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Abstract

Quantum theory challenges classical causal explanations for physical phenomena, calling
for a quantum generalisation of causal structure. This thesis advances the study of
causal decompositions, a research programme that aims to bridge two prominent, yet
conceptually distinct types of structural assumption found across the quantum causality
literature. The first is in terms of the global dependency relations between input and
output systems of quantum transformations, which in the unitary case we shall refer to
as causal structure; the second is in terms of the compositional structure of quantum
circuits or networks. Concretely, a causal decomposition is a circuit representation of
a unitary transformation in which no-influence relations that hold between its inputs
and outputs are made manifest in the absence of paths through the circuit connecting
them. Applications include translating between different quantum causal modelling
frameworks; equipping a framework based on unitary causal structure with a local,
bottom-up description via generalised autonomous causal mechanisms; and relating
notions of compatibility between quantum transformations and relativistic causality.

Whether causal decompositions always exist remains an open problem. The contri-
butions of this thesis are threefold.

First, we develop an order-theoretic account of circuit syntax and demonstrate that
every circuit with a given input-output connectivity can be rewritten into a one of
a canonical form given by the concept lattice construction from lattice theory. This
systematises the search for causal decompositions by providing the shape of the quantum
circuit one should look for.

Second, we establish a combinatorial condition that fully characterises when causal
decompositions into unitary quantum circuits exist without requiring the generalisation
to routed quantum circuits prompted by earlier research. This solves a well-defined sub-
problem of the broader quest, and our proof, an interplay of order theory and operator
algebra, lays a foundation for future extensions.

Third, we detail the application to relativistic causality. Within a multipartite
framework generalising existing literature, we emphasise that the mere lack of superlu-
minal signalling through a quantum channel is not sufficient to conclude its realisability
by dynamics that are locally consistent with relativity theory. We conjecture that, on
the other hand, a lack of superluminal causal influences through its unitary dilations is
sufficient—at least up to arbitrarily small errors. We demonstrate this in various special
cases and show that the general statement reduces to the existence of a weak version of

causal decompositions.
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Chapter 1

Introduction

The deepest understanding of a scientific phenomenon is reached when one can give it
an explanation of a causal nature: one that not merely identifies or predicts patterns
in correlations, but tells a complete story, giving a structured account of all causal
processes at play. Over the past half-century, structural causal models [76, 93] have
emerged as a powerful framework for formulating and answering questions about caus-
ation as rigorously as those about correlation. These models have not only aided our
understanding across the sciences—by mirroring the way we naturally think about the
world and make decisions—but have also provided crucial insights for predicting the
outcomes of interventions, be they in medical practice or social policy. A key insight of
the field is that imposing basic structural assumptions onto a model, guided by existing
knowledge of the way the world works, enables significantly stronger conclusions about
causal relations than approaches relying on raw data alone.

The same half-century has seen a ‘second quantum revolution’ unfold, accompanied
by the emergence of an abstract, informational approach to quantum theory. This ap-
proach has aided the development of new applications, from computing to cryptography,
but has also helped deepen our foundational grasp of what has the reputation of being,
still, the least understood scientific theory of all. Arguably the most significant obstacle
to a full understanding of quantum theory is Bell’s theorem [15], which since 1964 has
challenged our classical ideas of how a physical theory should explain observations. In-
deed, cast in modern terms, the theorem asserts precisely that the correlations predicted
by quantum theory and observed in quantum experiment defy satisfactory explanation
within the structural causal modelling framework [120]—a framework otherwise so suc-
cessful across many areas of science.

