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Abstract

This thesis presents several results that connect the synthetic approach—via
optimal transport on metric measure spaces—with the analytic approach—via
distributional methods on low-regularity manifolds—in the study of non-
smooth semi-Riemannian geometry, encompassing both Riemannian and

Lorentzian metric tensors of low regularity.

In a preliminary Chapter [2 we collect relevant definitions and background

that the results in this thesis require.

In Chapter 3] we present the results from a collaboration with Andrea Mondino,
where we established the equivalence of distributional and synthetic lower
Ricci curvature bounds for weighted Riemannian manifolds with continuous
metric tensor that admits L2 -Christoffel symbols and a weight in C° N W2

loc loc *

In Chapter , we study infinitesimal Hilbertianity (namely, the property that
the synthetic Sobolev space W2 is Hilbert) on manifolds endowed with a dis-
continuous Riemannian metric g. In dimensions d > 3, we provide examples
where g, ¢g7' € L. N W2 for p € [1,d — 1] which fail to be infinitesimally

loc loc
Hilbertian.

In Chapter [5, we prove that strongly causal and causally simple spacetimes
arising from manifolds with continuous Lorentzian metric tensors are infinites-

imally Minkowskian, the Lorentzian analogue of infinitesimal Hilbertianity.



Contents

1__Introduction| 1
[LI Motivationl. . . . . . . . . . . .

(1.2 A brief historical introduction| . . . . . . . . .. ... oL 2

(L3 Main contributions| . . . . . . . . ..o 12

[1.3.1 The equivalence of synthetic and distributional lower Ricci curva- |

ture bounds . . . . ..o 12

11.3.2  The mfinitesimal structure of maniftolds with |

non-continuous Riemannian metriesl . . . . . . . . . .. ... 18

[1.3.3 Infinitesimal Minkowskianity of manifolds with continuous Lorentzian |

[ metricsl. . . . . e e 22
(1.4 Statement of originality|. . . . . . . . . .. ... ..o 24

2 Prelinm o3 25
| regularity|] . . . . . . 25
[2.2  Metric measure spaces| . . . . . .. ..o 29
[2.2.1 First order calculus on metric measure spaces| . . . . .. ... .. 30

[2.2.2  Optimal transport and curvature-dimension conditions| . . . . . . 32

[2.3  Calculus on metric measure spacetimes| . . . . . . . ... ... ... ... 35

[3 On the equivalence of distributional and synthetic Ricci curvature lower |

[ bounds| 38

[3.1 Some regularisation results and their application to Sobolev Riemannian |

I metrics . . . .. . e 39
[3.2 A weak formulation ot Bochner’s tormula for metrics of low regularity| . . 45
B3.2.1 Smooth calculus on manifolds . . . . .. ... ... .00 45

[3.2.2  Bochner’s formula for vector fields on smooth weighted manifolds| 45

[3.2.3 A Bochner tormula for weighted manifolds ot lower regularity|. . . 48
3.3 First order calculusl . . . . . . . ..o o 51




[3.3.1 LP and Sobolev spaces on weighted Riemannian manifolds of low |

| regularity|] . . . . ... 51
[3.3.2  Cheeger energy on a manifold with continuous Riemannian metric |

| and weight{. . . . . . . . . .o 53
B4 Second order calculusl . . . . . .. ..o 63
[3.4.1 Some elements of the theory for general RCD(K, co)-spaces| . . . . 63

[3.4.2  Application to smooth manifolds with lower regularity Riemannian |

| metrics and weights|. . . . . . .. ..o 65
[3.5  RCD implies distributional Ricci curvature lower bounds| . . . . . . . .. 71
[3.5.1 Some useful approximation results|. . . . . . ... ... ... ... 71

352 Thecase N=od . ... ... ... .. . ... ..., 81

3.5.3 Thecase N € [n,00)| . . ... .. . 86

[3.6  Distributional Ricci curvature lower bounds imply RCD} . . . . . . . . .. 99

A The mfimtesimal i Told 0 - . 5% —]
[ nian metrics| 106
0T Thed AR - - i - . 107
[4.2  Construction of examples[. . . . . . ... ... ... ... L. 112
[4.2.1  An introductory example of a non-quasi Riemannian manifold| . . 113

[4.2.2  An introductory example of non-infinitesimal Hilbertianity| . . . . 115

[4.2.3  An example of a Sobolev Riemannian metric, neither quasi-Riemannian |

nor infinitesimally Hilbertianl. . . . . . . . . ... ... ... ... 127
[4.2.3.1  Analysis of quasi-Riemannianity| . . . . ... ... ... 134
[4.2.3.2  Analysis of infinitesimal Hilbertianity[. . . . . . . . . .. 134

[> Infinitesimal Minkowskianity for manifolds with continuous Lorentzian

[_metrics] 143

[>.1 Preliminary results from measure theory| . . . . .. .. ... .. ... .. 144

[>.2  Application to manifolds with non-smooth

[ Lorentzian metricsl . . . . . . . . 148

(Bibliography| 169

1



Chapter 1

Introduction

1.1 Motivation

In this thesis, we aim to shed new light on the connections between two approaches to
non-smooth geometry: the synthetic and the analytic approach. In this case, the word
“synthetic” refers to definitions that do not rely on underlying differentiable structures,
whereas “analytic” definitions are based on computations using differentiation. The dif-
ference between synthetic and analytic definitions can instructively be illustrated through

two definitions of convexity (see [140]): A function ¢: R — R is convex if:
(i) For all x € R, it holds ¢”(x) > 0.
(ii) For all z,y € R, A € [0,1], it holds p(Az + (1 — A)y) < Ap(z) + (1 — A)e(y).

Here, (i) corresponds to the analytic definition, based on a pointwise inequality involving
second order derivatives. Thus, at least classically, the definition only makes sense if
¢ is twice differentiable. The synthetic definition (ii) is harder to check, but has the
advantage of requiring no regularity assumptions on ¢. Given a function ¢ € C?, the
two definitions are equivalent, and complement each other in the sense that (i) is a
local criterion and (ii) tells us something global about the shape of the graph of the
function. Moreover, definition (ii) can be seen as a sensible way to extend convexity to less
regular functions. Strikingly, functions satisfying (ii) automatically enjoy more regularity
than a priori assumed. By Alexandrov’s regularity theorem, convex functions are almost
everywhere twice differentiable and the second derivative is non-negative wherever it
exists, which can be seen as an analytic generalisation of (i) and hints compatibility of

the analytic and synthetic approach to convexity beyond the case that ¢ € C2.

The issue of compatibility will be central, as we shift our attention to non-smooth semi-

Riemannian geometry, a setting in which several analytic and synthetic approaches and



definitions have been made.

As a result, the question whether two such approaches are compatible is not only natural
but also fundamental. Indeed, a positive answer would open up a vast tool set for
problems in non-smooth semi-Riemannian geometry, as results from the synthetic setting
would hold as soon as the analytic criterion is satisfied and vice versa. A negative answer,
however, could suggest to change or adapt the approaches or definitions, or point out that

in those instances special care is required.

In Chapter [3| of this thesis, we will present one example for which the question of com-
patibility has a positive answer. We establish that, under fairly general assumptions,
the analytic and synthetic approaches to lower Ricci curvature bounds on non-smooth

Riemannian manifolds are equivalent.

Later, in Chapter [4] we will discuss a notion for which the compatibility is not always
given. We analyse infinitesimal Hilbertianity, a concept from the synthetic first order

calculus that is supposed to detect the Hilbertian analytic structure, on manifolds with

o0
loc*

potentially discontinuous Riemannian metric tensors g, with ¢g,¢g7' € L By con-
structing a counterexample in dimension d > 3, we will point out that up to additional

W ?-Sobolev regularity of g for p € [1,d — 1], infinitesimal Hilbertianity may fail.

The issue of compatibility remains a key motivation for the final part of the thesis, Chap-
ter b devoted to the emerging and rapidly developing field of non-smooth Lorentzian ge-
ometry. There, we demonstrate the compatibility between the classical and synthetic first-
order calculus on non-smooth Lorentzian manifolds, assuming continuity of the Lorentzian

metric.

Overall, the results of this thesis both extend connections between analytic and synthetic
notions to settings of lower regularity, and demonstrate that relaxing analytic assump-
tions, specifically assuming lower regularity, may result in a loss of compatibility with

the synthetic framework.

1.2 A brief historical introduction

Before studying compatibility, we aim to recall the history leading to the field of synthetic
calculus and lower Ricci curvature bounds and shed light on their analytic origins in
smooth semi-Riemannian geometry. This summary has been inspired by [3, 112, 35, 124!
133, [84].



Riemannian geometry and Ricci curvature

A semi-Riemannian manifold is given by a smooth manifold M equipped with an ev-
erywhere non-degenerate (smooth) (0,2)-tensor g € (T*M)®2. Throughout this thesis,
we are interested in Riemannian manifolds and Lorentzian manifolds. In the case of a
Riemannian manifold, we ask the metric tensor g to be everywhere positive definite. The
metric ¢ induces a distance d, on M, given by the infimum of the length of piecewise

smooth curves, i.e.

1
dy(z,y) = inf { / V93, 3¢) dt, v - [0,1] = M piecewise smooth from z to y},
0
(1.2.1)

and a volume measure locally given by dvol, = y/det g dx.

Curvature plays a fundamental role in geometry as it provides an infinitesimal mea-
surement of how much a Riemannian manifold differs from the Euclidean space. The
Riemannian curvature tensor is a (0,4)-tensor that encapsulates a substantial amount
of geometric information, rendering it impractical for direct use. Consequently, it is
commonly employed to derive alternative curvature measures that are more amenable
to interpretation. Sectional curvature for instance can be computed for two linearly in-
dependent vectors v,w € T,M, for any p € M and measures how much the distance

between two geodesics differs from the Euclidean case.

We will focus on the Ricci curvature, which can be thought of as the Laplacian of ¢g. It
is a symmetric bilinear form on T'M ® T'M that occurs in the Taylor expansion of the

volume form as follows: In normal coordinates, the volume form is locally given by

1 oo
voly(z) =1-) SRicya'al + O(|z]*). (1.2.2)
1,J
In [I39], the Ricci curvature and its connection with the volume measure are discussed
in further detail, using Jacobi fields. It is also shown that the Ricci curvature naturally

occurs in Bochner’s formula, which states that for a function f € C°°(M), one has

%Ayvﬁ _ (VAL V) + V22 + Rie(Vf, V /). (1.2.3)

When studying Riemannian manifolds, it is sensible to assume bounds on the (Ricci)
curvature, since these ensure a good control on the geometry and the topology of the
manifold, as discussed below. For a real number K € R, we say that ()M, g) has Ricci
curvature bounded below by K if for any v € T'M, it holds Ric(v,v) > Kg(v,v). Lower

Ricci curvature bounds together with upper bounds on the dimension have remarkable



implications, such as the volume comparison proved by Bishop in 1964 [18] (and improved
by Gromov in 1980 to a monotonicity statement [72, [74]), stating that if (M, g) satisfies
Ric > K, then the volume of a metric ball of radius » > 0 is at most the volume of the
metric ball with radius r in the space of constant sectional curvature % Further strong
implications are an estimate on the Laplacian of any distance function proved by Calabi
in 1958 [28], and the Cheeger-Gromoll splitting theorem [43]. Ricci curvature bounds
are the crucial ingredient to several further fundamental results in geometric analysis, as

pointed out in [88].

One challenge about the set of manifolds with Ricci curvature bounded below by some
constant K is that it is not compact in the C*°-topology. Nevertheless, in [72], Gromov
proved that the set Mg, p of manifolds with Ricci curvature bounded below by K,
dimension bounded above by n, and diameter bounded above by D is precompact with
respect to the Gromov-Hausdorff topology. The Gromov-Hausdorff topology is induced
by the Gromov-Hausdorff distance, a measurement of how far two metric spaces are away
from being isometric. Gromov-Hausdorff limits of sequences of n-manifolds with Ricci
curvature bounded from below by some real number K are called Ricci limits. The study
of Ricci limits was initiated by Cheeger and Colding in [39] [40l [4T], 42], driven by the

following questions:
e Are analytic and geometric properties stable under convergence?

e [s there an intrinsic definition that reflects how Ricci limit spaces satisfy lower Ricci

curvature bounds?
e What do general spaces with lower Ricci curvature bounds (Ricci limits) look like?
Metric measure spaces and synthetic lower Ricci curvature bounds

Alexandrov used a purely metric characterisation of sectional curvature bounds on smooth
Riemannian manifolds (through Toponogov’s Theorem), to develop a theory of metric
spaces with sectional curvature bounds (see [2]). In [73], Gromov stated that no such
theory of singular spaces with Ricci curvature bounded from below existed yet, and
suggested that one should try to develop such a theory for metric measure spaces. This
gap was later on again pointed out by Cheeger and Colding in [40], who predicted that a
synthetic definition of lower Ricci curvature bounds would require a way to localise the

Bishop-Gromov-inequality.

It turns out that the missing ingredient to find a synthetic definition of lower Ricci cur-

vature bounds was optimal transport. The optimal transport problem was first studied



by Monge in 1781 and further developed by Kantorovich in 1942. In our setting, we con-
sider the following optimisation problem: Given a Polish space (X, d) and two probability

measures [, v on X, what is the “cheapest” way to transport p to v? More rigorously:

min{/XXX dQ(x,y)dw(x,y)},

where 7 is a probability measure on X x X such that its first (resp. second) marginal

what is

equals p (resp. v)? The cases when X is the Euclidean space or a Riemannian manifold
turned out to be of central interest. Through the above problem, one can define the

Wasserstein 2-distance W5 on the finite second moment space P(X), which is given by
Pa(X) = {p e P(X): / d*(z, mo)du(z) < oo, for some xy € X} :
X

In order to generalise lower Ricci curvature bounds, one considers a metric measure space,
which is a triple (X, d, m), where (X, d) is a Polish metric space and m is a o-finite Borel
measure. It turned out that a crucial object to characterise lower Ricci curvature bounds

is the Boltzmann-Shannon entropy, given by
Ent(p|m) := / plog pdm,
b's

for probability measures u = pm, where p, plogp € L'(m). Indeed, after being conjec-
tured by Otto and Villani [110], Cordero-Erasquin, McCann, and Schmuckenschléger [4§],
and Sturm and von Renesse [I41] proved that in a smooth Riemannian manifold, Ricci
curvature bounded below by K € R is equivalent to the Boltzmann-Shannon entropy

being K-convex along Ws-geodesics.

Lott and Villani [92, O], and Sturm [I33], 134] independently used this characterisation
to define lower Ricci curvature bounds for metric measure spaces. More precisely, they
introduced the curvature-dimension condition CD(K, 00), where K € R is the lower bound
for the Ricci curvature. This condition was then refined to the CD(K, N)-condition, where
N € [1,00] is an upper bound of the dimension, using the dimensional counterparts of
the Boltzmann-Shannon entropy, the so-called Rényi’s entropies. In the following, we

will review some key developments around CD(K, N)-spaces.

In [108], Ohta verified that Finsler manifolds (a generalisation of Riemannian manifolds
based on norms rather than inner products) that satisfy lower Ricci curvature bounds
enter the class of CD(K, N)-spaces. Petrunin [114] proved that n-dimensional Alexandrov
spaces, i.e., metric spaces that have synthetic sectional curvature bounded from below by

K are indeed CD((n — 1)K, n)-spaces, which confirms the understanding that sectional

5



curvature bounds are stronger than Ricci curvature bounds beyond the smooth case.
Furthermore, the class of CD(K, N)-spaces is stable under pointed measured Gromov-
Hausdorff convergence [133], 134, 02, 139, 67], that is a variant of the Gromov-Hausdorff

convergence that takes a reference point and a reference measure into account.

Whilst lower Ricci curvature bounds on smooth Riemannian manifolds are a local prop-
erty, the CD(K, N)-condition is not. Moreover, only the global condition is stable under
pointed measured Gromov-Hausdorff convergence, which made the globalisation problem
a fundamental issue. The search for globalisation properties lead to the reduced curvature-
dimension condition CD*(K, N) introduced by Bacher and Sturm in [12], a slightly weaker
condition than the CD(K, N)-condition. Soon after, a result by Rajala [116] showed that
without additional assumptions, a local CD(K, N)-condition may not imply a global one.
Rajala and Sturm then introduced the essential non-branching condition [117], a condi-
tion that states that almost all geodesics are non-branching. Here almost all should be
understood in the sense of test plans, i.e., probability measures on the space of continu-
ous curves that, roughly speaking, respect the reference measure (see Chapter [2| for the
precise and technical definition). In [34], Cavalletti and Mondino verified several func-
tional and geometric inequalities for CD* (K, N)-spaces under the essential non-branching
assumption after establishing a localisation technique and a disintegration theorem for
optimal transport plans in [33]. These include the Lévy-Gromov isoperimetric inequal-
ity, the Brunn-Minkowski inequality, the Poincaré inequality, and a Sobolev inequality.
Moreover, Cavalletti, Maggi, and Mondino proved a quantitative isoperimetric inequality
in [30]. The globalisation, as well as the equivalence of the CD(/K, N)-condition and the
CD*(K, N)-condition was obtained by Cavaletti and Milman, both under the essential

non-branching assumption [32].

As the above results demonstrate, CD(K, N)-spaces proved to generalise Riemannian
manifolds with lower Ricci curvature bounds in many aspects, yet the curvature-dimension
condition did not appear as an accurate description of Ricci limit spaces. Ricci limits
of manifolds with lower curvature bounds going to zero satisfy a splitting theorem [39].
However, the CD(0, N)-space (R™, ||-||, £™), where ||-|| is any (non-Euclidean) norm on R”,
does generally not satisfy the splitting theorem.

The first order calculus on metric measure spaces turned out to be a crucial ingredient in
the search for a criterion that distinguishes Riemannian-like structures from Finslerian
structures. Initial approaches to the generalised first order calculus were previously made
by Cheeger [38] to generalise Rademacher’s theorem to Pl-spaces, Hajtasz [76] to prove
generalised Sobolev embedding theorems, and Shanmugalingam [125]. Thereafter, Am-

brosio, Gigli, and Savaré introduced a Sobolev calculus based on the notion of test plans



in [7] that they proved to be equivalent to the approaches in [38] and [125]. They used
the Cheeger energy Ch, which generalises the Dirichlet energy to metric measure spaces,
to define a synthetic Sobolev space W 2(X), and a Laplace operator. In this framework,

the heat flow is defined as the L?-gradient flow of the Cheeger energy.

In [62], Gigli studied conditions under which the Laplacian and the heat flow are linear
and introduced the notion of infinitesimal Hilbertianity (after [§]). A metric measure
space is infinitesimally Hilbertian if the associated synthetic Sobolev space W? is a
Hilbert space, or equivalently if the Cheeger energy is a quadratic form. Then, the
Laplacian is automatically linear and the theory on Dirichlet forms provides various tools
to analyse the Laplacian and the heat flow. Examples of infinitesimally Hilbertian metric
measure spaces include geodesically complete weighted Riemannian manifolds [93], locally
CAT(k)-spaces equipped with any Borel measure [54], and sub-Riemannian manifolds

equipped with any Borel measure [36].

In [8], Ambrosio, Gigli, and Savaré introduced the Riemannian curvature-dimension con-
dition RCD(K, o0) for K € R, which combines the CD (K, co)-condition with infinitesimal
Hilbertianity. Examples of RCD-spaces include Ricci limits (as the RCD (K, oo)-property
is stable [67]), and cones over RCD-spaces (see for instance [78]). Subsequently, sev-
eral properties of RCD(K, 0o)-spaces were established. In particular, it was shown that
RCD(K, oo)-spaces are essentially non-branching [117]. Another key discovery was the
identification of the heat flow as an EVIg gradient flow [0], allowing to deduce strong

contractivity properties.

This identification was crucial to bridge the gap to the Eulerian approach to curvature-
dimension conditions [9] based on . Such an Eulerian approach was proposed by
Bakry and Emery [14], Bakry [13], and Bakry, Gentil and Ledoux [I5]. It is known as
the Bakry-Emery condition BE(K, c0) and it consists of a generalisation of the Bochner
inequality to metric measure spaces based on I['-calculus. Using the heat flow contrac-
tion and the BE(K, co)-condition, Gigli was able to develop a second order calculus on

RCD(K, co)-spaces [63], leading to a measure valued Ricci curvature tensor.

The refinement to the RCD(K, N) condition for finite N was proposed by Gigli in [61].
Analogously, the reduced curvature-dimension condition CD*(K, N) combined with in-

finitesimal Hilbertianity was defined to be the reduced Riemannian curvature-dimension

condition RCD* (K, N).

The class of RCD-spaces displays various striking properties. Gigli proved a splitting theo-
rem for RCD(0, N)-spaces [64]. Furthermore, RCD-spaces are rectifiable [I01], have almost



everywhere Euclidean tangents [60], have constant dimension [23], and their boundary

satisfies structural regularity properties [22].

The metric measure space (R",|||,L£"), where [|-|| denotes an arbitrary norm, is an
RCD(0, N)-space if and only if ||-|| arises from an inner product. Hence, in that case
infinitesimal Hilbertianity indeed singles out Riemannian structures among Finslerian
ones. The reduced Riemannian curvature-dimension condition RCD* (K, N) was studied
by Erbar, Kuwada, and Sturm [55] and Ambrosio, Mondino, and Savaré [10], both pa-
pers including proofs of the equivalence of the RCD*( K, V)-condition and the BE(K, N)-
condition. Using the globalisation result by Cavalletti and Milman from [32] allowed
to conclude that the RCD(K, N)-condition and the RCD*(K, N)-condition are equiva-
lent, showing that the Lagrangian and the Eulerian approaches to lower Ricci curvature

bounds are equivalent on infinitesimally Hilbertian spaces.

Let us mention that it is still an open problem whether the Riemannian curvature-
dimension condition is sufficient to describe Ricci limits. As pointed out by De Philipps,
Mondino, and Topping [136], the cone over RP? is an RCD(0, 3)-space [127], but not a
topological manifold, so by a result of Simon [126] and Simon-Topping [127], it is not a
non-collapsed Ricci limit. However, the study of RCD-spaces has become of independent

interest.
Lorentzian geometry

We now drift away from the Riemannian setting. Let (M, g) be a smooth semi-Riemannian
manifold such that g has signature (—,+,...,+). We then call (M, g) a Lorentzian man-
ifold. Lorentzian manifolds play an important role in physics, more precisely in general
relativity. The simplest example of a Lorentzian manifold is given by the Minkowski
space, which is (R4 diag(—1,1,...,1)). In this case the 0-th coordinate represents the
time direction, whereas all other coordinates represent space directions. In a Lorentzian
manifold (M, g), we say that a vector v € TM is timelike if g(v,v) < 0, lightlike/null
if v # 0 and g(v,v) = 0, spacelike if v = 0 or g(v,v) > 0, and causal if v is null or
timelike. Note that at each point, the set of timelike vectors in the tangent space is the
interior of a double cone. Bearing in mind the physical interpretation, we are mainly
interested in causal directions, as they represent directions in which the spacial velocity
is smaller than or equal to the time velocity, hence a trajectory satisfying that particles
do not move faster than the speed of light (here normalised to be 1). We will work with
time orientable Lorentzian manifolds, these are manifolds which admit a smooth timelike

vector field, which indicates the future cone at each point. A causal vector v € T'M is



called future directed if g(X,v) < 0, otherwise it is called past directed. Time orientable

manifolds are called spacetimes.

Lorentzian signature suggests the definition of a causal structure on the manifold, as
opposed to the metric structure from the Riemannian case. We define the relations <
and < as follows: For two points x,y € M we write x < y if there exists a timelike
and future directed curve from z to y, i.e., a continuous and piecewise smooth curve
v:[0,1] = M such that 4; is timelike and future directed for almost every ¢. We write
that x <y if x = y or if there exists a causal future directed curve from x to y, that is a
continuous and piecewise smooth curve v : [0, 1] — M such that 4; is causal and future
directed for almost every t € [0,1]. The Lorentzian analogue to a distance is given by

the time separation, defined via

1
ly(x,y) = sup { / v/ —9(%, ) dt, v causal and future directed from z to y}. (1.2.4)
0

Then ¢, takes values in {—oo} U [0,00]. In the literature it is sometimes employed to
consider 7, := max({,,0). An important property of the time separation, hinting that
Lorentzian manifolds behave very differently to Riemannian manifolds, is the reverse

triangle inequality: For x,y,z € M, with {,(x,y), (,(y, z) < oo, it holds

69(37’ z) > fg(x,y) + Eg(y’ z).

The curvature tensor can be computed just as in the Riemannian case. In general rela-
tivity, Ricci curvature plays a central role, as it occurs in the Einstein equations: Given

a constant A € R and a (0, 2)-tensor T', the Einstein equations are given by
Ric+ Rg+Ag =T,

where R denotes the scalar curvature, A € R is called the cosmological constant and T’
denotes the stress-energy tensor, which measures the flux of energy and momentum in

the spacetime. If T' = 0, this gives the vacuum Einstein equations.

Motivated by their central role in general relativity, the Einstein equations have been
thoroughly studied from a classical PDE point of view. The standard local existence

result assumes the metric g to be of Sobolev regularity H;

5 .
e for s > 3 (see for instance

[T18]), but there have been advances in even lower regularity [80].

The significance of Ricci curvature in general relativity goes beyond the Einstein equa-
tions: In Hawking’s singularity theorem, a lower bound on the Ricci curvature on timelike
vectors is one of the crucial assumptions for the spacetime to be incomplete, which can

be interpreted as a mathematical justification for a “big bang” to exist. There are further



singularity theorems with similar flavour, like the Penrose and Hawking-Penrose singular-
ity theorems, which all contain curvature assumptions (see for instance [129] for a survey

on that topic).

As in the Riemannian case, timelike lower Ricci curvature bounds have far-reaching ge-
ometrical and topological implications, as for instance demonstrated by the Lorentzian
splitting theorem [57, [59].

Several physically relevant phenomena such as cosmic strings [137] and impulsive gravi-
tational waves [I11] (see also [115]) can be modeled with singular Lorentzian manifolds.
The intrinsic interest in a Lorentzian analogue of metric geometry, as well as the quest to
study the Einstein equations and singularity theorems in low regularity from a geometric
point of view naturally raised the question, whether an analogue of the theory on metric
measure spaces as generalised Riemannian manifolds and a synthetic definition of Ricci

curvature bounds can be developed for Lorentzian manifolds.
Lorentzian length spaces and synthetic Lorentzian geometry

After the pioneering work by Kronheimer-Penrose [81] and Busemann [26], Kunzinger-
Séamann [84] proposed the notion of Lorentzian (pre-)length spaces, a synthetic approach
to Lorentzian geometry. They also studied timelike sectional curvature bounds through

timelike triangle comparison.

In 2020, Cavalletti and Mondino then developed optimal transport tools for Lorentzian

pre-length spaces in [35].

McCann [95] and Mondino-Suhr [I05] proved that in a smooth, globally hyperbolic
Lorentzian manifold, timelike lower Ricci curvature bound are equivalent to a displace-
ment convexity condition of the Boltzmann-Shannon entropy along Lorentzian optimal
transport geodesics. This motivated the definition of synthetic timelike lower Ricci cur-
vature bounds and upper dimension bounds. For K € R and N € (0,00) the timelike
curvature-dimension condition TCD(K, N) on measured Lorentzian pre-length spaces was
introduced by Cavalletti and Mondino in [35]. In the same paper, they also introduced a
timelike measure contraction property TMCP (a broader generalisation of timelike lower
Ricci curvature bounds) and proved stability of both under a certain notion of con-
vergence. In [I05], Mondino and Suhr furthermore introduced a synthetic definition of
upper Ricci curvature bounds which lead to a synthetic definition of solutions to the Ein-
stein equations. Multiple theorems about Lorentzian manifolds generalise to synthetic
Lorentzian spaces that satisfy synthetic timelike curvature bounds, such as Hawking’s

singularity theorem for TMCP-spaces [35].
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In [16], the eight authors rigorously developed a first order calculus on metric mea-
sure spacetimes, a synthetic approach to Lorentzian geometry compatible with measured
Lorentzian pre-length spaces. They consist of a set M, with a Polish topology 7 on M,
a time separation ¢ (playing the role of ) and a non-negative Borel measure m on
M. They study causal functions, i.e., functions that are increasing along causal curves
and introduce a weak notion of Lorentzian modulus of the gradient, the maximal weak
subslope. This is used to introduce the notion of infinitesimal Minkowskianity, a criterion
which serves to distiguish genuine Lorentzian structures from Lorentzian-Finslerian ones,

providing a Lorentzian analogue to infinitesimal Hilbertianity.

Further developments in this rapidly expanding field include a Lorentzian splitting the-
orem for Lorentzian length spaces with non-negative timelike sectional curvature [17],
a definition of Lorentzian Hausdorff measures and dimension [96], the study of time
functions on Lorentzian length spaces [24], a definition of timelike lower Ricci curva-
ture bounds on Finsler spacetimes [21], a new Lorentzian isoperimetric-type inequality
under timelike lower Ricci bounds [36], and the null distance [I12§]. In the flavour of
the celebrated singularity theorems on smooth spacetimes, related developments in the
non-smooth case include the study of cones and related singularity theorems [I], the rela-
tionship between spacetime inextendability and synthetic curvature blow-up established
in [70], singularity theorems under variable timelike lower Ricci bounds [20], an extension
of the Penrose singularity theorem to continuous spacetimes satisfying a synthetic null en-
ergy condition [31], and the development of a Lorentzian Gromov-Hausdorff convergence

and of a Gromov pre-compactness theorem [100, 27, [104].
Semi-Riemannian metrics of low regularity

A large class of metric measure spaces arises from Riemannian manifolds (M, g), for
which the metric tensor g is non-smooth (in particular below C?). These occur in gluing
constructions for example. If g € C° we can still define the Riemannian distance d,
as before (see (|1.2.1))) and naturally obtain the metric measure space (M,dy, vol;). The
length structure of the metric measure space has been thoroughly studied by Burtscher

in [25] in the case that ¢ is continuous.

[e.e]

., the definition of a distance is not as straight-

If g is only measurable, with g, ¢! € L
forward as in the continuous case. However, such manifolds have been relevant in the
context of potential theory for uniformly elliptic operators and have been studied by Nor-
ris [107], Saloff-Coste [121], Sturm [I31], and De Cecco and Palmieri [5I]. In particular,

De Cecco and Palmieri [51] and Norris [I07] defined a distance on such manifolds.
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In [53], De Giorgi formulated questions on manifolds with Riemannian metrics of low
regularity, such as under which regularity assumption the metric slope of a Lipschitz
function coincides almost everywhere with the norm of its gradient. This led to his
definition of quasi-Riemannian manifolds and to the formulation of several conjectures
on them. A related question, arising from the results in [102] on manifolds with continuous
Riemannian metrics, is whether for non-continuous metrics, the associated metric measure

space is infinitesimally Hilbertian.

In Lorentzian signature, manifolds of low regularity have been of central interest, for
instance in the context of singularity theorems (e.g. [69, 29]). Metric measure spacetimes
arising from Lorentzian manifolds (M, g) with g € C° have been studied (see for example
[122]). The time separation function ¢, can be defined similarly to the smooth case (see
(1.2.4)). We can always find a complete Riemannian metric h on M that induces a Polish
topology 7, on M and together with the volume measure, we get that (M, 7, £,, vol,) is

a naturally obtained metric measure spacetime.

An important family of semi-Riemannian metrics of low regularity is the Geroch-Traschen
class [60], see also [130], whose elements are all the semi-Riemannian metrics such that
g, € L and g € VVlic2 These are the minimal regularity assumptions to define

distributional (Ricci) curvature (see [75], [69]) that have been studied in both Riemannian

[56] and Lorentzian signature [130].

This thesis will present recent results bridging the analytic approach based on Sobolev
calculus and distribution theory with the synthetic approach in both Riemannian and

Lorentzian signature.

1.3 Main contributions

In this section, we will briefly summarise the main contributions presented in this thesis

and relate them to the history.

1.3.1 The equivalence of synthetic and distributional lower Ricci
curvature bounds

Chapter (3| is based on a collaboration with Andrea Mondino [102], where we study the
relationship between synthetic and distributional lower Ricci curvature bounds on mani-

folds with non-smooth Riemannian metrics.

Let (M, g) be a smooth n-dimensional Riemannian manifold without boundary. One can

locally compute the coefficients of the Ricci curvature tensor in terms of the metric tensor
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g and its first two derivatives. More precisely, denoting by Ffj the Christoffel symbols of
g

1 L.
Ffj = 59“(@‘9&' + 0,951 — 019i5), 1., k=1,...,n,

the Ricci curvature can be written locally as

where 0; is the shorthand notation for 81 and where we used the Einstein convention

27

that repeated indices are summed.

Given a smooth function V' on M, one defines the weighted measure dp = e~V dvol,.
Given N € [n,o0], the Bakry—Emery N-Ricci curvature tensor of the weighted Rieman-

nian manifold (M, g, ) is defined by

1
Ric,, n = Ric 4 HessV — N—_nVV ® VV. (1.3.2)

In case that N = n, we adopt the convention that V' must be constant and that Ricyel,,, =
Ric. We also adopt the standard convention that 1/00 = 0, so that for N = oo the last
adding term on the right hand side of disappears. For K € R, we say that
the Bakry—Emery N-Ricci curvature tensor is bounded below by K, if Ric, (X, X) >
Kg(X, X) for all smooth vector fields X on M.

Since the local expression of the Ricci tensor involves two derivatives of the metric tensor
g, and the Bakry-Emery N-Ricci curvature tensor involves the Ricci tensor and the
Hessian of the weight function V', some care is needed if g or V' are not twice differentiable.
We will compare two approaches to Ricci curvature lower bounds for weighted manifold

of regularity below C?: the distributional and the synthetic approaches.

Via the distribution theory on smooth manifolds (cf. [87, [75, [69]), one can define a distri-
butional Ricci curvature and generalise the notion of Ricci curvature lower bounds. This
approach is suitable for handling the case of a smooth manifold M endowed with a contin-
uous metric ¢ having Christoffel symbols in L2 ., as it is apparent from . Moreover,
assuming V € C°nN I/Vlif suffices to define a distributional Bakry—Emery N-Ricci curva-
ture tensor of the corresponding weighted space, as one can check using . Note
that this approach assumes the space to be smooth: all the non-smoothness is encoded
in the metric tensor and, possibly, in the weighted measure. Let us also mention [89]
for a notion of Ricci curvature lower bounds for continuous metrics conformal to smooth
ones, based on the concept of viscosity solutions for non-linear elliptic partial differential

equations.
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The synthetic approach to lower Ricci curvature bounds is to drop any underlying smooth-
ness assumption and work with the metric measure space (M, dy, p). Since the condi-
tions CD(K, 00) and CD(K, N) provide a definiton of Ricci curvature lower bounds for
manifolds with metrics of regularity below C?, a natural question to ask is whether dis-
tributional and synthetic Ricci curvature lower bounds continue to agree on metrics with

regularity below C2.

First advances to this question have been made in 2022 by Kunzinger, Oberguggenberger
and Vickers [82]. They proved that:

Theorem (Kunzinger-Oberguggenberger-Vickers). Let M be a compact connected man-
ifold equipped with a C'-Riemannian metric g. If the distributional Ricci curvature is
bounded below by a real number K, then (M,d,,vol,) satisfies the CD(K, 0o)-condition.
Conversely, given a compact and connected manifold M equipped with a CY*-Riemannian
metric g that satisfies one additional assumption (see [82], (6.8)), then if (M,d,,vol,)
satisfies the CD(K, 0o)-condition, the distributional Ricci curvature is bounded below by

K.

Their proof is based on a regularisation scheme via convolution of the metric g, combined

with convergence results previously established in [69).

In Chapter [3| we will present the following original equivalence result from January 2024
obtained in [102].

Theorem 1 (see Theorem [3.6.3)). Let M be a smooth manifold, g a continuous Rieman-
nian metric with Christoffel symbols in L%, and V € C°N VVlif(M) a function on M.

loc»

Define the weighted measure p as dp := e~Vdvol,. Let N € [n,00] and K € R. The

following are equivalent:
(i) (M,dg,p) is a CD(K, N) space.

(ii) The distributional Bakry—Emery N-Ricci curvature tensor is bounded below by K
and Asumption |3.6.1| is satisfied.

The significant improvements to the previous result in [82] are:
e We do not need any compactness assumption on M.
e We dropped the regularity from C' (resp. C') to C° N W,-2

loc -

e We cover the weighted case and the case that N < co.

Assumption [3.6.1] is a volume growth and density assumption of technical nature. It is

used to deduce the CD-condition from distributional Ricci curvature bounds. In January
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2025, we proved Proposition [3.6.6] and Proposition [3.6.7], which state that Assumption

3.6.1] is implied by the lower distributional Ricci curvature bound if:
(i) The manifold is unweighted and g € W.? for some p > n.
(i) The manifold is weighted and both the weight V' and the metric tensor g are C.

In June 2024, Kunzinger, Ohanyan and Vardabasso uploaded the following independently

obtained equivalence result [83]:

Theorem (Kunzinger-Ohanyan-Vardabasso). Let M be a smooth connected manifold
equipped with a Cloo’cl—Rz'emannmn metric g. If (M,d,, voly) is a RCD(K, 0o)-space, then
M has distributional Ricci curvature bounded below by K. Conversely, if M satisfies
Ric > K in the distributional sense, then (M,dg,voly) is a RCD(K, dim M)-space.

Note that this result does not need a volume growth and density assumption, but only
holds for the unweighted case and for locally Lipschitz continuous metric tensors. Then,
(i) in the above discussion of the volume growth and density condition (Assumption [3.6.1))

shows that Theorem [1] is the most general equivalence result obtained so far.

Let us quickly comment on the significance of Theorem[I] Firstly, it supports the compat-
ibility of the synthetic and analytic approaches to beyond the smooth setting. Secondly,
note that many proofs in smooth Riemannian geometry use the exponential map, Ja-
cobi fields and related notions that require smoothness of the metric g. Our result now
allows to apply the rich theory on RCD-spaces to manifolds with low regularity Rieman-
nian metrics that satisfy distributional lower Ricci curvature bounds, as the smooth tools
cannot be applied in that setting. Furthermore, our result was used in [49] as an in-

gredient of a technical proposition that contributes to proving topological restrictions of
RCD(0, N)-spaces.

In the following, we discuss the organisation of Chapter |3| and the main steps to prove
Theorem [l

The main ingredient of the proof is the equivalence of the Riemannian curvature-
dimension condition and the Bakry—Emery—condition that states that for a metric measure
space (M,d, m), the RCD*(K, N)-condition (resp. the RCD(K,oo)-condition) implies
the BE(K, N)-condition (resp. the BE(K,oco)-condition), the latter being a synthetic
Bochner inequality (see also Definition for metric measure spaces, stating that

Da(f. 1) > (KIVP+ (A0))m, (13.3)

for all synthetic test functions f € TestF(M) (for details see Section [3.4). Here, one
can think of Ty(f, f) as a synthetic version of the quantity Ric(V f, Vf) + |V2f|%. The
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equivalence was obtained by Ambrosio-Gigli-Savaré in [9] for the case N = oo and by

Erbar-Kuwada-Sturm [55] and Ambrosio-Mondino-Savaré [10] for the case N < oo (see
Theorem |3.4.4)).

We remark that due to a deep result by Cavalletti-Milman [32] (see also [90]), we know
that RCD(K, N) and RCD* (K, N) are equivalent, hence the RCD(K, N)-condition implies
the BE(K, N)-condition.

The first step is to establish the equivalence for the case N = oc.

Gigli used the equivalence of RCD(K, 00) and BE(K, c0) (proved previously in [9]) to
develop a synthetic second order calculus building on ([1.3.3) for RCD(K, co)-spaces in
[63]. This lead to the definition of a synthetic measure valued Ricci curvature tensor Ric,

which satisfies
Ric(X, X) > | X|*m (1.3.4)

in the sense of measures for all synthetic test vector fields X (see Theorem [3.4.20] [63),
Theorem 3.6.7]).

A manifold with a low regularity metric, however, has distributional Ricci curvature
bounded from below by K if

Ric(X, X) > Kg(X,X) in D', (1.3.5)

for all classical test vector fields X € C*(M).

This suggests the following strategy: For a manifold M with a C° N VVlf)’Cz—Riemannian
metric, we compare the synthetic calculus and test objects on the metric measure space
(M,d,,vol,) with the classical calculus and test objects on manifolds to establish the

equivalence between synthetic and distributional lower Ricci curvature bounds.

As a starting point, we recall useful approximation results using the mollification on
manifolds in Section 3.1l

Thereafter, we recall useful notions from calculus on weighted Riemannian manifolds and
then formulate a distributional version of Bochner’s formula for weighted Riemannian
manifolds in Section 3.2

In Section |3.3] we compare the classical theory of Sobolev spaces on manifolds with the
synthetic first order calculus on metric measure spaces. We observe that for manifolds
M with continuous Riemannian metrics g, the synthetic Sobolev space W12(M) and
the classical Sobolev space W12(M) are isometrically isomorphic (see Corollary [3.3.15)),

which in particular implies that W.2(M) is a Hilbert space, making the induced metric
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measure space infinitesimally Hilbertian. This implies that in our setting, the CD(K, N)-
condition and the RCD(K, N)-condition are equivalent.

In Section , we compare the second order calculus on RCD(K, co)-spaces developed
in [63] with the classical second order calculus on manifolds with low regularity met-
rics. Using the compatibility established in Section [3.3] we derive that in our setting
Ric(X, X), as in ([1.3.3) indeed equals the classical Ric(X, X) (see Proposition
in a weak sense and establish that several classical Sobolev W?22-functions, in particular

Cg°-functions, can be approximated with synthetic test functions up to the second order
(Proposition [3.4.22)).

Section [3.5] includes the proof that RCD implies distributional lower Ricci curvature
bounds. As mentioned before, the first step is to prove equivalence in the case N = oo.
This is achieved by proving that one can approximate C2°-vector fields well enough with
gradients of synthetic test functions f € TestF (M) to obtain from (1.3.4). Pre-
liminary approximation results can be found in Subsection and the proof of the
implication RCD(K,00) = Ric > Kg in D’ is presented in Subsection [3.5.2] see
Theorem [3.5.11, We conclude the first step by establishing that a lower bound on the
distributional Ricci curvature tensor implies that the distributional Ricci curvature tensor
is a distribution of order 0, thus a measure. This is done in Theorem [3.5.13

This is crucial for the second step: The case N < oco. As before, the strategy is to
prove that the BE(K, N)-condition (T.3.3) implies that the distributional Bakry-Emery
N-Ricci tensor is bounded below by K, i.e.,

Ric, v > Kgin D' (1.3.6)

Note that for finite N, the distributional Bakry-Emery N-Ricci tensor (see (1.3.2)) con-
tains a nonlinearity, which needs to be handled delicately. The fact that RCD(K, N)
implies RCD(K, 00) allows us to use Theorem with Theorem to infer that
the distributional Ricci tensor Ric = Ricygl, 00 (defined as in (|1.3.1])) is a measure, rather
than a distribution of order 1. This allows us to locally approximate vector fields with gra-
dients of smooth functions, which we choose in a way that translates into (|1.3.6))
in the sense of measures. Another approximation argument based on the Besicovitch
covering theorem (Lemma allows us to globalise and conclude that RCD(K, N)
implies Ric, y > Kg in D’ in Theorem .

