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Abstract

On the pathwise analysis side, this thesis contains results between Rough
Path Theory and Schramm-Loewner Evolutions (SLE). In the study of
Rough Differential Equations questions such as continuity of the solu-
tions, methods of approximations of solutions and their uniqueness/non-
uniqueness depending on the behavior of parameters of the equation,
appear naturally. We adapt these type of questions to the study of the
backward and forward Loewner differential equation in the upper half-
plane, conformal welding homeomorphism and the SLE traces. On the
probabilistic analysis side, we study a coordinate change of the Loewner
equation in which we obtain via a random time change, a stochastic dy-
namics on a specific line in the upper half-plane, that is depending only
on the argument of the points. In this setting, we analyze this dynamics

and obtain results about related objects.
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Chapter 1

Introduction

The Loewner equation (also known as the Loewner evolution) was introduced by
Charles Loewner in 1923 in [33] and it played an important role in the proof
of the Bieberbach Conjecture [9] by Louis de Branges in 1985 in [13]. In 2000,
Oded Schramm introduced in [42] a stochastic version of the Loewner equation,
the Stochastic Loewner Evolution (SLE,). The SLE, describes the evolution of
a curve in terms of a driving function that is chosen to be /kB;, with k > 0 a
real parameter and By, t € [0, 00), a real-valued standard Brownian motion. This is
a one-parameter family of random planar fractal curves that are the only possible
conformally invariant scaling limits of interfaces of a number of discrete models that
appear in planar Statistical Physics. In several cases, it was proved that indeed the
interfaces converge to the SLE, curves. For instance, it was proved in [27] that the
scaling limit of loop-erased random walk (with the loops erased in a chronological
order) converges in the scaling limit to SLE,, with k = 2. Moreover, other two

dimensional discrete models from Statistical Mechanics including Ising model clus-



ter boundaries, Gaussian free field interfaces, percolation on the triangular lattice
at critical probability, and uniform spanning trees converge in the scaling limit to
SLE, for values of Kk = 3, Kk = 4, Kk = 6 and kK = 8, respectively, in the series of
works [51], [45], [50] and [27]. In fact, the use of Loewner equation along with the
techniques of stochastic calculus provided tools to perform a rigorous analysis of
the scaling limits of the discrete models. Moreover, in this framework, a precise
meaning of the passage to the scaling limit could be established and used to prove
the conformal invariance of the limits. We refer to [25] for a detailed study of the

object and many of its properties.

Rough Path Theory was introduced in 1998 by Terry Lyons in [34]. The theory
provides a deterministic platform to study stochastic differential equations which
extends both Young’s integration and stochastic integration theory beyond regu-
lar functions and semi-martingales. Also, Rough Path Theory provides a method
of constructing solutions to differential equations driven by paths that are not of
bounded variation but have controlled roughness. Step by step, we introduce the
ingredients and terminology necessary to characterize the roughness of a path and
to give precise meaning to natural objects that appear in the study of rough paths.
We also give precise meaning to the notion of solution of a differential equation with

rough driver.

Recently, many papers were written at the interface between the aforementioned
domains. The paper of Brent Werness [59] defines the expected signature for the
SLE, traces, that is the expected values of iterated integrals of the path against
itself. This approach provides new ideas about how one can use a version of Green’s
formula for rough paths and a certain observable for SLFE, to compute the first three

elements of the expected signature of SLE, in the regime x € [0,4]. An extension to



this computation is provided in [10], where the authors show ways of computing the
fourth grading of the signature (and do it explicitly for SLEg/3, where the required
observable is known), along with several other parts of the higher grading. From
a different perspective, in [15] the authors question the existence of the trace for
a general class of processes (such as semimartingales) as a driving function in the
Loewner differential equation. These ideas are also developed in a Rough Path The-
ory flavour. More recently, Peter Friz with Huy Tran in [16] revisited the regularity
of the SLE, traces and obtained a clear result using Besov spaces type analysis.
Also, Atul Shekhar, Huy Tran and Yilin Wang studied the continuity of the traces

generated by Loewner chains driven by bounded variation drivers in [48] .

The work in this thesis is centered around the study of the backward Loewner
Differential Equation and various quantities of interest of Loewner theory in both a
probabilistic and pathwise manner. The probabilistic part is motivated by a study
of a radius independent SDE obtained by a time change from the centered backward
Loewner differential equation. By expressing the imaginary part of the backward
Loewner flow in terms of the angular dynamics, we obtain a change of coordinates in
which the Loewner dynamics can be redefined. This approach is more amenable to

Stochastic Analysis techniques since the angular part is a one-dimensional diffusion.

On the pathwise side, this work addresses natural questions in the study of
(rough) differential equations as in Rough Path Theory such as uniqueness/non-
uniqueness of solutions starting from the origin, continuity of solutions (or related
quantities) in the natural parameters of the system as well as numerical approxima-
tions of the solutions to the Loewner differential equation. Given the nature of the

backward Loewner differential equation, i.e. the singularity of the drift when start-



ing at the origin, the backward Loewner differential equation cannot be studied with
the typical techniques of Rough Path Theory. That is because this theory provides
tools and techniques for studying rough differential equations with bounded vector
fields, while in SLE theory one needs to consider the backward Loewner differential

equation started from the origin, i.e. from a singularity.

While the uniqueness/non-uniqueness of solutions and the sequential continuity
of the welding homeomorphisms chapters are closely linked with the structure of
the backward Loewner differential equation and extensions to the boundary of the
conformal maps that satisfy this differential equation, the chapter on numerical
approximations opens a new road in the study of singular rough differential equations
that is not applicable only to the backward Loewner differential equation near the
singularity, but rather to a wider class of equations. In this specific direction, we
identify how the symmetries of the vector fields and the roughness of the drivers

influence the behavior of the Taylor approximation series.

This thesis is divided in several chapters. In Chapter 2 and Chapter 3 we give

an introduction to both SLE, Theory and Rough Path Theory.

The fourth chapter addresses the existence and uniqueness/non-uniqueness of
solutions to the backward Loewner differential equation driven by /kB; started
from the origin with applications to the structural behaviour of the backward SLFE,
traces. In general, when studying the stochastic version of the Loewner differential
equation as a differential equation, the uniqueness/non-uniqueness of the solutions
to the backward Loewner differential equation starting from the origin is a natural
question. These type of questions appear also in the study of Rough Differential
Equations (RDEs) in Rough Path Theory. In the framework of Rough Path The-



ory, the uniqueness/non-uniqueness of solutions depends on the regularity of the
vector field compared with the roughness of the driving process. For more details,
we refer to [17]. As mentioned earlier, the backward Loewner differential equation
started from the singularity cannot be interpreted directly as a RDE due to the sin-
gularity of the vector field. However, questions about uniqueness/non-uniqueness
of solutions started from the singularity can be asked. In this chapter, we adapt
these type of questions to the study of the backward Loewner differential equation
in the upper half-plane and we use the information provided by the extension of the
conformal maps to the boundary to perform the analysis. One main feature of the
analysis is that uniqueness/non-uniqueness of solutions to the backward Loewner
equation driven by Brownian Motion, started from the singularity, can be under-
stood using some property of the dynamics on the boundary. The analysis consists
of two parts: in the first part we study the existence of solutions to the backward
Loewner differential equation starting from the origin by constructing a solution,
while in the second part we question the uniqueness/non-uniqueness of solutions
in this setting. In order to show the existence of the solutions as well as to study
their uniqueness/non-uniqueness, we use the fact that the conformal maps desrib-
ing SLE, can be continuously extended to the boundary. When performing this
extension, we obtain a Bessel process of dimension d(k) = 1 — %, for k > 0. The
Bessel processes are studied extensively in a number of papers and monographs.
For more details about the various properties and characterizations of these pro-
cesses, we refer to [39] and also to [19]. As a main ingredient in our analysis of the
uniqueness/non-uniqueness of solutions, we use the phase transition in the bound-
ary behavior of the Bessel process along the real line for the extended maps, i.e.

absorption at the origin of the Bessel process for k < 4, and reflection at the origin



for k > 4. In this manner, when comparing our method with the typical forward
flow analysis, using the backward flow we recover also new structural information
about the SLFE, traces via Excursion Theory of this underlying Bessel process, such

as a characterization of a subspace of its double points for k > 4.

In the fifth chapter, we study the welding homeomorphism induced on the real
line by the backward Loewner differential equation via identifying two points on
the real line if they hit the origin under the backward flow simultaneously. In this
manner we define a (random) real function by seeing the points on the left part
of the origin as function of the points on the right part of the origin. We study
the continuity of the welding homeomorphism induced by the backward Loewner
differential equation with respect to the parameter « for k € (0,4]. For more details
about the welding homeomorphism induced by the backward Loewner differential

equation, we refer to [41].

The problem of continuity of welding homeomorphisms in the parameter s, for
k € (0,4], is in the same spirit as the problem of the continuity of the traces
generated by the Loewner differential equation with respect to perturbations of the
driving term. The problem of continuity of traces generated by Lowener chains was
studied in the context of chains driven by bounded variation drivers in [48], where
the continuity of the traces generated by the Loewner chains was established. Also,
the question appeared in [30], where the Loewner chains were driven by Holder-1/2
functions with norm bounded by o, with ¢ < 4. In this context, the continuity of
the corresponding traces was established with respect to the uniform topologies on
the space of drivers and on the space of simple curves in H. Another paper that
addressed a similar problem is [47], in which the condition ||U||;/2 < 4 is avoided at

the cost of assuming some conditions on the limiting trace. Some stronger continuity



results are obtained in [15] under the assumption that the driver has finite energy,
in the sense that U is square integrable. The question appeared naturally also when
considering the solution of the corresponding welding problem in [5]. In this paper
it is proved that the trace obtained when solving the corresponding welding problem
is continuous in a natural sense.

In the context of SLE, traces, the problem was studied in [56], where the a.s.

continuity in x of the SLE, traces was proved for any x < 8(2 — v/3).

In this chapter, we prove the sequential continuity of the welding homeomor-
phisms in the parameter x induced by the backward Loewner differential equation
when driven by v/k By, for k € (0,4], a.s. everywhere except at most countably many
points on the real axis, with respect to the Euclidean norm. The restriction to this
interval is a consequence of the connection between the SLE, traces and the weld-
ing homeomorphisms in this regime. We also prove the sequential continuity in the
parameter k # 8 of the SLE, traces for sequences k,, — k that respect a technical

condition, as well as of a certain algorithm that approximates these traces.

In Chapter 6 we provide a closed-form expression for a law obtained in the study
of the backward Loewner flow. In the last years, ergodic properties of the Loewner
flow were studied in [60], in which the ergodic properties of the tip of the SLE,
trace are computed in capacity time parametrization. In our analysis, we perform

a random time change of the backward Loewner differential equation.

After performing the random time change, we obtain a one-dimensional diffusion,
that describes, via a time change, the cotangent of the argument of the points in

the in H under the backward Loewner flow.

T,
AT, = —4A—" _du—dB,, T=0. 1.0.1
1+ rr2™ 0=0 (1.0.1)

u



We use this diffusion process in order to characterize the law of the arguments of
the backward Loewner flow. In order to achieve this, we show the convergence in a
random ergodic average sense of the law of the diffusion 7T, described by (1.0.1) to

its stationary measure. The density of this measure has the closed-form expression
2 —4/k
p(T)=C (kT*+1) ,

where C' is a normalizing constant. We also find a sequence of random times on
which the law of the argument of points under the backward Loewner flow converges
to this stationary measure in the total variation sense, solving in this manner a dual
Skorokhod-like Embedding Problem. For x = 4, we recover a precise construction of
the random times on which this law is uniform. Moreover, we show that these laws
are part of a family of distributions that are stationary for the process T, for various
choices of k € [0,8). We also show that this analysis provides a phase transition in
the behavior of the backward Loewner flow at x = 8, from the integrability of the
density of the stationary measure for k < 8 (positive recurrence of the process 7))
to non-integrability of the density of this quantity for £ > 8 (null-recurrence of the
process Ty,) .

The work in Chapter 7 is situated at the interface between SLE Theory and
Rough Path Theory. We show that the backward Loewner differential equation
started away from singularity is a Rough Differential Equation. Furthermore, we
show the continuity of the solutions of this equation in the parameters of the system.
We prove also results about truncated Taylor approximations of the forward Loewner
differential equation near the origin. Questions about numerical approximations of
Stochastic Differential Equations are of broad interest, see [12]. In the last chapter,

we do this analysis for the forward Loewner differential equation near the singularity.



Chapter 2

Introduction to SLFE,

2.1 The Loewner differential equation and SLE,

An important object in the study of the Loewner differential equation is the H-
compact hull that is a bounded set in H such that its complement in H is simply
connected. To every compact H-hull, that we typically denote with K we associate
a canonical conformal map g : H\ K — H that is called the mapping out function
of K.

Using the Riemann Mapping Theorem, we get uniqueness by imposing the hydro-
dynamic normalization at infinity for g, (i.e. we require that ¢;(z) has no constant

term and its complex derivative is 1). The mapping near infinity is of the form

a
gx(2) =2+ — +0(|27%), |2] = oo

The coefficient ax that appears in the expansion at infinity of the mapping has
the traditional name halfplane capacity. Throughout the Thesis we use the notation

hcap(K) for the halfplane capacity ag-.



We start by introducing the Chordal Loewner Theory which establishes a one-
to-one correspondence between continuous valued paths (U)o and an increasing
families (K)o of compact H-hulls having a certain local growth property. Through-
out the thesis, we typically denote the family of growing compact hulls with K; and

the complements with H; := H\ K, . Firstly, we define the radius of a hull to be

rad(K) = inf{r > 0 : K C rD+ x for some x € R}.

Definition 2.1.1. Let (K;);>o0 be a family of increasing H-hulls, i.e. K is contained
in Ky whenever s < t. For Kyy = Ngst K and for s < t, set Ky = g, (K \ K) .

We say that (K)o has the local growth property if

rad(Kiivn) — 0 as h — 0, wuniformly on compacts in t.

The first connection between the family of growing compact H-hulls and the

real-valued path (Uy);>o is done in the following proposition.

Proposition 2.1.2 (Proposition 7.1 of [6]). Let (K})i=0 be an increasing family of
compact H-hulls having the local growth property. Then, K. = K; for allt. More-
over, the mapping t — hcap(K;) is continuous and strictly increasing on [0,00).
Moreover, for all t > 0, there is a unique Uy € R such that U; € K;Hh, for all

h > 0, and the process (Up)i=o is continuous.

The process (U;)>o is called the Loewner transform of (Ki)i=o. The following
map t — hcap(K;)/2 is a non-decreasing homeomorphism on [0,7") and by choosing
7 to be the inverse of this homeomorphism, we obtain a new family of hulls K in a
new parametrization such that hcap(K;) = 2t. This is the canonical parametrization

that we use throughout the thesis. We use the standard terminology for this, i.e

10



parametrization by halfplane capacity.

In the following proposition, we introduce the Loewner differential equation
starting from the family of growing compact hulls. The main idea is that the local
growth property of the hulls gives a description in terms of a specific differential
equation for the associated mapping out functions. Throughout the thesis, we are
mostly interested in the cases where the hull K; is the hole-filling [0, ¢]. As such,
although we state the theorems in the general form (i.e. for compact H-hulls), we

draw in the associated pictures the hulls as simple curves in H.

o (It tHdt])

8t

Y0
R T )

Usa(v(t)

gt+dt mg dt

Uprdt

FicURE 2.1.1. An illustration of the dynamics captured by the Loewner differential
equation.

Proposition 2.1.3 (Proposition 7.3 of [6]). Let (K;)i=0 be a family of increasing
compact hulls in H satisfying the local growth property and that are parametrized
by the halfplane capacity. Let (Uy)iso be its Loewner transform. Set g = gk, and
T(z) =inf{t > 0: 2 € K;}. Then, for all z € H, the function (g:(z) : t € [0,T(z))

11



18 differentiable with respect to t and satisfies the Loewner differential equation

2

gt(z) = gt(z) _ Ut .

Moreover, if T(z) < oo then gi(2) — Uy = 0 ast — T(z).

The reverse situation is also true, i.e. from the driving function U, , we recover the
family of growing compact H-hulls. We have this result in the following Theorem.
Note that in [25], the result is stated for Loewner differential equation driven by
measures on the real line. We state it only for the particular choice of measure on

the real line p; = 24y,.

Theorem 2.1.4 (Theorem 4.6 of [25]). For all z € H\ {(o}, there is a unique time
T(z) € (0,00] and a unique continuous map (g:(z) : t € [0,T(z)) in H\ K; = H;
such that, for all t € [0,T(z)) we have g; # Uy and

t
2
z)=2z+ —ds,
9:(2) / 9:(2) — U,

and such that |g:(z) — U] — 0 as t — T(z) whenever T(z) < oco. Set (o = 0 and
define
Hy={zeH:T(z) >t}.

Then, for all t = 0 H; is open and g, : H; — H 1is conformal onto H. Moreover,
the family of sets Ky= (z € H:T(z) < t) is an increasing family of compact H-
hulls having the local growth property with hcap(K;)=2t, and gk, = g, for all t.

Moreover, the driving function Uy is the Loewner transform of (K)o -

We emphasize that the compact hull K; is implicitly defined from the Loewner

differential equation and its driver U; by K;= (z € H:T(z) <t). The process

12



(g:(2) = t € [0,T(2)) is called the mazimal solution starting from z and T(z) is
called lifetime of the solution.

g

Y([Oat]) /—\

U=g(v(1)

FIGURE 2.1.2. The conformal map that removes the curve grown up to time t.

The SLE, driving function In this subsection, we give a brief sketch of the proof
that given the principles that our curves should satisfy, then the right candidate for
the driver in Loewner equation is \/kB; where k € R, . When SLE, was defined
by Oded Schramm, the purpose of it was to be the suitable candidate for a family
of random curves in a domain D C C that respected two principles. The principles
were motivated by the study of Schramm to give a precise meaning of the scaling
limits of planar loop erased random walk with loops erased in the chronological
order. When studying the planar loop erased random walk, Schramm realized that
the scaling limit (if existed any) should manifest some Domain Markov Property
and Conformal Invariance, that are presented in the following. Note that, chordal
SLE, law can be defined in every simply connected domain, but we do not insist
on the general definition in this thesis. This concept is used to make precise the

following proprieties.

» [Domain Markov] Given the curve [0, T, then the law of [T, o] is a chordal

SLE, in the unbounded component of H \ v[0, 7], from () to co.

» [Conformal Invariance] The chordal SLE, law in the unbounded component

13



8t

/\

y([0.t])
Y*(s)F=gi(y(tts))

U=g(v(1)

FiGure 2.1.3. Conformal invariance of the curve ~.

of H \ 4[0,t] from 7(t) to oo is the pull-back of the chordal SLE, law in H

from U, to oo.

If we require these two properties and a certain symmetry of the law on curves
with respect to the imaginary axes, then the driving function in Loewner equation
should be a /By . In the following, we give a sketch of the proof for this result of

Oded Schramm that marks the introduction of SLE, .

Sketch of the proof. Given the Domain Markov Property, the curve from U, to +oo
that is denoted by 7*(s) has the law of a chordal SLE, curve in H from U; to +00
that is independent of [0, ¢]. Note that v*(s) is determined by the driving function
Uirs — Ui, s 2 0, and 7[0,¢] by the driving function U, 0 < s < t. We also have
by the domain Markov property that 7*(s) is independent of ¥[0, {] means that the
driving function after time ¢ should be independent of the driving function up to
time ¢, i.e. U; is a Markov process.

Moreover, by conformal invariance (since g; ' is a conformal map), we have

14



that +*[0,¢] is identical in law to 7[0,¢], so Us, for 0 < s < ¢, should have the
same law as Uy s — U; , 0 < s < t. Thus, the increments of the U; process have
the same distribution and are independent, hence are i.i.d. Moreover, by writing
dU; = bdt + odB; we obtain that a and b are forced to be constants. Thus, the
conformal invariance and the Domain Markov property force the driving process U,
to be a Brownian motion with drift. If we use our last consideration, i.e. the law of
the SLE, curve should be invariant under reflections about the imaginary axis, we
obtain that b = 0 leaving dU; = odB; for some constant ¢ > 0 (we typically denote

this by v/k, due to historical reasons).

2.2 SLE, definition, existence of the trace and first
properties

The Schramm-Loewner Evolution (SLE,) is a one-parameter (usually denoted
by k € R, ) family of random planar growth processes constructed as a solution
to Loewner equation when the driving term is a re-scaled Brownian motion. Thus,
when studying the SLE, , in the upper half-plane, we study the corresponding

families of conformal maps in the formats

(i) Considering f;(z) = g; ' (2), where the g; '(2) is the inverse in the z variable,
we obtain the partial differential equation version for the chordal SLE, in the

upper half-plane
2
atf(t, Z) = —azf(t, Z>Z——\/E_Bt y f(O, Z) =2z,z € H. (221)

15



(ii) Forward differential equation version for chordal SLFE, in the upper half-plane

2
g(t,Z) - \/EBt ’

Og(t,z) = 9(0,2) =z,z € H. (2.2.2)

(iii) Time reversal differential equation version for chordal SLE, in the upper half-

plane

-2
h(t,Z) - \/EBt ’

Oh(t, z) = h(0,2) = z,z € H. (2.2.3)

There are connections between these three formulations for studying families of
conformal maps. The family of conformal maps satisfying (2.2.1) is related with the
family of conformal maps satisfying (2.2.2) by the fact that at each instance of time
t € [0,7T] the map z — ¢4(2) is the inverse of the map z — fi(2) . In other words, the
maps f;(z) “grow” the curve in the reference domain, while g;(z) maps conformally
the slit domain obtained by the growing of the curve up to time t € [0, 7] to the
reference domain. The connection between the family of maps hi(z) and g;(z) in

this case is captured in the following lemma.

Lemma 2.2.1 (Lemma 5.5 of [22]). Let h(2) be the solution to the backward Loewner
differential equation with driving function \/kBy; and let f;(z) be the solution of the
partial differential equation version of the Loewner differential equation with the
same driver. Then, for any t € Ry, the function z — f,(z + \/kB;) — v/&kB; and

z — hy(2) have the same distribution.

Rohde and Schramm proved in [44] a fundamental result about the existence
of the trace for the SLE, process for all values of k # 8 . In order to discuss the result,

we introduce the notions and definitions that we use. We say that a continuous path
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(74)¢=0 in H generates a family of increasing compact H-hulls K, if H, = H \ K, is
the unbounded component of H \ 4]0, ¢], for all £ > 0. One of the important results

in the SLE, literature is the following.

Theorem 2.2.2 (Theorem 4.1 of [44]). Let (K)o be a SLE,, for k # 8. We denote g;
to be the Loewner flow and U be the Loewner transform. Then, §; ' (2) = g; ' (z+U;) :

H — H, extends continuously to H for all t > 0, almost surely. Moreover, if we set

"= g;l(Ut)>

then 7y is continuous and generates (K)o almost surely.

Remark 2.2.3. The same result holds for x = 8 as it was showed in [27] using a

different approach.
Next, we introduce the SLE, trace.

Definition 2.2.4. Let g; be the SLE,.. The SLE, trace is defined via

y(t) = lim g, (iy),

y—0

where g; ' (iy) = g7 (iy + V/KBy).

