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Abstract

The correspondence of stationary, axisymmetric, asymptotically flat space-times
and bundles over a reduced twistor space has been established in four dimensions.
The main impediment for an application of this correspondence to examples in
higher dimensions is the lack of a higher-dimensional equivalent of the Ernst poten-
tial. This thesis will propose such a generalized Ernst potential, point out where
the rod structure of the space-time can be found in the twistor picture and thereby
provide a procedure for generating solutions to the Einstein field equations in higher
dimensions from the rod structure, other asymptotic data, and the requirement of
a regular axis. Examples in five dimensions are studied and necessary tools are
developed, in particular rules for the transition between different adaptations of the
patching matrix and rules for the elimination of conical singularities.
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CHAPTER 1

Introduction

Although initially proposed in four dimensions, the vacuum Einstein Field Equa-
tions can be studied more generally in n dimensions. Higher-dimensional general
relativity plays a role for example in string theory m], the AdS/CFT correspon-
dence, which relates the dynamics of an n-dimensional black hole with those of
quantum field theory in n — 1 dimensions @, El], and scenarios involving large extra
dimensions and high-energy scattering are discussed in which higher-dimensional
black holes might be produced in particle colliders ﬂﬂ} Furthermore, black hole
space-times are Ricci-flat Lorentzian manifolds and as such central objects of study
in differential geometry. This list of motivations was taken from HE, Sec. 1].

In four dimensions general relativity has led to various striking results about
black holes, for example concerning their horizon topology, their classification (see
references in Section[G1]) or the laws of black hole mechanics |2]. Are these features
exclusive to four-dimensional space-times or do some of them carry over to higher
dimensions? Answers to these questions would provide valuable insights as well
as a better understanding of general relativity and its objects like black holes in a
broader context [13, Sec. 1].

In four dimensions stationary and asymptotically-flat vacuum black holes can
be uniquely classified by their mass and angular momentum, and form a single
family, the Kerr solutions, see ﬂa], references therein and Theorem 2 However, a
generalization of this statement to five dimensions, which would be a classficiation
of five-dimensional, stationary, axisymmetric and asymptotically flat black holes by
their mass and two angular momenta, does not hold as the space-times found by
Myers & Perry [34] and Emparan & Reall [10] show. These examples of black hole
space-times in five dimensions have topologically different horizons, so there cannot
exist a continuous parameter to link them. Now the task is: Can we determine, or
at least characterize, all stationary and asymptotically flat black hole solutions of
the higher-dimensional vacuum Einstein field equations ﬂﬁ, Sec. 8|7

Since mass and angular momenta are not enough anymore to classify the solutions,
an extra piece of information is needed. This extra piece was proposed to be the
so-called rod structure [11, 21, [24] and Hollands & Yazadjiev [24] were able to
show that two stationary, axisymmetric and asymptotically flat black hole solutions
with connected horizon must be isometric, if their mass, angular momenta and rod
structures coincide. Thus the remaining problem is to prove that the only rod
structures giving rise to regular black hole solutions are those associated with the
known solutions or to find new examples.

Various strategies have been employed in order to address this question, among
which were direct approaches like the ones leading to the black ring, Béacklund
transformations ﬂﬁ, Sec. 6.6] or other hidden symmetries HE . Most often applied,
however, was the method developed by Belinskii & Zakharov 3], which uses the fact
that the Einstein field equations for a stationary and axisymmetric space-time are
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2 1. INTRODUCTION

integrable, see also ﬂﬂ, Sec. 5.2.2.2]. Via this ansatz they devised a purely algebraic
procedure for generating new solutions from known seeds that lead for example to
the discovery of a doubly-spinning black ring by Pomeransky & Sen’kov Hﬁ] and a
candidate for a black hole with a Lens-space horizon ﬂﬂ]

In this thesis we are going to establish another way of constructing such solu-
tions from the rod structure and other asymptotic data. The method is based on
a twistor construction by which a holomorphic rank-(n — 2) vector bundle over a
one-dimensional complex manifold is assigned to every stationary, axisymmetric
solution of the vacuum Einstein field equations in n dimensions. Under not very
restrictive technical assumptions the bundle is fully characterized by only one tran-
sition matrix, the so-called patching matrix, associated with each rod, and with
a simple transformation from rod to rod. It was shown by Ward @] that the
correspondence can be better understood and made applicable for practical exam-

les with the help of a Backlund transformation. This was studied extensively in
3@, E, @], but an application in more than four dimensions is not feasible without
a generalization of the Ernst potential.

As a first result we will therefore show that a modified version of a matrix already

given in M] satisfies the desired requirements.

Theorem 1.1. Let J be the matrix of inner products of Killing vectors for a station-
ary and axisymmetric space-time in n dimensions. Then for any given rod (a;, a;t+1)
the matriz

y—— ! Kd
det A\ —y detA- A+ xxt

where A is adapted to (a;,a;41) and X is the vector of twist potentials for (a;,ait1),
is called higher-dimensional Ernst potential adapted to (a;,a;+1) and obtained from
J by a Bécklund transformation.

Following that, we quickly check that important results in four dimensions hold in
the same way in higher dimensions. Among these results is the important fact that
the patching matrix is the analytic continuation of the Ernst potential J'(0,2) =
P(z).

As the second step we calculate the patching matrices P for the major exam-
ples in five dimensions, which essentially requires the computation of various twist
potentials on the axis r = 0.

More importantly, the twistor correspondence provides a procedure for generating
solutions from a given rod structure together with the asymptotic quantities, that
is based on the fact that P has simple poles at the nuts of the rod structure and
the known fall-off towards infinity. However, this ansatz contains numerous free
parameters and the aim is to fix these in terms of the given data by the use of
boundary conditions. For this it is inevitable to find out how the patching matrices
with adaptations to the different axis segments are related.

First this is done for the outer sections of the axis.

Theorem 1.2. Assume that we are given a rod structure with nuts at {a;|a; €
R}i<i<n. If Py is the patching matriz adapted to (ay,o0), then P_ = MP;lM

with M = (% g é) is the patching matriz adapted to (—oo,aq).

With the help of this connection we are able to reconstruct the known space-times
flat space, Myers-Perry and the black ring from the rod structures with up to three
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nuts. However, we are not able to fix the conicality of the black ring, which needs
further investigation of the behaviour of J, P and the conformal factor (appearing
in the o-model form of the metric) in a neighborhood of a nut. A definition of the
(u, v)-coordinates can be found in Section [02

Theorem 1.3. For a space-time regular on the axis the generic form of J in (u,v)-
coordinates around a nut at u = v = 0, where two spacelike rods meet, is

XO U2Y0 1)2Z0

J = - wPUy wrPV | (1.1)
’1}2W0
and, furthermore, one needs

U,

5 02 =1 as a function of v on u =0,
veesv

W,

5 02 =1 as a function of u on v =0.
u=e?

If one of the rods is the horizon instead of a spacelike rod corresponding statements
hold.

Building up on this, we obtain the following results about the conformal factor.

Proposition 1.4. On a segment of the axis where u = 0 we have % = constant,

2V 4s continuous at the

and similarly where v = 0. Therefore, the factor (u2 + v2) e
nut w = v = 0 and with the conventions leading to (L)), the absence of conical
singularities requires
v—0 u—0
Last in the set of tools we show how P switches when going past a nut.
Theorem 1.5. Let at z = «a be a nut where two spacelike rods meet and assume

that we have chosen a gauge where the twist potentials vanish when approaching the
nut. Then

1
e AR— 0 0 2(z—
0 0 2(z— ) (-a)
P= 0o 1 0 Py ‘1) Lo :
2(z—a) 0 0 2(z — ) 0 0

where Py is adapted to w =0 and P_ is adapted to v = 0.

By this we can impose more boundary conditions on the free parameters in P
that are possibly left and we have enough at hand to solve the conicality problem
as exemplified for the black ring in Section

This thesis is structured as follows. In Chapters@2 Bl @ Bl [ we give a detailed de-
scription of the background material in order to make the thesis more self-contained,
to familiarize the reader with the established construction and to identify the points
which impede a generalization to higher dimensions. The material for this purpose
is mainly taken from @, @] In Chapter [@ we revisit some relevant facts about
black holes. The aforementioned generalization of the Ernst potential follows in
Chapter B succeeded by the patching matrices for the examples in Chapter
Chapter [ contains the reconstruction of P from the rod structure, results about
the relation of different adaptations of P across nuts and the removal of conical
singularities.






CHAPTER 2

Mathematical Background

This chapter is mainly based on Mason & Woodhouse ﬂﬁ, Ch. 2] and gives a
brief summary of some mathematical tools which are needed later on. It is far from
exhaustive, and some parts are only aimed to make the reader familiar with the
notation used. In particular, we assume basic knowledge about principal bundles
and Yang-Mills theory as can be found for example in ﬂ%, @]

The starting point for twistor theory is complex Minkowski space CM. For our
purposes double null coordinates are often convenient, that is coordinates on CM in
which the metric takes the form

ds® = 2(dzdz — dw dw),
and the volume element is
v=dwAdw AdzAdZ.

Then the vector fields 0, O, 8Z~, 03 fgrm a null tetrad at each point of CM. In
general, a basis of 4-vectors {W, W, Z, Z} is called a null tetrad if

n(Z,2) = (W, W) =1, 24v(W,W,Z,Z) =1

where 7 is the metric tensor on CM, and all other inner products vanish.
Within this setting we can recover various real spaces (“real slices”) by imposing
reality conditions on w, w, z, Z.

e Buclidean real slice E: We identify real Cartesian coordinates z°, x!, 22,

2? with w, @, z, Z via

w _ 1 (2% +izt —2?4ir?
z ) o\ 22+ir® 20 —iat )7
That is, we get E by imposing the reality conditions w = —w and z = Z.

e Minkowski real slice M: The real coordinates 2%, 2!, 22, 23 on M are

identified with w, w, z, Z via

w ) _ 1 20+t 2? —iad

z ) 2\ a?+iz® a0 —at )7
that is we pick out the real space by the condition that z and Z should be
real, and that w = .

ISR

SIS

For the definition of self-duality and anti-self-duality we need the Hodge star
operation. To clarify notation and conventions first a short reminder. Let (M, g)
be an n-dimensional Riemannian or pseudo-Riemannian manifold. Given a p-form
B on M with (skew-symmetric) components Sqp. . its exterior derivative df has

5



6 2. MATHEMATICAL BACKGROUND

components 9, fpc...q) Where the square brackets stand for antisymmetrizationﬂ
The exterior or wedge product S A v with a g-form ~ has components

ﬂ[ab...c/yde...f]'

Now let ¢ be the n-dimensional alternating symbol, that is €la..b] = Ea..b and

€0.mn = 1, and A = /| det(gap)|. We then define the (Hodge) dual of B to be the
(n — p)-form #8 with components

1 de...f
* Bab...c = (TL . p)!AEab...c ﬁde...f’ (21)

where indices are raised and lowered with the metric gqp or its inverse ¢%°. To
see that the definition is actually independent of the basis consider p vector fields
X1,..., X, with their covariant images 61, ...,0, (according to the metric) and fix
a volume form dvol. Then %/ is defined as the unique (n — p)-form satisfying

B(Xq,...,Xp)dvol = («8) A1 A ... AO,.

This is a basis independent definition of %43 and coincides with ([2I), since in coor-
dinates
dvol = Ae,. 4.

Thus one can think of %3 as the complement of 5 with respect to the volume form
(and the appropriate prefactor). For example in terms of an oriented orthonormal
basis e1,..., e, (of a vector space) the Hodge star operation is defined completely
by

k(e Ao Nei ) = e Ao Nei,,
where {i1,..., %k, %k+1,--.,0n} is an even permutation of {1,...,n}. Of particular
interest for us are 2-forms on (CM, 7)) where we have

1 e
B, = §A€abcd77C ndfﬁef-
Using the properties of the alternating symbol, it follows that the Hodge star oper-
ation is idempotent, that is #? = 1, thus has eigenvalues +1[
Definition 2.1. A 2-form is called self-dual (SD) if x8 = (8, and anti-self-dual
(ASD) if %8 = —p.

The space of 2-forms then decomposes into the direct sum of eigenspaces, because
in double null coordinates we have
a=dwAdz, a=doAndz, w=dwAdw—-dzAdz (2.2)
as a basis for SD 2-forms, and
dwAdz, doAdz, dwAdw+dzAdz

as a basis for ASD 2-forms.

IFor a (2) tensor

T[abmc] = ]% Z Sgn(o)To'(a)o'(b)mo'(c)
o€Sp
where Sy, is the group of permutations of p elements. The symmetrization T{,y...c) is defined in
the same way but without the signum.
2In general, on a Riemannian manifold (M, g) for a p-form it is %% = (—1)17("*17)5B7 where s is
the signature of g. For complex manifolds the concept of signature is void, thus we can set s = 1
and then %2 = id for 2-forms on a four-dimensional manifold.
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Let E be a rank-n vector bundle with a connection D, that is a differential
operator that maps sections s of E to 1-forms with values in E and in a local
trivialization it is given by

Ds =ds+ ®s

where ® is matrix-valued 1-form called gauge potential, potential or sometimes also
connection. In a general gauge theory, that is a principal bundle P(M,G) over a
(pseudo-) Riemannian manifold M with with gauge group G C GL(n), the curvature
of D is the matrix-valued 2-form F = F,; dz® A dz® with

Fab = aa(I)b - abq)a + [(I)a; (I)b]
The Yang-Mills equations are
DF =0, DxF=0

where the first one is called the Bianchi identity and the second one is the
Euler-Lagrange equation of the Lagrangian density %tr(F A *F) = %tr(FabF“b).
We then see that if F'is SD or ASD then D x F' = £DF = 0, that is the second set
of Yang-Mills equations follow from the Bianchi identity.

Important objects for twistor theory is null 2-planes.

Definition 2.2. Let II be an affine 2-plane in CM and IT+ the normal bundle of
I1. The 2-plane IT is called (partially) null if {0} ¢ TII, N Hzf ¢ TII,, for all p € 11,
and it is called (totally) null if TII NII+ = TIL

Hence, totally null means that n(A4, B) = 0 for all tangent vectors A, B of II.
From now on when we speak about null 2-planes we will always mean totally null
2-planes (unless mentioned differently). With each null 2-plane IT we associate a
tangent bivector m = AN B where A, B are independent tangent vectors of II. The
tangent bivector has components 7% = Al* BY

Lemma 2.3. IfII is a null 2-plane, then TapT™® = 0, and map dz® A dab is either
SD or ASD.

PRrROOF. First of all we observe that 7 is determined up to scale by the tangent
space of II, because another choice of independent tangent vectors can be written as
a linear combination of A and B and thus gives the same 7 up to a nonzero scalar
factor. Conversely, the tangent space of IT is given by all P® with 7., P’ = 0, since
A, B are null and orthogonal. But 7 can also be characterized up to a nonzero
scalar factor by the condition that *m.,P? = 0 for all P® tangent vectors of II. This
follows from 7., = A[q By, and *m,p = sabchch which implies that mq, P’ = 0 if
and only if P is a linear combination of A and B. Hence, m = p * 7 for some u # 0.

However, the eigenvalues of * are +1, therefore 7, = *myp or m,, = — * mgp, that
is m SD or ASD. Again from 7., = A, By and the fact that A, and B are null and
orthogonal it is obvious that Tap™? = 0. O

Definition 2.4. An affine null 2-plane II is called an a-plane if 7 is SD and a
B-plane if 7 is ASD.

In double null coordinates the surfaces of constant w, z and w, Z, respectively,
have tangent bivectors dwAdz and dwAdZ, respectively, and are therefore a-planes.
If 7 is the tangent bivector of an a-plane through the origin, then it must be
a linear combination of the 2-forms in Z2). It is only determined up to a scalar
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factor, that is we can set the coefficient of dw A dz to 1 without loss of generality.
Then we have

m=dwAdz - ((dwAdw —dz AdZ) + pdwo AdZ.

So, the nonzero coefficients are m,, = 1, Ty = —7m,z = —( and mgz = p. Then the
requirement from Lemma turns into

ac,bd __

b 2
0 =mqpm™ = TapyTean™n

—u=C=C-p e op=-C
This implies

rab _ glapbl
where

L=0y,—C0: M=0.—-(0s

for some ¢ € C. The case where the coefficient of dw A dz vanishes yields ( = 0, so
that 7 = dw A dZ (up to a constant) and L = 9,,, M = 9,. There is no point in
the argument where we needed that our null tetrad is induced by coordinates, that
is the above statement is also true if we set L = W — (Z and M = Z — (W for
some null tetrad W, W, Z, Z not necessarily induced by coordinates. Conversely,
L and M span an a-plane through the origin for every ¢ € C. Including the point
¢ = oo by mapping it to the a-plane spanned by dz and J; then yields a one-to-one
correspondence between a-planes through the origin and points of the Riemann
sphere, Il <+ (. This correspondence will be important for the characterization of
twistor spaces.

As a last point in this chapter a reminder about equivalence and reconstruction of
holomorphic vector bundles (these statements can be found in standard textbooks
such as [20, [18])). Let # : E — X be a rank-r holomorphic vector bundle with
an open cover (U;);e; of X and trivialization functions (biholomorphic maps) h; :
W_I(Ui) — U; x C".

The (holomorphic) transition functions g¢;; : U; N U; — GL(r,C) for all i,j € I
are obtained from the biholomorphic maps

Gij=hioh;':U;NU; xC" - U;NU; xC,

which are of the form §;;(z,v) = (z, gij(x)v). By construction the transition func-
tions obviously satisfy the relations

9ii9ik = Gik,  gii = id. (2.3)
Two holomorphic vector bundles £ — X and F — X are called isomorphic if
there exists a bijective map f : F — F such that f and its inverse are vector bundle
homorphisms, that is f is a fibre-preserving holomorphic map g = 7p o f such
that for any = € X a linear map f, : E, — F, is induced and analogously for the
=
Given two systems of transition functions, (§;;)i jer and (g ;)i jer with covers
(Ui)ier and (Vi)yerr, then they are called equivalent if for a common refinement of
the open covers (W} )rex there are holomorphic maps fi : W, — GL(r, C) with

feGr = Gra fi-

The transition functions with respect to the refined cover can be taken as the re-
strictions of the initial transition functions and a common refinement is for example
obtained by taking all possible intersections of U; and V;:.
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Proposition 2.5. For holomorphic vector bundles the following statements hold.

(1) Let {U;}icr be an open covering of X, and let g;; € GL,.(Ox(U; NU;))
satisfy the cocycle relation [Z3). Then there exists as holomorphic vector
bundle E of rank r with these transition functions. 1@/

(2) Isomorphic bundles can be represented by equivalent systems of transition
functions. [18]






CHAPTER 3

Twistor Space

In this chapter the twistor space for complexified Minkowski space is introduced
using Mason & Woodhouse [33, Sec. 9.2].

3.1. Definition of Twistor Space

In the previous chapter we have seen that a-planes through the origin in CM are
spanned by L = 9, — (0 and M = 9, — (03 or by Oy and J: in the limiting
case (( = 00). As before, the coordinates w, z, w, Z will always be double-null
coordinates. Thus, a general a-plane, not necessarily passing through the origin,
is labelled by three complex coordinates: the parameter ¢ which determines the
tangent space, together with the parameters

A=Cw+Z2 and p=(z+w (3.1)
that are constant over the a-plane.

Definition 3.1. The twistor space of CM is the three-dimensional complex manifold
consisting of all (affine) a-planes in CM.

A way to determine the global geometry is by writing the equations of an a-plane
in homogeneous form

272+ wZ3 =2 wZ*+ 273 =7" (3.2)
with complex constants Z<, a = 0, 1,2, 3. The order of these constants is a conven-
tion in twistor theory. If Z2 # 0, then B2 is equivalent to @) for

A VA Z3

A=—g h=75 0= 73

In the case Z2 = 0, Z3 # 0, the parameter ¢ must be infinite and the tangent space
is spanned by 9z and 0;. Consequently, we can identify the twistor space of CM
with an open subset of CP? if we include this a-plane of constant @, Z and regard
the Z%s as homogeneous coordinates.

The excluded points of CP? are

1={[z2°:2":2*: 7| ecP® : 22 = 7* = 0}.

There are 2 homogeneous coordinates left which parameterize I, hence it is a CP!
and the twistor space of CM is, as a complex manifold, CP? — CP'. We can cover
the twistor space of CM by two coordinate patches V and V with V being the
complement of the plane Z? = 0 (that is the plane ( = oo0) and V being the
complement of the plane Z3 = 0 (that is the plane ¢ = 0). The parameters \, u, ¢
are coordinates on V, and on V we can use coordinates \, i, ¢ with

B ZO Zl B Z2

)‘:ﬁa :U/:ﬁa C:ﬁa

11



12 3. TWISTOR SPACE

which on the overlap V NV gives the relations
N S A |
Ao RToTT
For the twistor space we denote by T the copy of C* on which (Z°, 21, Z2%, Z3) are
linear coordinates, and by PT the corresponding projective space CP3.
Now let U C CM and assume that its intersection with each a-plane is connected
(but possibly empty)ﬂ

Definition 3.2. The twistor space of U is the subset
P={Ze€PT: ZNU + o}
of PT.
If U is open, then P is open, and if U = CM, then P is the complement of I.

Remark 3.3.

(1) For many aspects of twistor theory it turns out that spinor calculus is a
suitable tool. However, in our context we do not gain anything by using
spinors and thus they are not going to be introduced in this work.

[

(2) The Klein correspondence shows that compactified CM together with
the complex conformal group can be identified with a CP? C CP®, the
Klein quadric, together with the so-called projective general linear group
GL(4,C)/C*. [33, Sec. 2.4 and 9.2]

3.2. Lines in PT

The equations [B2) allow further conclusions: if we hold w, z, @, Z fixed, and
vary Z<, then the equations determine a two-dimensional subspace of T, that is a
projective line in PT. This is the Riemann sphere of a-planes through the point in
CM with coordinates w, z, w, Z which we denote by &. It corresponds to the twistor
space of {x} C CM.

Two points x,y € CM are null separated if and only if they lie on an a-plane,
hence if and only if ZNg # @. In other words, two lines in the twistor space intersect
if and only if the corresponding points are separated by a null vector. A conformal
metric (that is a class of conformally equivalent metrics) is completely determined
by saying when two vectors are null separated (Appendix [A]). Hence, the conformal
geometry of CM is encoded in the linear geometry of PT.

3.3. The Correspondence Space

Let U be a subset of CM. The correspondence space F is the set of pairs (z, Z)
with x € U and Z an a-plane through x. It is fibred over U and P by projections

Uj/f\pp

IThe connectivity assumption is not necessary for the considerations in this chapter, but will later
make the Penrose-Ward transform work in a natural way.
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which map (z, Z) to x and Z, respectively, see Figure[D (the lines through « respec-
tively y in F visualize the projective lines of a-planes through x respectively y). The

FiGURE 1. The correspondence space between U and its twistor
space P. [33]

projection maps p and ¢ are surjective. Points in F are labelled by (w, z,w, Z, ()
(including ¢ = 00), and the coordinate expressions for the projections are

p: (wazawvgaC) = (AvﬂaC) = (CM+2,§Z+’[[},<),
q: ('UJ,Z,’IIJ,Z,C) = (’U},Z,’IIJ,Z).

The tangent spaces to the leaves of the fibration of p are spanned at each point by
vector fields | = 0,, — (0z and m = 0, — {0z on F.

A function on P is a function of the twistor coordinates (A, i, ¢), and pulling it
back by p : F — P therefore yields a function on the correspondence space F that
is constant along [ and m.

3.4. Reality Structures

In the previous chapter we saw that the real slices are characterized as fixed point
sets of an antiholomorphic involution o : CM — CM. Using double-null coordinates
o was defined for the two cases as

(E) o(w,z,w,2) = (—w, 2, -, %),

M) o(w, z,w, %) = (0,z,W, Z).
For M this picks out a real hypersurface PN C PT by Z No(Z) # @. The a-plane
Z has complex dimension 2, and by imposing Z No(Z) # @ in the M-case we add
three real conditions which leaves one real degree of freedom. Hence, if Z € PN — 1,
then ZNo(Z) is a real line that is null (a-planes are totally null), that is a real null
geodesic. In turn, given a real null geodesic we can pick two points z, y on it. They
are null separated, and determine an a-plane Z as described above. Furthermore,
they are real points, thus Z N o(Z) # @ which means Z € PN — I. Therefore, we
have shown that PN — I is the space of real null geodesics. Together with what we
have seen in the last chapter this implies that the set of real null geodesics through
a real point x € M is a Riemann sphere. Figure [Z depicts the correspondence in
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this real case. It also indicates how a point in PN — I corresponds to a locus in M

Riomann sphere
NZ

twistor picture PN — T

FIGURE 2. The correspondence between M and PN — I. @]

and a point & € M represented by its light cone corresponds to a locus (Riemann
sphere) in PN — I. Thus, the relationship between U and its twistor space P is a
non-local correspondence in general.



CHAPTER 4

The Penrose-Ward Transform

This chapter is about the Penrose-Ward transform which associates a solution
to the anti-self-dual Yang-Mills (ASDYM) equation on a domain U in CM to a
holomorphic vector bundle on the twistor space P of U, using Mason & Woodhouse
[33, Sec. 10.1 and 10.2].

That raises the question: What is the special importance of the ASDYM equa-
tion for our considerations? To answer this, we have to say a few words about
integrable systems. In classical mechanics the notion of integrability is a precise
concept. However, for systems obeying partial differential equations in which there
are infinitely many degrees of freedom, we do not have a clear-cut characterization
of integrability. A lot of theories were developed and it is easy to give examples of
‘integrability’, yet there is no single effective characterization that covers all cases
33, Ch. 1].

But whatever the definition of integrability is, a reduction of an integrable system,
which is obtained by imposing a symmetry or specifying certain parameters, always
yields another integrable system. Thus we have a partial ordering, in the sense that
we say system A is less than system B if A is a reduction of B. This ordering
motivates the search for a ‘maximal element’, that is an integrable system from
which all others can be derived. Such a system has not yet been found, but it turns
out that almost all known systems in dimension 1 and 2, and a lot of important
systems in dimension 3 arise as reductions of the ASDYM equation ﬂﬁ, Ch. 4.1].

The example of special significance for us will be the Ernst equation for stationary
axisymmetric gravitational fields.

4.1. Lax Pairs and Fundamental Solutions

Let D be a connection on a complex rank-n vector bundle E over some region U in
CM, and F its curvature 2-form. If D = d + ®, then F = F,;, dz® A dzb, where in a
coordinate induced local trivialization

Fop = 0aPp — 0pPo + [Pa, Do)
The ASD conditions then take in double-null coordinates the form
Fop = 0,9y — 0P, + [P, Dy] =0,
Frp = 0:P — 05P: + [0z, Pg] =0,
F.z — Fyp = 0:P: — 0: P, — 0Py + 05 Puy
+ [P, Pz] — [Py, Py] = 0.

(4.1)

With
Dw:aw+q)wa Dz:az+(1)z; D'u?:au?"'q)u*)a D.%:a,%"'q)%

15
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the ASD condition can be written as
[DZ, Dw] = 05 [vaDi)] = 07 [DZ, DE] - [Dwa Dﬁl] = 05 (42)

so that the ASDYM equation corresponds to the vanishing of the curvature on every
a-plane. Equivalently, we can require that the Lax pair of operators

L =Dy —(¢Dz;, M =D, —(Dy

should commute for every value of the complex ‘spectral parameter’ ¢, where L and
M act on vector-valued functions on CM.

