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Abstract

Sub-Neptunes are a subset of exoplanets that lie between the Earth and Neptune in size,
have no solar system analogue and yet are one of the most common types of exoplanet
in the galaxy. Some sub-Neptunes receive a similar level of stellar flux as Earth, making
their atmospheres potentially cool enough to contain liquid water. The aim of this thesis
is to simulate the atmospheres of these temperate sub-Neptunes and develop theories
describing their atmospheric dynamics and potential habitability.

I use a general circulationmodel to simulate the atmospheres of a range of dry, tem-
perate sub-Neptunes. I show that their atmospheres are governed by horizontal weak
temperature gradients over a broad range of parameter space. Their circulation is dom-
inated by high-latitude jets, but heat is transported from the dayside to the nightside by
a residual overturning circulation. I derive a scaling theory to link the strength of this
circulation to the instellation.

Next, I calculate the inner edge of the habitable zone for sub-Neptunes with a water
surface – “Hyceanworlds”. Using a 1D radiative-convectivemodel, I show that composi-
tional gradients induced by the condensation of water inhibit convection in a hydrogen-
dominated atmosphere. The resulting temperature structures heat the surface and lead
to the inner edge of the habitable zone moving outwards compared to traditional cal-
culations.

Lastly, I develop a general circulation model for use in hydrogen-dominated atmo-
spheres with a non-dilute water vapour component. I demonstrate themodel’s ability to
simulate a range of sub-Neptune atmospheres with different deep water contents reach-
ing as high as 70% of the atmosphere by mass. Future work can build on this model to
understand how latent heating and compositional gradients impact the observable fea-
tures and habitability of sub-Neptune exoplanets.
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Chapter 1

Introduction

To date, over 5000 exoplanets have been discovered, spanning awide range of sizes,

masses and equilibrium temperatures. Evidence from population studies sug-

gests that most stars in the Milky Way host at least one exoplanet (Cassan et al., 2012).

Figure 1.1 shows the current population of exoplanets viewed in radius-orbital period

space1. The large, highly-irradiated exoplanets in the bottom-right of the diagram are

“Hot Jupiters”. They were discovered first owing to their large masses and radii, which

make them easier to detect via radial velocity or transit measurements. However, sub-

sequent exoplanet surveys have shown that smaller planets with radii R < 4R⊕ are by

far the most abundant type of exoplanet in our galaxy. A subset of these small planets

are “sub-Neptunes”, which are thought to have extended, hydrogen-dominated atmo-

spheres. Chemical equilibrium calculations show that water vapour should be common

in their atmospheres. For cool, temperate sub-Neptunes, water can condense, releasing

latent heat, forming liquid water clouds and potentially forming liquid water oceans.

The potential for a large pool of non-Earth like planets to host liquid water could re-

shape how we define habitability and the search for life on other planets.
1Data from the Nasa Exoplanet Archive, https://exoplanetarchive.ipac.caltech.edu, ac-

cessed Monday 30th October, 2023
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Figure 1.1: The population of discovered exoplanets viewed in radius-orbital period space.
Large, strongly irradiated planets in the bottom-right of the diagram are “Hot Jupiters”. The
most abundant types of planet are smaller, with R ≲ 4R⊕. These small planets are subdivided
into smaller “super-Earths” (R < 1.5-2R⊕) and larger “sub-Neptunes” (R > 1.5-2R⊕).

This thesis has three main aims. The first is to understand the atmospheric cir-

culation of temperate sub-Neptunes. The circulation impacts the global temperature

structure, mixing of chemical species in the atmosphere, the location of clouds and the

habitability of any surface present. The second is to understand how water vapour im-

pacts the habitability of temperate sub-Neptunes, in the process calculating the inner

edge of the habitable zone for sub-Neptunes with a water surface. The third is to develop

a general circulation model (GCM) that can elucidate the impact of non-dilute water

vapour on the atmospheric dynamics of sub-Neptunes. Before expanding on these aims,

I will give an overview of the population of sub-Neptunes.

1.1 Super-Earths and Sub-Neptunes

The last decade has seen an explosion in the number of exoplanets discovered with

radii between Earth’s (1 R⊕) and Neptune’s (3.8 R⊕). In 2013 an initial analysis of Kepler

2



Chapter 1. Introduction

objects of interest showed that around 85% of them were below 4 R⊕, compared to exo-

planets discovered outside the Kepler mission, of which 85% were above 4 R⊕ (Batalha

et al., 2013; Batalha, 2014). Subsequent analysis of false-positive rates showed 19.9% of

sun-like stars to have at least one sub-Neptune (2 - 4 R⊕) and 20.3% to have at least

one super-Earth (1.25 - 2 R⊕) with orbital periods of under 85 days (Fressin et al., 2013).

This finding is concurrent with other studies which find the occurrence of super-Earth

and sub-Neptunes to be between 30 - 50% of all main sequence stars (Mayor et al., 2011;

Marcy et al., 2014b; Petigura et al., 2013; Winn and Fabrycky, 2015). Of the 4173 con-

firmed exoplanets with known radii as of November 20232, 32% fall in the “super-Earth”

category (1 - 2 R⊕) and 39% in the “sub-Neptune” classification (2 - 4 R⊕). Although

there is some discussion over the boundary between these two classes (usually defined

somewhere between 1.5 - 2 R⊕), super-Earths are generally defined as rocky planets

whose density increases with radius, whereas sub-Neptunes have densities decreasing

with radius due to a larger volume of atmosphere (Marcy et al., 2014b; Marcy et al.,

2014a; Weiss and Marcy, 2014; Wolfgang et al., 2016). The boundary is marked by the

“radius valley” (Fulton et al., 2017), a sparsely populated region between 1.5 - 2.0 R⊕ (see

Figure 1.2). The shape of the valley in radius-instellation space suggests the formation

of the two populations is driven by atmospheric mass loss as opposed to the smaller

planets forming in a gas-poor region of the proto-planetary disc. The two potential

mechanisms driving atmospheric escape are either core-powered mass loss (Gupta and

Schlichting, 2019) or photoevaporation (Owen and Wu, 2013). In the former process,

the energy for escape is provided by the infrared luminosity generated by the planet’s

gravitational collapse. In the latter process, the energy for escape is provided by the high

energy flux from the host star.

With the relative paucity of atmospheric measurements available for sub-Neptune

sized planets, it is very difficult to accurately determine their composition. Many mod-

2Data from the Nasa Exoplanet Archive, https://exoplanetarchive.ipac.caltech.edu, ac-
cessed Thursday 2nd November, 2023
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Chapter 1. Introduction

Figure 1.2: The radius valley viewed in radius-instellation space. The data show that the valley
moves to higher planetary radii with higher incoming instellation, which suggests that super-
Earth’s are shaped by atmospheric escape and not by formation in a gas-poor disc. Figure from
Fulton et al. (2017).

els explain the inflated radii of sub-Neptunes with the presence of a significant H/He

envelope (e.g., Weiss and Marcy, 2014; Marcy et al., 2014b; Lopez et al., 2012; Lopez

and Fortney, 2013), but different core models and formation scenarios have degenera-

cies which can lead to very different compositions fitting the same planetary mass and

radius (Miguel and Kaltenegger, 2014; Rogers and Seager, 2010; Adams et al., 2008).

These planets likely exhibit a wide range of atmospheric metallicities (Fortney et al.,

2013), which makes the ability to obtain transmission spectra very important in break-

ing degeneracies. The wide range of metallicites possible means that water vapour can

be present in non-dilute quantities in the atmosphere (i.e., with mass concentrations of

≳ 10%). For temperate sub-Neptunes where non-dilute water vapour content can con-

dense, it is important to understand how the strong compositional gradients and latent

heat release induced by this condensation affect their circulation and habitability. In

Chapter 6, I present efforts to develop aGCMthat can accurately simulate sub-Neptunes

with a non-dilute water vapour component.

4



Chapter 1. Introduction

1.2 Observations of Sub-Neptune Atmospheres

Observations that directly constrain the composition of sub-Neptune atmospheres have

typically relied on transmission spectroscopy, a technique whereby one infers the radius

of the planet at different wavelengths as it passes in front of its host star. The smaller

size and lower equilibrium temperatures of sub-Neptunes makes them less amenable to

thermal emission spectroscopy, which is widely used for Hot Jupiters. The majority of

early attempts to characterise sub-Neptune atmospheres via transmission spectroscopy

were frustrated due to the observed spectrum being “flat”, i.e., with no molecular ab-

sorption features (e.g. Bean et al., 2011; Kreidberg et al., 2014; Knutson et al., 2014). For

example, Hubble observations of GJ 1214 b (Harpsøe et al., 2012) showed no features

between 1.1 and 1.7 µm. Featureless spectra are generally interpreted as evidence of ei-

ther a high mean molecular weight atmosphere or the presence of high-altitude clouds

obscuring the lower atmosphere.

However, recent observations of GJ 1214 b from the James Webb Space Telescope

(JWST) showed evidence of strongly reflective hazes owing to the planet’s high bond

albedo and absorption features on the day and night sides, possibly due to water vapour

(Kempton et al., 2023). The observations highlighted how the order of magnitude in-

crease in resolution of JWSTmeasurements will be revolutionary in understanding sub-

Neptune atmospheric composition.

1.2.1 K2-18 b and HyceanWorlds

The planet K2-18 b (radius 2.71 R⊕; mass 8.63 ± 1.35 M⊕ Cloutier et al., 2019)) is a sub-

Neptune sized planet discovered in the habitable zone of its M-type host star (Montet

et al., 2015). Its Earth-like instellation (1440 ± 80 Wm−2, 1.05 S0) and equilibrium tem-

perature (265 ± 5 K) (Benneke et al., 2019b) made it a promising target for atmospheric

characterisation (Benneke et al., 2017). In Benneke et al. (2019b), there was a claimed

5
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detection of water vapour in K2-18 b’s transmission spectrum using the Hubble Space

Telescope/WFC3 supplemented with K2 and Spitzer data, which would have made it the

first discovery of water in the atmosphere of a habitable zone exoplanet. The abundance

of water vapour in its atmosphere was estimated to be between 0.033% and 8.9% in Ben-

neke et al. (2019b) or between 0.02% and 14.80% inMadhusudhan et al. (2020) with the

rest of the atmosphere primarily consisting of H2 gas. Its instellation places it in the “op-

timistic” habitable zone of its host star since it exceeds the classical runaway greenhouse

threshold (Kopparapu, 2013).

The tentative detection of water vapour in the atmosphere of K2-18 b led to in-

tense research on its potential composition and interior structure. In Madhusudhan

et al. (2020), three example interior compositions for K2-18 b were discussed, similar to

Rogers and Seager (2010):

• A rocky world, with 95% of planetary mass in an iron-rich core and 5% in an

outgassed H/He atmosphere. Water would be in the supercritical phase apart

from potentially in the upper atmosphere.

• A sub-Neptune with roughly equal masses of rocky core and supercritical and ice

phases of H2O with a low mass H/He envelope.

• A 90-100% by mass water world with a minimal mass H2 atmosphere.

Subsequent works have built on the latter possibility, suggesting that water-rich sub-

Neptunes with surface oceans underlying hydrogen-dominated atmospheres are possi-

ble over a broad range of parameter space (Piette andMadhusudhan, 2020; Madhusud-

han et al., 2021). These planets have been dubbed “Hycean worlds” (a portmanteau of

“hydrogen” and “ocean”). Chemical equilibrium models point to how Hycean worlds

may be distinguished from gas giant sub-Neptunes (Yu et al., 2021; Tsai et al., 2021).

Ammonia (NH3) is predicted to be produced thermochemically at high pressures on

sub-Neptunes with deep atmospheres. If a shallow surface exists, any ammonia would

6
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Figure 1.3: Transmission spectrum of K2-18 b obtained with the NIRISS and NIRSpec instru-
ments of JWST. Orange and Red points represent the JWST data, which covers a much wider
range than the Hubble data (black points). The plot also shows the median retrieved spectrum
(blue line), the 1σ and 2σ contours (medium and light blue) and the median spectrum binned
to JWST resolution (yellow dots). Figure taken fromMadhusudhan et al. (2023).

be destroyed by photochemistry in the upper atmosphere and not replenished if the

surface pressure is low enough. Therefore, the non-detection of ammonia could be in-

dicative of a surface.

K2-18 b was recently observed in transmission with the NIRISS and NIRSpec in-

struments on JWST in the 0.9 µm to 5.2 µm range (Madhusudhan et al., 2023). Fig-

ure 1.3 shows its transmission spectrum. The peak at 1.4 µm, originally attributed to wa-

ter vapour (Benneke et al., 2019b), was attributed instead to methane. They speculated

that their models were consistent with a low cloud deck and low water vapour content

in the upper atmosphere due to cold trapping. There was no detection of ammonia,

which led to the claim that K2-18 b could be a Hycean world. Moreover, a tentative de-

tection of the biosignature dimethyl sulphide was also provided as evidence that K2-18

b is habitable, since on Earth it is mainly produced via biogenic processes. In Chapter 5,

I will calculate the inner edge of the habitable zone of Hycean worlds with a radiative-

convective model, in order to assess the likelihood of observed sub-Neptunes hosting a

liquid water ocean. I show that all the currently known sub-Neptunes in the traditional

habitable zone, including K2-18 b, would be too hot to sustain liquid water oceans if

they host a hydrogen atmosphere greater than 1 bar in pressure.

7
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How common are planets like K2-18 b? Dressing andCharbonneau (2013) estimated

fromKepler Objects of Interest, that the occurrence rate of 1.4-4 R⊕ planets in orbits re-

ceiving less than 1 S0 of instellation was around 3%. Given that 75% of the stars within 10

pc are M-dwarfs (Dressing and Charbonneau, 2013), they are far more abundant than

planets around sun-like stars. In addition to the abundance of M-dwarf stars, plan-

ets around M-dwarfs are much easier to discover by the transit method (Dressing and

Charbonneau, 2013). Given the observational advantages of looking for habitable-zone

sub-Neptunes around M-dwarfs, obtaining their transit spectra is an explicit aim of

JWST (Beichman et al., 2014).

1.3 Structure ofThesis

The discovery of sub-Neptunes in the traditional habitable zone of their host stars has

motivated much of the work in this thesis. Despite them being more amenable to at-

mospheric characterisation than terrestrial-sized planets in the habitable zone, most

modelling efforts before this thesis were focused on understanding the atmospheric

circulation and habitability of Earth-like planets.

In Chapter 2, “The Atmospheric Dynamics of Exoplanets”, I give an overview of

previous work on the atmospheric circulation of exoplanets, focusing on how plane-

tary waves shape their flow and how condensing water vapour affects the dynamics of

hydrogen-dominated atmospheres.

Chapter 3, “The Dry Dynamics of Temperate Sub-Neptunes”, describes the basic

circulation structure of temperate sub-Neptunes. It demonstrates that tidally-locked,

temperate sub-Neptunes should have very uniform horizontal temperature gradients

over a large range of parameter space. The wind structure is dominated not by equato-

rial jets – as on other tidally-locked exoplanets – but by high-latitude, cyclostrophically

balanced jets.

8
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In Chapter 4, “An Introduction to the Runaway Greenhouse Effect”, I introduce the

runaway greenhouse effect as the mechanism that controls the inner edge of the habit-

able zone for temperate planets. I provide an overview of efforts to calculate the hab-

itable zone for Earth-like planets, and discuss how the assumptions involved in these

calculations may not apply for Hycean worlds.

Chapter 5, “The Runaway Greenhouse Effect on Hycean Worlds”, builds on Chap-

ter 4 by attempting to calculate the inner edge of the habitable zone for Hycean worlds,

taking into account the effect of compositional gradients and the inhibition of convec-

tion on the thermal structure of the atmosphere. I show that the inner edge is much

further from the host star than the edge calculated for terrestrial planets, suggesting

that most current observational targets would be too hot to host liquid water oceans.

In Chapter 6, “Developing a GCM to Simulate Non-Dilute Water Vapour in Sub-

Neptune Atmospheres”, I present work towards building a GCMmodel that can simu-

late sub-Neptune atmospheres with a non-dilute water vapour component. I show that

the presence of condensing non-dilute water causes strong compositional gradients in

both the horizontal and vertical directions, which can respectively disrupt jet flows and

inhibit convection. Preliminary results show that the strong gradient in radiative heat-

ing and cooling near the weather layer can cause a transition from flow dominated by

high-latitude jets, to a thermally direct day-to-night flow. I also highlight future im-

provements to theGCM that could bemade, such as the addition of the simplified cloud

scheme (to allow for comparison with observations) or a surface ocean parameterisa-

tion (to allow for the simulation of Hycean worlds).

Lastly, in Chapter 7 I will summarise the work of my thesis and outline some of the

outstanding questions to be tackled in the future.

9





Chapter 2

The Atmospheric Dynamics of

Exoplanets

The aim of this chapter is to provide a review of the atmospheric dynamics of ex-

oplanets and the impact of condensible species on planetary atmospheres.

Models of planetary atmospheres typically attempt to solve a set of non-linear par-

tial differential equations describing the response of a fluid parcel to applied forces and

heating. Forces are described with a simplified version of the Navier-Stokes equation

(see Section 2.1), and the heating of the system with the first law of thermodynamics.

This set of equations is usually intractable to analytic solutions. Two approaches, often

complementary, are taken to facilitate our understanding of the system. Firstly, bymak-

ing approximations valid in specific regimes, the equations of motion can be greatly

simplified and solved analytically to provide physical insights to specific circulations.

For example, the application of quasi-geostrophic theory in the description of Earth’s

midlatitude circulation (Charney, 1948) and the use of the shallow water equations to

explain superrotation on tidally-locked exoplanets (Showman and Polvani, 2011) are

two successful examples of this approach. The second is to use large-scale numerical

11
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simulations, known as General CirculationModels (GCMs) to solve the full set of equa-

tions. These models have been applied extensively to explain Earth’s weather and cli-

mate (Held, 2019), the atmospheres of solar system planets (e.g., Lebonnois et al., 2010;

Young et al., 2019; Spiga et al., 2020; Lora et al., 2015) and of exoplanets (e.g., Showman

et al., 2015; Pierrehumbert and Hammond, 2019).

As the number and diversity of discovered exoplanets has increased, so too has the

demand for an understanding of their atmospheres, particularly since atmospheric dy-

namics will impact observable features of the atmosphere, such as the day-night con-

strast (Komacek and Showman, 2016) and the phase curve offset (Parmentier andCross-

field, 2018). Both analytic and numerical methods have been used extensively to probe

exoplanet atmospheres, and in this chapter I will provide an overview of the main fea-

tures their circulation.

This chapter is structured as follows. In the first part, I will give an overview of

the dry dynamics of exoplanets. Firstly, in Section 2.1 I will discuss the equations of

motion and how they are simplified for GCMs. In Sections 2.3 and 2.4 I will provide

an overview of the dynamics of Hot Jupiter and terrestrial exoplanets. Section 2.5 will

discuss equatorial superrotation and the planetary wave phenomena that drive it. In

Section 2.6 I will explain how the circulation of tidally-locked exoplanets can be better

understood by decomposing it into rotational and divergent components. I conclude

this part of the chapter in Section 2.7 where I outline how sub-Neptunes fit into the

parameter space of exoplanet atmospheres and how my work will provide a baseline

understanding of their dynamics.

In the second part of this chapter, I will summarise the effect of condensation on the

dynamics on Earth and other planets. I will review how latent heating (Section 2.8.1),

clouds (Section 2.8.2) and moist convection (Section 2.8.3) shape circulation. In partic-

ular, I focus on non-dilute effects that will be important in the atmosphere of temperate

sub-Neptunes: convective inhibition (Section 2.8.3) and horizontal compositional gra-

12
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dients (Section 2.8.4).

2.1 The Primitive Equations

Models of planetary atmospheres (e.g., GCMs) typically attempt to solve the “primitive”

equations. To arrive at these equations from the generalisedNavier-Stokes equations for

a fluid, the following assumptions are made:

1. The shallow shell approximation. Here the vertical scale of the system, h, is much

smaller than the planetary radius a, such that terms involving planetary radius,

r, in the Navier-Stokes equations are replaced with a and terms involving deriva-

tives of r are replace by ∂/∂z . This approximation also allows us to neglect varia-

tions in the gravitational acceleration, g, over the domain. In the radial direction

(where we would expect deviations from constant g to be greatest), the difference

in g between reference radius r0, g(r0), and radius r0 + h, g(r0 + h), is given by:

g(r0 + h) − g(r0)
g(r0)

= 1
(1 + h

r0 )
2 − 1 (2.1)

from which it can be deduced that variations in g can be neglected so long as

h ≪ r0.

2. The traditional approximation. Under this approximation, we neglect the Coriolis

force terms in the horizontalmomentum equation involving vertical velocity, and

metric terms uw/r, vw/r.

These two approximations both rely on the small aspect ratio of motion. Many

GCMs also invoke the hydrostatic approximation, such that the dominant momentum

balance in the vertical direction is:

dp
dz
= −ρg , (2.2)
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where ρ is the density, p is the pressure and g is acceleration due to gravity. This approx-

imation is valid in the limit of H/L ≪ 1 i.e. vertical length scales H are much smaller

than horizontal scales L, or more precisely when Fr ⋅ z/a ≪ 1, where Fr is the Froude

number:

Fr ≡ U
NH

, (2.3)

where U is a typical horizontal velocity and N is the buoyancy frequency. With these

approximations, the equations of motion in pressure coordinates are (Vallis, 2017):

Du
Dt
+ f k × u +∇pΦ = −Dm , (2.4a)

∂Φ
∂p
= − 1

ρ
, (2.4b)

∂ω
∂p
+∇p ⋅ u = 0, (2.4c)

Dθ
Dt
= θ
cpT

Q̇ − Dθ , (2.4d)

p = ρRT , (2.4e)

where D/Dt = ∂t + ω∂p + u ⋅∇p, with ∇p the horizontal gradient operator at constant

p, ω the pressure velocity dp/dt , u the horizontal velocity, Φ = gz the geopotential,

θ the potential temperature, Q̇ heating sources, cp the heat capacity at constant pres-

sure, T the temperature and Dm and Dθ describe the dissipation in momentum and

potential temperature respectively due to drag or viscosity. Equation (2.4a) is the mo-

mentum equation, describing the forces acting on a parcel of gas. Equation (2.4b) is

the hydrostatic equation as described above. Equation (2.4c) is the continuity equation,

Equation (2.4d) is the first law of thermodynamics and Equation (2.4e) is the ideal gas

law which closes the set.
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2.2 The Rossby number and Geostrophic Flow

Often it is useful to study the dominant balances in the momentum equation in differ-

ent dynamical regimes. Defining the Rossby number Ro = U/ f L as the ratio between

advective and Coriolis terms in the momentum equation, we can define a regime of

geostrophic balance where Ro≪ 1 where:

f u = −(∂Φ
∂y
)
p

, f v = (∂Φ
∂x
)
p
, (2.5)

representing flow following contours of constant pressure. Associated with this balance

is the thermal wind balance:

f
∂u

∂ ln p
= ∂(RT)

∂y
, f

∂v
∂ ln p

= −∂(RT)
∂x

. (2.6)

This balance explains the strong eastward sub-tropical and polar jets on Earth, driven

by the equator-to-pole temperature gradient. Perturbations away from geostrophic flow

are adjusted over a lengthscale known as the Rossby radius, LR (see Vallis, 2017). On a

global scale, this is given by:

LR = c0/Ω ≈
√
RT/Ω, (2.7)

which gives the length over which the fastest gravity wave, travelling at c0 =
√
RT , can

travel before being restored to geostrophic balance by the Coriolis force (Pierrehumbert

andHammond, 2019). If we compare this length to the radius of the planet, we form the

global Weak Temperature Gradient (WTG) parameter Λ = c0/(Ωa) (Pierrehumbert

and Hammond, 2019). If Λ≫ 1, Coriolis forces are weak globally, and the response to a

stationary heating source on the substellar point is to induce upwelling on the day side

which overturns onto the night side of the planet. As discussed in Pierrehumbert and

Ding (2016), for global weak temperature gradients, we also require the Rossby number

Ro = U/ f L to be small compared to Λ, such that to leading order ∇pΦ ≈ 0 in the

momentum equation and fractional horizontal temperature gradients are small.
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An equatorialRossby deformation radius can also be defined as the length scale over

which equatorial Kelvin waves (see Section 2.5.1) are confined by the beta effect. This is

given by:

Leq =
√

c0
β
, (2.8)

where β ≡ ∂ f /∂y . If a planet is sufficiently slowly-rotating, the equatorial dynamics

occur on a global scale (i.e., Leq ≫ a Carone et al., 2015). Note that since L2
eq/LR = a,

the two radii are equal when LR = Leq = a, so the WTG regime defined above and the

regime where Leq > a are equivalent. Haqq-Misra et al. (2018) classified the circulation

regimes of terrestrial exoplanets in three classes. Firstly, the “slow rotator” regime is

defined as Leq > a, similar to the WTG regime above. The other two classes, “Rhines

rotators” and rapid rotators, are dependent on the Rhines scale (Rhines, 1975). This is

the length scale over which turbulent motions are organised into jet structures by the

β-effect. It is given by:

LRh = π
√

2Ue

β
, (2.9)

where Ue is the characteristic eddy velocity. Haqq-Misra et al. (2018) define the Rhines

rotating regime as being where the Rhines lengthscale is less than the planetary radius

LRh < a with the equatorial Rossby radius being greater than the planetary radius Leq >

a. This regime is characterised by the formation ofmid-latitude turbulence driven zonal

jets. The rapid rotator regime, defined as Leq < a and LRh < a, is demarcated by a mean

zonal circulation which partially spans a hemisphere, and banded cloud formations.

These regimes have also been found in other GCM studies of terrestrial planets (e.g.

Merlis and Schneider, 2010; Noda et al., 2017; Yang et al., 2014; Kopparapu et al., 2017;

Leconte et al., 2013).

It should be noted that LRh and Leq are not independent. In fact:

LRh

Leq
=
√

Ue

c0
(2.10)
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In Haqq-Misra et al. (2018), Ue was estimated as the root mean square surface wind

speed, which was found to be less than the gravity wave speed, c0, in all simulations. As

such, LRh < Leq and no regimes were found where both Leq < a and LRh > a. However

it was noted that such a regime could conceivably occur on very hot planets (e.g., hot

Jupiters) with supersonic wind speeds.

2.3 Hot Jupiter Atmospheres

The atmospheres of hot Jupiters have been extensively studied using GCMs (e.g. Show-

man and Guillot, 2002; Heng et al., 2011a,b; Showman et al., 2015; Komacek and Show-

man, 2016; Rauscher and Menou, 2010; Mayne et al., 2017). Although they are much

larger and hotter than the sub-Neptunes in the habitable zone, some of the physics

and scaling theories developed for their deep atmospheres are more applicable to sub-

Neptunes than terrestrial planet theory given the impact the surface has on the dynam-

ics of the latter class.

Most Hot Jupiters are likely to be tidally-locked to their host star due to their short,

close-in orbits (Guillot et al., 1996). As such, their dynamics are driven by a strong

day-night heating contrast and high equilibrium temperatures of up to 3000 K. GCMs

generally agree on the three main qualitative features of their circulation (Showman et

al., 2020). Firstly, the strong forcing results in high day-night temperature differences

on the order of hundreds of Kelvin. Secondly, the stationary forcing induces a global-

scale eddy structures. Thirdly, wide, eastwards equatorial jets with wind speeds on the

order of 1 km s−1 are ubiquitous across models. Wave dynamics and strong jets can shift

the wave patterns eastwards, producing a hot spot offset where the highest temperatures

on the planet are not at the substellar point. Figure 2.1 shows how different GCM sim-

ulations for different Hot Jupiters all reproduce these features of the circulation, and

match phase curve observations from Knutson et al. (2007), which shows a hot spot
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Figure 2.1: GCM simulations of a range of Hot Jupiter atmospheres. The top-left panel shows
observations from HD 189733b (Knutson et al., 2007), and the GCM simulations of Showman
et al. (2009) model this planet. Heng et al. (2011b), Amundsen et al. (2016), and Showman and
Guillot (2002) and Rauscher and Menou (2012) simulations all study HD 209458b. Despite the
different model setups, similar circulation regimes are seen in all panels. Figure adapted from
Showman et al. (2020).

offset eastwards.

The dynamics ofHot Jupiters can be summarised by the scaling theories of Komacek

and Showman (2016) and Zhang and Showman (2017). Following Zhang and Showman

(2017), the governing dimensionless parameters are:

• Ωτw – the product of the planet’s rotation rate and wave timescale, where τw ≈

a/
√
gH is the approximate timescale for the fastest gravity wave to travel a plan-

etary radius.
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• τw/τd – the ratio between the wave timescale and the drag timescale (assuming

drag is roughly Newtonian i.e. takes the form u/τd in the momentum equation),

• τw/τr – the ratio between the wave timescale and the radiative timescale. The

radiative timescale is approximately:

τr =
pcp

4gσT3 , (2.11)

and defines how quickly a layer of atmosphere will relax to radiative equilibrium.

• τw/τad – the ratio between the wave timescale and the advective timescale τad ≡

L/U .

The magnitude of the day-night temperature contrast relative to the magnitude of

forcing, ∆T/∆Teq, can be written:

∆T
∆Teq

∼ 1 − 2
α +√α2 + 4γ2

, (2.12a)

α ≡ 1 +
(Ω + 1

τd
)τ2w

τr∆ ln p
, (2.12b)

γ ≡ τ2w
τrτad

, (2.12c)

where ∆ ln p is the thickness of the dynamically active region of the atmosphere in log-

arithmic pressure space. This metric affects the magnitude of observed thermal phase

curves (Koll and Abbot, 2015; Komacek and Showman, 2016; Zhang and Showman,

2017; Hammond and Pierrehumbert, 2017). In general, if the radiative timescale is the

shortest timescale, the temperature structure can quickly relax to the radiative equilib-

rium value, which leads to high day-night temperature contrasts. Similarly a short drag

timescale reduces the efficiency of heat transport and results in high ∆T . On the other

hand, a short wave timescale reduces the day-night contrast by efficiently smoothing

out strong pressure (and therefore temperature) gradients.

There are three broad regimes: drag dominated (τdΩ ≪ 1); Coriolis dominated

(τdΩ ≫ 1) and advection dominated (τad ≪ Ω−1, τad ≪ τd). In the Coriolis force
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dominated regime, the above expression simplifies to:

∆T
∆Teq

∼ 1 − 1/(1 + Ωτ2w
τr∆ ln p

) ∼ 1 − 1/(1 + Λ−1 τw
τr∆ ln p

). (2.13)

One can then consider the temperature dependence of the two timescales τr and τw .

From Showman and Guillot (2002), the radiative timescale scales as T−3. The wave

timescale, on the other hand, scales roughly with the square root of the atmospheric

scale height, ∼ T 1/2. On a hot Jupiter with typical temperatures of the order of 1000K,

the ratio τr/τw can be very low, with high day-night temperature contrasts (Showman

et al., 2015). In this canonical regime, the equatorial standing waves induced by the

stationary forcing can pump momentum towards the equator and sustain the jet (see

Section 2.5). An equatorial jet is a robust feature of many hot Jupiter models (e.g. Show-

man et al., 2015; Dobbs-Dixon and Agol, 2013, amongst many others).

For quickly rotating hot Jupiters, the day-night contrast decreases (by Equation 2.13),

the dynamics is driven by rotation and by the heating contrast between equator and

pole. In this case, baroclinic instabilities in the mid-latitudes drive jets. The canonical

and fast-rotating cases are summarised in Figure 2.2.

2.4 Terrestrial Exoplanets

Other than hot Jupiters, terrestrial exoplanets (small, rocky planets with radius < 2R⊕)

are the most widely-studied by GCM simulations (e.g. Yang et al., 2014; Kopparapu et

al., 2017; Way et al., 2018; Kaspi and Showman, 2015; Sergeev et al., 2020; Haqq-Misra

et al., 2018; Komacek et al., 2019; Hammond and Pierrehumbert, 2017). The dynamics

of these planets is distinct fromHot Jupiters for several reasons. Firstly, terrestrial plan-

ets are typically modelled with surface pressures of ≈ 1 bar, much less than the typical

≈ 100 bar bottom boundary of Hot Jupiter simulations. Secondly, the stellar heating on

terrestrial exoplanets is predominantly absorbed at the surface and re-radiated upwards

in the infrared part of the spectrum. This heating from below generates convective in-
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Figure 2.2: Two of the dynamical regimes for tidally-locked hot Jupiters. (a) Strong day-night
heating and slower rotation rates cause aMatsuno-Gill patternwhich drives an equatorial super-
rotating jet. (b) For weaker radiative forcing and faster rotation, baroclinic instabilities in the
mid-latitudes drive zonal jets with peak winds off-equator. Adapted from Showman et al. (2015)

stability, in contrast to irradiated gas giants which are directly heated by the absorption

of stellar radiation. Thirdly, the presence of a surface on terrestrial planets acts as a

source of friction to the atmosphere. The dynamics of the resulting turbulent boundary

layer is often parametrised in simulations (owing to the small, unresolved lengthscales

of motion relative to the model resolution) and can impact the heat and momentum

fluxes near the surface. In addition, the frictional boundary layer can (depending on

the surface wind direction) act like a source or sink of angular momentum, which can

be important for the generation of superrotation (Gierasch, 1975; Rossow andWilliams,

1979)

The dynamics of terrestrial exoplanets can be broadly split into two categories based

on whether the planet is assumed to be synchronously rotating (more likely for plan-

ets on close-in orbits around low mass stars Leconte et al., 2015) or asynchronously

rotating, like the Earth.
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2.4.1 Asynchronously Rotating Planets

On temperate, asynchronously rotating planets, it is helpful to view the circulation as

an extension of Earth-like dynamics to different rotation rates and forcings, especially if

the flow is predominantly zonal and diverging from day to night. An important feature

of the zonal circulation on Earth and other small, rocky planets in the solar system

(e.g., Mars, Venus and Titan) is the Hadley Cell. This zonally-symmetric, large-scale

circulation involves air at the equator rising andmoving polewards. Conserving angular

momentum, an air parcel at latitude φ on a planet of radius a and rotation rate Ω must

have zonal wind:

u = aΩsin2 φ
cosφ

. (2.14)

In the model of Held and Hou (1980), the meridional potential temperature is relaxed

to a prescribed profile and the equilibrium width of the Hadley cell is estimated to scale

with Ω−1. In simulations of non-tidally locked terrestrial GCMs, this dependence on

rotation rate is broadly borne out (Kaspi and Showman, 2015; Komacek and Abbot,

2019). TheHadley cell also acts to smooth out meridional temperature gradients within

its extent. When rotation rate is increased and the meridional temperature gradients

are more pronounced, the sloping of isentropes relative to pressure surfaces leads to

baroclinic instabilities and eddy driven zonal jets form with lengthscales comparable

to the Rhines scale (Kaspi and Showman, 2015). Figure 2.3 shows the effect of increas-

ing rotation on the Hadley cell width and the emergence of eddy-driven jets, where the

breaking of Rossby waves converges zonal momentum towards the source of the dis-

turbance. On the other hand, when planetary rotation rate is decreased significantly

from Earth’s value, each branch of the Hadley circulation grows to fill its hemisphere.