Finally, the reverse implication is proved in Section [3.6|using that the BE(K, N)-condition,
together with a volume growth condition (2.2.1)) implies the RCD(K, N)-condition. Pass-
ing from distributional Ricci bounds to the BE(K, N) condition is immediate through
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approximation with the compatibility results established in Section [3.3] This is done in
Theorem [3.6.3] Thanks to a result by Ketterer on LP-Ricci curvature bounds [79], we
can use the approximation results in Section to drop Assumption whenever the

metric and weight are in C!, or in the unweighted case if g € VVl(l)Cp for some p > n, (see

Proposition and Proposition |3.6.7)).

1.3.2 The infinitesimal structure of manifolds with
non-continuous Riemannian metrics

In Chapter 4, we will present the results from the solo-authored paper [119], where

we analyse metric measure spaces arising from manifolds endowed with non-continuous

[ee]

Riemannian metrics, i.e., where the metric tensor g satisfies merely g, g~' € L°..

The project emerged from the question, whether Theorem [1| can be extended to metric
tensors, that are of regularity below C°. A crucial ingredient to prove Theorem ] is
the first order calculus on metric measure spaces arising from manifolds equipped with
non-smooth Riemannian metrics [102, Section 4], here Subsection [3.3.2]

Recall that a smooth d-manifold M, equipped with a continuous Riemannian metric ¢
can naturally be seen as a metric measure space, where the measure is induced by the
volume form (locally given via dvol, = y/det gd£?) and the Riemannian distance d,, is

defined as the infimum over lengths of piecewise smooth curves (see (1.2.1))).

However, there are several relevant classes of Riemannian metrics that are non-continuous,
for instance the Geroch-Traschen’s one [60], i.e., those Riemannian metrics g such that
g, € L2 (M)and g € I/VI})CQ(M ). These regularity assumptions are minimal to compute
the distributional Ricci curvature on M (see [75], [69]) and have been studied in both
Riemannian (see for example [83]) and Lorentzian signature (see [130]). Moreover, in
the context of potential theory for uniformly elliptic operators, the even broader class of
(Riemannian) metrics g such that g,¢g~! € L (M) has been studied in [121], [131], [107],

loc
and [51].

If the metric tensor is merely measurable, Norris (cf. [I07]) and De Cecco-Palmieri (cf.
[51]) defined a distance d, overcoming the difficulty that piecewise smooth curves v might
lie on a null set where g is not well-defined (see Section [4.1]).

Chapter 4] is driven by the following questions, which arise naturally from the results on
smooth Riemannian manifolds and compare analytic and geometric approaches to first

order calculus:
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Question 1 (see also [53]). Under which regularity assumptions on g does (M,dy, g)
satisfy that for any Lipschitz continuous function f: M — R its slope equals the norm of
its gradient almost everywhere, i.c., |Df|(z) = limsup,_,, %ZQ(TJ;(;)' = |V, flg(x) almost
everywhere?

This question has been posed by De Giorgi in [53] as the positive answer would be a
necessary condition for (M,d,, g) to be a quasi-Riemannian manifold, as defined in [53],

see also Definition [4.1.6, A related question:

Question 2. Under which reqularity assumptions on g does the metric speed of “almost

. . S . . dg (e,
every” absolutely continuous curve equal the norm of its derivative, i.e., limy_o % =

1Yely for almost every t € [0,1]7

In this case “almost every” curve is to be interpreted in the sense of test plans, i.e.
probablilty measures 7 on C([0, 1], M) such that for each time ¢ € [0, 1], the “evaluation”
of 7t at time ¢ is absolutely continuous with respect to vol, (see Subsection for the

precise definition).

Question 3. Under which regularity assumptions on g is (M,dg,vol,) infinitesimally
Hilbertian?

This particular question refers back to the original purpose of infinitesimal Hilbertianity

to identify the Riemannian-like structures among metric measure spaces.

It is already known that assuming g € C° is sufficient for the second and third question
to have positive answers (see [25], [L02] and Section [3.3). Moreover, it is known that for
g € C%”and f € O, the slope |Df| of f equals the norm of its gradient [102].

In [132], Sturm proved the following theorem:

Theorem (Sturm). For any Lipschitz manifold M and Riemannian metric g on M such

[eS)
loc»

that g, g~ € L., there exists a Riemannian metric § on M such that §,§~' € L

loc»

dy = dg and such that g < g in the sense of forms.

Sturm embedded this result in the context of diffusion processes, but it indeed shows that
there exist regularity assumptions on Riemannian metrics such that Questions [1] and

may have a negative answer. An example by De Cecco and Palmieri in [52] shows that

o0

. such that on

there exists a non-continuous Riemannian metric g on R? with g,¢g7* € L
a set of positive measure, the tangents are normed spaces with a non-Euclidean norm.

This hints that Question [3 may have a negative answer in low regularity.

Assuming additional T/Vli’f—Sobolev regularity, with growing exponent p, can be seen as
a bridge from L2 -metrics to CO%-metrics. Indeed, for p < p/, it holds W;"*' < W;'?

loc loc loc
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and by the Sobolev embedding theorem, a Riemannian metric g on a manifold M with
g € V[/le if p > dim M, is automatically continuous. This suggests that additional

oc’

Sobolev regularity could be a discriminant for Questions [I] to [3]

In Chapter 4} we discuss a related example to [52] that facilitates the study of infinitesimal
Hilbertianity, and that allows a refinement to demonstrate that in at least 3 dimensions
the above questions still may have negative answers if we additionally assume Sobolev

regularity of the metric tensor.

Questions [1| and [2| are then addressed in Subsubsection [4.2.3.1], where we prove:

Theorem 2. For d > 3, p € [1,d — 1] there exists a d-dimensional manifold M and a
Riemannian metric g on M with g,g~* € L™, g € I/Vlif(M) and such that:

(i) There exists a test plan that gives positive measure to curves for which the metric

speed is strictly smaller than the norm of the derivative for almost every time t €

0,1].

(ii) There exists a function f € CY(M) for which the minimal weak upper gradient and
the metric slope are strictly larger than the norm of the gradient on a set of positive

measure, i.e., |Df|,|Df|, > |Vyflg on a set of positive vol,-measure.

The minimal weak upper gradient | D f|,, is a generalisation of the modulus of the gradient
of functions on metric measure spaces, which is relevant in the computation of the Cheeger

energy and the definition of the synthetic Sobolev space W12

Let us comment on the difference between Sturm’s Theorem, the example in [52], and
our result: Sturm started with a given Riemannian metric g (possibly of low regularity),
which induces the distance d, and then constructed a metric g that has the same distance
but is strictly smaller as a quadratic form. This is achieved by selecting a dense set of
points {z,} and ensuring that g closely approximates g on a set of curves that connect

the z,, to each other.

In [52], the authors construct a Riemannian metric on R? that coincides with the Eu-
clidean metric on a dense set of lines parallel to the coordinate axes and four times the

Euclidean metric on “most” other points. This construction yields Finslerian tangents.

Our approach (see Section is related to the one in [52], with the main difference
that we only use one coordinate direction in which the Riemannian metric is small. We
construct one specific non-continuous Riemannian metric g on R? such that there exist
many points at which short straight lines parallel to the d-th coordinate direction have

Euclidean length and short straight lines in the other directions have (almost) twice the
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Euclidean length. Beyond characterising the Lipschitz slopes of smooth functions and the
metric speed of curves, this behaviour explicitly influences the properties of minimal weak
upper gradients. This relationship is crucial to conclude that the space lacks infinitesimal
Hilbertianity. In particular, this example allows to refine the construction to obtain this

behaviour from a metric g that has additional Sobolev regularity.

Question [3| is addressed in Subsection 4.2.3.2] where we conclude:

Theorem 3. Ford > 3, p € [1,d— 1], there exists a d-dimensional manifold (M, g) with
g,g7' € L and g € VVﬁJCp(M) such that the metric measure space (M,dg,voly) is not

loc

infinitesimally Hilbertian.

We quickly remark that in the case d = 2, our constructions, as well as the one in
[52], allow to deduce statements analogous to Theorems [2| and [3| where we only have
g,9 ' € L™ (see Propositions [4.2.1| and |4.2.6)).

In the following, we present the organisation of Chapter [d In Section 4.1 we discuss how
the Riemannian distance d, is defined if g is not continuous, as done by Norris [107] and
De Cecco-Palmieri [51]. We recall under what assumptions their definitions are equal and
formulate Assumption [£.1.1], that will be assumed throughout the entire chapter.

Thereafter, in Section |4.2] we construct examples where Questions [1] to [3| have negative
answers. We will start with a Riemannian metric g on R?, with d > 2, g,¢g7' € L, that
resembles the example in [52]. We will first quickly comment on Questions |1 and [2] in
Subsection [4.2.1] Thereafter, in Subsection [4.2.2) we will thoroughly study the first order
calculus by Ambrosio-Gigli-Savaré on these spaces and conclude that the space is not
infinitesimally Hilbertian, addressing Question (3| (see Proposition . In Subsection
, we will refine the previous example to a Riemannian metric ¢ on R?, d > 3 such

that g,g7t € LN Wb that proves Theorems [2| and

loc

These results point out that the compatibility of the synthetic and classical first order cal-
culus on manifolds with non-continuous metrics is rather subtle, and not true in general.
Consequently, manifolds equipped with non-continuous Riemannian metrics, even those
satisfying additional Sobolev regularity, require careful treatment, when simultaneously
considering the distributional perspective and the metric measure space framework. In
particular, the result points out that Geroch-Traschen metrics may not induce infinitesi-
mally Hilbertian metric measure spaces showing that the minimal regularity assumptions
to define distributional Ricci curvature are not sufficient for a compatible first order calcu-
lus. If one tried to extend Theorem [I]in at least 3 dimensions to non-continuous metrics,

Theorem [3] indicates that more work than in Chapter [3] would be necessary.
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1.3.3 Infinitesimal Minkowskianity of manifolds with continu-
ous Lorentzian metrics

In the last part of the thesis, we will leave the Riemannian setting and turn to Lorentzian

geometry. Chapter [5|is based on a solo authored paper draft [120].

A vast class of metric measure spacetimes arises from manifolds M endowed with a non-
smooth Lorentzian metric g. They have been studied in [46], 122} [69], 29]. Such manifolds
serve to describe various phenomena from general relativity, examples being the inside
or outside of a star, spacetimes with conical singularities, and cosmic strings ([137], 13§]).
In Chapter [5, we study the case that g is continuous. A physically relevant example
is provided by Penrose’s impulsive gravitational waves (see for instance [I11] and [T
Chapter 20)).

A (d + 1)-manifold M, for d > 1, with a continuous Lorentzian metric g on M that is
time orientable naturally enters the class of metric measure spacetimes as follows: The

time separation ¢,: M? — {—o0o0} U0, c0] is defined as

ly(z,y)

1
= sup {/ ey dt = v € C™([0,1], M), causal and future directed, vo = x,71 = y} )
0

Analogously to the Riemannian setting, the Lorentzian metric g induces a volume measure
that is locally given by dvol, = v/— det gd£%*!. We endow M with the manifold topology

7 inherited by the charts and obtain the metric measure spacetime (M, 7, ¢y, voly).

Both metric measure spacetimes and manifolds endowed with continuous Lorentzian met-
rics can be seen as generalisations of smooth Lorentzian manifolds. Hence, as in the Rie-
mannian case, we aim to study the compatibility between these two approaches. More
precisely, the objective of this chapter is to compare the classical first order calculus on
manifolds with the first order calculus on metric measure spacetimes developed in [16].

This work can be seen as a Lorentzian counterpart to [25] and [102] Section 4] (Section
53)

The main result of Chapter 3] is:

Theorem 4. Let M be a (d+ 1)-dimensional manifold and g be a continuous Lorentzian

metric on M such that (M, g) is a causally simple spacetime. Then the metric measure

spacetime (M, T,0,,voly) is infinitesimally Minkowskian.

This can be seen as a Lorentzian version of Corollary [3.3.15 and [25]. It verifies the
compatibility of the synthetic and the classical first order calculus within a class of man-

ifolds that contains multiple relevant models from general relativity as pointed out in the
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history section. In particular, it can be applied to non-expanding impulsive gravitational

waves, which is relevant to study the Lorentzian splitting theorem in low regularity [103].

The assumption that (M, g) is causally simple is of technical nature. Essentially, strong
causality is relevant to the proofs, see Remark [5.2.3]

While the idea of the proof is similar to the Riemannian one, the Lorentzian setting
contains more subtleties and difficulties. In the Riemannian case, it was sufficient to
compute the minimal weak upper gradient for very regular C'-functions (Subsection
3.3.2)). Thereafter, the rich theory from [7] allowed us to pass to lower regularities and
identify the minimal weak upper gradient of all synthetic Sobolev functions. Such a theory
has not yet been developed in the Lorentzian setting, so more advanced techniques are

required to work with general causal functions.

We refer to Section for the relevant background on synthetic Lorentzian theory after
[16]. In Section we establish some measure theoretic tools that will be required for
the proof of Theorem [l The central result in that section is a Lebesgue differentiation
theorem for singular measures (Lemma which is obtained using the Besicovitch

covering theorem.

In Section 5.2, we study how a manifold with a continuous Lorentzian metric enters
the setting of metric measure spacetimes and compare the first order calculus on metric

measure spacetimes with the classical one.

One first important step towards proving Theorem [ is to verify that for any sufficiently
regular causal curve v: [0,1] — M, and almost every ¢ € [0,1], the causal speed ||
which is almost everywhere given by || = lim,, % essentially coincides with the

Lorentzian length of the derivative ||, = \/—9(%, ). This step is contained in Corol-
lary [5.2.13 and can be seen as a Lorentzian counterpart of [25, Corollary 3.8].

To understand the maximal weak subslope of a causal function, a first relevant observation
is that a causal function f is locally of bounded variation and allows a measure valued
distributional derivative D f. This has been observed in the smooth case in [16] and can

similarly be obtained in the continuous case.

The distributional derivative can now be written as the sum of the singular and the
absolutely continuous part (with respect to the Lebesgue measure on a chart) Df =
DfdL%* + Df*. Using the results from Section allows us to localise away from D f*
so at any point of differentiability of f, we can identify the maximal weak subslope as the
Lorentzian g-norm of the differential of f. The proof is provided in Proposition [5.2.19]
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where it is derived from Corollary [5.2.13] in conjunction with the equality case of the

Lorentzian Cauchy-Schwartz inequality.

This allows to verify the parallelogram identity for weak subslopes and deduce Theorem

2]

1.4 Statement of originality

I declare that all the work in my thesis is my own, except where explicitly stated otherwise.
Chapter [3] contains the results from a joint work with Andrea Mondino. Section [I.3.1]
(part of the introduction) contains an introduction to those results and a summary of the

main ideas.

Chapter [2| contains preliminary definitions and results collected from several standard

references in the field.

All other chapters contain my own work.

24



Chapter 2

Preliminaries

This chapter is dedicated to summarising the basic notions and materials that will be
used throughout this thesis. This includes an introduction to distributions on manifolds,
a summary of the theory on metric measure spaces and synthetic lower Ricci curvature

bounds, and an introduction to first order calculus on metric measure spacetimes.

2.1 Distributional calculus on manifolds with semi-
Riemannian metrics of low regularity

In this section, we recall some elements of the theory of distributions on manifolds,
including the distributional Riemann tensor; for more details, we refer to [69], [75], [82],
and [87].

Let M be a smooth real manifold of dimension n without boundary, and let (F, M, )

be a vector bundle over M. To keep notation short, we will simply write F instead of
(E, M, ).

In this thesis, we will always consider smooth manifolds M and fix a smooth atlas A :=
(Vi; ¥ )a- The definitions and results in this thesis do not depend on A specifically, but
on the smooth structure, i.e., the class of atlases of M that are smoothly equivalent to
A.

For 0 < k < 0o, we denote by T*(M, E) (resp. T*(M, E)) the space of C*-sections (resp.
with compact support). In the case k = 0o, we often drop the superscript to simplify
the notation. We denote 77 (M) := (Q;_, TM) @ (Q;_, T*M) and T := (M, TI(M)).
We will also write X(M) for 7,;'(M) and X*(M) for T,°(M). For some vector bundle F'

and V C M open, we say that a sequence w; converges to w in I'*(V, F') if there exists a
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compact set K C V such that suppw;,suppw C K and Vlw; — V'w uniformly on K for
all [ < k.

We denote by Vol(M) the vector bundle of 1-densities, i.e., the one dimensional vector
bundle with transition functions U,g(z) = |det D(¢5 o ¢;') ()|, where 14,15 denote
local charts into R™. A section w € T'*(M, Vol(M)) is called a test volume. The space of
distributions of order k on M is defined as the topological dual of T*(M, Vol(M)) (see
[75], Section 3.1]), i.e.,

D'® (M) = TH(M, Vol(M))'.
The space of distributional (r, s)-tensor fields of order k is given by
D'WTI(M) := TH(M, T3(M) @ Vol(M))"
It is known that
DT (M) = D'(M) @cnany T (M) 2 Lewary (X (M) x X(M)*; D'(M)),
where the latter denotes the C*(M)-module of C*(M)-multilinear maps from X*(M)" x
X(M)* to D'W(M) (cf. [75]).

Definition 2.1.1 ([87], Action of a vector field on a distribution). For a scalar distribu-
tion T € D'(M) and a vector field X, we define the action of X on T via

(X(T),w)p,p == —(T', Lxw)p p,
where w is a test volume and Lxw denotes the Lie derivative of w in the direction of X.

In the following, we will quickly the results of the discussion in [75], Chapter 3.1.4, as

they will allow is to locally identify distributions on manifolds with distributions on R".

Let (Va, %) be an atlas for M and E be a vector bundle of dimension n’. We denote
by W, : 7= 4(V,) = ¥a(Va) x R the local trivialisations of E and by Gap : Va NVg —
GL(n/,R) the transition functions. For a vector bundle isomorphism ® : £ — F along
the diffeomorphism ¢ : M — N, we define the map &, : T'.(M,E) — T'.(N,F) via
D, :ur> Pouog!and " : T (M, E) — T.(N, F) by (P"T,u) := (T, 'u), where we
wrote @ for (¢1), = (®,)~!. For the local isomorphisms ¥, this yields

UL D (Vi B) = D (da(Va), ™)
(UN(T), u) = (T, (U,) u).

*
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So to any distribution T € D'(M, E), we may assign the family (7,), := VA(T|y,) €
D' (1o (Va,), RY). satisfying

<T7 U’> = <T0t7ua> = Z<Ta i7u2u>7

for supp(u) CC V.

Theorem 2.1.2 ([75], Theorem 3.1.9). Elements of D' (M, E) can be identified with
families (T,)q of distributions T, € D' (1o (V,), R™) satisfying the following transforma-

tion law

T, = (Y, o0 ‘I}EI)A(Tﬁ).

Using a partition of unity, it is now clear that one can localise and reduce the computations

to distributions on R".
The rest of this section is tailored to non-smooth Riemannian metrics.

Definition 2.1.3 ([87], Definition 4.1). A distribution g € D'TL (M) is called a gener-

alised semi-Riemannian metric if it satisfies

g(X,Y)=g¢g(Y,X) in D' (M) and
gX,Y)=0 VY ex(M) = X=0.

In this thesis, we will consider distributional semi-Riemannian metrics with additional

regularity assumptions, that require the following the definition.

Definition 2.1.4. Let M be a smooth manifold, k,s,r € Ny and p € [1,00]. We say
that a distribution T € DT (M) is of regularity VV{Zf(M), if for every local trivialisation
(Va, ¥a), it holds that T, := WA(T)|y,) € D' (¥a(Va), RUTI™) is a reqular distribution and
T, € Wi (o (Va), RO+,

loc

Note that whenever one would like to take a W*P-norm, it will depend on the specific
chart we have chosen. However, the local finiteness does not depend on the chart, as it

is preserved under smooth coordinate transformations.

In order to generalise the Riemann curvature tensor, it is appropriate to consider a Rie-
mannian metric that is locally given as a positive definite matrix such that the coefficients
gi; and the coefficients of the inverse matrix g¥ are both in L2, N H} . (cf. [75, Definition

loc
5.2.1]).
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The class of Riemannian metrics satisfying these regularity assumptions is called the
Geroch-Traschen class [60, 130]. This condition is automatically met if g € C°(M) and
admits L2 -Christoffel symbols (see Lemma [3.2.8)).

In order to define a distributional covariant derivative, one generalises the first Koszul
formula. For smooth vector fields X, Y, Z, one can define V%Y € D'T°(M) via

(VY. 2) = S(X (oY, 2) + Y (9(X, 7)) — Z(g(X, )
- g(X7 [K Z]) - g(Y7 [Xv Z]) _'_g(Z? [X> Y])),

in D'(M). Raising the index gives the distributional covariant derivative VY := (V%Y )

and a computation in local coordinates yields that indeed
(VxY)s = 6 (X*0,Y") 4+ T35 XY in D'(R™).
For a 1-form 6, the distributional covariant derivative is defined via
(Vx0,7) :=X({0,2)) —(0,VxZ) in D'(M),

which, when spelled out in local coordinates, coincides with the classical covariant deriva-
tive of a 1-form. We have all the ingredients to define the distributional Riemann tensor.
Here, it is crucial that the coefficients of the covariant derivatives are in L, as the

expression of the Riemann tensor involves a quadratic term in the Christoffel symbols.
Following the notation of [87, Definition 3.3], we have that

(Riem(X,Y)Z,0) = X(VyZ,0) =Y (VxZ,0) — (NyZ,Vx0)p2
+ <VXZ, Vy9>L2 — <V[X,Y]Z7 @>

in D'(M). All the quantities on the right hand side can be computed locally. Thus, in

local coordinates, the Riemann tensor can be written as

Rl =0T, — oI + Ty, I, — i I (2.1.1)

i kj~ is ki~ js»

in the sense of distributions on R™. Note that in local coordinates, the components of
X,Y,Z and 0 “are part of the test function”. If ¢ is a smooth Riemannian metric, the
expression (2.1.1)) coincides with the classical Riemann tensor (cf. [I12]). For a metric
g with g,¢g~' € L, admitting L} -Christoffel symbols, let e; be a L= N W,>?-local or-
thonormal frame in L>°(T'M). Note that this exists by an argument similar to the proof of
Lemma[3.2.8] For two smooth vector fields X, Y the distributional Ricci tensor evaluated

at X and Y is then locally given by

Ric(X,Y) = Z g(e;, Riem(e;, X)Y).
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It is immediate to check that Ric is a symmetric bilinear form that does not depend on
the choice of e; (cf. [82, [75]) and that can be expressed in local coordinates and the
components are given by

Ricj, = R, = 9,I%, — O;I%, + 5.1 — T3 I (2.1.2)

js>

which coincides with the classical expression in the smooth case. This expression re-
spects smooth coordinate transformations and can hence via Theorem be lifted to a
distribution Ric € D'T(M). We next define distributional lower bounds of the Ricci cur-
vature. We say that a one-density is non-negative if it can be written as ¢vol, € Vol(M)

for some non-negative ¢ € C>°(M).

Definition 2.1.5. Let K € R. We say that a Riemannian metric g with g,g~ € L, and
L2 .-Christoffel symbols satisfies Ric > K in the distributional sense if, for all X € X(M),
it holds Ric(X,X) > Kg(X,X) in D'(M), i.e., for all non-negative test volumes w it

holds,

(Ric(X, X))o = [ Kg(X, X}

We conclude this section by recalling how to perform convolutions on a manifold. Fix
a function p € C®(R") such that suppp C By(0), p > 0, and [, p = 1. Define
p=(z) := Zp(%). For a smooth manifold M, fix an atlas (U, 1) such that (Us), is locally
finite and each U, is relatively compact, and fix a partition of unity 7, subordinate to
the atlas. Choose a family of smooth cutoff functions x, such that supp x, C U, and
Xo = 1 on suppn,. For any tensor T € Li (T7(M)), define

T p-(x Z Xo(2) 05 (Yas (1T)) * pe) (). (2.1.3)

Note that all these computations work similarly for all semi-Riemannian metrics g that

satisfy g, g7 € L, g € VVhI)C2

locy

2.2 Metric measure spaces

We will split this section on metric measure spaces into two parts. First, we recall the
Cheeger energy and the related first order calculus on metric measure spaces. Thereafter,
we will quickly recall the relevant notions on optimal transport to define synthetic lower

Ricci curvature bounds. The structure of this section has been inspired by [102].
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2.2.1 First order calculus on metric measure spaces

In this subsection we recall the generalised first order calculus on metric measure spaces,
as it was introduced by Cheeger in [38] and further analysed by Ambrosio, Gigli, and

Savaré [7].

Throughout the section, (X, d) is a Polish, i.e., complete and separable metric space. The

slope (or local Lipschitz constant) of a real valued function F': X — R is defined by

) |F
DF|(z) := limsup ———%1
IDF|() y—a d(z,y)

if {x} is not isolated, and 0 otherwise.

We endow (X, d) with a non-negative o-finite Borel measure, obtaining the metric mea-
sure space (X,d, m). Throughout the rest of this work, we assume that there exists a
bounded Borel Lipschitz map V' : X — [0, 00) such that (cf. [7, Chapter 4])

V' is bounded on each compact set K C X and / eV dm < 1. (2.2.1)
X

Definition 2.2.1. A curve v € C°([0,1], X) is said to be absolutely continuous if there
exists a g € L'((0,1)) such that for all 0 < s <t <1, it holds d(~,, ) < fstg(r) dr. The

metric speed of an absolutely continuous curve v € C°([0,1], X) is given by

e AV, 1)
e = }g% T’

which ezists for almost every t € [0, 1].

We next recall the notion of test plan and weak upper gradient. We will use the conven-
tions of [63], after [7].

Given a topological space U, we denote by P(U) the space of Borel probability measures
on U. Given two topological spaces Uy, Us, a Borel measurable map 7' : U; — Us, and a
Borel measure 1 on Uy, the pushforward measure Ty p on Us is the Borel measure defined
by Typ(B) = u(T~1(B)) for any Borel set B C Us.

Given a t € [0, 1], the evaluation map e; : C°([0,1], X) — X is defined via e;(7) := ..

Definition 2.2.2. Let w € P(C°([0,1], X)). We say that 7 is a test plan if there exists
a constant C(m) > 0 such that

(er)pm < C(m)m for all ¢ € [0, 1]
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and

1
// 1 |? dtdm () < oo.
0

We use the convention that if v is not absolutely continuous, then fol |4¢|? dt = oc.

Definition 2.2.3. Given f: X — R a m-measurable function, then a m-measurable

function G: X — [0,00] is called a weak upper gradient of f, if

/|f(’Y1) — f(yo)|dm(y) < //0 G(v) || dtdm(y) < oo, for all test plans m. (2.2.2)

We say that f is in the Sobolev class S?*(X,d,m) if there exists G € L*(m) such that

(2.2.2) holds.

The discussion in [7, Proposition 5.9 and Definition 5.11] shows the existence of a weak
upper gradient |D f|,, such that |Df|, < G m-a.e. for all other weak upper gradients G.

We will call it the minimal weak upper gradient of f.

Definition 2.2.4. The Sobolev space WL%(X,d, m) is defined as L* N S*(X) and becomes

a Banach space with the norm
2 2 2
1 vz = 1Az + 11D flwllz2-

For simplicity, we will from now on write W ?(X) instead of W)2(X,d, m).

Definition 2.2.5. The Cheeger energy is defined in the class of m-measurable functions
by

1 2 : R,
Ch(f) = { 5 5 IDfIZdm if f ha§ a weak upper gradient in L*(X,m),
%) otherwise,
with proper domain D(Ch) = {f : X — [0, oo], m—measurable, Ch(f) < co}.

Note that D(Ch) = S?(X,d,m). A metric measure space is called infinitesimally Hilber-
tian if Ch is a quadratic form or, equivalently, if W.1?(X) is a Hilbert space [8,[62]. In this
case, we can define the associated Dirichlet form £: D(Ch)? — R, via E(f, f) = 2Ch(f)
[8, Chapter 4.3].

Proposition 2.2.6 ([§], Definition 4.12 and Proposition 4.14). For any f,g € D(Ch), it

holds
E = G d
(F.9) = [ G(f.g)dm,
where
D 2 D 2
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By the theory of Dirichlet forms (cf. [19]), there exists an associated Laplace operator
A: D(A) — L*(X,m), given by

_/XAfhdm:/XG(f,h)dm.

Here D(A) = {f € L*(m) : Af exists, Af € L*} is dense in L?. Moreover, it induces a
linear semi-group (Hy)s>o, Hy: L*(X) — L*(X) such that H, s = H.Hy, for all f € L
we have that lim; ,o H;f = f, and for all t > 0, we have that H,f € D(A) and %Htf =
AHf. (Hi)i>o is called heat flow semi-group. Write f; for Hy(fo). By [7, (4.26)], we
have that

Ch(f,) < inf {Ch<g) v /X g~ fol?dm: ge D(Ch)} |

Another useful fact is the maximum principle for the heat flow [8, Proposition 2.14]: If
ferl? f<C, (f >C)mae., then Hf <C (Hf > C) mae. in X.

2.2.2 Optimal transport and curvature-dimension conditions

In this subsection, we recall the definitions of several (Riemannian) curvature-dimension
conditions, starting with some elements of optimal transport theory (cf. [5]). As before,
(X,d) is a Polish metric space. Recall that P(X) denotes the set of Borel probability
measures on X. Denote by Py(X) the space of probability measures with finite second

moment:

Pa(X) = {,u e P(X): /d2(x,a:0)d,u(x) < oo for some xg € X} .

For p € P(X) and v € P(Y), we define the set I'(u, v) as the set of all transport plans
v € P(X xY), ie., the set of Borel probability measures on X x Y such that ’/T;é")/ =
and 7@27 = v. Here 7% and 7 denote the natural projections from X x Y onto X and

Y respectively.

For p,v € Py(X), the quadratic Wasserstein distance W3 is defined as

WQ(Ma V) = inf /dQ(ZL‘,y) d’y(l’,y)
YET (1)

The Wasserstein distance W is a distance on Py(X) and turns it into a complete and

separable metric space. Moreover, if (X, d) is a geodesic space, then so is (P2(X), Wa).

Given a metric measure space (X, d, m), we denote by P5(X) C Py(X) the set of measures

with finite second moment that are absolutely continuous with respect to m.
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In order to introduce curvature-dimension conditions, we will need the following distortion
coefficients. For k € R and 6 > 0, let

\/LE sin(+/k0) if k>0,
5.(0) =< 0 if k=0,
ﬁ sinh(v/=k#6) if k <0.

5e(t0)  if 02 # 0 and k6? < 72,

® >0
o (0) =1 ¢t if k9% =0, (2.2.3)
+oo if kO? > 72
(t) 1, N1
For K € R, N € [1,00), denote 7,/ (0) := ¢~ (o)) y_1)(0)) ¥ -

Define the convex and continuous function U, on [0, 00) as
Uso(2) 1= zlog(z).
The Boltzmann-Shannon entropy functional £,: P(X) — R U {400} is defined by

Jx Uss(p)dm, if p < m, with g = pm and Uy (p) € L'(X, m)
oo, else.

ut) = {

Next, we recall the synthetic notion of Ricci curvature bounded below for a metric measure
space, pioneered by Sturm [133, [134] and Lott-Villani [92]. For the finite dimensional case,

we will mainly use the reduced curvature-dimension condition of Bacher-Sturm [12].

Definition 2.2.7. We say that a metric measure space (X,d,m) has Ricci curvature
bounded from below by K € R provided the functional Ex: P(X) — RU {400} is K-
geodesically convex on (P$(X), Ws), that means that for any uo, gy € PS(X), there exists
a Wasserstein geodesic (ji)icpo,1) such that for all t € [0, 1],

Exclpe) < (1= D)Euc(pt0) + 1Eclrm) — 5 H(1 = 1)VW3 o, 1),

In this case we say that (X,d, m) satisfies the curvature-dimension condition CD(K, o),
or that (X,d,m) is a CD(K, 00)-space.

Definition 2.2.8. Given two numbers K € R and N € [1,00), we say that a metric
measure space (X,d, m) satisfies the curvature-dimension condition CD(K, N) if for each
pair po, 1 € PI(X), there exists an optimal transport coupling v and a Wasserstein
geodesic (fty = pm)scpo,1) C Ps(X) connecting pig = pom and py = pim such that for all
t€[0,1], N' > N, it holds

/ptN, i Z/ [Tf(g’;)(d(xo,xl))PO(xO)_% + i (d (o, 1)) pr (1) ™3 | dy(o, 21).
X XxX
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We say that (X, d, m) satisfies the reduced curvature-dimension condition CD*(K, N) if
for each pair pg, 1 € PI(X) with bounded supports there exists an optimal transport
coupling v and a Wasserstein geodesic (p = pm)ic1) C PS(X) connecting prg = pom
and py = pym such that for all t € [0,1], N' > N, it holds

_ 1 _ 1
/ pp N dpy > / [og/]\t,),(d(xg,ml))po(wo)_% + Ug)/N,(d(:co,xl))pl(xl)_ﬁ]d'y(xo,xl).
be XxX

In order to single out the “Riemannian” like structures of the “possibly Finslerian” CD
spaces, Ambrosio-Gigli-Savaré [§] (see also [6]) in the N = oo case, and Gigli [62] in the

N < oo case introduced the Riemannian curvature-dimension condition.

Definition 2.2.9. Let K € R. We say that (X,d, m) satisfies the Riemannian curvature-
dimension condition RCD(K, 00) if it is infinitesimally Hilbertian and if it satisfies the
CD(K, o0)-condition.

For N € [1,00), we say that (X,d,m) satisfies the Riemannian curvature-dimension
condition RCD(K, N) if it is infinitesimally Hilbertian and if it satisfies the CD(K, N)-
condition. We say that (X,d, m) satisfies the reduced Riemannian curvature-dimension
condition RCD* (K, N) if it is infinitesimally Hilbertian and if it satisfies the CD*(K, N)-

condition.

Remark 2.2.10. In the case of weighted Riemannian manifolds with continuous metric

and continuous weight, the resulting measure will always be o-finite in which case the
RCD*(K, N) and RCD(K, N)-condition coincide, see [32, [90)].

Let us recall the following useful results:

Lemma 2.2.11 ([55], Lemma 3.2 and Theorem 3.17). If the metric measure space
(X,d, m) satisfies the RCD*(K, N)-condition, then it also satisfies the RCD*(K', N')-
condition for any K' < K and N' > N. Moreover, it satisfies the RCD(K, co)-condition.

Theorem 2.2.12 ([8], Theorem 6.2). Let (X,d,m) be a RCD(K,o00) space and f €
WL2(X). Then

[DH: )L, < e (HIDSLL).
Remark 2.2.13. By [135, Theorem 4.24], the condition (2.2.1)) is automatically satisfied

in every CD(K, 00) space, by choosing the function V: X — R, V(z) := Cd(x,z) for a
sustable C' > 0 and any base point ry € X.
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2.3 Calculus on metric measure spacetimes

This section contains an introduction to one approach to synthetic Lorentzian geometry:
metric measure spacetimes. We will briefly summarise relevant aspects of the theory on
metric (measure) spacetimes following [16]. When working in the synthetic Lorentzian

setting, we will adapt the infinity conventions from [16] which are given by

+00 — (400) := 400,
—00 — (—00) := +00,

+o0 + 2 := 400, for z € [—o0, +0o0,
(00) -0 := 0.

Given a set M and a function £: M x M — {—o0} U [0, 00], we call £ a time separation
if for all z,y, 2 € M it holds

Ua,2) =0, min(l(z,y) + ((y, =), Ly, 2) + . y)) < Oz, 2).
Define the transitive relations chronology < and causality < via
<= 071(0, +00]), <:=£7Y([0, +o0]).

We call a subset A of M achronal, if no two points in A are related by <.

Definition 2.3.1. We call (M,{) a metric spacetime if £ is a time separation and < is
a partial order. We call (M, T,¢) a Polish metric spacetime if 7 is a Polish topology on
the metric spacetime (M, () and if {¢ > 0} is a closed set in M?.

Definition 2.3.2 ([I6], Definition 3.1). A function f: M — R is called a causal function
if [ is causally order-preserving, i.e., for all points x,y € M with x <y it holds f(z) <
f(y). We denote by Dom(f) the domain of f, i.e. the set of all x € M such that f(x) is

a real number.

Definition 2.3.3 ([16], Definition 2.26). A map v: [0,1] — M is called a left continuous
causal path if it s causal, i.e., for s <t it holds vs < v, and left continuous, i.e., for all

t € (0,1] the limit v := lim, ~ vy, exists and equals y,. The space of all left continuous
causal paths is denoted by LCC([0, 1], M).

Lemma 2.3.4 ([16], Lemma 3.2). Every causal function f has a representative that is

continuous outside a countable union of achronal sets.
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Definition 2.3.5 ([16], Theorem 2.23 - Definition 2.25). Let v: [0,1] — M be a causal
path. Then there exists a mazximal Borel measure |%| on [0,1] such that for all 0 < s <
t <1, it holds |%|([s,t]) < (vs,V). Denote its Lebesgue decomposition with respect to
LY as |4 = |Y|LY + |4, Then, the function || is called the causal speed of «y. It is for
almost every t € [0, 1] given by

‘ (
4| = lim (Vi%) — lim (%_’%). (2.3.1)
st t—s s\t s—t

Definition 2.3.6 ([16] Definition 2.48). A metric measure spacetime is a quadruple
(M, 7,0, m), where (M, T,{) is a Polish metric spacetime and m a non-negative and non-

zero Radon measure on M.

For t € [0, 1], the evaluation map e;: LCC([0, 1], M) — M is, analogously to the metric

case, defined via e;(y) := .

Definition 2.3.7 ([16], Definition 3.7). A measure w € P(LCC([0, 1], M)) is called a
test plan if it has bounded compression, i.e., if there exists a constant C' > 0 such that
for all t € [0, 1] it holds

(er)pm < Cm.

Definition 2.3.8 ([16], Definition 3.11). Let (M, 7,¢,m) be a metric measure spacetime
and f : M — R a causal function. A Borel function G : M — [0,00] is called a weak
subslope of f if for every test plan = € P(LCC([0,1], M)), it holds

/ Fn) — fo)] dre(y) = / / G ()] dtd (). (23.2)

By Theorem 3.14 in [10], there exists a unique weak subslope G that is no smaller than

any other weak subslope. We will call it the maximal weak subslope and denote it by

|df].

Definition 2.3.9 ([16], Definition 1.4). We call (M, T, ¢, m) infinitesimally Minkowskian
if for any two causal functions f,q: M — R, it holds

21d(f + g)* + 2|df* = |dg|* + |d(2f + g)]* m — ae. (2.3.3)

Given a test plan 7, we denote by p, the density of the pushforward of the measure
|¢|dm(y)dt under the “full” evaluation map e(y,t) = 7. Define Vis, := {pr > 0}.
We define Vis(M) as the essential union of the sets Vis,, as 7 varies over all test plans

(see [68], Proposition 3.1.9]). We will use that a property holds m-almost everywhere on
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Vis(M) if and only if it holds m-almost everywhere on Vis, for every test plan 7r. Finally
denote Invis(M) := M \ Vis(M).

Lemma 2.3.10 ([16], Lemma 3.19). Let (M, 1,¢,m) be a metric measure spacetime and
A C M be an achronal set. Then m(A \ Invis(M)) = 0.

Lemma 2.3.11 ([120]). Let (M, 1,¢,m) be a metric measure spacetime and f be a causal
function. Then for m-almost every p € {|f| < oo} N Vis(M) = Dom(f) N Vis(M), there
exists an open neighbourhood U of p such that m(U \ {|f| < co}) = m(U \ Dom(f)) = 0.

Proof. By Lemma , we can find a representative f of f and achronal sets {Ap}nen
such that f is continuous outside J, oy An. We will from now on write f for f' . Now
Lemma [2.3.10] yields that m-almost every point in {|f| < co} NVis(M) is in F := {|f| <
oo} N Vis(M) \ U,,eny An- Pick a point p € F. As f is continuous and finite at p, we get
that there exists an open neighbourhood U of p such that f is finite on U. O]
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Chapter 3

On the equivalence of distributional
and synthetic Ricci curvature lower
bounds

This chapter is based on a joint paper with Andrea Mondino [I02]. For an introduction
to these results, we refer to Subsection [1.3.1, As mentioned in the introduction, the main

result is the following equivalence:

Theorem 1 (see Theorem [3.6.3)). Let M be a smooth manifold, g a continuous Rieman-
nian metric with Christoffel symbols in L3, and V € CONWL?(M) a function on M.

Define the weighted measure pu as du = e~Vdvol,. Let N € [n,00] and K € R. The

following are equivalent:
(i) (M,dy, p) is a CD(K, N) space.

(ii) The distributional Bakry-Emery N-Ricci curvature tensor is bounded below by K
and Assumption |3.6.1 is satisfied.

We quickly remark that, for C°-Riemannian metrics, the natural class of differentiability
of the manifolds is C'. However, by a classical result of Whitney [142] (see also [106,
Sect. 4]), a C''-manifold always possesses a C°°-sub-atlas, unique up to diffeomorphisms;

we will choose some such sub-atlas whenever convenient.

Notation

Consider a smooth manifold M. When equipped with a Riemannian metric, we will
always denote the metric by g. Moreover, we denote by d, the distance and by vol, the
volume form induced by g.

In local coordinates g;; will denote the coefficients of g as a matrix, g¥ the coefficients of
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the inverse matrix, and |g| the determinant of (g;;);;. We will write I' for the Levi-Civita
connection of g and denote its coefficients by I‘fj In this chapter, we will use the Einstein
summation convention.

The covariant derivative with respect to I' will be denoted by either V or V., with the
only exception that Vf = ¢“9;f0,; = (df)* always denotes the gradient field of f and
never its covariant derivative (which in that particular case equals the differential df).
For a vector field V' and a differentiable function f, we define V(f) := df (V') to be the
action of V on f. For a vector field V and a k-form w € QF(M) on M, where k > 1, we
denote by tyw € QF1(M) the contraction of the first entry of w with V.

Given a topological Hausdorff space X, we denote by Meas(X) the Banach space of
finite Radon measures on X equipped with the total variation norm ||-||;. Given a
finite dimensional vector space V' with an inner product (-,-), we denote by | - |gs the

Hilbert-Schmidt norm on the space of linear operators on V.

3.1 Some regularisation results and their application
to Sobolev Riemannian metrics

In this section, we present some variants of the convergence results obtained in [69,
29], which will be key to obtain LP-convergence of the Ricci curvature tensor under
regularisation of the Riemannian metric. More precisely, we will follow the strategy of
[29, Lemma 3.3] with the following difference: we will work with LP-functions instead of
locally Lipschitz functions, and we will keep track of the exponents. The following lemma

generalises [069, Lemma 4.7] to the LP-case.