We remark that from the above theorem, the limit is shown to exist and to be
continuous in the parameter ¢ (that we interpret as time). We use the following

scaling of the SLFE, traces and of the Loewner maps.

Proposition 2.2.5 (Proposition 6.5 of [25]). Let g be SLE, and let us take r > 0.
Then §i(z) = r~'g,2(rz) has the same distribution as chordal SLE, , i.e. if 7y is

an SLE, path, then 4(t) := r~'v,2, has the same distribution as .
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2.3 Forward Bessel processes and the phases of SLFE,

In this subsection, we analyze the phases of SLFE, in terms of the parameter x.
We show that there exists two phase transitions at kK =4 and kK = 8.

Let (gi(x) : t € [0,7(x))), x € R\{0} be the SLE,. Let us consider the extension
of the conformal maps to the real line and consider g;(z) — U; with x € R. Thus,
we have that g;(z) — Uy — 0 as t — ((z), whenever ((x) < co. We introduce the

notation

p=2, ()= (av)

and set

for t € [0,((x)).
In our setting, B; is a standard Brownian motion that starts from 0 and we have

that for X;(z) # 0 for t € [0, 7(z)) and

t D
X,(z) =z + B i
t(x) =x+ t—l—/o Xs(x)ds’

i.e. Xi(z) is a Bessel process.
The Bessel processes manifest some phase transition that we capture in the

following proposition.

Proposition 2.3.1 (Proposition 10.1 of [6]). Let z,y € (0,00) with x < y. Then

» For D € (0,1/4], we have that

P(r(x) <7(y) <o0)=1,
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where X;(x) and Xi(y) are driven by the same Brownian motion.

» For D € (1/4,1/2), we have that

P(r(z) < 00) =

P(r(x) < r(y) < 00) = ¢ (y - ) |

T

where ¢ is given by

_rem
where C(K/) T T(8/k—1)I'(1—-4/k)"

» For D € [1/2,00), we have that

P(r(z) < 00) =0,

and moreover for D € [1/2,00), we have X(z) — 00 ast — 0o almost surely.

These results give an interpretation of the phase transition of the SLFE, processes

in terms of studying the Loewner flow on the real line obtained from the continuous

extension of the conformal maps as a Bessel process.

Proposition 2.3.2 (Proposition 10.3 of [6]). Let v be an SLE, trace. Then we have

the following behaviors in terms of k:

» For k € (0,4], we have that v(0,00) NR = {0}, almost surely.
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» Fork € (4,8) and all z,y € (0,00), v hits [z, 00) and

P(y hits [z, 2+ y)) :¢(xiy) .

» When k € [8,00), then R C [0, 00), almost surely.

Uptox=4 4<x<8 k =8 and bigger

0 0 0
F1GURE 2.3.1. The phases of SLE,.

Concerning the long term behavior of the SLFE, traces, we state the following

result.

Theorem 2.3.3 (Theorem 11.1 of [6]). Let (7:)i=0 be a SLE, curve. Then vy is almost

surely transient for all k, i.e. || — 00 ast — 0o.

An important result is the following theorem, which gives a characterization of
the behavior of the SLE, traces for k € R,. The result is proved using the phase

transition in the behavior of the forward Bessel process as shown above.

Theorem 2.3.4 (Theorem 11.2 of [6]). Let (v:)i=0 be a SLE, . Then, we have the

following behaviors when the parameter k changes:
» For k €[0,4], (7)o is almost surely a simple path.
» For k€ (4,8), Upo Kt = H, almost surely and for each z € H\ {0}, (7)o

does not hit z almost surely.
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» For k € [8,00), 7[0,00) = H, almost surely.

In this thesis, we will give, between others, a different perspective on the phase
transition of the SLFE, traces as we vary the parameter k. In our proof, we will
use the backward Loewner differential equation and when extending the conformal
mappings to the boundary, we will obtain a Bessel process in a different regime of
dimensions than the one obtained in the forward case. In our setting, we will obtain

new structural information about the SLE, traces.
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Chapter 3

Introduction to Rough Path Theory

In this chapter we introduce the basic notions in Rough Path Theory such as p-
variation , Young’s Theory of Integration, the notion of signature of a path and the
underlying tensor algebra, the definition of a Rough Path and concepts related to
Rough Differential Equations. The main references for the material presented in
this chapter are [35] and [17].

Let X, 4 denote the restriction of the path X to the compact interval [s,¢]. We

introduce the notion of p-variation.

Definition 3.0.1. Let (F,d) be a metric space. The p-variation of a path X : [0,T] —
E is defined by

n—1 %
HX[O,T}HP*WT = sup (Z d(XthtiJrl)p) )

D=(to,t1,...,tn)C[0,T] i=0

where the supremum is taken over all finite partitions of the interval [0,T] .

Unless stated, the metric space E is a finite dimensional real vector space V

with dimension d and basis vectors eq,...,e;. Throughout the thesis, we use the
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notation X,; = X; — X,;. We introduce gradually the notions used in Rough Path
Theory. Let us first define Ar = {(s,¢)|0 < s < t < T}. We introduce next the

fundamental notion of control.

Definition 3.0.2. A control on [0,T] is a non-negative continuous function
w:Apr — [0,00)
for which
w(s, t) +w(t,u) < w(s,u),

for all 0 < s <t <u<T, and w(t,t) =0, for all t € [0,T].

For a path X : [0,T] — E of finite p-variation, define wx(s,t) = || Xgllp—var -
To check that this quantity indeed defines a control we need to check both pro-
prieties along with the continuity (the continuity is proved in section 1.2.2 of [35]
and Proposition 5.8 of [17]). Moreover, this specific control is used to provide a
reparametrization of the interval [0,7] such that X becomes Hoélder continuous
with exponent %. To see this, consider the function 7 : [0,7] — [0,7] to be the
inverse of the function t — wx (0, t)% . Using this inverse function, we obtain

that d(X(s), Xr)? < X80 (¢ — ).

3.1 Young integration

In what follows next, let us consider E to be a Banach space and X,Y to be
continuous functions (paths) with values in a Banach spaces. A first extension of the

usual Riemann-Stieltjes integral is given by Young’s Theory of Integration. Using
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the results of Young, we can make sense of f(f Y,dX, provided that X and Y have
finite p-variation and finite g-variation respectively with 110 + é > 1. Note that for a
path X of bounded variation (i.e. p = 1) Young’s theory of integration applies. To

be precise, we have the result

Theorem 3.1.1 (Young, Theorem 1.16 of [35]). Let V' and W be Banach spaces and
X :[0,7T] - Vand Y : [0, 7] — L(V,W) be two paths of finite p-variation and

q-variation respectively with }—17 + % > 1. Then, the limit

n—1
li Y (X4, 4,
|D|%()1,%1C[O,t}; u(Xeitig)
exists for all t € [0,T] and we define fg Y,dX, as this limit. Furthermore, as a path

mn W, fo Y,dX; has finite p-variation.

Note that the Theorem holds independent of the sequence of partitions chosen

provided that the size of the mesh |D| = maxocicn_1(tiy1 —t;) — 0.

3.2 Differential equations driven by signals with finite
p-variation for p < 2

In the classical theory of ordinary differential equations, the Cauchy-Peano The-
orem asserts that when X has bounded variation, if the vector field f is a continuous
function, then the differential equation dY; = f(Y;)dX; has solutions. However, this
result does not guarantee uniqueness of solutions. Picard-Lindel6f Theorem tells us
that in order to have uniqueness of the solution, we have to impose more conditions
on the function f, i.e. we need f to be Lipschitz continuous. In order to extend

these results to signals with finite p-variation for 1 < p < 2, presumably we need to
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use a class of vector fields smoother than the continuous ones. For example, in order
to make sense of the integral [ f(Y)dX, we need f(Y') to have finite g-variation for
some ¢ such that i + % > 1. It is clear that not every continuous function does that,

but we can restrict to the specific class of functions with this property.

The main result of this section, presented in [35] is a version of the classical
Picard’s Fix Point Theorem in the context of differential equations driven by signals
with finite p-variation for some p < 2. In order to state it, we need to introduce the
notion of Lip(vy) function. For this we consider again the metric space E to be a

Banach space.

Definition 3.2.1. Let V and W be two Banach spaces. Let k > 0 be an integer. Let
v € (k,k 4+ 1] be a real number. Let F be a closed subset of V. Let f : F — W
be a function. For each integer j = 1,... .k let f7: F — L(V® W) be a function
which takes its values in the space of j-linear mappings from V' to W. The collection

(f = fO 1, ..., f*) is an element of Lip(~y, F) if the following condition holds.

There exists a constant M such that, for each j =0, ...k,

sup | f/(z)| < M

zeF

and there exists a function R; : V x V. — L(V® W) such that, for each z,y € F

and each v € V¥ we have

ki

o
| —

Fy)) = FH@)we (y—2)%) + B2, y)(v)

|

o~

N
Il
=)

and

[Rj(z,y)] < Ml —y|".
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The smallest M for which the inequalities hold for all j is called the Lip(vy, F')-norm
of f.

Following [35], when V' is finite dimensional we obtain that there exist for all
closed F' a continuous extension operator Lip(~y, F') — Lip(7y, V). Thus, in this man-
ner we obtain Lip(v,V) = Lip(y), i.e. bounded continuous functions on V' which
are k-times continuously differentiable with bounded derivatives on V' and whose
k-th differential is Holder continuous with parameter v — k. With this definition
at hand, we can state the version of Picard’s Fix Point Theorem for differential

equations driven by signals with finite p-variation for some p < 2.

Theorem 3.2.2 (Picard, Theorem 1.28 of [35]). Let p and v be such that 1 < p < 2
and p < 7. Assume that X has finite p-variation and that f is Lip(vy). Then, the
differential equation dY; = f(Y;)dX, , admits a unique solution, i.e. for every( € W
there exist a unique path Y : [0,T] — W of finite p-variation which satisfies Yy = C

and

y, = /0 (VX

The technique used to prove this result is similar with the classical proof of the
Picard’s Fix Point Theorem. We consider F' that sends a path Y : [0,7] — W to
a new path defined via F(Y;) = ¢ + fg f(Yy)dX and we prove that is a contraction

under suitable conditions.

3.3 The signature of a path

In this section, we introduce one of the fundamental ingredients of the theory, the

collection of its iterated integrals, i.e. the signature of the path. This object appears
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naturally when one uses iteration in order to solve linear differential equations.

Moreover, the signature of a path has very interesting algebraic properties.

In order to simplify the computations and to introduce the signature of a path in
a clear manner, throughout this section we consider the driver X to be of bounded
variation. For this specific class of drivers, we consider the linear differential equation
dY; = f(Y;)dX,, where f : W — L(V,W) is a linear map.

The collection of iterated integrals appears naturally when one tries to apply an
iterative procedure in order to find a solution to the ordinary differential equation
via fix point arguments. To make this precise, we remark that f(Y;)dX, can be
understood in two ways. Every linear map f € L(W,L(V,W)) in a natural way
also induces a linear map f : V — L(W), (we call it the same using a slight abuse
of notation). Another abuse of notation that we use is that we have elements of
L(W) act on W on the right instead of the left as this will simplify notation in the

following.

We start with the constant path Y? = F(YY), = Yy(I + f(fot dXs)). By re-

iterating the procedure, we obtain that

K2=F(Y1)t=%+/0tf(Y;)dXs=% (I+f/0tdxs+f®2/0t (/Osdxu> ®dXs).

After k steps, we obtain that

vrev (3
(]

dX,, ®dX,,...® quk> .

<ur<..<up<t

In the next part of the section, we study the tensor vector spaces where this
iterated integrals live and we state a result that ensures that the iterated integrals

do converge.
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Let e1,es,...,eq be a basis for V. The space V¥ is a d* dimensional vector
space with basis elements of the form (e;, ®e;, ... ® ey ), ipef1,..ap - We store the
indices (iy,...,4) € {1,2,...d}* in a multi-index I and let e; = ¢;, ® €;, ® ... ¢, .
From the several possible norms on the tensor space V¥ see Definition 1.25 of [35]
for the so-called admissible norms, due to its properties, we chose the projective or
the /; norm defined for any element z = -, ,_, Arer € VO via ||z|| = 21—k A1l

The two main properties of this norm are that for any x € V®* and y € V¥ we

have that ||z @ y|| = ||z[||ly|| and that for z = >, _, Are; we have

Ml =[] Y AMPFer|[ < Y MIIMIF = 1M F)|]]
\T|=k \T|=k
By considering the basis of V¥ given by elements of the form e; , we can take the
dual basis in (V*)* as e} that we associate the element e} ®ej, ®...®¢; € (V*)F.
We further consider T((V*)) = @, ,(V*)®*. Furthermore, for any I, €} is an
element of T'(V*), i.e. the sub-algebra of T'((V*)) consisting of elements with finitely
many non-zero coordinates and running through all the possible multi indices with
|| > 0, we find a basis for T'(V*) consisting of e; . We are now ready to introduce the
following result that guarantees the convergence of the Picard iterates by controlling

the norm of the iterated integrals appearing naturally when performing this method.

Proposition 3.3.1 (Proposition 2.2 of [35]). Let X : [0,7] — V be a path of bounded

variation. Then it follows that

‘ |X[07ﬂ ‘ |11€7var

II/ dXy, @ dX,, ... @dX,,|| < '
O<ur <..up <t k!
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3.4 The tensor algebra

Given that the collection of iterated integrals is such an important object in the
study of the linear differential equations, it is natural to consider it as a separate
object which we call the signature of a path. This object takes value in the tensor

algebra T'(V'), which is described in this subsection.

The tensor algebra T'((V)) = @, V®* is the infinite sum of all tensor products
0a'...)and b= (0° b, ...) we define

of V. For two elements a = (a
a+b=(a"+0"a" +0b' .. )

and

a®b=(c,..),

k
where ¢* = 3~ a* ® b*~. These operations together with the typical component by
i=0
component multiplication by scalars Aa = (Aa’, Aa'...), turn T((V)) into a real
non-commutative algebra with unit 1 = (1,0,...). An important aspect of this

Tensor Algebra is that a generic element d € T'((V)) is invertible if and only if

d® # 0, and moreover there is an explicit way to compute the inverse

L 1\ &k
Tt = — 1—— . 4.1
4 do Z ( dod) (341)

1
expd =) Ed@“ . (3.4.2)



logd = logd" + Z (_]?k (1 - ld) : (3.4.3)

k>1 do
whenever d° > 0. Like the inverse mapping, the logarithm is well defined since only
finitely many terms of d contribute to each term of log(d) . For the exponential map
in the finite dimensional case it suffices to ensure the convergence of terms of each
degree according to Lemma 2.19 of [35]. An important subspace of T'((V')) that is
denoted by B is the subspace for which the term of degree zero is 0. Another impor-

tant object is the multiplicative subgroup of T'((V')) which is denoted by T'((V')),

for which the term of degree zero is 1. Then the maps exp : By — T((V)) and

log : T((V')) — By are bijections and inverses of each other.

3.5 The signature of a path, shuffle product and group-
like elements

In this subsection, we introduce the signature of a path with p-variation for
some p < 2 and describe some computation tools that are extremely useful when

computing terms in the signature.

Definition 3.5.1. Let X : [0,T] — V be a path of finite p-variation for some p < 2.

Fork >0, let S([s,1]) = [

s<ul <...<up <t

dX,, ®...®dX,,. Then the signature of
the path Xz is given by S(Xsy) = (1,31([5,75]),5’2([3,75]) ).

Note that the signature of a path X lies in the subgroup T((V)) of T((V)).
Note that the integral in the definition is a Young integral since p < 2. One of the
properties of the signature is that is not sensitive to the starting point or to the

speed that a path is traversed. That is, S(Xsy) = S(Yjun)) for Yo, = Xpw) + 2,
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where 7 : [s,t] = [u,v] is an increasing bijection and « € V. For two paths X[,y

and Y]], we define the concatenated path (X xY) : [s,t +v —u] = V via

X, if w e [s,1]
(X *xY), =

Xi+Y, =Y, ifwel,t+v—ul.

In this setting, we have one result about how the signature map behaves for the

concatenated path in terms of the paths, attributed to Chen.

Theorem 3.5.2 (Chen, Theorem 2.9 and Corollary 2.13 of [35]). For two paths X

and Y}, of finite p-variation for some p < 2, we have that

S(X+Y)=S(X)®S(Y).

Chen’s Theorem also gives that the range of the signature is closed in T'((V)).
Moreover, if we consider the reversal of the path X : [s,t] — E, X" : [s,t] = E
given by

Xy = Xott—u,

then we have the following result.

Proposition 3.5.3 (Proposition 2.14 of [35]). Let X : [s,t] — V be a path of finite

p-variation for some p < 2, and X[Qt] be its reversal. Then it follows that

S(X")=S(X)".

Using the previous proposition and the fact that S(zjsy) = 1 with & € V, where
T[sy 1s understood as the constant path at x). We conclude that the range of the
signature map forms a multiplicative subgroup of T((V)).

We now define another useful property when it comes to dealing with signatures
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of paths. For i,j € Z, we define the shuffle product Sh(i,j) C S;+; as all the
permutations o on the set {1,2,...,7 4 j} which preserve the order of {1,2,...,i}
and {i+1,...,i+j}, thatiso(1) < ... < o(@) and o(i +1) < ... < o(i + j).
For two multi-indexes U = (uy,...,u;), and V = (vy,...,v;), we define the joint
multi-index H = (hq,..., hitj) = (w1, ..., u;,v1,...,0;), and for o € S;;; we define
o(H) = (hoys---, ho(irs)) - Then, we define for ef; and ey, € T(Vx) their shuffle

product by

epUey = Y e €TV,
c€Sh(i+7)

We further define the group-like elements of T((V)), denoted by G*) | consisting
of all elements a € T((V)) for which f(a)g(a) = (f Ug)(a) Vf,ge T(V*).

The verification that G*) forms indeed a subgroup of T'((V)) is given in Lemma
2.17 in [35]. One of the most important results about this group is that this group

is actually the subspace where the signature takes values.

Theorem 3.5.4 (Theorem 2.15 of [35]). For a path X,z of finite p-variation with
p < 2, it holds that S(X) € G™ .

We put on T((V)) the product topology (i.e. the topology for which a se-
quence of elements (a,)n=0 € T((V)) converges to a € T((V)) in the product
topology if and only if it converges coordinate-wise, i.e. for every k& > 0, the
limit lim, .., a® = a*. Also, all the maps and operations discussed so far, that is
+,@:T((V)) x T((V)) = T((V)), inversion, exp and log are continuous with re-

spect to the product topology on T'((V)) x T'((V)).

The (associative) tensor algebra T'((V')) can be viewed as a Lie algebra with the

Lie bracket given by [a, b] = a®b—b®a . When studying the Lie algebra T'((V)) , two

32



Lie sub-algebras are of interest. First the Lie sub-algebra generated by the elements
V. C T((V)), which we denote by L£(V), and L£((V)) that is the completion of
L(V) in T'((V)) with respect to the product topology. In order to describe £(V)
and L((V)), we have the following procedure. For the subspace U, W C T'((V)), we
define [U, W] C T'((V')) as the subspace spanned by all the elements of the form |[a, b]
with @ € U and b € W . We define inductively for k € N, L, = [V, L;_1] C V&,
with Ly = 0 and L; = V. It follows that

L((V)) =P L

k>0

and naturally £(V') consists of those elements of £((V)) which have finitely many
non-zero terms. The elements of £((V')) are called Lie series and those of L(V') are
called Lie polynomials. As a complete classification of group-like elements, we have

the following result.

Theorem 3.5.5 (Theorem 2.23 of [35]). An element is group-like if and only if its
logarithm is a Lie series. That is, log G = L((V)).

3.6 Free Nilpotent Lie Group and Rough Paths

All the spaces that we have defined so far in our analysis, have also a finite
dimensional version (that we call the truncated version) which consists of terms up

to a fixed degree n. In order to define them precisely, we consider
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that is an ideal of T'((V')). We define the truncated tensor algebra by the quotient
TW(WV) = T(V))/B, with m, : T((V)) — T™ (V) the natural quotient map. As
an algebraic structure, 70" (V) is an algebra where multiplication ® is the same as
in T'((V)), but truncated at level n (i.e. all the elements with degree higher than n
are automatically null in this space). Between the truncated spaces, we can define
truncated versions of the log map or of the exponential map. We can also view
T(V) = @oepen VEF - as a finite sum of finite dimensional vector spaces. Thus,
when V is of dimension d, T (V) is of dimension 1+d+...+d". We also remark
that we consider 7™ (V) endowed with the product topology from T'((V)). In this

setting, as before, the operations remain continuous.

We consider also the sets of truncated group-like elements and Lie polynomials
of degree n, given by G™ = 7,G*) and LO(V) = 1,L(V) = 7, L((V)). Also,
remark that 7 (V) = 7,T((V)) is a simply connected n-step nilpotent Lie group
with Lie algebra m, By for which exp™ : 7, By — T (V) is a diffeomorphism .

We have also the following proposition.

Proposition 3.6.1 (Lemma 2.24 and Proposition 2.25 of [35]). We have that an
element a € T((V)) is group-like if and only if m,a € G™ for alln > 0 and if and
only if log™ m,a € LMV for all n > 0. Furthermore, G™ is a closed , simply
connected n-step nilpotent Lie subgroup of T (V) for which L™ (V) is the Lie

algebra and exp™ : L — G™ s the diffeomorphism.

We call G™and L((V)) the free-step nilpotent Lie group and algebra over V.

Also, we can naturally consider the notion of truncated signature
g(n) (X[s,t}) — 7-rns(n) (X[s,t])
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as an element of G . We also have that for two paths X and Y,
SM(X xY)=5M(X)® SM(Y)

and

SM(X)h = 8M(X7),

where X" is the reversal of X . An important result that gives a description of

elements in G™ is the Chow-Rashevskii Theorem.

Theorem 3.6.2 (Chow-Rashevskii Theorem, Theorem 2.26 of [35]). For every a €

G™ there exists a piecewise linear path X : [0,T] =V such that a = S"™ (X)) -

Remarkably, each element of G(™ is in fact the signature of some piecewise linear
path. With this result at hand, we can define the Carnot-Caratheodory (CC) norm
on the group G™ by |la|lcc = infs(n)(X[O,T])| || X||1-var which is guaranteed to be
finite. Since G™ is not a vector space, the CC norm is not a norm in the real sense
but gives rise to a metric on G™ by dcc(a,b) = ||a~'b||cc . We are now ready to
define the notion of p-rough path. This notion builds naturally on previous results.
These paths are taking values in the Lie group T (V) and satisfy an algebraic
condition (Chen’s identity) and an analytic bound that is very similar with the
factorial decay of the norms of the signature levels presented in Proposition 3.3.1.

We now define the notion of multiplicative functional.

Definition 3.6.3. Let n > 1 be an integer and let X : Ap — T™ (V) be a continuous

map. Denote by X, the image of the interval (s,t) by X , and write
Xep=(X),,.. X)) eERGV BV 0V,
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The function X 1is called multiplicative functional of degree n in V' if Xg,t =1 and

for all (s,t) € Ay we have
X&u & Xu,t = Xs,t VS,U,t S [O,T] .

