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Abstract

This thesis contains phenomenological studies of top quark production in the forward region

of phase space at the Large Hadron Collider (LHC). The production of highly forward top

quarks has so far not been observed in nature. As the LHCb detector at the LHC is instru-

mented in the forward region, this opens the possibility of studying top quark properties in

this yet unexplored region of phase space. This feasibility of performing cross section and

charge asymmetry measurements of top quark pairs with available and future LHCb data is

studied in detail. In both cases, potential analysis strategies are proposed, and sophisticated

theoretical predictions are provided for both signal and background. By studying the ex-

pected experimental sensitivity of cross section measurements, the potential constraints on

parton distribution functions is quantified. The sensitivity of the proposed charge asymmetry

measurements with the full Run II LHCb data is also considered.
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Preface

The Large Hadron Collider (LHC), at the European Organisation for Nuclear Research

(CERN) is the world’s largest and most powerful particle accelerator. The LHC acceler-

ates two beams of oppositely travelling particles to extremely high energies. In a highly

controlled environment, these two beams are independently guided around the LHC ring to

specific crossing points where the beams are brought into contact. These interaction points

correspond to the position of four particle detectors - ATLAS, ALICE, CMS, and LHCb.

By measuring the properties of these collisions, it is possible to test the theoretical

framework which is used to describe physical interactions at the energy scales probed by

the colliding beams. This framework is called the ‘Standard Model’ of particle physics, and

will be discussed in detail in Chapter 1. This theory, which describes the electromagnetic,

weak, and strong interactions of particles is extremely successful in providing explanations

for experimentally observed phenomena. One of the most recent successes of the theory was

the discovery of a Higgs boson like particle by the ATLAS and CMS experiments [1, 2] at

125 GeV. The Standard Model necessarily predicts the existence of the Higgs boson, and

so the observation of this particle therefore adds to its success in providing an accurate

description of nature.

There are however several other experimental observations which indicate the presence

of physics beyond the scope of the Standard Model. It is therefore important to look for this

new physics, by testing the Standard Model in as many ways as possible. At the LHC, one of

the ways this can be achieved is to measure the properties of known particles. By precisely

measuring the production rates, or distributions of known particles it is possible to test this

framework by comparing these observations with the corresponding theoretical prediction.
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Preface 2

One particle which is particularly interesting to study is the top quark. As the most massive

elementary particle to have been observed in nature thus far, it has unique production and

decay mechanisms. In this thesis, the prospects of measuring top quark pair production will

be studied. In particular, top quarks which are produced at very small scattering angles

with respect to the colliding beams. The LHCb detector is instrumented in such a region,

and therefore opens the possibility of measuring top quark production in this region. The

main goal of this these will be to demonstrate the feasibility of such measurements with the

available and future LHCb data.

To do this, it will first be necessary to review how Standard Model predictions for LHC

observables can be made. This will be the topic of Chapter 2. In Chapter 3, the properties of

the top quark will be reviewed in detail, eventually leading to a discussion of the motivations

for studying top quark pair production at LHCb. In Chapter 4, the prospects of top quark

pair cross section measurements will be discussed. This will include the proposal of several

potential analysis strategies, as well as a study of the potential sensitivity to particular

theoretical uncertainties. In Chapter 5, predictions will be provided for the presence of top

quark pair production asymmetries. The potential sensitivity of performing measurements

of these asymmetries will also be quantified.

This thesis is based on original research which has been presented in [3–5] and contains

no material that has already been accepted, or is currently being submitted, for any degree

or diploma or certificate or qualification at the University of Oxford or elsewhere.

To the best of my knowledge and belief this thesis contains no material previously pub-

lished or written by another person, except where due reference is made in the text.



Chapter 1

The Standard Model
This Section will be dedicated to reviewing the details of the Standard Model (SM)

of electroweak (EW) and strong interactions, a necessary step before calculating

meaningful physical quantities in later Chapters. The theory of strong interactions,

Quantum Chromodynamics (QCD), is a non-abelian gauge theory of the gauge group

SU(3)c coupled to fermions in the fundamental representation. The theory of weak

and electromagnetic interactions of fermions is described by the gauge symmetry

SU(2)L × U(1)Y . In the case of QCD, the gauge bosons are massless while for EW

interactions the gauge bosons are massive. The origin of massive gauge bosons, and

fermion masses, can be understood as a result of the Higgs mechanism, in which

the original EW symmetry is spontaneously broken to U(1)Q. A general overview

of the particle content, symmetries, and origin of fermion and boson masses will be

provided in Section 1.2. The strong interactions will be discussed in more detail in

Section 1.3.

1.1 Introduction

Quantum field theories constructed to obey the conservation of local symmetries provide

robust predictions for the interactions of fundamental particles. For certain theories, the

success of these predictions in describing physical processes suggests that symmetries are,

to good approximation, an accurate description of nature. The local symmetry is gener-

ally a unitary transformation of a set of fields of the theory. Therefore, specifying the field

content and symmetries of the theory fixes the form of the interactions and leaves just the

3



1.2 Electroweak Theory 4

experimental determination of certain parameters. The physical quantities which are pre-

dicted, and compared to experimental observation, are scattering amplitudes of interacting

particles. To ease the calculation of these amplitudes, a set of Feynman rules will be derived

which allows a diagrammatic approach. One way of introducing this approach is through the

method of functional integration. This amounts to integrating over all physically distinct

quantum paths, where interactions are introduced by performing perturbation theory on the

interaction Lagrangian density (Lagrangian). In this approach, the expectation values of

spatially separated field operators (or Green’s functions) have the form

G(N)(y1, ..., yN) =

∫
[dϕ]ϕ(y1)...ϕ(yN)e

iS0+i
∫
LI(x)d

dx∫
[dϕ]eiS0+i

∫
LI(x)ddx

, (1.1)

corresponding to the expectation value of N fields. The connection between these Green’s

functions and scattering amplitudes is then provided by the LSZ formula [6]. Performing

perturbation theory with the interaction Lagrangian LI leads to a series of higher order

corrections to lowest order scattering processes. In order to derive the Feynman rules nec-

essary for computing relevant amplitudes, a review of EW and QCD is provided. In the

case of QCD, it will also be necessary to identify the energy scale at which the perturbative

expansion remains reliable. More detail on these topics can be found in [7–11] which provide

a thorough analysis of the SM, QCD and other quantum field theories.

1.2 Electroweak Theory

The EW sector is composed of two gauge couplings, g′ corresponding to weak-hypercharge

U(1)Y , and g to weak isospin SU(2)L where the subscript L (left-handed) indicates the

chiral nature of the interactions. Decomposing the Lagrangian LEW into a gauge, Higgs,

and fermion sector will allow each sector of the theory to be treated sequentially. It should

be noted that this decomposition is rather arbitrary, as each of these sectors interacts with

one another. With this particular decomposition in mind, the Lagrangian has the following



1.2 Electroweak Theory 5

form

LEW = Lgauge + LHiggs + Lfermion . (1.2)

1.2.1 Gauge sector

The EW gauge sector SU(2)L×U(1)Y is non-abelian with an abelian hypercharge subgroup.

The gauge fields, which transform in the adjoint representation, corresponding to SU(2)L

are labelled as W i
µ, where i = 1, .., 3, and the gauge field associated to U(1)Y by Bµ. The

field strength tensors in this sector are

Bµν = ∂µBν − ∂νBµ ,

W i
µν = ∂µW

i
ν − ∂νW

i
µ − gϵijkW j

µW
k
ν ,

(1.3)

where ϵijk represents the SU(2) structure constant (the fully antisymmetric Levi-Civita

tensor). The Lagrangian, to mass dimension four, within the gauge sector is therefore

Lgauge = −1

4
BµνB

µν − 1

4
W i

µνW
i,µν . (1.4)

The infinitesimal transformations of the gauge fields leaving this Lagrangian invariant are

δBµ = − 1

g′
∂µξ

Y ,

δW i
µ = −1

g
∂µξ

i + ϵijkW j
µξ

k .

(1.5)

where ξY and ξi are the infinitesimal parameters of U(1)Y and SU(2)L respectively. The field

strength tensor for the non-abelian gauge fields is no longer gauge invariant, a consequence

of its non-trivial transformation. However, gauge invariant quantities can be constructed by

combining the three field strength tensors, such as the kinetic term for the W gauge fields

present in (1.5). Note that the non-abelian term in the Lagrangian leads to self-couplings of

the fields — this results in significant differences in the behaviour of the interactions with

respect to an abelian theory, particularly after quantisation.
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As the gauge transformations of the field must leave the Lagrangian invariant, it is not

possible to write a term quadratic in the field which is gauge invariant. Therefore, it is not

possible to include gauge invariant mass terms for gauge bosons without introducing a new

mechanism for generating mass.

1.2.2 Higgs sector

The mechanism required to account for massive gauge bosons in a gauge invariant way, orig-

inating from the spontaneous symmetry breaking (SSB) of local symmetries, was proposed

independently by Higgs, Brout and Englert, and Guralnik, Hagen and Kibble [12–14]. The

Higgs mechanism, within the context of the EW sector, is also motivated by the require-

ment of constructing gauge invariant mass terms for fermions, this will be discussed in the

following subsections.

In the SM, the most simple way to spontaneously break the EW gauge symmetry

SU(2)L × U(1)Y is to couple the gauge fields to a complex scalar field which transforms

as a doublet of SU(2)L. This scalar field (ϕ) is

ϕ =

ϕ†

ϕ0

 , (1.6)

which is chosen to transform with hypercharge Y = +1/2. The corresponding Lagrangian is

LHiggs = (Dµϕ)
†(Dµϕ)− V (ϕ†ϕ) , (1.7)

where the covariant derivative coupling the scalar field to the gauge fields is

Dµ = ∂µ + igτ iW i
µ + ig′Y Bµ . (1.8)

The generators Y and τ i correspond to the gauge groups U(1)Y and SU(2)L respectively
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(evaluated in the representation of the field). The potential for the scalar field is defined as

V (ϕ†ϕ) = −µ2ϕ†ϕ+ λ(ϕ†ϕ)2 , (1.9)

where λ must be positive so that the potential is bounded from below for large field val-

ues — a necessary requirement for the stability of the Universe. The infinitesimal field

transformations leaving this Lagrangian invariant are

δϕ = i(ξY Y + ξiτ i)ϕ . (1.10)

If the value of µ2 in (1.9) is negative, the minimum of the potential — corresponding to a

vacuum expectation value (VEV) — is at zero, and the vacuum state preserves the gauge

symmetries. If, however, the value of µ2 is positive, the minimum of the potential can be

found at

⟨ϕ†ϕ⟩ = µ2

2λ
. (1.11)

There are an infinite number of equivalent possible solutions mapping out the surface of a

sphere in SU(2) space. The selection of a specific ground state is the process responsible for

breaking the symmetry. Making the choice

⟨ϕ⟩ = 1√
2

0

v

 , (1.12)

demonstrates that the vacuum state is not left invariant under the previous field transfor-

mations. This vacuum state is however left invariant under the following transformation

δϕ′ = i(ξY Y + ξ3τ 3)ϕ , (1.13)

corresponding to a residual non-trivial U(1)Q subgroup of SU(2)L × U(1)Y , with the gen-

erator Q = Y + τ 3. Having selected a particular direction for the VEV, the properties of

the theory can then be obtained by expanding around the classical ground state. This is
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done by reparameterising the scalar field (1.6) in terms of the ground state. One possible

reparameterisation is

ϕ = exp
(
iτ i

χi

v

) 1√
2

 0

v + h

 ≈ 1√
2

 i
√
2ω+

v + h− iω0

 , (1.14)

where ω± (
√
2(χ1 ∓ iχ2)) and ω0 (2χ3) are Goldstone bosons and h is a scalar degree of

freedom which, in total, correspond to the four original degrees of freedom of the scalar field.

Noting that this reparameterisation is simply a gauge transformation under SU(2)L, it is

possible to perform a gauge transformation to align the field in the direction of the VEV as

ϕ′ =
1√
2

 0

v + h

 . (1.15)

Alternatively, ϕ can be inserted in its current form while simultaneously performing the gauge

transformation on the covariant derivative — this explicitly demonstrates how the gauge

bosons absorb the degrees of freedom of the scalar field. Substituting in the parameterisation,

after aligning the field with the VEV, the Higgs Lagrangian becomes

LHiggs =

∣∣∣∣∣∣∣∣
1√
2

 0

∂µh

+
ig

2
√
2
(v + h)

 W 1
µ − iW 2

µ

−W 3
µ + g′

g
Bµ


∣∣∣∣∣∣∣∣
2

+
µ2

2
(v + h)2 − λ

4
(v + h)4 . (1.16)

At this stage, it becomes clear that the mass matrix for the neutral gauge bosons will not be

diagonal due to the mixing of the W 3
µ and Bµ fields. This can be remedied by performing an

orthogonal rotation of the gauge fields. The form of the physical charged gauge bosons (a

mixture of W 1
µ and W 2

µ) is also apparent from inspection of the first row of the scalar-gauge

coupling in (1.16). Together, these observations suggest the definitions

Aµ

Zµ

 =

 cw sw

−sw cw


Bµ

W 3
µ

 , W±
µ =

1√
2
(W 1

µ ∓ iW 2
µ) , (1.17)
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where sw = sin θw, cw = cos θw, and θw is the weak mixing angle. The mixing angle θw is

related to the couplings of the gauge groups through the relations

s2w =
g′2

g2 + g′2
, c2w =

g2

g2 + g′2
. (1.18)

The origin of this rotation angle is easily understood. Calculating the mass matrix for the

gauge bosons W 3
µ and Bµ in the original basis results in an off-diagonal matrix. The two

eigenvalues of this matrix are MZ and 0, and the rotation necessary to diagonalise the mass

matrix is exactly this orthogonal transformation with the angle θw.

As the mass eigenstates are the physical eigenstates of the propagating Hamiltonian, it

is logical to present the interactions in terms of the physical fields. The covariant derivative

in the physical basis is

Dµ = ∂µ +
ig√
2
W±τ± +

ig

cw
(τ 3 − s2wQ)Zµ + ieQAµ . (1.19)

The broken generators and the coupling strength e associated to the generator of the sub-

group U(1)Q are defined as

e =
gg′√
g2 + g′2

, τ± = τ 1 ∓ iτ 2 . (1.20)

The Higgs Lagrangian finally may be written

LHiggs =
1

2
(∂µh)

2 +
g2

4
(v + h)2

(
W+

µ W−µ +
1

2c2w
ZµZ

µ

)
− µ2h2 − µ2v2

4

(
h4

v4
− 4h3

v3
− 1

)
,

(1.21)

where the relation involving the Higgs self-coupling, µ2 = λv2, has been used. The mass

terms for charged and neutral bosons of the EW sector are therefore

mW =
gv

2
, mZ =

gv

2cw
, mA = 0, mh =

√
2µ . (1.22)

The photon can be associated with the gauge field Aµ which remains massless after symmetry
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breaking. The photon must remain massless, as the generator Q corresponding to the non-

trivial subgroup U(1)Q is unbroken. The electric charge quantum number Q, is therefore

with associated coupling strength e. The absorption of the Goldstone bosons as the helicity

zero modes of the W± and Z bosons, which occurs as the SU(2) transformation aligns the

scalar field with the VEV, results in gauge invariant mass terms. The form of the couplings

and masses appearing in the Higgs Lagrangian is a consequence of the symmetry breaking

pattern which is invoked by a scalar SU(2) doublet. High precision tests of these couplings

and their internal consistency is now one of the main goals of the LHC, as well as proposed

future e+e− linear colliders.

1.2.3 Matter content

To accommodate the V −A structure of the weak interactions, the representation for fermions

is chosen by placing the left-handed fermions in a doublet, transforming under SU(2)L ×

U(1)Y , while the right handed fermions are represented by a singlet, transforming under

U(1)Y . A summary of these representations for the first generation of fermions which includes

their charges under the third component of weak isospin, hypercharge, and electric charge

is provided in Table 1.1.

Representation τ 3 Y Q

uR 0 +2/3 +2/3u

d


L

+1/2
+1/6

+2/3

−1/2 −1/3

dR 0 −1/3 −1/3

νeRνe

e


L

+1/2 −1/2
0

−1/2 −1

eR 0 −1 −1

Table 1.1: Matter content of the SM. The charges of the multiplets under the third compo-
nent of weak isospin, τ 3, hypercharge, Y , and electromagnetic charge, Q, is provided.

The matter content of the SM is organised into three generations, with each of these gen-
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erations having the same structure and charges as those presented in Table 1.1. The corre-

sponding fermion fields for quarks and leptons are

LI
i,L =

νI
e

eI


L

,

νI
µ

µI


L

,

νI
τ

τ I


L

,

QI
i,L =

uI

dI


L

,

cI

sI


L

,

tI

bI


L

,

lIi,R = eIR, µ
I
R, τ

I
R ,

uI
i,R = uI

R, c
I
R, t

I
R ,

dIi,R = dIR, s
I
R, b

I
R .

(1.23)

In a similar fashion to the Higgs Lagrangian, the interactions of fermions to the gauge fields

are introduced through the covariant derivative as

Lg−f =
3∑
i

(
L̄I
i,Li /DLI

i,L + Q̄I
i,Li /DQI

i,L + l̄Ii,Ri /DlIi,R + ūI
i,Ri /DuI

i,R + d̄Ii,Ri /DdIi,R
)
, (1.24)

and the covariant derivative, in the slashed notation /D ≡ Dµγ
µ, has previously been defined

in (1.8). The covariant derivative is evaluated in the representation of the fields upon which

it acts, noting that the right-handed fields are singlets under weak isospin. The index

‘I’ (‘Interaction’) denotes that the chosen basis for fermion fields ensures that the gauge-

fermion interactions are diagonal, and the summation over the three fermion generations of

each field is included explicitly. This Lagrangian possesses a global flavour symmetry U(3)5,

corresponding to rotations in flavour space for each of the matter fields. The infinitesimal
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field transformations leaving this Lagrangian invariant are

δLI
i,L = i(ξY Y + ξiτ i)LI

i,L ,

δQI
i,L = i(ξY Y + ξiτ i)QI

i,L ,

δlIi,R = i(ξY Y )lIi,R ,

δuI
i,R = i(ξY Y )uI

i,R ,

δdIi,R = i(ξY Y )dIi,R .

(1.25)

Having introduced a scalar field ϕ (1.6) in the Higgs sector, with hypercharge Y = +1/2, it

is possible to write gauge invariant Yukawa interaction terms between the fermions and the

scalar field of the form

LYukawa =
3∑
i,j

(
Y l
ijL̄

I
i,Lϕl

I
j,R + Y D

ij Q̄
I
i,Lϕd

I
j,R + Y U

ij Q̄
I
i,Lϕ̃u

I
j,R

)
, (1.26)

where Y F
ij are complex 3× 3 matrices. After the scalar field acquires a non-zero VEV, these

fermions become massive. If these matrices are off-diagonal or complex, then this leads to

flavour or charge-parity (CP) violation respectively. Note also the use of ϕ̃ ≡ 2iτ 2ϕ∗, which

is a doublet with hypercharge Y = −1/2, ensuring gauge invariance under U(1)Y for the

third Yukawa term. Importantly, the lack of a right-handed neutrino singlet within the SM

forbids a mass term for neutrinos — the corresponding Yukawa interaction does not exist.

Given the freedom to redefine the fermion fields, the matrices Y F
ij can be diagonalised by

suitable unitary transformations. However, after the scalar field has acquired a non-zero

VEV, the left handed components of the quark field become distinguishable, leading to the

following redefinition of the fields

li,L =
3∑
j

U l,L
ij lIj,L , ui,L =

3∑
j

Uu,L
ij uI

j,L , di,L =
3∑
j

Ud,L
ij dIj,L , νi,L =

3∑
j

U l,L
ij νI

j,L ,

li,R =
3∑
j

U l,R
ij lIj,R , ui,R =

3∑
j

Uu,R
ij uI

j,R , di,R =
3∑
j

Ud,R
ij dIj,R .

(1.27)

A consequence of this field redefinition is the appearance of a set of diagonal mass matrices
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transforming as

yl = U l,LY l(U l,R)† , yd = Ud,LY D(Ud,R)† , yu = Uu,LY U(Uu,R)† . (1.28)

This results in the following fermion mass terms for charged leptons, and up- and down-type

quarks

ml
i =

v√
2
ylii , mu

i =
v√
2
yuii , md

i =
v√
2
ydii . (1.29)

In principle, the Yukawa couplings for the fermions can be extracted by comparing the

experimentally observed masses to independent measurements of EW observables (which

allow for an independent extraction of the VEV (v ≈ 246 GeV [15]). In practice, this is not

straight forward in the quark sector as free quarks are not observed in nature.

With the expressions for the fermion fields in the mass basis, the gauge-fermion interac-

tions appearing in Lg−f can also be transformed into this basis. This allows the Feynman

rules, which are necessary to calculate relevant cross sections and decay rates, to be eas-

ily obtained for future reference. Distinguishing between fermion types f , the Lagrangian

becomes

Lg−f =
3∑
i

∑
f=ν,l,u,d

(
f̄ii/∂fi −

g

cw
(τ 3f̄i,L /Zfi,L − s2wQf̄i /Zfi)− eQf̄i /Afi

)
3∑
i,j

− g√
2

(
ūi,L /W

+
[(Uu,L)†Ud,L]ijdj,L + d̄i,L /W

−
[(Ud,L)†Uu,L]ijuj,L

)
3∑
i

− g√
2

(
ν̄i,L /W

+
li,L + l̄i,L /W

−
νi,L

)
.

(1.30)

If the unitary transformations of left-handed quark fields Uu,L and Ud,L are not equiva-

lent, then the combination (Uu,L)†Ud,L is not a flavour symmetry transformation of the

original global symmetries. This combination (Uu,L)†Ud,L = VCKM is known as the Cabibo-

Kobayashi-Maskawa (CKM) matrix and is parameterised by three mixing angles and a single

complex phase. This complex phase leads CP violation in the quark sector — see Ap-

pendix A for the experimentally observed values of its elements and its parameterisation.
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The Lagrangian (1.30) also ensures that charged current interactions involving leptons cou-

ple with universal strength, as there is no equivalent CKM matrix in the leptonic sector of

the SM. This also means that lepton flavour is conserved for each fermion generation, as the

components of the left-handed lepton doublet are indistinguishable. And finally, there are no

flavour-changing neutral currents (FCNC) at tree level as the generators of the neutral gauge

bosons are diagonal in matrix representation, and therefore do not mix fermion flavours.

1.3 QCD

The theory of strong interactions of quarks and gluons, with coupling g3, is a non-abelian

gauge theory of SU(3)c coupled to quarks in the fundamental representation. In contrast to

EW theory, the gauge symmetry SU(3)c is unbroken and therefore the gauge bosons of the

theory remain massless, resulting in extremely different phenomenology. It is also necessary

to discuss the quantum nature of QCD, which demands the use of several theoretical tech-

niques to accurately describe the behaviour of interactions across a range of different energy

scales.

1.3.1 QCD Lagrangian and colour algebra

The classical Lagrangian can be constructed following the same procedure as adopted in the

previous Section. The gauge fields of SU(3)c, transforming in the adjoint representation, are

labelled as GA where A = 1, .., 8, while the quark fields, transforming in the fundamental

representation, are labelled as qa where a = 1, .., 3. The field strength tensor is

GA
µν = ∂νG

A
µ − ∂µG

A
ν − g3f

ABCGB
µG

C
ν , (1.31)

where fABC are the structure constants of SU(3)c. The classical Lagranigan is

Lclassical = −1

4
GA

µνG
A,µν +

∑
flavours

q̄a(i /D −m)abqb , (1.32)



1.3 QCD 15

where each flavour of quark is represented by a triplet in colour space, and the covariant

derivative takes the form

(Dµ)ab = ∂µδab + ig3(t
CGC

µ )ab , (Dµ)AB = ∂µδAB + ig3(T
CGC

µ )AB , (1.33)

when acting upon fields in either the fundamental or adjoint representations respectively.

The corresponding generators for these representations are tA and TA, and these generators

satisfy the relations

[tA, tB] = ifABCtC , [TA, TB] = ifABCTC , (TA)BC = −ifABC . (1.34)

The infinitesimal transformations under SU(3)c leaving the classical Lagrangian invariant

are

δqa = i(ξAtA)abqb ,

δGA
µ = − 1

gs
∂ξA + fABCGB

µ ξ
C ,

(1.35)

where ξA is the infinitesimal parameter of SU(3)c, corresponding to the representation of

generators tA. The following identities will also prove useful for the calculation of colour

factors in later chapters:

Tr(tAtB) =
δAB

2
,

∑
A

tAabt
A
bc =

N2 − 1

2N
δac = CF δac ,

T r(TATB) =
∑
C,D

fCDAfCDB = CAδ
AB , {tA, tB} =

δAB

N
+ dABCtC ,

∑
A,B

dABCdABD =
N2 − 4

N
δCD, dAAC = 0 .

(1.36)

The term dABC is the symmetric structure constant. These relations hold for general SU(N)

gauge theories, however in the case of strong sector, N = 3. Before deriving the Feynman

rules, it is necessary to discuss two important technical aspects related to gauge theories.
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1.3.2 Gauge fixing and ghosts

To define a non-singular gauge boson propagator, it is necessary to add a gauge-fixing term.

The requirement of this extra term can be understood when performing quantisation in

the functional integration approach [16]. The gauge-fixing term ensures that physical field

configurations are counted only once. This can be done explicitly for covariant gauges by

including the term

Lgauge−fixing = − 1

2λ
(∂µGA

µ )
2 , (1.37)

with the free gauge parameter λ. This additional term breaks gauge invariance, however

the physical quantities calculated from the derived Feynman rules of the Lagrangian are

λ-independent. One further complication arises in the case of non-abelian theories, in which

the infinitesimal gauge transformation of the field depends upon the field itself (see (1.35)).

It then becomes necessary to add a ghost term, representing unphysical degrees of freedom,

to the Lagrangian with the form

Lghost = ∂µη
A,†(Dµ

ABη
B) , (1.38)

where η is a scalar complex field which obeys Fermi statistics. The extra term is required to

cancel unphysical degrees of freedom, introduced for example by the triple gluon vertex in

the process gg → qq̄. Practically, this removes the contribution from longitudinally polarised

gluons states which are not physically present. The QCD Lagrangian is finally given by

LQCD = −1

4
GA

µνG
A,µν +

∑
flavours

q̄a(i /D −m)abqb −
1

2λ
(∂µGA

µ )
2 + ∂µη

A,†(Dµ
ABη

B) . (1.39)

1.3.3 Feynman rules

The QCD and relevant EW Feynman rules for external legs, propagators and vertices are

listed in Figure 1.1.

The rules for diagrams including loops are also provided:
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u(p) ū(p)

v̄(p) v(p)

ϵµ(p) ϵµ∗(p)

OutgoingIncoming

VerticesPropagators

i(/p+m)δab
p2−m2+iϵ

a b

−iδAB

p2+iϵ

(
gµν − (1−λ)pµpν

p2+iϵ

)
A, µ B, ν

A B iδAB

p2+iϵ

µ ν
−i

p2−m2+iϵ

(
gµν − (1−λ)pµpν

p2−λm2+iϵ

)

−igs(tA)abγµ

a b

µ

C, ρ, 3

B, ν, 2 A, µ, 1

−gsfABC((p1 − p2)ρgµν

+(p2 − p3)µgνρ + (p3 − p1)νgµρ)

incoming, p1 + p2 + p3 = 0

A B

C, µ

gsfABCpµ

−ig2sf
XACfXBD(gµνgρκ − gµκgνρ)

−ig2sf
XADfXBC(gµνgρκ − gµκgνρ)

−ig2sf
XABfXCD(gµρgνκ − gµκgνρ)

A, µB, ν

D,κC, ρ

µ
W : −igγµPLVij/

√
2

Z : −igγµ(gV − gA)/cw
γ : −ieQγµ

Figure 1.1: Feynman rules for QCD and relevant EW interactions. Fermions, gluons, EW
bosons and ghosts are represented by solid, springy, wavy and dashed lines respectively.
Where appropriate, the flow of momentum has been included.

• integrate over loop momentum, l, with the measure
d4l

(2π)4
,

• include a factor of −1 for fermion and ghost loops,

• include a symmetry factor of
1

n!
for n identical gluons.

These rules allow the extraction of the amplitude for a given process to any order in per-

turbation theory. The prediction representing the physical quantity is then obtained from

averaging and summing over initial and final state spins/polarisations. Therefore, the fol-

lowing completeness relations for spin and polarisation states of external quarks and gluons
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∼ δ1 ∼ δ2 ∼ δ3

Figure 1.2: Divergent one-loop corrections to the qq̄g vertex, quark self-energy and gluon
self-energy whose counterterms are necessary to calculate the β-function to first order.

are also provided

∑
spins

u(p)ū(p) = /p+m,
∑
spins

v(p)v̄(p) = /p−m,
∑
pol.

ϵµ(p)ϵ
∗
ν(p) = −gµν . (1.40)

The sum over polarisations states has assumed the choice of gauge parameter λ = 1. This

choice requires the additional calculation of processes involving the ghost fields.

1.3.4 Renormalisation

Comparing the theoretical consistency of QCD with observed phenomena clearly relies on

the predictive power of the theory. Including higher-order corrections to the prediction of

physical observables, and understanding when this perturbative expansion is reliable, is cru-

cial for a meaningful comparison. In quantum field theories such as QCD, it is necessary

to perform renormalisation for the theory to be predictive. For example, consider the cal-

culation of the quark self-energy as depicted in the centre of Figure 1.2, and calculated in

Appendix B. In this case the integration over the loop momentum has the form

I =

∫
d4l

(2π)4
1

l2(l − k)2
, (1.41)

which contains an ultraviolet (UV) divergence as l → ∞. There are several consistent

mathematical techniques which can be used to circumvent these divergences and provide
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finite predictions of physical observables which include higher-order corrections. To do so,

the infinite integral must first be regularised. This can be done by including a momentum

cut-off scale µ or by continuing the number of dimensions such that d < 4. Having performed

this regularisation, the divergent terms can then be absorbed into a redefinition of fields or

parameters, this is the procedure known as renormalisation. Both of these regulation tech-

niques introduce an arbitrary unphysical scale µ into the prediction of physical observables,

however this unphysical scale must have no impact on the final result in the full theory. As

the prediction relies on full knowledge of the perturbative expansion, which is truncated at

some fixed order, there is always some residual uncertainty due to the unknown dependence

of higher order terms on this choice of µ. One of the consequences of the renormalisation

scale independence of renormalisation is the running of the QCD coupling.

It is easy to see why this running arises by examining the form of the renormalised QCD

Lagrangian at one-loop level. Writing the Lagrangian in terms of the renormalised fields and

couplings, ignoring quark masses, gives

Lone−loop = −1

4
Z3G

A
µνG

A,µν +
∑

flavours

(Z2q̄ai/∂abqb − µϵZαgsq̄a /Gabqb) + · · · (1.42)

where the term µϵ is introduced to ensure the coupling remains dimensionless after dimen-

sional regularisation. The following notation has been used

Zα = Z1Z
−1
2 Z

−1/2
3 , Zi = (1 + δi) , (1.43)

where δi = 1, 2, 3, correspond to the counterterms required to ensure the one-loop Green’s

functions are finite for the qq̄g vertex, quark self-energy, and gluon self-energy corrections

respectively. The Feynman diagrams corresponding to each of these one-loop counterterms

are shown in Figure 1.2. Defining the coupling, αs, in the usual way

α3 =
g23
4π

, αs(µ
2) =

g2s
4π

, (1.44)

noting in particular the scale independence of the bare coupling α3. This scale independence
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leads to the following relation

µ2dα3

dµ2
= µ2 d

dµ2

(
µ2ϵZ2

α(αs(µ
2))αs(µ

2)
)
= 0 , (1.45)

which evaluates to

ϵαs +
2αs

Zα

dZα

dαs

µ2dαs

dµ2
+ µ2dαs

dµ2
= 0 . (1.46)

Omitting the explicit µ dependence of αs (αs(µ
2) = αs) and defining the QCD β-function as

β(αs) = µ2dαs

dµ2
=

dαs

dt
, t = ln(µ2) , (1.47)

leads to the relation

β(αs) =
−ϵαs

1 + 2 αs

Zα

dZα

dαs

. (1.48)

Therefore, by calculating each of the counterterms δi provided in Appendix A and expanding

in αs, the β-function is

β(αs) = −b0α
2
s +O(α2

s, ϵ) , b0 =
1

12π
(33− 2nf ) . (1.49)

The variable nf corresponds to the number of active quark flavours running in the fermion

loop. For a constraint on the number of flavours, nf < 17, the β-function is negative

and results in the coupling strength decreasing with increasing energy — it is said to be

asymptotically free [17]. Solving the β-function, truncated at one-loop, leads to the relation

αs(Q
2) =

αs

1 + αsb0log(
Q2

µ2 )
, (1.50)

which explicitly expresses αs at the scale Q
2 as a function of αs evaluated at some other scale

µ. Although the definition of αs clearly depends on µ, physical observables such as cross

sections are calculated from a combination of the coupling and the matrix element for a given

process. Performing renormalisation introduces an unphysical scale dependence in both the

coupling and the matrix element in such a way that, in the full theory. It is this cancellation
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which justifies the extraction of αs evaluated at a scale Q, corresponding to the physical

scale of the process being measured. The full cancellation relies on knowledge of all terms

in the expansion for each order in αs. Unknown terms in the series introduce an associated

scale uncertainty as previously mentioned. If this uncertainty is taken into account when

extracting values of αs from measurements at different energy scales, it allows the prediction

of the running to be tested to high precision. Generally, extractions of αs from measurement

are subsequently run to the common scale of m2
Z . This allows a straightforward comparison,

as well as combination, of the observed value of αs for many different experiments.

