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A data stream is a transiently observed sequence of data elements that arrive unordered,

with repetitions, and at very high rate of transmission. Examples include Internet traffic

data, networks of banking and credit transactions, and radar derived meteorological data.

Computer science and engineering communities have developed randomised, probabilistic al-

gorithms to estimate statistics of interest over streaming data on the fly, with small computa-

tional complexity and storage requirements, by constructing low dimensional representations

of the stream known as data sketches.

This thesis combines techniques of statistical inference with algorithmic approaches, such

as hashing and random projections, to derive efficient estimators for cardinality, lα distance

and quasi-distance, and entropy over streaming data. I demonstrate an unexpected connec-

tion between two approaches to cardinality estimation that involve indirect record keeping:

the first using pseudo-random variates and storing selected order statistics, and the second

using random projections. I show that lα distances and quasi-distances between data streams,

and entropy, can be recovered from random projections that exploit properties of α-stable

distributions with full statistical efficiency. This is achieved by the method of L-estimation in

a single-pass algorithm with modest computational requirements. The proposed estimators

have good small sample performance, improved by the methods of trimming and winsoris-

ing; in other words, the value of these summary statistics can be approximated with high

accuracy from data sketches of low dimension.

Finally, I consider the problem of convergence assessment of Markov Chain Monte Carlo

methods for simulating from complex, high dimensional, discrete distributions. I argue that

online, fast, and efficient computation of summary statistics such as cardinality, entropy, and

lα distances may be a useful qualitative tool for detecting lack of convergence, and illustrate

this with simulations of the posterior distribution of a decomposable Gaussian graphical

model via the Metropolis-Hastings algorithm.
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Chapter 1

Introduction

Over the last three decades, increasingly large data sets have appeared in a wide range of

online applications in science and commerce, for example, Internet traffic on routers (Akella

et al., 2003; Cormode and Muthukrishnan, 2005b), time series data such as stock levels

(Indyk et al., 2000), database applications (Flajolet and Martin, 1985; Whang et al., 1990),

and clustering of music files (Yang, 2001) or Web documents (Haveliwala et al., 2000). The

need to develop techniques capable of handling such extensive data continues to be the

driving force behind much of the ongoing research in computer science and engineering.

This thesis investigates new methodologies for analysing high throughput streaming data

using random projection methods (Indyk, 2006; Vempala, 2004).

A data stream is a transiently observed sequence of data elements that arrive unordered,

with repetitions, and at very high rate of transmission, such that it may be hard to transmit

the entire input, compute functions on all or part of it, or store it temporarily for subsequent

access (Aggarwal, 2007). Examples include data streams generated by automatic, highly

detailed data feeds from applications that monitor financial, atmospheric, astronomical, and

networking activity in real time, for the purpose of detecting fraud, extreme events, and

unusual, or anomalous activity (Muthukrishnan, 2005). Data streams encountered in real-

life applications are typically massive, having possibly thousands of millions of elements of
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many different types. The complete data set is typically too large to fit in main computer

memory and, if stored on disk, random accesses to the data would considerably slow down

the performance of many statistical algorithms.

In comparison to the traditional situation in which all the data are stored and available

for access, stream data are observed within a narrow time window. At the current time

point, a small portion of the entire data set is observed, processed, and discarded. The

retained information must accurately represent important features of all the data observed

up to the current time point and be of relevance for estimating the query of interest; this

process is known as synopsis construction (Aggarwal, 2007). In contrast, the sliding window

technique evaluates the query on the most recent data observed in the stream, under the

assumption that in real-life applications, recent data is more important and relevant than

old data (Babcock et al., 2002). Moreover, algorithms for processing streaming data must

have low storage and time complexity (usually by allowing only one pass over the data), and

be insensitive to the pattern of repetitions in the stream.

Aggarwal (2007) surveys a variety of techniques for synopsis construction of data streams,

e.g., sampling, wavelet-based techniques, and histogram representations. The problems en-

countered by sampling methods well exemplify the difficulty in handling data streams. Since

no distributional assumptions are allowed regarding the nature of the data, and the size of

the data stream is not known in advance, the probability of including a point in the sam-

ple must change as the stream evolves; see reservoir-based sampling described in Aggarwal

(2007). Moreover, for real-life applications, interest centres on representing infrequent and

anomalous behaviour, i.e., the sample must include points that lie far out in the tails of the

evolving distribution of the data, and that are very difficult to capture.

We are interested in a method of synopsis construction known as data sketching (Indyk,

2000) that summarises the data stream by a relatively low dimensional vector, updated

on-the-fly as the stream evolves. We will focus on two different approaches: hashing to
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independent copies of random variables and storing some function of these, e.g., order statis-

tics (Giroire, 2005), or generating vectors of random variables from the α-stable distribution

and storing linear combinations of these (Indyk, 2006). Data sketching methods offer space-

efficient representations particularly suited for applications that require estimates of the

distribution of the observed elements, such as the number of distinct elements (cardinality)

or frequency moments.

A data stream can be viewed as a high-dimensional data point if represented by a vector

of totals of each element type. There is a long history in the statistics literature of methods

aiming to find low dimensional representations of high-dimensional data that highlight inter-

esting features of the original data; these methods are globally termed dimension reduction.

Examples include projection pursuit (Huber, 1985), principal components, discriminant anal-

ysis, and multidimensional scaling (Mardia et al., 1997; Hastie et al., 2001). Diaconis and

Freedman (1984) show that most low-dimensional projections of high-dimensional points are

approximately normal, and argue that the most interesting one-dimensional projections are

those that are far from Gaussian. As the dimension increases, these methods become too

computationally expensive to be of practical value.

We are interested in the recovery of lα distances (quasi-distances) between data streams

from data sketches based on α-stable random projections (Indyk, 2006). Distance-preserving

projection methods have important applications in clustering and classification of high-

dimensional data sets. For streaming data, they provide Hamming distance approximations

and other measures of distributional dissimilarity (Li et al., 2007; Li and Hastie, 2008).

The present thesis is organised as follows. Chapter 2 introduces the stable law distri-

bution that lies at the heart of the random projection method. In particular, we present

parameterisations, properties, and sampling algorithms, as well as a novel result on the influ-

ence of the maximal term on the sum of i.i.d. positive, strictly stable random variables as the

index of stability tends to zero, i.e., as the stable law approaches a degenerate distribution
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at zero. Furthermore, we investigate and correct a numerical instability in the behaviour of

algorithms for density, distribution, and quantile approximation of the symmetric, strictly

stable distribution provided in the R contributed package fBasics.

Chapter 3 is devoted to the problem of cardinality estimation of data streams, i.e., the

problem of estimating the number of distinct elements. We focus on two approaches in

the literature that involve indirect record keeping: the first using pseudo-random variates

and storing selected order statistics, and the second using random projections. We pro-

pose recursively computable, maximum likelihood estimators of the cardinality derived from

low-dimensional data sketches in both cases, and show that the estimators have compara-

ble asymptotic efficiency. Moreover, we explain this result by demonstrating a previously

unsuspected link between the two approaches.

Chapter 4 considers data sketches based on α-stable projections for α ∈ (0, 2] and pro-

poses algorithms with modest computational requirements that recover lα distances (quasi-

distances) from such sketches with full statistical efficiency. We reduce the problem to that

of estimating location or scale parameters of transformed stable random variables. For the

latter problem, we propose simple, asymptotically efficient estimators based on the method

of L-estimation (Chernoff et al., 1967) that outperform existing estimators.

Chapter 5 investigates projections based on maximally skewed stable random variables

with application to the problem of entropy estimation over streaming data. Finally, we argue

that online, fast, and efficient computation of cardinality, entropy, and lα distance estimates

may be a useful tool for qualitative assessment of convergence of Markov Chain Monte Carlo

(MCMC) methods in high-dimensional problems, and illustrate this with simulations of the

posterior distribution of a decomposable Gaussian graphical model.

Finally, Chapter 6 concludes the thesis with a review of the results presented therein,

and discusses possible directions of future research.
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Chapter 2

The stable law

The stable distribution (Lévy, 1924) has been extensively studied for modelling heavy tailed

data (Nolan, 2007). It is the only limiting distribution of normalised sums of independent and

identically distributed (i.i.d.) random variables (having possibly infinite variance); a result

known as the Generalized Central Limit Theorem (Breiman, 1992). This chapter presents

some properties of the stable law, algorithms for generating variables from this distribution,

as well as a novel result on sums of i.i.d. stable random variables. Since the density of the

stable distribution does not exist in closed form for most parameter values, it is necessary to

estimate the density, distribution, and quantile functions. For this purpose, we employ the

statistical software R and the contributed package fBasics; we identify a numerical instability

in the density, distribution, and quantile estimation procedures in fBasics, in the case of the

symmetric stable distribution, and propose numerically stable versions of these procedures.

2.1 Properties and parameterisations

The following stability property is the key element of the method of dimension reduction

via random projections, that maps from a high-dimensional to a lower-dimensional space by

weighted linear combinations of stable random variables.
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Definition 2.1.1. A random variable X with distribution F is said to be stable if for every

n > 0, and independent variables X1, . . . , Xn ∼ F , there exist constants an > 0 and bn such

that

X1 + . . . + Xn
D
= anX + bn, (2.1)

where
D
= denotes equality in distribution. If bn = 0, then X is said to be strictly stable.

Feller (1971) proves that the only possible norming constants in (2.1) are an = n1/α, where

0 < α ≤ 2. The parameter α is known as the characteristic exponent or index of stability.

Stable distributions of index α exist for all values of α in (0, 2]; the density functions are

smooth and approach a degenerate distribution as α → 0 (Feller, 1971; Zolotarev, 1986).

Furthermore, if X is stable of index α < 2, then the rth moment of X, E|X|r, is finite for

0 < r < α and is infinite for r ≥ α (Feller, 1971); it follows that the stable distribution has

infinite variance ∀α < 2.

Of particular interest is the following property: all linear combinations of independent,

identically distributed stable random variables belong to the same type (Feller, 1971).

Theorem 2.1.1. The distribution F is stable of index α if and only if for arbitrary constants

a1 and a2, and random variables X1, X2 ∼ F , there exist constants a and b such that

a1X1 + a2X2
D
= aX + b, where X ∼ F . (2.2)

In particular, if the distribution F is strictly stable, and a1, a2 > 0, then

a1X1 + a2X2
D
=
(

|a1|α + |a2|α
)1/α

X. (2.3)

If, in addition, the distribution F is symmetric, then (2.3) holds for all a1, a2 ∈ R.

2.1.1 Common parameterisations

We present several of the most commonly encountered parameterisations of the stable law

existing in the literature (Chambers et al., 1976; Cheng and Liu, 1997; Kolokoltsov et al.,

6



2001; Nolan, 2007; Samorodnitsky and Taqqu, 1994; Zolotarev, 1986). We explicitly state

the connections between them, lacking in current literature. The stable law is parameterised

by four parameters: index α ∈ (0, 2], skewness parameter β ∈ [−1, 1], location parameter

δ ∈ R, and scale parameter γ > 0. The parameters δ and γ do not have the interpretation

of location and scale in all parameterisations. We present the different parameterisations in

terms of the characteristic function (c.f.) φ(t) = E exp(itX), t ∈ R.

Zolotarev (1986) introduces the following three parameterisations. The c.f. of a stable

random variable under parameterisation (A) is given by

φ(t) = exp
(

γ[itδ − |t|α + itωA(t, α, β)]
)

,

where

ωA(t, α, β) =







|t|α−1β tan(πα/2) if α 6= 1,

−β(2/π) log |t| if α = 1.

This parameterisation is not continuous in all 4 parameters; in particular, it has disconti-

nuities at all points of the form α = 1, β 6= 0. Moreover, the parameters δ and γ lack an

intuitive interpretation.

A slight modification of Zolotarev’s parameterisation (A) results in the parameterisation

of Samorodnitsky and Taqqu (1994). Let δ = δAγA, and γ = γ
1/α
A , where δA and γA are the

parameters in (A); α and β remain unchanged. The c.f. has the following form

φ(t) = exp
(

γα[−|t|α + itωA(t, α, β)] + iδt
)

. (2.4)

This is the S1 parameterisation in the R package fBasics, and also appears in Nolan (2007) as

the S(α, β, γ, δ; 1) parameterisation introduced in Chapter 1. Under this parameterisation,

for α 6= 1, δ and γ have the intuitive interpretation of location and scale parameters.

A modification of Zolotarev’s parameterisation (A) gives parameterisation (M) with c.f.

φ(t) = exp
(

γ[itδ − |t|α + itωM(t, α, β)]
)

,
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where

ωM(t, α, β) =







(|t|α−1 − 1)β tan(πα/2) if α 6= 1,

−β(2/π) log |t| if α = 1.

Let γ1 and δ1 denote the parameters under parameterisation S1 above; α and β remain

unchanged. Then, γ = γα
1 , and δ = δ1γ

−1
1 if α = 1, and δ = δγ−α + β × tan

(

πα/2
)

if α 6= 1.

This parameterisation is continous in all 4 parameters, i.e., limα→1 ωM(t, α, β) = ωM(t, 1, β).

Furthermore, for δ and γ to have the interpretation of location and scale, define

γ = γ
1/α
M = γ1, (2.5)

δ = −γ
1/α
M ωM(t, α, β) + γMδM + γMωM(t/γ

1/α
M , α, β) (2.6)

=







δ1 + β2/πγ1 log γ1 if α = 1,

δ1 + γ1β tan(πα/2) if α 6= 1,

under the constraint that lim(δ,γ)→(0,1)(δM , γM) = (0, 1), where δM , γM come from parame-

terisation (M), and δ1, γ1 from parameterisation S1. Again, α and β are unchanged. Then

the c.f. of the new parameterisation is

φ(t) = exp
(

γα[−|t|α + it(δγ−α + (γ1−α + 1)ωM(t, α, β) − ωM(t/γ, α, β))]
)

,

continuous in all 4 parameters. This is the S0 parameterisation in fBasics.

The third parameterisation introduced in Zolotarev (1986) is known as parameterisation

(B) with c.f.

φ(t) = exp
(

γ[itδ − |t|αωB(t, α, β)]
)

,

where

ωB(t, α, β) =







exp
(

− i(π/2)βK(α) sign t)
)

if α 6= 1,

π/2 + iβ log |t| sign t if α = 1,

and K(α) = α − 1 + sign(1 − α). Again, this parameterisation is not continuous in all 4

parameters. The connection betweeen parameterisations (A), (M) and (B) is explicitly stated

in Zolotarev (1986). In the sequel, we cite many results from Zolotarev (1986), particularly
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on the asymptotic and integral representations of stable density and distribution functions;

most of these results appear in the book under parameterisation (B), which is connected to

parameterisation (A) as follows. Let βB, γB, and δB denote the parameters under the former

parameterisation. Then, if α = 1,

βA = βB, γA =
π

2
γB, δA =

2

π
δB,

and if α 6= 1,

βA = cot
(πα

2

)

tan
(π

2
βBK(α)

)

γA = γB cos
(π

2
βBK(α)

)

δA = δB

(

cos
(π

2
βBK(α)

))−1
.

We employ the parameterisation in Samorodnitsky and Taqqu (1994) given by equation

(2.4). Let f(x; α, β, γ, δ), and F (x; α, β, γ, δ) denote the corresponding probability density

function (p.d.f.) and cumulative distribution function (c.d.f.). If γ = 1 and δ = 0, the distri-

bution is said to be standardised and the symbol F (x; α, β) will be used as an abbreviation

for F (x; α, β, 1, 0); we define f(x; α, β) similarly.

2.1.2 Properties of the stable distribution

The parameterisation in Samorodnitsky and Taqqu (1994) has some useful properties. First,

it can easily be shown that if X ∼ F (x; α, β, γ, δ), then

X − δ

γ
∼ F (x; α, β), if α 6= 1,

X − δ − 2βγ log γ/π

γ
∼ F (x; 1, β), if α = 1.

Moreover, it follows from results in Nolan (2007) that the distribution is strictly stable if

δ = 0 (α 6= 1) or β = 0 (α = 1). The distribution is symmetric around 0 if β = 0 and δ = 0,

in which case the characteristic function simplifies to φ(t) = exp(−γα|t|α).

9



The stable distribution is defined on the half line if α < 1 and β = 1 or β = −1; in

particular, the support of the density is (δ,∞) if β = 1, (−∞, δ) if β = −1, when 0 < α < 1,

and (−∞,∞) otherwise. If the distribution is strictly stable, then the support is (0,∞)

for β = 1, and (−∞, 0) for β = −1, provided 0 < α < 1. In other words, there is no

strictly stable, positive law of index α ≥ 1 (Feller, 1971). Figures 2.1 and 2.2 display the

density functions of the positive strictly stable distribution and the symmetric, strictly stable

distribution, respectively; these distributions are of particular interest in the sequel.

0.0 0.5 1.0 1.5 2.0 2.5

0
2

4
6

8

x

alpha=0.5
alpha=0.65
alpha=0.8
alpha=0.9
alpha=0.95
alpha=0.975

Figure 2.1: The positive, strictly stable density of index α and β = 1 (command dstable in

fBasics).

Non-degenerate stable distributions are continuous with infinitely differentiable density

functions; moreover, the derivatives of the density functions are uniformly bounded. Fol-

lowing Zolotarev (1986) (p. 13), it can be shown that |f (n)(x; α, β, γ, δ)| ≤ (πα)−1Γ((n +

1)/α)γ−(n+1), for n ≥ 0. Furthermore, the density and distribution functions satisfy several

reflection properties: f(x; α, β) = f(−x; α,−β), and F (x; α, β) = 1 − F (−x; α,−β).

The stable distribution can be expressed in closed form for only three distinct values of
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alpha=0.4
alpha=0.5
alpha=0.75
alpha=1.0
alpha=1.5
alpha=1.75
alpha=2.0

Figure 2.2: The symmetric, strictly stable density function f(x; α, 0, 1, 0) (dstable, parame-

terisation S1, fBasics).

α: F (x; 2, 0, γ, δ) is the Normal distribution with mean δ and variance 2γ2, F (x; 1, 0, γ, δ)

is the Cauchy distribution with location parameter δ and scale parameter γ, and the stable

law with α = 0.5 and skewness parameter β = 1, F (x; 0.5, 1, γ, δ), is the Lévy distribution

with location and scale parameters δ and γ, respectively.

Formulae for generating stable random variables are a good starting point in deriving

results about the stable distribution. Chambers et al. (1976) present a method for generating

stable random variables according to Zolotarev’s parameterisation (B), proved by Weron

(1996). Let X ∼ F (x; α, β, 1, 0). Let L ∼ Exp(1), and U ∼ Unif[−π/2, π/2], independently.

Define U0 = α−1 arctan
(

β tan(πα/2)
)

. Then,

X
D
=

sin
(

α(U0 + U)
)

(cos(αU0) cosU)1/α
×
(

cos
(

αU0 + (α − 1)U
)

L

)(1−α)/α

, (2.7)

if α 6= 1, and,

X
D
=

2

π

[

(π

2
+ βU

)

tanU − β log
(π/2L cos U

π/2 + βU

)

]

,
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if α = 1. The fBasics command rstable for generating stable random variables is incorrect

when α = β = 1, computing an infinite value that is evaluated as 1.633178e + 16, so in this

case we use the above expression.

Lastly, we mention some results on the limiting distribution of normalised sums of i.i.d.

random variables. Let Sn =
∑n

i=1 X
(n)
i , where X

(n)
i , i = 1, . . . , n, are i.i.d., with distribution

function F . With no assumption on the common variance of the X
(n)
i , Breiman (1992) proves

that Sn
D→ X if and only if X has an infinitely divisible distribution, i.e., for every m > 0,

there exist i.i.d. random variables Y
(m)
1 , . . . , Y

(m)
m such that X

D
=
∑m

j=1 Y
(m)
j . Furthermore,

the distribution of normalised sums Sn/An − Bn, for some Bn and An > 0, converges to a

distribution G if and only if G is stable. This is the Generalised Central Limit Theorem.

A distribution F is in the domain of attraction of a non-degenerate distribution G if

there exist constants An > 0 and Bn such that the distribution of Sn/An − Bn converges

to G as n → ∞. Gnedenko and Kolmogorov (1954) prove that Sn, suitably normalised,

has a nondegenerate limiting distribution as n → ∞ if and only if the distribution F of the

individual components Xi is in the domain of attraction of a stable law. We conclude that

only stable laws have non-empty domains of attraction; in other words, it is necessary and

sufficient that F belong to the domain of attraction of a stable law (Ibragimov and Linnik,

1971).

2.2 The positive, strictly stable law

We present the following result from Feller (1971) on the positive, strictly stable distribution,

with distribution function denoted by S(x; α).

Theorem 2.2.1. For fixed 0 < α < 1, the function ω(λ) = e−λα

, λ ≥ 0 is the Laplace

12



transform of the density of S(x; α) defined on (0,∞) satisfying

xα
[

1 − S(x; α)
]

→ 1

Γ(1 − α)
, as x → ∞, (2.8)

ex−α

S(x; α) → 0, as x → 0.

The distribution S(x; α), α ∈ (0, 1), has parameters β = 1, γ = 1, and δ = 0 under

Zolotarev’s parameterisation (B) (Chambers et al., 1976). By comparing this parameter-

isation to that of Samorodnitsky and Taqqu (1994), it follows that if X is stable with

parameters α 6= 1, β, γ = 1, and δ = 0 under parameterisation (B), then X is stable with

parameters α, β1, γ1, and δ = 0 under the latter, where tan(πα/2)β1 = tan(πβκ(α)/2) and

γα
1 = cos(πβκ(α)/2). We then conclude that the S(x; α) distribution is the same as the

F
(

x; α, 1, γ =
(

cos(πα/2)
)1/α

, 0
)

distribution.

Zolotarev (see reference in Zolotarev (1986)), and later Kanter (1975), showed the fol-

lowing result used to simulate from this distribution. For fixed α ∈ (0, 1), define

a(u) =

(

sin(αu)

sin(u)

)(1−α)−1(

sin
(

(1 − α)u
)

sin(αu)

)

.

Let L ∼ Exp(1), and U ∼ Unif[0, π], independently. Then,
(

a(U)/L
)(1−α)/α ∼ S(x; α), i.e.,

(

a(U)/L
)(1−α)/α D

=
(

cos(πα/2)
)1/α

Y , where Y ∼ f(y; α, 1, 1, 0).

The distribution S(x; α) is of particular interest in this thesis, and appears in the main

result of the present chapter, Theorem 2.3.1. Darling (1952) analyses the manner in which

the largest term influences the sum of positive, i.i.d. random variables, when the sum has a

limiting stable distribution. Feller (1971) presents a result on the influence of the maximal

term on the sum of i.i.d. random variables with common distribution belonging to the domain

of attraction of the S(x; α) distribution. The following theorem is a less general version of

that result; refer to Appendix A for the proof.

Theorem 2.2.2. Let X1, X2, . . . , Xn ∼ S(x; α) be i.i.d. random variables with 0 < α < 1

fixed. Let Sn =
∑n

i=1 Xi and X(n) be the largest order statistic. Then the ratio Sn/X(n)

13



converges in distribution to a random variable W with Laplace transform

e−λ

1 + α
∫ 1

0
(1 − e−λt)t−α−1dt

, λ ≥ 0, (2.9)

as n → ∞. Furthermore, E(W ) = (1 − α)−1 and var(W ) = α/[(2 − α)(1 − α)2].

2.3 The α-stable law as α → 0

Letting the index parameter α tend to 0, we obtain the following result (previously de-

rived by Cressie (1975) from the integral representation of the density function of Zolotarev

(1986)).

Lemma 2.3.1. Let X ∼ S(x; α). Then as α → 0, Xα D−→ 1/L, where L ∼ Exp(1).

Proof. For α ∈ (0, 1),

Xα D
=

(

a(U)

L

)1−α

=

(

1

L

)1−α

×
(

sin(αU)
)α × sin((1 − α)U)1−α

sin(U)

Letting α → 0, Lα−1 → 1/L, sin((1 − α)U)1−α → sin(U), and limα→0

(

sin(αU)
)α

= 1 by

two applications of l’Hôpital’s Rule.

Figure 2.3 displays the empirical c.d.f. of L−1, L ∼ Exp(1), against that of Xα, X ∼

S(x; α) with α ∈ {0.05, 0.1, 0.25, 0.5, 0.75, 0.95}, showing that the rate of convergence as

α → 0 is fast. The same conclusion is drawn from the comparison of quantiles of the two

distributions in Figure 2.4.

We obtain a similar result for the stable law F (x; α, β, 1, 0), α 6= 1; for proof, see Ap-

pendix A.

Lemma 2.3.2. Let X ∼ F (x; α, β, 1, 0), for 0 < α ≤ 2, α 6= 1, and β ∈ [−1, 1]. Then as

α → 0, |X|α D−→ 1/L, where L ∼ Exp(1).
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Figure 2.3: Comparison of empirical c.d.f. of Xα (vertical axis) against L−1 (horizontal axis),

where X ∼ S(x; α), α ∈ {0.05, 0.1, 0.25, 0.5, 0.75, 0.95}, and L ∼ Exp(1).

The main result of this chapter states that the sum of n i.i.d. random variables with

distribution S(x; αn) is completely determined by the largest summand as n → ∞, provided

that αn ∈ o(1/ log(n)), i.e., 1/ log(n) grows much faster than αn as n → ∞. A one line proof

is presented below and a more complicated one appears in Appendix A.

Theorem 2.3.1. Let Xi ∼ S(x; αn), i = 1, . . . , n, be i.i.d. Then
(

X(n)/Sn

)αn P→ 1 as n → ∞

provided that αn log(n) → 0 (condition A).

Proof.
(Sn

n

)αn

≤ Xαn

(n) ≤ Sαn

n ,

so dividing both sides by Sαn
n gives the inequality n−αn ≤

(

X(n)/Sn

)αn ≤ 1, where the left

hand side converges to 1 by condition A.

Claim 2.3.1. Under condition A,
(

X(n)

)αn
/n

D→ 1/L, where L ∼ Exp(1).
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Figure 2.4: Comparison of QQ plots of Xα, α ∈ {0.05, 0.1, 0.25, 0.5, 0.75, 0.95} against L−1,

where X ∼ S(x; α), and L ∼ Exp(1).

Proof. By Theorem 2.1.1, Sαn
n

D
= nXαn , where X ∼ S(x; αn); it follows from Lemma 2.3.1

that Xαn
D→ L−1 as n → ∞. By Theorem 2.3.1, n−1

(

X(n)

)αn D→ L−1, provided condition A

holds.

2.4 Estimation of parameters of the stable law

Parameter estimation is particularly challenging due to the fact that the density function

does not exist in closed form for most values of α ∈ (0, 2]. For references on the extensively

studied cases α = 1 and α = 2, see, for example, Li et al. (2007). DuMouchel (1973) shows

that maximum likelihood estimators (MLEs) of the parameters, subject to the restriction α ≥

ǫ > 0, for ǫ arbitrarily small, are both consistent and asymptotically normal, and DuMouchel

(1975) computes estimates of the asymptotic standard deviations and correlations. Matsui

and Takemura (2006) improve upon these estimates by providing accurate approximations
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to the first and second derivatives of the stable densities. Nolan (2001) proposes an iterative

approach to maximum likelihood estimation of the parameters, implemented in his software

package STABLE, available at http://www.robustanalysis.com/. Furthermore, the package

STABLE implements five additional methods for estimating stable parameters, including the

empirical characteristic function method and fractional moments; see references therein.

The symmetric stable law (β = 0) has received great attention in the literature. Among

the first estimators of the parameters γ and δ of the symmetric stable law with index α > 1

are the semi-interquartile range, and the 0.5 truncated mean, respectively, proposed by Fama

and Roll (1968). Fama and Roll (1971) analyse properties of the estimator of γ based on

sample quantiles, and propose an estimator of α based on order statistics. McCulloch (1986)

proposes simple, consistent, asymptotically normal estimators of the four stable parameters

based on functions of five pre-determined sample quantiles. More recently, for α = 1, β = 0,

Besbeas and Morgan (2001) propose robust estimators of scale and location parameters

based on the integrated squared error method with joint asymptotic relative efficiency of

96% compared to the maximum likelihood estimators. The following estimators of the scale

parameter in the symmetric case are discussed in detail in Chapter 4: the geometric mean,

and harmonic mean estimators (Li, 2008b), the fractional power estimator (Li and Hastie,

2008), and the optimal quantile estimator (Li, 2008a).

Press (1972) and Paulson et al. (1975) are the first to tackle the problem of parameter

estimation for the skewed stable distribution by using the known form of the characteristic

function. Feuerverger and McDunnough (1981a) and Feuerverger and McDunnough (1981b)

provide consistent estimators based on the asymptotic distribution at r points, r > 1, of the

empirical characteristic function of a random sample of fixed size. By sufficiently increasing

r, the procedures attain arbitrarily high asymptotic efficiency; in numerical examples, the

efficiency is estimated using the results of DuMouchel (1975). The latter estimating pro-

cedures are general and apply to the problem of parameter estimation for any distribution
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having a well-defined characteristic function. The idea of employing the known form of

the characteristic function is further developed by Koutrouvelis (1980), Koutrouvelis (1981),

Kogon and Williams (1998), and Besbeas and Morgan (2008).

For estimating the scale parameter in the case α = 0.5, Besbeas and Morgan (2004) derive

a robust estimator based on the empirical Laplace transform having asymptotic relative

efficiency of 94% compared to the maximum likelihood estimator. For the maximally skewed

case (β = 1), the following estimators of the scale parameter are discussed in Chapter 4: the

geometric mean, and harmonic mean estimators (Li, 2009), the fractional power estimator

(Li, 2008c), and the optimal quantile estimator (Li, 2008d).

2.5 Estimation of density, distribution, and quantile

functions in R

The R contributed package fBasics implements the method of Nolan (1997) for numerical

calculations of density, distribution, and quantile functions. The method uses integral repre-

sentations of the density and distribution functions derived by Zolotarev (1986), and employs

adaptive quadrature for estimating the integrals.

For the symmetric strictly stable distribution, the c.d.f. for x > 0 and α 6= 1 is given by

F (x; α, 0, 1, 0) = 1 − 1

4

(

1 + ǫ(α)
)

+
ǫ(α)

π

∫ π/2

0

exp
(

− xα/(α−1)Uα(y, 0)
)

dy, (2.10)

where ǫ(α) = sign(1 − α), and

Uα(y, 0) =

(

sin(αy)

cos y

)
α

1−α

× cos(y(1 − α))

cos y
.

The p.d.f. is obtained by differentiating expression (2.10),

f(x; α, 0, 1, 0) =
αǫ(α)

π(α − 1)
x1/(α−1)

∫ π/2

0

Uα(y, 0) exp
(

− xα/(α−1)Uα(y, 0)
)

dy. (2.11)
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The algorithms in fBasics work well for most values of α and β, but numerical difficulties

are encountered for α very close to 0 and 1. In these situations, the integrand functions are

highly peaked, so the adaptive quadrature algorithm may miss the spike, and underestimate

the value of the integrals (Nolan, 1997). These estimation procedures are also included in

the commercial software program STABLE; Nolan (1998) claims that the relative accuracy

of the calculations performed by this program is 10−6.

