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1 Introduction

It has recently been appreciated that supersymmetric solutions of supergravity theories with
an R-symmetry generically have a set of equivariantly closed forms which can be constructed
from the supergravity fields and Killing spinor bilinears. Furthermore, these forms can be used
to compute various physical observables via localization i.e. the Berline-Vergne-Atiyah-Bott
(BVAB) fixed point formula [1, 2] can be utilized to express various integrals in terms of
quantities evaluated at the fixed point set of the R-symmetry Killing vector [3].
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In [3–6] this approach was used to compute the on-shell action of D = 4, N = 2 Euclidean
gauged supergravity. In the case of minimal gauged supergravity the results of [7], which
were obtained by a direct computation, were recovered using this new perspective and
further generalized. In addition, the formalism was extended to D = 4, N = 2 Euclidean
gauged supergravity coupled to an arbitrary number of vector multiplets. Using boundary
counterterms that are associated with a supersymmetric renormalization scheme, remarkably,
it was shown that the D = 4 on-shell action can be expressed entirely in terms of the fixed
point set of the supersymmetric Killing vector in the bulk of the solution. In particular, the
contribution from the boundary counterterms precisely cancel a boundary contribution that
arises after using the BVAB theorem for the bulk action.

The goal of this paper is to extend the results of [3–6] to D = 5 Euclidean gauged
supergravity, coupled to n vector multiplets. We focus on supergravity solutions on a manifold
M(5) which have, in addition to the D = 5 R-symmetry Killing vector, K, a second Killing
vector ℓ. We assume that ℓ is nowhere vanishing and generates a circle fibration of the D = 5
spacetime with base space M(4), which may have orbifold singularities.1 Furthermore, M(4)
will have an asymptotic boundary that is associated with M(5) asymptotically approaching
Euclidean AdS5. We also assume that the push-forward of K is not identically zero, and
hence descends to give a Killing vector ξ on M(4). With these ingredients, we carry out a
dimensional reduction of the D = 5 supergravity theory to obtain a D = 4, N = 2 Euclidean
gauged supergravity on M(4) coupled to n+ 1 vector multiplets. Furthermore, we find that ξ
is the D = 4 R-symmetry Killing vector which can be constructed as a bilinear of the D = 4
Killing spinors. We then use the D = 4 results of [3–6] to compute the D = 5 on-shell action.

While our approach is conceptually straightforward, there are several technical issues
which make the analysis of D = 5 supergravity significantly more challenging than that of
D = 4 supergravity. The first is that identifying the holographic boundary terms which
are required for a supersymmetric renormalization scheme is more involved than for D = 4.
For the class of solutions with boundary S1 ×M3, such counterterms have been identified
in minimal gauged supergravity [10, 11] and can be used to compute the supersymmetric
Casimir energy of the dual SCFT, an intrinsic quantity in the dual SCFT [12]. For other
classes of solutions one can take a pragmatic approach of removing divergences by suitably
employing a heuristic background subtraction procedure. Here we will illustrate how the
localization procedure can be used for both classes.

A second issue which arises is that after reducing on ℓ and using the BVAB theorem on the
base space M(4), we obtain a contribution to the action from the fixed point set of the D = 4
R-symmetry Killing vector ξ, some boundary terms (as in [3–6]), as well as an additional term
which is the integral of a closed four-form Λ4. Locally, we can write Λ4 = dΛ3, but in general
Λ3 is not globally defined, and moreover, can depend on the choice of gauge for the gauge
fields. A third, and related, issue is that in the examples we consider, for certain choices of
Kaluza-Klein (KK) vector ℓ, the final result for the D = 5 on-shell action can be expressed
purely in terms of the fixed point data of the D = 4 supersymmetric Killing vector ξ on M(4),
but for other choices of ℓ one also gets contributions from the boundary as well as from Λ4.

1One could also consider more general kinds of singularities, such as those arising in the D = 5 Kaluza-Klein
monopole [8, 9], but that will not be the focus here.
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Nevertheless, we show how the localization formalism can be used to obtain the D = 5
on-shell action for two classes of solutions, without using the explicit solutions. The first
is Euclidean AdS5 with S1 × S3 boundary and using the counterterm action of [10, 11], we
recover the known result for the supersymmetric Casimir energy. The second is the complex
locus of supersymmetric Euclidean black hole solutions of [13]. Using background subtraction
we obtain a result for the D = 5 action in minimal gauged supergravity that is dual to the
supersymmetric index of the dual SCFT. We also extend this to arbitrary numbers of vector
multiplets, confirming the conjecture of [14].

Before discussing the plan of the paper, we briefly comment on other approaches to
localization in D = 5 supergravity that have appeared. An analysis of D = 5 ungauged
supergravity coupled to vector multiplets was carried out in [15]. For a class of solutions
with toric symmetry, an equivariantly closed extension of the on-shell action was constructed
and used to compute the on-shell action. A connection to D = 4 solutions was also made.
In addition, inspired by the generalization of the BVAB theorem to odd dimensions given
in [16], a computation of the on-shell action for D = 5 minimal gauged supergravity was
presented in [17], which is applicable to Euclidean solutions that can be obtained from a
Wick rotation of Lorentzian supergravity solutions.

These works, like ours, require the existence of a second Killing vector in D = 5, in
addition to the supersymmetric Killing vector. In contrast to [15], we use the additional
isometry, which is assumed to act locally freely, to reduce to D = 4 from the start, and
then localize in D = 4 using the supersymmetric Killing vector. Instead [17] uses the
mathematical result in [16] which essentially applies a transverse BVAB theorem to the
additional isometry, having effectively reduced on the supersymmetric Killing vector direction.
The reduction/localization are effectively then carried out after exchanging the roles of the
two Killing vectors, when comparing the approach here to that of [17]. Thus, we expect
that the issues that we highlighted above, and discuss further in the text, will also arise
in the approach of [17] (where background subtraction was utilized to regulate the D = 5
action). We also remark that our formalism is applicable to D = 5 Euclidean supergravity,
which includes Euclidean solutions that can be obtained from a Wick rotation of Lorentzian
supergravity solutions, as studied in [15, 17], but also solutions that cannot be obtained in
this way. Finally, we note that another recent approach to localization in supergravity has
emphasized the significance of the equivariant volume in even dimensions [18, 19].

The plan of the paper is as follows. In section 2 we present the D = 5 Euclidean
supergravity theory of interest and carry out the dimensional reduction to D = 4. We also
discuss supersymmetric counterterms as well as the background subtraction procedure. In
section 3 we discuss the example of Euclidean AdS5 with S1 ×S3 boundary, while in section 4
we discuss supersymmetric black holes. We briefly conclude in section 5. We have five
appendices: appendix A includes our conventions for D = 5 and D = 4 Clifford algebras;
appendix B discusses how to recover minimal gauged supergravity from the general set-up
with an arbitrary number of vector multiplets; appendix C summarizes some relations for
D = 5 bilinears and also includes some equivariantly closed polyforms in D = 5; appendix D
presents some useful results for D = 4 Euclidean gauged supergravity; appendix E includes
some details of the KK reduction of the D = 5 Killing spinor equations to D = 4.
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2 The dimensional reduction of D = 5 supergravity

2.1 D = 5 supergravity theory: Lorentzian

We consider D = 5 gauged supergravity coupled to n Abelian vector multiplets. We first
discuss the Lorentzian theory. The theory is constructed using a very special real manifold of
real dimension n, specified by a symmetric tensor CIJK , with I, J,K = 1, . . . , n + 1, with
real coordinates Y I satisfying the cubic constraint

V(5)(Y ) ≡ 1
6CIJKY

IY JY K = 1 . (2.1)

This can be parametrized by n real scalars ϕi, i = 1, . . . , n. There are n+ 1 gauge fields AI

with curvatures FI ≡ dAI . In addition, we also have a set of n + 1 real Fayet-Iliopoulos
(FI) parameters ζI .

The bosonic action has the form

S(5) =
1

16πG(5)

∫
M(5)

[ (
R− gij(ϕ) ∗(5) dϕi ∧ dϕj − 𝔤2V(5)

)
vol(5)

−GIJ(ϕ) ∗(5) FI ∧ FJ − 1
6CIJKFI ∧ FJ ∧AK

]
, (2.2)

where G(5) is the D = 5 Newton constant,

gij(ϕ) = ∂iY
I∂jY

JGIJ
∣∣∣
V(5)=1

, GIJ(ϕ) = −1
2

∂2

∂Y I∂Y J
logV(5)

∣∣∣
V(5)=1

, (2.3)

and the scalar potential is

V(5) = ζIζJ

(
gij∂iY

I∂jY
J − 4

3Y
IY J

)
. (2.4)

For some further details, see e.g. [20–22]. We will assume that there is an AdS5 vacuum and

L−1 = 𝔤 , (2.5)

is the inverse of the radius of the AdS5. We also have

1
𝔤3G(5)

= 8a
π
, (2.6)

where a is the central charge of the dual d = 4 SCFT in the large N limit (assuming it
exists2); for N = 4 super-Yang-Mills a = N2/4.

A solution is supersymmetric if there is a non-trivial solution χL to the Killing spinor
and gaugino equations

0 =
[
∇m − i

2𝔤ζIA
I
m + 1

6𝔤W(5)Γm + i
8YIF

I
np(Γmnp − 4δnmΓp)

]
χL ,

0 =
[
− i
2gij∂mϕ

jΓm + i
2𝔤∂iW(5) +

3
8∂iYIF

I
mnΓmn

]
χL . (2.7)

2We return to this point in the discussion section.
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Here Γm are the D = 5 gamma matrices and we have defined the D = 5 superpotential

W(5) ≡ ζIY
I . (2.8)

Notice that we may then write the potential in (2.4) as

V(5) = gij∂iW(5)∂jW(5) −
4
3W

2
(5) . (2.9)

We also have YI ≡ 2
3GIJY

J and Y IYI = 1, and we will assume in the following that the
scalars parametrize a symmetric space, which guarantees symmetry properties of the tensor
CIJK that will be useful in the reduction to four dimensions. From (2.7), the equations
satisfied by the charge conjugate spinor (in the conventions of appendix A) are given by

0 =
[
∇m + i

2𝔤ζIA
I
m − 1

6𝔤W(5)Γm + i
8YIF

I
np(Γmnp − 4δnmΓp)

]
χcL ,

0 =
[
− i
2gij∂mϕ

jΓm − i
2𝔤∂iW(5) +

3
8∂iYIF

I
mnΓmn

]
χcL . (2.10)

The special case of D = 5 minimal gauged supergravity is discussed in appendix B.

2.2 D = 5 supergravity theory: Euclidean

To construct the D = 5 Euclidean theory, which we study in the remainder of the paper,
we follow the approach of [23]. We allow all fields in the Lorentzian action (2.2) to become
complex, keeping the FI parameters ζI and the tensor CIJK real, and perform a Wick rotation
to find the Euclidean theory with action given by

I(5) = − 1
16πG(5)

∫
M(5)

[ (
R− gij ∗(5) dϕi ∧ dϕj − 𝔤2V(5)

)
vol(5)

−GIJ ∗(5) FI ∧ FJ − i
6CIJKFI ∧ FJ ∧AK

]
. (2.11)

We also double the spinors, leading to two Dirac spinors χ and χ̃ that satisfy the equations
derived from (2.7) and (2.10):

0 =
[
∇m − i

2𝔤ζIA
I
m + 1

6𝔤W(5)γm + i
8YIF

I
np(γmnp − 4δnmγp)

]
χ ,

0 =
[
− i
2gij∂mϕ

jγm + i
2𝔤∂iW(5) +

3
8∂iYIF

I
mnγ

mn
]
χ , (2.12)

and

0 =
[
∇m + i

2𝔤ζIA
I
m − 1

6𝔤W(5)γm + i
8YIF

I
np(γmnp − 4δnmγp)

]
χ̃ ,

0 =
[
− i
2gij∂mϕ

jγm − i
2𝔤∂iW(5) +

3
8∂iYIF

I
mnγ

mn
]
χ̃ . (2.13)

We can define the following D = 5 Killing spinor bilinears

S ≡ χ̃χ , Km ≡ χ̃γmχ , Umn ≡ iχ̃γmnχ . (2.14)
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These satisfy a number of algebraic and differential relations, which can be found in appendix C.
In particular, K is a Killing vector that generates a symmetry of the full solution, i.e. we
also have LKϕ

i = LKFI = 0. We can also construct equivariantly closed extensions of the
field strengths, and of the D = 5 on-shell action (in the gauge K AI = −iY IS). Generically,
these bilinears are complex. One way of obtaining real bilinears in D = 5 is to consider
a section of the Euclidean theory where it’s consistent to take χ̃ = χc (see appendix A.2
for details on the charge conjugation in D = 5, and we note that χc is not the same as
the Lorentzian charge conjugate spinor χcL). Consistency between the equations satisfied
by χc and χ̃ would then require

AI ∈ ℝ , Y I ∈ iℝ , ϕi ∈ ℝ . (2.15)

As we shall see in section 2.5, though, these conditions are not consistent with the Kaluza-
Klein (KK) ansatz that we shall use.

We also demand that the D = 5 Killing spinors carry non-vanishing charge with re-
spect to K,

LKχ = iQχ , LKχ̃ = iQ̃χ̃ . (2.16)

An expression for Q is given in (C.21) and one can show that Q̃ = −Q.
We are interested in Euclidean solutions that also admit non-trivial solutions to both (2.12),

(2.13) in order to have a non-trivial K, and will refer to these as supersymmetric solutions
in the sequel. A class of such solutions can be obtained by Wick rotating solutions of the
Lorentzian theory, which have been classified in [24, 25]. It also seems likely that there
are additional solutions that cannot be obtained this way; for example, in a theory with
both vector and hypermultiplets there are such Euclidean solutions with ℝ5 topology, as
discussed in [26, 27].

2.3 Dimensional reduction

Our goal is to compute the D = 5 on-shell Euclidean action for supersymmetric solutions.
We will assume that in addition to the supersymmetric Killing vector, K, the D = 5 solutions
admit another Killing vector ℓ. We assume that ℓ is nowhere vanishing and generates a circle
fibration of the D = 5 spacetime with base M(4),

π :M(5) →M(4) . (2.17)

In general note that M(4) may have orbifold singularities. We introduce local D = 5
coordinates via xm = (xµ, x5) with

ℓ = ∂x5 , x5 ∼ x5 +∆x5 . (2.18)

We also assume that the pushforward of K is not identically zero and write

ξ ≡ π∗(K) . (2.19)

In our setup below, we will see that ξ is a supersymmetric Killing vector of a D = 4 Euclidean
supergravity theory. The fixed point set of ξ in M(4) is precisely the subset over which K
and ℓ are aligned in M(5).

– 6 –
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The D = 5 metric on M(5) can be written in the form

ds2
(5) = e−4λα2 + e2λds2

(4) , (2.20)

where ds2
(4) is a metric on M(4) and α ≡ e4λℓ♭ is a globally-defined angular form on M(5),

with ℓmℓm ≡ e−4λ. In local coordinates we can write

α = dx5 −A0 , (2.21)

where A0 is a D = 4 gauge field. We can also write the D = 5 scalars and gauge fields
in the form

Y I = −e2λzI2 ,

AI = AI + zI1 α+ aIdx5 , ⇒ FI = −α ∧ dzI1 − zI1F
0 + F I , (2.22)

where AI are D = 4 gauge fields and F I = dAI . The aI are constants that we discuss
further below. It is also convenient to define

zI ≡ zI1 + izI2 , z̃I ≡ zI1 − izI2 , (2.23)

so zI1 = 1
2(z

I+ z̃I), zI2 = 1
2i(z

I− z̃I) and we note that zI and z̃I are independent complex scalar
fields in D = 4. Notice that we can express λ in terms of zI , z̃I via the cubic constraint (2.1):

1
6CIJKz

I
2z
J
2 z

K
2 = −e−6λ . (2.24)

At this stage we have the D = 4 metric, ds2
(4), gauge fields AΛ = (A0, AI) and scalars zI , z̃I ,

all of which are independent of x5, and the constants aI parametrizing a D = 5 flat connection
which is not, in general, a global flat connection.

The KK ansatz (2.20)–(2.23) is ambiguous, because we can perform various D = 5
gauge transformations on AI . First, the shift AI → AI + dΓI , where ΓI is a local basic
function for ℓ (so LℓΓI = 0), is associated with a D = 4 gauge transformation of AI ; that
is, AI → AI + dΓI . Second, the coordinate redefinition x5 → x5 + ω with ω a function on
M(4), is associated with a gauge transformation for A0, that is A0 → A0 + dω. Finally, there
is also the possibility of performing transformations of the form AI → AI + cI dx5, with cI

constant, which shifts aI → aI + cI . Notice that in terms of the D = 4 fields introduced
in (2.22), the gauge transformation can be implemented via zI1 → zI1 + cI , AI → AI + cIA0.
We find it convenient to explicitly include aI in our ansatz (2.22), and then observe that
the ansatz is invariant under the combined transformation

aI → aI − cI , zI → zI + cI , z̃I → z̃I + cI , AI → AI + cIA0 . (2.25)

Notice that the variables

žI ≡ zI + aI , ˇ̃zI ≡ z̃I + aI , žI1 ≡ zI1 + aI ,

ǍI ≡ AI + aIA0, F̌ I ≡ F I + aIF 0, (2.26)

– 7 –
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are invariant under (2.25), and so we anticipate that after dimensional reduction various
D = 4 quantities can be expressed in terms of these variables. We highlight that in terms
of these variables we can write AI in (2.22) as

AI = ǍI + žI1α . (2.27)

Observe that ℓ AI = žI1 and so a D = 5 gauge choice can impose a constraint on žI1 .3

For later use we notice that if AI is a globally defined one-form, žI1 is globally defined
(since ℓ AI = žI1). Then given α is a globally defined one-form, we conclude that ǍI

will be too. We also note that the D = 5 spinor χ changes under gauge transformations.
We assume that the D = 5 spinors χ and χ̃ satisfy the relevant spinor equations with the
D = 5 gauge field as in (2.22).