The multiplicative property is called Chen’s identity . To get familiar with the

object, let us take the following example.

Example 3.6.4 (Example 3.2 from [35]). Let X be a multiplicative functional of
degree 1 that is for all (s,t) € Ay, X,, € T (V) =R@®V . That is X, = (1, X1,

with X/, € V. Then Chen’s identity reads
(L Xsl,t) = (17 Xsl,u> ® (17 X;,t) = (17 Xsl,u + Xi,t) :

So, in TM(V) (at “first level’) the multiplication condition in TM (V) reduces
to the additivity in V' of the mapping (s,t) — X,,. This fact is equivalent to
the existence of a path XSIJ = x; — x,, for all (s,t) € Ar. This path is unique
up to an addition of a constant element in V. Note that if X is a multiplicative
functional of degree n > 2 in V, then we have that mX : Ap — TW(V) is a
multiplicative functional of degree 1. This implies that there exists a classical path
z:[0,T] = V, which underlies X (i.e. X}, = 2; —x,) but X is not the signature
of X in general. Consider for example the path X, = (1,0, (t — s)w) that is a
multiplicative functional of degree 2. If we look only at the first level, then the
underlying path z is a constant path whose signature is simply (1,0,0) which is
different from X. We are now ready to define the central object of Rough Path

Theory.
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Definition 3.6.5. A p-rough path of degree n is a map X : Ay — T™(V) which

satisfies Chen’s identity X5 ,®X,,, = X, and the following ‘level dependent’ analytic

bound i
sl < U207
B!
where y! = I'(y + 1) whenever y is a positive real number and f,, is a positive
constant.

The factors (]%)! and 3, in the definition of the p-rough path are not important
due to the possibility of recalling; however, they become important in the following

Extension Theorem that states that there is only one way to extend a p-rough path

to the entire group T((V)).

Theorem 3.6.6 (Extension Theorem, Theorem 3.7 of [35]). Let p > 1 be a real
number and n > 1 be an integer. Let X : Ar — TW(V) be a multiplicative
functional with finite p-variation controlled by w. Assume that n > |p|. Then there
erists a unique extension of X to a multiplicative functional Ar — T((V')) which
has finite p-variation, i.e. for every m > |p| + 1, there exists a unique continuous

function

XmZAT—>V®m

such that

(5,8) = Xop = (LXL, ..., XE . Xxm ) eT((v)),

s,t)

18 a multiplicative functional with finite p-variation controlled by w , in the sense of

s lp]+1
Definition 3.6.5, with 3, = p? (1 + > (F) 7 ) :
r=3

We denote the space of all p-rough paths of degree [p| by A,(V). The first
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remark is that for every continuous map X : Ay — T((V)), we associate the path
z; = Xo, , and conversely for every z € C([0,T], 7™ (V)) we can define the following
mapping X : Ap — T (V) by X5, = x; 2, , which indeed satisfies Chen’s identity.
Thus, every map X : Ap — T((V)) that satisfies Chen’s identity is completely
characterized by its associated path = : ¢ — X, . For a path with finite p-variation
for p < 2, that is canonically a p-rough path of degree |p| = 1, we have the signature
S(X):(s,t) = S(X[sy), that satisfies Chen’s identity. Furthermore, a modification
of the factorial decay of the signature gives that the signature satisfies the required
analytic bound. To sum up, we are in the position to apply Theorem 3.6.6 to obtain
that the signature is the unique extension of a p-rough path for p < 2. Also, the

Extension map is a continuous mapping as stated in the following important result.

Theorem 3.6.7 (Continuity of the Extension Map, Theorem 3.10 of [35]).

Let X, Y € A,(V) with p-variation control w and let € € (0,1). Then the bound

w(s, t)r
By(L)

||X§,t - YsZtH e

holds for all (s,t) € Ay and i > 1, provided that it holds for all 1 <i < |p].

3.7 The spaces of p-Rough Paths and Geometric Rough

Paths

We introduce a metric on A, (V) which transform the space A,(V') in a complete

metric space. For X, Y € A,(V) we define

1<i<[p] Dclo,T]

dp<X7 Y) = max sup <Z HXtii,tiJrl - Y;i,ti+1 ‘ | f)
D
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In general, this quantity might be infinite for general mappings from the space
Ar — T((V)), but in the context of p-rough paths this is finite due to Theorem
7.4.1. Related to this notion is a notion of convergence (stronger notion) that
is the convergence in the p-variation topology . Formally, this is defined in terms
of converging sequences. A sequence (X(n)),>1 € A,(V) is said to converge to
X € A,(V) in p-variation topology if there exists a p-control w of X and X(n) for

all n > 1, and a sequence (a(n)),>1 of positive reals such that lim,_,., a(n) = 0 and
1X ()5 = Xl < a(n)w(s, 6)7

for all (s,t) € Apand 1 <i < |p].

A path in V with finite g-variation for some ¢ < 2 defines a g-rough path.
Moreover, for p > ¢, this g-rough path can be extended by the Extension Theorem
to a multiplicative functional of degree |p| with finite g-variation, hence also with
finite p-variation. This means that in particular, a path with bounded variation can
be considered canonically as a p-rough path for every p > 1, where the extension is
given by the signature, as discussed before. We are now ready to define the notion

of a geometric rough path.

Definition 3.7.1. A geometric p-rough path is a p-rough path that can be expressed

as a limit of 1-rough paths in the p-variation metric.
The space of geometric rough paths in V' is denoted by GQ,(V).

Example 3.7.2 (Example from [35]). Let us take V = R? (d > 2) . Let (%)= 4
be an element of V. The 2-tensors are pictured as arrays (x"j)z-7j€17._,7d. Let us
take 2, to be a path of finite 1-variation in R?. We define X7, = z} — 2%, and

ng = ffs<u1<u2<t dzl, dxf, . Then X ; = (1,(X.,)L,, (X;:g)d ), is a multiplica-

,j=1
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tive functional in T (R?) | with finite p-variation for some p < 3. This functional
belongs to G€2,(R?) and is called the canonical extension of the path z,. Writing

(Xo1)d,_, into its symmetric and anti-symmetric parts, we obtain

s,t

Xid = 5ol —ab)(ad — o) + 43

where AY, =1 [ [ curcuyt Ay, dal, — dx], dr),, . The A%} has the geometric inter-
pretation of the area enclosed by the path concatenated with the chord between the
points given by the indices 7 and j. Thus, integrating the winding number over the

1 17_]
plane gives A} .

3.8 Rough Differential Equations and Rough Differen-
tial equations with drift

In this section, we introduce the Rough Differential Equations (RDEs). First,

we need the following definition.

Definition 3.8.1. A weakly geometric p-rough path is p-rough path which takes its
values in G} the free nilpotent group of step |p|. The space of weakly geometric
rough paths is denoted by WGQ,(V).

This space is indeed related to the space of geometric rough path via the inclusion
GQ,(V) € WGQ,(V), and this inclusion is strict. For futher details, see section
3.2.2, [35].

In the following, we work with the following notion of distance given by

do;[og](X?Y) ‘= Sup d<xs,t7ys,t)-

0<s<t<1
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For an introduction to Rough Differential Equations we refer the reader to chapter
10 in [17]. For now let x € €' ([0, 1],R%). For the solution y to the following

controlled differential equations

d
dy =V(y)dz = Y Vi(y)da', yo € RY,

=1

we use the notation 7y (0;yo, ). In fact, the notation (s, ys; ) stands for so-

lutions of controlled ODE with vector fields V' = (V;);=1... 4 started at time s from

-----

a point y, € R?.

We extend our study to the Rough Differential Equations with drift term, as this fits
perfectly with the study of the Loewner differential equation as a Rough Differential

Equation. We start with the corresponding definition of RDEs with drift.

Definition 3.8.2. Let p,q > 1 and such that 1/p+1/q¢ > 1.
Let
x € CP7 ([0, 7], GPH(RY))

be a weak geometric p-rough path and
h € C7" ([0, T], GP/(RT))

be a weakly geometric q-rough path. We say that y € C([0,T],R¢) is a a solution
to the rough differential equation with drift driven by (z,h) along the collection of

Re-vector fields ((Vi)i<i<d, (Wj)i<j<ar) and started at yo if there exists a sequence

X

(x™, h*) C C* ([0, T],R%) x C'=v([0,T],RY), such that

> sup,, |[S1p) (@0 )l lp—varsio.r) + |[S1p) (P llg—varjor) < 00
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» limy, s o0 doyjo,77(S|p) (Tn),x) = 0, and lim,,_, o do;jo,7)(S|p) (hr), h) =0,

and ODE solutions y, = (0, yo; (n, hy)) such that

Yn — y uniformly on [0,1] as n — oo

When this happens, we write the formal equation:

dY =V (y)dx+ W (y)dh,y, € R,

which 1s called rough differential equation with drift.

A very important set of theorems regarding RDEs with drift are the ones that
give existence, uniquness of solutions and continuity estimates in terms of the reg-
ularity of the vector fields involved in the RDE with drift. The theorems follow the
spirit of the Universal Limit Theorem (Theorem 5.3 of [35]).

The first result, is giving existence of solution along with some continuity esti-

mates. However, this result does not guarantee uniqueness of solution.

Lemma 3.8.3 (Lemma 12.3 of [17]). Let V' = (V;)i<i<a a collection of vector fields
in Lip" Y (RY) with v > 1, and W = (W;)i<icar a collection of vector fields in

LipP~1(RY) with 8 > 1. Let x,% be two paths in C*~*%"([s,u], R?) such that

S () su = S (T) su

and h, h be two paths in C*="([s,u],R%) such that

S[m(h)&u = S[ﬁ](h)&u'
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We then have that the two corresponding RDFEs with drift have solutions and more-

over we have the following estimate for some C = C(v, ),

|7TV,W<57 Ys; (I, h))SKM - TrV,W(S’ Ys; (jv h))87u| (381>

< CW + 1L+ Ly + 1571, + D)eap(C (L, + 1))

where I, and l;, are bounds for

|V|Lipy1max{/ |dm|,/ |d5;|}
Wlago-smax{ [ janl, [l

In order to provide existence and uniqueness of solution, the collection of vector

and respectively

fields defining the RDE with drift should be in Lip(y) respectively Lip((5). See
Theorem 12.10 and Theorem 12.11 in [17]. So, the fundamental difference between
the two results is in the regularity of the vector fields that give the transition between
existence and uniqueness and guaranteed existence only. In the classical theory of
ordinary differential equations this results are in the spirit of Cauchy-Peano Theorem
and Picard-Lindelof Theorem, i.e. in the transition between just continuous vector

field versus Lipschitz vector field in the space variable.
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Chapter 4

Phase transition at x = 4 and new

information about the SLE,. traces

Overview

We study the properties of the backward Loewner differential equation, as a differen-
tial equation started from the singularity. When the backward Loewner differential
equation is driven by /kB;, we show that there is a phase transition at xk = 4,
in terms of uniqueness/non-uniqueness of solutions starting from the origin. In
the regime k£ > 4, we study some features of the non-uniqueness in terms of the
macroscopic excursions of the backward Bessel process. Compared with the typical
proof of the phase transition in the behavior of the SLE, trace at k = 4, that uses
information of the behavior on the boundary for the maps satisfying the forward
Loewner differential equation, we use the behavior on the boundary of a different
family of mappings to obtain new structural information about the backward SLF,
traces, by identifying some classes of double points along the backward SLFE, traces

for k € (4, 00).
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4.1 Introduction

In the current literature related to the phase transition of the SLE, curves there is
used as a main tool the forward Bessel process obtained by the extension of conformal
maps to the boundary. In this work we study the backward Bessel process obtained
from the extension to the real line of the conformal maps that satisfy the backward
Loewner differential equation. The study of phase transition phenomena using this

process is new and reveals new ways of obtaining structural information about the

backward SLE, traces.

The chapter is divided into several sections. In the first section, we introduce
the notations and setting of the problem. In the next sections we give a heuristic
of the proof of the main result and we perform the analysis with all details. First,
we show the uniqueness of solutions for k < 4, and then the non-uniqueness of the
backward Loewner differential equation started from the origin. At the end of each
section, we give applications on the structure of the SLE, traces. In particular,
this emphasizes the objective of the work in the chapter, that is double-sided. On
one hand, we obtain existence and phase transition in terms of the uniqueness/non-
uniqueness of solutions for a singular stochastic differential equation started from its
singularity. On the other hand, we use this analysis to obtain structural information
about the SLE traces that is not apparent when one works with the forward Loewner

flow.
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4.2 Preliminaries

In this chapter, we work with the time reversal differential equation (backward)

version for chordal SLFE, in the upper half-plane

-2
]’L(t,Z) - \/EBt 7

Och(t,z) = h(0,2) =z,z€ H (4.2.1)

We recall from the introduction the following lemma.

Lemma 4.2.1 (Lemma 5.5 of [22]). Let h.(z) be the solution to the backward Loewner
differential equation with driving function \/kBy; and let f;(z) be the solution of the
partial differential equation version of the Loewner differential equation with the
same driver. Then, for any t € Ry, the function z — f,(z + \/kB;) — v/kB; and

z — hy(2) have the same distribution.
Throughout this chapter, we will use the following lemma.

Lemma 4.2.2. The maps hy(z) : H — H\ K solving the backward Loewner differential
equation driven by \/kBy; can be extended continuously to the boundary for all times

t €[0,+00), a.s..

Proof. Using Rohde-Schramm Theorem (see [44]) we obtain that the maps g;!(z)
can be extended for all s € [0, 00), for almost every Brownian path (since the SLE,
hulls K are locally connected, for all s € [0,7] for almost every Brownian path).

Let us consider the Loewner chain for hr_, o h;'(2) — /kBr

2
(hr—s 0 h7'(2)) = (VEBr—s — /6Br)’

Os(hr_s 0 hy'(2)) = (4.2.2)
This is a forward Loewner chain with driver B, := VEBr_s — /KB that is a
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Brownian motion. The maps gs(z) also satisfy this chain. Since the Loewner chain
has a unique solution a.s., we obtain that fixed T' > 0 the maps g,(z) = hy_,oh;'(2).
Thus, hr_s(2) = gs o hy(z) can be continuously extended to the boundary. Indeed
since for any fixed T > 0, the maps hr(z) have the same distribution as g;.'(z)
(according to Lemma 4.2.1) and the maps gs(z) can be extended continuously to
the boundary. Let us choose (T},),eny an increasing sequence of times such that

T, — 00, as n — oo. Let

Ar, :={hg,_s(z) can be continously extended to the boundary for all s € [0, T},]}.

For each 7,, > 0, the events A, happen with probability one from the previous
argument. Using an union bound argument, we obtain that P(U,enA7, ) = 0, and

the conclusion follows. O

In the last sections of the chapter, we will work with the square of the (shifted)

conformal mappings, i.e. we will consider

iLt(Z) = (ht<\/g) - \/EBt)Za

which is a conformal map from C\ [0, c0) into C\ [0, 00). We emphasize that /z is
not the principal branch and we work with the branch where we measure the values
of the Argument from the positive semi-axis. These mappings can be extended
continuously to the boundary using the same idea as in Lemma 4.2.2. They form a

Squared Bessel process of certain dimension that we analyze in the next sections.

From Lemma 4.2.1, it follows that for fixed t € [0, 00), hi(2) — /KB is equal in

distribution to g; *(z + v/&B;). For > 0, following Theorem 4 of [29], we obtain
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that the mappings

H(z,t) = (g, ' (ivx + VEBy))*

are continuously extended a.s. on [0,00) x [0,00) and they also generate a trace

%(t) = H(0,t) = (g, (VEB:))".

We introduce the following definitions that we use in our analysis as well:
Definition 4.2.3. For a one-dimensional diffusion X; on the interval I C R, let us
write Hy :=inf{t : X;, = y}. A point c € I =[0,00) is called absorbing if

P¢(H, < o0) = 0

for ally € I\ {c}.

A point ¢ € I =|0,00) is called reflective if

P¢(H, < 00) >0

for some y € I\ {c}.
We call a point ¢ € [0, 00) instantaneously reflecting if the point is reflecting and

the Lebesgue measure of the time spent at point ¢ € I s zero.

Definition 4.2.4. A diffusion is called reqular if for all x € Int(I), y € I, we have

that

P*(H, < o0) > 0.

Definition 4.2.5 (Scale function). For a (reqular) diffusion X, on I with the following

laws {P* : x € I}, a scale function is a continuous strictly increasing function
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s: I — R such that for alla <z <bel,

P*(H, < H,) = >
Next, we introduce the following definition.

Definition 4.2.6. If s(x) = x is a scale function for X;, we say that X; is in natural

scale.

For a diffusion X, with drift u and variance o2, the scale function can be com-

Y 2u(z
n o2(z

puted via s(x) = f;; exp(— ;dz)dy, where z, 7 are points fixed (arbitrarily)

in (a,b). We further define

Definition 4.2.7. The function m({) = m 15 the density of the speed measure.

Throughout this chapter and in the next one as well, we use the notion of strong
solution of one-dimensional stochastic differential equations that we introduce in the
following.

Let B; be a one-dimensional standard Brownian motion. Let us consider the
Borel functions

c:R—R

and b : R — R bounded on compact sets.

Consider the equation (that we write shortly Eq(o, b)) given by
dXt = O'(Xt)dBt + b(Xt>dt

Definition 4.2.8. A solution to the equation Eq(o,b) consists of:

» a filtered probability space (2, F, Fy,P).

49



» an F;-Brownian motion.

» an F; adapted continuous process X such that
t t
X, = X0+/ U(Xs)st—l—/ b(X;)ds.
0 0

When Xo = x, we say that X, started in x.
We are ready to introduce the notion of strong solutions.

Definition 4.2.9. We say that a solution (X, B) to Eq(o,b), defined on a filtered
probability space (2, F, F,P) is a strong solution on this space if X is adapted to

the complete filtration generated by the Brownian motion B.

In order to perform the analysis, let us consider Z;(z) := Mﬁ with

z € H, where hy(z) are the continuous extensions to the real line of the conformal
maps solving (4.2.1).

Thus, when restricting the analysis to the real line, we obtain the following SDE

-2
dXt - //{dt + dBt
Xi (4.2.3)
Xo =129 € R.

This SDE is the same as the ones governing real Bessel processes started from
Tg € ]R,
d—11
dXt = Tydt + dBt,

t
with —2/k = (d —1)/2,i.e. d =1—4/k. Thus, d < 0 for k < 4 and d > 0 for
k > 4. We show throughout this chapter that for x < 4, there is no solution to the
SDE (4.2.3) starting from the origin for almost every Brownian path, since {0} is

absorbing boundary point a.s.. For k > 4, we show that there exists more than one
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strong solution to the SDE (4.2.3) that is instantaneous reflecting at zero. In this
way we give meaning (abstractly) to a notion of solution for the Loewner equation
started from the origin (along the real line). In [4] there is a proof that there exists
a unique strong non-negative solution to (4.2.3) that starts at zero and that spends
zero Lebesgue measure time there. We use this solution to construct another strong
solution that is not positive and has the same characteristics (spends null Lebesgue

measure time at zero).

Excursion theory for Markov processes. We start with a subsection on Excursion

Theory for Markov processes. First, we introduce the notion of local time.

Definition 4.2.10. For a stochastic process X; : 0 — R, for everyt > 0 and x € R,
the quantity
1 t
L, = limsup — 1x,_s<cds
e—s04+ 2€ 0

15 called the local time at level x and time t.

When we refer to the local time of the process at zero (i.e. when z = 0), we
simplify the notation L; = L(t).

In this subsection, we follow the approach in [8], that we refer to for more details.
We define the terminology for a general real-valued Markov process M;, keeping in
mind that in our setting, we apply the techniques for the solutions to the Squared

Bessel SDE.

Definition 4.2.11. An open interval (g,d) C R is called an excursion interval for a

stochastic process My if My # 0, for all t € (g,d), with My = My = 0.

We fix a real number ¢ > 0. If we are dealing with a process that is not identically

zero, then with positive probability there exists at least one excursion interval with
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length [ > ¢. We introduce as in [8], the right continuous function

IT: (0, 00] — (0, 00)

which describes the distribution of the lengths of excursion intervals. Let us consider
the natural ordering of excursion intervals with length [ > a. Let us consider
the length of the first such interval to be ly(a). The function is defined for every

a € (0,00] as

1
_ S a < c,
H(CL) — ]P’(ll(a)>c)

P(li(c) >a) a>c.

We are interested in the behavior of (My4,,0 < t < d — g) corresponding to each

excursion interval (g,d).

For every a > 0, let us consider the set of excursions of length 7 > «a
EW ={weQuw0)=0:7>aand w(t)#0,Y0 <t <7}

Let us consider the set of all excursions & = U,-0€@. Following the approach in [7]
for each a > 0 with II(a) > 0, we denote by n(:|7 > a) the probability measure
on €@ corresponding the law of the process M, on the first excursion with length
[ > a, ie. the law of the process (M, ()40 < t < l1(a)) under P, where we used
that the assumption II(a) > 0 guarantees g;(a) < oo a.s.. It is proved in [7], that
there exists a unique measure n on £ = U,-oE® that we call the excursion measure,
such that

n(\) = (a)n(A|T > a)
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for every A C £@,
Let us define L™1(¢) as the inverse of the local time at zero of the process M; up
to time ¢ > 0, i.e.

L7Yt) = inf{s > 0: L(s) > t}.

Moreover, let us consider

L7 't—) =inf{s > 0: L(s) > t}.

We introduce the excursion process e;(w) on € U {n}, where {n} is an additional

isolated point, associated with the stochastic process M,

er(w) = (Myyp-10)(w),0 < s < L7Y(t) — LM (t—)) if L7 (t) — L1 (t—) > 0

and e;(w) = n otherwise.

We have the following result.

Theorem 4.2.12 (Theorem 10, chapter IV of [7]). If 0 is recurrent then, (e;(w),t > 0)

1s a Poisson Point Process with characteristic measure n.

We will use that for 0 < d < 2, for the Squared Bessel process of dimension
d, the origin is recurrent. We obtain from the above result the fact that there
exists an excursion decomposition for this process. We will use this in the following

subsections to obtain results about the backward SLE,. trace for k > 4.

4.3 Main result

Before stating our main result, we introduce the following concepts.
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Definition 4.3.1. For m > 0, an m-macroscopic excursion is an excursion of the
Bessel process of length at least m > 0, where the length of an excursion is understood

as the length of the time interval corresponding to the excursion.
Next, we introduce the notion of macroscopic hull.

Definition 4.3.2. A macroscopic hull is a compact set in H with a simply connected
complement, such that its intersection with the real axis is an interval I C R with
strictly positive Lebesque measure. We call the intersection of macroscopic hull with

the real axis the base of the hull.

Definition 4.3.3. Let m > 0 be a real number. Let y(t) be the SLE, curve. If there
exists two times r1, o in the time interval such that ~(ry) = vy(ra) and |ri—ra| = m,

then we say that there is a self-touching of the curve after time at least m.
We also introduce the following definition.

Definition 4.3.4. Let m > 0. For the (backward) SLE, trace, an m-macroscopic
double point is a double point that corresponds to self-touching of the trace after

time at least m > 0.