Wave activity generation by baroclinic instabilities decreases, and superrotating jets at

the equator are driven by planetary-scale equatorial waves (Mitchell and Vallis, 2010;

Laraia and Schneider, 2015). The solar system bodies Venus and Titan fall into this
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Figure 2.3: The effect of increasing rotation on the flow of terrestrial, non-synchronously ro-
tating exoplanets. The contours represent the zonal wind, whilst the coloured regions represent
themeanmeridional mass streamfunction. As rotation rate is increased (moving down the pan-
els), the circulation changes from a Hadley cell filling each hemisphere (top panel), to multiple
eddy-driven jets. Adapted from Kaspi and Showman (2015)

.

regime.
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2.4.2 Synchronously Rotating Planets

For tidally locked exoplanets, the classification of planets as slow rotators, Rhines rota-

tors or fast rotators (as presented in section 2.2) applies. For slow rotation rates, where

the Rossby deformation radius is greater than the planetary radius, a thermally direct

day-to-night circulation is observed in GCM models (e.g., Edson et al., 2011a; Koll

and Abbot, 2016; Noda et al., 2017). As the rotation rate is increased, simulated atmo-

spheres transition towards having a superrotating jet at the equator (Koll and Abbot,

2016), driven by the stationary radiative forcing. For planets where the Rossby defor-

mation radius exceeds the planetary radius but the Rhines length is less than planetary

radius, turbulent eddies can produce turbulence driven-jets in the mid-latitudes that

break symmetry of the direct overturning circulation found on slow rotators (Haqq-

Misra et al., 2018).

The effect of dynamical timescales on the day-night temperature contrasts is dif-

ferent on terrestrial planets compared to Hot Jupiters due to the presence of a surface.

Koll and Abbot (2016) models atmospheres of terrestrial planets as a heat engine, with

a convective dayside exchanging heat with a subsiding nightside. Work is done by the

winds against surface friction. Strong day-night temperature contrasts can be sustained

at much lower ratios of τw/τr than those found for hot Jupiters, largely because warm-

ing by subsidence on the nightside has a longer timescale and can exceed the radiative

timescale at much lower values of τw .

2.5 Planetary Waves and Equatorial Superrotation

A common feature of the dynamics of Hot Jupiter and terrestrial exoplanets is the pres-

ence of an eastwards jet on the equator. These jets are “superrotating”, i.e. they have

more angular momentum than the rotation of the body below. A region of the atmo-
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sphere that is locally superrotating can be mathematically defined where:

s = m
Ωa2
− 1 > 0, (2.15)

where m = a cosϕ(Ωa cosϕ + u) is the specific angular momentum of the atmosphere

(Read, 1986). Rewriting the momentum equation, (2.4a) and taking the zonal average,

one finds (Vallis, 2017):

Dm
Dt
= − 1

a cosϕ
∂

∂ϕ
(m′v′ cosϕ) − ∂m′ω′

∂p
+ X , (2.16)

where barred quantities represent zonal averages, dashed quantities zonal eddies (i.e.,

A′ ≡ A − A) and X viscous forces. In the limit of an inviscid, axially symmetric atmo-

sphere, this reduces to:
Dm
Dt
= 0, (2.17)

and there can be no up-gradient transport of angular momentum (Hide, 1969). In the

Held-Hou model where the angular momentum of air parcels in the upper atmosphere

is homogenised to stationary equatorial surface parcels withm = Ωa2, this implies that

s ≤ 0 (i.e. subrotation). It is clear from the right-hand side of Equation 2.16 that up-

gradient transfer of angularmomentum in inviscid atmospheres (X = 0) can only occur

if there are non-axisymmetric eddies. In this section I will explain how planetary-scale

waves can provide the momentum flux necessary to induce equatorial superrotation.

2.5.1 Equatorial Waves

Slowly-rotating exoplanets (where Λ ≫ 1) can be thought of as exhibiting tropical dy-

namics globally (Showman et al., 2013) owing to the relative weakness of Coriolis force,

which leads to the equatorial Rossby deformation radius approaching or exceeding the

planetary radius.

To understand the range of equatorial waves permitted by the equations of motion,

we can study shallow water equations. The shallow water equations provide a starting
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point to studying the basic effects of rotation on fluid flow. The equations appear in

many different geophysical contexts – perhaps the easiest way to visualise them is de-

scribing a single layer of fluid of constant densitywith height h andhorizontal velocityu.

However, the same equations can also be derived for an ideal gas atmosphere, where the

height variable corresponds to the mass of atmosphere between two isentropic surfaces

(Gill, 1980). As noted by Matsuno (1966), using shallow water equations isn’t limited to

a single layer, or even discretised multiple layers of fluid but can be generalised to the

vertical modes of a stratified atmosphere (see Vallis, 2017).

Kelvin and Rossby waves

The linearised shallow water equations on the β-plane, where f = βy = 2Ω cosϕy/a

and Ω the rotation rate of the planet, are given by:

∂ϕ
∂t
+ (∂u

∂x
+ ∂v

∂y
) = 0, (2.18a)

∂u
∂t
− βyv + ∂ϕ

∂x
= 0, (2.18b)

∂v
∂t
+ βyv + ∂ϕ

∂y
= 0, (2.18c)

where u, v and ϕ are the non-dimensional zonal wind, meridional wind and geopoten-

tial fields respectively. The scalings for time and length [T] = 1/
√
cβ and [L] =

√
c/β

have been used to non-dimensionalise the fields. We can search for solutions of the form

Y(y) exp(ikx − iωt) where k is a zonal wavenumber and ω an angular frequency. As

shown byMatsuno (1966), we canmanipulate the equations into an eigenvalue problem

similar to the quantum harmonic oscillator, with dispersion relation:

ω2 − k2 − k
ω
= 2n + 1 (n = 0, 1, 2, . . . ), (2.19)

and eigenfunctions:

⎛
⎜⎜⎜⎜⎜⎜
⎝

v

u

ϕ

⎞
⎟⎟⎟⎟⎟⎟
⎠

=

⎛
⎜⎜⎜⎜⎜⎜
⎝

i(−ω2
nl − k2x)ψn

1
2(−ωnl − kx)ψn+1 + n(−ωnl + kx)ψn−1
1
2(−ωnl − kx)ψn+1 − n(−ωnl + kx)ψn−1

⎞
⎟⎟⎟⎟⎟⎟
⎠

, (2.20)
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Figure 2.4: The dispersion of four types of waves found from solving the linear shallow water
equations on the equatorial beta plane.

where ψn = e−
1
2 y

2Hn(y)withHn(y) being the nth Hermite polynomial (see Vallis, 2017)

and l denoting the different roots of Equation 2.19. The three roots of Equation 2.19

correspond to different types of planetary waves. Some special cases of n require more

thought. For n = 0, Equation 2.19 permits a westwards travelling gravity wave, which is

unphysical if we wish solutions to vanish as ∣y∣ → ∞. The remaining curve for ω > 0 is

known as a “Yanai” wave, which looks like a gravity wave for k > 0 but a Rossby wave for

k < 0. In addition, Equation 2.19 assumes that there is a non-zero meridional velocity.

However, the equations permit a solution with vanishing meridional winds (v = 0),

which corresponds to a solutionswithω = k and (ϕ, u) ∝ exp(−y2/2). These are Kelvin

waves, in geostrophic balance and confined by the change in sign of the Coriolis force

between hemispheres. Figure 2.4 illustrates the dispersion of these modes. Figure 2.5

shows the geopotential perturbation profile for the n = 0 and n = 1 modes. From 2.20

we can see that the ϕ and u profiles will be even across y = 0 for odd n, odd across y = 0

for even n and vice-versa for the v field (see Figure 2.5).
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Figure 2.5: Geopotential fields for the n = 0 and n = 1 modes of the shallow water equations
on a β-plane. Arrows indicate the wind direction. Red and blue regions represent positive and
negative geopotential perturbations respectively. The values of k chosen were ±0.5, and half a
wavelength in the x direction is shown.

Forced stationary waves

On a tidally-locked exoplanet, the forcing of the shallow water equations can be repre-

sented as a stationarymass source in the upper layer of themodel. As shownbyMatsuno

(1966) and Gill (1980), we can use the eigenfunctions of the free solution as an orthog-

onal basis to solve for the forced problem. If we impose equal Newtonian damping on

all three variables, i.e. ∂t → ∂t + α, and impose a forcing Q = Q0e−y
2/2e ikx where Q0

is a constant and k a zonal wavenumber, we can find an analytical solution in terms of

the Kelvin mode and the n = 1 Rossby and gravity wave modes (see Figure 2.6). The

response is dominated by the lower frequency Kelvin and Rossby modes because they
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Figure 2.6: The stationary wave pattern formed as a result of a forcing proportional to
e−y

2/2 cos(kx) with damping coefficient α = 0.2 and k = 0.5. Red and blue regions are re-
gions of positive and negative geopotential perturbation respectively. The arrows indicate the
direction of flow.

are closer to being in resonance with the 0-frequency forcing function. The positive-

perturbation Rossby modes are phase-shifted westwards whilst the Kelvin wave pattern

is phase-shifted eastwards. The condition of equal radiative and frictional drag can also

be relaxed and still yield analytical results (albeit with more algebraic complexity, see

Showman and Polvani (2011)).

The chevron pattern in Figure 2.6 is similar to the temperature structure seen in

GCMsimulations ofHot Jupiters and terrestrial exoplanets. The stationary eddy forcing

of the mean flow at the equator has a term proportional to:

−∂u′v′

∂y
, (2.21)

and the chevron pattern in Figure 2.6 has u′v′ < 0 in the northern hemisphere and

u′v′ > 0 in the southern hemisphere, driving momentum towards the equator. In the

models of Showman and Polvani (2011) a forcing term that represents mass with u = 0

being transferred to the active upper layer of the model when Q > 0 is also added to the

model. Since u < 0 in the regions of upwelling in Figure 2.6, this acts to increase the
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momentum at the equator and reinforce the positive acceleration there.

Expanding on this work, Tsai et al. (2014) andHammond and Pierrehumbert (2018)

looked at the effect of adding a uniform and sheared zonal flow respectively on the wave

structure. Both agree that the shift of a planet’s hot spot eastwards of the substellar point

is due to Doppler shift of the Rossby and Kelvin waves by the mean flow. Moreover, the

presence of a mean zonal flow decreases the zonal eastwards acceleration at the equator

present in the model of Showman and Polvani (2010). As the zonal flow shifts the phase

of the waves towards π/2, the waves become more in phase, reducing the acceleration

caused by zonalmomentum convergence and providing amechanism for the equatorial

jet to equilibriate.

2.5.2 Other routes to superrotation

Superrotation is also present in the atmospheres of the slowly-rotating planets andmoons

of our solar-system. Venus has westward winds at the equator (superrotating with re-

spect to its retrograde rotation) on the order of 100m s−1 (Widemann et al., 2008), and

measurements of Titan’s winds using ground-based spectroscopy and the Cassinimis-

sion show a peak equatorial jet speed of 200m s−1 (Kostiuk et al., 2001; Achterberg et

al., 2008). The atmospheres of Venus and Titan are not forced with the strong station-

ary radiative forcing of tidally-locked exoplanets and are slowly rotating. As such, the

mechanism for generating superrotation is not the stationary wave eddy-forcing of the

equatorially-trapped Matsuno-Gill pattern.

On Venus, two main mechanisms are proposed for the generation of superrotation.

The first is the role of diurnal and semi-diurnal thermal tides, which act to transport

momentum vertically into the cloud layer which is strongly heated by shortwave ab-

sorption (Newman and Leovy, 1992; Takagi and Matsuda, 2007). The second is the

transport of momentum by horizontal transient eddies. The global-scale Hadley circu-

lation accelerates high-latitude jets, which can become unstable to shearing instabilities
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(Iga and Matsuda, 2005; Wang and Mitchell, 2014). The resulting instability can pro-

duce the necessary equatorwards flux in zonal momentum to accelerate superrotating

jets in idealised models of Venus’s atmosphere (Mitchell and Vallis, 2010). In the mech-

anism described in Wang and Mitchell (2014), the slow rotation rate of the planet and

associated suppression of mid-latitude baroclinicity (Zurita-Gotor et al., 2022) allows

for an equatorial Kelvin wave to overlap with Rossby waves atmid-latitudes. Themerid-

ional shear in zonal winds allowsRossbywaves travellingwestwards relative to themean

flow to phase lock with eastwards travelling Kelvin waves. In contrast to thermal tides

which are widely accepted to produce equatorial superrotation on Venus (Lebonnois et

al., 2010; Mendonça and Read, 2016; Horinouchi et al., 2020), the role horizontal shear

instabilities is less clear, with Horinouchi et al. (2020) finding that they acted to decel-

erate zonal flow at the equator. Recent models of Titan’s atmosphere suggest a complex

mixture Rossby, Kelvin and gravity waves all have a role in accelerating equatorial jets

(Lewis et al., 2023).

In Chapter 3 I will show that the presence of a Rossby-Kelvin-like instability similar

to the one found in (Wang and Mitchell, 2014) can drive superrotation in the atmo-

sphere of sub-Neptune exoplanets.

2.6 The Helmholtz Decomposition of Tidally-Locked

Circulation

Understanding the circulation of tidally-locked exoplanets using metrics derived from

studies of Earth’s circulation can often obscure the underlying dynamics. For example,

a widely used diagnostic is the meridional mass streamfunction, Ψ, defined as:

Ψ = 2πa cosϕ
g ∫

p

0
v dp , (2.22)
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where v is the zonally-averaged meridional wind field. For planets with approximately

zonally symmetric circulations (e.g., Earth, Venus), Ψ gives a good picture of the over-

turning circulations such as the Hadley cell. However, on tidally-locked exoplanets, we

expect the predominant thermally-direct circulation to be directed from day to night,

which interferes with the zonal symmetry that makes Ψ attractive. Often the circula-

tion is described as aHadley cell on the dayside, but an anti-Hadley cell on the nightside

(Heng et al., 2011b; Charnay et al., 2015a; Haqq-Misra et al., 2018).

Hammond and Lewis (2021) offered a simplification of this view. Wind fields (u, v)

ofGCMsimulations of tidally-locked exoplanetswere decomposedusing theHelmholtz

decomposition into the sumof a divergence-free (ur , vr) and curl-free components (ud , vd).

The divergent component was found to capture the thermally-direct day-night circula-

tion, whereas the rotational component contains the equatorial jet and wave-like struc-

tures (see Figure 2.7). Given the symmetry of the overturning circulation, it is clearer to

define a streamfunction in the tidally-locked coordinate system (Koll and Abbot, 2015).

In tidally-locked coordinates, the line of zero degrees latitude is the terminator, and the

latitude coordinate runs from 90○ at the substellar point to −90○ at the antistellar point.

In this coordinate system, the meridional velocity vTL is directed the from nightside to

the dayside. The tidally-locked streamfunction is then defined as:

ΨTL =
2πa cosϕ

g ∫
p

0
vd ,TL dp , (2.23)

where vd ,TL is the divergent component of the meridional velocity in tidally-locked co-

ordinates. Figure 2.8 shows Ψ and ΨTL calculated from GCM simulations of a tidally-

locked terrestrial planet. The maximum value of ΨTL is an order of magnitude larger

than the value of Ψ, showing that the predominant overturning circulation is the day-

night circulation. The presence of a strong day-night divergent circulation is necessi-

tated by the vertically-averaged equation for the transport of dry static energy:

⟨s∇ ⋅ uTL + uTL ⋅ ∇s⟩ = R, (2.24)
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Figure 2.7: The rotational and divergent components of the circulation of a tidally-locked exo-
planet. The overturning circulation (blue) is described by the divergent component, whereas the
eddy and jet structures (green and red respectively) are captured in the rotational component.
From (Hammond and Lewis, 2021).

Figure 2.8: The mean meridional mass streamfunction in conventional latitude-longitude co-
ordinates (right), and tidally-locked coordinates (left) for a tidally-locked terrestrial planet. The
strength of the circulation is an order of magnitude larger in the tidally-locked coordinates.
From (Hammond and Lewis, 2021)

33



Chapter 2. The Atmospheric Dynamics of Exoplanets

where s is the dry static energy, R is the net radiative heating and ⟨⋅⟩ represents vertical

averaging. For atmospheres with weak temperature gradients the first term in Equa-

tion 2.24 dominates, so the divergent circulation must balance the radiative heating of

the circulation.

In Chapter 3 I will use Equation 2.24 to predict how the strength of the overturning

circulation on sub-Neptunes scales with instellation in GCM simulations.

2.7 Dry Dynamics on Temperate Sub-Neptunes

Although there have been many GCM simulations of hot Jupiters and terrestrial exo-

planets there have been comparatively fewer studies of sub-Neptune atmospheres, with

most focused on GJ 1214 b. The works of Menou (2012), Zhang and Showman (2017)

and Drummond et al. (2018) investigated the effect of varying metallicity on the atmo-

sphere of GJ 1214 b, and generally agreed that increased metallicity decreases equatorial

jet width and increases the day-night temperature contrast. The effect of clouds on the

dynamics and spectra of GJ 1214 b has also been probed (Charnay et al., 2015a,b). The

atmosphere of GJ 1214 b has also been used to test the differences between standard

primitive equation GCM models and models which integrate the equations of motion

without the traditional, hydrostatic, and shallow approximations (Mayne et al., 2019;

Christie et al., 2022). For hot sub-Neptunes it was found that including these non-

primitive terms could change the structure of the deep atmosphere and also affect the

location of a planet’s hot spot. The deep atmosphere on sub-Neptunes also affects the

equilibration times of GCMs (Wang and Wordsworth, 2020), with equilibration times

of 104 to 105 Earth days often required to reach a steady state.

Previous to this thesis, only one published work has studied the atmosphere of K2-

18b with a GCM (Charnay et al., 2021). The circulation was found to be dominated

by an overturning day-night circulation, which controlled the location of clouds. The

34



Chapter 2. The Atmospheric Dynamics of Exoplanets

cooling required to induce condensation and cloud cover occurred either at the ter-

minators (from radiative cooling) or at the substellar point (from adiabatic cooling on

ascent). Which mechanism dominated depended strongly on the size and density of

cloud condensation nuclei, as well as the assumed metallicity of the atmosphere.

Although few sub-Neptunes with hydrogen-dominated atmospheres on the thresh-

old of H2O condensation have been discovered and characterised, they may prove to be

common given the abundance of sub-Neptunes and their predicted compositions (Kite

et al., 2020). Water clouds in temperate sub-Neptunes have been proposed as an aerial

biosphere (Seager et al., 2021), and their structure, location and lifetime are affected by

the underlying 3D dynamics.

It is likely that the circulation of temperate sub-Neptunes is distinct from the well-

studied Hot Jupiters and terrestrial exoplanets. The dynamics of terrestrial exoplanets

is driven by shortwave heating of the surface, with energy communicated upward by

convection and infrared radiation. In contrast, the energy in sub-Neptunes (excluding

Hycean worlds) is deposited by shortwave absorption in the atmosphere, which can sta-

bilise temperature-pressure profiles to convective instability. Sub-Neptunes also lack a

distinct surface to act as a source of drag on the circulation. In addition, hydrogen dom-

inated atmospheres typically have a much higher heat capacity per unit mass, which in-

creases the radiative timescale in comparison to highmeanmolecular weight terrestrial

planets. In comparison to Hot Jupiters, a much smaller planetary radius, a, increases

the weak temperature gradient parameter, Λ =
√
RT/Ωa, making the elimination of

strong temperature gradients by planetary waves more efficient. Moreover, increasing

Λ reduces the impact of standing equatorial waves in the atmosphere, which could re-

duce the strength of any equatorial jet (e.g., Carone et al., 2015). For both Hot Jupiters

and sub-Neptunes, the vertical scale of the waves (and therefore the wave speed) is set

by the penetration depth of shortwave heating, and we should expect the scalings of

Equation 2.12a to be valid, albeit with different values for the non-dimensional param-
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eters.

In Chapter 3 I will use a simplified dry GCM in order to characterise the circulation

of a range of temperate sub-Neptunes. In particular, I will aim to answer the following

questions:

1. What characterises the general circulation of temperate sub-Neptunes?

2. Is there superrotation on sub-Neptunes, and if so what mechansisms generate

and sustain the superrotating circulation?

3. Do all temperate sub-Neptunes lie in the same circulation regime?

4. Can we use theories of geophysical fluid dynamics to explain how aspects of the

circulation vary with input parameters such as rotation rate and stellar instella-

tion?

2.8 Condensation and Moist Effects

Condensing water vapour has an important impact on the dynamics of the Earth and

gas giant exoplanets. As explained inChapter 1, we expect temperate sub-Neptuneswith

highmetallicity atmospheres to bewater-rich and influenced by the release of latent heat

when it condenses. In this section, I will give a broad overview on the effect of water

vapour on global circulation.

2.8.1 Latent heat release

Firstly, the latent heating released by condensational processes is important in the global

energy budget of cooler planets. We can define the moist static energy (MSE) as:

h = cpT + gz + Lq, (2.25)
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where cpT represents sensible heating, gz the gravitational potential energy and Lq the

contribution from moisture (L is the latent heat of the phase change and q the specific

humidity of the condensible in the vapour phase). The MSE is conserved during (in

this form, strictly dilute) moist adiabatic processes (Vallis, 2017; Pierrehumbert, 2010)

and is often used to track the global energy budget with the inclusion of moisture. To

determine whether latent heating will have a significant effect on the energy budget, one

can look at the inverse Bowen ratio (Bowen, 1926):

Lq
cpT

, (2.26)

i.e. the ratio between the latent and sensible heating. For example, in the Earth’s tropics,

we have a typical value of q being 0.01, which gives Lq/(cpT) ≈ 0.1. This is a non-

negligible proportion of the total energy. In Frierson et al. (2006) and Frierson et al.

(2007), a simplified GCM of an aqua-planet explored the effects of latent heating on

energy transports in the atmosphere. Water vapour was included as a component of

the atmosphere that did not interact with the radiation scheme. They found that in

the moist cases the strength of the Hadley cell decreased and jets moved polewards.

The weakening of the Hadley circulation with increasing moisture was also found in

Kaspi and Showman (2015). They posited that on warmer planets with a larger moisture

content, eddy meridional latent heat fluxes can enhance polewards energy transport,

therefore requiring less mass transport in the Hadley circulation for equivalent energy

transport to balance the energy budget.

On tidally-locked terrestrial exoplanets, the latent heat flux is mainly directed from

the day-side to the night-side of the planet and can act to lower day-night temperature

contrasts (Edson et al., 2011b). However, the consensus on the magnitude of this effect

varies. In Merlis and Schneider (2010), an increased latent heat flux towards the night-

side was associated with a compensating drop in the dry heat flux. Sergeev et al. (2020)

however, in their simulations of Trappist-1e and Proxima b, found that the latent heat

fluxes on the eastern terminator were on the order of 1% of the dry static energy fluxes.
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2.8.2 Clouds and Radiative Effects

Moving away from latent heating effects, water vapour is a strong greenhouse gas due

to its infrared opacity. In studies of terrestrial GCMs that include water vapour as a ra-

diatively active component, increased water vapour is associated with increased surface

temperatures. The water vapour feedback has been extensively studied in 1D models,

with particular focus being put on the “runaway greenhouse” effect (Komabayasi, 1967;

Ingersoll, 1969). Above a critical instellation (the Komabayasi-Ingersoll limit), surface

temperature exhibits a sharp increase as the increased opacity fromwater vapour places

a limit on the outgoing longwave radiation (and therefore the planet’s ability to cool).

This instellation limit is the canonical way to define the inner edge of a star’s habitable

zone (Kopparapu, 2013)

In 3D GCM studies of the inner edge of the habitable zone, cloud feedbacks play a

crucial role. Firstly, cloud droplets scatter shortwave radiation, increasing the albedo of

cloudy regions. Secondly, clouds are very opaque to longwave radiation. Infrared ra-

diation emitted by a planet’s surface with temperature Ts will be absorbed by the cloud

and re-emitted with a (approximate) black body spectrum with characteristic tempera-

ture T < Ts. This reduces the OLR which in turn warms the atmosphere. Higher clouds

emit at a lower temperature and therefore tend to have a net warming effect, compared

to lower clouds which emit with a temperature more comparable to the surface temper-

ature and can be net cooling. This is a simplistic overview of the processes at play – a

full treatment requires study of the different types of cloud (e.g. cumulus, stratus etc.)

and the convective processes which lead to their formation (Gettelman and Sherwood,

2016).

For terrestrial planets orbitingM-dwarf stars, the link between cloud structures and

rotation rate is particularly important (Yang et al., 2013, 2014). Planets in the slow-

rotating regime tend to have regions of vigorous convective upwelling on their day sides,
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increasing the albedo and cooling the planet. Yang et al. (2013) found this almost dou-

bled the runaway greenhouse instellation. Moreover, Haqq-Misra et al. (2018) and Ko-

macek andAbbot (2019) found that fast-rotating planets with Rhines and Rossby length

scales less than the planetary radius significantly reduced the day-side cloud cover as

clouds were advected eastward from the substellar point and broken up due to eddy-

mean flow interactions, leading to an increased surface temperature.

2.8.3 Moist Convection

Moist convection is ubiquitous in the atmospheres in our solar system with condensi-

bles. Broadly speaking, it is driven by buoyant, moist parcels of air rising, generating

turbulent mixing and releasing latent heat. On Earth, moist convection sets the lapse

rate in the tropics and provides a large source of energy to the Hadley cell (Emanuel

and Hide, 1995; Pierrehumbert, 2002). Convection is also responsible for many of the

storms and clouds visible in the atmospheres of the solar system gas giants (Palotai et

al., 2023).

Instability of an atmosphere to convection can be understood using a simple parcel

method. If an air parcel’s density when lifted upwards adiabatically by a pressure −dp

from pressure p is less than the density of the surrounding air, then it will be unstable

to convective mixing. The criterion for convection can be written:

ρad(p − dp) < ρam(p − dp), (2.27)

where “am” represents the ambient density and “ad” the density of the lifted parcel. Tak-

ing the logarithm of both sides and using the ideal gas law p = ρR∗T/µ (where µ is the

mean molecular weight of the gas and R∗ is the universal gas constant), we get:

∇ad −∇µ,ad < ∇am −∇µ,am, (2.28)

where ∇x ≡ d lnTi/d ln p and ∇µ,i ≡ d ln µi/d ln p . In the absence of mean molecu-

lar weight gradients, Equation 2.28 reduces to the standard moist convective instability
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criterion, where for instability the lifted parcel’s temperature should exceed the ambient

temperature. In the absence of condensation but in an environment with compositional

gradients, setting ∇µ,ad = 0 gives the Ledoux criterion:

∇am −∇ad −∇µ,am > 0. (2.29)

Convection induced by compositional gradients is the dominant mode of convection

in the Earth’s core (Fearn and Loper, 1981).

On Earth, dry convection convection is usually confined to the boundary layer of

the atmosphere as the free troposphere is stable relative to the dry adiabat. However,

moist parcels that reach their lifted condensation level (LCL) will condense and release

latent heat. The temperature profile, ∇ad, of a lifted, saturated parcel will be the moist

adiabat (Pierrehumbert, 2010; Ding and Pierrehumbert, 2016):

∇ad,moist =
R
cp

1 − qsat + Lqsat
RT
(1 − ϖqsat)

1 − qsat + β Lqsat
cpT (1 − ϖqsat)

, (2.30)

where ϖ ≡ 1 − µd/µv (where µd and µv are the mean molecular weights of the dry and

vapour components respectively), qsat is the saturation vapour concentration of the air,

β ≡ d ln psat/d lnT is the gradient of the vapour-liquid phase curve, L is the latent heat of

vapourisation (or sublimation ifT is below the triple point of water) and R and cp are the

mass-weighted gas constants and specific heat capacities of the lifted air. Equation 2.30

clearly reduces to the dry lapse rate Rd/cp,d as qsat → 0 and the pure steam lapse rate 1/β

as q → 1. The effect of latent heating acts to reduce the adiabatic lapse rate, destabilising

the atmosphere. Temperature profiles in the tropics are typically conditionally stable,

i.e. they are stable to dry convection, but unstable to moist convection.

Convective Inhibition

In non-dilute atmospheres with a condensing component, the mean molecular weight

gradient terms ∇µ,ad and ∇µ,am become important in determining the static stability.
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Unlike for dry convection, these quantities are now linked to the temperature profiles

∇x via the Clausius-Clapeyron relation:

∇µ,x = qϖ(β∇x − 1). (2.31)

Combining Equation 2.31 with 2.28 yields the following criterion for convection:

(∇am −∇ad)(1 − ϖβq) > 0. (2.32)

When the mean molecular weight of the condensible component is lighter than the

background gas, ϖ < 0, and Equation 2.32 is equivalent to the Schwarzschild criterion

∇am > ∇ad. However, if ϖ > 0, i.e., the mean molecular weight of the condensible

component exceeds that of the background gas, convection will only occur for supera-

diabatic temperature gradients when q < qc ≡ 1/(βϖ) ≈ RvT/(ϖL), i.e., when the con-

densible concentration is below a critical threshold. If q > qc a strong compositional

gradient is induced in superadiabatic temperature structures, since high pressure re-

gions are enriched with heavier condensible substances and low pressures are depleted.

In the absence of convection in these regions, the lapse rate is predicted to be controlled

by the most efficient energy transport mechanism, usually radiative transfer (Guillot,

1995; Leconte et al., 2017). The inhibition of convection in the gas giant atmospheres of

our solar systemwas first predicted byGuillot (1995), who found that temperature struc-

tures on Uranus and Neptune detected by Voyager 2 are consistent with superadiabatic

radiative temperature gradients at the 1 – 2 bar level. Li and Ingersoll (2015) predicted

the presence of inhibited layers in Saturn’s atmosphere. In their model, the inhibition

of convection allows for convectively available potential energy (CAPE) to build up in

the lower atmosphere and be released in episodic storm events (Sanchez-Lavega, 1994)

when radiative cooling of the upper atmosphere breaks the compositional stabilisation.

Condensing regions where q > qc were also shown to be stable to double-diffusive insta-

bility in Leconte et al. (2017). They predict that the interior temperature of the gas giants

would be higher than expected due to the formation of deep, convectively-inhibited ra-
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diative layers with large superadiabatic lapse rates. The change in temperature structure

predicted could impact the retrieval of elemental abundances in the interior of these

planets. In Chapter 6 I will investigate whether convection can be sustained in a 3D

model of sub-Neptunes with condensing water vapour concentrations above the criti-

cal qc threshold.

2.8.4 Horizontal Compositional Gradients

The horizontal distribution of moisture can also impact the vertical shearing of winds.

To see this we can consider the balance of forces on fluid parcel in the meridional di-

rection can be written (neglecting advective terms):

u2 tanϕ
a

+ f u = − 1
a

∂Φ
∂ϕ

. (2.33)

Taking the derivative of this equation with respect to ln p, and using the hydrostatic

equation (Equation 2.4b), we get:

∂
∂ ln p

(u2 tanϕ + a f u) = Rd
∂Tv

∂ϕ
, (2.34)

where Tv ≡ T(1 − ϖq) is the virtual temperature, which takes into account the varia-

tion in density due to composition. If the horizontal distribution of condensible species

in a weather layer is set by the Clausius-Clapeyron relation, then we would expect re-

gions with colder thermodynamic temperature T to be depleted in q, and vice versa.

On Earth, where the condensible species is lighter than background air and ϖ < 0, this

means that meridional gradients in virtual temperature are always of the same sign to

gradients of thermodynamic temperature. This leads to the temperature contrast be-

tween equator and pole resulting in an increase in zonal winds with height via Equa-

tion 2.34. However, in hydrogen-dominated atmospheres where the condensing com-

ponent of the atmosphere is heavier than the background, ϖ > 0, and the virtual tem-

perature gradient can be opposite in sign to the thermodynamic temperature gradient
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if q is large enough. To quantify this effect, we can use the definition of Tv to write

∂ lnTv

∂ϕ
= ∂ lnT

∂ϕ
(1 + ∂

∂ lnT
ln(1 − ϖq)). (2.35)

Since we are working in pressure coordinates, all derivatives are taken held at constant

pressure. If we assume that q is held at saturation, then using the Clausius-Clapeyron

relation we can write:
∂ ln q
∂ lnT

= β(1 − ϖq), (2.36)

and Equation 2.35 reduces to:

∂ lnTv

∂ϕ
= (1 − ϖβq)∂ lnT

∂ϕ
. (2.37)

In Equation 2.37 we have proven that above the same critical water concentration that

inhibits convection, qc ≡ 1/(ϖβ), we should expect the gradient in virtual temperature

to be opposite to the gradient in thermodynamic temperature. This “humidity wind”

that reverses vertical wind shears has been invoked to explain the orientation of con-

vective plumes on Uranus (Zi-Ping Sun et al., 1991) and to reconcile observations of

Neptune’s winds with theory (Tollefson et al., 2018). In Chapter 6 I will show that the

reversal in wind shear due to compositional gradients can limit the vertical extent of

jets on sub-Neptune exoplanets.

2.9 Moist Dynamics on Temperate Sub-Neptunes

Theeffect of condensing water vapour in a temperate sub-Neptune atmosphere has only

been studied once, in Charnay et al. (2021). As discussed in Section 2.7, they found

the global distribution of clouds to depend strongly on cloud microphysical properties.

