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Abstract

On the pathwise analysis side, this thesis contains results between Rough

Path Theory and Schramm-Loewner Evolutions (SLE). In the study of

Rough Differential Equations questions such as continuity of the solu-

tions, methods of approximations of solutions and their uniqueness/non-

uniqueness depending on the behavior of parameters of the equation,

appear naturally. We adapt these type of questions to the study of the

backward and forward Loewner differential equation in the upper half-

plane, conformal welding homeomorphism and the SLE traces. On the

probabilistic analysis side, we study a coordinate change of the Loewner

equation in which we obtain via a random time change, a stochastic dy-

namics on a specific line in the upper half-plane, that is depending only

on the argument of the points. In this setting, we analyze this dynamics

and obtain results about related objects.
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Chapter 1

Introduction

The Loewner equation (also known as the Loewner evolution) was introduced by

Charles Loewner in 1923 in [33] and it played an important role in the proof

of the Bieberbach Conjecture [9] by Louis de Branges in 1985 in [13]. In 2000,

Oded Schramm introduced in [42] a stochastic version of the Loewner equation,

the Stochastic Loewner Evolution (SLEκ). The SLEκ describes the evolution of

a curve in terms of a driving function that is chosen to be
√
κBt, with κ > 0 a

real parameter and Bt, t ∈ [0,∞), a real-valued standard Brownian motion. This is

a one-parameter family of random planar fractal curves that are the only possible

conformally invariant scaling limits of interfaces of a number of discrete models that

appear in planar Statistical Physics. In several cases, it was proved that indeed the

interfaces converge to the SLEκ curves. For instance, it was proved in [27] that the

scaling limit of loop-erased random walk (with the loops erased in a chronological

order) converges in the scaling limit to SLEκ, with κ = 2 . Moreover, other two

dimensional discrete models from Statistical Mechanics including Ising model clus-
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ter boundaries, Gaussian free field interfaces, percolation on the triangular lattice

at critical probability, and uniform spanning trees converge in the scaling limit to

SLEκ for values of κ = 3, κ = 4, κ = 6 and κ = 8, respectively, in the series of

works [51], [45], [50] and [27]. In fact, the use of Loewner equation along with the

techniques of stochastic calculus provided tools to perform a rigorous analysis of

the scaling limits of the discrete models. Moreover, in this framework, a precise

meaning of the passage to the scaling limit could be established and used to prove

the conformal invariance of the limits. We refer to [25] for a detailed study of the

object and many of its properties.

Rough Path Theory was introduced in 1998 by Terry Lyons in [34]. The theory

provides a deterministic platform to study stochastic differential equations which

extends both Young’s integration and stochastic integration theory beyond regu-

lar functions and semi-martingales. Also, Rough Path Theory provides a method

of constructing solutions to differential equations driven by paths that are not of

bounded variation but have controlled roughness. Step by step, we introduce the

ingredients and terminology necessary to characterize the roughness of a path and

to give precise meaning to natural objects that appear in the study of rough paths.

We also give precise meaning to the notion of solution of a differential equation with

rough driver.

Recently, many papers were written at the interface between the aforementioned

domains. The paper of Brent Werness [59] defines the expected signature for the

SLEκ traces, that is the expected values of iterated integrals of the path against

itself. This approach provides new ideas about how one can use a version of Green’s

formula for rough paths and a certain observable for SLEκ to compute the first three

elements of the expected signature of SLEκ in the regime κ ∈ [0, 4] . An extension to
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this computation is provided in [10], where the authors show ways of computing the

fourth grading of the signature (and do it explicitly for SLE8/3, where the required

observable is known), along with several other parts of the higher grading. From

a different perspective, in [15] the authors question the existence of the trace for

a general class of processes (such as semimartingales) as a driving function in the

Loewner differential equation. These ideas are also developed in a Rough Path The-

ory flavour. More recently, Peter Friz with Huy Tran in [16] revisited the regularity

of the SLEκ traces and obtained a clear result using Besov spaces type analysis.

Also, Atul Shekhar, Huy Tran and Yilin Wang studied the continuity of the traces

generated by Loewner chains driven by bounded variation drivers in [48] .

The work in this thesis is centered around the study of the backward Loewner

Differential Equation and various quantities of interest of Loewner theory in both a

probabilistic and pathwise manner. The probabilistic part is motivated by a study

of a radius independent SDE obtained by a time change from the centered backward

Loewner differential equation. By expressing the imaginary part of the backward

Loewner flow in terms of the angular dynamics, we obtain a change of coordinates in

which the Loewner dynamics can be redefined. This approach is more amenable to

Stochastic Analysis techniques since the angular part is a one-dimensional diffusion.

On the pathwise side, this work addresses natural questions in the study of

(rough) differential equations as in Rough Path Theory such as uniqueness/non-

uniqueness of solutions starting from the origin, continuity of solutions (or related

quantities) in the natural parameters of the system as well as numerical approxima-

tions of the solutions to the Loewner differential equation. Given the nature of the

backward Loewner differential equation, i.e. the singularity of the drift when start-
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ing at the origin, the backward Loewner differential equation cannot be studied with

the typical techniques of Rough Path Theory. That is because this theory provides

tools and techniques for studying rough differential equations with bounded vector

fields, while in SLE theory one needs to consider the backward Loewner differential

equation started from the origin, i.e. from a singularity.

While the uniqueness/non-uniqueness of solutions and the sequential continuity

of the welding homeomorphisms chapters are closely linked with the structure of

the backward Loewner differential equation and extensions to the boundary of the

conformal maps that satisfy this differential equation, the chapter on numerical

approximations opens a new road in the study of singular rough differential equations

that is not applicable only to the backward Loewner differential equation near the

singularity, but rather to a wider class of equations. In this specific direction, we

identify how the symmetries of the vector fields and the roughness of the drivers

influence the behavior of the Taylor approximation series.

This thesis is divided in several chapters. In Chapter 2 and Chapter 3 we give

an introduction to both SLEκ Theory and Rough Path Theory.

The fourth chapter addresses the existence and uniqueness/non-uniqueness of

solutions to the backward Loewner differential equation driven by
√
κBt started

from the origin with applications to the structural behaviour of the backward SLEκ

traces. In general, when studying the stochastic version of the Loewner differential

equation as a differential equation, the uniqueness/non-uniqueness of the solutions

to the backward Loewner differential equation starting from the origin is a natural

question. These type of questions appear also in the study of Rough Differential

Equations (RDEs) in Rough Path Theory. In the framework of Rough Path The-
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ory, the uniqueness/non-uniqueness of solutions depends on the regularity of the

vector field compared with the roughness of the driving process. For more details,

we refer to [17]. As mentioned earlier, the backward Loewner differential equation

started from the singularity cannot be interpreted directly as a RDE due to the sin-

gularity of the vector field. However, questions about uniqueness/non-uniqueness

of solutions started from the singularity can be asked. In this chapter, we adapt

these type of questions to the study of the backward Loewner differential equation

in the upper half-plane and we use the information provided by the extension of the

conformal maps to the boundary to perform the analysis. One main feature of the

analysis is that uniqueness/non-uniqueness of solutions to the backward Loewner

equation driven by Brownian Motion, started from the singularity, can be under-

stood using some property of the dynamics on the boundary. The analysis consists

of two parts: in the first part we study the existence of solutions to the backward

Loewner differential equation starting from the origin by constructing a solution,

while in the second part we question the uniqueness/non-uniqueness of solutions

in this setting. In order to show the existence of the solutions as well as to study

their uniqueness/non-uniqueness, we use the fact that the conformal maps desrib-

ing SLEκ can be continuously extended to the boundary. When performing this

extension, we obtain a Bessel process of dimension d(κ) = 1 − 4
κ
, for κ > 0 . The

Bessel processes are studied extensively in a number of papers and monographs.

For more details about the various properties and characterizations of these pro-

cesses, we refer to [39] and also to [19]. As a main ingredient in our analysis of the

uniqueness/non-uniqueness of solutions, we use the phase transition in the bound-

ary behavior of the Bessel process along the real line for the extended maps, i.e.

absorption at the origin of the Bessel process for κ 6 4, and reflection at the origin
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for κ > 4. In this manner, when comparing our method with the typical forward

flow analysis, using the backward flow we recover also new structural information

about the SLEκ traces via Excursion Theory of this underlying Bessel process, such

as a characterization of a subspace of its double points for κ > 4.

In the fifth chapter, we study the welding homeomorphism induced on the real

line by the backward Loewner differential equation via identifying two points on

the real line if they hit the origin under the backward flow simultaneously. In this

manner we define a (random) real function by seeing the points on the left part

of the origin as function of the points on the right part of the origin. We study

the continuity of the welding homeomorphism induced by the backward Loewner

differential equation with respect to the parameter κ for κ ∈ (0, 4]. For more details

about the welding homeomorphism induced by the backward Loewner differential

equation, we refer to [41].

The problem of continuity of welding homeomorphisms in the parameter κ, for

κ ∈ (0, 4], is in the same spirit as the problem of the continuity of the traces

generated by the Loewner differential equation with respect to perturbations of the

driving term. The problem of continuity of traces generated by Lowener chains was

studied in the context of chains driven by bounded variation drivers in [48], where

the continuity of the traces generated by the Loewner chains was established. Also,

the question appeared in [30], where the Loewner chains were driven by Hölder-1/2

functions with norm bounded by σ, with σ < 4 . In this context, the continuity of

the corresponding traces was established with respect to the uniform topologies on

the space of drivers and on the space of simple curves in H . Another paper that

addressed a similar problem is [47], in which the condition ||U ||1/2 < 4 is avoided at

the cost of assuming some conditions on the limiting trace. Some stronger continuity
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results are obtained in [15] under the assumption that the driver has finite energy,

in the sense that U̇ is square integrable. The question appeared naturally also when

considering the solution of the corresponding welding problem in [5]. In this paper

it is proved that the trace obtained when solving the corresponding welding problem

is continuous in a natural sense.

In the context of SLEκ traces, the problem was studied in [56], where the a.s.

continuity in κ of the SLEκ traces was proved for any κ < 8(2−
√

3).

In this chapter, we prove the sequential continuity of the welding homeomor-

phisms in the parameter κ induced by the backward Loewner differential equation

when driven by
√
κBt, for κ ∈ (0, 4], a.s. everywhere except at most countably many

points on the real axis, with respect to the Euclidean norm. The restriction to this

interval is a consequence of the connection between the SLEκ traces and the weld-

ing homeomorphisms in this regime. We also prove the sequential continuity in the

parameter κ 6= 8 of the SLEκ traces for sequences κn → κ that respect a technical

condition, as well as of a certain algorithm that approximates these traces.

In Chapter 6 we provide a closed-form expression for a law obtained in the study

of the backward Loewner flow. In the last years, ergodic properties of the Loewner

flow were studied in [60], in which the ergodic properties of the tip of the SLEκ

trace are computed in capacity time parametrization. In our analysis, we perform

a random time change of the backward Loewner differential equation.

After performing the random time change, we obtain a one-dimensional diffusion,

that describes, via a time change, the cotangent of the argument of the points in

the in H under the backward Loewner flow.

dTu = −4
Tu

1 + κT 2
u

du− dBu, T0 = 0. (1.0.1)
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We use this diffusion process in order to characterize the law of the arguments of

the backward Loewner flow. In order to achieve this, we show the convergence in a

random ergodic average sense of the law of the diffusion Tu described by (1.0.1) to

its stationary measure. The density of this measure has the closed-form expression

ρ(T ) = C
(
κT 2 + 1

)−4/κ
,

where C is a normalizing constant. We also find a sequence of random times on

which the law of the argument of points under the backward Loewner flow converges

to this stationary measure in the total variation sense, solving in this manner a dual

Skorokhod-like Embedding Problem. For κ = 4, we recover a precise construction of

the random times on which this law is uniform. Moreover, we show that these laws

are part of a family of distributions that are stationary for the process Tu, for various

choices of κ ∈ [0, 8). We also show that this analysis provides a phase transition in

the behavior of the backward Loewner flow at κ = 8, from the integrability of the

density of the stationary measure for κ < 8 (positive recurrence of the process Tu)

to non-integrability of the density of this quantity for κ > 8 (null-recurrence of the

process Tu) .

The work in Chapter 7 is situated at the interface between SLE Theory and

Rough Path Theory. We show that the backward Loewner differential equation

started away from singularity is a Rough Differential Equation. Furthermore, we

show the continuity of the solutions of this equation in the parameters of the system.

We prove also results about truncated Taylor approximations of the forward Loewner

differential equation near the origin. Questions about numerical approximations of

Stochastic Differential Equations are of broad interest, see [12]. In the last chapter,

we do this analysis for the forward Loewner differential equation near the singularity.

8



Chapter 2

Introduction to SLEκ

2.1 The Loewner differential equation and SLEκ

An important object in the study of the Loewner differential equation is the H-

compact hull that is a bounded set in H such that its complement in H is simply

connected. To every compact H-hull, that we typically denote with K we associate

a canonical conformal map gK : H \K → H that is called the mapping out function

of K.

Using the Riemann Mapping Theorem, we get uniqueness by imposing the hydro-

dynamic normalization at infinity for gt (i.e. we require that gt(z) has no constant

term and its complex derivative is 1). The mapping near infinity is of the form

gK(z) = z +
aK
z

+O(|z|−2) , |z| → ∞ .

The coefficient aK that appears in the expansion at infinity of the mapping has

the traditional name halfplane capacity . Throughout the Thesis we use the notation

hcap(K) for the halfplane capacity aK .
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We start by introducing the Chordal Loewner Theory which establishes a one-

to-one correspondence between continuous valued paths (Ut)t>0 and an increasing

families (Kt)t>0 of compact H-hulls having a certain local growth property. Through-

out the thesis, we typically denote the family of growing compact hulls with Kt and

the complements with Ht := H \Kt . Firstly, we define the radius of a hull to be

rad(K) = inf{r > 0 : K ⊂ rD+ x for some x ∈ R} .

Definition 2.1.1. Let (Kt)t>0 be a family of increasing H-hulls, i.e. Ks is contained

in Kt whenever s < t . For Kt+ = ∩s>tKs and for s < t , set Ks,t = gKs(Kt \Ks) .

We say that (Kt)t>0 has the local growth property if

rad(Kt,t+h)→ 0 as h→ 0, uniformly on compacts in t.

The first connection between the family of growing compact H-hulls and the

real-valued path (Ut)t>0 is done in the following proposition.

Proposition 2.1.2 (Proposition 7.1 of [6]). Let (Kt)t>0 be an increasing family of

compact H-hulls having the local growth property. Then, Kt+ = Kt for all t . More-

over, the mapping t 7→ hcap(Kt) is continuous and strictly increasing on [0,∞) .

Moreover, for all t > 0, there is a unique Ut ∈ R such that Ut ∈ K̄t,t+h , for all

h > 0 , and the process (Ut)t>0 is continuous.

The process (Ut)t>0 is called the Loewner transform of (Kt)t>0. The following

map t 7→ hcap(Kt)/2 is a non-decreasing homeomorphism on [0, T ) and by choosing

τ to be the inverse of this homeomorphism, we obtain a new family of hulls K ′t in a

new parametrization such that hcap(K ′t) = 2t . This is the canonical parametrization

that we use throughout the thesis. We use the standard terminology for this, i.e

10



parametrization by halfplane capacity.

In the following proposition, we introduce the Loewner differential equation

starting from the family of growing compact hulls. The main idea is that the local

growth property of the hulls gives a description in terms of a specific differential

equation for the associated mapping out functions. Throughout the thesis, we are

mostly interested in the cases where the hull Kt is the hole-filling γ[0, t]. As such,

although we state the theorems in the general form (i.e. for compact H-hulls), we

draw in the associated pictures the hulls as simple curves in H .

Figure 2.1.1. An illustration of the dynamics captured by the Loewner differential
equation.

Proposition 2.1.3 (Proposition 7.3 of [6]). Let (Kt)t>0 be a family of increasing

compact hulls in H satisfying the local growth property and that are parametrized

by the halfplane capacity. Let (Ut)t>0 be its Loewner transform. Set gt = gKt and

T (z) = inf{t > 0 : z ∈ Kt} . Then, for all z ∈ H , the function (gt(z) : t ∈ [0, T (z))

11



is differentiable with respect to t and satisfies the Loewner differential equation

ġt(z) =
2

gt(z)− Ut
.

Moreover, if T (z) <∞ then gt(z)− Ut → 0 as t→ T (z) .

The reverse situation is also true, i.e. from the driving function Ut , we recover the

family of growing compact H-hulls. We have this result in the following Theorem.

Note that in [25], the result is stated for Loewner differential equation driven by

measures on the real line. We state it only for the particular choice of measure on

the real line µt = 2δUt .

Theorem 2.1.4 (Theorem 4.6 of [25]). For all z ∈ H \ {ζ0}, there is a unique time

T (z) ∈ (0,∞] and a unique continuous map (gt(z) : t ∈ [0, T (z)) in H \ Kt = Ht

such that, for all t ∈ [0, T (z)) we have gt 6= Ut and

gt(z) = z +

∫ t

0

2

gs(z)− Us
ds ,

and such that |gt(z) − Ut| → 0 as t → T (z) whenever T (z) < ∞ . Set ζ0 = 0 and

define

Ht = {z ∈ H : T (z) > t} .

Then, for all t > 0 Ht is open and gt : Ht → H is conformal onto H. Moreover,

the family of sets Kt= (z ∈ H : T (z) 6 t) is an increasing family of compact H-

hulls having the local growth property with hcap(Kt)=2t , and gKt = gt, for all t .

Moreover, the driving function Ut is the Loewner transform of (Kt)t>0 .

We emphasize that the compact hull Kt is implicitly defined from the Loewner

differential equation and its driver Ut by Kt= (z ∈ H : T (z) 6 t). The process
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(gt(z) : t ∈ [0, T (z)) is called the maximal solution starting from z and T (z) is

called lifetime of the solution .

Figure 2.1.2. The conformal map that removes the curve grown up to time t .

The SLEκ driving function In this subsection, we give a brief sketch of the proof

that given the principles that our curves should satisfy, then the right candidate for

the driver in Loewner equation is
√
κBt where κ ∈ R+ . When SLEκ was defined

by Oded Schramm, the purpose of it was to be the suitable candidate for a family

of random curves in a domain D ⊂ C that respected two principles. The principles

were motivated by the study of Schramm to give a precise meaning of the scaling

limits of planar loop erased random walk with loops erased in the chronological

order. When studying the planar loop erased random walk, Schramm realized that

the scaling limit (if existed any) should manifest some Domain Markov Property

and Conformal Invariance, that are presented in the following. Note that, chordal

SLEκ law can be defined in every simply connected domain, but we do not insist

on the general definition in this thesis. This concept is used to make precise the

following proprieties.

I [Domain Markov] Given the curve γ[0, T ] , then the law of γ[T,∞] is a chordal

SLEκ in the unbounded component of H \ γ[0, T ] , from γ(t) to ∞ .

I [Conformal Invariance] The chordal SLEκ law in the unbounded component
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Figure 2.1.3. Conformal invariance of the curve γ .

of H \ γ[0, t] from γ(t) to ∞ is the pull-back of the chordal SLEκ law in H

from Ut to ∞ .

If we require these two properties and a certain symmetry of the law on curves

with respect to the imaginary axes, then the driving function in Loewner equation

should be a
√
κBt . In the following, we give a sketch of the proof for this result of

Oded Schramm that marks the introduction of SLEκ .

Sketch of the proof. Given the Domain Markov Property, the curve from Ut to +∞

that is denoted by γ∗(s) has the law of a chordal SLEκ curve in H from Ut to +∞

that is independent of γ[0, t]. Note that γ∗(s) is determined by the driving function

Ut+s − Ut, s > 0, and γ[0, t] by the driving function Us, 0 6 s 6 t . We also have

by the domain Markov property that γ∗(s) is independent of γ[0, t] means that the

driving function after time t should be independent of the driving function up to

time t, i.e. Ut is a Markov process.

Moreover, by conformal invariance (since g−1
t is a conformal map), we have
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that γ∗[0, t] is identical in law to γ[0, t], so Us, for 0 6 s 6 t, should have the

same law as Ut+s − Ut , 0 6 s 6 t . Thus, the increments of the Ut process have

the same distribution and are independent, hence are i.i.d. Moreover, by writing

dUt = bdt + σdBt we obtain that a and b are forced to be constants. Thus, the

conformal invariance and the Domain Markov property force the driving process Ut

to be a Brownian motion with drift. If we use our last consideration, i.e. the law of

the SLEκ curve should be invariant under reflections about the imaginary axis, we

obtain that b = 0 leaving dUt = σdBt for some constant σ > 0 (we typically denote

this by
√
κ , due to historical reasons).

2.2 SLEκ definition, existence of the trace and first

properties

The Schramm-Loewner Evolution (SLEκ) is a one-parameter (usually denoted

by κ ∈ R+) family of random planar growth processes constructed as a solution

to Loewner equation when the driving term is a re-scaled Brownian motion. Thus,

when studying the SLEκ , in the upper half-plane, we study the corresponding

families of conformal maps in the formats

(i) Considering ft(z) = g−1
t (z), where the g−1

t (z) is the inverse in the z variable,

we obtain the partial differential equation version for the chordal SLEκ in the

upper half-plane

∂tf(t, z) = −∂zf(t, z)
2

z −
√
κBt

, f(0, z) = z, z ∈ H . (2.2.1)
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(ii) Forward differential equation version for chordal SLEκ in the upper half-plane

∂tg(t, z) =
2

g(t, z)−
√
κBt

, g(0, z) = z, z ∈ H . (2.2.2)

(iii) Time reversal differential equation version for chordal SLEκ in the upper half-

plane

∂th(t, z) =
−2

h(t, z)−
√
κBt

, h(0, z) = z, z ∈ H . (2.2.3)

There are connections between these three formulations for studying families of

conformal maps. The family of conformal maps satisfying (2.2.1) is related with the

family of conformal maps satisfying (2.2.2) by the fact that at each instance of time

t ∈ [0, T ] the map z → gt(z) is the inverse of the map z → ft(z) . In other words, the

maps ft(z) “grow” the curve in the reference domain, while gt(z) maps conformally

the slit domain obtained by the growing of the curve up to time t ∈ [0, T ] to the

reference domain. The connection between the family of maps ht(z) and gt(z) in

this case is captured in the following lemma.

Lemma 2.2.1 (Lemma 5.5 of [22]). Let ht(z) be the solution to the backward Loewner

differential equation with driving function
√
κBt and let ft(z) be the solution of the

partial differential equation version of the Loewner differential equation with the

same driver. Then, for any t ∈ R+, the function z → ft(z +
√
κBt) −

√
κBt and

z → ht(z) have the same distribution.

Rohde and Schramm proved in [44] a fundamental result about the existence

of the trace for the SLEκ process for all values of κ 6= 8 . In order to discuss the result,

we introduce the notions and definitions that we use. We say that a continuous path
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(γt)t>0 in H̄ generates a family of increasing compact H-hulls Kt if Ht = H \Kt is

the unbounded component of H \ γ[0, t], for all t > 0 . One of the important results

in the SLEκ literature is the following.

Theorem 2.2.2 (Theorem 4.1 of [44]). Let (Kt)t>0 be a SLEκ for κ 6= 8 . We denote gt

to be the Loewner flow and Ut be the Loewner transform. Then, ĝ−1
t (z) = g−1

t (z+Ut) :

H 7→ Ht extends continuously to H̄ for all t > 0, almost surely. Moreover, if we set

γt = ĝ−1
t (Ut),

then γt is continuous and generates (Kt)t>0 almost surely.

Remark 2.2.3. The same result holds for κ = 8 as it was showed in [27] using a

different approach.

Next, we introduce the SLEκ trace.

Definition 2.2.4. Let gt be the SLEκ. The SLEκ trace is defined via

γ(t) := lim
y→0

ĝ−1
t (iy),

where ĝ−1
t (iy) = g−1

t (iy +
√
κBt).

We remark that from the above theorem, the limit is shown to exist and to be

continuous in the parameter t (that we interpret as time). We use the following

scaling of the SLEκ traces and of the Loewner maps.

Proposition 2.2.5 (Proposition 6.5 of [25]). Let gt be SLEκ and let us take r > 0 .

Then ĝt(z) := r−1gr2t(rz) has the same distribution as chordal SLEκ , i.e. if γ is

an SLEκ path, then γ̂(t) := r−1γr2t has the same distribution as γ .
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2.3 Forward Bessel processes and the phases of SLEκ

In this subsection, we analyze the phases of SLEκ in terms of the parameter κ.

We show that there exists two phase transitions at κ = 4 and κ = 8 .

Let (gt(x) : t ∈ [0, τ(x))), x ∈ R\{0} be the SLEκ. Let us consider the extension

of the conformal maps to the real line and consider gt(x) − Ut with x ∈ R. Thus,

we have that gt(x) − Ut → 0 as t → ζ(x) , whenever ζ(x) < ∞ . We introduce the

notation

D =
2

κ
, τ(x) = ζ(x

√
κ)

and set

Xt(x) =
gt(x
√
κ)− Ut√
κ

,

for t ∈ [0, ζ(x)) .

In our setting, Bt is a standard Brownian motion that starts from 0 and we have

that for Xt(x) 6= 0 for t ∈ [0, τ(x)) and

Xt(x) = x+Bt +

∫ t

0

D

Xs(x)
ds ,

i.e. Xt(x) is a Bessel process.

The Bessel processes manifest some phase transition that we capture in the

following proposition.

Proposition 2.3.1 (Proposition 10.1 of [6]). Let x, y ∈ (0,∞) with x < y. Then

I For D ∈ (0, 1/4] , we have that

P(τ(x) < τ(y) <∞) = 1 ,
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where Xt(x) and Xt(y) are driven by the same Brownian motion.

I For D ∈ (1/4, 1/2) , we have that

P(τ(x) <∞) = 1 .

P(τ(x) < τ(y) <∞) = φ

(
y − x
x

)
,

where φ is given by

φ(θ) = C(κ)

∫ θ

0

du

u2−4a(1− u)2a
,

where C(κ) = Γ(2/κ)
Γ(8/κ−1)Γ(1−4/κ)

.

I For D ∈ [1/2,∞), we have that

P(τ(x) <∞) = 0,

and moreover for D ∈ [1/2,∞), we have Xt(x)→∞ as t→∞ almost surely.

These results give an interpretation of the phase transition of the SLEκ processes

in terms of studying the Loewner flow on the real line obtained from the continuous

extension of the conformal maps as a Bessel process.