This last compatibility condition says that for a section s of F, represented by a
column vector of length n, the linear system

Ls=0, Ms=0

can be integrated for each fixed value of (. Therefore, putting n independent solu-
tions together, we obtain an n X n matrix fundamental solution f (dependent on
¢) such that the columns of f form a frame field for E consisting of sections that
are covariantly constant on the a-planes tangent to 9,, — (9; and 9, — (Jy. Hence-
forth, we suppose that U is open and that each a-plane that meets U intersects it
in a connected and simply connected set, for example U an open ball. The second
condition about simply connectedness ensures that the sections are single valued.
The matrix f satisfies

(Ow + Pw)f — C(0z + ®2)f =0,
(0: +@.)f — C(9s + Pa)f =0,

and depends holomorphically on ¢ (varied over the complex plane), and the coor-
dinates w, z, w, Z. However, if f were regular, by which we mean holomorphic
with non-vanishing determinant, on the entire (-Riemann sphere, then Liouville’s
theorem would imply that f is independent of (. Consequently,

Dyf=D.f=Dsf=Dzf =0,
in other words f were covariantly constant and the connection flat.

Given a choice of gauge, f is unique up to f +— fH where H is a non-singular
matrix-valued function of , w, z, w, Z such that

OuH — CO:H =0, 0.H — 9y H = 0. (4.4)

So, H is essentially a function of A = (w + Z, p = ¢z + @ and (.

If P denotes the twistor space of U, and V, V is a two-set Stein open cover of Al
such that V is contained in the complement of ¢ = oo, and V is contained in the
complement of ( = 0, then f can be regarded as a function on the correspondence
space F and H as the pull-back of a holomorphic function on V', as by [@4) H is
constant along the leaves of p : F — P.

If D is not flat, f cannot be chosen so that it is regular for all finite values of ¢

and at ( = oco. However with § Z we get a solution f for the linear system

(Dwf—=D:f =0, (D.f ~Dysf =0, (4.5)
which is holomorphic on the whole ( Riemann sphere except for ¢ = 0. This solution
is unique up to f — fH, where H is holomorphic on V and satisfies the equation

corresponding to ().

(4.3)

For Stein manifolds see for example Field ﬂﬁ, Def. 4.2.7] and how the two-set cover can be chosen
see for example Popov [38, Sec. 3.3].
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4.2. The Patching Matrix

On the overlap of the domains of f and f in F we must have

f=fp
where P satisfies [&4]), and thus it is the pull-back by p of a holomorphic function
on VNV. We call P patching matriz associated to D. It is determined by D up
to equivalence P ~ H~!PH where H is regular on V, H is regular on V and both

satisfy (4. The matrices in the equivalence class of P are called patching data of
D. If P is in the equivalence class of the identity solution, then P = H~'H, hence

fH=fH. (4.6)

The left-hand side of @) is regular in V, and the right-hand side is regular in V,
so we have a global solution in (, and therefore vanishing curvature. If there is no
such solutions, the curvature has to be nonzero.

The transformation of ® under a gauge transformation is

O - D =g 1Ddg+ g dg,

where ¢ is a function of w, z, @, Z with values in the gauge group. A solution for
the new potential can be attained by replacing f — ¢~ 'f and f — ¢~ 'f, which
leaves the patching matrix unchanged.

We have obtained a map which assigns patching data to every ASDYM field. It
is called forward Penrose- Ward transform. Indeed, the converse is true as well, that
is a patching matrix encodes an ASDYM field.

4.3. The Reverse Transform

For the following arguments we need the so-called Birkhoff’s factorization theorem.
We do not state it in full precision, but only to the extend that is necessary here
(for more details see Mason & Woodhouse [33, Sec. 9.3]).

Suppose P (A, pt,¢) is holomorphic matrix-valued function on V' N V with non-
vanishing determinant. Birkhoff’s factorization theorem says that for fixed values
of w, z, w, Z we can factorize P in the form

P(Cw +2,¢z+w,¢) = fIAS,

where f(w,z,1,%,() is regular for [¢| < 1, f(w,z,@,%() is regular for |¢| > 1

(including ¢ = o0), and A = diag(¢*, ..., () for some integers ky, ..., k, which

may depend on the point in CM. For functions P for which A = 1, this factorization

is unique up to f — cf, f — cf for some constant ¢ € GL(n,C). Furthermore

given a P such that A = 1 at some point of CM, then A = 1 in an open set of CMﬁ
Given a Birkhoff factorization for fixed (w, z, @, Z) such that

P(lw+2,¢z+w,() = [,

2This statement is consequence of Birkhofl’s factorization theorem. If P(w, () depends smoothly
on additional parameters w = (w1, w2,...) and A = 1 at some point w, then A = 1 in an open
neighbourhood of w, and f, f can be chosen such that they depend smoothly on the parameters.
The statement also holds if we replace ‘smooth’ by ‘holomorphic’ in the case that P depends
holomorphically on ¢ (in a neighbourhood of the unit circle) and on the complex parameters w.
Attempts to extend the factorization to the entire parameter space typically fail on a submanifold
of codimension 1, where A ‘jumps’ to another value than the identity @, Prop. 9.3.4].
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we can recover ® in terms of f or f by

D, — (P = (_awf + Ca%f)f_l = (_awf + Ca%f)f_l (47)
with a similar equation for the other two components. By the uniqueness statement
any other factorization is given by f' = gf, f' = gf, where g is independent of ¢.
The new potential ®’, which is obtained from f’, f’, is related to the previous one
via

d=g'dg+g " dy.
This is obvious regarding [@T)). Hence, P determines ® up to gauge transformations.
It remains to show that our patching matrix P is the same as the one that is
associated to the ASDYM field we have just constructed. In other words, we must
ensure that applying first the reverse and then the forward Penrose-Ward transform
to the function P gets us back to the starting point.
Suppose P is chosen such that A = 1 at some point of CM, then A = 1 in an
open set U of CM. The constancy of P along 9,, — (0; implies

0= (0w = CO)(ff) = —F (0w = CONFV T F+ FH (0w — CO:) f,

or equivalently ) o

Owf = CO N1 = Ouf = CO:NI (4.8)
at every point in U and for all ¢ in some neighbourhood of the unit circle. The left-
hand side of 3] is holomorphic for (| < 1, and the right-hand side is holomorphic
for |¢| > 1 except for a simple pole at infinity. Therefore, by an extension of
Liouville’s theorem both sides have to be of the form —®,, + (®;, where ®,, and
®; are independent of (. We take them to be the two components of ®. The
same procedure with 0, — {0y instead of 0,, — (05 defines ®, and ®;. Then, by
construction

Dyf—¢D:zf =0, D, —(Dgf =0,

where D = d + ® acts on the columns of f. Thus, the linear system associated to
D is integrable, and D = d + ® is ASD.
_ The above constructions gives an explicit formula of the potential ® using f and

f.

Lemma 4.1. The gauge potential ® is given in terms of f and f by
® = hoh™ + hoh™!,

where h = f|._, and h = ']E‘C:oo'

PROOF. Setting ¢ = 0 in [@3) gives the first two components ®,,, ®.; setting
¢ =0 in (LA gives the second pair of components @, . O

So, we have shown that D can be recovered from the patching matrix, and indeed
even more, namely that any patching matrix such that A = 1 at some point of CM
generates a solution of the ASDYM equation in an open set of CM.

4.4. The Abstract Form of the Transform

The construction as described so far is very explicit and suggests that it depends
on the cover V, V and the chosen coordinates. However, it does not show, as stated
in its abstract form, that the transform is in fact between ASDYM fields on U and
holomorphic vector bundles on P. The above choices were only a way to represent
the bundle in a concrete way.
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If D is an ASD connection on a rank-n vector bundle B — U, then the patching
matrix P on U determines a rank-n vector bundle B’ — P, where P can be regarded
as the transition matrix between the holomorphic trivializations (of B’) over V and
V. The fibre of B’ attached to a point Z € P is

By, ={seT(ZNU,B): Ds|,~,; =0},

where I'(Z N U, B) is the space of sections of B over Z N U. That is the fibre
over an a-plane Z € P is the vector space of covariantly constant sections of B
over Z N U with respect to D. Because P has the Birkhoff factorization with
A = 1 at each point of U, the restriction of B’ to each line in P corresponding
to a point in U is holomorphically trivial. The holomorphic bundle is uniquely
determined up to equivalence by D, as the freedom in the construction of P from D is
precisely the freedom in choice of two local holomorphic trivializations. Conversely,
given B’ — P, the patching matrix P (and hence D) can be recovered in a direct
geometrical way.

Theorem 4.2 (Ward [47]). Let U C CM be an open set such that the intersection
of U with every a-plane that meets U is connected and simply connected. Then
there is a one-to-one correspondence between solutions to the ASDYM equation on
U with gauge group GL(n,C) and holomorphic vector bundles B' — P such that
B'|, is trivial for every x € U.

PROOF. See Mason & Woodhouse [33, Thm. 10.2.1]. mi






CHAPTER 5

Yang’s Equation, 0-Model and Ernst Potential

We will see how the ASDYM can be written in a form called Yang’s equation
using Mason & Woodhouse ﬂﬁ, Sec. 3.3]. Then it is shown how Yang’s equation
turns by a symmetry reduction into the Ernst equation which describes stationary
axisymmetric solutions to the Einstein equations ﬂﬁ, Sec. 6.6].

5.1. Yang’s Equation and the J-Matrix

The ASD condition on the curvature 2-form *F' = —F' is coordinate-independent
and invariant under gauge transformations as well as under conformal isometries of
CM. It can be written in other forms that are more tractable for certain aspects,
even though some of the symmetries are broken.

The first two equations of [Il), equivalent to

[Dszw] = 07 [DE; D’LT)] - 05

are an integrability condition for the existence of matrix-valued functions h and h
on CM such that

Owh+ ®ph =0, O.h+®.h=0,
Oph +®5h =0, O:h+ ®:h = 0.

The potential ® determines h and h uniquely up to h — hB, h — hA, where
B and A are matrices depending only on w, Z and w, z, respectively. For a gauge
transformed potential ® — g®g~'+¢~' dg we can replace h — g~ 'h and h— g_lfz,
which leaves the expression h~'h invariant.

We define Yang’s matriz @] as J := h™'h. Tt is determined by the connection
D up to J — A~LJB. Note that h and h satisfy the same differential equations
as those in Lemma LIl Thus, the definition for Yang’s matrix is equivalent to
J = f(¢=0)f"1(¢ = o0) with f and f as in Chapter @l To consider the converse

direction let J = h='h be a Yang’s matrix. The connection D is determined by .J,
since we have

J7Y0J = T 0gJ dw + Jr0:J Az
= h 7 hOg(h~ h) dw + 0 < 2
= (W *h(dah " )h + h™'0gh) diw + W < 2 (5.1)
= (=h"' (Qah)h ' h+ K1 0gh) db + @ <> 2
= (W '®gh+ h™'0gh) dd + @ + Z,

21
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so that @ is equivalent to J~13.J by the gauge transformation ® — h®h~—1+h =1 dn]]
Given the matrix J we see that the first two equations of {I]) are implied by (GI)),
because
D, =0, D, =0, Oy =J 105J, &z =J19:J
yields the first equation in I trivially, and the second one follows from
0:@5—045®: + [Pz, Py
=0:(J7'0pJ) — 0g(J10:0) + [J10:T, T 104 J]
=0.
A calculation similar to (&]) shows that
Ouw(J 1 05J) — 0.(J105J) = h™ Y (Fys — Fuz)h,
which is equivalent to Fy,5 — F.z under the above gauge transformation, and hence
the ASD equations are equivalent to Yang’s equation
Ou(J105J) — 0.(J0:J) = 0. (5.2)

However, they are no longer covariant under conformal transformations as this
would change the 2-planes spanned by 9,,, 9, and Oy, 0s.
Geometrically the construction of J can be interpreted as follows. Starting from

the original gauge we make a transformation by g = h or g = h, respectively. This
yields an equivalent gauge with vanishing ®,,, ®, in the first case and vanishing

®5, @z in the second case. If we have frame fields {e1,...,e,} and {é1,...,é,},
respectively, corresponding to the new gauge potentials, then
Dye; =0, D,e; =0, (5.3)
Dgé; =0, Dzé; =0, (5.4)
for i = 1,...,n. Furthermore, by definition of Yang’s matrix e; = é;J;;. Therefore,

J is the linear transformation from a frame field satisfying (@3] to a frame field
satisfying ([B4]). The connection potentials in the frames e; and é; are, respectively,

J7Y9J and JoJ .

The freedom in the construction of J from D is the freedom to transform the first
frame by B and the second frame by A.

5.2. Reduction of Yang’s Equation

In this section we show how Yang’s equation can be reduced by an additional
symmetry so that it provides the linkage to Einstein equations.

Such a reduction can in general be approached as follows. Suppose we are given
a two-dimensional subgroup of the conformal group, generated by two conformal
Killing vectors X and Y, which span the tangent space of the orbit of our two-
dimensional symmetry group at each point. To impose the symmetry on a solution
of the ASDYM equation, we require that the Lie derivative of the gauge potential ®
along X and Y vanishesH If the symmetry group is Abelian, [X,Y] = 0, then there

INote that after the gauge transformation the potential h®h~! 4+ h~1 dh has vanishing w and z
component.

2This requirement can be justified in a more systematic way if invariant connections, Lie derivates
on sections of vector bundles etc. are introduced ﬂﬁ] Here the Lie derivative of ® along the
Killing fields is the ordinary Lie derivative operator on differential form.
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exists a coordinate system with X, Y as the first two coordinate vector fields and by
the symmetry the components of ® depend only upon the second pair of coordinates.
The reduced version of equation (1)) is obtained by changing the coordinates and
discarding the derivatives with respect to the ignorable coordinates.

Another way is to impose the symmetry on Yang’s equation which is not always
straightforward and we will see how it works in our case.

We are interested in the reduction by the commuting Killing vectors

X = w0y — Wy, Y = 0; + 0,.

The coordinates can be adapted by the transformation

w=re?, v=re " z=t—2, Z=t+2x.

Then the metric is easily calculated to have the form
ds? = dt? — dz? — dr? — r? d6?,

and the Killing vectors are X = —2idp, Y = 20; so that the symmetries are a
rotation 0 +— 6 + 0y and a time translation ¢ — ¢ + tg.

In the Minkowski real slice the coordinates are real and the spatial metric is
of cylindrical polar form. Thus, a reduction by X and Y refers to stationary ax-
isymmetric solutions of the ASDYM equation and their continuations to CM. The
crucial point for our considerations is the coincidence that apart from their role
in Yang-Mills theory the reduced equation turns out to be equivalent to the Ernst
equation for stationary axisymmetric gravitational fields in general relativity.

We want to construct Yang’s matrix for the invariant potential in this stationary
axisymmetric reduction. First, we note that it is still possible to choose the invariant
gauge such that &,, = &, = 0 and

i
o=-pPY 1 Qdz, (5.5)
w

wherd] P and @ depend only on z and r. This can be seen as follows. Above we
have shown that for h being a solution of
Owh + ®,h =0, 0,h+ ®,h =0, (5.6)
the gauge transformation with ¢ = h yields a potential with ®,, = ®. = 0, because
&5 is equivalent to
h1®,h+h to,h =0, h'®.h+h0.h=0.
The integrability of (6] and hence the existence of h was ensured by the ASD

condition (2.

Now with the additional symmetry the question arises whether this is still possible
but with A and ® depending on x and r only. Under a gauge transformation we
then have

1 1
B, — h~ 1D,k + §e_‘9h_1hr, D, — h 1D, h — §h_1hz,

which is obtained by just substituting the coordinates and discarding the depen-
dency on t and 6. In the same way the first equation of Il becomes

1 1, 1 1.
— 50:Pu — §e*“’arq>z +[@,,0,] = |®, — 50 Pu + §e*1"ar =0. (5.7

3This P should not be confused with the Patching matrix.
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Then, analogous to the general case, 1)) in form of (7)) is exactly the integrability
condition for the existence of an invariant gauge in which ®,, = ®, = 0 and where
® and h depend only on x and r, that is

1. 1
D, h + §e_‘96Th =0, P,h— §azh = 0.

Using the notation from (GH) and by a similar calculation like above the second
equation in ], Fz5 = 0, takes the form

P, +rQ, +2[Q,P] =0, (5.8)
and the third equation, F.; — F,, = 0, becomes

1 1 _. P
0= azq).% - aUJ(I)'J) = __amQ + _e_lear (T) )
2 2 w

or equivalently

P.—rQ, =0. (5.9)
Condition (B3] guarantees the existence of Yang’s matrix J(z,r) such that
Dy = —5 = J '95J = lei"J—larJ, b = J 195,
w 2
equivalent to
2P = —rJ 710, J, 2Q=J"10,J. (5.10)

It can again be interpreted as a change of gauge, but this time 4 and A depend only
on z and r, hence so does J.

Starting with a matrix J(z,r), and defining the gauge potential by [@I0), it is
an easy calculation that (B3) is satisfied. Equation (9) becomes

70, (J 10, J) + 0 (rJ10,.J) = 0. (5.11)

So, every solution to (&Il determines a stationary axisymmetric ASDYM field
and every stationary axisymmetric ASDYM field can be obtained in that way. The
Yang’s matrix J determines the connection up to J — A~'JB with constant ma-
trices A and B. Note that in the general case above A, B depended on w, z and
w, Z, respectively. But here we restricted to gauge transformations such that the
condition ®,, = ®, = 0 is preserved, hence they have to be constant (formula for
gauge transformation of ® involves derivatives of h, respectively 71)

5.3. Reduction of Einstein Equations

The next step will be to show how reduced Yang’s equation (BII)) emanates from
a reduction of the Einstein equations. This was originally discovered by Witten
48], Ward [46).

Let gqp be a metric tensor in n dimensions (real or complex), and X¢, ¢ =
0,...,n—s—1, be n — s commuting Killing vectors that generate an orthogonally
transitive isometry group with non-null (n — s)-dimensional orbits. This means the
distribution of s-plane elements orthogonal to the orbits of X is integrable, in other
words [U, V] is orthogonal to all X; whenever U and V are orthogonal to all X;.

Define J = (J;5) = (gabeX]l?), and denote by V the Levi-Civita connection. We
have

Xidij = (Lx, 9)(Xi, Xj) + 9(Lx, Xi, Xj) + 9(Xi, Lx, Xj) =0,
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as the first term vanishes due to the fact that X} is a Killing vector, and the last
two terms since the Killing vectors commute. Thus J is constant along the orbits
of the Killing vectors. The Killing equation is

0= ACXigab - Vu,)(ib + Vinaa (512)
and since
X0, X, =0 Vi,j (5.13)
we get
a J _ V a _ a a @ a a
i = Vi (Xi' X;,) = X'V, X, + XiV, X, = X('V,X,, - XV, X, (5.14)
@ quvaja - quvanb = 2quvaja'
This yields
a a a 1
XjVaXy = XiVoXj = =XV Xj0 = =50, 5.

Let U and V be vector fields orthogonal to the orbits. From
0=V, (U V*Xy) — Va(VEU"X3p)
N~——— N~——

=0 =0
= (VU V Xy +U Vo V) X3y + UV (VX)) —U < V
N———r
=0

we obtain
UtVPV Xy — VAUV Xy = — XUV VP + X3 VOV, U
= XUV, Vb — VeV, U
= —Xu[U, V]
=0,

where the last step follows from the orthogonal transitivity. This result together
with the Killing equation V, X, = V[, X3 leads to

UV'Vo Xy = UlVIV, Xy =0,

1
ayb a
U Xj vaXib —21/ 0 J.

aijs
X§XPV, Xy, = %X;?GGJM =0.
However,
%ij((anki)ij - (akai)Xja)a

where J% Jjk = 6}CE gives the same expressions when contracted with combinations
of Killing and orthogonal vectors. Hence, they must have the same components,

1 .
VaXi = 5" ((anki)ij - (akai)Xja). (5.15)
Moreover, for a Killing vector X we can use the Ricci identity

ViVeXq = Rapea X*

4ere we need that the orbits of the isometry group are non-null, otherwise J would be degenerate.
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with Rgpeq the Riemann tensor, to take the second derivative of ([Idl). After some
computations (see Appendix [(), we get

1
b - b 7kl
R, XX} = _§Jik\/§ 1aa(\/§ga J alej)a
where g = det(gq) and R,, = R°,, is the Ricci tensor. If the Einstein vacuum
equations, Ry, = 0, hold, then
9a (/99" T 0y Ji5) = 0. (5.16)

Since J is constant along the orbits (BI0) is essentially an equation on S, where
S is the quotient space by the Killing vectors identified with any of the s-surfaces
orthogonal to the orbits. Denote by hg; the metric on .S and by D the corresponding
Levi-Civita connection so that we get for the determinant

g = det gop, = —r? det(hap),

where —r2 = det JA We know that for functions u on S covariant and partial
derivative are equal d,u = Dgyu. Considered this together with the expression for
the Laplace-Beltrami operator

1
D?u = DyD% = ——3, ( \/|h|h®*du
e (VIR 0)

Dy (rJ~'D*J) =0, (5.17)

where the indices now run over 1, ..., s and are lowered and raised with A, and its
inverse. Now remembering that

ddet J =det Jtr(J'dJ) = d(logdet.J) = tr(J *dJ)
we can take the trace of [@IT) to get furthermore
0= D,(rtr(J~'D"J)) = D,(rD*(logdet J))

equation (1G] becomes

1
= D, (rD%(log —r?)) = D4(2r - —D)
r

= 2D?r,

hence r is harmonic on S. From now on we assume that the gradient of r is not
null.
In the case s = 2 isothermal coordinates always exist (see Appendix [D]), that is
we can write the metric on S in the form
e (dr? 4 dx?)
where z is the harmonic conjugate to rB As the Killing vectors commute, there
exist coordinates (yo, ..., Yn—3), where the X, are the first n — 2 coordinate vector
fields. Taking furthermore the isothermal coordinates for the last two components,
the full the metric then has the form
n—3
ds® = 3 Jijdy'dy? + e (dr® + da?), (5.18)
i,j=0

5The sign might vary depending on the signature of the metric and the Killing vectors (spacelike
or timelike). In some of the literature the condition is 2 = |det J|. Here it is adapted to the
Lorentzian case with one timelike and one spacelike Killing vector.

6The function z is said to be harmonic conjugate to r, if x and r satisfy the Cauchy-Riemann
equations.
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which is known as the (Einstein) o-model. In this case [@IT) reduces to (@I and
we obtain the following proposition.

Proposition 5.1 (Proposition 6.6.1 in Mason & Woodhouse [33]). Let gay be a
solution to Einstein’s vacuum equation in n dimensions. Suppose that it admits
n — 2 independent commuting Killing vectors generating an orthogonally transitive
isometry group with non-null orbits, and that the gradient of r is non-null. Then
J(x,r) is the Yang’s matriz of a stationary azisymmetric solution to the ASDYM
equation with gauge group GL(n — 2,C).

The partial converse of the Proposition yields a technique for solving Einstein’s
vacuum equations as follows. Any real solution J(z,r) to reduced Yang’s equa-
tion (GII) such that
(a) detJ = —r?,

(b) J is symmetric

determines a solution to the Einstein vacuum equations, because we can reconstruct
the metric from given J and e?” via ([BI8)), and then (EII) is equivalent to the
vanishing of the components of R, along the Killing vectors (as we have shown
above). The remaining components of the vacuum equations can be written as

210 (log (re)) = rtr (9 (J~1) deJ) (5.19)

with & = x + ir, together with the complex conjugate equation (if 2 and r are
real), where & is replaced by € =z —ir and i by —i. These equations can be
obtained by a direct calculation of the Christoffel symbols, curvature tensors and so
on [21, App. D, Eq. (D9)]. They are automatically integrable if (GIT) is satisfied
and under the constraint detJ = —r? (see Appendix [E]), and they determine e”
up to a multiplicative constant. The constraint, however, is not significant for the
following reason. We know that in polar coordinates u = logr is a solution to the
(axisymmetric) Laplace equation

0,.(ro,u) + rd*u = 0, (5.20)

so is u = clogr +logd for constants ¢ and d. Now suppose J is a solution to ([&ITl),
and consider e“J = dr¢J. Plugging this new matrix in (I1]), we see that it is again
a solution of reduced Yang’s equation if (&20) holds. The determinant constraint
can thus be satisfied by an appropriate choice of the constants, since we have

det(e®J) = "D det J = d"2r("=2)¢ det J.

The condition J = J* is a further Z, symmetry of the ASD connection.

This coincidence between Einstein equations and Yang’s equation is remarkable,
since, although we started from a curved-space problem, by the correspondence it
can essentially be regarded as a problem on Minkowski space reduced by a time
translation and a rotation, hence on flat space.

Considering the case n — 2 = s = 2, Yang’s matrix J can be written as

fo? =2 f1 —fa
J = ( _fa ¥ > , (5.21)
where f and « are functions of x and r. It can be read off that the metric takes the
form

ds? = f(dt — adf)? — F71r?dh? — e (dr® + da?).
If f and « are real for real x and r this is known as the stationary axisymmetric
gravitational field written in canonical Weyl coordinates.
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5.4. Solution Generation by the Symmetries of Yang’s Equation
A tedious but straightforward calculation shows that in canonical Weyl coordinates
reduced Yang’s equation (&I becomes
r?V?log f + (fOra)? + (f0.)? =0,
Or(r~ 1 f20,0) + 0x(r f20,0) = 0,

where V2 = 7710,.(rd,) + 02 for real r is the axisymmetric form of the three-
dimensional Laplacian in cylindrical polar coordinates. The second equation is an
integrability condition for ¢ with

311/1 = *7’71]&&"0@ ar"/) = 7T71f28m047

(5.22)

or equivalently

rdp) + f20,a =0, 710 — f20,a =0.

If we consider the matrix
L2+ f2 9 )
J == 5.23

instead of J[] we find that EI0) for J' again comes down to (B22), but with «
replaced by 1 as one of the variables. Solutions to Einstein’s vacuum equations
can now be obtained by solving (&IT]) for J’ subject to the conditions det J' = 1,
J' = J'*. In this context (BI)) is called Ernst equation and the complex function
€ = f + 1y is the Ernst potential M], which is often taken as the basic variable in
the analysis of stationary axisymmetric fields. We will also refer to J' as the Ernst
potential.

Note that (X)) has the obvious symmetry J +— A'JA, where A € SL(2,C) is
constant [l This corresponds to the linear transformation

(XY)— (X Y)A (5.24)

of Killing vectors in the original space-time. Yet, the construction of J’ is not
covariant with respect to general linear transformations in the space of Killing
vectors, that is for (Z24) we do not have J’ — A'J'A. Given a solution of the
Einstein vacuum equations in form of .J/, this leads to a method of generating new
solutions. First, recover the corresponding J by solving for « in terms of ¥ and f.
Then replace J by C*'JC, C € SL(2,C), and construct J’ from the new J. Again
replace J' by D'J'D, D € SL(2,C), and so on. This produces an infinite-parameter
family of solutions to the Einstein vacuum equations starting from one original
seed (if C' and D are real, the transformations preserve the reality, stationarity and
axisymmetry of the solutions as well).

"Since 1) is only determined up to constant J’ is only determined up to

/ 10 / 1~

8The requirement det A = 1 is necessary to preserve the constraint det J’ = 1.

for a constant ~.



CHAPTER 6

Black Holes and Rod Structure

A remarkable consequence of Einstein’s theory of gravitation is that under certain
circumstances an astronomical object cannot exist in an equilibrium state and hence
must undergo a gravitational collapse. The result is a space-time in which there is
a “region of no escape” — a black hole. Black hole space-times are of interest not
only in four but also in higher dimensions.

This chapter will provide basic knowledge in general relativity that is needed
later on. Yet, proofs or further details are omitted at many points as this would be
beyond the scope of our discussion. Moreover, we will see what questions arise in
higher-dimensional black hole space-times and in the next chapter we will describe
how twistor theory can be useful in tackling these problems.

In the following a space-time will be a real time-orientable and space—orientableﬂ
Lorentzian manifold, where not stated differently.