The commonly used world average is αs(m
2
Z) = 0.1184± 0.0007 [18], which is dominated

by lattice QCD results, at Q = 7.5 GeV, which have an extremely small uncertainty [19].

As QCD phenomenology is extremely sensitive to the value of αs, including new precision

measurements of this coupling is important as an input for an updated average, as well as a

cross check of the consistency of results from lattice.

Historically, the coupling was also expressed with respect to the fundamental scale Λ at

which the coupling tends to infinity, leading to the expression

αs(Q
2) =

1

b0log(
Q2

Λ2 )
. (1.51)

The running of αs(Q
2) is plotted with respect to energy scale in Figure 1.3 at both one

and two-loop level for the following choices of Λ: Λone−loop = 0.255 GeV; Λtwo−loop = 0.206

GeV. The number of active flavours has been fixed to nf = 5 for simplicity. This particular

choice of Λtwo−loop corresponds to αs(m
2
Z) = 0.116. Importantly, at a scale of O(1 GeV) the

coupling exceeds unity and perturbation theory is no longer reliable.

Although the QCD Lagrangian is known, and there are many tests confirming the reli-

ability of its perturbative expansion for Q ≫ Λ, less is known about its behaviour in the

strong coupling regime O(1 GeV). In particular, coloured objects such as quarks and gluons

have not been experimentally observed in isolation — the phenomenon is known as confine-

ment. A fundamental description of the transition from coloured objects to colour singlet
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Figure 1.3: Running of the strong coupling evaluated at one and two-loop level. The reference
scales for infinite coupling are chosen to be Λone−loop = 0.255 GeV, Λtwo−loop = 0.206 GeV.
The number of active flavours is held fixed at nf = 5.

hadrons is still lacking. The following Chapter will be dedicated to discussing some of these

issues and how QCD can be used to make predictions for colour singlet observables produced

from the collisions of strongly-bound hadrons.

1.4 Summary

The basic features of the SM, which are necessary for the upcoming discussion of LHC

observables, have been introduced. This includes the content, masses, and interactions of the

fundamental particles. It has been stressed that the inclusion of higher-order corrections is

necessary to provide a meaningful comparison between theoretical predictions and observable

phenomena. This prompted the discussion of renormalisation, a necessary step to provide

finite higher-order predictions. One of the consequences of this renormalisation procedure

is the running of the coupling αs, which leads to the behaviour of asymptotic freedom.

As the predictions for observables predominantly rely on performing perturbation theory

in the coupling, a regime of validity for the prediction of interactions can be obtained.

The corresponding energy scale, at which the coupling exceeds unity, is O(1 GeV). The
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electromagnetic and weak couplings αe and αw remain in the perturbative regime for all

energy scales considered when performing LHC phenomenology.



Chapter 2

Predicting LHC observables

The goal of this thesis is to provide realistic predictions for the production of high
pseudorapidity top quarks at the LHC. In the previous Chapter, a set of Feynman
rules was derived to allow the calculation of quantum amplitudes which represent
physical processes. At hadron colliders such as the LHC, providing predictions for
observables is substantially more complicated than computing a single amplitude for
the following reasons: the incoming partons appearing in the amplitude for a hard
subprocess are constituent particles of the colliding hadrons; fixed-order calculations
must be extended to all-orders to correctly describe exclusive observables, partic-
ularly those sensitive to neglected multiple emissions; the transition from coloured
off-shell partons into colour singlet objects must be modelled to satisfy the crite-
rion of confinement. Each of these topics and their overall compatibility will be
considered, leading finally to a recipe for the prediction of experimental signals.

2.1 Introduction

Hadron-hadron collisions at the LHC provide an interesting laboratory to study many aspects

of fundamental interactions which occurr across a large range of energy scales. Providing

realistic predictions for these collisions is necessary if comparisons to experimental data are

to be used to improve the current understanding of the fundamental interactions of nature.

These predictions are generally provided by Monte Carlo (MC) event generators which rely

on repeated random sampling to obtain numerical results. The MC method is well suited

to simulating LHC collisions for many reasons, a few of the main motivations are outlined

below.

• Quantum mechanics is probabilistic. It is impossible to know the outcome of the

24



2.1 Introduction 25

collisions on an event-by-event basis. The random sampling in these event generators

mimics this effect allowing the construction of a probability distribution for observables.

• The LHC collisions are complicated to predict. As will be discussed, an LHC col-

lision can be structured into several different subprocesses. The MC method allows

each of these different subprocesses to be considered sequentially which simplifies the

prediction of the full process.

• LHC events have a large number of final state particles. The associated number of

degrees of freedom is therefore very large. Numerical integration over many dimensions

is feasible with the MC method in which the convergence is stochastic.

In order to implement these methods, it is first necessary to discuss the structure of an

LHC collision in detail. This will be limited to the discussion of hard scattering processes,

referring to processes in which the interaction occurs with large momentum exchange —

top quark production falls into this category. As the colliding hadrons are strongly-bound

composite objects of interacting quarks and gluons, the details of their underlying structure

must be included when making predictions. Fortunately, this complication can be simplified

by factoring the full scattering process into a combination of both long- and short-distance

effects [20]. This factorisation procedure introduces an arbitrary unphysical energy scale

µF which separates the full scattering process into effects occurring at scales below (long-

distance) and above µF (short-distance).

The long-distance effects are factored into parton distribution functions (PDFs) which

represent a probability density in the space of parton distributions (a = u, ū, ..., g). The

PDFs, which model the density of partons inside the hadron, are perturbatively evolved to

to a virtuality µ2
F which accounts for multiple parton splittings occurring below this scale.

It is therefore necessary to present the PDF for each parton flavour a as a function of its

momentum fraction (xa) and the factorisation scale (µ2
F ) as fa/A(xa, µ

2
F ). The choice of the

arbitrary scale µ2
F should be such that it corresponds to the expected physical momentum

exchange Q2 of the process being studied. Note that, although the unphysical scale depen-

dence enters at O(µ2
F ), it will often be convenient to refer to this dependence simply as
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µF .

Above the scale µF , the interaction is described by the short-distance subprocess σ̂ab→X

which describes the interaction of the constituent partons a and b which scatter to produce

final state X. This subprocess can be calculated perturbatively using Feynman diagrams.

As higher-order corrections are included in both the parton evolution and subprocess, the de-

pendence on µF decreases as the cancellation between µF -dependent terms improves. In the

full theory, there would be no need to introduce this factorisation whatsoever. Schematically,

this factorisation procedure is

σAB→X =
∑
a,b

∫
dxadxbfa/A(xa, µ

2
F )fb/B(xb, µ

2
F )dσ̂ab→X(ŝ, µ

2
F , µ

2
R, αs) , (2.1)

where the µR dependence of αs ensures the short-distance cross section is µR-independent. It

is also important to note that this formulation is only valid for interactions with momentum

scale exchange Q2 ≫ ΛQCD — otherwise, the contribution from non-factorisable corrections

can typically be large O(Λ2
QCD/Q

2).

The short-distance cross section is obtained from the invariant matrix element as

dσ̂ab→X =
1

2sab

∑
|Mab→X |2dϕn , dϕn =

n∏
i

d3pi
(2π)32Ei

(2π)4δ(4)

(
pa + pb −

n∑
i

pi

)
.

(2.2)

The following notation has been introduced, sab = p2ab = (pa + pb)
2 =

ma,b→0
2pa · pb. The first

term in the first equation is a flux factor (F = 2sab) for the incoming partons, the second

term is the squared matrix element which has been averaged (summed) over initial (final)

state colour and spin, and the final term dϕn is the phase space for the n-body final state

X. The matrix element, which represents a quantum amplitude, is given by the sum over

all contributing Feynman diagrams Mab→X =
∑

i Di
ab→X which, when squared, is generally

truncated at some fixed-order in the coupling.

Finally, to make predictions for observables at the level of hadrons (colour singlet ob-

jects), it is also necessary to include long-distance effects in the final state. This is required
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to evolve the off-shell final state from the factorisation scale down to the hadronisation scale.

Performing this evolution is beneficial as theoretical predictions can then be compared di-

rectly to experiment at the level of hadrons. Each of the components contributing to the

full scattering cross section will now be considered in turn.

2.2 Fixed-order calculations and factorisation

2.2.1 Fixed-order calculations

Consider first the evaluation of the partonic (short-distance) cross section for the production

of the final state X. The differential cross section for an observable O may be written as

dσ̂X

dO
=

1

F

∞∑
k=0

∫
dϕX+k

∣∣∣∣∣
∞∑
l=0

Ml
X+k

∣∣∣∣∣
2

δ(O −O(ϕX+k)) . (2.3)

The following notation has been introduced: the sum over k corresponds to production of X

(for example Z production) in association with k final state partons (real corrections); the

sum over l accounts for the inclusion of loop processes (virtual corrections). The phase space

integral is altered to account for the correct number of final state partons accordingly, and

the delta function projects out the contribution from different momentum configurations

in phase space for a fixed value of O. This notation encapsulates the general aspects of

fixed-order calculations.

There are several benefits of including higher-order corrections: the cancellation of theo-

retical uncertainty, introduced through the unphysical scales required to perform renormal-

isation and factorisation, increases order-by-order; new production channels and final states

are introduced by real corrections; processes may contain large logarithms introduced after

divergent contributions are regulated.

As the reliability of a prediction generally depends on whether the higher-order correc-

tions are relatively small, obtaining these corrections is therefore an important test of the
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convergence of the perturbative series. One example of a process with poor convergence

is the inclusive cross section for Higgs production. The next-to-LO (NLO) corrections are

substantial, and require the next-to-NLO (NNLO) correction for a reliable prediction [21].

In fact, the evaluation of these corrections at next-to-NNLO [22] is also underway. As the

number of diagrams grows approximately factorially per order, calculating higher-order cor-

rections beyond k + l = n > 2 is computationally challenging, and currently only available

for a small number of specific processes.

It is also necessary for higher-order corrections to be computed to fixed n—meaning that

real and virtual corrections of the same order must be computed simultaneously to obtain

finite predictions, a consequence of the Kinoshita-Lee-Nauenberg (KLN) theorem [23, 24].

This theorem states that the infrared (IR) divergences, introduced independently by both

real and virtual corrections, cancel exactly with one another order-by-order for fixed n. The

real divergences arise from momentum configurations in which the emission of an additional

parton in the final state is either collinear or soft, resulting in a singular contribution to

the matrix element for the X + k process. The virtual corrections contain IR divergences

for all momentum configurations — however, unlike the real correction they inhabit the ϕX

phase space. Performing and implementing a higher-order correction essentially becomes

the task of finding a suitable way to cancel these divergences, which occupy different phase

spaces, and yield numerically finite results for both X and X + k processes independently.

Schematically, an NLO cross section is structured as

σF =

∫
dϕX |M0

X |2 +
∫

dϕX2Re|M1
X |2 +

∫
dϕX+1|M0

X+1|2 , (2.4)

where the second and third terms are individually IR divergent. It is also assumed that

the second term has been renormalised to remove UV (l → ∞) divergences — this may

be done through the procedure of field renormalisation after dimensional regularisation (see

Appendix B). One approach to calculating NLO cross sections is to perform numerical inte-

gration independently over the relevant X and X + n phase space. As the virtual and real

corrections are independently divergent, it is then necessary to adapt the form of (2.4) to
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predict finite results. One approach, the method of subtraction, is to introduce a generic

function C with the following properties: the function must have the same singular behaviour

as the real contribution, therefore acting as a local counterterm to the real contribution when

subtracted; it must also be exactly integrable analytically in d dimensions over the single

parton subspace, and integrate to give the IR divergences which exactly cancel those from

the virtual contribution. The result of this implementation is to generate finite partonic

events for both X and X +1 final states separately. Schematically, it has the following form

σF =

∫
dϕX |M0

X |2 +
∫

dϕX

(
2Re|M1

X |2 +
∫

dϕ1C

)
+

∫
dϕX+1

(
|M0

X+1|2 − C
)
. (2.5)

The presence of IR singularities in fixed-order calculations is an indication of long-distance

effects which are not described by truncated perturbation theory. It is therefore important

to understand how these long-distance effects can otherwise be accounted for. Before doing

so, it is necessary to discuss the universal behaviour of IR singularities which appear in gauge

theory amplitudes.

2.2.2 Factorisation: the soft limit

As demonstrated in the previous Section, the predictive power of fixed-order calculations

relies on the convergence of the perturbative series. However, there are particular regions

of phase space in which the higher-order corrections are enhanced, and the description of

exclusive observables in this region may be poorly modelled by the fixed-order calculation.

The treatment of these regions of phase space relies on the universal factorisation of IR

divergences, and it is therefore instructive to demonstrate this factorisation in both soft and

collinear configurations.

Consider first the limit in which a soft gluon is radiated in the final state of a process

such as γ → qq̄(g). The leading process (Born level) and the real correction diagrams are



2.2 Fixed-order calculations and factorisation 30

M(pi, pj)

i, a

j, b

M(piq, pj)

i, a

j, b

q, A M(pi, pjq)

i, a

j, b

q, A

Figure 2.1: Amplitude for the production of final state X and X + g. The external legs are
labelled by their momentum i, j, q and colour space labels a, b, A.

depicted in Figure 2.1. The Born level amplitude is

M0
X = ūa(pi)Mab(pi, pj)vb(pj)δab . (2.6)

The real correction term, including the amplitudes in which a gluon with momentum q is

radiated off each external leg, is given by

M0
X+g = ūa(pi)

(
(−igst

A
ab)/ϵ

∗A i(/pi + /q +m)

(pi + q)2 −m2
Mab(pi + q, pj)

+Mab(pi, pj + q)
−i(/pj + /q −m)

(pj + q)2 −m2
(−igst

A
ab)/ϵ

∗A
)
vb(pj) .

(2.7)

In the approximation of soft radiation (q ≪ pi, pj), this simplifies to

M0
X+g ≃ ūa(pi)(−igst

A
ab)Mab(pi, pj)vb(pj)

(
pi · ϵ∗

pi · q
− pj · ϵ∗

pj · q

)
. (2.8)

In this limit, the colour-correlated Born amplitude factorises at the amplitude level. Squaring

this amplitude and summing over final state colour, polarisation, and spin leads to the result

|M0
X+g|2 = |M0

X |2CFg
2
s

(
2pi · pj

(pi · q)(pj · q)
− m2

i

(pi · q)
−

m2
j

(pj · q)

)
. (2.9)

In this form, it is clear that the soft divergence occurs as |q| → 0. Considering the case

of massless partons, this divergence becomes maximal when the intermediate propagators

for each process simultaneously go on-shell. As the origin of the soft divergence is simply

due to intermediate propagators going on-shell, this explains why the factorisation of these
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divergences is a universal property of gauge theory amplitudes. An interesting consequence

of the soft divergence becomes apparent when the phase space is included

dσX+g = dϕX |M0
X |2

d3q

(2π)32Eq

CF4παs
2pi · pj

(pi · q)(pj · q)
,

= dσX
dq0
Eq

dϕ

2π

CFαs

π
dcos θ

1− cos θij
(1− cos θiq)(1− cos θjq)

.

(2.10)

This formulation demonstrates the presence of both soft and collinear singularities, which

occur when the soft gluon is emitted in the direction parallel to either parton i or j. In fact,

further insight can be gained by defining the set of radiation functions

W i
ij =

1

2(1− cos θiq)

(
1 +

cos θiq − cos θij
1− cos θjq

)
,

W j
ij = W i

ij[j ↔ i] .

(2.11)

These functions have the property of angular ordering which ensures subsequent emissions

must occur within a progressively decreasing angular cone. This constraint is provided when

performing the angular integration

∫
dϕiq

2π
W i

ij =


1

1−cosθiq
θiq < θij ,

0 otherwise .

(2.12)

This coherence effect is a general property of soft emissions in gauge theories. Coherence

can therefore be taken into account by limiting final state emissions to be ordered by an

energy-weighted emission angle. To understand this, consider a process in which a gluon

splits into a collinear qq̄ pair followed by a soft- and wide-angled gluon emission. If the

collinear splitting is unresolvable, then the qq̄ pair appears as a single colour octet source.

The soft contribution is then equivalent to a wide-angle g → gg splitting occurring prior

to the collinear g → qq̄ splitting. In this way, the coherence effect can be accounted for

correctly by collinear evolution, when a suitable ordering parameter for parton emissions is

included.
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Alternative approaches to angular ordering, such as that present in dipole showering,

take some k⊥ (transverse momentum) variable as the ordering parameter [25, 26]. When

applied to multiple emissions, these types of ordering also ensure that sequential branchings

of particles result in a collimated ‘jet’ of particles which are localised in phase space. This

is particularly important for colour-connected particles which should eventually form colour

singlet objects — this will be discussed in more detail towards the end of the Chapter.

2.2.3 Factorisation: the collinear limit

The discussion of factorisation can also be extended to collinear singularities which are

not necessarily soft. This factorisation procedure provides the basis for the description

of long-distance effects which are not accounted for by fixed-order calculations. When this

factorisation is applied sequentially to multiple splittings, it acts to resum splittings occurring

below the scale µ2
F to all-orders. To understand the validity of this statement, the leading

contribution to the spin-averaged parton splitting q → qg will be calculated, demonstrating

the origin of universal splittings kernels. Following the notation of [27], the collinear limit

in which two massless partons pi and pj become parallel is defined as follows

pµi = zpµ + kµ
⊥ − k2

⊥
z

nµ

2p · n
, pµj = (1− z)pµ − kµ

⊥ − k2
⊥

1− z

nµ

2p · n
,

sij = − k2
⊥

z(1− z)
, k⊥ → 0 .

(2.13)

The vector k⊥ denotes the momentum transverse to the the collinear direction, defined by the

light-like vector pµ. The auxiliary light-like vector nµ is required to ensure the correct scaling

of the space-like vector kµ
⊥ such that k⊥ · p = k⊥ · n = 0. The prefactor for the auxiliary

vector can easily be evaluated by requiring both pi and pj to be light-like. The leading

contribution to the collinear singularity arises from the self-interference of the singular term.
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The amplitude for the singular term is

Mq+g =M1 = Mb
0

i, a

j, A

,

= ūs
a(pi)[−igst

A
abγ

µ]
i/pij
p2ij

ϵA∗
µ Mb

0 .

(2.14)

In this notation, a spinor has been extracted from a generic Born level amplitude (Mq),

and Mb
0 represents the reduced amplitude with this leg removed. The contribution from a

collinear splitting interfering with itself is then easily calculated by including the emission of

a gluon with finite momentum from the external leg. The labels a and A are the quark and

gluon colour space indices while the labels i and j correspond to the momentum carried by

the external partons after the splitting. The squared amplitude is then

|Mq+g|2 =
g2st

A
abt

B
cd

s2ij
Tr{Mc∗

0 /pijγ
νus

d(pi)ū
s
a(pi)γ

µ
/pijM

b
0}ϵA∗

µ ϵBν , (2.15)

which can be solved using the following completeness relations

∑
pol.

ϵA∗
µ (q)ϵBν (q) →

(
−gµν +

qµnν + nµqν
n · q

)
δAB ,

∑
s

us
a(p)ū

s
b(p) = /pδab . (2.16)

For the process considered, this completeness relation ensures that only physical polarisations

contribute. Summing over final state polarisation and spin gives

|Mq+g|2 =
g2sCF

s2ij
Tr{Mc∗

0 /pijγ
ν
/piγ

µ
/pijM

c
0} ·

(
−gµν +

(pj)µnν + nµ(pj)ν
n · pj

)
. (2.17)

Calculating the first term leads to

|Mα|2 = −g2sCF

s2ij
Tr{Mc∗

0 /pijγ
ν
/piγν/pijM

c
0} ,

=
2g2sCF

s2ij
Tr{Mc∗

0 /pj/pi/pjM
c
0} .

(2.18)
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Using the spinor completeness relation this becomes

|Mα|2 =
2g2sCF

s2ij

∑
s1,s2

Tr{Mc∗
0 u

s1(pj)ū
s1(pj)/piu

s2(pj)ū
s2(pj)Mc

0} ,

=
2g2sCF

s2ij

∑
s1,s2

(Mc∗
0 )i[u

s1(pj)]i[ū
s1(pj)]j[/pi]jk[u

s2(pj)]k[ū
s2(pj)]l(Mc

0)l ,

=
2g2sCF

s2ij

∑
s1,s2

Tr{Mc∗
0 u

s1(pj)ū
s2(pj)Mc

0}Tr{ūs1(pj)/piu
s2(pj)} .

(2.19)

Making use of the following spinor identity, ūs1/pus2 = δs1,s2ū
s1/pus1 , this evaluates to

|Mα|2 =
2g2sCF

s2ij

∑
s1

Tr{Mc∗
0 u

s1(pj)ū
s1(pj)Mc

0}Tr{ūs1(pj)/piu
s1(pj)} . (2.20)

The second trace is spin independent, and may be written

|Mα|2 =
g2sCF

s2ij
Tr{Mc∗

0 /pjM
c
0}Tr{/pj/pi} . (2.21)

Using the substitution /pj = (1− z)/pij +O(k⊥) from the definitions in (2.13) and taking the

limit k⊥ → 0 this becomes

|Mα|2 =
g2sCF

pi · pj
(1− z)Tr{Mc∗

0 /pijM
c
0} . (2.22)

The second term can be calculated in a similar way

|Mβ|2 =
g2sCF

s2ij

1

n · pj
((pj)µnν + nµ(pj)ν)Tr{Mc∗

0 /pijγ
ν
/piγ

µ
/pijM

c
0} . (2.23)

Performing the substitution /pi = z/pij + O(k⊥), inserting completeness relations, and again

taking the limit k⊥ → 0 this becomes

|Mβ|2 =
g2sCF

s2ij

1

zn · pj

∑
s1

Tr{Mc∗
0 u

s1(pj)ū
s1(pj)Mc

0}Tr{ūs1(pi)[/pj/pi/n+ /n/pi/pj]u
s1(pi)} .

(2.24)
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Note the use of the spin relation ūs1/a/b/cus2 = δs1,s2ū
s1/a/b/cus1 . Using the cylicity of the trace,

the spin independence of the second trace, and the quartic gamma matrix relation gives

|Mβ|2 =
g2sCF

s2ij

1

zn · pj
Tr{Mc∗

0 /piM
c
0}8(pi · pj)(pi · n) ,

=
2g2sCF

pi · pj
pi · n
n · pj

Tr{Mc∗
0 /pijM

c
0} .

(2.25)

Finally, the ratio of the product of momentum with the auxiliary vector nµ can be found by

contracting the vectors using the definitions provided in (2.13), leading to

|Mβ|2 =
g2sCF

pi · pj
2z

1− z
Tr{Mc∗

0 /pijM
c
0} . (2.26)

Combining this with the result for the first term gives

|Mq+g|2 =
g2s

pi · pj
CF

(
1− z +

2z

1− z

)
Tr{Mc∗

0 /pijM
c
0} . (2.27)

Noting that the remaining trace is simply the contribution from the Born amplitude. The

final result is therefore

|Mq+g|2 =
g2s

pi · pj
CF

(
1 + z2

1− z

)
|Mq|2 . (2.28)

In the collinear limit this contribution behaves like O(1/k2
⊥) as pi · pj → O(k2

⊥). The cross-

terms can be shown to behave as O(1/k⊥), and are therefore sub-leading. The term which

has been factored is universal and contains the so-called spin averaged Altarelli-Parisi [28]

splitting function for the process q → qg

⟨P̂qq(z)⟩ = CF

(
1 + z2

1− z

)
. (2.29)

The subscript labels qq correspond to the outgoing parton with momentum i and parent

parton which undergoes splitting with momentum ij respectively — this is sufficient to label
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all possible splittings in a unique way. Therefore, the splitting q(pij) → g(pi)q(pj) is

⟨P̂gq(z)⟩ = ⟨P̂qq(1− z)⟩ = CF

(
1 + (1− z)2

z

)
. (2.30)

Similar calculations for the spin-averaged g → qq̄, g → gg splittings lead to the following

kernels [28]

⟨P̂gg(z)⟩ = CA

(
1− z

z
+

z

1− z
+ z(1− z)

)
,

⟨P̂qg(z)⟩ =
1

2

(
z2 + (1− z)2

)
.

(2.31)

This set of splitting kernels forms the basis for parton evolution. Consider now inclusion of

the phase space factor required to compute the cross section for the full process including

the q → qg splitting — this has the form

dϕq+g = ...
d3pi

(2π)32Ei

d3pj
(2π)32Ej

. (2.32)

The correction arising from the splitting becomes

|Mq+g|2dϕq+g = ...
d3pi

(2π)32Ei

d3pj
(2π)32Ej

g2s
pi · pj

CF

(
1 + z2

1− z

)
|Mq|2 . (2.33)

Making the replacements, Ei = zEij and d3pi = d3pij for fixed pj leads to

dσq+g =
|Mq|2

F
...

d3pij
(2π)32Eij

d3pj
(2π)32Ej

1

z

g2s
pi · pj

CF

(
1 + z2

1− z

)
. (2.34)

It is useful to rewrite this correction by making a change of variables for the gluon phase

space

d3pj
(2π)32Ej

=
d(pj)∥
Ej

dϕ

2π

1

8π2

d(pj)
2
⊥

2
=

pdz

p(1− z)

dϕ

2π

1

8π2

dk2
⊥
2

, (2.35)

which follows from the definitions in (2.13) and requires the corresponding Jacobian to be

calculated. The differential cross section correction then becomes

dσq+g = dσq
dk2

⊥
k2
⊥

αs

2π
dz

dϕ

2π
CF

(
1 + z2

1− z

)
. (2.36)
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This result highlights several important points. First of all, the splitting kernels ⟨P̂ba(z)⟩ are

derived by summing over final state spins/polarisations and therefore exhibit no azimuthal

dependence. However, extending this derivation to include spin correlations between the

parent parton and its decay products provides information about the preferred plane of

branching of the decay products — see for example Chapter 5 of [8]. To this extent, the

factorisation of the collinear divergences is only approximate, as the splitting kernel is an

operator in the helicity space of the parent parton — the factorisation is only true after

summing over spin/polarisation states. Secondly, the splitting functions are also unregulated,

containing soft divergences at z = 0, 1. These divergences can be accounted for by including

the relevant contribution from virtual corrections, which cancel order-by-order by the KLN

theorem. Finally, the choice of variable k⊥ is arbitrary as there are other equivalent choices.

However, this choice is well motivated as a lower cut-off (regularisation) for k⊥ can be chosen

to correspond to the physical scale below which emissions are experimentally unresolvable.

It is therefore a physically motivated cut-off scale for the evolution of partons appearing in

the final state.

As this factorisation procedure can be recursively applied to splittings an arbitrary num-

ber of times, it can be used to describe the effects of multiple splittings. To examine how

this is done, multiple splittings in the initial state will be considered before generalising the

technique to multiple splittings in both initial and final states. This will lead to a discus-

sion of extending fixed-order calculations to include all-orders effects, and how PDFs are

extracted from experimental measurements.

2.3 All-orders approach

Before considering the treatment of parton evolution in PDFs, it is first necessary to gen-

eralise the previous result to the case of initial state splittings. To do this, consider the

two scenarios depicted in Figure 2.2. The left amplitude depicts a final state (time-like)

branching, and the right amplitude depicts a series of initial state (space-like) branchings.
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n

Figure 2.2: Amplitudes depicting parton branchings in both the final (time-like) and initial
(space-like) states.

For a single splitting, the propagators have the form

time-like =
i(/pij +m)

2pi · pj
,

space-like =
i(/pi +m)

−2pij · pj
,

(2.37)

where the incoming quark propagator and radiated gluon for the space-like branching have

momentum labels i and j. As the external massless partons are assumed to be on-shell, the

time-like and space-like branchings must have positive and negative virtuality respectively

— hence the name. The result for the enhancement to the cross section arising from a

space-like branching is then easily obtained by including the relevant phase space

dϕn+g = dϕn
d3pj

(2π)32Ej

. (2.38)

This result is therefore identical to the case of a time-like branching as the flux-factor for the

incoming quark propagator receives the following alteration during the splitting: F ′ = zF .

2.3.1 DGLAP Evolution

The factorisation theorem which was introduced at the start of this Chapter, which must

be applied when performing truncated perturbation theory, separates the full scattering

process into both short- and long-distance effects. The short-distance effects are computed

using fixed-order perturbation theory, while the long-distance approximate all-orders effects

are absorbed into a probability density function which describes the distribution of partons
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within the hadron.

To justify this, consider the scenario in which a quark inside a hadron evolves from

very low virtuality µ2
0 (with large x0) to large virtuality µ2

n (with small xn) before finally

participating in a hard subprocess at the scale Q2. This is depicted in Figure 2.2, in which

a chain of space-like branchings lead up to a hard interaction denoted by the amplitude

Mc
0. In the approximation of strongly-ordered transverse momenta — and introducing the

notation µ2
i ≡ k2

⊥,i — the following kinematic ordering is ensured

x0 > x1 > x2 > ... > xn ,

µ2
0 ≪ µ2

1 ≪ µ2
2 ≪ ... ≪ µ2

n ≪ Q2 .

(2.39)

Using the previous result for the correction from a single splitting, this evolution can be

written as ∫ Q2

µ2
0

αs(µ
2
n)

2π

dµ2
n

µ2
n

...

∫ µ2
3

µ2
0

αs(µ
2
2)

2π

dµ2
2

µ2
2

∫ µ2
2

µ2
0

αs(µ
2
1)

2π

dµ2
1

µ2
1

,

=
n∏

i=1

αs(Q
2)

2π

∫ µ2
i+1

µ2
0

dµ2
i

µ2
i

(
1 + αs(Q

2)b0ln
Q2

µ2
i

+O(α2
s)

)
.

(2.40)

Keeping only the leading terms in powers of αs(Q
2), the above result can be approximated

by

1

n!

(
αs(Q

2)

2π
ln
Q2

µ2
0

)n

. (2.41)

The resummation of these logarithms to all-orders is known as the leading logarithmic ap-

proximation (LLA) and is a necessary feature of realistic predictions of observables. For

example, to calculate the cross section for the hard subprocess Mc
0, it is necessary to know

the probability density describing the quark distribution as a function of the quarks mo-

mentum fraction xn at a given scale µ2
n. This must account for all the possible paths which

contribute to the density at these values. To see this, consider the change of a generic PDF

f(x, µ2) when the virtuality is increased by an infinitesimal step µ2 → µ2 + δµ2. The PDF

will change if a parton undergoes a splitting or if a parton at higher x′ splits and produces

it (see Figure 2.3). Using the result from (2.36), this is summarised as
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x′

zx′ = x

(1− z)x′

x

zx

(1− z)x

Figure 2.3: Kinematic configurations for PDF evolution.

δf(x, µ2) =
δµ2

µ2

(∫ 1

x

dx′dz
αs

2π
⟨P̂ (z)⟩f(x′, µ2)δ(zx′ − x)−

∫ 1

0

dz
αs

2π
⟨P̂ (z)⟩f(x, µ2)

)
.

(2.42)

Rearranging and integrating over x′ gives

µ2∂f(x, µ
2)

∂µ2
=

αs

2π

(∫ 1

0

dz

z
⟨P̂ (z)⟩f(x

z
, µ2)−

∫ 1

0

dz⟨P̂ (z)⟩f(x, µ2)

)
,

=
αs

2π

∫ 1

0

dz⟨P̂ (z)⟩
(
1

z
f(

x

z
, µ2)− f(x, µ2)

)
.

(2.43)

This can be rewritten by introducing the plus prescription

∫ 1

0

dxh+(x)g(x) =

∫ 1

0

h(x) (g(x)− g(1)) , (2.44)

where g(x) is a regular function. After defining the regularised splitting function as ⟨P̂ (z)⟩+ =

P (z), the evolution can be written

µ2∂f(x, µ
2)

∂µ2
=

αs

2π

∫ 1

x

dz

z
P (z)f(

x

z
, µ2) . (2.45)

This evolution equation can be generalised to include all splittings which may contribute to

a specific flavour or type of parton distribution δfa(x, µ
2). This leads to a set of coupled

differential equations — the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution

equations [28–30]

µ2∂fa(x, µ
2)

∂µ2
=
∑
b

αs

2π

∫ 1

x

dz

z
Pab(z)fb(

x

z
, µ2) ,

=
∑
b

Pab ⊗ fb(µ
2) .