We next want to write the D = 5 action in terms of a D = 4 action. After substituting
the ansatz into (2.11), we find that we can rewrite the D = 5 action as

I(5) = I(4) −
∆x5

16πG(5)

∫
M(4)

Λ4 , (2.28)

where Λ4 is a basic four-form, which can be written, locally, as Λ4 = dΛ3 with

Λ3 = 2 ∗(4) dλ+ i
6CIJK

(
2žI1ǍJ ∧ F̌K − žI1 ž

J
1 Ǎ

K ∧ F 0
)
, (2.29)

and 1
G(4)

= ∆x5

G(5)
relates the D = 4 and D = 5 Newton constants.

The D = 4 action I(4) is given by the Euclidean N = 2, D = 4 gauged supergravity theory,
discussed in [6]. There are n+ 1 vector multiplets and AΛ ≡ (A0, AI) and we can write

I(4) = − 1
16πG(4)

∫ [(
R− 2G

IJ̃
∂µzI∂µz̃

J̃ − 𝔤2V(4)(z, z̃)
)
vol4

+ 1
2IΛΣ ∗ FΛ ∧ FΣ − i

2RΛΣF
Λ ∧ FΣ

]
. (2.30)

The D = 4 theory has n+1 vector multiplets and so n+2 gauge fields AΛ ≡ (A0, AI). There
are n + 1 scalars zI and their independent Euclidean counterparts z̃I . The metric on the
scalar manifold and the potential are simply related to D = 5 quantities via

G
IJ̃

= 1
2e

4λGIJ(z, z̃) ,

V(4)(z, z̃) = e2λV(5)(z, z̃) . (2.31)

We also have

I00 = −e−6λ
(
1 + 4GIJzI1zJ1

)
,

I0I = 4e−6λGIJzJ1 ,
IIJ = −4e−6λGIJ , (2.32)

3For example, for solutions M(4) that have a non-trivial two-cycle, we may choose the aI to impose the
constraint on the fluxes: 𝔭I ≡ 𝔭I + aI𝔭0 = 0, where the fluxes 𝔭Λ are defined in (2.61). We will make such a
choice for the black hole example in section 4. We won’t make a choice of aI for the AdS5 example in section 3.
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and

R00 = 1
3CIJK

(
zI1z

J
1 z

K
1 + aIaJaK

)
,

R0I = −1
2CIJK

(
zJ1 z

K
1 − aJaK

)
,

RIJ = CIJK
(
zK1 + aK

)
. (2.33)

Notice that RΛΣ only depends on zI1 , but IΛΣ also depends on zI2 , both via the warp factor
e−6λ, as in (2.24), and GIJ , as in (2.31). We can also inspect whether the action I(4) in (2.30)
is invariant under the shifts (2.25), as it should be, since it combines with Λ4, which in (2.29)
is locally written in terms of the invariant variables (2.26), to give I(5), which is invariant by
definition. In fact one can check that the entire second line of (2.30), gauge fields included,
can be written in terms of (2.26), and hence is also invariant under (2.25).

The D = 4 action I(4) is governed by a special Kähler manifold with a prepotential
that can be written as (see [21]):

F(X) = 1
6
CIJKX̌

IX̌JX̌K

X0 , X̌I ≡ XI + aIX0 , (2.34)

where the n+2 holomorphic sections XΛ = (X0, XI), with Λ = 0, 1, . . . , n+1 are homogeneous
coordinates, and the physical complex scalars are given by zI ≡ XI/X0. The Kähler
potential is given by4

K = − log(8X0X̃0e−6λ) , (2.35)

and G
IJ̃

≡ ∂I∂J̃K, where here (and in (2.36) below) the derivative ∂I is with respect to
zI = XI/X0 (i.e. use (2.24) and hold X0, X̃0 fixed).5 Furthermore the D = 4 potential
can be written

V(4) = eK
(
GIJ̃∇IW∇

J̃
W̃ − 3WW̃

)
, (2.36)

where
W ≡ ζ

(4)
Λ XΛ , W̃ ≡ ζ

(4)
Λ X̃Λ . (2.37)

Here ζ(4)
Λ are the n + 2 D = 4 FI parameters given by

𝔤ζ(4)
0 = −4Q(ℓ) + 2𝔤ζIaI , ζ

(4)
I = 2ζI . (2.38)

Here Q(ℓ) is the charge of the Killing spinor with respect to the D = 5 Killing vector ℓ,
i.e. Lℓχ = iQ(ℓ)χ, which we discuss below. The D = 4 scalar potential V(4) is proportional
to the D = 5 scalar potential V(5) via (2.31), and the latter only depends on the D = 5
FI parameters, as in (2.8), (2.9). Therefore, the potential V(4) must only depend on ζ

(4)
I

4We use the same letter for the Kähler potential and the D = 5 Killing vector bilinear, but the meaning
should be clear from the context.

5Throughout the paper, and in particular to recover the D = 4 Killing spinor equations in the conventions
of [6] from dimensional reduction, we choose X0 = X̃0 = 1 (see appendix E).
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and be independent of ζ(4)
0 : we now explicitly check that this is indeed the case. Using the

definitions (D.4), the terms in V(4) containing ζ
(4)
0 are

V(4) ⊃ e6λ
[ (

(ζ(4)
0 )2 + 2ζ(4)

0 ζ
(4)
I zI1

)(
12GKL̃∂Kλ∂L̃λ− 1

)
+ 2ζ(4)

0 ζ
(4)
I

(
GIJ̃∂

J̃
λ+ GJĨ∂Jλ

)]
. (2.39)

It follows from (2.24) that

∂Iλ = − i
24CLMIz

L
2 z

M
2 e6λ = − i

4e
2λYI ,

∂
Ĩ
λ = i

24CLMIz
L
2 z

M
2 e6λ = i

4e
2λYI , (2.40)

where we have used

YI ≡
2
3GIJY

J
∣∣∣
V(5)=1

, YIY
I = 1 , CIJKY

JY K = 6YI . (2.41)

Then using GKL̃ = 2e−4λGKL the first line in (2.39) vanishes, and the second line vanishes
because of the symmetry of GIJ . While the D = 4 potential is independent of ζ(4)

0 , we will
see that both ζ

(4)
I and ζ

(4)
0 appear in the D = 4 Killing spinor equations.

To summarize, we are interested in computing the on-shell D = 5 action for a supersym-
metric solution of the D = 5 equations of motion, that lies within the ansatz (2.20)–(2.23).
The above result (2.28) gives the answer. We will later use the equivariant localization results
of [6] which analysed supersymmetric solutions to the D = 4 theory with action I(4). We have
checked that solutions of the D = 4 equations of motion associated with I(4) will also give
rise to solutions of the D = 5 equations of motion. Furthermore, we have checked that the
solutions which also admit solutions to the D = 4 Killing spinor equations, to be discussed
next, give rise to D = 5 solutions that admit solutions to the D = 5 Killing spinor equations.

We now discuss the dimensional reduction of the Killing spinor equations. To dimensionally
reduce the D = 5 Killing spinor equations we introduce the obvious D = 5 orthonormal frame

Ea = eλea , E5 = e−2λα , (2.42)

with ea, a = 1, . . . , 4, an orthonormal frame for the D = 4 metric ds2
(4). For the D = 4

gamma matrices we take γa, a = 1, . . . , 4 and since γ1234 = γ5 = γ5, we see that γ5 is also
the D = 4 chirality matrix. We assume that ℓ generates a symmetry of the entire D = 5
solution, and therefore the D = 5 Killing spinor equations are invariant under the action of
ℓ. Thus, the space of solutions will form a representation of the U(1) symmetry generated
by ℓ. But since the irreducible representations are then one-dimensional, classified by their
charge, it follows that we may take a solution χ with definite charge [28], without loss of
generality. One can check that in the frame we are using, acting on D = 5 spinors we have
Lℓ = ∂x5 . Therefore, we can take

Lℓχ = ∂x5χ = iQ(ℓ)χ , Lℓχ̃ = ∂x5χ̃ = iQ̃(ℓ)χ̃ . (2.43)
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The reduction of the Killing spinor equations is described in appendix E. We introduce
D = 4 spinors ϵ, ϵ̃ via

ϵ = ie−λ/2e−iQ(ℓ)x5e−
πi
4 γ5χ , ϵ̃ = ie−λ/2e−iQ̃(ℓ)x5e

πi
4 γ5χ̃ , (2.44)

which only depend on the D = 4 coordinates xµ (i.e. ∂x5ϵ = ∂x5 ϵ̃ = 0). As anticipated in
footnote 5, to match the conventions of [6], we choose the sections such that

X0 = X̃0 = 1 . (2.45)

We then find that the D = 5 Killing spinor equations precisely give those of the D = 4
gauged supergravity theory provided that we take

Q(ℓ) = −Q̃(ℓ) , (2.46)

with the FI parameters as given in (2.38). These D = 4 reduced Killing spinor equations are
given in appendix E. Also, recalling the definition of the D = 5 bilinears S and K in (2.14),
we notice (2.46) clearly implies ℓm∂mS = ∂x5S = 0. Further using the D = 5 Killing spinor
bilinear identity dS = −iK (YIFI) in appendix C, we deduce the D = 5 condition

0 = YIℓ
mFI

mnKn . (2.47)

In fact, provided S ̸= 0 this condition is actually equivalent to (2.46).6 The condition (2.46)
is satisfied for all of the examples we study later. We also highlight that (2.44) allows us to
relate the D = 5 bilinears, S,K and the D = 4 bilinears S, P, ξ, as reviewed in appendix D
(see equation (D.9)), finding

S = −eλS , K = ξµ∂µ + (ξ A0−e3λP )∂x5 . (2.48)

From now on, we will assume that we are in the gauge

LξA0 = 0 , (2.49)

which is possible since LξF 0 = 0, and, moreover, is consistent with [6]. In this gauge,
we find that

d(ξ A0−e3λP ) = 0 , (2.50)

so the component of K along ∂x5 is a constant, which we label

Rup ≡ 2π
∆x5

(
ξ A0−e3λP

)
. (2.51)

This also allows us to find the connection between Q, the charge of the spinor χ under K,
as in (2.16), and the charge Q(ξ) of the spinor ϵ under ξ, namely

Q = Q(ξ) + (ξ A0 − e3λP )Q(ℓ) . (2.52)

6To prove the converse, one obtains expressions for iQ(ℓ)χ using (2.12) and for iQ̃(ℓ)χ̃ using (2.13) and
then uses these to obtain expressions for Q(ℓ) iχ̃χ and Q̃(ℓ) iχ̃χ.
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At this stage we have shown that a supersymmetric solution of the D = 5 gauged
supergravity theory with an extra Killing vector ℓ and satisfying (2.46), is equivalent to a
supersymmetric solution of a D = 4 Euclidean gauged supergravity theory as described above.
For such solutions we can then import the equivariant localization results of [6]. The D = 4
gauge field strengths have an equivariantly closed completion given by

ΦΛ = FΛ +ΦΛ
0 , dξΦΛ = 0 . (2.53)

There is also an equivariantly closed four-form

Φ = Φ4 +Φ2 +Φ0 , dξ (Φ4 +Φ2 +Φ0) = 0 . (2.54)

On-shell, the D = 4 Euclidean bulk action I(4) can be expressed as an integral of Φ4 and
hence evaluated using the BVAB theorem. Explicit expressions for ΦΛ

0 , as well as Φ4, Φ2
and Φ0, which are constructed from the D = 4 supergravity fields and the D = 4 Killing
spinor bilinears, can be found in [6], and in appendix D.

2.4 Evaluating the D = 5 on-shell action

We are interested in computing the on-shell action for a supersymmetric solution of D = 5
gauged supergravity. The total D = 5 action computed using holographic renormalization
consists of the bulk action I(5) supplemented with boundary contributions which we write as

ITotal
(5) = I(5)[M(5)] + I

∂M(5)
GHY + I

∂M(5)
(5) . (2.55)

Here I∂M(5)
GHY is the standard Gibbons-Hawking-York term and I

∂M(5)
(5) are counterterms to

remove divergences, as well as finite counterterms, which are associated with choosing a
renormalization scheme. Since we are interested in supersymmetric solutions, we want
to employ a supersymmetric scheme. In contrast to the D = 4 setting, a general set of
supersymmetry-preserving counterterms which are written in terms of the boundary metric
and gauge field and preserving boundary diffeomorphisms, are not known in D = 5. The issue
has been studied in some detail for the special case when ∂M(5) ∼= S1 ×M3, where M3 is a
Seifert manifold: coupling a SCFT to this background using the R-symmetry multiplet and
requiring a supersymmetric regularization, leads to an unambiguous definition of the Casimir
energy of the SCFT obtained from the partition function on S1 ×M3 [12] (this has been
especially studied in the case of M3 being homeomorphic to S3). However, in the presence
of an ’t Hooft anomaly for the U(1)R symmetry, coupling via the R-multiplet leads to an
anomaly in the supercurrent, which has been argued to be related to the non-vanishing value
of the supersymmetric Casimir energy and to the anomalous dependence of the partition
function on the background geometry [29–34]. The latter issue had been originally flagged
in [10, 11], and a set of local finite counterterms was proposed that restored supersymmetry
at the expense of invariance under boundary diffeomorphisms and gauge invariance (from the
field theory side, a local functional on M3 acting as a counterterm to preserve supersymmetry
has also been suggested in [32]). The supersymmetry-preserving counterterms suggested
in [10, 11], however, have been derived for supersymmetric solutions to minimal gauged
supergravity and with a gauge field that is a global one-form.
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We will use the counterterms of [10, 11] to compute the on-shell action for Euclidean
AdS5 with S1 × S3 boundary in section 3, and recover the holographic expression for the
supersymmetric Casimir energy using localization. However, we note that in section 4,
where we compute the on-shell action for supersymmetric black holes, we will instead use
background subtraction, which we discuss in section 2.6.

The class of solutions we are interested in have an additional Killing vector ℓ = ∂x5 and
can be written in the form of the Kaluza-Klein (KK) ansatz (2.20)–(2.23). The bulk on-shell
action I(5) can then be written in the form (2.28) where I(4) is the bulk on-shell action for a
D = 4 gauged supergravity theory. We can now use the results of [6] to evaluate I(4). As
noted at the end of the last subsection, it was shown in [6] that the bulk D = 4 action I(4)
can be written as the integral of an equivariant closed form Φ = Φ4 + Φ2 + Φ0 satisfying
dξ (Φ4 +Φ2 +Φ0) = 0, which is canonically constructed from the D = 4 supergravity fields
and the D = 4 Killing spinor bilinears. Using the BVAB theorem, the on-shell D = 4 bulk
action can then be written

I(4) = IFP
(4) + I

∂M(4)
(4) , (2.56)

where IFP
(4) is a contribution from the fixed point set of ξ in M(4) and I

∂M(4)
(4) is the D = 4

boundary contribution given by

I
∂M(4)
(4) = − 1

8πG(4)

∫
∂M(4)

η ∧ (Φ2 +Φ0 dη) , (2.57)

where the one-form η on M(4) is given by η ≡ |ξ|−2ξ♭. It was shown in [6] that for super-
symmetric solutions of a D = 4 supergravity theory with M(4) asymptotically approaching
Euclidean AdS4 this boundary term exactly cancels the associated D = 4 counterterms (in
a D = 4 supersymmetric scheme). Here, however, M(4) does not asymptotically approach
Euclidean AdS4 and moreover the boundary terms that are relevant for our purposes are
the D = 5 terms I∂M(5)

(5) in (2.55).
Putting these ingredients together we can therefore write the D = 5 total on-shell

action (2.55) as

ITotal
(5) = IFP

(4) − 1
8πG(5)

∫
∂M(5)

α ∧ η ∧ (Φ2 +Φ0 dη)−
∆x5

16πG(5)

∫
M(4)

Λ4 + I
∂M(5)
GHY + I

∂M(5)
(5) ,

(2.58)

where we recall7 that Λ4 = dΛ3 with Λ3 given in (2.29). Remarkably we find that for certain
classes of solutions, and for a certain choice of Killing vector ℓ, the last four terms on the right
hand side of this expression exactly cancel and we have I(5) = IFP

(4) . However, for different
choices of ℓ this is no longer the case and one finds that all four terms combine with the
fixed point contribution to give the same total result for I(5).

The expression for IFP
(4) can be obtained from the results of [6] for the specific D = 4

gauged supergravity theory obtained from the dimensional reduction. As explained in [6] the
7On-shell we can use the D = 4 equation of motion for λ to rewrite dΛ3, but the resulting expression is not

very illuminating; see (2.73) for the case of minimal gauged supergravity.
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fixed point set of ξ on M(4) consists of isolated fixed points (nuts) or fixed surfaces (bolts)
and on them the Killing spinor has definite ± chirality with respect to the D = 4 chirality
operator γ5. Specifically, we can write

IFP
(4) =

∆x5π

𝔤2G(5)

[ ∑
nuts±

1
dF0

(b1∓b2)2

b1b2
iF(u±)

+
∑

bolts±

1
dF2

(
±κiFΛ(u±)𝔭Λ−iF(u±)

∫
bolt±

c1(L)
)]

,

(2.59)

where F is given in (2.34), b1, b2 are the weights of the D = 4 R-symmetry Killing vector
ξ and u± are given by

uΛ
+ = X̃Λ

ζ
(4)
Σ X̃Σ

∣∣∣∣∣
+

, uΛ
− = XΛ

ζ
(4)
Σ XΣ

∣∣∣∣∣
−

. (2.60)

For the contribution from bolts Σ±, c1(L) is the first Chern class of the normal bundle to
Σ± and 𝔭Λ are the fluxes through the bolt

𝔭Λ ≡ 1
4π

∫
Σ
𝔤FΛ , (2.61)

subject to the constraint

ζ
(4)
Λ 𝔭Λ

± = κ

∫
Σ±

[±c1(L)− c1(TΣ±)] , (2.62)

where c1(TΣ±) is the first Chern class of the tangent bundle to Σ±. We similarly define

𝔭0 ≡ − 1
4π

∫
Σ
𝔤 dα . (2.63)

From (2.21) we see that this times 4π𝔤−1/∆x5 is the Chern number of the U(1) KK bundle
over Σ associated to reduction along ℓ. The constant κ = ±1 is a sign that can be fixed for
each connected component of the fixed point set, as discussed in various examples in [5, 6].
Moreover, we have allowed for the possibility that the normal space to the nuts and bolts
can have orbifold singularities with the order of the orbifold being dF0,2 , respectively.