6.1. Relevant Facts on Black Holes

The following definitions are taken from Wald [45] and Chrusciel & Costa [6, Sec. 2.
Denote by J*(m) the causal future or past of a space-time point m. An important
concept is asymptotic flatness which roughly speaking means that the gravitational
field and matter fields (if present) become negligible in magnitude at large dis-
tance from the origin. More precisely we say an n-dimensional space-time (M, g)
is asymptotically flat and stationary if M contains a spacelike hypersurface Sext
diffeomorphic to R\ B(R), where B(R) is an open coordinate ball of radius R,
that is contained in a hypersurface satisfying the requirements of the positive en-
ergy theorem and with the following properties. There exists a complete Killing
vector field ¢ which is timelike on Seyt (stationarity) and there exists a constant
a > 0 such that, in local coordinates on Sext obtained from R"~1\ B(R), the metric
v induced by g on Sy, and the extrinsic curvature tensor Kj;; of Sext, satisfy the
fall-off conditions

Vij = 835 = Op(r™),  Kij = Opa(r717%)
for some k > 1, where we write f = Og(r®) if f satisfies
O, O f=00*7"), 0<I<k

In ﬂa, Sec. 2.1] it is argued that these assumptions together with the vacuum field
equations imply that the full metric asymptotes that of Minkowski space.

The Killing vector ¢ models a “time translation symmetry”. The one-parameter
group of diffeomorphisms generated by £ is denoted by ¢ : M — M. Let Myt =

n fact, one can argue that time-orientability implies space-orientability ﬂﬁ, Sec. 6.1].

29
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U; &t (Sext) be the eaterior region, then the domain of outer communications is
defined as
<<Mext>> == j+(Mext) N j_(Mext)-

We call B = M\J ™ (Meyt) the black hole region and its boundary H™ = 9B the
black hole event horizon[l Analogously, the white hole and the white hole event
horizon are W = M\J " (Mext) and H~ = OW. So, if the space time contains
a black hole, that means it is not (entirely) contained in the causal past of its
exterior region. H = HT UH ™ is a null hypersurface generated by (inextendible)
null geodesics ﬂﬁ, p. 312].

The second type of symmetry we will impose models a rotational symmetry. We
say a space-time admits an azisymmetry if there exists a complete spacelike Killing
vector field with periodic orbits. This is a U(1)-symmetry so we imagine it as a rota-
tion around a codimension-2 hypersurface. As shown in Myers & Perry m, Sec. 3.1]
and Emparan & Reall ﬂﬁ, Sec. 1.1], note that for dim M > 4 there is the possibility
to rotate around multiple independent planes (if M is asymptotically flat). For
spatial dimension n — 1 we can group the coordinates in pairs (z1,22), (23, 24), ...
where each pair defines a plane for which polar coordinates (11, ¢1), (12, ©2), ... can
be chosen. Thus there are N = [ 25| independent (commuting) rotations each as-
sociated to an angular momentum. An n-dimensional space-time M will be called
stationary and axisymmetric if it admits n — 3 of the above U(1) axisymmetries
in addition to the timelike symmetry. However, note that this yields an important
limitation. For globally asymptotically flat space-times we have by definition an
asymptotic factor of S"~2 in the spatial geometry, and S"~2 has isometry group
O(n — 1). The orthogonal group O(n — 1) in turn has Cartan subgroup U(1)" with
N = |251], that is there cannot be more than N commuting rotations. But each
of our rotational symmetries must asymptotically approach an element of O(n — 1)
so that U(1)"=2 C U(1)", and hence

n—1
_3<N=

which is only possible for n = 4, 5. Therefore, stationary and axisymmetric solutions
in our sense can only have a globally asymptotically flat end in dimension four and
five. However, much of the theory, for example the considerations in Chapter [ is
applicable in any dimension greater than four so that henceforth we still consider
stationary and axisymmetric space-times and it will be explicitly mentioned if extra
care is necessary.

Note for example that we have to change the above definitions of a black hole and
stationarity in dimensions greater or equal than 6 because they require asymptotical
flatness. Instead of asking Sex to be diffeomorphic to R™\ B(R) we set the condition
that Sext is diffeomorphic to R*\ B(R) x N, where B(R) is again an open coordinate
ball of radius R and N is a compact manifold with the relevant dimension. This
is also called asymptotic Kaluza-Klein behaviour. The fall-off conditions then have
to hold for the product metric on R™\B(R) x N. The definition of stationarity is
verbatim the same only with other asymptotic behaviour of Sext.

The time translation isometry must leave the event horizon of the black hole
region invariant as it is completely determined by the metric which is invariant
under the action of £&. Hence £ must lie tangent to the horizon, but a tangent vector
to a hypersurface with null normal vector must be null or spacelike. So, £ must be

2This definition does in fact not depend on the choice of Sext ﬂa, Sec. 2.2].
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null or spacelike everywhere on the horizon. This motivates the following definition.
A null hypersurface N is called a Killing horizon of a Killing vector ¢ if (on N) £ is
normal to AV, that is £ is in particular null on /. The integral curves of the normal
vector of a null hypersurface are in fact geodesics and these geodesics generate the
null hypersurfacel] If I is normal to A/ such that V,l = 0 (affinely parameterized),
then £ = f -1 and

Vel = fVifl) = E(f) -1+ [PVl = fT(f) €= K€,

where k = £(In | f|) is the so-called surface gravity. It can be shown that

1
K= =5 (VR (Vb -

and that x is constant on the horizon. Thus, the following definition makes sense: A
Killing horizon is called non-degenerate if k # 0, and degenerate otherwise. Hence-
forth, we will restrict our attention to non-degenerate horizons, since it is a nec-
essary assumption in the upcoming theorems and degenerate horizons may have a
somewhat pathological behaviour.

The following theorem links the two notions of event and Killing horizon.

Theorem 6.1 (Theorem 1 in Hollands et al. [25]). Let (M, gap) be an analytic,
asymptotically flat n-dimensional solution of the vacuum FEinstein equations con-
taining a black hole and possessing a Killing field & with complete orbits which are
timelike near infinity. Assume that a connected component, H, of the event horizon
of the black hole is analytic and is topologically R x 3, with ¥ compact, and that
Kk # 0. Then there exists a Killing field K, defined in a region that covers H and the
entire domain of outer communication, such that K is normal to the horizon and
K commutes with .

This theorem essentially states that the event horizon of a black hole that has
settled down is a Killing horizon (not necessarily for 9;). In four dimensions this
theorem has already been proven earlier ﬂﬁ] In four dimensions Theorem [6.1]is an
essential tool in the proof of the following uniqueness theorem, which is the result

of a string of papers @, @, @, @]

Theorem 6.2. Let (M, g) be a non-degenerate, connected, analytic, asymptotically
flat, stationary and axisymmetric four-dimensional space-time that is non-singular
on and outside an event horizon, then (M,g) is a member of the two-parameter
Kerr family. The parameters are mass M and angular momentum L.

Since stationarity can be interpreted as having reached an equilibrium, this says
that in four dimensions the final state of a gravitational collapse leading to a black
hole is uniquely determined by its mass and angular momentum. The assumption
of axisymmetry is actually not necessary in four dimensions, as it follows from the
higher-dimensional rigidity theorem.

Theorem 6.3. Let (M, gap) be an analytic, asymptotically flat n-dimensional so-
lution of the vacuum FEinstein equations containing a black hole and possessing a
Killing field & with complete orbits which are timelike near infinity. Assume that a
connected component, H, of the event horizon of the black hole is analytic and is
topologically R x ¥, with ¥ compact, and that k # 0.

3This and some of the following statements can be found in standard textbooks or lecture notes,
for example M]



32 6. BLACK HOLES AND ROD STRUCTURE

(1) If £ is tangent to the null generators of H, then the space-time must be
static; in this case it is actually unique (for n = 4 the Schwarzschild
solution). [1]

(2) If € is not tangent to the null generators of H, then there exist N, N > 1,
additional linear independent Killing vectors that commute mutually and
with &. These Killing vector fields generate periodic commuting flows, and
there exists a linear combination

K=+ WX+ .+ Qv XN, Q; €R,

so that the Killing field K is tangent and normal to the null generators of
the horizon H, and g(K,X;) =0 on H. [24, Thm. 2]

Thus, in case @) the space-time is axisymmetric with isometry group R x U(1)V.

Remark 6.4. In dimension four the last theorem has already been shown in ﬂﬁ, @]
|

Interestingly, the higher-dimensional analogue of Theorem [6.2]is not true, that is
there exist different stationary and axisymmetric vacuum solutions with the same
mass and angular momenta. Examples for five dimensions are given in Hollands
& Yazadjiev iﬂ] They have topologically different horizons so there cannot exist
a continuous parameter to link them. A useful tool for the study of solutions in
five dimensions is the so-called rod structure. Before defining it let us set the basic
assumptions about our space-time.

Henceforth we are going to assume that, if not mentioned differently, we are given
a vacuum (non-degenerate black hole) space-time (M, g) which is five-dimensional,
globally hyperbolic, asymptotically flat, stationary and axisymmetric, and that is an-
alytic up to and including the boundary r = 0 We are not considering space-times
where there are points with a discrete isotropy group. Note that the stationarity
and axisymmetry implies orthogonal transitivity, which was necessary for the con-
struction in Chapter [l (see Appendix [[]). The assumption about analyticity might
seem unsatisfactory, but in this thesis we are going to focus on concepts concerning
the uniqueness of five-dimensional black holes rather than regularity.

6.2. Rod Structure

Remember the o-model construction in Chapter Using the (r,x)-coordinates
from there we define as in Harmark [21, Sec. IILB.1].

Definition 6.5. A rod structure is a subdivision of the z-axis into a finite number
of intervals where to each interval a constant three-vector (up to a non-zero multi-
plicative factor) is assigned. The intervals are referred to as rods, the vectors as rod
vectors and the finite number of points defining the subdivision as nuts.

In order to assign a rod structure to a given space-time we quote the following
proposition.
Proposition 6.6 (Proposition 3 in Hollands & Yazadjiev [24]). Let (M, gqs) be
the exterior of a stationary, asymptotically flat, analytic, five-dimensional vacuum
black hole space-time with connected horizon and isometry group G = U(1)? x R.
Then the orbit space M = M/G is a simply connected 2-manifold with boundaries

4The coordinate  is defined in Chapter Further statements on that are below in the following
section.
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and corners. If A denotes the matriz of inner products of the spatial (periodic)
Killing vectors then furthermore, in the interior, on the one-dimensional boundary
segments (except the segment corresponding to the horizon), and at the corners A
has rank 2, 1 or 0, respectively.

Furthermore, since det A # 0 in the interior of M , the metric on the quotient space
must be Riemannian. Then M is an (orientable) simply connected two-dimensional
analytic manifold with boundaries and corners. The Riemann mapping theorem
thus provides a map of M to the complex upper half plane where some further
arguments show that the complex coordinate can be written as ( = x + ir. So,
starting with a space-time (M, g) the line segments of the boundary oM give a
subdivision of the z-axis

(—00,a1), (a1,a2),...,(an—1,an), (an,o0) (6.1)
as the boundary of the complex upper half plane. This subdivision is moreover
unique up to translation x +— x-+const. which can be concluded from the asymptotic
behaviour ﬂ2__4|, Sec. 4]. This subdivision is now our first ingredient for the rod
structure assigned to (M, g). For reasons which will become clear in Sections
and B3] we take the set of nuts to be {ag = 00, a1,...,an}.

As the remaining ingredient we need the rod vectors. The imposed constraint
—r? = det J(r, z) implies det J(0,z) = 0, and therefore

dimker J(0,x) > 1.

We will refer to the set {r = 0} as the axis. Taking the subdivision (B we
define the rod vector for a rod (a;,a;+1) as the vector that spans ker J(0,z) for
x € (as,a;+1) (we will not distinguish between the vector and its R-span). A few
comments on that.

First consider the horizon. From Theorem we learn that K = £ 4+ Q1X7 +
02X, (I) is null on the horizon and g¢(K,X;)|,, = 0 (H)E These conditions are
equivalent to

gti + Zngij =0 on#H, (IT)
J
g +2Y Qg+ 2gi; =0 on A, D
i i

& gtt +Zﬂigti =0 onH.

Hence
1
. + Qz 3 .
JE = " 2.i e =0 onH, where K = | O,
gri + 22 2595
Qo

In other words K is an eigenvector of J on H. So, by the change of basis ¢ — K,
X; — X, the first row and column of J diagonalizes with vanishing eigenvalue

5Tt is not hard to see that if X1, Xy is a second pair of commuting Killing vectors which generate
an action of U(1)2, then X; is related to X; by a constant matrix [24, Eq. (9) and Sec. 4].
Hence, we can without loss of generality assume that our periodic Killing vectors are the ones
from Theorem
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towards H. On the other hand away from any of the rotational axes the axial
symmetries X;, Xo are independent and non-zero, thus the rank of J drops on the
horizon precisely by one and the kernel is spanned by K. Note that if the horizon
is connected precisely one rod in ([B]) will correspond to H.

Second, consider the rods which do not correspond to the horizon (assuming
that #H is connected). Proposition 1 and the argument leading to Proposition 3 in
Hollands & Yazadjiev ﬂﬂ] show that on those rods the rotational Killing vectors
are linearly dependent and the rank of J again drops precisely by one. Whence, on
each rod (a;,a;4+1) that is not the horizon, there is a vanishing linear combination
aX1 + bX,. Therefore the vector ( 0 a b )t spans the ker J(0,x), « € (ai, @it1).
By Hollands & Yazadjiev ﬂ2__4|, Prop. 1] a and b are constant so that we take a X7 +bX5
as the rod vector on (a;, a;t1).

Remark 6.7. The fact that a and b are constant is not explicitly shown in the
proof of m, Prop. 1], but follows quickly from m, Eq. (11)]. For = being a point
where X7, X are linearly dependent or where one (but not both) of them vanishes,
and for O, being the orbit of z under the action which is generated by X7, X5 we
have

0=a(®)X1 +0(2)X2, Z€O0,.
Since X7 and X5 commute it is

0= £X1 (0) = EXl (G)Xl + EXl (b)XQ

On the other hand Lx, (a) = a is the derivative along the orbit (the orbit is one-

dimensional), hence
i b
0= bX; (9+—).
a b

Assuming that b and X3 do not vanish, this can be integrated and implies § = const.
so that without loss of generality both factors can be taken as constants. If b or
X5 vanishes on the orbit, then one obtains immediately ¢ = 0. Note that if one
of the Killing vectors vanishes somewhere on O, it vanishes everywhere on O,,
otherwise one could follow the integral curve where the Killing vector is non-zero
up to the first point where it vanishes and there it stops, which is a contradiction
to the periodicity. This shows that the two cases above are disjoint.

]

Note that the nuts of the rod structure are the points which correspond to the
corners of M and that is where the rank of J drops precisely by two. So, at those
points dim ker J = 2.

Example 6.8 (Rod Structure of Four-Dimensional Schwarzschild Space-Time,
taken from Section 3.1 in Fletcher [16]). The Schwarzschild solution in four di-
mensions has in usual coordinates the form

-1
2 2
ds? = (1 - —m) ar? — (1 - —m) dR? — R*(d©? + sin? © dd?),
R R
and is obtained in Weyl coordinates (¢, r, ¢, z) by replacing

2 =(R—-m)cos®, r=(R*-2mR)3sin®, t=T, ¢=0a.
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If the symmetry group is generated by X = 0, and Y = 0y, then one can calculate
the matrix of inner products of the Killing vectors (see Appendix [H]) as

o
J = f
0 f
where n 5
r+ vr-—2am : 2 2 2
f P wi ry=r"+(zxtm)
Note that r+ = |z +m|, r— = |z — m] for r = 0 so that for —m < z < m
and r = 0 we have ry = =+ m, r— = m — z. Hence, f vanishes for r = 0,

—m < x < m. Yet, applying I’'Hopital’s rule twice shows that ? does not vanish
for r =0, —m < x < m. So, the rod structure can be read off. It consists of
the subdivision of the z-axis into (—oo, —m), (—m,+m) and (+m,+o0) and the
rod vectors as in Figure[[l The semi-infinite rods correspond to the rotation axis
and the finite one to the horizon. At {r = 0,2 = +m} the entry 2 blows up.

f
Furthermore, we see that the boundary values of the rods are related to the mass

of the black hole.
]

FiGURE 1. Rod structure of the four-dimensional Schwarzschild
solution. The numbers are only for the ease of reference to the
parts of the axis later on.

There is a better way of visualizing the topology associated with the rod struc-
ture in five dimensions (from private communication with Piotr Chrusciel). First
consider five-dimensional Minkowski space. We leave the time coordinate and only
focus on the spatial part. It is Riemannian and has dimension four, thus we can
write it in double polar coordinates (71, 1,72, 92). Then the first quadrant in
Figure B that is {r1 > 0,72 > 0}, corresponds to the space-time. The diagram

T2

1

FIGURE 2. Rod Structure for five-dimensional Minkowski space.

suppresses the angles, so that each point in {r; > 0,72 > 0} represents S! x S!
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where the radius of the corresponding circle is r;. On the axes it thus degenerates
to {pt} x S'. The boundary of our space-time, r = 0, is in these polar coordinates
{r1 =0} U{re = 0}, and the nut is at the origin r; = ro = 0 (see also Section [I]).

Since our interest lies in asymptotically flat space-times, the rod structures for
other space-times will be obtained from this one by modifying its interior and leaving
the asymptotes unchanged. For example we can cut out a quarter of the unit disc
as in Figure @ But cutting out the quarter of the unit disc is nothing else than

T2

2l
FIGURE 3. Rod Structure with horizon topology S2.

cutting out 72 + 73 < 1 (obviously taking the radius not to be one does not make
any difference for the topology). Therefore the middle rod is the boundary of a
region with topology S3. So, if this is the horizon of a black hole, then the black
hole has horizon topology S3. Finally look at Figure@ This rod structure has three

T2

Oe r1

FIGURE 4. Rod Structure with horizon topology S2 x S'. The nuts
are at A, B and O, where the rod between A and B corresponds
to the horizon.

nuts: at A, at B and at the origin O, that is at 7y = ro = 0. If the rod limited by
A and B represents the horizon then the horizon topology is S? x S!, which can be
seen by rotating Figuredfirst about the vertical and then about the horizontal axis.
Another visualization is depicted in Figure B where the labelled points correspond
to

A: {pt} x S eR?* xR? B: {pt} x S* € R?* xR? O: {pt} x {pt} € R? x R?,
C: S' xS'eR* xR

Interpolating the transition between those points explains the topology as well.
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52 St

B

FIGURE 5. Visualization of S? x S! topology.

The relation between those more geometrical diagrams and the above definition
of rod structure, that is only the z-axis with the nuts, can be made by the Riemann
mapping theorem ﬂ2__4|, Sec. 4].

The rod structure is essential for the characterization of stationary axisymmetric
black hole solutions. As mentioned above, such a solution is in five dimensions no
longer uniquely given by its mass and angular momenta. But two solutions with
connected horizon are isometric if their mass, angular momenta and rod structures
coincide, if the exterior of the space-time contains no points with discrete isotropy
group [24] (see also Theorem [F). An important question for the classification of
five-dimensional black holes is which rod structures are admissible. Are there any
restrictions on the possible configurations?






CHAPTER 7

Bundles over Reduced Twistor Space

We have seen earlier that by the Penrose-Ward transform an ASDYM field cor-
responds to a holomorphic vector bundle over twistor space. However, we are not
interested in the full ASDYM field, but in its reduction through symmetries. This
chapter will provide a construction of bundles representing solutions which are in-
variant under a subgroup of the conformal group, and explain how we obtain in this

way a twistor characterization of solutions of the Einstein equations using Mason
& Woodhouse [33, Ch. 11] and Fletcher & Woodhouse [17].

7.1. Reduced Twistor Space

Proper conformal transformations of compactified CM map a-planes to a-planes,
and induce holomorphic motions of the twistor space which coincide with those of
the natural action of GL(4,C) on CP3, see Chapter @ and [33, Sec. 9.2]. Given
an ASDYM field that is invariant under a group of conformal symmetries, by the
Penrose-Ward transform the bundle over the twistor space belonging to the ASDYM
field is invariant under the subgroup of GL(4,C) that corresponds to the group of
conformal symmetries.
This can be made more precise as follows. Let

X =X%), =ady+bd, +adg+b0:

be a conformal Killing vector on U C CM open, P the twistor space and F the
correspondence space associated to U,

Uy}—‘P

The idea is to lift X from U to F and project into P. Since X is a conformal Killing
vector, its flow preserves the metric up to scaling. Hence, d(.Xg4) is proportional to
the metric tensor, that is in the usual double-null coordinates

—1

(gab) -

o= O O
_ o O O
o O O
o o = O
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the conditions

dwXa) =—0:Xzs &  0Owa+ 0ga = 0.b+ b,
8(1,;Xz) =0 & 0O,a= 8u;l3,
(7.1)
6(@Xu~j) = a(ng) =0 & Oga=0:b=0,

8(@Xz~) =0 & 0sa= 8u;b,

together with the same equations but tilded and untilded variables interchanged.
Now we are looking for a vector field X’ that acts on a-planes and is induced by
the vector field X on U. So, we have to define a vector field X” on F such that

o.X" = X, (7.2)
and that preserves the distribution spanned by [, m, that is
(X" =0, [X",m]=0
modulo combinations of I and m. From (ZZ) we see that X” has to be of the form
X" = ady + b0, + @dy + b0z + Q0. (7.3)
For fixed ¢ the conditions (Z]) imply
[X,1] = —1X = ((az00 + b:0. + az0g + bz0:)
— (@wOw + b0 + @w0p + buw0s)
= (%a:0: + Cazl — bym + Cbz0s — Cawds — awl — byds
=Q0: mod (I,m)

where

Q = C%az + C(bs — ay) — by (7.4)
Similarly,

[X,m] =Qdp mod (I,m).
An easy calculation using ([ZI]) again shows also IQ = mQ = 0, hence [X",l] =
[X”,m] = 0. Therefore, with @ as in (4] we define X" to be the lift of X from
U to F. Its projection X’ = p, X" is a well-defined holomorphic vector field on the
twistor space, and the flow of X’ is the action of conformal motions generated by
X on a-planes.

Remember that A = (w + 2z, p = (z+ w and ( defined coordinates on the twistor

space and using w, z, W, Z, ¢ as coordinates on F the projection was given by

p:(w,z,w,2,0) = (A, ) =AN=Cw+ Z,pu=_z+w,().
Thus, }
X'=(Ca+b+wQ)0\+ (Cb+ a4+ 2Q)0, + QO

where the components are constant on a-planes, that is functions of A, u, .

Let U C CM be an open set satisfying the condition as in Theorem[£2] and H be
a subgroup of the conformal group. We have shown that the Lie algebra b gives rise
to Killing vectors X on U and to holomorphic vector fields X’ on P. Now assume
that b acts freely on P, then we define the reduced twistor space R as the quotient
of P over bEl A vector bundle B’ — P, that is the Penrose-Ward transform of an
ASDYM connection D on a vector bundle B — U, is said to be invariant under )
if it is the pullback of an unconstrained vector bundle £ — R.

LA technically more detailed definition can be found in @, Sec. 11.3].
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In our example of stationary and axisymmetric solutions the reduction was gen-
erated by the two commuting Killing vectors

X=w0y, —w0g, Y =05;+0..
The above construction yields

Qx = —Caw=—-¢ Qy=0.
This gives us
X”:waw—u?(’)u;—g“ag, Y”:ag—f—az,
X/:*Maufgac Y’:a,\JrC(’?#.
With coordinates t, 6, x, r as in Chapter Bl and the gauge such that (B3] holds,

o=—p% 04zl
w

The pullback of local invariant sections of a bundle £ — P to F by p are simulta-
neous solutions to

0=Dis=0s+ P(l)s = Ops — ((0: + Q)s,
0=D,5=0ms+ P(m)s = 0.5 — ((0g — ' P)s, (7.5)
0=X"(s), 0=Y"(s)

where s is a function of ( and the space-time coordinates. The first pair of equations
is required by the constancy of s on a-planes, and the second pair is the symmetry
condition.

Introducing the invariant spectral parameter o = (el the symmetry conditions
can be stated as s = s(x,r,0). A substitution of coordinates gives for the first pair
of equations in (ZH) the form

(0r — 00, + 17 100,)s — o(J 1 J,)s =0,
(0r + 00, — T_10230)s + O'(J_ljr)s =0, (7.6)
where J(x,r) is defined by
P=-—rJ', Q=J"J0

Equations (T0) is a linear system for the reduced form of Yang’s equation that is
integrable if and only if (BIT) holds.
Another useful parameter for this example is

1 _ 1 _
T:$+§T(U*Ul):§(>\*C1M), (7.7)

which is constant along [ and m as it depends only on A, i, (. Hence, 7 is a function
on the twistor space.
The reduced twistor space has dimension 3—2 = 1, thus there exists one invariant
coordinate. Since
X'7=0, Y'r=0,

7 is constant along the orbits of X’ and Y”, so we can take it to be this coordinate.
The pair of planes with ¢ = 0 and ¢ = oo corresponds to 7 = 0.

2This is a different Q@ as in the lift of the conformal Killing vector field.
3Change of scale compared to E3).
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The section s can now also be written in terms of x, r, 7, and the reduced system
becomes

(0 —00,)s —o(J ,)s =0,
(0r 4+ 00,)s +o(J1T,)s =0,

where o is a function of «, v, 7 by ([1), and J satisfies the reduced form of Yang’s
equation if and only if this reduced system is integrable for every 7.

A point of R is a leaf of the foliation of P spanned by X', Y’. This is a two-
parameter family of a-planes, each member being the orbit of one a-plane under
the flow of X’ and Y”. Points of R are labelled by .

The reduced twistor space R has a non-Hausdorff topology, which can be seen as
follows. Let U C CM as in Theorem 2] and P the twistor space of U. Consider a
leaf of P, that is a point of R, with constant 7. This is the family of a-planes two of
which pass through a general point of U with coordinates ¢, 6, x, r, corresponding
to the two roots of the quadratic equation

ro® +2(x—T1)o —r =0 (7.8)

for 0. There are two cases. If we can continuously change one root into the other by
moving the point of U but keeping 7 fixed, then there is only one leaf in the foliation
for this value of 7, hence 7 labels a single point in R. Otherwise 7 labels two points.
The discriminant of (T8 is (%)2 +1, so that there is only one solution to (Z.8)) if
7 = x+ir. Thus, 7 labels only one point of U if 7 = x £ ir for some point of U, and
two otherwise. For 7 = co we will always get two points, the leaves on which ¢ = 0
and 0 = oo. If P is compact, then R as a quotient of P is compact, and from the
range of the coordinate 7 we see that it covers CP'. So, R is a compact Riemannian
surface covering CP', but not Hausdorff, as for 7 = x #+ ir with z, » belonging to a
point of the boundary of U there are two points in R. They cannot be separated
in the quotient topology since every neighbourhood contains a 7 = = £ ir for some
point in U.

Despite our complex manifold not being Hausdorff it still makes sense in our case
to consider holomorphic vector bundles over it @, App. 1].

7.2. The Twistor Construction

The considerations below are based on Fletcher & Woodhouse ﬂﬁ] which in turn
o back to Woodhouse & Mason @] An alternative reference is Klein & Richter
, App. BJ.

To obtain the formulae in the following in accordance with most of the literature
we change the notation such that the coordinate —x is now named z, the param-
eter —7 will be w as of now. Due to the clash with the standard notation for
double-null coordinates this would have been confusing in the previous paragraphs.
Furthermore, we will take ( to be the spectral parameter instead of o.