That quantum theory is in tension with notions of causality is by no means an in-
sight that relies on the formal framework of structural causal models and it has indeed
been recognised independently in various contexts, with the term ‘causality’ taking on
many different meanings. In physics literature, the term is perhaps most commonly
associated with principles of relativity theory; and the conflict between quantum the-
ory and relativistic causality is a famous one that has puzzled physicists ever since at
least 1935 [36]. Bell’s theorem itself played no small part in this, prompting a close
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consideration of what compatibility or ‘peaceful coexistence’ [89] with relativistic caus-
ality should in fact mean. In the modern quantum foundations literature, it has given
rise to the development of generalised, ‘post-quantum’ probabilistic theories [10, 80],
in which context ‘causality’ often refers to the operational criterion of ‘no signalling
outside the future’—whether with respect to a spacetime or a circuit topology [29,
57]. Another field concerned with relativistic causality is quantum field theory, where
the compatibility of isolated evolutions with relativity theory is ensured by the micro-
causality condition of commuting spacelike observables while a still growing body of
literature is devoted to how conformity with relativistic causality can be guaranteed
in the presence of successive measurements, too [3, 19, 39, 91]. A further example of
a research direction highlighting the conflict between causality and quantum theory is
that of indefinite causal order, inspired in part by quantum superpositions of spacetime
geometries [30, 51, 73]. Together, these examples represent only a small fraction of the
literature investigating principles of causality, understood in some or other sense, in the
quantum-theoretical context.

However, the formulation of Bell’s theorem as a statement of incompatibility with
the structural causal modelling paradigm has provided a precise and compelling per-
spective on how quantum theory—even independently of any spacetime considerations—
challenges our classical notion of causality, and with it, our classical way of explaining
and understanding the world [22, 23, 120]. As a result, it has led to a recent surge of
interest in causality in quantum theory, in particular by raising the question of whether
an appropriately generalised notion of quantum causal model exists that can accommod-
ate for and perhaps even offer satisfactory explanations for the correlations observed in
quantum experiments [4, 11, 27, 33, 42, 44, 52, 78, 79, 83, 101, 111]. Any such frame-
work should in particular specify what it means for a piece of quantum data to have, or
be compatible with, a given causal structure, most commonly expressed, following the
classical framework, in terms of a directed acyclic graph (DAG). Two approaches are
worth detailing.

The first is that pioneered by Allen et al. [4] and Barrett, Lorenz and Oreshkov [11]
and subsequently developed in e.g. [12, 62, 75, 99, 110]. It takes as a starting point the
functional interpretation of classical causal models: that underlying every model is a
functional causal model in which the dynamics between all variables in the model are
deterministic, reducing all stochasticity to ignorance about local noise sources affecting
individual variables. Causal structure ultimately refers, in this reading, to the functional
(in)dependences between variables satisfied on this fundamental, deterministic level.
Generalising this to the quantum case, where fundamental dynamics are described by
unitary transformations rather than functions, the framework of [4, 11] is based on the
notion of causal influence between inputs and outputs of unitaries. The data in this
framework—quantum channels or, more generally, process operators or higher-order
quantum transformations—are considered compatible with a causal structure described
by a DAG if they admit of a unitary dilation whose influences are, roughly, a subset
of the directed edges of the DAG. The result is a fully quantum framework that enjoys
many direct analogies to the classical one, including a d-separation theorem and a
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calculus for do-interventions [11]. One might say the type of causal structure imposed
by this formalism is ‘top-down’ in nature: it regards a unitary transformation as a
black box whose compatibility with a causal structure is expressed completely in terms
of its global input-output behaviour. In this sense it can be compared to the notion of
signalling through generic channels studied elsewhere in quantum causality (although
these two notions should not be conflated: an absence of observable signals through a
quantum channel does not imply the absence of influence on the fundamental level).

A second type of approach to formalising quantum causal structure is exemplified
by the frameworks of Fritz [44] and Henson, Lal and Pusey [52] and widely used in
the context of network nonlocality [20, 43, 81, 100, 118]. Omne way in which these
frameworks differ from that of Refs. [4, 11] is that the data under study—that what is
to be structured—are not quantum objects but instead probability distributions over
classical random variables; it is only the unobserved (latent) variables in the model
that are upgraded from classical to quantum.! This approach therefore enables a direct
generalisation of Bell inequalities and their violations to beyond-Bell scenarios. How-
ever, a conceptually much more significant departure from [4, 11] is that these works
understand causal structure instead in a ‘bottom-up’, compositional sense: to impose a
causal structure is to assert that the process giving rise to the data can be decomposed
into local subprocesses combined into a circuit or network whose form is determined by
the DAG. For the purposes of this thesis I will, to avoid confusion, refer to this type
of structure as compositional structure, reserving the term causal structure henceforth
for influences through unitary transformations. Beyond Refs. [44, 52|, several other
approaches to quantum causal modelling with similar compositional flavours have been
proposed, including in the works [27, 33, 42, 79].