Matsui and Takemura (2006) provide reliable approximations to the first and second

derivatives of the stable densities f(x; α, 0, 1, 0) with respect to x, improving the approxi-

mation of Nolan (1997) to the symmetric density function at the boundary cases x → 0,

x → ∞, and α close to 1. Matsui and Takemura (2006) avoid the unstable behaviour of

the adaptive quadrature algorithm by using Taylor expansions of the density function. We

write R functions to estimate the density f(x; α, 0, 1, 0) (for α ≥ 1), and the first and second

derivatives, f ′(x; α, 0, 1, 0) and f ′′(x; α, 0, 1, 0), with respect to x (for α ≥ 0.2), following the

method of Matsui and Takemura (2006) who claim that their numerical integration approach

works well for most values of x and α.

Alternatively, we estimate f ′(x; α, 0, 1, 0) and f ′′(x; α, 0, 1, 0) by a finite difference scheme

with width h = 0.01, and approximate the density using dstable (fBasics); that is,

f ′′(x; α, 0, 1, 0) ≈ f ′(x + h/2; α, 0) − f ′(x − h/2; α, 0)

h

≈ 1

h

[

f(x + h; α, 0) − f(x; α, 0)

h
− f(x; α, 0) − f(x − h; α, 0)

h

]

=
1

h2

[

f(x + h; α, 0) − 2f(x; α, 0) + f(x − h; α, 0)
]

.

Figure 2.5 displays these approximations, with exact second derivative functions for α = 1, 2.

We obtain similar estimates using the expressions of Matsui and Takemura (2006).

We discover the numerical instability of the fBasics commands when computing the

weights for the L-estimator of the location parameter based on a sample of transformed

stable random variables, to be discussed in detail in Section 4.4.2. The weight function
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Figure 2.5: Approximations to f ′′(x; α, 0, 1, 0) for α ∈ [0.1, 2] using a second order finite

difference scheme.

involves the computation of the quantile function F−1((1+x)/2; α, 0, 1, 0), for x ∈ (0, 1) and

α ∈ (0, 2]. Although we expected a smooth weight function, we observed small jumps in the

weight function for x near 0, and α = 0.2, 0.3, 1, which led us to investigate the behaviour

of the quantile command qstable near 0.5.

Figure 2.6 (left) displays the 0.5001 (blue), and 0.501 (red) quantiles of the symmetric,

strictly stable distribution computed with qstable (fBasics), for α ∈ [0.1, 2]. We expect the

quantile function to be a smooth, continuous, strictly increasing function of α, but remark

that it is unstable for small values, and in the vicinity of α = 1; the instability is particularly

striking for the 0.5001 quantile around α = 1. At α = 1.66, the 0.501 quantile function

jumps from 0.003483876 to 0.003544911, and remains constant for α > 1.66. For α ∈ [1.3, 2],

the 0.5001 quantile function is constant at 3.544908 × 10−4, whereas we see in Figure 2.6

(right) that F (3.544908× 10−4; α, 0, 1, 0) ≥ 0.5001 estimated with pstable (fBasics).

The function qstable returns an approximation x to the p-quantile by solving the equation
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Figure 2.6: Left: Approximate F−1(x; α, 0, 1, 0) for x = 0.5001 (blue) and x = 0.501 (red),

α ∈ [0.1, 2], computed using qstable. Right: Approximate F (3.544908 × 10−4; α, 0, 1, 0),

α ∈ [1.3, 2], computed using pstable; the horizontal green line is drawn at 0.5001.

F (x; α, β, γ, δ) − p = 0 for x, calling pstable to estimate the c.d.f., and uniroot to find the

root. The latter searches in steps, starting from a given interval, and enlarging it at every

step until the exact root is found, or until the change in the estimate of the root found

at consecutive steps falls below a specified tolerance level. Figure 2.7 displays the 0.5001

quantile function approximation for α ∈ [0.1, 2], returned by qstable; varying the tolerance

parameter improves the approximation, particularly for α < 0.4 and α ≥ 1.5.

The command pstable estimates the c.d.f. in (2.10) by invoking the command integrate

to implement globally adaptive interval subdivision and extrapolation. integrate performs

a series of subdivisions that adapt globally to the behaviour of the integrand. At each

stage, the subinterval with largest error estimate is bisected, and a new extrapolated integral

approximation with error estimate is produced. The process continues until the maximum

number of subdivisions is reached, or until the error estimate falls below a specified tolerance
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Figure 2.7: Approximate F−1(0.5001; α, 0, 1, 0), α ∈ [0.1, 2], computed using qstable with

tolerance levels: 1.220703 × 10−4 (red), 10−5 (blue), and 10−8 (green).

level; in the latter case, the corresponding integral approximation is returned. In contrast

to quadrature rule that evaluates the integrand at closely spaced points covering the entire

region of integration, adaptive subdivision may miss regions of significant mass where the

integrand function changes very rapidly.

We consider two sources of instability: one arising from the behaviour of the integrand

in the vicinity of x = 0 as α → 1, and α → 0, and one arising from the value of the tolerance

parameter. Consider

xα/(α−1)Uα(y, 0) =

(

x cos y

sin(αy)

)α/(α−1)

× cos(y(1 − α))

cos y
.

We begin by analysing the behaviour of the integrand in the vicinity of x = 0 as α → 1. If

y is away from the endpoints y = 0, and y = π/2, then

cos(y(1 − α))

cos y
→ 1

cos y
∈ (1,∞), as α → 1,
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and for x close to 0,

x cos y

sin(αy)
≈ 0.

So,
(

x cos y

sin(αy)

)α/(α−1)

→







0 if α → 1+,

∞ if α → 1−,

and

exp
(

− xα/(α−1)Uα(y, 0)
)

→







1 if α → 1+,

0 if α → 1−,

provided x ≈ 0, and y is away from the endpoints y = 0 and y = π/2.

If x ≈ 0 is fixed, and y → 0, then the second and third terms in the product

x cos y

sin(αy)
=

x

αy
× cos y × αy

sin(αy)

tend to 1, whereas the first one tends to ∞. Hence, letting α → 1, we obtain the following

limiting behaviour

exp
(

− xα/(α−1)Uα(y, 0)
)

→







0 if α → 1+,

1 if α → 1−.

Similarly, it can be shown that if x ≈ 0 is fixed, and y → π/2, then

exp
(

− xα/(α−1)Uα(y, 0)
)

→







1 if α → 1+,

0 if α → 1−.

Approximate integration techniques based on adaptive subdivision of (0, π/2) are likely

to miss the sharp increase to 1 towards the endpoint y = 0 as α → 1−, or the sharp decrease

to 0 towards y = 0 as α → 1+, evaluating the integral to 0 or π/2, respectively.

The command dstable for density estimation (see (2.11)) also displays a numerically un-

stable behaviour, e.g., it evaluates f(0.001; 0.95, 0, 1, 0) = 0, f(0.01; 0.95, 0, 1, 0) = 0.325721,

f(0.1; 0.95, 0, 1, 0) = 0.321945, and returns an integration error for f(0.001; 0.98, 0, 1, 0).

The command appears highly numerically unstable for α ≈ 1, and for large values of x when

α ∈ (1, 2]; the latter situation is shown in Figure 2.8.
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Figure 2.8: Approximate f(100; α, 0, 1, 0) for α ∈ [1.02, 2], obtained using dstable (red) and

our algorithm with tolerance parameter 10−8 (blue).

2.6 Improved estimation of density, distribution, and

quantile functions

To overcome the numerical instability in evaluating the integrals in (2.10) and (2.11), we

propose an alternative method for estimating the density of the symmetric, strictly stable

distribution (β = 0) based on the Fourier inversion formula (Feller, 1971).

For α ∈ (0, 2], and β ∈ [−1, 1], Nolan (1999) uses the same method to evaluate the

density function expressed in Zolotarev’s parameterisation (M). He numerically evaluates

the integral over regions of integration where the cosine term changes sign until the accuracy

falls below a given tolerance level, and concludes that it is difficult to obtain accurate results

when α < 0.75, α ≈ 1 for β 6= 0, and when x is large.

When β = 0, the integration task is simpler, and our method corrects the numerical

24



instability of the fBasics commands. By the Fourier inversion formula,

f(x; α, 0, 1, 0) =
1

2π

∫ ∞

−∞

e−itxφ(t)dt

=
1

2π

∫ ∞

−∞

e−itxe−|t|αdt

=
1

2π

{
∫ ∞

−∞

cos(tx)e−|t|αdt − i

∫ ∞

−∞

sin(tx)e−|t|αdt

}

=
1

π

∫ ∞

0

cos(tx)e−tαdt

=
1

π

∞
∑

i=1

∫ i2π

(i−1)2π

cos(tx)e−tαdt, (2.12)

where the imaginary part disappears because the sine function is odd.
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Figure 2.9: Plot of t versus cos(tx)e−tα for t ∈ (0, 30π), x = 5, 0.5, 0.1, and α = 0.4, 0.9, 1.3.

Figure 2.9 shows the integrand in equation (2.12) as a function of t, for t ∈ (0, 30π), and

fixed x and α values. The cosine term in the integrand dominates (as shown by the case

x = 5), and the smaller the value of α, the more undulating the integrand function is. As

x → 0, the integrand function tends to 0 quickly, and only the first few complete cycles of

the cosine function make a significant contribution to the infinite summation in (2.12).
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Next, we divide the integration bounds in (2.12) by x, for x > 0, improving the integration

with respect to t as the function cos(tx) goes through one complete cycle for t ∈ ((i −

1)2π/x, i2π/x); this is particularly important when the product function is highly ondulating.

However, dividing the computation bounds by x is not recommended when the integrand

function decreases quickly to 0. In such instances, if x is large, then the integration bounds

are very small, for small i, and many summands are required to obtain a good approximation

to the density function.

The infinite sum in (2.12) is approximated by the first k terms, where k depends both

α and x, and is chosen adaptively as explained below. For x > 0, we choose between the

following approximations (note that if x < 0, f(x; α, 0, 1, 0) = f(−x; α, 0, 1, 0)):

f(x; α, 0, 1, 0) ≈ 1

π

k
∑

i=1

∫ i2π

(i−1)2π

cos(tx)e−tαdt, (2.13)

and

f(x; α, 0, 1, 0) ≈ 1

π

k
∑

i=1

∫ i2π/x

(i−1)2π/x

cos(tx)e−tαdt.

The latter can be further simplified. Let y = tx.

f(x; α, 0, 1, 0) ≈ 1

π

k
∑

i=1

∫ i2π

(i−1)2π

cos ye−(y/x)α dy

x
,

and, make a second substitution y = (i − 1)2π + z, giving

f(x; α, 0, 1, 0) ≈ 1

xπ

k
∑

i=1

∫ 2π

0

cos
(

(i − 1)2π + z
)

e−[x−1((i−1)2π+z)]αdz

=
1

xπ

∫ 2π

0

cos(z)

k
∑

i=1

e−[x−1((i−1)2π+z)]αdz

=
1

xπ

∫ π

0

cos(z)

[ k
∑

i=1

e−[ 1
x
((i−1)2π+z)]α −

k
∑

i=1

e−[ 1
x
((i−1)2π+z+π)]α

]

dz.(2.14)

To choose between (2.13) and (2.14), consider the product function cos(tx) × e−tα when

t = π/(2x), i.e., the cosine term first takes on the value 0. If e−(π/(2x))α ≤ 0.2 and x > 10,
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then the exponential term decreases quickly towards 0 and dominates the cosine term, so

use expression (2.13); otherwise use expression (2.14).

To determine k, we add terms to the summation until the contribution falls below a

prespecified threshold level that depends α. For expression (2.13), we start with k0 = 100,

and at step j ≥ 1, let kj = kj−1 + 100; if |∑kj

i=kj−1+1

∫ i2π

(i−1)2π
cos(tx)e−tαdt| < ǫ, stop and

return the approximation to the density with kj terms, else continue. For expression (2.14),

the procedure for determining k is analogous, with k0 = 5 and kj = kj−1 +10. The difference

in these two procedures rests with the starting value k0 and the fact that in the former we

add 100 terms at each step, while in the latter only 10; this is explained by the fact that

expression (2.13) is used when the product term is mildly ondulating, so many terms must

be considered at a given step to notice a significant contribution towards the total sum,

whereas in the latter the product term is highly ondulating.

Integrating expression (2.12), we obtain for x > 0

F (x; α, 0, 1, 0) =
1

2
+

1

π

∫ x

0

∫ ∞

0

cos(tu)e−tαdtdu

=
1

2
+

1

π

∫ ∞

0

1

t
sin(tx)e−tαdt

=
1

2
+

1

π

∞
∑

i=1

∫ i2π

(i−1)2π

1

t
sin(tx)e−tαdt. (2.15)

The approximations are

F (x; α, 0, 1, 0) ≈ 1

2
+

1

π

k
∑

i=1

∫ i2π

(i−1)2π

1

t
sin(tx)e−tαdt, (2.16)

and

F (x; α, 0, 1, 0) ≈ 1

2
+

1

π

∫ π

0

sin(z)

[ k
∑

i=1

e−[x−1((i−1)2π+z)]α

(i − 1)2π + z
−

k
∑

i=1

e−[x−1((i−1)2π+z+π)]α

(i − 1)2π + z + π

]

dz,

(2.17)

where the latter is obtained by dividing the integration bounds by x when the product

term t−1 sin(tx)e−tα is highly ondulating. Since sin(t)/t → 0 as t → ∞, the product term
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in (2.15) has a faster rate of convergence to 0 than the product term in (2.12), and the

integrand function in the former case is less ondulating than in the latter. Hence, we use

expression (2.16) if e−(π/x)α ≤ 0.00001, and (2.17) otherwise; we determine k as previously.

We write improved versions for the fBasics commands dstable, pstable, and qstable, using

the expressions via finite summations for density and distribution functions to correct the

detected numerical instability. The tolerance parameter of the root finding algorithm in

qstable is set to 10−8, and the number of subdivisions in the integration procedure is left at

the default value of 1000 (varying this number did not improve the approximations). Set the

threshold parameter ǫ (determining k) as follows: ǫ = 10−9 for α < 0.2 and α ∈ (1.0, 1.2),

ǫ = 10−7 for α ∈ [0.2, 0.4) and α ∈ [1.2, 1.5), and ǫ = 10−6 for all other values of α. For

x ∈ [0, 1500), these ǫ values are small enough to give good approximations.

For comparison, we estimate the 0.5001 and 0.501 quantiles for various values of α, plotted

in blue in Figures 2.10 and 2.11; the instability for small α and in the vicinity of α = 1 is

completely removed by our algorithm. For x close to 0, the behaviour of our algorithms

appears numerically unstable in the range α < 0.2; those of Matsui and Takemura (2006),

and Nolan (2001) suffer from the same drawback.

2.7 Summary

This chapter introduces the stable distribution, presenting properties and parameterisations,

as well as algorithms for simulating from this distribution. In particular, it discusses the

positive, strictly stable distribution, and the α-stable distribution as α → 0. Moreover,

a novel result on sums of i.i.d. positive, strictly stable random variables is presented, and

will be used subsequently in Section 3.4.2 to prove an unexpected connection between data

sketching and hashing. Finally, we correct a numerical instability in the fBasics commands

for density, distribution, and quantile estimation of the symmetric, stable distribution.
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Chapter 3

Cardinality estimation in streaming

data

The focus of this chapter is cardinality estimation in streaming data, i.e., counting the

number of distinct elements observed, via fast algorithms that require space much smaller

than the order of the cardinality, where the latter is assumed to be prohibitively large in

real-life data streams. We distinguish between two methods: hashing and storing order

statistics, and data sketching via projections to stable random variables. In both cases, we

derive recursively computable, maximum likelihood estimators of the cardinality. We prove

an unsuspected link between the two methods in Theorem 3.4.1.

3.1 Data streams

Observations in stream format present new challenges in the statistical analysis of mas-

sive data sets. Exact computation of simple properties of extensive streaming data, such

as Hamming norm, lα norm, and αth frequency moments, becomes infeasible in real time

(Cormode and Muthukrishnan, 2005a). Hence, the need arises to approximate these values,

and in order for the approximation to be meaningful, it must accompanied by a measure of
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uncertainty. Let s denote a property of interest with approximation ŝ.

Definition 3.1.1. ŝ is an (ǫ, δ)-approximation to s, for some ǫ, δ > 0 arbitrarily small, if

P

(

|ŝ − s| > ǫs
)

≤ δ. ǫ is the approximation parameter, and 1 − δ the confidence parameter.

Consider a data stream with elements drawn from a countable, possible infinite set of

values D. At the current time point t, a pair of the form (it, dt) is observed, where it ∈ D

is the type of data element, and dt is the quantity. For certain kinds of data, it is possible

for data elements to cancel each other out; for example, when an input (it, dt) is followed

by (is, ds) such that ds = −dt and it = is. This would be the case when (it, dt) is a record

of purchase or sale, and the objective is to monitor stock levels. It is assumed that data in

stream format can come in an arbitrary order, and that the same element type can appear

several times in the stream.

Definition 3.1.2. The accumulation vector of a data stream over D observed up to finite

time T > 0 is defined to be the vector aT =
(

a1, . . . , ai, . . .
)

, where ai =
∑T

t=1 dtI(it = i) is

the cumulative quantity of elements of type i at time T , for i ∈ D.

Note that we are assuming that the types can be ordered by some convention, for example

by the order of their first appearance. Following the terminology of Cormode et al. (2003),

when dt > 0 ∀t > 0 we refer to this as the cash register case, and when dt ∈ R as the turnstile

case. The latter is further divided into the general case when ai ∈ R, and the non-negative

case when ai ≥ 0 ∀i. When dt = 1 ∀t, we will call this a simple data stream.

Definition 3.1.3. The Hamming norm of a vector a = aT over D is defined as

|a|H =
∣

∣{i; ai 6= 0, i ∈ D}
∣

∣.

Definition 3.1.4. The Hamming distance between two vectors a = aT1 and b = bT2 over D

is defined as the Hamming norm of a− b, |a− b|H =
∣

∣{i; ai − bi 6= 0, i ∈ D}
∣

∣.
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Definition 3.1.5. The lα norm of a vector a = aT over D is defined for α ≥ 1 by

lα
(

a
)

=
(

∑

i∈D

|ai|α
)1/α

.

For α < 1, it is called a quasi-norm because the triangle inequality fails to hold.

Definition 3.1.6. The lα distance between vectors a = aT1 and b = bT2 over D is defined

for α ≥ 1 by

dα

(

a,b
)

=
(

∑

i∈D

|ai − bi|α
)1/α

.

For α < 1, it is called a quasi-distance.

Definition 3.1.7. The αth frequency moment of a vector a = aT is given by Fα(a) =
(

lα(a)
)α

. If α = 0, we define |ai|α = 1 if ai 6= 0 and 0 otherwise.

The statistic F1(a) is the cumulative quantity of all types in the data set, and the statistics

Fα(a) for α ≥ 2 indicate the degree of non-uniformity of the data, where F2(a) is known as

the repeat rate or Gini’s index of homogeneity.

Definition 3.1.8. The cardinality of a general data stream with accumulation vector a = aT

is defined as the limit of Fα(a) as α → 0, and equals the Hamming norm |a|H .

Referring to Cormode and Muthukrishnan (2005a), other quantities of interest in data

sets are: the cumulative quantity of type i, ai, the cumulative quantity of type i for l ≤ i ≤ r,
∑r

i=l ai, where l, r ∈ D such that l < r, and the inner product of the cumulative quantities of

two streams a = aT1 and b = bT2 , defined by a ⊙ b :=
∑

i∈D aibi. In the non-negative case,

i.e., ai ≥ 0 ∀i, quantities of interest in summarising the distribution of the observed data

approximately are φ-quantiles and φ-heavy hitters, defined for 0 ≤ φ ≤ 1; refer to Cormode

and Muthukrishnan (2005a) for definitions. In the sequel, we will drop the subscript T and

write a for aT .

Two radically different approaches exist for estimating the value of a given property: the

sampling approach and the random record-keeping approach. In the former, the estimation
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is based on information contained in a random sample of the elements in the data set, while

in the latter, all elements of the set are inspected but only partial information is retained.

Sampling-based algorithms for cardinality estimation have been investigated in the context of

estimating the number of distinct species or classes in a population (Bunge and Fitzpatrick,

1993; Haas et al., 1995). The difficulty with these algorithms is that unless a specific model

of the population is assumed a priori, there is no guarantee that the random sample is large

enough to offer a good representation of the underlying population. Further difficulties arise

in devising sampling strategies when data is acquired in stream format; this is particularly

acute when the elements arrive in adversarial order, i.e., the pattern of repetitions is far

from uniform. Random-record keeping algorithms proceed by scanning the entire data set

and retaining only partial information. We identify in the literature two different methods

of extracting meaningful information from observed data: hashing and stable law sketching.

Hashing is a basic tool used by many algorithms for handling data where the type of data

element is identified by a complicated label. Hash functions were initially used for storing

data in tables since data indexed by integer values can be more readily accessed; the hash

function, h, maps element i ∈ D into slot h(i) of the table. The function h is deterministic

in the sense that given i ∈ D, the same output h(i) is produced, but h is constructed so that

it has pseudo-random properties.

Definition 3.1.9. A hash function h : D 7→ {1, . . . , L}, where L ≪ |D|, is a deterministic,

pseudo-random function with the property that h(i) ∼ Unif({1, . . . , L}) independently.

Since L ≪ |D|, there is a non-zero probability that for some i, j ∈ D, i 6= j, the function

produces h(i) = h(j); this situation is called a collision. A good hash function is a pseudo-

random function that maps uniformly and has low collision rate. To minimise the probability

of collisions, an approach known as universal hashing is oftentimes implemented. The hash

function h is chosen randomly from a finite collection H of functions satisfying the following

property: the probability of the event
[

h(i) = h(j), i 6= j
]

is at most 1/L. In other words,
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the probability of collision is at most equal to the probability of
[

h(i) = h(j)
]

occurring if

h(i) and h(j) were randomly chosen from the set {1, . . . , L}. In the following, we assume

that a hash function mapping to random, independent values can be adequately emulated

by random number generators via the method of seeding, to be presented in Section 3.3. For

a discussion on random number generators and hash functions, refer to Knuth (1998).

3.2 Cardinality estimation: existing methodology

The most obvious way of counting the number of types in a simple data stream, denoted

by c, is as follows. Allocate |D| separate, unoccupied bins. For each distinct type i ∈ D

observed, change the status of the corresponding bin from unoccupied to occupied (this can

be achieved via a bit variable that switches from 0 to 1), and then count the number of

occupied (or unoccupied) bins after the data stream has been processed. The disadvantage

of this approach is two-fold: first, prior knowledge on the value of |D| is needed, and second,

if this value is large, the number of bins required may exceed available computer storage.

The simplest solution is to reduce the number of bins to L, where L ≪ c, and to map distinct

types to bins at random via a hash function. Care, however, must be taken that L is large

enough such that the probability of occupying all bins is negligible. The algorithm is as

follows.

Let h be a hash function mapping from D to uniformly distributed, independent values

in {1, . . . , L}. Allocate a vector v of length L with entries initially all equal to 0. At time t,

observe (it, dt), compute the hashed value x = h(it), and set vx = 1. Once the entire data

stream has been observed, compute N̂ = |{vx = 0, 1 ≤ x ≤ L}|, the number of remaining

entries equal to zero in the vector v. The probability of [vx = 0] is the probability that none

of the c distinct data elements hash to the value x, for 1 ≤ x ≤ L, which equals (1 − 1/L)c.

As a random variable, N follows approximately a Binomial
(

L, (1− 1/L)c
)

distribution with

expected value E(N) = L(1 − 1/L)c. (Note that N cannot take the value 0.) By the
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method of moments, estimate E(N) by N̂ , and solve for c to obtain the following estimator:

ĉ = log(N̂/L)/ log(1 − 1/L). The variance of ĉ is approximately Lec/L for c large, obtained

by expanding the function log(N/L) into a Taylor series about E(N) and truncating after

the second term. In practical applications, when c is very large, L would need to be of order

c/ log c to produce a standard deviation of order c, i.e., storage of size c/ log c needs to be

allocated in order to use this algorithm. Hence, the storage reduction is relatively small and

the method is impractical when c is large.

3.2.1 Probabilistic counting

One of the earliest suggestions for storage reduction in cardinality estimation of simple

data streams is the probabilistic counting algorithm of Flajolet and Martin (1985). At

time t, the pair (it, dt) is observed, and the data element it is hashed to a random, in-

dependent, uniformly distributed number over a finite range (Flajolet and Martin, 1985),

or equivalently to the interval [0, 1] (Durand and Flajolet, 2003; Flajolet, 2004; Giroire,

2005). Let ρ(it) be the position of the first 1 in the binary representation of h(it). Fla-

jolet and Martin (1985) propose the asymptotically unbiased estimator ĉ = 2R/φ, where

R = max
{

k : [1, . . . , k] ⊆ {ρ(it), t = 1, . . . , T}
}

, and φ is an appropriate constant; similar

in spirit is Wegman’s Adaptive Sampling algorithm (Flajolet, 1990). The estimator of Du-

rand and Flajolet (2003) is a function of the statistic max{ρ(it), t = 1, . . . , T}, while Giroire

(2005) derives estimators that are functions of order statistics of the hashed values.

To increase the precision of the estimates, the method of stochastic averaging (Flajolet

and Martin, 1985) is employed. The interval [0, 1] is divided into m distinct subintervals of

size 1/m, called buckets, and an estimate of c is obtained for each bucket. In particular,

Giroire (2005) computes the kth order statistic of the hashed values for fixed k, denoted by

Y
(k)
i for the ith bucket. We point out that the resulting estimators are not well-defined; if k

is large compared to c/m, then the kth order statistic of values in a given bucket may not
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exist. Giroire (2005) proposes three families of estimators, the inverse family, ξ1, the square

root family, ξ2, and the logarithm family, ξ3, based on the sample Y
(k)
1 = y1, . . . , Y

(k)
m = ym.

ξ1 := (k − 1)

m
∑

i=1

1

yi

ξ2 :=
1

(

1
(k−1)!

Γ(k − 1) + m−1
(k−1)!2

Γ(k − 1/2)2
)

(

m
∑

i=1

1√
yi

)2

ξ3 := m ·
(

Γ(k − 1/m)

Γ(k)

)−m

· exp

{

− 1

m

m
∑

i=1

ln yi

}

As c → ∞, the estimators are approximately asymptotically unbiased, with standard devi-

ations (s.d.):

s.d.(ξ1) ≈ c√
k − 2

· 1√
m

s.d.(ξ2) ≈ 2c√
m

√

1

k − 1

(

Γ(k)

Γ(k − 1/2)

)2

− 1, for m large

s.d.(ξ3) ≈
√

Ψ′(k) · c√
m

, for m large,

where Γ and Ψ denote the gamma and digamma functions with Ψ(z) = d ln Γ(z)/dz.

Alon et al. (1999) modify the algorithm of Flajolet and Martin by requiring only pairwise

independent hash values, uniform over a finite range. This seminal paper is the first attempt

at obtaining tight lower bounds on the space complexity of approximating frequency moments

Fα(a). For simple stream data, they show that for every α ≥ 1, ǫ > 0, and δ > 0, there exists

a randomized algorithm that computes an (ǫ, δ)-approximation to Fα(a) in one pass over the

data set and using O
(

αǫ−2m1−1/α(log m + log T ) log(δ−1)
)

memory bits, where m = |D| and

T is the length of the data stream. Moreover, they prove that O
(

log m
)

bits suffice for

estimating the cardinality of a simple data stream.

Bar Youssef et al. (2002) present three algorithms for cardinality estimation with different

space/time tradeoffs that require pairwise independent hash functions and account for the

probability of collisions, that previous algorithms based on hashing dismissed as negligible.
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They obtain the best (ǫ, δ)-approximation for the cardinality of a simple data stream in

terms of space requirements and processing time per element. The space requirement is of

the order of O
((

ǫ−2 log log m + log m log(ǫ−1)
)

log(δ−1)
)

. Indyk and Woodruff (2003) show

that the dependence of the space requirement on ǫ through the factor 1/ǫ2 cannot be reduced

to 1/ǫ. In fact, they prove that any algorithm that (ǫ, δ)-approximates the cardinality must

use Ω(1/ǫ2) space, provided that ǫ = Ω
(

m−1/(9+k)
)

, for any k > 0.

3.2.2 Data sketching

Indyk (2006) (previously published in Indyk (2000)) introduces the expression data sketching ;

the idea is to represent important features of the data using small amount of memory.

Definition 3.2.1. Let F (S) be a given statistic of S ∈ R
d. C(S) ∈ R

k is a good sketch

representation of S for estimating F (S) if k ≪ d (i.e., the sketch requires less space to

store than the original vector), and F (S) can be accurately approximated by applying some

function G to C(S).

Indyk (2006) claims that “computing sketches of normed vectors enables to compress

the data and speed-up computation”. Cormode and Muthukrishnan (2005a) point out that

“most sketches described in the literature are good for one single, pre-specified aggregate

computation”. Indyk (2006) proposes an algorithm for estimating the lα norm of a data

stream for α = 1, 2 by constructing low-dimensional representations of the data that exploit

properties of the stable law.

Cormode et al. (2003) expand the algorithm to α ∈ (0, 2] for the general case of stream

data. For the problem of cardinality estimation in the turnstile case, their estimator is based

on the median of weighted sums of symmetric, strictly stable random variables with index

α = 0.02. Data sketching methods require space logarithmic in the cardinality of the stream

and work under the underlying assumption that this cardinality is extremely large, else it

would be possible to store the vector of observed frequencies in main computer memory.
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Furthermore, data sketching methods that store linear combinations of α-stable random

variables also work in the presence of deletions, i.e., when a negative number of elements

of a particular type is observed; other synopsis construction methods, e.g., sampling, fail in

such instances.

Ganguly (2007) combines the methods of hashing and binning for estimating cardinality

in the non-negative, turnstile case. His algorithms, which use d-wise independent random

hash functions, improve upon the time and space complexity of existing algorithms for this

problem. Ganguly (2004) presents an algorithm for estimating the αth frequency moments

for α > 2 in the non-negative, turnstile case, via sketching based on linear combinations of

randomly chosen αth roots of unity. He reduces the space complexity obtained by Alon et al.

(1999) to O
(

2m1−1/(α−1) log m
)

memory bits, which is further improved upon by Indyk and

Woodruff (2005) who reduce the leading factor to m1−2/α, for α > 2.

