
Relative Motion and Pose From Arbitrary Plane CurvesC.A. Rothwell, A. Zisserman, C.I. Marinos,D.A. Forsyth and J.L. MundyRobotics Research GroupDepartment of Engineering ScienceUniversity of OxfordOxford OX1 3PJWe show how to recover the position and orientation ofa pair of known coplanar conics from a single perspectiveimage. We describe and compare a number of methodsfor determining this relationship. One uses a simple fourpoint back projection model, and the other utilizing trans-formation invariants. These results can be extended ina number of ways. Firstly, they can be applied to arbi-trary plane curves using an invariant �tting technique.Secondly, the recovery methods are applicable to higherorder algebraic curves.We show examples of pose determination for both syn-thetic data and real images of conic and non-conic ob-jects. For example we recognise and determine pose for agasket containing non-conic curves. We assess the meth-ods for stability and for accuracy against an acceptedstandard - Tsai's calibration method [16]. We concludethat using such methods enables accurate pose determi-nation for arbitrary plane curves .1 Introduction.Two central issues in Model based vision are recognis-ing objects in a scene and determining their pose. Anobject's pose is its position and orientation in a knowncoordinate frame (often the camera frame). Pose is im-portant in a number of situations. For example, a robot,interacting with a scene, needs to know where objectsare in order to manipulate them or avoid colliding withthem. An Autonomous Guided Vehicle (AGV) needspose both for obstacle avoidance and to use objects as\beacons" to determine its position and motion.Existing polyhedral model based vision systems [15]con
ate the two distinct problems of library indexing(recognition) and estimating transformation parameters(pose). They use local feature groups to estimate trans-formation parameters. An instance of an object is then

con�rmed by checking that other model features are cor-rectly mapped to image features. Thus clustering onpose is used for recognition.Recent work [4, 5] has shown that it is possible to com-pute shape descriptors of arbitrary plane objects thatare una�ected by position, orientation and intrinsic pa-rameters of the camera. Using these invariant shape de-scriptors, models can be found in a library without hav-ing to determine pose. The essential idea is that planedata (e.g. sets of points) can be represented by alge-braic curves in a frame invariant manner [4]. This meansthat given an observation of a data set in a transformedframe, the representation computed for this set is ex-actly the original representation transformed accordingto the change of frame. This frame independence prop-erty means that we can associate an algebraic curve withthe data set in a a�ne invariant manner. The algebraiccurve becomes a a�ne invariant representation. Sets ofalgebraic curves admit scalar projective invariants and itis these that form the invariant shape descriptors. Ourinterest in pose arose when we realised that, by construc-tion, the representing algebraic curves undergo the samea�ne distortion as the original data. Finding positionand orientation of arbitrary plane curves is reduced tothe question of determining the pose of known algebraiccurves. In the sequel we concentrate on representationby pairs of conics, though the methods we develop areapplicable to representation by any algebraic curves (e.g.a line and a conic, a cubic etc).Previous methods for pose determination have concen-trated on sets of points and lines [6, 3, 8, 15, 16]. How-ever, apart from consideration of circles [2, 9], very lit-tle attention has been paid to pose recovery from planecurves. The novel aspects of this paper lie �rstly inthe method of using equiform invariants to recover posefor algebraic curves; and secondly in recovering pose forarbitrary plane curves using invariant algebraic curverepresentation1.To summarise: plane object curves are represented by apair of conics. The invariants of the conic pair can beused to recognise the object from a single perspectiveview. Once an object has been positively identi�ed, the1The invariant �tting theorem [4] is formulated for point setsrather than continuous curves. However, in practice there has beenno problem in applying it to curves.



extra constraints o�ered by its known identity can beexploited to determine transformation parameters. Theproblem can be stated as follows:Given a pair of coplanar model conics and theirperspective image, determine the position andorientation of the model with respect to thecamera coordinate frame.The rest of this paper examines a number of methodswhich can be used to solve this problem. The paper isorganised as follows: section 2 describes conic represen-tation and transformation; section 3 deals with param-eterising perspective transformation; section 4 developsand compares various methods of pose recovery; the ap-plication of these methods to real and synthetics datais covered in Section 5; �nally, section 6 discusses thesensitivity of the methods to errors in conic �tting andcamera calibration.Earlier work has pointed out the instability of conic �t-ting when data only covers a small part of the conic [13].In our work we only use conic representations for closedcurves, and other representations in other circumstances.2 Conic Representation.A conic is the set of points (x; y) that satisfy:ax2 + bxy + cy2 + dx+ ey + f = 0 (1)A more convenient representation of a conic uses homo-geneous coordinates. Planar points are represented inhomogeneous coordinates by 3-vectors. For example, thehomogeneous point (X;Y; Z) corresponds to the point(x; y), where x = XZ and y = YZ . (�X; �Y; �Z) repre-sents the same point. All vectors x and X will representhomogeneous 3-vectors in the rest of this paper.Using homogeneous coordinates a conic C can be repre-sented as a quadratic form:xTCx = 0 (2)where: C = 0BBBB@ a b2 d2b2 c e2d2 e2 f 1CCCCA (3)From equation 2 it is clear that kC is the same curveas C (k 2 C � f0g)2. When representing curves by2C is the set of complex numbers