However the extent of condensation was limited due to a small proportion of the upper

atmosphere due to warm temperatures. For cooler sub-Neptunes, we would expect the

effects of latent heating and moist processes to become more pronounced since con-

densation will occur in the dynamically active region of the atmosphere.
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Theoretical studies predict that sub-Neptunes could have a range of compositions

ranging fromhydrogen-dominated to volatile-dominatedwaterworlds (Kite et al., 2020;

Kite and Barnett, 2020; Madhusudhan et al., 2020). Enhancements of water vapour

over metallicities of 10x and above can make water vapour non-dilute in the atmo-

sphere, with 100x solar metallicity chemical equilibrium models giving typical water

concentrations of 0.35 (Charnay et al., 2021; Tsai et al., 2021). The effect of non-dilute

dynamics on the circulation of terrestrial exoplanets has been studied in Pierrehumbert

and Ding (2016). They found that as terrestrial atmospheres become water-dominated,

the dynamics become barotropic, and the relative humidity tends towards 100%. How-

ever, the atmospheres studied in this work were nitrogen-dominated. As highlighted

in Sections 2.8.3 and 2.8.4, the presence of condensing water in a hydrogen-dominated

atmosphere is expected to shut off convection and alter the vertical structure of jets.

In Chapter 6 I present the development of a GCM capable of simulating non-dilute

moisture in the atmosphere of a sub-Neptune exoplanet. Along with necessary adjust-

ments to the dynamical core, I also include a simplified hydrological cycle. The convec-

tive adjustment scheme used will account for compositional gradients and convective

inhibition. In future, I hope the model can be used to answer questions such as:

1. How does the release of latent heat and moisture gradients affect the large-scale

dynamics of temperate sub-Neptunes?

2. Does latent heat release alter the strength of the overturning circulations respon-

sible for energy transport?

3. Is convection robustly inhibited in atmospheres where q > qc in the condensing

region and how does this affect the distribution of water vapour in the atmo-

sphere?

4. How are the condensing regions of the atmosphere spatially distributed and can

this impact potential observations of sub-Neptunes?
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The results from Chapter 5 also show that the inhibition of convection will have

a profound impact on the temperature structure of Hycean worlds, i.e. sub-Neptunes

with a liquid water ocean. However, given the uncertainty of modelling the planetary

boundary layer of a Hycean world that has steep, super-adiabatic temperature gradients

(from convective inhibition), I choose to only model sub-Neptunes without a surface.
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Chapter 3

The Dry Dynamics of Temperate

Sub-Neptunes

The results of this chapter were published in Innes and Pierrehumbert (2022).

More than half of all sun-like stars host a planet with a radius between that of

Earth and Neptune (Fressin et al., 2013). As discussed in Chapter 1, a large

proportion of these planets are “sub-Neptunes” with extended, hydrogen-dominated

atmospheres. Particular interest has been focused on temperate sub-Neptunes, in par-

ticular because they could host liquid water either at the surface (Hycean worlds, Mad-

husudhan et al. (2020)) or in cloud droplets aloft, which could act an aerial biosphere

(Seager et al., 2021). These planets are slowly-rotating (if tidally-locked) and have very

long radiative timescales, which should place them in a different parameter space to

Hot Jupiters and terrestrial exoplanets.

In this chapter I will simulate a range of dry temperate sub-Neptunes to try and

understand their basic underlying circulation. In Sections 3.1.1 and 3.1.2 I will intro-

duce the ExoFMS GCM that will be used for the suite of simulations and set out the
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region of parameter space to be explored. Section 3.2 outlines the main findings of

this chapter. I will show that the circulation of temperate sub-Neptunes is dominated

by high-latitude jets and global weak temperature gradients. The main divergent cir-

culation is a day-to-night flow, but a residual equator-to-pole overturning circulation

provides the angular momentum to sustain the high-latitude jets. I derive a scaling re-

lation to link the strength of the overturning circulation to the instellation received by

a planet. In the upper atmosphere, a superrotating jet formed by wave instabilities is

found. In Section 3.3, I compare my simulations to the only other simulation of a tem-

perate sub-Neptune. I find that my results differ qualitatively from these results and

offer possible explanations for these differences. I also demonstrate why we should ex-

pect most temperate sub-Neptunes to fall in a similar parameter regime to those in my

simulations. Finally, I recommend future work to determine the disparities between

different dynamical cores when modelling sub-Neptunes.

3.1 Model

3.1.1 ExoFMS

The GCM used for this study is ExoFMS, which is based on GFDL’s Flexible Modelling

System (Lin and Rood, 1997; Lin, 2004) which uses a finite volume dynamical core on a

cubed-sphere grid with physics modules adapted for exoplanetary study. ExoFMS has

been used previously to study the atmospheres of terrestrial exoplanets (Pierrehumbert

and Ding, 2016; Hammond and Pierrehumbert, 2017, 2018; Pierrehumbert and Ham-

mond, 2019) and gas giants (Lee et al., 2020).

The dynamical core solves the primitive equations with a σ-p vertical coordinate

that follows contours of constant geopotential on the bottom boundary and transitions

into a pure pressure coordinate in the upper atmosphere. The form of the equations

is the same as Equations 2.4. The diabatic heating rate Q̇ is largely determined by the
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radiative transfer scheme. We use a double-grey scheme, where the radiation is split

into two bands: shortwave (SW) and longwave (LW). The incoming stellar radiation is

assumed to be only in the SW band and we assume the atmosphere only emits in the

LW part of the spectrum. The LW and SW opacities (κLW and κSW respectively) define

optical depths (τLW, τSW) via the relation:

τi =
2κi
g

p
p0

i ∈ (SW, LW) (3.1)

using the hemi-isotropic closure to approximate the angular dependence of τ (Pierre-

humbert, 2010). Here we have neglected any pressure dependence of the two opacities,

which is likely to be a false assumption at higher pressures where collisional-induced

absorption of H2 becomes dominant (and scales as ρ2 ∼ p2 for an isothermal atmo-

sphere). We justify this simplification in section 3.1.2. The downwards SW flux, S− and

the upwards and downwards LW fluxes, (F+, F−), are then calculated via:

S− = S0e−τSW (3.2)

F− = ∫
τ

0
σT4(τ′)e−(τ−τ′) dτ′ (3.3)

F+ = Finte−(τ0−τ) + ∫
τ0

τ
σT4(τ′)e−(τ′−τ) dτ′ (3.4)

where S0 is the instellation, Fint is the longwave flux radiating upwards from the inte-

rior of the planet, τ0 is the LW optical depth at p = p0 and σ is the Stefan-Boltzmann

constant. We note that the incoming SW radiation does have a zenith angle depen-

dence, however we are neglecting this dependence on the grounds that the direct beam

is largely converted to diffuse radiation by scattering in the optically thick section of the

atmosphere (this assumption breaks down in the upper atmosphere where the direct

beam is not yet scattered). The radiative heating rate is calculated from these fluxes as:

Q̇rad = g
d
dp
(F+ − F− − S−). (3.5)

Enthalpy-conserving dry convective adjustment is performed if the vertical tempera-

ture gradient ∂pT exceeds that of the dry adiabatic R/cp.
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The model was run with mean molecular weight, µ, which sets the value of the gas

constant R through R = R∗/µ, where R∗ is the universal gas constant, 8.314 J K−1mol−1.

The heat capacity at constant pressure, cp, was set by assuming the atmosphere behaved

as an ideal diatomic gas with R/cp = 2/7.

3.1.2 Experiment Setup

We use the temperate sub-Neptune K2-18 b as our control experiment. K2-18 b is the

first sub-Neptune with Earth-like instellation to have its atmosphere characterised by

transmission spectroscopy. Its radius (2.61 R⊕ (Cloutier et al., 2019)) and mass ((8.63±

1.35)M⊕ (Cloutier et al., 2019)) place it close to the peak of the sub-Neptune population

density distributions (Owen andWu, 2017) making it an ideal candidate for generalised

GCM experiments. The claimed discovery of water vapour in its atmosphere (Benneke

et al., 2019a) also makes it an interesting test case for the effects of a condensible sub-

stance that is heavier than the surrounding bulk atmosphere.

Table 3.1 describes the parameters for the control run. The two-stream opacity val-

ues and mean molecular weight value µ are taken from a study of the atmosphere of

GJ-1214b (Menou, 2012), and were found to provide a reasonable fit to the temperature-

pressure profile from Scheucher et al. (2020) where real-gas radiative transfer calcu-

lations under chemical equilibrium conditions were carried out (see Figure 3.1). The

largest discrepancy comes in the deep atmosphere (below 1 bar), where the grey gas so-

lution significantly underestimates the temperature. This is likely due to two main fac-

tors. Firstly, as previously mentioned, collisional-induced absorption can increase the

LW opacity at the bottom of the atmosphere greatly. However, including an additional

opacity proportional to p only increases the high-pressure temperature either if there

is a significant internal flux, or if shortwave heating penetrates to the high-pressure re-

gion. Estimates of the internal temperature of K2-18 b (calculated using estimates of the

residual heat of formation) correspond to internal fluxes of around 1 to 4Wm−2 (Blain
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Table 3.1: Control experiment parameters

Parameter Value Comment

Planetary parameters

a (R⊕) 2.61 Benneke et al. (2019a)
Rotation period (Earth days) 32.9396 Cloutier et al. (2017)
S0 (W m−2) 1368 Benneke et al. (2019a)
g (m s−2) 12.43 Benneke et al. (2019a)

Atmospheric parameters

µ (g mol−1) 2.2 Menou (2012), solar metallicity
R (J kg−1K−1) 3779 Menou (2012), solar metallicity
R/cp 2/7 Ideal diatomic gas
cp (J kg−1K−1) R × 1

R/cp —
κLW (cm2 g−1) 2 × 10−2 Menou (2012), solar metallicity
κSW (cm2 g−1) 8 × 10−4 Menou (2012), solar metallicity

Tint (K) 70 Consistent with Blain et al. (2021) and
Piette and Madhusudhan (2020)

Numerical parameters

Horizontal grid resolution C48 Each side of cubed sphere has
48 × 48 resolution (Putman and Lin, 2007)

Vertical grid resolution 50 —
Bottom boundary reference pressure (Pa) 106 —
Top boundary pressure (Pa) 10 —
Experiment run time (Earth days) 20000 —
Substellar longitude 0○ —

et al., 2021) which is not enough to increase the lower-layer temperatures significantly.

We investigated the effect of adding a term proportional to p in both LW and SW

opacities such that the optical depths were of the form:

τ = τ0( f (
p
p0
)
2

+ (1 − f ) p
p0
) (3.6)

where f is a constant between 0 and 1. The opacity of a real-gas atmosphere will not be

constant with pressure for a number of reasons. Firstly, there may be chemical hetero-

geneity in the atmosphere which causes the chemical composition (and therefore opac-

ities) to vary in height in the atmosphere. Secondly, the pressure-broadening of lines

becomes stronger at higher pressures. Thirdly, for molecules with significant collision-
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induced absorption spectra (e.g., hydrogen) the optical depth increases as the square

of the density of molecules (since the absorption is induced by pairwise interactions).

This leads to τ increasing non-linearly with pressure. When f = 0.8 for the LW band

(note we cannot set f = 1 for the LW band since this causes diverging temperatures at

p = 0), we do not see a significant change in the temperature profiles (see purple curve

in Figure 3.1) and the curve is a worse fit to the Scheucher et al. (2020) profile. When

f = 1 for the SW band, we find the temperature is much hotter at the bottom of the

atmosphere, better matching the Scheucher et al. (2020) profile at the bottom bound-

ary. In Appendix A, we show the result of running one of our 6 day period experiments

with this altered SW opacity. This experiment produces qualitatively similar results to

our constant-κ approach, though we note the magnitude of the zonal winds when us-

ing pressure-dependent opacities differs notably. We found that including a second SW

band with a lower optical depth (≈ 1) was much more effective at heating the lower at-

mosphere. An experiment run with this modification did not affect the dynamics in an

appreciable way.

We study the effect of varying rotation rate by running the experiment with a faster

rotation rate of P = 6 days. K2-18 b is a slow-rotator and lies within the “weak tempera-

ture gradient” regime of parameter space (Pierrehumbert andHammond, 2019). There-

fore while we expect decreasing the rotation rate not to change the dynamical regime

of the atmosphere, increasing the rotation rate could produce interesting changes to

the dynamics. We choose P = 6 days since this is the rotation rate of TRAPPIST-1e, a

planet with a temperate equilibrium temperature of 251 K orbiting an ultra-cool M-star

with effective temperature 2550K (Gillon et al., 2016). Most observed M-dwarfs have

an effective temperature greater than this value (Casagrande et al., 2008; Rajpurohit et

al., 2013), so we would expect temperate exoplanets around the majority of M-dwarfs

to have longer rotation periods than TRAPPIST-1e, making it approximately an upper

limit on rotation rate.
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Figure 3.1: Comparison of the radiative equilibrium profile calculated using a simple grey gas
scheme with a correlated-k chemical equilibrium model from Scheucher et al. (2020). We also
include profiles calculated with pressure dependent opacities in the LW (purplecurve)and SW
(red curve) bands.

Table 3.2: Experiment setup

Experiment name Difference to control
PKc Control experiment (see Table 3.1)
PKh S = 1

2S0
PKd S = 2S0
P6c P = 6 days
P6h P = 6 days, S = 1

2S0
P6d P = 6 days, S = 2S0

We also investigate changing the value of the instellation, running the simulation

with S ∈ { 12S0, S0, 2S0} where S0 is K2-18 b’s instellation.

Table 3.2 summarises all the experiments.
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3.2 Results

3.2.1 Convergence

Firstly, we investigate the convergence of the model runs. Figure 3.2 shows the total

kinetic energy of each model run as a function of day, defined as:

Ek = ∫
A
∫

ps

0

dp
2g
(u2 + v2)dA , (3.7)

where ∫ ⋅dA is an integral over horizontal area. The kinetic energy of the model runs

takes an extremely long time to reach a steady-state, on the order of > 15000 Earth days

(note unless otherwise specified, a “day” is an Earth day, i.e., 86400 seconds). On the

other hand, the maximum and minimum zonal wind of the model reach a steady state

on day ≈ 10000 for the 33 day period runs, and < 5000 days for the 6 day period runs.

Whilst the kinetic energy is dominated by the denser lower atmosphere, the jet speeds

are maximal in the upper atmosphere which takes a shorter period of time to reach its

steady state. The globally-integrated outgoing longwave radiation (OLR) of the model

reaches equilibrium with the incoming stellar radiation after ≈ 1000 days. In Wang

andWordsworth (2020) the convergence of the lower atmosphere took on the order of

105 days, after which the kinetic energy of the atmosphere reached a steady-state value.

Our timescale appears to be shorter, which could be attributed to two things: firstly, our

model has a lower bottom boundary pressure of 10 bar so the radiative timescale will

be shorter at the bottom of our model; secondly, we initialised the simulations with the

vertical temperature profile equal to the analytic radiative equilibrium temperature of a

1D grey gas model. As shown in section 3.2.2, since there are extremely weak horizon-

tal temperature gradients throughout the atmosphere, 3D vertical temperature profiles

match the analytic profile well. This would reduce the length of time the lower atmo-

sphere has to adjust to radiative equilibrium (compared to initialising on an isothermal

profile, as done in Wang and Wordsworth (2020) and previous studies of GJ 1214 b).
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Figure 3.2: The kinetic energy of the runs as a function of model time. (a) The 33 day period
runs, with lines indicating different levels of instellation. (b) Equivalent to (a) but with 6 day
period runs.

3.2.2 Temperature Structure

Figure 3.3 shows the horizontal temperature structure of the six runs at 100mbar. The

slower rotating experiments (with P = 33 days) show extremely horizontally uniform

temperature profiles, with the temperature varying on the order of 1 K apart from near

the poles, where there is a more significant drop in temperature in cold, vortex-like

structures. In contrast, the faster rotating experiment shows a much larger temperature

drop between equator and pole. The faster-rotating experiments support stronger cy-

clostrophic jets than the 33 day experiment (see sections 3.2.3 and 3.2.4) which in turn

require larger meridional temperature gradients to sustain them by gradient wind bal-

ance. The slower-rotating experiments are also less uniform zonally, especially near the

poles where meridional and zonal winds are of the samemagnitude in some regions. In

the 6-day period experiments, however, the wind field is extremely zonally uniform at

all latitudes. The vertical temperature profiles in all runs closely fit the analytic 1D tem-

perature profile assuming perfect heat redistribution, apart from near the poles. Fig-
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Figure 3.3: The 100mbar level temperature profiles for the experiments. For the 33 day period
experiments, the temperature varies on the order of 1 K throughoutmost of the horizontal plane
apart from at a cold spot near (but offset from) the poles. For the 6 day period experiments,
there is a much larger temperature drop from equator to pole. Note the substellar point is at 0○
longitude.

ure 3.4 shows vertical temperature profiles at different latitudes and longitudes and in

comparison to the 1D analytic solution for the control experiment. On the equator, in

the zonal direction there is very little temperature variation. Moving polewards from

the substellar point, however, there are significant variations in temperature away from

radiative equilibrium. The weak temperature gradients in the tropics and mid-latitudes

can be explained from a simple scaling argument, following Pierrehumbert and Ding
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Figure 3.4: Horizontal temperature profiles for the control experiment. Left: On equator, the
temperature profiles are very uniform and conforming to the analytic 1D solution. Right: In the
latitudinal direction, there are deviations from uniform temperature gradients, but only near
the poles.

(2016). The momentum equation, written in non-dimensionalised form is:

Ro2(u ⋅∇u − uv tanϕ) − Ro ⋅ f v = −Λ2∂xΦ, (3.8)

where Ro is the Rossby number, U/(Ωa), and Λ is the weak temperature gradient

(WTG) parameter c0/(Λa) (Pierrehumbert and Ding, 2016; Pierrehumbert and Ham-

mond, 2019), which is the ratio of the Rossby deformation radius to the planetary radius

(c0 is a characteristic wave speed). If we approximate the atmosphere as isothermal with

characteristic temperature T , this wave speed ∼
√
RT . For weak horizontal temperature

gradients, we require Λ≫ 1 and Ro≫ 1 such that ∂xΦ ∼ ∂xT ≈ 0. Using estimates from

our experiments, the 33 day period simulations have Ro ≈ 10, Λ ≈ 30, whilst the 6 day

period simulations have Ro ≈ 3, Λ ≈ 10, confirming that both cases are firmly within

the WTG regime, with the slower-rotating experiments expected to be more strongly

uniform in temperature. In contrast, temperate terrestrial simulations (such as Pier-

rehumbert and Hammond (2019)) often have high µ atmospheres, making Λ < 1 and

exciting a strong wave response. GJ 1214 b, being much hotter and faster rotating, has

Λ ≈ 1, being greater than or less than 1 depending on the assumed metallicity of its at-
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mosphere (see section 3.3.1). This result can also be interpreted using the theory from

Zhang and Showman (2017) in the low-drag limit, where the day-night temperature

contrast compared to the equilibrium contrast is given by:

∆T
∆Teq

∼ 1 − 2
α +√α2 + 4γ2

, (3.9a)

α = 1 + Ωτ2w
τr∆ ln p

, (3.9b)

γ = τ2w
τrτa,eq∆ ln p

, (3.9c)

where τr, τw and τa,eq are the radiative, wave and cyclostrophic advective timescales

respectively (Zhang and Showman, 2017). If we write the wave timescale as a/
√
RT =

1/(ΩΛ) and the advective timescale as:

τa,eq =
a
Ueq

, (3.10)

= a√
R∆Teq ln p

, (3.11)

= 1
κΛΩ

√
ln p

, (3.12)

where κ2 ≪ 1 is the ratio between the equilibrium day-night temperature difference and

the characteristic temperature of the atmosphere, then:

α = 1 + 1
τrΩΛ2∆ ln p

, (3.13)

γ =
κ
√
ln p

ΛτrΩ
. (3.14)

The radiative timescale at the τ = 1 level can be estimated as:

τr =
cpp(τ = 1)
4σT3g

=
cpps

4σT3gτLW
≈ 8 days, (3.15)

which means (τrΩ)−1 = 1 for the P = 33 day experiment and 0.1 for the P = 6 day

experiments. Therefore in all our experiments we can predict α ≈ 1 and γ ≪ 1, which

corresponds to ∆T/∆Teq ≪ 1 (i.e., low day-night temperature contrasts).
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Figure 3.5: The zonal mean zonal wind for each of the six experiments. All circulations exhibit
high latitude cyclostrophic jets. All experiments show equatorial super rotation, in some cases
forming a third maximum on-equator.

3.2.3 Zonal Circulation

Next, we look at the zonal circulation. The temperature and wind profiles in our model

runs were largely zonally symmetric, meaning the zonally averaged circulation is a good

way of reducing the dimensions of the output data. Figure 3.5 shows the zonal mean

zonal wind of each dry run. The common feature of all the circulations is the presence

of two high-latitude cyclostrophic jets in steady-state balance. Figure 3.6 shows the
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Table 3.3: Maximummeridional velocity in the time-averaged flow

Experiment name Maximum v (m/s)
PKh 193
PKf 265
PKd 383
P6h 7
P6f 13
P6d 29

non-negligible terms in the zonally averaged meridional momentum equation:

1
a
[v∂ϕv] +

[u2] tanϕ
a

+ [ f u] = − 1
a
[∂ϕΦ], (3.16)

where [⋅] represents zonally averaged terms. The experiments with the shorter period

orbit are very close to gradient wind balance, with the pressure gradient induced by the

temperature contrast between the equatorial regions and the polar regions balanced by

the Coriolis forces and cyclostrophic terms in the momentum equation. In contrast,

in the slower-rotating experiments, non-linear advective terms become important near

the poles, where the meridional wind reaches its maximum magnitude value. Non-

primitive terms in the momentum equation were found to be negligible throughout.

Table 3.3 shows the maximum value of the time-averaged meridional velocity in each

of the experiments, from which it is clear that the meridional velocity is an order of

magnitude stronger in the slower-rotating experiment.

We do not currently have a theory for predicting the strength of this zonal circu-

lation. The gradient wind balance shown in 3.6 is a diagnostic balance which does not

illuminate how the atmosphere arrives in its final state. In other GCM studies of tidally-

locked exoplanets (Komacek and Showman, 2016; Zhang and Showman, 2017), theRMS

wind is linked to the advective, wave and radiative timescales. However, in these studies

the wind speed also depends on an equilibrium temperature profile which is prescribed

in the model. In our grey gas model, this equilibrium temperature profile is not known

a priori which makes it difficult to produce similar scaling relations. We note that at
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Figure 3.6:Meridional momentum balance for each of the dry simulations at the 10 mbar level.
For the six-day period experiments (right-hand side), classical gradient-wind balance sustains
the jets, whereas in the 33 day period experiments the non-linear advection term is also signifi-
cant to the balance.

each rotation rate, the zonal jet strength is approximately the same at each instellation,

but that it increases greatly with increasing rotation rate. An angular momentum con-
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serving wind moving from the equator with u = 0 would have speed:

uAM = aΩ
sin2 ϕ
cosϕ

(3.17)

at latitude ϕ. For jets at ϕ = 75○, this gives uAM = 130 m/s for the 33 day period case and

uAM = 730 m/s for the 6 day period case, which is the correct order of magnitude for

the results shown in Figure 3.5. However, we note that there is no requirement for the

zonal wind speed to be 0 at the equator (as in a classical Hadley circulation) since there

is no friction at the bottom of the model. We investigate the overturning circulation in

the next section.

3.2.4 Overturning Circulation

To investigate the origin of the high-latitude zonal jets, we look at the mean merid-

ional overturning circulation. In the conventional (λ, ϕ) coordinate system, the mass

streamfunction is given by:

ψm(ϕ, p) =
2πa cosϕ

g ∫
p

0
[v](ϕ, p′)dp′ , (3.18)

which represents the meridional mass flux between the top of the atmosphere (p = 0)

and a pressure level p. Figure 3.7 shows this mass streamfunction for the six experi-

ments. The zonal-mean circulation follows contours of constant ψm, so positive (red)

regions indicate clockwise circulation around contours, and (blue) regions anticlock-

wise circulation. In all six cases we see a net overturning circulation from equator to

pole in both hemispheres. In the theory of non-synchronously rotating planets, having

Ro ≫ 1 leads to a global Hadley-like circulation (e.g. Venus and Titan), which trans-

ports energy from the tropics to the poles to balance the gradient in stellar heating (Held

and Hou, 1980; Vallis, 2017; Kaspi and Showman, 2015). This Hadley circulation also

transports angular momentum from the equator polewards and spins up sub-tropical

jets on Earth. Our experiments differ from the classical Held-Hou model in two main
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ways: firstly, we do not have a drag layer at the bottom of the atmosphere which can in-

ject angular momentum into the atmospheric flow by imposing a torque on westwards

moving surface-flow. Secondly, the forcing in our model is non-axisymmetric and cen-

tred on the substellar point, meaning the main heating contrast is between substellar

and antistellar points in contrast to between equator and pole in the original Held-Hou

model.

Since there is no surface to inject angular momentum into our atmosphere, the pos-

itive angular momentum associated with jets in the upper atmosphere is balanced by

a retrograde circulation in the lower atmosphere. Spinning up from rest, the radiative

heating at the equator causes rising motion. Air moving polewards higher up in the

atmosphere rotates in the prograde direction, conserving angular momentum, whereas

the return flow will have retrograde motion in the absence of friction. How these two

circulations interact is unclear and requires more study. As mentioned above, since u is

not fixed at 0 at the equator, it is difficult to use this as a theory to predict the jet speed

away from the equator. However, the qualitative picture of air from the equator moving

polewards and accelerating the jets provides a rough order-of-magnitude estimate of

the jet wind speeds.

Figure 3.8 shows themass streamfunction of the control experiment during spin-up

(averaged between 4000 and 5000 days). The overturning circulation that would spin

up angular momentum conserving jets is clear on the left-hand panel. The picture in

the upper atmosphere is similar except the magnitude of the streamfunction is lower,

since similar meridional velocities in the upper atmosphere transport less mass.

In previous studies of tidally-locked planets, the zonal circulation has sometimes

been split into a daysideHadley circulation and a nightside anti-Hadley circulation (e.g.

Charnay et al., 2015b) – however, this can obscure a more direct circulation between

dayside and nightside (Hammond and Lewis, 2021). We therefore follow Hammond

and Lewis (2021) in calculating the mass streamfunction in tidally-locked coordinates
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Figure 3.7: The meridional mass streamfunction for the six experiments (contours in units of
kg/s). All the experiments show some form of net overturning from the equator to pole.

(Koll and Abbot, 2015). The tidally-locked latitude, ϕTL, is 0 degrees at the North and

South poles, 90 degrees at the substellar point and -90 degrees at the antistellar point.

The tidally locked longitude, λTL, is 0 on the semi-circle passing through the substellar

point, North Pole and antistellar point and increases towards the Eastern terminator. In

this coordinate system, one can define a streamfunction:

ψTL =
2πa cosϕTL

g ∫
p

0
[vTL]TL(ϕTL, p′)dp , (3.19)

where [⋅]TL represents an average over λTL, and vTL is the component of the wind in the
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Figure 3.8: The mass streamfunction of the control experiment averaged between 4000 and
5000 days during spin-up. Left: A view of the the whole atmosphere with it’s clear overturning
circulation from equator to pole. Right: The upper atmosphere’s streamfunction has similar
structure (though is obscured on the left due to the magnitude), highlighting that the upper
atmosphere is spun up via a similar mechanism.

direction of increasing ϕTL (and not just the conventional meridional wind in a differ-

ent coordinate system). Figure 3.9 shows the streamfunction in this coordinate system.

In all experiments, a direct day-night circulation is driven by radiative heating. In the

six-day period experiments, there is also a small area of counter-circulation near the

poles, where the jet region near the pole is associated with a downwelling region on the

the dayside and upwelling on the nightside. One can also see, in all six cases, that the

flow is partially splits into two sub-circulations, with a stronger one on the dayside and

a weaker one on the nightside. Thinking in terms of the conventional mass streamfunc-

tion, this would explain why we see a circulation from equator to pole – because the

“anti-Hadley” circulation on the nightside is weaker than the conventional Hadley-like

circulation on the dayside (due to weaker radiative forcing on the nightside).

We note that this circulation is on average an order of magnitude larger than the

overturning circulation in latitude-longitude coordinates, confirming that this is the

dominant overturning circulation.

To better distinguish the overturning circulation from the zonal jet structure, we

can decompose the horizontal winds into their divergent and rotational components

65



Chapter 3. The Dry Dynamics of Temperate Sub-Neptunes

102

103

104

105

106

P
re

ss
ur

e
(P

a)

S
=

1 2
S

0

Terminator

P = 33 days P = 6 days

102

103

104

105

106

P
re

ss
ur

e
(P

a)

S
=
S

0

−50 0 50

Latitude

102

103

104

105

106

P
re

ss
ur

e
(P

a)

S
=

2
S

0

Antistellar Substellar
−50 0 50

LatitudeAntistellar Substellar

−3.2

−2.4

−1.6

−0.8

0.0

0.8

×1011

−4.8

−3.2

−1.6

0.0

1.6

3.2
×1011

−8

−6

−4

−2

0

2

×1011

−2.4

−1.8

−1.2

−0.6

0.0

0.6

×1011

−4

−3

−2

−1

0

1

×1011

−4.8

−3.2

−1.6

0.0

1.6

3.2

×1011

Figure 3.9: The tidally-locked mass streamfunction, ψTL (units kg/s). This shows more clearly
the stronger overturning circulation between dayside and nightside (c.f. Figure 3.7)

(Hammond and Lewis, 2021):

u = udiv + urot, (3.20a)

urot = k ×∇ψ, (3.20b)

udiv = −∇χ, (3.20c)

where ψ is a streamfunction and χ is a velocity potential which can be calculated from

the vorticity and divergence of the velocity respectively. Importantly, the meridional

rotational velocity is given by vrot = ∂xψ, which vanishes when averaged in the longi-
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Figure 3.10: Total, rotational and divergent components of the wind field of the control exper-
iment at 100 mbar. The rotational component of the wind dominates the circulation, but the
small divergent component is responsible for the mass transport between dayside and night-
side. The bottom plot also shows the pressure velocity, ω, which illustrates the upwelling on the
dayside and downwelling on the nightside of the planet.

tudinal direction. Therefore, the mass streamfunction depends only on the divergent

component of the velocity field. This is true in both conventional latitude-longitude and

tidally-locked coordinate systems. Figure 3.10 shows the total, rotational and divergent
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winds for the control experiment at 100 mbar, along with the pressure velocity. We find

that the velocity is dominated by the rotational component withmagnitude on the order

of 100 m/s. However, the divergent component responsible for the overturning circu-

lation, shown in the bottom of Figure 3.10, is predominantly directed from dayside to

nightside.

We can estimate the dependence of the tidally-locked streamfunction on instellation

using the steady-state equation for the transport of dry static energy, s ≡ cpT +Φ:

∇ ⋅ (suTL) = Q̇ , (3.21)

where Q̇ is the heating rate per unit mass. Taking the average over the tidally-locked

longitude and integrating over dp /g, we find:

∫
p

0

dp
g

1
a cosϕ

∂ϕ[vTLs cosϕ] = [S − F], (3.22)

where S is the pressure-integrated solar heating and F is the pressure-integrated outgo-

ing flux. We now approximate this equation to find a scaling balance of terms bymaking

a series of approximations. Firstly, we assume that the dry static energy and vTL are un-

correlated in the zonal and vertical directions. We also assume that if the temperature

gradients are weak enough, then ∆s/s ≪ ∆v/v such that:

∫
p

0

dp
g

1
a cosϕ

∂ϕ[vTLs cosϕ] ≈ ⟨[s]⟩∫
p

0

dp
g

1
a cosϕ

∂ϕ([vTL] cosϕ), (3.23)

where ⟨⋅⟩ represents a column average. Note that the integral term in 3.23 is proportional

to ω which is in term proportional to ∂ϕψTL. To approximate [S−F], we note that when

p → ps, S becomes the incoming stellar radiation and F the OLR, which vary over the

scale S0 in the ϕTL direction. We approximate that this scaling holds at the level of the

maximum streamfuncton too. Thus we get the scaling:

ψTL ∼
a2S0
⟨[s]⟩

. (3.24)
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Figure 3.11: Themaximum absolute value of the tidally-locked streamfunction as a function of
instellation. The best fit power law to the data shows ψTL ∼ S0.72±0.040 , which is in agreement
with the theoretical exponent, 0.75.

Thedry static energy, s = cpT+Φ, scales asmax(cpT , Φ) ∼ T ∼ S1/40 if we assumeΦ ≈ RT

i.e. the region integrated over is roughly one scale height. This gives the final scaling

ψTL ∼ S3/40 . Note that there is no dependence on the rotation rate in this expression.

Figure 3.11 shows the maximum absolute value of the tidally-locked streamfunction

from five experiments at different instellations. The best-fit power law relation has ex-

ponent 0.72 ± 0.04, which is in agreement with the theoretical prediction of 3
4 .

3.2.5 Equatorial Superrotation

In each of the experiments shown in Figure 3.5, there is equatorial superrotation. Fig-

ure 3.12 quantifies this in terms of the zonal mean local superrotation index, s (Read,

1986), where s > 0 represents a region that is locally superrotating (i.e. has greater angu-

lar momentum than the bulk rotation of the planet at the equator). There are two main

types of mechanism thought to drive superrotation in planetary atmospheres (Wang

andMitchell, 2014). The first is through generating eddies fromnon-axisymmetric forc-

ing, e.g. via tidally-locked solar heating (Showman and Polvani, 2011; Tsai et al., 2014;
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Figure 3.12: The zonally-averaged local superrotation index, s (defined in Equation 2.15), for
each of the experiments. Positive values indicate local superrotation.

