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Abstract

In this paper, we continue the study of robust satisfiability of promise CSPs (PCSPs), initiated
in (Brakensiek, Guruswami, Sandeep, STOC 2023), and obtain the following results:

• For the PCSP 1-in-3-SAT vs NAE-SAT with negations, we prove that it is hard, under
the Unique Games conjecture (UGC), to satisfy 1− Ω(1/ log(1/ϵ)) constraints in a (1− ϵ)-
satisfiable instance. This shows that the exponential loss incurred by the BGS algorithm for
the case of Alternating-Threshold polymorphisms is necessary, in contrast to the polynomial
loss achievable for Majority polymorphisms.

• For any Boolean PCSP that admits Majority polymorphisms, we give an algorithm satisfying
1−O(

√
ϵ) fraction of the weaker constraints when promised the existence of an assignment

satisfying 1 − ϵ fraction of the stronger constraints. This significantly generalizes the
Charikar–Makarychev–Makarychev algorithm for 2-SAT, and matches the optimal trade-off
possible under the UGC. The algorithm also extends, with the loss of an extra log(1/ϵ)

factor, to PCSPs on larger domains with a certain structural condition, which is implied
by, e.g., a family of Plurality polymorphisms.

• We prove that assuming the UGC, robust satisfiability is preserved under the addition
of equality constraints. As a consequence, we can extend the rich algebraic techniques
for decision/search PCSPs to robust PCSPs. The methods involve the development of
a correlated and robust version of the general SDP rounding algorithm for CSPs due to
(Brown-Cohen, Raghavendra, ICALP 2016), which might be of independent interest.



1 Introduction

The CSP dichotomy theorem has precisely identified which problems in the rich class of constraint
satisfaction problems (CSPs) are polynomial-time solvable, with the rest being NP-complete [Zhu20,
Bul17]. Strikingly, this landmark result shows that simple gadget reductions from 3-SAT are the
only obstructions to the existence of an efficient algorithm for a CSP, and conversely the existence of
a single “non-trivial polymorphism” suffices for a polynomial time satisfiability algorithm. Informally,
a polymorphism is an operator that combines multiple satisfying assignments to the predicates
defining the CSP into another satisfying assignment.

On the algorithmic side, in essence there are only two broad approaches: local consistency
(also captured by a few levels of the Sherali–Adams hierarchy of linear programs) [BK14] and
generalizations of Gaussian elimination [BD06, IMM+10]. However, the overall algorithm in the
CSP dichotomy theorem is highly non-trivial due to the intricate ways in which these two basic
algorithmic paradigms might have to be combined to solve an arbitrary tractable CSP.

The picture is considerably simpler and clearer (but is still non-trivial) when focusing on
polynomial time robust satisfiability algorithms for tractable CSPs, a concept first considered in
the beautiful work of Zwick [Zwi98]. In addition to finding perfectly satisfying assignments when
they exist, such algorithms are also robust in the sense that, when given as input almost-satisfiable
instances (namely those that admit an assignment failing to satisfy only an ϵ fraction of the
constraints), they find an assignment satisfying all but g(ϵ) fraction of the constraints, for some loss
g(ϵ) that vanishes as ϵ→ 0.

For ease of terminology, let us refer to CSPs that admit such efficient robust satisfiability
algorithms as robust CSPs. We further call them (ϵ, g(ϵ))-robust CSPs to indicate the loss incurred
by the robust algorithm. Every robust CSP is also tractable—this follows from two works of Barto
and Kozik [BK14,BK16]. However, the converse is not true and there are tractable CSPs that lack
robust satisfiability algorithms. The quintessential such CSPs are defined by linear relations over an
Abelian group. Satisfiability of such CSPs can be efficiently ascertained via Gaussian elimination,
but by the celebrated inapproximability results of Håstad [Hås01], they are not robust.1 On the
other hand, tractable CSPs that are solved by local consistency (called bounded-width CSPs in the
literature) are in fact robust. For Boolean CSPs, this was effectively implicit in Zwick’s original work
that pioneered robust satisfiability [Zwi98]. For CSPs over any fixed finite domains, this was shown by
Barto and Kozik [BK16]. An earlier breakthrough result of Barto and Kozik [BK14] had shown that
any CSP that cannot express linear equations (in a certain formal sense) is solved by local consistency
algorithms. Thus, we have the pleasing picture that CSPs solved by local consistency—one of the
two basic algorithmic strategies—are precisely those that are robust (this statement was explicitly
conjectured in [GZ12]). Further, for all such CSPs, there is a robust satisfiability algorithm based
on semidefinite programming. We therefore have a single unified approach for robust satisfiability
compared to the highly complex situation for exact satisfiability of CSPs. In a way, the robust CSP
dichotomy offers a crisper and more comprehensible complexity criterion.

Given this backdrop concerning robust CSPs, and motivated by the quest for understanding
robustness of SDP-based algorithms more broadly, Brakensiek, Guruswami, and Sandeep [BGS23b]
initiated the study of robust algorithms for promise CSPs, which we introduce next. Promise CSPs
(also PCSPs for short) are a vast generalization of CSPs that have received significant attention in

1In fact, even for almost-satisfiable instances, it is NP-hard to beat the approximation ratio achieved by the trivial
algorithm that simply outputs a random assignment.
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recent years [GS20,BWŽ21,BBB21,BG21b,BK22,BŽ22,NŽ22,CŽ23d,CŽ23a,KOWŽ23,BGS23a,
CŽ23c,CŽ23b,NŽ24,FNO+24,CŽ24,HMNŽ24,BK24,AFO+25,LŽ25,NVWŽ25,CKK+25,Mot25]. A
promise CSP is defined by a fixed collection of relation pairs (Pi, Qi) over some domain pair (D,E),
with Pi ⊆ Qi.2 Given a CSP instance based on the relations, the goal is to find an assignment
satisfying the (weak) constraints given by the Qi relations if promised that an assignment satisfying
the (strong) constraints given by the Pi relations exists (but is not known). A classic example of
a promise CSP is the approximate graph coloring problem [GJ76]: given a k-colorable graph, find
an ℓ-coloring of it, where 3 ≤ k ≤ ℓ. In our terminology, this is just the PCSP with a single pair
of relations (P,Q), where P is the disequality relation on a k-element set, and Q is the disequality
relation on an ℓ-element set.

Another, more recent, example of a PCSP is the (2 + ϵ)-SAT problem, introduced and studied
by Austrin, Guruswami, and Håstad [AGH17] (who also coined the expression promise CSP): given
an instance of k-SAT with the promise that an assignment exists that satisfies at least g literals in
each clause, where 1 ≤ g ≤ k, find a standard satisfying assignment (satisfying at least 1 literal in
each clause). In this case, the P relations encode Boolean clause assignments with Hamming weight
at least g, where the Q relations encode Boolean clause assignments with Hamming weight at least
1. Another example is the 1-in-3-SAT vs NAE-SAT problem, identified in the influential paper of
Brakensiek and Guruswami [BG21a] that initiated a systematic study of Boolean PCSPs. Here one
is given a satisfiable instance of 1-in-3-SAT and the goal is to find an assignment that satisfies 1 or
2 variables per clause. Astoundingly, this problem is solvable in polynomial time (via an algorithm
not previously considered in the context of CSPs) [BG21a]. Further, such an algorithm cannot be
obtained via a reduction to (finite domain) CSPs [BBKO21]!

The study of PCSPs calls for significant new algorithmic and hardness techniques. Studying such
techniques in the broader context of PCSPs has also led to new results for (standard, non-promise)
CSPs, e.g., a single algorithm blending together linear programming with linear Diophantine
equations [BGWŽ20] that solves all tractable Boolean CSPs. Despite a lot of attention and
recent progress on PCSPs, the complexity landscape is vast and mostly not understood. In
fact, the complexity of Boolean PCSPs is itself a major challenge, in contrast to the CSP world
where Schaefer proved a dichotomy for Boolean CSPs already in the 1970s [Sch78]. Following a
classification of Boolean symmetric PCSPs allowing negations from [BG21a], Ficak, Kozik, Olšák,
and Stankiewicz obtained a classification of Boolean PCSPs with symmetric relations [FKOS19].
Moreover, Brakensiek, Guruswami, and Sandeep obtained a (conditional) classification of monotone
Boolean PCSPs [BGS23a].3

Returning to robust satisfiability, given the crisp picture of robust CSPs—namely, either the
natural SDP gives an efficient robust algorithm or none exists—the study of robust PCSPs is a
natural goal, as proposed by Brakensiek, Guruswami, and Sandeep (BGS) [BGS23b]. A robust
satisfiability algorithm for a PCSP defined by relation pairs (Pi, Qi) means the following: given an
instance such that (1− ϵ) fraction of the constraints are promised to be satisfiable according to the
stronger relations Pi, there is an algorithm to weakly satisfy (according to the relations Qi) (1− g(ϵ))
fraction of the constraints, where g(ϵ) → 0 as ϵ → 0. As with CSPs, in this case we say that the
PCSP is robust or (ϵ, g(ϵ))-robust.

BGS focused on Boolean PCSPs where the known satisfiability algorithms4 can be attributed to
2More generally, there must be a map h : D → E that is a homomorphism from each Pi to Qi.
3The classification assumes the Rich 2-to-1 conjecture of Braverman, Khot, and Minzer [BKM21].
4Recall that robust PCSPs must first of all be tractable.
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the existence of polymorphisms. A polymorphism for a relation pair (P,Q) is a homomorphism from
a (categorical) power Pm of P to Q, with Pol(P,Q) representing the set of all polymorphisms. See
Section 2.3 for a formal definition. More precisely, BGS focused on three families of polymorphisms:
Majority (MAJ), Alternating Threshold (AT), and Parity [BG21a]. For any odd L ∈ N, we let
MAJL,ATL,PARL : {−1, 1}L → {−1, 1} be defined as

MAJL(x1, . . . , xL) := 1

[
L∑
i=1

xi ≥ 0

]
,

ATL(x1, . . . , xL) := 1

[
L∑
i=1

(−1)i−1xi ≥ 0

]
,

PARL(x1, . . . , xL) := 1

[
L∑
i=1

xi ≡ L mod 4

]
.

We let MAJ := {MAJL : L ∈ N odd}, AT := {ATL : L ∈ N odd}, PAR := {PARL : L ∈ N odd}
be the respective sets of polymorphisms. In two of these cases, Majority and AT, BGS showed that the
associated PCSPs are robust via an algorithm based on semidefinite programming [BGS23b]. They
also showed that a partial converse holds: for PCSPs defined by a single pair (P,Q) of symmetric
Boolean relations (plus allowing negations), if the relation pair (P,Q) lacks some odd-arity MAJ
and some odd-arity AT as a polymorphism, then the PCSP is not robust (assuming the Unique
Games conjecture).

The quantitative aspects of the robust satisfaction algorithms in [BGS23b] for the two cases,
Majority and AT, however, diverged significantly. For Majority, the BGS algorithm, which is really
the same as the Charikar–Makarychev–Makarychev algorithm for 2-SAT but analyzed in greater
generality assuming only a Majority polymorphism, guaranteed that at most Õ(ϵ1/3) fraction of the
constraints are violated. This is weaker than the (ϵ, O(

√
ϵ)) robustness guarantee for 2-SAT [CMM09]—

which is tight [KKMO07,MOO10] under the Unique Games conjecture [Kho02,KKMO07,MOO10].5

A natural question then is whether the BGS loss guarantee for Majority polymorphisms can be
improved to O(

√
ϵ), which would then give the right polymorphic generalization of the CMM robust

algorithm for 2-SAT.
The situation for robust algorithms for Boolean PCSPs with AT polymorphisms is worse, as the

BGS algorithm only showed (ϵ, O(1/ log(1/ϵ)))-robustness. A natural question then is whether this
exponential loss is necessary, or whether one can achieve polynomial loss also for the AT case similar
to the Majority case. We address and resolve both of these questions in this work.

1.1 Our Results

Our contributions in this paper fall into three parts. First, we show that the robust algorithm
for Alternating Threshold due to Brakensiek–Guruswami–Sandeep [BGS23b] has a near-matching
hardness result under the UGC. This is based on a novel integrality gap for (1-in-3-SAT,NAE-SAT).
Second, we show that any promise template with the Majority polymorphism has a robust algo-
rithm with loss g(ϵ) = O(

√
ϵ), which is asymptotically tight, and improves over BGS’s analysis of

5Historically, showing evidence for the near-optimality of the Goemans–Williamson robust algorithm for Max-Cut,
which also achieves O(

√
ϵ) loss, was the original motivation for the formulation of the Unique Games conjecture

in [Kho02].
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O(ϵ1/3). We further extend this analysis to show that similar algorithms achieve a robustness of
O(

√
ϵ log(1/ϵ)) for Plurality and related polymorphisms. Finally, we show that the robustness of

PCSPs is (approximately) preserved under a large family of gadget reductions under the UGC. We
do this by solving a seemingly elementary but technically complex problem: given a promise template
with a robust algorithm, show that adding the equality relation to the template (approximately)
preserves the robustness of the problem.

Hardness for Alternating Threshold. A key result of Brakensiek–Guruswami–Sandeep [BGS23b]
is that for any promise template (P,Q) with AT ⊆ Pol(P,Q), PCSP(P,Q) is robust with g(ϵ) =

O( log log(1/ϵ)log(1/ϵ) ). Interestingly, for CSPs, similar asymptotics appear with the OR and AND families6

of polymorphisms, and these are known to be tight [Zwi98,GZ12]. We show that AT exhibits a
similar behavior by proving UGC hardness.

Theorem 1.1 (AT hardness, informal). Assuming UGC, fiPCSP(1-in-3-SAT,NAE-SAT) is not
(ϵ,Ω(1/ log(1/ϵ)))-robust.

Here fiPCSP refers to PCSPs that allow for variables to be negated and set as constants (see
[BGS23b]). The use of negations is necessary, as Brakensiek–Guruswami–Sandeep [BGS23b] observed
that (1-in-3-SAT,NAE-SAT) without negations is robust with polynomial loss. Theorem 1.1 is
proved in Section 3. Using Raghavendra’s theorem [Rag08], we prove Theorem 1.1 by constructing
an explicit integrality gap—the same high-level strategy as used by Guruswami–Zhou [GZ12] for
HORN-3-SAT, although the execution and analysis in our setting are significantly more complex.
We explain further details in Section 1.2.

Improved Analysis for Majority and Beyond. Our next result is a robust algorithm for PCSPs
with Majority polymorphisms with an improved loss function.

Theorem 1.2 (MAJ robustness, informal). For any promise template (P,Q) with MAJ ⊆ Pol(P,Q),
PCSP(P,Q) is (ϵ, O(ϵ1/2))-robust.

This result is proved in Section 4. We note that the algorithm used in Theorem 1.2 is identical
to the one used in [BGS23b]. The main improvement in the analysis comes from a more refined
analysis of multivariate normal distributions. See Section 1.2 for further details.

Note that Theorem 1.2 only applies to Boolean PCSPs. A commonly studied non-Boolean
variant of the Majority polymorphisms is the Plurality polymorphisms. Typical examples of (P)CSPs
admitting such polymorphisms are unique games [Kho02] as well as the so-called SetSAT problem—a
non-Boolean generalization of (2 + ϵ)-SAT [AGH17] introduced in [BWŽ21].

Theorem 1.3 (PLUR robustness, informal). For any promise template (P,Q) with PLUR ⊆
Pol(P,Q), PCSP(P,Q) is (ϵ, O(ϵ1/2 log(1/ϵ)))-robust.

This result is proved in Section 5. We note that Theorem 1.3 is merely a special case of our main
result in Section 5, which applies to any separable PCSP, see Theorem 5.3. We describe this broader
family more precisely in Section 1.2.

Robust Gadget Reductions (adding EQUALITY). In virtually all classifications of (variants
of) CSPs, an essential tool is gadget reductions between CSP templates. For example, in the CSP

6For any L ∈ N, ORL(x1, . . . , xL) = 1 if xi = 1 for some i ∈ [L] and ANDL(x1, . . . , xL) = 1 if xi = 1 for all i ∈ [L].
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dichotomy, the hardness side of the CSP is done using gadget reductions from 3-SAT [BJK05].
Robust (P)CSPs are no exception, and gadget reductions are frequently used to study the relationship
between templates [DK13,BGS23b]. However, there is a significant distinction between the ordinary
CSP dichotomy [Bul17,Zhu20] and the one for robust (P)CSPs [BK16]: the allowance of equality
constraints, which we denote by EQ. For exact satisfiability of (P)CSPs, if we specify that some
variables are to be equal, we can efficiently compute the connected components of the equality relation
and distill the problem down to a smaller number of variables (and without any equality constraints).
However, for robust (P)CSPs, equality is a rather subtle concept. If only 1−ϵ constraints are satisfied
in the optimal assignment, we do not know whether each equality constraint should be trusted or
ignored. That said, it still seems quite reasonable to assume that adding equality constraints should
only mildly change the robustness of the resulting PCSP.

Question 1.4 (Barto–Kozik [BK16]). Let Γ be a CSP template, i.e., a set of relations. Assume that
CSP(Γ) is (ϵ, f(ϵ))-robust. Is CSP(Γ ∪ {EQ}) then (ϵ, O(f(ϵ)))-robust?

Despite Barto–Kozik [BK16] giving a complete classification of all robust CSPs,7 they do not
answer Question 1.4 except in the very weak sense that CSP(Γ∪{EQ}) is (ϵ, O(log log(1/ϵ)/ log(1/ϵ)))-
robust, independent of f . In this paper, we establish Question 1.4 is nearly true for both CSPs and
PCSPs:

Theorem 1.5 (Robustness of Equality, informal). Assume UGC. For any promise template Γ, if
PCSP(Γ) is (ϵ, f(ϵ))-robust, then PCSP(Γ ∪ {EQ}) is (ϵ, O(f(ϵ1/6)))-robust.

As an immediate corollary, we can now use the most general gadget reductions available for
studying (P)CSPs to study robust (P)CSPs, modulo a polynomial loss in robustness.

Theorem 1.6 (Gadget Reductions, informal). Assume UGC. Let Γ and Γ′ be promise templates
such that there is a gadget reduction8 from PCSP(Γ′) to PCSP(Γ). If PCSP(Γ) is (ϵ, f(ϵ))-robust,
then PCSP(Γ′) is (ϵ, O(f(ϵ1/6)))-robust.

These results are proved in Section 6. In the technical overview (Section 1.2), we describe the
techniques we use to establish our results, including an adaptation of the algorithm of Brown-Cohen
and Raghavendra [BR16] for approximate (P)CSPs.

1.2 Technical Overview

Hardness for Alternating Threshold. Our integrality gap instance for 1-in-3-SAT vs NAE-SAT
has a similar high-level idea to the following LP integrality gap instance for Horn-SAT [GZ12]:

1. We have variables {xj1, xj2 : j ∈ [k]} where k = ⌈1/ log2(ϵ)⌉+ 1.

2. We have the unary constraints x11, x12, and ¬xk1 where 1 is True and −1 is False.

3. For all j ∈ [k − 1], we have the constraints ¬xj1 ∨ ¬xj2 ∨ x(j+1)1 and ¬xj1 ∨ ¬xj2 ∨ x(j+1)2.

7We observe that Barto–Kozik were able to establish this classification by using gadget reductions that do not
allow equality. Using Theorem 1.6, one could (in theory) simplify parts of Barto–Kozik’s proof, although the proof of
Theorem 1.6 is much more complicated than the workarounds needed by Barto–Kozik.

8More precisely, there is a minion homomorphism from Pol(Γ) to Pol(Γ′).
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Clearly this instance is unsatisfiable, as we insist that x11, x12 are True, and then xk1, xk2 should
also be True due to the chain of implication constraints, but we insist that xk1 is False. As there are
only O(k) = O(log(1/ϵ)) constraints, the integral value of this instance is at most 1−Ω(1/ log(1/ϵ)).

On the other hand, the following LP solution gives value at least 1− ϵ to all of the constraints:

1. For each j ∈ [k], we give xj1 and xj2 bias 1− 2j+1−k.

2. For the constraint x11, we can set x11 = 1 with probability 1− 21−k and −1 with probability
21−k and we will have that E[x11] = 1− 21−k − 21−k = 1− 22−k. Thus, the LP gives a value of
1− 21−k ≥ 1− ϵ for this constraint. By symmetry, the LP also gives a value of 1− 21−k ≥ 1− ϵ
for the constraint x12.

3. For each j ∈ [k − 1], for the constraint ¬xj1 ∨ ¬xj2 ∨ x(j+1)1, we can take the distribution
where

a. With probability 1− 2j+1−k, we set xj1 = xj2 = x(j+1)1 = 1.
b. With probability 2j−k, we set xj1 = 1, xj2 = −1, and x(j+1)1 = 1.
c. With probability 2j−k, we set xj1 = −1, xj2 = 1, and x(j+1)1 = 1.

With this distribution, E[xj1] = E[xj2] = (1 − 2j−k) − 2j−k = 1 − 2j+1−k and E[x(j+1)1] =

(1 − 2j+1−k) − 2j+1−k = 1 − 2j+2−k. Thus, the LP gives this constraint a value of 1. By
symmetry, the LP also gives a value of 1 to the constraint ¬xj1 ∨ ¬xj2 ∨ x(j+1)2.

4. The bias for xk1 is 1− 2 = −1 so xk1 is always set to −1 which satisfies the constraint ¬xk1.

One way to think about this integrality gap instance is as follows. In order to avoid violating a
constraint, the following must hold.

1. Variables with bias 1− 2j+1−k must be rounded to 1.

2. For all j ∈ [k − 1], if the variables with bias 1− 2j+1−k are rounded to 1 then the variables
with bias 1− 2j+2−k are rounded to 1.

3. Variables with bias −1 must be rounded to −1.

Since we can obtain a contradiction in O(log(1/ϵ)) steps, at least Ω(1/ log(1/ϵ)) of the constraints
must be violated.

We will use a similar idea for our integrality gap instance. We will construct our instance so that
while the SDP value is at least 1− ϵ, if we want to avoid violating a significant number of constraints,

1. Almost all of the variables with bias 1− 2−k must be set to 1 and almost all of the variables
with bias 2−k − 1 must be set to −1.

2. For all j ∈ [k], if almost all of the variables with bias 1− 2−j are set to 1 then almost all of the
variables with bias 21−j − 1 are set to −1. Similarly, for all j ∈ [k], if almost all of the variables
with bias 2−j − 1 are set to −1 then almost all of the variables with bias 1− 21−j are set to 1.

We then observe that these conditions imply that almost all of the variables with bias 0 are set to 1

and almost all of the variables with bias 0 are set to −1, which is impossible. Since we can obtain a
contradiction in O(log(1/ϵ)) steps, at least Ω(1/ log(1/ϵ)) of the constraints must be violated.
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In order to have 1-in-3-SAT constraints, it turns out that we need general vectors of the form
{xv0 +

√
1− x2w} where w is orthogonal to v0. A natural choice for this is to use all w ∈ Sd−1 for

some large d which depends on ϵ. While this gives an integrality gap instance, it has infinite size
and is not that easy to analyze since it involves functions on the sphere rather than functions with
multivariate Gaussian inputs. Thus, we modify this integrality gap instance as follows:

1. Instead of using vectors w ∈ Sd−1, we will use vectors w ∼ N (0, 1/d)d.

2. For all but a negligible portion of the constraints, our vectors w ∼ N (0, 1/d)d are very close
to unit vectors so we can discard the negligible number of constraints where the vectors are
badly behaved.

3. We discretize our instance by splitting our space into regions and mapping all vectors in each
region to a representative vector in that region.

Through a careful analysis, we show that for this modified instance, Ω(1/ log(1/ϵ)) fraction of the
constraints must be violated and even after these modifications, the SDP value for our instance is at
least 1− ϵ.

Improved Analysis for Majority. We now switch to designing robust algorithms for families of
PCSPs. To begin, we discuss the algorithm used by Brakensiek, Guruswami, Sandeep [BGS23b]
for promise templates with Majority polymorphisms. This algorithm was inspired by the algorithm
used by Charikar, Makarychev, Makarychev [CMM09] for robust MAX 2-SAT.

For convenience, we relabel the Boolean domain as {−1,+1}. Fix a template (P,Q) with MAJ ⊆
Pol(P,Q). Consider an instance of PCSP(P,Q) on variables x1, . . . , xn and clauses C1, . . . , Cm. The
algorithm begins by solving the Basic SDP for this instance by finding unit vectors v0,v1, . . . ,vn ∈
Rn+1 (with v0 representing the “truth” vector) such that the average value of the vector assignment
to the clauses is 1 − ϵ, where ϵ > 0 is the specified robustness parameter. Next, we sample a
random multivariate normal vector r ∈ N (0n+1, In+1). Then, for all i ∈ [n], we round xi to +1 if
⟨vi,v0 + r · ϵ2/3⟩ ≥ 0 and −1 otherwise. Here, we improve ϵ2/3 to

√
ϵ via a new analysis.

