the Killing spinor equations above, that £ generates a symmetry of
the solution, and that each gauge field strength has an equivariant completion with respect
to the action of £

By = P+ V2 (Ch = CM) (D.10)
where
cA=1MNS—-P), Cr=I*S+P). (D.11)
Moreover, the on-shell action is also the top-form of an equivariantly closed form:

<I>:<I>4+c1>2+<1)0, (D12>
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where

by = —%QQVVOM — %ZAZ >$<F1A/\F'E + iRAEFA/\FZ,

_ 1 A FA 1 ApS | AA S i SAA _ AA
@2 = 500 (LA Uy + LML) = 5T (CAFE) + CARE) + JgRasFT(C = O,
By = ied | F(X)(S — P)? + F(X)(S 4 P)? — (W F(X) XM + 0nF(X)X1) (52— PY)| .

(D.13)

1
2

As already noticed in [6], ®2 can be expressed in a form that highlights the relation with
Wald’s formalism [59], and is analogous to (C.14), namely

1 1
Py = 5 %) ¢’ — 5@(/)\«71\7 (D-14)

where here J, is the conserved electric current associated to the gauge equations of motion
coming from (D.5):

0=d *(4) (IAEFE — iRAZ *(4) FE> =d *(4) jA . (D15)

In general, we have §,# = 52 — P2, Thus, on the fixed point set, where &* = 0, we
have P = +.5, and the Killing spinor is chiral. By definition, we find that on the fixed point
set labelled by the + chirality of the D = 4 spinor

ool = —2v2SLAy,  @f|- =2V2SLY| . (D.16)

At an isolated fixed point, we can (skew-)diagonalize the Killing vector action and introduce
the weights on the two orthogonal planes (b1, b2). We find that at an isolated fixed point
where the chirality is x

K
by - xbs = —9¢ 0} (D.17)

where « is a sign associated to the point, which can be fixed globally in a systematic way [5].
We then introduce the following combinations, evaluated at the fixed set

EA LA
CE L + <E L —
It is then straightforward to check that at an isolated fixed point with chirality x
K
(by — xba)uly = —59‘1)3- (D.19)

Similarly, at a fixed surface where the chirality is x, we write b for the weight of the action
in the normal plane, and we can write

K 4
b= ixggg Jph (D.20)
from which it follows that
K
buﬁ = Exg(IJ(/)\. (D.21)
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E Reduction of the D = 5 Killing spinor equations

As discussed in the text, in the orthonormal frame given in (2.42) the D = 5 Killing spinors

can be taken to satisfy
Lox =0ux =1Q"x,  LiXx = 04X =1QVX. (B.1)

Using the dimensional reduction formulae of section 2.3, we find that along the base directions,
the gravitino variations for y and X in (2.12), (2.13) reduce to

. i i 1 1
0= lvu — AS (—IQ“) + 2gC1aI) — 5ggIA,{ — §apwu + ége’\W@)'yu

— ﬁe GIJZQ (F[ Z{ng)(W’Vqu - 25Z7p) X

L~ i i 1 1
vu+A2 <1Q(£) + 29C1a1> + §9CIA,€ - iap)‘ﬁ’pu - ége’\W@)’m

e_?’)‘FSpqu/g) - G[J22 J e, 21 (yu” — 26Z> V5

- *e’\GuZz (FI Z{ng)(’YW)W - 25,’:7’)) X - (E.2)

12

Comparing with the Euclidean supersymmetry variations in D =4 (cf. (D.6)—(D.7)), where
the FI parameters enter the gravitino variations as

1
V€ — igggugﬁ... . Vet gC Adet .., (E.3)
we identify the D = 4 FI parameters as

a¢sY = —4QW 4 29¢7a’
=4QY + 29¢;a’, (E.4)

a¢; W — 2g¢;.