This second type of approach fits in naturally with recent advances in applied cat-
egory theory. In addition to a compositional approach to quantum theory [1, 32], these
have provided a reformulation of the classical causal modelling paradigm which, al-
though completely equivalent? to the traditional formulation of [76, 93], emphasises its
compositional aspects; see e.g. [45, 54, 63]. If the unitary causal influence approach to
quantum causal modelling [4, 11] was guided by the functional interpretation of clas-
sical causal models, the approaches of [44, 52] and others instead take as primary the
compositional perspective made explicit by these categorical reformulations.? Crucially,
however, despite the equivalence of the classical formulations, the relation between these
different approaches to quantum causal modelling remains anything but clear. At the
heart of this lies a highly nontrivial relationship between causal and compositional struc-
ture in quantum theory. The aim of this thesis is to advance our understanding of that
relation.

Several earlier works have examined the connection between top-down and bottom-
up constraints on quantum transformations. One of the first works was that of Beckman

1Or even to resources in post-quantum, generalised probabilistic theories or symmetric monoidal
categories.

2If one specialises to the category Mat(R) of positive real matrices, that is.

3Not to suggest that [44, 52] and other compositional approaches to quantum causal modelling were
in fact inspired by those categorical works; that would be anachronistic (excepting Ref. [42]).
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et al. [13], set in a relativistic context. It addressed the question, in two bipartite scen-
arios, of whether any quantum channel that exhibits no signalling between spacelike-
separated inputs and outputs (a top-down requirement related but not identical to the
absence of causal influence) can also be realised by a sequence of local interactions and
subluminal propagation of systems (a bottom-up requirement). Similar relativistically
motivated questions were then studied in, for example, Refs. [8, 35, 86]. Meanwhile,
in the setting of quantum cellular automata, a number of works investigated whether
automata satisfying global causal conditions can, similarly, be represented by local gen-
erating rules: see e.g. Refs. [5-7, 38, 85, 88, 108]. Recently, Lorenz and Barrett [62]
initiated the study of causal decompositions of general unitary transformations with
finitely many inputs and outputs, generalising some of these earlier works. Causal
decompositions are circuit representations of the unitary in which global no-influence
relations between inputs and outputs are made apparent by the absence of paths con-
necting them—thus representing the unitary’s causal structure in terms of the circuit’s
compositional structure. In this thesis, we further develop the theory of causal decom-
positions, whose general existence remains an open problem; and, armed with insights
from this field, revisit the relativistic question posed by Beckman et al. [13] in a broader
context.

Before spelling out in more detail what causal decompositions of unitary transformations
are and what they can be used for, it is perhaps insightful to clarify one subtlety that
already arises in the classical case. As an example, consider a classical stochastic pro-
cess described by a conditional probability distribution P(ab|zy) on four finitely-valued
random variables. A global, top-down constraint that this distribution may satisfy is
that it is nonsignalling in both directions: P(a|xy) is independent of y and P(b|zy) is
independent of x. A closely related, but strictly distinct bottom-up constraint is instead
to demand that the process decomposes as P(ablzy) = >\ Px(X)Py(alzA)Py(blyA) for
an appropriate variable A and stochastic processes Py, P, and P,. In terms of the dia-
grammatic language employed in e.g. Refs [45, 54, 63], this can be expressed as the
existence of a circuit decomposition of the form

read from bottom to top; here " denotes a copy map. (Classical systems and processes
are denoted in grey throughout this thesis to distinguish them from (black) quantum
ones.) The existence of such a decomposition implies the two nonsignalling relations
stated earlier; this is made evident in the diagram by the lack of paths connecting x
to b and y to a. The converse does however not hold: this is a direct consequence
of Bell’s theorem. It is not too difficult to convince oneself that in fact not a single
classical circuit lacking paths from z to b and from y to a—whether or not it is of the
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specific form in Eq. (1.1)—can express all stochastic processes P(ab|xy) satisfying the
nonsignalling conditions.