Another way of defining the reduced twistor space is to take the quotient of U
and F by b so that we have ¥ = U/h and F, = X x CP!'. Then we obtain the
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reduced version of the double fibration
Fr
2N
b)) R

which can be used for a slightly more abstract approach. Henceforth, instead of
beginning with an ASD vacuum space-time, we take a two-dimensional complex
conformal manifold 3 on which we are given a holomorphic solution r of the Laplace
equation. By z we denote the harmonic conjugate of r. We define F, = ¥ x X,
where X is a ( Riemann sphere. The reduced twistor space R associated to ¥ and
r is constructed from F, by identifying (o, () and (¢’,(’) if they lie on the same
connected component of one of the surfaces given by

¢t 2w —2)—r=0 (7.9)

for some value of w and where z = z(o), r = r(0).

We can use w as a local holomorphic coordinate on R, which is a non-Hausdorff
Riemann surface. Like above, w corresponds to one point of R if one can continu-
ously change the roots of ([Z9) into each other by going on a path in ¥ and keeping
w fixed; and two points otherwise[] Let S be the w Riemann sphere, and V be the
set of values for w which correspond only to one point in R. Then V' C S is open,
and if ¥ is simply connected, then

V={z(0)+ir(o) : 0 € &}. (7.10)
In general, V' is not connected.
However, for axis-regular solutions (for the definition see below) V' can be enlarged

so that it becomes a simply connected open set V' C S. This situation is depicted
in Figure I For w = oo we will always have two points, corresponding to ¢ = 0

O 01

Identified copies of V'

F1GURE 1. Non-Hausdorff reduced twistor space with real poles
(bullet points) as in the relevant examples.

and ¢ = oo, whatever z and r are. Therefore, w = oo is never in V. We denote the
points in R corresponding to w = oo by ocog (for ¢ = 0) and ooy (for ¢ = o).

4Note that the condition for w to correspond only to one point is an open condition in R as z and
r are smooth functions on .
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Now we need to construct the reduced form of the Penrose-Ward transform.
First the forward direction, where we are given J as a solution of (II). In the
unconstrained case the bundle over twistor space was defined by specifying what the
fibres are. For an a-plane Z, that is a point in the twistor space P, it was the space
of covariantly constant sections over Z in the given ASD bundle B — U (see end
of Chapter H)). With our symmetry assumptions these are the sections defined by
[T3). We have seen above that with our additional symmetry (Z3) comes down to
([TH). Hence, the holomorphic bundle E — R is constructed by taking the fibre over
a point of R to be the space of solutions of [ZH) on the corresponding connected
surface in F,. The integrability condition is precisely (G&ITI).

Conversely, let E — R be a holomorphic rank-n vector bundle together with a
choice of frame in the fibres. For a fixed 0 € ¥ let 7 : X — R be the restricted
projection of F, — R to {o} x X, that is the identification (o, ) ~ (¢’,(’) as above,
and denote by 7*(F) the pullback bundle of E to F;,. We have to assume that 7*(F)
is a trivial holomorphic bundle over X 1§

The matrix J can again be recovered within J +— AJB, where A and B are
constant, by the splitting procedure as in Chapter [ but adapted to the symmetry
constraint. Suppose E is given by patching matrices {P,s(w)} according to an
open cover {R,} of R such that cog € Ry and co; € Ry. Then 7n*(E) is given by
patching matrices

Paslw(0)) = P (r(@)(¢™ = )+ 2(0)) (7.11)

according to the open cover {m~}(R,)} of X. The triviality assumption implies
that there exist splitting matrices f,(¢) such that

fa (%T(Wl -¢) +z(o)) = L0548 (7.12)

We define J = fo(0)f1(c0)~t. Another splitting would be of the form f,C for an
invertible matrix C', which has to be holomorphic on the entire { Riemann sphere,
thus C' is constant. But this leaves J invariant and the definition is independent
of the choice of splitting. The splitting matrices f, depend smoothly on r, z as o
varies, so J does. Although J might have singularities where the triviality condition
does not hold.

Next we have to show that the so defined J satisfies (GI1]). Therefore, we exploit
the freedom to choose the splitting matrices such that fi(oc0) = 1, thus J = f,(0).
Let Z1 = 0, + €0, + r 'O and Zs = —9, + (0, — r~1(?9; be the vector fields in
(TH4). An easy calculation shows Z;(w) = 0, i = 1,2. Using this and acting with
Z;i, i =1,2, on ([[I2) yields for the left-hand side zero and hence for the right-hand
side

0= Z,(f)f5" + 1205 = Zi(F) 15" — Fud5 ' Zi(F)f5

which can be rearranged as
fa'Zi(fo) = 5 Zi(f)- (7.13)

In (CI3) the left-hand side is holomorphic on R, and the right-hand side on Rg,
so we obtain a function that is holomorphic on the entire ( Riemann sphere, and

5This is less restrictive than it seems since if it is satisfied at one point o then it holds in a
neighbourhood of o, compare comment on page [T
6Sce Proposition 231
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therefore by Liouville’s theorem both sides are independent of (. Evaluate ([ZI3])
at ¢ =0, that is on Rg. This can be written as

J1o,J, i=1

15 0)Z,(0)(,(0)) = {J_la P

But we can also write it as

Fo(0)71Z,(0)(£5(0) = —Z;(f5'(0)).£o (0).

Combining both and rearranging yields
Zi(fo )+ (o' Zi(fo)fg g =0, i=1,2.

Therefore, f; !is a solution for ([ZH) at ¢ = 0 and then for all ¢ since we have
already seen that it is independent of (. The existence of a simultaneous solution
to both equations means they are integrable, thus .J satisfies (G11]).

Another freedom in the construction of J from F is the change of local trivializa-
tion Pupg +— HaPaﬂHﬁ_l, where each H,, : R, — GL(n,C) is holomorphic. Then J
becomes AJB with A = Hy(cog) and B = Hy(oc01). This freedom of multiplying J
by constant matrices is the freedom of making linear transformations in the fibres
of E over oog and 0o;. By construction J is a linear map EFo, — Es,, but in the
context of general relativity it was also the matrix of inner products of Killing vec-
tors. Hence, F, has to be interpreted as the space of Killing vectors in space-time,
and E, as its dual.

Furthermore, from the context of general relativity we have the requirement for
J to be real and symmetric, and the constraint det J = —r2?. These conditions
lead to further constraints on the bundle £ — R which are in general still rather
complicated m, Sec. 5]. To obtain a simplification, we consider only axis-regular
solutions.

Definition 7.1. An Ernst potential J’ is called azis-regular if the corresponding
bundle B/ — Ry satisfies ' = n*(E) where E is a bundle over R’ = Ry~ such
that F|g, and E|g, are trivial.

Here R’ is a double cover of the w-Riemann sphere identified over the two copies
of the set V' where V' is open, simply connected, invariant under w ~ w and
V C V' (V asin (TI0)). The map n : Ry — Ry~ is the projection.

We shall also say that a metric J is axis-regular if the corresponding Ernst po-
tential J' is.

Roughly speaking this definition just says that J' is axis-regular if we can enlarge
the region where two spheres are identified to a simply connected patch such that
this identification also extends to the fibres of E. The exact shape of V' is not
important. Despite the further identifications we still have the projections F. — R’
and can therefore construct J from a holomorphic bundle E — R’ that satisfies
the triviality condition. Choose the copies of the two Riemann spheres in R’ such
that cog € Sy and ooy € S.

If the bundle was not axis-regular, it meant that there are more than only isolated
points where the two spheres cannot be identified. Thus, in the light of later results
(Proposition BI6, Corollary BIT) and m, App. F| axis-regularity is necessary for
the the space-time not to have curvature singularities at r = 0.

This completes our construction of a correspondence between general relativity
and twistor theory. The following diagram depicts the established relation in a
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nutshell.
ASDYM connection for PW trf
rank-(n — 2) vector bun- <—> B’ P
dle B—-U Ch.@A
symmetry symmetr,
Y Ch.m Y| cnm
reduction reduction
stationary axisymme-  oincidence
tric space-time of di- <=—— reduced ASDYM <~ E->R
mension n Ch. Ch.0

7.3. Review of the Four-Dimensional Case

For the rest of this chapter we review results for the case n — 2 = 2, that is J is a
2 x 2-matrix and F a rank-2 vector bundle. To characterize the bundle £ — R’ in
terms of patching matrices we choose a four-set open cover {Uy,...,Us} of R’ such
that UgUUs D Sy with V! € Uy and ocog € Uy, and U; UU3 D S7 with V' C Us and
o001 € U;. Now we use the following theorem.

Theorem 7.2 (Grothendieck). Let E — CP! be a rank-a vector bundle. Then
E=IL"go. . oLl =0(k)o...00(—k)

for some integers ki, ..., ko unique up to permutation. Here, L¥ = L with L
the tautological bundle

Hence we can choose a trivialization such that E|g = LP & L? and Elg =
LY @ Lq,, that is

(2w)? 0 2w)” 0
Py = , Piz= .
0 (2w) 0 (2w)

where we assume that without loss of generality {w = 0} C V’ which can be
achieved by adding a real constant to w. The above form of the patching matrices
can also be concluded from the Birkhoff factorization.

Now the triviality assumption and the symmetry imply that p = —p’ and ¢ =
—¢q' which can be seen as follows. As a generalization of the winding number the
determinant of a patching matrix has to be topologically invariant which implies
that p + ¢ is topologically invariant since det Py ~ wPT4. The triviality of the
pullback of E to F, then implies that p + ¢ = p’ + ¢/. We will see later that the
symmetry of J requires that Py, = Pj3"", thus p = —p’ and ¢ = —¢'.

That reduces the patching data to two integers p, ¢ and a single holomorphic
patching matrix P(w) = Pa3(w) defined for w € V’. The remaining patching
matrices are obtained by concatenation.

7(9(1) is the tautological bundle: If 2° and z! are linear coordinates on C2, then ¢ = 21/2° is
an affine (stereographic) coordinate on CP'. Each value of ¢, including ¢ = oo, defines a one-
dimensional subspace L¢ C C2. So, as ¢ varies, these subspaces form a line bundle L — CP!,
called tautological bundle O(1). Covering CP' by V = {20 # 0} and V = {z! # 0}, we have a
trivialization given by

t([z}v)‘(zovzl)) = ([ZL)‘ZO) and f([z]v)‘(zovzl)) = ([z]7>\zl)

so that the transition function is z!/20 = ¢.
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We can then also reduce the reconstruction of J from E’ — R’ given p, q and P.
For fixed r, z we get a map 7 : X — R’ by

C—w= %T(471 —()+ 2, (7.14)

where X is again the ¢ Riemann sphere, namely {(r, z)} x X C F;. The map is not
yet well-defined as outside V'’ a value of w corresponds to two points of R’. So, we
have to add a rule which of the two points is to be 7(¢). For the construction of
J(z,7) we need z +ir to be in V', otherwise 7 is only a double cover of one of the
spheres in R’ (¢ = 0 and ¢ = oo lie on different spheres) for the following reason.
First note that ¢ and —¢~! are mapped to the same w, so if w ¢ V' it corresponds
to two points, each on one sphere, and we have to decide to which sphere we map ¢
and —(~!. Note further, as soon as we can find a path from ¢ to —¢~! whose image
does not go through V', w covers only one sphere, because we can only change the
sphere by going through V’. Now the image of every path from ¢ to —¢~! has to
go through one of the points w = z +ir as ¢ and —( ™! lie on different branches of
the root function of quadratic equation (ZI4]), hence the path has to go through
a branch point. Any other value of w can be avoided by picking a suitable path.
Thus, if w = z 4+ ir ¢ V/, then we can find a path connecting ¢ and —(~! whose
image does not go through V’ and 7 must be a double cover of one of the spheres.
However, as we have seen above, if r = r(0) and z = z(0) for o € X this condition
is satisfied automatically (which will be assumed further on).

If V' is simply connected, 7 can be fixed by the condition that ¢ = 0 is mapped
to 0og € Sy and ( = oo to 001 € S1. Yet, even if the space-time is regular on r = 0,
that is there exist smooth non-singular coordinates on a neighbourhood of {r = 0},
the Ernst Potential may have poles on r = 0 (see Example [E8). In most of the
relevant examples V' is the complement of a finite set — infinity and a finite set of
isolated singularities, V' = CP*\{oo, w, ..., w,}, where the w; lie on the real axis,
thus, suppose V'’ is not simply connected. The w; correspond to two points of X,
the roots of

¢+ 2(w; — 2)¢C —r =0, (7.15)
where 7 and z are still fixed. Here we need to assign the roots to Sp, S1, say 7(¢Y) €
So and 7(¢!) € S1. Choose a cover Vg, Vi of X such that {0,¢?,...,¢Y} C Vi and
{00,¢t, ..., ¢t} € V1. To define J(z,7) we use what is called the Ward ansatz in
Woodhouse & Mason @, Sec. 5.5]. With given patching data p, ¢ and P we have
patching matrices

(2w)P 0

Py, =P5l = , Py =P
0 (2w)?
Now instead of looking for splitting matrices for Py;, we first do a transformation
to our patching matrices. Let mg = QCT“J and my = —%—f, and define
my? 0 my 0 rP¢P 0
MO = ) Ml = ) M2 =
0 my? 0 mf 0 ri¢e

Then M,(¢), a = 0,1, is holomorphic and invertible on U, and Ms is holomorphic
and invertible on Uy and Us. Furthermore, since
2¢ (1, _
ma(0) = 2 (3 = 4)| =1
r \ 2 =0

)
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and similarly mq(c0) = 1, we get My(0) = M;(oc0) = id so that J(z,r) is unchanged
by using Paﬁ = MO‘POtﬁMﬂ_1 instead of P, 5. Yet, ]502 = 1, which means we can
reduce our open cover to Uy = Uy UU, and U, = U,, a = 1,3. For the evaluation
of J(z,r) we seek a splitting Qo(¢) and Q1(¢) of the new patching matrix Pj; which

1S

Pc/n - ]\401301]\4171 = ]\4013021323]331]\4171

_ [ e 0 P (lr(g—l ~O)+ z) (=ro) 0 (7.16)
0 ri¢c 2 0 (=r¢)?
= QoQIl-

Here Qg, @1 are holomorphic in ¢ and non-singular in V and Vi, respectively. As
before, we set J = Q,(0)Q; ' (00), and obtain a solution of EIT). A different label-
ing of the roots of ([IH) yields a different solution J, yet these different solutions
are analytic continuations of each other and one can show that they are different
parts of the Penrose diagram of the maximal analytic extension of the metric (this
will be considered again in Chapter Bl from a slightly different point of view).

From the interpretation of J as the matrix of inner products of Killing vectors in
general relativity, we require J to be real and symmetric. Therefore, the questions
arises which conditions we have to impose on our bundle to obtain solutions with
the desired properties. The following can be immediately read off from the splitting
procedure in any dimension (restriction to n = 2 not necessary).

Let 7 be the map that interchanges the spheres, that is it is the identity on V'
and otherwise the two points of R’ that correspond to the same w are interchanged.
Then J~! is obtained from the pullback bundle i*(E) and furthermore J~!* is
obtained from the dual bundle E*. Hence,

J=JleJ ' '=JYei*(BE)=E*<P'=PH <P=r,

or in other words J is symmetric, which means J = J*, if and only if P = P!, that
is P is symmetric.

Remember in general for a holomorphic function ¢(a) we have that ¢ is real on the
real numbers if and only if ¢(a) = ¢(a). So, if P is real in the sense P(w) = P(w),
then by (ZIG) we have

. Q)0 = QO rzeR;
P(w) = P(w) = ) ) )
Qo(Q)-Q1(¢Q) =Qo(—0)Q:1(—¢)™t, zeRreik

So, J must be real as well, provided r,z € R or z € R, r € iR. In terms of the
bundle this is the condition E = j*(E) where E is the complex conjugate bundle
of E and j*(FE) is the pullback with the complex conjugation on the spheres

So — So, w — w;
Sl — Sl, w— w.
The converse, that is a real J implies a real P, is then also obvious.

Moreover, for n = 2 it can be shown that (see for example @], but as cited here
it is taken from ﬂﬂ])

o If det P = 1, then det J = (—r2)""".
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e If J is obtained from an axis-regular space-time and if the definition of 7

is such that ¢ — 0 and ¢} — oo for r — oo and all 4, then p =1, ¢ =0
and P(z) = J'(#,0) on the rotational axis or on the horizon. Here, J' is
the Ernst potential. Thus, P is the analytic continuation of the boundary
values of the Ernst potential.

As an argument in Fletcher ﬂﬁ] shows, this can be seen from the

determinant condition above and the fact that J is bounded on the axis.
The determinant condition implies p + ¢ = 1 and an asymptotic relation
between J and P reveals that if J is bounded as 7 — 0 then p and ¢ must
be non-negative. So, either p =1, ¢=0or p =0, ¢ = 1. We can assume
that the trivialization over Sy and S; can be chosen such that the first
holds. The same argument implies that the twistor data obtained from J’
has p = ¢ = 0, since det J’ = 1. This goes along with the interesting effect
that the gauge groups for J and J’ (in their Yang-Mills interpretation) are
different [49, Sec. 6].
If J comes from an asymptotically flat space-time in the sense that its
Ernst potential has the same asymptotic form as the Ernst potential of
Minkowski space with rotation and translation as Killing vectors, then
P(o0) =1, and conversely.

These results can be used to look at some examples.

Example 7.3.

(1)

Minkowski Space with Translation and Rotation
Written in cylindrical polar coordinates

ds? = dt? — r2d6? — dr? — dz?

we can take the Killing vectors to be X = 0y, Y = 0;. The matrix of inner
products and the Ernst potential are then

—r2 0 , 1 0
() ()

Since it is axis-regular we also have p = 1 and ¢ = 0 with V' the entire
complex plane.

The Kerr solution

The patching data for the Kerr solution is (without proof)

1 (w+m)? + a? 2am

?—o? 2am (w—m)? + a®

P(w) = "

where 0 = vVm?2 — a? for a < m. Axis-regularity implies again p = 1 and
q = 0. The open set V' is the complement of {co,w;,ws} where wy = o
and wy = —o0.






CHAPTER 8

Twistor Approach in Five Dimensions

Most of what we have seen about the twistor construction at the end of Chapter [
generalizes without any effort to five and higher dimensions. Only, instead of two,
the rank of the bundle will be three so that we have three integers instead of only
p and ¢ in our twistor data (respectively n — 2 in higher dimensions). The splitting
procedure itself is not affected by increasing the rank. However, since the splitting
itself is complicated, we have seen that the Ernst potential J’ is a crucial tool for
any practical application of the twistor characterization of stationary axisymmetric
solutions of Einstein’s field equations, and the way we obtained J’ in Chapter
seemed to be tailored to four dimensions with two Killing vectors. So, in order to
pursue this strategy we have to define an Ernst potential in five dimensions. First,
we are going to say a few words about Bécklund transformations, because we will
see that we secretly used them to obtain J’. Since some of the following extends
immediately to higher dimensions as well, we will present most of it in n dimensions.

In the last part of this section we generalize results from Fletcher HE, Sec. 2.4]
in order to conclude the important fact that the integers in the twistor data are
non-negative as in four dimensions.

8.1. Backlund Transformations

In Chapter Bl we derived Yang’s equation as one way of writing the ASDYM equa-
tions with gauge group GL(n,C). It has a number of ‘hidden’ symmetries one of
which is the Backlund transformation.

As in Mason & Woodhouse ﬂﬁ, Sec. 4.6] we can decompose a generic J-matrix
in the following Wayﬂ

5 -1

1 B A1 0

3 N N : (8.1)
AB A 0 A1 B 1

where A is a k x k non-singular matrix (k < n), A is k x k non-singular matrix with
k+k=mn. Then, Bisa k xk and B a k x k matrix. The term ‘generic’ rules out for
example cases where A is not invertible. Substituting this in Yang’s equation (&2

_ -1 .
Ter . 1 B B 1 —BA
Using ( 0 A-! ) = ( 0 i .

51
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we get the coupled system of equations
0:(AB.A) — 93(AB,A) =0,
0.(AB:A) — 0,(ABzA) =0,
O(A Y A:) A" — 9, (A Ag)A~" + B.AB: — ByABg =0, (82)
A0 (AsA7Y) — A0, (AgA™Y) + B:AB, — B3 AB,, =0,

where an index denotes a partial derivative (see Appendix[lfor detailed calculation).
The first two equations are integrability conditions and they imply the existence of
matrices B and B’ such that

0:B' = AB, A, 0sB' = AB. A,
0.B' = ABgA, dwB' = AB:A.
Definition 8.1. Together with B’ and B’ we define the other primed quantities as
(A A BBk R) v (A = AL A& = AV B B K — i — ).

We call the matrix J', that is obtained from J by &Il with the primed blocks
instead of the unprimed, the Bdacklund transform.

Proposition 8.2 (Section 4.6 in Mason & Woodhouse [33)).
(1) J' is again a solution of Yang’s equation.
(2) (J') =J
Proor.

(1) Substitute the unprimed by the primed versions in (2.
(2) Noting that B, = A~!B.A~! = A’B. A and similar for the other integra-
bility equations, this statement is obvious.
o

However, the connection between ASDYM and Einstein’s field equations in the
stationary and axisymmetric case was given by the reduced Yang’s equation
70, (J 10, J) + 0 (rJ10,.J) = 0,
see ([IT). The reduction was induced by the coordination transformation
z=t+x, Z=1—z, ’LU:TeiG, W =re 1Y,

Now we have to be careful, because the r-derivatives also act on the r-factors ap-
pearing. But an analogous calculation as above (see Appendix [l) shows that the
reduced Yang’s equation is equivalent to a similar set of equations

10, (AB,A) + 0, (rAB,A) = 0,
r0,(AB,A) + 0,(rAB,A) =0,

o o 3 B (8.3)
rO,(AYANAT —0,(rA™ A, )A™! +rB.AB, —rB,AB, =0,

rA7 0, (A, A7) — A0, (rA, A™Y) +rB, AB, — rB,AB, =0,
where all matrices are functions of x and r. The integrability conditions are now
0,B' = rAB,A, 9,B' = —rAB, A,

9,B' =rAB,A, 9,B' = —rAB, A.
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So, we have to adapt the transform, namely we define A’ = r=24~1 A’ = A~!
and the rest as abovdd. Again by substitution it can be checked that this gives
a solution of the reduced Yang’s equation. However, one should note that this
modified Bécklund transformation is not an involution anymore since the definition
for A’ A" is not involutive. The definition for B’, B’ is still an involution so
that the inverse Bécklund transformation is obtained by B = B”, B = B" and
A=r2(A)"1 A=(4")"L
Proposition 8.3.
det J' = (—r)21=h)

PRrOOF. Note that for the decomposition of a general matrix in block matrices

we know from basic linear algebra

det( ; g ) = det(S) det(P — QS™'R),

if S is invertible. Applied to our decomposition [BIJ]) this yields
det J = det(A)det(A™' — BAB 4+ BAA7'AB) = det(A) det(A™1). (8.4)
Now using the fact that det J = —r? we obtain
det J' = det(A")det((A")™Y)
(—r) "2k det(A™1) det(A)

(=) "2k det(J)
— (—r)20-8)

O

Example 8.4 (Bicklund Transformation in Four Dimensions). As in ﬂﬁ, Sec. 6.6],
we consider the four-dimensional case with two Killing vectors. As in ([@ZI]) we set
A=-—r"2f A= f, B= —B = a. Then the integrability equations take the form

am(r_lfQ&Ca) + ar(r_lfQ&a) =0,

like in ([B22). The blocks for the Bécklund transform are B’ = B =, A =
A7l =f1 A = 72471 = =1 defining

;L fPey?
J?( ¥ 1>’

where the existence of 9 is ensured by the integrability condition as above. Hence,
our Ernst potential is obtained by a Bécklund transformation.
[

8.2. Higher-Dimensional Ernst Potential

Let us first recall the definition of twist 1-forms, twist potentials and some of their
properties.

2Note that this modification is not mentioned in @, Sec. 4.6], but necessary to obtain the correct
result in Example
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Definition 8.5. Consider an n-dimensional (asymptotically flat) space-time M
with Xy a stationary and X, ..., X, _3 axial Killing vectors, all mutually commut-
ing. The twist 1-forms are defined as

_ b c dvye
Wig = AEu,b...cde)(l o 'Xn—?:v X17

. b c dvye
Wp—3,a = AEab...cde‘Xrl o 'Xn73v Xn737

n

where A = /=g = re?”, according to (518) B

Adopting a vector notation

this can be written as
We = Agab...cdeXf T Xﬁ—3vdXe‘
Let 0,, I € {1,...,n — 3}, be the dual to X, that is §,, = gijg.

Proposition 8.6.

(1) The twist 1-forms can be written as
wr =01 AN...NO,_3Ndb;), T€{l,...,n—3}. (8.5)

(2) w is closed.
(8) w annihilates the Killing vector fields Xo, ..., Xp—3.

PROOF.

(1) Suppressing the I-index for 6, we note that

_ 1/
Va0 = 040 — Tl

(de] 0,0

[ F = Yd7e]

as we use the Levi-Civita connection for which I‘ge = F(f de)- But 6[ d96] are
the components of df so that from the definition of the Hodge dual we see
that ([BH) is an equivalent way of writing the twist 1-forms.

(2) Analogously to the proof of [45, Thm. 7.1.1] implied by the vacuum field
equations.

(3) We denote by zx the coordinate belonging to X, K =0,...,n — 3, and
for M /G we use again r and z as coordinates. It is sufficient to show that
w = wydr + w, dz with all other components vanishing. We will do the
following calculations a bit more in detail as the results will proof useful
later on. Using

elk:gkaX}l:JkI fOI"IZl,...,TL*Q\,

3Note that in Hﬂ] the notation is taken from m] where ¢ is already the volume element.
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we first calculate

df; = O, Jordr Ada® + ... + 0, Jp_3 1 dr Adz™?
+ 0, Jordz Ada® + ...+ 0, J,_37dz Ada™ 3
= —(0,Jorda® + ... + OrJIn—3s.1 dz" 73 Adr

— (0 Jorda® + ...+ 0, Jp—3 1 dz"?) Adz.
This gives for I € {1,...,n — 3} the following
01 N...NOp_3NdO; = _(JKl de) VAR (J]u,n_g de)

A ((&JRI d:L'R) Adr + (azJRI d:CR> A dz) ,

where the summation over capital latin indices runs from 0 to n — 3. At
this point we can already see that only w,, w, are non-zero, but let us
determine them somewhat more precisely. Our volume form is

dvol = rda® A ... Ad2" 2 A (wdr) A (wdz),
so that
#(rdz® AL A" TP A (wdr)) = (-1)"Pwdz,

since the left-hand side contains n — 2 spacelike and one timelike compo-
nent. Thus

1
x(d2® A oAnda" P Adr) = (—1)"72; dz;

similar for dr <+ dz but with the opposite sign. Whence we obtain

.1
wrp = (=1)"7 1= Z sgn(0)J1,0(0) * * * Jn—3,0(n—2)0=J1,0(n-3)
r
oES,_2
Joo - Jon-3 0.Jor
1
= (71)"—1; det : : : : (8.6)
Jn73,1 e Jn73,n73 8anfS,I

where S,,_o are the permutations of n—2 elements. An analogous equation
holds for wry,. O

The last statement in the above proposition implies that w can also be regarded
as 1-forms on the interior of M/G. Due to the form of the o-model metric there
should be no confusion if we denote both the form on M and the one on M/G
by the same symbol. Being a form on M/G means that w has only non-vanishing
components for the r- and z-coordinate, and of course as a form on M/G it will
again be a closed. This gives rise to the following definition.

Definition 8.7. Locally there exist functions on M /G such that
Orx1 =wrrand O,y =wy, for I=1,...,n—3,
or equivalently in vector notation
dy = w.

