SOME PROBLEMS IN THE THEORY OF GROUPS

by

T.P. McDONOUGH

A Thesis submitted for

The Degree of Doctor of Philosophy

at

The University of Oxford

1972.

< DEPOSITED o)
5 THESIS X
P b s



Abstract

This work is divided into three parts, all of which are
concerned with the characterisation of certain families of classical
groups as doubly transitive permutation groups satisfying certain
extre hypotheses.

The first part is purely expository. It culminates in
the characterisation -~ due to Marggraf ~ cf the affine groups over
GF(2).

The second part deals with a characterisation of certain
collineation groups of projective spaces as Jordan groups which admit
e Jordan set of prime power cardinality and which have extra
restrictions on some Sylow subgroups.

The third part consists of results obtained while attempting
to establish that insoluble groups of prime degree p (>7), whose Sylow
F-subgroups have index 3 in their normalisers, are of the form PSL(3,q),

for suitable prime powers q.



§1. Introduction.

This work is divided into three parts, all of which are
concerned with the characterisation of certain families of classical
groups.

The first part is an exposition of some theorems of Jordan
[8] and Marggraf [10lconcerning an arbitrary permutation group G on 2
set Q, which satisfies the condition
(1.1) G has a subgroup H, which has exactly one non-trivial orbit T,
where T is o proper subset of Q. Jordan showed that ~ group satisfying
(1.1), which is primitive on @, is 2-transitive on Q; and further, that
it 1s (IQ - F|+ 1)-transitive on Q if H is primitive on T. If G is &

group satisfying (1.1) we say that G admits the Jordan set T; and if G

is not (]Q—F]+ 1)-transitive on @, we say that I is & non-trivial

Jordan set - otherwise, the Jordan set I is trivizl. A primitive

permutation group which admits a non-trivial Jordan set will be called

a Jcrdan group. Margeraf then asserts that if G is a Jordan group on

Q admitting a Jordsn set I for which |T'| g3|e|, then |@] = 2|r|, @ has
the structure of an affine space over GF(2) and G is the full collinszation
group.

The known Jordan groups are: (i) Subgroups of the full
collineation groups of affine and projective spaces of dimension at
least 2, which contain all elations, (the cause of the affine plane
over GF(2) is excluded);{i)A1t(7) in its representation of degree 15;
(iii) the Mathieu groups M22, M23 and M2h in their usual representations;
(iv) Aut(M22) in its representation of degree 22.

It 1s clear from the work of Jordan that every Jordan group is
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a repeated transitive extension of a strictly 2-transitive group (i.e.
2~transitive but not 3~transitive). The second part is an attempt to
characterise the subgroups of the collineation groups of projective
spaces of dimension at least 2, which contain all elaticns, as the only
strictly 2-transitive Jordan groups admitting a Jordan set of prime-
rower length. We prove this under certain extra restrictions.

The third part concerns insoluble groups G of prime degree p,
in which a Sylow p-subgroup has index 3 in its normaliser. The known
groups of this type are (i) A1t(7), and (ii) PSL(3,q), where p=l+q+q2,

acting on the points of the Desarguesian projective plane over GF(q).

2,
3 . . 'l’\—-2 -L J . . - .
The main results of this part are: (i) If X[‘ 75 is an iirciucible

character of G, then p=T and G=A1t(7); (ii) p=€qg+l, where q is a prime,
then G=21t(7) or PSL(B,%), ﬁﬁ2,3 or 5; (iii) If p=l+q+q2, vhere q is a
prime and q2 divides |G|, then G= A1t(7) or PSL(3,q).

The author is indebted to Professcr G. Higman and Dr. P.M.
Neumann for the many helpful suggestions they have made during the
course of these researches.

The suggesticn to include the classical theorems of Jordan and
Marggraf, and many of the details of the proofs of these theorems are
due to Professor Higman. A large part of the proof of Tsuzuku's result
(1k.1) (i) which is used is due to him also.

Dr. Neumann has pursued independently the problem considercd in
the third part, and has obtained many of the results of that part,
including an elegant generalisation of (12.10). He has brought to the
attention of the author, in connection with (12.9), that the work of

A. Baker [15] implies that, for each integer k(#0 or 1), the intesral

B ~



solutions of the equation

(1.2) (x-1) (ko1 H (k-1)x43} = y°
satisfy the inequality

6 106
(1.3) Mex(|x|,]¥|) < exp{(1072)"" }

where % = max{]k(k~l)|,!L2—5k+l[,h‘k—l|,3}; and hence there are always
only finitely many solutions of (1.2) in integers. He has also
indicated that, in the notation of (17.2), C4(S;) =8 .« i=2,....q.
This sharpens the inequality (17.4) but does not significantly affect
the subsequent calculations.

Finally, the author would like to thank Mrs. Valerie Peverett

for her fine typing of this thesis.



§2. Notation and Definitions.

The notation used will be that of Wielandt {14] except where
ctherwise stated. Let G be a finite group and 2 a G-set. IfAc
and o € , then Ag and og denote the imapes of A and a under the action

of an element g € G. G(A) and G{ } will denotc the point- and set-

A
stebilisers of A in G, respectively. For S € G we put fo(S) ={aeQ |

as = a for all s € S} and nv,

the subscript Q where no confusion is likely to arise.  Moreover, we

(s) = q - fo(S). We will usually omit

will abbreviate G(a) and G( to Ga and Ga For s e Sand g e G

B.
-]
lsg, and put s = {sB | s e S}. We

asB)

-—e

we let s® denote the element g
also put Ny(8) = (v e 6 | 5% = 8} ena C,(8) = {g e G | s® =5 for all
s € S}.

An irreducible cheracter of G is a mapping from G into € of

the form trace ¢, where p is an irreducible representation of G.
char (G) is the set of all linear combinations of irreducible characters
of G with integral coefficients. An element of char (G) is called a

generalised character. We define an inner product on char (G) by

(2.1) <t,n> = 1 ) z(e)nlg).
G| geG

A pgeneralised irreducible character is an element ¢ € char (G)

for which <z.,;> = 1. In this case, since £ = itx for some irreducible
charecter x. a generalised irreducible character corresponding to x
will be denoted by ;.

Let H < G, ¢ e char (G) and n € char (H). We define the

restriction Sy of ¢ to H by




(2.2) cH(h) =z(h) for all h ¢ H.

We construct a function ©n : G » € which satisfies
. n(g) if g e H,
(2.3) n(g) =
0 if g e G- H.
The induced character nG is then defined by
G er. -1
(2.h4) ng) =_1 ) n(k “gk) for all g e G.
IHI keG

By & celebrated theorem of Frobenius (Curtis and Reiner [3] p. 271)
- G
(2.5) <Can > = <pan>-

¥o will always denote the trivial character of the group G.
If f: G- € is an arbitrary function we will abbreviate z () to
2eCG
Mf.
G
If g,h and k are three fixed elements of G, #{g'h’ = k} is

defined to be the number of pairs (gl,hl) for which =, is conjugate in

1
G to &, hl is conjugate in G to h, and glhl = k. Then
- |G| x(&)ih)yt)
. ® h = k} =1 ‘
(2 6) {8 i} [CG(g)!"CG(h)[ g X(l) 9

the surmation being over all irreducible characters of G.
Since Q is a G-set, G can be made to act naturally on (i)
the set § of all ordered r-tuples from 9, (wl, ce ,wr)g = (w, 3

lus
{r} , . -
of all subsets of r distinct elements of Q,

wrg)5 (ii) the set Q
{wl, oo ,Wr}g = {wlg, - ,wrg}; and (iii) cartesian products of sets

of type (ii). The fact that



(2.7) The number of G~orbits in O is 1 ) fxQ
Te] ¢
can be used to advantase on these conmposite sets when G acts multiply-
transitively on Q.
It has been shown by Frobenius [5) thet there is a one~tc-one
correspondence between the irreducible characters of Sym(Q) - the
[A]

symmetric group on Q - and the partitions of tal. V2 let x

denote the irreducible character corresponding to the partition [A] =

A 525, sAds where A 2 ... 2 A > 0 end |o] = SURIETRIL bW
x[A] is said to have dimension [Q! - Al.

An element g ¢ Sym(0) hes type 1%1(@)02(s)ja3(e) ..
there are exactly ai(g) i-cycles in its cycle decomposition.
We will have occasion to use the followine characters of

Sym(Q), where [Q| = n:

X[nl = 1,
X[n-—l,l; = o - 1;
el (a; = 1)(a; - 2)/2 - o3
x[n—2,2; = aylay - 3)/2+ 0,
XTI o (- Llay - 2)ey = 3)/6 - (@) - 1)a, + a,.

From Frcbenius [6] we have the following important result
(2.8) Let X[A]and x[u}be two irreducible characters of Sym(Q) of
dimensions r and s, respectively, and let ¢ < Syu(Q).  Then, if G is
(r + s)~transitive on Q, we have SN 1 if [AY = [ul;

XX g F

O if (Al # [u].

Sometimes we will find it convenient, if IQI = n, to write



Sym(n) and Alt(n) for Sym(Q) and Alt{(8).

Although the term block will be used in both the permutation
group sense =nd the ceometric sense, it will generally be clear from
the context which sense is intended. The definition of a design will
be that of Kantor [93, namely a set of v points together with a set of
b distinguished subsets, esch having k points, so that any two points
are conteined in exactly A such subsets. If r is th: aumber of such
subsets containing a given point, we have the equalities
(2.9) vr = tk and A(v-1) = r(k-1).

(for a proof see Dembowski [h]1 p.5). If A =1, we call the design a

partial plane, though for the remaining ssctions we add the condition

k > 3. A subplane of a partial plane is & design consisting of a
subset of the points and a subset cf the lines; and which is itself a
partial plene.

We use the definitions of projective plane and projective space

ziven in Wagner {13). Thus a prcjective plane is a partial plene with
b = v. For a preojective space of dimension at least 3 we have the
followinz characterisation due to Veblen and Young [12]): It is a set

cf points torether with a set of distincuished subsets, called lines,
which satisfy the axioms

(2.10) There is one, and only one, line through every peair of noints;
(2.11) Every line has at least three points,

(2.12) Every triple of non-~collinear points is contained in a
subplane of the partiel plane of points snd lines which is a projective

plane,
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(2.13) There are four points not all in the saée projective subplane.
The following theorem, due to Witt, will be used throughout

this werk.

(2.1k) Theorem: Let G be a M—transitive permutaticn group on a set

Q. Let A €Q, lﬂq = k. Suppose that G(A) has a subgrcup U which is

conjugate in G(A) to every subgroup of G(A) to which it is conjugate

in G. Then NG(U) is k-trensitive on fx(U).

The following corollaries are immediate.

(2.15) Corollary: If U is a Sylow subgroud of G(A)’ then HG(U) is

k~transitive on fx(U).

(2.16) Corollary: NG(G( ) is k~transitive on fx(G(A)).

A)
(2.17) Corollary: With the hypothesis of (2.14), if V is a subgrcup

of U, which is weakly closed in U with respect to G, then NG(V) is

k-transitive on fx(V).



Part I: Classical Theorems on Jordan Groups.

§3. Jordan Sets.

In this section, G will be a transitive permutation group on
Q. We recall that a Jordan set for G is a subset T of Q such that

2<s|rlslal -1 and G( is transitive on T.

Q-T)
(3.1) Lemma: If T, and T, are Jordan subsets for ¢ -=nd lflif !Tzl,
thenrlg S r2 for some g ¢ G.

Proof: We choose g ¢ G such that |r | is minimal. By the

LNTRY

transitivity of G on Q, e A r2 # ¢@. So G(Q S Tgoy ) is
1° v 2l

trensitive on 1,8 v T Suppose that 16y s # P2. Then we can

o*

chcose ¢ and B in Ig y T

18 such that a £ & and B ¢ T.. Moreover,

2

such that ah = 8.  Thus I‘,lgth v I‘2 <

X This

2

3 e
we can find h € Gl - e v rg)

T. & . . = ~h. > &) ’ - T
rzwvrl, But B = qh £ Iy oh Hence f € Iye y T, 16he T

contradicts the minimal choice of g. Hence Iy T

5 = P2, as required.
(3.2) Cornllary: If I is a Jordan subset for G, and Pa g # @, then
'eh = T for scme h ¢ G(Q -rurg)
Proof: If |Tng! = IT' » the result is trivially true. Othervise,

both T and Ty are Jordan sets for G(Q - Tulg)° The result follows
from (3.1).

(3.3) Theorem: Let H be a subgroup of G with a non-empty fixed
voint set. Choose g € G — Ggpy such that |toul| is minimal, where

I' = av(H). Then Tguvl-T is a block of G{ngr}.

Proof: Let h € G{Tgvr}’ Then Th ¢ Tevl., By minimality, Th =T or

Myl = FgUP. That iS, (PGU HES r)h = FF;U '- T oYy ¢ = I'S'_{UI' - rhur =
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(TgwI- T)h n (Tgul - T).
In (3.3), the transitivity of G on 0 was used to choose an
element g ¢ G which satisfied the hypothesis. If, in addition, G is

primitive on Q, then TgaT # @.

(3.4) Corollary: Let G be primitive on f, and let T be a Jordan set
for G.  Choose g e G ~ G{P} such that |rgv Fl is nminimal. Then

G - rgv T) is transitive on TIgu T, and |rgel - I'|civides |T|
properly.

Proof: Snce Tgal # ¢, G( is transitive on TIgul'. Hence

LEss e Q- Tgyl)

G{rgulﬂ is transitive on TgJl'. Since TIgvl -I' is a block cf G{Pavr}

by (3.3), Tgvl is a union of disjoint images of Tgul — I'. The result
follows immedistely.

A set D of subsets of © is said to be connected if 1t is not

the union of two non-empty subsets D, and D. of D such that for all T

1l 2 1
n Dl and for all F2 in D29 Pln P2 1s empty.
(3.5) Theoren: Let G be primitive on §, and let T be a subset of

with 2 5 |T] s |2] -1. TFor any o € 9, 9-{a} is the union of a connected
set of subsets of the form I'g, g ¢ G.