Hammond andPierrehumbert, 2018), from convective heating (e.g. Lian and Showman,

2010; Liu and Schneider, 2011) or from tidal heating (Lebonnois et al., 2010; Horinouchi

et al., 2020). The second is from shear instabilities in atmospheres with axisymmet-

ric forcing (e.g. Iga and Matsuda, 2005), which is observed in idealized simulations of

slow-rotating planets (Mitchell andVallis, 2010) and proposed as a potentialmechanism

driving superrotation in Titan’s atmosphere (Wang and Mitchell, 2014).
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In our simulations, there are two distinct types of superrotation. During spin-up,

there is superrotation at the equator at the pressure levels of radiative heating, which

is likely due to the stationary wave response to the radiative forcing (see regions where

s > 0 at ≈ 104 Pa in Figure 3.12). Since we are strongly in the weak temperature gradient

regime (with a low mean molecular weight atmosphere and slow rotation rate), the

Rossby radius of deformation is large, and there is only a weak excitation of equatorial

Rossby and Kelvin waves required to drive superrotating jets, which are often seen in

simulations of tidally-locked terrestrial exoplanets (e.g. Pierrehumbert and Hammond,

2019). This is most likely the reason we don’t see an on-equator maximum of zonal

wind in the lower atmosphere (at around 104− 105 Pa). In the stratosphere, however, we

see a sudden transition to superrotation caused by an instability. All experiments show

a maximum in s near the upper boundary of the model, which is particularly strong

in the S = { 12S0, S0}, P = 33 day experiments. Figure 3.13 shows the development of

superrotation in the upper atmosphere over a period of ≈ 40 days, where momentum

is transported from the high latitude jet towards the equator. We performed additional

experiments to test whether the location of the upper boundary or the damping in the

sponge layers affected the presence of the instability. Themodel top of a GCM provides

a challenge, since often non-physical boundary conditions have to be specified to ease

solving the governing equations numerically. In ExoFMS, there is an ω = 0 boundary

condition that keeps the model top fixed at a constant pressure. This can lead to the

spurious reflection of waves from the model top which are removed by introducing

some form of damping to the top model layers (known as a sponge layer). There are

several forms of sponge layer (Jablonowski andWilliamson, 2011) – ourmodel gradually

increases the divergence damping coefficient towards the model top as:

d2 = d2,0[1 − 3 tanh(
1
10

log( p
p0
))], (3.25)

where d2,0 is a constant coefficient, set to 0.02 in our simulations – large enough to
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Figure 3.13: The zonal-mean zonal wind of the P6h run during the development of the transient
instability causing superrotation. On the timescale of tens of days, momentum in the upper
atmosphere is transferred from the poles to the equator.

maintain model stability but small enough not to affect the angular momentum budget

of the atmosphere (Lee et al., 2021). In the top two layers, the value of d2,0 is doubled,

then quadrupled respectively to provide a stronger sponge layer damping.

To test the robustness of the superrotation, firstly we reduced the model-top pres-

sure by a factor of 100, from 10 Pa to 0.1 Pa. We found that the instability still occurred,

but at a lower pressure of around 2 Pa (c.f. 40 Pa in the 10 Pa model top simulations).

In the 33 day period experiments, we noted that the onset of superrotation occurred at

a much later time, usually around 10000-13000 days, around the time when the high-

latitude zonal jets have extended to the top of the atmosphere. This, along with our
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experiment changing the model top pressure, suggests that model-top effects could be

playing a role in triggering the instability.

Secondly, we removed the pressure dependence of d2,0 and set it to itsminimal value.

This had little effect on the outcome of the simulations, with the instability occurring at

a similar pressure level and time as the control. This proves that the instability is not an

artefact of the increase of divergence damping near the sponge layer.

Lastly, we increased the depth and strength of the sponge layer, such that the top five

layers were sponge layers, and increased the damping divergence coefficient to 0.05. In

this experiment, the instability still occurred, but the magnitude of the resulting equa-

torial zonal wind was reduced by around a factor of two.

Note that divergence damping is only one choice of sponge-layer mechanism. An-

other common choice is the presence of Rayleigh friction in the top layers. However,

we did not use this because it is known to actively violate angular momentum con-

servation and have implications for the upper atmosphere (Shaw and Shepherd, 2007;

Jablonowski andWilliamson, 2011). We proceed with our analysis, noting that this fea-

ture of the circulation seems to be robust to changes in damping but not ruling out that

the model top could affect the circulation.

If we look at the zonal-eddy height field, h∗ as function of time at the 40 Pa level

(Figure 3.14), we can see that there is a eastward travelling disturbancewhich couples the

equatorial region to the vortices near the pole. We note that the pattern of disturbance

looks similar to the eddy height fields seen in Mitchell and Vallis (2010) (Figure 14) and

the pressure perturbation fields inWang andMitchell (2014) (Figures 1 and 2), suggest-

ing that a Rossby-Kelvin (RK) instability may be responsible for the acceleration of the

superrotation. The RK instability is caused by a coupling of equatorial Kelvin waves and

high-latitude Rossby waves, and occurs in the regime where the Froude number of the

flow (the ratio between the frequency of the Rossby and Kelvin waves) is between 1-3
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(Wang and Mitchell, 2014). The Froude number is given by:

Fr = U0/ cos(ϕmax)
Ueq + NH/m

, (3.26)

whereU0 is the high-latitude jet speed at latitude ϕmax,Ueq is the equatorial wind speed,

N is the buoyancy frequency, H the scale-height of the disturbance and m the vertical

wavenumber (i.e. m = 1 represents the gravest baroclinic mode of disturbance). Since

the disturbance occurs in the stratosphere of our model where the grey-gas equilibrium

temperature is constant, we can approximate NH ≈
√
RTs where Ts is the skin tempera-

ture of the atmosphere. Neglecting the equatorial wind speed during instability, we can

approximate Fr using U0 ≈ 400ms−1, ϕmax ≈ 75○ and Ts ≈ 230K which gives a Froude

number of ≈ 1.6, placing the atmosphere in the correct parameter regime for the RK

instability to take place.

Figure 3.15 shows the Hovmöller diagram of the zonal-eddy height field. There is

a clear Eastwards travelling wave pattern in the horizontal equatorial structure with

constant phase velocity. In the high-latitude regions, this structure remains but with an

added beating in the pattern. Performing a Fourier transform in both time and space,

we can extract the phase speed of the eastward travelling component, and find it to

be around 330ms−1 at the equator, comparable to the speed of the high-latitude jets

and to a characteristic Kelvin wave timescale, which is on the order of hundreds of

ms−1. Performing this Fourier transform on the high-latitude data also confirms that

the beating pattern in the high-latitude data is at 0 frequency, and represents the zonal

wavenumber 1 time-mean background in the height field. The vertical structure of the

wave-pattern is more complicated, but somewhat resembles a standing wave structure

near the equator, suggesting the instability could be barotropic in nature.

Lastly, we can show that this wave structure directly leads to the acceleration of

zonal wind at the momentum. If we decompose the zonal-mean zonal wind equation
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Figure 3.14: The zonal-eddy height field, h∗, at the 40 Pa level across an 80 hour period of time
during which the instability is forming. The arrows represent the zonal-eddy wind field. There
is an eastward travelling wave-like disturbance with zonal wavenumber 1.

into mean, zonal-eddy and time-eddy components, we get:

∂[ū]
∂t
= − 1

a cos2 ϕ
∂ϕ{( [ū][v̄]

´¹¹¹¹¸¹¹¹¹¹¶
mean
flow

+ [ū∗v̄∗]
´¹¹¹¹¹¸¹¹¹¹¹¹¶
stationary
eddies

+ [u′v′]
´¹¹¸¹¹¶
transient
eddies

) cos2 ϕ}

+ ω terms, Coriolis terms etc.,

(3.27)

where overlined and bracketed terms represent time and zonal means respectively, and

starred and dashed terms represent deviations from time and zonal means respectively.

This equation represents the meridional flux of momentum due to the mean flow, sta-

tionary eddies and transient eddies on the mean jet speed. Figure 3.16 shows the three

horizontal terms in equation 3.27 as a function of latitude (vertical terms are negligible
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Figure 3.15:Hovmöller diagrams of the zonal-eddy height field, h∗, averaged over the equatorial
region (left column) andhigh-latitude regions (i.e. 50-80 degrees, right column). Top row: There
is a clear zonal wavenumber 1 wave in the height field propagating eastwards. This structure is
also clear at high latitudes, however there is also some beating in the response. Bottom row:
The vertical structure of the waves at the equator suggests standing waves, however the vertical
structure at high-latitudes is more complicated.

in comparison). One can see that the mean flow acts to transport momentum away

from the equator (positive gradient), whereas both the stationary and transient eddies

pumpmomentum towards the equator, with the eddy accelerations dominating helping

to accelerate the equatorial jet at this level.

3.2.6 Transformed Eulerian Mean Circulation

Understanding the zonal mean circulation of the Earth’s mid-latitudes can be clarified

by using the Transformed Eulerian Mean (TEM) view of the circulation (Andrews and

McIntyre, 1976). Consider the thermodynamic equation decomposed into mean and
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Figure 3.16: Terms in equation 3.27 at the 40 Pa level. A negative gradient at the equator repre-
sents a convergence of eastwards momentum, causing an acceleration of the mean flow.

eddy components:

∂[θ]
∂t
+ [v]

a
∂[θ]
∂ϕ
+ [ω]∂[θ]

∂p
= − 1

a cosϕ
∂[θ∗v∗ cosϕ]

∂ϕ
− ∂[θ∗ω∗]

∂p
+ [S] (3.28)

where [S] represents the zonal-mean diabatic source terms. In the Earth’smid-latitudes,

where the quasi-geostrophic approximation holds, the dominant balance in the time

mean circulation is between [ω] ∂[θ]/∂p (adiabatic cooling) and − ∂[θ∗v∗ cosϕ]/∂ϕ

(horizontal eddy heat fluxes). This can obscure the effect of diabatic heating, S, which is

often a small residual term even though it drives the circulation and the eddies. To solve

this problem, one can define a non-divergent residual mean circulation, consisting of a

residual meridional velocity (vres), pressure velocity (ωres) and streamfunction (ψres):
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vres ≡ [v] −
∂

∂p
( [θ

∗v∗]
∂[θ]/∂p

) (3.29)

ωres ≡ [ω] +
1

a cosϕ
∂

∂y
([θ

∗v∗] cosϕ
∂[θ]/∂p

) (3.30)

ψres =
2πa cosϕ

g ∫
p

0
vresdp (3.31)

1
a cosϕ

∂(vres cosϕ)
∂ϕ

+ ∂ωres

∂p
= 0 (3.32)

This residual more directly represents the effects of the diabatic heating, [S], on the

zonal circulation. In the quasi-geostrophic limit, rewriting the equations in terms of the

residual variables removes explicit eddy terms from the thermodynamic equation. All

the eddy terms end up as forcing terms in the zonal momentum equation and can be

represented as the divergence of the Eliassen-Palm (EP) flux (Vallis, 2017). In pressure

coordinates, the momentum equation can be written as:

∂[u]
∂t
+ vres

a
∂[u]
∂ϕ
+ ωres

∂[u]
∂p
− [u]vres tanϕ

a
= 1
a cosϕ

∇ ⋅ F +Dissipation (3.33)

where F is the EP flux, given by:

Fϕ = a cosϕ(χ ∂[u]
∂p
− [u∗v∗]) (3.34)

Fp = a cosϕ({ f − [u] cosϕ
a cosϕ

}χ − [ω∗u∗]) (3.35)

χ ≡ [θ
∗v∗]

∂[θ]/∂p
(3.36)

Firstly, we can use the TEM formalism to look at the residual streamfunction, to see

if there is significant compensation between eddy heat fluxes and the mean flow. Fig-

ure 3.17 shows the conventional and residual streamfunctions. One can see that the

residual streamfunction differs little from the Eulerian streamfunction except at around

0.1 to 1 bar near the poles, where the eddy heat fluxes are strongest. The order of mag-

nitudes of the horizontal eddy heat fluxes, adiabatic cooling and the diabatic heating

were inspected. It was found that the diabatic heating was never negligible compared
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Figure 3.17: Left: The conventional meridional mass streamfunction. Right: The Transformed
Eulerian Mean residual mass streamfunction. Both streamfunctions were calculated from the
PKc experiment data.

to the eddy or adiabatic cooling, with the eddy heat fluxes being negligible everywhere

other than at latitudes polewards of 70○, and stronger at low pressures (below 103 Pa).

For these reasons the overturning circulation (which is strongest at around 1 bar) does

not change significantly in the TEM picture. We can also inspect the EP flux during

the acceleration of the low pressure equatorial jet discussed in the previous section.

Figure 3.18 shows the EP flux (quivers) and its divergence (contours) for the P6h exper-

iment during the spin up of the low pressure jet. One can clearly see divergence in the

EP flux, centred on the equator near 30 Pa. This divergence is associated with an accel-

eration of the mean flow due to eddies. The TEM form of the primitive equations gives

a cleaner view of the acceleration driven by eddies than the standard Eulerian frame-

work pictured in Figure 3.16. This is because in the quasi-geostrophic limit if waves are

linear, steady-state and conservative, it can be shown ∇ ⋅ F = 0 and there can be no ac-

celeration of the mean flow. In this case, the eddy momentum flux [u∗v∗] can induce a

compensating mean overturning flow (as seen in Figure 3.16 where the mean and eddy

fluxes are often of similar magnitude and opposite sign). In the TEM picture, however,

the EP flux directly represents the accelerating effect of eddies on the zonal winds.
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Figure 3.18: The Eliassen-Palm flux and its divergence, time-averaged between 1125 and 1145
days, in the P6h experiment studied previously in Figures 3.13 to 3.16. Quivers show the EP flux,
and the contours the divergence. The ϕ and p components of the flux have been scaled by (πa)−1
and (p log(pt/pb))−1 respectively, where pt = 10 Pa and pb = 106 Pa, following Jucker (2021).

3.3 Discussion

3.3.1 Comparison to other studies

We now compare our findings to other similar studies. The only other GCM study of

K2-18 b (Charnay et al., 2021) (from now on referred to as C21), found a weak equato-

rial jet (speed around 50m/s) at the 0.1-1 bar level and no high-latitude prograde jets for

their solar metallicity runs (which are most comparable to the PKc experiment). The

atmosphere was dominated by the overturning circulation from day to night. This is in

marked contrast to our simulations, where the strongest jets were high-latitude and the

overturning day-night circulation, although being the dominant overturning circula-

tion, was small in comparison to the rotational circulation. We find that the magnitude

of equatorial jet speed at the level of heating (around 0.1 to 1 bar) in our PKc run (≈

80



Chapter 3. The Dry Dynamics of Temperate Sub-Neptunes

40m/s) to be similar to the ≈ 50m/s strength equatorial jet in C21. A significant differ-

ence in the model of C21 is their inclusion of real-gas radiation, in comparison to our

grey-gas scheme. This leads to a cooler troposphere in their model, along with larger

vertical temperature gradients. One way this could influence the dynamics is in the

setting of the equatorial Rossby radius, which in dimensionless form (normalised by

planetary radius) is:

L =
√

NH
2Ωa

, (3.37)

where N ≡
√
g/T(g/cp + dT/dz ) is the buoyancy frequency and H the atmospheric

scale height. We find that between 0.1-1 bars, C21 has vertical temperature gradients

closer to adiabatic, leading to our value of N being approximately 3 times larger than

theirs, with relatively good agreement higher in the atmosphere. With a smaller LR,

Rossbywaves are trapped closer to the equatorial region andwewould expect a stronger

stationary wave response, and perhaps a stronger jet. However, given the qualitative

similarity between past studies using grey-gas and real-gas radiation (e.g. Lee et al.,

2021; Komacek and Abbot, 2019; Kaspi and Showman, 2015), it would be surprising if

the different radiation schemes accounted for all of the difference between the models.

Other factors that could explain the disparity in wind structure include the type and

strength of numerical damping schemes used and the type of dynamical core. ExoFMS

uses a cubed-sphere grid, whereas the LMD generic GCM used in C21 uses a latitude-

longitude, which could produce variation between themodels in the polar regionwhere

the latitude-longitude grid contains a singularity. The presence of high-latitude jets

should be a robust result of transporting angular momentum from equator to poles,

and our model should in theory produce less distortion at the poles due to the lack of

coordinate singularity.

On a qualitative level, our results look most similar to previous studies of sub-

Neptune GJ 1214 b with solar metallicity, such as those found in Kataria et al. (2014)

and Drummond et al. (2018), who find high-latitude jets and also superrotation near
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the top of the atmosphere. Our results also look qualitatively similar to those in Wang

andWordsworth (2020) at earlier model times (around 1000-2000 days), in which two

distinct high-latitude jets form. However, inWang andWordsworth (2020) the jets col-

lapse into one wide equatorial jet as the kinetic energy converges to equilibrium, which

is not seen in our model. We note that although GJ 1214 b is similar in radius to K2-

18 b, it has a rotation period of 1.58 days (Berta et al., 2011) so we would expect much

more pronounced equatorial dynamics and a stronger stationary wave acceleration of

the equatorial jet. The greater instellation (23 600Wm−2 Wang andWordsworth, 2020)

has a much smaller effect on theWTG parameter (which goes as T 1/2 ∼ S1/80 ) but will af-

fect the dynamics via the radiative timescale, which will be much shorter and therefore

pronounce day-night temperature contrasts (Zhang and Showman, 2017). Estimating

the WTG parameter,Λ = c0/(Ωa) ≈
√
RT/(Ωa) (the last assumption being valid if we

assume the dynamics occurs on a height scale smaller than the atmospheric scale height)

for GJ 1214 b using values found in Wang and Wordsworth (2020), we find Λ = 1.8 for

solar metallicity. Thus under the assumption of a low mean molecular weight atmo-

sphere, we might expect GJ 1214 b to be in a qualitatively similar dynamical regime to

K2-18 b.

3.3.2 Scaling Λ for general sub-Neptunes

We now consider how the WTG parameter depends on stellar and planetary parame-

ters, to see if we can expect most temperate sub-Neptunes to have Λ ≫ 1. If we use the

equilibrium temperature Teq ∼ (S0/σ)1/4 in estimating Λ, we note:

S0 =
F

4πd2 , (3.38)

where F is the stellar luminosity and d is the planet’s orbital distance. Using Kepler’s

third law (note for a tidally-locked planet the orbital frequency is equal to the planet’s
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rotation frequency):

d2 = (GMs

Ω2 )
2
3
, (3.39)

where Ms is the stellar mass, we find:

S0 =
F

4πG
2
3
M
− 2

3
s Ω

4
3 . (3.40)

If we assume Λ =
√
RT/(Ωa) this leads to an approximate scaling:

Λ ∼ R 1
2 F

1
8M−

1
12

s Ω−
5
6 a−1. (3.41)

We note that for M-type stars, F varies from around 3 × 10−4L⊙ to 0.069 L⊙ (making

(Fmax/Fmin)1/8 ≈ 2), and Ms varies from 0.08 to 0.57 M⊙ (making (Ms,max/Ms,min)1/12 ≈

1.2) (Pecaut andMamajek, 2013). If we restrict our focus to sub-Neptunes, a varies from

around 2 to 4 R⊕, i.e. by a factor of two. Therefore, we expect that Λ varies mostly due to

the global rotation rate Ω, and the composition (R ∝ µ−1), since M−1/12s and F1/8 do not

vary significantly across the range of M-dwarf stars and a−1 does not vary significantly

for sub-Neptunes.

Figure 3.19(a) shows Λ for all discovered sub-Neptune exoplanets with orbital pe-

riod less than 100 days, assuming tidal-locking1. We plot Λ for low-metallicity (µ = 2.2)

and high-metallicity (µ = 10) atmospheres, and find that in both cases Λ ≫ 1 for the

majority of sub-Neptunes. The best fit power law to the data also shows Λ ∼ P0.83±0.01,

which is in agreement with equation 3.41, and confirms the analysis that other param-

eters such as stellar mass and flux do not vary greatly over the range of sub-Neptune

exoplanets.

We stress that having Λ > 1 does not imply that all the planets in Figure 3.19(a) will

exhibit weak horizontal temperature gradients. As discussed inKomacek and Showman

(2016), Zhang and Showman (2017) and section 3.2.2, temperature gradients also de-

pend on the radiative timescale. Since τr ∝ T−3p(τ = 1), planets with high equilibrium
1Data from the Nasa Exoplanet Archive, https://exoplanetarchive.ipac.caltech.edu, ac-

cessed Friday 10th September, 2021
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Figure 3.19: The weak temperature gradient parameter for observed sub-Neptunes with orbital
period < 100 days, assuming tidal-locking. The blue data series assumes a mean-molecular
weight of 2.2 (c.f. this study), whereas the red series has µ = 10 to represent a higher metallicity
atmosphere. (a) For all sub-Neptunes, we have Λ > 1 in themajority of cases, and that the scaling
Λ ∼ P0.83 ≈ P5/6 is in agreement with equation 3.41, confirming that parameters a, M1/12

s and
F1/8 do not vary greatly over the range of sub-Neptunes. We also highlight the value of Λ for
three example sub-Neptunes (assuming µ = 2.2). (b) Same as (a), but filtered for Teq < 400 K.
Here Λ > 1 for all cases, but the scaling for Λ is less accurate suggesting other parameters require
scaling for.

temperatures can have very short radiative timescales and will therefore exhibit strong

day-night temperature contrasts. In addition, high-metallicity atmospheres where the

level of radiative cooling, p(τ = 1), is high in the atmosphere due to increased long-

wave opacity, will also have short radiative timescales. In Figure 3.19(b), we plot sub-

Neptunes for which the equilibrium temperature, Teq, is less than 400 K. Here Λ > 1

always, and since T is lower we can be more confident these sub-Neptune atmospheres

will have long radiative timescales similar to those in this study and exhibit similar dy-

namics to our simulated atmospheres. In addition, this analysis holds only if we can

assume tidal-locking. For planets with rotation rates on the order of ≈ 100 days, the

tidal-locking timewill likely exceed the system lifetime (Barnes, 2017). If a sub-Neptune

is not tidally-locked, its rotation rate, Ω, would be unconstrained and could be much

greater than the rate implied by a 1:1 spin-orbit resonance.
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3.3.3 1D vs 3DModelling

The weak horizontal temperature gradients exhibited by the model is an important re-

sult, since it validates the use of 1D models in the study of sub-Neptune atmospheres

(e.g. Madhusudhan et al., 2020; Blain et al., 2021), which are likely to be accurate so long

as they don’t require horizontal or vertical wind structures to be accurate (since these

quantities are not horizontally uniform).

However, understanding the 3D structure of these atmospheres is important for

some contexts. For example, estimates of the “Kzz” parameter in 1D chemistry models

often rely on having information on the characteristic vertical velocities in an atmo-

sphere (Zhang and Showman, 2018). Since the vertical velocities in a GCM are con-

trolled by the divergent circulation, scalings like equation 3.24 which link the divergent

circulation to planetary parameters could be useful in estimating such quantities. More-

over, transport processes important in moving around chemical tracers and cloud par-

ticles are inherently 3D processes and so may not be amenable to simple 1D modelling.

3.3.4 Model Limitations and Future Work

The grey gas radiation used in our model is a crude approximation of the full radiative

transfer calculation. As discussed in the introduction, we underestimate the temper-

ature of the deep atmosphere by around 100 K compared to real-gas 1D simulations.

Moreover, grey gas atmospheres have a tendency to be sub-adiabatic throughout the

atmosphere, underestimating the value of the vertical temperature lapse-rate. This is

the same effect that led to our overestimation of N compared to (Charnay et al., 2021),

though we note that in C21 the temperature profile is close to adiabatic in a very limited

section of the atmosphere. However, the grey-gas scheme produces qualitatively similar

temperature profiles to the real-gas models and should be valid for looking at global-

scale circulations. Moreover, the grey-gas scheme is much less prohibitive in terms of
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its computational speed compared to using real-gas radiation, and allows us to run sev-

eral comparative models of sub-Neptune atmospheres out to tens of thousands of Earth

days.

In this study we have examined the dry dynamics of the atmosphere to highlight the

basic dynamical behaviour. The tentative detection of water vapour in the atmosphere

of K2-18 b (Benneke et al., 2019a) and subsequent modelling (Blain et al., 2021; Charnay

et al., 2021) have shown that there are circumstances under which water can condense

in the atmospheres of sub-Neptunes. In Chapter 6 we extend this work to include the

effects of moisture.

We would also encourage an inter-comparison similar to the TRAPPIST Habitable

Atmosphere Intercomparison (THAI) project (Fauchez et al., 2021) to look at the differ-

ences betweenGCMswhenmodelling a fiducial sub-Neptune exoplanet. The difference

between seemingly similarly set-up GCM experiments (e.g. between ours and Charnay

et al. (2021)) suggests that further collaboration is required to illuminate the differences

caused by different dynamical cores, physical parametrisations and damping schemes.

A good starting point would be an intercomparison between grey models to highlight

dynamics – efforts to this effect are currently underway (Christie et al., 2022)

Lastly, more work could be done on the instability found in the upper atmosphere to

fully diagnose its origin and effect on the atmosphere, perhaps in the form of simplified

models.

3.4 Conclusions

In this chapter I have presented a suite of GCM simulations aimed atmodelling temper-

ate sub-Neptune planets, using K2-18 b as the control experiment. Overall these atmo-

spheres exhibit weak horizontal temperature gradients. I found that these atmospheres

are dominated by high-latitude cyclostrophic jets, with weak equatorial superrotation

86



Chapter 3. The Dry Dynamics of Temperate Sub-Neptunes

in the lower atmosphere and strong, instability-driven equatorial jets in the upper at-

mosphere. I confirmed the result of Wang and Wordsworth (2020), finding that the

model runs have convergence times on the order of tens of thousands of days, increas-

ing with slower rotation rate and lower instellation. I found that the high-latitude jets

are cyclostrophically balanced in the fast-rotating experiment, with non-linear advec-

tive terms providing a significant proportion of the balance in the slower-rotating, hot-

ter experiments. Using the framework of Hammond and Lewis (2021), I decomposed

the circulation into divergent and rotational components in tidally-locked coordinates,

and found that although the dominant flow was rotational, the overturning circulation

was dominated by a day-night circulation responsible for redistributing the energy de-

posited by instellation from dayside to nightside. I provided a scaling argument for how

the strength of this circulation varies with instellation, finding that the tidally-locked

streamfunction should scale as S3/40 .

In all experiments, equatorial superrotation was observed in the upper stratosphere

of the model, driven by an instability similar in structure to the one modelled in Wang

andMitchell (2014) to explain superrotation in slow, non-synchronously rotating plan-

ets such as Venus and Titan. I showed that this instability occurred in the correct pa-

rameter regime as in Wang and Mitchell (2014), and that it provided eddy-momentum

fluxes which could transport zonal momentum from the high-latitude jets towards the

equator.

Finally, I compared my results to the literature, finding the results differ qualita-

tively to Charnay et al. (2021), who model K2-18 b using the LMD Generic GCM. I

offered some reasons why the model could produce different findings, but ultimately

recommend some form of intercomparison between GCMmodels to illuminate the ef-

fects of different physical parametrisations and dynamical cores on the atmospheres of

sub-Neptunes.
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Chapter 4

An Introduction to the Runaway

Greenhouse Effect

The runaway greenhouse effect is a positive warming feedback that causes plane-

tary atmospheres absorbing toomuch stellar radiation to heat up significantly. In

this section of the thesis, I will introduce the runaway greenhouse effect, explain its rel-

evance to planetary habitability and outline how I will study it in relation to hydrogen-

dominated sub-Neptunes (or “Hycean worlds”).

In Section 4.1 I will provide a short introduction to the runaway greenhouse effect

and how it controls the inner edge of the habitable zone. In Sections 4.2 and 4.3 I will

summarise early attempts to understand the runaway greenhouse effect with simple 1D

models of planetary atmospheres. In Section 4.4 I will outline an analytic method of

calculating the maximum cooling of a greenhouse climate, which will prove useful in

Chapter 5. Lastly, in Section 4.5 I will explain why conventional models of the runaway

greenhouse effect may not apply to Hycean worlds, motivating the calculations of the

inner edge of the sub-Neptune habitable zone in Chapter 5.
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4.1 Background

The runaway greenhouse effect refers to the positive feedback loopwhereby the increas-

ing water vapour content of a planet’s atmosphere increases its warming, which in turn

enhances the water vapour content of the atmosphere. The effect was first studied in

relation to Venus’s atmosphere. Observations show that Venus has an enhanced abun-

dance of Deuterium (Donahue et al., 1982), which has been interpreted as evidence of a

past water-rich atmosphere (McElroy et al., 1982). The runaway greenhouse effect pro-

vides a mechanism by which a water-rich Venus could have lost an Earth-like initial

water inventory. If the average instellation absorbed by a planet exceeds the maximum

radiation a planet can emit to space, the atmosphere warms and the stratospheric water

vapour abundance increases. For Earth-like planets with a surface temperature exceed-

ing 320 K, the stratospheric water vapour becomes a major component of the atmo-

sphere (with a mixing ratio > 0.001) (Kasting, 1988). The rate of photodissociation of

water by EUV and XUV photons increases, and hydrodynamic escape of the resulting

hydrogen becomes non-negligible, resulting in the loss of the planet’s water inventory

over geological timescales.

In simplified models of the runaway greenhouse, the inability of the planet to cool

remains fixed as the planet heats, and the atmosphere can never regain equilibrium. In

reality, there are mechanisms which allow the planet to increase its OLR and exit the

runaway state. Firstly, as the planet heats, the peak of its thermal emission moves to

shorter wavelengths (byWien’s displacement law). In a non-grey model, the absorption

cross-section ofwater vapour decreaseswith decreasingwavelength, allowing the planet

to increase its OLR (especially in the “window” regions of water’s spectrum where the

absorption coefficient is lowest). Secondly, for a planet with a fixed water inventory, the

lower atmosphere can end up under-saturated as the planet heats and remains on a dry

adiabat. At high enough temperatures, the OLR becomes dominated by emission from
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the dry regions of the atmosphere, bypassing the water-vapour feedback and increasing

the planet’s OLR (Boukrouche et al., 2021). These mechanisms become important at

temperatures above 1400 K and are therefore crucial in understanding the evolution of

hot, rocky planets with magma oceans (Lichtenberg et al., 2021)

The runaway greenhouse effect is proposed as the main limiting factor setting the

inner-edge of an Earth-like planet’s habitable zone (Kasting et al., 1993; Kopparapu,

2013). Calculating the limiting OLR of the planet’s atmosphere is therefore crucial in

the search for extraterrestrial life and target selection for the next generation of space

telescopes set to hunt for Earth-sized planets, e.g., PLATO andHabEx (Rauer et al., 2014;

Gaudi et al., 2018). Cloud-free 1D models suggest the inner edge of the habitable zone

for a sun-like star could be as high as 0.99 AU (Kopparapu, 2013). However, the strict

upper limit on OLR imposed by 1D models is relaxed when hot, Earth-like climates are

simulated using general circulation models (e.g., Leconte et al., 2013; Wolf and Toon,

2014), predominantly due to the presence of undersaturated regions in the atmosphere

which can more efficiently cool to space. Water clouds dramatically impact the inner

edge of the habitable zone. In Yang et al. (2013) and Yang et al. (2014), the presence of

clouds on the dayside of slowly-rotating, tidally-locked terrestrial exoplanets can cool

atmospheres by providing a high shortwave albedo. However, in simulations of Venus’s

early atmosphere, the formation of nightside clouds in a pure steam atmosphere can

cause warming and prevent formation of a liquid surface ocean at instellations lower

than the classical runaway limit (Turbet et al., 2021), suggesting the presence of climate

bistability (Turbet et al., 2023).

As discussed in Section 1.2.1, “Hycean Worlds" (Madhusudhan et al., 2021) are a

proposed subset of water-rich sub-Neptunes with hydrogen-dominated atmospheres.

To understand if Hycean worlds are habitable, it is necessary to calculate their run-

away greenhouse instellations. Previous studies of the temperature-pressure profiles of

Hycean worlds (Piette andMadhusudhan, 2020; Madhusudhan et al., 2021) suggest that
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temperate surface temperatures can be achieved for Earth-like instellations. However,

several elements of these models could lead to lower-than-expected surface temper-

atures. Firstly, the majority assume a fixed water vapour concentration in the atmo-

sphere, leaving much of the atmosphere under-saturated and therefore more optically

thin to water vapour compared to a fully-saturated atmosphere. Secondly, they neglect

the impact of water vapour on the convective lapse rate, a crucial element of the run-

away greenhouse effect (see Section 4.3). Thirdly, the water vapour continuum opacity

is not included, which can provide a significant source of infra-red opacity when the

atmospheric water vapour content is non-dilute. Finally, the models don’t include the

effect of compositional gradients on the static stability of the atmosphere, which can

profoundly impact the temperature structure of the atmosphere. In Chapter 5, I will

use a radiative-convective model that accounts for all of these processes and aims to

calculate the inner edge of the habitable zone for sub-Neptunes.

Before this, however, I will briefly review the early theories of the runaway green-

house effect which elucidate in clear terms the underlying physics involved.

4.2 Radiative Equilibrium Limit

Early studies of the runaway greenhouse atmosphere attempted to determine the max-

imum cooling of a stratosphere in radiative equilibrium (Ingersoll, 1969; Komabayasi,

1967). Consider a planet with an optically grey atmosphere. In the limit where solar

absorption occurs at the surface of a planet, we can solve for the outgoing longwave

radiation (OLR) as (Pierrehumbert, 2010):

2σT4 = OLR(τ + 1), (4.1)

where τ is the longwave optical depth and T is the temperature. If the optical depth

of the atmosphere is dominated by the water vapour component, which itself is con-

stant in the stratosphere and at saturation, then we can write (at the tropopause with
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Figure 4.1: Solutions to Equation 4.1. Blue and orange lines represent 2σT4
tp/(τtp + 1) for a

H2 and N2 background gas respectively. Stable equilibrium solutions for a given OLR (black
dashed lines) exist at intersections where the coloured lines have positive gradients. For each
curve, there is a maximum OLR that can be attained.

temperature Ttp and optical depth τtp):

τtp =
εκw
2g

qsat(ptp, Ttp)ptp, (4.2)

where κw is a characteristic grey opacity of the water vapour, qsat is the saturation vapour

concentration and ε is the ratio in mean molecular weight (MMW) between the con-

densible component of the atmosphere and the background gas. We can graphically

plot solutions to Equation 4.1 for different values of the OLR, which in global equilib-

rium should be equal to 1/4(1− α)S where α is the Bond albedo of the atmosphere and

S is the incoming stellar radiation. For different background gases (i.e., varying ε), the

maximumOLR that can be sustained varies from ≈ 250Wm−2 for a H2 background to ≈

400Wm−2 for anN2 background (assuming ptp = 0.1 bar). For average absorbed instel-

lations above this value, the atmosphere cannot cool sufficiently to maintain radiation

balance and will heat up until another mechanism allows the atmosphere to cool.

Qualitatively, if we were to steadily increase the incoming stellar radiation from a
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low value, the atmosphere would initially respond by increasing the temperature of the

tropopause in order to radiate more energy to space. However, past the turning point in

Figure 4.1, the increased water vapour mixing ratio of the tropopause causes the strato-

sphere to become optically thick, and the radiation emitted at the top of the atmosphere

would decrease, despite Ttp increasing.

