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ABSTRACT

Systems of ultracold atoms in optical potentials have taken a place at the fore-
front of research into many-body atomic systems because of the clean experimental
environment they exist in and the tunability of the system parameters. In this thesis
we study how light scattered from these ultracold atomic gases reveals information
about the state of the atomic gas and also leads to changes in that state.

We begin by investigating the angular dependence of light scattered from atoms
in optical lattices at finite temperature. We demonstrate how correlations in the
superfluid and Mott insulator states affect the scattering pattern, and we show that
temperature affects the number of photons scattered. This effect could be used to
measure the temperature of the gas, however, we show that when the lattice band
structure is taken into account the efficiency of this temperature measurement is
reduced.

We then investigate light scattering from small optical lattices where the Bose-
Hubbard Hamiltonian can be solved exactly. For small lattices, scattering a photon
from the atomic system significantly perturbs the atomic system. We develop a
model of the evolution of the many-body state that results from the consecutive
scattering and detection of photons. This model shows that light scattering pushes
the system towards eigenstates of the light scattering measurement process, in some
cases leading to a superposition of atomic states.

In the second half of this thesis we study light scattering that depends on
the internal hyperfine spin state of the atoms, in which case the scattered light
can form images of the spatial atomic spin distribution. We demonstrate how
scattering spatially correlated light from the atoms can result in spin state images
with enhanced spatial resolution. We also show how using spatially correlated
light can lead to direct measurement of the spatial correlations of the atomic spin
distribution.

We then apply this theory of spin-dependent light scattering to the detection of
different spin states of ultracold gases in synthetic magnetic fields. We show that it
is possible to distinguish between ground states in the quantum Hall regime using
light scattering. Moreover, we show how noise correlation analysis of the spin state
images can be used to identify the correlations between atoms and how a variant
on phase-contrast imaging can reveal the relationship between the atomic spins.
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CHAPTER 1

INTRODUCTION

One of the fundamental ways we humans garner information about the world
around us is by examining the light that scatters from our surroundings. Needless
to say this is also an important way that physicists gain information about the laws
of nature, where the light scattered from an object potentially contains information
about its large structure, right down to the behaviour of its constituent atoms. In
this thesis we investigate how light scattering might be used to examine the prop-
erties of new states of matter produced in experiments with ultracold atoms, and
also how light scattering might change the properties of the matter in a useful way.
In this introduction we discuss our motivation for taking this path and what this
has lead us to study in this thesis.

Research involving ultracold atoms has flourished since laser cooling of dilute
gases of neutral atoms [1], combined with evaporative cooling, allowed temperatures
in the sub micro-Kelvin range to be reached in experiments for the first time,
leading to the phenomena of Bose-Einstein condensation [2, 3, 4]. Advances in
optical and magnetic cooling have allowed the routine production of Bose-Einstein

condensates in laboratories around the world, giving physicists the opportunity to
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explore a macroscopic quantum object in a very clean experimental environment |5,
6]. Furthermore, sympathetic cooling of fermions with Bose-Einstein condensates

has been used to achieve quantum degeneracy in Fermi gases [7, 8].

The main focus of initial experiments involving ultracold Bose gases was their
behaviour in the weakly interacting superfluid regime, where the atoms exhibit long
range phase coherence. In this regime the behaviour is well described by the Gross-
Pitaevskii equation and Bogoliubov mean-field theory [9]. As ever, the interaction
with light played a crucial role in revealing the state of the many-body system.
The most prominent method of probing the atomic system has been time of flight
absorption imaging, where the atoms are released from their trapping potential,
allowed to expand and then hit with resonant light. The amount of light absorbed
by the atoms then reveals their density [2]. To create excitations in the system
Bragg scattering of photons from one laser beam to another was used, allowing for
an excellent test of the Bogoliubov theory [10]. Light scattering was also used to
determine the relative phase between two spatially separated Bose-Einstein con-
densates in an almost non-destructive manner [11]. The coherence properties of a
Bose-Einstein condensate were also apparent in an experiment showing directional
light scattering as a result of the build up of a matter wave interference pattern

12].

In more recent experiments an emphasis has been placed on increasing inter-
actions betweens atoms allowing for the production of strongly correlated states,
which can no longer be described by the mean field theories mentioned above.
One way of achieving this is through Feshbach resonance [13], which allows the
interaction strength to be altered by applying optical or magnetic fields. One
demonstration of the usefulness of this technique has been in mapping for Fermi
gases the cross-over from Bardeen-Cooper-Schrieffer superfluidity of atoms paired

in momentum space into a Bose-Einstein condensate of molecules [14, 15, 16].



Another method of attaining higher interaction strengths is by loading ultracold
atoms into optical potentials formed by standing wave laser fields. For neutral
atoms the optical dipole force then creates a sinusoidal potential called an optical
lattice that has periodicity of order the wavelength of the laser light [17]. Atoms are
then more likely to exist at the periodic potential minima, or lattice sites, increasing
the density and hence the effective interaction at these points. Theoretical work
has shown that by altering the lattice strength a phase transition between the
weakly interacting Bose gas and a Mott insulating state characterised by strong
interactions is possible, where the system very closely represents the Bose-Hubbard
model used in condensed matter physics [18]. The experimental realisation of this
transition [19] confirmed that ultracold gases in optical lattices provide an excellent
test bed for condensed matter theory because of the isolation of the atoms from the
environment and the ability to adjust parameters such as the interaction strength

in experiments [20].

Efforts to demonstrate novel states of matter in ultracold gases have been ac-
companied by efforts to improve on methods of probing the gas. Bragg scattering
was again used, this time as a method to probe the Mott transition [21, 22], while a
proposal to apply noise correlation imaging to ultracold gases [23] was successfully
used to measure correlations in Bose and Fermi gases [24, 25]. The recent achieve-
ment of strong coupling between ultracold gases and optical cavities [26, 27, 28]
has led to further interesting regimes of behaviour where the optical lattice and
atoms are coupled to one another, and has also allowed for the read-out of atomic
properties through cavity emission spectra, which a number of theoretical proposals
examine [29, 30, 31, 32, 33]. Schemes have also been proposed to measure the spin
state of ultracold atoms in a non-destructive manner by analysing the polarisation

of light after it has passed through the atomic gas [34, 35, 36].

The field of ultracold atoms is now taking further steps in simulating condensed
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matter physics. By using optical fields synthetic magnetic fields can be induced
for neutral atoms [37], opening the field to a potential realisation of the quantum
Hall regime. There is a current experimental drive toward the achievement of
topological insulators in ultracold gases, a development that would advance efforts

toward topological quantum computing [38, 39].

1.1 Thesis overview

In this thesis we study the interaction of light with atoms in optical lattices and
also in synthetic magnetic fields. The overriding motivation behind our work has
been attempts to couple correlations in ultracold gases with correlations in the light
field, with the hope of revealing more information about the atomic state and also
with the aim of generating entanglement in the atoms and light.

To begin with, in Chapter 2, we introduce the description of the light-matter
interaction that is the central theme of this thesis. This leads naturally to a de-
scription of the behaviour of neutral atoms in optical potentials, including a brief
review of the Bose-Hubbard model. We also describe developments in the field of
quantum imaging that tie into our imaging schemes.

Following this background theory, we present in Chapter 3 a treatment of light
scattering from atoms in the superfluid and Mott insulating phases of the Bose-
Hubbard model, where we extend recent models of light scattering from finite
temperature samples [40, 41] to include the full band structure of the lattice. The
simple scheme involved, shining a laser on the sample, demonstrates what can be
learnt about the atomic sample by first order light scattering where the input light
is uncorrelated and does not significantly perturb the atoms.

In Chapter 4 we solve the Bose-Hubbard model exactly for small lattices sizes,

allowing us in the first place to test the validity of the mean-field and perturbative
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methods used in Chapter 3. We then proceed to examine how the light scatter-
ing affects the atoms in the lattice, moving away from the approximations of the
previous chapter, and allowing us to investigate how each scattering event is con-
ditioned on the previous events. We produce a picture of dynamic light scattering
from optical lattices, where in some cases the consecutive scattering of light from
the lattice leads to the creation of superposition states.

The next step in our investigation, detailed in Chapter 5, examines possible
improvements in probing the atomic sample by scattering light that is correlated
to begin with, building on results from the field of quantum imaging. For systems
of atoms with internal spin degrees of freedom, we show that using correlated
input light can lead to resolution enhancements when imaging the spatial spin
distribution. Moreover, we develop a method using correlated light to directly
reveal information about spatial spin correlations.

Our treatment of spin systems then leads us to consider the quantum spin Hall
regime in Chapter 6. We demonstrate the potential to distinguish ground states of
the quantum spin Hall model for neutral atoms by using light scattering. We also
look at possible applications of noise correlation imaging and a variant of phase
contrast imaging to reveal the spin relationship between the atoms in these ground
states.

The thesis is then concluded in Chapter 7, followed by an outline of future

research possibilities.






CHAPTER 2

BACKGROUND THEORY

In this chapter we will briefly cover some of the background theory required in
this thesis. To begin with we will look at the interaction between light and matter
that is the basis for all of our work. This naturally leads into a discussion on
the creation of periodic optical potentials for neutral atoms or optical lattices as
they are otherwise known. We then consider how these optical lattices are used
to realise the Bose-Hubbard model. Following this we examine some key results
in the field of quantum imaging that motivate our later work on imaging atoms in
optical lattices. There are more comprehensive reviews of these subjects available,
for example Hammerer et al. [42] review the light matter interaction, while Bloch
et al. [43] review the subject of optical lattices and their use to investigate problems
in many-body physics, and Quantum Imaging edited by Kolobov provides further

details about this developing field [44].
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2.1 Interactions between light and alkali atoms

In this section we derive the effective Hamiltonian describing the interaction be-
tween detuned light and ultracold atoms in the rotating wave and dipole approxima-
tions (see Lewenstein et al. for a careful treatment of the approximations involved
[45]). This interaction is used to generate optical potentials for cold atoms, and
also leads to scattering of light from the atoms, which we will use to probe the
atomic state. In the following we assume the light is sufficiently detuned from the
excited electronic states of the atomic Hamiltonian so that they can be adiabati-
cally eliminated, and for alkali atoms we find interaction terms that depend only

on the hyperfine ground state atomic field operators.

The Hamiltonian of the system can be divided up into two parts, H= ﬁg-}-ﬁaf,
where Hy = H, + H ¢ is the sum of the Hamiltonians describing the behaviour of
the atomic system H, and the electromagnetic field H 7 in absence of one another,
and ]3[& 7 describes the interaction of the atoms with the field. The Hamiltonian of

the atom system is

2m

=3 / et (r) {— LA Va(r)} o (1) + o, (2.1)

where H,, describes interactions between the atoms and V,(r) describes external
trapping of the atoms. The field operators W, (r) and Wi (r) destroy and create
atoms at r with internal atomic state « [46]. For a boson field the operators obey the
usual commutator relations [W,(r), U1, (r')] = 0qod(r — ') and [Uo(r), T (r')] =
(W (x), W, ()] = 0.

In the dipole approximation the interaction Hamiltonian between the light and

matter fields is

Hy = — Z / Prit (r) Uy (r)dyo - B(r), (2.2)
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where E(r) is the electric field operator. In this approximation the strength of the
coupling between the internal states of the atom depends only on d, o = («|d|a/),
the matrix elements of the atom’s electric dipole moment.

For the purpose of making the rotating wave approximation we can divide the

electric field operator into two parts
Br) =B (1) + B (1), (2.3)

where E+(r) is the positive frequency part of the field, which can in turn be ex-
panded over plane wave modes with wave vector k, polarisation vector €y, and

annihilation operators ay,, that is

T _ hwk ~ ik-r
E (r)=i zy: / dky | 7260(271_)30,1(7,,6 €k - (2.4)

A —

The negative frequency part is then given by E (r) = [E+ (r)]". With this expan-
sion, the Hamiltonian for the free electromagnetic field is H =,/ dkhwdeV&kw.

We also divide the atomic internal states into a manifold of ground states,
denoted by «’s, and a manifold of excited states, denoted by ’s, that will be
coupled together by the interaction with light. We then make the rotating wave
approximation by only retaining the terms in the Hamiltonian that conserve the
number of excitations. These processes — the absorption of a photon by a ground
state atom leading to an excited atom, and the emission of a photon by an excited
state atom leading to a ground state atom — dominate processes such as photon
emission by a ground state atom leading to an excited state atom, which do not

conserve energy. The Hamiltonian then becomes

H, = —Zﬁ / d3r®;(r)@ﬁ(r)da,ﬁ.ﬁ‘(r)—Zﬁ / il (r) T, (r)d; , E (v).
’ ’ (2.5)
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We assume that the frequency distribution of the electromagnetic field is centred
around a dominant frequency wy. In the Heisenberg picture we can then identify
the slowly varying operators \if’ﬁ(r) = Wy(r)ert, E'(r) = B (r)eet, B (1) =

E (r)e~™r!. The Heisenberg equations of motion for the slowly varying excited

states then become

8@’/ r r A 7 ~ ~
;t( ) _ (%v? - VﬁTU - Aﬁ) W(r) + ; W (n)d; - BTr). (26

where Az = wg — wy, is the detuning of the light’s dominant frequency from the

excited state’s frequency.

For detunings Ag that are large compared to the natural line widths of the
transitions involved and the Rabi frequencies associated with the electric field, the
contributions from the kinetic energy and trap terms in Equation 2.6 will become
insignificant and we ignore them. Effectively the atoms do not then spend any time
in the excited state and therefore the excited state kinetic energy and potential
terms do not play a role. Within this approximation we can formally integrate

Equation (2.6) giving
T,/ 4 ! —iAg(t—S) T * =t T,/ —iAgt
Wi(r,t) = 7 Z i dse Uo(r,s)d; 5 E (r,s) + Wys(r,0)e (27

We now assume that the slowly varying operators vary on a time scale that
is long compared with 27/Ag. For this to be true, the detunings must be larger
than the frequency width of the ground state manifold and the frequency width of
the slowly varying electric field. Energy conservation dictates that non-resonant
scattering of light by the atoms results in a frequency shift for the light of order
of the sum of the recoil frequency and the frequency associated with any change
of internal atomic state. For the transitions we consider in this thesis, the recoil

frequency is typically at least an order of magnitude less than the natural line



2.1. Interactions between light and alkali atoms 11

widths. It is thus sufficient to assume that the detuning is greater than the natural
line widths, as we already did above, and the width of the ground state manifold.
In this case the slowly varying operators can be taken outside of the integral, and
the fast rotating initial term will make a negligible contribution to the evolution.

With this approximation we get the following solution for the excited state

. R ds .-
/ o § : a,

Using this solution for the excited state is the same as adopting the effective inter-

action Hamiltonian

re (B () dap)(dy s E ()

== [l 22w, @)
a,a! 3

removing any dependence on the excited state atomic field operators from the

model.

2.1.1 Atomic polarisability

We now take a closer look at the electric dipole operator d = —e j(rj —r), which
results from the positions r; —r of the electrons around the nucleus at r. Taking the
z-axis as the axis of quantisation for the internal atomic states, we can decompose

the dipole operator into its spherical vector components

1
d= Y d,e, (2.10)

o=—1

where €y = 2 and €4, = F(X +1iy)/V2.
Here we are concerned with transitions between ground hyperfine states F'm
and excited hyperfine states F'm’, where F = J 4 I is the total atomic angular

momentum resulting from the addition of the total electronic angular momentum
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J and nuclear spin I. The dipole matrix element between these states is denoted
by
A g = O (T TF'm/|de| JIF )€ (2.11)

o

These matrix elements can be calculated explicitly with the help of Clebsch-Gordan
coefficients as detailed in Appendix 2.A. The effective interaction Hamiltonian can

then be expressed as

~— ~ +

I:IS}C = _/dr\i]TJz,Fg,mg(r)(E (r>aJ1F1m1,J2F2m2E (r>>\ilJ1,F17m1(r)7 (212)

in terms of the polarisability tensor [42]

— +
szFsz,J’F’m’ ® dJ’F’m’,JlFlml
S , (2.13)
Ny

Qg Fymy,JoFamg =
J'F'm!

where we use the notation a(b ® ¢)d = (a- b)(c-d).

Many ultracold atom experiments are done with alkali atoms and we now re-
strict our attention to alkali atoms making transitions from the J = 1/2 ground
state to the J" = 1/2,3/2 excited states. If we are detuned enough from the excited
state levels then we can approximate Ay p ~ Ay in Equation (2.13) and we can
simplify the polarisability tensor as detailed in Appendix 2.B [47, 48, 42]. The
effective interaction Hamiltonian then breaks into two parts. The first does not

depend on the internal state of the atom and is given by

1Y = a8 Y [, 0 ) B )b 219

For incoming linearly polarised light, this interaction results in light scattering in
a dipole pattern, where the strength of scattering depends on sin?(#), 6 being the

angle between the direction of the scattered light and the input light’s polarisation
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vector [12]. The second part is a spin dependent interaction

H) = —ai(Dgpp) S [ dr@l, (1) (Fms|(F/R)- (B (r) xE" (1)) Fry) U1, (1),

mi,m2

(2.15)

that is responsible for the Faraday effect. This interaction leads to scattering
in directions prohibited in the dipole pattern and changes in polarisation of the
scattered photons [49]. The atom-field coupling coefficients ag(As/2) and a1 (Ag)2)
are defined by Equations (2.41) and (2.44) in Appendix 2.B, see also Hammerer et
al. for further details [42].