Proposition 2.3.2 (Proposition 10.3 of [6]). Let γ be an SLEκ trace. Then we have

the following behaviors in terms of κ:

I For κ ∈ (0, 4] , we have that γ(0,∞) ∩ R = {0}, almost surely.
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I For κ ∈ (4, 8) and all x, y ∈ (0,∞), γ hits [x,∞) and

P(γ hits [x, x+ y)) = φ

(
y

x+ y

)
.

I When κ ∈ [8,∞), then R ⊆ γ[0,∞), almost surely.

Figure 2.3.1. The phases of SLEκ.

Concerning the long term behavior of the SLEκ traces, we state the following

result.

Theorem 2.3.3 (Theorem 11.1 of [6]). Let (γt)t>0 be a SLEκ curve . Then γ is almost

surely transient for all κ, i.e. |γt| → ∞ as t→∞ .

An important result is the following theorem, which gives a characterization of

the behavior of the SLEκ traces for κ ∈ R+. The result is proved using the phase

transition in the behavior of the forward Bessel process as shown above.

Theorem 2.3.4 (Theorem 11.2 of [6]). Let (γt)t>0 be a SLEκ . Then, we have the

following behaviors when the parameter κ changes:

I For κ ∈ [0, 4] , (γt)t>0 is almost surely a simple path.

I For κ ∈ (4, 8) ,
⋃
t>0Kt = H , almost surely and for each z ∈ H̄ \ {0} , (γt)t>0

does not hit z almost surely.
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I For κ ∈ [8,∞) , γ[0,∞) = H̄ , almost surely.

In this thesis, we will give, between others, a different perspective on the phase

transition of the SLEκ traces as we vary the parameter κ. In our proof, we will

use the backward Loewner differential equation and when extending the conformal

mappings to the boundary, we will obtain a Bessel process in a different regime of

dimensions than the one obtained in the forward case. In our setting, we will obtain

new structural information about the SLEκ traces.
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Chapter 3

Introduction to Rough Path Theory

In this chapter we introduce the basic notions in Rough Path Theory such as p-

variation , Young’s Theory of Integration, the notion of signature of a path and the

underlying tensor algebra, the definition of a Rough Path and concepts related to

Rough Differential Equations. The main references for the material presented in

this chapter are [35] and [17].

Let X[s,t] denote the restriction of the path X to the compact interval [s, t]. We

introduce the notion of p-variation.

Definition 3.0.1. Let (E, d) be a metric space. The p-variation of a path X : [0, T ]→

E is defined by

||X[0,T ]||p−var := sup
D=(t0,t1,...,tn)⊂[0,T ]

(
n−1∑
i=0

d(Xti , Xti+1
)p

) 1
p

,

where the supremum is taken over all finite partitions of the interval [0, T ] .

Unless stated, the metric space E is a finite dimensional real vector space V

with dimension d and basis vectors e1, . . . , ed . Throughout the thesis, we use the
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notation Xs,t = Xt −Xs . We introduce gradually the notions used in Rough Path

Theory. Let us first define ∆T = {(s, t)|0 6 s 6 t 6 T} . We introduce next the

fundamental notion of control.

Definition 3.0.2. A control on [0, T ] is a non-negative continuous function

ω : ∆T → [0,∞)

for which

ω(s, t) + ω(t, u) 6 ω(s, u),

for all 0 6 s 6 t 6 u 6 T, and ω(t, t) = 0, for all t ∈ [0, T ] .

For a path X : [0, T ]→ E of finite p-variation, define ωX(s, t) := ||X[s,t]||pp−var .

To check that this quantity indeed defines a control we need to check both pro-

prieties along with the continuity (the continuity is proved in section 1.2.2 of [35]

and Proposition 5.8 of [17]). Moreover, this specific control is used to provide a

reparametrization of the interval [0, T ] such that X becomes Hölder continuous

with exponent 1
p
. To see this, consider the function τ : [0, T ] → [0, T ] to be the

inverse of the function t → ωX(0, t) T
ωX(0,T )

. Using this inverse function, we obtain

that d(Xτ(s), Xτ(t))
p 6 ωX(0,T )

T
(t− s) .

3.1 Young integration

In what follows next, let us consider E to be a Banach space and X, Y to be

continuous functions (paths) with values in a Banach spaces. A first extension of the

usual Riemann-Stieltjes integral is given by Young’s Theory of Integration. Using
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the results of Young, we can make sense of
∫ t

0
YsdXs provided that X and Y have

finite p-variation and finite q-variation respectively with 1
p

+ 1
q
> 1 . Note that for a

path X of bounded variation (i.e. p = 1) Young’s theory of integration applies. To

be precise, we have the result

Theorem 3.1.1 (Young, Theorem 1.16 of [35]). Let V and W be Banach spaces and

X : [0, T ] → V and Y : [0, T ] → L(V,W ) be two paths of finite p-variation and

q-variation respectively with 1
p

+ 1
q
> 1. Then, the limit

lim
|D|→0,D⊂[0,t]

n−1∑
i=0

Yti(Xti,ti+1
)

exists for all t ∈ [0, T ] and we define
∫ t

0
YsdXs as this limit. Furthermore, as a path

in W ,
∫ .

0
YsdXs has finite p-variation.

Note that the Theorem holds independent of the sequence of partitions chosen

provided that the size of the mesh |D| = max06i6n−1(ti+1 − ti)→ 0 .

3.2 Differential equations driven by signals with finite

p-variation for p < 2

In the classical theory of ordinary differential equations, the Cauchy-Peano The-

orem asserts that when X has bounded variation, if the vector field f is a continuous

function, then the differential equation dYt = f(Yt)dXt has solutions. However, this

result does not guarantee uniqueness of solutions. Picard-Lindelöf Theorem tells us

that in order to have uniqueness of the solution, we have to impose more conditions

on the function f , i.e. we need f to be Lipschitz continuous. In order to extend

these results to signals with finite p-variation for 1 6 p < 2 , presumably we need to
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use a class of vector fields smoother than the continuous ones. For example, in order

to make sense of the integral
∫
f(Y )dX, we need f(Y ) to have finite q-variation for

some q such that 1
p

+ 1
q
> 1 . It is clear that not every continuous function does that,

but we can restrict to the specific class of functions with this property.

The main result of this section, presented in [35] is a version of the classical

Picard’s Fix Point Theorem in the context of differential equations driven by signals

with finite p-variation for some p < 2 . In order to state it, we need to introduce the

notion of Lip(γ) function. For this we consider again the metric space E to be a

Banach space.

Definition 3.2.1. Let V and W be two Banach spaces. Let k > 0 be an integer. Let

γ ∈ (k, k + 1] be a real number. Let F be a closed subset of V . Let f : F → W

be a function. For each integer j = 1, . . . , k let f j : F → L(V ⊗j,W ) be a function

which takes its values in the space of j-linear mappings from V to W. The collection

(f = f 0, f 1, . . . , fk) is an element of Lip(γ, F ) if the following condition holds.

There exists a constant M such that, for each j = 0, . . . , k,

sup
x∈F
|f j(x)| 6M

and there exists a function Rj : V × V → L(V ⊗j,W ) such that, for each x, y ∈ F

and each v ∈ V ⊗j, we have

f j(y)(v) =

k−j∑
l=0

1

l!
f j+l(x)(v ⊗ (y − x)⊗l) +Rj(x, y)(v) ,

and

|Rj(x, y)| 6M |x− y|γ−j .
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The smallest M for which the inequalities hold for all j is called the Lip(γ, F )-norm

of f .

Following [35], when V is finite dimensional we obtain that there exist for all

closed F a continuous extension operator Lip(γ, F )→ Lip(γ, V ). Thus, in this man-

ner we obtain Lip(γ, V ) = Lip(γ), i.e. bounded continuous functions on V which

are k-times continuously differentiable with bounded derivatives on V and whose

k-th differential is Hölder continuous with parameter γ − k. With this definition

at hand, we can state the version of Picard’s Fix Point Theorem for differential

equations driven by signals with finite p-variation for some p < 2 .

Theorem 3.2.2 (Picard, Theorem 1.28 of [35]). Let p and γ be such that 1 6 p < 2

and p < γ . Assume that X has finite p-variation and that f is Lip(γ) . Then, the

differential equation dYt = f(Yt)dXt , admits a unique solution, i.e. for every ζ ∈ W

there exist a unique path Y : [0, T ]→ W of finite p-variation which satisfies Y0 = ζ

and

Yt =

∫ t

0

f(Ys)dXs .

The technique used to prove this result is similar with the classical proof of the

Picard’s Fix Point Theorem. We consider F that sends a path Y : [0, T ] → W to

a new path defined via F (Yt) = ζ +
∫ t

0
f(Ys)dXs and we prove that is a contraction

under suitable conditions.

3.3 The signature of a path

In this section, we introduce one of the fundamental ingredients of the theory, the

collection of its iterated integrals, i.e. the signature of the path. This object appears
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naturally when one uses iteration in order to solve linear differential equations.

Moreover, the signature of a path has very interesting algebraic properties.

In order to simplify the computations and to introduce the signature of a path in

a clear manner, throughout this section we consider the driver X to be of bounded

variation. For this specific class of drivers, we consider the linear differential equation

dYt = f̄(Yt)dXt , where f̄ : W → L(V,W ) is a linear map.

The collection of iterated integrals appears naturally when one tries to apply an

iterative procedure in order to find a solution to the ordinary differential equation

via fix point arguments. To make this precise, we remark that f̄(Yt)dXt can be

understood in two ways. Every linear map f̄ ∈ L(W,L(V,W )) in a natural way

also induces a linear map f̄ : V → L(W ) , (we call it the same using a slight abuse

of notation). Another abuse of notation that we use is that we have elements of

L(W ) act on W on the right instead of the left as this will simplify notation in the

following.

We start with the constant path Y 0
t = F (Y 0)t = Y0(I + f̄(

∫ t
0
dXs)) . By re-

iterating the procedure, we obtain that

Y 2
t = F (Y 1)t = Y0 +

∫ t

0

f̄(Y 1
s )dXs = Y0

(
I + f̄

∫ t

0

dXs + f̄⊗2

∫ t

0

(∫ s

0

dXu

)
⊗ dXs

)
.

After k steps, we obtain that

Y n
t = Y0

(
n∑
k=0

f̄⊗k
∫

0<u1<...<uk<t

dXu1 ⊗ dXu2 . . .⊗ dXuk

)
.

In the next part of the section, we study the tensor vector spaces where this

iterated integrals live and we state a result that ensures that the iterated integrals

do converge.
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Let e1, e2, . . . , ed be a basis for V . The space V ⊗k is a dk dimensional vector

space with basis elements of the form (ei1⊗ei2 . . .⊗eik)(i1,...,ik)∈{1,...,d}k . We store the

indices (i1, . . . , ik) ∈ {1, 2, . . . d}k in a multi-index I and let eI = ei1 ⊗ ei2 ⊗ . . . eik .

From the several possible norms on the tensor space V ⊗k, see Definition 1.25 of [35]

for the so-called admissible norms, due to its properties, we chose the projective or

the l1 norm defined for any element x =
∑
|I|=k λIeI ∈ V ⊗k via ||x|| =

∑
|I|=k |λI |.

The two main properties of this norm are that for any x ∈ V ⊗k and y ∈ V ⊗m we

have that ||x⊗ y|| = ||x||||y|| and that for x =
∑
|I|=k λIeI we have

||M⊗kx|| = ||
∑
|I|=k

λIM
⊗keI || 6

∑
|I|=k

|λI |||M ||k = ||M ||k||x|| .

By considering the basis of V ⊗k given by elements of the form eI , we can take the

dual basis in (V ⊗k)∗ as e∗I that we associate the element e∗i1⊗e
∗
i2
⊗ . . .⊗e∗ik ∈ (V ∗)⊗k .

We further consider T ((V ∗)) =
⊕∞

k=1(V ∗)⊗k. Furthermore, for any I, e∗I is an

element of T (V ∗), i.e. the sub-algebra of T ((V ∗)) consisting of elements with finitely

many non-zero coordinates and running through all the possible multi indices with

|I| > 0, we find a basis for T (V ∗) consisting of eI . We are now ready to introduce the

following result that guarantees the convergence of the Picard iterates by controlling

the norm of the iterated integrals appearing naturally when performing this method.

Proposition 3.3.1 (Proposition 2.2 of [35]). Let X : [0, T ]→ V be a path of bounded

variation. Then it follows that

||
∫

0<u1<...uk<t

dXu1 ⊗ dXu2 . . .⊗ dXuk || 6
||X[0,t]||k1−var

k!
.
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3.4 The tensor algebra

Given that the collection of iterated integrals is such an important object in the

study of the linear differential equations, it is natural to consider it as a separate

object which we call the signature of a path. This object takes value in the tensor

algebra T (V ), which is described in this subsection.

The tensor algebra T ((V )) =
⊕

k>0 V
⊗k is the infinite sum of all tensor products

of V . For two elements a = (a0, a1 . . .) and b = (b0, b1, . . .) we define

a+ b = (a0 + b0, a1 + b1, . . .)

and

a⊗ b = (c0, c1, . . .) ,

where ck =
k∑
i=0

ai ⊗ bk−i . These operations together with the typical component by

component multiplication by scalars λa = (λa0, λa1 . . .) , turn T ((V )) into a real

non-commutative algebra with unit 1 = (1, 0, . . .) . An important aspect of this

Tensor Algebra is that a generic element d ∈ T ((V )) is invertible if and only if

d0 6= 0 , and moreover there is an explicit way to compute the inverse

d−1 =
1

d0

∑
k>0

(
1− 1

d0

d

)⊗k
. (3.4.1)

For all d ∈ T ((V )) , we define the exponential and the logarithm maps via

exp d =
∑
k>0

1

k!
d⊗k . (3.4.2)
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log d = log d0 +
∑
k>1

(−1)k

k

(
1− 1

d0

d

)
, (3.4.3)

whenever d0 > 0 . Like the inverse mapping, the logarithm is well defined since only

finitely many terms of d contribute to each term of log(d) . For the exponential map

in the finite dimensional case it suffices to ensure the convergence of terms of each

degree according to Lemma 2.19 of [35]. An important subspace of T ((V )) that is

denoted by B0 is the subspace for which the term of degree zero is 0. Another impor-

tant object is the multiplicative subgroup of T ((V )) which is denoted by T ((Ṽ )),

for which the term of degree zero is 1. Then the maps exp : B0 → T ((Ṽ )) and

log : T ((Ṽ ))→ B0 are bijections and inverses of each other.

3.5 The signature of a path, shuffle product and group-

like elements

In this subsection, we introduce the signature of a path with p-variation for

some p < 2 and describe some computation tools that are extremely useful when

computing terms in the signature.

Definition 3.5.1. Let X : [0, T ]→ V be a path of finite p-variation for some p < 2 .

For k > 0 , let S̃k([s, t]) =
∫
s<u1<...<uk<t

dXu1 ⊗ . . . ⊗ dXuk . Then the signature of

the path X[s,t] is given by S(X[s,t]) = (1, S̃1([s, t]), S̃2([s, t]) , . . .) .

Note that the signature of a path X lies in the subgroup T̃ ((V )) of T ((V )) .

Note that the integral in the definition is a Young integral since p < 2 . One of the

properties of the signature is that is not sensitive to the starting point or to the

speed that a path is traversed. That is, S(X[s,t]) = S(Y[u,v]) for Yw = Xτ(w) + x ,
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where τ : [s, t] → [u, v] is an increasing bijection and x ∈ V . For two paths X[s,t]

and Y[u,v] , we define the concatenated path (X ∗ Y ) : [s, t+ v − u]→ V via

(X ∗ Y )w =


Xw, if w ∈ [s, t]

Xt + Yw − Yt, if w ∈ [t, t+ v − u] .

In this setting, we have one result about how the signature map behaves for the

concatenated path in terms of the paths, attributed to Chen.

Theorem 3.5.2 (Chen, Theorem 2.9 and Corollary 2.13 of [35]). For two paths X[s,t]

and Y[u,v] of finite p-variation for some p < 2 , we have that

S(X ∗ Y ) = S(X)⊗ S(Y ) .

Chen’s Theorem also gives that the range of the signature is closed in T ((V )) .

Moreover, if we consider the reversal of the path X : [s, t] → E, Xr : [s, t] → E

given by

Xr
u = Xs+t−u ,

then we have the following result.

Proposition 3.5.3 (Proposition 2.14 of [35]). Let X : [s, t] → V be a path of finite

p-variation for some p < 2 , and Xr
[s,t] be its reversal. Then it follows that

S(Xr) = S(X)−1 .

Using the previous proposition and the fact that S(x[s,t]) = 1 with x ∈ V , where

x[s,t] is understood as the constant path at x). We conclude that the range of the

signature map forms a multiplicative subgroup of T̃ ((V )) .

We now define another useful property when it comes to dealing with signatures
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of paths. For i, j ∈ Z , we define the shuffle product Sh(i, j) ⊂ Si+j as all the

permutations σ on the set {1, 2, . . . , i + j} which preserve the order of {1, 2, . . . , i}

and {i + 1, . . . , i + j} , that is σ(1) < . . . < σ(i) and σ(i + 1) < . . . < σ(i + j) .

For two multi-indexes U = (u1, . . . , ui) , and V = (v1, . . . , vj) , we define the joint

multi-index H = (h1, . . . , hi+j) = (u1, . . . , ui, v1, . . . , vj) , and for σ ∈ Si+j we define

σ(H) = (hσ1 , . . . , hσ(i+j)) . Then, we define for e∗U and e∗V ∈ T (V ∗) their shuffle

product by

e∗U t e∗V =
∑

σ∈Sh(i+j)

e∗σ−1(H) ∈ T (V ∗) .

We further define the group-like elements of T̃ ((V )) , denoted by G(∗) , consisting

of all elements a ∈ T̃ ((V )) for which f(a)g(a) = (f t g)(a) ∀f, g ∈ T (V ∗) .

The verification that G(∗) forms indeed a subgroup of T̃ ((V )) is given in Lemma

2.17 in [35] . One of the most important results about this group is that this group

is actually the subspace where the signature takes values.

Theorem 3.5.4 (Theorem 2.15 of [35]). For a path X[s,t] of finite p-variation with

p < 2 , it holds that S(X) ∈ G(∗) .

We put on T ((V )) the product topology (i.e. the topology for which a se-

quence of elements (an)n>0 ∈ T ((V )) converges to a ∈ T ((V )) in the product

topology if and only if it converges coordinate-wise, i.e. for every k > 0 , the

limit limn→∞ a
k
n = ak . Also, all the maps and operations discussed so far, that is

+,⊗ : T ((V )) × T ((V )) → T ((V )) , inversion, exp and log are continuous with re-

spect to the product topology on T ((V ))× T ((V )) .

The (associative) tensor algebra T ((V )) can be viewed as a Lie algebra with the

Lie bracket given by [a, b] = a⊗b−b⊗a . When studying the Lie algebra T ((V )) , two
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Lie sub-algebras are of interest. First the Lie sub-algebra generated by the elements

V ⊂ T ((V )) , which we denote by L(V ) , and L((V )) that is the completion of

L(V ) in T ((V )) with respect to the product topology. In order to describe L(V )

and L((V )) , we have the following procedure. For the subspace U,W ⊂ T ((V )) , we

define [U,W ] ⊂ T ((V )) as the subspace spanned by all the elements of the form [a, b]

with a ∈ U and b ∈ W . We define inductively for k ∈ N, Lk = [V, Lk−1] ⊂ V ⊗k ,

with L0 = 0 and L1 = V . It follows that

L((V )) =
⊕
k>0

Lk

and naturally L(V ) consists of those elements of L((V )) which have finitely many

non-zero terms. The elements of L((V )) are called Lie series and those of L(V ) are

called Lie polynomials. As a complete classification of group-like elements, we have

the following result.

Theorem 3.5.5 (Theorem 2.23 of [35]). An element is group-like if and only if its

logarithm is a Lie series. That is, logG(∗) = L((V )) .

3.6 Free Nilpotent Lie Group and Rough Paths

All the spaces that we have defined so far in our analysis, have also a finite

dimensional version (that we call the truncated version) which consists of terms up

to a fixed degree n . In order to define them precisely, we consider

Bn = {a = (a0, a1, . . .)|a0 = a1 = . . . = an = 0}
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that is an ideal of T ((V )) . We define the truncated tensor algebra by the quotient

T (n)(V ) = T ((V ))/Bn with πn : T ((V )) → T (n)(V ) the natural quotient map. As

an algebraic structure, T (n)(V ) is an algebra where multiplication ⊗ is the same as

in T ((V )), but truncated at level n (i.e. all the elements with degree higher than n

are automatically null in this space). Between the truncated spaces, we can define

truncated versions of the log map or of the exponential map. We can also view

T (n)(V ) =
⊕

06k6n V
⊗k - as a finite sum of finite dimensional vector spaces. Thus,

when V is of dimension d , T (n)(V ) is of dimension 1 + d+ . . .+ dn . We also remark

that we consider T (n)(V ) endowed with the product topology from T ((V )) . In this

setting, as before, the operations remain continuous.

We consider also the sets of truncated group-like elements and Lie polynomials

of degree n , given by G(n) = πnG
(∗) and L(n)(V ) = πnL(V ) = πnL((V )) . Also,

remark that T̃ (n)(V ) = πnT̃ ((V )) is a simply connected n-step nilpotent Lie group

with Lie algebra πnB0 for which exp(n) : πnB0 → T̃ (n)(V ) is a diffeomorphism .

We have also the following proposition.

Proposition 3.6.1 (Lemma 2.24 and Proposition 2.25 of [35]). We have that an

element a ∈ T ((V )) is group-like if and only if πna ∈ G(n) for all n > 0 and if and

only if log(n) πna ∈ L(n)(V ) for all n > 0 . Furthermore, G(n) is a closed , simply

connected n-step nilpotent Lie subgroup of T̃ (n)(V ) , for which L(n)(V ) is the Lie

algebra and exp(n) : L(n) → G(n) is the diffeomorphism.

We call G(n)and L((V )) the free-step nilpotent Lie group and algebra over V .

Also, we can naturally consider the notion of truncated signature

S(n)(X[s,t]) = πnS
(n)(X[s,t])
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as an element of G(n) . We also have that for two paths X and Y ,

S(n)(X ∗ Y ) = S(n)(X)⊗ S(n)(Y )

and

S(n)(X)−1 = S(n)(Xr) ,

where Xr is the reversal of X . An important result that gives a description of

elements in G(n) is the Chow-Rashevskii Theorem.

Theorem 3.6.2 (Chow-Rashevskii Theorem, Theorem 2.26 of [35]). For every a ∈

G(n) there exists a piecewise linear path X : [0, T ]→ V such that a = S(n)(X[0,T ]) .

Remarkably, each element of G(n) is in fact the signature of some piecewise linear

path. With this result at hand, we can define the Carnot-Caratheodory (CC) norm

on the group G(n) by ||a||CC = infS(n)(X[0,T ])| ||X||1−var which is guaranteed to be

finite. Since G(n) is not a vector space, the CC norm is not a norm in the real sense

but gives rise to a metric on G(n) by dCC(a, b) = ||a−1b||CC . We are now ready to

define the notion of p-rough path . This notion builds naturally on previous results.

These paths are taking values in the Lie group T (n)(V ) and satisfy an algebraic

condition (Chen’s identity) and an analytic bound that is very similar with the

factorial decay of the norms of the signature levels presented in Proposition 3.3.1.

We now define the notion of multiplicative functional.

Definition 3.6.3. Let n > 1 be an integer and let X : ∆T → T (n)(V ) be a continuous

map. Denote by Xs,t the image of the interval (s, t) by X , and write

Xs,t = (X0
s,t, . . . X

n
s,t) ∈ R⊕ V ⊕ V ⊗2 . . .⊕ V ⊗n .
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The function X is called multiplicative functional of degree n in V if X0
s,t = 1 and

for all (s, t) ∈ ∆t we have

Xs,u ⊗Xu,t = Xs,t ∀s, u, t ∈ [0, T ] .

The multiplicative property is called Chen’s identity . To get familiar with the

object, let us take the following example.

Example 3.6.4 (Example 3.2 from [35]). Let X be a multiplicative functional of

degree 1 that is for all (s, t) ∈ ∆T , Xs,t ∈ T (1)(V ) = R⊕V . That is Xs,t = (1, X1
s,t) ,

with X1
s,t ∈ V . Then Chen’s identity reads

(1, X1
s,t) = (1, X1

s,u)⊗ (1, X1
u,t) = (1, X1

s,u +X1
u,t) .

So, in T (1)(V ) (at ’first level’) the multiplication condition in T (1)(V ) reduces

to the additivity in V of the mapping (s, t) → X1
s,t . This fact is equivalent to

the existence of a path X1
s,t = xt − xs , for all (s, t) ∈ ∆T . This path is unique

up to an addition of a constant element in V . Note that if X is a multiplicative

functional of degree n > 2 in V, then we have that π1X : ∆T → T (1)(V ) is a

multiplicative functional of degree 1. This implies that there exists a classical path

x : [0, T ] → V , which underlies X (i.e. X1
s,t = xt − xs) but X is not the signature

of X in general. Consider for example the path Xs,t = (1, 0, (t − s)w) that is a

multiplicative functional of degree 2 . If we look only at the first level, then the

underlying path x is a constant path whose signature is simply (1, 0, 0) which is

different from X. We are now ready to define the central object of Rough Path

Theory.
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Definition 3.6.5. A p-rough path of degree n is a map X : ∆T → T̃ (n)(V ) which

satisfies Chen’s identity Xs,t⊗Xt,u = Xs,u and the following ’level dependent’ analytic

bound

||X i
s,t|| 6

w(s, t)
i
p

βp(
i
p
)!

,

where y! = Γ(y + 1) whenever y is a positive real number and βp , is a positive

constant.

The factors ( i
p
)! and βp in the definition of the p-rough path are not important

due to the possibility of recalling; however, they become important in the following

Extension Theorem that states that there is only one way to extend a p-rough path

to the entire group T̃ ((V )) .