4.3 The Effect of a Troposphere

The above analysis does not account for the effect of a convective troposphere, which

changes the thermal structure of the lower atmosphere dramatically. If the pressure level

at which the longwave optical depth is unity lies within the convective troposphere,

then the OLR limit calculated from radiative equilibrium no longer applies. In this

case, for simplicity we model the atmosphere as a moist adiabat integrated from a sur-

face temperature Ts. At low surface temperatures, emission comes predominantly from

the surface and does not exceed σT4
s . As the surface temperature increases, a higher

proportion of the atmosphere becomes water vapour. As water becomes the predomi-

nant component of the atmosphere, the temperature-pressure profile tends towards the

pure steam adiabat, and the increased water vapour content of the atmosphere makes

it optically thick to thermal radiation. At high surface temperatures, the temperature

at which τ = 1 becomes decoupled from the surface temperature and fixed, leading to a

maximumOLR known as the Simpson-Nakajima limit (Simpson, 1929; Nakajima et al.,

1992). This is illustrated in Figure 4.2. Figure 4.3 shows the OLR for a pure steam atmo-

sphere, a N2-H2O atmosphere and a H2-H2O atmosphere as a function of surface tem-

perature. The cases with dry components all converge to the Simpson-Nakajima limit

of approximately 280Wm−2 at high surface temperatures. However, for background

gases of different mean molecular weights, the OLR at intermediate surface tempera-

tures can undershoot (e.g., H2) or overshoot (e.g., N2) this limit. A detailed explanation
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Figure 4.2: Temperature-pressure profiles for a H2-H2O atmosphere at different surface tem-
peratures. The dots represent the point at which τ = 1. As surface temperature increases, the
profiles all converge to the pure steam adiabat, and the temperature at τ = 1 becomes fixed

of this effect is found in Koll and Cronin (2019), though qualitatively for a given tem-

perature and total pressure in the atmosphere, the H2-H2O atmosphere will contain a

higher proportion of water vapour by mass than the N2-H2O mixture, enhancing the

opacity due to water vapour and its greenhouse effect.

4.4 A Simple Grey Model of the Runaway Greenhouse

To help us understand the origins of a fixed OLR limit, a simple model can be con-

structed. Consider a pure-steam atmosphere that has grey longwave opacity τ. In the

optically thick limit, the OLR can be approximated as:

OLR = ∫
∞

0
σT4e−τ dτ . (4.3)

95



Chapter 4. An Introduction to the Runaway Greenhouse Effect

200 300 400 500
Surface Temperature [K]

0

100

200

300

O
L

R
[W

m
−

2
]

H2

N2

Pure Steam

σT 4
s

Figure 4.3: OLR as a function of surface temperature for moist adiabatic atmospheres. Blue and
orange curves represent atmospheres with a dry background pressure of 1 bar, and the green
curve represents a pure steam atmosphere lying on the liquid-vapour phase equilibrium bound-
ary.

For the single component steam atmosphere lying on the liquid-vapour phase bound-

ary, the optical depth is given by:

τ(T) = κwpsat(T)
θ̄ g

, (4.4)

where θ̄ is a constant between 0 and 1 that represents the effect of averaging over a hemi-

sphere in the two-stream approximation. To make progress with an analytic solution,

we use a simplified polynomial version of the saturation vapour pressure of water (Koll

and Cronin, 2019):

psat(T) = p0(
T
T0
)
β0
, (4.5)

where β0 ≡ L/(RvT0) and (p0, T0) is a reference point on the equilibrium liquid-vapour

phase curve. We choose the reference pressure to be close to the point at which τ = 1

for a pure steam atmosphere (with κw = 0.01 m2 kg−1), which is close to the triple point

of water (i.e., T0 = 273 K, p0 = 612 Pa).

Using Equation 4.5 in Equation 4.4 and eliminating T in favour of τ in Equation 4.1,

we find:
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OLR = σT4
0 Γ(1 + 4/β0), (4.6)

where Γ is the standard gamma function. This simple model for the Simpson-Nakajima

limit gives a limiting OLR of 290Wm−2, very close to the real-gas radiation value of

approximately 280Wm−2. Although it may seem like the result is independent of the

water vapour opacity chosen, in reality it is implicitly included in our choice of (p0, T0).

We will build on this simple model to explain results later in this thesis (Chapter 5,

Sections 5.3.4 and C).

4.5 The Impact of an H2-He Background and

Convective Inhibition

As interest around hydrogen-dominated habitable worlds has grown, it is important

to assess the impact of hydrogen as a background gas as opposed to nitrogen or other

high MMW gases. Hydrogen gas’s main source of opacity is its collision-induced ab-

sorption (CIA) spectrum. Since the strength of absorption scales as the density of the

atmosphere squared, CIA becomes an important factor in H2 atmospheres of around

1 bar or thicker, with 40 bars of pure H2 allowing habitable surface temperatures out

to 1.5 AU for an M star and 10 AU for a G star (Pierrehumbert and Gaidos, 2011). Ac-

counting for absorption and water vapour feedbacks is necessary to further constrain

the inner edge of the habitable zone. Koll and Cronin (2019) calculated the inner edge

of the habitable zone for hydrogen-dominated atmospheres assuming a moist adiabatic

temperature structure, and found, as in Figure 4.3, that the OLR doesn’t overshoot the

pure steam limit in comparison with high MMW background gas atmospheres.

Chapter 5 aims to build on Koll and Cronin (2019) by introducing the effect of

MMW-induced convective inhibition on the temperature profiles of hydrogen-dominated

planets. For atmospheres with a condensing component heavier than the background
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gas, decreasing temperatures with altitude leads to a sharp decrease in MMW between

the lower atmosphere and the upper atmosphere. If the concentration of the conden-

sible is high enough, compositional gradients stabilise the atmosphere to convection

(Guillot, 1995; Li and Ingersoll, 2015; Leconte et al., 2017) and double-diffusive insta-

bilities (Leconte et al., 2017) even if the lapse rate is super-adiabatic. See section 2.8.3

for a more detailed introduction to convective inhibition. The atmospheric structure

of runaway atmospheres is often assumed to be on a moist adiabat integrated upwards

from the surface. However, if the surface temperature is high enough, high moisture

contents will inhibit convection and lead to radiative layers in the lower atmosphere.

I will discuss this effect in further detail in Section 5.1. I aim to calculate new limiting

instellations for sub-Neptunes hosting a liquid water oceanwith a hydrogen-dominated

atmosphere.

4.5.1 Super-Runaway States

Even a liquid water ocean can be too hot to be habitable for life as we know it, but

from the standpoint of planetary structure a second important transition occurs when

the surface temperature of the water layer reaches the critical point. At this point, the

liquid-gas phase transition of water disappears. More importantly for our purposes,

H2 is completely miscible with supercritical water (Soubiran andMilitzer, 2015), so that

gaseous solubility is no longer limited byHenry’s Law (miscibility is expected for helium

and other gases as well.) In consequence, a hydrogen envelope could not remain distinct

from the supercritical water interior, but instead would mix into it and be diluted into

the supercritical ocean. It is an interesting theoretical question how long it would take

for suchmixing to occur if the planet started out with a distinct hydrogen envelope, but

the more plausible scenario for a planet with an initial H2-H2O composition is that the

systemwould start outwith a supercriticalH2-H2Omixture. TheH2would never phase-

separate into a distinct layer if the equilibrium radiation balancemaintains supercritical
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conditionswith respect towater. For this reason, we put particular emphasis on defining

planetary parameters for which the ocean surface temperature approaches the critical

point of water. The chief goal of the following chapter is to identify conditions in which

a subcritical liquid water ocean can coexist with a hydrogen-rich atmosphere. Some

speculations on the state a sub-Neptune settles into when those conditions are not met

are offered.
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Chapter 5

The Runaway Greenhouse Effect on

HyceanWorlds

The results in this chapter were published in Innes et al., 2023.

Chapter 4 described how the inner edge of the habitable zone is typically calcu-

lated for terrestrial planets and highlighted the potential impact of hydrogen as

the dominant background gas. In this Chapter, I present calculations of the runaway

limit for Hycean worlds, firstly by considering the greenhouse effect of a dry H2-He,

and then considering the effects of water vapour in the atmosphere.

The chapter is structured as followed. In Section 5.1 I will discuss the H2-He inven-

tory required to produce a strong enough greenhouse effect to drive surface tempera-

tures to the critical point of water. This will give an upper-bound on the instellation a

planet can receive from its host star before entering a runaway state. In Section 5.2 I will

extend the model to deal with atmospheres with a water vapour component. I will then

discuss our results in the context of the literature in Section 5.3.
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5.1 Hydrogen-Helium Atmosphere Above aWater

Ocean

5.1.1 Model

To find an upper bound on the hydrogen inventory of a planet that maintains a liq-

uid water surface, a hydrogen-helium atmosphere above a water ocean is modelled.

The temperature structure of the atmosphere is assumed to be the dry adiabat for a

hydrogen-helium mixture with solar abundances (Asplund et al., 2009), giving a He

mass fraction of 0.25188 and a H2 fraction of 0.74812. The contribution of water vapour

to the atmosphere is neglected (similar to the calculation in Pierrehumbert and Gaidos

(2011)). This is an unphysical assumption given warm temperatures will naturally lead

to the water evaporating from the surface ocean and mixing with the hydrogen-helium

gas. However, it serves as an easily calculated upper limit on the hydrogen-helium con-

tent of a planet with temperate instellation since water vapour is expected to act as a

greenhouse gas, reducing the ability of the planet to cool. The choice of a purely adi-

abatic atmosphere is justified from test runs using a full radiative-convective iteration

(see Section 5.2). The tropopause (at ≈ 0.05 bars) was typically at lower pressures than

the infra-red photosphere (at > 0.1 bar).

Radiative fluxes were calculated in the longwave (LW) and shortwave (SW) regions

of the spectrum using the SOCRATES radiative transfer code (Edwards and Slingo,

1996), the details ofwhich can be found inAppendix B. In the SWcalculation, we specify

a surface albedo of 0.12. This represents Earth’s globally-averaged value which exceeds

that of liquid water (0.06) due to the presence of land. A value of 0.12 was chosen so

that the results are comparable those in the literature (Goldblatt et al., 2013; Koll and

Cronin, 2019). The exact value will not drastically affect the runaway limit, since at this

point most of the shortwave radiation is absorbed above the surface.
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To calculate the maximum hydrogen inventory possible before an ocean is driven

supercritical, fluxes were calculated for an atmosphere on a dry adiabat with surface

temperature equal to the critical temperature of water, 647K. The surface pressure (ps)

was varied logarithmically between 0.5 bar and the critical pressure of water, 220 bar.

The SW fluxes were calculated using a solar instellation value of 1361Wm−2, however

it was noted that since the temperature structure of the atmosphere is fixed, the results

can simply be multiplied by a constant factor to retrieve the SW fluxes for any arbi-

trary instellation. The surface gravity was kept constant at the Earth value, 9.81m s−2.

As noted in Pierrehumbert and Gaidos (2011), the OLR depends on the surface gravity

in the combination of p2s/g, so changing g can be accounted for simply by rescaling ps.

Increasing the surface gravity from its terrestrial value would be equivalent to lowering

the surface pressure, i.e. increasing the OLR (assuming the change in Rayleigh scatter-

ing, which scales as ps/g, does not cause the planetary albedo to change significantly).

Therefore, for the same level of instellation, a planet with a higher surface gravity can

host a higher pressure atmosphere before going supercritical. Nevertheless, the surface

gravity of temperate sub-Neptunes is expected to be of a similar order of magnitude to

the Earth. Of the 212 planets between 1.0 and 4.0 R⊕ with well-defined mass, radii and

stellar parameters, the mean surface gravity is 15.9(6)m s−2 (maximum 66.4m s−2, min-

imum 1.90m s−2, data via the NASA Exoplanet Archive1). Although a lower Earth-like

value is employed, similar qualitative results are expected for a slightly higher surface

gravity. The use of the Earth-like value also permits comparison of the results with the

literature, the majority of which employs an Earth-like surface gravity. We consider at-

mospheres irradiated by a G star and an M star (details of their spectra can be found in

Appendix C).

1Accessed on 2023-06-13 at 18:17, returning 212 rows.
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5.1.2 Results

Only moderate pressures of hydrogen and helium are required to force surface temper-

atures to supercritical values. Figure 5.1 shows the OLR and SW absorption of these at-

mospheres as a function of surface pressure. The intersection points between the OLR

curve (green) and the SW absorption curves (blue and orange depending on stellar

type) signify atmospheric configurations in global equilibrium. For a pure H2-He at-

mosphere with solar instellation, S0, approximately 10 bars of atmosphere will cause a

large enough greenhouse effect due to CIA to drive the surface ocean supercritical. The

SW absorption in the G-star experiments was reduced relative to the M-star thanks

to the enhanced Rayleigh scattering cross sections at low wavelengths. However, the

change in stellar type causes minimal differences in the qualitative behaviour of our

model. Naturally, lower instellation values require larger atmospheric masses to warm

the surface to the critical temperature, and atmospheres irradiated with less than 1%

of solar radiation would require a surface pressure greater than the critical pressure of

water to reach the critical temperature.

5.2 AddingWater Vapour to the Atmosphere

5.2.1 Model Setup

Thermodynamics

Water is added to each layer at its saturation pressure value (i.e. the relative humidity is

assumed to be 100%). Analytic expressions for the saturation vapour pressure given by

Wagner and Pruß (2002) are used, generating a lookup table of values for each temper-

ature for faster on-the-fly calculation.
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Figure 5.1: Outgoing longwave radiation (OLR) and shortwave (SW) absorption as a function of
surface pressure. The green curve represents the OLR of an H2-He atmosphere on a dry adiabat
with surface temperature equal to the critical temperature of water. The blue and orange curves
show the SW absorption at different instellations relative to solar (S0) for an M star and G star
respectively.

Radiative Procedures

As in Section 5.1, radiative fluxes are calculated with the SOCRATES radiative transfer

code. Unlike in Section 5.1 where an inverse modelling approach was taken, the model

is now timestepped by iterating the temperature according to:

∂T
∂t
= A(p)∂Fnet

∂p
, (5.1)

where T is the temperature, Fnet is the net flux two-stream flux calculated at the edge

of each model layer (defined such that Fnet is positive if the net flux is upwards, in the

−p direction). The coefficient A(p) varies in each model layer in order to approach

radiative equilibrium (where ∂pFnet = 0) as fast as possible. The method described in

Malik et al. (2017), where A(p) is decreased if temperature oscillations are detected in

that temperature layer and increased on each iteration otherwise. For our purposes we

only need to compute the correct equilibrium profile, and do not need to compute the
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actual time series as the system adjusts to equilibrium.

Using this approach, the independent variable is the instellation, S, as opposed to

the surface temperature, Ts, which is permitted to vary until the atmosphere reaches

local and global radiative equilibrium.

Convective Adjustment

After each iteration, the temperature-pressure profile is checked for instability to con-

vection. We use the instability criterion modified for use in atmospheres where water

vapour is at saturation with a lower mean molecular weight background gas (Leconte

et al., 2017):

(∇am −∇ad)(1 − βqϖ) > 0, (5.2a)

with ∇x ≡
d lnTx

d ln p
, (5.2b)

β ≡ d ln psat
d lnT

, (5.2c)

ϖ ≡ (1 − µd/µv). (5.2d)

The “am" and “ad" suffixes denote “ambient" and “adiabatic" respectively, psat is the sat-

uration vapour pressure, T is the temperature and µd and µv are the MMWs of the

dry and condensing vapour gases respectively. The first term in Equation 5.2a is the

Schwarzschild criterion (Schwarzschild, 1906) for convective instability when the am-

bient lapse rate is greater than themoist adiabatic lapse rate. The second term represents

the effect of meanmolecular weight gradients in an environment where water vapour is

held at its saturation vapour pressure value. When the water vapour concentration, q,

exceeds a critical value, qc ≡ 1/βϖ, the parcel is no longer unstable to convection despite

any super-adiabatic lapse rates. The value of the moist adiabatic lapse rate,∇ad is calcu-

lated using the expression in Ding and Pierrehumbert (2016), which accounts for water

vapour being a non-negligible component of the atmosphere but neglects the effects of

retained condensates. We replace occurences of L/RvT (where L is the latent heat of
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vaporization above the triple point and the latent heat of sublimation below and Rv is

the gas constant of water in J kg−1) in the lapse rate formula with the more appropriate β

factor obtained directly from a lookup table. Any other factors of L are calculated using

a lookup table using fits from Wagner and Pruß (2002). This accounts for vanishing

L as T approaches the critical temperature of water (647K). However, we note that at

temperatures approaching the critical point of water, the non-ideal equation of state of

water vapour will become important but is neglected in this current work for simplicity.

Convective adjustment is performed pairwise on layers working upwards from the bot-

tom of the atmosphere. If Equation 5.2a is satisfied, we adjust the temperature of both

layers to the moist adiabat. This procedure is repeated until convergence is reached.

Note that when q > qc, a saturated layer with lapse rate ∇am less than the adiabatic

lapse rate – even an isothermal layer – is unstable, and in our scheme is convectively

adjusted to the saturated adiabat; radiative cooling may then cause further steepening

of the lapse rate.

The implementation of Equation 5.2a leads to two radiative zones forming in the

atmosphere when temperatures near the surface are high enough – a traditional strato-

sphere in the upper atmosphere with low lapse rates and a convectively-inhibited ra-

diative zone below the first convective region. Since the atmosphere is optically thick

in this region, the radiative lapse rate is usually high and requires higher vertical res-

olution. We ran the model with 200 layers, with the bottom 100 layers dedicated to

resolving this radiative region of the atmosphere. In the traditional stratosphere we im-

plement a cold trap for moisture, setting the moisture concentration to its minimum

value at pressures lower than the moisture minimum (as in Ingersoll, 1969; Goldblatt et

al., 2013; Ding and Pierrehumbert, 2016). This prevents the moisture concentration in-

creasing as the saturation vapour pressure of water increases in the upper atmosphere

(though we note that oxidation of methane can produce an increase in water vapour

mixing ratio in the Earth’s stratosphere Frank et al., 2018).
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Surface Physics

At the surface we implement a rudimentary heat transfer scheme which transfers sen-

sible heat from the surface to the lowest model layer. This prevents the surface temper-

ature becoming unphysically hotter than the lowest model layer and is a simple attempt

to represent some of the heat exchange processes in the turbulent boundary layer. The

surface energy equation is:

ρscsh
dTs

dt
= −Fnet(ps) + cpρairCDU(T(ps) − Ts), (5.3)

where values for the surface density (ρs) and heat capacity (cs) are taken to be those

of liquid water and h (the bucket depth) is taken as 1m. The drag coefficient CD and

the characteristic drag velocity U are taken to be 0.001 and 10m s−1 respectively, from

Pierrehumbert (2010). The effect of varying these parameters had a negligible effect on

the overall temperature structure of the atmosphere and the final conclusions of this

work.

In traditional calculations of the runaway greenhouse limit using an inverse mod-

elling approach (e.g. Kasting et al., 1993), the surface pressure ps is taken to be the sum

of a constant dry component, p0, and the saturation vapour pressure at the specified

surface temperature Ts. Surface pressure can increase with temperature, allowing an

increase in total atmospheric mass as more water vapor is added to the atmosphere.

However, holding p0 fixed as temperature increases leads to an implied change in the

drymass of the atmosphere as temperature changes, because themeanmolecularweight

of the atmosphere varies and the concentration of the dry mass is not uniform over

the profile. For inverse climate modeling, it is straightforward to allow ps to vary with

temperature, but with radiative-convective calculations that compute equilibria using

time-stepping or related iterations, the re-gridding needed to allow ps to vary becomes

unwieldy and can lead to numerical issues. For that reason, we make the additional

simplification of holding ps itself fixed, until conditionsmake such an assumption phys-

108



Chapter 5. The Runaway Greenhouse Effect on Hycean Worlds

ically inconsistent. The expedience of holding ps fixed was also used in the calculations

of Figure 9 in Piette and Madhusudhan (2020), which were carried out with a water-

saturated atmosphere. In such calculations, there is an additional reduction in implied

dry mass as temperature increases, as p0 needs to be reduced in order to compensate

for the increase with temperature of surface water vapor partial pressure. As long as this

change isn’t drastic, it is of little consequences for our purpose, as we are not attempt-

ing to track the actual time evolution of an atmosphere. It only means that the dry air

mass in the equilibrium state is somewhat different from what was specified for the ini-

tial condition of the calculation. The magnitude of the difference will be quantified in

Section 5.3.3.

When the surface saturation vapor pressure approaches the specified ps, p0 → 0 and

it is no longer possible to keep surface pressure fixed as surface temperature is further

increased. To deal with this case, we introduce a pure-steam layer for p > ps, extending

to a greater surface pressure p′s; we then time-step the radiative-convective model only

for p < ps, computing the radiation from the pure steam layer assuming it to lie on

the pure-steam (i.e dewpoint) moist adiabat, as discussed in Pierrehumbert and Ding

(2016). Since water vapour is heavy and non-buoyant in a hydrogen-dominated back-

ground atmosphere, it will remain at the bottom of the atmosphere.

A radiative layer in the lower levels of the atmosphere tends to dry out the upper

atmosphere (due to its steep lapse rates), leading to a layered structure with pure water

vapor at the bottom, nearly pure hydrogen-helium at the top, and a sharp transition

layer between the two. All of the mass of hydrogen and helium resides in the upper

layer, and the opacity of this layer (which in turn depends on the dry hydrogen-helium

mass) strongly affects the conditions for the surface temperature to enter a runaway

state.

In cases which require a pure steam layer at the bottom, we set the bottom of the

atmosphere to a fixed surface temperature (which fixes the surface pressure as the sat-
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uration vapour pressure at this temperature). The approach in this case is to determine

the instellation which is compatible with the specified surface temperature, requiring

multiple runs of the time-stepped model. Unlike the usual inverse climate modeling

approach, the required instellation cannot be determined by just computing the OLR

corresponding to a given T(p) profile, since the profile is affected by the instellation

through stellar absorption within the atmosphere. Instead, we need to guess an instella-

tion, time-step themodel (subject to a lower boundary condition provided by the steam

layer) until T(p) reaches equilibrium, and then check the top of atmosphere balance.

The instellation is then adjusted until top of atmosphere balance is achieved. When the

surface temperature is too high, the OLR becomes decoupled from surface temperature

owing to the optically thick steam layer, and so equilibrium cannot be reached when

instellation exceeds a threshold value, which defines the runaway condition. For in-

stellation above the runaway threshold, the temperature increases until some process

intervenes to allow OLR to increase again, as discussed in Boukrouche et al. (2021) and

Pierrehumbert (2023). In this paper, we do not compute the super-runaway equilibrated

state, but for awater-rich sub-Neptunewith a deepwater layer the deep temperaturewill

be above the critical point of water.

5.2.2 Experimental Procedure

To model the effect of different dry mass paths (i.e., dry mass per unit area of atmo-

sphere), we run the model with two surface pressures – 1 bar and 10 bar. As described

above, this surface pressure is held constant until q(Ts , ps) = 1 is reached at the bottom

of the atmosphere, after which the surface temperature and pressure are increased on

the pure steam adiabat. Since steep radiative lapse rates keep the atmosphere relatively

dry at all pressures except very close to the surface, this acts to keep the dry mass path

of the atmosphere relatively constant at ≈104 kgm−2 for the 1 bar initial condition and

≈105 kgm−2 for the 10 bar case (we will quantify this in Section 5.3.3). Extending the at-
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mosphere on the pure steam adiabat does not add any dry mass to the atmosphere (and

instead assumes that the extra mass comes from evaporation from the surface ocean).

We will refer to these two cases as the “1 bar" and “10 bar" cases interchangeably with

“104 kgm−2" and “105 kgm−2" cases.

For both the 1 bar and 10 bar atmospheres, we perform separate runs with the G-star

and M-star spectra described in Appendix B. SOCRATES spectral files for hydrogen-

helium-water atmospheres were created for use over the range of temperatures and

pressures pertinent in this study. Details of the spectral data used can be found in Ap-

pendix B and the spectral files can be found in an online repository (Innes, 2023). For

each set of runs, we begin with a low instellation that gives surface temperatures be-

tween 270K – 300K and run the model to radiative-convective equilibrium. After the

equilibrium state is found, we reinitialise the model with an incrementally higher in-

stellation, chosen as a balance between numerical stability and computational efficiency.

Increments of 5Wm−2 and 1Wm−2 were used for the 1 bar and 10 bar runs respectively.

The initial temperature profile of the first run is a dry adiabat with an isothermal strato-

sphere – runs at higher instellations are then initialised on the final temperature profile

of the previous run. When q(Ts , ps) = 1 is reached at the bottom of the atmosphere (i.e.

psat(Ts) = ps), we switch to the procedure described above where the surface temper-

ature is held fixed and the instellation is iterated until both local and global radiative

equilibrium are attained. We run the model until the surface temperature reaches 600

K, giving us a range of surface temperatures between 270K and 600K.

5.2.3 Results

Temperature and Humidity Profiles

Figures 5.2 and 5.3 show sample temperature-pressure profiles and specific humidity

profiles for the M star and G star experiments. At pressure levels where q > qc, there is
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Figure 5.2: Sample of temperature-pressure profiles (left column) and specific humidity profiles
(right column) for the M star experiments with dry mass paths of 104 kgm−2 (top row) and
105 kgm−2 (bottom row). The introduction of radiative layers in the lower atmosphere causes a
sharp increase in the surface temperature before the lower atmosphere becomes pure steam. The
radiative layers have lower lapse rates in the 105 kgm−2 case because less SW radiation penetrates
to the lower atmosphere.

a sharp increase in lapse rate which corresponds to increased surface temperatures with

respect to convecting lower atmospheres. Once the atmosphere reaches the pure steam

limit in the lower atmosphere (q = 1) the temperature profile follows a pure steam adia-

bat. In the M star 1 bar experiment and both G star experiments, enough SW radiation

penetrates the lower atmosphere to make the radiative layers have an extremely steep

lapse rate compared to both the moist adiabat and the pure steam adiabat. However, in

the M star 10 bar experiment (bottom row of Figure 5.2) attenuation of SW radiation
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Figure 5.3: Same as Figure 5.2 but for the G star experiments.

results in a smoother transition between adiabatic and radiative regions.

Surface Temperature vs. Instellation

Figure 5.4 shows the surface temperature, Ts, as a function of the incoming instellation.

We divide our graphs into three regions. In the region where q(Ts , ps) < qc (green in

Figure 5.4), the atmospheric T-p structure is a moist adiabat in the lower atmosphere

with a radiative stratosphere at lowpressures. Once q(Ts , ps) > qc (orange in Figure 5.4),

there is a radiative layer in the lower atmosphere. The steep lapse rates in this region tend

to increase the surface temperature sharply with instellation than in the lower tempera-

ture cases. Lastly, when q(Ts , ps) = 1 (pink in Figure 5.4), the bottom of the atmosphere
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Figure 5.4: Surface temperature as a function of incoming instellation for different hydrogen-
helium inventories. The introduction of layers with convective inhibition when the moisture
content at the bottom of the atmosphere (BOA) is high enough (orange region) causes a rapid
increase in surface temperature (and moisture content). Once the bottom of the atmosphere is
pure steam (pink region), the atmosphere becomes optically thick and increasing surface tem-
perature is no longer linked with an increase in cooling, causing a runaway state. Note the
different x-axis scales on each subplot.

is pure steam and lies on a pure steam adiabat. At this point the atmosphere becomes

optically thick at all wavelengths and the surface temperature decouples from the OLR.

Further increases in the instellation cannot be compensated by additional cooling and

the surface temperature increases until the ocean reservoir is depleted or the critical

point of water is reached. In the latter case (applicable to sub-Neptunes with a signifi-

cant water inventory), the hydrogen atmosphere is miscible with the supercritical water

envelope. The possible equilibrated states of a super-runaway pure steam atmosphere

are discussed in Pierrehumbert (2023). The addition of hydrogen in this scenario is

beyond the scope of this work.

When our initial condition is a 1 bar hydrogen-helium atmosphere, the M-star run-

away limit instellation is 435Wm−2, and our G-star runaway limit is 530Wm−2. The

higher runaway limit for G-stars is due to the Rayleigh scattering cross-section being

larger at shorter wavelengths, which leads to an increased SW albedo for the G-star
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experiment where more of the instellation is at low wavelengths.

Interesting behaviour is caused by the sudden drop in maximum possible instella-

tion received in both cases when the atmosphere becomes pure steam (at the boundary

between the pink and orange regions in Figure 5.4). For global equilibrium, we require:

S = 4OLR
1 − α

, (5.4)

where α is the albedo. Inspecting the relevant terms, the drop in absorbed instellation

at this boundary is caused by a sudden decrease in the albedo with the introduction

of the steam layer. This initial drop is caused by a sudden increase in SW absorption

from the sharp increase in water vapour at the bottom of the atmosphere. Less radiation

reflects from the surface, decreasing α and therefore S in Equation 5.4 (assuming OLR

remains approximately constant). Adding more steam at the bottom of the atmosphere

(increasing surface temperature) eventually causes the albedo to increase again, since

the albedo of a thick pure steam layer is greater than the surface albedo, 0.12. In the

G-star case, more SW radiation penetrates into the lower atmosphere than the M-star

case, leading to a larger increase in albedo and hence a larger increase in instellation.

The drop in absorbed SW radiation leads to a narrow range of instellations with

multiple equilibrium surface temperatures, some of which are unstable (depending on

the sign of dS/dTs , (Koll and Cronin, 2019)). In the M-star case with 1 bar H2-He, the

drop in absorbed radiation leads to the atmosphere abruptly entering a runaway state

at any instellation above 0.32 S0.

With 10 bars of H2-He as the initial condition, we see similar overall behaviour as

the 1 bar case. The boundaries between the three regimes identified above have shifted

to higher surface temperatures due to the higher surface pressure. Due to the much

higher CIA optical depth of the dry gas inventory compared to the 1 bar case, there is

more SW absorption in these atmospheres. This mutes the varying albedo effect at the

pure steam boundary described above, and leads to the surface temperature increas-

ing monotonically with instellation towards the runaway limit. This limit is 92Wm−2
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for the G-star and 116Wm−2 for the M-star case. We note that the M-star limit is now

higher than the G-star, despite the higher albedos of the G-star irradiated atmospheres.

In theM-star radiative regions at p ≈ 10 bar, there is very little SW radiation penetrating

the radiative layer. In the optically thick limit, radiative flux can be approximated as ra-

diative diffusion (Pierrehumbert, 2010; Heng et al., 2014), with corresponding radiative

equilibrium lapse rate:

∂T
∂p
= 3
16

κ
gσT3 Snet, (5.5)

where κ is the Rosseland mean opacity and Snet is the net SW flux penetrating the re-

gion, which is also the flux that must be carried upward through the region by radiative

transfer. If Snet is small in the radiative region (as is the case with the M star 10 bar at-

mospheres), then the lapse rate is also relatively small, meaning increasing S has less of

an effect on the surface temperature than in cases where more radiation penetrates into

the deeper layers.

The curves in Figure 5.4 exhibit discrete stepping in regions where there are su-

peradiabatic radiative layers in the atmosphere. This numerical artefact arises from

the sensitivity of the surface temperature to the structure of the radiative layer. Dis-

crete stepping is worse if the vertical resolution is low and there are few model levels

in the radiative region. In this case, there is a large jump in surface temperature when

a new model level becomes inhibited to convection. This behaviour motivated the use

of higher vertical resolution in the lower atmosphere (discussed in Section 5.2.1) which

reduces the size of the jumps in Ts but does not completely remove them. The struc-

ture of the stepping also changes as the instellation increment is increased or decreased,

suggesting the surface temperature may be somewhat dependent on the initial state of

the model (which is initialised from the final temperature profile of the previous run).

We do not believe the numerical artefacts affect the conclusions of our work.
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5.3 Discussion

5.3.1 Comparison of Runaway Limits to Canonical Values

Table 5.1 summarizes the runaway greenhouse instellations found in Sections 5.1 and 5.2.

We can compare these to the classical runaway greenhouse limit calculated for hydrogen

atmospheres assumed to be on amoist adiabat (e.g. Koll andCronin, 2019). Since at high

Ts the moist adiabat approaches the pure steam limit smoothly (Koll and Cronin, 2019),

this is the same as asking the maximum instellation a pure steam atmosphere can re-

ceive and remain in global radiative equilibrium. The maximal OLR (sometimes called

the Simpson-Nakajima limit), is approximately 280Wm−2 for Earth’s surface gravity.

In global equilibrium, this must be equal to (1 − α)S/4 by Equation 5.4. Our estima-

tion of the maximum instellation therefore depends on the calculated albedo, α, which

varies by spectral type. We calculate the runaway limit for a pure steam atmosphere

to be 1410Wm−2 (1.04 S0) and 1150Wm−2 (0.847 S0) for our G-star and M-star cases

respectively.

Comparing these numbers to our model results, for our dry atmospheres the max-

imum instellation is around 20 S0 for 1 bar of H2-He mixture, 2 S0 for 10 bars and less

than 0.1 S0 for 100 bars. Adding water vapour to the atmosphere, for 1 bar of solar H2-

He mixture the maximum instellation is less than half of the Simpson-Nakajima limit

and is less than 10% of the classical limit with 10 bars of H2-He mixture. This affects the

placement of the inner-edge of the habitable zone, which is given by:

d = (L/L⊙
S/S0

)
1/2
AU, (5.6)

where L/L⊙ is the luminosity of the star normalized by the solar value. We take L/L⊙ = 1

for the G-star and L/L⊙ = 0.0251 for the M-star, the same as K2-18’s luminosity (Ben-

neke et al., 2019b).
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Table 5.1: Summary of runaway instellations

H2-He Pressure Moisture Stellar Runaway Limit HZ inner edge
[bar] Type [Wm−2] [S0] [AU]

1 ✗ G 2.93 × 104 2.15 × 101 2.16 × 10−1
1 ✗ M 2.58 × 104 1.90× 101 3.64× 10−2
1 ✓ G 5.30 × 102 3.89× 10−1 1.60× 100
1 ✓ M 4.35 × 102 3.20× 10−1 2.80× 10−1

10 ✗ G 4.05 × 103 2.97 × 100 5.80× 10−1
10 ✗ M 2.80× 103 2.06× 100 1.10 × 10−1
10 ✓ G 9.20× 101 6.76 × 10−2 3.85 × 100
10 ✓ M 1.17 × 102 8.60× 10−2 5.41 × 10−1

100 ✗ G 9.89× 101 7.27 × 10−2 3.71 × 100
100 ✗ M 5.71 × 101 4.19 × 10−2 7.74 × 10−1

Classical Limit ✓ G 1.43 × 103 1.05 × 100 9.75 × 10−1
Classical Limit ✓ M 1.18 × 103 8.70× 10−1 1.70× 10−1

Our new inner-edge estimates are presented in Table 5.1. For dry atmospheres, the

estimates are closer to the host star than the classical limit for surface pressures of 1 and

10 bars and further from the host star for 100 bars of H2-He mixture. This is consistent

with the findings of Pierrehumbert and Gaidos (2011), where the greenhouse effect of

H2 becomes significant at surface pressures between 10 and 100 bars.