Both these interactions are used in creating optical lattices in experiments to-
day. As discussed in the next section, the state independent interaction leads
to a simple realisation of an optical lattice using reflected laser light. The spin-
dependent interaction allows one to produce more complicated potentials that de-
pend on the hyperfine state of the atoms and provide a rich testing ground for
spin-dependent models [50, 51, 52, 53, 54]. Both terms will play a part in the light

scattering interactions we discuss in this thesis.

2.2 Optical lattices

We will now demonstrate how the light matter interaction described above can be
used to create an optical potential for the atoms. Suppose the electromagnetic field
consists of a coherent state with mode function u(r), with linear polarisation & and
frequency wy. We can then approximate the electric field operator as a classical

state E+(r) = Epu(r)e and the spin-dependent interaction plays no part. Equation
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(2.14) then leads to the effective Hamiltonian for the atoms

Hel = Z/dr\ifl(r) [— h2V + Vo(r) + Vi (r) | Ualr), (2.16)

m

where we have for the moment neglected atom-atom interactions. In addition
to the external potential V,(r), the atoms now experience a potential Vi (r) =
Volu(r)|? resulting from the light matter interaction, where the magnitude of this
potential is V = —ao(A3/2)|€L|2. The sign of the potential depends on the sign of
ao(As/2), which in turn depends on the detuning. When one of the Sy, — Py/2, P32
transitions is dominant over the other, the sign of ag(As/2) is then just the sign of
the detuning to the dominant level (see discussion at the end of Appendix 2.B).
For red detuned light this sign is positive, leading to atoms having lower potential
energy where the radiation field intensity is higher, and atoms may be trapped at

the intensity maxima of the field, while the reverse is true for blue detuned light.

If the light field is in a standing wave mode u(r) = sin(ky -r), created for example
by retroreflecting a laser beam, then the atoms will experience a sinusoidal potential
Vosin?(kz - 1), with spatial period half that of the laser wavelength. This is referred
to as an optical lattice, in this case a one-dimensional lattice. The potential minima
of the lattice are referred to as lattice sites and we denote the inter-site distance
by a. Higher dimensional lattices can be created by adding standing waves in the
other dimensions, where coupling between the different standing waves is avoided
by detuning them from one another or by using orthogonal polarisations. Different
laser orientations can result in more complicated lattice geometries [55]. In this
thesis we restrict our attention to isotropic lattices with the same site spacing a
in each dimension. We use the notation N to refer to the total number of atoms
contained in the lattice, and M to refer to the number of lattice sites. The relevant

K22 A
&, which is the

energy scale of the optical potential is the recoil energy Fr = =
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kinetic energy an atom at rest obtains as a result of absorbing a photon with wave

vector kz. With this in mind we use Eg as our natural unit of energy.

Above we have neglected the effect of spontaneous emission events where pho-
tons are scattered incoherently out of the lattice laser beams. The rate at which
these events occur can be estimated by calculating an effective spontaneous emis-
sion rate for each excited state level, which is the product of the probability of being
in the excited state multiplied by the decay rate of that level [56]. For red detuned
lattices the atoms reside in the antinodes of the field and are therefore more likely
to be excited by the field, leading to higher spontaneous emission rates than for
blue detuned lattices. However, in either case it is usually possible to arrange ex-
perimental parameters so that spontaneous emission occurs on a time scale that is
much greater than the typical experimental time scale and is therefore negligible

[56]. In this way, we can regard the lattice potential as being conservative.

2.2.1 Band structure

We have seen that it is possible to create a sinusoidal potential for atoms using the
interaction with detuned light, we now examine the behaviour of atoms in these
optical lattices. To begin with we take the simple case of atoms that do not interact
with one another and are not subject to an external potential, in which case we
require the single particle eigenstates of the Hamiltonian H = % + Vi (r). Bloch’s
theorem [57, 58] states that the single particle eigenstates for a periodic potential

are of the form

Grq(T) = Unq(r)e™d” (2.17)

where uyq(r) is a function with the same periodicity as the potential. These
eigenstates are called Bloch functions and have two quantum numbers identifying

them: the quasi-momentum or crystal momentum q and the band index n.



16 BACKGROUND THEORY
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Figure 2.1: Band structure for 1d optical lattices of the form Vjsin®(kpz) with
Vo = ER,10ER and 25ER respectively.

The quasi-momentum is so named because it is the quantum number associ-
ated with the discrete translational symmetry of the lattice, in the same way that
momentum is the quantum number associated with the translational symmetry of
free space. Furthermore, the quasi-momentum plays a similar role to momentum
in conservation laws governing momentum transfer in the lattice [57]. The quasi-
momentum differs from momentum in that adding a reciprocal lattice vector Q
results in an equivalent description q = q' + Q and the quasi-momentum can be
confined to lie within the Brillouin zone (BZ) of the lattice, which in one dimension
is given by —7/a < ¢ < w/a. For each quasi-momentum there are an infinite num-
ber of possible eigenstates enumerated by the band index. Bloch functions with the
same band index have energies that are a continuous function of quasi-momentum,
forming bands of allowable energies called the band structure of the lattice.

The Bloch functions and their associated energies E,, 4 can be found numerically
[59, 60] and we show the band structure for some example one-dimensional lattices
in Figure 2.1. In the figure we see that for low strength lattices, Vy = FEj, the
band structure closely resembles the dispersion relation of a free atom. As the
lattice strength increases we see gaps forming between the energy bands, and the
band width of the lower bands decreases. As V| gets larger the band structure

approaches the energy levels of a harmonic potential.
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Figure 2.2: Bloch and Wannier functions for 1d optical lattices of the form
Vosin?(kpx) with (blue) Vo = Egr and (green) Vy = 15E%. (a) Bloch functions
¢o(x), (b) lowest band Wannier functions wy(z) and (¢) modulus of lowest band
Wannier functions |wo(x)|.

2.2.2 Wannier functions

The Bloch functions are a basis of states of the atomic system that are delocalised
in the lattice, as shown in Figure 2.2(a). It is often desirable to have a basis of
states that are localised at the individual lattice sites r;. Typically the Wannier
states [57, 58] are adopted, which are given by the Fourier transform of the Bloch

functions

1 —iqr; r
wn(r —r;) = T D ey g(r). (2.18)

qeBZ
Equation (2.18) does not uniquely identify the Wannier functions, as the arbitrary
choice of phase of the Bloch functions can alter the spread of the Wannier function.
However, Kohn [61] has shown that there exists a unique Wannier function that
decays exponentially and is maximally localised. With the correct choice of Bloch
function phase these maximally localised functions can be constructed using Equa-
tion (2.18) [59, 60]. Furthermore, the resulting functions are purely real. In Figure
2.2(b) we plot the lowest band Wannier functions for two different lattice strengths,
while in Figure 2.2(c) we plot their modulus on a log scale to demonstrate their

exponential localisation, which increases with lattice strength.



18 BACKGROUND THEORY

2.2.3 Bose-Hubbard Model

We now look at systems of interacting atoms in optical lattices. In doing so we
only consider ultracold atoms where, to a good approximation, the atoms only
interact with one another via two-body s-wave scattering, which is isotropic and
fully determined by the s-wave scattering length a,. In this case the actual atomic
interaction potential can be replaced by a delta function pseudo-potential that
gives the same asymptotic scattering [62]. The second quantised Hamiltonian for

the atoms in the optical potential is then

. X 2172 o h2a. . X X
H = Z/d?’r\IfL(r) l_hQZ + Vi(r) + 7;7;&8\1/2(1“)\11&(1') U, (r). (2.19)

The field operators can now either be expanded in terms of the Bloch basis or the
Wannier basis. We examine the former expansion in Section 3.2 where we describe
the Bogoliubov theory of the weakly interacting Bose gas in an optical lattice. Here
we take the latter expansion W, (r) = > in ZA)mwn(r —r,;). We also assume that the
temperature and density of the atoms in the lattice are low enough that the atoms
only reside in the lowest band n = 0 and drop the band index. This single-band
approximation is good when both the thermal energy and the atomic interaction
energy are much less than the energy gap between the two lowest bands and can
be readily achieved by loading ultracold atoms into a lattice [18]. The Hamiltonian

can then be expressed as

N PN 1 PPN
H=""Jblb + 5 > Ujkasbibfbib,, (2.20)
75l

j?l77’,78

where

T = / drw(r — 1) [— ’izz + VL(r)} w(r — 1) (2.21)
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Figure 2.3: (a) Interaction matrix elements (solid) Uy, (dotted) harmonic ap-
proximation from Equation (2.24), (dashed) |Up 01| and (dot-dashed) Uyo1,1. (b)
Tunnelling matrix elements (solid) —.Jy 1, (dotted) harmonic approximation from
Equation (2.25), (dashed) Jy2 and (dot-dashed) —Jy 3. Calculations are all for an
isotropic three dimensional lattice.

is the tunnelling matrix element and

Arh?a

U'kls:
-7777 2m

Prw(r —rj)w(r — rp)w(r — r)w(r — ry) (2.22)

is the atomic interaction matrix element.

The description is further simplified in what is known as the tight-binding ap-
proximation, where only nearest neighbour tunnelling terms J = —J;;, [ being a
neighbouring site to j, are retained. In Figure 2.3(b) we compare the nearest neigh-
bour tunnelling matrix element with the tunnelling elements for sites separated by
2a and 3a. For lattice strengths V > 4FER, the nearest neighbour term is greater
than all other tunnelling elements by at least an order of magnitude. Similarly,
the interaction terms are dominated by the onsite interaction term U = U, ; ;,
which we plot in Figure 2.3(a) against the next largest interaction matrix ele-
ments. We see that the onsite interaction term is an order of magnitude larger

than the others even for Vy = 1ER. Retaining only these dominant terms we have
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the Bose-Hubbard Hamiltonian [18§]
- |
H=—JY bibi+ 35U (i — 1), (2.23)
@b J
where (j,[) indicates a sum over nearest neighbours.

The Bose-Hubbard model was originally used as a crude model for condensed
matter systems to describe the breakdown of superfluidity as interactions increased
[63]. Here for optical lattices this model provides a very good description of the sys-
tem, and experiments in this regime therefore provide an excellent testing ground
for the properties of this model. What makes optical lattices even more successful
in this regard is that they provide easily adjustable crystalline-like structures, in-
deed both U and J can be adjusted by altering the strength of the optical lattice. In
the tight binding regime the ground band Wannier states are closely approximated
by the ground state of a harmonic oscillator. In this approximation the interaction
strength (for a three dimensional isotropic lattice) depends on the lattice strength
Vo as follows

U

3/4
~ V8T (VO) Ep. (2.24)

a \Eg

Furthermore, the tunnelling matrix element can be estimated by calculating the

width of the ground band [64], yielding

A 3/4 v 1/2
~N— | — -2 =
! \/7_T<ER) P <ER)

The ratio of interaction to tunnelling then changes with V4 according to

Ep. (2.25)

, (2.26)

allowing the system to be tuned from a regime where tunnelling dominates to
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a regime where atomic interactions dominate. The ratio U/J can also be altered
without changing the optical lattice strength by using Feshbach resonance to change
the interaction strength alone [13]. This flexibility enables experiments with optical
lattices to probe the full range of behaviour predicted by the Bose-Hubbard model,

as we discuss next.

2.2.4 Transition from superfluid to Mott insulator

As the ratio of U/J is changed in the Bose-Hubbard model, a transition between a
superfluid phase and a phase known as the Mott insulator is expected [63]. To gain
a little insight into the nature of these phases we examine the limit where U = 0
and then the limit where J = 0.

The superfluid regime occurs when J > U. In the limit U = 0 we can find the

ground state of the Bose-Hubbard Hamiltonian exactly to be

1 AN
Wsr) = (0h)10) (2.27)

where b} = 3° i b} is the creation operator of the lowest energy Bloch state with
quasi-momentum q = 0. This macroscopic occupation of the ground state is re-
ferred to as Bose-Einstein condensation. The Bloch state is completely delocalised
across the lattice, and hence each atom is in a superposition across the lattice
sites. By expanding the Bloch state creation operator in terms of the Wannier
site operators we find the average number density per site is (n) = N/M, and
the expectation of the single-particle density matrix <b;bl) = (n), for any j and [,
demonstrating the long range order expected of a Bose-Einstein condensate. The
number fluctuations at each site are (n?) — (n)? = (n)(M —1)/M.

For U > J and for commensurate filling — N equal to an integer multiple of

M — the lattice is in the Mott insulator regime. For J = 0 each lattice site has a
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definite number of atoms residing there, and the ground state is given by

(W) = W 1:[ (B})WM) 10). (2.28)

In this state the number fluctuations per site are zero, and hence there can be
no phase relation between the individual sites. Moreover, for J = 0 there is an
excitation gap of U between the ground and first excited states, in contrast to the
superfluid phase which is gapless in the thermodynamic limit, N, M — oo.

We will further examine the nature of the superfluid and the Mott insulator
regimes by using mean-field and perturbation theory to describe what happens as
we move away from the U = 0 or J = 0 limits in Chapter 3. Following this in
Chapter 4 we will study the exact solution of the Bose-Hubbard model for small

lattices across the transition from the superfluid to the Mott regime.

2.3 Quantum imaging

In Chapters 5 and 6 of this thesis we discuss using entangled light to improve
measurements of the atomic state. This work is motivated by developments in the
field of quantum imaging [44, 65]. Our particular interest is in the aim of quantum
imaging to create images that have higher resolution than allowed by the Rayleigh
diffraction limit. Atoms in optical lattices are separated by distances of order of
the wavelength of light, meaning that any system for imaging the atoms in situ
that is subject to the Rayleigh bound will have difficulty resolving the lattice sites.
In the following we detail some key results that feed into our work.

We begin with the seminal proposal by Boto et al. to improve the resolution
of lithography using entangled light [66]. The scheme that Boto et al. consider
is the simple interferometer depicted in Figure 2.4. Light enters a beam splitter

in input modes a and b, then the two resulting light modes ¢ and d are made to
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Figure 2.4: Interferometer used in Boto et al. Modes a and b are input into a
beam-splitter leading to modes ¢ and d which interfere at angle # on a lithographic
plate.

interfere on a lithographic plate. In the classical regime, input of a coherent beam
with wavelength )\ into mode a would result in an intensity pattern on the surface
that varies as 1 + cos(4msin(#)xz/\). This pattern has a peak to peak distance of
A/(2sin(#)) which is minimised for grazing incidence 6 — 7/2.

Boto et al. proposed to improve on the resolution of this pattern using quantum
states of light and lithographic media that respond to multiphoton absorption.
For N photons, absorption then occurs in proportion to the N-photon correlation
function (£~ (z)Y E*(2)"), where for the simple two mode case at grazing incidence
we have ET(z) o« ée~i2™/X 4 dei2m/A Now in the two-photon case, an input
of the number product state |1),|1), into the beam splitter results in the path
entangled state (|2)¢/0)4 + [0)¢]2)q)/v/2. The two-photon absorption then has a
spatial dependence 1+ cos(87sin(0)x/\), with peak to peak distance half of what
we had in the classical case. This can then be generalised to N photons using the
state (|N)e|0)g + [0Y.|N)q)/v/2, referred to as a NOON state, although this state
cannot be generated by simple input into the beam splitter as in the two photon
case. In this case the spatial dependence is 14+cos(4 N7 sin(6)z/)), giving a pattern

with spatial frequency depending on 1/N.

Following Boto et al.’s proposal it was noted that patterns with the same in-
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crease in frequency could be generated using classical light and N-photon absorp-
tion but with limited visibility [67, 68, 69]. Later research has extended imple-
mentations using classical light further but rely on other specific properties of the
absorbing media [70, 71, 72]. N-photon absorption was shown to be limited for the
path entangled NOON states considered above [73], although in some cases this
may be optimised [74]. A recent proposal by Tsang [75] avoids the problems as-
sociated with N-photon absorption, by instead using post-analysis of the intensity
distribution. This scheme cannot be directly applied to lithography but will be
useful in our case where we are simply interested in the image formed.

The root of Tsang’s proposal is illustrated by the following example based
on the setup considered by Boto et al. The only difference is that now we take
spatial resolved intensity measurements at the image plane instead of using an
N-photon absorbing material. A two photon state will then lead to a two photon
intensity distribution (E~(x1)E~ (z2) E™T (22) E™T(21)), where this distribution gives
the probability of recording a photon at x; and another photon at xs. For the two-
photon NOON state this distribution varies in space as 1+cos(47 sin(0)(x1+x2) /).
Tsang noticed that if we now measure the centroid of the photon positions X =
(x1+x5)/2, then this has a probability distribution with peak to peak difference of
half that of the classical case, just as in the Boto et al. proposal. This also can be
generalised to N-photon states, and measuring the centroid X = )z, /N gives a
probability distribution with peak to peak distance \/N.