In fact, we can rewrite (2.59) in terms of the gauge field equivariant forms, which will
be useful in the examples later. As reviewed in appendix D (see equation (D.19)), at an
isolated fixed point with chirality χ and sign κ, we have

𝔤ΦΛ
0 = −2κ(b1 − χb2)uΛ

χ , (2.64)

from which we have

𝔤Φ0
0 = −2κ(b1 − χb2)u0

χ , 𝔤Φ̌I0 = −2κ(b1 − χb2)ǔIχ , (2.65)

where we have introduced ǔIχ ≡ uIχ+ aIu0
χ and Φ̌I0 ≡ ΦI0 + aIΦ0

0, in analogy with X̌I in (2.34).
By the definition of uΛ in (2.60), these are constrained by

𝔤ζ(4)
Λ ΦΛ

0 = −2κ(b1 − χb2) , (2.66)
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or equivalently

−4Q(ℓ)Φ0
0 + 𝔤ζ(4)

I Φ̌I0 = −2κ(b1 − χb2) , (2.67)

where we have used the definition of ζ(4)
0 from (2.38). Therefore, the contribution from

isolated fixed points to (2.59) can be rewritten as

IFP
(4) = ∆x5π

G(5)

i
6
∑
nuts

1
dF0

1
4b1b2

CIJKΦ̌I0Φ̌J0 Φ̌K0
Φ0

0
, (2.68)

subject to the constraint (2.67).
Something similar can be done for fixed surfaces. From (D.21) we find that, at a bolt

with chirality χ such that the action of ξ on the normal plane has weight b

uΛ
χ = κ

2bχ𝔤Φ
Λ
0 , (2.69)

constrained by

−4Q(ℓ)Φ0
0 + 𝔤ζ(4)

I Φ̌I0 = 2κχb . (2.70)

Therefore, the contribution from bolts to (2.59) is

IFP
(4) = ∆x5π

𝔤G(5)

i
12

∑
bolts

1
dF2

1
b

CIJKΦ̌J0 Φ̌K0
Φ0

0

[
− Φ̌I0

Φ0
0
+ 3𝔭I − 𝔤

2b Φ̌
I
0

∫
bolt

c1(L)
]
, (2.71)

where 𝔭 ≡ 𝔭I + aI𝔭0. In both cases, note that, since the “checked” variables are invariant
under the transformation (2.25), the final answer is invariant under it too.

Many of the examples considered in sections 3 and 4 are supersymmetric solutions to
D = 5 minimal gauged supergravity. In this case, we have only one D = 5 gauge field, so
the constraints (2.62), (2.67), (2.70) can be solved, and the answer written only in terms
of the data from the isometry and Φ0

0. In the conventions of appendix B, we find that the
contribution from fixed sets to the on-shell action of a supersymmetric solution of D = 5
minimal gauged supergravity is

IFP
(4) = 2π∆x5

27𝔤3G(5)
i
{∑

nuts

1
dF0

1
8b1b2

1
Φ0

0

(
−κ(b1 − χb2) + 2Q(ℓ)Φ0

0

)3

+ 1
4
∑

bolts Σ

1
dF2

1
b

1
Φ0

0

(
κχb+ 2Q(ℓ)Φ0

0

)2
[
− 1

Φ0
0

1
𝔤
(
κχb+ 2Q(ℓ)Φ0

0

)

+ 6Q
(ℓ)

𝔤 𝔭0 +
(
κχ− Q(ℓ)

b
Φ0

0

)∫
Σ
c1(L)−

3
2κ
∫

Σ
c1(TΣ)

]}
. (2.72)

Here, we have isolated as an overall factor the action of Euclidean AdS5 with S1 × S3

boundary, computed in [11]. On-shell, the expression for Λ4 = dΛ3, with Λ3 as in (2.29),
can be written for minimal gauged supergravity as

Λ4|OS = e−2λ

2
(
(ž2

1 + e−4λ) ∗ F 0 ∧ F 0 − 2ž1 ∗ F 0 ∧ F̌ 1 + ∗F̌ 1 ∧ F̌ 1
)

− e4λ ∗ dž1 ∧ dž1 + 4𝔤2e2λvol4

+ i
(
2dž1 ∧ Ǎ1 ∧ F̌ 1 + 2ž1F̌

1 ∧ F̌ 1 − 2ž1 dž1 ∧ Ǎ1 ∧ F 0 − ž2
1F̌

1 ∧ F 0
)
, (2.73)

where we have eliminated the d ∗(4) dλ term using its equation of motion.
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Finally, we remark that Φ0
0 at a fixed set is determined by the geometry of the KK

reduction, as can be argued analogously to [22]. Recall that the assumptions on the KK
fibration of the D = 5 solution means that

S1 ↪→M(5) →M(4) , (2.74)

and S1 is fibred as an associated bundle for the U(1) action on S1 ⊂ ℝ2, with connection
one-form −A0 (as can be gleaned from (2.20)–(2.21)). The condition for having a good
fibration corresponds to 4π𝔭0𝔤−1/∆x5 being an integer (or, in presence of an orbifold, an
integer divided by the order of the orbifold group). Because of the existence of the Killing
spinors, M(5) has an additional Killing vector K, which upon reduction becomes ξ (as is clear
from (2.48)). Using (2.51), over each fixed point p of ξ, we can write

K|p =
∆x5

2π Rup∂x5

∣∣∣
p
. (2.75)

On the base M(4), we know that for an equivariant Chern class evaluated at a fixed point

cξ1(L)
∣∣∣
p
= ϵp(L)

2π , (2.76)

where ϵp(L) is the weight of the action of ξ on the complex line bundle L over the fixed
point p. Since ΦΛ/2π are by construction representatives of the cohomology class of cξ1(LΛ),
we find that by construction 𝔤ΦΛ

0 |p = ϵp(LΛ). In particular, 𝔤Φ0
0|p, which recall is equal to

the evaluation of the equivariant completion of 𝔤F 0 = −𝔤dα at the fixed point, corresponds
to the weight of the lift of ξ in M(5), that is, K. Therefore, with the appropriate rescaling
due to the definition (2.21) of A0

𝔤Φ0
0|p =

∆x5𝔤
2π Rup . (2.77)

Note that this identification requires the gauge field A0 to be in the regular gauge at the
fixed point

ξ A0|p = 0 , (2.78)

which is a more stringent condition than the gauge choice LξA0 = 0 in (2.49), used to
derive (2.50). Indeed, substitution in (2.48) gives us

Φ0
0|p = (ξ A0 − e3λP )|p , (2.79)

and in the regular gauge, the result Φ0
0|p = −e3λP |p is consistent with our choice of holo-

morphic sections (see (D.10)).

2.5 Reality conditions

We briefly pause to make various comments regarding reality conditions that are associated
with the derivation of the key result (2.59).

– 16 –



J
H
E
P
0
3
(
2
0
2
6
)
0
8
0

First, we recall that the derivation in [6] assumed a real section of the D = 4 Euclidean
theory with

g(4) ∈ ℝ , AΛ ∈ ℝ , zI , z̃Ĩ ∈ ℝ ,

A ∈ iℝ , XΛ, X̃Λ ∈ ℝ , F(X) ∈ iℝ , F̃(X̃) = −F(X̃) . (2.80)

These assumptions guarantee that the D = 4 Euclidean Killing spinor ϵ̃ can be taken to be
ϵc, and thus the D = 4 spinor bilinears are real and define a (real) identity structure on the
frame of M(4). We want to compare these conditions with the D = 5 reality conditions (2.15),
mentioned earlier, and the dimensional reduction ansatz (2.22). We first notice that (2.80)
means AI and zI1 (as defined in (2.23)) are real, and so are AI in (2.22), provided aI ∈ ℝ.
So, (2.80) is consistent with the reality of the D = 5 gauge fields required in (2.15). Reality
of A0, instead, is guaranteed if α in (2.21) and x5 are both real. We then notice that zI2
is instead pure imaginary, and then so is the power of the warp factor e−6λ, because of
the cubic constraint (2.24) (with CIJK ∈ ℝ). However, this means that its third root e2λ

cannot be real, and so the condition Y I = −e2λzI2 is not consistent with the D = 5 reality
conditions, since (2.15) requires Y I ∈ iℝ. Moreover, if e−6λ is pure imaginary, then the
Kähler potential (2.35) is real if and only if X0X̃0 ∈ iℝ, which is not consistent with the
assumptions in (2.80) (and indeed also not with our choice (2.45)). Thus, the D = 4 reality
conditions (2.80) are not consistent with the D = 5 reality conditions (2.15).

In fact, the form of the prepotential (2.34) already means that we are outside the class
of gauged supergravities to which the derivation of [6] strictly applies: indeed we have
F̃(X̃) = F(X̃), which is not consistent with (2.80) and the symplectic constraint between
the prepotential and the Kähler potential (2.35). We do not believe this is a fundamental
issue [6]: there are many supersymmetric solutions which violate the reality conditions (2.80),
and yet the equivariant localization expression for the D = 4 action remains valid. This
suggests that the localization result applies far beyond the restrictive assumptions (2.80),
which were made to simplify the computations. In [6] it was highlighted how the final results
are expected to change if the D = 4 reality assumptions are relaxed (e.g. see eq. (3.34) of [6])
and this has been used in obtaining (2.59).

We end this subsection with an observation regarding reality conditions for Wick-rotations
of real stationary, Lorentzian, supersymmetric D = 5 solutions; this is relevant for the AdS5
example in section 3 (but not the black hole example in section 4). If we assume that
we can take ℓ to be the Wick-rotated timelike Killing vector ∂t, i.e. we set x5 = it, then,
from the reality of the original Lorentzian fields we infer the following reality properties
for the KK ansatz (2.20)–(2.22):

g(4) ∈ ℝ , A0 ∈ iℝ , AI ∈ ℝ ,

zI1 ∈ iℝ , zI2 ∈ ℝ , aI ∈ iℝ . (2.81)

Moreover, Y I ∈ ℝ. The D = 5 metric (2.20) is then complex unless the original spacetime
is static (as in the AdS5 example treated in section 3). As it stands, this ansatz is outside
both the D = 5 reality condition (2.15) and the D = 4 condition (2.80). However, we
observe it is consistent with studying D = 4 solutions with Euclidean spinors related by
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ϵ̃ = γ5ϵ
c (cf. (E.19)–(E.21)), provided we use the following choice of parametrization of

the holomorphic sections

zI = XI

X0 , z̃I = X̃I

X̃0
, (2.82)

and we take XI , X̃I ∈ iℝ, X0, X̃0 ∈ ℝ, so that I00, IIJ ∈ ℝ, I0I ∈ iℝ (note the consistency
with (2.32) and with (2.45)). Moreover, we require Q(ℓ) ∈ iℝ, to have ζ(4)

0 ∈ iℝ and ζ(4)
I ∈ ℝ

(compare with (2.38)). These assumptions provide a well-defined D = 4 “real” contour in
the Euclidean theory. Thus, they correspond to having complex D = 5 spinor bilinears and
imposing a D = 4 reality condition different from the one studied in [6]. We also remark
that (2.81), and setting X0 real with XI pure imaginary with our parametrization of the
sections corresponds to the reality condition imposed in [35].

2.6 Background subtraction

In section 2.4 we described how to compute the D = 5 on-shell action using localization
for classes of solutions where the supersymmetric boundary counterterms are known; we
will illustrate this formalism for Euclidean AdS5 with S1 × S3 boundary and recover the
supersymmetric Casimir energy in section 3.

In general, such supersymmetric boundary counterterms are not known. In such cases, a
practical procedure to obtain a finite result for the D = 5 on-shell action is to regulate using
background subtraction, with the hope of obtaining a result that is scheme independent. This
effectively computes the regularized free energy of the solution relative to that of a suitable
reference background. Instead of (2.55), one introduces a suitably chosen supersymmetric
D = 5 solution N(5) and defines

ITotal
(5),bs = I(5)[M(5)] + I

∂M(5)
GHY − I(5)[N(5)]− I

∂N(5)
GHY . (2.83)

There is certainly some arbitrariness in the choice of N(5), but one definite requirement that
is needed to cancel the divergences is that ∂N(5) has the same geometry as ∂M(5). In the
most well-studied examples N(5) is simply taken to be the Euclidean AdS5 vacuum.

It should be noted that in the case of Euclidean AdS5 with S1 × S3 boundary, this
background subtraction procedure will lead to a vanishing result for the D = 5 on-shell action,
and hence will not give the known non-vanishing result for the supersymmetric Casimir
energy. On the other hand, using background subtraction for complex supersymmetric black
hole solutions in minimal gauged supergravity leads to a result for the action which agrees
with the supersymmetric index for N = 4 super-Yang-Mills theory [13, 36–38].

Now suppose that the GHY terms in (2.83) cancel: in fact this is known to be the case8

for the black hole solution [39], that we consider in section 4. Then, the evaluation of (2.83)
boils down to evaluating the D = 5 action on the closed manifold M(5) ∪ (−N(5)). In this

8For minimal gauged supergravity, by carrying out a Fefferman-Graham expansion, one finds that the
evaluation of the GHY terms only depends on the intrinsic geometry and hence will also cancel. This will not
be the case with vector multiplets: if the GHY terms in (2.83) do not cancel, it is possible that at least for
some classes of solutions, they will cancel with the boundary terms in (2.58), again leading to the result (2.84),
assuming the vanishing of the Λ4 contributions as discussed below.
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case we can evaluate (2.83) by choosing a Killing vector ℓ and using the BVAB theorem in
D = 4. Now recalling (2.58) we will get fixed point contributions in M(4) and N(4) and an
integral of Λ4 over M(4) ∪ (−N(4)). Now Λ4 is closed but not necessarily exact, and moreover
it is gauge dependent, in general (recall Λ4 = dΛ3 with Λ3 given in (2.29)). However, there
are classes of solutions and choice of ℓ, where the integrals of Λ4 would give no contribution:
for example, if Λ4 was globally defined and exact on both9 M(4) and N(4), it would be exact
on M(4) ∪ (−N(4)). For such classes the final answer for the D = 5 on-shell action will be

ITotal
(5),bs = IFP

(4) [M(4)]− IFP
(4) [N(4)] . (2.84)

where IFP
(4) is given by (2.59).

Bearing all these comments regarding background subtraction in mind, we will take (2.84)
as a concrete prescription for evaluating the D = 5 on-shell action. In section 4, we will see
that for D = 5 black hole solutions in minimal gauged supergravity, taking N(5) to be the
AdS5 vacuum, it gives a result (without using the explicit solution), for various choices of ℓ,
that precisely gives the supersymmetric index in the dual field theory. Furthermore, it can be
used in theories with arbitrary vector multiplets to give a result which has the natural form
to be the supersymmetric index of the dual field theories. It would certainly be of interest to
precisely characterize the validity of (2.84), including an understanding of how to deal with
the gauge fields when there is not a global choice of gauge, but we leave this to future work.

3 Euclidean AdS5 with S1 × S3 boundary

The first example we consider is D = 5 hyperbolic space i.e. Euclidean AdS5. As in [11] the
solution has vanishing scalars and flat gauge fields, with metric given by

ds2 = 1
𝔤2

[
dρ2

ρ2 +
(1
ρ
+ ρ

4r2
3

)2 β2

4π2dτ
2 +

(1
ρ
− ρ

4r2
3

)2
r2

3 ds2(S3)
]
, (3.1)

where ds2(S3) has unit radius and recall that the AdS5 radius is given by L = 𝔤−1. Here τ
parametrizes an S1 with ∆τ = 2π and ρ ∈ (0, 2r3], with ρ→ 0 giving the conformal boundary
S1
β × S3

r3 . The topology of the D = 5 solution is S1 × ℝ4.
The essential features of utilizing our localization techniques for this example are covered

by considering D = 5 minimal gauged supergravity, with a single D = 5 gauge field A
(see appendix B). In order to have spinors that are independent of τ , we take the D = 5
gauge field to be

A = i
4π

√
3𝔤

β

r3
dτ , (3.2)

(in models with additional vector multiplets this would be the form of the R-symmetry
gauge field 1

2ζIA
I). The on-shell action for this solution was explicitly computed in [11]

using novel supersymmetry-preserving counterterms, and matched to the supersymmetric
9Taking N(5) to be the AdS5 vacuum, as we will for the black hole example later, then Λ4 would be exact

and globally defined on N(4).
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Casimir energy defined in [12]. The result is

ITotal
(5) = 2π

27𝔤3G(5)

β

r3
, (3.3)

which only depends on β, r3 through their ratio, which is conformally invariant.
This D = 5 solution has been generalized to one with S1 ×ℝ4 topology, but allowing

for the boundary to be the product of S1
β and a squashed three sphere. In [40] metrics were

constructed numerically that approach S1
β and a biaxially squashed three-sphere S3

r3,v with
metric given by ds2(S3

r3,v) = r2
3
[
σ2

1 + σ2
2 + v2σ2

3
]
, for some constant v. More generally, one can

consider a conformal boundary that is a Hopf surface with topology S1 × S3. These solutions
have a boundary supersymmetric Killing vector on S1

β×S3
r3,v of the form ∂τ+i β2π (b1∂ϕ1+b2∂ϕ2)

which for b1 = b2 = 1/r3 reduces to the case of (3.1). Although no solutions have been
analytically constructed with this boundary and S1 ×ℝ4 topology, it was also shown [11]
how to compute the on-shell action with result10

ITotal
(5) = 2π

27𝔤3G(5)
β
(b1 + b2)3

8b1b2
, (3.4)

which agrees with (3.3) after setting b1 = b2 = 1/r3, and also agrees with the field theory
prediction of [41].