3.3 Cardinality estimation via hashing

In this section we propose maximum likelihood estimators of the cardinality based on hash-

ing to continous or discrete random variables, and storing order statistics. We discuss the

property of recursive computability, and the requirement of attaining the tight lower bound

on storage complexity. Moreover, we show that the estimators of Giroire (2005) are asymp-

totically efficient.

3.3.1 Hashing to continuous random variables

Suppose that data arrives in simple stream format: (it, 1); the data type it is mapped to a

random variable from the uniform distribution on (0,1) via m independent hash functions,

concurrently applied to the data stream. The result is m random samples of size c, where c

denotes the cardinality of the data stream, from the uniform distribution on (0,1); we now
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apply conventional maximum likelihood estimation to the problem of approximating c.

Let Y
(k)
i denote the kth order statistic from the ith sample, i = 1, . . . , m. Assuming

that the first k order statistics Y
(1)
i = y1, . . . , Y

(k)
i = yk are available for each sample i,

i = 1, . . . , m, the joint likelihoood of sample i is

L(c; y1, . . . , yk) =
c!

(c − k)!
(1 − yk)

c−k
I[y1 < y2 < . . . < yk].

By the Neyman Factorisation Criterion (Lehmann, 1983), Y
(k)
i is sufficient for c. Therefore we

derive our maximum likelihood estimator of c, denoted by ĉC , from Y
(k)
1 = y1, . . . , Y

(k)
m = ym,

a random sample of size m of kth order statistics. The likelihood function is

L(c; y1, . . . , ym) =
m
∏

i=1

{

c!

(c − k)!(k − 1)!
yk−1

i (1 − yi)
c−k

}

,

and ĉC satisfies

∂l

∂c

∣

∣

∣

∣

c=ĉC

=
∂ log(L)

∂c

∣

∣

∣

∣

c=ĉC

=

m
∑

i=1

log(1 − yi) +
m

ĉC
+

m

ĉC − 1
+ . . . +

m

ĉC − k + 1
= 0. (3.1)

From the definition of Euler’s constant γ := limn→∞

{

∑n
i=1 1/i − log(n)

}

, we have the

approximation
∑n

i=1 1/i = log(n)+γn, where γn → γ as n → ∞. So for large c and k 6= 1, c,

equation (3.1) becomes m−1
∑m

i=1 log(1 − yi) + log(ĉC) − log(ĉC − k) ≈ 0, and the MLE is

approximately given by

ĉC =
k

1 −
∏m

i=1(1 − yi)1/m
. (3.2)

Moreover,

−∂2l

∂c2
=

m

c2
+

m

(c − 1)2
+ . . . +

m

(c − k + 1)2
≈ mk

c(c − k)
,

so the Fisher information (Cramér, 1946) about c contained in the sample is approximately

mk/c2 for large c; hence, ĉC ∼ Normal(c, c2/(mk)) approximately for large c as m → ∞.

Let F denote an arbitrary continuous distribution, and suppose that the hash functions

map to random variables from F . Then the log likelihood function of the kth order statistics

depends on the data only through F (yi) that are independent of the parameter of interest
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c, and hence the maximum likelihood estimator of c is distribution-free, i.e., the expression

for ĉC is independent of the underlying distribution of the hashed values.

Therefore, using m copies of the kth order statistic results in a reduction in s.d. by a

factor of
√

m that equals the degree of reduction obtained by stochastic averaging with m

buckets. Furthermore, the variance of the estimator depends on m and k only through the

factor mk, so using mk copies of the first order statistic or m copies of the kth results in the

same approximate variance for large c.

We compare the estimators of Giroire (2005) to the MLE ĉC in terms of asymptotic

relative efficiency (ARE), defined as the ratio of the asymptotic variance of the best possible

estimator, the MLE, to that of the estimator under study (Lehmann, 1983), and show that

Giroire’s estimators are asymptotically efficient as m → ∞ and k → ∞.

ARE(ĉC , ξ1) ≈ mk

m(k − 2)
≈ 1 for large k,

ARE(ĉC , ξ2) ≈ 4k

{

1

k − 1

(

Γ(k)

Γ(k − 0.5)

)2

− 1

}

for k large.

Now, Γ(k)/Γ(k−0.5) = (k−1)Γ(k−1)/Γ(k−1+0.5), and we use the following approximation

Γ(k − 1 + 0.5)

Γ(k − 1)
=

√
k − 1

(

1 − 1

8(k − 1)
+

1

128(k − 1)2
+

5

1024(k − 1)3
± . . .

)

=
√

k − 1 − 1

8
√

k − 1
+ O

(

1

(k − 1)3/2

)

=
8k − 9

8
√

k − 1
+ O

(

1

(k − 1)3/2

)

,

thus obtaining, for k large,

ARE(ĉC , ξ2) ≈ 4k

{

(k − 1)

(

8
√

k − 1

8k − 9

)2

− 1

}

=
64k2 − 68k

64k2 − 144k + 81
≈ 1.
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Lastly, for k large,

ARE(ĉC , ξ3) ≈ kΨ′(k)

= k

∞
∑

i=0

1

(k + i)2
, where Ψ′(k) =

d

dk
ln Γ(k)

= lim
n→∞

k
n
∑

i=0

1

(k + i)2

= lim
n→∞

k

{

1

k2
+ . . . +

1

(k + n)2

}

≈ lim
n→∞

nk

(k + n)(k − 1)

=
k

k − 1
≈ 1.

It should be noted that when estimating an integer valued parameter, such as the car-

dinality, the derivatives in, for example, equation (3.1) cannot be calculated. Nevertheless,

equivalent results can be derived in terms of finite differences and since the standard devi-

ation of the estimators we consider is of the order of c, with c large, the use of derivatives

can be justified. For an early discussion of these issues, see Hammersley (1950).

Finally, we show that the estimator ĉC in (3.2) is recursively computable. The property

of recursive computability is particularly important when dealing with massive data sets due

to constraints on available storage.

Definition 3.3.1. A sequence of statistics Tn(x1, . . . , xn) is said to be recursively computable

if ∀n ∈ N, Tn(x1, . . . , xn) = Tn(z1, . . . , zn) ⇒ Tn+1(x1, . . . , xn, w) = Tn+1(z1, . . . , zn, w).

Lauritzen (1988) proves for independent variables X1, . . . , Xn that if Tn(x1, . . . , xn) is

minimal sufficient, then the sequence Tn, n ≥ 1, is recursively computable; this characteristic

of sufficient statistics was first remarked by Fisher (1925). We use a theorem of Lehmann

and Scheffé (1950) to show that the statistic in (3.2) is minimal sufficient for c. The ratio

L(c; y1, . . . , ym)

L(c; z1, . . . , zm)
=

{
∏m

i=1 yi

}k−1{∏m
i=1(1 − yi)

}c−k

{
∏m

i=1 zi

}k−1{∏m
i=1(1 − zi)

}c−k
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is constant as a function of c if and only if
∏m

i=1(1 − yi) =
∏m

i=1(1 − zi). So, the statistic

Tm(y1, . . . , ym) =
∏m

i=1(1 − yi) is minimal sufficient for c; since the estimator ĉC is in one-

to-one correspondence with Tm(y1, . . . , ym), it follows that it is minimal sufficient for c and

hence recursively computable.

Alternatively, we can show directly that ĉC is recursively computable. Suppose the goal

is to estimate the number of distinct stocks traided during a single day based on monitoring

during peak hours in the morning and afternoon. The two estimates, ĉC,m1 and ĉC,m2 , based

on random samples of sizes m1 and m2, respectively, can be combined to give an estimate

based on a random sample of size m1 + m2:

ĉC,m1+m2 =
k

1 −
[

(1 − k/ĉC,m1)
m1 × (1 − k/ĉC,m2)

m2
]1/(m1+m2)

.

For the case k = c, i.e., storing the maximum order statistic, the likelihood function is

l(c; y1, . . . , ym) = m log c +

m
∑

i=1

(c − 1) log yi, 0 < y1, . . . , ym < 1.

The MLE of c is ĉC = −m/
∑m

i=1 log yi, and, as expected, is asymptotically Normal with

mean c and variance c2/m, having the property of recursive computability in m.

Similarly, for the case k = 1, the MLE of c is given by ĉC = −m/
∑m

i=1 log(1 − yi); it is

also asymptotically Normal with mean c and variance c2/m, and recursively computable.

3.3.2 Hashing to discrete random variables

Hashing to integer values requires less storage as the stream is processed. Let the hash func-

tion map to discrete random variables, taking non-negative integer values, with cumulative

distribution function F . Consider the special case that F (x) = 1 − ρ−x, for ρ > 1, i.e.,

X ∼ Geometric(1 − ρ−1), noting that ρ = 2 is the case analysed by Flajolet (2004).

Let M
(d)
c denote the dth largest value in a random sample of Geometric(1−ρ−1) variables

of size c. Kirschenhofer and Prodinger (1993) show that as c → ∞,

E
(

M (d)
c

)

≈ log(c)

log(ρ)
+

γ

log(ρ)
+

1

2
− 1

log(ρ)
Hd−1 + P1

(

logρ(c)
)

, (3.3)
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where γ is Euler’s constant, P1(x) is a continuous, periodic function of period 1, mean

zero and small amplitude, and Hk is the kth harmonic number defined as Hk =
∑k

i=1 i−1,

H0 = 0. Furthermore, the variance of M
(d)
c can be made arbitrarily small by choosing d large

enough, in the limit as c → ∞. However, Kirschenhofer and Prodinger (1993) point out that

estimating c from M
(d)
c for d ≥ 2 “does not work well, because the d-maximum is sensitive

(though not much) to multiple appearances of the same element”. Indeed, the maximum

order statistic (d = 1) is typically stored by algorithms hashing to Geometric(1−ρ−1) random

variables because it lies far out in the tail of the distribution where the hash function has

low probability of collision; see Figure 3.1.
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Figure 3.1: Comparison of probability mass functions of Geometric(1 − ρ−1) distribution.

Figure 3.1 also shows that as ρ → 1, the probability of repetitions appearing in the sample

tends to 0; this justifies first estimating the cardinality c from a sample
(

Y
(1)
1 = y1, . . . , Y

(1)
m =

ym

)

of minimum order statistics with ρ close to 1. The probability mass function (p.m.f.) of

the minimum order statistic from a random sample of size c of Geometric(1− ρ−1) variables
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is given by

f(y; c) =
1

ρ(y−1)c

(

1 − 1

ρc

)

, y = 1, 2, . . . ,

so it has a Geometric(1 − ρ−c) distribution. The log likelihood is

l(y1, . . . , ym; c) =
m
∑

i=1

{

− yic log(ρ) + log(ρc − 1)
}

,

so

∂l

∂c
= − log(ρ)

m
∑

i=1

yi +
mρc

ρc − 1
log(ρ),

∂2l

∂c2
= −m[log(ρ)]2ρc

(ρc − 1)2
≤ 0,

and the MLE, denoted by ĉD, has the advantage of being available in closed form:

ĉD =
log
(
∑m

i=1 yi

)

− log
(
∑m

i=1 yi − m
)

log ρ
;

furthermore, it has the property of recursive computability.

Fisher’s information is, for m = 1,

I1(c; ρ) =
∞
∑

x=1

(

− x log ρ +
ρc

ρc − 1
log ρ

)2 ρc − 1

ρxc
=

ρc(log ρ)2

(ρc − 1)2
.

For fixed c, I1(c; ρ) is a decreasing function of ρ for ρ > 1 with limρ→1 I1(c; ρ) = c−2.

We compare the efficiency of ĉD to that of ĉC with k = 1. Let ρ = 1 + λ/c, for some

fixed, positive constant λ. For large c, the ARE of ĉD compared to ĉC is

lim
c→∞

c2I1(c; ρ) = lim
c→∞

(1 + λ/c)c
[

c log(1 + λ/c)
]2

[

(1 + λ/c)c − 1
]2 =

λ2eλ

(eλ − 1)2
,

a decreasing function of λ tending to 1 as λ → 0. So an asymptotic relative efficiency

arbitrarily close to 1 can be obtained by letting ρ = 1 + λ/c with λ ≈ 0. For example,

λ = 0.01 results in a relative efficiency of 0.9999 compared with estimation based on the

first order statistic from a continuous distribution. Hence, based on m replicates with ρ ≈ 1,

ĉD ∼ Normal(c, c2/m) approximately for large m. We therefore conclude that estimating the

cardinality c by the MLE based on a random sample of size m of first order statistics from

an arbitrary continuous distribution, for large m, is equivalent to estimating via the MLE
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based on a random sample of size m of first order statistics from the Geometric(1 − ρ−1)

distribution, for ρ ≈ 1, ρ > 1.

Similar results are obtained for the MLE based on a random sample of maximum order

statistics,
(

Y
(c)
1 = y1, . . . , Y

(c)
m = ym

)

, from the same distribution. The joint log likelihood is

l(c; y1, . . . , ym) =
m
∑

i=1

log
{

(

1 − ρ−yi
)c −

(

1 − ρ−(yi−1)
)c
}

,

and the MLE ĉD satisfies

∂l

∂c

∣

∣

∣

∣

c=ĉD

=

m
∑

i=1

log
(

1 − ρ−yi
)(

1 − ρ−yi
)ĉD − log

(

1 − ρ−(yi−1)
)(

1 − ρ−(yi−1)
)ĉD

(

1 − ρ−yi

)ĉD −
(

1 − ρ−(yi−1)
)ĉD

= 0. (3.4)

Since ĉD is not tractable in closed form, it is not recursively computable, and, more impor-

tantly, must be approximated by an iterative numerical technique like Newton-Raphson:

ĉ(r+1) = ĉ(r) −
{

∂2l

∂c2

}−1∣
∣

∣

∣

c=ĉ(r)

· ∂l

∂c

∣

∣

∣

∣

c=ĉ(r)

, (3.5)

where

∂2l

∂c2
=

m
∑

i=1

(

1 − ρ−yi
)c(

1 − ρ−(yi−1)
)c[

log
(

1 − ρ−yi
)

− log
(

1 − ρ−(yi−1)
)]2

[(

1 − ρ−yi

)c −
(

1 − ρ−(yi−1)
)c]2 .

It is known that if ĉ(1) is a consistent estimate of c, then ĉ(2) is an asymptotically efficient

estimate and the procedure need not be iterated further (Rao, 1973).

So we proceed to find a consistent estimate of c. Define Z =
∑m

i=1 I[Yi ≤ Ψ], for some large

constant Ψ ≥ 1. Then Z ∼ Binomial
(

m, (1 − ρ−Ψ)c
)

, and let Ẑ =
∣

∣{yi; yi ≤ Ψ}
∣

∣. By the

method of moments, if Ẑ 6= 0, equate E(Z) = m(1 − ρ−Ψ)c with Ẑ and solve for c. The

proposed estimator is

ĉ =







log(Ẑ/m)
log(1−ρ−Ψ)

if Ẑ 6= 0

T otherwise,

where T is the length of the observed data stream. Expanding the function log(Z/m) into

a Taylor series about EZ, we obtain that log(Z/m) = c log(1− ρ−Ψ) + m−1(1− ρ−Ψ)−c(Z −

EZ) + O(1/m), so E log(Z/m) ≈ c log(1 − ρ−Ψ).
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Now, Eĉ ≈ c
{

1− (1− [1− ρ−Ψ]c)m
}

+ T (1− [1− ρ−Ψ]c)m, and the bias of ĉ tends to 0 as

m → ∞, since ρ > 1. Similarly, var
(

log(Z/m)/ log(1 − ρ−Ψ)
)

≈ ρ2Ψm−1
[

exp(cρ−Ψ) − 1
]

,

using the approximation (1 − ρ−Ψ)c ≈ exp(−cρ−Ψ) for large c, and it is easy to show that

var(ĉ) → 0 as m → ∞. Hence ĉ is consistent for c. Setting ĉ(1) = ĉ in equation (3.5) results

in an asymptotically efficient estimate ĉD = ĉ(2) of c.

For m = 1, Fisher’s information is

I1(c; ρ) =

∞
∑

x=1

[log(1 − ρ−x)(1 − ρ−x)c − log(1 − ρρ−x)(1 − ρρ−x)c]2

(1 − ρ−x)c − (1 − ρρ−x)c
;

by letting c = ρr and x = r + k, where r is an integer, it can be shown that

lim
c→∞

c2I1(c; ρ) =
∞
∑

k=−∞

1

ρ2k

(ρ − 1)2

[exp(ρρ−k) − exp(ρ−k)]
,

a decreasing function of ρ as ρ → ∞. In particular, for ρ = 1.1, the ARE of the MLE based

on a sample of maximum order statistics from the Geometric distribution as compared to the

MLE based on a random sample of minimum order statistics from an arbitrary continuous

distribution is 0.9985. For the algorithm of Flajolet (2004) with ρ = 2, the ARE is 0.9304.

In the extreme case of discretisation to Bernoulli random variables with probability

of success p, the MLE of c based on the random sample
(

Y
(c)
1 = y1, . . . , Y

(c)
m = ym

)

∼

Bernoulli
(

1 − (1 − p)c
)

is given by

ĉ =
log(1 −

∑m
i=1 yi)

log(1 − p)
.

The Fisher information, for m = 1,

I(c; p) =
(1 − p)c

[

log(1 − p)
]2

1 − (1 − p)c

is maximised by pmax = 1− exp
(

− λ0/c
)

≈ λ0/c, for large c, where λ0 ≈ 1.593623. Letting

p = λ/c, for fixed 0 < λ < c, results in an asymptotic relative efficiency of

lim
c→∞

c2I(c; p) = lim
c→∞

(1 − λ/c)c

1 − (1 − λ/c)c

[

log
(

1 − λ

c

)c]2

=
λ2

eλ − 1
,
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that equals approximately 0.65 when λ = λ0. We observe that the ARE is above 30% on the

range λ ∈ (0.4, 4), and conclude that if c is known in advance to lie in the range (0.4c0, 4c0),

for some fixed c0, then p = c−1
0 guarantees at least 30% efficiency.

3.3.3 Complexity results and tail bounds

Let ĉC , ĉD denote the maximum likelihood estimator based on a random sample of minimum

order statistics from an arbitrary continuous distribution (see Subsection 3.3.1), and the MLE

based on a random sample of maximum order statistics from the Geometric(1−ρ−1), ρ = 1.1,

distribution (see Subsection 3.3.2), respectively.

In hashing to discrete random variables, the maximum order statistic is preferred to the

minimum because the former requires less space to store and lies far out into the tail of the

distribution where the hash function has low collision probability. If the algorithm is based

on the minimum order statistic, then a succession of decreasing values is stored, and the size

of the largest of these values determines the storage requirement. The largest value is the

first one observed, a Geometric(1− ρ−1) random variable with expectation ρ/(ρ− 1), where

ρ = 1 + λ/c. In terms of c, the expected value is 1 + c/λ, so it is of order O(c). Hence,

a conservative estimate of the space required to store one sample of the minimum order

statistic is O(log c). On the other hand, a very optimistic estimate of the space required

to store one sample of the maximum order statistic is obtained by looking at the expected

value of the maximum, given by (3.3) with d = 1, which is of order O(log c); so the algorithm

requires O(log log c) space.

We proceed to obtain tail bounds for the distribution of ĉC , where ĉC = −m/
∑m

i=1 log(1−

F (yi)), and (y1, . . . , ym) is a random sample of minimum order statistics, each coming from

an independent sample of size c from a continous distribution F . It follows that F (yi) is

the minimum order statistic of a random sample of size c from the Unif(0, 1) distribution

(David and Nagaraja, 2003), and − log(1−F (yi)) follows the Exponential distribution with
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mean c−1. Hence, −
∑m

i=1 log(1−F (yi)) is Gamma distributed with shape parameter m and

scale parameter c−1. We use Chernoff’s approach (Chernoff, 1952) to obtain tail bounds.

For 0 < ǫ < 1,

P

(

ĉC ≥ (1 + ǫ)c
)

= P

(

− m
∑m

i=1 log(1 − F (yi))
≥ (1 + ǫ)c

)

= P

(

λ
m
∑

i=1

log(1 − F (yi)) ≥ − λm

(1 + ǫ)c

)

, for λ > 0

= P

(

exp
(

λ

m
∑

i=1

log(1 − F (yi))
)

≥ exp
(

− λm/[c(1 + ǫ)]
)

)

≤ E

(

exp
(

λ
m
∑

i=1

log(1 − F (Yi))
)

)

exp
(

λm/[c(1 + ǫ)]
)

≤ infλ>0

{

exp
(

λm/[c(1 + ǫ)]
)

×
(

1 + λ/c
)−m

}

= exp
(

mǫ/(1 + ǫ)
)

× (1 + ǫ)−m

= exp
(

− mǫ2/G1

)

,

is exponentially decreasing with constant

G1 =
ǫ2(1 + ǫ)

−ǫ + (1 + ǫ) log(1 + ǫ)
.

Similarly,

P

(

ĉC ≤ (1 − ǫ)c
)

≤ exp
(

− mǫ/(1 − ǫ)
)

× (1 − ǫ)−m = exp
(

− mǫ2/G2

)

,

with constant

G2 =
ǫ2(1 − ǫ)

ǫ + (1 − ǫ) log(1 − ǫ)
.

On the other hand, the asymptotic tail bounds are

P

(

|ĉC − c| ≥ ǫc
)

≤ 2 exp
(

− mǫ2/2
)

,

and it can easily be shown that limǫ→0+ G1 = limǫ→0+ G2 = 2 agree with what is expected

in the limit as m → ∞. Letting G = max{G1, G2}, for approximation parameter 0 < ǫ < 1

and finite m, we have

P

(

|ĉC − c| ≥ ǫc
)

≤ 2 exp
(

− mǫ2/G
)

.
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Given confidence parameter 1 − δ ∈ (0, 1), ĉC is an (ǫ, δ)-approximation to c provided

2 exp
(

− mǫ2/G
)

≤ δ ⇐⇒ m ≥ Gǫ−2 log(δ/2),

i.e., the sketch size m must be of O(ǫ−2).

For ρ = 1.1, the ARE of ĉD compared to ĉC is 0.9985; however, the estimator does not

exist in closed form, so we cannot attempt to obtain small sample tail bounds. Instead,

we approximate the Geometric(1 − ρ−1) distribution with c.d.f. Fg(x) = 1 − ρ−x by the

Exponential distribution with mean λ−1 satisfying λ = log ρ and c.d.f. Fe(x) = 1− e−λx. So

the log-likelihood is approximately given by

l(c; y1, . . . , ym) = m log(λc) − λ

m
∑

i=1

yi + (c − 1)

m
∑

i=1

log
(

1 − e−λyi
)

,

and the maximum likelihood estimator is ĉ⋆
D = −m/

∑m
i=1 log(1 − e−λyi). Now,

∏m
i=1(1 −

e−λyi) =
∏m

i=1(1 − ρ−yi) is sufficient for c, so, to this degree of approximation, the MLE is

recursively computable. Furthermore, it can be shown that − log
(

1 − e−λYi
)

∼ Exp(c), so

m/ĉ⋆
D ∼ Γ(m, c−1) follows the same distribution as m/ĉC , based on hashing to a continuous

distribution and storing the minimum order statistics. Hence the tail bounds are as detailed

above, and, to obtain an (ǫ, δ)-approximation of c, the sketch size m must be of order O(ǫ−2).

Therefore the cardinality estimation algorithm that hashes to Geometric(1 − ρ−1) random

variables (with ρ nearly 1) and stores the maximum order statistics requires O(ǫ−2×log log c)

space, thus attaining the tight lower bound of Indyk and Woodruff (2003).

We recommend estimating the cardinality c by maximum likelihood based on a random

sample of maximum order statistics obtained by hashing to Geometric(1 − ρ−1) random

variables with ρ = 1.1 via m independent hash functions; the algorithm appears below, and

it applies to streams in the cash register case.

Step 1:

for j in 1 : m set yj = 0

Step 2:
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for every pair (it, dt) with dt > 0 {

use it to seed the random number generator

for j in 1 : m {

generate z ∼ Geometric(1 − ρ−1)

set yj = max{yj, z}

}

}

Step 3:

return c the root of

m
∑

i=1

log
(

1 − ρ−yi
)(

1 − ρ−yi
)c − log

(

1 − ρ−(yi−1)
)(

1 − ρ−(yi−1)
)c

(

1 − ρ−yi

)c −
(

1 − ρ−(yi−1)
)c = 0

3.4 Cardinality estimation via stable law sketching

This section presents the method of data sketching of Cormode et al. (2003); based on

the idea of sketching to positive, strictly stable random variables, we derive a maximum

likelihood estimator for the cardinality that is twice as efficient as the estimator in Cormode

et al. (2003). Furthermore, we show a previously unsuspected link between the method

of hashing to continuous random variables and storing order statistics, and that of data

sketching.

Cormode et al. (2003) introduce stable law sketching for estimation of the cardinality of

a general data stream (ai ∈ R). Let h be a hash function mapping i ∈ D to h(i), an inde-

pendent copy of a random variable X ∼ F (x; α, 0, 1, 0). Rather than storing and updating

the minimum or maximum of these variables, the sum V =
∑T

t=1 dth(it) is calculated as the

stream is processed. Noticing that
∑T

t=1 dth(it) =
∑

i∈D aih(i) and since h(i)
D
= X, ∀i ∈ D,

it follows from Theorem 2.1.1 that V
D
=
(
∑

i∈D |ai|α
)1/α

X, i.e., V is a scaled version of X,

where the scaling factor is precisely the α-norm of a. This is the basis of the ideas developed
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in Indyk (2006) for α = 1, 2 and extended in Cormode et al. (2003) to α ∈ (0, 2].

This procedure is repeated independently m times to produce a sample V1, . . . , Vm, called

a data sketch, where Vi
D
= lα(a)X, for i = 1, . . . , m. Since the density of X is not known in

tractable form for most values of α ∈ (0, 2], Cormode et al. (2003) propose estimating lα(a)

by Ṽ /µ̃α, where Ṽ is the median of |V1|, . . . , |Vm|, and µ̃α is the theoretical median of |X|.

Given ǫ, δ > 0, letting m be of order O
(

ǫ−2 log(δ−1)
)

ensures that, with probability (1 − δ),

(1 − ǫ)
Ṽ

µ̃α

≤ lα(a) ≤ (1 + ǫ)
Ṽ

µ̃α

.

Furthermore, Cormode et al. (2003) show that if |ai| ≤ β ∀i, then

|a|H ≤
(

lα(a)
)α ≤ (1 + ǫ)|a|H ,

provided 0 < α ≤ ǫ/ log(β). Therefore,
(

Ṽ /µ̃α

)α
estimates the Hamming norm |a|H (and

hence the cardinality of a simple data stream) up to multiplicative factor 1±ǫ with probability

1− δ requiring O
(

ǫ−2 log(δ−1)
)

storage. In the implementation of the algorithm, the authors

set the parameter α equal to 0.02.

3.4.1 Data sketching and maximum likelihood estimation

First, consider the problem of cardinality estimation for non-negative data streams (ai ≥

0 ∀i). Let hj , j = 1, . . . , m, be independent hash functions mapping from D to positive,

strictly stable random variables of index α. For j = 1, . . . , m, define

Yj := V α
j =

(

∑

i∈D

aihj(i)
)α D

=
∑

i∈D

aα
i Xα,

where X ∼ S(x; α). Letting α → 0,
∑

i∈D aα
i → c, and Xα → 1/L by Lemma 2.3.1, where

L ∼ Exp(1). So, the likelihood of the random sample
(

Y1 = y1, . . . , Ym = ym

)

tends to

L(c; y1, . . . , ym) =

m
∏

i=1

exp
(

− c/yi

) c

y2
i

= cm exp
(

− c

m
∑

i=1

y−1
i

)

m
∏

i=1

y−2
i ,
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and the MLE of c is given by

ĉDS = m
/

m
∑

i=1

y−1
i . (3.6)

Fisher’s information is m/c2, so ĉDS ∼ Normal
(

c, c2/m
)

approximately for large m. More-

over, mc/ĉDS, with Γ(m, 1) distribution, is a pivot for confidence interval purposes; this

follows from the fact that as α → 0, Y −1
i ∼ Exp(c) (mean c−1), so

∑m
i=1 Y −1

i ∼ Γ(m, c−1). It

follows that the tail bounds are identical to those of ĉC , the MLE based on hashing to con-

tinuous random variables and storing minimum order statistics; see Section 3.3.3 for details.

Moreover, as in Section 3.3.1, it can easily be shown that
∑m

i=1 y−1
i is minimal sufficient for

c, so it follows that ĉDS is minimal sufficient for c and hence recursively computable. The

algorithm is presented below, and it applies to non-negative data streams. In practice, we

set α = 0.02.

Step 1:

for j in 1 : m set Vj = 0

Step 2:

for every pair (it, dt) {

use it to seed the random number generator

for j in 1 : m {

generate L ∼ Exp(1), U ∼ Unif(0, π)

set a(U) =
[

sin(αU)/ sin(U)
](1−α)−1

×
[

sin
(

(1 − α)U
)

/ sin(αU)
]

set Vj = Vj + dt

[

a(U)/L
](1−α)/α

}

}

Step 3:

return m/
∑m

j=1 V −α
j .

Next, we compare the efficiency of the maximum likelihood estimator, ĉDS, to that of the

estimator of Cormode et al. (2003), denoted by c̃ =
(

Ṽ /µ̃α

)α
, where Ṽ α is the median of
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(

V α
1 , . . . , V α

m

)

. Let Ṽ 0 = limα→0 Ṽ α. As α → 0, V α
j → c/L, where L ∼ Exp(1), so Ṽ 0 is the

median of a random sample of variables distributed as c/L. From Cramér (1946),

Ṽ 0 ∼ Normal

( −c

log(0.5)
,

c2

m[log(0.5)]4

)

as m → ∞,

and
(

µ̃α

)α → −1/ log(0.5) as α → 0, so, the variance of c̃ is approximately c2/[m(log 0.5)2].

Then the ARE of ĉDS,1 with respect to c̃ is

ARE(ĉDS, c̃) = lim
m→∞

{

c2

m[log(0.5)]2
× m

c2

}

= (log 0.5)−2 ≈ 2.08,

i.e., the MLE obtained from projections, ĉDS, is twice as efficient as the estimator based on

the median c̃ with α ≈ 0.

Finally, consider the problem of cardinality estimation for general data streams. Let hj ,

j = 1, . . . , m, map from D to independent copies of X ∼ F (x; α, 0, 1, 0), i.e., a symmetric,

strictly stable random variable. Then, as the stream is processed, we store

Yj := |Vj|α =
∣

∣

∣

∑

i∈D

aihj(i)
∣

∣

∣

α D
=
∑

i∈D

|ai|α|X|α → c

L
,

as α → 0 by Lemma 2.3.2. Hence the maximum likelihood estimator of c is identical to ĉDS

in the limit as α → 0, having the same asymptotic distribution.