This technique requires only spatially resolved intensity measurements and post-
processing of the data, a significant improvement over requiring N-photon absorb-
ing materials. In Chapter 5 we apply this technique to in situ imaging of atoms in

ultracold atoms.
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Appendix 2.A Calculating dipole matrix elements

The dipole operator is an irreducible spherical tensor and we can therefore use the

Wigner-Eckart theorem to re-express the matrix elements [76, 77]

A e = (JTF||A||JIF) > (F1;mo|F'm)e;. (2.29)

Here (J'IF'||d||JIF) is the reduced matrix element for the transition between F

and F' and (F'1;mo|F'm’) is a Clebsch-Gordan coefficient, which can itself be

re-expressed in terms of the Wigner 3j-symbol

, F 1 F
(F1;mo|F'm'y = (=1)F 12 +1 : (2.30)

m o —m

The reduced matrix element can be reduced further using the relation [76]

/ JJ 1
(JIF|A|JIF) = (=1)" /(20 + 1) (2F + 1)(J']d]]J) :
F F I

(2.31)

where (J'||d||J) is a further reduced matrix element and the curly bracket is the
Wigner 6j-symbol. The reduced element can be related directly to the lifetime of

the excited .J’ state

1 w3

([l 1% (2.32)

T 3meohcd

In total we have

!/

A = (17T @20+ 1)(2F + 1)(]|d]]7)
F F I

. (2.33)

X Z(Fl;ma|F’m’)e
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This new representation allows us to calculate relative transition rates between
any of the sub levels of F' and F’ using only the Clebsch-Gordan coefficients and

Wigner 6j-symbols.

Appendix 2.B Polarisability tensor

In general the polarisability tensor is

Z (J21F2m2|d|J’IF’m’> X (J’IF’m’|d|J1]F1m1>

2.34
A (2:34)

aJlFlml,J2F2m2 =
J!F'm!

We now consider this expression for the specific case of Alkali atoms and transitions
from the J = 1/2 ground state to the excited J' = 1/2,3/2 states. If we are far
detuned from the the excited state levels we can simplify the polarisability tensor

by approximating Ay g ~ Ay in Equation (2.34). We then have
. 1 _
QJ,F1,m1,Fayme = ; W(R, m2|DJ’ ® Dj/|F1, my), (2.35)

where D7, = | J'm ) (J'my|d|Jmy)(Jm,| and D3, = (D},)T.

mj,m
Now E (r)(D-®@D")E (r) = 3, , E~(r);E*(r),D; D} (we have dropped the
J' subscript temporarily for notational convenience) and D, D;T can be decomposed

into irreducible tensors of rank 0,1 and 2 [76] as follows

) 1 1 )
D; D} = g(D D)oy ; + §(Di D} — Dy DY)

1 ) 1,
+|5(D7Df + Dy D) = 5(D7- DY)y | . (2.36)

Because D, D;-r acts on the two-dimensional spin-1/2 Hilbert space where all op-

erators are either scalar or vectors, the rank 2 part must be identically zero. We

can then break the polarisability tensor into two parts ap m, Fyme = &gml, Fooms T
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(1)

Py my,Foma> where

~ ~ 4 1 _ ~ ~ 4
B9 B (1) = 3 g (P mnal (D - D) Py (B 1) - B (1)
J/
(2.37)
and
~ ~ | 1 _ ~ ~ +
BT ()0 B (1) = 3 55 (P el (D % D) - (B (1) x B (1)) Py )
Jl
(2.38)

Using the results from Appendix 2.A we find that

(27" + DI ][]

D;/ * D}_/ — 2

> [ Tmg)(Tmyl, (2.39)

my

and Equation (2.37) then gives the state independent light shift

E (r)a?) E'(r) = ap(Asp)E (r) - B

J,F1,my, Fayma

(r)5F17F25m1,m27 (240>

where

_ - @S+ D)
ap(Azps) = ; B~ Byiurnr) (2.41)

and Ay = wy_3/9 — wy—1/2. Furthermore, the cross product term in Equation
(2.38) is proportional to the angular momentum operator J , where

4i(=1)7"7[(7'[|d]]])]

2 A
J. 2.42
3h ( )

D, x D7, =

For F}; = F, we can then use the projection theorem to get

== ~(1) =+ +

E (D)7 mm, B (1) = a1(Dgp2) (Fimo| (B/R) - (B (r) x B (r))|[Fymy) (243)
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where
o 20DP ) P
al(A3/2) - Z 3(2] + 1)h(A3/2 - Afsél/lJ’).

J/

(2.44)

In Equations (2.41) and (2.44), if one of the detunings for the J = 1/2 or
J = 3/2 levels is much less than the other, then this level will make the dominant
contribution to the light-matter interaction. In this case we can reduce the sum
to include just that level, and the signs of the coupling coefficients ag(Asz/2) and

a1(As/s) depend directly on the sign of the detuning from that level.



CHAPTER 3

LIGHT SCATTERING FROM

SUPERFLUIDS AND MOTT INSULATORS

As we described in Section 2.2.3, the Bose-Hubbard model predicts a phase tran-
sition between a superfluid and an insulating state that have significantly different
properties. The characterisation of this transition has been a focal point of research,
and a number of authors have considered what light scattered from the atomic gas
might reveal about the many-body structure. In particular, the response of the
atomic systems to Bragg scattering, where photons scatter via a stimulated pro-
cess from one laser into another, was investigated theoretically [78, 79, 80, 81] and
studied in an experiment [22], where signatures of the superfluid and Mott insula-
tor states were detected. Schemes involving light scattering into a cavity, for which
there is potentially strong light-matter coupling, have also been studied theoreti-
cally, where the photons transmitted from the cavity reveal information about the
many-body state [30, 31, 82, 29, 83]. The majority of theoretical work done has
made the zero temperature approximation for the gas, however, finite temperature

effects have been investigated for the superfluid and Mott cases [41], and also for

29
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Figure 3.1: Light scattering scheme. The lattice is illuminated by a laser beam with
wave vector kg. Light is then scattered to other modes k with polar coordinates
0 and ¢. In our examples of light scattering in this chapter the optical lattices
are two dimensional square lattices with lattice translation vectors ax and ay, and
the input light has kg = 7z/a. In this coordinate system we then have Ak =
m(sin @ cos ¢, sinfsin ¢, 1 — cos ) /a.

a closely related problem involving a Fermi gas [40].

Here we are interested in what light scattering that is not stimulated by another
laser or by a cavity tells us about the many-body state. The aim being to reveal
information about the atoms while they remain in situ with a relatively simple
experimental implementation, only requiring a laser to be shone on the atoms, as
depicted on Figure 3.1, followed by the detection of scattered photons, possible
after collection by a lens. This would remove the need for a cavity or the need to
destructively image the atomic sample as is the case for Bragg scattering. How-
ever, this complicates the theoretical treatment because in this case there is less
restriction on the final energy state of the scattered photons and the full band
structure of the optical lattice must be taken into account, something which has
been neglected in previous works. We present here a treatment of light scattering
from the superfluid and Mott insulating states that includes both the higher bands

and the effects of non-zero temperature.
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3.1 First order light scattering

Non-resonant light scattering from an ultracold gas can occur in two ways, the first
involves the diffraction of light due to the non-uniform density of the gas which
leaves the gas unchanged, while the second involves the creation of excitations in
the gas where the light transfers momentum and/or energy to the gas. In the
following we see how these processes occur when laser light is scattered from atoms

in first order perturbation theory.

We consider light-matter interactions where the atom can be treated as a two-
level system, as may be the case because of angular momentum considerations. For
example in Rb*7, the transition |5%S) 0, F = 2,mp = 2) — [5?Pss, F' = 3, mp = 3)
that is excited by oT-polarised light is a cycling transition, where because of the
polarisation of the input light only one excited state can take part, which in turn can
only decay to the initial ground state. In this case the contributions from the 5P
level in the coupling coefficients in Equations (2.41) and (2.44) cancel exactly. For
this type of cycling transition the interaction Hamiltonians from Equations (2.14)

and (2.15) sum to give

~— =+

H = —g/dr\i/T(r)E (r)-E (r)¥(r), (3.1)

where g = (ao(Aaj2) + (1 + 1/2)ar(Dgy2)) = (7' = 3/2/[d[1] = 1/2)/ (g)a).

In the interaction picture we have H;(t) = eifot/h ffe=ifot/h anq the time evolu-
tion operator is given by the integral equation U;(t,0) =1 — %f; dt'H (U (', 0)
[46]. For a weak perturbation the evolution of the state is given approximately by

expanding this integral equation to first order, giving

() = (1 - %/Ot dt’ﬁ;) T(0)),. (3.2)
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We take the initial state of the system to be an atomic eigenstate |W¥,) and a
laser represented by the classical field E+(r) = %eiko'reo. The first order coupling
then leads to photons being scattered from the laser into other modes (k, \) with
wave vector k, frequency wy and polarisation €, (k), resulting in a momentum
change Ak = ky — k and energy change Awy = wg — wy. The probability at time ¢

of the system being in a new atomic eigenstate |W,) with an additional photon in

the mode (k, A) is then

t
‘<k‘®<% l/ dt' H; \Ifu>®‘0>
h /o

X 0;((Ey — Ey)/h — Awy)

2

= tG\(k)

/ dre < (@, [ (o) T (0)|0,) | (3.3)

where G, (k) = |g€€; (k) - €o]*wi/(8hen(2m)?) is the coupling constant between the
electromagnetic field modes and Ej is the unperturbed energy of the state |\W;).
The function 6;(w) = 2sin*(wt/2)/(rtw?) approaches the Dirac delta function §(w)

as the interaction time ¢ approaches infinity, enforcing energy conservation.

For o™-polarised input laser light we can sum over polarisations in the coupling
to get G(k) = >, Ga(k) = [g€*(1 + cos(0)?*)wy/(16keg(2m)?). The total rate of
scattering photons with wave vector k and frequency wy of either polarisation is
then

T(k, wi) = G(k)S(ko — k, wiy — wic), (3.4)

where S(Ak, Awy) is the dynamic structure factor [84]. For a finite temperature
system, in the canonical ensemble with partition function Z, the dynamic structure

factor is [85, 86]

S(Ak, Awe) = D 0((E, — Eu)/h — Aw)

u,v

/ dre™< T (W | U ()0 (r)|P,)

x e~ Bu/tksT) /77 (3 5)
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The structure factor can be divided up into two parts, the first with u = v describes
classical diffraction, which results in no energy or momentum transfer to the gas,
that is, the light scattering is elastic. The second part, where u # v, describes

inelastic light scattering that results in excitations of the gas.

For non-resonant light scattering the frequency change Awy is determined by
the difference in energies between the initial and final atom many-body states.
For scattering from ultracold atoms these energy differences are all many orders of
magnitude less than the frequency of the input light. To a very good approximation
we then have k = kolA{, where k has associated angles 6 and ¢ as shown in Figure
3.1. To get the total rate of photon scattering in direction R, we integrate over
frequency, giving

~ ~

Liotar(K) = Lagom (0) x S(ko — kok), (3.6)

where Lo (0) = 91;, 1% (1 + cos(@)z)/(32hck8’A§/z) is the scattering distribution re-
sulting from the electronic structure of the atom and laser intensity I;,, = eoc|E]?/2,

and
S(Ak) =>" / drdr’ e < ) (@ (O ()T ()T (2) T (1) |0, ) e P/ D) /7 (3.7)

is the scattering distribution due to the spatial structure of the atomic sample,
known as the static structure factor [86]. In the expression above we have simplified

the static structure factor using the closure relation for the atomic eigenstates.

The static structure factor applies in the perturbative regime, where it has been
used successfully to describe neutron scattering from liquid helium [84] and to cal-
culate the response of ultracold gases to Bragg excitation [10]. For our purposes
it allows us to calculate how light scatters from atoms in optical lattice from the
correlation function (U, | ()W (r') Ut (r)¥(r)|¥,). To find this correlation func-

tion we need to follow different approaches for the superfluid and Mott insulator
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cases. We begin in the next section by describing the Bogoliubov method for the

superfluid case.

3.2 Bogoliubov theory of weakly interacting Bose
gases in optical lattices

In Section 2.2.3 we described the Bose-Hubbard model that resulted from expand-
ing the many-body Hamiltonian in terms of the Wannier functions. In the super-
fluid case the atoms are not localised and, particularly for light scattering, it is
more intuitive to expand in the Bloch basis. The expanded atomic field operator

is then W(r) = > q bqdq(r) and we get from Equation (2.19) the following atomic

Hamiltonian,
PN 1
H=) Edliba+5 Y, Uaiaasablbhabasbas (3.8)
q q1,92,93,94
where
47rh2a5M
Usr s = o [ 865, (5107, (1)0as (1) 1), (3.9)

Here for notational convenience we have assumed the band index of the Bloch
states is contained in the generalised quasi-momentum q, and the theory below
includes all bands. We use the grand canonical form of the Hamiltonian here to
simplify the derivation below, number conserving methods are described elsewhere
(87, 88, 89, 90, 9].

At zero temperature, atoms in a non-interacting Bose gas condense into the zero
momentum Bloch state ¢o(r). For weak interactions this ground state is perturbed,
and the new ground state and elementary excitations of the gas are found using
Bogoliubov theory [91]. Extensions of Bogoliubov’s theory to Bose gases in optical

lattices have been made [92, 93], but work in the tight binding approximation.
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Here, by working in the Bloch basis we do not need to make this approximation.

Bogoliubov theory progresses by replacing the operators bo and I;I, of the highly
populated zero momentum Bloch state by the c-number /Ny = 1/ (blbo). Minimis-
ing the energy to zeroth order with respect to Ny then gives the chemical potential
= Eo+ NoUpo,00- Assuming the non-zero momentum Bloch states have popu-
lation much smaller than Ny, we can neglect terms above quadratic order in these

modes and reduce the atomic Hamiltonian to

1

H=—-
2

o~ 1 o~ IR
NUo+ ) (bgquq + 5J\fOUq(bng_q + b;btq)) : (3.10)

a7#0
where Uy = U .0.0.0, Uq = Uqo.0.q and Eq = Eq — Eo — NoUp + 2NoUs.

This quadratic Hamiltonian is then diagonalised via the Bogoliubov transfor-

mation [91]
l;fl = uqﬁAgl — vqﬁ_q, l;q = uqﬁq — vqﬁAT_q, (3.11)

where the Bogoliubov transformation coefficients are given by

|1 Ey 1 By
Ug = 2<hwq+1) and Vg = 2<hwq 1). (3.12)

The resulting Hamiltonian is then

1

1 ~ ~ ~
H = =5NgUs + 5 > (hwq = Eq) + 3 heall (3.13)
q#0 q#0

where

hwg = \/ E2 — N2UZ. (3.14)

The operators 311 and /éq are interpreted as the creation and annihilation operators
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of non-interacting bosonic quasi-particles with energy hwq. At zero temperature
the ground state of the system is the quasi-particle vacuum, while for finite tem-
perature T' the population of the quasi-particle modes is given by the Bose-Einstein
distribution [6, 94]

P Ot o
t _ a,q _
<6q6q’> T ehwa/kyT 1 6q,<1’n<1‘ (315>

Furthermore, we have () = (@g) =0 and <ﬁ$ﬁqﬁ$,ﬁq/) = NgNg + Oq,q (Mg + 1)ng,

which we will need to calculate the correlation function in the structure factor.
The above quantities depend implicitly on the condensate number Ny, which is

bl b,

in turn restricted by the following relation for the number operator N = > q

(N) = Ng=No+ > (ung+vi(ng+1)). (3.16)
q q#0
For a fixed (N) = N, Equations (3.12), (3.14) and (3.16) must be solved self-
consistently.
As noted above, the Bogoliubov approximation only includes the contributions
to the interaction energy proportional to Ny, and its validity is therefore limited
to the regime where the number of quasi-particles is a small fraction of Ny. In this

thesis we limit our calculations so that this fraction is less than one tenth.
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3.3 Dynamic structure factor in the Bogoliubov
regime

We may now proceed to calculate the dynamic structure factor using the Bogoli-

ubov theory. Expanding the atomic field operators in the Bloch basis gives

S(Ak, Aw) = D L 0((Ey — Bu)/h = Aw)

2

X | D (Welblbey [94) fa (1) P07, (37)
q1,92
where
Faren () = M [ 005, (1), (1) (.19

Again for notational convenience we have assumed the band index is contained
in the generalised vector q. We can now calculate the structure factor in the
Bogoliubov regime by replacing bo and IS(T) by v/ Ny and using the Bogoliubov trans-

formation given by Equation (3.11). As a result we get three components.

The zeroth order component,

2

S()(Ak, Awk) = 5(Awk)

> Nafaa(2k)

+ 3 [ faa(AK)[*(ng + Dng(ug +02)* |, (3.19)
q#0

describes elastic light scattering that does not cause excitations in the lattice. In
this expression the first term in the square brackets is the classical diffraction
pattern due to the density distribution, while the second term results from the
number fluctuations in the Bogoliubov modes at finite temperature. If we expand

out the first term using Wannier functions, and keep at most nearest neighbour
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terms, we find Equation (53) of Rist et al. [81]. In that paper the authors described
part of this term as resulting from ‘light-assisted tunnelling’, here, working in the

Bloch basis, this term arises purely from diffraction from the density.

