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Abstract

Title Asymptotic analysis of the 1-step recursive Chow test
(and variants) in time series models

Author Andrew Whitby, Balliol College
Degree Doctor of Philosophy
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This thesis concerns the asymptotic behaviour of the sequence of 1-step re-
cursive Chow statistics and various tests derived therefrom. The 1-step stat-
istics are produced as diagnostic output in standard econometrics software,
and are expected to reflect model misspecification. Such misspecification
testing is important in validating the assumptions of a model and so ensur-
ing that subsequent inference is correct. Original contributions to the theory
of misspecification testing include (i) a result on the pointwise convergence
of the 1-step statistics; (ii) a result on the extreme-value convergence of the
maximum of the statistics; and (iii) a result on the weak convergence of an
empirical process formed by the statistics.

In Chapter 2, we describe the almost sure pointwise convergence of the 1-
step statistic for a broad class of time series models and processes, including
unit root and explosive processes. We develop an asymptotic equivalence
result, and use this to establish the asymptotic distribution of the maximum
of a sequence of 1-step statistics with normal errors. This allows joint consid-
eration of the sequence of 1-step tests via its maximum: the sup-Chow test.
In Chapter 3, we use simulation to investigate the power properties of this
test and compare it with benchmark tests of structural stability. We find that
the sup-Chow test may have advantages when the nature of instability is un-
known. In Chapter 4, we consider how the test may be adapted to situations
in which the errors cannot be assumed normal. We evaluate several prom-
ising approaches, but also note a trade-off between robustness and power.
In Chapter 5 we analyse an empirical process formed from the 1-step statist-
ics, and prove a weak convergence result. Under the assumption of normal
errors, the limiting distribution reduces to that of a Brownian bridge. The
asymptotic approximation appears to works well even in small samples.
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Chapter 1

Introduction

This thesis concerns the asymptotic behaviour of the sequence of 1-step recursive Chow

statistics and various tests derived from these statistics. Over the following four chapters,

we examine the asymptotic behaviour of the pointwise 1-step statistics and the max-

imum of the 1-step statistics; and an empirical process formed from these statistics. In

addition, we investigate some of the finite sample properties of a test based on the max-

imum. In doing so, we intend to contribute to the understanding of a test that is in active

use, offer a new test, and contribute more broadly to the literature of misspecification

testing in econometrics.

Within the context of misspecification testing, the 1-step test lies within a family of

tests proposed to uncover structural change, and so this is the primary applied context.

Various tests have been developed to investigate structural change, including most fam-

ously Chow (1960). The 1-step recursive Chow test has its origin here, but in actual use

it has outgrown the classical framework, being routinely deployed in autoregressive

models. The 1-step test is not unique in this evolution: for instance, see the comments

regarding the RESET test in Hendry and Nielsen 2007, s. 13.2.3. The question regarding

all such tests is: how well do they work in the settings in which they are used? What

results can we derive that may inform our understanding, and where these results hold

asymptotically (as they almost inevitably do), how well do they translate to relevant

sample sizes?

This thesis endeavours to answer these questions as they pertain to the 1-step re-

1



Chapter 1. Introduction 2

cursive Chow test, and the variants we construct.

In Chapter 2, we are motivated initially by the test as it is currently implemented in

software (e.g. PcGive). We derive a pointwise result that shows that even in a general

autoregressive framework, the classical distributional results still hold, in the limit. This

gives us confidence that current tests based on the 1-step statistics continue to provide

useful information for investigators, even when the context is a time series one. We then

go further, to develop a result by which the sequence of tests can be considered jointly,

by considering the the maximum of the sequence (we call this the sup-Chow test).

Our approach to deriving the distribution of the maximum is of some independent

interest. We prove the first result almost surely, and use Egorov’s theorem to make a

uniformity statement about the maximum. We then apply results from extreme value

theory to derive the limiting distribution of the maximum, under an assumption about

the error distribution.

In Chapter 3 we turn our attention to practical concerns, using Monte Carlo tech-

niques. Firstly, we evaluate the performance of the asymptotic results of Chapter 2 in

finite samples. We find these can be improved with some simple corrections. Secondly,

we evaluate the power of the sup-Chow test, under a variety of misspecification scen-

arios. We find the test has useful power to detect mean and variance breaks, and single

outliers.

Chapter 4 considers the sup-Chow test when the errors do not follow the normal

distribution. This is not a matter of generalising the Chapter 2 results; the 1-step test

and the sup-Chow test inherently require the error distribution to be specified (whether

that is normal or something else). Instead, we consider two approaches, grounded in

different modelling philosophies. In the first approach, we assume the investigator will

make an assumption of normal errors, and so run the test in conjunction with other

misspecification tests, one of which is designed to reject non-normal residuals. The

issue that arises in this case is whether the sup-Chow test has power, conditional on

this other test. In the second approach, we assume the investigator prefers to make

weaker assumptions about the distribution of the errors. To allow the test to work in

such an instance, we consider a variety of simple transformations that allow us to relax
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the normality assumption (though still requiring that the distribution be within a certain

restricted class—the domain of attraction of the Gumbel maximal distribution). Both

approaches are partially successful, but each diminishes the power of the test against

the alternatives previously considered.

In Chapter 5 we analyse an empirical process formed from the square root of the

1-step statistics. We prove weak convergence to a process involving a pair of correlated

Brownian bridges. Under the assumption of normal errors, this limiting distribution

reduces to that of a Brownian bridge. This is a particularly convenient result, as in this

case tests based on functionals of the empirical process will have their usual distribu-

tions. We demonstrate this with a simple Kolmogorov-Smirnov-type statistic, and find

that the asymptotic approximation works well in small samples. These results clear the

way for a range of tests, based on the empirical process, to be developed and evaluated.

The purpose of the remainder of this chapter is to provide context for the main res-

ults that follow in Chapters 2 through 5.

1.1 Background

Economics has long been an empirical discipline. Jevons (1871) states that

The deductive science of Economics must be verified and rendered useful by
the purely empirical science of Statistics. Theory must be invested with the
reality and life of fact.

Econometrics as a distinct subdiscipline can be dated to the founding of Econometric So-

ciety in 1933. The Society defined econometrics as ‘economic theory in its relation to

statistics and mathematics’ (Frisch 1933, p. 1). As Hoover (2006) notes, in modern use

the term emphasises the application of statistical, rather than merely mathematical, tech-

niques to economics (econometrics having separated from ‘mathematical’ economics).

The seminal work of what might be considered ‘modern’ econometrics is Haavelmo

(1944), which firmly established the applicability of probability models to economic

data.

The early postwar period, following Haavelmo, saw a growing methodological con-

sensus, but this is not what one finds in econometrics today. Pagan (1987) identifies



Chapter 1. Introduction 4

three dominant methodologies, while Hoover (2006) enumerates no less than five sep-

arate methodological approaches. Pagan argues that the present schools of econometric

thought arose after 1975, with the onset of ‘stagflation’ and the inability of the then-

dominant large multi-equation models to explain or predict it. This caused a period of

methodological introspection, which continues to the present. To an extent, however,

methodological differences seem a natural outgrowth of the inherent complexity of the

econometrician’s task; and, in particular, the necessary but difficult task of drawing

causal inference from non-experimental data.

1.1.1 Econometric methodology

Econometric modelling as practised today can be divided between those approaches

that are theory-led and those that are data-led (Hoover characterises these, in historical

context, as ‘theory-of-errors’ and ‘probabilistic reduction’ approaches, respectively). As

this thesis largely concerns asymptotic theory, we need not take a strong position in

this debate. But where motivation for the work and application of the theory results

are concerned, we position ourselves within the London School of Economics (LSE)

tradition, from which was born the 1-step recursive Chow test. The LSE approach was

originated by Denis Sargan but has come to be associated with David Hendry (Hoover

2006, s. 2.4.3 p. 75). It is firmly in the data-led camp.

The LSE methodology involves a multi-step procedure, starting with the true, un-

knowable data generating process, and eventually arriving at the econometric model of

the process, using a theory of ‘reduction’. Reduction involves such considerations as ag-

gregation, data transformation, data partition, marginalizing, sequential factorization,

parameter constancy, lag truncation, integrated data, functional form specification, con-

ditional factorization and simultaneity (see Hendry 2009, 1995, for thorough descrip-

tions of these concepts). At each reduction stage, an emphasis is placed on testing a

variety of null hypotheses about the model’s correct specification. From this approach

comes a strong emphasis on model misspecification testing.
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1.1.2 Misspecification tests

Misspecification test are statistical tests, congruent with the formulation of Cox and

Hinkley (1974, p. 66). They are, however, less easily characterised than the more famil-

iar Neyman-Pearson (N-P) tests (Mizon 1977; Spanos 2006, s. 1.8.1.4, p. 40). Whereas

N-P tests are typically used to evaluate restrictions suggested by economic theory, mis-

specification tests are designed purely to refute the model under consideration, on stat-

istical grounds. Whereas N-P tests are constructed with a clear (though not necessarily

point) alternative in mind, misspecification tests are not; when a misspecification test

fails, it is considered evidence against the statistical adequacy of the model as a whole.

Such tests were used as early as Fisher (1925), according to Spanos (2006, p. 21), and

today they are commonly available as standard output from econometrics software.

Misspecification testing is central in the LSE approach. Hendry (1980, p. 403) states

that ‘[t]he three golden rules of econometrics are test, test and test’. They are not solely

connected with this methodology, however, and are emphasised, to varying degrees, in

most approaches to econometric modelling. Nevertheless, Spanos (2006, p. 7) argues

that

The primary problem of current econometric modelling is unreliable evid-
ence built upon unwarranted inductive inferences. One of the main contrib-
uting factors is that the premises of induction, the probabilistic assumptions
comprising the underlying statistical model, are often incompletely specified
and are rarely probed thoroughly for departures.

The misspecification test statistics we consider meet the two criteria specified by Cox

and Hinkley (1974, p. 66). First, that the distribution of the statistic is known under the

null hypothesis; and furthermore that this distribution be at least approximately the

same in the case of a composite hypothesis. Second, that the larger the value of the

statistic, the greater the evidence against the null hypothesis. The first of these criteria

seems particularly relevant in cases where the process specified contains nuisance para-

meters; and we will thus emphasise, amongst other considerations, similarity of tests

(in particular, invariance to the dynamic structure of the process).
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1.1.3 Structural change

Structural change has been a topic of interest to econometricians since the field was

established. For instance, Haavelmo (1944, p. 26) notes that:

When we try to apply relations established by economic theory to actually
observed series for the variables involved, we frequently find that the theor-
etical relations are “unnecessarily complicated”; we can do well with fewer
variables than assumed a priori. But we also know that, when we try to
make predictions by such simplified relations for a new set of data, the re-
lations often break down, i.e., there appears to be a break in the structure of
the data. For the new set of data we might also find a simple relation, but a
different one. [emphasis in original]

Hendry (1995, s. 2.3) describes structure as ‘the set of basic, permanent feature of

the economic mechanism’. Causes of structural change may include ‘technical progress,

R&D, new legislation, institutional changes, regime shifts, financial innovation, shifting

demography, evolving social and political mores, as well as conflicts and other major

catastrophes’. (Hendry 2009, s.1.4.1.1, p. 17)

The question of structural stability of a model is central to the econometrician’s task.

Hendry (1995, s. 2.1) notes that ‘parameters are of interest if they are uniquely defined,

constant over historically relevant time periods and across regimes, and interpretable

in the light of subject matter theory.’ Structural change is of particular importance in

forecasting. Hendry (2009, s.1.4.1.1, p. 17) notes that forecast failure is almost invariably

due to structural breaks.

Although it is possible to specify and estimate models in which parameters are not

constant over time, Hendry notes that such models ‘will be useless for forecasting the

future, analysing economic policy, or testing economic theories, since they lack entities

on which to base those activities.’ This is not to say that a model cannot have entities

that do vary, and which we might sometimes call parameters; merely that some under-

lying parameters must be fixed. As further noted by Hendry, ‘models with “varying

coefficients” still have an underlying set of constant parameters which characterise the

probability mechanism.’

We consider that these activities—forecasting, analysing policy, testing theory—rep-

resent most of what is useful about applied econometrics, and so the question of para-
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meter constancy over time is essential to the task of econometric modelling. We con-

sider models without constant parameters (defined as Hendry does) to be incompletely

or incorrectly specified, so that parameter nonconstancy is a particular case of model

misspecification.

1.2 The 1-step recursive Chow test

The popular econometrics package PcGive (Hendry and Doornik 2001, p. 254) includes

three variants of the original Chow (1960) test, calculated recursively over time series

data and aimed at testing parameter constancy over time, against a break at an a priori

unknown time. The tests are presented as graphics, calculated per-observation from a

chosen recursion start pointM (which must be at least k, the number of regressors) up to

the sample size S, and hence relax the known-breakpoint requirement. With RSSs being

the sum of squares of residuals for an OLS regression up to s, we have the following

tests.

1-step Chow test in which a sequence of single period-s forecasts is made based on data

from 1 to s− 1, with s rolling from M to S.

Chow1,s =
(RSSs − RSSs−1)(s− k − 1)

RSSs−1
, s = M . . . S. (1.1)

Break-point Chow test (or N↓ Chow test) in which a sequence of multi-period fore-

casts is made with the break-point between the estimation sub-sample and the

forecast sub-sample rolling from (M − 1,M) to (S − 1, S).

ChowN↓,s =
(RSSS − RSSs−1)(s− k − 1)

RSSs−1(S − t+ 1)
, s = M . . . S. (1.2)

Forecast Chow test (or N↑ Chow test) in which the estimation sub-sample is fixed at

1 . . .M − 1 while the forecast sub-sample grows from a single period M forecast

to the entire sub-sample from M to S.

ChowN↑,s =
(RSSs − RSSM−1)(M − k − 1)

RSSM−1(s−M + 1)
, s = M . . . S. (1.3)
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Figure 1.1 shows the different estimation-forecast structures of the three variants.
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Figure 1.1: The three recursive Chow test variants: (a) 1-step; (b) break-point (N↓); and
(c) forecast (N↑). Reproduced from Ericsson et al. (2005, 181-182).

This thesis focuses on the 1-step test. The 1-step test is essentially the ‘prediction in-

terval’ test described by Chow, but computed recursively over the sample. This test and

the other recursive variants were introduced to PcGive during the mid-1980s. (They are

not present in 1983 when GIVE was part of the AUTOREG library (Hendry et al. 1983;

Hendry 1983), but exist in 1986’s PcGive version 4.0 in essentially the same form as in

recent versions (Hendry 1986). Prior to this time the Chow test was present primar-

ily in its traditional fixed split-sample form (with data partitioned into an estimation

subsample and a forecast subsample). The incorporation of these tests into a popular

software package appears to have led to their widespread use, particularly in central

banking: see for example Kimura (2001); Celasun and Goswami (2002); Assarsson et al.

(2004). Further, since the test is easy to generate and provides graphical reassurance of
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the model’s correct specification, it is likely that far more investigators refer to the test’s

output (perhaps quite casually) than actually include it in published work.

Theory, meanwhile, has lagged implementation and application. Andrews (1993, p.

825) criticises the tests on the grounds that they lack a well-developed distributional

theory. A review of the literature discussing the recursive Chow tests suggests that

this criticism has merit. PcGive’s manual (Hendry and Doornik 2001, p. 254) cites only

Chow’s original paper, and implies that the statistic should be F distributed, stating, in

addition, that normality is required for the 1-step test (this requirement proves import-

ant and is discussed in Chapter 4). Hendry (1995, s. 3.2.2) reviews the classical distri-

butional theory and reports some Monte Carlo results for the break-point variant of the

recursive Chow test under an autoregressive distributed lags (ADL) (1,1) data generat-

ing process (DGP), noting that ‘the standard regression-theory results. . . hold reasonably

well despite the presence of dynamics.’ There is, however, no theoretical analysis of the

test under such processes. The most complete description of the tests is given in Eric-

sson et al. (2005, pp. 177–183), which provides motivation for the recursive approach

and details the differences between the three tests. However even here it is stated that

‘[u]nder the null hypothesis of correct specification, the statistic. . . is exactly distributed

as F (N, t− k) for normal independent et with fixed regressors xt, approximately so for

dynamic regressors.’ No further information is provided on how ‘approximately’ this

result holds.

Hence there appears to be a general belief that these tests perform relatively well on

time series data, even in the absence of a complete theory. This thesis provides support

for this belief, using asymptotic theory in Chapter 2 and finite sample simulations in

Chapter 3.

A second issue with the tests as currently used is correct interpretation. The recurs-

ive testing procedure produces almost as many test statistics as there are observations.

While this is useful in identifying the possible timing of a break, it makes the adop-

tion of a strict decision rule difficult. Discussing a time series example of the 1-step

test, Hendry and Nielsen (2007) note that as ‘about 100 tests are done [with a 1% crit-

ical value], which are only slightly dependent, at least two or three rejections would be
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needed to reject the model based on this type of test.’ Clearly, an element of subjective

interpretation is required.

It must be said that these tests, with their primarily graphical output, are not inten-

ded to be used in a Neyman-Pearson framework, but rather in the iterative, data-driven

approach associated with the LSE school. Nevertheless, this does not obviate the joint

testing criticism, and this motivates our construction of a supremum version of the 1-

step test in Chapter 2, which could be more easily used in a strict setting if desired.

Finally, in concentrating on this test and related constructions, we inevitably main-

tain a focus, at least implicitly, on short time-horizon forecast performance. This is not

to suggest that longer horizons may not otherwise be of interest; but the specific issues

relevant to this fall beyond the scope of this thesis.

1.2.1 An example

We introduce an example to demonstrate the issues. This is not intended to make any

empirical contribution, but merely to demonstrate the issues facing investigators using

the 1-step recursive Chow test, as it is currently implemented, and hence motivate the

theoretical work that follows.

The data set we consider comes originally from Hendry and Ericsson (1991) and

is provided with Hendry and Nielsen (2007). Amongst other variables, it includes

quarterly, seasonally-adjusted M1 (denoted ma) and a price level (denoted pa), both in

logs. This quarterly series spans 1963(1) through 1989(2).

A plot of the data suggests a possible regime change in the early 1980s, with a shift

from stationary (or perhaps unit-root) behaviour to mildly explosive behaviour.

Although Hendry and Ericsson consider relatively elaborate dynamic models, we

use a simple autoregressive model to demonstrate the test under investigation. In par-

ticular, we fit an AR(4) model to ma− pa = log(mp ), the log of the real money stock. The

assumed model is

log

(
m

p

)
s

= β1 log

(
m

p

)
s−1

+ β2 log

(
m

p

)
s−2

+ β3 log

(
m

p

)
s−3

+ β4 log

(
m

p

)
s−4

+ εt ,

where εt ∼ N(0, σ2).
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Figure 1.2: Example data series: log of the real quarterly, seasonally adjusted UK money
stock (M1).

OLS estimation of this model produces the estimates shown in Table 1.1.

Variable Coefficient (Std. Err.) Diagnostics
β1 1.333∗∗ (0.1009) T 102
β2 -0.027 (0.1656) R2 0.987
β3 -0.290 (0.1665) F3,98 2485∗∗
β4 -0.016 (0.1017)

Table 1.1: Output from OLS estimation of AR(4) model. ∗∗ significant at 1% level.

Following model estimation, the 1-Step Chow test statistics can be calculated recurs-

ively using PcGive’s Recursive Graphics feature. The output is shown in Figure 1.3. The

raw statistics are scaled by ‘1-off critical values from the F-distribution at any selected

probability level [here 1%] so that the significant critical values become a straight line at

unity’ (Hendry and Doornik 2001, p. 254).

In practice, we interpret the test’s exceedance of the 1% line around 1973 as evidence

of a possible structural break. Given that nearly 100 statistics are plotted at a nominal

1% critical value, a single exceedance is highly likely even with parameter constancy.

Nevertheless, the degree to which the test exceeds the 1% line, coupled with our a priori

knowledge of the 1973 Oil Crisis, invites us to at least consider the possibility of model
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Figure 1.3: 1-Step Chow test statistic calculated for the AR(4) model; standard PcGive
output.

misspecification, and whether a dummy variable might improve the model’s fit.

It is important to recognise what the 1% normalising factor represents. It is the level

beyond which 1% of probability mass lies, for a random variable with an F -distribution

with (1, T − k − 1) degrees of freedom. The use of this normalisation creates the two

issues of interpretation noted above, namely uncertainty about the test’s distribution

with dynamic regressors, and difficulty interpreting the ‘1%’ critical value in light of the

obvious simultaneous testing across the sample.

1.3 Related procedures

The literature on testing for structural breaks is extensive—indeed in his handbook

chapter Perron (2006, p. 279) describes it as ‘truly voluminous’. Perron divides tests

into those that do not explicitly model a break; those that model one break; and those

that model multiple breaks. The recursive Chow tests, including the 1-step test, fit into

the the first category, which includes the well-known CUSUM and CUSUMSQ tests.

The modelled-break category includes, most prominently, the Quandt (1960)–Andrews
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(1993) supremum tests. The classical Chow test itself is also a modelled-break test, albeit

one in which the breakpoint must be known a priori.

In this section, we review the intellectual heritage of the 1-step test. The test can

be framed in two ways: either as a time-ordered extension of the ‘prediction interval’

test of Chow (1960), or as a sequence of studentized recursive residuals. We examine

the antecedents of both approaches. We consider the competing approach identified by

Perron, modelled-break testing, in Section 1.4, with a particular focus on the Andrews

(1993) test.

1.3.1 The classical Chow test

The classical Chow (1960) test—actually comprising several tests—was developed to

detect a change in the slope coefficient at a known breakpoint in the classical linear re-

gression model. Although the test’s introduction pre-dates modern time series methods,

it is clear that Chow had time series applications in mind (Chow 1960, p. 591):

When a linear regression is used to represent an economic relationship, the
question often arises as to whether the relationship remains stable in two
periods of time, or whether the same relationship holds for two different
groups of economic units. Is the consumption pattern of the American people
today the same as it was before World War II?

Chow presented a sequence of tests, which can be shown to be closely related to a stand-

ard F test of the hypothesis that some coefficients are equal to zero (see Fisher 1970 for

a particularly clear exposition). Under the null hypothesis of no change, with classical

assumptions, any one of Chow’s statistics follows an F distribution.

Chow considers a classical regression model, with p regressors and n observations.

His problem is to determine whether m additional observations come from the same

regression. This is essentially a problem of parameter non-constancy within a series of

n+m observations, with a known break-point at n+ 1.

He notes that two relevant tests already existed, at the time of writing: the ‘well-

known’ prediction interval test, useable when m = 1 (his equation (8)), and the analysis

of covariance test, useable when m > p. Chow’s original contributions are to offer tests

for the intermediate situation, when 2 ≤ m ≤ p, and to situate all three cases within the
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framework of testing general linear hypotheses.

Apart from the reliance on classical assumptions, Chow’s tests suffer from another

problem for practical time series modelling: the need to specify, a priori, the point in

time at which the parameter change occurs. In some cases the existence and timing

of structural breaks may be known or suspected: for instance in the case of a known

policy change (central bank independence, for instance) or a well-studied macroeco-

nomic shock (the oil shocks of the 1970s, for instance). But often this will not be the

case, and it is useful—particularly for the purposes of model evaluation—to be able to

determine whether some break occurred at an unknown time. One common alternative

is to make an informed guess as to the time of the break (or indeed an uninformed guess,

by assuming the break occurs at the halfway point). This can be moderately powerful

against breaks that occur relatively close to the assumed breakpoint.

1.3.2 The use of recursive residuals

Recursively (or sequentially) calculated regression residuals have been proposed for a

wide variety of testing purposes. Consider a linear regression

yt = β′xt + εt t = 1, . . . , T, (1.4)

with yt scalar, xt a k-dimensional vector of regressors. For such a regression we can

define the sequence of least squares estimators calculated over progressively larger sub-

samples, along with the corresponding residual sums of squares RSSt and recursive

residual ε̃t, by

β̂t =

(
t∑

s=1

xsx
′
s

)−1( t∑
s=1

xsy
′
s

)
t = k, . . . , T, (1.5)

RSSt =
t∑

s=1

(β̂′txs − ys)2 t = k, . . . , T, (1.6)

ε̃t =

1 + x′t

(
t−1∑
s=1

xsx
′
s

)−1

xt

−1/2

(yt − β̂′t−1xt) t = (k + 1), . . . , T. (1.7)

As Brown et al. (1975) put it, ‘it is natural to look at residuals to investigate depar-
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tures from model specification’, and this approach has a relatively long history. The

recursive residuals have two advantages over the OLS residuals in this respect: first,

under the normal linear model with fixed regressors, they are identically and independ-

ently normal; second (and distinguishing them from other i.i.d. normal transformed re-

siduals (e.g. the BLUS—best linear unbiased scalar covariance—residuals of Theil 1965),

they have a natural interpretation—in a time series setting—as forecast errors.

The former property was developed in O’Reilly and Quesenberry (1973), which ex-

tended to the regression case the literature on goodness-of-fit testing using the prob-

ability integral transform (PIT) (Pearson 1938). Then, with exogenous regressors, it is

shown that the the recursive residuals are sequentially independent. Such tests share

the character of the test we consider in also being, typically, tests of pure significance.

Hawkins (1991) develops the approach more completely, drawing parallels with various

concepts (leverage, etc.) in the outlier literature.

Ironically, in typical time series settings where the forecast error interpretation is

most useful, independence of the residuals does not hold due to the presence of lagged

dependent variables, a problem noted by Dufour (1982). This partly motivates the res-

ults of Chapter 2.

The recursive residuals form a sequence from k + 1 . . . T where k is the number of

regressors in the model. In principle, many tests that are constructed from the OLS resid-

uals could be adapted to instead use the recursive residuals. Many different functions

of the sequence can be contemplated in order to achieve power against various altern-

atives. As noted by Hawkins (1991), the sequence may, for example, be squared, cu-

mulated, or squared and cumulated to form another sequence of statistics; then various

aggregations—mean, maximum, etc.—may be considered to form a scalar summary of

the whole sample. A further choice is how to scale the residuals: in particular, whether

a full sample or sequential variance estimator is used. Many of these combinations ap-

pear, in some form, in the literature.

Surprisingly, the use of recursive residuals to detect outliers in time series data has

been little-explored, although there is little doubt they are used for this purpose in prac-

tice. Barnett and Lewis (1994, p. 330) comment that ‘[recursive residuals] would seem
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to have potential for the study of outliers, although no major progress on this front is

evident. There is a major difficulty in that the labelling of the observations is usually

done at random, or in relation to some concomitant variable. . . ’. This difficulty does not

exist with time series data, where a natural unique chronological labelling of observa-

tions pertains. The section in the same book (p. 396) on detecting outliers in time series

is, nevertheless, notably brief, and recursive methods are not considered.

Kianifard and Swallow (1996) outline the development and use of recursive resid-

uals in some detail. Below, we highlight the CUSUM and CUSUMSQ test, which pop-

ularised the use of recursive residuals for misspecification testing.

1.3.2.1 CUSUM and CUSUMSQ

The recursive residuals first appear as a regression diagnostic tool with the introduction

of the CUSUM and CUSUMSQ tests in Brown et al. (1975). These tests are designed

to visually inspect model adequacy (in particular stability over time). The CUSUM is

defined

Wr =
1

σ̂2

r∑
j=k+1

ε̃j r = k + 1 . . . T,

where

σ̂2 =

∑T
j=k+1(ε̃j − ¯̃ε)2

n− k − 1
and ¯̃ε =

∑T
j=k+1 ε̃j

T − k
.

Wr is plotted against r. Brown et al. (1975) show that the recursive residuals are in-

dependent N(0, σ2) distributed under the classical normal model with non-stochastic

regressors. Therefore E(Wr) = 0, V (Wr) ≈ r−k and C(Wr,Ws) ≈ min(r, s)−k for each

r. They then approximate Wr using a continuous normal process, and establish, for any

size α, bounds within which Wr should vary (under the null hypothesis of no structural

change).
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The CUSUMSQ is defined

sr =

 r∑
j=k+1

ε̃2
j

/ T∑
j=k+1

ε̃2
j

 .

Brown et al. (1975) calculate the joint distribution of the statistics under the same as-

sumptions. Again, bounds can be plotted for sr, giving a visual indication of any viola-

tion of the null hypothesis.

As Brown et al. (1975) work within a framework of fixed regressors, they specific-

ally preclude extension to autoregressive-type processes. Ploberger and Krämer (1986)

extends the analysis to stationary autoregressive processes, while Lee et al. (2003) con-

sider a unit root autoregressive process. Recently, Nielsen and Sohkanen (2011) further

generalised the test to ADL models with deterministic terms and potentially stationary,

unit-root or explosive behaviour. In all cases the asymptotic distributions are the same

as in the fixed regressor case.

1.4 Procedures used as benchmarks

In this section we review two tests of structural instability which we consider to be

benchmarks. We will use these in Chapters 3 and 4, where we analyse the relative

performance of the test developed in Chapter 2 on a number of dimensions.

The first benchmark test is the Quandt-Andrews mid-sample test, first proposed by

Quandt (1960) with distribution theory worked out in Andrews (1993). It appears to

be the most popular of the modelled-breakpoint tests, being commonly implemented in

econometrics software and therefore well-known and readily applicable. It is found in

in EViews 7 (QMS 2009) as the command ubreak or in R (R Core Team 2013) using the

package strucchange (Zeileis et al. 2013). Its one significant drawback is low power

at the beginning and end of the sample, resulting from a ‘trimming’ procedure required

for the asymptotic results to hold.

As will be seen, the test developed in Chapter 2 requires a similar trimming at the

beginning of the sample, but not at the end of the sample. So to allow for a complete

comparison, we use a second benchmark test, the Andrews (2003a) end-of-sample test,
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a sequel designed to complement the 1993 test, and address exactly the issue of low

power towards the end of the sample.

1.4.1 Quandt (1960)–Andrews (1993) mid-sample test

Quandt (1960) addresses the question of a Chow-type test when the break date is un-

known. Quandt proposed using the likelihood ratio (LR) test statistic, evaluated at the

likelihood-maximising break date. The asymptotic distribution of such a statistic is non-

standard, since the timing parameter appears only under the alternative hypothesis

and not under the null. This complicates the analysis (see Davies 1977), and preven-

ted Quandt from solving the distribution problem. The general method proposed by

Davies for such tests is to consider the maximum of the LR statistic over all possible

break dates, within a given set.

Andrews (1993) studies LR, LM and Wald tests of this type, and finds that the asymp-

totic null distributions are given by the supremum of the square of a standardised tied-

down Bessel process of order p > 1 (see Hawkins 1977). The original paper provided

tabulated critical values, although these are superceded by Andrews (2003b). In addi-

tion, Hansen (1997) provides a numerical method of approximating this distribution,

allowing asymptotic p-values to be computed. (This latter method is used, for instance,

in EViews.)

An interesting issue arises in the asymptotic theory: as the sample size grows, the

set of break dates cannot extend to either edge of the sample, or else the test diverges to

infinity under the null hypothesis. The practical result is that the full set of pointwise

LR statistics must be ‘trimmed’ at either end. Andrews recommends the convention of

(0.15, 0.85)T when there is no prior knowledge about the break timing.

In the linear regression setting, the tests have a straightforward expression described

in Andrews (1989). We can construct the the ordinary F test statistics FT (τ) for a break

in the regression parameters at time τT with τ ∈ (0, 1). Then, applying the conventional

trimming, we calculate supF = supτ∈(0.15,0.85) FT (τ). Then it holds that FT (τ) = [(T −

2p)/T ]WT (τ)/p, whereWT (τ) is the Wald test statistic. This allows the supF test statistic

to be compared with Table 1 of Andrews (1989) (with those critical values divided by p),
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or the more recent tabulations.

This is the form of the Quandt-Andrews test we use in simulation experiments in

Chapters 3 and 4. It is numerically equivalent to the test performed by the ubreak

command in EViews, which allows us to use, as a benchmark, a test which is actually

implemented in software.

