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Abstract

This work is divided into three parts, all of which are 

concerned with the characterisation of certain families of classical 

groups as doubly transitive permutation groups satisfying certain 

extra hypotheses.

The first part is purely expository. It culninates in 

the characterisation - due to Marggraf - of the affine groups over 

GF(2).

The second part deals with a characterisation of certain 

collineation groups of protective spaces as Jordan groups which admit 

a Jordan set of prime power cardinality and which have extra 

restrictions on some Sylow subgroups.

The third part consists of results obtained while attempting 

to establish that insoluble groups of prime degree p (>7)» whose Sylow 

p-subgroups have index 3 in their normalises* are of the form PSL(3 9 q.) 3 

for suitable prime powers q.



51« Introducti on»

This work is divided into three parts, all of which are 

concerned with the characterisation of certain families of classical 

groups.

The first part is an exposition of some theorems of Jordan 

C83 and Marggraf ClO]concerning an arbitrary permutation group G on a 

set ft, which satisfies the condition

(1.1) G has a subgroup H s which has exactly one non-trivial orbit T, 

where T is a proper subset of ft. Jordan showed that a group satisfying 

(l.l), which is primitive on ft, is 2-transitive on ft; and further, that 

it is (|ft - r|+ 1)-transitive on ft if H is primitive on T. If G is a 

group satisfying (l.l) we say that G admits the Jordan set r; and if G 

is not (|ft-r|+ l)-transitive on ft, we say that r is a non-trivial 

Jordan set - otherwise, the Jordan set r is trivial. A primitive 

permutation group which admits a non-trivial Jordan set will be called 

a Jordan group. Marggraf then asserts that if G is a Jordan group on 

ft admitting a Jordan set T for which |r| ^5|ft|> then |ft| = 2|r|, ft has 

the structure of an affine space over GF(2) and G is the full collineation 

group.

The known Jordan groups are: (i) Subgroups of the full 

collineation groups of affine and protective spaces of dimension at 

least 2 s which contain all elations, (the cise of the affine plane 

over GF(2) is excluded) ;(ii)Alt(7) in its representation of degree 15; 

(iii) the Mathieu groups M22 , M and U ^ in their usual representations; 

(iv) Aut(M ) in its representation of degree 22.

It is clear from the work of Jordan that every Jordan group is



a repeated transitive extension of a strictly 2-transitive group (i.e. 

2-transitive but not 3-transitive). The second part is an attempt to 

characterise the subgroups of the collineation groups of protective 

spaces of dimension at least 2 S which contain all elaticns, as the only 

strictly 2-transitive Jordan groups admitting a Jordan set of prime- 

power length. We prove this under certain extra restrictions.

The third part concerns insoluble groups G of prime degree p,

in which a Sylow p-subgroup has index 3 in its normaliser. The known

2 
groups of this type are (i) Alt(7), and (ii) PSL(3»q), where p=l+q+q ,

acting on the points of the Desarguesian protective plane over GF(q).
f s^ ^ (^n

The main results of this part are: (i) If x x 5 G is an irreducible 

character of G, then p=T and G=Alt(T); (ii) p=6q+l s where q is a prime,

f then G=Alt(T) or FSL(3,j{), &: -2 s 3 or 5; (iii) If P^+q+q^, where q is a
f~) 

prime and q divides |G|, then G- Alt(7) or ?SL(3 5 q).

The author is indebted to Professor G. Higman and Dr. P.M. 

Neumann for the many helpful suggestions they have made during the 

course of these researches.

The suggestion to include the classical theorems of Jordan and 

Marggraf, and many of the details of the proofs of these theorems are 

due to Professor Higman. A large part of the proof of Tsuzuku's result 

(l^.l) (i) which is used is due to him also.

Dr. Neumann has pursued independently the problem considered in 

the third part, and has obtained many of the results of that part, 

including an elegant generalisation of (12.10). He has brought to the 

attention of the author 9 in connection with (12.9) 9 that the work of 

A. Baker [153 implies that, for each integer k(#) or 1). the integral



solutions of the equation

(1.2) (x-l){kx+l}{(k-l)x+3} = y2 

satisfy the inequality

(1.3) Max(|x|,|y|) < exp{(l(A)10 }

where I - max{ |k(k--l) | 3 |~.2-5k+l| 3 U|k-l| ,3h and hence there are always 

only finitely many solutions of (1.2) in integers. He has also 

indicated that, in the notation of (IT.2), C^S.) = S x v i=2,... 5 q.
vj 1

This sharpens the inequality (17-*0 but does not significantly affect 

the subsequent calculations.

Finally, the author would like to thank Mrs. Valerie Peverett 

for her fine typing of this thesis.



§2. Notation and Definitions.

The notation used will be that of Wielandt [1*0 except where 

otherwise stated. Let G be a finite group and ft a G-set. If A £ ft 

and a e ft, then Ag and ag denote the images of A and a under the action 

of an element g e G. G/ v and G, % will denote the point- and set- 

stabilisers of A in G, respectively. For S £ G we put fx (S) = {a e ft | 

as = a for all s e S} and mv (S) = ft - fx (S). We will usually omit
it 04

the subscript ft where no confusion is likely to arise. Moreover, we

will abbreviate G/ x and G/ oS to G and G 0 . For s e S and g e G
(a) (a,3) a o,0

we let s j denote the element g sg, and put S = {s j s e S}. We 

also put H.(S) = {p e G | Sg = S} and C_(S) = {g e G I sG = s for all
(j ' U

s e S}.

An irreducible character of G is a mapping from G into <C of 

the form trace p , where p is an irreducible representation of G. 

char (G) is the set of all linear combinations of irreducible characters 

of G with integral coefficients. An element of char (G) is called a 

generalised character. We define an inner product on char (G) by 

(2.1) <c,n> = l

A generalised irreducible character is an element £ e char (G) 

for which <C 5 C> = 1. In this case, since C = ±x for some irreducible

character x? a generalised irreducible character corresponding to x
*v 

will be denoted by x«

Let H $ G s C e char (G) and n e char (H). We define the
 

restriction CTT of C to H by—————— — —



(2.2) c__(h) =c(h) for all h e H. n

We construct a function fj : G  »  C which satisfies

if g e H,
(2.3) f|( S ) = <

0 if g e G - H.

P
The induced character n is then defined by

r,G (g) = 1 I r) (k~1gk) for all g e G. "
keG

By a celebrated theorem of Frobenius (Curtis and Reiner C33 p. 271)

P 
(2. 5) <c,n > - <c

Xo will always denote the trivial character of the group G.

If f : G -*  C is an arbitrary function we will abbreviate £ f(&) to
geG

If g,h and k are three fixed elements of G 9 it{g"h* = k} is 

defined to be the number of pairs (.5 9 h ) for which -Q-. is conjugate in 

G to g, h is conjugate in G to h, and £.h_ = k. Then

(2.6)
X(D

the suranation beinr over all irreducible characters of G.

Since ft is a G-set, G can be made to act naturally on (i)

the set ftr of all ordered r-tuples from ft, (w.., ... 9 w ),7 = (w 3, ... ,
{r> w g)j (ii) the set ft of all subsets of r distinct elements of ft,

{w , ... ,w }g -• (w-^g, ... ,w g>i and (iii) cartesian products of sets 

of type (ii). The fact that



(2.7) The number of 0-orbits in 8 is 1 TTOT G
can be used to advantage on these composite sets when G acts multiply- 

transitively on fi.

It has been shown by Frobonius [53 that there is a cne-tc-one

correspondence between the irreducible characters of Sym(ft) - the

[A3symmetric group on n - and the partitions of jftj. VT --D let
denote the irreducible character corresponding to thv- partition [A3 ~
CA, jA^, ... ,A 3 9 where A. :* ... £ A > 0 and (ft) - A, + •• • + A •-A* £l J. J. X J- J-

X is said to have dimension jftj - A I .

An element g e Sym(fi) has type ^1^2^^3^^ ... if 

there are exactly a.(g) i-cycles in its cycle decomposition.

We will have occasion to use the following characters of 

Sym(fi), where |fi| = n:

X

xtn-1>13 -

[n-2 ,121

s l 3

From Frcbenius [63 we have the following important result 

(2.8) Let x ar>d X V te tvo irreducible characters of Sym(pJ of

dimensions r and s, respectively, and let G £ Svm(fl). Then, if G is

(r + s)-transitive on £2, we have
[A3<X

if

0 if [A3 ? [y3.

Sometimes we will find it convenient, if |fi| = n, to write



Syin(n) and Alt(n) for Syia(£2) and Ait (ft).

Although the term block will be used in both the permutation 

group sense and the geometric sense 9 it trill generally "be clear from 

the context which sense is intended. The definition of a design will 

be that of Kantor [93 a namely a set of v points together with a set of 

b distinguished subsets, each having k points, so that any two points 

are contained in exactly X such subsets. If r is tb: .lumber of such 

subsets containing a given point, we have the equalities 

(2.9) vr = bk and X(v-l) = r(k-l).

(for a proof see Dembowski C^3 p. 5). If X = 1, we call the design a 

partial plane, though for the remaining sections we add the condition 

k ^ 3« A sub-plane of a partial plane is a design consisting of a 

subset of the points and a subset of the lines 3 and which is itself a 

partial plane.

We use the definitions of protective plane and protective space 

^iven in Wagner [133. Thus a protective plane is a partial plane with 

b =5 v. For a protective space of dimension at least 3 we have the 

following characterisation due to Veblen and Young [123: It is a set 

of points together with a set of distinguished subsets, called lines, 

which satisfy the axioms

(2.10) There is one, and only one 3 line through every pair of points;

(2.11) Every line has at least three points,

(2.12) Every triple of non-collinear points is contained in a 

subplane of the partial plane of points and lines which is a protective 

plane,
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(2.13) There are four points not all in the same protective subplane,

The following theorem, due to Witt, will be used throughout 

this work.

(2.1*0 Theorem: Let G be a h-transitive permutation group on a set 

/ ft. Let A £ 0, \j!\ = k. Suppose that G/ * has a subgroup U which is 

conjugate in G/ v to every subgroup of G/ v to which it is conjugate 

in G. Then N_(U) is k-transitive on fx(U).
G

The following corollaries are immediate.

(2.15) Corollary: If U is a Sylow subgroup of G/ v, then NQ (U) is 

k-transitive on fx(U).

(2.16) Corollary; N_(G/.x) is k-transitive on fx(G/.v).       C? ^A/ (.A;

(2.17) Corollary: With the hypothesis of (2.lU) 9 if V is a subgroup 

of U, which is weakly closed in U with respect to G, then !T_(V) is 

k-transitive on fx(V).



Classical Theorems on Jordan Groups..

§3. Jordan Sets.

In this section, G will "be a transitive permutation group on 

P.. We recall that a Jordan set for G is a subset r of P. such that

2 £ r | $ | fl | -1 and G/ _ » is transitive on r.

(3.1) Lemma: If F., and F^ are Jordan subsets for C ^nd |r I .< !r I,

thenF_g £ Fp f°r some g e G.

Proof: We choose g E G such that |r,£ ^ Fp| is minimal. By the

transitivity of G on ft, r,P _ T0 ?* 0. So G, v is
L r\ 2 \u ~ r,6 %,/ r^/  

transitive on F-jg ., T2 - Suppose that r.,g v/ rp ^ r?* Then we can 

choose a and $ in r^fi ^ rp such that a i ^g and 3 i r . Moreover, 

we can find h e G/,_ _ _ x such that ah = 3. Thus T n;h ., T0 c(n - r^g u r2 ) 1-^2  
Tlg w F2* But 3 = ah ^ I^gh. Hence & e ^c \j ?2 - T^hoT^ This 

contradicts the minimal choice of g. Hence I\.f: ^/ T? = r? , as required. 

(3.2) Corollary : If r is a Jordan subset for G, and T^ Tg 9^ 0, then 

Tgh = rfor acne h e0(n . rwlg) . 

Proof: If | Tor,?! = |r| 9 the result is trivially true. Otherwise,

both T and Tr, are Jordan sets for G/^ ° ^^ie resul't follows

from (3.1).

(3.3) ^M2^I?. : Le"fc H *>e a subgroup of G with a non-empty fixed 

point set. Choose g e G   G^p-j. such that |rr<TvF|is minimal, where 

F = mv(H). Then F^vF- F is a block of G^ r T y.

Proof: Let h e G{ ro,yr }' Then Fh c F^F. By minimality, Fh = F or

That is, (Ffrur- r)h - F^ u F- r or 0 = F^
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r~ r)h n (rg^r - r).

In (3.3)9 the transitivity of G on ft was used to choose an 

element g e G which satisfied the hypothesis. If, in addition, G is 

primitive on ft, then Fg ̂  r t 0.

(3-M Corollary: Let G be primitive on ft s and let r be a Jordan set 

for G. Choose g e G - G r r \ such that JFgv r| is minimal. Then 

G/ __ v is transitive on Fgw F s and \TQ*T ~ r|civides |r| 

properly.

Proof : Since Fg A T i- 0, G/ N is transitive on Fgt/F. Hence
vft rg y r/

G, , is transitive on FgwF. Since Fgi/F -r is a block cf G. . i rg w r/ i r$j^ r /
by (3.3), FgvF is a union of disjoint images of TguF - T. The result 

follows immediately.

A set D of subsets of ft is said to be connected if it is not 

the union of two non-empty subsets D and D of D such that for all r, 

in D and for all T? in D s r,o r^ is empty.

(3.5) Theorem: Let G be primitive on fi> and let r be a subset of ft 

with 2 $ |r| $ |ft| -1. For any a e ft, ft-{a} is the union of a connected 

set of subsets of the form Fg 9 g e G.