The first order component is

S1(AK, Awr) = No D | fq0(AK)[*6(wq — Awie) (g — vq)* (g + 1)
q#0

+ No Z | fo.a(AK)[*d(wq + Awie) (ug — vg)*ng, (3.20)

a7#0

and describes inelastic light scattering that excites atoms out of, or back into, the
condensate mode. This involves the creation or destruction of quasi-particles with

quasi-momentum q, where the light is frequency shifted by wq.

The second order component involves excitations in two quasi-particle modes

and is
S2(Ak, Awy) = Z (tqup +Vpvq)°| fap(AK)[*(ng + 1)npd(wg — wp — Awi)
a7p,a70,p7#0
1
+3 Z (uqup + upvq>2‘fq,p(Ak)‘2 [(ng + 1)(np + 1)d(wq + wp — Awk)
q7#0,p#0

+ngnpd(wg + wp + Awy)] . (3.21)

Three processes contribute to this component: the destruction of a quasi-particle
along with the creation of a quasi-particle, the creation of two quasi-particles, and
the destruction of two quasi-particles.

In the above description, by working in the Bloch basis and making use of the
Bogoliubov theory in the Bloch basis derived earlier, we have extended other works
on the subject [80, 41, 81] by not making the tight binding approximation at any
point or needing to neglect any terms in the dynamic structure factor. We have

also not restricted ourselves to scattering events within the lowest band, however to
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calculate the contributions from the higher bands we need to calculate the higher
band Bloch functions. We will see in the next section, where we are only concerned
with the angular dependence of the light scattering, that these contributions can

be calculated in a more straightforward manner.

3.4 Angular dependence of light scattering in the
Bogoliubov regime

In the previous section we studied the dynamic structure factor in the Bogoliubov
regime, giving us a description of the amount of photons scattered at a particular
angle at each frequency. In this section we are purely concerned with the angular
distribution of the scattered photons. We have in mind an experiment where laser
light is scattered from the atoms in the lattice and the intensity is examined at var-
ious angles to reveal information about the atoms. In this situation the frequency
information is not measured and instead we measure the static structure factor.
This allows for simplification of the multiple band problem and we will show that
the contribution from the upper bands can be calculated using only information
about the lowest band.

The full expression for the static structure factor, with the band index now

written explicitly, is

S(Ak) = Z <Bill,m18q27m2823,m3Bq47m4>f:;1,ml,qz,mz (Ak)fQ47m47Q3,m3 (Ak)

q1,492,93,94
mj,mz2,mgs,mgq

(3.22)
For sufficiently low temperatures all the atoms reside initially in the lowest band
of the optical lattice, however atoms may be excited to higher bands by scattering
a photon. Examining Equations (3.12) and (3.14) we see that if, for the higher

bands, Eq > NoUq, then ugq ~ 1 and the quasi-particle excitations are essen-
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tially particle-like. This criterion is easily satisfied in the cases we investigate, in
which case the only non-zero averages in the static structure factor sum above are
(bl 0baz .00, 0bas0) and (B, obasmbl, mbas0) = (bl obas,0) for m # 0. We then
have two terms, the first due to light scattering within the lowest band of the

optical lattice, that is
Sy(Ak) = (B obas.0bt obaa0) [ (AK)f (AK) (3.23)
g q1,0Y92,0Yq3,0Yq4,0/Jq1,0,q2,0 q4,0,93,0 )
d1,92,93,94
and the second due to scattering into the upper bands of the lattice, that is
Sy(Ak) = (0 obas.0) 2 (AK)f (Ak). (3.24)
b q1,07493,0//q1,0,q2,m q3,0,92,m
d1,92,93,m#0

This term was neglected in another treatment of finite temperature light scattering
[41], and we will see that this can make a considerable difference to predictions

about the light scattering.

We can calculate the upper band term with the help of the sum rule

Z f;1707q7m(Ak)fq2707q7m(Ak) - 6(:11,(:127 (325)

q7m

which is implied by the completeness of the Bloch functions. Using this relation

we find
Sy(AK) =N = Y (B, 0Das.0) fir 0.q0.0(2K) fas.0,a:0 (AK). (3.26)
q1,92,93

All operators are now in the lowest band and we drop the 0 band index from our

notation.

We can now evaluate all the expectation values using the Bogoliubov theory.

We find that light scattering within the first band is the sum of three components
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Sy(Ak) = Sy0(Ak)+S,1 (Ak)+S,2(Ak). These components result from integrating
over frequency the lowest band parts of the dynamic structure factor components in
Equations (3.19-3.21), and describe the same processes as their respective dynamic
components. The zeroth order component, which does not result in excitations in
the lattice, is
Sgo(Ak) =

(Ak)Ng| + Z | fqq(Ak)| (uf1 + vi)an(nq +1). (3.27)

The first order component, resulting from atoms being excited out of or into the

condensate mode, is

Sp(Ak) = No D [ fo.a( AR (ug = vq)* (2 + 1), (3.28)

q#0

and the second order component is

Sg2(Ak) = Z | fap(AK)[* (uqup + vqup)*ng(np + 1)
q7#0,p#0,97p

b5 S0 UfaplAK)Plugrp + vqtp)? (ngnp + (nq + 1)y + 1)), (329

q7#0,p#0
which results from creation and/or destruction involving two quasi-particle modes.

The intensity due to the interband scattering is given by

Sp(Ak) = N — Z |fq7p(Ak)|2Nq- (3.30)

P.q

In Figure 3.2 we compare how the four components of the static structure factor
vary as a function of scattering angle 6 for ¢ = 0. The static structure factor is
calculated for a two dimensional lattice in the xy-plane illuminated by laser light

propagating in the z-direction, with wave vector kg = 7mz/a. We see that the



42 LIGHT SCATTERING FROM SUPERFLUIDS AND MOTT INSULATORS

(@)

S (8,¢=0)
6| g0 |
10 — Sgl(e,(p=0)
ﬂ f\ S ,(06=0)
10 MM mm — 56.¢°0)

S©,¢=0)
I
Y A

10°

10
-1.5

1500

1000

S©,¢=0)

500

0
-1.5

Figure 3.2: Comparison of the angular dependence of the components of the static
structure factor in the superfluid regime for a 30 x 30 lattice with 2700 atoms.
The lattice strength is 3ER in the x and y directions and 20F in the z direction,
leading to parameters J = 0.11Ex and U = 0.17ER, the temperature is 0.05FEg/kp
and the condensate population is Ny = 2526. (a) Components of the structure
factor on a log scale for ¢ = 0. (b) Inelastic components only.
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classical diffraction pattern is the dominant feature with peaks of order N2, while
the first order and band components are of order N. The second order component
is significantly larger than the first order and band components near Ak = 0, a

behaviour that persists even at T = 0.

The behaviour of the first and second order components reflects the correlations
between atoms in the lattice and quantum interference and enhancement play a role
in determining their structure. We see in Figure 3.2 that the first order component
vanishes as Ak — 0. This phenomenon has been recorded in Bose-liquids [95, 86]
and in an experiment with a Bose condensed dilute gas, where Bragg spectroscopy
was used to probe the structure factor [96]. Here the same processes are at work
and we can understand the vanishing of the first order component as interference
between two scattering channels resulting from the quantum depletion present in

the condensate.

As we have seen in the Bogoliubov description, the s-wave scattering interac-
tion causes perturbations to the ground state |g) of the non-interacting Bose gas.
These perturbations are of the form Z—‘;BLBT_Q| g), containing pairs of perfectly cor-
related atoms with equal and opposite momentum [62]. Light scattering involving
a momentum change Ak = q is then dominated by two channels. The first, a
zero momentum atom scattering a photon and receiving a ¢ momentum kick, and
the second, an atom with momentum —q from the perturbed state scattering a
photon and ending up in the ground state. These processes result in the same final
state and the amplitudes interfere destructively. As g goes to zero the interference
increases, approaching completely destructive interference at ¢ = 0. An interesting
feature of the optical lattice case, as opposed to the uniform Bose gas, is that the
rate at which the first order structure factor goes to zero depends on the ratio of
J to U, which can be tuned by adjusting the height of the lattice or by Feshbach

resonance. By adjusting the lattice parameters and examining the light scatter-
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..

Figure 3.3: (Left) Scheme for collecting photons scattered from atoms in an optical
lattice to measure the temperature of the gas. A stop placed in the centre of the
Fourier plane of the first lens blocks the central diffraction peak. A second lens
collects the unblocked photons which are then detected. (Right) Outline of the
stop on diffraction pattern.

ing at various angles we can see how the depletion, or alternatively how number
squeezing [93], in the lattice changes.

Despite involving two quasi-particle modes, the second order component can
still make a significant contribution to the light scattering. This is due to quantum
enhancement in the higher order scattering [97]. This component relies on the pop-
ulation of non-condensate modes either through depletion caused by interparticle

interactions or finite temperature.

3.5 Temperature dependence of light scattering
in superfluid regime

Both the first and second order components of the static structure factor depend
on temperature and we can use this dependence to observe changes in temperature
[41, 40]. In their recent paper, Ruostekoski et al. [40] proposed using non-resonant
light scattered from fermions in optical lattices to determine the temperature of

the Fermi gas. It is important to test whether their method could also be applied



3.5. Temperature dependence of light scattering in superfluid regime 45

to bosons in optical lattices, as an accurate in situ thermometer would be a useful
experimental tool [98]. As in the scheme of Ruostekoski et al., scattered photons
can be collected using a system of two lenses as shown in Figure 3.3, where the
number of photons detected gives a signal dependent on temperature. As noted
by Ruostekoski et al., the elastically scattered photons have no temperature de-
pendence and placing a stop at the centre of the Fourier plane of the first lens will

improve the signal to noise ratio, by blocking the central diffraction peak.

In Figure 3.4 we plot the temperature dependence of light scattering for a
30 x 30 two-dimensional lattice containing 2700 atoms. Figure 3.4(a) shows the
total number of photons scattered per second over all angles, as well as the total
number scattered inelastically and the number scattered by processes involving
higher bands. The higher band scattering makes up about a third of the total
inelastic scattering and has very small temperature dependence, changing by less
than 0.1% for the temperature range plotted. In Figure 3.4(b) we plot the number of
photons collected N.(T') per second by the lens system as a function of temperature
T. We have assumed that the lens system has a numerical aperture of sinf = 0.5

and the stop blocks light scattered with 6 < 0.06.

As discussed by Ruostekoski et al., the inelastic scattering processes that are
responsible for the temperature dependence of the scattering rate also heat the sam-
ple, and to measure the temperature without perturbing the system significantly we
must limit the number of inelastic events W. Following Ruostekoski et al. we take
W = 0.1N. To measure the temperature to a useful accuracy it is then necessary
to do multiple repetitions 7 of the experiment. The accuracy of the measurement
then depends on the Poissonian fluctuations /7N.(T') of the number of photons
collected in the 7 repetitions. To achieve an uncertainty AT in the temperature
measurement at temperature 7" we then require 7(N.(T+AT)—N.(T)) ~ /TN(T)

[40]. For the experimental parameters discussed above, determining the tempera-
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Figure 3.4: Temperature dependence of scattering from a superfluid state for a 30 x
30 lattices with N = 2700, The lattice has Vy = 3ER in the z and y directions and
Vo = 20Eg in the z direction, leading to parameters J = 0.11Fr and U = 0.17ER.
The scattering rates are determined for the Dy-line of Rb®, with a detuning from
resonance of 20y and laser intensity of I, = 5Wm™2. (a) Number of photons
scattered per second over all angles for (solid) all photons, (dot-dashed) all inelastic
photons and (dotted) photons scattered involving higher bands. (b)(left axis —
solid) The number of photons per second collected by a lens with numerical aperture
0.5 and a 0.06 radians circular stop. (b)(right axis — dashed) Number of atoms in
the zero momentum Bloch state.
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ture to accuracy 0.005E%/kp would require 258 repetitions at kg1 = 0.1Eg and
1005 repetitions at kgT = 0.05FR. The presence of the inelastic higher band
scattering which is temperature independent reduces the efficiency of the measure-
ment, where for comparison if these effects were excluded the number of repetitions

required would be 175 and 661 respectively.

3.6 Perturbation of the Mott phase at zero tem-

perature

We have seen that light scattering from an optical lattice in the superfluid regime is
influenced by the correlations between atoms in the ground state and changes with
temperature. We now examine light scattering from the Mott insulator. This state
is characterised by strong interactions between atoms leading to particle localisation
and one may expect that the characteristics of light scattered from this state will
be significantly different. To examine this situation we apply perturbation theory
in the Mott regime [99], an approach that has been applied to light scattering in a
theoretical work investigating Bragg scattering by Rey et al. [80] and extended in
Rist et al. [81]. In this section we will work at zero temperature and not consider the
contribution from the upper bands, while we consider the effect of finite tunnelling
on the Mott state. We will return to the effects of finite temperature and the full
band structure in the next section.
In the absence of tunnelling (J = 0) for commensurate filling of the lattice,
N/M = ng with ng an integer, the ground state is
0) (bfymo
95") =[] —=10). (3.31)

. no!
. 0

a number state with exactly ny atoms at each lattice site. We can then use pertur-
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bation theory to examine what happens to the ground state when a small amount

of tunnelling is introduced. To first order in J/U the ground state is then

J2 J = i
W) = (1 ~ gt + 1)MZ) 1wy + o > " blh e, (3.32)
G

where the prefactor of |¥y) ensures normalisation to order (J/U)? The ground
state is now the superposition of the uniformly filled unperturbed ground state

and all states where an atom has tunnelled into a nearest neighbour site.

Expanding the atomic field operator in terms of the Wannier site basis gives
the following expression for the dynamic structure factor

S(Ak, Awy) = Y (Wolbh by, [ W) (W, |bF by, [ Wo) f (AK) fj,,0,5,0(Ak)

J2,0,51,0
V,J1,J2,J3,J4

x 5((Ey — Ep)/h— Awy) (3.33)

where |W,) are the eigenstates of the Bose-Hubbard Hamiltonian to first order in

J/U with energy E, and
firm.jan(AK) = /drwm(r — 1, )wn(r —1j,)e B, (3.34)

The overlap between Wannier functions at different sites is very small in the Mott

regime and f;, 0.j,,0(Ak) can be neglected for j; # jo. We then have

S(AK, Awy) = | fo.000(AK)[* D (Wo| [ W,) (W, |2 [ W) e A¥ F3—r)

t?j7l

% 3((Ey — Eo) /B — Awn).  (3.35)

The matrix elements (¥,|n;|V,) in the dynamic structure factor will only be

non-zero when |W,) is the ground state or a particle-hole state, which have unper-
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O\ _ 1 i g0 - _—
turbed form [W;})) = \/mbjbﬂ\lfo ) for j # [. These particle-hole states are
degenerate in the unperturbed Hamiltonian, all having E](.S) — E((]O) = U. To do first
order perturbation theory we must first find a basis of states, \@5,0)) =2 Ciilvin),

for the particle-hole subspace that are diagonal within the subspace with respect

to the operator —J > G ZA);ZA)l This requires that

—ENCy = J(ng+ 1)) Cly+Jngy CYy and Cy; =0, (3.36)
(s, (J,8)

where E is the first order correction to the energy of |®,). For a translationally
invariant system the C%;’s must also fulfill periodic boundary conditions that make
the equations difficult to solve analytically. We proceed by solving these equations

numerically to find the band of excited particle-hole states.
In terms of these states the dynamic structure factor becomes

S(Ak, Awk) = ‘f070,070(Ak>|2 [ngf(Ak)é(Awk)
2

J IR . .
3015 D@V BRI (e — )| S(U + ED) /R~ Awd) ], (3:37)
v b

where

, in?(M;Ak;a/2)
F(AK) — iAk-(rj—r;) _ sin”(M; Ak, 3.38
(Ak) ;e jeg Y sin?(Ak;a,/2) (3.38)

is the classical diffraction pattern from an M, x M, x M, array of apertures with

inter-site separation a in each dimension.

We plot the dynamic structure factor in Figure 3.5 for energy change hAwy
near U using a numerical solution of Equation (3.36) for an 8 x 8 two dimensional
lattice. The light scattering at frequencies near U/h is distributed over a band of
energies that scales with the size of J. The intensity of this light depends on (J/U)?

and is many orders of magnitude smaller than that due to classical diffraction.
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Figure 3.5: Dynamic structure factor in the Mott insulator regime for an 8 x 8
lattice with Vy = 20FR and ny = 1. (a) Angular dependence for ¢ = 0 of the
components with AAwy ~ U. (b) A slice through the function in (a) at 0 = 7/2.
The frequency distribution is plotted assuming a measurement time scale of 70 ms.