Lemma 3.1.1. Let f € L (R™), for some p € [1,00). Let p € C(B§*(0),[0,00)) be

loc

a rotationally symmetric standard mollifier and define pe(x) := = p(£). Then, for any
compact set K C R"™, it holds that

elldjpe * fllppry = 0, ase— 0.

Proof. Note that, for any constant ¢ € R, integration by parts gives that 9;p. * ¢ = 0.
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Hence, using the definition of p., Jensen’s inequality, and Fubini’s theorem, we get that

5</K |0;p- *f!p>; = 8</K ) /BE(O) 0ipe(y) (f(y — x) — f(x))dy’pd:z:>’l’
= (L1, w2 01— ) ')’
<cw( [ 5 [ or(2)rse - - F@)P dydz)”

1

<5 [ [ 1= s )

The last integral converges to 0, since

lin (1 = = )| ogaey = O

[]

Lemma 3.1.2 (A Friedrichs type lemma). Let p € [2,00) and a € C° N W.LP(R™) and
feL? (R"). Then, for any compact set K, it holds that

loc
@ % p)(pe % ) = po (@Dl = 0 ase— 0.

Proof. We will proceed as in the proof of [69, Lemma 4.8], see also [47, Section 2|. Fix

a compact set K. We need to estimate the L% (K)-norm of

he(z) = ((af) * 0jpc — (Ojp= * a)(f * p) — (p= * a)(f * Djp.))(x)
= (((a —a(@)(f = f(x))) % jp:) (x) = ((a* 9;p)((f — f(x)) * p:)) (2)

N 7 N 7
-
)

Fy(
= (((a = a(@)) * po)(f  9p:)) ().

(z)

=:F(x)

Notice that the second line follows by the fact that ¢ * p. = ¢ and ¢ * 9;p. = 0, for every
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constant ¢ € R. We start by estimating F}.

SAIN)

1Rl = (10 = al@) (£ = £@)) +030.) (@) o)
(LI, (et =~ a9 = 1) oty
= (LI [, 206 @~ s oY)

)i

< cm) /K . / et = = a5t =)= 1) 0(2) P tts)’
(5 [ e =0 e — = )| asiy)
C(n, p) 8—n /B » /K )g(a(x—y)—a(x))‘pdxdy);
(& [, [l == st asas) )"
It is a classical fact of Sobolev functions that
o o |t =) @) sy < CoNTall e 1

Indeed, by the density of C'-functions in W7, we can assume without loss of generality

that a € C*. Using the fundamental theorem of calculus, Holder’s inequality, and Fubini’s

theorem, we estimate:

1 1 1 1 [l
_/ / ‘—(a(m —y) — G(I))’pdxdy < —/ / ’— Va(x — ti)dt‘pdxdy
€" JB.(0) JK '€ e" Jp.o) Jx '€ Jo Yl

1 p—1 [yl
< —n/ u// Va x—t%)‘pdtdxdy
p—1  rlyl
<i |y| / / ‘Va :c—tl | ‘dxdtdy
<L / —||Va|| oy y < COVIVal s e,

proving (3.1.1)). Hence, for € < 1, we get that

p 3\ 5
||F1|| (TL p)”vaHLP(Bl (K)) E”/ 0)/ ‘ rT—1Y)— ))‘ dl’dy) >
< C(n, )1Vl o g 10y (Isup I = (- y>u§pm)p =0,

y|<e
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as ¢ — 0. Furthermore,

15l < 160 % 030 e ICCS = 5 % )
< I¥allinien ([ | [ o0 =0) = snnf )"

< el (| o0 [ |60 =)= ) 'an)

< 190l (3102 17 = £ = )" =0
Yy|s¢e

as € — 0. We next estimate Fj5. To this aim, we start by estimating

(@ = a(@)) * pell ogae) = (/K ‘ /BE(O) p-(y)(a(x —y) — a(x))dy‘pdx>;

<(| [ pwlels =) - aa)Pdys)’
K JB.(0)
~([ 0w [ lalw ) - a@pPdady)”. (3.12)
B:(0) K
For |y| < e, it is a classical fact for Sobolev functions that
([ atw =) = at)Pde)” < 10l 15, (3.13)

Indeed, by the density of C'-functions in WP, we can assume without loss of generality
that a € C'. Denote v = ﬁ € R". Using the fundamental theorem of calculus, Holder’s

inequality, and Fubini’s theorem, we estimate:

ly]
/| a(r —y) —a(x) ]pdx /’/ Vax—tvdt’ dac)
Iyl 1
/|y\p1/ ]Va]p(x—tv)dtdx)p
K 0
Iyl 1
< (8p_1/ / |Va|p(x—tv)dxdt>
o Jk
. lyl » 1
< (@ [ IVl ey ®)” < Al

Combining the estimates above with Hélder’s inequality, we obtain

1E5ll 5 gy < @ = a(@)) * pell Loy 1906 * fll o < €Vl o, (10 10502 * fll o = 0,

as € — 0, by Lemma [3.1.1} O
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Lemma 3.1.3. Let p € [2,00), a € CONWP(R™) and f € LP (R"™). Let p. be as in the

loc loc

previous lemma. Let a. € C®(R"™) be such that a. — a locally uniformly and in WP,

loc ?

moreover, assume that, for each K C R™ compact subset there exists C'x > 0 such that
|as — aHLp(K) < Cke. (3.1.4)
Then, for any compact set K C R™, it holds that
Has(Ps * f) — Pe * (af)le,g(K) — 0, ase—0.
Proof. Write

ac(pz * f) = pe ¥ (af) = (ac = pe ¥ a)(pe * f) + (p= x a)(p= ¥ [) = pe x (af) .

N J/ N
—~ —~

() (I1)

We only need to estimate the W!'P-norm of term (I), as Lemma yields the desired
estimate for term (I7). Write

0j((ac — pe x a)(pe * f)) = (0j(ac — pe * a))(pe * f) + (ac — pe * a)(9;(pe * f)).

We start estimating the first term:

1(95(ac — pe * a))(pe * f)HL%(K) < [|9;(ac — pe = a)HLp(K)H(/)e * f)HLP(K)
< (1185(ac = a)ll pogsey + 195(a = pe * @)l o)) (o= % Fll 1oy = 0,

as € — 0. Moreover, for the second term, we use the assumption (3.1.4) together with

(3.1.2) and (3.1.3) and get that
las = (@ % p)ll oy < llae = all ey + lla = (a % pe) || o) < C(EK e

Hence,

(@ = pe % a)(@;(pe * D)l 5 10y < 1@z = P2 % O a1 502 % )| i
< Crell(@(p=* ll pogsey = 0,

as € — 0, by Lemma [3.1.1} O]

Let us point out the subtlety that af is not in W%, however, the above result tells us that
the approximations are close in W%, which includes a higher level of weak differentiation

than one would expect from the mere assumption that f is only in LP.

We will now apply these results to Riemannian metrics g € CONW,5”, for some p € [2, 00)

to obtain a statement on the behaviour of the Ricel curvature tensor under mollification.
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Proposition 3.1.4. Let M be a smooth manifold and let g be a Riemannian metric of

reqularity g € WP (in the sense of Definition , for some p € [2,00). Then, for
each compact set K C M, it holds

|Ric[g:] — pe * RiC[Q]HL%(K) — 0, ase—0. (3.1.5)

Proof. Fix a compact set K C M. Using a partition of unity, we may assume that K is
contained in one coordinate patch. Through Theorem [2.1.2] we can use the pushforward
with a coordinate map ¢ : V' — R"” for some V O K and work with distributions on R".
To simplify the presentation, we will now write K,V for ¢(K), (V) C R" and Ric for

U Ric € D'(V,R"") with a slight abuse of notation.
Note that as g is continuous, we get that g-! — ¢g~! locally uniformly and in WP, The

loc
inverse of the metrics are given by
1 _ adj(ge) ; _ adj(g)

= and g~ = .
Je detg. ’ g det g

Now, det : R"*" — R and adj : R™*"™ — R™" are (componentwise) polynomials. The
locally uniform convergence of g. to g ensures that det(g.) is bounded away from zero and
that all components of g. are bounded on K for ¢ small enough. It follows that the map
Inv: A € Gl(n,R) C R™" — A~! € Gl(n,R) C R™" is locally Lipschitz continuous on
the set {g.}.~0 U {g} C C°(R™,R™"). The local Lipschitz constant depends only on n,
the lower bound of det and the upper bound on the components on K. Hence, we have

that there exists a constant cx > 0 such that
lg- (z) — g7 (2)| < cxlge(x) — g(z)| for all z € K. (3.1.6)

Using that g. = p. * g together with g € I/Vlif and (3.1.3), it follows that there exists a
constant Cx > 0 such that

lg=" = 97|, < Cke. (3.1.7)
Recalling (2.1.2)), it suffices to prove that for each i, j, k, 4, j/, k', it holds

Tlgelly — pe x T — 0 in W (K), and (3.1.8)
T(g:15T(g:157 — (pe = T5) (pe + Tly) — 0 in LE(K). (3.1.9)

Note that each Christoffel symbol I' is a sum of products of the inverse metric and a
derivative of the metric, i.e. T'[g.] ~ g-'Dg. and p. * ' ~ p. x (g7 Dg). Then, (3.1.9)
follows from the fact that both g-'Dg. and p. x T ~ p. * (g~ Dg) converge to g~*Dg in
L2(K). Using Lemmawith a=g"' a =g-" and f = Dg, we obtain (3.1.§). This
finishes the proof. O
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Remark 3.1.5. As noted after Lemma[3.1.5, the conclusion of Proposition [3.1.4] is re-
markable as Ric[g] is not a reqular distribution and not in L%, yet the two approzimations

. p
are close in Lz.

3.2 A weak formulation of Bochner’s formula for met-
rics of low regularity
3.2.1 Smooth calculus on manifolds

In this subsection, we will recall some basic calculus concepts from smooth Riemannian

geometry. More details can be found in [112].

Lemma 3.2.1. Let g be a smooth Riemannian metric on M and f, h be smooth functions

on M. The following equations hold in local coordinates:

(i) Vf=g"(0:f)0un.

(ii) vol, = v/]glda" A ... A dz™.

(i) Af = 0,990f +9905f + 30x(97'0:9)9"0if = —=0i(V/ 191970, ).

(iv) (Vf,Vh), = ;fg"d;h.
Note that these expressions still hold for g € C°(M), Ffj € L2 _. The Hessian is given by

Hess f(Oyi, 0ps) = O3y f — 15,0 f.

For all smooth functions ¢, h, and f, it holds

2Hess f(V), Vh) = (V¢,(V [, Vh)g)g + (Vh, (V[ VP)g)g — (V[ (Vh,Vd)g)g. (3.2.1)

Now let X be a smooth vector field and w a smooth 1-form. Then the musical isomor-
phisms f : T"M — TM and b : TM — T*M are defined via

X°(Y)=(X,Y),, and w(Y) = (&, Y),,

for all vector fields Y. Note that the musical isomorphisms come from the smooth setting,

but also make sense for CY-Riemannian metrics.
3.2.2 Bochner’s formula for vector fields on smooth weighted
manifolds

In this subsection we briefly recall the generalisation of Bochner’s formula to the case
of a smooth weighted manifold. Denote by Ay the Hodge-Laplacian and recall that for
feC®(M) it holds Ay f = —Af. Then:
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Proposition 3.2.2. For a smooth manifold M with a smooth Riemannian metric g and
any smooth vector field X, it holds

1
—§AH|X|2 = —((AgX")", X) + | VX |is + Ric(X, X). (3.2.2)

Now let (M, g) be a smooth Riemannian manifold and let 1 be a measure on M such that
dp = h2dvol, for a smooth and positive function h. As usual, we write for a C''-function

u, that (Vu)" = ¢g”0;u. We can now define the associated divergence operator div, by

1 | | T
divu(X) = 5div(h?X) = - (hQ&-XZ 4 2hOhX + §h2XZtr(g—1aig)) (3.2.3)

and the weighted Laplace operator A,

1 2(Vh
A, =div, oV = —div(h’V) = A + —<V ’v>.
h? h
The divergence operator satisfies
| s dn=- [ X(an (3.2.4)
M M

for any function f € C2°(M) and any smooth vector field X. It then follows that for
u,v € C*°(M) such that u or v are compactly supported, we have that

/uAuvdu:—/ <Vu,Vv>gd,u:/ Ajuv dp.
M M M

Sometimes it is notationally convenient to write h? = e~V for some smooth function V.

Definition 3.2.3. Let N > n and V, h as above. The generalised Bakry-Emery N-Ricci
tensor is defined by

1
Ric, v = Ric + V*V — ——VV @ VV.
N—n

In the case n = N, we use the convention that the only admaissible V' is constant. For

N = o0, we get

Ric,, « := Ric + V?V = Ric + Hess[—2log h].
We will now generalise the Hodge star operator and the codifferential to this setting.
Recall the Hodge star operator * : QP(M) — Q""P(M) in a Riemannian manifold without

weight, where %/ is defined via a A = (a, B)vol, for all & € (M. This shall motivate

our next definition.
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Definition 3.2.4. The weighted Hodge star operator x,, : QP(M) — Q""P(M) is defined

as h?x, where * denotes the classical Hodge star operator. It satisfies

« /\ *,uﬂ = <Oé, ﬁ>g:u7
where we interpret the n-form o A x,3 as a measure on M.

It directly follows that for all p € {0,...,n} and 5 € QP(M), it holds

*;16 = %! <%5) .

As in the unweighted case, we get that 6, := (—1)? *;1d*M is adjoint to d in the L?(M, u)-

inner product, i.e.

[ @adhydn =17 [ (@t an i
M M
for all compactly supported (p — 1)-form a and p-form S.

Definition 3.2.5. The above operator 6, : Q*(M) — Q*~Y(M) is called the weighted
codifferential. We denote by A, g @ Q*(M) — Q°(M) the weighted Laplace-Beltrami
operator, which is defined by

App = d6, + 0,d.

We now aim to generalise (3.2.2)) to the weighted case. In local normal coordinates, we
can compute that
1

1 1 1
5 Aualal = SAulal* = SAlal + ¢

1 2
<Vh, V|a]2> = _iAH|a’2 + Eﬁjhak(?jak
and

Ric, (0%, o) = Ric(a?, o) + Hess[—2log h](a?, of)
<h8]?k,h - ajhakh)
h? '

= Ric(a?, o¥) — 2a;qy, (3.2.5)

Finally, we get that

2 2 20h
—<0¢, AM7HQ> = —<Oé, AHoz> + ﬁ(@h@akak — 8khaj0ék0zj> + EGjakﬁkhaj + 8j ( ; ) 697187

2 2 2
= —<Oé, AHOé> + Eajhajozkak - Eﬁkhﬁjakaj + Eﬁjakakhozj + OékO{jHQSS[2 IOg h]k]
2
= —<Oé, AHOé> + —
h

Recalling (3.2.2)), this yields

0;h0;a, + agojHess[2log hly;.
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Proposition 3.2.6. Let (M, g, i) be a weighted Riemannian manifold with smooth metric

and smooth weight. Then, for every smooth 1-form «, it holds

1 :

In other terms, for every smooth vector field X, it holds

1 .
S Aunl X = —(X, (Aun X)) + Ricuoo (X, X) + [VX[hs.  (326)

3.2.3 A Bochner formula for weighted manifolds of lower regu-
larity

We can generalise Definition to the distributional case:

Definition 3.2.7. Let M be a smooth manifold and N € [n,o0|. Let g be a C°-
Christoffel symbols and let h € CO(M, (0, 00))NW,22(M),V €

Riemannian metric with L} o

loc

CONWEA(M) such that h? = eV, We define the distributional Bakry-Emery N-Ricci-

loc

curvature tensor of the weighted manifold (M, g, h*vol,) as

1
Ric,,x = Ric+ V2V — mvv ®VV e D'T,. (3.2.7)

The case N = 0o can also be rewritten as:

Ric,, « := Ric — 2Hess[log h] € D'Ty. (3.2.8)

In the following, we will integrate by parts, to get a version of Bochner’s formula that
only involves first derivatives of g and h. First we make the following useful observation:
Assume g to be a smooth metric on the manifold M. Then the Christoffel symbols (of
the second kind) are given by

1
F?j = §gkl(8igjl + 0j9a — O1gij)-

We can recover the Christoffel symbols of the first kind by multiplication with g, i.e.
1
Lijo = 5(@9]'1 + 0j94 — 019i5) = glkffj =9(V5,0;,0). (3.2.9)
Now note that
(Car + Tjii) = 9igi5- (3.2.10)

This follows directly from the definition of the Levi-Civita connection, hence the last
identity holds in a weak sense for the distributional Levi-Civita connection for g of lower

regularity. More precisely:
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Lemma 3.2.8. Let g be a C°-Riemannian metric such that g admits L} .-Christoffel
symbols (of the second kind). Then g € W22(M).

loc

Proof. As g isin O, it follows from (3.2.9)), that the Christoffel symbols of the first kind
are in L2 _ as well. Then using (3.2.10)) integration by parts and the linearity of the

Christoffel symbols of the first kind in terms of g, we get that all partial derivatives of g
O

T2
are in L.

Recall that (3.2.6) holds on a smooth manifold. Using that for functions A, = —A, g
and testing with a function ¢ € C°(M), we obtain

1
[ (5AUXP ~ (3P, X) + [VXP + Ry (X. ) ) o =

We will again integrate by parts, where necessary, to spell this out in local coordinates.
By potentially using a partition of unity, we can assume that ¢ is supported in one

coordinate patch. We have that
1 ) 1 )
[ 3V onan = [ —5aupxPodu
and
/M Ric,, 00(X, X)pdu = / XIXH(@,I0, — 0,8, + Ty Th — T3 T )oh?y/|gl da’ ... da”
+2 / X7 X®(0;hokh — hd%h + hoshLs;) 64/ |gldat . .. da™
- / XIXH(T; TP, — T3 T )oh*y /gl da’ ... da"
- / % 0,(X Xk ph?/|g]) da’ ... da"
+ / 20X X oh*/|g]) da' . .. dz"
+ Q/XjX’“(ajhakh + ho,hTy,) o/ |gldzt . . . da"
+2/ajhak(Xijh¢\/E)dxl...dx".

The above holds for any smooth g and h. Using that each function h € C° N W= and

loc

each metric g € C° with L2 -Christoffel symbols can be approximated in the C° N W,

loc

topology by smooth objects, we get:

Proposition 3.2.9. Let M be a smooth manifold, g a C°-Riemannian metric with L3
Christoffel symbols and h € C°(M, (0,00)) N WE(M),V € C° N WL(M) such that

loc
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h? =e V.

Then, for every smooth vector field X, it holds:

1
—iAM|X|2 —{((AgX°)" X) + [VX|? + Ric, oo(X, X) =0 in D'(M). (3.2.11)

For what will come next, it is convenient to investigate the other terms of the formula

more closely:
(ApX")", X)) = [dX°] +16,X°)2 = |dX°)? + |div,(X)|? in D'(M).
Note that if locally X = X*0,; then X" = g;; Xdx? and hence

dX’ = d(g;; X da?) = Ox(g;; X" )dx" A da? = Z(ﬁk(gini) — 9;(ginX"))dx" A da?.
<k
It follows that
(X2 =37 5" ¢ " (Ol X7) = 039 X")) (O (9 X7) = 4(gym X7)).
<k l<m

We also know that

2
vy () = - (R0XT + 200X + 212X r(g'0,9))

I
Recalling Lemma [3.2.8] and arguing by density, we get that the following formula holds

for all g € C° with Ll200 Christoffel symbols, all ¢ € C? N W,5?(M) and all positive
heCONWLh(M):

loc
/Xij Ly re, — Ty TP ) oh?/|gl da' .. da” — /F?kap(XijqﬁhQ\/\g\)dxl . .da”
+ /ngaj(XijqﬁhZ\/ lg|) dat ... dx"
+ Q/ij’f(ajhakh + ho;hLy; )0/ |gldat ... da™ 42 / 0;hOK(XI X hon/|g|)dat . .. dz"
1
=3 /(V|X|2,V¢>gh2\/|g| de' ... da"
1 2 \ 2
/Z Zgﬂ E (O (95X - aj(gikXi))(am(gplXp) - 8l(gmep))(bh2 Viglda!. .. dz"

J<k l<m

- / ( 3 (02X + T, XP)(9,X + T3,X%)g gsr> oh2y/]g] da? . (3.2.12)

17.77,,17‘9
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3.3 First order calculus

In this section we recall the definition of the first order quadratic Sobolev space H?, using
local charts and distributional weak derivatives. Thereafter we will show that in the case
of a manifold M with a C°-Riemannian metric g, the synthetic Sobolev space W.2(M)
(as defined in Section coincides with HZ. The results will be useful in the establishing

the equivalence of distributional and synthetic Ricci curvature lower bounds.

3.3.1 L? and Sobolev spaces on weighted Riemannian manifolds
of low regularity

In this subsection, we recall the language of Sobolev spaces on manifolds. We will sum-
marise facts from [77, Ch. 2], adapting to the case of weighted manifolds of low regu-
larity. Let (M, g) be a Riemannian manifold (with ¢ a smooth metric for now). Let
h: M — (0,00) be a C°-function and define the measure p via dp := h*dvol, . For an
integer k > 0 and u € C°°(M) define V*u to be the k-th covariant derivative (Vou := u).
Notice that V¥u is a (0, k)-tensor. We will only be interested in the cases k < 2, so we

write down the explicit formulas for the covariant derivatives in local coordinates:
(Vou); = (du); = Ou  and  (VZu)y; = Ou — T'l0ku.
By definition, we have that
Veul? = g™t g™ (Vi) i (VEw)j, g

where 7y < ... < i, and j; < ... < jg. Let p € [1,00). Denote by C% (M, u) the space of
smooth functions u € C*(M) such that |Viu| € LP(M, p) for any j =0, ... k.

Definition 3.3.1. The Sobolev space Hi (M, p) is the completion of Cy.(M, ) with respect

to the norm
k 1
. P
ol =3 ([ 192Pan)"
j=0 M
Proposition 3.3.2. HZ(M, 1) is a Hilbert space with the inner product

k
(u,v) = /M ("7 ... g (VT u)s, i, (VI0) ) B dvoly,.
m=0

Note that the inner product induces an equivalent norm on H2(M, u). In the case p = 2,
we will work with the norm induced by the inner product. We can generalise these

definitions to the following:
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Definition 3.3.3. Let s,r > 0 and p > 1. Define C}(T7 (M), ) the space of smooth
sections w € T (M) such that |Viul, € LP(M,p) for j = 0,...,k. The Sobolev space
HY(TI (M), ) is defined to be the closure of Cy(Tr (M), i) under the norm

k 1
. p
HUHH}C’(TST(M),“) = Z (/ [Viul? dﬂ) :
j=0 MM
Moreover, for all such s,r, we define the space H,f(T;(M), 1) as the closure of the set of
smooth compactly supported (r, s)-tensors under the Hy(T7 (M), u)-norm.

We notice that these definitions make sense for £ < 2 and p =2 if g € C°(M) with L -
Christoffel symbols. The following criterion for weak convergence will be useful later. We

will repeatedly make use of the following elementary result.

Lemma 3.3.4. Let M be a smooth manifold, g be a continuous Riemannian metric and
h a continuous positive function. Moreover let p € [1,00). Define the measure p by
p = h*dvol,. Then C°(M) is dense in LP(M, ).

Lemma 3.3.5. Let (M, g, 1) be a weighted Riemannian manifold with a C°-Riemannian

metric g with L,_-Christoffel symbols and endowed with a measure p defined via dp =

h%dvol, for a function h € C°(M, (0,00)). Let (Vi,¥a)a be an atlas for M such that V,
1s compact, for all a.

Let f; be a sequence in L*(M,u) and let f € L*(M, ).

Then fl - f mn L2<M? /IJ) Zf and Only Zf (wa)*fl - (wo)*f mn L2<wa(va)7 Wa)#/ﬂ; fOT’ all
.

If f, fi € HX(M,pu) (k < 1) and 0°f; — 0°f in L*(Ya(Va), (Wa)xpt) for all o and all
B eN", 8] <k, then fi = [ in H(M, ).

Proof. For the first part, note that it suffices to prove convergence of the inner product
on a dense subset of L?(M, u). Using Lemma [3.3.4 we can pick a function ¢ € C.(M).
Let (V;)i—, be a finite cover of supp ¢ and pick a partition of unity (p;) subordinate to

that cover. Now
l l
[ etitavl, = [ S potitavl, =3 [ @).(oestVigldc
M Mj:1 j=1 T/’j(Vj)

If (¢;)«fi = (¢;)«f, it is easy to see that the above term converges. For the other
direction it suffices to note that every function ¢ € L*(¢;(V;), (1;)+p) for some j can be
extended to a function ® € L?(M, u) via pullback and extension by 0.

For the second part, we simply use the first part and the definition of the HZ(M, p1)-inner
product. O
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Now, we can generalise the validity of the identity (3.2.12]) to Sobolev vector fields:

Lemma 3.3.6 (Distributional Ricci curvature for HZ(TM, p)-fields). Let g be a C°-
Riemannian metric whose Christoffel symbols are in L2,
dp = h2dvol, for a positive h € CO(M, (0,00)) N Wb (M). Let X € H? N L2

loc loc
Then (3.2.12)) holds.

Proof. This follows from the density of CZ(TM,p) in HZ(TM, ) and the fact that
¢, V|, € L' N L*°(M) have compact support. O

and p be the measure defined by
(TM, ).

3.3.2 Cheeger energy on a manifold with continuous Rieman-
nian metric and weight

In this subsection, we examine the Cheeger energy in the setting of a smooth n-manifold
M endowed with a continuous Riemannian metric g and a continuous weight h% on the

volume form. The distance induced by g is given by
1
dy(z,y) = inf {/ [Ve|g dt = 7y piecewise C, vy = z,71 = y}. (3.3.1)
0

We also consider the Riemannian volume form given locally by \/m de' A ... Adx™ and
the associated volume measure dvol, = \/Edﬁn. We will consider the metric measure
space (M,dg, ), where dp = h%dvol, for a positive and continuous h. It is easily checked
that p is a o-finite Borel measure. We assume that holds, as we will work with

CD(K, oo)-manifolds (cf. Rem.[2.2.13]).

To begin with, we will collect some properties of the metric space arising from a manifold
with a continuous Riemannian metric g. The even more general setting of Lipschitz man-
ifolds, with emphasis on potential theory for uniformly elliptic operators, has previously
been studied by Norris [107], Saloff-Coste [121], Sturm [I31], De Cecco and Palmieri [51].
In that case, the term Lipschitz manifold refers to a topological manifold M with Lip-
schitz charts, endowed with a Riemannian metric tensor g, such that the coefficients of
g and g~ ! are in L{°. This shall not be confused with metric tensors whose coefficients
are locally Lipschitz continuous. More in the spirit of the present section is the work by
Burtscher [25]. For the reader’s convenience, in the following we will focus on our original

results, while trying to be as self-contained as possible.

Proposition 3.3.7 (cf. [[12] Thm. 5.3.8, and [25] Thm. 4.5). Let f be a Lipschitz func-
tion on (M,dy) and (Va,va)a be an atlas for M. Then for each a, f o (1o)~" is locally
Lipschitz.
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Proof. We show that | - |4 and d, are locally equivalent. Pick a point p € M, a such
that p € V, and fix an € > 0 such that B&“(¢,(p)) C ¢¥a(Vy). From now on, we will
drop the index a. Take two arbitrary z,y such that ¢ (x),¢(y) € B;}‘g(w(p)) and let
¢ :[0,1] = M be a piecewise C*°-curve from x to y. We note that we can find a A > 1
such that v|,.. < g(v,v) < Al|v],,. for all ¢ € »1(B(¢(p))) and all v € T,M. We

now distinguish three cases:

euc

1. cis a straight line in the Euclidean metric. Then
! 1! 1
|J" - y|euc - Leuc(c) - / |é|euc Z X/ |C|g dt Z ng(%y)
0 0
2. If ¢ is a general curve that lies in = (B&“()(p))) then
1 1
Ly(c) = / |y dt > )\/ |¢leue At > AT — Y] eue-
0 0
3. If cleaves 1~ (B““(¢)(p))) then there is a minimal ¢y such that c(ty) ¢ =1 (B“(¢(p)))

and hence

>

A\ |
=T — euc
B Yy

to to
Ly(c) 2/ \c’|gdt2)\/ Cfone dt > A
0 0

N ™

This yields that the two metrics are equivalent in 1/1_1(B§726(¢(p))) =: U,. Hence, for a
dg-Lipschitz function f and any p € M, there exists a constant Ly, such that f is locally
Ly, -Lipschitz with respect to the induced Euclidean metric via ¢ on U,. O

In [25], a mollification argument yields:

Proposition 3.3.8 ([25] Proposition 4.1 and Theorem 3.15). The metric (3.3.1)) turns
M into a length space.

The Hopf-Rinow theorem directly implies:
Corollary 3.3.9. If M is compact, (M,d,) is a geodesic space.

A standard fact on the slope of functions is that if f € C*(M), then |Df|(x) = |V f|,(z)

for every x. The next proposition is also classical, so the proof is omitted.

Proposition 3.3.10. Let 7 : [0,1] — M be an absolutely continuous curve. Then the
metric speed | V| coincides a.e. with ||, = \/ (Y, Y1) g, where 4 denotes the (a.e. existing)

derivative.

We will show that if f € C?, then |V f|, is the minimal weak upper gradient. The next

lemma will be used in the proof of Proposition [3.3.12

o4



Lemma 3.3.11. Let M be a smooth manifold equipped with a C°-Riemannian metric
g and a measure p defined via dpu = h*dvoly, for some h € C°(M,(0,00)). Let k €
Li (M, u) and fix some coordinate patch Vi, ). Let x € (Vi) and 0 > 0, such that

loc

Bi(z) C ¢m(Vin). Ford € (0,0)NQ, ¥ € Q"N B§*(0), we define

1
F-M:t—>—/ Aok (y + ) AL (y), Y, |t < 1.
¥ ,Cn(B(g(ZL‘)) B(;(x)| |g(y+t7) ( ) ( ) | ’

Then for L"-a.e. x € Yy (Vyy) and all § € (0,0)NQ, ¥ € QN Bg*(0), we have thatt =0
is a Lebesgue point of Fi 5

Proof. As g and h are continuous, we get that (Vp,)«k € Li (¢n(Vin), L"). Fix w €
Ym(Vin), and choose 6 > 0 accordingly. Moreover, fix § and 4. For any z € B§“(w), the
Lebesgue differentiation theorem yields that £!-almost every ¢t € (—1,1) is a Lebesgue
point of Fss.. In other words that means that for £!-almost every y on the line {z +
t¥, [t| < 1}, t = 0 is a Lebesgue point of F; 5,. The set of non-Lebesgue points on that
line shall be denoted by N 5., and it holds that £'(N5.) = 0. Let H;,, be the (n —1)-
dimensional hyperplane through w that is orthogonal to 7, and intersected with B§"“(w).
Then, by Fubini’s Theorem, it holds

/;"( U ng,z): /H LANs)dL N (2) = 0.
2€H 4 Fiw

Hence for £"-almost every y € Bg““(w), t = 0 is a Lebesgue point of F 5,. Note that,
by construction, 4 and § vary in a countable set. This shows the claim in an open

neighbourhood around w. As w was arbitrary, the proof is complete. O

Proposition 3.3.12. Let M be a smooth manifold, g a C°-Riemannian metric on M
and p a measure on M defined by du = h*dvol,, where h € C°(M, (0,00)). Let f be a
C-function. Then

|Df|w(x) = |V flg(x), forp-a.e. z.

Proof. First, we observe that |V f|, is a weak upper gradient because for any absolutely

continuous curve 7, we have

[f(7) = f(v)l =

/<Vf7’}./t>g|%dt'§/ |vf|g<’7t)|’}'/t‘gdt.
0 0

To see that it is minimal, we argue by contradiction. Suppose that |V f|, is not minimal.
Then there exists an e € (0, 1) such that u({|Vf|, — |[Df], > €}) > 0. We can then

find an open set V such that V is compact, is contained in one coordinate patch and
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p({IVflg = |Dflw >} NV) > 0. We denote by ¢ : V' — R" the associated coordinate
chart. By the continuity of g and h, there exists a constant C' = C(g, h, V') such that
for each Borel set E C V, ZL"(Y(E)) < p(E) < CL"(¢(E)). For almost all z € (V)
take 6,4, 6 as in Lemma [3.3.11] It still holds £"({|V f|, — |Df|, > e} NV) > 0. By the
Lebesgue differentiation theorem and Lemma with & = |Dfl,, we get that there
exists an x € {|Vf|, — |Df|w > e} NV such that z is a Lebesgue point of |D f|,, and for
all 4,6 as above, t = 0 is a Lebesgue point of F} 5 ,. Set

2

1 ] . 1 1
n=——min | 1, ) .
101 IV £l 2039l o

Choose ¥ € Q" such that and

<) < o0 and (VAN ~ [V, @HLE) < e (332

Note that if t = 0 is a Lebesgue-point of F} ;5 then it is a Lebesgue-point of F .55 for
all a € Q.

Now choose ¢ € QN (0,6) such that for all 4 € (0, ¢), it holds

1
ST oy 107100 = 1DA1ut) < (333)
I9514(s) — IV H14()] < gne, Vo, = € Bs(o), (33.4)
19ij(y) — gi(2)] < %ne, V1<i,j<n, y,z € Bss(z). (3.3.5)

The first inequality can be achieved because x is a Lebesgue point of |Df|, and the
remaining inequalities follow from the continuity of g and V f. We can now compute that

for s < g and y € B,(z),

=)~ Fly+ 53] = [ VAN + 1) d

Using (3.3.2), (3.3.4)), and (3.3.5), we get that for ¢ € [—s, 5] it holds

(VA oy +17) = IV flal Ao ()] <KV (Y +89), ) gtw409) -9 |
+IVF(y +17) = V() V)gw)]

FIVEA)(2) ~ 19l @ ()] < o
Hence, for all 6 € (0,q), y € Bs(x),
Uy = 53) = 7y + 53)) = @8IV @) < poc. (336)
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Moreover, again by (3.3.2)), (3.3.4), and (3.3.5)), we get that

1

’—|Bq(x)| Bq(x)IVflg(y)dm( y) = [VFl()| < 1555 (3.3.7)
— - n 1
B o [V @RE ) = 195110 < e (3:38)
and yields that
1 n 1
B,(z)| /Bq(x) |Dflw(y)dL™ (y) — \Df\w(x)) < 1005 (3.3.9)
thus,
_1 n 9¢e
B,(2)) /qu('vf'g = [Dflw) )AL (y) > 15+ (3.3.10)

Using that ¢ = 0 is a Lebesgue point of F, , ., and the fact that g and |V f|, are continuous,

we can choose s € (0, ¢) small enough such that

2 [ IR )| < T 8311
and
T L DA )l 2L e
~2 DAL L) < T 3312

Now, we have all the ingredients to construct a test plan that yields a contradiction. For
y € By(z) define vy, : [0,1] = ¢ (Vin), t > y + 2(t — 3)s7 and define a test plan 7 as

dre () = mdﬁ"(y) if v =, for some y € B,(z),
0 otherwise.

Now, we can directly compute that

1 : : n
[ 1500 = sa0lim) = iy [ =) s slac). @313

Moreover,

1
//0 ’Vf’g(’Yt)|"Yt|g(%) dt dm ()

1 1 N ' )
= |Bq($ | By(2) |vf|g y+ 2<t - 5)8’7)28|’}/|g((%’)t) dedL (y)
1 n
= 1B,@) oy / 9 1oy + )00 A4 AL (), (33.14)
q o
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and similarly

1
//0 | D f lw(ve) el gy dE dr(y)
1 ° . . n

/ / D fluw(y + t9) g0 dE AL (y).-
)| By(z) J—s

We then have that

// 19 £1 (30 el dt () // D130ty dt dr(7)

- W/B ( )/_ (IVflg = IDfluw) (W + t9)[Fgey+e5) dEAL™ (y)

EDET 1 dse
> 25— V£le = |Dflw)A dL™(y
-3 10 99 9 4 3
_ig _EES P (3.3.15)

100 10 100 — 2

The combination of the above estimates gives:

F31) 630 , 6se
1760 = fonldm) =2 28/V A lo) - o
E3® 25 se
> Vf Yg(y)dL (y) — =
B30 1 3s€e

> o . . s
- B, <x|/_s/B IV 1o + 1) o) AL (y)dlt — S

[3.3.14] 1 3se
EZ1D / / 19 191 tloany () —

20
3-1 3se  3se
// ‘Df‘ %t)lfyt'g ’Yt)dtdﬂ-( ) 20 + 7

This yields a contradiction, as | D f|,, fails to satisfy the condition of a weak upper gradient

for the chosen test plan 7. n

In the following, we will investigate W2.*(X) for (X,d,m) = (M,dy,u), with du =
h*dvol,,.

A mollification argument together with Rademacher’s theorem and Proposition [3.3.12
shows that:

Proposition 3.3.13. Let (M,d,, i) be the metric measure space arising from a smooth
manifold M a continuous Riemannian metric g and a measure given by dp = h*dvol, for
a function h € C°(M,(0,00)). Let f be a locally d,-Lipschitz function. Then f is dif-
ferentiable p-almost everywhere. If in addition f,|V f|, € L*(M,u) then |Df], = |V [,
almost everywhere, moreover f € WX2(M) N H(M, ), and I lwazany = 1 a2 ear -
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Proof. Throughout this proof, we will fix a locally finite cover (B;,v;)2, of M such
that each B; is a regular coordinate ball. As f is locally dg-Lipschitz, we can apply
Proposition [3.3.7 (or Theorem 4.5 in [25]), to see that for each i > 1, (¢;).f is locally
Lipschitz continuous with respect to the Euclidean metric on ;(B;). By Rademacher’s
theorem, we have that for each 7, (¢;).f is differentiable £"-almost everywhere in 1;(B;).
As (¢;)4p is absolutely continuous with respect to £™ on v;(B;), we get that (¢;).f is
differentiable p-almost everywhere in ¢;(B;). As M is the countable union of the B;,
we get that f is differentiable p-almost everywhere in M, hence the function |V f|, is
well-defined in L72 (M, p).

Assume f,|Vf|, € L*(M,pn). We will prove that |V f|, is a weak upper gradient for f.
Let € > 0. Fix a partition of unity (; subordinate to the cover B; and proceed as follows.
For each i =1,2,..., choose 0 < ¢; < dist®“(supp (;, Ov;(B;)) such that

s, * (i)« Cif — (wi)*cifHCO(da(Bi)) < % and

5
< — .
= 20+ 22([(@) gl oo iy + MWD ()

This is possible by classical results about LP-spaces. Define f. = > ps, * (1) f. As
the cover B; is locally finite, f. is well-defined. That produces a sequence (f:)c~o. Note
that by construction, we have that for every point p € M, it holds

|[f-(p) = f(p)| < e.

Moreover,

1= Flizargy <n* S0l e gimy + 197 imguniony)
=1

' ||1051 * (wz)*ng - <¢i)*c’i'f||W1’2('(/1i(Bi)7('(/1i)#N) <e.

Fix a test plan 7. For all ¢ € (0, 1], it holds that

/ 1£.(00) — fol)] dre () = / ‘ / (V£(0), Fe)oton At A7 ()

1
< / / V(0 o it e de (). (3.3.16)

As e < 1, we have that |f.(z) — fo(2)| <2+ |f(x) — f(2')], for any z,2" € M. Now we
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can use that 7 is a probability measure together with the Holder inequality, to get that

</\f 20) = ()] + 2dm(y >) <842 [ 170) = fo) dn()
<8+4 / OO + 1 () dm ()

— 844 / P d(eo)ym() + 4 / P d(en)ym(7)
< 8+ 8C(m)| %

Hence, we can use dominated convergence theorem to infer that

/|fe% Sl d(y —>/|f70 Fow)ldm(), (3.3.17)

as € — 0. Moreover, we have that for all k € L?(M, 1), it holds

[ [ ek arant < ([ [ weoacant, >)5(//01|%|3<%>oltolww>)é

By the definition of test plans, we have that

1
|| By atdn() <o
0

and, using Fubini’s theorem,

// k()| dedar(y //|k| d(eq) wmdt < Cm)|[E|2e.

Now we can use the L?-convergence of Vf. — V[ and choose k = |V f. — Vf|, to see
that

1 1
[ [ e0lolion dtan @) > [ [5G0kl dtdm). (38)

as € — 0. The combination of (3.3.17)) and (3.3.18)) allows passing to the limit as ¢ — 0
in (3.3.16]), and obtain

J 1160 = sentan) < [ [ 190kl i),

hence, |V f|, is a weak upper gradient. In particular, we get that for all Lipschitz functions
f, it holds || fllyzznry < Iflp2ar,- As f € HE(M, p), we can find a sequence f, €
H?(M, ) N CH(M) such that f, — f in H?(M,p) as p — oo. This implies that f, — f
in W.2(M) and by Proposition 3.3.12) [V f,l, = |Dfplw — |V fl, in L*(M, u), hence
IV flg = |Dflw almost everywhere, and || fly1200) = I1f |72 as,10)- O
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By [7, Rem. 5.5], the slope |Df| of a dj,-Lipschitz function f is a weak upper gradi-
ent. Thus, if f € L*(M,u) is a d,-Lipschitz function such that |Df| € L?(M, p), then
Proposition [3.3.13| implies that:

[Dflw = [V [flg < |Df]. (3.3.19)

This observation is crucial for the following lemma.

Lemma 3.3.14. Let M be a smooth manifold, g a C°-Riemannian metric on M, d, the
distance induced by g, voly the volume form, and h be a positive continuous function.
Define the measure p by du = h*dvol,. Then WL*(M) C HE(M,u) and for each f €
WL2(M), it holds |Df|, = |V fl, a-e..

Proof. Let f € WL2(M). By [8, (2.22)], we can find a sequence of Lipschitz functions
(fi)72 such that f; — f in L? and |Dfj| — |Df|, in L?. Using (3.3.19), we get that
(f1)72, is a bounded sequence in HZ(M, ). As this space is reflexive, we can find a
subsequence that converges weakly in HZ(M, ). As f; — f strongly in L?, we get that
fi — fin H}(M, ). As we now know that f € HZ(M, u), we can approximate it with a
different sequence fi, € HY(M,p) N CF(M, p), ie. limpoo || fx — flly2(ar,y = 0- Then fi

is a Cauchy sequence in H7(M, ). As for CF (M, p)-functions [|-[lyyi2apy = [l 2 (ar, (by
Proposition [3.3.12)), it is a Cauchy sequence in W2, Hence |V fx|, = | D fe|w — |Df]w in
L?, which in particular shows that |Df|, = |V f], almost everywhere. O

We can now finally identify the space W2 with the classical Sobolev space H?:

Corollary 3.3.15. Let M be a smooth manifold with a C°-Riemannian metric g. Con-
sider the metric measure space (M,d,, 1), where du = h*dvol, for a continuous positive
function h. Then WL*(M) = H?(M, ) and the Dirichlet form associated to the Cheeger
energy on (M,d,, 1) is a quadratic form given by the L*(M, p)-inner product of the gra-
dients, more precisely for all functions f,h € WYA(M) = HE(M, ) it holds

(i) [Dflw=1[V[lg-
(”) 5(f: h) = fM<vfa Vh>gd,u

Moreover, every f € D(Ch) with |Df|, <1 p-a.e. admits a 1-Lipschitz representative

p-a.e. with respect to dg.