Theorem 3.6.6 (Extension Theorem, Theorem 3.7 of [35]). Let p > 1 be a real

number and n > 1 be an integer. Let X : ∆T → T (n)(V ) be a multiplicative

functional with finite p-variation controlled by w . Assume that n > bpc . Then there

exists a unique extension of X to a multiplicative functional ∆T → T ((V )) which

has finite p-variation, i.e. for every m > bpc + 1 , there exists a unique continuous

function

Xm : ∆T → V ⊗m

such that

(s, t)→ Xs,t = (1, X1
s,t, . . . , X

bpc
s,t , . . . , X

m
s,t, . . .) ∈ T ((V )) ,

is a multiplicative functional with finite p-variation controlled by w , in the sense of

Definition 3.6.5 , with βp = p2

(
1 +

∞∑
r=3

(
2
r−2

) bpc+1
p

)
.

We denote the space of all p-rough paths of degree bpc by Λp(V ). The first
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remark is that for every continuous map X : ∆T → T̃ ((V )) , we associate the path

xt = X0,t , and conversely for every x ∈ C([0, T ], T̃ (n)(V )) we can define the following

mapping X : ∆T → T̃ ((V )) by Xs,t = x−1
s xt , which indeed satisfies Chen’s identity.

Thus, every map X : ∆T → T̃ ((V )) that satisfies Chen’s identity is completely

characterized by its associated path x : t→ X0,t . For a path with finite p-variation

for p < 2, that is canonically a p-rough path of degree bpc = 1 , we have the signature

S(X) : (s, t)→ S(X[s,t]) , that satisfies Chen’s identity. Furthermore, a modification

of the factorial decay of the signature gives that the signature satisfies the required

analytic bound. To sum up, we are in the position to apply Theorem 3.6.6 to obtain

that the signature is the unique extension of a p-rough path for p < 2 . Also, the

Extension map is a continuous mapping as stated in the following important result.

Theorem 3.6.7 (Continuity of the Extension Map, Theorem 3.10 of [35]).

Let X, Y ∈ Λp(V ) with p-variation control w and let ε ∈ (0, 1) . Then the bound

||X i
s,t − Y i

s,t|| 6 ε
w(s, t)

i
p

βp(
i
p
)!

,

holds for all (s, t) ∈ ∆t and i > 1 , provided that it holds for all 1 6 i 6 bpc .

3.7 The spaces of p-Rough Paths and Geometric Rough

Paths

We introduce a metric on Λp(V ) which transform the space Λp(V ) in a complete

metric space. For X, Y ∈ Λp(V ) we define

dp(X, Y ) = max
16i6bpc

sup
D⊂[0,T ]

(∑
D

||X i
ti,ti+1

− Y i
ti,ti+1

||
p
i

) i
p

.
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In general, this quantity might be infinite for general mappings from the space

∆T → T ((V )) , but in the context of p-rough paths this is finite due to Theorem

7.4.1 . Related to this notion is a notion of convergence (stronger notion) that

is the convergence in the p-variation topology . Formally, this is defined in terms

of converging sequences. A sequence (X(n))n>1 ∈ Λp(V ) is said to converge to

X ∈ Λp(V ) in p-variation topology if there exists a p-control w of X and X(n) for

all n > 1 , and a sequence (a(n))n>1 of positive reals such that limn→∞ a(n) = 0 and

||X(n)is,t −X i
s,t|| 6 a(n)w(s, t)

i
p ,

for all (s, t) ∈ ∆T and 1 6 i 6 bpc .

A path in V with finite q-variation for some q < 2 defines a q-rough path.

Moreover, for p > q, this q-rough path can be extended by the Extension Theorem

to a multiplicative functional of degree bpc with finite q-variation, hence also with

finite p-variation. This means that in particular, a path with bounded variation can

be considered canonically as a p-rough path for every p > 1 , where the extension is

given by the signature, as discussed before. We are now ready to define the notion

of a geometric rough path.

Definition 3.7.1. A geometric p-rough path is a p-rough path that can be expressed

as a limit of 1-rough paths in the p-variation metric.

The space of geometric rough paths in V is denoted by GΩp(V ) .

Example 3.7.2 (Example from [35]). Let us take V = Rd , (d > 2) . Let (xi)i=1,...,d

be an element of V . The 2-tensors are pictured as arrays (xij)i,j∈1,...,d . Let us

take xu to be a path of finite 1-variation in Rd . We define X i
s,t = xit − xis , and

X i,j
s,t =

∫ ∫
s<u1<u2<t

dxiu1dx
j
u2
. Then Xs,t = (1, (X i

s,t)
d
i=1, (X

i,j
s,t)

d
i,j=1) , is a multiplica-
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tive functional in T (2)(Rd) , with finite p-variation for some p < 3 . This functional

belongs to GΩp(Rd) and is called the canonical extension of the path xu . Writing

(X i,j
s,t)

d
i,j=1 into its symmetric and anti-symmetric parts, we obtain

X i,j
s,t =

1

2
(xit − xis)(x

j
t − xjs) + Ai,js,t ,

where Ai,js,t = 1
2

∫ ∫
s<u1<u2<t

dxiu1dx
j
u2
− dxju1dx

i
u2
. The Ai,js,t has the geometric inter-

pretation of the area enclosed by the path concatenated with the chord between the

points given by the indices i and j . Thus, integrating the winding number over the

plane gives Ai,js,t .

3.8 Rough Differential Equations and Rough Differen-

tial equations with drift

In this section, we introduce the Rough Differential Equations (RDEs) . First,

we need the following definition.

Definition 3.8.1. A weakly geometric p-rough path is p-rough path which takes its

values in Gbpc , the free nilpotent group of step bpc . The space of weakly geometric

rough paths is denoted by WGΩp(V ) .

This space is indeed related to the space of geometric rough path via the inclusion

GΩp(V ) ⊂ WGΩp(V ) , and this inclusion is strict. For futher details, see section

3.2.2, [35].

In the following, we work with the following notion of distance given by

d0;[0,1](x,y) := sup
06s<t61

d(xs,t, ys,t) .
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For an introduction to Rough Differential Equations we refer the reader to chapter

10 in [17] . For now let x ∈ C1−var([0, 1],Rd) . For the solution y to the following

controlled differential equations

dy = V (y)dx :=
d∑
i=1

Vi(y)dxi , y0 ∈ Rq ,

we use the notation π(V )(0; y0, x) . In fact, the notation π(V )(s, ys;x) stands for so-

lutions of controlled ODE with vector fields V = (Vi)i=1,...,d started at time s from

a point ys ∈ Rq .

We extend our study to the Rough Differential Equations with drift term, as this fits

perfectly with the study of the Loewner differential equation as a Rough Differential

Equation. We start with the corresponding definition of RDEs with drift.

Definition 3.8.2. Let p, q > 1 and such that 1/p+ 1/q > 1 .

Let

x ∈ Cp−var([0, T ], Gbpc(Rd))

be a weak geometric p-rough path and

h ∈ Cq−var([0, T ], Gbpc(Rd′))

be a weakly geometric q-rough path. We say that y ∈ C([0, T ],Re) is a a solution

to the rough differential equation with drift driven by (x, h) along the collection of

Re-vector fields ((Vi)16i6d, (Wj)16j6d′) and started at y0 if there exists a sequence

(xn, hn) ⊂ C1−var([0, T ],Rd)× C1−var([0, T ],Rd′) , such that

I supn ||Sbpc(xn)||p−var;[0,T ] + ||Sbpc(hn)||q−var;[0,T ] 6∞ .
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I limn→+∞ d0;[0,T ](Sbpc(xn),x) = 0 , and limn→+∞ d0;[0,T ](Sbpc(hn),h) = 0 ,

and ODE solutions yn = π(V )(0, y0; (xn, hn)) such that

yn → y uniformly on [0, 1] as n→∞

When this happens, we write the formal equation:

dY = V (y)dx +W (y)dh , y0 ∈ Re ,

which is called rough differential equation with drift .

A very important set of theorems regarding RDEs with drift are the ones that

give existence, uniquness of solutions and continuity estimates in terms of the reg-

ularity of the vector fields involved in the RDE with drift. The theorems follow the

spirit of the Universal Limit Theorem (Theorem 5.3 of [35]) .

The first result, is giving existence of solution along with some continuity esti-

mates. However, this result does not guarantee uniqueness of solution.

Lemma 3.8.3 (Lemma 12.3 of [17]). Let V = (Vi)16i6d a collection of vector fields

in Lipγ−1(Rd) with γ > 1 , and W = (Wj)16i6d′ a collection of vector fields in

Lipβ−1(Rd) with β > 1 . Let x, x̃ be two paths in C1−var([s, u],Rd) such that

S[γ](x)s,u = S[γ](x̃)s,u ,

and h, h̃ be two paths in C1−var([s, u],Rd) such that

S[β](h)s,u = S[β](h̃)s,u .
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We then have that the two corresponding RDEs with drift have solutions and more-

over we have the following estimate for some C = C(γ, β) ,

|πV,W (s, ys; (x, h))s,u − πV,W (s, ys; (x̃, h̃))s,u| (3.8.1)

6 C(lβh + lxl
γ−1
h + lxlh + lβ−1

x lh + lγx)exp(C(lx + lh))

where lx and lh are bounds for

|V |Lipγ−1 max

{∫ u

s

|dx|,
∫ u

s

|dx̃|
}

and respectively

|W |Lipβ−1 max

{∫ u

s

|dh|,
∫ u

s

|dh̃|
}
.

In order to provide existence and uniqueness of solution, the collection of vector

fields defining the RDE with drift should be in Lip(γ) respectively Lip(β). See

Theorem 12.10 and Theorem 12.11 in [17] . So, the fundamental difference between

the two results is in the regularity of the vector fields that give the transition between

existence and uniqueness and guaranteed existence only. In the classical theory of

ordinary differential equations this results are in the spirit of Cauchy-Peano Theorem

and Picard-Lindelöf Theorem, i.e. in the transition between just continuous vector

field versus Lipschitz vector field in the space variable.
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Chapter 4

Phase transition at κ = 4 and new

information about the SLEκ traces

Overview

We study the properties of the backward Loewner differential equation, as a differen-

tial equation started from the singularity. When the backward Loewner differential

equation is driven by
√
κBt, we show that there is a phase transition at κ = 4,

in terms of uniqueness/non-uniqueness of solutions starting from the origin. In

the regime κ > 4, we study some features of the non-uniqueness in terms of the

macroscopic excursions of the backward Bessel process. Compared with the typical

proof of the phase transition in the behavior of the SLEκ trace at κ = 4, that uses

information of the behavior on the boundary for the maps satisfying the forward

Loewner differential equation, we use the behavior on the boundary of a different

family of mappings to obtain new structural information about the backward SLEκ

traces, by identifying some classes of double points along the backward SLEκ traces

for κ ∈ (4,∞).
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4.1 Introduction

In the current literature related to the phase transition of the SLEκ curves there is

used as a main tool the forward Bessel process obtained by the extension of conformal

maps to the boundary. In this work we study the backward Bessel process obtained

from the extension to the real line of the conformal maps that satisfy the backward

Loewner differential equation. The study of phase transition phenomena using this

process is new and reveals new ways of obtaining structural information about the

backward SLEκ traces.

The chapter is divided into several sections. In the first section, we introduce

the notations and setting of the problem. In the next sections we give a heuristic

of the proof of the main result and we perform the analysis with all details. First,

we show the uniqueness of solutions for κ 6 4, and then the non-uniqueness of the

backward Loewner differential equation started from the origin. At the end of each

section, we give applications on the structure of the SLEκ traces. In particular,

this emphasizes the objective of the work in the chapter, that is double-sided. On

one hand, we obtain existence and phase transition in terms of the uniqueness/non-

uniqueness of solutions for a singular stochastic differential equation started from its

singularity. On the other hand, we use this analysis to obtain structural information

about the SLE traces that is not apparent when one works with the forward Loewner

flow.
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4.2 Preliminaries

In this chapter, we work with the time reversal differential equation (backward)

version for chordal SLEκ in the upper half-plane

∂th(t, z) =
−2

h(t, z)−
√
κBt

, h(0, z) = z, z ∈ H (4.2.1)

We recall from the introduction the following lemma.

Lemma 4.2.1 (Lemma 5.5 of [22]). Let ht(z) be the solution to the backward Loewner

differential equation with driving function
√
κBt and let ft(z) be the solution of the

partial differential equation version of the Loewner differential equation with the

same driver. Then, for any t ∈ R+, the function z → ft(z +
√
κBt) −

√
κBt and

z → ht(z) have the same distribution.

Throughout this chapter, we will use the following lemma.

Lemma 4.2.2. The maps ht(z) : H→ H\Kt solving the backward Loewner differential

equation driven by
√
κBt can be extended continuously to the boundary for all times

t ∈ [0,+∞), a.s..

Proof. Using Rohde-Schramm Theorem (see [44]) we obtain that the maps g−1
s (z)

can be extended for all s ∈ [0,∞), for almost every Brownian path (since the SLEκ

hulls Ks are locally connected, for all s ∈ [0, T ] for almost every Brownian path).

Let us consider the Loewner chain for hT−s ◦ h−1
T (z)−

√
κBT

∂s(hT−s ◦ h−1
T (z)) =

2

(hT−s ◦ h−1
T (z))− (

√
κBT−s −

√
κBT )

. (4.2.2)

This is a forward Loewner chain with driver B̃s :=
√
κBT−s −

√
κBT that is a
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Brownian motion. The maps gs(z) also satisfy this chain. Since the Loewner chain

has a unique solution a.s., we obtain that fixed T > 0 the maps gs(z) = hT−s◦h−1
T (z).

Thus, hT−s(z) = gs ◦ hT (z) can be continuously extended to the boundary. Indeed

since for any fixed T > 0, the maps hT (z) have the same distribution as g−1
T (z)

(according to Lemma 4.2.1) and the maps gs(z) can be extended continuously to

the boundary. Let us choose (Tn)n∈N an increasing sequence of times such that

Tn →∞, as n→∞. Let

ATn := {hTn−s(z) can be continously extended to the boundary for all s ∈ [0, Tn]}.

For each Tn > 0, the events ATn happen with probability one from the previous

argument. Using an union bound argument, we obtain that P(∪n∈NAcTn) = 0, and

the conclusion follows.

In the last sections of the chapter, we will work with the square of the (shifted)

conformal mappings, i.e. we will consider

h̃t(z) = (ht(
√
z)−

√
κBt)

2,

which is a conformal map from C \ [0,∞) into C \ [0,∞). We emphasize that
√
z is

not the principal branch and we work with the branch where we measure the values

of the Argument from the positive semi-axis. These mappings can be extended

continuously to the boundary using the same idea as in Lemma 4.2.2. They form a

Squared Bessel process of certain dimension that we analyze in the next sections.

From Lemma 4.2.1, it follows that for fixed t ∈ [0,∞), ht(z)−
√
κBt is equal in

distribution to g−1
t (z +

√
κBt). For x > 0, following Theorem 4 of [29], we obtain
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that the mappings

H(x, t) = (g−1
t (i
√
x+
√
κBt))

2

are continuously extended a.s. on [0,∞)× [0,∞) and they also generate a trace

γ2(t) = H(0, t) = (g−1
t (
√
κBt))

2.

We introduce the following definitions that we use in our analysis as well:

Definition 4.2.3. For a one-dimensional diffusion Xt on the interval I ⊂ R, let us

write Hy := inf{t : Xt = y}. A point c ∈ I = [0,∞) is called absorbing if

Pc(Hy <∞) = 0

for all y ∈ I \ {c}.

A point c ∈ I = [0,∞) is called reflective if

Pc(Hy <∞) > 0

for some y ∈ I \ {c}.

We call a point c ∈ [0,∞) instantaneously reflecting if the point is reflecting and

the Lebesgue measure of the time spent at point c ∈ I is zero.

Definition 4.2.4. A diffusion is called regular if for all x ∈ Int(I), y ∈ I, we have

that

Px(Hy <∞) > 0.

Definition 4.2.5 (Scale function). For a (regular) diffusion Xt on I with the following

laws {Px : x ∈ I}, a scale function is a continuous strictly increasing function
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s : I → R such that for all a < x < b ∈ I,

Px(Hb < Ha) =
s(x)− s(a)

s(b)− s(a)
.

Next, we introduce the following definition.

Definition 4.2.6. If s(x) = x is a scale function for Xt, we say that Xt is in natural

scale.

For a diffusion Xt with drift µ and variance σ2, the scale function can be com-

puted via s(x) =
∫ x
x0

exp(−
∫ y
η

2µ(z)
σ2(z)

dz)dy, where x0, η are points fixed (arbitrarily)

in (a, b). We further define

Definition 4.2.7. The function m(ζ) = 1
σ2(ζ)s′(ζ)

is the density of the speed measure.

Throughout this chapter and in the next one as well, we use the notion of strong

solution of one-dimensional stochastic differential equations that we introduce in the

following.

Let Bt be a one-dimensional standard Brownian motion. Let us consider the

Borel functions

σ : R→ R

and b : R→ R bounded on compact sets.

Consider the equation (that we write shortly Eq(σ, b)) given by

dXt = σ(Xt)dBt + b(Xt)dt.

Definition 4.2.8. A solution to the equation Eq(σ, b) consists of:

I a filtered probability space (Ω,F ,Ft,P).
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I an Ft-Brownian motion.

I an Ft adapted continuous process X such that

Xt = X0 +

∫ t

0

σ(Xs)dBs +

∫ t

0

b(Xs)ds.

When X0 = x, we say that Xt started in x.

We are ready to introduce the notion of strong solutions.

Definition 4.2.9. We say that a solution (X,B) to Eq(σ, b), defined on a filtered

probability space (Ω,F ,Ft,P) is a strong solution on this space if X is adapted to

the complete filtration generated by the Brownian motion B.

In order to perform the analysis, let us consider Zt(z) := ht(z
√
κ)−
√
κBt√

κ
with

z ∈ H̄, where ht(z) are the continuous extensions to the real line of the conformal

maps solving (4.2.1).

Thus, when restricting the analysis to the real line, we obtain the following SDE

dXt =
−2/κ

Xt

dt+ dBt

X0 = x0 ∈ R.
(4.2.3)

This SDE is the same as the ones governing real Bessel processes started from

x0 ∈ R,

dXt =
d− 1

2

1

Xt

dt+ dBt,

with −2/κ = (d − 1)/2, i.e. d = 1 − 4/κ. Thus, d 6 0 for κ 6 4 and d > 0 for

κ > 4. We show throughout this chapter that for κ 6 4, there is no solution to the

SDE (4.2.3) starting from the origin for almost every Brownian path, since {0} is

absorbing boundary point a.s.. For κ > 4, we show that there exists more than one
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strong solution to the SDE (4.2.3) that is instantaneous reflecting at zero. In this

way we give meaning (abstractly) to a notion of solution for the Loewner equation

started from the origin (along the real line). In [4] there is a proof that there exists

a unique strong non-negative solution to (4.2.3) that starts at zero and that spends

zero Lebesgue measure time there. We use this solution to construct another strong

solution that is not positive and has the same characteristics (spends null Lebesgue

measure time at zero).

Excursion theory for Markov processes. We start with a subsection on Excursion

Theory for Markov processes. First, we introduce the notion of local time.

Definition 4.2.10. For a stochastic process Xt : Ω→ R, for every t > 0 and x ∈ R,

the quantity

Lx,t := lim sup
ε→0+

1

2ε

∫ t

0

1|Xs−x|6εds

is called the local time at level x and time t.

When we refer to the local time of the process at zero (i.e. when x = 0), we

simplify the notation Lt = L(t).

In this subsection, we follow the approach in [8], that we refer to for more details.

We define the terminology for a general real-valued Markov process Mt, keeping in

mind that in our setting, we apply the techniques for the solutions to the Squared

Bessel SDE.

Definition 4.2.11. An open interval (g, d) ⊂ R is called an excursion interval for a

stochastic process Mt if Mt 6= 0, for all t ∈ (g, d), with Mt = Md = 0.

We fix a real number c > 0. If we are dealing with a process that is not identically

zero, then with positive probability there exists at least one excursion interval with
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length l > c. We introduce as in [8], the right continuous function

Π̄ : (0,∞]→ (0,∞)

which describes the distribution of the lengths of excursion intervals. Let us consider

the natural ordering of excursion intervals with length l > a. Let us consider

the length of the first such interval to be l1(a). The function is defined for every

a ∈ (0,∞] as

Π̄(a) =


1

P(l1(a)>c)
a 6 c,

P(l1(c) > a) a > c.

We are interested in the behavior of (Mg+t, 0 6 t 6 d− g) corresponding to each

excursion interval (g, d).

For every a > 0, let us consider the set of excursions of length τ > a

E (a) = {ω ∈ Ω, ω(0) = 0 : τ > a and ω(t) 6= 0,∀ 0 < t < τ}.

Let us consider the set of all excursions E = ∪a>0E (a). Following the approach in [7]

for each a > 0 with Π̄(a) > 0, we denote by n(·|τ > a) the probability measure

on E (a) corresponding the law of the process Mt on the first excursion with length

l > a, i.e. the law of the process (Mg1(a)+t, 0 6 t 6 l1(a)) under P, where we used

that the assumption Π̄(a) > 0 guarantees g1(a) < ∞ a.s.. It is proved in [7], that

there exists a unique measure n on E = ∪a>0E (a) that we call the excursion measure,

such that

n(λ) = Π̄(a)n(λ|τ > a)
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for every λ ⊂ E (a).

Let us define L−1(t) as the inverse of the local time at zero of the process Mt up

to time t > 0, i.e.

L−1(t) = inf{s > 0 : L(s) > t}.

Moreover, let us consider

L−1(t−) = inf{s > 0 : L(s) > t}.

We introduce the excursion process et(ω) on E ∪ {η}, where {η} is an additional

isolated point, associated with the stochastic process Mt

et(ω) = (Ms+L−1(t−)(ω), 0 6 s < L−1(t)− L−1(t−)) if L−1(t)− L−1(t−) > 0

and et(ω) = η otherwise.

We have the following result.

Theorem 4.2.12 (Theorem 10, chapter IV of [7]). If 0 is recurrent then, (et(ω), t > 0)

is a Poisson Point Process with characteristic measure n.

We will use that for 0 < d < 2, for the Squared Bessel process of dimension

d, the origin is recurrent. We obtain from the above result the fact that there

exists an excursion decomposition for this process. We will use this in the following

subsections to obtain results about the backward SLEκ trace for κ > 4.

4.3 Main result

Before stating our main result, we introduce the following concepts.
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Definition 4.3.1. For m > 0, an m-macroscopic excursion is an excursion of the

Bessel process of length at least m > 0, where the length of an excursion is understood

as the length of the time interval corresponding to the excursion.

Next, we introduce the notion of macroscopic hull.

Definition 4.3.2. A macroscopic hull is a compact set in H̄ with a simply connected

complement, such that its intersection with the real axis is an interval I ⊂ R with

strictly positive Lebesgue measure. We call the intersection of macroscopic hull with

the real axis the base of the hull.

Definition 4.3.3. Let m > 0 be a real number. Let γ(t) be the SLEκ curve. If there

exists two times r1, r2 in the time interval such that γ(r1) = γ(r2) and |r1−r2| > m,

then we say that there is a self-touching of the curve after time at least m.

We also introduce the following definition.

Definition 4.3.4. Let m > 0. For the (backward) SLEκ trace, an m-macroscopic

double point is a double point that corresponds to self-touching of the trace after

time at least m > 0.

The origin in H is a singularity for the backward Loewner differential equation,

since the vector field −2/κ
Z0

has infinite modulus. For almost every Brownian path, a

notion of solution for t ∈ [0, T ] for this differential equation is defined by the limit

Zt(0) := limy→0+ Zt(iy).

We are now ready to state our main result.

Theorem 4.3.5. For κ ∈ (0, 4] and for all times in a compact time interval, there

is a unique solution of the backward Loewner differential equation started from the

origin, a.s.. Moreover, for κ 6 4, the backward SLEκ trace is a simple curve a.s..
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For κ > 4, there are at least two real solutions for the backward Loewner differential

equation started from the origin, a.s.. Let m > 0 be a positive real number. For

κ ∈ (4,∞), on m-macroscopic excursions from the origin of the Squared Bessel

process obtained from extensions of the backward SLEκ maps on the real line, we

obtain macroscopic hulls with base depending on m > 0 and m-macroscopic double

points of the backward SLEκ trace.

Remark 4.3.6. Compared with the proof of the a.s. simpleness of the SLEκ trace

for κ 6 4 that already exists in the literature, we show that this is implied by the

behavior at the origin the backward Bessel process obtained from the extension of

the conformal maps to the boundary.

In addition, this analysis also offers a possible answer to the question: what

pathwise properties of the Brownian motion influence the behavior of the SLEκ

trace. We will study this in more detail in the last section of this chapter.

In a nutshell, in our analysis, we extend the conformal maps to the boundary

and obtain that the dynamics of boundary points satisfy the SDE (4.2.3). We use

known results about the solutions of the SDE (4.2.3) along with theorems about the

backward Loewner evolution in order to study the start of the backward Loewner

evolution from the origin. For this, we use the result from [4], in which there is a

proof of the existence and uniqueness of strong positive solutions to the Bessel SDE

started from the origin for 0 < d < 1. In our case, this gives the existence and

uniqueness of a strong non-negative solution for the SDE (4.2.3) on the real line for

κ > 4, since d(κ) = 1− 4
κ
.

Remark 4.3.7. For dimensions d ∈ (0, 1] (κ > 4) there exists a construction of

the solutions to the SDE using Excursion Theory. Using this and the previous
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analysis, we obtain that beginning of m-macroscopic excursions for the SDE (4.2.3)

give macroscopic hulls for the backward Loewner differential equation started from

the origin. Thus, we obtain another structural information about the dynamics

of the backward SLEκ hulls, and implicitly backward SLEκ traces. That is, the

m-macroscopic excursions of the Bessel process started from the origin, create in

this context, macroscopic hulls of the backward SLEκ. In particular, when starting

the backward Loewner differential equation from the beginning of m-macroscopic

excursions of the Bessel processes, we obtain a macroscopic hull, a.s. For further

details about the Excursion Theory construction of the Bessel processes for d ∈ (0, 1],

see [7].

Backward Loewner differential equation and the Backward Loewner trace.

In the following we show how using the a.s. existence of the forward chordal

SLEκ, we can obtain the a.s. existence of the backward Loewner trace. For κ > 0,

the backward chordal SLEκ is defined by solving the backward Loewner differential

equation with the driver
√
κBt, 0 6 t <∞. For any t0 > 0, we have that the process

(
√
κBt0−t −

√
κBt0 , 0 6 t 6 t0) has the same distribution as (

√
κBt, 0 6 t 6 t0).