3.7 Angular distribution of light scattering from

the Mott insulator

We now look at the angular distribution of light scattering from the Mott insulator
and adapt our approach to allow for scattering to higher bands and scattering at
finite temperature. Again we will assume that the temperature is low enough that
all the atoms initially reside within the lowest band of the lattice. Including all

bands, the static structure factor is given by the expression
S(Ak) = (08 obiymbt i o) 0 e (AK) fir0sm(AK). (3.39)
71,0Y72,m%Y53 m¥Y34,0/J j1,0,52,m J4,0,73,m
J1,J2,J3,J4,m

As in the superfluid case, we can simplify the part involving scattering to higher

bands using the sum rule, this time for the Wannier functions, to get

Sy(AK) =N = Y (b obi,0) f5 0,500 (AK) fr.0,02.0(AK). (3.40)

J1,J2,74
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The description now only involves contributions from the lowest band and we can
drop the band index from our notation. Neglecting the overlap between Wannier
functions at different lattice sites, the contribution to light scattering from the

lowest band is

Sy(AK) = [ foo(AK)[* Y (fyn)e!d Firo (3.41)
4,

and the contribution from scattering involving the upper bands is
Sp(Ak) = N(1 — | foo(Ak)[?). (3.42)

Here we see that when the site overlap is negligible, the contribution from the upper
bands is dependent only on the shape of the site Wannier function and provides no

other information about the atoms in the lattice.

Deep in the Mott insulator regime the angular dependence of light scattering
could be calculated using the perturbation theory of the previous section. However,
as we have seen, perturbing J from zero leads to corrections to the unperturbed
scattering pattern of order M(J/U)? and corrections to the unperturbed energies
of order J [80]. When J < U these perturbations have negligible effects on the
scattering pattern and the scattering pattern is well approximated by that produced
when J = 0. We therefore proceed to calculate the scattering at finite temperature
by assuming J = 0.

To evaluate Equation (3.41) in the Mott regime at temperature 7" we need to
calculate >, (b |fiy|h,)eE/kET | 7 where |¢),) are the eigenstates of the Bose-
Hubbard Hamiltonian with energy E,, and Z = > e~ Pu/kBT i5 the canonical
partition function of the system. Making the approximation J = 0 [100], the
eigenstates are simply number states [{n},) = |{n§“),j =1,..., M}) with energies

>, Ung-u)(ng-u) —1)/2, where the total number of atoms, 3~ ngu) = Mny, is fixed.

For a translationally invariant system, the energy of these number state remains
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the same under any permutation of lattice sites. The eigenstates are then divided
into degenerate groups labelled by v, where |{n},) is a representative eigenstate.
The other members of the group are got by permutations P of the lattice sites,
resulting in g, different states |P{n},) each with energy E,. We can use this
symmetry to evaluate the required matrix elements of Equation (3.41). For each v

we have

> (P{n}|nn| P{n},) b A (3.43)
P{nYo|ivi| P{n},) = 3.43
Gl et v Go(N? — M (n?),) ,
g Moi—1)  ori#l

2
where (n?), = L3 i (ng-v)) is the average over of the degenerate group v. This

then gives

> (Pindalivgiul Pin}o)e 2 — g, [né DTy

il P 4,1
(n?)y —nj ( 2 iAk-(rj— )]
D M=) ek ) | (3.44)
(M —1) ~

Finally we find that the lowest band contribution to the light scatter results in two

terms. The first is the classical pattern due to the average density
Sg(Ak) = | foo(Ak)[*ngF(Ak), (3.45)

and the second term is due to the number fluctuations on each site at finite tem-

perature

BT (%), — n})
(M —1)Z

Sy (k) = |foo(Ak)[2 Y 2 (M? — F(AK)).  (3.46)

For a number of sites of around 50 this formalism allows us to calculate the
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Figure 3.6: Angular dependence of components of the static structure factor in
the Mott insulator regime for a 30 x 30 lattice with ng = 1 and Vi = 25FER in
all directions. The temperature is 0.05Eg/kp (U = 0.66Fg) at which point the
ground state proportion is 0.3. (a) Components of the structure factor on a log
scale for ¢ = 0. (b) Inelastic components only.
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light scattering resulting from all possible excitations. We soon see however, that
in the temperature range where the ground state, [{n; = ng,j =1,..., M}), is still
significantly populated, the only states that play a significant role determining the
scattering distribution are the states involving particle-hole excitations. These are
the states that have ng+ 1 atoms at the sites py, ps, ..., p, and an equal number of
sites hy, ho, . . ., h, with ng—1 atoms. There are g, = M!/(M —2v)!(v!)? states with
v particle-hole pairs and these have energy F, = vU and site number fluctuations
of ((n?), —n3) = 2v/M. Restricting our calculations to just these states allows for

calculations involving much larger lattices.

In the limit 7" = 0 the light scattering is purely due to the classical diffraction
pattern and higher band scatter, no excitation of the lattice occurs within the
lowest band, a major difference from the superfluid phase. We can see why this is
by considering the simple two site case. Switching from the site basis to the lattice
momentum basis using Bq = \/LN_S Zj i)jeiq'rf, we see that the Mott state with filling
factor one is bb5|0) = 1/2((b)? — (b)?)[0), where q = Z(ro —1). Light scattering
involving wave vector change Ak = q occurs by two routes 8260 and B(T)l;q. Each
of these routes takes the Mott state to the same state, but with opposite signs,

and the amplitudes cancel. The lack of excitations is then explained as due to

interference caused by correlations in the lattice momentum distribution.

In Figure 3.6 we plot the components of the static structure factor for a Mott
insulator at finite temperature. The classical diffraction pattern remains the central
feature and does not change with temperature, as in the superfluid case. However,
the inelastic scattering is significantly different from the superfluid case with the
scattering involving higher bands dominant over the other inelastic scattering pro-
cesses, which disappear as T' — 0. In Figure 3.7(a) we plot the ratio of inelastic
scattering in the lowest band to the temperature independent higher band scat-

tering. In this case the ratio does not get above 0.05 while the zero temperature
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Figure 3.7: Temperature dependence of scattering from a Mott insulator state for
a 30 x 30 lattice with ng = 1 and Vjj = 25ER in all directions. The scattering rates
are determined for the Dy-line of Rb®, with a detuning from resonance of 20~y and
laser intensity I;, = 10Wm~2. (a) Ratio of the number of photons scattered by
lowest band inelastic scattering N;,, — N, to the number scattered by higher band
inelastic scattering N,. (b)(left axis — solid) The number of photons per second
collected by a lens with numerical aperture 0.5 and a 0.06 radians circular stop.
(b)(right axis — dashed) Proportion of state in zero temperature ground state.

ground state is still significantly populated.

In Figure 3.7(b) we plot the number of photons collected by the lens system
suggested by Ruostekoski et al. and discussed in Section 3.5. The temperature
independent band scattering greatly reduces the efficiency of temperature mea-
surement, where a temperature measurement at 7' = 0.05E/kp would take over
6500 repetitions to achieve an accuracy of 10%. In contrast without the band

contribution this would have only required 60 repetitions.

3.8 Conclusions

In this chapter we have shown how the correlations in the Mott and superfluid
states are reflected in the way these states scatter light. We have extended previ-
ous treatments of light scattering, where the most significant extension has been

the inclusion of the higher band structure in the scattering process. Using our
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treatment of higher band scattering we have demonstrated that this reduces the
efficiency of temperature measurements using light scattering, particularly in the
Mott insulator case. In future work this treatment could also be applied to the
case for fermions in optical lattices to test whether the temperature measurement
suggested by Ruostekoski et al. also has reduced efficiency when the higher bands

are included.



CHAPTER 4

LIGHT SCATTERING FROM SMALL

OPTICAL LATTICES

In the previous chapter we formed a description of the light scattered from the
superfluid and Mott insulator regimes by using approximate methods that applied
in the extremes U — 0 and J — 0. In this chapter we examine the regime
of small lattices where the eigenstates of the Bose-Hubbard Hamiltonian can be
found directly by numerical diagonalisation. We do this in the first place to provide
a test of the methods we used in the previous chapter and to provide information
about what happens in between the two extremes, which we will look at in the first
part of this chapter.

Small lattices are also potentially important in their own right, particularly
given that we are interested in creating entanglement between incoming light and
the atoms in the optical lattice. Scattering individual photons off a lattice contain-
ing only a few atoms leads to a significant change of the atomic system, whereas
for a system with a large number of atoms this only causes a small perturbation.

With small lattices we are then able to see strong conditionality between consec-
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utive scattering events, which we investigate in the second part of this chapter.
We see this as a starting point for future work investigating light scattering and

entanglement in arrays of small lattice systems.

In this chapter we numerically diagonalise the Bose-Hubbard Hamiltonian for
an atomic system with fixed particle number N. The Hilbert space in this case is
spanned by (M + N — 1)!/[(M — 1)!N!] basis vectors, for a lattice with M sites.
The size of the basis grows rapidly with N and M; in the limit N = M > 1,
increasing both M and N by one increases the basis size by a factor of four. This
means that numerical diagonalisation rapidly becomes intractable using current
computer technology. Nevertheless, for lattice sizes such that N, M < 12 we can
find numerical solutions for the ground state and a number of excited states of the

Bose-Hubbard Hamiltonian.

4.1 Comparison with approximate methods

The numerical exact solution of the Bose-Hubbard model allows us to examine how
well the perturbative treatments used in the previous chapter predict the distribu-
tion of light scattering. In Figure 4.1(a) we compare the scattering distributions
calculated using the numerical diagonalisation and the Bogoliubov method for a
one-dimensional lattice with N = M = 9 at finite temperature. We see good agree-
ment between the scattering patterns produced. In Figure 4.1(b) we compare the
distributions after subtracting the parts resulting from classical diffraction and the
higher bands. We see that the Bogoliubov treatment has an erroneous contribu-
tion at Ak, = 0. This is because the Bogoliubov treatment used is not number
conserving and leads to fluctuations in the total number of atoms. We expect a
number conserving treatment [87, 88, 89, 90, 9] would lead to better agreement

here. The difference at Ak, = 0 does not affect the predictions made about the
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Figure 4.1: Comparison of structure factors calculated for a one-dimensional lattice
with N = M =9 using (blue) the numerical solution of the Bose-Hubbard model
and (green) the Bogoliubov treatment. (a) Full structure factor. (b) Structure
factor minus the classical diffraction pattern F(Ak,) and the contribution from
higher bands. For the Bogoliubov theory the remaining components are the first
and second order contributions shown by the green line. The red dashed line shows
just the first order term. Parameters used are T = 0.0035Eg/kp, U/J = 0.48,
Vo = 15 and the Bogoliubov treatment gives a condensate population of 8.1 atoms.

temperature measurement in Section 3.5, as this contribution is removed by the
stop. Note that in Figure 4.1 V; is artificially high to remove differences in the
comparison resulting from the use of the Bose-Hubbard Hamiltonian, which makes
the tight binding approximation, for the exact diagonalisation and the use of the
full Bloch description in the Bogoliubov treatment. The system is kept within the

Bogoliubov regime by making the scattering length artificially low.

In Figure 4.2(a) we compare the structure factors in the Mott regime calcu-
lated using the numerical diagonalisation and the perturbative Mott treatment
from Section 3.7. Figure 4.2(b) shows the contribution due only to the finite
temperature excitations above the zero temperature ground state. We see good
agreement, suggesting our method of calculating the temperature dependence of

the light scattering in the previous chapter will produce results with good accuracy.
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Figure 4.2: Comparison of the structure factors for a one-dimensional lattice
with N = M = 9 in the Mott regime calculated using (blue) the numerical so-
lution and (green) the perturbative Mott treatment. (a) Full structure factor.
(b) Contribution due to finite temperature excitations only. Parameters used are
T =0.037Eg/kp, U/J =51, Vo = 17 and the proportion of the atoms in the zero
temperature ground state is 0.84.

4.2 Angular distribution of light scattering

Using the numerical solution of the Bose-Hubbard model, we can now examine light
scattering behaviour over a full range of U/.J values, from the superfluid regime near
U/J = 0, to the Mott regime where U/J > 1. In Figure 4.3 we plot the scattering
distributions for two different experimental methods of changing the ratio of U/.J.
The first, in the top row of the figure, shows how the distribution changes as we
vary the s-wave scattering length. This results in U/J changing while the site
Wannier function of the lattice remains constant and can be achieved by Feshbach
resonance [13]. The second method involves changing the lattice height V{, which
leads to a simultaneous change of U/J and the width of Wannier function. The
change in the angular distribution for this scenario is shown in the second row of
the figure, where, compared to the previous scenario, we see a narrowing of the
distribution for low V; when the Wannier function is widest. In both cases we see

a smooth transition between the patterns in the superfluid and Mott regimes, with
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Figure 4.3: Angular dependence of scattering for a one-dimensional lattice with
N=M=9atT =0 as (top) U/J is varied while keeping Vj = 15 constant and
(bottom) while V is adjusted. On the right we show the overlap of the ground
state with (blue) the U = 0 superfluid state and (green) the U — oo Mott state.
In the bottom right plot we also show the value of U/J for comparison purposes.
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no new features appearing in between.

4.3 Dynamic light scattering

Up until now, our theory has assumed that the light scattering pattern can be
calculated using the static structure factor for a particular state. The underlying
assumption has been that, following each light scattering event, the state of the
atoms remains essentially unchanged and the next scattering event will occur with
the same distribution. This approximation is valid if the number of atoms is so large
that light scattering only perturbs the state slightly, or the scattering experiment
is repeated a number of times for the same initial state and only a few photons
are scattered in each realisation. For a small lattice, the change to the many-body
state caused by each light scattering event will be significant, and we cannot expect
the static structure factor to produce an accurate description if more than a few

photons are scattered.

Here we investigate the effect of consecutive photon scattering events on the
many-body state in a small lattice. To do so we extend the method used by Rau
et al. to study the localisation of two particles in free space as a result of light
scattering [101]. Rau et al. showed that, for a two particle system, scattering a
photon followed by detection of the photon in the far field resulted in relative
localisation of the two particles’ coordinates. Consecutive scattering events then
led to the particles becoming increasingly well localised over time. This can be
understood as each scattering and detection event revealing information about the
relative position of the two particles and the series of scatterings and detections
pushing the state towards an eigenstate of the light scattering measurement. We

will see that a similar process occurs for atoms in an optical lattice.

To make the treatment of dynamic scattering tractable for optical lattices we
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neglect scattering out of the lowest band and also the overlap of neighbouring Wan-
nier functions. The effect of the latter approximation on the scattering distributions
is small for Vi > 5 and decreases as Vj increases. Neglecting the band structure
becomes a more accurate approximation as either Vj increases or as the wave vector
of the light becomes small compared with the wave vector of the optical lattice.
This becomes a very good approximation in the case of matter wave scattering
[102], where energy conservation restricts the atoms from receiving enough energy
to get out of the lowest band. We also restrict the system to a one dimensional
lattice in the z-direction and only consider photon scattering within the zz-plane,

where the initial light propagates along the z-axis.

4.3.1 Effect of scattering on the many-body state

We proceed by examining the effect on the many-body state of scattering events
where the photons are detected in the far field. The scattering and detection
events are assumed to have a definite time ordering, so that the mth event results
in a new state of the atomic system |¥,,). Working again with the number state
basis, |{n}.) = |{n§u),j =1,...,M}), where n§»u) is the number of atoms at site
7 and u uniquely identifies each basis state, the system state can be expanded as

V) =2, c&m)\{n}u) First order scattering of a photon from this state leads to

the new state

) [ apr(e) Y e i
S el g [ 10 e Ol (4.1)

where 1(0) = [ dre™® O|w(r)|?, Ak(f) = ko(—sin6,0,1 — cosf) and |6) is the
plane wave state that would result in a photon being detected at an angle 6 from

the z-axis in the far field. Detection of a photon at angle 6 then occurs according
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to the probability density

2
2
g m —ir;- u

J

Following a detection at # the many-body state is projected into the new state

1 .
Upnir) = —= D> My~ e akOp iy ), (4.3)
VN & &

where A normalises the state.

This suggests an iterative process where we calculate the scattering distribution
for a state, then choose a random detection event according to that distribution and
find a new state using Equation (4.3). These steps are then repeated to simulate
the effect of multiple scattering and detection events on the many-body state. The
effect of this process can be seen by examining the projection in Equation (4.3).
We note that the number basis states are eigenstates of the projection, and the
scattering process will preserve any state that begins in a basis state. Moreover,
some of the basis states produce the same scattering pattern, for example in the
N = M = 3 case, |201) and |102) result in the same light scattering. Superposition
of these states are partially preserved by the projection, in that the weight of
each state in the superposition remains the same after scattering but the phase
relationship is changed. For initial states that are the superposition of all the
basis states, the projection gives higher weight to the basis states where ny, = N,
for some lattice site s, and all other sites have zero occupancy. A sequence of
scattering events with 6 # 0 then leads to a superposition of these states in the
limit m — oo. This is because these states have the most uniform scattering
distribution and scattering at any nonzero angle makes it more probable that the
atomic system is in one of these states.