Proof: Let A be a proper subset of Q which 1s a union of a connected set
of sets I'g', and which is maximal subject to these conditicns. By
primitivity, Az # A and AgnA # @ for some - € G. Then Ay Ag is the
union of a connected set of sets I'g', and contains A properly. So

Ay Ag =0.  Hence |a]> 3]e]. If |a)] # ]Ql-1, we can find h € G such
that (0 - A)b # 0 -p and (@ - A)hn(Q - A) #@. So AwAh #Q.  But

A nbh # @ since |A]>3|Q]. This contradicts the maximal choice of A.
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SC)'A ]=|Q! -1l. The result follows from the transitivity of G on Q.

(3.6) Corollary: (Jordan [8)) If G is primitive on Q and admits a

Jordan set, then G is 2-transitive on Q.
Proof: Let T' be a Jordan set for G, and apply (3.5).

Let {Q,{} be & partial plane, as defined in §2. We recall that
& subplane of Q is a subset Qo of Q, together with a subsect l; of £,
such that (i) every block of £ which contains at leas” two points of Q

lies 1in X%, and (ii) if v e.fo, then every point of ¥ is in QO.

(3.7) Lenme: If Q_ is a proper subplane of @ then IQO‘ < 3lal.
Proof: Let o ¢ o - Q. If there are r lines through o, and k points

on a line, then |Q|= 1+r(k-1). But Q_ contains at mest one point on
each line through a. Thus [ | s v = (|@]-1)/(k-1)<i|a]| since k > 2.
(3.8) Theorem: Let G be 2-transitive on 2, and let T be a subset of
Qwith 2 g |r| ¢ [®]-2. Let a,8 € Q,a #8. Then there exists a
unique set ¢{a,B8) such that (i) ¢(a,R) is the union of a connected set
of sets I'g not containing either o« or B, and is maximal subject to
this, and (ii) |e(a,8)|> (|@]-1)/2. 1If ¢(a,8) # @ -{a,B}, then Q

is a patial plane in which the lines are the subisets of the form
Aly,8) = & ~ o(y,8), v#8, and G is a group of sutomorphismsz of this
plane. Lastly, G{A(a,B)} is 2-transitive on A(a,B).

Proof: Let ¢ be the union of a connected set of subsets T'g', with

|#] g v-2, where v = |2|. and let @ be maximal subject to these conditions.
We can find g € G such that ¢gnd # @ end & # @.  Then ¢gv & is the
union of a connected set of subsets I's', and it contains ¢ properly.

Hence v-1 g |¢u¢g!. Se ]¢|>%(v-l). Since!@ls v-2, we can find h € G
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such that ¢h contains neither a nor 8. So ¢h satisfies conditions (i)
and (ii) of the theorem. Now suppose that ¥ is a second set satisfying
(1). Then ®hn¥ = @, since otherwise ¢h v ¥ is the union of a
connected set of subsets Ty' not containing a or B8, but containing both
oh and ¥ properly. Hence ¥ cannot satisfy (ii). So ¢h is uniquely
determined by (i) and (ii). We denote ¢h by ®(a,B8).

Since ¢(a,B)g satisfies (i) and (ii) with ¢ .ad B replaced by
ag and Bg, we have ®(a,B8)g = ¢(ag,Bg). By 2-transitivity all ¢(o,B)
(asB € Q) have the same size and are permuted transitively by G. Let
y»8 be distinct elements of A(a,8) = Q@ - ¢(a,8). Then &(a,B) satisfies
(i) and (ii) with a,B replaced by yv,8 except, possibly, that it may not
be meximal. So ¢(a,8) ¢ ®(y,8). Since both sets have the same size,
we get equality. Hence A(a,B) = A(y,8). That is, each pair of points
is contained in exactly one set of the form A(a,B). These "lines"
Ala,B) s: .isfy all the requirements for a partial plane, provided that
|ACa,B)| > 2.

Finally, if A(a,B) = A(Y,8), choose g € G such that og = v,

Bg = 8. Then A(a,B) = Alog,Bg) = A(a,B)z. So g € G{A(a,e)}' This
proves the last statement.

(3.9) Theoren: Let G be primitive on 2, and suppose that G admits &
Jordan set ', with |P| < [QI - 1. Then either G is 3~transitive on
Q. or G is an autcmorphism group of a partial plane, and & - T is a
subplene.

Proof: By (3.6), © is 2-transitive on 2, so we may apply (3.8). If

$(a,B) = @ - {a,8}, then G, o is transitive on ®(a,B). So G is

. B
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3-transitive on Q. In the remaining case, Q is a partial plane in
which the lines are A(o,B8), 4,8 € Q.
Now suppose that a,8 are distinct points of @ — I'.  Then if
I ¢ ¢(a,B), we can choose h ¢ G such that Th a &(a,8) # @, I'h & ®(a,B8)
and |e(a,8) yTh| < |@] -2. Then ¢(a,8) y I'h is the union of a
connected set of subsets I'g', and omits at least two distinect points,
vy and § say. Hence &(a,B) y Th < ¢(y,8). This co~.radicts the fact
that all sets of the form ¢(a,8) have the same number of elements.
Hence T g_@(a,B). So Ala,8) < Q~-T. Thus Q - T is a vartial plane.
The preceding arcument can be readily modified, in this case,
to show that #(a,8) 1s the union of all T'g' which contain neither «

nor R.

84, Theorems of Marsoraf and Jordan.

We consider ncw a permutation rsroup G on § which admits a

Jordan set I, and where further conditions are imposed either on G(r)

or on the set T itself,

(4.1) Thecren: (Jordan [8)) Let G be primitive on @, and suppose
that (@ - 1) is primitive on . Then G is (|} -|T| + 1) - transitive
on §.

Proof: By (3.3), we can choose ¢ € G such thet |Pn;Tg| = |P| +1. 5o
G(Q Ty Tg) is 2-transitive on T vTg. £ o] - |r|l= 1, we are home.
Suppose IQI - IPI >1, and use induction on IQI- IFI. By induction, G
is (|a] - |rvrTg| + 1)-transitive on Q. Moreover, the stabiliser of

the |@|-|T| points in @ - T is trensitive on the rest. Hence G is
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(IQ! - |F|+ 1)~treansitive on Q. So the theorem is true by induction.
In the case || = 3, it is readily shown that G contains the

elternating frou;m QThis may be used to show that any gr "1 on @ which

is n-transitive, for n > ngI + 1, contains Alt(Q) - for a proof, see

Burnside [2) p. 178.

(4.2) Corollary: If G is primitive on @, |T'|< 2|0|/3, and Gig - 1)
is primitive on I', then G contains Alt (Q).

Proof: Since lQI-IPI+ 1> §|Q| + 1, we get the result from (4.1) and
the preceding remarks.

(4.3) Theorem (Morggraf [10]) If G is primitive on @ and |T|s3|a],
then G is 3-transitive on Q.

Proof: This is an immediate conscquence of (3.7) and (3.9).

Before characterising the groups mentioned in (4.3), we will
relate the degree of transitivity of a permutation group G on Q, which
admits a Jordan subset T', to the degree cf transitivity of G{F} on
i ~T.

(L. 4) Theoren: Let G bYe k~transitive on ©, k > 1. Then G{P} is
alweys (k-1)-transitive on Q@ - I', and it is k~transitive on @ - I if

Ir]> 2(la] - x).

Proof: (i) Take o ¢ ', and {Bl, e ’Bk—l} and {yl, ce ’Yk-l} to be

two (k-1)-element subsets of @ -~ I'. We can choose g € G such that

0g = a, Big = Y5 i=1, ... ,k=1. Since I.Tg # @, we can choose
th: th = 2). . =

he Gy _ p,pg) SUch that Teh =T, by (3.2) But then B.gh =y,

i = l’ LR A ’k-lO

(ii) If {8y - ,Bk} and {Yl, - ,yk} are two k-element subsets
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of @ - T, we can find g ¢ G such that Bi8 = vy» i=1, ... sk. But if

Ir| > 3(|e] - x), then |Q\Fg| # O, since there are at least k elements

in @ - T, T'g. Again by (3.2), we can find h ¢ G such that

(~ - ryre)

’'sh =T. Then Bigh =¥ i=1, ... ,k, as required.

(4.5) Theorem (Marggraf [10)l). Let G be primitive on Q, and

Ir| < 3|@]. Then, either (i) G contains Alt(g), or (ii) |a| =27,

]Fl = %IQl, G is the holomorph of an elementary abelir: group V2m of

order 2m, and  may be given the structure of an elesuentary abelian

group via the regular normal subgroup V.,m of G in such a way that § - T

2

is a subgroup.
Proof: The proof is by induction on |2]. If |@| £ 7, then |T| =2 or

3. So G(Q _ is necessarily primitive on T'. The result follows

r)
from (4.2).

Now suppose that g € G may be chosen such that lrvrgl = |r| + 1.

Then G is 2-transitive, and hence primitive, on [,Tg. By

(4.2), the result again follows, since |ryTg| = |r| + 1 g %|a] +1 <

2|Q|/3, so long as |q| > 6.
Let g vbe chosen such that I'g #I' and, subject to this, that

|rg,r| is minimel. Put ¥ =Tg, - TI. We will assume that |¥| > 2 in

view of the preceding paragraph. Let G 7T e denoted by H. We will

show that the hypotheses of the theorem are satisfied i1if G, Q and T are
replaced by H, 2 - I' and ¥, respectively. Indeed, G is 3-transitive by
(L.3). So H is 2-transitive on Q@ - I by (4.4). Hence H is primitive

on § - TI'. Since I',Tg # ¢, G( is transitive on [, Tg and

Q - Iyrg)

admits T as a Jordan set. Again by (L.4), G is transitive

rl - r,re)
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on ¥, since |P] > %]Pvrgl. Hence H( is transitive on V.

Q - r,Is)
Finally, since |¥| divides |T| properly, by (3.4), we have |¥| < 2|T| &

%IQ ~P!. So we may apply the inductive hypothesis to H, @ — I's ¥.
We first consider the case: Alt(q - r) < H. We can write

the elements of G{r} in the form (hl,he) vhere b ¢ Syn(r), h, € sym(q - r).

Let and X, be the images of the projection homomorphisms (h,,h ) + h
1”72 1

2

24 (hl’hg) + h,., respectively; and let L¥*_  and L*} ¢ their

2 2

respective kernels. Let L, = {h|(n,1) € L*.}, and define L similarly.

2

v a2, .
Then Ll<1 Kl, Leq K. and Kl/Ll K2/L2. Since T is a Jordan set for

2

N is transitive on r. Hence [Lll > |r}. But K, contains Alt(Q - T).

so |u,| = |5 ] 1%,1/1% ) = [r] <2.]e -¢|}/|r{! 2 &|r| > 1. Thus L,

G, L

is non-trivial. If |a -T| > 5, L, must contain Alt(Q - r). So
Alt(g) g G, by (b.1). If |@ - T| g 4, the restrictions Ir| < z|a]
and |Q| 3 8 imply that |@] =8, |r| = 4. We exclude the possibility
H = Alt(Q - r'). Since G is 3~transitive on Q and |T]| = 4 > (8 - 3),
we see that H is 3-transitive on Q@ - T. Hence H = Sym(Q - ') = Hol Vh'
By assumption lwl > 2. By 3-transitivity of G on Q, we must have |W| G
2, Hence |¥| = 2. So @ - LY is a subgroup of order 2 of @ - I, if
an element of @ - I,¥ is taken to be the identity of @ - I'. So we are
in the second case.

We now consider the case: .7, § ~ I and ¥ satisfy the conditions
(ii) of the theorem, with m replaced by m-1, and m > 3. From the

m—2

inequalities 2%°° = |¥] ¢ 3|r| s 3]a - r| = 2%°°, we find that |r| = 251

m

and |[@] = 2. Now, if m > 3, then H is not L-transitive on @ ~ T, so

G is not L-transitive on Q@ by (4.4). While for m = 3, a L-transitive
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group of degree 8 is easily seen to contain Alt(8) - and this case is
already dealt with. So we have only to consider the case in which G

is gtrictly 3~transitive on Q, for m > 3. Hence, if a, B, y are three
distinct elements of Q, then Q@ - {a,8,y} is not the union of a connected
set of sets I'g'. But, since G is 3-transitive on Q, we may assume that
asB8sy € Q - T, By our assumption sbout the action of H on Q@ - I', there
is a unique element 6 such that ¥h omits § whenever i* omits a, 8 and v,
for h ¢ H.  Since Yh =T 4Tgh ~ T, there is no point, other than §,
omitted by I'g', whenever I'g' omits o, B and y. We call {a,B8,y,8}, and
similarly constructed sets in @, ''quadruples’. By 3-transitivity, G

is transitive on quadruples. Let O be the identity of the group § - T.
We define addition on Q@ by: o + o =0, a + 0 =0 +a = a, and if O,

and Pare distinct, let a + B be the element for which {0,a,B,a+8} is

a quadruple. For a, B € @ - T, this addition agrees with the group
addition in @ - T. We now want to show that, for all a,B,y € 0, (a)

o+ (B +7y)=1(a+B)+7vy, and (b) {a,B,y, a+8+y} is a quadruple. We
first consider the case m = 3, and 0,a,8, a+8 znd y distinct. Since
distinct quadruples intersect in at most two points, the elements O,a,
Bsy,a+B,B+y and v + a are distinct and differ from the elements o + (B+y),
(a+8) + y and the fourth element of the quadruple containing o, B and vy.
(a) and (b) follow immediately. TFor m > 3, and the same restrictions

on o, B and y as before, we may assume that a,R8, vy € Q- I since GO is
2~transitive on © - {0} and G(O,a,B,a+B) is transitive on @ - {0,a,B,a+8}.
But then (a) and (b) both hold by the inductive hypothesis. For m > 3,

and O,a,B8,a+8 and vy not all distinct, we may assume by 3-transitivity
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that they all belong to @ - I'. So (a) snd (b) hold again by the
inductive hypothesis. (2) guarantees that Q is an elementary sbeliean
group V2m, in which @ - T' is a subgroup of index 2. By (b), G is a
subgroup of Hol(Vzm). Since G admits Jordan sets of sizes 2m—2l,
i=0,1, ... ,m~1 - as can be seen by considering the corresponding

. . e . ) m, . m m
property of G{F} on § - T - IGI is divieible by 2 (2 -1)(2"-2) ...

n_.m-1

(27-27 ") = tHol(Vem)l. Hence, G = Hol(Vzm). This -ompletes the

proof of (4.5).
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Part II: Jordan Sets of Prime Power Cardinality

§5. Statement of the Theoren.