Proof. We prove that HZ(M, 1) C WE2(M). At first we notice that by Proposition [3.3.12]
C2(M, ) C Wh2(M) and for each f € C?(M, ), we have that ||f||H%(M’M) = | Fllw2an-
Now, fix f € H?(M, i) and approximate it with a sequence fr € C?(M, ). This is then
a Cauchy sequence in HZ(M, ;1) and hence in W,?(M), by the norm equality we proved
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in Lemma [3.3.14, Hence, f; converges in W12(M) to some f. It follows that f, — f in
L2(M, ), hence, f = f € WL2(M). We get WL2(M) = H?(M, 1) from Lemma [3.3.14]

For the second part, we use that by Proposition the associated Dirichlet form & is
defined on (HZ(M, 11))? and is of the form

E(f k) = /M G(f.F) dp,

where

. |D(f+ek)Z —|DfIZ

= (V/f,Vk)y € L'(X,m). (3.3.20)

For the last part, without loss of generality by localising to a suitable coordinate patch
and by using a partition of unity, we can assume that f has compact support in an
open set U C R™ endowed with a continuous Riemannian metric g such that for every
x € U it holds that C~'1d, < g < C'1d,, for some constant C' > 1 uniform on U. It
follows that f lies in W1*°(R") and thus, by the classical result in R™, f has a Lipschitz
representative L£"-a.e. that we identify with f. Hence, f is Lipschitz also in (M, g) and,
by Proposition and the assumption on f, it holds that |V f|, = |Df|, < 1 p-a.e.
Let ps(z) := s=p(%£), & > 0, be standard mollifiers in R" and consider f5 := f * ps. It is

easily seen that
\Vislg <1+6(00) and fs — f uniformly as d — 0. (3.3.21)

Here lims060(6) = 0. Let z,y € M, = # y. By Proposition [3.3.8, for every ¢ €
(0,dg4(x,y)/2) there exists a rectifiable curve 7 : [0,1] — M parametrised by arc-length
such that

length, () < dg(z,y) +¢, |7 =length,(y), L£L'-a.c. on [0,1]. (3.3.22)

Then

L
Ss(@) — fr(y)] = / 4 fitn dt\ / Filg [V foly
CnEm

1+ 0(0))(dy 2, y) + ).

Passing to the limit as ¢ — 0, we get that f5 is 1 + 6(6)-Lipschitz with respect to d,.
Passing further to the limit as 6 — 0 and recalling the second in (3.3.21)) we conclude
that f is 1-Lipschitz with respect to d,. n
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3.4 Second order calculus

In this section, we will specialise the second order calculus developed in [63, Chapter 3]

to the setting of a smooth manifold with a C°-Riemannian metric with L2 _-Christoffel

symbols and C° N V[/kl)’f—weight on the measure.

3.4.1 Some elements of the theory for general RCD(K, co)-spaces

Let (M,d, m) be an infinitesimally Hilbertian metric measure space. Recall that
D(A) = {f € L*(m): Af € L*(m)} C W*(M).

Denote by Const(M) the space of constant functions on M. Following the notation of

[63, Chapter 3], we define the space of test functions
TestF(M) := {f € D(A)NL™®(M,m) : |Vf| € L®(M,m) and Af € W,*(M)},
test vector fields

TestV(M) := {Zhini: n €N f; € TestF (M),

=1

h; € TestF(M) U Const(M)} 1 < i < n}
and test forms

TestFormy, (M) :={linear combinations of forms of the kind

fodfi Ao ANdfy 2 fi1,... fr € TestBE(M), fo € TestF U Const(M)},

for 1 < k < n. Set TestFormo(M) = TestF(M). For the notion of gradients and
differentials in metric measure spaces, we refer to [63, Chapter 2]. We will apply this
theory to weighted manifolds with continuous metrics and weights. In that case, the non-

smooth notions of [63] coincide with the classical gradients and differentials on manifolds.

All expressions are well-defined, because f € TestF(M) implies that f € W12 so the
differential and the gradient are well-defined. A regularization result due to Savaré [123]
(see also [63] (3.1.5)]), yields that if f € L? N L>(M,m) then for all t > 0, f; := H,f €
TestF(M). In the next proposition we recall two important density results proved in [63]
Proposition 2.2.5] for general metric measure spaces. In the setting of a smooth manifold

with a continuous metric and a continuous weight, we will prove an even stronger result

in Lemma [3.5.10

Proposition 3.4.1. TestForm;(M) is dense in L*(T*M) and TestV(M) is dense in
LA(TM).
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In [63] it is shown that for f, g € TestF(M), then (Vf,Vg) € WL2(M), which allows to
define a notion of Hessian H[f] : [TestF(M)]? — L*(M) of a function f € TestF(M) as

((V(Vf,Vg), Vh) + (V(Vf,Vh),Vg) — (V(Vg,Vh),V[)).

N | —

H{f](g,h) =

Definition 3.4.2. The space D(A) C WL2(M) is the space of functions f € WL2(M)

such that there exists a measure v € Meas(M) satisfying

/hdz/: —/<Vh,Vf>dm,

for all h : M — R Lipschitz with bounded support. In this case the measure v is unique
and denoted by Af.

By [63, Lemma 3.2.6], we have that if (M,d, m) is RCD(K, 00), and X,Y € TestV (M),
then (X,Y) € D(A). Define

Dy12(A) = {f € WA (M), Af € W, (M)}

w

We are now able to define the measure valued operator T's : [TestF(M)]* — Meas(M)
given by

1

Pa(f,9) = 3A(VS,Vg) = 5((VAS, V) + (V£,VAg).

In the next definition we recall the Bakry-Emery condition BE(K, N), the reader is
referred to [9] 10, 55] for more details.

Definition 3.4.3. Let K € R and N € [1,00|. We say that (M,d, m) satisfies the
BE(K, N) condition if for every f € Dy12(A) and every ¢ € D(A) with ¢, A¢ € L™, it
holds

1 1
| AUTET = oVALV S dn > [ (KIVFE + H(A0?)odm.

M

In that case, we have that for f € TestF(M), it holds
Du(f, 1) > (KIVFP + (877
N

The following important fact was proved for N = oo in [8, 0] (see also [65, 6]) and for
N € [1,00) in [55, Section 4] and [I1} Section 12]:

Theorem 3.4.4. Let (X,d, m) be a metric measure space, let K € R and N € [1,0].

The following are equivalent:
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(i) (X,d,m) is a RCD*(K, N)-space or, in case N = oo, (X,d,m) is a RCD(K, 00)-

space.

(i) (X,d, m) satisfies (2.2.1)), the BE(K, N)-condition, and it is infinitesimally Hilber-
tian. Moreover, every f € D(Ch) with |Df|, < 1 m-a.e. admits a 1-Lipschitz

representative m-a.e. with respect to d.

3.4.2 Application to smooth manifolds with lower regularity
Riemannian metrics and weights

Let M be a smooth manifold. Take a Riemannian metric ¢ € C° that admits L?

loc™

Christoffel symbols and induces the distance d,. Define the measure u via du := h%dvol,
for a h € CO(M; (0, 00))NWL? (M, ). Moreover, we assume that (M, d,, i) is a CD(K, 00)-

loc

space. Thus (2.2.1)) is satisfied (see Remark [2.2.13]) and by Corollary [3.3.15, (M, d,, p) is
an RCD(K, co)-space.

We will now specialise some concepts from [63] to this particular case. Using integration
by parts, [8, Proposition 2.14 (iv)] and Lemma [3.3.5] yields:

Proposition 3.4.5. Let f € W22(M) and H; denote the heat flow of the Cheeger energy.
Then fy:= Hyf — f in WLA(M) ast — 0.

Proposition 3.4.6. The space L*(T*M) (as defined in [63, Definition 2.2.1]) is isometric
to H3(T*M, i) and the space L*(TM) (as defined in [63, Definition 2.5.1]) is isometric
to H3(TM, ).

We will not give a proof as it directly follows from the (quite technical) definitions and
from [63, Proposition 2.2.5]; in the following we will identify the isomorphic spaces with
each other.

We will now turn to a generalisation of the divergence. For a compactly supported
X € H{(TM, p) we have that div(X) = (8, X' + X'20;h + X'L tr(¢7'0i9)) € L*(M, p)
satisfies . Hence, any compactly supported and smooth vector field X is in D(div),
according to [63 Definition 2.3.11].

Next, we look at a generalisation of the Hessian. The identity (3.2.1) motivates the
following definition of the space W22(M).

Definition 3.4.7 ([63], Definition 3.3.1). The space W?%(M) C W12(M) is the space of
all functions f € WE2(M) with the following property: There exists A € L*((T*)**M)
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such that for any hy, ha, ¢ € TestF (M) it holds

2 / bA(V Iy, Vhy) dp

_ / (V £, Vi) div(6Vha) 4+ (V f, Vha)div(6Vhy) + 6(V £,V (Vh, Vha)) dp.
(3.4.1)

We will call A the Hessian of f and denote it as Hess(f). The space W?%(M) is endowed

with the norm |-\ defined via
2 2 2 2
”fHWN(M) = Hf||L2(M) + de”L2(T*M) + HHeSSfHLZ((T*)@)?M)'

We next investigate such a space W?%2(M) in case of a smooth manifold M with a C°-

2
loc

Riemannian metric ¢ with L2 -Christoffel symbols and a CY weighted measure pu.

Recall that, for every o € C(M) C L* N L>(M, ) N D(A), it holds H,p € TestF(M).
Moreover, for each function ¢ € D(A), we know that AH;p = H;Ap — Ay in L2
Then, Proposition [3.4.5 yields that Hyp — ¢ in HZ(M, 1) and Theorem gives that
IV Hp||| poo < e 2EH[|V ||| - Hence, it follows that for each f € W22(M), (3.4.1) also

holds with ¢, hy, hoy € C°(M), which together with A € L? implies that f € H2(M, p).

This fact is summarised in the following proposition.

Proposition 3.4.8. H3(M, i) D W**(M) and for all f € W*2(M), it holds || f|| iz (a1, =
1 w22 ary

Moreover, it holds that TestF (M) C W22(M), see [63, Theorem 3.3.8].

A consequence of Proposition , integration by parts in the sense of , Lemma m,

and Mazur’s lemma is:

Proposition 3.4.9. Let M be a smooth manifold, g a C°-Riemannian metric that admits
L% -Christoffel symbols and pn a measure on M defined by du = h*dvol, for a h €
CO(M, (0,00)) N W23 (M). Then TestF (M) is H2(M, ji)-dense in L 0 HZ(M, 1) .

loc

Definition 3.4.10 ([63], Definition 3.3.17). The space H**(M) is defined as the W?2-
closure of TestF(M).

By Proposition 3.3.18 in [63], we have that H*?(M) coincides with the W%2-closure of
D(A,), so we get:

P o) e 292 2 H%(Mvu)
roposition 3.4.11. H**(M) = H3 (M, ) N L>(M, 1)

W?22-closure of D(A,).

and it coincides with the

Now, we can turn to the abstract definition of the covariant derivative:
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Definition 3.4.12 ([63] Definition 3.4.1). The Sobolev space W&*(TM) C L*(TM) is
defined as the space of all X € L*(TM) such that there exists T € L*(T®?M) such that
for every hy, hy, p € TestF(M) it holds

/cpT : (Vhy ® Vhy)dp = — /(X, Vho)div(eVhy) — @Hess(hg)(X, Vhy) dp.
In this case we call the tensor T' the covariant derivative of X and denote it by VX. We
endow W5 (T M) with the norm H'“Wé’Q(TM) defined by

X1 x2cran) = IX 1 z2erany + IV X Z2greeny-

We denote by H5*(TM) the closure of TestV(M) in W52
This definition makes sense, as in [63] it is proved that test vector fields are indeed in
WA (TM).
Proposition 3.4.13. TestV(M) ¢ H>NL®(TM, ), and hence H5*(TM) is a subspace
of HA(TM, p).

We note that by our previous computations we get that for X € Hé’l(T]\/[ ), it holds
VX = (V.X)! in the classical H>(TM, p)-sense. For X € WA*(TM) and Z € L*(TM),
we define VzX via

(VzX,Y),=VX:(Z®Y).

A computation shows that in the case of smooth vector fields, this coincides with the
smooth covariant derivative. As for C'-vector fields, we have that VX = Z/9,X° +
'}, X;Z;, this holds by density for all vector fields X € H 2N L>®(TM, i) and motivates
the following definition of Lie bracket:

Definition 3.4.14 ([63], Definition 3.4.8). For XY € H5*(TM), we define [X,Y] €
LY (TM) via

[X, Y] = VXY - VYX
Note that this again coincides with the Lie bracket in the smooth case and the local
expressions carry over by density. The generalised differential is defined as follows:

Definition 3.4.15 ([63], Definitions 3.5.1, 3.5.5). The space W, *(A*T*M) C L*(AFT* M)
is the space of k-forms w € L*(A*T*M) such that there exists a (k + 1)-form n €
L2(AHYT*M) for which the identity

/U(XO>7XI€) du:/2<_1)l+lw(X077Xzan) d:u

+/Z(—l)”jw([xi,xj],xo,...,Xi,...,Xj,...,Xk)du,

1<j
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holds for any Xo, ..., Xy € TestV(M). In this case we call n the exterior differential of
w and we will denote it as dw. We endow W, (A*T* M) with the norm ||'HWdI,2(AkT*M)

given by

2 2 2
||W||W;2(AkT*M) = ||W||L2(AkT*M) + ||dw||L2(Ak+1T*M)‘
Moreover, we define Hy*(A*T*M) as the W,-closure of TestFormy,(M).
Again, this definition makes sense as in [63] it is proved that test forms are contained
in W,2(APT*M). As TestV(M) C H}(TM, 1), we get that HZ(M, ) C W, (A°T*M),
on the intersection the coefficients need to coincide with the ones from the classical
differential, and the norms are equivalent on the intersection. The cases of k = 0,1 will

be of particular interest.

Next, we recall the definition of the codifferential:

Definition 3.4.16 ([63], Definition 3.5.11). The space D(6;) C L?*(A*T*M) is the space
of k-forms w for which there exists a form dw € L*(A*=YT*M) called the codifferential of

w, such that

/<5w,n> dp = /(w,dn> du

for all n € TestFormy_1(M). In the case k =0, we set D(6g) = L*(n) and define 6 to be

tdentically zero.

For 1-forms, note that w € D(6;) if and only if w* € D(div) and, in this case, dw =
—div(w?). In [63], it is shown that for each k, TestFormy(M) C D(d;). Hence, the

following definition makes sense:

Definition 3.4.17 ([63], Def. 3.5.13). The space Wy;*(A*T* M) is defined as W, (A*T* M)N
D(6) endowed with the norm H'HW;IJ(A;CT*M) defined by

2 2 2
Hwnw}{v?(/\kT*M) ||w||W;’2(AkT*M) + ||5w||L2(Ak*1T*M)‘
The space Hpy*(A*T*M) is defined as the Wy*-closure of TestFormy,(M).
It is not hard to check that TestFormy (M) € W*(A*T*M).

Definition 3.4.18 ([63], Defintion 3.6.3). The space Hy*(TM) C L*(TM,p) is the
space of vector fields X € L*(TM) such that X° € HE2(T*M) equipped with the norm

HXHHIIf(TM) = ||Xb||HI§2(T*M)'
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Definition 3.4.19 ([63], Definition 3.5.14). Given k € N, the domain D(Agy) C
H(A*T*M) of the Hodge Laplacian is defined as the set of w € Hy*(A*T*M) for
which there exists an o € L*((A*T*M) such that

/(%77) dp = /(dw,dm dp + /<5w,5n> dp Vi€ Hy*(N*T*M).
In this case « is unique and we denote it by Ay pw.

Note that
/(AH,kw,m dp = /((dw,dw) + (dw, dw)) dp.

In [63, Proposition 3.6.1], it is shown that TestForm;(M) C D(Ap1). Moreover, Af =

—Apof forall f € TestF(M). Finally, we recall the generalised Ricci curvature tensor:

Theorem 3.4.20 ([63], Theorem 3.6.7). There is a unique and continuous map
Ric: [H;*(TM)]> — Meas(M) such that, for every X,Y € TestV(M), it holds:

Ric(X,Y) = A@ + (%(X, (ARY")H) + %(Y, (ApX")) = VX : VY)M.

This map is bilinear, symmetric and satisfies:
Ric(X, X) > Kg(X, X)u.
Moreover, setting X =Y, we get that

. X|?

Rie(X, X) + (VX [js — (X. (2 X)) = AL

We will now connect the measure valued Ricci tensor in the sense of Theorem [3.4.20] and
the distributional Ricci tensor in the sense of Subsection 3.2.3]

Proposition 3.4.21. Let M be a smooth manifold with a C°-Riemannian metric g with
L2 Christoffel symbols. Consider du = h*dvol, for a positive function h € CONW,L?. As-

loc

sume that (M, d,, ) is a CD(K, 00)-space. For X € TestV(M) we have that Ric(X, X) =
Ric, oo (X, X) in the sense of (3.2.12)).

Proof. By the previous observations we have that for ¢ € CcﬂW1’2(M ) (which we assume

loc

to be supported in one coordinate patch),

[ samierx = [ oaal 4 [ (s - 1oxhgsin
=5 [ OIXP Ve dut [ (X () = VX

1
=5 [ (VIXE.Vehdut [ (4P + 16, X7 = [VX[s)odn
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Now the last line equals the right hand side of (3.2.12) as it appears in Lemma S0
we get that locally

/ v dRic(X, X)
M
= [ XXMy, TE, — T3 I Yph?y/|g| dat . .. da"™ — / T2 0,(X Xk oh?\/Ig]) da* ... da"
+ / I2.0;(X Xk oh?\/|g]) da ... da"
+ 2/Xfx’f(ajhakh + hohTy,) o/ |glda’ .. dz™ + Q/ajhak(xjkap\/mdxl . dx™
O

As in [63], we have that for all f € TestF(M) it holds

VP
2

Ric(Vf, V) + [V s = A — (Vf,VAf) = Ta(f, f). (3.4.2)

Proposition 3.4.22. Let M be a smooth manifold and g a C°-Riemannian metric with
L2 -Christoffel symbols and h € C°(M, (0, 00)) W22 such that (M, d, 1) is a CD(K, 00)-

loc
space, where dy = h*dvol,,.
Then, for all f € H**(M), it holds that

/ V2 f|>h? dvol, < / |Af2h? dvol, — K/ |V £|2h? dvol,.
M M M
If f € D(A), we have that Hyf — f strongly in H*?.
Proof. By [63, Corollary 3.3.9], we have that
| s du< [ (@ - KIVaP) ag
M M

for all w € D(A). If f € H**N D(A), we have that Af € L? and hence H;Af — Af
strongly in L? as t — 0. As the semi-group H, is generated by A, we have that AH, f =
H,Af for all t > 0. It follows that AH,f — Af strongly in L? as t — 0. Setting
u= f — Hyf, we infer
2
IV = Hef) nreyonny < —K [ 1907 = B Wvol, + [ 1A( = Hf) v,
< K[+ DU = Hefllmz g + 1AG = Hf)l 2 ary) = 0

ast — 0. O

70



3.5 RCD implies distributional Ricci curvature lower
bounds

3.5.1 Some useful approximation results

We start the section with some local considerations, so we work in R™ for simplicity of

presentation. Recall the following consequence of the Poincaré inequality:

Lemma 3.5.1. Let R > 0,1 < p < co andu € WP(Bg(0)). Letm := |BR 7 S0 WAL
Then there ezists a constant C = C(p) > 0 independent of R such that

[ =l o0y < CRIVUl Lo(340))-

Lemma 3.5.2. Let Q C R™ be open and v be a o-finite measure on Q such that C()
is dense in LP(v) for each p € [1,00). Let f,(fx)k>1 be measurable functions on Q such
that || full = and ||f|;~ are bounded and such that fi, — f weakly in LP(v) for some
p € [1,00). Then f, = f in the weak* topology of (L')* = L.

Proof. As v is o-finite, we have that indeed (L')* = L*. By the Banach-Alaoglu theorem,
it follows that there is a weakly* convergent subsequence of f;, which we will still denote

by fe. Hence, fx converges weakly* to some f € L>. Suppose f # f. Then there exists

an L'-function ¢ such that
[ goavz [ foar
Q Q

As C>(9) is dense in L', we can assume that ¢ € C® C L9, where ¢ = 7. This

contradicts the weak convergence in LP. O]

Lemma 3.5.3. Let K C B1(0) C R"™ be compact and denote d = dist(K,9B;1(0)) > 0.
Then there exists a 09 > 0 and a constant C' = C(n) such that for all § € (0,0¢), there
exist an integer m < CO™" and points yi, ..., ym € B1(0) such that Bss,) C B25+%(yi) C
B1(0) for all1 <i<m, K C U;~, Bs(y:) and for all x € B1(0), |[{i: v € Bas(y;)}| < C.
Proof. Let 0y = £ and fix 6 € (0,dp). Now let {y1,...,yn} = VZ” N By_2(0). 1t
follows that K C B1—%—g( ) € UL, Bs(y:) C UTIB%Jr (yl) C Bl_%(O). Moreover,
there exists a constant C(n) such that for each z € R", ]21 7" N By(x)| < Cy(n) so for
each x € B;(0), there are at most C(n) points in 2\_on N Bys(x). Finally, there exists
a constant Cy(n) such that for each 0 < A < 1, |2on N B1(0)] < Cy(n)A~". Taking
C(n) = max(Cy(n), Cy(n)) finishes the proof. O
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Lemma 3.5.4. Let R > 0, ¢ € C°(Bg(0)). Then there exists a constant C' = C(n, R) >
0 and oy > 0 such that for each § € (0,dy), there exists a set {x1,...,xm} C C*(Bg(0),[0,1])
and a family {y1,...,ym} C Br_35(0) such that the following holds:

(i) m < Co™,
(i) Yo, xi(x) <1 for all z € Br(0) and Y ;*, xi(x) =1 for all x € supp ¢,
(iii) For each 1 <i<m, |Vxill o < Co7L
(iv) For all i, it holds x; € C°(Bas(ys))-
)

(v) For all x € Bg(0), it holds |{i : x € Bas(y;)}| < C.

Proof. By rescaling, we can assume R = 1. Then take K = supp ¢ and apply Lemma/|3.5.3
to get dp. Choose 0 < § < dy and take m, {y1,...,yn} as in Lemma [3.5.3] It then
follows that for all ¢ = 1,...,m, Bss(y;) C Bgr(0), hence y; € Bgr_35(0). Now, for
each i € {1,...,m} take a function 7, € C°(Bas(y;i), [0, 1]) such that n;(z) = 1 for all
x € Bs(y;) and |Vn;| < C5. It follows that Y, n; € C°(B1(0)) and >7" ;7 > 1 on
supp ¢. Now take a function h € C*(R) such that |h| < 1, h(z) > max(|z|, 1) and
h(z) =z for x > 1. Define

() — 1;(2)
() = fs sy

It follows that Y ", xi(z) <1 for all x € B;(0) and > ", x;(z) = 1 for all € supp ¢.
To see (iii), note that for all x € B;(0)

[Vl () + [Py mi(@)) 2232, [Vl ()]
h(3iZy mi(x))?

< 160(5*1 + i 6*1> < 16(1 + C(n))s".

1:TESUPP N;

V(@) <

]

Definition 3.5.5. Let Q C R™ be an open set. We denote by CompV(2) the linear span
of functions of the form pVh, where p,h € C°(Q2). For a smooth manifold M with a

C°-Riemannian metric g, we define CompV (M) as the linear span of functions of the

form pVh, where p,h € C(M).

Lemma 3.5.6. Let R > 0, Br(0) C R". Let X € C*(Bg(0);R™). Then there exists a
constant C' = C'(n, R) > 0 and a constant Cy = Cy(n) > 0 such that for all ¢ > 0 there
isaX = >0 hpV [, € CompV(Bgr(0)) satisfying the following
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HX XH < Ce and HX XH < Ce,

Wh1(Bg(0)) L (Bg(0))

i) %] < O+ Xy )
@) %], ) < OO IX i)

(iii) ¢ < Cy,
(iv) for all p, we have that th||Loo(BR(0)) < C and ||fp||L°°(BR < Ol Xl o1 (B0

(v) for allp, we have that ||V hy|| oo 5,0y < CA+1X o2 (pp)e~" and IV foll oo B0y <
CL+ X1 (Broy)-

Proof of (i). Assume (by potentially readjusting) that ¢ < mln( ,00), where &g > 0 is as
in Lemma [3.5.4] We will denote by DX the Jacobi matrix of X. We choose

3

= , (3.5.1)
8n?(1 + || DX e + |1D2X ]| 1)

so by the mean value theorem we get that for all y, z € Br(0) with |y — 2| < 44, it holds
| X (y) — X(z)| < eand |[DX(y) — DX(z)| < e. Note that we also have § < . For this
chosen 8, take m, {x1,...Xm} and {y1,...,yn} as in Lemma[3.5.4 Let ¢ € C>°(Bss(0))
such that 1(Bas(0)) = {1} and |V¢| < 207!, Fixani € {1,...,m}. Let

1
A= — XdL" e R”,
| Bas (i) Bas (yi)

and
a; :R" = Rx— (o —y) (A, (2 — vi)).

Then Va; = A; and DA; = 0 on Bos(y;). For 1 < I,k < n, let B* = 9, X'(y;) € R.

Moreover, define

pr(x) = ¥(x — yi) (ze — (Y)e) € C°(Br(0)),
i (x) == (& — y;) B*(z1 — (1)) € C2(Br(0)) and
B () = (pi V") (@) = (& — yi) (wr — (Wix) - V(@ (x = 4:) Bi* (21 — (y:)1) € CompV (Bg(0)).

Then, for all z € Bys(y;), we have that
BF(x) = (zx — (yi)r)Bl'e; € R”,  and

DEH(s) = (3055 g, € RO

-----

Notice that

/ prdL =0 € R",
BQé(yz)
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as (U is linear on Bys(y;). Now define X := 37" Xi-(Vai+370 ) Bi%) € CompV(Bg(0)).
As X, X € Wy (Bg(0)), the Poincaré inequality implies that

|x - %] <C-(1+R)|px - DX|

WL1(Bg(0)) LY(BR(0))’

for some C'= C(n) > 0. Now, as X = " x;X, we get that

DX — DX’ :/ D(x:X) — D(xi(Va; + Y g*))|de”
1P =231, = ) 5 P850~ P 52 8
g/ > IVllX - vaz+251k|+|zxz (DX — DZﬁ“|d£"
Br(0) j—1 k,l=1 k=1
For each i, we get that
DX — D( 3 551) = DX — DX ()| po (5,500 < 7€ (3.5.2)
k=1

L (Bas(y:))

Thus, using that y; > 0, we get that

/ ‘ZXZDX DZﬁk’ dE” / ZXz (DX — DZBkl‘d£”<n2|BR( )e.

k=1 k=1

For each i, we have |Vy;| < C(n, R)§~! and

/ Vx| = / Vx|
BR B26(y

X —Va; + Z 3k

k=1

X —Va; + Z foi

k=1

< C(n,R)5||X — Va, + Z By
k=1 LY(Bas(yi))
By Lemma |3.5.1] and (3.5.2)), we have that
HX_VOH S <206 DX—D(VozZ-Jr Zﬁfl)
ki=1 1By (4)) ki=1 LY(Bss(yi)
=203|\DX - D( 3 8Y)
k=1 LY(B2s(yi))
< 5,

Thus,

/ IVxil| X — Vo, + Z BHIAL™ < C(n, R)ed".
Br(0

k=1

4



Now, as m < C(n, R)d™", we get that

[ Sl - (S 3 ) < o

k=1

All together this gives

L1(Br(0))

HX—XH gc(1+R)HDX—DX

< C(n, R)e.

WH1(BRr(0))

Moreover, note that for each x € Bg(0),

)+ > xaB(z) < Cln)e.

i=1 Lk

X — X|(2) < ‘ Z)@(X —va)(x

This concludes the proof of (i).

Proof of (ii). Next, we want to investigate the L>°-norm of DX. We get that for a point
y € Bg(0)

DX — DX|(y ‘ZD i X) = D(xi( Vo + Zn: 9)| )

(ZIVXAI — (Va; + iﬁf’“)()(yﬂ‘ixi@)(—piﬁfl)‘(y)

We will investigate the two sums separately. For a fixed ¢, we know that |Vx;|(y) <

C(n,R)0~" and |x;|(y) < 1. Tt suffices to only consider y € Bas(y;), in which case we
have that Bas(y;) C Bys(y). By our choice of §, we have that for all z € Bas(y;) it holds
| X (2) — X (y)| <e. Hence,

|X(y) — V(l/i|
1
|BQ(S(yi)| Bas (i)

[X(2) = X(y)|dL"(2) < e

_ ]X@ X(2)dL7(2)

1
= Bas(¥i)| JBasu)

Moreover,

’Z/@lk

k=1

This gives that

(Vo 3 89 £ Cma™ (1X(0) Vol + | 3 84| w)

kl=1 kl=1
< C(n)6 e +6|DX|p)
< O(n)(1+|DX|p= + |D*X| 1),

|VXz'| X —

)
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where in the last estimate we used the precise dependence of ¢ in terms of 9, (3.5.1). The

choice of § also gives

< ne.

DX =D > 8\ w)

k=1

Noting that |i : y € suppyx;| < C(n), we get that

IDX — DX|(y) < Zm:\m\ X - (Vaﬂr Zn: ﬁf'“)‘ +’ZX1(DX D Z 5]{1)}

i=1 k=1 k=1

< C)((1+ IDX | + [ D2X]| ) + 7).

It follows that there exists a constant C'(n, R) such that

HDXHL HDX DXH DX || e < C(n, RYL+ Xl c2(5,400)-

As X € C>(Bg(0)), we get that also HxH < CR(1L+ Xl (3,0 Which proves (ii).
LOO

Proof of (iii). For the last three statements, let us explicitly spell out how we can build
X out of finitely many (bounded by Cy = Cy(n) independent of §) C°-functions and
their gradients. Recall that by the proof of Lemma |3.5.3 we have chosen the y; to be in

2\72” N Br(0). Note that ‘(Z/HnZ) ‘ = (12n)". For £ € (Z/12nZ) , let
Ze:={CeZ": ;=& mod 12n,V1 < s < n}.

Deﬁnng::{i:yie{yl,...,ym}ﬂ Zg} Ing—(Ddeﬁnexg—ag—pg—n =0e
C>®(Bgr(0)), where k,l € {1,...,n}. Otherw1se, define

vei= 3 i € C2(Br(0)),

’iGYg

Odé = ZO@ € C?(BR(O)),
iGYg

k .__ k 0

pE = Zpi € C°(Bg(0)), for 1 <k <n and
iGYg

e = ank € CX(Bgr(0)), for 1 <k, Il <n.
ZGYg

We note that
Bas(y;) N Bas(yy) = 0, if i,4' € Ye and i # i, (3.5.3)

as then |y; — y»| > 64/nd. Now, for all i, we have that

supp a; U supp x; U |_J supp pf U | ) supp 7" € Bas(y),
k=1 k=1
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SO

xeVoge + Z Xgp’gVﬁék = (Z Xi) (Z VOéi) + Z (Z Xi) (Z Pf) (Z ank)
k=1 i€V i€Ye kl=1 \i€Ye iE€Ye i€Ye
=Y xiVai+ Y xi Z iV,

i€Ye €Yy kil=1

Hence,

X = Z <X§V045 + Z Xg,O]gVUék> .

n k=1
e (Z/ 12nz>

These are at most 2 - (12n)"(n? + 1) =: Cy(n) functions, proving (iii).

Proof of (iv) and (v). To prove the last two statements, we may again fix a § € (Z/12nZ) !
as above. Take an x € Bg(0). If v ¢ Bss(y;) for some i € Y, then all of the above
functions and their gradients are zero when evaluated at z. Otherwise, by , there
exists exactly one ¢ € Y; such that = € Bss(y;). Then we have,

IXe(@)| = i) < 1,

[Vxe(@)] = [Vxi(z)] < CO71 < C(L+ || X g2)e ™,
e (2)] = |ai(2)] < Ol X]|od < C(1+[[DX]|1)d < Ce,

and
[Vag(z)| = [Vai(z)| < [Vip(z —yi)(Ai, (2 — yi))[(2) + [(@ — i) Ail(2)
<67 O Xllgad + ClIX o < O+ X oo):

Moreover,
xepg ()] = [xapf (x)] < C8 < Ce

and

[V (xer) (@) =V (xip)I() < [(Vxa)l(2)]pf[ ()
+ Dl (@) (Ve (e = ya)ll(ze = (i) + [ (2 — i)l
<C(E - +C(e+1) <C
Finally,

el (x) = ¥ |(2) = [ (@ — y) 1B |l(z — (:)o)| < ClIX|n6
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and

V'l () = [Vl () < V(@ = ya) 1Bz — (ol + [z — wi) | B
< CO Xl d + [ Xl er < ClIXln-

As x was arbitrary in Bg(0), this holds for all z, and as £ was arbitrary, this holds for all

&, which proves the lemma. O

We now deduce a corollary about Sobolev spaces in R”. This is not related to our further

study but it is worth mentioning.

Corollary 3.5.7. Let Q C R" be an open subset. Then CompV(Q) is dense in Wy (Q)
for all p € [1,00).

We are now going to apply the previous results to manifolds. The next lemma follows

from partitioning the manifold in balls and patching the approximations from Lemma

together.

Lemma 3.5.8. Let M be a smooth manifold with a C°-Riemannian metric g that ad-
mits LE .-Christoffel symbols and a measure p defined via du = h®dvoly, where h €
C°(M,(0,00)). Let X be a compactly supported smooth vector field on M and let € > 0.
Then there exist a constant C = C(M, g, h,X) and a vector field X = 22:1 hpyV fp, €
CompV (M) such that

< (¥,
H{(TM,p)

(i) HX _ f(‘

(i) supy (| X1y +[VX]y) < C,
(ili) ¢ < C,
)

(vi) for all p, we have that ||hy||; < C and | fp|| - < Ck,

(v) for all p, we have that ||[|Vhylgll o < Ce™ and |||V fplgll o < C.

In the next proposition we invoke the parabolic De Giorgi-Nash-Moser theory [85] to
obtain C%® convergence of the heat flow to the initial datum. The non-triviality of the

statement relies on the fact that the Riemannian metric is merely C° with L2 _ Christoffel

loc

symbols, and the weight on the measure is merely C’OHWI’Q(M ).

loc

Proposition 3.5.9. Let M be a smooth manifold and g a C°-Riemannian metric with
L2, Christoffel symbols. Let moreover h € C°(M, (0,00))NW,52(M). Define the measure

w on M via du = h*dvol,. Let K € R and assume that (M,d,, 1) is an RCD(K, o0)-
space. Denote by Hy; the heat flow on M. Let Q0 C M be open such that € is contained in
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one coordinate patch (U, 1) and Q is compact. Then there exists an o € (0,1) such that
for each p € C2(M), T > 0, and for each open Q CC Q, it holds (idjp1) x ). Hiplg €

coa([0,T), ).

Proof. Throughout this proof we write p; for ¢, H;plo. As Q is compact, we get that
there exists a constant A > 0 such that ; < h?y/[g| < A and 31d,, < g~' < Ald, on Q.
We note that p, weakly solves

d
&pt = A,upt

on 2. Observing that for any two functions f, ¢ € C°(Q) it holds

[ aut-odn=- [ (V19,0 du=~ [ wVlglgaiso0dc,
M M M

we get that p; weakly solves

where

By the previous observations, A is uniformly elliptic on €2. Recalling that p € C°(M), the
result follows from the parabolic DeGiorgi-Nash-Moser theory, see for instance Theorem
1.1 in Chapter V of [85]. O

We are now ready to prove the main approximation result of the section that will be key

in the proof of the main theorem of this chapter.

Lemma 3.5.10. Let M be a smooth manifold endowed with a C°-Riemannian metric
g that admits L _-Christoffel symbols and a continuous positive weight h. Let u be the
measure defined via du = h*dvol,. Assume that the metric measure space (M,d,, p)
satisfies the CD(K, 00)-condition. Then for each relatively compact, open U C M and
vector field X € C°(TM) there exists a sequence (W;); C TestV(M) such that W; — X

in H(TU, p) and (W;); is bounded in L= (U, p).

Proof. As a first observation we note that by Corollary the metric measure space
(M,dg, ) is infinitesimally Hilbertian, hence an RCD(K, 0o)-space, which in particular
enables us to apply all the theory from the previous section. Let ¢ > 0. We can find
a constant C' = C(M, g, h, X) and functions f,, h, € C°(M) where p € {1,...¢q} such
that, denoting X := > p—1 hpV £, satisty conditions (i)-(v) from Lemma [3.5.8] We first
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note that by interpolation, HX -X ’

— < Cy/e. We have that C* C D(A,) N

W22(M) N L*(M), so for all p, it holds f,, h, C Hz N L>(M,u) C D(A). Thanks to
Proposition together with the equality of norms established in Proposition |3.4.8]

we get that for each p, there exists a t € (0, ﬁ], such that

52

maxy ([ foll iz ars + 1Pl mzar,)

max ([, — chpHﬂg(M,u)a 1y — Htfp”H%(M,M)) <

Fix a relatively compact, open set U C M. Then by using Proposition [3.5.9| on a finite,
relatively compact cover, we can potentially decrease ¢, to get

52

maxy, (prHHQQ(M,#) + thHHg(M,u))

max([|hy, — chpHLOO(U,,u)? 1y — HtprLoo(U#)) <

Y

forall p=1,...,q. Define fp = H,f, and ;Lp := H,h,, for all p. Moreover, recall that for

each t € (0, ﬁ} and each f € W22 N L*, we have that

||Htf||L°°(M,u) < ||f||L°°(M,u) and
|||VHtf|g||L°°(M,u) < 6_KtH|vf|9“L°°(1\/lyu)’

by Theorem [2.2.12| and the maximum principle of the heat flow. Hence,
fo
h

oo < ”prLoo < Cg,

o <l <

IV foly
IV

< (C, and
LOO

< Ce
LOO

Define W := 371, hyV f,. We directly get that

q ~ ~

DA
p=1

To conclude, we estimate that

< qC*.
Loo(M,p)

H|W|g”Loo(M,M) - g

<3 v,
p=1

L= (M,p)

w4

L2(TM,p)

q
< 7 £ _

q
<N BvE -7 \ WV, —h
< ; Vo= Vh|| o [V =V
q
<A f, — ‘ﬁ —h F
B ; Pll oo (a1 ) Vi =Vl L2(TM7H)+ g PllL2(an,p) Viv Loo (T M, )

< C(M,g,h,X)e.
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For the covariant derivative, we note that

q : q
VW = <vc > bV f,,) = <Z hyHessf, + dh, ® V fp> Z (Hessf,)! + Vh, ® Vf,.

p=1 p=1

Then, by similar arguments as the previous ones, we get that

(T®2U,p)

< i Hv(ﬁpvfp) - V(hpvfp)
p=1

q
< h H
- p; H Pll Loo ()

L2(T92Up)

Hess(fp — fp)ﬁ‘

(Hessfp)ﬁ’

+ ’
L2(T®20,p1) Pll poo 0,0y L2(T®20,p1)

L Y L

P LOO(TU)‘ LQ(TU,M)H pHLOO(TU,,u)

<C(M,U,g,h, X)e.
Finally, we estimate that

X = Wz < | X - %]

+ HX W‘

<C(M,U,g,h,X)\e.

H2(TU,u) H2(TU,p)

3.5.2 The case N = ¢

We are now able to prove the first main result:

Theorem 3.5.11. Let M be a smooth manifold and g € C°(M) be a metric with L3

Christoffel symbols and let h € C°(M, (0,00)) N W,2(M) be such that (M,d,, p), with
dp = h2dvol, is a CD(K, oo)-space. Then

Ric, o > Kg
in the distributional sense.

Proof. From Corollary we get that (M,dgy, ) is indeed an RCD(K, 0o)-space, so
all the observations from the previous chapter apply. Our aim is to show that Ric, > Ky
distributionally, so we fix a smooth vector field X € 73" and a test volume w = ¢h*vol,,
where ¢ € C. N W.2(M). Using a smooth cut-off function, we can assume that X

is compactly supported. We can (using a partition of unity) again assume that ¢ is
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supported in one coordinate patch. We will therefore directly work in an open, relatively

compact set U C R™. From (3.2.8]), we know that
/ Ric,,00(X, X)w
U
= /U XIXMTy, T, — T3 T )oh?/|gl dz' .. . dx
— /U % 0,(X Xk ph?\/|g]) da' ... da" + /U 20X X oh*/]g]) da' . .. dz"
+ 2/ X7 X"(0;h0h + hdhT;, )¢/ |gldat ... da™ + 2/ 8;hdp (X7 X hon/|g|)dat . . . da™
/ XIXMTy, T, — T3 TP )oh?/|glda' .. . da™ — / % 0p(X)) Xk ph?\/|g da’ ... da"
— /U % X70,(X* oh*\/|g]) d" ... da" + / I2.0;(X) Xk oh*/|g| dz" .
+ /U 2. X70;(X*oh*/|g]) da' . .. dz"
+2 /U X7 X*(0;h0kh + hohT,) ¢/ |gldat ... da" + 2 /U 8;hdp X7 X hop/|g))dat . .. dz™
+2/Uajhxjak(xkh¢\/mdxl...dx”.

By the assumptions on g and h and Lemma there exist functions ¥, ;, € L*(U, L")
and @, € L'(U, L") all compactly supported in U such that

/ Ric,, 00 (X, X)w = / XIXF®,, AL + / XX W,y dL™.
U U U

By Lemma [3.5.10, there exists a sequence Vs € TestV(M) such that ||[V;]y]|,«(U) < C
for some constant C' > 0 that does not depend on ¢ and ||Vs — X||H12(TU7H) —0asd — 0.
Fix an € > 0. Note that V5 ® Vj is bounded in L™ and converges to X ® X in L!. By
Lemma , V;@Vs > X®X in L™ = (LY)* and Vs = X in L™ = (L')*. Hence, we
can find a 0y > 0 such that ||Vs — XHH%(TU,M) <ecand [[V;® Vs — X @ X|| 1 ey, <€
for all § € (0,0p). As g and hQ\/m are uniformly bounded from above and from below
on U, we get that [|[Vs — X|[y12gn gny < Cc and [[Vs @ Vs — X & X|[ 1 gaxn pnxny < C€
for all 0 € (0,99) and a C' = C(M, g,h,U) > 0. Now we can use the weak™ convergence,
to choose a 01 € (0, dp) such that

/U XIXE®; AL — /U VIVED, d[,”‘ < e and

/&Xij\Ifi,j,kdE"—/8inV5’f\I/¢7j7kd£” <e
U U
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From now on we will denote Vs, =V for simplicity. We get that

S C(Magah’a U7¢7X)€‘

/ OXIVEW, . dL™ — / VIVEW, AL
U U

Now note that
'/ (V, V>ggz§ h2dvolg —/ (X, X)gq§ h2dvolg
M M

where again C' = C(M, g, h,U, ¢, X). Finally, we use that

/M oh? dRic(V,V) = /U Ric,oe(V, V)w = /

<CIVRV =X ®X| 1@ < Ce,

VIVE®D, AL + / OVIVEW, ;). dL".