These functions x; are called twist potentials.
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The construction of the Ernst Potential in Example Blis tailor-made for dimen-
sion four, and it is not immediately obvious how to generalize it to higher dimen-
sions. Nevertheless, there is an ansatz in Maison ﬂﬂ], where it is noted that the full
metric on space-time, that is essentially J, can be reconstructed from knowing the
two twist potentials (in five dimensions) x, the 2 x 2-matrix A = (X}’X}’(gab)LK:L2

and its non-vanishing determinant det A on the factor space M/G. The matrix in
[31, Eq. (16)] will then be our candidate for the higher-dimensional Ernst Potential.
Note, however, that the condition det A # 0 needs further investigation.

Closely connected to the non-vanishing determinant is the concept of adaptations
to certain parts of the axis r = 0. Recall that the assumption of axis-regularity was
an important one. It said that the region where the two spheres of the reduced
twistor space are identified can be enlarged to a simply connected patch such that
this identification also extends to the fibres of the bundle. The exact shape of V'
is not important, however, there is still an ambiguity if we have a nut on r = o
Figure [l shows how we can choose different extensions of V. From Example we

Imw

- p Rew

FIGURE 1. Two different extensions V{ and V4 of V' around a pole

of J" (bullet on the real axis).

learn that the choice of V’ matters, that is we obtain different Ernst potentials J’

for different extensions.
Definition 8.8. In any dimension given an axis-regular J’ we shall call it adapted
to the rod (a;, a;+1) if V'|r=o C (ai, aiy1).

For a rod corresponding to a rotational axis we know that along this rod a linear

combination of the axial Killing vectors vanishes.
always assume that without loss of generality this vector is already in the basis, say

Xk =0, K > 0. Then we make the following definition.

4Remember that we assume that there is only a finite number of isolated nuts.

By a change of basis we can
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Definition 8.9. In dimension n we call A adapted to (a;,a;y1) the (n—3) x (n—3)-
matrix that is obtained from J by

(a) cancelling the K" column and row, if (a;,a;11) is a rotational axis and Xy the
corresponding rod vector;
(b) cancelling the 0" column and row, if (a;,a;41) is the horizon.

The following lemma shows the reason for the latter definition.

Lemma 8.10. A adapted to (ai,a;q1) is invertible on (a;,a;1+1) and becomes sin-
gular at the limiting nuts.

PRroOF. This is a simple consequence of what we have seen in Section
First, consider a rod corresponding to a rotational axis (a;,a;4+1). Here J is an
(n—2)x (n—2) matrix and has rank n—3. Since Xx = 0 on (a;, a;4+1), we cancelled a
zero column and row, thus it follows that A has full rank and det A # 0 on (@i, ait1)-
Of course, where the rank of .J drops further, that is where dim ker J(0, z) > 2, the
matrix A cannot have full rank anymore and det A = 0. So, this adaptation becomes
singular as soon as we reach one of the nuts limiting this rod.

Second, consider the horizon rod (ap, ap+1). Here the first row and column of J,
that is the one with the asymptotically timelike Killing vector in it, becomes zero.
Then A adapted to (an, ap41) has full rank on (ap, apy1), and becomes singular at
the nuts where the rotational axes intersect the horizon. O

Note that at the beginning of this section we defined the twist 1-forms by
singling out Xy. However, the definition works just as well with the set
Xoyeey XK, ..., Xp—o of Killing vectors. For an adaptation to a certain rod we
obtain in the same way as above n — 3 twist potentials by omitting the rod vector
for this rod.

Now, we have collected all the components for the following definition, which is
a modification of [31, Eq. (16)].

Definition 8.11. In n dimensions and for a given rod (a;, a;+1) we call the matrix

’r 1 1 7Xt
det A\ —y detA. A+ xxt

, (8.7)

where A is adapted to (a;,a;+1) and  is the vector of twist potentials for (a;, a;y1),
higher-dimensional Ernst potential adapted to (a;,a;y1).

Remark 8.12.

(1) For n =5 this is becomes on the horizon rod

1 —X1 —X2

1 - ~
! det A-J; +x2  detA-Jjy+ X1Xo

B det A X - ~
—Xo det A-Jo +xox;  detA-Jy + X3

(2) Note that J = (g9(X;, X;)) is a matrix of scalar quantities, hence J is
bounded for » — 0. So, the domain of J’ is only restricted by det A and
by the arguments above we see that for an adaptation to (a;,a;11) the
limit J'(0, z) is well-defined for z € (a;, a;41).
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Lemma 8.13 (Maison [31]). J/ = (J')*, det.J' = 1 and

XAy +det A Y PA!

n—1 _
(7)™ = A1y At

PRrOOF. The first part is obvious, the second part is an easy calculation and
Proposition B3 implies for k = 1 that det J' = 1. O

Even though ingredients and the matrix J’ itself were known already before, the
crucial new step for the twistor construction is to recognize the following.

Theorem 8.14. J' is obtained from J by a Bdcklund transformation.

Proor. Consider without loss of generality J' adapted to the horizon. We
decompose J according to (&I

A~' - BAB -BA

AB A

J=

with A as above the spatial part of .J,

Jo,n—3

and k =1, k = n—3. In order to calculate A remember that the inverse of a general
matrix was given
1 1
det A
where A = ((—1)"7 det(A;;)) with A;; being the matrix obtained from A = (4;;)
by crossing out the i row and j* column.
As a first step towards A we do a Laplace expansion of det J along the first row

(A)t7

n—3
det .J = Joogdet A+ Y (—1)**2Joy. det Jox,
k=1
and by another Laplace expansion (also using that J is symmetric)

n—3

det Jor = Y (—1)" oy det Ay

=1

Substituting the latter one in the expression for det J yields

n—3
det J = JOO det AN B Z (_1)k+lJ0k det -’ZlliOl
k=1
Jo1
= Joo det A — det/I( Joo o Jon-s ) A1 : ,
Jon—3
which is equivalent to
det J

—= = Joo+ B'AB=A""
det A 00
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Hence ~
det A

~detJ

and we can, in line with the Bécklund transformation, define

A=A A=A =det A7

—r72det A,

To complete our proof of showing that J’ is a Backlund transform we have to verify
that the integrability conditions yield the right expression for the twist potentials.
They take the form

Jo1
OB =r~tdet(A)Ad, | A7* : ,
Jon—3
Jo
0.8 = —r~tdet(A)A0, | A! ,
Jon—3
and B’ = —(B’)". We are done if we can show that B’ = y because then our

constructed J' coincides with the Béacklund transform (apart from swapping the
first and last row, respectively column, which does not affect our considerations).
So, it remains to show

Jo1
ox =w, =r"tdet(A)Ad, | A~1 ,
Tons (8.8)
Jo1
Dox =w, = —r Ldet(A)AD, | A1 :
Jon—3

Starting from the left-hand side of (B3] we Laplace expand the determinant in
B twice; first along the last column and then along the first row

rewr = (=) =12, Jo; - det A

Jou - Jon—3
n—3 N ! !
+ (=11 Z(*l)(l+1)+(n72)azl4l,] - det, Jia . Jl/n-zt3
=1
Jn—31 - Jn—3n-3

n—3 n—3
=0, Jor - det A + Z(*l)lazfil] (Z(l)kJrlJOk - det Akl)

=1 k=1
Jo1
=det A 0.Jor — ( 82/11[ 8214”,31] )1471
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However, the last line is the I*" component of
9z Jo1 Jo1
rew, =det A ; — (0, A)A1 :
0.Jo.n—3 Jon—3
Jo1
=detA- A9, A7} :
Jo,n—3

which corresponds to the right-hand side of (). An analogous computation veri-
fies the second equation of (BF]). m]

This completes the justification to call the J’ defined in [87]) Ernst potential —
by Proposition B2 it satisfies Yang’s equation and by Lemma [RT3] it is symmetric
and has unit determinant.

8.3. Properties of P and the Bundle

Having different adaptations of J’ which are related to different extenstions of V'
the question arises whether these yield equivalent bundles over the reduced twistor
space. To see that is true is not very hard using results in Fletcher HE]

Proposition 8.15 (Proposition 3.1 in Fletcher ﬂﬁ]) Suppose . — Ry, the bundle
corresponding to a solution J of Yang’s equation on the set V', can be represented
as the pullback of the bundles E* — Ry; and E? — Ryy, where Vi and V3 are
simply connected open sets which intersect the real axis in distinct intervals. Then
E' and E? are the pullbacks of a bundle E— Ry, where V= Vi UV,. Moreover,
we can express E in standard form in two different ways; and one of the collections
of patching matrices is identical to the collection used to describe E' and the other
collection is identical to that used to describe E>.

SKETCH OF PROOF. The proof in Fletcher ﬂﬁ] only makes use of the construc-
tion for the reduced twistor space and not of the rank of the bundle. So, it carries
over to higher dimensions.

Roughly speaking the argument is that for two different adaptations with reduced
twistor spaces Ry, and Ry,, as in Figure [[] their pullbacks to Ry have to be
equivalent (in the sense of Proposition ), since in both cases it yields the bundle
defined by the solution J for (IT]). But if they are equivalent on Ry and are both
analytical continuations, then they have to belong to the same bundle and are only
two different representations of it. O

The bridge between Ernst potential and patching matrix is built by analytic
continuation.

Proposition 8.16 (Proposition 7.2 in Woodhouse & Mason [49)]). In five as well
as in four dimensions if P is a patching matrixz of an axis-reqular Ernst potential
J"on V., then J' is analytic on (a choice of) V' and J'(0,z) = P(z) for real z.

Proor. This is literally the same as for Woodhouse & Mason HE], since it does
not make use of the rank of the bundle. Note that even though in the statement
there the assumption of J being positive definite is made, it in fact is not necessary
for the proof. O
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Corollary 8.17. A patching matriz P has real singularities, that is points z € R
where an entry of P has a singularity, at most at the nuts of the rod structure.

PROOF. Suppose P corresponds to the bundle £ — Ry, where V is the max-
imally extended region over which the spheres can be identified. Suppose further
that P has a real singularity @ € R which is not one of the nuts, say without loss
of generality @ € (a;,a;1+1). Then from Proposition we know that E can on
Vi be expressed in standard form. But using Proposition that means that
P(z) = J/(2,0) for z € (a;,ai+1). On the other hand we have seen earlier already
that J! is regular on (a;,a;+1) and only becomes singular when approaching the
nut. Contradiction!

For every other bundle E — Ry it must be V C V, hence E is the pullback of F
and as such the patching matrix of E cannot have poles where the patching matrix
of E has not. O

As in Fletcher ﬂﬁ] we sometimes also call the singularities of P double points,
because the singularities of P are the points where the two Riemann spheres of the
reduced twistor space cannot be identified.

Proposition 8.18. The real singularities of a patching matriz P are simple poles.

PRrROOF. We have seen above that on the real axis » = 0 the singularities of P
are caused by the term det A. So, consider the rod (a;, a;11) where A has full rank.
The determinant of a matrix equals the product of its eigenvalues. Furthermore,
towards the nuts a;, a;+1 we know, also from above, that the rank of A drops
precisely by one which is the case if and only if det A contains the factors z — a;
and z — a;41, respectively, with multiplicity one. O

Note that if P has a pole with r # 0, then it is obviously not splittable at this
point, see (I2)), hence we do not obtain J at this point by the splitting procedure
which means the metric might be singular at this point. We would like to exclude
such situations. However, referring again to (ZI2)) it is evident that the splitting
procedure in general does break down for » — 0. So, one has to study this limit
by means of other tools, see Section B4, and we have seen in Example even for
regular space-times it is possible that P has real poles. But as in Chapter [0 we
assume that there are only finitely many of them.

8.4. Patching Matrix near the Axis and Twistor Data Integers

In this last part we will sketch a generalization of the asymptotic formula of J for
r — 0. Originally, the result in four dimensions goes back to Ward @], but here
we will follow the lines of Fletcher [16, Sec. 2.4].

In Section we defined

g —gx*

J =
—gx A+g-xx'
where g = (det A)~'. We have shown above that P(w) is the analytic continuation
of J(r =0, z), hence we can assume that it also takes the form
9 —gx'
P(’U_)) = ~ ¢ ’
—gx A+g-xx
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but the entries being functions of w. Analogously to Chapter [ we have
P02 = Plgl = dlag ((2w)po, (2w)p1, (2w)p2)7 P23 =P

Furthermore, we assume for the integers py > p1 > p2, which is just a question of
ordering. Following exactly the lines as in Chapter [ we obtain

o)

Qi = <E>p P(w) (—rQ)" ,

0

where the left-hand side is a function of (. With

C—Po (_g)po
Ry = (P P(w) (=Q)r
& (¢
this can be rewritten as
7»100 7»100
QuQi " = P Ro: P
sz 7«102

Suppose we can split g = g,97 1 where go is holomorphic in ¢, that is on Sy, and
gy ' is holomorphic in (™', that is on S;. This may be achieved by the use of a
Laurent series. We claim that then Rp; can be split as follows

C—:Do g 0 CDO
ROl = C—Pl ( 0 B ) CP1 X
(P2 —goX A4 P2

::Mo (C)

gipog_pl gfl _gflxt (7<)p0(7<)p1
(P2 0 z‘ifl (—¢)P2 ,

=M (¢)

where AO is holomorphic in ¢, that is on S, and lower triangular, and 141_1 is
holomorphic in (7!, that is on S, and upper triangular. All these steps generalize
straight-forwardly to more than five dimensions. In the case of n dimensions the
range of integers is pg > ... > pp—3. In the following paragraphs it does not
simplify the notation if we restrict to n = 5, therefore we will consider the more
general setting.

The matrices My, M; are not necessarily holomorphic and non-singular on Sy or
S1, respectively. Yet, we can expand x(w) and the off-diagonal entries of /Io(w)
around w = z which yield

) ()0t
x(w) = 3 X BT o1,

2k k!
k=0
and similarly for the entries of Ay(w). Here x(*) denotes the k™ derivative.

SRemember w = %T(C’l —¢) +=.
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Denote by Ji 0 the (kl)-entry of A, (k,l=1,...,n— 3). Now consider the (kl)-
entry of My where k,l = 0,...,n — 3 and without loss of generality k£ > [. This
entry gets multiplied by (P*~P! where py — p; > 0 by the chosen order of the p;
and because M is lower triagonal. Hence, all the terms up to O(rP*~P!) in the
Taylor series for the (kl)-entry are indeed holomorphic on Sy and the terms up to
O(rPe=Pr=1) vanish at ¢ = 0. Therefore the lowest order contribution for r — 0 for
this entry is

. rPo—pi (po 71”1)(,2) . or
2P0 —p1 (po — pl)| Xl 90
(8.9)
&J(W—Pl)(z). for k> 1
Pk —P1 (pk _ pl)' kl,0 9o = 1.

Analogous arguments work for M, ! Thus the obtained asymptotic behaviour as
r— 0is

rPo ( g _th ) (,1)P0 rPo
J — e ~ . . )
frpnfi’» _gT gTTt - A (,1)?71—3 rpn—s
=B
where
1)
T = : with TO = __ TR (Po—p1)(3),
T(nlfg) 2P0 —P1L (po — pl)'

and A = A A" with the entries of A, as in () and analogously for A7

Note that all exponents of r in B are greater than 0. Thus on a part of the axis
r = 0 where A is not singular, that is everywhere apart from the nuts, we see that
boundedness of J implies p; > 0.

It remains to justify the claim about the splitting of Rp;. As HE, Sec. 2.4] shows
it is not hard to find a splitting in the four-dimensional case under the assumption
that g splits appropriately

g(=1)r —gxa¢P (=17

— gx GO (=1)P0 (g + gx3) (=)

D
go(—1)P0 0 g1 —gr X PR (1)
= goxa¢Po TP (=1)P0  Joo(—1)P 0 1
D, Dyt

To obtain a splitting in the five-dimensional case we make the following inductive
ansatz
D B D, 0 Dt Byt
Bt ¢ ) \ B 0o c;t
< 90 0)(911 —gllxt>
— YoX Ao 0 Afl
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where D is the upper (2 x 2)-block whose splitting D = DODl_1 we know. The
indices nought and one bear the same meaning as above. Then B, and By ' are
fixed by D, D, D1_1 and B. It is not hard to see that B, Bl_l, Cy, Bl_1 can
be found such that they are holomorphic on the appropriate sphere. One has to
ensure that certain entries of A are non-zero, which can without loss of generality
be assumed if we choose the adaptation to the right part of the axis. This inductive
argument can then be continued to obtain splittings higher dimensions if needed.
For n = 5 we get for example

_gOXQCpl—p—2(_1)po _91_1X2CP2—;D0(_1)1)2—;00
By = , Brt= Jo1
P1—p2(_1)\P1 ——(P2—P1(_1)P2—P1
JOlC ( 1) JOO§ ( )

ng —1
Co = —=—(=1)P2 4 Jy1(—1)P2, cyt=1.

Joo

(8.10)

Note that we assumed the metric to be analytic throughout the space-time (up to
and including the axis), so that it is not necessary to split Jx; or the twist potentials.

Using the freedom in choosing the splitting matrices as in Chapter [0 so that
Q7' (00) = id and assuming that det P = 1 we obtain from the above splitting
formula

¢ o
det P(w) = (—1)pot tPn-s,
C—Pnfs (_g);ﬂnfs

and thus
—r? = det J = det Qo(0) = (—TQ)]DUJF'"J”D"*S .
So, if all p; are non-negative this forces
po=1,p1=0,..., ph_g=0.

In this case the asymptotic formula simplifies to

r r
1 —g —gYt 1
J = . - . + higher orders in r,
: gY¥ gYTt - A "
1 1
where
1)
T = : with TV = g T x(w)
1@ W=z

and A is the same as in the definition of J'.
If detJ = 1 as for the Ernst potential we get back our analytic continuation
formula
J(r,z) = P(z) + higher orders in r.



CHAPTER 9

Patching Matrix for Relevant Examples

In the previous chapter we have discussed how to extend the twistor construction
to five dimensions. Let us now look at some examples. For all the space-times we
first need to know the metric in the o-model form, that is we have to calculate
J(r,z). After that the Ernst potential, respectively the patching matrix, can be
computed which mainly means determining the twist potentials on the axis. The
easiest to start with is flat space in five dimensions.

9.1. Five-Dimensional Minkowski Space
The real five-dimensional Minkowski space is the manifold R® with metric given in
the standard basis as

ds? = —da? + da? + da3 + daj + daj.

Along the lines of m, Sec. 4] we define the Killing vector fields X; = 0,, X2 = 0y
as generating the rotations in the (12)-plane and the (34)-plane, that is

x x
( = arctan (—1) , = arctan (—3) .
xTo T4

To obtain the o-model coordinates we define

1
r= R1R27 = §(R% - R%)v

where R, = /2% + 23 and R, = /a3 + 2%. This yields
1
V24 2% = (R + R,
thus we get the relations

RI=Vr2 42242 R3=r2+422—2
Now by the definition of the symmetries we have r1 = Ry cosp, zo = Rjsin g so

that
da? + da? = dR? + R2dy? = dR? + ( 2y 22 +z) dg?,
and similarly
a2} + dad = RS + B3y = dRE + (V2 4 22— 2) d?,
whence
dr? +dz* = 2 (R} 4+ R3) (dR{ + dR3) .

Hence,
1 1

T2RZ+RY) 22y

65
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Summing up, the metric in g-model form is given by

-1 0 0
J(r,z) = 0 z4 Vr2+22 0 (9.1)
0 0 —z4+ Vr2 422
and e* = ; (9.2)
2yr?2 + 22

Since dim(ker J(0, z)) > 1 only for z = 0, we can read off that the metric admits two
semi-infinite rods, namely (—oo, 0) and (0, 00). Because J is diagonal ; Adf; = 0 as
it contains an overall factor of the form dy; Ady;. It follows that the twist potentials

are constant on all of Minkowski space and thereby we obtain the patching matrix
as

1
Py (z) = diag (:FQ— -1, :|:2,z> , (9.3)

2 )
where the upper sign combination is for P adapted to z > 0, and the lower one for
z < 0.

9.2. Twist Potentials on the Axis

As part of the algorithm for obtaining P(z) from the metric we need to calculate
the twist potentials just on the axis. Explicit expressions for twist potentials have
been obtained for example in m, @], but these are given only for the black ring
and not in Weyl coordinates which we need here. Therefore it is simpler to rederive
some results, not only for completeness but also for providing a way of calculating
the twist potentials on the axis for other space-times where they are not yet in the
literature.
First we derive general formulae. Assume that the metric takes the form

ds? = Joo dt? + 2Jo; dtdg + 2Jop dtdyp + J1; d? 4 2712 dpdyp
+ Jag dip? +€* (dr® + dz2?),
and rewrite it as
ds® = —F? (dt 4+ w1 dg + wy dy)® + G2 (dY + Qdy)®
+ H?dyp? + ¥ (dr2 + sz) ,
with
F? = —Joo, —F%wi=Jy, —F*ws=Joo,
—F%02 4 G? = Jyy, —F2uiws + G*Q = Jpo,
—F%0i 4+ G*O0? + H?* = Jy;.

The latter form has been chosen to facilitate calculating P adapted to part of the
axis where z — oo and d, = 0. In terms of the orthonormal frame

0° = F(dt +widp +wodp), 0" =G (dy +Qdy),
0> =Hdy, 60°=e"dr, 6*=e"dz,
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the Killing 1-forms take the form
0
5 T= —F§° = —F%(dt +w; dp + wy dy)
9 L y—qe — Fuw, 6"
oY '
Using dp = H=10?, dyp = G~1 01 — QH ' 6? this yields for the first twist potential

dyi =+« (T AT AdT)
=% (FPG0° NO" A (dwy A dep + dws A dy))
=% (F°GO° NO" A (dwi AH™H 07 + dwa A (—QH 1 6%)))

3G
H
and for the second

dx2 =% (T AT AAD)

* (90 VAN RN (dwy — deg)) ,

=% (—FGO° NO" AdD)
=—% (FGO°NO" A (G*dQ A dp — FPws(dwy A dep + dwa A de))))

F
= FG # (00N 0" A O° A (G?AQ — FPws dwy — FPwoQdws))

Since J = J(r, z) all the functions depend only on r, z, hence so do x; and w;. Then
the total derivatives are dx; = 9, x; dr+ 3. x; dz and analogous for w;. Furthermore,
noting that dr = e™” 63, dz = ™" #* the above equations read

dx1 =Orx1dr + 0.x2dz

F3
_ HG ¥ <90 AOLA G2 A ((aTw1 — Qd,wr)e 0°

+ (Oowr — QOswn)e™” 94)>

F3G

= —¢

((&wl — Q0rwa)dz — (O,wy — azwg)dr)

3
= 0, X1 = —€

¢ (&wl ol am) ,
and

dx2 = Opx2dr + 0. x2dz

F
= FG % (90 AOLA G2 A (GQGTQ — F?w00,w1 — F2w0eQ0,ws)e ™" 6°
+(G20.9 — F2und.w — F%gﬂazwg)e*" 94>

€ F—If <(G28TQ — F2w90,w1 — F2WQQ(9TW2)dZ
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— (GQ&Q — F2w90,w1 — FQQJQQang)dT)

FG
= 8;;)(2 =€ 7 (G28TQ — F2LU2(9T(U1 — FQWQQaer) ,

with € € {£1} only depending on the chosen orientation of our orthonormal tetrad.
Here comes the point where we need to specify our metric functions in order to
calculate the twist potentials. First we are going to look at the asymptotics since
they will give us important information later.

9.3. Asymptotic Minkowski Space-Times

For a stationary and axisymmetric space-time in five dimensions we learn from ﬂ2_1,|,
Sec. IV.C] not only that it asymptotes Minkowski space but also how. In o-model
form (for Vr2 4+ 22 — oo and \/7 ﬁmte) the metric coefficients converge as
follows

4M 1

Joo =14 ——u
0= S Uy

L1 Vr2 422 — 2

4 O ((T2 + 22)71) ,

2 2\—1
J01 T T2+Z2 +O((7’ +Z) ),
L /2 2
J02:—_2w+0((r2+z2)_1)’

s 72 + 22
Tii — D) B 1 2 M+n O (2 2\y—1
11—(\/7’ +z *Z) JraﬁJr ((7’ +27) ) ) (9.4)

T2

- 2, 2\-1
J12—C(r2+22)%+(9((7’ + 2471,
J22=( r2+z2+z [1+ 2 N +Z2+O((r2+z2)1)},
e = ((r +z) )

2\/7’2 +22

Furthermore, M is the mass of the space-time configuration and L1, Ly are the
angular momenta; ¢ and 7 are constant where 7 is not gauge-invariant, that is it
changes under z — z + const., unlike (; the periodicity of ¢ and 1 is assumed to be
27 (the case when it is 2e is given in [21, Sec. IV.C] as well).

Our aim is to integrate 0,x; along the z-axis, therefore we first need the metric
coefficients in the limit z — +oo for fixed r. In this case vVr2 + 22 — 2 (1 + 222)

which yields for the leading order terms in z

4M 1 Ly r? 2051
Joo ~ =1+ ——-, Jor ~ — ==, :
3T 2 21 23 Tz

2 2 M+ 2 2 M—
iy~ — <1+— "), iz ~ (o, J22~2z<1+— ");
z z 3

2z 3
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therefore

2 3L1L
G*Q = Jio + F2wjwg ~ r_3 (C-i- #) )
z 7( )

2 2 M
H2=J11+F2w§—0292~;—<1+— +">.
z

We observe that the leading order terms in z of F, wo, G are O(1) and of wy, Q, H?
are O(r?). So, the terms containing Q can for r — 0 be neglected ] Furthermore
we have

H? o 1 2 M+n 1 3L, 1
= —(1+ = R, W Pt S
r2 2z 3z r 22 37z —4AM
Then
r Opwy
dyx1 = —eF3G— 1=
X1 ¢ H r
3
r—0 3mz —4M\ 2 3L1 1
_ Voo 22 -
‘ ( 3mz ) VT S M
1
_ _26L1 Z — % :
T 25
26L1 1
w22’

where in the last step again only the leading order term in z was kept. Integration
is easy and gives

26L1
X1~ .
Tz
Using
G?0,.Q r0 2 ct 3L1Ls
r z3 w(3mz —4M) )’

1Taking two limits successively is not ambiguous in this case, since we remember that
lim lim f(z,y) = lim lim f(z,y)
Y—Yyo rT—>xTQ T—=T0 Y—Yo

if all the limits exist and if at least one of the limits converges uniformly keeping the second
variable fixed. The above functions meet these conditions.
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we can play the same game for y, and get

1
Ouxs = eF G~ (G20,Q = FPwndyun — Fhuwy0,un)
T

, 3z —AM\ ? 9 3L,L
= () E (2 (o )
z

3z m(3mz — 4M)

T 2z 22 3wz —4M

1
4M 2
z — s 46§
— 46§ (75?) ~ 7,

which can to leading order in z be integrated to

9L,1 3L, 1 )

X2~ ——/-

Now we can go straight on to calculate P and obtain again by only considering the
leading order in z the following

! i AM 2(M — 6z — A(M
L d 20 (g 2y (1 2 o)) Gm A )
g 3z 3z RY
1 M
=9~ "5~ 37;—277 for large z
oo (L M) 2Ly el
Xlg - 2Z 37TZ2 Tz 7{_22?
. 1 M+n 4eC 2¢C
X29 = o 3722 p, 2
2 4M 2L
‘]OOJrgXlN‘]OO:*lJF@v J02+9X1X2NJ02:*57
4(M —n
J22+9X§NJ22:22+%

So, finally we obtain the patching matrix to leading order in z beyond ([@3]) as

1 M+n el 2¢eC
2z 322 w22 22
poo| o w e[ )
T2 3z Tz
2 2L 4(M —
_Lf 4 2z + M
z Tz 3T

The index indicates that the patching matrix is adapted to the top asymptotic end.
The adaptation P_ to the bottom asymptotic end, that is the one which extends
to z — —o0, is obtained by swapping ¢ and ¢ in their roles. This leads to z — —z,
Ly <> Lo. Furthermore, one has to check what happens with ¢ and 7 in this case.
From ﬂ2_1,|, Eq. (5.18)] we see that ¢ — ¢ and n — —n for the Myers-Perry solution.
But all asymptotically flat space-times have the same fall off up to the order (@4,
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so this behaviour must be generic. For the ease of reference later on we will include
P_ again explicitly

1 M-n elo 2¢e(
2z 3722 T2 z2
P = _ele_, AM 2L (9.6)
w22 3z TZ
2 2L 4(M
_ Lf =1 -2z + (M + 1)
z TZ 3T

The Myers-Perry solution, which we will study next, is the five-dimensional pen-
dant of the Kerr solutions, that is it describes a five-dimensional spinning black
hole.