This inequivalence between the top-down and bottom-up constraints may in a clas-
sical, deterministic theory however be attributed completely to the fact that the nonsig-
nalling constraint is expressed on the level of the stochastic process P, which inher-
ently encodes an observer’s ignorance of any unobserved systems. Indeed, the situ-
ation changes as soon as one requires not merely nonsignalling constraints, but causal
constraints: functional independences on the level of the underlying deterministic dy-
namics of isolated systems. Indeed, any function f : X x AXxY — Ax M x B
through which @ € A does not depend on y € Y and b € B not on x € X (re-
gardless of the values of the remaining arguments) can immediately be decomposed as

f(xa )‘7 y) - (fa (.f, )‘)7 f;t (IE, Av y)7 fb<)‘7 y))fOI', diagrammaticaHY7 as

= , (1.2)

thereby representing the causal conditions completely in the circuit’s compositional
structure.

In quantum theory, on the other hand, expressing causal structure compositionally
is nontrivial even in the absence of any ignorance—i.e. with complete access to the fun-
damental dynamics of isolated systems: in the quantum case, unitary transformations.
Consider a three-input, three-output unitary U : Hq @ HB @ Ho — Hp @ HE ® HF
between tensor products of finite-dimensional Hilbert spaces and two causal no-influence
constraints analogous to the above: that A does not influence F' and C does not in-
fluence D, regardless of the state on the remaining systems. Lorenz and Barrett [62]
showed that U satisfies these constraints precisely if it can be decomposed into a unitary
circuit of the form

F
D |[E |F
U ] o= | (13)
A B IC

c

This circuit reflects the lack of influence from A to F and from C to D by a lack of
paths between those systems, making it into an example of a causal decomposition.*
There are two things to note about this particular diagram. First, the index ¢ on
the wires and two of the gates signifies that this is a unitary circuit in the extended
quantum circuit paradigm introduced by Lorenz and Barrett [62], which was later de-

veloped into the formalism of routed quantum circuits [104, 107]. In brief, this circuit

“Lorenz and Barrett [62] instead spoke in terms of causally faithful circuit decompositions; we will
use both terms and regard the latter as a special case of causal decompositions. See Section 3.4.1.
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language involves direct sums in addition to the usual tensor products and sequential
compositions; in particular, the left- and rightmost gates should be interpreted as block-
diagonal unitary transformations @, 7; and €, V;. Lorenz and Barrett [62] found that
giving causal decompositions in terms of traditional (‘non-routed’) unitary circuits is
not always possible. It is relevant to note that the need for routed circuits however
disappears if one allows the gates in the circuit to be general quantum channels, rather
than just unitary ones.

Second, note that the shape of the circuit in Eq. (1.3) is different from that in
Eq. (1.2). Indeed, not all unitaries U can be decomposed into circuits with just two
‘layers’ of gates such as in Eq. (1.2) (even with arbitrary quantum channels in place of
the copy maps and classical functions). Instead, quantum dynamics generally rely on
gates such as T; in Eq. (1.3), which lies in the future of both A and B and in the past
of both D and F, thereby providing the opportunity for all those systems to meet and
interact. The significance of such interaction gates, also emphasised recently in [25], will
be a theme throughout this thesis. It may be regarded as a manifestation of the holism
pervasive in quantum theory: that properties of systems can generally not be reduced
to properties of their subsystems.

More generally, a causal decomposition refers to any circuit decomposition of a unitary
transformation that reflects a desired set of global no-influence conditions satisfied by
the unitary in terms of absences of paths connecting inputs to outputs. Whether a set of
no-influence conditions can always be represented in this way remains an open problem,
and one we will work towards solving in this thesis.