U U
(3.5.6)
All together, we get that
/ Ric(X, X)w > / oh* dRic(V,V) — Ce
M M
> K / (V, V) ,0h* dvol, — Ce
M
> K/ (X, X),0h*dvol, — (2 + |K]|)Ce
M
_ K/ (X, X)w — (2 + |K|)Ce.
M
Sending € — 0 yields the result. m

Lemma 3.5.12. Let Q C R" be open and M € CF(Q;RENY) be pointwise positive

semidefinite. Let ¢ > 0. Then there exist a function ¢ € C(Q,[0,1]) and vector fields
by € C°(Q,R") for k=1,...,n, such that for M. := ), pb, ® by, it holds

|M — M8|01(R") S CE,

where C'= C(Q, supp M, n) does not depend on €.

Proof. First we recall a basic fact about matrices. Let P € R™ ™ be positive definite.
Then there exists a unique positive definite matrix A € R™ " such that ATA = P.
Writing A = (A;;)ij, we get that P = (ATA)y; = Y p_; AriAr; = >, (Ar ® Ag)i;, where
Ay denotes the k-th row vector of A and ® the dyadic product.

Now define M := M +¢ld,, € C®(; RE <) and note that M is constant outside supp M.
By construction, we have that M is positive definite everywhere in 2 and its smallest
eigenvalue is bounded below by . Similarly, its largest eigenvalue is bounded above by

HM’HS’CU(Q) + e =:m. Set

1
U:= {a+ib:a€ <§E,m—|—2>,b6(—1,1)}
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and K :=[e,m+1] C Ry C C. For amatrix B € C"*", we denote by ocnxn(B) the set of
its complex eigenvalues. Note that for each p € Q, genxn(M(p)) C K. Let v be a smooth
cycle in U \ K such that n(v,w) = 1 for all w € K, where n(v,w) denotes the winding
number of v around w. We denote by s : U — C the unique holomorphic function which
is defined by s2(z) = z and s(w) > 0 for w € RN U. Define
B(p) := % ; s(2)(z1d, — M(p))~td=.

Using holomorphic functional calculus we infer that B(p) is the unique positive square
root of M (p) for all p € Q. As ~ is a fixed curve with positive distance to K, all functions
in the integral are smooth and bounded on the domain of integration. As M(p) is a
smooth function of p, so is B(p) and each of its rows, which we will denote by by for
k=1,...,n. Let p € C*(Q,[0,1]) be a non-negative cut-off function such that ¢ =1 on
supp M. We can choose ¢ such that |Vy| is bounded by C(n) - dist(052, supp M). Now

define

Ma = @Zbk@)bk
k

By definition, we have that

- [0 if p € supp M,
|M. — M|(p) = { pleld,| < C(n)e if p ¢ supp M.

Similarly,
Y ~J 0 if p € supp M,
V(M: — M)|(p) = { Veleld,| < C(Q,supp M,n)e if p ¢ supp M.

By definition, we know that [M — M| < C(n)e, so combining the estimates above, we
get that

|M—M5|Cl < |M—M|Cl + |Me —M|Cl < Ce.

O

Theorem 3.5.13. Let M be a smooth manifold endowed with a C°-Riemannian metric
g that admits L2, -Christoffel symbols and a positive function h € CO(M) N W2 (M).
Define the measure p via du = h*dvol,. Suppose the distributional Bakry-Emery 00-
Ricci curvature as defined in 1s bounded below by K for some K € R. For each
coordinate patch U, there exist reqular Radon measures v;; fori,j = 1,...,n such that
for a test volume w with suppw C U (locally written as w = ph? \/Edazl A...Ndz"™) and

smooth vector fields X,Y , we have that in local coordinates it holds

Ric o0 (X, Y)w = ) / XY oh®/|g|dv (1, ..., ). (3.5.7)
.3
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Proof. Using the local trivialisation ¢ : U — 0 C R", we may assume that we are

working on the open set {2 and will express everything in local coordinates. Define

1] ps Jp— s

s s 2 s /
D,’j = 8PFI;] — @ng +TI8TP T8 TP — ﬁ(h@,]h — 8,h8jh — thash) — Kgij eD (Q)

By definition, D;; is a distribution of order at most 1 and for any smooth vector field X
and any test volume w = ph?y/|g|dz* A ... Adz™, for a p € C. N W22 (M) we get that

loc

(Ric(X, X)y00 — Kg(X, X))w = > (Dij, X' X70h*/|g])r p.

.3

Now define D € D'(2,R2*") via (D, M)p p = Zi,j<DiJ’Mij>D'7D‘ Denote B(X,p) :=

sym

©h?/]9](X @ X). Then

(Ric(X, X) o0 — Kg(X, X))w =Y (Dyj, BIX,9)ij)pp = (D, B(X,9))p .

ij

Now let B € C°(Q2; R2%") be pointwise positive semidefinite and € > 0. Let B, be as in

sym

Lemma [3.5.12] As Ric,, o — Kg > 0, we get that
(D,B.)pp > 0.
Moreover,
(D, (B: — B))pp| < C(Q,suppB, g, h)|B — Be|cio) < C(2, B,n,g,h)e.
Hence,
(D,B)pp>—C(Q,B,n,g,h)e.
Letting ¢ — 0, we get that for any such B,
(D,B)pp > 0. (3.5.8)

Now fix S C € compact and let A € C°(Q;R2*") (not necessarily positive semidefinite)

sym

such that supp A C S and supg |A|gs < 1. Then A only has eigenvalues in [—1, 1] at each
point in . Let p € C(,[0,1]) such that p =1 on S. It then follows that pld, — A is
positive semidefinite in 2. Then by (3.5.8]),

(D, A)pp < (D, pld,,)p p-
In other words:

sup (D, A)pp < (D, pldy,)p p < 0.
AEC’SO(Q;R?yXJf),suppACSJ|A|Hg|c()§l
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n(n+1) (n+1)

As S is arbitrary, we have proven that D € C.(Q; RZ") 22 (C.(, R)T)’ >~ (CL(QR)) 7.

sym

By Riesz” Theorem, C.(£2,R)" equals the space of regular Radon measures on €, so it

follows that there exist regular Radon measures 7;; on €2 for ¢, 5 = 1,...,n such that

sym

<D, M> = Z/ Mijdﬂija for all M € CC(Q,RTLX”)
ij Yo
Define the regular Radon measure
Vij i= Dij + ngﬁn

Now for any vector field X and any compactly supported test volume ph?+/|g|dz!A, ..., Adz",

we have that
/ X1 XIph?\/|glgi KALY = (Kg(X, X),w)pr p.
Q

By the definition of B(X, ¢) and D, we get that
(Ric(X, X) o0, W) D = Z/Xingoh2\/ lg|dvij (2, ..., xp).
.3

By using that Ric, o (-, -) is a symmetric bilinear form and considering Ric, (X +Y, X +
Y'), we conclude that (3.5.7) holds. O

Remark 3.5.14. From the proof of Theorem it also follows that ), . |vi;|(S) < oo
for each compact subset S C Q. Moreover, the components (v;;);; change tensorially

under coordinate transformations.

3.5.3 The case N € [n,0)

Finally, we want to examine the case when (M,dy, ) is a CD*(K, N) space for some
N > 1. By Corollary , we know that (M, dg, 1) is infinitesimally Hilbertian, hence
we know that it is RCD*(K, N). Then, by Theorem we get that (M, d,, 1) satisfies
the BE(K, N)-condition

Dalf. ) = SACVLVS) = (VAS, V) 2 (KIVSP 4+ 1 (Af P, for all f € TestF ().

Testing with a non-negative function ¢ € C. N Wl’Q(M), that we may assume to be

loc

supported in one coordinate patch, we obtain:
1
—5/ (V(VF, V), Vo)h*/|gldet ... dz" — / o(VAF, VIR |gldzt ... dz"
M M
1
> / (KIVSP+ 5 (AfP)oh?Iglda' . da
M
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Using and Proposition and (3.4.2)), we get that
[0 @A, - T e gl o' da
— [ POV et gl o
+ /ngaj((w)j(w)%h? Vg dzt .. dz"
+ / %(v FY(Vf)E(0xhdjh + hT%,05h)ohy/|g dat .. . dz"
+2/3kh3j(h(Vf)j(Vf)kg0 \g\)dxl...dx"+/M¢yv2f\§lsh2mc1xl...dm”
Z/M(K|Vf|2 bk Jgl ot di (3.5.9)

Now take a function f € C2(M, ). It follows that f € H>?(M, u)ND(A,), so by Propo-
sition the heat flow H,f =: f, converges strongly to f in H>2(M) C HZ(TM, p).
Then f, — f in H*? C H? so we can conclude that holds for any f € C?(M) and
any ¢ € CH(M). With Theorem [3.5.13] this gives:

Proposition 3.5.15. Let M be a smooth manifold endowed with a C°-Riemannian metric

g that admits L} .-Christoffel symbols and a measure p defined via dp = h*dvoly, for a

loc
positive function h € C° N WE(M). If (M,d,, n) is a CD*(K, N)-space, then for all
f € C3(M), it holds

1

DV v + (IV2 s = KIVII? = 5 (Auf))n >0 (3.5.10)

in fized local coordinates.

An application of Theorem 4.7 in [44] shows:

Lemma 3.5.16. Let M be a smooth manifold, g a C°-Riemannian metric on M and
U c V C M both open such that U C V and V is compact. Moreover denote by
9e = g% pe. Denote G = ||gll oy + 197 o). Then there exists an g9 > 0 such that for
all x € U and 0 < € < &g, it holds

ie(x) > C(e,G,U,V,p) > 0,
where i.(x) denotes the injectivity radius with respect to the metric g..

Lemma 3.5.17. Let M be a smooth manifold, g a C°-Riemannian metric that admits
L2 -Christoffel symbols on M and U C V. C M both open such that U C V, and V

1s compact and contained in one coordinate patch. Moreover let g. := g * p.. Denote

87



G = HQHCO(V) + ||971||CO(V)' For all p € U, there exists an g9 > 0 such that for all
e € (0,e9), there exists a constant C = C(U,V,e,G,p, p) > 0 with the following property:
for all vectors v € T,M with [|v]|, < min(1,C), it holds

| D exp? Meuc <3, and |D?exp¥ || (3.5.11)

euc —

Proof. By covering and rescaling, we can assume that U = B%¢(0) C R” and V =
B, (0) € R™. Let g9 > 0 small enough for Lemma [3.5.16| to hold, and such that e < 3

and for all € € (0,2¢), ¢g- is a Riemannian metric on Bg(0) satisfying

HgEHCO Beuc + Hgs 1HCO B8uc( < 2G

Choose € € (0,e9) and denote by 4. the injectivity radius with respect to g.. Fix a point
p € U and v € T,U such that v, < 1. By the relative compactness of V' and
arguments as in the proof of Proposition [3.3.7] (or alternatively Theorem 4.5 in [25]),
there exists A = A\(G) > 1 such that g, g., and | - |, are pairwise A-equivalent on V' and
their induced metrics are pairwise A-equivalent on Byj5(p). For a curve ¢ : [0,1] — M
and W a vector field along the ¢, we denote by W the covariant time derivative and by
W’ the derivative in local coordinates. Denote v := ~5 the geodesic with respect to g.,
originating in p and tangent to v. Note that |¥(t)|,. is constant in the existence domain

of v, hence we have that for all such ¢,

|’7(t)|euc < )‘2|'7(0)|euc = )\2’U|euc‘ (3.5.12)

For any vector w € T,U define J;, to be the Jacobi field in metric g. along v with
j;w(O) = V50)J5.,(0) = w. Recall the Jacobi equation for the smooth metric g.:

i w(®) = Vi (Vi I (1) = RO, (5, 7(5)7()-
In order to keep notation short, we write J,, for J; . In local coordinates, we get:

(Jult) = (Vi u(0))} = LIEW) + POF (OPEG (), and

(ult) = S (SI0) + POF O, (0)
DL GO0 SI50 + PR O G().

Hence, the Jacobi equation in local coordinates gives

(RT3 (03H(0) =3 Tol6) + S T T ((0) + 7 (0 (T (1)
PO O)0) + T30 (ST

+JOF OT5(1(1).
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We have that
|D?ge] < C(p,G)e™®, and  |Dg'| < C(p, G)e", (3.5.13)

where we may assume that C' > 1. Moreover, recall that we can use the geodesic equation
and to bound |y (t)|cue in terms of |v]eye, Ge™' and A. Hence, all coefficients of the
above linear system of ODEs are bounded by Ce™2. Denote Y,I (t) := (JT(t), (J)(t)).
We get that

Y, (0)" = (0%, wh), (3.5.14)

where P is a matrix with smooth entries whose L*®-norm is bounded above by Ce=2.

Gronwall’s inequality gives that for u € T, M

-2

|Yw(t) - Yersu(t)‘euc < |5Hu|eu060t€

Hence,

-2

S (t) =,

w+su(t)|€uc S ‘SHu’euceCts

Thus,
2

g o
| T () = Jupsu () ewe < |3||u|eu05(60t N

It is known that J,(t) = D exp{ [, (tw). Hence, denoting a := Ce~
0<t<i,

2 we get that for

1
}Denggf |tv(w) - Dexpge ’tv(w + su)‘euc S |3Hu|euca<eat - 1) S 3‘5||u’euca

which shows local Lipschitz continuity of the first derivative at the point v(¢). The second
derivative of the exponential map exists as g. is smooth and by the Lipschitz continuity,

it is bounded. Setting su = —w, and recalling that Jy(t) = 0 for all ¢, we get that

< 3|w|euc-

euc —

’D expd* | (w) ‘

Hence the first differential is bounded at the point tv. Recall that v is arbitrary, given
that the geodesic tangent to v and its variation are well defined for ¢t € [0, ﬁ] Then the

above holds for each v € (0, ﬁ]v and (3.5.11)) holds for each © such that

~ a ..
0< HngE S ﬁmln(zaq))? 1)

By continuity of the differential and the second differential this also holds for |[3]|, = 0.

Since p was arbitrary, taking Lemma [3.5.16] into account, we get the result. O]
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Lemma 3.5.18. Let K, K' C R™ be compact sets such that K C K'. Let furthermore F
be a family of closed balls in R™ such that for every point x € K, there exists a radius
R, > 0 such that for all positive R < Ry, it holds Br(z) € F. Let ¢ € C.(K',[0,00))
and € > 0. Then there exists a finite family of functions {x,},—, such that the following

holds:

(i) For every p = 1,...,q, there exists an x € K and a positive R < R, such that

Xp € Ce(Br(x),[0,00)) and x, is rotationally symmetric centered at x.

(i) ZZ:l Xp < ¢ and HZ;Z:l Xp — 90‘ <e.

CO(K)

Proof. We first recall that, by Besicovitch’s covering theorem, there exists a constant
¢, > 1 such that for any family G of closed balls in R™, such that the set A of their centers
is bounded, there exist ¢, countable subfamilies (G,);~, such that for each h =1,...,¢,,

any two different balls in G, are disjoint and A C Uy, Upeg, B-

Claim. For every function ¢ € C.(K’,[0,00)), there exists a finite family of functions
{r} 7, such that for every k = 1,...,m the following holds:

1. There exist x € K and a positive R < R, such that ¢y € C.(Bg(x), [0, 00)).
2. 1y is rotationally symmetric centered at x.

3. The following estimate holds:

> k-
K—1

Zwk <, and
k=1

1
< (1= 5 )Ieleoy  (3515)
CO(K) "

Proof of the claim. If ||90||00(K) = 0, we do not need any function to approximate ¢, so
we set m = 0. Otherwise, using that ¢ is uniformly continuous, we can find § > 0 such
that for all z,y € K’ with |z —y| < 49, we have that [p(z) — ¢(y)| < |¢llcos) * 56
For each z € K we define p, = min(R,,0). Now (J,cx Bes (2) is an open cover of K,
so by compactness of K, there exists a finite subcover [J;-, B%k (zg) of K, where we
write py, = p,, to keep notation short. Now we apply Besicovitch’s covering theorem to
find ¢, finite families F;, C {m}k such that K C ;L Upes, B and the balls in
each family are pairwise disjoint. For each h denote by I}, the set of indices k such that
m € JF;,. Fix such an h. Note that I, is finite, hence for each k € I}, we can find a
radius 2 < rj, < pg such that for k, k' € Iy, k # k', we have that B, , (zx) N B, (zx) = 0.
Foreach k = 1,...,m, define a function ny € C.(B,, (xx), [0, 1]) such that ny is rotationally
symmetric (with center xj) and 7, = 1 on m Define

O := min_ p(y) € [0,0).
yEBrk(xk)
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Now define ¢, € Co(B,, (z), [0, 00)) via

We now claim that (3.5.15)) holds. Pick a point z € K'. Let L, :={l: z € B,,(z;)}. For
each h = 1,...,¢,, we have that |I, N L,| < 1, hence |L,| < ¢,. By definition, we have
that 0, < p(z) for each [ € L,, hence

S wnle) = Y wle) = Y- Lnte) < o).

k=1 l€eL, leLy Cn

Now let # € K. We have that for each | € L, and y € B,,(z;) it holds |z — y| <
2r; < 2p; < 28, Hence, for each | € L,, we have that [p(z) — 0] < [[¢llco) - 5 By
the construction of our cover, we have that there exists at least one A\ € L, such that
T € Boy (x). Hence

C Cn Cn
k=1
Thus
OS(‘O(x)_Zwk(@SSO(x)_C—ASQO(x)—(’DC( >_|_ ¢c< )_C_)\
k=1 n n n "
1 1
Z@——%w+—ww—w
Cn
1 1
< (1= ) lelon + ez lelenr < (1= 5 Ielen

This proves the claim.
Now given a function ¢ € C.(K’,[0,00)), we define a sequence of functions (p;)32, C
C.(K',[0,00)) as follows: ¢y := ¢. Given ¢;, we apply the claim to find m; > 0 and

functions w,(j), for k =1,...,m; such that
o z/;,(g e C, (BRQC @) ), 10, 00)) for some xz,;, € K.
° 1/;,(5 is rotationally symmetric centered at x;.

e The following estimate holds:

mj
Z 1/}1(5) S P and
k=1

1
< (1 - £> leill oy

CO(K)
Then set ;41 = @; — > 12, k ) > 0. Inductively, we get that

1
15ll o) (1 - 2—) el oy (3.5.16)
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Ine—In H‘PHCO(K)

In (1— 2;)

Now we can choose J > . We choose the family of functions {w,(cj ) k=

L,...,m;,j=0,...J} Then

J my J
e =3 N o =00 = (0 — ¢ju1) = @ri1 > 0.
j=0 k=1 =0
By our choice of J and ([3.5.16)), we get that
J my A
o= > U =lermleo <e
7=0 k=1 CO(K)
This finishes the proof. O

Lemma 3.5.19. Let f € L _(R™) and h € C°(R™). Then for each p € R", we have that

loc

if p is a Lebesque point of f, then p is also a Lebesque point of f - h.

We are now able to state and prove the second main result of the chapter, namely that
the CD*(K, N) condition implies that the distributional N —Bakry—Emery Ricci tensor is
bounded below by K, on a smooth manifold endowed with a continuous Riemannian

metric with L? -Christoffel symbols and a C° N W, *-weight on the volume measure.

Theorem 3.5.20. Let M be a smooth manifold, g € C° a Riemannian metric that admits
L% -Christoffel symbols and h € C° N W1’2(M) a positive function, V = —2logh €

loc

CONW,S2(M). Define the measure p via p := e~V dvol,. Let K € R and N € [n,00). If

loc

(M,d,, p) is a CD*(K, N)-space, then

1
Ric, v = Ricy o0 — N—VV ®@VV >Kg in DT,
—n

Proof. We first notice that by Lemma and Corollary (M,dgy, p) is an
RCD(K, oo)-space, so by Theorem , we have that Ric, . € D'Ty can be expressed
via Radon measures (v;5);; as in (3.5.7). Let U C W C M be open such that W is com-
pact, U C W and W lies in one coordinate patch. It is enough to prove the statement for
M = U, as we can cover the manifold with sets like U. Let p € C°(B{**(0), [0,00)) be a
rotationally symmetric standard mollifier and ps(x) := 35p(%), § > 0. For 0 < § < § <
dist(OW, U), we define gs = ps * g. We assume that for all these d, gs is a Riemannian
metric on U and that max({|gs||co(r, HgngCO(U)) < 2max(|[g]lco(ry. Hg_lHCO(U)), as this
is the case for o > 0 small enough. Then g5 — g everywhere as § — 0. Then, by the
proof of Proposition there exists a ¢ > 0 and a A > 1 such that g, gs and | - |ey. are

pairwise A-equivalent on U and dg,d,,, and | - |c.. are pairwise A-equivalent on Bg*“(p)

95
for all p € U. Fix a point p € U such that

p is a Lebesgue point of Dg, and of Dg - Dg. (3.5.17)
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Then, as p is rotationally symmetric, we get that
Dgs(p) — Dg(p). (3.5.18)

Fix € > 0. We can assume p = 0. In order to compute local coordinates with a vanishing
Levi-Cevita connection with respect to g at the point p, we define the map ¢ : U — Uc
R™ x +— y via

Y =F(x) = 0+ afs’ + 5fjximj,

where af, ij = sz € R are constants. Then

(DY)ii(x) = Opiy* = af + 28
0,1 (DY) i(x) = 265, and
(1h29)i; = (DY) Tg(Dy) 1)y

Moreover, it holds

(01(DY)™)i5(0) = (DY) ™19 D(DY)™1)i5(0) = — (D) 0 Dy (D) ' 0)
= —2(Dy);; B (D)5 (0).

We assume « to be invertible and define o' =: ¢ = (0y;);; € R™™. In order to be
“normal coordinates” at p = 0, we need that at the point ¥(0) = 0 € U, it holds
(1:9)i5(0) = (@~ "ga™");;(0) = Id,. (3.5.19)

We want the first derivative of the metric with respect to the y-coordinates to vanish at

p = 0, hence we compute:

_ _ o
0 = Oy (149)i5(0) = Dt (DY )i (D 1)qj9rq)a—yk(0)
_ _ _ _ oxt

= (Ou (DY 1)ri<Dw 1)!11'97"«1 + (D 1)ri6xl(D7/} 1>qjgrq + (D~ )M(Dw )QJ lgrq)a & (0)

= (_QUTtﬁlesiaqjgrq - QUrio-qtﬂzlo-sjgrq + O-Tio-qjacclgrq)o-lk' (3520)
This gives in*(n+ 1) equations and $n?(n + 1) variables 8%. To keep notation short, we
rewrite this to

1
(g, 0)B = €™(Dg,0), m=1,..., 5712(“ +1), (3.5.21)

for some polynomials (/7 : (R™™)2 — R and £™ : R™™*" x R™". In order to find a
solution of this system of equations, consider g5, d € (0,dy). By using the exponential

map, we can find a map 15 defined as

Vs = (exp?) ™" : Q5 = B, (0) C T,U = R", z — ys,
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where Qs C U is an open neighbourhood of 0 and r; > 0. Define the distance function dj :

N L )
Qs — [0,00),y = dg,(p,2) = (30, (y5)?) 2. It is known that (¥s).(gs)ij = 6i;+O0s((d5)?).
More precisely, this means that there exists a constant C,; > 0 such that for all x € €5,

1(¥5)<g5 () — Tdnlgucn < Coy(df)* (). (3.5.22)

Note that |Dgs| < CA§~! for some C' > 0. Take Qs := Qs N {2 |2]ewe = |2 — Plewe <

%’ (d§($))2 < Qné% ﬁ} Then in Qg, we get that

1 1
ﬁldn < gs <2Md,, and §Idn < (s)«gs < 21d,,. (3.5.23)

Using that [[v]|,, = [[(¢))«[[(4,).q,» We get that the transition map Ws := Ds : TQs —
T5(Q5) is bounded from above and from below in the Euclidean norm, meaning that for
all 0 # v € T,Qs, we have that

1

15 1% (0w
40 2\

<
o]

2
euc 2\

By the inverse function theorem, we know that on s
Dyps = (D(exp®))~", hence 8, D5 = —Dipsd;(D(exp?’)) Dips.
Hence, using (3.5.24)) and (3.5.11]), we get that
|(D5) Hewe(0) < 4N and | D*s]ene(0) < 12X% (3.5.25)

Now for all 6 > 0, we have that

g5, (D)) 304D = €7 (Dgs (DY) ™), m =1, 2 + 1)

With (3.5.24) and (3.5.25]), we get that there exists a convergent subsequence ¢’ — 0 such
that (Dvg (0), D*¥s(0)) — (D1(0), D*¥(0)) and

| D) euc(0) < 4N, | DY eue(0) < 4X, and [ D*t)]eue(0) < 12X%. (3.5.26)

By (3.5.17), (3.5.18)), and the continuity of g, it follows that (D1(0), D*)(0)) satisfies
(3.5.19) and (3.5.20). Now we have found coefficients for our map 1 : U — U and we
notice that for now the map is defined everywhere on U. By (3.5.19)), Dy(0) must be

invertible, so by the inverse function theorem we can shrink U to a neighbourhood U’ of

p such that 9 is a diffeomorphism on U’. Note that D% is constant, so

| D% eue() < 122, (3.5.27)
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for all z € U'. As 1.9 = 1Id,, we get that the transition map V|, := Dy : ToU' —
Toy(U') is bounded, meaning that for all 0 # v € Tpy)(U’), we have that
W (v)

1) lewe -y (3.5.28)

<
o]

1
>\ euc

Using (3.5.27)), we can shrink the domain U’ and find an open 2 C U’ such that p € Q)
and the transition map ¥ := Dy : TQ — T () satisfies

1 _ [[Y()]
— < I leue < 9y (3.5.29)
22 7 vl

euc

for each v € T, Q2, ¢ € Q2. As p satisfies (3.5.17)), we can use Lemma 3.5.19] to get that for
each f € C2(M),

p is a Lebesgue point of z — |V2 f(2)|}g, and z — (A, f(2)). (3.5.30)

Here A, denotes the Laplacian with respect to the volume measure induced by g. As, by
the above construction, y = 1(z) defines normal coordinates at p with respect to g, we
have that

((1)+(Vg£)(0))ij = 0y s (0),  and
Byf = 00,00 = S (@1 (V2N @)
Now fix a smooth vector field X on U and denote B := ¢, (X (p)) € R". Let f: Q — R

be defined by . f := >, Biy' + ﬁﬁ(yi)2 for some a € R. Then

a
vn
Note that f is smooth because v is smooth. Writing h? = e~V for a C° N I/Vlif—function
V, we get:

GV f(0) = B, . V2f(0) = —=Id,, and .4, f(0) = via.

Aguf =Bgf + <V9V’ ng)g'

Hence,

V2 s al0) — (B2 0) = e = 2,0, ) — (X, T, V)20).

— V(X,VgV)g(p)

The choice a 7
—Nn

minimises the right hand side and yields

1
N

1

(Aguf)'(p) = = (X, Vo V)5 (p). (3.5.31)

Vol sy (p) — “N_n
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Now there is a 79 > 0, 7 < min(e, 1) such that By (p) := BZ°(p) C Q and for all
z € B, (p), we have

IVof(2) = X(P)|ewe < e and | X(2) — X(D)]ewe < €. (3.5.32)

Finally note f = ¢*1), f, so we can bound || f||;;2 in a neighbourhood of p in terms of

[0, | D], | Dy, | D*y|, a, and B. Hence, by (3.5.27) and (3.5.29)), we get that

1f lw20e 8, () < C(X, VA 1, N). (3.5.33)
Now, by (3:5.10). we have
1
> (VoiVol)vis + (Vo flirsy = KIVofly = 5 (Do) > 0.

12
Recall that p = e=V'+/|g|L", where V, g € C°(U). Then by the triangle inequality, (3.5.30)
together with Lemma [3.5.19} and by (3.5.32)), we get that there exists a 7 € (0, 7) such
that for all 7/ € (0, 7), it holds

1

'(Z(ng)i(p)(vgf%(p)mj F (V2 sy (0) = KIVofR0) = 5 (Bgf (o))

i?j

(BT’ (p))

— (S TuDFad v + (92 Fasy = K1Vl = 1 ()0
SC(n7Uaga‘/aX7NaK)(Z’Vij|TV+£n)(BT/<p))'5'

i’j

Similarly, using again (3.5.32)), we get that

S (Vo i) (Vo) )i — (K[, FE0) + (T f, Vo V)2 ()i
N —n

i?j

- XX (K (XTI (Ba)

<C(n,U,g,V, X, N, K)e( > viglrv + L") (B (p)).

.3

Together with (3.5.31)), this yields

Z X X — (KX 2+ (X, VaV)2) ) (B (p))

1
N—n
> _O(n7 U7g7V7 X7 N7 K)E(Z |Vij|TV + E”)(Bﬂ(]?))

Y]
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We infer that for y € C.(B;(p), [0,00)]) with y rotationally symmetric around p, it holds
1
[ A0 Xy = (KW + (T

> —C(n,U,g,V,X,N,K)e / XA wiglev + L7). (3.5.34)
T(p) A

As p was chosen arbitrarily among all points satisfying (3.5.17), we have that for all

p € U, satistying (3.5.17)), and each € > 0, there exists a 7, > 0 such that (3.5.34)) holds

for x € Ce(B5'¢(p), [0, 00)) such that x is rotationally symmetric around p. Now suppose

there exists a function ¢ € C.(U, [0, 00)) such that

(Ricy,o0(X, X) — K| X201 — . (VV ® VV)(X, X)p, ¢ dz' ... dx")yprp = k < 0.
We can assume that ||¢],,, = 1. Choose
0<e< = (3.5.35)

~8C - (L(U) + 32, lviglrv (1))
where C' > 1 is as in (3.5.34)). Write
Ric, oo (X, X) = t§ + 1%,

where t% denotes the singular part and t%§ denotes the absolutely continuous part with
respect to the Lebesgue measure. As Ricy, o (X, X) — K[X[2u > 0, and K|X|2u is abso-

lutely continuous with respect to the Lebesgue measure, we know that
% > 0. (3.5.36)

Moreover, there exist two Borel sets Uy, U, C U such that U;NU, = 0, U, U U, = U,
% (Us) = 0, and L"(Us) = 0. Define

N :={peU: pdoes not satisfy ((3.5.17)}.

Then £"(N') = 0 and hence L"(N U Us) = 0. By the outer regularity of Borel measures,
there exists an open set O C U such that

(NUuU,) C O, and

[Slrv(0) + (KIIXE; + 5 (VV & V)X, X))u(0) < (3537

N

SR

Denote supp ¢ = K', K := K'\ O and note that both K and K’ are compact. Moreover,
denote F := {B;(p): p€ K,0 <7 < i7,.}. We can now apply Lemma [3.5.18|to find an
m € N and functions x; € Co(By, (pr), [0,00)) for k = 1,...,m, px € K, xy is rotationally

97



symmetric centered at py, 7, < 2=, such that Y -, xx < ¢ and || >4, xk — ¢||CO(K)
Denote ¢ := > /" | xx. Define the signed Radon measure s on U as

— _K|X]? —(VV ® VV)(X, X)p

HTNZ,

By (8.5.33)), (3.5.37)), and the bound ||¢ — 1[|co(x) < €, we have that

o=+ =| [ @-v)dere)

IN

/K<¢—w>d<s+t§(> "

<e- (|5\Tv + [t lrv)(U) + (|8l g ([t v + [8|7v)(O)
K
<= <z
8 + 4~ 2
Then, using (3.5.36|) and that ¢ > 1, we get that

/U¢d<5+r§(+rsz>:/U¢d<s+r§+c§(>+/U<¢—¢>d<s+r§(>+/<¢—¢>d<v§<>

U

O(<15 —¢)d(s + %)

2/1/1d(5+t§(+t§()+g.
U

Finally, using (3.5.34), and [|¢[[,,, < 4], < 1, we get that

/wd(5+t§( + %)
U
- iy J 2 1 2
=3 (> XXy dvyy — (KIXE + (X, V,V)2) ) xedn
k=1 \ i, v B (pr) By, (pr) -n
Z—C(H,U,Q,V,X,N,ng(/ ZXkd|Vz‘j!TV+/ Xkd£n>
k=1 “Br. (k) Br, (pk)
K
> vyl + [ vacr
8(L™(U) + 22 lviglrv (U)) </U,z; YT Jy )
KR
>
-8
But then
1
_ <Ric,wo(X, X) = KIX o = o (VV & VV)(X, X)p, oda’ .. .d:c”>
D' D

/¢d +tX+tX)2§

Since k < 0, this is a contradiction. As X was arbitrary, the proof is complete.
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3.6 Distributional Ricci curvature lower bounds im-
ply RCD

In this section, we prove the reverse implication, namely from distributional to synthetic

Ricci lower bounds, under the following additional assumption:

Assumption 3.6.1. Given a smooth manifold M equipped with a continuous Riemannian
metric g that has L% -Christoffel symbols and a positive function h € C° N W22, Define

loc

the measure p via dp = h*dvol,. We assume that the metric measure space (M,d,, 1)
satisfies the volume growth condition (2.2.1]) and that Hf (M, n)NC*'NDr=(A,) is dense
in H} (M, 1) N Dpe(A,) in the sense that for each function f € HE(M,p) N D (A,)
there exists a sequence f; € HE (M, p) N C%™ N Dpe(A,) such that f; — f in Wi2(M)
and A, fj — A, f in L* and weakly-* in L™.

Note that such a condition is necessary, as all RCD(K, 0o) spaces satisfy it (see Remark
and [123], [63, (3.1.5)]). At the end of the section, we establish such volume
growth and density conditions for weighted manifolds with C'-metrics and distributional
Bakry-Emery N-Ricci curvature bounded below by K for finite N, as well as unweighted

manifolds with W, -metrics for some p > dim M.

Theorem 3.6.2. Let M be a smooth manifold, g a continuous Riemannian metric with
L2 .-Christoffel symbols and let h € CO(M) N W52 (M) be a positive function. Denote

loc

V= —2logh € CONW,?(M). Define the measure p via dp := e~Vdvol,. Let N € [n, o]

loc

and K € R. Assume that Assumption is satisfied.

If the distributional Bakry—E’mery N-Ricci curvature tensor is bounded below by K, i.e.
Ric, y > Kg in D'T,

then (M,dgy, ) satisfies the RCD*(K, N)-condition if N € [n,00), or the RCD(K, 00)-

condition if N = oo.

Proof. By Theorem [3.4.4] it suffices to prove that (M,d,, p) satisfies the BE(K, N)-
condition. For any smooth function f € C°°(M) and any non-negative, compactly

supported test volume w, we have that

<RiCH,N(vf7 vf) - Kg<vf7 vf)a w>D’,D
- <Ricu,oo(Vf, V) - —(VV.Vf)2 — Kg(V/. Vf),w> >0, (36.1)

N —n DD

Let n > 1 be the dimension of M and denote by A, the Laplacian induced by the volume

measure dvol,.
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Claim. The following inequality holds at p-almost every point p € M:

Af + (VV. VA2 > —— (VY V)2 (3.6.2)

1
202
IV s = N

Proof of the claim. Fix p € M such that p is a Lebesgue point of Dg and (Dg)?. Denote
B :=|(VV,V)|(p). For (e;),, a g-orthonormal basis at T,M, we have that

V2 fl7s(p) Z V2f(eie;)® and A, f(p) ZV fei,e).

i,7=1

From the Cauchy-Schwartz inequality, we get that

|V flhs(p) = (Dgf (p))*.

Denote a = |V? f|gs. Then

V2 s = (B + (VY. V) +

> 1V flis = 5 (180 + TV, V1) +

1
— n(vv, V£)?

1_n<vv, V)2

1 1
> a2 - BY? 4+ ——  R2
¢ N(\/ﬁa ) N—n

= %(\/N—na—i- Vi B)? > 0.

This proves the claim.

We can now plug (3.6.2) into and infer that

<R10uoo(vf V) + IV flas — ( wf)? = Kg(V/, Vf)’w>D/D = 0.

Now pick a nonnegative function ¢ € W.L2(M) with ¢, A,¢ € L>®(M) and function
f e WP N Dyaa(A,) with A, f € L. By [10, Lemma 4.2], it suffices to check the
Bakry—Emery—condition for such f,». We have that

/ HdTy(f, f) = / (VO TTL VL) e + (D)6 + Auf (V. )y dp
M M
— [ 20,0091V, + a6+ AT i (363)

Now fix some Lipschitz continuous f € W2(M) N D(A,) with A,f € L*. As f €
Wl? = H?(M), we can approximate f with smooth functions f; € C?(M) such that
f] — fin H? = Wl? as j — oo and such that Llp(f) is uniformly bounded. Integration
by parts together with the strong W} ?-convergence yields that A, f; = A, f in L*(M, w).

Using Mazur’s lemma, we can find a sequence f; € C?(M) (of convex combinations of
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the f;) such that f; — f in W12(M) and A, f; — A, f in L?. Moreover, the bound on
the Lipschitz constants implies that we can find a subsequence such that V f; L Vfin
L>. Evaluating the last line of (3.6.3) with f; and passing to the limit using the strong

convergence yields that
[ 28000910, (8,064 A, V6.V ), dp

= Jm 20,0(V [5,V fi)g + (Bufi)?0 + Dufi{V O,V fi)g dpe. (3.6.4)

J]—00

Similarly, we get that

I o(K0(v .9 ) + By au = tim / o(Kov 5,91 + B 4 3.05)

Using that the assumed distributional lower Ricci curvature bound implies that

/M 20,0(V 5,V fi)g + (Dufi) 20 + Dufi(V, V fj)g dp

> (Kg(ij, V) + %) for all j € N,

we infer that the Bakry-Emery condition BE(K, N) is satisfied for f. As f was an
arbitrary Lipschitz continuous function in W,*(M) N Dr=(A,) with A,f € L*™ and
those functions are dense in W.2(M) N Dp~(A,) by Asumption this generally
verifies the BE(K, N)-condition. Together with the exponential bound on the volume
growth from Assumption [3.6.1] this is equivalent to the RCD*(K, N)-condition. O

The combination of Theorem [3.5.11] Theorem [3.5.20 and Theorem yields:

Theorem 3.6.3. Let M be a smooth manifold, g a continuous Riemannian metric with
L2 .-Christoffel symbols and let h € C° N WLQ(M) be a positive function. Denote V :=

loc

—2logh € CONW,.22(M) and define the measure p via dp := e~Vdvol,. Let N € [n, o]

loc

and K € R. The following are equivalent:
(i) (M.dy, p) is a CD*(K, N)-space.

(ii) The distributional Bakry—Emery N-Ricci curvature tensor is bounded below by K
and Assumption [3.6.1 is satisfied.

Remark 3.6.4. Note that in Theorem|[3.6.5 (i), the CD*(K, N)-condition corresponds to
the RCD*(K, N)-condition by Corollary|3.5.15.

Remark 3.6.5. To define distributional lower Ricci curvature bounds, the minimal re-

quirement is that g,g~' € L2 admits L?

loc loc

-Christoffel symbols; this is known in the lit-

erature as Geroch-Traschen class, after [60]. Under the assumption that g,g~' € LS,
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Norris ([107]) and De Cecco-Palmieri ([50], [51]) defined a distance that turns (M,d,)
into a length space, when only considering curves v : Lip([0, 1], M) for which L'-almost
every point is outside a null set N, which includes all non-Lebesque points of g. It is
thus natural to ask whether the equivalence of distributional and synthetic Ricci curvature
lower bounds can be generalized to the Geroch-Traschen class.

It does not seem immediate to extend the present result, though. For instance, it is not
obvious if Proposition and the identification of the slope of C'-functions as the
norm of the gradient remains true in such a higher generality. This question is studied
in Chapter . Related to this, De Giorgi [43] introduced the notion of quasi-Riemannian
metric spaces, which are Lipschitz manifolds with an elliptic metric g such that the slope
of Lipschitz functions coincide almost everywhere with the norm of the gradient; more-
over, he formulated several conjectures on the topic. Since such identification is crucial
for our comparison of the classical and the synthetic Sobolev spaces (Corollary ,

we assume g to be at least continuous.

Remarks on the volume growth and density asumptions

We conclude the chapter by pointing out that, in the case of a Riemannian manifold with
geC’n VVllof(M ) for some p > n = dim M, one can drop the volume growth and density
condition (Assumption in Theorem W (ii). More precisely we prove that, in this
case, the curvature-dimension condition immediately follows from the distributional lower
Ricci curvature bound. The assumption g € C° N WHP(M), with p > n is used in order
to build on top of the approximation results from Section [3.I] and a result established
by Ketterer [79] for Riemannian manifolds with Ricci curvature bounded below in an

LP-sense.

Proposition 3.6.6. Let M be a smooth manifold and let g € C° N I/Vlif(M) be Rie-
mannian metric on M, for some p > n. Suppose that the distributional Ricci curvature
tensor is bounded below by K, for some K € R. Then Assumption 15 satisfied. In

particular, (M,d,, dvol,) satisfies the CD(K, N)-condition.

Proof. Fix a point x € M. For each R, the set B}j_{’(x) is compact. For ¢ € (0,1), define
ge = p. * g. Proposition yields that, for each compact set K C M:

IRic[ge] — pe * Ric[g]|| o2y — 0, ase — 0. (3.6.6)

For any smooth Riemannian metric §, we consider the quantity k[g](H, ¢, R,z), for H €
R,2g >n,R >0,z € M, defined as

( RQq / 1
4 - p?{dV01§> ! 3
voly(BY () J 5 )
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where py(y) = max(—p(y) + (n —1)H,0) and p(y) denotes the smallest eigenvalue of the
Ricci curvature tensor at y. In other words, py denotes the Ricci curvature lying below
the threshold (n — 1)H. The convergence implies that for all R > 0, we have
that l%[gg](%, P,R,xz) — 0 as ¢ — 0. Note also that g. — g locally uniformly, hence the
distances dg, converge locally uniformly to d, and the measures vol,  converge narrowly to
voly. Then, [79, Theorem 1.2] yields that the metric measure space (M, d,, dvol,) satisfies
the CD(K, N)-condition. Together with the infinitesimal Hilbertianity (Corollary [3.3.15)),

this implies Assumption [3.6.1 O

This proof indeed immediately shows the CD(K, N)-condition, without using the Bakry-
Emery—condition. A similar strategy was applied in [83] to establish the implication that
distributional lower Ricci curvature bounds imply synthetic ones for locally Lipschitz
continuous metrics. The bound on the volume growth in this case can also be obtained
using the results by Chen-Wei [45] (after Petersen-Wei [I13]) together with the above

convergence argument .

In the presence of a weight on the volume measure, the results of [45] and [79] are not
available in the literature for LP-lower bounds on the Bakry—Emery—N -Ricci curvature
tensor. For this reason, below we include a variant of Proposition [3.6.6] which allows to
consider a C'-weight, under the stronger assumption that ¢ € C. The proof is again by

approximation, building on top of [69)].