We briefly explain the key ideas in Brakensiek, Guruswami, Sandeep [BGS23b] in the analysis of
this algorithm. Using a reduction in their paper, we may also assume without loss of generality that
Q = {−1,+1}k \ {(−1)k}. In other words, assume that the majority vote of any list of assignments
to P is never all −1’s. For simplicity, fix a clause Ci on variables x1, . . . , xk such that the SDP
vectors v0,v1, . . . ,vk give a value of 1− ϵ. It may be the case that for all i ∈ [n], ⟨vi,v0⟩ ≈ −Θ(ϵ),
so purely rounding ⟨vi,v0⟩ will fail to satisfy any of the clauses. A key observation by BGS is that
as long as the vectors have completeness 1− ϵ, there exists a probability distribution (w1, . . . , wk)

such that
∑k

i=1wi⟨vi,v0⟩ ≥ −ϵ (see Lemma 4.3). Let u :=
∑k

i=1wivi. By concentration, we can
assume with probability 1− ϵO(1) that |⟨u, r⟩| = O(log(1/ϵ)). As a key observation, note that since
⟨u,v0 + r · ϵ2/3⟩ =

∑k
i=1wi⟨vi,v0 + r · ϵ2/3⟩, if all k variables round to −1, then ⟨u,v0 + r · ϵ2/3⟩ is

negative. However, ⟨u,v0⟩ ≥ −ϵ and the standard deviation of ⟨u, r · ϵ2/3⟩ is at most ϵ1/3. Thus, if
⟨u,v0 + r · ϵ2/3⟩ is negative, it is barely negative. Hence, this tightly constrains the value of each
⟨vi,v0 + r · ϵ2/3⟩, which is unlikely due to anti-concentration of the normal distribution.

With a more careful analysis of these rounding probabilities, we can change the rounding
threshold to ⟨vi,v0 + r ·

√
ϵ⟩ and get a 1 − O(

√
ϵ) success probability (soundness). The key idea

is, instead of directly comparing each ⟨u, r⟩ to the individual distributions ⟨vi, r⟩, we use a more
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careful decomposition of the vectors. In particular, define v=
i to be the component of vi parallel to

u and let v⊥
i be the component of vi perpendicular to u. Since v=

i and u are related by a scalar,
⟨v=

i , r⟩ and ⟨u, r⟩ are also related by a scalar. However, ⟨v⊥
i , r⟩ is independent of ⟨u, r⟩. Using this

observation, we can split our argument into three high-level cases.
First, if ∥u∥22 = Ω(ϵ log(1/ϵ)), then ⟨u,v0⟩ will dominate ⟨u, r

√
ϵ⟩, so the chances that ⟨u,v0 +

r
√
ϵ⟩ ≤ 0 are quite small.
Second, if a perpendicular component is large, that is ∥wiv

⊥
i ∥2 = Ω(1) for some i ∈ [k], then even

if we condition on ⟨u, r⟩, the value of ⟨wivi,v0 +
√
ϵr⟩ still has considerable variance. In particular,

most likely ⟨wivi,v0 +
√
ϵr⟩ will either be (1) too positive, in which case i is rounded correctly, or

(2) too negative, in which case the average of
∑

j ̸=iwj⟨vj ,v0 +
√
ϵr⟩ is positive, so some other j is

rounded correctly.
These two cases themselves are enough to get a

√
ϵ log(1/ϵ) loss. To shave the log, in the third

and final case, we finely partition the space of potential “bad” outcomes and show that these in total
contribute at most O(

√
ϵ) loss to the rounding. This is the most technical part of the argument.

New algorithms for Plurality and Separable Families. We extend these rounding techniques
for Majority to non-Boolean domains and more general rounding functions. To do this, we abstract
out the essential feature of the analysis of Majority: the existence of a hyperplane separation between
the strong form of the constraint P and SDP-configurations whose rounding lies outside of the weak
form Q. We define templates (P,Q) with a generalization of this property that we call separable
families. The precise description is given in Definition 5.1 but, at a high level, here is the idea. In
the Boolean Majority case, our analysis relies upon a linear function separating ⟨vi,v0⟩ from an
absent tuple of Q, which in turn can be expressed via the inner product with a weight vector w.
In non-Boolean domains D, we have a separate vector vi,d for each variable xi and each domain
element d ∈ D. Hence, we encode both P and the SDP-configurations whose rounding lies outside
of Q as two convex bodies living in the matrix space Rk×D, where k is the arity of the constraint.
The first is the convex hull of the one-hot encodings Πp of tuples in p ∈ P (where the (i, d)-th entry
equals 1 if pi = d and 0 otherwise). The second is the preimage under the given rounding function
ρ of “bad” tuples—those lying outside of Q. If the polymorphisms of (P,Q) are rich enough, one
can show that these two convex sets are disjoint—in which case, they must admit a hyperplane
separation. The latter is naturally expressed via a linear functional over Rk×D determined by the
Frobenius inner product times a suitable weight matrix W—the non-Boolean analogue of the weight
vector w. If, for some rounding function ρ, the template (P,Q) admits such a separation, we call
it ρ-separable.9 Provided that ρ satisfies an extra conservativity condition (roughly speaking, the
winning element of a given distribution must have weight bounded away from zero), we are able
to use the hyperplane separation property to show that (P,Q) is robustly solved by SDP with loss
O(

√
ϵ log(1/ϵ)), by generalising part of the analysis performed in the Boolean Majority case. Note

that the loss we achieve in this setting is slightly worse than the one for Majority, by a log(1/ϵ)

factor (although, even for Majority, better than the loss achieved in [BGS23b]). This is due to the
fact that the trick of splitting the SDP vectors into parallel and orthogonal components does not
carry over in the non-Boolean domain.

A notable example of a separable family is the Unique Games problem. Unique Games has been
known to have a robust algorithm for a long time due to the algorithm of Charikar, Makarychev,

9Such predicates have some resemblance to the “regional polymorphisms” defined by Brakensiek–Guruswami [BG19].
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and Makarychev [CMM06] (although this algorithm is rather different from the one used by the
same authors for 2-SAT). The fact that their 2-SAT algorithm can be extended to Unique Games
may be of independent interest. The underlying polymorphism driving this is Plurality, which takes
the most commonly occurring element in a list of domain elements, even if its frequency is much
less than 1/2. More interestingly, our polymorphism-based result captures all PCSPs admitting
Plurality—in particular, the family of so-called SetSAT PCSPs identified in [BWŽ21] as a natural
non-Boolean generalization of (2 + ϵ)-SAT [AGH17]. Unlike Unique Games, these problems were
previously not known to be robustly solvable with any loss.

Robust Gadget Reductions (Adding Equality). We now discuss the proofs of Theorem 1.5
and Theorem 1.6. Assuming Theorem 1.5, Theorem 1.6 is straightforward to establish by combining
existing gadget reductions for robust (P)CSPs [DK13,BK16,BGS23b] with state-of-the-art gadget
reductions for (P)CSPs [BBKO21]. The precise details are worked out in Corollary 6.2.

As such, we focus on sketching the proof of Theorem 1.5. We crucially build off the algorithm of
Brown-Cohen and Raghavendra [BR16] (“BCR algorithm”) for solving approximate MAX (P)CSPs.10

For the purposes of this high-level overview, we assume that the our promise template is a single
pair of Boolean relations (P,Q) with P ⊆ Q ⊆ {−1, 1}k.

We first describe the essential features of the BCR algorithm. For an instance of PCSP(P,Q) on
variable set x1, . . . , xn and clauses C1, . . . , Cm, we can think of an SDP solution as a collection of
unit vectors v0,v1, . . . ,vn ∈ Rn+1. After finding an SDP solution with near-optimal value, the BCR
algorithm proceeds by sampling two random objects: (i) a list of random vectors r1, . . . , rD ∈ Rn+1

sampled from a multivariate normal distribution, and (ii) a rounding function11 H : RD → [−1, 1].
For each i ∈ [n], we then define a fractional assignment zi ∈ [−1, 1] via

zi := H(v0 · v1 + v⊥
i · r1, . . . ,vi · v0 + v⊥

i · rD),

where we set v⊥
i = vi − (v0 · vi)v0. We then get an integral solution to the PCSP by independently

rounding xi to +1 with probability 1+zi
2 and −1 otherwise.

Let R be the probability distribution over the choices of (r1, . . . , rD) and H. We can thus think
of the BCR rounding scheme as a map BCR : Rn+1×R → [−1, 1] for which global shared randomness
R ∈ R is picked at the start of the algorithm, and then for each i ∈ [n], we set zi := BCR(vi, R).
The assumed robustness of the algorithm then translates into the following guarantee.

Key Property. For every SDP solution v0,v1, . . . ,vn with value at least 1− ϵ, the rounded
assignment BCR(v1, R), . . . , BCR(vn, R) will satisfy 1− f(ϵ) of the constraints of our instance in
expectation over the choice of R ∈ R.

As is, the existing scheme may not be robust for PCSP(EQ) for the following reason: given
two vectors vi and vj that are δ apart in Euclidean distance, the corresponding BCR(vi, R) and
BCR(vj , R) might be very different for a typical R ∼ R.12 In order to make the BCR rounding

10Technically, Raghavendra’s theorem and the result of Brown-Cohen–Raghavendra are only stated for CSPs, but as
noted by Brakensiek, Guruswami, Sandeep [BGS23b], their arguments extend to PCSPs with minimal modification.

11The choice of rounding function is based on the existence of certain approximate polymorphisms, see Section 6.1
for a precise definition.

12In general H is very slightly smooth, so one can directly combine the BCR algorithm with a correlated rounding
trick to get a robust algorithm for equality. The “catch” is that soundness of the robust algorithm depends on the
arity of the approximate polymorphisms considered by BCR. However, no effective bound is given by BCR on the size
of these approximate polymorphisms, resulting in guarantees much worse than Theorem 1.5.
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scheme also robust for equality, we exploit the Key Property in the following way. Consider a map
Mδ : Rn+1 → Rn+1 (not necessarily linear) such that, for every unit vector v, the distance between
v and Mδ(v) is at most δ. We can then consider the following scheme: Sδ(v, R) := BCR(Mδ(v), R).
A key observation is that Sδ is still a robust rounding scheme with slightly worse parameters.

To see why, using Sδ to round a solution v1, . . . ,vn is effectively the same as using BCR to round
Mδ(v1), . . . ,Mδ(vn). Since each vi is close in Euclidean distance to Mδ(vi), for δ sufficiently small,
the SDP value of the solution13 Mδ(v1), . . . ,Mδ(vn) is still approximately 1− ϵ, and as such we still
satisfy roughly 1− f(ϵ) constraints on average.

More generally, Mδ : Rn+1 → Rn+1 does not need to be deterministic, rather it can be any
randomized map such that the input vector can never be more than δ far from the output vector.
We call such a randomized map a δ-spread if for each unit vector v, if the probability distribution
Mδ(v) is supported within the ball B(v, δ) and the probability degrades smoothly with distance.
See Definition 6.27 for a precise definition.

For a given δ-spread (a distribution of Mδ’s), the corresponding rounding scheme Sδ(v, R) :=
EMδ

[BCR(Mδ(v), R)] is called a δ-smoothing of BCR. By the aforementioned logic, any δ-smoothing
of BCR is still approximately (ϵ, f(ϵ))-robust. In particular, we now have a large collection of
rounding schemes that are all robust for PCSP(P,Q).

Our next step is to pick one of these δ-smoothings that is also robust for equality. For each unit
vector v ∈ Rn+1, we look at the following L2 norm:

∥Sδ(v)∥2 :=
√
ER∼R[Sδ(v, R)2].

Recall that the range of Sδ is [−1, 1], so Sδ(v, R)2 roughly measures the certainty the rounding
scheme has for this value. Rather unintuitively, we select the δ-smoothing of BCR such that ∥Sδ(v)∥2
is minimized for all unit vectors v ∈ Rn+1. We call this scheme REQδ, as we shall soon see it is
Robust for EQuality. Roughly speaking, REQδ is the δ-smoothing of BCR with maximal entropy.

The key lemma we seek to show is that there are (small) constants c1, c2 ≥ 1 such that if two vectors
v and w are within distance δc1 of each other, then

√
ER∼R[(REQδ(v, R)− REQδ(w, R)

2] ≤ δc2 .
See Lemma 6.31 for a precise statement. The proof of this lemma uses the fact that the possible
δ-smoothings around v are quite similar to the δ-smoothings around w (see Proposition 6.32). If
we think of these spaces of δ-smoothings as convex bodies, the L2 minimizer of one of these convex
bodies must then be in close proximity to the L2 minimizer of the other convex body. This is enough
to prove Lemma 6.31.

However, REQδ by itself is not a robust rounding scheme for (P,Q) with equality. The reason
why is that so far we have only established that if vi and vj are close, then on average over the
choice of R ∈ R, the outputs zi = REQδ(v, R) and zj = REQδ(w, R) are close. However, remember
that the zi’s are rounded into an integral assignment with independent coin flips for each i ∈ [n]. In
particular, if zi = zj = 0, then the equality constraint is satisfied only 1/2 of the time.

To correct this issue, as our final step we modify the independent rounding into correlated
rounding. In the Boolean setting, this involves picking a random global threshold t ∈ [−1/2, 1/2]

and rounding each xi to 1 if zi > t and −1 otherwise. Now, if zi ≈ zj , the corresponding equality
constraint will almost always be satisfied. The tradeoff is that the robustness f(ϵ) for PCSP(P,Q)

13It may be the case that Mδ(v1), . . . ,Mδ(vn) is no longer a valid SDP solution due to violating triangle inequalities.
Circumventing this issue is highly technical and involves adapting a smoothing trick due to Raghavendra and
Steurer [RS09]. We ignore this important issue for the purposes of this overview.
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gets worse by a constant factor. See Section 6.6 for precise details.
Altogether, our rounding scheme is REQδ for δ = ϵO(1) with correlated rounding. Due to various

polynomial losses in the course of the proof, the new scheme is (approximately) (ϵ, f(ϵ1/6))-robust.

1.3 Paper Outline

In Section 2, we give necessary background material and notation for understanding our main results.
Section 3 gives an integrality gap for robustly solving fiPCSP(1-in-3-SAT,NAE-SAT), proving
Theorem 1.1. Section 4 gives an asymptotically optimal analysis of Brakensiek–Guruswami–Sandeep’s
algorithm for the Majority polymorphism, proving Theorem 1.2. Section 5 generalizes Theorem 1.1 to
separable PCSPs, proving in particular Theorem 1.3. Section 6 proves Theorem 1.5 and Theorem 1.6
by adapting the rounding scheme of Brown-Cohen and Raghavendra [BR16]. In Section 7, we give
some concluding thoughts and list some open questions.

2 Notation and Preliminaries

2.1 Promise CSPs

Let D,E be finite domains. A PCSP template is a collection Γ = {(P1, Q1), . . . , (Pt, Qt)} of pairs of
relations of arities k1, . . . , kt ∈ N, where for all i ∈ [t] Pi ⊆ Dki and Qi ⊆ Eki . We further require
that there exists a homomorphism h that, for all i ∈ [t], sends tuples in Pi to tuples in Qi; i.e., a
map h : D → E such that h(x) ∈ Qi for each i ∈ [t] and each x ∈ Pi.14 When t = 1 (i.e., when
Γ contains a unique promise relation (P,Q)), we shall also write PCSP(P,Q) for PCSP(Γ). Also,
when Pi = Qi for all i ∈ [t], we say that Γ is a CSP template.

Let Γ be a PCSP template. An instance of PCSP(Γ) consists of a set of variables V = {x1, . . . , xn}
and a set of constraints C = {C1, . . . , Cm}, where each constraint Ci is described by a tuple of
variables (xi,1, . . . , xi,ki) and a relation pair (Pi, Qi) ∈ Γ of arity ki. We say that a map g : V → D

strongly satisfies Ci if (g(xi,1), . . . , g(xi,ki)) ∈ Pi, while we say that a map g′ : V → E weakly satisfies
Ci if (g′(xi,1), . . . , g′(xi,ki)) ∈ Qi. Observe that composing any map g : V → D with the required
homomorphism h between the Pi’s and the Qi’s results in a map g′ : V → E that weakly satisfies all
constraints that are strongly satisfied by g.

Consider a function f : (0, 1) → (0, 1) with f(ϵ) → 0 as ϵ→ 0. We say that PCSP(Γ) is robustly
solvable with loss f (in short, f -robust) if there exists an algorithm Alg with the following properties:

• The inputs to Alg are an instance of PCSP(Γ) and a threshold parameter ϵ ∈ (0, 1), with the
promise that there is a map g : V → D that strongly satisfies at least 1 − ϵ fraction of the
constraints;

• Alg outputs the description of a map g′ : V → E that weakly satisfies at least 1− f(ϵ) fraction
of the constraints;

• Alg runs in polynomial time on the size of the instance.
14At times, it will be more convenient to denote a PCSP template Γ as a pair (A,B) of homomorphic relational

structures, where A has domain A and relations P1, . . . , Pt over A, and B has domain B and relations Q1, . . . , Qt over
B. We shall adopt both notations interchangeably.
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We shall sometimes consider weighted instances of PCSP(Γ), where the constraint set C is
equipped with a probability distribution w : C → R+. In this case, the definition of robust
solvability of PCSP(Γ) is entirely analogous, except that it considers the total weight—rather than
the fraction—of satisfied constraints.

2.2 Basic SDP

Let D be a finite domain, let P ⊆ Dk, and let ϵ ∈ [0, 1]. Let N ∈ N be a positive integer. We say
that a tuple of |D|k+1 vectors in RN , (v0, {v1,d : d ∈ D}, . . . , {vk,d : d ∈ D}) is a 1− ϵ approximate
vector assignment to P if there exists a probability distribution µ on Dk with the following properties.

µ(P ) ≥ 1− ϵ, (1)

∀i ∈ [k], d ∈ D, ⟨v0,vi,d⟩ =
∑
a∈Dk

1[ai = d]µ(a), (2)

∀i, i′ ∈ [k], d, d′ ∈ D, ⟨vi,d,vi′,d′⟩ =
∑
a∈Dk

1[ai = d]1[ai′ = d′]µ(a). (3)

If D = {−1, 1}, this is equivalent to looking at vi := vi,1 − vi,−1 subject to the following
constraints (see, e.g., [BGS23b] for a justification)

µ(P ) ≥ 1− ϵ, (4)

∀i ∈ [k], ⟨v0,vi⟩ =
∑
a∈Dk

aiµ(a), (5)

∀i, i′ ∈ [k], ⟨vi,vi′⟩ =
∑
a∈Dk

aiai′µ(a). (6)

Given an instance of CSP(P ) on variables x1, . . . , xn and clasues C1, . . . , Cm, we say that a
tuple of |D|n + 1 vectors (v0, {v1,d : d ∈ D}, . . . , {vn,d : d ∈ D}) is a basic SDP solution if for
every j ∈ [m], there is a probability distribution µj over Dk such that (2) and (3) (or equivalently,
(5) and (6) in the Boolean setting) hold for the |D|k + 1 tuples of vectors corresponding to the
variables xj,1, . . . , xj,kj in the clause Cj . The value (or completeness) of the SDP solution is equal to
1
m

∑m
j=1 µj(P ). Note that for any ϵ > 0, one can compute the optimal value of the SDP up to an

additive ϵ in (n/ϵ)O(1) time [GLS93,GM12].15

When we refer to the SDP relaxation of an instance of PCSP(P,Q), we mean the SDP relaxation
of the instance as an instance of CSP(P ). The predicate Q only appears in the rounding of the SDP
relaxation, where the continuous vectors are converted into a discrete assignment.

Given a PCSP template Γ and a weighted instance of PCSP(Γ), we define the SDP relax-
ation of an instance of PCSP(Γ) analogously, where each constraint Cj has the constraints (2)
and (3) corresponding to Pj (and the variables of Cj). Furthermore, the value of the CSP is∑m

j=1w(Cj)µj(Pj).

15Brakensiek, Guruswami, and Sandeep [BGS23b] note that finding such a solution is somewhat subtle as the
constraints (5) and (6) need to be exactly satisfied. See Appendix A of the full version of their paper for a more
detailed discussion.
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2.3 Polymorphisms

Given a pair of predicates P ⊆ Q ⊆ Dk, we say that an operator f : DL → D is a polymorphism of
(P,Q) if for any t1, . . . , tL ∈ P , we have that t ∈ Q, where ti = f(t1i , . . . , t

L
i ) for all i ∈ [k]. We let

Pol(P,Q) denote the set of all polymorphisms of (P,Q), with PolL(P,Q) being specifically the set
of polymorphisms of arity L.

In this paper, we focus on a couple commonly-studied families of polymorphisms. For any odd
L ∈ N, let MAJL,ATL : {−1, 1}L → {−1, 1} be defined as

MAJL(x1, . . . , xL) := 1

[
L∑
i=1

xi ≥ 0

]
,

ATL(x1, . . . , xL) := 1

[
L∑
i=1

(−1)i−1xi ≥ 0

]
.

We let MAJ := {MAJL : L ∈ N odd} and AT := {ATL : L ∈ N odd}. For example, MAJ ⊆
Pol(P,Q) means that Pol(P,Q) has majority polymorphisms of all odd arities and in fact has all
folded (i.e., unbiased) weighted threshold functions as polymorphisms [BGS23a].

2.4 Analytical facts

We let N (a, b) denote the normal distribution with mean a and variance of b (i.e., standard deviation
of

√
b). Likewise, given µ ∈ Rn and Σ ∈ Rn×n, we let N (µ,Σ) denote the n-variate normal

distribution with mean µ and covariance Σ. We cite the following standard facts about the normal
distribution.

Proposition 2.1 (e.g., [Ver18], [BGS23b]). Let X be distributed as N (µ, σ2). Then,

(a) For any interval [a, b] ⊆ R, Pr[X ∈ [a, b]] ≤ b−a
2σ .

(b) For any t ≥ 0, Pr[X ≥ t+ µ] ≤ e−
t2

2σ2 .

Proposition 2.2 (e.g., [Ver18], [BGS23b]). Let x be a Gaussian variable with mean zero and variance
one. Then for all t ≥ 0

1. P (x ≥ t) ≤ 1
2e

− t2

2 .

2. P (t ≤ x ≤ 2t) ≤ t√
2π
e−

t2

2 .

3. For all a ∈ R, P (|x− a| ≤ t) ≤ 2t√
2π

≤ t.

4. Given I ⊆ [t,∞], P (x ∈ I) ≤ |I|e−
t2

2 .

Proof. Observe that P (x ≥ t) =
∫∞
t

e−
x2

2√
2π
dx =

∫∞
0

e−
(y+t)2

2√
2π

dy ≤ e−
t2

2

∫∞
0

e−
y2

2√
2π
dy = 1

2e
− t2

2 , P (t ≤

x ≤ 2t) =
∫ 2t
t

e−
x2

2√
2π
dx ≤ t√

2π
e−

t2

2 , and P (|x− a| ≤ t) =
∫ a+t
a−t

e−
x2

2√
2π
dx ≤ 2t√

2π
.

We shall also use the following concentration bound for the squared norm of matrices X ∼
N (0, In), which follows from Laurent-Massart bounds on the concentration of the chi-squared
distribution.
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Proposition 2.3 ( [LM00]). Let X be distributed as X ∼ N (0n, In). Then, for each α ∈ R, it holds
that

Pr(∥X∥2 ∈ [n− 2n1/2+α, n+ 2n1/2+α + 2nα]) ≥ 1− e−nα
.

3 Integrality Gap for AT Polymorphism

3.1 Attempted Integrality Gap Instance

Before giving our full analysis, we first describe a simple attempted integrality gap instance which
fails but captures the intuition for our integrality gap instance.

Let w1,w2,w3 be three unit vectors that are orthogonal to v0 such that w1 +w2 +w3 = 0. For
example, we could have v0 = (1, 0, 0), w1 = (0, 1, 0), w2 = (0,−1

2 ,
√
3
2 ), and w3 = (0,−1

2 ,−
√
3
2 ).

Let k0 = ⌈log2(n)⌉. Let us pretend that we have the vectors

{(1− 2−k)v0 +wi : k ∈ {0, 1, . . . , k0}, i ∈ [3]}
⋃

{−(1− 2−k)v0 +wi : k ∈ {1, 2, . . . , k0}, i ∈ [3]}

and moreover, one of the following two cases holds

1. (1− 2−k0)v0 +wi is rounded to 1 for all i ∈ [3] and −(1− 2−k0)v0 +wi is rounded to −1 for
all i ∈ [3].

2. (1− 2−k0)v0 +wi is rounded to −1 for all i ∈ [3] and −(1− 2−k0)v0 +wi is rounded to 1 for
all i ∈ [3].

See the figure below for an illustration of this set of vectors when k0 = 3.

−v0 v0

w1
v0
2 +w1

−v0
2 +w1

w2
v0
2 +w2

−v0
2 +w2

w3
v0
2 +w3

−v0
2 +w3

If so, then consider the triples

{(b(1− 2−k)v0 +wi, b(1− 2−k)v0 +wi′ ,−b(1− 21−k)v0 +wi′′)}
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where k ∈ [k0], b ∈ {−1, 1} and i, i′, i′′ are distinct elements of [3]. The vectors in each such triple
sum to either v0 or −v0 so for each such triple, we can add a 1-in-3-SAT constraint on either
the vectors or their negations. However, it is not hard to show that at least one of the resulting
NAE-SAT constraints must be violated.