The origin in H is a singularity for the backward Loewner differential equation,
since the vector field %{)“ has infinite modulus. For almost every Brownian path, a
notion of solution for ¢ € [0, 7] for this differential equation is defined by the limit
Z(0) := limy 04 Z:(1y).

We are now ready to state our main result.

Theorem 4.3.5. For k € (0,4] and for all times in a compact time interval, there
s a unique solution of the backward Loewner differential equation started from the

origin, a.s.. Moreover, for k < 4, the backward SLE, trace is a simple curve a.s..
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For k > 4, there are at least two real solutions for the backward Loewner differential
equation started from the origin, a.s.. Let m > 0 be a positive real number. For
Kk € (4,00), on m-macroscopic excursions from the origin of the Squared Bessel
process obtained from extensions of the backward SLE, maps on the real line, we
obtain macroscopic hulls with base depending on m > 0 and m-macroscopic double

points of the backward SLE, trace.

Remark 4.3.6. Compared with the proof of the a.s. simpleness of the SLE, trace
for k < 4 that already exists in the literature, we show that this is implied by the
behavior at the origin the backward Bessel process obtained from the extension of

the conformal maps to the boundary.

In addition, this analysis also offers a possible answer to the question: what
pathwise properties of the Brownian motion influence the behavior of the SLE,
trace. We will study this in more detail in the last section of this chapter.

In a nutshell, in our analysis, we extend the conformal maps to the boundary
and obtain that the dynamics of boundary points satisfy the SDE (4.2.3). We use
known results about the solutions of the SDE (4.2.3) along with theorems about the
backward Loewner evolution in order to study the start of the backward Loewner
evolution from the origin. For this, we use the result from [4], in which there is a
proof of the existence and uniqueness of strong positive solutions to the Bessel SDE
started from the origin for 0 < d < 1. In our case, this gives the existence and
uniqueness of a strong non-negative solution for the SDE (4.2.3) on the real line for

4

k>4, since d(k) =1 — =.

K

Remark 4.3.7. For dimensions d € (0,1] (k > 4) there exists a construction of

the solutions to the SDE using Excursion Theory. Using this and the previous
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analysis, we obtain that beginning of m-macroscopic excursions for the SDE (4.2.3)
give macroscopic hulls for the backward Loewner differential equation started from
the origin. Thus, we obtain another structural information about the dynamics
of the backward SLE, hulls, and implicitly backward SLFE, traces. That is, the
m-macroscopic excursions of the Bessel process started from the origin, create in
this context, macroscopic hulls of the backward SLE,. In particular, when starting
the backward Loewner differential equation from the beginning of m-macroscopic
excursions of the Bessel processes, we obtain a macroscopic hull, a.s. For further
details about the Excursion Theory construction of the Bessel processes for d € (0, 1],

see [7].

Backward Loewner differential equation and the Backward Loewner trace.

In the following we show how using the a.s. existence of the forward chordal
SLE,, we can obtain the a.s. existence of the backward Loewner trace. For x > 0,
the backward chordal SLE, is defined by solving the backward Loewner differential
equation with the driver \/kB;, 0 < ¢t < oo. For any ¢y > 0, we have that the process
(VEBi,—t — /By, 0 < t < tg) has the same distribution as (y/kBy, 0 < t < tp).
Rohde and Schramm showed in [44] that for every ¢y € [0,T), /kB(y—1), 0 <t < 1o
generates a forward Loewner trace which we denote by S, (to —t),0 < t < ty. Then,
using the identity in distribution for the Brownian motion from above, it is shown
in [41] that \/kB; generates the backward SLE, traces [, for 0 < ¢ty < T.

Note that (; is a continuous function defined on [0,¢]. The parametrizations
of the backward traces f; is different from the usual parametrization of the chordal
SLE, trace in the sense that the backward traces (; is a continuous function defined
on [0,t] such that [ is the tip and f; is the root that is an element of R. The

difference with the chordal SLFE, is that the chordal trace is parametrized such that
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the root of it is By . For further details about this construction, we refer to [41].
We also use in our analysis that for fixed time 7" > 0, the law of the curves
Br = P(0,T] generated by the backward Loewner differential equation is the same

as the forward chordal SLE, trace v(0,7] (modulo a translation with the driver

VEBr).

4.4 Heuristic of the proof of the main result

» We consider a probability space (2, F;,P) equipped with the Wiener measure.
We consider the backward Loewner differential equation driven by a standard
Brownian motion that is defined on (€2, F;,IP). We consider also the extension

of the conformal maps h;(z) to the real line.

» On the real line, when extending continously the maps solving the backward
Lowener differential equation with y/kB; driver, we obtain a real-valued SDE
(4.2.3). This real valued SDE, has the origin as a boundary point. Moreover,
the behaviour of this real-valued SDE at this boundary point dependes on the
dimension d = d(k). For dimension d = 0 and d < 0, the origin is an absorbing
boundary and for d > 0, zero is a reflecting boundary. For the backward flow
we have —2/k = (d —1)/2,1ie. d=1—4/k. Thus, d <0 for k <4 and d > 0
for k > 4, i.e. zero has a different behaviour as a boundary point for the SDE
(4.2.3). For k > 4, there is a way to give meaning to a notion of (strong)
solution to the SDE (4.2.3), started from {0} for almost every Brownian path.
This idea appeared in [4], where it is proved that there exists a strong non-
negative solution for this process, that spends null Lebesgue measure time at

the origin, for almost every Brownian path. In contrast, for d = 0 (k = 4) and

o7



d < 0 (i.e. kK < 4) there is no notion of solution that exits the origin along
the real line a.s., so if there is a notion of solution started from the origin, the

only possibility is the one constructed from the interior of H.

First, we show how we can define a solution for the backward Loewner differ-
ential equation started from the origin, when driven by /kBy, for all x and

for almost every Brownian path.

Then, we show that the behavior of the real-valued SDE (4.2.3) at the origin

is absorbing for d = d(x) < 0.

Using this, we argue that for x € [0, 4], there is a unique solution a.s.. The

argument is the developed in the following section.

For d > 0, i.e. k > 4, the picture differs. In this case, we prove that there
are at least two real solutions with the same starting point and with the
same Brownian path as a driver. We use the existence of the strong solution
result for the SDE (4.2.3) of dimension d > 0 proved in [4], to construct a
new (negative) strong solution (with the same starting point and the same
Brownian path as a driver). Thus, we conclude that in this setting, the origin
gets mapped to at least two different points for ¢ € [0, 7], a.s.. The result in [4],

gives also the uniqueness of the strong solution on the positive semi-axis.

Extending the conformal maps (hi(y/2) — v/kB;)? to the real line and con-
sidering the trace v(t) = (g; '(v/kB;))?, we obtain using the analysis of the

Squared Bessel SDE new structural information about the SLE, traces.

This perspective helps us to recover the phase transition for the backward
SLE, traces from simple for x € [0, 4] to non-simple curves for k € (4, +00)

using the phase transition in terms of the behavior of the Squared Bessel SDE

o8



at {0}, seen as boundary point for this SDE. This analysis, compared with the
typical phase transition in terms of the behavior of the forward Bessel pro-
cess, gives additional information about the structure of the backward SLE,
traces (to be compared with the forward flow case, where the proof uses only

information on the positive part of the real line).

4.5 Proof of the main result

Proof of Theorem 4.3.5: the existence and uniqueness of solutions for x < 4.

In this section, we prove the first part of the result. First, we use Lemma 4.2.2
in order to assure that for the backward Loewner differential equation driven by
VK By, we have that lim, o h:(iy) exists for all times ¢ € [0, +00), a.s.. We postpone
to show the fact that the limit indeed satisfies the backward Loewner differential

equation until the end of the section and we first show the uniqueness.

Application: Almost sure simpleness of the SLE, trace, for x € [0, 4] using just
the information on the boundary.

In this section, we show how the information about the dynamics of boundary
points under the backward Loewner differential equation, gives information about
the structure of the SLE, traces for k € [0,4]. We recall that the SLE, traces
are defined via a limiting procedure from the interior of the domain. Essentially, we
show that the a.s. behavior of the origin for the Bessel SDE (4.2.3), gives information
about the behavior of the SLE, traces.

We first need the following definition.

Definition 4.5.1. The real Squared Bessel process for any 0 > 0 and x > 0 is defined

as the unique strong solution for the equation X; = x + 2 fot vV XdBg + 6t.
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For this process, we have the following result

Proposition 4.5.2 (Proposition 1.5, Chapter XI of [39]). For § = 0, the point 0 is

absorbing and for 0 < § < 2 the point 0 is instantaneously reflecting.

We use this result, in order to argue that the point 0 is also absorbing for the
Bessel process of dimension d = 0 (i.e. k = 4). Indeed, if with positive probability
the point {0} would not be absorbing then this would imply that with positive prob-
ability we could construct solutions for the Squared Bessel SDE that are different
from the identical zero solution, that is a contradiction.

In addition, we have the following general theorem from [40].

Theorem 4.5.3 (Theorem 51.2 of [40]). Let X; be a real valued diffusion in the natural

scale on I = [0, 00) with speed measure m. Then the boundary {0} must be absorbing
if [, m(dz) = co.

When computing the speed measure for the Squared Bessel process of dimension
d =d(k) =1—2, we obtain my(dy) = Kay**"Y/*=9dy, where K, depends on d.
We obtain that for 0 < d < 2

2(d—1)

2=d) € (—1,00).

Since 2((2d__d1)) < —1 for d < 0 we obtain via Theorem 4.5.3 that for d < 0 the origin

is reached a.s. and the process is absorbing. Thus, when started from xy = 0 the
solutions of the Squared Bessel process of dimension d > 0, ’escape’ the origin and
reflect when reaching the origin back, while the process is absorbed at the origin for
d < 0.

We showed that the Squared Bessel process has an absorbing origin for d < 0,

i.e. Kk < 4. Since the Bessel process is the square root of the Squared Bessel process
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we obtain that the same result for the Bessel process, that we use in the following.

For 0 < d < 2, the process is also reaching the origin, a.s. but the origin is not
absorbing anymore.

Let us consider the maps ¢;(z) solving forward Loewner differential equation, and
let us assume that they generate a trace (when the diver is \/kB; this happens with
probability 1). Let us consider fixed s < t, and let us consider g, ¢ = gsit © g; '
Then the Loewner chain ¢!¥ = gs.s+t has driving function U = U,,. When
U; = \/kBy, the process Uy, — Uy is again a Brownian motion. Then, the Loewner

chain for ¢\ (2) is

2
0, 8,8 )= y 5,5\ %
0 7 +t( ) gs,s+t(2> - \/EBtJrs g 7 ( )

= Z.

Thus, the format of the equation is the same. We have the following definition.

Definition 4.5.4. Suppose g; is a Loewner chain with driving function Uy, and let

~

fi(2) = g7 (2 + Uy). Suppose that for each t the limit
(1) = lim fi(iy)
exists and the function t — ~(t) is continuous. Then the Loewner chain g, is

generated by the curve .

We use the notation ~(t) for the trace generated by g;(z) and v(*)(¢) for the trace

generated by ggs)(z) for s > 0.

Lemma 4.5.5 (Lemma 4.34 of [25]). Suppose g:(z) is generated by the curve ~y. Then

v is a simple curve with (0, 00) € H if and only if for all s > 0, v*(0,00)NR = .

The SLE, traces v*)(t) have the scaling property. The argument is identical
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to the one for the forward Loewner differential equation for s = 0. Using the
deterministic Lemma 4.5.5, we see that in general if the Loewner chain is generated
by a curve «, then 7 is not simple if and only if there exists s such that v()(0, c0) N
R # (). For SLE, traces we obtain that 7 is a.s. non simple if and only if with
probability one there exists s such that v(*)(0, 1)NR # (). Using the scaling property
of the SLE, traces, we obtain that probability of events is either 0 or 1. Indeed
define for t > 0, E; = {there exists s such that v*(0,¢) "R # 0}. By scaling the
sets E; have the same probability, that we denote by p. Then p = P(N,E;) and
N¢E: € Foir where Fop = MisoF:. By Blumenthal’s zero-one law, Fy, contains only
nullsets and their complements. Hence, p € {0,1}.

Thus, it is enough to show that such s > 0 exists with positive probability, i.e.
we have that the SLE, trace y(t) is a.s. non-simple if and only if there exists s such
that v)(0,1) N R # () with positive probability. In the next proof, we show that
the last statement is equivalent to the statement that the origin is non-absorbing

for the Bessel process.

In order to show this, we need the following observation. Fix s > 0, a determin-

istic time. We consider the Loewner chain h 44, i.e.

—2
hS,ert(Z) - \/EBSH’

ath57s+t(2) = h575(2) = Z.

For any deterministic time shift s > 0, when considering the continuous extension
to the boundary, we obtain the same Bessel process with dimension d =1 — % since
the format of the shifted chain is the same with the one for s = 0. This gives us
that for any deterministic shift of time s > 0, we obtain a Bessel process that has
an absorbing origin. Thus, for a.e. Brownian Motion for all times s € [0, 1] on these

paths the corresponding Bessel process is absorbing. This excludes the possibility
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of random shifts of starting times s € [0,1] on which the Bessel process obtained
from the continuous extension of the conformal maps to the real line started from

those (random) times has any other solution than X = 0, with positive probability.

For the backward Loewner differential equation, we have that on the real line

the dynamics of points is governed by the following SDE

—9 .
dZ, = Z/“dr +dB,, Zy=zcR\{0. (4.5.1)

.
with dimensions d < 0, where B, = By — By_,. On the positive part of the real axis
this is the equation of a Bessel process. In addition, in our analysis we have as a
driver the same collection of Brownian paths, the dynamics on the negative part of

the real axis is given by

U
dXt - —th ‘l— dBt,
/‘Q?Xt

Xo=10<0. (4.5.2)

Since X, is negative (until the first hitting time of zero), multiplying by —1 we
obtain the following SDE

-2
dXt = —dt - dBt,
RA
Xo=x0 > 0, (453)
with X, = —X,. Thus, the dynamics on the negative part of the real axis, when

coupling with the same Brownian drivers, is equivalent to a dynamics on the positive

side of the real axis with the driver —B; (that is still a Brownian motion).
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If with positive probability the SLE, trace were to be not simple, then we obtain
that with positive probability 37(w) < 1, such that v*)(7) N R # 0. Then, when
considering the SDE (4.5.1), we obtain that the collection of Brownian Motion paths
such that the origin is reflective for the equation (4.5.1) has positive measure. Thus,
when studying the maps h,(z) driven by \/kB;_,,r € [0, 1] we obtain a contradic-
tion with the fact that {0} is a.s. absorbing boundary : Z; = 0 for all ¢t > 0, for the
backward Loewner differential equation for almost every Brownian path. Indeed if
with positive probability the trace would touch the real line in [0, 1], then we could
find a positive mass of paths on which there exists times r(w) such that Z,, # 0,
that gives a contradiction with the previous argument that shows that for almost
every Brownian path for all times ¢ € [0, 1] on these paths the only possible solution

for the Bessel process from the origin is Z; = 0.

This shows that the information on the boundary is enough to determine the
behavior of the SLE, trace. Indeed, since for x € [0,4], for almost every Brownian
path, the boundary behavior of the origin is absorbing, we obtain as a corollary
that the the only possible notion of solution for the backward Loewner differen-
tial equation started from the origin is the one constructed before from ’inside the
domain’.

Next, we finish the proof of the first part of the main theorem by showing that
the mappings lim, o4 h(iy) satisfy the backward Loewner equation for £ < 4 on

compact time intervals, a.s.. Let us consider the sequence of squared mappings

We perform the analysis for this sequence but we can redo it for any other choice of
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sequence in the same manner. Then, the mappings Zf satisfy the equation

dZr = d(k)dt + 21/ ZrdB,. (4.5.4)

1/2

where d(k) = 1— %. There are two possible extensions of z*/“ to the positive real line

(i.e. +2'/2 and —2'/2), depending on which direction the real line is approached.
For r < 4, for all n € N, Z and Z; do not touch the real line for all times ¢ € [0, T]
a.s.. We choose the principal branch of square root (i.e. the arguments of the

complex numbers are measured from the positive semi-axis counterclockwise).

We show that lim,, Zf satisfies the equation (4.5.4). In order to show this, it

suffices to show that lim,,_,, 2 fot ZndB, = 2]; V' Z,dBs, as..

Furthermore, in order to show this, it suffices to show that

t t
HQ/ ngBS—Z/ \/ Z,dB,
0 0

as n — 0o. By Ito isometry, we have that

t ~ t - 2 t
HQ/ Z;lst—2/ \/ ZsdB; =K 2/
0 0 L2 0
\/ Zr =/ Z,

used to show this is following deterministic result.

2
— 0
L2

\/ 21—\ Z,

2
ds) .

2
We need to show that E | 2 fot ds> — 0. One of the ingredients

Lemma 4.5.6 (Lemma 2.4 of [53]). Suppose 7 is the curve generated by the Loewner
differential equation with the driving function A(t). Then for all z € [0,t], we have
that

|Rez| < sup |A(r) — A(s)].

0<s<r<t
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and

Imz < 21/t

We will apply the Lemma for \(t) = \/kB; and we use the modulus of continuity
of Brownian motion to argue that the real value of the solution to the backward
Loewner Differential Equation when running time on a compact time interval, is
finite a.s.. We emphasize also that in the proof of the Lemma these deterministic
estimates (modulo some finite terms that depend on the starting point i/n and
vanish in the limit) are first obtained for Z,(i/n) for fixed n < co, so we will use

them also for them.

Let us define

2
ds.

¢
A?::2/ \/ 2" — 1\ Zs
0

In order to apply Lebesgue Dominated Convergence for E (2 fot

2
— 0 pointwise by the fact that for s € [0,¢], a.s.

2
ds) ,

2
ds.

we need to argue that A} — A a.s..

For this, we apply Lebesgue Dominated Theorem for fot
\/ 21—\ 2,

ZQ—>ZS, as 1 — 00.
\/ Zr =/ Z,

ity, after that splitting ZQ and Z, into real and imaginary parts, and applying

We know that

2
The a.s. integrability of is a consequence of triangle inequal-

Lemma 4.5.6 for A(t) = \/kB; (using that sup e 1) Bs is finite a.s.). Thus, from

Lebesgue Dominated Convergence, A} — 0 a.s., i.e. for almost every w we have that
2
2 [\ Zr — V2, \/ 21—\ 2, ds) —

2
0, we just need the integrability of (2 fot ds |. This is again a con-

2
ds — 0. In order to argue that E (2 fg

V2= VZ.

sequence of triangle inequality, splitting into real and imaginary parts and applying
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Lemma 4.5.6 (using the fact that E[sup,c ) Bs| is finite).

Thus using the Lebesgue dominated convergence theorem we obtain that the
the limit Z, satisfies the equation for [0,¢] a.s.. Since for k < 4, the solution takes
values in C \ [0, 00), we have that V7, (obtained by halving the angles and consid-
ering square root of the modulus of Zt) satisfies the backward Loewner differential
equation.

Thus, combining all the tools from this section we obtain an existence and
uniqueness result for the solutions of the (backward) SLE, for x € [0,4] for al-
most every Brownian path, as well as structural information about the backward

SLE, traces using information on the boundary.

Proof of Theorem 4.3.5: the non-uniqueness when ~ > 4.

In this section, we prove that in the case k > 4, almost surely there are at
least two types of solutions for the backward Loewner differential equation started
from the origin (i.e. solutions obtained from the same starting point and the same
Brownian motion path).

In order to show this, we consider again the maps h;(z) solving the backward
Loewner differential equation driven by the Brownian driver \/kB;, for t € [0,T].
We extend continuously the conformal mappings to the real line. We show that we
can give meaning to a notion of solution to SDE (4.2.3) that spends null Lebesgue
measure time at the origin. Moreover, in the case d > 0 (i.e. kK > 4) we use this
strong solution to construct a different solution, that gives the non-uniqueness in
this regime.

The main result that we use is proved in [4] and is phrased as follows:

We use indistinguishably the notiations L7 (t) and L7, for the local time of a
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process Z; at the point a € R,. Let us introduce the principal value correction for

d € (0,1], ie.

d—1
Zy :Z0+B(t)+Tk:(t),Zo >0,

where

t 1 o]

k(t) = P.V./ 7d3 = / a2 (LZ(t) — LE(t))da.

0 s 0
In [4] there is a proof that the existence of a weak solution spending zero time at
the origin implies the existence and uniqueness of a non-negative strong solution
spending zero time at the origin for the above equation. Note that this analysis
allows us to view the strong solutions on the real line starting from the origin as

functions of the Brownian motion paths.

We consider the following version of the previous equation (since the dynamics
is defined on both the positive part of the real line and on the negative part of the

real line). We consider the following :

i) = PV. /0 é—i: /_ " sen(a)la|2(LE() — LZ(t))da.  (45.5)

Furthermore, we use the result from [4] to see this positive solution as a unique

positive strong solution for the 'extended’” SDE

d—1-
Indeed this holds, since Z; > 0, gives k(t) = k(t). Note that this is a strong solution
and thus can be thought as a measurable function ¢ : C(R;) — C(R,) such that
p(t) := ¢(B;(w)) solves (4.5.5). Note that this solution is unique, non-negative and

starts from the origin, according to the result from [4].
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The next step is to consider By(w) = —B,(w), and as before Zy = 0. We consider

A(t) = —o(—By(w)). (4.5.7)

We obtain that

~6(-Bu(w) = TNk + Blw). (159

Thus, p(t) is another solution to the equation (4.5.6), with the same starting point
and the same Brownian motion path. Note that the two solutions are different since
one is positive and the other one is negative. Thus, for all times t € [0, T, for k > 4,
we have at least two different real solutions with the same starting point and with
the same Brownian driver. In particular, at each fixed time ¢t > 0, for k > 4 we

obtain for the backward Loewner differential equation started from the origin at

least two solutions, a.s..
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4.6 Excursion Theory of the Bessel processes and be-

havior of the SLE. traces

SLE, traces and the Squared Bessel processes.

In this subsection, we discuss applications of the analysis developed so far on the
SLE, traces for k > 4. We consider, as in [29], the definition of the SLE, trace
using the mappings (hs(y/z) — /kBy)?, where hy(z) : H — H \ K; are solving the

backward Loewner differential equation (4.2.1).

The family of maps (hi(v/z) — /kB;)? are conformal maps from C \ [0,00) to

C\ [0,00) \ K;, where K, is the SLE, hull corresponding to the maps

(he(V/z) = VEBy).

Using the fact that the hulls of the backward SLE are locally connected, we obtain

that the maps (h;(v/2) — v/kB;)? can be extended continuously to the real line.

When studying the extensions of the conformal maps satisfying the backward
Loewner differential equation (4.2.1), we obtain on the real line two SDEs (that
are both running on R,. These SDEs are obtained by applying It6’s formula for

x — x2.

These SDEs are the one satisfied by Squared Bessel processes. Following [39], by
using the Yamada-Watanabe Theorem (see [39]), we obtain that the Squared Bessel

process of any dimension, starting from x > 0 has a strong unique solutions a.s..