Before describing some of the applications of causal decompositions in more detail,
it is worth taking a brief moment to compare them to the work of Arrighi, Nesme
and Werner [8], who like this thesis and Ref. [62] investigate circuit decompositions of
general unitary transformations satisfying global causal conditions. The work shows
that any unitary, no matter its causal structure, decomposes into a circuit consisting of
commuting unitary gates—one for each output system—as well as state preparations on
ancillary systems. By commuting the gates past each other, any desired individual no-
influence relationship between a given input and output that holds in I/ can be expressed
by the lack of a path connecting them. Similar results have subsequently been shown
in different settings in, for example, Refs. [6, 38]. Decompositions of this type do not
however provide a single circuit satisfying at once all of a desired set of no-connectivity
constraints, which is required of a causal decomposition.

Where known to exist, causal decompositions find many applications. Here follow a
couple.

e Causal decompositions provide a bridge between different approaches to quantum
causal modelling. Whether one’s interest in quantum causal models is applied
or foundational, it is important to appreciate the dissimilarities between these
frameworks—especially because they all refer to DAGs as ‘causal structure’, yet
in fact interpret them in very different ways. In unitary-influence-based models [4,



1. INTRODUCTION 7

11], an edge of the DAG represents a potential causal influence through unitary
dynamics; in compositional approaches [44, 52] it represents, roughly speaking, a
wire in a circuit. As an example, suppose we are given a quantum causal model
in the former sense [4, 11] with DAG

G = EXE}{E, (1.4)

as well as choices of measurements for each of its six quantum systems. One
may ask: are the resulting correlations between measurement outcomes quantum-
compatible with some other DAG G’ in the compositional sense of [44, 52]7 Con-
trary to what one might naively expect, the correct answer G’ would in this case
not resemble G at all, due to the nontrivial shape of causal decompositions. (The
correct answer would depend on details of the question and the precise composi-
tional formalism [44, 52] adopted; but it would look something like the shape of
the circuit in Eq. (1.3)).

In the context of this application it is worth noting that general quantum causal
models in the sense of [4, 11] are not described by simple unitary transformations
but instead by quantum process operators, also known as higher-order quantum
transformations [28]; and causal structures by DAGs with generally more than
two layers as in Eq. (1.4). However, the problem of decomposing such higher-
order quantum transformations can always be reduced to that of decomposing
first-order unitary transformations, which is why we permit ourselves to focus on
the first-order case in this thesis. This reduction is detailed in [62, §7.3]; for our
present purposes, suffice it to say that it is achieved by a procedure employed
across research on causality known in different contexts as ‘splitting nodes’ [11,
12], constructing the ‘single-world intervention graph’ [82], ‘maximal interrup-
tion’ [118], or ‘plugging SWAPs into the higher-order quantum map’ [75].

e Recall that for the example discussed earlier, Lorenz and Barrett [62] showed
that any tripartite unitary satisfying two global causal constraints (A does not
influence F' and C' does not influence D) admits of a routed unitary causal decom-
position of the shape in Eq. (1.3); and conversely, every such circuit implements
a unitary satisfying the two constraints. Results of this kind thus provide a para-
metrisation of the set of all those unitaries—the parameters in question being
the dimensions of the internal wires and the gates of the circuit—and with it, a
constructive way to build any unitary in the set. As for any good parametrisation,
the parameters’ domains are simple in structure: natural numbers for the wires
and (block-diagonal, in the routed case) unitary matrices for the gates.

Parametrisations like this are particularly relevant for the quantum causal models
of [4, 11], where they can be regarded as providing generalised autonomous causal
mechanisms. In classical causal modelling, the latter is an important concept
referring to the stochastic processes P(X|Pa(X)) that determine each variable of
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the model solely in terms of its causal parents (in the deterministic example of
Eq. (1.2), they are the functions f,, fu, and f;). ‘Autonomy’ refers to the fact
that one may intervene on, or otherwise vary, each of the mechanisms individually
without affecting other parts of the model or its overall causal structure. Moreover,
varying each of them independently allows one to recover any other model with
the same causal structure.