To see this, assume that all of the NAE constraints are satisfied. We can assume without loss of
generality that (1− 2−k0)v0 +wi is rounded to 1 for all i ∈ [3] and −(1− 2−k0)v0 +wi is rounded
to −1 for all i ∈ [3]. We now make the following observations:

1. (1− 2−k0)v0 +wi is rounded to 1 for all i ∈ [3].

2. Since we have NAE-SAT constraints on the triples

((−1)k0−k(1− 2−k)v0 +wi, (−1)k0−k(1− 2−k)v0 +wi′ , (−1)k0−k+1(1− 21−k)v0 +wi′′)

such that i, i′, i′′ are distinct elements of [3], if (−1)k0−k(1−2−k)v0+wi is rounded to (−1)k0−k

for all i ∈ [3] then (−1)k0−k+1(1− 21−k)v0 +wi must be rounded to (−1)k0−k+1 for all i ∈ [3].

3. −(1− 2−k0)v0 +wi is rounded to −1 for all i ∈ [3].

4. Since we have NAE-SAT constraints on the triples

((−1)k0−k+1(1− 2−k)v0 +wi, (−1)k0−k+1(1− 2−k)v0 +wi′ , (−1)k0−k(1− 21−k)v0 +wi′′)

such that i, i′, i′′ are distinct elements of [3], if (−1)k0−k+1(1 − 2−k)v0 + wi is rounded to
(−1)k0−k+1 for all i ∈ [3] then (−1)k0−k(1− 21−k)v0 +wi must be rounded to (−1)k0−k for all
i ∈ [3].

Putting these observations together, we have that for all k ∈ [k0 + 1], (−1)k0−k+1(1− 21−k)v0 +wi

must be rounded to (−1)k0−k+1 for all i ∈ [3] and (−1)k0−k(1− 21−k)v0 +wi must be rounded to
(−1)k0−k for all i ∈ [3]. Plugging in k = 1, we have that w1, w2, and w3 must all be rounded to
both 1 and −1 which gives a contradiction. This argument is illustrated in the figure below where
blue represents vectors which should be rounded to 1 and red represents vectors which should be
rounded to −1.

−v0 v0

w1
v0
2 +w1

−v0
2 +w1

w2
v0
2 +w2

−v0
2 +w2

w3
v0
2 +w3

−v0
2 +w3
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The problem with this attempted integrality gap instance is that these vectors are not unit vectors.
In order to have unit vectors, we would need to have the vectors

{b(1− 2−k)v0 +
√
21−k − 2−2kwi : k ∈ {0, 1, . . . , k0}, b ∈ {−1, 1}, i ∈ [3]},

which are illustrated in the figure below. However, we can no longer have 1-in-3-SAT constraints on
these vectors. To handle this, we will consider vectors of the form b(1− 2−k)v0 +

√
21−k − 2−2kw

where b ∈ {−1, 1} and ||w|| ≈ 1 and show that we can use a similar argument.

−v0 v0

w1

v0
2 +

√
3w1
2

−v0
2 +

√
3w1
2

w2
v0
2 +

√
3w2
2

−v0
2 +

√
3w2
2

w3
v0
2 +

√
3w3
2

−v0
2 +

√
3w3
2

3.2 Continuous Integrality Gap Instance

We now describe a natural modification of the failed integrality gap instance described above which
gives a candidate integrality gaps instance with infinitely many variables and constraints. We will
then further modify this integrality gap instance to discretize it and shift to multivariate Gaussian
vectors rather than unit vectors as multivariate Gaussian vectors are easier to analyze and (with the
appropriate scaling) are close to unit vectors when the dimension is sufficiently high.

Let k0 = ⌈log(1ϵ )⌉+ 20. We will work in Rd+1 where v0 = ed+1 is orthogonal to Rd and d will be
chosen later.

Definition 3.1. Let Ax be the set of points {xv0 +
√
1− x2w : w ∈ Sd−1}.

Definition 3.2. For each x of the form 1− 2−k where k ∈ [k0],

1. We define Tx to be the set of triples of points (p1,p2,p3) such that p1+p2+p3 = 0, p1,p2 ∈ Ax,
and p3 ∈ A1−2x.

2. Similarly, we define T−x to be the set of triples of points (p1,p2,p3) such that p1+p2+p3 = 0,
p1,p2 ∈ A−x, and p3 ∈ A2x−1.

Our candidate integrality gap instance is as follows:
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1. For each k ∈ [k0], letting x = 1 − 2−k, we choose a random triple from Tx with probability
1

2(k0+1) and we choose a random triple from T−x with probability 1
2(k0+1) .

2. Let x0 = 1− 2−k0 . With probability 1
2(k0+1) , we choose a random p ∈ Ax0 and take the triple

(−v0,−v0,p). Similarly, with probability 1
2(k0+1) , we choose a random p ∈ A−x0 and take the

triple (v0, v0,p).

Intuitively, this is a gap instance because the SDP thinks that almost all of the constraints can
be satisfied but in any actual assignment, one of the following must occur which leads to at least

δ
16(k0+1) of the NAE-SAT constraints being violated where δ > 0 is an absolute constant which we
will choose later. Without loss of generality, we can assume that v0 is rounded to 1 and −v0 is
rounded to −1.

1. A δ proportion of p ∈ Ax0 are assigned −1 which means that δ of the triples (−v0,−v0,p) are
all −1.

2. A δ proportion of p ∈ A−x0 are assigned 1 which means that δ of the triples (v0, v0,p) are all
1.

3. For some k ∈ [k0], letting x = 1− 2−k, less than δ of the vectors in Ax are assigned −1 and
at least δ of the vectors in A1−2x are assigned 1 which implies that at least δ

8 of the triples
(p1,p2,p3) ∈ Tx are all 1.

4. For some k ∈ [k0], letting x = 1− 2−k, less than δ of the vectors in A−x are assigned 1 and
at least δ of the vectors in A1−2x are assigned −1 which implies that at least δ

8 of the triples
(p1,p2,p3) ∈ T−x are all −1.

Before we modify our integrality gap instance and make this intuition rigorous, we give a more
precise description of the triples of points in Tx.

Proposition 3.3. If p1,p2 ∈ Ax and p3 ∈ A1−2x then p1 + p2 + p3 = v0 if and only if

p3 = (1−2x)v0+
√
1− (2|x| − 1)2w, p1 = xv0+

√
1− x2

(
−
√

1−(2|x|−1)2

2
√
1−x2

w +
√
1− 1−(2|x|−1)2

4(1−x2)
u

)
,

and p2 = xv0 +
√
1− x2

(
−
√

1−(2|x|−1)2

2
√
1−x2

w −
√

1− 1−(2|x|−1)2

4(1−x2)
u

)
for some w,u ∈ Sd−1 such that

w · u = 0.

Proof. Assume that p1,p2 ∈ Ax, p3 ∈ A1−2x, and p1 + p2 + p3 = v0. Since p3 ∈ A1−2x,
p3 = (1− 2x)v0 +

√
1− (2|x| − 1)2w for some w ∈ Sd−1. Now write p1 = xv0 + aw + bu where

u ∈ Sd−1, w · u = 0, and b ≥ 0. We now make the following observations:

1. Since p1 + p2 + p3 = v0, p2 = xv0 −
(
a+

√
1− (2|x| − 1)2

)
w − bu.

2. Since ||p1||2 = ||p2||2, a2 =
(
a+

√
1− (2|x| − 1)2

)2
which implies that a = −1

2

√
1− (2|x| − 1)2.

3. Since ||p1||2 = 1, b =
√
1− x2 − a2 =

√
1− x2 − 1−(2|x|−1)2

4 .

The other direction is easy to verify directly.
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Based on this, we define the following noise coefficient ρx.

Definition 3.4. We define ρx =

√
1−(2|x|−1)2

2
√
1−x2

.

Observe that if |x| = 1− 2−k and k is large then ρx =

√
1−(2|x|−1)2

2
√
1−x2

≈
√
22−k

2
√
21−k

= 1√
2
.

3.3 Discretized Integrality Gap Instance

We now modify our candidate integrality gap instance by having it use multivariate Gaussian vectors
rather than unit vectors and discretizing it.

Definition 3.5. Given x ∈ [−1, 1], we define A′
x to be the distribution of vectors obtained by sampling

w ∼ N (0, 1/d)d and taking the vector xv0 +
√
1− x2w.

Definition 3.6. Given x ∈ [−1, 1], we define T ′
x to be the distribution of triples of points (p1,p2,p3)

obtained by sampling u,w ∼ N (0, 1/d)d and then taking p3 = (1− 2x)v0 +
√

1− (2|x| − 1)2w,

p1 = xv0 +
√
1− x2

(
−
√

1−(2|x|−1)2

2
√
1−x2

w +
√
1− 1−(2|x|−1)2

4(1−x2)
u

)
, and

p2 = xv0 +
√
1− x2

(
−
√

1−(2|x|−1)2

2
√
1−x2

w −
√
1− 1−(2|x|−1)2

4(1−x2)
u

)
.

Similarly, we define T ′
−x to be the distribution of triples of points (p1,p2,p3) obtained by sampling

u,w ∼ N (0, 1/d)d and then taking p3 = (2x− 1)v0 +
√
1− (2|x| − 1)2w,

p1 = −xv0 +
√
1− x2

(
−
√

1−(2|x|−1)2

2
√
1−x2

w +
√

1− 1−(2|x|−1)2

4(1−x2)
u

)
, and

p2 = −xv0 +
√
1− x2

(
−
√

1−(2|x|−1)2

2
√
1−x2

w −
√

1− 1−(2|x|−1)2

4(1−x2)
u

)
.

Our modified integrality gap instance is as follows:

1. For each k ∈ [k0], letting x = 1− 2−k, we sample a triple from T ′
x with probability 1

2(k0+1) and
we sample a triple from T ′

−x with probability 1
2(k0+1) .

2. Let x0 = 1 − 2−k0 . With probability 1
2(k0+1) , we sample a vector p from A′

x0
and take the

triple (−v0,−v0,p). Similarly, with probability 1
2(k0+1) , we sample a vector p from A′

−x0
and

take the triple (v0, v0,p).

3. We discard any triples such that one of the following is true:

(a) When we sampled w from N (0, 1/d)d, |(||w||2 − 1)| > ϵ
1000 .

(b) When we sampled u from N (0, 1/d)d, either |(||u||2 − 1)| > ϵ
1000 or |w · u| > ϵ

1000 .

4. We discretize the instance by partitioning the set of vectors in Rd+1 of length at most 2 into
regions of radius at most ϵ

1000 and choosing a center for each region which is within ϵ
1000 of

all points in the region. We also choose a center for the region with vectors of length greater
than 2 (we can choose any point for this center as only discarded triples of points will have a
vector in this region). We then replace all of the vectors with the center of the region they are
contained in.
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Theorem 3.7. For all ϵ > 0, if d ≥ 80000000
ϵ3

than for the integrality gap instance described above
(Section 3.3),

1. There is a solution to the SDP that gives a value of at least 1− ϵ to each constraint that is not
discarded.

2. At most 6e−
10
ϵ of the constraints that were sampled are discarded.

3. All assignments violate at least 1
1060⌈log( 1

ϵ )⌉
of the sampled NAE-SAT constraints (this includes

constraints that were discarded).

By Raghavendra’s theorem [Rag08], this integrality gap immediately translates into UGC
hardness.

Corollary 3.8. Assuming UGC, for all ϵ such that 0 < ϵ ≤ 1
100 , fiPCSP(1-in-3-SAT,NAE-SAT)

is not (ϵ, 1
1061 log(1/ϵ)

)-robust.

Proof sketch for the first statement of Theorem 3.7: For each vector v that is a center of a region
that is not the outer region, we can take the vector v′ =

√
1− ϵ

4
v

||v|| +
√
ϵ
2 zv for some vector zv

which is orthogonal to everything else. We assign v0 to itself.
To show that this gives a valid SDP solution which has a value of at least 1− ϵ for each constraint

which is not discarded, we first observe that for each triple of unit vectors v1,v2,v3 such that
v1 + v2 + v3 = ±v0, there is a probability distribution of D of satisfying assignments to the
corresponding constraint such that

1. For all i ∈ [3], ED[xi] = vi · v0.

2. For all distinct i, j ∈ [3], ED[xixj ] = vi · vj .

We then observe that if v′
1, v′

2, and v′
3 are unit vectors which are close to v1, v2, and v3 then

there is a pseudo-distribution D′ (which may give negative probabilities to some assignments
(x1, x2, x3) ∈ {−1, 1}3) which is close to D such that

1. For all i ∈ [3], ED′ [xi] = v′
i · v0.

2. For all distinct i, j ∈ [3], ED′ [xixj ] = v′
i · v′

j .

Finally, we observe that replacing each vector v with
√
1− ϵ

4
v

||v|| +
√
ϵ
2 zv modifies each pseudo-

distribution D′ by replacing each probability p with (1− ϵ
4)p+

ϵ
32 which is sufficient to make all of

the probabilities non-negative.

The full details of the proof of the first statement of Theorem 3.7 are given in Appendix A.

Proof of the second statement of Theorem 3.7: We can prove the second statement of Theorem 3.7
using Chernoff bounds. For completeness, we include a proof of these bounds in Appendix A.

Lemma 3.9. The following tail bounds hold:

1. For all t ∈ [0, 1], if w ∼ N (0, 1/d)d then P
(
|(||w||2 − 1)| ≥ t

)
≤ 2e−

dt2

8 .
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2. Given a vector w, for all t ≥ 0, if u ∼ N (0, 1/d)d is independent of w then P (|w · u| ≥ t) ≤

2e
− dt2

2||w||2 .

By Lemma 3.9, since d ≥ 80000000
ϵ3

, if w and u are drawn independently from N (0, 1/d)d then

1. P (|(||w||2 − 1)| ≥ ϵ
1000) = P (|(||u||2 − 1)| ≥ ϵ

1000) ≤ 2e−
10
ϵ

2. Whenever ||w|| ≤ 2, P (|w · u| ≥ −ϵ
1000) ≤ 2e−

10
ϵ .

so the proportion of discarded constraints is at most 6e−
10
ϵ .

3.4 Soundness Analysis

We now prove the third statement of Theorem 3.7. To do this, we view an assignment to the points
in our integrality gap instance as a map f : Rd+1 → {−1, 1} where f(v) is the value given to the
point corresponding to the center of the region v is contained in.

Definition 3.10. Given a map f : Rd+1 → {−1, 1}, for each vector w ∈ Rd, we define fx(w) to be
the value given to p = xv0 +

√
1− x2w.

Definition 3.11. Given ρ ∈ [−1, 1] and a function f : Rd → R, we define

(Nρf)(x) = Ey∼N (0,1/d)d [f(ρx+
√
1− ρ2y)].

The third statement of Theorem 3.7 follows from the following lemma.

Lemma 3.12. For all δ ∈ [0, 10−55], if there is an x = 1−2k such that Ew∼N (0,1/d)d [fx(w)] > 1−2δ

but Ew∼N (0,1/d)d [f1−2x(w)] ≥ 2δ − 1 then the proportion of monochromatic triples (p1,p2,p3) in T ′
x

is at least δ
8 .

Proof. Assume that this is not true. Observe that whenever f1−2x(w) = 1, the proportion of triples
(p1,p2, (1− 2x)v0 +

√
1− (2|x| − 1)2w) which are monochromatic is at least

1− 2Pw′∼N (0,1/d)d(fx(ρxw +
√
1− ρ2xw

′) = −1) = (Nρxfx)(−w).

Since Ew∼N (0,1/d)d [f1−2x(w)] ≥ 2δ − 1, f1−2x(w) = 1 for at least δ proportion of w. This
implies that in order to avoid having δ

8 proportion of monochromatic triples, we must have that
(Nρxfx)(−w) < 1

4 for at least δ
2 proportion of w ∼ N (0, 1/d)d. We now show that this cannot occur.

To do this, we write fx = E[fx] + f ′x and show that ||(Nρxf
′
x)||2 is small.

Lemma 3.13. For all t ∈ N, if Ew∼N (0,1/d)d [fx(w)] > 1− 2δ then

Ew∼N (0,1/d)d [(Nρxf
′
x)(w)2] ≤ 10(3t)δ

3
2 + 4ρ2tδ

Proof. Let S = {w ∈ Rd : fx(w) = −1} and let δ′ = Ew∼N (0,1/d)d [1w∈S ] < δ be the probability that
fx(w) = −1 for a random w ∼ N (0, 1/d)d. We can write fx = (1 − 2δ′) + f ′x,low + f ′x,high where
f ′x,low is the part of f ′ which has at most degree t and f ′x,high is the part of f ′ which has degree
greater than t.

We observe that if we have a bound Ew∼N (0,1/d)d [f
′
x,low(w)2] ≤ B then we can make the following

deductions.
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1. As described in Chapter 9 of Ryan O’Donnell’s textbook “Analysis of Boolean Functions”
[O’D14], the Bonami Lemma (which is a special case of the Hypercontractivity Theorem) says
that if p is a polynomial of degree at most t then Ex∈{−1,1}n [p(x)

4] ≤ 9t
(
Ex∈{−1,1}n [p(x)

2]
)2. As

observed by Gross [Gro75], since Gaussian inputs can be approximated by a linear combination
of a large number of Boolean variables, the Hypercontractivity Theorem (and in particular
the Bonami Lemma) apply for Gaussian inputs as well as Boolean inputs. In other words,

Ew∼N (0,1/d)d [p(w)4] ≤ 9t
(
Ew∼N (0,1/d)d [p(w)2]

)2
. Thus, Ew∼N (0,1/d)d [(f

′
x,low(w))4] ≤ 9tB2

which implies that Ew∼N (0,1/d)d:fx(w)=−1[|f ′x,low(w)|] ≤ 4

√
9tB2

δ′ .

For a discussion of the history of Bonami’s Lemma and the Hypercontractivity Theorem, see
Chapter 9.7 of O’Donnell’s book [O’D14].

2. For all w ∈ Sd−1 such that fx(w) = −1, f ′x,high(w) = 2δ′ − 1− f ′x,low(w). This implies that

Ew∼N (0,1/d)d:fx(w)=−1[f
′
x,low(w)f ′x,high(w)] = Ew∼N (0,1/d)d:fx(w)=−1[(2δ

′ − 1)f ′x,low(w)− f ′x,low(w)2]

≤ 4

√
9tB2

δ′
− Ew∼N (0,1/d)d:fx(w)=−1[f

′
x,low(w)2]

3. For all w ∈ Sd−1 such that fx(w) = 1, f ′x,high(w) = 2δ′ − f ′x,low(w). This implies that

Ew∼N (0,1/d)d:fx(w)=1[f
′
x,low(w)f ′x,high(w)] = Ew∼N (0,1/d)d:fx(w)=1[2δ

′f ′x,low(w)− f ′x,low(w)2]

≤ 2(δ′)2 − 1

2
Ew∼N (0,1/d)d:fx(w)=1[f

′
x,low(w)2]

where the inequality uses the observation that

2δ′f ′x,low(w)− f ′x,low(w)2 = 2δ′
2 − 1

2

(
2δ′ − f ′x,low(w)

)2 − 1

2
f ′x,low(w)2 ≤ 2δ′

2 − 1

2
f ′x,low(w)2

4. Putting these observations together,

0 = Ew∼N (0,1/d)d [f
′
x,low(w)f ′x,high(w)] = δ′Ew∼N (0,1/d)d:fx(w)=−1[f

′
x,low(w)f ′x,high(w)]

+ (1− δ′)Ew∼N (0,1/d)d:fx(w)=−1[f
′
x,low(w)f ′x,high(w)]

≤ δ′
4

√
9tB2

δ′
+ 2(δ′)2 − 1

2
Ew∼N (0,1/d)d [f

′
x,low(w)2]

which implies that

Ew∼N (0,1/d)d [f
′
x,low(w)2] ≤ 2

(
4
√
9t(δ′)3B2 + 2(δ′)2

)
Thus, if B > 2 4

√
9t(δ′)3B2 + 4(δ′)2 then we can improve our bound on Ew∈Sd−1 [f ′x,low(w)2]. Letting

B∗ be the infimum of the bounds we can obtain, we must have that B∗ = 2 4
√

9t(δ′)3(B∗)2 + 4(δ′)2.
Solving for B∗ gives

√
B∗ = 4

√
C(δ′)3 +

√√
9t(δ′)3 + 4(δ′)2 ≤ max {3 4

√
9t(δ′)3, 3δ′} ≤ 3 4

√
9t(δ′)3

where the first inequality follows by considering whether 4(δ′)2 ≤ 3
√
9t(δ′)3 or 4(δ′)2 > 3

√
9t(δ′)3.

Thus, Ew∼N (0,1/d)d [f
′
x,low(w)2] ≤ 10

√
9tδ3 which implies that Ew∼N (0,1/d)d [(Nρxf

′
x,low)(w)2] ≤

10
√
9tδ3.
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Since Ew∼N (0,1/d)d [(f(w) − (1 − 2δ′))2] = 4(1 − δ′)δ′2 + δ′(−2 + 2δ′)2 ≤ 4δ′, we have that
Ew∼N (0,1/d)d [f

′
x,high(w)2] ≤ 4δ′ which implies that Ew∼N (0,1/d)d [(Nρxf

′
x,high)(w)2] ≤ 4δ. The result

now follows as

Ew∼N (0,1/d)d [(Nρxf
′
x)(w)2] = Ew∼N (0,1/d)d [(Nρxf

′
x,low)(w)2] + Ew∼N (0,1/d)d [(Nρxf

′
x,high)(w)2].

We now show that there must be at least δ
8 monochromatic triples. As we observed earlier, in order

to avoid having δ
8 proportion of monochromatic triples, we must have that (Nρxfx)(−w) < 1

4 for at
least δ

2 proportion of w ∼ N (0, 1/d)d. Since Nρxfx = Ew∼N (0,1/d)d [fx(w)]+Nρxf
′
x ≥ 1−2δ+Nρxf

′
x,

we have that |(Nρxf
′
x)(w)| ≥ 3

4 − 4δ for at least δ
2 proportion of w ∈ Sd−1. Since δ ≤ 1

16 , this implies
that Ew∼N (0,1/d)d [(Nρxf

′
x)(w)2] ≥ δ

2 · (12)
2 = δ

8 .

However, Lemma 3.13 implies that if δ > 0 is sufficiently small then Ew∼N (0,1/d)d [(Nρxf
′
x)] ≤ δ

10 .
To see this, take t = 50 and observe that since each ρ that appears is at most .9, ρ2t ≤ 1

80 . Since
δ < 1

40000(9t) , 10(3
t)δ

3
2 ≤ δ

20 . By Lemma 3.13,

Ew∼N (0,1/d)d [(Nρxf
′
x)(w)2] ≤ 10(3t)δ

3
2 + 4ρ2tδ ≤ δ

20
+

δ

20
=

δ

10
.

4 Improved Analysis for MAJ Polymorphism

In this section, we prove that the robust approximate algorithm for 2-SAT of Charikar–Makarychev–
Makarychev [CMM09] has the same f(ϵ) = O(

√
ϵ) loss guarantee for any PCSP template with the

MAJ polymorphism family. This improves over the analysis of Brakensiek–Guruswami–Sandeep [BGS23b],
which only proved f(ϵ) = Õ( 3

√
ϵ) loss. Furthermore, in the next section, we shall extend the result

(with a slightly worse loss guarantee) to PCSP templates on arbitrary domains with more general
types of polymorphisms.

Theorem 4.1. Let Γ be a promise template with MAJ ⊆ Pol(Γ). Then, PCSP(Γ) has a uniform
robust algorithm with loss function f(ϵ) = OΓ(

√
ϵ).

4.1 CMM Algorithm

We state the algorithm of Charikar–Makarychev–Makarychev (henceforth “CMM”) as follows.

• Input: ϵ > 0, weighted instance of PCSP(Γ) on variables x1, . . . , xn and clauses C1, . . . , Cm as
in Section 2.1.

• Solve the basic SDP to find a vector solution v0,v1, . . . ,vn ∈ Rn+1 with objective value at
least 1− ϵ.

• Sample a random Gaussian r ∈ N (0n+1, In+1).

• For all i ∈ [n], round xi to +1 if ⟨vi,v0 + r
√
ϵ⟩ ≥ 0 and −1 otherwise.

We call this the ϵ-CMM algorithm to make the choice of ϵ explicit. We make use of the following
structural lemma proved by [BGS23b].
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Lemma 4.2 (Lemma 4.5 of [BGS23b], adapted). Let P ⊆ Q ⊆ {−1, 1}k be such that MAJ ⊆
Pol(P,Q). For any b ̸∈ Q, there exists w ∈ Rk with the following properties.

• ∥w∥1 = 1.

• For all i ∈ [k], biwi ≤ 0.

• For all a ∈ P , ⟨a,w⟩ ≥ 0.

We note that this lemma is proven in much more generality in Proposition 5.5. As a corollary,
we have that an approximate version of Lemma 4.2 holds for approximate solutions to the SDP.