3.4.2 Connection between data sketching and hashing to contin-

uous random variables

In this subsection we present a previously unsuspected link between the methods pioneered

by Flajolet (2004), that hash to continuous random variables and store order statistics, and

Cormode et al. (2003), that store sketches of linear combinations of α-stable random variables

for the problem of cardinality estimation of non-negative data streams.

In Subsection 3.3.1 we showed that the efficiency of the MLE based on kth order statistics

from a continuous distribution does not depend on the particular distribution simulated by
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the hash function. The simplest continuous distribution is obviously Unif(0, 1), but it is

interesting to see what happens when sampling from S(x; α), the positive, strictly stable

distribution. The first thing to observe is that these distributions have extremely heavy tails

when α is small, so that storing the maximum of c such variables, for c large, requires high

precision floating point numbers.

Theorem 3.4.1. Consider a simple data stream over D observed up to time T . Let a

denote the accumulation vector, and c the cardinality. Let {hj} be independent hash functions

mapping from D to random copies of X ∼ S(x; α), for fixed α ∈ (0, 1). Define hj(it) to be

the hashed value returned by function hj after it is used to seed the pseudo-random number

generator.

In the limit as α → 0, the method of hashing and storing the maximum order statistic
(

X(c)

)α
= max

{

[hj(it)]
α, t = 1, . . . , T

}

, for j = 1, . . . , m, is identical to the method of data

sketching that stores
∑

aπ(i)X(i), where X(1), . . . , X(c) are the order statistics of a sample of

size c from S(x; α) and π is a random permutation of {it, t = 1, . . . , T} . In particular,

if α log c → 0 (condition A), and α log(amax) → 0 (condition B) hold as α → 0, where

amax = max{ai, i = it, t = 1, . . . , T}, then the pivotal quantities for the two methods are

identical.

Proof. First, consider the method of hashing, and storing, for j = 1, . . . , m,

Yj =
[

max{hj(it), t = 1, . . . , T}
]α

=
(

X(c)

)α
.

From subsection 3.3.1, the MLE of c based on (Y1, . . . , Ym) is ĉ = −m/
∑m

j=1 log F (Yj), where

F (y) = P

(

Xα ≤ y
)

, X ∼ S(x; α). Since Xα → 1/L where L ∼ Exp(1) as α → 0, it follows

that

P

(

Xα ≤ y
)

→ P

(

1/L ≤ y
)

= P

(

L ≥ 1/y
)

= e−1/y, 0 < y < 1,

so ĉ can be approximated arbitrarily closely by m/
∑m

j=1 Y −1
j with α small. In other words,

under this condition, the estimator has the same form as (3.6), the MLE of c obtained from
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projections. Furthermore, just as in the case of a projection sketch, the ratio mc/ĉ provides

a pivot with Γ(m, 1) distribution as α → 0. This follows from the fact that as α → 0,

P

(

1/Yi ≤ y
)

= 1 − P

(

Yi < 1/y
)

→ 1 −
[

P

(

L ≥ y
)]c

= 1 − e−cy,

so 1/Yi
D→ L, where L ∼ Exp(c). By Claim 2.3.1, the pivot distribution does not converge

uniformly to Γ(m, 1) for all c, i.e., as T → ∞ and |{it, t = 1, . . . , T}| increases, but it is

sufficient that α → 0 such that α log c → 0 (condition A). We note that this condition does

not involve the size of the elements of a.

Similarly, to show that the pivot distribution for the projection sketch converges uni-

formly, we need to show that as α → 0,

(
∑

aiXi)
α

c

D
= Xα

∑

aα
i

c

D→ 1

L
.

Since we have already noted that Xα D→ 1/L, this only requires that
∑

aα
i /c → 1. Now,

1 ≤
∑

aα
i

c
≤ aα

max,

so a sufficient condition is α log(amax) → 0 as α → 0 (condition B). We note that this

condition does not involve the cardinality of the stream.

We are now in a position to relate the two methods. Since ai ≥ 1, for i = it, t = 1, . . . , T ,

the ratio of the pivotal quantities satisfies

(

1/
∑

ai

)α

≤
(

X(c)/
∑

aπ(i)X(i)

)α

≤ 1,

and when both conditions A and B apply, the ratio converges to 1 since the left hand side

converges to 1. We conclude that, to this level of approximation, the pivotal quantities will

be identical for the two methods of sketching, thus revealing a previously unsuspected link

between these two methods of cardinality estimation.
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3.5 Summary

This chapter introduces two methods for cardinality estimation in streaming data: hashing

and storing order statistics, and data sketching via projections to stable random variables.

In both cases, we derive recursively computable, maximum likelihood estimators of the car-

dinality. In the former, we recommend hashing to Geometric(1−ρ−1) random variables with

ρ = 1.1, and storing maximum order statistics; in this case, the algorithm attains the tight

lower bound on space complexity. In the latter, we recommend projecting to the S(x; α)

distribution with α = 0.02, and show that the resulting estimator is twice as efficient as that

of Cormode et al. (2003).

Finally, the main result of this chapter is Theorem 3.4.1 that proves an unsuspected link

between these two methods: under certain conditions, the pivotal quanties from hashing

to S(x; α) random variables and storing maximum order statistics, and data sketching, are

identical. Of course, since there is no gain in efficiency for the method of hashing and

storing order statistics in using the S(x; α) distribution, rather than the simpler Unif(0, 1)

distribution, the latter is to be preferred. Moreover, since we have shown in Subsection 3.3.2

that discrete hash functions are capable of comparable efficiency but with reduced storage

requirements, hashing to discrete random variables must be the overall method of choice.
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Chapter 4

Distance estimation via random

projections

Efficient estimation of distances between high-dimensional data vectors is an increasingly im-

portant objective in modern statistical analysis with many applications, e.g., clustering and

classification. This chapter analyses the problem of distance-preserving dimension reduction

with the aim of preserving lα distances (quasi-distances) for α ∈ (0, 2]. We introduce the

problem and current literature in the context of data in high dimensions, and relate this to

streaming data in Section 4.2, where a data stream, represented by its accumulation vector,

can be viewed as a high-dimensional point.

Let V be a collection of n points in R
m, where m is very large. The data is arranged

into a matrix V with n rows and m columns, i.e., one row for each of the n data points. We

are interested in projecting the m-dimensional points into a lower k-dimensional space via

α-stable random projections (Indyk, 2006) such that lα distances (quasi-distances) between

original points can be recoved with full statistical efficiency, for fixed α ∈ (0, 2]. The cases

α = 1 and α = 2, corresponding to l1 and l2 distances respectively, are of special interest, as

is the limiting case α → 0 which yields the Hamming distance.

In this chapter we propose asymptotically efficient estimators of lα distances (quasi-
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distances), for α ∈ (0, 2], derived from projections to symmetric, or maximally skewed

strictly stable random variables of index α. We analyse the small sample performance of

these estimators, and propose improvements via trimming and winsorising.

4.1 Dimension reduction in l1 and l2

The first result on projecting onto a lower dimensional space is the Johnson-Lindenstrauss

lemma (Johnson and Lindenstrauss, 1984) for dimension reduction in l2. It states that for

any 0 < ǫ < 1 and any positive integer k satisfying k ≥ k0 = O(ǫ−2 log n), there exists a map

fV : R
m → R

k, which depends on V , such that

(1 − ǫ)‖u − v‖2
2 ≤ ‖fV (u) − fV (v)‖2

2 ≤ (1 + ǫ)‖u − v‖2
2 ∀u, v ∈ V, (4.1)

i.e., l2 distances between original points in V are well approximated by l2 distances between

corresponding projected points. The result proves the existence of a map fV , but does not

provide a deterministic formulation for it. Indeed, the latter would be an unrealistic objective

as it would involve computing all pairwise distances between points in V to check that

requirement (4.1) holds. Frankl and Maehara (1988) prove that the Johnson-Lindenstrauss

lemma holds for any 0 < ǫ < 0.5, provided that k ≥ k0 = ⌈9(ǫ2 − 2ǫ3/3)−1 log n⌉ + 1,

and V is sufficiently large; again, the existence of the map is proved, but fV is not found

explicitly. Dasgupta and Gupta (2003) tighten further the lower bound k0 by obtaining

k0 = 4(ǫ2/2 − ǫ3/3)−1 log n, for any 0 < ǫ < 1 and any set V of n points in R
m.

The proof of Dasgupta and Gupta (2003) proceeds by constructing an explicit function

fV such that (4.1) holds with high probability. This approach suggests pursuing a more

realistic objective: find a lower bound k0 that depends on ǫ, δ, and n, such that if k ≥ k0,

then there exists a mapping f : R
m 7→ R

k, independent of V , satisfying

P

(

(1 − ǫ)‖u − v‖2
2 ≤ ‖f(u) − f(v)‖2

2 ≤ (1 + ǫ)‖u − v‖2
2, ∀u, v ∈ V

)

> 1 − δ, (4.2)
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for 0 < δ < 1, 0 < ǫ < 1 small. This objective is a relaxed version of (4.1), but has

the advantage of describing the projection map f deterministically. The random projection

method (Vempala, 2004) for dimension reduction in l2 pursues this objective.

Definition 4.1.1. Let P ∈ R
m×k be a matrix whose entries are independent random vari-

ables. P is called a random projection matrix mapping from R
m to R

k, where k ≪ m, via

the linear map V 7→ B = VP.

The random projection method maps points u = (u1, . . . , um) and v = (v1, . . . , vm) in

V to linear combinations of random variables from which the distances (quasi-distances)
[

dα(u, v)
]α

=
∑m

i=1 |ui−vi|α can be recovered with high degree of accuracy. We remark that

the Hamming distance is obtained as limα→0

[

dα(u, v)
]α

.

Dimension reduction via random projections is similar in aim to multidimensional scaling

(MDS) (Torgerson, 1958). See Cox and Cox (2001) for an introduction. MDS searches for

a low dimensional, graphical representation of high dimensional data that approximately

preserves dissimilarities between original points. There are many flavours of MDS, with

the most widely used being least squares scaling, in which a k-dimensional representation

is seeked (with k fixed, typically, k = 2) such that Euclidean distances between projected

points closely match some continuous, monotonic function of original dissimilarities. The

projected points are found by minimising a loss function via least squares, where the choice

of loss function is to a large extent arbitrary. The main difficulties in implementing MDS

are avoiding local minima of the loss function, and choosing a dimension k that results in

an informative low dimensional configuration.

Definition 4.1.2. The matrix P ∈ R
m×k with independent Normal(0, 1) entries, scaled by

√
k, is called a conventional random projection matrix.

For dimension reduction in l2 with conventional random projections, the distance between

u and v, d2(u, v), is estimated via maximum likelihood. The MLE is linear and equals
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∑k
z=1(az−bz)

2 (Achlioptas, 2003; Vempala, 2004), where a = (a1, . . . , ak) and b = (b1, . . . , bk)

are rows of the matrix of projected points B, corresponding to u and v, respectively. Given

ǫ, β > 0, if k ≥ k0 = (4 + 2β)
(

ǫ2/2 − ǫ3/3
)−1

log n, then the requirement (4.2) is satisfied

with δ = n−β (Achlioptas, 2003). Li et al. (2006a) improve the lower bound k0 when the

marginal norms ‖u‖2
2 are known. Furthermore, they show that sign random projections, that

store only the sign of the projected data, are as efficient as conventional random projections,

while significantly reducing the storage cost per projection.

The computational cost is further reduced by using a sparse random projection matrix

P, and the lower bound k0 is unchanged (Achlioptas, 2003). In fact, it is sufficient that the

entries of P be independent, identically distributed with zero mean and bounded moments

(Arriaga and Vempala, 2006). Li et al. (2006b) generalise this result by considering the

following probability distribution on the entries pij of P:

P(pij =
√

s) = P(pij = −
√

s) = (2s)−1, P(pij = 0) = 1 − s−1,

where s = 1, 3 correspond to the distributions in Achlioptas (2003). Li et al. (2006b) suggest

taking s =
√

m or m/ log(m) when the data points are approximately normal; the corre-

sponding projections are called very sparse random projections. Under the assumptions that

all fourth moments exist, very sparse random projections with s = o(m) have asymptotically

the same distribution as conventional random projections (Vempala, 2004).

For dimension reduction in l1, the entries of P are independent Cauchy(0, 1) random

variables (Indyk, 2006). Li et al. (2007) propose an analog of the result of Achlioptas (2003)

for conventional random projections; they define a bias-corrected maximum likelihood es-

timator of the distance d1(u, v) based on the random sample {az − bz; z = 1, . . . , k} of

Cauchy(0, d1(u, v)) variables, and show that the dimension of the projection space, k, must

be of order O(log n/ǫ2), for given 0 < ǫ < 1. The MLE is nonlinear and can be found by a

few iterations of the Newton-Raphson algorithm. Brinkman and Charikar (2005) prove that

recovering l1 distances with constant distortion, in the sense of the Johnson-Lindenstrauss
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lemma, by corresponding l1 distances between projected points requires a number of di-

mensions k polynomial in n, so an analog of the Johnson-Lindenstrauss lemma does not

exist.

4.2 Dimension reduction in lα, 0 < α ≤ 2

Let the entries of P be independent, strictly stable random variables of index α, skewness

β, scale γ = 1, and location δ = 0, i.e., pij ∼ F (x; α, β, 1, 0). Consider u = (u1, . . . , um)

and v = (v1, . . . , vm) ∈ V , with corresponding rows a = (a1, . . . , ak) and b = (b1, . . . , bk) in

B = VP. Then, for i = 1, . . . , k, we have

xj := aj − bj =

m
∑

i=1

(ui − vi)pij ∼ F
(

x; α, β, γ = dα(u, v), 0
)

,

independently by Theorem 2.1.1, provided the difference ui − vi > 0 for all i. The aim is to

recover the parameter γ = dα(u, v), or equivalently θ := γα =
[

dα(u, v)
]α

, from (a, b). Since

(x1, . . . , xk) is a random sample from a distribution with unknown parameter γ = dα(u, v),

we are in a position to apply the usual repertoire of statistical estimation techniques to

obtain estimators with specified accuracy.

Dimension reduction via random projections can also be applied in the context of stream-

ing data. Consider two data streams with accumulation vectors a and b defined over D.

Let h1, . . . , hk be hash functions mapping from D to independent copies of random variables

having distribution F (x; α, β, 1, 0). Moreover, let ã and b̃ be k-dimensional sketch vectors

representing a and b, respectively; at t = 0, the entries in these vectors are set to 0.

At time t > 0, we observe pair (i1t, d1t) in the first stream, and (i2t, d2t) in the second,

and update the sketch vectors as follows, for j = 1, . . . , k ,

ãj = ãj + d1thj(i1t), b̃j = b̃j + d2thj(i2t),

where hj(i1t) is a random variable from distribution F (x; α, β, 1, 0), generated after using i1t
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to seed the pseudo-random number generator; hj(i2t) is defined similarly. At time T > 0,

ãj =
T
∑

t=1

d1thj(i1t) =
∑

i∈D

aihj(i) ∼ F
(

x; α, β, γ =
[

∑

i∈D

|ai|α
]1/α

, 0
)

,

for j = 1, . . . , k. This is equivalent to multiplying the row vector a of length m = |D| (m

denotes the size of the universe of data types) by the random projection matrix P ∈ R
m×k

with independent entries pij ∼ F (x; α, β, 1, 0). It then follows that
{

ãj − b̃j : z = 1, . . . , k
}

is

a random sample from the distribution F
(

x; α, β, γ = dα(a,b), 0
)

, and the problem reduces

to that of estimating the parameter γ, or equivalently, θ = γα. We point out that
[

dα(a,b)
]α

,

for α ≤ 1, is a meaningful measure of distance between data streams. In the extreme case

α → 0,
[

dα(a,b)
]α

tends to the number of mismatches between the two sequences.

For the space complexity of estimating the Fα(a) =
(

lα(a)
)α

frequency moments in

the non-negative turnstile case, i.e., ai ≥ 0 ∀i, by an (ǫ, δ)-approximation via a one-pass

algorithm, Woodruff (2004) proves that the space must be of order Ω
(

ǫ−2
)

for any real

α 6= 1 and any ǫ = Ω
(

m−1/2
)

, where m is the size of the universe of data types.

Ping Li argues that the space complexity can be reduced to O
(

ǫ−1
)

when α = 1±∆, as

∆ → 0, by projecting to linear combinations of skewed stable random variables with β = 1

(Li, 2008c, 2009), thus significantly reducing the lower bound on the number of projections,

k, required for estimating the lα frequency moment when α ∼ 1. This approach is discussed

further in Section 4.5.

4.3 The method of L-estimation

Chernoff et al. (1967) consider the problem of asymptotically efficient linear estimation of

location and scale parameters by weighted linear combinations of ordered statistics. Let

(y(1), . . . , y(k)) be the ordered statistics of a random sample of k observations from a family

with c.d.f. and p.d.f. given by F (y; µ, θ) = F0

(

(y −µ)/θ
)

, and f(y; µ, θ) = θ−1f0

(

(y −µ)/θ
)

,

respectively, where µ and θ are location and scale parameters. Consider estimators of the
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form

Tk =
k
∑

i=1

wiky(i) =
1

k

k
∑

i=1

J
( i

k + 1

)

y(i),

where J(u) is a function defining the weights wik; these are called L-estimators. Define

L1(y) = −f ′
0(y)

f0(y)
, L2(y) = −1 − y

f ′
0(y)

f0(y)
.

Under regularity conditions for the validity of the Cramér-Rao lower bound, conditions

allowing integration by parts, and conditions of Corollaries 3 and 4 in Chernoff et al. (1967),

the Fisher information matrix is of the form θ−2I, where

I =





I11 I12

I21 I22



 =





∫∞

−∞
L′

1(y)f0(y)dy
∫∞

−∞
L′

2(y)f0(y)dy
∫∞

−∞
yL′

1(y)f0(y)dy
∫∞

−∞
yL′

2(y)f0(y)dy



 ,

I12 = I21. Moreover, the estimators of location and scale presented in Chernoff et al. (1967)

for particular J functions, defined below, are asymptotically efficient.

Most of these conditions are readily verified in our case. Let H(u) denote the inverse

function of F (y; µ, θ), i.e., H(u) = µ + θF−1
0 (u), and H ′(u)du = θdy, du = f0(y)dy, where

y = F−1
0 (u). Corollaries 3 and 4 in Chernoff et al. (1967) hold under assumptions on the

behaviour of H(·) (i.e., H(·) is continuous and satisfies a first-order Lipschitz condition,

and H ′(·) exists and is continous - these are known as Assumption A⋆), a tail smoothness

assumption (Assumption E) that is satisfied since the ratio H ′(u1)/H
′(u2) is constant, and

Assumption B⋆⋆ on the absolute convergence of certain Riemann integrals (satisfied since the

integrands are continuous functions, and the intervals of integration are closed and bounded).

It remains to show that f0(y) exists and is finite, and that conditions allowing integration

by parts are satisfied, namely the existence of f ′′
0 (y) and y2f ′

0(y) → 0 as y → ±∞.

For location estimation, assuming θ to be known, the estimator Tk is defined with weights

J(u) =
L′

1(F
−1
0 (u))

I11

= −ℓ′′(F−1
0 (u))

I11

, (4.3)

where ℓ(y) = log f0(y), and, as k → ∞,

√
k
(

Tk − I−1
11 I12θ

) D→ Normal(µ, θ2/I11).
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This result also appears in Huber (2004), and can be derived by linearising the MLE as

follows. For simplicity, let θ = 1. The log-likelihood is

ℓ(µ; y1, . . . , yk) = log
k
∏

i=1

f0(yi − µ) =
k
∑

i=1

log f0(yi − µ),

and the likelihood equation

∂

∂µ

k
∑

i=1

log f0(yi − µ) = 0.

The inverse empirical distribution function of the sample is defined as

HY (u) = y(i), if (i − 1)/k < u ≤ i/k, i = 1, . . . , k.

Then, we notice that

∫ 1

0

log f0

(

HY (u) − µ
)

du =
1

k

k
∑

i=1

log f0(yi − µ),

and from the likelihood equation, we have that

∂

∂µ

∫ 1

0

log f0

(

HY (u) − µ
)

du = 0.

By a first-order Taylor expansion around the population quantile F−1(u), we obtain

0 =

∫ 1

0

ℓ′
(

HY (u) − µ
)

du

≈
∫ 1

0

ℓ′
(

F−1(u) − µ
)

du +

∫ 1

0

[

HY (u) − F−1(u)
]

ℓ′′
(

F−1(u) − µ
)

du

=

∫ 1

0

ℓ′
(

F−1
0 (u)

)

du +

∫ 1

0

[

HY (u) − F−1(u)
]

ℓ′′
(

F−1
0 (u)

)

du

=

∫ ∞

−∞

ℓ′(y)f0(y)dy +

∫ 1

0

HY (u)ℓ′′
(

F−1
0 (u)

)

du −
∫ ∞

−∞

(y + µ)ℓ′′(y)f0(y)dy

=

k
∑

i=1

y(i)

∫ i/k

(i−1)/k

ℓ′′
(

F−1
0 (u)

)

du −
∫ ∞

−∞

yℓ′′(y)f0(y)dy − µ

∫ ∞

−∞

ℓ′′(y)f0(y)dy

=

k
∑

i=1

y(i)

∫ F−1
0 (i/k)

F−1
0 ((i−1)/k)

ℓ′′(y)f0(y)dy −
∫ ∞

−∞

yℓ′′(y)f0(y)dy + µI11.
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So, the MLE of µ can be approximated by

µ̂ ≈ I−1
11

{

∫ ∞

−∞

yℓ′′(y)f0(y)dy −
k
∑

i=1

y(i)

∫ F−1
0 (i/k)

F−1
0 ((i−1)/k)

ℓ′′(y)f0(y)dy
}

≈ −1

k

k
∑

i=1

I−1
11 ℓ′′

(

F−1
0

( i

k + 1

))

y(i) − I−1
11 I12,

giving the L-estimator Tk with weights (4.3).

For scale estimation, assuming µ to be known, Tk is defined with weights

J(u) =
L′

2(F
−1
0 (u))

I22
= −ℓ′(F−1

0 (u)) + F−1
0 (u)ℓ′′(F−1

0 (u))

I22
, (4.4)

and, as k → ∞,
√

k
(

Tk − I−1
22 I12µ

) D→ Normal(θ, θ2/I22).

4.4 Symmetric stable random projections

4.4.1 Introduction

Let the entries of P be independent, symmetric, strictly stable random variables of index α,

skewness β = 0, scale γ = 1, and location δ = 0, i.e., having c.f. e−|t|α, for −∞ < t < ∞.

The requirement in Theorem 2.1.1 that the constants in the linear combination be positive is

not needed in the symmetric case. We have a random sample (x1, . . . , xk) ∼ F (x; α, 0, γ, 0).

Li (2008b) and Li and Hastie (2008) propose various estimators of θ = γα, derived from

the following statistical result: if X ∼ F (x; α, 0, γ, 0), then for −1 < λ < α, E|X|λ =

θλ/α2/πΓ(1 − λ/α)Γ(λ) sin(πλ/2). Li (2008b) proposes the geometric mean estimator for

0.344 < α < 2, and the harmonic mean estimator for α ≤ 0.344. Combined, these estima-

tors have asymptotic relative efficiency exceeding 70% and increasing to 100% as α → 0.

Moreover, the geometric mean estimator has exponentially decreasing tail bounds, as does

the harmonic mean estimator in the limit as α → 0.
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Li and Hastie (2008) define the fractional power estimator (proposed previously by Nikias

and Shao (1995)):

θ̂ =

(

k−1
∑k

z=1 |xz|λα

2/πΓ(1 − λ)Γ(λα) sin(πλα/2)

)1/λ

×
(

1 − 1

2kλ

(

1

λ
− 1

)(

2/πΓ(1 − 2λ)Γ(2λα) sin(πλα)

[2/πΓ(1 − λ)Γ(λα) sin(π/2λα)]2
− 1

))

, (4.5)

where λ is chosen to minimise the asymptotic variance which is a convex function; this

estimator is unbiased up to terms of order O(1/k2). Moreover, it outperforms both the

geometric mean and the harmonic mean estimators in terms of ARE, which exceeds 75% for

the entire range of α, increasing to 100% as α → 0; its small sample performance is good

for values of k as small as 10, unless α is close to 2. For fixed α, evaluating the estimator

in (4.5) requires finding λ, and pre-computing the constant term, so the computation only

involves the sum
(
∑k

z=1 |xz|λα
)1/λ

. The main drawback of the fractional power estimator

is the fact that it does not have exponentially decreasing tail bounds, so large mean square

errors can be obtained in small samples, particularly for α close to 2.

Finally, Li (2008a) propose an asymptotically unbiased estimator called the optimal quan-

tile estimator, defined as follows:

θ̂ =
1

Bα,k

×
(

q − Quantile{|xj |, j = 1, . . . , k}
q − Quantile{|F (x; α, 0, 1, 0)|}

)α

, (4.6)

where q is chosen to minimise the asymptotic variance, and Bα,k is the small sample bias

correction factor. The latter is estimated via Monte Carlo simulations as it is not possible to

find an approximate expression for it by Taylor expansions. When α < 1, it performs as well

as the geometric mean estimator in terms of ARE, and slightly better than the fractional

power estimator when 1 < α ≤ 1.8. The estimator in (4.6) has two advantages over previous

estimators; first, it has exponentially decreasing tail bounds that are exact, not approximate.

Li (2008a) expresses tail probabilities involving the empirical quantile function as tail prob-

abililites involving the empirical c.d.f., which follows the Binomial distribution, and uses the

binomial Chernoff bounds to derive the tail bounds. Second, the optimal quantile estimator
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is more efficient computationally than the geometric mean, harmonic mean, and fractional

power estimators, in terms of computing time (up to orders of one magnitude), as it involves

a single fractional power computation (which dominates the computing time).

Next, we apply the theory of L-estimation to the problem of approximating the parameter

θ, or equivalently, the scale parameter γ = θ1/α.

4.4.2 Location parameter estimation

Estimation Consider the random sample x1, . . . , xk ∼ f(x; α, 0, γ, 0). Define

yi := log |xi| D
= log γ + zi := µ + zi, i = 1, . . . , k,

where zi is distributed as the logarithm of the absolute value of a symmetric, strictly stable

random variable of index α and scale 1, and µ = log γ. So, yi ∼ fµ(y) = f0(y − µ)

independently, where the probability density function of zi is

f0(z) = 2ezf(ez; α, 0, 1, 0), −∞ < z < ∞. (4.7)

Proposition 4.4.1. The density function f0(z) defined in (4.7) satisfies the conditions for

L-estimation.

Proof. In the tail as z → ∞, we know from Nolan (2007), page 14, that f(ez; α, 0, 1, 0) ∼

e−z(α+1), so f0(z) ∼ e−αz → 0. Moreover, using the same approximation, z2f ′
0(z) ∼ z2e−αz →

0 as z → ∞. It is more involved to show that z2f ′
0(z) → 0 and f0(z) → 0 as z → −∞.

As z → −∞, ez → 0, and we employ the asymptotic representation from Theorem 2.5.1

in Zolotarev (1986), page 94, for α < 1 and β 6= 1. We obtain that

f(ez; α, 0, 1, 0) ∼ 1

πα

[

Γ(α−1) − 0.5Γ(3/α)e2z
]

,

and

z2f ′
0(z) ∼ 2ezz2 1

πα

[

Γ(α−1) − 0.5Γ(3/α)e2z
]

∼ z2ez → 0 as z → −∞.
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In the case α > 1, we use the reflection property in equation (2.5.5), page 94, to show that

as ez → 0, f(ez; α, 0, 1, 0) is constant, so z2f ′
0(z) ∼ z2ez → 0 as z → −∞. It follows that as

z → −∞, f(ez; α, 0, 1, 0) is constant, so f0(z) ∼ ez → 0.

Having verified the conditions, the L-estimator of the location parameter µ (scale param-

eter 1) with weights given by formula (4.3) is

µ̂ =
k
∑

i=1

wiky(i) = − 1

kI11

k
∑

i=1

ℓ′′
(

F−1
0

( i

k + 1

))

y(i),

where I11 = Iµ(Fµ) is the Fisher information about µ contained in (y1, . . . , yk).

Proposition 4.4.2. The L-estimator
∑k

i=1 wikY(i) has finite variance.

Proof. The L-estimator satisfies

∣

∣

∣

k
∑

i=1

wikY(i)

∣

∣

∣
≤

k
∑

i=1

|wikY(i)| ≤ k max{|wik|, i = 1, . . . , k}max{|Y(i)|, i = 1, . . . , k},

so we need to show that Y(i) has finite variance. Hence we’re interested in the behaviour of

the ith order statistic in the tails as y → ±∞. From Proposition 4.4.1, the p.d.f. is

fµ(y) ∼







exp(−yα) as y → ∞

exp(y) as y → −∞.

For the ith order statistic,

f(i)(y) =
k!

(i − 1)!(k − i)!

[

Fµ(y)
]i−1 ×

[

1 − Fµ(y)
]k−i

fµ(y).

As y → ∞, Fµ(y) ∼ 1 − α−1e−αy → 1, so f(i)(y) ∼ e−αy(k−i+1), and
∫∞

0
y2e−αy(k−i+1)dy =

2/[α(k−i+1)]−3 < ∞. As y → −∞, Fµ(y) ∼ ey → 0, so f(i)(y) ∼ eiy, and
∫ 0

−∞
y2eiydy < ∞.

Therefore, Y(i) has finite variance, and so does the L-estimator.

Now,

Iµ(Fµ) = −
∫ 1

0

∂2

∂µ2
log f0(F

−1
0 (t))dt = −

∫ 1

0

ℓ′′(F−1
0 (t))dt,
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so −k−1
∑k

i=1 ℓ′′(F−1
0 (i/(k+1))) → I11 as k → ∞, and, we can assume that the weights sum

to 1 in large samples.

Moreover, computing wik requires solving F0(z) = i/(k + 1) for z, i.e., z = F−1
0 (i/(k +

1)) := inf
{

s; F−1
0 (s) ≥ i/(k + 1)

}

. Let W ∼ f(w; α, 0, 1, 0). Now, F0(z) = P (Z ≤ z) =

i/(k + 1) if and only if P (W ≤ ez) = 0.5 + i/[2(k + 1)], i.e., ez is the
(

0.5 + i/[2(k + 1)]
)

quantile of the symmetric, strictly stable distribution of index α, γ = 1, δ = 0.