Refs. [4, 11] identified a close analogue of these mechanisms for their quantum
causal models, given by the Choi operators p4|pa(a) of the model’s marginals.
However, while each quantum causal model does correspond uniquely to a choice
of such operators, they lack autonomy: to constitute a valid quantum causal
model, they must all commute pairwise, a global condition that is easily violated
if one varies the operators independently.

The wires and gates in a causal decomposition provide an alternative general-
isation of causal mechanisms that do enjoy a high level of autonomy (although
overall dimension constraints still have to be satisfied). In light of the nontrivial
shape of causal decompositions, one however needs to give up the idea that the
role of a mechanism is to determine a single variable in terms of its causal parents
(cf. Egs. (1.2) and (1.3)). Perhaps this should be seen as another manifestation
of quantum holism.

In proofs, compositional structure often provides a more powerful handle than
causal structure, especially when employing diagrammatic reasoning. Causal de-
compositions allow one to use this tool even if the ultimate goal is to prove some-
thing about causal structure. An explicit example from the literature is in [12,
Theorem 3], where the very decomposition of Eq. (1.3) was used to derive a central
result in the study of indefinite causal order.

Causal decompositions can be used to generalise to more inputs and outputs the
relativistic question posed by Beckman et al. [13]: if a quantum channel is consist-
ent with the principle of no-superluminal-signalling imposed by some localisation
of its input and output systems in spacetime, does this mean it can also in fact
be realised by locally covariant dynamics (a quantum circuit whose wires follow
timelike or lightlike curves)? Also here, it is important to make a distinction
signalling and influence. We discuss this application in detail in Chapter 4.

Finally, rather than an evolution of physical systems, one may also regard a unitary
as a passive transformation, relating different ways of partitioning the same overall
quantum system into subsystems. From this viewpoint, causal decompositions
clarify how one such partitioning can be obtained from another by a sequence of
fine-grainings and coarse-grainings. This perspective is explored in a recent work
of [109].
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To conclude this introduction, let us outline the rest of this thesis. In Chapter 2,
we investigate the syntactical aspects of compositional structure, developing an order-
theoretic formalism for circuit syntax especially suited for studying their input-output
connectivity. We then show that any circuit with a given connectivity G can be rewrit-
ten, using purely syntactical operations, into a particular canonical shape Lg, which
therefore acts as a canonical shape for causal decompositions. The shape of the circuit
in Eq. (1.3) is an example. This result answers in the positive a question posed by
Lorenz and Barrett [62], which was whether the shape of causal decompositions—when
they exist—can always be chosen the same for unitaries satisfying the same causal con-
straints. Notice that this result is crucial to the first two applications outlined above
(for the first because G’ should ideally only depend on the causal structure G, not the
specific causal model; and for the second because such a canonical circuit shape leads
to a single parametrisation covering all unitaries that satisfy the causal constraints).

The canonical shape Lg turns out to be given by the concept lattice construction
from lattice theory [17, 46]. As we will argue, the fact that it is a lattice is a syntactical
manifestation of the significance of interaction in quantum circuits, generalising the
second comment we made below Eq. (1.3).

The result of Chapter 2 also systematises the search for causal decompositions: with
their shapes now determined, what remains is to equip them with appropriate quantum
semantics implementing desired unitaries. We do this in Chapter 3, solving a particular
subproblem in the search for causal decompositions. More precisely, we fully character-
ise those causal constraints that can always—i.e. for any unitary satisfying them—be
represented by causal decompositions in terms of unitary circuits, without requiring the
generalisation to routed circuits. The syntactical aspects of our methods rely heav-
ily on the combinatorics of the concept lattice; the semantic ones on the structure of
finite-dimensional operator algebras.