conics we need to evaluate functions of C. To ensurethat the function values for di�erent conics are consis-tent we must specify the scaling3 k. The scaling we useis jCj = 1 (where j j is det). This means we cannot rep-resent straight lines, where jCj = 0. However, each scalehas some disadvantage [1], eg:1. A = 1 prevents use of some parabolas, eg. y2�1 = 0.2. B = 1 makes it impossible to �t circles.3. F = 1 makes it impossible to �t curves passingthrough the origin.From now on, italic letters denote matrices, bold lettersdenote vectors, large letters denote world objects andsmall letters denote image objects (eg. C is a world conic,X a world point, and c and x their images). Transforma-tions are represented by 3�3 matrices (see appendix A).A projective transformation matrix T mapping from theworld to image planes is given by:x = T:X where jT j 6= 0 (4)If we consider two coplanar world conics C1 and C2, withtheir respective image conics c1 and c2, they map underT by: c1 = � : (T T )�1C1 T�1 (5)c2 = � : (T T )�1C2 T�1 (6)In e�ect T�1 strips the e�ect of the coordinate transfor-mation. The scaling � = jT j 23 ensures the normalisationjcij = 1 when jCij = 1. Our aim in solving for pose is todetermine a good approximation to T .3 Perspective Transformation.The matrix T represents a full projective mapping. It is a3�3 matrix, therefore it has nine parameters, but as thescaling of the matrix does not change the mapping it haseight degrees of freedom. In machine vision we are nor-mally concerned with plane to plane perspectivities. Aperspectivity has six degrees of freedom4 - 3 translationand 3 rotation. Thus, there are two extra constraintsthat a perspective T matrix must obey. These two extra3For example the frame invariant �tting technique in [4] usesalgebraic distance as an error metric for the �t. The algebraicdistance for a conic C is de�ned as q(C) = P(ax2i + bxiyi +cy2i + dxi + eyi + f)2 for all points (xi; yi) in the data set. Henceq(2C) = 4q(C). To make the algebraic distance meaningful for allcurves C we make jCj = 1.4Assuming a �xed camera with known calibration.



constraints are that the �rst two columns form part ofa scaled rotation matrix [6, 16] (see appendix A). Thismeans that: jjujj= jjvjj and u : v = 0 (7)where fu;v; tg are the columns of T . We use theequinorm condition on the �rst two columns rather thanspecifying unit norm (for a rotation matrix) to allow forimproper scalings of T .The transformation between camera and world coordi-nate systems can be accomplished by a Euclidean 3D ro-tation (represented by a matrix) and a translation (rep-resented by a vector). This more usual representationis given in appendix A. Here, we develop an alternativedecomposition of the T matrix which makes explicit thedependence on plane orientation (a similar decomposi-tion was used in [15]). The world plane (see �gure 1), isexpressed in camera coordinates as5:z = px+ qy + r (8)We de�ne a rectangular world coordinate system on theworld plane by X and Y axes. The position and orien-tation of these axes can be given relative to the cameracoordinate frame using an induced rectangular coordi-nate frame also lying on the world plane. The inducedframe has its ~X and ~Y axes lying in the world plane,centred at (0; 0; r), and has the ~X axis lying in the sameplane as the camera x axis. Hence the induced frameposition and orientation depends only on p; q and r. Arotation and translation within the plane maps the in-duced coordinate frame onto the world frame. The rota-tion is represented by � and the translations by tx and ty(see �gure 1). Hence the position and orientation of theworld axes depends on �; tx; ty and on p; q and r. Thisallows us to split the perspective mapping into two trans-formations, a planar Euclidean action from the world toinduced frame, and a perspectivity from induced to cam-era frame. Alternatively we can separate the projectioninto three transformations:� Planar Euclidean action from the world to inducedframe. This depends on �; tx and ty.� Perspectivity from the plane z = px+ qy + r to theplane z = px + qy + 1. Both planes have inducedframes which are parallel. This transformation de-pends on r, and is an isotropic scaling.� Perspectivity from the plane z = px + qy + 1 tothe image plane z = 1, depending on p and q. Weassume that the image curves are normalised to lieon the plane z = 1 rather than the actual imageplane z = f .5This means that we cannot represent the family of planes px+qy+r = 0. These are the planes perpendicular to the image plane.

Choosing z = 1 is purely a matter of convenience. Sois using the projection from the plane z = px + qy + rto the plane z = px+ qy + 1 (it amounts to moving \r"from one matrix to another - see below). We group the�rst two transformations into a single equiform trans-formation. An equiform mapping is a combination ofa Euclidean transformation and an isotropic scaling. Itpreserves angles and ratio of lengths. The Euclideanmapping is the rotation and translation represented by�; tx and ty. The scaling is represented by r. This meansthat the perspective mapping is represented by the sixparameters p; q; r; �; tx and ty.The perspective mapping then, is a product of two trans-formation matrices, an equiform matrix and a centralprojection matrix. The equiform matrix is H(r; �; tx; ty),and the perspective matrixM (p; q). Derivation of the Mmatrix is shown in appendix F. Hence T may be writtenT = M (p; q):H(r; �; tx; ty), where:M = 26664 1p1+p2 �pqp1+p2+q2p1+p2 00 p1+p2p1+p2+q2 0�pp1+p2 �qp1+p2+q2p1+p2 1 37775 (9)H = 24 c �s sty � ctxs c �cty � stx0 0 r 35 (10)where c = cos� and s = sin�T=k266664 (mc�pqs) �(ms+pqc) ([sty�ctx]m+ctypq+stxpq)sn2 cn2 �(cty+stx)n2�(mpc+sq) (mps�qc) ([ctx�sty ]mp+[cty+stx]q+mnr)377775(11)where m =p1 + p2 + q2 and n =p1 + p2The remainder of this paper will show how the T can berecovered directly from a pair of world and image conics.We shall see that decomposing to the M and H matricesproduces a more stable solution.4 Pose Recovery.Solving the ten independent equations given by equa-tions 5 and 6 for the eight unconstrained parameters of
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Figure 1: The camera and world plane geometry. The camera and induced x axes lie in the same plane. The induced~X ~Y plane and the world XY plane both lie in the plane z = px+ qy + r. ~X ~Y centred at (0; 0; r). Hence a rotation �and translation (tx; ty) in the world plane maps the induced coordinate axes onto the world axes.T by least squares is impractical. An alternative schemewould be to solve eight of the equations (a system of eightpolynomial equations in eight variables), yielding 256 so-lutions in the generic case (Bezout's Theorem [14],p.199).Most of these solutions could be eliminated by testingthem against the other two equations. This again is im-practical. In this paper we present a number of moresubtle solutions. These come in two forms:1. Solving for the T matrix directly and then decom-posing the matrix to give the six pose parameters.2. Decomposing the projective transformation intoseparate transformations each dependent on di�er-ent pose parameters.Each method has its own advantage. Solving for the Tmatrix directly involves matching world plane points toimage points to give a system of solvable linear equations.The method is described in section 4.1.1. Decompositionof the T matrix relies on the use of the transformationinvariants of conics. This is given in section 4.2.Once we have derived a good approximation to the per-spective transformation we can then use it as the startingpoint for an iterative scheme to progressively improve theestimate. The iterative scheme is given in section 4.3