Lemma 4.3 (Implicit in [BGS23b]). Let P ⊆ Q ⊆ {−1, 1}k be such that MAJ ⊆ Pol(P,Q). Fix
b ∈ {−1, 1}k \Q and let w ∈ Rk be as guaranteed by Lemma 4.2. Then, for any 1− γ approximate
vector assignment (v0,v1, . . . ,vk) to P we have that

k∑
i=1

wi⟨vi,v0⟩ ≥ −γ. (7)

Proof. Since (v0, . . . ,vk) is a 1− γ approximate vector assignment to P , there exists a probability
distribution µ over {−1, 1}k such that µ(P ) ≥ 1− γ and for all i ∈ [k],

⟨vi,v0⟩ =
∑

a∈{−1,1}k
aiµ(a).

Thus, we have that

k∑
i=1

wi⟨vi,v0⟩ =
k∑

i=1

wi

∑
a∈{−1,1}k

aiµ(a)

=
∑

a∈{−1,1}k
⟨a,w⟩µ(a).

By Lemma 4.2, ⟨a,w⟩ ≥ 0 for all a ∈ P . Furthermore, ⟨a,w⟩ ≥ −1 for all a ∈ {−1, 1}k since
∥w∥1 = 1. Thus, (7) follows since µ({−1, 1}k \ P ) ≤ γ.

We now state our main technical result.

Theorem 4.4. Let P ⊆ Q ⊆ {−1, 1}k with MAJ ⊆ Pol(P,Q). Let (v0,v1, . . . ,vk) be a 1 − γ

approximate vector assignment to P . For any b ∈ {−1, 1}k \ Q, the probability that the ϵ-CMM
algorithm when run on (v0, . . . ,vk) outputs b is at most

600k
max(ϵ, γ)√

ϵ
(8)

From this, Theorem 4.1 easily follows.

Proof of Theorem 4.1. Our Basic SDP solution (v0,v1, . . . ,vn) has the property that each clause
Cj is 1− γj approximately satisfied with Ej [γj ] ≤ ϵ. Let kj denote the arity of the clause Cj , and
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define kmax = maxj(kj). By Theorem 4.4, the probability that Cj is assigned some specific weakly
unsatisfying assignment is at most

600kj
max(ϵ, γj)√

ϵ
.

Therefore, by the union bound, the probability that Cj is weakly satisfied is at least

1− 2kj
(
600kj

max(ϵ, γj)√
ϵ

)
≥ 1− 2kj

(
600kj

ϵ+ γj√
ϵ

)
≥ 1− 2kmax

(
600kmax

ϵ+ γj√
ϵ

)
.

Thus, the expected fraction of clauses that are weakly satisfied is at least

1− 1200 · 2kmaxkmax

√
ϵ,

as desired.

4.2 Proof of Theorem 4.4

We seek to bound the probability that

bi⟨vi, r+ v0/
√
ϵ⟩ ≥ 0, ∀i ∈ [k]. (9)

Let w correspond to b as in Lemma 4.2. Let u := w1v1 + · · ·+ wkvk. By Lemma 4.3, we have
that ⟨u,v0⟩ ≥ −γ. Furthermore, since biwi ≤ 0 for all i ∈ [k], we have that (9) holding implies that

⟨wivi, r+ v0/
√
ϵ⟩ ≤ 0, ∀i ∈ [k]. (10)

Summing over all i ∈ [k], this implies that.

⟨u, r+ v0/
√
ϵ⟩ ≤ 0. (11)

To work toward this, we first show that ⟨u,u⟩ cannot stray too much from ⟨u,v0⟩.

Lemma 4.5. ⟨u,u⟩ ≤ ⟨u,v0⟩+ 2γ.

Proof. Let µ be the probability distribution over {−1, 1}k with µ(P ) ≥ 1− γ that corresponds to
(v0, . . . ,vk). Recall from the proof of Lemma 4.3 that

⟨u,v0⟩ =
∑

a∈{−1,1}k
⟨a,w⟩µ(a).

Likewise, we can compute that

⟨u,u⟩ =
k∑

i=1

k∑
j=1

wiwj⟨vi,vj⟩

=
k∑

i=1

k∑
j=1

wiwj

∑
a∈{−1,1}k

aiajµ(a)

=
∑

a∈{−1,1}k
⟨a,w⟩2µ(a).
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Thus,
⟨u,u⟩ − ⟨u,v0⟩ =

∑
a∈{−1,1}k

⟨a,w⟩(⟨a,w⟩ − 1)µ(a).

Recall that ∥w∥1 = 1. For any a ∈ P , we have that ⟨a,w⟩ ∈ [0, 1], so ⟨a,w⟩(⟨a,w⟩ − 1) ≤ 0.
Furthermore, for any a ∈ {−1, 1}k, ⟨a,w⟩ ∈ [−1, 1], which implies that ⟨a,w⟩(⟨a,w⟩− 1) ≤ 2. Thus,
⟨u,u⟩ − ⟨u,v0⟩ ≤ 2γ.

For each i ∈ [k], let v=
i be the component of vi parallel to u, and let v⊥

i be the component of vi

perpendicular to u. That is,

v=
i :=

⟨vi,u⟩
⟨u,u⟩

u,

v⊥
i := vi −

⟨vi,u⟩
⟨u,u⟩

u.

Let η := max(γ, ϵ). We now split into cases.

Case 1, ∥u∥2 ≥ 8η ln(1/ϵ). In that case, we have that ∥u∥2 ≥ 4γ. Therefore, by Lemma 4.5,

⟨u, 1√
ϵ
v0⟩ ≥

1√
ϵ
(∥u∥2 − 2γ) ≥ ∥u∥2

2
√
ϵ
.

Therefore, (11) holds only if

⟨r,− u

∥u∥
⟩ > ∥u∥

2
√
ϵ
.

Note that the LHS is normally distributed with mean 0 and variance 1. Therefore, by Proposition 2.2,
we deduce that (9) holds with probability at most

1

2
exp

(
−1

2

(
∥u∥
2
√
ϵ

)2
)

≤ 1

2
exp

(
−η
ϵ
log(1/ϵ)

)
≤ ϵ

2
≤ η√

ϵ
.

Case 2, there exists i ∈ [k] such that ∥wiv
⊥
i ∥ ≥ 1/(10k). First, note that by Proposition 2.2,

for all δ ≥ 0 we have that

Pr[δ ≤ |⟨r,u⟩| ≤ 2δ] = Pr

[
δ

||u||
≤
∣∣∣∣⟨r, u

∥u∥
⟩
∣∣∣∣ ≤ 2δ

||u||

]
≤ 2

δ

∥u∥
√
2π
e
− δ2

2∥u∥2 ≤ δ

∥u∥
e
− δ2

2∥u∥2 . (12)

Assume that (9) holds. Then, by (10), (11), and Lemma 4.5, we have that

0 ≥
〈
wivi, r+

v0√
ϵ

〉
≥ ⟨u, r⟩+ 1√

ϵ
⟨u,v0⟩ ≥ ⟨u, r⟩+ 1√

ϵ
(∥u∥2 − 2γ) ≥ ⟨u, r⟩ − 2√

ϵ
γ. (13)

Consider now the probability distribution of the random variable ⟨wivi, r+
v0√
ϵ
⟩ conditional to the

value of ⟨u, r⟩. Observe that this is a Gaussian distribution with standard deviation ∥wiv
⊥
i ∥ ≥ 1

10k

(and arbitrary mean). By Proposition 2.2, the probability that (13) happens is at most

10k(|⟨u, r⟩|+ 2√
ϵ
γ) ≤ 10k

(
2δ +

2√
ϵ
γ

)
.
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Thus, the probability that both δ ≤ |⟨r,u⟩| ≤ 2δ and (9) hold is at most

δ

∥u∥
e
− δ2

2∥u∥2 · 10k
(
2δ +

2√
ϵ
γ)

)
≤ 40kδe

− δ2

2||u||2

||u||
max

{
δ,

γ√
ϵ

}
.

Call the RHS of the above expression f(δ). We now split our analysis into subcases based on the
size of ∥u∥2.

Case 2a, ∥u∥2 ≤ 4η. We seek to bound
∑∞

i=−∞ f(2i∥u∥). If i ≤ 1, note that

f(2i∥u∥) ≤ 40k · 2i∥u∥
∥u∥

max

{
2i∥u∥, γ√

ϵ

}
≤ 40k · 2i · η√

ϵ
.

Summing over all i ≤ 1, we obtain a contribution of at most 160kη/
√
ϵ. Otherwise, if i ≥ 2, we have

that
f(2i∥u∥) ≤ 40k · 2i · e−22i−1 ·max

{
2i+1√η, η√

ϵ

}
≤ 160kη√

ϵ
· 22i−1e−22i−1

.

Using that the function x 7→ x · e−x is nonincreasing in [1,∞), we find

∞∑
i=2

22i−1e−22i−1 ≤
∞∑
i=2

ie−i ≤
∫ ∞

0
x · e−x dx = 1

and, thus,

∞∑
i=2

f(2i∥u∥) ≤ 160kη√
ϵ
.

As a consequence, the total probability bound is at most 320kη√
ϵ

.

Case 2b, ∥u∥2 > 4η. By logic similar to Case 1, we have that (9) holds only if ⟨r,− u
∥u∥⟩ >

∥u∥
2
√
ϵ
.

Thus, we only need to consider δ ≥ ∥u∥2
2
√
ϵ
. Consider any such δ = λ∥u∥ ≥ ∥u∥2/(2

√
ϵ) so 2λ

√
ϵ ≥ ∥u∥.

We have that
f(λ∥u∥) = 40kλe−

λ2

2 max

{
λ∥u∥, γ√

ϵ

}
≤ 160kλ3e−

λ2

2
√
ϵ.

Since 2λ
√
ϵ ≥ ∥u∥ >

√
4η, we have that λ > 1. Thus, the relevant probability of (9) occurring is at

most
∞∑
i=0

160k · 23i · e−22i−1√
ϵ ≤ 600k

√
ϵ ≤ 600kη/

√
ϵ,

as desired.

Case 3, ∥u∥2 < 8η ln
(
1
ϵ

)
and there is no i such that ∥wiv

⊥
i ∥ ≥ 1

10k . In this case, since
u =

∑k
i=1wivi and

∑k
i=1 ∥wivi∥ =

∑k
i=1 |wi|∥vi∥ =

∑k
i=1 |wi| = 1, we have that

1 =

k∑
i=1

||wivi|| ≤
k∑

i=1

||wiv
=
i ||+

k∑
i=1

||wiv
⊥
i || ≤

k∑
i=1

||wiv
=
i ||+

1

10
,
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and ∥∥∥∥∥
k∑

i=1

wiv
=
i

∥∥∥∥∥
2

+

∥∥∥∥∥
k∑

i=1

wiv
⊥
i

∥∥∥∥∥
2

= ∥u∥2 ≤ 8η ln

(
1

ϵ

)
.

Putting these observations together, there must be an i such that wivi = c u
∥u∥ +wiv

⊥
i where |c| ≥ 1

2k .
We now define t, x, y as follows

t := −⟨wivi,v0⟩
c
√
ϵ

,

x := ⟨ u

||u||
, r⟩,

y := −
∑
i

⟨wivi, r+ v0/
√
ϵ⟩.

Note that t is a constant, but x and y are random variables depending on r. In particular, x is a
Gaussian random variable with mean zero and variable one. Furthermore, note that

⟨wivi, r+ v0/
√
ϵ⟩ = c(x− t) + ⟨wivi

⊥, r⟩.

We next observe the following. First, in order for (9) to hold, we must have that −y ≤ ⟨wivi, r+

v0/
√
ϵ⟩ ≤ 0 which implies that

|⟨wivi
⊥, r⟩+ c(x− t)| ≤ y. (14)

Second, since −y =
∑

i ⟨wivi, r+ v0/
√
ϵ⟩ = ⟨u, r⟩+ 1√

ϵ
⟨u,v0⟩ ≥ ⟨u, r⟩+ 1√

ϵ
(||u||2 − 2γ) = ||u||x+

1√
ϵ
(||u||2 − 2γ), we have

|x| ≥ −x ≥ ||u||√
ϵ
− 2γ

||u||
√
ϵ
+

y

||u||
. (15)

To finish the proof, we split into cases based on the values of (y, c(x− t)).

Case 3a, y ≤ 4 η√
ϵ
. Since |c| ≥ 1

2k , but ∥wiv
⊥
i ∥ ≤ 1

10k , we have that ⟨wivi, r + v0/
√
ϵ⟩ =

c(x− t) + ⟨wivi
⊥, r⟩ has standard deviation at least |c|/2 ≥ 1

4k . Thus, by Proposition 2.2

Pr

[
|⟨wiv

⊥
i , r⟩+ c(x− t)| ≤ 4

η√
ϵ

]
≤ 4η

|c|
√
ϵ/2

≤ 16k
η√
ϵ
.

That is, if we condition on y ≤ 4η√
ϵ
, the probability that (14) holds (and thus the probability that (9)

holds) is at most 16k η√
ϵ
.

Case 3b, there is δ ≥ 4η/
√
ϵ such that y ≥ δ and |c(x− t)| ≤ 4δ. Note that δ/2 ≥ 2γ/

√
ϵ, so

by (15), we have that

|x| ≥ ||u||√
ϵ
+

δ

2||u||
. (16)

Thus, by the Proposition 2.2, we have that

Pr[|c(x− t)| ≤ 4δ ∧ y ≥ δ] ≤ Pr[|c(x− t)| ≤ 4δ ∧ (16)]

≤ 8δ

|c|
e
− 1

2

(
∥u∥√

ϵ
+ δ

2∥u∥

)2

≤ 8δ

|c|
e
− δ√

ϵ ≤ 16kδe
− δ√

ϵ .
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Case 3c, there is δ′ ≥ 4δ ≥ 16η/
√
ϵ such that y ∈ [δ, 2δ] and |c(x− t)| ∈ [δ′, 2δ′]. Note that

(16) still holds, so we have that

Pr[|c(x− t)| ∈ [δ′, 2δ′] ∧ y ∈ [δ, 2δ]] ≤ Pr[|c(x− t)| ∈ [δ′, 2δ′] ∧ (16)]

≤ 2δ′

|c|
e
− 1

2

(
∥u∥√

ϵ
+ δ

2∥u∥

)2

≤ 2δ′

|c|
e
− δ√

ϵ .

Let d = ∥wiv
⊥
i ∥. We then have by Proposition 2.2 that

Pr[(9) | |c(x− t)| ∈ [δ′, 2δ′] ∧ y ∈ [δ, 2δ]] ≤ Pr[(14) | |c(x− t)| ∈ [δ′, 2δ′] ∧ y ∈ [δ, 2δ]]

≤ 4δ

d
e−

δ′2
8d2 ,

where the last inequality follows from the fact that ⟨wiv
⊥
i , r⟩ must land in an interval of length at

most 2δ with minimum values of δ′ − 2δ ≥ δ′

2 . Therefore, combining the previous two calculations,
we have that

Pr[(9) ∧ |c(x− t)| ∈ [δ′, 2δ′] ∧ y ∈ [δ, 2δ]] ≤ 8δδ′

|c|d
e
− δ√

ϵ
− δ′2

8d2 .

Finishing Case 3. We now put these subcases together. First, condition on δ ≥ 4η/
√
ϵ. We have

by cases 3b and 3c that

Pr[(9) ∧ y ∈ [δ, 2δ]] ≤ Pr[|c(x− t)| ∈ [δ′, 2δ′] ∧ y ∈ [δ, 2δ]]

+

∞∑
i=2

Pr[(9) | |c(x− t)| ∈ [2iδ, 2i+1δ] ∧ y ∈ [δ, 2δ]]

≤ 6kδe
− δ√

ϵ +

∞∑
i=2

2i+3δ2

|c|d
e
− δ√

ϵ
− 22iδ2

8d2

= 6kδe
− δ√

ϵ + 16k · δe−δ/
√
ϵ

∞∑
i=2

2iδ

d
e−

22iδ2

8d2 .

Now,
∞∑
i=2

2iδ

d
e−

22iδ2

8d2 ≤
∞∑
i=2

2

∫ 2i

2i−1

δ

d
e−

s2δ2

8d2 ds ≤
∫ ∞

−∞

δ

d
e−

s2δ2

8d2 ds =

∫ ∞

−∞
e−

s2

8 ds = 2
√
2π ≤ 11

2
,

so
Pr[(9) ∧ y ∈ [δ, 2δ]] ≤ 100kδe

− δ√
ϵ .

We next incorporate the bound from case 3a to get that

Pr[(9)] ≤ Pr[(9) ∧ y ≤ 4η/
√
ϵ] +

∞∑
i=2

Pr[(9) ∧ y ∈ [2iη/
√
ϵ, 2i+1η/

√
ϵ]]

≤ 16k
η√
ϵ
+ 100k · η√

ϵ

∞∑
i=2

2ie−
2iη
ϵ

≤ 16k
η√
ϵ
+ 100k · η√

ϵ

∞∑
i=2

2ie−2i

≤ 50k · η√
ϵ
,

as desired. This completes the proof of Theorem 4.4 and thus also of Theorem 4.1.
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5 Rounding schemes for separable PCSPs

The goal of this section is to extend the results of Section 4 to the case of promise CSPs on arbitrary
domains. We begin with two definitions.

Given a tuple a ∈ Ak, we denote by Πa ∈ Rk×A the one-hot encoding of a; i.e., the (i, a)-th entry
of the matrix Πa is 1 if ai = a, 0 otherwise. Also, we let ⟨−,−⟩F denote the Frobenius inner product
of matrices, given by ⟨M,N⟩F = Tr(M⊤N).

Definition 5.1. Fix a PCSP template (A,B) and a function ρ : RA → B. We say that (A,B) is
ρ-separable if, for each promise relation (P,Q) of some arity k and each b ∈ Bk \Q, there exists a
matrix W ∈ Rk×A such that

1. ∥W∥1 = 1;

2. W1 = 0;

3. ⟨W,Πa⟩F ≥ 0 for each a ∈ P ; and

4. ⟨W,M⟩F ≤ 0 for each M ∈ ρ−1(b).

Note that, in part 4. of the above definition, the expression ρ−1(b) indicates the set of k × A

real matrices whose i-th row is in ρ−1(bi) for each i ∈ [k].
Intuitively, in Definition 5.1, ρ should be thought of as an arbitrary rounding scheme, and the

idea is to consider polymorphism families that are compatible with the scheme in the sense that
they can be used to avoid the occurrence of large integrality gaps. We shall additionally need that
the rounding function ρ be well-behaved in the following weak sense. Henceforth we will assume,
without loss of generality, that A ⊆ B.

Definition 5.2. Fix some parameter α > 0. We say that a function ρ : RA → B is α-conservative
if, for each q ∈ RA, the following holds:

• if ρ(q) ∈ A, then qρ(q) ≥ α
∑

b∈A qb;

• if ρ(q) ̸∈ A, then qa ≥ α
∑

b∈A qb for each a ∈ A.

Theorem 5.3. Let (A,B) be a ρ-separable PCSP template for an α-conservative function ρ : RA → B.
Then PCSP(A,B) is robustly solvable via SDP with loss Oα,A(

√
ϵ log(1/ϵ)).

Proof. Without loss of generality, we shall consider the case in which PCSP(A,B) contains a single
promise relation (P,Q) of some arity k. Let (v0, {v1,a : a ∈ A}, . . . , {vk,a : a ∈ A}) be a 1 − γ

approximate vector assignment to P for some γ > 0, as per Section 2.2. Fix ϵ > 0, and run the
ϵ-CMM algorithm on such vector assignment, using ρ as the rounding function (see Section 4.1).
More precisely, we apply the following procedure:

1. Sample a random Gaussian r ∈ N (0n, In) (where n is the dimension of the space where the
SDP vectors live).

2. Define z = r+ v0√
ϵ
, and let c(i) ∈ RA be the vector whose a-th entry is c(i)a = ⟨vi,a, z⟩ for each

i ∈ [k].

29



3. Let bi = ρ(c(i)) for each i ∈ [k].

Consider now the vector b = (bi)i∈[k] ∈ Bk, and suppose that b ̸∈ Q. Take a corresponding matrix
W ∈ Rk,A as guaranteed from the fact that (A,B) is ρ-separable, and define the vector

u =
∑
i∈[k]

∑
a∈A

wi,avi,a.

Consider also the matrix M ∈ Rk×A whose (i, a)-th entry is c(i)a . Observe that M ∈ ρ−1(b), so part
4. of Definition 5.1 guarantees that

⟨u, z⟩ = ⟨W,M⟩F ≤ 0. (17)

Observe now that, for each a ∈ Ak, it holds that

⟨W,Πa⟩F =
∑
i∈[k]

wi,ai .

Hence, we find

⟨u,u⟩ =
∑

i,i′∈[k]

∑
a,a′∈A

wi,awi′,a′⟨vi,a,vi′,a′⟩ =
∑

i,i′∈[k]

∑
a,a′∈A

wi,awi′,a′
∑
a∈Ak

ai=a
ai′=a′

µ(a)

=
∑
a∈Ak

µ(a)
∑

i,i′∈[k]

wi,aiwi′,ai′
=
∑
a∈Ak

µ(a)⟨W,Πa⟩2F.

Similarly,

⟨u,v0⟩ =
∑
i∈[k]

∑
a∈A

wi,a⟨vi,a,v0⟩ =
∑
i∈[k]

∑
a∈A

wi,a

∑
a∈Ak

ai=a

µ(a) =
∑
a∈Ak

µ(a)
∑
i∈[k]

wi,ai

=
∑
a∈Ak

µ(a)⟨W,Πa⟩F. (18)

Now, part 1. of Definition 5.1 implies that, for each a ∈ Ak,

|⟨W,Πa⟩F| = |
∑
i∈[k]

wi,ai | ≤
∑

i∈[k],a∈A

|wi,a| = ∥W∥1 = 1,

while part 3. implies that 0 ≤ ⟨W,Πa⟩F for each a ∈ P . Hence, the quantity ⟨W,Πa⟩2F − ⟨W,Πa⟩F is
at most 2 for every a ∈ Ak, and it is nonpositive if a ∈ P . It follows that

⟨u,u⟩ − ⟨u,v0⟩ =
∑
a∈Ak

µ(a)(⟨W,Πa⟩2F − ⟨W,Πa⟩F) ≤ 2γ (19)

(where we have used that the vectors v0, {vi,a} form a 1− γ approximate vector assignment to P ).
Take now δ = 2ϵ log(1/ϵ) and η =

√
2(δ + 2γ) log(1/ϵ)+ δ+γ√

ϵ
. Suppose first that ⟨u,v0⟩ > δ. Note

that the random variable ⟨u, z⟩ = ⟨u, r+ v0√
ϵ
⟩ is distributed as a Gaussian with mean µ = 1√

ϵ
⟨u,v0⟩
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and standard deviation σ = ∥u∥. Applying part (b) of Proposition 2.1 and assuming without loss of
generality that γ ≤ δ

2 , we deduce that the probability that (17) happens is upper bounded by

exp

(
−⟨u,v0⟩2

2ϵ∥u∥2

)
≤ exp

(
− ⟨u,v0⟩2

2ϵ(⟨u,v0⟩+ 2γ)

)
≤ exp

(
− δ2

2ϵ(δ + 2γ)

)
≤ exp

(
− δ

4ϵ

)
=

√
ϵ,

where the second inequality uses the fact that f(x) = x2

x+c is an increasing function if x, c ≥ 0. Thus,
the probability that b ̸∈ Q is at most

√
ϵ.

Suppose now that ⟨u,v0⟩ ≤ δ. Using (19), we deduce that, in this case, ⟨u,u⟩ ≤ 2γ + δ. Recall
that r is a random Gaussian sampled from the distribution N (0n, In), so ⟨u, r⟩ is distributed as a
Gaussian with mean 0 and standard deviation ∥u∥. Using part (b) of Proposition 2.1, we find that

Pr
(
|⟨u, r⟩| ≥

√
2(δ + 2γ) log(1/ϵ)

)
≤ 2 exp

(
−2(δ + 2γ) log(1/ϵ)

2∥u∥2

)
≤ 2 exp (− log(1/ϵ)) = 2ϵ.

Observe now that ⟨u,v0⟩ ≥ −γ. Indeed, we have

⟨u,v0⟩ =
∑
a∈Ak

µ(a)⟨W,Πa⟩F ≥
∑

a∈Ak\P

µ(a)⟨W,Πa⟩F ≥ −∥W∥1
∑

a∈Ak\P

µ(a) ≥ −γ,

where the first equality is (18), while the first and last inequalities come from part 3. and part
1. of Definition 5.1, respectively. In particular, this implies that |⟨u,v0⟩| ≤ max(δ, γ) < δ + γ.
Therefore, with probability at least 1− 2ϵ it holds that

|⟨u, z⟩| = |⟨u, r⟩+ 1√
ϵ
⟨u,v0⟩| ≤ |⟨u, r⟩|+ 1√

ϵ
|⟨u,v0⟩| ≤

√
2(δ + 2γ) log(1/ϵ) +

δ + γ√
ϵ

= η. (20)

Consider now, for each i ∈ [k], the sets Ai,+ = {a ∈ A : wi,a > 0} and Ai,− = {a ∈ A : wi,a ≤ 0},
and let ci =

∑
a∈A |wi,a|. Using part 2. of Definition 5.1, we find that

∑
a∈Awi,a = 0, so∑

a∈Ai,+

wi,a = −
∑

a∈Ai,−

wi,a.