Rohde and Schramm showed in [44] that for every t0 ∈ [0, T ),
√
κB(t0−t), 0 6 t 6 t0

generates a forward Loewner trace which we denote by βt0(t0− t), 0 6 t 6 t0. Then,

using the identity in distribution for the Brownian motion from above, it is shown

in [41] that
√
κBt generates the backward SLEκ traces βt0 for 0 6 t0 6 T.

Note that βt is a continuous function defined on [0, t]. The parametrizations

of the backward traces βt is different from the usual parametrization of the chordal

SLEκ trace in the sense that the backward traces βt is a continuous function defined

on [0, t] such that β0 is the tip and βt is the root that is an element of R . The

difference with the chordal SLEκ is that the chordal trace is parametrized such that
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the root of it is β0 . For further details about this construction, we refer to [41].

We also use in our analysis that for fixed time T > 0, the law of the curves

βT = β(0, T ] generated by the backward Loewner differential equation is the same

as the forward chordal SLEκ trace γ(0, T ] (modulo a translation with the driver

√
κBT ).

4.4 Heuristic of the proof of the main result

I We consider a probability space (Ω,Ft,P) equipped with the Wiener measure.

We consider the backward Loewner differential equation driven by a standard

Brownian motion that is defined on (Ω,Ft,P). We consider also the extension

of the conformal maps ht(z) to the real line.

I On the real line, when extending continously the maps solving the backward

Lowener differential equation with
√
κBt driver, we obtain a real-valued SDE

(4.2.3). This real valued SDE, has the origin as a boundary point. Moreover,

the behaviour of this real-valued SDE at this boundary point dependes on the

dimension d = d(κ). For dimension d = 0 and d < 0, the origin is an absorbing

boundary and for d > 0, zero is a reflecting boundary. For the backward flow

we have −2/κ = (d− 1)/2, i.e. d = 1− 4/κ. Thus, d 6 0 for κ 6 4 and d > 0

for κ > 4, i.e. zero has a different behaviour as a boundary point for the SDE

(4.2.3). For κ > 4, there is a way to give meaning to a notion of (strong)

solution to the SDE (4.2.3), started from {0} for almost every Brownian path.

This idea appeared in [4], where it is proved that there exists a strong non-

negative solution for this process, that spends null Lebesgue measure time at

the origin, for almost every Brownian path. In contrast, for d = 0 (κ = 4) and
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d < 0 (i.e. κ < 4) there is no notion of solution that exits the origin along

the real line a.s., so if there is a notion of solution started from the origin, the

only possibility is the one constructed from the interior of H.

I First, we show how we can define a solution for the backward Loewner differ-

ential equation started from the origin, when driven by
√
κBt, for all κ and

for almost every Brownian path.

Then, we show that the behavior of the real-valued SDE (4.2.3) at the origin

is absorbing for d = d(κ) 6 0.

Using this, we argue that for κ ∈ [0, 4], there is a unique solution a.s.. The

argument is the developed in the following section.

I For d > 0, i.e. κ > 4, the picture differs. In this case, we prove that there

are at least two real solutions with the same starting point and with the

same Brownian path as a driver. We use the existence of the strong solution

result for the SDE (4.2.3) of dimension d > 0 proved in [4], to construct a

new (negative) strong solution (with the same starting point and the same

Brownian path as a driver). Thus, we conclude that in this setting, the origin

gets mapped to at least two different points for t ∈ [0, T ], a.s.. The result in [4],

gives also the uniqueness of the strong solution on the positive semi-axis.

Extending the conformal maps (ht(
√
z) −

√
κBt)

2 to the real line and con-

sidering the trace γ2(t) = (g−1
t (
√
κBt))

2, we obtain using the analysis of the

Squared Bessel SDE new structural information about the SLEκ traces.

This perspective helps us to recover the phase transition for the backward

SLEκ traces from simple for κ ∈ [0, 4] to non-simple curves for κ ∈ (4,+∞)

using the phase transition in terms of the behavior of the Squared Bessel SDE
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at {0}, seen as boundary point for this SDE. This analysis, compared with the

typical phase transition in terms of the behavior of the forward Bessel pro-

cess, gives additional information about the structure of the backward SLEκ

traces (to be compared with the forward flow case, where the proof uses only

information on the positive part of the real line).

4.5 Proof of the main result

Proof of Theorem 4.3.5: the existence and uniqueness of solutions for κ 6 4.

In this section, we prove the first part of the result. First, we use Lemma 4.2.2

in order to assure that for the backward Loewner differential equation driven by

√
κBt, we have that limy→0 ht(iy) exists for all times t ∈ [0,+∞), a.s.. We postpone

to show the fact that the limit indeed satisfies the backward Loewner differential

equation until the end of the section and we first show the uniqueness.

Application: Almost sure simpleness of the SLEκ trace, for κ ∈ [0, 4] using just

the information on the boundary.

In this section, we show how the information about the dynamics of boundary

points under the backward Loewner differential equation, gives information about

the structure of the SLEκ traces for κ ∈ [0, 4]. We recall that the SLEκ traces

are defined via a limiting procedure from the interior of the domain. Essentially, we

show that the a.s. behavior of the origin for the Bessel SDE (4.2.3), gives information

about the behavior of the SLEκ traces.

We first need the following definition.

Definition 4.5.1. The real Squared Bessel process for any δ > 0 and x > 0 is defined

as the unique strong solution for the equation Xt = x+ 2
∫ t

0

√
XsdBs + δt.
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For this process, we have the following result

Proposition 4.5.2 (Proposition 1.5, Chapter XI of [39]). For δ = 0, the point 0 is

absorbing and for 0 < δ < 2 the point 0 is instantaneously reflecting.

We use this result, in order to argue that the point 0 is also absorbing for the

Bessel process of dimension d = 0 (i.e. κ = 4). Indeed, if with positive probability

the point {0} would not be absorbing then this would imply that with positive prob-

ability we could construct solutions for the Squared Bessel SDE that are different

from the identical zero solution, that is a contradiction.

In addition, we have the following general theorem from [40].

Theorem 4.5.3 (Theorem 51.2 of [40]). Let Xt be a real valued diffusion in the natural

scale on I = [0,∞) with speed measure m. Then the boundary {0} must be absorbing

if
∫
I
m(dx) =∞.

When computing the speed measure for the Squared Bessel process of dimension

d = d(κ) = 1 − 4
κ
, we obtain md(dy) = Kdy

2(d−1)/(2−d)dy, where Kd depends on d.

We obtain that for 0 < d < 2

2(d− 1)

(2− d)
∈ (−1,∞).

Since 2(d−1)
(2−d)

6 −1 for d 6 0 we obtain via Theorem 4.5.3 that for d 6 0 the origin

is reached a.s. and the process is absorbing. Thus, when started from x0 = 0 the

solutions of the Squared Bessel process of dimension d > 0, ’escape’ the origin and

reflect when reaching the origin back, while the process is absorbed at the origin for

d 6 0.

We showed that the Squared Bessel process has an absorbing origin for d 6 0,

i.e. κ 6 4. Since the Bessel process is the square root of the Squared Bessel process
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we obtain that the same result for the Bessel process, that we use in the following.

For 0 < d < 2, the process is also reaching the origin, a.s. but the origin is not

absorbing anymore.

Let us consider the maps gt(z) solving forward Loewner differential equation, and

let us assume that they generate a trace (when the diver is
√
κBt this happens with

probability 1). Let us consider fixed s < t, and let us consider gs,s+t = gs+t ◦ g−1
s .

Then the Loewner chain g
(s)
t = gs,s+t has driving function U

(s)
t = Us+t. When

Ut =
√
κBt, the process Us+t − Us is again a Brownian motion. Then, the Loewner

chain for g
(s)
t (z) is

∂tgs,s+t(z) =
2

gs,s+t(z)−
√
κBt+s

, gs,s(z) = z.

Thus, the format of the equation is the same. We have the following definition.

Definition 4.5.4. Suppose gt is a Loewner chain with driving function Ut, and let

f̂t(z) = g−1
t (z + Ut). Suppose that for each t the limit

γ(t) = lim
y→0+

f̂t(iy)

exists and the function t → γ(t) is continuous. Then the Loewner chain gt is

generated by the curve γ.

We use the notation γ(t) for the trace generated by gt(z) and γ(s)(t) for the trace

generated by g
(s)
t (z) for s > 0.

Lemma 4.5.5 (Lemma 4.34 of [25]). Suppose gt(z) is generated by the curve γ. Then

γ is a simple curve with γ(0,∞) ∈ H if and only if for all s > 0, γ(s)(0,∞)∩R = ∅.

The SLEκ traces γ(s)(t) have the scaling property. The argument is identical
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to the one for the forward Loewner differential equation for s = 0. Using the

deterministic Lemma 4.5.5, we see that in general if the Loewner chain is generated

by a curve γ, then γ is not simple if and only if there exists s such that γ(s)(0,∞)∩

R 6= ∅. For SLEκ traces we obtain that γ is a.s. non simple if and only if with

probability one there exists s such that γ(s)(0, 1)∩R 6= ∅. Using the scaling property

of the SLEκ traces, we obtain that probability of events is either 0 or 1. Indeed

define for t > 0, Et = {there exists s such that γ(s)(0, t) ∩ R 6= ∅}. By scaling the

sets Et have the same probability, that we denote by p. Then p = P(∩tEt) and

∩tEt ∈ F0+ where F0+ = ∩t>0Ft. By Blumenthal’s zero-one law, F0+ contains only

nullsets and their complements. Hence, p ∈ {0, 1}.

Thus, it is enough to show that such s > 0 exists with positive probability, i.e.

we have that the SLEκ trace γ(t) is a.s. non-simple if and only if there exists s such

that γ(s)(0, 1) ∩ R 6= ∅ with positive probability. In the next proof, we show that

the last statement is equivalent to the statement that the origin is non-absorbing

for the Bessel process.

In order to show this, we need the following observation. Fix s > 0, a determin-

istic time. We consider the Loewner chain hs,s+t, i.e.

∂ths,s+t(z) =
−2

hs,s+t(z)−
√
κBs+t

, hs,s(z) = z.

For any deterministic time shift s > 0, when considering the continuous extension

to the boundary, we obtain the same Bessel process with dimension d = 1− 4
κ

since

the format of the shifted chain is the same with the one for s = 0. This gives us

that for any deterministic shift of time s > 0, we obtain a Bessel process that has

an absorbing origin. Thus, for a.e. Brownian Motion for all times s ∈ [0, 1] on these

paths the corresponding Bessel process is absorbing. This excludes the possibility
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of random shifts of starting times s ∈ [0, 1] on which the Bessel process obtained

from the continuous extension of the conformal maps to the real line started from

those (random) times has any other solution than X = 0, with positive probability.

For the backward Loewner differential equation, we have that on the real line

the dynamics of points is governed by the following SDE

dZr =
−2/κ

Zr
dr + dB̃r , Z0 = x ∈ R \ {0}. (4.5.1)

with dimensions d 6 0, where B̃r = B1−B1−r. On the positive part of the real axis

this is the equation of a Bessel process. In addition, in our analysis we have as a

driver the same collection of Brownian paths, the dynamics on the negative part of

the real axis is given by

dX̃t =
−2

κX̃t

dt+ dBt,

X̃0 = x0 < 0 . (4.5.2)

Since X̃t is negative (until the first hitting time of zero), multiplying by −1 we

obtain the following SDE

dXt =
−2

κXt

dt− dBt,

X0 = x0 > 0 , (4.5.3)

with Xt = −X̃t . Thus, the dynamics on the negative part of the real axis, when

coupling with the same Brownian drivers, is equivalent to a dynamics on the positive

side of the real axis with the driver −Bt (that is still a Brownian motion).
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If with positive probability the SLEκ trace were to be not simple, then we obtain

that with positive probability ∃τ(ω) < 1, such that γ(s)(τ) ∩ R 6= 0. Then, when

considering the SDE (4.5.1), we obtain that the collection of Brownian Motion paths

such that the origin is reflective for the equation (4.5.1) has positive measure. Thus,

when studying the maps hr(z) driven by
√
κB1−r, r ∈ [0, 1] we obtain a contradic-

tion with the fact that {0} is a.s. absorbing boundary : Zt ≡ 0 for all t > 0, for the

backward Loewner differential equation for almost every Brownian path. Indeed if

with positive probability the trace would touch the real line in [0, 1], then we could

find a positive mass of paths on which there exists times r(ω) such that Zr(ω) 6= 0,

that gives a contradiction with the previous argument that shows that for almost

every Brownian path for all times t ∈ [0, 1] on these paths the only possible solution

for the Bessel process from the origin is Zt ≡ 0.

This shows that the information on the boundary is enough to determine the

behavior of the SLEκ trace. Indeed, since for κ ∈ [0, 4], for almost every Brownian

path, the boundary behavior of the origin is absorbing, we obtain as a corollary

that the the only possible notion of solution for the backward Loewner differen-

tial equation started from the origin is the one constructed before from ’inside the

domain’.

Next, we finish the proof of the first part of the main theorem by showing that

the mappings limy→0+ ht(iy) satisfy the backward Loewner equation for κ 6 4 on

compact time intervals, a.s.. Let us consider the sequence of squared mappings

Ẑn
t =

(
ht(i/n)−

√
κBt√

κ

)2

.

We perform the analysis for this sequence but we can redo it for any other choice of
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sequence in the same manner. Then, the mappings Ẑn
t satisfy the equation

dẐn
t = d(κ)dt+ 2

√
Ẑn
t dBt. (4.5.4)

where d(κ) = 1− 4
κ
. There are two possible extensions of z1/2 to the positive real line

(i.e. +x1/2 and −x1/2), depending on which direction the real line is approached.

For κ 6 4, for all n ∈ N, Ẑn
t and Ẑt do not touch the real line for all times t ∈ [0, T ]

a.s.. We choose the principal branch of square root (i.e. the arguments of the

complex numbers are measured from the positive semi-axis counterclockwise).

We show that limn→∞ Ẑn
t satisfies the equation (4.5.4). In order to show this, it

suffices to show that limn→∞ 2
∫ t

0

√
Ẑn
s dBs = 2

∫ t
0

√
ẐsdBs, a.s..

Furthermore, in order to show this, it suffices to show that

∣∣∣∣∣∣∣∣2 ∫ t

0

√
Ẑn
s dBs − 2

∫ t

0

√
ẐsdBs

∣∣∣∣∣∣∣∣2
L2

→ 0

as n→∞. By Itô isometry, we have that

∣∣∣∣∣∣∣∣2∫ t

0

√
Ẑn
s dBs − 2

∫ t

0

√
ẐsdBs

∣∣∣∣∣∣∣∣2
L2

= E

(
2

∫ t

0

∣∣∣∣√Ẑn
s −

√
Ẑs

∣∣∣∣2 ds
)
.

We need to show that E

(
2
∫ t

0

∣∣∣∣√Ẑn
s −

√
Ẑs

∣∣∣∣2 ds
)
→ 0. One of the ingredients

used to show this is following deterministic result.

Lemma 4.5.6 (Lemma 2.4 of [53]). Suppose γ is the curve generated by the Loewner

differential equation with the driving function λ(t). Then for all z ∈ [0, t], we have

that

|Re z| 6 sup
06s6r6t

|λ(r)− λ(s)|.
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and

Im z 6 2
√
t.

We will apply the Lemma for λ(t) =
√
κBt and we use the modulus of continuity

of Brownian motion to argue that the real value of the solution to the backward

Loewner Differential Equation when running time on a compact time interval, is

finite a.s.. We emphasize also that in the proof of the Lemma these deterministic

estimates (modulo some finite terms that depend on the starting point i/n and

vanish in the limit) are first obtained for Ẑs(i/n) for fixed n < ∞, so we will use

them also for them.

Let us define

Ant := 2

∫ t

0

∣∣∣∣√Ẑn
s −

√
Ẑs

∣∣∣∣2 ds.
In order to apply Lebesgue Dominated Convergence for E

(
2
∫ t

0

∣∣∣∣√Ẑn
s −

√
Ẑs

∣∣∣∣2 ds
)

,

we need to argue that Ant → A∞t a.s..

For this, we apply Lebesgue Dominated Theorem for
∫ t

0

∣∣∣∣√Ẑn
s −

√
Ẑs

∣∣∣∣2 ds.
We know that

∣∣∣∣√Ẑn
s −

√
Ẑs

∣∣∣∣2 → 0 pointwise by the fact that for s ∈ [0, t], a.s.

Ẑn
s → Ẑs, as n→∞.

The a.s. integrability of

∣∣∣∣√Ẑn
s −

√
Ẑs

∣∣∣∣2 is a consequence of triangle inequal-

ity, after that splitting Ẑn
s and Ẑs into real and imaginary parts, and applying

Lemma 4.5.6 for λ(t) =
√
κBt (using that sups∈[0,T ] Bs is finite a.s.). Thus, from

Lebesgue Dominated Convergence, Ant → 0 a.s., i.e. for almost every ω we have that

2
∫ t

0

∣∣∣∣√Ẑn
s −

√
Ẑs

∣∣∣∣2 ds → 0 . In order to argue that E

(
2
∫ t

0

∣∣∣∣√Ẑn
s −

√
Ẑs

∣∣∣∣2 ds
)
→

0, we just need the integrability of

(
2
∫ t

0

∣∣∣∣√Ẑn
s −

√
Ẑs

∣∣∣∣2 ds
)

. This is again a con-

sequence of triangle inequality, splitting into real and imaginary parts and applying
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Lemma 4.5.6 (using the fact that E[sups∈[0,T ] Bs] is finite).

Thus using the Lebesgue dominated convergence theorem we obtain that the

the limit Ẑs satisfies the equation for [0, t] a.s.. Since for κ 6 4, the solution takes

values in C \ [0,∞), we have that
√
Ẑt (obtained by halving the angles and consid-

ering square root of the modulus of Ẑt) satisfies the backward Loewner differential

equation.

Thus, combining all the tools from this section we obtain an existence and

uniqueness result for the solutions of the (backward) SLEκ for κ ∈ [0, 4] for al-

most every Brownian path, as well as structural information about the backward

SLEκ traces using information on the boundary.

Proof of Theorem 4.3.5: the non-uniqueness when κ > 4.

In this section, we prove that in the case κ > 4, almost surely there are at

least two types of solutions for the backward Loewner differential equation started

from the origin (i.e. solutions obtained from the same starting point and the same

Brownian motion path).

In order to show this, we consider again the maps ht(z) solving the backward

Loewner differential equation driven by the Brownian driver
√
κBt, for t ∈ [0, T ] .

We extend continuously the conformal mappings to the real line. We show that we

can give meaning to a notion of solution to SDE (4.2.3) that spends null Lebesgue

measure time at the origin. Moreover, in the case d > 0 (i.e. κ > 4) we use this

strong solution to construct a different solution, that gives the non-uniqueness in

this regime.

The main result that we use is proved in [4] and is phrased as follows:

We use indistinguishably the notiations LZa (t) and LZt,a for the local time of a
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process Zt at the point a ∈ R+. Let us introduce the principal value correction for

d ∈ (0, 1], i.e.

Zt = Z0 +B(t) +
d− 1

2
k(t) , Z0 > 0,

where

k(t) = P.V.

∫ t

0

1

Zs
ds :=

∫ ∞
0

ad−2(LZa (t)− LZ0 (t))da.

In [4] there is a proof that the existence of a weak solution spending zero time at

the origin implies the existence and uniqueness of a non-negative strong solution

spending zero time at the origin for the above equation. Note that this analysis

allows us to view the strong solutions on the real line starting from the origin as

functions of the Brownian motion paths.

We consider the following version of the previous equation (since the dynamics

is defined on both the positive part of the real line and on the negative part of the

real line). We consider the following :

k̃(t) = P.V.

∫ t

0

dt

Zt
=

∫ ∞
−∞

sgn(a)|a|d−2(LZa (t)− LZ0 (t))da. (4.5.5)

Furthermore, we use the result from [4] to see this positive solution as a unique

positive strong solution for the ’extended’ SDE

Zt = Z0 +B(t) +
d− 1

2
k̃(t) , Zt > 0. (4.5.6)

Indeed this holds, since Zt > 0, gives k(t) = k̃(t). Note that this is a strong solution

and thus can be thought as a measurable function φ : C(R+) → C(R+) such that

ρ(t) := φ(Bt(ω)) solves (4.5.5). Note that this solution is unique, non-negative and

starts from the origin, according to the result from [4].
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The next step is to consider B̃t(ω) = −Bt(ω), and as before Z0 = 0. We consider

ρ̃(t) := −φ(−Bt(ω)). (4.5.7)

We obtain that

−φ(−Bt(ω)) =
d− 1

2
k̃(t) +Bt(ω). (4.5.8)

Thus, ρ̃(t) is another solution to the equation (4.5.6), with the same starting point

and the same Brownian motion path. Note that the two solutions are different since

one is positive and the other one is negative. Thus, for all times t ∈ [0, T ], for κ > 4,

we have at least two different real solutions with the same starting point and with

the same Brownian driver. In particular, at each fixed time t > 0, for κ > 4 we

obtain for the backward Loewner differential equation started from the origin at

least two solutions, a.s..
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4.6 Excursion Theory of the Bessel processes and be-

havior of the SLEκ traces

SLEκ traces and the Squared Bessel processes.

In this subsection, we discuss applications of the analysis developed so far on the

SLEκ traces for κ > 4. We consider, as in [29], the definition of the SLEκ trace

using the mappings (ht(
√
z) −

√
κBt)

2, where ht(z) : H → H \ Kt are solving the

backward Loewner differential equation (4.2.1).

The family of maps (ht(
√
z) −

√
κBt)

2 are conformal maps from C \ [0,∞) to

C \ [0,∞) \ K̃t, where K̃t is the SLEκ hull corresponding to the maps

(ht(
√
z)−

√
κBt)

2.

Using the fact that the hulls of the backward SLE are locally connected, we obtain

that the maps (ht(
√
z)−

√
κBt)

2 can be extended continuously to the real line.

When studying the extensions of the conformal maps satisfying the backward

Loewner differential equation (4.2.1), we obtain on the real line two SDEs (that

are both running on R+. These SDEs are obtained by applying Itô’s formula for

x→ x2.

These SDEs are the one satisfied by Squared Bessel processes. Following [39], by

using the Yamada-Watanabe Theorem (see [39]), we obtain that the Squared Bessel

process of any dimension, starting from x > 0 has a strong unique solutions a.s..

Thus, in our case, we have the following SDEs. We call the first one, the upper
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Squared Bessel SDE and the second one the lower Squared Bessel SDE:

dZ̃t =

(
1− 4

κ

)
dt+ 2

√
Z̃tdBt (4.6.1)

and

dZ̄t =

(
1− 4

κ

)
dt− 2

√
Z̄tdBt. (4.6.2)

We couple these processes with the same Brownian driver Bt(ω), in the sense

that we drive (4.6.1) and (4.6.2) with Bt(ω). First, we restrict our attention to

the solution of (4.6.1). The analysis for the lower Squared Bessel process (i.e. the

solution to dZ̃t =
(
1− 4

κ

)
dt− 2

√
Z̃tdBt) will be performed in the same manner.

As in [29], we denote the SLEκ trace in this new setting by γ2(t) := (g−1
t (
√
κBt))

2.

Note that, by conformal invariance γ2(t) has the same law as the backward SLEκ

trace in H (that modulo a shift has the same law with the forward SLEκ trace in

H).

For d(κ) = 1− 4
κ
> 0, there is a unique positive strong solution for this process

starting from the origin such that Z̃t > 0, a.s.. Also, for 2 > d(κ) = 1 − 4
κ
> 0

the Squared Bessel process is recurrent. Thus, we can apply elements of Excursion

Theory developed in the previous section.

The m-macroscopic excursions of the real Squared Bessel process and application

to the study of the backward SLEκ traces.

Fix m > 0. In this section, we analyze the backward Loewner flow during a

m-macroscopic excursion from the origin of the (upper) Squared Bessel process on

R. The same analysis holds for the (lower) Squared Bessel process.

Let us consider the collection of m-macroscopic excursions of the solution to

the real Squared Bessel SDE. Let us consider the backward Loewner differential
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equation from the origin, for time t ∈ [0,∞). For the Squared Bessel process which

is obtained by extending the conformal maps on the real line, we have the following

result (see Section 4.6 of [40]), for 0 < d < 2

∫ ∞
0

1{Z̃t=0}dt = 0.

Thus, the origin is instantaneously reflecting for this process for all the times [0,∞).

Among these times, there exist a set of times which correspond to beginning of m-

macroscopic excursions of the Squared Bessel process from the origin. In order to

see this, we prove the following result:

P(there is an excursion of length at least m) = 1.

Since the Bessel process for d > 0 is not identically zero, with positive probability

there is at least one excursion interval with length l > m. The choice of this constant

m > 0 is arbitrary and the modification of this constant does not change the result.

Following the approach in [8], let us consider the event

Λt = {all the excursion intervals with right-end point d < t have length l 6 m}.

If the first return to {0} of the process (that is a stopping time) is infinite, then

the Markov process has an excursion interval of length l > m. If this stopping

time is finite, then we apply the Markov property and we get that P(Λ3t) 6 P(Λt)
2

and by iteration we get that P(Λ3nt) 6 P(Λt)
2n for n ∈ N. Thus, we get that

lims→∞ P(Λs) = 0.

We further investigate the continuous extensions (ht(
√
z) −

√
κBt)

2, for times

72



t ∈ [0,∞). Among these times, there will be times r = r(ω) (that depend on the

path of the Brownian motion) that are beginning of m-macroscopic excursions of

the real Squared Bessel process, started from the origin. Let us consider

h̃r(z) := hs+r ◦ h−1
r (z),

for s > 0. In particular, we obtain that the family of extended conformal maps

(h̃r(0) −
√
κB̂r)

2, where B̂r := Bt+r − Br for times in [r(ω), r(ω) + m), map the

origin to the real line. In order to see this, let us assume that the image of the

origin under the maps (h̃r(0)−
√
κB̂r)

2 is mapped in H. Then, for any m̃ ∈ (0,m)

we would have two images of the origin, for the extended conformal maps, one in H

and the unique strong solution of the Squared Bessel SDE at time r(ω) + m̃.