(2.46)

The labels a and b correspond to the parton type (quark or gluon). Since the original work of
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DGLAP, the splitting functions are now known at NNLO [31–34]. The splitting functions Pab

are therefore formally an expansion in αs, and these corrections are necessary to consistently

factor the calculation of a hard subprocess, at a given fixed-order, into the PDF at the same

order in αs. For simplicity, only the LO splitting functions will be considered in the following

qualitative discussion — at LO they have a clear probabilistic meaning. In this notation,

the evolution of the flavour i quark and gluon PDFs are given by

µ2∂qi(x, µ
2)

∂µ2
= Pqq ⊗ qi(µ

2) + Pqg ⊗ g(µ2) ,

µ2∂g(x, µ
2)

∂µ2
= Pgq ⊗

nf∑
i

(
qi(µ

2) + q̄i(µ
2)
)
+ Pgg ⊗ g(µ2) .

(2.47)

These equations allow for PDFs to be evolved to arbitrary scales. Therefore, measurements

constraining the PDFs at a given scale can be used to make predictions for processes at any

other scale. As the PDFs are evolved to different scales, the tower of logarithms appearing

in (2.41), which arise from multiple splittings, are automatically resummed. The parton

evolution in PDFs is to this extent an all-orders effect.

In the derivation of the evolution equations, the regularised splittings functions ⟨P̂ (z)⟩+ =

P (z) were introduced. These functions contain a virtual correction term cabδ(1 − z) which

universally cancels soft divergences, occurring for gluon emission in the limit z → 1. The

coefficient of the virtual correction cab can be calculated by imposing charge and momentum

sum rules. For example, the coefficient in the function Pqq(z) is be obtained by requiring

that charge sum rules are scale independent

∫ 1

0

dzPqq(z) = 0 . (2.48)

This leads to ∫ 1

0

dz

(
1 + z2

1− z

)
+

= −
∫ 1

0

dzδ(1− z)cqq . (2.49)
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Using the definition of the plus prescription, the coefficient cqq may be evaluated as

cqq = −
∫ 1

0

dz

1− z

(
(1 + z2)− (1 + z2)|z=1

)
=

3

2
. (2.50)

A similar calculation, using the momentum sum rule, provides the correction to the process

of gluon splitting. The full set of regularised splitting functions are

Pqq(z) = CF

(
1 + z2

(1− z)+
+

3

2
δ(1− z)

)
,

Pgq(z) = CA

(
1 + (1− z)2

z

)
,

Pgg(z) = CA

(
1− z

z
+

z

(1− z)+
+ z(1− z)

)
+

1

6
(11CA − 2nf )δ(1− z) ,

Pqg(z) =
1

2

(
z2 + (1− z)2

)
.

(2.51)

Before discussing the practical implementation of the evolution equations, it is important

to consider the validity of both the lower and upper choices for the scale cut-off in the

PDF evolution (µ2
0, µ

2
F ). The lower cut-off µ2

0 is required to factor out the non-perturbative

nature of the hadron dynamics appearing at scales O(ΛQCD). The counterpart of this cut-off

in QED is the electron mass, which regulates collinear singularities. However, as the quark is

strongly bound within the hadron, it is hard to say exactly what quark mass should actually

appear in the propagator. As PDFs can be constrained with measurements of processes

occurring with Q2 ≫ µ2
0, it is not actually necessary to provide a description of dynamics

occurring below µ2
0 (typically a few GeV), avoiding potential ambiguities. The upper cut-off

µ2
F introduces an unphysical logarithmic dependence ∼ ln(Q2/µ2

F ) into the evaluation of

the hard subprocess. As previously discussed, the choice of µ2
F should therefore be process

dependent, and chosen to match the physical scale Q2. This avoids large logarithms that

may introduce artificially large theoretical uncertainty.
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2.3.2 Sudakov Form Factor

To practically implement parton evolution using a MC method, it will prove useful to first

derive a no-emission form factor. To begin, a separate notation for time-like evolution

(q2i ≡ k2
⊥,i) is introduced to distinguish it from the space-like evolution in the PDF. The

probability for an emission of a resolvable parton to occur within the virtuality interval

q2 → q2 + δq2 is

δP(z, q2) =
αs(q

2)

2π

δq2

q2

∫ 1

z0

dz⟨P̂ (z)⟩ , (2.52)

where the unregulated splitting function is regulated by the cut-off z0(q
2
0, q

2). Note that

emissions below the cut-off scale q20 are physically unresolvable. It follows from this definition

that the probability for no emissions to occur within the interval [Q2, q2] can be found by

considering a chain of infinitesimal subintervals (q2i = (Q2 − q2)/n) as

∆s(Q
2, q2) = lim

n→∞

n∏
i=1

(
1− P(q2i , q

2
i−1)
)
,

= exp

[
− lim

n→∞

n∑
i=1

P(q2i , q
2
i−1)

]
,

= exp

[
−
∫ Q2

q2

αs(k
2
⊥)

2π

dk2
⊥

k2
⊥

∫ 1

z0

dz⟨P̂ (z)⟩

]
.

(2.53)

This function is known as the Sudakov form factor, and has the benefit of being easily

implemented via MC methods. For example, given an initial condition Q2 for the virtuality

of a subprocess, the scale of a subsequent emission can be found by solving the equation

∆s(Q
2, q21) = r1 , (2.54)

where r1 is a pseudorandom number uniform on the interval [0, 1]. The scale of the next

emission is then found by solving

∆s(q
2
1, q

2
2) = r2 , (2.55)
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which is iteratively performed until the virtuality of a subsequent emission falls below the

lower cut-off q20 ∼ O(1 GeV). This procedure, which produces a shower of partons, is known

as the parton shower (PS). The lower cut-off q20, the counterpart of µ
2
0 in the PDF, indicates

the transition from the perturbative regime into the region of strong dynamics. At this

stage, the PS is truncated and the transition from coloured partons with virtuality O(q20) to

on-shell colour singlets occurs. The PS approach allows the accurate modelling of exclusive

observables in the region in which low energy and transverse momentum radiation is impor-

tant. As the PS evolves off-shell partons to the hadronisation scale (where hadronisation is

subsequently performed), the comparison between theory and experiment becomes more di-

rect. The PS is also an extremely useful tool for simulating the effect of detector response, as

it can be used to predict the multiplicity and momentum distribution of the decay products

resulting from an inelastic pp collision.

2.4 NLO+PS

There are clear benefits to both fixed-order calculations and the all-orders PS approach. For

example, an NLO QCD calculation of the differential Z boson cross section will provide a

more accurate estimation of the inclusive cross section, and reliably describe the Z boson

transverse momentum (pT ) shape and normalisation in the high-pT range. However, at low-

pT , the differential cross section receives a large positive contribution resulting from the

singular structure of the real emission as pT → 0. Although the inclusive cross section

remains finite, as it must by the KLN theorem, the low-pT region is poorly modelled as

resummation of soft and collinear enhancements from further higher-order corrections have

been neglected. The PS on the other hand accurately describes the low-pT region, as it

approximately accounts for all-order effects in the soft/collinear region. However, it poorly

models the high-pT range, as emissions in this region do not factorise.

At the LHC, it is becoming increasingly important to include accurate predictions for

SM processes. Such improvements increase the reach of new physics searches and the sen-
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sitivity to physical parameters. As many searches at the LHC now adopt techniques based

on boosted decision trees, multi-variate analysis, and neural networks, which rely on the

MC modelling of signal and background processes, there is a clear need for high precision

predictions of exclusive observables. This has prompted a large theoretical effort in which

two new developments have arisen, the first development was to match matrix elements

with the PS (ME+PS) [35], and the second was to interface NLO calculations with the

PS (NLO+PS) [36, 37]. There has also been recent progress to obtaining NNLO accuracy

matched to a PS [38, 39]. These methods are reviewed in [40]. In later Chapters, the

POWHEG method of interfacing NLO calculations [37,41,42] will be used to estimate both

signal and background processes. The basics of this method will therefore be discussed for

completeness.

2.4.1 POWHEG Method

The POsitive Weight Hardest Emission Generator (POWHEG) method is an adaptation of

the standard MC PS procedure which generates a single NLO accurate parton emission, and

is NLO accurate for inclusive observables. One of the main benefits of this method is that

the generated output, a sample of parton level events, is independent of the PS program it

is interfaced with. Also, for k⊥ ordered PS programs such as Pythia8 [43], the evolution

scale for subsequent emissions is automatically fixed by the scale of the POWHEG generated

emission.

To understand the implementation of this method, consider the production of a Z boson

by a standard LO+PS program. The differential cross section including the hardest emission

generated by the PS is given by

dσPS = dϕX
|MX |2

F

[
∆(Q2, Q2

0) +

∫
αs

2π

dq2

q2

∫ 1

z0

dz⟨P̂ (z)⟩∆(Q2, q2)

]
, (2.56)

where ∆(Q2, Q2
0) is the Sudakov form-factor defined in (2.53). The first term corresponds

to the production of a Z boson with Born phase space and kinematics — i.e. zero pT . The
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second term corresponds to the production of Z boson and a single parton, balanced in

pT , and is accurately modelled in the singular region where factorisation is applicable. The

integral of this formula yields a total cross section equivalent to the Born cross section, as

required by unitarity.

Before examining how the POWHEG method adapts this formula, the following notation

will prove useful

|MX |2

F
→ B ,

|MX+1|2

F
→ R ,

2Re|M1
X |2

F
→ V . (2.57)

The POWHEGmethod adapts the standard MC PS formula by making several replacements.

To begin, the prefactor is altered according to

dϕXB → dϕB̄B̄ , B̄ = B + V +

∫
Rdϕ1 . (2.58)

This is equivalent to the NLO cross section (2.5), and can be calculated numerically by

including a counterterm. The second adjustment is the replacement of the splitting kernel,

which is only accurate in the singular region, with the NLO accurate real emission R as

follows

dq2

q2
dz

αs

2π
P (z) → dϕ1

R

B
. (2.59)

Finally, the modified Sudakov form factor with this replacement becomes

∆POWHEG(Q
2, k2

T ) = exp

[
−
∫

dϕ1
R

B
Θ
(
k2
T (ϕ1)− k2

T

)]
. (2.60)

The POWHEG differential cross section with these replacements is then

dσPOWHEG = dϕB̄B̄

[
∆POWHEG(Q

2, kmin,2
T ) + ∆POWHEG(Q

2, k2
T )

R

B
dϕ1

]
. (2.61)

In analogy with the standard MC PS program, the first term is the no emission contribution,

while the second term describes the production of a Z boson in association with an NLO

accurate parton emission. The total cross section corresponds to the NLO cross section for Z



2.5 NLO+PS 47

boson production. Full details of the POWHEG method and a recipe for implementing NLO

calculations in the POWHEG-BOX is provided in [41]. From this point, the term POWHEG

will refer to the implementation of the POWHEG method in the POWHEG-BOX computer

framework.

To compare the various methods which have been discussed so far, the Z boson differential

cross section with respect to transverse momentum is shown in Figure 2.4 at NLO (MCFM [44]),

NLO+PS (POWHEG [45] matched to Pythia8), and LO+PS (Pythia8). The normalisation of

the NLO and NLO+PS is equivalent. Notice in the case of the NLO distribution, the first

bin is not visible in the plot as it is negative — arising from the virtual corrections. The

distribution obtained with NLO+PS is harder in the moderate pT range due to the presence

of multiple splittings, which migrates the Z boson pT to larger values. The prediction

obtained with LO+PS falls off dramatically beyond the Z boson mass as the Sudakov upper

limit is m2
Z , the small fraction of events beyond this scale contain multiple emissions.
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Figure 2.4: Comparison of NLO, NLO+PS, and LO+PS predictions for Z boson pT spectrum
for the process pp → Z.
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2.5 LPHD

Another important topic for the discussion LHC observables is the postulation of local parton

hadron duality (LPHD) [46] — the flow of momentum and quantum numbers at the hadron

level follows those established at the parton level. Due to the enhancement of processes

with collinear and soft radiation, energetically produced coloured partons are experimentally

observed as a cluster of hadronic activity localised in phase space (jets). In agreement with

experimental observations, LPHD postulates that the majority of the energy of the cluster

is carried by one hadron. For example, in the case of back-to-back bb̄ production it would be

expected that two corresponding back-to-back clusters would be experimentally observed,

and that the majority of the energy of each cluster would be carried by the B-hadron decay

products. It is this duality that allows fixed-order calculations with parton level final states

to be compared with experimentally observed hadronic final states.

2.5.1 Hadronisation

Modelling of the transition from coloured off-shell partons into a colour singlet represen-

tation of a hadronic final state is necessary to directly compare theoretical models with

experimental observations. The phenomenological modelling of this transition is referred to

as hadronisation. As has been briefly alluded to in previous sections, the reason this mod-

elling is phenomenological is because the transition occurs in the regime of strong coupling

in which perturbation theory does not provide a reliable description. The two commonly

adopted models are the string [47] and cluster [48,49] models based on the original proposals

of [50–52]. These two models differ in that the transition into hadrons in the cluster model

proceeds through an intermediatory clustering stage. The following discussion will be limited

to the string model.

The basic motivation of the string model is linear confinement at large distances. Consider

now the low energy back-to-back production of a colour singlet qq̄ pair. As the partons move

apart, they can be interpreted as colour flux tube being stretched as the spatial separation
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between the quarks increases. If the string has uniform energy per unit length, then this

leads to a natural picture of confinement in which the string potential is V (r) = κr, where

κ is associated with a string tension. If the string exceeds a certain length, then enough

energy is available to spontaneously produce another light singlet q′q̄′ pair in the colour

field created by the separating partons. This procedure can be performed iteratively until

localised colour singlets can form hadrons. The requirement that string ends do not change

flavour also adheres to LPHD. This model is theoretically supported by quenched lattice

QCD calculations [53] of the static qq̄ potential which, for fixed κ, is observed to have the

behaviour of a linear potential for large separations. The physical interpretation of this model

is depicted in Figure 2.5. The version of the string model implemented in modern MC event

generators like Pythia8, which has been tuned to experimental data, is substantially more

complicated than the basic picture presented here.

∼ 1fmV (r) = κr
κ ≈ 1 GeV/fm

Figure 2.5: Pictorial representation of flux tube between quark and anti-quark.

2.5.2 Jets

Given that the experimentally observed clusters of particles are not fundamental, and have a

topological and energetic structure which differs on an event-by-event basis, it is necessary to

define how the cluster of particles (jet) is reconstructed. In particular, the algorithm for jet

reconstruction should be both soft and collinear safe. Theoretically, this is necessary to pro-

duce finite results which can be compared to perturbative QCD predictions. Experimentally,

a detector cannot resolve the effects of soft or collinear splittings.

To perform clustering, it is first necessary to define a ‘measure’ between all particles
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in the event which the algorithm will attempt to reconstruct. A general measure in the

rapidity-phi plane is

dij = min[k2p
t,i , k

2p
t,j]

∆R2
ij

R2
, ∆R2

ij = (yi − yj)
2 + (ϕi − ϕj)

2 . (2.62)

The variable R is a global distance in rapidity-phi space which is generally fixed to some

constant value. In the following Chapters, the choice R = 0.5 will made for all potential

measurements considered at LHCb. The choice of the definition of the measure dij, and the

corresponding global distance R should made to suit the process being studied. Take for ex-

ample the choice p = −1 which corresponds to the anti-kt algorithm [54]. The reconstruction

algorithm then proceeds in the following way:

1. Calculate and minimise dij for all particles in the event.

2. If ∆Rij < R, then these two particles are clustered into a jet. Step 1 should be carried

out again with particle i and j replaced with the new cluster ij.

3. If R < ∆Rij < 2R, then there will be two separated jets. However, neither jet will be

perfectly conical as the two jets share a boundary, denoted by b, determined by the

equality ∆Rib/kt,i = ∆Rjb/kt,j.

4. If ∆Rij > 2R, then these two jets will be separated and conical (depending on the

presence of other nearby softer jets).

Note that in the case of the anti-kt algorithm, as the measure is minimised for min[k−2
t,i , k

−2
t,j ],

soft particles tend to cluster with hard ones before themselves. This is why repeating Step 2

results in a circular jet centred around the hardest particle, which is often useful for experi-

mental jet calibration. The jets are also required to have a minimum pT , which separates the

jet from the low-pT radiation associated to the beam remnants. A comparison of different

jet reconstruction algorithms can be found in [54]. An example of a reconstructed anti-kt jet

with R = 0.5 in data is shown in Figure 2.6. This is a Z(→ µ+µ−)+jet candidate event from

7 TeV collisions at the LHC, which has been reconstructed with the LHCb detector [55].
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Figure 2.6: Z(→ µ+µ−)+jet event within LHCb.

The spread of momentum in the jet is clearly visible.

Another important property of jet reconstruction is the flavour tagging of jets, in par-

ticular those initiated by bottom quarks (b-jets). There are many physics processes, such

as the decay of top quarks, the Higgs boson, as well as new-physics scenarios, which have

b-jets in the final state. Accurately identifying b-jets (b-tagging) is necessary to study many

of these processes for which backgrounds from light-jets would otherwise be overwhelming.

There are various ways to identify b-jets, all of which take advantage of the long lifetimes

and large masses of B-hadrons that results in jets with displaced vertices and relatively hard

decay products. It is also possible to tag the charge of b-jets by looking for jets in which

the B-hadron has decayed semi-leptonically — this technique has recently been applied by

the LHCb collaboration in [56] to measure the production asymmetry of bb̄ pairs at high

pseudorapidity and invariant mass. The b-tagging algorithms currently employed by LHC

experiments [57] rely on sophisticated learning algorithms. However, the final result is a

b-tagging efficiency and mis-tag rate which is generally dependent on the pT and rapidity of

the reconstructed jet.
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2.6 PDFs

As discussed throughout this Chapter, providing realistic predictions for physical processes

in hadron collisions with truncated perturbation theory requires knowledge of the parton

distributions. This is provided by measurements of different processes across a large range

of x and µ2
F . The DGLAP evolution equations, which allow PDFs to be evolved to arbitrary

scales, can then be used to constrain a set of PDFs provided at some lower cut-off scale µ2
0.

In this way, the constrained PDFs can then be used to make predictions of other processes

at different scales.

The prediction of almost all observables at the LHC rely on prior knowledge of the

PDFs. In some processes, the largest source of uncertainty arises from the PDFs which

are poorly constrained in certain regions of the (x, µ2
F )-plane. Measuring processes which

are sensitive to different PDF flavours in these particular regions of x and µ2
F is clearly

important. However, it is equally important to discuss how the PDFs should be extracted

from these measurements, and how uncertainties in the data should be propagated into the

extracted PDFs.

There are several groups which provide modern PDF sets obtained from global fits

to a large sample of data sets: ABM [58], CTEQ [59], HERAPDF [60], MSTW [61] and

NNPDF [62] — the modern PDF sets provided by these groups are generally adopted to

perform phenomenology. The result of the global fit depends on the experimental data in-

cluded in the fit, the choice of PDF input parameterisation, including or fixing αs(m
2
Z) as a

parameter in the fit, the treatment of heavy flavours, and how uncertainties in the global fit

are extracted. Although the PDF fitting and uncertainty propagation is treated in different

ways by these aforementioned groups, the predictions of observables and the associated PDF

uncertainty are generally comparable — or the cause of any substantial difference is known.

For example, the treatment of heavy flavour PDFs as discussed in [63] which can have a

large impact on the gluon PDF.

An overview of different approaches to global fits will be provided. This includes a
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discussion of the Hessian approach to uncertainty propagation as well as the MC sampling

approach adopted by NNPDF. The technique of reweighting will also be discussed.

2.6.1 Approaches to global fits

When performing a global fit to a large sample of different data sets, propagating the exper-

imental uncertainties for the fitted data points into statistically meaningful uncertainties on

the PDFs is a non-trivial task. In particular, some data are not provided with uncertainty

correlations, or data from different experiments may be inconsistent. The first step of the fit

is to perform a minimisation of an effective global χ2 function which measures the quality of

the fit between theoretical prediction and experiment. This minimisation can be performed

with tools such as MINUIT [64] and has the form

χ2({ai}) =
Ndata∑
j,k

(
F exp
j − F theory

j ({ai})
)
C−1

jk

(
F exp
k − F theory

k ({ai})
)
, (2.63)

where Cij denotes the covariance matrix which contains information about the correlations

in the experimental uncertainties.

Hessian method: the traditional approach is to assume a parametric form for the

different PDFs at the cut-off scale µ2
0

xf(x, µ2
0) = Axη1(1− x)η2(1 + ϵ

√
x+ γx) . (2.64)

This parameterisation is then applied to combinations of PDFs, motivated by the structure

functions probed in deep inelastic scattering (DIS) experiments, which provide a set of

unknown parameters {ai} — see for example [61]. Some of these parameters can be fixed

by the quantum numbers of the hadron. For the proton, the applicable rules are

∫ 1

0

(u(x)− ū(x)) dx = 2 ,

∫ 1

0

(
d(x)− d̄(x)

)
dx = 1 ,

∫ 1

0

(s(x)− s̄(x)) dx = 0 , (2.65)
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and the momentum sum rule leads to the relation

∫ 1

0

(
nf∑
i

(qi(x) + q̄i(x)) + g(x)

)
xdx = 1 . (2.66)

It was scale independence of the charge sum rules which allowed the coefficient of the regu-

larised Altarelli-Parisi splitting function to be derived in the previous Section. In the end,

the number of free parameters which must be minimised is of the order 20, depending on

the specific parameterisation adopted. The propagation of uncertainties in the global fit can

then be extracted using the Hessian method [65, 66]. This method relies on the χ2 being

quadratic around the global minimum, meaning that if there are large correlations between

the parameters in {ai} then the linear error propagation would not be justifiable. To propa-

gate the uncertainties, a global goodness-of-fit quantity χ2
global is introduced which examines

the local curvature around the global minimum (with n best fit parameters {a0i })

∆χ2
global = χ2

global − χ2
min =

n∑
i,j=1

Hij(ai − a0i )(aj − a0j) , (2.67)

where the Hessian matrix H has the entries

Hij =
1

2

∂2χ2
global

∂ai∂aj

∣∣∣∣
min

. (2.68)

Clearly the definition of the goodness-of-fit plays a crucial role. Strictly speaking, the choice

∆χ2
global = 1 should account for an uncertainty on the input parameters of one standard

deviation. However, this leads to an underestimate of the uncertainty, a consequence of

inconsistent data and perhaps a lack of understanding in the theoretical input required to

perform the minimisation [67]. To account for this uncertainty underestimate, inconsistent

data can be removed from the full fit, or a tolerance parameter T can be introduced to inflate

the allowed uncertainty such that ∆χ2
global < T 2. For the latter, this tolerance parameter has

been introduced in both a dynamical [61] and a global [68] way. In either case, it is convenient

to diagonalise the covariance matrix, C = H−1, and work in terms of its eigenvectors and

eigenvalues. As the covariance matrix is symmetric, partial derivatives commute, and it has
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a set of orthonormal eigenvectors v⃗k defined by

n∑
j=1

Cijvjk = λkvik , (2.69)

in which λk is the eigenvalue of k
th orthonormal eigenvector. The benefit of this orthonormal

basis is that the departure from the global minimum, ∆χ2
global, is now mapped out in a

sheproid in the basis of vectors {vi}. The displacements from the global minimum in this

basis can be defined

ai − a0 =
n∑

k=1

eikzk , (2.70)

in which the eigenvectors have been rescaled as eik =
√
λkvik. In this basis, the deviation

from the global minimum becomes

∆χ2
global =

n∑
k=1

z2k . (2.71)

The eigenvector PDF sets S±
k are then produced to span the hypersphere defined by

n∑
k=1

z2k ≤

T 2. The displacements of the PDF parameters in this basis are

ai(S±
k ) = a0i ± teik . (2.72)

In principle, the deterioration of the χ2 along any direction should be symmetric in the

quadratic approximation. However, as this approximation is not exact, asymmetric uncer-

tainties are obtained. The CTEQ, HERAPDF and MSTW groups provide 2n+ 1 PDF sets

which include the central PDF member S0, as well as a pair of eigenvector members S±
k

which account for the asymmetric displacements from the minimum for each eigenvector

direction. The asymmetric uncertainties on a quantity F , derived from the central PDF



2.6 PDFs 56

member F (S0), are then found by applying the following formulas

∆F+ =

√√√√ n∑
k=1

(
max[F+

k − F0, F
−
k − F0, 0]

)2
,

∆F− =

√√√√ n∑
k=1

(
max[F0 − F+

k , F0 − F−
k , 0]

)2
,

(2.73)

where the shorthand notation F±
k = F (S±

k ) has been introduced. Alternatively, symmetric

uncertainties can also be approximated as

∆F =
1

2

√√√√ n∑
k=1

(
F+
k − F−

k

)2
. (2.74)

NN method: an alternative approach to the propagation of experimental uncertainties

and correlations, which does not rely on a tolerance parameter or exclusion of data in the

global fit, is the method adopted by the NNPDF collaboration — originally proposed in [69].

The main features can be summarised as follows:

• Replica sets of data points are produced following a multi-gaussian distribution which is

centred on each data point and has a corresponding variance given by the experimental

uncertainty. This reproduces the statistical distribution of the experimental data.

• A minimisation procedure is then performed for generically parameterised PDFs for

each replica set. This provides a projection into the space of PDFs.

This procedure allows any statistical property of the parton distributions or any PDF de-

pendent function to be calculated using standard statistical methods. As the PDFs are

parameterised through the use of multilayer neural networks, with a large number of param-

eters, there is almost no parameterisation bias [70,71]. The average and standard deviation
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Figure 2.7: NNPDF 2.3 NLO parton distrubutions evolved to Q2 = (5 GeV)2 (left) and
Q2 = (80 GeV)2 (right).

for an observable F calculated from the replica PDF set {Rk} with Nrep replicas is

⟨F ⟩ = 1

Nrep

Nrep∑
k=1

F (Rk) ,

∆F =

√
Nrep

Nrep − 1
(⟨F 2⟩ − ⟨F ⟩2) .

(2.75)

The NNPDF 2.3 PDFs with αs(m
2
Z) = 0.119 [72] provided at NLO are shown in Figure 2.7

with their associated 1σ confidence level (CL) uncertainty. In the left plot, the PDFs are

evolved to Q2 = (5 GeV)2, while the PDFs in the right plot are evolved to Q2 = (80 GeV)2,

in both cases the gluon PDF has been scaled down by a factor of 10. The evolution from

the high-x valence content into the gluon and splittings into heavy qq̄ pairs is clearly visible.

The PDFs are accessed through the LHAPDF interface [73].

2.6.2 Bayesian reweighting

Another one of the benefits of the MC procedure adopted by the NNPDF collaboration, is

that the effect of including new data within the fit can be easily evaluated. This is done

through the procedure of reweighting, which applies a weight wk to each PDF in the ensemble

{Rk}, through the rules of statistical inference, based on its compatibility with new input

data. The appealing feature of this process is that it can be evaluated easily without having
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to perform a global fit. This was originally applied by the NNPDF collaboration in [74,75],

and the technique was later adapted to reweight the Hessian PDF sets [76]. More recently

there have been suggestions to extend the Hessian reweighting method to include the effects

arising from the non-quadratic form of the χ2 around the global minimum [77]. This may

account for some incompatibilities found when comparing the result of a new global fit to a

reweighted Hessian replica set [78].

The Hessian reweighting relies on first generating a replica ensemble. It was demonstrated

in [76] that this generation can be consistently provided in both the basis of observables

{Fi(Si)} or at the level of the PDFs themselves {Si}. The benefit of working in the basis

of observables is that calculating a replica set of observables can be done extremely quickly,

while calculating observables from a large replica PDF ensemble can be computationally

expensive. This technique applies random sampling at the level of the eigenvectors and

observables in the following way, a set of replicas is first constructed as

F (Rk) = F (S0) +
n∑

j=1

[F (S±
j )− F (S0)]|Rkj| , (2.76)

where Rkj is a pseudorandom gaussian-distributed number with zero mean and variance of

one. The choice of negative or positive displacements S−
j or S+

j depends on the sign of Rkj.

By storing the set of random numbers Rkj generated in producing the replica set, these

numbers can then be used to generate an equivalent replica set for other observables. The

reweighting procedure can then be performed by comparing the compatibility of the new

data with the relevant replica set {F (Rk)} by calculating the χ2
k between the two. The

relevant formulas are:

⟨F ⟩old =
1

Nrep

Nrep∑
k=1

F (Rk) , ⟨F ⟩new =
1

Nrep

Nrep∑
k=1

wk(χ
2
k)F (Rk) , (2.77)

where the weights are computed as

wk(χ
2
k) =

Wk(χ
2
k)

1
Nrep

∑Nrep

j=1 Wj(χ2
k)

, Wk(χ
2
k) = (χ2

k)
1
2
(Npts.−1)exp

(
−1

2
χ2
k

)
, (2.78)
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and the dominator fixing the normalisation is

Nrep∑
k=1

wk(χ
2
k) = Nrep . (2.79)

After applying this reweighting technique, the number of effective remaining replicas can be

found after calculating the Shannon entropy as

Neff = exp

(
1

Nrep

Nrep∑
k=1

wklog(Nrep/wk)

)
. (2.80)

This procedure is relevant for quantifying how potential LHC measurements can improve

the constraints on PDFs.

2.7 Summary

The main concept introduced in this Chapter is factorisation. This allows a full hadron-

hadron scattering process to be considered as a chain of sequential subprocesses, each of

which can be considered according the validity of theoretical techniques in the corresponding

region of phase space.

At high Q2, the subprocess is treated by fixed-order perturbation theory. This allows

the contribution from the subprocess to be treated as a short-distance cross section for

partonic events. These calculations must then be supplemented by long-distance effects,

which approximately account for missing higher-order corrections.

Accounting for these long-distance effects relies on the universal factorisation of soft and

collinear singularities in gauge theory amplitudes. Soft singularities factorise at the level of

colour correlated amplitudes, while collinear singularities factorise at the level of the cross

section. By recursively applying this factorisation in the soft/collinear region, approximate

all-orders effects can be accounted for according to the DGLAP equations. These techniques

are applied to multiple splittings in the initial state (PDFs), as well as the final state (PS),

which evolves partons at high virtuality (≈ Q2) down to a scale O(1 GeV). The theoretical
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development of interfacing NLO calculations with the PS were also discussed.

To make predictions for observable colour singlet objects in the final state, the PS must

also be supplemented with a hadronisation model. These models perform the transition from

off-shell coloured partons to on-shell colour singlet objects, allowing a direct comparison of

these models to experimental observations. Experimentally, the production of hard coloured

partons can be inferred by reconstructing clusters of particles localised in phase space. By

defining theoretically and experimentally motivated pseudo objects (jets), it also becomes

possible to compare fixed-order calculations to experiment.

Finally, as the prediction of LHC observables relies on knowledge of the PDFs, it is

important to measure processes which will help improve the current constraints on the PDFs.

To quantify how future measurements at LHCb may improve these constraints, a reweighting

technique was introduced which allows the effect of including new data in a global fit to be

estimated.



Chapter 3

Top quark production and decay

In this Chapter, the aspects of top quark production and decay necessary to perform
detailed phenomenology at the LHC will be considered. As the heaviest elementary
particle to date, the top quark holds a unique position in the SM in terms of its
interesting production and decay mechanisms, but also contributes to many impor-
tant processes through sizeable quantum corrections. The relevance of the large top
quark mass for direct and indirect observables will be discussed. After considering
how top quark decays may be experimentally identified, the symmetric and asym-
metric structure of the pair production cross section will be discussed. Finally, the
motivations for studying top quark pair production at high pseudorapidity will be
highlighted.

3.1 Introduction

The top quark was discovered in pp̄ collisions at the TeVatron in 1995 [79,80]. Understanding

the properties of this particle is one of the main goals of the LHC physics program, adding

to the extensive studies which have already been performed at the TeVatron.

The top quark is the most massive elementary particle that has been observed in nature

thus far. As a consequence of its large mass, it decays weakly as a quasi-free particle

before hadronisation can occur. Therefore, measurements of the branching fractions of top

quark decays directly probe the CKM elements |Vtq| which are otherwise observed only

indirectly. Top quark production is also naturally sensitive to the high-x region of PDFs.

In particular, at the hadronic centre of mass (CM) energies required to produce pairs of top

quarks, there are sizeable contributions from several different production mechanisms. Also,

61



3.1 Introduction 62

the production mechanisms which are normally relatively negligible for producing quark

pairs introduce asymmetries in the quark angular distributions, arising from the structure

of interfering amplitudes at NLO. Measurements of the asymmetric distributions of top

quarks therefore provide a unique test of this perturbative expansion which is otherwise not

accessible at hadron colliders.

In addition to direct observables, the top quark also plays an important role in sev-

eral other processes. Many EW and flavour physics observables receive large corrections

due to loop processes involving the top quark. For example, within the SM the W boson

mass receives measurable corrections from both the top quark and the Higgs boson. The

compatibility of these corrections is therefore an important test of the SM.

So far, measurements of top quark properties performed by D0 [81], CDF [82], ATLAS [83]

and CMS [84] appear to be in full agreement with the SM expectations. The only exception

being, the excess reported in several measurements of the tt̄ forward-backward asymmetry

by CDF [85,86] and D0 [87–89].