In this section we be;i1 the proof of the following theorem.
(5.1) Theorem: Let G be a strictly 2-transitive group on a set ,
vhich admits a non-trivial Jordan set T of prime power cardinality pr.
Suppose that a Sylow p-subgrown of G(A(y,G)\ is a Sylcw p-suberoup of
Gy,é’ for all v, § € 9 ,y ¥6, vhere‘}ﬂy,é) is definai as in (3.8).
Then {Q,7} is the design of po:i.ts and lines of projective space of
dimension d(22) over the field with g = |A(y,8)| -1 elements, where
A= {A(y,é)ly,d € R,y #8}, and G contains the little projective group.

Throughout §5-8 {G,0,I'} will denote a counter-example to
(5.1) which is minimal with respect to ]Q|. The points g, ¢ § -~ T
will remain fixed, and H will denote a fixed Sylow p-subgroup of
G(Q~F)' Thus H is transitive on '  As H g G,» H is contained in
some Sylcw p-subgroup of Ga; we choose P to be one such subgroup.
We abbreviate A{o,R) and ¢{(a,B) to A and & respectively. Note that
because of 2-transitivity, the statement that a Sylow p-subgroup of
G(A(y,d)) 1s a Sylow p-subgroup of Gy,é for all pairs vy,§ with vy#§,
is equivalent to saying that a Sylow p-subgrcup of G(A) is a Sylow

p-subgroup of G Since A is fixed (as a set) by Ga ,» this last

B’ sB

statement implies (and so is equivalent to saying) that every Sylow

p-subgroup of Ga is a Sylow p-subgroup of G(A)'

B
9

It is irmediate that the design {Q,/} satisfies axioms (2.10)
and (2.11). In §6, we show that this design is more likec & projectivc

plane than a projective space of higher dinmension. Some numericel
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restrictions on the parameters are found in §7. These are used in
the following section to limit the structure of a Sylow p-subgroup

of G. The proof of (5.1) is then completed in §8.

6. The Impossibility of & # T.

Suppose that ¢ # T. Let ne & - T'. In view of (L4.3)
we have |T| > 3|Q] > 3(|o] - 2). So by (k.b4), G 0y is 2-
Wi

transitive on @ - I' HNow G is an automorphism group of a partial
plane, of which @ - I is a subplane, by (3.9). As 2 - T contains

triples of collinear points and triples of non-collinear points,

e.g. {asBsn}, G{F} cannot act 3-trensitively on Q - T. Hence GQ-T

1s strictly 2-transitive on Q@ - T.

r

If g is chosen as in (3.3), then AT aamits rg, T =T

as a non-trivial Jordan subset of prime power cardinality.

Let Q be a Sylow p-subgroup of Ga which contains H; and

8
]
chose P to be a Sylow p-subgroup of Gd containing Q. Then
Q<P <G . Whence, by the choice of Q, Q = P_. Sc, by

B a R sk B
hypothesis, Q = P(A)‘ Clearly, P g Gﬁﬂ@' So P and P, map onto

8
T ona (Ga S)Q"F, respectively, under
9
. Q-T . . Q~T
the natural homomorphism G’F} + G . That 1s, P(A)
[§

Sylcw p-subgroup of (¢*T)

Sylow p-subgroups of (Gd)
is &

a,B’
Hence the hypotheses of (5.1) are satisfied by the triple

§-T

(¢, @-r, rgyT- T} As |o-T| < |al, this triple is not a

counterexample. S0 @ ~ I' has the structure of a projective space

of dimension d(22), in which {A(y,6)]y,8e0Q-T,y#5} is the set of

X io an orfil of H, H<P and IP[>gI]; hence T" o an

/A Y D
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lines. In particular, the triple {a,8,n} is contained in a projective
plane which is a subplane of {Q.,/4}.

As G is trensitive on ¢, G is transitive on ordered triples

()
of non-collinear points. Hence axiom (2.12) is satisfied. Axiom
(2.13) follows from the fact that @ - I' contains a projective plane.
So {Q,f} is the design of points and lines of a projective space of
dimension d(33), and @ - I' is a hyperplesne. By Der™ .ski [¥)} (2.3.1),
G is transitive on hyperplanes. Hence G contains all possible elations.

Thus, G contains the little projective group, giving us a contradiction.

S0 we get ¢ =T.

§7. Sonme Numerical Results for the case & =T.

We recall that ¢ =TI is equivalent to I'g =T or |Q— ng,rls 1,

for each g ¢ G.

(7.1) Lermma.: IQI =1+ q+ qzt, where t > 1 and q2t pr = IFI'

Proof: Choose g e G as in (3.3). Then |Tgl - T'|=p°, where s < r.

Since G is 2-transitive on 9,|Q - I'g,T| 2 1. So |@ -Trg, T = 1.

Thus |0 =1 + p° +p . As s = 0 would imply thet G was 3-transitive

on Q, we have s > 1. Put q = ps.

r

The partial plane {Q,7} now has parameters v = 1 + pS + v,

k=1+p and A = 1. By (2.9) we have b = (1 + ps + pr)(l + pr-—s)/

-5 Sy . . . e
)/(L +# p’) is an integer. And this implies

(1 +p°). Hence (1 + 5
that r - s is an odd multiple of s.
Let A_ = Tg[ - T, where g is as in (3.3) and also ag = a.

Then AO is a block of G&. Let Ao’A"""An be the distinect imeges of
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AO under the sction of G . Since G is transitive on @ - {a}, we have
) o

2t-1

.y n

(1.2) Lenna: G acts 2-transitively on the set {8;}; o of blocks.
n

Proof: Since H fixes A, and a, and is transitive onl = U As s I must

i=1

permute the blocks A -.,An transitively.

1’
Let Pi = P(A.)’ i = 0,...n; that is, the subgroup of P which
i
fixes A, pointwise, where P is a Sylow p-subgroup cf  containing H.

(7.3) Lemma: fx(Pi) = {G}VAi’ for i = 0, ...,n.

Proof: The result is trivial for i = O, since H g PO and fx(H) = Q - T.

Put H, = H . Since H is transitive on ' and A, ¢ T is a block of
1 {1} 1

H, H, is trensitive on py-  Let {Ai}i e J} be the set of blocks which

are fixed (as sets) by Hl’ and put J¥=J - {0}. By (2.14) NF(Hl) is

A.

transitive on the set {Aili e J¥}.  So the groups H. ~, i ¢ J¥%, are

1

similar as permutation groups. In particular, Hl is transitive on

each 4., i e J. Hence, fx(Hl) = {ak A, .

By (7.2) we can find an element . € Ga such that A A

“1 o1 T 58

-1 . .
and Alg = AO. S0 &1 H 1s & p-subgroup of Gd " G{AO}. But P is

1 181

a Sylow n-subgroup of Gd " G{A 3 Sc we can find an element
o)
Ll -1 o - .
g2 € Ga N G{Ao} such that gy 8y nglg2 < P, Put g = glg2. Then
fx(g—lng) ={“}qug = {a}uAj for some j ¢ {1,...,n} as g ¢ Ga' Since

-1 _
z ng < Pj’ we see thst fx(Pj) -{a}uaj.

Now {Pl”"’Pn} is cleerly a conjugacy class of subgroups of

P. Hence fx(Pi) = {thAi for i = 1,...,n.
Since P 1s transitive on 'y we could have chosen i in such

. . . -1,
a way that J = 1; that 1s, g hlg < Pl’ Aog = Al’ Alg = Ao' But then
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-1
7 < .
g8 e s G(n—r)t\G{Al}

conjugate of P

As H is a Sylow p-subgroup of G(Q-P)’ some

1

is contained in H{A }s for some i 3 1. By compering
i

: -1,  _

orders, we find that |P| s |H{A5}| = |H,|, so that g "Hg = Fy.

(7.4) Corollary: There is an element [ ¢ Gd such that Aog = Al’

- -1,
Alg AO and g ng = Pl'

Let K denote the kernel of the representation of Ga on the
set {Ai[i=0,l,...,n}. We show that K has a non-trivial Sylow
p-subgroup M by showing that Z(P) g K; and determine, to a certain
extent, the structure of M.

(7.5) Lemma: Cp(H) £ H.
Proof: Suppose otherwise. Then C_(H) is non-trivial on A Hence

P

CG(H) is non-trivial on @ - T. Now if g-ng < Gd 8>
2

Since ¢ = TI', we have I'g = T, So gﬂng end H are conjugate in G(Q-P)’

then 'ge Q -{a,%}.

and a fortiori in G .
ooty a’B

@ - T. 8o C,(H) is transitive on @ = T. As lo - T{= 1+ q, C4(H)

Hence by (2.14), NG(H) is 2-transitive on

has an element h of order prime to v, which is non-trivial on Q - T.

By Wielandt [141 (L.5), CG(H) i; ?g?iregular on T. Hence h is trivial
on ' The normal clcsure <h> . of h in NG(H) is thus transitive
on § - T and trivial on I'. So G is 3-transitive on © by (4.3). This
is a contradiction.

An immediate corollary to (7.5) is

(7.6) Corollary: Z(P) s H, and Z(P) is semiregular on T.

We get further infermation about Z(P) by observing that Z(P)
. . _ -1
normelises P. for i=0,...,n. If ge NG(Pi)’ then fx(Pi)g = fx(g Pig)

n

1=0
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n d .
Hence N NG(Pi) ¢ K. In particular, Z(P) ¢ K. So K has a non-trivial
i=0
Sylow p-subgroup M, which we may assume to be contained in P.

(1.7) Lemma: The representations of M on the blocks Ai’ 1=0,...,0,
are similar as permutation groups. 4&0 > )t)c (H) = [ O(} .

Proof: By the Frattini argument, Ga = KNG (M). So N. (M) is 2-transitive

G
a o
on the block set {Ai‘i = Oy...40}. Let hi € NG (M) be chosen so that
a
A h. = A.. Then the automorphism m+ h. lmh. of M i-ituces the desired
o1 i A A i i

1

-

isomorphism M ° 2N
For the second part, {a}lg £x(M) € £x(2(P)) . fx(hl~lZ(P,\bl)
= {{a}y 8} Al{aly, A} = {a}.

We continue with some general lemmas.

(7.8) Lemma: Let G be en arbitrary group of the form G, x Gy.
Suppose that G2<) G and G_ th =Gy n G. =1. Then G2 g 2(G).

Proof: [Gi,G2] g Gin G2 =1 for 1 = 0,1.
(7-9) Lerma: Let G = G_ x G,

subgroups {Gili = 0,...,a} such that G = G, x Gj if i # j. Then

and suppose that G has a set of

a g IGOI.

Proof: The theorem is trivially true for a = 1. If a > 1, the Gi's

are isomorphic to one another. Also Gi nGJ. =1 i1if 1 # J. Let
S=UG. Then |s| =1+ (er1)(|6, ]| -1) = |6] = |6 |®, from which
i=0

the result folilows.

We conclude this section with a numerical restriction on Q
which will imply that {Q,0} is a projective plane.
(7.10)  Lemme: If t = 1 (i.e. |2]=1+ g+ ¢°) ana £ = {Ag|g € G},
then {Q,/} is a projective plane.

Proof: The number of lines is (1 + q + qe)(q + qz)/(l + gq)a. Thus
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L(' = |ﬂ|, so the plane is projective.

§8. Non-regularity Excluded.

In this section we show that H cannot act non-regularly on T.
We assume the contrary. Take & point ¢ € T and write L for Ha'
(8.1) Lerma: fx(L) is a proper subplane of Q.
Proof: Let v, ¢ fx(L),y # 6. Then L s G .. As L s a p-group we

Y56

heve L g G( by the hypothesis of (5.1). Hence A(y,8) € fx(L).

Aly,8))
So fx(L) is a subplane. Since L # 1, £x(L) # Q.

Now let I be the unique smallest subplane containing o,8 and
0. Since G is transitive on triples of non-collinear points, |z| is
independent of the choice of a.B8,0. If a', B' are two points in I,
chocse ¢' 1n I such that o', B', ¢' is a non-collinear triple, and

choose g € G such that ag = a', Bz = R8' and gz = o', Then £z = Z{a',B8',0")

c I. Hence GZ is strictly 2~transitive on Z. If a' =a and g = 8',

——

we can choose ¢ to be in H. Sa GZ admits £ - A as a Jordan set.

Since H{v _ A}e,cts trenszitively on I ~ A, this set has prime power

cardinality. Finally, let R be & p-subgroup of Ga 8 such that RZ is a
9

z
Sylow p-subgroup of G
J p C 4 (1,8 G,B

. s . r . . .
containing R. Then, 1f R{A} 1s non-trivial on A, we have R{A}’ and a

3 and let S be o Sylow p-subgroup of G

fortiori S }s non-trivizl on A. But this contradicts the hypothesis

{A
of (5.1) which asserts that S g G(A)' Hence we have
(8.2) Lerma: {GZ,Z,Z—A} satisfies the hypothesis of (5.1).
(8.3) Theorem: H cannot act non-regularly on T.

1S € G{E}}. Since ]2]4(2! b,V (801)2 (8'2) implies
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that {£,2'} has the structure of a projective space of dimension a(z2).

So the non-collinear triple {a,R,0} belongs to a projective plane

whieh is e subplane of {Q,/}. Hence axiom (2.12) is satisfied for

{9,7}. As I # Q, axiom (2.13) is also satisfied for {Q,Z}.

Thus

{9,£) is a projective space of dimension d(23). In particular, |al=

1+q+ ...+ qd. But from (7-1), |a|= 1+ q + q2t. These two

equalities imply 2t = d = 2, contrary to @ > 3. Thi. establishec (8.3).

§9. The Regular Cose.