In finite samples, we approximate the weights

wik =
ℓ′′(F−1

0 (i/(k + 1)))
∑k

j=1 ℓ′′(F−1
0 (j/(k + 1)))

, (4.8)

and the estimator of µ becomes

µ̂ =
k
∑

i=1

ℓ′′(F−1
0 (i/(k + 1)))

∑k
j=1 ℓ′′(F−1

0 (j/(k + 1)))
y(i),

with expectation

E(µ̂) = µ +
k
∑

i=1

ℓ′′(F−1
0 (i/(k + 1)))

∑k
j=1 ℓ′′(F−1

0 (j/(k + 1)))
EZ(i) ≈ µ +

k
∑

i=1

F−1
0 (i/(k + 1))ℓ′′(F−1

0 (i/(k + 1)))
∑k

j=1 ℓ′′(F−1
0 (j/(k + 1)))

,

where EZ(i) ≈ F−1
0 (i/(k + 1)) in large samples by a first order Taylor approximation. In the

limit as k → ∞, the expected value converges as follows

E(µ̂) → µ +

∫ 1

0
F−1

0 (t)ℓ′′(F−1
0 (t))dt

∫ 1

0
ℓ′′(F−1

0 (t))dt
= µ − 1

Iµ(Fµ)

∫ ∞

−∞

zℓ′′(z)f0(z)dz = µ + I−1
11 I12,

as expected. We define the asymptotic bias-correction term

BC = E(µ̂) − µ = − 1

Iµ(Fµ)

∫ ∞

−∞

zℓ′′(z)f0(z)dz,

and propose the limiting bias-corrected estimator of µ

µ̂BC =

k
∑

i=1

wiky(i) − BC, (4.9)

that satisfies the following asymptotic result
√

k
(

µ̂BC − µ
) D→ Normal

(

0, 1/Iµ(Fµ)
)

as k →

∞. In finite samples, the bias-corrected estimator becomes

µ̂BC =

k
∑

i=1

wik

(

y(i) − F−1
0

( i

k + 1

))

, (4.10)
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with weights wik given by (4.8).

We have two special cases to consider: α = 2 and α = 1. First, assume x1, . . . , xk ∼

f(x; 2, 0, γ, 0), for γ > 0, i.e., xi ∼ Normal(0, 2θ) i.i.d. Then,

f0(y) = exp(y)/
√

π exp
(

− exp(2y)/4
)

, −∞ < y < ∞,

and ℓ′(y) = 1 − e2y/2, ℓ′′(y) = −e2y. Hence the Fisher information equals

I11 =

∫ ∞

−∞

exp(3y)/
√

π exp
(

− exp(2y)/4
)

dy = 2,

and the bias is

BC =
1

I11

∫ ∞

−∞

y exp(3y)√
π

exp
(

− exp(2y)/4
)

dy = 1 − ξ

2
≈ 0.7114,

by formulae (3.361) and (3.482) in Gradshteyn and Ryzhik (1980), where ξ is Euler’s con-

stant. Moreover, F−1
0 (u) = log

(

F−1((1 + u)/2)
)

= log
{√

2Φ−1((1 + u)/2)
}

, where F is the

c.d.f. of the Normal(0, 2) distribution, so the weight function is given by

wik =
1

k

[

Φ−1
(1

2
+

i

2(k + 1)

)]2

.

Next, assume that x1, . . . , xk ∼ f(x; 1, 0, γ, 0), i.e., xi ∼ Cauchy(0, γ) i.i.d. Then,

f0(y) =
2 exp(y)

π(1 + exp(2y))
, −∞ < y < ∞,

and, ℓ′(y) = 1 − 2e2y/[1 + e2y], ℓ′′(y) = −4e2y/(1 + e2y)2. So the Fisher information equals

I11 =
8

π

∫ ∞

−∞

exp(3y)

[1 + exp(2y)]3
dy =

1

2
,

and the bias is

BC =
16

π

∫ ∞

−∞

y exp(3y)

[1 + exp(2y)]2
dy =

2

π

{
∫ ∞

−∞

exp(y)

[1 + exp(2y)]2
dy +

∫ ∞

−∞

y exp(y)

[1 + exp(2y)]2
dy

}

= 0,

using formulae (3.241), (4.231) and (8.366) in Gradshteyn and Ryzhik (1980). Moreover,

F−1
0 (u) = log

(

F−1((1 + u)/2)
)

= log
(

tan(πu/2)
)

, where F is the c.d.f. of the Cauchy(0, 1)

distribution. Therefore, the weight function is of the form

wik =
8

k
×

[

tan(πi/[2(k + 1)])
]2

[

1 +
(

tan(πi/[2(k + 1)])
)2]2 .
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In the case α > 1, we are interested in estimating γ = eµ by γ̂ = exp
(

µ̂BC

)

. It follows

that
√

k
(

γ̂ − γ
) D→ Normal

(

0, 1/Iγ(Fγ)
)

as k → ∞ by the Delta Method, where Iγ(Fγ) is

the Fisher information about γ contained in (x1, . . . , xk).

To relate the Fisher information about µ contained in y1, Iµ(Fµ), to the Fisher information

about γ contained in x1, Iγ(Fγ), where Fγ(x) = F (x; α, 0, γ, 0), we remark that

(

log fµ(y)
)′′

=
∂2

∂µ2
log f

(

ey; α, 0, eµ, 0
)

=
∂2

∂µ∂γ
log f

(

ey; α, 0, γ, 0
)

× dγ

dµ

=
∂

∂µ

{

eµ d

dγ
log f

(

ey; α, 0, γ, 0
)

}

= γ2 ∂2

∂γ2
log f

(

ey; α, 0, γ, 0
)

+ γ
∂

∂γ
log f

(

ey; α, 0, γ, 0
)

. (4.11)

Taking expectations on both sides with respect to Y ∼ fµ(y), we obtain

Iµ(Fµ) = γ2
EY

(

− ∂2

∂γ2
log f

(

ey; α, 0, γ, 0
)

)

= −γ2

∫ ∞

−∞

∂2

∂γ2
log f

(

ey; α, 0, γ, 0
)

2eyf
(

ey; α, 0, γ, 0
)

dy = γ2Iγ(Fγ).

Another way of showing that Iµ(Fµ) = γ2Iγ(Fγ) proceeds as follows. Let µ̂MLE denote

the MLE of µ, which, under regularity conditions, is asymptotically normally distributed

with mean µ and variance 1/[kIµ(Fµ)]. It follows by the Delta Method that the MLE of γ,

exp(µ̂MLE), satisfies
√

k
{

exp(µ̂MLE) − exp(µ)
} D→ Normal

(

0, γ2/Iµ(Fµ)
)

as k → ∞. So,

Iµ(Fµ) = γ2Iγ(Fγ).

By a Taylor expansion around µ,

γ̂ = exp
(

µ̂BC

)

= eµ + eµ
(

µ̂BC − µ
)

+
eµ

2

(

µ̂BC − µ
)2

+
eµ

6

(

µ̂BC − µ
)3

+

∞
∑

i=4

eµ

i!

(

µ̂BC − µ
)i

.

Taking expectations, and using the fact that the ith central moment of a normal random

variable is 0, if i is odd, and equals a constant times the ith power of the standard deviation,
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if i is even, we show that the bias incurred by exponentiating is

E(γ̂) − γ =
γ

2
E
(

µ̂BC − µ
)2

+
γ

8
E
(

µ̂BC − µ
)4

+

∞
∑

i=3

γ

(2i)!
E
(

µ̂BC − µ
)2i

≈ γ

(

1

2kIµ(Fµ)
+

1

8k2[Iµ(Fµ)]2
+ O

( 1

k4

)

)

.

In finite samples, the bias-corrected estimator of γ

γ̂BC = γ̂

(

1 − 1

2kIµ(Fµ)

)

= exp

{ k
∑

i=1

wik

(

y(i) − F−1
0

( i

k + 1

))

}[

1 − 1

2kIµ(Fµ)

]

(4.12)

is unbiased up to terms of order O(1/k2), where γ̂ = exp(µ̂BC) using formulation (4.10).

Similar calculations provide an asymptotically efficient estimator for θ(p) = γp, 0 < p < 1,

a more relevant parameter to estimate when α < 1,

θ̂BC(p) = exp
(

pµ̂BC

)

(

1 − p2

2kIµ(Fµ)

)

;

in finite samples, the approximate estimator becomes

θ̂BC(p) = exp

{

p

k
∑

i=1

wik

(

y(i) − F−1
0

( i

k + 1

))

}[

1 − p2

2kIµ(Fµ)

]

. (4.13)

Next, we improve the unbiased estimators θ̂BC and γ̂BC by replacing the asymptotic bias

term in expression (4.9) by a second order Taylor approximation as follows.

µ̂ =

k
∑

i=1

wiky(i) = µ

k
∑

i=1

wik +

k
∑

i=1

wikz(i) = µ +

k
∑

i=1

wikz(i),

since the weights are normalised to add to 1, and the bias term equals

BC = Eµ̂ − µ =

k
∑

i=1

wikEZ(i) =

k
∑

i=1

wikEF−1
0 (U(i)),

where Ui ∼ Unif(0, 1) i.i.d. for i = 1, . . . , k. By a second order Taylor expansion of F−1
0

around i/(k + 1), we have

F−1
0 (U(i)) = F−1

0

( i

k + 1

)

+
(

U(i)−
i

k + 1

)dF−1
0 (y)

dy

∣

∣

∣

y= i
k+1

+
1

2

(

U(i)−
i

k + 1

)2d2F−1
0 (y)

dy2

∣

∣

∣

y= i
k+1

,
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and

EF−1
0 (U(i)) = F−1

0

( i

k + 1

)

+
i(k − i + 1)

2(k + 1)2(k + 2)
× d2

dy2
F−1

0 (y)
∣

∣

∣

y= i
k+1

. (4.14)

Letting u = F−1
0 (y) such that y = F0(u), it can be shown easily that

du

dy
=

1

f0(F
−1
0 (y))

,
d2u

dy2
= − f ′

0(u)

[f0(u)]3
.

Hence

d2

dy2
F−1

0 (y)
∣

∣

∣

y= i
k+1

= − ℓ′
(

F−1
0 (i/(k + 1))

)

[

f0

(

F−1
0 (i/(k + 1))

)]2 ,

and the bias correction term becomes

BC =

k
∑

i=1

wik

{

F−1
0

( i

k + 1

)

− i(k − i + 1)

2(k + 1)2(k + 2)
× ℓ′

(

F−1
0 (i/(k + 1))

)

[

f0

(

F−1
0 (i/(k + 1))

)]2

}

.

The improved bias-corrected estimator of µ is

µ̂BC =
k
∑

i=1

wik

{

y(i) − F−1
0

( i

k + 1

)

+
i(k − i + 1)

2(k + 1)2(k + 2)
× ℓ′

(

F−1
0 (i/(k + 1))

)

[

f0

(

F−1
0 (i/(k + 1))

)]2

}

, (4.15)

and the corresponding estimators of γ and θ follow. Let the estimators of γ and θ in (4.12) and

(4.13), respectively, be called version 1, if computed with fBasics commands, and version

2, if computed with our numerically stable commands. Let the improved bias-corrected

estimators of γ and θ, derived from expression (4.15), computed with our commands be called

version 3 estimators. We proceed to compare the performance of these three estimators to

that of the fractional power estimator in terms of mean square error.

Computation In computing γ̂BC and θ̂BC , the evaluation of ℓ′′(x) =
(

log fµ(x)
)′′∣
∣

µ=0
and

F−1
0 (x) is required. The latter is related to the quantile function of the f(x; α, 0, 1, 0) density

as follows: F0(z) = x if and only if P (W ≤ ez) = (1 + x)/2, where W ∼ f(w; α, 0, 1, 0). So,

F−1
0 (x) = log

(

F−1
(1 + x

2
; α, 0, 1, 0

))

,
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and the quantile can be obtained approximately using the qstable function in fBasics. We

estimate ℓ′′(x) by a second order finite difference scheme by

ℓ′′(x) ≈ 1

h

[

ℓ(x + h) − ℓ(x)

h
− ℓ(x) − ℓ(x − h)

h

]

= h−2
[

ℓ(x + h) − 2ℓ(x) + ℓ(x − h)
]

, (4.16)

with grid width h = 0.01, where ℓ(x) = log
(

2exf(ex; α, 0, 1, 0)
)

.

Table 4.1 gives the Fisher information, Iµ(Fµ), for various α, computed with the fBasics

functions dstable and qstable; Iµ(Fµ) for α = 1, 2 is exact. Given δ, n > 0,

Iµ(Fµ) = −
∫ 1

0

ℓ′′
(

F−1
0 (t)

)

dt

≈ −h

2

n
∑

i=1

[

ℓ′′
(

F−1
0 (δ + (i − 1)h)

)

+ ℓ′′
(

F−1
0 (δ + ih)

)

]

, (4.17)

where the trapezoid rule is employed to approximate the integral on [δ, 1 − δ] with n subin-

tervals of width h = (1 − 2δ)/n. Figure 4.1 displays the result for various α.
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Figure 4.1: Approximations to the integrand in expression (4.17) (δ = 0.001, n = 100).
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α Iµ(Fµ) Iµ(Fµ)⋆ MT Nolan α Iµ(Fµ) Iµ(Fµ)⋆ MT Nolan

0.2 0.0363 0.0367 0.0367 1.15 0.6182 0.6181

0.25 0.0547 0.0549 1.2 0.6604 0.6603 0.6603 0.6142

0.3 0.0755 0.0756 0.0756 1.25 0.7042 0.7042

0.35 0.982 0.0983 1.3 0.7499 0.7498 0.7498 0.6875

0.4 0.1226 0.1226 0.1226 1.35 0.7976 0.7975

0.45 0.1483 0.1483 1.4 0.8476 0.8475 0.8475 0.7668

0.5 0.1753 0.1753 0.1753 0.1240 1.45 0.9002 0.9000

0.55 0.2034 0.2034 1.5 0.9558 0.9556 0.9556 0.8542

0.6 0.2325 0.2325 0.2325 0.1919 1.55 1.0148 1.0145

0.65 0.2626 0.2626 1.6 1.0780 1.0775 1.0775 0.9537

0.7 0.2937 0.2937 0.2937 0.2660 1.65 1.1459 1.1453

0.75 0.3256 0.3257 1.7 1.2198 1.2189 1.2189 1.0738

0.8 0.3585 0.3586 0.3586 0.3392 1.75 1.3011 1.2998

0.85 0.3924 0.3924 1.8 1.3920 1.3898 1.3898 1.2237

0.9 0.4272 0.4272 0.4272 0.4093 1.85 1.4968 1.4922

0.95 0.4631 0.4631 0.4631 1.9 1.6270 1.6127 1.6127 1.4345

1.0 0.5 0.5 0.5 0.4698 1.95 1.7882 1.7631 1.7631 1.5982

1.05 0.5379 0.5381 0.5381 1.99 1.8861 1.9322 1.9321 1.8361

1.1 0.5774 0.5774 0.5774 0.5446 2.0 2.0 2.0 2.0 2.0006

Table 4.1: Approximate Fisher information about µ tabulated for α ∈ [0.2, 2]. The values in

columns Iµ(Fµ) and Iµ(Fµ)
⋆ are obtained via the finite difference scheme using fBasics func-

tions (n = 1000, δ = 0.005), and our improved versions (n = 1000, δ = 0.001), respectively;

those in MT and Nolan appear in Matsui and Takemura (2006), and Nolan (2001).
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The values in column Iµ(Fµ) of Table 4.1 agree with those presented by Matsui and

Takemura (2006) (column MT) to within 3-4 significant digits for α ∈ (0.3, 1.8), but appear

to differ slightly more for α outside this range; for example, for α = 1.8, our estimate

is 1.3920, whereas that of Matsui and Takemura (2006) is 1.3898. However, the Fisher

information values presented by Nolan (2001) (column Nolan) are strikingly different. They

were obtained by numerically computing the integral defining the Fisher information, and the

partial derivatives of the density; the paper offers no further details. We try to reproduce the

values in column MT by implementing the approximation formulas in Matsui and Takemura

(2006), and using qstable for quantile estimation. We omit these results, but point out that

they were different than expected for α ≈ 1, 2, possibly due to the instability of the fBasics

functions identified in Chapter 2.

Column Iµ(Fµ)
⋆ of Table 4.1 presents the estimates of Fisher information obtained by

our improved R functions for density, distribution, and quantile estimation. These estimates

agree with those of Matsui and Takemura (2006) to four decimal places for all α, with the

exception of α = 1.99, where we report a value of 1.9322, compared to 1.9321. The values

reported by Nolan (2001) are significantly different and we dismiss them as incorrect.

In recomputing the Fisher information to obtain the values in column Iµ(Fµ)⋆, we analyse

the shape of the integrand function in Figure 4.1. We suspect that the integration procedure

misses the sharp drop at t close to 0 and α < 0.4, and again at t close to 1 and α ≥ 1.8,

underestimating the integral. For α < 0.4, we transform from t to
√

t; Figure 4.2 displays

the tranformed integrand. For α ≥ 1.8, we use a smaller width h = (1 − 2δ)/(10n) in the

quadrature rule integration algorithm over the region t > 0.8.

Moreover, we extrapolate the value of Fisher information for α < 0.2 based on the

estimates in column Iµ(Fµ)⋆ of Table 4.1. Table 4.2 summarises our results. We model

the Fisher information as a function of α via four different no-intercept models using least

squares, and choose the quadratic model with no linear term. We justify fitting no-intercept
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Figure 4.2: Approximations to the transformed integrand in the expression giving the Fisher

information (4.17) with δ = 0.001 and n = 100.

models in Section 4.4.3, showing that Iµ(Fµ) → 0 as α → 0. Figure 4.3 displays the data

and the fitted curves of the models.

α Iµ(Fµ) prediction interval α Iµ(Fµ) prediction interval

0.01 4.523 × 10−5 (-0.1372, 0.1373) 0.1 4.523 × 10−3 (-0.1328, 0.1418)

0.05 1.131 × 10−3 (-0.1362, 0.1384) 0.15 1.018 × 10−2 (-0.1271, 0.1475)

Table 4.2: Predicted values of Fisher information for α = 0.01, 0.05, 0.1, 0.15 from no-

intercept model Iµ(Fµ) = 0.4523 × α2; the model is fitted by least squares.

The linear model Iµ(Fµ) ∼ α explains about 94.4% of the variability in the data; adding

the quadratic term α2 increases the R2 to 0.995, but the linear term α is no longer signif-

icant at 0.95 level. We fit the quadratic model with linear term removed; the R2 remains

unchanged. We also fit the cubic model with all lower order terms, except the intercept; all
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variables are significant and the R2 rises to 0.998. Our final model is the quadratic model

with no linear term, as we believe that the cubic one overfits the data. The predicted values

and prediction intervals in Table 4.2 are obtained from the final model.
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Figure 4.3: Fitted models of Fisher information as a function of α; the black circles are the

data from column Iµ(Fµ)
⋆ of Table 4.1.

Similarly, the asymptotic bias is estimated by

BC = − 1

Iµ(Fµ)

∫ 1

0

F−1
0 (t)ℓ′′

(

F−1
0 (t)

)

dt

≈ −h

2Îµ(Fµ)

n
∑

i=1

[

F−1
0 (δ + ih − h)ℓ′′

(

F−1
0 (δ + ih − h)

)

+ F−1
0 (δ + ih)ℓ′′

(

F−1
0 (δ + ih)

)

]

,

where Îµ(Fµ) is the Fisher information estimate. For α ≥ 1.5 and t > 0.8, we use width

h = (1−2δ)/(10n) with n = 1000, δ = 0.001; we perform no transformations on the integrand

function. Table 4.3 gives approximate values of the bias for various α ∈ [0.2, 2.0] computed

using the improved version of the fBasics functions; the bias for α = 1, 2 is exact.

Figure 4.4 displays the weight function in (4.8) for various α computed using the second

order finite difference scheme (h = 0.01) and the improved version of the fBasics commands.
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α BC α BC α BC α BC

0.2 -2.3005 0.7 -0.3035 1.2 0.1405 1.7 0.4383

0.25 -1.7918 0.75 -0.2399 1.25 0.1719 1.75 0.4702

0.3 -1.4335 0.8 -0.1829 1.3 0.2024 1.8 0.5042

0.35 -1.1671 0.85 -0.1312 1.35 0.2321 1.85 0.5411

0.4 -0.9617 0.9 -0.0840 1.4 0.2614 1.9 0.5824

0.45 -0.7979 0.95 -0.0405 1.45 0.2904 1.95 0.6318

0.5 -0.6640 1.0 0 1.5 0.3190 1.99 0.6870

0.55 -0.5523 1.05 0.0380 1.55 0.3483 2.0 0.7114

0.6 -0.4573 1.1 0.0738 1.6 0.3751

0.65 -0.3753 1.15 0.1078 1.65 0.4073

Table 4.3: Approximate asymptotic bias tabulated for α ∈ [0.2, 2], obtained via the finite

difference scheme using our improved versions of functions in fBasics (n = 1000, δ = 0.001).

For α small, the weighted sum in the formulations of γ̂BC and θ̂BC places significant weight

on small order statistics, and negligible weight on large ones, gradually shifting the weight

balance towards large order statistics as α → 2. For α = 1.2, 1.5, 1.8, the value of wik, for i

very close to k, oscillates below zero, with the larger the α, the sharper the oscillation. For

α = 2, the weight wik displays a strictly increasing behaviour as i → k.

Numerical results The L-estimator is easily computable as the weights depend only on

α and k, and can be tabulated once-and-or-all for any required value of α. This calculation

depends on accurate approximations to the quantiles and the density of the symmetric,

strictly stable distribution. Whereas it is possible to obtain a good approximation to the MLE

via an iterative procedure with a suitably large table of pre-calculated derivatives for fixed α,

the L-estimation procedure has the advantage of achieving the same asymptotic performance
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Figure 4.4: This plot displays approximate weights wik for t := i/(k + 1), i = 1, . . . , k = 99,

and, starting from the left, following the peaks, α = 0.2, 0.3, 0.5, 0.8, 1.0, 1.2, 1.5, 1.8, 2.0.

without iteration. The L-estimator has modest computing requirements: O(k log k) running

time and O(k) storage given a table of pre-calculated weights for given α.

To confirm the superior performance of our L-estimator θ̂BC , we simulate its relative mean

square error (m.s.e.), defined by the ratio of E(θ̂BC − θ)2 to θ2, for various k and α. Since

we want to compare the performance of various estimators of θ, generically denoted by θ̂, in

terms of deviations from θ, the natural measure to consider is the m.s.e., MSEθ̂ = E(θ̂BC−θ)2.

The best possible m.s.e. is given by the Cramér-Rao lower bound, and equals [kIθ(Fθ)]
−1.

So, to obtain a dimensionless graph, we plot MSEθ̂ kIθ(Fθ), i.e., we compare the simulated

m.s.e. for particular estimator θ̂ to the best possible m.s.e. Since kIθ(Fθ) is in units 1/θ2,

this is equivalent to comparing the relative m.s.e., MSEθ̂ /θ2.

Now, when switching between parameterisations in terms of θ = γα, µ = log γ, and

γ, we have to relate the Fisher information and the m.s.e. correctly for the purposes of

comparison. We have already shown that Iµ(Fµ) = γ2Iγ(Fγ); similarly, it can be shown that
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Iµ(Fµ) = α2θ2Iθ(Fθ). So, the Cramér-Rao lower bound for estimating θ relative to θ2 equals

1/[kθ2Iθ(Fθ)] = α2/[kIµ(Fµ)] in terms of the Fisher information of µ.

Moreover, suppose that one of the methods is estimating γ. Then the m.s.e. for es-

timating γ, MSEγ̂ kIγ(Fγ) = MSEγ̂ kIµ(Fµ)/γ
2, is comparable to that for estimating θ,

MSEθ̂ kIθ(Fθ) = MSEθ̂ kIµ(Fµ)/(θ2α2), provided it is multiplied by a factor of α2. In other

words, we plot on the same graph MSEθ̂ /θ2 and α2 MSEγ̂ /γ2 for comparison.

Figure 4.5 displays the relative m.s.e. of the L-estimators of θ, alongside the relative m.s.e.

of the fractional power estimator of Li and Hastie (2008) estimating γ, scaled by a factor of

α2, and the relative Cramér-Rao lower bound. The L-estimators have a consistently better

performance in terms of m.s.e. than the fractional power estimator. The perturbations in

the m.s.e. of the L-estimator at α = 1.9 are caused by an oscillation of the weight function;

the latter becomes negative when i/(k + 1) is close to 1 (see Figure 4.4). The effect can

be minimised by trimming or winsorising the L-estimator, explored in Section 4.4.4. The

improved bias-corrected estimator (version 3) improves upon the previous two versions by

reducing the perturbation in m.s.e. for large values of α (this is particularly noticeable

with a sample size of 50); however, versions 2 and 3 of the L-estimator introduce a small

perturbation at α = 0.2 for k = 50.

We investigate the performance of the improved bias-corrected L-estimator for α > 1.5;

Figure 4.6 displays the weight function for various α, and k = 50, 100, 150, 200. For large α

and t, the sharp decrease in the value of the weight function is missed in small samples; this

is particularly evident for α = 1.9. Hence the large order statistics are given positive rather

than negative weights, increasing the value of the resulting estimates, and, in turn, inflating

the m.s.e. Hence we have reason to believe that trimming or winsorising will significantly

improve the performance, particularly in small samples.
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Figure 4.5: Comparison in terms of m.s.e. of the L-estimators of θ with the fractional power

estimator of Li and Hastie (2008) (105 replicates). The Cramér-Rao lower bound is plotted

for comparison. The equivalent plot for estimators of γ = θ1/α shows a similar pattern.

4.4.3 Scale parameter estimation

Estimation Consider the random sample x1, . . . , xk ∼ f(x; α, 0, γ, 0) with scale parameter

γ = θ1/α > 0. Define

yi := |xi|α := θwi, i = 1, . . . , k,

where wi is distributed as the αth power of the absolute value of a symmetric, strictly stable

random variable of index α and scale parameter 1, with density function

f0(w) =
2

α
w1/α−1f(w1/α; α, 0, 1, 0), w > 0,

displayed in Figure 4.7. Therefore (y1, . . . , yk) is a random sample from a scale family with

p.d.f. fθ(y) = θ−1f0

(

y/θ
)

, and the problem reduces to that of estimating the parameter θ.

As seen in Figure 4.7, and easy to show analytically, the density function f0(w) tends

to infinity as w tends to 0, for α > 1, so an L-estimator of θ cannot be defined from the

82



0.0 0.2 0.4 0.6 0.8 1.0

−
0.

01
0.

01
0.

03
0.

05

alpha = 1.5

t

no
rm

al
is

ed
 w

ei
gh

t

k=50
k=100
k=150
k=200

0.0 0.2 0.4 0.6 0.8 1.0

−
0.

02
0.

00
0.

02
0.

04
0.

06

alpha = 1.75

t

no
rm

al
is

ed
 w

ei
gh

t

k=50
k=100
k=150
k=200

0.0 0.2 0.4 0.6 0.8 1.0

−
0.

02
0.

00
0.

02
0.

04
0.

06

alpha = 1.85

t

no
rm

al
is

ed
 w

ei
gh

t

k=50
k=100
k=150
k=200

0.0 0.2 0.4 0.6 0.8 1.0

−
0.

02
0.

00
0.

02
0.

04
0.

06
0.

08

alpha = 1.9

t

no
rm

al
is

ed
 w

ei
gh

t

k=50
k=100
k=150
k=200

Figure 4.6: Approximate weights wik for k = 50, 100, 150, 200 and α = 1.5, 1.75, 1.85, 1.9.
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Figure 4.7: Density function f0(w) computed at w ∈ [0.001, 5], α = 0.2, 0.6, 1.0, 1.2, 1.6, 1.9.
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random sample (y1, . . . , yk) for the entire range of α values. However, the expression giving

the Fisher information is valid, and we proceed to compute it. Let Iθ(Fθ) = I22/θ
2 denote

the Fisher information about θ contained in the random sample (y1, . . . , yk), where

I22 = I1 + I2 = −
∫ ∞

0

zℓ′(z)f0(z)dz −
∫ ∞

0

z2ℓ′′(z)f0(z)dz

= −
∫ 1

0

F−1
0 (t)ℓ′(F−1

0 (t))dt −
∫ 1

0

(

F−1
0 (t)

)2
ℓ′′(F−1

0 (t))dt; (4.18)

the second line is obtained by making the transformation t = F0(z). We approximate I1 and

I2 by the trapezoid rule with n subintervals of width h = (1 − 2δ)/n, for given δ, n > 0:

I1 ≈ −h

2

n
∑

i=1

[

F−1
0 (δ + (i − 1)h)ℓ′(F−1

0 (δ + (i − 1)h)) + F−1
0 (δ + ih)ℓ′(F−1

0 (δ + ih))
]

,

and

I2 ≈ −h

2

n
∑

i=1

[

(

F−1
0 (δ + (i − 1)h)

)2
ℓ′′(F−1

0 (δ + (i − 1)h)) +
(

F−1
0 (δ + ih)

)2
ℓ′′(F−1

0 (δ + ih))
]

.

This involves solving the equation F0(z) = u for z > 0, where u ∈ (0, 1) fixed. Let W ∼

f(w; α, 0, 1, 0). Now, F0(z) = 2P (W ≤ z1/α)− 1, so F0(z) = u if and only if P (W ≤ z1/α) =

(1 + u)/2, i.e., z1/α is the (1 + u)/2 quantile of the F (x; α, 0, 1, 0) distribution.

To avoid the problem of infinite density, we consider the following transformation for

fixed 0 < β < 1:

yi(β) = |xi|β = θβ/αwi := ηwi, i = 1, . . . , k,

giving a random sample from the scale family fη(y) = η−1f0

(

y/η
)

with

f0(w) =
2

β
w1/β−1f(w1/β; α, 0, 1, 0), w > 0. (4.19)

Proposition 4.4.3. The density function f0 defined in (4.19) satisfies the conditions for

L-estimation with 0 < β < 1.

Proof. In the limit as w → ∞, f0(w) ∼ w1/β−1
(

w1/β)−(α+1) = w−(α/β+1) → 0, and w2f ′
0(w) ∼

w−α/β → 0. As w → 0, f(w1/w; α, 0, 1, 0) is constant, so f0(w) ∼ w1/β−1 → 0 since 0 < β < 1,

and similarly, w2f ′
0(w) ∼ w1/β → 0.
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The L-estimator of η is of the form

η̂ =

k
∑

i=1

wiky(i)(β)

with weights given by (4.4) (location parameter 0)

wik = −ℓ′
(

F−1
0 (i/(k + 1))

)

+ F−1
0 (i/(k + 1))ℓ′′

(

F−1
0 (i/(k + 1))

)

kI22(η)
, (4.20)

where Iη(Fη) = I22(η)/η2 is the Fisher information about η contained in one sample y1(β).

This L-estimator satisfies
√

k
(

η̂ − η
) D→ Normal

(

0, 1/Iη(Fη)
)

, where Iη(Fη) is related to

Iθ(Fθ) as follows:

Iη(Fη) = Iθ(Fθ)
(∂θ

∂η

)2

=
1

η2

α2

β2
Iθ(Fθ)θ

2, (4.21)

so I22(η) = I22α
2/β2.

Proposition 4.4.4. The L-estimator
∑k

i=1 wikY(i)(β) has finite variance if 0 < β < α/2.