Thus, in our case, we have the following SDEs. We call the first one, the upper

70



Squared Bessel SDE and the second one the lower Squared Bessel SDE:

- 4 Z
K

and

_ 4 —
dZ, = (1 - 2) dt — 2/ Z,dB,. (4.6.2)

We couple these processes with the same Brownian driver B;(w), in the sense
that we drive (4.6.1) and (4.6.2) with B,(w). First, we restrict our attention to
the solution of (4.6.1). The analysis for the lower Squared Bessel process (i.e. the
solution to dZt = (1 - %) dt — 2\/ZTtdBt) will be performed in the same manner.

As in [29], we denote the SLE, trace in this new setting by vo(t) := (g; ' (v/kB:))?.
Note that, by conformal invariance v,(t) has the same law as the backward SLE,
trace in H (that modulo a shift has the same law with the forward SLE, trace in

For d(k) =1 — % > (, there is a unique positive strong solution for this process
starting from the origin such that Z, > 0, a.s.. Also, for 2 > d(k) = 1 — 1>0

the Squared Bessel process is recurrent. Thus, we can apply elements of Excursion

Theory developed in the previous section.

The m-macroscopic excursions of the real Squared Bessel process and application
to the study of the backward SLE, traces.

Fix m > 0. In this section, we analyze the backward Loewner flow during a
m-macroscopic excursion from the origin of the (upper) Squared Bessel process on
R. The same analysis holds for the (lower) Squared Bessel process.

Let us consider the collection of m-macroscopic excursions of the solution to

the real Squared Bessel SDE. Let us consider the backward Loewner differential
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equation from the origin, for time ¢ € [0, 00). For the Squared Bessel process which
is obtained by extending the conformal maps on the real line, we have the following

result (see Section 4.6 of [40]), for 0 < d < 2

\/0 ]_{tho}dt - O

Thus, the origin is instantaneously reflecting for this process for all the times [0, 00).
Among these times, there exist a set of times which correspond to beginning of m-
macroscopic excursions of the Squared Bessel process from the origin. In order to

see this, we prove the following result:

P(there is an excursion of length at least m) = 1.

Since the Bessel process for d > 0 is not identically zero, with positive probability
there is at least one excursion interval with length [ > m. The choice of this constant
m > ( is arbitrary and the modification of this constant does not change the result.

Following the approach in [8], let us consider the event
A, = {all the excursion intervals with right-end point d < ¢ have length [ < m}.

If the first return to {0} of the process (that is a stopping time) is infinite, then
the Markov process has an excursion interval of length [ > m. If this stopping
time is finite, then we apply the Markov property and we get that P(As;) < P(Ay)?
and by iteration we get that P(Az.;) < P(A;)?" for n € N. Thus, we get that

limg o P(Ag) = 0.

We further investigate the continuous extensions (h¢(/2) — v/kB;)?, for times
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t € [0,00). Among these times, there will be times r = r(w) (that depend on the
path of the Brownian motion) that are beginning of m-macroscopic excursions of

the real Squared Bessel process, started from the origin. Let us consider

he(2) == hsyr 0 h;l(z)’

for s > 0. In particular, we obtain that the family of extended conformal maps
(h,(0) — \/&B,)?, where B, := By, — B, for times in [r(w),r(w) + m), map the
origin to the real line. In order to see this, let us assume that the image of the
origin under the maps (h,(0) — /B, )? is mapped in H. Then, for any m € (0, m)
we would have two images of the origin, for the extended conformal maps, one in H

and the unique strong solution of the Squared Bessel SDE at time r(w) + m.

Using Lemma 4.2.2, we obtain that for all times ¢ € [0,00), for almost every
Brownian path, the maps h;(z) (and their functional inverses) are continuously ex-
tended to the boundary. This gives that the maps fz,,(z) are continuously extended
to the boundary (since they are obtained from compositions of maps that are con-
tinuously extended to the boundary). Hence, since the maps h,(z) should map the
origin to a unique point, we obtain a contradiction. Thus, the two images of the
origin should coincide. Since the backward SLE, trace grows from the origin, we
obtain that when starting the backward Loewner flow from the set of m-macroscopic
excursions of the underlying Bessel, we obtain points of intersection of the trace with
the real line. Using that a.s. there is an excursion interval of length at least m > 0 as
shown before, we obtain that the closure of backward SLFE, hulls are macroscopic
hulls whenever we have m-macroscopic excursions of the Squared Bessel process.
Moreover, since the Squared Bessel process is recurrent and the backward SLE,

trace starts from the origin, we obtain also double points (that correspond to self
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touchings of the curve after at least m > 0 time).

Moreover, from topological considerations, we obtain at the end of a m-macroscopic
excursion of the unique strong solution of the Squared Bessel process, a closed large
bubble’ of the backward SLE trace formed from the outer boundary of a portion of
the curve, where t(w) is the beginning of a large excursion that collects the self in-
tersections of the backward SLE, trace with itself and with real line, that happened
on [t(w),t(w) + m). In contrast with the forward flow approach, this approach not
only recovers the phase transition in the behavior of the SLE, traces, but also it

provides structural information about the backward SLE, traces.

The same analysis holds also for the solution to the SDE (4.6.2). When driving
them simultaneously with B;(w) and —B;(w) we obtain the complete picture of the

evolution of the backward Loewner hulls in C \ [0, c0).

Brownian motion and the behavior of the SLE, trace for x € (4,0).

In addition, this analysis also offers a possible answer to the question: what
pathwise properties of the Brownian motion influence the behavior of the backward
SLE, trace? The previous analysis suggests that the classes of points along a
Brownian driver that allow the process to escape the origin (and to further reflect
at the origin), give the possibility of the non-simpleness of the backward SLE,
traces for k > 4. Compared with the case when the parameter s € [0, 4], where the
solution along the positive real line is stuck at the origin, in the case k € (4, 00)
there is a unique notion of strong solution along the real line. Equivalently, when
the parameter x € [0,4] is not large enough to allow the solution of the backward

Bessel SDE to escape the origin, there is no solution along the real line.

In general, the change in behavior of the backward Bessel process started from
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the origin, gives also the following additional information: the collection of points
that represent the beginning of macroscopic excursions of the real Bessel process of
dimensions d € (0, 1) that is obtained from the extensions of the conformal maps to
the real line, give also the formation of macroscopic bubbles for the backward SLE,

hulls.

5



Chapter 5

Continuity in x of the welding
homeomorphism and of the SLE,

traces

Overview

We prove that for £ € (0,4] the welding homeomorphism of the real line in-
duced by the backward Loewner differential equation when driven by \/kB; is a.s.
sequentially continuous in x for k € (0,4], everywhere except at most countably
many points on the real axis. The proof uses properties of the real Bessel process
obtained from the continuous extension of the family of conformal maps satisfying
the backward Loewner differential equation on the real line, such as the Lamperti
relation, and the monotonicity of the drifts. For k € R, \ {8}, we also give a proof
for the sequential continuity of SLE, traces and the algorithm that simulates them.
The sequential continuity for x € [0,8(2 — v/3)) is not a new result, however the

technique to show this is new (and works for all k # 8). A byproduct of this analysis
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and of this new technique is the sequential continuity of the traces generated by an

algorithm that we will present in the last section.

5.1 Introduction

Given a dynamical system that depends on parameters, a natural question to be
addressed is the continuity of the outputs of that system in its parameters. We in-
vestigate the continuity in the parameter x of a natural random function associated
with the backward Loewner differential equation: the conformal welding homeomor-
phism for x € (0,4]. We further investigate the continuity in the parameter x of
the SLE, traces and of the algorithm that generates them for x € RY \ {8}. We
emphasize that whenever we refer to the sequential continuity of the traces and the

algorithm that generates them throughout this chapter, we consider x € R \ {8}.

The chapter is divided in several parts. In the first section we introduce versions
of Loewner differential equations that we work with and we state the main results.
In the second one, we provide as in [41] the setting for studying the extensions of
the maps in the backward Loewner differential equation. In the third section we
introduce the setting needed for the proof of the result. Next, we present a heuristic
illustrating the pointwise convergence of the welding homeomorphisms induced on
the real line by the backward SLE,, and in the final section we give a complete
proof of this result using known results about Bessel processes which we use as a

priori information in our analysis.
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5.2 Preliminaries and main result

In this chapter, we work with the time reversal differential equation (backward)

version for chordal SLFE, in the upper half-plane

—2

Ot 2) = G = /B

h(0,2) =2, =ze€H. (5.2.1)

Given the Loewner differential equation, the conformal welding homeomorphism
is a homeomorphism of intervals of the real line given by the following rule: two
points x and y situated at different sides of the origin are to be identified if they
hit zero simultaneously under the backward Loewner differential equation when
coupled with the same Brownian motion. The conformal welding homeomorphism
induced by the backward SLE, for k < 4 was studied in [41] and [46]. In [41] it is
proved that the backward SLE, trace 3(t) exists and that is a continuous function
of t € [0,7]. We use the notation 3(0,77] to denote the backward Loewner trace on
the interval (0,7 and (0, 7] to denote the forward Loewner trace on the interval
(0,T]. The proof uses that the backward Loewner differential equation is driven by
VE(Br — Br_,) for r € [0,T] and that /k(Br — Br_,) has the same distribution
as \/kB;. Moreover, 5(0,T] — +/kBr has the same distribution as (0, T], where
v(0,T7] is the forward SLE, trace. Thus, one can use the backward SLE, traces
to study the SLE, curves. In particular, for x € (0, 4], the backward SLE, trace
B(t) is a simple curve for almost every Brownian driver. In this case, under the
backward Loewner flow on the real line, points from opposite sides of the singularity
hit the origin and afterwards get mapped to the simple trace 3(t) for almost every
Brownian path. Note that so far we have considered finite time intervals, and

consequently the welding homeomorphism is defined on finite intervals of the real
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line. However, in [41] it is proved that the backward Loewner differential equation
induces a conformal welding homeomorphism on the whole real line as well. This
corresponds to allowing the hitting time of the origin under backward Loewner flow
on the real line to be T' = oco. In this chapter, we take the same perspective and
study the welding homeomorphism induced by the backward Loewner differential
equation on the whole real line.

We prove that for k; — k € (0, 4] the welding homeomorphism, which we denote
by ¢"(x,w), converges a.s. pointwise everywhere except at most countably many
points on the real axis.

We are ready to present our main result.

Theorem 5.2.1. The welding homeomorphism on the real line induced by the back-
ward Loewner differential equation driven by \/kBy is sequentially continuous in K,
for k € (0,4], a.s., everywhere except at most countably many points on the real

axis.

Remark 5.2.2. We emphasize that by sequentially continuous in x, we mean the
following;:

Given a sequence k; — K, there is a nullset that depends on this sequence,
outside of which the welding homeomorphism converges pointwise everwhere except

at most countably many points on the real axis.

5.3 The setting needed for the proof of Theorem 5.2.1

Let F; = 0(Bs, s € [0,t]) and let us consider the probability space (2, F;, Pg), where
Pg denotes the Wiener measure. The conformal maps h;(z) satisfying (5.2.1) can be

continuously extended to the boundary with probability one. In what follows next,
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we work with these extensions to the real line of the mappings h;(z). By performing

the shift Z,(x) := Mw, we obtain

)
47, = Z/“dt +dB,,
t (5.3.1)

ZOZ.%'GR*

Note that the nullsets of the Brownian paths outside of which the SLE, exists and
hi(z) is continuous up to the boundary, depend on .

In what follows we consider the Bessel processes of various dimensions to be
functions of the Brownian motion driver.

Thus, in our analysis, we naturally obtain the following coupling: we drive the
backward Loewner differential equation with the same Brownian motion as the

solutions to the Bessel SDE (5.3.1) on the real line.

5.4 Proof of the Theorem 5.2.1

The techniques needed for the proof of the (sequential) continuity in x of the welding
homeomorphisms in the parameter s, for k € (0, 4] are borrowed from the conformal
welding framework that is developed in [41], [46]. The analysis is divided into several
steps. In the following, we present the heuristics of the argument along with a

detailed list of techniques used in the proof of the result.

Heuristics of the argument and details on the techniques used in the proof.

» An important element is the Lamperti relation (that can be found in [39] or
in [19]). It states that the first hitting time of zero by a Bessel process has a

certain integral representation. In particular, this gives that for the first hitting
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=
8
]

time of zero of a Bessel process of dimension d = d(k) we have TF = *—
where Z_,,,) is a Gamma random variable with index p(x) which is an explicit

continuous function of .

» Another useful tool in the proof is the following order of the hitting times of
zero for a fixed sample path of the Brownian motion driver. Let us consider
Bessel processes driven by the same sample path of the Brownian motion.
Using that the drift depends monotonically on the dimension, we obtain that
for a fixed starting point one of the processes (the one with smaller value of the
drift) will hit the origin before the other processes with different drifts, a.s..
Thus, in the coupled picture that we consider, we will get that for k; < ko and
any zo € R we have T! < T2 for k1 < k2 a.s.. We want to understand how
these stopping times depend on x for fixed zy € R. For this, we consider the
Laplace transforms of these hitting times. We further use that if 7}, i € N,

(d)

are coupled random variables, such that T} — T as k; — k and T2 2 TF

or Tt (T

0’

then T — T | a.s..

xTo?
Proof of Theorem 5.2.1. We first introduce a probabilistic version of Lemma 3

from [31].

Lemma 5.4.1. For any x € (0,4], with probability one, there are no two points

0 <z <y or0>x9 >y such thatT;fO:T;).

Proof. Let us consider the starting points 0 < xg < 1. For all Brownian paths, the

function §(t) = y(t) — x(t) is increasing in ¢, since

o d y(t) — (1)
W) = =(0) = 20y = JRB(t) — VB
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Thus, with probability one there are no two points at the same side of the

singularity that can hit the origin in the same time. O

Combining the previous lemma with the existence of the welding homeomor-
phism, we obtain that when starting the backward Loewner differential equation
from any point zy > 0 on R, we obtain only one point on the negative real axis that
will hit simultaneously with xy > 0, for almost every Brownian path.

Let us fix a point z > 0 and a parameter x € [0,4). Let us start the reverse
backward Loewner differential equation from zy and consider it until the first hitting
time of the origin. We know that the dynamics of the reverse Loewner equation
restricted to the real line is given by the Bessel SDE for dimensions d(k) = 1 — %.
We recall that we consider some x € (0, 4] that corresponds to d(x) < 0. We consider
a family of Bessel processes with indices x; € (0,4], i € N, that are coupled with
the same Brownian paths.

Let us consider a fixed value k € (0, 4] and a sequence of parameters ; — K, as
1 — 00.

The next lemma is a result about the ordering of hitting times for the Bessel
process for the same starting point, same drivers and sequence of different param-
eters. The argument uses that the time of hitting zero is finite a.s. for dimension
d =0 (i.e. kK =4) in case of the real Bessel processes. Moreover, since the drift for
smaller values is a smaller negative number, then if the Bessel process of dimension
d = 0 hits the origin in finite time, the process of lower dimension should hit in a
shorter time due to the ordering of the drifts (for more details, see [19]). Thus, the
hitting time of zero is finite, for x € (0,4] a.s.. In the following lemma, we use the
indexed notation Z;(z) for the solution of the SDE (5.3.1) on the real line in order

to keep track of the sequence of parameters ;. We know from [39], chapter XI,
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that for the SDE (5.3.1), for k € R, for almost every Brownian path there exists a

unique strong solution, until the first hitting time of zero.

Lemma 5.4.2. Let us consider Z{'(xq) to be a collection of Bessel processes started
from fixed xy > 0 coupled as above. Let (K;)ien be a strictly increasing sequence of
values inside (0,4]. Then for all starting points xo > 0, it holds with probability one

that T < Tag for any i < j.

Proof. Let a(k;) := =2, for any i € N. Let us consider the Bessel processes Z;"(z)

given as solutions to the SDE

Az = CL('Z?)dt +dB,,
Zt K

75 = x4 > 0. (5.4.1)

Let us consider the Bessel processes to be driven by the same collection of Brownian

paths. Since a(k;) = =2 we obtain that if x; < k;, then a(k;) < a(k;). Thus, using

the fact that the latter drift dominates, we obtain that for almost every Brownian

path 77 < Ty . O

In the natural coupling that we consider, by looking at the difference of these

hitting times, we obtain a random variable
0< [Ty — T ](w).

The Lamperti relation gives the law of the hitting time for a fixed value of

the parameter and for a fix starting point zy > 0. Thus, by Lamperti relation

4 _=

Tyl = m, where Z,,(.,) is a Gamma random variable with index p(x) that is an

explicit continuous function of k. For a fixed value of the starting point zo > 0,
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let us consider a sequence of Bessel processes with this starting point driven by
the same Brownian driver. Let us assume that the corresponding parameters x; lie
in [0,4] and k; converges to k. We split (k;);eny into two subsequences: k; — K
converging from below and k] — k converging from above. By the lemma above,
we have that

Ky K li:r
Toy <71, <Ty , as.

Taking the Laplace transforms (denoted by £) of these random variables, we obtain
the following
K. K ;{j_
LTS ) < L(TS) < L(TE).
Thus, using the convergence of the laws in the parameter k, we obtain via Lévy’s

continuity theorem that

lim £(T5 ) = £(T%).

Ri—K

The same holds for the sequence converging from below. Furthermore, we use that
if T, i € N, are coupled random variables such that as x; — &, T} @> TF  and

xo? o’

Ty /Ty or Tri N Ty, then T — T | as..

0 xo?
Note that since the value of x is chosen arbitrarily, this argument works for any
value k € (0,4].
The next ingredient that we need is Lemma 5.4.1. We use Lemma 5.4.1 to argue
that for any fixed value k;, there is only one point on the left side of the singularity

that will hit the origin in time 777 a.s.. We know from the above that the hitting

time is sequentially continuous in k; for fixed value of the starting point.

Note that since in our analysis we have as a driver the same collection of Brow-
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nian paths, the dynamics on the negative part of the real axis is given by

. =2
dXt — —~dt ‘I— ch
/th

Xo=10<0. (5.4.2)

Since X, is negative (until the first hitting time of zero), multiplying by —1 we
obtain the following SDE

-2
dXt - —dt - dBt,
KAy
Xo =129 > 0, (543)
with X, = —X,. Thus, the dynamics on the negative part of the real axis, when

coupling with the same Brownian drivers, is equivalent to a dynamics on the positive
side of the real axis with the driver —B; (that is still a Brownian motion). In
particular, the Lamperti relation that we have used for the positive part of the real
line, holds also for the dynamics on R_ .

Let us consider the backward Loewner flow starting from xq > 0 and driven
by\/kB; . Let us take a sequence k; — . In [41], there is a proof of the existence
of the welding homeomorphism for £ € (0,4]. The argument uses the existence of
the SLE, trace and the fact that the trace is simple a.s. for k € (0,4]. Thus, we
consider in our analysis welding homeomorphisms generated by the SLE, trace for

k€ (0,4].

Lemma 5.4.3 (Lemma 5 of [3]). Let X; be a Bessel process of dimension d = d(k) =
1— %, started from x > 0. Then, for any fired d < 2 and almost every Brownian

path, the hitting time of the origin TF(w) is continuous in x = 0.
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We will use this lemma for sequences of dimensions. Since the result gives an
a.s. continuity of the hitting times in the starting point for a fixed dimension, when
considering sequences of dimensions we obtain the same conclusion outside a dif-
ferent nullset formed by the countable union of both the nullsets outside of which
the processes are defined and the nullsets where the result of Lemma 5.4.3 holds.
Specifically, in our case we use this lemma for real Bessel processes of dimensions
d; = d(k;)) =1— %, i € N with d; < 2,Vi € N, that are (strong) solutions to the

real-valued SDE (5.3.1).

We also consider as an ingredient in our analysis the following theorem.

Theorem 5.4.4 (Dini’s Theorem). Let M be a compact topological space, and let us
consider monotonic sequence of continuous functions f, : M — R which converge

pointwise to a continuous function f : M — R. Then this convergence is uniform.
The final step needed in the proof is the following lemma.

Lemma 5.4.5. Let us consider an increasing sequence of real parameters k; — Kk
with 0 < k; < 4. Let us consider a sequence of Bessel processes of dimension
d=d(k;)=1-— %_, with the same starting point xo > 0. For almost every Brownian
motion, we can define y;(w) < 0 such that T} (w) = Ty (w).

Then, for almost every Brownian path, we can find a convergent subsequence

Ym, (W) = Y(w). Moreover, we obtain that a.s.

T ) = Thw):

Ym,; (w)

Proof. For the sequence k; — k, we have a sequence of starting points to the left

of the origin y; = y;(w) such that Ty = Tr:. We claim that the sequence y; is
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a.s. bounded. For contradiction, let us assume that with positive probability the
sequence y; is not bounded. Then, with positive probability, we can find a sub-
sequence that is diverging to —oo. This is contradicting the fact that the hitting
times of the origin for y;(w) are bounded by T < T = T < +o0, almost surely,
by the monotonicity of the drifts. Indeed, if with positive probability there exists a
divergent subsequence, then with positive probability the hitting times of the origin
for this subsequence would have T} — oo. In order to see this, we recall that the
@ y

Lamperti relation gives that 7)7 = 2=, where Z, is a Gamma random variable with

index depending on x. Thus, for 7" < 400 as above, we have that on the subse-

quence y,,, — 00, it holds that P (T;m‘ > T) =P (yZ L> T) > (, contradicting the

fact that T)} =T < 400, almost surely.

Thus, the sequence y,, (w) is almost surely bounded. From Bolzano-Weierstrass

Theorem, we have a.s. a convergent subsequence ¥y, (w) — g(w).

In order to apply Dini’s Theorem for each Brownian path, we consider the split-
ting
Ty =17 < Ty =Ty | + [T, — T

In order to estimate the first term, we use Dini’s Theorem for the family of

functions

fily) ="1T,7.

Note that in order to apply Dini’s Theorem for each path of the Brownian driver, we
need that for almost every Brownian path the functions f;(y) are defined on a com-
pact set and are monotonically increasing continuous real valued functions that con-

verge pointwise to a continuous function. Indeed, by the Bolzano-Weierstrass argu-
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ment we can restrict for any j € N the functions f;(y) on compact sets {y1, y2, ..., U}
In this manner we obtain different compacts for each Brownian paths. All these sets
are compact sets since for almost every Brownian path they are closed (they contain
only countably many points) and bounded (by Bolzano-Weierstrass). By Heine-
Borel Theorem we obtain that the functions are indeed defined on compacts for
almost every Brownian path. Moreover, they are monotonically increasing a.s. by

the ordering of the drifts and they are a.s. continuous at each point by Lemma

5.4.3.

Using the result from Lemma 5.4.3, we have that T}" and T/} are a.s. sequentially

continuous real valued functions at .

We have that

]T”Z — ”| < sup |T;Z — T;]
ye{y1,y2,..,J}

From Dini’s Theorem, we know that Jig(x,w, ) > 0 such that for all ¢ > i,

sup [T =T <¢
y€{y1,y2,-.4}

For the second term, we estimate using the sequential continuity in parameter
y; for a fixed k € (0,4], as implied by Lemma 5.4.3. From this, we obtain that for
almost all Brownian paths there exists an index i1 = i1(w, k) > 0 such that for all
i >y, Ty, — TF| < /2. Taking (7o, w) = max(io(zo, w, k), i1(w, £)) We obtain the
desired conclusion.