Many top quark measurements performed by ATLAS and CMS in the central region with

the 7 and 8 TeV data delivered in Run I are systematically limited. In Run II, the substantial

increase in statistics will allow measurements of rare associated production processes such

as t(t̄)h, t(t̄)Z, and tt̄Z(W ) to become statistically feasible in the central region. These

measurements are important as they allow precise determination of many top quark couplings

directly. Besides associated production processes, it is also important to investigate the

feasibility of top quark measurements in extreme kinematic regions of phase space, as these

measurements may provide enhanced sensitivity to certain properties. As will be discussed

in more detail, of particular interest is the high pseudorapidity LHCb acceptance

η = −ln

(
tan

(
θ

2

))
, η ∈ [2.0, 5.0] . (3.1)



3.2 Top quark properties 63

3.2 Top quark properties

The defining property of the top quark is its relatively large mass in comparison to other

fermions. It is therefore important to discuss the relevance of this parameter within the

SM. After highlighting the sensitivity of several important SM parameters to the top quark

mass, the current experimental constraints from both direct and indirect measurements will

be discussed.

As the top quark mass is so large, on-shell production and decay of the top quark has

a rich phenomenology. To identify relevant aspects of this phenomenology, the strength of

top quark couplings will be reviewed. In particular, the weak decay of the top quark will be

derived, highlighting how top quarks may be experimentally identified.

3.2.1 Mass

As a fundamental parameter of the SM, a precise determination of the top quark mass is

well motivated. To begin, it is necessary to define exactly what the top quark mass refers to.

The two commonly adopted definitions of the top quark mass are the pole mass mpole
t and

the running mass mt(µR). The pole mass corresponds to the position of the pole appearing

in the renormalised quark propagator at a given order in perturbation theory, while the

running mass corresponds to a scheme and scale dependent renormalised mass (generally

renormalised in the modified minimal subtraction MS scheme). The two masses are related

through

mpole
t

mt

=
ZMS

m

ZOS
m

, (3.2)

where ZMS
m and ZOS

m are the MS and on-shell field renormalisation terms for quark masses,

currently known at NNLO [90,91].

Precision EW/flavour observables. Within the SM, the observed mass of the W

boson receives quantum corrections which depend predominantly on the mass of the top

quark and Higgs boson. Therefore, a highly constrained top quark mass is necessary to
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precisely test the consistency of the recently discovered Higgs boson within the expectation

of the SM framework. In fact, the uncertainty on the value of the top quark mass introduces

an associated uncertainty in all loop processes involving top quarks. Important examples

are: the Fermi constant GF [92]; the determination of the ∆ρ parameter [93]; ∆F = 1, 2

observables such as the decays B → sl+l− [94] and Bs mixing [95]; corrections to the Z

boson branching fraction ratio, Γ(Z → bb̄)/Γ(Z → qq̄), Rb [96].

Extrapolation of running couplings. The Higgs potential defined in (1.9) remains

stable provided the Higgs self-coupling λ is positive. With the recent determination of the

Higgs mass, mh ≈ 126 GeV, it is possible evaluate the running of λ as

λ(µ) =
GFm

2
h√

2
+ ∆λ(µ) , (3.3)

where ∆λ(µ) represents relevant corrections which are present beyond tree level, and have

recently been computed at NNLO accuracy [97]. The running of the gauge couplings e, g,

gs, the top and bottom Yukawa couplings (yt,yb), and the Higgs self-coupling λ are shown

in Figure 3.1 (Obtained from Figure 1 of [97]). The effect of varying the top quark pole

mass, αs(m
2
Z), and mh independently within the ranges mt ∈ [171.3, 174.9] GeV, αs(m

2
Z) ∈

[0.1163, 0.1205] and mh ∈ [124.8, 126.6] GeV has been included. As the running of λ receives

a large contribution from the top Yukawa, the precision of the top quark mass measurement

at colliders is an important input in determining the stability of the SM Higgs potential.

The prediction of an unstable vacuum would, thankfully, be evidence for new physics which

would be required to alter the running of λ before the Planck scale.

World Average. A first combination of top quark mass measurements from both the

ATLAS and CMS experiments at the LHC, and CDF and D0 experiments at the TeVatron

has been presented in [98]. The combination reports the following result

mMC
t = 173.34± 0.26 (stat)± 0.71 (syst) GeV , (3.4)

from measurements based on the template [99] and matrix element [100] methods of mass
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Figure 1: Left: SM RG evolution of the gauge couplings g1 =
p

5/3g0, g2 = g, g3 = gs, of the
top and bottom Yukawa couplings (yt, yb), and of the Higgs quartic coupling �. All couplings are
defined in the MS scheme. The thickness indicates the ±1� uncertainty. Right: RG evolution of
� varying Mt, Mh and ↵s by ±3�.

the Yukawa sector and can be considered the first complete NNLO evaluation of ��(µ).

We stress that both these two-loop terms are needed to match the sizable two-loop scale

dependence of � around the weak scale, caused by the �32y4t g
2
s + 30y6t terms in its beta

function. As a result of this improved determination of ��(µ), we are able to obtain a

significant reduction of the theoretical error on Mh compared to previous works.

Putting all the NNLO ingredients together, we estimate an overall theory error on Mh of

±1.0GeV (see section 3). Our final results for the condition of absolute stability up to the

Planck scale is

Mh [GeV] > 129.4 + 1.4

✓

Mt [GeV]� 173.1

0.7

◆

� 0.5

✓

↵s(MZ)� 0.1184

0.0007

◆

± 1.0th . (2)

Combining in quadrature the theoretical uncertainty with the experimental errors on Mt and

↵s we get

Mh > 129.4± 1.8 GeV. (3)

From this result we conclude that vacuum stability of the SM up to the Planck scale is

excluded at 2� (98% C.L. one sided) for Mh < 126GeV.

Although the central values of Higgs and top masses do not favor a scenario with a

vanishing Higgs self coupling at the Planck scale (MPl) — a possibility originally proposed

2

Figure 3.1: Left: RG evolution of the gauge couplings g1 =
√
5/3e, g2 = g, g3 = gs, of

the top and bottom Yukawa couplings (yt,yb), and the Higgs self-coupling λ. All couplings
are defined in the MS scheme. Right: RG evolution of λ while varying mh, mt and αs(Mz)
within three times the indicated uncertainty.

determination. In either determination, the experimentally extracted mass corresponds to

the MC mass. This must be the case as a colour charged object is forbidden to go on-

shell by confinement. In other words, as the top quark must be colour connected to other

anticoloured particles in the event, it is always measured in association with effects arising

at the hadronisation scale. As these effects are modelled phenomenologically, this introduces

an ambiguity in the determination of the mass of O(ΛQCD), implying

mpole
t = mMC

t ±O(ΛQCD) . (3.5)

These effects have been estimated to be δmt = ±0.5 GeV [101] in the context of the string

model. However, it is difficult to quantify how large the uncertainty is, as it depends on

many parameters which have been tuned to data. Both the template and matrix element

methods of mass determination are sensitive to these effects.

As it is not desirable to measure parameters which have uncertainties that ambiguously

depend on long-distance effects, several other observables have been proposed to measure

the top quark mass in a theoretically cleaner way. One such proposal is to use tt̄X cross
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section measurements to determine mt indirectly [102]. Although theoretically well-defined,

the experimental uncertainties associated with this method due to the larger experimental

uncertainties present in the available cross section measurements. Based on top quark pair

cross section measurements at 7 and 8 TeV, ATLAS [103] has recently extracted a top quark

pole mass of

mpole
t =

(
172.9+2.5

−2.6

)
GeV . (3.6)

Constraining the top mass using multiple measurement techniques will be necessary to reduce

the dependence on long-distance effects, which are unavoidable at hadron colliders. With

the aim of not being overly aggressive on assumed level of theoretical uncertainty in the

determination of the MC mass, the following top pole mass (assumed to be the MC mass)

and associated uncertainty will be used for the relevant studies:

mt = (173.25± 1.5) GeV . (3.7)

3.2.2 Couplings

Measuring the couplings of the top quark to other SM particles is clearly an important test

of the consistency of the SM. In particular, direct measurements of these couplings are highly

desirable — this can be done by measuring the rate of associated production processes as

suggested in [104,105]. The relevant vertex factors are summarised below:
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The strength of these couplings can also be used to quickly estimate the rates for different

top quark production mechanisms. For reference, the relevant couplings, evaluated at the

scale mt = 173.25 GeV, are provided in Table 3.2.2.

ge gZ gW yt gs

0.21 0.37 0.46 0.99 1.16

Table 3.1: Various top quark coupling strengths approximated at the scale mt = 173.25 GeV.

The value for the strong coupling has been extracted using the definition for the two-loop

running provided in Section 1.3.4. The other couplings appearing in the table are defined as

ge = eQ, gZ = g/2cw and gW = g/
√
2. Furthermore, for W boson interactions, the coupling

to the down-type quarks must be supplemented with the relevant CKM element Vtq, which

are provided in Appendix A.

3.2.3 Decay

Another important property of the top quark is the decay width. This can be easily evaluated

by calculating the decay of a free top quark into an on-shell W boson and down-type quark.

This calculation also highlights important features of the top quark decay, which can be

experimentally tested. The amplitude for this process is

iM =
g√
2
ūs2(p2)V

∗
tq/ϵ

∗(p3, λ)PLu
s1(p1) . (3.9)

The averaged and summed squared amplitude is evaluated as

∑
|M|2 = g2|Vtq|2

2

1

2

∑
s1,s1,λ

Tr (ūs2(p2)/ϵ
∗(p3, λ)PLu

s1(p1)ū
s1(p1)/ϵPLu

s2(p2)) , (3.10)

which, after computing the traces and summing over fermion spins, may be rewritten as

∑
|M|2 = g2|Vtq|2

4

∑
λ

ϵ∗µ(p3, λ)ϵν(p3, λ)Tr
(
/p2γ

µPL/p1γ
ν
)
. (3.11)
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Due to the chiral coupling of the W boson to fermions, the b quark is produced in a left-

handed state. This necessarily means that the W boson can only be produced in either a

left-handed (L) or longitudinal (0) polarisation state to conserve spin in the top quark decay.

The left-handed polarisation receives the following contribution

∑
|ML|2 =

g2|Vtq|2

4
(−gµν)Tr

(
/p2γ

µPL/p1γ
ν
)
,

= g2|Vtq|2(p2 · p1) .
(3.12)

Introducing the notation

x =
mW

mt

, y =
mb

mt

, GF =

√
2

8

g2

m2
W

, (3.13)

this contribution becomes

∑
|ML|2 =

2GF |Vtq|2√
2

m4
t

(
2x2(1 + y2 − x2)

)
. (3.14)

The longitudinal contribution can be evaluated in the same way

∑
|M0|2 =

g2|Vtq|2

4

(
(p3)µ(p3)ν

m2
W

)
Tr
(
/p2γ

µPL/p1γ
ν
)
. (3.15)

Performing the trace, and noting that the γ5 contribution vanishes due to symmetry under

µ ↔ ν interchange, leads to the result

∑
|M0|2 =

4GF |Vtq|2√
2

(
2(p3 · p2)(p3 · p1)−m2

W (p2 · p1)
)
,

=
2GF |Vtq|2√

2
m4

t

(
1− x2 − y2(2 + x2 − y2)

)
.

(3.16)

These results can now be used to calculate the rate of weak top quark decay. To do this, it

is first necessary to include the two-body phase space

Γt =
1

2mt

∫
d3p2

(2π)32E3

d3p3
(2π)32E2

(2π)4δ(4)(p1 − p2 − p3)
∑

|M|2 . (3.17)
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As the power corrections from the b-quark mass are extremely small, they can be ignored.

In the top quark rest frame this leads to the expression

Γt =
1

8π

∫
p2dp2
mtE3

δ(0)(mt − |p⃗2| − E3)
∑

|M|2 . (3.18)

This can be solved by expanding in terms of the zeros of the delta function as

∫
g(z)δ (f(z)) dz =

1

|f ′(zi)|zi=z∗
g(z∗) . (3.19)

After incorporating this expansion, the top quark decay width can be written

Γt =
1

16πmt

(1− x2)
∑

|M|2 . (3.20)

Numerically, the width and lifetime of the top quark (mt = 173.25 GeV) are predicted to be

Γt ≃ 1.5 GeV , τt ≃ 4.4× 10−25 s . (3.21)

These values can be compared with experimental results from the D0 collaboration [106]

Γt(exp.) ≃
(
2.00+0.47

−0.43

)
GeV , τt(exp.) ≃

(
3.29+0.90

−0.63

)
× 10−25 s . (3.22)

The extremely short lifetime of the top quark prevents the occurrence of hadronisation or

spin decorrelation effects before the top quark undergoes weak decay. To this extent, the

top quark decays as a quasi-free particle. An interesting consequence of the short lifetime

of the top quark, with respect to its spin-flip time, is that measurements of the angular

distributions of top quark decay products can be used to test the structure of the tWq

coupling.

For example, as the polarisation state of the W boson in top quark decay controls the

angular distribution of its decay products, measurements of the angular distribution of lep-

tonic decays can be used to probe the tWq coupling. The expected fraction of left-handed
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and longitudinal W polarisations in top quark decay is

fL =

∑
|ML|2∑

|ML|2 +
∑

|M0|2
≈ 0.30 , f0 =

∑
|M0|2∑

|ML|2 +
∑

|M0|2
≈ 0.70 . (3.23)

Note that the longitudinal polarisation dominates for large values of x. These fractions

have been recently measured by the ATLAS collaboration [107], by inferring the W boson

polarisation through leptonic decays t → W (→ lνl)b, to be

fL(exp.) = 0.32± 0.04 , f0(exp.) = 0.67± 0.07 , fR(exp.) = 0.01± 0.05 , (3.24)

in full agreement with the SM prediction.

As top quarks decay weakly to a down-type quark and W boson, measurements of the

branching fractions to different quark flavours provide constraints on the CKM elements

|Vtq|. These constraints are complementary to tests of CKM unitarity provided by flavour

observables, and also sensitive to various extensions of the SM [108,109]. Note also, the large

CKM hierarchy

|Vtb|2 ≫ |Vts|2 ≫ |Vtd|2 , (3.25)

ensures that top quarks decay almost entirely to b quarks (t → Wb). As it is experimentally

possible to discriminate against light jets, top quark events may be easily identified with

the use of b-tagging. Background rates for top quark events involving light jets can then

be highly suppressed, allowing precision measurements of top quark properties which would

otherwise not be possible.

As top quarks decay predominantly through the process t → Wb, top quark measure-

ments may be categorised by the W boson decay channel. Each category therefore receives

a factor corresponding to the relevant branching fraction:

(jets) t →qq̄′b = 6/9 ,

(l) t →l+νlb = 2/9 ,

(τ) t →τ+ντb = 1/9 ,

(3.26)
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where l corresponds to either an electron e or muon µ. Different final states have different

experimental efficiencies, backgrounds rates, and are generally sensitive to different observ-

ables. For example, the dilepton channel in pair production is sensitive to the spin production

state of the tt̄ system, through measurements of the spin correlations of the two final state

leptons, and is also sensitive to the charge production asymmetry of top quark pairs. How-

ever, as there are two neutrinos in the event, direct top mass measurements are difficult to

perform, and indirect measurements suffer from the low statistics (4/81) associated to this

channel.

3.3 Top quark production

As a result of the large coupling of the top quark to the gluon, the dominant production

mechanism for creating top quarks at hadron colliders is the production of top quark pairs

proceeding via the strong interaction. This channel will be studied in great detail as it is

statistically the most favourable. In the previous Chapter, it was demonstrated that the

total cross section for a generic hard scattering process may be factorised in the following

manner

σAB→X =
∑
a,b

∫
dxadxbfa/A(xa, µ

2
F )fb/B(xb, µ

2
F )dσ̂ab→X(ŝ, µ

2
F , µ

2
R, αs) . (3.27)

The full scattering process is calculated by convoluting the incoming parton luminosities

with the short-distance subprocess dσ̂ab→X . As the delivered parton luminosities are machine

dependent, so too are the full scattering rates. The absolute qq̄ and gg NNPDF2.3 NLO

αs(m
2
Z) = 0.119 central parton luminosities delivered at

√
s = 7, 8, and 14 TeV in pp

collisions at the LHC are plotted as a function of the partonic CM energy (
√
x1x2s) in

Figure 3.2.

The phenomenology of tt̄ production in a given region of phase space depends on the

relative contribution of different production channels. To understand how different produc-

tion mechanisms affect different observables, it is necessary to expand the short-distance
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Figure 3.2: Parton luminosities delivered at
√
s = 7, 8, and 14 TeV at the LHC.

subprocess to at least NLO. This is not only required from the point of view of reducing

scale uncertainties and improving the normalisation of distributions, but is also required to

capture certain kinematical features which are not present at LO.

In this section, the general structure for the expansion of the short-distance subprocess

will be described. The scaling functions are derived at LO, and the general features of

higher-order corrections will be reviewed. Finally, the origin of the charge asymmetry will be

discussed in detail, and the current status of experimental charge asymmetry measurements

and their consistency with theoretical predictions will be discussed.

3.3.1 LO cross section

The cross section for the partonic 2 → 2 process is

dσ̂ij→tt̄ =
1

2ŝ

∑
|Mij→tt̄|2dϕ2 . (3.28)
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Figure 3.3: Feynman diagrams contributing to tt̄ production at LO. Bold lines represent top
quarks.

For tt̄ production, the Born level amplitude receives contributions from the two following

processes

q(p1) + q̄(p2) → t(p3) + t̄(p4) ,

g(p1) + g(p2) → t(p3) + t̄(p4) ,

(3.29)

where the four-momenta of the incoming partons are expressed as fractions of the colliding

hadron momentum, p1,2 = x1,2P1,2. The contributing Feynman diagrams for both processes

are depicted in Figure 3.3. The cross section can be evaluated as a function of the following

kinematic invariants

ŝ = (p1 + p2)
2 , tH = (p1 − p3)

2 −m2
t , uH = (p2 − p3)

2 −m2
t , (3.30)

and noting that momentum conservation implies ŝ+ tH + uH = 0.

It will prove useful to define these invariants in terms of the tt̄ invariant mass M2
tt̄ = (p3+

p4)
2 and the scattering angle θ between the top quark and the incoming quark momentum.

In the partonic CM frame this leads to the four-momentum configuration

p1 =

√
ŝ

2
(1, 1z) , p2 =

√
ŝ

2
(1,−1z) , p3 =

√
ŝ

2
(1, β⃗) , p4 =

√
ŝ

2
(1,−β⃗) , (3.31)

where β is the top quark velocity. It follows that

tH = − ŝ

2
(1− β cos θ) , uH = − ŝ

2
(1 + β cos θ) , β =

√
1− ρ , ρ =

4m2
t

ŝ
. (3.32)

The differential partonic cross section may be written

dσ̂ij→tt̄ =
1

2ŝ

∑
|Mij→tt̄|2

d3p3
(2π)32p03

d3p4
(2π)32p04

(2π)4δ(4)(p1 + p2 − p3 − p4) . (3.33)
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In the partonic CM frame this evaluates to

dσ̂ij→tt̄ =
1

2ŝ

∑
|Mij→tt̄|2

d3p4
(p03)

2

1

(4π)2
δ(
√
ŝ− 2p04) . (3.34)

Expanding in terms of the zeros of the delta function leads to

dσ̂ij→tt̄ =
π

2ŝ

1

(4π)2
|p⃗ ∗

4 |
p03

∑
|Mij→tt̄|2d cos θ ,

=
π

2ŝ

1

(4π)2
β
∑

|Mij→tt̄|2d cos θ .
(3.35)

The contribution to the cross section from all subprocesses can then be evaluated after

computing the relevant averaged and summed squared matrix elements.

Quark initiated process. The matrix element for the quark initiated process is

iMqq̄ =
1

ŝ
g2s
(
ūs1
a (p3)t

A
abγ

µvs2b (p4)
) (

v̄s3c (p2)t
A
cdγµu

s4
d (p1)

)
. (3.36)

Squaring this matrix element and averaging (summing) over initial (final) state colours and

spins gives

∑
|Mqq̄|2 =

1

4

1

9
Tr
(
tAtB

)
Tr
(
tAtB

) g4s
ŝ2
Tr
(
(/p3 +mt)γ

µ(/p4 −mt)γ
ν
)
Tr
(
/p2γµ/p1γν

)
.

(3.37)

Evaluating the traces in the usual way leads to the result

∑
|Mqq̄|2 =

g4s
ŝ2

16

9

(
(p2 · p3)(p1 · p4) + (p1 · p3)(p2 · p4) +m2

t (p2 · p1)
)
, (3.38)

which can be conveniently written in terms of the previously defined invariants as

∑
|Mqq̄|2 = g4s

4

9

(
t2H + u2

H

ŝ2
+

ρ

2

)
. (3.39)

Gluon initiated process. The calculation of the gluon-gluon fusion (gg) process is
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more involved. The matrix element for the sum of the three contributing diagrams is

iMgg = i(M1 +M2 +M3) , (3.40)

where the separate contributions from each diagram appearing in Figure 3.3 respectively are

iM1 = g2st
A
abt

B
bcūa(p3)

(
γµ/p2γ

ν − 2pµ3γ
ν

2p2 · p3

)
vc(p4)ϵµ(p2)ϵν(p1) ,

iM2 = g2st
B
adt

A
dcūa(p3)

(
2γνpµ4 − γν/p2γ

µ

2p2 · p4

)
vc(p4)ϵµ(p2)ϵν(p1) ,

iM3 =
g2s
ŝ
[tA, tB]acūa(p3)

(
(/p2 − /p1)g

µν + γν2pµ1 − γµ2pν2

)
vc(p4)ϵµ(p2)ϵν(p1) .

(3.41)

To evaluate the third term the standard commutation relations for SU(3) generators have

been used, the choice of gauge λ = 1 has been adopted, and the relations for transverse

polarisation vectors p2 · ϵ(p2) = 0 and p1 · ϵ(p1) = 0 have been used. Squaring the matrix

element and averaging (summing) over initial (final) state colour and physical polarisations

(spins) leads to the result

∑
|Mgg|2 = g4s

(
ŝ2

6tHuH

− 3

8

)(
t2H + u2

H

ŝ2
+ ρ− ŝ2ρ2

4tHuH

)
. (3.42)

The contribution from the short-distance subprocess σ̂ can then be expressed in terms of

a set of scaling functions Kij, αs and mt as

σ̂ij(s,m
2
t , µ

2
F ) =

α2
s(µ

2
R)

m2
t

Kij(ρ,m
2
t , µ

2
F , µ

2
R) . (3.43)

The scaling functions Kij can be evaluated by integrating over phase space as

Kij =
m2

t

α2
s

∫ 1

−1

π

2ŝ

1

(4π)2
β
∑

|Mij→tt̄|2d cos θ . (3.44)
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Performing this integration for the two LO processes leads to the functions

K(0)
qq̄ =

πβρ(2 + ρ)

27
,

K(0)
gg =

πβρ

192

(
2

β
(16 + 16ρ+ ρ2)ArcTanh(β)− 28− 31ρ

)
.

(3.45)

The total cross section in this notation is therefore

σtot =
α2
s

m2
t

∑
i,j

∫
dx1dx2fi(x1, µ

2
F )fj(x2, µ

2
F )Kij(ρ,m

2
t , µ

2
F , µ

2
R) . (3.46)

Convoluting the results for the LO scaling functions with NNPDF2.3 LO PDFs with

αs(m
2
Z) = 0.130 leads to the predictions provided in Table 3.2. These predictions, for pp

collisions at
√
s = 7, 8 and 14 TeV, are compared to the available experimental results [110,

111], where the quoted experimental uncertainties have been added in quadrature.

The scale uncertainty δscale is found by varying both renormalisation and factorisation

scales µR and µF independently within the range

1

2
≤ µRµ0

µFµ0

≤ 2 . (3.47)

The reference scale µ0 is fixed to the chosen value of the top quark massmt. This procedure is

used to evaluate the uncertainty due to unknown higher terms in the perturbative expansion.

√
s (TeV) σtot (pb) σqq̄/σtot δscale (pb) CMS (pb)

7 121.6 0.20 +45.2
−30.2

(+37.2%)
(−24.8%) 161.9 +6.7

−6.6
(+4.2%)
(−4.1%)

8 172.5 0.18 +61.9
−41.8

(+35.6%)
(−24.3%) 239 +13

−13
(+5.4%)
(−5.4%)

14 660.0 0.12 +202.6
−143.6

(+30.7%)
(−21.7%)

Table 3.2: LO predictions for the inclusive tt̄ production cross section performed at 7, 8 and
14 TeV collisions at the LHC. These predictions are compared to measurements by CMS
where experimental uncertainties have been added in quadrature. See text for a discussion
of the evaluation of scale uncertainties.
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The scale variation results in an uncertainty ≈ (20 − 40)% demonstrating the lack of

precision achievable with a LO prediction. The main source of uncertainty arises from

variation of αs(µ
2
R), where a decrease in the renormalisation scale µR causes an increase in

the value of αs, resulting in an upward shift of the cross section. Also, as the running of

αs(µ
2
R) is asymptotic, this introduces scale uncertainties which are asymmetric. Besides the

uncertainties from varying the renormalisation scale, there is also an effect of over-evolving

the PDFs which occurs as µF is increased. This decreases the density of quark and gluon

PDFs at high-x which is relevant for tt̄ production. The ratio of quark initiated processes

to the total cross section is also included, highlighting the dominance of the gg production

mechanism.

With such large theoretical uncertainties, a comparison between experimental measure-

ments and the predictions from QCD is not meaningful. For this reason, there have been

large efforts in the QCD community to improve the precision of top quark pair production

predictions. The NLO calculation of the differential and inclusive cross sections was per-

formed over two decades ago [112–115] and the calculation for the inclusive cross section

has recently been completed at NNLO [116–119]. There is also a long list of resummation

calculations for both the inclusive and differential cross section at LL [120], NLL [121, 122]

and NNLL [123–134]. As the aim of this work is to discuss the relevant aspects of high

rapidity tt̄ production, this requires the use of differential cross section calculations which

are currently available at NLO in fixed order.

3.3.2 NLO cross section

At NLO, the expansion of the scaling functions Kij(ρ,m
2
t , µ

2) may be expressed as

Kij(ρ,m
2
t , µ) = K(0)

ij + 4παs(µ
2)
(
K(1)

ij +K(1)

ij ln(µ
2/m2

t )
)
, (3.48)

where the scales µF and µR have been conveniently set equal to µ. The full µF and µR

dependence can be restored by expressing αs(µ
2
F ) in powers of αs(µ

2
R) as was demonstrated
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in [124]. Presented in its current form, the coefficient of the term which controls the scale

dependence may be obtained by renormalisation group arguments [112] as

K(1)

ij (ρ) =
1

8π2

(
4πb0K(0)

ij (ρ)−
∫ 1

ρ

dz1
∑
k

K(0)
kj

(
ρ

z1

)
Pki(z1)−

∫ 1

ρ

dz2
∑
k

K(0)
ik

(
ρ

z2

)
Pkj(z2)

)
.

(3.49)

This coefficient follows from the scale invariance of the total cross section to O(α3
s)

µ2dσtot

dµ2
= O(α3

s) , (3.50)

and can be evaluated using the one-loop β-function (1.49) and the DGLAP evolution equa-

tions (2.46). The functions K(1)
ij were originally found using a numerically extracted fit [112]

and then evaluated analytically in [135], a crucial step towards completing the full NNLO

calculation. Examples of both virtual and real corrections to the qq̄ initiated process are

depicted below

|Mqq̄→tt̄|2 = + · · ·+

2

,

|Mqq̄→tt̄g|2 = + · · ·+

2

.

(3.51)

In the full computation, both real and virtual corrections to the gg channel, as well as

the leading contribution from the q(q̄)g initiated process (O(α3
s)), must also be included.

The differential cross section calculation of tt̄ production at NLO has been made available

in several MC programs such as MCFM [44], POWHEG [136], MC@NLO [137] and its automated

counterpart aMC@NLO [138].

The inclusive cross section predictions for the relevant LHC CM energies are provided in

Table 3.3. These results are obtained with the program MCFM with NNPDF 2.3 NLO PDFs
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with αs(m
2
Z) = 0.119. The ratio of contributions σqq̄+|qg|/σtotal is included to account for the

scale dependence of the term K(1)

qg . This term can be negative when µF is increased, as it

compensates for an increase in the gg process. Although this ratio is unphysical, it will be

relevant for the discussion of the charge asymmetry.

√
s (TeV) σtot (pb) σqq̄+|qg|/σtot δscale (pb) CMS (pb)

7 158.7 0.18 +19.6
−20.2

(+12.4%)
(−12.7%) 161.9 +6.7

−6.6
(+4.2%)
(−4.1%)

8 227.8 0.16 +27.9
−28.3

(+12.3%)
(−12.4%) 239 +13

−13
(+5.4%)
(−5.4%)

14 894.5 0.10 +107.6
−101.0

(+12.0%)
(−11.3%)

Table 3.3: NLO predictions for the inclusive tt̄ production cross section performed at 7, 8
and 14 TeV collisions at the LHC. These predictions are compared to measurements by CMS
where experimental uncertainties have been added in quadrature. See text for a discussion
of the evaluation of scale uncertainties.

The scale uncertainty at NLO (of around 12%) is not competitive with the current ex-

perimental precision. Although the NNLO prediction (with a scale uncertainty of order 5%)

for the inclusive cross section is now available, a direct comparison to experiment is not

possible. The experimental measurements are of exclusive quantities which are extrapolated

into inclusive quantities using the differential cross section prediction available at NLO. In

general, it is expected that the differential NNLO calculation will improve the normalisation

of distributions rather than their shapes 1, meaning that differential studies performed at

NLO can be used to examine the potential sensitivity of exclusive observables to the various

input parameters — such as mt, αs and the PDFs.

3.3.3 Charge production asymmetry

Within the SM, a charge asymmetry exists in the production of top quarks pairs as a function

of the scattering angle between the incoming quark and outgoing top quark [114, 139–141].

This charge asymmetry arises at NLO due to the structure of interfering amplitudes in

processes of the form qX → tt̄Y , which are asymmetric under exchange of top and antitop

1The exception being observables which are formally LO at O(α3
s), such as the transverse momentum

distribution of the tt̄-pair transverse momentum.
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quarks in the final state. As the origin of the asymmetry is a result of the structure of

amplitudes, the QCD asymmetry is equivalent to the asymmetry in the process e+e− →

µ+µ− present in QED [142] — with an appropriate rescaling of couplings and colour factors.

The differential (a)symmetric cross section may be written as

dσs(a)

dO
=

1

2

(
dσpp→tt̄Y

dO
+ (−)

dσpp→t̄tY

dO

)
, (3.52)

where O is some suitably chosen variable which is sensitive to the asymmetric production.

For example, the scattering angle θ between the incoming quark and outgoing top quark. It

follows that the charge asymmetry may be defined as

Ac =

∫
dO dσa

dO∫
dO dσs

dO

, (3.53)

where appropriate integration variables must also be chosen. The prediction for the charge

asymmetry can be expressed as an expansion in powers of the strong, electromagnetic and

weak couplings in the following way

Ac =
α3
sσ

s(1)
a + α4

sσ
s(2)
a + α2

sαeσ
e(1)
a + α2

sαwσ
w(1)
a + · · ·

α2
sσ

s(0)
s + α3

sσ
s(1)
s + α4

sσ
s(2)
s + · · ·

,

= αs
σ
s(1)
a

σ
s(0)
s

+ αe
σ
e(1)
a

σ
s(0)
s

+ αw
σ
w(1)
a

σ
s(0)
s

+ · · · ,
(3.54)

where the superscript denotes the order and the relevant type of correction. Presented in

this way, only the leading contributions to the asymmetry have been kept in the expansion.

There is no contribution from the Born QCD process to the asymmetry (σ
s(0)
a = 0), as the

quark-gluon coupling is vector-like. Also, there is a neglected asymmetric contribution arising

from the Born EW process, resulting from the axial component of the Z boson coupling to

fermions. This contribution is negligible as the electroweak coupling enters at α2, and the

propagator must be off-shell for tt̄ production. The relevant asymmetric contributions begin

at NLO, and were originally computed for QCD in [140,141]. Note that, although the terms

σs(1) and σs(2) are currently known [112,116], they do not formally appear in the prediction
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for the asymmetry until O(α2
s). At this order, they are accompanied by other unknown

terms (such as σ
s(2)
a ), and the prediction must therefore be truncated to consistently neglect

these terms.

Representative cut diagrams contributing to σ
s(1)
a and σ

e/w(1)
a are depicted in Figure 3.4.

The upper diagrams, which correspond to both qg- and qq̄ initiated states, both contribute

to σ
s(1)
a . The lower diagrams contribute to either σ

e(1)
a or σ

w(1)
a depending on whether a

photon or Z boson is exchanged.

Figure 3.4: Representative cut diagrams contributing to Ac. The O(α3
s) contribution from qq̄

and qg initiated states is depicted by the upper diagrams, while the O(α2
sαe/w) contribution

is depicted by the lower diagrams.

To calculate the contribution from the QCD process to the asymmetry, it is necessary to

calculate the relevant colour factors for the asymmetric cross section. To see this, consider the

corrections to the process qd(p1)q̄c(p2) → ta(p3)t̄b(p4), as depicted by the two configurations

in Figure 3.5. The virtual (blue) cuts correspond to the interference of the Born amplitude

with either the planar (left) or crossed (right) box diagrams. The colour factors at the

amplitude level for the Born (CB), planar box (Cplanar) and crossed box (Ccrossed) diagrams

are given by

CB = tAabt
A
cd , Cplanar = tBaet

C
ebt

B
cf t

C
fd , Ccrossed = tBaet

C
ebt

C
cf t

B
fd . (3.55)
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Figure 3.5: Representative cut diagrams to the squared amplitude for the process qq̄ →
tt̄X. The symmetric colour factor between the diagrams provides the source of the charge
asymmetry.