To have a consistent reduction, leading to D = 4 Killing spinor equations, we thus require

0O = _oO (E.5)

as discussed in the main text.
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After some manipulations, the reduced gravitino variations for y and Y along the x°
fibre direction can be written as

i

T e—6AFVOp,71/p

1 _
o= o7 (=t B ) s -

_ _ 1 1 i
oM (Voo — 2ie 50,0 ) — 521&54) - §QC§4)21J + 69454)251 75]x,

i

—6X
46 6 Fpr””

1 _
0= o7 (-t B ) v

_ o 1 1 i ~
ey (yJauz{ — 2ie m%auA) n 59(54) n 59454)21‘] 3 69454)2575] 5. (E6)

To reduce the gaugino variations for y and ¥, we use the identity for G/ given in (C.7),
noting that 5§ — Y'Y; is a projector on the very special real manifold. This allows us to
rewrite the gaugino equations in (2.12), (2.13) as

i i 2 1
0= [ — §3mY[7m + §QCJ(GU - gYIYJ) - 1(5{7 — YY) Fd™ | X
i i 2 1 ~
0= [_ gOmY " = 538G (G = YY) = 206 — Y'Y Fpy™ X (B)

Using the dimensional reduction ansatz, these reduce to

1 _
o= = 3o (8- v172) (5l - st El o

. . i 4
+ 9 (=] — i2375) — 2028750, — YIV50,2] ) + 163A9(4)C§4) (9” - =27 > o

3 X
| Y (5T yIy N (pT T O Ve
0= 26 J J ( vp — *1 l/p)’y 75
. . i 4 -
+ 9 (9= — i2395) = 2127500 = YIV0,2 ) — 163A9(4)€§4) (9” L] > V5 |X -
(E.8)

Equations (E.6) and (E.8) combine to give the D = 4 gaugino variation. Conversely,
the former is the D = 4 equation contracted with Y/, while the latter is that projected
orthogonally to Y/ (similar to [60]). To see this, it is useful to note the following identities
that follow from (D.4):

3 2\ 3 3 2\
VJX():L_YJ, VJXI:(SbI;—fYIYJ—i-L.YJZ{,
2i 2 2i
_ 3 2\ _ 3 3 2\
VX0 = —%YJ, VX! =6 - Y'Yy - %Yﬂ{, (E.9)
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as well as (2.31), (2.32). Note we have made a choice of the phase in front of the sections
here, by setting X? = X? = 1. These results can be used to show

1 ~ = .
IasFLn"P 2 (gf v xre_+Glv J~XAIP>+>

2/2 v
1 — v
= _ie 3/\(5§ - Y]YJ)(F;]p - Z{ng)’y P
1 i Y
+ 5 YIS (Fy, = A B0 — e Y TR s (E.10)
Similarly,
1 ~ =~
\ﬁge’C/Q (g”vJW P+ GV W m)
1 4 4 i 4 4 i 4

_ de?’*gf,) <g” - 3zgzg) + ety (cé V4 ¢Waf — ggf, )25775) vs. (B

It is also useful to write
~H (@LZIIF’_ + 8“ETIP’+) =A# (8“(2{ —iz3y5) — 2iz8v50,\ — YIYJauzi])
+ Y (Y70,2] — 2™ 50,0) . (E.12)

With the above identities, it is straightforward to see that (E.6) and (E.8) combine to give

1 T 7 ~
0= lz ﬂIAEFEﬂ”P% /2 (gf VAP, G e R vaAm)

i

+ <8MZIIP_ + 8M57]P’+) ge’c/2’y5 (QTJVJW P_+ Qﬁvjf/lv/ IP+>

ﬂ X
1 - -
0= L ﬂIAEFuEp'YUP’YB o2 (gl IV XA 4 GV jXAE%)
+AH (ausz_ n au,zfm) n %ge’cm% (g”vJW P_ + GV W m) 3. (E13)

Next, the reduced gravitino variations along the base directions (E.2) can be written as

1 i L i 1 4
0= lvu — 58,))\7”“ - EAV (7# — 25#) V5 — igAf — Ege3)‘g§ )zéfyu

1 i _
-7 P Ps — —e M Gryad (FL, — [ F)) (v, — 26577) | x

r 6

1 i L i 1 4
0= [vu - 580)‘7pu - 6“41/ (’Yu - 25#) V5 + §9A/1j + Ege?’)‘g‘} )Zé’Yu