Adding the effect of moisture and convective inhibition, all inner-edge estimates

are further from the host star than previous calculations (e.g., Koll and Cronin, 2019;

Madhusudhan et al., 2021). For a 10 bar dry mass inventory, our values lie outside the

traditional outer edge of the habitable zone (instellations between 0.2 and 0.4 S0 Kop-

parapu et al., 2013).

5.3.2 Why Convective Inhibition Lowers the Runaway Limit

In this section we explore why, for a given instellation, the surface temperature is much

hotter in our experiments than in traditional calculations of the inner edge of the hab-

itable zone. Consider a planet with a given instellation, S. The instellation roughly sets
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the stratospheric temperature as Tstrat ∼ (S(1 − α)/4σ)1/4 and the temperature of the

radiating layer where the characteristic LW optical depth, τ, is unity. With increasing

pressure, the T-p profile will follow a radiative layer, followed by a moist adiabatic layer

until it reaches the level where q = qc. In our simulations, the atmosphere then follows a

radiative lapse rate, which in general ismuch steeper than the equivalentmoist adiabatic

lapse rate so long as the atmosphere is opaque enough and has enough SW radiation

penetrating to that level. This increased lapse rate leads to much higher surface temper-

atures for equivalent levels of instellation. This effect is illustrated in Figure 5.5(a). Once

the bottom of the atmosphere becomes pure steam, the surface temperature increases

steeply with small increases in instellation, since the bottom of the atmosphere becomes

optically thick and decoupled from the OLR.

Equivalently, we can imagine the temperature-pressure profile in both the classical

and inhibited scenarios starting from the same surface temperature, Ts. If q(Ts , ps) > qc

then our modelled atmospheres will follow a steep radiative lapse rate, compared to the

shallowermoist adiabat. Once q < qc, the inhibited atmospherewill again follow amoist

adiabat (albeit one with a much steeper lapse rate than the one departing from (Ts , ps)

owing to q now being more dilute). The resulting upper atmospheric temperature of

the inhibited atmosphere will be much lower, leading to a much lower OLR. In global

equilibrium, OLR = S(1 − α)/4, and so the maximum allowed instellation for a given

surface temperature will be much lower. This is illustrated in Figure 5.5(b).

5.3.3 Why Increased Dry Mass Lowers the Runaway Limit

It is clear from Figure 5.4 that the increased dry mass path in the 10 bar H2-He exper-

iments lowers the maximum instellation limit. Figure 5.5(c) shows two atmospheres

with the same surface temperature and different dry mass paths. The pressure level at

which τ = 1 is relatively constant between the two cases, because in the upper atmo-

sphere q << 1 so τ = 1 when p(τ = 1) ≈ g/κd where κd is some characteristic grey
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Figure 5.5: Three T-p profiles demonstrating the effect of superadiabatic layers on the radiative
balance of the atmosphere. (a)We compare an atmosphere with convective inhibition (2) to one
without (1), assuming an identical instellation. Although the radiating temperature (and OLR)
is the same between the two cases, the atmosphere with the superadiabatic layer has a higher
surface temperature. (b) We again consider an atmosphere with (2) and without (1) a supera-
diabatic layer, starting from a fixed surface temperature. In this case, the superadiabatic layer
causes the radiation temperature (and therefore OLR) of the atmosphere to decrease, which in
turn reduces the maximum instellation it can receive. (c) We consider two atmospheres with
inhibited layers with different dry mass paths. The pressure at τ = 1 is approximately constant
between the two cases. The atmosphere with the greater drymass path, (2), has a greater average
lapse rate between the surface and the radiating level than (1), where the lower atmosphere is
pure steam. The radiating level is therefore colder, reducing the maximum OLR of the atmo-
sphere.

opacity of the dry gas inventory. The pressure at which q = qc is approximately constant

with temperature (see Section 5.3.4). Increasing the dry mass path of the atmosphere

also increases the pressure level at which q becomes unity and the atmosphere transi-

tions to a steam layer. As seen in Figure 5.5(c), since the pure steam layer (pink) has a
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much lower lapse rate than the radiative layer (orange), the average lapse rate between

the surface and the τ = 1 level increases with increasing mass path. A higher average

lapse rate decreases the radiating temperature with increasing dry mass path, leading

to a drop in the OLR (and hence maximum instellation) in the runaway limit.

5.3.4 Discussion of Analytic OLR

In Appendix C, we calculate the OLR from an inhibited atmosphere to be:

OLR = Γ(1 + 4α)(κdmd

θ̄
)
−4α
(q0

κvmd

εθ̄
)
4/(β0−1)

σT4
0 , (5.7)

where T0 ≈ 273 K, β0 ≡ L/(RvT0), q0 ≡ 1/(β0ϖ), α ≡ Rd/cp, θ̄ = 3/5, ε ≡ µv/µd , Γ is the

standard gamma function and κv and κd are the characteristic grey opacities of themoist

and dry components of the atmosphere respectively. Choosing κv = 0.01 m2 kg−1 to

match the Simpson-Nakajima limit for a pure steam atmosphere, this leaves the OLR as

a function of the dry opacity, κd and the drymass path,md . Table 5.2 shows estimates of

the analytic OLRwhen κd = 1.6 × 10−4 m2 kg−1, a sensible value for the dry opacity which

corresponds to an H2-He atmosphere that becomes optically thick at approximately 0.6

bars

The term in m−4αd represents the total optical depth of the dry component of the

atmosphere – as this term increases, the radiating temperature drops and the OLR de-

creases. The second term in m4/(β0−1)
d represents how increasing the dry mass of the at-

mosphere increases the temperature at which the atmosphere becomes radiative, which

increases theOLR. In general, α ≫ (β0−1)−1, andwe estimate 4(β0−1)−1−4α ≈ −8/7, so

the OLR decreases with dry mass, explaining the trend in Table 5.1. Moreover, Table 5.2

shows that the 10 bar M-star case is has a reduced dry mass compared to the equivalent

G-star case, explaining its higher instellation limit since from Equation 5.7 this atmo-

sphere will cool more efficiently. More care could be taken to ensure that the dry mass

path of the atmosphere is conserved across our different simulations. With the current
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Table 5.2: Comparison of model OLR with analytical calculations with a dry gas opacity of
1.6 × 10−4 kgm−2

Expermiment OLR [Wm−2] Dry mass [kgm−2] Analytic OLR [Wm−2]

G-star, 1 bar H2-He 101 9.92 × 103 111
M-star, 1 bar H2-He 103 9.74 × 103 113
G-star, 10 bar H2-He 14.0 8.91 × 104 12.3
M-star, 10 bar H2-He 26.7 5.35 × 104 20.5

model setup, this would involve iterating the surface pressure so that the integral:

∫
ps

0
(1 − q)dp

g
, (5.8)

is conserved. This was deemed too computationally expensive for the current study.

Alternatively, one could implement a self-consistent moisture scheme that keeps track

of the mass of the vapour phase, which would naturally conserve dry mass.

Moreover, inAppendixCwe show that the ratio of thisOLR to the Simpson-Nakajima

limit can be written as:

OLR
OLRSN

= Γ(1 + 4α)
Γ(1 + 4/β0)

(q0
κvmd

εθ̄
)
4/(β0−1)

(κdmd

θ̄
)
−4α

. (5.9)

Since the ratio of gamma functions is of order unity, and 4(β0 − 1)−1 ≪ 1, so long as

κdmd/θ̄ > 1, i.e. the dry inventory of the atmosphere is optically thick, we should expect

the OLR to be lower than the classical Simpson-Nakajima limit.

The analytic expression provides a relatively good estimate of the OLR but decreases

slightly too steeply with increasingmd –more experiments at different dry paths would

need to be run to establish the limitations of the power-law formulation.

5.3.5 What Does a Super-Runaway State Look Like?

Having discussed how the runaway greenhouse threshold changes for inhibited atmo-

spheres, it is natural to wonder what a super-runaway atmosphere would look like. For

Earth-like planets with a finite water reservoir, eventually the water inventory will be
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entirely in the atmosphere, and the lower atmosphere will not be in liquid-vapour phase

equilibrium, allowing it to lie on a dry adiabat and increase its OLR (Boukrouche et al.,

2021). However, for a Hycean world with an almost limitless supply of water this is

not possible. As discussed in Pierrehumbert (2023), a super-runaway state is likely to

consist of supercritical water vapour in the lower atmosphere. Since the supercritical

phase is not constrained to lie on the phase equilibrium boundary between liquid and

vapour (in contrast to the condensing layers above), a deep layer of the interior heats

up until the supercritical water layer penetrates to high enough altitudes that radiation

to space can increase beyond the runaway limit. In the pure water case discussed in

Pierrehumbert (2023), this generally leaves a thin condensing region near the top of the

atmosphere, but in the case with a substantial H2 layer at the top, the radiating level is

in the H2 layer, so the condensing layer is eliminated entirely. The warming proceeds

until theH2 layer becomes hot enough to increase the OLR, but once supercritical water

is in contact with the H2, that layer would mix into the supercritical water and largely

disappear, because H2 (and presumably also He) is completely miscible in supercritical

water (Soubiran andMilitzer, 2015). A full thermal evolutionmodel would be needed to

determine how long this process would take. A curious possibility emerges because the

runaway instellation threshold with an H2 layer is considerably below the pure-steam

limit. If the instellation lies between the two thresholds, once the H2 layer is diluted into

the supercritical water interior, a liquid ocean could form again, forcing some H2 back

into the atmosphere. One possibility is that the mixing between the layers results in just

enough H2 remaining in the outer layer for radiative balance to be achieved, predicting

a self-regulation in the thickness of the H2 layer.

The scenario we have modelled in this paper corresponds to a cold-start, in which

the planet begins in a sub-runaway state and then undergoes a runaway as the stellar

luminosity increases. This is a possible scenario for an F or G star, but an alternate sce-

nario for the evolution is a hot-start, in which the planet begins in a super-runaway
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state, either because of the heat of formation of the planet or because of intense illumi-

nation in the extended pre main-sequence stage of low mass stars. In a hot-start, the

initial H2-H2O inventory would most likely begin in a supercritical mixed state. While

the instellation remains above the runaway threshold, a significant separated H2 layer

would never form (unlessH2 is amajor proportion of the initial composition). Once the

planet cools down enough to be sub-runaway, though, a liquid ocean will form, leading

an H2 layer to effervesce out of the subcritical liquid ocean.

5.3.6 Mixing of H2-He into the Pure Steam Layer

The layered structure that occurs in our model at high surface temperatures, with a

pure steam layer at the bottom, is a self-consistent solution of the radiative-convective

equations. It is a peculiarity of the compositional stability criterion (Equation 5.2a) that

when q > qc, q → 1 appears to be a singular limit. When q = 1 exactly, the moist

stability criterion is the usual criterion that the lapse rate be steeper than the adiabat.

However, if even an infinitesimal amount of hydrogen or helium mixes into the pure

steam layer, so q = 1−δ, with δ ≪ 1, the compositional stability criterion then nominally

applies according to which lapse rate steeper than themoist adiabat are stable. Radiative

coolingwould then be expected to generate a steep radiative layer within the nearly pure

steam layer, nomatter how small δmaybe. However, since the stabilizing compositional

buoyancy becomes exceedingly week for small δ, many other mixing processes could

intervene, so we find the generation of a radiative layer under these circumstances to

be implausible. We cannot rule out the possibility, though; it is a matter that will need

to be resolved by future resolved-convection modelling.

5.3.7 Escape of Hydrogen

For low mass planets with hydrogen-dominated atmospheres, we also need to consider

the rate of atmospheric escape, which could significantly deplete the content of the at-
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mosphere. We consider only Hydrogen escape, and neglect the depletion of water by

photodissociation and escape since in our models with convective inhibition, water is

effectively cold-trapped (See Figures 5.2 and 5.3). We will estimate the hydrogen loss

rate in two limiting cases: diffusion-limited and energy-limited.

When the diffusion upward to the exosphere is the limiting factor, we can estimate

the H escape rate via diffusion-limited escape to be (neglecting the thermal diffusion

term):

ΦD = Dn( 1
Ha
− 1
H
), (5.10)

where D is the molecular diffusion coefficient, n the total number density, Ha the scale

height of the atmosphere and H the scale height of atomic hydrogen (Catling and Kast-

ing, 2017; Tsai et al., 2021). Taking the value ofD ofH2-Hbinarymix to be 1.1 × 108 cm2 s−1

and a scale height of 200 km (calculated for the sub-Neptune K2-18 b), theH escape rate

is approximately 2 × 1011 cm−2 s−1 at 10−8 bar.

When considering the absorption of EUV (Extreme Ultraviolet with wavelength

shorter than 100 nm) photons in the exosphere to be the limiting factor, the energy-

limited escape is given by:

ΦE = SEUVη(
GMm

r
)
−1
, (5.11)

where η is the heating efficiency, SEUV is the EUV flux, and GMm/r is the gravitational

binding energy of an H atom of mass m around a planet of mass M and radius r, with

G being the universal gravitational constant. We assume a planetary radius of 2 R⊕

and a mass of 8 M⊕ such that the gravity is Earth-like, and assume that the EUV is

absorbed at around the planetary radius. We use η = 0.15 as in Catling and Kasting

(2017). For a 1 bar atmosphere, the energy-limited escape for a modern Sun-like star

is about 2.5 × 1010 cm−2 s−1, which is one order of magnitude lower than the diffusion-

limited escape due to the lower instellation from our revised habitable orbits. Conse-

quently, the energy-limited escape for a 1 bar atmosphere around a modern Sun-like

star yields a lifetime of the hydrogen atmosphere of about 40 billion years, which would
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impact the atmospheric composition but would not deplete the bulk hydrogen reser-

voir. If the Hycean planet is around an active M-star with at least ten times the EUV

radiation of the Sun, the atmosphere would enter the diffusion-limited regime. In this

case, the lifetime of a 1 bar hydrogen atmosphere is about 10 billion years, which could

potentially deplete hydrogen and resulted in a helium-rich (Hu et al., 2015) or steam at-

mosphere (Schaefer et al., 2016). However, this scenario becomes increasingly unlikely

as the thickness of the atmosphere increases. For a 10-bar atmosphere, an EUV stellar

flux 100 times higher than the solar value is required to push the H escape rate to the

diffusion-limited value. Even in this diffusion-limited regime, the lifetime of an H2-

atmosphere is still about 100 billion years owing to the combined effects of further or-

bital distance and thicker hydrogen envelope. Overall, unless the primordial hydrogen

atmosphere is thin (i.e. around 1 bar) and the host star is active, our estimate suggests

that the background hydrogen would not be significantly altered by the escaping pro-

cesses. Although the analysis above provides an approximate estimate of escape rates,

the result that low-equilibrium temperature, sub-Neptune-sized exoplanets can retain

some of their primordial hydrogen envelopes is shared with more sophisticated models

(Owen and Mohanty, 2016; Misener and Schlichting, 2021)

5.3.8 Implications for Observations

Our main result is that the runaway limit for sub-Neptune water worlds is greatly re-

duced with even 1 bar of hydrogen. Due to observational biases favouring the detection

of low semi-major axis planets, most of the current observational candidates forHycean

worlds have relatively high equilibrium temperatures. From Table 5.1, the inner edge of

the habitable zone is around 0.28 AU for our formulation. Table 1 ofMadhusudhan et al.

(2021) lists potential Hycean world candidates, all of which lie within our inner edge es-

timate and therefore would only be able to sustain a liquid water ocean if hydrogen were

not detected in large abundances in the atmosphere. Thewell-studied sub-Neptune K2-
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18 b, originally thought to lie right on the inner edge of the classical habitable zone, is

well beyond the inner edge by this measure.

In this case, the planets most likely to host liquid water oceans on close-in orbits

are either terrestrial planets with a higher mean-molecular weight background gas, or

pure “water-worlds" with little to no H2 envelope and an atmosphere predominantly

composed of steam. The latter type of planets and their evolution have been studied

previously in the highly-irradiated regime (Mousis et al., 2020; Aguichine et al., 2021),

finding that water worlds may fit the observed mass-radius distribution of small radius

planets. The super-Earth sized planet Kepler-138 d (Piaulet et al., 2023) is a candidate

volatile-rich planet. It has a 1.5 R⊕ radius and low densitymaking it not dense enough to

be predominantly rocky, but also too dense to sustain a significant hydrogen envelope

that would not be lost through atmospheric escape. Although this particular planet is

above the runaway greenhouse instellation threshold, similar cool planets may be able

to host liquid water oceans at near-Earth instellations.

The ability to observationally distinguish liquid water surfaces and super-runaway

mixtures of H2-H2Owould allow us to verify some of the predictions of this work. Map-

ping the transition from sub-runaway planets to super-runaway planets as a function

of instellation would give us the runaway instellation limit, which could be compared

to the predictions in Table 5.1 to provide evidence for or against robust super-adiabatic

layers. The combined non-detection of ammonia and detection of methanol in a sub-

Neptune atmosphere has been proposed as a method of distinguishing a shallow water

surface (Tsai et al., 2021). However, this method requires around 20 transits with the

JamesWebb Space Telescope which may prove unfeasible given time allocation restric-

tions. Our results also predict a sharp transition between sub-runaway atmospheres

where the upper atmosphere is very dry (see Figures 5.2 and 5.3) to super-runaway at-

mospheres that are moist due to the mixing of H2 and supercritical H2O (Pierrehum-

bert, 2023). In contrast, the moistening of the upper atmosphere in the classical run-

127



Chapter 5. The Runaway Greenhouse Effect on Hycean Worlds

away greenhouse limit without convective inhibition is more smooth as instellation is

increased and would occur at higher instellations. Further complications arise from the

presence of non-Hycean sub-Neptunes, where the presence of water in the atmosphere

is not necessarily correlated with its interior structure or the presence of a surface. More

work is needed to understand how we can observationally disentangle the various pos-

sible atmospheric structures of habitable zone sub-Neptunes.

5.3.9 Robustness of Calculations and Caveats

Day-Night Averaging

Our model is one-dimensional, and makes the assumption that the stellar radiation is

redistributed evenly over the dayside and nightside of the planet. The superadiabatic

layers in our model are sustained by the need to remove the stellar flux deposited at the

surface of our model. If day-night heat redistribution is not efficient, then the nightside

of these planets may be able to sustain shallower lapse rates which would aid with ra-

diative cooling. However, for thick hydrogen atmospheres on temperate sub-Neptunes,

general circulation models (Charnay et al., 2021; Innes and Pierrehumbert, 2022) have

shown that the combination of slow rotation rate and low mean molecular weight at-

mospheres produces globally weak temperature gradients thanks to dynamical redis-

tribution of heat. This suggests heat deposited near the surface would be transported

horizontally to the nightside,maintaining the steep lapse rates globally. Scaling relations

for shallow atmospheres also suggest lowMMWatmospheres should have efficient heat

redistribution (Koll, 2022).

Assumption of Saturation

Ourmodel also assumes 100% relative humidity in the column (except above the strato-

spheric cold trap). One major effect of 3D dynamics is to cause subsiding regions (e.g.
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due to the descending branch of a Hadley-like circulation, or night side subsidence on

a tidally locked exoplanet). Descending dry air causes compressional heating and un-

dersaturation, and can be responsible for regions where the OLR is locally greater the

result of a globally-averaged calculation (Pierrehumbert and Swanson, 1995; Leconte

et al., 2013). If an atmosphere is undersaturated to the point it lies below the critical

water vapour mixing ratio qc, then superadiabatic layers responsible for surface heat-

ing may not form. Moreover, on Earth moist convection is the main mechanism by

which water vapour is transported vertically in the atmosphere. Within the inhibited

superadiabatic layer, mixing by convection is suppressed and our assumption of 100%

relative humiditymay break down aloft. However, we note that if the near-surface layers

are saturated (due to being close to the ocean surface) and the layers aloft are under-

saturated, this induces an even greater mean-molecular weight gradient to stabilise the

atmosphere to convection than before. Moreover, since undersaturated lofted parcels

would travel on the dry adiabat, which has a steeper lapse rate than the moist adiabat,

this would again help stabilise the atmosphere to convection. One could argue that de-

creasing relative humidity with height would affect the radiative calculations. However,

from Section 5.3.3 and Appendix C we can see that the main driver of lower cooling is

the radiative effect of the dry mass of the atmosphere. A decrease in relative humidity

with height would likely decrease the thickness of the superadiabatic layer, in which

case the reduction in OLRmay not be as severe as in the fully saturated scenario. Lastly,

large-scale 3D circulations such as overturning day-night cells on tidally-locked plan-

ets or Hadley cells on non-synchronously rotating planets may provide a mechanism to

transport moisture through the atmosphere andmaintain saturation. The role of global

circulations in setting the moisture structure of Hycean worlds is an interesting avenue

for further work.
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Clouds and Hazes

Cloud and haze opacities were not included in ourmodel. We expect their introduction

to affect our results in three main ways. Firstly, the increase in LW opacity due to cloud

water or hazes would exacerbate the greenhouse effect and, if taken independently from

other cloud and haze radiative feedbacks, decreases the runaway instellation. Secondly,

the SW scattering properties of clouds and hazes increase the effective planetary albedo.

This opposes the greenhouse effect and increases the value of the runaway instellation.

Thirdly, clouds and hazesmay reduce themagnitude of shortwave radiation penetrating

the lower atmosphere. This would reduce the radiative lapse rates in the inhibited lay-

ers by reducing Snet in Equation 5.5. The reduction of radiative lapse rates will decrease

the surface temperature for any given instellation, raising the runaway instellation. A

similar effect was modelled in Piette andMadhusudhan (2020), who demonstrated that

surface water oceans were possible on K2-18 b if the haze scattering opacity was high

enough. In this case, the lower atmosphere becomes isothermal, allowing for temper-

ate oceans at high pressures. However, their model neglected the effect of convective

inhibition. Moreover, as discussed in Section 5.2.1, saturated subadiabatic radiative lay-

ers are unstable to convection when q > qc, implying that above the critical moisture

threshold, the moist adiabat is the minimum possible lapse rate.

If the cooling effects of clouds and hazes dominate their potential warming effect,

then our runaway instellations in Table 5.1 are likely too pessimistic and the inner edge

of the habitable zone could be at lower orbital distances. Themagnitude of the cloud and

haze radiative effects is likely to be strongly dependent on the particles’ microphysical

properties and 3D spatial distribution (e.g., Yang et al., 2013; Turbet et al., 2021). These

effects are beyond the scope of our simplified 1D model, though we encourage future

efforts to quantify the impact of clouds and hazes on our results.
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Other Heat Transport Mechanisms

Wealso need to consider othermechanismswhichmay be able to transport heat through

the stabilised layers. For example, how efficient is thermal conduction at transporting

flux deposited in the lower atmosphere? We can compare the efficiency of thermal con-

duction to radiation by comparing the thermal diffusion coefficient for conduction and

radiation, as in Markham et al. (2022). For an ideal gas, the thermal diffusivity of con-

duction is:

kcond = ρλcv

√
2kBT
πm

≈ 1WmK−1, (5.12)

where λ is themean free path,m is theweight of an average gasmolecule, kB is the Boltz-

mann constant and cv its specific heat capacity at constant volume. We choose charac-

teristic values to give an upper limit on kcond. We use T = 300 K, λ = kBT/(
√
2πd2p)

with d = 290 pm (the kinetic diameter of a hydrogen molecule, Mehio et al., 2014) and

m = 2 amu. Density is calculated using the ideal gas law and we note the final result is

independent of pressure.

The radiative diffusivity of an optically thick gas is approximately

krad =
16
3
σT3

κρ
≈ 104WmK−1, (5.13)

where we have used κ = 0.01 kgm−2 and used the same T and ρ in our calculation

of kcond. We conclude that energy transport via radiation is much more efficient than

thermal conduction. Other sources of heat transport that could be considered are ad-

vective heat transports. Although the superadiabatic regions are statically stable, eddy

heat transport could play a role in transporting heat vertically, especially if the vertical

wind shear is high. Moreover, we have also neglected latent heat fluxes, which could play

a significant role if there is significant condensation or re-evaporation of condensates

around the region of interest. Within the framework of a 1D model with no dynamics,

it is very difficult to get an accurate estimate of the magnitude of these fluxes. Studying

this system with a cloud-resolving model (e.g. Lefèvre et al., 2021; Tan et al., 2021) is key
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to understanding the robustness of the superadiabatic layer against other mechanisms

of heat transport. These models would also indicate the radiative effect of water clouds

on the system and derived runaway greenhouse limits.

Possibility of Multiple Equilibria

Lastly, apart from in the region near the runaway limit (see Section 5.2.3), our model

doesn’t consider the possibility of multiple equilibrium states and hysteresis. Given that

the phase structure of a water-world can change drastically on either side of the run-

away limit from steam above a surface ocean to a supercritical envelope (Pierrehumbert,

2023), there is a possibility that much warmer surface temperatures could be achieved

with a similar instellation if wemodelled the atmosphere with a supercritical water layer

mixed with hydrogen gas. Our models represent a “cold start", i.e. warming a planet up

that initially starts with a surface water ocean. However, realistically a sub-Neptune

will form hot and cool down from a state where the water is supercritical (Misener and

Schlichting, 2022; Markham et al., 2022). Most rocky planets greater than Martian-

to-Earth size will host a magma ocean in their early history (Lichtenberg et al., 2022).

Interactions between a rocky planet’s interior, magma ocean and atmosphere may be

the limiting factor determining the plausibility of a liquid water ocean, in which case

our estimates of runaway limits may be conservative. If there are multiple equilibrium

solutions, it is possible that even when the instellation lies below the runaway threshold,

the water will still be in a supercritical state. Moreover, in our model we have neglected

the effect of internal heating from the residual heat of formation or tidal heating. Given

that our model only requires ≈ 1Wm−2 of stellar flux penetrating the lower layers to

drive steep superadiabatic lapse rates, a similar level of internal flux could equally sus-

tain very high surface temperatures in the absence of a significant instellation. Estimates

fromBlain et al. (2021) place K2-18 b’s internal temperature at somewhere between 1 and

4Wm−2.
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Limitations of Convective Adjustment

Throughout this studywe assume that any statically unstable parts of the atmosphere are

instantaneously adjusted to an adiabatic temperature profile (e.g. Manabe and Strick-

ler, 1964). There are several limitations of such schemes (see Arakawa (2004) for a de-

tailed discussion of different cumulus parameterisations). Firstly, in 3Dmodels, the fact

that moist convection is only triggered when the large-scale relative humidity reaches

100% (or some specified fraction) often leads to infrequent, high-precipitation storms

(Frierson et al., 2007). In our 1D model, however, we specify the large-scale relative

humidity at 100%, in which case moist convection always occurs when the temperature

profile is statically unstable. As such, this problem is mainly linked to our prescription

of the moisture distribution in the atmosphere, as discussed in Section 5.3.9. Secondly,

moist convective adjustment schemes prescribe the final state of an atmosphere that has

undergone convection. In our case, this is the saturated moist pseudo-adiabat (Pierre-

humbert, 2010). However, for atmospheres in convective quasi-equilibrium (Arakawa

and Schubert, 1974), the final profile would be found through computing the balance

between destabilising large-scale forcings and stabilising convective motions. More

complex mass-flux parametrizations have been used to study convection in hydrogen-

dominated atmospheres such as Jupiter’s (Del Genio and McGrattan, 1990; Sankar and

Palotai, 2022), which account for warming effect of dry, subsiding regions on the tem-

perature profile. These schemes derive from mass-flux schemes used for Earth’s atmo-

sphere (e.g. Arakawa and Schubert, 1974) and as such are not explicitly designed to

handle non-dilute atmospheres where water vapour makes up a significant fraction of

the atmosphere. As such, we opt for a simple adjustment scheme that reflects our lack of

knowledge about the details of moist convection in a non-dilute, hydrogen-dominated

atmosphere. We encourage the use of convection-resolving models to act as the foun-

dation for more complex convection parametrizations to be built on.
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5.4 Conclusions

The aim of this chapter was to determine the sustainabilty of a liquid water ocean on a

Hycean world with a significant H2-He inventory. My major findings are:

1. Neglecting water vapour feedbacks, 10-20 bars of solarH2-Hemixture will drive a

surface ocean supercritical when forced with solar instellation. A planet receive-

ing 10 times solar instellation would have to have less than 1 bar of hydrogen to

sustain a liquid water ocean.

2. Including water vapour feedbacks, the presence of superadiabatic layers where

convection is inhibited in the lower atmosphere reduces the runaway greenhouse

instellation limit from the Simpson-Nakajima limit significantly. For a solar H2-

He inventory of around 104 kgm−2, the runaway greenhouse limit to an instella-

tion of approximately 530Wm−2 for a G-star and 435Wm−2 for an M-star. This

reduces further to around 100Wm−2 for anH2-He inventory of around 105 kgm−2.

3. The reduced instellation limits correspond to moving the inner edge of the hab-

itable zone to around 1.6 AU (3.85 AU) for a planet orbiting a G-star with 1 bar

(10 bar) of H2-He and equivalently 0.280 AU (0.543 AU) for a planet orbiting an

M-star (c.f. 0.982 AU and 0.172 AU for a G-star and M-star respectively from

previous models).

4. Analytical models of the OLR show the key parameter responsible for the reduc-

tion in the OLR is the total optical depth of the dry inventory, given that steep su-

peradiabatic lapse rates in the inhibited layers dry the atmosphere aloft. A higher

dry optical depth reduces the radiating temperature of the atmosphere and caps

the maximum cooling from a H2-H2O atmosphere. If we model the atmosphere

as having a constant, grey opacity for the dry gases, then the limiting OLR scales

roughly as the inverse of the dry mass path.
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5. The results suggest that most of the current Hycean world targets are within the

inner limit of the habitable zone and unlikely to host liquid water oceans. The

most promising targets for observing a liquid water ocean on a close-in orbit are

therefore traditional terrestrial-like planets with a high-mean molecular weight

background atmosphere or “water worlds" with negligible H2-He envelopes.

We conclude by encouraging the use of 3D cloud resolving models to study the

robustness of the inhibited, superadiabatic radiative layers to 3D dynamics and other

sources of heat flux.
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Chapter 6

Developing a GCM to Simulate

Non-Dilute Water Vapour in

Sub-Neptune Atmospheres

In the previous chapters I have described the circulation of dry sub-Neptunes, and

shown how the combination of hydrogen and water vapour above a water ocean

can push the inner edge of the habitable zone for Hycean worlds outwards. In this

chapter, I will describe preliminary efforts to simulate sub-Neptunes with non-dilute

water-hydrogen atmospheres in an attempt to unify the themes of my thesis thus far.

Why arewe interested inmodellingwater vapour in the atmosphere of sub-Neptunes?

Firstly, a wide range of atmospheric metallicities is expected for the sub-Neptune pop-

ulation of exoplanets (Fortney et al., 2013; Kreidberg et al., 2014; Madhusudhan et al.,

2020). In hydrogen-dominated atmospheres with enhanced metallicities, water vapour

is one of the most abundant species in the output of chemical equilbrium models (e.g.,

Blain et al., 2021; Tsai et al., 2021). Water vapour concentrations of around 35% can

be reached for atmospheric metallicities of 100x solar (Tsai et al., 2021; Charnay et al.,
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2021). If a planet is cool enough forwater vapour to condense, we enter the regimewhere

a condensible species makes up a large component of the atmosphere. On Earth-like

planets, this has profound consequences on the dynamics as shown in Pierrehumbert

and Ding (2016). As the atmosphere tends towards a saturated pure steam composi-

tion, the dynamics become barotropic and regions of undersaturation become difficult

to sustain (assuming there is a condensate reservoir at the surface). However, as dis-

cussed in Chapter 2, Section 2.8, we expect non-dilute moisture to behave differently in

the atmosphere of hydrogen-dominated exoplanets. For example, the inhibition of con-

vection will affect the thermal structure and distribution of moisture in the atmosphere

(c.f. Chapter 5).

Moreover, the moisture distribution and clouds formed in the atmospheres of sub-

Neptunes affect transit spectroscopy measurements obtained by space telescopes. For

example, the best-fit model forHubble data of the temperate sub-Neptune (and Hycean

world candidate) K2-18 b suggested the presence of water vapour with no clouds (Ben-

neke et al., 2019a). On the other hand, subsequent measurements with the James Webb

Space Telescope show that the 1.4 µm absorption feature was due to methane absorp-

tion and not water vapour (Madhusudhan et al., 2023). However, water clouds or water

vapour could not be ruled out at pressure levels greater than 100mbar. In addition,

transit spectroscopy only probes a small section of an exoplanet’s atmosphere near the

terminators, so spatially inhomogeneous clouds (e.g., near the substellar point) would

not be detectable. The cloud models typically used in retrievals are one-dimensional,

heavily parameterised and incapable of capturing the 3D inhomogeneity of real clouds.

GCM simulations can provide a physical understanding of where clouds form in the

atmosphere of sub-Neptune, and whether we should expect to detect clouds and water

vapour in the observable upper atmosphere.

Lastly, modelling condensible water vapour on temperate sub-Neptunes is of partic-

ular interest due to their proposed habitability (Madhusudhan et al., 2021; Seager et al.,
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2021). The presence of liquid water is often viewed as a crucial precursor to the forma-

tion of life (Lammer et al., 2009). On sub-Neptunes, liquid water could be found either

at the surface (on Hycean worlds) or in clouds. Whereas surface liquid water is widely

accepted to be favourable for the development of life, the possibility of aerial biospheres

is more speculative and is based on measurements of microorganisms in Earth’s clouds

(Vaïtilingom et al., 2012) and theories on the suitability of clouds on Venus to host life

(e.g., Limaye et al., 2018). Using GCMs to model sub-Neptunes with condensing water

vapour is way a to understand how atmospheric circulation, radiative transfer andwater

condensation interact to produce either habitable conditions at a surface, or long-lived

clouds aloft.

Currently, there are few general circulation models that have been explicitly devel-

oped to handle non-dilute condensible substances. Leconte et al. (2013) used the LMD

Generic GCM with non-dilute water vapour to calculate the inner edge of the habit-

able zone for an Earth-like climates with increased instellations. Pierrehumbert and

Ding (2016) used the latitude-longitude version of the ExoFMS GCMwith a non-dilute

convective adjustment scheme and instantaneous rainout of precipitates to simulate ex-

tremely non-dilute Earth-like exoplanets.