The supremum tests of Andrews (1993), while very useful in practice, suffer from

several complications. Firstly, while the test statistic is relatively straightforward (par-

ticular in the linear regression setting), the asymptotic distributions are non-standard.

This is, of course, mitigated by the availability of Hansen (1997) method of approx-

imation. Secondly, the trimming procedure means the test has reduced power against

breaks that occur early or late in the sample—and for forecasting, the latter is of partic-

ular concern. This motivates the next test we discuss.

1.4.2 Andrews (2003a) end-of-sample test

The Andrews (2003a) test of end-of-sample instability, the S test, is designed to answer

the above criticism of the Andrews (1993) test. It generalises the Chow (1960) F test to

situations with (a) errors which are not iid normal, (b) regressors that are not strictly

exogenous and (c) estimation methods other than least squares.

The model has d regressors, n observations before the potential changepoint, and m

observations after it. The model equation is

yi =


x′iβ0 + εi, for i = 1, . . . , n,

x′iβ1i + εi, for i = n+ 1, . . . , n+m.

with assumptions that Eεixi = 0, Exix
′
i is positive definite and {(yi, xi) : i ≥ 1} are

stationary and ergodic under the null hypothesis.
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The null and alternative hypotheses proposed are

H0 :


β1i = β0 for all i = n+ 1, . . . n+m, and

{(yi, xi) : i ≥ 1} are stationary and ergodic,

H1 :


β1i 6= β0 for some i = n+ 1, . . . n+m, and/or

the distribution of (εn+1, . . . , εn+m) differs from

that of (εi, . . . , εi+m−1) for i = 1, . . . , n−m+ 1.

Define the following vector notation:

yr,s = (yr, . . . , ys)
′,

xr,s = (xr, . . . , xs)
′, and

εr,s = (εr, . . . , εs)
′.

Then the S test statistic is then constructed as follows. Let

β̂n+m = LS estimator of β using observations indexed by i = 1, . . . , n+m.

Then an estimator of the m ×m error covariance matrix Σ0 = Eε1,mε
′
1,m (stationary by

assumption) is

Σ̂n+m =
1

n+ 1

n+1∑
j=1

ε̂j,j+m−1ε̂
′
j,j+m−1 where ε̂j,j+m−1 = yj,j+m−1 − xj,j+m−1β̂n+m

Finally, the statistic S is defined as

S =


Sn+1(β̂n+m, Σ̂n+m), for m > d,

Pn+1(β̂n+m, Σ̂n+m), for m ≤ d,
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where

Sj(β,Σ) = Aj(β,Σ)′V −1
j (Σ)Aj(β,Σ),

Aj(β,Σ) = x′j,j+m−1Σ−1(yj,j+m−1 − xj,j+m−1β),

Vj(Σ) = x′j,j+m−1Σ−1xj,j+m−1,

Pj(β,Σ) = (yj,j+m−1 − xj,j+m−1β)′Σ−1(yj,j+m−1 − xj,j+m−1β),

with β ∈ Rd and Σ a nonsingular m×m matrix, for j = 1, . . . , n+ 1.

In either case (m > d or m ≤ d), large values of S are suggestive of structural in-

stability and provide evidence against the null hypothesis.

The key difficulty is in obtaining asymptotic results without a parametric assump-

tion on the form of the error distribution. Since the end-of-sample consists of a fixed m

periods, central limit theorems are of no use here. Instead, to calculate critical values,

Andrews suggests a subsampling technique. Under the assumptions stated, the Sj(β,Σ)

are stationary and ergodic, and the distribution of S1(β0,Σ0) can be estimated consist-

ently using the empirical distribution of {Sj(β, σ) : j = 1, . . . , n −m + 1} evaluated at

consistent estimators of β0 and Σ0. Andrews suggests

β̂2(j) = LS estimator of β using observations indexed by i = 1, . . . , n,

with i 6= j, . . . , j + dm/2e − 1,

(where d·e denotes ceiling), for j = 1, . . . , n−m+ 1, as an estimator of β0, and Σ̂n+m as

an estimator of Σ0. Then define

Sj =


Sj(β̂2(j), Σ̂n+m), for m > d,

Pj(β̂2(j), Σ̂n+m), for m ≤ d,

for j = 1 . . . n−m+1. The critical values are based on the 1−α quantile of the empirical
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distribution function of these statistics, so that a test p-value may be constructed as

pS =
1

n−m+ 1

n−m+1∑
j=1

1(S ≤ Sj).

Andrews finds the S test generally has better size than the F test whenever the

assumption of uncorrelated normal errors is violated. Size-corrected power is higher

for the F test when the degree of autocorrelation is mild, and higher for the S test when

the autocorrelation is more severe. For all the tests, power increases rapidly in m (the

length of the end-sample period) and only slowly in n. This is because the test ultimately

depends upon only m residuals.

Two issues are not fully addressed in the paper.

Firstly, the test requires stationary regressors, and while Andrews claims it has little

(undesired) power against non-stationarity involving a one-time change in error dis-

tribution, it is not clear that this would extend to unit-root type non-stationarity. The

solution proposed for this case is to use differenced data; however that requires the

investigator to simultaneously consider structural instability and unit root behaviour.

This may cause difficulties, as structural breaks can cause false-positives in tests for unit

roots, conflating two separate specification issues (see e.g. Perron 2006, p. 279).

Secondly, given a sample, it is not clear how an investigator should choose n and m.

As far as we are aware, this test is not implemented in any common econometrics soft-

ware, so we cannot refer to typical use. Given that Andrews recommends excluding the

first and last 15% of observations for the (complementary) Andrews (1993) tests, a lo-

gical choice would be to setm equal to 15% of the sample size. However, the simulations

presented in Andrews (2003a) assume that parameters change and remain changed for

the entire end-sample period from n+ 1 to n+m. If instability occurred in only a small

part of that, this would likely diminish power.

In the simulations of Chapters 3 and 4, we compare two versions of this test, one

with m = 0.15T , and one with m = 1.
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1.5 Mathematical techniques

The subject of this thesis is the sequence of 1-step Chow statistics, described in Section

1.2 above. In Chapters 2 and 5 we analyse this sequence from three quite different per-

spectives, with each requiring particular mathematical methods. First, we prove a result

concerning pointwise asymptotic equivalence of the 1-step sequence and a simpler se-

quence, the limiting distribution of which can be readily derived. Second, we consider

the distribution of the maximum over this sequence. Finally, we analyse an empirical

process constructed from the 1-step statistics.

Throughout, we rely on results of Nielsen (2005), which concerns the strong conver-

gence of autoregressive estimators and related quantities. To take advantage of these

results, we adopt the flexible model framework used in this paper (autoregressive dis-

tributed lags regression with a DGP modelled as a vector autoregression). This frame-

work supports a great variety of econometric models (see Hendry 1995, Chapter 7).

Nielsen’s results are a generalisation of the strong convergence results of Lai and Wei

(1985).

The use of almost sure convergence, rather than the more common convergence

in probability, serves a number of purposes. It provides a relatively straightforward

method of dealing with maxima and sums over sequences, as compared with the more

elaborate arguments that must be used to analyse the same using convergence in prob-

ability (see, for example, Deng and Perron 2008). Intuitively, complicated sums and

maxima arise in relation to the 1-step recursive Chow statistic exactly because of the

recursive estimation: where a quantity involving OLS residuals might involve a single

sum, the same quantity involving recursive residuals will have a double sum, and it is

in such situations that almost sure results prove convenient.

Of course, these results do not come for free. In general, the Nielsen (2005) results re-

quire the existence of higher moments. In the case of the Chapter 2 results, this assump-

tion is amplified by the need to bound various covariances of process components, with

the result that 16+ moments must be finite. For the Chapter 5 results, only 4+ moments

are required. If heavy tails are a concern, these assumptions might prove problematic.

Of course an assumption of normal errors will trivially satisfy such requirements.
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The almost sure results also allow the investigation of the sup-Chow statistic, via an

application of Egorov’s theorem that is of some technical interest. For the first part, we

take advantage of the pointwise almost sure results to make a convergence-in-probability

statement on the supremum statistic. The cost of this approach is that an asymptotically

growing subsample of the sequence must be excluded from calculation of the maximum.

This reflects early instability in the recursive parameter estimates due to small estima-

tion subsamples, and consequently seems unavoidable for a statistic of this nature. (The

practical implication is that the test thus derived will have no power against breaks

or outliers early in the sample; but the sup-Chow is not alone in this characteristic. It

will have power at the end-of-sample, which is of particular relevance in forecast scen-

arios.) From there, we use the techniques of extreme value theory to find the asymptotic

distribution of the maximum (appropriately scaled and centred). Since the sequence

under consideration, though simpler than 1-step sequence itself, remains correlated, we

cannot use the results of the classical theory and instead rely on further developments

applicable to dependent sequences; the key reference here is Leadbetter et al. (1982).

In Chapter 5 we turn to the empirical process approach. This necessitates the use

of weak convergence of probability measures on function spaces, a topic well described

by, for example, Billingsley (1968). The majority of arguments serve to show asymp-

totic equivalence, uniformly on the unit interval, of the empirical process to standard

processes, so that the weak convergence results follow with relatively little additional

work (essentially direct application of theorems on weighted empirical processes, by

Shorack and Wellner 1986). The key theorem here follows Theorem 2.2.5 of Koul (2002)

in outline, although with very substantial modifications. Koul’s theorem applies to a

regression scenario with scale and location error, in common with our result, however

recursive estimation creates additional complications. Once again, the almost sure res-

ults of Nielsen (2005) allow us to resolve many of these complications.

Where not specifically highlighted above, or cited in the text, the reader can safely

assume that any mathematical techniques used are well-described in Davidson (1994).

Short but lucid summaries of the relevant asymptotic theory are provided in a handbook

chapter by the same author (Davidson 2006). A good explanation of the Landau O and
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o notation, used throughout, is found in de Bruijn (1961).

1.6 Thesis structure

This thesis consists of this introduction, four content chapters, a conclusion and an ap-

pendix.

Chapter 2 presents asymptotic analysis of the 1-step test. An almost sure pointwise

convergence result is developed, applicable to a broad class of time series models and

processes. This result can be used directly to derive the distribution of the pointwise

statistics for a given error distribution. In addition, we analyse the behaviour of the

maximum of the 1-step sequence, using extreme value theory to derive an asymptotic

result on the distribution of the maximum, given normal errors. These provide the

basis for a new test, the sup-Chow test, which allows joint consideration of the 1-step

sequence. A version of this chapter has been circulated as a discussion paper (Nielsen

and Whitby 2012).

Chapter 3 applies Monte Carlo simulation techniques to investigate the finite sample

size and power of the sup-Chow test, with normal errors. We propose a pragmatic

correction that substantially improves size performance of the test in small samples.

We investigate power under various plausible alternatives of structural change and the

presence of outliers. Comparison is made with the benchmark tests described above.

Chapter 4 considers how the sup-Chow test may be adapted to situations in which

the errors cannot be assumed normal. We investigate two main approaches: first, us-

ing the test in combination with a separate test for normality of the residuals; second,

transforming the test to make it more robust against non-normal errors.

Chapter 5 presents asymptotic analysis of an empirical process formed by the 1-step

statistics. We prove weak convergence to a process involving two correlated Brownian

bridges, and show that this process reduces to another Brownian bridge when the refer-

ence distribution is normal. A potential application is demonstrated using a Kolmogorov-

Smirnov-type statistic, with the asymptotic approximation proving accurate in small

samples.

Chapter 6 concludes, and enumerates some directions for future work.
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Appendix A provides detail of the common framework used for simulations in the

preceding chapters.



Chapter 2

The 1-step Chow test and the

sup-Chow test

2.1 Introduction

Identifying structural instability in models is of major concern to econometricians. The

Chow (1960) tests are perhaps the most widely used for this purpose, but require strictly

exogenous regressors and a break-point specified in advance. In this paper we consider

two variants that relax those requirements: the 1-step recursive Chow test, based on

the sequence of studentized recursive forecast residuals, and its supremum counter-

part. The pointwise test is frequently used and reported in applied work, while the

supremum test is new. Whereas Chow assumes a classical regression framework, prac-

titioners typically use the one-step test to evaluate dynamic models (e.g. Kimura 2001;

Celasun and Goswami 2002; Assarsson et al. 2004). Further, since a series of such tests

is usually presented graphically to the modeller, multiple testing issues arise, making

it difficult to determine how many point failures may be tolerated. These two issues

motivate the analysis that follows. First, in Theorem 2.4.1 we show that the pointwise

statistic has the correct asymptotic distribution under fairly general assumptions about

the generating process, including lagged dependent variables and deterministic terms.

Second, we take advantage of the almost sure convergence earlier proven to construct a

A version of this chapter has been circulated as the discussion paper Nielsen and Whitby (2012).

27
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supremum version of the 1-step test, applicable to detecting parameter change or at out-

lier at an unknown point in the sample. The supremum test offers several advantages

useful to modellers: it is simple to compute and has a standard distribution under the

null, which does not depend on the autoregressive parameter (even in the unit-root or

explosive cases); it focuses attention on end-sample instability; and it is agnostic about

the number of breaks, giving power against more complex forms of misspecification.

These advantages incur certain costs: the test is not invariant to the distribution of errors

(even asymptotically); and other tests are more powerful against particular alternatives.

The pointwise 1-step Chow test is essentially the ‘prediction interval’ test described

by Chow, but computed recursively, and over the sample (rather than at an a priori

hypothesised change point). It first appears in PcGive version 4.0 (Hendry 1986) as

part of a suite of model misspecification diagnostics; a similar diagnostic graphic, the

‘one-step forecast test’ is provided in EViews (QMS 2009, p. 180). The idea of using

residuals calculated recursively to test model misspecification dates from the landmark

CUSUM and CUSUMSQ tests (Brown and Durbin 1968; Brown et al. 1975), which are

based on partial sums of (squared) recursive residuals, and have since been generalised

to models including lagged dependent variables (Ploberger and Krämer 1986; Krämer

et al. 1988; Nielsen and Sohkanen 2011). Unlike these tests, the 1-step Chow test does

not consider partial sums, but the sequence of recursive residuals itself; in effect it tests

one-step-ahead forecast failure at each time step. As the following analysis shows, this

approach leads to a different type of asymptotics, with a residual sequence behaving like

i.i.d. random variables, rather than a partial sum of residuals behaving like a Brownian

motion.

Examining the residual sequence to check model specification is, of course, well es-

tablished. As Brown et al. (1975) put it, ‘it is natural to look at residuals to investigate

departures from model specification’, although this has generally meant the OLS re-

siduals. Other authors (e.g. Galpin and Hawkins 1984) have suggested plotting the

recursive residuals. The recursive residuals have two advantages over the OLS resid-

uals in many applications: first, under the normal linear model with fixed regressors,

they are identically and independently normal; second (and distinguishing them from
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other transformed residuals, e.g. Theil’s (1965) BLUS residuals), they have a natural

interpretation—in a time series setting—as forecast errors. Ironically, in typical time

series settings where the forecast error interpretation is most useful, independence of

the residuals does not hold due to the presence of lagged dependent variables, a prob-

lem noted by Dufour (1982). This may lead to difficulties drawing firm conclusions

from plotted pointwise test sequences, and thus motivates the second part of this paper,

which considers a supremum test.

The supremum test is based on the maximum of the pointwise 1-step tests, appropri-

ately normalised. It is intended to reflect structural instability anywhere in the sample

(with the early part excluded to allow consistent estimation). It relates to work on tests

for either structural breaks or outliers, both at a possibly unknown time.

Regarding structural breaks, Perron (2006) divides tests into those that do not expli-

citly model a break; those that model one break; and those that model multiple breaks.

Our test joins the first category, which includes the already mentioned CUSUM and

CUSUMSQ tests. (As an aside, Perron notes that these tests can suffer from non-mono-

tonicity of power against some alternatives. The risk of this seems much reduced by

using the 1-step Chow statistics, since all parameters are estimated on a growing sub-

sample.) The modelled-break category includes, most prominently, the Quandt (1960)–

Andrews (1993) supremum tests. These tests are complicated by a non-standard dis-

tribution (tabulated in Andrews 2003a), but are nevertheless popular in practice, being

implemented in several software packages. Our test is distinguished from these in not

imposing any restrictions on the end-of-sample, so that end-of-sample instability may

be detected. This feature is similar to Andrews (2003a), but a key distinction is that our

test is agnostic about the number of breaks in the sample, a useful property in practice.

It is also substantially simpler in implementation. Additionally, because the 1-step tests

behave like an i.i.d. process, the asymptotics differ from full-sample tests like Quandt–

Andrews, requiring the application of extreme value theory of independent and weakly

dependent sequences, rather than the suprema of random-walks.

Seen, alternatively, as an outlier test, the supremum Chow test falls squarely within

the tradition of Srikantan (1961), which considers an unknown outlier in a classical set-
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ting. Outliers in the Box-Jenkins paradigm have attracted substantial interest, in partic-

ular the sequence of Chang and Tiao (1983); Chang et al. (1988); Chen and Liu (1993)

which build on the classification of Fox (1972). These authors take a full-sample ap-

proach with stepwise elimination of outliers. Although effective in many cases, there is

a risk of smearing/masking effects when multiple outliers are present, which is reduced

by the use of recursive estimation in the test we present.

Surprisingly, the use of recursive residuals to detect outliers in time series data has

been little-explored, although they are likely used for this purpose in practice. Barnett

and Lewis (1994, p. 330) comment that ‘[recursive residuals] would seem to have poten-

tial for the study of outliers, although no major progress on this front is evident. There

is a major difficulty in that the labelling of the observations is usually done at random,

or in relation to some concomitant variable. . . ’. This difficulty does not exist with time

series, where there is a natural chronological labelling of observations. The section in

the same book (at p. 396) on detecting outliers in time series is, nevertheless, notably

brief, and recursive methods are not considered.

2.2 The test statistics

The 1-step test applies to a linear regression

yt = β′xt + εt t = 1, . . . , T, (2.1)

with yt scalar, xt a k-dimensional vector of regressors, and the errors independently and

identically distributed. For such a regression we can define the sequence of least squares

estimators calculated over progressively larger subsamples, along with the correspond-

ing residual sums of squares and recursive residual (or standardised 1-step forecast er-
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ror) ε̃t. We have

β̂t =

(
t∑

s=1

xsx
′
s

)−1( t∑
s=1

xsy
′
s

)
t = k, . . . , T, (2.2)

RSSt =

t∑
s=1

(β̂′txs − ys)2 t = k, . . . , T, (2.3)

ε̃t =

1 + x′t

(
t−1∑
s=1

xsx
′
s

)−1

xt

−1/2

(yt − β̂′t−1xt) t = (k + 1), . . . , T. (2.4)

The 1-step Chow test statistic, C2
1,t is then defined as

C2
1,t =

(RSSt − RSSt−1)(t− k − 1)

RSSt−1
t = (k + 1), . . . , T, (2.5)

and can be expressed as

C2
1,t =

ε̃2
t (t− k − 1)

RSSt−1
. (2.6)

Chow showed that in a classical Gaussian regression model, this statistic would have

an exact F (1, t − k − 1) distribution. We first extend this result to show that, for a gen-

eral class of Gaussian autoregressive distributed lag (ADL) processes, C2
1,t converges

in distribution to a χ2
1 random variable, so that asymptotically, the additional depend-

ence does not matter. This result means that comparing the pointwise statistic against an

F (1, ·) or χ2
1 distribution (as is typically done) is appropriate in large samples. However,

it still leaves unresolved the difficulty that this test is generally reported graphically, to

detect parameter change with an unknown changepoint. To formally treat the problem

of multiple testing that occurs in evaluating many pointwise statistics over the entire

sample, we introduce a new supremum test.

2.3 Model and assumptions

We consider the behaviour of the test statistic for ADL models with arbitrary determ-

inistic terms, a class which includes by restriction many commonly posited economic

relationships (see Hendry 1995, Chapter 7). For the purpose of analysis we assume the
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true data generating model can be represented as a vector autoregression (VAR).

We observe a p-dimensional time series X1−k, . . . , X0, X1, . . . XT . We will model the

series by partitioning Xt as (Yt, Zt)
′ where Yt is univariate and Zt is of dimension p− 1,

and then consider the regression of Yt on the contemporaneous Zt, lags of both Yt and

Zt, and a deterministic term Dt. That is,

Yt = ρZt +
k∑
j=1

αjYt−j +
k∑
j=1

β′jZt−j + νDt−1 + εt t = 1, . . . , T. (2.7)

In order to specify the joint distribution of Xt = (Yt, Zt)
′, we assume that Xt follows

the vector autoregression

Xt =
k∑
j=1

AjXt−j + µDt−1 + ξt t = 1, . . . , T, (2.8)

with the deterministic term Dt given by

Dt = DDt−1. (2.9)

The deterministic term Dt follows the approach of Johansen (2000) and Nielsen

(2005) and may include, for example, a constant, a linear trend, or periodic functions

such as seasonal dummies. The matrix D has characteristic roots on the unit circle. For

example,

D =



1 0 0 0

1 −1 −1 −1

0 1 0 0

0 0 1 0


and D0 =



1

0

0

0


will generate a constant and three quarterly dummies. The term Dt is assumed to have

linearly independent coordinates, formalised as follows.

Assumption 2.3.1. |eigen(D)| = 1 and rank(D1, . . . , DdimD) = dimD.

We assume the VAR innovations form a martingale difference sequence satisfying

the assumption below. The requirement that the innovations have finite moments just
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beyond 16 stems from a problem with controlling unit root processes (see Nielsen 2005,

Remark 9.3). In the present analysis this constraint emerges in Lemma 2.A.1(i) and is

transmitted via Lemma 2.A.2(iv) to Lemma 2.A.5. If dimD = 0 and the geometric multi-

plicity of the unit roots equals their algebraic multiplicity (including I(1) but excluding

I(2) processes), this could be improved to finite moments greater than 4 using a result

of Bauer (2009).

Assumption 2.3.2. ξt is a martingale difference sequence with respect to the natural filtration

Ft, so E(ξt|Ft−1) = 0. The initial values X0, . . . X1−k are F0-measurable and

sup
t

E(‖ξt‖α|Ft−1)
a.s.
< ∞ for some α > 16, (2.10)

E(ξ′tξt|Ft−1)
a.s.
= Ω where Ω is positive definite. (2.11)

This assumption also excludes the possibility that the innovations could heterosce-

dastic, a common assumption in financial modelling (e.g. autoregressive conditional

heteroscedastic—ARCH) but also an increasingly relevant property in macroeconomic

work, particularly in light of the ‘Great Moderation’ period (Stock and Watson 2002)

and subsequent period of ‘global financial crisis’.

We permit nearly all possible values of the autoregressive parameters Aj in (2.8),

excluding only the case of singular explosive roots, which can only arise for a VAR with

p ≥ 2 and multiple explosive roots. See Nielsen (2008) for discussion. Defining the

companion matrix

B =

(A1, . . . , Ak−1) Ak

Ip(k−1) 0

 ,

we can express the restriction as follows.

Assumption 2.3.3. The explosive roots of B have geometric multiplicity unity. That is, for all

complex λ with |λ| > 1, rank(B− λIpk) ≥ pk − 1.

Additionally, we require that the innovations in the ADL regression equation satisfy

a further martingale assumption.
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Assumption 2.3.4. Let Gt be the sigma field over Ft and Zt. Then (εt,Gt) is a martingale

difference sequence, i.e. E(εt|Gt−1) = 0.

Finally, the 1-step statistic is such that a distributional assumption must be made in

order to derive the limiting distribution of the statistic (since the statistic is an estimate of

a single error term, we cannot take advantage of a central limit theorem). Similarly, since

the analysis of the supremum statistic will rely on extreme value theory, we must impose

distributional and independence assumptions on the ADL errors εt, in order to uniquely

determine the norming sequences applied in Lemma 2.4.4. We assume normality, which

may result from joint normality in the underlying VAR process, and is tested, in practice,

under the above assumptions (see Engler and Nielsen 2009).

Assumption 2.3.5. εt
iid∼ N(0, σ2).

2.4 Main results

We must briefly examine the decomposition of the process used in the proofs in order

to elucidate the first main result in the explosive case (in the non-explosive case this

decomposition becomes trivial). A two-way decomposition allows us to express separ-

ately certain terms that arise in connection with the explosive component of the process.

Group the regressors by defining

S′t−1 = (Yt−1, Z
′
t−1 . . . , Yt−k, Z

′
t−k, D

′
t−1),

and then write (2.8) in companion form, so that

St = SSt−1 + (ξ′t, 0
′)′. (2.12)

Then there exists a regular real matrix M to block diagonalize S (see the elaboration in

section 3 of Nielsen 2005), so that the process can be decomposed into non-explosive
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and explosive components, Rt and St respectively. We have

MSt = (MSM−1)MSt−1 + M(ξ′t, 0
′)′,Rt

Wt

 =

R 0

0 W


Rt−1

Wt−1

+

eR,t
eW,t

 , (2.13)

with R and W having eigenvalues inside or on, and outside, the unit circle, respectively.

The first theorem states that the test statistic is almost surely close to a related process

in the innovations, q2
t , under multiple assumptions. This result, paired with a distribu-

tional assumption such as 2.3.5, is sufficient to establish confidence intervals for a single

application of the Chow test. It also forms the basis of the supremum test developed

below.

Theorem 2.4.1. Under Assumptions 2.3.1, 2.3.2, 2.3.3 and 2.3.4,

C2
1,t − (qt/σ)2 as→ 0 as t→∞, (2.14)

where

qt =
εt −

∑∞
s=1 εt−sW

′(W−s)′F−1
W W

(1 +W ′F−1
W W )1/2

, (2.15)

and W is as in (2.13), and as in Nielsen (2005, Corollaries 5.3 and 7.2),W = W0+
∑∞

t=1 W
−teW,t

and FW =
∑∞

t=1 W
−tWW ′(W−t)′ with FW almost surely positive definite.

Having established pointwise convergence almost surely, we use an argument based

on Egorov’s Theorem to establish convergence of the supremum of a subsequence. Both

the subsequence itself and the lead-in period must grow without bound, to allow the

regression estimates to converge.

Lemma 2.4.2. Suppose C2
1,t − (qt/σ)2 as→ 0 as t→∞. Then

sup
g(T )<t≤T

∣∣C2
1,t − (qt/σ)2

∣∣ p→ 0 as T, g(T )→∞. (2.16)

where g(T ) is an arbitrary function of T such that g(T )→∞.
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Now, if an appropriately normalised expression in the maximum over qt can be

shown to converge in distribution, then so will the supremum statistic, with the same

normalisation, by asymptotic equivalence. We show that, under the assumption of in-

dependent and identical Gaussian innovations, max1≤s≤t qs, appropriately normalised,

does indeed converge to the Gumbel extremal distribution (as t → ∞), which has dis-

tribution function:

Pr(Λ < x) = exp[− exp(−x)] where x ∈ R. (2.17)

A useful property of the Gumbel distribution is the following simple monotonically

decreasing transformation to a χ2 variable, allowing standard distributions to be used:

Λ ∼ Gumbel iff 2e−Λ ∼ χ2
2. (2.18)

In showing the above convergence we rely on Theorem 1 of Deo (1972), and its

corollary, showing that the extremal distribution of the absolute values of a Gaussian

sequence is the same in the stationary dependent and independent cases. However,

Deo’s Lemma 1 gives an incorrect statement of the norming sequences. The incorrect

sequences are also quoted without correction in Pakshirajan and Hebbar (1977). Here

we state the correct sequences, adopting the notation of Deo (proof in section 2.A.6).

Lemma 2.4.3. Let {Xn} be independent Gaussian random variables with mean zero and vari-

ance one. Let Zn = max1≤j≤n |Xj |. Then an(Zn − bn) converges in distribution to Λ where

an = (2 log n)1/2 and bn = (2 log n)1/2 − (8 log n)−1/2(log log n+ log π).

The original gives bn = (2 log n)1/2 − (8 log n)−1/2(log log n+ 4π − 4).

Deo’s result can then be applied to qt defined in (2.15).

Lemma 2.4.4. Under assumption 2.3.5,

qt/σ ∼ N(0, 1), and (2.19)

at( max
1≤s≤t

q2
s − bt)

d→ Λ, (2.20)
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where

at = 1/2 and bt = log t2 − log log t− log π, (2.21)

and Λ is a random variable distributed according to the Gumbel (Type 1) law.

Combining these lemmas gives our main result, that with independent and identic-

ally Gaussian innovations, an appropriate normalisation of the supremum 1-step Chow

test converges in distribution to the Gumbel extremal distribution.

Theorem 2.4.5. Under assumptions 2.3.1, 2.3.2, 2.3.3 and 2.3.5, with some g(T )→∞,

SC2
T =

1

2

(
max

g(T )<t≤T
C2

1,t − dT−g(T )

)
d→ Λ as T →∞, (2.22)

where C2
1,t is the 1-step Chow statistic defined in (2.5) and

dT−g(T ) = 2

{
log[T − g(T )]− 1

2
log log[T − g(T )]− log π

}
, (2.23)

and Λ is a random variable distributed according to the Gumbel distribution (2.17).

As a simple corollary, we can transform the test using (2.18) so that it may be com-

pared against a more readily-available distribution.

Corollary 2.4.6. Under the same assumptions, 2 · exp(−SC2
T ) ∼ χ2

2. A test based on this result

should reject for small values of the statistic.

2.5 Finite-sample corrections

In practice we find by simulation that the test as specified above is over-sized in small

samples. To minimise this, we suggest two corrections. For the first correction, we

observe that the 1-step statistics appear to be distributed close to F (1, t − k − 1) (as

indeed they are exactly in the classical case), and so use the following transformation to

bring the statistics closer to the asymptotic chi-squared distribution:

C2∗
1,t = G−1[F (C2

1,t)] (2.24)
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where F (·) and G(·) are the F (1, t − k − 1) and χ2
1 distribution functions, respectively.

This first correction results in a test that tends to under-correct, largely a result of re-

latively slow convergence to the limiting Gumbel distribution. We find that the test

performs better if simply compared with the finite maximal distribution assuming in-

dependence and identical distribution of the test statistics (the first assumption hold-

ing only in the limit and in the absence of an explosive component, and the second

holding only in the limit). That is, we approximate the distribution of the maximum,

maxg(T )<t≤T C2∗
1,t, by

Pr

{
max

g(T )<t≤T
C2∗

1,t ≤ x
}
≈ Pr

{
max

g(T )<t≤T
ε2

1,t ≤ x
}

= [G(x)]T−g(T ). (2.25)

This forms the basis of the finite adjusted sup-Chow test (SC2∗), with rejection in the

right tail. Note that in this case no centring or scaling is required, because the null

distribution itself depends on T .

2.6 Simulation study

We present the results a single simulation experiment regarding size, to test the asymp-

totic distribution derived above in small samples. The simulation uses the following

data-generating process:

xt = βxt−1 + εt t = 1, . . . , T, (DGP1)

εt
iid∼ N(0, 1),

x0 = 0,

with β taking values in a range spanning stationary, unit-root and explosive processes,

and with observation sequences of varying lengths T . Two model equations are evalu-

ated, one containing an intercept

xt = b0 + b1xt−1 + ut t = 1, . . . , T, (M1)
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and one excluding an intercept

xt = b1xt−1 + ut t = 1, . . . , T. (M2)

The two sup-Chow tests evaluated are described in Theorem 2.4.5 and at (2.25) re-

spectively; for the function g(T ) we use T 1/2. All tests are presented at a nominal size

of 5% and 1%, reflecting the sizes most likely to be use for misspecification testing.