Fix i ∈ [k] and take some λ > 0. Consider the k×A matrix M (i,λ) having (i, bi)-th entry 1, (j, bj)-th
entry λ for each j ̸= i ∈ [k], and all other entries 0. Recall that the function ρ is assumed to be
α-conservative for some α > 0. It follows that M (i,λ) ∈ ρ−1(b), so ⟨W,M (i,λ)⟩F ≤ 0 by part 4. of
Definition 5.1. Since this holds for each positive λ, we deduce that wi,bi ≤ 0, so bi ∈ Ai,− for each
i ∈ [k].

Let now β = min(α2 ,
1

2|A|). Consider the matrix N (i,λ) defined by N (i,λ)
i,bi

= 1−β|Ai,+|, N (i,λ)
i,a = β

for each a ∈ Ai,+, N (i,λ)
i,a = 0 for each a ∈ Ai,− \ {bi}, N (i,λ)

j,bj
= λ for each j ̸= i ∈ [k], and

N
(i,λ)
j,a = 0 elsewhere. Using again the α-conservativity of ρ, we find that N (i,λ) ∈ ρ−1(b) and, thus,

⟨W,N (i,λ)⟩F ≤ 0. Taking the limit as λ→ 0, this means that β
∑

a∈Ai,+
wi,a ≤ (β|Ai,+| − 1)wi,bi .

Therefore, for each i ∈ [k], we have

ci =
∑
a∈A

|wi,a| =
∑

a∈Ai,+

wi,a −
∑

a∈Ai,−

wi,a = 2
∑

a∈Ai,+

wi,a ≤ 2
β|Ai,+| − 1

β
wi,bi = 2

1− β|Ai,+|
β

|wi,bi |.

(21)
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The α-conservativity of ρ also guarantees that

⟨vi,bi , z⟩ = c
(i)
bi

≥ α
∑
a∈A

c(i)a = α
∑
a∈A

⟨vi,a, z⟩ = α⟨v0, z⟩. (22)

Using Proposition 2.3, we find that

Pr(∥r∥ > 1

2
√
ϵ
) ≤ O(exp(−1/

√
ϵ)).

Hence, from Cauchy–Schwarz, we deduce that

⟨v0, z⟩ = ⟨v0, r+
v0√
ϵ
⟩ = ⟨v0, r⟩+

1√
ϵ
≥ −|⟨v0, r⟩|+

1√
ϵ
≥ −∥r∥+ 1√

ϵ
≥ 1

2
√
ϵ

(23)

with probability 1−O(exp(−1/
√
ϵ)). Similarly, we have

⟨vi,bi , z⟩ ≤ ∥vi,bi∥ · ∥z∥ = ∥vi,bi∥ · ∥r+
v0√
ϵ
∥ ≤ ∥vi,bi∥ · (∥r∥+

1√
ϵ
) ≤ 2√

ϵ
∥vi,bi∥ (24)

with probability 1−O(exp(−1/
√
ϵ)). Combining (22), (23), and (24), we deduce that

∥vi,bi∥ ≥
√
ϵ

2
⟨vi,bi , z⟩ ≥

α
√
ϵ

2
⟨v0, z⟩ ≥

α

4
(25)

with probability 1−O(exp(−1/
√
ϵ)).

Let us now define yi =
∑

a∈Awi,avi,a for each i ∈ [k]. Observe that β|Ai,+| ≤ β|A| ≤ 1
2 .

Combining (21) with (25), we obtain that

∥yi∥ =

√∑
a∈A

w2
i,a∥vi,a∥2 ≥ |wi,bi |∥vi,bi

∥ ≥ βci
2(1− β|Ai,+|)

· α
4
=

αβci
8(1− β|Ai,+|)

≥ αβci
8

with probability 1−O(exp(−1/
√
ϵ)). Note now that

Pr

(
|⟨yi, z⟩| <

8

αβ
η∥yi∥

)
≤

16
αβη∥yi∥
2∥yi∥

=
8

αβ
η

by part (a) of Proposition 2.1. Using part 4. of Definition 5.1 in a similar fashion as before, we find
that ⟨yi, z⟩ ≤ 0; thus,

Pr

(
⟨yi, z⟩ < − 8

αβ
η∥yi∥

)
≥ 1− 8

αβ
η.

As a consequence, by the union bound, the property

⟨yi, z⟩ < − 8

αβ
η∥yi∥ for each i ∈ [k]

holds with probability 1−Oα,A(η). Putting all together, it follows that, with probability 1−Oα,A(η),

⟨u, z⟩ =
∑
i∈[k]

⟨yi, z⟩ < − 8

αβ
η
∑
i∈[k]

∥yi∥ ≤ −η
∑
i∈[k]

ci = −η∥W∥1 = −η,

thus contradicting (20). It follows that, in this case, b ∈ Q with probability 1−Oα,A(η), as needed.
In summary, in both cases, the loss of SDP is at most Oα,A(

√
ϵ log(1/ϵ)), as required.
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It is easy to check that a Boolean PCSP admitting majority polymorphisms of all (odd) arities
satisfies the hypotheses of Theorem 5.3. (Note, however, that the loss in the theorem above is
slightly worse—by a log(1/ϵ) factor—than the O(

√
ϵ) loss we managed to obtain in the Boolean

majority case, see Theorem 4.1.) More interestingly, Theorem 5.3 can be applied to other classes of
PCSPs, whose robust solvability was not known. This is done by relating the polymorphism families
defining such PCSPs to corresponding rounding functions as per Definition 5.1. In particular, we
now show that any PCSP containing plurality polymorphisms of all arities satisfies the hypotheses
of Theorem 5.3 and, thus, it is robustly solvable.

Definition 5.4 ( [BWŽ21]). A function f : An → A is a plurality if

f(a) = argmaxa∈A{# of occurrences of a in a}

for all a ∈ An, with ties broken in a way that f is symmetric.

Proposition 5.5. Let (A,B) be a PCSP template such that Pol(A,B) contains plurality polymor-
phisms of all arities. Then PCSP(A,B) is robustly solvable by SDP with loss O(

√
ϵ log(1/ϵ)).

Proof. Consider any function ρ : RA → A satisfying qρ(q) ≥ qa for each q ∈ RA, a ∈ A (i.e., ρ is the
argmax function, with ties broken arbitrarily). Note that ρ is α-conservative for α = 1

|A| . We claim
that (A,B) is ρ-separable.

Fix a promise relation (P,Q) of (A,B) of arity k, and choose some tuple b ∈ Bk \ Q. Let
K ⊆ Rk×A be the convex hull of the set {Πa : a ∈ P}. Let also L be the subset of Rk×A for which b

is the vector of (strict) plurality coordinates. That is, M ∈ L if and only if, for each i ∈ [k] and each
a ∈ A \ {bi}, it holds that Mi,bi > Mi,a. Note that K is closed and L is open, and they are both
convex sets. We claim that they are disjoint. Suppose by contradiction that M ∈ K ∩ L. Since M
is constrained by a system of inequalities with rational coefficients, we may assume there exists a
family {λa : a ∈ P} of rational nonnegative weights summing up to 1 such that M =

∑
a∈P λaΠa.

Take a positive integer n such that nλa is an integer for each a, and choose a plurality polymorphism
f ∈ Pol(A,B) of arity n. Let c ∈ Ak be the tuple obtained by applying f coordinatewise to a list of
tuples a(1),a(2), . . . ,a(n) ∈ P , where each a appears nλa-many times. Since f is a polymorphism,
c ∈ Q. On the other hand, M ∈ L implies that Mi,bi > Mi,a for each i ∈ [k] and each bi ̸= a ∈ A.
By definition of plurality, we deduce that c = b ̸∈ Q, a contradiction. It follows that K ∩ L = ∅, as
claimed.

Using well-known results on hyperplane separation of convex bodies [BV04], since Rk×A is finite
dimensional, there exists a linear operator W ∈ Rk×A and a scalar µ ∈ R such that for every M ∈ K

it holds that ⟨W,M⟩F ≥ µ, and for every M ∈ L it holds that ⟨W,M⟩F < µ. We claim that W is
our desired matrix of weights as required by Definition 5.1.

First, observe that, since L is an open cone, we have that ⟨W,M⟩F < µ for all M ∈ L if and only
if ⟨W,λM⟩F < µ for all M ∈ L and λ > 0. By sending λ → ∞, we have that ⟨W,M⟩F < 0 for all
M ∈ L and the RHS of this inequality cannot be made any smaller. In other words, we can assume
without loss of generality that µ = 0. Then, we may also assume without loss of generality that the
1-norm of W is 1, by simply rescaling it if necessary. Hence, 1. holds. The condition ⟨W,M⟩F ≥ 0

for all M ∈ K is equivalent to ⟨W,Πa⟩F ≥ 0 for all a ∈ P , so 3. holds. To prove 4., just observe that
ρ−1(b) is a subset of the topological closure of L. Hence, 4. follows from the continuity of the map
• 7→ ⟨W, •⟩F.

In order to prove condition 2., choose i ∈ [k]. For each α, β ≥ 0, consider the following matrices:
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• D(α) is the k× k diagonal matrix whose i-th diagonal entry is 1 and whose j-th diagonal entry
is α for each j ̸= i;

• J is the k ×A all-one matrix;

• M (α,β) = D(α)(J + βΠb);

• N (α,β) = D(α)(−J + βΠb).

Observe that ρ(M (α,β)) = ρ(N (α,β)) = b for each α > 0, β > 0. Hence, by condition 4., it holds
that ⟨W,M (α,β)⟩F ≤ 0 and ⟨W,N (α,β)⟩F ≤ 0. Using the continuity of the Frobenius inner product,
we deduce that

0 ≥ ⟨W,M (0,0)⟩F =
∑
a∈A

wi,a and 0 ≥ ⟨W,N (0,0)⟩F = −
∑
a∈A

wi,a,

thus proving that W1 = 0, as required.
In summary, we have shown that PCSP(A,B) is ρ-separable for a 1

|A| -conservative function ρ.
Hence, the result follows from Theorem 5.3.

6 Equality Preserves Robustness

Given a domain A, we define EQA := {(a, a) : a ∈ A}. Likewise, for a domain pair (A,B), we
define EQA,B to be the promise relation (EQA,EQB). As an informal shorthand, given a promise
template (A,B), we let (A,B)+EQ denote the promise template with EQA,B added. Fix parameters
0 < α < β < 1. We say that PCSP(A,B) is (α, β)-robust if there exists a polynomial-time algorithm
that on input an instance on variable set V with the promise that there is a map g : V → A

that strongly satisfies at least 1− α fraction of the constraints, outputs the description of a map
g′ : V → B that weakly satisfies at least 1− β fraction of the constraints.

The main goal of this section is to prove the following theorem.

Theorem 6.1. Assume UGC. If PCSP(A,B) is (α, β)-robust for some 0 < α < β < 1, then
PCSP((A,B) + EQ) is (αEQ, βEQ)-robust for

αEQ = ΩA(α2β4), (26)

βEQ = OB(β). (27)

It directly follows from the result above that the existence of a minion homomorphism16

Pol(A,B) → Pol(C,D) between the polymorphism sets of two PCSP templates preserves robust
solvability under UGC.

Corollary 6.2. Under UGC, if Pol(A,B) → Pol(C,D) and (A,B) is f-robust, then (C,D) is
g-robust, where g(ϵ) = OA,B,C,D(f(ϵ1/6)).

Proof. We start by introducing some terminology from algebraic PCSP theory, following [BG21a,
BBKO21]. Fix a relational signature σ (i.e., a finite set of relation symbols R1, R2, . . . , each with an
integer arity r1, r2, . . . ). A pp-formula over σ is a formal expression ψ consisting of an existentially

16For the definition of minions and their homomorphisms, we refer the reader to [BBKO21].
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quantified conjunction of predicates of the form (i) “x = y”, or (ii) “(xi1 , . . . , xir) ∈ R” for some
R ∈ σ of arity r, where x, y, xi1 , . . . , xir are variables. Let k be the number of free (i.e., unquantified)
variables in ψ. Given a σ-structure A, the interpretation of ψ in A is the set ψ(A) ⊆ Ak containing
all tuples (a1, . . . , ak) ∈ Ak that satisfy ψ, where each symbol R appearing in ψ is interpreted in A.
Let now A′ be a σ′-structure for some possibly different signature σ′, such that A′ = A. We say that
A′ is pp-definable from A if for each symbol S ∈ σ′ it holds that SA′

= ψS(A) for some pp-formula
ψS over σ. Suppose now that A′ = An for some n ∈ N, and let vecn(A

′) be the structure with
domain A and relations defined as follows: For each r-ary symbol S ∈ σ′, vecn(A′) has an rn-ary
relation containing the tuple (b

(1)
1 , . . . , b

(1)
n , . . . , b

(r)
1 , . . . , b

(r)
n ) for each tuple (b(1), . . . ,b(r)) ∈ SA′ .

We say that A′ is an n-fold pp-power of A if vecn(A′) is pp-definable from A.
Take now A, B, C, and D as in the statement of the corollary, let σ be the signature of A,B,

and let σ′ be the signature of C,D. It was shown in [BBKO21, Theorem 4.12] that the existence of
a minion homomorphism Pol(A,B) → Pol(C,D) is equivalent to the existence of two σ′-structures
Ã, B̃ such that (i) C → Ã → B̃ → D, and (ii) Ã and B̃ are pp-powers of A and B, respectively,
for the same power n ∈ N and via the same pp-formulae.

Recall that we are assuming that PCSP(A,B) is f -robust. Using Theorem 6.1 we have that
PCSP((A,B) + EQ) is g-robust for g(ϵ) = f(ϵ1/6). Using [BGS23b, Proposition 2.10], we deduce
that PCSP(vecn(Ã), vecn(B̃)) is OA,B,Ã,B̃(1) ·g-robust. Consider now the (standard) reduction from
PCSP(Ã, B̃) to PCSP(vecn(Ã), vecn(B̃)) defined as follows. For an instance X of PCSP(Ã, B̃),
output an instance X̂ of PCSP(vecn(Ã), vecn(B̃)) whose domain contains n copies x(1), . . . , x(n) of
each x ∈ X, and whose relations RX̂ contain the tuple (x

(1)
1 , . . . , x

(n)
1 , . . . , x

(1)
r , . . . , x

(n)
r ) for each

tuple (x1, . . . , xr) in RX. Clearly, such reduction preserves robust solvability with the same loss,
so we deduce that PCSP(Ã, B̃) is OA,B,Ã,B̃(1) · g-robust. Finally, since (C,D) is a homomorphic
relaxation of (Ã, B̃), we conclude that the same holds for PCSP(C,D), as required.

As discussed in the introduction, Corollary 6.2 partially confirms Question 1.4 due to Barto and
Kozik [BK16]. The proof of Theorem 6.1 is rather intricate as it involves substantial modifications
to the algorithm of Brown-Cohen and Raghavendra [BR16], which itself is a modified version of
Raghavendra’s algorithm [Rag08]. We begin this section with an overview of Brown-Cohen and
Raghavendra’s algorithm (henceforth called the BCR algorithm).

6.1 An Overview of the Algorithm of Brown-Cohen and Raghavendra

In this section, we describe the BCR algorithm and its main correctness guarantee. We begin with
the necessary preliminaries.

6.1.1 BCR Preliminaries

A key ingredient in the BCR algorithm is a notion of approximate polymorphisms. For a promise
template (A,B) and a positive integer R, consider a probability distribution P of maps p : AR → B.

Definition 6.3 (Approximate Polymorphism [BR16]). We say that P is a (c, s)-approximate
polymorphism of (A,B) if for all (normalized) weighted instances X of PCSP(A,B) on variable set
X, given R assignments a1, . . . , aR : X → A each with value at least c, then

Ep∼P [valX (p ◦ (a1, . . . , aR))] ≥ s,
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where for all x ∈ X, we have that (p ◦ (a1, . . . , aR))(x) = p(a1(x), . . . , aR(x)).

We also define P to be an (α, β)-robust polymorphism if P is a (1−α, 1−β)-approximate polymor-
phism. Observe that there are many trivial approximate polymorphisms with good parameters, such
as probability distributions supported only on dictators. To identify the “meaningful” approximate
polymorphisms, BCR use a notion of quasirandomness to ensure that the robust/approximate
polymorphism is sufficiently nontrivial.

We start by recalling some standard Fourier-analytic notions. Fix a probability distribution
µ ∈ ∆A, and let {χ0 = 1, . . . , χ|A|−1} be an orthonormal basis for the vector space L2(A,µ). Any
function f : AR → R can be written as f =

∑
σ∈NR f̂σχσ, where χσ(x) =

∏R
j=1 χσj (xj), and the f̂σ

are the Fourier coefficients of f . Let |σ| denote the number of non-zero coordinates of σ. The degree
d influence of the i-th coordinate of f (under the probability measure µ) is defined as

Inf<d
i,µ(f) =

∑
σ∈NR

σi ̸=0
|σ|<d

f̂2σ .

We say that an approximate polymorphism P is (τ, d)-quasirandom if, for every probability
measure µ ∈ ∆A, it holds that

Ep∼P

[
max
i∈[R]

Inf<d
i,µ(p)

]
≤ τ.

In order to describe the BCR algorithm, we shall also need to use noise operators. Given a
parameter ρ ∈ [0, 1], we let Tρ be the operator defined as follows: for each function f : AR → R,

Tρf(x) = Ey∼ρx[f(y)],

where the expression “y ∼ρ x” denotes that, for each i ∈ [R], yi equals xi with probability ρ, and yi
is independently sampled according to µ with probability 1− ρ. It follows from this definition that
the Fourier expansion of the operator is given by Tρf =

∑
σ∈NR f̂σρ

|σ|χσ.

6.1.2 The BCR Algorithm

The main result of Brown-Cohen and Raghavendra [BR16] is as follows.

Theorem 6.4. For any PCSP template (A,B) and any θ > 0, there exists τ > 0 and d ∈ N such that,
for each 0 < α < β < 1, if (A,B) admits an (α, β)-robust (τ, d)-quasirandom polymorphism, then the
BCR algorithm is (α− θ, β+ θ)-robust for PCSP(A,B). Conversely, assuming UGC, if PCSP(A,B)

has any (α, β)-robust algorithm, then for any θ > 0, PCSP(A,B) admits an (α− θ, β + θ)-robust
algorithm via the aforementioned algorithmic procedure.

We now present the BCR algorithm. We let Ψ : RA → ∆A be a Lipschitz-continuous function
extending the identity function on ∆A.

• Let P be an R-arity (d, τ)-quasirandom (α, β)-robust polymorphism. Pick η > 0 suitably
small.

• Let X be a weighted instance of PCSP(A,B) on variable set X.
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• Solve the basic SDP for X with respect to CSP(A) to get a unit vector v0 ∈ RN and vectors
vx,a ∈ RN for all x ∈ X and a ∈ A with completeness at least 1− α (see Section 6.2.2).

• Sample p ∼ P and independently sample R vectors ζ(1), . . . , ζ(R) ∼ N (0N , IN ).

• For all x ∈ X, a ∈ A, and i ∈ [R], compute

gx,a,i := ⟨vx,a,v0⟩+ ⟨vx,a − v0⟨v0,vx,a⟩, ζ(i)⟩.

• For each x ∈ X and i ∈ [R], compute

hx,i := Ψ(gx,a,i : a ∈ A).

• Let Hη be the multilinear polynomial corresponding to the function T1−ηp : ∆R
A → ∆A (recall

the definition of the noise operator T1−η). For each x ∈ X,

qx := (Hηp)(hx,1, . . . , hx,R) ∈ ∆B.

• For each x ∈ X, assign σ(x) according to the probability distribution qx.

6.2 Configurations and Rounding Schemes

In order to describe our modifications to the BCR algorithm, we need to first abstract out the
essential properties of the SDP rounding scheme.

6.2.1 Configurations

Given a unit vector v0 ∈ RN , we define SNA (v0) ⊆ (RN )A to be the set of all A-tuples of vectors
{va : a ∈ A} satisfying the following criteria:

⟨va,va′⟩ = 0 ∀a ̸= a′ ∈ A∑
a∈A

va = v0.

We call these A-tuples local configurations and typically denote them by V ∈ SNA . Note for each
a ∈ A, there is an integral local configuration V ∈ SNA for which va = v0 and va′ = 0 for all
a′ ∈ A \ {a}. We let Ia denote this integral local configuration.

When v0 is fixed in a context, for succinctness we let SNA denote SNA (v0). We define a (normed)
metric on SNA by

∥V −V′∥2 =
√∑

a∈A
∥va − v′

a∥22.

Note that, if V and V′ are interpreted as matrices in RN×A, the above is the Frobenius matrix
norm.

We now define a global configuration to be a tuple of local configurations

V := (Vx ∈ SNA : x ∈ X) ∈ (SNA )X .
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In particular, given a ∈ AX , we let Ia := (Iax : x ∈ X) denote the integral global configuration.
Given V ∈ (SNA )X , we let Mat(V) ∈ R(X×A)2 denote the Gram matrix of all dot products. That is,
for any (x, a), (x′, a′) ∈ X ×A, we have that

Mat(V)(x,a),(x′,a′) := ⟨vx,a,vx′,a′⟩.

For a ∈ AX , we let Mat(a) be shorthand for Mat(Ia). In other words Mat(a)(x,a),(x′,a′) = 1 iff
ax = a and ax′ = a′, and 0 otherwise. Observe that Mat(a) can be identified with the Kronecker
product Πa ⊗Πa, with Πa defined as in Section 5.

It shall we useful to notice that, for any global configuration V, it holds that

Tr(Mat(V)) =
∑

(x,a)∈X×A

∥vx,a∥22 =
∑
x∈X

∥v0∥22 = |X|. (28)

6.2.2 SDP solutions and Rounding Schemes

Given a (weighted) instance X of PCSP(A,B) on variable set X, any valid solution to the SDP
relaxation of X can be viewed as a global configuration V ∈ (SNA )X for some suitably large dimension
N (which can be made at most |X| · |A|, although we will often consider N to be larger). However,
not every V ∈ (SNA )X is a valid solution to the SDP as each clause (Y, P,Q) of X imposes some
structure on V. More precisely, if we let V|Y := (Vy : y ∈ Y ), then there exists a probability
distribution ΛY,P on AY such that

Mat(V|Y ) = E
a∼ΛY,P

[Mat(a)]. (29)

We say that ΛY,P is consistent with V if (29) holds. Note that this is the translation of the second-
moment condition (3), while the first-moment condition (2) is implicit in the definition of local
configurations.

We let VN
X ,A ⊆ (SNA )X be the set of all V ∈ (SNA )X that satisfy (29) for some choice of ΛY,P for

all constraints (Y, P,Q) of X . We further define the map compX ,A : VN
X ,A → [0, 1] to be

compX ,A(V) := max
{ΛY,P |(Y,P,Q)∈X}
consistent with V

E
(Y,P,Q)∼X

[
Pr

a∼ΛY,P

[a ∈ P ]

]
.

Analogously, we define soundX ,B : ∆X
B → [0, 1] to be

soundX ,B(z) := E
(Y,P,Q)∼X

∑
q∈Q

∏
y∈Y

zy(qy)

 .
We now introduce the notion of an (oblivious) rounding scheme.

Definition 6.5 (Rounding scheme). Let Ξ be a probability distribution. We define an (oblivious)
rounding scheme to be a function S : SNA × Ξ → ∆B. If S can be computed efficiently, then we say
that S is a rounding algorithm.

Definition 6.6 (Robust rounding scheme). We say that a rounding scheme S : SNA × Ξ → ∆B is
(α, β)-robust for an instance X of PCSP(A,B) if for all global configurations V ∈ VN

X ,A, we have
that

compX ,A(V) ≥ 1− α =⇒ E
ξ∼Ξ

[soundX ,B(S(Vx, ξ) : x ∈ X)] ≥ 1− β.
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For the BCR algorithm, we consider the probability distribution ΞBCR
N,θ := P×N (0N , IN )R, where

P is the R-arity (α, β)-robust, quasirandom polymorphism that gives a loss of θ in Theorem 6.4.
Then, we can think of the BCR algorithm as a rounding algorithm BCRN

θ : SNA × ΞBCR
N,θ → ∆B

for any choices of N ∈ N and θ > 0. In particular, once the SDP solution is found, the assigned
probability distribution to each variable only depends on the global randomness chosen by ΞBCR

N,θ .
We can then restate the second implication in Theorem 6.4 as follows.

Corollary 6.7. Assume UGC. If PCSP(A,B) is (α, β)-robust, then for any θ > 0 and for all
sufficiently large N (as a function of θ), BCRN

θ : SNA × ΞBCR
N,θ → ∆B is (α− θ, β + θ)-robust for any

instance X of PCSP(A,B).

Using Corollary 6.7 as the only property of the BCR algorithm we need, we shall construct
another rounding procedure meeting the requirements of Theorem 6.1.