Proof. The L-estimator satisfies

∣

∣

∣

k
∑

i=1

wikY(i)(β)
∣

∣

∣
≤

k
∑

i=1

|wik|Y(i)(β) ≤ k max{|wik|, i = 1, . . . , k}Y(k)(β),

so we’re interested in the behaviour of Y(k)(β) in the tail as y → ∞. From Proposi-

tion 4.4.3, fη(y) ∼ y−(α/β+1) as y → ∞, so f(k)(y) ∼ y−(α/β+1). Now,
∫∞

0
y2y−(α/β+1)dy =

∫∞

0
y−(α/β−1)dy < ∞, provided α/β − 1 > 1, i.e., β < α/2.

The sum of the weights
∑k

i=1 wik tends to I12(η)/I22(η) as k → ∞, where I12(η) =
∫∞

0
L′

2(y)f0(y)dy = I12α
2/β2, and I12 is computed from the sample (y1, . . . , yk). So the

normalised weights are:

wik =
I12(η)

I22(η)
× ℓ′

(

F−1
0 (i/(k + 1))

)

+ F−1
0 (i/(k + 1))ℓ′′

(

F−1
0 (i/(k + 1))

)

∑k
j=1

[

ℓ′
(

F−1
0 (j/(k + 1))

)

+ F−1
0 (j/(k + 1))ℓ′′

(

F−1
0 (j/(k + 1))

)

] . (4.22)

In two special cases, we have exact expressions for the weights: for α = 1,

wik =
8

k
×

[

tan
(

π/2 × i/(k + 1)
)

]2−β

[

1 + tan2
(

π/2 × i/(k + 1)
)

]2 ,
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and for α = 2,

wik =
1

2k
×
(

Φ−1
(1

2
+

i

2(k + 1)

))2−β

.

Now, the estimator for θ

θ̂ = η̂α/β =
(

k
∑

i=1

wiky(i)(β)
)α/β

(4.23)

is asymptotically efficient; in fact, it can be shown by the Delta method and equality (4.21)

that
√

kθ−1
{

θ̂ − θ
}

→ Normal(0, 1/I22) as k → ∞. Although it is asymptotically unbiased,

it is biased in finite samples; we proceed by estimating the finite sample bias of η̂ by a first

order Taylor expansion.

Eη̂ = η

k
∑

i=1

wikEw(i) ≈ η

k
∑

i=1

wikF
−1
0

( i

k + 1

)

,

for k large; we propose the following bias-corrected estimator

η̂BC =

∑k
i=1 wiky(i)(β)

∑k
j=1 wikF

−1
0 (j/(k + 1))

,

where the denominator tends to 1 as k → ∞. Again, η̂BC is asymptotically efficient. Let

θ̂ = η̂
α/β
BC . By a second-order Taylor expansion around η, we obtain

θ̂ ≈ θ +
α

β

θ

η

(

η̂BC − η
)

+
1

2

α

β

(α

β
− 1
) θ

η2

(

η̂BC − η
)2

.

Taking expectations,

Eθ̂ − θ ≈ 1

2

α

β

(α

β
− 1
) θ

η2
var η̂BC ≈ θ

2

(

1 − β

α

) 1

kI22

.

We propose the bias-corrected estimator (called version 1)

θ̂BC =
(

1 − 1

2

(

1 − β

α

) 1

kI22

)

η̂
α/β
BC , (4.24)

which is unbiased up to terms of order O(1/k2) and asymptotically efficient.
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Furthermore, to improve the estimation procedure, we approximate the bias of η by a

second order Taylor approximation as in equation (4.14), starting from

Eη̂ = η

k
∑

i=1

wikEw(i) = η

k
∑

i=1

wikEF−1
0 (U(i)),

to obtain the improved bias-corrected estimator

η̂BC =

∑k
i=1 wiky(i)(β)

∑k
i=1 wik

{

F−1
0

(

i/(k + 1)
)

− i(k−i+1)
2(k+1)2(k+2)

ℓ′(F−1
0 (i/(k+1)))

[f0(F
−1
0 (i/(k+1)))]2

} .

The improved bias-corrected estimators of θ and γ follow; we refer to these as version 2.

Computation Figure 4.8 displays the integrand functions of integrals I1 and I2 for various

α, computed at n equally spaced points in the interval [δ, 1 − δ] (δ = 0.001, n = 100).

We simplify the expressions for xℓ′(x) and x2ℓ′′(x), where ℓ(x) = log f0(x), instead of

estimating the first and second derivatives directly; the latter approach suffers from numerical

difficulties in computing f0(x) for x close to 0 when α > 1 because f0(x) → ∞, as shown in

Figure 4.7. We have

ℓ(x) = log
( 2

α

)

+
( 1

α
− 1
)

log x + log f(x1/α; α, 0, 1, 0),

so

xℓ′(x) =
1

α
− 1 + x

∂

∂x
log f(x1/α; α, 0, 1, 0),

xℓ′′(x) = 1 − 1

α
+ x2 ∂2

∂x2
log f(x1/α; α, 0, 1, 0),

where the second order derivative of log f(x1/α; α, 0, 1, 0) with respect to x is estimated via a

second order finite difference scheme as in (4.16), and the first order derivative is estimated

similarly:

∂

∂x
log f(x1/α; α, 0, 1, 0) ≈ 1

2h

[

log f
(

(x + h)1/α; α, 0, 1, 0
)

− log f
(

(x − h)1/α; α, 0, 1, 0
)

]

.
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The value of h in the finite difference scheme depends both on α and on x; we take h = 0.01

for α < 0.3, and h = 0.001 otherwise, and we increase the width to h = 0.01 for x very large,

because the density function in the tail varies very slowly. We perform all computations

with our improved R functions for density, distribution and quantile estimation.

Next, we estimate I22 = I1 + I2, where I22 = θ2Iθ(Fθ), by approximating the integrals

I1 and I2 via the trapezoid rule applied to the interval [δ, 1 − δ] with n points placed at

a distance of h = (1 − 2δ)/n, where δ = 0.001 and n = 1000. As seen in Figure 4.8, the

integrand functions change rapidly for t ≥ 0.9 and α ≥ 1.6; in this region, we use a finer

grid with of h/20. The results appear in Figure 4.9 and Table 4.4.
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Figure 4.8: Approximations to the integrand functions of I1 (left) and I2 (right) in equation

(4.18) for α = 0.3, 0.6, 0.99, 1.4, 1.7, 1.9, with δ = 0.001, n = 100.

The Fisher information for θ can also be computed via a transformation of the Fisher

information for µ, given in Table 4.1, as follows: µ = (log θ)/α, so θ = exp(µα), and

Iµ(Fµ) = Iθ(Fθ) × (∂θ/∂µ)2 = I22α
2/θ2. The third and sixth columns in Table 4.4 give
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Figure 4.9: Left: Approximate Fisher information I22 as a function of α, for α ∈ [0.2, 2.0].

Right: Fitted models of I12 as a function of α; black circles indicate estimated values.

the Fisher information for θ computed as Iµ(Fµ)/α
2. The values I22 and Iµ(Fµ)/α2 agree

to within 4 significant digits for all α, with the exception of α < 0.3; we use the latter

approximations to the Fisher information (third and sixth columns) in the sequel.

As seen in Figure 4.9, I22 tends to 1 as α → 0; we prove this as follows. Recall that

yi = |xi|α = θwi; based on previously shown results, we know that the distribution of wi

converges to the inverse of the Exp(1) distribution as α → 0. Hence yi
D→ θ/Li, where

Li ∼ Exp(1) as α → 0, and the Fisher information about the scale parameter θ, denoted

by I22/θ
2, converges to 1/θ2 as α → 0. It follows that I22 → 1 as α → 0. Moreover, we

showed in the previous paragraph that Iµ(Fµ) = I11/θ
2 = α2I22/θ

2, so I11 = α2I22; hence,

if I22 → 1 as α → 0, then it follows that I11 → 0 as α → 0. This justifies modelling I11 by

zero-intercept models in Section 4.4.2.
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α I22 Iµ(Fµ)/α
2 α I22 Iµ(Fµ)/α2

0.2 0.9167 0.9173 1.15 0.4674 0.4674

0.25 0.8790 0.8792 1.2 0.4586 0.4586

0.3 0.8402 0.8402 1.25 0.4507 0.4507

0.35 0.8022 0.8023 1.3 0.4437 0.4437

0.4 0.7661 0.7661 1.35 0.4376 0.4376

0.45 0.7324 0.7324 1.4 0.4324 0.4324

0.5 0.7012 0.7012 1.45 0.4281 0.4281

0.55 0.6724 0.6724 1.5 0.4247 0.4247

0.6 0.6459 0.6459 1.55 0.4223 0.4223

0.65 0.6216 0.6216 1.6 0.4209 0.4209

0.7 0.5994 0.5994 1.65 0.4207 0.4207

0.75 0.5789 0.5789 1.7 0.4218 0.4218

0.8 0.5603 0.5602 1.75 0.4244 0.4244

0.85 0.5431 0.5431 1.8 0.4289 0.4289

0.9 0.5275 0.5274 1.85 0.4360 0.4360

0.95 0.5131 0.5131 1.9 0.4467 0.4467

1.0 0.5 0.5 1.95 0.4637 0.4637

1.05 0.4881 0.4881 1.99 0.4879 0.4879

1.1 0.4772 0.4772 2.0 0.5 0.5

Table 4.4: Approximate Fisher information I22, tabulated for values of α ∈ [0.2, 2], computed

via two different methods: estimating the value of the integrals in expression (4.18), and by

a tranformation of the Fisher information for µ given in Table 4.1.

We proceed to compute the weight functions given by (4.20) using the simplified formula

ℓ′(x) + xℓ′′(x) =
∂

∂x
log f(x1/β ; α, 0, 1, 0) + x

∂2

∂x2
log f(x1/β ; α, 0, 1, 0),
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with k = 99, for α ∈ [0.2, 2.0] and β = 0.025; the results are shown in Figure 4.10. For

α = 1, 2 we plot the exact weight functions. We also compute the normalised weights as in

expression (4.22); this latter approach removes the bias incurred in estimating the first and

second derivatives by finite differences, provided k, the number of weights, is large enough.

The two approaches give nearly identical weight functions.
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Figure 4.10: Approximate weight functions as given by expression (4.20) for various values

of α and β = 0.025; exact expressions are used for α = 1, 2.

Computing the normalised weights involves estimating the integral I12 by the trapezoid

rule, following the same approach as in estimating I22; for α = 1, I12 = 2/π, and for α = 2,

I12 = 1/4. Table 4.5 presents the approximations to I12 for α ∈ [0.3, 2]; for α < 0.3,

the approximations appear unreliable, so we estimate the value of I12 in this range via

extrapolation. Figure 4.9 shows the quadratic and cubic models fitted to the data via the

method of least squares; our final model is the cubic model: I12 ∼ 2.48170 − 3.20779α +

1.67035α2 − 0.31353α3 that explains 99.97% of the variability of the data. The predicted

values are as follows: for α = 0.2, I12 = 1.9044 with prediction interval (1.8852, 1.9237), and
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for α = 0.25, I12 = 1.7793 with prediction interval (1.7615, 1.7970).

α I12 α I12 α I12 α I12

0.3 1.6736 0.75 0.8779 1.2 0.5035 1.65 0.3204

0.35 1.5579 0.8 0.8212 1.25 0.4762 1.7 0.3071

0.4 1.4478 0.85 0.7691 1.3 0.4511 1.75 0.2948

0.45 1.3447 0.9 0.7212 1.35 0.4278 1.8 0.2836

0.5 1.2493 0.95 0.6772 1.4 0.4062 1.85 0.2735

0.55 1.1616 1.0 0.6366 1.45 0.3862 1.9 0.2644

0.6 1.0811 1.05 0.5992 1.5 0.3678 1.95 0.2564

0.65 1.0074 1.1 0.5647 1.55 0.3507 1.99 0.2510

0.7 0.9398 1.15 0.5329 1.6 0.3350 2.0 0.2500

Table 4.5: Approximation to integral I12, tabulated for α ∈ [0.3, 2], obtained via the finite

difference approach (n = 1000, δ = 0.001).

Numerical results Figure 4.11 compares the small sample performance of the version 1

estimator of θ, for various β, to that of the fractional power estimator; best performance in

terms of m.s.e. is obtained with β = 0.025. For a dimensionless graph, we plot the empirical

m.s.e. divided by θ2 against the Cramér-Rao lower bound computed as 1/(k × I22). The

m.s.e. is close to the theoretical lower bound except in the region α ∈ (1.8, 2.0), where the

weight function drops sharply in value for t = i/(k + 1) close to 1, as shown in Figure 4.12.

When the sample size k is small, the weight function is estimated crudely at a few points, so

it is possible to miss the change from large, positive weights to negative ones, and to place a

positive weight on the largest order statistics instead of a negative one. This has the effect of

inflating the m.s.e. Removing the finite sample bias reduces this inflation, as does decreasing

the power β, which tempers the effect of large positive or small negative values drawn from
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the stable distribution. See Figure 4.11. In the location estimation case, the effect of these

extreme values was decreased by taking the logarithm of the absolute value.
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Figure 4.11: Comparison in terms of m.s.e. of the version 1 estimator of θ against the

fractional power estimator (105 replicates), alongside the Cramér-Rao lower bound.

Figure 4.18 displays the m.s.e. of the improved bias-corrected estimator (version 2) of θ

with β = 0.025; this estimator has better performance than version 1, but also exhibits a

small perturbation (particularly for a sample size of 50) in the region of α = 1.9. In the

following subsection, we attempt to eliminate this perturbation via trimming and winsorising.

4.4.4 Trimmed and winsorised estimation

In this subsection, we improve the small sample performance of the L-estimators by trimming,

i.e., setting some of the weights to zero and normalising, and winsorising (Tukey, 1962), i.e.,

setting the values of extreme order statistics to a specified percentile. These approaches are

justified by the behaviour of the weight function in the range corresponding to the large
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Figure 4.12: Approximate weight function (4.22) for α = 1.8, 1.9, 1.95, 1.99, and β = 0.025.

order statistics in the weighted linear combination. We show that trimming and winsorising

improves the performance for large α by reducing the m.s.e. close to the Cramér-Rao lower

bound, and decreasing the length of the 95% confidence interval.

For the location estimation problem, Figure 4.5 shows a significant perturbation in the

m.s.e. of the L-estimator at α = 1.9 and a barely noticeable one at α = 0.2. We attribute

the latter to numerical instabilities in fBasics commands for α small, discussed in Subsec-

tion 2.5. However, we believe the former to be caused by the oscillation in weight function

corresponding to large order statistics for large α, shown in Figure 4.6.

Recall that the location parameter µ is estimated by µ̂ =
∑k

i=1 wiky(i), where
∑k

i=1 wik =

1. We trim symmetrically by defining weights w′
ik ∝ wik, if i 6= 1, k, and w′

ik = 0 otherwise;

after normalising, we have

w′
ik =







(
∑k−1

j=2 wjk

)−1
wik if i 6= 1, k

0 if i = 1, k.

The computation of the bias remains unchanged.
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The winsorised estimator at percentile p(> 0.5) is obtained by setting the bottom (1 −

p)/2×100% order statistics to the (1−p)/2 empirical quantile, and the top (1−p)/2×100%

order statistics to the (1+p)/2 empirical quantile. Let i1, i2 denote the index of the (1−p)/2

and (1 + p)/2 empirical quantiles, respectively. For i < i1, set y(i) = y(i1), and for i >

i2, set y(i) = y(i2). Then the estimator µ̂ becomes µ̂ =
∑i1−1

i=1 wiky(i1) +
∑i2

i=i1
wiky(i) +

∑k
i=i2+1 wiky(i2), and the bias is modified accordingly. The winsorised estimator effectively

draws in the (1 − p) × 100% extreme order statistics. It has been shown that winsorising

can result in highly efficient estimators, as in the case of estimating the mean of a normal

population (Dixon, 1960).

Figure 4.13 compares the m.s.e. of the L-estimator (version 3, trimmed and winsorised

with p = 0.9), and of the fractional power estimator, to the theoretical lower bound for sample

sizes k = 50, 100. For α ∈ (1.8, 2.0) and k = 50, trimming at the two extreme endpoints and

winsorising both remove the perturbation, reducing the m.s.e. close to the Cramér-Rao lower

bound; the same effect is noticed for α < 0.3. Trimming results in a small loss of efficiency for

α ∈ (1.6, 1.8); for all other values, there is no noticeable loss in efficiency. This is explained

by the fact that for α ∈ [0.3, 1.6], the weight function attains values very close to zero at the

two extreme endpoints, so trimming has no effect. Overall, the winsorised estimator appears

to perform slightly better than the trimmed one. Figure 4.14 compares the length of the 95%

confidence interval of the L-estimator of θ to the theoretical lower bound derived from the

asymptotic distribution. The latter is computed as 2×1.96×α/
√

k × Iµ(Fµ), and the former

is estimated as the difference between the 0.975 and 0.025 empirical quantiles based on 105

replicates. Both trimming and winsorising decrease the length of the confidence interval in

the critical region α ∈ [1.8, 2). Overall, we expect the L-estimator, which is unbiased up to

terms of order O
(

1/k2
)

, to fall within a small interval around the true value θ with high

probability.

Figure 4.15 displays the significant jump in m.s.e. at α = 1.91 for k = 50 and α ∈
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Figure 4.13: Comparison in terms of m.s.e. of the L-estimator of θ (ver. 3, trimmed and

winsorised) obtained by location estimation approach (105 replicates).
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Figure 4.14: Comparison in terms of length of 95% confidence interval for L-estimator of θ

(ver. 3, trimmed and winsorised) obtained by location estimation approach (105 replicates).

96



(1.94, 1.96) for k = 100, considerably reduced by trimming at the two extreme endpoints,

and by winsorising with p = 0.9. In fact, the winsorised estimator performs slightly better

than the trimmed one for α ∈ [1.8, 1.9] with k = 50, and α ∈ [1.8, 1.94] with k = 100. Both

methods avoid the sharp drop in weight function wik for i close to k and large α (shown

in Figure 4.16) by setting the weight to 0 (trimming), or by replacing the extreme order

statistic by a less extreme one (winsorising).
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Figure 4.15: Comparison in terms of m.s.e. of the L-estimator of θ (ver. 3, trimmed and

winsorised) for large α, obtained by location estimation approach (105 replicates).

Figure 4.17 displays the optimal quantile (q) defining the estimator (4.6) of θ based on

a single weighted empirical quantile, plotted alongside the asymptotic efficiency relative to

the MLE, where, for given α, q is chosen to minimise the asymptotic variance. In the critical

region α ∈ (1.8, 2.0), q ∈ (0.78, 0.87) with ARE decreasing from 0.76 to 0.65. Although the

optimal q does not correspond to the index i of the largest weight wik (in fact, for α = 1.95,

wik is an increasing function of i), it indicates that the top 10% of order statistics are not

very important in estimating θ, and that, therefore, removing or replacing them with less
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Figure 4.16: Weight function, equation (4.8), with t = i/(k+1), k = 50, 75, 100, 125, 150, 200,

and α = 1.8 (red), 1.85 (green), 1.9 (blue), 1.95 (cyan), 1.99 (magenta).

extreme quantiles will not result in a significant loss in efficiency.

For the scale estimation problem, the estimator η̂ =
∑k

i=1 wiky(i)(β) has weights satisfying
∑k

i=1 wik = I12(η)/I22(η). We trim symmetrically at the two endpoints by defining new

weights

w′
ik =







(
∑k−1

j=2 wjk

)−1
wikI12(η)/I22(η) if i 6= 1, k

0 if i = 1, k.

The multiplicative bias remains unchanged. For the winsorised estimator at percentile p, we

set the top and bottom order statistics to the corresponding empirical quantiles, and modify

the bias accordingly.

Figure 4.18 shows the results of trimming and winsorising (p = 0.9) for α ∈ [0.2, 2.0) and

β = 0.025. For α ∈ (1.6, 1.83) with k = 50 and α ∈ (1.7, 1.91) with k = 100, trimming results

in small loss of efficiency compared to the untrimmed L-estimator. For α < 0.4, although

the smallest weight w1k ∈ (0.03, 0.04) is large, the order statistics to which it corresponds
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Figure 4.17: Optimal quantile defining the quantile estimator in (4.6), and corresponding

asymptotic efficiency relative to the MLE.

are so small in value that only a very small loss in effiency due to trimming is observed for

k = 100. Overall, again, the winsorised estimator performs slightly better than the trimmed

one, with a small deterioration for very large α.

Figure 4.19 compares the length of the 95% empirical confidence interval to the theoretical

lower bound, 2 × 1.96/
√

k × I22, showing that we can expect the L-estimator to fall close

to the true value of θ with high probability. For nearly the entire range of α values, the

winsorised estimator has confidence interval of shortest length.

In more detail, Figure 4.20 shows that trimming and winsorising (p = 0.9) significantly

reduce the perturbation in m.s.e. for α ∈ [1.83, 1.99] with k = 50, and for α ∈ [1.91, 1.99] with

k = 100. As in the location estimation problem, we believe this perturbation to be caused by

the sharp drop in value of the weight function for large α, displayed in Figure 4.12. Again,

for α ∈ [1.8, 1.93] with k = 50, and α ∈ [1.8, 1.94] with k = 100, the winsorised estimator

outperforms slightly the trimmed estimator.
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Figure 4.18: Comparison in terms of m.s.e. of the L-estimator of θ (ver. 2, trimmed and

winsorised, β = 0.025) obtained by scale estimation approach (105 replicates).

4.5 Maximally skewed stable random projections

4.5.1 Introduction

Li (2008c, 2009) introduces the method of projecting with maximally skewed strictly stable

random variables (β = 1), which he calls compressed counting, for approximating frequency

moments over data streams, or, equivalently, estimating lα distances (quasi-distances) be-

tween streams, for fixed 0 < α ≤ 2. We note that when projecting to maximally skewed

strictly stable random variables, the constants in the linear combination in (2.3) must be

positive.

Ping Li argues that compressed counting reduces the space complexity of estimating

the αth frequency moment to within factor 1 ± ǫ by decreasing the lower bound on the

dimension of the projection space, k, from O(ǫ−2) to O(ǫ−1) when α = 1±∆, as ∆ → 0. He

proposes geometric mean, harmonic mean, fractional power, and optimal quantile estimators

100



0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

0.
55

0.
60

0.
65

0.
70

0.
75

0.
80

0.
85

0.
90

0.
95

k=50

α

Le
ng

th
 o

f 9
5%

 c
on

fid
en

ce
 in

te
rv

al

Theoretical lower bound
L−estimator (winsorised)
L−estimator (trimmed)
L−estimator (ver.2, beta=0.025)

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

0.
40

0
0.

42
5

0.
45

0
0.

47
5

0.
50

0
0.

52
5

0.
55

0
0.

57
5

0.
60

0
0.

62
5

0.
65

0

k=100

α

Le
ng

th
 o

f 9
5%

 c
on

fid
en

ce
 in

te
rv

al

Theoretical lower bound
L−estimator (winsorised)
L−estimator (trimmed)
L−estimator (ver.2, beta=0.025)

Figure 4.19: Comparison of length of 95% confidence interval for L-estimator of θ (ver.2,

trimmed and winsorised, β = 0.025) obtained by scale estimation approach (105 replicates).

for skewed random projections, and shows that for these estimators, the asymptotic variance

factor of order k−1 tends to 0 as α → 1, achieving infinite improvement over the geometric

mean estimator for symmetric stable projections. He computes sub-optimal tails bounds

for the geometric mean estimator for skewed stable projections and estimates the constants

involved in those bounds in the limit as ∆ → 0, showing graphically that for small ∆, the

estimated values are close to the exact ones (Li, 2009).

Moreover, for α < 1, the fractional power estimator for skewed projections has absolute

moments of all orders, and thus exponential tail bounds exist, unlike in the case of the frac-

tional power estimator for symmetric projections (Li, 2008c). Finally, the optimal quantile

estimator for skewed projections is more efficient asymptotically for α > 1 than the geo-

metric mean estimator, having a significantly faster running time, but exhibits poor small

sample performance (Li, 2008d). Although estimators are compared in terms of variance,

there is no comparison to the Cramér-Rao lower bound.
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Figure 4.20: Comparison in terms of m.s.e. of the L-estimator of θ (ver. 2, trimmed and

winsorised, β = 0.025, α large) obtained by scale estimation approach (105 replicates).

We compare the optimal fractional power estimator (Li, 2008c) in (4.5), and the optimal

quantile estimator in (4.6), based on maximally skewed random projections, in Figure 4.21.

We plot the asymptotic variance factor term of order k−1, i.e., V satisfying var(θ̂) = V θ2/k+

O(k−2), alongside the corresponding term from the Cramér-Rao lower bound, i.e., the inverse

of the Fisher information for a sample of size 1. We notice that for α < 1, the asymptotic

variance of the optimal fractional power estimator attains the theoretical lower bound, up to

terms of order k−2, whereas for α > 1, the optimal quantile is more efficient, in particular,

with small asymptotic variance for α ∈ (1.0, 1.6). As α → 1, the asymptotic variance

factors of both estimators tend to 0, which agrees with the theoretical lower bound, and

with intuition, because the l1 norm of a vector with positive entries can be computed exactly

using a counter.

Ping Li uses the fBasics package in R for evaluating density and quantile functions of the

skewed stable distribution, pointing out the numerical instability of those procedures, but
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Figure 4.21: Comparison of the asymptotic variance factor of order k−1 for the optimal

fractional power and the optimal quantile estimators against the Cramér-Rao lower bound.

does not provide computationally stable alternatives. We believe this to be a more difficult

task than that of improving the procedures in the case of the symmetric stable distribution;

see Section 2.5.

R estimates the density and distribution functions from integral representations given in

Zolotarev (1986). For α ∈ (0.98, 1) and α ∈ (1, 1.02), the integrand functions are highly

peaked and the adaptive integration procedure fails and reports an error. For α ∈ (0, 1)

and β = 1, the adaptive integration procedure, which evaluates the integrals by splitting the

integration region in two parts, encounters problems when the lower and upper integration

bounds are equal, because the integrate function in R does not know how to handle such

cases. We were able to resolve this by a slight modification to the existing R commands.
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4.5.2 Location parameter estimation

We consider cases α ∈ (0, 1) and α ∈ (1, 2) separately, and apply the method of L-estimation

to log-transformed variables as in Section 4.4.2. For α ∈ (0, 1), the entries in P are indepen-

dent, positive, strictly stable random variables following the distribution S(x; α), which is

equivalent to
[

cos(π
2
α)
]1/α

F
(

x; α, 1, 1, 0
)

. Consider u, v ∈ V , with coresponding rows a and

b in B = VP. Then the difference between projected points has entries of the form

xj := aj − bj =

m
∑

i=1

(ui − vi)pij ∼ F
(

x; α, 1, γ = [cos(π/2α)]1/αdα(u, v), 0
)

= γS(x; α),

and the goal is to estimate dα(u, v) based on the random sample (x1, . . . , xk) by the method

of L-estimation. Consider the transformation

yi := log xi
D
= log γ + zi := µ + zi, i = 1, . . . , k,

where yi ∼ fµ(y) = f0(y − µ), satisfying

f0(z) = ezf
(

ez; α, 1, γ =
[

cos(π/2α)
]1/α

, 0
)

, −∞ < z < ∞. (4.25)

As α → 1−, the distribution S(x; α) → 1, as shown in Figure 2.1, and xi → γ. So the scale

parameter γ can be estimated exactly by k−1
∑k

i=1 xi, which agrees intuitively with the fact

that the Cramér-Rao lower bound tends to 0 as α → 1 (see Figure 4.21). The latter can be

explained by the fact that as α → 1, yi → log γ, so Iµ(Fµ), the Fisher information about

µ = log γ contained in yi, is infinite, i.e., µ is known exactly.

Proposition 4.5.1. The density function f0(z) defined in (4.25) satisfies the conditions for

L-estimation.

Proof. As z → ∞, f0(z) ∼ exp(−αz) → 0. As z → −∞, exp(z) → 0, so by converting to

Zolotarev’s parameterisation (B) and applying Theorem 2.5.2 (p. 99) from Zolotarev (1986),

we obtain that f0(z) ∼ exp
{

0.5αz(α − 1)−1 − exp(αz(α − 1)−1)
}

→ 0. It remains to show

that z2f ′
0(z) → 0 as z → ±∞. In the limit as z → ∞, this is obvious. As z → −∞, we use
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the approximation f ′
0(z) ∼ exp

{

− exp(αz(α − 1)−1)
}

, and the limiting result follows since

0 < α < 1.

For α ∈ (1, 2), the entries in P are independent strictly stable random variables of

maximal skew, i.e., pij ∼ F (x; α, 1, 1, 0). Then, xj ∼ F
(

x; α, 1, γ = dα(u, v), 0
)

, and the goal

is to estimate the scale parameter γ. Consider the transformation

yi := log |xi| D
= log γ + zi := µ + zi, i = 1, . . . , k,

where yi ∼ fµ(y) = f0(y − µ), satisfying

f0(z) = ezf
(

ez; α, 1, 1, 0
)

+ ezf
(

− ez; α, 1, 1, 0
)

, −∞ < z < ∞. (4.26)

Proposition 4.5.2. The density function f0(z) defined in (4.26) satisfies the conditions for

L-estimation.

Proof. As z → ∞, f(ez; α, 1, 1, 0) ∼ exp(−z(α + 1)), and f(−ez; α, 1, 1, 0) ∼ exp
{

0.5(2 −

α)z(α− 1)−1 − exp(αz(α− 1)−1)
}

by converting to parameterisation (B) and applying The-

orem 2.5.2. So, f0(z) ∼ exp(−αz) + exp
{

0.5αz(α − 1)−1 − exp(αz(α − 1)−1)
}

→ 0. In

the limit as z → −∞, we show that f(ez; α, 1, 1, 0) ∼ exp(−z(1 − α2)), and similarly for

f(−ez; α, 1, 1, 0), so f0(z) ∼ exp(zα2) → 0. It is now straighforward to show that z2f ′
0(z) → 0

as z → ±∞.

In both cases, we estimate µ by the improved bias-corrected estimator µ̂BC given, in

finite samples, by

µ̂BC =
k
∑

i=1

wik

(

y(i) − F−1
0

( i

k + 1

)

+
i(k − i + 1)

2(k + 1)2(k + 2)

ℓ′
(

F−1
0 (i/(k + 1))

)

[

f0

(

F−1
0 (i/(k + 1))

)]2

)

,

and weights

wik =
ℓ′′(F−1

0 (i/(k + 1)))
∑k

j=1 ℓ′′(F−1
0 (j/(k + 1)))

,
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where, if z = F−1
0 (i/(k + 1)),

i

k + 1
=







P(W ≤ ez) for α ∈ (0, 1), and W ∼ S(w; α),

P(−ez ≤ W ≤ ez) for α ∈ (1, 2), and W ∼ F (w; α, 1, 1, 0).