By applying Lemma 5.4.5 together with Lemma 5.4.1, we obtain that a.s. g(w)
is the unique point with this value of the hitting time. Indeed, otherwise we would
have two points on the same side of the singularity that will hit the origin in the

simultaneously, contradicting Lemma 5.4.1.
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Note that for any other sequence K; — k, we obtain a converging subsequence in
the same manner as described before using Bolzano-Weierstrass Theorem for almost
every Brownian path. Using the sequential continuity in both variables proved in
Lemma 5.4.5 along with Lemma 5.4.1, we prove that for almost every Brownian path

all the subsequences have the unique limit §(w) (which depends on the path). [

Performing the same analysis for a countable collection of starting points we
obtain the point-wise convergence argument on a dense set of points on the real
line. Since the functions 777" are monotonic in y a.s. for all 4, and since the limit 7’
is also monotone, we obtain that they have at most countably many discontinuities.
Moreover, since T!Zj — 1 on a countable set of points y; and by monotonicity of
the functions, we have that

Iy STp < Ty

for y,, — y from below and y,, — y from above. Thus, we have that

Tr = jli_)ngo nll_r}loo T, < hjm_) gjlf T;ﬁ < ligri> s(.)gp T ;j < ]lggo nh_}rgo T;f =17,
at points of continuity of 7). We have the desired conclusion on the set of continuity
points of 7T, a.s.. Since the function is monotone, the set of discontinuities is at
most countable.

Note that in our analysis we used a.s. properties of the Bessel processes. In
several steps of the proof we considered only countably many changes in either the
starting point or the dimension of the process. Thus, the previous estimates hold
outside a countable union of nullsets that remain a nullset.

Thus, outside the nullset that is the countable union of all the nullsets where the

backward SLE,, traces are defined for (k;);en, along with the nullsets corresponding
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to the analysis of the Bessel processes described in the previous paragraph, we obtain
the point-wise convergence of the welding homeomorphism at the value € (0, 4].
Finally, since this value of x was chosen arbitrarily, we obtain the almost sure point-
wise convergence of the welding homeomorphism induced by the backward SLE,

for k € (0,4].

5.5 On the sequential continuity of the SLFE, traces for
x € R* \ {8} and stability in ~ of an approximation
algorithm for these traces

We give a proof of the sequential continuity of the SLE, traces in « for k € R’ \ {8}
along some sequences that respect a technical condition. The proof is based on
the algorithm introduced in [53]. We consider k # 0 and k # 8, to avoid some
technical difficulties with some derivative estimate on the SLE maps that we use
in our analysis. We also prove the stability of this algorithm in the parameter  for
r € R\ {8}, in the sense that we show that when interpolating /k1B; and /K2 B;
with k1 and ko close to each other, the curves generated by the algorithm are close
in the sup-norm.

The continuity of the SLE, is proven in [56] using direct methods from differen-
tial equations to estimate the difference between the SLE, traces as the parameter
K € [0,8(2 — +/3)) is varied. In this section we show a sequential continuity result
using the approximation of the Brownian drivers with square root interpolations at
fixed time steps for all values of x € R% \ {8}.

A byproduct of this analysis is that the algorithm designed in [53] is a.s. sequen-

tially continuous (along the sequences that respect the technical condition) in &, for
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ke R:\ {8}

The algorithm is based on square root interpolation of the Brownian driver.
More precisely, when the backward Loewner differential equation is driven by a real
valued function of the form A(f) = ¢/t + d with some real constants ¢ and d, one

can solve the Loewner equation explicitly (see [21]) and obtain the solution
o -« o ol
-1
= 2 —_— -2 —_— .
g7 (2 + A1) (z+ Vit 1_@) (z Vit 1_@) +d

Moreover, the Loewner equation driven by this function generates a trace that is a
straight segment in the upper half-plane starting at d € R and that makes an angle

am with the positive real axis where

c

1
5\/16—1-02'

1
a= -
2
In the algorithm, we consider a fixed time step partition of the interval [0, 1], ¢, = %
for 0 < k < n. Then Loewner equation is solved with the driving function A(t + t;)
for 0 <t < % The algorithm is designed to approximate the driving function
A(t) in the forward Loewner differential equation by A™(¢). The function A™(t) is

chosen such that it has the same values as A(t) at t;. Formally, A" is defined as

AM(t) = Vn(A(trer) — Ae))VE =t + Ate) on [ty tiia].

The explicit mappings obtained on each element of the partition are then com-
posed with each other and the resulting trace is compared with the SLFE, trace. The
choice of this particular interpolation of the Brownian driver is motivated by the

fact that the equation can be resolved explicitly on each element of the partition.
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Definition 5.5.1. A function ¢(z) : R — R is a sub-power function, if for any v > 0,

lim z77¢(xz) =0.

T—00

We recall from the introduction that we use the paramatrization by capacity of
the SLE curves, i.e. the parametrization in which hcap(K;) = 2t. In this section,

we prove the following result.

Theorem 5.5.2. Let k € R\ {8}. Let us consider k,, — k, such that |k, — K| <
&\/%), as n — oo, for ¢ : R — R a sub-power function. The SLE,, traces on
finite time intervals, parametrized by capacity , are a.s converging to SLE,, for
k€ RY\ {8}, with respect to the sup-norm. Moreover, the curves generated by

the square-root interpolation algorithm described in the introduction are sequentially

continuous along the sequences that respect the technical condition above, in k for

k€ RY\ {8}, as.

Remark 5.5.3. Since we are interested in the sequential continuity of the traces
only, all the properties and estimates related with the SLE, traces that hold with
probability one, for fixed x € R’ \ {8}, will remain true with probability one outside
the nullset formed from the union of the nullsets obtained when considering the
sequence k,, — k. Note that the union of nullsets depends on the sequence.

Since the driver is a \/kBy, the subpower function that appears in the statement of
the main result can be tracked through the analysis as in [53]. Following the proof,

we obtain a subpower function of the form cy/logn” for some constants ¢ and ¢.

An essential result that we use is Theorem 2.2 from [53]. The result is a sup-
norm convergence of the approximated trace to the trace generated by the Loewner

differential equation driven by a weakly 1/2-Holder driver. We emphasize that

92



the result is a deterministic result that holds for driving functions U; and maps
that respect some assumptions. We show at the end of this section that the these

assumptions hold a.s. for the SLFE, maps and driver.

Let us first introduce a list of k dependent parameters: Let —oco <1 < 7. := %+

and let 5 = f(r,k) = =1+ —=2—. For r; = 4(—2+ /8 + k)/k we have

d4+Kk—rK"

K

6+(T+7H) = 6-"—(’{) = -1+ 12 + r — 4m

Note that r, < r. and

K

+ <
12+ Kk — 48+ K p

By =— (re) = 1.

Definition 5.5.4. A function X is called weakly Holder-1/2 if there exists a subpower

function ¢ such that

0sc(A,0) :=sup{|\(t) — \(s)| : s,t € [0,1], ]t — s| <} < Vo (%)

for all 6 > 0.

Theorem 5.5.5 (Theorem 2.2. of [53]). Suppose the driving function of the Loewner
chain g,(z) is weakly Hélder-1/2 with sub-power function ¢ and suppose that for
fi(2) = g7 (2), the estimate |f!(iy)| < coy™® is satisfied for y < yo. Then, the
curve generated by the Loewner equation can be approximated by the curves obtained
by interpolating with square-root functions the Brownian driver, in the sense that

there exists a sub-power function gzg(n) that depends on ¢, co and (8, such that for all
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n> y—% and t € [0, 1] we have that

o(n)
0V

EOERIGIES

where y™ s the curve generated in the algorithm described on the previous page.

Proof of Theorem 5.5.2. Throughout this section, the precise subpower function
that we use is changing from line to line. We do not track these changes in or-
der to not burden the reader, since in our analysis all that is needed is that this is

a subpower function.

Let us consider (£,)nen , such that k, — x, with & € R \ {8}. Let us define the

following subsets of H as in [53].

o) 1 C }.

Auco={a+iy e i ja < 2

Vi o) S0

We also consider the following two lemmas from [53] as well as the following

proposition from [54] that we use for sequences of parameters k, — k, with x €

R {8}

Lemma 5.5.6 (Lemma 3.2 of [53]). There exists a subpower function 1 depending
only on ¢,co and [ such that form > 1 and 0 < k < n — 1, there exists s € [0, %]

such that vy (s) € A, 53 4-

The estimate |(fF) (yo)| < c(w)y?*) with 3(k) < 1, V& # 8 can be applied for a
sequence k,, such that x,, — , with x € R* \ {8}. In this way, we have the estimates
on SLE, traces for values k, (with different subpower functions that depend on

Kn) outside U, N,

94



Lemma 5.5.7 (Lemma 3.3 of [53]). There exists a subpower function U depending
only on ¢,co and B such that i (r) is in the box A, 5 55 forn>1,0<k<n—1

and r € [+, 2].

This lemma is applied to the trace obtained when approximating the SLFE, trace

for the fixed value k.

Proposition 5.5.8 (Proposition 3.8 of [54]). Let (g¢) be a Loewner chain with the

driver \(t) that satsfies the conditions
> 0sc(A;0) = sup{|A(t) = A(s)] : 5.t € [0, 1], [t — 5] < 6} < V6(1/d).
> | fl(iy)| < coy™® for all 0 <y <o, t € [0,1].

Then, there exists a subpower function ¢i such that if 0 < t < t+s < 1 and

s € [0,9?%], we have that

[yt +5) =) < <—> ——y'’ (5.5.1)

for 0 < s <y? <ol

Recall that we consider a sequence k, — k such that |k, — K| < %, with
k€ RY\ {8}

We have that

[y () — A ()] < [y () = v ()] + [ (t) =" (@#)], (5.5.2)

where ~"(t) is the trace obtained form interpolating with square root terms the
driver \/kB;. The last term in the inequality is estimated by Theorem 5.5.5. For

the first term, let z = 7% (s),w = v*"(r). We estimate, for r € [1 2]

n’n
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(5 4 ) = 7+ )] < 4 (2) = 1 ()] 4+ [, () = 57 (w)] (5.5.3)

We apply the previous Lemmas 5.5.6 and 5.5.7 for sequences x,, — « that respect
our technical condition. The sizes of the boxes depend on k,, via the dependence of
the subpower function that we choose on = (k,,) and on ¢ (that depends also on
Kn, since the driver is \/li_nBt). However, since the constant ¢ = 2V/2 is fixed, the
upper level of the boxes remains the same as we consider x,, — &, only their width
and lower level changes.

We consider k,, — x by choosing for each n the largest box that contains both
points z and w in order to estimate the hyperbolic distance between them, i.e. we
make use of the fact that the upper height of the boxes coincides and we work on
Ay o g () With E(kn) = max(¢(ky), ¥(k)). This is a dynamical version (as we vary
the index n) of the analysis in [53] that is performed for fixed x. For each fixed n,
the estimates work in the same manner.

As in [53], we estimate the first term in (5.5.3) using

[ (2) = f ()] < (2Imz)|(f) (2)] exp (A pyp (2, w)),

where dy jyp (2, w) = Arccosh (1 + ﬂ) .

2Im zImw

For a generic point u = x+1y, we use the almost sure estimate that holds outside

of Uy, Nfn.

[(frm) (2)] < elw, ka)y P

For the second term along with these estimates, we use Lemma 2.3 of [56]. For
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this we estimate the distance ¢ between the two driving terms: the square root

interpolation of the \/kB; and /K, B; with

AR (t) — VEnBi| < AU (t) — VEB| 4+ VKB — \/En Byl .

Thus, by considering an appropriate mesh of the interval where s takes values

in, we obtain, combining the estimates with the ones in [53], that

) = VR < S v s (5 < 2 2,

The next result that we use is the following lemma that appeared in [56].

Lemma 5.5.9 (Lemma 2.3 of [56]). Let 0 < T < co. Suppose that for t € [0,T], f
and ft(2) satisfy the backward Loewner differential equation with drivers Wt(l) and

Wt(g) . Suppose that € = supse[o,T”Ws(l) — Ws(2)|. Then, if u =z + 1y € H, then

(1)y! (2)y/
D) - £ )] < < exp [1 llog ny|<ny QI ITy|<f:; "l 4 g log 17” |

where I, = /4T + y2.

Thus, in our case this gives that

o ) " ()] < e oxp [; lloghk,ng) () Ll : ") (w)

Itkvy
y )

. n 2 2¢(n
where [, , = /4t +y? with € = sup,c(o,) [Ai(t) — VEaB| < ¢—n) + c%.
These estimates are used for points inside the boxes A, 4. Thus, for y = Imu €

[ 1 2v2
Vne(n)?

2] we have that

<

t;y < 2V2vng(n),
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for ¢(n) some sub-power function of n. We use the estimates

() ()] < ey ™0 < o)) /™)

and

(/5" (w)] < C(L/y +1) < 2C¢(n)v/n

Note that the second estimate holds true for any conformal map of H. Combining

these estimates, we obtain that

o w) — 2 (w)] < <1+c>f/

¢(n)

1+ B(kn)
2

log(cg(n)v/n) + log log 2v/2n¢(n)

(5.5.4)

Thus, using the lemmas before for the sequence of parameters x,, we obtain that

O (n) ¢(”)
|7 (s 4+ t) — ™" (r + tr)| < — + )
nl /B(H'ﬂ) \/ﬁl_ / 1+52('€n)

(5.5.5)

for all r € [%, %] Using Proposition 5.5.8, for the sequence of parameters k, we

obtain that

$a(n)
\/51*\/7%‘“”)'

17" (s + k) — ™" (r + )| < (5.5.6)

for all 7 € [ty41, tr42) and 0 < k < n — 2 and hence for all r € [0, 1].
In order to estimate the first term in (5.5.2), i.e. the term |y*(t) — y*"(t)|, we

consider the following estimate from [54].

Proposition 5.5.10 (Proposition 4.2 in [54]). Let 5 = B(k) < 1 for k # 8. Suppose
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B > max{0, 5.} where 5, is an explicit quadratic function of k. With probability

one, there exists yo(w) > 0, such that for allt € [0,1] and all y < yo,

[fGy)| <y (5.5.7)

This implies that for constants c¢3 and ¢4, 3 depending on «,

oo 22m

P c—1m 'm C3
Z ZP [’f(j—l)f?m(ﬂ )| =20 < omer” (5.5.8)

m=n j=1

As in [53], this implies (via the change 2™ — \/m), that there exists ¢; > 0 and
B € (p',1) such that

N 1
P|f (iy)) <y? forall 0<y < ——.t€[0,1]| >1— -2

v (5.5.9)

n64/2 :

Note that the estimate (5.5.9) holds for fixed value of the parameter k. A weaker
form of this estimate along with the modulus of continuity of Brownian motion is
used in order to prove the existence of the SLE,, trace for fixed value of k # 8 in [44].
Taking the limit n — oo, the estimate holds outside of a nullset that depends on
the fixed value k. Thus, the estimate in (5.5.9) implies the existence of the SLE,

trace outside of a nullset that depends on k.

Thus, we can use the estimate

c3(Kn)

- s 1
P ||f,(iy)] <y~ forall 0 <y < —= € [0,1]] > 1 - 0w

vn

(5.5.10)

Moreover, it follows from [26] that there exists constants ¢; (depending on k) and
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¢y such that

1 1
PF%“&Bh—)ZQ (%mlgf%, (5.5.11)
m m n
Using (5.5.6), we obtain the following estimate for
]' C7 n n
P (7 =" lp 00 < _collogm)” %for al m>n| >1- (CQ(Z ) ngf )32) .
\/ml_ +B2(~n) n ncalkn

In [53] it is proved the following result about the SLE, trace y(t) for a generic
fixed k.

foral m>=n| >1-—

Py @) = " (Olo,1,00 < D) nes

Y

where the constants ¢y, o, c3 and ¢4 depend on k. We use this to estimate the second
term in (5.5.2), i.e. the term |y"*"(t) — 7" (¢)].

By letting n — oo we obtain the desired conclusion.

The sequential continuity in x for k # 8 of the curves generated by the algorithm

is obtained by estimating

e, (8) =" (O] < ") =" (O] + [V () =y (O + ™ (8) =2, @) (5.5.12)

The first and the last term can be directly estimated using Theorem 5.5.5, since
these are terms that compare the SLE,,, and SLE, traces with the corresponding
approximated traces. The middle term is estimated using the analysis performed in

the proof so far, and the conclusion follows.
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Remark 5.5.11. The algorithm uses estimates on the derivative of the conformal
maps. We remark that the derivative of the composition of the conformal maps
obtained when solving Loewner equation on each element of the partition of the
time interval [tg,tr41] (Where ¢, = %, 0 < k < n) with e/t + d with ¢, d € R,
is not easy to estimate directly. That is why we used in our proof the Rohde-
Schramm estimate on the derivative of the Loewner map : |(f#)(yo)| < c(w)y#*)

with (k) < 1, Vk # 8. This estimate is obtained in [44].
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Chapter 6

Explicit stationary measure and
Skorokhod Embedding type problem
for the backward SLE, flow

Overview

We study a one-dimensional SDE that we obtain by performing a random time
change of the backward Loewner dynamics in H. The stationary measure for this
SDE has a closed-form expression. We show the convergence towards its stationary
measure for this SDE, in the sense of random ergodic averages. The precise formula
of the density of the stationary law gives a phase transition at the value x = 8 from
integrability to non-integrability, that happens at the same value of x as the change
in behavior of the SLE, trace from non-space filling to space-filling curve. Using
convergence in total variation for the law of this diffusion towards stationarity, we
identify families of random times on which the law of the arguments of points under

the backward SLE, flow converge to a closed form expression measure. For k = 4,
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this gives precise characterization for the random times on which the law of the

arguments of points under the backward SLFE, flow converge to the uniform law.

6.1 Introduction

In this chapter we consider a time change of the backward differential equation.
The main reason for doing this is that when considering the backward Loewner dif-
ferential equation in the upper half-plane and investigating its real and imaginary
dynamics, we obtain naturally a system of coupled differential equations. These
systems are usually hard to analyze. The purpose of the work in this chapter is to
transform this coupled system of equations by making use of techniques of Stochas-
tic Analysis into an one-dimensional radial-independent diffusion process that is
easier to analyze. In turn, the imaginary part of the backward Loewner differential
equation can be expressed in terms of this diffusion process making this approach a

veritable change of coordinates.

The chapter is divided into several sections. In the first part, we introduce
the basic notions that we use throughout. In the second section, we describe the
random time change of the backward Loewner differential equation that we use in
our analysis. In the third section, we build step by step the setting required to
investigate the problem and in the fourth section we adapt the convergence in the
sense of ergodic average for the SDE (4.2.3) to uniformly large random times in

order to conclude.
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6.2 A time change and the main result

We consider the probability space (€2, 0(Bs, s € [0,400)),P), where P denotes the
Wiener measure. On this space, we consider the standard Brownian motion B;.
Throughout the proof we use the Lévy’s characterization of Brownian motion for a
local martingale that we obtain in our analysis, in order to obtain a new Brownian
motion. Before going to the proof of the result in this section, we define a time
change of the (backward) Loewner differential equation that is going to be the

framework of study for our problem. First, we rewrite the equation

-2
h(t, 2) = VKB,

Oh(t, z) = h(0,2) =2, =ze€H, (6.2.1)

in the format

—2
dZt = —dt — \/EdBt, 20 € H, (622)

2t
where we make the identification z; = x; + iy, = hy(z) — /B, . Throughout this
chapter, we choose zy = i. Furthermore, we split this flow in the upper half-plane

into its real and imaginary components. This gives

—2.1315 2yt
ﬁdt - \/EdBt s dyt = 3

dflﬁt =
Ty +Y; Ty +y;

dt . (6.2.3)

We consider D; = x¢/y;. Applying 1t6’s formula for the function f(x,y) = %, we

obtain that

dB, 4D
ap, = VB st
Yt D

104



We study the random time change given by

_ *dt
) = [ %,
o Yi
Note that since yo = 1, and y; is a.s. increasing, we have that the function ¢ — dt/y?

is integrable. We consider also

cu) =1inf{t > 0: a(s) > u}. (6.2.4)
By setting
Y “ dBC T
B(u) = / 0 (6.2.5)
0 Yelr)

we obtain that T, defined as T, = D\;%‘),u > 0 satisfies the following stochastic

differential equation

T 8
T, = —4—"— B, . 2.
drT, 1+5T3du+d u (6.2.6)

The continuous local martingale B, has quadratic variation w. Thus, by Lévy’s
characterization, we obtain that B, is a Brownian motion. Thus, when perform-
ing this random time change we obtain a one-dimensional stochastic differential
equation. We emphasize that the filtration that we consider when performing the
random time change it is changing from F; ( the natural filtration of the standard
Brownian motion up to time ¢ € [0, +00)) to Fy), where @(t) is the random time
change described before.

We introduce next a list of useful definitions for the work in this chapter:

Definition 6.2.1 (Stationary distribution). Let X; be a one-dimensional Markov pro-
cess. A stationary distribution for X, is a probability distribution v on R such that
if Xo ~ 1, then Xy has distribution i for all t > 0.
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In particular, one can obtain from this definition that

d
SELF(X)|Xo ~ ] =0,

with f € L'(u), where p(dz) is the density of the stationary distribution of X.

Definition 6.2.2. For a one-dimensional diffusion Xy, let P, f(x) = E*[f(X})] be its
transition semigroup. A one-dimensional diffusion is said to converge strongly to

its stationary measure p if for any compact K € R, for f € L*(R) we have that

suprex|Pof () — p(f)] = 0, ast — oo, where u(f) = [5 f(y)u(dy).

The stationary distribution of a diffusion is obtained using the Kolmogorov for-

ward equation that we introduce next.

Definition 6.2.3 (Kolmogorov forward equation). Let CZ(R) be the space of differen-
tiable functions with continuous derivatives up to the second order and that vanish
at infinity. Let X; be a diffusion on R whose transition semigroup admits a density,

with generator

0/()
oy

+ b(y)

Let pi(x,y) be the density of the transition semigroup (i.e. the function p(z,y) in

P f(z) = E*[f(Xy)] = [ fWpe(z,y)dy, f € C§(R)). Then p(x,y) satisfies the

Kolmogorov forward equation

Opilr,y) _ Plawlpe,y)) | 00y)p(x,y))
ot oy Ay '

In order to compute the stationary distribution, we will consider the solution

Ope(x,y)

5~ = 0. Next, we intro-

pie(z,y) of the Kolmogorov forward equation for which

duce a special class of functions that will appear in our analysis.
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Definition 6.2.4. For z € D and for o, 3,y € C with vy not a nonpositive integer, the

hypergeometric function is defined as the following convergent series

Do) - ()r(B)r
2F1(a,5,’y,z)—1+;Wz,

where (+)y is the rising Pochhammer symbol, which is defined by:

1, if k=0,
(I = (6.2.7)

D(+k)
OB if k> 0.

Remark 6.2.5. It can be shown that for complex arguments z with |z| > 1 the func-
tion can be analytically continued along any path in the complex plane that avoids
the branching points 1 and infinity. These functions are extremely well studied

(see [28]).

Remark 6.2.6. Let us consider «, 3,7 as before. The hypergeometric functions

appear as solutions to the hypergeometric equations of the form

17

2(1=2)¢ (2) + [y = (a+ B+ 1)z]¢ (x) — aBé(z) =0 (6.2.8)

for z € C\ {1}.