4.1 Direct Solution.4.1.1 Four Point Solution.A projective mapping can be de�ned by four world pointsand their images [7]. The mapping we use is given inequation 4. Taking four world and image points setsup a system of eight linear simultaneous equations, inthe elements of the T matrix (see appendix B), whichare solved by Gaussian elimination. As we work withpairs of conics we need four curve points that are bothpreserved under projection and stable to numerical errorsand noise. Such points are curve intersection points andtangencies.4.1.2 Conic Intersections.In general a pair of conics intersect at four points, thoughthe intersections are not always real. Figure 2 showshow the number of real intersection points varies withposition for a pair of ellipses.Here we work through the complex case - but there isno di�erence in the methods for real or complex inter-sections, apart from combinatorics of matching. Thereare 24 ways (i.e. 4!) to match 4 image points to 4 ob-
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Figure 2: For a generic pair of conics there are alwaysfour points of intersection. These may all be real, or tworeal with a complex conjugate pair, or all complex as twocomplex conjugate pairs.ject points. However, we know the transformation isa perspectivity so the order of points around the conicis preserved (this is not true of a general projectivity).This means that the combinatorics are reduced from 24to 4 (the choice of which point to start from on the cho-sen conic). We do not know of any way to order com-plex points. However, the combinatorics can be reducedto 8 by the following argument: The intersections arefound by solving a real quartic; hence any complex in-tersections will appear in complex conjugate pairs. Allcomplex world points map to complex image points bythe same T matrix that transforms real world points.Therefore if a real projection has occurred the T matrixfound by mapping complex points to complex points isreal. Furthermore, all complex conjugate pairs projectto conjugate pairs6. That is if(X1; X2; X3)! (x1; x2; x3)then ( �X1; �X2; �X3)! ( �x1; �x2; �x3)where �xi is the complex conjugate of xi. Thus, the onlypossibilities for world points [A; �A;B; �B] mapping to im-age points [a; �a; b;�b], A and �A are:24 A�AB�B 35!8<:24 a�ab�b 35;24 a�a�bb 35;24 �aab�b 35;24 �aa�bb 35;24 b�ba�a35;24 b�b�aa 35;24 �bba�a35;24 �bb�aa 359=;Any correspondence outside this set will produce a com-plex projective transformation matrix.6If the T matrix is real complex conjugate points project tocomplex conjugate points by linearity.
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Figure 3: With a pair of conics there are four bi-tangentlines. These four lines are tangent to the conics at eightpoints. These points are preserved under projection.4.1.3 Conic Tangencies.Tangency is preserved under projection. For a pair ofconics we use the bi-tangent lines as the tangents (see �g-ure 3). Rather than use the points of tangencies of theselines to the conics as the points (which would be sensi-tive to noise) we use the actual bi-tangents (exploitingthe duality of points and lines under projection, thoughsuch lines project by the transpose of T�1 rather thanT ). The bi-tangent lines are found by intersecting theinverse matrices of the conics. This amounts to solvinga quartic (see appendix D).Many real objects have co-planar features that are rep-resented by one conic enclosed by another (eg. a pairof concentric circles). For such objects real bi-tangentlines do not exist. However, complex lines do exist andthey can be used to �nd complex points of tangency.Again the points are in complex conjugate pairs and thetreatment is the same as for intersection points. As inthe conic intersection case, for real tangencies the cor-respondence is simpler as the combinatorics are reducedto 4. In the complex case there are 8 possibilities.Using tangencies together with intersections yields eightpoints in the image and world planes. Although not allthe points are functionally independent it would be pos-sible to use all the points as part of a least squares tech-nique to reduce noise (for example the Moore-Penrosepseudo inverse). The number of possible correspon-dences do however prevent an e�cient implementation.



4.1.4 Reducing Ambiguity and Extracting Pose.From each set of correspondences we calculate a T ma-trix. Only one matrix from the set of eight (or 4 in thereal case) will correspond to the real perspectivity. Itmust satisfy:1. The matrix must be real.2. The matrix must correspond to a perspectivity.3. The world plane must be in front of the camera.We recognise a perspective transformation matrix as itmust obey conditions given in equation (7) i.e. if the �rsttwo columns of the T matrix are not orthogonal, and donot have equal norms, the matrix can be removed fromthe solution set as it is not a perspectivity. Due to noise itis often di�cult to distinguish a non-perspective matrixfrom a genuine perspectivity. In many cases the noise issu�cient to make the T matrix appear non-perspectiveeven when it is. In these cases we cannot extract the poseparameters accurately and so the matrix is discarded.If the estimated distance between the camera focal planeand the world plane is too small (less than a few millime-tres), or negative, the solution can be discarded. Thesecases may be genuine perspectivities, but are obviouslynot the correct solutions.The perspective transformation matrix can then be de-composed to give the perspective parameters p; q; r; �; txand ty by matching with the form given in equation 11,where we have used the expansion for T given by equa-tions 9 and 10. The extraction of the pose parametersfrom T is outlined in appendix C. The results for �ndingpose by four point back projection appear in section 5.4.2 Decomposing the T matrix into TwoDistinct Transformations.This section describes a method of determining pose bysplitting the perspective transformation into two parts.It relies on the use of equiform invariants:1. We de�ne a plane to plane transformation which en-sures a geometric similarity between the two pairs ofconics. To do this we backproject the image conicsonto a plane at z = px+ qy + 1 with induced axescentred at (0; 0; 1) and orientated with7 ~X1 and x7 ~X1 denotes the x axis on the plane z = px+ qy+1, and ~X thex axis on the plane z = px+ qy + r. The ~X1 and ~X axes are alsocoplanar.