In this chapter, I will outline the development of a new version of ExoFMS that

uses the updated cubed-sphere, finite volume version of the GFDL FV3 dynamical core

(Lin, 2004) to model non-dilute water vapour in the atmosphere of sub-Neptunes. In

the interests of simplicity and clarity, I opt to implement basicmicrophysics and convec-

tion schemes with few free parameters, as opposed to more complex schemes used in

other GCMs. The advantage of this approach is that it reflects our lack of knowledge of

cloud microphysics and convection in non-dilute, hydrogen-dominated environments

and instead relies on basic physical principles that should be valid over a wide range

of planetary parameters. However, the absence of more complicated cloud-radiative

coupling schemes and cloud microphysics may make the model too simple to produce
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accurate predictions of observable quantities.

As shown in Chapter 5, for sub-Neptunes with a surface ocean below a hydrogen-

dominated atmosphere a high opacity gradient in the vertical direction combined with

the inhibition of convection can lead to extremely large temperature gradients forming

in the lower atmosphere, next to the surface. In a GCM, this layer would form in the

planetary boundary layer where the presence of a frictional surface induces turbulent

motions. In EarthGCMs, turbulent fluxes ofmoisture and heat are parameterised, often

with parameters tuned to fit observations of Earth’s boundary layer (e.g., Mellor and

Yamada, 1982). To avoid resolving steep temperature gradients in the boundary layer

and constructing a boundary layer scheme for novel conditions, I will restrict the appli-

cation of the GCM to gas giant sub-Neptunes without surfaces that are heated primarily

by stellar radiation absorbed in the atmosphere.

The chapter is structured as followed. In Section 6.1 I describe the model I devel-

oped for studying moist sub-Neptunes, including a modified version of the convection

scheme found in Ding and Pierrehumbert (2016) and a simple rainout scheme with

re-evaporation that conserves enthalpy and mass. In Section 3.2 I demonstrate that

the model can plausibly simulate non-dilute sub-Neptunes. I will qualitatively describe

some of the salient features of the circulation in comparison to the dry dynamics seen

in Chapter 3. This chapter focuses on the technical aspect of this novel model devel-

opment, and the aim is to demonstrate its abiity to tackle the questions listed above,

without a full description of the impact of moisture on every aspect of the circulation.

In Section 6.3 I discuss some of the improvements that could be made to the model and

potential applications of the model. I will summarise my findings in Section 6.4.
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6.1 Methods

We use an updated version of the ExoFMSGCM (e.g., Lee et al., 2022; Innes and Pierre-

humbert, 2022; Hammond and Pierrehumbert, 2017) to perform our simulations. Ex-

oFMS uses the FV3 finite volume dynamical core (Lin, 2004) and cubed-sphere grid

(Putman and Lin, 2007) which reduces errors around polar regions. In comparison

to the core used in Innes and Pierrehumbert (2022), the new version includes the up-

to-date FV3 dynamical core1. Updates to the cubed-sphere edge handling result in less

grid-imprinting than the previous version (Chen, 2021), where errors could accumulate

at the interfaces between the six cubed-sphere faces.

6.1.1 Non-Dilute Dynamics

We allow for the condensible component of the atmosphere to be a large proportion of

the atmosphere (e.g., q ≳ 0.1) where q is the mass mixing ratio of the condensible. To

do this, several adjustments need to be made for the dynamical core, most of which are

identical to those described in the supplementary materials of Pierrehumbert and Ding

(2016).

To summarize, the thermodynamic conserved variable in the dynamical core is the

virtual potential temperature:

θv = T(1 + (Rv/Rd − 1)q)(
p0
p
)
κ

, (6.1)

where Rv and Rd are the gas constants of the vapour and dry gases respectively, T is the

temperature, p the pressure, and p0 is a reference pressure (chosen to be 1 Pa). The value

of the adiabatic index, κ, is given by R/cp where R and cp are the local gas constants and

1https://github.com/NOAA-GFDL/GFDL_atmos_cubed_sphere/
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specific heat capacities, given by

R = (1 − q)Rd + qRv (6.2)

cp = (1 − q)cp,d + qcp,v (6.3)

where cp,d and cp,v are the specific heat capacities of the dry and vapour components

respectively at constant pressure. In calculations of the geopotential, Φ, we use the equa-

tion:

δΦ = −RdTvδ ln p, (6.4)

as opposed to the computationally more efficient version used in (Pierrehumbert and

Ding, 2016)

δΦ = −cpdθvδ(pκ), (6.5)

which avoids the recalculation of Tv in the dynamical core. However, we note that Equa-

tion 6.5 is only strictly correct in the case where κ is constant with height. For exam-

ple, if κ decreases sharply enough with increasing pressure, then Equation 6.5 does not

guarantee that height decreases with increasing pressure, a clear violation of the hydro-

static equation. For example, in an extreme case consider an atmosphere that transitions

from pure water in a layer at 2000 Pa (κv = Rv/cp,v ≈ 0.29) to pure hydrogen at 1000

Pa (κd = Rd/cp,d ≈ 0.25). Here δ(pκ) = −0.83 < 0, and the geopotential Φ would be

non-monotonic with pressure.

In grid cells where precipitation or re-evaporation of water vapour occurs, the pres-

sure thickness of the layer, δp, needs to be altered to reflect its change in mass. For a

change in concentration of a tracer species δqi , the updated pressure thickness, δp′, is

given by:

δp′ = δp(1 +∑
i
δqi). (6.6)

Each tracer index qi must also be updated to reflect the change inmass of the layer, such

that δp(qi + δqi) = δp′q′i , i.e.:

q′i =
qi + δqi
1 +∑i δqi

. (6.7)
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Similar adjustments have been made to account for the condensation of CO2 in the

Martian atmosphere (Forget et al., 1998). We note that changes in water vapour and

water condensates due to the convective adjustment scheme should not be considered

in the sum over i in Equations 6.6 and 6.7, since the scheme is constructed such that

the pressure thickness of each layer is unchanged despite mixing of water substances

between the two (see Ding and Pierrehumbert, 2016).

6.1.2 Convective Adjustment

Weuse a convection scheme largely based onDing and Pierrehumbert (2016) to remove

convective instability. Consider a parcel of air at pressure level p2 below layer p1 where

p1 < p2. Our method for triggering convection is as follows:

1. Test whether the parcel p2 is above 100% relative humidity. If so, skip to step 5

2. Calculate the virtual temperature of a parcel of air lifted from p2 to p1 on the

local dry adiabat (with adiabatic index R/cp where R and cp are the local mass-

weighted gas constant and specific heat capacities calculated at level 2, as in Equa-

tions 6.2 and 6.3). In our numerical framework, this is given by:

T ′v = T2(
p1
p2
)
κ

(1 + (Rv/Rd − 1)q2). (6.8)

3. Calculate the relative humidity in the parcel. If the parcel’s relative humidity is

above 100%, skip to step 5.

4. If the virtual temperature of the lifted parcel is greater than the local virtual tem-

perature, T ′v > Tv1, then adjust the temperature of layers 1 and 2 to the dry adiabat

in such a way that conserves the total enthalpy of the two layers and fully mixes

the vapour and condensate components of the gases before and after convection

(i.e., q1 = q2 post-convection).
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5. If during steps 1 or 3 we encounter saturation, test for moist convection by first

calculating the pseudo-moist adiabatic temperature gradient at layer 2, given by

(Pierrehumbert, 2010):

d lnT
d ln p

= R
cp

1 − q + L/(RT)q(1 − ϖq)
1 − q + L/(cpT)βq(1 − ϖq)

≡ κm , (6.9)

where L is the latent heat of the phase change involved (either sublimation or va-

porization depending on the temperature), β ≡ d ln psat/d lnT is the gradient of

the phase boundary for water and ϖ ≡ 1 − Rd/Rv , such that ϖ > 0(< 0) for con-

densibles with mean molecular weights greater than (less than) the background

mean weight.

6. Calculate the virtual temperature of a parcel of air lifted from p2 to p1 with gra-

dient κm. If this virtual temperature, T ′v , is greater than the surrounding air, then

the enthalpy-conserving moist adjustment process described in Ding and Pierre-

humbert (2016) is carried out. This retains the hydrostatic pressure of each layer

and creates condensate ready to be rained out in the precipitation scheme.

This process is iterated pairwise over layers upwards from the bottom of the atmo-

sphere and downwards from the top of the atmosphere multiple times until the temper-

ature converges. Using the virtual temperature to test for stability inherently accounts

for gradients in mean molecular weight which can inhibit convection in hydrogen-

dominated atmospheres (e.g., Guillot, 1995; Leconte et al., 2017; Li and Ingersoll, 2015;

Innes et al., 2023).

The logic and structure of the scheme is illustrated in Figure 6.1.

6.1.3 Large-Scale Condensation

In convectively stable regions of the atmosphere, large scale motions and radiative cool-

ing can create super-saturated regions.
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Figure 6.1: Flowchart illustrating the logical structure of the moist convection scheme.

When a super-saturated cell in the model is encountered, the specific humidity is

relaxed to the saturation value such that the enthalpy of the cell is conserved:

hd(T)md + hv(T)mv + hc(T)mc = hd(T ′)md + hv(T ′)m′v + hc(T ′)(mv −m′v +mc)

(6.10)

m′c = mc +mv −m′v , (6.11)

where the hi andmi refer to the respective enthalpy and masses of species i (where v, c

and d refer to vapour, condensate and dry components) and primed variables represent

quantities after condensation. Since the endmass of vapour,m′v , is a non-linear quantity

in final temperature T ′, we solve Equation 6.10 with a Newton iteration.

6.1.4 Precipitation

We use a very simple precipitation scheme where all of the condensate is rained out

immediately after it has formed, either via moist convection or large scale condensation

(as described above). To do this in amass and enthalpy-conserving way, we iterate from

the top of the atmosphere downwards. If there is condensate in a layer, it is removed and

transported to the first layer below it with under 90% relative humidity. We then attempt

to re-evaporate it in this layer in an enthalpy-conserving way by solving an equation
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similar to 6.10. If during this process we create super-saturation in the layer, we avoid

a computationally expensive iteration to find the correct amount of re-evaporation by

simply moving the condensate to the next layer down and attempting re-evaporation

there. This scheme requires that we have at least one under-saturated layer near the

bottom of the atmosphere that can sustain the re-evaporation of precipitation without

becoming supersaturated. In practice, for sub-Neptunes with no distinct surface, we

can set the bottom boundary pressure of the model high enough that this is always the

case, since the high pressures and temperatures at the bottom of the atmosphere create

undersaturated regions.

6.1.5 Radiative Transfer

We use a simple semi-grey scheme based on the method of short characteristics (Olson

and Kunasz, 1987), with one band in the longwave and one band in the shortwave part

of the spectrum. We calculate the optical depth of the atmosphere, τ, as:

dτ i = (κv ,iq + κd ,i(1 − q))( fi + (1 − fi)
p
p0
)dp
g
, (6.12)

where κv ,i and κd ,i represent the opacities of the moist and dry components of the at-

mosphere respectively in band i. The parameter fi defines a fraction of the opacity in

band i that is proportional to pressure, accounting for the presence of collision-induced

absorption molecules in the atmosphere (notably hydrogen and water). Although this

fi parameter could be different for the vapour and dry species, we opt to keep it fixed

between the components of the atmosphere for simplicity’s sake. We define the refer-

ence pressure p0 as the pressure at the bottom of the atmosphere, 30 bar, and g is the

gravitational acceleration.

The benefit of using a semi-grey scheme over a more complex correlated-k treat-

ment of the radiative transfer is its computational simplicity, which allows us to run

a much larger suite of simulations. Moreover, we wish to focus mostly on the effect
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of latent heat release and water vapour on the atmosphere, and a simplified radiation

scheme makes it easier to disentangle the effects of latent heating on the atmosphere.

A more realistic radiative transfer scheme would allow for cooling in the window re-

gions of molecular spectra and more accurately reflect the pressure and temperature

dependence of the opacities.

We choose values for the water vapour opacities from Menou (2012) and a value

of fLW that results in a pure-steam atmosphere reproducing the OLR of a pure steam

atmosphere calculated with a real gas model (i.e., the runaway greenhouse limit of ≈

280Wm−2). For our choice of dry opacities and fSW , we tune our grey gas model to re-

produce amore sophisticated correlated-k calculation performed using theHELIOS ra-

diative transfer code (Malik et al., 2017, 2019). The HELIOS calculation was performed

for the exoplanet K2-18 b with 100x solar metallicity in Tsai et al. (2021).

Similar to the model used to simulate temperature-pressure profiles in Chapter 5,

HELIOS finds temperature-pressure profiles in radiative-convective equilibrium us-

ing the correlated-k technique and finding two-stream fluxes based on the method of

Toon et al. (1989). Radiative-convective equilibrium is found through an accelerated-

timestepping method. There were 130 vertical levels between 10−3 and 108 Pa. The fixed

chemical composition used in the calculation was found using the VULCAN photo-

chemical model (Tsai et al., 2017). The computation of this temperature-pressure profile

was not performed by the author of this thesis, but the data was used with the permis-

sion of S.M. Tsai.

In Tsai et al. (2021), the water mass mixing ratio was approximately 0.35 for 100x

solar metallicity. Since we wish to model the effects of non-dilute water vapour in the

atmosphere, we use a value for the dry opacity that reflects the increased abundance of

other absorbers (e.g., CH4, CO, CO2 etc.) in the high-metallicity atmospheres in which

high-water vapour concentrations would be found (in contrast to Chapter 3 where a 1x

solar metallicity value was used). The values chosen for our opacities can be found in
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Parameter Value Unit

κv ,LW 2.0 × 10−2 m2 kg−1
κv ,SW 4.0 × 10−4 m2 kg−1
κd ,LW 2.0 × 10−3 m2 kg−1
κd ,SW 2.0 × 10−5 m2 kg−1
fLW 0.8 —
fSW 0.2 —

Table 6.1: Parameters for the radiative transfer in our model
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Figure 6.2: Comparison of a real gas model for K2-18 b with 100x solar metallicity (blue) to our
grey gas model (orange).

Table 6.1 and a comparison with the real-gas model can be found in Figure 6.2.

6.1.6 Model Parameters

In this section we describe our set of test experiments with the new dynamical core. We

have chosen to model one planet with a fixed radius and rotation rate, and vary only

the deep water vapour content of the atmosphere. We set up the GCM tomodel a K2-18

b-like sub-Neptune with similar parameters to the CAMEMBERT sub-Neptune GCM

intercomparison project (see Table 2 of Christie et al., 2022). The planetary parame-
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ters are derived fromCloutier et al. (2019) and Benneke et al. (2019b). We use a physical

timestep of 1800 s split further into 16 dynamical timesteps for computational efficiency

(followingKomacek andAbbot (2019)). We use the C32 cubed-sphere grid which corre-

sponds to an approximate horizontal resolution of 2.85○ in both latitude and longitude.

We assume that the background dry gas is a solar metallicity H2-He mix, giving a He

mass fraction of 0.25188 and a H2 fraction of 0.74812 (Asplund et al., 2009). To induce

condensation, wemodel a planet with half the instellation of K2-18 b, i.e. S = 685Wm−2.

Note since we do not include short wave scattering in our model, this is analogous (but

not identical) to studying K2-18 b with a Bond albedo of 0.5.

To demonstrate the effect of latent heating and moisture on the dynamics, we vary

the water vapour concentration of the deep atmosphere from0.0 (dry) to 0.7 (extremely

non-dilute). To isolate the effect of mean-molecular weight gradients and latent heating

on the dynamics, we also include a case where we switch off the effect ofmoisture on the

opacity of the gases (we label these cases “H2Oradiatively inactive” and “H2Oradiatively

active” respectively). We fix the value of q in the opacity equation (Equation 6.12) to

0.35 everywhere (representing 100x solar metallicity). Table 6.2 summarises the model

parameters used. The C32 cubed-sphere grid was used, giving an approximate horizon-

tal resolution of 3○. The vertical levels were equally spaced logarithmically between 1

and 3 × 106 Pa In the following results section, we will refer to our runs using the la-

bels qx_{rad,norad} where x refers to the deep water vapour content of the atmosphere

and the label “rad” or “norad” refers to whether the water vapour is radiatively active

(“rad”) or not (“norad”). For example, q0.1_norad refers to the experiment with deep

water vapour content qdeep = 0.1 and no radiatively active water vapour.

6.2 Preliminary Results
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Parameter Value Unit

Planetary Parameters
Gravitational field strength 12.4 m s−2

Planetary radius 1.5 × 108 m
Rotation period 32.94 Earth days
Instellation 685 Wm−2

Atmospheric Parameters
Dry mean molecular weight 2.288166 gmol−1
Deep water concentration 0.0, 0.1, 0.3, 0.5, 0.7 kg kg−1
Top Boundary Pressure 1 Pa

Bottom Boundary Pressure 3.0 × 106 Pa
Moist opacity On, Off —

Numerical Parameters
Physical timestep 1800 s

Dynamical timestep 112.5 s
Cubed sphere resolution C32 —

Vertical Resolution 50 Number of levels
Total run time 10000 Earth days

Table 6.2: Model parameters for our suite of GCM runs. Bold quantities highlight parameters
that are varied between our model runs

6.2.1 Temperature and Moisture Profiles

First we examine the vertical temperature and moisture profiles at

different locations in the atmosphere. We choose to show only the profiles for the

q0.5_norad and q0.5_rad experiments since these are qualitatively similar to the other

simulations. Figure 6.3 shows the temperature, specific humidity and relative humidity

at longitudes λ = {0○,−180○} and latitudes ϕ = {0○, 80○}, where the substellar point

is located at (λ, ϕ) = (0○, 0○). Temperatures are very uniform horizontally, showing

a maximum deviation of around 10 K from the global average in both experiments.

The q0.5_norad experiment was initialised with a radiative equilibrium profile assum-

ing global heat redistribution, and the final temperature profile is very close to the initial

condition. The q0.5_rad experiment is cooled slightly compared to the initial condi-

tion, likely due to the loss of moisture from the upper atmosphere which reduces the
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Figure 6.3: Temperature, specific humidity and relative humidity profiles for the q0.5_norad and
q0.5_rad experiments at different longitudes (λ) and latitudes (ϕ). The temperature profiles (top
row, solid lines) are horizontally uniform and vary ≈ 10 K at maximum from the global average.
Likewise, the specific humidity (top row, dashed line) is also very horizontally uniform, but
varies from equator to pole at around the 100 - 1000 Pa level in the q0.5_norad experiment. In
the q0.5_rad experiment, the specific and relative humidities (bottom row) drop significantly
above the condensation layer at around 104 Pa.

longwave optical depth. The temperature profile is also affected by the presence of dry

convection (see Section 6.2.3). The presence of weak horizontal temperature gradients

is consistent with the analysis provided in Section 3.2.2, in which we demonstrated that

temperate, tidally-locked sub-Neptunes are likely to exhibit weak temperature gradients

owing to their slow rotation rate and long radiative timescales.

151



Chapter 6. Developing a GCM to Simulate Non-Dilute Water Vapour in Sub-Neptune
Atmospheres

Both runs also show horizontally uniform specific humidities, with horizontal vari-

ations only seen in the q0.5_norad experiment at high latitudes. Profiles of specific hu-

midity in both cases drop from the deep value of 0.5 between 103 and 104 Pa, where the

maximum value of the water vapour concentration is controlled by its saturation value

at that temperature and pressure. Whereas in the q0.5_norad experiment the moisture

drops its deep value to its upper atmospheric value of around 0.01 (unchanged from the

initial condition) relatively smoothly, there is a strong depletion of water vapour at the

3000 Pa level in the q0.5_rad experiment. This is also reflected in the relative humidi-

ties. The q0.5_norad experiment shows a high relative humidity of > 70% at levels above

the base of the cloud deck (peaking again at around 100 Pa), but the q0.5_rad run shows

a steep drop off in the humidity above the cloud base to aminimum of 0.001 at 3000 Pa.

Relative humidity then increases again to reach a maximum of around 90% at 100 Pa.

We are currently unsure of the mechanism responsible for generating this depletion in

water vapour, since its partial pressure is well below the value of the saturation vapour

pressure, psat(Tmin), where Tmin is the minimum instantaneous temperature during the

run. To understand why this undersaturated layer forms, one would have to study the

moisture fluxes in the model, which we leave to future work.

6.2.2 Zonal Winds

Figure 6.4 shows the zonal mean zonal winds for the ten experiments. The dry q0.0

experiments (top row) exhibit similar high-latitude jets to those seen in Chapter 3. In

the absence of moisture we should expect the simulations to be in a similar regime to

the PKh experiment in Chapter 3. The jet structures are qualitatively similar except

from the absence of the equatorial superrotating jet in the upper atmosphere in the

q0.0_norad in comparison to the PKh experiments. The maximum mean jet speed is

also lower (≈ 100 m s−1 compared to ≈ 300 m s−1). We note that we have run this set of

experiments for only half the length of time as the results in Chapter 3 (which were run
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Figure 6.4: The zonal mean zonal wind. Left: Radiative effect of H2O not included. Right:
Radiative effect of H2O included.
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for 20000 Earth days) in order to facilitate simulating a wider range of deep moisture

contents. Therefore, it is possibles the models models may not have fully equilibrated

to their final states.

The run q0.0_rad has lower wind speeds, mainly because stellar radiation is ab-

sorbed lower in the atmosphere in this case (owing to the low opacity of the dry gas).

The greater density of the lower layers requires more energy to accelerate winds of sim-

ilar magnitude to the winds at lower pressures in q0.0_rad. Considering the radiatively

inactive cases first, the predominant trend in the zonal winds on increasing the deepwa-

ter vapour content is the disruption of the high-latitude jets centred polewards of ±60○

latitude. This is the result of the “humidity wind” effect discussed in Chapter 2, where

the reversal of the virtual temperature gradient between equator and pole reverses the

vertical wind shear. This can be summarised in the equation:

∂ lnTv

∂ϕ
= (1 − ϖβq)∂ lnT

∂ϕ
. (6.13)

where β ≡ L/RvT and ϖ ≡ 1 − µd/µv as defined previously. When the value of the

specific humidity is greater than 1/(ϖβ), virtual temperature gradients are opposite in

sign to gradients in thermodynamic temperature. Figure 6.5 illustrates how the wind

speed in the high-latitude jets in the q0.7_norad experiment drops when entering the

region where the water vapour concentration is falling with increasing height due to

condensation (left panel). The zonally averaged heating contrast between equator and

pole causes a decrease in thermodynamic temperature moving polewards away from

the equator (right panel). However, the corresponding drop in specific humidity causes

the virtual temperature to increase between the equator and pole. The vertical wind

shear implied by Equation 2.34 is therefore negative, as seen in Figure 6.4. For the no-

rad simulations, as the deep water vapour content of the atmosphere is increased, the

jets below the negative shear layer become more constricted in height and move to-

wards lower latitudes. In all cases there is superrotation at the equator at the level of the
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Figure 6.5: Left: The zonal wind speed of the high latitude zonal jet (blue) and the specific hu-
midity (orange) for the q0.7_norad experiment. The pressure level of the reversal in the vertical
shear of the jet corresponds to the weather layer in themodel where condensation occurs. Right:
The zonally averaged temperature (T) and virtual temperature (Tv) at the 5000 Pa. Values are
displayed relative to their value at the equator. Although the thermodynamic temperature drops
between the equator and the poles, the virtual temperature increases.

high-latitude jets that strengthens with the addition of more water vapour to the deep

atmosphere.

In the rad experiments, we find similar high-latitude jets only for the q0.0_rad and

q0.1_rad experiments, which qualitatively look similar to the norad set of experiments.

In both cases the maximum jet speed is at higher pressures because the shortwave ab-

sorption in the atmosphere occurs at higher pressures. In the rad experiments, the

opacity is linked to the water vapour content, and the dry component has low opacity

(see Table 6.1), which explains this change. The relative dryness of the upper atmo-

sphere (and subsequent lack of shortwave absorption there) also explains the reduced

wind speeds in this region.

As the deep water vapour content of the atmosphere increases from 0.1 to 0.3, there

is a change in the circulation structure, with high-latitude jets replaced with a single,

weak superrotating jet at the equator. Increasing the deep water vapour concentration

further to 0.5 and 0.7 replaces the single jet with two weaker jets above and below ≈ 200
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mbar of the same strength as the weak prograde motion in the upper atmosphere.

To understand the nature of the circulation better, we plot the temperature anomaly

(deviation from the horizontal mean temperature) at 100 mbar for all the experiments

(Figure 6.6). The norad experiments exhibit structure similar to the dry experiments

presented in Chapter 3, with weak temperature gradients everywhere apart from at vor-

tices near or at the poles. The temperature contrast reaches a maximum magnitude of

≈ 15 K between the equator and the polar vortices in the q0.7_norad experiment. A sim-

ilar structure is seen for the q0.0_rad and q0.1_rad experiments. A significant change

is seen on moving to the q0.3_rad experiment, where the high latitude jet structure is

replaced by a Matsuno-Gill like pattern (Matsuno, 1966; Gill, 1980), reminiscent of the

wave structure seen in shallow water models of exoplanet atmospheres (e.g., Showman

and Polvani, 2011; Hammond and Pierrehumbert, 2018). At higher deep water contents,

the flow is organised into a strong day-night circulationwith themain temperature con-

trast being between the substellar and antistellar point. The transition fromhigh latitude

zonally symmetric flow to day-night flow in the rad experiments can be understood by

inspecting the diabatic heating rates due to radiative transfer (Figure 6.7). For all exper-

iments other than the q0.3_rad, q0.5_rad and q0.7_rad experiments, there is radiative

heating on the dayside and cooling on the nightside, with the structure around 1000

to 10000 Pa altered by the dynamics somewhat. However, a qualitative shift is seen in

the atmosphere of the q0.{0.3,0.5,0.7}_rad experiments, where there is strong radiative

cooling at levels directly above the condensation layer, and strong radiative cooling be-

low. In the cooling layers, the cooling extends onto the dayside. Likewise, in the heating

layers, the heating extends onto the nightside. Inspection of the vertical profiles of the

radiative fluxes show that the contrast in heating and cooling is due to the variation in

longwave fluxes. The strong heating contrast is caused by the sudden increase in long-

wave opacity onmoving from a dry layer (with κ ≈ κd) to one where the opacity is order

of magnitudes greater (κ ∼ κv ≫ κd). The strength of this radiative forcing is an order
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Figure 6.6: Temperature anomaly at the 104 Pa level. The norad experiments exhibit a drop
in temperature near high-latitude vortices. The rad experiments transition from zonal flow to
day-night flow as the water vapour concentration increases, with the q0.3_rad case showing a
stationary wave pattern.
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of magnitude higher than in the other experiments with lower water vapour content or

with no radiatively active H2O. The strength of the vertical motions in an atmosphere

that has weak temperature gradients is given by:

ω
∂θ
∂p
= Q̇ θ

cpT
, (6.14)

which can be derived from Equation 2.4d in the steady state by neglecting horizontal

variations in potential temperature. In particular, for a constant stratification, ∂θ/∂p ,

the quantity ∂ω/∂p = −∇ ⋅p u i.e. the strength of the divergence, approximately scales

with the vertical gradient of the heating rate, ∂Q̇/∂p . This suggests we may expect

stronger divergent (i.e., day-to-night) circulation in the presence of a strongly vertically

varying heating rate.

6.2.3 Validation of Hydrological Cycle

Convection

We now inspect the validity of the convection scheme described in 6.1.2. In the norad

experiments, the convective adjustment scheme is never triggered. The radiative equi-

librium temperature profiles are stable to dry convection but have lapse rates greater

than the moist adiabat. However, moist convection is never triggered for two reasons.

Firstly, in oversaturated regions with lapse rates greater than that of the moist adiabat,

the water vapour content is greater than the critical value required to shut off convec-

tion, i.e. q > 1/(βϖ) (see Equation (2.32)). In these regions, compositional gradients

stabilise the atmosphere. Secondly, the atmosphere directly above the region where

condensation first occurs is undersaturated, and therefore cannot be unstable to the

adjustment scheme described in 6.1.2. Supersaturation in this region requires either ra-

diative cooling or strong upwelling motions from the large scale circulation. Neither of

these mechanisms are present in the norad experiments.
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Figure 6.7: Radiative heating rates. In rad experiments where there is a strong opacity contrast
between the dry upper layers and the moist lower layers, there is strong heating and cooling
around the level of condensation.
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Figure 6.8: Left: The substellar temperature profile at t = 0 days (dashed blue) and t = 1 days
(solid blue) for the q0.5_rad experiment. The initial profile is in radiative equilibrium and is un-
stable to dry convection. The convective heating rates (orange) show that the adjustment scheme
removes this instability by heating the upper layers and cooling the lower layers, transporting
heat upwards in an enthalpy-conserving manner. The end profile is a dry virtual adiabat (thick
green line). Right: The specific humidity profile in the layer (blue) and the critical water vapour
content above which convection is inhibited (orange). Convection is inhibited in regions where
q > 1/(βϖ), and cannot occur in the regions where q < 1/(βϖ) because the atmosphere is un-
dersaturated.

In the rad experiments, dry convection is present in experiments q0.3_rad, q0.5_rad

and q0.7_rad. The superadiabatic lapse rates are induced by the the sharp increase in

opacity on moving downwards from the dry upper atmosphere to the moist lower at-

mopshere. Figure 6.8 shows the temperature andmoisture profiles in the convective re-

gion of the q0.5_rad experiment at the substellar point at times t = 0 (left panel, dashed

blue) and t = 1 day (solid blue). The initial profile is in pure radiative equilibrium, and

the dry adjustment scheme acts to remove the superadiabatic regions. The adjusted

profile after 1 day lies on the “virtual adiabat”, given by:

T(p) = T(p0) exp [∫
p

p0

R(p)
cp(p)

dp], (6.15)

where p0 is the pressure at the base of the adiabat. This temperature profile is stable to

infinitesimal displacements but only stable to finite displacements when R/cp is con-

160



Chapter 6. Developing a GCM to Simulate Non-Dilute Water Vapour in Sub-Neptune
Atmospheres

stant within the layer (see Habib and Pierrehumbert (2023) for a more detailed discus-

sion). The convective heating rate (left panel, orange line), shows that the net effect

of the adjustment is to heat the upper layer and cool the lower layer, corresponding to

an upwards heat flux. Immediately above the dry convection layer, there is a discon-

tinuity in the lapse rate, which is much higher than the dry adiabatic lapse rate. This

layer is stabilised by compositional gradients. To understand this effect, we can inspect

the specific humidity profile (right panel of Figure 6.8). Water vapour concentration is

approximately constant in the dry convecting layer (recall the dry adjustment scheme

explicitly mixes the water vapour profile towards a fully mixed state) but drops in the

layer immediately above. In this layer, q > 1/(βϖ) and the atmosphere is stable by the

criterion in Equation 2.32. Above the stabilised layer, the atmosphere is undersaturated

and has a lapse rate stable to the dry adiabat, so no convection occurs there.

Large-Scale Condensation

The time-averaged mean state of the all the simulations has regions of large scale con-

densation in all moist experiments apart from the q0.3_norad experiment, where no

large-scale condensation occurred in the 100 days over which the output was averaged.

Figure 6.9 shows the temperature tendency due to large-scale condensation at the level

of maximum tendency for each experiment. For the norad experiments, large scale

condensation becomes significant only in the q0.5 and q0.7 experiments, where the con-

densation is concentrated in the cold cores of the high-latitude vortices. By inspecting

the vertical velocities in the cores of the vorticies, we can see that the condensation

is induced by upwards vertical velocities in the centre of the vorticies. In the rad ex-

periments, for qdeep ≥ 0.3 large scale condensation occurs globally (note there is no

retained condensate in the model, so condensation rates reflect local condensation). In

the q0.3_rad experiment, there is an area of greater condensation at 90○ E at the equator,

corresponding to an area of convergence and upwelling. For the q0.5 and q0.7 exper-
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iments, the large scale condensation is strongest on the nightside, where the radiative

cooling is strongest (see Figure 6.7) and in regions of strong upwelling on the dayside.

The time-averaging of the results in Figure 6.9 obscures the time variability of large-

scale condensation, particularly in the rad experiments with qdeep > 0.1. Whereas the

time-averaged condensation pattern suggests a global uniformbackground level of con-

densation, in reality condensation is spatially heterogeneous and appears in storm-like

outbursts which vary in space and time. This variationwould be important in determin-

ing the impact of cloud cover on observations of temperate sub-Neptunes. For example,

spatial patchiness and time variability may mean that several transit observations are

required to capture cloud properties.

6.3 Discussion

6.3.1 Dynamics

In Section 6.2 we gave a brief overview of the range of dynamics seen across a range

of deep water contents in the atmosphere of a temperate sub-Neptune. The dry exper-

iments, q0.0_norad and q0.0_rad exhibit similar dynamics to the results presented in

Chapter 3, and give us confidence that there has been minimal impact in updating the

dynamical core of the GCM. In the norad experiments, we demonstrated that compo-

sitional gradients can cause the sign of horizontal virtual temperature gradients to be

opposite to the thermodynamic temperature gradients. The resulting reversal in zonal

wind shear causes a separation between high latitude jets in the lower atmosphere and

zonal jets aloft. The virtual effect is also seen in the circulation of the rad experiments

with day-to-night flow, however it is less clear how this affects the circulation, since

most of the return flow occurs below the level of condensation. In all the experiments

with water vapour present, there is a separation between the dynamics above and below

the weather layer. We posit that this is due to a compositionally-induced inversion in
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Figure 6.9: Large scale condensation temperature tendency at the pressure level of the maxi-
mum tendency for each experiment. The q0.3_norad experiment saw no condensation over the
100 day averaging period. In the norad experiments, condensation occurs due to upwelling in
the high-latitude vortices. In the rad experiments, large scale condensation is induced globally
for qdeep > 0.1. The largest tendencies occur where the radiative cooling is strongest or upwards
vertical velocities are greatest.
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Figure 6.10: Globally-averaged temperature profiles (solid lines) and virtual temperature pro-
files (dashed lines) for the rad experiments. Condensation induces an inversion in the virtual
temperature profiles at around 10000 Pa due to compositional stratification.

virtual temperature that occurs in the weather layer, where a sudden drop in vapour

composition from O(1) to << 1 results in a corresponding increase of the virtual tem-

perature on the order of:

∆Tv ≈ Tϖqdeep, (6.16)

which evaluates as a jump of order 10 K for qdeep = 0.1, T = 250 K and a jump of order

100 K at qdeep = 0.7. Figure 6.10 shows this inversion for all of the rad experiments with

qdeep > 0. This inversion acts like a “lid” to the dynamics (c.f. capping inversions in the

Earth’s boundary layer), reflecting waves and preventing mixing between the regions

above and below the inversion.