At this stage our minimal counterexample to (5.1) is seen to

satisfy: (a) G is strictly 2-transitive on Q and admits T as a non-—

trivial Jorden sct, (b) ¢ =T, (¢) H acts resularly on I, and (d) a

Sylow p-subgroup of G

is a Sylow p-subgroup cf G
a,B (

A)°

circumstances we show thet {Q,4} is a projective plane.

Recall that we may choose P ~ a Sylow p-subgroup of Ga - to

contain H and M, where M is a Sylow p-subgroup cf the kernel of

| 2t

action of G, on {Ai|i=0,...,n}. Since lGa:Ga,B' = q + q and

IP:PBI = q,PB is o Sylow p-subgroup of G Hence P & G(A)'

a,B° B
8" g & H. By the regularity cof

must be senirczular on each Ai, 1 £1ign. Turthermore,

H & PB’ we have H = P Hence, M

rsM
B
!
for all y € T. So IMBI =p £ gq. That is, 'M(A )} =p .
o

|M
it

(Aou 1 .
IM:M(A )I =p £ 4.

o

Under these

the

As

H on

M
Bsy
Also

A )' =1, for i3 1. Since P acts regularly on Ao, we have

From (7.2), NG(M) is 2~-transitive on the set {Ai|i=O,...,n}.

. r \ ..
Hence we havc IM(A.)I =D and ‘M(A.u A.)l =1 for i,j=0,...,n and i # 3
1

B
o .
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n !
. . t- r
So the number of elements in the set U M(A ) is 1 + (q2 'i 1) (p - 1) g
' W 1=0 i .
M| = ¥ ¥ . This inequality irplies thet t = 1. So {2,£} is a

projective plane by (7.10).

As this plane clearly admits all possible elations it is &
Moufang plane, so that it can be co-ordinatised by a finite alternative
division ring (Hall [7] Theorem (20.5.3)). By the Artin-Zorn Theorem
([7) (20.6.2)), such a ring is a field. Hence the r'rne is Desarguesian
and so PSL(3,q) < G. So G is not, after all, a c:.unterexample. This

completes the proof of (5.1).

§10. A Variation.

It is possible to prove the following variation on (5.1) in
a similar manner.
(10.1) Theoren: Let G be a strictly 2-transitive permutstion group
on & set , which admits & non-trivial Jordan set I' of prine rower

cerdinaiity pr. Suppose that a Sylow p-subgroup of G( contains

Q-T)
an abelian subgroup which is transitive on I'.  Then {Q,/} is the
design of points and lines of projective space of dimension 4(22) over
the field of q = |A|—l elements, where / = {A(y,8)]|y,8eQ,y#6} and
‘PSL{d+1,q) € G.

Proceeding as for (5.1) we find that a minimal counterexamnle

{G,2,T} to (10.1) satisfies ¢ = T. We will show that H scts regularly

on I, Let vy e T and put L = Hy'
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(10.2) Lemma: NG(L)A is 2-transitive on A.
Proof: Let H' be a conjugate of H whﬁgh lies in Ga g Since ¢ =T,
3 H
fx(H') = fx(H) = A. So H' is also a S?low p-subgroup of G(A)' Hence

H' is conjugate in Ga to H. By (2.1L) NG(H) is 2-transitive on fx(H).

B
9
Let o',8' be any two distinct elements of A. Choose g € NG(H) such that
-1 -1 . .
ag = a' = g'. Then g s < H . So Lg = H . Since H 1is
g » Bg = B Lg ve g Lg e
transitive on ' and yg ¢ ', we can find h ¢ H such that ygh = y. Then

h—lg—ngh = L. ©Soghce NG(L), Agh = A, agh = o' and Bgh = B'.

We now study the fixed point set of L. We recall that, in

the notation of §7, A = A - {a}, and that A sb ,4  are the distinct

130
images of AO under the action of Ga' We index these sets so that

£x(L) A # @ for 0 ¢ 1 € a, and fx(L) A A = @ for a < i ¢ n. Moreover,
Al will be the set which contains y.

(10.3) Lemma: fx(L) = ladyd b0 voe B .

~ “a
Proof: Since H is transitive on T, NH(L) is transitive on I' o fx(L) by
(12.7). So NH(L) is transitive on the set {Aill < i< a}, Hence, a is
a power of p.
. . .
Let Ai(O)’ Ai(l)""’ Ai(b) be those Ai s which are fixed (as
{a

transitively on each of the blocks which it fixes, with the exception of

sets) by P, (=P ), where i(0) = 0, i(1) = 1. Since H,(=H ) acts
1 (Al) 1 l}

As P, acts transitively on Ai(j) if 0 j<sband J#1, by (7.4).

Suppose that i' = i(j) for some i' and j satisfying 2 £ i' s a, 2 £ j < b.
19 ’ $ J S

T

Let 8§ € £x(L) b;y» and let §' be any other point of Asy Since

Pl < PY’ Pl

heP,. But then ' e fx(h

Since NH(L) is transitive on the set {Aill < i< a}, ve get the result in

< NP(L). Since Py is transitive on A;v» 8h = §' for some
1
Lh) A A.\h = £x(L) b;ve 8o A, e fx(L),
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this case.

The alternative is that none of the blocks Ai’ 2 <1 g a, are
fixed by Pl' These sets are then permuted among themselves by Pl'
Hence p divides a -~ 1, As a is a power of p, we must have a = 1. By

(10.2), we may choose an element g ¢ NG(L) such thaet ag = B and A,g = A,.
But then 2 g I({a}L,Al) ~ ({agl, Alg)l < |A| contradicting ¢ = T.

(10.4) Lemma: NG(L) is 2-transitive on fx(L).

Proof: From (10.2) and (10.3) we obtain that NG(L){A} is 2-transitive

on A and transitive on fx(L) = A, Choose g as in (7.4). Then g-ng <

G(A)’ So h-lg—ngh < H for some h € G(A)' As L has more than |A|

fixed points, h“lg—ngh = kIk © for some k ¢ H.  So ghk € NG(L) and

A ghk = A hk < fx(L) - A.

1
If we put ¥ = fx(L), it is immediate that {GW, ¥, ¥ - A}

satisfies the hypotheses of (10.1). If |¥| < |@|,we see that {G,Q,I}

is not a counterexample as in §8. If ¥ = Q, then H 1s abelian. So Hl

and P1 fixes all blocks AO,...,An. Since Pl < NG(Hl) and fPl,Hlj < H(

=1, we have T = <Pl,Hl> = Pl X Hl’ Put Ti = T(Ai), i=0,1,...,n.
)

Then Ti belongs to some conjugate of H. So fx(Ti = {a} Ai' Hence

Al)

T ,T, have pairwise trivial intersection. Ve apply (7.9) to

1’...
conclude the proof of (10.1).
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Part III: Groups of Prime Degree.

§11. Exceptional Character Theory.

In this section we derive some general formulae inyolving
induced characters, and we apply them to groups which have a self-
centralising p-cycle whose normeliser has order 3p, where D is a prine.

First, let G be an arbitrary group, and let S be a subset of
G which contains 1. S is & T.I.-set (trivial interscction set) if
S,\Sg =1 for all ¢ G - NG(S). In this case, if xe S - 1, ge G
end x5 e S, then ~ € NG(S).

(11.1) Lerma: Let S be a T.I.-set in & group G, and let H = NG(S).
Let { be a generalised character of H vhich vanishes on U (SS,\H) - S.
Then zG and £ take the same values on S - 1, If, in adgigion, n is a
generalised character of H which vanishes on (H - S)\J{l}, then

<§G,nG> = <L ,n>.

Prcof: Let xe S - 1. If é is defined as in (2.3), then é(k“lxk) =0
unless k_lxk e S (i.e. k € H); in which case é(k—lxk) = c(k_lxk) = ¢ (x).

Hence cG(x) = T%T ;(knlxk) = z(x).
keH

For the second part, <C N G, = Z (r)n (g
geG
G G . G . .
=-T%T <~ ¢z (z)n(r), since n~ vanishes on classes which do not
A n

ge;:zs L meet S - 1.

. e i)

'eS~l
1l Y .
=T = z(e)n(s), by the first part of the lerma;

eS-1
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= T%ITZ t(eg)nle) = <g,n>.
gl

(11.2) Corollary: If S is a Hall subgroup of G and  is an arbitrary

generalised character of H, then <€G,nG> = <g,n>.

For the remainder of this section we assume that P is a
subgroup of prime order p, which is a Sylow p~subgroup of G, and for
ard Ce(P)=P, _

vhich |N,(P):P| = 3/( The P is cleerly a T.I.-set ir G. We put

H = NG(P). Then the character table of H is as fol ...s:

J g
i Yy y2 X oo X s . X
All 1 1 1 1l . 1 1
2
AlE 1 € £ 1 oo 1l .o 1
2
Al3 1 € € 1 . 1 1
Aoy | 3 0 O} ny, "1g B¢
A2r 3 0 0 nrl . nrs nrt
4
AQt 3 0 0 ntl nts oo e ntt

where y 1s an element of order 3 in H and represents cne class of
. 2 .
3~elements, while v represents the other. <x> = P. € and w are
. . * t h o i o - . .

primitive cube and p roots of unity 1a ¢, respectively. 1 1s a
primitive cube root of unity mod p, and {jl(=l)9j2,...,jt} is a
transversal of <i> in the multiplicative group cf units med p.  So

i J . .2

Jsz 1 1

= ~ . W = W and n = W + + .
v (p-1)/3 rs rs rs wrs wrs
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Since the subspace of characters which vanish on (H - PNJ {1}

has codimension 3 in char(G)QZC the set {Al,...,xt}, where A =
Azr - (All + 112 + A13), r=l,...,t, 1s & basis of this subspace.

Let er = ArG. From (11.1) we see that er coincides with
Ar on P - 1, and vanishes on the conjugacy classes which do not meet

P-1. Also, <0 .0 > = ALA > = 4. By (2.5), Xgs0,> = R e
= -1, for all r. Hence each 6. is the sum of four & stinct generalised
irreducible characters of G, one of which is Xo*
Again from (11.1), we get <6 .0 > = 3iflgr<sgt. By
N
choosing the notation appropriately we may assume that ei = Xo + X1 +
;2 + Ei, i=1,2, where X1s Xo» ¢4 and. ¢, are distinct irreducible
characters. Suppose that t > 2, Since p is a prime, this implies
that t > 4. There are two possible forms for 63, namely X0 + ;1 +
%2 + 33 or —xg *+ ;1 + 31 + $2, vhere ¢3 is an irreducible cheracter
distinet from XO’Xl’X2’¢l and ¢2.
In the second cese we put
8, = - ng., +mé, +8, wh and
L KO mlxl mgx 3¢l mh¢2 , where ml?m2,m3 n mh are
integers and 6 is an element of char(G) which does not involve
xoﬁxl,x2,¢l or ¢2. We have the following equations

m2 + m2 + m2 + mi + <08,6> = 3

1 2 3
m + m, + m3 = 2
my + m, + m, =2
my + m3 + ), = 2.
S50 m, = m3 =y, Hence mi + 3m§ + <6,6> = 3, I, = 0 implies m, = 2,
end this is clearly impossible. Thus m, = 1, m, = O and 6 = 0. As
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this arpument determines 6. for 4 £ r < t, we must have t = 4.  Let
N N N, n,
a, b, ¢ and d denote the integers xl(l), X2(l)’ ¢l(l) and ¢2(l). The

equations er(l) =0, r=1,2,3 and 4 become

-l +a+b+c =0
-l +a+b +d=0
-1+ a +c+d=0
-1 +b+c+d=0

But then & = b =c = d = } - a contradiction.
Thus, there are distinct irreducible characters XO’Xl’X2’¢1"°

.,¢t such that

v N n

Evaluating these characters at x we get

A" n v
noo-3=-1 4% (0 + X, + 3 (1), r=1,2,.8,

rl
If we put x.(x) = -1 + 6, and x.(x) = -1 + 6,., where 6.,5, ¢ €, th
we put x,(x) = ; end x,(x) = ,» where §,,8, € €, then

xr(x) =n, - 61 - 62. Let ¢, qaeeesbyy denote the remaining

£

irreducible characters of G. Then p = ICG(X)! =1 + (51 —l)(gi - 1) +
t'

—— t —— — A o ————
(62 - l)(62 - 1) + rZl(nrl - 61 - 62)(11rl =6, 62) + r=%+l¢r(x)¢r(x).

—— —o— — — t ' - te———
=p + 8.5, + 8,8, D6, +6,)(8, +8,) + [ o (x)¢_(x).

2 r=t+1

N

Hence 61 = 62 = ¢r(x) =0 forr=t+l,...,t";: xl(x) = %2(x) = -1
and xr(x) =D, for r=1,...,t. Similarly, we find

v, Jg. A, d s

X4 (X ) = )/2(3( S) = -1

J
n Sy _{ _
¢r(x ) = n.,lsrst Vs =1,...,t.
0, t+l s r <t

4

"N Y 4V
Put Xl(l) = "nl’ Xz(l) = ~n2, Xl(g) = -u(g) and xg(g) = ~v(g) where o
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is an arbitrary element of G which is not conjumate to an element of

P. Then we have the following table of generalised irreducible

characters, which for each irreducible character ¥ contains either

+X or -X, but not both.

(11.4%)

Proof: The inner product <XOD*C > is an int
e

J
t
1 X oo X i
Xq 1 1. 1 1
"
Xy n, 1 ... 1 u(g)
...,\‘ 4
X5 n, 1 ... 1 vig)
n
¢l l+nl+n2 nll .o nlt 1+u{e)+vig)
3 14n_+ 1+u(g)+v(g)
¢t n,+n, Ny oo . ulg)+vig
¢‘t+l O . a4 0 O
¢t' O * & @ O
Lerma: n, = n, =1 and ¢r(1) = 0mod p, for r = t41,...,t".

eper for any T € char G.

. n .
Taking ¢ to be -;l,-x? and ¢r(t+l £t gt'), ve find that (nl+p~l)/p9

(n2

(11.5)

§" 2. Bounds for n

e et

+p~1)/r and ¢r(l)/p are integers.

Corollary: 1 + ny + n, = 3 mod p.