axes co-planar (see �gure 1). We know the back-projected conics are similar to the world conics asthey have the same equiform invariants (see below).The plane z = px + qy + 1 is parallel to the worldplane z = px+ qy + r.2. We determine r, a scaling parameter, by minimisingthe di�erence between the areas of the conics foundby (1) when projected onto the plane z = px+qy+rand the model conics. Then we perform an in planerotation and translation to match the induced andmodel conics. The scaling and in plane transforma-tion amount to an equiform transformation. Anyequiform mapping applied to the conics will notchange the values of their equiform invariants.4.2.1 Equiform Invariants.To �nd p and q we make use of equiform invariants. Byde�nition I(c) is an invariant for a conic c under theequiform transformation H if:I(H(c)) = jHjw I(c) (12)Where w is the weight of the invariant. If w = 0 we havea scalar invariant. The invariants we use are the traceand determinant of the upper left 2�2 submatrix of theconic matrix. Geometrically the invariants are related tothe aspect ratio and area of an ellipse. jHj is dependentonly on the scaling of the equiform transformation (ap-pendix E), and so the aspect ratio and area of a coniconly change with scaling. The proof of their invariance isin appendix E. If we consider the conic C in equation 3,trace2�2[C] and det2�2[C] are:trace2�2 = a + c (13)det2�2 = a:c� b24 (14)trace2�2 has weight 23 and det2�2 weight 43 . We can seehow the invariants reduce the problem of solving pose byconsidering equations 5 and 6 and letting T = MH:c = T (C)= M (H(C))) jM j�23 MT cM = H(C)and applying the operator trace2�2:trace2�2[H(C)] = trace2�2[jM j�23 MT cM ]) jHj 23 trace2�2[C] = trace2�2[jM j�23 MT cM ]by the invariance propertyof trace2�2



) trace2�2[C] = jHj�23 jM j�23 trace2�2[MT cM ]= � trace2�2[MT c M ]= � ft(p; q; c)1 + p2 + q2 (15)where ft is a conic in p and q with coe�cients taken fromthe coe�cients of c. Likewise for det2�2:det2�2[C] = �2 fd(p; q; c)1 + p2 + q2 (16)where fd is also a conic in p and q. ft and fd are given inappendix G. Hence we choose a scalar invariant whichis independent of r; �; txand ty (it is also independent ofthe choice of induced coordinate system):I(c) = (trace2�2[C])2det2�2[C] = ft(p; q; c)(1+p2+q2):fd(p; q; c) (17)and so:(trace2�2[C1])2det2�2[C1] = (trace2�2[MT :c1: M ])2det2�2[MT :c1: M ] (18)(trace2�2[C2])2det2�2[C2] = (trace2�2[MT :c2: M ])2det2�2[MT :c2: M ] (19)When multiplied out these two equations are both quar-tics in p and q. In general there should be sixteen so-lutions which satisfy the intersections of these quartics,but we �nd that there only ever exist four distinct realroots (see �gure 4). This is a remarkable feature of thepolynomials which reduces the ambiguity of the solutionto reasonable size. Using these four values for p and q todetermine the other pose parameters gives four distinctsolutions. Solving for a unique pose is described later.The quartics can not be solved in closed form. As thereis no stable way of �nding approximate roots8 to initiatean iterative scheme we have to solve for all of the roots.We do this is by continuation [10]. Continuation is arobust method of �nding all the roots of a system ofpolynomials.We know that for a single conic under equiform trans-formation there is only one independent scalar invariant,but for a pair of conics there are a total of six, by a simplecounting argument [5]. Most of these invariants lead tohigher order forms than quartics with no easy solution,or to forms which are not stable (see section 6.1). How-ever one exists which also provides a quartic in p and q.This is: I12 = trace[c2�21 : c2�22 ]trace2�2[c1]:trace2�2[c2] (20)Where the superscript 2 � 2 denotes the multiplicationof the upper 2� 2 submatrix. The third quartic is func-tionally independent of the �rst two, but it always has8eg. by �nding an approximate solution to the pose parametersp and q
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Figure 4: Graph showing the three quartics in p and q.There only ever appear to be four real solutions to thequartics compared to the possible sixteen. Note that thethird quartic has roots coinciding with the roots of the�rst two, and so in general does not contribute any extraconstraints to the solution.roots in the locality of the intersections of the �rst twoquartics and so does not enable us to reduce the numberof possible solutions (see �gure 4). It could, however,be used to yield a least squares �t to our solution for pand q using all the intersection points found by the threepossible pairings of the quartics. In practice though, we�nd that the intersections of the possible pairings of thethree quartics tend to be su�ciently close together thatwe need only solve the �rst two quartics.4.2.2 Remaining Pose Parameters.Once p and q are known the other four parameters canbe found by equiform transformations on the conics. We�nd r by a least squares cost based on the areas of theimage conics back projected by M (p; q) and the modelconics. The areas of the conics are a�ected only by ther term of H. If the area of conic c under the mappingM (p; q) is Apq, the area of the same conic projected ontothe plane z = px+ qy+ r is r2Apq . The cost function weuse is Pi(Aimodel � r2Aipq)2. Minimising this gives:r2 = PiAimodel :AipqPi(Aipq)2 ; (21)where the sum is over the two conics. The area of a conicis in fact a function of one of the equiform invariantsused, Ai = �=(det2�2[ci]) 32 .The in-plane rotation withinH can be found from the an-



gle between the line joining conic centroids for the modelconic pair and the line joining centroids of the inducedconic pair. Similarly the translation can be found fromthe displacement between the centroids. This methodwill fail for concentric conics, and will be poorly condi-tioned as the centres become close. For concentric conicsthe rotation is determined from the direction of the conicaxes, though this is not so robust. In the case of concen-tric circles the rotation can not be determined.4.2.3 Eliminating Ambiguous Solutions.From each of the four quartic solutions to p and q weare able to derive solutions to the other pose parametersr; �; tx and ty. We eliminate three of the solutions bychoosing the one that produces the best match of themodel conics to the image conics back projected onto theworld plane. From equations 5 and 6 we can estimatethe equations of the world conics by back projecting theimage conics using the four estimate of T . Taking Ci1and Ci2 to be the back projected conics:Ci1 = (Ti)T : c1 :TiCi2 = (Ti)T : c2 :Ti i 2 f1; ::; 4g (22)We now compare each Ci1 and Ci2 to the actual modelsC1 and C2 to see which Ti provides the `best' correspon-dence. There are a number of available cost functionsto test the correspondence, eg. by �nding the total Eu-clidean distance between the elements of the conic ma-trices. A good cost function gives a good measure of thedi�erence between the model conics and the back pro-jected image conics, but is also easy to calculate. Thecost function we use does this. It is a combination ofthe Euclidean distance between the conic matrices andof the projective invariants Iab3 and Iab4 de�ned betweentwo conics A and B by [4]:Iab3(A;B) = Trace[A�1:B]Iab4(A;B) = Trace[B�1:A] (23)Obviously if A = B, Iab3 = Iab4 = Trace[I] = 3. We usethis to de�ne a cost function ei.ei = [Iab3(C1; Ci1)� 3]2 + [Iab4(C1; Ci1)� 3]2+ [Iab3(C2; Ci2)� 3]2 + [Iab4(C2; Ci2)� 3]2 (24)and we choose T from Ti by a tradeo� between the min-imum Euclidean distance and minimum ei.4.3 Iteration on the Initial Estimate.Once we have found an initial estimate for the pose pa-rameters we iterate to improve the estimate. The scheme