In Chapter 4, we detail the spacetime application of causal decompositions men-
tioned above. We discuss the distinction between signalling and causal influence in this
context, and propose a conjecture: that the absence of superluminal influences through
unitary dilations of a quantum channel is, up to arbitrarily small errors, necessary and
sufficient for realisability by a circuit in the spacetime. We show it to be equivalent
to the existence of a weak variant of causal decompositions. In this chapter we again
encounter the notion of interaction, as its presence is generally constrained by the re-
lativistic structure of a spacetime (a spacetime itself not necessarily being a lattice).
We address this constraint with the help of nonlocal quantum computation [14, 21, 34,
71]. To close off the chapter we show that all Clifford unitaries admit causal decompos-
itions, which are of a particular shape relevant to their implementation in spacetime.
We conclude in Chapter 5 with a summary and open questions.






Chapter 2

Compositional structure

This chapter is about the syntax of circuits, or string diagrams, which describe paral-
lel and sequential compositions of processes in general symmetric monoidal categories
(SMCs), including but not limited to quantum theory and classical probability theory.
The syntax of a circuit—i.e. its ‘shape’—alone often implies relevant information about
the process (morphism of the SMC) it implements: for example, the absence of a path
between an input and an output of the circuit prohibits the flow of causal influence
between those systems. Generally, and especially in the context of causal inference, one
may wonder about the full class of morphisms in a specified SMC that can be expressed
by a circuit with a given shape;' a circuit shape Q may then be considered ‘at least
as expressive’ as a shape P if it can express at least as many morphisms of the SMC.
Sometimes, this is the case simply because any circuit with shape P can be rewritten
into one with shape Q using purely syntactical operations valid in any SMC, such as
composing two or more gates, treating them as a single one, or adding trivial gates and
trivial wires.

In this chapter we set out an order-theoretic formalisation of circuit syntax and
syntactical rewrites, taking a particular focus on the input-output connectivity of a
circuit, a binary relation specifying which inputs can reach which outputs via directed
paths through the circuit. We characterise the concept lattice from formal concept
analysis [17, 46, 115] as the unique smallest circuit shape that every circuit with at
most a given connectivity can be syntactically rewritten into and which is therefore most
expressive, in the sense described above. It thus provides a universal shape for causal
decompositions, dependent only on the desired connectivity and not on the unitary
to be decomposed; we will use this result in Chapter 3. The focus of this chapter is
however on the order-theoretic aspects, and all results, unless otherwise stated, hold
for infinite partially-ordered setsx too, which do not have an obvious interpretation as
circuit syntax. We conclude by constructing the circuit shape which, dually to the
concept lattice, is least expressive with a given connectivity.

!This type of problem is sometimes referred to as causal compatibility [119], but in the wider context
of this thesis compositional compatibility would be more appropriate.

11
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2.1 First definitions

A preorder on a set P is a relation < C P x P that is (i) reflexive: Vp € P : p < p and (ii)
transitive: Vp,q,r € P:p < qgAq<r = p <r. A partial order is a preorder that is
also (iii) antisymmetric: Vp,q € P:p < gAq<p = p = q. For preorders and partial
orders alike, we write p < g iff p<gandp#q;p# qiff p£ g and ¢ £ p; and p < ¢ iff
p covers ¢ from below, that is, if p < ¢ and there is no r € P so that p < r <gq.

We propose to model circuit syntax by partial orders decorated with input-output
structure, as follows.

Definition 2.1. Let A and B be sets. A circuit shape from A to B is a tuple (P, <, A, u)
of a set P, a partial order < on P, and two functions A : A — P and p : B — P. We will
often refer to elements of P as gates and to elements of A and B as inputs and outputs,
respectively. The letter P may also refer to the entire tuple (P, <, \, u); in this case we
write < or <p and Mp, up for the order and maps constituting the circuit shape on the
set P.2

Definition 2.2. We call a circuit shape P finite if the underlying set P as well as the sets A
and B are finite. Finite circuit shapes may be conveniently depicted by diagrams. First
of all, the Hasse diagram of the partial order (P, <) is the directed acyclic graph on P
obtained by drawing an edge from p to ¢ iff p < g. The elements of P are laid out on
the page so that all edges point upward; the latter are then drawn as undirected edges.
The circuit diagram of (P, <, A\, 1) is obtained by adding nodes for each a € A and b € B
and upward-directed edges from a to A(a) and from pu(b) to b. We will often leave the
gates of the circuit shape unlabelled, in which case the diagram determines the circuit
shape up to isomorphisms (defined imminently).3