The goal is to now see how this result can be obtained using the localization and
dimensional reduction technology developed in section 2.4. We first compute the result only
using the data from topology and geometry: for a particular choice of reduction vector ℓ, we
precisely recover (3.4) from contributions from the D = 4 fixed point set. However, for another
choice of ℓ we find that we do not recover (3.4) from contributions from the D = 4 fixed point
set, so necessarily there are additional contributions arising from the last four terms in (2.58).
We explicitly check that this is what is going on by analysing the explicit form of the metric
and Killing spinors. Before starting, though, we briefly pause to record some facts about S3,
which will also be useful for the black hole solutions considered in the next section.

3.1 Some S3 results

The round metric on a unit radius S3 can be written as

ds2(S3) = dϑ2 + cos2 ϑ dφ2
1 + sin2 ϑ dφ2

2 , (3.5)

with ϑ ∈ [0, π/2] and ∆φi = 2π. It is also useful to use the coordinates

ψ = φ1 + φ2 , ϕ ≡ −φ1 + φ2 , θ = 2ϑ , (3.6)

with ∆ψ = 4π, ∆ϕ = 2π and θ ∈ [0, π] which is associated with the Hopf fibration:

ds2(S3) = 1
4
[
dθ2 + sin2 θ dϕ2 + (dψ − cos θ dϕ)2

]
,

= 1
4
[
σ2

1 + σ2
2 + σ2

3

]
, (3.7)

10Reference [11] implicitly made some assumptions about sign conventions in the weights bi. We shall be
more precise below.
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where σi are left-invariant one forms on S3 with σ3 = dψ − cos θ dϕ. Half of the 4 Killing
spinors on S3 are constant in the left-invariant frame, and are solutions to the Killing spinor
equation ∇aυ = i

2γ
(3)
a υ, where γ(3) are elements of Cliff(3), with a = 1, 2, 3. These two

spinors satisfy, respectively,

L∂φ1
υ = cJ

i
2υ , L∂φ2

υ = cJ
i
2υ , cJ = ±1 , (3.8)

implying that they are charged under ∂ψ with charge 1
2cJ , and uncharged under ∂ϕ.

3.2 Simple reduction

Ignoring for a moment the explicit form of the metric and gauge field in (3.1)–(3.2), we
assume the existence of a supersymmetric solution on M(5) with topology and bilinear Killing
vector given by

M(5) = S1 ×ℝ4 , K = ∂τ + ε1∂φ1 + ε2∂φ2 , (3.9)

where φ1, φ2 are the polar angles in the two orthogonal planes in ℝ4, and τ parametrizes S1,
and they all have period 2π. As noted below (2.14), K is generically complex, so ε1, ε2 ∈ ℂ.

We first consider carrying out the reduction with respect to the Killing vector ℓ along
the S1 given by

ℓ = 𝔤∂τ . (3.10)

Here, we have fixed ∆x5 = 2π𝔤−1 using the possibility of rescaling x5 via a redefinition of
e4λ in the ansatz (2.20). We now assume there exists a gauge field such that the spinors
are independent of τ (and in particular periodic) so the charge, Q(ℓ), of the D = 5 Killing
spinor χ with respect to the KK reduction vector ℓ vanishes:

Q(ℓ) = 0 . (3.11)

It is clear that M(4) ∼= ℝ4, and from (2.48), we have

ξ = ε1∂φ1 + ε2∂φ2 , (3.12)

which has an isolated fixed point at the origin with weights ε1 and ε2, and chirality χ. We
identify Rup = 1 in (2.75), and so 𝔤Φ0

0|nut = 1 from (2.77). So, (2.72) immediately gives

IFP
(4) = 2π

27𝔤3G(5)
(−κi2π)(ε1 − χε2)3

8ε1ε2
. (3.13)

Note that this matches the value for the on-shell action (3.4), which had been constructed
for solutions with Hopf surface boundary, with the following identification

ε1 = i β2πb1 , ε2 = −i β2πχb2 , χ = −κ . (3.14)

Note that this identification requires a choice of chirality for the D = 4 spinor, which in
analogous analysis for specific backgrounds of D = 4 minimal gauged supergravity was shown
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to be due to regularity [42] (see the discussion in [6]). Moreover, we observe that with this
identification the Killing vector K is generically complex and matches the one computed
from the actual solution and mentioned above (3.4).

Thus, with the choice of KK Killing vector in (3.10), we have ITotal
(5) = IFP

(4) . We will
later confirm that the last four terms in (2.58) indeed vanish and so the D = 5 on-shell
action for this choice of KK Killing vector is given precisely by the D = 4 fixed point set
contribution. While this is a pleasing result, interestingly, it does not generalize to generic
choices of the KK Killing vector, as we shall now see.

3.3 Reduction with a q-twist using the Hopf fibre

We now carry out the KK reduction of the solution associated with (3.9) using the Killing
vector ℓ given by

ℓ = 𝔤 (∂τ + 2q∂ψ) , (3.15)

with q an integer. We refer to this as a “q-twist” of the previous reduction, that uses also the
Hopf fibre of the S3 (we are using the Euler angles defined in (3.6)); setting q = 0 returns us
to the simple reduction just considered. As before, we assume that the gauge field is flat and
that the spinor is periodic around S1

τ . Without loss of generality, we focus on

L∂ψχ = − i
2χ , (3.16)

so that

Q(ℓ) = −𝔤q . (3.17)

To proceed it is useful to introduce periodic coordinates µ, ν via

τ = ν , ψ = 2(qν + µ) , (3.18)

with ∆µ = ∆ν = 2π, in terms of which

ℓ = 𝔤∂ν , K = ∂ν +
(
−q + ε1 + ε2

2

)
∂µ − (ε1 − ε2)∂ϕ . (3.19)

For simplicity, we now just consider ε1 = ε2 ≡ i β
2πr3

, which will allow us to see the key
feature that using this KK reduction, the contribution from the “boundary” terms (the last
four terms in (2.58)) to the D = 5 on-shell action will not vanish. Reducing along ℓ we
again find that M(4) ∼= ℝ4, and from (2.48) we have

ξ =
(
−q + i β

2πr3

)
∂µ . (3.20)

Modulo the caveats about the connection between weights, chirality, and regularity, discussed
in the previous subsection, this D = 4 supersymmetric Killing vector again has an isolated
fixed point at the origin of M(4), with weights equal to (−q + i β

2πr3
), negative chirality, and

κ = 1. From (2.72) we now obtain the fixed point contribution

IFP
(4) = 2π

27𝔤3G(5)

β

r3
− q

8π2iβ
27𝔤3G5

β + πiqr3
(β + 2πiqr3)2 . (3.21)
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Thus, for the q-twist KK reduction vector, the D = 5 on-shell action is not entirely given
by the fixed point contribution in the reduced D = 4 action. Indeed, we shall now show from
a concrete computation for the explicit metric (3.1) that the last four terms in (2.58) do not
vanish and contribute precisely the term proportional to q above.

3.4 Reduction with a q-twist: analytic computation

We now consider the explicit metric (3.1), verifying that when one does a q-twist reduction,
the boundary terms give a non-trivial contribution to the D = 5 on-shell action that precisely
cancels the term in (3.21) proportional to q.

Writing (3.1) according to the reduction ansatz (2.20) and using the coordinates ν, µ
in (3.18), we find

e−2λ =

√
β2

4π2W
2
+ + q2r2

3W2
− ,

α = 1
𝔤

(
dν + q

r2
3W2

−
β2

4π2W2
+ + q2r2

3W2
−

(
dµ− 1

2 cos θ dϕ
))

,

ds2
(4) =

1
𝔤2

√
β2

4π2W
2
+ + q2r2

3W2
−

[
dρ2

ρ2

+W2
−
r2

3
4

 β2

4π2W2
+

β2

4π2W2
+ + q2r2

3W2
−
4
(
dµ− 1

2 cos θ dϕ
)2

+ ds2(S2)

], (3.22)

where
W± ≡ 1

ρ
± ρ

4r2
3
. (3.23)

From (2.22), we have

z1 + a = 2√
3
ℓ A , z2 = −e−2λ , (3.24)

so, using the gauge field in (3.2), we find

z1 + a = iβ
6πr3

, z2 = −

√
β2

4π2W
2
+ + q2r2

3W2
− . (3.25)

Note that, despite the fact that the D = 5 gauge field is flat, F = 0 (so the consistency
condition (2.47) is trivially satisfied). Despite this the D = 4 gauge fields are not flat:

A0 = −q𝔤
r2

3W2
−

β2

4π2W2
+ + q2r2

3W2
−

(
dµ− 1

2 cos θ dϕ
)
,

A1 = z1A
0 . (3.26)

It is worth studying the geometry of the D = 4 space M(4). First, note that the
metric and fields are clearly smooth everywhere outside ρ = 2r3. As ρ → 2r3, we have
W+ = 1

r2
3
+ o(ρ− 2r3) and W− = (ρ−r3)2

4r2
3

+ o((ρ− 2r3)2), so the metric and gauge fields are
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regular, so the topology is that of ℝ4. On the other hand, near the conformal boundary
ρ → 0, we can introduce r = 1/ρ to find

ds2
(4) ∼ r

1
𝔤2

√
β2

4π2 + q2r2
3

dr2

r2 + r2 r
2
3
4

 β2

4π2

β2

4π2 + q2r2
3
4
(
dµ− 1

2 cos θ dϕ
)2

+ ds2(S2)

 .
(3.27)

This is conformal to AlAdS, with boundary being a squashed three-sphere preserving SU(2)×
U(1) symmetry. This is consistent with the fact that the D = 4 scalar potential obtained
reducing minimal gauged supergravity is V(4) = 12/z2, which does not have a minimum,
so there is no AdS4 vacuum.

In order to study the supersymmetric structure, we introduce the D = 5 frame

E1 = 1
𝔤W−

r3
2 dθ ,

E2 = 1
𝔤W−

r3
2 sin θ dϕ ,

E3 = 1
𝔤W−

r3
2

β
2πW+√

β2

4π2W2
+ + q2r2

3W2
−

2
(
dµ− 1

2 cos θ dϕ
)
,

E4 = 1
𝔤
dρ
ρ
,

E5 = 1
𝔤

√
β2

4π2W
2
+ + q2r2

3W2
−

(
dν +

qr2
3W2

−
β2

4π2W2
+ + q2r2

3W2
−

(
dµ− 1

2 cos θ dϕ
))

, (3.28)

which is consistent with (2.42), and the generators of the Clifford algebra

γ1,2,3 = −σ2 ⊗ σ1,2,3 , γ4 = σ3 ⊗ 𝟙2 , γ5 = σ1 ⊗ 𝟙2 , γ12345 = 𝟙 . (3.29)

The D = 5 supersymmetry equations for Euclidean minimal gauged supergravity are (cf.
appendix B)

0 =
[
∇m −

√
3i𝔤Am + 1

2𝔤γm + i
4
√
3
Fnp(γmnp − 4δnmγp)

]
χ ,

0 =
[
∇m +

√
3i𝔤Am − 1

2𝔤γm + i
4
√
3
Fnp(γmnp − 4δnmγp)

]
χ̃ . (3.30)

With the choices made above, these equations are solved by

χ =M


p2r3√

ρ e
i(µ+qν)

q2r3√
ρ e

−i(µ+qν)

−p
√
ρei(µ+qν)

−q
√
ρe−i(µ+qν)

 , χ̃ =M


−p̃

√
ρei(µ+qν)

−q̃
√
ρe−i(µ+qν)

p̃2r3√
ρ e

i(µ+qν)

q̃2r3√
ρ e

−i(µ+qν)

 , (3.31)

where p, q, p̃, q̃ are constants and M is the matrix given by

M =


f−1

f

f

f−1

 , f ≡
(

β
2πW+ + iqr3W−
β
2πW+ − iqr3W−

)1/4

. (3.32)
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Out of these spinors we can compute the D = 5 spinor bilinears (2.14). In particular,
in order to match (3.19) with ε1 = ε2 = i β

2πr3
, we restrict to the case

qp̃ = β

8π𝔤r2
3
, p = q̃ = 0 , (3.33)

so

S = − β

2π𝔤r3
, K = ∂ν +

(
−q + i β

2πr3

)
∂µ . (3.34)

Moreover, we find that the Killing spinors χ and χ̃ are charged under K and ℓ, as required
in (2.16), with

Q = −i β

2πr3
= −Q̃ , Q(ℓ) = −𝔤q = −Q(ℓ) . (3.35)

Note that this solution does not satisfy the reality condition (2.15), and indeed K is manifestly
complex.

We now consider the supersymmetry structure induced on the D = 4 solution with
metric (3.22) and fields (3.25), (3.26). The D = 4 frame is constructed from the D = 5
frame (2.42) via {ea = e−λEa}, and the γ matrices are the same as the above. It is
straightforward to check that the spinors ϵ and ϵ̃ constructed from (3.31) as in (2.44) solve the
Killing spinor equations for the D = 4 model obtained reducing minimal gauged supergravity,
namely (using zI = XI , z̃I = X̃I , which is consistent with (2.45) and (2.82)):

0 =
[
∇µ +

3i
4z2

∂µz1γ5 −
i
4𝔤
((

−4Q
(ℓ)

𝔤 + 6a
)
A0
µ + 6A1

µ

)

− 𝔤 i4
1

z2
√
z2
γµ

((
−2Q

(ℓ)

𝔤 + 3ž1

)
𝟙− 3iz2γ5

)

−
√
z2
16

[
(z2𝟙− 3iz1γ5)F 0

νρ + 3iγ5F
1
νρ

]
γνργµ

]
ϵ , (3.36)

0 =
[
−
z2
√
z2

4 γνρ
[
F 0
νρ (−z1𝟙+ iz2γ5) + F 1

νρ 𝟙
]
+ γµ (∂µz1𝟙− i∂µz2γ5)

− 𝔤 i
√
z2

(
z2𝟙+ i

(
3ž1 − 2Q

(ℓ)

𝔤

)
γ5

)]
ϵ , (3.37)

0 =
[
∇µ +

3i
4z2

∂µz1γ5 +
i
4𝔤
((

−4Q
(ℓ)

𝔤 + 6a
)
A0
µ + 6A1

µ

)

− 𝔤 i4
1

z2
√
z2
γµ

((
−2Q

(ℓ)

𝔤 + 3ž1

)
𝟙− 3iz2γ5

)

+
√
z2
16

[
(z2𝟙− 3iz1γ5)F 0

νρ + 3iγ5F
1
νρ

]
γνργµ

]
ϵ̃ , (3.38)
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and

0 =
[
z2
√
z2

4 γνρ
[
F 0
νρ (−z1𝟙+ iz2γ5) + F 1

νρ 𝟙
]
+ γµ (∂µz1𝟙− i∂µz2γ5)

− 𝔤 i
√
z2

(
z2𝟙+ i

(
3ž1 − 2Q

(ℓ)

𝔤

)
γ5

)]
ϵ̃ . (3.39)

From these, we can construct the D = 4 bilinears (D.9), finding

S = β

2π𝔤r3eλ
, P = − β

2π𝔤e
λ
(
β

2πW
2
+ + iqr3W2

−

)
,

ξ =
(
−q + i β

2πr3

)
∂µ . (3.40)

We then check that indeed the only fixed point is at ρ = 2r3, where S = −P , thus confirming
the negative chirality necessary to obtain a non-zero on-shell action, and the weights are
b1 = b2 = −q + i β

2πr3
. We also immediately confirm the relations between the D = 5 and

D = 4 spinor bilinears given in (2.48), and compute the charge of ϵ under ξ, obtaining

Q(ξ) = q − i β

2πr3
= Q− (ξ A0 − e3λP )Q(ℓ) = Q− 1

𝔤Q
(ℓ) , (3.41)

as in (2.52). Moreover, we can compute the equivariant Chern classes ΦI , confirming that
ΦI0 are not constant, but at ρ = 2r3

𝔤Φ0
0 = 1 , 𝔤Φ̌1

0 = −i β

3πr3
, (3.42)

which is consistent both with (2.67) with κ = 1, and with (2.77) with Rup = 1.
Finally, we move to checking the rewriting of the D = 5 action given in (2.58). First,

we compute the contribution of the single fixed point at the origin of ℝ4, which is given
by (2.72), and indeed, precisely matches (3.21). We are then left with the evaluation of the
“boundary” terms, the last four terms in (2.58), all of which are non-zero and separately
divergent. We evaluate them considering a cutoff spacetime {ρ ≥ δ} with boundary ∂Mδ and
induced metric h. For the first two terms arising from the BVAB theorem we get

− 1
8πG(5)

∫
∂M(5)

α ∧ η ∧ (Φ2 +Φ0dη) = − 3πβr3
3

8𝔤3G(5)δ4 + πβr3(3β2 + 8π2q2r2
3)

8𝔤3G(5)
(
β2 + 4π2q2r2

3
)
δ2

− πβ
(
115β4 + 2160π4q4r4

3 + 1224π2β2q2r2
3 + 512πiβ3qr3

)
1728r3𝔤3G(5)

(
β2 + 4π2q2r2

3
)2 + o(1) , (3.43)

and

− ∆x5

16πG(5)

∫
M(4)

Λ4 = πβr3
3

8𝔤3G(5)δ4 − πβ3r3
8𝔤3G(5)

(
β2 + 4π2q2r2

3
)
δ2

+ πβ
(
81β4 − 432π4q4r4

3 − 584π2β2q2r2
3
)

1728r3𝔤3G(5)
(
β2 + 4π2q2r2

3
)2 + o(1) , (3.44)
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while the Gibbons-Hawking-York and counterterm actions give

I
∂M(5)
GHY = 1

8πG(5)

∫
∂Mδ

K volh = πβr3
3

𝔤3G(5)δ4 − πβr3
4𝔤3G(5)δ2 + o(1) , (3.45)

and

I∂M(5) = − 1
8πG(5)

[ ∫
∂Mδ

(
3𝔤+ 1

4𝔤R+ 1
𝔤3

(
E − CijklC

ijkl + 8FijF ij
)
log δ

)
volh +∆Snew

]

= − 3πβr3
3

4𝔤3G(5)δ4 + 17πβ
864r3𝔤3G(5)

+ o(1) . (3.46)

Here the counterterm action contains the logarithmically divergent Weyl anomaly expressed
in terms of the Euler scalar E, the Weyl tensor Cijkl and the gauge field, which vanishes for
this background. It also contains the finite counterterms ∆Snew, which can be found in [11],
to obtain a scheme that preserves supersymmetry. The total sum of (3.21) and these four
expressions does indeed match (3.3), confirming that indeed the rewriting (2.58) is consistent.