method p q r � tx tyintersections 0.500 0.800 350.0 30.0o 20.0 35.0tangency 0.499 0.800 349.8 30.0o 20.0 35.0actual 0.500 0.800 350.0 30.0o 20.0 35.0Table 1: This table shows the pose parameters foundusing the two four point methods on synthetic data. Notethe consistency between the estimated and actual poseparameters.used is Newton's method over the six pose parameterswith the invariant error ei as the cost. We �nd thatonly one or two iterations are needed to make the costnegligible as the initial estimate is very close to the bestsolution.5 Results.5.1 Synthetic Example.Here we report on the results obtained by the di�erentmethods for the synthetic projection of a conic pair. Ta-ble 1 shows the pose results found using the di�erentfour point methods for one such synthetic projection.The pose parameters found from the intersection pointsand from the bi-tangent lines are similar to actual poseparameters.The four pose solutions and their error costs found byT matrix decomposition method are shown in table 2.From the values of the invariant error and the Euclideandistance we deduce that the �rst solution gives the cor-rect pose.The results in the next section show how the di�erentmethods perform on real data where there is noise due toimage localisation and due to error in the camera model.An indication of stability to error in the camera modelfor the decomposition method is given in section 6.2. Insection 6.1 we show how the decomposition method isa�ected when noise is added to synthetic data.5.2 Real Data.The pose parameters extracted from a real image (thatof �gure 5) are shown in table 3. The object was placed



sol p q r � tx ty1 0.500 0.800 350.0 30.0o 20.0 35.02 -0.519 -0.477 317.2 36.8o 21.7 31.43 -0.519 -0.477 172.8 91.8o 49.7 30.44 -1.110 3.568 307.6 75.7o 40.4 76.0actual 0.500 0.800 350.0 30.00o 20.0 35.0sol Inverr Euc dist1 0.0000 0.00142 0.0011 33.553 10.51 75.274 11.05 28.02Table 2: This table shows the four solutions found byT matrix decomposition on the same synthetic exampleas above. We choose solution 1 to be the correct solu-tion as it has the smallest invariant error and Euclideandistance.

Figure 5: This image was used for the comparison of thedi�erent methods that we use. There are two objects inthe image, we only report on the results for the nearerobject. Under the objects the calibration grid used to�nd the pose by Tsai's method is visible.

method � � r � tx tyintersections 56.5o 87.7o 311.0 31.7o 14.6 43.1tangency 57.4o 85.9o 300.9 30.5o 14.6 43.7T decomposition 54.6o 85.0o 353.7 30.0o 14.3 43.2Tsai 55.6o 86.2o 365.0Table 3: This table shows the pose parameters foundusing all three methods. Angles are in degrees and dis-tances in mm. The intersection and T matrix decompo-sition results are consistent with each other and with theTsai result.on a calibration grid so that the plane parameters couldbe compared to those found by Tsai's method. Instead ofshowing p and q we use spherical polar coordinates of theplane normal, namely slant (�) and tilt (� ) as these givea better indication of the size of the measurement errors(� = cos�1(f1+ p2+ q2g�1=2) and � = tan�1(q=p)). Wesee that the results found using conic intersections, thebi-tangent lines and the matrix decomposition methodare very similar, and comparable with the Tsai results.Note that the estimate of r found by the four point meth-ods is smaller than the actual value; this is due to insta-bility in the way that we determine r (see appendix C).The T matrix recovered through use of the conic intersec-tions has an angle of 88:1o between the �rst two columns,and the ratio of the norms of the �rst two columns is 0:92.For the tangency method the angle between the �rst twocolumns of the T matrix is 85:8 and the ratio or norms0:96. Therefore the T matrices found by both the fourpoint methods represent reasonable approximations toperspectivities.As we can measure absolute pose for two di�erent ob-jects within a scene, we can work out the di�erentialpose for the two objects. Di�erential pose is the di�er-ence in pose for two objects. The di�erence we showis the angle between the planes for two models rigidlylinked. Figure 6 shows an example of one such object.We are able to measure the actual angle between theplanes by hand. The angles between planes for a num-ber of such objects recovered by T matrix decompositionare shown in table 4. The results show how well the Tmatrix decomposition method works for recovering dif-ferential pose.As an example of relative motion we can recover the an-gle that an object has been rotated through between con-secutive images. The object used was a gasket which wecan represent by two coplanar conics using the invariant�tting theorem [4]. The curves used are the outer bound-ary and the large circular hole (see �gure 7). The gas-ket was rotated through 10o within its plane each time.Therefore the plane parameters �, � and r should remain



Figure 6: This image shows a typical object used to �nddi�erential pose. The object is composed of two planesset at 60o to each other. Each plane contains a pair ofellipses each of which de�ne a model in the model base.object a b c d e f gimage 1 0.6o 16.2o 33.2o 47.1o 60.3o 78.8o 90.6oimage 2 3.4o 12.8o 28.4o 45.1o 61.8o 74.9o 92.1oactual 0.0o 15.0o 30.0o 45.0o 60.0o 75.0o 90.0oTable 4: This table shows di�erential pose found by Tmatrix decomposition for a number of objects containingtwo models on di�erent planes. The angles shown are theangles between the two planes which contain the models.constant. Table 5 shows the good agreement between ac-tual and experimental estimation of relative motion.There are situations where the T matrix method is un-stable. If the gradients (ie. dqdp ) of the quartic curves aresimilar it is di�cult to locate the pq roots accurately.Iteration on the initial pose solution can dramaticallyimprove the result. A typical problem quartic plot isshown in �gure 8.Very rarely ambiguities in the solution can occur. Inthese cases the error costs are similar (within an order ofmagnitude of each other and both very small), and weposition � � r (mm) �1 35o 94o 280 182o2 35o 90o 277 163o3 36o 88o 277 144oTable 5: As the gasket is rotated in its plane by 10o theestimated pose changes by a similar amount. The planeposition, given by �; � and r remains fairly constant.