1 i _ ~
- 1° P Ps — —e "Gz (FL, — 2L F),) (VP — 2657°) | X - (E.14)

r 6
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where we introduced the R-symmetry gauge field Aff and the Kahler connection A, =

2G1524 0,21, as defined in (D.8). To recover the D = 4 gravitino variation in the conventions

of [6], it is useful to note that (E.6) can be written solely in terms of D = 4 objects as

1
- 1"}/”8 A+ l.A ,.YV,Y - igeS/\C(4)7 _ ige3)\c(4)z=},}/ ige3)\<(4)ZJ X
g ! AT g T gEE N0 g9 S LIS T ST Sy 2 A
L 3510 —3)\ I I 70\ .vp
0= 16e F,,p’y s 12 g[J22 (F -2 F,/p) ~y
1 4 ~
=57 0+ Aw Vs + Sge”Co s + 8963AC§ V27 +5 963*41 Zz]X-

Combining (E.14) with ~, times (E.15), we get

1 i
0= [V# — 50 A+ A — 5 AR+ \fms’me’c/z (W]P’— + W]P’+)

1
TasFo sy e P (X AP + XAPy)

_i_i
4.2 X

1 i i
0= [V# - 58“/\ + 5“4/175 + 59145 - Q\f ’YS’Ype’C/z (W]P— + W]P—i-)

1 > _
+ fﬁIAEF o V5 P KP(XAP. + XMPy) (X,

where we made use of the following identities:

1 —~ 1 4 4 .
558 (WP + W) = cae (67 + GV 1 i)

4\[1—/\2 z/p’yype

If we now define D = 4 spinors €, € via

. —iQW b _mi ~ . —iQ®) x5 i
e = ie M2eTIRVT o= Ty ¢ = je~M2e1QY ey,

(E.15)

(E.16)

- 1
MR(XAP_ + XAPy) = ——e P FD v+ 4e G123 (B, — 2 F),)7" s .

(E.17)

(E.18)

with Q) = —QW, then (E.13), (E.16) become the D = 4 gaugino and gravitino variations

in the conventions of [6], i.e. we recover (D.6)—(D.7).
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We also record that in terms of the D = 4 spinors ¢, €, the reduced D = 5 gaugino
variation (E.8) reads:

1 4
0= [ 3¢ e 3 <5 — ngKZQzQ ) (FJ F0 )Y s + e g C <g” — zéz{) 5

3
. I . T . T 4 I _K J
+ ivHs (au(zl — izp75) — 2i25750uA — ggJKZQZQ a,,zl) €
1 i 4
0= [— 2¢ A <51 - *gJKZ2Z2 ) (FJ FO )Y s — 1° 3A9(4)C§4) <gU - 3Z£Zé]> 75
. . . 4 -
— iyHs ((‘h(z{ — 1z§75) - 212%758MA - 3QJKzézg(aﬂzi]>] €. (E.19)

Similarly, the reduced D = 5 gravitino variation along fibre (E.6) can be written

L _6x J N I
0= l—ge 07Gry2d (F -z FB)’Y V5 — 4 -6 F 59(6)
— 2ie A1 ( g[J228 2{ys +i0 )\> gC§4)zlJ + gCJ 2 75] €
1 i _ 1
0= [ §e GAgIJZ2 (FJ ZlJ FBp) APy — Ze GAFSp,yz/p + 59Cé4)

+ 2ie Ak ( Gry240,21 s + 10 )\> gC§4)zl - fgC§4)22 75] €. (E.20)

Finally, the reduced gravitino variation along base (E.14) combined with D = 5 gravitino
variation along fibre (E.6) gives rise to the D = 4 gravitino variation written in terms of €, ¢

. 1 .
Vi 6152407105 — 10 A + Lae oy (@ + (O]~ i)
i 1
+16¢ TAFD AP + 1€ "Gz (FI 4 FB,;) ’YV’)W%]G,

. i :
Vi Gyt + 10 A + Laey (@ + (O~ ishs)

i

1 y ~
16° P F) oY P — 1° e G2y (FI A FBp)7 p7u'75]€' (E.21)
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