Autoregressive coefficient (β)
T -1.03 -1.00 -0.50 0.00 0.50 0.90 1.00 1.03

5% nominal size
Intercept included in model (M1)

25 SC2 14.52 14.44 13.92 14.40 15.82 19.28 19.86 20.21
SC2∗ 5.30 5.26 5.01 5.24 5.78 7.28 7.59 7.75

50 SC2 12.80 12.72 12.32 12.60 13.50 16.13 16.97 17.43
SC2∗ 5.17 5.15 4.92 5.05 5.38 6.52 7.00 7.27

100 SC2 10.43 10.41 10.15 10.36 10.73 12.34 13.27 13.85
SC2∗ 5.09 5.05 4.95 5.00 5.08 5.82 6.38 6.74

No intercept included in model (M2)
25 SC2 15.28 15.23 14.51 14.49 14.62 15.11 15.33 15.39

SC2∗ 5.49 5.46 5.20 5.19 5.23 5.44 5.49 5.53
50 SC2 13.17 13.12 12.72 12.72 12.71 13.01 13.20 13.21

SC2∗ 5.33 5.29 5.06 5.03 5.09 5.20 5.26 5.27
100 SC2 10.64 10.60 10.27 10.31 10.34 10.42 10.62 10.63

SC2∗ 5.17 5.12 5.02 4.99 5.01 5.03 5.13 5.16
1% nominal size

No intercept included in model (M1)
25 SC2 6.30 6.29 5.98 6.24 7.06 8.87 9.16 9.33

SC2∗ 1.09 1.10 1.04 1.07 1.24 1.64 1.75 1.79
50 SC2 4.77 4.77 4.56 4.70 5.16 6.44 6.83 7.04

SC2∗ 1.08 1.08 1.02 1.06 1.15 1.45 1.57 1.60
100 SC2 3.36 3.36 3.24 3.31 3.47 4.22 4.59 4.74

SC2∗ 1.05 1.05 1.02 1.02 1.04 1.21 1.36 1.43
No intercept included in model (M2)

25 SC2 6.71 6.69 6.25 6.22 6.34 6.59 6.71 6.73
SC2∗ 1.16 1.15 1.06 1.04 1.06 1.12 1.18 1.19

50 SC2 4.98 4.97 4.70 4.69 4.78 4.90 4.95 4.95
SC2∗ 1.12 1.11 1.04 1.05 1.05 1.07 1.10 1.09

100 SC2 3.41 3.37 3.24 3.24 3.25 3.33 3.39 3.40
SC2∗ 1.06 1.05 1.02 1.01 1.00 1.00 1.03 1.04

Table 2.1: Simulated rejection frequency (%) for SC2, SC2∗ and supF under a Gaussian
AR(1) process. Nominal size 5% and 1%. Number of MC repetitions, M = 200000.
MCSE < 0.1.

As noted above, the SC2 test is uniformly oversized, especially at the 1% size. The
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SC2∗ test is correctly sized and approximately similar, with simulated size varying little

across the parameter space. There is some tendency towards inflated sizes under near-

unit-root processes when an intercept is included in the model, but the extent of this

is quite limited (7% simulated size). The key consequence of this result is that it is not

necessary to know a priori where the autoregressive parameter lies to effectively apply

the SC∗2 test, avoiding a potential circularity in model construction.

2.7 Discussion

We advocate the sup-Chow test as a general misspecification test to be used as part of an

iterative modelling strategy. It is a relatively simple transformation of the existing 1-step

Chow test (or similarly, the EViews one-step forecast test), with a standard and easily

calculated null distribution, which does not vary substantially in the AR(1) parameter

space. We anticipate that it would be used as one of a battery of tests (including nor-

mality of residuals); rejection would draw the investigator’s attention to the pointwise

plot, which would help identify the cause and timing of the failure.

By construction, the test is sensitive to parameter changes and outliers, and is some-

what agnostic about the timing and number of these breaks. This makes it useful against

a variety of simple and complex misspecification types. However, there is a clear trade-

off: we anticipate the test will be less powerful against any particular alternative than

tests which explicitly model that alternative (e.g. a single mean break). This motivates

the use of multiple different tests, with failure of any one signalling misspecification

and triggering further investigation. In real data sets, breaks may not be of the single

mean-shift variety, and the parallel popularity of CUSUM-type and Andrews-type tests

suggests both approaches have value.

The test is not invariant to the error distribution, even asymptotically—a feature it

shares with many outlier tests. This issue is investigated in some detail in Chapter 4.



41 Chapter 2. The 1-step Chow test and the sup-Chow test

2.A Proofs

2.A.1 Notation

Define for any as, bs ∈ {xs, Rs−1,Ws−1, ξ2,s, Qs−1, Ũs−1}, the sum Sab =
∑t−1

s=1 asb
′
s, the

correlation Cab = S
−1/2
aa SabS

−1/2
bb , and the partial regressions quantities (a|b)t = at −

SabS
−1
bb bt and Saa.b = Saa − SabS

−1
bb Sba. We use the spectral matrix norm, so ‖A‖ =

[λmax(AA′)]1/2, where λmax(AA′) indicates the largest eigenvalue of AA′.

2.A.2 Three-way process decomposition

We elaborate on the decomposition of the companion form (2.12) given in (2.13). Whereas

there it was decomposed into non-explosive and explosive components, we now further

decompose the non-explosive components into stationary and unit-root components.

As before there exists a regular real matrix M3 to block diagonalize S into stationary,

unit-root and explosive components:

M3St = (M3SM3
−1)M3St−1 + M3(ξ′t, 0

′)′,
Ũt

Qt

Wt

 =


U 0 0

0 Q 0

0 0 W



Ũt−1

Qt−1

Wt−1

+


eŨ ,t

eQ,t

eW,t

 , (2.26)

where Ũ, Q and W have eigenvalues inside, on and outside the unit circle, respectively.

We can now express the two-way decomposition presented at (2.13) as follows:

Rt =

Ũt
Qt

 and R =

U 0

0 Q

 . (2.27)

2.A.3 Preliminary asymptotic results

The ADL model (2.7) becomes

Yt = ρZt + θ′St−1 + εt t = 1, . . . , T.
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where θ is the vector of coefficients. Then from (2.8) we have Zt = ΠSt−1 + ξ2,t, where

ξt has been partitioned conformably with Xt. Then, the residuals from regressing Yt

on (Z ′t, S
′
t−1)′ could also be obtained by regressing Yt on (ξ′2,t, S

′
t−1)′, or as result of the

decomposition above at (2.13), on xt = (ξ′2,t, R
′
t−1,W

′
t−1)′—so we can analyse the test

statistic (2.6) as if these were the actual regressors.

Many results refer to Nielsen (2005), hereafter abbreviated N05.

Lemma 2.A.1. Suppose Assumptions 2.3.2, 2.3.1 and 2.3.3 hold with α > 4 only. Then for all

β > 1/α and ζ < 1/8,

(i) CRW
a.s.
= o(t−ζ/2),

(ii) CξS
a.s.
= o(tβ−1/2),

(iii) S−1
RR·W

a.s.
= S

−1/2
RR · {1 + o(1)} · S−1/2

RR ,

(iv) S−1
ξξ·S

a.s.
= S

−1/2
ξξ · {1 + o(1)} · S−1/2

ξξ ,

(v) S−1/2
RR Rt−1

a.s.
= o(t−ζ/2),

(vi) S−1/2
WW Wt−1

a.s.
= O(1),

(vii) S−1/2
RR (R|W )t

a.s.
= o(t−ζ/2), and

(viii) S−1/2
ξξ (ξ2|S)t

a.s.
= o(tβ−1/2).

Proof. Result (i) is proven by decomposing the correlation to apply results from N05, so

that

‖CRW ‖ = ‖S−1/2
RR SRWS

−1/2
WW ‖

≤

∥∥∥∥∥∥∥∥
 1 CŨQ

CQŨ 1


−1/2

∥∥∥∥∥∥∥∥
∥∥∥∥∥∥∥
S−1/2

ŨŨ
0

0 S
−1/2
QQ


SŨW
SQW

S
−1/2
WW

∥∥∥∥∥∥∥
a.s.
= O(1)

CŨW
CQW

 ,

where the last line follows because with CŨQ is vanishing almost surely by N05 The-

orem 9.4. Then the result follows since CŨW
a.s.
= o(tβ−1/2) and CQW

a.s.
= o(t−ζ/2) by N05
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Theorems 9.1 and 9.2 respectively. The latter term will dominate since α > 16/7 under

Assumption 2.3.2.

Result (ii) is proved by noting that ‖CξS‖ ≤ ‖S
−1/2
ξξ ‖‖SξSS

−1/2
SS ‖, with the first normed

term O(t−1/2) by N05 Theorem 2.8 and the second o(tβ) by N05 Theorem 2.4.

Result (iii) follows by writing

S−1
RR.W = (SRR − SRWS−1

WWSWR)−1

= S
−1/2
RR (I − CRWCWR)−1S

−1/2
RR ,

and applying (i) to show that CRW is vanishing.

Result (iv) is exactly analogous but substitute (ii) for (i).

Result (v) follows by again decomposing Rt. Namely,

SRR =

S1/2

ŨŨ
0

0 S
1/2
QQ


 1 CŨQ

CQŨ 1


S1/2

ŨŨ
0

0 S
1/2
QQ

 ,

so that

‖S−1/2
RR Rt−1‖ ≤

∥∥∥∥∥∥∥∥
 1 CŨQ

CQŨ 1


−1/2

∥∥∥∥∥∥∥∥
∥∥∥∥∥∥∥
S−1/2

ŨŨ
0

0 S
−1/2
QQ


Ũt−1

Qt−1


∥∥∥∥∥∥∥ .

Then the first normed quantity on the right hand side is bounded sinceCŨQ is vanishing

by N05 Theorem 9.4. The second normed quantity comprises S−1/2

ŨŨ
Ũt−1 stacked with

S
−1/2
QQ Qt−1. By N05 Theorem 8.3 we have S−1/2

ŨŨ
= O(t−1/2) and by Lai and Wei (1985,

Theorem 1(i)) we have that Ũt−1 = o(tβ), so S−1/2

ŨŨ
Ũt−1 = o(tβ−1/2).

We cannot bound S
−1/2
QQ independently in the same way, but since Qt contains only

the unit-root components (with eigenvalues on the unit circle), we can apply N05 The-

orem 8.4, which states that for some η, maxtη≤s<tQ
′
s

(∑t
s=1Qs−1Q

′
s−1

)−1
Qs = o(t−ζ)

for all ζ < 1/8 and so a fortiori Q′t−1

(∑t
s=1Qs−1Q

′
s−1

)−1
Qt−1 = o(t−ζ). But then

‖S−1/2
QQ Qt−1‖2 = Q′t−1S

−1
QQQt−1, and we can then use the matrix identity b′(A+bb′)−1b =
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b′A−1b(1 + b′A−1b)−1 (Searle 1982, p. 151) to write:

Q′t−1S
−1
QQQt−1 =

Q′t−1

(∑t
s=1Qs−1Q

′
s−1

)−1
Qt−1

1−Q′t−1

(∑t
s=1Qs−1Q′s−1

)−1
Qt−1

,

which is o(t−ζ), so that S−1/2
QQ Qt−1 = o(t−ζ/2).

Considering the maximum of these components, we have again that the latter dom-

inates and ‖S−1/2
RR Rt−1‖ = O(t−ζ/2) since α > 16/7 under Assumption 2.3.2.

Result (vi) follows directly from Lai and Wei (1985, Lemma 4(i)).

Result (vii) follows from (i), (v) and (vi). Write

‖S−1/2
RR (R|W )t‖ = ‖S−1/2

RR Rt−1 − S−1/2
RR SRWS

−1
WWWt−1‖

≤ ‖S−1/2
RR Rt−1‖+ ‖CRW ‖‖S−1/2

WW Wt−1‖,

giving three normed quantities to bound. The first is o(t−ζ/2) by (v), as is the second by

(i), while the third is bounded by (vi).

Result (viii) is proved in a similar fashion. Write

‖S−1/2
ξξ (ξ2|S)t‖ = ‖S−1/2

ξξ ξ2,t − S−1/2
ξξ SξSS

−1
SSSt−1‖

= ‖S−1/2
ξξ ξ2,t‖ − ‖CξS‖‖S

−1/2
SS St−1‖.

Then the first of the normed quantities is o(tβ−1/2) by N05 Theorem 2.8 and the result

that ξt = o(tβ) (Lai and Wei 1985, Theorem 1); the second is O(tβ−1/2) by (ii); and the

third is O(1) since we use a partial regression transformation to write

‖S−1/2
SS St−1‖2 = S′t−1S

−1
SSSt−1

= (R|W )′tS
−1
RR·W (R|W )t +W ′t−1S

−1
WWWt−1,

and then apply (iii) and (vii), and (vi), respectively.

Lemma 2.A.2. Under Assumptions 2.3.2, 2.3.1 and 2.3.3 with α > 4; and with β > 1/α,

(i)
∑t−1

s=1 εsS
′
s−1S

−1/2
SS

a.s.
= o(tβ),
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(ii)
∑t−1

s=1 εsR
′
s−1S

−1/2
RR

a.s.
= O[(log t)1/2],

(iii)
∑t−1

s=1 εsW
′
s−1S

−1/2
WW

a.s.
= o(tβ),

(iv)
∑t−1

s=1 εs(R|W )′sS
−1/2
RR

a.s.
= O[(log t)1/2] + o(tβ−1/16).

Proof. Results (i), (ii) and (iii) by N05 Theorem 2.4.

Result (iv) follows by writing

t−1∑
s=1

εs(R|W )′sS
−1/2
RR =

t−1∑
s=1

εsR
′
s−1S

−1/2
RR −

t−1∑
s=1

εsW
′
s−1S

−1/2
WW CWR,

and then applying (ii), (iii) and Lemma 2.A.1(i).

Lemma 2.A.3. Under Assumptions 2.3.2, 2.3.1, 2.3.3 and 2.3.4,

(i)
∑t−1

s=1 εsξ
′
2,sS

−1/2
ξξ

a.s.
= O[(log t)1/2],

(ii)
∑t−1

s=1 εs(ξ2|S)′sS
−1/2
ξξ

a.s.
= o(t2β−1/2) + O[(log t)1/2], the latter term dominating when

α > 4.

Proof. Result (i) by Lai and Wei (1982, Lemma 1(iii)) and Lai and Wei (1985, Corollary

1(iii)).

Result (ii) follows by writing

t−1∑
s=1

εs(ξ2|S)′sS
−1/2
ξξ =

t−1∑
s=1

εsξ
′
2,sS

−1/2
ξξ −

t−1∑
s=1

εsS
′
s−1S

−1/2
SS CSξ,

and then applying (i), Lemma 2.A.2(i) and Lemma 2.A.1(ii).

2.A.4 Proof of Theorem 2.4.1

We proceed by examining the behaviour of ε̃t, the one-step forecast residuals. From

(2.6), we can write these

ε̃t =
εt −

∑t−1
s=1 εsx

′
s

(∑t−1
s=1 xsx

′
s

)−1
xt[

1 + x′t

(∑t−1
s=1 xsx

′
s

)−1
xt

]1/2
. (2.28)
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We break the result into two lemmas, one describing the denominator and one the

numerator, with similar reasoning in each case.

Lemma 2.A.4. Under Assumptions 2.3.2, 2.3.1 and 2.3.3,

x′tS
−1
xx xt −W ′F−1

W W = o(t−ζ) a.s. (2.29)

for all ζ < 1/8 with W and FW as in Theorem 2.4.1.

Proof. Divide the statistic into two parts using that

‖x′tS−1
xx xt −W ′F−1

W W‖ ≤ ‖x′tS−1
xx xt −W ′t−1S

−1
WWWt−1‖+ ‖W ′t−1S

−1
WWWt−1 −W ′F−1

W W‖.

We use a partial regression transformation to divide the first part into two partial

components

‖x′tS−1
xx xt −W ′t−1S

−1
WWWt−1‖ ≤ ‖(ξ2|R,W )′tS

−1
ξξ.RW (ξ2|R,W )t‖+ ‖(R|W )′tS

−1
RR.W (R|W )t‖.

The first normed term on the right hand side is o(t2β−1) and the second is o(t−ζ) by

Lemma 2.A.1 parts (iv) and (viii); and (iii) and (vii), respectively. The second term will

dominate since α > 16/7 so ‖x′tS−1
xx xt −W ′t−1S

−1
WWWt−1‖ = o(t−ζ).

The lemma is then proven by rewriting the second step

W ′t−1S
−1
WWWt−1 −W ′F−1

W W =(W−(t−1)Wt−1)′[(Wt−1)′S−1
WWWt−1 − F−1

W ](W−(t−1)Wt−1)

+ (W−(t−1)Wt−1 −W )′F−1
W (W−(t−1)Wt−1)

+W ′F−1
W (W−(t−1)Wt−1 −W ),

and noting that, by N05 (Corollary 5.3(i)), Wt−1Wt−1−W = O(λmin(W)−t) and, by N05

(Corollary 7.2), (Wt−1)′S−1
WWWt−1−F−1

W = O(λmin(W)−2t), almost surely, while all the

other terms are bounded by the same corollaries.

We next state a lemma concerning the main numerator term in (2.28).
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Lemma 2.A.5. Under Assumptions 2.3.2, 2.3.1, 2.3.3 and 2.3.4

t−1∑
s=1

εsx
′
sS
−1
xx xt −GtF−1

W W = o(tβ−1/8) a.s. (2.30)

for all β > 1/α, where W and FW are defined as in Theorem 2.4.1, and

Gt =

t−1∑
s=1

εt−sW
′(W−s)′ = o(tβ) a.s. . (2.31)

Proof. Once again we take the proof in two steps, using that

∥∥∥∥∥
t−1∑
s=1

εsx
′
sS
−1
xx xt −GtF−1

W W

∥∥∥∥∥
≤

∥∥∥∥∥
t−1∑
s=1

εsx
′
sS
−1
xx xt −

t−1∑
s=1

εsW
′
s−1S

−1
WWWt−1

∥∥∥∥∥+

∥∥∥∥∥
t−1∑
s=1

εsW
′
s−1S

−1
WWWt−1 −GtF−1

W W

∥∥∥∥∥ .
For the first step, we again decompose using a partial regression transformation, so

that

∥∥∥∥∥
t−1∑
s=1

εsx
′
sS
−1
xx xt −

t−1∑
s=1

εsW
′
s−1S

−1
WWWt−1

∥∥∥∥∥ ≤
∥∥∥∥∥
t−1∑
s=1

εs(ξ2|R,W )′sS
−1
ξξ·RW (ξ2|R,W )′t

∥∥∥∥∥
+

∥∥∥∥∥
t−1∑
s=1

εs(R|W )′sS
−1
RR·W (R|W )t

∥∥∥∥∥ , (2.32)

and we consider each term on the right separately.

For the first term in (2.32) we use Lemma 2.A.1(iv) to write

∥∥∥∥∥
t−1∑
s=1

εs(ξ2|R,W )′sS
−1
ξξ·RW (ξ2|R,W )′t

∥∥∥∥∥
≤

∥∥∥∥∥
t−1∑
s=1

εs(ξ2|R,W )′sS
−1/2
ξξ

∥∥∥∥∥O(1)
∥∥∥S−1/2

ξξ (ξ2|R,W )′t

∥∥∥ a.s.,

and then apply Lemma 2.A.3(ii) and Lemma 2.A.1(viii) to arrive at o(t3β−1)+o[tβ−1/2(log t)1/2]

almost surely.
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For the second term in (2.32) we use Lemma 2.A.1(iii) to write

∥∥∥∥∥
t−1∑
s=1

εs(R|W )′sS
−1
RR·W (R|W )t

∥∥∥∥∥ ≤
∥∥∥∥∥
t−1∑
s=1

εs(R|W )′sS
−1/2
RR

∥∥∥∥∥O(1)
∥∥∥S−1/2

RR (R|W )t

∥∥∥ a.s.

and then apply Lemma 2.A.2(iv) and Lemma 2.A.1(vii) to arrive at o(tβ−1/8) almost

surely. Overall then, as long as α > 4, the first step is dominated by this second term.

For the second step we have to show the bounding rate for

t−1∑
s=1

εsW
′
s−1S

−1
WWWt−1 −GtF−1

W W

=

[
t−1∑
s=1

εsW
′
s−1(W−(t−1))′

] [
(Wt−1)′S−1

WWWt−1
]
W−(t−1)Wt−1 −GtF−1

W W

=

[
t−1∑
s=1

εsW
′
s−1(W−(t−1))′ −Gt

] [
(Wt−1)′S−1

WWWt−1
]
W−(t−1)Wt−1

+Gt
[
(Wt−1)′S−1

WWWt−1 − F−1
W

]
W−(t−1)Wt−1

+GtF
−1
W

[
W−(t−1)Wt−1 −W

]

Many of these terms are familiar from the proof of Lemma 2.A.4, and the only new terms

to bound are
∑t−1

s=1 εsW
′
s−1(W−(t−1))′ −Gt and Gt. For the latter we have

‖Gt‖ =

∥∥∥∥∥
t−1∑
s=1

εt−sW
′(W−s)′

∥∥∥∥∥ ≤
∥∥∥∥max

1≤s<t
εs

∥∥∥∥ ‖W ′‖
∥∥∥∥∥
t−1∑
s=1

(W−s)′

∥∥∥∥∥ ,
which is o(tβ) since the latter two terms are bounded, while εs = o(sβ) by Lai and Wei

(1985, Theorem 1). For the former term we have

∥∥∥∥∥
t−1∑
s=1

εsW
′
s−1(W−(t−1))′ −Gt

∥∥∥∥∥ =

∥∥∥∥∥
t−1∑
s=1

εs

[
W−(t−1)Ws−1 −W−(t−s)W

]′∥∥∥∥∥
=

∥∥∥∥∥
t−1∑
s=1

εs

[
W(s−t)

∞∑
p=s

W−peW,p

]′∥∥∥∥∥
≤
∥∥∥∥max

1≤s<t
εs

∥∥∥∥∥∥W−t∥∥ t−1∑
s=1

∥∥∥∥∥
∞∑
u=0

W−ueW,u+s

∥∥∥∥∥
= O(tβ)O(λmin(W)−t)o(t1+β) a.s.

= o(t2β+1λmin(W)−t) a.s.,
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where at the second last line we use that
∑∞

u=0 W
−ueW,u+s = o(sβ) by Nielsen (2008,

Corollary 4.3). Combining these results, we see that this second step vanishes exponen-

tially fast, and the first step dominates the expression of interest, giving the result.

The order of Gt follows by writing

Gt =

t−1∑
s=1

εt−sW
′(W−s)′

≤
∥∥∥∥max

1≤s<t
εs

∥∥∥∥ ‖W‖
∥∥∥∥∥
t−1∑
s=1

(W−s)

∥∥∥∥∥ ,
and applying Lai and Wei (1985, Theorem 1).

Proof of Theorem 2.4.1. We aim to show that

C2
1,t − (qt/σ)2 a.s.

= o(1). (2.33)

Using (2.6) we can rewrite this expression as

ε̃2
t

(t− k − 1)−1RSSt−1
−
(qt
σ

)2
= ε̃2

t

[
(t− k − 1)

RSSt−1
− 1

σ2

]
+
ε̃2
t − q2

t

σ2
. (2.34)

We first consider the difference ε̃2
t − q2

t . We have from (2.28),

ε̃2
t − q2

t =
(εt −

∑t−1
s=1 εsx

′
sS
−1
xx xt)

2

1 + x′tS
−1
xx xt

−
(εt −GtF−1

W W )2

1 +W ′F−1
W W

=
(εt −A3)2

1 +A1
− (εt −A4)2

1 +A2

(2.35)

=
A2 −A1

(1 +A1)(1 +A2)
(εt −A3)2 +

1

1 +A2
(A4 −A3) (2εt −A4 −A3) , (2.36)

where

A1 = x′tS
−1
xx xt A2 = W ′F−1

W W A3 =

t−1∑
s=1

εsx
′
sS
−1
xx xt A4 = GtF

−1
W W. (2.37)

Both denominators are bounded from below by unity, sinceA1 andA2 are non-negative.

In the first numerator, A1−A2 is o(t−ζ) by Lemma 2.A.4. The factor εt−A3 = εt−A4 +

A4 − A3 is o(tβ) since εt and A4 are both o(tβ) by Lai and Wei (1985, Theorem 1) and

Lemma 2.A.5 respectively, while A4−A3 is O(tβ−1/8) by Lemma 2.A.5. So the first term
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of the sum is o(t2β−1/8) almost surely.

In the second numerator, A4 − A3 is O(tβ−1/8) by Lemma 2.A.5, while εt and A4 are

each o(tβ) as above, so that the whole second term is also o(t2β−1/8) almost surely.

Thus the second term in (2.34) will vanish as long as 2β < 1/8 or α > 16 in Assump-

tion 2.3.2, as required. To show the same for the first term, note that ε̃2
t = q2

t + (ε̃2
t − q2

t ),

where the difference vanishes as just proved, while

q2
t =

(εt −A4)2

1 +A2
= o(t2β) a.s.,

since, as above, εt and A4 are both o(tβ), while A2 is nonnegative. Then N05 (Corollary

2.9) implies that

(t− k − 1)

RSSt−1
− 1

σ2
= o(tγ) a.s.,

for γ < 1/2. So the first term in (2.34) will vanish as long as 2β < 1/2, which is satisfied

by Assumption 2.3.2.

2.A.5 Proof of Lemma 2.4.2

Proof. Theorem 2.4.1 shows that C2
1,t − q2

t vanishes almost surely. Egorov’s theorem

(Davidson 1994, Theorem 18.4) then shows that C2
1,t − q2

t vanishes uniformly on a set

with large probability. That is,

∀ε > 0∃T0 : Pr(sup
t>T0

|C2
1,t − q2

t | < ε) > 1− ε.

This implies that for any sequence g(T ) which increases to infinity, then

sup
g(T )<t≤T

|C2
1,t − q2

t |
p→ 0 as T →∞.
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2.A.6 Proof of Lemma 2.4.3 (correction to Lemma 1 of Deo (1972))

Proof. The first part of Deo’s lemma, determining the domain of attraction as Λ, is cor-

rect. The second part, determining the norming sequences, is in error. Deo cites Cramér

(1946, p. 374) for this calculation. There Cramér calculates the norming sequences for a

sequence of independent standard normal random variables (with a right tail differing

from the density of interest in only a constant factor). We follow the slightly more direct

approach of Leadbetter et al. (1982, Theorem 1.5.3).

Since {Xn} are independent standard normal random variables, {|Xn|} are inde-

pendent random variables identically distributed with the half-normal density, that is,

the normal density folded around zero:

Pr{|X1| < x} = F (x) =
√

2/π

∫ x

0
e−t

2/2 dt = 2Φ(x), x ≥ 0 (2.38)

We are interested in probabilities of the form Pr{an(Zn − bn) < x}, which may be re-

written Pr{Zn ≤ un}, where un(x) = x/an + bn. We seek an, bn such that the sequence

un satisfies (1.5.1) in Leadbetter et al. (1982, Theorem 1.5.1), namely

n(1− F (un))→ e−x as n→∞. (2.39)

Apply a modified version of the well-known normal tail relation,

1− F (u) ∼ f(u)/u as u→∞, (2.40)

so that combining (2.39) and (2.40) we have that (1/n)e−xun/f(un) → 1. Taking logs

and substituting the density f , we have

− log n− x+ log un − 1
2 log(π/2) + u2

n/2→ 0. (2.41)

Dividing through by log n,

−1− x

log n
+

log un
log n

− log(π/2)

log n
+

u2
n

2 log n
→ 0, (2.42)
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then for any fixed x, the second and fourth terms vanish trivially. The third term van-

ishes by substituting (2.39) for n and twice applying L’Hôpital’s rule. It then follows

that u2n
2 logn → 1, or (taking logarithms again),

2 log un − log 2− log logn→ 0. (2.43)

Substituting this result into (2.41), we have that

− log n− x+ 1
2 log 2 + 1

2 log log n− 1
2 log(π/2) + u2

n/2→ 0. (2.44)

so that rearranging,

u2
n = 2 log n

{
1 +

x− 1
2 log π − 1

2 log log n

log n
+ o

(
1

log n

)}
,

and hence the maximum of n half-normal random variables has the form

un = (2 log n)1/2

{
1 +

x− 1
2 log π − 1

2 log log n

2 log n
+ o

(
1

log n

)}
.

It then follows from Leadbetter et al. (1982, Theorem 1.5.3) that Pr{Zn ≤ un} → exp(−e−x),

and rearranging gives the norming sequences.

2.A.7 Proof of Lemma 2.4.4

Proof. Consider the normalised linear process

qt/σ = (εt/σ)(1 +W ′F−1
W W )−1/2 −

∞∑
s=1

(εt−s/σ)W ′(W−s)′F−1
W W (1 +W ′F−1

W W )−1/2

In the case without explosive components, this reduces to

qt/σ = (εt/σ)

so that under Assumption 2.3.5 qt/σ is an independent standard normal sequence, and

q2
t /σ

2 is an independent χ2
1 sequence. Then classical extreme value theory gives the
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lemma with the norming sequences at and bt as stated (see, for instance p. 56 of Em-

brechts et al. 1997, noting that the χ2 distribution is a special case of the gamma distri-

bution).

When an explosive component is present, qt/σ under Assumption 2.3.5 is still mar-

ginally standard normal. However dependence between members of the sequence

means that classical extreme value theory cannot be applied. In particular, we have:

E(qt/σ) = 0

Var(qt/σ) = 1

Covar(qs/σ, qt/σ) = r(s, t) = r|t−s| = 2E
{
W ′F−1

W W−|t−s|W (1 +W ′F−1
W W )−1

}

The general approach to dealing with dependent sequences is outlined in Leadbetter

and Rootzen (1988); as long as the dependence is not too great, the same limiting results

hold.

We take advantage of the relationship between the χ2
1 and normal distributions to

use existing results on dependent normal sequences to analyse the limiting behaviour

of q2
t /σ

2. In particular, we have

max
t
q2
t /σ

2 < ut iff max
t
|qt/σ| <

√
ut (2.45)

where |qt/σ| has the half-normal distribution. Lemma 1 and Theorem 1 of Deo (1972)

(and its Corollary) consider just such processes, under a square-summability condition

that holds here:
∑
r2
s = 4 <∞. Then Deo’s result is

ct( max
1≤s≤t

|qs/σ| − dt)
d→ Λ (2.46)

with

ct = (2 log t)1/2

dt = (2 log t)1/2 − (8 log t)−1/2(log log t+ log π).

(Note that the centring sequence—here dt, originally bn—is incorrect in the original. A
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correction is provided as Lemma 2.4.3) Taking
√
ut(z) = ctz + dt and using (2.45) and

(2.46), we have

ct
2dt

(
max
1≤s≤t

q2
t /σ

2 − d2
t

)
d→ Λ

giving norming sequences

a′t =
ct

2dt
(scaling)

b′t = d2
t (centring).

The equivalence between a′t, b′t and at, bt is proved by showing that at/a′t → 1 and at(b′t−

bt)→ 0.

2.A.8 Proof of Theorem 2.4.5

By a property of inequalities we can establish a lower bound on the supremum statistic,

1

2

[
max

g(T )≤t≤T
(C2

1,t)− dT−g(T )

]
≤ 1

2
max

g(T )≤t≤T

(
C2

1,t − (qt/σ)2
)

+
1

2

[
max

g(T )≤t≤T
(qt/σ)2 − dT−g(T )

]
(2.47)

where the left term vanishes in probability by Lemma 2.4.2 and the right term converges

in distribution by Lemma 2.4.4. We can establish a similar upper bound, so that the

normalised supremum statistic is bounded above and below by quantities that converge

in distribution, and the theorem is proved.



Chapter 3

Simulations of the sup-Chow test

3.1 Introduction

In Chapter 2 we developed asymptotic theory for the maximum of the 1-step Chow

statistics, providing an alternative to the usual graphical summaries of this sequence.

This allowed the framing of a misspecification test, the sup-Chow test, which would

provide summary evidence of misspecification of the type to which the 1-step statistics

are sensitive, anywhere in the sample.