Using Lemma 4.2.2, we obtain that for all times t ∈ [0,∞), for almost every

Brownian path, the maps ht(z) (and their functional inverses) are continuously ex-

tended to the boundary. This gives that the maps h̃r(z) are continuously extended

to the boundary (since they are obtained from compositions of maps that are con-

tinuously extended to the boundary). Hence, since the maps h̃r(z) should map the

origin to a unique point, we obtain a contradiction. Thus, the two images of the

origin should coincide. Since the backward SLEκ trace grows from the origin, we

obtain that when starting the backward Loewner flow from the set of m-macroscopic

excursions of the underlying Bessel, we obtain points of intersection of the trace with

the real line. Using that a.s. there is an excursion interval of length at least m > 0 as

shown before, we obtain that the closure of backward SLEκ hulls are macroscopic

hulls whenever we have m-macroscopic excursions of the Squared Bessel process.

Moreover, since the Squared Bessel process is recurrent and the backward SLEκ

trace starts from the origin, we obtain also double points (that correspond to self
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touchings of the curve after at least m > 0 time).

Moreover, from topological considerations, we obtain at the end of a m-macroscopic

excursion of the unique strong solution of the Squared Bessel process, a closed ’large

bubble’ of the backward SLE trace formed from the outer boundary of a portion of

the curve, where t(ω) is the beginning of a large excursion that collects the self in-

tersections of the backward SLEκ trace with itself and with real line, that happened

on [t(ω), t(ω) + m). In contrast with the forward flow approach, this approach not

only recovers the phase transition in the behavior of the SLEκ traces, but also it

provides structural information about the backward SLEκ traces.

The same analysis holds also for the solution to the SDE (4.6.2). When driving

them simultaneously with Bt(ω) and −Bt(ω) we obtain the complete picture of the

evolution of the backward Loewner hulls in C \ [0,∞).

Brownian motion and the behavior of the SLEκ trace for κ ∈ (4,∞).

In addition, this analysis also offers a possible answer to the question: what

pathwise properties of the Brownian motion influence the behavior of the backward

SLEκ trace? The previous analysis suggests that the classes of points along a

Brownian driver that allow the process to escape the origin (and to further reflect

at the origin), give the possibility of the non-simpleness of the backward SLEκ

traces for κ > 4. Compared with the case when the parameter κ ∈ [0, 4], where the

solution along the positive real line is stuck at the origin, in the case κ ∈ (4,∞)

there is a unique notion of strong solution along the real line. Equivalently, when

the parameter κ ∈ [0, 4] is not large enough to allow the solution of the backward

Bessel SDE to escape the origin, there is no solution along the real line.

In general, the change in behavior of the backward Bessel process started from
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the origin, gives also the following additional information: the collection of points

that represent the beginning of macroscopic excursions of the real Bessel process of

dimensions d ∈ (0, 1) that is obtained from the extensions of the conformal maps to

the real line, give also the formation of macroscopic bubbles for the backward SLEκ

hulls.
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Chapter 5

Continuity in κ of the welding

homeomorphism and of the SLEκ

traces

Overview

We prove that for κ ∈ (0, 4] the welding homeomorphism of the real line in-

duced by the backward Loewner differential equation when driven by
√
κBt is a.s.

sequentially continuous in κ for κ ∈ (0, 4], everywhere except at most countably

many points on the real axis. The proof uses properties of the real Bessel process

obtained from the continuous extension of the family of conformal maps satisfying

the backward Loewner differential equation on the real line, such as the Lamperti

relation, and the monotonicity of the drifts. For κ ∈ R+ \ {8}, we also give a proof

for the sequential continuity of SLEκ traces and the algorithm that simulates them.

The sequential continuity for κ ∈ [0, 8(2 −
√

3)) is not a new result, however the

technique to show this is new (and works for all κ 6= 8). A byproduct of this analysis
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and of this new technique is the sequential continuity of the traces generated by an

algorithm that we will present in the last section.

5.1 Introduction

Given a dynamical system that depends on parameters, a natural question to be

addressed is the continuity of the outputs of that system in its parameters. We in-

vestigate the continuity in the parameter κ of a natural random function associated

with the backward Loewner differential equation: the conformal welding homeomor-

phism for κ ∈ (0, 4]. We further investigate the continuity in the parameter κ of

the SLEκ traces and of the algorithm that generates them for κ ∈ R∗+ \ {8}. We

emphasize that whenever we refer to the sequential continuity of the traces and the

algorithm that generates them throughout this chapter, we consider κ ∈ R∗+ \ {8}.

The chapter is divided in several parts. In the first section we introduce versions

of Loewner differential equations that we work with and we state the main results.

In the second one, we provide as in [41] the setting for studying the extensions of

the maps in the backward Loewner differential equation. In the third section we

introduce the setting needed for the proof of the result. Next, we present a heuristic

illustrating the pointwise convergence of the welding homeomorphisms induced on

the real line by the backward SLEκ, and in the final section we give a complete

proof of this result using known results about Bessel processes which we use as a

priori information in our analysis.
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5.2 Preliminaries and main result

In this chapter, we work with the time reversal differential equation (backward)

version for chordal SLEκ in the upper half-plane

∂th(t, z) =
−2

h(t, z)−
√
κBt

, h(0, z) = z, z ∈ H . (5.2.1)

Given the Loewner differential equation, the conformal welding homeomorphism

is a homeomorphism of intervals of the real line given by the following rule: two

points x and y situated at different sides of the origin are to be identified if they

hit zero simultaneously under the backward Loewner differential equation when

coupled with the same Brownian motion. The conformal welding homeomorphism

induced by the backward SLEκ for κ < 4 was studied in [41] and [46]. In [41] it is

proved that the backward SLEκ trace β(t) exists and that is a continuous function

of t ∈ [0, T ]. We use the notation β(0, T ] to denote the backward Loewner trace on

the interval (0, T ] and γ(0, T ] to denote the forward Loewner trace on the interval

(0, T ]. The proof uses that the backward Loewner differential equation is driven by

√
κ(BT − BT−r) for r ∈ [0, T ] and that

√
κ(BT − BT−r) has the same distribution

as
√
κBt. Moreover, β(0, T ] −

√
κBT has the same distribution as γ(0, T ], where

γ(0, T ] is the forward SLEκ trace. Thus, one can use the backward SLEκ traces

to study the SLEκ curves. In particular, for κ ∈ (0, 4], the backward SLEκ trace

β(t) is a simple curve for almost every Brownian driver. In this case, under the

backward Loewner flow on the real line, points from opposite sides of the singularity

hit the origin and afterwards get mapped to the simple trace β(t) for almost every

Brownian path. Note that so far we have considered finite time intervals, and

consequently the welding homeomorphism is defined on finite intervals of the real
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line. However, in [41] it is proved that the backward Loewner differential equation

induces a conformal welding homeomorphism on the whole real line as well. This

corresponds to allowing the hitting time of the origin under backward Loewner flow

on the real line to be T = ∞. In this chapter, we take the same perspective and

study the welding homeomorphism induced by the backward Loewner differential

equation on the whole real line.

We prove that for κi → κ ∈ (0, 4] the welding homeomorphism, which we denote

by φκ(x, ω), converges a.s. pointwise everywhere except at most countably many

points on the real axis.

We are ready to present our main result.

Theorem 5.2.1. The welding homeomorphism on the real line induced by the back-

ward Loewner differential equation driven by
√
κBt is sequentially continuous in κ,

for κ ∈ (0, 4], a.s., everywhere except at most countably many points on the real

axis.

Remark 5.2.2. We emphasize that by sequentially continuous in κ, we mean the

following:

Given a sequence κj → κ, there is a nullset that depends on this sequence,

outside of which the welding homeomorphism converges pointwise everwhere except

at most countably many points on the real axis.

5.3 The setting needed for the proof of Theorem 5.2.1

Let Ft = σ(Bs, s ∈ [0, t]) and let us consider the probability space (Ω,Ft,PB), where

PB denotes the Wiener measure. The conformal maps ht(z) satisfying (5.2.1) can be

continuously extended to the boundary with probability one. In what follows next,
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we work with these extensions to the real line of the mappings ht(z). By performing

the shift Zt(x) := ht(x
√
κ)−
√
κBt√

κ
, we obtain

dZt =
−2/κ

Zt
dt+ dBt,

Z0 = x ∈ R∗.
(5.3.1)

Note that the nullsets of the Brownian paths outside of which the SLEκ exists and

ht(z) is continuous up to the boundary, depend on κ.

In what follows we consider the Bessel processes of various dimensions to be

functions of the Brownian motion driver.

Thus, in our analysis, we naturally obtain the following coupling: we drive the

backward Loewner differential equation with the same Brownian motion as the

solutions to the Bessel SDE (5.3.1) on the real line.

5.4 Proof of the Theorem 5.2.1

The techniques needed for the proof of the (sequential) continuity in κ of the welding

homeomorphisms in the parameter κ, for κ ∈ (0, 4] are borrowed from the conformal

welding framework that is developed in [41], [46]. The analysis is divided into several

steps. In the following, we present the heuristics of the argument along with a

detailed list of techniques used in the proof of the result.

Heuristics of the argument and details on the techniques used in the proof.

I An important element is the Lamperti relation (that can be found in [39] or

in [19]). It states that the first hitting time of zero by a Bessel process has a

certain integral representation. In particular, this gives that for the first hitting
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time of zero of a Bessel process of dimension d = d(κ) we have T κx
(d)
= x2

2Z−µ(κ)
,

where Z−µ(κ) is a Gamma random variable with index µ(κ) which is an explicit

continuous function of κ.

I Another useful tool in the proof is the following order of the hitting times of

zero for a fixed sample path of the Brownian motion driver. Let us consider

Bessel processes driven by the same sample path of the Brownian motion.

Using that the drift depends monotonically on the dimension, we obtain that

for a fixed starting point one of the processes (the one with smaller value of the

drift) will hit the origin before the other processes with different drifts, a.s..

Thus, in the coupled picture that we consider, we will get that for κ1 6 κ2 and

any x0 ∈ R we have T κ1x0 6 T κ2x0 for κ1 6 κ2 a.s.. We want to understand how

these stopping times depend on κ for fixed x0 ∈ R. For this, we consider the

Laplace transforms of these hitting times. We further use that if T κix0 , i ∈ N,

are coupled random variables, such that T κix0
(d)−→ T κx0 , as κi → κ and T κix0 ↗ T κx0

or T κix0 ↘ T κx0 , then T κix0 −→ T κx0 , a.s..

Proof of Theorem 5.2.1. We first introduce a probabilistic version of Lemma 3

from [31].

Lemma 5.4.1. For any κ ∈ (0, 4], with probability one, there are no two points

0 < x0 < y0 or 0 > x0 > y0 such that T κx0 = T κy0 .

Proof. Let us consider the starting points 0 < x0 < y0. For all Brownian paths, the

function δ(t) = y(t)− x(t) is increasing in t, since

d

dt
δ(t) =

d

dt
(y(t)− x(t)) = 2

y(t)− x(t)

(y(t)−
√
κBt)(x(t)−

√
κBt)

.
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Thus, with probability one there are no two points at the same side of the

singularity that can hit the origin in the same time.

Combining the previous lemma with the existence of the welding homeomor-

phism, we obtain that when starting the backward Loewner differential equation

from any point x0 > 0 on R, we obtain only one point on the negative real axis that

will hit simultaneously with x0 > 0, for almost every Brownian path.

Let us fix a point x > 0 and a parameter κ ∈ [0, 4) . Let us start the reverse

backward Loewner differential equation from x0 and consider it until the first hitting

time of the origin. We know that the dynamics of the reverse Loewner equation

restricted to the real line is given by the Bessel SDE for dimensions d(κ) = 1 − 4
κ
.

We recall that we consider some κ ∈ (0, 4] that corresponds to d(κ) 6 0. We consider

a family of Bessel processes with indices κi ∈ (0, 4], i ∈ N, that are coupled with

the same Brownian paths.

Let us consider a fixed value κ ∈ (0, 4] and a sequence of parameters κi → κ, as

i→∞.

The next lemma is a result about the ordering of hitting times for the Bessel

process for the same starting point, same drivers and sequence of different param-

eters. The argument uses that the time of hitting zero is finite a.s. for dimension

d = 0 (i.e. κ = 4) in case of the real Bessel processes. Moreover, since the drift for

smaller values is a smaller negative number, then if the Bessel process of dimension

d = 0 hits the origin in finite time, the process of lower dimension should hit in a

shorter time due to the ordering of the drifts (for more details, see [19]). Thus, the

hitting time of zero is finite, for κ ∈ (0, 4] a.s.. In the following lemma, we use the

indexed notation Zκi
t (x0) for the solution of the SDE (5.3.1) on the real line in order

to keep track of the sequence of parameters κi. We know from [39], chapter XI,
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that for the SDE (5.3.1), for κ ∈ R+, for almost every Brownian path there exists a

unique strong solution, until the first hitting time of zero.

Lemma 5.4.2. Let us consider Zκi
t (x0) to be a collection of Bessel processes started

from fixed x0 > 0 coupled as above. Let (κi)i∈N be a strictly increasing sequence of

values inside (0, 4]. Then for all starting points x0 > 0, it holds with probability one

that T κix0 6 T
κj
x0 for any i 6 j.

Proof. Let a(κi) := −2
κi

, for any i ∈ N . Let us consider the Bessel processes Zκi
t (x0)

given as solutions to the SDE

dZκi
t =

a(κi)

Zκi
t

dt+ dBt,

Zκi
0 = x0 > 0. (5.4.1)

Let us consider the Bessel processes to be driven by the same collection of Brownian

paths. Since a(κi) = −2
κi

we obtain that if κi 6 κj, then a(κi) 6 a(κj). Thus, using

the fact that the latter drift dominates, we obtain that for almost every Brownian

path T κix0 6 T
κj
x0 .

In the natural coupling that we consider, by looking at the difference of these

hitting times, we obtain a random variable

0 6 [T κix0 − T
κj
x0

](ω) .

The Lamperti relation gives the law of the hitting time for a fixed value of

the parameter and for a fix starting point x0 > 0. Thus, by Lamperti relation

T
κj
x0

d
= x0

2Zµ(κi)
, where Zµ(κi) is a Gamma random variable with index µ(κ) that is an

explicit continuous function of κ. For a fixed value of the starting point x0 > 0,
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let us consider a sequence of Bessel processes with this starting point driven by

the same Brownian driver. Let us assume that the corresponding parameters κi lie

in [0, 4] and κi converges to κ. We split (κi)i∈N into two subsequences: κ−i → κ

converging from below and κ+
i → κ converging from above. By the lemma above,

we have that

T
κ−i
x0 6 T κx0 6 T

κ+i
x0 , a.s..

Taking the Laplace transforms (denoted by L) of these random variables, we obtain

the following

L(T
κ−i
x0 ) 6 L(T κx0) 6 L(T

κ+i
x0 ).

Thus, using the convergence of the laws in the parameter κ, we obtain via Lévy’s

continuity theorem that

lim
κi→κ
L(T

κ+i
x0 ) = L(T κx0) .

The same holds for the sequence converging from below. Furthermore, we use that

if T κix0 , i ∈ N, are coupled random variables such that as κi → κ, T κix0
(d)−→ T κx0 , and

T κix0 ↗ T κx0 or T κix0 ↘ T κx0 , then T κix0 −→ T κx0 , a.s..

Note that since the value of κ is chosen arbitrarily, this argument works for any

value κ ∈ (0, 4].

The next ingredient that we need is Lemma 5.4.1. We use Lemma 5.4.1 to argue

that for any fixed value κi, there is only one point on the left side of the singularity

that will hit the origin in time T κix0 a.s.. We know from the above that the hitting

time is sequentially continuous in κi for fixed value of the starting point.

Note that since in our analysis we have as a driver the same collection of Brow-
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nian paths, the dynamics on the negative part of the real axis is given by

dX̃t =
−2

κX̃t

dt+ dBt,

X̃0 = x0 < 0 . (5.4.2)

Since X̃t is negative (until the first hitting time of zero), multiplying by −1 we

obtain the following SDE

dXt =
−2

κXt

dt− dBt,

X0 = x0 > 0 , (5.4.3)

with Xt = −X̃t . Thus, the dynamics on the negative part of the real axis, when

coupling with the same Brownian drivers, is equivalent to a dynamics on the positive

side of the real axis with the driver −Bt (that is still a Brownian motion). In

particular, the Lamperti relation that we have used for the positive part of the real

line, holds also for the dynamics on R− .

Let us consider the backward Loewner flow starting from x0 > 0 and driven

by
√
κBt . Let us take a sequence κi → κ. In [41], there is a proof of the existence

of the welding homeomorphism for κ ∈ (0, 4]. The argument uses the existence of

the SLEκ trace and the fact that the trace is simple a.s. for κ ∈ (0, 4]. Thus, we

consider in our analysis welding homeomorphisms generated by the SLEκ trace for

κ ∈ (0, 4].

Lemma 5.4.3 (Lemma 5 of [3]). Let Xt be a Bessel process of dimension d = d(κ) =

1 − 4
κ

, started from x > 0. Then, for any fixed d 6 2 and almost every Brownian

path, the hitting time of the origin T κx (ω) is continuous in x > 0.
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We will use this lemma for sequences of dimensions. Since the result gives an

a.s. continuity of the hitting times in the starting point for a fixed dimension, when

considering sequences of dimensions we obtain the same conclusion outside a dif-

ferent nullset formed by the countable union of both the nullsets outside of which

the processes are defined and the nullsets where the result of Lemma 5.4.3 holds.

Specifically, in our case we use this lemma for real Bessel processes of dimensions

di = d(κi) = 1 − 4
κi

, i ∈ N with di < 2,∀i ∈ N, that are (strong) solutions to the

real-valued SDE (5.3.1).

We also consider as an ingredient in our analysis the following theorem.

Theorem 5.4.4 (Dini’s Theorem). Let M be a compact topological space, and let us

consider monotonic sequence of continuous functions fn : M → R which converge

pointwise to a continuous function f : M → R. Then this convergence is uniform.

The final step needed in the proof is the following lemma.

Lemma 5.4.5. Let us consider an increasing sequence of real parameters κi → κ

with 0 < κi 6 4. Let us consider a sequence of Bessel processes of dimension

d = d(κi) = 1− 4
κi

, with the same starting point x0 > 0. For almost every Brownian

motion, we can define yi(ω) < 0 such that T κiyi (ω) = T κix0 (ω).

Then, for almost every Brownian path, we can find a convergent subsequence

ymi(ω)→ ŷ(ω). Moreover, we obtain that a.s.

T κiymi (ω) → T κŷ(ω).

Proof. For the sequence κi → κ, we have a sequence of starting points to the left

of the origin yi = yi(ω) such that T κiyi = T κix0 . We claim that the sequence yi is

86



a.s. bounded. For contradiction, let us assume that with positive probability the

sequence yi is not bounded. Then, with positive probability, we can find a sub-

sequence that is diverging to −∞. This is contradicting the fact that the hitting

times of the origin for yi(ω) are bounded by T κix0 6 T κx0 = T < +∞, almost surely,

by the monotonicity of the drifts. Indeed, if with positive probability there exists a

divergent subsequence, then with positive probability the hitting times of the origin

for this subsequence would have T κyi → ∞. In order to see this, we recall that the

Lamperti relation gives that T κyi
(d)
= yi

Zκ
, where Zκ is a Gamma random variable with

index depending on κ. Thus, for T < +∞ as above, we have that on the subse-

quence ymi →∞, it holds that P
(
T κymi > T

)
= P

(
ymi
Zκ

> T
)
> 0, contradicting the

fact that T κx0 = T < +∞, almost surely.

Thus, the sequence yκi(ω) is almost surely bounded. From Bolzano-Weierstrass

Theorem, we have a.s. a convergent subsequence ymi(ω)→ ŷ(ω).

In order to apply Dini’s Theorem for each Brownian path, we consider the split-

ting

|T κiyi − T
κ
ŷ | 6 |T κiyi − T

κ
yi
|+ |T κyi − T

κ
ŷ |.

In order to estimate the first term, we use Dini’s Theorem for the family of

functions

fj(y) := T κjy .

Note that in order to apply Dini’s Theorem for each path of the Brownian driver, we

need that for almost every Brownian path the functions fj(y) are defined on a com-

pact set and are monotonically increasing continuous real valued functions that con-

verge pointwise to a continuous function. Indeed, by the Bolzano-Weierstrass argu-
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ment we can restrict for any j ∈ N the functions fj(y) on compact sets {y1, y2, ..., ŷ}.

In this manner we obtain different compacts for each Brownian paths. All these sets

are compact sets since for almost every Brownian path they are closed (they contain

only countably many points) and bounded (by Bolzano-Weierstrass). By Heine-

Borel Theorem we obtain that the functions are indeed defined on compacts for

almost every Brownian path. Moreover, they are monotonically increasing a.s. by

the ordering of the drifts and they are a.s. continuous at each point by Lemma

5.4.3.

Using the result from Lemma 5.4.3, we have that T κiy and T κy are a.s. sequentially

continuous real valued functions at ŷ.

We have that

|T κiyi − T
κ
yi
| 6 sup

y∈{y1,y2,...,ŷ}
|T κiy − T κy |.

From Dini’s Theorem, we know that ∃i0(x0, ω, κ) > 0 such that for all i > i0,

sup
y∈{y1,y2,...,ŷ}

|T κiy − T κy | 6 ε.

For the second term, we estimate using the sequential continuity in parameter

yi for a fixed κ ∈ (0, 4], as implied by Lemma 5.4.3. From this, we obtain that for

almost all Brownian paths there exists an index i1 = i1(ω, κ) > 0 such that for all

i > i1, |T κyi − T
κ
ŷ | 6 ε/2. Taking i(x0, ω) = max(i0(x0, ω, κ), i1(ω, κ)) we obtain the

desired conclusion.

By applying Lemma 5.4.5 together with Lemma 5.4.1, we obtain that a.s. ŷ(ω)

is the unique point with this value of the hitting time. Indeed, otherwise we would

have two points on the same side of the singularity that will hit the origin in the

simultaneously, contradicting Lemma 5.4.1.
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Note that for any other sequence κ̃i → κ, we obtain a converging subsequence in

the same manner as described before using Bolzano-Weierstrass Theorem for almost

every Brownian path. Using the sequential continuity in both variables proved in

Lemma 5.4.5 along with Lemma 5.4.1, we prove that for almost every Brownian path

all the subsequences have the unique limit ỹ(ω) (which depends on the path).

Performing the same analysis for a countable collection of starting points we

obtain the point-wise convergence argument on a dense set of points on the real

line. Since the functions T κiy are monotonic in y a.s. for all i, and since the limit T κy

is also monotone, we obtain that they have at most countably many discontinuities.

Moreover, since T
κj
yj → T κyj on a countable set of points yj and by monotonicity of

the functions, we have that

T κjym 6 T κjy 6 T κjyn

for ym → y from below and yn → y from above. Thus, we have that

T κx = lim
j→∞

lim
m→∞

T κjyn 6 lim inf
j→∞

T κjy 6 lim sup
j→∞

T κjy 6 lim
j→∞

lim
n→∞

T κjyn = T κx ,

at points of continuity of T κx . We have the desired conclusion on the set of continuity

points of T κx , a.s.. Since the function is monotone, the set of discontinuities is at

most countable.

Note that in our analysis we used a.s. properties of the Bessel processes. In

several steps of the proof we considered only countably many changes in either the

starting point or the dimension of the process. Thus, the previous estimates hold

outside a countable union of nullsets that remain a nullset.

Thus, outside the nullset that is the countable union of all the nullsets where the

backward SLEκi traces are defined for (κi)i∈N, along with the nullsets corresponding
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to the analysis of the Bessel processes described in the previous paragraph, we obtain

the point-wise convergence of the welding homeomorphism at the value κ ∈ (0, 4].

Finally, since this value of κ was chosen arbitrarily, we obtain the almost sure point-

wise convergence of the welding homeomorphism induced by the backward SLEκ

for κ ∈ (0, 4].

5.5 On the sequential continuity of the SLEκ traces for

κ ∈ R∗+ \ {8} and stability in κ of an approximation

algorithm for these traces

We give a proof of the sequential continuity of the SLEκ traces in κ for κ ∈ R∗+\{8}

along some sequences that respect a technical condition. The proof is based on

the algorithm introduced in [53]. We consider κ 6= 0 and κ 6= 8, to avoid some

technical difficulties with some derivative estimate on the SLE maps that we use

in our analysis. We also prove the stability of this algorithm in the parameter κ for

κ ∈ R∗+ \ {8}, in the sense that we show that when interpolating
√
κ1Bt and

√
κ2Bt

with κ1 and κ2 close to each other, the curves generated by the algorithm are close

in the sup-norm.

The continuity of the SLEκ is proven in [56] using direct methods from differen-

tial equations to estimate the difference between the SLEκ traces as the parameter

κ ∈ [0, 8(2 −
√

3)) is varied. In this section we show a sequential continuity result

using the approximation of the Brownian drivers with square root interpolations at

fixed time steps for all values of κ ∈ R∗+ \ {8}.

A byproduct of this analysis is that the algorithm designed in [53] is a.s. sequen-

tially continuous (along the sequences that respect the technical condition) in κ, for
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κ ∈ R∗+ \ {8}.

The algorithm is based on square root interpolation of the Brownian driver.

More precisely, when the backward Loewner differential equation is driven by a real

valued function of the form λ(t) = c
√
t + d with some real constants c and d, one

can solve the Loewner equation explicitly (see [21]) and obtain the solution

g−1
t (z + λ(t)) =

(
z + 2

√
t

√
α

1− α

)1−α(
z − 2

√
t

√
α

1− α

)α
+ d.

Moreover, the Loewner equation driven by this function generates a trace that is a

straight segment in the upper half-plane starting at d ∈ R and that makes an angle

απ with the positive real axis where

α =
1

2
− 1

2

c√
16 + c2

.

In the algorithm, we consider a fixed time step partition of the interval [0, 1], tk = k
n

for 0 6 k 6 n. Then Loewner equation is solved with the driving function λ(t+ tk)

for 0 6 t 6 1
n
. The algorithm is designed to approximate the driving function

λ(t) in the forward Loewner differential equation by λn(t). The function λn(t) is

chosen such that it has the same values as λ(t) at tk. Formally, λn is defined as

λn(t) =
√
n(λ(tk+1)− λ(tk))

√
t− tk + λ(tk) on [tk, tk+1].

The explicit mappings obtained on each element of the partition are then com-

posed with each other and the resulting trace is compared with the SLEκ trace. The

choice of this particular interpolation of the Brownian driver is motivated by the

fact that the equation can be resolved explicitly on each element of the partition.
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Definition 5.5.1. A function φ(x) : R→ R is a sub-power function, if for any ν > 0,

lim
x→∞

x−νφ(x) = 0 .