Proposition 3.6.7. Let M be a smooth manifold and g be a C'-Riemannian metric
on M. Moreover, let h € CY(M,(0,00)). Let N € [n,00) and K € R. Suppose that
the distributional Bakry-Emery-N -Ricci curvature tensor is bounded below by K. Then
(M,d,, h*dvoly) satisfies Assumption m

Proof. Fix a point p € M and a sequence R; € (0,00) such that lim; ,. R; = oo. For

each j, the set B; := Bf%j (p) is compact. For e € (0, 1), define g. = p. * g and h. = p. * h.
Noting that [69, Lemma 4.6] holds similarly for K < 0, we get that, for each j € N, there
exists an €; € (0, 1) such that

o for each Borel set Q2 C By, it holds that 3h*voly(Q2) < hZ vol,, () < 2h*voly(Q);
e for each z € Bj, it holds that g and g.; are 2-equivalent; i.e., %g < ge; < 2g;
e for each X € T'Bj, it holds that Ric [g:,](X, X) > (K —1)g.,(X, X).

Fix 7 € N. To keep notation short, write g; for g., and h; for h. . For each R < R;, we

hidvoly,) together with the

can apply the weighted Bishop-Gromov theorem for (B;,d,,, ;
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fact that H := sup; supp, |h;| < oo to get constants C, D > 0, depending only on K, N,
H, and vol,(B(p)), such that

dg; 2
hivoly (Bg” (p)) < CeP™.

From the choice of ¢}, it follows that for all R < %Rj:
h2vol,(B¥ (p)) < 2Ce*P™.

As j was arbitrary, the proof of the volume growth condition is complete.

The assumed regularity assumptions imply C'-regularity, and hence Hélder continuity of
the coefficients of the associated heat equation. Now the theory on parabolic PDEs in
divergence form with Holder continuous coefficients (see [85, Chapter V, §3]) implies that
for positive times, the heat flow of a bounded L2-function is locally Lipschitz continuous.
Now, given a function f € W2? N Dp~(A,), we can apply the heat flow to approxi-
mate it appropriately with a locally Lipschitz continuous function, whilst preserving the

boundedness of the Laplacian due to the maximum principle.

Assume now that f € W2?NDy=(A,) additionally is locally Lipschitz. Note that in these
regularity assumptions, we have that for each function n € C2°(M), it holds A,n € L*°,
hence nf is compactly supported, Lipschitz and A,(nf) is bounded. Using a bounded
sequence 7 of smooth cut-off functions with bounded Lipschitz constant, we get that
nef — f in W2 Noting that A,(nef) = (Aume)f + (Vne, V), + mAf € L% we
may apply integration by parts together with the strong W'2-convergence of 1, f to f,
to see that A, (n,f) — f in L?. Mazur’s lemma allows to find a sequence fj, (of convex
combinations of the 7. f) such that A, f, — A, f in L2 It follows that A, (n.f) = A, f
in L. Hence, we can approximate f with a compactly supported and hence (globally)

Lipschitz continuous function with bounded Laplacian. ]
Corollary 3.6.8. Let M be a smooth manifold and assume one of the following two
conditions hold:

(1) Let g be a C*'-Riemannian metric and let h € C' be a positive function. Denote

V := —2logh € C' and define the measure p via du := e~V dvol,.

(2) Let g be a Riemannian metric such that g € CONW.LP(M), for some p > n. Define

loc

the measure p via dp = dvoly.
Let N € [n,00) and K € R. Then the following are equivalent:

(i) (M,dg, p) is a CD*(K, N)-space.
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(ii) The distributional Bakry—Emery N-Ricci curvature tensor is bounded below by K.

Remark 3.6.9 (Equivalent formulations of Corollary . Under the assumptions of
Corollary[3.6.8, the CD*(K, N) condition is equivalent to RCD*(K, N)) (which, in turn, is
equivalent to RCD(K, N); see Remark since the associated metric measure space
is infinitesimally Hilbertian (see Corollary .

Moreover in the unweighted case (i.e., assumption (1)), the statement (ii) in the equiv-

alence is in turn equivalent to distributional Ricci curvature tensor bounded below by
K.

Remark 3.6.10. This section differs from the last section in [102], as we noticed the
volume growth assumption needed to be adjusted to the volume growth and density As-
sumption to prove that distributional lower Ricci curvature bounds tmply synthetic
lower Ricci curvature bounds. However, the full equivalence (see Corollary 15 still
obtained in the cases g € VVlif and h constant for some p > dim M or for g,h € C', the

same regularity assumptions we assumed in [102, Corollary 7.7].
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Chapter 4

The infinitesimal structure of
manifolds with non-continuous
Riemannian metrics

This chapter is based on the results of the solo-authored paper [119]. We refer to Sub-
section for an introduction to this chapter. The main results we will obtain are:

Theorem 2. For d > 3, p € [1,d — 1] there exists a d-dimensional manifold M and a
Riemannian metric g on M such that g,g' € L™, g € I/Vlif(M) and such that

(i) There exists a test plan that gives positive measure to curves for which the metric
speed is strictly smaller than the norm of the derivative for almost every time t €
[0,1].

(11) There exists a function f € CY(M) for which the minimal weak upper gradient and
the metric slope are strictly larger than the norm of the gradient on a set of positive

measure, i.e. |Df|,|Dfl|, > |Vyflg on a set of positive vol,-measure.

Theorem 3. Ford >3, p € [1,d — 1] there exists a d-dimensional manifold (M, g) with
9,971 € L and g € WEP(M) such that the metric measure space (M, dg, vol,) is not

loc loc

infinitesimally Hilbertian.

Notation

Given a manifold M, a Riemannian metric g, and a locally Lipschitz continuous function
f: M — R, |Df| will always denote its slope, |Df|, its minimal weak upper gradient,
V,f its gradient with respect to g and V. f its differential with respect to chosen local
coordinates (which will be specified).

Given an absolutely continuous curve « : [0,1] — M, we will for almost every ¢ € [0, 1]

106



denote its metric speed at time ¢ by |¥|, and its derivative at time ¢t by 4 € T,,M.
To avoid confusion, if we take the norm of the derivative, we will always write ||, for
V9 A1) and 4| eue for /G, i)eue (given specified local coordinates).

When working in R?, e; denotes the i-th unit vector, £¢ the d-dim Lebesgue measure, and
Id denotes the identity matrix. For i € {1,...,d} denote by z; : R — R the projection
on the i-th coordinate.

For any measure space (X, m) and m-measurable set A C X, 14 denotes the characteristic

function of A.

4.1 The distance on manifolds with non-continuous
Riemannian metrics

From now on we will consider a smooth d-dimensional manifold M with a Riemannian
metric g such that g,g7' € L2 (M). Let U C M be open such that U lies in one
coordinate patch and let ¢ : U — R? be a local trivialisation (that respects our chosen
smooth structure for M). Then, g,g~' € L (M) means that for every such U, the

loc
1

components of g, 1,g ! are locally £%measurable in 1(U) and for every compact set
K C 9(U), there exist constants \,A > 0 such that A\l[d < 9,9 < Ald £%almost

everywhere in K (cf. Definition [2.1.4)).

Then (M, g) falls into the class of LIP-Riemannian manifolds (see for example [135, 51]).
These manifolds and their metric structures, have been studied by Norris [107], and De
Cecco and Palmieri [51], as well as Saloff-Coste [I12I] and Sturm [I31] with emphasis on
potential theory for uniformly elliptic operators. Note that LIP-manifolds shall not be

confused with metric tensors whose coefficients are locally Lipschitz continuous.

If g is only measurable, it might not be well-defined everywhere, hence the definition
of the metric d; from the continuous case , cannot be used for non-continuous
Riemannian metrics. However, Norris [107] and De Cecco-Palmieri [51] gave a definition
of a distance d, on M arising from g that avoids this difficulty. We will briefly summarise
their results and then study the metric speed of curves, test plans, and the Cheeger energy

on the corresponding metric measure space.

o0

., Norris defines the distance d via

In the case of a Riemannian manifold with g,¢g~! € L

d(z,y) :=sup {w(z) — w(y), w e CLH(M) and |Vyw], < 1 volg—a.e.} .

loc

Here, w € CIOO’C1 (M) means that the function w is locally Lipschitz continuous with respect

to the Euclidean distance on charts.
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Moreover, for p € C®(BE¥(0),[0,00)), with Jgapdaz = 1, define p. := £p(%) and g. :=
pe * g (for details on the convolution on manifolds see [75, [69]). The metrics g. are
continuous and hence the distance d,_ is given as in (3.3.1)). Norris then proves that
for e — 0, d,. converges to a distance dy that is locally equivalent to the underlying
Euclidean metric induced from a coordinate chart; in particular, [I07, Theorem 3.6]
states that dy = d =: d,.

From the properties of g, it follows that all points outside a vol,-null set N, C M are

Lebesgue points of g, g~'. For any vol,-null set N C M, define the set

Lipy (2,5, M) = {7 € Cioe ([0, 1], M) : 4(0) = &, (1) = y, L'({t € [0,1] : 7(t) € N}<) = 0)}-
111

Here C21([0, 1], M) refers to locally Lipschitz continuous curves with respect to Euclidean

distance induced by the local charts. If v € C([0, 1], M) satisfies L' ({t € [0,1] : v(t) €
N}) =0, we say that 7 is transversal to N and write v L N.

From now on, we will make a further assumption, that will trivially hold for all the

relevant example manifolds in this chapter.

Assumption 4.1.1 ([51], (1.13)). The manifold (M, g) satisfies the following:
(1) The manifold M has infinite vol,-volume.

(i) There exists a constant h > 0 such that all coordinate charts in our atlas satisfy
that the smallest eigenvalue of g is uniformly bounded below h and M is complete
or the interior of a complete manifold (where the completeness is with respect to
the distance induced by the charts as in [51, (1.9)]).

Assumption is relevant to most results in [51], in particular in establishing that two

different definitions of the distance are equal. Indeed, De Cecco and Palmieri proved in
[51, Theorem (2.18) and Theorem (6.1)] that under Assumption it holds d, = §,

where the distance § is given by

o(z,y) = sup on(z,y), (4.1.2)
NCM voly(N)=0

where
6N = lnf{Lg(7)57 S Lle(.T,:%M)}, (413)

and L,(y) = fol |¥4]gdt. In [50, Theorem 4.4], it is shown that for each vol,-null set
N(] C M, 6 - 50 = Supvaolg(N) O‘SNUNO'
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Proposition 4.1.2. Let v € C2([0,1] — M) be a curve such that v 1. N,. Then, for

loc

almost every t € [0, 1], it holds
el < |ely-

Proof. For a Lipschitz curve v L N,, and any ¢ € [0,1], h # 0, we have that

h h
dg(%, 'Yt—&-h) = lg% dgs (%a%—i-h) < lii%/o |’Vt+r|ge dr = /0 |7t+r|g dr,

where the last equality follows from the dominated convergence theorem and the fact

dg(yt,7v¢4n)
A

a.e. together with the Lebesgue differentiation theorem yields the proposition. O]

that p. * ¢ — ¢ pointwise outside N,. Now the characterisation |¥;| = limj_,o

There are more observations that can be made on the metric speed of absolutely continu-

ous curves. The first one is that the metric speed depends on the derivative of the curve.

Proposition 4.1.3. Let M be a smooth manifold and g a Riemannian metric such that
g,97t € LS. Let v :[0,1] — M be a Lipschitz continuous curve and t € [0,1] such that
the metric speed |¥:| exists at t and v is differentiable at t. Let ¢ : [0,1] — M be another
curve such that ¢, = vy, ¢ is differentiable at t and ¢, = 4. Then the metric speed |¢| of

c att exists and |¢| = |34

Proof. We work in local coordinates in R% and write 74 = ¢ =: p and é& = 4 = v.
Furthermore, we may restrict to a small neighbourhood U around p and assume that
there exist A\, A > 0 such that \Id < g < Ald. Then, by the definition of the derivative,
we get that

Yern =p+hv +ay(h), con =p + ho + a.(h) € RY,

where
lim ’a'y(h)leuc + lae(P)lewe =0. (4.1.4)
h—0 |h|
Now, we can compute that
dy (e o) < VA (1) e + ac(B) e, (4.15)

and hence

0 < tim QeQenr o) el ()lewe & lae(W)lewe
h—0 |h ho0 A
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But then

lim sup dg(ct, cern) _ dy (7 Vern) < lim supw _0

h—0 ] A B0 1]

]

Next, we establish that the metric speed depends locally Lipschitz-continuously on the

derivative of a curve.

Proposition 4.1.4. Let 41,42 : [0,1] — M be two Lipschitz continuous curves that
are contained in a compact set K inside one coordinate patch V and t € [0,1] such
that v} = v and such that the metric speeds |3}| and |42 as well as their derivatives
Yi,9; € Ty M exist. Then there exists a constant C = C(K) such that

19| = 13211 < Cly =47, (4.1.6)

Proof. We may assume to be working in R?. Now there exist A, A > 0 such that A\Id <
g < Ald on K. Denote v := 4} and w := 42. By translation we may assume that ¢t = 0
and denote p := v} = 72. By the previous proposition, we may assume that 7} = p + tv
and 77 = p + tw. But then

dy(0:7m) _ de(06:70) | o do(p+hv.p+hw) - dene(p + hv,p + hw)

n 1T I 1]

| >
A A .
= \/X|U - wleuc S \/;li) - w|g = \/;h/tl - %52|9

Lemma 4.1.5. Let w € P(C([0,1], M)) be a test plan and N C M a vol,-null set. Then,
1t holds that

]

7r<{'y e O([0,1], M) : v L N}) ~1. (4.1.7)

Proof. We argue by contradiction. Assume that 7r<{'y e C([0,1],M) : v L N}> < 1.
Then as

tre Co.1,M) 7 £ Ny = [y € €01, £ (V) > -,

neN

there exists an n € N and an € > 0 such that

w({y € C([0,1], M) : L' (v 1(N)) > %}) =e> 0. (4.1.8)
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Denote {y € C([0,1], M) : L'(y"}(N)) > 1} =: B, and note that for each curve y € B,,
it holds

1
1
/ y(p)dt > 2, (4.1.9)
0 n
hence, with Fubini’s theorem, we get that
/ / () dme(y)dt = / / Ly(y)dtdm(y) > = >0.  (4.1.10)
c([o.1], c([0,1],M) n

By the definition of a test plan, we have that for all ¢ € [0,1] it holds (e;) x7 < vol,. As
N is a dvol,-null set, we get that for all ¢ € [0, 1], it holds

/LRN@»d@a#ww>=o.

That gives

// () dm(~)dt = //IIN d(e;)pm(y)dt =0,
C([0,1],M

which contradicts (4.1.10)). This proves the Lemma. [

We conclude this section with the definition of a quasi-Riemannian manifold proposed

by De Giorgi in [53], that we will refer to later:

Definition 4.1.6. Given a manifold M, a distance d on M, and a measurable positive
definite inner product g on TM, we call (M,d, g) a quasi-Riemannian manifold if there
exists an atlas A = {W, 1} such that the following conditions hold:

(i) In each (W 1)), there exist constants A\, A > 0 such that for any x,y € W, it holds
A< (4.9)70,:dY (2,9)0,d2 (z,y) < A.

(ii) For any f € CO(W), it holds

t&mﬂzﬁjﬁghﬁ

where HE denotes the d-dimensional Hausdorff measure with respect to the distance
d.

(11i) For any Lipschitz continuous f : M — R, and almost every x € M it holds

lim sup

s d(l’,y) = |V9f|g($)



4.2 Construction of examples

In this section, we will construct Riemannian manifolds for with non-continuous metrics
that together with the distance d, as defined in the previous section, do not give rise to

quasi-Riemannian manifolds or infinitesimally Hilbertian metric measure spaces.

Intuition in two dimensions

We will first provide a two dimensional mock example that demonstrates the intuition
needed for the following two examples. We construct a Riemannian metric g on R? that
is given by an L*®-function § : R? — {1,2} that only depends on the first coordinate
times the identity matrix. More precisely, we choose §~({1}) to be an open and dense
set of stripes orthogonal to the z-axis with small measure. On the complement, § = 2
and hence g = 2Id. Now, whenever, we want to move parallel to the y-axis, this will
“cost” us once the Euclidean length of the movement. Indeed, we can find an arbi-
trarily close stripe in §7'({1}) along which moving upwards costs the Euclidean price.

Y
A

Now fix a Lebesgue point z of 671({2}). The fact that z is a Lebesgue point means that
a curve starting from z that is not parallel to the x-axis costs V/2-times the Euclidean
price. This helps us to asymptotically determine the metric speed of straight curves

starting in z depending on their angle to the y-axis.

We start with curves parallel to the y-axis. If one tried to compute the distance between
z and a point ¢ that is very close to z and has the same z-coordinate as z, then the above

discussion shows, that dy(z,q) = deye(2, ).

If we now want to compute the distance of the point z to a point ¢’ such that there is a
small angle between ¢’ — z and the y-axis, the following happens. If we choose to walk the
direct straight connection from z to ¢’ we will end up with a curve of cost v/2deyc(2, ¢').
Thanks to the small angle to the y-axis, it is cheaper, to first walk along parallel to
the y-axis for a bit, as that costs only the Euclidean price, and then eventually walk a

short segment in a different angle, which will cost v/2 times the Euclidean length. The
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optimal length of such a curve can be determined depending on the angle and is given by

d,(z,¢) = |z(¢ — 2)| + |y(¢’ — 2)|, where x,y denote the projection on the coordinates.

Finally, if one considers a point ¢” for which ¢” — z has a big enough angle to the y-axis,

then the direct connection will be the most efficient way to walk from z to ¢”, giving
dg(z) qll> - \/ideuc(zy qll)'

This gives that the shape of very small metric balls converges to the shape of a metric ball
induced by a non-Euclidean norm. This lets both quasi-Riemannianity and infinitesimal
Hilbertianity fail.

4.2.1 An introductory example of a non-quasi Riemannian man-
ifold

We will now construct a metric g on R? for d > 2 such that ¢, g~' € L and such that
there exists a smooth function f : R? — R such that |Df|,, |Df| > |V,f]|, on a set of
positive measure, which implies that (M,d,, g), where d, is defined as in , is not
a quasi-Riemannian manifold. In [132], Sturm proved that given a Riemannian manifold
(M, g), g,g~" € L2, there exists a metric ¢’ on M such that ¢/, ¢’ " € L., ¢’ < g on a
set of positive vol,-measure and d, = dy, which immediately shows that Questions [1|and
may have negative answers. The example presented in this subsection is related to the
one in [52] and specifically designed to pave the way for examples, where also infinitesimal

Hilbertianity fails, that will be discussed in later subsections.
Let ¢; € Q be a counting of Q. Pick a x € (0, é) and construct the following open set
> K K

=1

Then £}(O) < 2k and O is dense in R. We now define

6 :=(2—-1p) € L™(R),
g(wy, ..., 1q) == 0(z;)Id € L®(R% R™9).
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Then (R?, g) satisfies Assumption and (R%,d,, vol,) satisfies condition (2.2.1)). We

observe that

(2—2k) < - pdL! < gﬁl({e < ;} N (0, 1)) + 251({9 > ;} N (0, 1))

-3 (0= Do) vae(@= o)

It follows that

c'({o> g} N(0,1) >1 -4k > (4.2.2)

1
5
Now for any point y € (0,1) x R4 consider the curve 7¥ : [0,1] — R ¢ — y + tes.

Claim. For all t € (0,1), h € (0,1 —¢t) it holds

dg(v, ) = h. (4.2.3)

Proof of the claim. Fix t,h as above and fix an € > 0. Note that from ¢ > Id, we get
that dy > deye, hence dg(7/,7},,,) > h. Thus, it remains to prove that dy(v/,7.,) < h.
There exists a ¢ € QN (0, 1) such that |z1(y) — ¢| < e. Let i € N be such that ¢; = ¢ in

the chosen counting. Then define the curves

A [07 1] — Rdas = 71%, +8(q—$1(y>>€1,
Ao 1 [0,h] = R s+ 47

+ (¢ — 71(y))e1 + sea,
/\3:[0,1]—>Rd,sr—>7§’+ )

(g —x1(y))er + hea — s(q — z1(y))er.

Denote by A the concatenation of those three curves and note that it yields a piecewise
smooth curve that connects 7 and v/, ,. Now, for all ¢ > 0, it holds g. = g * p; < 2Id, so
we get that Ly (A1) + Ly (X3) < 4e. For ¢ < 55 that gc|(s,—¢y = Id, hence Ly (A2) = h.
Thus,

15% dgc (71?7 ,Yz{kh) S llj)% LQS(A) S h + 4e.

As € was arbitrary, this proves the claim.

By (4.2.2), we can choose a set E' C {§ > 2} N (0,1) such that £'(E’) > 0. Denote
E :=E' x (0,1)%1. Define the test plan @ € P(C*°((0,1),R%)) via

. if v =Y, f cFk
dn(y) = { T (y) if v =17, for some y € E,
0 otherwise.

Note that this is indeed a feasible test plan, as d£¢ < dvol, < 25dL¢4. But now for all
y € E, almost all ¢ € [0,1], we get that g(7f) > 2Id and 4} = e, and |¥/|, > \/g But
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by (4.2.3)), we get that the metric speed |3{| = 1 for all y, ¢, hence we found a test plan
that gives positive measure to curves whose metric speed and the norm of the derivative

are not equal.

We will now give an example of a function f € C*°(R?) for which the norm of the gradient
is strictly smaller than the minimal weak upper gradient and the metric slope on a set of
points with positive measure. The function is given by f : R — R,z = (z1,...,14) + To.
Then for all y € E, we have that |V, f|,(y) < \/g But now for any point y € R%, we
have that

_ f() = fW)l o . [fly+he) = F)l . |A] _ 2
B 0 B & A TR B < IR
(4.2.4)

This shows that for y € E' x R¥7! it holds |Df|(y) > |V, fl,(y).

Finally, the test plan 7 shows, that |Df|, > |V, f|, on a set of positive measure. Indeed,

we note that

- ay— [ L qpd—
/C([O’I]Rd”f(’h) f(v)|dm(v) /E/Jd(E)dﬁ 1L

On the other hand, we have that

[ [ty < [ [1)2 ke =2
C([0,1],R4)

Hence, we have proved the following:

Proposition 4.2.1. For d > 2, there ewists a Riemannian metric g on R? such that
g,9~ 1 € L™ and such that

(i) There exists a test plan that gives positive measure to curves for which the metric

speed is strictly smaller than the norm of the derivative for almost every time t €

0,1].

(ii) There exists a function f € C®(R®) for which the minimal weak upper gradient and
the metric slope are strictly larger than the norm of the gradient on a set of positive

measure, i.e., |Df|,|Df|w > |Vyflg on a set of positive vol,-measure.
4.2.2 An introductory example of non-infinitesimal Hilbertian-
ity
In this subsection, we will more closely analyse the infinitesimal structure of a manifold

similar to the previous example. This following example metric resembles the previous
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one, with the sole difference, that we only perturb the metric inside the interior of the
unit cube (0,1)? C R? for d > 2 and leave it constant outside that set. We will prove

that the resulting metric measure space is not infinitesimally Hilbertian.

Let ¢; € Q be a counting of QN (0,1), x € (0, %) and define

K
O = U (q@ 2l,qz 2) (4.2.5)
Then £!(0) < 2k and O is dense in (0,1). Define

0:=(2—-1p) € L>((0,1)),
g(l’l, ce ,l’d> = 21((031)d)01d + 1(071)010(1’1)1(1 € LOO<Rd, RdXd).

Note that (R?, g) satisfies Assumption 4.1.1} (R<,d,, vol,) satisfies (2.2.1]), and g is con-
stant outside the precompact set (0,1)? Inside (0,1)% g the metric space arising from

(M, g) will behave just as in the previous subsection, we only restrict this behaviour to a

compact set to conclude the lack of infinitesimal Hilbertianity.

To see that we will first quantitatively determine the difference between the metric speed

of curves and the norms of their derivatives.

We start with a preparatory lemma:

Lemma 4.2.2. Let f : [0,1] — R be a Lipschitz continuous function and a < b € R.
Then

/ fdtela—bb—a. (4.2.6)
f=((a,b))
Proof. We define the function A : [0,1] — R as

h(t) := max(a, min(f(t),b)).

Then h is Lipschitz continuous and admits a weak derivative h’. Moreover, in the open set
f~Y(a,b)) C [0,1], we have that f = h, hence i’ = f’ almost everywhere in f~!((a,b)).
Now, on f~!((—o0, a]) we have that h = a.

Claim. For almost every ¢t € f~!((—o0, a]), it holds A’ = 0.

Proof of the claim. Indeed, choose a point ¢ € [0, 1] that is a differentiability point of h
and that is a Lebesgue point of both f~!((—oc0,a]) and h’. Suppose for a contradiction
that h'(t) # 0. Then there exists a neighbourhood U > t such that h(s) # h(t) for every
s € U\ {t}. But as t is a Lebesgue point of f~!((—o0,a]), we have that (f~'((—o0,a]) N
U)\ {t} # 0. Hence, there exists a point in s € f~*((—o0,al) such that h(s) # h(t),
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which contradicts the definition of A. As those Lebesgue points have full measure, this

proves the claim.

We similarly get that on f~!([b, o)), it holds A’ = 0. Then

1
/ frdt = / h'dt = h(1) — h(0). (4.2.7)

= ((ab)) 0
The lemma follows as h(0), h(1) € [a,b)]. O

With Proposition 4.1.3, we will now determine the metric speed of a curve through a
point y € R? depending on the derivative.

First suppose that y € (0,1)? and that y is a Lebesgue point of {g = 2}. In this argument,
we will work with the definition of the metric d, via . We will at first determine
the shape and length of an almost distance minimising curve between two points that are
close to each other. Fix an € > 0. Then, by the Lebesgue differentiation theorem, there
exists a § > 0 such that for each open interval I C R with z1(y) € I, and £L}(I) < ¢, it
holds

1
0 —2/dLt <e. 4.2.
i lo-2lact < (42.8)

Fix the null set Ng(l) C R as the set of non-Lebesgue points of 6 and define N, :=
NV x R4-1. Note that then O 0 NV = 0.

Let z € (0,1)% be such that deu(y, 2) < gdisteuc(y, 9(0,1)%). Then any 2-shortest curve
connecting them, i.e., any curve v : [0,1] — R? from y to z such that v L N, and
Ly(v) < 2d,(y, 2), has to lie inside (0, 1)%. Let v : [0,1] — (0,1)? be a Lipschitz continuous
curve transversal to N, such that 7(0) = y and v(1) = z. We will now estimate d,(y, 2)
depending on z —y € RY. We assume that z1(z) > z1(y) and |71(2) — z1(y)| < 6. The

case 71(z) < x1(y) is analogous.

Step 1: Reduction to curves with uniformly bounded z; coordinates.
Pick a, < z1(y) and a, > x1(z) such that a,,a, € ON(0,1), and

a,—ay, <6, x1(y) —ay,<e, a,—z1(2) <e, a,—ay, <22 — yleue (4.2.9)
Now define 7 : [0,1] — R? via

21(7)(t) = max(ay, min(a, 11 (7)),
zi(Y)(t) = () for i =2,...,d. (4.2.10)

117



Then 74 is Lipschitz continuous and transversal to N,. Indeed, on (z1 o y)~!((—o0, a,] U
[a.,00)), we get that 7 € {ay,a.} x (0,1)"' € NN {g =1d} and on (21 07) " ((ay,a)),
we have that v = 4. Note that the methods from the proof of Lemma yield that

”;Yt|euc < Ht|ewe a-e. on [0, 1]. (4.2.11)

Now, we can compute

L) = [ VGG il
-/ VI il + | VIO il
(z107) 7 ((ay,az2)) (z107) 7 ((—00,ay]U[az,00))
> | VIR0 it + [ ke
(z107) 71 ((ay,az)) (z

107) "1 ((—00,ay]U[az,00))

_ / VO G oo dt + / VOGO Ftlewe d
(z107) "1 ((ay,az)) (z1079) 71 ((—00,ay]U[az,00))

—/[ ]\/9(331(%))\%\6ucdt:Lg(’y). (4.2.12)
0,1

Hence, we found a curve 4 with the same endpoints as 7 that is transversal to N, with
bounded x; coordinates that is at most as long as . From now on, we write v := 7§ with

a slight abuse of notation.

Step 2. Reduction to the length of curves consisting of two straight lines.
Define

1«1)2::U/P Yy dt € E@d,
(Boz107)-1(1)

Vo) 1= / 4, dt € R,
(Bozy0v)~1(2)

Note that v(;) +v) = z — y and by classical results about the Euclidean space it holds

Ly(y) = /[0 VTG il

= / \/§|7t|euc dt+ / |’3/t|euc dt
(foz10v)~1(2) (Qoz109)~1(1)

Z ﬂ‘v(2)|euc + |'U(1)’euc~ (4213)

Write O N (ay,a.) = U, ey In, Where I, are pairwise disjoint open intervals. By our

choice of ¢ (see (4.2.8) and (4.2.9)), we get that £'(O N (ay,a.)) < e(a, — a,). Now,
by Lemma {4.2.2, we get the following estimate on the first component z;(v)) of vy =

d
Zizl xi(”(l))ei-

(21 o ’)/)(t)dt’ < Zﬁl(ln) <ela, — ay| < 2]z — Yleye-
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Now define
W) = V(1) — xl(v(l))el € {0} X Rd_l, Wez) = V(2) + 131(1)(1))61 e R4
Then w) +we) = 2z — y and

|w(1) - U(1)|eucy |w(2) - U(2)|euc < 25|Z - y|euc~

Hence

Lg(’Y) > \/Elw(2)|euc + |w(1)|euc - 65‘2 - y’eucu (4214)
where wq) + w2 = z —y and w() € span(e, ... eq).

Step 3. Optimisation of w(y and w() under the above constraints.

By potentially applying a linear transform from SO(d — 1) that rotates the last d — 1
entries, we may assume that z—y € span(ey, e3). We reduce the right hand side of ,
if we orthogonally project both w) and w) onto span(es,ez), so we may assume that
w(r), W) € span(eq, es). Now, if z — y = aeq, for some a € R we get that w(y = 0 and

hence
Ly(y) > V2a — 6ae. (4.2.15)

Otherwise, we may write z—y = a(be; +e3), where a,b € R, a # 0. Write w) = a(l1—c)es

and wg) = a(be; + cez). Now, we want to choose the optimal parameter ¢ € R such that
\/§|w(2) |euc + |w(1) |eu07

that is (4.2.14]) without the error term, becomes minimal under the constraint that w) €
span(eg). The error term in (4.2.14)) is independent of ¢, hence this reduces to finding ¢
such that

fole) =1 — | + V2V? + 2 (4.2.16)

is minimised. From the definition of the function one can see that for ¢ < 0 it holds
fo(c) > f(0). Similarly, if ¢ > 1, we get that f,(c) > f,(1). Hence we only need to
minimise for ¢ € (0, 1), in which f; is continuously differentiable and check the boundary

values. We have that

Fo(0) = 1+ V2[bl, f(1) = V/2(1 +8).
Now the derivative for ¢ € (0,1) is given by

V2e

d
ac ! NCEY:
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The derivative can only vanish if v/2c, = /b2 + 2 <= ¢, = |[b|. Now, if |b] < 1, we get
that ¢, € [0, 1] and

foles) =1 —[b] + /2(b +b%) = 1+ |b].
Then, we get that f,(0), fo(1) > fo(ee). If [b] > 1, we only need to check the boundary

values and get that f,(0) > f,(1). Hence, for |b| > 1 the optimal value is 1/2(b? + 1) and
for [b] < 1, the optimal value is 1 + |b].

Step 4. Description of the metric speed of a curve depending on its derivative u.
Recall that we chose y to be a Lebesgue point of {g = 2}. Writing z —y = u = (ug, )
where u; € 71(y) + (—6,6) C R and o’ € R4™L, the previous three steps yield that

|u1\ + |u’|euc — 65|u|euC if |U1| < ‘u/’euc’
L >
(7) N { \/§|u|€uc - 65|u|euc otherwise.

More precisely, using that dy > d,, we get that for u as above, it holds

‘u1’ + |u/’euc - 60—(y7u1)‘u|euc if ’u1| S |u/‘euca
> 2.
dg<y7 Y + u> B { \/§|u|euc - 60(y, u1)|u|euc otherwise, (4 2 17)
where
o(y,ur) == /de — 2) < ¢&,VI CRopen,z(y) € I,L(I) < |uy|}.

(4.2.18)

As x1(y) is chosen as a Lebesgue point of 8, we get that o(y,u;) — 0 as |us| — 0.

We will next prove an upper bound on dy(y, z) by working with the regularisation, i.e.,
smooth metrics g. that converge to g almost everywhere and such that d,, — d,. We
will construct curves 4 that are given by the concatenation of four straight lines, two of
which will be arbitrarily short. The remaining two lines will be optimal in the sense of
steps 2 and 3. Fix € > 0. For any ¢ > 0 and g. := p * g, it holds g. < 2Id. Hence, for all
¢ > 0, we have that

g;(y’ ) < \/—|u|euc

Moreover, we can find a rational ¢ € Q N (0,1) such that |¢ — z1(y)|] < €|u|ewe. Fix
a0 < a< B < 1suchthat U := (a,5)4! satisfies that y,2z € (0,1) x U. Now for
some ¢, > 0 small enough, we have that for ¢ € (0,¢.), it holds g. = Id on {¢} x U. If

|ur] < |t/ |eue, Write b = - Then define the curves
M [0,1] = Rty + t(q — 21(y))es,
12 00,1 = Rty + (¢ — 21 (y))er + (1 — o)
131 [0,1] = Rt =y + (¢ — 2a(y))er + (1= b))u’ — t(g — 21(y))er,
v1:[0,1] = Rty + (1 — b))t + ¢[blu + tuse;.
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We then get that
Ly, (1) Ly, (1) < V20 = 21(y)] < V2elu]ene.
Moreover as g = Id on {¢} x U D 72([0, 1]), we get that
Ly (7v2) = (1 = [b])]t|eue-
Finally, we get that
Ly (1) S V2|0’ +wien|,, = 2lu].

Hence, for all ¢ small enough, the concatenation 4 of the four curves satisfies

|Ul|euc - |u1| |u/‘

!
|U |euc

dg, (y,2) < Ly, (7) < 3el|ufeue + eue + 2ur| = |ur| + ’ul|euc + 3e|ucyc-

(4.2.19)

Hence, using d, = lim¢_,od,_ and the fact that e was independent of |u], sending € — 0
yields that

|u1| + |ul|euc if |u1| < |ul|euca

< = 2.
dy(y,y +u) < a(u) { V2l otherwine. (4.2.20)

Now considering the curve 4¥% : [0,1] — R? ¢ — y + tu, for u € R?, (4.2.20)) and ([4.2.17)
give that

alhu) —dy (0" W) 0 b [haee

0 < fim Ih] = 150 7] iy 0 (y, b )[efewe = 0
Hence
- dg(w ) . alhu)
lim 2t = lim = = a(u).

This completes the description of the metric speed of curves through points y that are
Lebesgue points of {g = 2} depending on the derivative u. This can be seen as the

explicit expression of what is called the “derivative” of the distance function in [52].

For any point y € (0,1)? such that 2;(y) € O, we have that g = Id in a neighbourhood
of y. Let v :[0,1] — M be an absolutely continuous curve through y and fix ¢ € [0, 1]
such that 74 = y. Suppose that 7 is differentiable at time ¢. The metric speed || of 7 at
time ¢t depends only on the values of v at an arbitrarily small neighbourhood I C [0, 1]
of t. The continuity of v allows to assume (/) C O x R¥"1. As g is constant, and hence
smooth, in O x R9~1, the results on smooth Riemannian metrics (see also [25, Proposition

4.10]) show that in this case || = [¥|gy) = |Ve|eue-

121



Similarly, for every y € ([0, 1]%)¢, we have that g = 2Id in a neighbourhood of y. Hence,

for every absolutely continuous curve v through y with ¢ as above, we have that |¥,| =
’;Yt’g(y) = \/ﬁ‘;}/t‘euc-

Now note that for £!-almost all € R, it holds that x € O or z is a Lebesgue point of
{6 = 2}. Write N® C R for the null set of points satisfying neither of that and define
the £%null set Ny := N® x R U (9(0,1)?). In the spirit of Proposition [4.1.3] we have
now for almost all points y, more precisely all points y € R?\ N, characterised the metric
speed of a curve through the point y depending on its derivative at y. In particular,
we have shown that for almost every y, we have that if an absolutely continuous curve
v : [0,1] — R? passes through y (say at time ¢ € [0,1]) and is differentiable at ¢, then
the metric speed |;| exists and is given by |§¢|eue if ¥ € (0,1)¢ and x1(y) € O, a(%) if
y € (0,1)% and z1(y) € R\ (NP UO), and v2|5ewe if y € ([0, 1]%)°.

Step 5. Example of functions that shows that the Cheeger energy does not satisfy the

parallelogram identity.

This is the final step of the argument. Consider the smooth functions fi, fa, f3, fa : M =
R? — R given by

Jitz = xy, far e xo, f3i= fi+ fo, and fy = fi — fo.

Now again pick a point y € (0,1)¢ such that x;(y) is a Lebesgue point of {# = 2}. Pick

a vector 0 # u € R%. Denote by u, the second component of u. Now, we may compute

Oufi = w1, Oy fo = ug, Oy fs = U1 + Uz, Oy fa = uy — ug.

Then
(AYE _ £ (AYU . Y,u
lim |f1<7h )yu ny(ZO )| _ |auf2|(70 )’ for 1 <i<A4,
=0 dy(v 8 ) a(u)

Now if |uy| > [t/ ]eye, We have that a(u) = v/2|u|eyue, hence

10w f1] |uy | || 1

_ < . (4.2.21)
Oé(U) \/§|u|euc \/§|U1| \/5
10, fo] |ua| |us| 1

_ < - (4.2.22)
a(w)  V2ulee ~ V20w V2
0ufsl  Jur+us| _ Jug| + |ugl

_ < <1, (4.2.23)
o) V2w~ 202 + )
[Oufal _ Jua —wo _ Jua] + | (4.2.24)

= < <1
oz(u) \/§|u|euc \/ 2(”% —+ u%)
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Note that (4.2.23]) and (4.2.24]) follow from the fact that the quadratic mean is greater
than or equal to the arithmetic mean. Moreover, we note that the equality in (4.2.21])

can be achieved by choosing u = wu() := e;.

If |u1| < |t |ewe, we have that a(u) = |ug| + |t/]eue, hence

Oy 1

a(u) ur] + [ cue 2lur| + ([ eue — |ual) 2

Oy

| fQ‘ _ ‘u2’/ < |u2| _ 17 (4.2.26)
au)  Jur] + [ eue T |ugl

Oy

Oufs| | +U/2| < ua| + Jus| (4.2.27)
a(u)  fur] + W ewe T Jur] + Juzl

Oy —

a(u) |U1| + u |euc |u1| + |u2|

Here, in (4.2.25)), we used that |u;| < |u/|eue Which implies that |[u/|eye — Jui| > 0. In
(4.2.26)), (4.2.27)), and (4.2.28)), one can see that u = ue) := ez, u = u(3) = €1 + €3, and
u = ugy = e; — ey yield equality. We now define the functions Gy, Ga, G3, Gy : R¢ —

[0, 00] via
1 V2-1
G = NG + —=Lox(0,1)1;
Gy = — \/5 —1
= — d,
2 \/é \/§ (0,1)

Gy =Gy=1+(V2—1)1pyqyar1. (4.2.29)

To summarise the above definitions more easily, note that for ¢ = 1,...,4, we have that

n ([0,1])° U (O x (0,1)%71) it holds G; = |V, fi|, and in ((0,1)\ O) x (0,1)¢"! we have
that G; equals the respective upper bound established in (4.2.21)-(4.2.28).

Proposition 4.2.3. For 1 <1 < 4, it holds that G; is a weak upper gradient of f;.

Proof. Let v : [0,1] — M be absolutely continuous and transversal to a L%null set
N D N,UN,. As f; € C', we may apply the chain rule. We have that for almost every
t € [0,1], it holds that v; € ([0,1]%)¢U (O x (0,1) 1) or v € ((0,1)\ O) x (0,1)¢"! and ¢
is a differentiability point of v. In the first case, we get that

=105, fi(v)| = (Vo fi(re): )l Vg filg(ve)|3elg = Gi(ye)| 34| (4.2.30)

s:t‘

d
|~
In the second case, we get that either 4; = 0, in which case % fio 7‘5:75 =0 or

|03, fi( )]

o] L = o) = PR

————a(Y) < Gi(7e)|¥el- (4.2.31)
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Hence, for any transversal curve, (4.2.30)) and (4.2.31)) together yield that

Fin) — fi(w)l < / 105, fi(0) | dt < / Gl . (42.32)

where in the last step we used (4.2.20) and (4.2.21))-(4.2.28]). Now, we can conclude with
Lemma 4.1.5] [l

We next want to see that these are indeed the minimal weak upper gradients. For that

we need the following result from [102, Lemma 4.23].

Lemma 4.2.4. Let k € LL (R? LY, z € R, andr > 0. Foré € (0,7)NQ, v € B(0),

loc

we define

1

Fosr: t—> ————
L4(Bs(x))

/ k(y +tv)dL%y), Vt, |t < 1.

Bs(x)

Then for L%-a.e.x € R? and all § € (0,7) N Q, v € B(0), we have that t = 0 is a
Lebesgue point of Fs.4.

Proposition 4.2.5. For 1 <1 <4, it holds that G; is the minimal weak upper gradient

of fi-

Proof. We will argue similarly to the proof of [102, Proposition 4.24] (here Proposi-
tion . Fix an i € {1,2,3,4}. We argue by contradiction. Suppose that G; is not
the minimal weak upper gradient of f;. Then, there exists an ¢ > 0 such that the set
D. :={x: |Dfi],(z) < Gi(x) — €} has positive LI%-measure. Then we can choose a point
x € D.NNS such that x is a Lebesgue point of |D f;|, G; and such that ¢ = 0 is a Lebesgue
point of

-
L4(Bs(x))

1 d
m/&;(w) Gi(y + tug)) AL (y),

for all 6 € (0,1)NQ. This is possible by Lemma4.2.4 Then we may choose § € (0,1)NQ

small enough such that

Foi i /B P Fily + tu) dC%(y), and
s(x

Gu(i)@x it —

1 9
W/Bé(x)HDwa(y) - |Dfl|w($)|d[,d(y) < g, and
1 e
L(Bs(x)) /Bé(I)IGZ(y) Gix)| dL(y) < 3. (4.2.33)
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Moreover, we can choose 7 > 0 such that

1 1 i diy ' J
5 T ||, P )AL~ [ Ds) e

-7

1 1 T o | )
Zm/ /Bé(x) Gi(y + tug)) dLy) /Bé(x) Gi(y) dL(y)

-7

Then (4.2.33)) and (4.2.34)) together with the fact that | D f;|.,(z) < G;(x) — ¢, yields that

1 1 T 4e
AT Gi(y + tuwy) — |Dfilw(y + tup) dLy)dt > e — — =
B L L G 1) 1Dl + )AL et > = - 5

We now define the curve 4% : [0,1] = R? as 4% : t — y + 27(t — 5)u(;). Then, we define

the test plan

i dLy) if v =~¥¢, for some y € Bs(z),

d'ﬂ'(’}/) = { L4(Bs(x))

4.2.36
0 otherwise. ( )

Now from the fact that d; and d.,. are V/2-equivalent, we get that for each y € R? and
each t € [0,1] the metric speed |%7] > \%|u<i)|euc.