Therefore, the full colour factors for the squared amplitudes of these two configurations are

Cleft =
∑

C∗
BCplanar , Cright =

∑
C∗
BCcrossed ,

Cleft =
1

N2
Tr
(
tAtBtC

)
Tr
(
tAtBtC

)
Cright =

1

N2
Tr
(
tAtBtC

)
Tr
(
tAtCtB

)
.

(3.56)

The trace can be evaluated using the standard (anti-)commutation relations for SU(3) gen-

erators. This follows as

Tr
(
tAtBtC

)
= Tr

(
1

2

(
[tA, tB] + {tA, tB}

)
tC
)

,

= Tr

(
1

2

(
ifABDtD + dABD

)
tC
)

,

=
1

2
(ifABD + dABD)Tr

(
tDtC

)
,

=
1

4
(ifABC + dABC) .

(3.57)

The full colour factors for the squared amplitudes simplify to

Cleft =
1

16N2
(d2ABC − f 2

ABC) , Cright =
1

16N2
(d2ABC + f 2

ABC) , (3.58)

noting that the cross terms proportional to fABCdABC are zero. Excluding colour factors,

the differential cross section obtained from the squared amplitudes are related by

dσleft(p3, p4) = −dσright(p4, p3) , (3.59)

which interchanges top quark momentum. It follows that the contribution to the charge
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asymmetry, with respect to the scattering angle between incoming quark and outgoing top

quark, is given by

σs(1)
a =

1

2

∫
d cos θ

((
Cleft

dσleft(p3, p4)

d cos θ
+ Cright

dσright(p3, p4)

d cos θ

)

−
(
Cleft

dσleft(p4, p3)

d cos θ
+ Cright

dσright(p4, p3)

d cos θ

))
,

(3.60)

which can be rearranged using (3.59) to give

σs(1)
a =

d2ABC

16N2

∫
d cos θ

(
dσright(p3, p4)

d cos θ
− dσright(p4, p3)

d cos θ

)
. (3.61)

It follows that the contribution to Ac is

Avirt
c =

αs

σ
s(0)
s

d2ABC

16N2

∫
d cos θ

(
dσleft(p3, p4)

d cos θ
+

dσright(p3, p4)

d cos θ

)
. (3.62)

The differential cross section, stripped of colour factors and couplings, is equivalent to

the original QED computation [142], which was later updated to include massive fermions

in [143]. The QCD asymmetry can therefore be obtained from the QED result after making

the following replacements for the asymmetric NLO and symmetric LO cross sections

α3
eQ

3
qQ

3
t → α3

s

d2ABC

16N2
, α2

eQ
2
qQ

2
t → α2

s

CF

2N
. (3.63)

The final result for the QCD asymmetry is then found by making the following replacement

to the QED asymmetry

αeQqQt → αs
5

12
. (3.64)

The contributions from mixed QED/weak corrections can be calculated in the same way.

The mixed QED correction to the asymmetry can be found from the full QED result through

the replacement

αeQqQt → 3αeQqQt . (3.65)
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or by scaling the QCD asymmetry using the replacement

αs →
36

5
αeQqQt . (3.66)

Numerically, this contribution amounts to 23.5% relative to the QCD asymmetry for incom-

ing up-type quarks, or −11.8% for down-type quarks. In the case of mixed weak corrections,

there is no exact replacement due to the different propagator structure for Z boson ex-

change. An approximate replacement can be made under the assumption ŝ ≫ m2
Z . Under

this assumption, the following replacement to the quark charges should be made

QqQt →
(2τ 3q − 4s2wQq)

4swcw

(2τ 3t − 4s2wQt)

4swcw
. (3.67)

Therefore, the approximate mixed weak corrections to the asymmetry for up- and down-type

quarks are obtained from the QCD asymmetry with the replacement

αs →
9

20

αe

s2wc
2
w

(
2τ 3q − 4Qqs

2
w

)(
1− 8

3
s2w

)
. (3.68)

Assuming a value of s2w = 0.231, these replacements amount to a 2.7% and -4.9% relative

shift with respect to the QCD asymmetry for up- and down-type quarks respectively. At the

LHC, these contributions approximately cancel with one another as the ratio of contributions

from uū and dd̄ initial states is approximately two.

In principle, it is also possible to include mixed QED/weak corrections to the qg initiated

states — as was done in [144]. These corrections are numerically small with respect to the

corresponding corrections for the qq̄ initiated process. As the QCD contribution to the

asymmetry is not yet fully known at NLO, including such small effects is not meaningful

until this correction is known. For this reason, all mixed corrections to the qg initiated

process and mixed weak corrections to the qq̄ initiated process are neglected.

The charge asymmetry implies that (anti)top quarks are produced preferentially in the

direction of the incoming (anti)quark. At the TeVatron and the LHC, this asymmetry is
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Figure 3.6: Illustrative effect of charge asymmetry on the top (blue) and antitop quark (red)
rapidity distribution at the TeVatron (left) and LHC (right).

observable due to the presence of an asymmetry in the quark and antiquark PDFs of the

colliding hadrons. At the TeVatron this is a consequence of the fixed direction of the proton

and antiproton beams, and results in a forward-backward asymmetry. At the LHC, the

asymmetry in the PDFs is present due to the valence content of the proton, and results

in top quarks being preferentially produced at large positive and negative rapidities. It is

important to notice that, at hadron colliders such as the TeVatron and LHC, there is no

observable asymmetry from gg initiated processes to all orders in perturbation theory, as

the gluon PDF is symmetric for both pp̄ and pp initial states. The effects of the charge

asymmetry on the top and antitop quark rapidity distributions within the lab frame are

illustrated in Figure 3.6.

The forward-backward asymmetry at the TeVatron is related to charge asymmetry by

the charge conjugation symmetry of QCD, and leads to the integrated asymmetry

Afb =
N(yt > 0)−N(yt̄ > 0)

N(yt > 0) +N(yt̄ > 0)
=

N(yt > 0)−N(yt < 0)

N(yt > 0) +N(yt < 0)
, (3.69)

where the top and antitop quark rapidities are simultaneously measured in the lab frame.

As the top quark asymmetry also leads to a lepton asymmetry, a lepton forward-backward

asymmetry (Al
fb) can be defined by replacing the top quarks with their associated daughter

leptons as t → l+ and t̄ → l−. This asymmetry can therefore be measured for both single
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and dilepton final states. It is also possible to define a forward-backward asymmetry in the

rest-frame of the tt̄ system as

Att̄
fb =

N(∆y > 0)−N(∆y < 0)

N(∆y > 0) +N(∆y < 0)
, ∆y = yt − yt̄ . (3.70)

This asymmetry can be similarly adapted for dilepton final states (All
fb).

At the LHC, the charge asymmetry emerges as a forward-central asymmetry, and may

be measured with the variable

Afc =
N(∆|y| > 0)−N(∆|y| < 0)

N(∆|y| > 0) +N(∆|y| < 0)
, ∆|y| = |yt| − |yt̄| . (3.71)

This asymmetry requires simultaneous measurement of top and antitop quark rapidities.

The charge asymmetry originates from production mechanisms which have phase space

dependence. The behaviour of the asymmetry is therefore phase space dependent. For ex-

ample, measuring the asymmetry as a function of the transverse momentum of the tt̄ system

(ptt̄T ) provides sensitivity to the contribution from real corrections. Typically, measurements

of the asymmetry are performed as a function of mtt̄, p
tt̄
T , and the (absolute) rapidity dif-

ference between top and antitop quarks. Recently, several new observables have also been

proposed [145] which may be particularly sensitive to qg initiated processes at the LHC. It

is also important to account for the phase space dependence of the symmetric gg channel.

At the LHC, the dilution is substantial, and it is important to perform measurements of

asymmetry in regions of phase space where this dilution is reduced.

Measurements of the charge asymmetry have now been performed by CDF [85, 86] and

D0 [88,89] with the full TeVatron data. The inclusive measurements, performed in different

final states, are summarised in Table 3.4, and compared to corresponding theoretical predic-

tions provided in [144]. These predictions include the leadings terms in (3.54), and have also

included an uncertainty due to scale variance in the usual way. The quoted experimental

uncertainties are statistical and systematic respectively. Interestingly, the central value for

all of these measurements, including comparisons at the parton and lepton level, lie above
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the respective theoretical prediction. Differentially, each of these measurements also suggest

that the deviation is largest for very forwardly (backwardly) produced (anti)top quark. In

the case of [85], the asymmetry is observed to increase for large top quark pair invariant mass

and absolute rapidity difference as expected in SM. However, the expected rate at which the

asymmetry increases, exceeds the SM prediction.

Asymmetry
√
s (TeV) Data

∫
Ldt (fb−1) Measured (%) Theory (%)

Att̄
fb(l+jets) 1.96 CDF [85] 9.4 16.4 ±3.9 ±2.6 8.8±0.6 [144]

Att̄
fb(l+jets) 1.96 D0 [87] 9.7 10.6 ±2.7 ±1.3 8.8±0.6 [144]

Al
fb 1.96 CDF [86] 9.4 9.4 ±2.4 +2.2

−2.6 3.8±0.3 [144]

Al
fb 1.96 D0 [88] 9.7 4.2 ±2.0 ±1.4 3.8±0.3 [144]

All
fb 1.96 D0 [89] 9.7 12.3 ±5.4 ±1.5 4.8±0.4 [144]

Table 3.4: Summary of measurements of forward-backward asymmetries at the TeVatron
with the full data. Where appropriate, the measurement channel has also been highlighted.
The uncertainties on the measured asymmetries are statistical and systematic respectively.
The theoretical uncertainties arise from scale and PDF uncertainties — see references for
details.

ATLAS and CMS have also performed measurements of the charge asymmetry. These

measurements have been performed in the dilepton channel [146,147] by both collaborations

with the 7 TeV data, and a combination of the results in the l+jets final state [148] with

the 7 TeV data has also recently been presented. A preliminary measurement by CMS in

the l+jets channel at 8 TeV [149] is also available. The results are summarised in Table 3.5,

and compared to the predictions provided in [144]. Where relevant, the asymmetry variable,

and final state is highlighted. Although the most precise results from the LHC disfavour the

large asymmetry observed at the TeVatron, the results are still inconclusive.

The current status of the measurements performed at the TeVatron (left) and the LHC

(right) are summarised in Figure 3.7. For the experimental uncertainties, the inner band

corresponds to the statistical uncertainty, and the outer band corresponds to the total un-

certainty found from adding statistical and systematic uncertainties in quadrature.

The measurements of the unexpectedly large asymmetry observed at the TeVatron has

stimulated much work in the model building community. Although interesting, extending
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Asymmetry
√
s (TeV) Data

∫
Ldt (fb−1) Measured (%) Theory (%)

Afc(ll) 7 ATLAS [146] 4.7 5.7 ±2.4 ±1.5 1.23±0.05 [144]

Afc(ll) 7 CMS [147] 5.0 -1.0 ±1.7 ±0.8 1.23±0.05 [144]

Afc(l+jets) 7 comb. [148] 4.7+ 5.0 0.5 ±0.7 ±0.6 1.23±0.05 [144]

Afc(l+jets) 8 CMS [149] 19.7 0.5 ±0.7 ±0.6 1.07±0.04 [144]

All
fc 7 ATLAS [146] 4.7 2.3 ±1.2 ±0.8 0.49±0.01 [144]

All
fc 7 CMS [147] 5.0 0.9 ±1.0 ±0.6 0.49±0.01 [144]

Table 3.5: Summary of measurements of the forward-central asymmetries at the LHC. Where
appropriate, the measurement channel has also been highlighted. The uncertainties on the
measured asymmetries are statistical and systematic respectively. The theoretical uncertain-
ties arise from scale and PDF uncertainties — see references for details.
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Figure 3.7: Charge asymmetry measurements performed at the TeVatron (left) and the LHC
(right). Left: Forward-backward asymmetry results from the TeVatron. Right: Forward-
central asymmetry results from the LHC performed at 7 TeV. A preliminary result from
CMS at 8 TeV in the l+jets channel is also available. The blue band corresponds to LO
theoretical predictions which include QCD and EW effects.

the SM to explain the observed excess in the asymmetry is difficult. These extensions are

subject to constraints from all other tt̄ observables which appear to be SM-like. A summary

of these various extensions can be found in [150].

It is clear that the large data expected in Run II at the LHC will be required to confirm

or refute the behaviour observed at the TeVatron. It is also important to note that the

SM prediction for the inclusive forward-central asymmetry at 14 TeV is below the percent

level [151], a result of the substantial gg dilution. As the systematic uncertainty for the

corresponding measurements performed at 7 and 8 TeV amounts to ≈ 0.6%, future measure-
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ments in this region will suffer from a total uncertainty of the order of the SM prediction.

Although some improvement in the systematic uncertainties is expected, the dominant con-

tribution to the uncertainty arises from generator and hadronisation modelling, which will

not significantly improve. For this reason, it will be necessary to select regions of phase

space where the asymmetry is enhanced to perform a significant measurement.

3.4 Motivations for high pseudorapidity measurements

The motivations for studying top quark production at high pseudorapidity can be sum-

marised by studying the kinematics of the Born cross section for top quark pair production.

For a general 2 → 2 partonic process, the following definitions can be made

x1,(2) =
mT√
ŝ
(e(−)y3 + e(−)y4) , mT =

√
(m2 + p2T ) , ŝ = 2m2

T (1 + cosh∆y) . (3.72)

Measurements of forwardly produced top quarks simultaneously probe high-x1 and low-x2

colliding partons. This is particularly interesting for top quark pair production for the

following reasons:

• Production of top quark pairs proceeds predominantly through the gg process. There-

fore, measurements of the tt̄ cross section at high (pseudo)rapidity provides constraints

on the gluon PDF at both high and low-x.

• The relative contribution from quark initiated processes to the differential top quark

pair cross section increases at high (pseudo)rapidity. This is a consequence of the

relative decline of the gluon PDF at large-x with respect to the quark valence content,

and results in enhanced sensitivity to the charge asymmetry.

These points are summarised in Figure 3.8, where the high-x region of CT10wnlo αs(m
2
Z) =

0.118 PDFs (CT10w), evolved to Q2 = m2
t , are shown. In the left plot, relevant PDFs which

contribute to the top quark pair cross section are shown, highlighting the dominance of the

gluon PDF at moderate and low values of x. In the right plot, the relative uncertainty of
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Figure 3.8: Relevant CT10wnlo αs(mZ) = 0.118 PDFs contributing to top quark pair pro-
duction at the LHC. The uncertainty corresponds to the 1σ CL. Right: PDFs have been
plotted with respect to the central value member set.

the quark and gluon PDFs with respect to the central member is shown. In both cases,

the PDF uncertainties are provided at 1σ. This is done by scaling the deviation from each

eigenvector member from the central value by 1.645 (which scales the uncertainty from 90%

to 68.3% CL). The quark PDFs are relatively well constrained by DIS measurements, while

the gluon PDF is not.

Although high pseudorapidity measurements are sensitive to regions of the PDFs which

are not well constrained, they also suffer from a lack of statistics due to the decline of PDFs

at high-x. This can be seen explicitly by examining the pseudorapidity distributions of top

quarks in pair production. It will be convenient to introduce a ‘pseudotop’ object as

dσt̃

dX
=

1

2

(
dσt

dX
+

dσt̄

dX

)
. (3.73)

Although this variable is insensitive to the charge asymmetry, it is well suited to studying

the differential cross section at high pseudorapidity. The corresponding differential cross

section with respect to pseudorapidity is shown in Figure 3.9 at 7 (left) and 14 TeV (right).

The blue uncertainty band is due to scale variation, and the red dashed line is the relative

1σ PDF uncertainty. The vertical error bars on the relative scale uncertainty demonstrate a

the lack of sampling in certain regions of phase space. The prediction for the inclusive and

LHCb cross sections is also provided. The LHCb cross section corresponds to the shaded

region — the integral over the LHCb acceptance (η ∈ [2.0, 5.0]).
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2
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band corresponds to scale variance, and the red dashed band in the relative uncertainty
corresponds to the PDF 1σ CL.

At both CM energies, the PDF uncertainties increase at high pseudorapidity as the PDFs

are probed at large-x. The PDF uncertainties in a given pseudorapidity bin at 7 TeV are

relatively larger than the corresponding prediction at 14 TeV, as this corresponds to a region

of higher x. The dependence of both inclusive and LHCb cross sections on PDFs as well as

other input parameters will be fully quantified in the following Chapter.

As previously mentioned, top quark measurements at high pseudorapidity may also be

sensitive to the charge asymmetry. To see this, in Figure 3.10 the ratio of production

mechanisms (qq̄ + |qg|)/total contributing to the total tt̄ cross section is presented as a

function of the pseudotop pseudorapidity at 7 (left) and 14 TeV (right). Although quark

initiated processes are relatively enhanced at high pseudorapidity, the gg channel is still

dominant across the entire range of phase space. The contribution from the qg initiated

processes to the total cross section σs(1) can be negative when µF is increased, however, its

contribution to the asymmetric cross section σ
s(1)
a remains positive. Therefore, to understand

how the ratio of quark initiated production mechanisms enhances the charge asymmetry, it

is necessary to include the modulus of the qg contribution.



3.5 Summary 92

t
~
 

η
­4 ­3 ­2 ­1 0 1 2 3 4

P
ro

d
u

c
ti
o

n
 r

a
ti
o

0

0.1

0.2

0.3

0.4

0.5

0.6
 = 7 TeVs, t t→MCFM­6.6, pp 

 < 2
R

µ
F

µ

 < 
2
1

CT10wnlo

 = 173.25 GeVtm

 Ratio
total

+|qg|qq

Scale uncertainty

LHCb

t
~
 

η
­4 ­3 ­2 ­1 0 1 2 3 4

P
ro

d
u

c
ti
o

n
 r

a
ti
o

0

0.1

0.2

0.3

0.4

0.5

0.6
 = 14 TeVs, t t→MCFM­6.6, pp 

 < 2
R

µ
F

µ

 < 
2
1

CT10wnlo

 = 173.25 GeVtm

 Ratio
total

+|qg|qq

Scale uncertainty

LHCb

Figure 3.10: Ratio of production mechanisms of pseudotop as a function of pseudorapidity
at 7 (left) and 14 TeV (right). The blue band corresponds to the uncertainty associated to
scale variation.

As forwardly produced top quarks are sensitive to the high-x1 region of PDFs, it is impor-

tant to investigate the feasibility of top quark measurements within the LHCb acceptance.

This is necessary to quantify how measurements in this region may improve the current

constraints on PDFs. Also, to access the charge asymmetry it is necessary to define an

experimentally accessible variable. To do this, a detailed analysis of expected signal and

background rates for several different final states will be considered.

3.5 Summary

The relevant features of top quark production and decay, necessary to perform detailed

phenomenology, have been introduced.

The importance of the top quark mass within the SM and the current experimental

constraints have been discussed. The top quark was shown to decay weakly as a quasi-free

particle. As a consequence of the CKM hierarchy |Vtb|2 ≫ |Vts|2 ≫ |Vtd|2, this results in a

very clear experimental signature — namely, t → Wb. It then becomes possible to categorise

top quark searches according to particularW boson decay channels. Also, as the polarisation

of the W boson controls the angular distribution of its decay products, the distribution of

leptons in t → (W → lνl)b decays are correlated with the top quark distribution.
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The dominant production mechanism for top quarks at the LHC is the production of a

pair of top quarks proceeding via the strong force. The general structure for the expansion of

this short-distance subprocess was discussed, and predictions for the inclusive cross section

at LO and NLO were provided. Although consistent with experimental measurements, these

predictions have substantial scale uncertainties. To meaningfully compare theoretical pre-

dictions with experimental observations, it is necessary to improve the precision of top quark

pair cross section predictions. Some of the theoretical developments were highlighted. In

the meantime, performing feasibility studies with differential NLO distributions is sufficient

to approximate event rates and highlight the potential sensitivity to particular variables and

input parameters.

An interesting feature of top quark pair production is the presence of an asymmetry in the

angular distribution of top and antitop quarks. This asymmetry is observable at TeVatron

and LHC due to the presence of an asymmetry in the initial state PDFs. Measurements of

this asymmetry at the TeVatron, which manifests as a forward-backward asymmetry, observe

an unexpectedly large asymmetry with respect to the available SM prediction. On the

other hand, measurements of the forward-central asymmetry at the LHC show no consistent

pattern to support or refute this behaviour. With the large amount of data expected during

Run II at the LHC, it will become important to select regions of phase space which are

particularly sensitive to the charge asymmetry. This is mainly required to suppress the

substantial dilution arising from the symmetric gg process.

The motivations for studying forwardly produced top quarks were also outlined. In terms

of the kinematics, forwardly produced top quarks are sensitive to high-x1 incoming partons.

This suggests that cross section measurements within the LHCb acceptance may provide

useful constraints on PDFs at high-x. As the dilution from gg initiated processes decreases

for forwardly produced top quarks, it is also important to investigate the potential sensitivity

of charge asymmetry measurements with the same data.



Chapter 4

Cross section measurements at LHCb

The feasibility of top quark pair cross section measurements with the LHCb detec-
tor will be studied in this Chapter. Using the tools which have been discussed in
previous Chapters, predictions of signal and background will be provided for sev-
eral potential measurement channels. After the statistical precision achievable with
current and future data has been quantified, the theoretical systematics associated
to pair production at high pseudorapidity is studied in detail. Upon comparing
the sensitivity of inclusive and differential measurements to the various systematics,
it will become clear that measurements at LHCb have an enhanced sensitivity to
PDFs. To quantify this, a reweighting will be applied, based top quark pair cross
section pseudodata, to both replica and Hessian PDFs.

4.1 Introduction

In the previous Chapter, the motivations for measuring the properties of top quark pair

production at high pseudorapidity were outlined. In particular, it was shown that forwardly

produced top quarks are particularly sensitive to the high-x region of PDFs. This provides

an interesting test of perturbative QCD, due to the presence of asymmetric quark initi-

ated production mechanisms which are relatively enhanced at high pseudorapidity — the

prospects of charge asymmetry measurements at LHCb will be studied in Chapter 5. It was

also noted that, as pair production is dominated by the gg process, measurements at high

pseudorapidity may provide useful constraints on the gluon PDF. It should also be men-

tioned that top quarks produced at very high pseudorapidity have not yet been observed.

As the LHCb experiment has recorded data within this region of phase space, it is important

to develop a suitable analysis strategy to measure top quark properties with this data.

94
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Figure 4.1: Schematic layout of the LHCb detector.

The statistical precision achievable for several final states will be considered at 7, 8, and

14 TeV. After discussing the feasibility of particular final states, including analysis of the

relevant backgrounds, the potential constraints on the gluon PDF arising from future LHCb

cross section measurements will be quantified.

4.2 Feasibility

The feasibility of measurements at LHCb depends on the recorded integrated lumonisities, as

well as the detection efficiencies for different final state particles. It is therefore important to

briefly review these features. The LHCb detector [152] is a single-arm forward spectrometer,

covering the pseudorapidity range 2.0 < η < 5.0, with the main physics goal of studying

b and c hadron decays. A schematic layout of the LHCb detector, obtained from [153], is

depicted in Figure 4.1. The important features of the detector and data relevant for this

work are summarised below:

• The detector has excellent b hadron reconstruction efficiency, which is relevant for b-
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tagging jets. Internal studies indicate that an efficiency to mis-tag rate of 70% to 1%

is achievable for high-pT (> 20GeV) jets.

• Muon reconstruction is possible within the pseudorapidity range 2.0 < η < 4.5. A

detection efficiency of 75% is achievable for high-pT (> 20GeV) muons [154].

• The recorded integrated luminosities at 7 and 8 TeV are 1.1 and 2.1 fb−1 respectively.

• The expected integrated luminosity at 14 TeV is 5.0 fb−1 per year [155], amounting to

≈ 50 fb−1 by 2030.

• The reconstruction efficiencies evaluated with the 7 and 8 TeV data are expected to be

good estimates of what can be achieved during 14 TeV running conditions. This is a

consequence of the luminosity levelling at LHCb, which reduces the impact of pileup.

It was first proposed in [156] that top quark measurements at LHCb may be feasible by

identifying top quarks through their decay t → (W → µνµ)b, where the muon and the b-jet

are registered by the detector. It was noted that partial reconstruction of the full tt̄ system

is necessary to gain reasonable event rates. The analysis in [156] also demonstrated that this

channel may also be used to measure the charge asymmetry. This is possible by measuring

the rate of top and antitop quarks as a function of pseudorapidity, which can be inferred

by the pseudorapidity and charge of the reconstructed muon. However, as the analysis was

performed at LO, no prediction for the charge asymmetry was provided. Also, constant K-

factors were used to scale the LO cross sections for signal and background rates. This scaling

clearly does not take into account the phase space dependence of contributing subprocesses.

In the analysis presented here, signal and background are generated at NLO+PS, and these

samples are used to study the feasibility of several final states.

4.2.1 Final state selection

The limited acceptance of the LHCb detector makes full event reconstruction difficult as

generally only part of the event is registered by the detector. It is therefore important to
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understand the kinematic acceptance for the various decay channels of the top quarks. Due

to the large QCD backgrounds present at the LHC, at least one isolated charged lepton

should be required in the final state. Therefore, the two main categories considered are

the lepton+X or dilepton+X channels. These channels can then be subcategorised by the

number of jets within the acceptance and by how many of these jets are b-tagged. The

single lepton channel with one associated b-jet (lb) has the largest acceptance, while high

multiplicity final states such as lbbjj have a relatively small acceptance. Note that b-jet(s)

and jet(s) in the event are used to reduce background, while the sign of the charged lepton is

used to identify the sign of the top quark charge. The minimum requirement of at least one

b-tagged jet is necessary to reduce the otherwise overwhelming electroweak backgrounds.

Object definition

Jets are defined to have a global jet parameter distanceR= 0.5 (2.62), a minimum pT >15 GeV,

and to be clustered with the anti-kt algorithm using FastJet3 [157] software. The charged

leptons from W and Z boson decays, and all neutrinos, are excluded in the jet reconstruction.

An isolation requirement is placed on the charged leptons to separate hadronic activity.

To identify b-jets, it is necessary to perform generator level b-tagging. This is done by

matching either a parton or seed b quark (before hadronisation) from the hard process to a

reconstructed jet in the rapidity-phi plane within R. A study of the matching of jets to b

quarks from top decays in tt̄ events at
√
s = 7 TeV found that over 90% of b quarks were

successfully matched simultaneously to a b quark at both the parton and seed level. Of the

remaining decays, 4% were matched at either the parton or seed level, and the remaining

6% were not uniquely matched. The majority of b quarks which are not b-tagged lie in the

region of low-pT — this is due to the minimum pT requirement in the jet reconstruction

algorithm. The fraction of events falling into the various b-tagging categories is presented as

a function of the b parton pT in Figure 4.2 (left). Studies on the impact of varying R in the

jet reconstruction indicated that the generator level b-tagging efficiency improved for larger

values of R, a result of the looser matching criterion. It was also found that the energy of the
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b parton is better described by reconstructed jets with larger values of R — see Figure 4.2

(right). However, when lepton isolation is implemented, ∆R(l± , jet) ≥ R, the choice of R

= 0.5 was found to be optimal. The LHCb jet reconstruction algorithm is also calibrated to

∆R = 0.5 anti-kt jets [158]. Therefore, other choices of R would require a re-calibration of

the LHCb jet reconstruction. Fully optimising the choice of R parameter for studies of top

quark production at LHCb requires knowledge of the b-tagging performance and detector

response — this should be studied in full detail for high statistics analyses performed at

14 TeV.
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Figure 4.2: Left: fraction of events falling into various truth level b-tagging categories. The
total sample is normalised to 100 events. Right: energy ratio of b-tagged jet (within the
LHCb acceptance) to associated parton level b quark for various values of the jet parameter
R. In both cases, the events (tt̄) are generated with POWHEG at

√
s = 7 TeV and matched

to Pythia8176.

Preliminary analysis

To estimate the feasibility of cross section measurements for different final states, a prelim-

inary analysis of tt̄ signal at
√
s = 7, 8 and 14 TeV is performed. This is simulated with

POWHEG matched to Pythia8176. The central CT10wnlo PDF set is used, and an uncertainty

due to scale variation is evaluated by generating samples with a 7-point scale variation ac-

cording to (3.47). It is required that leptons and jets are within the LHCb acceptance —

defined by the pseudorapidity range 2.0 < η < 4.5. An isolation requirement on all lep-

tons ∆R(l± , jet) ≥ R is applied which acts to reduce signal contamination from background

QCD processes. Note that the distance parameter in the isolation requirement R = 0.5, is
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the same value which is used in the jet reconstruction. For single lepton final states, the

following kinematic cuts are applied:

• b-jet minimum pT > 60 GeV,

• light jet, or secondary b-jet, minimum pT > 20 GeV,

• l± minimum pT > 20 GeV.

For dilepton final states, the following kinematic cuts are applied:

• b-jet minimum pT > 20 GeV,

• l± minimum pT > 20 GeV.

As previously mentioned, requiring the presence a of b-jet is necessary to reduce the back-

ground from EW processes. The differential cross section for different final states at 7, 8,

and 14 TeV is provided in Table 4.1.

dσ(fb) 7 TeV 8 TeV 14 TeV

lb 291 ± 47 520 ± 72 4436 ± 615

lbj 100 ± 15 215 ± 27 2547 ± 323

lbb 34 ± 4 65 ± 8 870 ± 116

lbbj 11 ± 2 26 ± 4 487 ± 76

l+l− 33 ± 6 60 ± 11 444 ± 62

l+l−b 16 ± 4 32 ± 5 299 ± 35

Table 4.1: Summary of differential tt̄ cross sections for various final states within the
LHCb acceptance (2.0 < η < 4.5). The simulation is performed with POWHEG matched
to Pythia8176 at

√
s = 7, 8, 14 TeV LHC CM energies with the central CT10wnlo PDF.

The uncertainty accounts for scale variation as described in the text.

The provided cross sections account for W → lνl decays, where l corresponds to either

a muon or an electron. The contribution from leptonic τ decays is not included. Another

noteworthy effect in the single lepton channel is that the registered b-jet may not necessar-

ily belong to the same decay chain as the lepton. Including these events is experimentally
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necessary, as charge tagging of b-jets is extremely inefficient. At 7 and 8 TeV, the lb and

lbj channels are statistically the most promising channels with the available data — corre-

sponding to 1 and 2 fb−1 at
√
s = 7 and 8 TeV respectively. At 14 TeV, measurements in

the dilepton channel with a single b-jet also become statistically feasible.

4.3 Signal and background

The feasibility of measurements in these channels also requires an estimation of the corre-

sponding background rates. A realistic estimation of the statistical precision achievable in

each channel can be made by applying the following reconstruction efficiencies: 75% effi-

ciency for leptons [154]; 70% efficiency for b-jets; and 1% mis-tag rate for light jets [159].. In

this study, the mis-tag rate for light jets is also applied to c-jets.

As the low multiplicity final states, lb and lbj, are statistically most promising at all CM

energies, they will be studied in most detail. The dilepton channel will also be considered at

14 TeV. Although the other channels listed in Table 4.1 are not considered, experimentally

studying these channels is important as they are each sensitive to different background

processes.

4.3.1 lepton+jets

For the analysis of the lb and lbj channel, only muon final states are considered as the

detection efficiency for muons is greater than for electrons — mainly a consequence of the

triggering efficiency. Electron final states are also possible [160], but require a more careful

consideration of background processes and have a poorer detection efficiency. The statistical

precision presented in this analysis is therefore an underestimate of what should be achievable

with current and future LHCb data when electrons are included.

As the cross section measurement does not differentiate between muon charge, the µb

and µbj channels are labelled as t̃µb and t̃µbj respectively — corresponding to the sum µ+
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and µ− events. The main backgrounds are identified as single top, W+(b)jets and Z+(b)jets.

These backgrounds are simulated using POWHEG [161–164] with the central CT10w PDF set

and then subsequently matched to Pythia8176 — the only exception is Z + bjets where the

matrix element is produced using MadGraph5 [165] with cteq6ll.

Signal. The tt̄ signal is found by fixing the factorisation and renormalisation scales equal

to the top mass (mt = 173.25 GeV). This corresponds to the central cross section evaluated

in Table 4.1.

QCD. The QCD background originating from di-bjet production, where a secondary

muon passes isolation and kinematic cuts, has previously been shown to be negligible [156].

Given a di-bjet background rejection of O(10−5), and that the relative increase in the ratio

of (pp → tt̄)/(pp → bb̄) from 7→14 TeV is ≈ 3, this background can also ignored for the

14 TeV analysis.

EW+jets. The W+(b)jets background can be separated into W jets and Wbjets. In the

first case, a light flavour jet is mis-tagged as a b-jet, and in the second case, a b-jet is correctly

identified (where g → bb̄). In either case, the W boson decays to an isolated lepton. The

Z+(b)jets background arises from leptonic decay of a Z boson where only one of the leptons

is detected in association with either a correctly identified (in Zb/Zg → bb̄) or mis-tagged

b-jet.