We recall from the introduction that we use the paramatrization by capacity of

the SLE curves, i.e. the parametrization in which hcap(Kt) = 2t. In this section,

we prove the following result.

Theorem 5.5.2. Let κ ∈ R∗+ \ {8}. Let us consider κn → κ, such that |κn − κ| 6
φ(n)√
n
, as n → ∞, for φ : R → R a sub-power function. The SLEκn traces on

finite time intervals, parametrized by capacity , are a.s converging to SLEκ, for

κ ∈ R∗+ \ {8}, with respect to the sup-norm. Moreover, the curves generated by

the square-root interpolation algorithm described in the introduction are sequentially

continuous along the sequences that respect the technical condition above, in κ for

κ ∈ R∗+ \ {8}, a.s.

Remark 5.5.3. Since we are interested in the sequential continuity of the traces

only, all the properties and estimates related with the SLEκ traces that hold with

probability one, for fixed κ ∈ R∗+ \{8}, will remain true with probability one outside

the nullset formed from the union of the nullsets obtained when considering the

sequence κn → κ. Note that the union of nullsets depends on the sequence.

Since the driver is a
√
κBt, the subpower function that appears in the statement of

the main result can be tracked through the analysis as in [53]. Following the proof,

we obtain a subpower function of the form c
√

log n
c′

for some constants c and c′.

An essential result that we use is Theorem 2.2 from [53]. The result is a sup-

norm convergence of the approximated trace to the trace generated by the Loewner

differential equation driven by a weakly 1/2-Hölder driver. We emphasize that
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the result is a deterministic result that holds for driving functions Ut and maps

that respect some assumptions. We show at the end of this section that the these

assumptions hold a.s. for the SLEκ maps and driver.

Let us first introduce a list of κ dependent parameters: Let −∞ < r < rc := 1
2
+ 4
κ

and let β = β(r, κ) = −1 + κ
4+κ−rκ . For r+ = 4(−2 +

√
8 + κ)/κ we have

β+(r+, κ) = β+(κ) = −1 +
κ

12 + κ− 4
√

8 + κ
.

Note that r+ < rc and

β+ = −1 +
κ

12 + κ− 4
√

8 + κ
< β(rc) = 1.

Definition 5.5.4. A function λ is called weakly Hölder-1/2 if there exists a subpower

function φ such that

osc(λ, δ) := sup{|λ(t)− λ(s)| : s, t ∈ [0, 1], |t− s| 6 δ} 6
√
δφ

(
1

δ

)

for all δ > 0.

Theorem 5.5.5 (Theorem 2.2. of [53]). Suppose the driving function of the Loewner

chain gt(z) is weakly Hölder-1/2 with sub-power function φ and suppose that for

ft(z) = g−1
t (z), the estimate |f ′t(iy)| 6 c0y

−β is satisfied for y 6 y0. Then, the

curve generated by the Loewner equation can be approximated by the curves obtained

by interpolating with square-root functions the Brownian driver, in the sense that

there exists a sub-power function φ̃(n) that depends on φ, c0 and β, such that for all
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n > 1
y20

and t ∈ [0, 1] we have that

|γn(t)− γ(t)| 6 φ̃(n)

n
1
2

(
1−
√

1+β
2

) ,

where γn is the curve generated in the algorithm described on the previous page.

Proof of Theorem 5.5.2. Throughout this section, the precise subpower function

that we use is changing from line to line. We do not track these changes in or-

der to not burden the reader, since in our analysis all that is needed is that this is

a subpower function.

Let us consider (κn)n∈N , such that κn → κ, with κ ∈ R∗+ \ {8}. Let us define the

following subsets of H as in [53].

An,c,φ =

{
x+ iy ∈ H : |x| 6 φ(n)√

n
,

1√
nφ(n)

6 y 6
c√
n

}
.

We also consider the following two lemmas from [53] as well as the following

proposition from [54] that we use for sequences of parameters κn → κ, with κ ∈

R∗+ \ {8}.

Lemma 5.5.6 (Lemma 3.2 of [53]). There exists a subpower function ψ depending

only on φ, c0 and β such that for n > 1 and 0 6 k 6 n − 1, there exists s ∈ [0, 2
n
]

such that γk(s) ∈ An,2√2,ψ.

The estimate |(fκt )′(y0)| 6 c(ω)y−β(κ) with β(κ) < 1, ∀κ 6= 8 can be applied for a

sequence κn such that κn → κ, with κ ∈ R∗+\{8}. In this way, we have the estimates

on SLEκn traces for values κn (with different subpower functions that depend on

κn) outside ∪κnN κn .
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Lemma 5.5.7 (Lemma 3.3 of [53]). There exists a subpower function ψ̃ depending

only on φ, c0 and β such that γnk (r) is in the box An,2
√

2,ψ̃ for n > 1, 0 6 k 6 n− 1

and r ∈ [ 1
n
, 2
n
].

This lemma is applied to the trace obtained when approximating the SLEκ trace

for the fixed value κ.

Proposition 5.5.8 (Proposition 3.8 of [54]). Let (gt) be a Loewner chain with the

driver λ(t) that satsfies the conditions

I osc(λ; δ) = sup{|λ(t)− λ(s)| : s, t ∈ [0, 1], |t− s| 6 δ} 6
√
δφ(1/δ) .

I |f̂ ′t(iy)| 6 c0y
−β for all 0 6 y 6 y0, t ∈ [0, 1] .

Then, there exists a subpower function φ1 such that if 0 6 t 6 t + s 6 1 and

s ∈ [0, y2], we have that

|γ(t+ s)− γ(t)| 6 φ1

(
1

y

)
2

1− β
y1−β (5.5.1)

for 0 6 s 6 y2 6 y2
0.

Recall that we consider a sequence κn → κ such that |κn − κ| 6 φ(n)√
n
, with

κ ∈ R∗+ \ {8}.

We have that

|γκn(t)− γκ(t)| 6 |γκn(t)− γnκ (t)|+ |γnκ (t)− γκ(t)| , (5.5.2)

where γnκ (t) is the trace obtained form interpolating with square root terms the

driver
√
κBt. The last term in the inequality is estimated by Theorem 5.5.5. For

the first term, let z = γκn(s), w = γκ,n(r). We estimate, for r ∈
[

1
n
, 2
n

]
,
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|γκn(s+ tk)− γκ,n(r + tk)| 6 |fκn tk(z)− fκn tk(w)|+ |fκn tk(w)− fκ,ntk
(w)| (5.5.3)

We apply the previous Lemmas 5.5.6 and 5.5.7 for sequences κn → κ that respect

our technical condition. The sizes of the boxes depend on κn via the dependence of

the subpower function that we choose on β = β(κn) and on φ (that depends also on

κn, since the driver is
√
κnBt). However, since the constant c = 2

√
2 is fixed, the

upper level of the boxes remains the same as we consider κn → κ, only their width

and lower level changes.

We consider κn → κ by choosing for each n the largest box that contains both

points z and w in order to estimate the hyperbolic distance between them, i.e. we

make use of the fact that the upper height of the boxes coincides and we work on

An,2
√

2,ξ(κn) with ξ(κn) = max(ψ(κn), ψ̃(κ)). This is a dynamical version (as we vary

the index n) of the analysis in [53] that is performed for fixed κ. For each fixed n,

the estimates work in the same manner.

As in [53], we estimate the first term in (5.5.3) using

|fκn tk(z)− fκn tk(w)| 6 (2Imz)|(fκntk )
′
(z)| exp(4dH,hyp(z, w)),

where dH,hyp(z, w) = Arccosh
(

1 + |z−w|2
2 Im z Imw

)
.

For a generic point u = x+iy, we use the almost sure estimate that holds outside

of ∪κnN κn .

|(fκntk )
′
(z)| 6 c(ω, κn)y−β(κn) .

For the second term along with these estimates, we use Lemma 2.3 of [56]. For
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this we estimate the distance ε between the two driving terms: the square root

interpolation of the
√
κBt and

√
κnBt with

|λnκ(t)−
√
κnBt| 6 |λnκ(t)−

√
κBt|+ |

√
κBt −

√
κnBt| .

Thus, by considering an appropriate mesh of the interval where κ takes values

in, we obtain, combining the estimates with the ones in [53], that

|λnκ(t)−
√
κnBt| 6

φ(n)√
n

+ |
√
κn −

√
κ| sup

t∈[0,1]

|Bt| 6
φ(n)√
n

+ c
φ(n)√
n
.

The next result that we use is the following lemma that appeared in [56].

Lemma 5.5.9 (Lemma 2.3 of [56]). Let 0 < T <∞. Suppose that for t ∈ [0, T ], f
(1)
t

and f
(2)
t satisfy the backward Loewner differential equation with drivers W

(1)
t and

W
(2)
t . Suppose that ε = sups∈[0,T ]|W (1)

s −W (2)
s |. Then, if u = x+ iy ∈ H, then

|f (1)
T (u)−f (2)

T (u)| 6 ε exp

[
1

2

[
log

ITy|(f (1)
T )

′
(u)|

y
log

ITy|(f (2)
T )

′
(u)|

y
+ log log

IT,y
y

]]
,

where IT,y =
√

4T + y2 .

Thus, in our case this gives that

|fκntk (w)−fκ,ntk
(w)| 6 ε exp

[
1

2

[
log

Itk,y|(f
κn
tk

)
′
(w)|

y
log

Itk,y|(f
κ2,n
tk

)
′
(w)|

y
+ log log

Itk,y
y

]]
,

where Itk,y =
√

4tk + y2 with ε = supt∈[0,tk] |λnκ(t) − √κnBt| 6 2φ(n)√
n

+ c2φ(n)√
n
.

These estimates are used for points inside the boxes An,c,φ. Thus, for y = Imu ∈

[ 1√
nφ(n)

, 2
√

2√
n

] we have that

Itk,y
y

6 2
√

2
√
nφ(n),
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for φ(n) some sub-power function of n . We use the estimates

|(fκntk )
′
(u)| 6 cy−β(κn) 6 c0φ(n)β(κn)

√
n
β(κn)

.

and

|(fκ,ntk
)
′
(w)| 6 C(1/y + 1) 6 2Cφ(n)

√
n

Note that the second estimate holds true for any conformal map of H. Combining

these estimates, we obtain that

|fκntk (w)− fκ,ntk
(w)| 6 (1 + c)

φ(n)√
n

exp

[√
1 + β(κn)

2
log(cφ(n)

√
n) + log log 2

√
2nφ(n)

]

=:
φ(n)

√
n

1−
√

1+β(κn)
2

. (5.5.4)

Thus, using the lemmas before for the sequence of parameters κn we obtain that

|γκn(s+ tk)− γκ,n(r + tk)| 6
φ1(n)
√
n

1−β(κn)
+

φ(n)

√
n

1−
√

1+β(κn)
2

. (5.5.5)

for all r ∈ [ 1
n
, 2
n
]. Using Proposition 5.5.8, for the sequence of parameters κn we

obtain that

|γκn(s+ tk)− γκ,n(r + tk)| 6
φ2(n)

√
n

1−
√

1+β(κn)
2

. (5.5.6)

for all r ∈ [tk+1, tk+2] and 0 6 k 6 n− 2 and hence for all r ∈ [0, 1].

In order to estimate the first term in (5.5.2), i.e. the term |γκn(t)− γκ,n(t)|, we

consider the following estimate from [54].

Proposition 5.5.10 (Proposition 4.2 in [54]). Let β = β(κ) < 1 for κ 6= 8 . Suppose
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β > max{0, β+} where β+ is an explicit quadratic function of κ. With probability

one, there exists y0(ω) > 0, such that for all t ∈ [0, 1] and all y < y0,

|f ′t(iy)| 6 y−β . (5.5.7)

This implies that for constants c3 and c4, β′ depending on κ,

∞∑
m=n

22m∑
j=1

P
[
|f̂ ′(j−1)2−2m(i2−m)| > 2β

′m
]
6

c3

2nc4
. (5.5.8)

As in [53], this implies (via the change 2m →
√
m), that there exists c5 > 0 and

β ∈ (β′, 1) such that

P
[
|f̂ ′t (iy)| 6 y−β for all 0 6 y 6

1√
n
, t ∈ [0, 1]

]
> 1− c3

nc4/2
. (5.5.9)

Note that the estimate (5.5.9) holds for fixed value of the parameter κ. A weaker

form of this estimate along with the modulus of continuity of Brownian motion is

used in order to prove the existence of the SLEκ trace for fixed value of κ 6= 8 in [44].

Taking the limit n → ∞, the estimate holds outside of a nullset that depends on

the fixed value κ. Thus, the estimate in (5.5.9) implies the existence of the SLEκ

trace outside of a nullset that depends on κ.

Thus, we can use the estimate

P
[
|f̂ ′t (iy)| 6 y−β(κn) for all 0 6 y 6

1√
n
, t ∈ [0, 1]

]
> 1− c3(κn)

nc4(κn)/2
. (5.5.10)

Moreover, it follows from [26] that there exists constants c1 (depending on κ) and
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c2 such that

P

[
osc(
√
κBt,

1

m
) > c1

√
logm

m

]
6
c2

n2
. (5.5.11)

Using (5.5.6), we obtain the following estimate for

P

||γkn − γκ,n||[0,1],∞ 6
c6(logm)c7

√
m

1−
√

1+β(κn)
2

for all m > n

 > 1−
(
c2(κn)

n2
+

c3(κn)

nc4(κn)/2

)
.

In [53] it is proved the following result about the SLEκ trace γ(t) for a generic

fixed κ.

P

||γκ(t)− γm(t)||[0,1],∞ 6
c1(log(m))c2

√
m

1−
√

1+β(κ)
2

for all m > n

 > 1− c3

nc4
,

where the constants c1, c2, c3 and c4 depend on κ. We use this to estimate the second

term in (5.5.2), i.e. the term |γκ,n(t)− γκ(t)|.

By letting n→∞ we obtain the desired conclusion.

The sequential continuity in κ for κ 6= 8 of the curves generated by the algorithm

is obtained by estimating

|γnκn(t)− γκ,n(t)| 6 |γκ,n(t)− γκ(t)|+ |γκ(t)− γκn(t)|+ |γκn(t)− γnκn(t)|. (5.5.12)

The first and the last term can be directly estimated using Theorem 5.5.5, since

these are terms that compare the SLEκn and SLEκ traces with the corresponding

approximated traces. The middle term is estimated using the analysis performed in

the proof so far, and the conclusion follows.
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Remark 5.5.11. The algorithm uses estimates on the derivative of the conformal

maps. We remark that the derivative of the composition of the conformal maps

obtained when solving Loewner equation on each element of the partition of the

time interval [tk, tk+1] (where tk = k
n
, 0 6 k 6 n) with c

√
t + d with c, d ∈ R,

is not easy to estimate directly. That is why we used in our proof the Rohde-

Schramm estimate on the derivative of the Loewner map : |(fκt )′(y0)| 6 c(ω)y−β(κ)

with β(κ) < 1, ∀κ 6= 8. This estimate is obtained in [44].
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Chapter 6

Explicit stationary measure and

Skorokhod Embedding type problem

for the backward SLEκ flow

Overview

We study a one-dimensional SDE that we obtain by performing a random time

change of the backward Loewner dynamics in H. The stationary measure for this

SDE has a closed-form expression. We show the convergence towards its stationary

measure for this SDE, in the sense of random ergodic averages. The precise formula

of the density of the stationary law gives a phase transition at the value κ = 8 from

integrability to non-integrability, that happens at the same value of κ as the change

in behavior of the SLEκ trace from non-space filling to space-filling curve. Using

convergence in total variation for the law of this diffusion towards stationarity, we

identify families of random times on which the law of the arguments of points under

the backward SLEκ flow converge to a closed form expression measure. For κ = 4,
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this gives precise characterization for the random times on which the law of the

arguments of points under the backward SLEκ flow converge to the uniform law.

6.1 Introduction

In this chapter we consider a time change of the backward differential equation.

The main reason for doing this is that when considering the backward Loewner dif-

ferential equation in the upper half-plane and investigating its real and imaginary

dynamics, we obtain naturally a system of coupled differential equations. These

systems are usually hard to analyze. The purpose of the work in this chapter is to

transform this coupled system of equations by making use of techniques of Stochas-

tic Analysis into an one-dimensional radial-independent diffusion process that is

easier to analyze. In turn, the imaginary part of the backward Loewner differential

equation can be expressed in terms of this diffusion process making this approach a

veritable change of coordinates.

The chapter is divided into several sections. In the first part, we introduce

the basic notions that we use throughout. In the second section, we describe the

random time change of the backward Loewner differential equation that we use in

our analysis. In the third section, we build step by step the setting required to

investigate the problem and in the fourth section we adapt the convergence in the

sense of ergodic average for the SDE (4.2.3) to uniformly large random times in

order to conclude.
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6.2 A time change and the main result

We consider the probability space (Ω, σ(Bs, s ∈ [0,+∞)),P), where P denotes the

Wiener measure. On this space, we consider the standard Brownian motion Bt.

Throughout the proof we use the Lévy’s characterization of Brownian motion for a

local martingale that we obtain in our analysis, in order to obtain a new Brownian

motion. Before going to the proof of the result in this section, we define a time

change of the (backward) Loewner differential equation that is going to be the

framework of study for our problem. First, we rewrite the equation

∂th(t, z) =
−2

h(t, z)−
√
κBt

, h(0, z) = z, z ∈ H , (6.2.1)

in the format

dzt =
−2

zt
dt−

√
κdBt , z0 ∈ H, (6.2.2)

where we make the identification zt = xt + iyt = ht(z) −
√
κBt . Throughout this

chapter, we choose z0 = i. Furthermore, we split this flow in the upper half-plane

into its real and imaginary components. This gives

dxt =
−2xt
x2
t + y2

t

dt−
√
κdBt , dyt =

2yt
x2
t + y2

t

dt . (6.2.3)

We consider Dt = xt/yt. Applying Itô’s formula for the function f(x, y) = x
y
, we

obtain that

dDt = −
√
κdBt

yt
− 4Dt

x2
t + y2

t

dt .
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We study the random time change given by

ũ(s) =

∫ s

0

dt

y2
t

,

Note that since y0 = 1, and yt is a.s. increasing, we have that the function t→ dt/y2
t

is integrable. We consider also

c(u) = inf{t > 0 : ũ(s) > u} . (6.2.4)

By setting

B̃(u) =

∫ u

0

dBc(r)

yc(r)
, (6.2.5)

we obtain that Tu defined as Tu =
Dc(u)√

κ
, u > 0 satisfies the following stochastic

differential equation

dTu = −4
Tu

1 + κT 2
u

du+ dB̃u . (6.2.6)

The continuous local martingale B̃u has quadratic variation u. Thus, by Lévy’s

characterization, we obtain that B̃u is a Brownian motion. Thus, when perform-

ing this random time change we obtain a one-dimensional stochastic differential

equation. We emphasize that the filtration that we consider when performing the

random time change it is changing from Ft ( the natural filtration of the standard

Brownian motion up to time t ∈ [0,+∞)) to Fũ(t), where ũ(t) is the random time

change described before.

We introduce next a list of useful definitions for the work in this chapter:

Definition 6.2.1 (Stationary distribution). Let Xt be a one-dimensional Markov pro-

cess. A stationary distribution for Xt is a probability distribution ψ on R such that

if X0 ∼ ψ, then Xt has distribution ψ for all t > 0.
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In particular, one can obtain from this definition that

d

dt
E[f(Xt)|X0 ∼ ψ] = 0,

with f ∈ L1(µ), where µ(dx) is the density of the stationary distribution of Xt.

Definition 6.2.2. For a one-dimensional diffusion Xt, let Ptf(x) = Ex[f(Xt)] be its

transition semigroup. A one-dimensional diffusion is said to converge strongly to

its stationary measure µ if for any compact K ∈ R, for f ∈ L∞(R) we have that

supx∈K |Ptf(x)− µ(f)| → 0, as t→∞, where µ(f) =
∫
R f(y)µ(dy).

The stationary distribution of a diffusion is obtained using the Kolmogorov for-

ward equation that we introduce next.

Definition 6.2.3 (Kolmogorov forward equation). Let C2
0(R) be the space of differen-

tiable functions with continuous derivatives up to the second order and that vanish

at infinity. Let Xt be a diffusion on R whose transition semigroup admits a density,

with generator

Af(y) = a(y)
∂2f(y)

∂y
+ b(y)

∂f(y)

∂y
.

Let pt(x, y) be the density of the transition semigroup (i.e. the function pt(x, y) in

Ptf(x) = Ex[f(Xt)] =
∫
R f(y)pt(x, y)dy, f ∈ C2

0(R)). Then pt(x, y) satisfies the

Kolmogorov forward equation

∂pt(x, y)

∂t
=
∂2(a(y)pt(x, y))

∂y
+
∂(b(y)pt(x, y))

∂y
.

In order to compute the stationary distribution, we will consider the solution

pt(x, y) of the Kolmogorov forward equation for which ∂pt(x,y)
∂t

= 0. Next, we intro-

duce a special class of functions that will appear in our analysis.
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Definition 6.2.4. For z ∈ D and for α, β, γ ∈ C with γ not a nonpositive integer, the

hypergeometric function is defined as the following convergent series

2F1(α, β, γ; z) = 1 +
∞∑
k=1

(α)k(β)k
(γ)kk!

zk,

where (·)k is the rising Pochhammer symbol, which is defined by:

(·)k =


1, if k = 0,

Γ(·+k)
Γ(·) , if k > 0.

(6.2.7)

Remark 6.2.5. It can be shown that for complex arguments z with |z| > 1 the func-

tion can be analytically continued along any path in the complex plane that avoids

the branching points 1 and infinity. These functions are extremely well studied

(see [28]).

Remark 6.2.6. Let us consider α, β, γ as before. The hypergeometric functions

appear as solutions to the hypergeometric equations of the form

z(1− z)φ
′′
(z) + [γ − (α + β + 1)z]φ′(x)− αβφ(z) = 0 (6.2.8)

for z ∈ C \ {1}.

In this section, we will study differential equations that are related with the hy-

pergeometric differential equations. The solutions of these equations can be written

in terms of hypergeometric functions.

We are now ready to state the main result.
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Theorem 6.2.7. For κ > 0, let us consider the random time change

ũ(S, ω) =

∫ S

0

dt

y2
t (ω)

,

where yt is the imaginary part of the chordal backward SLEκ. We consider the pro-

cess Tu started with initial value T0 = 0 given by the stochastic differential equation

dTu = −4
Tu

1 + κT 2
u

du+ dB̃u , (6.2.9)

where B̃u is given by (6.2.5). Then, this process has a stationary distribution on

with density

ρ(T ) = C
(
κT 2 + 1

)−4/κ
,

where T ∈ R and C is a normalizing constant. Let us consider functions f ∈ L1(µ),

where µ(dx) = dx
(1+x2)4/κ

.

For κ < 8, the process Tu converge in the sense of random ergodic averages towards

its stationary law, i.e.

∣∣∣∣∣ 1

ũ(S, ω)

∫ ũ(S,ω)

0

f(Ts(ω))ds− µ(f)

∣∣∣∣∣ S→∞−−−→ 0

a.s., with respect to the Wiener measure.

Let (an) be a strictly increasing sequence such that an → ∞ as n → ∞. Moreover,

let

sn(ω) = inf

{
t ∈ [0,∞) :

∫ t

0

ds

y2
s

(ω) = an

}
.

Then for any bounded measurable function f ∈ L∞ for κ < 8, we obtain

f(ctg(arg(hsn(ω)(i)))) = f(Tan)
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Figure 6.2.1. The process Tu is equivalent to a diffusion on the horizontal constant
height line y = 1 in H.

and as n → ∞ we have that the law of f(Tan) converges strongly to µ(f), i.e.

f(ctg(arg(hsn(ω)(i))))→ µ(f).

Corollary 6.2.8. For κ = 4, on the sequence of random times sn(ω) the law of

the backward SLEκ flow converges to the uniform distribution. Indeed, changing

the coordinates from cotangent of the argument to the argument, we obtain that the

density of the stationary measure can be written as dρ̃(θ) = C̃ sin
8
κ
−2(θ)dθ , for some

normalizing constant C̃.

Remark 6.2.9. From the definition of our process, we have that Dc(u) = Tu and

DS = Tũ(S), where S is a deterministic time. Thus, we consider the format of

the random ergodic average as in the main theorem, in order to relate it with the

backward Loewner flow up to a fixed time.

Remark 6.2.10. We remark that there is a phase transition at the value κ = 8 in

terms of the integrability of the density of the stationary distribution of the process

Tu, i.e. Tu has stationary distribution that is a probability measure for all κ < 8

and is not a probability measure for all κ > 8 .

The proof of the main result is divided in several subsections. First, we prove a

useful lemma in the next section.
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6.3 Technical lemma

We recall that we start with

ht(i)−
√
κBt = xt(i) + iyt(i) ,

and we consider the process Dt = xt(i)
yt(i)

, for t ∈ [0,+∞).

By Itô’s formula, we have that xt(i)√
κyt(i)

, as t varies in [0,+∞), satisfies the SDE

d
xt(i)

yt(i)
= −4

xt(i)
yt(i)

1 + κ
(
xt(i)
yt(i)

)2

dt

y2
t

+
dBt

yt
. (6.3.1)

Thus, we can rephrase (6.3.1) as before, to the following SDE

dTu = −4
Tu

1 + κT 2
u

du+ dB̃u,

T0 = 0. (6.3.2)

The starting point of the diffusion is T0 = 0 since ĥ0(i) = i .

We consider the following useful lemma that gives one of the properties of the

random time change ũ(S, ω) defined in the previous section.

Lemma 6.3.1. Let κ > 0. The random time change ũ(S, ω) is bounded from below,

for all S > 0 , uniformly in ω, by

ũ(S, ω) >
κ

4
log

(
1 +

4S

κ

)
.

Proof. Using the equation for the dynamics of yt from the Loewner differential
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equation, we obtain that ∂t[yt(z)2] = 2yt(z)∂tyt(z) = 4
κ
yt(z)2

|zt(z)|2 6 4
κ
. Thus, we obtain

that

y2
t 6 y2

0 +
4t

κ
,

i.e.

dt

y2
t

>
dt

(y2
0 + 4t/κ)

.

By integrating up to time S, we obtain that

∫ S

0

dt

y2
t

>
∫ S

0

dt

(y2
0 + 4t/κ)

=
κ

4
log

(
1 +

4S

κy2
0

)
.