Proof: Let A be a proper subset of ft which is a union of a connected set 

of sets Tg* , and which is maximal subject to these conditions. By 

primitivity 9 Ag ? A and A^nA ^ 0 for some r t G. Then AVJ Ag is the 

union of a connected set of sets Tg* , and contains A properly. So 

A^ Ag -ft. Hence |A|> i|ft|. If |&| ^ |ft|-l, we can find h e G such 

that (ft - A)h ? ft -A and (ft - A)hn (ft - A) ^ 0. So A* Ah #}. But 

A^Ah ^ 0 since |A|>i|ft|. This contradicts the maximal choice of A.
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So | A l=|ft| -1. The result follows from the transitivity of G on ft. 

(3.6) Corollary: (Jordan [8]) If G is primitive on ft and admits a 

Jordan set, then G is 2-transitive on Q. 

Proof: Let F be a Jordan set for G, and apply (3-5).

Let {ft,/} be a partial plane, as defined in §2. We recall that 

a subplane of ft is a subset ft of ft, together with a subset £ of /, 

such that (i) every block of £ which contains at leaR 1 two points of ft

lies in » and (ii) if ¥ t J , then every point of ¥ is in ft . o o o

(3-T) Leroma: If ft is a proper subplane of ft then |ft | < i|ft|> 

Proof : Let a e ft - ft   If there are r lines through a, and k points 

on a line, then |ft|- H-r(k-l). But ft contains at most one point on 

each line through a. Thus |ft | $ r = ( |ft|-l)/(k-l)<j |ft| since k > 2. 

(3-8) Theorem: Let G be 2-transitive on ft, and let F be a subset of 

ftwith 2 $ |r| £ |ft|-2. Let a, 8 e ft, a ^$. Then there exists a 

unique set $(ct,3) such that (i) $(a,0) is the union of a connected set 

of sets Fg not containing either a or $, and is maximal subject to 

this, and (ii) |*(<x,6)|> (|ft|-l)/2. If $(a s $) j ft -{a, 3}, then ft 

is a p artial plane in which the lines are the subsets of the form 

A(YS<S) = ft - $(Y><S), Y^<$, and G is a group of automorphisms of this 

plane. Lastly, Gr./ g\-« is 2-transitive on A(a,@). 

Proof: Let 4> be the union of a connected set of subsets Fg' , with 

|$| $ v-2 4 where v = ]ft| s and let $ be maximal subject to these conditions 

We can find g e G such that tyr/i* ? 0 and *g ^ $. Then *gw $ is the 

union of a connected set of subsets IV' , and it contains $ properly. 

Hence v-1 $ |$W$G!- So |*|>J(v-l). Since|§|^ v-2, we can find h e G
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such that $h contains neither a nor $. So <frh satisfies conditions (i) 

and (ii) of the theorem. Now suppose that ¥ is a second set satisfying 

(i). Then Sh^y = 0, since otherwise $h f ¥ is the union of a 

connected set of subsets Tg' not containing a or 8, but containing both 

$h and ¥ properly. Hence ¥ cannot satisfy (ii). So $h is uniquely 

determined by (i) and (ii). We denote <3>h by$(a,$).

Since $(a,3)g satisfies (i) and (ii) with c *.nd 3 replaced by 

ag and $g, we have $(a,S)g = $(ag»3g)« By 2-transitivity all *(a,3) 

(a»B e ft) have the same size and are permuted transitively by G. Let 

y,<5 be distinct elements of A(a,3) = ft - $(a,3). Then $(a 9 3) satisfies 

(i) and (ii) with a,3 replaced by y»5 except, possibly, that it may not 

be maximal. So <I>(ot,$) £ $(Y><$). Since both sets have the same size, 

we get equality. Hence A(a,$) = A(Y,6). That is, each pair of points 

is contained in exactly one set of the form A(ct,S). These "lines" 

A(a,B) Si -isfy all the requirements for a partial plane, provided that 

|A(o,B)| > 2.

Finally, if A(ot,3) = A(y,<5), choose g e G such that ctg = y, 

3g = 6. Then A(a,3) = A(og> e6 ) = A(a,3)c. So g e G {A ^ a ^y. This 

proves the last statement.

(3.9) Theorem; Let G be primitive on ft, and suppose that G admits a 

Jordan set T, with |r| < jftj - 1. Then either G is 3-transitive on 

ft. or G is an automorphism group of a partial plane, and ft - r is a 

subplane.

Proof: By (3.6), r. is 2~transitive on ft, so we may apply (3.8). If 

4>(a,3) = ft - {a,e}» tiien G p is transitive on *(a,3). So G is
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3~transitive on ft. In the remaining case 9 ft is a partial plane in 

which the lines are A(a s 3), a, 3 e ft.

Now suppose that a, 3 are distinct points of ft - T. Then if 

F <£ $>(a,3), we can choose h e G such that Fh * *(a,0) 9* $> Th J $(a,3) 

and |$(a,3) t/Th| £ |ft| -2. Then *(a,0) u rh is the uni011 of a 

connected set of subsets rg f , and onits at least two distinct points, 

Y and <$ say. Hence $(<x»3) u Th c $(7,6). This co" .radicts the fact 

that all sets of the form $(ct,3) have the same number of elements. 

Hence r e. <J>(a,$). So A(a,3) 5. ft - T. Thus ft - r is a partial plane.

The preceding ar^iument can be readily modified, in this case, 

to show that $(a,3) is the union of all rg f which contain neither a 

nor 3.

§U. Theorems of Martrgraf and Jordan.

We consider now a permutation £roup G on ft which admits a 

Jordan set T 5 and where further conditions are imposed either on G/ r \ 

or on the set T itself.

(k.l) Theorem: (Jordan C83) Let G be primitive on ft, and suppose 

that G/ _ T \ is primitive en T. Then G is (|ft| -|r| + l) - transitive 

on ft. 

Proof; By (3-3)> we can choose e e G such that |r^r^| = |r| +1. So

G (ft T ) is 2 ~trans:J-t ^ve on r ° rS' If 1^1 - |r|= 1, we are home. 

Suppose |ft| - |r| >1, and use induction on |ft|- |r|. By induct ion 9 G 

is (|ft| - |r^Fg| + l)-transitive on ft. Moreover, the stabiliser of 

the |ft|-|r| points in ft - T is transitive on the rest. Hence G is
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(|ft| - |r| + l)-transitive on ft. So the theorem is true by induction 

In the case |r| » 3, it is readily shown that G contains the

alternating f^-otn.-oaftJThis may be used to show that any gr u-j on ft which

is n-transitive,, for n > J|ft| + 1, contains Alt (ft) - for a proof, see

Burnside [23 p. 1?8.

(U.2) Corollary: If G is primitive on ft, |r|< 2|ft|/3 s and G/ _ v

is primitive on T, then G contains Alt (ft).

Proof; Since |ft|-|r|+ 1 > J|ft| + 1, we get the result from (k.l) and

the preceding remarks.

(U.3) Theorem (Marggraf [10]) If G- is primitive on ft and

then G is 3~transitive on ft.

Proof: This is an immediate consequence of (3«7) &nd (3«9)«

Before characterising the groups mentioned in (U.3)» we will

relate the degree of transitivity of a permutation group G on ft, which

admits a Jordan subset r, to the degree of transitivity of G, ^ on

ft - F.

(k.k) Theorem: Let G be k-transitive on ft, k ^ 1. Then G, , is

always (k-l)-transitive on ft - r 9 and it is k-transitive on ft - r if

|r|> }(|n| - k).
Proof: (i) Take a e F, and {3^ ... ,3k-1 } and {y , ... »Yk_1 > to

two (k-l)-element subsets of ft - r. We can choose g e G such that

ag s a, B.^ = Y-» i ~ 1» ••• »k-l. Since T^Tg ^ 0, we can choose

h e G /r, _ _ N such that Fgh = F, by (3.2). But then $.gh = v. , Cft - riu»rg; 1° 'i'
• i in
1 ST I K— I^* 5 • • • jXV -I. »

(ii) If {3^, ... ,$k > and (y.^, ... ,y } are two k-element subsets
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of ft - F, we can find g e G such that $.g = v* *• ss ^> ••• »^*

|r| > s(|ft| -k), then l^rg] 9* 0, since there are at least k elements

in ft - r\, Fg. Again by (3.2), we can find h e G, _ \ such that

rgh = T. Then 3«gh = Y-» i = 1> ••• »k s as required.

(U.5) Theorem (Marggraf [103). Let G be primitive on ft, and 

r| * §|ft|. Then, either (i) G contains Alt (ft), or (ii) |ft| = 2m , 

r| = s|ft| 9 G is the holomorph of an elementary abelif r-. group V_m of

order 2 , and ft may be given the structure of an elementary abelian

group via the regular normal subgroup V m of G in such a way that ft - T

is a subgroup.

Proof; The proof is by induction on |fi| . If |ft| $ 7» then |r| = 2 or

3. So G/ N is necessarily primitive on r. The result follows

from (h.2).

Now suppose that g e G may be chosen such that jrw Fg| = Jrj + 1

Then G/ _ v is 2-transitive, and hence primitive, on ru Tg. By

(k.2) 9 the result again follows 9 since |rw Tg| = |r| + l£ ^|^|  *  1 <

2|n|/3, so long as |fl| > 6.

Let g be chosen such that rg ^r and, subject to this, that 

is minimal. Put y = Tg^F - T- We will assume that JYJ ^ 2 in
o—r 

view of the preceding paragraph. Let G be denoted by H. We will

show that the hypotheses of the theorem are satisfied if G, £2 and r are 

replaced by H, ft - T and V, respectively. Indeed, G is 3~transitive by 

(U.3). So H is 2-transitive on ft - r by (U.J+). Hence H is primitive 

on ft - P. Since r A Fg ^ 0, G/ _ s is transitive on ru Fg and 

admits F as a Jordan set. Again by (U.U), G/ r vt G (o ) is transitive
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on y, since |r| > j|rwrg|. Hence H, x is transitive on y. 

Finally, since \V\ divides |r| properly, by (3.^)> we have |y| £ s|r| 

J|0 -r|. So we may apply the inductive hypothesis to H, ft - r» ¥ 

We first consider the case: Alt (ft - r) £ H. We can write 

the elements of G. , in the form (h ,h ) vhere h, e Sym(r), h2 e 

Let K_ and K be the images of the projection homomorphisms (h.. ,h )

:.d (h.. sh ) -»  h^, respectively; and let L* and L*^ '22 their

respective kernels. Let L., = (h|(h,l) e L*-i}> and define L^ similarly.

Then L < K_, L < K and K./L = K2 /L2' Since r is a Jordan set for

G, L is transitive on r. Hence |L | >. |r|. But K contains Alt(fi - r)-

so |L2 | = iLj.lKgl/lKj ^ |r| .J.|n -r|:/|r|! >. J|r| > 1. Thus L2
is non-trivial. If |Q - r| ^ 5» L must contain Alt (ft - r). So 

Alt(ft) $ G, by (U.I). If |fl - r| * U, the restrictions |r| ^ l\tt\ 

and |ft| ^8 imply that |ft| =8, |r| - U. We exclude the possibility 

H = Alt (ft - r). Since G is 3-transitive on ft and |r| = U > 5(8 - 3), 

we see that H is 3-transitive on ft - r. Hence H = Syni(ft - r) = Hoi V, . 

By assumption |y| ^ 2. By 3~transitivity of G on ft, we must have \V\ $ 

2. Hence 1^1 =2. So ft - T*V is a subgroup of order 2 of ft - r, if 

an element of ft - I\,¥ is taken to be the identity of ft - r. So we are 

in the second case.

We now consider the case: 7 9 ft - r and Y satisfy the conditions 

(ii) of the theorem, with m replaced by m-1, and m ^ 3. From the 

inequalities 2m~2 =|¥|*j|r|*j|n - r| - 2m"2 , we find that |r| = 2m~1 

and |ft| =2 . Now, if m > 3, then H is not ^-transitive on ft - r, so 

G is not I* -transitive on ft by (U.4). While for m = 3, a U-transitive
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group of degree 8 is easily seen to contain Alt(8) - and this case is 

already dealt with. So we have only to consider the case in which G 

is strictly 3-transitive on ft, for m * 3. Hence, if a, 8, y are three 

distinct elements of ft, then ft - {a,8,7) is n°t the union of a connected 

set of sets Tg } . But» since G is 3-transitive on ft, we may assume that 

a 9 3»Y e ft - T. By our assumption about the action of H on ft - T, there 

is a unique element 6 such that ¥h omits 6 whenever it omits o, $ and y, 

for h e H. Since ¥h = T ^ Tgh - T, there is no point, other than 6, 

omitted by Tg 1 , whenever Tg' omits a, 8 and y. We call {a,6,y 9 6}s and 

similarly constructed sets in ft, "quadruples"'. By 3-transitivity, G 

is transitive on quadruples. Let 0 be the identity of the group ft - T. 

We define addition on ft by: a + a = 0, a+O-O + a^a, and if 0,a 

and 3are distinct, let a + 8 be the element for which {0,a,8»a+8) is 

a quadruple. For a, 8 e ti - F, this addition agrees with the group 

addition in ft - T. We now want to show that, for all a,8»Y £ ^s ( a ) 

a+(8+Y)-(a+8)+Y» and- (b) (ot,8jY» a+8+y} is a quadruple. We 

first consider the case m = 3 3 and O s ot,8, a+£ and y distinct. Since 

distinct quadruples intersect in at most two points, the elements 0,a, 

8,y,a+8 3 8+y and y + a are distinct and differ from the elements a + (8+y), 

(a+8) + Y an(i the fourth element of the quadruple containing a, 8 and y. 

(a) and (b) follow immediately. For m > 3> and the same restrictions

on a, 8 and y as before, we may assume that a,8, y e ft- T since G iso
2~transitive on ft - {0} and G/ Q g ^ is transitive on ft - {0,a D 8,a+8}. 