6.3 Smoothing Configurations

We say that V,W ∈ (SNA )X are δ-modifications of each other for some δ ≥ 0 if for all x ∈ X, we have
that ∥Vx −Wx∥22 ≤ δ. We let B(V, δ) ⊆ VN

X ,A denote the set of all δ-modifications of V . Note that
if V and W are δ-modifications with V ∈ VN

X ,A, it may not be the case that W ∈ VN
X ,A, there may

be a clause (Y, P,Q) of X for which no marginal distribution ΛY,P is consistent with W.
As a key definition, let VN,δ

X ,A :=
⋃

V∈VN
X ,A

B(V, δ). As an important step in constructing our

rounding scheme, we first seek to extend BCRN
θ from being robust for VN

X ,A to being robust for
VN,δ
X ,A.

Definition 6.8 (Spaciously Robust rounding scheme). Given an instance X of PCSP(A,B), we
say that a rounding scheme S : SNA × Ξ → ∆B is (δ, α, β)-spaciously robust for X if for all global
configurations V ∈ VN

X ,A, and all W ∈ B(V, δ), we have that

compX ,A(V) ≥ 1− α =⇒ E
ξ∼Ξ

[soundX ,B(S(Wx, ξ) : x ∈ X)] ≥ 1− β.

Clearly, for all weighted instances of the PCSP, any spaciously robust rounding scheme is in
particular robust, as V ∈ B(V, δ) for any δ. Note also that in general compX ,A(W) is not defined
(since, as noted above, it may be that W ̸∈ VN

X ,A), so we use the completeness of V as a proxy.

6.3.1 Smooth Lifting

Given an (α, β)-robust scheme S, we would like a general method to turn it into a (δ, α, β)-spaciously
robust scheme S′. To that end, we use a padding trick similar to one used by Raghavendra and
Steurer [RS09].

Definition 6.9. Given u ∈ RM , v ∈ RN , and ρ ∈ [0, 1], we let u⊕ρv ∈ RM+N be the ρ-concatenation
of u and v; i.e., the vector defined by

(u⊕ρ v)i :=

{√
ρui i ∈ [M ]

√
1− ρvi i ∈ [M +N ] \ [M ].

for each i ∈ [M +N ].

39



Definition 6.10. Given U ∈ SMA (u0), V ∈ SNA (v0), and ρ ∈ [0, 1], we define the ρ-concatenation of
U and V as the list U⊕ρ V := (ua ⊕ρ va : a ∈ A).

Proposition 6.11. U⊕ρ V ∈ SM+N
A (u0 ⊕ρ v0).

Proof. First, for any distinct a, a′ ∈ A, we have that

⟨ua ⊕ρ va,ua′ ⊕ρ va′⟩ = ρ⟨ua,ua′⟩+ (1− ρ)⟨va,va′⟩ = 0.

Second, ∑
a∈A

ua ⊕ρ va =

(∑
a∈A

ua

)
⊕ρ

(∑
a∈A

va

)
= u0 ⊕ρ v0.

Likewise, for U ∈ (SMA )X and V ∈ (SNA )X , we can define U ⊕ρ V := (Ux ⊕ρ Vx : x ∈ X). Recall
the Gram matrix Mat(V) of a global configuration V defined in Section 6.2.1.

Proposition 6.12. Mat(U ⊕ρ V) = ρMat(U) + (1− ρ)Mat(V).

Proof. For any x, x′ ∈ X and a, a′ ∈ A, we have that

Mat(U ⊕ρ V)(x,a),(x′,a′) = ⟨ux,a ⊕ρ vx,a,ux′,a′ ⊕ρ vx′,a′⟩.
= ρ⟨ux,a,ux′,a′⟩+ (1− ρ)⟨vx,a,vx′,a′⟩
= ρMat(U)(x,a),(x′,a′) + (1− ρ)Mat(V)(x,a),(x′,a′),

as desired.

We now construct a specific global configuration U that will be useful for our rounding scheme.

Definition 6.13. We say that UX,A ∈ (SMA )X is a uniform configuration if for all x, x′ ∈ X and
a, a′ ∈ A, we have that

⟨ux,a,ux′,a′⟩ =


1
|A| x = x′ and a = a′

0 x = x′ and a ̸= a′

1
|A|2 otherwise.

Proposition 6.14. For M = |X| · |A|, UX,A is well-defined. Further, for any instance X of CSP(A),
we have that UX,A ∈ VM

X ,A.

Proof. First, it is straightforward to verify that

Mat(UX,A) =
1

|A||X|

∑
a∈AX

Mat(a).

Thus, Mat(UX,A) is PSD and thus has a realization in R|X|·|A|. Now, for any clause P of X on
variable set Y ⊆ X, we can also verify that

Mat(UX,A)|(Y×A)2 =
1

|A||Y |

∑
a∈AY

Mat(a).

Thus, for each clause of X , UX,A is consistent with a uniformly random assignment. Thus, UX,A ∈
VM
X ,A.

Given V ∈ (SNA )X and ρ ∈ [0, 1], we let UX,A ⊕ρ V ∈ (SM+N
A )X be the ρ-lift of V. We next use

ρ-lifting to make (29) more likely to be true.
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6.3.2 Lifting δ-modifications

Our current goal is to prove the following lemma.

Lemma 6.15. Let X be a weighted instance of PCSP(A,B). For any δ > 0, there exists ρ =

OA(
√
δ) ∈ [0, 1] such that for all V ∈ VN

X ,A and W ∈ B(V, δ), we have that

(1) UX,A ⊕ρ W ∈ V|X|·|A|+N
X ,A .

(2) compX ,A(UX,A ⊕ρ W) ≥ compX ,A(V)−OA(
√
δ).

To prove this lemma, we need some machinery from convex geometry. Some ideas are inspired
by Raghavendra–Steurer [RS09] and Appendix A of [BGS23b]. We start with a simple proposition.

Proposition 6.16. Let u,u′,v,v′ ∈ RN be vectors of length at most 1, such that ∥u− u′∥22 ≤ δ and
∥v − v′∥22 ≤ δ. Then |⟨u,v⟩ − ⟨u′,v′⟩| ≤ 2

√
δ.

Proof. Using Cauchy–Schwarz, notice that

|⟨u,v⟩ − ⟨u′,v′⟩| ≤ |⟨u,v⟩ − ⟨u,v′⟩|+ |⟨u,v′⟩ − ⟨u′,v′⟩|
≤ ∥u∥2∥v − v′∥2 + ∥u− u′∥2∥v′∥2
≤ 2

√
δ.

Next, we fix a finite (nonempty) set Y . We let KY,A,K
0
Y,A ⊆ R(Y×A)2 denote the following two

convex sets, that are linear subspaces of R(Y×A)2 :

KY,A :=

∑
a∈AY

λaMat(a) : λa ∈ R

 ,

K0
Y,A :=

∑
a∈AY

λaMat(a) :
∑
a∈AY

λa = 0

 .

We will need the following key lemma. It can be directly derived from a combinatorial character-
isation of low-dimensional projections of a hypermatrix proved in [CŽ23a]. Moreover, we also give
a self-contained proof involving the dual space K∗

Y,A of KY,A. Full details of both arguments are
postponed to Appendix A.

Lemma 6.17. For any V,W ∈ (SNA )Y , we have that

(1) Mat(V) ∈ KY,A.

(2) Mat(V)−Mat(W) ∈ K0
Y,A.

We just need a bit more machinery, then we can prove Lemma 6.15. Define the set

LY,A := {M ∈ K0
Y,A : ∥M∥∞ ≤ 1},
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where ∥M∥∞ is the absolute value of the greatest entry of M . Note that LY,A is convex and compact.
Define also the function f : K0

Y,A → R≥0 by

f(M) := min
λ∑

a λa=0∑
a λa Mat(a)=M

max
a∈AY

|λa|.

We now prove the following.

Proposition 6.18. κY,A := supM∈LY,A
f(M) is finite.

Proof. Pick an arbitrary basis M1, . . . ,Mr of K0
Y,A. It is straightforward to see that f(Mi) <∞ for

all i ∈ [r]. Furthermore, if M = β1M1 + · · ·+ βrMr, then

f(M) ≤
r∑

i=1

|βi|f(Mi). (30)

Let g(M) be the RHS of (30). Since M1, . . . ,Mr form a basis, the map M 7→ (β1, . . . , βr) is
continuous. Thus, g(M) is continuous. Thus, since L is compact, maxM∈LY,A

g(M) exists and is
finite. Thus, κY,A := supM∈LY,A

f(M) is finite as well.

We also need the following fact.

Proposition 6.19. We have that UX,A ⊕ρ V ∈ V|X|·|A|+N
X ,A and

compX ,A(UX,A ⊕ρ V) ≥ compX ,A(V)−OA(ρ). (31)

Proof. Fix a clause (Y, P ) of X with Y ⊆ X and P ∈ A. Pick a probability distribution (pa : a ∈ AY )

such that Mat(V|Y ) =
∑

a∈AY paMat(a) and compY,P (V|Y ) =
∑

a∈P pa. By methods similar to
that of Proposition 6.14, we can observe that

Mat((UX,A ⊕ρ V)|Y ) =
∑
a∈AY

(
ρ

|A||Y | + (1− ρ)pa

)
Mat(a). (32)

Thus, UX,A ⊕ρ V ∈ V|X|·|A|+N
X ,A and

compY,P ((UX,A ⊕ρ V)|Y ) ≥
∑
a∈P

(
ρ

|A||Y | + (1− ρ)pa

)
Mat(a)

≥ (1− ρ) compY,P (V|Y )
≥ compY,P (V|Y )−OA(ρ),

where we use that the completeness is at most 1. Taking the average of the above inequality for all
clauses of X , we get (31).

Proof of Lemma 6.15. Keep ρ ∈ [0, 1] arbitrary for the moment. Fix a clause (Y, P,Q) of X . Let
V ′ := (UX,A ⊕ρ V)|Y and W ′ := (UX,A ⊕ρ W)|Y . To prove (1) it suffices to show that W ′ has a
solution to (29). Recall from Proposition 6.19 and (32) that V ′ ∈ V|X|·|A|+N

Y,P and

Mat(V ′) =
∑
a∈AY

(
ρ

|A||Y | + (1− ρ)pa

)
Mat(a).
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Since W ∈ B(V, δ), we have that ∥(UX,A ⊕ρ V)− (UX,A ⊕ρ W)∥22 ≤ (1− ρ)δ. By Proposition 6.16,
we have that

∥Mat(V ′)−Mat(W ′)∥∞ ≤ 2
√
(1− ρ)δ.

That is, 1

2
√

(1−ρ)δ
(Mat(W ′)−Mat(V ′)) ∈ LY,A. Thus, by Lemma 6.17 and Proposition 6.18, there

exists a choice of λa ∈ R for all a ∈ AY such that Mat(W ′) − Mat(V ′) =
∑

a∈AY λaMat(a) and
|λa| ≤ 2κY,A

√
(1− ρ)δ. Pick ρ minimal such that

2κY,A
√

(1− ρ)δ ≤ ρ

|A||Y |

for every clause (Y, P,Q) of X . Note that ρ = OA(
√
δ) and ρ ∈ [0, 1] because the LHS is 0 when

ρ = 1. As such, we now have that

Mat(W ′) =
∑
a∈AY

(
ρ

|A||Y | + λA + (1− ρ)pa

)
Mat(a),

where every coefficient is nonzero. Thus, W ′ satisfies (29), so UX,A ⊕ρ W ∈ V|X|·|A|+N
X,A . This proves

(1).
To prove (2), note that for a fixed clause (Y, P,Q) of X , we have that

compY,P (UX,A ⊕ρ W) ≥
∑
a∈P

(
ρ

|A||Y | + λA + (1− ρ)pa

)
≥ (1− ρ)

∑
a∈P

pa

= (1− ρ) compY,P (V)

≥ compY,P (V)−OA(
√
δ).

Averaging this inequality over all clauses (Y, P,Q) of X proves (2), as desired.

6.3.3 The Pullback Scheme

Recall by Corollary 6.7 that, for any set Z, we have that BCR
|Z|·|A|+N
θ is an (α− θ, β + θ)-robust

scheme for an instance X of PCSP(A,B). We now define a pullback scheme B̂CR
N,Z

θ,ρ for any
δ ∈ (0, 1) as follows.

Definition 6.20 (Pullback Scheme). For any set Z, we define B̂CR
N,Z

θ,δ : SNA × ΞBCR
|Z|·|A|+N,θ → ∆B

to be
B̂CR

N,Z

θ,δ (V, ξ) = E
z∼Z

[
BCR

|Z|·|A|+N
θ (Uz ⊕ρ V, ξ)

]
,

where z ∼ Z is the uniform distribution, Uz is the z-th local configuration of UZ,A, and ρ = OA(
√
δ)

is chosen according to Lemma 6.15.

Note that we call this a “pullback” scheme as we are mapping a higher-dimensional rounding
scheme to a lower dimension. We now show this pullback is spaciously robust.

Lemma 6.21. If BCR|X|·|A|+N
θ is an (α−θ, β+θ)-robust scheme for an instance X of PCSP(A,B),

then B̂CR
N,Z

θ,δ is a (δ, α′, β + θ + |X|2
|Z| )-spaciously robust scheme for X , where α′ = α− θ −OA(

√
δ).
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Proof. Let V ∈ VN
X ,A satisfy compX ,A(V) ≥ 1− α′. Let W ∈ B(V, δ). By Definition 6.20 and the

fact that soundX ,B is multilinear, we have that

E
ξ∼ΞBCR

|Z|·|A|+N,θ

[soundX ,B(B̂CR
N,Z

θ,δ (W, ξ) : x ∈ X)]

= E
ξ∼ΞBCR

|Z|·|A|+N,θ

[
soundX ,B

(
E

z∼Z

[
BCR

|Z|·|A|+N
θ (Uz ⊕ρ W, ξ)

]
: x ∈ X

)]
= E

ξ∼ΞBCR
|Z|·|A|+N,θ

z∼ZX

[
soundX ,B

(
BCR

|Z|·|A|+N
θ (Uzx ⊕ρ W, ξ) : x ∈ X

)]
,

where z ∼ ZX is chosen uniformly at random. For each z ∈ ZX , let Wz := (Uzx ⊕ρ W : x ∈ X). If
z is injective—that is, if zx = zx′ implies x = x′—then we may compute that

Mat(Wz) = Mat(UX,A ⊕ρ W).

Thus, by Lemma 6.15, for all injective z, we have that Wz ∈ V|Z|·|A|+N
X ,A and

compX ,A(Wz) ≥ compX ,A(V)−OA(
√
δ) = 1− α+ θ.

Thus, since BCR
|X|·|A|+N
θ is (α− θ, β + θ)-robust, we have that

1− β − θ ≤ E
ξ∼ΞBCR

|Z|·|A|+N,θ

z∼ZX

[
soundX ,B

(
BCR

|Z|·|A|+N
θ (Uzx ⊕ρ W, ξ) : x ∈ X

)∣∣∣ z injective
]

≤ 1

Prz∼ZX [z injective]
E

ξ∼ΞBCR
|Z|·|A|+N,θ

z∼ZX

[
soundX ,B

(
BCR

|Z|·|A|+N
θ (Uzx ⊕ρ W, ξ) : x ∈ X

)]

=
1

Prz∼ZX [z injective]
E

ξ∼ΞBCR
|Z|·|A|+N,θ

[soundX ,B(B̂CR
N,Z

θ,δ (W, ξ) : x ∈ X)].

To finish, we note that

Pr
z∼ZX

[z injective] =
|X|∏
i=1

(
1− i− 1

|Z|

)
≤ 1− |X|2

|Z|
,

so

E
ξ∼ΞBCR

|Z|·|A|+N,θ

[soundX ,B(B̂CR
N,Z

θ,δ (W, ξ) : x ∈ X)] ≥ (1− β − θ) · (1− |X|2

|Z|
) ≥ 1− β − θ − |X|2

|Z|
,

as desired.

6.4 Measure Theory Fundamentals

Our next step toward the proof of Theorem 6.1 is to modify B̂CR to another scheme (which we
will call REQ) so that similar inputs give similar outputs. In order to do this, we first need some
fundamentals of measure theory. We refer to the textbook of DiBenedetto [DiB16] for foundational
concepts.
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Let R be a possibly infinite set, and let R := (R,µ) be a probability measure over R. See
Chapter 3 of [DiB16] for a precise definition. Recall that a function f : R→ Rd is measurable if the
preimage under f of every measurable subset of Rd is measurable. Let also

∫
R denote the Lebesgue

integral over R. We shall consider the set L2,2(R,Rd) consisting of the quotient space of the set
of all measurable functions f : R → Rd such that

∫
R ∥f(x)∥22 dµ(x) < ∞, modulo the equivalence

relation “∼” defined by f ∼ g if and only if f − g is only nonzero on a set of zero measure. Observe
that L2,2(R,Rd) is a normed space, with the norm

∥f∥2,2 =

√∫
R
∥f(x)∥22 dµ(x). (33)

We say that f ∈ L2,2(R,Rd) is a limit of a sequence of functions f1, f2, . . . ∈ L2,2(R,Rd) if, for all
ϵ > 0, there exists N ∈ N such that ∥f − fi∥2,2 ≤ ϵ for all i ≥ N . It is clear that every sequence has
at most one limit. A Cauchy sequence is a sequence of functions f1, f2, . . . ∈ L2,2(R,Rd) such that,
for all ϵ > 0, there exists N ∈ N such that ∥fi − fj∥2,2 ≤ ϵ for any i, j ≥ N . We say that L2,2(R,Rd)

is a Banach space if every Cauchy sequence has a limit. The following is a simple consequence of the
Riesz–Fischer theorem.

Theorem 6.22 (Riesz–Fischer, see Chapter 6, Theorem 5.1 of [DiB16]). L2,2(R,R) = L2(R) is a
Banach space.17

Corollary 6.23. For all d ≥ 1, L2,2(R,Rd) is a Banach space.

Proof. Consider any Cauchy sequence f1, f2, . . . ,∈ L2,2(R,Rd). For each i ∈ [d], note that
f1,i, f2,i, . . . is a Cauchy sequence in L2,2(R,R). Thus, by Theorem 6.22, this sequence converges to
gi ∈ L2,2(R,R). Let g = (g1, . . . , gd). It is easy to check that g ∈ L2,2(R,Rd). Furthermore, since d
is finite, we have that

0 =

√√√√ d∑
j=1

0 =

√√√√ d∑
j=1

lim
i→∞

∥fi,j − gj∥22,2

= lim
i→∞

√√√√ d∑
j=1

∥fi,j − gj∥22,2

= lim
i→∞

∥fi − g∥2,2.

Thus, g is indeed the limit of the Cauchy sequence f1, f2, . . ., as desired.

We say that K ⊆ L2,2(R,Rd) is convex if, for any f1, f2 ∈ K and λ ∈ [0, 1], we have that
λf1 + (1− λ)f2 ∈ K. We let L2,2(R,∆d) ⊆ L2,2(R,Rd) be the subset of functions whose range lies
in ∆d. Note that L2,2(R,∆d) is convex.

Given K ⊆ L2,2(R,Rd), we let K ⊆ L2,2(R,Rd) denote its (sequential) closure. That is, f ∈ K

if and only if, for all ϵ > 0, there exists g ∈ K with ∥f − g∥2,2 ≤ ϵ. Clearly if K is convex then so
is K. The following fact is well known. To get some familiarity with the definitions, we include a
simple proof.

17Technically, the treatment in [DiB16] allows for f to take on the value ±∞, but it is clear from (33) that
f−1({−∞,∞}) must have zero measure in order for ∥f∥2,2 < ∞. Thus, we can assume f has finite output.
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Proposition 6.24. If K ⊆ L2,2(R,∆d), then K ⊆ L2,2(R,∆d).

Proof. Assume for sake of contradiction that there is f ∈ K with f ̸∈ L2,2(R,∆d). Let S =

f−1(Rd \∆d). Note that µ(S) > 0. Since f is measurable, there must exist δ > 0 and T ⊆ S such
that µ(T ) > 0 and, for all x ∈ T , the ℓ1 distance between x and ∆d is greater than d. Therefore, for
all g ∈ L2,2(R,∆d), we have that

∥f − g∥22,2 ≥
∫
T
∥f(x)− g(x)∥21 dµ(x) ≥ δ2µ(T ).

Since δ2µ(T ) > 0, this contradicts the fact that f ∈ K.

We next observe an elementary fact about our norm for L2,2(R,Rd).

Proposition 6.25. If f, g ∈ L2,2(R,Rd) satisfy ∥f − g∥2,2 ≥ δ then

∥(f + g)/2∥22,2 ≤ max(∥f∥22,2, ∥g∥22,2)− δ2/4.

Proof. Note that

∥(f + g)/2∥22,2 =
1

4

∫
R
∥f(x) + g(x)∥22 dµ(x)

=
1

4

∫
R
2∥f(x)∥22 + 2∥g(x)∥22 − ∥f(x)− g(x)∥22 dµ(x)

=
1

4
(2∥f∥22,2 + 2∥g∥22,2 − ∥f − g∥22,2)

≤ max(∥f∥22,2, ∥g∥22,2)− δ2/4.

We now show that we can uniquely solve a suitable optimization problem over L2,2(R,∆d).

Lemma 6.26. Let K ⊆ L2,2(R,Rd) be nonempty and convex, then there exists a unique f ∈ K for
which ∥f∥2,2 is minimized.

Proof. First, note that if a minimizer exists it must be unique. Otherwise, there are f, g ∈ K for
which ∥f∥2,2 = ∥g∥2,2 is the minimum, but Proposition 6.25 shows that (f + g)/2 ∈ K must have a
smaller norm for ∥f − g∥2,2 > 0 by definition of being distinct (recall that for f and g to be distinct
we require that f ̸= g on a set of nonzero measure).

Thus, it suffices to prove that a minimizer exists. Let α = inf{∥f∥22,2 : f ∈ K} < ∞. By
definition of the infimum, for all n ∈ N, there exists fn ∈ K for which ∥fn∥22,2 ≤ α+ 1

n . Now consider
any positive integers n ≥ m and observe by Proposition 6.25 that

α ≤ ∥(fn + fm)/2∥22,2 ≤ max(∥fn∥22,2, ∥fm∥22,2)−
1

4
∥fn − fm∥22,2 ≤ α+

1

m
− 1

4
∥fn − fm∥22,2.

Thus, ∥fn − fm∥22,2 ≤ 4/m. Hence f1, f2, . . . is a Cauchy sequence. By Theorem 6.22, we have that
its limit f lives in K. Furthermore, since ∥fm∥22,2 approaches α as m→ ∞, it is straightforward to
show that ∥f∥22,2 = α. Thus, f is the unique minimizer of the norm in K.
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6.5 Defining REQ

Recall we previously defined a rounding scheme to be a function S : SNA × Ξ → ∆B (Definition 6.5).
Equivalently, we can think of S as having signature SNA → L2,2(Ξ,∆B). We assume this latter
presentation from now on.

Definition 6.27 (δ-spread). Recall that, for any V ∈ SNA , B(V, δ) denotes the set of all W ∈ SNA
with ∥V −W∥22 ≤ δ. We define a δ-spread of V to be a finitely supported probability distribution Λ

over B(V, δ) such that for all p ∈ [0, 1], we have that

Pr
W∼Λ

[∥V −W∥22 ≤ p2δ] ≥ p.

We say that S′ : SNA → L2,2(Ξ,∆B) is a δ-smoothing of S : SNA → L2,2(Ξ,∆B) if, for all V ∈ SNA ,
there exists a δ-spread ΛV of V such that

S′(V) = E
W∼ΛV

[S(W)] .

We let B(S,V, δ) ⊆ L2,2(Ξ,∆B) denote all possible values of S′(V).

Proposition 6.28. B(S,V, δ) is convex.

Proof. Consider any S′, S′′ ∈ B(S,V, δ) and let Λ′,Λ′′ be δ-spreads of V such that S′(V) =

E
W∼Λ′

[S(W)] and S′′(V) = E
W∼Λ′′

[S(W)]. For any θ ∈ [0, 1], let Λθ be the probability distribution

that samples from Λ′ with probability θ and from Λ′′ with probability 1− θ. It is not hard to see
that

(θS′ + (1− θ)S′′)(V) = E
W∼Λθ

[S(W)] .

It remains to verify that Λθ is a δ-spread of V. To see why, note that for any p ∈ [0, 1], we have that

Pr
W∼Λθ

[∥V −W∥22 ≤ p2δ] = θ Pr
W∼Λ′

[∥V −W∥22 ≤ p2δ] + (1− θ) Pr
W∼Λ′′

[∥V −W∥22 ≤ p2δ]

≥ θp+ (1− θ)p = p

as desired.

We now define REQN,Z
θ,δ : SNA → L2,2(ΞBCR

|Z|·|A|+N,θ,∆B) in terms of B̂CR
N,Z

θ,δ : SNA → L2,2(ΞBCR
|Z|·|A|+N,θ,∆B)

as follows.

Definition 6.29. For all V ∈ SNA and sets Z, we let

REQN,Z
θ,δ (V) := argmin{∥f∥2,2 : f ∈ B(B̂CR

N,Z

θ,δ ,V, δ)}.

Note this definition is well posed by Lemma 6.26. The analysis of REQN,Z
θ,δ splits into two parts,

which shall be proved in the next two subsections.