6.4 The stationary measure of the diffusion process Tu

In this section, we return to studying

dTu = −4
Tu

1 + κT 2
u

du+ dB̃u . (6.4.1)

We recall that from Lemma 6.3.1, we obtain that ũ(S, ω) > log(1 + 4S/κ), for

almost all realizations of the Brownian motion. In order to link the behavior of the

backward Loewner flow and the behavior of the law of solutions of the SDE (6.4.1),

we need to study ũ(S, ω) as S →∞. Thus, questions about the long term behavior

of the SDE (6.4.1) become natural. In this section, we show that there is an explicit

stationary law for the SDE (6.4.1).

The density of the stationary measure for the process Tu can be obtained as
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a time-independent solution of the Kolmogorov forward equation (see Definition

6.2.3). For the process Tu, we obtain

1

2
ρ′′(T ) +

4T

κT 2 + 1
ρ′(T ) +

(4− 4κT 2)

(κT 2 + 1)2 ρ(T ) = 0.

The solution to the above equation process is

ρ(T ) = C1T
(
κT 2 + 1

)−4/κ
2F1

(
1

2
,−4

κ
;
3

2
;−T 2κ

)
+ 2C2

(
κT 2 + 1

)−4/κ
,

where C1 and C2 are constants to be chosen.

-5 5

-3

-2

-1

1

2

3

Figure 6.4.1. Solution of the Kolmogorov forward equation for Tu for C1 = C2 = 1 and
κ = 1.2 .

We observe that the explicit solution contains a function of the form

T
(
κT 2 + 1

)−4/κ
2F1

(
1

2
,−4

κ
;
3

2
;−T 2κ

)
.

Next, we study the behavior of the Hypergeometric function near its singularities.

We use the following formula (see 15.3.7 in [1])
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2F1 (a, b, c; z) =
Γ(b− a)Γ(c)

Γ(b)Γ(c− a)
(−z)a 2F1

(
a, a− c+ 1, a− b+ 1;

1

z

)
+ (−z)b

Γ(a− b)Γ(c)

Γ(a)Γ(c− b) 2F1

(
b, b− c+ 1,−a+ b+ 1;

1

z

)

given that a− b 6∈ Z and z 6∈ (0, 1).

Since T ∈ R, we restrict the functions to real variables. Thus, we have that

2F1 (a, b, c;x) =
Γ(b− a)Γ(c)

Γ(b)Γ(c− a)
(−x)a 2F1

(
a, a− c+ 1, a− b+ 1;

1

x

)
+

Γ(a− b)Γ(c)

Γ(a)Γ(c− b)
(−x)b 2F1

(
b, b− c+ 1,−a+ b+ 1;

1

x

)
. (6.4.2)

For b− a a nonnegative integer, doing the interchange a with b and keeping for

simplicity the notation b = a+ n, we have that (see 15.3.13 in [1])

2F1 (a, b, c; z) =
(−z)−a

Γ(a+ n)

n−1∑
k=0

(a)k(n− k − 1)!

k!Γ(c− a− k)
z−k

+
(−z)−a

Γ(a)

∞∑
k=0

(a+ n)k
k!(k + n)!Γ(c− a− k − n)

(−1)kz−k−n(ln(−z) + Ψ(k, n, a)), (6.4.3)

where Ψ(k, n, a) = ψ(k + 1) + ψ(k + n + 1) − ψ(a + k + n) − ψ(c − a − k − n)

and ψ(z) = Γ′(z)
Γ(z)

, for z ∈ C \ {0,−1,−2, ...}. The same holds when we restrict the

functions to real variables.

For a− b 6∈ Z, we apply the formula (6.4.2) for T →∞. Let us consider m = 4
κ
.

Using the series representation of the hypergeometric function, we obtain that for a

function f(T ) =2 F1(1
2
,−m, 3

2
;−T 2κ) as T → 0, we have that

f(T ) =
∞∑
k=0

(−m)k(−1)kT 2k

k!(2k + 1)
.
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In particular, the leading term is a constant. We use this and the formula (6.4.2) to

study the asymptotic behavior of f(T ) as T →∞.

Since in general for p, q in 2F1(p, q, r;x) are critical exponents at infinity, the

asymptotic behavior as T →∞ of the function

f(T ) =2 F1(
1

2
,−m, 3

2
;−T 2κ)

depends if Rem > −1
2

or Rem < −1
2
. In our case, Rem = m = 4

κ
> −1

2
. Thus, as

T →∞, we obtain that

f(T ) =
1

2m+ 1
.

Finally, for κ > 0, we have

lim
T→∞

T
(
κT 2 + 1

)−4/κ
2F1

(
1

2
,−4

κ
,
3

2
;−T 2κ

)
∼ T

1 + 8κ
,

and

lim
T→−∞

T
(
κT 2 + 1

)−4/κ
2F1

(
1

2
,−4

κ
,
3

2
;−T 2κ

)
∼ T

1 + 8κ
.

Since we are searching for the solution that is a density of a probability distribution,

the first constant needs to be zero, since otherwise the solution will also contain

negative values.

For a− b ∈ Z, we apply the formula (6.4.3) and as T → −∞, we have that

lim
T→−∞

T
(
κT 2 + 1

)−4/κ
2F1

(
1

2
,−4

κ
,
3

2
;−T 2κ

)
∼ T

log(κT 2) + C

1 + 8κ
,

where C is a constant obtained from the formula (6.4.3). Thus, the constant C1

should be zero, since otherwise, as before, we obtain a negative solution that is not
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a probability density.

Finally, we obtain an integrable probability density on R for κ ∈ [0, 8) that has

the form

ρ(T ) = C
(
κT 2 + 1

)−4/κ
.

where C =
(∫ +∞
−∞ (κT 2 + 1)−4/κdT

)−1

.

-3 -2 -1 1 2 3
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1.0
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Figure 6.4.2. The stationary measure for the process Tu for κ = 3 .

Remark 6.4.1. Changing the coordinates from cotangent of the argument to the

argument, we obtain that the density of the stationary measure can be written as

dρ̃(θ) = C̃ sin
8
κ
−2(θ)dθ . This function changes its behaviour at κ = 4, being concave

for κ < 4, while being convex for κ > 4. At κ = 4 the function is constant. Thus,

for κ = 4, we obtain a uniform distribution on [0, π] .

0.5 1.0 1.5 2.0 2.5 3.0

0.2

0.4

0.6

0.8

1.0

Figure 6.4.3. Density of the stationary measure for the argument via change of variable
from the stationary measure of Tu for κ = 2.3.
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Figure 6.4.4. Density of the stationary measure for the argument via change of variable
from the stationary measure of Tu for κ = 4.5.

6.5 Proof of the main result

In this section, we give the proof of our main result. The analysis consists of two

parts. First, we use a result from [40] that gives convergence to the stationary

distribution of the laws of a one-dimensional diffusion as time goes to infinity, in the

sense of ergodic averages, for almost every Brownian path. We stress that this result

gives the convergence towards the stationary law for large deterministic times.

As in Chapter 4, we use that for a diffusion Xt with drift µ and variance σ2, the

scale function can be computed via s(x) =
∫ x
x0

exp(−
∫ y
η

2µ(z)
σ2(z)

dz)dy, where x0, η are

points fixed (arbitrarily) in (a, b).

Definition 6.5.1. The function m(ζ) = 1
σ2(ζ)s′(ζ)

is the density of the speed measure.

For the process Tu, we obtain the following:

s(x) = e
−2
∫ x
0
−4/κu

1+u2
du

= e
8/κ

∫ x
0

u
1+u2

du
= e4/κ

∫ 1+x2

1
1
l
dl = e4/κ log(1+x2) = (1 + x2)4/κ.

Using the definition of the speed measure we obtain that m(x) = 2
(1+x2)4/κ

. The first

result that we use is the following theorem, that gives the a.s. convergence of the
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ergodic averages up to a deterministic time. Using the previous computations, we

obtain that the process Tu satisfies the conditions of Theorem 6.5.2 for κ < 8 .

Theorem 6.5.2 (Theorem 53.1, [40]). Let Ts be a recurrent diffusion on the real line

in natural scale, such that
∫
R µ(dx) <∞, where µ(dx) is the stationary measure of

the diffusion, that is up to a constant equal to the speed measure. Let f ∈ L1(µ) and

f > 0, Then

1

t

∫ t

0

f(Ts)ds
a.s.−−→ µ(f),

as t→∞.

Proof of the first part of the main result. Let Zu(f) := 1
u

∫ u
0
f(Ts)ds. By Theorem

6.5.2, we have that for a.e. ω and ∀ε > 0, ∃R(ω) ∈ R+ such that

sup
u>R(ω)

|Zu(ω)− µ(f)| 6 ε.

Since the convergence in Theorem 6.5.2 hols a.s., we have the following: For almost

every sample ω of the Brownian motion, the limit limu→∞ Zu → µ(f). Since this is

an a.s. result about the limit it holds on every sequence of times that goes to infinity.

Picking the times ũ(S, ω), we have that from Lemma 6.3.1, that a.s. ũ(S, ω) → ∞

as S →∞. Then a.s., Zũ(S,ω) → µ(f), as S →∞.
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6.6 The phase transition at κ = 8 and the law of the

backward Loewner flow at asymptotic large times

In this section we show how stronger notions of convergence (convergence in total

variation norm) for Stochastic Differential Equations towards their stationary mea-

sure give information about the law of the backward SLE trace at certain times.

For κ = 4, these times are exactly the times when the law of Arg(ht(i) −
√
κBt)

converges to the uniform distribution. This analysis is a Skorokhod type embedding

problem for the backward SLEκ flow. In the setting of the Skorokhod Embedding

Problem, given a stochastic process and a fixed distribution, a stopping time should

be constructed in order to obtain the fixed distribution when evaluating the pro-

cess at those stopping times. In this section, we discuss a similar problem in the

context of Loewner differential equation. We show how to construct random times

on which the law of the argument of points under this flow converge to the uniform

law for κ = 4. For more details on Skorokhod problems for other classical processes,

see [38]. Moreover, we show that this belongs to a general family of laws that are

obtained in the same manner for the SLEκ trace for other values of κ < 8.

Let us consider the dynamics of the imaginary value of the backward Loewner

differential equation. The random time change that we study is a natural process

that is written in terms of the imaginary value of the backward Loewner flow.

Moreover, it is a stochastic process that is a.s. increasing. Thus, it is natural to

consider the hitting times of constant levels of this process.

For the diffusion process Tu defined by the SDE (6.4.1) there are stronger con-

vergence results towards the stationary measure (at sequences of large deterministic

times) than the convergence in the sense of ergodic averages.

118



We use the main result from [18], that we state below. Let us consider the

following solution of a one-dimensional SDE:

Xt = x+Bt −
1

2

∫ t

0

b(Xs)ds,

where b : R → R is a continuous function. When imposing conditions on the

behavior of the function b(x), we obtain various convergence results for the law of

the stochastic process Xt towards its stationary measure in stronger senses than the

ergodic convergence.

It is proved in [18] that for one-dimensional diffusion processes, if |b(x)| ∼ C
x

with C > 1, as |x| → ∞, then we have that there exists γ > 0 and t0 > 0 such that

for any compact set K, there exists C(K) > 0 such that for any f ∈ L∞ and t > t0,

we have

sup
x∈K
|Ptf(x)− µ(f)| 6 C(K)

1

tγ
||f ||∞ , (6.6.1)

where Pt is the transition semigroup of the one-dimensional diffusion Xt.

Proof of the second part of Theorem 6.2.7. For the diffusion process Tu, we meet

the required conditions on the drift for κ < 8 since the drift −4/κT
1+T 2 = −1

2
8/κT
1+T 2 and

8/κT
1+T 2 ∼ 8

κT
with 8

κ
> 1, for κ < 8.

For n ∈ N let us define

an := log

(
1 +

4n

κ

)
,

and let us consider

sn(ω) = inf

{
t ∈ [0,∞) :

∫ t

0

ds

y2
s

(ω) = an

}
.
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Thus, in our case, we take t = an, and from the Lemma 6.3.1, we have that

sup
x∈K
|Pan(f(Tu))− µ(f)| 6 C(K)

1

anγ
||f ||∞ 6 C(K)

1

(log(1 + 4n/κ))γ
||f ||∞.

Thus, supx∈K |Pan(f(Tu))− µ(f)| → 0 as n→∞ .

Finally, in terms of the backward Loewner differential equation, since by defini-

tion Tan =
Xsn(ω)(i)

Ysn(ω)(i)
, we obtain that as n → ∞, on the random sequence sn(ω), for

f ∈ L∞(R), the law of the limiting random variable limn→∞ f
(
Xsn(ω)(i)

Ysn(ω)(i)

)
converges

to the stationary law of the process Tu that is explicitly computed. In particular,

on this sequence of times, we obtained the convergence in the total variation sense

towards the uniform distribution for κ = 4. Thus, this method provides us with

a solution to a Skorokhod type embedding problem for the backward Loewner dif-

ferential equation, in the sense that it identifies a sequence of random times along

the backward SLEκ flow started from y0 = 1 on which the argument of points is

uniformly distributed for κ = 4. In fact this is a closed-form expression family of

distributions that are recovered using the stationary law of the diffusion process Tu

for κ < 8.

Scaling and conjecture. Our main conjecture is the following:

Conjecture 6.6.1. For κ < 8, the density of the law of the cotangent of the argument

of the tip of the SLEκ trace at any fixed deterministic time is

µ(dx) =
Cdx

(1 + x2)4/κ
,

where C is a normalizing constant.

The conjecture is supported also by the phase transition at κ = 8 that we
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described in the previous sections. We use this section to describe the main strategy

to prove this conjecture in a future work.

We consider the scaling of the SLEκ maps

ht(i)√
t

= h1(i/
√
t) (6.6.2)

in distribution, as processes for t ∈ [0,+∞).

We can recover the same identity in distribution as processes for the shifted map-

pings also:

ht(i)−
√
κBt√

t
= h1(i/

√
t)−
√
κB1 .

Since the SLEκ trace is defined a.s. with respect to the initial Wiener measure,

its tip is a well defined random variable. Then, the limit limt→∞ ctg(arg(ĥ1(i/
√
t)))

exists for almost every Brownian motion and is therefore a well-defined random

variable.

Using that Im ĥ1(0) > 0 a.s. (since the event that γ1 ∈ R has zero probability),

along with the continuity of the cotangent and argument in C at z for |z| 6= 0, we

obtain that

lim
t→∞

ctg(arg(ĥ1(i/
√
t))) = ctg(arg( lim

t→∞
ĥ1(i/

√
t))) = ctg(arg(ĥ1(0))) . (6.6.3)

In order to study the distribution at a fixed capacity time t of ctg(arg(ĥt(0))), we

use the scaling (6.6.2) along with the fact that the law of ctg(arg( ĥt(i)√
t

)) is the same

as the law of the cotangent of ctg(arg(ĥt(i)). Thus, we can identify the distribution

of limt→∞ ctg(arg(ĥt(i))) with the distribution of limt→∞ ctg(arg(ĥt(i/
√
t))).

In the previous parts of the chapter we studied xt(i)
yt(i)

.We would like to use this pre-
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vious work in order to prove the conjecture stated earlier. The limt→∞ ctg(arg(ĥt(i)))

does not exist a.s., however as a random variable we would like to show that its dis-

tribution converges to the stationary distribution of Tu started from T0 = 0.

A possible strategy: analysis on the events Et,l described in [54]. Let us consider

the following quantities rc = 1+4a
2
, λ = r

(
1 + 1

2a

)
− r2

4a
, ζ = λ − r

2a
, where a = 2

κ
.

Let us consider the following SDE that appears in [54].

dJt = −rc tanh Jtdt+ dWt , J0 = 0 ,

where Wt is a standard Brownian motion.

Let

Lt = t−
∫ t

0

2ds

cosh2 Js
.

Using Itô’s and Girsanov Theorems, in [54] it is proved thatNt = eaλLteaζt[coshJt]
r

is a martingale satisfying dNt = r[tanh Jt]NtdWt .

Let P∗ denote the probability measure obtained from P by weighting with the

martingale Nt.

Let us consider the events Et,l as in [54]. These events are are described in

Lemma 5.10 of [54] .

Lemma 6.6.2 (Lemma 5.10 of [54]). For each l, t > 0, let Et,l be the events that

following estimates hold for all 0 6 s 6 t .

|Js| 6 l log(min{s+ 2, t− s+ 2}) ,

|Ls − sβ| 6 l
√
s log(s+ 2) ,
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|Lt − Ls − (t− s)β| 6 l 6
√
t− s log(t− s+ 2) ,

Then,

lim
l→∞

inf
t>0

P∗(Et,l) = 1 .

One of the feature of the events is that they have probability one in the limit when

the parameter l → ∞ , in the weighted measure. The whole analysis concerning

these events is done in Section 5 of [54] . We extract from this analysis the fact that

on these events we have the following estimates

eas−clogF (s,t) 6 ye2as 6 ceas , (6.6.4)

where F (s, t) = 2 +min{s, t− s} .

Specifically, on these events under the measure P∗ we can control log(ũ(S, ω))

via the control on ye2as(ω) in (6.6.4). However, the estimates are not good enough

to control ũ(S, ω). The upper bound in the estimate is true for any choice of driver

and is not specific to the Brownian driver. The main body of future work will be to

obtain a sharp upper bound in (6.6.4). If a better control in (6.6.4) such that ũ(S, ω)

behaves asymptotically deterministic, then the stationary law of the process Tu can

be identified with the law of the tip of the SLEκ trace at a fixed time. The result

will follow from the total variation convergence result for the diffusion Tu. If this

conjecture turns out to be true, then we will create a new observable that can be

used to study further convergence of scaling limits of lattice models from Statistical

Physics to SLEκ curves.
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Chapter 7

Loewner differential equation and

Rough Path Theory

7.1 Introduction

In this chapter we study the backward Loewner differential equation in H started

from z0 ∈ H with |z0| = δ > 0. We show that this differential equation is a

Rough Differential Equation and we establish the continuity of its solutions in the

p-variation topology. In addition, in a different direction, we study some features of

the truncated Taylor approximation series associated with the forward Loewner dif-

ferential equation obtained from extending the conformal maps to the real line. The

Stochastic Taylor approximation is a popular approximation technique for solutions

of stochastic differential equations. We refer the reader to [23] as well as [17].

For T > 0, let us define ∆T = {(s, t)|0 6 s 6 t 6 T} . We collect all the iterated

integrals in the following way. We consider for

X : ∆T → T ((R))
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the collection of iterated integrals appearing in our approximation as

(s, t)→ Xs,t = (1, X1
s,t, . . . , X

bpc
s,t , . . . , X

m
s,t, . . .) ∈ T ((V )).

We will show in the following section that the pair dXt = (dt, dBt) can be lifted to

a p-rough path for p > 2. We use the Itô lift as well as the geometric p-rough path

lift in order to define the iterated integrals.

7.2 The pair Xt = (t, Bt) as a p-rough path for p > 2

In this section we show that the pair Xt = (t, Bt) can be lifted to a p-rough path

for p > 2 and moreover the lift is uniquely determined by the first two levels.

The main ingredient that we use is the Extension Theorem, Theorem 3.7 of [35],

that we state in the following.

Theorem 7.2.1 (Extension Theorem, Theorem 3.7 of [35]). Let p > 1 be a real

number and n > 1 be an integer. Let X : ∆T → T (n)(V ) be a multiplicative

functional with finite p-variation controlled by w . Assume that n > bpc . Then there

exists a unique extension of X to a multiplicative functional ∆T → T ((V )) that

has finite p-variation, i.e. for every m > bpc + 1 , there exists a unique continuous

function

Xm : ∆T → V ⊗m

such that (s, t) → Xs,t = (1, X1
s,t, . . . , X

bpc
s,t , . . . , X

m
s,t, . . .) ∈ T ((V )) , is a multiplica-

tive functional with finite p-variation controlled by the same w , i.e.

||X i
s,t|| 6

w(s, t)i/p

β( i
p
)!
∀i > 1, ∀(s, t) ∈ ∆T ,
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with βp = p2

(
1 +

∞∑
r=3

(
2
r−2

) bpc+1
p

)
.

The metric || · || on T ((V )) is the projective norm defined for

x =
∑
|I|=k

λIeI ∈ V ⊗k

via

||x|| =
∑
|I|=k

|λI |.

Thus, the bound ||X i
s,t|| 6

w(s,t)i/p

β( i
p

)!
, ∀i > 1, ∀(s, t) ∈ ∆T , gives control on the sum

of i-iterated integrals. In the last part, for the real numbers ε > 0 and α > 0 we will

consider pairs s, t ∈ [0, εα] and we will estimate the corresponding iterated integrals.

In order to check that the pair Xt = (t, Bt) can be lifted to a p-rough path for

any p > 2, we have to check according to the definition, the algebraic identities

(Chen’s relations) and the analytic bounds. The algebraic identities follow from Fu-

bini’s Theorem which Riemann-Stieltjes and Itô integrals satisfy. Since we consider

iterated integrals of a pair consisiting of a bounded variation path with some other

p-variation path for any p > 2 the algebraic requirements are straightforward. We

check the analytic bounds in the following. For the pair Xt = (t, Bt), we have that

the second component has clearly finite p-variation for p > 2 since it is of bounded

variation. Using standard result in Rough Path Theory (see [17]) we have that Bt

has finite p-variation for p = 2 + q for any q > 0.

We show that there exists a control ω(s, t) such that

∣∣∣∣∫ ∫
s<u1<u2<t

dBu1du2

∣∣∣∣ 6 C1ω(s, t)2/p
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∣∣∣∣∫ ∫
s<u1<u2<t

du1dBu2

∣∣∣∣ 6 C2ω(s, t)2/p

and ∣∣∣∣∫ ∫
s<u1<u2<t

dBu1dBu2

∣∣∣∣ 6 C3ω(s, t)2/p

where C1, C2 and C3 are a.s. finite random constants.

Since the Brownian path is weakly 1/2-Hölder continuous, we will take as a

control the function w(s, t) = (t − s). In particular, we know from standard prop-

erties of Brownian motion that it is of finite p-variation for p = 2 + q for any

q > 0. For any pair s, t ∈ ∆T , the first iterated integral has finite p/2-variation

since it is a Riemann-Stieltjes integral due to the fact that u2 is of bounded vari-

ation. Moreover, the integral is controlled by w(s, t) = (t − s)2/p, since we have

(t−s) = (t−s)2/p(t−s)1−2/p. For the second iterated integral, for any pair s, t ∈ ∆T

we use the integration by parts for the Itô integrals. Since one of the terms is of

finite variation, the formula gives

∫ t

s

(u2 − s)dBu2 = (t− s)Bt −
∫ t

s

(Bu2 −Bs)du2. (7.2.1)

We further have that

∣∣∣∣∫ t

s

(u2 − s)dBu2

∣∣∣∣ 6 |(t− s)Bt|+
∣∣∣∣∫ t

s

(Bu2 −Bs)du2

∣∣∣∣ (7.2.2)

The control for the second term in the right hand side of (7.2.2) is obtained as

in the previous case,since it is an example of a Riemann-Stieltjes integral bounded

by ω(s, t) = (t − s)2/p. The first term in the right hand side of (7.2.2) is bounded

directly by ω(s, t) = (t−s)2/p using that (t−s) is a bounded variation function that in

particular has finite p-variation for any p > 2, since (t−s)Bt 6 (t−s)2/p(t−s)1−2/pBt.
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Using that Bt is an a.s. finite random variable, we obtain the required estimate.

For the last iterated integral, we obtain via direct computations

∣∣∣∣∫ t

s

(Br −Bs)dBr

∣∣∣∣ =

∣∣∣∣∫ t

s

BrdBr −Bs(Bt −Bs)

∣∣∣∣
=

∣∣∣∣B2
t −B2

s

2
− t− s

2
−BsBt +B2

s

∣∣∣∣
=

∣∣∣∣B2
t

2
+
B2
s

2
− 2BsBt

2
− t− s

2

∣∣∣∣
=

∣∣∣∣(Bt −Bs)
2

2
− t− s

2

∣∣∣∣
< C3(t− s)2/p. (7.2.3)

The last inequality holds since |Bt −Bs| 6 Cω(s, t)1/p and thus

|Bt −Bs|2 6 C2ω(s, t)2/p,

where C is a random constant that is a.s. finite. Finally, (t−s) 6 (t−s)1− 2
p (t−s)2/p.

Taking

cm(ω) := max(C1(ω)1/2, C2(ω)1/2, C3(ω)1/2, C0(ω), C1(ω)),

where C0(ω) and C1(ω) are the a.s. finite constants obtained by bounding the

increments of the path (t, Bt) at the first level, we define the control

w1(s, t) = cm(ω)(t− s).

Note that the choice of the constants βp and ( i
p
)! does not change the analysis.

Their choice is usually related with the fact that they simplify computations when
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Extension Theorem is applied.

With the previous estimates and the choice of control w1(s, t) = cm(ω)(t − s),

we check the conditions of Theorem 7.2.1. In this manner, we obtain the unique Itô

lift up to any order n > 2 for the path Xt = (t, Bt).

Note that using the Itô lift we do not obtain a geometric p-rough path. We use

this lift and the bounds on iterated integrals from the Extension Theorem when

we study the truncated Taylor approximation to the forward Loewner differential

equation extended to the real line, in the next section, where we apply the bounds

from the Extension Theorem for the time interval [0, εα] for the Itô iterated integrals

of Xt = (t, Bt).

Remark 7.2.2 (Geometric Rough Path lift of Xt = (t, Bt)). When discussing conti-

nuity properties of the solutions to the backward Loewner differential equation with

respect to the parameter κ, we need that the pair Xt = (t, Bt) to be a geometric

rough path. Thus, we need to consider a different lift from the Itô one. Since t is

of bounded variation, the pair Xt is a Young pairing. Since Bt is one-dimensional

Brownian motion, then there is a canonical lift to a geometric rough path (for higher

dimensions, it is shown in [49] that the Stratonovich lift of the Brownian motion is

a geometric rough path). We use this lift to see the pair Xt = (t, Bt) as a geometric

p-rough path for p > 2. For further details, see Section 9.4 in [17].
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7.3 Universal Limit Theorem and the continuity of the

solution to the backward Loewner differential equa-

tion

In this section, we work with the backward Loewner differential equation.

∂th(t, z) =
−2

h(t, z)−
√
κBt

, h(0, z) = z, z ∈ H (7.3.1)

By performing the identification ht(z) −
√
κBt = Zt, we obtain the following

dynamics in H , that we consider throughout this section

dZt =
−2

Zt
dt−

√
κdBt, Z0 = z0 ∈ H.