But then (a) and (b) both hold by the inductive hypothesis. For m £ 3, 

and 0,a,8,a+8 and y not all distinct, we may assume by 3-transitivity
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that they all belong to ft - r. So (a) and (b) hold again by the 

inductive hypothesis. (a) guarantees that ft is an elementary abelian 

group Vgia, in which ft - r is a subgroup of index 2. 3y (b), G is a 

subgroup of Hol(V2m). Since G admits Jordan sets of sizes 2m-21 , 

1=0,1, ... ,m-l - as can be seen by considering the corresponding 

property of G{J, } on fl - r - |G| is divisible by 2m(2m-l)(2m-2) ...

2
(2-2 ) = j.Hol(Vm)|. Hence, G = Hol(Vm). This completes the

proof of (U.5).



/

19 

Part II: Jordan Sets of Prime Power Cardinality

§5. Statement of the Theorem.

In this section we ber^-i the proof of the following theorem. 

(5«1) Theorem: Let G be a strictly 2-transitive group on a set ft, 

which admits a non-trivial Jordan set F of prime power cardinality p . 

Suppose that a Sylow p-subgrcitp of G/ ./ ^ is a Sylcw p-subgroup of 

G- g , for all y, 5 e Q ,y ^» vhere ̂ ( Y , 5 } is defined as in (3.8).

Then {ft,^} is the design of poix bs and lines of protective space of 

dimension d(^s2) over the field with q = |A(Y»S)| "1 elements, where 

*£ - {A(Y><5) |Y*<S e ft,Y ^6} 9 and G contains the little protective group.

Throughout §5-8 {G,ft,r} will denote a counter-example to 

(5.1) which is minimal with respect to |ft|. The points «,$ e ft - r 

will remain fixed, and H will denote a fixed Sylow p- subgroup of

G/rt r,\. Thus H is transitive on T. As K £ G , H is contained in v»«~l / ct

some Sylcw p-subgroup of G ; we choose P to be one such subgroup. 

We abbreviate A(a 9 $) and $(ct s 3) to A and $ respectively. Note that 

because of 2-transitivity, the statement that a Sylow p-subgroup of

G/./ ,. ^ \ is a Sylow p-subgroup of G . for all pairs YJ^ with Y^<$ . 
lAvY»"// Y>o

is equivalent to saying that a Sylow p-subgroup of G/ * is a Sylow 

p-subgroup of G . Since A is fixed (as a set) by G , this last
Ot jP 01 jp

statement implies (and so is equivalent to saying) that every Sylow 

p-subgroup of G « is a Sylow p-subgroup of G/.v.

It is immediate that the design {ft,/} satisfies axioms (2.10) 

and (2.11). In §6, we show that this design is more like a protective 

plane than a protective space of higher dimension. Some numerical
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restrictions on the parameters are found in §7- These are used in

the following section to limit the structure of a Sylow p-subgroup

of G. The proof of (5«l) is then completed in §8.

6. The Impossibility of $ ^ F.

Suppose that $ 5* F. Let r\ e $ - F. In view of (1*.3)

we have |r| > 2Ja| > i(|ft| - 2). So by (U.U), G ^ is 2-
«. -i /

transitive on ft - F. Now G is an automorphism group of a partial 

plane, of which n - r is a subplane, by (3«9)« As fi - r contains 

triples of collinear points and triples of non-collinear points,
Q—r

e.g. {a»3,n}> G/ r \ cannot act 3-transitively on Q - F. Hence G" 

is strictly 2-transitive on ft - F«

If g is chosen as in (3»3)> then G* admits Fg ^ F - F 

as a non-trivial Jordan subset of prime power cardinality.

Let Q be a Sylow p-subproup of G „ which contains H; and
ot ,p

o chose P to be a Sylow p-subgroup of G containing Q. Then 

Q £ P < G . Whence, by the choice of Q, Q = P . So, by
P 01 »P .L P

. hypothesis, Q = P (A)' Clearly, P £ G/A/I' So p anci PR naP o11*0
/ Q—r \i~ rSylow p-subgroups of (G ) and (G ) , respectively, under

CX CX jp

the natural homomorphisrc Gf , -*• G . That is, P/ v is a

Sylcw p-subgroup of (G ) .
ct ,P

Hence the hypotheses of (5.1) are satisfied by the triple 

{G"~r , fl-r, Fg^F- D. As |n-r| < |n|, this triple is not a 

counterexample. So ft - F has the structure of a protective space 

of dimension d(^2), in which {A(y,6) |Y,<5eft"T 9 Y^6} is the set of

.AST 1
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lines. In particular, the triple {a,6,n} is contained in a protective 

plane which is a subplane of {ft  /} .

As G/ * is transitive on $ , G. is transitive on ordered triples 

of non-collinear points. Hence axiom (2.12) is satisfied. Axiom 

(2.13) follows from the fact that ft - T contains a protective plane. 

So {ft,/} is the design of points and lines of a protective space of 

dimension d(^3), and ft - T is a hyperplane. By Demb vski CU3 (2.3.l)» 

G is transitive on hyperplanes. Hence G contains all possible elations. 

Thus, G contains the little protective group, giving us a contradiction. 

So we get $ = r.

§7- Some Numerical Results for the case $ a p.

We recall that $ = r is equivalent to Tg - T or jft- Fg u F|$ 1, 

for each g e G. 

(T.I) Lemma: |ftj = 1 + q + q , where t ^ 1 and q = p = jrj.

Proof: Choose g e G as in (3-3). Then JFguF ~ rj= p , where s < r. 

Since G is 2-transitive on n,|n - rgw r| ^ 1. So |S7 - Tg^ Fj = 1.

Thus jftj = 1 + p +'p . As s = 0 would imply that G was 3~transitive 

on ft, we have s > 1. Put q = p .

The partial plane {ft,/} now has parameters v = 1 + ps + pr , 

k = 1 + ps and X = 1. By (2.9) ve have b = (l + ps -f pr )(l + pr"s )/
C T*"" Q GJ

(1 + p ). Hence (l + p )/(l + p ) is an integer. And this implies 

that r - s is an odd multiple of s.

Let A * Fg^F - F, where g is as in (3-3) and also ctg - a.

Then A is a block of G;. Let A .A.,,...,A be the distinct images of o u u _i_ n c;j
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A under the action of G . Since G is transitive on Q - {a}» we have 
o a a

2t-l
n = q

(7-2) Lcana: G acts 2-transitively on the set ^ }?_<-> of blocks. 

Proof: Since H fixes A and a, and is transitive onr = U A. s H must 

permute the blocks A, ,... ,A transitively.

Let P. = P, N, i « 0,...n; that is, the subgroup of P which 
i U£ ;

fixes A. pointwise, where P is a Sylow p-subgroup of containing H. 

(7-3) Lemma: fx(P.) = (ct}0 A., for i = 0, ...,n.

Proof: The result is trivial for i = 0, since H ^ PQ and fx(H) = fi - F. 

Put IL = H. .. Since H is transitive on r and A n <= T is a block of
A (A-i } 1 ~

H, H.. is transitive on A-, • Let {A-ji e J> be the set of blocks which

are fixed (as sets) by H, , and put J* = J - {0}. By (2.1U) N_.(H, ) is
JL . n JL

. transitive on the set (A.|i e J*}. So the groups H_ , i e J*, are

similar as permutation groups. In particular, !L is transitive on 

each A-, i e J. Hence, fx(H ) = {a}w A^.

By (7-2) we can find an element G e G such that A g, = A,

and A-,8-, = A . So g ^Sn is a p-subgroup of G ^ G, ,. But P is
o 

a Sylow p-subgroup of G ^ G, ,. So we can find an element
Oi \ ti /

"I "I

G2 £ Ga A °{A } SUCh that S2 gl Hlglg2 $ P * Put s = g!82* Then

fx(g Hn g) ={a}^A ff, - {a}uA. for some j e {l,...,n} as g s G . Since 1 o j a

g H_s ^ P., we see that fx(P.) ={a}0 A..
-L J J J

Now {P^,... y P } is clearly a conjugacy class of subgroups of 

P. Hence fx(P. ) = {c}u A. for i = l,...,n.

Since P is transitive on T, we could have chosen £ in such 

a way that j = 1; that is, g K^ $ P^ 9 A Qg = Al9 A-j^g = A . But then
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H is a Sl°W ^^^oup of G_> soiae

conjugate of P is contained in H, , , for some 1*1. By comparing
1 _-, 

orders, ve find that |p | * |H, J = |Hn | , so that g ^g = P^.
J~

(l.k) Corollary : There is an element c e G such that A Q3 = A^, 

A-j^g = A Q and g~ E^g = P-^

Let K denote the kernel of the representation of G on the 

set {A. | i=0,l,. . . ,n}. We shov that K has a non-trivial Sylov 

p-subgroup M by shoving that Z(P) £ K; and determine, to a certain 

extent, the structure of M. 

(7-5) Lemma: C (H) £ H. 

Proof: Suppose otherwise. Then C (H) is non-trivial on A • Hence

C_(H) is non-trivial on to - r. Now if g~ Hg £ G rt9 then Fg ^ fi -{a, 3} 
b a,p ~~

Since $ = T 3 we have T^ = F. So g Hg and H are conjugate in G/_ _v,

and a fortiori in G Q . Hence by (2.1^), N^(H) is 2-transitive on
___ ——————————————————————

« - T. So C n (H) is transitive on P, - r. As !ft - H= 1 + q, Cn (H)
vi U

has an element h of order prime to p, which is non-trivial on ft - T. 

By Wielandt ClU3 (^.5) 9 C (H) is semiregular on r. Hence h is trivial

on T. The normal closure <h> of h in N_(H) is thus transitive
VJT

on ft - r and trivial on T. So G is 3-transitive on ft by (U.3). This 

is a contradiction.

An immediate corollary to (7-5) is 

(7.6) Corollary: Z(P) $ H, and Z(P) is semiregular on P.

We get further information about Z(P) by observing that Z(P)

normalises P. for i=0<,...,n. If g e N (P.)» then fx(P. )g =
n

= fx(P.). So, if g e n N (P.), then A.g = A. for 1*0,...,n. 
1 .• _/-\ 'j1 i 111=0
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n 

Hence r\ N.(P.) $ K. In particular, Z(P) £ K. So K has a non-trivial
i-0 G X 

Sylov p-subgroup M, which we may assume to be contained in P.

(T«7) Lemma: The representations of M on the blocks A^, i=0,...,n, 

are similar as permutation groups.

Proof: By the Frattini argument, G = KN- (M). So Np (M) is 2-transitive— ——— ot (j (sa a
on the block set (A.|i = 0,...,n). Let h. e NQ (M) be chosen so that

-1 a
Ah. = A.. Then the automorphism m H- h. xnh. of M i.viuces the desired

0 x ! A A 11 A A..
isomorphism M = M *.

For the second part, {a}_c fx(M) e fx(Z(P)) r> fx(h1""1Z(P}l?1 ) 

« ({a} u Ao } n {{a} u A1 } = {a}.

We continue with some general lemmas.

(T.8) Lemma ; Let G be an arbitrary group of the form G x G.. . 

Suppose that G <} G and G ^G = G. n G = 1. Then G2 ^ Z(G).

Proof: [G. 9 G0 3 ^ G. ^ G^ = 1 for i = 0,1. ———— 1 ^ l r ' «:

(7=9) Lemma: Let G = G x G , and suppose that G has a set of

subgroups {G.|i = 0,...,a} such that G=G. xG. ifi^j. Then i i j

a o

Proof: The theorem is trivially true for a = 1. If a > 1, the G.'s

are isomorphic to one another. Also G. O G. = 1 if i £ j. Let
a X J 

S = y G... Then |s| = 1 + (a+l)(|GQ | - 1) $ |G| = |Gj, from which

the result follows.

We conclude this section with a numerical restriction on ft 

which will imply that {ftj?} is a protective plane.

(7-10) Lemma: If t = 1 (i.e. |ft|= 1 + q + q2 ) and/ = (Ag|g e G} } 

then (ft,/) is a protective plane.

2 ? Proof: The number of lines is (l + q + q. )(q + q )/(l + q)q. Thus
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fi, so the plane is protective.

§8. Non-regularity Excluded.

In this section we show that H cannot act non-regular ly on r« 

We assume the contrary. Take a point a e F and write L for H . 

(8.1) Lemma: fx(L) is a proper sdbplane of Q.

Proof : Let v,5 e fx(L) 3 v 7* <$• Then L $ G .. As L '.3 a p-group we ———— Y«o

have L ^ G,., . v v by the hypothesis of (5.1). Hence A(y,6) c. fx(L). (k\y 9 Q ) )

So fx(L) is a subplane. Since L $ 1, fx(L) ? n.

Now let E be the unique smallest subplane containing a, 3 and 

a. Since G is transitive on triples of non-collinear points, |E| is 

independent of the choice of a 3 3,a. If a', $' are two points in £, 

choose a' in E such that a', $', a* is a non-collinear triple, and

choose g e G such that ag = a* , 33 = 6 ' and as ~ a'. Then Zs = E(a f ,6 T s a')

E C Z. Hence G is strictly 2-transitive on E. If a' = a and 3=3',

jwe can choose g to be in H. So G admits E - A as a Jordan set.

Since H, r _ ,acts transitively on E - A 9 this set has prime power
ycardinality. Finally, let R be a p-subgroup of G such that R is aex ,P

£Sylow p-subgroup of G fi ; and let S be a Sylow p~subgroup of G
Ot »P d , P

Econtaining R. Then, if R<-.-> is non-trivial on A, we have Rr A i» and a_

fortiori S/A-IJ non-trivial on A. But this contradicts the hypothesis 

of (5.1) which asserts that S $ G \- Hence we have
v

(8.2) Lenmn.: (G 9 E,E-A) satisfies the hypothesis of (5.1).

(8.3) TheorcBm: H cannot act non-regularly on T.