Single top. This process can be subcategorised into s-channel, t-channel, and tW . The

s- and t-channel subprocesses correspond to Born contributions in which the virtual W is

exchanged in either the s- or t-channel respectively. The tW subprocess is simply where the

W boson is also produced in the final state. The t-channel single top process is modelled

in both 4- and 5-flavour (ST, tch) schemes. The 4-flavour cross section is normalised to the

prediction found in the 5-flavour scheme, and the average of these distributions is plotted

with a systematic error associated to the envelope between the two descriptions1. In the

5-flavour scheme, the DGLAP evolution in the PDF automatically resums the contribution

from g → bb̄ splittings, and therefore provides a more accurate prediction of the total cross

1The top decay is not included in the matrix element in the 4-flavour scheme.
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Figure 4.3: Expected signal and background as a function of reconstructed pseudotop (t̃µb(j))
invariant mass (upper) and muon pseudorapidity (lower) at

√
s = 7 TeV with

∫
Ldt = 1fb−1.

Cuts on the b-jet and muon/light jet pT of 60, 20 GeV are applied to the t̃µb (left) and t̃µbj
(right) selections.

section. There is a small combined contribution (below 10% of tt̄ signal) from tW and

s-channel single top which is not included.

In the following analysis, the number of pseudotop events expected in 1, 2, and 5 fb−1 at

7, 8, and 14 TeV will be presented as a function of the final state invariant mass and muon

pseudorapidity for both t̃µb and t̃µbj channels. In all plots, the signal and background are

stacked, and the resultant uncertainty band corresponds to the statistical uncertainty found

after applying all reconstruction efficiencies. At 14 TeV, an additional uncertainty band is

also included which corresponds to the statistical uncertainty expected with 50 fb−1 — this

amounts to the data expected after 10 years of running.
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The 7 TeV results are presented in Figure 4.3. The dominant background is identified

as W jets, which has been scaled by a factor of 0.01 corresponding to the light jet mis-

tag rate. This suggests that the experimental systematic uncertainty associated to the

b-tagging mis-tag rate is likely to be important for normalisation of the background. A

direct measurement of the W jets process within the LHCb acceptance will be extremely

important in determining the accuracy of the modelling of this process. It is also noticed

that the single top prediction in the 4-flavour scheme tends to be larger for high invariant

masses. This is due to the presence of events in which a collinear spectator b quark and

lepton are reconstructed together within the acceptance, particularly beyond mt. For the

muon pseudorapidity distributions, although the statistical uncertainties are overwhelming

at high pseudorapidity (beyond three), the signal is clearly separated from background events

in the low pseudorapidity bins. This can be quantified by calculating the χ2 between the

total number of expected events (N) and background (B) as

χ2 =
bins∑
i

(Ni −Bi)
2

(∆Ni)2 + (∆Bi)2
. (4.1)

A background uncertainty (∆B) of 5% is assumed. At 7 TeV, the χ2/Ndof for the pseudo-

rapidity distributions for t̃µb and t̃µbj final states are

χ2/Ndof(µb) = 25.7/8 , χ2/Ndof(µbj) = 12.6/4 . (4.2)

The Ndof are 8 and 4 respectively, corresponding to the number of bins.

The same analysis is also performed at 8 TeV. The resulting muon pseudorapidity dis-

tributions are shown in Figure 4.4. Calculating the χ2/Ndof in the same way gives

χ2/Ndof(µb) = 93.1/8 , χ2/Ndof(µbj) = 52.0/4 . (4.3)

This study suggests that the tt̄ process should be clearly visible with an analysis of the

current data. Although rather naive in many of the assumptions made about detection
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Figure 4.4: Expected signal and background as a function of muon pseudorapidity (lower)
at

√
s = 8 TeV with

∫
Ldt = 2fb−1. Cuts on the b-jet and muon/light jet pT of 60, 20 GeV

are applied to the t̃µb (left) and t̃µbj (right) selections.

efficiencies, this study suggests that performing an analysis in both t̃µb and t̃µbj channels

with the 7 and 8 TeV data is worthwhile. Besides providing information about tt̄ production

at high pseudorapidity, it will be important preparation for high precision studies that will

become possible with the expected integrated luminosities at 14 TeV.

The 14 TeV results are presented in Figure 4.5. The number of pseudotop events corre-

sponds to 5 fb−1 — the data expected within the first year of running. In the same plot, the

statistical precision expected with 50 fb−1 is represented by the black fill on the tt̄ signal.

In both cases, high statistical precision is clearly achievable. It is expected that experimen-

tal measurements will therefore be dominated by modelling systematics for both signal and

background. Precisely understanding these types of systematics will be necessary to improve

experimental accuracy, which ultimately determines how well measurements can be used to

test perturbative QCD, and constrain theoretical inputs.

4.3.2 dilepton+jets

In the dilepton channel, selecting the subset of opposite flavour leptons (µe) significantly

reduces the contribution from γ/Z background processes. Even with this selection in place,

it is also necessary to require the presence of a b-jet which further suppresses the process



4.3 Signal and background 105

 [GeV] )bµ
t
~

m( 
50 100 150 200 250

)
b

µt~
N

 e
v
e

n
ts

 (

0

200

400

600

800

1000

1200

1400 ­1ttbar, 5/50fb

Wjets

Wbjets

ST, tch

Zbjets

Zjets

)­1 = 14 TeV (5fbs

 > 20, 60 GeV
T

, b pµ

 [GeV] )bjµ
t
~

m( 
100 200 300

)
b

j
µt~

N
 e

v
e

n
ts

 (

0

100

200

300

400

500

­1ttbar, 5/50fb

Wjets

Wbjets

ST, tch

Zbjets

Zjets

)­1 = 14 TeV (5fbs

 > 20, 60 GeV
T

/j, b pµ

 )
bµ

t
~

( 
µ

η

2 2.5 3 3.5 4

)
b

µt~
N

 e
v
e

n
ts

 (

0

500

1000

1500

2000

2500

3000

3500

4000

­1ttbar, 5/50fb

Wjets

Wbjets

ST, tch

Zbjets

Zjets

 > 20, 60 GeV
T

, b pµ

)­1 = 14 TeV (5fbs

 )
bjµ

t
~

( 
µ

η

2 2.5 3 3.5 4

)
b

j
µt~

N
 e

v
e

n
ts

 (

0

200

400

600

800

1000

1200

1400 ­1ttbar, 5/50fb

Wjets

Wbjets

ST, tch

Zbjets

Zjets

 > 20, 60 GeV
T

/j, b pµ

)­1 = 14 TeV (5fbs

Figure 4.5: Expected signal and background as a function of reconstructed pseudotop (t̃µb(j))
invariant mass (upper) and muon pseudorapidity (lower) at

√
s = 14 TeV with

∫
Ldt = 5fb−1.

Cuts on the b-jet and muon/light jet pT of 60, 20 GeV are applied to the t̃µb (left) and t̃µbj
(right) selections. The solid internal fill corresponds to the statistical uncertainty expected
with

∫
Ldt = 50fb−1.

Z → (ττ → µeX). The other backgrounds are identified as WW , WZ, tW , and QCD.

Following the procedure taken for the µ+jets final states, these backgrounds are simulated

using POWHEG [166, 167] with the central CT10w PDF set, and then subsequently matched

to Pythia8176.

Signal. The tt̄ signal is found by fixing the factorisation and renormalisation scales equal

to the top mass (mt = 173.25 GeV). This corresponds to the central cross section evaluated

in Table 4.1.

QCD. The QCD background, which is expected to arise from multi jet production, is
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not considered in this study. It is possible to account for this background experimentally by

using data driven methods: an evaluation of the event rate and kinematic distributions of

same sign charged µ and e leptons provides a reliable estimation of the QCD contribution.

Internal studies with the 8 TeV data at LHCb indicate that, after isolation and impact

parameter cuts, this QCD contribution is expected to be below 10% of the tt̄ signal [168]. A

careful consideration of control channels for the validation of this method will be necessary

when applied at 14 TeV.

Diboson and tW . The ZW process can be accounted for by using the data driven

method discussed above. An estimation of WW and tW processes will most likely rely on

simulated MC samples which include detector response. These processes have been measured

in the central region by both ATLAS and CMS [169–172] and appear to be mostly consistent

with NLO predictions. The simulation of the tW process is performed with the Diagram

Subtraction method [173]. This method is used to account for the potential interference of

the Born level tt̄ process with real corrections to tW . An investigation into the validity of

this method, in particular when considering exclusive final states with a single b-jet, should

be undertaken.

Z → ττ . The fiducial cross section, before applying reconstruction efficiencies, for

γ/Z → (ττ → µeX) is estimated to be:

σLHCb
Z→(ττ→µeX) = 796 fb . (4.4)

This is approximately four times larger than the eµ signal provided in Table 4.1. Due to

the long lifetime of τ leptons, this may be suppressed by studying the effect of an impact

parameter cut. However, it is found that requiring an additional b-jet within the acceptance,

with a pT cut of 20 GeV, reduces the cross section by a factor of ≈ 103. As this additional

requirement reduces the signal expectation by only a factor of two, measurements in this

channel should be pursued.

The expected number of pseudotop events expected in 5 fb−1 at 14 TeV is presented as a
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function of the combined invariant mass of the muon, electron, and b-jet in Figure 4.6. This

includes an efficiency for the b-tagging of 70% with a corresponding mis-tag rate of 1%. As

this channel is extremely clean, relaxing the mis-tag rate in favour of b-tagging efficiency will

improve the statistical precision. Also, it is sufficient to only apply the muon reconstruction

efficiency to the µe pair, as this efficiency is mainly due to the trigger.
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Figure 4.6: Expected signal and background as a function of reconstructed pseudotop (t̃µeb)
invariant mass at

√
s = 14 TeV with

∫
Ldt = 5fb−1. Cuts on the b-jet, muon and electron of

pT of 20 GeV are applied in the selection. The solid internal fill corresponds to the statistical
uncertainty expected with

∫
Ldt = 50fb−1.

This channel is extremely clean. It is therefore expected that precision cross section

measurements will be possible with 50 fb−1 at 14 TeV. This is also a promising channel

for performing charge asymmetry measurements, as it is possible to measure the rapidity

difference of the lepton pair.
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4.4 Constraining the gluon PDF

Given that the tt̄ process should be observable with the available 7 and 8 TeV data, and

measurements at 14 TeV are expected to achieve high statistical precision, it is important to

study the theoretical systematics associated to signal prediction within the LHCb acceptance.

This is done by computing the differential cross section at NLO with MCFM, and studying

how different input parameters impact the prediction within the LHCb acceptance. These

results are then compared to a previous study of the inclusive cross section performed at

NNLO+NNLL (NNLO∗) [174].

Within the first few years of data collection at 14 TeV, measurements in the t̃µb(j) channel

will be statistically most precise. Therefore, a corresponding variable is defined as

σLHCb =

∫
η=2.0

dη
dσt̃

dη
. (4.5)

The introduction of this variable will allow a straightforward evaluation of theoretical sys-

tematics at fixed-order.

4.4.1 Theoretical systematics

The top quark pair cross section defined in section 3.3.1 depends on: the value of αs(m
2
Z);

PDFs; the top quark mass; and the scale uncertainties associated to unknown higher-order

terms. The theoretical uncertainties associated to each of these input parameters are ob-

tained in the following way.

Top quark mass. In accordance with the discussion in Section 3.2.1, the top quark pole

mass is assumed to be 173.25 GeV. The dependence of the cross section on the top quark

mass is then found by varying mt in both directions by 1.5 GeV.

PDFs. The following NLO PDF sets are studied: ABM11 5flv (ABM); CT10wnlo

(CT10w); HERAPDF1.5 (HERA); MSTW08nlo68cl (MSTW); and NNPDF2.3 (NNPDF),

where the central value of αs(m
2
z) = 0.118; 0.118; 0.1176; 0.120; and 0.119 is chosen for each
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set respectively. Asymmetric and symmetric uncertainties are found following the discussion

in Chapter 2.6. The uncertainties obtained for each PDF collaboration are quoted at 1σ

CL, where the CT10w uncertainties, which are provided at 90% CL, have been scaled down

by a factor of 1.645. The NNLO∗ study presented in [174] include the corresponding NNLO

PDFs at 1σ CL.

αs(Q
2). The strong coupling uncertainty (δαs) is evaluated by computing a linear fit for

the cross section, which is found when varying αs(m
2
Z) within the range [0.116, 0.120]. This

range spans the preferred central value for all PDF sets. The uncertainty is then extracted

by matching this fit to the current PDG average — as discussed in Section 1.3.4, this is

αs(m
2
Z) = 0.1184 ± 0.0007 [18,175]. The fitting procedure is demonstrated in Figure 4.7.
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Figure 4.7: Linear fit of αs(m
2
Z) within the range αs(m

2
Z) ∈ [0.116, 0.120] at 7 TeV. The

uncertainty is then calculated from this - see text for details.

A linear fit within this range is a good approximation of the expected leading quadratic

behaviour. In the case of ABM PDFs, αs(m
2
Z) is included as a parameter in the fit and an

associated uncertainty is therefore already accounted for in the symmetric PDF uncertainty.

ABM do however provide a range of PDFs for different values of αs(m
2
Z); the results obtained

from this variation are also included in Figure 4.7 for reference.

Scale. The scale uncertainty (δscale) is found by varying factorisation and renormalisation

scales µF and µR independently by a factor of two in both directions of the top mass — see
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(3.47). The central value is chosen as µ0 = mt.

The contribution from each of these sources of systematic uncertainty to the LHCb

cross section is evaluated and compared to the inclusive cross section evaluated at NLO

and NNLO∗ [174]. The total uncertainty is found by combining the individual uncertainties

following the recommendation of the Higgs Cross Section Working Group [176] as

δtotal = δscale + (δ2PDF + δ2αs
+ δ2mt

)
1
2 . (4.6)

The 7 and 14 TeV results are summarised in Tables 4.2 and 4.3 respectively. The NNLO∗

results are corrected to the chosen top mass range of mt ∈ [171.75, 174.75], where it is found

that a 1 GeV uncertainty on mt translates into a 3.0 and 2.7% uncertainty on the cross

section at 7 and 14 TeV respectively. Secondly, the absolute shift of cross section (and

relative shift) are provided.

Order PDF σ(pb) δscale (pb) δPDF (pb) δαs (pb) δmt (pb) δtotal (pb)

NNLO∗(inc.) 135.8 +3.5
−4.2

(+2.6%)
(−3.1%)

+6.4
−6.4

(+4.7%)
(−4.7%)

+0.0
−0.0

(+0.0%)
(−0.0%)

+6.5
−6.3

(+4.8%)
(−4.7%)

+12.7
−13.2

(+9.3%)
(−9.7%)

NLO(inc.) ABM 123.5 +14.6
−16.1

(+11.8%)
(−13.0%)

+2.3
−2.3

(+1.9%)
(−1.9%)

+0.0
−0.0

(+0.0%)
(−0.0%)

+5.8
−5.7

(+4.7%)
(−4.6%)

+20.8
−22.2

(+16.9%)
(−18.0%)

NLO(LHCb) 15.2 +1.9
−2.0

(+12.4%)
(−13.0%)

+0.3
−0.3

(+2.1%)
(−2.1%)

+0.0
−0.0

(+0.0%)
(−0.0%)

+0.8
−0.7

(+5.0%)
(−4.9%)

+2.7
−2.8

(+17.8%)
(−18.3%)

NNLO∗(inc.) 172.5 +4.6
−6.0

(+2.7%)
(−3.5%)

+8.0
−6.5

(+4.6%)
(−3.8%)

+3.7
−3.7

(+2.2%)
(−2.2%)

+8.0
−7.7

(+4.6%)
(−4.4%)

+16.5
−16.7

(+9.5%)
(−9.7%)

NLO(inc.) CT10(w) 148.3 +17.6
−19.2

(+11.9%)
(−13.0%)

+6.6
−6.3

(+4.4%)
(−4.2%)

+2.0
−2.0

(+1.3%)
(−1.3%)

+6.8
−6.6

(+4.6%)
(−4.4%)

+27.2
−28.5

(+18.4%)
(−19.2%)

NLO(LHCb) 19.9 +2.6
−2.7

(+13.3%)
(−13.7%)

+1.4
−1.1

(+6.9%)
(−5.5%)

+0.3
−0.3

(+1.6%)
(−1.6%)

+1.0
−0.9

(+4.9%)
(−4.8%)

+4.3
−4.2

(+21.9%)
(−21.1%)

NNLO∗(inc.) 177.2 +4.8
−4.2

(+2.7%)
(−2.3%)

+4.0
−6.4

(+2.3%)
(−3.6%)

+3.0
−3.0

(+1.7%)
(−1.7%)

+8.1
−7.8

(+4.6%)
(−4.4%)

+14.3
−14.7

(+8.1%)
(−8.3%)

NLO(inc.) HERA 136.1 +15.6
−16.3

(+11.5%)
(−12.0%)

+3.9
−3.4

(+2.9%)
(−2.5%)

+1.3
−1.3

(+1.0%)
(−1.0%)

+6.2
−6.1

(+4.6%)
(−4.5%)

+23.1
−23.3

(+16.9%)
(−17.1%)

NLO(LHCb) 16.9 +2.1
−2.0

(+12.3%)
(−12.0%)

+0.5
−0.3

(+2.9%)
(−1.6%)

+0.2
−0.2

(+1.2%)
(−1.2%)

+0.8
−0.8

(+4.8%)
(−4.7%)

+3.0
−2.9

(+18.0%)
(−17.1%)

NNLO∗(inc.) 172.0 +4.4
−5.8

(+2.6%)
(−3.4%)

+4.7
−4.7

(+2.7%)
(−2.7%)

+2.9
−2.9

(+1.7%)
(−1.7%)

+8.0
−7.7

(+4.6%)
(−4.4%)

+14.1
−15.2

(+8.2%)
(−8.9%)

NLO(inc.) MSTW 158.4 +19.6
−21.2

(+12.4%)
(−13.4%)

+4.0
−5.5

(+2.6%)
(−3.4%)

+2.1
−2.1

(+1.3%)
(−1.3%)

+7.2
−7.0

(+4.6%)
(−4.5%)

+28.1
−30.4

(+17.7%)
(−19.2%)

NLO(LHCb) 20.8 +2.9
−2.9

(+13.9%)
(−14.2%)

+0.7
−0.9

(+3.2%)
(−4.2%)

+0.3
−0.3

(+1.5%)
(−1.5%)

+1.0
−1.0

(+4.8%)
(−4.8%)

+4.1
−4.3

(+19.9%)
(−20.8%)

NNLO∗(inc.) 172.7 +4.6
−6.0

(+2.7%)
(−3.5%)

+5.2
−5.2

(+3.0%)
(−3.0%)

+2.7
−2.7

(+1.6%)
(−1.6%)

+8.0
−7.8

(+4.6%)
(−4.5%)

+14.5
−15.8

(+8.4%)
(−9.1%)

NLO(inc.) NNPDF 158.7 +19.6
−20.2

(+12.4%)
(−12.7%)

+4.0
−4.0

(+2.5%)
(−2.5%)

+2.3
−2.3

(+1.5%)
(−1.5%)

+7.3
−7.1

(+4.6%)
(−4.5%)

+27.2
−28.5

(+17.8%)
(−18.1%)

NLO(LHCb) 20.2 +2.8
−2.7

(+14.0%)
(−13.3%)

+0.7
−0.7

(+3.4%)
(−3.4%)

+0.4
−0.4

(+1.8%)
(−1.8%)

+1.0
−0.9

(+4.9%)
(−4.8%)

+4.1
−3.9

(+20.2%)
(−19.4%)

Table 4.2: Summary of inclusive (inc.) and differential NLO(LHCb) cross sections, and
associated uncertainty, at 7 TeV. The inclusive cross sections are provided at both NLO,
and NNLO+NLLL (NNLO∗).



4.4 Constraining the gluon PDF 111

The scale uncertainties exhibit a small dependence on pseudorapidity, due to differences in

the physical scale Q2 for forward events. This also applies to the top quark mass uncertainty.

The PDF uncertainties increase with pseudorapidity, as events produced from both very high-

and low-x partons probe PDFs which are not well constrained. There is also a pseudorapidity

dependence of αs(Q
2) which arises from uncertainty in the gluon PDF indirectly — an

increase in αs(Q
2) leads to a smaller gluon PDF at lower values of x while momentum sum

rules compensate this by increasing the gluon PDF at large x, resulting in a pseudorapidity

dependent uncertainty. The PDF and αs(Q
2) uncertainties are relatively large in comparison

to the corresponding uncertainties at 14 TeV. This is due to Bjorken scaling, which results

in events at 14 TeV sampling the PDFs at more moderate-x values, where PDFs are more

constrained.

Order PDF σ(pb) δscale (pb) δPDF (pb) δαs (pb) δmt (pb) δtotal (pb)

NNLO∗(inc.) 832.0 +18.7
−27.4

(+2.2%)
(−3.3%)

+25.1
−25.1

(+3.0%)
(−3.0%)

+0.0
−0.0

(+0.0%)
(−0.0%)

+34.9
−33.7

(+4.2%)
(−4.1%)

+61.7
−69.7

(+7.4%)
(−8.4%)

NLO(inc.) ABM 771.9 +91.0
−92.4

(+11.8%)
(−12.0%)

+9.4
−9.4

(+1.2%)
(−1.2%)

+0.0
−0.0

(+0.0%)
(−0.0%)

+32.3
−31.9

(+4.2%)
(−4.1%)

+124.7
−125.7

(+16.1%)
(−16.3%)

NLO(LHCb) 117.2 +14.5
−14.1

(+12.3%)
(−12.0%)

+2.0
−2.0

(+1.7%)
(−1.7%)

+0.0
−0.0

(+0.0%)
(−0.0%)

+5.2
−5.1

(+4.4%)
(−4.3%)

+20.0
−19.5

(+17.1%)
(−16.7%)

NNLO∗(inc.) 952.8 +23.3
−34.5

(+2.4%)
(−3.6%)

+22.4
−19.9

(+2.3%)
(−2.1%)

+14.0
−14.0

(+1.5%)
(−1.5%)

+39.2
−37.8

(+4.1%)
(−4.0%)

+70.6
−79.5

(+7.4%)
(−8.3%)

NLO(inc.) CT10(w) 832.6 +97.0
−96.7

(+11.7%)
(−11.6%)

+19.6
−20.2

(+2.4%)
(−2.4%)

+9.2
−9.2

(+1.1%)
(−1.1%)

+34.0
−33.3

(+4.1%)
(−4.0%)

+137.4
−136.6

(+16.5%)
(−16.4%)

NLO(LHCb) 137.0 +16.7
−16.4

(+12.2%)
(−12.0%)

+5.0
−4.6

(+3.6%)
(−3.4%)

+1.8
−1.8

(+1.3%)
(−1.3%)

+5.9
−5.8

(+4.3%)
(−4.2%)

+24.7
−24.0

(+18.0%)
(−17.5%)

NNLO∗(inc.) 970.5 +22.1
−22.0

(+2.3%)
(−2.3%)

+15.7
−25.7

(+1.6%)
(−2.6%)

+12.8
−12.8

(+1.3%)
(−1.3%)

+39.6
−38.4

(+4.1%)
(−4.0%)

+66.6
−70.0

(+6.9%)
(−7.2%)

NLO(inc.) HERA 804.2 +91.9
−87.6

(+11.4%)
(−10.9%)

+16.1
−21.9

(+2.0%)
(−2.7%)

+5.3
−5.3

(+0.7%)
(−0.7%)

+33.4
−32.4

(+4.1%)
(−4.0%)

+129.3
−127.1

(+16.1%)
(−15.8%)

NLO(LHCb) 124.7 +14.8
−13.7

(+11.8%)
(−11.0%)

+3.0
−3.0

(+2.4%)
(−2.4%)

+1.1
−1.1

(+0.9%)
(−0.9%)

+5.5
−5.3

(+4.4%)
(−4.3%)

+21.1
−19.9

(+16.9%)
(−15.9%)

NNLO∗(inc.) 953.6 +22.7
−33.9

(+2.4%)
(−3.6%)

+16.2
−17.8

(+1.7%)
(−1.9%)

+12.8
−12.8

(+1.3%)
(−1.3%)

+39.1
−37.9

(+4.1%)
(−4.0%)

+66.9
−77.7

(+7.0%)
(−8.1%)

NLO(inc.) MSTW 885.6 +107.2
−105.7

(+12.1%)
(−11.9%)

+16.0
−19.4

(+1.8%)
(−2.2%)

+10.1
−10.1

(+1.1%)
(−1.1%)

+36.2
−35.3

(+4.1%)
(−4.0%)

+148.1
−147.3

(+16.7%)
(−16.6%)

NLO(LHCb) 144.4 +18.6
−17.8

(+12.8%)
(−12.3%)

+3.5
−3.9

(+2.4%)
(−2.7%)

+1.9
−1.9

(+1.3%)
(−1.3%)

+6.2
−6.1

(+4.3%)
(−4.2%)

+25.9
−25.2

(+18.0%)
(−17.5%)

NNLO∗(inc.) 977.5 +23.6
−35.4

(+2.4%)
(−3.6%)

+16.4
−16.4

(+1.7%)
(−1.7%)

+12.2
−12.2

(+1.3%)
(−1.3%)

+40.4
−39.1

(+4.1%)
(−4.0%)

+68.9
−80.0

(+7.0%)
(−8.1%)

NLO(inc.) NNPDF 894.5 +107.6
−101.0

(+12.0%)
(−11.3%)

+12.8
−12.8

(+1.4%)
(−1.4%)

+9.9
−9.9

(+1.1%)
(−1.1%)

+36.6
−35.8

(+4.1%)
(−4.0%)

+147.6
−140.3

(+16.5%)
(−15.7%)

NLO(LHCb) 142.5 +18.1
−16.6

(+12.7%)
(−11.7%)

+3.0
−3.0

(+2.1%)
(−2.1%)

+2.0
−2.0

(+1.4%)
(−1.4%)

+6.2
−6.1

(+4.4%)
(−4.3%)

+25.2
−23.7

(+17.7%)
(−16.6%)

Table 4.3: Summary of inclusive (inc.) and differential NLO(LHCb) cross sections, and
associated uncertainty, at 14 TeV. The inclusive cross sections are provided at both NLO,
and NNLO+NLLL (NNLO∗).

The LHCb cross section and theoretical uncertainties are summarised in Figure 4.8. For

both 7 (left) and 14 TeV (right) results, the inner and outer error bars correspond to the
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scale and total uncertainties respectively.
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Figure 4.8: Summary of NLO cross section predictions within the LHCb fiducial region at√
s = 7 (left) and 14 TeV (right). The inner and outer error bars correspond to the scale

and total uncertainties respectively.

The enhanced sensitivity of measurements at high pseudorapidity can be evaluated by

comparing the relative uncertainties of the NLO inclusive and differential LHCb cross section.

This comparison is performed by taking the ratio of the relative uncertainties

δratioX =
δLHCb
X

δNLO
X

. (4.7)

These ratios at 7 (left) and 14 TeV (right) are summarised in Table 4.4. This ratio highlights

the sensitivity of cross section measurements at LHCb to PDF uncertainties, in particular

to the CT10w and NNPDF sets.

7 TeV δratioscale δratioPDF δratioαs
δratiomt

δratiototal

ABM +1.05
−1.00

+1.11
−1.11

+0.00
−0.00

+1.06
−1.06

+1.05
−1.02

CT10w +1.12
−1.06

+1.56
−1.30

+1.23
−1.23

+1.07
−1.07

+1.19
−1.10

HERA +1.07
−1.01

+1.01
−0.65

+1.25
−1.25

+1.05
−1.06

+1.06
−1.00

MSTW +1.12
−1.06

+1.27
−1.23

+1.13
−1.13

+1.06
−1.08

+1.12
−1.08

NNPDF +1.13
−1.05

+1.34
−1.34

+1.21
−1.21

+1.07
−1.07

+1.13
−1.08

14 TeV δratioscale δratioPDF δratioαs
δratiomt

δratiototal

ABM +1.05
−1.00

+1.40
−1.40

+0.00
−0.00

+1.05
−1.05

+1.06
−1.02

CT10w +1.05
−1.03

+1.55
−1.40

+1.20
−1.20

+1.06
−1.05

+1.09
−1.07

HERA +1.04
−1.01

+1.19
−0.90

+1.33
−1.33

+1.07
−1.06

+1.05
−1.01

MSTW +1.06
−1.03

+1.35
−1.23

+1.13
−1.13

+1.05
−1.06

+1.07
−1.05

NNPDF +1.05
−1.03

+1.45
−1.45

+1.27
−1.27

+1.07
−1.07

+1.07
−1.06

Table 4.4: Ratio of LHCb and inclusive NLO cross section uncertainties at 7 (left) and
14 TeV (right).

It is noted that the prediction obtained with ABM PDFs is substantially lower for both

inclusive and differential predictions. At NNLO this can be understood from both a lower

value for αs(m
2
Z) and a softer gluon PDF at large-x [174,177]. At NLO, even for an identical
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best fit value αs(m
2
Z), the prediction from ABM is substantially lower than CT10w, as shown

in Figure 4.7. In fact, the discrepancy between the central value of ABM and the other PDF

groups is enhanced at high pseudorapidity.

The scale uncertainty provides the dominant contribution to the total uncertainty at

NLO. However, given the recent theoretical advances in top quark pair production predic-

tions, it is clear that a cross section measurement in the forward region can be used to

constrain PDFs when a differential NNLO calculation is available. It is expected that the

large ratio of the relative PDF uncertainties between inclusive and LHCb measurements will

still be present at NNLO. This is supported by the comparison of the relative PDF and αs

uncertainties of the evolved gluon distribution between NLO and NNLO shown in Figure 4.9.

This is also supported by approximate differential NNLO studies performed in [178].
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Figure 4.9: Relative uncertainty on the gluon PDF for CT10(w) NLO and NNLO sets for
PDF and αs variations.

Computing the theoretical uncertainties at 8 TeV will also be necessary when performing

the experimental measurement. However, as the process of computing these uncertainties

is computationally expensive, it is not worth performing this study until the experimental

analysis is finalised. At this stage it will become more clear how a comparison to the

experimental measurement should be performed.
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4.4.2 Reweighting analysis

Due to the high statistical precision expected within one year of running (5 fb−1) at 14 TeV,

a differential measurement in bins of pseudorapidity across the entire LHCb acceptance is

viable. To demonstrate the potential power of such a measurement on constraining PDFs,

the reweighting technique discussed in Section 2.6.2 is applied to both the Hessian CT10w

and replica NNPDF PDFs. The reweighting is performed in the cross section basis under

the assumption of a hypothetical measurement of σLHCb (pseudodata) provided at the top

quark level.

To apply the reweighting procedure to the Hessian set, it is first necessary to generate

a set of random replicas. This is done simultaneously in the basis of σLHCb as well as the

evolved gluon PDF. The weights of these replica members, calculated as a result of including

the pseudodata, can then be applied to the evolved gluon PDF to quantify the improved

constraints. For both NNPDF and CT10w reweighting, the value of the hypothetical mea-

surement is generated from the prediction evaluated using the central PDF member as

σ̄LHCb
0 =

1

Nrep

Nrep∑
k=1

σLHCb(S0)[1 +Rk0], (4.8)

where Rk0 is a pseudorandom gaussian-distributed number with zero mean and variance of

one. The effect of reweighting both NNPDF and CT10w PDF replica sets when pseudodata

is generated from a different central PDF member will also be discussed. For the CT10w

and NNPDF replica sets studied, the number of replicas are 1000 and 100 respectively.

In Figure 4.10, the generated CT10w replica set is compared to the original Hessian

result at the level of the evolved gluon PDF g(x,Q2). The two parameterisations provide a

similar description of the PDF central value and associated uncertainty, the only exception

being at large-x where the PDF uncertainties are most asymmetric. Therefore, applying the

reweighting technique to Hessian sets provides an estimate of how including new data into

a global fit should improve constraints.

To apply the reweighting to the replica sets at the level of σLHCb, it is necessary to
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Figure 4.10: Relative uncertainty on CT10w NLO gluon PDF g(x,Q2) for both replica and
Hessian sets shown with respect to the central Hessian member.

assume an experimental uncertainty on the pseudodata. Given that current cross section

measurements by ATLAS [179] have already achieved a total relative uncertainty below 5%,

it is not unreasonable to expect similar precision from measurements with the upgraded

LHCb detector. Therefore, the reweighting is performed with an assumed experimental

uncertainty within the range of 4-8%.

Performing the reweighting procedure for both replica sets results in a reduced number

of effective replicas provided in Table 4.5. As the pseudodata is close to the central member

prediction by construction, the effective number of replicas is not dramatically altered.

PDF σ̄LHCb
0 (pb) Exp. uncertainty Nrep Neff

4% 1000 942

CT10 137.3 6% 1000 983

8% 1000 994

4% 100 97

NNPDF 145.1 6% 100 99

8% 100 100

Table 4.5: Effective replicas after reweighting with the inclusion of an LHCb cross section
measurement at 14 TeV. An experimental uncertainty within the range 4-8% is assumed.