Throughout §12-13 and §15-17, G will dencte a primitive

insoluble permutetion ~roup on = set i, where IQI = p is a prime, and
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a Sylow p-subsroup P of G las index 3 in its normaliser. Clearly
Co(P) = P.  So the results of 511 apply, with H = NG(P).

(12.1) Theorem: G is a simple group which is 2-transitive on Q.
Prenf: For 2~transitivity we appeal to Burnside's prime degree Theoren.
Now suppose that N is a proper normal subgroup of G. Then N is
transitive on §. So P g N. By the Frattini armument, G = N.NG(P).
As N is a proper subgroup, NG(P),‘N is properly cont=’ 1cd in HG(P)

and contains P. Hence NG(P) = P, By the Burnside p-complement
Theorem, N has a normal p-complement X. Since K is characteristic in
N, it is normesl in G. But K is clezrly not transitive. Thus, K = 1.

This implies that N = P and G = N.(P) - a soluble group. From this

G
contradiction we see that G is simnle.

(p-1,13 1s an irreducible character

Fron (2.8) we see that x o *

of G of derree p-l. Comparing »-1 with the degrees in (11.3) and

using the restrictions in (11.4) and (11.5), we may take x[p—l’l]G to
be Xq without loss of penerality. Thus Xy = ;l and ny = 1-p,
Moreover, for a n'-element ~ ¢ G, u(g) =1 - al(g).
(12.2) Lerma: The integers n, and 1 + n, + n, are positive.
Proof: Suppose thet n, < 0.  Then n, = 1 - kp, where k > 0 by (12.1)

{r-2 12]
and (11.3). Let $ =y & °? . Then

Gy £

" v N
(12.3) b =agxy +opxy, ~2g( 2o )+ I Do,

- r=1 ° r=t+l

for some non-negotive integers a b since <¢,xo> =0

l’a23a39bt+l9"" .ti 5

vy (2.8). Evalueting (12.3) at x, we get -a, -a2+a3 = 1. Thus

a3 = l+a +a,. Now evalunting (12.3) at 1, we get

a, (p-1) + az(kp~l) + (al+a2+l)((k+l)pv3)(p—l)/3 s (p-1)(p-2)/2.
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Tnis implies that a, = a, = 0. So (k+1)p-3 ¢ 3p/2-3. Hence k = 0,

contrary to our assumption.

So n, = kp + 1 for some positive intepger k. But then

1+ n, +n, = (k-1)p+3 > 0.

n
In our character table (11.3), we now have Xo = Xs and
"
¢r = ¢r for r = l,2,ooo,t.

(12.4) Lemma: -n.n (1 + n, + n2) is a perfect sque~-..

1% 1

Proof: Let g be an involution. Write u(g) = n, - &; 2nd vig) = n, = &,

From (2.6) we see that

2 2 2
. 6l (1, (n,-2,) . (ny-2,) i (1+n,+n,-2,~2,) ,
-!C (g)lQ nl n l+n,+n
G.

##(8.8. =X
2 172

2 2 ‘ _ 2 ,
[t “1 22 (zl+22) gl {%;nQlenz) 221£2nln2+£2 nl(1+nl,

|CG(H)|2 n,  n, léng+n, ICG(g)!Q n,n,(1+n,+n,)

L4 . -1
5 are two conjugates of g for which 8132 gl =X .

So ry € NG(P)' Since N,(P) has odd order, we must have f(g"z =x)=0.

Thus,

Now if &y 98 = x, then ¢

2

2 2
(12.5) zl n2(l+n2) 22122nln2 + 22 nl(l+n

By (12.1), g is not in the kernel of Xq OF Xye llence Ql and 12 are

non-zero. An inspection of (11.3) shows that no other irreducible

l) = 0.

characters are algebraically conjugate to Xl or x2. Hence Xl and x2

are integer-valued. So 21 and 22 are ncn-zero integral solutions of

o]
(12.5). We conclude that the discriminant n12n2“ - nln2(1+n1)(l+n2)

is a perfect square.

Ir view of (12.2) we write
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t t!
(12.6) Y =ayx, +ayx,+a ( 0. ) + Z b .
141 22 3 er T r=t+] r'r

where al’a2’a3’bt+1""’bt' are non-nepative integers. Evaluating
(12.6) at x, we get
(12.7) a, = 1+ a, + 2.3

Since a, 2 1, the degree of Xo is not greater than the degree

of ¢y, which is (p-1)(p-2)/2. We find, therefore,
(12.8)  Lemma: k g (p-3)/2.

We shall find it convenient at a leter stage to have considered
the possibilities k=1 and k=2.
(12.9) Lemme.: (i) If k=1, then p=T.

(ii) If k=2, then p=T7 or 13.

Proof: For k=1, G is a simple group with an irreducible character ¢l of
degree 3. So the primes dividing |G| must be 14 (see Blichfeldt [13).
Since p divides lGI and 6 divides p-l, we have p=T7 or 13. But for
p=13, (p-1)(p+l).3 = 36.1Lk, which is not a perfect square. Hence p=T.
=2p+l and L + n, +n, =p + 3.

1 2
) = (p-1,2p+l) =

For k=2, we have -n, = »~1, n
9 & 2

1 2

The highest common factor of n, and n, is (nl,n

1l 2 2

)

(p-1,3) = 3. Similarly, (%El+nl+n2) = (p-1,4) = 2 or 4, and

(n.,1+n.4n_) = (-5,p+3) = 1 or 5. From (12.4) we have the following

2° 1 2
possibilities:
__ (1) (ii) (1i1) | (iv)
p-1 12| ga® 302 | 6a°
2p+l 3B2 3B2 1532 1532
p+3 c® 2c? 5¢2 |10c°

where A, B and C arc relatively prime in pairs, except in cases (i) and
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(iii), when (A,C) = 2. Since p = 1 mod 3, ceses (ii) and (iii) imply
that C° = 2 mod 3.  Since 2 is not a square mod 3, cases (ii) and (11i)

cannot occur.
2 2

In case (i), S5p = 98- - C°. So 3B+C = 5p or p and 3B-C=l or
5. Hence C = (5p-1)/2 or (p-5)/2. Substituting in p+3 = 02, the
first value gives p = 1 or -%%-and the second p = 1 or 13. So in case
(i) we have p = 13, A =2, B= 3 and C = L.

In case (iv) we have 502 - 3A2 =2, hCe - 382 = 1 and

p = 2A2 + 5B2. Taking equivalences modulo T we find that the possible

solutions of the first equation are |C O | #1| and of the second
A 2 +1
equation |C O | *x1 | #+3} . If A= %1 and B = ¥1 mod T, then p = O
B 3 *1 0
med 7. Sop =T7. It remains to show that the case C = O mod T cannot

occur. Suppose it does, and write C = TD.  Then (lhD)2 - 3B2 =1,

The integral solutions of X° - 3Y2 = 1 are the pairs of
. . =11 .
integers x,y for which x + y/§ = +(2 + /3) , for some n ¢ &, since

2 - /3 = (2+ /§)-l. Thus, Lx,y] = [ 1,01{2 1 n9 ne&. Taking
32
congruences modulc 14, we find that [x,y] = [1,03,02,13,0[7,41,012,1],

[13,01,012,133,{7,10) or [2,13]. So there is no integral solution

X,y of X2 - 3Y2 = 1 in which x = O mod 14. Hence (lhD)2 - 3B2 = 1

has no integrzl soluticn.
(12.10) Lemmo: In the decomposition (12.6) of y, ny = 0.
Proof: Evaluating (12.6) at 1, we get

(12.11)  a (p-1) + 2

1 (kp+l) + a3((k—1)p+3)(p~l)/3

2
-t'
+ r=%+lbr¢r(1) = (p-1)(p-2)/2.

If ey %> 2, then 4L((k-1)p+3) ¢ 3(»-2). So k=1, By (12.9), p=T. But
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then 15 3 6&1 + 8a2 + 6a3. This is impossible, since a, =1 +a8) +ag23 3.
If ay = 1 we may rearrange (12.11) to obtain
-t?
(12.12) a,p(k+l) + 2(kp+l) + y br¢r(l)
r=t+l

= (p-1)((5-2k)p-12)/6.
As the left-hand side of (12.12) is a positive integer, we must have
k € 2. k=1 implies »=7, as before. Substitutineg in (12.12), we get
1hal +16 € 9. k=2 implies p=T or 13, by (12.9). T~ this case, p=7
makes the right-hand side of (12.12) negative, while n=13 yields tue

inequality 54 £ 2. This concludes the proof of (12.10).

§13. k=(p-3)/2.

In this case n, = p(p=3)/2 + 1 = (»-1){(p-2)/2. From (12.7)

we see that ¢ = ¥ Mcreover, for L s r < t, ¢, has degree (p~2)(p-3)/2.

o
(13.1) Lemma: p-3 = me, for scme integer m.
Proof: By (12.4), (p-1).{(p-1)(p-2)/2}.{(»-2)(p-3)/2 } is a perfect square.

The result follows.

(13.2) Lemma: The functions ¢ A and (al - 2)(al - 3)/2 - a, ccincide

on P-elements of G, for 1 £ r € t.

A

Proof: We already know that u(g) = 1 - al(g) for any pl-element g.

Since Xy =¥, v(sg) = (al(e)~l)(al(g)~2)/2 - az(g). Hence ¢r(g) =

1 +ulg) +vig) = (al(g) - 2)(al(a) - 3)/2 - ag(a).
Lp-2,2]

o
(13.3) Leama: <x,,E> = <¢ 8> =0, for 1 s r g t.

Put & = x

Proof: Since X, is irreducible and has degree sreater then p(p-3)/2,

which is the degree of &, <x,,§> = 0. Since £ is = rational character,
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<¢r‘£> # 0 for some r satisfying 1 € r & t implies that <¢_,&> #£0
for all such r, since ¢19'°°*¢t are algebraically conjugate. If this
is so, then
(p-1)(p-2)(p-3)/6 ¢ p(p-3)/2. So p < 5. Since this is impossible,
we have <¢r,E> =0 for r=1,...,t.
As G is 2-transitive on @, (2.8) implies that
(13.4) Lemma: <x,£> = 0.
(13.5) Lemma: <Xla€> = 0,
Proof: From (13.3) and (13.4) we see that

ti

£ =ax, + | c_¢_, where a,c FEETERINAY
L opmgan 7T el ¢

Thus O = E(x) = ~a. So a = 0.

are non-negative integers.

(13.6) Theorem: G is 3-transitive on Q.

et v ey et s s

Proof: Let G have r+l orbits in its natural action on 93. Since an

(g)3 fixed points in 935 we have ZalB = (r+b)]c|.
G

element 7 € G has al

¥y > (6= Tl 1) (a; %30, 41)

()

But O

il

3 2
Ya.” = bYa. < + Wa, - J1 = (r-1)|c].
¢t ¢t ¢t ¢

So r=1, and G has just one orbit on ordered trinles of distinct
elements from Q.

Let 0,8 and Yy be three distinct elements from 2, and let
A=¢ - {a,8,y}. Let 2.m and n be the number of orbits in A of the

groups G( G{agﬂ}"GY and G{GQB,Y}’ respectively. By (13.6),

a,B.v)’
2.m and n are independent of the choice of o ,f and v.
. L4
(13.7)  Lemma: (i) Jo, = (¢ + 1b).|G|:
o
.o N 2 7 — \ .
(ii) éal {al(al l)/2+a2} = (m+5).6];

(iii) gal{al(al"l)(al—2)/6+ala2+a3} = (n+l).|G|.
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Proof: (i) Consider the natural action of G on 2 . By (13.6) there are
14 orbits of quadruples, whose elements are not all distinct, obtained
as follows
(a) One of type [4), with representative (a,a,a,2);
(b) Four of type [3.1], typical representative (o,a,2,8);
(¢c) Three of type [22], typicel representative (o,ax,8,8);
\d) Six of type [2.12], typicel representative (a,a,8," .
The map A' &{(az,Bz,vz,8'¢)|6" € A', g € G} establishes a bijection
from the set of orbits of G( 8.7) in A to the set of remaining orbits
of G in Qh.

(ii) In this case we consider the action of G on Q° x 9{2}.
There are 5 orbits with representatives (a,a,{c,8}), (a,B8,{c,B8}),
(¢,0,{B8,vY}), (a,Bs{a,y}) and (a,R,{B,y}). The quadruples in the
remaining orbits are gquadruples of four distinet points.  The map
A e {(8'g,ve,{ag,82})]|8" € A',g € G} mives a bijection from the set of

orbits of G{a B}“GY in A to the set of remaining orbits of G in 92 X 9{2}.
, R

{3}

(iii) Here we consider the action of G on @ x Q" °'. The map

Aty {(87e,{ug,Ba,yr})|6" € A',z € G} gives a bijection from the set of

orbits of G{a 8,7} in A to the set of orbits of G in Q x 9{3} » with the
9 b
orbit containing (a,{c.B,y}) excluded.
) X . Yy 2 {2}
In 1ts action on each of the three sets Q@ , @7 x Q and

L
Q x 9{3}, an elensnt & has exactly a,(g)’, a1(a)2{al(p;)(al(@)-l)/2 +a,(2)} an

S ! > ) - o) - 5 z
Qrukﬁl(m)\al(o) 1)(ay (7)-2)/6 + a, (g)a,y (i) + oq

respectively. The result then follows from (2.7).

(7))} fixed points,

(13.8) Lenma: £ = m.
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Proof': Since<x2,¢l> = 0 and <x,,§> = 0, ve have O = <x2,¢l+g>.|G]

= g{(al—l)(al-z)/z—ae}{al/2+(alu2)/2}{al-3} - |6|{(»-1).3-(-1).3}/3p
- galg{(al‘l)(al“2)/2~a2} - ule]exg o= 16] cxg x>l

Thus

(13.9)  Jo, *((og1)(0y=2) /270, = |
G

Adding this equation to the equation in (13.7) (ii) w. .et

ggIQ(al—l)e = (m+6)]a].

On the other hand, Zale(al-—l)2
G

= Zalh ~ 2Za13 + Za12 = (2 + 14 - 10 + 2).|a| = (2 + 6).]q].
G G G

Hence, 2 = m.
(13.10) Lemma: 2 = n.