Proof: Put/' » {Af.:|c e G{£} } - since M<|o| tv (8.1), (8.2) implies
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that {£,£'} has the structure of a protective space of dimension d(^2). 

So the non-collinear triple {a, 0,0} belongs to a protective plane 

which is a subplane of {ft,/}. Hence axiom (2.12) is satisfied for 

{ft,/}. As E f ft, axiom (2.13) is also satisfied for {ft,/}. Thus 

{ft,£} is a protective space of dimension d(^3)« In particular, |ft| =
•s r^jL.

1 + q. + ... + q . But from (7-1), |fl| e l + q.+ q • These two 

equalities imply 2t = d = 2 a contrary to d fc 3. Th5 , establishes (8.3)

§9. The Regular Cnse.

At this stage our minimal counterexample to (5.1) is seen to 

satisfy: (a) G is strictly 2-transitive on ft and admits T as a non- 

trivial Jordan set, (b) $ = T, (c) H acts regularly on T, and (d) a 

Sylow p-subgroup of G is a Sylow p-subgroup of G/.v. Under these 

circumstances we show that {ft,/} is a protective plane.

Recall that we may choose P - a Sylow p-subgroup of G - to
Ctt

contain H and M, where M is a Sylow p-subgroup of the kernel of the

action of G on {A. |i=0,. . . ,n}. Since \G :G 0 j = q + q and a i 1 ' a a , 3 ' ^- VA

|P:P0 | = q»P 0 is a Sylow p-subgroup of G 0 . Plence P_ ^ G/ . v . As 
P P ct, p p \ i\)

H ^ P r , we have H = P 0 . Hence, M0 $ H. By the regularity of H on
P p P

T, Mn must be senircgular on each A. , 1 $ i £ n. Furthermore, M =1 
P i 3 s

for all y e T. So |Mg | = pr ^ q. That is, |M, J = pr , Also

\\ = -1"' for i ^ !• Since P acts regularly on A , we have
\> A . / O

r" 
= p g q.

From (7-2), NG (M) is 2-transitive on the set (A. |i=0 5 . . . ,n}.

Hence we have |M( A J| = P1" and l M ( A>i>A- )i = 1 ^or i,j=0,...,n and i ± .j .
i i J
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n 2t— X r ' 
So the number of elements in the set (J M/ A N is 1 + (q -f l)(p - 1)

r r|M| = pr r . This inequality implies that t = 1. So {ft,/} is a 

protective plane by (7.10).

As this plane clearly admits all possible elations it is a 

Moufang plane, so that it can be co-ordinatised by a finite alternative 

division rinfi (Hall C7^ Theorem (20.5.3)). By the Artin-Zorn Theorem 

(C73 (20.6.2)), such a ring is a field. Hence the pVjie is Desarguesian 

and so PSL(3,q) $ G. So G is not, after all, a ctonter example. This 

completes the proof of (5.1)-

§10. A Variation.

It is possible to prove the following variation on (5*1) in

a similar manner.

(10. l) Theorem: Let G be a strictly 2-transitive permutation group 

on a set ft, which admits a non-trivial Jordan set r of prime -power
•v*

cardinality p . Suppose that a Sylow p-subgroup of G/_ ^ contains 

an abelian subgroup which is transitive on T. Then {ft,/} is the 

design of points and lines of protective space of dimension d(^2) over 

the field of q = |A|-1 elements, where / = {A(y,6) | Y»<5eft,y?*6} an& 

•pSL(d+l,q) £ G.

Proceeding as for (5.1) we find that a minimal counterexample 

{G,ft,F} to (10.1) satisfies * = r. We will show that H acts regularly

on T. Let y e T and put L = H .
Y



(10.2) Lemma: N (L) is 2-transitive on A.

Proof; Let H 1 be a conjugate of H wh%h lies in G . Since $ = T,
^ « »P

fx(H') = fx(H) = A. So H' is also a Sylow p-subgroup of G ( A )- Hence

H' is conjugate in G to H. By (2.lU) NP (H) is 2-transitive on fx(H).a ,p (j

Let a',B' be any two distinct elements of A. Choose g e N_(H) such that

ag = a', Bg = 3'. Then g~ Lg $ H . So g~ Lg = H . Since H is
Yo Yo

transitive on r and yg e r, we can find h e H such that ygh = Y- Then 

h g Lgh = L. So gh e NQ (L), Agh = A, agh = a' and f3gh = 3'.

We now study the fixed point set of L. We recall that, in

the notation of §7» A = A - {a}, and that A .A.,,....A are the distincto oln
images of A under the action of G . We index these sets so that o a
fx(L) ^ A. ^ 0 for 0 £ i $ a, and fx(L) r\ A. - 0 for a < i $ n. Moreover, 

A will be the set which contains y

(10.3) Lemma: fx(L) = {a},, A ,, A n w ...,-• A . ———— * o w 1 "a
Proof: Since H is transitive on T, NH (L) is transitive on T ^ fx(L) by

(12.?). So NTT(L) is transitive on the set {A. |l $ i $ a}. Hence, a is 

a power of p.

Let A./_N, A./_»,..., A'/v,) ^ e those A.'s which are fixed (as 

sets) by P1 ( =P ( A )K where i(0) = 0, i(l) = 1. Since H.(=H, -,) acts 

transitively on each of the blocks which it fixes, with the exception of 

A , P, acts transitively on A./. * if 0 £ j £ b and j ^ 1, by (7-^). 

Suppose that i 1 = i(j) for some i' and j satisfying 2$i'$a, 2$j^b. 

Let <5 e fx(L) A A. , , and let 6' be any other point of A.,. Since 

P $ P , P $ N (L). Since P is transitive on A.,, 6h = 6' for some 

h e P.. But then 6 1 e fx(h~ Lh) ^ Ai( h = fx(L)^ A.,. So A., c fx(L). 

Since NH (L) is transitive on the set {A.|l $ i $ a}, we get the result in



this case.

The alternative is that none of the blocks A- , 2 $ i £ a, are 

fixed by P . These sets are then permuted among themselves by P.. . 

Hence p divides a - 1. As a is a power of p 9 we must have a = 1. By 

(10.2), we may choose an element g e N_(L) such that ag = 8 and A,g = A...
Lr -L X

But then 2 $ |({a}^A ) A ({ag},^ A, g) | < |A| contradicting $ = T.

(lO.U) Lemma: N_(L) is 2-transitive on fx(L). — . —— (j.

Proof: From (10.2) and (10.3) we obtain that NG ( L )/A\ is 2-transitive 

on A and transitive on fx(L) - A. Choose g as in (f .k) . Then g Lg $

G/.x. So h g Lgh $ H for some h e G/.s. As L has more than |A|

— 1 —1 —1 fixed points, h g Lgh = kLk for some k e H. So ghk e Nr (L) and

A ghk = A^hk C. fx(L) - A.
O -L —

If we put Y = fx(L), it is immediate that {G^, ¥, ¥ - A} 

satisfies the hypotheses of (10. l). If \V\ < |ft|,we see that {G 9 ft,r} 

is not a counterexample as in §8. If ¥ = ft, then H is abelian. So H

and P., fixes all blocks A ,...,A . Since P.. $ Nn (lL ) and [P-.H^H ^ H /A 1 on 1G1 11 (A.

= 1, we have T = <PI ,HI> = P x H . Put T. = T, ^ 9 i = 0,1, ...,n. 

Then T. belongs to some conjugate of H. So fx(T. ) = {a} ^ A.. Hence 

T. , . . . ,T have pairwise trivial intersection. We apply (7.9) to 

conclude the proof of (10. 1).
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Part III; Groups of Prime Decree.

§11. Exceptional Character Theory.

In this section we derive some general formulae involving 

induced characters, and we apply them to groups which have a self- 

centralising p-cycle whose normaliser has order 3p» where p is a prime.

First, let G be an arbitrary group, and let S be a subset of 

G which contains 1. S is a T.I. -set (trivial intersection set) if 

S n Sg = 1 for all s e G - NQ (S). In this case, ifxeS-1, geG 

and xe e S, then ,~ e N_(S).
IJT

(11.1) Lemma : Let S be a T.I. -set in a group G s and let H » N (S). 

Let £ be a generalised character of H which vanishes on U (S°^ H) - S.

G Then £ and C take the same values on S - 1. If, in addition, n is a

generalised character of H which vanishes on (H - S) {!}> then

P P
,n

Proof; Let x e S - 1. If c is defined as in (2.3), then c(k xk) = 0

—1 * —1 —1 unless k xk e S (i.e. k e H); in which case c(k xk) = c(k xk) = £ (x
P 1 —1 Hence £ (x) - TTTT c(k xk) = s(x).

r* r1 n r* P 
For the second part, <c 9 n > = JTT- ^ c (<?)n (g)

' '

i p p P 
TTT S"~~~ C (g)n (R)» since n vanishes on classes which do not

ecJJ sn~i Q _
heG

T _^^* ii i ---

W -^_ C(g)n(^)» by "the first part of the lemma;
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geH

(11.2) Corollary; If S is a Hall subgroup of G and £ is an arbitrary

G G 
generalised character of H, then <£ ,n > = <£s>n>'

For the remainder of this section we assume that P is a

subgroup of prime order p 9 which is a Sylow p-sub^roup of G, and for
^ Cffc) s pm 

which |NG (P):P| = 37 The P is clearly a T.I.-set ir. G. We put

II = N-(P). Then the character table of H is as fo3 ...,V,TS:

xn
X 12

X13

x-

»*

X2t

i y y

111
lee

1 e 2 e

300

300

300

——————————————————————— . ———————————— .,_._.. —— -----

X «•• X .«. ji.

jL •«• -L ... J.

•L ... J. ... x.

J. •«• _L ... -L

n. T nn nn . 11 Is It

n . ... n ... n .rl rs rt

w JL oS w"C

where y is an element of order 3 in H and represents one class of

2 3~elements 9 while y represents the other. <x> = P. e and u are

primitive cube and p roots of unity in •$, respectively. i is a 

primitive cube root of unity mod p, and {j (=1),j ,... ,j } is a
-L <_ o

transversal of <i> in the multiplicative group of units mod p. So

Vs i i2t = (p-l)/3. w = oj and n = u> + to + u^ rs rs rs rs rs
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Since the subspace of characters which vanish on (H - P)^ {1} 

has codimension 3 in char(G)fiL.C the set {A, ,. . . ,X.} » vhere X =
£t J. W -T

X 2r " ^ X ll * X 12 + Xs r-1 »-'"t » is a basis of this subspace.

Let 0 = X . From (11. l) we see that 9 coincides with 
r r r

X on P - 1, and vanishes on the conjugacy classes which do not meet

P - 1. Also, <9 5 9 > = <X ,X > = U. By (2.5)» <X^^J> = <xn »*->
r r r r u r -LJ. r

= -1, for all r. Hence each 9 is the sum of four d'-rtinct generalised 

irreducible characters of G 9 one of which is ~XQ .

Again from (11.1), we get <9 ,9 > = 3 if 1 £ r < s $ t. Byr s ^
choosing the notation appropriately wa may assume that 9 . = ~x_ + XT + 

X + (J) . , i=l,2, where x-, » Xo* ^i and $? are distinct irreducible
£~ «L. J. ^w —I- <•—

characters. Suppose that t > 2. Since p is a prime 9 this implies
i\f 

that t :> 4. There e.re two possible forms for 6,., namely -xn + Xn +

Xp + <j>o or -~xn + x-i + <*>-, + <j>p> where <{> is an irreducible character

distinct from x0 »X1 »X 2 »*1 and * 2 «

In the second case we put

Q k = ~X0 + "Vl + m2x 2 + m3*l + mh^2 + 6j where ^^g'^ and mi. are 

integers and 6 is an element of char(G) which does not involve

i or ^p* We -iave the following equations
2222 EL + m2 + m« + m. + <9 5 9> = 3

=2

+ m^ =2

-h EU = 2.

2 2 So m2 s ru B ra. . Hence EL, •*• 3m + <6 ,6> = 3. m0 = 0 implies m. = 2,

and this is clearly impossible. Thus in - 1, m =0 and 9=0. As
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this argument determines 6 for U * r $ t, we must have t = k. Let
r

a, b, c and d denote the integers X-,(l)» XpdK ^f 1 ) an(i $ 2 d)» 

equations 8 (l) = 0, r = 1,2,3 and U become

-1 + a + b + c =0

-1 + a + b + d = 0

-1 + a + c + d = 0

-1 + b + c + d = 0 

But then a = b = c = d=J -a contradiction.
»

Thus, there are distinct irreducible characters XQ>X-I »X 2

r » 1,2, ...,

. . . ,<J> such that t

Evaluating these characters at x we get

- 3 = -1 + ^(x) + x 2 (x) + $r (x), r - l,2,...,t. 

If we put X-i( x ) = -1 •+• <5 n and x? (x) = -1 + 6p, where 6. ,6- e (E. then

(x) = n n - 6 - 6 . Let <^ . , . . . ,^ . , denote the remaining r r.L -L d. "

irreducible characters of G. Then p = |c (x)| = 1 + (6 -l)(^1 - 1)
t t

(6 - 1)(6" - 1) + I (n - fi - « p )(n ~ 6, - 6^) + I * 2 2 rl 1 2 rl 1 2 r r

_ . t' ___ 
= p + 66 + 5 26 2 +f(61 + 6 )(6 + 6 ) + I 4 (x)i (x).

r=t+l

Hencs ^ = «2 = *r (x) = 0 for r = t+l,... st'- ^(x) = x2 (x) = -1
r\j

and (j> (x) = n . for r=l,...,t. Similarly, we find r r L .
=

r ^ t ej = 1 f
& .L. ^ • * • ^ O •

0, t+1 $ r $ t'
jj 

Put X^U) = -n-p X2 (l) = -n2 , X1 (g) = -u(p) and x2 (s) = -v(fj) where p
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is an arbitrary element of G which is not conjugate to an element of 

P. Then we have the following table of generalised irreducible 

characters, which for each irreducible character x contains either 

+X or -x, but not both.