The story does not end here however, as noted by Rau et al. events where
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photons are not scattered also reveal information about the many-body state and
must be taken into account [101]. Following Rau et al. we introduce an unscattered

term so that the state after the interaction becomes

> M {n}y) (A 0) + ¢_ / dor(o Ze—ﬂvkosm(@ () |9>) (4.4)

where we have introduced the unknown variable A, as the coefficient of the un-
scattered state |0). To find A, we note the total number of photons going into
the system must equal the number coming out, that is, the probabilities of non-
scattering and scattering must sum to one, or equivalently the state in Equation

4.4 must be normalised. This implies that

2
](6) Z e—irjko sin(G)ngu) ; (45)

J

g2
A= |1- 2mv2/ d

where we have neglected the cross term between the non-scattered part and scat-
tered part at & = 0. The cross term is proportional to the angular width of the
unscattered state and can be made arbitrarily small by increasing the distance to
the detector. The probability of a non-scattering event occurring for many-body
state |U,,) is then

PNS — ZWA 2. (4.6)

Detecting a non-scattering event projects the state into the new state
Wins1) = M Au{n}u). (4.7)
\/_ Z

This projection favours basis states that produce less uniform scattering patterns
and hence works in the opposite direction to the projection following a scattering

event. As we will see this prevents the system from always ending in states with
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all the atoms on one site.

The dynamic scattering process can now be simulated by the following proce-
dure. Taking the initial state, we calculate the probability of non-scattering using
Equation (4.6). A pseudo-random number is then generated to determine if non-
scattering occurs. If it does then the projection in Equation (4.7) is applied. If
instead scattering occurs then the random number is used to determine the angle
of scattering according to the probability density in Equation (4.2). The state is
then projected using Equation (4.3). In either case the many-body state is then

normalised and becomes the input state and the process repeats.

4.3.2 Dynamic scattering from a 1d lattice

To examine the dynamic process we look at the simple case of a three site lattice
containing three atoms. In this case there are only ten basis states making it
straightforward to track the development of the many-body state. In Figure 4.4
we show one realisation of the dynamic scattering process for the three site lattice
in the superfluid regime. For this example we have set the coupling constant
g = 0.1 and as a result the vast majority of detection events result from non-
scattering, however it only takes a few scattering events for the system to start
favouring a particular final state. In this example the many-body state progresses
toward a superposition of the states |201) and |102), two states which produce the
same scattering pattern. As discussed above, continued scattering from this end
superposition does not change the constituent basis vectors but does change the
phase of the superposition. In Figure 4.4(c) we see that detection of a photon at
non-zero angle quickly reduces the overlap of the many-body state with the original
ground state. We see that the overlap makes quantum jumps when a scattering
event occurs and gradually evolves due to non-scattering events.

By repeated simulation of the dynamic scattering process, we find that the
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Figure 4.4: Development of an atomic state caused by 3000 scattering events for a
lattice with M = N = 3. (a) Modulus squared of the basis coefficients of the state
|W,,) . (b) Detected events. (c) Overlap of the many-body state with the initial
ground state |¥y). Parameters used are U/J = 0.05, g = 0.1 and ko = 7/a.
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simulations all settle into an end state after a number of scattering events. The
end states are always superpositions of eigenstates of the scattering projection that
produce the same scattering pattern. For the N = M = 3 cases there are four
types of end state: (1) superpositions of |300), [030), and |003), (2) superpositions
of [210), [120), |012) and |021), (3) superpositions of [201), and |102), and (4) |111).

In the Mott insulator regime the initial ground state is dominated by the |[111)
basis state and the most likely outcome of the dynamic process is to drive the
state completely into the |111) state. In other words light scattering preserves the
Mott state. In fact we find that the probability the end state of the dynamical
scattering process is |111) is equal to [(111|Wg)|?, where |¥;) is the initial state.
This generalises for final states that are superpositions, for example the end state
superposition of basis states [201) and [102) occurs with probability |(201|®¥o)|* +
|(102|Wg)|*. In Figure 4.5(a) we plot the proportion with which each possible final
state superposition is represented in an ensemble of 10000 simulations for various
values of U/J. We see that the proportions match the initial probabilities of finding
the relevant basis states in the initial ground state. The Mott state almost always
ends in the |111) state, while for the superfluid, the end states are distributed across
all possible outcomes. These results are independent of the coupling parameter g,

which only affects the rate at which the state approaches an end state.

Because the final state proportions are the same as the initial basis state prob-
abilities, we expect that the photon intensity distribution will equal that given by
the initial ground state structure factor if we average over an ensemble of scat-
tering experiments. This occurs even though the initial state can be completely
changed in the scattering process. In Figure 4.5(b) we show the photon intensity
distributions for two systems, one in the superfluid regime and the other in the
Mott regime, for an ensemble of 10000 scattering simulations with 1000 detection

events each. The photon intensity distributions for each ensemble match the struc-
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Figure 4.5: (a) Proportion of 10000 simulations that end in a final state super-
position of (1) [300), |030), and |003), (2) |210), [120), |012) and |021), (3) |201),
and |102), and (4) |111) at various values of U/.J. The initial probabilities of find-
ing these basis states in the initial ground state as shown by the diamonds. (b)
(points) Number of photon detections N4(6) after 10000 simulations of 1000 de-
tection events each, where the angular range is divided into 600 bins for photon
counting. (lines) Scattering distributions predicted by the structure factors of the
initial ground states. Parameters used are g = 0.5 and kg = 7/a.

ture factors for the initial ground states, despite that in the superfluid case the

individual realisations do not give the correct distribution.

4.4 Conclusions

Investigating light scattering from small lattices where the Bose-Hubbard model is
exactly solvable has allowed us to test our earlier predictions about light scattering
from the superfluid and Mott insulator regimes. We have seen that for small number
of atoms the mean field and perturbative techniques compare well with the exact
diagonalisation. Furthermore, this has allowed us to examine what happens across
the transition from superfluid to Mott insulator, where we have found that the
light scattering pattern smoothly changes between the two regimes without any

new features occurring.
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Working in the small lattice regime also raises the question of how the lattice
changes after a photon is scattered and detected. We have created a model of
the dynamic scattering and detection process, which shows how this pushes the
atomic system towards eigenstates of the light scattering measurement process.
In some cases this leads to superpositions of the atomic states. This treatment
has shown that the light scattering distributions can be predicted by the static
structure factor, even when the initial state is significantly perturbed, provided the
experiment is repeated a number of times.

In our treatment of the dynamic scattering we have not included the effect
of time development due to the atomic Hamiltonian, on the assumption that the
light scattering process occurs on a time scale short compared to the tunnelling
and interaction time scales. In future work this could be taken into account by
evolving the system using the atomic Hamiltonian in between the light scattering

events.



CHAPTER 5

QUANTUM IMAGING OF SPIN STATES

IN OPTICAL LATTICES

As experiments with optical lattices have advanced, atomic spin has become an
important variable [20], and new ways to probe spin distributions must be inves-
tigated. Analysis of noise correlations has been discussed as a method of char-
acterising spin states [103], along with quantum polarisation spectroscopy, which
provides a non-demolition measurement of the gas’s bulk properties under certain
conditions [34, 35, 36]. Light scattering observed in the far field has been consid-
ered as a method of measuring the Fourier transform of the spin distribution [104],
and light scattering has been proposed as a probe of fractional statistics in a Fermi
gas in a one dimensional optical lattice [105, 106].

Here we consider imaging the spatial atomic spin distribution while the atoms
remain in situ, avoiding the destruction of the atomic sample that occurs in time-
of-flight imaging. In particular we look at off-resonant light scattered from the
atoms, which is then collected by a microscope to form an image on a detector.

We consider incoming light from coherent beams and also from spatially correlated

71



72 QUANTUM IMAGING OF SPIN STATES IN OPTICAL LATTICES

beams. Where in the latter case we build on the ideas developed in the field
of quantum imaging [107, 65, 44] to show how the resolution of images can be
enhanced and how spatial correlation functions of the atomic spin distribution can
be measured. These concepts become increasingly useful for optical lattices where
the lattice spacing is often similar to the wavelength of the probe light and coherent

imaging becomes less useful due to the diffraction limit.

5.1 Interaction between light and atomic spins

For our imaging proposal, we restrict our attention to off-resonant light scattering
from alkali atoms, which we described in Section 2.1. As discussed in Hammerer et
al. [42] and Appendix 2.B, the polarisability tensor can be decomposed into three
irreducible components of rank zero, one and two. The rank zero term leads to a
spin-independent interaction, which does not play a part in the imaging interactions
we consider here. The rank one term is responsible for the Faraday effect and is the
interaction we use for imaging. The rank two term also leads to a spin-dependent
interaction but is typically at least an order of magnitude smaller than the second
term and goes to zero as the detuning increases (as shown in Appendix 2.B), and
we neglect it here.

Recalling the rank one component from Equation (2.15) the interaction is

o —al(Ag/g)/drﬁ(r) (B (@) x BT ). (5.1)

Here p(r) = >, .. \ifin2(r)(Fm2|]§‘/h|Fm1>\ifm1(r) is a vector operating on the
atomic spin and a;(Ag)s) is the detuning dependent coupling constant given by
Equation (2.44).

This effective interaction Hamiltonian describes light scattering from the in-

coming beam, where photons scatter from the atoms in the lattice and take away
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Figure 5.1: Imaging scheme. Light propagating in the z direction interacts with
atoms in an optical lattice, then passes through a diffraction limited two lens system
and is detected at the focal plane of the second lens.

information about the spin distribution. These photons can then be imaged onto
a detector as shown in Figure 5.1. To make calculations for this system practi-
cal however, the full three dimensional, multimode interaction Hamiltonian must
first be simplified. In considering this type of imaging our primary concern is the
spatial description of the light as it interacts with the atoms in the optical lattice
and propagates through the system. With this in mind, we assume the photons in
the light field are approximately monochromatic with frequency w. We also con-
sider one-dimensional optical lattices in the z-direction, with the result that the
useful variation in an image is also in the z-direction. The system can then be
approximately described by a light field that only varies in two dimensions, x and
z. Numerical calculations of images for three dimensional systems show that this
simplified theory captures the nature of the imaging process well, and provides a

good model for images integrated over the y-direction.

Tsang describes the quantization of a two dimensional electromagnetic field
in the monochromatic approximation [73]. We generalize Tsang’s formalism to

include both possible polarizations, in which case the slowly varying electric field
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operator becomes

Ef(r,2)=i) \/g /_ zm(m)aa(n)eg(K)emwkz—ﬁza (5.2)

where n = hk/(2¢0L,T), v(k) = (1 — k?/k*)"Y* and k = w/c = 27/\. The
parameters 7 and L, are the interaction time and extent of the light field in the
y-dimension respectively, which enter the formalism as part of the two dimensional

approximation [73, 108].

The operators (k) and ay(x) destroy photons with wave vector kX + kz/v(r)?
and polarization vectors €;(k) = X/v(k)? — kz/k and €y(k) = ¥ respectively. They
obey the commutator relation [d, (), a, (k')] = 0(k—k')dgq. Using these operators

we can define the N-photon momentum eigenstate [73]

Kiy... '%n>1 X |K,n+1, Ceey /€N>2 =

;&T K dT K &T p &T y
N )] 1(k1) - a1 (Kn)a3(Fnsa) - - a3(kn)[0), (5.3)

which has n photons with €;-polarization and N — n photons with e;-polarization.
These states can then be used as a basis for the general states |¢,n, N —n) that
have n photons with €;-polarization and N — n photons with e;-polarization. We

have

k
|¢,n,N—n) :/ d/‘ﬁl---dHN¢(/f1>---,/‘?N)|/€1,---/€n>1®|/‘fn+1,---,/’€N>2, (5-4)
—k

where we refer to ¢(ky, .. ., ky) as the momentum amplitude of the N-photon state.

We suppose the atoms are in an optical lattice in the z-direction with uniform
site separation a and expand the atomic field operators in terms of lowest band

Wannier functions W, (r) = 3 i b;mw(r — 1;), which we assume are not dependent
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1

on the spin state of the atom". The operator lA)j,m destroys an atom with spin m

at lattice site j, centred at r; = (z;,0,0). We assume the lattice is strong enough
so that the Wannier functions have negligible overlap between neighbouring sites,

in which case the spin operator becomes

= 37 Jwe 1) P by, (Fmaf B/ R Fin). (5.5)

Jymi,m2

Integrating over y and z then gives a vector operator dependent only on z
plo) = [ dydzpir) (5.6)

In terms of this spin operator and the two-dimensional electric field the effective

interaction Hamiltonian becomes

H=

In deriving Equation (5.7) we used the approximation
/dydz\w(r ) e V/F PR /dydz|w(r C 1) = wle— ;) (5.8)

which is very good for the imaging scenarios we consider, where the Wannier func-

tions are confined in the z-direction tightly compared to the variation of the electric

IScattering involving higher bands can be neglected here because our images are formed from
photons scattered in the forward direction, where the higher band scattering is minimised and
dominated by elastic scattering.
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field in the z-direction.

Furthermore, for the imaging parameters we consider, the term proportional to
p(x) -z = p.(x) in the effective Hamiltonian is much larger than the others and
determines the dominant features of the images. In the following we neglect the
other terms in our theoretical description. These terms lead to small changes that

can be easily calculated and are included numerically in the calculations used to

produce our figures.

5.2 Light scattering and N-photon imaging

Having derived a description of the interaction between the atomic spins and the
light field, we now consider how this interaction leads to light scattering and how
the scattered light can be used to image the spin distribution. Taking the atomic
spin quantization axis to be z, the spin operator in the z-direction is diagonal in
atomic spin, that is p.(z) = Y, p. jlw(z—w;)|?, where p. ; = 37 mi;, and 7, =
lA);mI;]m The atomic evolution in the optical lattice due to intersite tunnelling
and atom-atom interactions occurs on a time scale of order of the inverse recoil
frequency [18]. We will assume that the duration of the light matter interaction
is short compared to this time scale and neglect the atomic evolution during the
interaction. First order perturbation then mixes the original state of the atom-

photon system |¢) with

k
/ dx /_ dradipe (1) <ZEZ§&1(K1)@(@) - ZEZS&@(M)@(@)) )

(5.9)

This first order scattering process transforms the initial momentum amplitude

of the photons ¢;(k1, ..., ky) into the scattered distribution ¢4(k1,...,kxyN). The

imaging system in Figure 5.1 then maps the scattered momentum amplitude to a

new momentum amplitude at the detector ¢4(k1, ..., ky). Due to the finite extent
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of the lenses in the imaging system, the transverse momentum of the photons
reaching the detector is restricted to a finite bandwidth, such that |k| < k; = ksin 6
where sin 6 is the numerical aperture of the optical system [75, 109]. This limit,

which corresponds to the Rayleigh-Abbe diffraction limit, requires

0 if any |k, > K
Ga(k1, -, kN) = (5.10)
¢s(K1,...,ky) otherwise,

where for simplicity we have let f; = fs.

We now have a description of the N-photon state at the detector and we are left
with the problem of extracting useful information from this state. A measurement
of the intensity of the light at the detector provides the simplest form of image,
but does not make full use of the multiphoton state. Using an N-photon absorb-
ing material that creates a signal when all N photons arrive at the same point
allows us to make better use of the N-photon nature, but may be subject to low
efficiency [73]. Recently, as discussed in Section 2.3, it was demonstrated by Tsang
that intensity measurements at the detector followed by post-processing can reveal
similar information to N-photon absorption [75]. As this method does not rely on

the photons all being coincident at a single point it has much higher efficiency.

The variable required in these measurements is the N-photon intensity dis-

tribution, I(z1,...,zx) = 20'17...,O'N<E~I_ (xn) ... E; (1) Ef (1) .. E;’N (xn)). At

ON

the detector for the state |¢,n, N —n) this is given by

I(zy,...,on) = Y 0V [a(P(zy, ... 2n) (5.11)
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where the sum is over all coordinate permutations P and

1 k el
Ya(xy,. .., xN) = W/kdm...dmvexp (ZZFLnSL’n>
- n=1

X Y(K1) ... Y(kN)Ga(k1, ... ky)  (5.12)

is an N-dimensional transform of the momentum amplitude. The transform of
the input light ¥;(z1,...,zy) is defined in the same way. Note that if all photons
are in the same polarization state, the momentum amplitude must obey bosonic
symmetry so that ¢(..., Kp, . Kmy--.) = O oo Ky ooy Ky - . .) for all nand m.
In which case (x4, ..., xy) must obey the same symmetry and is invariant under

coordinate permutations.

5.3 Coherent spin imaging

Before studying multiphoton imaging, we first look at the image created by coherent
laser photons scattering off the atoms in the optical lattice. We suppose the photons
enter the system with €5 polarisation and momentum amplitude ¢;(x). First order
scattering according to Equation (5.9) will then result in €;-polarised photons with

a momentum amplitude that depends on the atomic field operators,

K L ' & | dey(s)e™ =% (k) pa (2
0.6) = = [’ [ dor ()60, (o) (5.13)

Here, because light scattering off the atoms results in an orthogonal polarisation,
the unscattered light can be filtered out and we can detect an image due only to

the scattered light [104]. The intensity distribution at the detector will then be

I(x) = n{g}(x)a()) (5.14)
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where

a(z) = \/% /_Z dry(K)ps(K)e™ = 2k, / da'sinc(ry(z — 2')) (') p.(2'). (5.15)

The result is a diffraction limited image of the spin density weighted by the photons
original spatial distribution. The integration over the sinc function in the image
amplitude 14(z) blurs the image, but has the useful side effect that the image

depends on the spin correlation function (p,(z")p.(z")).