We also note that the boundary terms sum to zero when q = 0, so they don’t contribute
to the untwisted reduction leading to the purely fixed point contributions in D = 4. It is
interesting to highlight, though, that each one separately is non-zero. In particular, the
integral of Λ4 is non-zero, essentially because of the term coming from the d ∗(4) dλ from
the reduction of the D = 5 Ricci scalar. More specifically, for AdS5 the D = 5 gauge field
is flat, so the D = 4 gauge are related by Ǎ1 = ž1A

0, and the on-shell expression of Λ4
given in (2.73) simplifies further to

Λ4|OS = 2
[
e−6λ

4 ∗(4) F
0 ∧ F 0 + 2𝔤2e2λvol4 +

i
2 ž

3
1F

0 ∧ F 0
]
. (3.47)

Thus, we see that it is non-zero even for the untwisted reduction along ∂τ , where F 0 = 0.
Finally, we recall that the supersymmetric solution (3.1), (3.2) is the Wick-rotation of

Lorentzian AdS5, and its reduction satisfies the D = 4 reality conditions (2.81), though
not the original ones (2.80) used in [6].

4 The black hole

We now look at the complex solutions described in [13], which represent supersymmetric
complex non-extremal deformations of the supersymmetric extremal black holes of [43, 44].
The deformation away from extremality allows one to avoid the bulk divergence associated
with the infinite near-horizon throat. The topology of the D = 5 solution is ℝ2 × S3, and
supersymmetry is preserved via the Killing spinor being anti-periodic around the circle
shrinking at the origin of the ℝ2 factor, when considered in a regular gauge for the U(1)
gauge field.

We start by writing the D = 5 bilinear Killing vector as

K = ∂τ + ε1∂φ1 + ε2∂φ2 , (4.1)
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where φ1, φ2 are coordinates on S3, as in (3.5), and τ is a coordinate on S1, the “thermal
circle”, with ∆τ = ∆φ1 = ∆φ2 = 2π. As before, K is generically complex, with ε1, ε2 ∈ ℂ.
The horizon of the black hole is generated by

VH = ∂τ , (4.2)

and note, in general, K ̸= VH . Using a regular gauge for the U(1) gauge field, the anti-periodic
spin structure of the ℝ2 disc factor implies that the Killing spinor χ satisfies

L∂τχ = cR
i
2χ , cR = ±1 . (4.3)

Next, recalling (3.8), we also have

L∂φ1
χ = cJ

i
2χ , L∂φ2

χ = cJ
i
2χ , cJ = ±1 . (4.4)

In contrast to section 3, we will compute the on-shell action for the black holes by utilizing
background subtraction, as discussed in section 2.6. We will take the background solution N(5)
to be the vacuum AdS5 solution and then compute the on-shell action for different choices of
KK vectors ℓ using the specific formula (2.84). We first consider black holes in minimal D = 5
gauged supergravity, before considering black holes with multiple charges in section 4.2.

4.1 Reduction with a p-twist using the thermal circle; minimal gauged
supergravity

We first carry out a KK reduction with respect to the Killing vector

ℓ = 𝔤 (2∂ψ + p∂τ ) , (4.5)

where p is an arbitrary integer. Doing so leads to a D = 4 base with topology M(4) ∼=
O(−p) → S2. We shall see that the D = 5 on-shell action, regularized by background
subtraction, is independent of p. Note for p = 0 the reduction is simply along the Hopf
fibre in the S3, as done in [20, 21]. Interestingly, we find that in this case the contribution
from the subtraction manifold vanishes, and the black hole on-shell action (2.84) is recovered
solely from the fixed point contributions of M(4). As discussed around equation (2.78), we
proceed assuming we are in a gauge with LξA0 = 0, and such that the gauge field is regular
at the fixed points, with ξ = π∗(K).

Given (4.3)–(4.4), the charge of the D = 5 Killing spinor χ with respect to ℓ is given by

Q(ℓ) = 𝔤
2 (pcR + 2cJ) , (4.6)

where recall that the charges in (4.3)–(4.4) are fixed by assuming a regular gauge for the
D = 5 gauge field. To proceed, we introduce periodic coordinates µ, ν via

τ = pν + µ , ψ = 2ν , (4.7)

with ∆µ = ∆ν = 2π. In the new coordinates we have

ℓ = 𝔤∂ν , (4.8)

– 28 –



J
H
E
P
0
3
(
2
0
2
6
)
0
8
0

and so from (2.18) we have ∆x5 = 2π𝔤−1. Also, the D = 5 supersymmetric Killing vector
is given by

K =
(
1− ε1 + ε2

2 p

)
∂µ − (ε1 − ε2)∂ϕ +

ε1 + ε2
2 ∂ν . (4.9)

The pushforward of K, ξ = π∗(K), can then be read off from (2.48). In order to compute
the weights of ξ at the fixed points of M(4), we first diagonalize the U(1)2 action at (say)
the south pole of the zero-section S2 ⊂ M(4) ∼= O(−p) → S2. This leads to the coordinate
transformation

∂γ1 = ∂ϕ +
p

2∂µ , ∂γ2 = ∂µ , (4.10)

where ∆γ1 = ∆γ2 = 2π, so that we have

ξ = −(ε1 − ε2)∂γ1 + (1− ε2 p)∂γ2 . (4.11)

In this basis we then have the standard toric data for this manifold [5]:

v⃗0 = (−1, 0) , v⃗1 = (0,−1) , v⃗2 = (1,−p) . (4.12)

Here v⃗1 = −∂γ2 rotates the fibre of O(−p) → S2, fixing the zero-section, while v⃗0 = −∂γ1 ,
v⃗2 = ∂γ1 − p∂γ2 rotate the tangent spaces in S2 at the south (θ = π) and north (θ = 0) poles,
respectively. As explained in [5], the weights bN,Si of ξ at the fixed north and south poles
can be computed from the toric data. Given (4.11), (4.12), these are

(bN1 , bN2 ) = (− det(v⃗2, ξ), det(v⃗1, ξ))
= (−1 + ε1p,−ε1 + ε2) ,

(bS1 , bS2 ) = (− det(v⃗1, ξ), det(v⃗0, ξ))
= (ε1 − ε2,−1 + ε2p) .

(4.13)

Notice that, when ε1 = ε2, the S2 becomes an isolated fixed surface, i.e. a “bolt” for the D = 4
supersymmetric Killing vector ξ. The fixed point contribution to the action is then evaluated
using the bolt formula in (2.72). Noting that the ε1 → ε2 limit is smooth, in the sequel we
assume ε1 ̸= ε2, noting that the “bolt limit” can be easily recovered, as explained in [5].

Next, from (2.77), we have that 𝔤Φ0
0 at the fixed points give the weights of the lift of

ξ in M(5), i.e. K. The circles generated by φ2 and φ1 degenerate at the north and south
poles, respectively, so from (4.1) we have

𝔤Φ0
0

∣∣∣
N

= ε1 , 𝔤Φ0
0

∣∣∣
S
= ε2 . (4.14)

Since we are working with Euclidean D = 5 minimal gauged supergravity, the constraint (2.67)
uniquely determines Φ̌1

0, and the fixed point contribution to the action is simply given
by (2.72). Specifically, from the constraint we have

𝔤Φ̌1
0

∣∣∣
N

= 1
3
[
− κN (−1 + ε1p+ (ε1 − ε2)χN )) + (pcR + 2cJ)ε1

]
,

𝔤Φ̌1
0

∣∣∣
S
= 1

3
[
− κS(ε1 − ε2 + (1− ε2p)χS) + (pcR + 2cJ)ε2

]
.

(4.15)

– 29 –



J
H
E
P
0
3
(
2
0
2
6
)
0
8
0

Note that these are invariant under the following symmetry

κS ↔ −κS , χN,S ↔ −χN,S , ε1,2 ↔ −ε1,2 , p↔ −p , cJ ↔ −cJ . (4.16)

The KK reduction introduces the signs κN,S , χN,S , in addition to the signs cR, cJ associated
to the charge of the original D = 5 Killing spinor under the U(1)3 isometry, (4.3), (4.4).
These signs are not all independent: some are related, as explained in [5], and some may
be absorbed via coordinate redefinitions and choices of convention.

In order to analyze this carefully, we begin by recalling from [5] that to each edge v⃗a of
the toric diagram, a = 0, 1, 2, we have an associated sign σa ∈ {±1}. The latter specifies
(twice) the charge of the Killing spinor under the U(1) subgroup defined by v⃗a, which must
be ±1 in order that the spinor is non-singular along the subspace corresponding to that
edge. This data is related to κN,S , χN,S via

σ0 = −κS , σ1 = −κN , σ2 = −χNσ1 , (4.17)

where χS = −σ0σ1, χN = −σ1σ2. In particular, it’s immediate from these relations that
κN = −χSκS .

Further constraints on the signs are most easily fixed by looking at the gauge field fluxes.
These are given by (4.13), and we apply the BVAB theorem on the equivariantly closed
form ΦΛ

(F ) ≡ FΛ + ΦΛ
0 to obtain

𝔭Λ = − 1
2(ε1 − ε2)

(
𝔤ΦΛ

0 |N − 𝔤ΦΛ
0 |S
)
. (4.18)

From (2.66), it follows that the D = 4 R-symmetry gauge field flux is constrained by

ζ
(4)
Λ 𝔭Λ = 1

(ε1 − ε2)
[
κN (bN1 − χNb

N
2 )− κS(bS1 − χSb

S
2 )
]
. (4.19)

Substituting the weights (4.13), together with the relation κN = −χSκS , (4.19) reads

ζ
(4)
Λ 𝔭Λ = −κS(1 + χNχS + χSp) . (4.20)

Now, substituting the FI parameters (2.38), this can be re-written as:

−4
𝔤Q

(ℓ)𝔭0 + 6𝔭1 = −κS(1 + χNχS + χSp) . (4.21)

We can then choose a1 = −𝔭1/𝔭0, such that 𝔭1 = 0 (recalling that these combinations
are invariant under the redundancy in the reduction ansatz (2.25)). On the other hand,
𝔭0 is proportional to the Chern number of the KK bundle over S2, as noted below (2.63).
Since ∆x5 = 2π𝔤−1, it must be that 𝔭0 is half the Chern number. To compute it, we
substitute (4.14) in (4.18), obtaining

𝔭0 = −1
2 . (4.22)

Note that this relation gives the same Chern number as the Hopf fibration over S2, which is
precisely as expected for the “p-twist” we have done. Substituting this value for 𝔭0, along
with Q(ℓ) from (4.6), into (4.21), we find

pcR + 2cJ = −κS(1 + χNχS + χSp) . (4.23)
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We thus conclude that χNχS = 1. This is consistent with the fact that when ε1 = ε2, which
is associated with D = 5 black holes with the two angular momenta equal to each other, the
reduction along the (p = 0) Hopf-fibre direction is then known to lead to supersymmetric
D = 4 static solutions with ℝ2 × S2 topology, that preserve supersymmetry via a topological
twist (see also [45]). We also observe that κN = −χSκS = cR and κS = −cJ . Thus, we have

χN = χS = cRcJ , κS = −cJ , κN = cR . (4.24)

In terms of the sign variables σa in (4.17), these are σ0 = σ2 = cJ , σ1 = −cR.
Taking these signs in (4.15), we may now evaluate (2.72). A short computation shows

that the contribution of the D = 5 on-shell action in (2.84) from M(4) is given by

IFP
(4) [M(4)] = IFP

(4)N + IFP
(4)S , (4.25)

where

IFP
(4)N = iπ2

54𝔤3G(5)
cR

[1 + cRcJ(ε1 + ε2)]3

ε1(ε1 − ε2)(1− pε1)
,

IFP
(4)S = − iπ2

54𝔤3G(5)
cR

[1 + cRcJ(ε1 + ε2)]3

ε2(ε1 − ε2)(1− pε2)
.

(4.26)

In order to carry out background subtraction, we next need to compute IFP
(4) [N(4)]. Here

N(4) arises by starting with N(5) being the AdS5 vacuum, with the same D = 5 supersymmetric
Killing vector K in (4.1). We perform the same KK reduction with respect to ℓ, which we
remind the reader is

ℓ = 𝔤(2∂ψ + p∂τ ) . (4.27)

Note the difference with the KK reduction of the AdS5 example considered in section 3 in
equation (3.15). Equations (4.3) and (4.4) for spinor charges hold as before, and hence so
does the expression for Q(ℓ) given in (4.6).

We then compute IFP
(4) [N(4)] using D = 4 localization with respect to the D = 4 super-

symmetric Killing vector ξ (4.11). Dimensional reduction of AdS5 gives N(4) ∼= ℝ4/ℤp, for
which the toric data is specified by (in the conventions of [5])

v⃗0 = (−1, 0) , v⃗1 = (1,−p) . (4.28)

Notice this is the toric data (4.12), where the old vector v⃗1 has been discarded (corresponding
to collapsing the S2 horizon of the D = 4 black hole/black bolt), and relabeling v⃗2 7→ v⃗1.
We can then correspondingly immediately identify the signs for this KK reduction of AdS5:
κ = −σ0 = κS = −cJ , χ = −σ0σ2 = −1. In particular, notice that the chirality of the
spinor is fixed to be negative,11 independently of other unfixed signs that may be specified
freely. The geometry has a single fixed point at the origin of ℝ4/ℤp. It follows that the
weights of ξ (4.11) at the fixed point are given by

b1 = −1
p
det(v⃗1, ξ) = −1

p
+ ε1 ,

b2 = 1
p
det(v⃗0, ξ) = −1

p
+ ε2 .

(4.29)

11That it is negative rather than positive can be traced back to the fact that we took both signs in (4.4) to
be cJ , rather than cJ and −cJ .
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Again, Φ0
0 at the fixed point is given by (2.77). Since the entire S3 degenerates at the centre

of AdS5, from (4.1) we have

𝔤Φ0
0

∣∣∣
centre

= 1
p
, (4.30)

where the order of the orbifold group appears, as the complex line bundle L is now over the
orbifold singularity at the centre of ℝ4/ℤp. Finally, the constraint (2.67) uniquely determines
Φ̌I0 at the fixed point. Collecting everything, we find that IFP

(4) [N(4)] using (2.72) evaluates to

IFP
(4) [N(4)] = cR

iπ2

54𝔤3G(5)

[1 + cRcJ(ε1 + ε2)]3

(1− pε1)(1− pε2)
p2 . (4.31)

Thus, we find that the total D = 5 action, using background subtraction as in (2.84),
leads to

ITotal
(5),bs = cR

iπ2

54𝔤3G(5)

[
(1 + ε1 + ε2)3

ε1(ε1 − ε2)
− (1 + ε1 + ε2)3

ε2(ε1 − ε2)

]
,

= −cR
iπ2

2𝔤3G(5)

[
[1 + cRcJ(ε1 + ε2)]3

27ε1ε2

]
. (4.32)

Before discussing this expression further, we note that to use (2.84) we require the
vanishing of the Λ4 contributions for both M(4) and N(4). As discussed in section 2.6, this
requires Λ4 to be globally defined (and hence exact) on both M(4) and N(4). First, from the
reduction of AdS5, we have N(4) ∼= ℝ4/ℤp, on which any closed two-form is exact. Next, for
the black hole, in the regular gauge VH A vanishes at the horizon, where the ℝ2 disc factor
smoothly caps off. It follows that A is a globally defined one-form, and so is Ǎ1, as noted
below (2.27). This shows (2.29) is globally defined, which implies that Λ4 is exact on M(4).
We thus conclude that (2.84) is valid for this example, for any choice of ℓ.

Notice that all p dependence has dropped out of the final result (4.32). We also notice
that the first expression is in the form of gravitational blocks [46]; for p = 0, when the KK
reduction is just with respect to the Hopf direction, the contributions are coming from the
north and south pole fixed point contributions to IFP

(4) [M(4)] (with IFP
(4) [N(4)] = 0). When

p ̸= 0 the gravitational origin of the block formula is more obscure, although formally the
additional contribution of IFP

(4) [N(4)] appears as another “gravitational block,” as part of the
way the on-shell action has been regularized.