In this section, we will study differential equations that are related with the hy-
pergeometric differential equations. The solutions of these equations can be written

in terms of hypergeometric functions.

We are now ready to state the main result.
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Theorem 6.2.7. For k > 0, let us consider the random time change

a(S,w)z/OS dt

i (W)’

where y; is the imaginary part of the chordal backward SLE,,. We consider the pro-

cess Ty, started with initial value Ty = 0 given by the stochastic differential equation

T 3
AT, = —A—"_du + dB, , 2
5 T2 u+ (6.2.9)

where B, is given by (6.2.5). Then, this process has a stationary distribution on
with density
p(T) = C (vT>+1)"""

where T € R and C' is a normalizing constant. Let us consider functions f € L'(u),

where p(dx) = (Hg%'

For k < 8, the process T,, converge in the sense of random ergodic averages towards

its stationary law, i.e.

a(S,w)
ol RGO Rt

S—o00

0

a.s., with respect to the Wiener measure.

Let (a,,) be a strictly increasing sequence such that a, — oo as n — oo. Moreover,

sn(w) = inf{t € [0,00) : /Ot@(w) - an}.

y2

let

Then for any bounded measurable function f € L for k < 8, we obtain

fletg(arg(hs, w) (i) = f(10,)
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FIGURE 6.2.1. The process T, is equivalent to a diffusion on the horizontal constant
height line y = 1 in H.

and as n — oo we have that the law of f(T,,) converges strongly to u(f), i.e.

fletg(arg(hs, @) (1)) = n(f).

Corollary 6.2.8. For k = 4, on the sequence of random times s,(w) the law of
the backward SLE, flow converges to the uniform distribution. Indeed, changing
the coordinates from cotangent of the argument to the argument, we obtain that the
density of the stationary measure can be written as dp(0) = ésin%_2(9)d9 , for some

normalizing constant C'.

Remark 6.2.9. From the definition of our process, we have that D.,) = T, and
Dgs = Tjys), where S is a deterministic time. Thus, we consider the format of
the random ergodic average as in the main theorem, in order to relate it with the

backward Loewner flow up to a fixed time.

Remark 6.2.10. We remark that there is a phase transition at the value xk = 8 in
terms of the integrability of the density of the stationary distribution of the process
T,, i.e. T, has stationary distribution that is a probability measure for all k < 8

and is not a probability measure for all kK > 8.

The proof of the main result is divided in several subsections. First, we prove a

useful lemma in the next section.
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6.3 Technical lemma

We recall that we start with

hi(i) = VB = (1) + (1) ,

Z((g ,for t € [0, 4+00).

By It6’s formula, we have that 2 (i) , as t varies in [0, 400), satisfies the SDE

and we consider the process D; =

Veye (i)
¢ (7)
gDy w At dB, (6.3.1)
yi(9) 145 (avt(n)Qy? Y
0]
Thus, we can rephrase (6.3.1) as before, to the following SDE

T .

dl, = —4 “ _du+dB
Ty = 0. (6.3.2)

The starting point of the diffusion is Ty = 0 since ho(i) =i .
We consider the following useful lemma that gives one of the properties of the

random time change (S, w) defined in the previous section.

Lemma 6.3.1. Let k > 0. The random time change u(S,w) is bounded from below,

for all S > 0, uniformly in w, by
K 45
(S, w) > —log (1+ =) .
i(s,) > S1og (142
Proof. Using the equation for the dynamics of g from the Loewner differential

110



equation, we obtain that 9[y:(2)?] = 2uy:(2)0yye(z) = 2 w2l 2. Thus, we obtain

that

Y SY T —,

1.e.
dt dt
=2 Ty
Yi (yo + 475/&)

By integrating up to time .S, we obtain that

/Sﬁ>/s—dt —Elog(l—f—ﬁ)
o v2 o WE+4t/k) 4 Kyg)

6.4 The stationary measure of the diffusion process 7T,

In this section, we return to studying

T .
T, =—4 “ B, . 4.1
dT, 1—|—/€T3du+d " (6.4.1)

We recall that from Lemma 6.3.1, we obtain that @(S,w) > log(l + 4S/k), for
almost all realizations of the Brownian motion. In order to link the behavior of the
backward Loewner flow and the behavior of the law of solutions of the SDE (6.4.1),
we need to study (S, w) as S — oo. Thus, questions about the long term behavior
of the SDE (6.4.1) become natural. In this section, we show that there is an explicit

stationary law for the SDE (6.4.1).

The density of the stationary measure for the process T, can be obtained as
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a time-independent solution of the Kolmogorov forward equation (see Definition

6.2.3). For the process T, we obtain

1 AT (4 — 4KT?)

_//T +—/T +—

5 p(T) =0

The solution to the above equation process is

g 1 43 4/
p(T) = O\ T (kT2 +1) " 4R, (5,——;5;—T2/<;> +20, (kT?+1) 7"
K

where C] and Cy are constants to be chosen.

-

FIGURE 6.4.1. Solution of the Kolmogorov forward equation for 7T}, for C; = Cy =1 and
k=1.2.

We observe that the explicit solution contains a function of the form

B 1 43
T (kT2 + 1)k (= 2.2 12 )
(’f + ) 2 1(2) /{72a K

Next, we study the behavior of the Hypergeometric function near its singularities.

We use the following formula (see 15.3.7 in [1])
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oF1 (a,b,¢;2) = %(—z)“ o F (a,a —c+1l,a—b+1; %)
+ (_Z)b—§EZ);(?1:(Z§ o Iy (b, b—c+1,—a+b+1; %)

given that a — b & Z and z & (0, 1).

Since T' € R, we restrict the functions to real variables. Thus, we have that

oF (a,b,c;x) = EE;;T?E(;;(—:U)“ oF (a,a —c+1l,a—b+1, é)
+ ?EZ);(?E(Z; (—2)" o Fy (b, b—c+1,—a+b+1; é) . (6.4.2)

For b — a a nonnegative integer, doing the interchange a with b and keeping for

simplicity the notation b = a + n, we have that (see 15.3.13 in [1])

—2) Z(a)un—k—1)
oF1 (a,b,¢;2) = (=2) g(kl)lli((c—a—k))z b

Z KI(k +n) |§ tf)a By (=D)F2 " (In(—2) + ¥(k,n,a)), (6.4.3)

where \If(kna) =Yk+1)+vk+n+1)—tYa+k+n)—tv(c—a—k—n)

and Y(z) = Z) , for z € C\ {0,—1,—-2,...}. The same holds when we restrict the
functions to real variables.

For a — b &€ Z, we apply the formula (6.4.2) for T — oo. Let us consider m = %.
Using the series representation of the hypergeometric function, we obtain that for a

function f(T') = Fi(3,—m,3; =T?k) as T — 0, we have that

i )kTQk
o Zk +1)
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In particular, the leading term is a constant. We use this and the formula (6.4.2) to

study the asymptotic behavior of f(T') as T' — oc.

Since in general for p,q in oF|(p,q,r;z) are critical exponents at infinity, the

asymptotic behavior as T' — oo of the function

1 3
f(T) = F1(§>—m, 5 —T?k)

depends if Rem > —% or Rem < —%. In our case, Rem =m = % > —=. Thus, as

1
2

T — oo, we obtain that

Finally, for x > 0, we have

_ 1 4 3 T
lim T (kT2 +1) " ok (= =2 2. 72 ) ~
e (I{ + ) I\ o & 1+ 8k’

and

_ 1 43 T
lim T (kT2 +1) Y F (2 -2 2. 272 ) ~ .
o <I€ T ) 201 (2’ k2’ 8 14 8k

Since we are searching for the solution that is a density of a probability distribution,
the first constant needs to be zero, since otherwise the solution will also contain

negative values.

For a — b € Z, we apply the formula (6.4.3) and as T' — —oo, we have that

?

: 2 —4/k 143 log(kT?) + C
Tl—lglooT(HT +1) 21 <2’ K2 Tﬁ) T 148k

where C' is a constant obtained from the formula (6.4.3). Thus, the constant C}

should be zero, since otherwise, as before, we obtain a negative solution that is not
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a probability density.
Finally, we obtain an integrable probability density on R for x € [0,8) that has

the form

p(T) = C (kT*+1)7""

-1
where C' = <fj;°(f<;T2 + 1)_4/"‘dT> .

FIGURE 6.4.2. The stationary measure for the process T, for k = 3.

Remark 6.4.1. Changing the coordinates from cotangent of the argument to the
argument, we obtain that the density of the stationary measure can be written as
dp(f) = C'sin=~2(0)dA . This function changes its behaviour at x = 4, being concave
for k < 4, while being convex for K > 4. At kK = 4 the function is constant. Thus,

for kK = 4, we obtain a uniform distribution on [0, 7].

08|
06}
04f

0.2+

I I I I I
0.5 1.0 15 2.0 2.5 3.0

FIGURE 6.4.3. Density of the stationary measure for the argument via change of variable
from the stationary measure of T}, for k = 2.3.
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FIGURE 6.4.4. Density of the stationary measure for the argument via change of variable
from the stationary measure of T}, for k = 4.5.

6.5 Proof of the main result

In this section, we give the proof of our main result. The analysis consists of two
parts. First, we use a result from [40] that gives convergence to the stationary
distribution of the laws of a one-dimensional diffusion as time goes to infinity, in the
sense of ergodic averages, for almost every Brownian path. We stress that this result
gives the convergence towards the stationary law for large deterministic times.

As in Chapter 4, we use that for a diffusion X, with drift 4 and variance o2, the

Y 2p(z)
n o2(2)

scale function can be computed via s(z) = ffo exp(— dz)dy, where xg, n are

points fixed (arbitrarily) in (a,b).

Definition 6.5.1. The function m(¢) = m is the density of the speed measure.

For the process T,, we obtain the following:

_ z —4/Kku T u 1422 1 2
S(Q?) — e 2[5 T2 du _ e8/nf0 Tha? du 64/Kf1 Tdl e4/nlog(1+:r ) — (1 + 272)4/K.

Using the definition of the speed measure we obtain that m(x) = W The first

result that we use is the following theorem, that gives the a.s. convergence of the
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ergodic averages up to a deterministic time. Using the previous computations, we

obtain that the process T, satisfies the conditions of Theorem 6.5.2 for k < 8.

Theorem 6.5.2 (Theorem 53.1, [40]). Let T be a recurrent diffusion on the real line
in natural scale, such that [, p(dx) < oo, where p(dx) is the stationary measure of
the diffusion, that is up to a constant equal to the speed measure. Let f € L'(u) and

f =0, Then
1 t a.s.
: / F(T)ds “%5 u(f),

ast — oo.

Proof of the first part of the main result. Let Z,(f) := 1 fou f(Ts)ds. By Theorem

T u

6.5.2, we have that for a.e. w and Ve > 0, IR(w) € R, such that

sup | Zu(w) — p(f)| < e
u>R(w)

Since the convergence in Theorem 6.5.2 hols a.s., we have the following: For almost
every sample w of the Brownian motion, the limit lim, ,~ Z, — u(f). Since this is
an a.s. result about the limit it holds on every sequence of times that goes to infinity.
Picking the times (S, w), we have that from Lemma 6.3.1, that a.s. a(S,w) — o0

as S — 00. Then a.s., Zygw) — p(f), as S — oo.
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6.6 The phase transition at x = 8 and the law of the

backward Loewner flow at asymptotic large times

In this section we show how stronger notions of convergence (convergence in total
variation norm) for Stochastic Differential Equations towards their stationary mea-
sure give information about the law of the backward SLE trace at certain times.
For k = 4, these times are exactly the times when the law of Arg(h(i) — v/kB;)
converges to the uniform distribution. This analysis is a Skorokhod type embedding
problem for the backward SLE, flow. In the setting of the Skorokhod Embedding
Problem, given a stochastic process and a fixed distribution, a stopping time should
be constructed in order to obtain the fixed distribution when evaluating the pro-
cess at those stopping times. In this section, we discuss a similar problem in the
context of Loewner differential equation. We show how to construct random times
on which the law of the argument of points under this flow converge to the uniform
law for Kk = 4. For more details on Skorokhod problems for other classical processes,
see [38]. Moreover, we show that this belongs to a general family of laws that are
obtained in the same manner for the SLE, trace for other values of k¥ < 8.

Let us consider the dynamics of the imaginary value of the backward Loewner
differential equation. The random time change that we study is a natural process
that is written in terms of the imaginary value of the backward Loewner flow.
Moreover, it is a stochastic process that is a.s. increasing. Thus, it is natural to
consider the hitting times of constant levels of this process.

For the diffusion process T, defined by the SDE (6.4.1) there are stronger con-
vergence results towards the stationary measure (at sequences of large deterministic

times) than the convergence in the sense of ergodic averages.
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We use the main result from [18], that we state below. Let us consider the

following solution of a one-dimensional SDE:
1 t
Xt =+ Bt — 5/ b(Xs)dS,
0

where b : R — R is a continuous function. When imposing conditions on the
behavior of the function b(x), we obtain various convergence results for the law of
the stochastic process X; towards its stationary measure in stronger senses than the
ergodic convergence.

It is proved in [18] that for one-dimensional diffusion processes, if |b(z)| ~ <

with C' > 1, as |z| — oo, then we have that there exists v > 0 and ¢, > 0 such that
for any compact set K, there exists C'(K) > 0 such that for any f € L> and t > o,

we have

sup | Pf(2) ~ p(f)] < CL) 1 e (6.6.1)

zeK

where P, is the transition semigroup of the one-dimensional diffusion X;.

Proof of the second part of Theorem 6.2.7. For the diffusion process T,, we meet

—4/kT
1+72

8/kT
1+7T72

and

the required conditions on the drift for k < 8 since the drift —%

8/kT
14772

N%With%>1,f0rli<8.

4
a, = log (l—i— _n> ,
K

For n € N let us define

and let us consider

o (w) = inf{t € [0,00) : /Ot 45 ) = an}.
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Thus, in our case, we take t = a,,, and from the Lemma 6.3.1, we have that

1
(log(1 +4n/k))

sup |, (F(12)) = ()] < CUR) ]| < C(K) 1 fllee

zeK

Thus, sup,cx |Pa, (f(TW)) — p(f)] = 0asn — oco.

Finally, in terms of the backward Loewner differential equation, since by defini-

tion 1,, = %, we obtain that as n — oo, on the random sequence s, (w), for
f € L*(R), the law of the limiting random variable lim,, ., f (%) converges

to the stationary law of the process T, that is explicitly computed. In particular,
on this sequence of times, we obtained the convergence in the total variation sense
towards the uniform distribution for kK = 4. Thus, this method provides us with
a solution to a Skorokhod type embedding problem for the backward Loewner dif-
ferential equation, in the sense that it identifies a sequence of random times along
the backward SLFE, flow started from yy = 1 on which the argument of points is
uniformly distributed for x = 4. In fact this is a closed-form expression family of
distributions that are recovered using the stationary law of the diffusion process T,

for Kk < 8. ]
Scaling and conjecture. Our main conjecture is the following:

Conjecture 6.6.1. For k < 8, the density of the law of the cotangent of the argument

of the tip of the SLE, trace at any fixed deterministic time is

Cdzx

p(dr) = W,

where C' is a normalizing constant.

The conjecture is supported also by the phase transition at x = 8 that we
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described in the previous sections. We use this section to describe the main strategy
to prove this conjecture in a future work.

We consider the scaling of the SLE, maps

h(i)
Vit

= hy(i/V'1) (6.6.2)

in distribution, as processes for ¢t € [0, +00).
We can recover the same identity in distribution as processes for the shifted map-

pings also:

hi(i) — kB, s
T—hl(l/\/g) \/_Bl

Since the SLFE, trace is defined a.s. with respect to the initial Wiener measure,
its tip is a well defined random variable. Then, the limit lim,_ ctg(arg(hy(i//1)))
exists for almost every Brownian motion and is therefore a well-defined random
variable.

Using that Im A, (0) > 0 a.s. (since the event that v, € R has zero probability),
along with the continuity of the cotangent and argument in C at z for |z| # 0, we

obtain that
Jlim ctg(arg(hi(i/ V1)) = ctg(arg( lim hi(i/V1))) = ctg(arg(h:(0))).  (6.6.3)

In order to study the distribution at a fixed capacity time ¢ of ctg(arg(hy(0))), we

use the scaling (6.6.2) along with the fact that the law of ctg(arg(ﬁt—\/(?)) is the same

as the law of the cotangent of ctg(arg(hy(i)). Thus, we can identify the distribution
of limy_,o ctg(arg(hy(i))) with the distribution of limy_,. ctg(arg(h(i/V/1))).

528 . We would like to use this pre-

In the previous parts of the chapter we studied
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vious work in order to prove the conjecture stated earlier. The limy_,oo ctg(arg(hy(i)))
does not exist a.s., however as a random variable we would like to show that its dis-

tribution converges to the stationary distribution of T, started from Ty = 0.

A possible strategy: analysis on the events E;; described in [54]. Let us consider

the following quantities r. = 1+24“ S A=T (1 + 2—111) — Z—Z , ¢ =X — 5, where a = %

Let us consider the following SDE that appears in [54].

dJ, = —r,tanh Jdt + dW; , J, = 0,

where W, is a standard Brownian motion.

bo2d
o cosh” Jg

Using [t6’s and Girsanov Theorems, in [54] it is proved that N; = e®te®t[cosh.J]"

Let

is a martingale satisfying dN; = r[tanh J;| N, dW, .
Let P, denote the probability measure obtained from P by weighting with the

martingale V;.

Let us consider the events E;; as in [54]. These events are are described in

Lemma 5.10 of [54].

Lemma 6.6.2 (Lemma 5.10 of [54]). For each l,t > 0, let E;; be the events that

following estimates hold for all 0 < s < t.

|Js| < llog(min{s+2,t —s+2}),

|Ls — s8] < 1V/slog(s +2)
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|Ly — Ls — (t —s)B] <1 < Vit —slog(t —s+2),

Then,
lim ing P.(E:;) =1.

l—o0 t>

One of the feature of the events is that they have probability one in the limit when
the parameter [ — oo, in the weighted measure. The whole analysis concerning
these events is done in Section 5 of [54] . We extract from this analysis the fact that

on these events we have the following estimates
e®eAoIE(S) oy nae < e (6.6.4)

where F'(s,t) =2 +min{s,t — s}.

Specifically, on these events under the measure P, we can control log(a(S,w))
via the control on Y2 (w) in (6.6.4). However, the estimates are not good enough
to control @(S,w). The upper bound in the estimate is true for any choice of driver
and is not specific to the Brownian driver. The main body of future work will be to
obtain a sharp upper bound in (6.6.4). If a better control in (6.6.4) such that @(S, w)
behaves asymptotically deterministic, then the stationary law of the process T, can
be identified with the law of the tip of the SLFE, trace at a fixed time. The result
will follow from the total variation convergence result for the diffusion 7). If this
conjecture turns out to be true, then we will create a new observable that can be
used to study further convergence of scaling limits of lattice models from Statistical

Physics to SLE, curves.
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Chapter 7

Loewner differential equation and

Rough Path Theory

7.1 Introduction

In this chapter we study the backward Loewner differential equation in H started
from zp € H with |2] = 0 > 0. We show that this differential equation is a
Rough Differential Equation and we establish the continuity of its solutions in the
p-variation topology. In addition, in a different direction, we study some features of
the truncated Taylor approximation series associated with the forward Loewner dif-
ferential equation obtained from extending the conformal maps to the real line. The
Stochastic Taylor approximation is a popular approximation technique for solutions
of stochastic differential equations. We refer the reader to [23] as well as [17].

For T' > 0, let us define Ar = {(s,1)|0 < s <t < T}. We collect all the iterated

integrals in the following way. We consider for
X :Ar = T((R))
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the collection of iterated integrals appearing in our approximation as

(5,8) = Xop = (LXL, ..., XB . xm )y eT((V)).

s s,t s,t)

We will show in the following section that the pair dX; = (dt,dB;) can be lifted to
a p-rough path for p > 2. We use the Ito lift as well as the geometric p-rough path

lift in order to define the iterated integrals.

7.2 The pair X; = (¢, B;) as a p-rough path for p > 2

In this section we show that the pair X; = (¢, By) can be lifted to a p-rough path
for p > 2 and moreover the lift is uniquely determined by the first two levels.
The main ingredient that we use is the Extension Theorem, Theorem 3.7 of [35],

that we state in the following.

Theorem 7.2.1 (Extension Theorem, Theorem 3.7 of [35]). Let p > 1 be a real
number and n > 1 be an integer. Let X : Ap — TW(V) be a multiplicative
functional with finite p-variation controlled by w. Assume that n > |p|. Then there
exists a unique extension of X to a multiplicative functional Ay — T'((V')) that
has finite p-variation, i.e. for every m = |p| + 1, there exists a unique continuous

function

X™: Ap — VET
such that (s,t) — Xgp = (1, X, ... ,XSLf;J, o X)) €T((V)), is a multiplica-

tive functional with finite p-variation controlled by the same w , i.e.

w(s, t)”

55

X5 < Vi>1, ¥(s,t) € Ar,
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with , = p* (1 IS (%2)“’?1) .

r=3
The metric || - || on T'((V)) is the projective norm defined for

xr = Z Arey € V®k
\T=k

via

el = [Adl.

=k

) i/

Thus, the bound [|X] || < w(;(’?),p, Vi > 1, V(s,t) € Ar, gives control on the sum
oY

of i-iterated integrals. In the last part, for the real numbers € > 0 and o > 0 we will

consider pairs s,t € [0,e%] and we will estimate the corresponding iterated integrals.

In order to check that the pair X; = (¢, B;) can be lifted to a p-rough path for
any p > 2, we have to check according to the definition, the algebraic identities
(Chen'’s relations) and the analytic bounds. The algebraic identities follow from Fu-
bini’s Theorem which Riemann-Stieltjes and It6 integrals satisfy. Since we consider
iterated integrals of a pair consisiting of a bounded variation path with some other
p-variation path for any p > 2 the algebraic requirements are straightforward. We
check the analytic bounds in the following. For the pair X; = (¢, B;), we have that
the second component has clearly finite p-variation for p > 2 since it is of bounded
variation. Using standard result in Rough Path Theory (see [17]) we have that B;

has finite p-variation for p = 2 4 ¢ for any ¢ > 0.