A surprising finding of the experiments was the dominant effect of including the

radiative effect of water vapour on the dynamics. The circulations of the q0.5_rad and

q0.7_rad runs exhibit much stronger divergent day-to-night flow than the rest of the

experiments. These experiments also show much more time variability in the flow, a

result of the complex interaction between the temperature field, the water vapour tracer
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and the radiative forcing that is absent in the norad experiment, where the vapour field

only interacts with the temperature field and is independent of the radiation scheme.

More work is needed to fully understand what causes this regime change in the flow. In

particular, to bridge the gap between the rad and the norad experiments, we could run a

simulation where the optical depth is horizontally uniform and has a step in the vertical

direction corresponding to a sharp increase in water vapour content in the weather

layer. This would allow us to understand if the change in dynamics is linked to the

vertical profile of heating and cooling, or related to the coupling of the opacity to the

non-dilute water component of the atmosphere.

In Chapter 3 we highlighted the discrepancy between the circulation structures of

our idealised, dry simulations in comparison to those in Charnay et al. (2021), who use

the LMD Generic GCM to simulate K2-18 b over a range of metallicities and rotation

rates. In their simulations, which include clouds and non-grey radiative transfer, the

large scale circulation is largely day-to-night, even at low water vapour contents. Their

simulations, run at twice the incoming stellar irradiation as our experiments, have lim-

ited condensation in the upper atmosphere. They are therefore difficult to compare

directly to our simulations, where the transition to day-to-night flow occurs in simu-

lations the vapour content of the atmosphere changes by orders of magnitude over a

small pressure range. However, our results suggest that the flow is sensitive to the ra-

diative transfer. In future, test experiments with non-grey SOCRATES radiative trans-

fer (see Chapter 5) could be run to see if the flow is robust to changes in the radiative

transfer scheme. However, simulations of Hot Jupiter and terrestrial exoplanets tend

to show qualitative agreement between simulations run with simplified radiative trans-

fer schemes (e.g., Pierrehumbert and Hammond, 2019; Heng et al., 2011a) and more

sophisticated correlated-k schemes (e.g., Lee et al., 2021; Turbet et al., 2022).

The aim of this chapter was to demonstrate the ability of the GCM to simulate

non-dilute, hydrogen-dominated atmospheres. As such, most of the analysis provided
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above is descriptive and does not attempt to provide a fundamental understanding

of how non-dilute water vapour affects the circulation. In future, a detailed study of

the momentum budget of the atmosphere (e.g., Mayne et al., 2017; Hammond et al.,

2020) could be undertaken to understand why some simulations show high latitude

jets whereas others exhibit day-to-night flow. In Chapter 3, a Helmholtz decomposition

of the atmospheric circulation (Hammond and Lewis, 2021) was particularly useful for

understanding the strength of the thermodynamically direct day-to-night circulation –

similar analysis could be useful in diagnosing the change in the strength of divergent

circulation in the rad experiments with high water vapour content. Lastly, future work

could look at the effect of water vapour on the energy budget of the atmosphere. In

particular, looking at the flux of the latent heat, Lq, in comparison to dry static energy

flux should give a picture of how influential moisture is in comparison to sensible heat

transport.

6.3.2 Possibility of Shear Instabilities

In many of our experiments, there is high vertical shearing of horizontal winds (espe-

cially in the norad experiments with high water vapour content). If the shear is large

enough, dynamical instabilities can form, generating turbulence and mixing across the

sheared layer. A useful dimensionless parameter in determining whether an atmo-

sphere is unstable to vertical shear instabilities is the Richardson number. This is the

ratio between buoyancy and mechanical source terms in the turbulent kinetic energy

(TKE) budget (Lee, 2018). Linear stability analysis shows that a necessary condition for

the generation of shearing instabilities in a Boussinesq fluid is for the gradient Richard-

son number (a type of Richardson number where the turbulent fluxes are related to ver-

tical gradients in the mean field) to be < 0.25 (Howard, 1961). The exact critical value

can exceed 0.25 when the disturbances are non-linear (Lee, 2018). Earth climate mod-

els often account for turbulent mixing due to shearing instabilities in their boundary
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layer parameterisations, since strong wind shears are expected near the Earth’s surface.

In contrast, our sub-Neptune simulations has no boundary layer scheme, and shear

instabilities may not be correctly resolved. As a simple estimate of whether shearing

instabilities are important, we calculate the maximum bulk Richardson number:

Rib =
g∆θv∆z

θv((∆u)2 + (∆v)2)
(6.17)

between neighbouring model layers at the latitude of the strongest zonal jet. In this

equation, ∆ represents a vertical difference, barred quantities are vertical means, u and

v are the horizontal wind speeds, z is the height, g the gravitational acceleration and θv

the virtual potential temperature. Theminimum value in all experiments was in ≈ 12 in

the q0.5_norad experiment, which suggests that shear instabilities will not play a major

role in any of these simulations. Part of the reason behind the large value of Rib here

is the increased static stability due to the compositional gradients. As discussed in Sec-

tion 6.3.1, the strong horizontal wind shear in the q0.5_norad experiment is a result of

the vertical composition gradient. However, this same vertical gradient in water vapour

greatly increases the static stability of the layer (increasing ∆θv) and stabilises the shear-

ing layers from shear instabilities. As a test, if θ is substituted for θv in the equation for

Rib (i.e. neglecting compositional variations), the minimum Rib value is much lower,

at ≈ 3. Analysis of the dry simulations detailed in Chapter 3 showed that the minimum

Rib was ≈ 4 in the P6d experiment (which had themaximummean zonal wind speed of

any GCM run for this thesis, at 800m s−1). Therefore shear instabilities are not expected

to be important in these experiments either.

6.3.3 Inhibition of Convection

In all of our experiments with radiatively active water vapour, convection is inhibited,

as expected from a simple comparison of the water vapour content at each level with

the amount required to inhibit convection, qc = 1/(βϖ) (Guillot, 1995). Another way of
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viewing the strong compositional stabilisation is the inversion of the virtual temperature

profiles in Figure 6.10. In addition, the strong drop in relative humidity above the level

of condensation (see Figure 6.3) further enhances the stabilisation beyond what would

be predicted for a fully saturated atmosphere. One might ask why the superadiabatic

temperature layer does not exhibit a strong temperature jump, in comparison to those

seen inChapter 5. The lapse rate of a grey gas atmosphere can be given by Pierrehumbert

(2010):
d lnT
d ln p

= 1
4

τ
τ + 1

d ln τ
d ln p

, (6.18)

where we have neglected absorption of shortwave radiation. To have strongly superadi-

abatic temperature gradients, we must have τ ≳ 1 and d ln τ/d ln p ≫ 1, i.e., τ strongly

increasing with pressure. The latter condition is satisfied in the weather layer where

water vapour is increasing by orders of magnitude over a small pressure range. How-

ever, in our simulation setups, the atmosphere is not optically thick in the longwave

part of the spectrum at the weather layer (i.e. τ < 1). The longwave optical depth at

the 104 Pa layer where condensation occurs is dominated by the dry component, which

yields τ ≈ 0.1 at this level. For strongly superadiabatic temperature gradients we require

condensation to occur at a deeper level, which would increase the radiative lapse rate

≈ 10 times. To achieve this, one would have to reduce the instellation (or equivalently

increase the longwave opacity).

An interesting result of our simulations is that moist convection does not occur

in the upper atmosphere of our simulations, above the inhibited layer. There are two

main reasons for this behaviour. Firstly, the atmosphere above the inhibited layer, be-

ing optically thin in the longwave region of the spectrum, quickly becomes isothermal,

with stable lapse rates. Secondly, the atmosphere above the inhibited layer is undersatu-

rated, (see Figure 6.3), which prevents the triggering of moist convection by our adjust-

ment scheme. We note that the original convection scheme of Ding and Pierrehumbert

(2016) allows for the triggering of convection in superadiabatic regions where there
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is not enough water vapour to saturate both layers. In this scheme, adjustment would

take place and leave both layers undersaturated. This is supposed to represent “shallow”,

non-precipitating convection in Earth-like atmospheres. Our scheme imposes a more

stringent requirement that layers must be saturated. This is one of the flaws of a hard

convective adjustment scheme, since sub-grid variance of the water vapour may allow

some regions of a grid cell to be saturated and convect even when the grid-averaged

water vapour content is sub-saturated. This could be improved by adding a parametri-

sation of sub-grid variability that allows for convection to be triggered at relative hu-

midities of less than 100%. Nonetheless, our results suggest that large scale motions

alone cannot transport water vapour from the deep atmosphere upwards in order to

sustain convection aloft.

6.3.4 Location of Condensation and Cloud Cover

Although the current setup of theGCMdoes not include cloud tracer species, the distri-

bution of the large-scale condensation will correlate strongly to where clouds are found,

especially in the case where cloud sedimentation timescales are fast in comparison to

advective timescales (Charnay et al., 2021). Condensation in the absence of radiative

feedbacks is largely limited to the polar vortices in the q0.5_norad and q0.7_norad ex-

periments. In contrast, condensation is seen at almost all latitudes and longitudes in the

rad experiments. As discussed in the previous section, the condensation in the rad ex-

periments occurs predominantly in regions of strong radiative cooling and upwelling,

both of which are an order of magnitude stronger in the rad compared to the norad ex-

periments. The heating via large scale condensation in the q0.{3,5,7}_rad simulations is

located in spatially inhomogeneous storms which suggests cloud cover may be patchy

and varying in time. Similar temporal variability in cloud cover at the terminator was

also predicted to produce variability in the transit depth measurements of K2-18b’s at-

mosphere (Charnay et al., 2021).
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In all experiments, cold trapping limits condensation to pressures greater than 1000

Pa (10 mbar), within the range of pressures provided for the photosphere of K2-18b

in Madhusudhan et al. (2023) who retrieve photospheric pressures between 1 and 100

mbar. The exact pressure level of condensation is very sensitive to the temperature struc-

ture of the atmosphere and therefore to the assumed instellation, composition and ra-

diative transfer scheme used. Further work could be done to study the sensitivity of the

location of condensation to these parameters.

6.3.5 Future Work

There are several avenues for future work that could be pursued with the GCM de-

scribed in this chapter.

Firstly, understanding the impact of moisture on the circulation from a theoretical

perspective is important. As discussed in Section 6.3.1, there are several aspects of the

dynamics that we have described, such as the transition to day-to-night flow at high wa-

ter vapour contents, that we do not currently fully understand. Efforts to understand the

nature of this circulation could include running more diagnostic tests (e.g., performing

a Helmholtz decomposition of the circulation or diagnosing the momentum budget),

to running a larger suite of model runs over more instellations and planetary rotation

rates.

Once the nature of the circulation is better understood, more complicated cloud

microphysics and radiative transfer schemes could be added to the model to bridge the

gap between the theoretical understanding of the circulation and observations of tem-

perate sub-Neptunes. In order to avoid the complexity of cloud microphysics schemes

used in Earth GCM models, a simplified cloud model such as the one used in Seeley

and Wordsworth (2021) could be used, where clouds formed from large scale conden-

sation autoconvert to rain with a timescale τa, fall with a fixed velocity V and evaporate

into undersaturated air with timescale τe . The timescales can be estimated using scal-
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ing arguments, as in Rossow (1978). Adding a cloud species would allow us to directly

simulate the radiative feedback of cloud properties on the circulation. This could have

a significant impact given we posited that the change in circulation regime seen in our

results is driven by the radiative effect of a sharp increase in water vapour concentration

in the layers where cloud condensate concentration would likely be high. The addition

of more realistic radiation and cloud microphysics schemes would also enable us to

more accurately simulate transit spectra of sub-Neptune atmospheres for comparison

with observations taken by telescopes such as JWST.

Lastly, with the addition of a surface ocean the model could be used to simulate

Hycean worlds. This would be particularly interesting as a way of extending the work in

Chapter 5 and understanding how 3D circulation impacts the habitability of these plan-

ets. The non-detection of ammonia in the atmosphere of K2-18 b’s atmosphere (Mad-

husudhan et al., 2023) has been cited as evidence of liquid water oceans. Previous GCM

studies of Earth-like exoplanets have highlighted the importance of the spatial distri-

bution of clouds in setting the inner edge of the habitable zone (Yang et al., 2013). In

addition, 3D dynamics will be important in setting the vertical water vapour profile in

the atmosphere and therefore the location of convective inhibition. To adapt the GCM

to include a surface ocean, particular care would have to be taken with the model layers

close to the surface, where large gradients in moisture and temperature are predicted

(e.g., Figures 5.2 and 5.3). In Chapter 5, a 1D model was used with 100 layers dedicated

to resolving the steep radiative layers at the bottom of the model. This high vertical

resolution would be computationally intractable in a 3D GCM. In addition, a boundary

layer scheme to represent the turbulent heat andmoisture fluxes near the surface would

need to be added to the model. It is not clear what scheme should be used, since many

parameterisations are tuned to the Earth’s boundary layer. However, a simple one with

few free parameters such as the one in Thatcher and Jablonowski (2016), which specifies

a single turbulent diffusivity that decreases with height within the boundary, could be
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used and tested across its limited parameter space.

6.4 Conclusions

In this chapter I have described the development of a GCM with a simple hydrological

cycle with the aim of modelling temperate sub-Neptunes with a non-dilute water com-

ponent. The convection scheme, large scale condensation and evaporation parameter-

isations conserve enthalpy and are simple enough not to rely on many free parameters

given the unconstrained nature of the hydrological cycle on sub-Neptunes. The GCM

was then run over a range of temperate sub-Neptunes with different deep water vapour

contents to test its capabilities. Omitting the radiative effect of water vapour, I find that

the circulation resembles that of the results in Chapter 3, with weak horizontal temper-

ature gradients and high latitude jets. Large scale condensation is induced in limited

regions inside the high latitude jets in cases with enhanced deep water vapour content.

Compositional gradients act to separate the jets vertically below and above the altitude

where the water vapour content is set by the Clausius Clapeyron relation. Including the

radiative effects of water vapour, the wind structures transition from high latitude jets

to day-to-night flow is observed as the water vapour content is increased. The vertical

gradient inwater content induces superadiabatic temperature gradients. Below the level

of condensation, this induces dry convection. At the level of condensation, convection

is inhibited by compositional gradients and nomoist convection is observed, only large

scale condensation. The large scale condensation is strongest on the nightside (where

radiative cooling is strongest) and in areas of strong upwelling on the dayside. Nomoist

convection is seen above the inhibited layers as the relative humidity is greatly reduced

above the layers of condensation. Further work is needed to investigate the impact of

moisture on the dynamics. Lastly, I outline several avenues for further work, including

using the model to simulate observations of sub-Neptunes and developing the model
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further to model the habitability of Hycean worlds.
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Conclusions

The aim of this thesis was to advance the understanding of the circulation and

habitability of temperate sub-Neptune exoplanets. Whereas Chapter 3 focuses

solely on attempting to understand the dry dynamics of sub-Neptunes, Chapter 5 for-

goes any treatment of circulation and attempts to characterise the habitability ofHycean

world sub-Neptunes purely through the use of radiative-convective equilibrium mod-

els. Chapter 6 attempts to bridge the gap between these chapters, by showing how non-

dilute condensingwater vapour can profoundly impact the circulation of sub-Neptunes.

In future, models built along the same principles as the one in Chapter 6 will be im-

portant in determining the habitability and observable properties of water-rich sub-

Neptunes.

In Chapter 1 I introduced sub-Neptunes and explained why they are interesting tar-

gets to model. Sub-Neptunes are one of the most common types of planet in our galaxy,

and their increased radius compared to rocky planets makes them attractive targets for

observation with transmission spectroscopy. Several sub-Neptunes in the traditional

habitable zone have been discovered (Madhusudhan et al., 2021), which has led to a

drive tomodel their habitability. There has been a particular focus on the exoplanet K2-
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18 b, claimed to be a Hycean world, with surface oceans beneath a hydrogen-dominated

atmosphere.

In Chapter 2 I provided an overview of the atmospheric dynamics of exoplanets,

focusing particularly on the effects of planetary waves and condensation. I highlighted

whywemight expect sub-Neptunes to have different circulation patterns toHot Jupiters

and terrestrial exoplanets.

In Chapter 3 I ran a suite of GCM simulations for dry, temperate sub-Neptunes,

demonstrating that their circulation would be characterised by weak horizontal tem-

perature gradients over a broad range of parameter space. I showed that the zonal cir-

culation was dominated by high latitude jets in comparison to the circulation of Hot

Jupiter and terrestrial exoplanets, whose circulations generally exhibit a single equa-

torial jet. I was also able to provide a scaling relation that linked the strength of the

day-to-night overturning circulation to the planetary instellation.

In Chapter 4 I provided an overview of how traditional models of planetary habit-

ability calculate the inner edge of the habitable zone. Chapter 5 challenges the assump-

tion that the temperature structure of Hycean worlds will be governed by the moist adi-

abat. I show that compositional gradients induced by the condensation of water vapour

can inhibit convection and lead to superadiabatic temperature gradients in the lower at-

mosphere, which wouldmove the inner edge of the habitable zone outwards for Hycean

worlds.

Lastly, in Chapter 6 I present preliminary work to develop a GCM capable of han-

dling the condensation of non-dilute water vapour in a hydrogen-dominated atmo-

sphere. I describe the model, and demonstrate that it is able to reproduce results pre-

dicted from theory, such as the inhibition of convection in condensing layers and the

disruption of zonal jets due to compositional effects. Preliminary results suggest that

there is a change from predominantly zonal to predominantly day-to-night flow as the

deep water vapour content of sub-Neptune atmospheres is increased. I posit that this
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change is caused by the strong radiative heating and cooling present in theweather layer.

Future work is needed to fully disentangle the effects of radiative and latent heating on

the circulation structure.

The work presented in this thesis provides several avenues for future exploration.

The 1D model used in Chapter 5 could be extended to include the effects of clouds and

hazes on the radiative transfer. Since these have been proposed as a way of maintain-

ing much cooler surface temperatures than expected from clear-sky calculations (Piette

and Madhusudhan, 2020), including them in the model could provide a more accurate

estimate of the inner edge of the habitable zone. On top of developing a deeper under-

standing of the results presented in Chapter 6, the GCM could be extended to include

a simplified cloud scheme and correlated-k radiative transfer. This model would pro-

vide a more powerful tool for simulating specific sub-Neptune targets and understand-

ing how cloud formation would impact observations of them. Regarding the runaway

greenhouse limit for Hycean worlds, convection-resolved modelling of the hydrogen-

water system is required to determine if the superadiabatic layers found in a 1D model

are robust. Such simulations would be useful in informing the development of more

accurate boundary layer and convective parameterisations to be used in 3D GCMs. A

long term goal would be the simulation of Hycean worlds with a GCM, which would

permit a more physically realistic calculation of their habitability.

The study of sub-Neptune exoplanets is a fast-moving field. The claimed discovery

of water vapour on K2-18 b in 2019 was the catalyst for much of this thesis. Since then

there has been intense interest in describing the planet’s interior structure, atmosphere

and habitability. Although the James Webb Space Telescope has put doubt on the pres-

ence of water vapour in the atmosphere, there is still debate surrounding its potential

habitability. Hopefully new observations, in tandem with modelling efforts, will shed

light on the prevalence of water on these planets. As we enter a new era of sub-Neptune

characterisation I expect the pace of discovery to increase further still, and I look for-
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ward to sharing in the insights gained by the community.
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Appendix A

Effect of Pressure-Dependent Opacities

We present here a comparison of the P6c experiment (see Table 3.2) to an identical

one run with the SW opacity proportional to p (hereafter referred to as the pressure-

dependent opacity (PDO) experiment). We changed the opacity such that the total SW

optical depth of the atmosphere remained the same.

A.1 Temperature Profiles

As shown in Figure 3.1, including pressure-dependent SW opacities increases the tem-

perature at the bottom of the atmosphere. It also increases the pressure of the charac-

teristic SW heating level where τSW = 1 by a factor of
√
τSW0, where τSW0 is the total SW

optical depth of the atmosphere. In the context of our experiments, this moves the τ = 1

level from 0.8 bar to 2.8 bar.

In FigureA.1 we look at the latitudinal variation in temperature in both experiments.

We note that the longitudinal variation at all latitudes is extremely small in both cases

(on the order of 10−2 K). We see that the drop in temperature between equator and pole

is smaller in the PDO experiment, which confirms that we are still well within the weak

temperature gradient regime discussed in the main text.
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Figure A.1: Latitudinal temperature variation of the two experiments. The case with pressure-
dependent opacity shows a much smaller equator to pole temperature contrast.
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Figure A.2: The zonal-mean zonal wind profiles.

A.2 Zonal Wind

n Figure A.2 we compare the zonal-mean zonal wind profiles between the two experi-

ments. The PDO experiment shows qualitatively similar zonal wind structure, with two
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high latitude, cyclostrophically balanced zonal jets and equatorial superrotation with a

maximum in the upper atmosphere. We note that the magnitude of the zonal wind in

the PDO experiment is significantly lower than in the P6c experiment, which is con-

sistent with the lower equator-to-pole temperature difference seen in section A.1, since

this is proportional to the vertical wind shear in cyclostrophic balance. However, since

we currently have no theory predicting the strength of this wind and temperature gra-

dient a priori, we cannot explain why the magnitude of this wind differs on changing

the SW heating profile.

We also note that the jets extend to higher pressures in the PDO experiment. This

makes sense since the characteristic level of SW heating (discussed in section A.1) is at

a higher pressure in this experiment, which drives the dynamics at this level.

The instability discussed in section 3.2.5 was also present in the PDO experiment.

A.3 Mass Streamfunctions

Lastly, we compare the mass streamfunctions of the two experiments. Qualitatively, the

structure of the streamfunctions is similar between the two experiments. In the PDO

runs, the level of the maximum streamfunction increases in pressure, which is linked

once again to the characteristic level of SW heating moving to higher pressures. The

magnitude of the tidally-locked streamfunction (which we related to the strength of

the instellation in section 3.2.4) is of the same order of magnitude but not identical be-

tween the two experiments. Our scaling in section 3.2.4 linked the streamfunction to

the magnitude of the solar heating. Since the maximum magnitude of the streamfunc-

tion is roughly at the level of characteristic SWheating in both cases (0.8 bar for P6c, 2.2

bar for PDO), we would expect the integrated heating at this level not to vary between

cases. However, changes in the mean dry static energy, and physics not accounted for

by the crude approximations made in deriving the scaling lawmay cause the two values
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Figure A.3: The mass streamfunction (in units of kg/s) in conventional latitude-longitude co-
ordinates (top row) and tidally-locked coordinates (bottom row) for the P6c (left) and PDO
(right). experiments.

to be different.
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Appendix B

Calculation of Radiative Fluxes

This appendix describes the methods used to calculate radiative fluxes in Chapter 5.

We calculate the radiative fluxes using the SOCRATES code, based on Edwards and

Slingo (1996). SOCRATES uses the correlated-k method to efficiently calculate two-

stream fluxes in both the longwave (LW) and shortwave (SW) regions of the spectrum.

Gaseous overlap is treated with the equivalent extinction method with resorting and

rebinning (Lacis and Oinas, 1991). In Section 5.1, we calculate LW fluxes in 300 bands

equally spaced in wavenumber between 1 cm−1 and 5000 cm−1. In the SW region, we

perform two separate calculations for a G-type star (using the Lean and DeLand (2012)

solar spectrum) and an M-type star (calculated using PHOENIX (Husser et al., 2013)

for a 3500K star with log(g) = 5.0 and solar metallicities and alpha element abun-

dances), each with 300 bands equally spaced in wavenumber. Since the calculations in

Section 5.1 specify a temperature-pressure profile, the computational expense of calcu-

lating the fluxes in 300 bands in both the LW and SW calculation is minimal. We calcu-

late k-coefficients on a 20-by-20 grid in temperature-pressure space over our range of

interest. Since we only used this file to calculate fluxes for pure H2-He atmospheres or

pure steam atmospheres, it assumes self-broadening of water lines at 100%water vapour
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concentration.

For the M-star we use the range 250 cm−1 to 40 000 cm−1 and for the G-star we use

250 cm−1 to 50 000 cm−1. We consider the collision-induced absorption (CIA) due to

H2-H2 and H2-He interactions as the main sources of absorption. We calculate H2-

He opacities using the HITRAN database (Karman et al., 2019) and use the HITRAN

database with additional data from Borysow (2002) for the calculation of H2-H2 opaci-

ties. In the SW calculation we include the effects of Rayleigh scattering by both hydro-

gen and helium, calcualting the cross sections using fits of refractive indices taken from

Peck and Huang (1977) and Cuthbertson and Cuthbertson (1932) respectively. A SW

surface albedo of 0.12 was specified (Goldblatt et al., 2013) and the surface temperature

was assumed to be identical to the temperature of the lowest layer of the atmosphere.

Water vapour absorption k-coefficients are calculated usingHITRANdata (Karman

et al., 2019) and continuum absorption is calculated with the MT_CKD model version

3.0 (Mlawer et al., 2012). The refractive index of water used to calculate the Rayleigh

scattering coefficients was taken from Ciddor (1996).

For the calculations in Section 5.2 we use 30 bands in each of the LWand SW regions

and a 10-by-10 temperature-pressure grid to speed up the convergence of the numerical

iteration required to find the correct temperature-pressure profile. We also calculate

the effect of self broadening at 5 different water vapour concentrations linearly spaced

between 0.2 and 1.0. We benchmarked the 30 band spectral files against the 300 band

spectral files in the following ways. Firstly, we checked that the 30 band LW spectral file

reproduced the OLR of the 300 band file for a pure steam atmosphere. The OLRs com-

puted agreed to within 1%. Similarly, for a pure H2 atmosphere on the dry adiabat the

OLRs calculated with 30 bands and 300 bands were the same to within 1%. A qualitative

inspection of the spectral output also showed that the OLR binned from 300 bands to

30 bands matched the 30 band output very well. In the SW region, we compared the net

flux at a pressure level in the middle of the atmosphere for both a pure steam and pure
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hydrogen atmosphere. For the M-star, the difference between the net fluxes is always

less than 1%. For the G-star files, the reduced resolution impacts the Rayleigh scatter-

ing, with the 300 band case showingmore Rayleigh scattered flux than the 30 band case.

This caused variations in the net flux on the order of 10%.

To test the effect of decreasing the number of bands on the iterated temperature-

pressure profiles, we re-ran two simulations (M-star and G-star cases) with surface

temperatures around 300 K with 104 kgm−2 dry mass content and using modified 300

band spectral files. These files included the effect of self-broadening but reduced the

temperature-pressure grid resolution to 10-by-10 in order to allow the model to run in

a reasonable length of time. The resulting temperature-pressure profiles are very similar

to those obtained with the 30 band files, with the surface temperatures obtained in both

M-star and G-star experiments being within 1.2 K of the 30 band experiments.
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Appendix C

Analytic OLR Calculations

In this appendix an analytic expression for the outgoing longwave radiation (OLR) from

a hydrogen-dominated atmosphere with convective inhibition is derived. Interpreta-

tion of these results is provided in Section 5.3.4.

In the optically thick limit (τ ≫ 1), the OLR of a grey atmosphere is given by:

OLR ≈ ∫
∞

0
σT(τ)4e−τ dτ . (C.1)

To calculate this integral, we require the temperature profile T(τ) and the optical depth:

τ(p) = ∫
p

0

dp′

θ̄ g
(κd(1 − q) + qκv), (C.2)

where κd and κv are characteristic grey opacities for the dry and condensible phases of

the atmosphere respectively and θ̄ is the average zenith angle, accounting for the angular

distribution of the LW radiation. To simplify the problem, we split our atmospheres into

two regions separated at q = qc = 1/(βϖ), since we expect the lapse rates in these two

regions to be very different. We assume that the moisture at this level is dilute such that

we can make the approximation:

q ≈ ε psat
p

. (C.3)
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This approximation is approximately valid if qc < 0.1, i.e. T < 0.1Lϖ/Rv = 480 K

assuming β = L/RvT . We can verify that this is the case in all of our simulations. We

then approximate psat(T) in the same way as Koll and Cronin (2019), writing:

psat(T) = p0(
T
T0
)
β0
, (C.4)

where β0 ≡ L/(RvT0) and (p0, T0) is some reference point on the vapour-liquid phase

curve of water chosen to be close to our region of interest. Like in Koll and Cronin

(2019), we will choose p0 as the pressure where a pure steam atmosphere has unity

optical thickness:

p0 =
gθ̄
κv

. (C.5)

This gives (p0, T0) = (588.6 Pa, 272.6 K) for g = 9.81 m s−2, κv = 0.01 m2 kg−1, θ̄ = 3/5

- remarkably close to the triple point of water vapour. If Equation C.3 holds, then the

temperature and pressure (T∗, p∗) at which q = qc satisfies:

ε
p0
p∗
(T∗
T0
)
β0
= RvT0

p
, (C.6)

T∗ = T0(
1

β0ϖ
p∗
εp0
)
1/(β0−1)

. (C.7)

By noting that β0 ≫ 1 in our range of T0 (Koll and Cronin, 2019), we can readily

verify our dilute approxmation:

T∗
Lϖ/Rv

≈ 1
β0ϖ
= 0.06 (C.8)

for T0 = 272.6 K.Wewill also define q0 = 1/(β0ϖ) as themoisture inhibition threshhold

at T = T0.

We then want to relate our pressure p∗ to the dry mass path. We note that since

qc is relatively dilute, the atmosphere will quickly dry on the moist adiabat extending

upwards from this point, leaving most of the upper atmosphere dry. For a dry mass

path md , we can then write p∗ ≈ md g.

214



Appendix C. Analytic OLR Calculations

We assume that the temperature structure of the upper atmosphere (p < p∗) is ap-

proximately a dry adiabat emanating from (p∗, T∗). This neglects the effect of moisture

on the lapse rate, which can be significant but quickly leads to intractable solutions since

lapse rate dT/dp depends on q(p, T). This dry adiabat has the form:

T = T∗(
p
p∗
)
α

, α ≡ Rd

cp
. (C.9)

This allows us to write an equation for how τ varies with lnT :

dτ
d lnT

= (d lnT
d ln p

)
−1
p
dτ
dp

(C.10)

= α−1[κd p
θ̄g
+ (κv − κd)

εpsat
θ̄ g
] (C.11)

= α−1[κd p∗
θ̄ g
( T
T∗
)
1/α
+ (κv − κd)

εp0
θ̄ g
( T
T0
)
β0
]. (C.12)

Integrating this relation and letting τ = 0 when (T , p) = (0, 0) yields:

τ = α−1[ακd p
θ̄g
+ (κv − κd)

p
β0θ̄ g

q]. (C.13)

To calculate the OLR, ideally we would invert Equation C.13 to find T(τ) in Equa-

tion C.1. However, due to the mixed powers of T in Equation C.13 (one term in T 1/α

and one in Tβ0), this cannot be done analytically. To proceed, we compare the magni-

tude of the two terms and argue that the second term can be neglected so long as:

q≪ β0α
κv/κd − 1

. (C.14)

Let us take characteristic values of β0 at T0 = 273 K, α ≈ 2/7, and κv = 0.01 m2 kg−1

and κd = 1.6 × 10−4 m2 kg−1 (this value of κd yields good agreement between our final

analytical OLR and simulations and is consistent with H2 becoming optically thick in

the infra-red between 0.1 and 1 bar). In this case, Equation C.14 gives:

q≪ 0.1. (C.15)
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We assert this to be true around the τ ∼ 1 region of the atmosphere, even if it doesn’t

strictly hold at p = p∗.

We then have:

T = T∗(
τ
τ∗
)
α
, τ∗ ≡

κd p∗
θ̄ g
= κdmd

θ̄
, (C.16)

which when inserted into C.1 yields

OLR = Γ(1 + 4α)τ−4α∗ σT4
∗ , (C.17)

where Γ is the standard gamma function. Expanding T∗ from Equation C.7 and τ∗ from

Equation C.16 yields:

OLR = Γ(1 + 4α)(κdmd

θ̄
)
−4α
(q0

κvmd

εθ̄
)
4/(β0−1)

σT4
0 . (C.18)

We immediately see that this OLR limit does not depend on the surface temperature,

which is characteristic of a runaway greenhouse atmosphere. The first bracket corre-

sponding to τ∗ represents the effect of increasing the dry opacity of the atmosphere.

This shifts the radiating temperature up the adiabat with exponent α, and therefore re-

duces the OLR of the atmosphere. The second bracket traces back to Equation C.7 and

represents how increasing the dry mass of the atmosphere increases the temperature at

which the atmosphere becomes inhibited, T∗. Increasing the base temperature of the

adiabat is associated with an increase in the OLR, albeit with a weak dependence of

m4/(β0−1)
d . We can see that the OLR depends on the dry mass pathmd with an exponent

of:

4(β0 − 1)−1 − 4α ≈ −4α, (C.19)

since β0 ≫ 1. For a diatomic ideal gas −4α ≈ −8/7, so we would expect the OLR to drop

of sharply with dry mass path.

We can compare Equation C.18 with Equation 24 in (Koll and Cronin, 2019), for a

pure steam atmosphere, which was an estimate of the classical Simpson-Nakajima limit:
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OLRSN = Γ(1 + 4/β0)(
κvp0
θ̄ g
)
−4/β0

σT4
0 = Γ(1 + 4/β0)σT4

0 . (C.20)

Taking the ratio of this equation and Equation C.18 gives:

OLR
OLRSN

= Γ(1 + 4α)
Γ(1 + 4/β0)

(q0
κvmd

εθ̄
)
4/(β0−1)

(κdmd

θ̄
)
−4α

. (C.21)

In general, since 4/(β0 − 1) ≪ 1 and the gamma function ratio is of order unity, so

long as κdmd/θ̄ > 1 (i.e. the dry mass of the atmosphere is optically thick), the OLR

limit will be lower than the classical Simpson-Nakajima limit.

Lastly, if we note that if one were to take the opposite limit of Equation C.14 (i.e. the

moist optical depth at τ ∼ 1 dominates the OLR, we would find:

OLR = Γ(1 + 4/β0)(
cp
LT0
)
−4/β0

σT4
0 , (C.22)

which is identical to the “dilute limit" found in Koll and Cronin (2019). This limit does

not depend on the dry mass path and is only moderately lower than the Simpson-

Nakajima limit. Since our results vary greatly with dry mass path and are much lower

than this limit, this should reassure us that Equation C.14 is a good assumption.
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