We have recovered the correct expression for the on-shell action, suitably regularized,
to be dual to the supersymmetric index of the dual SCFT. For example, we can compare
with e.g. [38], where one should identify

σg ↔ −cJε1 , τg ↔ −cJε2 , (4.33)

and introduce ∆g, which satisfies12

σg + τg − 3∆g = cR . (4.34)
12To compare with [13], note that ωthere

1 = 2πiσg, ωthere
2 = 2πiτg, and φthere = 3πi∆g. We then have

ITotal
(5),bs = 2π

27𝔤3G(5)

φ3

ω1ω2
, with constraint ω1 + ω2 − 2φ = 2πicR.
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With this constraint imposed, (4.32) is then equivalent to

ITotal
(5),bs =

iπ2

2𝔤3G(5)

∆3
g

σgτg
. (4.35)

We remark that the sign cR = ±1 in (4.34), associated to the two “branches” of solutions [38],
is precisely the discrete data specified by the charge of the D = 5 Killing spinor with
respect to VH (4.3).

At this point it is interesting to compare with the recent results of [17], where the odd-
dimensional generalization of the BVAB theorem given in [16] was used to localize the same
black hole action in D = 5 minimal gauged supergravity. The method consists of constructing
a polyform using the D = 5 supersymmetric Killing vector, ξthere, which is equivariantly
closed with respect to another arbitrary Killing vector field Xthere. Subsequently, their
localization is performed with respect to Xthere. Our approach is inherently different, in that
we perform a dimensional reduction with respect to an arbitrary Killing vector ℓ, and localize
with respect to the D = 4 supersymmetric Killing vector ξ. Interestingly, the two localization
computations can be matched, term by term, if the arbitrary Killing vectors in the two
prescriptions are identified. Note our (τ, φ1, φ2) basis is equivalent to their “ϕ-basis”, in which

ξthere
0 = 1

β
(−2πi,−ω1,−ω2) , ξthere

1 = 1
β
(−ω1,−ω2, 2πi) ,

ξthere
2 = 1

β
(−ω2, 2πi,−ω1) . (4.36)

Next, we identify the arbitrary vector Xthere in their prescription with our KK reduction
vector ℓ = (p, 1, 1). Specifically, we have

Xthere
0 = (−p, 1, 1) , Xthere

1 = (1, 1, p) , Xthere
2 = (1, p, 1) . (4.37)

It follows that (see (4.25) there)

1
16πiG(5)

Ithere
1 [X] = π2L3

54G(5)

(2πi− ω1 − ω2)3

ω1(2π − ipω1)(ω1 − ω2)
,

1
16πiG(5)

Ithere
2 [X] = − π2L3

54G(5)

(2πi− ω1 − ω2)3

ω2(2π − ipω2)(ω1 − ω2)
,

1
16πiG(5)

Ithere
0 [X] = − πL3

108G(5)

(2πi− ω1 − ω2)3

(2π − ipω1)(2π − ipω2)
p2 .

(4.38)

Each line in (4.38) agrees with our IFP
(4)N , I

FP
(4)S , and IFP

(4) [N(4)], respectively, where one should
identify

ωthere
1 ↔ −2πiε1 ωthere

2 ↔ −2πiε2 , (4.39)

and set cR = cJ = 1.

4.2 Spindle reduction; multi-charge black holes

Families of supersymmetric extremal Lorentzian black hole solutions are also known in D = 5
gauged supergravity coupled to an arbitrary number of vector multiplets [25, 47]. To deal
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with the infrared divergence associated with the AdS2 factor in the near-horizon, one can
compute their on-shell action using the limiting procedure presented in [13], which requires
constructing a non-extremal, supersymmetric (and complex) deformation. For the U(1)3

model, this could be obtained using the non-supersymmetric, Lorentzian (and real) black
hole solutions with two angular momenta and three electric charges found in [48], but this
has not yet been done. However, when two angular momenta are equal, such deformations
have been constructed and analyzed in [49] using the Lorentzian solutions of [50, 51].

Here, we use dimensional reduction and equivariant localization to find the on-shell action
of supersymmetric solutions with topology ℝ2 × S3 and U(1)3 isometry in D = 5 gauged
supergravity coupled to an arbitrary number of vector multiplets, finding

ITotal
(5),bs = − iπ2

2G(5)

CIJK
6

Φ̌I0Φ̌J0 Φ̌K0
∣∣∣
IR

ε1ε2
, (4.40)

generalizing (4.32) for minimal gauged supergravity. As we will remark at the end of the
section, after using some generalization of the “UV-IR” relations of [6], this result is consistent
with field theory conjectures in the literature.

In the previous subsection, we have shown that for minimal gauged supergravity we obtain
the D = 5 on-shell action solely from fixed point contributions, given that one performs a
reduction along the Hopf direction in the S3, by setting p = 0. We therefore anticipate that
we can obtain the on-shell action for the multi-charge black holes in the same way. While this
is indeed the case, instead of considering ℓ to be a Hopf reduction, where the KK reduction
vector is simply ℓ = 2𝔤∂ψ, we perform a reduction along

ℓ = 𝔤(nN∂φ1 + nS∂φ2) , (4.41)

with nN , nS ∈ ℕ and coprime; setting nN = nS = 1 returns to the Hopf reduction. Reducing
along this Killing vector we obtain a spindle black hole in D = 4 with topology M(4) ∼=
ℝ2 × 𝕎ℂℙ1

[nN ,nS ], and accordingly we will refer to this as the “spindle reduction” in the
sequel. Interestingly, as in the Hopf reduction, we find that there is no contribution from the
background manifold N(4) obtained by doing a spindle reduction of N(5) = AdS5; it would be
interesting to know if this is the most general Killing vector ℓ with this property.

We start by considering the following coordinate transformation [52]:

ν = mSφ1 −mNφ2 , µ = nNφ2 − nSφ1 , (4.42)

where mN ,mS ∈ ℤ are any solutions to nNmS − nSmN = 1, which exist by Bézout’s lemma.
As before, the coordinate transformation is such that in the new coordinates we have

ℓ = 𝔤∂ν . (4.43)

Given (4.4), the charge of the D = 5 Killing spinor χ with respect to ℓ is then given by

Q(ℓ) = 𝔤cJ
nN + nS

2 . (4.44)

The D = 5 supersymmetric Killing vector (4.1) reads

K = ∂τ − (ε1nS − ε2nN )∂µ + (ε1mS − ε2mN )∂ν , (4.45)
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and from (2.48) it follows that

ξ = ∂τ − (ε1nS − ε2nN )∂µ , (4.46)

where ∂τ rotates the ℝ2 direction, and ∂µ generates azimuthal rotations of 𝕎ℂℙ1
[nN ,nS ]. In

the conventions of [4], the toric data specifying ℝ2 ×𝕎ℂℙ1
[nN ,nS ] is given by

v⃗0 = (−nS , 0) , v⃗1 = (0,−1) , v⃗2 = (nN , 0) . (4.47)

Using the above data, one can now compute the weights of ξ at the fixed points, located
at the north and south poles of 𝕎ℂℙ1

[nN ,nS ]:

(bN1 , bN2 ) = (− det(v⃗2, ξ)/nN , det(v⃗1, ξ)/nN )

=
(
−1,−ε1nS − ε2nN

nN

)
,

(bS1 , bS2 ) = (− det(v⃗1, ξ)/nS , det(v⃗0, ξ)/nS)

=
(
ε1nS − ε2nN

nS
,−1

)
,

(4.48)

where now the orders of the orbifold singularities appear, given by nN = det(v⃗1, v⃗2) and
nS = det(v⃗0, v⃗1), respectively. Finally, by (2.77), Φ0

0 at the fixed points are the weights of
the lift of ξ in M(5), that is, K. The circles generated by φ2 and φ1 degenerate at the north
and south poles, respectively, so from (4.1) we have

𝔤Φ0
0

∣∣∣
N

= ε1
nN

, 𝔤Φ0
0

∣∣∣
S
= ε2
nS

, (4.49)

where, again, the complex line bundle L is over fixed points with orbifold singularities, thus
dressing the weights of K by nN , nS .

Collecting everything, we can now evaluate the fixed point contribution to the on-shell
action, using (2.68), to find

IFP
(4) [M(4)] = i∆x

5π

4G(5)

CIJK
6

1
ε1nS − ε2nN

[
Φ̌I0Φ̌J0 Φ̌K0

Φ0
0

∣∣∣∣∣
N

− Φ̌I0Φ̌J0 Φ̌K0
Φ0

0

∣∣∣∣∣
S

]
, (4.50)

where we have yet to substitute in (4.49). Before we do that, we pause to consider the flux
of the gauge fields through 𝕎ℂℙ1

[nN ,nS ]. Applying the BVAB theorem on the equivariantly
closed form ΦΛ

(F ) ≡ FΛ + ΦΛ
0 , we have

𝔭Λ = − 1
2(ε1nS − ε2nN )

(
𝔤ΦΛ

0

∣∣∣
N
− 𝔤ΦΛ

0

∣∣∣
S

)
. (4.51)

Moreover, using (2.66) we find that the R-symmetry flux gauge field is constrained by

ζ
(4)
Λ 𝔭Λ = 1

ε1nS − ε2nN

(
κN (bN1 − χNb

N
2 )− κS(bS1 − χSb

S
2 )
)
. (4.52)

To ensure that the spinor is globally defined on 𝕎ℂℙ1
[nN ,nS ], we require κN = −χSκS

(cf. (4.17)). Substituting the weights, (4.52) then reads

ζ
(4)
Λ 𝔭Λ = −κS

nN + χNχSnS
nNnS

. (4.53)
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Now, substituting the FI parameters (2.38), this can be re-written as:

−4
𝔤Q

(ℓ)𝔭0 + ζ
(4)
I 𝔭I = −κS

nN + χNχSnS
nNnS

, (4.54)

where notice that both sides of this equation are invariant under the redundancy (2.25).
Utilising the freedom to choose the flat connection piece in the reduction ansatz (2.22), we
now set aI = −𝔭I/𝔭0, such that 𝔭I = 0. Next, substituting (4.49) into (4.51), we find

𝔭0 = − 1
2nNnS

, (4.55)

which is half the Chern number of the reduction fibration, as expected. Substituting in (4.54)
the flux 𝔭0, and Q(ℓ) from (4.44), we deduce (cf. (4.24))

χNχS = 1 , κS = −cJ . (4.56)

The first condition implies that supersymmetry is preserved via a topological twist.
Turning back to (4.51), from 𝔭I = 0 we have

Φ̌I0
∣∣∣
N

= Φ̌I0
∣∣∣
S
≡ Φ̌I0

∣∣∣
IR
. (4.57)

Therefore, the constraints on the fluxes allow one to rewrite the fixed point contribution
to the on-shell action (4.50). For our choice of ℓ we get no contribution from background
subtraction so the full on-shell action is then

ITotal
(5),bs = IFP

(4) [M(4)] = − iπ2

2G(5)

CIJK
6

Φ̌I0Φ̌J0 Φ̌K0
∣∣∣
IR

ε1ε2
. (4.58)

A field theory-based conjecture for the on-shell action of the complex deformations of
multi-charge black holes was made in [14], finding an entropy function I given by

I = iπ2

2𝔤3G(5)

CIJK
6

∆I
g∆J

g∆K
g

σgτg
, (4.59)

with the variables explained below. It was proved in [49] that the Legendre transform of (4.59)
leads to the entropy of the supersymmetric extremal black holes of [25, 47], provided the
variables are constrained by

σg + τg − ζI∆I
g = cR , (4.60)

where, recall cR = ±1. For a number of SCFTs with holographic duals, this expression for
the entropy function (4.59) has been recovered by computing the Cardy-like limit of the large
N limit of the superconformal index (see [53] for a recent review of the results).

We now compare our result (4.58) for the on-shell action of the complex deformations
of multi-charge black holes with the field theory conjecture in (4.59). Given that σg, τg are
chemical potentials conjugate to angular momenta, we may identify

σg ↔ −cJε1 , τg ↔ −cJε2 , (4.61)
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as we did in (4.33). While the identification is relating bulk and boundary quantities, such
an identification is natural: while ε1,2 are associated with angular velocities of the black
hole, they are also off-diagonal components of the boundary metric on ∂M(5) ∼= S1 × S3. It
is then suggestive that we should also identify

𝔤Φ̌I0
∣∣∣
IR

= −∆I
g , (4.62)

such that (4.58) agrees with (4.59). However, we should note that Φ̌I0|IR are IR fixed point
quantities, whereas ∆I

g are associated with UV background holonomies of the boundary
gauge fields. In the context of AdS4/CFT3, novel “UV-IR relations” were constructed by
considering submanifolds of topology ℝ2, whose boundary ends on ∂M4 =M3 [4, 6]. This
can be generalized to the present setting, and for constant holonomies this will lead to
a precise agreement with the field theory conjecture. Black hole solutions may also exist
when the holonomies are not constant and this leads to more intricate UV-IR relations,
as discussed in [4, 6].

At this point, it is interesting to highlight the role of the constraint (2.67), which is a
constraint on the IR fixed point quantities. Using the values of Q(ℓ), Φ0

0|N,S , and the weights
(bN,S1 , bN,S2 ) computed above, the constraint (2.67) (at both poles) reads

𝔤ζIΦ̌I0
∣∣∣
IR

= cR + cJ(ε1 + ε2) , (4.63)

with χN = χS = cRcJ . Under the assumption that the suggested identification (4.62) is true,
this is precisely equivalent to the field theory constraint (4.60). It is remarkable that this
constraint can be derived from (2.67), just assuming that the solutions exist.

5 Final comments

We have presented a formalism which allows one to compute the on-shell action for super-
symmetric solutions of D = 5 gauged supergravity coupled to n vector multiplets using
equivariant localization. In addition to the D = 5 R-symmetry Killing vector K, the ap-
proach requires the existence of an extra Killing vector ℓ, which we assume to be nowhere
vanishing. We use ℓ to carry out a dimensional reduction to a D = 4 gauged supergravity
coupled to n+ 1 vector multiplets. We then deploy the results of [4, 6] for computing the
D = 4 on-shell action using equivariant localization. We showed how the formalism can be
used to recover the on-shell action for the Euclidean AdS5 vacuum solution with S1 × S3

boundary, recovering the known result for the supersymmetric Casimir energy, and also for
the complex locus of supersymmetric black hole solutions of [13], obtaining expressions for
the supersymmetric index of the dual SCFT.

For D = 4 gauged supergravity, the on-shell action can be expressed entirely in terms
of the fixed point data of the R-symmetry Killing vector [3, 4, 6], which is a remarkable
result. Specifically, this allows one to compute the on-shell action after just inputting some
topological information regarding the R-symmetry Killing vector and the fixed point set. By
contrast, things are considerably more involved for D = 5 gauged supergravity. A key issue
is that using the BVAB theorem in the D = 4 KK reduced space M(4) gives rise to boundary
terms on ∂M(4) (as in (2.58)), as well as a contribution from integrating Λ4 = dΛ3, with Λ3
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(as in (2.28)) not globally defined or gauge invariant, in general. Determining exactly when
these terms contribute to the D = 5 on-shell action for particular classes solutions, and how
to carefully deal with Λ3 globally, are important open issues that we hope to return to in
future work. The origin of the gauge dependence of Λ3 is associated with the Chern-Simons
term in the D = 5 action, and so resolving this issue will certainly involve anomalies of the
boundary theory. Similar issues will also arise in the approaches of [15, 17].

For the example of the AdS5 vacuum solution, using the supersymmetric boundary
counterterms of [10, 11] we have shown there exists a choice of KK reduction vector ℓ whereby
the computation of the D = 5 action is entirely given by contributions from the fixed point
set of the D = 4 R-symmetry Killing vector on M(4). However, for other choices of ℓ we have
seen that there are additional boundary contributions, and the formalism appears to be less
useful. We do not have a good understanding of what characterizes the special choice of ℓ
that leads to just fixed point contributions in this example. More generally, given a class of
solutions, it would be most desirable to know a priori whether or not such an ℓ exists.

For the black hole example, we used a background subtraction technique to regulate the
D = 5 action; although less satisfactory than holographic renormalization, this can be a
helpful pragmatic approach. After discussing some additional assumptions, we presented a
concrete prescription for computing the D = 5 on-shell action using localization in (2.84).
For the black hole solution, (2.84) gave the correct result for the D = 5 on-shell action to be
identified with the supersymmetric index of the dual SCFT. Moreover, for this example, we
showed that the result for the action was obtained from fixed point data (both in M(4) and
N(4) in (2.84)), for various choices of ℓ, including reductions on the Hopf fibre, reductions on
the Hopf fibre twisted by the thermal circle, as well as a spindle generalization of the Hopf
fibre reduction for which M(4) has a different topology than the other two reductions. It would
also be interesting to have a better understanding why in this example all of these different
reductions just involved fixed point contributions. More generally, given a class of solutions, it
would be most desirable to know a priori when (2.84) will compute the correct physical result.

With the above comments in mind, our formalism can nonetheless be used to construct the
on-shell action of other classes of solutions with different topologies, either using holographic
renormalization or background subtraction, and we aim to report on this in the future.

The results we have obtained are relevant for arbitrary D = 5 gauged supergravity
theories coupled to vector multiplets. In a few cases, these theories arise from a consistent
KK truncation of D = 10, 11 supergravity. For example minimal gauged supergravity can be
uplifted on an arbitrary SE5 manifold [54] or an M6 solution of [55], as shown in [56]. In
addition the STU model can be uplifted on S5 to D = 10 [57]. In such cases our results for
the D = 5 on-shell action-immediately lead to an associated exact result for the corresponding
D = 10, 11 solutions. However, in the D = 4 context it was argued that one can obtain
exact top-down holographic results even if there is not a consistent KK truncation and
some concrete examples were discussed. Without a consistent KK truncation one should
be studying the lower-dimensional gauged supergravity coupled to an infinite tower of KK
multiplets and yet it seems that the latter are not relevant for computing the on-shell action
via equivariant localization, at least for some examples. While we hope that a general proof
of this can be obtained, it is natural to conjecture that the same is also true for computing
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the D = 5 on-shell action. In particular we anticipate that our result for the on-shell action
for multiply charged black holes in (4.58) will be an exact result for infinite classes of SCFTs
with holographic duals.