We show that there exists a control w(s,t) such that

' / / dB,, dus
s<ul<uz<t
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< C’gw(s,t)Q/p

'// duldBu2

s<ui<uz<t

‘ / / 4B, dB,,
s<ur<uz2<t

where C, Cy and C3 are a.s. finite random constants.

and

< Csw(s, t)?/P

Since the Brownian path is weakly 1/2-Holder continuous, we will take as a
control the function w(s,t) = (t — s). In particular, we know from standard prop-
erties of Brownian motion that it is of finite p-variation for p = 2 4 ¢ for any
g > 0. For any pair s,t € Ay, the first iterated integral has finite p/2-variation
since it is a Riemann-Stieltjes integral due to the fact that wus is of bounded vari-
ation. Moreover, the integral is controlled by w(s,t) = (t — s)*?, since we have
(t—s) = (t—s)*/P(t—s)'~2/7. For the second iterated integral, for any pair s, € Ap
we use the integration by parts for the Ito integrals. Since one of the terms is of

finite variation, the formula gives

t t
/ (ts — 8)dBy, = (t — ) By — / (Bu, — B.)dus. (7.2.1)
We further have that

/t(ug—s)dBw <|(t—s)B|+ /t(BuQ—Bs)dug (7.2.2)

The control for the second term in the right hand side of (7.2.2) is obtained as
in the previous case,since it is an example of a Riemann-Stieltjes integral bounded
by w(s,t) = (t — 5)?/P. The first term in the right hand side of (7.2.2) is bounded
directly by w(s,t) = (t—s)?/? using that (t—s) is a bounded variation function that in

particular has finite p-variation for any p > 2, since (t—s)B; < (t—s)%/?(t—s)'"?/?B,.
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Using that B; is an a.s. finite random variable, we obtain the required estimate.

For the last iterated integral, we obtain via direct computations

t
/ (B, — B;)dB,

< Cg(t — 8)2/p.

t
/ B,dB, — By(B, — B,)

2 2
Bt;BS—t;S—BSBtJng
B2 B? 2BB, t-—s
2 T2 22
(Bi— Bs)* t—s
2 2

The last inequality holds since |B; — B,| < Cw(s,t)/? and thus

|B, — B,|> < C%w(s, 1),

where C is a random constant that is a.s. finite. Finally, (t—s) < (t—s)l_% (t—s)%/P,

Taking

Em(w) == max(Cy(w)2, Cy(w)Y?, C5(w) Y2, Co(w), Cy (w)),

where Cp(w) and C(w) are the a.s. finite constants obtained by bounding the

increments of the path (¢, B;) at the first level, we define the control

wi(s,t) = cp(w)(t — s).

Note that the choice of the constants 3, and (%)! does not change the analysis.

Their choice is usually related with the fact that they simplify computations when

128

(7.2.3)



Extension Theorem is applied.

With the previous estimates and the choice of control w(s,t) = ¢, (w)(t — s),
we check the conditions of Theorem 7.2.1. In this manner, we obtain the unique Ito
lift up to any order n > 2 for the path X, = (¢, B,).

Note that using the It6 lift we do not obtain a geometric p-rough path. We use
this lift and the bounds on iterated integrals from the Extension Theorem when
we study the truncated Taylor approximation to the forward Loewner differential
equation extended to the real line, in the next section, where we apply the bounds

from the Extension Theorem for the time interval [0, £?] for the It6 iterated integrals

Of Xt = (t, Bt)

Remark 7.2.2 (Geometric Rough Path lift of X; = (¢, By)). When discussing conti-
nuity properties of the solutions to the backward Loewner differential equation with
respect to the parameter x, we need that the pair X; = (¢, B;) to be a geometric
rough path. Thus, we need to consider a different lift from the It6 one. Since ¢ is
of bounded variation, the pair X; is a Young pairing. Since B; is one-dimensional
Brownian motion, then there is a canonical lift to a geometric rough path (for higher
dimensions, it is shown in [49] that the Stratonovich lift of the Brownian motion is
a geometric rough path). We use this lift to see the pair X; = (¢, B) as a geometric

p-rough path for p > 2. For further details, see Section 9.4 in [17].
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7.3 Universal Limit Theorem and the continuity of the
solution to the backward Loewner differential equa-
tion

In this section, we work with the backward Loewner differential equation.

-2
h(tvz) - \/EBt 7

By performing the identification h(z) — \/kB; = Z;, we obtain the following

Och(t,z) = h(0,2) =z,z€ H (7.3.1)

dynamics in H, that we consider throughout this section

-2
dZt = 76# — \/EdBt, ZO = 2p € H.

t

We consider the backward Loewner differential equation started from 7, € H
with |Zy| = ¢ for some ¢ > 0.

We have the following remark.

Remark 7.3.1. In the case of the chordal SLE, the Ito lift or the Stratononovich lift
of the the iterated integrals produce the same solution. Indeed, when considering

the It6-Stratonovich correction for a time-homogenous diffusion

we have

T T T
/ O'(Zt) o) dBt = 1 / dU(Zt)U(Zt)dt + / O'(Zt)dBt
0 2 Jo dx 0

For the backward /forward chordal SLE, we have that dZ; = jg—fdt — +/kdB;. The
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important remark is that ¢(Z;) is a constant, thus when studying these equations

we have that

/OT o(Z,) 0 dB; = /OTJ(Zt)dBt.

In this section we work with the geometric rough path lift of X; = (¢, B;) and in
the next section we work with the Ito lift of the same path, in order to exemplify

results about both of the choices.

We further define the notion of solution to a Rough Differential Equation.

Definition 7.3.2. Let f : W — L(V,W) be a Lip(y— 1) function and let us consider
X e GQ,(V) and ¢ € W.
Set fo(-) = f(-+¢). Define h: V& W — End(V & W) via

Idy 0
fely) 0

We call Z € GQU,(V @ V) a solution to the differential equation dY; = f(Y:)dX:,
Yo = ¢ > 0 if the following conditions hold

> 7= [WZ)dZ,
» IIy(Z) = X, where Iy (-) is the projection map.

The main result that we use in this section is the Universal Limit Theorem.
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Theorem 7.3.3 (Universal Limit Theorem, Theorem 5.3 in [35]). Let p > 1 and
let v > p be real numbers. Let f : W — L(V,W) be a Lip(y) function. For all
X € GQ,(V) and all ¢ € W, the equation

dYy = f(Y1)dXy, Yo=¢

admits a unique solution Z = (X,Y) € GQ,(V & W) in the sense of the Definition

7.3.2. The solution depends continuously on X and ¢ and the mapping

]f : GQP(V) x W — GQP(W)
which sends (X, () to'Y is the unique extension of the Ité map which is continuous
in the p-variation topology.

First, we recall the following definition from the introduction.

Definition 7.3.4. A sequence (X (n))n>1 € Ay(V) is said to converge to X € A, (V)
in p-variation topology if there exists a p-control w of X and X(n) for allm > 1,

and a sequence (a(n))ns1 of positive reals such that lim, . a(n) =0 and
1X ()5, — X2l < aln)w(s, t)r

for all (s,t) € Ay and 1 < i < |p].
In this section we prove the following theorem.

Theorem 7.3.5. For § > 0, the backward Loewner differential equation driven by
VEBy with K € Ry, k # 0, started from zy with |z] = 6 > 0 is a well defined

Rough Differential Equation that has a unique solution. This unique solution is a.s.
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continuous with respect to the starting point zo € H and \/kBy in the p-variation

topology for p € (2, 3].

7.4 Proof of Theorem 7.3.5

First, we recall the following result.

Theorem 7.4.1 (Continuity of the Extension Map, Theorem 3.10 of [35]). Let us

consider X,Y € Ay(V') with p-variation controlw and lete € (0,1). Then the bound

HX;t_YZ,tH <€ ;

holds for all (s,t) € Ay and i > 1, provided that it holds for all 1 <i < |p].

Lemma 7.4.2. For k > 0, let us consider k, — k, as n — oo. Then,

(tv \/"'i_an) - (ta \/EBt)

in the p-variation topology as k, — K, for p € (2,3].

Proof of Lemma 7.4.2. Let is consider the sequence /K, — /K as n — oo, for
x > 0. Since in the first component there are no changes, we focus directly on the
second component of the paths (¢, \/k,B;) and (t,/kB;). Without loss of generality
we can choose an increasing sequence. Using the control w(s,t) = /k(t —s) and the
sequence a,(n) = \/E—T;/ﬁ in the Definition 7.3.4 we obtain the convergence of in the
p-variation topology for p € (2,3] of the paths (¢,v/k, B;) and (¢, /kB;). Indeed, we
have that w(s,t) = /k(t — s) is a control for both /B, as well as /k,B,; and

|\/EBs,t Y "inBs,t| < |\/EBs,t||1 - %
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From Theorem 7.4.1, we see that the bound in the Definition 7.3.4 implies that
there exists a sequence ¢(n) with lim, ,.,e(n) — 0 such that the bound in the
Definition 7.3.4, holds for all pairs s,t € Ar and ¢+ > 1, when n is sufficiently

large. O]

Proof of Theorem 7.3.5. We consider the geometric p-rough path for lift for X; =
(t, By). In order to prove that the backward Loewner differential equation started
from zg € H with |Zy| = § is a Rough Differential Equation with a unique solution,
we show that the vector fields Vi(Z) and V5(Z) are indeed Lip(7y) vector fields for
v > 2. The problematic vector field is V;(z) since the second one is clearly Lip(7y)

for v > 4.

In order to show that indeed the first vector field is Lip(+y) for v > 3 we use that

d1 -1
dzz 227
d-1 2
dz 22 2%
d 2 —6

dzz3 2t
and
d=6_24
dz 24 257
Thus, the Lip(4) norm of the vector field 1/z is bounded for |z| > 6 > 0. Note

that, in general, -1 = ;,(ﬁ)l, where the function ¢(n) = (—1)"n!. Thus, the Lip(7)

norm of the vector fields is bounded for any finite 7. In our analysis we restrict to
p € (2, 3], thus checking v > 3 is enough. However, we can show the result for any

p > 2 and any v > p using the bound on the vector fields.
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In addition, we observe that the imaginary part of the backward Loewner differ-

ential equation Y;, we have
2Y;

dY, = ——"
XY

dt.

In particular, Y; > Yp for all £ > 0. Thus, we have that Y; > 0 for all ¢ € [0, 7.
Since the imaginary part Y; increases the vector field remains bounded for all times
t € [0,T]. Using the Stratonovich lift of the pair (¢, B;) and the bounds on Lip(3)
norms of the vector fields, we obtain that indeed the backward Loewner differential
equation started from zo with |29] = § > 0 is a Rough Differential equation. In
particular, the fact that the vector fields of the backward Loewner differential equa-
tion are Lip(7y) for v > 3 assures via Theorem 7.3.3 that the solution exists and is
unique. Let us consider the paths X/ = (¢, /k,B;) and X} = (t,+/kB;). Using
Lemma 7.4.2, for k, — Kk as n — oo we obtain that X;™ — X[ in the p-variation
topology. Next, by applying Theorem 7.3.3 we obtain that the backward Loewner
flow started from ¢ > 0, for any 6 > 0 is continuous in both staring point and the

path X; = (t,/kB;) in the p-variation topology, and the conclusion follows. O]

Remark 7.4.3. 1) In [56], the authors prove the continuity of the SLE, traces for
K € [0,8(2 — v/3)) in the uniform topology. Although never written in their paper
explicitly, we believe that their argument can be adapted also to prove the continuity
of the solution to the backward Loewner differential equation started from ¢ > 0 in
the parameter  for xk # 8.

2) The p-variation topology in which we recover the continuity is stronger than
the uniform topology. Thus, our result is new and provides a stronger notion of

convergence.
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7.5 Truncated Taylor approximation for the forward
Loewner differential equation

In this section, we perform an analysis in a different direction. Let us consider the

forward chordal SLE, in the upper half-plane

2
W E) = S — R

9(0,2) =2z, ze€ H. (7.5.1)

By performing the identification ¢;(2) — \/kB; = Z;, we obtain the following dy-

namics in H,

2
dZt = ﬁdt + dBt, Z() = 20-
Zy

By extending the conformal mappings g;(z) — \/kB; to the real line, we obtain

the following dynamics on the real line

2
t

To sum up, in this section we are interested in the following differential equation

on the real line

2
Az, = #dt —dB, Zy=¢>0, (7.5.3)

¢
where Z,(x) = ¢i(x) — /KBy is a real-valued process. In this section, we choose to
work with the It6 lift of the pair (¢, By). The first order differential operators 2/7”%
and d% are associated to the vector fields of (7.5.3). Note that since our process Z;
is one-dimensional (and therefore there is a unique notion of directional derivative),

d

we abuse the notation and use for the R-differentiation the notation -, in order

to match it with the notation of the functions that is acting on. The Bessel SDE
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(7.5.3) can not be interpreted as a Rough Differential Equation anymore since the
singularty of the vector field corresponding to the drift. However, we know from
standard results in Stochastic Analysis that the Bessel SDE has a unique strong
solution for xy > 0 up to the first hitting time (see [39], chapter XI). We consider the
one-step Taylor approximation to the unique strong solution of the Bessel Stochastic
Differential Equation started around the singularity.

A natural question regarding the Taylor approximation series associated to the
forward Loewner differential equation extended to the real line is what should be
the size of the time step one is allowed to take in order to assure that the series
is a.s. not divergent. In practice, one can only compute a fixed number r < oo of
steps in a numerical method and consequently generate a finite number of iterated
integrals. Most numerical methods that one is interested in practice use derivatives
of the vector fields in order to approximate the solution. We will be focusing on the
truncated Taylor approximation up to some fixed finite r > 0.

In general, for a Rough Differential Equation of the form
dZt == V(Zt>dXt,

with Zy = 2z > 0 with X; : [0,T] — R? a finite p-variation path for any p > 2, we

use the following compact notation for the first r terms of the Taylor approximation.

Definition 7.5.1. Given the continuously differentiable vector fields (Vi,...,Vy) on

R, and a multiplicative functional with finite p-variation, X € T((RY)), we define

E)(Z, Xoy) = Z Z Vi ...V, Id(Z)X g

k=1 11,...,i

as the increment of the step r-truncated Taylor approximation on the interval [0,t].
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The notation V;, ...V, Id(Z) stands for the composition of differential operators

associated with the vector fields
ViyoVi,o...0V;, old(Z),

and X’g,il”k stands for the terms obtained from the iterated integrals

/ dX,, ® .. dX,,.
0<s1<.. <8<t

Definition 7.5.2. Let @ > 0. We call a one time step r-truncated Taylor approzi-
mation for a differential equation started from yo = 0 weakly o stable if for pairs
consisting of initial point and time step used in the approximation (y5,t%) = (,e%)

we have that the approximation converges as € — 0 to the initial value yo =0, a.s..
In this section, we prove the following result

Theorem 7.5.3. The one time step r-truncated Taylor approximation for the Bessel
process started from € > 0 obtained by continuously extending the conformal maps
solving the forward Loewner differential equation to the real line it is a.s. weakly «

stable for time steps t < €*0, for any 6 > 0.

7.6 Proof of Theorem 7.5.3

In order to prove the main result, we first use the following lemma.

Lemma 7.6.1. At fized level r there are 2" terms obtained from all the possible ways

of composing the vector fields Vi = 2/7”% and Vy = diz,

Proof. We prove this using induction. For 7 = 1, there are 2 = 2! possible terms

obtained from either of the vector fields. For r» = 2, the possible compositions are
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VioVi, VooV, , VooVy and V; oV given 22 possibilities. Let us assume that at level
k > 0 there are 2¥ possible combinations. To obtain all the possible compositions
at level k 4+ 1, we have to consider V; o V¥ and V, o V¥ where V* are all the possible
compositions at level k. Thus, at level k 4+ 1 we obtain in total 2F 4+ 28 = 2k+!

possibilities, and the argument follows by induction. O]

Proof of the Theorem 7.5.3. Given the format of the forward Loewner differential

equation extended on the real line, we have that the vector fields that can appear

: 2
are either V; = %% or Vo = dilz. For fixed values of m and n = r — m we have,

by definition m time entries in the iterated integrals and m times the vector field

Vi = 2/7”(1% and n Brownian motion entries together with n times the vector field
Vo = - We also note that in order for Vj, ... V; Id(z) to be non zero then V;, = 1,

otherwise V;, = 1 and applying any other choice of V; | will give the derivative of

re1
a constant that is zero.

Then, we provide the following rules when considering the composition of vector
fields V;, ... V; Id(z) (up to some absolute constants that change, but we avoid
keeping their dependence in our analysis). These rules are specific to the structure
of the vector fields of the Loewner differential equation and they give a way to
transform the composition of the differential operators associated with vector fields

in the left into multiplication with the function on the right up to some constants

(that we do not keep track of since they do not influence the analysis)

2/k d —2/k
> T4 o2
d —1
> =7

in the following sense: Vi o VE = =2 f(Z) and Vs 0 V¥ = 2L f(Z), where we have

that f(z) =V, 0V, 0...0V; oId(Z) for any k > 0.
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To illustrate this, we consider

1d1

Then, d%% = 2—% and VjoVjold(Z) = % up to some constants. In general, the anal-

ysis is similar. Indeed, the result of the composition is obtained by iteration using
either of the vector fields applied to the initial 2/7” value (since otherwise we would
obtain zero since we apply differential operators to a constant), and since the differ-

ential operators either act by differentiation or by differentiation and multiplication

with % up to some constants, the rules hold.

Using these rules, independent of the order of applications of the vector fields

we have that for Zp=¢ >0

1 1 1
Vi, ... Vi, 1d(Zy)| = O (g_nggm—l> =0 (52171—1+n) :

We consider Ar = A.a for @ > 0. Thus, at any fixed level k, k = m +n, k € [0, 7],

we have

r o r C(k
>N Vi VL IA(2)Xg = sz%//o dX,,..dX,, .
<81<K82..<e¥

k=1 i1,....ik k=1

For each k € [0,r], there are terms that are zero (since they correspond to a

particular order of application of the vector fields as explained before).

Using the estimate on the iterated integrals for the control wy(s,t) = ¢, (w)(t—s)

for s =0 and t = & from Theorem 7.2.1, we obtain that

- C(k) ! é(k’) (m+n)a
k

22 W// dXSl"'dXSk <2m6 240 ,

k=1 0<s1<89..<e@

k=1
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where C (k) is a constant obtained by merging all the constants obtained from the
iterated integrals estimates and from the operation of composition of the vector

fields. Thus, we obtain that

am+n)—2+9)2m+n—1) C0eas (2+d§)(2m+n—1)
2+9 m+mn

In order to guarantee the control of all terms in the Taylor approximation, we need

24+0)(2 —1
a>limsup< +9)2m+n )

=449,
m,n—00 m+n

with 0 = 20 and the conclusion of the theorem follows.

Remark 7.6.2. Note that for pairs of the form (yo,t°) = (u,e®) for some fixed
constant u > 0, the convergence holds for any value of @ > 0. However, when
dealing with singular SDEs, one is interested in considering starting the equation
closer to the singularity. The estimates that we use show that the time step one needs
to take has to be small enough to be able to control the output of the approximation

as € — 0, for almost every Brownian path.

Remark 7.6.3 (The typical estimates from Rough Path Theory do not work for the
non-truncated Taylor approximation in our setting). We can show that the usual
estimates on the iterated integrals from Rough Path Theory are not enough to
ensure convergence for the Taylor approximation in the case of singular differential
equations. Let us consider the absolute value of the r-level Taylor approximation

remainder

R (t, Z4, X) = 7(0, Zo; X)or — Eu)(Zo, X5 ).
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Using the previous analysis, we have that the remainder is equal to

o0 - . 1
22 C(T)W// dXSl...dXS;.
0<s1<89..<e9

r>r

Using the estimate on the Extension Theorem 7.2.1 for the iterated integrals we

have that
o) AXo X < SO PO L e
> (7n)€2m+n+1 o dX,, < (r)82m+n_15 =
Fer 0<s1<89.. <™ Fer

Thus, the estimates do not work since the series corresponding to the upper

!
(5)!
obtained taking 7 derivatives of the function % while the term (g)! comes from the

bound diverges. Indeed, the factor C(7) grows like for p > 2. The 7! term is
bound on the iterated integrals.

However, the two factors cancel when p = 1, i.e. when we consider Loewner
Equation driven by bounded variation paths. The same analysis can be done then,

and a control on the reminder for the one-step Taylor approximation can be obtained.
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Appendix A

A.1 Pathwise estimate for Brownian Motion

Proposition A.1.1. Let B; be a standard one-dimensional Brownian motion.

. Then

Let M, = nax sup |Bjg-niy — Bjag-n

..... 2n—1 0<t<2—"

Proof. For X a standard normally distributed random variable we obtain via direct

estimates of the density the following bounds

[V

(a+1)2 a

ez <V2rP(X > a)<e 7.

Using the independence of increments and the scaling property of Brownian motion,
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we have for ¢ > 0 that

2n—1
P(M, < 23yn) < [] P(IByruzn — Bl < 27°V/n)
7=0

= [B(|B| < ey
<1 = (V2 me VTR

< exp(—2"(~/2/me~ (VT +I*/2)y

Let us set C, = v/2log2 — 2n~'/2. Then we can form the events A, := {M, <

C,27"/? v/n}. By applying the previous estimate, we obtain that
> P(M, < C.27"*/n) < o,
n=1

and hence by applying Borel-Cantelli we obtain that a.s.

lim inf
n—o00 Q*Hn

> 4/2log2.

In the opposite direction, we use the reflection principle for one-dimensional Brow-

nian Motion, i.e. P(supyc,; Bs > a) = 2P(B; > a). For ¢ > /2log2, we have
that

P(M, > c272y/n) <P( sup |By| > c27"*V/n)

o<t2—n

< 2"4P(B; > ey/n)
< (4v2m)2"eme 2
< (4v27) exp(—n(c — v/2log 2)?/2) .
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If we choose C,, = /2log2 + n~'/*, we get that
> P(M, > C.27"*/n) < o,
n=1

and hence by Borel-Cantelli, we have with probability 1 that

< +v/2log2.

lim sup
n—oo V27

A.2 Estimate for the mapping-out function and the Dis-

tortion Theorem

Proposition A.2.1. Let S C 0H be a measurable set on the Martin boundary of H .
Then

~

lim Wny—i—iy(BT(H) € S) = Leb(gK(S)) .

y—o0,x/y—0

Proof. Consider the map gx(x + iy) = u + iv. Then as y — oo and z/y — 0,
we have that u/y — 0 and v/y — 1. Using the conformal invariance for of the
Brownian motion and the (known) formula for the density of the harmonic measure

in H, we have that

v

P, iy (B S) =Py (B 9)) = dt .
+y( T(H)E ) + ( T(H)EQK( )) /gK(S) 7r((t—u)2+v2)

A second result that we use is the Distortion Theorem for univalent functions.
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For this, we consider S to be the set of univalent functions on the unit disk that fix
the origin and have f’(0) = 1. Note that Riemann Mapping Theorem tells us that
we can study the simply connected domains by considering the study of univalent
functions on . In the following, we present the following Distortion Theorem. Its

proof relies on an estimate that the reader can find in [27], Proposition 3.20.

Theorem A.2.2. For f € S and z € D, we have that

1+ |z|

(1+12[)

Proof. Due to the fact that S is closed under conjugation by rotations, it is enough
to prove the estimate for = € (0, 1) on the real line. Using Koebe 1/4 Theorem, we
prove that for f € S, we have |f/| # 0 (for the precise statament , look at Corollary
3.19 in [27]. Since the derivative of a holomorphic function is holomorphic and
f'(0) = 1, we can define an analytic function log f’. i.e. we find h analytic such

that e = f’. Using that log z = log |z| + i arg(z) , we have that

29, Re(h(z)) = Re (9”; (S)> .

Thus by the technical estimate in Proposition 3.20 in [27] we obtain that

20 —4 , 2x +4
T loglf (2)l < T3

and since log | f/(0)| = 0 we can integrate the inequalities and we obtain the bounds.

]
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