'V

nlt

ntl • • • ntt
0 0

0 0

(11.U) Lemma; n. = n_ = 1 and <j> (l) = 0 mod p, for r = t+l....,t ! . ——— i ^ r

Proof: The inner product <x~ >£ > is an integer for any £ e char G.
Up p

Taking C to be -X-^-Xg and <J> r (t-H £ t $ t'), ve find that (n^p- 

(np+p~l)/p and d> (l)/p are integers. 

(11.5) Corollary: 1 + n, + n_ = 3 mod p.

S"2. Bounds for n n.

Throughout §12-13 and §15-17, G will denote a primitive 

insoluble permutation .-:roup on a set fi, where |^| = p is a prime, and



a Sylov p- subgroup P of G lias index 3 in its normalise!*. Clearly 

CG (P) = P. So the results of §11 apply, with H = NG (P).

(12.1) Theorem; G is a simple group which is 2-transitive on ft. 

Proof: For 2~transitivity we appeal to Burnside's prime degree Theorem. 

Now suppose that N is a proper normal subgroup of G. Then N is 

transitive on ft. So P $ N. By the Frattini argument, G = N.NG (P). 

As N is a proper subgroup, N (P)^N is properly contr;' ,ied in ^G (P)

and contains P. Hence Nn (P) = P. By the Burnside p-complenentG

Theorem,, N has a normal p-complement K. Since K is characteristic in 

N 3 it is normal in G. But K is clearly not transitive. Thus, K = 1. 

This implies that N = P and G = Nr (P) - a soluble group. From this 

contradiction we see that G is simple.

From (2.8) we see that Y ' n is an irreducible character
Lr

of G of decree p-1. Comparing p~l with the degrees in (11.3) and

using the restrictions in (11. U) and (11. 5) > we may take y ~ ' /•, toG
*v

be x-, j without loss of generality. Thus x-, = Xn and n = 1-p.

Moreover, for a p' -element r e G, u(^) = 1 - ct..(~).

(12.2) Lenaa: The integers n0 and 1 + nn + n_ are positive.—— . —— "' d. L c.

Proof: Suppose that n0 < 0. Then n0 = 1 - kp, where k > 0 by (12.1) — —— 2 2

and (11.3). Let ty = X p~ i ^- Then
t t f

(12.3) * = a x n + ax - a ( Z ^) + Z b J, ,
- ± d d * r=l A r=t+l

for some non-negative integers a. ,a ,a.j,b . .,»• • • ,b , s since <^ ,x > = 0
JL cL j t • -L t U

by (2.8). Evaluating (12.3) at x, we get -an -a0+a0 = 1. Thus-*- <- 3

a., = l+a..+a2 . Now evaluating (12.3) at 1, we pet

a1 (p-l) + a2 (kp-l) + (a1+a2-H)((k+l)p-3)(p-l)/3 ^
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This implies that a = a - 0. So (k+l)p-3 * 3p/2-3. Hence k = 0, 

contrary to our assumption.

So np = kp + 1 for some positive integer k. But then 

1 + nx + n2 = (k-l)p+3 > 0.

In our character table (11.3) s we now have Xp s ~X 2 and
a, 

<J> = <j> for r = l,2,...,t.

(12.U) Lemma: -n^u^d + n, + n? ) is a perfect sqw?-,:.

Proof: Let g be an involution. V7rite u(g) = n. - i, and v(g) - n^ ~

From (2.6) we see that

= x =

iGl
nl n2 1+nl+n2 " |Cr (g) 2 '

\j

Wow if g, ,fs2 are two conjugates of j? for which G-ii'p = x > "t^1611 ?p% = x

So r.- £ flU(P). Since Np (P) has odd order 9 we must have $:(g'g'=x)=0.

Thusj

(12.5) ^^(l+ng) - 2£1£2n1n2 + A^n^l+r^) = 0.

By (12.1) 9 g is not in the kernel of X-, O3r \ . Hence £ and A are

non-zero. An inspection of (11.3) shows that no other irreducible

characters are algebraically conjugate to x-i or Xp- Hence X-, a^d Xo

are integer-valued. So £_ and Ap are non-zero integral solutions of
2 ^ 

(12.5)« We conclude that the discriminant n.. np "" - n.n-(l+n. ) (l+no )
-1- t— -JL. {_ J_ £_

is a perfect square.

In view of (12.2) we write
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(12.6)
r=l r=t+l

where a ,a ,a ,b , . . . ,b , are non-negative integers. Evaluating
-L £L J UTJ. O

(12.6) at at , we get 

(12. T) = 1 + a

Since a ^ 1, the degree of xp is not greater than the decree 

of ip, which is (p-l)(p-2)/2. We find, therefore,

(12.8) Lemma: k $ (p-3)/2.

We shall find it convenient at a later stage to have considered 

the possibilities k=l and k=2.

(12.9) Lemma; (i) If k=l, then p=7.

(ii) If k=2, then p=T or 13.

Proof : For k»l, G is a simple group with an irreducible character <J> of 

degree 3. So the primes dividing \G\ must be $1^ (see Blichfeldt C13). 

Since p divides |G| and 6 divides p-1, we have p=7 or 13. But for 

p=13, (p-l)(p+l).3 = 36.lU 3 which is not a perfect square. Hence p=T-

For k=2, we have -n = p-1, n = 2p+l and l-t-n-»-n=p-»-3. 

The highest common factor of n.. and n? is (n.. ,n ) = (p-l,2p+l) = 

(P-1, 3) = 3. Similarly, (il-H+n) = (p-l,U) = 2 or k , and

(n ,1+n +n ) = (-5 9 p+3) = 1 or 5. From (12.M we have the following
4v ^

possibilities:

P-1
2p+l

P+3

LiL_
3A2

3B2

c2

(ii)

6A2

3B2

2C2

I • • • \(ill)
3A2

15B2

5C2

(iv)

6A2

15B2

1 OP
JL. WO

where A, B and C are relatively prime in pairs, except in cases (i) and
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(iii), when (A,C) = 2. Since p = 1 nod 3, cases (ii) and (iii) imply

that C = 2 mod 3. Since 2 is not a square mod 3, cases (ii) and (iii)

cannot occur.

In case (i), 5p = 9B - C . So 3B+C = 5p or p and 3B-O1 or

5. Hence C = (5p-l)/2 or (p-5)/2. Substituting in p+3 = C , the 

first value gives p = 1 or -~ and the second p = 1 or 13. So in case 

(i) we have p = 13, A = 2, B = 3 and C = k.

In case (iv) we have 5C 2 - 3A2 = 2, kC 2 ~ 3B2 = 1 and

p pp = 2A + 5B . Taking equivalences modulo 7 ve find that the possible

solutions of the first equation are

equation C
B

0
±3

±1
±1

±3
0

C
A

0
±2

±1
±1

and of the second

If A E ±1 and B = ±1 mod 7, then p = 0

mod 7. So p = 7. It remains to show that the case C = 0 mod 7 cannot

occur. Suppose it does, and write C = 7D. Then (lUD) 2 - 3B =1.

22.
The integral solutions of X - 3Y =1 are the pairs of

integers x,y for which x + y/3 = ±(2 + /3) 9 for some n e 2, since
^ -1

n e L. Taking2 - i/3 - (2+ /3) . Thus, [x,y] = [ 1,0] [2 f
L3 2. 

congruences module lU, we find that Cx,y] = [1,03 , [2,13 9 [7 9 ^] ,[12,1] ,

[13,03 ,[12,133 ,C7 9 10] or [2,133. So there is no integral solution 

x,y of X2 - 3Y2 = 1 in which x = 0 mod lU. Hence - 3B = 1

has no integral solution.

(12.10) Lemma: In the decomposition (12.6) of <J>, a_ = 0,j

Proof: Evaluating (12.6) at 1, we get

(12.11) a2 (kp+l) 4- a

r=t+l
b A (1) = (p-l)(p-2)/2.

If a >* 2, then C 3(p-2). So k=l. By (12.9), P=7- But
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then 15 } 6a + 8a + 6a . This is impossible, since a2 = 1 + ^ + a^ ^ 3

If a- = 1 we may rearrange (12. 11) to obtain
^ t' 

(12.12) a p(k+l) + 2(kp+l) + I b <f> (l)

As the left-hand side of (12.12) is a positive integer, we must have 

k $ 2. k=l implies p=7 9 as before. Substituting in (12.12) 9 we get 

Iho.^ + 16 £ 9. k=2 implies p=T or 13, by (12.9). " •- this case, p=T 

makes the rirrht-hand side of (12.12) negative, while p=13 yields the 

inequality 5^ $ 2. This concludes the proof of (12.10).

§13. k=(p~3)/2.

In this case n = p(p-3)/2 + 1 = (p~l) (p-2)/2. From (12.7)

we see that ty = x2 - Moreover, for 1 $ r £ t, <$> has degree (p-2)(p-3)/2.
2(13.1) Lemma : p---3 = m , for some integer m.

Proof: 3y (12. U) , (p-l) •( (p-1) (p-2)/2}.{ (p-2) (p-3)/2 } is a perfect square. 

The result follows.

(13.2) Lemma: The functions <j> and (a., - 2)(a, - 3)/2 - a0 coincide — — r l l 2
on p'-eleiuents of G, for 1 $ r $ t.

Proof^: ^vTe already know that u(g) = 1 - a. (g) for any p' -element g.

Since xg = 'K v(^) = (a1 (^)-l)(a1 (g)~2)/2 - a2 (g). Hence

1 + u(c) + v(g) - (a1 (g) - 2)(ai (g) - 3)/2 - a2 (fr).
.. , ,. Cp--2,23 Put C = X ~ G -

(13.3) Lemma: <X 2 ^> = <^r ^> = °» for x ^ r ^ t -

Proof_: Since x 0 is irreducible and has degree greater than p(p~3)/2,""" <—

which is the degree of £ 3 <X^> = 0. Since £ is a rational character,
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«fr ,€> ?* 0 for some r satisfying 1 $ r * t implies that «|>r »£> J6 0

for all such r, since <J>. S ... S <L are algebraically conjugate. If this
1 t

is so 5 then

(p-l)(p-2)(p-3)/6 * p(p-3)/2. So p * 5- Since this is impossible,

we have <4> 3 C> = 0 for r=l,... 9t.

As G is 2-transitive on fi 9 (2.8) implies that 

(13. k] Lemma: <X0 :.C > = 0. 

(13.5) Lemma: <x 3 £> = 0.

Proof ; From (13.3) and (13.^) we see that 
t'

£ = ax, + 5" c (f> 9 where a s c. ^ ,. . . 9 c. . are non-negative integers. -L _r . i r r "C+J. \>
Thus 0 = C(x) = -a. So a = 0.

(13.6) Theorem; G is 3-transitive on R.

3Proof : Let G have r-A orbits in its natural action on ft . Since an
o o _ o

element 3 e G has a (g) fixed -points in ft 9 we have la.
2 G

But 0 = <x, ,X^>- |CJ|= I (a ,-l)(a -~3a +1) L d G j. -L i.

= ^a 3 - Uja. 2 + Ifjo. - II = (r-l)|G|.
U I f_* I {j I lt t " * I I

G G G G

So r=l, and G has just one orbit on ordered triples of distinct 

elements from ft.

Let a,8 and y be three distinct elements from fl, and let 

A = P, - {a 9 3sY)"» ket &?m and n be the number of orbits in A of the

^°^s G (a,fi >Y )' G{a,e}« GY ™A G{a,S,Y}' respectively. By (13.6), 

£ 9m and r. are independent of the choice of a,3 and y« 

(13.T) .Lemma: (i) £a = (fc +
Tr -1"

(ii) a1
G

(iii) Ja1{a1 (a1-l)(a1- 
G
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Proof: (i) Consider the natural action of G on ft . By (13.6) there are 

Ik orbits of quadruples, whose elements are not all distinct, obtained 

as follows

(a) One of type C^3 9 with representative (a,a a ct s ot);

(b) Four of type [3.13 9 typical representative (a s ot sot,$);
<T)

(c) Three of type C2 1, typical representative (a,a,$,$);
o

(d) Six of type [2.1 ], typical representative (a,ct,@,--' .

The map A 1 «->{ (otjt 9 3£ 9 YS»<$ f c) |<5 ' e A 1 , g e 0} establishes a bisection

from the set of orbits of G/ _ x in A to the set of remaining orbits(a,e,Y)
of G in ft .

2 {2} (ii) In this case we consider the action of G on ft x ft

There are 5 orbits with representatives (a 9 a 9 {a,$», (a »8, {«*$}) » 

(a sa 9 {f3 9 Y} ) , (a,3>{a,Y» and (a,8 9 {8»Y})" Tiie quadruples in the 

remaining orbits are quadruples of four distinct points. The map 

A 1 w- { (6 'g,YS »{<*€; *3£}) |<5 ? e A',g e G} ^ives a bisection from the set of
2 (9>orbits of G, n > AG in A to the set of remaining orbits of G in ft x ft . {o,g}" y

(3) (iii) Here we consider the action of G on ft x ft . The map

A'*-* { (6 J g.{afi s $c 9Yn}) |<S' e A',g e G> gives a bisection from the set of
/OT.

orbits of G, , in A to the set of orbits of G in ft x ft , with the lot >p 5 Y j
orbit containing (a s {a 5 8 3 Y}) excluded.

h o / p\
In its action on each of the three sets ft 9 ft"" x ft and

ft x ft 1 , an element p; has exactly QL^(K) ', a^ (g) {a1 (s)(a1 (^)-l)/2 + «2 (a)> an 

c^ .^a1 (f-)(a1 (g)-l)(a1 ( i-)-2)/6 + Ol (p;)a2 (,--•) + c^fa)} fixed points, 

respectively. The result then follows from (2.7). 