The effect of this reweighting on the evolved gluon PDF is presented in Figure 4.11
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Figure 4.11: Potential constraint (left) on the gluon PDF for CT10wnlo (upper) and
NNPDF2.3 (lower) replica sets with the inclusion of an LHCb cross section measurement at
14 TeV. An experimental uncertainty within the range 4-8% is assumed. The corresponding
reduction of the PDF uncertainty is also shown (right).

for CT10w (upper) and NNPDF (lower) replica sets. On the left, the relative uncertainty

of the gluon PDF with respect to the unweighted PDF (gref(x,Q2)) is shown for assumed

experimental uncertainties of 4, 6, and 8%. On the right, the relative reduction of the gluon

PDF uncertainty for the same range of experimental uncertainties is shown.

The largest sensitivity is observed to be within the range of 0.1 < x < 0.3. The experi-

mental precision achievable with cross section measurements at LHCb will therefore have a

large impact on future PDF fits within this range. To demonstrate how a cross section mea-

surement may impact the PDF central value, it is necessary to generate pseudodata which is

slightly displaced from the central value. This is done by generating the pseudodata with the

HERA central value member. In this case, the effective number of replicas after reweighting

does change significantly. The corresponding results are presented in Table 4.6.

The effect of the reweighting on the evolved gluon PDF with the HERA generated pseu-
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PDF σ̄LHCb
0 (pb) Exp. uncertainty Nrep Neff

4% 1000 720

CT10 129.5 6% 1000 895

8% 1000 956

4% 100 53

NNPDF 129.5 6% 100 85

8% 100 95

Table 4.6: Effective replicas after reweighting with the inclusion of an LHCb cross section
measurement generated from the HERA1.5 central value, the associated experimental un-
certainty is within the range 4-8%.

dodata is shown in Figure 4.12. The results with an assumed experimental uncertainty of

6% have been omitted to improve visibility. The shift in the PDF with respect to the central

value is clearly visible even with the conservative estimate of 8% uncertainty.
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Figure 4.12: Potential shift in central value of the evolved gluon PDF for CT10wnlo (left) and
NNPDF2.3 (right) after reweighting with respect to pseudodata generated from HERA1.5.
The 1σ CL uncertainties are also included.

The sensitivity of top quark measurements at LHCb to particular eigenvectors can also

be quantified. This is done by comparing the relative departure of each PDF member

(corresponding to a particular eigenvector n and its direction) with respect to the central

member as

∆σLHCb
j =

σLHCb(Sj)− σLHCb(S0)

σLHCb(S0)
, (4.9)

where the index j runs over the 2n eigenvector members. The relative deviations for the

four studied Hessian PDF sets are shown in Figure 4.13.
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Figure 4.13: Relative departure of each PDF member from the central value for the prediction
of σLHCb at 14 TeV.

The large displacements observed for particular PDF members can generally be traced

to large displacements in the gluon PDF. However, some of these PDF members also have

moderate displacements in the u and d PDF content at large x. As an example, eigenvector

13 (members 25 and 26) of CT10w exhibits a particularly large deviation. For reference,

the evolved gluon, u, and d PDF content is plotted with respect to the central member in

Figure 4.14 (left). The same PDFs are also plotted for HERA eigenvector 10 in Figure 4.14

(right). In the case of the HERA eigenvector, this demonstrates that the deviation is not

necessarily due to the gluon PDF alone, but may also provide constraints on the valence

content.

4.4.3 Potential sensitivity

It should be noted, that the displacements presented for each Hessian PDF set in Figure 4.13

are unique to exclusive high pseudorapidity measurements. Although an analysis of the
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Figure 4.14: Ratio of evolved quark and gluon PDFs (fp(x,Q
2)) with respect to their corre-

sponding central value for selected members, as described in the text.

inclusive cross section is also sensitive to the gluon PDF [174], a lot of information is lost

in such a study. As an example, the relative pseudorapidity cross section simulated with

POWHEG with the CT10w eigenvector 13 is shown in Figure 4.15 (left).
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Figure 4.15: Ratio of pseudotop (left) and t̃µb (right) differential cross-sections for CT10wnlo
eigenvector 13 with respect to the central value.

For the negative eigenvector direction, the cross section deviation is positive at low pseudo-

rapidity, and negative at high pseudorapidity. The opposite behaviour is observed for the

positive eigenvector direction. Therefore, there is partial cancellation across the entire phase

space, reducing the sensitivity of comparisons to inclusive cross section measurements. As

measurements of forwardly produced top quarks at 14 TeV are sensitive to the gluon PDF

much beyond x = 0.1, they will provide useful constraints for several eigenvectors in this

region.
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Although it is clear that top quark measurements at LHCb will provide useful constraints

on the PDFs, performing an analysis at the top quark level is naive, as this does not corre-

spond to what can be experimentally measured at LHCb. Fully quantifying the sensitivity of

measurements at LHCb requires knowledge of the eventual analysis cuts, and a corresponding

study of all PDF members at NLO+PS with these cuts applied.

To estimate the effect of analysis cuts, the ratio of differential cross section for the t̃µb

with analysis cuts applied is presented in Figure 4.15 (right). Only CT10w eigenvector 13

is studied, and the analysis cuts were defined in Section 4.3.1. When the analysis cuts are

applied, the sensitivity to the high-x region of the PDFs increases as events are more likely

to have been produced from partons at higher x1. This is also demonstrated in Figure 4.16,

where the incoming parton momentum fraction is plotted against the POWHEG event momen-

tum scale squared (Q2). The left plot corresponds to events in which a parton level top

quark is within the LHCb acceptance, and the right plot corresponds to events passing the

analysis cuts. Clearly, a larger fraction of events remain at high x1 (⟨x1⟩ = 0.28) after the

analysis cuts have been applied.
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4.5 Summary

An analysis strategy to perform top quark pair cross section measurements within the LHCb

acceptance has been proposed.

A preliminary analysis of differential cross sections for various lepton+X and dilepton+X

final states at 7, 8, and 14 TeV suggests that top quark pair measurements may be statis-

tically feasible in several different final states. Notably, hundreds of events are expected in

the t̃µb and t̃µbj channels in the available 7 and 8 TeV data. For these channels, the main

backgrounds are identified as W jets and Wbjets. The contribution from the W jets process,

where a light flavour jet is mis-tagged as a b-jet, is substantial. One way of managing this

background is to require a low mis-tag rate for light jets ≈1%. Precisely knowing the mis-tag

rate for light jets is therefore extremely important for improving the achievable experimental

precision. As the background rates are correlated between different lepton+X channels, it

may be possible to take advantage of this to reduce background uncertainties. Statistically

precise measurements in the t̃µb and t̃µbj channels will not be possible until the 14 TeV data

is available. With the data available at 14 TeV, measurements also become possible in the

t̃µeb channel. Although this channel has a small event rate (400 events in the first year),

there is essentially no background whatsoever.

The theoretical systematics for forwardly produced top quarks in pair production have

not been studied in detail. The sensitivity of a suitably defined high pseudorapidity exclusive

cross section was studied by varying the following theoretical inputs: αs(m
2
Z); PDFs; top

quark mass; and scale uncertainties. It was found that such measurements have enhanced

sensitivity to PDF uncertainties. The sensitivity of top quark measurements at LHCb to

particular eigenvector members was also demonstrated.

To quantify the potential sensitivity of a cross section measurement at 14 TeV, a reweight-

ing procedure was performed, assuming a cross section measurement with an associated ex-

perimental uncertainty in the range of 4-8%. This demonstrated that the uncertainty on

the gluon PDF may be improved by 5-25% within the range of x ∈ [0.1, 0.3]. It was also
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discussed that a differential measurement within the LHCb acceptance, including analysis

cuts, will most likely provide more stringent constraints on PDFs than a simple parton level

analysis.



Chapter 5

Charge asymmetry measurements at

LHCb

Having demonstrated the feasibility of top quark pair cross section measurements
within the LHCb acceptance, it is important to investigate the potential sensitivity to
charge asymmetry measurements for feasible final states. The t̃µb and t̃µeb channels
appear to be most promising due to the high statistics and purity expected in each
channel respectively. Fixed-order predictions for leptonic and top quark asymmetries
will be provided in both of these channels. The top quark asymmetry results will
then be compared to predictions computed at (N)LO+PS. Finally, the statistical
precision achievable for measurements of both leptonic asymmetries with the full
data at 14 TeV will be discussed.

5.1 Introduction

In Chapter 3, the origin of a charge asymmetry in the production of top quark pairs was dis-

cussed. Experimental measurements of this asymmetry provide a test of perturbative QCD

at scales Q2 ≃ m2
t at which the expansion is expected to be especially reliable. Measurements

of the charge asymmetry are therefore well motivated. It is also interesting that measure-

ments of the forward-backward asymmetry performed at the TeVatron [85–89] observe an

enhanced asymmetry with respect to the SM prediction — see Table 3.4. This enhancement

is particularly noticeable for large absolute rapidity differences, corresponding to forwardly

(backwardly) produced (anti)top quarks. Although the TeVatron measurements are statis-

tically limited, this observation suggests that similar measurements should be performed at

the LHC.

123



5.1 Introduction 124

Measurements performed by ATLAS and CMS in the central region [146–149] have so far

been inconclusive in confirming or refuting the behaviour observed at the TeVatron. While

the leptonic forward-central asymmetry All
fc is observed to be slightly large in the 7 TeV data,

measurements of the top quark forward central asymmetry Afc in the l+jets channel at 7 and

8 TeV are consistent with both zero and the SM. Although the LHC analyses are performed

with higher statistics than the TeVatron measurements, they are generally less sensitive to

the charge asymmetry — predominantly due to the dominance of the symmetric gg channel

present in pp collisions. At 14 TeV, the SM prediction for Afc ≈ 0.7% [144] is comparable in

size to the total systematic uncertainty quoted for the 7 and 8 TeV measurements. Although

some improvement in the understanding of the systematic uncertainties is expected, it is

still important to select regions of phase space which are particularly sensitive to the charge

asymmetry.

As demonstrated in Figure 3.10, forwardly produced top quarks at the LHC suffer from

less dilution from the symmetric gg channel than centrally produced top quarks. This

suggests that charge asymmetry measurements within the LHCb acceptance may be more

sensitive than those performed centrally. In Chapter 4, the feasibility of performing top quark

pair cross section measurements for a range different final states was discussed. In particular,

this study suggests that the measurements in the t̃µb channel, corresponding to the partial

reconstruction of the full tt̄ system with a muon and b-jet, should reach high statistical

precision within the first year of data taking at 14 TeV. Measurements in the extremely

clean t̃µeb channel, corresponding to the reconstruction of an opposite flavour dilepton pair

in association with b-jet, also become statistically possible at 14 TeV. It follows that the

sensitivity and complementarity of charge asymmetry measurements in these two channels

should be investigated.

In this Chapter, fixed-order predictions will be provided for leptonic and top quark rate

and forward-backward asymmetries. An estimate of the experimental sensitivity for each of

the leptonic asymmetries will be provided. Finally, the fixed-order top quark asymmetries

will be compared to those obtained at (N)LO+PS.



5.2 Fixed-order asymmetries 125

5.2 Fixed-order asymmetries

Providing predictions of the charge asymmetry at both the top quark and lepton level is use-

ful both theoretically and experimentally. Previous measurements performed at the TeVa-

tron [85,87] and the LHC [146–149] have been unfolded from reconstruction to parton level.

This unfolding procedure allows measurements to be compared at the level of on-shell tt̄ in-

termediate states. As approximate differential top quark pair calculations at NNLO [133,178]

are available at the top quark level, these unfolded measurements can then be compared to

more precise theoretical predictions. Alternatively, as the top quark asymmetry also leads

to a leptonic asymmetry, it is also possible to measure the asymmetry directly at the lepton

level. As there is no uncertainty due to the unfolding procedure, these measurements can be

performed more precisely.

The proposed measurements at LHCb never involve fully reconstructing a top quark,

meaning that leptonic asymmetries are clearly most relevant. The top quark asymmetries

will also be provided — this will allow the size of higher-order corrections to evaluated for

the relevant region of phase space when they become available. The prediction of each

asymmetry is computed at fixed-order by performing an expansion in the usual manner,

see (3.54). In accordance with the discussion in Section 3.3.3, only the contributions to the

numerator of O(α3
s) and O(α2

sαe) are evaluated. Including further QED/weak corrections

is not particularly meaningful until the O(α4
s) contribution to the numerator is known.

The O(α3
s) contribution to the asymmetry is computed with an adapted version of MCFM

which separates the individual contributions from the uū, dd̄, and qg subprocesses. The

mixed QED corrections O(α2
sαe) are then obtained by a rescaling of couplings and colour

factors according to (3.66). For example, the scaling factors obtained for CT10w PDFs with

αs(m
2
Z) = 0.118 are

RQED
uū (µ = mt/2) = 0.21 , RQED

uū (µ = mt) = 0.23 , RQED
uū (µ = 2mt) = 0.25 . (5.1)

It should be noted that NLO accuracy is also retained in top quark decay for the leptonic
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asymmetries [180].

To estimate the potential source of theoretical uncertainty, the dependence on the choice

of PDFs and scales is evaluated in the following way:

PDFs. The numerators of the various asymmetries are evaluated with the CT10w and

NNPDF2.3 NLO PDFs with αs(m
2
Z) = 0.118 and 0.119 respectively. Potential uncertainty

on the NNPDF asymmetry is then considered by calculating the corresponding denominator

with the LO 0.119, LO 0.130, and NLO 0.119 NNPDF2.3 PDFs. For clarity, each of NNPDF

sets will be referred to by the order and value of αs(m
2
Z) within the text. For the CT10w

asymmetry, the denominator is computed with the NLO CT10w PDFs. The denominators

computed with the slightly outdated LO cteq6l, and cteq6ll PDFs are also included for

reference. All the considered PDFs are summarised in Table 5.1. For each PDF set, the

specific treatment of αs is highlighted, and only the central PDF set is considered.

PDF αs(m
2
Z) αs DGLAP

CT10wnlo 0.118 NLO NLO

cteq6l 0.118 NLO LO

cteq6ll 0.130 LO LO

NNPDF2.3 NLO 0.119 0.119 NLO NLO

NNPDF2.3 LO 0.119 0.119 LO LO

NNPDF2.3 LO 0.130 0.130 LO LO

Table 5.1: PDF sets considered in the evaluation of the denominator of each asymmetry
variable.

Scale. A scale uncertainty is evaluated by simultaneously computing the numerator and

denominator of each asymmetry for a specific scale choice µF = µR = µ = {mt/2,mt, 2mt}.

The central value is then found by averaging these three predictions, and a symmetric un-

certainty is associated to the total envelope. Although this is a commonly adopted pro-

cedure [144, 151, 181], it is not a robust evaluation of higher-order corrections, as there is

cancellation between the numerator and denominator for each scale choice.
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5.2.1 Top quark rate asymmetry

A top quark asymmetry can be inferred in the high statistics t̃µb channel by comparing the

rate of µ− to µ+ tagged events, as originally proposed in [156]. In this case, the relevant

charge asymmetry variable is a rate asymmetry, which measures the asymmetry between

the single particle pseudorapidity distribution of the top and antitop quark. The inclusive

LHCb rate asymmetry is defined as

At =

∫
2.0

dη

(
dσt/dη − dσt̄/dη

dσt/dη + dσt̄/dη

)
. (5.2)

In what follows, the contribution to the numerator of the asymmetry computed with both

CT10w and NNPDF NLO 0.119 PDFs will be provided. The corresponding denominator

points will then also be computed, which allows the asymmetry and associated uncertainty

to be evaluated. This approach will be taken for all the considered asymmetries.

The contributions to the numerator computed with both CT10w and NNPDF NLO

0.119 PDFs are provided in Table 5.2. The separate contributions from each subprocess

are included, highlighting the relevance of each particular correction. The effect of scale

variation is also included.

CT10wnlo, αs(m
2
Z) = 0.118, 14 TeV

N t (fb) µ = mt/2 µ = mt µ = 2mt

uū 671.1 500.2 381.1

O(α3
s) dd̄ 304.9 227.9 172.5

qg 382.8 271.8 197.3

O(α2
sαe)

uū 141.0 116.1 96.9

dd̄ -32.0 -26.5 -21.9

Total 1467.7 1089.6 825.9

NNPDF2.3 NLO, αs(m
2
Z) = 0.119, 14 TeV

N t (fb) µ = mt/2 µ = mt µ = 2mt

uū 699.9 521.0 407.1

O(α3
s) dd̄ 319.2 236.6 184.2

qg 401.0 289.8 216.8

O(α2
sαe)

uū 145.8 120.0 101.9

dd̄ -33.2 -27.3 -23.1

Total 1532.6 1140.2 886.9

Table 5.2: The contributions to the numerator (in units of fb) of the rate asymmetry At

within the LHCb acceptance at
√
s = 14 TeV. The results for the different scale choices µF

= µR = µ are included. The choice of central PDFs is also highlighted.

It is found that the O(α3
s) qg contribution to the rate asymmetry is sizeable, exceeding

the corresponding contribution arising from dd̄ initial states. It is also observed that the
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prediction obtained with NNPDF NLO 0.119 is several percent larger than the corresponding

CT10w prediction — a consequence of the smaller value of αs(m
2
Z) preferred by CT10w.

Although the smaller value of αs(m
2
Z) in the CT10w fit results in a slightly larger valence

PDF at x ≃ 0.1, this compensation does not fully account for the larger value of αs(m
2
Z)

which contributes to the numerator at O(α3
s). The ratio of the CT10w and NNPDF NLO

0.119 valence PDF, qval ≡ (u − ū) + (d − d̄), is shown for reference in Figure 5.1. This is

relevant as the valence PDF is ultimately responsible for the contribution to the numerator

of each asymmetry.
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Figure 5.1: Ratio of CT10wnlo αs(m
2
Z) = 0.118 valence PDF content with respect to

NNPDF2.3 NLO αs(m
2
Z) = 0.119.

The denominators computed with the various PDFs are provided in Table 5.3. Note that

the denominators are consistent, within scale uncertainty, and accounting for a factor of two

in the definitions, with the NLO pseudotop cross section analysis presented in Table 4.3. In

the final column of this table, the resultant asymmetry for each particular denominator has

been evaluated. For example, the value of Att̄ = 0.67 (3)% for cteq6l is obtained by dividing

the CT10wnlo numerator in Table 5.2 by the denominator computed with cteq6l in Table 5.3

for each scale choice. The average of these asymmetries corresponds to Att̄ = 0.67, and the

related uncertainty of 0.03% is simply the envelope of these three points.



5.2 Fixed-order asymmetries 129

Dt (pb), 14 TeV

PDF αs(m
2
Z) µ = mt/2 µ = mt µ = 2mt Att̄ (%)

CT10wnlo 0.118 229.86 178.76 141.49 0.61 (3)

cteq6l 0.118 208.95 161.36 127.24 0.67 (3)

cteq6ll 0.130 251.01 190.69 148.09 0.57 (1)

NNPDF2.3 NLO 0.119 239.05 184.86 146.33 0.62 (2)

NNPDF2.3 LO 0.119 268.63 208.04 164.47 0.55 (2)

NNPDF2.3 LO 0.130 296.99 225.30 175.14 0.51 (1)

Table 5.3: The contribution to the denominator (in units of pb) of the top quark rate
asymmetry At within the LHCb acceptance at

√
s = 14 TeV. The results for different (N)LO

PDFs with differing values of αs(m
2
Z) are indicated. The resultant asymmetry for each PDF

set, with scale uncertainty, is also included.

The scale uncertainty on the final asymmetry for each PDF set is small, in the range

(2-5)%. As previously mentioned, this is a consequence of simultaneously evaluating the

numerator and denominator at the same scale. If the asymmetry is calculated with the

denominator evaluated at O(α3
s), the scale uncertainty of the asymmetry is significantly

larger — this is the method which is sometimes adopted by the experimental collaborations,

and introduces incomplete terms of O(α2
s) in the expansion of the asymmetry (3.54). As

discussed in Section 3.3.3, this method should be avoided.

Notice that the range of asymmetry predictions from different PDFs is substantially larger

than the scale uncertainty. Providing predictions evaluated with both LO and NLO PDFs

is necessary as there is ambiguity in how the asymmetry should be predicted. For example,

evaluating the denominator at LO with NLO PDFs is inconsistent, as the evolution of the

PDFs accounts for splittings of which the matrix element has no knowledge. Alternatively,

LO PDFs with LO running of αs do not correctly predict a value of αs which is consistent

with measurements at both high (µ = mZ) and low (µ = 7.5 GeV) scales — the running

does not accommodate such a behaviour. Both of these approaches therefore have disad-

vantages. Also, it is clear that LO PDFs with a large value of αs(m
2
Z) will underestimate

the asymmetry, a consequence of the corresponding denominator. An aggressive approach

is therefore to quote the asymmetry prediction computed with only the NLO PDFs (numer-
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ator and denominator). The prediction of differential asymmetries is presented in this way.

A more conservative approach is to evaluate an uncertainty envelope based on the results

obtained with both LO and NLO PDFs with αs(m
2
Z) = 0.119.

As the denominator is particularly sensitive to the behaviour of the gluon PDF, it is

also instructive to compare the behaviour of the gluon distribution for the various PDFs

which are considered in this study. In Figure 5.2, the ratio of the evolved gluon PDFs at the

scale Q2 = m2
t is shown. The left plot shows the ratio of cteq6l, cteq6ll and NNPDF NLO

0.119 gluon PDFs plotted with respect to CT10w, while on the right the NNPDF LO 0.119,

NNPDF LO 0.130 , and CT10w gluon PDFs are plotted with respect to NNPDF2.3 NLO

0.119.
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Figure 5.2: Ratio of various evolved gluon PDFs at the scale Q2 = m2
t . Left: the reference

gluon PDF is CT10wnlo with αs(m
2
Z) = 0.118. Right: the reference PDF is NNPDF2.3

NLO 0.119.

For the prediction of the asymmetry with NNPDF NLO 0.119 PDFs, the asymmetry is

largest when the denominator is also computed with NNPDF2.3 NLO 0.119 PDFs — this

is a consequence of the relatively small gluon PDF beyond x > 0.1, and the lower value of

αs(m
2
Z) = 0.119. If the NNPDF2.3 LO 0.119 PDFs are instead used, then the asymmetry is

smaller by 13%. This difference is emphasised even further if NNPDF2.3 LO 0.130 PDFs are

used. Clearly, the choice of PDFs used in the computation of the denominator has a large

impact on the final asymmetry prediction. When the asymmetries are computed purely with

the NLO PDFs, the CT10w and NNPDF NLO 0.119 predictions are compatible.

The differential rate asymmetry computed with CT10w PDFs is shown in Figure 5.3. The
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left plot contains the contributions to the asymmetry from subprocesses at O(α3
s). The right

plot contains the total asymmetry including terms O(α3
s) and O(α2

sαe), where the individual

contributions at O(α2
sαe) are also highlighted. In both cases, the scale uncertainty on the

total asymmetry is shown.
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Figure 5.3: Differential top quark rate asymmetry At as a function of pseudorapidity at
√
s =

14 TeV. The asymmetry is computed with CT10w PDFs. Left: individual contributions to
the QCD asymmetry. Right: total asymmetry including both QCD O(α3

s) and mixed QED
O(α2

sαe) contributions. The scale uncertainty on the total asymmetry is also shown in both
cases.

The asymmetry at very high pseudorapidity (4.0 < η < 5.0) is 4-5 times larger than

the prediction in the central region. Note that, although the top quark is never fully re-

constructed in the proposed measurements at LHCb, these predictions are still useful to

investigate the size of higher-order corrections at high pseudorapidity. Such comparisons

can then be used to estimate the validity of the leptonic asymmetries.

5.2.2 Leptonic rate asymmetry

The leptonic rate asymmetry prediction is provided for the lb channel, corresponding to the

cross section analysis for the t̃µb channel which was proposed in Section 4.3.1. For consistency,

the same cuts are also considered for the asymmetry prediction. A b-jet, clustered with

the anti-kt algorithm, and charged lepton are required to be within the LHCb acceptance

(2.0 < η < 4.5), and the following kinematic cuts are applied:

• b-jet minimum pT > 60 GeV;
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• l± minimum pT > 20 GeV.

Furthermore, the lepton and b-jet must also be isolated in rapidity-phi space according to

∆R(l± , b−jet) ≥ R, where R = 0.5. The asymmetry is then defined with respect to the

lepton pseudorapidity as

Al =

∫ 4.5

2.0

dηl

(
dσl+b/dηl − dσl−b/dηl
dσl+b/dηl + dσl−b/dηl

)
. (5.3)

The full sample corresponds to the combination of semileptonic and dilepton events. In

the dilepton sample, events where both leptons pass the analysis cuts are vetoed. These

vetoed events correspond to a subset of the full dilepton sample which is studied in Sec-

tion 5.2.2. The contributions to the numerator of the leptonic rate asymmetry are provided

in Table 5.4.

CT10wnlo, αs(m
2
Z) = 0.118, 14 TeV

N l (fb) µ = mt/2 µ = mt µ = 2mt

uū 49.53 36.57 27.67

O(α3
s) dd̄ 20.91 15.31 11.56

qg 3.65 2.23 1.93

O(α2
sαe)

uū 10.40 8.49 7.03

dd̄ -2.20 -1.78 -1.47

Total 82.30 60.82 46.73

NNPDF2.3 NLO, αs(m
2
Z) = 0.119, 14 TeV

N l (fb) µ = mt/2 µ = mt µ = 2mt

uū 51.56 37.66 29.33

O(α3
s) dd̄ 21.32 15.44 11.93

qg 3.58 3.03 1.84

O(α2
sαe)

uū 10.74 8.68 7.34

dd̄ -2.22 -1.78 -1.49

Total 84.98 63.03 48.94

Table 5.4: The contributions to the numerator of the leptonic rate asymmetry Al within the
LHCb acceptance at

√
s = 14 TeV. The results for the different scale choices µF = µR = µ

are included. The choice of central PDFs is also highlighted.

The denominators computed with the various PDFs and resultant asymmetries are pro-

vided in Table 5.5. Notice that, including scale uncertainties, the prediction for the de-

nominator is consistent with the results obtained with POWHEG matched to Pythia8 — see

Table 4.1 for the corresponding NLO+PS results.

The leptonic rate asymmetry is almost a factor of three larger than the corresponding top

quark rate asymmetry. This is mainly a result of the analysis cuts placed on the lepton and

b-jet. As demonstrated in Section 4.4.3, placing these analysis cuts removes events produced
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Dl (pb), 14 TeV

PDF αs(m
2
Z) µ = mt/2 µ = mt µ = 2mt Att̄

fb (%)

CT10wnlo 0.118 4.877 3.713 2.886 1.65 (4)

cteq6l 0.118 4.011 3.086 2.426 1.98 (6)

cteq6ll 0.130 4.921 3.702 2.854 1.65 (2)

NNPDF2.3 NLO 0.119 4.652 3.531 2.756 1.80 (3)

NNPDF2.3 LO 0.119 6.255 4.685 3.603 1.38 (1)

NNPDF2.3 LO 0.130 6.794 4.984 3.769 1.30 (2)

Table 5.5: The contributions to the denominator (in units of pb) of the leptonic rate asym-
metry Al within the LHCb acceptance at

√
s = 14 TeV. The results for different (N)LO

PDFs with differing values of αs(m
2
Z) are indicated. The resultant asymmetry for each PDF

set, with scale uncertainty, is also included.

by incoming partons at lower x1.

⟨x1⟩ = 0.1 →
cuts

⟨x′
1⟩ = 0.3 . (5.4)

These cuts therefore reduce dilution from symmetric gg initiated events, as the gluon PDF

falls off more rapidly beyond x = 0.1 than the valence quark PDF — see Figure 3.8. Notice

that the NNPDF NLO 0.119 and CT10w asymmetries are less compatible than the corre-

sponding top quark rate asymmetry predictions. Beyond x = 0.3, the NNPDF NLO 0.119

and CT10w and gluon PDF begin to deviate, resulting in this observed difference. If top

quark cross section measurements within the LHCb acceptance are used to constrain PDFs,

then these differences should be reduced.

The differential leptonic rate asymmetry computed with CT10w PDFs is displayed in

Figure 5.4. As before, the left plot shoes the subprocesses contributing at O(α3
s). The right

plot shows, in addition, the O(α2
sαe) contributions.

The lepton asymmetry is significant, particularly at high pseudorapidity where it exceeds

4%. Asymmetry measurements in this region of phase space should therefore be pursued.

As shown in Figure 4.5, corresponding to the event rate in the t̃µb channel including recon-

structions efficiencies, approximately 400 signal events at high pseudorapidity (ηµ > 3.5) are
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Figure 5.4: Differential leptonic rate asymmetry Al as a function of lepton pseudorapidity
at

√
s = 14 TeV. The asymmetry is computed with CT10w PDFs. Left: subprocesses

contributing to the QCD asymmetry. Right: total asymmetry including both QCD O(α3
s)

and mixed QED O(α2
sαe) contributions. The scale uncertainty on the total asymmetry is

also shown in both cases.

expected within the first year of running at
√
s =14 TeV. The proposed measurement is

therefore statistically feasible.

5.2.3 Top quark forward-backward asymmetry

Having demonstrated the feasibility of cross section measurements in the dilepton final state

t̃µeb, this opens the possibility of measuring the rapidity difference between the leptons on an

event-by-event basis. At the level of top quarks, the relevant charge asymmetry variable is

the forward-backward asymmetry Att̄
fb defined in (3.70). It should be noted that the inclusive

forward-backward asymmetry at the LHC is zero, as the initial state is symmetric around

y = 0. However, as the LHCb detector is instrumented only in the forward region (it is

asymmetric around y = 0), the forward-backward asymmetry is equivalent to the forward-

central asymmetry. The inclusive LHCb forward-backward asymmetry is defined as

Att̄
fb =

∫
d∆y

(
dσ(∆y > 0)/d∆y − dσ(∆y < 0)/d∆y

dσ/d∆y

)
, ηt, ηt̄ ∈ [2.0, 5.0] . (5.5)

The boundary choices are arbitrary, as the top quark is never fully reconstructed by

the detector. This particular choice captures the necessary features, and is similar to the

acceptance cuts chosen for leptons. The contributions to the numerator of the top quark
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forward-backward asymmetry are provided in Table 5.6.

CT10wnlo, αs(m
2
Z) = 0.118, 14 TeV

N tt̄
fb (fb) µ = mt/2 µ = mt µ = 2mt

uū 447.5 335.2 256.7

O(α3
s) dd̄ 188.1 139.9 107.2

qg -66.7 -45.6 -35.8

O(α2
sαe)

uū 94.0 77.8 65.3

dd̄ -19.8 -16.2 -13.6

Total 643.1 491.1 379.7

NNPDF2.3 NLO, αs(m
2
Z) = 0.119, 14 TeV

N tt̄
fb (fb) µ = mt/2 µ = mt µ = 2mt

uū 464.8 349.1 272.9

O(α3
s) dd̄ 195.0 144.5 112.4

qg -67.5 -52.2 -34.7

O(α2
sαe)

uū 96.8 80.4 68.3

dd̄ -20.3 -16.6 -14.1

Total 668.9 505.2 404.8

Table 5.6: The contributions to the numerator of the top quark forward-backward asymmetry
Att̄

fb within the LHCb acceptance at
√
s = 14 TeV. The results for the different scale choices

µF = µR = µ are included. The choice of central PDFs is also highlighted.

Unlike the case of the top quark rate asymmetry, the O(α3
s) qg contribution to the

forward-backward asymmetry is observed to be negative — though only amounting to a

small fraction of the total O(α3
s) contribution of approximately 10%. This is not surprising,

as this process receives a contribution from momentum configurations in which the forward

top quark pair recoils against against a hard jet, which can occur when there is a collinear

splitting in the initial state. This configuration is equivalent to the situation when the

tt̄ system is at high pT in the central region (having recoiled against a hard jet), and is

known to contribute negatively to the forward-backward asymmetry. In the forward region

of phase space, the positive contribution from virtual corrections remains dominant. The

denominators computed with the various PDFs and resultant asymmetries are provided in

Table 5.7.

The corresponding differential asymmetry computed with CT10w PDFs is shown in Fig-

ure 5.5. The left plot shows the subprocesses contributing at O(α3
s). The right plot, in

addition, shows the O(α2
sαe) contributions.

The total asymmetry exceeds 3% for large rapidity differences. In the final bin, there is

an observable drop in the asymmetry due to boundary effects. This is also observed in [151]

for the ‘Ycut’ asymmetry, which introduces a minimum rapidity cut on the sum of the top

and antitop quark rapidities.
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Dtt̄
fb (pb), 14 TeV

PDF αs(m
2
Z) µ = mt/2 µ = mt µ = 2mt Att̄

fb (%)

CT10wnlo 0.118 55.09 43.17 34.39 1.14 (4)

cteq6l 0.118 43.57 34.23 27.40 1.44 (5)

cteq6ll 0.130 53.14 41.00 33.27 1.20 (2)

NNPDF2.3 NLO 0.119 55.66 43.44 34.71 1.17 (3)

NNPDF2.3 LO 0.119 59.37 46.12 36.62 1.14 (4)

NNPDF2.3 LO 0.130 65.92 50.21 39.23 1.01 (2)

Table 5.7: The contributions to the denominator (in units of pb) of the top quark forward-
backward asymmetry Att̄

fb within the LHCb acceptance at
√
s = 14 TeV. The results for

different (N)LO PDFs with differing values of αs(m
2
Z) are indicated. The resultant asym-

metry for each PDF set, with scale uncertainty, is also included.