We consider the backward Loewner differential equation started from Z0 ∈ H

with |Z0| = δ for some δ > 0.

We have the following remark.

Remark 7.3.1. In the case of the chordal SLEκ the Itô lift or the Stratononovich lift

of the the iterated integrals produce the same solution. Indeed, when considering

the Itô-Stratonovich correction for a time-homogenous diffusion

dZt = µ(Zt)dt+ σ(Zt)dBt

we have ∫ T

0

σ(Zt) ◦ dBt =
1

2

∫ T

0

dσ(Zt)

dx
σ(Zt)dt+

∫ T

0

σ(Zt)dBt

For the backward/forward chordal SLEκ we have that dZt = ±2
Zt
dt −

√
κdBt. The
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important remark is that σ(Zt) is a constant, thus when studying these equations

we have that ∫ T

0

σ(Zt) ◦ dBt =

∫ T

0

σ(Zt)dBt.

In this section we work with the geometric rough path lift of Xt = (t, Bt) and in

the next section we work with the Itô lift of the same path, in order to exemplify

results about both of the choices.

We further define the notion of solution to a Rough Differential Equation.

Definition 7.3.2. Let f : W → L(V,W ) be a Lip(γ− 1) function and let us consider

X ∈ GΩp(V ) and ζ ∈ W.

Set fζ(·) = f(·+ ζ). Define h : V ⊕W → End(V ⊕W ) via

 IdV 0

fζ(y) 0

 .
We call Z ∈ GΩp(V ⊕ V ) a solution to the differential equation dYt = f(Yt)dXt,

Y0 = ζ > 0 if the following conditions hold

I Z =
∫
h(Z)dZ,

I ΠV (Z) = X, where ΠV (·) is the projection map.

The main result that we use in this section is the Universal Limit Theorem.
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Theorem 7.3.3 (Universal Limit Theorem, Theorem 5.3 in [35]). Let p > 1 and

let γ > p be real numbers. Let f : W → L(V,W ) be a Lip(γ) function. For all

X ∈ GΩp(V ) and all ζ ∈ W , the equation

dYt = f(Yt)dXt, Y0 = ζ

admits a unique solution Z = (X, Y ) ∈ GΩp(V ⊕W ) in the sense of the Definition

7.3.2. The solution depends continuously on X and ζ and the mapping

If : GΩp(V )×W → GΩP (W )

which sends (X, ζ) to Y is the unique extension of the Itô map which is continuous

in the p-variation topology.

First, we recall the following definition from the introduction.

Definition 7.3.4. A sequence (X(n))n>1 ∈ Λp(V ) is said to converge to X ∈ Λp(V )

in p-variation topology if there exists a p-control w of X and X(n) for all n > 1 ,

and a sequence (a(n))n>1 of positive reals such that limn→∞ a(n) = 0 and

||X(n)is,t −X i
s,t|| 6 a(n)w(s, t)

i
p ,

for all (s, t) ∈ ∆T and 1 6 i 6 bpc .

In this section we prove the following theorem.

Theorem 7.3.5. For δ > 0, the backward Loewner differential equation driven by

√
κBt with κ ∈ R+, κ 6= 0, started from z0 with |z0| = δ > 0 is a well defined

Rough Differential Equation that has a unique solution. This unique solution is a.s.
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continuous with respect to the starting point z0 ∈ H and
√
κBt in the p-variation

topology for p ∈ (2, 3].

7.4 Proof of Theorem 7.3.5

First, we recall the following result.

Theorem 7.4.1 (Continuity of the Extension Map, Theorem 3.10 of [35]). Let us

consider X, Y ∈ Λp(V ) with p-variation control w and let ε ∈ (0, 1) . Then the bound

||X i
s,t − Y i

s,t|| 6 ε
w(s, t)

i
p

βp(
i
p
)!

,

holds for all (s, t) ∈ ∆t and i > 1 , provided that it holds for all 1 6 i 6 bpc .

Lemma 7.4.2. For κ > 0, let us consider κn → κ, as n→∞. Then,

(t,
√
κnBt)→ (t,

√
κBt)

in the p-variation topology as κn → κ, for p ∈ (2, 3].

Proof of Lemma 7.4.2. Let is consider the sequence
√
κn →

√
κ as n → ∞, for

κ > 0. Since in the first component there are no changes, we focus directly on the

second component of the paths (t,
√
κnBt) and (t,

√
κBt). Without loss of generality

we can choose an increasing sequence. Using the control ω(s, t) =
√
κ(t−s) and the

sequence aκ(n) =
√
κ−√κn√

κ
in the Definition 7.3.4 we obtain the convergence of in the

p-variation topology for p ∈ (2, 3] of the paths (t,
√
κnBt) and (t,

√
κBt). Indeed, we

have that ω(s, t) =
√
κ(t − s) is a control for both

√
κBs,t as well as

√
κnBs,t and

|
√
κBs,t −

√
κnBs,t| 6 |

√
κBs,t||1−

√
κn√
κ
|.
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From Theorem 7.4.1, we see that the bound in the Definition 7.3.4 implies that

there exists a sequence ε(n) with limn→∞ ε(n) → 0 such that the bound in the

Definition 7.3.4, holds for all pairs s, t ∈ ∆T and i > 1, when n is sufficiently

large.

Proof of Theorem 7.3.5. We consider the geometric p-rough path for lift for Xt =

(t, Bt). In order to prove that the backward Loewner differential equation started

from z0 ∈ H with |Z0| = δ is a Rough Differential Equation with a unique solution,

we show that the vector fields V1(Z) and V2(Z) are indeed Lip(γ) vector fields for

γ > 2. The problematic vector field is V1(z) since the second one is clearly Lip(γ)

for γ > 4.

In order to show that indeed the first vector field is Lip(γ) for γ > 3 we use that

d

dz

1

z
=
−1

z2
,

d

dz

−1

z2
=

2

z3
,

d

dz

2

z3
=
−6

z4

and

d

dz

−6

z4
=

24

z5
.

Thus, the Lip(4) norm of the vector field 1/z is bounded for |z| > δ > 0. Note

that, in general, dn

dz
1
z

= c(n)
zn+1 , where the function c(n) = (−1)nn!. Thus, the Lip(γ)

norm of the vector fields is bounded for any finite γ. In our analysis we restrict to

p ∈ (2, 3], thus checking γ > 3 is enough. However, we can show the result for any

p > 2 and any γ > p using the bound on the vector fields.
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In addition, we observe that the imaginary part of the backward Loewner differ-

ential equation Yt, we have

dYt =
2Yt

X2
t + Y 2

t

dt .

In particular, Yt > Y0 for all t > 0. Thus, we have that Yt > 0 for all t ∈ [0, T ].

Since the imaginary part Yt increases the vector field remains bounded for all times

t ∈ [0, T ]. Using the Stratonovich lift of the pair (t, Bt) and the bounds on Lip(3)

norms of the vector fields, we obtain that indeed the backward Loewner differential

equation started from z0 with |z0| = δ > 0 is a Rough Differential equation. In

particular, the fact that the vector fields of the backward Loewner differential equa-

tion are Lip(γ) for γ > 3 assures via Theorem 7.3.3 that the solution exists and is

unique. Let us consider the paths Xκn
t = (t,

√
κnBt) and Xκ

t = (t,
√
κBt). Using

Lemma 7.4.2, for κn → κ as n → ∞ we obtain that Xκn
t → Xκ

t in the p-variation

topology. Next, by applying Theorem 7.3.3 we obtain that the backward Loewner

flow started from δ > 0, for any δ > 0 is continuous in both staring point and the

path Xt = (t,
√
κBt) in the p-variation topology, and the conclusion follows.

Remark 7.4.3. 1) In [56], the authors prove the continuity of the SLEκ traces for

κ ∈ [0, 8(2 −
√

3)) in the uniform topology. Although never written in their paper

explicitly, we believe that their argument can be adapted also to prove the continuity

of the solution to the backward Loewner differential equation started from δ > 0 in

the parameter κ for κ 6= 8.

2) The p-variation topology in which we recover the continuity is stronger than

the uniform topology. Thus, our result is new and provides a stronger notion of

convergence.
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7.5 Truncated Taylor approximation for the forward

Loewner differential equation

In this section, we perform an analysis in a different direction. Let us consider the

forward chordal SLEκ in the upper half-plane

∂tg(t, z) =
2

g(t, z)−
√
κBt

, g(0, z) = z, z ∈ H . (7.5.1)

By performing the identification gt(z) −
√
κBt = Zt, we obtain the following dy-

namics in H ,

dZt =
2/κ

Zt
dt+ dBt, Z0 = z0.

By extending the conformal mappings gt(z) −
√
κBt to the real line, we obtain

the following dynamics on the real line

dZt =
2/κ

Zt
dt− dBt Z0 = ε > 0. (7.5.2)

To sum up, in this section we are interested in the following differential equation

on the real line

dZt =
2/κ

Zt
dt− dBt Z0 = ε > 0, (7.5.3)

where Zt(x) = gt(x) −
√
κBt is a real-valued process. In this section, we choose to

work with the Itô lift of the pair (t, Bt). The first order differential operators 2/κ
Z

d
dz

and d
dz

are associated to the vector fields of (7.5.3). Note that since our process Zt

is one-dimensional (and therefore there is a unique notion of directional derivative),

we abuse the notation and use for the R-differentiation the notation d
dz

, in order

to match it with the notation of the functions that is acting on. The Bessel SDE
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(7.5.3) can not be interpreted as a Rough Differential Equation anymore since the

singularty of the vector field corresponding to the drift. However, we know from

standard results in Stochastic Analysis that the Bessel SDE has a unique strong

solution for x0 > 0 up to the first hitting time (see [39], chapter XI). We consider the

one-step Taylor approximation to the unique strong solution of the Bessel Stochastic

Differential Equation started around the singularity.

A natural question regarding the Taylor approximation series associated to the

forward Loewner differential equation extended to the real line is what should be

the size of the time step one is allowed to take in order to assure that the series

is a.s. not divergent. In practice, one can only compute a fixed number r < ∞ of

steps in a numerical method and consequently generate a finite number of iterated

integrals. Most numerical methods that one is interested in practice use derivatives

of the vector fields in order to approximate the solution. We will be focusing on the

truncated Taylor approximation up to some fixed finite r > 0.

In general, for a Rough Differential Equation of the form

dZt = V (Zt)dXt,

with Z0 = z0 > 0 with Xt : [0, T ] → Rd a finite p-variation path for any p > 2, we

use the following compact notation for the first r terms of the Taylor approximation.

Definition 7.5.1. Given the continuously differentiable vector fields (V1, . . . , Vd) on

Re, and a multiplicative functional with finite p-variation, X ∈ T ((Rd)), we define

Er(V )(Z,X0,t) :=
r∑

k=1

∑
i1,...,ik

Vi1 . . . VikId(Z)Xk,i1,...,ik
0,t

as the increment of the step r-truncated Taylor approximation on the interval [0, t].
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The notation Vi1 . . . VikId(Z) stands for the composition of differential operators

associated with the vector fields

Vi1 ◦ Vi2 ◦ . . . ◦ Vik ◦ Id(Z),

and Xk,i1,...,ik
0,t stands for the terms obtained from the iterated integrals

∫
0<s1<..<sk<t

dXs1 ⊗ ...⊗ dXsk .

Definition 7.5.2. Let α > 0. We call a one time step r-truncated Taylor approxi-

mation for a differential equation started from y0 = 0 weakly α stable if for pairs

consisting of initial point and time step used in the approximation (yε0, t
ε) = (ε, εα)

we have that the approximation converges as ε→ 0 to the initial value y0 = 0, a.s..

In this section, we prove the following result

Theorem 7.5.3. The one time step r-truncated Taylor approximation for the Bessel

process started from ε > 0 obtained by continuously extending the conformal maps

solving the forward Loewner differential equation to the real line it is a.s. weakly α

stable for time steps t < ε4+δ, for any δ > 0.

7.6 Proof of Theorem 7.5.3

In order to prove the main result, we first use the following lemma.

Lemma 7.6.1. At fixed level r there are 2r terms obtained from all the possible ways

of composing the vector fields V1 = 2/κ
Z

d
dz

and V2 = d
dz

.

Proof. We prove this using induction. For r = 1, there are 2 = 21 possible terms

obtained from either of the vector fields. For r = 2, the possible compositions are
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V1 ◦V1, V2 ◦V2 , V2 ◦V1 and V1 ◦V2 given 22 possibilities. Let us assume that at level

k > 0 there are 2k possible combinations. To obtain all the possible compositions

at level k+ 1, we have to consider V1 ◦ V k and V2 ◦ V k where V k are all the possible

compositions at level k. Thus, at level k + 1 we obtain in total 2k + 2k = 2k+1

possibilities, and the argument follows by induction.

Proof of the Theorem 7.5.3. Given the format of the forward Loewner differential

equation extended on the real line, we have that the vector fields that can appear

are either V1 = 2/κ
Z

d
dz

or V2 = d
dz

. For fixed values of m and n = r − m we have,

by definition m time entries in the iterated integrals and m times the vector field

V1 = 2/κ
Z

d
dz

and n Brownian motion entries together with n times the vector field

V2 = d
dz

. We also note that in order for Vi1 . . . VirId(z) to be non zero then Vir = 1
Z

,

otherwise Vir = 1 and applying any other choice of Vir−1 will give the derivative of

a constant that is zero.

Then, we provide the following rules when considering the composition of vector

fields Vi1 . . . VirId(z) (up to some absolute constants that change, but we avoid

keeping their dependence in our analysis). These rules are specific to the structure

of the vector fields of the Loewner differential equation and they give a way to

transform the composition of the differential operators associated with vector fields

in the left into multiplication with the function on the right up to some constants

(that we do not keep track of since they do not influence the analysis)

I
2/κ
Z

d
dz
←→ −2/κ

Z2

I d
dz
←→ −1

Z

in the following sense: V1 ◦ V k = −2/κ
Z2 f(Z) and V2 ◦ V k = −1

Z
f(Z), where we have

that f(z) = Vi1 ◦ Vi2 ◦ . . . ◦ Vik ◦ Id(Z) for any k > 0.
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To illustrate this, we consider

V1 ◦ V1 ◦ Id(Z) =
1

Z

d

dz

1

Z
.

Then, d
dz

1
Z

= −1
Z2 and V1◦V1◦Id(Z) = 1

Z3 up to some constants. In general, the anal-

ysis is similar. Indeed, the result of the composition is obtained by iteration using

either of the vector fields applied to the initial 2/κ
Z

value (since otherwise we would

obtain zero since we apply differential operators to a constant), and since the differ-

ential operators either act by differentiation or by differentiation and multiplication

with 1
Z

up to some constants, the rules hold.

Using these rules, independent of the order of applications of the vector fields

we have that for Z0 = ε > 0

|Vi1 . . . VirId(Z0)| = O

(
1

εn
1

ε2m−1

)
= O

(
1

ε2m−1+n

)
.

We consider ∆T = ∆εα for α > 0. Thus, at any fixed level k, k = m+ n, k ∈ [0, r],

we have

r∑
k=1

∑
i1,...,ik

Vi1 . . . VikId(Z)Xk,i1,...,ik
0,t =

r∑
k=1

2k
C(k)

ε2m+n−1

∫
...

∫
06s16s2..6εα

dXs1 ...dXsk .

For each k ∈ [0, r], there are terms that are zero (since they correspond to a

particular order of application of the vector fields as explained before).

Using the estimate on the iterated integrals for the control w1(s, t) = cm(ω)(t−s)

for s = 0 and t = εα from Theorem 7.2.1, we obtain that

r∑
k=1

2k
C(k)

ε2m+n−1

∫
...

∫
06s16s2..6εα

dXs1 ...dXsk 6
r∑

k=1

C̃(k)

ε2m+n−1
ε

(m+n)α
2+δ ,
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where C̃(k) is a constant obtained by merging all the constants obtained from the

iterated integrals estimates and from the operation of composition of the vector

fields. Thus, we obtain that

α(m+ n)− (2 + δ)(2m+ n− 1)

2 + δ
> 0⇔ α >

(2 + δ)(2m+ n− 1)

m+ n

In order to guarantee the control of all terms in the Taylor approximation, we need

α > lim sup
m,n→∞

(2 + δ)(2m+ n− 1)

m+ n
= 4 + δ̃,

with δ̃ = 2δ and the conclusion of the theorem follows.

Remark 7.6.2. Note that for pairs of the form (y0, t
ε) = (u, εα) for some fixed

constant u > 0, the convergence holds for any value of α > 0. However, when

dealing with singular SDEs, one is interested in considering starting the equation

closer to the singularity. The estimates that we use show that the time step one needs

to take has to be small enough to be able to control the output of the approximation

as ε→ 0, for almost every Brownian path.

Remark 7.6.3 (The typical estimates from Rough Path Theory do not work for the

non-truncated Taylor approximation in our setting). We can show that the usual

estimates on the iterated integrals from Rough Path Theory are not enough to

ensure convergence for the Taylor approximation in the case of singular differential

equations. Let us consider the absolute value of the r-level Taylor approximation

remainder

Rr(t, Zt,X) = π(0, Z0;X)0,t − E(V )(Z0,X
(r−1)
0,t ).
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Using the previous analysis, we have that the remainder is equal to

∞∑
r̃>r

2r̃C(r̃)
1

ε2m+n−1

∫
...

∫
06s16s2..6εα

dXs1 ...dXsr̃ .

Using the estimate on the Extension Theorem 7.2.1 for the iterated integrals we

have that

∞∑
r̃>r

2r̃C(r̃)
1

ε2m+n+1

∫
...

∫
06s16s2..6εα

dXs1 ...dXsr̃ 6
∞∑
r̃>r

2r̃C(r̃)
1

ε2m+n−1
ε

(m+n)α
2+δ

Thus, the estimates do not work since the series corresponding to the upper

bound diverges. Indeed, the factor C(r̃) grows like r̃!
( r̃
p

)!
for p > 2. The r̃! term is

obtained taking r̃ derivatives of the function 1
z

while the term ( r̃
p
)! comes from the

bound on the iterated integrals.

However, the two factors cancel when p = 1, i.e. when we consider Loewner

Equation driven by bounded variation paths. The same analysis can be done then,

and a control on the reminder for the one-step Taylor approximation can be obtained.
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Appendix A

A.1 Pathwise estimate for Brownian Motion

Proposition A.1.1. Let Bt be a standard one-dimensional Brownian motion.

Let Mn = max
j=0,...,2n−1

sup
06t62−n

|Bj2−n+t −Bj2−n|. Then

lim
n→∞

Mn√
2−n log(2n)

=
√

2 .

Proof. For X a standard normally distributed random variable we obtain via direct

estimates of the density the following bounds

e−
(a+1)2

2 6
√

2πP(X > a) 6 e−
a2

2 .

Using the independence of increments and the scaling property of Brownian motion,
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we have for c > 0 that

P(Mn 6 c2−
n
2
√
n) 6

2n−1∏
j=0

P(|B(j+1)2−n −Bj2−n| 6 c2−n/2
√
n)

= |P(|B1| 6 c
√
n)|2n

6 |1− (
√

2/πe−(c
√
n+1)2/2|2n

6 exp(−2n(
√

2/πe−(c
√
n+1)2/2)) .

Let us set Cn =
√

2 log 2 − 2n−1/2. Then we can form the events An := {Mn 6

Cn2−n/2
√
n} . By applying the previous estimate, we obtain that

∞∑
n=1

P(Mn 6 Cn2−n/2
√
n) 6∞ ,

and hence by applying Borel-Cantelli we obtain that a.s.

lim inf
n→∞

Mn√
2−nn

>
√

2 log 2 .

In the opposite direction, we use the reflection principle for one-dimensional Brow-

nian Motion, i.e. P(sup06s6tBs > a) = 2P(Bt > a) . For c >
√

2 log 2 , we have

that

P(Mn > c2−
n
2
√
n) 6 P( sup

06t62−n
|Bt| > c2−n/2

√
n)

6 2n4P(B1 > c
√
n)

6 (4
√

2π)2ne−c
2n/2

6 (4
√

2π) exp(−n(c−
√

2 log 2)2/2) .
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If we choose Cn =
√

2 log 2 + n−1/4 , we get that

∞∑
n=1

P(Mn > Cn2−n/2
√
n) 6∞ ,

and hence by Borel-Cantelli, we have with probability 1 that

lim sup
n→∞

Mn√
2−nn

6
√

2 log 2 .

A.2 Estimate for the mapping-out function and the Dis-

tortion Theorem

Proposition A.2.1. Let S ⊂ δH be a measurable set on the Martin boundary of H .

Then

lim
y→∞,x/y→0

πyPx+iy(B̂T (H) ∈ S) = Leb(gK(S)) .

Proof. Consider the map gK(x + iy) = u + iv . Then as y → ∞ and x/y → 0 ,

we have that u/y → 0 and v/y → 1 . Using the conformal invariance for of the

Brownian motion and the (known) formula for the density of the harmonic measure

in H , we have that

Px+iy(B̂T (H) ∈ S) = Pu+iv(BT (H) ∈ gK(S)) =

∫
gK(S)

v

π((t− u)2 + v2)
dt .

A second result that we use is the Distortion Theorem for univalent functions.
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For this, we consider S to be the set of univalent functions on the unit disk that fix

the origin and have f ′(0) = 1 . Note that Riemann Mapping Theorem tells us that

we can study the simply connected domains by considering the study of univalent

functions on D . In the following, we present the following Distortion Theorem. Its

proof relies on an estimate that the reader can find in [27], Proposition 3.20 .

Theorem A.2.2. For f ∈ S and z ∈ D , we have that

1− |z|
(1 + |z|)3

6 |f ′(z)| 6 1 + |z|
(1− |z|)3

.

Proof. Due to the fact that S is closed under conjugation by rotations, it is enough

to prove the estimate for x ∈ (0, 1) on the real line. Using Koebe 1/4 Theorem, we

prove that for f ∈ S , we have |f ′| 6= 0 (for the precise statament , look at Corollary

3.19 in [27] . Since the derivative of a holomorphic function is holomorphic and

f ′(0) = 1 , we can define an analytic function log f ′ . i.e. we find h analytic such

that eh = f ′ . Using that log z = log |z|+ i arg(z) , we have that

x∂xRe(h(x)) = Re

(
xf”(x)

f ′(x)

)
.

Thus by the technical estimate in Proposition 3.20 in [27] we obtain that

2x− 4

1− x2
∂x log |f ′(x)| 6 2x+ 4

1− x2
,

and since log |f ′(0)| = 0 we can integrate the inequalities and we obtain the bounds.
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[19] Anja Göing-Jaeschke and Marc Yor. A survey and some generalizations of

Bessel processes. Bernoulli, 9(2):313–349, 2003.

[20] Wolfram Research, Inc. Mathematica, Version 12.0. Champaign, IL, 2019.

[21] Wouter Kager, Bernard Nienhuis, and Leo P Kadanoff. Exact solutions for

Loewner evolutions. Journal of Statistical Physics, 115(3-4):805–822, 2004.

[22] Antti Kemppainen. Schramm–loewner evolution. In Schramm–Loewner Evolu-

tion, pages 69–100. Springer, 2017.

[23] Peter E Kloeden and Eckhard Platen. Numerical solution of stochastic differ-

ential equations, volume 23. Springer Science & Business Media, 2013.

[24] Gregory F Lawler. Dimension and natural parametrization for SLE curves.

arXiv preprint arXiv:0712.3263, 2007.

[25] Gregory F Lawler. Conformally invariant processes in the plane. Number 114.

American Mathematical Soc., 2008.

[26] Gregory F Lawler and Vlada Limic. Random walk: a modern introduction,

volume 123. Cambridge University Press, 2010.

149



[27] Gregory F Lawler, Oded Schramm, and Wendelin Werner. Conformal invari-

ance of planar loop-erased random walks and uniform spanning trees. In Se-

lected Works of Oded Schramm, pages 931–987. Springer, 2011.

[28] NN Lebedev. Special Functions and Their Applications [in Russian]. 1963.
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tingales: Volume 2, Itô calculus, volume 2. Cambridge university press, 2000.

[41] Steffen Rohde and Dapeng Zhan. Backward SLE and the symmetry of the

welding. Probability Theory and Related Fields, 164(3-4):815–863, 2016.

[42] Oded Schramm. Scaling limits of loop-erased random walks and uniform span-

ning trees. Israel Journal of Mathematics, 118(1):221–288, 2000.

[43] Oded Schramm. A percolation formula. Electronic Communications in Proba-

bility, 6:115–120, 2001.

[44] Oded Schramm and Steffen Rohde. Basic properties of SLE. Annals of mathe-

matics, 161(2):883–924, 2005.

[45] Oded Schramm and Scott Sheffield. Contour lines of the two-dimensional dis-

crete Gaussian free field. Acta mathematica, 202(1):21, 2009.

[46] Scott Sheffield. Conformal weldings of random surfaces: SLE and the quantum

gravity zipper. The Annals of Probability, 44(5):3474–3545, 2016.

151



[47] Scott Sheffield and Nike Sun. Strong path convergence from Loewner driving

function convergence. The Annals of Probability, pages 578–610, 2012.

[48] Atul Shekhar, Huy Tran, and Yilin Wang. Remarks on Loewner Chains Driven

by Finite Variation Functions. In Annales Academiæ Scientiarum Fennicæ

Mathematica. Academia Scientiarum Fennica, 2018.

[49] Eeva-Maria Sipilainen. Pathwise view on solutions of stochastic differential

equations. 1993.

[50] Stanislav Smirnov. Critical percolation in the plane: conformal invariance,

Cardy’s formula, scaling limits. Comptes Rendus de l’Académie des Sciences-

Series I-Mathematics, 333(3):239–244, 2001.

[51] Stanislav Smirnov. Conformal invariance in random cluster models. I. Holmor-

phic fermions in the Ising model. Annals of mathematics, pages 1435–1467,

2010.

[52] Mete Soner, Nizar Touzi, and Jianfeng Zhang. Quasi-sure stochastic analysis

through aggregation. Electronic Journal of Probability, 16:1844–1879, 2011.

[53] Huy Tran. Convergence of an algorithm simulating Loewner curves. In Annales

Academiae Scientiarum Fennicae. Mathematica, volume 40, 2015.

[54] Fredrik Johansson Viklund and Gregory Lawler. Optimal Hölder exponent for
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