5.4 Two-photon spin image

We next consider the scattering of a two-photon state from the atoms in the optical
lattice and the resulting two-photon intensity distribution. We take the initial
state to have one €;-polarised photon and one €;-polarised photon, then first order
scattering from this state will result in a state with two photons with the same
polarisation. The photons in the final state will then be indistinguishable and
knowledge of which photon was scattered is lost. Using polarisation filters or beam
splitters, we can then detect only two-photon states with two photons in the same
polarisation state. The resulting image is then due to pairs of photons containing
one scattered photon and one unscattered photon. If we filter out es-polarised

photons, the two-photon intensity distribution is

I(x1,22) = (Ey (21) By (22) EY (22) EY (21)) = 20° (W} (w1, 22) (21, 72))  (5.16)

where

Ya(x1, 29) = \/im/d:cﬁz(x) (sinc(ki (1 — )i (22, ) + sinc(ky(xg — 2))i(21, ) .
(5.17)
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The amplitude 4(z1, x2) consists of two terms resulting from the two indistinguish-
able paths the photons could have taken to reach z; and x, that is, the scattered
photon reaching z; and the unscattered photon reaching xo and wice versa. For
simplicity, here we have assumed that the photon source is also limited in transverse

momentum by x;.

The use of two-photon absorption imaging can now lead to higher resolution
than that of the coherent spin image discussed in the previous section. If the initial
two-photon state is generated by parametric down conversion, then the transverse
momenta of the photons is typically anti-correlated [110]. If we take the initial
momentum amplitude to be approximately ¢;(k1, ko) = 0(k1+ ko) for |k1], |ka| < Ky
and zero elsewhere, then the spatial distribution is ¢;(z, 2") = rsinc[x;(x — 2’)] /7.

In this case the two-photon absorption image depends on the amplitude

2
¢d($1,$1) = \/ifﬁ

j/dxﬁz@gsnuﬁ(mmxl-x)y (5.18)
Comparing this with the coherent imaging amplitude in Equation (5.15), we see
that using two photons here results in the sinc function being raised to the power
of two, allowing an image with higher resolution. In general for an N-photon state

this type of imaging results in an improvement in resolution that scales like v N

[107].

A two-photon absorption image requires two photon detectors. A more efficient
way to acquire the resolution improvement is to calculate the centroid distribution
of the two-photon intensity distribution [75]. In place of the Cartesian coordinates
we can express the system in terms of the centroid and relative positions of the two

photons
T, + X9
2 )

X = €= . (5.19)

For the parametric down converted source described above the centroid probability
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Figure 5.2: Normalised images of a lattice containing atoms all in the m = 1 state
with a defect. a) The lattice spin density to be imaged. b) The coherent image.
¢) The two-photon absorption image. d) The centroid distribution for the two-
photon intensity distribution (Equation (5.20)). e) The centroid of the two-photon
amplitude (Equation (5.23)). Here the lattice site separation is a = 0.9, the lattice
strength is Vy = 30Fg and the imaging system has numerical aperture sin 6 = 2/3.



82 QUANTUM IMAGING OF SPIN STATES IN OPTICAL LATTICES

distribution (unnormalised) is

/dam%¥+aX—£WAX+aX—f»=
8(%[)4

2

/ dadx'{p.(2)p. (') K (X, x,2"), (5.20)

where

K(X,2,2) = / desine(ri(X + € — 2))sine(r(X — € — 7))

x sinc (k) (X + & — 2'))sinc(k (X — € — ). (5.21)

The resulting image has a similar resolution improvement to the two-photon ab-
sorption image, but is expected to be simpler to obtain in an experiment.

If we could measure the amplitude (¢(z,x9)) directly, for example by spatial
quantum state tomography [111], then the centroid measurement applied to the

amplitude would result in an image with higher resolution still. Using the identity

/_00 dxsine(b(x + y))sinc(b(z — x)) = %Sinc(b(y + 2)) (5.22)

[e.9]

the probability distribution (unnormalised) of the centroid becomes

2
= 8k}

2

’/%wa+ax—o> [asttapsineenx—a) . 62)

The factor of two is now inside the sinc function, leading to a factor of two resolution
improvement over the coherent case. However, the requirement for quantum state
tomography means that this would be significantly more difficult to achieve in an
experiment.

In Figure 5.2 we compare the various possible images described above. The

images are of an optical lattice with a single m = 1 atom at each site except for a
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missing or m = 0 atom at x = —a/2. The lattice site separation is 0.9 times the
wavelength of the imaging light and the optical system has a numerical aperture of
2/3. For these parameters the coherent image allows the identification of the defect
in the optical lattice filling, but does not resolve the individual sites. The two-
photon absorption image and the centroid of the two-photon intensity distribution
both resolve the individual sites. The centroid of the two-photon amplitude resolves

the sites with an improved visibility.

The precise resolving power of each image type depends on the lattice proper-
ties, but a rough guide is that in the coherent image it becomes difficult to resolve
individual sites for site spacings below a ~ A/ sin @, while for the two-photon ampli-
tude centroid this limit is halved. For the two-photon absorption and two-photon
intensity centroid images individual peaks associated with each lattice also develop
around a ~ A/(2sinf), as in the amplitude centroid image, but the visibility of

these peaks is lower than for the amplitude centroid image.

5.5 Images of example spin states

We now apply our imaging proposal to example spin states of atoms in an optical
lattice. For an optical lattice with a single spin-1 atom at each site, the ground
state potentially consists of dimers [112]. This occurs when neighbouring sites form
a spin singlet (total spin equal to zero). Denoting site j’s spin states m = +1,0, —1
by |+);,]0); and |—); respectively, a dimerised state of an M-site lattice (M even)

is represented by

M/2

1
g ﬁ (14251 =)2j-1 + [=)2j[H)25-1 = 10)2;|0)2j-1) - (5.24)

The coherent imaging intensity can be rewritten in terms of the site correlation
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functions as

I(z) = Ak} Y (pejpen) (2 — 2)) f (2 — 2,) (5.25)

jir
where

flz) = /dx’|w(x’)|2sinc(/<al(x —a')) (5.26)

is the image amplitude resulting from the lattice site Wannier function. For the
dimer case (p2;) = 2/3, (ps2j-1pz2;) = —2/3 for integer j and (p.;p.,) = 0

otherwise. The intensity then becomes

o M/2

- Z (2 — wgy1) — flx — ). (5.27)

From this form we see that the atomic correlations lead to interference in the
resulting image. In particular, at the centre of each dimer pair, x = (wg;_; +
T9;)/2, the contribution to the image from the atoms in the dimer at z9;_; and
xg; cancel, and we are left with a background intensity due to the other atoms.
This cancellation leads to local minima in the image at the centre of each dimer
pair. The cancellation does not occur at = (z2; + x9;+1)/2 between atoms from
separate dimers. For a lattice spacing a < 1/(2sin#) the images of sites 2j and
2j + 1 are no longer resolved and merge at © = (x9; + 22j41)/2 to form local
maxima. Thus, below the diffraction limit, the image is an oscillation with double
the spatial period of the lattice due to the paring of atoms. This pattern persists

until oscillations with double the lattice period can no longer be resolved.

Another potential state of the spin-1 chain is a trimerised state, where three
neighbouring sites form a singlet [113]. A trimerised state of an M-site lattice (M

multiple of three) is

M/3
®% (| +0=); + [ =+40); +[0—=+); = |+ —=0); = [0+ —=); = | = 0+);) (5.28)
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Figure 5.3: Normalised coherent (left column) and two-photon intensity centroid
(right column) images of an 18 atom spin chain in the (a-b) unpolarised state, (c-d)
dimer state and (e-f) trimer state. The images are for a lattice spacing a = 0.4\
and the optical system has numerical aperture sin = 1/2.

where \m1m2m2)j = |m1>3j_2\m2)3j_1|m3>3j. In this case <,52’]> = 2/3, <ﬁz,3j_2ﬁz73j_1> =
<ﬁz,3j—2ﬁz,3j> = <ﬁz,3j—1ﬁz,3j> = —2/6 for integerj and <,6z,j,62,7“> = (0 otherwise. The

coherent image intensity then becomes

+(f(z — x35-1) — f(z —237))%) . (5.29)

As in the case of the dimer, the atomic correlations lead to interference in the
image. In this case the interference results in an oscillation with three times the
spatial period of the lattice, with local minima at the centre of each trimer and

maxima at the points between separate trimers.
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The same effects occur in the two-photon images of both the dimer and trimer,
but due to the greater resolving power they are visible for smaller lattice site
spacings. In Figure 5.3 the coherent and two-photon intensity centroid images of
the the dimer and trimer states are compared with the unpolarised state that has
(=) =0, (p2;) = 2/3 and (p. ;p.,) = 0 for j # r. The images are generated for
parameters where the dimer oscillations become difficult to resolve in the coherent
image. The dimer oscillations in the coherent image become unresolvable for lattice
spacings below a ~ 0.2)\/sin @, whereas the oscillations in the two photon image
become unresolvable at a ~ 0.14\/ sin 6. The oscillations in the trimer state become
unresolved in the coherent image below a ~ 0.16A/siné, and in the two-photon

image below a ~ 0.1\/sin 6.

5.6 Spatial correlation measurements

Another potential use of two-photon imaging is to examine local spatial correla-
tions in the atomic lattice that cannot be accessed using methods that probe the
entire sample [35, 36, 34]. If we have light that is spatial correlated as v;(x,z’) =
ri{sinc[r;(z — 2" — a)] + sinc[r;(z — 2’ 4+ a)]}/(v/27), so that the two photons are

separated by a, then the two-photon image amplitude (Equation (5.17)) becomes

valor,e2) = L [ delpu(e) + puto + )
x {sinc[r;(z1 — z)]sinc[k (2 — 2 — a)]+

sinc|k;(z1 — x — a)]sinc[r;(zg — x)]}.  (5.30)

A measurement of the two-photon intensity distribution at ;1 =z and 2o =z + a
then depends on {((p,(x) + p.(z + a))?). For an optical lattice, if the two photon

resolution is such that [ dz|w(z)*sinc*(rkx) > [ dr|w(z)|*sinc®(k(z — a)) then



5.6. Spatial correlation measurements 87

Figure 5.4: (Color online) Two-photon intensity distributions resulting from a 12
atom spin chain in various states. In (a-c) the imaging photons are initially corre-
lated to be separated by a, and in (e-f) by 2a. The images are of (a) and (e) the
unpolarised state, (b) and (d) the dimer state, (¢) and (f) the trimer state. The
imaging system has sin# = 1/2 and the imaging light has A\ = a.

the main contribution to the two-photon distribution at (x1,x2) = (2, z,41) is

4

2
(0l ety ) % S5y + pegen ([ defuto)Psine () )

(5.31)
This allows us to access the neighbour correlation using ((p.; + pzj+1)%) = (07, +
ﬁ§7j+1> + 2(p,jp2j+1). For the dimer state the atoms of a dimer pair have a
neighbour correlation leading to I(wgj_1,29;) = (p3;_; + p3;) + 2(p2j—1p2;) = 0.
There is no neighbour correlation between atoms of separate dimers leading to
I(295, waj1) = (P2 9j + P2 9;41) = 4/3. For the trimer state the correlation between
neighbours in a trimer leads to I(z3j_2,23j-1) = I[(x3;_1,23;) ~ 2/3, while atoms

of separate trimers have no correlation leading to I(xs;, 3511) ~ 4/3.
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In Figure 5.4(a-c) we compare the resulting two-photon intensity distributions
for the trimer and dimer states with the unpolarised state. In the dimer image,
Figure 5.4(b), the correlations between atoms in the dimer state lead to the removal
of every second peak when compared to the unpolarised state image, while in the
trimer image, Figure 5.4(c), correlations lead to partial cancellation of two out of
three peaks.

Similarly, if we consider light correlated so that photons in the initial pair are
separated by 2a, the two-photon intensity distribution then probes the correlation
(P2,jPzj+2). For the dimer no such correlations exist and cancellation does not
occur as it did in the previous example. The trimer does have correlations over
this range and partial cancellation of peaks occurs at photon coordinates (z1,xs) =

(3j_2,%3;) and (235, x3j_). This behaviour is shown in Figure 5.4(d-e).

5.7 Conclusions

In this chapter we have demonstrated how coherent in situ imaging can distinguish
between spin states in an optical lattice. Furthermore, we have shown how the use
of spatially correlated light can improve the resolution of these images and allow us
to distinguish spin states beyond the limits imposed by Rayleigh diffraction. We
have also demonstrated a method that uses spatially correlated light to directly
probe the local spatial correlation function of the atoms. While we have restricted
most of our attention here to two-photon imaging due to the relative ease of gener-
ating two-photon states in experiments, future work could generalise these results
to higher photon number states, where further improvements in resolution should

be possible.



CHAPTER 6

IMAGING OF FRACTIONAL SPIN HALL

STATES

Electrons that are confined to two dimensions and cooled to within a few degrees
of absolute zero behave in ways that have fascinated condensed matter physicists
for decades. This began in 1980 when von Klitzing et al. performed an experiment
with a cold electron system and observed plateaus in the Hall resistance as magnetic
field was varied [114]. The Hall resistance was exactly quantised at these plateaus
to a value of h/(ne?), where n is a positive integer, and this phenomena is hence
referred to as the integer quantum Hall effect. This effect can be understood in
terms on non-interacting electrons and is due to complete filling of Landau levels,
which are the sets of degenerate single-particle electron orbitals.

This discovery was soon followed by the observation of a similar effect, where
the Hall resistance was exactly quantised as h/(ve?), with v a fraction, 1/3 in this
case [115]. This fractional quantum Hall effect occurs when the Landau levels are
partially filled, with filling factor v, and the interactions between the electrons drive

the gas into a strongly correlated state. This effect cannot be understood using

89
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perturbation theory and much of the current understanding is due to proposal of
trial wave functions, such as the celebrated Laughlin wavefunction [116].

Recently in addition to the standard quantum Hall effect, which exists in spin-
polarised electron gases, a quantum spin Hall effect was predicted to occur in
solid state materials [117, 118, 119, 120] and was demonstrated experimentally
[121]. This effect exists in samples where there is a spin-orbit coupling and does
not require a magnetic field. The quantum spin Hall effect does not break time-
reversal symmetry and a quantum phase transition from a normal insulator to a
topological insulator can occur [120, 121]. Non-trivial topological states such as
those that occur in the quantum spin Hall effect are currently generating a lot of
interest in part due to the goal of creating a topological quantum computer.

The above effects have all been detected in semi-conductor materials that have
their properties defined and limited by their composition. A more flexible reali-
sation of these effects may be possible in ultracold atoms. A promising direction
towards achieving these states is via optical means, where a synthetic magnetic
field can be induced for neutral atoms [37] providing a way to achieve the quan-
tum Hall effect. Furthermore, the spin Hall effect may also be produced by optical
means [122, 123] and interactions between particles can then lead to the fractional
quantum spin Hall effect [124].

Effective means of probing these states in ultracold gases must be developed.
Destructive methods involving Bragg scattering [38, 125] and density measurement
[126] have been suggested to probe the global properties of topological insulating
states. Here, we apply the spin imaging methods discussed in Chapter 5, as well
as some additional methods, to examine how well we can probe local properties of

an ultracold Bose gas in the quantum Hall regime while the atoms remain in situ.
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6.1 Spin Hall states in Bose gases

Liu et al. propose that the fractional spin Hall effect can be realised in a two
dimensional gas of ultracold bosons by applying optical beams with orbital angular
momentum [124]. The spatial dependence of the light-atom coupling then leads to
the opposite spin states (in this case dressed hyperfine states) experiencing effective
magnetic fields in opposite directions. Two potential ground states may then be

produced, which are of the form originally proposed by Halperin [127], these are

N/2 N/2
®, = H(Zj —2)*(¢ — Q) H(Zu O R aCa e (6.1)
g<l u,v

with n = 1 or 2. These wavefunctions states are expressed in terms of the variables
z; = (x5 +iy;) /0 and (G = (Tnj24j + Ynj245)/l, where x; = (x;,y;) are the
coordinates of the atoms. The indices j = 1 through N/2 refer to the spin up atoms
and N/2+1 through N to spin down. The characteristic length scale ¢ = \/h/(eB)
is determined by the effective magnetic field B generated by the optical field, and
is of the order of a few microns for the parameters discussed in Liu et al. [124].

The two states have associated fractional filling factors v, = 1/3 and v, = 1/4.