Lemma 6.30. Let X be a weighted instance of PCSP(A,B). Assume BCR
|Z|·|A|+N
θ is (α−θ, β+θ)-

robust for X . Then REQN,Z
θ,δ is (α− θ−OA(

√
δ), β + θ+ |X|2

|Z| )-robust for X , where OA(
√
δ) is from

Lemma 6.21.

Lemma 6.31. Assume V,W ∈ SNA with ∥V−W∥22 ≤ δ · η2 for some η > 0. Then, ∥REQN,Z
θ,δ (V)−

REQN,Z
θ,δ (W)∥2,2 ≤ 8

√
η.
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6.5.1 Robustness is Preserved: Lemma 6.30

Proof of Lemma 6.30. By definition of REQN,Z
θ,δ and Lemma 6.26, for all ϵ > 0, there exists a

δ-smoothing S of B̂CR
N,Z

θ,δ such that for all V ∈ SNA , we have that

∥REQN,Z
θ,δ (V)− S(V)∥2,2 =

√
E

ξ∈ΞBCR
|Z|·|A|+N,θ

[(REQN,Z
θ,δ (V, ξ)− S(V, ξ))2] < ϵ.

Let α′ = α− θ −OA(
√
δ). Fix V ∈ VN

X ,A for which compX ,A(V) ≥ 1− α′. For each x ∈ X, let Λx

be a probability distribution over B(Vx, δ) such that

S(V) = E
W∼Λx

[
B̂CR

N,Z

θ,δ (W)

]
. (34)

Let W be a finite probability distribution over B(V, δ), where for each x ∈ X, Wx is an independent
sample from Λx. Note that every W ∈ suppW is a δ-modification of V, thus by Lemma 6.21 we
have that

E
W∼W

ξ∼ΞBCR
|Z|·|A|+N,θ

[
soundX ,B(B̂CR

N,Z

θ,δ (W, ξ) : x ∈ X)

]
≥ 1− β − θ − |X|

|Z|2
.

Like in the proof of Lemma 6.21, we use the fact that soundX ,B : ∆X
B → [0, 1] is a multilinear

function. Thus, since W is a product distribution, we have that

1− β − θ − |X|2

|Z|
≤ E

ξ∼ΞBCR
|Z|·|A|+N,θ

[
soundX ,B(EWx∼Λx [B̂CR

N,Z

θ,δ (Wx, ξ)] : x ∈ X)

]
= E

ξ∼ΞBCR
|Z|·|A|+N,θ

[soundX ,B(S(Wx, ξ) : x ∈ X)] ,

where the last equality uses (34). Since soundX ,B : ∆X
B → [0, 1] is bounded and multilinear, we have

for any p,q ∈ ∆X
B the coarse bound

soundX ,B(p)− soundX ,B(q) ≤
∑
x∈X

|px − qx| ≤
√
|X|

∑
x∈X

(px − qx)2,

where the latter inequality follows from Cauchy–Schwarz. Thus, since
√
· is a concave function,

E
ξ∼ΞBCR

|Z|·|A|+N,θ

[
soundX ,B(S(Vx, ξ) : x ∈ X)− soundX ,B(REQ

N,Z
θ,δ (Vx, ξ) : x ∈ X)

]

≤
√
|X| E

ξ∼ΞBCR
|Z|·|A|+N,θ

√∑
x∈X

(S(Vx, ξ)− REQN,Z
θ,δ (Vx, ξ))2


≤
√

|X| ·
∑
x∈X

E
ξ∈ΞBCR

|Z|·|A|+N,θ

[(S(V, ξ)− REQN,Z
θ,δ (V, ξ))2]

<

√
|X| ·

∑
x∈X

ϵ2 = |X|ϵ.

Therefore,

E
ξ∼ΞBCR

|Z|·|A|+N,θ

[
soundX ,B(REQ

N
θ,δ,x(Vx, ξ) : x ∈ X)

]
≥ 1− β − θ − |X|ϵ.

Taking the limit as ϵ→ 0 proves that REQN
θ,δ is (α− θ −OA(

√
δ), β + θ)-robust for X .
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6.5.2 Smoothness of REQN
θ,δ: Lemma 6.31

We now prove Lemma 6.31. We first argue the following.

Proposition 6.32. Let S : SNA × Ξ → ∆B be a rounding scheme.Consider V,W ∈ SNA with
∥V−W∥22 ≤ δ·η2 for η ∈ (0, 1). For any f ∈ B(S,V, δ), there is g ∈ B(S,W, δ) with ∥f−g∥2,2 ≤ 2η.

Proof. Let Λ be a δ-spread of V such that

∀p ∈ [0, 1], p ≤ Pr
V′∼Λ

[∥V −V′∥22 ≤ p2δ]

f = E
V′∼Λ

[
S(V′)

]
.

Recall that Λ is a discrete probability distribution. Let V′
1, . . . ,V

′
k ∈ B(V, δ) be the support of

this distribution with p1, . . . , pk ∈ [0, 1] the corresponding probabilities. We assume that ∥V−V′
1∥22 ≤

· · · ≤ ∥V −V′
k∥22. Pick ℓ ∈ [k] minimal such that p1 + · · · + pℓ ≥ 1 − η. Let Λ′ be a probability

distribution supported on {W,V′
1, . . . ,V

′
ℓ} which samples W with probability η, V′

i for i ∈ [ℓ− 1]

with probability pi, and samples V′
ℓ otherwise (with probability 1− η − p1 − · · · − pℓ−1). Informally,

Λ′ samples W with probability η and otherwise samples randomly from the 1− η fraction of Λ that
is closest to V.

We next justify why Λ′ is a δ-spread of W. First note that if ∥V −V′∥22 ≤ p2δ then

∥W −V′∥22 ≤ (∥W −V∥2 + ∥V −V′∥2)2 ≤ (η
√
δ + p

√
δ)2 = (p+ η)2δ.

As such, for any p ∈ [0, 1], we have that

Pr
V′∼Λ

[
∥W −V′∥22 ≤ p2δ

]
≥ Pr

V′∼Λ

[
∥V −V′∥22 ≤ max(p− η, 0)2δ

]
≥ max(p− η, 0).

Therefore,
Pr

V′∼Λ′

[
∥W −V′∥22 ≤ p2δ

]
≥ max(p− η, 0) + η ≥ p.

Thus, Λ′ is a δ-spread of W and thus supported in B(W, δ). Let g = E
V′∼Λ′

[S(V′)] . We have that

∥f − g∥2,2 =
∥∥∥∥ E
V′∼Λ

[
S(V′)

]
− E

V′∼Λ′

[
S(V′)

]∥∥∥∥
2,2

=

∥∥∥∥∥∥
∑
i∈[k]

piS(V
′
i)− ηS(W)−

∑
i∈[ℓ−1]

piS(V
′
i)− (1− η − p1 − · · · − pℓ−1)S(V

′
ℓ)

∥∥∥∥∥∥
2,2

≤ 2η max
V′∈B(V,δ)∪B(W,δ)

∥S(V′)∥2,2

≤ 2η,

as desired.

Proof of Lemma 6.31. If η ≥ 1, then ∥REQN,Z
θ,δ (V) − REQN,Z

θ,δ (W)∥2,2 ≤
√
2 < 8

√
η, as desired.

Thus, assume η ∈ (0, 1).
Fix x ∈ X and let f = REQN,Z

θ,δ (V) and g = REQN,Z
θ,δ (W). By Proposition 6.32, we have that

there is f ′ ∈ B(B̂CR
N,Z

θ,δ ,V, δ) and g′ ∈ B(B̂CR
N,Z

θ,δ ,W, δ) with ∥f ′−g∥2,2 ≤ 2η and ∥g′−f∥2,2 ≤ 2η.
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Let g′′ = (g + g′)/2 and f ′′ = (f + f ′)/2. Assume WLOG that ∥f∥2,2 ≥ ∥g∥2,2. By Proposition 6.25
and the fact that ∥f∥2,2 ≤ 1, we have that

∥f ′′∥22,2 ≤ max(∥f∥22,2, ∥f ′∥22,2)−
∥f − f ′∥22,2

4

≤ max(∥f∥22,2, (∥g∥2,2 + 2η)2)− (∥f − g∥2,2 − 2η)2

4

≤ (∥f∥2,2 + 2η)2 − (∥f − g∥2,2 − 2η)2

4

≤ ∥f∥22,2 + 8η − (∥f − g∥2,2 − 2η)2

4
.

Since f ′′ ∈ B(B̂CR
N,Z

θ,δ ,V, δ) and f = REQN,Z
θ,δ (V), we have that ∥f ′′∥22,2 ≥ ∥f∥22,2. Thus,

8η ≥ (∥f − g∥2,2 − 2η)2

4
.

Thus, ∥f − g∥2,2 ≤
√
32η + 2η ≤ 8

√
η, as desired.

6.6 Correlated Rounding

The final necessary ingredient to prove Theorem 6.1 is to convert the independent rounding of BCR
into a correlated rounding. Let plur : RB → B be any function with the property that for all q ∈ ∆B ,
q(plur(q)) ≥ q(b) for all b ∈ B. That is, plur is a plurality function with ties broken arbitrarily
(cf. Section 5).

Definition 6.33. Let S : SNA → L2,2(Ξ,∆B) be a rounding scheme. Let ΞCOR,B be the uniform
distribution over [0, 1

2|B| ]
B. We then define SCOR : SNA → L2,2(Ξ× ΞCOR,B,∆B) as follows:

SCOR(V, ξ, ξCOR) = plur(S(V, ξ) + ξCOR). (35)

Note that SCOR only outputs elements of B, which we identify with the vertices of ∆B.

We seek to prove two facts about (35): First, if S is robust, then SCOR is robust; second, if
∥S(V)− S(W)∥2,2 is small, then SCOR(V) and SCOR(W) have mostly equal outputs.

Lemma 6.34. Assume S : SNA × Ξ → ∆B is a rounding scheme that is (α, β)-robust for a weighted
instance X of PCSP(A,B). Then, SCOR is (α,OB(β))-robust for X .

Proof. Let V ∈ VN
X ,A be an SDP solution with compX ,A(V) ≥ 1−α. By Definition 6.6, we have that

E
ξ∼Ξ

[soundX ,B(S(Vx, ξ) : x ∈ X)] ≥ 1− β. (36)

Let (Y, P,Q) be an arbitrary clause of X and fix ξ ∈ suppΞ. Assume that soundY,Q(S(Vy, ξ) : y ∈
Y ) ≥ 1− γ. We claim that

E
p∼[0,1/(2|B|)]B

[soundY,Q(SCOR(Vy, ξ,p) : y ∈ Y )] ≥ 1− (2|B|)|Y |γ. (37)
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For notational convenience, we let r := (S(Vy, ξ) : y ∈ Y ) ∈ ∆Y
B. The assumption soundY,Q(q) ≥

1− γ is equivalent to ∑
q∈BY \Q

∏
y∈Y

ry,qy ≤ γ. (38)

and we seek to prove that

Pr
p∼[0,1/(2|B|)]B

[(plur(ry + p) : y ∈ Y ) ∈ Q] ≥ 1− (2|B|)|Y |γ.

Consider any q ∈ BY \Q for which there exists p ∈ [0, 1/(2|B|)]B for which (plur(ry+p) : y ∈ Y ) = q.
If no such q exists, then the LHS of (36) equals 1.

For each y ∈ Y , in order for plur(ry +p) = qy, we must have that ry,qy +
1

2|B| ≥ ry,b for all b ∈ B.
Since

∑
b∈B ry,b ≥ 1, this means that ry,qy ≥ 1

2|B| . Thus, by (38), we have that

γ ≥
∏
y∈Y

ry,qy ≥ 1

(2|B|)|Y | .

Therefore, the RHS of (37) is at most zero, so the inequality is true. To finish, we apply (37) and
(36) as follows.

E
ξ∼Ξ

[soundX ,B(SCOR(Vx, ξ) : x ∈ X)]

= E
ξ∼Ξ

(Y,P,Q)∼X

[soundY,Q(SCOR(Vy, ξ) : y ∈ Y )]

≥ 1− E
ξ∼Ξ

(Y,P,Q)∼X

[|B||Y |(1− soundY,Q(S(Vy, ξ) : y ∈ Y ))] by (37)

≥ 1− E
ξ∼Ξ

(Y,P,Q)∼X

[OB(1)(1− soundY,Q(S(Vy, ξ) : y ∈ Y ))] B has bounded arity

= 1−OB(1) E
ξ∼Ξ

[1− soundX ,B(S(Vx, ξ) : x ∈ X)]

≥ 1−OB(β), by (36)

as desired.

Next, we show that SCOR rounds similar local configurations to near-identical outputs.

Lemma 6.35. Let V,W ∈ SNA be such that ∥S(V)− S(W)∥2,2 ≤ η. Then,

Pr
ξ∼Ξ

p∼ΞCOR,B

[SCOR(V, ξ,p) ̸= SCOR(W, ξ,p)] ≤ OB(η).
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Proof. We have that

Pr
ξ∼Ξ

p∼ΞCOR,B

[SCOR(V, ξ,p) ̸= SCOR(W, ξ,p)]

= Pr
ξ∼Ξ

p∼ΞCOR,B

[plur(S(V, ξ) + p) ̸= plur(S(W, ξ) + p)]

=
∑

b ̸=b′∈B
Pr
ξ∼Ξ

p∼ΞCOR,B

[plur(S(V, ξ) + p) = b ∧ plur(S(W, ξ) + p) = b′]

≤
∑

b̸=b′∈B
Pr
ξ∼Ξ

p∼ΞCOR,B

[S(V, ξ)b + pb ≥ S(V, ξ)b′ + pb′ ∧ S(W, ξ)b′ + pb′ ≥ S(W, ξ)b + pb]

=
∑

b̸=b′∈B
Pr
ξ∼Ξ

p∼[0,1/(2|B|)]B

[S(V, ξ)b − S(V, ξ)b′ ≥ pb′ − pb ≥ S(W, ξ)b − S(W, ξ)b′ ]

≤
∑

b ̸=b′∈B
E

ξ∼Ξ
[2|B| · |S(V, ξ)b − S(V, ξ)b′ − (S(W, ξ)b − S(W, ξ)b′)|] (∗)

≤ 2|B|3 E
ξ∼Ξ

[∥S(V, ξ)− S(W, ξ)∥1] (∗∗)

≤ 2|B|3∥S(V)− S(W)∥2,2 = OB(η),

where (*) follows from the fact that the CDF of the distribution pb − pb′ is bounded by 2|B|
everywhere and (**) follows from Hölder’s inequality (and the fact that Eξ∼Ξ[1] = 1).

6.7 Proof of Theorem 6.1

We now have all the pieces to prove Theorem 6.1, which we restate for convenience.

Theorem 6.1. Assume UGC. If PCSP(A,B) is (α, β)-robust for some 0 < α < β < 1, then
PCSP((A,B) + EQ) is (αEQ, βEQ)-robust for

αEQ = ΩA(α2β4), (26)

βEQ = OB(β). (27)

Proof. By Theorem 6.4, it suffices to prove that, for every instance X of PCSP((A,B) + EQ) with
SDP value at least 1− 2αEQ, there exists an integral assignment X → B with soundness at least
1 − βEQ/2. In particular, we do not need to present an efficient algorithm as that automatically
follows from Raghavendra’s theorem.

Let X be an arbitrary instance of PCSP((A,B) + EQ) and let V ∈ VN
X ,A+EQ have completeness

at least 1 − 2αEQ. Split X into two parts: XA,B as an instance of PCSP(A,B) and XEQ as an
instance of PCSP(EQ). Let p ∈ [0, 1] be the fraction of weight on XA,B. Note that any assignment
to the variables that sets all variables to the same value satisfies every constraint in XEQ. Thus, the
best integral assignment to X has value at least 1 − p. If 1 − p ≥ 1 − β, we are done, so we may
assume that 1− p < 1− β (i.e., p > β > α). Note further that

1− 2αEQ ≤ compX ,A+EQ(V) = p compXA,B,A(V) + (1− p) compXEQ,EQ(V).

52



Since comp has range [0, 1], we can deduce that

compXA,B,A(V) ≥ 1−
2αEQ

p
≥ 1−

2αEQ

α
, (39)

compXEQ,EQ(V) ≥ 1−
2αEQ

1− p
. (40)

By Corollary 6.7, we may pick θ = α/2 so that, for any set Z, BCR|Z|·|A|+N
θ is (α/2, β + α/2)-

robust for X (for sufficiently large N). Pick |Z| ≥ 2|X|2/α and δ = ΘA(α
2). By Lemma 6.30, we

have that the collection of rounding schemes REQN,Z
θ,δ is (α/2 − OA(

√
δ), β + α/2 + |X|2

|Z| )-robust,

where we pick δ sufficiently small so that REQN,Z
θ,δ is (α/4, 2β)-robust. Since by (39) we have that

compXA,B,A(V) ≥ 1 − 2αEQ/α ≥ 1 − α/4, we have that applying REQN,Z
θ,δ to V satisfies at least

1− 2β fraction of the constraints of XA,B.
In particular, when REQN,Z

θ,δ is applied to V, we satisfy 1 − 2β fraction of the constraints of
XA,B on average. Furthermore, by Lemma 6.34, REQN,Z

θ,δ,COR is (α/4,ΘB(β))-robust for X . So,
REQN,Z

θ,δ,COR when applied to V satisfies 1−OB(β)-fraction of the constraints of XA,B.

Now, we evaluate the performance of REQN,Z
θ,δ,COR rounding V for XEQ. Fix a constraint (x, y),

and assume that comp{x,y},EQ(V) = 1− γ. Observe that

comp{x,y},EQ(V) = 1− ∥Vx −Vy∥22
2

,

so ∥Vx −Vy∥22 = 2γ. By Lemma 6.31 with η =
√
2γ/δ, we have that

∥REQN,Z
θ,δ (Vx)− REQN,Z

θ,δ (Vy)∥2,2 ≤ 8
4

√
2γ

δ
≤ 10 4

√
γ

δ
.

Thus, by Lemma 6.35, we have that

Pr
ξ∼ΞBCR

|Z|·|A|+N,θ

p∼ΞCOR,B

[REQN,Z
θ,δ,COR(Vx, ξ,p) ̸= REQN,Z

θ,δ,COR(Vy, ξ,p)] ≤ OB((γ/δ)
1/4) = OB(γ

1/4α−1/2).

In other words, the probability that x and y are rounded to the same value by applying REQN,Z
θ,δ,COR

to V is 1 − OB(γ
1/4α−1/2). Since this soundness is a convex function of γ, we have that, if

compXEQ,EQ(V) = 1 − λ, then REQN,Z
θ,δ,COR satisfies 1 − OB(λ

1/4α−1/2) fraction of the equality
constraints on average. By (40), we have that λ ≤ 2αEQ

1−p , so the expected number of constraints of X
satisfied by applying REQN,Z

θ,δ,COR to V is at least

p(1−OB(β)) + (1− p)(1−OB(λ
1/4α−1/2)) ≥ 1− p ·OB(β)− (1− p)OB

(
(2αEQ)

1/4

(1− p)1/4
√
α

)

≥ 1−OB

pβ + (1− p)3/4
α
1/4
EQ√
α


≥ 1−OB

β +
α
1/4
EQ√
α

 ,

where the last line bound p ≤ 1 and (1 − p)3/4 ≤ 1 for any p ∈ [0, 1]. In particular, for αEQ =

ΘB(α
2β4), we get 1−OB(β) = 1− βEQ fraction of the constraints are satisfied, as desired.
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7 Conclusion

In this paper, we proved a number of new results on the nature of Robust Promise CSPs. First,
our integrality gap for (1-in-3-SAT,NAE-SAT) shows that the (ϵ, O(log log(1/ϵ)/ log(1/ϵ)))-robust
algorithm for the AT polymorphism due to Brakensiek–Guruswami–Sandeep [BGS23b] is nearly
tight. Second, our algorithms for the Majority, Plurality, and separable polymorphisms show that
robust algorithms due to Charikar–Makarychev–Makarychev [CMM06,CMM09] can be extended
to quite general settings. Finally, our robust algorithm for a robust PCSP template with equality
added shows that a rich theory of gadget reductions between PCSPs can be used in the theory of
robust CSPs in a black-box manner. Moving forward, there are a number of directions for further
exploration.

• In Section 3, we presented an integrality gap for fiPCSP(1-in-3-SAT,NAE-SAT). More
generally, can we get an integrality gap for fiPCSP(a-in-b-SAT,NAE-SAT) with similar
asymptotics? In the case for which b = 2a, then MAJ are polymorphisms, so in general we
consider a/b ∈ (0, 1) \ {1/2}. As far as we know, one cannot use only gadget reductions to
establish this broader family of gaps.

• Recall that Brakensiek, Guruswami, and Sandeep [BGS23b] constructed robust algorithms for
all Boolean PCSPs with the MAJ or AT polymorphisms. In Section 4 and Section 5, we greatly
improved the analysis and scope of BGS’s MAJ algorithm. What would such a generalization
look like for AT? One possible direction is to remove the “α-conservative” assumption on the
map ρ in Theorem 5.3.

• Can one generalize the analysis in Section 6 to fully resolve Question 1.4? With the current
techniques, a loss of at least ϵ1/2 seems necessary due to the use of the geometry of L2-spaces
(e.g., Proposition 6.32). Perhaps sharper asymptotics could be achieved by a direct construction
of a quasirandom approximate polymorphisms for Γ ∪ {EQ}.
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A Omitted proofs

In this section, we give the proof of some of the technical results stated in the previous sections of
the paper.

A.1 Omitted proofs from Section 3

We start by formally establishing the first statement in the following theorem (cf. the sketch of the
proof given in Section 3.3).

Theorem 3.7. For all ϵ > 0, if d ≥ 80000000
ϵ3

than for the integrality gap instance described above
(Section 3.3),

1. There is a solution to the SDP that gives a value of at least 1− ϵ to each constraint that is not
discarded.

2. At most 6e−
10
ϵ of the constraints that were sampled are discarded.

3. All assignments violate at least 1
1060⌈log( 1

ϵ )⌉
of the sampled NAE-SAT constraints (this includes

constraints that were discarded).

We shall use some technical lemmas.

Lemma A.1. If v1, v2, and v3 are unit vectors such that v1 + v2 + v3 = −v0 then there is a
probability distribution D supported on the assignments {(−1,−1, 1), (−1, 1,−1), (1,−1,−1)} such
that

1. For all i ∈ [3], ED[xi] = vi · v0.

2. For all distinct i, j ∈ [3], ED[xixj ] = vi · vj.

Proof. LetD be the probability distribution where we take the assignment (−1,−1, 1) with probability
1+v3·v0

2 , we take the assignment (−1, 1,−1) with probability 1+v2·v0
2 , and we take the assignment

(1,−1,−1) with probability 1+v1·v0
2 . We now make the following observations:

1. ED[x1] =
1+v1·v0

2 − 1+v2·v0
2 − 1+v3·v0

2 = v1 · v0 − 1+(v1+v2+v3)·v0

2 = v1 · v0.

2.

ED[x1x2] = −1 + v1 · v0

2
− 1 + v2 · v0

2
+

1 + v3 · v0

2
=

−1 + (v1 + v2 − v3) · (v1 + v2 + v3)

2

=
−1 + v1 · v1 + 2v1 · v2 + v2 · v2 − v3 · v3

2
= v1 · v2
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The remaining cases follow by symmetry.

Lemma A.2. Given unit vectors v1, v2, v3, v′
1, v

′
2, and v′

3 such that

1. For all i ∈ [3], v′
i · v0 = vi · v0 +∆i.

2. For all distinct i, j ∈ [3], v′
i · v′

j = vi · vj +∆ij.

for some ∆1,∆2,∆3,∆12,∆13,∆23 ∈ R, if there is a probability distribution D such that

1. For all i ∈ [3], ED[xi] = vi · v0.

2. For all distinct i, j ∈ [3], ED[xixj ] = vi · vj.

then there is a pseudo-distribution D′ (i.e., D′ may give negative probabilities to some events but the
probabilities should still sum to 1) such that

1. For all i ∈ [3], ED′ [xi] = v′
i · v0.

2. For all distinct i, j ∈ [3], ED′ [xixj ] = v′
i · v′

j.

3. For each assignment (x1, x2, x3) ∈ {−1, 1}3, the (pseudo-)probabilities of that assignment under
D′ and D differ by at most |∆1|+|∆2|+|∆3|+|∆12|+|∆13|+|∆23|

8 .

This follows from the following proposition.

Proposition A.3. If v1, v2, and v3 are unit vectors and p−1,−1,−1, p−1,−1,1, p−1,1,−1, p−1,1,1,
p1,−1,−1, p1,−1,1,p1,1,−1, and p1,1,1 are real numbers such that

1. p1,−1,−1 + p1,−1,1 + p1,1,−1 + p1,1,1 + p−1,−1,−1 + p−1,−1,1 + p−1,1,−1 + p−1,1,1 = 1

2. v1 · v0 = p1,−1,−1 + p1,−1,1 + p1,1,−1 + p1,1,1 − p−1,−1,−1 − p−1,−1,1 − p−1,1,−1 − p−1,1,1.