9.4. Five-Dimensional Myers-Perry Solution

It was in 1986 that the Schwarzschild solution in dimension greater than four was
extended from the static to the stationary case by Myers and Perry Myers & Perry
ﬂﬂ] The calculations in the first part of this example up to the expression for
J(r, z) is based on Harmark ﬂﬂ] Myers-Perry space-time is asymptotically flat and
has horizon topology S3. Its metric is given by

2
ds? = —dt® + % [dt — ay sin? 0 dy — as cos? 9d1/1]2

+ (p* + a)sin? 0 dp? + (p* + a3) cos® O dip? (9.7)
by
< dp® + £ db?
TR T ;
where
a? a3
e 2)(3)
p? ) 9.8)

¥ = p® 4+ atcos’ 0 + a3sin? 0,
and the coordinate ranges are

teR, ¢, el0,2r), 0€]l0,n].
A straight forward computation shows

det J = finA sin? 20,
hence i
r=3p VA sin 26.

The second coordinate z is obtained via the relation

e (dr2 + dz2) = %

1, ai + a3 — pj
Z=5p (1+T cos 20,

which can be verified either by direct substitution into [@3)) or by a more gen-
eral approach as sketched in ﬂﬁ', App. H]. This determines the metric in o-model

dp? + X d6? (9.9)

as



72 9. PATCHING MATRIX FOR RELEVANT EXAMPLES

coordinates. However, expressing it in prolate spherical coordinates =, y is more
convenient. They are defined by
r=a+ (@2 -1)(1-y?), z=axy,

where « is a constant and the ranges are taken to be x > 1, —1 < y < 1. With the
ansatz x = x(p), y = y(#) this is solved by

202 4 a2 + a2 — p2
r = pPraitas— o , Yy =cos20,

2
V6t~ a — a3)” - dafa3 910)

o=\ (s}~ aF — a3)? — datad
In terms of 7, z it can be shown (see [21, App. G]) that this is
Ry +R_ R, —R_
T 2 U7 200
where Ry = /r? + (2 £ «)?. In terms of prolate spherical coordinates the J-matrix
and e?” are given by

(9.11)

Jog — _ Joz £ (af —a3)y — pj Jor = — a;p3(1 —y)
dox + (af —a3)y + pg’ dax + (af — ad)y + p3’
B as05(1 4 y) 1 ajagpi(l —y)?
Joz2 = Jig =

“2daat (@ -y el

1—y 2. 2 9 203p5(1 —y) 9.12
! {azﬂ)ﬁal “T e+ (@ -y + )’

2a3p5(1 +y) ]
daz + (af —ad)y +p3 ]’

QT ) R

1+
J22:Ty {4aw+p§a%+a§+

2 _ _dox+ (af — ad)y + o
8a(x? —y?) '

Substituting (@I yields J(r, z).

The rod structure consists of three components (—oo, ), (—a, a), (@, 00) as we
will see from the explicit expressions for the rod vectors below. First note that
r =0 implies Ry = |z £ a|.

(1) If 2 lies in the semi-infinite spacelike rod (a, 00), we have x = Z, y = 1, thus
Ji1 = 0 for k = 0,1, 2. Therefore the rod vector is 0.

(2) If z lies in the finite timelike rod (—a,a), we have x = 1, y = £. Thus the
kernel of J is spanned by the vector

(1 1y 1),
where I'y » are the angular velocities
FlngJra%fa%féla F2:p37a%+a§f4o¢
2a, 9} ’ 2,05

It can be shown that this rod corresponds to an event horizon with topology
S3 (a brief reasoning can be found in m, proof of Prop. 2 in Sec. 3]).
(3) If 2 lies in the semi-infinite spacelike rod (—oo, —a), we have r = =2, y = —1,

thus Ji2 = 0 for k£ =0, 1,2. Therefore the rod vector is 0.
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From the given eigenvectors it becomes clear that dimker J(0,+«) > 1. The con-
served Komar quantities are

3T 3m 3T
0o = §G1P37 Ly = §G2P3- (9.13)

Having done this preparation the patching matrix can be obtained in the same
way as before for the asymptotic metric. The limit 7 — 0 can here be regarded as
sin@ — 0, then with X — p? + a? we obtain

2 2 _ 2 2 2
F? - % F?w; — — 4P gin 29, F?wy, — _ 2P0 2 0,
PP +a

3

a2
G? — (p +a2) cos? 9+ E 2 cost 0+ F2u2,

G*Q — a12 2/)(2) sin? 0 cos® 0 + F2w,w,

R
H? — (p* 4 a?) sin® g + 2200 E Osint 9 — G20 + F2W2.
We observe that F, ws, G are O(1) and wy, Q, H? are O(sin?6). So, the terms
containing 2 can for § — 0 be neglected. Furthermore we have

H2 6—0
— p* +af,

sin? ¢
2 o 29
and, using wlzw,zﬂso
Y=g
) Y 2\ o 29 2 2 2 2
fow1:2a1pgcost9-( py) —sin 2(‘12 ‘11)% _ a12p0 .
sin 0 (X —p3) p?+a? —pd

As a last preparation we rewrite

G? — p* + a3+

-1
p3as <p2 +af - p%) a3pg
p?+a p?+at (p? +af)

phai el
p*+ai  (p* +af)(p* +ai — pj)
_ (PP +a3)(p’ +ai —p}) +pga3 _ A
p?+ai —pf pP+ai —pf
Finally, this enables us to calculate

6—0 6F3G sin 6 69w1

=p*+a5+

s JA H sing
e (pPH+al—pf)” p°A Y
:\/Z( p? —aj ) (p2+a1 Po) (o +ap) St a -
2epay pj
pcETa

which can easily be integrated to

2
P
p? +af

X1|0:0 =
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For the second twist potential we need

O =sin0 ayagpgcos® 0 | aypgw,
G?X% [€2)

which implies

3.09 9 a1a5p4 + a,pg ) aspg ,
sin 0 G?% G2 2%
so that
FG G2 F2WQ FQLUQ
— =e——= | =0y — ——9 ——Q09,
X2 6\/Z<H9 q w1 + Ji ewz)
eFG sinf [(G?20yQ  F2wy0pwn
VA H sin 0 sin 0
00 € (p2+a?—p3)§( p*A )5 1
VAN p?Aad pPPrai—p3) (p*+al)?
% 2G2‘11%P(2) LJF I _ ang. 2a,p
by G2 G?F?% Y Y-
_ e aaypp (2 205 2p} )
P>+ a3 3 F?yY X —p3
_ 26@16‘2/)%/)_
(p? +a})”
integration
2
_ €41G900
X2|9:0 - p2 T a% .
On 0 =0itis

1
P =224 L (h—al—ad).

so the notation in the following calculation of P can be somewhat streamlined by
introducing

1 1
B=1(r+ai-d), v=7 (kb +al-a3),
hence
z+p €y}
F2 = = —gu, Flwy=—20_ —_
Z 4y it 2 2(z+’y) Gty
xq = €p3ay X2:7€P(2)a1a2
2(2+7)’ 2(z+7)
2 2 2 2
2 2, Poa2 L.y 2 2 Pot2
=p°+as+ =2z+ < —aj +az) +
Jop =P T2 Ty 2 (05 — ai + a2) 2z + 3 (p% +a? — a3)

2,2 2 2
Poa2 2 300

=22—-28+ = z—=p)(z+7)+ .
b+ 50 = 2 (- A+ + L2
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This implies
det A=g ! = — g}
LA =9 = GiGyy — Gy

2+ 2 azﬂ%) a3p
[ — . —_ + + —
L (G- + ) -

2
— —m [8(22 - B3 (z+7) +2a§p8 ((z+ﬁ+ %)]
= —m [8(2% — %) + 2a3p7]
__2Z—a)
==

where in the last step
1
8% — 2a5p5 = 5(pj — af + a3)* — 2a3p5 = 8a”

with « as in ﬂ2_1,|, Eq. (5.15)]. We then obtain for z € (a,00), r = 0 and with e = 1
the following (the index refers to the numbering as above for the rod structure)

2ty B piay poayas
2(z2 — a?) 4(22 — a?) 4(22 — a?)
P — 24BN+ =By -0’ apiz—) |,
22 —a? 2(z2 = a?)
a202(5 —
2(Zfﬂ) + 2p0( 7)

2(z2 — a?)
(9.14)
using P = (Py;) witt3

a0 Poazay
20z+7)  8(z+7)(z2—a?)

Pia = gty + 9x1X2 = —

2 20,2 2
200 2 2 2 2 dayp5(2° —7°)
= —4 — =
ST (e TR = 5 e )
_ (2 =)
2(z2 —a?)’

Py = gy +9%5

2 a8\t phadal

—Z+7((z—5)(z+7)+ L) 2w 1)
1 a%ﬂ% 2 2 155 1
=2e=At+ (Z —@ *Zalpo)'m
|
22_,72
a3pg(z —7)

— (s — 2P0

(Z /8)+ 2(227042)7

2Here P;; are only the entries of the patching matrix and not the transition matrices of the bundle.
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and
z—l—ﬁ_ z+y poa?
sty 2Z—a?) AP

Py=g,+9xi=—

1 2 _ 2 4,2
:78(24-’7)(22—0(2) (8(Z+ﬂ)(z )+p0 1)

1
=55 (BN +7 - By —a?),

where the last step comes from

8 2
8(8 =" —a®) = —15 - (05 + af —a3)? — (9§ — af — a3)” + dafa3)
1
= — 3% (4a2(% — a3) + 4a3a3) = —adpl

thus
8(z+ B) (2 — &®) + pyai = 8(z + B)(2* — &®) = 8(B—7)(v* — &?)
=8(z +7)(2* + 2(B —7) +7% — By — a?).

The Myers-Perry solution with vanishing angular momenta is as in four dimen-
sions the Schwarzschild solution, sometimes also called Schwarzschild-Tangherlini
solution.

Five-Dimensional Schwarzschild Space-Time.
In the case of a3 = as = 0 the Myers-Perry metric becomes

2
ds? = <1 + p_g> dt? + p? sin® 0 dp? + p? cos® 0 dip?
P

AN
and from (@I2) we can read off the J-matrix as

—1

J = diag (—i—ﬂ,a(l —y)(1+z),al+y)(l+ x)) :

The twist potentials are globally constant and we set them without loss of generality
to zero. The adaptations to the three different parts of the axis, then take the
following form.

(1) Spacelike rod z € («, c0): Here we get with y = 1 that

~ x—1

A =di e 1
ME=IT

hence with © = § we obtain

1 Z—Q

,2(z+a)) .

(2) Horizon rod z € (—a, «): Using that 2 = 1 on this part of the axis the above
definition gives

Pi(z) = diag ( 2(

z—a) z+a

A=2a-diag(l—y,14vy),
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hence with y = £ we obtain

Py(2) = diag <m —9(z—a),2(= + a)> .

(3) Spacelike rod z € (—oo, —«): Here we get with y = —1 that
~ xr—1
A=di -2 1
1ag( L alx + )),
hence z = —Z yields

Py(2) = ding (Q(Zia),—z—’—z,—Q(z—a)) .

Last comes the example that features a major novelty of higher-dimensional rel-
ativity in comparison with four dimensions.

9.5. Black Ring Solutions

A five-dimensional black ring is a space-time with a black hole whose horizon has
topology S' x S2. This solution was originally obtained from the Kaluza-Klein C-
metric solutions via a double Wick rotation of coordinates and analytic continuation
of parameters Emparan & Reall HE] Because the ranges of mass and angular
momenta of the black ring overlap with the Myers-Perry solution, it is an example
for the problem in higher-dimensional general relativity that a black hole space-time
is not uniquely determined only by mass and angular momenta. This is because
their different horizon topologies do not allow a smooth transition of both solutions
into one another by changing the parameters smoothly. A detailed analysis of the
black ring solution and its properties can be found in E, @] For the first part of
this section we take the results and notation from ﬂ2_1|, Sec. VI].
One way of defining the black ring solution is the following

2
as? = — £ (dtcn1+”d¢>

F(uiw ) G<F>(U) G(u) 19
2k%2F (u v 9 U 9 2 2
(u—v)? [‘F@) WA Tem ™ Tawm ™)

where F(§) and G(§) are
F(e)=1+b G(&)=(1-&)1+c),
and the parameters vary in the ranges
O0<e<b<l.

The parameter s has the dimension of length and for thin rings it is roughly the
radius of the ring circle. The constant C' is given in terms of b and ¢ by

145
C = 1/2b(b—
b=
and the coordinate ranges for v and v are
—1<u<l, —o<v<—1

with asymptotic infinity recovered as u — v — —1. For the (p-coordinate the axis of
rotation is v = —1, and for the 1-direction the axis is divided in two components.
First u = 1 which is the disc bounded by the ring, and second v = —1 which is
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the outside of the ring, that is up to infinity. The horizon is located at v = f%
and outside of it at v = — ¢ lies an ergosurface. As argued in ﬂE Sec. 5.1.1] three
independent parameters b, c Kk is one too many, since for a ring with a certain mass
and angular momentum we expect its radius to be dynamically fixed by the balance
between centrifugal and tensional forces. This is here the case as well, because in
general there are conical smgulamtlesﬁ on the plane containing the ring, v = +1. In
order to cure them ¢ and 1 have to be identified with periodicity

F(—1) V1—b

P = AV =4 a) o

and the two parameters have to satisfy

2c

= —. 9.16
1+ c2 ( )

This leaves effectively a two-parameter family of solutions as expected with the
Killing vector fields Xog = 0;, X1 = 0, and X3 = 0y. Henceforth, however, we will
keep the conical singularity in and regard the parameter b as free By (M) it can
be replaced at any time.

A straight forward calculation shows

4kt
det J = WG(U)G(’U),
hence we define
2k2

The harmonic conjugate can be calculated in the same way as for the Myers-Perry
solution (for details see [21, App. H]) and one obtains

K2(1 — uv)(2 + cu + cv)

c= (u—v)?

Using expressions for u, v in terms of r, z (see ﬂ2_1|, App. H))
(1—C)R1 (1+CR2—2R3+2(1—C)2
(I —=c¢)Ry + (1 +¢)R2 + 2¢R3
(

(1—C)R1 1+CR2—2R3—2(1—C)2
(1—C)R1+(1+C)R2+26R3 '

u =

v =

where

24+ (z+ck?)?, Ry = 12+ (2 — ck?)?, R3 = /r? + (2 — k?)?,

3A brief note on the nature of those singularities and why they are called conical can be found in
Appendix
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the J-matrix can be computed as

J _ (1400 -k +(1-b(1+)R 2 —2(b—c)R3 — 2b(1 — ?)K?
7 T A+ b) (1 — )Ry + (1= b)(1+ )Ry — 2(b — ¢)Rs + 2b(1 — k2’
Jo = — 20%(1— )[Rg—R1+(1+C)
BT 1401 — )R+ (1—=b)(1+ )Ry — 2(b — ¢)Rs + 2b(1 — ¢2)x?’

(R3 + 2z — k2)(Ry — 2z + cK?)
J22: R 2 )

1—2—CRK

Jin=— r” ﬁv

JooJ22  Joo

with the remaining components vanishing, and
=[(1+b)(1—c)Ri+ (1= b)(1+c)Rs +2(c — b) Ry + 2b(1 — *)?]

(1 — C)Rl + (1 + C)RQ + 26R3
8(1 — 02)2R1R2R3
The rod structure consists of four components (—oo, —cx?), (—ck?, cx?), (cx?, K2),

(K2, 00).

(1) For r = 0 and z € (k%,00) we have R3 — Ry + (1 + ¢)k? = 0 which implies
Jo1 = Ji1 = 0. Hence, the interval (x2,c0) is a semi-infinite spacelike rod in
direction O,.

(2) For r =0 and z € (ck? K?) we have Ry + Rz — (1 — ¢)x? = 0 which implies
Joo = 0. Hence, the interval (cx?, x?) is a finite spacelike rod in direction Oy

(3) For r = 0 and z € (—ck?,ck?) we have Ry + Ry — 2ck? = 0 which implies that
the kernel of J in this range is spanned by the vector

b—c

(1-¢)Ck

2

is again the angular velocity. Thus, (—ck?, ck?) is a finite timelike rod and it
can be shown that it corresponds to an event horizon with topology 52 x St (a
brief reasoning can be found in [24, proof of Prop. 2 in Sec. 3)).

(4) For r =0 and z € (—00, —ck?) we have Ry — R3 + (1 + ¢)x? = 0 which implies
Joo = 0. Hence, the interval (—oo, —ck?) is a semi-infinite spacelike rod in
direction 0y.

(11 O)t, where I' =

We see that on the top rod one twist 1-form vanishes and for the other one we
obtain as before

BH BH
Orx = GTazwv O.x = _GTava
where
X = Opxdr+ d.xdz = (T ANV AAT).
Note that
I
Joo’ JooJaz’

as —r? = det J = (JyoJ1y — J31)Jae. On r =0 we also see that
Ry = |z+ck?|, Ra=|z—cKk?, Rz=|z—~?,

and for k2 < z < oo the moduli signs can be dropped. Then the metric coefficients
behave as

JOO = 0(1), J01 = O(TQ), J22 = 0(1), UJ2 = O(TQ),
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so that we obtain

Nl

(EJoo)* ()™ (*Joo)%(n]m)% Oy (E)

r JOO

:—6J020J226 @
r " Joo '

Now, if Jo1 = r2B(z) + O(r?), then
lim 0,y = —e Hn% 2.JooJ22 B(z). (9.17)
r—

r—0

0, x = —¢€

2

)

In order to determine B(z) we do some auxiliary calculations. Denote o = ¢k
B = k2. Then with z > 8 and to leading order in 7 it is

7“2

Rlz(z—i—a)(l—i—m), Ry =(z—a) (LFﬁ)

Rg(zﬂ)<1+L>,

2(z—p)?
whence )
2(z4+a) r 2(z = B)(z + a)
22 (z=5) r2 2(z—a) z—«
Second we compute
— 2b — be —
Joo = f;—i‘, where A = 2 - %bc (9.18)
Last, we obtain
1—c)x? 1
Jop = 70( )k 2

2(1=b) (z-B)(z+a)(z+A)
Using these results ([@I7) can be integrated to
2v eC(1—c)K3
Xlypeog = ——, V=—7—"7".
z+ A 1-0
Note that this agrees up to a constant with @, Eq. (25)]. Now we can compute the
quantities which go in the patching matrix. The restriction » = 0 is not explicitly
mentioned, but still assumed in the following.

_ X v
X= Jod . (z-B)z+a)
1 Z+ A
; B

- JooJ22 o 72(2 + a)(z — 6)7

For the last matrix entry we first calculate some auxiliaries. From (@IF]) we obtain

b— e
S A+28—a’
hence
_B-a)A-0a) _ 2(A+B) o 2B—a)
bic*ﬁ(/\+26—a)’ 1+b7)\+2ﬁ—a’ L b*A+23_a'
This yields
0,2 — 4b(b—c)(1+b)gl —¢)2kKS — At a)(A— )+ B).

(1-0)
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which in turn justifies the following factorization
(z—a)(z+a)(z—B)+20 = (2 +A)(2* = (B+ Nz —a® + BA+ N?).
and eventually
Z—« 202
T2+ A 2+ Nez+a)(z-H)
22— (B+Nz—aP+ A+ N
o (z+a)(z = B)

The patching matrix for z € (8, 00) and r = 0 now is

Joo + 9x° =

B Z4+ A v 0
2+ a)(z—pB)  (2+a)(z—p)
P = . __oyE4d 0 L (9.19)
(2 +a)(z = B)
. . 2(: +a)(z ~ §)

z—«
where the index again only indicates that it is adapted to the part of the axis which
extends to +00 and where

2b—bc—c

o = ck”, B =K~ K T

(9.20)
eC(1 —c)K3

1-b 7
Note that this is based on the assumption that the periodicity of ¢, 1 is 27, other-
wise it has to be modified according to [21, Eq. (4.17)].

From ([@6) we read off the conserved Komar quantities as

3m 7C(1 — c)K3
4 1-b

v = vy=kZ24+ N, 0= —-Cr*+ KA+ N

M==\+r?), L = Ly =0.






CHAPTER 10

The Converse

First let us recall the twistor construction for five-dimensional space-times as
obtained in Chapter [ and B It can be summarized as follows.

Summary 10.1. There exists a one-to-one correspondence between five-
dimensional stationary and azisymmetric space-times and rank-3 bundles E — R
over the reduced twistor space R, which consists of two Riemann spheres identified
over a certain Tegion.

For J being the matrixz of inner products of Killing vectors, we define the Ernst
potential as (see Definition [811])

J= ! Ed
det A\ —\ detA- A+t

where A is obtained from J by cancelling an appropriate row and column, and
X = (x1, x2) are the twist potentials.

If P is the patching matriz of E — R, then J'(z) = P(z) where both are non-
singular for r — 0.

Remember that the bundle E' — R was characterized by the so-called twistor data
consisting of the patching matrix and three integers. For the bundle corresponding
to J itself these integers are py = 1, p; = p2 = 0 and for the bundle corresponding
to the Ernst potential J’ these are py = p1 = pa = 0. Hence it comes down to
determining P when parameterizing the bundle.

Corollary 10.2. The patching matriz P (adapted to any portion of the axis r =0)
determines the metric and conversely.

SKETCH OF PROOF. J'(r,z) is obtained from P(w) by the splitting procedure
(see Section[[Z) and conversely P(w) is the analytic continuation of J'(r =0, z). O

As seen in Chapter [@ the classification of black holes in four dimensions (see
Theorem [62]) does not straight-forwardly generalize to five dimensions. The Myers-
Perry solution and the black ring are space-times whose range of parameters (mass
and angular momenta) do have a non-empty intersection, but their horizon topology
is different, which means they cannot be isometric. In order to address this issue the
rod structure (see Definition [63)) is introduced to supplement the set of parameters.

Using this extended set of parameters the following theorem is a first step towards
a classification.

Theorem 10.3 (Hollands & Yazadjiev ﬂ2__4|]) Two five-dimensional, asymptotically
flat vacuum space-times with connected horizon where each of the space-times admits
three commuting Killing vector fields, one time translation and two axial Killing
vector fields, are isometric if they have the same mass and two angular momenta,
and their rod structures coincide.

83
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Note, however, that ﬁ, Prop. 3.1] suggests that by adding the rod structure to
the list of parameters the mass becomes redundant, at least for connected horizon.

Theorem answers the question about uniqueness of five-dimensional black
holes, but not existence. In other words, we do not yet know whether rod structure
and angular momenta determine the twistor data, that is essentially P, and thereby
the metric.

Conjecture 10.4. Rod structure and angular momenta determine P (even for a
disconnected horizon).

10.1. From Rod Structure to Patching Matrix — an Ansatz

In the following we will present an ansatz for this reconstruction of the patching
matrix from the given data, exemplified in cases where the rod structure has up to
three nuts.

Given a rod structure with nuts at {a;|a; € R}1<;<n we know that P can at most
have single poles at these nuts (see Corollary RI7 and Proposition RIF]). We shall
see that this can also be derived from the switching procedure (Theorem [[U.TH) and

thus we make the ansatz

P(z)= %P’(z),

where A = vazl(z — a;) and the entries of P’(z) are holomorphic in z. If we
now, moreover, choose P to be adapted to the top outermost rod (ay,o0), then
Section tells us its asymptotic behaviour as z — oo, that is P asymptotes P

given in ([@3]). This implies that the entries of P’(z) are in fact polynomials,

QN—l(z) QN—Z(Z) ‘JN72(Z)
P'(2) = : an(2)  qv-a(2) )
(ZN+1(Z)

where ¢y is a polynomial of degree k[ fact, from (@A) we can not only deduce the
degree of the polynomials but also their leading coefficients. The diagonal entries
will have leading coefficient f%, —1, and 2, respectively, and the leading coefficients
on the superdiagonal will be proportional to the angular momenta. Similarly, one
can use (@) for P adapted to the bottom outermost rod (—oo, a1). Note that this
does not impose any further restrictions on the coefficients of the space-time metric
apart from being analytic.

The number of free parameters in P equals the number of independent coefficients
in the polynomials. Our aim must be to tie our space-time metric by expressing all
those parameters in terms of not more than the a; and the angular momenta L,
Ls. Any free parameter left in P means another free parameter in our (family of)
solutions.

Example 10.5 (One-Nut Rod Structure).
Consider the case where the rod structure has one nut, which is without loss of
generality at the origin (remember that a shifted rod structure corresponds to a

LThe notation shall just indicate the degree of the polynomials, that is gy —1 and gn_2 in different
entries of the matrix can still be different polynomials, and if N — 2 < 0 then it shall be the
zero-polynomial.
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diffeomorphic space-time), see Figure [l We do not make assumptions about the
angular momenta L, Lo.

FI1GURE 1. Rod Structure with one nut at the origin. The numbers
are just labelling the parts of the axis.

According to our ansatz we have for the patching matrix on the top part of the
axis

1
—— 0 0
2—}—01,2
Pl:; 0 —z+ o c3 )
0 c3 222 4+ caz + c5

which implies L1 = ¢ = 0. On the other hand for the bottom part it is

1
——+c 0 0
5 + 1z
Py = 2 0 —z4 & é3 ;
0 53 222+64Z+55

and therefore necessarily Ly = ¢ = 0, thus ¢3 = ¢é3 = 0. This forces the patching
matrix to be diagonal and since it has to have unit determinant,

1 1
det P, = = <§ + clz) (—z+c2) (222 4+ caz + C5) =1,

we obtain ¢; = ¢a = ¢4 = ¢5 = 0. But this is the patching matrix for flat space (see
Section [O.1]).

Hence we have shown that for a rod structure with one nut not all values for the
conserved quantities are allowed, in fact they all (including mass) have to vanish,
which in turn uniquely determines the space-time as Minkowski space.

[

Attempting the same for a rod structure with two nuts one will quickly notice
that more tools are necessary in order to fix all the parameters.

Theorem 10.6. If Py is the patching matriz adapted to (ay,00), then P_ =
MP;lM with M = (§ g é) is the patching matriz adapted to (—oo,aq).

PRrROOF. The proof is based on the twistor construction as we have seen it in
Chapter [ For ease of reading we will review some of the elements involved.

The considerations in Section started with a map from the correspondence
space to the reduced twistor space p : F. = X X X — R, where X is a two-
dimensional conformal manifold, r a solution of the Laplace equation on X, z its
harmonic conjugate and X a Riemann sphere. For a fixed o € ¥ this map can be
restricted to

m: X = R, QHw:%r(U)(g_l—C)—i—z(U).
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Given a bundle £ — R one had to assume that 7*(E), the pullback of E to X, is
trivial in order to construct J. Then the splitting procedure will provide a J(r, z),
which depends smoothly on r and z.

R consists of two Riemann spheres that are identified over a certain set. There
will always be points, like w = oo, where the spheres cannot be glued. These points
are for obvious reasons called double points and the case that is interesting for us
is when these points are real and there is only a finite number of them. In other
words the two spheres are glued together up to the set {00, a1,...,ay}.