As a misspecification test in the sense of Section 1.1, this test is not conducted with a

specific model as the alternative hypothesis. Instead, it is expected (or perhaps hoped)

that the test will have power against a diffuse range of misspecification errors. In this

chapter, we use Monte Carlo simulations to test that expectation.

Although the assumptions of Chapter 2 permit general vector autoregressive (VAR)

processes with multiple lags and deterministic terms, our simulation experiments in-

volve only AR(1) processes (occasionally reducing to simple white noise) and corres-

ponding AR(1) regressions. It is not possible to explore the universe of permissible

models by simulation, and a principle of parsimony suggests that the simplest dynamic

models are an appropriate starting point, and may illuminate general properties of the

test, simplicity notwithstanding.

The alternatives we explore are necessarily arbitrary. Such exploration is nonethe-

Technical details of the simulations, and an index of the DGPs (DGPx) and models (Mx) used is proved
in Appendix A

55
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less valuable. As Cox and Hinkley (1974, p. 65) note in the context of test of pure sig-

nificance, ‘without some idea of what are meaningful departures from H0, the problem

of testing consistency with it is meaningless.’ In generating alternatives, we first take

inspiration from the history of the recursive Chow statistics (described in 1.2), which

like the Chow (1960) tests are generally seen as assessing parameter constancy. The

processes we consider are parameterized by at most a constant term, an autoregress-

ive coefficient, and an error variance, and so it is these parameters we vary. We take

additional inspiration from the structure of the 1-step statistic, an approximation of a

single unobserved error, and consequently also investigate alternatives which directly

influence a single error—in other words, outliers.

As indicated in the Chapter 1, we compare, where appropriate, the sup-Chow test

with two existing tests for structural instability at an unknown time (Andrews 1993,

2003a). This provides some sense of the comparative performance of the sup-Chow test,

although we caution that the limited selection of processes and alternatives means this

comparison is necessarily incomplete.

The chapter unfolds as follows. Section 3.2 considers, as a preliminary matter, the

finite sample size of the test, and various corrections to improve size. (After this section,

all tests are corrected for true size.) Section 3.3 evaluates the power of the test against

changes in the model parameters. Section 3.4 investigates power against a single outlier.

Section 3.5 considers the performance of the test in comparison with Andrews (1993)

and Andrews (2003a). The chapter concludes with a brief discussion in Section 3.6.

Finally, in this chapter we consider the test only under the maintained assumption

of normally-distributed errors (Assumption 2.3.5). We consider departures from this

assumption, and various methods of addressing such departures, in Chapter 4.

3.2 Size of the test

In determining critical values and rejection regions for tests, we work with the asymp-

totic distribution as derived in Theorem 2.4.5 of Chapter 2. Such distributions arise as

limits when the sample size grows without bound; hence they are only approximate

for finite sample sizes, as are critical values calculated from them. Using an exact dis-
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tribution, we would expect a test to produce Type I (rejecting under the null) errors in

the proportion of the nominal size of the test (typically 1%, 2.5%, 5% or 10%). With the

asymptotic distribution, this will not be the case, and examining the true rejection fre-

quency corresponding to a particular nominal size provides insight into the accuracy of

the approximation and speed of convergence.

We can further use size simulations to confirm that properties of the test established

asymptotically also hold in finite samples (for example, invariance to regression para-

meters).

3.2.1 The asymptotic test

We first validate by simulation the results obtained analytically in Chapter 2. There

we showed that, under a well-specified ADL model with normal errors, the sup-Chow

statistic converges in distribution to the Gumbel extreme value distribution. This con-

vergence did not depend upon the roots of the process, and neither did the limit distri-

bution, and so the same distribution should apply to stationary, unit-root and explosive

processes.

To test this result, we consider a simple AR(1) process

xt = βxt−1 + εt t = 1, . . . , T, (DGP1)

εt
iid∼ N(0, 1),

x0 = 0,

with β taking values in a range spanning stationary, unit-root and explosive processes,

and with observation sequences of varying lengths T . The model equation is

xt = b0 + b1xt−1 + ut t = 1, . . . , T. (M1)

The nominal size is set at 5%. The results are given in Table 3.1. (As for all the

simulation experiments reported, the number of Monte Carlo repetitions,M , and Monte

Carlo standard error, MCSE, is given in the table.)

It is immediately apparent that the sup-Chow test is over-sized (that is, it will reject
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β =
T -1.03 -1.00 -0.90 -0.50 0.00 0.50 0.90 1.00 1.03

50 12.8 12.7 12.5 12.3 12.6 13.5 16.1 17.0 17.4
100 10.4 10.4 10.2 10.2 10.4 10.7 12.3 13.3 13.8
200 8.7 8.5 8.4 8.4 8.4 8.7 9.6 10.2 10.6
500 6.8 6.7 6.7 6.6 6.7 6.8 7.1 7.6 7.6

1000 6.8 5.8 5.8 5.8 5.8 5.8 6.0 6.3 7.7

Table 3.1: Simulated rejection frequency (%) for SC2 statistic under (DGP1)/(M1). Nom-
inal size 5%. M = 200000. MCSE < 0.1.

too often) up until the length of the series T = 1000. Moreover, the disparity between the

nominal and true size depends on T , suggesting that a further finite sample correction

may be of use. We consider a number of variants designed to pragmatically address this

issue in the following section.

On the other dimension considered, the test is reasonably well-behaved: true size

does not vary greatly with β, except in the positive near-unit-root through explosive

range (and this discrepancy diminishes with sample size as the theory implies it must).

This near-similarity is a useful feature: were it not the case, and size depended on the

autoregressive parameter, then a circularity would ensue between model estimation and

model specification testing, which would prove difficult to overcome.

3.2.2 Finite sample variants

In this section we consider three finite-sample corrections, motivated by the over-size

of the sup-Chow test in small and medium finite samples. Although it is possible to

address this precisely by simulating true critical values for tests (as we do when consid-

ering power), this requires considerable computation, as it must be done for each model

and significance level. In practice it is more useful to have simple size-corrections, even

if these are not perfect, leaving some residual size discrepancy.

The variants we propose and test are inspired by combining the asymptotic results

obtained for general processes, with finite sample results that would hold under stricter

assumptions, and which might be expected to hold approximately without these as-

sumptions. Figure 3.1 gives an overview of how these variants are constructed from the

basic sup-Chow test.
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To construct the first variant (SC2†), we note that asymptotically, the studentized

squared forecast residuals approximate the normalised squared errors, which are in-

dependent χ2 distributed (by assumption). However in practice for finite samples, the

1-step statistics appear to be distributed close to F(1, t−k−1) (as indeed they are exactly

absent dependence, with fixed regressors). We cannot construct an extreme-value test

directly on this basis, as that theory requires identically distributed random variables;

however, we can use an inverse-probability transform to map the F -distributed 1-step

statistic into χ2 random variables, and then apply the maximum, centring and scaling

as before. As the sequence of F (1, t) distributions converges to χ2
1, this correction has

no asymptotic effect, but should provide a finite sample improvement.

Specifically, with F the CDF for a random variable with an (Snedecor) F distribution

with (1, t − k − 1) degrees of freedom and G the distribution function for a random

variable with a χ2
1 distribution, we define the adjusted 1-step statistic

C2∗
1,t = G−1[F (C2

1,t)], (3.1)

and the corresponding supremum statistic

SC2†
T =

1

2

(
max

g(T )<t≤T
C2∗

1,t − dT,g(T )

)
, (3.2)

(with other quantities as defined in Theorem 2.4.5).

For the second variant (SC2‡), we replace the extreme value results used with finite

sample equivalents. As a distribution under the null, we use the finite maximal distri-

bution assuming independence and identical distribution of the test statistics (the first

assumption holding only in the limit and in the absence of an explosive component,

and the second holding only in the limit). That is, we approximate the distribution of

Not F-corrected F-corrected
Extreme value distribution SC2 SC2†

Finite maximal distribution SC2‡ SC2∗

Figure 3.1: Construction of the three variant tests.
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β =
T 0.00 0.50 0.90 1.00 1.03

SC2 50 12.6 13.5 16.1 17.0 17.4
100 10.4 10.7 12.3 13.3 13.8
200 8.4 8.7 9.6 10.2 10.6
500 6.7 6.8 7.1 7.6 7.6

1000 5.8 5.8 6.0 6.3 7.7
SC2† 50 3.9 4.1 5.1 5.5 5.7

100 4.0 4.1 4.7 5.2 5.4
200 4.2 4.2 4.6 4.9 5.1
500 4.3 4.3 4.4 4.8 4.7

1000 4.3 4.4 4.4 4.6 6.0
SC2‡ 50 14.8 15.8 18.7 19.7 20.2

100 12.0 12.5 14.3 15.4 16.0
200 9.7 10.0 11.0 11.8 12.2
500 7.7 7.8 8.1 8.7 8.7

1000 6.6 6.7 6.8 7.1 8.6
SC2∗ 50 5.0 5.4 6.5 7.0 7.3

100 5.0 5.1 5.8 6.4 6.7
200 5.0 5.1 5.5 5.9 6.1
500 5.1 5.1 5.2 5.6 5.5

1000 5.0 5.0 5.1 5.3 6.7

Table 3.2: Simulated rejection frequency (%) for sup-Chow variants under (DGP1)/(M1).
Nominal size 5%. M = 200000. MCSE < 0.1.

the maximum, maxg(T )<t≤T C2
1,t, by

Pr

{
max

g(T )<t≤T
C2

1,t ≤ x
}
≈ Pr

{
max

g(T )<t≤T
ε2

1,t ≤ x
}

= [G(x)]T−g(T ), (3.3)

where again G is the distribution function for a random variable with a χ2 distribution

with one degree of freedom. Note that in this case no centring or scaling is required,

because the distribution itself depends on T .

The third and final variant (SC2∗) considered in this section simply combines the two

separate corrections used previously. We use the approximation

Pr

{
max

g(T )<t≤T
C2∗

1,t ≤ x
}
≈ Pr

{
max

g(T )<t≤T
ε2

1,t ≤ x
}

= [G(x)]T−g(T ). (3.4)

The experiment is conducted with (DGP1) and (M1), as before, and results are re-

ported in Table 3.2, for a nominal size of 5%.

The results demonstrate that the two corrections have offsetting effects. The F-
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correction of SC2† has a dramatic effect, but somewhat over-corrects leading to an under-

sized test which slowly approaches the nominal 5% size from below. Moving from the

extreme value to the finite maximal distribution in SC2‡ has the opposite effect, slightly

increasing the rejection frequency for all T . The combination in SC2∗ results in a test

that is well-sized at all sample sizes for stationary processes, and somewhat oversized

with non-stationary processes at small sample sizes (but considerably improved from

the asymptotic test). Of the four variants, this is our preferred test.

3.3 Power against structural breaks

We consider three specific types of structural break that are applicable to the stationary

AR(1) case. First, we consider a change in the process mean created by a change in the

constant term. Second, we consider a change in the autoregressive coefficient that does

not affect the long run process mean. Third, we consider a change in the variance of the

error term.

We evaluate only the preferred test SC2∗ under these experiments.

3.3.1 Process mean

Clements and Hendry (1998, p. 49) observe that for forecasting, it is breaks in the process

mean that matter most. We model a break in the mean of an AR(1) process directly as

follows:

xt = γI(t > τT ) + εt t = 1, . . . , T, (DGP2)

εt
iid∼ N(0, 1),

x0 = 0,

where xt is the process observed, τT is the break time and I is an indicator function.

We use model (M1) once again. Since there is no autoregressive term in the DGP, the

change in the constant term translates directly into a shift in the process mean. As the

error term is standard normal, the mean shift γ can be viewed in units of the pre-break

error (or process) standard deviation.
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Figure 3.2: Simulated rejection frequency (%) with a single break in the constant term
(and process mean) at τ = 0.5 (sample mid-point), under (DGP2)/(M1). Nominal size
5%. M = 20000.

We model data generating processes of this type in the experiment reported in Fig-

ures 3.2 and 3.3.

Figure 3.2 shows that SC2∗ does have power against a break in the process mean. A

relatively large break is required before the rejection rate exceeds 50%.

Figure 3.3 shows how the test’s power varies depending on the timing of the mean

break. The shape of the curve indicates that the test has peak power when the break

occurs somewhere beyond 90% of the way through the sample. The very lower power

against early breaks in the smallest sample (T = 25) reflects the left-trimming required

for the convergence argument in Theorem 2.4.5. With the left-trimming point set at

g(T ) = T 1/2,
√

50 ≈ 7 1-step statistics will be ignored at the start of the sample; the

effect is to mask breaks occurring at 10% (t = 5) or 20% (t = 10) of the sample size.
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Figure 3.3: Simulated rejection frequency (%) with a single break in the constant term of
γ = 3, occurring at t = τT , under (DGP2)/(M1). Nominal size 5%. M = 20000.

3.3.2 Autoregressive coefficient

We model a break in the autoregressive coefficient of an AR(1) process as follows:

xt = ∆βI(t ≥ τT )xt−1 + εt t = 1, . . . , T, (DGP3)

εt
iid∼ N(0, 1),

x0 = 0,

where xt is the process observed, τT is the break time and I is an indicator function.

We use model (M1). In this experiment, we set the autoregressive coefficient before the

break to zero, so that the pre-break process is simply the error process, whereas the

process becomes AR(1) after time τT , with a coefficient of ∆β.

We model data generating processes of this type in the experiment reported in Fig-

ures 3.4 and 3.5.

Figure 3.4 shows that the SC2∗ does have some power against a break in the autore-

gressive coefficient, but perhaps not useful power. In the experiment, rejection rates do
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Figure 3.4: Simulated rejection frequency (%) with a break in the AR(1) coefficient of ∆β
at τ = 0.5 (sample mid-point), under (DGP3)/(M1). Nominal size 5%. M = 20000.

not substantially exceed the size of the test until the magnitude of the change |∆β| ex-

ceeds 0.6. This is consistent with findings by Clements and Hendry (1999) and Hendry

(2000), that changes of this type are difficult to detect in general, unless they have an

impact on long-run mean (in this experiment they do not).

Figure 3.5 shows the effect of break timing on the power of the test, choosing a

relatively large break magnitude (∆β = 0.8). It is apparent that power peaks when the

break is around 80% of the way through the sample, regardless of sample size, with no

power to detect breaks at either end of the sample.

In order to confirm the hypothesis that the low power results from the inability of

the autoregressive coefficient to influence the process mean, we run an additional ex-

periment. The DGP is as before, but with the addition of a unit constant term.

xt = 1 + ∆βI(t ≥ τT )xt−1 + εt t = 1, . . . , T, (DGP4)

εt
iid∼ N(0, 1),

x0 = 0,
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Figure 3.5: Simulated rejection frequency (%) with a break in the AR(1) coefficient of
∆β = 0.8 at time τT , under (DGP3)/(M1). Nominal size 5%. M = 20000.

where xt is the process observed, τT is the break time and I is an indicator function. We

use model (M1).

Under this DGP we can express the process mean as

Ext =
1

1−∆βI(t ≥ τT )
=


1, for t < τT,

(1−∆β)−1, for t ≥ τT,

so in effect this experiment tests both the change in the parameter, and also the resulting

change in the process mean.

The effect of including a constant term is substantial, and can be seen by comparing

Figure 3.4 with Figure 3.6.

3.3.3 Error variance

A change in the variance of the error term in a stochastic process may occur, for instance,

if variability of unmodelled inputs increases. We model a break in the variance of the
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Figure 3.6: Simulated rejection frequency (%) with a break in the AR(1) coefficient of ∆β
at τ = 0.5 (sample mid-point), under (DGP4)/(M1). Nominal size 5%. M = 20000.

error term of an AR(1) process directly, as follows:

xt = {1 + I(t ≥ τT )(σ − 1)}εt t = 1, . . . , T, (DGP5)

εt
iid∼ N(0, 1),

x0 = 0,

where xt is the process observed, τT is the break time and I is an indicator function.

We include no constant or autoregressive terms; the process is simply white noise. We

use model (M1). In this experiment, the error variance before the break is unity, whereas

after the break it changes to σ2. It remains normally distributed with mean zero through-

out.

Figures 3.7 and 3.8 show the results of the experiment modelling data generating

processes of this type. We see that the SC2∗ test has power against a step change in

the error variance, with relatively large gains in power for all three sample sizes as the

magnitude of the changes rises to 3 or 4. In contrast with the other structural break

experiments, power of the SC2∗ test as a function of break time (Figure 3.8) shows a
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Figure 3.7: Simulated rejection frequency (%) with a break in the error variance from 1
to σ2 at τ = 0.5 (mid-sample), under (DGP5)/(M1). Nominal size 5%. M = 20000.
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Figure 3.8: Simulated rejection frequency (%) with a break in the error variance from 1
to σ2 = 3.0, at time τT , under (DGP5)/(M1). Nominal size 5%. M = 20000.
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much more curved shape for a change in error variance. The curve also peaks somewhat

earlier—a change in error variance is most likely to be detected if it appears around 60–

70% through the sample, for the sample sizes considered.

3.4 Power against outliers

Fox (1972) considers outliers in time series, dividing these into two categories. Additive

(Fox’s ‘Type I’) outliers lie outside the time series structure of a process, affect only a

single observation, and correspond to genuine measurement errors in an experimental

framework. Innovation (Fox’s ‘Type II’) outliers lie within the time series structure of a

process, and so affect not only an initial observation, but also subsequent observations.

In order to understand the properties of the sup-Chow test, we examine power against

both types of outlier.

3.4.1 Additive outliers

Additive outliers (Fox’s type I) affect only a single observation. In the stationary AR(1)

framework, we model this as follows:

x∗t = βx∗t−1 + εt t = 1, . . . , T, (DGP6)

εt
iid∼ N(0, 1),

x∗0 = 0,

xt = x∗t + δI(t = bτT c+ 1),

where xt is the process observed (with error), x∗t is the true (outlier-free) process, bτT c+1

is the outlier time and I is an indicator function. We use β = 0.5, to ensure that a

distinction exists between an additive outlier and an innovation outlier. We use model

(M1).

We model data generating processes of this type in the experiment reported in Fig-

ures 3.9 and 3.10. The first of these shows rejection frequency as a function of outlier

magnitude (δ), with the outlier time fixed at mid-sample (τ = 0.5), for a range of sample

sizes. The second of these shows rejection frequency as a function of outlier time (τ ),
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Figure 3.9: Simulated rejection frequency (%) with an additive outlier at τ = 0.5 (mid-
sample), under (DGP6)/(M1). Nominal size 5%. Magnitude relative to error variance of
1.0. M = 20000.

with the outlier magnitude fixed at a magnitude of δ = 4. As the error standard de-

viation is set at unity, the outlier magnitudes can be interpreted in standard-deviation

units.

Several features are apparent from Figure 3.9. First, the test power decreases slowly

with sample size. This is expected, since even in the absence of outliers, errors of a given

magnitude will become more likely the longer the series. For this reason, outlier tests in

general do not have power asymptotically. Second, the test has no appreciable power

for outliers less than 2 in magnitude. Again, this is not surprising, given that the test is

set at a level of 5% and the errors are normal. Outliers below this magnitude are simply

indistinguishable from non-outlier errors at this level.

The results of the timing experiment (Figure 3.10) are quite similar to the mean break

case (Figure 3.3). Again, the low early power with small samples largely reflects the left-

trimming parameter (using a rule of g(T ) = T 1/2).
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Figure 3.10: Simulated rejection frequency (%) with an additive outlier of magnitude
δ = 4.0, at time t = bτT c+ 1, under (DGP6)/(M1). Nominal size 5%. M = 20000.

3.4.2 Innovation outliers

Innovation outliers (Fox’s type II) occur at one observation, but are then integrated into

subsequent observations through the autocorrelation of the process. In the stationary

AR(1) framework, we model this as follows:

xt = βxt−1 + δI(t = bτT c+ 1) + εt t = 1, . . . , T, (DGP7)

εt
iid∼ N(0, 1),

x0 = 0,

where xt is the process observed, bτT c + 1 is the outlier time and I is an indicator

function. This differs from the additive outlier scenario in the effect of the outlier on
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Figure 3.11: Simulated rejection frequency (%) with an innovation outlier of magnitude
δ at τ = 0.5 (mid-sample), under (DGP7)/(M1). Nominal size 5%. Magnitude relative
to error variance of 1.0. M = 20000.

observations for t > bτT c+ 1. In particular, we have

xbτT c+1 = βxbτT c + δ + ετT

xbτT c+2 = β2xbτT c + βδ + βεbτT c+1 + ετT+1

...

so that the outlier, η is incorporated into subsequent observations with geometrically

declining—but non-zero—effect.

We model data generating processes of this type in the experiment reported in Fig-

ures 3.11 and 3.12. These correspond to Figures 3.9 and 3.10 in the previous section and

bear similar interpretation.

The general features of Figure 3.11 are similar to Figure 3.9, suggesting that the tests

are similarly powerful against either additive or innovation outliers. The results of the

timing experiment for innovation outliers (Figure 3.12) are very similar to those for ad-

ditive outliers.
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Figure 3.12: Simulated rejection frequency (%) with an innovation outlier of magnitude
δ = 4.0, at time t = bτT c+ 1, under (DGP7)/(M1). Nominal size 5%. M = 20000.

3.5 Comparisons

We consider comparisons of size-adjusted power against the test of Andrews (1993)

and Andrews (2003a), described in Sections 1.4.1 and 1.4.2 respectively. The former, the

supF test, is a commonly-used test of structural change at an unknown changepoint,

and so is an obvious candidate against which to compare the SC2∗ test. The latter, the S

test, is a complementary test, designed to address the weak power of the supF test near

the sample endpoints.

Both tests have free parameters, which can be specified by the investigator to reflect

either a prior suspicion about the timing of structural instability, or to reflect ignorance

of the same. In the case of the supF test, the parameters are the end points of a trim-

ming region (a, b) ⊂ [0, 1], over which the supremum of pointwise statistics is taken.

We assume no prior information about the timing of structural change (in line with

the motivation of general misspecification testing), and so adopt (a, b) = (0.15, 0.85)

as recommended in Andrews (1993). In the case of the S test, the starting point of the

end-of-sample must be specified. Andrews (2003a) provides no guidance on this, and
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Break timing (τ )
0.5T T-2 T-1

Post-break constant (γ)
T 0.0 2.0 4.0 0.0 2.0 4.0 0.0 2.0 4.0

25 SC2∗ 5.1 13.2 50.4 5.1 20.4 78.0 5.1 15.3 69.9
F0.5 4.9 95.4 99.9 4.9 5.8 9.0 4.9 4.8 4.4

supF 5.0 78.5 99.4 5.0 11.0 29.3 5.0 7.2 18.6
S0.15 3.6 1.6 0.3 3.6 22.6 43.9 3.6 14.1 36.6
S1 6.7 8.6 17.6 6.7 41.1 88.7 6.7 50.5 96.7

50 SC2∗ 4.9 16.5 67.1 4.9 18.2 82.9 4.9 12.9 69.7
F0.5 5.0 100.0 100.0 5.0 6.3 14.7 5.0 5.0 5.0

supF 5.0 99.8 100.0 5.0 8.7 31.8 5.0 5.9 10.1
S0.15 4.0 0.7 0.0 4.0 12.6 32.7 4.0 7.6 15.4
S1 5.4 8.1 21.3 5.4 44.7 94.5 5.4 49.7 97.1

100 SC2∗ 4.9 19.4 77.4 4.9 15.8 84.1 4.9 11.1 67.4
F0.5 4.9 100.0 100.0 4.9 5.8 14.3 4.9 4.9 4.8

supF 4.9 100.0 100.0 4.9 7.2 31.2 4.9 5.4 7.3
S0.15 4.5 0.1 0.0 4.5 9.5 34.0 4.5 6.1 10.1
S1 4.7 7.5 22.0 4.7 46.5 96.2 4.7 49.0 97.3

Table 3.3: Simulated rejection frequency (%) with a single break in the constant term
(and process mean) of γ at τ , under (DGP2)/(M1). Nominal size 5%. M = 200000.
MCSE < 0.2.

we consider two extremes: S0.15, for which the final 15% of the sample is tested, and

S1, for which only the final observation is tested. The first of these is a logical choice

given the 15% trimming of the supF statistic, while the latter should have the greatest

power against change at the very end of the sample (and corresponds most closely to

SC2∗ statistic which is built on the 1-step Chow statistics).

In addition to these statistics, we include the classical Chow (1960) F test for a break

at mid-sample, labelled F0.5.

We again use the following DGP, and the model (M1)

xt = γI(t > τT ) + εt t = 1, . . . , T, (DGP2)

εt
iid∼ N(0, 1),

x0 = 0.

We consider three different break timings: one at mid-sample, and two at the end-

of-sample, in the last and second-last observations respectively. We also evaluate three

different break magnitudes. The results are presented in Table 3.3.
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The results are relatively unsurprising. The mid-sample F0.5 test is consistently the

most powerful test, of those evaluated, for a break at mid-sample, with almost certain

rejection for even the smaller break at the smallest sample size. The supF test also

performs extremely well in this scenario. The end-of-sample S tests have little power

against this kind of break (nor are they expected to). The SC2∗ test is not as powerful

against this alternative as the supF test, but still has useful power for sufficiently large

breaks and sample sizes.

Against the end-of-sample breaks, the mid-sample F0.5 and supF tests have little

power, although the supF appears to improve rapidly as the break recedes from the

end of the sample. The S0.15 has poor power against changes at the very end of the

sample, while the S1 test performs much better. The SC2∗ once again occupies a middle

ground, not as powerful as the S1 test (designed specifically for this narrow alternative)

but more powerful than the S0.15 test, and much more powerful than the full-sample

tests.

3.6 Discussion

The sup-Chow test, like the 1-step test from which it is constructed, is intended as a mis-

specification test. It is therefore not conducted with a specific model as the alternative

hypothesis. Nevertheless it is useful to develop a sense of the types of misspecification

against which it may have power. While the alternatives examined are necessarily arbit-

rary and simplistic, in the absence of other evidence the results in this chapter provide

good rules-of-thumb for when the test may be useful.

For the case of structural breaks, we find that the test has power against shifts in

the process mean or changes in the error variance, but less so against changes in the

autoregressive parameter. This is broadly in line with the findings of Clements and

Hendry (1999) and Hendry (2000), that changes of the latter type are difficult to detect in

general. Compared with our benchmark tests (Andrews 1993, 2003a), the results suggest

that the sup-Chow’s main value is in detecting structural change near the end of the

sample, but when the end-sample period cannot be precisely identified (which is, of

course, the likely case for a general misspecification test).
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We also find that the test has power against outliers, although the recursive estim-

ation combined with the left trimming procedure has a dramatic effect, masking the

effect of outliers early in the sample. We expect that this issue could be overcome by

re-running the test on the sample with the time-ordering reversed, although then the

interpretation as a test of forecast failure is sacrificed.

Finally, it bears reiterating once more that the scope for model misspecification is

essentially limitless, while this chapter, in common with most such analyses, examines

only a limited range of alternatives. While the results should provide some confidence

about what the test may or may not reveal, that confidence must be checked in the face

of the unknowable generating processes of real data.



Chapter 4

Distributional robustness of the

sup-Chow test

4.1 Introduction

Much of the theory of Chapter 2 is developed under only relatively weak assumptions

on the distribution of the error term, but to operationalise this theory for a misspecific-

ation test, we necessarily adopt a specific distributional form in Theorem 2.4.5. In a

modelling methodology that emphasises strong assumptions (see, e.g. Spanos 2006, p.

7) this is not a major issue: an error distribution is specified (ordinarily, the normal),

and then misspecification testing is used to accept or reject this assumption. For invest-

igators who prefer to make weaker assumptions, however, the test’s dependence on the

error distribution is problematic. And while, in the former case, a strong distributional

assumption may not itself be a problem, there is a question of dependence between the

sup-Chow test and another misspecification test that might be used, in practice, to test

the assumption. In this chapter, we confront this issue of error distribution under both

approaches.

Before proceeding, it is useful to review why this distribution sensitivity arises.

While the asymptotic behaviour of maxima is somewhat like that of averages, it is dif-

ferent in an important respect. By the central limit theorem, averages of independent

Technical details of the simulations, and an index of the DGPs (DGPx) and models (Mx) used is proved
in Appendix A
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random variables converge in distribution to the normal, for a wide variety of underly-

ing distributions, with a scaling transform,
√
T , that does not depend on the underlying

distribution, and a simple and consistently-estimable centring transform, the mean. In

a similar way, maxima of independent random variables converge in distribution to the

Gumbel for a wide variety of underlying distributions. However, crucially, the scal-

ing and centring transforms required to effect this convergence depend on the under-

lying distribution, even asymptotically. So either an underlying distribution must be

assumed, as is done in previous chapters, or these transforms must be estimated from

the data, which amounts to estimating the tail behaviour of the underlying distribution.

For this reason, statistical tests based on extreme value theory are necessarily either

sensitive to the error distribution, or rather complicated.

The chapter continues as follows. In Section 4.2 we illustrate the issue by simulating

the size of the test under various non-normal error distributions. In Section 4.3, we

consider the size and power of the test in conjunction with a separate test of normal

residuals. In Section 4.4, we consider several simple transformations which improve the

distributional robustness of the test, moving closer to a test that is distribution-free. In

Section 4.5 we review some of the comparisons presented in Chapter 3. Finally, Section

4.6 concludes the chapter with a discussion of the results.

4.2 Sensitivity to distribution assumption

In Chapters 2 and 3 two main variants of the sup-Chow test are introduced, under an

assumption of normal errors. We have the asymptotic sup-Chow test, based on an ex-

treme value distribution, SC2,

SC2
T = cT−g(T )

(
max

g(T )<t≤T
C2

1,t − dT−g(T )

)
d→ Λ, (4.1)

where g(T ) = T 1/2, Λ is a random variable with the Gumbel distribution, and

cT−g(T ) =
1

2
,

dT−g(T ) = 2

{
log[T − g(T )]− 1

2
log log[T − g(T )]− log π

}
.
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We reject if the test statistic falls in the α right tail of the distribution.

We also introduce the finite adjusted sup-Chow test, SC2∗,

SC2∗
T = max

g(T )<t≤T
C2∗

1,t

distributed approximately as follows

Pr
{

SC2∗
1,t ≤ x

}
≈ Pr

{
max

g(T )<t≤T
ε2

1,t ≤ x
}

= [G(x)]T−g(T ),

where G is the χ2
1 distribution function. Rejection is again in the right tail. This test was

generally preferred for its minimal size distortion in small samples.

In both cases the test depends on the assumption of normal errors. In the first case,

the norming sequences cT and dT depend on the particular distributional form. Those

specified are derived under the assumption of normal errors (and, hence, χ2
1 pointwise

statistics). Given correct norming sequences, the SC2
T test statistic would converge to the

Gumbel extreme value distribution for a range of error distributions; but the sequences

depend on the distribution. In the second case the error distribution directly enters the

approximating distribution for the statistic. Therefore we should expect that the tests

will be of incorrect size when the errors have a non-normal distribution.

We demonstrate this initial point by simulating the following process.

xt = εt t = 1, . . . , T, (DGP8)

εt
iid∼ F,

with F representing a variety of tested error distributions with varying skewness and

kurtosis. The centred χ2, t and uniform distributions test robustness to asymmetry, thick

tails and thin tails, respectively. The model equation is as used in Chapter 3; we repeat

it here for convenience.

xt = b0 + b1xt−1 + ut t = 1, . . . , T. (M1)

The tests are performed at a nominal size of 5%. The results are presented in Table 4.1.
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Error distribution
T Φ χ2

3,cent. U [0, 1] t5 t10 t50

50 SC2 12.6 52.8 1.3 40.8 25.9 15.1
SC2∗ 5.1 41.0 0.2 28.7 15.1 6.7

100 SC2 10.4 68.9 0.3 54.7 31.3 13.5
SC2∗ 5.0 59.9 0.0 45.0 22.2 7.3

200 SC2 8.3 83.6 0.0 70.8 39.0 12.8
SC2∗ 5.0 78.8 0.0 64.6 32.1 8.6

Table 4.1: Simulated rejection frequency (%) for SC2 statistic under (DGP8)/(M1) for a
variety of error distributions. Nominal size 5%. M = 100000. MCSE < 0.2. χ2

3,cent.
indicates a χ2 distribution centred about its mean.