Proof: As G( < G{G,B}'\GYS every orbit of G{a,B}’\GY in A is 2

o 5B,Y)

union of orbits of Since 2 =n, every orbit of G

{a 98} A G'Y

in A is

G .
(@,B8,y)

1s an orbit of G( Similarly, each orbit of G

C‘sssY). {asY}A'GB

. Because of 3~transitivity. G = <G G
aaan) 3 ¢ {O'SBiY} {a 8} 'Y,

G{a,y}f\GB>' Hence every orbit of G{G,B,Y} in A 1s an orbit of G

an orbit of G(

(U'SSSY).
Thus, 2 = n.

em 13
(13.1) Lemma : <X1°C> = 0 where ¢ = X[E 3,1 EG.

Proof: <xl,c>.lGE

= X(al—l){(al-l)(al~2)(al"3)/6 ~ (ocl—l)ct2 + a3}
G

-1\ an {eg m ~ - - { -
Z(al 1,{otl(ctl l)\ul 2)/6 + ajoy *ag (al l)mtl 2)/2 + o

2 T &@ja,l

n. |6l - < x>-lel - 2feyfag-1)a,, fron (13.7) (iii),
- G
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6] + 2%a. (0. -1)4 (0. <1) (o, ~2) /20, } = Y- (o -1)%(a-2),
n ' l gal al dl al G2 ggl 1 1

n.|G| + 22‘112{ (al—l)(al—z)/z’a2} - 2<XO"’X19X2>lG!
G
u 3 2
- Yo, + WYa.” - 5Ya.© + 2)a
&1 £71 ! !
={n +2 - (& + 14) + 20-10+2}. |G|, from (13.%3 and (13.7) (i)
=(n-2)]¢|=0, vy (13.10).

t
(13.12) Lemma: ¢ = ) ¢
=1

Proof: <x,,z> = O by 3-transitivity and (2.8). <Xp95> = 0 by (13.11).

t t!

So we may write g = ax2 + a'( z o) ) + Z crq;r9 where a,a’,ct+l,...,ct,
r=1 r=t+l

are non-negative integers. Evaluating at the p-element x, we get

-1 =z(x) =a - a'. Hence a' 2 1. DNow evaluating at 1, we get

tl
(p-1)(p-2)(p-3)/6 = a(p-1)(p-2)/2 + a'{(p-2)(p-3)/2H (p-1)/3} + ] c $.(1).
r=t+l
Thus, a'=l, BFCL 1 T cee T Cuy = 0.

If we evaluate 7 at a p'-element g, we get
1(6)“1)(al(8)—2)(al(g)“3)/6 ~ (al(g)—l)ag(g) + a3(£)

= {(P*l)/3}{(al(g)~2)(al(6)~3)/2 - a,(g)}.

So we get the equation

(13.13)  (p-oy(p))(a; (g)-2)(a, (g)-3) = 2a,(z)(p-3a, (7)+2) + 6o (a).

3

(13.14) Lemma: p-1 = 2,3u, for some integer u.
Proof: Let g be a prime dividing p-1, and let g be an eclement of order q.

Then al(g) # 0 and g divides p-o. (). Hence q divides al(g)—l. If

1

q > 3, then al(g) =1 or a,(eg) > k. Sc the left-hand side of (13.13)

1

is non-zero. But the right-hand side is clearly zero, if ¢ > 3. Thus,

only the primes 2 =2nd 3 divide p-1.
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Since p-3 is a perfect square, by (13.1), it is divisible by
4. So U4 does not divide p-l.

We now use (13.13) to find the possible cycle-structure of
involutions, elements of order 3 and elements of order 6 in G. Ve
recall that p = m2 + 3.

(13.15) Lemma: Let g be an element of G. Then
(i) If g is an involution, al(g) = m+l, a2(8)=(m2-m+?)/23
(ii) If g has order 3, al(g)=l or L, a3(g)=(p~l)/3 or (p-U)/3;
(iii) If g has order 6, al(g)=0, ag(g)=2, a3(a)=l, a6(g)=0 and P=7f
Proof: (i) If g is an involution, a3(g)=0 and p=al(8)+2a2(g)- Thus
al(g) # 0 or p, and (13.13) yields
(o) (g)-2) (o, (2)-3) = p-3a,(g) + 2.
Hence,
)2

e, (g

- —I wase = .
1 Eal(g) (p-4) =0

That is,
{e; (g)+(m-1)Ha, (g)-(n+1)} = O.
So al(g) = m+l, as required.
(ii) If g has order 3, then a2(g) = 0 and » = al(g)+3a3(g).
From (13.13) we get
(a; (g)-2) (o, (5)-3) = 2.

That is,

}
O

(al(g)—l)(al(s)“h) =
So al(g) = 1 or L.
(iii) Let r~ be an element of order 6. Then al(g)+3a3(@) = ul(g3) -

o
m+l and o, (g)+2a () =0, (57) =l or k. If a,(37) = 0, then a,(g) =1

2

mod 3. SonmZ 0 med 3, and p§m2+3 = 0 nod 3. This is not possible.
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If agig) = 1, then al(g) =2, So 2(p-4) + 6a3(g) = 0 by (13.13). But
a3(g) > 0. So p-4% ¢ 0. Hence p ¢ 4, which is absurd. The'only
remaining case is az(m) = 2., Then al(g) = 0. So 6p = h(p+2) + 6a3(8)
end 3a3(g) = m+l. Hence m2 -m -2 =0, From this we get m = 2 and
p=T.

(13.16) Lemma: If p > T, there are no elements of order 3 in G with

L4 fixed points.

Proof: Suppose that there are such elements in G. Let © be a Sylow
3-subgroup of the stabiliser of three points in Q. Then Q has exactly
four fixed points, and NG(Q) acts 3-transitively on this four-point set.
Hence NG(Q) involves Alt(4). So the Sylow 2-subgroup of NG(Q) contains
a subgroup V of order 4.

From (13.15) (ii), Q acts semiregularly on Q - fo(Q). Thus ,
|Q] divides p-4. If |Q] > 3, then 9 does not divide p-1.  From (13.1k)
we get p=T7, contrary to hypothesis. Hence |Q! = 3. Since IAutG(Q)‘ £ 2,
V,\CG(Q) # 1. So we get an element of order 6. By (13.15) (iii), p=T.
This contradiction completes the proof of (13.16).

(13.17) Lemma: If p > T, all elements of order 3 are conjugate.

Proof: Let g and h be two elements of order 3 in G. Let {a,8,y} be a
non-trivial orbit of r, with ag=f, Br=y. Similarly, let {a',R8',y'} be
a non-trivial orbit of h, with a'h = Rf', 8'h = y'. Choose an element
such that a'gl = 0, B'El = B and y'gl =y, Put L, = gl—lhgl. Then

y 1

<g,h.> has an orbit of length 3. By (13.16), <g> and <h

1 > are Sylow

1

3-subgroups of <g,hl>. So <> 1s conjugate to <h.> by an element of

1

<g,hl>. Since the constituent of <g,hl> on {a,B8,y} is eyeclic of order

3, g must be conjugate to hl' Hence, g is conjurate to h.
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(13.18) Theorem: The case k = (p-3)/2 is possible only if p=T.
Proof: We assume that it occurs for some prime p > 7. Let g be an
element of order 3 in the cemtre Z(R) of a Sylow 3-subgroup R of G.
By (13.17), g is conjumate to g"l. By Burnside'’s Theorem, & is
conjugate to g-l by an element of NG(R). Hence ‘NG(R)I is even.

From (13.16) R has one fixed point, and acts semiregularly on
o - £x,(R). Since p-l = 2.3%, |r| = 3% and R has two non-trivial orbits
in Q. Let h be an involution in NG(R)' If h interchanges the two

orbits of R, then a.(h) = 1. This is impossible, since it implies that

1
m=0. As CG(h)n R = 1 by (13.15) (iii), the only other possibility

is that h should have one fixed point in each orbit of R.  Thus
al(h) = 3; so m=2 and p=T - contrary to assumption. This establishes

the theoremn.

2 L) -
§14. Grouns of degree 1 + q + g, where g is a prine.

The main result of this section is due to Tsuzuku [11],
although the proofs differ slightly to allow for an extended result,
which will be useful in the sequel.

(14.1) Theorcm: Let G be a 2-transitive group on a set Q, where

!QI =1+ q + q2 and q is a prime. Then

(1) If q° divides |G|, ALt(R) § G or PSL(3,q) € G £ POL(3,q);
(11) If q2 divides IGI exactly, then the Sylow g-subsroups are elementary
abelian and have orbits of lengths 1, g and q?.

Proof: We will use the following notation throughout the proof: a is the
unique fixed point of & riven Sylow g-subgroup Q; when points 8 and y are

chosen R and S will denote QB and QY, respectively; and A,T will denote
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£x(R), £x(S) respectively. We will suppose that Alt(Q) § G, but that
q2 divides |G].

We first show that Q has orbits of lensths 1, q and q2.
Suppose otherwise. Then ( rmust have g+l orbits of length g, a2nd 1 of
Q

length 1. Let Q

.Qq be the ncn-trivial orbtits of Q. Then
Q.

0* "1°"°
i

Q- = <E:> vhere s is a g~cycle, for i=0,l,...,q.
We define a relation ~ on {G,1,...,q} by: i~  if
n n nq
&g Ry .o gq e O with n, = O 1mplies nj

reflexive and transitive relation. By 2-transitivity, one sees that

0. This is clearly a

each i1 is related to ([fx(Qu)l—l)/q = r elements, for any w € Q - {a}.
Hence, v is an equivalence relation in which 211 the equivalence classes
have the same size r. fis q2 divides |G|, r#q+ 1. Choose Qi and Qj
so that 1 is not equivalent to j. Choose £ € Qi and vy € Qj. Then
R and S are Sylow q-—-subgroups of G

a,B
Ir] = |a| = rq+l and |Thd|= 1. Now, N

and G respectively. Also
QY

G(R) is 2-transitive on A by
(2.15). So the normal subgroup U of NG(R), which centralises R and
fixes each non-trivial orbit of R, acts transitively on A, since it
contains Q. Thus U - the subgroup of U generated by all qﬁh powers
of elements of U - is transitive on A (being normal in NG(R)) and trivial
on 2 - A. Similarly, we pet a suberoup v which is transitive on T and
trivial on @ ~ .  So <U%,v% contains a 3-cycle. By (L.2), Alt(Q) g G,
contrary to assumption.

Now suppose that q3 divides |6¢]. TLet 8 be chosen in the
orbit of Q of length q. We show that R has exactly one non-trivial orbit,

and this has length q2. The alternative is that R has q non-trivial

orbits, each of lengsth qg. Let Ql,...,ﬂq be these orbits. Then
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0.
R T = <g;> for some gq-cycle £5 9 i=l,...,q. We define a relation on
{1,...,9} by: i~ j if glnl...gqnq e R and n,=0 implies nj=0. As
Q s NG(R), NG(R) is transitive on the set {Ql,...,Qq}. Hence, each
1 is related to the same number of clements. This together with
transitivity and reflexivity (which are obvious) implies that the

relation is an equivalence relation. Since q is a prime, the relation

is trivial. {1,...,q} cannot be an equivalence class: for, if it
2

were, we would have IRI = q and |Q| = q°. So, for each i 3 2, there
n n
are elements 7y ...gq Q e R with n1=O and ni#O. Choose ¥ € Ql. Let
W be a Sylow g-subrroup of Ga v which contains RY. Then for some set
3

Q'l_g Ql\JA -{a,y}. IQ' = q, and some gq-~cyecle g£' on Ql, we have

1

W g <g',g2,...,gq>. If Qlfgﬂ'l = (, then <W,R> is a Sylow g-subgroup
of G with g+l orbits of length q. Hence Ql nQ'l #q. So <W,R> 1is

transitive on Ql\,ﬂ' As 'Ql\’g'll is relatively prime to q, <W,R>q

l.
acts non-trivially on Ql\,Q'l and trivially on Q-QI"Q'l' But <W,R> is

at least 2-transitive on Ql\,Q' Hence <W3R>q is transitive on

1

Ql“ Q' Since lﬂluﬂ'l < 29, we have ,QIVQ' < %IQI Applying

1- .
(4.5), we obtain the contradiction A1t(Q) g G.

We continue with the casc: q3 divides |G|. TLet B be an
element in the orbit of Q of length q. Put/f = {Aglg € G}. We show
that {Q,7Z} is a projective plane. As before, we find that no element
NG(R) can act non-trivially on A and trivially on Q@ - A.  Hence CG(R)
acts trivially on A. How choose h so that (2 - )y (n - Ah)| is
minimal, subject to being greater than |Q~A|. By (3.3), Ah - AnAh is

block of R.  If this block is trivial, G is (g+2)-transitive on 0 by

of

(4.1). Hence NG(R)/CG(R) involvss Sym(q+l). Thus R is not resular on
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@~ A, Let A* = A - {a}, Q* = Q - A*, Then G(A*) is 2-transitive on
Q%*, By considering two Sylow g-suberoups of G(A*)’ which contain RY
for some y eQ* - {a}, and which have different fixcd points in 0%, we
find that Al1t(0%) ¢ G(A*) as in the previous paragraph. Hence Alt(Q)
£ G, contrary to assumption. So Ah - AsAh is a non-trivial block of
R.  Hence, q divides |Ah - A nAh|. Thus |ApAh| = 1. So, for 7 ¢ G,
either Ag = A or |A~aA| £ 1. Together with 2-transit +ity, “his
implies that there is exactly one set Ag containing 2 given pair of
points. Hence there are q2 + q + 1 such sets. A simple counting
argument now yields that for 7 € G, Ag = A or |Aga Al = 1. Moreover,
there are four points, no three of which belong to the same Az. Thus
{2,/} is indeed a projective plane, and G is a collineation group
containing all elations. That is, FSL(3,q) g G ¢ PGL(3,q).

We now consider the case in which q2 divides ]GI exactly.
We have already shown that a Sylow g~subgroup O of G has orbits of
lengths 1, q and q2. Suppose that Q is eyclic. Let R = Qq. Then

Q is & Sylow subsroup of C,(R). By a theorem of P. Hall, NG(Q)r\Cn(R) =
U

G

CG(Q)p\CG(R). By Burnside's theoren, CG(R) has a normal g-complement,

T (say). Now CG(R) has two orbits - one of length g+1 on which it

acts 2-transitively and one of lensth q2 on which it acts transitively.