1
/ / (Gi(10) — D fil ()] de ()t
0 Jco([0,1],R)

R S O
= L(Bs(x)) /—7- /JEig(x)(GZ(y+tu(Z)) |D filw(y + tu@) || AL (y)dt > 7 (4.2.37)

Now we observe that for all points y € R, ¢ € [0,1] such that z := y + tuy € (O X
(0,1)*1) U ([0,1]%)¢, we have that ¢ = Id a neighbourhood of z and V,fi(z) = u).
Then by definition we have that Gl(z)]’yfﬂ = Gilug)lewe = (Veuwefis U))eue = Ouyy, fi-
Similarly, we have that for all points y € R? t € [0,1] such that z := y + tugy €
(Ny U N\ (O x (0,1)71 U ([0, 1]%)°) that Oy fi(2) = Gi(2)[3Y"| (see (#.2.31)) and the
equality cases of ({£.2.21)), (4.2.26)), (4.2.27)), and (4.2.28)).

Hence, we get that for every y such that 7% is transversal to Ny U N,, it holds

Fi(A") = fi(") = /0 Ougy () dt = /0 Gi(2) |57 dt. (4.2.38)
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On the other hand, Lemma together with (4.2.37)) and (4.2.38) yields that

1
/ / D () el dre(y)dt
Co([0,1),R%)
i(ve) |yl A7 dt——
/ /00(01]R<d) Il dr () V2

= Gi(v)| Ve dm(y)dt — —

/0 AO([O,I],Rd)U{wLNQUNg} Il dmely V2

£OV) = S8 dn) = [ AGE) - A dn ().
Co([0,1],R)

<
CO([0,1],R4)U{yLN2UNg}

This contradicts the definition of a test plan and hence proves the Lemma. O

Now we have got all the ingredients to prove the following:

Proposition 4.2.6. The metric measure space (R? d,,vol,) is not infinitesimally Hilber-

tian.

Proof. Pick a function ¢ € C>°(R%) such that ¢ = 1 on [—1,2]¢. Consider the functions
fi = ¢f; for 1 < i < 4. Then by the previous observations, we have that

D filw = Gy in (—1,2)"
Dy = 5 Vo in ((~1,2)
More precisely, this gives
1D filw = |Vyfily ae. in (O x (0, 1)) U ((0,1)4)e, (4.2.39)
and
|Dfi]w = % a.e. in (0,1)%\ O x (0,1)%*
1D folw = [Dfslw = [Dfalw = T ae. in (0,1)*\ (O x (0,1)").
Then it immediately follows that
IDfsls, + DA% = 20D Al + DSl ace. in (O x (0,1)T ) U((0,1)7)7,  (4.2.40)
but

IDfals, + IDAils, = 20D AL + IDfelf) = =L ace in (0,1)7\ (O x (0,1)"7).  (4.241)
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Moreover, we have that f3 = fi + f> and f; = fi — f» and all four functions have finite
Cheeger energy. But as £2((0,1)¢\ O x (0,1)471) > 1 — 2k > 0 and the fact that vol,

and L7 are 2%—equivalent, we get that

Ch(fs) + Ch(fy) # 2(Ch(f,) + Ch(f)), (4.2.42)

which proves that the metric measure space (R?,d,, vol,) is not infinitesimally Hilbertian.
L]

4.2.3 An example of a Sobolev Riemannian metric, neither quasi-
Riemannian nor infinitesimally Hilbertian

Fix ad > 3 and set p := d — 1. We will now refine the previous examples to construct
a Riemannian metric ¢ on R? such that ¢g,g7' € L>, g € VVé’Cp such that (M,d,,g)
is not quasi-Riemannian and such that the metric measure space (M,d,,vol,) is not

infinitesimally Hilbertian.

Intuition in three dimensions

Before giving the general construction, we like to give some intuition in three dimensions,
that explains how we can refine the previous example to a Sobolev Riemannian metric.
The key to the previous example was to have (at least) one coordinate direction in which
we could always travel cheaply, i.e., the dense set of lines orthogonal to the first coordinate

axis on which the metric was small induced the non-Hilbertian behaviour.

In this section, we will construct Riemannian metrics with Sobolev regularity that rely
on the same idea, here demonstrated in three dimensions. The metric g is going to be
defined on R? and is of the form g(z1, T2, 23) = 0(x1, z2)Id, thus the metric depends only
on the first two coordinates. We inductively construct 6 : R* — [1,2] as follows: As a
starting point, we set y = 2. In the first iteration, we pick radii 7, > p; > 0 and a finite

set of points D; that are pairwise more than 2r; away from each other.

We now define the smooth function ¢; to be 1 inside the B, (D;). Outside the B, (D,),
we want 0, to still equal 2, so 0;7'((1,2)) C B,, \ B,,(D1).
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OO

In the second iteration, we pick another set Dy C R? \ B, (D;) and radii 5 > py > 0
small enough such that B, (D1) N B,,(D2) = (. We then obtain the smooth function
6 : R* — [1,2] by modifying 0; inside B,,(Ds) such that 3 = 1 on B,,(D,) (and
By, (D1)) and 0;((1,2)) € (Byy \ By, (D1)) U (Br, \ By (D2)).

Iterating such a process and choosing r,,, p,,, and D,, appropriately we can obtain a
sequence of smooth functions 6,, that converge in I/Vlif to a function 6 : R? — [1, 2] with

the following properties:
e 0 =2on aset S CR? of positive Lebesgue measure,

e 0 =1 on an open set containing D(= |, .y Dm) that is dense in S.

meN

Recalling that we define g(z1,x9,x3) := 0(x1,x2)ld, we get that along the set of lines
D x R, the metric g equals Id. These lines are dense in the set S x R, where g = 2Id.

This will force quasi-Riemannianity and infinitesimal Hilbertianity to fail.

Note that as # is a function on R?, I/Vlif—regularity is the best regularity 6 can have
without being continuous and continuity would imply infinitesimal Hilbertianity (Section

3.3.9).

128



Construction

Define wy_y := £ (BR(0)). We start with the following preparatory result:

Lemma 4.2.7. For each R > 0 and ¢ > 0, there exists an r > 0 and a function
f e COYBET(0),0,1]) with f(B.(0)) = {1} and such that

/ Vewe | Hdr < e (4.2.43)
Rd-1

Proof. This proof uses the idea of the proof of [58, Theorem 4.16]. For each p > 0 consider
the function 7, € 0271(35”‘*1(0), 0,1]) defined by

Aly|-2) .
np(y) =4 1= ity € B,y (0)\ Bya(0) (4.2.44)
0 if y € B} ,(0).
We can estimate that
d-1 441 d-1
IV euey| ! da < <2y (4.2.45)
Rd-1 B,/5(0) P
Define
J
1
Sj = Z E
k=1
Now for each j € N define the function f; € C>'(Bg(0),[0,1]) as
1< NR/gk
= — i 4.2.4

Then the construction of 7, implies that on Bg/gi+1(0) we have that f; = 1. Moreover,
we have that supp Veuelg/sk = Bry2.85)(0) \ Bgyast)(0), hence for any k # k' € N, we
get that supp Veuelg sk N supp Veueliy b = ). We may now estimate

j _ J
Vel dr = oo S [ Vel e < 2 3
i1 eucd j Sd_l fd—1 i1 eucllR/8 >~ Sd_l a1
J k=1 J

k=1
Now as d —1 > 1, we get that lim;_, Qd;}f‘{*l izl kd—{l = 0. Hence, we can find a j € N
such that [p, , |Df;|*' dz < e. Then setting r := 81% finishes the proof. O

Pick a decreasing sequence (Ry,)men C (0,1) such that Ry = 3 and for m > 1 it holds

1
B < 5os (4.2.47)
D almthitp, < (4.2.48)

4(1 —f- wd_l) '

meN
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We inductively define the finite sets D,, C (0,1)%"!, open sets O,, C (—1,2)%! a
decreasing null sequence (7,,)men C (0,1) and functions 6, € C>(R41) as follows:

1
DO = Oo = @, 90 =2¢€ COO(Rdil),T'O = Z_L

Now for m > 1, define

1 _ _

Dy = <Wzd 1A (0, 1) 1) V(U o). (4.2.49)

j<m—1
L . 1 . T'm—1
T 1= Mmin <Rm, édlsteuc(Dma | U 0;), 5 ), (4.2.50)
Jj<m-—1
Om = | Br.(2). (4.2.51)
.”,UEDm
Note that (4.2.50) together with (4.2.51)) yield that

0, NO; =0 for all j < m. (4.2.52)

Moreover, note that from D,, C QmﬂIZd_l, together with (4.2.47) and (4.2.50]), we have
that for z, 2" € D,,, x # 2’, it holds

B, (x)N B, () =0. (4.2.53)

Using Lemma |4.2.7, we can for each m € N find a function n,, € C%'(R41,[0,1]) such
that there exists an pp, € (0,7,,/5) with 7,5, © =1, nm|Rd_1\BTm/5(0) =2 and

(m+1)(d+1) / | D0y | dae < 27, (4.2.54)
Rd-1
Define the function 1, € C*(R%!) via
]2 it y e O,
Ym(y) 1= { nm(y — a:) if y € B, (x) for some x € D,,. (4.2.55)

By (4.2.51)) and (4.2.53)), we get that 1, is well-defined. Now define
O :=min(0p—1, ¥m). (4.2.56)

We observe that by (4.2.48)), it holds

LU ) £ X #2000 )L (B,,, 0)

meN m=1
o0 1
(m+1)(d—1)+1 pd—-1 -
< Wg_1 mE:1 2 R, < 1 (4.2.57)
Define the set
S:=(0,)"\ | | On. (4.2.58)

meN

130



Lemma 4.2.8. |, _\ Dy, is dense in S.

meN

Proof. Assume this was not the case. Then there exists a y € S and an r > 0 such that
B, (y) "Upeny Dm = 0, where B, (y) = BE"'(). By the monotonicity of the sequence
R,,, there exists a 7 € N such that

for j' > j. (4.2.59)
Moreover, as by definition (J, . jO_k # y is compact, there exists an 7" € (0, ) such that

Bu(y)n|JOr=0. (4.2.60)

k<j
Now as (Ujen 12 \ U<, 5 Z971) N (0, 1) is dense in (0, 1), can find j < € N,
z € 52471 N (0,1)47, such that z € B, (y). Then by our assumption, we have that
2 & U,pen Dm, hence z ¢ D;. Considering the I-th step of the above construction and

(4.2.49), we get that z ¢ D, implies

But then (4.2.60)) implies that

Hence there exists a j < k < [ such that z € Oy, which together with (#.2.51)) implies
that z € B,, (z) for some x € Dj. But then (4.2.59) and (4.2.60) give that

2r
|y - x|€uC < |Z - y|€uc+ |Z - x|euc S Tk +7J S Rj +7"l < ?

But then x € B,(y) N Dy, which gives a contradiction. O

Now, we will prove the following useful property:

Lemma 4.2.9. For each point y € R\ |, Om, we have that

meN
hi% ZmeN Tm#{x € Dy, 5rBrm/5<x> N Br<y) 7& Q)} — 0 and (4.2.61)
d—1 :
Proof. First, denote
Cm(y,7) :=#{x € Dy, : B, ;5(x) N B, (y) # 0}. (4.2.63)
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Fix an m € N. As y ¢ O,,, we get that for each x € D,,, it holds |2 — y|cue > 7, hence

- 4 m
disteue(y, By, /5(7)) > % (4.2.64)

Thus, if r < 4”7’”, it follows that (,,(y,r) = 0. It now suffices to consider those m such

that r,, < 37’. In that case, we get

1 d—1

4 men D
Gn(y, 1) < #{2m+1 Z7 N Boyom (y) # 0} < C(d)21) +1>Frd L

where C(d) is a constant only depending on d. Then it follows that

ZmeN Tg@_l#{.r € Dm : Brm/5(x) N Br(y) 7é Q)} < C(d) Z 2(d—1)(m+1)rg1—1

rd—1

m: 4r, <br
<C(d) ) 2WNeEUr - (4.2.65)
m: 4ry, <bHr
Now (4.2.48]) implies that the right-hand-side of (4.2.65]) converges to 0 as r — 0, which
implies (4.2.62)). Moreover,

ZmeN rm#{x € Di, :TBTm/E)(x) N B, (y) # 0} < fr’d_QC(d) Z 2(d—1)(m+1)7~m,

m: 4ry, <bHr

(4.2.66)
which using (4.2.48]) once again yields (4.2.61)). m

Proposition 4.2.10. The functions 6,, converge to a function 6 in Wb (R*1) as

m — OQ.

Proof. We first note that for all m, it holds 6,, = 2 outside (—1,2)4!, hence, it suffices to
consider its behaviour inside (—1,2)¢"!. Note that (4.2.55) implies that ¢ 1([1,2)) C O,,.

Then (4.2.52) together with (4.2.56)) yields that for any m’ < m it holds

Om = O + > (1h; —2). (4.2.67)
j=m’'+1
Then, as (¢; —2) € CX((—1, 2)?71), the Poincaré inequality together with (4.2.53) and
yields that

1655 = Doy SC [ Vet s
(—1,2)d-1
= C|Dj| [Veuen;|*~ () AL ()
B,,(0)
< CUtDU=g=ildtl) < 0973, (4.2.68)
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Hence, for m’ < m, we have that

IV cuclm Veuc‘gm’HLd 1(—1,2)d-1) = C Z 277,
Jj=m/+1
Note that the right hand side goes to 0 as m’ — oo, thus, (Veuetm)m is a null-sequence
in L471(R41). As for all m one has that 6,, — 2 € C=((—1,2)*"},R), the Poincaré
inequality yields that 6, converges to a function 6 in W41 (Re1). O

loc

Our inductive construction also implies that 6, converges pointwise and is bounded in
L, hence, we can describe @ explicitly: For all y € R4t \ UmeN m, we have that
On(y) = 2 for all m € N. For all y € UmeN m, there exists a m* such that y € O,,-.
Then for any m > m*, 2)) guarantees that 0,,(y) = 0,,+(y). Now as by the dominated

convergence theorem, 6 is the pointwise limit of the 6,,, we can conclude that

1<6<2onR¥ (4.2.69)
f=2om R\ | | On, (4.2.70)
meN
cJ U B (4.2.71)
meN xz€Dy,

Moreover, we get that for each m € N, x € D,,, it holds
0 =1on B,, jio(x). (4.2.72)

Proposition 4.2.11. The set Ng C R4™! of non-Lebesque points of 6 can be chosen as a
subset of the L7 -null set |,y 00

Proof. For each point y € R\ |, Om, we can apply (4.2.62) and get that

; ) — d—1 Ed_l(B’"(y)mUmeN Ua:eDm Brm/S(x))
BTG Jo P S ZEIEAM)

EmgN m #{QJ S D Brm/5( ) r(y) # Q)}

prd—1

<C

where the last term converges to 0 as r — 0. For each point y € |J,,,cy Om, we have that
6 is continuous in a neighbourhood of y, hence y is a Lebesgue point. For each m, we

have that 00,, is a £ '-null set, hence so is their countable union. O
We are now ready to define the metric g on M := R? via

g(@,zq) = 0(z)1d, 2’ € R x4 € R. (4.2.73)

Again (M, g) satisfies Assumption and (M,d,, vol,) satisfies (2.2.1)).
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4.2.3.1 Analysis of quasi-Riemannianity

We now have enough information to prove Theorem . Note that by (4.2.57) and (4.2.58)),

we have that S C (0,1)%! satisfies £L271(S) > 0 and § = 2 on S (see Proposition
4.2.11)). Then consider E := S x (0,3) C M. Then vol,(E) > L4FE) > 0. For y € E,
define the curve 7% : [0,1] — (0,1)%! x (=2,2),t — y + teq and define the test plan
m € P(C([0,1],RY)) via

. if v =Y, f ck
dn(y) = { T (y) if v =17, for some y € E,
0 otherwise.

Now the strategies from Subsection together with Lemma 4.2.8] and Proposition
4.2.11|imply that for all y € E, and almost every ¢ € [0,1], it holds [5/] = 1 < v/2 = |5},
Hence, 7 is supported on curves for which the metric speed is strictly smaller than the

norm of the derivative, for almost every time.

Now we can consider the function f € C'(M) given by f : (2/,24) — z4. Then f has
slope |[Df| =1on S xR, but [V, f|, <1on S xR. Finally, f and 7 together yield that
|Dflw > |Vgflg on a set of positive measure, which proves Theorem [2]

We will conclude this observation with the following remark.

Remark 4.2.12. From the Sobolev embedding theorem, we get that for a d-dimensional
manifold with a Riemannian metric g € VVéf for some p > d, that g is automatically
continuous. Then the results we saw in Subsection yield that (M,d,, g) satisfies
condition (iii) from Definition for Ct-functions. Theorem @ shows that this is no
longer given if d > 3 and p < d—1 and therewith works towards solving Problem 2 in [53],
Chapter 3: spazi metrici quasi-riemanniani: the question what reqularity assumption on
g 15 necessary such that the dgy-slope of a Lipschitz function equals the g-norm of the
gradient almost everywhere (see also (2.2), Theorem (2.18), and Theorem (6.1) in [51)]).

4.2.3.2 Analysis of infinitesimal Hilbertianity

We will now analyse the infinitesimal structure of the metric measure space (M,d,, voly)
and prove Theorem |3, Pick a point y = (¢/,y4) € M such that ¢/ € S. We will work in
a neighbourhood around y and restrict to local coordinates. Pick a vector u € R%. We
want to understand the metric speed at time 0 of the curve 4% : [0,£] — R%, t s y + tu,
¢ > 0. Define the null set

Ny == (0[0,1]' U | ] 90m) x R C M. (4.2.74)

meN
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Fix an € > 0 and find an r. > 0 such that for r € (0,7.), the expressions in and
(4.2.62)) are smaller than or equal to €. Now for some 0 < r < 7. choose z € M such that
deuc(2,y) = {5, which using that d, and d.,. are V/2-equivalent implies that any 3 4_shortest
curve transversal to N, (i.e. a curve v L N, from y to z, such that L,(y) < %dg( Y, 2))
from y to z lies inside BS“(y). Pick such a curve v and assume it to be 1-de,.-Lipschitz

(which can be done if r is small enough, as d, and d,. are ﬂ—equivalent).

Denote
= |J BY s(@) c (-1,2)" (4.2.75)
xGDm

We first note that by the definition of the metric ¢ it holds that

Ly(v) 2/ - ﬁl%lmdtvt/ 14 ewe dE. (4.2.76)
Y (Upnens Om) XR) Y (Uper Om) <R)

This is in the spirit of the step 2 in Subsection 4.2.2] with the sole difference that we do not
explicitly know v~!({g = Id}), but we can use that v~ ({g = Id}) C v ((U,,cn ) XR).
Very roughly speaking, we will show that an efficient curve v mainly moves in the d-th

coordinate direction in v~ ((U,,cn @m) X R).

Now observe that
771(UQ_mXR>= Ufy,l—
meN meN

Hence, we can pick a J € N such that
£1<71<WEEJN@><R>> <—+£1( *1( U (o XR)) (4.2.77)

As 7 is 1-deye-Lipschitz continuous, (4.2.77) implies that v is very “short” in v~ (| Q,, X
R), so, again very roughly speaking, it suffices to study v on fy_l(UmSJm x R) to un-
derstand v on v (U, ,cny Om X R).

m>J

For any = € (J,,cy Dm, write m(z) as the natural number such that € D). Now
the set |J,,.; Dy is finite so we may write it as {z;}}_; C R%! for some k € N. Write
my :=m(z;). In the following, we will essentially argue that the most efficient way to get

from o to 7 is to pass the set BF:;;E)(@) x R at most once for each [ € {1,...,k}.

We will inductively define Lipschitz-continuous curves 4% : [0,1] — R? from ¥ to z for
1=0,...,k as follows: Define v(?) := ~. Now for [ > 1 define

£ = min(t € [0,1] : 5" € BE (@) X R),
£ = max(t € [0,1] : 7" € B (@) X R),
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Define

max

l
t;nin
and
A if ¢ € [0, 6",
l -1 t—¢min : min ymax
,.)/t() = ’yt(;nm) + t;naxit;ninwl lf t c [tl 7tl ],
A= if t € [t 1].

Claim 1. For each [ = 1,...,k, v satisfies

/ - \/§|"yt(l1)\eucdt+/ 5870 | e dt

(V)7 (Unen m)xR) ()" (Unmen m) xR)

> / V2RO edt / A e dt. (4.2.79)
(YD) 71 (Usnen 2m)exR) ()7 (U Om) xR)

Proof of claim 1. This can be seen by noticing that

,1(( U Q_m>c % R) l 1) U Q [t;nin’t;nax] and
meN meN
Y O DT Q) x R) U, 1] (4.2.80)
meN meN

Moreover, y!=1 = v on [#nin max]e and, as BRd_/15(xl) x R C R? is convex, it holds that
AW ([gmin, gmax]) ¢ BR /5(1'1) x R. Thus, we have that

[tmm tmax]cm(,y(l 1)) 1((U EN )CXR

P 0) (U To)xR)

VIR eue dt + / 4 e

/[tmm tmax]cm(’}/(l)) 1((U GN )CXR) [tmln tmax]cﬂ(')/(l)) 1((U EN )XR)

(4.2.81)

and

/ V2T et
[tmm tmax]m(n/(l 1)) 1((U GN ) XR)

(-1
+/y gy e
[t?qmvtlrnax}m(/y(l—l))*l ((UmEN Qm) XR)

2/ | Y e dt > ywl!euczf 50 e dt. (4.2.82)
[t;nln’t;nax]

[tmin gmax](y (D) =1 (U, en Qm) XR)

The sum of (4.2.81)) and (4.2.82)) yields the claim. O]
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Furthermore, we observe that the observations after (4.2.80]) together with %”([t;’“i“, tax]) C
Unes @) % B C (U @) x R imply that

U ) xR = L4 D) x RO [, 1)

m>J m>J

< LY(y (Y am (4.2.83)

m>J

forall [ =1,... k. For I’ <Idenote by I := (1)~ H(BE(ar) X R).

Claim 2. Foreach I =1,...,k, ' <, we have that ]l(,) is a closed interval.

Proof of claim 2. We will prove this by induction. For [ = 1 the claim is true as
(’y(l))_l(BFZ;/lsl(:vl) x R) = [tin ¢02x] . Now assume the claim holds true for some [ < k.
Now we have that (y(+1))= (BRd ! /5(q:l+1) X R) = [tﬁ?,tﬁaf] By the construction of

AHD ([£2752), and {#.2.53)), we have that ¢, {753 ¢ 0. Hence, as Il(,l) is a closed inter-

val by the induction hypothesis, it holds that £, tmax] 5 () op [gmin gmax] o () — ¢,
In the first case, we get that [ (1) — ¢ and in the second one it holds I l(,lH = Il(,l). Both

are closed intervals, which finishes the induction step and proves the claim. O]

Finally, we note that foralll = 0,. .., k, ¥ is 1-dgye-Lipschitz. This is true by assumption

for [ = 0. For [ > 0 this follows inductively, using that in R?, w; = %(rlnai) = yffnml , hence

by the induction hypothesis, |w;|eye < P8 — ¢min,

Now we can combine (4.2.76]) with (| m ) to get that

. (k . (k
Lg(’Y) 2/ L \/5‘%( )|eucdt+/ o |’7t( )|eucdt-
(r*) =1 (Upen Om)eXR) (v *) = (Upen Om) xXR)

meN

Now ([4.2.77) and (#.2.83), together with the fact that ) is 1-d.,.-Lipschitz continuous
yield that

Ly(v) +re > /

(YN (Um< s Om)exR)

\/El"yt(k”euc dt + / |’Vt(k)|euc dt.
(N~ ((Up< s Om)XR)
(4.2.84)

As in the previous example, we define

vy = / '(k) dt € Rd,
(N1 (Um<s Om) xR)

V(2) :—/ A0 dt e RY.
(VN (U< s Om)exR)
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Then,
V1) V@) =2 —Y.
Applying classical facts on the Euclidean space to yields that
Ly(y) +re> \/§|U(2)|euc + (vl eue- (4.2.85)

Let P41 : R? — R? be the orthogonal projection mapping R xR 3 (2, 24) — (2/,0).
Now by Claim 2 together with our choice of r. (see (4.2.61))), we get that

| d U(1)|euc = ‘Z/ P(d 1 dt

()—1 BRd )5 (@) XR)

<3|/ P50 0

(k)) 1 B]Rd 1 )XR)

euc

euc

_ k _ .k
= Z ]P(d 1)7(k)(maxll( )) — pu 1)7(k)(m1nfl( ))\

k
<> diam (B (a1))

=1

> omen @ € Dy BY () NV BE () # 0}

r

<o <ore,  (4.2.86)
where we wrote y = (¢, y4) € R™! x R. Now define
Wy = V(1) — P(d_l)(v(l)) = (v(1))a€q € span(eq) C RY, W) = V(2) + P(d_l)(v(l)) e R%.
Then w() + wp) = 2z —y and
[w(1y = V(1) leues [W2) — V2)leue < 27€.
Hence, with , we get that
Ly(7) + 618 > V2|w(2) leue + [0(1)|eue: (4.2.87)

for vectors wy, wey with w(l) +we) = 2z —y and w) € span(eq). We want to minimise
the right hand side of (| under the thereafter mentioned constraints. This will be
done similarly as in the previous example (see step 3, from (4.2.14)) onwards).

Write again z —y = u = (v, uq) € R x R. By potentially applying a linear coordinate
transform from SO(d — 1), we may assume that v’ € span(e;). Then we reduce the right-
hand-side of (4.2.87)) by orthogonally projecting w1y and wz) onto span(ey, eq). Now if

u € span(e;), we get that wgy = 0 and hence

Ly() + 6re > \/5]3 — Y| eue-
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Otherwise, we have that u; # 0. Then u can be written as a(be; + €4). Then writing
way = a(l—c)eq and wa) = a(be; +ceq) reduces to minimising f,(c) as defined in (4.2.16]).
Together with r = 12|u|eye, this yields

|ud| + |u’|euC — 1005|u|€uc if |ud| > |u/|euc’
L >
(7) - { \/§|u’euc - 1005|U|5UC otherwise.

As before, together with dy > dn, (see (4.1.2)) this yields

|ud| + |U |euc - 1000<y7u)|uleuc if |ud| 2 |u,|euca

do(y,y+u) = { V2|t ewe — 1000 (37, 1) || ene otherwise, (4.2.:88)

Yomen 2@ € Dy 2 B S(x) N By (y) # 0}

‘uleuc
’u‘euc

— 0, as |[t|eue — 0,

oy, u) =
as of Lemma [£.2.9

We will next prove an upper bound on dy(y, 2) and work with the regularisation. Fix

€ > 0. For any ¢ > 0 and g, := p. * g, it holds g. < 2Id. Hence,
dyo (1, 2) < V2l

By Lemma we can find an m € N and an x € D,, such that [PV (y) — (z,0)| <
€|t|eye. Now for ¢ € (0, p,/20), it holds g = 1 on {z} x R. If |ug| > |t/]eue, write

b = [Wlewe 41d note that the concatenation of the curves

[ual
70 [0,1] = RY s y 4 #((2,0) — P y),
Yo 0 [0,1] = Rt =y + ((x,0) — P4 Vy) + t(1 — b)ugeq,
v [0,1] = RE t =y + ((2,0) — PY"Yy) + (1 — blugeq — t((x,0) — P4 Vy), and
Y4 :[0,1] = Rty + (1 — blugeg + t((v,0) + bugeq),

connects y with z and has gc length at most |t/ |eue + |Ud|ewe + 3€. As € was arbitrary, we
get that

|ud| + |U,|euc if |ud| > |U,|euc7

\/§|u|€uc otherwise. (4.2.89)

dy(y,y +u) =limd, (y,y +u) < au) = {
s—0
Together with Lemma this gives that for any y € S x R, the metric speed of a
curve v : [0,1] — M, t € [0, 1] such that 44 =: u exists and -, = y is given by a(u).

Now the argument works similarly as in the previous example. We note that for any
€ (([0,1]% 1 x R) U (U,peny Om % R) we have that g is continuous in a neighbourhood
of y and the metric speed of a curve is given by the g-norm of its derivative, wherever it

exists.
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Proposition 4.2.13. The metric measure space (R, d,, vol,) is not infinitesimally Hilber-

tian.

We will only provide a limited amount of detail, as the idea of the proof is very similar
to the one of Proposition [4.2.6]

Proof. Let ¢ € C®(R*1) such that ¢((—2,2)% 1) = {1} and ¢ = 0 on ((—3,3)%1)c.
Define ¢ € C°°(M) locally via ¢ : R%! x R, (2',24) — ¢(2') Now consider the functions

firx e ¢(x)ry, forx = d(@)|zal, fs = fi + fo, fa= fr — fo

Define the functions G; for i = 1, ..., 4 vol,-almost everywhere (more precisely on M\ N,)
via
- if ze S xR 1 if 7€ SxR
= \/5 ! ’ = ’
Gi(2) : { |V fil, otherwise. Gal2) { |V, fal, otherwise.

Ga(2) = 1 if z€ S xR, Ga(z) = 1 if z€ S xR,
3\8) = |V, fsl, otherwise. g = |V, fal, otherwise.

As in Proposition [1.2.5 one can show that G; is the minimal weak upper gradient of f;

for i = 1,...,4. Now from the above definition, one can see that f;, G; are in L3 (M).

From the definition, we have that outside S x R, we have that 2G% + 2G% = G% + G3

almost everywhere. Inside S x R, we have that
2GT + 2G5 — (G3+G7) =1#0. (4.2.90)

As in the previous example, this is the main fact that will yield non-infinitesimal Hilber-
tianity. We only have to navigate around the problem that G; ¢ L?(R¢, vol,). In a final
step define a function n € C°(R) such that n(x) = n(—=z) for all z € R and such that
n=1on (—1,1) and n = 0 on (—2,2)°. For n > 1 define 7, via n, = 1 on (—n,n),
nn(z) = n(|z| —n + 1) for |z| > n and for 1 < i < 4, define the functions f;, : R? - R

Via

fin (@1, .. xq) = & = Nu(xh)P(x) 21,
fon i (z1,. . xq) = = nu(xg)P(x)(|zg] — n + 1),
f3,n = fl,n + f2,na f4,n = fl,n - f2,n-

Then supp f;,, C [-3,3]%" x [-n—1,n+1]. Now, with similar methods as before, using

the fact that the minimal weak upper gradient depends locally on the function, we get
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that the minimal weak upper gradient |Df; |, of fi, can be described via

Gi(2) if z€ S x (—n,n),

Vo finlg(2) if z€((=3,3)1\5) x (—n,n),
|IDfinlw(2) := < |Dfiilw(z — (n—1)eg) if 2 € (=3,3)4 x [n,n + 1],

IDfiilw(z 4+ (n—1)eq) if z € (=3,3)¥ ! x [-n —1,—n],

0 otherwise.

Now,

| AR+ 2D Rl = IDSall ~ 1Dfin vl

M

-/ 2D fiaf} + 2D fnfl = D frall ~ 1D funl ol
(—3,3)4=1x(—n,n)

+f 2D fraf} + 2D fanl} ~ 1Dfsal} = DSl dvol,
(=3,3)4= 1 x ([-n—1,—n]U[n,n+1])

—n / 2G2 +2G2 — G2 — G2 dvol,
Sx(—1,1)

+f 2D 1l + 20D ol — 1D~ 1Dfuafl dvol,
(—3,3)4=1x((—2,-1)U(1,2))
= 2nvoly (S x (0, 1))

+/ 2|D fials + 2|D fonls, — | D fsals — | D faa]s dvoly,
(—3,3)4=1x((—2,—-1)U(1,2))

where in the last two steps, we first used the fact that 2|V f1,]2 +2|Vg fonl2 =V fanl’ —
Vg fanl; =0 for all n € N and then applied (#.2.90). We have that [Df;|2 € L> and
hence the last integral in the above equation is finite, so as vol,(S x (0,1)) > 0, we get
that

n—o0

In particular, there exists an n € N such that 2Ch( f1,,)+2Ch(fs,,) —Ch(f3,) —Ch(fs,) #
0. [

This proves Theorem , taking into account that for p/ € [1,d—1], one has W;"” Ccowkdt

loc loc

Remark 4.2.14. For d > 4, the above example shows that we can find a Riemannian
metric g on R? of the Geroch-Traschen class that induces a non-infinitesimally Hilbertian

metric measure space.

Remark 4.2.15. For a manifold with a W.'P-Riemannian metric such that p > d, the

loc

Sobolev embedding theorem together with the results from [102] immediately give us that
(M,d,,voly) is infinitesimally Hilbertian. Theorem@ shows that g,g~* € L. N WP for

loc loc
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p < d—1 is not sufficient for infinitesimal Hilbertianity. This works towards answering
Question@ leaving only the interval of p € (d—1,d)], where it is unknown whether g, g1 €
L N VVlif 1s sufficient to get infinitesimal Hilbertianity. Indeed, the Sobolev embedding

loc

theorem forces g to be continuous as soon as g € I/Vlif for p > d. Note that using
1,d—1

0., as the metric g can be written as

our construction, we cannot do better than W,
g(x1, .. xq) = 0(x1, ..., x4-1)Id, so WitP-regularity of 0 for p > d—1 would force 6 (as a
function of RY™Y) to be continuous and continuity implies infinitesimal Hilbertianity. In
a work in progress, we are currently studying whether additional I/Vli’f—Sobolev reqularity
of the metric g for p € (d —1,d] (or in the case d = 2, p € [1,2]) implies infinitesimal

Hilbertianaty.

Remark 4.2.16. One motivation behind the definition of infinitesimal Hilbertianity was
to distinguish Finslerian structures from Riemannian ones, in particular in the context
of synthetic lower Ricci curvature bounds. The distance in this example arises from a
Riemannian metric of low regularity; however the corresponding metric measure space
does not satisfy infinitesimal Hilbertianity. The directional dependence of the metric
speed of curves established in reveals the asymptotic shape of metric balls in the
manifold and it is readily seen that the space (M,d,,voly) is not locally Minkowskian
(see [109] and [9])] for a discussion of infinitesimal Hilbertianity for locally Minkowskian
spaces). Moreover, the construction immediately implies that this space does not satisfy
neither distributional lower Ricci curvature bounds nor the CD(K, oo)-condition for any
K eR.
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Chapter 5

Infinitesimal Minkowskianity for
manifolds with continuous
Lorentzian metrics

This chapter contains the results of a solo-authored paper draft [120]. We refer to Subsec-
tion for an introduction to this chapter and to Section for relevant preliminary

definitions. The main result in this chapter is

Theorem 4. Let M be a (d+ 1)-dimensional manifold and g be a continuous Lorentzian
metric on M such that (M, g) is a causally simple spacetime. Then the metric measure

spacetime (M, 1,44, voly) is infinitesimally Minkowskian.

Notation
Given m € N and real numbers Aj,...,\,, the expression diag(Ai,...,\,) refers to
the m-dimensional diagonal matrix with entries Ay, ..., A\,,. Given a matrix A € R™*™,

|All,, denotes the operator norm of A induced by the Euclidean metric on R™.

Given a manifold M, a continuous and time orientable Lorentzian metric g on M and
two vectors v,w € T,M for some p € M, we write g(v,w) = (v,w), = >, . gijviw; for
the g-inner product of v and w. Given a causal function f on M, we denote by |df| the
maximal weak subslope. We will denote by df € T*M its differential, V,f € T'M its
gradient and by |V, f|,(= |df],) = \/— >.:;990;f0;f the g-norm of its gradient (= the
g-norm of its differential), wherever they exist. For a causal curve v : [0,1] — M, we
denote by 4; € T, M the derivative, by 4|, = v/—9(5:, 7) the g-norm of the derivative,

and by |¥| the causal speed of v at time ¢, wherever these exist.

Given an open set U C M and Lorentzian metrics g, ¢, we say that g < ¢’ (or ¢ > g) on
U if for every 0 # v € TU it holds that g(v,v) <0 = ¢'(v,v) <O0.
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5.1 Preliminary results from measure theory

The following measure theoretic results will be useful in Section [5.2] Let m € N.

Lemma 5.1.1. Let Q C R™ be open and let i be a locally finite Radon measure on ).

For 6 > 0 define the set Qs :== {p € Q : Bs(p) C Q}. Then for every § > 0, the map

E,5: Q5 —[0,00),p— u(Bs(p)) is L™-measurable and locally bounded.

Proof. Fix a § > 0. Fix a compact sets K; C Ky C 2 such that Bs(K;) C K,. Now for
each p € K3, it holds that

1(Bs(p)) < (k) < oo.

This proves the local boundedness.
For i =0,...,m — 1, define the sets P; and the Radon measures p;.1,v; such that

e P, is a countable union of i-dimensional spheres, where i-dimensional spheres are
given by {¢ € R" : |¢—p|=r,q—p €V}, where p e R r >0 and V C R™ is an
i-dimensional linear subspace of R™. If i = 0, F, is going to be a countable set of

points.
o v =l B
® /11 = j; — V; is zero on spheres of dimension at most .

Define i := p. Now, define the set

Py:={p € Ky : u({p}) > 0}.

This set has to be countable, as Py = J,en{p € K2 - u({p}) > +}, and for each n € N,
we have that #{p € Ky : p({p}) > 1} < nu(K>) < co. Now define the measures

vo:=pl Py, ppi=p— 1. (5.1.1)
Now for ¢ € {1,...,m — 1}, define inductively the measures v;, j1;,1 as follows: Let
P, :={S : i—dimensional sphere, S C K», pn;(S) > 0}. (5.1.2)

For every n € N, we have that

#{S : i—dimensional sphere, S C Ky, w;(S) > 1/n} < np;(Ks) < nu(Ks) < .
(5.1.3)

Indeed, suppose that this was not true. Then there exist two distinct ¢-dimensional
spheres Sy, Ss € P; such that 11;(S, N Sz) > 0. Now, we have that for any two distinct
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i-dimensional spheres, their intersection is the finite union of spheres of dimension at
most ¢ — 1. By our assumption, the measure u; is zero on spheres of dimension at
most ¢ — 1, which yields a contradiction and hence verifies . This proves that
P, = U,entS : i—dimensional sphere, S C K, p;(S) > 1/n} is countable. Now we
define

V; ‘= IUZLPZ, i1 = g — V. (514)

In total, this gives us a decomposition of the measure
m—1
,u:,um—l—Zui, (5.1.5)
i=0

where the v; are supported on countably many i-dimensional spheres (collected in P;)

and f,, is zero on spheres of dimension smaller than m.

For each i« < m — 1, and any i-dimensional sphere S, we have that the set

Dsyg = {p S C aB(;(p)}

is a sphere of dimension m —i — 1. Any such sphere is a Borel £™-zero set. Then, the set

m—1

D:={]J | Dss (5.1.6)

i=0 SeP;

is a Borel £™-zero set, which is a countable union of spheres of dimension at most m — 1.

For any point p € K7 \ D, we have that
1(0Bs(p)) = pm(9Bs(p)) = 0.
Note that
Tim (B (p) \ Bs—2-n(p)) = (9Bs(p)) = 0. (5.1.7)

Fix an ¢ > 0 and n € N such that p(Bsyo-n(p) \ Bs_a-n(p)) < e. Then we have that for
each ¢ € By-n—1(p), it holds that

1n(Bs(p)) — n(Bs(@)] < u(Bsp) \ Bs(@)) U (Bo(a) \ Bo(p)))
< 1(Byya-n(p) \ By-a () < <. (5.1.8)

Hence, E, s is continuous at p. This holds for p € K; \ D, so the map is continuous
almost everywhere. Hence, E, s is L™-measurable when restricted to K;. As K; C

was arbitrary, this concludes the proof. O
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Lemma 5.1.2. Let p be a locally finite Radon measure on R™ such that p L L™. Then
for L™-almost every point p € R™, it holds that

Proof. Suppose this was not the case. Then there exist an ¢ > 0 and a bounded set
A" C R™ with £™(A’) > 0 such that for each p € A’ it holds

1(Bs(p))
5m

lim sup > 2e > 0. (5.1.10)

6—0

Note that by Lemma , we have that the set of all points satisfying is Lebesgue
measurable. As p L L™, there exists a decomposition of R™ into disjoint Borel sets
L,S such that £7(S) = 0 = pu(L) and LU S = R™. Define A := A"\ S. Then
L™(A") = L™(A) > 0. Pick an open set O D A. Then for each point p € A, there exists
a d, > 0 such that Bs,(p) C O and such that

1(Bs, (p))
S > e (5.1.11)
Then

Ac|Bs,p) cO.

pEA

By the Besicovitch covering theorem, there exists a constant ¢, € N such that there exist

¢m countable families 77, ..., T, of points p € A such that

ACUUng(p)::OCO.

i=1 peT;

and such that for each i and p,p’ € T}, it holds
Bs,(p) N Bs,(p) = 0. (5.1.12)

By the pigeon hole principle, we get that there exists an i € {1,...,¢,,} such that

ﬁm( U ng(p)) > L rmia), (5.1.13)

C
p€eT; m

But now ([5.1.12) together with (5.1.11)) and (5.1.13)) yields that

9 9

M( U B5p<p)> 2 m%ﬁm(fg@(ﬁ)) 2 mﬁm@‘l)- (5.1.14)

peT;
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It follows that

p(O0) > p(0) > mﬁm(fl)-

As O is an arbitrary open set containing A, the outer regularity of Radon measures on
R™ yields that

3

S W IVAT))

L™(A) > 0. (5.1.15)

But A € L and pu(L) = 0 by assumption. This is a contradiction and finishes the
proof. n

Lemma 5.1.3. Let A C R™ be Lebesque measurable and P, Q C A such that L™ (ANP°) =
0. Assume that for each p € P there exists a radius r, > 0 such that L™(Q°N B, (p)) = 0.
Then, L™"(ANQ°) = 0. In particular, Q) is measurable.

Proof. We may assume A to be bounded. Then AN P C {J,.p By, (p). The Besicovitch

covering theorem yields that there exists a countable set (p;);eny C P such that

A NP C U BTpi(pi>‘

ieN

Denote by £™* the outer m-dimensional Lebesgue measure. Now we have that

LT(ANQY) S L™(ANPY)+ > L™(B,, ()N Q%) = 0.

1€EN

Now null sets are Lebesgue measurable, which proves the lemma. O

The final lemma of this section is proved analogously to Lemma [5.2.18| so the proof is

omitted.