Figure 7: We are able to represent objects which do nothave conic features using the frame invariant �tting the-orem. The gasket curves represented by conics are theouter gasket curve and the large circular hole. The gas-ket was rotated on a calibration table and the estimatedrelative motion found by T matrix decomposition andthe actual motion compared.
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Figure 8: Graph showing how for some con�gurationsit may be very di�cult to obtain accurate estimates ofthe pq roots. In this case the angle between tangentsat the point of intersections is very small. The �rst twoquartics converge at 6o at the root corresponding to thecorrect pose ((p; q) = (�0:062;�0:233)).



have no way of distinguishing the correct pose. This isbecause the models we have used are the simplest possi-ble, and there may not always be a unique projectionfrom world conics to the image conics. Using richermodel descriptions (ie. not just two coplanar conics),will overcome this problem.5.3 Summary.We have found that both conic intersections and bi-tangent lines of a conic pair can be used to recover pose,but for some objects the method is consistently inaccu-rate. If the intersection points are too close the method isobviously likely to fail. The same is true of the bi-tangentlines. Hence the four point methods do not produce re-liable estimates of pose.The results above show how decomposing the T matrixinto M and H matrices yield stable solutions to pose.The results also highlight when instabilities occur andhow we can spot them by monitoring the tangents tothe quartics at intersections. The next section furtherhighlights the stability of the T matrix decompositionmethod.6 Stability.6.1 Stability to Error in the Conic Coef-�cients.The above decomposition using quartics can be com-pared to the method given in [17] which uses similarequiform invariants but derives conics in p and q. Theconics are derived in appendix G. We have found thatthe method described above has greater stability to er-rors in the conic coe�cients than that using conics. Forexample the quartics are totally immune to incorrect nor-malisation, whereas the conics can change considerably.The reason for this is that the each pq quartic dependson only one of the image conics, and errors cancel tosome extent. Each pq conic depends on both image con-ics and errors are combined. Errors in the image coniccoe�cients are caused by both numerical error in normal-isation and errors in the early vision and �tting. Figure9 shows how the conics change when the scaling of thecoe�cients of one conic (that used in the synthetic ex-ample in section 5), is changed by 1; 5 and 10%.A more common problem is numerical inaccuracy in sin-
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Figure 9: Graph showing how the pq conics change whenthe normalisation of one image conic is changed. We seethat one of the conics changes rapidly for small changesin the normalisation. The unperturbed conics are de-noted by an `x'. The change is scaling the coe�cientsof one image conic by 1% (asterisk), 5% (box) and 10%(timer). The unperturbed solution is at p = 0:5; q = 0:8.Any more than a 1% change dramatically changes thepq root, and for a 5% change there is no real root. Theroots of the pq quartics are immune to changes in thenormalisation.



% change in: p q r � tx tychanging cx 1.8 2.2 0.8 0.0 4.2 6.4changing f 0.0 0.7 0.6 0.0 0.0 0.0Table 6: Table showing percentage change in pose pa-rameter per percentage change in camera centre cx orfocal length f . The pose parameters are very stable toerror in focal length, and moderately stable to errors inthe camera centre.gle image conic coe�cients. Figure 10 shows how the pqconics change for 1, 5 and 10% changes made to the co-e�cient of x2 in one conic. The right-hand graph showsthe changes in the �rst two pq quartics for a 5 and 10%change in the same coe�cient. Here we see that thesystem of quartics in p and q provide a far more stablesolution than the conics. Changing other image coniccoe�cients provides similar results.6.2 Stability to Camera Calibration.The camera parameters were found using Tsai's tech-nique [16]. The results in table 6 show how pose varies forsmall changes in the calibration parameters. The unitswe use are the percentage change in pose parameter pper percentage change in camera calibration parameterc. Hence the measure is (�p=p)=(�c=c)�100%. The cam-era optical centre is at cx; cy and has focal length f . Theresults shown are for the image in �gure 6.We �nd that changing the vertical position of the cameracentre has the same e�ect as changing the horizontalcentre. The results show that the decomposition methodis very stable with changes in the camera focal lengthand moderately stable to changes in the camera opticalcentre.7 Conclusions.We have demonstrated that pose and relative motioncan be computed from two known coplanar curves. Themethod described which determines the world plane pa-rameters p and q �rst, and then the other four pose pa-rameters, is shown to be robust. We have demonstratedthis technique for the case of conic pairs, however, theuse of equiform invariants is applicable to any algebraicstructures.