On the first, T nust act transitively, and on the second, trivially.

Since 1 + q < q_29 (4.5) implies that Alt(Q) < G. So 0 cannot be cyelic.
We now deal with the special cases which occurred in (12.9)

and (13.18). Ve use the notation and hypotheses leading to these

results.

(1k.2)  Theorem: (i) If {(k,p) = (1,7} or (2,13), then G = PSL(3,q);
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(ii) 1f (k,p) = (2,7), then G = ALt(T).
Proof: If k=1 and p=7, then G has irrecducible characters of degrees
1,6,8,3 and 3; the degrees of the remaining irreducible characters are
divisible by 7. 4s A1t(7) and Sym(7) both have an irreducible
character cf demgree 10, Alt(7) § G. Since T =1+ 2 + 2° and 23
divides |G|, PSL(3,2) g G ¢ PGL(3,2) by (1k.1). Since SL(3,2) = GL(3,2),
we have concluded this case.

If k=2 and np=13, then the irreducible characters whose degrees
are not divisible by 13 have derrees 1,12,27,16,16 and 16. Thus Alt(13)
$ G, as A1t(13) and Sym(13) have irreducible characters of desree 66.

As before, PSL(3,3) ¢ G € PGL(3,3). Since G is simple, we have G =
PSL(3,3).

For part (ii), we observe that the irreducible characters of

G, whcse degrees are not divisible by 7, have deprees 1,6,15.10 and 10.

So there are interers n +»n_ such that |G| =1 + 36 + 225 + 2.100 +

15..
49 ¥ n.“, |G| divides 7! and 6 divides |G|. The only possible value
2 53

27, i.e. (7!)/2. Hence G = Alt(T7).

(14.3) Tneoren: If G sntisfies the hypothesis of €1, and |Rl= 7, 13,
cr 19, then G = A1t(7) or PSL(2,q), ¢ = 2 or 3.

Proof: The cases k g 2 ~re considered in (12.9) =2nd (14.2). The case

k = (p~3)/2 is considered in (13.18). It remains to show that none of
the cases in which 2 < k < (p-3)/2 may arise. This we do by tabulatine
the values for Ny N and l+nl+n2 in each case, and observing that

2

+n,) is never a perfect squarc.

~-n n2(l+nl 5

1
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P 13 i3 19 19 19 19 19
k 3 4 3 L 5 6 T
-ny 12 12 18 18 18 18 18
n, [y 53 58 [t 96 115 13k
l4n,4n,| 29 42 L1 €0 79 98 117

§15. Some Numerical Results.

In this section we continue with the hypothesis of §12, but
add that |@]= s'q + 1, vhere q is a prime and s' is "small".

Since —nln2(1+nl+n2) is a perfect square, we may write
(15.1)  p=1%q, +1
where q15q2 are square-free, and the square-free parts of n2ql and
(1+n1+n2)q2 are not divisible by primes dividine Gy and %o respectively.
In view of (12.9) and (13.18) we will surpose that p > 13. So

(15.2) 2 < k < (p-3)/2.

Taking equivalences moduloc qy and q2g respectively, we get

1]

0 = n, k+1 and O = l+nl+n2 = k+2, 50 there are positive intepers

ml end m2 such that

(15.3) k = mlql—l = m2q2—2
Subst “*uting in (15.2), we ret

2 2
(15.4)  1sm <2%,/2and 1 ¢ m, £ 2%q, /2.

We also have

= (0@ .2 = .2 2 2
(15.5) 0y = {2"mqyq, + (n 2 Lila = £m,q.0,° + (my-20%q; )a, -1,

and

- 2 2 2 2
( . = : - = v -
(15.6) Ln +n, = {£7m,q,4q, + (m, -3¢ ql)}q2 L) g, + ()20 a,)q; +1.
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In what follows we will show that the extra restrictions on

P imply that there is an inteser n, such that

D= n2 +n+1
(15.7X n, = n3
and 1 + n, +n_ = (n-1)2(n+1)
L. 1 2

Since 6 divides p-1, if s' < 6, then q=2 or 3. So p=T or
13. These cases we have excluded.

p=6g + 1:

Q=2 is excluded as before. q=3 is excluded by (14.3). So we have

a5 In (15.1), 22 = 1. We have the following possibilities:

I II ITI Iv \'2
-
9 = 2 3 q 6 2q
o, =| 3] 2q 6 al 3
ml < 2 1
m, <11 1 3

. = = = 2---1 - = 1 = -

It m,=l. Sox n g, 36q 18 - 2, y = (*+nl+n2)/q2 = 6q~-5, and
(x,y) = 1. Hence for some integers A and B, x = A% and y = B°, So
(6q - 3/2)2 - 1% = 17/4.  From this we get

12q - 3 + 24 = 17

l2q-3"2A= lo
These imply that q = 1. So case I does not oceur.

- 2

TI: my=1. X =n,q; = 360" - 30q -3, y= (1+nl+n2)/q2 = 6q-8, and
(x,¥)=1 cr 7.Hence there is an interer B such that 6qg - 8 = B2 or 7B2.

This is impossible since 6q ~ 8 = 2 mod L.

_ _ - L _ _ 2
III: my=l. x = ng/ql = 6g - 5, y = (l+nl+n2)q2 = 36q° - 66q + 6, and
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~
«

(x,y) = 1. Soy = B2. Hence (12q - ll)2 - B a97. By the method

of case I, we get ¢ = 5, p = 31, n, = 125 and l4n +n, = 96 - i.e.

(15.7) with n = 5.

2 )
m1=2. X = n2/q1 = ]_2q - hs y = (]_+nl+n2)q_2 = 72q - 60q + 6, and
2

(x,y) = 1. Hence 3¢ - 1 = R". But -1 is not a square mod 3. So
this case cannot occur with m, = 2.
2
: = = = - - = = - d
IV: m=l.  x n,q, = 36q 66q - 6, ¥ (l+nl+n2)/q, 6a - 17, an

2
(x,¥) = 1. So x = A°. That is, (12q - 11)2 - LA™ = 145 = 5,29.

Hence 129 - 11 = 73 or 17. So q = 7 or 7/3. Thus we have (15.7) with

= 72q2 - 60q - 6, y = (l+nl+n2)/q2 = 12q - 16, and
2
(x,¥b) =l or 7. S0 3g-LU4= B2 or TBE. And therefore, B = -1 mod 3.
- - - 2 _ - - = -

m,=3. x = CH 108q S4hq - 6, ¥ (1+n1+n2)/q2 18q - 15, and

(x,y) = 1. So 18q - 15 = 32. Thus B° = 3 mod 9.
= = == - = = 2_
V.m=l. x= n2/ql 6q -~ 2, y (l+nl+n2)q2 364 30q + 3, and
(x,y) = 1. So 36q2 - 30g + 3 = Be. Hence (12q- 5)2 - 4B = 13.
This implies that q = 1. So this case does not arise.
If 6 < s' <12, we must have q = 2 or 3. The only prime

of the form s'q + 1 in this range is 19, and this case is dealt with

in (1k4.3).

D =129 + 1:

For ¢ = 2, 12.2 + 1 is not a prime. For q = 3, P = 37. Since

(37k + 1, 3Tk - 34) = (35, 2k+1) and 2 < k < 17, the hipghest common
factor of n, and l+n1+n2 is 1 except when k = 3, in which case it is 7.
So 3Tk + 1 = 42 or 7A2 and 3Tk - 34 = B2 or 7B2. Hence A = 18,6 or 3.

This gives 3Tk = 323, 34 or 62. So this case does not cccur.
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For q 2 5, we have 22 =4 in (15.1). So the following cases

arise:
I II
q = 3 qQ
o] 3
-
m, & 5
m, & 6
I: x = n,q, =-3(bm.3q2 + (n-24)q =1) = 36mq2 + (3m - 72)a - 3 and

y = (1+nl+n2)/q2 = m.3q + (m-36) = 12mq + (m-36), where 1 £ m & 6. So
(x,y) = (18 - m,12q - 1).{m , 3). We consider the various values of m
separately.

(i) m=1. (x,y) =1 or 17. Sincey = -35 = 1 and 17 = 2 mod 3, we
cannot have (x,y) = 17. Hence x = A%, Thus (2kq - 23)2 - A2 = 577,

which is a prime. So we get q = 13. This gives n, 0, and l+nl+n2 as

in (15.7) with n = 12.

(ii) m=2. (x,y) = 1. Hence 24q - 34 = B2. So B2 = 2 mod 4.

(1iii) m=3. (x,y) = 3 0or 15, So 12q - 11 = B2 or 5 Bg.
The second case implies B2 £ ~1 mod 3. So we have 36q2 -2lg -1 = A2.
Thus (2kq - 7)2 - l6A2 = 65 = 5.13, This gives 24gq -~ 7 = 33 or 9,

both of which are impcssible.

(iv) m=h. (x,y) =1 or 7. If (x.y) =1, then x = 2°. 8o (2ig - 5

hAe = 37. From this we obtain q = 1, which is impossible. The

)2

)2

. . 2 . . .
alternative is (24q - 5)° - 28A% = 37. Modulo 16, this equation yields

2

25 + 4% = 5. So A°

-1 mod 4, which is impossible.

(v) m=5. (x,y) =1 or 13. Thus y = 60q - 31 = B2 or 13B2. In both
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(vi) m=6. (x,y) = 3. Soy/3 =2kq ~10 = B°.

II. x =

3{ltm.3q2 + (m-24)q + 1}
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Hence B2 = 2 mod L.

1’12/0_.,1 = hm.3q + (m-12) = 12mg + (m-12) and y = (l+nl+n2)q2 =

this case, (x,y) = (12q - 1,6 - m).(m,3).

(1) m=1.

A% = 1

36mq2 + (3m - 72)q + 3, wherel g m £ 5. In

2
(x,y) =1 or 5. In the second case 12q - 11 = 5A". So

mod 3. In the first case y = B2. That is, (2iq - 23

)2~ 168° =

481 = 13.17. Hence 24q - 23 = 241 or 15. Sc q = 11, and ve getb

(15.17)

(ii) m=2. (x,y) = 1. Then x = A%, se A% = 2hq - 10
(iii) m=3.
Thus 24q - 7 = 17 or T.
(iv) m=h. (x,y) =1. Then x

(v) m=5.

this 1is

s
=
.

with n = 11.

not possible.

L3.

P

(x,y) = 3. Soy-s= 3B2. Hence (2kq - 7

A2, 8o AP/ =

(x,y) = 1. Then x = A, So A2 = 60g- T

2 mod L.

i

t

)2 _ 168° = 33 = 3.11.

We get q = 1, which is impossible.

129 - 2 = 2 mod k.

3 mod 10, and

In this section we show that there is no group of degree 43

satisfying the hypothesis of §12.

Suppose that there is such a group G.

From the results of

Jordan, Manning and Weiss on the order of, and degrces of the elements

in, a primitive ¢roup -- see Wielandt [14] Theorems (13.10) and (1k4.1l) -

we find that the only primes which may divide IGI are 2,3,5,7,41 and

43, and

(16.1)

that for 7 ¢ G
as(g) 2 5, if g has order 5.

From (13.18), G is not Lb-transitive.

So, if 41 divides |g|,
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the 2-point stabilisers must be soluble, by Burnside's Theorem. Hence
IGl = 43.42.41.2z where x divides LO. From §15, 1+nl+n2 = 175. So
52 divides |G|. This contradiction implies that L1 does not divide laf.
Let S be a Sylow S5-subsroup of G.
(16.2)  Lemma: T does not divide |N,(S)].
Proof': éuppose otherwise. If 7 also divides lCG(S){, then CG(S) has
an orbit of length 35. As S centralises CG(S), it must act semirezularly
on this orbit. But then S contains a S5-cycle, since 52 divides |G]|.
This contradicts (16.1). Let g be an element of order T in NG(S).
Then 1 # |S:Cq(n)| =1 mod 7. So 50 aivides |s|. But this again
contradicts (16.1), and so establishes the lemma.
Let A = fx (S). Then |4| = 3 mod 5, and by (16.1), [a]| s 18.
Since (2.15) implies that ]NG(S)| is divisible by T, 13 or 17 in the
cases |Al= 8, 13 or 18 respectively, we have
(16.3) Lemma: |Al= 3.
(16.4) Lemma: S has one orbit of lensth 52.
Proof: Suppose otherwise. Then S has 8 orbits of length 5. Choose an
element £ ¢ S - {1} for which |mv(s)| takes the minimum value. Put
I = fxﬂ(g). We first show that |T| % 13. This is clearly true if
53 divides |s]. 1f |8] = 52, S has at most 6 subgroups of index 5.
Hence some such subproup must occur as the kernel of the representation
of S on at least two non-trivial orbits.
Let H be the rmroup wenerated by all Sylow 5-subaroups of G
containing <a>. Ve examine the action of H on T. Clearly H centralises
<> and fixes its non-trivial orbits.

For any pair v,8 € T, v # 8, there is a Sylow 5-subgroup of GY 5
9
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containine <g>. Hence H cen have at most onc fixed point.
Suppose fo(H) = {a}. Then for any pair y,6 ¢ T - {a},y #

and for any Sylow 5-subrroup S' in HY » We have fo(S') = {o,y6}-

$
2
As fPl > 13, the remainine orbits of H in T have lenrths at least 5.
Let ¢ be one such orhit. Suppose y,8 € &,y #8. Choose 8' as above.

2 mod 5, and the remaining

tit

Since ¢ is a union of S'-orbits,|d|
orbits have lengths divisible by 5. This implies thev ¢ =T - {al}.

Let vy € &, and let ¥ be an orbit of HY in & - {vy}. Choosinz § € Y,

1t

the above argument ~ives |¥| = 1 mod 5. While, for & e ¢- ¥ ,{y}, we

get IW'

0 mod 5. Hence ¥ = & ~ {y}. So H is 2-transitive on 9.
Since|T|= 13 or 18, this implies that |H| is divisible by 11 or 17.
This contradiction yields the fact that fo(H) = .