As expected, the simulated size is near-nominal with normal errors, but other distri-

butions cause large size distortion. Only for the Student’s t distribution with 50 degrees

of freedom does the test have close to nominal size (and such a distribution is so close

to the normal distribution as to be visually indistinguishable from it at any reasonable

scale). As would be expected, with thick tails the statistic rejects too often, while with

the thin tails of the uniform distribution it almost never rejects. Finally, the rejection fre-

quencies are increasing in T , so even in the moderate t cases, the test is asymptotically

mis-sized.

This poses a problem for the test in practical use: either the assumption of normal

errors must itself by tested, or a distribution-robust transformation of the test must be

constructed. In the following sections, we investigate both approaches.

4.3 Pre-testing for the error distribution

As discussed in Section 1.1, the setting in which we anticipate use of the sup-Chow is as

part of a suite of misspecification tests. It is common in such a setting to make a strong

distributional assumption about the residuals—in particular, normal distribution—and

then test the fit of the residuals with this assumption. Such a test can take the form of

either a graphical plot of the residuals (e.g. a QQ plot), or a formal test of the distribution

of the residuals. In this setting, the sup-Chow test may be run only subsequent to a test

for normal residuals, and conditional on non-rejection of that assumption.

This use case raises two questions, which we aim to answer in this section. First, does

pre-testing for normal residual distribution resolve the distorted test size that occurs
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under other error distributions? Second, if it does, does the sup-Chow test have useful

residual conditional power?

Before addressing these questions, we briefly introduce the normality test that we

use.

4.3.1 Doornik and Hansen (2008) test for normality

We use the Doornik and Hansen (2008) univariateEp statistic to pre-test for normality of

the residuals. This test, derived from Shenton and Bowman (1977), belongs to a family

of tests based on skewness and kurtosis. The statistic is

Ep = z2
1 + z2

2 (4.2)

where z1 and z2 are measures of the sample skewness and kurtosis respectively, trans-

formed to improve small sample performance. The transformations are quite complic-

ated and we reserve them to Section 4.B. The statistic is approximately χ2
2-distributed

under the null hypothesis of normality, so we reject normality of a residual sequence if

Ep is the 5% right-tail of this distribution. Note that we test normality of the OLS resid-

uals (i.e. using the full-sample estimator) rather than the RLS residuals, as this would

be the default behaviour in software.

In the tables that follow we denote the Ep test as Φ and indicate that another test

is conducted given acceptance of normality under the Ep test using |Φ. For example,

SC2∗|Φ indicates that only those samples passing the Ep test have been tested using the

SC2∗ test, and the rejection frequencies reported are relative to the total of such samples

(which will also be reported, under the line Φ, as an acceptance frequency rather than

a rejection frequency). We describe a sample against which the null of normality is not

rejected as being ‘normal-like’.

4.3.2 Simulation of the conditional sup-Chow test

tested being normal-like. We repeat the experiment of Section 4.2, that is, (DGP8) with

(M1). The results appear in Table 4.2.

The results are mixed. The symmetric but thicker-tailed t distributions produce the



81 Chapter 4. Distributional robustness of the sup-Chow test

Main tests (rejection) Normality test, Φ (acceptance)
Error distribution→

T Φ χ2
3 U[0,1] t5 t10 t50 Φ χ2

3 U[0,1] t5 t10 t50
50 SC2∗ 5.1 41.0 0.2 28.7 15.1 6.7 95.2 3.3 56.3 58.2 80.6 93.3

SC2∗|Φ 3.5 *6.7 0.2 8.1 6.2 4.2
100 SC2∗ 5.0 59.9 0.0 45.0 22.2 7.3 95.2 0.0 5.2 36.3 71.1 92.5

SC2∗|Φ 3.4 na *0.0 8.5 7.3 4.2
200 SC2∗ 5.0 78.8 0.0 64.6 32.1 8.6 95.1 0.0 0.0 13.6 55.6 91.2

SC2∗|Φ 3.4 na na 8.3 8.5 4.8

Table 4.2: Simulated rejection frequency (%) for SC2 statistic, unconditional and condi-
tional on accepting hypothesis of normality (Φ), under (DGP8)/(M1), for a variety of
error distributions. Nominal size 5%. M = 100000. MCSE < 0.3 except where starred.

best results: a substantial proportion of samples pass the normality test, and the condi-

tional size of the SC2∗ test is relatively close to the nominal 5% level. The results for the

χ2 and uniform errors are less convincing: few samples pass the normality test. As a res-

ult the Monte Carlo standard errors are very high for the SC2∗|Φ test in these columns,

providing little information. Clearly, however, this approach is ineffective against such

error distributions.

Note, also, the effect of pre-testing on the SC2∗ test when the errors do, in fact, follow

the normal distribution. Rejection frequency is reduced following pre-testing. As a

result of this effect, we anticipate that pre-testing for normality will reduce the power of

the test as well. In many cases a structural break will cause the residual distribution to

have non-normal characteristics (e.g. bimodal, or having heavier tails), which will cause

the Doornik-Hansen test to reject. The question is whether the SC2∗ has any residual

power to detect structural instability in samples that have already been accepted as

normal-like. To test this, we simulate the following process with an innovation outlier

at mid-sample,

xt = βxt−1 + δI(t = bτT c+ 1) + εt t = 1, . . . , T, (DGP7)

εt
iid∼ N(0, 1),

x0 = 0,

where xt is the process observed, bτT c+ 1 is the outlier time (here, with τ = 0.5) and I

is an indicator function. The errors are distributed normally. We use model (M1). The
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Main tests (rejection) Normality test, Φ (acceptance)
Outlier magnitude (δ)→

T 0.0 1.0 2.0 3.0 4.0 5.0 0.0 1.0 2.0 3.0 4.0 5.0
β = 0.5

50 SC2∗ 5.3 5.6 10.3 28.2 58.2 84.6 95.2 95.0 92.5 82.2 60.1 32.8
SC2∗|Φ 4.3 4.5 7.7 19.0 38.9 61.6

100 SC2∗ 5.1 5.4 9.6 27.9 60.9 87.8 94.2 94.0 92.1 82.7 60.9 32.6
SC2∗|Φ 4.2 4.5 7.3 19.2 42.3 68.0

200 SC2∗ 5.0 5.2 8.7 25.7 59.4 88.0 93.5 93.4 91.9 84.6 64.8 35.9
SC2∗|Φ 4.3 4.4 6.9 18.7 43.5 70.6

β = 0.9
50 SC2∗ 6.4 6.7 11.7 29.7 59.2 84.9 80.7 80.9 80.3 78.1 73.5 67.1

SC2∗|Φ 5.4 5.7 10.2 26.8 55.5 82.1
100 SC2∗ 5.8 6.2 10.6 28.6 61.2 87.8 69.2 69.1 68.9 67.9 65.2 60.5

SC2∗|Φ 5.2 5.6 9.8 26.9 58.8 86.1
200 SC2∗ 5.4 5.6 9.0 26.0 59.5 88.2 59.7 59.7 59.8 59.4 58.2 55.2

SC2∗|Φ 5.2 5.3 8.7 25.0 58.0 87.3

Table 4.3: Simulated rejection frequency (%) with an innovation outlier of magnitude δ
at τ = 0.5, under (DGP7)/(M1). Nominal size 5%. Magnitude relative to error variance
of 1.0. M = 50000. MCSE < 0.4

results are presented in Table 4.3.

First, the Doornik-Hansen test of the residuals (Φ) is sensitive to the autoregressive

parameter in the model, so we present both mild β = 0.5 and severe β = 0.9 cases. In

both cases, however, the results are quite encouraging. The sup-Chow test appears to

have power which is orthogonal to the normality test, so that even in the worst cases,

SC2∗|Φ rejects around two-thirds as often as SC2∗. Furthermore, the combined power

of both stages of testing is quite high (although the two-stage procedure will not be

size correct). This suggests that the test could feasibly be used in combination with a

normality test and still provide useful evidence of misspecification.

4.4 Transformations to improve robustness

The above results provide some reassurance that the test may be used in conjunction

with a test of the error distribution, and still retain some power (albeit attenuated).

There may be circumstances in which it is not, however, appropriate to make a specific

parametric assumption about the error distribution. In such a circumstances, it would

be desirable to have a test which has a known asymptotic distribution that does not de-

pend on the error distribution (or at least that works for a wide class of distributions).
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The following sections investigate various transformations to achieve this end.

4.4.1 Difference (spacing) transformations

One interesting and straightforward method of increasing the robustness of tests based

on extreme values is offered by Burridge and Taylor (2006), in response to a similar

problem of distribution-sensitivity in a test proposed by Perron and Rodrı́guez (2003).

A combination of transformation and subsampling is used to create an asymptotically

robust statistic, although finite sample performance is still limited.

The underlying principle is developed in Theorems 2 and 3 of Weissman (1978),

which Burridge and Taylor then apply. It relies on a convenient property of the Gumbel

extreme value distribution, which we now describe.

4.4.1.1 Theory of spacing transformation

We restate Weissman’s result here for convenience. Consider a independent random

sample X1, X2, . . . , XT from a distribution function F . Denote the order statistics of the

sample X(1),t ≥ X(2):T ≥ . . . ≥ X(T ):T , where we also index by the sample size T .

Proposition 4.4.1 (Theorems 2 and 3, Weissman (1978)). Suppose F is in the maximum do-

main of attraction of the Gumbel distribution, so that there exist sequences aT and bT such that

for fixed i, mi,T = a−1
T (X(i):T − bT ) converges in distribution to a Gumbel random variable as

T →∞. Then for each fixed L, the random vector (m1,T ,m2,T , . . . ,mL,T ) converges in distri-

bution to some (m1,m2, . . . ,mL), and moreover, {m1 −m2,m2 −m3, . . . ,mL−1 −mL,mL}

are independent and each mi −mi+1 follows the exponential distribution with mean i−1.

Burridge and Taylor apply this to avoid directly estimating the tail behaviour of the

underlying error distribution. In the naive extreme value approach, we need to know

(or estimate) both the scaling sequence aT and the centring sequence bT . But by focusing

instead on differences, we immediately eliminate the centring sequences bT . The scaling

sequences remain embedded, since they are required to transform X(i):T into mi,T and

are not eliminated by taking differences of adjacent statistics. We have

mi,T −mi+1,T = a−1
T (X(i):T −X(i+1):T )

d→ Exp(i−1).
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But then we can normalise the spacings so that

ia−1
T (X(i):T −X(i+1):T )

d→ Exp(1),

and then

i(X(i):T −X(i+1):T )
a∼ Exp(aT ),

with these weighted spacings asymptotically independent over i by Proposition 4.4.1.

Then the first k spacings, for some finite k and with large T , are approximately inde-

pendent and identical in distribution; and this suggests the very simple testing scheme

adopted by Burridge and Taylor, which we adapt in the next section.

4.4.1.2 Application to the sup-Chow test

For a test at a nominal size α × 100%, calculate the first L = 1/α spacings of the indi-

vidual pointwise statistics (in our case, the finite adjusted 1-step Chow statistics). That

is, calculate

i
(

C2∗
1,(i):T − C2∗

1,(i+1):T

)
for 1 ≤ i ≤ L. (4.3)

These form a sample which is approximately independent and identical, and so the

probability that any particular weighted spacing is the largest must be 1/L = α. How-

ever, if the maximum of the pointwise statistics is large (as we would expect it to be in

the case of an outlier, and perhaps certain structural breaks), then the first weighted spa-

cing will be the largest of k with a probability greater than α (assuming the subsequent

spacings are not also contaminated by the outlier/break). Hence we adopt the criterion

to reject when the first weighted spacing is the largest, that is, reject if

1 ·
(

C2∗
1,(1):T − C2∗

1,(2):T

)
> max

1<i≤L

{
i
(

C2∗
1,(i):T − C2∗

1,(i+1):T

)}
. (4.4)

This gives a test with asymptotically correct size, and potentially power against some

interesting alternatives. We label this test SC2∗
D in tables.
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Note that the discrete nature of this test means only certain nominal sizes can be

achieved, and the smaller the nominal size, the larger the sample required to perform

the test. The first problem is minor, especially since standard test sizes of 1%, 5% and

10% have integral reciprocals (100, 20, 10). The second problem is more serious: a 1%

test—commonly used when multiple misspecification test are being run—requires ex-

amination of 100 order statistics, which in practice means a sample larger than 100 (since

the left trimming must be applied).

4.4.1.3 A finite sample correction

Burridge and Taylor find a size issue for finite samples for the test they are considering,

with simulation results that are ‘either too liberal or too conservative in finite samples

according to the distribution from which the sample is drawn’. They suggest several

solutions to address this, based on an expansion of the quantile function.

They first consider a non-parametric correction based on Cheng and Peng (2002),

but reject this as impractical; for this reason we do not investigate this approach. Simil-

arly, they find a simple estimator fails to perform well for Gaussian data, and reject this.

The approach they recommend is simulation of weights appropriate for a Gaussian un-

derlying distribution with a particular, reasonable sample size, in the hope that these

weights—though imperfect—will also improve size for other underlying distributions

of interest. The sample size for which they optimise is 3000 (for reasons that are not

entirely clear).

We apply a similar correction, using weights simulated from chi-squared data (since

the 1-step statistics are asymptotically chi-squared), and for a sample size in our target

range, 200. These weights are reported in Section 4.A. We label this test SC2∗
DW in tables.
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4.4.1.4 Simulation of the spacing-transformed sup-Chow

We conduct a size simulation using the same experiment as in Section 4.2. Recall that

the process was:

xt = εt t = 1, . . . , T, (DGP8)

εt
iid∼ F,

with F representing a variety of tested error distributions with varying skewness and

kurtosis, with model (M1). The results are presented in Table 4.4.

Note that the uniform and t distributions are not in the maximum domain of attrac-

tion of the Gumbel distribution (being in the domain of attraction of the Weibull and

Fréchet distributions, respectively—see Embrechts et al. 1997, pp. 153–160), so the ar-

guments of previous sections do not in fact apply to these error distributions; we retain

these for comparative purposes, and in fact find that for the t distributions, the trans-

formation is nevertheless an improvement.

While the test is clearly mis-sized for these finite samples (reflecting the asymptotic

arguments used), it can be seen that the size improves as T increases, even for non-

Gaussian errors, in contrast to the behaviour of the sup-Chow test. Therefore, this test

is at least asymptotically robust to distributional misspecification (or simply distribu-

tional uncertainty) within the class of distributions in the domain of attraction of the

Gumbel. The finite-sample weightings of SC2∗
DW improve the normal case, but make

little difference when the distribution is non-normal.

To investigate the power of the spacings test, we conduct a simulation using (DGP7),

with an innovation outlier at mid-sample, and model (M1). The results are presented in

Table 4.5.

The results are encouraging. Power against this alternative is comparable to the SC2∗

test; hence this would seem to be a worthwhile transformation of the test. Once again

the finite sample weights of SC2∗
DW make only a minor difference.

Finally, since this test relies on a correct sampling distribution for the largest (1/α)

of the 1-step statistics, we anticipate that it will have reduced power against more than
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Error distribution
T Φ χ2

3,cent. U [0, 1] t5 t10 t50

50 SC2∗ 5.1 41.0 0.2 28.7 15.1 6.7
SC2∗

D 8.9 32.7 0.9 24.4 16.2 10.2
SC2∗

DW 7.6 31.2 0.7 22.9 14.7 8.8
100 SC2∗ 5.0 59.9 0.0 45.0 22.2 7.3

SC2∗
D 6.8 24.5 1.4 24.0 14.8 8.2

SC2∗
DW 5.6 23.3 1.0 22.5 13.2 6.9

200 SC2∗ 5.0 78.8 0.0 64.6 32.1 8.6
SC2∗

D 6.1 18.1 2.6 24.0 14.6 7.5
SC2∗

DW 4.9 16.5 2.1 22.4 12.9 6.2

Table 4.4: Simulated rejection frequency (%) for spacings tests under (DGP8)/(M1) for a
variety of error distributions. Nominal size 5%. M = 100000. MCSE < 0.2.

Outlier magnitude (δ)
β T 0.0 1.0 2.0 3.0 4.0 5.0

0.5 50 SC2∗ 5.3 5.6 10.3 28.2 58.2 84.6
SC2∗

D 8.9 9.1 13.7 30.2 56.8 79.4
SC2∗

DW 7.7 7.7 12.2 28.3 54.9 78.1
100 SC2∗ 5.1 5.4 9.6 27.9 60.9 87.8

SC2∗
D 6.8 6.9 10.0 24.4 52.6 79.3

SC2∗
DW 5.6 5.7 8.7 22.4 50.3 77.8

200 SC2∗ 5.0 5.2 8.7 25.7 59.4 88.0
SC2∗

D 6.1 6.2 8.3 20.4 48.1 77.6
SC2∗

DW 4.9 5.1 7.1 18.5 45.8 75.9
0.9 50 SC2∗ 6.4 6.7 11.7 29.7 59.2 84.9

SC2∗
D 8.8 9.1 13.4 29.1 54.7 77.1

SC2∗
DW 7.6 7.8 11.9 27.2 52.8 75.8

100 SC2∗ 5.8 6.2 10.6 28.6 61.2 87.8
SC2∗

D 6.9 7.0 10.0 23.7 51.1 77.7
SC2∗

DW 5.7 5.8 8.5 21.8 48.6 76.0
200 SC2∗ 5.4 5.6 9.0 26.0 59.5 88.2

SC2∗
D 6.0 6.1 8.1 20.1 47.2 77.0

SC2∗
DW 4.9 5.0 6.8 18.2 44.8 75.2

Table 4.5: Simulated rejection frequency (%) for spacings tests with an innovation outlier
of magnitude δ at τ = 0.5, under (DGP7)/(M1). Nominal size 5%. Magnitude relative
to error variance of 1.0. M = 50000. MCSE < 0.3.
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a single outlier, and limited power against parameter changes (since these will typically

cause a sequence of high 1-step statistics, that is, a run of forecast failures).

4.4.2 Ratio transformations

The Burridge and Taylor (2006) spacings transformation is effective in removing de-

pendency on the centring term, but dependency on the scaling term remains. Taking a

ratio of scale-dependent statistics is a standard approach to eliminate an unknown scale,

and a logical next step from the differencing of the spacings approach. We are not, how-

ever, aware of a previous application of this technique to an extreme-value-based test

such as we or Burridge and Taylor (2006) consider. We investigate two transformations

based on this idea: one simple and one more complicated.

4.4.2.1 Ratio of first two spacings

The simplest ratio statistic we can construct, and the most direct extension of the Burridge

and Taylor approach, is the ratio of the first two spacings. We have from above that

ia−1
t (X(i),t −X(i+1),t)

d→ Exp(1) (4.5)

independent over i. Then if we take the ratio of two spacings, we have, with i 6= j,

(1/2)i(X(i),t −X(i+1),t)

(1/2)j(X(j),t −X(j+1),t)

d→ Y/2

Z/2
(4.6)

where Y and Z are exponential random variables with parameter 1
2 , independent of

each other. Since the Exp(1
2) distribution is the χ2

2 distribution, the ratio will have an

F (2, 2) distribution (the numerator and denominator degrees of freedom cancel).

By taking the ratio we have eliminated the at scaling transform. This avoids the need

to use the sampling approach of Burridge and Taylor; instead we can simply calculate

the first four orders statistics, and compare the ratio of the the differences with a critical

value drawn from the F (2, 2) distribution, with rejection in the right tail. We label this

test SC2∗
R in tables.
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Error distribution
T Φ χ2

3,cent. U [0, 1] t5 t10 t50

50 SC2∗ 5.1 41.0 0.2 28.7 15.1 6.7
SC2∗

D 8.9 32.7 0.9 24.4 16.2 10.2
SC2∗

R 5.2 8.0 4.6 7.3 6.1 5.3
SC2∗

RS 6.6 25.6 2.5 17.3 11.4 7.2
100 SC2∗ 5.0 59.9 0.0 45.0 22.2 7.3

SC2∗
D 6.8 24.5 1.4 24.0 14.8 8.2

SC2∗
R 5.1 6.3 4.8 7.5 5.9 5.4

SC2∗
RS 6.3 20.3 2.8 20.6 12.6 7.4

200 SC2∗ 5.0 78.8 0.0 64.6 32.1 8.6
SC2∗

D 6.1 18.1 2.6 24.0 14.6 7.5
SC2∗

R 5.1 6.2 5.0 7.9 6.0 5.4
SC2∗

RS 6.1 17.1 3.6 23.2 14.2 7.6

Table 4.6: Simulated rejection frequency (%) for ratio tests under (DGP8)/(M1) for a
variety of error distributions. Nominal size 5%. M = 100000. MCSE < 0.2.

4.4.2.2 Ratio of first spacing to a sum of spacings

A second ratio transformation of spacings that might be expected to have better power

properties is the following.

1 · (X(1),t −X(2),t)

(L− 1)−1
∑L

j=2 j(X(j),t −X(j+1),t)

d→ Y/2

W/(2L− 2)
(4.7)

for some suitable fixed L. Here, Y is again a χ2
2 random variable, while W has the

distribution of a sum of L − 1 independent χ2
2 variables, which is χ2

2(L−1). Then the

ratio of Y and W , each divided by their degrees of freedom, will have a F (2, 2L − 2)

distribution. Again, we reject in the right tail of the distribution.

Although the asymptotics of Proposition 4.4.1 take L as fixed in T , we find better

results over a variety of sample sizes if we allow L to grow with increasing sample size

as L =
√
T − g(T ). We label this test SC2∗

RS in tables.

4.4.2.3 Simulation of the ratio-transformed sup-Chow

We again conduct a size simulation using (DGP8)—white noise—and model (M1), with

the same error distributions as in Section 4.2. The results are presented in Table 4.6.

The simple ratio test SC2∗
R appears to have much better robustness against deviations

from normal errors than either the spacings test (included for comparison) or the sum-
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Outlier magnitude (δ)
α T 0.0 1.0 2.0 3.0 4.0 5.0

0.5 50 SC2∗ 5.3 5.6 10.3 28.2 58.2 84.6
SC2∗

D 8.9 9.1 13.7 30.2 56.8 79.4
SC2∗

R 5.0 4.9 5.7 8.2 13.4 20.0
SC2∗

RS 5.0 5.1 7.7 19.4 42.0 65.7
100 SC2∗ 5.1 5.4 9.6 27.9 60.9 87.8

SC2∗
D 6.8 6.9 10.0 24.4 52.6 79.3

SC2∗
R 4.9 5.0 5.5 7.4 12.9 20.5

SC2∗
RS 4.9 5.0 7.3 19.5 45.6 74.0

200 SC2∗ 5.0 5.2 8.7 25.7 59.4 88.0
SC2∗

D 6.1 6.2 8.3 20.4 48.1 77.6
SC2∗

R 4.8 4.8 5.1 7.2 12.6 20.5
SC2∗

RS 5.0 5.2 7.0 18.7 45.9 76.9
0.9 50 SC2∗ 6.4 6.7 11.7 29.7 59.2 84.9

SC2∗
D 8.8 9.1 13.4 29.1 54.7 77.1

SC2∗
R 5.1 5.1 5.5 8.2 13.3 19.3

SC2∗
RS 5.1 5.1 7.8 18.5 39.6 62.9

100 SC2∗ 5.8 6.2 10.6 28.6 61.2 87.8
SC2∗

D 6.9 7.0 10.0 23.7 51.1 77.7
SC2∗

R 4.9 5.1 5.4 7.5 12.6 20.2
SC2∗

RS 5.0 5.1 7.4 18.7 44.1 72.1
200 SC2∗ 5.4 5.6 9.0 26.0 59.5 88.2

SC2∗
D 6.0 6.1 8.1 20.1 47.2 77.0

SC2∗
R 4.8 4.8 5.1 7.0 12.2 20.5

SC2∗
RS 5.0 5.0 6.9 18.0 45.2 76.1

Table 4.7: Simulated rejection frequency (%) for ratio tests with an innovation outlier
of magnitude δ at τ = 0.5 (mid-sample), under (DGP7)/(M1). Nominal size 5%. Mag-
nitude relative to error variance of 1.0. M = 50000. MCSE < 0.3.

ratio test SC2∗
RS . The intuition for this is that these transformation are based on asymp-

totic behaviour implied by Proposition 4.4.1. The SC2∗
R test uses only the three largest

order statistics, so this asymptotic approximation holds quite well. The SC2∗
D and SC2∗

RS

tests both rely on a larger number of order statistics, and further from the extrema, the

approximation breaks down.

To investigate the power of the ratio tests against a single outlier, we conduct the

same experiment as in the previous section, with (DGP7) (an innovation outlier) and

(M1). Results are presented in Table 4.7.

The power results once again show the very different behaviour of the two ratio

tests. The SC2∗
RS test is again very similar to the spacings test, showing power compar-

able to both it and the original sup-Chow test. The simple ratio test, SC2∗
R , is relatively
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less powerful.

From the transformations considered, there appears to be a trade-off, in finite samples,

between distributional robustness and power against a single outlier. This make intuit-

ive sense, since an outlier can only be defined relative to a given reference distribution,

so that what might be considered an outlier for a distribution with lighter tails would

not be for a distribution with heavier tails. Even within the class of distributions im-

posed by Proposition 4.4.1 (Gumbel domain of attraction), this trade-off remains.

Finally, given the similar performance of the the spacings (SC2∗
D and SC2∗

DW) tests and

the ratio-sum test (SC2∗
RS), there seems nothing to recommend the former, given the non-

standard subsampling method and the limitations discussed in Section 4.4.1.

4.4.3 Power of transformed tests against a structural break

The context for the spacings approach of Burridge and Taylor (2006) is outlier testing,

and it seems likely that the various transformations described above would have a det-

rimental effect on power against other more complex alternatives (for instance, para-

metric change). All the tests rely on the spacing between the largest and second-largest

pointwise statistics, so any misspecification which leads to both of these statistics being

large may go undetected.

To examine this possibility, we simulate power against a single shift in the mean

level of the process, using (M1) with

xt = γI(t > τT ) + εt t = 1, . . . , T, (DGP2)

εt
iid∼ N(0, 1),

x0 = 0,

where xt is the process observed, τT is the break time and I is an indicator function.

The results are presented in Table 4.8.

As expected, the transformed tests have relatively little power against structural

breaks occurring anywhere except the very end of the sample. The end-of-sample break

performance is comparable to the original sup-Chow test, which is unsurprising given
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Break timing (τ )
0.5T T-2 T-1

Post-break constant (γ)
T 0.0 2.0 4.0 0.0 2.0 4.0 0.0 2.0 4.0

25 SC2∗ 5.3 13.4 50.6 5.3 20.6 78.2 5.3 15.7 69.9
SC2∗

D 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
SC2∗

R 4.9 5.3 10.0 4.9 5.4 8.1 4.9 5.7 12.4
SC2∗

RS 4.9 5.9 19.8 4.9 6.7 15.2 4.9 7.1 27.0
50 SC2∗ 5.0 16.7 67.0 5.0 18.2 82.7 5.0 13.0 69.5

SC2∗
D 9.0 10.9 38.3 9.0 14.3 37.2 9.0 13.5 56.3

SC2∗
R 5.0 5.5 8.6 5.0 5.7 7.3 5.0 5.5 13.5

SC2∗
RS 5.0 6.2 23.6 5.0 8.0 22.0 5.0 7.8 40.8

100 SC2∗ 5.0 19.7 77.6 5.0 15.9 84.0 5.0 11.3 67.4
SC2∗

D 6.8 8.6 29.1 6.8 10.9 33.0 6.8 10.0 52.9
SC2∗

R 5.1 5.2 7.1 5.1 5.5 6.5 5.1 5.4 13.0
SC2∗

RS 4.9 6.3 21.7 4.9 7.9 26.0 4.9 7.2 45.8

Table 4.8: Simulated rejection frequency (%) of transformed tests, with a single break in
the constant term (and process mean) of γ at τ , under (DGP2)/(M1). Nominal size 5%.
M = 50000. MCSE < 0.3.

the similarity between a structural break and an outlier at the end of the sample.

4.5 Comparisons

The issue of distribution-dependence is not limited to the sup-Chow tests. For instance,

Burridge and Taylor (2006) propose their method to deal with exactly such a dependence

in an outlier test proposed by Perron and Rodrı́guez (2003). The tests of Andrews (1993)

and Andrews (2003a), however, which we used as benchmark in Chapter 3, do not suffer

from this limitation. It is therefore of some interest to now compare the performance of

the conditional and transformed sup-Chow tests against these tests.

We first confirm the distributional robustness of the Andrews tests. We use (DGP8)

and (M1) as in previous simulations of size in this chapter. Recall from Chapter 3 that

supF is the Andrews (1993) test of structural instability anywhere in the sample, while

S0.15 and S1 are two variants of the Andrews (2003a) end-of-sample test (see Section 3.5

for more details). The results are presented in Table 4.9.

Indeed, as expected, both the supF and S tests are comparatively well-sized under

all the distributions tested. In this respect, these tests outperform any of the transformed

variants of the sup-Chow that we have considered.
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Error distribution
T Φ χ2

3,cent. U [0, 1] t5 t10 t50

50 supF 6.1 6.3 6.3 5.9 6.0 6.0
S0.15 4.0 3.9 3.7 4.1 3.9 3.9
S1 5.4 5.4 3.6 5.6 5.6 5.7

100 supF 4.9 4.8 5.3 4.7 4.9 5.0
S0.15 4.5 4.2 4.6 4.6 4.4 4.5
S1 4.7 4.8 3.5 4.9 4.8 4.8

200 supF 4.6 4.4 5.0 4.3 4.6 4.8
S0.15 4.5 4.2 4.5 4.4 4.6 4.6
S1 4.9 4.8 4.2 4.9 4.9 4.9

Table 4.9: Simulated rejection frequency (%) for Andrews (1993) and Andrews (2003a)
tests under (DGP8)/(M1) for a variety of error distributions. Nominal size 5%. M =
100000. MCSE < 0.1.

We also compare the power of the conditional and transformed tests against the

supF and S tests. We simulate (DGP2)—a break in the process mean—with model (M1),

and present the results in two tables. Table 4.10 includes the conditional sup-Chow tests

of Section 4.3, while Table 4.11 includes the transformed sup-Chow tests of Section 4.4.

We know from previous sections that both robustness techniques—conditioning and

transformations—tend to attenuate the power of the test. This is evident in both tables.

Whereas the SC2∗ test has a clear power advantage over the long end-of-sample S0.15

test for breaks at the very end of the sample, this is not true of either the conditional

(SC2∗|Φ) or transformed (SC2∗
RS) versions of the test; the number of cases in which the

sup-Chow tests are preferred is fewer if either of these robustness procedures are used.
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4.6 Discussion

Sensitivity to the underlying error distribution is as an issue with the sup-Chow test.

Depending on the modelling approach taken, this manifests either as inadvertent power

against a misspecified error distribution, or simply as size distortion (if no particular

error distribution is specified).

In addressing the former case, we demonstrate that although the test is sensitive

to error distribution, it has power against misspecification above and beyond that of

a test for normality. This means that, in practice, the sup-Chow test could be usefully

included as one of a battery of misspecification tests. Of course, this naturally raises

questions relating to the size of the joint misspecification procedure; this is a general

problem, and goes beyond the scope of this thesis (see Sohkanen 2011 for a treatment of

this problem).