Lemma 5.1.4. Let Q0 C R™ be open, f : 0 — R be Lebesque measurable and locally
bounded, and I' C B1(0) be a countable set. Then for L™-almost every point p € Q0 and
all v € I', we have that t = 0 is a Lebesgue point of the map

fo. :
Ly (=) = Rt f(p+t9), (5.1.16)

where € is such that B.(p) C §.
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5.2 Application to manifolds with non-smooth
Lorentzian metrics

We want to study how the theory on causal functions as it has been developed in [16]
applies to the setting of a Lorentzian manifold with a metric of low regularity. From
now on the setting will be a smooth (d + 1)-manifold M, for d > 1, equipped with
a continuous Lorentzian metric g, i.e., a continuous symmetric bilinear (0, 2)-tensor of
signature (—,+,...,4). We say that a vector v € TM is timelike if g(v,v) < 0, null
or lightlike if g(v,v) = 0 and v # 0, spacelike if v = 0 or g(v,v) > 0, and causal if it
is timelike or null. We assume that g is time orientable, i.e., there exists a continuous
timelike vector field X which tells us at each point, which cone is the future cone and
which cone is the past cone. More precisely, we say that a causal vector v € TM is
future directed, if g(v, X)) < 0, otherwise we say that it is past directed. Time orientable

Lorentzian manifolds are called spacetimes.

For timelike vectors v € TM, we define |v|, := y/—g(v,v). Recall that for p € M and

v,w € T,M causal, the reverse Cauchy-Schwartz inequality holds, i.e.,
lg(v, w)| = [v]glwlg, (5.2.1)

with equality if and only if v = aw for some o € R.

A spacetime arising from a manifold with a continuous Lorentzian metric can naturally

be seen as a metric measure spacetime as follows:

e Any complete Riemannian metric h on M induces a distance dj, on M such that
(M,d,) is a Polish metric space. Fix some such h and denote by 73, the topology
induced by d,. Note that 75, equals the topology induced by charts, so from now

on, we will not always mention the topology explicitly.
e The metric g induces a volume measure locally given by dvol, = v/— det g dL*.

e We say that an absolutely continuous curve v: [0, 1] — M is classically causal (c.c.)
and future directed (past directed) if g(:,4:) < 0 and 4, is future directed (past

directed) or zero for almost every t € [0, 1].

e The time separation ¢, : M? — {—oo0} U [0, 0c] is defined as

tya) = s {Ly() = [ V=gl T ] 5 € (0.1, 00),

c.c., future dir., y9 =z, = y} (5.2.2)
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We then define the chronological future and past I, I~ of a point p € M via

Ifp)={eeM:p<q}, I"(p) ={q€ M :q<p},

and the causal future and past J*, J~ of a point p € M via

Jtp)={qeM:p<q}, J (p)={qeM:q<p},

where as in Sectionthe chronological relation <:=< is defined via <,:= £,*((0, oc]) C
M? and the causal relation <:=<_ is defined via <,:= £,([0,00]) C M?. From now on
when speaking of classically causal curves, we always refer to future directed classically

causal curves, even if not explicitly mentioned.
Recall that the spacetime (M, g) is said to be

e strongly causal if for every p € M and any neighbourhood U C M of p, there exists
a neighbourhood V' C U of p such that every classically causal and future directed

curve with endpoints in V' is contained in U.

e causally simple if there are no non-constant closed classically causal and future

directed curves and if < is closed in the manifold topology.

e globally hyperbolic if it is strongly causal and if for any two points p,q € M the set
J*(p) N J(q) is compact.

The next result is known for smooth Lorentzian spacetimes (see for instance [98]) and
the proof works similarly. Alternatively, Minguzzi’s result on closed cone structures [97,

Theorem 2.47] implies the following lemma.

Lemma 5.2.1. If (M, g) is causally simple then (M, g) is strongly causal.

Proof. Suppose for a contradiction that (M, g) is not strongly causal. Then there exists
ap € M and an open set U C M such that p € U and such that for every open set
V € M with p € V there exist ¢7,¢q" € V and a classically causal and future directed
curve 7 : [0,1] — M with vy = ¢~ and v; = ¢* that leaves U. By possibly shrinking U
we may assume that U 3 p is relatively compact. For n € N, fix open sets V,, such that
p € Vay1 €V, C U and such that (), . Vi = {p}. Now, by our assumption, there exist
q,,q¢ € V,, and a causal curve v, : [0,1] = M from g, to ¢ that leaves U. Denote

@ = y(min{t €0,1]:v ¢ U}) e oU.

By potentially passing to a subsequence, the relative compactness of U and the choice of
the V,, yields that

lim ¢ = lim ¢ =
Jm g, = Jim g =
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and that there exists a ¢ € OU such that
lim ¢° = q.
fim o) =
Moreover, we have that ¢, <, ¢° <, ¢}, hence the fact that <, is closed yields that

D <4q=<4D.

However, p ¢ OU, hence ¢ # p. Thus, there exists a non-constant closed classically causal
curve, namely starting at p and passing through ¢. This contradicts the causal simplicity

and hence proves the lemma. O

Assumption 5.2.2. From now on we will assume (M, g) to be causally simple.

Remark 5.2.3. The assumption of causal simplicity is of technical nature, as causal
simplicity is necessary to enter the framework of a Polish metric measure spacetime as
in [16]. Indeed, it is needed for {{, > 0} to be closed in the manifold topology. However,
strong causality is implied by Lemma and suffices for our proofs. By [122, Propo-
sition 3.3/, any globally hyperbolic continuous spacetime is causally simple and strongly

causal.

From now on, we will consider the metric measure spacetime (M, 7,4, vol,). When
speaking of causal paths we refer to maps v : [0,1] — M such that for each s,t € [0, 1]
with s < ¢, it holds v, <, v (these are the future directed and causal paths as defined in
[16]). Note that the notion of a causal path uses the definition of ¢, based on classically

causal curves. When speaking of a causal curve, we refer to continuous causal paths.

Remark 5.2.4. Notice that in the literature, it is sometimes employed to consider only
those classically causal curves whose tangent vectors are non-zero almost everywhere (e.q.,
[122]). In the context of Lorentzian length spaces, causal curves are commonly defined
to be non-constant [84), [35]. However, our definitions allow (classically) causal curves
with constant segments, as this ensures that {y(x,x) = 0 for x € M and better suits the

definition of causal curves in [16].

A priori, all we know is that the class of classically causal curves is contained in the class

of causal curves. We quickly notice the following useful fact.

Lemma 5.2.5. Let (M, g) be a spacetime and V- C U C M neighbourhoods such that
every classically causal curve with endpoints in V' is contained in U. Then, every causal

path with endpoints in V is contained in U.
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Proof. Suppose there exists a causal path ~: [0,1] — M with 4,71 € V and such that
there is a ¢ € (0,1) with v, ¢ U. By the definition of causal paths, we have that vy <,
v <4 1. Hence, there exist Lipschitz continuous classically causal curves A, A: [0,1] —
M such that A} = 79, A] = A2 = v, and A\? = 7;. Then, the concatenation A of \! and
A2 is a classically causal curve with endpoints in V that leaves U. This is a contradiction

and proves the lemma. O

This shows that the strong causality assumption also holds for causal paths, not only
for classically causal curves. Similarly, the causal simplicity assumption holds for causal

paths as well.

Lemma 5.2.6. Let p € M and 0 # w € T,M be spacelike. Then there exist timelike
vectors u,v € T,M such that one of them is future directed and the other one past directed

and such that (u,w), (v, w) > 0.

Proof. As this is a statement about the tangent space, we may assume to be working in
R4 = T, M. Furthermore, we may assume the coordinates to be chosen in a way that

g(p) = diag(—1,1,...,1). Write w = (wy,...,wy) € R By applying a rotation, we

may assume that wy = ... = wy = 0. This reduces the problem to the case d = 1 and
g = diag(—1,1).
Now as w is spacelike, we get that w? > w2. Define the vectors ¥ := (wy,wy),?" =

—0 = (—wy, —wp) and note that 9,9 are both timelike but one is future directed and the
other one past directed. Moreover, it holds that g(w,d) = g(w, —9) = 0. Fix an a > 0
such that ¥ + [—«, a]e; is timelike and hence in the same cone (future or past) as ¢ and
such that similarly ¥’ 4+ [—a, aje; is timelike and hence in the same cone as 9. Now we
distinguish cases:

Case 1. w; > 0.

Then u = 9 + ae; and v = ¥ + ae; yield the desired. Indeed,

g(w,u) = g(w, V) + aw, = aw; >0,

g(w,v) = g(w,¥') + aw; = aw; > 0.
Case 2. w; < 0.

In this case, u = ¥ — ae; and v = 19 — ey yield the desired. This proves the lemma. []

Many of the following arguments will be local, so we will often work in small neigh-
bourhoods U C M that may be assumed to be contained in one coordinate patch. To

keep notation short, we will oftentimes assume U C R%! without explicitly mentioning
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(pushforwards by) a chart ¢ : U — R¥*!. A similar observation as the following one can
be found in [16].

Proposition 5.2.7. Let f be a causal function on M. Then for each point p € M at
which f is differentiable, the gradient V,f(p) € T,M ‘s either zero or causal and past

directed.

Proof. Take any timelike and future directed vector v € T,M. Working in a small
neighbourhood U around p, we may assume that U C R%! and identify the tangent
spaces with R!. Then, by the continuity of ¢, there exists a neighbourhood V around
p such that for each ¢ € V, g(q)(v,v) < 0, where v is seen as a vector in R**!. Hence,
there exists an s > 0 such that the curve v : [—s,s] — M,t — p+ tv is a causal and
future directed curve. Note that v is differentiable at t = 0. Then, the chain rule yields
that

lim f(m) = f()
h—0 h

= dfy(v) = (Vgf, 0)g(p).
The causality of f and ~ yields that

M >0, VO#h e [—s,s].
Hence, (V,f,v)4(p) > 0. As v was chosen arbitrarily, we get that for all timelike and
future directed vectors v € T,M it holds

(Vof;v)g(p) 2 0.

Now assume V,f(p) was non-zero and spacelike. Then by Lemma [5.2.6] there exists
a past directed timelike vector v € T,M such that (V,f, u),(p) > 0. But then the
vector v := —u is timelike and future directed and satisfies (V, f,v),4(p) < 0, which is a
contradiction. Similarly, considering v = X (p), we get that V,f(p) cannot be causal and
future directed. O

Lemma 5.2.8. Let y: [0,1] — M be a causal path. Then for each t € [0, 1], at which ~

is differentiable, the derivative v, € T, M 1is either 0 or causal and future directed.

Proof. Fix a t € [0, 1] such that v is differentiable at ¢ and denote p := v; and v := ;.
We may pick local coordinates for an open set U > p such that p = 0 € R and
such that g(p) = diag(—1,1,...,1). For ¢ > 0, define the Lorentzian metric m. :=
diag(—1 — &,1,...,1) on U. Then for all ¢ > 0, we have that there exists an open
neighbourhood U, C U such that p € U. and such that m. > ¢ on U.. Moreover, by
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the strong causality of (M, g), there exists a neighbourhood p € V. C U, such that every

g-causal path with endpoints in V; is contained in U..

Claim 1: v is causal or 0.

Proof of claim 1. Suppose for a contradiction that v is spacelike and nonzero. Then
g(p)(v,v) > 0. As lim._,om. = g(p), we have that there exists an € := ¢, > 0 small
enough such that m.(v,v) > 0. For h > 0 such that ~,,j, € V., define

— Ve+h — Vt c RI+L.

Up, h

Now, we have that v, — v as h — 0, hence we can find a h > 0 such that v, € V. and

me(v,v)

0.
5 >

me(vp, vp) >

As 7y is causal, we have that v, = y+hv, > v, hence there exists a Lipschitz continuous,
g-classically causal curve A : [0,1] — M such that \g = v, A1 = Y. But then A is
contained in U.. Hence, \ is m.-classically causal. But as m. is constant on U,, this

implies m.(hvy, hvy) < 0 which is a contradiction. This proves claim 1.

Claim 2: v is future directed or 0.

Proof of claim 2. We already know that v is causal, hence ¢g(p)(X (p),v) > 0. Suppose for a
contradiction that v is non-zero and past directed. Fix an e > 0 such that m.(X(p),v) >0
and consider UL, V- as above. For h > 0 small enough consider again vy, := == ¢ R4+,
We can choose h > 0 such that v, € V. and m.(X(p),vs) > 0. However, there exists
a g-classically causal and future directed Lipschitz continuous curve A : [0,1] — M such
that \g = v, Ay = 4. But then A is contained in U.. Hence, A is m.-classically causal

and future directed, so m.(vy, X(p)) < 0. This is a contradiction. O

Remark 5.2.9. Lemma[5.2.§ shows that in the setting of a manifold with a continuous
Lorentzian metric the class of causal paths is a sensible extension of the class of classically
causal curves, in the sense that the derivatives of these maps are causal or zero wherever

they exist. This observation is in the flavour of [84), Proposition 5.9].

Lemma 5.2.10. Let g be continuous and strongly causal, v: [0,1] — M a causal path.
Then for each t € [0,1) where ~y is differentiable, it holds that

lim fg (7157 %+h)

N0 = |’Yt|g-

Proof. Pick at € [0, 1) such that ~ is differentiable at ¢ and denote p := v, € M. We may
restrict to a small neighbourhood U of p and using local coordinates, we may assume that

U C R¥*! and g(p) = diag(—1,1,...,1). Furthermore, we may possibly shrink U such
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that it holds g < ms := diag(—2,1,...,1) on U and such that for every g-causal vector
v € TU it holds my(v,v) < g(v,v) <O0.

We will first consider the case 4; = 0. Now, there exist p~,pt € U such that p € U’ :=
(S, TN I (p7))° C U (see [99, Theorem 2.14]). Furthermore, by the strong causality
of g, we can now pick a neighbourhood V' C U’ of p such that every g-causal path with
endpoints in V' is contained in U’. Thus, for any ¢ € V, we have that any g-classically
causal and future directed curve A from p to ¢ is then contained in U’. Hence it is also
mo-classically causal, future directed, and Ly(\) < Ly, (A), which yields that for ¢ € V,

it holds

Lo(p,q) < lmy (s q)- (5.2.3)

Moreover, note that for ¢ € U’, it holds

Cins (P, @) < 2deuc(p, q)- (5.2.4)

Now, as ~ is continuous, we have that there exists a hy > 0 such that for h € (0, hy),

it holds 7.+, € V. Hence, considering only h € (0, hy), we can apply (5.2.3)) and (5.2.4))
which when passing to the limit yields that

¢ 2dcuc(t,
0 <lim sup M < lim sup M

= 20%|oue = 0. 5.2.5
ust h nst 3 |t (5.2.5)

This finishes the proof in the case 4, = 0.

From now on we assume that 4; # 0. Then Lemma [5.2.8| ensures that 4; is causal and
future directed. We will show that

Co(Ve, Yean) Co(Ves Yitn)
h h

lim sup < |44/4, and lil;Ln \iglf g

R\0

> il (5.2.6)

Working the neighbourhood U (as above) of p permits to assume U C R*™! and allows
us to assume that p = 0, g(p) = diag(—1,1,...,1), and that ey is future directed.

By potentially reparametrising v, we may assume that ||y, = 1. Identifying the tangent

space T, M with R%™ as well, we may think of v := 5, as a vector in R4+,

We start with the first inequality of ([5.2.6) and prove it by contradiction. Suppose for a
contradiction that there was an ¢ > 0 and a sequence h,, € (0,1 —t) with lim,, o h,, =0
and such that for all n € N, it holds

gg(’Yt, ’Yt+hn)

: > [ilg + € = [vlgp) + &= |vlg) + &
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Define

5= (15—2)2 (5.2.7)

Define the Lorentzian metric ms := diag(—1 — §,1,...,1) on U. Then we can find a
neighbourhood Us C U of p = 0 such that for all ¢ € Us it holds

l9(0) = g()l,p <6, llg(a) —msll,, < 26, ms = g(q).

Moreover, we can shrink Us to even get that for each ¢ € Us, w € T,;M g-causal, it holds
—9(q)(w,w) < —mgs(w, w). (5.2.8)

Now define the set C' C R4t ag

C:= {u: (ug, . .., ug) € R ug >0, (14 6)ud — <zd:u12> > <|v|g(0) + §>2<zd:u22>}

=1 =0

In the spacetime (R4 my), these are exactly those points u in the causal future of 0
that satisfy £n,,;(0,u)* > (Jv|g0) + 5)*deuc(0,w)?. Applying [99, Theorem 2.14], we can
find an open neighourhood Us C Uy that is ms-globally hyperbolic, contains 0, and that
is of the form 0 € (I, (¢7) NI, (¢"))° C Us for ¢, q" € Us. By the strong causality of
the spacetime (M, g), we can find a neighbourhood Vs C Uj of 0 such that any g-causal

path between two points in V; is contained in Uj.

Now, by the continuity of -y, there exists a h, > 0 such that ([t,t+ h.]) C V;. For n large
enough, we have that h, < h,, hence p,, := Y15, € Vs. By our assumption, there exist
Lipschitz continuous g-classically causal curves A, : [0,1] — M such that A\,(0) =p =0
and \,(1) = p, and

€
LyOn) = b (5 + [0lgc0)- (5.2.9)

Moreover, we have that A, ([0,1]) C Uj. By the definition of Us and Uj we have that (for
n large enough) the ), are mg-classically causal. Then, using (5.2.8)) and (5.2.9)), we get
that

15
bons (0,90) = bons (D7) = Lung ) = Ly(A) 2 o (5 + ol ). (5.2.10)

Moreover,

deuc(07pn) = deuc(p7pn) = hn|v|euc + O(hn) = hn + O(hn) (5211)
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Now, if thinking of the p, = ((pn)o;-- -, (Pn)d) as vectors in R and recalling that in

the Minkowski space geodesics are direct straight connections, (5.2.10)), and ([5.2.11]) we
get that for n large enough, it holds

d

(1403~ (S 02) = 2,0.00 2 125 + )

=1

d
€ 2 € 2
> (§ + |U’g(0)> deuc(ovpn)2 = <§ + |U|g(0)> Z(pn)g
=0

7

(5.2.12)

Hence, for n large enough, we have that p, € C'. Note that

Ims(v,v)| < 19(0)(v,v)| + 258[v|2,. = g(0)(v,v) + 26. (5.2.13)

euc

Consider

P = w ceRM =T M.

As limp o pr, = v, (5.2.7) together with (5.2.13) yields that

' €
}lll\“né |ph|m5 = |U|m5 < \/|U|3(0) + 26|’U|guc < |U|g(0) + 6

Then recalling that limp\ o [phleue = |V]eue = 1, we get that for h small enough, it holds

08— (Sn2) < (1o + 5) (S 02),

1= 1=

As h,pn = pn,, this contradicts (5.2.12)) and hence proves the first part of ([5.2.6)).

We will also prove the second part of (5.2.6) by contradiction. Assume there exists an
e > 0 and a sequence h,, € (0,1 — t) such that lim,,_ ., h, = 0 and such that for all n it
holds

0< gg (%a %+hn)

< ; < [Hilg — & = [vlgp) — € = vlgo) — &

First note that this implies |v|4) > € > 0, i.e., v is timelike at p = 0. By the continuity
of g, there exists an > 0 such that for each ¢ € B¢“(0), it holds

IA
1o

lg(q) — g(0)],, (5.2.14)

Define

_ Veth, — Vi
h,, ’

Up
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and \,: [0,1] — M,s +— sh,v,. Now for n large enough, we have that h, < r, which
shows that \,([0,1]) € B¢(0). Now note, v, — v in R¥*! as n — oo, so for n large

enough, A, is a g-classically causal and future directed curve. But then
1
/ hn|vn|g(shnvn) ds = Lg(An) < €o(ve, Vernn) < hn<|v|g(0) —e). (5.2.15)
0
But by (5.2.14)), we get that for n large enough and all s € [0, 1] it holds

an|9(5hnUn) - |U’9(0)’ S

TR

This contradicts ((5.2.15)) and therewith proves the second part of ([5.2.6)), which immedi-
ately yields the desired result. O]

Lemma 5.2.11. Let v € LCC([0,1], M). Then ~y has at most countably many disconti-

nuities.

The proof of this lemma follows the same strategy as the proof of [16, Lemma 2.27], with
the difference that we immediately assume left continuity of v rather than, as they do in

[16], working in a so-called forward metric spacetime.

Proof. Recall that we fixed a complete Riemannian metric h on M and denote by dj the
induced Polish distance on M. For some ¢ > 0 we define the set
B :={t €[0,1] : limsupds(ys, 1) > c}.
s—t
If we can prove that B is countable for any ¢ > 0, the result follows. Assume for a

contradiction that there exists a ¢ > 0 such that B is uncountable.

Claim: There exists a 7' € (0, 1] such that for all ¢ > 0, it holds that BN (T —¢,T] is
uncountable.

Proof of the claim. We argue by contradiction. If the claim was false, then for every
T € (0, 1] there exists an ¢(7") > 0 such that BN (T — (T, T] is countable. Define

a = inf{T € [0,1] : [T, 1] N B is countable}.
We know that a <1 —¢(1) < 1. Assume a > 0. Then

(a,1]N B = U [a+n~1 1] N B is countable.

neN
But now, we know that there exists an £(a) > 0 such that B N (a — £(a), a] is countable,
hence BN [a —e(a)/2,1] is countable, contradicting that a is infimal with this property.
It follows that a = 0 and hence
BN0,1] = ({0} U U [n~ 1]) N B is countable.

neN
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This is a contradiction and proves the claim.

Now fix a T" as in the claim. Using that v is left continuous, we get that there exists an
€ > 0 such that

(T —&,T]) C Bgy(+(T)). (5.2.16)

But now, by assumption we have that (T'—e, 7|0 B is uncountable, and hence nonempty,
so there exists at € (I'—¢,T') N B. By the definition of B, there exists an s € (T'—¢,T)
such that

dn(vs, 1) > c. (5.2.17)

This contradicts (5.2.16)) and hence proves that B is at most countable, finishing the

proof of the lemma. O

Lemma 5.2.12. Let v: [0,1] — M be a left continuous causal path. Then v is differen-
tiable at almost every t € [0, 1].

Proof. This proof uses the idea of [16, Theorem A.1]. First note that by Lemma ,
7 is continuous almost everywhere. Pick a point s € [0,1] such that v is continuous
at s. Denote p := 7, and pick a chart V around p such that p = 0 € V C R™! and
such that g(p) = diag(—1,1,...,1). We call the coordinates (¢, xy,...,24) and suppose
that 0, is future directed. Now there exists a neighbourhood U C R*! of p such that
g < diag(—2,1,...,1) =: my. Possibly shrinking U further, we may assume that U is mo-
globally hyperbolic and that it can be written as I} (p~)N1,,,(p"), for some p~,p* € V.
Using the strong causality, we may further restrict to a set W such that p € W C U
and such that every g-causal path with endpoints in W is contained in U. Now there
exists a linear transform into coordinates (yo,y1, - . ., %q) such that the future cone of my
is contained in the set

d

C={> ao,

=0

040,...,04d20}.

As mo > g in U, we get that the future cone of g is contained in C' at every point ¢ € U.
Now as 7 is continuous at s, there exists an ¢ > 0 such that y([s —e,s +¢]) C W.
Suppose that there exists an i € {0,...,d} and o € [s,s + €] such that y;(vs) > vi(70)-
Then w := 7, — v, € R¥*1\ C. But by assumption, we have that v, <, 7,, hence the
definitions of W and U yield that v, <,,, 7-. Using that ms-geodesics are straight lines
yields that w has to lie in the future cone of my, which yields a contradiction. Hence we

have that for all 7, it holds y;(s) < yi(7,). Similarly, we get that for o € [s — ¢, s] and
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all 7, it holds vy;(7,) < yi(7s). Hence, we get that for every continuity point s € [0, 1] of
7, there exist coordinates y and an € > 0 such that y o 7 is increasing in every variable
in [s —e,s 4 €|. Hence, for every continuity point s € [0, 1], there exists an £ > 0 such

that ~ is differentiable almost everywhere in [s — €, s + ¢].

Now Lemma yields that ~ is almost everywhere differentiable. O]

This leads us to the first important result of this chapter, stating that the causal speed
can be identified as the causal length of the derivative. This can be seen as a Lorentzian

version of [25 Corollary 3.8].

Corollary 5.2.13. Let g be continuous and strongly causal. Let v € LCC([0, 1], M).
Then for almost every t € [0, 1], the causal speed is given by

el = lg- (5.2.18)

Proof. By Lemma [5.2.12] we have that v is differentiable almost everywhere. Then by
Lemma [5.2.10] we have that for almost every ¢t € [0, 1], it holds

lim gg (%, 7t+h)

lim = el (5.2.19)

To conclude, we use Definition (see also [16, (2.28)]), which states that for almost
every t, it holds

]

Lemma 5.2.14. Let M be a manifold and g be a continuous Lorentzian metric on M.
Then Vis(M) = M.

Proof. Let p € M. Fix an open neighbourhood U C M of p and suppose from now on
that U C R Pick a vector v € R with g(p)(v,v) < —a < 0 and such that v is
future directed. We may assume that |v|.,. = 1. Then, there exists a neighbourhood
V. C U of p such that v is future directed and g(¢)(v,v) < —§ < 0 at every point
g € V. Let § > 0 such that B% " (p) € V. For y € By(p), define the causal curve
v [0,1] =Vt — y+6(2t — 1)v. Then 7,([0,1]) C Byy(p). Consider the test plan 7 €
P(LCC([0,1], M)) given by

L (p))dﬁd“(y) if v = ~¥ for some y € By(p),

d = ¢ £ (Be
() { 0 otherwise.
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By Corollary [5.2.13| we get that

|feldar (v)dt > { szt AL (y)dt if 7 =¥ for some y € By(p),
| 0

otherwise.

Then
: vab dt1
d(es)y|yelm > 2L5 1 (By(p)) 1By (pro(2t—1)0)dLT,

hence, writing (e(t,7))x|3:|m = p=dL, we get that for every ¢ € By/s(p), it holds

Jab

0= Tozmim G 7

Hence, p € Vis(M). As p was arbitrary, this proves the lemma. O

The next proposition has been proved for the smooth case in [98, Theorem 1.19] and [10,

Theorem A.2]. We will closely follow their argument.

Lemma 5.2.15. Let f be a causal function. Then for almost every p € {|f| < oo}, there
exists a neighbourhood W of p such that the distributional derivative of f restricted to W
s given by a co-vector valued, finite Radon measure Df. In particular, f is differentiable

almost everywhere on {|f| < oo}.

Proof. Lemma|[2.3.11| and Lemma [5.2.14] yield that for almost every p € Vis(M) N {|f] <
oo} = {|f| < oo}, there exists an open neighbourhood U of p such that f is finite on U.

We may assume that U C R! and that U is relatively compact. We may furthermore
assume that g(p) = diag(—1,1,...,1). Now we can find an open neighbourhood p € V' C
U such that my» := diag(—1,2,...,2) < g on V. There exists a basis by, ..., bg of R¥*!
such that the cone C' := {Z(ij:o a;bilag, . .., g > 0} is contained in the causal future cone
of myse. Then, C is contained in the g-causal future cone of T, M for all ¢ € V. Now
there exist coordinates y = (yo, ..., ya) of R such that 9,, = b; for all 0 <i < d. In
these coordinates, we have that for each x,z € V with y;(z) < y;(2) for all 0 < i < d,
it holds that <, z. Hence the function f is monotone in each variable, which by [37,
Theorem 4] yields £4"'-measurability (and hence vol,-measurability). We may assume
that p = 0 and that W := (—a,a)*™ C [~a,a]*™ C V for some a > 0. Now for each
Bos - -+, B4 € [—a,al, and all ¢ € {0,...,d}, it holds

t'_>f(ﬁo;'--7Bi—17t75i+17'--7ﬂd); t e [—CL,CL],

is a monotone (and hence a bounded variation function in one variable) whose distribu-

tional differential is bounded above by f(a,...,a) — f(—a,...,—a) < co. By [4, Remark
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3.104], this proves that f is locally a bounded variation function, i.e., its distributional
derivative is a finite co-vector valued Radon measure Df on [—a,a]. Furthermore, [37,

Theorem 14] states that f is £+ !-almost everywhere differentiable in [—a, a.

[]

Before stating the next lemma, it is worth understanding the distributional derivative
Df on {|f| < oo} a little better. Fix p € {|f| < oo} as in Lemma [5.2.15] and choose an
open neighbourhood W of p accordingly. Assume that W C R4, Fix a vector v € R¥+!
such that g(p)(v,v) < 0 and shrink W to a neighbourhood U > p such that v is future
directed and timelike everywhere in U. Then, as D f is the distributional derivative of f,
we have that for every ¢ € C°(U), it holds

/Usode(v) = }}{‘r(l)/Uso(y)f(ij h?}? — /) AL (y).

This yields that D f(v) is the limit measure of the sequence wdﬁd“(y), as h N\, 0,

in the narrow topology.

Lemma 5.2.16. Let p,v,U be as above. Given q € U, 8,5 > 0 such that Bas.2:(q) C U,
it holds that

/ S /B() ADF)y + tw)dt > [ fly+ sv) — fly— sv) AL (y).

Bs(q)

Proof. By the upper semi-continuity on closed sets under the narrow convergence of

measures, and using a telescoping argument, we get that

/_ /35 - dD f(v)(y + tv)dt

® n 2s
> i — _ d+1
> lim sup /S /B(;(q) 5% <f<y+tv+ - v) f(y+tv)> ALY (y)dt

n—o0

‘n 2s
= limsup/ / —(fly+tv+=v) — fly+tv)) dtdL™ (y
n—oo Bs(q) J—s 28( ( n > ( )) ( )

n 2s
IthUP/ —/ flu+ (t+s+=)v) = fly+ (= s)v)dtdL (y)
Bs(q) 2s [0,2) ( ( n) >

n—oo
> fly +sv) = f(y — sv) AL (y),
Bs(q)
where the last inequality follows from the fact that f is increasing in v-direction. O]

Lemma 5.2.17. Given a causal function f on (M,g) and a neighbourhood W as in
Lemma |5.2.15. Suppose that W C R, Denote by Df the distributional derivative of
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f in W and split it into its absolutely continuous part with respect to L™ denoted by
Df* = DL and its singular part Df*. Then for almost every p € W, we have that if
f is differentiable at p, it holds that df(p) = Df(p).

Proof. By [4, Theorem 3.83], we have that for almost every p it holds that f is approxi-
mately differentiable at p and the approximate differential equals the density D f of the
absolutely continuous part Df* of the distributional derivative of f. Hence, this holds
for almost every p, which satisfies that f is differentiable at p. But then the approxi-
mate differential and the differential are equal at such points, hence Df = df almost

everywhere. O]

From now on, when writing df we refer to the absolutely continuous part of the distri-
butional derivative of f, which is a covector valued function that is almost everywhere
defined and locally integrable in {|f| < oco}. The following lemma has been proved in
Riemannian signature in [102] (here Lemma [3.3.11).

Lemma 5.2.18. Let V. C M be an open set that lies in one coordinate patch. Let
k € L (V,vol,) and assume that V C R™. Letx € V and 6 > 0, such that B§s“(z) C V.

loc

Let I C B§"<(0) be a countable set. For 6 € (0,0) NQ, ¥ € I', we define

1
F¥ I:t»—)—_/ A ak(y +t7) AL (y), te(—1,1).
.0, L4+1(By(x)) m| g+t k( ) () ( )
Then for L -a.e. x € V and all 6 € (0,0)NQ, i € T, we have that t = 0 is a Lebesgue
point of Ffs ..

Here, |¥|, should be interpreted as /|g(¥, )|, as we have not made any assumptions on

whether ¥ is causal.

Proof. As g is continuous, we get that k € Li_(V, L), Fix w € V, and choose § > 0
accordingly. Moreover, fix 6 and 4. For any z € B§"“(w), the Lebesgue differentiation
theorem yields that £'-almost every ¢t € (—1,1) is a Lebesgue point of Ff 5.~ In other
words that means that for £l-almost every y on the line {z + ¢, |t| < 1}, t = 0 is a

Lebesgue point of F¥ The set of non-Lebesgue points on that line shall be denoted

¥,6,y°
by N ..., and it holds that £'(N;s.) = 0. Let H; ,, be the d-dimensional hyperplane in
R4 through w that is orthogonal to %, and intersected with B§“(w). Then, by Fubini’s

Theorem, it holds

(U Nass) = /H LY (Ny5.) dLY(z) = 0.

2€H S 4 ¥w
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euc

Hence for L3 !1-almost every y € B§““(w), t = 0 is a Lebesgue point of Fﬁ’é’y. Note
that, by construction, 4 and ¢ vary in a countable set. This shows the claim in an open
neighbourhood around w. As w was arbitrary, the proof is complete by Lemma O

Under the same assumptions on k, #,9, 1", Lemma [5.2.18| holds analogously for

" 1
Ek m:tl—>—_/ k(y + t5) AL (y), te(—1,1). 5.2.20
54, B Jre (v +t9) (v) (-1,1) ( )

The following proposition describes the maximal weak subslope of a causal function f.

This is the last ingredient we need to prove infinitesimal Minkowskianity.

Proposition 5.2.19. Let g be continuous and strongly causal and f: M — R be a causal

function. Then, the mazimal weak subslope |df]| is given by

IV,fls(p) if |f(p)] < oo and f is differentiable at p,

+00 otherwise. (5.2.21)

mmmzmm:{

Remark 5.2.20. This proposition can be seen as a Lorentzian counterpart to [102, Propo-
sition 4.24]. The proof essentially follows a similar strategy, with the additional difficulty
that f is not necessarily C* and hence the distributional derivative might be measure val-
ued. In the Riemannian case, proving the analogue statement for C*-functions sufficed to
identify the synthetic Sobolev space as the classical one (see [102, Section 4.4], Subsection
, as the theory from [7, 8] allowed to pass from C* to all Sobolev functions.

Before giving the proof, we summarise the strategy: We start with verifying that G is a
weak subslope. Then, to prove maximality, we argue by contradiction and assume that

|df| > G on a set of positive measure:

e We pick a point p in {|df| > G} at which f is differentiable and find a timelike
vector v € T,M such that G(p)lvly = [Vafly(p)lely & (V,f(p), o)y = (f 0 7)/(0) =
limp o W, where v: t — p+tv. Recalling Definition , this suggests
that |df| < G along the curve 7.

e To make this idea rigorous, we build a test plan of short parallel curves in v-direction
around p and use Lemma to localise away from the support of the singular
part Df?® of the distributional derivative of Df of f.

Proof of Proposition|5.2.19. We start by proving that G is a weak subslope. Fix an
arbitrary test plan «w € P(LCC([0, 1], M)). Moreover, let N C M be a vol,-null set such
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that f is differentiable or infinite on M \ N, which exists by Lemma [5.2.15, As in [119]
Lemma 3.5], we have that for w-almost every path ~, it holds that

L'y HN)) =o. (5.2.22)
Consider a path v € LCC([0, 1], M) such that (5.2.22)) holds. We distinguish two cases.

Case 1. f(v(]0,1])) C R.

Now, f is differentiable H'-almost everywhere on ([0, 1]) and the chain rule yields that
for almost every ¢ € [0, 1], it holds

(f o) () = dfs.(3e) = [V flg(ve) [ Felg, (5.2.23)

where the last inequality follows from the reverse Cauchy-Schwartz inequality. Note, that
we can apply it because V, f is zero or causal and past directed by Lemma and
is zero or causal and future directed by Lemma Now, as fo~:[0,1] - Ris a
monotone function, and (f o) (¢) the absolutely continuous part of the distributional

derivative of f oy, this yields

f(%)—f(%)Z/O (fov)'(t)dtZ/O IVflg(%)|7t|gdt=/0 Gyl dt.  (5.2.24)

Case 2. f(+((0,1])) ¢ R.
Then, as f is causal, we get that f(79) = —oc0 or f(71) = 4+00. In both cases, we have

that

fn) = f() = +oo,
hence G is a weak subslope.

Now, we want to verify that GG is the maximal weak subslope. Suppose that was not the

case. Then there exists an € > 0 such that
voly({|df| > G +¢}) > 0.

Denote S := {|df| > G 4+ ¢}. Then, G is finite at vol,-almost every point in S, hence,
by the definition of G, f is finite at almost every point of S. We may assume that S
lies inside one coordinate patch and will from now on work in R4*!. Define I' to be a
countable and dense set in B“¢(0) C R¥™!. There exists a ¢ > 1 such that the set

LT {|V,fl, <C3NS) > 0. (5.2.25)

By Lemma5.1.4] Lemma5.1.2] Lemma [5.2.18] and the Lebesgue differentiation theorem,

we can choose a point p € S and an open neighbourhood W of p such that
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e pisa L !-density point of SN{|V,f|, < ¢} and a Lebesgue point of G, df, min(|df|—
G,e).

e fisof bounded variation and f is differentiable almost everywhere in W (see Lemma

5.2.15 and [4]).
e 1V is relatively compact and W C {|f| < oo} (see Lemma [2.3.11)).

e there exists a § > 0 such that for all 6 € (0,0) N Q, 4 € 0T, it holds that ¢t = 0
is a Lebesgue point of F%W and ﬁi&p? as they are defined in Lemma [5.2.18 and
(5.2.20) for k = df, G, min(|df| — G,e). In the case of df this shall be understood

component wise.

o lim;_, w = 0 (see Lemma .
Df,s

e for every 4 € I" and ¢ € (0,1) NQ small enough, ¢t = 0 is a Lebesgue point of Lfd
as defined in Lemma [5.1.4] and Lemma B.1.7]

Define

€

€= 00050 (5.2.26)

Now, note that by Lemma Vy.f(p) € T,M is causal and past directed or 0. If
V,f(p) # 0, there exists a timelike and future directed vector o € R = T M| such
that % < 0] ewe < 2 and

(Vo f,0)4(p) < (e +[Vyflg)loly(p)- (5.2.27)

-1

cue tO get a timelike and future

Now, from our choice of I, we can approximate ¥|7|
directed vector v € I' such that

(Vo flglvlg(p) < (Vofiv)e(p) < Be+ |Vyflg)lvlye(p). (5.2.28)

If V,f(p) = 0, then any timelike and future directed v € I' will satisfy (5.2.28), so we

may fix an arbitrary one.

Using a linear transformation A € SO(d + 1) and a translation, we may assume that
v = eg and p = 0. Then, by the continuity of g, we have that e; is timelike and future
directed in a neighbourhood of p = 0, so by possibly shrinking W > p = 0, we get that
ep is timelike and future directed in W and that there exists a A € (0, 1) such that for all
q € W, it holds

|60|g(q) Z A (5.2.29)
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Now, we can choose §,s € (0,1) N Q such that Bysi05(0) C W and such that for k €

{G,df,min(e, |[df| — G)}, it holds

; _ d+1 €
T o )~ KOIAL™1(5) 2

1 1 s
|5 k(y + teg)le o) AL (y)dt
L3+1(B4(0)) | 25 / /BJ(O) (y + teo)l€olg(y-teo) (y)
[ kwleoly €7 0)] < e
Bs(0)
as well as
I / "
T Vofieo)g(y) — (Vofieo)g(0) AL (y) < Ae,
EdH(Bg(O)) 35(0)|< g 0>g() < g 0>g< )l ()
1 1 s
PPl P Vyf.e + teg) AL (y)dt
L4+1(Bs(0)) %5 /_S /]35(0)< ofs€0)g(y 0) (y)
- / (Vyf,eo)g(y) dL™ (y)| < Ae,
B;(0)
and

1D/ (B5(0))|

L2 < Ne and —_1 / / dDf*(eg) dt < 2s)e.
L+t (35(0)) £d+1(36(0)) —s J Bs(0+sep)

For y € Bs(p) = Bs(0) define the causal curve
1 1

Now, define the test plan 7 via

1 d+1 : — AY
dm(y) = 4 ZEEEy LT W) iy =77 for some y € By(0),
0 otherwise.

Using Corollary [5.2.13] we get that

//01 G (v)|5¢| dtdm (7)

——— _ 1 d+1
£d+1 B(; /B(; / |ng|g (y + 25 <t 2>60> 25|€0‘g dtdL ( )

1

== d+1
- LH(Bs(0)) /35(0 / [Vaflo(y + teo)leoly dEALT (y).
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(5.2.34)
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(5.2.37)



Using ((5.2.28)) and ([5.2.29)), combined with ((5.2.30]) - (5.2.33) with £ = G we get that

_
L41(B5(0))

/ / 1V, fla(y -+ teo)leoly AL (y)
Bs(0) J—s

- / / (Vo f. o)y (y + teo) dtdLH ()| < 25(4N + Bleolyo))e. (5.2.38)
Bs —s

Using furthermore (5.2.30)), (5.2.29), and (5.2.31)) with & € {min(e, |df| — G), G} yields

1 S
) o | (1= 9l 1)y 1025 5) 2 2l — 4]
9 ) —s
(5.2.39)

Recall that our choice of W (see the discussion leading up to ([5.2.29))) allows us to apply
Lemma [5.2.16 Now, Lemma [5.2.17| together with Lemma |5.2.16{ and (5.2.34)) gives that

T oy | T o+ 1) a2

1 s 1 s .
= W/s /35(0> dDf(eo)(y + teo)dt — W/s /BM ADf*(eo)(y + teg)dt
1

> R —
— LH(B5(0)) JB50)

fy 4 seq) — fly — sep) AL (y) — 8s)e. (5.2.40)

Then, a similar computation as in (5.2.37) followed by the combination of ([5.2.38|),

(15.2.39), and ([5.2.40)), yields that

1
| [ asieatidarane) (5.2.41)
S 5 a1
= GG Jgy | V10 bt AL )
1
> —£d+1(35(0)) 5 [y +seo) — fly — seo) dﬁd—i-l(y) + 28(|€0|g(0)€ — (8A+ 3|60|g(0))€)

o ot a1,
~ £ (By0) B[;(o)f(wseO> fly —seo)dl /f% J () dm(3),

(5.2.42)

where the last step follows from ([5.2.26]). Hence, |df]| is not a weak subslope. This is a

contradiction and finishes the proof. O

This allows us to prove the main theorem:

Theorem 5.2.21 (Theorem [d)). Let M be a (d + 1)-dimensional manifold and g be a
continuous Lorentzian metric on M such that (M, g) is a causally simple spacetime.

Then the metric measure spacetime (M, £,,vol,) is infinitesimally Minkowskian.
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Proof. Take two causal functions fi, fo on (M, ¢,, vol,). Note that

{lfi + fo <00} ={[2f1 + fof < oo} = {[fa] < oo} N{|fa] <oc}.
We aim to prove
2(d(f1 + fo)? +21df1]* = |dfol* + |d(2f1 + f2)]? vol, — ace. (5.2.43)

Moreover note that f; + fo and 2f; + fo are differentiable wherever both f; and f, are.
Define

N = ({|fi] < oo} N{|fe] <o0})\{f1 and f, are differentiable}. (5.2.44)

Using that N is a volg-null set, Proposition [5.2.19| yields that in {| f1| < co} N {|f2] < oo},
it holds

2[d(f1 + fo) | + 2|df1]* = 2|V4(fi + f2)|3 + 2|ng1|3
= |Vofal2 + [Vo2f1 + f2)2 = |dfo” + [d(2f1 + f2)]? vol; — a.e. (5.2.45)

Indeed, the middle equality follows from the fact that taking derivatives is linear and
that ¢ is a bilinear form. In any other case, both sides of ([5.2.43)) are infinite and hence
equal. This finishes the proof. m
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