Let ¢ be an orbit of Hin I'. Choosey , § ¢ ¢, y#6§, and

choose S' as before. If fo(S') e ¢, then @] = 3 mod 5, and the
remaining orbits have lenmths divisible by 5. This is possible only

if o =Tr. If fx (S')¢ ¢, then |#| = 2 mod 5, and some other orbit ¢’

Q2
satisfies |®'] =1 mod 5. As |®’| > 1, the same arcument applied to
¢' yields |9'| = 2 or 3 mod 5. So this case cannot occur. That is,
H is transitive on I'  Let o €. Let ¥ be an orbit of H, in T - {al.
Then l?l = 1 or 2 mod 5. If ]WIEl mod 5, then there is a second non-

trivial orbit ¥' of H with l?'|5 1 med 5. Mereover, T = {a} ¥  ¥'.
Since 13 does not divide |G|, we have |T|= 18. so {|¥|,|¥'|} =

{6.11} or {1,16}. The first case cannot occur since 11 does not divide
|G|. Lef a' denote the second fixed point of Ha' Then the sets
{az,a'g}, g € H, form a complete block system of ¥ in I'. Let S be a

Sylow 5-subgroup of E . and put fx,(8) = {a,0",8}. Then B' must
2
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belong to some non-trivial orbit of S; and this is impossible.  There

is one case remaining, in which |¥| = 2 mod 5. As before, ¥ =T —{a}.

So H is 2-transitive on 18 points. This is not possible since 17 does

not divide |G|. This completes the proof of (16.k4).

(16.5) Theorem: There is no insoluble 2-transitive group of desree 43,
in which a Sylow 43-subsroup has index 3 in its normaliser.

Proof: We have already seen that if such a group G exicls, it must have

a Sylow 5-subgroup S with three fixed points o, B8 and y, three orkits of
1° A2 and A3, and one orbit of length 52 Ah' Put {a,R,yY} = A.

~ a - '
Let 8¢ A,, and suppose thet fo(oé) Ay by.  Let 8' e 4,

§' # &, and let T be a Sylow 5-subgroup of G

length 5 A

., containing S Then

§,6 8§’

<S3,T> g NG(SS)’ and <S,T> contains a group K which is at least 3-
]
transitive cn a 7-point subset A' of Ay Al. Hence Alt(A') g KA .

Moreover, K is represented on the non-trivial orbits of SS' If some

T-element of XK does not centralise SG’ we get |S5{ 256, contrary to

?
(16.1). Hence X contains a subgroup K. such that Y]A = Alt(A') and

1

59 then Kl acts trivially on - A'.

. So Ah is a union of 5 orbits of S

l\

K. g CG(Sﬁ)’ If Ah is an orbit of S
By (4.5), Alt(Q) £ G

5 of length 5,

and K1 acts transitively on the 7 non-trivial corbits of S So CG(S

§° 5)
has an orbit of length 35. Hence Sé acts semiregularly on this corbit.

Thus ISGI = 5, We may assume that 86 < Kl. So Kl is a central

extension of SG by A1t(7). As the multiplicator of Alt(7) has order 6,

>

1 is isomorphic to 21t(7) and has 6 non-

this extension splits. So K

trivial orbits on which it acts naturally. Se Kl’ and hence G, contain

elements of type 113.56. Thus, since ISI = 52, if we take n ¢ A2 UAB’

1>

then fx

2(8) = A,

2“A3' That is, the elements of Sn ~ 1 have type
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113.56, those of Sa
type 13.58. Hence Sn is a weakly closed subgroup of S with respect

-1 have type 18.57, and those of § - SG"Sn have

to G. From (2.17), NC_(Sn) is 2-transitive on fo(sn). But this is
impossible since 13 does not divide |G|.

There remains the case in which fXQ(SG) = Aubdyylyubsg
By (16.1), 'Sél = 5, S(5 is weakly closed in S with respect to G
since the elements of Sd -1 have type 118.55 and those S - SS heve
type 13.58. Apain from (2.17), NG(SG) is 2-transitive on a set of 18
points, contrary to the fact that 17 does not divide |G|. And so the

theorem is established.

(16.6) Theorem: Let G be a 2-transitive group on a set Q, where
]QI = p = 6g+l and p,q are primes. Suppose that a Sylow p-subgroup has

index 3 in its normalisecr. Then G = A1t(T) or PSL(27g6 for/ﬂ/= 2, 3 or
5.
Prcof: If » € 13, we obtain three of these group by (1k4.3). Now
suppose © > 13. By tle results of §15, p = 31 and 53 divides |G|, or
p = 43,

In the case p = 31, (12.1) and (14.1) imply thet G = A1t(31)
or PSL(3,5). But a 3l-cycle in Al1t(31) has index 15 in its normaliser,
while o 3l-cycle in PSL(3,5) has index 3 in its normaliser.

The case p = 43 cannot occur by (16.5).

§17. p = q? + g + 1.

In this section we develope the results of 514 as follows:
(17.1) Theorem: Let @ be a set satisfyine |Q|= D= q2 + q + 1, where

p and q are primes, and g > 2. Then there is no group G with the
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following properties:

(i) G is 2~transitive on Q:

(ii) A Sylow p-subgroup has index 3 in its normaliser;
(iii) A Sylow g-subgroup has order q2.
Proof: Suppose that there is such a group. From (14.1) we see that a
Sylow g-subgroup S has orbits {q}, A and p of lengths 1, q and q2,
respectively, and S is elementary abelian. So S has ¢ L elements of
type lq+l.qq and q2~q elements of type ll.qq+l.

Let SO be the set of elements of type lq+l.qq in S together

with 1. Let Sl,...,Sq denote the remaining subgroups of order q in S.

We first show that CG(S) = 8. Certainly CG(S) acts semi-

regularly on T. Let K be the subgroup of CG(S) which acts trivially on
N_.(S.)
' Then CG(S) = SK. If K is non-trivial on {4}y &, then <K> G0

is transitive on {alvd and trivial on I'. By (4.5), Alt(R) £ G,
contrary to hypothesis. Hence K = 1.

The group HG(S)/S mey be considered as a group of linear
transformations of the 2-dimensional vector space S over GF(q), for

which S. 1s an invariant subspace. By Masckhe's theorem, NG(S)/S is

0

completely reducible. It SO has more than one complement which admits

NG(S)/S, then the elements of NG(S)/S induce automorphisms of the form

g g, (r,a) =1, g e S. So in this case, NG(S)"CG(Si) = S for
1i=0,1,...,q. The alternative is that SO has exactly one complement,
5, say, admitting NG(S)/S. Suppose 1 > 2 and h ¢ NG(S)"CG(Si)' Then

<h> has three distinct invariant subspacesin S; so it must induce 'scalar

multiplication’ in S. As heg C (Si)’ its eigenvalue is 1. So

G

h e CG(S) = 5. We heve thus established that, in both cases,
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(17'2) CG(Si)A NG(S) = S’ fOI‘ i = 2,3,..0’q0
Now CG(Si)/Si’ for i > 2, acts as a permutation group on the
g+l non-trivial orbits of S.. Let M be the subgroup of CG(Si) which

i
fivesA, as a set. Then S g M. Let - denote images in M/S.  Then

NM(S) = NM(S) < NG(S)'\CG(Si) =S g Nﬁ(s). So NM(S) =S. As S is a

Sylow q-subgroup of ﬁ, M has a normal gq-complement 5, say, where Si < T.

-~

for some normel q'-subgroup Tl of M. And M = TlS.

acts semiregularly on the set of

Thus T = S. x T, .
1 1

Since M acts transitively on I', T

1
Si—orbits in T. Hence Tl fixes each of these orbits, as sets. But
.. . . N_(S
Tl centralises Si' So Tl acts trivially on T. By considering <Tl> G( O)9
es before, we find that Tl = 1. So M = S. Thus

2 .
(17.3) |CG(Si)| € 9°(g+l) for i = 2,3,...,Q.
Hence, 1if g € Si -1, 1 2 2, we have

Q7.4 1+ u@)? + v(2)? + (p-1)Q+ulg)+v())?/3 s q°(a+l).

From (12.4), n2(1+nl+n2) is divisible by q, since n, is
divisible by g to the first power only. We consider the cases 1in
which q divides n, and q divides l+nl+n2 separately.

Caece I: n, = 0 mod q.
Then n, = kp +1 =k +1 =0 mod q. So k = qu -1. Thus
2
= ) o~ - .
n, [ﬂlq + (Ll l)g + (kl 1)lq,
(17.5) \ -
+n_ = - -

l+nl n, qu + (kl 2)q" + (kl 2)q + 1.

If q divides k; — 1, then q° divides n,. Then (12.4) implies that q3
divides n,. So q3 divides |G|, contrary to hypothesis. Hence

2
(17.6) K, 7 1 mod q.

From (12.8) and (13.18), qu -1< (q2+q-2)/2. So

(17.7) k< (a¥1)/e.
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For an element g € S - 1 we find that u(g) = 0 and v(g) = O mod q
by evalueting the inner products of X1 and X, with Xq OB the subgroup <g>.
Put u(g) = qu'(g) and v(g) = qv'(g). We then consider the expression
it{g'lg'a = x} where x is a p-element and g:8, € 8- 1. By (2.6), this

is

| qu' (g )u'(g,) qV'(gl)v’(gz)

.ICG(ge)] g+l [qu2

la
lCG(gl)I 4(kl-l)q+(kl—l)]

(l+q(u'(gl)+V'(gl))2[l+q(u'(g2)+V'(gg))]'

3 oy .2 _
[qu +(kl 2)q +(kl 2)g+1]

Since ICG(gi)l* i=1l and 2, and |G| are divisible by q2 exactly, the
numerator of the expression inside the chain brackets is also divisible
by q2. So we get

(17.8)  k; (k71) - (x-1)u' (g )u'(g,) + v' (g )v' (g,)

= (k) -1)(2+v' (g )+v' (g, )+u' (g )+u' (g,)) = O mod q.
1 qq+l.

Let g € S have type 1. Then u'(g) = 0. Taking

g = 8, = g in (17.8) we get
(17-9) (k,~1)(k;-2) - 2(k;-1)v'(g) + v' (g)° = 0 moad a.
If g is chosen to lie in Si’ for some i > 2, we have from (17.l4) the
inequality
2 ., \2 Y- 2
(17.10) 1 + g v'(g)” + ala+1)(1+qv' (g))“/3 s g (g+1).
The only possibilities for (17.10) are v'(g) = -1,q=3 and v'(g) = 0,

2 -
1 k1+l =0

mod 3. So k; ¥ 2mod 3. From (17.17), k; <2, As k, > 0, we have

a8 contradiction in this case.

q arbitrary. The former on substitution in (17.9) gmives k

The case v'(g) = 0 implies that k;, 1 or 2mod q. By (17.6),
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ky

n2/q = 2q2+q+l and l+n

1 is excluded. Because of (17.T), we must have k, = 2. So

3
+n, = 2q3+l. Since (q+l,2q2+q+l) = 2, (q+l,2q7+1)

1
= 1 and (2q2+q+1,2q3+l) = 1 or 11,we have the possibilities

(1) (ii)

q+1 24° 2n°
22 +q+l oB° 02B°
2qo+1 P 1102

In (i), 32 - A2 = q2. So A = (qz-l)/2. Thus Lg+lh = (q2-1)2. This

equation is incomsistent with q 2 3. In (ii), we have q § 3 mod 11.
Hence A2 = 2 med 11. However, 2 is not a square mod 1l. This completes

the exclusion of case I.

Case II1: N, £ -1 mod q.

Then n, = kp+1=k+1¢%Z-1modq. Sc k = qu - 2. Thus
j' n, = qu3 + (kl-2)q2+(kl-2)q~l;

(17.11)

2
Ll+nl+n2 = [qu +(kl~3)q+(kl-3)]q.

3

If g divides k,-3, we find, as in case I, that q~ divides |G‘, contrary

1
to hypothesis. So
(17.12) ky Z 3 mod q.
From (12.8) and (1348), qu -2 < (q2+q~2)/2. Hence
(17.13) L (at1)/2.

As in cese I, we find that u(g) = 0 and v(g) £ -1 mod g for
eny element 7 € S - 1. Put u(g) = qu'(g) and v(g) = qv'(g) - 1.

From the expression for#t{g'lg'o=x}, where 8198, € S -1 and

X is & p-element, we obtain the congruence
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(17.14)  (k-2) (k) =3) + (k;-3)u' (g )u'(g,) - (k =3)(v' (g )+v'(g,))
+ (u'(gl)+v‘(gl))(u'(g2)+v'(g2)) z 0 mod q.

Let g ¢ S have type 11.qQ+l. Then u'(g) = 0. Teking

8, =8, =8¢ in (17.14) we get

(17.15) (k,-2) (k,-3) - 2(k,-3)v'(g) + v'(g)° = 0 moa q.

If g is chosen to lie in Si’ for some i » 2, the inequality (17.4) yields
, \ 2 2 ., .2 2, .

\17.16) 1 + (qv'(g)-1)° + q(q+1).q"v'(g)°/3 g q“(q+1

The only solution of (17.16) is v'(g) = 0, g arbitrary. Substituting
z2or 3mod q. But k., ¥ 3 mod q, by (17.12).

1 1

3 .
A = - —-— -
And 0 < k, & (g+1)/2. So k;=2.  Thus n,=2¢ -1 and (l+nl+n2)/q

2q2-q~l~ Since (q+la2q3~l) = (q+1,3) = 3, (q+l,2q2-q-l) = 2 and

in (17.15), we get k

(2q3—l,2q2-q—l) = (g-2,5) =1 or 5, we have the possibilities

(i) (ii)

q+l 6A2 6A2
2q3-1 38° 15B°
24°-q-1 2c® 10¢°

In (i), we have 2(q+C)(g-C) = q+1. This implies C =0 and q = 1. 1In

tH

1

(i1), @ = 2 mod 5. So 6A2 3 mod 5. Hence 2° 3, which is
impossible.
This completes the exclusion of case IT, and concludes the

proof of (17.1).
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