In addressing the latter case, we evaluate the spacings approach of Burridge and

Taylor (2006), and find this partially effective in reducing distribution sensitivity (al-

though in our case their proposed finite-sample correction makes only a minor improve-

ment). We extend this approach by considering ratios of spacings, and find that this can

provide comparable robustness, size and power, and a simpler method of test construc-

tion than the spacings procedure. We see no reason that Burridge and Taylor (2006)

could not also be extended in this manner.

In either case, however, we discover a trade-off between increasing the robustness of

the test against non-normal errors, and power against the alternatives we consider. The

result is that sup-Chow tests perform worse in comparison with our benchmark tests.

Consequently, the approaches suggested in this chapter offer only a partial response to

the distribution sensitivity issue.

Finally, it is important to note that this sensitivity to distribution arises specifically

because in Chapter 2 we choose to investigate the maximum as a summary of the stat-

istics, and avail ourselves of extreme value theory. We know from the theory of partial

sums (e.g. as used by the CUSUM test, see Section 1.3.2.1) that not every such summary

suffers from this drawback. Quantiles of the sequence, for example, might prove more

robust. This partly motivates our investigation of the empirical process in Chapter 5.
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Break timing (τ )
0.5T T-2 T-1

Post-break constant (γ)
T 0.0 2.0 4.0 0.0 2.0 4.0 0.0 2.0 4.0

25 SC2∗ 5.1 13.2 50.4 5.1 20.4 78.0 5.1 15.3 69.9
SC2∗

RS 4.9 5.8 20.0 4.9 6.5 15.2 4.9 7.0 27.0
supF 5.0 78.5 99.4 5.0 11.0 29.3 5.0 7.2 18.6
S0.15 3.6 1.6 0.3 3.6 22.6 43.9 3.6 14.1 36.6
S1 6.7 8.6 17.6 6.7 41.1 88.7 6.7 50.5 96.7

50 SC2∗ 4.9 16.5 67.1 4.9 18.2 82.9 4.9 12.9 69.7
SC2∗

RS 4.9 6.0 23.7 4.9 7.9 22.0 4.9 7.7 40.9
supF 5.0 99.8 100.0 5.0 8.7 31.8 5.0 5.9 10.1
S0.15 4.0 0.7 0.0 4.0 12.6 32.7 4.0 7.6 15.4
S1 5.4 8.1 21.3 5.4 44.7 94.5 5.4 49.7 97.1

100 SC2∗ 4.9 19.4 77.4 4.9 15.8 84.1 4.9 11.1 67.4
SC2∗

RS 5.0 6.1 21.5 5.0 8.1 26.2 5.0 7.3 45.7
supF 4.9 100.0 100.0 4.9 7.2 31.2 4.9 5.4 7.3
S0.15 4.5 0.1 0.0 4.5 9.5 34.0 4.5 6.1 10.1
S1 4.7 7.5 22.0 4.7 46.5 96.2 4.7 49.0 97.3

Table 4.11: Simulated rejection frequency (%) of transformed tests compared with An-
drews (1993) and Andrews (2003a) tests, with a single break in the constant term
(and process mean) of γ at τ , under (DGP2)/(M1). Nominal size 5%. M = 200000.
MCSE < 0.1.

4.A Burridge and Taylor-style finite-sample weight vector

Weights calculated in the same fashion as Burridge and Taylor (2006) for 100 chi-squared(1)

independent draws (with 106 repetitions).

W (100) = 〈1.000, 0.488, 0.320, 0.237, 0.187, 0.154, 0.131, 0.113, 0.100, 0.089,

0.080, 0.073, 0.067, 0.061, 0.057, 0.053, 0.049, 0.046, 0.043, 0.041,

0.038, 0.036, 0.035, 0.033, 0.031, 0.030, 0.028, 0.027, 0.026, 0.025,

0.024, 0.023, 0.022, 0.021, 0.020, 0.020, 0.019, 0.018, 0.017, 0.017,

0.016, 0.016, 0.015, 0.015, 0.014, 0.014, 0.013, 0.013, 0.012, 0.012,

0.012, 0.011, 0.011, 0.010, 0.010, 0.010, 0.009, 0.009, 0.009, 0.009,

0.008, 0.008, 0.008, 0.007, 0.007, 0.007, 0.007, 0.006, 0.006, 0.006,

0.006, 0.006, 0.005, 0.005, 0.005, 0.005, 0.004, 0.004, 0.004, 0.004,

0.004, 0.003, 0.003, 0.003, 0.003, 0.003, 0.003, 0.002, 0.002, 0.002,

0.002, 0.002, 0.002, 0.001, 0.001, 0.001, 0.001, 0.001, 0.000, 0.000〉
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4.B Doornik and Hansen (2008) Ep statistic computation

This section briefly summarises the computation of the Ep statistic. We refer the reader

to Doornik and Hansen (2008) for an explanation of these transformations.

Let (x1, . . . , xT ) be a sample of T observations. Define the sample central moments,

skewness and kurtosis as

x̄ =
1

T

T∑
t=1

xt, mi =
1

T

T∑
t=1

(xt − x̄)i,
√
b1 =

m3

m
3/2
2

, b2 =
m4

m2
2

.

Then the transformations are as follows. For z2, first define various polynomial

terms,

δ = (T − 3)(T + 1)(T 2 + 15T − 4),

a =
(T − 2)(T + 5)(T + 7)(T 2 + 27T − 70)

6δ
,

c =
(T − 7)(T + 5)(T + 7)(T 2 + 2T − 5)

6δ
,

k =
(T + 5)(T + 7)(T 3 + 37T 2 + 11T − 313)

12δ
,

and then define

α = a+ b1c χ = (b2 − 1− b1)2k

so that finally

z2 =

[( χ
2α

)1/3
− 1 +

1

9α

]
(9α)1/2.

For z1, first define several preliminary terms,

β =
3(T 2 + 27T − 70)(T + 1)(T + 3)

(T − 2)(T + 5)(T + 7)(T + 9)
,

ω2 = −1 + [2(β − 1)]1/2,

δ =
1

[log(
√
ω2)]1/2

,
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and then define

y =
√
b1

[
ω2 − 1

2

((T + 1)(T + 3)

6(T − 2)

]1/2

,

so that finally

z1 = δ log
[
y + (y2 + 1)1/2

]
.

The the statistic Ep is then computed as Ep = z2
1 + z2

2 .



Chapter 5

Empirical process of the 1-step Chow

statistics

5.1 Introduction

Empirical process results have proved useful in understanding distribution theory for a

range of statistical tests based on the empirical distribution function. This class includes

the well known Kolmogorov-Smirnov (KS) and Anderson-Darling (AD) tests (for other

examples see Stephens 1974). The classical tests of this type apply to sequences of inde-

pendent, identically distributed random variables with a completely specified reference

distribution, with extensions to the case in which the mean and variance are estimated.

In the typical econometric context of regression, a natural extension is to consider the

empirical distribution of regression residuals (rather than unobserved errors) and build

tests corresponding to KS and AD from this instead.

Since the 1-step recursive Chow statistics can be viewed as squared studentized re-

cursive residuals, it is of some interest to investigate their empirical process. This might

have particular advantages where outliers or structural breaks are suspected to have

contaminated the regression estimates, for reasons examined in Chapter 3. Furthermore,

an understanding of the empirical process helps provided a complete and rounded per-

spective on the 1-step statistics. It builds on the pointwise and extreme-value results

presented in Chapter 2, and the partial-sum results presented elsewhere (see Nielsen

99
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and Sohkanen 2011) to provide a more complete picture. Finally, the empirical process

we study, based on the 1-step statistics, converges weakly to a standard Brownian bridge

(in the case of a normal reference distribution). This makes the distributional theory of

statistics derived from the process, such as the KS statistics, relatively convenient. The

distinguishes our result from many other results on (full sample) least squares autore-

gression residuals, in which the limiting process has a more complex structure.

The empirical process of the autoregression residuals has been studied by a number

of authors, including Boldin (1983), Koul and Levental (1989), Ling (1998), Lee and Wei

(1999), Pierce (1985) and Engler and Nielsen (2009). As Engler and Nielsen discuss, in

the case of a first order autoregression without an intercept, the limiting distribution

depends on the presence of a unit root, being non-Gaussian in that case (but otherwise

Gaussian). In the case of a first order autoregression with an intercept, the non-Gaussian

component vanishes and the same Gaussian distribution arises irrespective of any pos-

sible unit root. This is an encouraging result from the point of view of misspecification

testing, as it separates the concern of testing the innovation distribution from knowledge

of the roots of the process.

It is thus similarly desirable to derive a weak convergence result for the empirical

process of 1-step Chow statistics which is invariant to the location of the process roots.

We achieve this for processes with stationary and unit roots, under a general framework

that includes deterministic terms. The difficulty in the explosive case relates to a term

described in Nielsen and Sohkanen (2011) and analysed in Sohkanen (2011). The key

differences from Engler and Nielsen’s paper arise because of the recursive estimation

inherent in the 1-step statistics. Terms resulting from recursive estimation error are time-

varying (within a fixed sample), which complicates the analysis. They are, however,

predictable, and we take advantage of this property, and additional strong consistency

results, to overcome this complication.

The chapter proceeds as follows. In Section 5.2 we recall the definition of the 1-step

recursive Chow statistic. In Section 5.3 we present the model and assumptions under

which our main results hold (the model will be familiar from Chapter 2, though a dif-

ferent set of assumptions is required). We present the theory results in two sections.



101 Chapter 5. Empirical process of the 1-step Chow statistics

Section 5.4 presents the main results on weak convergence of the empirical process of

1-step residuals. These results depend heavily on more general results on empirical pro-

cesses with scale and location error. Since these latter results are of some independent

interest, they are presented separately in Section 5.5, with assumptions that hold under

the specific assumptions made in Section 5.4. Section 5.6 describes a simple simulation,

while Section 5.7 briefly discusses some issues that arise from the results. Proofs follow

in the chapter appendices.

5.2 The 1-step Chow statistic

Consider a linear regression

Yt = β′St + εt t = 1, . . . , T,

with St a K-dimensional vector of regressors, and the errors εt independently, identic-

ally distributed. For such a regression we can define the sequence of least squares es-

timators calculated over progressively larger subsamples, along with the corresponding

variance estimator,

β̂t =

(
t∑

s=1

SsS
′
s

)−1( t∑
s=1

SsY
′
s

)
t = K, . . . , T,

σ̂2
t = (t−K)−1

t∑
s=K

(Ys − β̂′tSs)2 t = K, . . . , T

The (unscaled) recursive residuals are defined as

ε̃t := (Yt − β̂′t−1St)/ft t = (K + 1), . . . , T,

where f2
t := 1 + S′t

(∑t−1
s=1 SsS

′
s

)−1
St. We can then define the 1-step Chow test statistic

as

c2
t := σ̂−2

t−1ε̃
2
t t = (K + 1), . . . , T,
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and with σ2 the variance of εt, we can write

ct =
εt − (β̂t−1 − β)′St

σ̂t−1ft
=

εt − σb̂t
σ(1 + ât)

=
ηt − b̂t
1 + ât

where

ηt := εt/σ ât := σ̂t−1ft/σ − 1 b̂t := (β̂t−1 − β)′St/σ, (5.1)

noting that ât and b̂t are then predictable processes (measurable at time t− 1).

5.3 Model and assumptions

We adopt the general framework of Engler and Nielsen (2009) and Chapter 2. The model

equation is an ADL model with arbitrary deterministic terms. For the purpose of analysis

we assume the true data generating model can be represented as a vector autoregres-

sion.

We observe a p-dimensional time series X1−K−k, . . . , X0, X1, . . . XT (this indexing

ensures that the first 1-step statistic can be calculated for t = 1, simplifying later expres-

sions). We will model the series by partitioningXt as (Yt, Zt)
′ where Yt is univariate and

Zt is of dimension p− 1, and then consider the regression of Yt on the contemporaneous

Zt, lags of both Yt and Zt, and a deterministic term Dt of dimension d; with the total

number of regressors K = 1 + pk + d. That is,

Yt = ρZt +

k∑
j=1

αjYt−j +

k∑
j=1

β′jZt−j + νDt−1 + σηt t = 1−K, . . . , T, (5.2)

conditional on (X−K , . . . , X−K−k).

In order to specify the joint distribution of Xt = (Yt, Zt)
′, we assume that Xt follows

the vector autoregression

Xt =
k∑
j=1

AjXt−j + µDt−1 + ξt t = 1−K, . . . , T, (5.3)
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with the deterministic term Dt given by

Dt = DDt−1.

This allows us to apply the results of Nielsen (2005) on strong convergence of various

regression quantities.

The deterministic term Dt follows the approach of Johansen (2000) and Nielsen

(2005) and may include, for example, a constant, a linear trend, or periodic functions

such as seasonal dummies. The matrix D has characteristic roots on the unit circle. For

example,

D =



1 0 0 0

1 −1 −1 −1

0 1 0 0

0 0 1 0


and D0 =



1

0

0

0


will generate a constant and three quarterly dummies. The term Dt is assumed to have

linearly independent coordinates, formalised as follows.

Assumption 5.3.1. |eigen(D)| = 1 and rank(D1, . . . , DdimD) = dimD.

We assume the VAR innovations form a martingale difference sequence satisfying

the assumption below.

Assumption 5.3.2. ξt is a martingale difference sequence with respect to the natural filtration

Ft, so E(ξt|Ft−1) = 0. The initial values X0, . . . X1−k are F0-measurable and

sup
t

E(‖ξt‖α|Ft−1)
a.s.
< ∞ for some α > 4,

E(ξ′tξt|Ft−1)
a.s.
= Ω where Ω is positive definite.

Unlike in Chapter 2, we restrict the autoregressive parameters Aj in (5.3) to exclude
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explosive roots. Defining the companion matrix

B =

(A1, . . . , Ak−1) Ak

Ip(k−1) 0

 ,

we can express the restriction as follows.

Assumption 5.3.3. The eigenvalues of B lie inside or on the unit circle. That is, the process

contains no explosive component.

Additionally, we require that the innovations in the ADL regression equation satisfy

three further assumptions.

The first specifies the joint distribution of the innovations.

Assumption 5.3.4. The innovations ηt of the regression equation (5.2) are independent and

identically distributed with distribution function F (x) = Pr(ηt ≤ x) having E(ηt) = 0 and

Var(ηt) = 1.

It follows that E(εt) = 0 and Var(εt) = σ2.

The second assumption is needed to ensure that the regression equation (5.2) is an

ADL equation when ρ is unrestricted.

Assumption 5.3.5. Let Gt be the sigma field over Ft and Zt (when ρ is unrestricted) or let Gt =

Ft (when ρ is restricted). Then (εt,Gt) is a martingale difference sequence, i.e. E(εt|Gt−1) = 0.

The third assumption places further restrictions on the distribution functionF . These

are mostly technical, with the exception of (ii), which imposes symmetry.

Assumption 5.3.6 (The distribution F ). For the distribution of the i.i.d. error process ηt, we

have

(i) F has Lebesgue density f satisfying f > 0 on the set {x : 0 < F (x) < 1}; and second

derivative f ′,

(ii) f is symmetric about 0 ,

(iii) f [F−1(u)] and F−1(u)f [F−1(u)] are uniformly continuous in 0 ≤ u ≤ 1,
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(iv) supx∈R(1 + |x|)f(x) <∞ and limx→±∞[xf(x)] = 0, and

(v) supx∈R(1 + x2)f ′(x) <∞.

Remark 5.3.7. Part (iii) is standard (see, e.g. (21) of Shorack and Wellner 1986, p. 196). It

will, for example, be satisfied by any distribution that has a continuous density f and support on

the entire real line and limx→∞ xf(x) = 0. Then the quantile function F−1(u) is continuous on

(0, 1) by the continuity of F and the everywhere-positivity of f on its support. Since in addition

f is continuous, then the composition F−1(u)f [F−1(u)] must be continuous on (0, 1). Then we

have limx→∞ xf(x) = 0 and since F has support on the entire real line, limu→1 F
−1(u) =∞.

Together we then have that limu→1 F
−1(u)f [F−1(u)] = 0; the limit to 0 follows similarly by

symmetry. Now we have defined F−1(u)f [F−1(u)] on the closed interval [0, 1] and uniform

continuity follows from continuity and the Heine-Cantor theorem (Rudin 1976, Theorem 4.19,

p.91). It therefore follows that part (iii) can be deduced from parts (ii) and (iv); we retain it as it

is a familiar condition in this literature.

Note that under this assumption certain one-to-one relationships hold between the

error distribution, F (x) and the absolute error distribution G(x), their derivatives and

their inverses. With

F (x) = Pr(η1 ≤ x) for x ∈ R and G(x) = Pr(|η1| ≤ x) for x ∈ R+
0 ,

we have

G(y) = 2[F (y)− 1/2], G−1(u) = F−1 [u/2 + 1/2] , g(y) = 2f(y). (5.4)

Also, G shares the assumed properties of F , apart from symmetry. We will use both

distributions as convenient in the sequel. In general x will be a number on either the

real line or the non-negative half-line, depending on the case, while we will reserve u

and v for numbers in the unit interval (the range of either F or G).
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5.4 Main result

Define the empirical distribution function of 1-step statistics as

ĜT (x) := T−1
T∑
t=1

I(|ct| ≤ x) for x ∈ R+
0 .

With u = G(x) define the 1-step empirical process as

G∗T (u) := T 1/2
{
ĜT (x)−G(x)

}
= T 1/2

{
ĜT (G−1(u))− u

}
(5.5)

Then we can state our main result as follows.

Theorem 5.4.1 (Main result). Under Assumptions 5.3.1, 5.3.2, 5.3.3, 5.3.4, 5.3.5, 5.3.6,

G∗T ⇒ XG as T →∞,

where

XG(u) := U(u) +
1√
2
G−1(u)g[G−1(u)]

∫ 1

0
[G−1(s)]2 dW(s),

and U, W are jointly normal Brownian bridges, with Cov[U(u),W(v)] = 1√
2
(u ∧ v − uv).

The limiting distribution is expressed in terms of functionals of a pair of Brownian

bridges. Shorack and Wellner (1986, pp. 91–95) provide details on how to calculate the

variances and covariances required; alternatively these are worked out in Sections 5.B.4

and 5.C. An elegant corollary relating to the covariance between the two terms follows.

Corollary 5.4.2 (Gaussian reference distribution). If the reference distribution F is Gaus-

sian, the process XG is itself a Brownian bridge.

This corollary is particularly valuable for constructing tests around this process. It

provides a simple limiting process under null hypotheses that involve normal errors.

The Brownian bridge is a standard process and distributions of the functionals of the

Brownian bridge are well-documented. For example, the Kolmogorov-Smirnov statistic

constructed around the process G∗T will have the usual distribution (the Kolmogorov
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distribution). This is not the case, for instance, with the residuals process studied by

Engler and Nielsen (2009).

When the reference distribution is not normal, the limiting process is non-standard.

In that case, it is relatively simple to simulate the process XF . The most direct method

involves constructing the correlated Brownian bridges U and W on a grid over [0, 1] then

computing the integral directly.

First, simulate the vector of Brownian motions (B,BW )′ by taking partial sums
∑
xt

and
∑
xW,t of generated independent normal increments distributed respectively as

 xt

xW,t

 iid∼ N


0

0

 ,

1 ρ

ρ 1


 . (5.6)

The resulting Brownian motions B and BW satisfy Cov[B(u),BW (v)] = ρ(u ∧ v). Then

transform these into Brownian bridges using the usual method,

U(u) = B(u)− uB(1) and W(u) = BW (u)− uBW (1). (5.7)

The resulting Brownian bridges U and W satisfy Cov[U(u),W(v)] = ρ(u ∧ v − uv) as

required.

5.5 Auxiliary results

In this section we introduce some auxiliary results on empirical processes with time-

varying scale and location errors. We use these results to prove the main result in Section

5.4, but set them apart as they are of independent interest. For this section, we continue

to have

ct =
ηt − b̂t
1 + ât

,

so that

I (ct ≤ x) = I
(
ηt ≤ x+ âtx+ b̂t

)
,
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but now we treat ât and b̂t as abstract sequences satisfying the following assumption.

Assumption 5.5.1 (The processes ât and b̂t). For the scale and location processes ât and b̂t

with t = 1 . . . T , we have

(i) ât and b̂t are predictable (that is, measurable time t− 1),

(ii) ât > −1 almost surely,

(iii) ât = o(1) in t almost surely,

(iv) T−1/2
∑T

t=1 ât = Op(1),

(v) T−1/2
∑T

t=1 â
2
t = op(1), and

(vi) T−1/2
∑T

t=1 b̂
2
t = op(1).

Now, define the empirical distribution function of |ct|, and its average conditional

expectation as (noting that henceforth when we write Et−1(·) we mean E(·|Gt−1))

ĜT (x) := T−1
T∑
t=1

I(|ct| ≤ x) and ḠT (x) := T−1
T∑
t=1

Et−1I(|ct| ≤ x), (5.8)

for x ∈ R+
0 . Define the corresponding empirical distribution without estimation error,

and its average conditional expectation

Ĝ0
T (x) := T−1

T∑
t=1

I(|ηt| ≤ x) and Ḡ0
T (x) := T−1

T∑
t=1

Et−1I(|ηt| ≤ x) = G(x).

for x ∈ R+
0 .

Define the process

GT (u) := T 1/2
{
ĜT (x)− Ḡ(x)

}
= T 1/2

{
ĜT (G−1(u))− ḠT (G−1(u))

}

and the standard empirical process as

G0
T (u) := T 1/2

{
Ĝ0
T (x)−G(x)

}
= T 1/2

{
Ĝ0
T (G−1(u))− u

}
. (5.9)

Then the two auxiliary theorems are as follows.
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Theorem 5.5.2 (Uniform convergence of the empirical process). Under Assumptions 5.3.6,

5.5.1,

sup
u∈[0,1]

∣∣GT (u)−G0
T (u)

∣∣ p→ 0.

Theorem 5.5.3 (Uniform convergence of the average d.f.s). Under Assumptions 5.3.6 and

5.5.1,

sup
x∈R+

0

∣∣∣T 1/2
{
ḠT (x)− Ḡ0

T (x)
}
− 2AT (x)

∣∣∣ p→ 0.

where

AT (x) = xf(x)T−1/2
T∑
t=1

ât.

5.6 Simulations

In this section, we present one simulation to demonstrate the result. This also serves to

reveal the finite sample behaviour of the empirical process. We focus on the Kolmogorov-

Smirnoff D statistic of the square root of the 1-step Chow statistics, which is simply

the maximum of the empirical process (5.5), and which therefore, by Corollary 5.4.2

and the continuous mapping theorem, has the distribution sup0≤u≤1 |B(u)| where B is a

Brownian bridge. This distribution is standard, and has a 5% critical value of 1.36 (see,

for example Stephens 1974, Table 1A).

We simulate the following process,

xt = βxt−1 + εt t = 1, . . . , T, (DGP1)

εt
iid∼ N(0, 1),

x0 = 0,

with β taking values in a range spanning stationary and unit-root processes, and with
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observation sequences of varying lengths T . The model equation is

xt = b0 + b1xt−1 + ut t = 1, . . . , T. (M1)

The nominal size is set at 5%. The results are shown in Table 5.1.

β =
T -1.00 -0.90 -0.50 0.00 0.50 0.90 1.00

50 5.1 5.0 4.9 5.1 5.2 6.2 6.5
100 5.0 4.8 4.8 4.9 5.2 5.8 6.4
200 4.8 4.9 4.9 4.9 5.0 5.6 6.0
500 4.8 4.9 4.8 4.8 4.9 5.0 5.5

Table 5.1: Simulated rejection frequency (%) for KS (Kolmogorov-Smirnov D) statistic
under (DGP1)/(M1). Nominal size 5%. M = 50000. MCSE < 0.2.

It is clear from the table that Kolmogorov-Smirnov D statistic is well-sized across

the parameter range and for all sample sizes.

This simple result demonstrates the utility of the weak convergence result for the

empirical process of 1-step Chow statistics. The general result applies to any empirical

distribution function-type test involving the 1-step Chow statistic. We leave the task of

investigating which such statistics might prove useful for future work.

5.7 Discussion

The result of Theorem 5.4.1 parallels the result on the empirical process of studentized

autoregressive OLS residuals in Engler and Nielsen (2009), and many of the applications

given there would apply here also.

One interesting difference from that paper, is that the limiting XG process studied

here reduces to a Brownian bridge when a Gaussian reference distribution is used. This

not only makes many standard results applicable, but potentially makes asymptotic

power calculations, considering a different error distribution against a null hypothesis

of normality, relatively straightforward.

It is possible that a similar result would follow for the absolute value of the OLS resid-

uals; since it is by taking the absolute value (in combination with symmetry assumption)

that we eliminate the bias due to location estimation (the term BT , in the proofs). How-
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ever, this elegant result also derives from the specific structure of the AT term, and the

weighting scheme implied by recursive estimation; so it may be that this result is unique

to statistics based on the recursive residuals.

It would be of interest to study the process of the signed, un-squared 1-step Chow

statistics. One difficulty we anticipate is that the location estimation bias term would

then not vanish. This corresponds to the issue revealed in Ling (1998) and Lee and

Wei (1999), and analysed by Engler and Nielsen. But whereas those authors find the

inclusion of an intercept is sufficient for the corresponding term to be zero, in the case

of the recursive residuals this is unlikely to be the case, as the sum of recursive residuals

is not constrained to zero, even when an intercept is included. This raises interesting

questions, which are however beyond the scope of this paper, and so are reserved for

future work.

The present result does not cover processes with explosive components, unlike the

results of Chapter 2; these are ruled out by Assumption 5.3.3. It would be be desirable

to have such a result. This would require a substantially different proof technique, how-

ever, as the proof of Assumption 5.5.1(vi) depends on results of Nielsen and Sohkanen

(2011), which appear not to hold for explosive processes (see Sohkanen 2011). Further,

Lemma 5.B.1 does not hold for explosive processes, so it is possible that the explosive

roots may enter the limiting distribution.

Another interesting difference from the supremum result in Chapter 2 is that, for the

empirical process, the early-sample instability is not an issue. Whereas the supremum

result of Theorem 2.4.5 required a left-trimming, or ‘burn-in’ period, to ensure consist-

ency of the early-sample estimators, the result of Theorem 5.4.1 does not. The reason

is that the empirical distribution involves sums, not suprema. Intuitively, while the

distinction between a 99th percentile and a maximum may be insignificant for a small

sample, asymptotically the two are completely different. While this difference is eas-

ily explicable asymptotically, it is interesting that this early sample instability does not

appear to cause problems for the smallest sample size (T = 50) in Table 5.1.
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5.A Proofs of auxiliary results

For the proofs, define F̂T , F̄T , F̂ 0
T , F̄

0
T ,FT ,F0

T corresponding to their G-counterparts defined

at (5.8)–(5.9), except where |ct| or |ηt| appear, write ct or ηt respectively (i.e. without

modulos).

5.A.1 A lemma on Taylor series remainders

Lemma 5.A.1 (Lagrange remainders of Taylor expansions). With F any distribution func-

tion with density f and second-derivative f ′.

∣∣∣F (x+ âtx+ b̂t)− F (x)
∣∣∣ ≤ sup

x∈R
[(1 + |x|)f(x)] · C(|ât|+ |b̂t|),

and

∣∣∣F (x+ âtx+ b̂t)− F (x)− f(x)(âtx+ b̂t)
∣∣∣

≤ sup
x∈R

[
(1 + x2)f ′(x) + (1 + |x|)f(x)

]
·D
(
â2
t + b̂2t

)
,

for some constants C and D not dependent on x or t.

Proof. We prove the statements in two parts, for |ât| < 1
2 and |ât| ≥ 1

2 .

First consider the case when |ât| < 1
2 . For any x∗ in (x, âtx+ b̂t) (or (âtx+ b̂t, x)) , we

have −|âtx+ b̂t| ≤ x∗ − x ≤ |âtx+ b̂t|, which implies

−|ât||x| − |b̂t| ≤ x∗ − x ≤ |ât||x|+ |b̂t|.

Then we have

x ≤ x∗ + |b̂t|
1− |ât|

and |x| ≤ |x
∗|+ |b̂t|

1− |ât|
if x ≥ 0,

x ≥ x∗ − |b̂t|
1− |ât|

and |x| ≤

∣∣∣∣∣x∗ − |b̂t|1− |ât|

∣∣∣∣∣ ≤ |x∗|+ |b̂t|1− |ât|
if x < 0,
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and for any x,

x2 ≤ x∗2 + 2|b̂t||x∗|+ b̂2t
(1− |ât|)2

,

Then since 1− |at| > 1/2, we have

|x| ≤ 2
(
|x∗|+ |b̂t|

)
and x2 ≤ 4

(
x∗2 + 2|b̂t||x∗|+ b̂2t

)
≤ 8

(
x∗2 + b̂2t

)
. (5.10)

We use these results to control the Taylor expansions in the statement of the lemma.

For the linear (mean value) expansion we have

∣∣∣F (x+ âtx+ b̂t)− F (x)
∣∣∣ =

∣∣∣f(x∗)(âtx+ b̂t)
∣∣∣

≤ 2f(x∗)|x∗||ât|+ 2f(x∗)|ât||b̂t|+ f(x∗)|b̂t|

≤ sup
x∈R

[(1 + |x|)f(x)] · C ′(|ât|+ |b̂t|), (5.11)

for some constant C ′ not dependent on x or t, since |ât||b̂t| < 1
2 |b̂t|.

Similarly, for the quadratic expansion we have

∣∣∣F (x+ âtx+ b̂t)− F (x)− f(x)(âtx+ b̂t)
∣∣∣

=
1

2

∣∣∣f ′(x∗)(âtx+ b̂t)
2
∣∣∣

≤ 1

2

∣∣f ′(x∗)x2â2
t

∣∣+
∣∣∣f ′(x∗)xâtb̂t∣∣∣+

1

2

∣∣∣f ′(x∗)b̂2t ∣∣∣ .
Taking this term by term and applying (5.10) we have

1

2

∣∣f ′(x∗)x2â2
t

∣∣ ≤ 4f ′(x∗)x∗2â2
t + 4f ′(x∗)â2

t b̂
2
t

≤ sup
x∈R

[
(1 + x2)f ′(x)

]
·D′1

[
â2
t + â2

t |b̂t|+ â2
t b̂

2
t

]
,

∣∣∣f ′(x∗)xâtb̂t∣∣∣ ≤ 2f ′(x∗)|x∗||ât||b̂t|+ 2f ′(x∗)|ât|b̂2t

≤ sup
x∈R

[
(1 + x2)f ′(x)

]
·D′2

[
|ât||b̂t|+ |ât|b̂2t

]
, and

1

2

∣∣∣f ′(x∗)b̂2t ∣∣∣ ≤ sup
x∈R

f ′(x) ·D′3b̂2t ,
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for constants D′1, D
′
2, D

′
3 not dependent on x or t. Then for some other constant D, the

entire quadratic term is bounded, with

∣∣∣F (x+ âtx+ b̂t)− F (x)− f(x)(âtx+ b̂t)
∣∣∣ ≤ sup

x∈R

[
(1 + x2)f ′(x)

]
·D′

(
â2
t + b̂2t

)
, (5.12)

since |ât||b̂t| ≤ 1
2

(
|ât|2 + |b̂t|2

)
, â2

t |b̂t| ≤ 1
2 â

2
(

1 + b̂2
)

, |ât|b̂2t ≤ 1
2 b̂

2
t

(
1 + â2

t

)
≤ 1

2 b̂
2
t (1 + 1

4)

and â2
t b̂

2
t < b̂2t (with the last two of these inequalities following from |ât| < 1

2 ).