Therefore, 7 is only well-defined if one specifies the assignment of these poles to
the spheres. The roots of the double points a; satisfy

r¢? +2(a; — 2)¢; —r =0,

so they are

G = % ((ai —2)+ /(2 —a;)?+ r2) : (10.1)
We note two things. First, the spheres are labelled by saying that the roots of w =
oo, namely ¢ = 0 and ¢ = 0o, are mapped to 7(0) = cog € Sy and 7(c0) = 001 € 5.
Second, r and z are chosen as parameters in the very beginning, but the obtained
expressions depend smoothly on r and z so that we can vary them and follow the
consequences. One observation of this kind is that for » — 0 one of the roots in
(@) tends to zero and one to infinity.

Hence, given a solution J of Yang’s equation (I1]) and the corresponding bundle
E — Ry, U =CP'\{c0,ay,...,ay} the region where the spheres are identified and
U not simply connected, then the description of the twistor space as S, U.S; and the
patching matrix P are adapted to the component C of the real axis if those Cii that
tend to zero for r — 0 on C are assigned to .S, and those that tend to infinity are
assigned to Sy; see also ﬂﬁ, Prop. 3.2]. This is merely a requirement of consistent
behaviour under the variation of r and z, since 7(0) € S, and w(c0) € S;. Note
that in this case on C it is P(z) = J'(2).

More explicitly this can be stated as

0 < k , < k
e Sl and (714 'S
oo, >k 0, i>k

for an adaptation to C = (ag, ar+1) and for r — 0 on z € (ak, agx41)-

This allows to draw the conclusion that for a given a bundle a change of
adaptation from (ag,agt1) to (ak—1,ar) is achieved by swapping the assignment
of m(¢iF) to the spheres; see [16, Sec. 3.2]. Following this idea, one then obtains
the adaptation to (—oo,ay) from an adaptation to (ay,o0) by swapping all double
points F(C]j:), 1 <k < N. However, the latter is the same as swapping the double
point at infinity which means relabelling the spheres by saying w(0) € S; and
m(o0) € 5.

Now let us step back from this line of ideas and have a look from another
side. Note that if J is a solution of Yang’s equation ([EII) with detJ = 1
and J is symmetric, J = J' then J~! is a solution of Yang’s equation as
well with det J~! = 1. On the other hand, just by inspection of the splitting
procedure one notices that J is defined as a linear map J : Fo, — Foo,,
where E,, is the fiber of E — R over w € R, and that J—! is the solution of
Yang’s equation generated by the bundle where the spheres are swapped, Sy < Sy
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(see also property (3) in [49, Sec. 4]). But this is precisely what we have done above.

The last point to note is that even though we have shown that P~! is adapted to
(—00,ay) it does not necessarily have to be in our standard form due to the gauge
freedom in the splitting procedure. Using the asymptotic form of P in ([@H) and
comparing the fall-off of P! with (@8] one sees that a flip of the first and third
row and column brings P~! into the desired standard form. This is implemented
by the conjugation with M, which completes the proof. O

Corollary 10.7. If Py is the patching matriz adapted to (ay,o0), then A divides
all 2 x 2-minors of A- P, = P

Proor. From Theorem and Proposition it follows that P_:l has at
most simple poles at the nuts. But by the general formula for the inverse of a matrix
the entries of P are (up to a sign) Pi’j/AQ, where Pi’j is the 2 x 2-minor of A- Py
obtained by cancelling the i*" row and j* column. Hence one factor of A has to
cancel. O

This turns out to be a powerful tool as seen in the next example. But before we
would like to point out an implication of the last corollary.

Remark 10.8. Taking the Ernst potential (87) in five dimensions and writing it
in the following way

t St
— 1
J-/',-(Z) _ g i gx t _ Z pf p ,
—gx A+ gxx p P
the matrix of metric coefficients A as a function of z is obtained as
~ 1 1 1

A=P——pp' =+ (poP -7 7"). 10.2
AT Ao A ) (102)

All entries of pgP — 7 - p* are 2 x 2-minors of A - J’, hence A divides them. Thus
A= P/po where the entries of P are polynomials in z. We remember from Section B3]
that po/A blows up when we approach ay, that means py cannot have a factor
(z — an). So, the entries of A are bounded as z | an, a feature which is consistent
with our picture of space-time.

Note, however, that we cannot extend that to other nuts without changing the
adaptation, that is to say, the expression for a metric coefficient J;;(z,r = 0),
z > apy, might contain poles for z < ay as the Jao for the black ring shows

2(z — K2)(z + cK?)
: ZJ(CH2 2> K
0 , ck? <z < K2,

2(z — ck?)(z + cK?)
z — K2

, —ck? <z < ch,

0 , 2 < —cK?.

The terms in the denominators vanish for certain values of z, but these are not sin-
gularities of the metric since they are not in the domain of the respective expression.
The reason for pointing out this is that when we try to fix the free parameters in our
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ansatz one cannot take (IL2) and say because the metric is regular the denominator
has to divide the numerator up to a constant.

Note further that even though Theorem[I.80land Corollary[[0.7 generalize directly
to n dimensions, the conclusion for the metric coefficients in A does not. This is
because in higher dimensions the entries of A will still consist of certain 2 x 2-minors
of P, as in (IL2), whereas P_:l being a patching matrix requires A”~* to divide
the (n — 3) x (n — 3)-minors of P,. This coincides in five dimensions, but is not
implied automatically for dimensions greater than five. Yet, the boundedness of the
metric coefficients ought to hold always, so that it at most gives extra conditions
on the free parameters.

]
Now lets turn to the example promised earlier.
Example 10.9 (Two-Nut Rod Structure).
Consider the rod structure as in Figure
o _ 9 _
2=0 H 2=0
@ @ z
3 -« 2 +a 1
FiGURE 2. Rod structure with two nuts.
In line with the above ansatz we start off from
+ I
——z+4c — ¢
2 ! s 2
p—— 1 2 2L, (10.3)
T2 2 . —z°+c3z+ ¢4 7724’05 ) :
223 + ¢22 + c72 + c3

which we assume to be adapted to (ay,00) and where the orientation of the basis
is without loss of generality chosen such that e =1 in ([@3)).

We now make use of Corollary [[0.7 which for the minor obtained by cancelling
the third row and first column yields

2041 L L
6222+ <0203 12 2) Z — C2Cyq + 1% ~ 22— a2
™
Comparing the (ratio of) coefficients returns
2L1Lo
= , 10.4
€23 — (10.4)
L
cys=a + 1%, (10.5)
mTCo

Choosing the minor obtained from cancelling second row and third column we
repeat this and get

L2 2 ( 1 2L201

—2z" = 505—1—

™

Lico
zZ 4 cres5 — ~22—a2,
s s
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thus
4L,
=—— 10.6
cs —c1, (10.6)
L
42 = o? — ZLe,. (10.7)
Lo

These four equations allow us to express c¢1, ¢2, ¢4 and c5 in terms of c3.
The coefficients ¢7 and cg can be fixed by the minor which results from cancelling
the second row and the first column

2L L L 2¢co L L
_2L1 5 coln o <£ N ﬂ) Ly Lacs
s s s

— Coes ~ 25+ b2 — oz — ba?

)

where b is some constant. Again the ratios of the coefficients for the linear over the
cubic and the constant over the quadratic term give

2L

or = —2a% — ¢y, (10.8)
Ly

cs = —alcg + lCQCE,. (10.9)
Ly

The last coefficient that remains undetermined is cg, but the determinant is going
to help us for this. The requirement det P = 1 implies

1
(,22 — a2)3 =204 (506 —2c1 — 03> 25

1 1
+ <2c103 —C1c6 — C4 — 50306 + 507) 2

The quintic term immediately gives the desired expression

Ceg = 401 + 263. (1010)
Exploiting furthermore the quartic term we get
5 1 1
—3a“ = 2c1c3 — c1c6 — €4 — 50306 + 507,

which, by using the above obtained relations, is equivalent to

o = 4ct +4dejey + 3+ L—102. (10.11)
2
Let us relabel the parameters in accordance with ﬂﬂ] as follows
1 T ™
€3 = 59(%, Ly = Z“l@%a Ly = ZGQQ(QJ'

Note that from the asymptotic patching matrix we see that cs is proportional to
the mass which justifies the implicit assumption about its positiveness in the above
definition. However, the parameters (0o, a1,a2) are not unconstrained as we will
see Soom.
By [I04) it is
1

Cy = —ZachQQg. (10.12)
Equations ([T, (ICTI), (ICT2) imply
Ly 9 2 Lo o, o
S =4 2 s o= —- -
o Cy cic3 +c3+ I, Cy Cq 3 (90 +ai a2)
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Moreover, from [ILG) and (ITI0) we obtain

1
cs = gGQQ% (gg + a% — a%) and ¢ =

Continuing with ([0 yields

N |

(gg — a% Jra%) .

1
cy=0a” =205 (05 +ai —a3),
so do (I0R) and ([ITJ) give
1
c; = —20° + 5@393,
0_12(_2_’_ 2 2)_122(2_’_ 2_ a2)
8= 5@ Qo T ay — a3 g®200 (€0 T a1 — a3)-

With these parameters being determined and with the help of (IIIT]) we can write
a explicitly as

2

1
o 08 —a} — ag)2 — —a?al. (10.13)

1
=6 ( 4
Comparing those expressions with ([@I4]) one will find that they coincide. However,
note that

16a% = Q% — 2@% (a% + a%) + (a% — a%)2 ,
which implies that for real non-zero o we need the left hand side to be positive and
therefore of > (la,| + |az |)2, a condition on the asymptotic quantities familiar from
the discussion of the Myers-Perry solution in [13] and [35], or we need 0 < 08 <

(lay| — |a2|)2. This latter possibility is ruled out in [13] and [35] by the additional
requirement that g2 > |a,|2 + |ay|2, and it is also forbidden by [4, Prop. 3.1]. Yet, it
is allowed by our analysis. So, characterizing our solution by the mass and the two
angular momenta we obtain next to the Myers-Perry space-time another branch,
which is unphysical.

Mass and angular momenta form a set of three parameters and the position of
the nuts can be expressed in terms of these three parameters. This is more than one
would have expected by only regarding Theorem However, we stated already
that by ﬂ, Prop. 3.1] the mass is redundant in the set of parameters. Here we did
not actually eliminate the mass, but the rod length. If one tries vice versa, that is
one tries to replace M by « in the set of parameters, then by rearranging (013
one is looking for all positive c3 which satisfy a 6" order polynomial. As shown
in Appendix [l with no further conditions on (v > 0, Ly, L) there are also two
positive solutions for ¢z (unless L? = L3 when there is only one). Thus, we are
facing the same problem as before, and this suggests that further conditions need
to be imposed on the parameters in order to rule out the unphysical solutions.

Some of the steps above, when we determined all the parameters in the patching
matrix, only work for Li, Ly # 0. Assuming that one of the angular momenta
vanishes leads to dichotomies at certain steps when tracing back the parameters.
Some of the branches in this tree of possibilities are dead ends others lead to valid
solutions such as the Myers-Perry solution with one vanishing angular momentum
or an ultrastatic solution, that is where gy = 1, g¢; = 0 (but this is not physical as
the mass is zero). On the other hand at no point we used the fact that the middle
rod is a horizon.

Note also that issues of conicality cannot arise here as the periodicities of ¢,
are chosen to be 27 on the outer parts of the axis and no further spatial rods are
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left. When we turn to higher numbers of nuts more will be required.
]

Moving on to the next level, that is to a rod structure with three nuts, we will
consider the simpler case where one of the Killing vectors is hypersurface-orthogonal.
This simplifies the computation in comparison with the general case as we will.

Example 10.10 (Three-Nut Rod Structure with one Hypersurface-Orthogonal
Killing Vector).
We consider the rod structure as in Figure B Together with Ly = L # 0, Lo =0

P P P
%:0 H %:O %:0

e ° ° z
4 e 3 +a 2 +5 1

FiGURE 3. Rod structure with three nuts, where o, > 0, and
52 x ST horizon.

this comprises our twistor data. In order to simplify the calculations we would like
to make assumptions such that the two non-diagonal entries in the third row and
column of the patching matrix vanish (when adapted to (5,00)). One therefore
needs gty = gou = 0, however, this cannot be concluded from Ly = 0, as the Black
Saturn shows |8]. The Black Saturn is non-static, but allows vanishing total angular
momentum. We thus make the assumption that dy, is hypersurface-orthogonal, that
is WAdY = 0, and in Appendix[Klit is shown that this implies x2 = g1y = gy = 0.
These assumptions turn our ansatz into

where

Alz) = (z+a)(z-a)(z-f),

1
q(z) = 522+C1Z+02,
L
l = =
(2) 7 + c3,
c(z) = =22+ 42?2+ 52+ c,
Q(z) = 224723 +cg2? +coz + cip-

Theorem gives the following conditions

ge—1? = @A, ¢1 quadratic,
Qg = al, ¢1 cubic, (10.14)
Ql = @A, g» quadratic, '

Qc = Q1A Q)1 quartic.
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The condition for the patching matrix to have unit determinant then implies
AP =Qgc—1?) =QHA & A?=Qq. (10.15)

Now, as ¢; is a quadratic, there are six possibilities for it to be a product of (z + «),
(z—a) and (z — ). But 9y = 0 on («, 3), thus % — 0 for z | 8. To guarantee this
(2—/3)? has to divide @, which rules out three of those six possibilities. Furthermore,
by Theorem [[0.6] we have

o _ 1

A det /I4
where A, is obtained from J by cancelling the rows and columns containing inner
products with dy. But from the general theory we know that the entry of P with
the inverse determinant contains a simple pole when approaching the nut, that is
2z 1 —a, so that ¢i(—a) # 0. This immediately yields

1

@ =5(2—)* and by MIIH) also Q =2(z+a)*(= — §)”,

Now observe that there is a factor of (z — ) in A but not in @, so that by ([0I4)
the monic (z — &) has to divide [, ¢ and ¢. We write this as

L 1 ~ B
l= ;(z—a), q:—i(zfoz)ll, c=—(z—a)gs,

on (—oo, —a),

where

li=z2+4A, G=24+Bz+C for A, B,C = const.
The first equation in (I0I4) then turns into

- 212

his——5 = A
™
3 2 2L° 3 2 2 2
& 22+ (A4 B)z +(C+AB)2+A07? = 2> —fz—a’z+a"p.
Comparing the coefficients one sees
2 2L? 2
B=-A-2, C+ AB = —a~, AC — — =a’B,
m
and therefore A satisfies
1/ ,, 2L? )
1 (a B—l—?) —AA+p8) = -«
2L?
& A3+ﬁA2—a2A—a2ﬁ——2 = 0.
m

212
Writing F(a) := a® + fa® — a*a — o? — —5-, we see that since F(0) < 0, this last
polynomial has to have at least one (positive) real root (see Figure H]). Now from

F'(A) = 3A% + 28A — a? one concludes that the local maximum of F is at

o =~ (8 4+ /T 4 30)

Furthermore, note that since a < 3, it is

1
Amax < —3 (a + Va2 + 3a2) = —a and

212
F(*O&) = 7? <0,
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F(a)

Gmax —« Gmin

FIGURE 4. The cubic F(a).

which implies that if F' has two more real roots, they will both be smaller than —c.
On the other hand there is a constraint on A obtained from the asymptotics. In
our patching matrix the central entry is

£:7(27O&)(22+BZ+0) =—1+(a—B-B)zt+...

A A
Using (@) and the relation between A and B, this gives
4M
A+a=—.
3

Positivity of M thus implies A > —a and we therefore have shown that there is a
unique positive A € R which satisfies all the constraints.

Consequently, by our ansatz we are able to fix all the parameters in terms of «,
B, L, that is in terms of the given data, and the patching matrix is

B z+ A L 0
2z+a)(z=08) w(z+a)(z—p)
b = : 29240 0 ;
(2 +a)(z = B)
; ; 2z + a)(z ~ B)

Z—
where

F=B+A4, 6=—-a®+pBA+ A%
Note that A and A are zeros of the same polynomial and are restricted by the same
inequality involving the mass, so this is the patching matrix for the black ring with
the conical singularity not fixed, see (@I For the regular black ring the angular

I am grateful to Harvey Reall for suggesting this possibility, which turns out to be correct.
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momentum can also be expressed in terms of « and g. We will see in Section [0.7]
how this can be done in the twistor picture.
[

10.2. Local Behaviour of J around a Nut

For the general case of a rod structure with three nuts and especially as the number
of nuts gets higher, one will find it increasingly difficult to reduce the number of free
parameters to a minimum and would therefore like to obtain more constraints from
the inner rods. With this desire in mind it would be useful to have an understanding
of how the patching matrices with adaptations to adjacent rods are related to each
other. We have seen an example in Theorem [[0.6] which can be considered as such
a switch at the nut at infinity. The proof gives an idea of what is happening when
changing the adaptation, yet it will be more difficult for interior nuts, that is nuts
for which |a;| is finite.

A strategy of how to achieve this is describred in Fletcher ﬂﬁ, Ch. 3]. There
the essence is that “.. redefining the sphere Sy and S; by interchanging double
points alters the part of the real axis to which the bundle is adapted.” , Sec. 3.2].
However, as the example in ﬂE, Sec. 5.1] shows, this comes down to a Riemann-
Hilbert problem which will be rather hard and impractical to solve in five or even
higher dimensions. Thus we will approach this task in a different way. The idea
is that we start off as above on the outermost rods where |z| — oo, determine as
many free parameters as possible by the constraints which we have got on these
rods, then take the resulting P-matrix (still having free parameters in it which we
would like to pin down), calculate its adaptation to the next neighbouring rod and
apply analogous constraints there. But before looking at the patching matrix itself
let us first study how J behaves locally around a nut.

Consider first a nut where two spatial rods meet, that is like in Figure

o __ o _
g =0 9p =0

L J z
v=>0 u=>0

FIGURE 5. Two spatial rods with their rod vectors meeting at a nut.

Without loss of generality assume that the nut is at z = 0. In this case a suitable
choice of coordinates are the (u,v)-coordinates defined as

r=uwv, 2= —u?) & wl=—z24 Vr24+22 0 =24 12422

where the signs on the right-hand side are either both plus or both minus. If we
choose both signs to be plus, then the rod d, = 0 corresponds to u = 0 and 9y to
v = 0. The metric in the most general case has the form

ds? = X dt? 4+ 2Y dtdy + 2Z dtdy) + U dp? 4 2V dedy + W dyp?
(10.16)
+ e (u? 4 v?)(du? + dv?),
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or equivalently

We assume that ¢, 1) have period 2.

Theorem 10.11. For a space-time regular on the axis the generic form of J in
(u,v)-coordinates around a nut, where two spacelike rods meet, is

XO ’U,2Y0 ’1}220

J = R TRA TR 7 I (10.17)
1)2W0
and, furthermore, one needs
U,
° 2—02 =1 as a function of v on u =0,
veesv
W,
° 2—02 =1 as a function of u on v =0.
use?

If one of the rods is the horizon instead of a spacelike rod corresponding statements
hold.

The second part of the theorem is closely tied to the problem of conicality, which
we will investigate shortly.

ProOOF. Introduce Cartesian coordinates
r=ucosp, y=using, z=wvcosy, w =wvsiny, (10.18)
then the metric becomes in these coordinates

Y A U
ds® = X dt? +2— dt(rdy — ydz) + 2— dt(zdw —wdz) + —4($dy—ydx)2
u v u

+2

W
52 (xdy — ydz)(zdw — wdz) + F(zdw —wdz)?
2, 2 2 1 d d 2 1 d d 2
+ e (u” 4+ v°) E(z x4 ydy) +U—2(z z+wdw)” ).
(10.19)
The x, y, z, w are not to be confused with the earlier use of the same symbols. Set
Xo = X. Now as u — 0 for constant v we immediately see that in order for g,

and gz to be bounded we need Y = u2Yy and V = u?V; for bounded Yy, V3 | The
remaining singular terms are

U y 1
E(z dy — ydz)? + e* (u? + ’UQ)E(:L' dx + ydy)?.
For the fourth-order pole not to be dominant we need U = u2Uy for bounded Up;

then it is required
Uy

— > =1 asa function of v on u =0 (10.20)
vee”

to remove the remaining second-order pole.

3Remember that for polar coordinates (u,¢) the angle ¢ is bounded in the limit to but not

continuous (or even differentiable) at the origin w = 0. Thus £ is not bounded towards the origin.
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Repeating this for v — 0 with fixed u yields Z = v2Zy, Vi = v?Vy, W = v2W,

and
Wo
u2€2u

This is the minimum that we can demand in terms of regularity of J on the axis
and near the nuts.

Assuming now without loss of generality that in Figure [l the axis segment where
v = 0 is the horizon, we have seen in Chapter [ that then the first row and first
column degenerate. So, we substitute

=1 as a function of u on v = 0.

z =wvcosh(wt), w = vsinh(wt),

where w is a constant with no further restriction. The coordinates x and y choose as
in (ILI8). Now the above argument works analogously with all results equivalent,

but

Xo 9

——— = —w” as a function of v on u = 0.
U2€2u

10.3. Conicality and the Conformal Factor

Returning to the case as depicted in Figure B, we saw in (I0.20) that regularity at
an axis seqment where dy4 vanishes forces a relation between g44 and the conformal
factor e?” of the (r, z)-metric. In this section we first establish the following.

Proposition 10.12. On a segment of the axis where uw = 0 we have v;% =

constant.

PRrROOF. To prove this we need to consider how the conformal factor varies on
the axis and this is obtained from ([EI9) which we may write as

e (log (re™)) = %tr (J 7 eI M) (10.21)

It will be convenient to work with x = u-+iv where £ = z+4ir = %XQ and concentrate
on the conformal factor of the (u,v)-metric which is (u? + v?)e?” by (LIJ). Then

Ay (log ((u® +v?) e*)) = 8y (log ((u® +v?) (uv)~'re®”))
S S S TR
=1 % + 7 + 3(u+iv) tr (J7 T J )
Close to the axis segment u = 0 we substitute from ([II7) and expand in powers
of u to find

Ky % + 0(1)) , (10.22)

0y (log ((u2 + v%)e>))) = i— i T % (?
where
Ky = (Uy (XoWo —0223)) =1+ %O (u?),
Uo
The right hand side of the first equation follows from the determinant

w?0? = det J = w202 X UgWy — u2v4UOZ§ +0 (u4) ,

Ky = (Uo (XoWo — v°Z3))
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hence
1= Uy (XoWo —v?Z5) + %(’) (u?).
Taking in (I022) the limit on to v = 0 we obtain just
dy (log (v?e*)) = 9, log (Uo) ,

so that
Uo

———— = constant on u = 0.
’1}2621/

O
Thus [[20) will hold at all points of the axis segment if it holds at one. The

following proposition is an analysis similar to m, App. H], but it is simpler and
more self-contained to rederive it than translate it.

Proposition 10.13. As a function on the azis {u = 0} U {v = 0}, that is as a
function of one variable, the factor (u2 + 02) e?” is continuous at the nut u = v = 0.

PROOF. Near the nut introduce polar coordinates
u=Rcos®, v=RsinO,
so that from ([[0ZI) and with the help of

1
wd, = vy — udy, WV, = udy +v0,, 0O = 5 (0, —i0y)

we get

de (log ((u* +v?) e*)) = (ud, — vdy) (log ((u” +v?) e*”))

— (udy — vDy) <1og < >> _ 0. (log (re®*))

u2+1)2

uv

=t (SR
=2 L (T = T ).
v 4

Again we expand this using [[ILIT) to find
Do (10g ((u? +v?) ) = == + = — = (Up (XoWp — v*25))”
+ = (Wo (XoUo — w?Y))” + O(u) + O(v)

= O(u) + O(v) = O(R).

Now the jump in log (u2 + v2) e?” round the nut is

A (log ((u® +v?) e*)) = 1121310/0% o (log ((u® +v?) e*))dO =0,

and (u? + v?) e?” does not jump either.

On u = 0, Uy is continuous and by Proposition [0.T2] UZUEUQ,, = constant, so vZe?”
must be bounded there. Similarly, on v = 0 for Wy and —34-. Thus, (u? + v?) e®”

is continuous on the two rods and has no jump across the nut, so it is continuous
on the axis. O
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The strategy for removing conical sigularities is now clear: We start by assuming
that ¢ and 1 both have period 27. On the part of the axis extending to z = +o0,
where the Killing vector 0, vanishes, we have % = constant by Proposition 012
and the asymptotic conditions we are imposing make this constant one. The corre-
sponding statement holds on the part of the axis extending to z = —oo for the same
reason. When passing by a nut between two spacelike rods we may suppose, by
choosing the basis of Killing vectors appropriately, that d,; vanishes above the nut
and dy below and we know by Proposition that (u? +v?) €?” is continuous
at the nut. If there is no conical singularity above the nut we have UZU% =1 there

Wqo

and we want —4- = 1 below the nut. Therefore we require the limits of Uy from

above and Wy from below to be equal.

Corollary 10.14. With the conventions leading to [(ILID), the absence of conical
singularities requires
v—0 u—0
This is what we have just shown. At a nut where one rod is the horizon we do not
obtain further conditions as we have no reason to favour a particular value of w. To
see how this is applied to the case of the black ring we need a better understanding
of going past a nut.

10.4. Local Behaviour of P around a Nut: Switching

In this section we establish a prescription for obtaining the matrix P_ adapted to the
segment of the axis below a nut from the matrix P, adapted to the segment above.
We call this process ‘switching’. Once we have the prescription we can impose
the condition of non-conicality found in Corollary [LIT4l We then apply this to
the black ring, but it is clear that with this prescription we have an algorithm for
working systematically down the axis given any rod structure so that we obtain
all the matrices P; adapted to the different rods labelled by ¢. The result is the
following.

Theorem 10.15. Let at z = a be a nut where two spacelike rods meet, as in
Figure[d, and assume that we have chosen a gauge where the twist potentials vanish
when approaching the nut. Then

1
0 0 —/—— 0 0 2(z—
2(z—a) (z—a)
P = o 1 0 Py (1’ o :
2(z—a) O 0 2(z —a) 0 0

where Py is adapted to w =0 and P_ is adapted to v = 0.

We begin by motivating this prescription from a consideration of ([OIH). First
calculate the twist potentials in the same way as in Chapter @ The metric (I0.IG])
can be rearranged in orthonormal form

ds? = X (dt 4 wy dg 4 wy dy)? + U(dp + Q dep)?
+ W dyp? — 2 (dr? + d2?).
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The orthonormal frame is again

00 = X3 (dt + wy dp 4+ wo dep), 01 = U= (dp + Qdep),
02 =Wady, 6=e'dr, 60*=e"dz,
SO
Xwi =Y, Xwy =27 Xwiws +UQ =V,
U+ Xw?=U, W +UQ%+ Xwi = W.

Adapted to 0y = 0, then for small r it is Z,V, W € O(r?), hence wy, A, W € O(T2)E

and the other terms O(1). This implies 7 — 1 as r — 0.
Now the 1-forms are

O —T=X360", 0, ®=uw X76°+030",
hence
dx1 = (T A®AAT) = #(X20° AUZ0" A X dws A dip)
dya = #(T A ® AdD) = +(X20° AU A (w1.X dws + U dQ) A dop),

which with *(6° A 1 A 0% A 03) = 0% leads to

0.x1 = e(XU)2 X lim (M)

r—0 V[/l/2
~ 1 . leﬁrwg + U&«Q
0.3 = (X0} liy (202 L EO2),
We switch again to (u,v)-coordinates by using
0 0 0 0 0 0
=U5-+ =V +u;

Ou 0z " Yar aw . Vo or’
On v = 0 this yields

6X1 o 81/11 o ~\ L . 1 awg
Tu Vg, T ueXURX I —mm s )
Now usd]
Z 2Z
wngzv O and W =v?W, + O(v?),
0

“In order to see that Q € O(r2), derive from X € O(1) and UX = UX — Y2 that U € O(1).
5NB: If we did not have Z = v22 already, then we could impose it here without loss of generality,
since a smooth metric invokes smooth twist 1-forms, but x1 becomes singular for v — 0 if only
Z =vZp.
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to obtain
Ix1 AR (XoU)? Zy Zo 2 14y2)7
—— =¢(XoU)? = 2¢ =2e (w*Up Xy = u'Yg)*
o ’UWOI/2 Wol/z Wol/z
1
X 2
=27, (U&/OO) u+ O(u?)