Finally, it would also be interesting to incorporate hypermultiplets into the formalism as
well as higher derivatives. In particular, the latter would help to clarify the puzzle highlighted
in [58], where a D = 4 fixed point result obtained via dimensional reduction was shown to
disagree with a direct D = 5 computation.
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A Conventions

A.1 D = 5 Lorentzian

In D = 5 with Lorentzian signature a basis of Cliff(1, 4) is given by Γm satisfying

Γ†
m = Γ0ΓmΓ0 ,

ΓTm = CΓmC−1 , CT = −C ,
Γ∗
m = −BLΓmB−1

L , BL = iCΓ0 , (A.1)

with BTL = −BL. The charge conjugate of a D = 5 spinor λ is defined by

λcL ≡ B−1
L λ∗ = iΓ0C−1λ∗ , (A.2)

and we have

λcL ≡ (λcL)TC = −iλ†Γ0 . (A.3)

On Cliff(1, 4) we take

Γ01234 = i , (A.4)

so Γm1...m5 = iϵm1...m5 with ϵ01234 = +1.

A.2 D = 5 Euclidean

In D = 5 with Euclidean signature a basis of Cliff(5) is given by γm satisfying

γ†m = γm ,

γTm = CγmC−1 , CT = −C ,
γ∗m = BEγmB−1

E , BE = −C .
(A.5)
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The charge conjugate spinor is defined by

λc ≡ B−1
E λ∗ = −C−1λ∗ , λc ≡ (λc)TC = λ† . (A.6)

We obtain the γm from the Lorentzian Γm via γ1,2,3,4 = Γ1,2,3,4 and γ5 = −iΓ0 and
so on Cliff(5) we take

γ12345 = 1 , (A.7)

and ϵm1...m5 = +1. Notice also that we can use the same C in both the Lorentzian and
Euclidean theory, but BE ̸= BL and so one cannot identify λcL with λc.

A.3 D = 4 Euclidean

In D = 4 with Euclidean signature a basis of Cliff(4) is given by γµ satisfying

γ†µ = γµ ,

γTµ = CγµC−1 , CT = −C ,
γ∗µ = BEγµB−1

E , BE = −C .
(A.8)

The charge conjugate spinor is defined by

λc ≡ B−1
E λ∗ = −C−1λ∗ , λc = λ† . (A.9)

We obtain the D = 4 Euclidean γµ from the D = 5 Euclidean γm via γ1,2,3,4 = γ1,2,3,4
and notice from (A.7) we have γ5 = γ1γ2γ3γ4 and so γ5 is also the D = 4 chirality matrix.
Notice also that we can use the same C in both the D = 5 and the D = 4 Euclidean theories.

B Minimal gauged supergravity

Here we briefly discuss the special case of D = 5 minimal gauged supergravity, connecting
with the conventions of [24]. We focus on the D = 5 Lorentzian theory.

The minimal case is when there are no vector multiplets, so n = 0. The only bosonic
fields are the metric and a real gauge field A1. The real scalar Y 1 is a constant. Without
loss of generality we can take

Y 1 = 1 , ζ1 = 3 , A1 ≡ 2√
3
A . (B.1)

The D = 5 Lorentzian action (2.2) then takes the form

S5 = 1
16πG(5)

∫
M(5)

[ (
R+ 12𝔤2 − F2

)
vol(5) −

8
3
√
3
F ∧ F ∧A

]
, (B.2)

with F2 = FmnFmn. This theory admits an AdS5 vacuum with radius L = 𝔤−1. We have
W5 = 3 and the Lorentzian Killing spinor equations (2.7), (2.10) become

0 =
[
∇m −

√
3i𝔤Am + 1

2𝔤Γm + i
4
√
3
Fnp(Γmnp − 4δnmΓp)

]
χ ,

0 =
[
∇m +

√
3i𝔤Am − 1

2𝔤Γm + i
4
√
3
Fnp(Γmnp − 4δnmΓp)

]
χc . (B.3)
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To match [24], which had the opposite signature, choose

χthere = 2
√
3𝔤 , (γm)there = (iΓm)here , gthere

mn = −ghere
mn . (B.4)

Note that in [24] they used εm1...m5 = (γm1...m5)there with ε01234 = +1 and with (γm)there =
(−iΓm)here this is in agreement with (A.4).

C Bilinear relations in D = 5

In this appendix, we consider a supersymmetric solution of the D = 5 Euclidean supergravity
theory with bosonic action (2.11). Such a solution supports two non-vanishing Dirac spinors
χ and χ̃ satisfying (2.12) and (2.13). We also define bilinears as in (2.14):

S ≡ χ̃χ , Km ≡ χ̃γmχ , Umn ≡ iχ̃γmnχ . (C.1)

Note that in absence of any choice of “reality contour” for the spinors, each of these bilinears
is complex. Using Fierz identities, one checks that

S2 = KmKm , 4S2 = UmnUmn , SU = −K ∗(5)U . (C.2)

From the equations derived from the variations of the gravitino, we find that K is a
Killing vector, and that

dS = −iK (YIFI) ,

dK♭ = −2i
3 𝔤W(5) U + iK (∗(5)YIFI) + 2iS YIFI ,

dU = 0 . (C.3)

From the variations of the gaugino, we immediately see that LKϕ
i = 0, and that

S dϕi = 3
2ig

ij∂jYI (K FI) , (C.4)

as well as

igijdϕj ∧K♭ = −𝔤∂iW(5)U + 3
2∂iYI

(
SFI − ∗(5)(K♭ ∧ FI)

)
. (C.5)

Combining these equations, we find that

d(Y IS) = Y I dS + ∂jY
I S dϕj

= −i
(
Y IYJ − 3

2g
ij∂jY

I∂jYJ

)
(K FJ) . (C.6)

However, it follows from the definitions of the sections and metric reviewed in section 2.1 that

∂iYI = −2
3GIJ∂iY

J , gij∂iY
I∂jY

J = GIJ − 2
3Y

IY J , (C.7)

which allows us to conclude that

d(Y IS) = −iK FI . (C.8)
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From this, it follows that LKFI = 0, so the vector K generates a symmetry of the entire
solution. Moreover, the following polyform is equivariantly closed

ΦI = FI + iY IS , (C.9)

satisfying (d − K )ΦI = 0.
Although not used in this paper, one can also construct an equivariantly closed extension

of the D = 5 on-shell action,

Φ = Φ5 +Φ3 +Φ1 , (C.10)

with

Φ5 = −2
3𝔤

2V(5)vol(5) +
2
3GIJ ∗(5) FI ∧ FJ + i

6CIJKFI ∧ FJ ∧AK ,

Φ3 = 2
3i𝔤W(5) ∗(5) U − iYIFI ∧K♭ + 2

3GIJΦ
I
0 ∗(5) FJ + i

3CIJKΦI0 FJ ∧AK

Φ1 = S
(
K♭ − 2

3GIJΦ
I
0AJ

)
, (C.11)

where we have introduced ΦI0 ≡ iY IS from (C.9), and to show equivariant closure with these
representatives, we needed to choose the gauge

K AI = −ΦI0 , (C.12)

which we remark is the same gauge that was chosen in the analysis of the minimal theory
in [24]. Notice that, in general, the expressions (C.11) depend on the choice of gauge for
AI , but are otherwise globally defined. We can also write an alternative expression for Φ3
to emphasize the relation with Wald’s formalism [59], already highlighted in [6]. In fact,
recalling that the D = 5 gauge equations of motion represents the conservation of the electric
current (associated to a Page charge)

0 = d ∗(5)

[
GIJFJ + i

4 ∗(5)
(
CIJKFJ ∧AK

)]
≡ d ∗(5) JI , (C.13)

we can write

Φ3 = − ∗(5) dK♭ + 2ΦI0 ∗(5) JI −
i
6CIJKΦI0 FJ ∧AK . (C.14)

Finally, we also comment on the relation with the equivariantly closed extension of the
D = 5 on-shell action appearing in [15] for ungauged supergravity (i.e. 𝔤 = 0) and for
non-supersymmetric solutions. First, note that we can rewrite the forms in (C.11) as

Φ5 = 2
3
(
−𝔤2V(5) vol(5) + FI ∧ ∗(5)JI

)
,

Φ3 = 2
3
(
i𝔤W(5) ∗(5) U +ΦI0 ∗(5) JI + νI ∧ FI

)
,

Φ1 = 2
3Φ

I
0νI , (C.15)

– 42 –



J
H
E
P
0
3
(
2
0
2
6
)
0
8
0

with

νI = −3i
2

(
YIK♭ − 1

6CIJKΦJ0AK
)

= i
4CIJKΦJ0

( 1
S2Φ

K
0 K♭ +AK

)
, (C.16)

where we have used (2.41). These correspond to (4.55) of [15], provided we identify

Gthere
I = ∗(5)JI , (−ξ AI + cI)there = ΦI0 , (C.17)

and set 𝔤 = 0. The Killing vector ξthere of [15], should be identified with the D = 5 R-
symmetry Killing vector K. Here, for supersymmetric solutions, we have found canonical
expressions for the forms Φ5, Φ3, Φ1 appearing in [15] in terms of Killing spinor bilinears
and supergravity fields. The authors prove that their expression for Φ is equivariantly closed
provided the following conditions hold

dνI = (ξ GI)there , (ξ νI)there = 0 . (C.18)

We note that with the expression (C.16) for νI and using ξthere = K, the first condition holds,
and the second one is implied by (C.12). Conversely, from (C.16) we have

Y I(K νI) = −GIJY IS
(
ΦJ0 +K AJ

)
, (C.19)

using (2.41), which implies (C.12) provided we can take Y I ̸= 0. Moreover, when combined
with (C.17), this suggests that (cI)there = 0 if we choose (ξ)there = K. We remark that this
condition is different from the choice of constants (cI)there used in [15], which was justified
by the choice of setting to zero the boundary contribution to the action.

A solution of the Killing spinor equations transforms in a one-dimensional irreducible
representation of the U(1) symmetry generated by K, so we can take χ to transform with
definite charge Q:

LKχ ≡ Km∇mχ+ 1
8(dK

♭)mnγmnχ ,

= iQχ . (C.20)

To compute the charge Q, we take the product with χ̃, use the Killing spinor equation (2.12),
and substitute (C.3) and the relations (C.2), finding

Q = 1
2𝔤ζI

(
K AI +ΦI0

)
. (C.21)

It is straightforward to check that the charge of χ̃ is Q̃ = −Q. Notice that in the gauge
chosen in (C.12), we have Q = 0. In the D = 4 context, the analogous gauge condition that
gives rise to the vanishing of the charge of the Killing spinor was called a “supersymmetric
gauge” [6], which is generically a weaker requirement than (C.12).
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D D = 4 Euclidean supergravity

In this appendix, we review some useful formulae for D = 4 Euclidean supergravity coupled
to an arbitrary number of vector multiplets, as constructed in [6].

We consider Euclidean D = 4, N = 2 gauged supergravity coupled to n + 1 Abelian
vector multiplets, with n+2 Abelian gauge fields AΛ, Λ = 0, . . . , n+1, and 2(n+1) complex
scalar fields zI and z̃I , I = 1, . . . , n + 1.13 On the manifold parametrized by the scalars
we define a (Euclidean) Kähler potential K(z, z̃), 2(n+ 2) sections XΛ(z), X̃Λ(z̃), and we
assume the existence of a prepotential F = F(X) with Euclidean counterpart F̃(X̃). They
are related by the constraint

eK
(
XΛ ∂F̃

∂X̃Λ
− ∂F
∂XΛ X̃

Λ
)

= i . (D.1)

From the prepotential, we can construct the matrices representing the kinetic and θ terms
for the gauge fields as follows

NΛΣ ≡ −i
(

∂2F
∂XΛ∂XΣ − ∂2F̃

∂X̃Λ∂X̃Σ

)
,

NΛΣ = ∂2F̃
∂X̃Λ∂X̃Σ

+ iNΛPX
PNΣTX

T

NΞΠXΞXΠ ,

ÑΛΣ = ∂2F
∂XΛ∂XΣ − iNΛP X̃

PNΣT X̃
T

NΞΠX̃ΞX̃Π
,

RΛΣ ≡ 1
2
(
NΛΣ + ÑΛΣ

)
, IΛΣ ≡ 1

2i
(
NΛΣ − ÑΛΣ

)
. (D.2)

Finally, we need the n+2 Fayet-Iliopoulos parameters for the gauging, ζ(4)
Λ , which we assume

to be real, and enter the action in the scalar potential

V(4) = ζ
(4)
Λ ζ

(4)
Σ eK

(
GIJ̃∇IX

Λ∇
J̃
X̃Σ − 3XΛX̃Σ

)
, (D.3)

where G
IJ̃

≡ ∂I∂J̃K, and

∇IX
Λ = ∂IX

Λ + ∂IKXΛ , ∇
Ĩ
X̃Λ = ∂

Ĩ
X̃Λ + ∂

Ĩ
K X̃Λ . (D.4)

The bosonic part of the action is written in terms of these quantities:

I(4) = − 1
16πG(4)

∫ [(
R− 2G

IJ̃
∂µzI∂µz̃

J̃ − 𝔤2V(4)(z, z̃)
)
vol4

+ 1
2IΛΣ ∗ FΛ ∧ FΣ − i

2RΛΣF
Λ ∧ FΣ

]
. (D.5)

13Note that we use the labelling of the main text, which is slightly different from that used in [6].
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A solution to the equations of motion is supersymmetric if there exist two Dirac spinors
ϵ and ϵ̃ satisfying the following equations

0 = ∇µϵ+
i
2Aµγ5ϵ−

i
2𝔤A

R
µ ϵ+

1
2
√
2
𝔤γµeK/2

(
W ℙ− + W̃ ℙ+

)
ϵ

− i
4
√
2
IΛΣF

Σ
νργ

νργµ
(
LΛℙ− + L̃Λℙ+

)
ϵ ,

0 = i
2
√
2
IΛΣF

Σ
νργ

νρ
(
G ĨJ∇JL

Λℙ− + GIJ̃∇
J̃
L̃Λℙ+

)
ϵ+ γµ

(
∂µz

Iℙ− + ∂µz̃
Ĩℙ+

)
ϵ

− 1√
2
𝔤eK/2

(
G ĨJ∇JW ℙ− + GIJ̃∇

J̃
W̃ ℙ+

)
ϵ , (D.6)

and

0 = ∇µϵ̃+
i
2Aµγ5ϵ̃+

i
2𝔤A

R
µ ϵ̃+

1
2
√
2
𝔤γµeK/2

(
W ℙ− + W̃ ℙ+

)
ϵ̃

+ i
4
√
2
IΛΣF

Σ
νργ

νργµ
(
LΛℙ− + L̃Λℙ+

)
ϵ̃ ,

0 = − i
2
√
2
IΛΣF

Σ
νργ

νρ
(
G ĨJ∇JL

Λℙ− + GIJ̃∇
J̃
L̃Λℙ+

)
ϵ̃+ γµ

(
∂µz

Iℙ− + ∂µz̃
Ĩℙ+

)
ϵ̃

− 1√
2
𝔤eK/2

(
G ĨJ∇JW ℙ− + GIJ̃∇

J̃
W̃ ℙ+

)
ϵ̃ . (D.7)

Here we have used the same Euclidean conventions as in section A.3, and introduced the
following objects

Aµ ≡ − i
2

(
∂IK ∂µz

I − ∂
Ĩ
K ∂µz̃

Ĩ
)
, ARµ ≡ 1

2ζ
(4)
Λ AΛ

µ , ℙ± ≡ 1
2(1± γ5) ,

W ≡ ζ
(4)
Λ XΛ , W̃ ≡ ζ

(4)
Λ X̃Λ , LΛ ≡ eK/2XΛ , L̃Λ ≡ eK/2X̃Λ ,

∇IL
Λ ≡ ∂IL

Λ + 1
2∂IKLΛ , ∇

Ĩ
L̃Λ ≡ ∂

Ĩ
L̃Λ − 1

2∂ĨK L̃Λ . (D.8)

Using these spinors, we construct the following D = 4 bilinears

S ≡ ϵ̃ϵ , P ≡ ϵ̃γ5ϵ , ξ♭ ≡ −iϵ̃γ(1)γ5ϵ , K ≡ ϵ̃γ(1)ϵ , U ≡ iϵ̃γ(2)ϵ . (D.9)

One then shows [6], using the Killing spinor equations above, that ξ generates a symmetry of
the solution, and that each gauge field strength has an equivariant completion with respect
to the action of ξ

ΦΛ
(F ) ≡ FΛ +

√
2
(
CΛ − C̃Λ

)
, (D.10)

where

CΛ ≡ LΛ(S − P ) , C̃Λ ≡ L̃Λ(S + P ) . (D.11)

Moreover, the on-shell action is also the top-form of an equivariantly closed form:

Φ = Φ4 +Φ2 +Φ0 , (D.12)
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where

Φ4 = −1
2𝔤

2V vol4 −
1
4IΛΣ ∗ FΛ ∧ FΣ + i

4RΛΣF
Λ ∧ FΣ ,

Φ2 = 1√
2
𝔤ζΛ(LΛU[+] + L̃ΛU[−])−

1√
2
IΛΣ

(
CΛFΣ

[+] + C̃ΛFΣ
[−]
)
+ i√

2
RΛΣF

Σ(CΛ − C̃Λ) ,
Φ0 = ieK

[
F(X)(S − P )2 + F̃(X̃)(S + P )2 − 1

2(∂ΛF(X)X̃Λ + ∂ΛF̃(X̃)XΛ)(S2 − P 2)
]
.