Now consider the case when |ât| > 1
2 . Then in the linear case we have

∣∣∣F (x+ âtx+ b̂t)− F (x)
∣∣∣ ≤ 1 < 2|ât| < C ′′

(
|ât|+ |b̂t|

)
. (5.13)

In the quadratic case we have

∣∣∣F (x+ âtx+ b̂t)− F (x)− f(x)(âtx+ b̂t)
∣∣∣ ≤ 1 + sup

x∈R
|x|f(x)|ât|+ sup

x∈R
f(x)|b̂t|

< 4â2
t + sup

x∈R
|x|f(x)â2

t + 2 sup
x∈R

f(x)|b̂t||ât|

≤ sup
x∈R

[(1 + |x|)f(x)] ·D′′(â2
t + b̂2t ), (5.14)

where in the last step we have used that |b̂t||ât| ≤ 1
2(a2

t + b2t ).

Then the main result follows by combining (5.11), (5.12), (5.13) and (5.14).

5.A.2 Three lemmas on martingale inequalities

For the proof of Theorem 5.5.2, we take advantage of a theorem due to Bercu and Touati

(2008). We first state the theorem, as a lemma, and then present a sequence of lemmas

which are used in the application.

Lemma 5.A.2 (Theorem 2.1 of Bercu and Touati 2008). Let (Mn) be a locally square integ-

rable martingale adapted to a filtration (Fn) with M0 = 0. Then, for all w, z > 0,

Pr (|Mn| ≥ w, [M ]n + 〈M〉n ≤ z) ≤ 2 exp

(
−w

2

2z

)
,

where 〈M〉n and [M ]n are the predictable quadratic variation and total quadratic variation,
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respectively, given by

〈M〉n =

n∑
k=1

E
[
∆M2

k |Fk−1

]
and [M ]n =

n∑
k=1

∆M2
k .

Proof. See Bercu and Touati (2008, Theorem 2.1)

Lemma 5.A.3 (Martingale iteration: termination condition). Let Ij,T t be an indicator func-

tion for some event which depends on j and t, which is measurable time t. Define Mj,T =∑T
t=1 Ij,T t− Et−1Ij,T t, and note that Mj,T is a martingale. Then if #J, the number of elements

in J, is O(T 1/2), we have

Pr

(
max
j∈J
|T−2Mj,T | ≥

T−1/2

2

)
→ 0 as T →∞.

Proof. We first use Boole’s inequality to bound the maximum

Pr

(
max
j∈J

{
T−2Mj,T

}
>
T−1/2

2

)

≤
∑
j∈J

Pr

(
T−2Mj,T >

T−1/2

2

)
,

then use Chebyshev’s inequality and the martingale property of Mj,T on the summand,

so that, for any j,

Pr

(
T−2Mj,T >

T−1/2

2

)
≤ 4

T−1
T−4E

{
T∑
t=1

[
T∑
t=1

Ij,T t − Et−1Ij,T t

]}2

= 4T−3E

T
T∑
t=1

[
T∑
t=1

Ij,T t − Et−1Ij,T t

]2


= 4T−2
T∑
t=1

E

{
T∑
t=1

Ij,T t − Et−1Ij,T t

}2

= O(T−1).

Then the sum of #J = O(T 1/2) terms will be O(T−1/2) and the Lemma is proven.

Lemma 5.A.4 (Martingale iteration). Let Ij,T t be an indicator function for some event which
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depends on j and t, which is measurable time t. Define Mj,T =
∑T

t=1 Ij,T t − Et−1Ij,T t, and

note that Mj,T is a martingale. Let #J, the number of elements in J, be O(T 1/2). Then we have,

for any d ≥ 0, if

max
j∈J

T∑
t=1

Et−1Ij,T t = Op(T
3/4),

and

Pr

(
max
j
|T−(d+1)Mj,T | ≥

yT
2

)
→ 0 as T →∞,

for some sequences εT , yT such that

ε2T /(yT log T )→∞ and T d+1/4yT →∞,

then

Pr

(
max
j
|T−(d+1)/2Mj,T | ≥ εT

)
→ 0 as T →∞.

Proof. We have that

T−(d+1)/2Mj,T = T−(d+1)/2
T∑
t=1

{Ij,T t − Et−1Ij,T t} .

Then M̃j,T := T−(d+1)/2Mj,T is a martingale with respect to FT−1 with increments

∆M̃t = T−(d+1)/2{Ij,T t − Et−1Ij,T t}. We additionally define

[M̃ ]j,T :=

T∑
t=1

(∆M̃t)
2

= T−(d+1)
T∑
t=1

{Ij,T t − Et−1Ij,T t}2

= T−(d+1)
T∑
t=1

{
Ij,T t − 2Ij,T tEt−1(Ij,T t) + [Et−1(Ij,T t)]

2
}
,
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and

〈M̃〉j,T :=

T∑
t=1

Et−1

[
(∆M̃t)

2
]

= T−(d+1)
T∑
t=1

Et−1

({
Ij,T t − 2Ij,T tEt−1(Ij,T t) + [Et−1(Ij,T t)]

2
})

= T−(d+1)
T∑
t=1

{
Et−1(Ij,T t)− [Et−1(Ij,T t)]

2
}
,

so that

[M̃ ]j,T + 〈M̃〉j,T = T−(d+1)
T∑
t=1

{Ij,T t − 2Ij,T tEt−1(Ij,T t) + Et−1(Ij,T t)}

≤ T−(d+1)
T∑
t=1

{Ij,T t + Et−1(Ij,T t)}

= T−(d+1)
T∑
t=1

{[Ij,T t − Et−1(Ij,T t)] + 2Et−1(Ij,T t)} .

Then, for the lemma, we are required to prove for a deterministic sequence εT ,

Pr

(
max
j
|M̃j,T | ≥ εT

)
→ 0 as T →∞.

Write, for each T and some sequence yT ,

Pr

(
max
j
|M̃j,T | ≥ εT

)
≤ Pr

(
max
j
|M̃j,T | ≥ εT ,max

j

{
[M̃ ]j,T + 〈M̃〉j,T

}
≤ yT

)
+ Pr

(
max
j

{
[M̃ ]j,T + 〈M̃〉j,T

}
> yT

)
.

Then for the first term we can use Boole’s inequality to bound the probability

Pr

(
max
j
|M̃j,T | ≥ εT ,max

j

{
[M̃ ]j,T + 〈M̃〉j,T

}
≤ yT

)
≤
∑
i∈J

Pr

(
|M̃j,T | ≥ εT ,max

j

{
[M̃ ]j,T + 〈M̃〉j,T

}
≤ yT

)
≤
∑
j∈J

Pr
(
|M̃j,T | ≥ εT , [M̃ ]j,T + 〈M̃〉j,T ≤ yT

)
,
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and we can apply Lemma 5.A.2 to the summand to get, for each j and T ,

Pr
(
|M̃j,T | ≥ εT , [M̃ ]j,T + 〈M̃〉j,T ≤ yT

)
≤ 2 exp

(
−
ε2T

2yT

)
,

which vanishes exponentially since by assumption ε2T /(yT log T )→∞. Since this bound

for the summand does not depend on j, the sum of #J = O(T 1/2) terms will then be

o(1).

We divide the second term into a martingale and a sum of conditional expectations.

Pr

(
max
j

{
[M̃ ]j,T + 〈M̃〉j,T

}
> yT

)
≤ Pr

(
max
j

[
T−(d+1)

T∑
t=1

{[Ij,T t − Et−1(Ij,T t)] + 2Et−1(Ij,T t)}

]
> yT

)

≤ Pr

(
max
j

{
T−(d+1)

T∑
t=1

[Ij,T t − Et−1(Ij,T t)]

}
>
yT
2

)

+ Pr

(
2 max

j

{
T−(d+1)

T∑
t=1

Et−1(Ij,T t)

}
>
yT
2

)
. (5.15)

Now observe that the first subterm is equal to

Pr

(
max
j

{
T−(d+1)Mj,T

}
>
yT
2

)
,

which is vanishing by assumption. For the second subterm, we also have by assumption

that

max
j∈J

T∑
t=1

Et−1Ij,T t = Op(T
3/4).

So then

max
j

{
T−(d+1)

T∑
t=1

Et−1(Ij,T t)

}
= Op(T

−(d+1/4)),

which means that the second subterm will vanish, since T d+1/4yT →∞ by assumption.
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5.A.3 A lemma on the average distribution functions

Recall that for x ∈ R,

AT (x) = xf(x)T−1/2
T∑
t=1

ât,

and define similarly

BT (x) = f(x)T−1/2
T∑
t=1

b̂t.

Lemma 5.A.5. Under Assumptions 5.3.6 and 5.5.1

sup
x∈R

∣∣∣T 1/2
{
F̄T (x)− F̄ 0

T (x)
}
−AT (x)−BT (x)

∣∣∣ p→ 0.

Proof. Expand the quantity of interest,

T 1/2
{
F̄T (x)− F̄ 0

T (x)
}
−AT (x)−BT (x)

≤ T−1/2
T∑
t=1

∣∣∣F (x+ âtx+ b̂t)− F (x)− xf(x)ât − f(x)b̂t

∣∣∣ .
Then, as a preliminary matter, note that since at = o(1) almost surely by Assumption

5.5.1(iii), there exists some random t0 such that for all t > t0, |at| < 1/2 with probability

one. We break the sum at this point, with the initial t0 terms made negligible by the

T−1/2 weight, since the summand is bounded (F is bounded and Assumption 5.3.6(iv)).

For the tail sum, use a Taylor expansion of F in x, and Lemma 5.A.1 with Assump-

tion 5.3.6(iv) and (v) to see that,

T−1/2
T∑
t=t0

∣∣∣F (x+ âtx+ b̂t)− F (x)− f(x)(âtx+ b̂t)
∣∣∣

≤ CT−1/2
T∑
t=1

(
â2
t + b̂2t

)
.

These sums vanish by Assumption 5.5.1(v) and (vi).
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5.A.4 Proof of Theorem 5.5.2

We are required to prove

sup
x∈R+

0

∣∣GT (x)−G0
T (x)

∣∣ p→ 0.

The proof is based loosely on Theorem 2.2.5 of Koul (2002), but with several substan-

tial modifications to suit our problem. In particular, we adopt a different (symmetric)

partition in the chaining argument, we substitute a stronger martingale inequality in the

analysis of BTj,1 and BTj,2, and we rely on the almost sure convergence of ât at various

points.

Observe that for some a and non-negative x

I(|a| ≤ x) = I(−x ≤ a ≤ x) = I(a ≤ x)− I(a ≤ −x),

so that we can write, for x ≥ 0,

GT (x)−G0
T (x) = FT (x)− FT (−x)− [F0

T (x)− F0
T (−x)]

= [FT (x)− F0
T (x)]− [FT (−x)− F0

T (−x)].

Written out in full, each of these two terms is (now for any x ∈ R)

FT (x)− F0
T (x)

= T 1/2
{
F̂T (x)− F̄ (x)−

[
F̂ 0
T (x)− F̄ 0(x)

]}
= T−1/2

T∑
t=1

{I(ct ≤ x)− Et−1I(ct ≤ x)− [I(ηt ≤ x)− Et−1I(ηt ≤ x)]} .

The partition Fix a δ > 0 and partition R symmetrically into

−∞ = x−rT < −x−(rT−1) < · · · < x−1 < x0 = 0 < x1 < · · · < xrT−1 < xrT =∞,
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such that xj = F−1[1/2 + jδ/T 1/2],−(rT − 1) ≤ j ≤ rT − 1 and rT = bT 1/2/(2δ)c + 1.

Then by construction,

T 1/2[F (xj)− F (xj−1)] ≤ δ for all 1 ≤ j ≤ rT , (5.16)

with equality holding for all but j = rT and j = r−(rT−1). And by symmetry,

x−j = F−1[1/2− jδ/(2T 1/2)]

= F−1[1− (1/2 + jδ/(2T 1/2)]

= −F−1[1/2 + jδ/(2T 1/2)]

= −xj .

The main decomposition For brevity we denote for any 2 ≤ 1 ≤ rT − 1,

I := I(ηt ≤ x+ âtx+ b̂t) Ij := I(ηt ≤ xj + âtxj + b̂t)

F := Et−1I = Et−1I(ηt ≤ x+ âtx+ b̂t) Fj := Et−1Ij = Et−1I(ηt ≤ xj + âtxj + b̂t)

I0 := I(ηt ≤ x) I0
j := I(ηt ≤ xj)

F 0 := Et−1I
0 = Et−1I(ηt ≤ x) F 0

j := Et−1I
0
j = Et−1I(ηt ≤ xj).

Further denote negative-x quantities as

I− := I(ηt ≤ −x− âtx+ b̂t) I−j := I(ηt ≤ x−j + âtx−j + b̂t),

and correspondingly for F, I0 and F 0. In the tails (that is for j = −rT or j = rT ) instead

use limits, such as

I−rT := lim
x→−∞

I = 0 IrT := lim
x→∞

I = 1

and correspondingly for F, I0 and F 0.

Observe that all the above expressions are monotonic in the suppressed x or xj ,

as long as ât > −1, assured by Assumption 5.5.1(ii), with the positive-x expressions
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increasing in x and the negative-x expressions decreasing in x. Using this fact, for a

given 0 ≤ xj−1 ≤ x < xj , we have

GT (x)−G0
T (x)

= [FT (x)− F0
T (x)]− [FT (−x)− F0

T (−x)]

=

∣∣∣∣∣T−1/2
T∑
t=1

(
[I − F − I0 + F 0]− [I− − F− − I0

− + F 0
−]
)∣∣∣∣∣

≤

∣∣∣∣∣T−1/2
T∑
t=1

([Ij − Fj−1 − I0
j−1 + F 0

j ]− [I−j − F−(j−1) − I0
−(j−1) + F 0

−j ])

∣∣∣∣∣
+

∣∣∣∣∣T−1/2
T∑
t=1

([Ij−1 − Fj − I0
j + F 0

j−1]− [I−(j−1) − F−j − I0
−j + F 0

−(j−1)])

∣∣∣∣∣
≤ |BTj,1|+ |BTj,3|+ |BTj,4|+ |BT,−j,1|+ |BT,−j,3|+ |BT,−j,4|

+ |BTj,2|+ |BTj,3|+ |BTj,4|+ |BT,−j,2|+ |BT,−j,3|+ |BT,−j,4|

with

BTj,1 := T−1/2
T∑
t=1

{
(Ij − Fj)− (I0

j−1 − F 0
j−1)

}
BTj,2 := T−1/2

T∑
t=1

{
(Ij−1 − Fj−1)− (I0

j − F 0
j )
}

BTj,3 := T−1/2
T∑
t=1

(Fj − Fj−1)− (BT,j −BT,j−1)

BTj,4 := T−1/2
T∑
t=1

(F 0
j − F 0

j−1)

where BT,j := BT (xj) for −(rT − 1) < j < (rT − 1), and BT,−rT := 0 and BT,rT := 0,

recalling that

BT (x) = f(x)T−1/2
T∑
t=1

b̂t.

Then to prove, as required, that

sup
x∈R+

0

|GT (x)−G0
T (x)| = op(1),
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it suffices to show that max−(rT−1)≤j≤rT |Bj,k| = op(1) for k ∈ {1, 2, 3, 4}. We will write

max−(rT−1)≤j≤rT as maxj , and
∑rT

j=−(rT−1) as
∑

j .

The term BTj,1 Convergence of this term follows a double iteration of Lemma 5.A.4,

with Ij,T t = (Ij − I0
j−1), so that Et−1Ij,T t = Fj − F 0

j−1; and J = −(rT − 1) . . . rT , which

has O(T 1/2) elements as required. This lemma requires two premises to be proven.

The first premise is

max
j∈J

T∑
t=1

Et−1Ij,T t = max
j

T∑
t=1

Ij − I0
j−1 = Op(T

3/4).

Consider first the conditional expectation, for which we have that

Et−1(Ij − I0
j−1)

=


[F (xj)− 0] + [F (xj + âtxj + b̂t)− F (xj)], if j = (−rT − 1),

[F (xj)− F (xj−1)] + [F (xj + âtxj + b̂t)− F (xj)], if − (rT − 2) ≤ j ≤ rT − 1,

1− F (xj−1), if j = rT .

(5.17)

In all three cases the first term, involving only the grid points xj and not ât or b̂t, is

less than or equal to δT−1/2, by construction. Then for the second term in the first and

second cases, we have,

F (xj + âtxj + b̂t)− F (xj) ≤ C(|ât|+ |b̂t|),

for some constant C not dependent on j or t (by Lemma 5.A.1, and Assumption 5.3.6(iv)).

Then combining these results we have that, for all 1 ≤ j ≤ rT ,

Et−1(Ij,T t) ≤ C[δT−1/2 + |ât|+ |b̂t|].
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We then have, for any j,

T∑
t=t0

Et−1(Ij,T t)

≤ C

{
T 1/2δ +

T∑
t=1

|ât|+
T∑
t=1

|b̂t|

}

= Op(T
1/2δ) + op(T

3/4) + op(T
3/4)

= op(T
3/4),

since
∑
|ât| and

∑
|b̂t| are both op(T 3/4) by Assumption 5.5.1(v) and (vi) and the Cauchy-

Schwarz inequality.

We show the second premise by applying Lemma 5.A.3 with Ij,T t = Ij−Fj as above,

so that

Pr

(
max
j
|T−3/2BTj,1| ≥

T−1/2

2

)
→ 0 as T →∞.

Then apply Lemma 5.A.4 with d = 1, yT = T−1/2, εT = T−1/8, to get

Pr

(
max
j
|T−1/2BTj,1| ≥ T−1/8

)
→ 0 as T →∞.

Then choose an arbitrary ε and apply Lemma 5.A.4 once more with d = 0, yT = 2T−1/8, εT =

ε to get

Pr

(
max
j
|BTj,1| ≥ ε

)
→ 0 as T →∞,

as required.

The term BTj,2 Convergence of this term follows as for BTj,1, except with Ij,T t :=

Ij−1 − I0
j . Then at (5.17) we have
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Et−1(Ij,T t)

=


0− F (xj), if j = −(rT − 1),

[F (xj−1)− F (xj)] + [F (xj−1 + âtxj−1 + b̂t)− F (xj−1)], if − (rT − 2) ≤ j ≤ rt − 1,

[F (xj−1)− 1] + [F (xj−1 + âtxj−1 + b̂t)− F (xj−1)], if j = rT .

Everything else follows unchanged.

The term BTj,4 We can apply (5.16) so that

max
j

∣∣∣∣∣T−1/2
T∑
t=1

(F 0
j − F 0

j−1)

∣∣∣∣∣ ≤ T 1/2 max
j
|F (xj)− F (xj−1)|

≤ T 1/2 · T−1/2δ

= δ,

and this vanishes, since δ is chosen arbitrarily.

The term BTj,3 We have BTj,3 = T−1/2
∑T

t=1(Fj −Fj−1)− (BT,j −BT,j−1). In the right

tail case (when j = rT and x ≥ xrT−1−1) we can write this

BTj,3 = T−1/2
T∑
t=1

[FrT − F
0
rT

]−

{
T−1/2

T∑
t=1

[FrT−1 − F 0
rT−1]−AT,rT−1 −BT,rT−1

}

+ T−1/2
T∑
t=1

[F 0
rT
− F 0

rT−1]−AT,rT−1 −BT,rT .

The first term is zero, the second term is uniformly vanishing in probability by Lemma

5.A.5, and the third term vanishes in the same way as BTj,4 above. The fifth term is zero

by definition. The fourth term we can analyse as follows.

|AT (xrT−1)| ≤ 2 |f(xrT−1)xrT−1|

∣∣∣∣∣T−1/2
T∑
t=1

ât

∣∣∣∣∣ .
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Then the weighted sum isOp(1) by Assumption 5.5.1(iv), so we must consider xrT−1f(xrT−1).

We can then use that, by construction, | limx→∞ F (x)− F (xrT−1)| ≤ T−1δ, to write

xrT−1f(xrT−1)

= xrT−1f(xrT−1)− lim
x→∞

[xf(x)]

= F−1[F (xrT−1)]f{F−1[F (xrT−1)]} − lim
x→∞

(
F−1[F (x)]f{F−1[F (x)]}

)
≤ max
|y−z|≤T−1/2δ

∣∣F−1[y]f{F−1[y]} − F−1[z]f{F−1[z]}
∣∣ ,

and this vanishes by the uniform continuity of F−1(·)f [F−1(·)] (Assumption 5.3.6(iii)).

The left-tail case (j = 1 and x < x1) follows similarly.

In the non-tail cases, we have

BTj,3 = T−1/2
T∑
t=t0

(Fj − Fj−1)− (BT,j −BT,j−1)

=

{
T−1/2

T∑
t=t0

[Fj − F 0
j ]−AT,j −BT,j

}

−

{
T−1/2

T∑
t=t0

[Fj−1 − F 0
j−1]−AT,j−1 −BT,j−1

}

+ T−1/2
T∑
t=t0

[F 0
j − F 0

j−1] + [AT,j −AT,j−1].

The first two terms are uniformly vanishing in probability by Lemma 5.A.5. The

third term vanishes in the same way as BTj,4. Then it remains to consider the fourth

term. We have

max
j
|AT,j −AT,j−1| = max

j

∣∣∣∣∣T−1/2
T∑
t=1

[f(xj)xj ât − f(xj−1)xj−1ât]

∣∣∣∣∣
≤

∣∣∣∣∣T−1/2
T∑
t=1

ât

∣∣∣∣∣max
j
|f(xj)xj − f(xj−1)xj−1| .
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The first normed term is Op(1) by Assumption 5.5.1(iv). Then we have

max
j
|f(xj)xj − f(xj−1)xj−1|

= max
j

∣∣f{F−1[F (xj)]}F−1[F (xj)]− f{F−1[F (xj−1)]}F−1[F (xj−1)]
∣∣

≤ max
|y−z|≤T−1/2δ

∣∣f{F−1[y]}F−1[y]− f{F−1[z]}F−1[z]
∣∣ ,

and this vanishes by the uniform continuity of F−1(·)f [F−1(·)] (Assumption 5.3.6(iii)).

5.A.5 Proof of Theorem 5.5.3

We are required to prove

sup
x∈R+

0

∣∣∣T 1/2
{
ḠT (x)− Ḡ0

T (x)
}
− 2AT (x)

∣∣∣ p→ 0

We expand the supremand using that AT (x) = −AT (−x) and BT (x) = BT (−x) by

symmetry, writing

∣∣∣T 1/2
{
ḠT (x)− Ḡ0

T (x)
}
− 2AT (x)

∣∣∣
≤
∣∣∣T 1/2

{
F̄T (x)− F̄ 0

T (x)
}
−AT (x)−

[
T 1/2

{
F̄T (−x)− F̄ 0

T (−x)
}
−AT (−x)

]∣∣∣
≤
∣∣∣T 1/2

{
F̄T (x)− F̄ 0

T (x)
}
−AT (x)−BT (x)

∣∣∣
−
∣∣∣T 1/2

{
F̄T (−x)− F̄ 0

T (−x)
}
−AT (−x)−BT (−x)

∣∣∣ .
Then the theorem follows with two applications of Lemma 5.A.5.

5.B Proof of main result (Theorem 5.4.1)

We prove Theorem 5.4.1 directly by showing that the assumptions of Theorems 5.5.2

and 5.5.3 are satisfied by the process (5.2), then deriving the limiting distribution that

results using a pair of theorems of Shorack and Wellner (1986). We first present several

intermediate lemmas.
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5.B.1 A lemma on ft

Lemma 5.B.1. Under Assumptions 5.3.1, 5.3.2, 5.3.3

f2
t − 1 = o(1) a.s.,

T∑
t=1

(f2
t − 1) = O(log T ) a.s. .

Proof. We have by the matrix identity b′(A + bb′)−1b = b′A−1b(1 + b′A−1b)−1 (Searle

1982, p. 151) that

f2
t − 1 = S′t

(
t−1∑
s=1

SsS
′
s

)−1

St =
S′t
(∑t

s=1 SsS
′
s

)−1
St

1− S′t
(∑t

s=1 SsS
′
s

)−1
St

(5.18)

Then we have by Nielsen (2005, Lemma 8.6) that

S′t

(
t∑

s=1

SsS
′
s

)−1

St = o(1) in t a.s.,

T∑
t=1

S′t

(
t∑

s=1

SsS
′
s

)−1

St = O(log T ) a.s. .

where Nielsen’s Assumptions 2.1 and 2.2 are satisfied by Assumption 5.3.2; Nielsen’s

Assumption 2.3 is satisfied by Assumption 5.3.1; and explosive roots are ruled out by

Assumption 5.3.3. Then we can apply these directly by noting that the denominator in

(5.18) must eventually be greater than 1/2, so that

f2
t − 1 = o(1) a.s.,

T∑
t=1

(f2
t − 1) = O(log T ) a.s. .

5.B.2 A lemma on sums of ât

Lemma 5.B.2. Under Assumptions 5.3.1, 5.3.2, 5.3.3,

(i) T−1/2
∑T

t=1 â
2
t = op(1), and
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(ii) T−1/2
∑T

t=1 ât = ÃT + op(1),

where

ât =
σ̂t−1ft
σ
− 1 and ÃT := T−1/2

T∑
t=1

w1,T (η2
t − 1).

Proof of (i) Write â2
t =

(√
σ̂2
t−1f

2
t /σ

2 − 1
)2

, then apply the Taylor expansion

(√
x− 1

)2
=

1

4
(x− 1)2 +Op

[
(x− 1)3

]
,

resulting in

T−1/2
T∑
t=1

â2
t =

1

4
T−1/2

T∑
t=1

(σ̂2
t−1f

2
t /σ

2 − 1)2 +O

[
T−1/2

T∑
t=1

(σ̂2
t−1f

2
t /σ

2 − 1)3

]
(5.19)

We expand σ̂2
t−1f

2
t /σ

2 − 1 as

σ̂2
t−1f

2
t − σ2

σ2
=

(
σ̂2
t−1

σ2
− 1

)
+

(
σ̂2
t−1

σ2
− 1

)
(f2
t − 1) +

(
f2
t − 1

)
.

By Nielsen (2005, Corollary 2.9) we have that σ̂2
t−1 − σ2 = o(tε−1/2) a.s. for any ε >

0, with with Nielsen’s Assumptions 2.1, 2.3 and 2.7 satisfied by Assumptions 5.3.2 (in

particular, with 4+ moments finite), 5.3.1 and 5.3.2 respectively; f2
t − 1 is o(1) almost

surely from above, so the entire term is o(tε−1/2). Since this property holds almost surely,

the maxima of the summands in each of the terms of (5.19) are o(T ε−1) a.s. and o(T ε−3/2)

a.s. respectively; and the sums themselves are o(T ε) a.s. and o(T ε−1/2) a.s., so both terms

vanish due to the T−1/2 factor.

Proof of (ii) First apply the Taylor expansion

σ̂t−1ft
σ
− 1 =

√
1 +

σ̂2
t−1f

2
t − σ2

σ2
− 1 =

σ̂2
t−1f

2
t − σ2

2σ2
+Op

[(
σ̂2
t−1f

2
t − σ2

σ2

)2
]
.
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Then write

T−1/2
T∑
t=1

ât = T−1/2
T∑
t=1

σ̂2
t−1f

2
t − σ2

2σ2
+Op

[
T−1/2

T∑
t=1

(
σ̂2
t−1f

2
t − σ2

σ2

)2
]
. (5.20)

The remainder term vanishes by (i). Write the the leading term as

T−1/2
T∑
t=1

σ̂2
t−1f

2
t − σ2

2σ2
=

1

2
T−1/2

T∑
t=1

(
σ̂2
t−1

σ2
− 1

)

+
1

2
T−1/2

T∑
t=1

(
σ̂2
t−1

σ2
− 1

)
(f2
t − 1) +

1

2
T−1/2

T∑
t=1

(
f2
t − 1

)
.

(5.21)

The third of these terms is op(1) from above, and since f2
t − 1 = o(1) almost surely by

Lemma 5.B.1, the second will be op(1) as long as the first is Op(1), which we proceed to

show.

We have that

1

2
T−1/2

T∑
t=1

(
σ̂2
t−1

σ2
− 1

)
=

1

2
T−1/2

T∑
t=1

[
t−1

t∑
s=1

ε̂2
s,t

σ2
− 1

]

First we observe that the estimation error is negligible, with

T−1/2
T∑
t=1

[
t−1

t∑
s=1

(
ε̂2
s,t

σ2
− ε2

s

σ2

)]
= σ−2T−1/2 max

1≤t≤T

∣∣∣∣∣
t∑

s=1

(ε̂2
s,t − ε2

s)

∣∣∣∣∣
∣∣∣∣∣
T∑
t=1

t−1

∣∣∣∣∣
= T−1/2o(T 1/2−ε)O(log T ) a.s.

= o(1) a.s., (5.22)

which follows since the term in the maximum is o(T 1/2−ε) almost surely by Nielsen

(2005, Corollary 2.6) as long as ε1 has finite moments greater than 4, which is satisfied

by Assumption 5.3.2. So we can focus on

1

2
T−1/2

T∑
t=1

[
t−1

t∑
s=1

ε2
s

σ2
− 1

]
=

1

2
T−1/2

T∑
t=1

[
η2
twt,T−1 − 1

]
,

with wt,T defined as in (5.23) and the the right hand side following from the substitution
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ηt = εt/σt and resummation. Since
∑T

t=1wt,T−1 = T =
∑T

t=1 1 by (5.26), we can rewrite

this sum as

1

2
T−1/2

T∑
t=1

[
η2
twt,T − 1

]
=

1

2
T−1/2

T∑
t=1

wt,T
[
η2
t − 1

]
=

1

2
T−1/2

T∑
t=1

wt,T
[
η2
t − Eη2

t

]
.

This term is Op(1), as required, by the Lindeberg-Feller CLT (details appear in Section

5.C.2).

5.B.3 Some results on weights relating to the harmonic numbers

We will require some simple summation results to derive the limiting distribution.

Define a triangular array of deterministic weights {w1,T . . . wT,T ;T ≥ 1}, by

wt,T :=
T∑
s=t

(1/s). (5.23)

We can then calculate the sum of the weights

T∑
t=1

wt,T =

T∑
t=1

T∑
s=t

1

s
=

T∑
s=1

1

s

s∑
t=1

1 = T, (5.24)
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and the sum of squared weights

T∑
t=1

w2
t,T =

T∑
t=1

T∑
s=t

1

s

T∑
r=t

1

r

=
T∑
s=1

1

s

s∑
t=1

T∑
r=t

1

r

=
T∑
s=1

1

s

(
s

T∑
r=s+1

1

r
+

s∑
r=1

1

r

r∑
t=1

1

)

=

T∑
s=1

T∑
r=s+1

1

r
+

T∑
s=1

1

s
· s

=

T∑
s=1

T∑
r=s

1

r
−

T∑
s=1

1

s
+ T

= 2T −
T∑
s=1

1

s
. (5.25)

Then
∑T

s=1
1
s = HT , is the T th harmonic number, with HT = O(log T ), so we have

T−1
T∑
t=1

w2
t,T = 2 + o(1). (5.26)

5.B.4 Joint convergence of G0
T and AT

We follow Shorack and Wellner (1986, p. 93). In particular, we invoke two theorems

which we reproduce here as lemmas.

Lemma 5.B.3 (The special construction, Theorem 3.1.1 of Shorack and Wellner 1986).

Suppose that {c1,T , . . . , cT,T ;T ≥ 1} and

max
1≤t≤T

c2
1,T∑T

t=1 c
2
1,T

→ 0 and ρT =
T−1

∑T
t=1 c1,T√

T−1
∑T

t=1 c
2
1,T

→ ρ. (5.27)

Then there exists a triangular array of row independent uniform (0,1) random variables {ξ1,T , . . . , ξT,T ;T ≥

1} and Brownian bridges U and W having

Cov[U(u),W(v)] = ρ[u ∧ v − uv] for 0 ≤ u, v ≤ 1,
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that are all defined on a common probability space (Ω,A, P ), for which

sup
0≤u≤1

|UT (u)− U(u)| → 0, and

sup
0≤u≤1

|WT (u)−W(u)| → 0,

on every ω ∈ Ω, where

UT (u) = T−1/2
T∑
t=1

(1(ξt ≤ u)− u) , and

WT (u) =
1√∑T
t=1 c

2
1,T

T∑
t=1

c1,T (1(ξt ≤ u)− u) .