Proposition 4.5.3. The L-estimator
∑k

i=1 wikY(i) has finite variance.

Proof. Recall that yi = log |xi| = µ + zi, where yi ∼ f0(y − µ). We have

∣

∣

∣

k
∑

i=1

wikY(i)

∣

∣

∣
≤

k
∑

i=1

|wikY(i)| ≤ k max{|wik|, i = 1, . . . , k}max{|Y(i)|, i = 1, . . . , k}.

So we are interested in the behaviour of the order statistic Y(i) in the tails as y → ±∞. If

Y(i) has finite variance, then so does the L-estimator.

For α < 1, we have from Proposition 4.5.1

fµ(y) ∼







exp(−yα) as y → ∞

exp
{

αy(α − 1) − exp(yα/(α − 1))
}

as y → −∞.

The density of Y(i) is f(i)(y) = k!/[(i − 1)!(k − i)!] ×
[

Fµ(y)
]i−1[

1 − Fµ(y)
]k−i

fµ(y). As

y → ∞, Fµ(y) ∼ 1 − α−1 exp(−αy) → 1, so it makes no significant contribution to the

density in the right tail. Hence, f(i)(y) ∼ exp(−αy(k − i + 1)), and
∫∞

0
y2e−αy(k−i+1)dy =

2[α(k − i + 1)]−3 < ∞. As y → −∞, Fµ(y) ∼ exp{− exp(yα(α − 1)−1)} → 0, so f(i)(y) ∼

exp{−i exp(yα(α − 1)−1)}, and
∫ 0

−∞

y2 exp{−ieyα/(α−1)}dy =
(1 − α

α

)3
∫ ∞

1

1

u
(log u)2e−iudu

=
1

3

(1 − α

α

)3
∫ ∞

1

(log u)3e−iudu

<
1

3

(1 − α

α

)3
∫ ∞

1

u3e−iudu < ∞.

So Y(i) has finite variance, and so does the L-estimator for α < 1.

For α > 1, the density function is

fµ(y) ∼







exp(yα2) as y → −∞

exp
{

0.5αy(α − 1)−1 − exp(yα(α − 1)−1)
}

as y → ∞.

Similarly, it can be shown that Y(i) has finite variance.
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Figure 4.22: Approximate weight functions for L-estimator of location parameter from max-

imally skewed stable projections.

Figure 4.22 presents the weight functions for various values of α. For α < 1, the weight

function is continuous with overall decreasing trend. For α > 1, the weight function increases

smoothly in value until about t = i/(k+1) = 0.9, then drops sharply below zero, and increases

again for t close to 1. For α ∈ (1.0, 1.3], the change in wik is particularly sharp; we suspect

this to be due to a numerical instability in fBasics commands, that translates into lack of

smoothness in the function ℓ′′(F−1
0 (i/(k + 1))). Figure 4.23 shows this behaviour in more

detail; we suspect that this will result in poor small sample performance of the estimator for

α ∈ (1.0, 1.3].

The asymptotically efficient L-estimator of θ = γα is

θ̂BC = exp
(

αµ̂BC

)

(

1 − α2

2kIµ(Fµ)

)

,

where Iµ(Fµ) is the Fisher information about µ contained in y1. The estimator is unbiased up

to terms of order O
(

k−2
)

, and satisfies
√

k
(

θ̂BC − θ
) D→ Normal

(

0, α2θ2/Iµ(Fµ)
)

as k → ∞.
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Figure 4.23: Weight function wik versus t = i/(k + 1), k = 50, 75, 100, 125, and α = 1.05

(black), 1.1 (red), 1.15 (blue), 1.2 (green), 1.25 (magenta).

Table 4.6 gives approximations to the Fisher information

Iµ(Fµ) = −
∫ 1

0

ℓ′′(F−1
0 (t))dt,

obtained by estimating the integral via the quadrature rule with n = 1000 intervals of width

h = (1 − 2δ)/n, δ = 0.001. We use the smaller width h/10 for α < 1 and t < 0.1, and h/20

for α > 1 and t > 0.8. Moreover, we use these approximations to estimate the Cramér-Rao

lower bound.

Figures 4.24 (k = 50) and 4.25 (k = 100) compare the optimal fractional power, and

quantile estimators of θ with the L-estimators in terms of mean square error in small samples

with 105 replicates. Trimming (asymmetrical, removing the 5 largest order statistics) and

winsorising (p = 0.8) for α > 1 are applied as described in Subsection 4.4.4.

In the range α < 1, the untrimmed L-estimator and the optimal fractional power estima-

tor have very good performance, while the optimal quantile does not, particularly for small
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α Iµ(Fµ) α Iµ(Fµ) α Iµ(Fµ) α Iµ(Fµ)

0.2 0.0443 0.65 1.4810 1.15 15.9893 1.6 1.6473

0.25 0.0735 0.7 2.2433 1.2 9.0836 1.65 1.5723

0.3 0.1138 0.75 3.5671 1.25 5.9226 1.7 1.5325

0.35 0.1688 0.8 6.1151 1.3 4.2364 1.75 1.5224

0.4 0.2442 0.85 11.8643 1.35 2.8853 1.8 1.5388

0.45 0.3481 0.9 29.0110 1.4 2.6253 1.85 1.5825

0.5 0.4936 0.95 125.9015 1.45 2.2206 1.9 1.6573

0.55 0.7021 1.05 142.3186 1.5 1.9500 1.95 1.7761

0.6 1.0095 1.1 35.7971 1.55 1.7677

Table 4.6: Approximate Fisher information values Iµ(Fµ) tabulated for values of α ∈ [0.2, 2).
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Figure 4.24: Comparison in terms of m.s.e. of L-estimators, optimal fractional power, and

optimal quantile estimators of θ. The Cramér-Rao lower bound is plotted for comparison.
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Figure 4.25: Comparison in terms of m.s.e. of L-estimators, optimal fractional power, and

optimal quantile estimators of θ. The Cramér-Rao lower bound is plotted for comparison.

α and α close to 1. For α = 0.95 we obtain a mean square error of 63 for the optimal quantile

estimator and exclude the point from the plot; this is similar to observations in Li (2008d).

For α > 1, the trimmed and winsorised L-estimators have good small sample performance

with k = 50, as does the optimal quantile estimator for α ∈ (1.0, 1.5]. The untrimmed L-

estimator performs poorly for α < 1.3 due to the behaviour of the weight function observed

in Figure 4.23.

For k = 100, the L-estimator (α ≥ 1.3) and the winsorised L-estimator have very good

performance, surpassed slightly by that of the trimmed L-estimator for α ∈ [1.8, 2.0). For

α ∈ (1.0, 1.3), the L-estimator continues to have poor performance, but the m.s.e. values

are not as large as observed when k = 50. For α > 1, the quantile estimator is defined

with values q ∈ [0.778, 0.855], which suggests that trimming the top 5 order statistics, or

winsorising with p = 0.8 will not result in very large loss in efficiency.

Figure 4.26 compares the length of the 95% confidence interval for the L-estimators
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Figure 4.26: Comparison of length of 95% confidence interval for L-estimators (trimmed and

winsorised) of θ (105 replicates).

(trimmed and winsoried) computed from 105 simulations, against the lower bound of 2 ×

1.96× α/
√

k × Iµ(Fµ). For k = 50, the winsorised and trimmed estimators have confidence

intervals of comparable length, whereas for k = 100, the winsorised estimator has shorter

confidence intervals than the trimmed one. We explain the latter situation by pointing out

that when k = 100, the trimmed estimator removes only the top 5% of order statistics,

whereas the winsorised estimator brings in the top 10%.

4.6 Summary

In this chapter we consider the problem of distance-preserving dimension reduction with the

aim of recovering lα distances (quasi-distances) for α ∈ (0, 2] via data sketching with weighted

linear combinations of α-stable random variables. We discuss data sketching to symmetric,

as well as maximally skewed stable random variables, and apply different transformations,
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reducing the problem to one of location or scale estimation. We propose asymptotically

efficient estimators based on the method of L-estimation, and analyse in great detail the

small sample performance of these estimators, showing that it can be improved by trimming

or winsorising with minimal loss of efficiency. Furthermore, we show via simulations that our

estimators outperform competing estimators in terms of performance in small samples. This

is particularly important for dimension reduction where the goal is to find low-dimensional

projections from which the quantities of interest, in our case, lα distances and quasi-distances,

can be well approximated.
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Chapter 5

Entropy estimation and MCMC

convergence assessment

Entropy estimation is a useful tool for summarising changes in distribution of streaming

data over time, or across fixed windows of time, and many algorithms have been developed

for this purpose (Bhuvanagiri and Ganguly, 2006; Chakrabarti et al., 2006; Harvey et al.,

2008; Li, 2008e). Areas of application include network traffic monitoring (Lall et al., 2006),

analysis of sequences of neural signals, known as spike trains (Shlens et al., 2007), and visual

tracking in video streams (Schraudolph, 2004).

We propose two estimators for empirical entropy over streaming data based on skewed

stable random projections: the first is an asymptotically efficient estimator based on the

method of L-estimation, and the second is a near-optimal, equally-weighted mean estimator.

Both estimators have good small sample performance, and improve upon existing estimators

of entropy.

In the second part of the chapter, we consider the problem of convergence assessment

of MCMC algorithms for simulating from complex, high-dimensional, discrete distributions.

The MCMC output chain can be viewed as a data stream defining a vector of empirical

probabilities over the observations, and it is interesting to describe the evolution of the
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chain by summary statistics. We argue that monitoring the behaviour of summary statistics

such as cardinality, entropy, and lα distances between independent chains with different

starting points may be a valuable tool for convergence assessment.

5.1 Entropy and streaming data

The classical concept of entropy, known as Shannon’s entropy, measures the randomness or

uncertainty associated with a discrete random variable X. Let X ∼ p have probability mass

function pi = P(X = i) > 0, i = 1, . . . , n, satisfying
∑n

i=1 pi = 1. Denote the entropy of X

by H(p), defined by

H(p) =
n
∑

i=1

pi log
1

pi

, (5.1)

where H(p) ≤ log n is maximal when X ∼ Unif({1, . . . , n}). This concept was introduced

in the field of information theory by the paper of Shannon and Weaver (1949) as a measure

of the average information content of a message X that is missing when the value of X is

unknown. It is related to notions of entropy existing in other areas of science and engineering,

most notably in thermodynamics and quantum mechanics.

Rényi (1961) characterises Shannon’s entropy and proposes another equivalent measure:

Hα(p) =
1

1 − α
log
(

n
∑

i=1

pα
i

)

, (5.2)

for α > 0, where Shannon’s entropy is the limiting case as α → 1, i.e., H(p) = limα→1 Hα(p).

Tsallis (1988) also proposes an equivalent measure of information defined as

Sα(p) =
1

α − 1

(

1 −
n
∑

i=1

pα
i

)

, (5.3)

satisfying H(p) = limα→1 Sα(p).

In the context of non-negative data streams, the accumulation vector a of the stream

defines the empirical distribution of the data types observed up to time T . Define the

empirical probabilities pi = ai/
∑

j∈D aj, and H(p) is the corresponding empirical entropy.
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Expressions (5.2) and (5.3) show that the problem of estimating Shannon’s entropy is closely

related to that of estimating the lα norm (quasi-norm) of the vector of empirical probabil-

ities. Li (2008e) proposes a two-stage approximation procedure for estimating the entropy

over streaming data: first, estimate the lα norm (quasi-norm) by compressed counting and

projection to maximally skewed, α-stable random variables (Li, 2009), and second, estimate

Shannon’s entropy in (5.1) by either Hα(p) or Sα(p) with α ≈ 1. The second stage poses

the question of how small should α be in practice, and introduces an additional source of

error in the approximation procedure. We propose an alternative approach to estimating

the entropy not in the limit as α → 1, but directly with α = 1, that reduces the problem to

that of estimating the location parameter of transformed, maximally skewed stable random

variables of index 1.

For further motivation, consider an experiment resulting in data x, and let θ parameterise

the distribution on the space of the experiment, denoted by p(x | θ). Lindley (1956) proposes

a measure of the information provided by the experiment with prior distribution p(θ): H(p(θ |

x)) − H(p(θ)). Assume that the prior and posterior are discrete distributions defined over

prohibitively large spaces such that their entropies cannot be computed exactly. Suppose,

furthermore, that it is possible to simulate independent draws from these distributions.

Then, imagine running two independent streams of random draws from p(θ | x) and p(θ),

respectively. The accumulation vectors of the streams define the empirical distributions,

that, as the streams run to infinity, converge to the true distributions, and the difference in

empirical entropies is an estimator of the information provided by the experiment, H(p(θ |

x)) − H(p(θ)).

We consider the problem of assessing convergence of MCMC algorithms designed to simu-

late from a complex, high dimensional discrete distribution π, in particular, to assess whether

the output is representative of the high density regions of π. By definition, an MCMC chain

whose elements converge rapidly to weakly correlated draws from the stationary distribution
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π is said to possess good mixing speed. See, for example, Robert and Casella (2004). One

of the challenges of MCMC convergence assessment is detecting when a chain is trapped in

regions of high local density. If π is low dimensional, the failure to escape from a particular

region of the support of π can usually be detected from plots of marginal density functions

from several independent MCMC output chains; however, in high dimensions, there is no

equivalent graphical method for assessing lack of convergence. We propose to compare the

output of several MCMC samplers with different starting points by computing and mon-

itoring the behaviour of summary statistics such as cardinality, entropy, and lα distances.

Intuitively, unreasonably small cardinality estimates may be an indication that the chain

is trapped in a region of high local density, whereas convergence of estimates of entropy

and lα distances, over long runs of the algorithm, to a common value may be indicative of

stationarity. In Section 5.3, we illustrate this with simulations of the posterior distribution

of a decomposable Gaussian graphical model.

5.2 Estimating the empirical entropy

5.2.1 Introduction

Let Xα ∼ S(x; α), for fixed 0 < α < 1, or equivalently, Xα ∼ F
(

x; α, 1, γ = [cos(π
2
α)]1/α, 0

)

.

Let p = (p1, . . . , pn) be a vector of probabilities with
∑n

i=1 pi = 1. Let
(

X
(1)
α , . . . , X

(n)
α

)

be a

vector of independent copies of Xα. Since

n
∑

i=1

piX
(i)
α

D
=
(

n
∑

i=1

pα
i

)1/α

Xα,

and, as α → 1

1

α − 1

(

1 −
n
∑

i=1

pα
i

)

→ H(p1, . . . , pn) = −
n
∑

i=1

pi log pi, (5.4)

Li (2008e) estimates the entropy by approximating the left hand side of (5.4) with α ≈ 1.

Our method is based on the limiting distribution of a transformed variable Xα as α → 1.
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We work with parameterisation S0 which is continous in all parameters, and has the property

that δ and γ have the interpretation of location and scale for all values of α and β.

Under parameterisation (A), the characteristic function of Xα has the form

φ(t) = exp
{

cos(π/2α)
[

− |t|α + it|t|α−1 tan(π/2α)
]

}

= exp
{

cos(π/2α)
[

− |t|α + itωM(t, α, 1) + it tan(π/2α)
]

}

,

equal to the c.f. under parameterisation (M) with parameters αM = α, βM = 1, γM =

cos(π/2α), and δM = tan(π/2α). To transform to parameterisation S0, we use expression

(2.5) and (2.6) to obtain α0 = α, β0 = 1, γ0 =
[

cos(π/2α)
]1/α

, and δ0 =
[

cos(π/2α)
]α−1

×

tan(π/2α). Let the subscript 0 denote parameterisation S0, and write Xα ∼ F0(x; α, 1, γ0, δ0).

We transform Xα such that the entropy −
∑n

i=1 pi log pi can be recoved as the location

parameter of a sum of independent tranformed variables weighted by pi. Consider the

following transformation:

Yα =
[

π/2 sin(π/2α)
]1/α × Xα − δ0

γ0
− log(2/π) ∼ F0

(

x; α, 1, [π/2 sin(π/2α)]1/α,− log(2/π)
)

,

with limiting distribution F0

(

x; 1, 1, π/2,− log(2/π)
)

as α → 1, and characteristic function

φ(t) = exp
(

− |t|π/2 − it log |t|
)

= (−it)−it.

If we can show that Yα has a moment generating function Mα(t) defined for t is a neighbour-

hood of 0, then Y1 = limα→1 Yα has a moment generating function satisfying M1(t) = φ(−it).

Mα(t) = exp
(

− t
[(

π/2 sin(πα/2)
)1/α

δ0γ
−1
0 + log(2/π)

]

)

E exp
(

t
(

π/2 sin(πα/2)
)1/α Xα

γ0

)

= exp
(

tan(πα/2)
[

− t
(

π/2 sin(πα/2)
)1/α − π/2(−t)α

]

− t log(2/π)
)

,

provided t < 0, where the second equality holds using the expression of the Laplace transform

from Theorem 2.2.1. In the limit, M1(t) = limα→1 Mα(t) = (−t)−t = φ(−it).

The problem of estimating the entropy reduces to that of approximating the location

parameter of a stable random variable as follows. Suppose it is possible to simulate exactly
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from p. Start a stream of i.i.d. observations from p, and define a vector (x1, . . . , xk) =

(0, . . . , 0), for some pre-determined k. At time t, we observe it ∼ p, and use it to set

the seed of the pseudo-random number generator. Then, generate independent random

variables hj(it) ∼ F0

(

x; 1, 1, π/2,− log(2/π)
)

, and update the vector by xj → xj +hj(it), for

j = 1, . . . , k.

At time t = T , we want to approximate the empirical entropy H(p̂) as estimator of H(p),

where p̂i = T−1
∑T

t=1 I(it = i) is the empirical probability, i = 1, . . . , n. For j = 1, . . . , k,

define

yj =
1

T
xj =

1

T

n
∑

i=1

T
∑

t=1

I(it = i)hj(i) =

n
∑

i=1

p̂ihj(i);

(y1, . . . , yk) forms a random sample of maximally skewed, strictly stable random variables

with α = 1 and c.f.

φ(t) = E exp
(

it

n
∑

i=1

p̂ihj(i)
)

=
n
∏

i=1

exp
(

− |p̂it|π/2 − ip̂it log(|p̂it|)
)

= exp
(

− π/2|t|
n
∑

i=1

p̂i − it

n
∑

i=1

p̂i[log |t| + log p̂i]
)

= exp
(

π/2
[

− |t| − it2/π log |t|
]

− it

n
∑

i=1

p̂i log p̂i

)

,

since
∑n

i=1 p̂i = 1. Therefore,
(

y1, . . . , yk

)

is a random sample of stable variables fol-

lowing the distribution F
(

y; 1, 1, π/2,−
∑n

i=1 p̂i log p̂i

)

, where the location parameter δ =

−
∑n

i=1 p̂i log p̂i is the entropy estimate based on the empirical distribution of the observa-

tions up to time T . This procedure also applies if the observations come from a simple data

stream in the form (it, 1), and can be easily extended to non-negative data streams.
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5.2.2 L-estimator for location parameter

We estimate the entropy −
∑

p̂i log p̂i by the method of L-estimation from a random sample

y1, . . . , yk ∼ F
(

y; 1, 1, π/2, δ = −∑ p̂i log p̂i

)

. Write yi = δ + zi, where zi ∼ f
(

z; 1, 1, π/2, 0
)

with support on (−∞,∞). Let f0(z) and F0(z) denote the density and distribution functions

of zi; then yi ∼ fδ(y) = f0(y − δ) with c.d.f. Fδ(y).

Proposition 5.2.1. The density function f0(z) = f
(

z; 1, 1, π/2, 0
)

satisfies the conditions

of L-estimation.

Proof. As z → ∞,

f0(−z) = f
(

− z; 1, 1, π/2, 0
)

= f
(

z; 1,−1, π/2, 0
)

= fA

(

z; 1,−1, π/2, 0
)

= fB

(

z; 1,−1, 1, 0
)

,

where the subscripts A and B denote parameterisations A and B, respectively, in Zolotarev

(1986). From Theorem 2.5.2 of this book (p. 99), fB(z; 1,−1, 1, 0) ∼ (2π)−1/2 exp
(

(z −

1)/2 − exp(z − 1)
)

as z → ∞. Letting z → −∞, f0(z) ∼ exp
(

− (z + 1)/2 − exp(−z − 1)
)

,

which is dominated by exp(− exp(−z)) → 0. Similarly, z2f ′
0(z) ∼ z2 exp

(

(−z − 1)/2 −

exp(−z − 1)
)[

− 1/2 + exp(−z − 1)
]

is dominated by z2 exp(− exp(−z)) which converges to

0 as z → −∞. Moreover, as z → ∞,

f0(z) = f
(

z; 1, 1, π/2, 0
)

= fA

(

z; 1, 1, π/2, 0
)

= fB

(

z; 1, 1, 1, 0) ∼ z−2

by Theorem 2.5.4 in Zolotarev (1986) (p. 101), so f0(z) → 0 and z2f ′
0(z) → 0 as z → ∞.

Following Subsection 4.4.2, the bias-corrected L-estimator of δ is given by:

δ̂BC =

k
∑

i=1

wik

(

y(i) − F−1
0

( i

k + 1

)

+
i(k − i + 1)

2(k + 1)2(k + 2)

ℓ′
(

F−1
0 (i/(k + 1))

)

[

f0

(

F−1
0 (i/(k + 1))

)]2

)

, (5.5)

where ℓ(y) = log f0(y), and the weights are approximated as in equation (4.8). Furthermore,
√

k
(

δ̂BC − δ
) D→ Normal(0, 1/I11) as k → ∞, where I11 is the Fisher information about δ

contained in y1.
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Proposition 5.2.2. The L-estimator
∑k

i=1 wikY(i) has infinite variance, unless wkk = 0.

Proof. We are interested in the tail behaviour of the ith order statistic Y(i). From Proposi-

tion 5.2.1, the density function satisfies

fδ(y) ∼







y−2 as y → ∞

exp
{

− (y + 1)/2 − exp(−(y + 1))
}

as y → −∞.

As y → −∞, Fδ(y) ∼ exp{−e−(y+1)} → 0, so f(i)(y) ∼ exp{−ie−(y+1)}, and

∫ 0

−∞

y2 exp{−ie−(y+1)}dy =

∫ ∞

e−1

[

(log u)2 + 2 log u + 1
]1

u
e−iudu < ∞.

As y → ∞, Fδ(y) ∼ 1 − 1/y → 1, so f(i) ∼ y−(k−i+2), and
∫∞

0
y2y−(k−i+2)dy < ∞, provided

i < k. So, if wkk = 0, i.e., the largest order statistic is trimmed, then the estimator has finite

variance.

We compute the Fisher information in two ways:

I11 =

∫ ∞

−∞

( ∂

∂δ
log fδ(y)

)2

fδ(y)dy =

∫ 1

0

[

ℓ′
(

F−1
0 (t)

)

]2

dt, (5.6)

and

I11 =

∫ ∞

−∞

− ∂2

∂δ2
log fδ(y)fδ(y)dy = −

∫ 1

0

ℓ′′
(

F−1
0 (t)

)

dt. (5.7)

Figure 5.1 displays the integrand functions in expressions (5.6) (top row) and (5.7) (bot-

tom row), alongside the corresponding transformed integrands according to transformation

t → t1/3. We estimate the Fisher information by integrating the transformed function over

the region [0.00001, 0.3), and the untransformed one over [0.3, 0.998] using quadrature rule

with 5000 equally spaced points. The approximations to (5.6) and (5.7) agree to within 4

significant digits, giving I11 = 0.3445.

Figure 5.2 displays the normalised weight function wik and the quantile q defining the

optimal quantile estimator:

δ̂q = q − Quantile{yi, i = 1, . . . , k} − F−1
0 (q) − Bk,
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Figure 5.1: Left column: approximations to integrand in expressions (5.6) (top row) and

(5.7) (bottom row). Right column: approximations to transformed integrand according to

transformation t → t1/3.

where Bk is the small sample bias estimated via simulations at δ = 0. The optimal q is

chosen to minimise the asymptotic variance q(1 − q)
[

f0(F
−1
0 (q))

]−2
(David and Nagaraja,

2003); this value is q = 0.09466, and the corresponding estimator has 67% relative efficiency

compared to the MLE. The optimal quantile estimator for the location parameter is similar

to the optimal quantile estimator for the scale parameter in (4.6), proposed by Li (2008a).

We remark that the weight wik is a continuous function with overall decreasing trend.

Moreover, the small value of the optimal quantile, q = 0.09466, indicates that little infor-

mation would be lost by trimming or winsorising in the upper tail of the distribution of the

data y1, . . . , yk. Unlike previously discussed cases of L-estimation where sharp oscillations

in weight function corresponding to large order statistics resulted in perturbations in m.s.e.,

in this situation we have a smooth weight function, but the weighted sum
∑k

i=1 wiky(i) has

infinite variance (see Proposition 5.2.2). Hence, the m.s.e. computed from simulations is
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Figure 5.2: This plot displays the normalised weight function wik versus t := i/(k + 1),

i = 1, . . . , k with k = 50. The vertical line at t = 0.09466 indicates the quantile defining the

optimal quantile estimator.

very large, but trimming and winsorising is shown to reduce the m.s.e. to the Cramér-Rao

lower bound. Proposition 5.2.2 implies that trimming the largest order statistic sufficies to

make the variance of the L-estimator finite.

Figure 5.3 displays the m.s.e. of the L-estimator (trimmed and winsorised versions), and

of the optimal quantile estimator, for sample sizes k ∈ [10, 150]. For k = 10, we obtain

best results by trimming 70% of the largest observations, and winsorising with p = 0.7. For

k = 20, we use trimming with p = 0.8. For all other values of k, we trim the largest 10% of

observations, and winsorise with p = 0.9. Overall, the L-estimator performs better than the

optimal quantile estimator; for k ≥ 30, the m.s.e. of the trimmed L-estimator is very close

to the theoretical lower bound.

Figure 5.4 compares the length of the 95% confidence interval of the L-estimators, showing

that we can expect the estimates to lie close to the true value, particularly for sample sizes
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Figure 5.3: Comparison in terms of m.s.e. of L-estimator of δ (trimmed and winsorised),

optimal quantile, and equally weighted estimator (105 replicates), alongside the Cramér-Rao

lower bound. The latter estimator is introduced in Subsection 5.2.3.

k ≥ 30. Again, the trimmed L-estimator outperforms the winsorised one.

5.2.3 Equally weighted estimator for scale parameter

Consider again the random sample (y1, . . . , yk) with yi = δ + zi, where zi ∼ f
(

z; 1, 1, π/2, 0
)

.

We exploit the property that, for t < 0, E
(

etZ
)

= (−t)(−t), shown in Subsection 5.2.1, to

derive a near-optimal, equally-weighted estimator of δ.

Consider the transformation wi = exp(−yi) = exp(−(δ + zi)), that reduces the problem

to one of estimating the scale parameter γ = exp(−δ). The mean k−1
∑k

i=1 wi is an unbiased

estimator of exp(−δ) with variance 3 exp(−2δ)/k. The Fisher information about exp(−δ)

contained in w1 is I11 ×
(

∂δ/∂γ
)2

= 0.3445 exp(−2δ), where I11 is the Fisher information

about δ in y1. Therefore the asymptotic efficiency of the mean estimator relative to the MLE

is (0.3445 × 3)−1 ≈ 0.967.
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Figure 5.4: Comparison in terms of length of 95% confidence interval for L-estimator of δ

(trimmed and winsorised), alongside the theoretical lower bound.

Similarly, consider the transformation

wi = exp(−βyi) = exp(−β(δ + zi)), β > 0,

and find the value of β that maximises the asymptotic relative efficiency. Define γ =

exp(−βδ). Since EW = ββγ, the estimator γ̂ = β−βk−1
∑k

i=1 wi is unbiased for γ, having

variance k−1γ2(4β − 1). The Fisher information about γ contained in wi equals β−2γ−2I11,

so the asymptotic efficiency of γ̂ compared to the MLE is β2(4β − 1)−10.3445−1. The latter

is maximised when β ≈ 1.15, attaining a value of 0.978.

In the sequel, β = 1.15. Let δ̂ = −β−1 log γ̂ be the estimator of δ. In small samples, this

estimator has an additive bias

BC = Eδ̂ − δ = − 1

β
E log

(

β−βk−1
k
∑

i=1

e−βZi

)

that can be estimated from simulations. We propose the bias-corrected estimator δ̂BC =

δ̂−BC. Figure 5.3 shows that the equally weighted estimator δ̂BC performs nearly as well as
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the trimmed L-estimator in terms of mean square error in small samples. Moreover, by the

Central Limit Theorem,
√

k
(

k−1
∑k

i=1 wi − ββγ
)

D→ Normal
(

0, γ2β2β(4β − 1)
)

as k → ∞,

and by the Delta method, it follows that
√

k
(

δ̂ − δ
) D→ Normal

(

0, β−2(4β − 1)
)

as k → ∞.

5.3 MCMC convergence assessment

We consider the problem of convergence assessment of MCMC methods, in particular the

Metropolis-Hastings (MH) algorithm (Metropolis et al., 1953; Hastings, 1970), for simulating

from the posterior distribution in Gaussian graphical models. We begin by introducing

terminology and basic results on graphical models; for more details, see Lauritzen (1996).

5.3.1 Decomposable Gaussian graphical models

Let y = (y1, . . . , yn)
T be a random sample from the multivariate Gaussian distribution

Normal(0, Σ) in p-dimensions, where 0 = (0, . . . , 0)T , and Σ is a p × p positive-definite

matrix known as the variance-covariance matrix. Let X1, . . . , Xp represent the variables

whose joint distribution is multivariate Gaussian. The conditional independence structure

of this distribution can be represented graphically by an undirected graph G = (V, E), where

V = {1, . . . , p} is the set of vertices or nodes, where node i represents variable Xi, and E is

the set of edges. By definition, an edge (i, j) ∈ E if and only if Xi is independent of Xj given

variables Xk, k 6= i, j. Moreover, the edges of the graph correspond to nonzero elements in

the precision matrix K = Σ−1.

Let M(G) = {K; positive definite p×p matrix K = (kij) satisfying kij = 0 ⇐⇒ (i, j) /∈

E}. The likelihood of the data y is given by

p(y|Σ, G) = (2π)−np/2(det Σ)−n/2 etr
(

− 1

2
Σ−1yyT

)

, for Σ−1 ∈ M(G),

where etr(A) = exp(trace(A)). If the graph G is decomposable, then the likelihood fac-

torises over the prime components and separators of the graph, rendering the distribution
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particularly tractable.