(D.13)

As already noticed in [6], Φ2 can be expressed in a form that highlights the relation with
Wald’s formalism [59], and is analogous to (C.14), namely

Φ2 = −1
2 ∗(4) dξ♭ −

1
2Φ

Λ
0 JΛ , (D.14)

where here JΛ is the conserved electric current associated to the gauge equations of motion
coming from (D.5):

0 = d ∗(4)
(
IΛΣF

Σ − iRΛΣ ∗(4) F
Σ
)
≡ d ∗(4) JΛ . (D.15)

In general, we have ξµξµ = S2 − P 2. Thus, on the fixed point set, where ξµ = 0, we
have P = ±S, and the Killing spinor is chiral. By definition, we find that on the fixed point
set labelled by the ± chirality of the D = 4 spinor

ΦΛ
0 |+ = −2

√
2SL̃Λ|+ , ΦΛ

0 |− = 2
√
2SLΛ|− . (D.16)

At an isolated fixed point, we can (skew-)diagonalize the Killing vector action and introduce
the weights on the two orthogonal planes (b1, b2). We find that at an isolated fixed point
where the chirality is χ

b1 − χb2 = −κ2𝔤ζ
(4)
Λ ΦΛ

0 , (D.17)

where κ is a sign associated to the point, which can be fixed globally in a systematic way [5].
We then introduce the following combinations, evaluated at the fixed set

uΛ
+ = L̃Λ

ζ
(4)
Σ L̃Σ

∣∣∣∣∣
+

, uΛ
− = LΛ

ζ
(4)
Σ LΣ

∣∣∣∣∣
−

. (D.18)

It is then straightforward to check that at an isolated fixed point with chirality χ

(b1 − χb2)uΛ
χ = −κ2𝔤Φ

Λ
0 . (D.19)

Similarly, at a fixed surface where the chirality is χ, we write b for the weight of the action
in the normal plane, and we can write

b = κ

2χ𝔤ζ
(4)
Λ ΦΛ

0 , (D.20)

from which it follows that

buΛ
χ = κ

2χ𝔤Φ
Λ
0 . (D.21)
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E Reduction of the D = 5 Killing spinor equations

As discussed in the text, in the orthonormal frame given in (2.42) the D = 5 Killing spinors
can be taken to satisfy

Lℓχ = ∂x5χ = iQ(ℓ)χ , Lℓχ̃ = ∂x5χ̃ = iQ̃(ℓ)χ̃ . (E.1)

Using the dimensional reduction formulae of section 2.3, we find that along the base directions,
the gravitino variations for χ and χ̃ in (2.12), (2.13) reduce to

0 =
[
∇µ −A0

µ

(
−iQ(ℓ) + i

2𝔤ζIa
I
)
− i

2𝔤ζIA
I
µ −

1
2∂ρλγ

ρ
µ +

1
6𝔤e

λW(5)γµ

− 1
4e

−3λF 0
µργ

ργ5 −
i
6GIJz

J
2 e4λ∂νz

I
1

(
γ ν
µ − 2δνµ

)
γ5

− i
12e

λGIJz
J
2 (F Iνρ − zI1F

0
νρ)(γνργµ − 2δνµγρ)

]
χ ,

0 =
[
∇µ+A0

µ

(
iQ̃(ℓ) + i

2𝔤ζIa
I
)
+ i

2𝔤ζIA
I
µ −

1
2∂ρλγ

ρ
µ −

1
6𝔤e

λW(5)γµ

− 1
4e

−3λF 0
µργ

ργ5 −
i
6GIJz

J
2 e4λ∂νz

I
1

(
γ ν
µ − 2δνµ

)
γ5

− i
12e

λGIJz
J
2 (F Iνρ − zI1F

0
νρ)(γνργµ − 2δνµγρ)

]
χ̃ . (E.2)

Comparing with the Euclidean supersymmetry variations in D = 4 (cf. (D.6)–(D.7)), where
the FI parameters enter the gravitino variations as

∇µϵ−
i
4𝔤ζ

(4)
Λ AΛ

µϵ+ . . . , ∇µϵ̃+
i
4𝔤ζ

(4)
Λ AΛ

µ ϵ̃+ . . . , (E.3)

we identify the D = 4 FI parameters as

𝔤ζ(4)
0 = −4Q(ℓ) + 2𝔤ζIaI

= 4Q̃(ℓ) + 2𝔤ζIaI ,

𝔤ζ(4)
I = 2𝔤ζI .

(E.4)

To have a consistent reduction, leading to D = 4 Killing spinor equations, we thus require

Q(ℓ) = −Q̃(ℓ) , (E.5)

as discussed in the main text.
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After some manipulations, the reduced gravitino variations for χ and χ̃ along the x5

fibre direction can be written as

0 =
[
1
4e

−4λYJ
(
F Jνρ − zJ1 F

0
νρ

)
γνργ5 −

i
4e

−6λF 0
νργ

νρ

+ e−λγµ
(
YJ∂µz

J
1 − 2ie−2λγ5∂µλ

)
− 1

2𝔤ζ
(4)
0 − 1

2𝔤ζ
(4)
J zJ1 + i

6𝔤ζ
(4)
J zJ2 γ5

]
χ ,

0 =
[
1
4e

−4λYJ
(
F Jνρ − zJ1 F

0
νρ

)
γνργ5 −

i
4e

−6λF 0
νργ

νρ

+ e−λγµ
(
YJ∂µz

J
1 − 2ie−2λγ5∂µλ

)
+ 1

2𝔤ζ
(4)
0 + 1

2𝔤ζ
(4)
J zJ1 − i

6𝔤ζ
(4)
J zJ2 γ5

]
χ̃ . (E.6)

To reduce the gaugino variations for χ and χ̃, we use the identity for GIJ given in (C.7),
noting that δIJ − Y IYJ is a projector on the very special real manifold. This allows us to
rewrite the gaugino equations in (2.12), (2.13) as

0 =
[
− i

2∂mY
Iγm + i

2𝔤ζJ(G
IJ − 2

3Y
IY J)− 1

4(δ
I
J − Y IYJ)FJ

mnγ
mn

]
χ ,

0 =
[
− i

2∂mY
Iγm − i

2𝔤ζJ(G
IJ − 2

3Y
IY J)− 1

4(δ
I
J − Y IYJ)FJ

mnγ
mn

]
χ̃ . (E.7)

Using the dimensional reduction ansatz, these reduce to

0 =
[
− 1

2e
−3λ

(
δIJ − Y IYJ

)
(F Jνρ − zJ1 F

0
νρ)γνργ5

+ γµ
(
∂µ(zI1 − izI2γ5)− 2izI2γ5∂µλ− Y IYJ∂µz

J
1

)
+ i

4e
3λ𝔤(4)ζ

(4)
J

(
GIJ − 4

3z
I
2z
J
2

)
γ5

]
χ ,

0 =
[
− 1

2e
−3λ

(
δIJ − Y IYJ

)
(F Jνρ − zJ1 F

0
νρ)γνργ5

+ γµ
(
∂µ(zI1 − izI2γ5)− 2izI2γ5∂µλ− Y IYJ∂µz

J
1

)
− i

4e
3λ𝔤(4)ζ

(4)
J

(
GIJ − 4

3z
I
2z
J
2

)
γ5

]
χ̃ .

(E.8)

Equations (E.6) and (E.8) combine to give the D = 4 gaugino variation. Conversely,
the former is the D = 4 equation contracted with Y I , while the latter is that projected
orthogonally to Y I (similar to [60]). To see this, it is useful to note the following identities
that follow from (D.4):

∇JX
0 = 3e2λ

2i YJ , ∇JX
I = δIJ − 3

2Y
IYJ + 3e2λ

2i YJz
I
1 ,

∇
J̃
X̃0 = −3e2λ

2i YJ , ∇
J̃
X̃I = δIJ − 3

2Y
IYJ − 3e2λ

2i YJz
I
1 , (E.9)
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as well as (2.31), (2.32). Note we have made a choice of the phase in front of the sections
here, by setting X0 = X̃0 = 1. These results can be used to show

1
2
√
2
IΛΣF

Σ
νργ

νρ eK/2
(
G ĨJ∇JX

Λℙ− + GIJ̃∇
J̃
X̃Λℙ+

)
= −1

2e
−3λ(δIJ − Y IYJ)(F Jνρ − zJ1 F

0
νρ)γνρ

+ 1
4e

−3λY IYJ(F Jνρ − zJ1 F
0
νρ)γνρ −

i
4e

−5λY IF 0
νργ

νργ5 . (E.10)

Similarly,

1√
2
𝔤eK/2

(
G ĨJ∇JW ℙ− + GIJ̃∇

J̃
W̃ ℙ+

)
= 1

4𝔤e
3λζ

(4)
J

(
GIJ − 4

3z
I
2z
J
2

)
+ i

2𝔤e
λY I

(
ζ

(4)
0 + ζ

(4)
J zJ1 − i

3ζ
(4)
J zJ2 γ5

)
γ5 . (E.11)

It is also useful to write

γµ
(
∂µz

Iℙ− + ∂µz̃
Ĩℙ+

)
= γµ

(
∂µ(zI1 − izI2γ5)− 2izI2γ5∂µλ− Y IYJ∂µz

J
1

)
+ γµY I(YJ∂µzJ1 − 2ie−2λγ5∂µλ) . (E.12)

With the above identities, it is straightforward to see that (E.6) and (E.8) combine to give

0 =
[

1
2
√
2
IΛΣF

Σ
νργ

νργ5 eK/2
(
G ĨJ∇JX

Λℙ− + GIJ̃∇
J̃
X̃Λℙ+

)

+ γµ
(
∂µz

Iℙ− + ∂µz̃
Ĩℙ+

)
− i√

2
𝔤eK/2γ5

(
G ĨJ∇JW ℙ− + GIJ̃∇

J̃
W̃ ℙ+

)]
χ ,

0 =
[

1
2
√
2
IΛΣF

Σ
νργ

νργ5 eK/2
(
G ĨJ∇JX

Λℙ− + GIJ̃∇
J̃
X̃Λℙ+

)

+ γµ
(
∂µz

Iℙ− + ∂µz̃
Ĩℙ+

)
+ i√

2
𝔤eK/2γ5

(
G ĨJ∇JW ℙ− + GIJ̃∇

J̃
W̃ ℙ+

)]
χ̃ . (E.13)

Next, the reduced gravitino variations along the base directions (E.2) can be written as

0 =
[
∇µ −

1
2∂ρλγ

ρ
µ −

i
6Aν

(
γ ν
µ − 2δνµ

)
γ5 −

i
2𝔤A

R
µ − 1

12𝔤e
3λζ

(4)
I zI2γµ

− 1
4e

−3λF 0
µργ

ργ5 −
i
6e

−3λGIJzJ2 (F Iνρ − zI1F
0
νρ)(γνργµ − 2δνµγρ)

]
χ ,

0 =
[
∇µ −

1
2∂ρλγ

ρ
µ −

i
6Aν

(
γ ν
µ − 2δνµ

)
γ5 +

i
2𝔤A

R
µ + 1

12𝔤e
3λζ

(4)
I zI2γµ

− 1
4e

−3λF 0
µργ

ργ5 −
i
6e

−3λGIJzJ2 (F Iνρ − zI1F
0
νρ)(γνργµ − 2δνµγρ)

]
χ̃ . (E.14)
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where we introduced the R-symmetry gauge field ARµ and the Kähler connection Aµ =
2GIJzJ2 ∂µzI1 , as defined in (D.8). To recover the D = 4 gravitino variation in the conventions
of [6], it is useful to note that (E.6) can be written solely in terms of D = 4 objects as

0 =
[
1
16e

−3λF 0
νργ

νργ5 −
i
12e

−3λGIJzJ2
(
F Iνρ − zI1 F

0
νρ

)
γνρ

− 1
2γ

ν∂νλ+ i
6Aνγ

νγ5 −
i
8𝔤e

3λζ
(4)
0 γ5 −

i
8𝔤e

3λζ
(4)
J zJ1 γ5 −

1
24𝔤e

3λζ
(4)
J zJ2

]
χ ,

0 =
[
1
16e

−3λF 0
νργ

νργ5 −
i
12e

−3λGIJzJ2
(
F Iνρ − zI1 F

0
νρ

)
γνρ

− 1
2γ

ν∂νλ+ i
6Aνγ

νγ5 +
i
8𝔤e

3λζ
(4)
0 γ5 +

i
8𝔤e

3λζ
(4)
J zJ1 γ5 +

1
24𝔤e

3λζ
(4)
J zJ2

]
χ̃ . (E.15)

Combining (E.14) with γµ times (E.15), we get

0 =
[
∇µ −

1
2∂µλ+ i

2Aµγ5 −
i
2𝔤A

R
µ + i

2
√
2
𝔤γ5γµeK/2

(
Wℙ− + W̃ℙ+

)

+ 1
4
√
2
IΛΣF

Σ
νργ5γ

νργµeK/2(XΛℙ− + X̃Λℙ+)
]
χ ,

0 =
[
∇µ −

1
2∂µλ+ i

2Aµγ5 +
i
2𝔤A

R
µ − i

2
√
2
𝔤γ5γµeK/2

(
Wℙ− + W̃ℙ+

)

+ 1
4
√
2
IΛΣF

Σ
νργ5γ

νργµeK/2(XΛℙ− + X̃Λℙ+)
]
χ̃ , (E.16)

where we made use of the following identities:

1
2
√
2
𝔤γµeK/2

(
Wℙ− + W̃ℙ+

)
= 1

8𝔤e
3λγµ

(
ζ

(4)
0 + ζ

(4)
I (zI1 − izI2γ5)

)
,

1
4
√
2
IΛΣF

Σ
νργ

νρeK/2(XΛℙ− + X̃Λℙ+) = − 1
16e

−3λF 0
νργ

νρ + i
4e

−3λGIJzJ2 (F Iνρ − zI1F
0
νρ)γνργ5 .

(E.17)

If we now define D = 4 spinors ϵ, ϵ̃ via

ϵ = ie−λ/2e−iQ(ℓ)x5e−
πi
4 γ5χ , ϵ̃ = ie−λ/2e−iQ̃(ℓ)x5e

πi
4 γ5χ̃ , (E.18)

with Q(ℓ) = −Q̃(ℓ), then (E.13), (E.16) become the D = 4 gaugino and gravitino variations
in the conventions of [6], i.e. we recover (D.6)–(D.7).
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We also record that in terms of the D = 4 spinors ϵ, ϵ̃, the reduced D = 5 gaugino
variation (E.8) reads:

0 =
[
− 1

2e
−3λ

(
δIJ − 4

3GJKz
I
2z
K
2

)
(F Jνρ − zJ1 F

0
νρ)γνργ5 +

i
4e

3λ𝔤(4)ζ
(4)
J

(
GIJ − 4

3z
I
2z
J
2

)
γ5

+ iγµγ5
(
∂µ(zI1 − izI2γ5)− 2izI2γ5∂µλ− 4

3GJKz
I
2z
K
2 ∂µz

J
1

)]
ϵ ,

0 =
[
− 1

2e
−3λ

(
δIJ − 4

3GJKz
I
2z
K
2

)
(F Jνρ − zJ1 F

0
νρ)γνργ5 −

i
4e

3λ𝔤(4)ζ
(4)
J

(
GIJ − 4

3z
I
2z
J
2

)
γ5

− iγµγ5
(
∂µ(zI1 − izI2γ5)− 2izI2γ5∂µλ− 4

3GJKz
I
2z
K
2 ∂µz

J
1

)]
ϵ̃ . (E.19)

Similarly, the reduced D = 5 gravitino variation along fibre (E.6) can be written

0 =
[
− 1

3e
−6λGIJzI2

(
F Jνρ − zJ1 F

0
νρ

)
γνργ5 −

i
4e

−6λF 0
νργ

νρ − 1
2𝔤ζ

(4)
0

− 2ie−3λγµ
(2
3GIJz

I
2∂µz

J
1 γ5 + i∂µλ

)
− 1

2𝔤ζ
(4)
J zJ1 + i

6𝔤ζ
(4)
J zJ2 γ5

]
ϵ ,

0 =
[
− 1

3e
−6λGIJzI2

(
F Jνρ − zJ1 F

0
νρ

)
γνργ5 −

i
4e

−6λF 0
νργ

νρ + 1
2𝔤ζ

(4)
0

+ 2ie−3λγµ
(2
3GIJz

I
2∂µz

J
1 γ5 + i∂µλ

)
+ 1

2𝔤ζ
(4)
J zJ1 − i

6𝔤ζ
(4)
J zJ2 γ5

]
ϵ̃ . (E.20)

Finally, the reduced gravitino variation along base (E.14) combined with D = 5 gravitino
variation along fibre (E.6) gives rise to the D = 4 gravitino variation written in terms of ϵ, ϵ̃:

0 =
[
∇µ + iGIJzJ2 ∂µzI1γ5 −

i
4𝔤ζ

(4)
Λ AΛ

µ + 1
8𝔤e

3λγµ
(
ζ

(4)
0 + ζ

(4)
I (zI1 − izI2γ5)

)

+ i
16e

−3λF 0
νργ

νργµ +
1
4e

−3λGIJzJ2
(
F Iνρ − zI1 F

0
νρ

)
γνργµγ5

]
ϵ ,

0 =
[
∇µ + iGIJzJ2 ∂µzI1γ5 +

i
4𝔤ζ

(4)
Λ AΛ

µ + 1
8𝔤e

3λγµ
(
ζ

(4)
0 + ζ

(4)
I (zI1 − izI2γ5)

)

− i
16e

−3λF 0
νργ

νργµ −
1
4e

−3λGIJzJ2
(
F Iνρ − zI1 F

0
νρ

)
γνργµγ5

]
ϵ̃ . (E.21)
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