This technique enables model based vision systems whichidentify objects by using frame invariant properties ofshapes, and then use the known object structure to de-termine pose. In turn, this means that projectively in-variant labels such as those of [5] can be used as a directsource of positional information for a robot.In tests on real objects, such as gaskets, where the curvesare not conics, we have found the pose estimations to beas good as those for objects containing real conics. Beingable to represent such objects by coplanar conic featuresallows us to build larger model bases which we can usefor both recognition and pose determination.7.1 Acknowledgements.We are very grateful for discussions with ChristopherLonguet Higgins in particular, and also Andrew Blake,Mike Brady, Steve Maybank, John Porrill and GunnarSparr. The support of GE (for CAR), SERC (for AZ),BP (for CIM), Magdalen College, Oxford (for DAF),General Electric Coolidge Fellowship (for JLM), and theUniversity of Oxford are gratefully acknowledged.References[1] Bookstein, F. \Fitting Conic Sections to ScatteredData," CVGIP, 9, 56-91, 1979.[2] Dhome, M., Lapreste J.T., Rives G., and RichetinM. \Spatial Localization of Modelled Objects ofRevolution in Monocular Perspective Vision," Pro-ceedings ECCV1, 1990.[3] Faugeras, O.D., Lustman, F. and Toscanni, G. \Mo-tion and Structure fromMotion from Point and LineMatches," Proceedings ICCV1, 1987.[4] Forsyth, D.A., Mundy, J.L., Zisserman, A.P. andBrown, C.M. \Projectively Invariant Representa-tions Using Implicit Algebraic Curves," ProceedingsECCV1, 1989, also to appear in Image and VisionComputing, 1991.[5] Forsyth, D.A., Mundy, J.L., Zisserman, A.P. andBrown, C.M. \Invariance :- a new framework forvision," Proceedings ICCV3, Osaka, 1990.[6] Ganapathy, S. \Decomposition of TransformationMatrices for Robot Vision," Proceeding Interna-tional Conference on Robotics and Automation,1984.[7] Hartshorne, R. Foundations of Projective Geometry,Benjamin, 1967.
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Figure 10: The left graph shows how the pq conics change for 1% (asterisk), 5% (box) and 10% (timer) changes in thecoe�cient of x2. The unperturbed conics are denoted by an `x'. The right graph shows the changes to the pq quarticsfor 5% (box) and 10% (timer) changes. One of the quartics is una�ected by the changes. The original quartics aredenoted by an `x'. The use of the quartics rather than the conics provides a far more stable solution to errors in theimage conic coe�cients[8] Lee, C.H. and Huang, T. \Finding Four PointCorrespondences and Determining Motion of aRigid Object from two Weak Perspective Views,"CVPR88, p398-403, 1988.[9] Masciangelo, S. \3-D Cues from a Single View: De-tection of Elliptical Arcs and Model-based Perspec-tive Backprojection", Proceedings BMVC90, Ox-ford, 1990.[10] Morgan, A.P. Solving Polynomial Systems UsingContinuation for Scienti�c and Engineering Prob-lems, Prentice-Hall, Englewood Cli�s, N.J., 1987.[11] Nielsen, L. \Automated guidance of vehicles usingvision and projectively invariant marking," Auto-matica, 24, 2, 135-148, 1988.[12] Nielsen, L. and Sparr, G. \Projective Area-Invariants as an Extension of the Cross-Ratio" The6th Scandinavian Conference on Image Analysis,Oulu, 969-986, 1989.[13] Porrill, J. \Fitting ellipses and predicting con�denceenvelopes using a bias corrected Kalman �lter," Im-age and Vision Computing, 8, 37-41, 1990.[14] Shafarevich, Basic Algebraic Geometry, Springer,1977.[15] Thompson, D.W. and Mundy, J.L. \3D modelmatching from an unconstrained viewpoint," Pro-ceedings IEEE Conference on Robotics and Au-tomation, 1987.

[16] Tsai, R.Y. \An E�cient and Accurate Camera Cal-ibration Technique for 3D Machine Vision," Journalof Robotics and Automation, RA-3 no. 4, 1987.[17] Zisserman, A.P., Marinos, C.I., Forsyth, D.A.,Mundy, J.L. and Rothwell, C.A. \Relative Motionand Pose from Invariants," Proceedings BMVC90,Oxford, 1990.A Construction of the T ma-trix from a homogeneous 4� 4transformation matrix.The 3�3 rotation matrixR, and a 3�1 translation vectort can be included in a homogeneous 4�4 matrixG, whichwill represent a general 3-space Euclidean action:G = � R t0 1 �Let G represent the world to camera frame transfor-mation with world frame points X4 and camera framepoints x4: x4 = GX4= � u v w t0 0 0 1 �



where u, v and w are 3� 1 vectors all of unit norm andorthogonal to each other which form the columns of R.Under perspective projection for a camera of focal lengthf , the camera frame point x4 projects to the image planepoint x by a matrix P where:P = 24 1 0 0 00 1 0 00 0 1f 0 35Hence x = PGX4, where:PG = 24 ux vx wx txuy vy wy tyuzf vzf wzf tzf 35All curve points lie in the worldXY plane, and so Z = 0.Hence we may drop the third column of the transforma-tion matrix. We also normalise the image points so thatthey lie on the plane z = 1 rather than z = f . To dothis we must have calibrated the camera to determine itsparameters (focal length f , and optical centre (cx; cy)).Hence if x0 and y0 are the new image points, x and y theimage coordinates about the camera centre on the actualimage plane, we let x0 = x=f and y0 = y=f . This canbe achieved by scaling the third element of homogeneousimage vector by f . Hence:x = 24 ux vx txuy vy tyuz vz tz 35X) T = � u v t �Hence the �rst two columns of T are orthogonal and ofequal norm.B Forming 8 linear simultaneousequations by matching 4 worldand image points.We can represent a world point (Xi; Yi) by the homoge-neous vector Xi = (Xi; Yi; 1)T . Likewise an image point(xi; yi) may be represented xi = (xi; yi; 1)T . Under aprojective mapping T :kxi = TXi= 24 A B CD E FG H 1 35Xiwhere fA;B;C; :::;Hg 2 C and k 2 C is a scaling. Hence:kxi = AXi +BYi + Ckyi = DXi + EYi + Fk = GXi +HYi + 1

Eliminating k and taking i 2 f1; ::; 4g gives eight linearequations in the eight unknowns fA;B;C; :::;Hg whichare solvable by Gaussian elimination:AXi +BYi +C � GXixi �HYixi = xiDXi + EYi + F � GXiyi �HYiyi = yiC Extracting the pose parame-ters from the T matrix.Extracting pose and camera parameters from a transfor-mation matrix is a commom problem in machine vision.Similar methods are given in [6, 16]. We �nd that goodresults can only be obtained when the T matrix is a goodapproximation to a perspectivity (equal norms and or-thogonality of the �rst two columns of T ). Using thisassumption means that the pose parameters can be es-timated directly from the T matrix. As the T matrixhas 8 constraints, and there are only 6 pose parametersit would be possible to use a least squares or pseudo-inverse method to account for all of the constraints. We�nd this method unnecessaryThe T matrix found by 4 point back projection is of theform: T = 24 A B CD E FG H 1 35When we compare this to equation 11 we �nd that:D2 +E2DG+ EH = 1 + p2q (25)(EG�DHDG+ EH )2 = (1 + p2 + q2)p2q2 (26)Eliminating q from equations 25 and 26 gives a cubic inp2, with only one positive real root, which we can solveapart from a sign ambiguity in p (the sign of p is equal tothe sign ofEG�DH). Substituting this into equation 25then solves for q. We can then solve for k using a numberof constraints, for example:k = +sD2 +E2(1 + p2)2Knowing p, q and k allows us to solve for r (though we�nd this method of �nding r does not always give goodresults): jT j = kjM jjHj= k(1 + p2 + q2)�1=2r) r = jT jk (1 + p2 + q2)1=2