(13.8) Lemma; Z = n.



Proof : Since<x 0 ,<J>,> = 0 and, ——— £ JL.

G

Thus

(13.9)

» ve have 

.-3} -

» | G |

a

Adding this equation to the equation in (13.7) (ii)

Jo. 2 (a. -I) 2 = (m+6)|G|. G -1 X

rjet

On the other hand, £a, (cu-l)'

- 10
G

Hence, A = m.

(13.10) Lemma: £ = n

= As

union of orbits of G

is an orbit of G

an orbit of

Thus, A = n. 

(13.1) Leiaina: <x 

Proof;

,
-L

t °f in A is

. Since £ = in, every or"bit of G 

Similarly, each orbit of G

, „, A {a 9 8} ^ y
Gn in A is 3

Because of 3-tranSitivity, G{(X)6)Y j - <G{a ,6} „ 

°f G in A is an °rbit of G
(a,S,Y)

- 0 where £ = X J~391 „•
G

(c^-1) (0^-2)72

= n.|G| - < Xl oX 0> -i G l ~ 2^a (a -Dot , from (13.7) (iii),-L c-
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n.|G| +
G 

= n.|G| +
G

i + 1 G

/ = {n + 2 - U + lU) + 20-10+2}. |G|, from (13./) and (13.7) (i)

=(n-niG|=0 9 by (13.10).
t

(13.12) Lemma: £ - I <!> •
r=l r

Proof ; <xn »C> = 0 by 3~transitivity and (2.8). <X-, »C> = 0 by (13. 11). 
U t t' X

So ve nay write £ = ax~ + a'( I $ ) + J c^-r» where a » a ' > ct+i 5 ' ' * » ct »
*— "1» J_ • 1 * ^" VT^«fc- Vr=l r=t+l 

are non-negative integers. Evaluating at the p-element x, we get

-1 = c(x ) = a ~ a '« Hence a' ^ 1. Wow evaluating at 1 9 we get
t f 

(p-l)(p-2)(p-3)/6 = a(p-l)(p-2)/2 + a'{ (p-2) (p-

Thus , a ' =1 5 assc . . = ... = c , , = 0 .

If we evaluate £ at a p 1 -element £ s we get

r=t+l

= {(T>-l)/3H(a1 ( ff )-2)(o1 (g)-3)/2 - a ? (g)}. 

So we get the equation 

(13.13) (p-o1 (R))(o1 (/?)-2)(a1 (e)--3) = 2a2 (^)( P-3a;L (i)-»-2) + 60 (R).
^ •*

(13-1^) Lemma : p~l =2.3 9 for some integer u.

Proof: Let q be a prime dividing p-1, and let g be an element of order q. 

Then a (g) ^ 0 and q divides p-a, (g). Hence q divides a^ (*?)-!. If 

q > 3 5 then a-^Cg) = 1 or a^?,) > k. So the left-hand side of (13.13) 

is non-zero. But the right-hand side is clearly zero s if q > 3. Thus 9 

only the primes 2 ?,nd 3 divide p-1.



Since p-3 is a perfect square, by (13.1), it is divisible by 

U. So h does not divide p-1.

We now use (13.13) to find the possible cycle-structure of

involutions s elements of order 3 and elements of order 6 in G. We

2 recall that p = in +3.

(13.15) Lemma : Let g be an element of G. Then
2 

(i) If g is an involution, a-,(s) = m+1, ap(g)=(r/i -m+?}/2;

(ii) If g has order 3, c^Cg)-! or U, a3 (g)=(p~l)/3 or (p-U)/3;

(iii) If g has order 6, ce^g^O, a2 (g)=2 5 a3 (g}=l 9 ag(g)=0 and p*7. 

Proof; (i) If g is an involution, a3 (g)=0 and ?«a]L (3)+2a2 (G)- Thus 

^(g) 9* 0 or p 9 and (.13.13) yields

(a1 (g)-2)(a1 (c)-3) = P~3a1 (g) + 2. 

Hence,

a1 (g) 2-2a1 (g)-(p-U) = 0. 

That is,

{aJ (s)+(m-l)Ha1 (B)-(m-i-l)} = 0. 

So a, (g) = m+1, as required.

(ii) If g has order 3, then a (g) = 0 and p = a (g)+3« (^). 

From (13.13) we get

(a1 (g)-2)(a1 (r,)-3) = 2. 

That is,

(c)-U) - 0.

So a.(g) = 1 or U.

(iii) Let g be an element of order 6. Then a (g)+3a ((?} » a (

m+1 and a1 (g)+2a2 (g) = u^df) = 1 or h. If a2 (g) = 0, then a (g) = 1

2
mod 3. So n = 0 mod 3, and p?n +3^0 mod 3. This is not possible.
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If ap tg) = 1, then a^g) » 2. So 2(p-U) + 6a3 (g) = 0 by (13.13). But 

cu(g) * 0. So p-U $ 0. Hence p £ U, which is absurd. The' only

remaining case is a (g) = 2. Then a-^g) = 0. So 6p = Mp+2) +
o 

and 3ot (g) = m+1. Hence m - m - 2 = 0. From this we get n = 2 and

P = T.

(13.16) Lemma; If p > 7, there are no elements of order 3 in G with

U fixed points.

Proof : Suppose that there are such elements in G. Leo Q be a Sylow 

3-subgroup of the stabiliser of three points in Q. Then Q has exactly 

four fixed points, and N^(Q) acts 3-transitively on this four-point set.

Hence N_(Q) involves Alt(U). So the Sylow 2-sub^roup of N«(Q) contains (j (j

a subgroup V of order h.

From (13.15) (ii), Q acts semiregularly on ft - fx (Q) . Thus,
db

|Q| divides p-U, If |Q| > 3, then 9 does not divide p-1. From (13.1*0 

we get p=Tj contrary to hypothesis. Hence |Q| = 3. Since |Aut-(Q)| $ 2, 

V n CQ (Q) $ 1. So we get an element of order 6. By (13.15) (iii), p=7. 

This contradiction completes the proof of (13-16).

(13.1T) Lemma: If p > 7? all elements of order 3 are conjugate. 

Proof; Let g and h be two elements of order 3 in G. Let {a,B,y} be a 

non-trivial orbit of 3, with ag=3 » 3fv=Y- Similarly, let {a'^B'^Y 1 } ^e

a non-trivial orbit of h, with a'h = g', 3'h = y 1 . Choose an element
—1 

^ such that a'f^ = a s g'^ = g and y 1 ^ = Y- Put ^ = ^ hg-L . Then

<g,h1> has an orbit of length 3. By (13.16), <g> and <h > are Sylow 

3- subgroups of <g,h_>. So <?> is conjugate to <h > by p^n element of 

<g,h1>. Since the constituent of <g,h-L> on (a 5 3 5Y> is cyclic of order 

3, g must be conjugate to 1. Hence, g is conjugate to h.



(13-18) Theorem: The case k = (p-3)/2 is possible only if p=T. 

Proof: We assume that it occurs for some prime p > 7. Let g be an 

element of order 3 in the centre Z(R) of a Sylow 3-subgroup R of G. 

By (13.17), g is conjugate to g"1 . By Burnside's Theorem, g is 

conjugate to pf1 by an element of NG (R). Hence |NQ (R)| is even.

From (13.16) R has one fixed point, and acts semiregularly on 

Q - fxft (R). Since p-1 = 2.3U , |R| = 3U and R has two non-trivial orbits
d£

in ft. Let h be an involution in N_(R). If h interchanges the two
Lr

orbits of R, then a. (h) = 1. This is impossible, since it implies that

m = 0. As C_(II)A R « 1 by (13.15) (iii)» the only other possibility 
G

is that h should have one fixed point in each orbit of R. Thus

a (h) = 3; so m=2 and p=7 - contrary to assumption. This establishes

the theorem.

2 
§lU. Groups of degree 1 + q + q , where q is a prime.

The main result of this section is due to Tsuzuku till, 

although the proofs differ slightly to allow for an extended result, 

which will be useful in the sequel. 

(lU.l) Theorem: Let G be a 2-transitive group on a set Q, where

= 1 + q + q and q. is a prime. Then 

(i) If q3 divides |G|, Alt(Q) $ G or PSL(3,q) $ G $ PGL(3,q);

(ii) If q divides |G| exactly, then the Sylow q-subgroups are elementary

2
abelian and have orbits of lengths 1, q and q .

Proof: We will use the following notation throughout the proof: a is the 

unique fixed point of a riven Sylow q~subgroup Q; when points $ and y are 

chosen R and 3 will denote Q. and Q , respectively; and A,F will denote
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fx(R), fx(S) respectively. We will suppose that Alt(«) £ G, but that

q divides \G\ .
2

We first show that Q has orbits of lengths 1, q and q .

Suppose otherwise. Then Q must have q+1 orbits of length q, and 1 of 

length 1. Let ft Q ,...& be the non-trivial orbits of Q. Then
n i u i q
Q = <^.>, where g. is a q-cycle, for i»0 3 l,...,q.

We define a relation * on (0,1,. . . ,q} by: i ^ j if 
n n n 

S0 s ... G q e Q with ni = 0 implies n. = 0. This is clearly a

reflexive and transitive relation. By 2-transitivity, one sees that 

each i is related to (|fx(Q )|-l)/q = r elements., for any u> e P- - {a}. 

Hence, a. is an equivalence relation in which all the equivalence classes
Q

have the same size r. As q divides JGJ , r 5* q + 1. Choose P.. and Q.•^ J

so that i is not equivalent to j. Choose 8 e Cl. and y e ^-« Theni j
R and S are Sylow q~subgroups of G and G respectively. Also

ot jp ci jY

r| = |A| = rq+l and |r A A|= 1. Now, NQ (R) is 2-transitive on A by 

(2.15). So the normal subgroup U of N_(R), which centralises R and
b

fixes each non-trivial orbit of R, acts transitively on A, since it 

contains Q. Thus U* - the subgroup of U generated by all q powers

of elements of U - is transitive on A (being normal in N^(R)) and trivial(j

on ft - A. Similarly, we f^et a subgroup V^ which is transitive on T and 

trivial on Q - F. So <Uq ,Vq> contains a 3-cycle. By (U.2), Alt(«) £ G, 

contrary to assumption.
o

Now suppose that q divides |G|. Let 8 be chosen in the

orbit of Q of len;jth q. We show that R has exactly one non-trivial orbit,

2 and this has length q . The alternative is that R has q non-trivial

orbits, each of lenpth q. Let ft^ t ... 9 fl be these orbits. Then
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R * a <g.> for some q-cycle R. , i«l,...,q. We define a relation on

n1 n
{!,... ,q} by: i * j if g ...p q e R and n.=0 implies n.=0. Asx q i j
Q $ N_(R), N-(R) is transitive on the set (ft.,...,ft }. Hence, each\J (_y A Q

i is related to the same number of elements. This together with 

transitivity and reflexivity (which are obvious) implies that the 

relation is an equivalence relation. Since q is a prime, the relation 

is trivial. {!>... >q} cannot be an equivalence class? for, if it
2were, we would have |R| = q and |Q| = q . So, for each i % 2, there

n, n
are elements % •••?, ^' e R with n.s=0 and n.^0. Choose Y e ft. Let

W be a Sylow q-subr-roup of G which contains R . Then for some set- ' - ot,Y Y
ft 1 , C ft, ^A -{a,y}, | ft 1 - | s q» and some q-cycle n' on ft., we have

W $ < S ! »^p5''"»^ >% If ft-, ft ft ', a 0 9 then <W,R> is a Sylow q-subgroup

of G with q+1 orbits of length q. Hence ft. ^ft 1 ^ 0. So <W,R> is

transitive on ft.. ^ ft 1 - . As (ft. \j ft' j is relatively prime to q, 

acts non-trivially on ft ^ft' and trivially on ft-ft^ft* . But <W,R> is 

at least 2-transitive on ft o^'n- Hence <W S R> C1 is transitive on 

ft »jft' . Since |ft ^ft' | < 2q 3 we have |ft w ft' | < i|ft|. Applying 

(^•5) 9 we obtain the contradiction Alt(ft) ^ G.

We continue with the case: q divides |G|. Let 3 be an 

element in the orbit of Q of length q. Put/ = {Afi|fi e G}. We show 

that {ft,.£} is a protective plane. As before, we find that no element of 

N (R) can act non-trivially on A and trivially on ft - A. Hence ^ G
acts trivially on A. Now choose h so that | (ft - A) v> (ft - Ah) | is 

minimal, subject to bein^ greater than |ft-A|. By (3.3), Ah - A* Ah is a 

block of R. If this block is trivial, G is (q+2) -transitive on ft by 

(U.I). Hence NQ (R)/CG (R) involves Sym(q+l). Thus R is not regular on
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ft - A. Let A* = A - {a}, ft* = ft - A*. Then G/ # v is 2-transitive on 

ft*. By considering two Sylow q-subgroups of G/ # x, which contain R 

for some y e^* - (a), and which have different fixed points in ft*, we

find that Alt(ft*) £ G /A ,,x as in the previous paragraph. Hence Alt (ft)(A*j

£ G, contrary to assumption. So Ah - A*Ah is a non-trivial block of 

R. Hence, q divides JAh - A 0 Ah|. Thus |A 0 Ah| = 1. So 3 for g e G, 

either Af> = A or |A^ rt A| £ 1. Together with 2-transit,-^ity 9 this 

implies that there is exactly one set Ag containing a faven pair of
2 points. Hence there are q + q + 1 such sets. A simple counting

argument now yields that for r e G, Ag = A or JAg A A| * 1. Moreover, 

there are four points, no three of which belonp; to the same AP;. Thus 

{ft,/} is indeed a protective plane, a.nd G is a collineation group 

containing all elations. That is, PSL(3,q) $ G $ PGL(3,q).
r)

We now consider the case in which q divides JG| exactly. 