= X1 = X? —+ X%’U,Q + h.O.

Analogous steps lead to

wYoldz 4 (U - %) Lo

Oxe Ox2 1 u ov
% = UW = ’LLG(XU)2 %% ,UW01/2
vizo (Vo3
= 2u?(X0)F | 2220 Toju

1/2 1/2
XoW, oW

UoXo\ 2
= 26‘/0( I?I/OO) ’LL3 + h.o.

= X2 = X3+ xzu' + ho.

For u = 0 we only have to swap Y < Z, U +» W. With u? ~ 2z the above can be
summarized as

g—z +0(1) —goxi+0(2) —goxzz+O(2?)

Pﬁ(?‘ = O,Z) = . X0+O(Z) 2ZY0+O(ZB) )
2200 + O(2%)
where gy = (X U, —22Y{)~!. Note that here we dropped without loss of generality

the constant terms of the twist potentials x?. This can be done just by a gauge
transformation to P of the form P — AP B with constant matrices A and B, namely

1 0 0 1 - —e
P> = 1 olPlo 1 o
—C9 0 1 0 0 1

For P in standard form this results in x; — x; + ¢;- Removing the constant term in
the twist potentials allows us to assume that without loss of generality the entries
which become zero or blow up towards a nut are only on the diagonal. The off-
diagonal entries are bounded towards the nut.

Without loss of generality assume that the nut is at @ = 0. Then the calculations
above show that to leading order in z the patching matrices below and above the
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nut areﬁ
1 Zy Voz
2:X0Up  (UeXoWo)"?  (UeXoWo)'"?
P — . M 25Ye , (10.23)
QZUO
1 YO VOZ
2:2XoWo  (UoXoWo)?  (UoXoWo)'
P, - . X, 927, (10.24)
72ZWO

Using that det J = —u?v? in (II7) and thus XoUyWy = —1 to leading order in z
we see that the switching is correct to leading order in z. (This is consistent with
the different adaptations we calculated for example for the Schwarzschild space-time

or flat space, see Section [0.4])

Proor orF THEOREM IO T8l To prove Theorem [[0.T7 the strategy is to follow

the splitting procedure outlined in Section B4l

We first observe that splitting Py as in (I023]) will lead not to J(r, z) as desired,
but to J(r, z) with its rows and columns permuted. This can be seen by looking at
the diagonal case. To obtain J(r, z) with the rows and columns in the order (¢, ¢, 1))

we need to permute

P, — P, = EyPyE; with Ey =

Similarly for P_ by ([[L24]), we permute

P. — P_=E,P_E} with By =

0 1 0
100
0 0 1
01 0
0 01
100

Note that now the prescription in Theorem [[0LTH translates to

1 0 0
P_=DP.D withD=| 0 2z 0 |. (10.25)

1

0 0 —

2z

6Chosen the right orientation for the basis such that the signs which are recorded by e work out.
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Recall that we have set a = 0. Following Chapter B to obtain J we split the
matrices

100 1 0 0
—~ r —
P+_OEOP+0—TCO,

0O 0 1 o 0 1

(10.26)

1 0 0 1 0 0

=010 |P|lo1 o
T
005 0 0 —r¢

The location of the diagonal entries which are not one is dictated by the position of
the Killing vector which vanishes on the section of axis under consideration within
the basis of Killing vectors (¢, 0g, 0y ) . In the language of Section B4 the integers
(po, p1,p2) are, as we know, a permutation of (0,0,1) and the location of the 1 is
determined by the prescription just given.

Assembling (I027)) and ([I024) to

P_ = AP, B,
where
1 0 0 1 0 0
a=| o E B=|o -2 o
r . ’ r¢ e ’
U % 0 0 -

all that is needed for completing the proof is to show that splitting the left and right
hand side of this last equation yield the same J-matrix. To perform the splitting,
we replace all appearances of z by w and make the substitution (CI4). Note that

w:z—l—g(C*l—C):l( 2—U2+uv(cfl—§))—i(uC—i—v)(u—vg),

2 2«
so that
2w¢ _ (ug+v)(u—vg)
T w1l
2w 1 (uCH+v)(u—v() .
B e — =1+0(¢).

Thus A(z,r,¢) is holomorphic and nonsingular in the neighbourhood of ¢ = 0 with
A(z,7,0) = id, and B(z,r, (') is holomorphic and nonsingular in the neighbour-
hood of (7! = 0 with B(z,r,0) = id. Consequently, if P, splits as

— 0o _ _1
Py = K3 (r,2,0) (KT (r.2,¢7Y)
with K9r holomorphic and nonsingular in the neighbourhood of { = 0 and K$°

holomorphic and nonsingular in the neighbourhood of (~! = 0, then a splitting of

o~

P_ is given by taking

P =K° (K®)™' with K% = AK?, K = B7'K.
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The corresponding expressions for J are
oo -1
J=J,(r,z) = K$(0) (K5°(0))
and
J=J (r,z) = K°(0) (KEO(O))71 = A(r,2,0)J, (r,2)B(r,z,0) = J,_(r,2).

These are the same. O

10.5. Application to the Black Ring

Now we see how to apply the prescription for switching and the discussion of con-
icality to P(z) for the black ring as in [@IJ). We are interested in the nut with
largest z-value, which is the one at z = . The first step is to make an additive
shift to the twist potential x to ensure that the term Pyo in [@I9) is finite at z = 5.

This needs
2v

BN

x—+x+C, C=-

when
B v(iz+ M) _ v
Pz = Pia = CPi = Piz — B+NE+a)(z=8)  (z+a)(B+N)

which is indeed finite at z = 3, and

(z+p) k2(2b — ¢ + be)
(z+a) (1+0)
which is also finite at z = 5. We are in position to make the switch as in Theo-
rem [0 T8l with 5 in place of a and the result is

P22—>P22—20P12+C2P11:— WheI’e/LZ

(z +0a)
B 0
Py = (2t w) 2v(z — f3)
Gta)  Aeta)
LEENE—H)
+ta)

We have completed the switching and obtained P»(z), the transition matrix adapted
to the section of axis a < z < . We could continue to find the transition matrix
adapted to the other segments but that is straightforward and we do not need it.
Instead we shall return to the question of conicality addressed in Corollary TO.T4
Compare with Theorem [[0.TT] to find from P; that

2(z+0a)(z-p)

2
W f—
o z—a)
where now v2 = —2(z — 8) and from P; that
P CEP T
(z+a)

where now u? = 2(z— ). Corollary[@IIdimplies that there is no conical singularity
on the axis section a < z < 3 provided

lim WO = lim Uo,
u—0 v—0



104 10. THE CONVERSE

which here requires
B+A  [ft+a
Bta B-a
Using [@20) this condition can be solved for b as
2
142

which is known ﬂﬁ] (or ﬂ2_1,|, Eq. (6.20)]) to be the right condition.




CHAPTER 11

Summary and Outlook

In this work we have presented a possible way for the reconstruction of five- or
higher-dimensional black hole space-times from what are at the moment believed to
be the classifying parameters, rod structure and angular momenta. The method is
based on a twistor construction which in turn relies on the Penrose-Ward transform.

Our idea assigns a patching matrix to every rod structure where, apart from the
possible poles at the nuts, the entries of the patching matrix have to be rational
functions with the same denominator A — Chapter By imposing boundary
conditions the aim is to determine all the coefficients of the polynomials in the
numerator of these rational functions in terms of the nuts and angular momenta.

However, with an increasing number of nuts one needs increasingly sophisticated
tools and it is of particular importance to gain a detailed understanding of how the
patching matrices, adapted to two neighbouring rods, are related. In Theorem [[0.TH]
we show how to do this and Theorem provides this statement for the nut at
infinity, that is, it relates the patching matrices which are adapted to the outer rods.
By means of that we are able to reconstruct the patching matrix for a general two-
nut rod structure (up to one restriction on the parameters for the physical Myers-
Perry solution) and we can show that a three-nut rod structure with one Killing
vector hypersurface-orthogonal fixes, together with a given angular momentum, the
space-time to be the black ring.

Also in Chapter [0l we discuss conical singularities on the axis and show how to
obtain necessary and sufficient conditions for their removal. Applying this to the
black ring we obtain the known relation between the parameters. In particular,
this implies a relation between the rod structure and the asymptotic quantities for
a non-singular solution known to exist.

Further questions which are interesting to pursue in this context are for example:

Which rod structures are admissible? In other words, are there any restrictions
on the rod structures which one allows in the set of parameters?

Can we construct a Lens space-time this way, that is a space-time whose horizon
is connected and has the topology of a Lens space ﬂ2__4|, Prop. 2]?7 We know what the
corresponding rod structure looks like, but are we able to fix enough parameters
and can we see whether the resulting patching matrix does give rise to a space-
time without singularities? The latter question seems to be difficult to address as
by the analytic continuation one can guarantee the existence of the solution with
all its nice regularity properties only in a neighbourhood of the axis, but further
away from the axis there might be so-called “jumping lines”, where the mentioned
triviality assumption of the bundle does not hold.

How many dimensions does the moduli space for an n-nut rod structure have?
Can we find upper and lower bounds on that depending on the imposed boundary
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conditions? This also does not seem to be an easy questions as most of the con-
ditions we impose on the patching matrix are highly non-linear, for example the
determinant condition.

Which parts of the theory extend to higher dimensions? We have already pointed
out along the way that some statements straight-forwardly generalize to more than
five dimensions as well, but some others do not. A closer look at those points is
certainly interesting.

Also stepping a dimension down leads to a question for which this set of tools
might be appropriate. Are we able to disprove the existence of a double-Kerr solu-
tion in four dimensions? It is conceivable that for example the imposed compatibility
requirements as one switches at the nuts lead finally to an overdetermined system
of conditions and thereby provoke a contradiction.



Appendix

A. Conformal Metrics and Null Separated Points

We show that two symmetric (0,2)-tensors are conformally equivalent if and only
if their sets of null vectors are identical (assuming that we have a bijection or a
diffeomorphism between the underlying manifolds). If the (pseudo-) metrics are
conformally equivalent, then the null vectors are obviously identical. Conversely,
if we know that the (pseudo-) metrics g1, g2 leave the null cones invariant, then
timelike or spacelike vectors, respectively, in g1 correspond to timelike or spacelike
vectors, respectively, in go. We are interested in the Lorentzian case, and choose an
orthonormal tetrad eg, e, ea, es for g; such that eg is timelike and ey, es, e3 are
spacelike. By the assumption that null cones are preserved this is also orthogonal
tetrad for g, and

g1(eo,e0) =1 = ga(ep,e0) = A >0,
gileiei) =1 = golee;)=p; <0, i=1,2,3.
Moreover, eg + e; is null for g; hence for g,
0 = g2(eo + €, e0 + €i) = galeo, €o) + 292(eo, €i) + g2(ei, €;)
= g2(€0,e0) + g2(€i, ) = X — ;.

This shows that all nonzero coefficients for go are the same, that is g; and go are
conformally equivalent.

B. Characterization of Simple Bivectors

A bivector z*? is simple < sag,ﬂ;xo‘ﬁz'ﬂg =0« *xagzo‘ﬁ =0.
ProOOF. 2% is simple = €,4,52*%27° = 0:
Eaprst®P 2V = capys(Z2°2° — 2P 2V 2720 — Z°27)
T W AV AV AV AR AVAVAY AL
N AV AVAVARSYAVAVAYA)
Y TN YAV AVAIAL
=0.
Eaﬂwxo‘ﬁx'ﬂg =0 = *xagxo‘ﬁ =0: *xaﬂxo‘ﬁ = %Aeagv(;x'y‘sxaﬁ =0

*xagzo‘ﬁ = 0 = 2% is simple: First note that 7 has to have rank 0, 2 or 4,
because it is skew-symmetric (its non-degenerate part defines a symplectic bilinear
form and symplectic vector spaces are even-dimensional). This implies that if =
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has an eigenvector with eigenvalue 0, then x has to be of rank 2 or 0. Supposing
that 2% is nonzero we can set 2 rows and 2 columns zero. But then x has to be of
the form z®# = Z[*ZPl. It remains to show that such an eigenvector exists. Using
relations for the alternating symbol one can verify that

1
Y xg, — xx kY, = §x5”\y5)\5§

for bivectors 7, y®?. Setting y*? = x2*? and using *> = 1, A2 = —1 yields
immediately
$Tapt?’ =0 =  *zap2*? =0.

So, our assumption implies that acﬂ”qV is an eigenvector with eigenvalue 0 for an
arbitrary g . O

C. Computation for Reduced Einstein Equations

Using (EI0) and the Ricci identity we obtain
Ry XX} = XVR, X! = —X!V°V X,

1
= XUV, (TR(0° )X, — (0,7 X))

Expanding by Leibniz rule
a 1 C (&
R, X; X]l') = _—(Vchk) : (X;')le(a Jik) - X]l?(ab*]ki)Xl)
2 ~—— —_———

=Jj =0

1 1
— = XVX, JHV 0Ty, — S JR(0° ) XV Xy,
2: ) 2 < °

=Jjl %BCJJ'L
1 lk ycyb 1 kl v b c
~——
=0

and using (BI4) together with the expression for the Laplace-Beltrami operator

Ou=VaVeu=——=0, (VIglg"ou)

L
Vgl
this yields
ayb 1 c Lk 1 1 Lk 9c
R, Xi' X = *§le(a Ji)(0J) — 5 OJij — ZJ (0°Jik)(0e 1)
1 c 1 (&
+ §J”“Xl Ve(X00yJri) — 5J”c X{V(XD) 00 Ty
=0 —15,7;
2UbJj1

Some further substitutions and cancellations lead to

a 1 C 1
R, X; ng = *5le(3 Ji)(0.J%) — 5 mpn

1 1
- ZJ”“(a‘ifik)(acjﬂ) + ZJlk(a"’Jik)(achl),



E. INTEGRABILITY OF EINSTEIN EQUATIONS 109

and eventually
1

Ry XeXP= -

1
Ta(0°7,)(0.0") - 5 0,

)

1 1 1 1,
= *EJikal aJ; — EijLff% (&zjkl)gég b (O 1)

1 _1 1
= —5Jing 20a(92 g** J* 0p Ji)
as claimed. Note that the covariant derivative for the functions J;; is the same as
the partial derivative.

D. Isothermal Coordinates

Isothermal coordinates on a manifold are local coordinates where the metric has the
form
ds? = e®(da? +...d2?)
with e” a smooth function. In the real case the manifold should be Riemannian so
that isothermal coordinates are conformal to the Euclidean metric.
For a 2-surface isothermal coordinates always exist locally, which can be seen as
follows. The coordinates r and x are isothermal if they satisfy

xdr = dz

where * is again the Hodge star operator. Suppose A = dd+dd = dd is the Laplace-
Beltrami operator on functionsEl then by standard elliptic theory, we can choose r
to be harmonic near a given point, that is Ar = 0, with non-vanishing gradient
dr. In our case we were given such an r. By the Poincaré lemma *dr = dz has a
local solution x if and only if d « dr = 0. Because of § = *dx, this is equivalent to
Ar = 0, thus local solutions exists. From the facts that dr is non-zero and 2 = —1
on 1-forms, we conclude that dr and dz are necessarily linearly independent, and
therefore give local isothermal coordinates.

In our case the overall sign of the metric is not fixed, because we only asked the
orthogonal 2-surfaces to be non-null. But the exclusion of null vectors still leaves
two possibilities for the signature, (+,+) or (—, —).

E. Integrability of Einstein Equations

The second part of the reduced vacuum Einstein equations ([TI9) are in full
2i0; (log re?) =r tr(agJ_lﬁgJ),
—2i0¢(log re®) =r tr(agj_lﬁgJ).

By use of (1)) and the constraint det J = —r? we have to show that they are
integrable, that is
g0 (log re?”) = 0, 0¢(log re?”),
which is equivalent to
Oz (rtr(0gJ10:J)) + 0, (rtr(9z ' 0zJ)) = 0. (Appl)

IHere § denotes the codifferential according to the differential d. As the codifferential lowers the
grade of a form, we get on functions r = 0. One can proof that V,V® and d§ + dd are equivalent
when acting on scalar functions.
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With
ox or 1 1
35 = 8_5896 + a—gar = 581 + Ear,
85 = a—:fax + a—iar = laz l,ar,
o0& o0& 2 2i

we first rewrite (&I1)) in the following way
0= 0 (rJ19gJ) + Og(rJ ~10,J)
1 1 1 1 1 1
= Z(am + Tar)(rJ_l(aw — Z—aT)J) + Z(am — Tar)(rJ_l(az + Z—aT)J)
i i i i

= 0, (rJ 10, J) + 0p(rJ10,.T)
This is applied in the following form

1
1 1o_ _7-1 —1g_ 1
2rJ 850511 = r@EJ 6£J ragJ 8§J 5 (J 8§J J 6EJ), (App2)

where the derivatives act only on the variable immediately to its right if no further
parenthesis indicate it differently. Note that by 9A=1 = —A~"1(9A)A~! for a matrix

A, equation is equivalent to
g (rtr((J710c])?)) + 0, (rtr((J10:0)%)) = 0,
which can now be proved with [App2]) by expanding the derivatives
g (rtx((J 710 J)%)) + O (rtx((J9:J)%))

— 7% tr ((J710cJ)?) + 2rtr (0] 0 J)(J 10 J))
+2rtr ((J'0z0.J)(J9.T))
+ l tr ((J7'0:])?) + 2rtr (0] 0eJ)(J ¢ )
((J710.0:)(J~10.))
= —% tr ((J710cJ)?) + 2rtr (0] 0. J)(J 1))
+ tr ((—r(@EJ_l)agJ — (0] 10T — %(J‘lagj — J‘lagJ))(J‘lé?gJ))
- %tr ((J710:0)?) + 2rtr (0] 9 J)(J 0 ))

1
—1 —1 —1 —1 -1
Ftr ((r(@EJ 0] = (00T — (10T = T 10D 8£J)>
=0
All terms cancel so that is integrable.
F. Criterion for Orthogonal Transitivity

We use the following theorem.

Theorem. Let X;, ¢ = 1,...,n — 2, be n — 2 commuting Killing vectors in an
n-dimensional real or complex manifold such that
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(1) the tensor X' X2 ... X“32V? X vanishes at least at one point for every
i=1,...,n—2and
the tensor X, R "X{" Xy> - X" =0foralli=1,...,n —
2) th XRIXMXS X =0foralli=1,...,n—2,
then the 2-planes orthogonal to the Killing vectors X;, ¢ = 1,...,n — 2, are inte-
grable.

For dimension four this is proven in @, Thm. 7.1.1] using Frobenius’ theorem
on integrable submanifolds; the generalization is due to Emparan and Reall ﬂ,]__lj]
In the Einstein vacuum case condition ([@) is automatically satisfied. Condition
@) is moreover satisfied if for example one of the Killing vectors corresponds to an
axisymmetry, hence it vanishes on its “rotation axis”. If we suppose both holds, then
the obtain the metric in the o-model form. In the real case we want our space-time
also stationary (to get isothermal coordinates on space-time modulo symmetries).

G. Conical Singularities

Suppose we parameterize the flat, real, three-dimensional space in conical coordi-
nates. Then the metric takes the form

dz? + dy? + dz? = dr? + k%r2de? + d2?,
which is singular at » = 0. Apparently, this is only a coordinate effect. So, con-
versely given a metric

dr? + k%r?de? + d2?

we can define = rcosf, y = rsinf, § = kg so that

dr? + k*r?de? + d2? = da? + dy? + d2°.
However, this requires that the periodicities of ¢ and 6 are in a ratio of 2?” If they
do not have the correct periodicity, then a singularity at the apex {z = 0, » = 0}
appears which is of the form “Riem = 46(r)”. That is, there are diffeomorphism
invariant quantities which become singular at the origin but their limit towards it

is finite. Lastly, a short picture how the above form of the metric relates to the
picture of a cone. In cylinder coordinates

dR? + R?d¢? + dZ>
a cone with aperture 2« is given by Z = R cot o, see Figure[ll With dZ? = dR? cot a
the metric on the cone becomes

sin™? a dR? 4+ R*dp? = dr? + sin? ar?dy?

where R = rsina. This is exactly our conical parameterization of the (x,y)-plane

above with the relation k2 = sin? .

H. Rod Structure of Schwarzschild Solution

With the substitution
z=(R—m)cos®, r=(R>—2mR)*sin®, t=T, =3

for the Schwarzschild metric

-1
2 2
ds? = (1 _ fm) ar? — (1 - fm) dR? — R(d©? + sin © d®?)
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F1GURE 1. Cone with aperture 2a.

we calculate
(z4+m)? = (Rcos© + m(1 — cos ©))?
= R?*cos? © + 2mRcos O(1 — cos ©) + m?(1 — cos ©)?,
(z—m)? = (Rcos © — m(1 + cos ©))*
= R?*cos? © — 2mRcos O(1 + cos O) + m?(1 + cos O)?,
r? = R?sin? © — 2mRsin? O,
This yields
r? + (z+m)* = R* + 2mR(cos© — 1) + m?*(1 — cos ©)?
= (R+m(cos©® —1))?,
r? + (z —m)* = R* — 2mR(cos© + 1) + m*(1 + cos ©)?
= (R—m(cos© + 1)),

and therefore

2R —4m 2m
_=2R -2 d == - =1-=,
T4 m and f ¥ I
But from the metric we see
2m
YY)=1— —
g(¥,Y) 7

and

9 . o9 (R? — 2mR)R?sin”? © (R? — 2mR)sin? ©
g(X,X)=—R"sin“0Q = — 2 _omnR = - ~om

Then J takes the desired form.
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I. General Backlund Transformation

Starting from the given decomposition we havd]
-1

S A7t 0 1 B
B 1 0 At )
and
_ —1 _ _ —1
1 B 0 B, 1 B At 0
OuJ = — B o B}
0 A1 0 —A 14, AT 0 A1 B 1
B -1
1 B —ATTALATY 0
+ ~ )
0 A1 Ba 0
where a € {w, Z}. This yields
J 0,
—1 B B —1
A0 0 B, 1 B AL 0
B 1 0 —A 1A A! 0 A1 B 1
-1
A7t 0 —A7TA,ATY 0
+
B 1 Ba 0
A 0 0 B, 1 —-BA A7t 0
-BA 1 0 —A 1A A1 0o A B 1
A 0 —A71A AT 0
+
—BA 1 Ba 0
—AB,AB — A A™! —AB,A

BAB,AB + A~ A,B + BA,A™' + B, BAB.A+ A A,

From this we can read off the form of Yang’s equation ([&2)). The (12)-entry of the
matrix yields

0.(AB;A) — 8,,(ABgzA) =0,
which is the second equation in [82). Using this we get for the (11)-entry
AB:AB. 4 0,(A:A™Y) — AB3AB, — 0,(AgA™1) =0,

which corresponds to the last equation in ([82]). Again using ABLA =0 we get for
the (22)-entry

B.AB:A +0.(A7*A;) — B,ABsA —0,(A"1A;) =0

—1
207 . A1 0 - A 0
Usmg(B 1) (—BA 1)
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corresponding to the third equation in ([B2). Lastly, with the vanishing of the
(11)-entry we obtain for the (21)-entry

0= (BAB:A+ A7 A:)B. + (BA:A™Y). + (A7), AB: + A1 (AB: A). A"
+ B:A(A™Y), — (2,2 <> w,0)
= AYA:B. + B,A; A7 + (A4, AB: + B:A(A™Y),
+ AV AB:A). A7 — (2,2 & w, W)
= A"Y(A:B, — A.B;) + (B,A; — B:A,)A™!
+ ATYAB:A). A7 — (2,2 & w, ).
Multiplying with A from left and A from right gives
0= (A:B, — A.B:)A + A(B.As; — B;A.) + (AB:A). — (2,7 ¢ w, )
= (AB,A)s — AB.;A — (AB:A). 4+ AB.: A+ (AB:A). — (2,7 & w,0)
= (AB.A): — (ABy,A)g,

that is the first equation in (2.

J. Reduced Backlund Transformation

To obtain the reduced form of the Yang’s equation in terms of the Bécklund de-
composition we proceed as above. By taking « € {r, z} we immediately get the last
three equations and the part with the z-derivatives in the first equation. Only the
r-derivatives in the first equation need a closer look. But there we have in the same
way as above

r(BAB, A+ A~YA,)B, + (rBA,A™Y), + (rA"1AB,AA™Y),
=rA A, B, +rB, A AT + (AN, AB, + B, A(A7Y),

+ A"Y(rAB,A), A7}
=rA"Y(A.B, — A.B,) + (B, A, — B.A,)A™" + A7 (rAB, A), A™!
= A" (rAB,A), A7,

which yields the claimed form of the equations.

J.1. Two-Nut Spacetime: Parameter Configurations. Given the set of
parameters (a > 0, L1, L), we would like to see whether the mass, that is cs, is
uniquely determined. If we set o = ¢3, then from [[IL13]) we get

=9 2

i .
402zt = <z3 — 7) —L%L2

with 2L; = nL; and L? = L? + L3. This is equivalent to finding the positive zeros
of

~ 1 =~ ~
F(x) = —da’a* — D% + o (I} - i2)%.
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Rewrite this as

F(x) = 2 (:c3 —40’x — 1:42) +K, where K = i (Ii% — Eg)Q > 0.

G(z)

Now R
G'(z) = 2% (62° — 16a%x — 3L%)

g(x)
Since g(x) is a third order polynomial with positive leading coefficient, and negative
value and slope for z = 0, it has to have precisely one zero for x > 0. Therefore,
G(z) has precisely two extremal points for z < 0, a saddle point at the origin and
precisely one minimum for & > 0. At this minimum it is

8 1-
2% = §a2:c + ELQ

)
Tmin>0

hence

8 1. 4 1- 32 ~ 1-
G@)], o= (ga%c + §L2) (—§a2x - §L2) = —?0/1302 —20%L%x — ZL4'

Finally, we see that

32 - o
>0 = G(z)|zmm>0 + K = 75044:02 — 202 L% — L33 <0,

and because G(0) = 0, we conclude that with no conditions on (a > 0, L1, L2) there
are two positive solutions for = (unless L? = L3 when there is only one).

F(z)

K. Implications of Hypersurface-Orthogonality

A Killing vector K is called hypersurface-orthogonal if K is the normal of a hyper-
surface. By ﬂﬁ, Thm. B.3.2] this is equivalent to the vanishing K A dK, where we
denote the Killing 1-form by K as well. To sketch how this implies the vanishing of
certain metric coefficients we write in our case

U = giyp At + gy dp + gy Ay,
then
AV = giyr dr Adt + goy,r dr Ade + gyyrdr Ady) +17 5 2
and U A d¥ = 0 is equivalent to

9o A9ty = Gty AGpeps
Gyp Gty = Gy Gy,

9w A9pp = Gy AGyy,

where d = 0, + 0.. If all three of the metric coefficients are non-zero these equa-
tions can be integrated easily, showing that all three metric coefficients have to
be proportional. However, this is a contradiction with respect to the asymptotic
form of the metric if we regard this set of equations for a region that extends to
V12 + 22 — oco. Thus, some of the metric coefficients have to vanish, and it is not
hard to see that the only possibility, which is compatible with the asymptotic form
of the metric, is when gy = gy = 0.
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