For the next lemma we need some additional notation. Let L2 be the space of square

integrable deterministic functions on [0, 1]. For h, h̃ ∈ L2, denote

h̄ :=

∫ 1

0
h(u) du, |[h]| :=

{∫ 1

0
h2(u)

}1/2

, σ2
h := |[h]|2 − h̄2.

and

σh,h̃ :=

∫ 1

0

(
h(u)− h̄

) (
h̃(u)− ¯̃

h
)

du.

Lemma 5.B.4 (Theorem 3.1.2 of Shorack and Wellner 1986). Let h ∈ L2. Under the hy-

potheses of Lemma 5.B.3, we can claim the existence of a random variable on (Ω,A, P ), to be

denoted by
∫ 1

0 hdW for which

∫ 1

0
hdWT −

∫ 1

0
hdW p→ 0 with

∫ 1

0
hdW ∼ N(0, σ2

h).

Moreover, U, W and
∫ 1

0 hdW are jointly normal, with

Cov

[
W(u),

∫ 1

0
hdW

]
=

∫ u

0
h(s) ds− uh̄,
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and

Cov

[
U(u),

∫ 1

0
hdW

]
= ρσ1[0,u],h.

Then we can apply these lemmas to the present problem as follows. We have ξt,T =

G−1(|ηt|) for all t ≤ T and T ≥ 1, and these satisfy the requirements of uniform distri-

bution and row independence. We have ct,T = wt,T and these satisfy the requirements

of (5.27),

max
1≤t≤T

w2
1,T∑T

t=1w
2
1,T

→ 0 and ρT =
T−1

∑T
t=1w1,T√

T−1
∑T

t=1w
2
1,T

=
1√

2 + o(1)
→ 1√

2
= ρ,

by (5.24) and (5.26).

We then have that UT = G0
T , and furthermore we use a Stieltjes integral to write

ÃWT =
1√∑T
t=1w

2
1,T

T∑
t=1

w1,T

(
η2
t − 1

) d
=

∫ 1

0
h(u) dWT ,

with h(u) = [G−1(u)]2. This function is in L2 since G has finite fourth moments and

∫ 1

0
h2 =

∫ 1

0
[G−1(u)]4 du =

∫ ∞
0

x4 dG(x) <∞,

by the change-of-variables u = G(x). Similarly we have

h̄ :=

∫ 1

0
h(u) du =

∫ ∞
0

x2 dG(x) = E(|η|2) = 1,

|[h]|2 :=

∫ 1

0
h2(u) du =

∫ ∞
0

x4 dG(x) = E(|η|4), and

σ2
h := |[h]|2 − h̄2 = E(η4)− 1, (5.28)

and with h̃u(v) = I(0 ≤ v ≤ u), we have

¯̃
hu :=

∫ 1

0
h̃u(v) dv =

∫ ∞
0

I(x ≤ G−1(u)) dG(x) = u.
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Then

σI[0,u],h :=

∫ 1

0

(
h̃u(v)− ¯̃

hu

) (
h(v)− h̄

)
dv

=

∫ 1

0
h̃u(v)h(v) dv −

∫ 1

0

¯̃
hu(v)h(v) dv −

∫ 1

0
h̃u(v)h̄dv +

∫ 1

0

¯̃
huh̄dv

=

∫ G−1(u)

0
x2 dG(x)− u.

It follows by Lemma 5.B.3 that

sup
0≤u≤1

∣∣G0
T (u)− U(u)

∣∣→ 0 surely, (5.29)

and by Lemma 5.B.4 that

ÃWT
p→
∫ 1

0
hdW, (5.30)

and these are jointly normal.

Then we can write, using Lemma 5.B.2,

AT (x) =
1

4
xg(x)T−1/2

T∑
t=1

ât

=
1

4
xg(x)T−1/2

T∑
t=1

w1,T

(
η2
t − 1

)
+ op(1)

=
1

4
xg(x)

(
T−1

T∑
t=1

w2
1,T

)1/2

ÃWT + op(1),

and we have that T−1
∑T

t=1w
2
1,T → 2, so by (5.30) and the continuous mapping theorem,

AT (G−1(u))
p→ A(G−1(u)) =

1

2
√

2
G−1(u)g[G−1(u)]

∫ 1

0
hdW.

Then
∫ 1

0 hdW ∼ N(0,E(η4
1)− 1) so

AT (G−1(u))
d→ N

{
0,

1

8
[G−1(u)]2[g ◦G−1(u)]2[E(η4

1)− 1]

}
, (5.31)
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and

Cov

[
U(u),

∫ 1

0
hdW

]
= ρσ1[0,u],h =

1√
2

(∫ G−1(u)

0
x2 dG(x)− u

)
, (5.32)

so

Cov
[
U(u), A[F−1(v)]

]
=

1

4
G−1(u)g[G−1(u)]

(∫ G−1(u)

0
x2 dG(x)− u

)
. (5.33)

Weak convergence follows trivially from the uniform continuity of G−1g ◦G−1.

5.B.5 Proof that Assumption 5.5.1 holds

Part (i) Follows from (5.1).

Part (ii) Follows directly from non-negativity of σ̂t−1, ft and σ.

Part (iii) First apply the Taylor expansion

ât =
σ̂t−1ft
σ
− 1 =

√
1 +

σ̂2
t−1f

2
t − σ2

σ2
− 1 =

σ̂2
t−1f

2
t − σ2

2σ2
+Op

[(
σ̂2
t−1f

2
t − σ2

σ2

)2
]
,

then write σ̂2
t−1f

2
t −σ2 = (σ̂2

t−1−σ2)f2
t +σ2(f2

t −1). Then we have that σ̂2
t−1−σ2 = o(1)

almost surely by Nielsen (2005, Corollary 2.9), with Nielsen’s Assumptions 2.1, 2.3 and

2.7 satisfied by Assumptions 5.3.2, 5.3.1 and 5.3.2 respectively; while f2
t −1 = o(1) almost

surely as above.

Part (iv) Follows directly from the convergence in distribution of (5.31).

Part (v) Follows directly from Lemma 5.B.2.

Part (vi) We have that

T−1/2
T∑
t=1

b̂2t = σ−2T−1/2
T∑
t=1

[(β̂t−1 − β)′St]
2
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Define the grouped lagged regressors

R′t−1 = (Yt−1, Z
′
t−1 . . . , Yt−k, Z

′
t−k, D

′
t−1),

so that the regressors in the ADL model can be written (Zt, Rt−1)′. Then we can equi-

valently regress on (ξ2,t, Rt−1)′. This allows us to use the argument of Nielsen and So-

hkanen (2011, Lemma A.1) to write

b̂t = (β̂t−1 − β)′St

=

t∑
s=1

εsS
′
s

(
t−1∑
s=1

SsS
′
s

)−1

St

= (kt + rt){1 + o(1)},

almost surely, where

kt =
t∑

s=1

εsξ
′
2,s

(
t−1∑
s=1

ξ2,sξ
′
2,s

)−1

ξ2,t rt =
t∑

s=1

εsR
′
s−1

(
t−1∑
s=1

Rs−1R
′
s−1

)−1

Rt−1.

So then

T−1/2
T∑
t=1

b̂2t = T−1/2
T∑
t=1

(
k2
t + 2ktrt + r2

t

)
{1 + o(1)} a.s. .

Then each of the sums
∑
k2
t ,
∑
ktrt,

∑
r2
t is o(T 1/2) almost surely by Nielsen and

Sohkanen (2011, Lemma A.3) (noting that although the summands there differ by f2
t in

the denominator, the arguments used do not depend on that).

5.B.6 Proof of Corollary 5.4.2

We have from Theorem 5.4.1 and Section 5.B.4 that the process XG is Gaussian, so it

remains to show that when the reference distribution F is Gaussian, the covariances of

XG match those of Brownian bridge.
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Recall that we have

XG(u) := U(u) +
1√
2
G−1(u)g[G−1(u)]

∫ 1

0
[G−1(s)]2 dW(s).

When F is Gaussian, we have from (5.4) that

G(y) = 2[Φ(y)− 1/2], G−1(u) = Φ−1 [u/2 + 1/2] , g(y) = 2φ(y).

Then we are interested in the covariance

Cov [XG(u),XG(v)]

= Cov[U(u),U(v)] (5.34)

+
1√
2
G−1(v)g[G−1(v)] · Cov

{
U(u),

∫ 1

0
[G−1(s)]2 dW(s)

}
+

1√
2
G−1(u)g[G−1(u)] · Cov

{∫ 1

0
[G−1(s)]2 dW(s),U(v)

}
+

1√
2
G−1(u)g[G−1(u)]

1√
2
G−1(v)g[G−1(v)] · Var

{∫ 1

0
[G−1(s)]2 dW(s)

}
.

We have from (5.28) that

Var

{∫ 1

0
[G−1(s)]2 dW(s)

}
= E(η4

1)− 1 = 3− 1 = 2,

where the result follows because we have assumed η1 ∼ N(0, 1).

And we have from (5.32) that

Cov

{
U(u),

∫ 1

0
[G−1(s)]2 dW(s)

}
=

1√
2

∫ G−1(u)

0
x2 dG(x)− u

=
1√
2

∫ G−1(u)

0
(x2 − 1) dG(x)− u

=
1√
2

[
−xg(x)

]G−1(u)

0

= − 1√
2
G−1(u)g[G−1(u)],

where we have used that φ′(x) = −xφ(x) and φ′′(x) = (x2 − 1)φ(x).

Combining these results back in to (5.34) we find that the second, third and fourth
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terms cancel, leaving

Cov [XG(u),XG(v)] = Cov[U(u),U(v)].

Then since U is a Brownian bridge, we have shown that XG has the covariance structure

of a Brownian bridge, as required.

5.C Alternative derivations

In this section we present, for interest only, direct derivations of the variance and cov-

ariances calculated in Section 5.B.4. We begin by presenting some additional results on

the weights wt,T which arise in the covariance expressions.

5.C.1 Some further results on weights

For the following sections we also require some double sums. We have

T∑
t=1

T∑
s=t

ws,T =
T∑
s=1

sws,T

=
T∑
s=1

s
T∑
t=s

1

t

=

T∑
t=1

1

t

t∑
s=1

s

=
T (T + 3)

4
,

and

T∑
t=1

t∑
s=1

ws,T =

T∑
s=1

ws,T (T − s+ 1)

= T

T∑
s=1

ws,T −
T∑
s=1

sws,T +

T∑
s=1

ws,T

=
T (3T + 1)

4
,
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so then

T∑
t=1

T∑
s=t+1

ws,T =
T∑
t=1

T∑
s=t

ws,T −
T∑
t=1

wt,T =
T (T − 1)

4
, and

T∑
t=1

t−1∑
s=1

ws,T =
T∑
t=1

t∑
s=1

ws,T −
T∑
t=1

wt,T =
3T (T − 1)

4
.

5.C.2 Marginal distribution

We first derive the marginal asymptotic distribution of AT (x). We have

AT (x) = xf(x)T−1/2
T∑
t=1

ât =
1

2
xg(x)T−1/2

T∑
t=1

ât.

Then from Lemma 5.B.2 we have

T−1/2
T∑
t=1

ât = T−1/2
T∑
t=1

w1,T (η2
t − 1) + op(1)

= T−1/2
T∑
t=1

w1,T

[
η2
t − Eη2

t

]
+ op(1).

Now we can show convergence in distribution of the leading term, writing

ST :=
1

2
T−1/2

T∑
t=1

wt,T
[
η2
t − Eη2

t

]
=

T−1∑
t=1

Xt,

where Xt = 1
2T
−1/2wt,T (η2

t − 1), with EXt = 0 and VXt = 1
4T
−1w2

t,T−1(Eη4
1 − 1). Define

the sum of variances

s2
T :=

T∑
t=1

VXt

=
1

4
(Eη4

1 − 1)T−1
T∑
t=1

w2
t,T−1

→ 1

2
(Eη4

1 − 1),



141 Chapter 5. Empirical process of the 1-step Chow statistics

using (5.26). Then by the Lindeberg-Feller central limit theorem, we have

ST−1√
s2
T−1

=
1
2T
−1/2

∑T
t=1wt,T

[
η2
t − 1

]√
(1/2)(Eη4

t − 1)

d→ N(0, 1), (5.35)

as long as a Lindeberg condition is satisfied. We show the stronger Lyupanov condition,

which requires that for some δ > 0,

1

s2+δ
T

T∑
t=1

E
(
|Xt|2+δ

)
→ 0.

Since sT converges, this reduces to showing
∑T

t=1 E
(
|Xt|2+δ

)
→ 0. We have that for any

δ > 0,

E
(
|Xt|2+δ

)
=

1

22+δ
T−1−δ/2w2+δ

t,T E
[
(η2
t − 1)2+δ

]
.

On the right hand side, the expectation is finite by Assumption 5.3.2. We have that

wt,T ≤ w1,T = O(log T ) for any t, so w2+δ
t,T is increasing logarithmically. Hence with the

factor T−1−δ/2, the entire expression will vanish as required.

So the conditions of the Lindeberg-Feller CLT are satisfied and combining (5.35) with

(5.22), (5.21) and (5.20), we have

T−1/2
T∑
t=1

ât
d→ N

(
0,

1

2
(Eη4

t − 1)

)
,

and

AT (x) =
1

2
xg(x)T−1/2

T∑
t=1

ât
d→ N

(
0,

1

8
x2[g(x)]2(Eη4

t − 1)

)
.
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5.C.3 Covariances

Next we derive the asymptotic covariance between G0
T (G(x)) and AT (y). We have

G0
T (G(x)) = T−1/2

T∑
t=1

[I(|ηt| ≤ x)−G(x)] , and

AT (y) =
1

4
yg(y)T−1/2

T∑
t=1

wt,T
[
η2
t − 1

]
+ op(1).

We ignore the op(1) term which does not enter in the limit. Then both terms are mean

zero and we are interested in

E

[(
T−1/2

T∑
t=1

[I(|ηt| ≤ x)−G(x)]

)(
1

4
yg(y)T−1/2

T∑
t=1

wt,T
[
η2
t − 1

])]

=
1

4
yg(y)T−1E

[(
T∑
t=1

I(|ηt| ≤ x)− TG(x)

)(
T∑
t=1

wt,T η
2
t − T

)]

=
1

4
yg(y)T−1E

[
T∑
t=1

I(|ηt| ≤ x)

T∑
s=1

ws,T η
2
s

]
− 1

4
yf(y)TG(x). (5.36)

Then consider the expectation term, breaking the double sum into diagonal, upper

and lower triangle terms.

E

[
T∑
t=1

I(|ηt| ≤ x)
T∑
s=1

ws,T η
2
s

]

= E

[
T∑
t=1

I(|ηt| ≤ x)wt,T η
2
t +

T∑
t=1

T∑
s=t+1

I(|ηt| ≤ x)ws,T η
2
s +

T∑
t=1

t−1∑
s=1

I(|ηt| ≤ x)ws,T η
2
s

]
.

(5.37)

The diagonal sum is easily analysed

E

[
T∑
t=1

I(|ηt| ≤ x)wt,T η
2
t

]
=

T∑
t=1

wt,TE
[
I(|ηt| ≤ x)η2

t

]
= TE

[
I(|η1| ≤ x)η2

1

]
.
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The upper triangle sum is analysed using the independence of ηt and ηs for s 6= t.

E

[
T∑
t=1

T∑
s=t+1

I(|ηt| ≤ x)ws,T η
2
s

]
=

T∑
t=1

T∑
s=t+1

ws,TE [I(|ηt| ≤ x)] E
[
η2
s

]
= G(x)

T∑
t=1

T∑
s=t+1

ws,T

=
1

4
T (T − 1)G(x).

And the same approach is used on the lower triangle sum.

E

[
T∑
t=1

t−1∑
s=1

I(|ηt| ≤ x)ws,T η
2
s

]
=

T∑
t=1

t−1∑
s=1

ws,TE [I(|ηt| ≤ x)] E
[
η2
s

]
= G(x)

T∑
t=1

t−1∑
s=1

ws,T

=
1

4
3T (T − 1)G(x).

Then recombining the parts of (5.37) we have

E

[
T∑
t=1

I(|ηt| ≤ x)
T∑
s=1

ws,T η
2
s

]
= TE

[
I(|η1| ≤ x)η2

1

]
+
(
T 2 − T

)
G(x),

and substituting this back into (5.36) the asymptotic covariance between G0
T (G(x)) and

AT (y) is equal to

1

4
yg(y)

(
E
[
I(|η1| ≤ x)η2

1

]
− 1

2
G(x)

)
=

1

4
yg(y)

(∫ x

0
r2 dG(r)−G(x)

)
.
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Conclusion

This thesis is intended to contribute to the literature on misspecification tests in time

series econometrics. Such misspecification testing is important in validating the as-

sumptions of a model and so ensuring that subsequent inference is correct. We have

focused in particular on the 1-step recursive Chow statistic, which, though available

as diagnostic output in common econometrics software, has not previously attracted

significant theoretical attention.

In Chapter 2, we directly addressed the 1-step statistic, proving an almost sure point-

wise convergence result under a broad class of time series models and processes, includ-

ing unit root and explosive processes. From this result, one can derive distributional

results for any particular assumption about the error distribution. We then used this

result to establish the asymptotic distribution of the maximum of a sequence of 1-step

statistics with normal errors, which allows joint consideration of the sequence of 1-step

tests. We construct a further misspecification test from this: the sup-Chow test.

As this test is novel, questions naturally arise about its power against various plaus-

ible forms misspecification. In Chapter 3, we endeavoured to answer these questions,

using simulation to investigate the power properties of this test, both alone and in com-

parison with benchmark tests of structural instability. We found that the sup-Chow test

may have advantages when the nature of structural instability is unknown, though the

benchmarks dominate when the alternative can be more precisely specified.

In Chapter 4, we considered how the test may be adapted to a situation in which
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the errors cannot be assumed normal. We considered two main approaches, each ap-

propriate to a different modelling philosophy. When the error distribution is fully spe-

cified, this assumption should first be tested, and our results on the conditional size and

power of the sup-Chow test are relevant. When the error distribution is not specified,

the proposed transformations of the test may be of more interest. In either approach, we

observed a trade-off between robustness and power.

In Chapter 5 we analysed an empirical process formed from the square root of the 1-

step statistics. We proved weak convergence to a process involving a pair of correlated

Brownian bridges. Under the assumption of normal errors, this limiting distribution

reduces to that of a Brownian bridge. We found that the asymptotic approximation

works well in small samples, at least for the case of a Kolmogorov-Smirnov-type stat-

istic. These results clear the way for a range of tests, based on the empirical process, to

be developed and evaluated.

Several problems remain open. First, neither of the Chapter 4 approaches to dis-

tribution sensitivity is completely satisfactory, with power decreasing as robustness in-

creases. It may be that this is inherent to the structure of the 1-step statistics. Further

investigation would be worthwhile. Second, it would be appealing to generalise the

empirical process results of Chapter 5 to explosive processes, as in Chapter 2. Although

a relatively uncommon concern for empirical investigators, such processes do arise in,

for example, the modelling of financial bubbles (see, e.g. Engsted and Nielsen 2012). If

explosive roots are permitted, however, several key results relied upon would not be

available, and so a substantially different proof may be required. Third, having estab-

lished the weak convergence result of Chapter 5, it would be of great practical interest

to investigate the properties of tests based on the empirical process of 1-step statistics,

as Chapter 3 does in respect of the theory of Chapter 2. In a similar vein, with the simple

limiting process, it should be relatively straightforward to investigate asymptotic power

of tests constructed from the empirical process. Chapter 5 is a quite general result, how-

ever, and the number of tests which could be adapted to take advantage of it is large;

hence this remains a project for future work.
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Common simulation framework

A.1 Computational environment

A common computational environment was used for all simulations reported in this

thesis. OxMetrics 6.10 Professional for OS X (Doornik 2007), incorporating the Ox matrix

programming interpreter, was used as the programming and execution environment.

Standard normal random numbers were generated by the rann function using the

ziggurat method, using Ox 6.10’s default uniform random number generator (Marsaglia

multiply-with-carry, MWC8222 52, with a period of approximately 28222) and seed. We

list the number of Monte Carlo replications in tables and figures as M (e.g. M = 5000).

In general, identical sequences of random numbers were used for identical experiments,

even when they appear in different sections, to ensure consistency of reported results.

The code for recursive estimation and calculation of the 1-step Chow statistic was

written according to the description given in Section 1.2; testing confirms that these

routines are numerically equivalent to those implemented in PcGive, to the accuracy

reported by that package.

The simulations comprise around 7000 lines of Ox code (∼1000 lines core probab-

ility and statistics; ∼1500 lines testing of core probability and statistics; ∼2000 lines

descriptions of experiments; ∼1000 lines output and presentation; ∼1500 lines utility

procedures).
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A.2 Experiments

We use eight different DGPs in simulations. The page reference refers to the place in the

text where the DGP is defined. WN means (independent) white noise.

Label Short description Ref.

DGP1 Gaussian AR(1) no constant p. 38

DGP2 Gaussian WN; with mean break p. 61

DGP3 Gaussian AR(1) no constant; with AR coefficient break p. 63

DGP4 Gaussian AR(1) with constant; with AR coefficient break p. 64

DGP5 Gaussian WN; with variance break p. 66

DGP6 Gaussian AR(1); with additive outlier p. 68

DGP7 Gaussian AR(1); with innovation outlier p. 70

DGP8 Non-Gaussian WN p. 78

We fit only two models in experiments.

Label Short description Ref.

M1 AR(1) autoregression with intercept p. 38

M2 AR(1) autoregression without intercept p. 39

A.3 Tests

Below, we list the various tests which are reported for simulations. The page reference

refers to the place in text where the test is described.
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A.3.1 Sup-Chow tests

Symbol Test Ref. Parameterization Validated against

SC2 asymptotic p. 37 g(T ) =
√
T PcGive (1-step test)

SC2† variant p. 59 g(T ) =
√
T PcGive (1-step test)

SC2‡ variant p. 60 g(T ) =
√
T PcGive (1-step test)

SC2∗ preferred variant p. 60 g(T ) =
√
T PcGive (1-step test)

SC2∗
D spacings p. 84 g(T ) =

√
T PcGive (1-step test)

SC2∗
DW finite-weighted spa-

cings

p. 85 g(T ) =
√
T PcGive (1-step test)

SC2∗
R ratio p. 88 g(T ) =

√
T PcGive (1-step test)

SC2∗
RS ratio-sum p. 89 g(T ) =

√
T PcGive (1-step test)

A.3.2 Other tests

Symbol Test Ref. Parameterization Validated against

F0.5 mid-point F

supF Andrews (1993) p. 19 (a, b) = (0.15, 0.85) EViews ubreak

S0.15 Andrews (2003a) p. 19 m = 0.15T

S1 Andrews (2003a) p. 19 m = 1

Φ Doornik and Hansen

(2008) Ep

p. 80

A.3.3 Size-corrected power

Size-corrected power results are generated to separate the issues of size distortion and

power. For (DGP1) and (M1), for a test of nominal size α, we simulate the empirical

distribution of the test statistic of interest, under the null hypothesis, and select the

1− α quantile. This is then used as the critical value in the experiment.

The exception is for the subsampled statistics (SC2∗
D , SC2∗

DW , S0.15 and S1), for which

size is discrete; in these cases we generate p-values, p, and report the 1 − α quantile of

1− p (which should be 1−α for a correctly-sized test). In these cases the size-correction

is at best partially effective.

The results of this simulation are provided in Table A.1 below.
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T
Right-tail quantile (α) Statistic 25 50 100 200 500

0.01 Φ 9.538 9.842 10.000 9.961 9.649
SC2 9.449 7.697 6.505 5.805 5.089

SC2† 4.263 4.259 4.297 4.380 4.356
SC2‡ 22.279 20.278 19.281 19.225 19.537
SC2∗ 11.906 13.402 14.864 16.374 18.072
SC2∗

D 0.933 0.974 0.988 0.994 0.998
SC2∗

DW 0.933 0.974 0.988 0.992 0.986
SC2∗

R 107.771 104.531 105.209 101.319 98.088
SC2∗

RS 0.815 0.575 0.427 0.318 0.209
SC2∗

RSE 13.191 8.105 6.699 6.049 5.535
supF 21.472 17.271 16.031 15.512 15.477
F0.5 5.101 4.791 4.679 4.586 4.615
S0.15 1.000 1.000 1.000 1.000 1.000
S1 1.000 1.000 0.990 0.990 0.990

0.05 Φ 5.920 5.921 5.984 5.971 6.013
SC2 5.073 4.533 3.994 3.621 3.295

SC2† 2.680 2.753 2.776 2.795 2.820
SC2‡ 13.527 13.949 14.258 14.856 15.949
SC2∗ 8.741 10.390 11.822 13.204 15.000
SC2∗

D 0.933 0.974 0.975 0.963 0.958
SC2∗

DW 0.933 0.974 0.958 0.950 0.944
SC2∗

R 20.941 19.656 19.420 19.736 19.174
SC2∗

RS 0.672 0.423 0.303 0.219 0.140
SC2∗

RSE 6.133 4.406 3.910 3.645 3.432
supF 14.632 12.257 11.732 11.541 11.510
F0.5 3.071 3.001 3.009 2.999 2.991
S0.15 0.947 0.944 0.943 0.950 0.946
S1 0.957 0.958 0.949 0.949 0.950

Table A.1: Simulated quantiles for statistics used in this thesis, under (DGP1)/(M1).
Note for SC2∗

D , SC2∗
DW , S0.15 and S1 the values reported are 1 − p where p represents a

p-value. M = 200000.
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Table A.2 illustrates the effect of size correction on the SC family of statistics.
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α =
0.00 0.50 1.00 1.03

Corrected
T 0 1 0 1 0 1 0 1

25 SC2 14.4 5.1 15.7 5.7 19.8 7.5 20.3 7.7
SC2† 3.8 5.2 4.3 5.7 5.5 7.4 5.7 7.5
SC2‡ 17.1 5.1 18.6 5.7 23.2 7.5 23.6 7.7
SC2∗ 5.4 5.2 5.8 5.7 7.6 7.4 7.7 7.5
SC2∗

D 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
SC2∗

R 5.5 5.0 5.4 4.9 5.4 4.9 5.4 5.0
SC2∗

RS 6.7 5.0 6.8 4.9 6.6 4.9 6.7 4.9
50 SC2 12.6 4.9 13.5 5.3 16.9 7.1 17.4 7.3

SC2† 3.9 4.9 4.1 5.2 5.5 6.7 5.7 7.0
SC2‡ 14.8 4.9 15.8 5.3 19.6 7.1 20.2 7.3
SC2∗ 5.1 4.9 5.3 5.2 6.9 6.7 7.2 7.0
SC2∗

D 8.9 8.9 9.0 9.0 8.8 8.8 8.8 8.8
SC2∗

R 5.2 5.0 5.2 5.0 5.4 5.2 5.2 5.0
SC2∗

RS 6.6 5.0 6.6 5.0 6.5 4.9 6.6 5.0
100 SC2 10.4 5.0 10.7 5.2 13.3 6.7 13.9 7.1

SC2† 4.0 4.9 4.1 5.0 5.2 6.3 5.5 6.7
SC2‡ 12.0 5.0 12.5 5.2 15.4 6.7 16.1 7.1
SC2∗ 5.0 4.9 5.1 5.0 6.4 6.3 6.8 6.7
SC2∗

D 6.8 6.8 6.8 6.8 6.9 6.9 6.8 6.8
SC2∗

R 5.1 5.0 5.0 4.9 5.2 5.1 5.0 4.9
SC2∗

RS 6.3 5.0 6.2 5.0 6.3 5.0 6.2 5.0
200 SC2 8.3 4.9 8.5 5.1 10.1 6.1 10.5 6.4

SC2† 4.2 4.9 4.2 5.0 4.9 5.8 5.0 6.0
SC2‡ 9.6 4.9 9.9 5.1 11.7 6.1 12.1 6.4
SC2∗ 5.0 4.9 5.1 5.0 5.9 5.8 6.0 6.0
SC2∗

D 6.1 6.1 6.1 6.1 6.1 6.1 5.9 5.9
SC2∗

R 5.1 4.9 5.1 4.9 5.1 4.9 5.1 5.0
SC2∗

RS 6.1 5.0 6.2 5.0 6.1 5.0 5.9 4.9
500 SC2 6.7 5.0 6.7 5.0 7.6 5.7 7.6 5.7

SC2† 4.3 5.1 4.3 5.1 4.7 5.5 4.7 5.4
SC2‡ 7.7 5.0 7.7 5.0 8.6 5.7 8.6 5.7
SC2∗ 5.1 5.1 5.1 5.1 5.6 5.5 5.5 5.4
SC2∗

D 5.7 5.7 5.7 5.7 5.6 5.6 5.7 5.7
SC2∗

R 5.1 5.0 5.1 5.0 5.0 5.0 5.1 5.1
SC2∗

RS 6.0 5.1 6.1 5.2 6.1 5.2 6.1 5.2

Table A.2: Illustration of size-correction. Simulated rejection frequency (%) for the SC2

statistics under (DGP1)/(M1). Nominal size 5%. Note that SC2∗
D cannot be calculated

when T = 25. M = 100000. MCSE < 0.2.
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Ploberger, Werner and Walter Krämer (1986), ‘On studentizing a test for structural

change’, Economics Letters 20(4), 341–344.

QMS (2009), EViews 7 User’s Guide II.

Quandt, Richard E. (1960), ‘Tests of the hypothesis that a linear regression system obeys

two separate regimes’, Journal of the American Statistical Association 55(290), 324–330.

R Core Team (2013), R: A Language and Environment for Statistical Computing, R Founda-

tion for Statistical Computing, Vienna, Austria.

URL: http://www.R-project.org

Rudin, Walter (1976), Principles of Mathematical Analysis, 3rd edn, McGraw-Hill, New

York.

Searle, Shayle R. (1982), Matrix Algebra Useful for Statistics, John Wiley and Sons.

Shenton, L. R. and K. O. Bowman (1977), ‘A bivariate model for the distribution of
√
b1

and b2’, Journal of the American Statistical Association 72(357), 206–211.

Shorack, Galen R. and Jon A. Wellner (1986), Empirical Processes with Applications to Stat-

istics, John Wiley & Son, New York.

Sohkanen, Jouni S. (2011), Properties of tests for mis-specification in non-stationary

autoregressions, PhD thesis, University of Oxford.

Spanos, Aris (2006), Econometrics in retrospect and prospect, in T. C.Mills and

K.Patterson, eds, ‘Palgrave Handbook of Econometrics’, Vol. 1, Palgrave Macmillan.

Srikantan, K. S. (1961), ‘Testing for the single outlier in a regression model’, Sankhya: The

Indian Journal of Statistics, Series A 23(3), pp. 251–260.

Stephens, M. A. (1974), ‘EDF statistics for goodness of fit and some comparisons’, Journal

of the American Statistical Association 69(347), 730–737.



References 160

Stock, James H. and Mark W. Watson (2002), Has the business cycle changed and why?,

in ‘NBER Macroeconomics Annual 2002’, Vol. 17, MIT Press.

Theil, H. (1965), ‘The analysis of disturbances in regression analysis’, Journal of the Amer-

ican Statistical Association 60(312), 1067–1079.

Weissman, Ishay (1978), ‘Estimation of parameters and larger quantiles based on the k

largest observations’, Journal of the American Statistical Association 73(364), 812–815.

Zeileis, Achim, Friedrich Leisch, Kurt Hornik, Christian Kleiber and Bruce Hansen

(2013), Package strucchange.

URL: http://cran.r-project.org/web/packages/strucchange/strucchange.pdf