3. v2 · v0 = p−1,1,−1 + p−1,1,1 + p1,1,−1 + p1,1,1 − p−1,−1,−1 − p−1,−1,1 − p1,−1,−1 − p1,−1,1.

4. v3 · v0 = p−1,−1,1 + p−1,1,1 + p1,−1,1 + p1,1,1 − p−1,−1,−1 − p−1,1,−1 − p1,−1,−1 − p1,1,−1.

5. v1 · v2 = p−1,−1,−1 + p−1,−1,1 + p1,1,−1 + p1,1,1 − p−1,1,−1 − p−1,1,1 − p1,−1,−1 − p1,−1,1.

6. v1 · v3 = p−1,−1,−1 + p−1,1,−1 + p1,−1,1 + p1,1,1 − p−1,−1,1 − p−1,1,1 − p1,−1,−1 − p1,1,−1.

7. v2 · v3 = p−1,−1,−1 + p1,−1,−1 + p−1,1,1 + p1,1,1 − p−1,−1,1 − p1,−1,1 − p−1,1,−1 − p1,1,−1.

and v′
1, v

′
2, and v′

3 are unit vectors such that

1. For all i ∈ [3], v′
i · v0 = vi · v0 +∆i.

2. For all distinct i, j ∈ [3], v′
i · v′

j = vi · vj +∆ij.

for some ∆1,∆2,∆3,∆12,∆13,∆23 ∈ R then if we take

1. p′−1,−1,−1 = p−1,−1,−1 +
−∆1−∆2−∆3+∆12+∆13+∆23

8

2. p′−1,−1,1 = p−1,−1,1 +
−∆1−∆2+∆3+∆12−∆13−∆23

8
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3. p′−1,1,−1 = p−1,1,−1 +
−∆1+∆2−∆3−∆12+∆13−∆23

8

4. p′1,−1,−1 = p1,−1,−1 +
∆1−∆2−∆3−∆12−∆13+∆23

8

5. p′−1,1,1 = p−1,1,1 +
−∆1+∆2+∆3−∆12−∆13+∆23

8

6. p′1,−1,1 = p1,−1,1 +
∆1−∆2+∆3−∆12+∆13−∆23

8

7. p′1,1,−1 = p1,1,−1 +
∆1+∆2−∆3+∆12−∆13−∆23

8

8. p′1,1,1 = p1,1,1 +
∆1+∆2+∆3+∆12+∆13+∆23

8

we will have that

1. p′1,−1,−1 + p′1,−1,1 + p′1,1,−1 + p′1,1,1 + p′−1,−1,−1 + p′−1,−1,1 + p′−1,1,−1 + p′−1,1,1 = 1

2. v′
1 · v0 = p′1,−1,−1 + p′1,−1,1 + p′1,1,−1 + p′1,1,1 − p′−1,−1,−1 − p′−1,−1,1 − p′−1,1,−1 − p′−1,1,1.

3. v′
2 · v0 = p′−1,1,−1 + p′−1,1,1 + p′1,1,−1 + p′1,1,1 − p′−1,−1,−1 − p′−1,−1,1 − p′1,−1,−1 − p′1,−1,1.

4. v′
3 · v0 = p′−1,−1,1 + p′−1,1,1 + p′1,−1,1 + p′1,1,1 − p′−1,−1,−1 − p′−1,1,−1 − p′1,−1,−1 − p′1,1,−1.

5. v′
1 · v′

2 = p′−1,−1,−1 + p′−1,−1,1 + p′1,1,−1 + p′1,1,1 − p′−1,1,−1 − p′−1,1,1 − p′1,−1,−1 − p′1,−1,1.

6. v′
1 · v′

3 = p′−1,−1,−1 + p′−1,1,−1 + p′1,−1,1 + p′1,1,1 − p′−1,−1,1 − p′−1,1,1 − p′1,−1,−1 − p′1,1,−1.

7. v′
2 · v′

3 = p′−1,−1,−1 + p′1,−1,−1 + p′−1,1,1 + p′1,1,1 − p′−1,−1,1 − p′1,−1,1 − p′−1,1,−1 − p′1,1,−1.

Proof. This follows from the following observations:

1. The ±∆i
8 terms contribute ∆i to the sum for v′

i · v0 and cancel out for the other sums.

2. Similarly, the ±∆ij

8 terms contribute ∆ij to the sum for v′
i · v′

j and cancel out for the other
sums.

Lemma A.4. If v′
1, v

′
2, and v′

3 are unit vectors and D′ is a pseudo-distribution such that

1. For all i ∈ [3], ED′ [xi] = v′
i · v0.

2. For all distinct i, j ∈ [3], ED′ [xixj ] = v′
i · v′

j.

then if we take v′′
1 =

√
1− ϵ′2v′

1 + ϵ′z1, v′′
2 =

√
1− ϵ′2v′

2 + ϵ′z2, and v′′
3 =

√
1− ϵ′2v′

3 + ϵ′z3 where
z1, z2, and z3 are orthogonal to v′

1, v
′
2, v

′
3, and each other for some ϵ′ > 0 and take D′′ to be the

pseudo-distribution where the probability that each assignment occurs under D′′ is (1− ϵ′) times the
probability that the asignment occurs under D′ plus ϵ′

8 then

1. For all i ∈ [3], ED′′ [xi] = v′′
i · v0.

2. For all distinct i, j ∈ [3], ED′′ [xixj ] = v′′
i · v′′

j .

This follows from the following proposition.
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Proposition A.5. If v′
1, v′

2, and v′
3 are unit vectors and p′−1,−1,−1, p

′
−1,−1,1, p

′
−1,1,−1, p

′
−1,1,1,

p′1,−1,−1, p
′
1,−1,1,p

′
1,1,−1, and p′1,1,1 are real numbers (not necessarily non-negative) such that

1. p′1,−1,−1 + p′1,−1,1 + p′1,1,−1 + p′1,1,1 + p′−1,−1,−1 + p′−1,−1,1 + p′−1,1,−1 + p′−1,1,1 = 1

2. v′
1 · v0 = p′1,−1,−1 + p′1,−1,1 + p′1,1,−1 + p′1,1,1 − p′−1,−1,−1 − p′−1,−1,1 − p′−1,1,−1 − p′−1,1,1.

3. v′
2 · v0 = p′−1,1,−1 + p′−1,1,1 + p′1,1,−1 + p′1,1,1 − p′−1,−1,−1 − p′−1,−1,1 − p′1,−1,−1 − p′1,−1,1.

4. v′
3 · v0 = p′−1,−1,1 + p′−1,1,1 + p′1,−1,1 + p′1,1,1 − p′−1,−1,−1 − p′−1,1,−1 − p′1,−1,−1 − p′1,1,−1.

5. v′
1 · v′

2 = p′−1,−1,−1 + p′−1,−1,1 + p′1,1,−1 + p′1,1,1 − p′−1,1,−1 − p′−1,1,1 − p′1,−1,−1 − p′1,−1,1.

6. v′
1 · v′

3 = p′−1,−1,−1 + p′−1,1,−1 + p′1,−1,1 + p′1,1,1 − p′−1,−1,1 − p′−1,1,1 − p′1,−1,−1 − p′1,1,−1.

7. v′
2 · v′

3 = p′−1,−1,−1 + p′1,−1,−1 + p′−1,1,1 + p′1,1,1 − p′−1,−1,1 − p′1,−1,1 − p′−1,1,−1 − p′1,1,−1.

then if we take v′′
1 =

√
1− ϵ′2v′

1+ϵ
′z1, v′′

2 =
√
1− ϵ′2v′

2+ϵ
′z2, and v′′

3 =
√
1− ϵ′2v′

3+ϵ
′z3 where z1,

z2, and z3 are orthogonal to v′
1, v

′
2, v

′
3, and each other then if we take p′′−1,−1,−1 = (1−ϵ′)p′−1,−1,−1+

ϵ′

8 ,
p′′−1,−1,1 = (1 − ϵ′)p′−1,−1,1 + ϵ′

8 , p′′−1,1,−1 = (1 − ϵ′)p′−1,1,−1 + ϵ′

8 , p′′−1,1,1 = (1 − ϵ′)p′−1,1,1 + ϵ′

8 ,
p′′1,−1,−1 = (1 − ϵ′)p′1,−1,−1 +

ϵ′

8 , p′′1,−1,1 = (1 − ϵ′)p′1,−1,1 +
ϵ′

8 , p′′1,1,−1 = (1 − ϵ′)p′1,1,−1 +
ϵ′

8 , and
p′′1,1,1 = (1− ϵ′)p′1,1,1 +

ϵ′

8 then

1. p′′1,−1,−1 + p′′1,−1,1 + p′′1,1,−1 + p′′1,1,1 + p′′−1,−1,−1 + p′′−1,−1,1 + p′′−1,1,−1 + p′′−1,1,1 = 1

2. v′′
1 · v0 = p′′1,−1,−1 + p′′1,−1,1 + p′′1,1,−1 + p′′1,1,1 − p′′−1,−1,−1 − p′′−1,−1,1 − p′′−1,1,−1 − p′′−1,1,1.

3. v′′
2 · v0 = p′′−1,1,−1 + p′′−1,1,1 + p′′1,1,−1 + p′′1,1,1 − p′′−1,−1,−1 − p′′−1,−1,1 − p′′1,−1,−1 − p′′1,−1,1.

4. v′′
3 · v0 = p′′−1,−1,1 + p′′−1,1,1 + p′′1,−1,1 + p′′1,1,1 − p′′−1,−1,−1 − p′′−1,1,−1 − p′′1,−1,−1 − p′′1,1,−1.

5. v′′
1 · v′′

2 = p′′−1,−1,−1 + p′′−1,−1,1 + p′′1,1,−1 + p′′1,1,1 − p′′−1,1,−1 − p′′−1,1,1 − p′′1,−1,−1 − p′′1,−1,1.

6. v′′
1 · v′′

3 = p′′−1,−1,−1 + p′′−1,1,−1 + p′′1,−1,1 + p′′1,1,1 − p′′−1,−1,1 − p′′−1,1,1 − p′′1,−1,−1 − p′′1,1,−1.

7. v′′
2 · v′′

3 = p′′−1,−1,−1 + p′′1,−1,−1 + p′′−1,1,1 + p′′1,1,1 − p′′−1,−1,1 − p′′1,−1,1 − p′′−1,1,−1 − p′′1,1,−1.

Proof. This follows from the following observations:

1. For all i ∈ [3], v′′
i · v0 = (1− ϵ′)v′

i · v0.

2. For all distinct i, j ∈ [3], v′′
i · v′′

j = (1− ϵ′)v′
i · v′

j .

3. In each of the above sums, the ϵ′

8 terms cancel out as assigning probability ϵ′

8 to each of the
possible assignments does not contribute anything to the biases or pairwise biases.

Proof of the first statement of Theorem 3.7: To prove the first statement of Theorem 3.7, we observe
that for each triple of vectors v′

1,v
′
2,v

′
3 sampled from T ′

x or T ′
−x that is not discarded, there is a triple

of unit vectors v1, v2, and v3 such that v1 + v2 + v3 = ±v0 and for all i ∈ [3], || v′
i

||v′
i||

− vi|| ≤ ϵ
100 .

To see this, observe that when we sample w and u from N (0, 1/d)d, we can take
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1. v1 = bxv0 +
√
1− x2

(
−
√

1−(2|x|−1)2

2
√
1−x2

w
||w|| +

√
1− 1−(2|x|−1)2

4(1−x2)
u

||u||

)
,

2. v2 = bxv0 +
√
1− x2

(
−
√

1−(2|x|−1)2

2
√
1−x2

w
||w|| −

√
1− 1−(2|x|−1)2

4(1−x2)
u

||u||

)
,

3. v3 = b(1− 2x)v0 +
√
1− (2|x| − 1)2 w

||w|| ,

where b ∈ {−1, 1}. The adjustments we need to shift from vi to v′
i

||v′
i||

are as follows:

1. ||w|| and ||u|| may differ from 1 by up to ϵ
1000 .

2. We need to shift from the vectors we obtain based on w and u to the centers v′
1, v′

2, and v′
3 of

the regions they are contained in.

3. We need to rescale v′
1, v′

2, and v′
3.

It is not hard to show that these adjustments have a total length of at most ϵ
100 .

A similar argument applies for the triples of vectors (v0,v0,v
′) where v′ is sampled from A′

−x0

and the triples of vectors (−v0,−v0,v
′) where v′ is sampled from A′

x0
. For these triples, we use

(v1,v2,v3) = (v0,v0,−v0) and (v1,v2,v3) == (−v0,−v0,v0) respectively.
The first statement now follows by applying Lemmas A.1, A.2, and A.4. For each triple that is

not discarded, letting v1, v2, and v3 be the vectors from the argument above, by Lemma A.1, there
is a distribution D supported on satisfying assignments such that

1. For all i ∈ [3], ED[xi] = vi · v0.

2. For all distinct i, j ∈ [3], ED[xixj ] = vi · vj .

By Lemma A.2, there is a pseudo-distribution D′ such that

1. For all i ∈ [3], ED′ [xi] =
v′
i

||v′
i||

· v0.

2. For all distinct i, j ∈ [3], ED′ [xixj ] =
v′
i

||v′
i||

· v′
j

||v′
j ||

.

3. For each assignment (x1, x2, x3) ∈ {−1, 1}3, the (pseudo-)probabilities of this assignment under
D and D′ differ by at most ϵ

50 .

By Lemma A.4, Letting D′′ be the probability distribution where if an assignment has pseudo-
probability p under D′ then it has probability (1− ϵ

4)p+
ϵ
32 under D′′, we have that

1. For all i ∈ [3], ED′′ [xi] =
(√

1− ϵ
4

v′
i

||v′
i||

+
√
ϵ
2 zv′

i

)
· v0.

2. For all distinct i, j ∈ [3], ED′′ [xixj ] =
(√

1− ϵ
4

v′
i

||v′
i||

+
√
ϵ
2 zv′

j

)
·
(√

1− ϵ
4

v′
j

||v′
j ||

+
√
ϵ
2 zv′

j

)
.

Lemma 3.9. The following tail bounds hold:

1. For all t ∈ [0, 1], if w ∼ N (0, 1/d)d then P
(
|(||w||2 − 1)| ≥ t

)
≤ 2e−

dt2

8 .
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2. Given a vector w, for all t ≥ 0, if u ∼ N (0, 1/d)d is independent of w then P (|w · u| ≥ t) ≤

2e
− dt2

2||w||2 .

Proof. For the first statement, writing ||w||2 − 1 =
∑d

j=1 (w
2
j − 1

d) where each wj is drawn indepen-
dently from N(0, 1d), since

E
[
eβ(w

2
j−

1
d
)
]
=

∫ ∞

−∞

√
d√
2π
e−

dw2

2 eβ(w
2− 1

d
)dw =

√
d

d− 2β
e−

β
d

∫ ∞

−∞

1√
2π
e−

z2

2 dz =

√
d

d− 2β
e−

β
d

whenever |β| < d
2 , if we let β′ = β

d then we have that

P

 d∑
j=1

(
wj

2 − 1

d

)
≥ t

 ≤
E
[
eβ

∑d
j=1 (wj

2− 1
d
)
]

eβt
≤ e−d(β′t+β′+ 1

2
ln(1−2β′))

and

P

 d∑
j=1

(
wj

2 − 1

d

)
≤ −t

 ≤
E
[
eβ

∑d
j=1 (wj

2− 1
d
)
]

e−βt
≤ e−d(−β′t+β′+ 1

2
ln(1−2β′)).

whenever |β′| < 1
2 . Since ln(1 − x) = −

∑∞
j=1

xj

j , if |x| ≤ 1
2 then ln(1 − x) ≥ −x − x2 so setting

β′ = t
4 , we have that P

(∑d
j=1

(
wj

2 − 1
d

)
≥ t
)
≤ e−

dt2

8 . Similarly, setting β′ = − t
4 , we have that

P
(∑d

j=1

(
wj

2 − 1
d

)
≤ −t

)
≤ e−

dt2

8 .

For the second statement, observe that for all β ≥ 0, since w · u =
∑d

j=1wjuj and

E
[
eβwjuj

]
=

∫ ∞

−∞

√
d√
2π
e−

du2

2 eβwjudu = e
β2w2

j
2d

∫ ∞

−∞

1√
2π
e−

(
z−

βwj√
d

)2

2 dz = e
β2w2

j
2d

we have that for all t ≥ 0, P (w · u ≥ t) ≤
E
[
e
β
∑d

j=1 wjuj

]
eβt

= e
β2||w||2

2d
−βt. Plugging in β = td

||w||2 , we

obtain that P (w · u ≥ t) ≤ 2e
− dt2

2||w||2 . By symmetry, P (w · u ≤ −t) ≤ 2e
− dt2

2||w||2 .

A.2 Omitted proofs from Section 6

We shall prove the following.

Lemma 6.17. For any V,W ∈ (SNA )Y , we have that

(1) Mat(V) ∈ KY,A.

(2) Mat(V)−Mat(W) ∈ K0
Y,A.

Proof. First we prove that (1) implies (2). To see why, by (1), we have that for all a ∈ AY , there
exists λa ∈ R such that

Mat(V)−Mat(W) =
∑
a∈AY

λaMat(a). (41)
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Observe, using (28), that Tr(Mat(V)) = Tr(Mat(W)) = Tr(Mat(a)) = |Y | for all a ∈ AY . Thus, the
trace of (41) implies that

∑
a∈AY λa = 0. Hence, Mat(V)−Mat(W) ∈ K0

Y,A, as desired.
We next focus on proving (1). We start by giving a self-contained proof, and then we show how

the same result can be derived from a result on the projection of hypermatrices.
Let K∗

Y,A : R(Y×A)2 → R be the dual linear space of KY,A. It suffices to show for every M ∈ K∗
Y,A

that M(Mat(V)) = 0. We can parameterize each element M ∈ KY,A as a list of |Y |2 matrices
(My,y′ ∈ RA×A : y, y′ ∈ Y ) such that, for all a ∈ A, we have that the condition M(Mat(a)) is
equivalent to ∑

y,y′∈Y
My,y′

ay ,ay′
= 0. (42)

We now see to generalize (42) as follows.

Claim A.6. For any list of vectors (uy ∈ RA : y ∈ Y ) for which there exists c ∈ R such that for all
y ∈ Y ,

∑
a∈A uy,a = c, then ∑

y∈Y
a∈A

My,y′
a,a uy,a +

∑
y ̸=y′∈Y

uT
yM

y,y′uy′ = 0. (43)

Proof. Assume for now that c = 1. For each a ∈ A, let ea ∈ RA be the vector such that
ea,a′ = 1[a = a′] for all a′ ∈ A. Then, for all a ∈ AY , (42) can be reinterpreted as∑

y∈Y
My,y

ay ,ay +
∑

y ̸=y′∈Y
eTayM

y,y′eay′ = 0.

For each y ∈ Y , observe that uy =
∑

a∈A uy,aea. Now, for all a ∈ AY , let λa =
∏

y∈Y uy,ay . Then,
we can see that

0 =
∑
a∈AY

∏
z∈Y

uz,az

∑
y∈Y

My,y
ay ,ay +

∑
y ̸=y′∈Y

eTayM
y,y′eay′


=
∑
y∈Y
a∈A

My,y
a,a

∑
a∈AY

ay=a

∏
z∈Y

uz,az +
∑

y ̸=y′∈Y
a,a′∈A

eTaM
y,y′ea′

∑
a∈AY

ay=a
ay′=a′

∏
z∈Y

uz,az

=
∑
y∈Y
a∈A

My,y
a,auy,a ·

∏
z∈Y \{y}

∑
az∈A

uz,az +
∑

y ̸=y′∈Y
a,a′∈A

eTaM
y,y′ea′ · uy,auy′,a′ ·

∏
z∈Y \{y,y′}

∑
az∈A

uz,az

=
∑
y∈Y
a∈A

My,y
a,auy,a +

∑
y ̸=y′∈Y
a,a′∈A

eTaM
y,y′ea′ · uy,auy′,a′ (c = 1)

∑
y∈Y
a∈A

My,y′
a,a uy,a +

∑
y ̸=y′∈Y

uT
yM

y,y′uy′ ,

as desired. Now consider c ̸= 1. If c ≠ 0 we can rescale (uy ∈ RA : y ∈ Y ) so that c = 1. If c = 0, we
can construct a sequence of sequences {(u(i)

y ∈ RA : y ∈ Y ) : i ∈ N} approaching (uy : y ∈ Y ) in the
ℓ2 norm, but each ci :=

∑
a∈A u

(i)
y,a is nonzero. Then, we get (43) in the limit.

65



For all i ∈ [N ] and y ∈ Y , let zi,y ∈ RA satisfying zi,ya = vy,a,i, where we recall that vy,a is
the a-th vector defining Vy ∈ SNA . Since

∑
a∈A vy,a = v0 for all y ∈ Y , we have for all y ∈ Y and

i ∈ [N ] that
∑

a∈A z
i,y
a = v0,i. Assume that v0,i ̸= 0 for all i ∈ [N ]. Then, apply Claim A.6 with

(zi,y/v0,i : y ∈ Y ) for all i ∈ [N ] to get that

0 =
N∑
i=1

v2i,0

∑
y∈Y
a∈A

My,y′
a,a

zi,ya
v0,i

+
∑

y ̸=y′∈Y

1

v2i,0
(zi,y)TMy,y′zi,y

′


=
∑
y∈Y
a∈A

My,y′
a,a

N∑
i=1

vy,a,iv0,i +
∑

y ̸=y′∈Y

N∑
i=1

(zi,y)TMy,y′zi,y
′

=
∑
y∈Y
a∈A

My,y′
a,a ⟨vy,a,v0⟩+

∑
y ̸=y′∈Y

∑
a,a′∈A

My,y′

a,a′

N∑
i=1

vy,a,ivy′,a′,i

=
∑
y∈Y
a∈A

My,y′
a,a ⟨vy,a,vy,a⟩+

∑
y ̸=y′∈Y

∑
a,a′∈A

My,y′

a,a′ ⟨vy,a,vy′,a′⟩

=
∑

y,y′∈Y

∑
a,a′∈A

My,y′

a,a′ ⟨vy,a,vy′,a′⟩

=M(Mat(V)),

as desired, so V ∈ KY,A.

Alternative proof of Lemma 6.17 (1). We shall use a result on the projection of hypermatrices proved
in [CŽ23a]. For n, q ∈ N, consider a set M = {My,y′ : 1 ≤ y < y′ ≤ q} of n × n matrices with
integral entries. We say that M is a realisable system if the matrices of M are the 2-dimensional

projections of a unique hypermatrix; formally, if there exists a hypermatrix Λ ∈ Z
n × n × · · · × n︸ ︷︷ ︸

q such
that

My,y′

a,b =
∑

z∈[n]q
zy=a, zy′=b

Λz

for each My,y′ ∈ M and each a, b ∈ [n]. We say that M is a realistic system if its matrices are
locally compatible in the following sense: For each 1 ≤ y1 < y2 ≤ q, each 1 ≤ w1 < w2 ≤ q, and each
r, s ∈ [2] such that yr = ws, it holds that

(My1,y2)◦r1 = (Mw1,w2)◦s1,

where we use the notation M◦1 :=M and M◦2 :=M⊤. We will use the following result.

Theorem A.7 ( [CŽ23a]). A system M is realistic if and only if it is realisable.18

18This result was proved in [CŽ23a] in the case of arbitrarily dimensional projections and hypermatrices that are not
necessarily cubic (i.e., whose modes have possibly distinct lengths). Here we only need the restricted case described
above.
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Take now some global configuration V ∈ (SNA )Y , and let Mat(V) ∈ R(Y×A)2 be the corresponding
Gram matrix. Suppose first that Mat(V) has rational entries, and let N be a common denominator.
Denote by My,y′ the (y, y′)-th block of N ·Mat(V) (of size A×A), and observe that the quantity

(My,y′1)a = N
∑
b∈A

⟨vy,a,vy′,b⟩ = N⟨vy,a,v0⟩

is independent on y′ for each a ∈ A. Hence, the system M = {My,y′ : 1 ≤ y < y′ ≤ |Y |} is realistic.
By Theorem A.7, it follows that M is realisable. Let Λ be its realisation hypermatrix. We claim that
1
NΛ witnesses that Mat(V) lies in KY,A. I.e., we claim that Mat(V) =

∑
z∈AY

1
NΛzMat(z). Indeed,

for each 1 ≤ y < y′ ≤ |Y | and each a, b ∈ A we have

N ·Mat(V)(y,a),(y′,b) =My,y′

a,b =
∑

z∈A|Y |
zy=a, zy′=b

Λz =
∑

z∈A|Y |

ΛzMat(z)(y,a),(y′,b) =

 ∑
z∈A|Y |

ΛzMat(z)


(y,a),(y′,b)

as needed. Since My′,y = (My,y′)⊤ and since the diagonal blocks of the Gram matrix of any global
configuration are completely determined by its off-diagonal blocks, the result holds for each y, y′ ∈ Y ,
thus proving the claim. Finally, the rational subset of Gram matrices of global configurations in
(SNA )Y is dense, so the same result must hold for non-rational Mat(V) as well, thus concluding the
proof.
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