6.2 Imaging the spin distribution

We now apply the theory developed in the previous chapter to calculate spin images
of these fractional spin Hall states. Because the states are two-dimensional, we must
generalize the theory to include both transverse directions of the electric field in

the image formation. We use the same spin-light interaction as before, recalling
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Equation (5.1),

H = —ay(As)) / drp(r) - (E (r) x E'(r)). (6.2)

However the monochromatic electric field is now three dimensional

Ef(x,2) = zZJ: \2/—: ; Ak (K) iy (k)€ (k)X H =107 (6.3)
where n = hk/(267T), v(k) = (1 — |k]?/E>)"V* k = w/c = 2x/)\, T is the
interaction time scale [73] and the integration region is K = {k = (k,, Ky) : |k] < k}
[128]. The operators a;(k) and ay(k) destroy photons with wavevector k,X +
kyY + kz/v(k)?* and polarisation vectors €1(k) = (X/v(Kk)* — ko2/k)/\/1 — K2 /K>
and €3(k) = (—kaky X /K2 + (1= K2/K2)5 — K2/ (ky(K)?2)) /m respectively.

They obey the commutator relation [a,(k), G (K')] = d(ky — K})0(Ky — K )0500-

We can now follow a similar procedure as in the previous chapter to simplify
the light-matter interaction. As before, the dominant features of the image are due
to the z component of the spin operator p(x), and in this chapter we will neglect
the corrections due to the other terms. To first order the light-matter interaction

then mixes the original state of the system [¢)) with

,”y(lﬁ',,)q/l—lif/k}z P o A
/dx/}cdndﬁ, 7(5)\/?12//1{;2 (e =%t (k) ag (k) — H.C.) p.(x)|v)  (6.4)

where p.(x) = 32 mWl (x)U,,(x). The factors of /1 — K2 /k? here result in cor-

rections to the images of the same order of the terms we neglected above due to the
x and y components of the spin operator, and we neglect these in all the imaging

scenarios below except the far field case.

For the wavefunctions described by Equation (6.1) the many-body state to be
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imaged is

|®,) = —/dx1~-~dXN<I>n(X1,~" X )

A A

x W (xy) - W (xaj) F (1) -+ O (x)[0), (6.5)

with normalisation factor N' = [(N/2)!]? [ dx; - - - dxn|®p(x1, -+ ,xn)|>. In which

case the light scattering described by Equation (6.4) results in an image

I(x) =) mm' / dxdx! (| W}, () W (x)WF () 0 () @) £ (3, %) £ (X, ),
(6.6)
where the function f(x,x) is determined by the properties of the imaging process

and x denotes the imaging coordinates. Evaluating the expectation value gives

_ del”'dXN|(I)n(X17"' 7XN)‘2O(X7X17"' 7XN)

) [dxy - dxy | (xq, - xn) ]2 ) (6.7)
where 2
N/2 N
Ox.x1,-+,xy) = > fx,x)— > f(x.%)] - (6.8)
j=1 j=N/2+1

For any reasonable number of atoms the integration over the many-body wave-
functions in Equation (6.7) is not suitable for exact computation, and we resort to
using the Metropolis Monte Carlo method [129]. This method approximates the
image by calculating the sum I(x) =~ 7 S M O(x, R™) for M coordinate con-
figurations R(™ = {x&"), e ,xg\?)} distributed according to the probability distri-
bution |®, (R™)|2. The coordinate configurations are generated by the Metropolis
algorithm, which involves a random walk through N-particle coordinate space that

favours steps towards points of higher probability according to the wavefunction.
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Figure 6.1: Far field images of the spin quantum Hall ground states, with (a) n = 1
and (b) n = 2.

6.2.1 Coherent far field imaging

One of the simplest methods of imaging the system is to illuminate the sample with
coherent light and then let the scattered light propagate into the far field, where
the distance from the sample is much greater than the wavelength of the imaging
light. In this region the spatial dependence of the light is simply determined by
the Fourier components of the scattered light. For photons from a coherent beam
entering the system with € polarisation and momentum distribution ¢;(k), the first
order scattering results in €;-polarised photons with a momentum distribution that

depends on the atomic field operators according to

2//<?2 9%, (k') pa ().

\/m/dﬁ,/dxv

If we then filter out the € polarised light, we get an image in the far field that is

(6.9)

determined by I(¢x) = I(k) = (¢l(k)¢s(k)). Here the scaling constant ¢ depends
on the distance from the sample to the detector, and determines the spatial size of
the image.

In Figure 6.1 we show the far field images of the states from Equation (6.1).
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These images are generated by averaging over 100000 Monte Carlo configurations
of 100 particles. The input beam is assumed to be a plain wave with ¢;(k") = 0(k')
and the imaging light has wavelength A\ = ¢. The far field image allows us to
distinguish the two grounds states, both images go to zero at kK = 0 but the image
for n = 1 goes toward zero over a much larger range. This is because for the n = 1
state the atoms of opposite spin are allowed to exist closer to each other than
particles of the same spin, leading to long wavelength oscillations in the far field
that create the large dip in the n = 1 image. For n = 2 the particles of opposite
spin interact in the same way as particles of same spin and these long wavelength

oscillations do not occur.

6.2.2 Coherent imaging with a microscope

We now look at the images created by the microscope imaging system we used in
the previous chapter and is shown in Figure 5.1. Once again we illuminate the
sample with coherent es-polarised light that is filtered out before detection. For
the two-dimensional system the intensity of the scattered light at the detector after

passing through the imaging system is

1(x) = (¥} (x)¢a(x)) (6.10)

where
J1(ky|x — x'|)

Yalx) = 2 / ix’ () pu (). (6.11)

The point spread function is now Ji(x)/x, where Ji(x) is a Bessel function of
the first kind, compared with the sinc function of our two-dimensional theory in
Chapter 5.

The spin quantum Hall wavefunction from Equation (6.1) leads to particle con-

figurations that are strongly correlated where atoms avoid the positions of other
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Figure 6.2: Imaging an individual particle configuration for the n = 1 state. (a)
Particle configuration to be imaged, particles with spin m = 1 denoted by triangles
and spin m = —1 by circles. A closely separated pair of particles with opposite spin
is indicated by the red ‘+’. Images have numerical apertures (b) sin = 0.75\/¢,
(c) sinf = 0.5A\/¢ and (d) sinf = 0.25\/¢.
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atoms. However over the entire distribution the position of each individual atom is
distributed uniformly over a disk. The ensemble average in Equation (6.10) then
leads to an image of a disk with uniform intensity, where the uniform intensity is
related to the spin correlations over the spatial area of the point spread function,
which is in turn determined by the numerical aperture of the optical system.

As discussed in [23], it is important to remember that the ensemble average
is not what is observed in an individual experiment and that here the individual
images could be modelled more closely by the individual particle configurations
generated by the Monte Carlo algorithm. In Figure 6.2 we show images of an
individual particle configuration from the n = 1 state. The first image for sinf =
0.75A/¢ resolves the individual particles. As the numerical aperture decreases,
the image probes the sum of the spins within the point spread function. For
sin @ = 0.5\ /¢ we can see cancellation in the image due to closely situated particles
with opposite spin, such as the pair indicated by the red ‘+’. The image for
sin @ = 0.25\ /¢ probes the relative spin over a greater area.

Figure 6.3 shows images of an individual Monte Carlo particle configuration
from the n = 2 state. In this state, the distance (z, — (,) between particles of
opposite spin is raised to the power of two and, as a result, particles of opposite
spin in this state do not come as close to each other as in the n = 1 state. The
particles then spread out over a slightly larger disk. Cancellation in the image due

to particles of opposite spin also then happens at lower numerical aperture.

6.2.3 Noise correlation imaging

If we look at an ensemble of particle configurations and their images, we can then do
noise correlation analysis of the images [23]. This involves calculating correlations
within each individual image in the ensemble and then comparing this with averages

from the entire ensemble. For example, we can look at spatial correlations in the
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Figure 6.3: Imaging an individual particle configuration for the n = 2 state. (a)
Particle configuration to be imaged, particles with spin m = 1 denoted by triangles
and spin m = —1 by circles. Images have numerical apertures (b) sinf = 0.75\/¢,
(c) sinf = 0.5\/¢ and (d) sinf = 0.25\/¢.
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Figure 6.4: Noise correlation image Cy(x) of (a) the n = 1 state and (b) the
n = 2 state. The imaging system has numerical aperture sinf = 0.45\/¢. The
central peaks are off the scale of the plot, with maximums of 18.8/((27)*p?) and
13.8/((27)?n)? for n = 1 and n = 2 respectively.

images by calculating

Cr(x) = (I(r)I(r+x)) — ({(r)){(r +x)). (6.12)

In Figure 6.4 we compare plots of this function for the two grounds states, taking
r = 0 and averaging over an ensemble of 100000 images. The numerical aperture
of the imaging system in this case is sin§ = 0.45\//.

Examining the noise correlation image of the n = 2 state in Figure 6.4(b)
first, we see a large positive correlation in the centre out to a radius of about 1.2¢
due to the finite width of the point spread function. The correlation image then
becomes negative and reaches a minimum, which results from the low probability
of a particle being in that region if another particle is at the origin. The noise
correlation image then increases and approaching an average value of zero for our
finite ensemble. In Figure 6.4(a) the n = 1 state has a far smaller region of low
correlation due to lack of particles. Instead it has a region (from ~ 1.7¢ to ~ 3() of
partial correlation due to particles with opposite spin, which are allowed to exist

closer together in the n = 1 than in the n = 2 state.
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6.3 Two photon spatial correlation imaging

To further probe the spatial spin correlations in the system we can again look to
two-photon imaging. However, the situation is a little different than in the optical
lattice case, where each atom occurs at a lattice site separated by a fixed distance.
Here pairs of atoms can occur with a continuous range of separations so probing

the system with two-photon states with a fixed separation is less useful.

Instead we can use a simpler state of two photons that are correlated in polarisa-
tion but not in position. Taking the initial state to be [ dkidra¢(K1)P(Ka)|K1)1 @

|K2)2, the two-photon image intensity is then

I(x1,%x3) = 772<¢;(X17 X2 )a(X1, X2)) (6.13)

where

Ji(klx1 — x Ji(K|xe — x .
vl ) =V [ (PP o O ) ) )
|x; — x| |x9 — X]|
(6.14)
If the initial distribution of each photon %;(x) is uniform and x; and x» are sep-
arated by a distance greater than the width of the point spread function, the two
photon intensity is then approximately proportional to the spatial spin correlation

function

I (1, x2)&((p2(%1) + p(x2))%). (6.15)

In Figure 6.5 we plot a slice through the two-photon distribution for a particle
configuration from the n = 1 state. The slice was taken so that x; is equal to the
position of a spin-up particle and we have plotted the two-photon distribution as a
function of x5. The distribution shows peaks at the positions of the other spin-up

particles and troughs at the positions of the spin-down particles.
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Figure 6.5: (a) Particle configuration from the n = 1 state wavefunction. (b) Slice
from the two photon image of the particle configuration in (a). The slice is a
plot over x5 for x; = (16.2, —2.4), which is the coordinate of the particle marked

with a red ‘4’ on the left. Here the numerical aperture of the imaging system is
sinf = 2\/(30).

6.4 Phase contrast Imaging

The two photon imaging scheme described above relies on two-photon coincidence
measurements which may limit its efficiency. Here we consider phase contrast
imaging, which has been used successfully to image Bose gases in situ [130]. This
method is similar to the coherent imaging proposal we considered where light is
scattered and collected by a microscope to create an image. However, in this case
instead of filtering out the unscattered light, the unscattered light and scattered

light interfere to create an image with intensity proportional to the laser amplitude.

For our case, if the incoming light is es-polarised, the light scattered accord-
ing to the spin interaction has €; polarisation and is phase-shifted by —i. For
interference to occur between the unscattered and scattered light, the unscattered
light’s polarisation must be rotated and the phase of the resulting €; component
must be shifted by —i as well. This is achieved by placing a dot of material at

the focal point of the first lens that will act as a quarter wave plate with optical
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Figure 6.6: Schematic of phase contrast imaging arrangement. Coherent imaging
light (red rays) illuminates the atomic sample resulting in scattered light (blue
rays). The unscattered imaging light is focused by the first lens onto a quarter
wave plate, rotating its polarisation and shifting its phase, while the scattered light
is unaffected. The second lens then focuses the scattered light onto the detector,
where it interferes with the phase-shifted unscattered light creating an image of
the atoms.

axis at 45 degrees to the z-axis. This arrangement is shown in Figure 6.6. The
unscattered light then passes through the wave plate, while the unscattered light,
for the most part, is unaffected. We can then filter out es-polarised light, leaving

a phase contrast image of the spin distribution.

The intensity of the light at the detector is then a baseline intensity due to the

unscattered light plus a modulation caused by the interference. We have

I(x) = |Of?7wi(><)2 + IOé|275%#%&) /dx’M

i(x')p:(x), (6.16)

|x — x|

2 and assumed the input

where we have neglected the term proportional to a;(A)
light is in the coherent state |a), with spatial profile ¢;(x). The interference term
is proportional to the spin of the atoms, where troughs are produced by spin down
atoms and peaks produced by spin up atoms. In fact for a single coordinate configu-

ration, this reproduces the same image as we got by slicing through the two-photon

distribution above in Figure 6.5. This allows us to probe the relationship between
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the atomic spins without the need for photon coincidence measurement.

6.5 Conclusions

In this chapter we have investigated how ultracold atoms in the spin quantum Hall
regime might be imaged. We have shown that the two ground states predicted by
Liu et al. can be distinguished by coherent far field imaging. The difference in the
far field images is a direct result of the different spatial correlations between the
opposite spin atoms in the two ground states. These correlations can be revealed
by noise correlation imaging, where we saw that analysis of an ensemble of images
shows for the n = 1 state the relative closeness of atoms of opposite spin compared
with the n = 2 case. We have tested a method of using pairs of photons to measure
the spatial correlations in the many-body states, however this method was shown
to provide no additional information over what is available through the technique
of phase contrast imaging with coherent light.

This work has shown what might be learnt about these states using light scat-
tering, and in the future this could be extended to examine what the images of
excited states of the system would look like. In this chapter we have neglected
the possibility of each consecutive light scattering event affecting the next, as we
considered in Chapter 4. Applying the techniques of that chapter here may lead to
interesting effects where the measurement process leads to new states of the atomic

system.






CHAPTER 7

CONCLUSION

In this thesis we have presented a theoretical investigation of light scattering from
ultracold bosons in optical potentials. Our work has been motivated by the fast
development of ultracold atoms as tools for investigating many-body physics, which
is accompanied by a need for better methods of probing the many-body states
produced in experiments. We have shown how light scattering can be used in a
number of different scenarios to reveal information about these states and also how
it changes these states.

Specifically, we have seen that for the superfluid and Mott insulator states
the angular distribution of light scattered distinguishes these states and reveals
information about the correlations within them. In both cases the light scattered
has a temperature dependence which may be used to measure the temperature of
the state, however this has limited efficiency particularly in the Mott state due to
scattering of atoms into higher bands of the optical lattice.

We have created a model of dynamic light scattering from small optical lattices
in the regime where the Bose-Hubbard model can be exactly solved. In this model,

scattering events followed by the detection of the photon change the many-body

105



106 CONCLUSION

state of the atoms, pushing the state, after a number of events, towards eigen-
states of this measurement process. In some cases this leads to superposition of
many-body states, where the final state is signalled by the angular distribution
of the photons. This model demonstrates that light scattering distributions can
be predicted by the static structure factor, even when the scattering significantly

perturbs the initial state.

When the light scattering is spin dependent, we have shown that it is possible
to distinguish different spin ground states of an optical lattice in images of the
atoms. Furthermore, we have seen that in this case, it is also possible by using
correlated input light to obtain enhanced resolution in images of the spin state.
Correlated input light also allows us to directly probe the spatial spin correlations
in the lattice.

Spin dependent scattering can also be employed to study atoms in synthetic
magnetic fields, where we have shown that ground states in the quantum Hall
regime can be distinguished by the angular dependence of scattering. We have
also shown how correlations in these states can be revealed using noise correlation

imaging and a variant of phase-contrast imaging.

7.1 Future work

Our work in this thesis has led us from studying strongly correlated systems in
optical lattices to strongly correlated spin systems in synthetic magnetic fields.
This provides an excellent platform for more research in the area of spin systems
approaching the quantum Hall regime, which is particularly pertinent as new meth-
ods are making this an experimental possibility. As we saw in Chapter 6 there is
potential for this regime to be achieved in a trapped Bose gas with optically in-

duced magnetic fields. Furthermore these synthetic fields can also be applied to
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atoms in optical lattices [38, 39] and this is an area where we would like to do
future research.

In particular we see theoretical treatments of small numbers of atoms in traps
or optical lattices as a potentially fruitful line of theoretical research. In this case
the Hamiltonians could be solved exactly, as we did here in Chapter 4. For sys-
tems with two spin components, different interaction strengths between atoms in
different spin states would lead to coupling between the spatial states and the inter-
nal states of the atoms, potentially leading to spatial-internal state entanglement.
Coupling light to these systems may then lead to a way of probing the entangle-
ment that is created. Moreover, for small lattice systems we can apply the dynamic
light scattering formalism developed in Chapter 4 to examine how performing light
scattering measurements would affect the evolution of the system, with the aim of

generating further novel states of matter.
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