We have already shown that a Sylow q~subgroup Q of G has orbits of 

len/rbhs 1 , q and q . Suppose that Q is cyclic . Let R = Q . Then 

Q is a Sylow subgroup of C_(R). By a theorem of P. Hall, N^(Q) n C^(R) =(j Gr u

Cf (Q)rvC (R). By Burnside's theorem,, C (R) has a normal q-complement ,

T (say). Now C (R) has two orbits - one of lencth q+1 on which it
2 acts 2 -transitively and one of length q on which it acts transitively.

On the first, T must act transitively, and on the second, trivially.
o 

Since 1 + q < q s (^.5) implies that Alt (ft) $ G. So Q cannot be cyclic

We now deal with the special cases which occurred in (12.9) 

and (13.18). We use the notation and hypotheses leading to these 

results. 

(Ik. 2) Theorem: (i) If (k,p) = (1,7) or (2,13) > then G = PSL(3,q);



(ii) If (k,p) = (2,7), then G = Alt(7).

Proof: If k=l and p=7 5 then G has irreducible characters of degrees 

1,6,8,3 and 3; the degrees of the remaining irreducible characters are

divisible by 7. A.S Alt(7) and Sym(7) both hnve an irreducible

2 3character cf degree 10, Alt(7) 4 G. Since 7=1+2+2 and 2

divides |G|, PSL(3,2) $ G $ PGL(3,2) by (iH.l). Since SL(3 9 2) = GL(3,2), 

we have concluded this case.

If k=2 and p=13 9 then the irreducible characters whose degrees 

are not divisible by 13 have degrees 1,12,27,16,16 and 16. Thus Alt(13) 

^ G, as Alt(13) and Sym(l3) have irreducible characters of degree 66. 

As before, PSL(3,3) $ G $ PGL(3»3)« Since G is simple, we have G = 

PSL(3,3).

For part (ii) 3 we observe that the irreducible characters of 

G, whose degrees are not divisible by 7, have degrees 1,6,15-10 and 10.

So there are integers n.. , . . . ,n such that |G| « i + 36 + 225 + 2.100 +
J- S

1*9 £ n. 3 |GJ divides Jl and 6 divides |G| . The only possible value • .. i 1=1 0 *
for |G| is 7.5.3^.2 , i.e. (7!)/2. Hence G = Alt (7).

(1U.3) Tneoren; If G satisfies the hypothesis of &L 9 and |fl|= 7, 13,

or 19, then G = Alt (7) or PSL(2 5 q), q = 2 or 3.

Proof: The cases k $ 2 are considered in (12.9) ^nd (lU.2). The case

k = (p-3)/2 is considered in (13. 18). It remains to show that none of

the cases in which 2 < k < (p-3)/2 may arise. This we do by tabulating

the values for -n. 3 n and l+n..-»-n in each case, and observing that

~n-np (l+n1 +np ) is never a perfect square.
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k

~nl

n2

1>}"nl+n2

13

3

12

ho

29

13

h

12

53

h2

19

3

18

58

hi

19

h

18

77

60

19

5

18

96

79

19

6

18

115

98

19

7

18

13U

117

§15« Some Numerical Results.

In this section we continue with the hypothesis of §12, but 

add that |ft|= s'q + 1, where q is a prime and s' is " small".

Since -i^rigd+i^+n ) is a perfect square, we may write 

(15.1) p = l 2*^ + 1 

where - are square-free, and the square-free parts of n q and

are not divisible by primes dividing q1 and q2 , respectively 

In view of (12. 9) and (13.18) we will suppose that p > 13. So 

(15-2) 2 < k < ( P-3)/2.

Taking equivalences modulo ^ and q , respectively, we get 

0 = n2 = k+1 and 0 = 

in. and m such that 

(15.3) k « ^'1

= k+2. Go there are positive integers

Subst '^utinrt in (15.2), we p;et

/2 and 1 <c
•*•

We also have

(15.5)

and

-i,

(15.6)



In what follows we will show that the extra restrictions on 

p imply that there is an integer n, such that

(15.7)

= n + n + 1

and 1 + n- + n = (n-1) (n+l)

Since 6 divides p-1, if s f < 6, then q=2 or 3. So p*7 or

13. These cases we have excluded.

p = 6q + 1:

q=2 is excluded as before. q=3 is excluded by (lU.3). So we have

q >f 5. In (15.1), £ = 1. We have the following possibilities:

*1 =
*2 =

*1*

m2 ,<

I

2

3q

1

II

3

2q

1

III

q.
6

2

IV

6

q

3

V

2q

3

1

I: m2=l. So x = n^ = 36q - l8q - 2, y = (l 

(x,y) = 1. Hence for some integers A and B, x

= 6q~5, and
?A and y = B . So

2

(6q - 3/2) 2 - A2 = 1?A. From this we get

12q - 3 + 2A = 1?

12q - 3 - 2A = 1. 

These imply that q = 1. So case I does not occur.

x = = 36q - 30q - 3, y = = 6q~8, andII: m2=l.

(x,y)=l or 7. Hence there is an integer B such that 6q - 8 = B2 or 7B2 .

This is impossible since 6q - 8 = 2 mod U. 

Ill: m =1. x = n0/qn = 6q - 5, y = 6, and
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(x*y) » 1. So y * B2 . Hence (I2q - ll) 2 - B2 = 97. By the method 

of case I, we get q = 5 3 p = 31, n = 125 and 1+i^+n = 96 - i.e.

(15-7) with n = 5.
o in-^2. x = xig/q-j^ = 12q - h, y = (l+r^+n^q^ = 72q - 60q + 6, and

o 
(x,y) = 1. Hence 3q - 1 = B . But -1 is not a square mod 3. So

this case cannot occur vith m. = 2.

IV: m2=l. x = n2q1 = 36q2 - 66q - 6, y = (H-r^-Hig)^ - 6q - 17, and 

(x,y) =1. So x = A2 . That is, (I2q - ll) 2 - UA2 = lU5 = 5-29- 

Hence 12q - 11 = 73 or 17. So q = 7 or 7/3. Thus ve have (15»7) with

n = 6.
o 

m2=2. x = n2q1 = 72q - 60q - 6, y = (l+n^ng)/^ = 12q - 16, and
22 2 (x,y) = 1 or 7. So 3q - h = B or 7B . And therefore, B = -1 mod 3.

m2=3. x = n ^ = 108q - 5^q " 6 5 y = (l+n^n^/q^ = l8q -15, and 

(x sy) = 1. So I8q - 15 = B2 . Thus B2 = 3 mod 9.

V. m^l. x = n2/q1 = 6q - 2, y = (l+^-H^^ = 36q2 - 30q + 3, and 

(x,y) = 1. So 36q2 - 30q + 3 = B2 . Hence (I2q- 5) 2 - **B2 = 13. 

This implies that q - 1. So this case does not arise.

If 6 < s 1 < 12 s ve must have q = 2 or 3. The only prime 

of the form s'q + 1 in this rang-e is 19, and this case is dealt vith 

in (Ik. 3). 

p « 12q + 1;

For q = 2, 12.2 +1 is not a prime. For q = 3, p = 37. Since 

(37k + 1, 37k - 3*0 = (35, 2k+l) and 2 < k < 17, the highest common 

factor of n2 and l+n^^ is 1 except vhen k = 3, in vhich case it is 7. 

So 37k + 1 = A2 or 7A2 and 37k - 3^ = B2 or 7B2 . Hence A = 18,6 or 3. 

This gives 37k = 323, 3^ or 62. So this case does not occur.
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For q } 5, we have £, = U in (15.l). So the following cases

arise:

II

I: x » n2q1 = 3(Un.3q + (n-2U)q -i) = 36mq + (3m - T2)q - 3 and 

y = (l+n-j-HO/q^ = Urn. 3q + (m-36) = 12mq + (m-36), where 1 * m £ 6. So 

= (18 - m,12q - l).(m , 3)- We consider the various values of m

separately.

(i) m=l. (x,y) = 1 or IT. Since y = -35 E 1 and 17 = 2 mod 3 9 we

cannot have (x,y) = 17. Hence x = A . Thus (2Uq - 23) 2 - A2 = 577,

which is a prime. So we get q = 13. This ^ives n ,n and 1+n +n as

in (15-7) with n = 12.

(ii) m=2. (x,y) = 1. Hence 2Uq - 3U = B2 . So B2 = 2 mod 1*.

(iii) m=3. (x,y) = 3 or 15. So 12q - 11 = B2 or 5 B2 .

2 P p 
The second case implies B = -1 mod 3. So we have 36q - 21q - 1 = A .

Thus (2^q - 7) 2 - 16A2 = 65 = 5-13. This gives 2Uq - 7 = 33 or 9, 

both of which are impossible.

(iv) m=k. (x,y) = 1 or 7. If (x.y) = 1, then x = A2 . So (2Uq - 5) 2

2UA = 37- From this we obtain q = 1, which is impossible. The

2 2 
alternative is (2^q - 5) - 28A =37. Modulo 16 9 this equation yields

25 + UA = 5- So A'' = -1 mod U, which is impossible.

(v) m=5. (x sy) = 1 or 13. Thus y = 60q - 31 * B2 or 13B2 . In both



2 cases B = -1 mod 3.
2 2(vi) m«6. (x,y) = 3. So y/3 « 2Uq - 10 = B. Hence B = 2 mod U. 

II. x = n /q = Um.Sq. + (m-12) = 12mq + (n-12) and y = (l+n^n^q^ - 

3(Um.3q2 + (m-2U)q. + 1} = 36mq2 + (3m - 72 )q. + 3 9 wtorel * m * 5- In

this case, (x,y) = (I2q. - 1,6 - m).(m,3).
2 

(i) m-1. (x,y) = 1 or 5. In the second case 12q - 11 = 5A . So

A2 = -1 mod 3. In the first case y = B2 . That is, (2^q - 23 ) 2 - l6B =

U81 = 13.17. Hence 2Uq - 23 = 2Ul or 15. So q = 13 9 and we get

(15.17) with n * 11.

(ii) m=2. (x,y) = 1. Then x = A2 . So A2 = 2Uq. - 10 = 2 mod U.

(iii) n-3. (x,y) = 3. So y = 3B2 . Hence (2hq_ - l) 2 - 16B2 = 33 = 3.11

Thus 2Uq - 7 = 17 or 7. We ^et q = 1 9 which is impossible.

(iv) m=k. (x,y) = 1, Then x = A2 . So A2 /U = 12q - 2 = 2 mod U.

2 2 (v) m-5. (x,y) = 1. Then x «= A . So A = 60q- 7 = 3 mod 10, and

this is not possible.

§16.

In this section we show that there is no group of decree 

satisfying the hypothesis of §12.

Suppose that there is such a group G. From the results of 

Jordan 9 Manning and Weiss on the order of, and decrees of the elements 

in, a primitive croup - see Wielandt ClU3 Theorems (13.10) and 

we

U3, and that for p e G 

(16.1) o (g) £ 5, if g nas order 5.

From (13.18), G is not U-transitive. So, if Ul divides |G| ,

, a primitive croup - see Wielandt ClU3 Theorems (13.10) and (l^.l 

find that the only primes which may divide |G| are 2,3,5 s 7,Ul and
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the 2-point stabilisers must be soluble, by Burnside's Theorem. Hence 

|G| = U3.U2.Ul.z where x divides UO. From §15, l+n^iig = 175- So 

52 divides |G|. This contradiction implies that hi does not divide |G|.

Let S be a Sylow 5~sub^roup of G. 

(16.2) Lemma: 7 does not divide |NG (S) | .

Proof : Suppose otherwise. If 7 also divides |CG (S)|, then CQ (S) has 

an orbit of length 35. As S centralises C (S) 5 it inu^fc act semire.rularly

on this orbit. But then S contains a 5-cycle s since 5 divides G. 

This contradicts (16.1). Let g be an element of order 7 in N (S). 

Then 1 ? |S:C (^)| = 1 mod T. So 5 divides |s|. But this again

contradicts (16.1), and so establishes the lemma.

Let A = fx (S). Then |A| = 3 mod 5, and by (l6.l), |A| £ 18.
it

Since (2.15) implies that |NC (S)| is divisible by 7, 13 or 17 in the 

cases JAJ 58 8, 13 or 18 respectively, we have

(16.3) Lemma : |A|= 3-
o 

(l6.*0 Lemma: S has one orbit of length 5 •

Proof: Suppose otherwise. Then S has 8 orbits of length 5. Choose an 

element % e S - {1} for which |mv(p;) | takes the minimum value. Put 

F » fx (g). We first show that |r| * 13. This is clearly true if
uo

*3 o
5 divides |s|. If |s| = 5 » S has at most 6 subgroups of index 5. 

Hence some such subgroup must occur as the kernel of the representation 

of S on at least two non-trivial orbits.

Let H be the rroup generated by all Sylow 5-sub^roups of G 

containing <g>. We examine the action of H on T. Clearly H centralises 

g> and fixes its non-trivial orbits.

For any pair y,5 e T, y ^ <S 9 there is a Sylow 5-subproup of G
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containing <g>. Hence H can have at most one fixed point.

Suppose fx (H) = {a}. Then for any pair y 9 6 e r - (a}>y f 6»
d fa

and for any Sylow 5~sub~roup S' in H ., we have fx (S f ) = {ot,y,6}.
Y jO "

As |r| fc 13, the remaining orbits of H in r have lenrths at least 5« 

Let $ be one such orbit. Suppose y,<5 e $,y ^<5. Choose S f as above. 

Since $ is a union of S 1 -orbits,|$| = 2 nod 5? and the remaining 

orbits have lengths divisible by 5. This implies thai i = T - {a}. 