5.2.4 Leptonic forward-backward asymmetry

Following the proposed analysis for the cross section measurement in the t̃µeb channel pro-

vided in Section 4.3.2, the leptonic forward-backward asymmetry is calculated after applying

the same analysis cuts. Both leptons and a b-jet are required to be within the LHCb accep-

tance (2.0 < η < 4.5), and an isolation requirement is applied to both leptons. A minimum

pT of 20 GeV is then applied to the leptons and b-jet. The asymmetry is then defined as

All
fb =

∫
d∆yl

(
dσµeb(∆yl > 0)/d∆yl − dσµeb(∆yl < 0)/d∆yl

dσµeb/d∆yl

)
, ∆yl = yl+ − yl− . (5.6)

Both the symmetric and asymmetric cross sections are normalised to the µe branching

fraction. The contributions to the numerator of the leptonic forward-backward asymmetry

are provided in Table 5.8.

Again, the NNPDF NLO 0.119 prediction is observed to be slightly larger. It should be

also noticed that the contribution from the uū subprocess is almost a factor of three larger

than the dd̄ subprocess. Requiring the decay products of both top quarks to be within the

LHCb acceptance results in a larger fraction of incoming partons being at high-x1 — in this

region the u/d ratio increases, also increasing the relative size of the O(α2
sαe) contribution.

Finally, the denominators computed with the various PDFs and resultant asymmetries are
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Figure 5.5: Differential top quark forward-backward asymmetry Att̄
fb as a function of absolute

top quark rapidity difference at
√
s = 14 TeV. The asymmetry is computed with CT10w

PDFs. Left: subprocesses contributing to the QCD asymmetry. Right: total asymmetry
including both QCD O(α3

s) and QED O(α2
sαe) contributions. The scale uncertainty on the

total asymmetry is also shown in both cases.

CT10wnlo, αs(m
2
Z) = 0.118, 14 TeV

N ll
fb (fb) µ = mt/2 µ = mt µ = 2mt

uū 0.843 0.607 0.458

O(α3
s) dd̄ 0.327 0.214 0.168

qg 0.121 0.075 0.066

O(α2
sαe)

uū 0.177 0.141 0.116

dd̄ -0.034 -0.025 -0.021

Total 1.433 1.013 0.788

NNPDF2.3 NLO, αs(m
2
Z) = 0.119, 14 TeV

N ll
fb (fb) µ = mt/2 µ = mt µ = 2mt

uū 0.889 0.662 0.489

O(α3
s) dd̄ 0.327 0.238 0.178

qg 0.148 0.114 0.076

O(α2
sαe)

uū 0.185 0.152 0.122

dd̄ -0.034 -0.027 -0.022

Total 1.516 1.139 0.842

Table 5.8: The contributions to the numerator of the leptonic forward-backward asymmetry
All

fb within the LHCb acceptance at
√
s = 14 TeV. The results for the different scale choices

µF = µR = µ are included. The choice of central PDFs is also highlighted.

provided in Table 5.9.

The corresponding differential asymmetry computed with CT10w PDFs is shown in Fig-

ure 5.6. The left plot shows the subprocesses contributing at O(α3
s). The right plot, in

addition, shows the O(α2
sαe) contributions.

The leptonic forward-backward asymmetry exceeds 4% for the extreme choice of absolute

lepton rapidity difference. The inclusive asymmetry itself is also sizeable, exceeding 1%. In

fact, this prediction is of comparable size to the inclusive forward-central lepton asymmetry

with a cut placed on the invariant mass of the parent tt̄ system of 1 TeV (see Table 16

of [144]).
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Dll
fb (pb), 14 TeV

PDF αs(m
2
Z) µ = mt/2 µ = mt µ = 2mt All

fb (%)

CT10wnlo 0.118 0.1355 0.1041 0.0815 1.01 (5)

cteq6l 0.118 0.1103 0.0865 0.0691 1.22 (8)

cteq6ll 0.130 0.1364 0.1045 0.0818 1.00 (5)

NNPDF2.3 NLO 0.119 0.1195 0.0920 0.0732 1.21 (6)

NNPDF2.3 LO 0.119 0.1738 0.1305 0.1009 0.86 (2)

NNPDF2.3 LO 0.130 0.1914 0.1406 0.1070 0.80 (1)

Table 5.9: The contributions to the denominator (in units of pb) of the leptonic forward-
backward asymmetry All

fb within the LHCb acceptance at
√
s = 14 TeV. The results for

different (N)LO PDFs with differing values of αs(m
2
Z) are indicated. The resultant asym-

metry for each PDF set, with scale uncertainty, is also included.

5.3 Experimental sensitivity

To gain an understanding of how accurately the leptonic asymmetries can be measured, it

is necessary to consider what is experimentally achievable both statistically and systemati-

cally. The statistical precision can be estimated by applying the approximate reconstruction

efficiencies introduced in Section 4.3. As a naive estimate, the statistical uncertainty is

evaluated as

δA =

√
(1− A2)

N
. (5.7)

No attempt will be made to derive realistic systematic uncertainties. However, the main

sources of potential uncertainty will be discussed.

5.3.1 Leptonic rate asymmetry

In Section 4.3.1, the main backgrounds in the t̃µb channel were identified as single top,

W+(b)jets and Z+(b)jets. Precisely knowing the contribution of these backgrounds to the

numerator and denominator of the total asymmetry is vital if an accurate charge asymmetry

measurement is to performed in this channel.

To understand how this may be done, the expected number of events in the µb channel
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Figure 5.6: Differential leptonic forward-backward asymmetry All
fb as a function of absolute

lepton rapidity difference at
√
s = 14 TeV. The asymmetry is computed with CT10w PDFs.

Left: subprocesses contributing to the QCD asymmetry. Right: total asymmetry including
both QCD O(α3

s) and mixed QED O(α2
sαe) contributions. The scale uncertainty on the total

asymmetry is also shown in both cases.

with 50 fb−1 is re-investigated. The background rates are obtained from the (N)LO+PS

samples which were studied in Section 4.3.1, and the tt̄ signal is obtained from the fixed-

order results presented in Section 5.2.2. In all cases, the CT10w PDF set is used, and the

central scale choice is considered. Note, the tt̄ contribution to the numerator includes both

QCD and mixed QED corrections, while the denominator is considered at LO.

In accordance with the cross section analysis for the t̃µb channel, the following recon-

struction efficiencies are applied: 75% efficiency for leptons; 70% efficiency for b-jets; and

1% mis-tag rate for light jets. The usual acceptance, kinematic, and isolation cuts defined

in Section 5.2.2 are also applied. The expected number of events contributing to the to-

tal denominator (left) and numerator (right) of the muonic rate asymmetry are shown in

Figure 5.7. In both cases, the contribution from each process is stacked, and the displayed

uncertainty is
√
N in each bin.

The contribution to the numerator from the asymmetric background processes is sub-

stantially larger than the signal. This is because the asymmetry of the background processes

is driven by the high-x u/d ratio, which is approximately two. Although this ratio is well

constrained by DIS experiments, the total normalisation of each process is less well con-

strained. This means, a small uncertainty on the light jet mis-tag rate could be mistaken

for a large contribution to signal.



5.3 Experimental sensitivity 140

µ
η

2 2.5 3 3.5 4 4.5

)µ
E

ve
nt

s 
(D

0

5000

10000

15000

20000

25000

30000

35000

40000

45000

50000
-1ttbar, 50fb

Wjets
Wbjets
ST, tch
Zbjets
Zjets

 = 14 TeVs, 
µ

Denominator of A

 > 20, 60 GeV
T

, b pµ

µ
η

2 2.5 3 3.5 4 4.5

)µ
E

ve
nt

s 
(N

0

1000

2000

3000

4000

5000

6000

7000

-1ttbar, 50fb

Wjets

Wbjets

ST, tch

 = 14 TeVs, 
µ

Numerator of A

 > 20, 60 GeV
T

, b pµ

Figure 5.7: Expected contribution from signal and background to the denominator (left) and
numerator (right) of the muonic rate asymmetry presented as a function of muon pseudora-
pidity at

√
s =14 TeV with

∫
Ldt = 50fb−1.

In principle, the normalisation of these backgrounds can be constrained by measuring the

event rates of other final states. This is demonstrated in Figure 4.5, where the differential

cross section for both t̃µb and t̃µbj channels are shown. As the relative contribution from the

various processes is different from channel to channel, a multi-channel analysis may improve

the understanding of backgrounds. An accurate cross section and asymmetry measurement

of the Wjets process at high pseudorapidity is extremely important to allow a meaningful

top quark asymmetry measurement to be performed.

Assuming the background rates are precisely known, the precision of muonic rate asym-

metry can be quantified by comparing the total asymmetry to the no-tt̄-asymmetry hypoth-

esis. This is shown in Figure 5.8.

To quantify the separation of these asymmetries, a χ2 is computed between the total

asymmetry and no-tt̄-asymmetry hypothesis. For the inclusive asymmetries, the following

predictions are found

Aµ
Total = 13.12% , Aµ

no tt̄ = 12.33% , NTotal ≃ 1e5 . (5.8)

This provides an estimate of the precision of the leptonic rate asymmetry with the full 14 TeV

data. It is therefore clear that electron final states must also be considered to improve
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Figure 5.8: Comparison of the total muonic rate asymmetry Aµ as a function of pseudorapid-
ity at

√
s = 14 TeV. The total asymmetry is compared to the no-tt̄-asymmetry hypothesis,

and the uncertainty corresponds to the statistical precision expected with 50 fb−1.

the potential statistical precision. If this is done, a non-zero asymmetry can rejected at

approximately 3.6σ CL (χ2 = 12.86). Measurements in this channel will ultimately depend

on how well the backgrounds can be constrained — this must be addressed by the LHCb

collaboration.

5.3.2 Leptonic forward-backward asymmetry

In Section 4.3.2, the feasibility of a cross section measurement in the t̃µeb channel was inves-

tigated. It was found that requiring a b-jet within the acceptance appears to suppress all

sources of background. The feasibility of asymmetry measurements in this channel therefore

predominantly depend on what is statistically possible.

To estimate the statistical uncertainty, the expected number of events is evaluated by

computing the denominator of the asymmetry at NLO. In accordance with Section 5.2.4, the
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usual acceptance, kinematic, and isolation cuts are applied. The following reconstruction

efficiencies are also applied: 75% efficiency for leptons; 70% efficiency for b-jets. The central

prediction for the inclusive asymmetry computed with CT10w PDFs, and expected number

of events are

All
fb = 1.01% , NTotal ≃ [2500− 5000] , (5.9)

where the total number of events is estimated by considering the relevant denominator

contributions in Table 5.9. The expected statistical precision is approximately (1-2)%, which

is not significant. Although a statistically precise measurement is not possible in this channel,

it is still important to perform this measurement as many beyond-SM theories predict a

strong enhancement of the tt̄ asymmetry at high pseudorapidity [182].

5.4 (N)LO+PS asymmetries

As it is possible for LHCb to perform a simulation of the asymmetry at NLO+PS which in-

cludes the effects of detector response, it is important to compare the prediction at NLO+PS

with NLO. To do this, POWHEG is matched to Pythia8(183) and compared to the equivalent

fixed-order results at O(α3
s). As the fixed-order predictions of lepton asymmetries also re-

tain NLO accuracy in the decay, the comparisons are performed at the top quark level for

consistency. The rate and forward-backward asymmetries discussed in this study therefore

refer only to the top quark level.

Both POWHEG and fixed-order results are obtained with the central CT10w PDF set, with

the factorisation and renormalisation scales set equal to the top mass (mt = 173.25 GeV).

In principle, the two methods should be consistent to O(α4
s). However, previous studies

have demonstrated that the PS can introduce large effects which alter the top quark distri-

butions [183]. For this reason, the effect of the PS on the top quark distributions must be

studied in detail. To do so, the following showering options are considered.:

• Default (def.). The subprocess is subsequently generated with the default Pythia8
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options. This includes initial and final state radiation, multiple parton-parton interac-

tions, and the structure of the beam remnants.

• Interference asymmetry (int. off). The subprocess is subsequently generated in the

usual way, with the exception of the SpaceShower:phiIntAsym option, which is turned

off (Default = on).

• Beam remnants (BR). The subprocess is subsequently generated only accounting for

proton beam remnants. This supplements the subprocess with the protons remnants

which ensures that charge, colour and momentum are conserved in the full pp collision.

The final four-momentum of the particles in the subprocess is essentially unaltered.

The numerator of the rate asymmetry At is plotted as a function of pseudorapidity in

Figure 5.9 (left). Also shown in Figure 5.9 (right) is the numerator of the forward-backward

asymmetry Att̄
fb presented as a function of the absolute top quark rapidity difference — note

the requirement ηt, ηt̄ ∈ [2.0, 5.0].
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Figure 5.9: Numerator of the top quark rate asymmetry At (left) presented as a function of
pseudorapidity, and the top quark forward-backward asymmetry Att̄

fb (right) as a function of
absolute top quark rapidity difference. The NLO+PS prediction found for varying showering
options is compared to the NLO result.

The NLO and NLO+PS BR predictions are consistent with one another for both vari-

ables. This demonstrates the compatibility of the POWHEG method with respect to the fixed-

order result. However, the default showering clearly alters the distributions which ruins the

NLO accuracy. For the rate asymmetry, the PS substantially reduces the magnitude of the
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numerator across the entire pseudorapidity range, and even changes the sign at high pseudo-

rapidity. These features are also observed with the interference asymmetry turned off, but

are suppressed with respect to the default settings. For the forward-backward asymmetry,

the PS enhances the numerator for low absolute rapidity differences. Turning off the in-

terference asymmetry makes little difference in this case. The inclusive contribution to the

numerator for both variables ,within the LHCb acceptance, is provided in Table 5.10

NLO NLO+PS BR NLO+PS int. off NLO+PS def.

N t (pb) 1.00 0.98 0.44 0.20

N tt̄
fb (pb) 0.43 0.41 0.60 0.61

Table 5.10: Contribution to the numerator (in units of pb) of the top quark rate and forward-
backward asymmetry within the LHCb acceptance. The NLO+PS prediction with varying
showering options is compared to the NLO result.

Within the LHCb acceptance, the default settings reduce the rate asymmetry by 80%,

and enhance the forward-backward asymmetry by 50%. To understand the origin of these

dramatic effects, separate samples of qq̄ → tt̄ and gg → tt̄ are generated at LO, and subse-

quently showered with the same options. These effects can then be identified by studying

how different showering options impact the shapes of normalised distributions. The ratio

of top and antitop quark pseudorapidity distributions are shown in Figure 5.10 for both

qq̄ (left) and gg (right) samples.
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Figure 5.10: Ratio of top and antitop quark pseudorapidity distributions for different show-
ering options. Separate samples of qq̄ → tt̄ (left) and gg → tt̄ (right) are generated at
LO.

As expected, the LO+PS BR top and antitop quark distributions are symmetric. This
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simply reflects that there is no asymmetry present in the Born cross section. With the default

settings, a large asymmetry is generated by the PS — this asymmetry is also observed to

have opposite behaviour for qq̄ and gg samples. Turning off the interference asymmetry

dramatically reduces this effect.

The physical origin of this asymmetry is a consequence of the implementation of a colour

coherence effect in the initial state modelling. For both qq̄ → tt̄ and gg → tt̄ subprocesses,

the colour flow is mirror symmetric. However, as the PS evolves backwards into the initial

state, an asymmetry is introduced in the colour flow as there are more q → qg branchings

due to the valence content of the proton. This is depicted in Figure 5.11.

⇐⇒

⇐⇒

Figure 5.11: Depiction of asymmetric colour flows in qq̄ → tt̄ and gg → tt̄ subprocesses in
association with an initial state q → qg branching.

In the case of a splitting prior to the qq̄ subprocess, a colour dipole is created between

the top quark and the gluon produced in the splitting. The interference asymmetry acts

to align the azimuthal angle of the gluon to be close to that of its colour dipole partner

(the antitop quark). Transforming into the transverse rest frame of the new tt̄g system

(pT (t) + pT (t̄) + pT (g) = 0), results in the top quark being at lower pT than the anti-top

quark — or equivalently, at higher pseudorapidity. The opposite behaviour applies in the

case of a splitting prior to the gg subprocess, where the colour dipole is created between the

antitop quark and quark created in the splitting. For this reason, an artificial asymmetry is

introduced in the top quark pseudorapidity distributions.

In the POWHEG generated events, this interference effect only applies to a small fraction

of the full sample. This is a consequence of the colour configuration for events with a real

emission, where colour dipoles are less likely to be created between the emitted parton and

the outgoing (anti)top quark. As this interference is an attempt to model higher-order

corrections, it should not be included at NLO+PS to avoid double counting effects which
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have already been accounted for in the matrix element. Also, as the fixed-order contribution

to the asymmetry from the qg subprocess has the opposite behaviour to the interference

effect, as shown in Figure 5.3 (left), it should not be included at all.

When this interference effect is removed, the numerator of the rate asymmetry still re-

ceives a large modification (see the various (N)LO+PS int off. distributions), suggesting the

presence of other effects. In the case of the forward-backward asymmetry, the modification of

the numerator appears to be entirely due to other effects. To investigate this, the differential

cross section with respect to the top quark pseudorapidity difference is studied for varying

shower settings. In Figure 5.12, the ratio of ∆y distributions is plotted with respect to the

symmetric LO+PS BR distribution, which highlights the presence of asymmetric effects.
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Figure 5.12: Ratio of top quark pseudorapidity difference distribution ∆y. The reference
distribution is LO+BS BR which is symmetric, and the top and antitop quark are required to
be within the LHCb acceptance such that ηt, ηt̄ ∈ [2.0, 5.0]. Separate samples of qq̄ → tt̄ (left)
and gg → tt̄ (right) are generated at LO.

This first noticeable effect is the migration of events into the large ∆y bins. As the

asymmetric cross section in this bin is extremely small, as shown in Figure 5.9 (right),

this does not explain a large positive contribution to the inclusive asymmetry. For the gg

subprocess, there is no apparent asymmetry generated in the ∆y distribution. However, the

qq̄ subprocess generates a sizeable positive asymmetry. The origin of this effect is currently

under investigation. In the meantime, it is clear that the effects introduced by Pythia8

dramatically alter the NLO accuracy for these particular observables. Understanding the

origin of all of these effects is necessary to provide accurate NLO+PS predictions for charge

asymmetry variables at high pseudorapidity.
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5.5 Summary

The potential sensitivity of charge asymmetry measurements at LHCb with the 14 TeV data

has been studied. It has been proposed that lepton asymmetry measurements are possible

in both the t̃µb and t̃µeb channels. In the case of the t̃µb channel, a rate asymmetry is defined

which measures the rate of µ+ to µ− tagged events as a function of muon pseudorapidity.

In the t̃µeb channel, it is possible to measure a forward-backward asymmetry by measuring

the rapidity difference of the leptons on an event-by-event basis. Corresponding top quark

asymmetry variables are also defined for both channels.

Fixed-order predictions, including QCD O(α3
s) and mixed QED O(α2

sαe) corrections,

have been provided for all of the aforementioned asymmetries. The top quark asymmetries

will be useful for estimating the size of currently unknown higher-order effects when they

become available, while the lepton asymmetries have been provided with realistic analysis

cuts. Both of the leptonic asymmetries are observed to be sizeable, approaching several

percent in kinematically accessible regions. Potential sources of theoretical uncertainty which

may affect the asymmetry predictions have also been discussed. The notable uncertainty

is the choice of PDFs used to evaluate the denominator of the asymmetry. A conservative

approach is to compute the denominator with NLO PDFs, while a less conservative approach

is to attribute an uncertainty to the envelope of different predictions which are obtained with

LO and NLO PDFs. In the latter case, LO PDFs with αs(m
2
Z) ≃ 0.119 should be employed.

The potential experimental sensitivity to both leptonic asymmetries has also been inves-

tigated. In the t̃µb, precision asymmetry measurements are only possible if the asymmetric

backgrounds are well understood. This may be possible by studying the correlations of the

background shapes and normalisations for different final states. A naive statistical analysis

suggests a non-zero asymmetry hypothesis may be rejected at 3.6σ CL when electron and

muon final states are considered. There is essentially no background in the t̃µeb channel,

meaning experimental uncertainty will be almost entirely statistical. Measurements in this

channel are likely to be statistically limited. If there is a strong enhancement of the asymme-

try at high pseudorapidity (a factor of 3 for example), then such an effect should be visible
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with the full 14 TeV data.

Finally, it will become important to include the effects of detector response into charge

asymmetry predictions. Therefore a comparison of asymmetry predictions at (N)LO+PS

and NLO was performed. The NLO+PS sample is generated with POWHEG matched to

Pythia8, as LHCb simulation uses Pythia8 as the default generator. It is found that the

PS introduces several effects which alter the top quark distributions, removing the NLO

accuracy. Although some understanding has been gained as to the origin of these effects,

there are still other effects present which are not understood.



Conclusions

The goal of this thesis was to study the feasibility of top quark physics measurements at

high pseudorapidity. In order to do so, it was first necessary to develop the theoretical tools

required to make reliable predictions of LHC collisions.

This is achieved by applying several theoretical techniques which are relevant at different

energy scales. In particular, the factorisation theorem which separates the full hadron-hadron

scattering into a chain of sequential subprocesses. This allows fixed-order perturbation

theory to be applied to the calculation of a short-distance interaction, while the higher-

order corrections can be accounted for in an approximate all-orders approach. It is also

important to mention the recent development of theoretical tools, which now allow fixed-

order calculations beyond LO to be interfaced with all-orders effects in the final state. These

tools have now become an integral part of many LHC analyses.

Before performing studies of top quarks, it was necessary to discuss the top quarks

properties, and their relevance within the SM. Having discussed the current experimental

constraints on the top quark mass, and its relevance on both direct and indirect observables,

the important features of top quark production and decay were discussed. This highlighted

that forwardly produced top quarks are naturally sensitive to high-x incoming partons in

their production. As the production of top quark pairs proceeds predominantly through the

gg production process, this suggests that cross section measurements at high pseudorapidity

may provide constraints on the large-x gluon PDF. The production of top quark pairs also

receives an asymmetric contribution from quark initiated processes. As the contribution

from the symmetric gg channel is relatively suppressed for forwardly produced top quark

149
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pairs, this indicated that high pseudorapidity measurements may also be sensitive to this

charge asymmetry. This is also motivated by measurements of the charge asymmetry at the

TeVatron, where an enhanced asymmetry is observed for forwardly (backwardly) produced

(anti)top quarks in pair production.

Top quark production has currently not been observed at high pseudorapidity. It is

therefore important to investigate the feasibility of top quark measurements with LHCb data.

To do this, several analysis strategies were proposed. All of the proposed analyses rely on

partially reconstructing the full tt̄ system, which is necessary to gain reasonable event rates.

By requiring the presence of and isolated charge lepton, b-tagged jets, and carefully selected

kinematic cuts, it becomes possible to observe the tt̄ process in several final states with the

available data. When the 14 TeV data becomes available, statistically precise measurements

will become possible in both single and dilepton final states. Of particular interest is the t̃µeb

channel, corresponding to the reconstruction of an opposite flavour lepton pair in association

with a b-jet, where there contribution from background processes is negligible.

A detailed study of the theoretical systematics of forwardly produced top quarks in top

quark pair production was also performed. This study demonstrates that forwardly produced

top quarks are particularly sensitive to PDFs. To quantify this sensitivity, a reweighting

procedure was applied to both Hessian and replica PDF sets based on the assumption of a

parton level cross section measurement within the LHCb acceptance at 14 TeV. This was

shown to provide constraints on the gluon PDF within the range x ∈ [0.1, 0.3], where the

current constraints are rather weak. It was also suggested that cross section measurements,

which include analysis cuts, will be more constraining than the assumption of a parton level

cross section. The constraints provided by these measurements will be important for many

processes studied at the LHC as well as future hadron colliders. For example, improving

the prediction for the Higgs boson cross section, which proceeds predominantly through the

gg channel. These constraints should also improve the limits on searches for new strongly

produced particles.

The analyses strategies developed for cross section measurements can also be extended to
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charge asymmetry measurements. To do this, leptonic rate and forward-backward asymme-

try variables were proposed for the single and dilepton final states respectively. By providing

fixed-order predictions for both of these asymmetries, the experimental sensitivity to these

asymmetries was quantified. Both of the proposed asymmetries are statistically feasible with

the full 14 TeV data. Statistically, a non-zero asymmetry can be excluded beyond 3.6σ CL.

The sensitivity to the leptonic rate asymmetry is ultimately dependent on how well the

asymmetric background processes are known. This is a question which can only be answered

by experimental investigation. The inclusive forward-backward asymmetry within the LHCb

acceptance exceeds 1%, and has essentially no background. The statistical sensitivity in this

channel to the SM asymmetry is poor as the expected statistical uncertainty is approxi-

mately (1-2)%. However, if new physics is responsible for the large asymmetry observed for

forwardly produced top quarks at the TeVatron, this will also be observable in the leptonic

forward-backward asymmetry at LHCb.

As well as the physics motivations for studying top quark physics at high pseudorapidity,

these studies have also highlighted the need for an improvement in theoretical tools. In

particular, how the PS treats top quark distributions. These effects, which also alter top

quark predictions in the central region, were identified as they are exaggerated in extreme

kinematical configurations. Gaining a better understanding of these effects will undoubtedly

improve the precision of experimental measurements of both ATLAS and CMS, as well as

LHCb.

Top quark measurements at high pseudorapidity are clearly well motivated, and I fully

encourage the LHCb collaboration to prioritise research efforts in this direction.



Appendix A

CKM Matrix

The CKM matrix, introduced in Subsection 1.2.3, is a 3 × 3 unitary matrix parameterised

by three mixing angles and a single complex phase. This is commonly parameterised as

VCKM =


c12c13 s12s13 s13e

−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 (A.1)

where sij = sin θij, cij = cos θij, and δ is the phase which introduces CP -violating effects in

flavour-changing processes within the SM.

An alternative parameterisation, introduced by Wolfenstein [184], takes advantage of the

observed hierarchy s13 ≪ s23 ≪ s12 ≪ 1. This parameterisation has the following definitions

s12 = λ =
|Vus|√

|Vud|2 + |Vus|2
, s23 = Aλ2 = λ

∣∣∣∣Vcb

Vus

∣∣∣∣ ,
s13e

iδ = V ∗
ub = Aλ3(ρ+ iη) =

Aλ3(ρ̄+ iη̄)
√
1− A2λ4

√
1− λ2[1− A2λ4(ρ̄+ iη̄)]

.

(A.2)
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With these definitions, the CKM matrix may then be conveniently expanded in λ as

VCKM =


Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

 =


1− λ2/2 λ Aλ3(ρ− iη)

−λ 1− λ2/2 Aλ2

Aλ3(1− ρ− iη) Aλ2 1

+O(λ4) . (A.3)

As the CKM matrix is unitary within the SM, this imposes the relations

∑
j

VijV
∗
kj = δik ,

∑
i

VijV
∗
ik = δjk . (A.4)

These relations can then be used to constrain new physics which alter these relations.

A fit for the Wolfenstein parameters, provided in the PDG [15], introduced in (A.2) gives

λ = 0.22535± 0.00065 , A = 0.811+0.022
−0.012 ,

ρ̄ = 0.131+0.026
−0.013 , η̄ = 0.345+0.013

−0.014 .

(A.5)

Note that this fit imposes CKM unitarity. A similar fit for the magnitudes of all nine CKM

elements gives

VCKM =


0.97427± 0.00015 0.22534± 0.00065 0.00351+0.00015

−0.00014

0.22520± 0.00065 0.97344± 0.00016 0.0412+0.0011
−0.0005

0.00867+0.00029
−0.00031 0.404+0.0011

−0.0005 0.999146+0.000021
−0.000046

 . (A.6)

Importantly, direct constraints on many of these elements individually is rather weak.

For example, an update on the direct constraints on |Vtb|, including single top cross section

measurements with available 7 and 8 TeV data, was recently provided by CMS [185] to be:

|Vtb| > 0.92 at 95% confidence level.



Appendix B

Quark self-energy

As an example of how to perform dimensional regularisation, the quark self-energy is cal-

culated. The quark mass term is neglected throughout the calculation. The calculation

proceeds by evaluating the following amplitude

∑
A,B

∫
d4l

(2π)4
(igs)

2tAabγ
µ−iδAB

l2 + iϵ
gµν

i(/p− /l)

(p− l)2 + iϵ
tBbcγ

ν . (B.1)

Continuing to d dimensions of space-time, ignoring odd powers of loop momentum gives

−
∑
A

tAabt
A
bcg

2
s

∫
ddl

(2π)d
γµ 1

l2 + iϵ
gµν

/p

(p− l)2 + iϵ
γν . (B.2)

In d-dimensions γνγ
µγν = (2− d)γµ, and using SU(3) colour relations this becomes

/pCF (d− 2)g2s

∫
ddl

(2π)d
1

l2 + iϵ

1

(p− l)2 + iϵ
. (B.3)

This integral now has the form

I =

∫
ddl

(2π)d
1

l2 + iϵ

1

(p− l)2 + iϵ
. (B.4)

This can be evaluated using the Feynman parameterisation, which is used to isolate the

divergent poles found when performing the integral in 4-dimensions. Using the parameteri-
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sation

1

AB
=

∫ 1

0

dxdyδ(x+ y − 1)
1

[xA+ yB]2
, (B.5)

the integral becomes

I =

∫
ddl

(2π)d

∫ 1

0

dxdyδ(x+ y − 1)
1

[x(l2 + iϵ) + y(p− l)2 + yiϵ]2
. (B.6)

Integrating over the Feynman parameter x, and shifting momentum to q = l − yp gives

I =

∫
ddl

(2π)d

∫ 1

0

dy
1

[q2 + y(1− y)p2 + iϵ]2
. (B.7)

Using the subsitituion M2 = y(1− y)p2iϵ, finally

I =

∫
ddl

(2π)d

∫ 1

0

dy
1

[q2 +M2]2
. (B.8)

At this stage the calculation can be completed in the usual way by performing a Wick

rotation and surface integral in d-dimensions. That is

q0 → iq0E ,

ddq → dΩdq
d−1dq .

(B.9)

The integral then has the following form

I = i

∫
dΩd

(2π)d

∫ 1

0

dy

∫ ∞

0

dqEq
d−1
E

[q2E +M2]2
. (B.10)

The surface integral can be performed by using the relation for a gaussian integral

(
√
π)d = (

∫
dxe−x2

)d =

∫
ddxe−

∑d
i x2

i =

∫
dΩd

∫ ∞

0

dxxd−1e−x2

, (B.11)

and then changing integration variables for the last term, dx2 = 2xdx, gives

∫ ∞

0

dxxd−1e−x2

=
1

2

∫ ∞

0

dx2(x2)
d
2
−1e−x2

. (B.12)
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By using the definition of the Gamma function

Γ(z) =

∫ ∞

0

tz−1e−tdt , (B.13)

the integral can be re-written as

I = i

(√
π

2π

)d
1

Γ(d/2)

∫ 1

0

dy

∫ ∞

0

dq2E(q
2
E)

d
2
−1

[q2E +M2]2
. (B.14)

This is easily solved with the change of variables

x =
M2

q2E +M2
. (B.15)

The result is

I = i

(√
π

2π

)d
1

Γ(d/2)

∫ 1

0

dy

(
1

M2

)2− d
2
∫ 1

0

dxx1− d
2 (1− x)

d
2
−1 . (B.16)

Introducing the definition of the beta function

∫ 1

0

dxxα−1(1− x)β−1 = B(α, β) =
Γ(α)Γ(α)

Γ(α + β)
, (B.17)

the integral becomes

I = i

(√
π

2π

)d ∫ 1

0

dy

(
1

M2

)2− d
2

Γ(2− d/2) . (B.18)

The final step necessary to isolate the poles and finites pieces is to perform an expansion

around the pole of the gamma function at d = 4− 2ϵ, this gives

I = i

(
1

4π

)2

µ2ϵ

∫ 1

0

dy

(
4π

M2

)ϵ

Γ(ϵ) . (B.19)
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By expanding both the gamma function and polynomial in ϵ

I = i

(
1

4π

)2 ∫ 1

0

dy

(
1 + ϵln

(
4πµ2

M2

)
+O(ϵ2)

)(
1

ϵ
− γE +O(ϵ)

)
. (B.20)

The divergences are now isolated in poles of 1/ϵ in the expansion of the gamma function in

the limit ϵ → 0. Finally

I = i

(
1

4π

)2(
1

ϵ
− γE + ln(4π) +

∫ 1

0

dyln

(
µ2

M2

))
. (B.21)

Both finite pieces and the pole in 1/ϵ are now isolated and can be re-absorbed into a re-

definition of fields and parameters. Including pre-factors, the subtraction term δ2 is given

by

δ2 = −CF
αs

4π

1

ϵ
(B.22)

In a similar fashion, the subtraction terms for the self-energy and vertex corrections can be

calculated. These are given by

δ1 = −(CF + CA)
αs

4π

1

ϵ

δ3 =

(
5

3
CA − 4

3
nfTF

)
αs

4π

1

ϵ

(B.23)

which together provide the first term, b0, in the expansion of the QCD β-function.
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