We �nd � from � = tan�1(D=E), and �nally tx and ty arefound by solving the following simultaneous equations:AEtx +BEty = �CEBDtx +BEty = �BFD Derivation of the bi-tangentlines of a conic pair.Consider a conic F1 = 0 where:F1 = xTC1xThe normal to F1 at x1 is rF1 = (2x1TC1)T . Thetangent line at x1 is the set of points r such that:(rF )T jx1 � r = 0) 2x1TC1 � r = 0) x1TC1 � r = 0Let l1T = x1TC1 then lT1 � r is a line. Now,l1TC�11 l1 = x1TC1C�11 l1= x1T l1= x1TC1x1= 0Likewise for the second curve:l2T :C�12 :l2 = 0:If l is a bi-tangent line (i.e. l = l1 = l2) then it obeysboth lT :C�11 :l = 0 and lT :C�12 :l = 0. Hence l is given bythe intersections of C�11 and C�12 . Using the duality ofpoints and lines the bi-tangent line l may be thought ofas a point. This point is preserved under projection.E Derivation of the equiform in-variants.Under the equiform mapping H, conic P maps to conicp by p = H(P ). Using equations 5 or 6, this may bewritten: P = jHj�23 : HT p H; jpj = 1where H is a 3�3 matrix represented by a 2�2 rotationmatrix R, a 2� 1 translation vector t, and a scaling r:H = � R t0 r � ; jHj = r

Let p be written as a combination of a 2� 2 matrix A1,a 2� 1 vector A2 and a scalar A3:p = � A1 A2AT2 A3 �Hence:P = r�23 : HTpH= r�23 � RTA1R RTA1t+RTA2rtTA1R+rAT2 R ttA1t+tTA2r+rAT2 t+rA3r�Considering only the upper 2�2 submatrix, and writingR and A1 as:R=� c� �s�s� c� � and A1=� A B=2B=2 C �where c� = cos� and s� = sin�, gives:2�2[P ] = r�23 : RTA1R= r�23� Ac2�+Bc�s�+Cs2� B2 (c2��s2�)�Ac�s�+Cc�s�B2 (c2��s2�)�Ac�s�+Cc�s� Cc2��Bc�s�+As2� �Hence: trace2�2[P ] = r�23 (A +C)= r�23 trace2�2[p]det2�2[P ] = r�43 (AC �B2=4)= r�43 det2�2[p]Writing r = jHj and p = H(P ):trace2�2[H(P )] = jHj 23 trace2�2[P ]det2�2[H(P )] = jHj 43 det2�2[P ]These compare to the de�nition of an invariantI(H(P )) = jHjw I(P ) under the mapping H, and sotrace2�2 and det2�2 are equiform invariants of weights23 and 43 .F Derivation of the M matrix.The M matrix represents the projection from the plane� : z = px+qy+1 to the image plane z = 1 through thepoint (0; 0; 0). The ~X axis of � lies in the same plane asthe camera x axis. The ~Z axis lies parallel to the cameravector (p; q; 1)T . First we derive the transformation Gtaking points in the � frame to camera frame. This is arotation R followed by a translation (0; 0; 1).To determine the rotation we derive the inverse rotationby rotating the surface normal of � so that it is parallelto the optical axis (0; 0; 1)T . The inverse rotation is madeup of two rotations:



1. A rotation � about the image y axis which rotatesthe ~X axis so that is parallel to the x axis.2. The new ~Y and y axes are now co-planar. A rotation� about the x axis will make them parallel, and somake the two planes parallel.The normal to the plane is n = (p; q; 1)T . A rotation �about the y axis is represented by:Ry(�) = 24 c� 0 s�0 1 0�s� 0 c� 35where c� = cos� and s� = sin�and a rotation � about the x axis is represented by:Rx(�) = 24 1 0 00 c� �s�0 s� c� 35where c� = cos� and s� = sin�Hence n0 = Rx(�)Ry(�) n:n0 = 0@ pc� + s�qc� + ps�s� � c�s�c�c�+ qs� � ps�c� 1An0 is parallel to the vector (0; 0; 1), so pc� + s� = 0.Therefore:c� = 1p1 + p2 and s� = �pp1 + p2) n0 = (0; qc� �p1 + p2s�; qs� +p1 + p2c�)Tand so qc� �p1 + p2s� = 0. Hence:c� = p1 + p2p1 + p2 + q2 and s� = qp1+p2+q2Therefore we write R:R = R�1y (�):R�1x (�)= 26664 1p1+p2 �pqp1+p2+q2p1+p2 pp1+p2+q20 p1+p2p1+p2+q2 qp1+p2+q2�pp1+p2 �qp1+p2+q2p1+p2 1p1+p2+q2 37775The translation of G is t = (0; 0; 1)T . From appendix A,G = � R t0 1 �

and so using the result of appendix A, the projection ma-trix M mapping from the � frame to the camera framelinked by G is:M = 26664 1p1+p2 �pqp1+p2+q2p1+p2 00 p1+p2p1+p2+q2 0�pp1+p2 �qp1+p2+q2p1+p2 1 37775G Derivation pq conics used inBMVC90.From equation 15 for two world conics C1 and C2 withimages c1 and c2:trace2�2[C1] = � ft(p; q; c1)1 + p2 + q2trace2�2[C2] = � ft(p; q; c2)1 + p2 + q2where ft is a conic in p and q with coe�cients taken fromthe relevant image conic:ft(p; q; c) = a+ c� dp+ cp2 + fp2�eq � bpq + aq2 + fq2Hence: trace2�2[C1]trace2�2[C2] = ft(p; q; c1)ft(p; q; c2)Which when multiplied out gives a conic in p and q. Theother conic is derived using equation 16. This gives:det2�2[C1]det2�2[C2] = fd(p; q; c1)fd(p; q; c2)where: fd(p; q; c) = (4ac� b2 � 4cdp+ 2bep�e2p2 + 4cfp2 + 2bdq�4aeq + 2depq � 4bfpq�d2q2 + 4afq2)=4