Let Y e *, and let Y be an orbit of H in $ - {y>. Choosing 6 e ¥,

the above argument ^ives ]¥( =1 mod 5- V7hile 9 for <S e 0- ¥ u{y}» ve 

get 1^1 E 0 mod 5. Hence V = $ - (y)- So H is 2-transitive on $. 

Since|r|= 13 or 18, this implies that |H| is divisible by 11 or IT. 

This contradiction yields the fact that fx^(H) = <{>.

Let $ be an orbit of H in T. Choose y 9 6 s $ , y^6 , and 

choose S 1 as before. If fx (S f ) c 0, then |$| = 3 mod 5, and the
du

remaining orbits have lengths divisible by 5- This is possible only

if $ = P. If ftc (S f ) £ *, then * = 2 mod 5, and some other orbit *'

satisfies |$'| Hi mod 5. As |$'| > 1, the same argument applied to 

4> f yields |$ ! | = 2 or 3 mod 5« So this case cannot occur. That is, 

H is transitive on T. Let a eT. Let H' be an orb5.t of H in T - (a).

Then (¥1 = 1 or 2 mod 5. If |¥|=1 mod 5 5 then there is a second non- 

trivial orbit 4" of H , with |* f | = 1 mod 5. Moreover, r = M^ u ¥ ? . 

Since 13 does not divide |G|, we have |r|=l8. SO{|Y|,|H"|} = 

{6,11} or {1,16}. The first case cannot occur since 11 does not divide 

|G|. Let a 1 denote the second fixed point of H . Then the sets 

{aC»a f sK g e H, form a complete block system of K in T. Let S be a 

Sylow 5-subgroup of Ea o?s and put fxfl (S) = {a,a' $ $}. Then 3' must
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belong to some non-trivial orbit of S; and this is impossible. There

is one case remaining, in which |f| = 2 mod 5- As before, ¥ = T -{a}.

So H is 2-transitive on 16 points. This is not possible since IT does

not divide |G|. This completes the proof of (16.U).

(16.5) Theorem; There is no insoluble 2-transitive group of decree U3,

in which a Sylow US-subgroup has index 3 in its normaliser.

Proof: We have already seen that if such a group G exir'-s, it must have

a Sylow 5-subgroup S with three fixed points a, 6 and y» three orbits of
o

length 5 A , A and A , and one orbit of length 5 A. . Put {a,3,y} = A

Let 6e A , and suppose that fx (S ) = A u AI - Let 6' e A^ 

6' ^ 6, and let T be a Sylow 5-subgroup of G,. „ , containing S,. Then
0 S 0 0

<S,T> £ N (S. ), and <S,T> contains a group K which is at least 3~ 

transitive on a T~point subset A 1 of A^A... Hence Alt (A') $ K

Moreover, K is represented on the non-trivial orbits of S-. If some
6 

t
7-element of K does not centralise S ps we get IS-! ^5 » contrary too o

A ' 
(16.1). Hence K contains a subgroup K such that K. = Alt (A') and

K ^ CG^ S6^" If A i| is an orbit of S5 S then Ki acts trivially on 0 - A 1 . 

By (U.5)» Alt(Q) ^ G. So A^ is a union of 5 orbits of S of length 5,

and 1C acts transitively on the T non-trivial orbits of S.. So (^(S.) 
j- o G 5

has an orbit of length 35- Hence S. acts semiregularly on this orbit. 

Thus |sJ = 5- We may assume that S $ K . So K is a central 

extension of S. by Alt(7)« As the multiplicator of Alt (7) has order 6, 

this extension splits. So K is isomorphic to Alt (7) and has 6 non- 

trivial orbits on which it acts naturally. So K , and hence G, contain 

elements of type 1 .5 . Thus, since |s| = 52 , if we take n e A ^A ,

then fxQ (S^) = A U A_2O A 3 . That is, the elements of S - 1 have type
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113 .56 , those of S. -1 have type 18 .5T , and those of S - S ^S have
0 0 I) 

O Q
type 1.5. Hence S is a weakly closed subgroup of S with respect

to G. From (2. IT), N0 (S ) is 2-transitive on fxn (S ). But this is(j r\ as n

impossible since 13 does not divide |G|.

There remains the case in which fx (S ) = AuA^uAgt/A^' 

By (16.1), |sJ = 5. S is weakly closed in S with respect to G
-1 Q c

since the elements of S.. -1 have type 1 .5 and those :' S - S , haveo o
*3 P>

type I"3 . 5 . Apain from (2.1T)» Nn (Sj is 2-transitive on a set of 18G o

points, contrary to the fact that 1? does not divide |G|. And so the

theorem is established.

(16.6) Theorem: Let G be a 2-transitive group on a set ft, where 

| ft | = p = 6q+l and p,q are primes. Suppose that a Sylow p-subgroup has 

f" / index 3 in its normaliser. Then G = Alt (7) or PSL(2,fl$ for (/ = 2, 3 or

5.

Proof: If p $ 13 S ve obtain three of these group by (lU.3). Now
o

suppose p > 13. By the results of §15, p = 31 and 5 divides |G| , or 

p » 1*3.

In the case p = 31, (12.1) and (lit.l) imply that G = Alt (31) 

or PSL(3,5)« But a 31-cycle in Alt (31) has index 15 in its normaliser, 

while a 31-cycle in PSL(3 9 5) has index 3 in its normaliser.

The case p = k3 cannot occur by (16.5).

§17. P = q + q + 1.

In this section we develope the results of §lU as follows: 

(17.1) Theorem : Let n be a set satisfying |fl|= p = q + q + 1, where 

p and q are primes 5 and q > 2. Then there is no group G with the
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following properties:

(i) G is 2-transitive on ft;

(ii) A Sylow p-subgroup has index 3 in its normaliser;

2 
(iii) A Sylow q-subgroup has order q .

Proof; Suppose that there is such a group. From (l^.l) we see that a
2

Sylow q-subgroup S has orbits {ot}» A and T of lengths 1, q and q ,

respectively,, and S is elementary abelian. So S has q i elements of 

type 1^ .q^- and q -q elements of type 1 .q .

Let S be the set of elements of type 1^ .qq in S together

with 1. Let S_,...,S denote the remaining subgroups of order q in S.
1 Q.

We first show that C (S) = S. Certainly C (S) acts semi- 

regular ly on ?• Let K be the subgroup of Cp (S) which acts trivially on
N (S ) 

T. Then C (S) = SK. If K is non-trivial on { a }o A 9 then <K>

is transitive on {ot}w A and trivial on T. By (U.5)» Alt (ft) $ G, 

contrary to hypothesis. Hence K = 1.

The group N_(S)/S may be considered as a group of linearu-

transformations of the 2-dimensional vector space S over GF(q), for 

which SA is an invariant subspace. By Masckhe's theorem, N_(S)/S is
U (j

completely reducible. If SQ has more than one complement which admits 

^(5)75, then the elements of N_(S)/S induce automorphisms of the form
Cj vj

g *+ gr > (**,q) = 1, g e S. So in this case, Nn (S) /\C_(S.) = S for
\jr (jr 1

i = 0,1,...,q. The alternative is that S0 has exactly one complement, 

S, say, admitting N (S)/8. Suppose i ^ 2 and h e K_(S) A Cn (S.). Then
1 ^ (j (jr 1

<h> has three distinct invariant subspacesin S; so it must induce 'scalar 

multiplication' in S. As h e C (S.)» its eigenvalue is 1. So 

h e C,,(S) = S. We have thus established that, in both cases,
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(IT. 2) c ( S )/ S) = S > for i =

Now C (S.)/S., for i * 2, acts as a permutation group on the

q+1 non-trivial orbits of S.. Let M be the subgroup of C (S. ) whichi u i

fixcsA, as a set. Then S £ M. Let - denote images in M/S. Then

N-(S) = HM(S) $ NG(S) <V CG (S.) = § $ N-(S). So N-(S) « S. As S is a 

Sylow q- subgroup of M, M has a normal q-complement T, say, where S^ £ T. 

Thus T = S. x T ; for some normal q' -subgroup T of M. And M = T^3. 

Since M acts transitively on F, T acts semiregularly on the set of

S. -orbits in F. Hence T fixes each of these orbits, as sets. But
N (S ) 

T centralises S.. So T acts trivially on F. By considering <T >x G 0

as before, we find that T = 1. So M = S. Thus

(17-3) C(S)| $ q(q+l) for i =

Hence, ifgeS. -1, i^2, we have 

(17. U) 1 + u(^) 2 + v(g) 2

From (12. k) 9 n (l^-n +n^) is divisible by q, since n. is 

divisible by q to the first power only. We consider the cases in 

which q divides n and q divides l+n^+n^ separately. 

Caee I : n = 0 mod q. 

Then n=kp + 15k + lEO mod q. So k = k ,q -1. Thus

n, = Ck.q2 + (k ~l)q + (k -l)3q s 
(17.5)

2 If q divides k - 1, then q divides n . Then (12. k) implies that q
*^

divides n . So q divides |G| , contrary to hypothesis. Hence

(17.6) k 3 1 mod q.

2From (12.8) and (13 J8), k^q - 1 < (q +q-2)/2. So 

(17.7) k, < (q+l)/2.
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For an element g e S - 1 we find that u(g) = 0 and v(g) = 0 mod q 

"by evaluating the inner products of x-, and X? with XQ on the subgroup <g>. 

Put u(g) = qu'(g) and v(g) = qv'(g). We then consider the expression

x is a p-element and gjgo e S ~ 1 ' **V (2.6), this

is

M
cG (g1 )|.|cG (g2 )|

qu'(g, )u f (gp ) qv'
1 - ————T=———— + ———

Since |c (g.)|, i=l and 2 9 and |G| are divisible by q exactly, the

numerator of the expression inside the chain brackets is also divisible
2by q . So we get

(17.8) k^-l) - (k1-l)u'(g1 )u'(g2 ) + v'( gl )v'(g2 )

- (k1-l)(2-»-v'(g1 )+v'(g2 )4-u f (g1 )+u'(g2 )) E 0 mod q. 

Let g e S have type 1 . q^ . Then u'(g) = 0. Taking 

g-j^ s g2 = g in (1T-8) we get 

(17-9) (k--lMlL-a) - ad-Dv^ff) + v'(g) 2 s 0 mod q.

If g is chosen to lie in S. , for some i ^ 2» we have from (17. U) the

inequality

(17.10) 1 + q2v'(g) 2 + q(q+l)(l+qv'(g)) 2/3 * q2 (q+l).

The only possibilities for (17-10) are v'(g) = -l,q=3 and v' (g) = 0,

P q arbitrary. The former on substitution in (17.9) gives k. -k +1=0

mod 3. So ^ = 2 mod 3. From (17.17), k < 2. As k > 0, we have 

a contradiction in this case.

The case v 1 (g) = 0 implies that k = 1 or 2 mod q. By (17.6),



.^ = 1 is excluded. Because of (17.7), we must have k.^ = 2 So

n2/q = 2q+q+l and = 2q3+l. Since (q+1 ,2q2+q+l) = 2 > (q+l»2q

1 and (2q +q+l,2q°+l) = 1 or 11, we have the possibilities

q+i
2q2+q+l

2q3+l

(i)
2A2

2B2

c2

(ii)
2A2

22B2

lie2

In (i), B2 - A2 = q2 . So A = (q2-l)/2. Thus hq+k = (q2-!) 2 . This

equation is inconsistent with q ^ 3. In (ii), we have q « 3 mod 11.

2 Hence A = 2 mod 11. However, 2 is not a square mod 11. This completes

the exclusion of case I.

Case II: n0 = -1 mod q.————— ^

Then n? = kp + 1 = k + 1 = -1 mod q. So k = k q - 2. Thus

( 17.11) J

o
If q divides k.,-3, we find, as in case I, that q divides |o| s contrary 

to hypothesis. So 

(17.12) i 3 mod q.

From (12.8) and (13.18), 

(17.13) $

q - 2 < (q+q~2)/2. Hence

As in case I, we find that u(g) = 0 and v(g) = -1 mod q for 

any element p e S - 1. Put u(g) = qu'(g) and v(g) = qv' (g) - 1.

From the expression for Jtfg^g'gSx}, where g-j^jgp e S - 1 and 

x is a p-element , we obtain the congruence
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(17.1*0 -3) + (k1-3)u'(g1 )u'(g2 ) - (k1

+ (u > (g1 )-»-v'(g1 ))(u l (g2 )+v'(g2 )) 5 0 mod q. 

Let g e S have type l1 .^*1 . Then u'(g) = 0. Taking

gl S g2 = n

- 2(k1-3)v'(g) + v f (g) = 0 mod q.(17-15) (^

If g is chosen to lie in S., for some i * 2, the inequality (17-*0 yields

(17.16) 1 + (qv'(g)-l) 2 + q(q+l).q2v'(g) 2 /3 $ q2 (q+l'

The only solution of (17.16) is v'(g) = 0, q arbitrary. Substituting

in (17.15), we get ^ = 2 or 3 mod q. But ^ ̂ 3 mod q, by (17-12).
o

And 0 < k £ (q+l)/2. So k_-2. Thus n =2c -1 and (l-H^+n^/q =

2q2-q-l. Since (q+l 9 2q3-l) = (q+1,3) = 3, (q+! 5 2q2-q-l) = 2 and
o 2 

(2q -I 9 2q -q-l) = (q-2,5) = 1 or 5, we have the possibilities

1+1
2,3-l

2<12-<1-1

(i)
6A2

3B2

2C2

(ii)
6A2

15B2

ioc2

In (i), we have 2(q+C)(q-C) = q+1. This implies C = 0 and q = 1. In 

(ii) 9 q = 2 mod 5. So 6A2 = 3 mod 5- Hence A2 = 3, which is

impossible.

This completes the exclusion of case II, and concludes the

proof of (17.1).
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