In Bayesian statistics, interest lies in simulating from the posterior distribution

p(G, Σ|y) = p(Σ|G,y)p(G|y) ∝ p(y|Σ, G)p(G, Σ), (5.8)

for particular prior distribution p(G, Σ) = p(Σ|G)p(G). We follow the paper of Jones

et al. (2005) in setting the priors on decomposable graph G with corresponding variance-

covariance matrix Σ. In particular, we place a hyper-inverse Wishart prior p(Σ|G), denoted

HIW(G, δ, Φ), where Φ is a positive-definite n × n matrix and δ > 0. This prior factorises

over the prime components and separators of G. Moreover, it is conjugate, and the posterior

p(Σ|G,y) is HIW(G, δ⋆, Φ⋆) with δ⋆ = δ +n, and Φ⋆ = Φ+yyT . Following Roverato (2000),

it is possible to sample directly from p(Σ|G,y).

Jones et al. (2005) place a prior on G that encourages sparseness by penalizing the number

of edges; in particular, a graph with |E| edges has prior probability β |E|(1 − β)(
p

2)−|E| with

parameter β = 2/(p − 1). Now, the marginal likelihood of G simplifies

p(y|G) =
p(y|G, Σ)p(Σ|G)

p(Σ|G, y)
= (2π)−np/2 h(G, δ, Φ)

h(G, δ⋆, Φ⋆)
,

where h(G, δ, Φ) and h(G, δ⋆, Φ⋆) are the HIW prior and posterior normalising constants,

respectively, and exist in closed form for decomposable graphs G. Hence, to sample from

the joint posterior distribution in (5.8), it remains to have an algorithm for simulating from

p(G|y) ∝ p(y|G)p(G).

As in Jones et al. (2005), we use the add-delete MH algorithm; at each iteration, this

algorithm chooses with equal probability between adding an edge to, or deleting an edge from

the current graph, and the addition or deletion is performed such that the proposal graph

is again decomposable. Then the proposal graph is accepted according to the Metropolis-

Hastings acceptance probability

α(G′, Gc) = min

{

1,
p(y|G′)p(G′)

p(y|Gc)p(Gc)
× q(Gc|G′)

q(G′|Gc)

}

,
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where Gc = (V, E c), and G′ = (V, E ′) are the current and proposal graphs, respectively. If G′

is formed by adding an edge to Gc, then q(G′|Gc) =
((

p
2

)

− |E c|
)−1

; else, q(G′|Gc) = |E c|−1.

5.3.2 Implementation

We use the C++ code implementing the Metropolis-Hastings algorithm for decomposable

Gaussian graphical models available from the authors of Jones et al. (2005) at the website:

www.stat.duke.edu/research/software/west/ggm.html. We consider the first simulated ex-

ample from that paper with an underlying decomposable graph on 15 nodes (p = 15) and a

data set consisting of 250 observations. The prior on Σ|G has parameters δ = 3 and Φ = τI

with τ = 0.0004; the prior on G has parameter β = 1/7. See Jones et al. (2005) for discussion

on the choice of τ .

The algorithm is started at the empty graph (no edges present), the full graph (all

edges present), and a decomposable non-empty graph (edges (1, 2), (1, 3), (2, 3), (3, 4), (4, 1)

present), and run for 2 million iterations. At each iteration, the current graph is represented

by a 105-bit binary sequence, where p(p − 1)/2 = 105 is the maximum number of edges

present in the graph; this sequence is hashed to a 64-bit long integer that seeds a random

number generator. We then simulate from the following stable distributions and update

the corresponding sketch vectors: X ∼ f(x; 0.02, 1, [cos(π × 0.02/2)]1/0.02, 0) for cardinality

estimation, X ∼ f(x; 1, 1, π/2, 0) for entropy estimation, and X ∼ f(x; α, 0, 1, 0) for lα

distance estimation with α = 0.5, 1.0, 1.5.

In this implementation, we use two random number generators (RNGs), the Mersenne

Twister (MT) (Matsumoto and Nishimura, 1998) for the MH algorithm (i.e., for deciding

whether to add or delete an edge, and whether to accept the proposal graph), and the

Ranq1 combined RNG recommended in Section 7.1.3 of Numerical Recipes (Press et al.,

2007) for data sketching (i.e., for simulating from the stable distribution). The Mersenne

Twister RNG has a very large prime period of 219937 − 1 so it is well suited for simulating

127



long sequences of random numbers (in our case, 4 million long); the C++ implementation

of the code is taken from www.bedaux.net/mtrand. The Ranq1 RNG takes the output of a

64-bit Xorshift generator and runs it through a multiplicative linear congruential generator

(LCG) of the form Ii = aIi−1 mod 264 with a = 2685821657736338717. This RNG has

period approximately 1.8 × 1019. In comparison, the authors of Jones et al. (2005) use the

built-in generator from the C++ standard library (srand and drand) for the MH algorithm;

according to Press et al. (2007), these generators have no standard implementation and are

often badly flawed.

For hashing the binary sequence representation of the graph, we use the hash object

function Hashfn2 from Section 7.6.1 of Numerical Recipes (Press et al., 2007). This function

is designed to work on arbitrary sized inputs by incorporating them into a final hash value

a byte at a time, returning a 64-bit unsigned long integer. The ith byte of the input is

incorporated by running the current hash value through a multiplicative LCG and adding to

the result a random, but fixed, 64-bit value from a lookup table of length 256, corresponding

to the ith byte value in 0 . . . 255.

5.3.3 Convergence assessment

We present plots of estimators of cardinality, entropy, and lα distances between chains with

different starting graphs. We run the MH-algorithm for 2 million iterations, and obtain the

same graph with highest log posterior probability as that reported in Jones et al. (2005); the

authors of this paper run the algorithm for 1,050,000 iterations.

For cardinality estimation (α = 0.02), we compute the bias-corrected maximum likelihood

estimator ĉDS,BC = (k − 1)/kĉDS, where k is the length of the data sketch, and ĉDS appears

in equation (3.6). This estimator has approximate 95% confidence interval ĉDS,BC ± 1.96 ×

ĉDS,BC/
√

k − 2.

For entropy estimation, we compare the trimmed bias-corrected L-estimator δ̂BC from
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equation (5.5) to the equally weighted estimator from Subsection 5.2.3 (β = 1.15). Note that

we are estimating the entropy of the empirical distribution on the graphs visited by the MH-

chain, not the entropy of the posterior distribution p(G|y), but as the number of iterations

increases to infinity, the former converges to the latter. The approximate 95% confidence

interval is δ̂BC ±1.96
√

MSE, where MSE = 0.06131 for the L-estimator, and MSE = 0.06163

for the equally weighted estimator, obtained by simulations, as shown in Figure 5.3.

For lα distance approximation, we employ symmetric, strictly stable random projec-

tions, and take the location parameter estimation approach, i.e., transforming by taking

the logarithm of the absolute value. We compute the trimmed L-estimators γ̂ of γ =
(

∑n
i=1 |p′i−p′′i |α

)1/α

for α ≥ 1, and θ̂ of θ =
∑n

i=1 |p′i−p′′i |α for α < 1, where (p′1, . . . , p
′
n) and

(p′′1, . . . , p
′′
n) are the empirical distribution functions from two independent MH-chains. The

approximate 95% confidence intervals are γ̂ ± 1.96γ̂
√

MSE/α, and θ̂ ± 1.96θ̂
√

MSE, respec-

tively, where MSE = 0.02974 for α = 0.5, MSE = 0.04115 for α = 1.0, and MSE = 0.04921

for α = 1.5, obtained by simulations, as shown in Figure 4.13.

Cardinality estimators are obtained from data sketches of length k = 200, while entropy

and lα distance estimators are obtained from data sketches of length k = 50. Cardinality

estimators are plotted on log scale. MT indicates that the Mersenne Twister RNG was used

for the MH-algorithm with specified seed. We compare the output chains from different

starting graphs, as well as from the same starting graph, but with different seeds for the

Mersenne Twister RNG.

For the purpose of comparison, we compute ‘exact’ values for the cardinality and entropy,

which appear in black in the following graphs. We call these values ‘exact’ because they are

computed from the hashed value representation of the graphs in the MH-chain, so due to the

low probability of collision of the hash function, these values are very close, but not identical

to the true values.

Figure 5.5 compares cardinality and entropy estimators for three MH-chains started from
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Figure 5.5: Left: Cardinality estimator on log scale for chains started from the empty graph.

Right: L-estimator of entropy for chains started from the empty graph. ‘Exact’ values appear

in black. Approximate 95% confidence intervals are drawn with finer line width.

the empty graphs, but with different seeds for the Mersenne Twister RNG. On a log scale,

the cardinality estimators are close to the ‘exact’ value drawn in black. For the initial 500,000

iterations, the estimators increase sharply in value, and, in the case of entropy, the estimators

vary across the three chains. After the first million iterations, the latter estimators converge

to a common value, which underestimates slightly the ‘exact’ entropy. Both estimators and

‘exact’ values continue to increase, but at a significantly slower rate than in the initial part

of the run, indicating that the chains are moving freely.

Figure 5.6 displays cardinality estimators on a log scale for three chains with different

starting graphs. The behaviour is similar to that observed in Figure 5.5; the ‘exact’ car-

dinality values are consistently above the upper bound of the approximate 95% confidence

intervals, indicating that the estimators underestimate the ‘exact’ cardinality. Cardinality

estimation is a difficult problem in terms of computing time and storage requirements. Data
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Figure 5.6: Cardinality estimator on log scale for chains with different starting graphs. The

‘exact’ value appears in black. Approximate 95% confidence intervals are drawn with finer

line width.

sketch vectors of length far exceeding 200 are required to estimate accurately cardinalities

on the order of 600,000.

Figure 5.7 compares entropy estimators for three chains with different starting graphs:

L-estimator versus equally weighted estimator with β = 1.15. The value of both estimators

increases sharply in the first 500,000 iterations, and this behaviour continues for the remain-

der of the run, but at a significantly slower rate. The ‘exact’ entropy value falls within the

approximate 95% confidence intervals for all chains and estimators; the equally weighted

estimator appears to underestimate the ‘exact’ value more than the L-estimator. Figure 5.8

shows the relative change in entropy as the number of iterations increases. This plot is

more informative than the previous one; it shows that after the first million iterations, the

increases in entropy estimates are less sharp, decreasing in magnitude, and less frequent.

Figure 5.9 compares lα distance estimates for pairs of chains with different starting graphs.
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Figure 5.7: Entropy estimators for chains with different starting graphs: L-estimator (left)

versus equally weighted estimator with β = 1.15 (right). The ‘exact’ value appears in black.

Approximate 95% confidence intervals are drawn with finer line width.
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Figure 5.8: Relative change in entropy for estimators in Figure 5.7.
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Figure 5.9: lα distance estimators: θ̂ for α = 0.5 (left) and γ̂ for α = 1.5 (right). Approximate

95% confidence intervals are drawn with finer line width. Mersenne Twister RNG is started

with seed 54321.

The plot on the left shows great variability in estimates across the three pairs of chains. For

α small, θ̂ is close to the Hamming distance; hence, for chains with cardinality on the order

of 600,000, we would expect the former to be large and variable, so not very informative

as a possible indicator of lack of convergence. However, for α > 1, γ = θ1/α is small, and

γ̂ is more informative (Figure 5.9, right). The estimators vary greatly for the first million

iterations, but eventually stabilize and converge towards a common value.

5.4 Summary of results

The cardinality estimates increase steadily and consistently indicating that the Markov chain

is effective at exploring the extensive sample space. Entropy and distance estimates with

stable trend, converging to a common value across different chains or pairs of chains, re-
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spectively, indicate that the chains have explored the high density regions of the equilibrium

distribution.

In the simulated example on 15-node decomposable graphs drawn from the posterior dis-

tribution in a Gaussian graphical model, the Metropolis-Hastings algorithm performs well

in the sense that it explores all the high density regions of the sample space, returning a

MAP estimate that closely matches the true underlying graph. Moreover, after 1.5 million

iterations, entropy and lα distance estimates from chains with different starting graphs con-

verge to a common value, indicating that all chains have explored the sample space under

the posterior distribution.

5.5 Conclusion

In conclusion, for the purpose of MCMC convergence assessment, we recommend observing

the behaviour of cardinality, entropy (equally-weighted mean estimator), and lα distance

estimates (α > 1) across chains with different starting points as the number of iterations

increases. In higher-dimensional problems, for example on graphs with hundreds of nodes,

assessing the convergence of a given MCMC method from the output chain is a very diffi-

cult task. For these problems, monitoring the behaviour of one-dimensional statistics such

as cardinality, entropy, and lα distances between independent chains with different starting

points may be a valuable qualitative tool for convergence assessment. Moreover, comput-

ing the value of one-dimensional summary statistics from low-dimensional sketches offers a

significant reduction in complexity.
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Chapter 6

Conclusion

This thesis has considered the problem of estimating summary statistics of interest such

as cardinality, lα distances and quasi-distances, and entropy, over streaming data with full

statistical efficiency from low dimensional data sketches. These sketches are vectors of linear

combinations of α-stable random variables, updated on the fly as data elements are observed,

processed, and discarded. We have shown that our algorithms have modest computational

complexity and storage requirements.

For cardinality estimation we have identified two approaches to constructing data sketches

involving indirect record keeping; the first using pseudo-random variates and storing se-

lected order statistics, and the second using random projections. We propose recursively

computable, maximum likelihood estimators of the cardinality. We recommend the first

approach involving hashing to Geometric(1 − ρ−1) random variables (ρ = 1.1) and storing

maximum order statistics. Algorithms based on this approach attain the tight lower bound

on space complexity for cardinality estimation in data streams. The main result of Chapter 3

demonstrates a previously unsuspected connection between these two approaches.

For lα distance and quasi-distance estimation with α ∈ (0, 2], we have investigated data

sketches based on weighted linear combinations of α-stable random variables, and shown that

the problem of recovering these distances can be reduced to that of estimating location and
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scale parameters of transformed stable random variables. We have shown how to estimate

these parameters by the method of L-estimation, i.e., via weighted linear combinations of

order statistics, resulting in asymptotically efficient estimators. For certain values of α, the

weight functions display sharp oscillations in small samples, perturbing the performance of

the estimators, as shown in plots of mean square error compared to the theoretical lower

bound. We have explored trimming and winsorising to improve the small sample performance

in such instances, and shown that our estimators outperform existing ones.

For entropy estimation, we propose two estimators based on projections to transformed

stable random variables of index α = 1. These improve upon the competing estimator of Li

(2008e) that approximates the entropy in the limit as α → 1. The first estimator, based on

the method of L-estimation, is asymptotically efficient, but has the disadvantage of requiring

trimming or winsorising to reduce its infinite variance. We recommend the second estimator

since it has finite variance, 97% asymptotic relative efficiency compared to the maximum

likelihood estimator, and good small sample performance.

Monitoring the behaviour of summary statistics such as cardinality, entropy, and lα dis-

tances between MCMC output chains with different starting points may be a useful qual-

itative tool for detecting lack of convergence. We have illustrated this with simulations of

the posterior distribution of a decomposable Gaussian graphical model via the Metropolis-

Hastings algorithm.

Whereas the focus of this thesis has been on comparing the performance of these esti-

mators in terms of Fisher efficiency, current literature in computer science and engineering

compares performance in terms of bounds on tail probabilities, i.e., the probability that the

estimator will exceed the true value by a factor of 1 ± ǫ for fixed sketch size k. If these

bounds are decreasing in ǫ, then, by requiring that they not exceed some fixed δ > 0, ar-

bitrarily small, one obtains lower bounds on the sketch size k. This, in turn, results in a

lower bound on the space complexity of the algorithm for obtaining an (ǫ, δ)-approximation
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to the quantity of interest. We have proved exponentially decreasing tail bounds for the

maximum likelihood estimators of the cardinality, but do not have equivalent results for the

estimators based on the method of L-estimation. Proving tail bounds for linear combinations

of order statistics is complicated, but it might be possible, and useful, to bound the rate of

convergence of the distribution of these estimators to normality.

For the future, I am interested in extending these techniques to the near-neighbour prob-

lem in high-dimensional spaces (Shakhnarovich et al., 2006). Locality-sensitive hashing, that

maps points to low-dimensional sketches, reduces the exponential dependence of the query

time on the dimension, known as the curse of dimensionality, to a near-linear dependence

with relatively modest storage complexity (Indyk, 2004; Andoni et al., 2006).
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Appendix A

Proofs

Proof of Theorem 2.2.2. Let F and f denote the cumulative distribution and density func-

tion of Xi, i = 1, . . . , n, and let ωn(λ) be the Laplace transform of Sn/X(n). Let F ⋆(x) =

1 − F (x). For λ > 0,

ωn(λ) = E
{

e−λSn/X(n)
}

= E

[

E
{

e−λSn/X(n) |X(n)

}

]

= ne−λ

{∫ ∞

0

∫ y

0

. . .

∫ y

0

e−λ(x2+...+xn)/yF (dx2) . . . F (dxn)F (dy)

}

= ne−λ

∫ ∞

0

{
∫ y

0

e−λx/yF (dx)

}n−1

F (dy).

Now, letting t = x/y, we have

∫ y

0

e−λx/yF (dx) = y

∫ 1

0

e−λtf(yt)dt

= 1 − F ⋆(y) − λ

∫ 1

0

e−λt
[

F ⋆(ty) − F ⋆(y)
]

dt
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By (2.8), for t > 0, (ty)αF ⋆(ty)[yαF ⋆(y)]−1 → 1 as y → ∞, so for y large, F ⋆(ty) ≈ t−αF ⋆(y).

Therefore, as y → ∞,

λ

∫ 1

0

e−λt
[

F ⋆(ty) − F ⋆(y)
]

dt ≈ λ

∫ 1

0

e−λt
[

t−αF ⋆(y) − F ⋆(y)
]

dt

= λF ⋆(y)

∫ 1

0

e−λt
[

t−α − 1
]

dt

= αF ⋆(y)

∫ 1

0

(

1 − e−λt
)

t−α−1dt,

by integration by parts and by noting that α
∫ 1

0
t−α−1dt = limt→0

(

t−α − 1
)

. Let φ =

α
∫ 1

0
(1 − e−λt)t−α−1dt. Hence, we have that

∫ y

0

e−λx/yF (dx) ≈ 1 − F ⋆(y)(1 + φ) so,

ωn(λ) ≈ ne−λ

∫ ∞

0

[

1 − F ⋆(y)(1 + φ)
]n−1

F (dy).

Let z = nF ⋆(y), so F (dy) = −n−1dz. Then,

ωn(λ) = e−λ

∫ n

0

[

1 − z

n
(1 + φ)

]n−1

dz

→ e−λ

∫ ∞

0

e−(1+φ)zdz =
e−λ

1 + φ
as n → ∞.

The mean and variance of W then follow by differentiating the Laplace transform.

Proof of Lemma 2.3.2. By representation in (2.7), we have, for α < 1, that

|X|α D
=

| sin
(

α(U0 + U)
)

|α
| cos(αU0) cos U | ×

∣

∣

∣

∣

cos
(

αU0 + (α − 1)U
)

L

∣

∣

∣

∣

1−α

,

where L ∼ Exp(1), U ∼ Unif(−π/2, π/2) independently, and U0 = α−1 arctan(β tan(πα/2)).

As α → 0,

1
∣

∣ cos(αU0) cos U
∣

∣

×
∣

∣

∣

∣

cos
(

αU0 + (α − 1)U
)

L

∣

∣

∣

∣

1−α

→ 1

L
,

since αU0 = arctan
(

β tan(πα/2)
)

→ 0, and cos(αU0) → 1 as α → 0. So it remains to

show that | sin(α(U0 + U))|α → 1 as α → 0. Define Y = | sin(α(U0 + U))| and show that

limα→0 log Y α = 0 by l’Hôpital’s rule.
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d

dα
log Y =

cos
(

arctan(β tan(πα/2)) + αU
)

sin
(

arctan(β tan(πα/2)) + αU
) × d

dα

[

arctan(β tan(πα/2)) + αU
]

=
β tan(πα/2) + tan(αU)

1 − β tan(πα/2) tan(αU)
×
[

π/2β sec2(πα/2)

1 + β2 tan2(πα/2)
+ U

]

tends to 0 as α → 0, and the result follows.

Proof of Theorem 2.3.1. Let L ∼ Exp(1), U ∼ Unif(0, π), L ⊥⊥ U . Using the result in

Kanter (1975), we have for fixed y > 0

P

(

[

X(n)

]αn

n
≤ y

)

=

[

P

(

a(U) × (ny)(αn−1)−1 ≤ L
)

]n

=

{
∫ π

0

1

π

∫ ∞

a(x)(ny)(αn−1)−1
e−ldldx

}n

=

{

1

π

∫ π

0

exp
{

− a(x) × (ny)(αn−1)−1
}

dx

}n

(A.1)

For x ∈ (0, π) and fixed n, define

fn(x, y) := exp
{

− a(x) × (ny)(αn−1)−1
}

= exp
{

− (ny)(αn−1)−1[

sin(αnx)
]αn/(1−αn)

sin
(

(1 − αn)x
)[

sin(x)
]−(1−αn)−1

}

.

Since limx→π− a(x) = ∞, and limx→0+ a(x) = α
αn/(1−αn)
n (1 − αn), we define

fn(0, y) := exp
{

− ααn/(1−αn)
n × (1 − αn) × (ny)(αn−1)−1

}

and fn(π, y) := 0.

Hence fn(x, y), with y > 0 and n fixed, is continuous in the interval [0, π] and differentiable

in (0, π). By the Mean Value Theorem for Integration applied to (A.1), ∃xn ∈ (0, π) such

that
∫ π

0

exp
{

− a(x) × (ny)(αn−1)−1}

dx = π exp
{

− a(xn) × (ny)(αn−1)−1}

= πfn(xn, y).

Therefore

P

(

n−1[X(n)]
αn ≤ y

)

= exp
{

− n(ny)(αn−1)−1 ×
[

sin(αnxn)
]αn/(1−αn) × sin

(

(1 − αn)xn

)

×
[

sin(xn)
]−(1−αn)−1

}

=
[

fn(xn, y)
]n

. (A.2)
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The goal is to show that expression (A.2) converges to e−1/y as n → ∞ provided that

αn log(n) → 0 as n → ∞.

Claim 1. The function a(x) is increasing on the interval (0, π) for any αn ∈ (0, 1) fixed.

Proof. For fixed p ∈ (0, 1), define the function sp(x) = sin(px)/ sin(x). It can easily be shown

that sp(x) is increasing on the interval (0, π). Now, a(x) =
[

sαn
(x)
]αn/(1−αn) × s1−αn

(x), is

the product of two non-negative, increasing functions on (0, π) for fixed 0 < αn < 1; hence

a(x) is increasing on (0, π).

If follows from Claim 1 that for fixed y > 0, the function fn(x, y) is decreasing on the interval

(0, π). So, ∀x ∈ (0, π),

[

fn(x, y)
]n ≤

[

fn(0, y)
]n

= exp
{

− nααn/(1−αn)
n × (1 − αn) × (ny)(αn−1)−1

}

. (A.3)

Taking the logarithm on both sides of (A.3) and letting n → ∞, we obtain that

n log
(

fn(x, y)
)

≤ −ααn/(1−αn)
n × (1 − αn) × nαn/(αn−1) × y(αn−1)−1 → −1

y
,

provided that αn log(n) → 0 as n → ∞. From (A.2) and (A.3), it follows that as n → ∞

P

(

n−1
[

X(n)

]αn ≤ y
)

≤ exp
{

− ααn/(1−αn)
n × (1 − αn) × nαn/(αn−1) × y(αn−1)−1

}

→ e−1/y.

Let n ≥ ⌈1/y⌉. Since, ny > 1 and a(x) > 0, we have that

fn(x, y) = exp
{

− a(x) × (ny)(αn−1)−1
}

≥ exp
{

− a(x)

ny

}

, ∀x ∈ (0, π).

Define the sequence
{

ǫn = π
√

αn/2
}

in the range (0, π/2). As n → ∞, ǫn → 0, αn/ǫn =

2
√

αn/π → 0 and αn log(ǫn/αn) = αn log(π/2) − 1/2αn log(αn) → 0. By Claim 1, a(x) ≤

a(π − ǫn) for x ∈ (0, π − ǫn], so

∫ π−ǫn

0

fn(x, y)dx ≥
∫ π−ǫn

0

exp

{

− a(π − ǫn)

ny

}

dx = (π − ǫn) exp

{

− a(π − ǫn)

ny

}

. (A.4)

Now consider values of x in the interval (π− ǫn, π−αn/n); since αn/ǫn → 0 as n → ∞, then

for n sufficiently large, ǫn ≥ αn and π − ǫn ≤ π − αn/n.
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Using the facts that x cos x ≤ sin x ≤ x ∀x ∈ (0, π/2) and sin(x) = sin(π − x) ∀x, we find

an upper bound for a(x) on (π − ǫn, π − αn/n) as follows.

a(x) ≤ (αnx)αn/(1−αn) sin(π − (1 − αn)x)
[

sin(π − x)
](1−αn)−1

≤ (αnx)αn/(1−αn)[π − (1 − αn)x]

(π − x)(1−αn)−1
[

cos(π − x)
](1−αn)−1

≤ (αnπ)αn/(1−αn)[π − x + αnπ]

(π − x)(1−αn)−1
[

cos(ǫn)
](1−αn)−1 ,

since π − x ≤ ǫn < π/2 and cos(x) is strictly decreasing on (0, π/2). Moreover, we note that

if π − x > αn/n, then (π − x)(1−αn)−1
> (π − x)(αn/n)αn/(1−αn), and

a(x) ≤ (αnπ)αn/(1−αn)[π − x + αnπ]

(π − x)(αn/n)αn/(1−αn)
[

cos(ǫn)
](1−αn)−1

=
(πn)αn/(1−αn)[π − x + αnπ]
[

cos(ǫn)
](1−αn)−1

(π − x)

= bn
π − x + αnπ

π − x
,

where
{

bn = (πn)αn/(1−αn)[cos(ǫn)
]−(1−αn)−1

}

is a sequence converging to 1 as n → ∞ and

αn log(n) → 0. Let cn = bn/(ny). We have

∫ π−αn/n

π−ǫn

fn(x, y)dx ≥
∫ π−αn/n

π−ǫn

exp

{

− cn(π − x + αnπ)

π − x

}

dx

= exp{−cn}
∫ ǫn

αn/n

exp
{

− cnαnπ/u
}

du

≥ exp{−cn}
∫ ǫn

αn/n

(

1 − cnαnπ/u
)

du

= exp{−cn}[ǫn − δn], (A.5)

where nδn = αn

[

1+πbny
−1 log(nǫn/αn)

]

→ 0 as n → ∞. Using inequalities (A.4) and (A.5)

and the fact that ny > 1, we obtain the following lower bound

∫ π

0

fn(x, y)dx ≥ (π − ǫn) exp

{

− a(π − ǫn)

ny

}

+ (ǫn − δn) exp

{

− bn

ny

}

≥ exp

{

− 1

ny

}[

(π − ǫn) exp

{

− a(π − ǫn)

ny

}

+ (ǫn − δn) exp

{

− bn

ny

}]

,
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Let δ′n = (π − ǫn) exp
{

− a(π − ǫn)/(ny)
}

+ (ǫn − δn) exp
{

− bn/(ny)
}

− π. We now show

that n | δ′n |→ 0 as n → ∞.

Claim 2. If an → 1 as n → ∞, then n
[

exp
{

− an/(ny)
}

− exp
{

− 1/(ny)
}]

→ 0.

Proof.

n
[

exp
{

− an/(ny)
}

− exp
{

− 1/(ny)
}

]

= n exp
{

− 1/(ny)
}

[

exp
{

(1 − an)/(ny)
}

− 1
]

= exp
{

− 1/(ny)
}

×
[ ∞
∑

i=1

(−1)i(1 − an)i

ni−1yi(i!)

]

.

We want to show that the limit of the infinite sum as n → ∞ is 0. We have that

lim
n→∞

∞
∑

i=1

(−1)i(1 − an)i

ni−1yi(i!)
= lim

n→∞
lim

S→∞

S
∑

i=1

(−1)i(1 − an)i

ni−1yi(i!)
= lim

S→∞
lim

n→∞

S
∑

i=1

(−1)i(1 − an)i

ni−1yi(i!)
.

Let ǫ > 0 be arbitrary. Then ∃N ∈ N such that n ≥ N implies that | 1 − an |≤ ǫ, so

∣

∣

∣

∣

S
∑

i=1

(−1)i(1 − an)i

ni−1yi(i!)

∣

∣

∣

∣

≤
S
∑

i=1

| 1 − an |i
ni−1yi(i!)

≤
S
∑

i=1

ǫi

ni−1yi(i!)
→ 0 as n → ∞,

and the claim is proved.

Claim 3. a(π − ǫn) → 1 as n → ∞.

Proof.

a(π − ǫn) =
[

sin
(

αn(π − ǫn)
)

]αn/(1−αn)

sin
(

(1 − αn)(π − ǫn)
)[

sin(π − ǫn)
]−(1−αn)−1

= cos
(

αn(π − ǫn)
)

[

sin
(

αn(π − ǫn)
)

sin(π − ǫn)

]αn/(1−αn)

− cos(π − ǫn)

[

sin
(

αn(π − ǫn)
)

sin(π − ǫn)

](1−αn)−1

.

As n → ∞,
[

sin
(

αn(π − ǫn)
)

sin(π − ǫn)

]αn/(1−αn)

=

{

sin
(

αn(π − ǫn)
)

αn(π − ǫn)
× αn

ǫn

× (π − ǫn) × ǫn

sin(ǫn)

}αn/(1−αn)

→ 1,

since αn/(1 − αn) log(αn/ǫn) → 0. Similarly,
{

sin(αn(π − ǫn))/ sin(π − ǫn)
}(1−αn)−1

→ 0 as

n → ∞. Finally, since cos
(

αn(π − ǫn)
)

→ 1 and cos(π − ǫn) → −1 as n → ∞, the claim

follows.
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By Claims 2 and 3 and the fact that nδn → 0 as n → ∞, we have that

n | δ′n | ≤ (π − ǫn)n
∣

∣

∣
exp

{

− a(π − ǫn)/(ny)
}

− exp
{

− 1/(ny)
}

∣

∣

∣
+

n|ǫn − δn| ×
∣

∣

∣
exp

{

− bn/(ny)
}

− exp
{

− 1/(ny)
}

∣

∣

∣
+

πn
∣

∣

∣
exp

{

− 1/(ny)
}

− 1
∣

∣

∣
+ nδn exp

{

− 1/(ny)
}

→ 0,

so, as n → ∞,

P

(

n−1
[

X(n)

]αn ≤ y
)

≥
[

π−1(π + δ′n) exp
{

− 1/(ny)
}

]n

→ e−1/y.

Therefore, as n → ∞,

P

(

n−1
[

X(n)

]αn ≤ y
)

→ e−1/y,

and we have shown that n−1
[

X(n)

]αn D→ 1/L, provided that αn log(n) → 0 as n → ∞.

Finally, by Lemmma 2.3.1,
[

X(n)

Sn

]αn
D
=

[

X(n)

]αn

nXαn

P→ 1,

where X ∼ S(x; αn).
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