Example 2.3. The diagram

(2.1)

2 A circuit shape as defined here can be regarded as a special kind of cospan in the category of partial
orders. Cospans in other categories have been used in various contexts in applied category theory to
model processes with inputs and outputs [18, 40, 41]. It is perhaps worth noting that our notion of
morphism from Definition 2.4 below does not quite match what would usually be called a morphism
between cospans, which would instead have equalities in items (ii) and (iii).

30ther treatments of circuits and string diagram syntax are based on directed (acyclic) graphs, or
similar structures, from the outset (see e.g. [18]). Such an approach allows for a distinction between
circuit shapes with identical transitive reductions, i.e. that induce the same partial order among their
gates. In Example 2.3, for instance, one could allow for an additional wire directly from gate ¢ to gate s.
Our order-based formalism here does not make such distinctions. They are not relevant to the question
of expressivity described in the opening of this chapter, since the wire from g to s can just as well be
incorporated into the gate r.
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denotes the circuit shape (P, <, A\, ) where P = {p,q,r,s}; < is the unique partial
order satisfying ¢ < p, ¢ < r < s, p # r and p # s; the sets of inputs and outputs
are A = {aj,as,a3} and B = {by,ba}; and, finally, the input map A : A — P acts as
aj; — p,as — r,a3 — s and the output map p: B — P as by — p and by > s. /

Definition 2.4. Let P,Q be circuit shapes from A to B. A morphism of circuit shapes
f :P — Qis a map between the underlying sets P, Q satisfying the following properties.

(i) f is order-preserving: for all p,p' € P, p <p' = f(p) < f(p).
(ii) f respects inputs: for all a € A, f(Ap(a)) > Ag(a).
(iii) f respects outputs: for all b € B, f(up(b)) < uq(b).

Moreover, we say f is an embedding, and write f : P < Q, if it is a morphism of circuit
shapes and an order embedding (i.e. f(p) < f(p)) = p < p’). An isomorphism
f:P 5 Qis a bijective morphism whose inverse is also a morphism.

Remark 2.5. We regard the sets of inputs and outputs A and B as (arbitrary but) fixed;
two circuit shapes can be isomorphic only if they are defined on identical input and
output sets. Moreover, two circuit shapes that differ only by a permutation on A or B
may not be isomorphic.

Furthermore, if f : P — Q is bijective and an embedding, then it is automatically
an isomorphism of partial orders; however, its inverse f~! is only a morphism of circuit
shapes—and f therefore only an isomorphism of circuit shapes—if it also satisfies the
equalities f o Xp = Mg and f o up = pg. The map f illustrated below is an example
of a bijective embedding that fails this property: it satisfies f(up(b1)) < pg(b1) so its
inverse is not a morphism.

b1 be b1 b2

(2.2)
/

al al

2.2 Morphisms as syntactical circuit rewrites

In the next chapter, finite circuit shapes (P, <,\,u) will form the syntactical basis
for quantum circuits, obtained by equipping P with quantum semantics. Every such
quantum circuit expresses a particular overall quantum channel whose inputs are la-
belled by A and outputs by B. Similarly, one can consider the expressivity of circuit
shapes P in arbitrary symmetric monoidal categories beyond quantum theory. If a par-
ticular circuit shape Q is more expressive than P in all SMCs—including freely generated
ones—then that fact should be derivable by a procedure that only uses the basic axioms
of SMCs. I will therefore refer to such procedures as syntactical circuit rewrites.
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The main aim of this section is to argue that morphisms between finite circuit
shapes model such syntactical circuit rewrites on the order-theoretic level. In particular,
I show in Theorem 2.16 that any morphism factorises into morphisms of particular
elementary types, all of which can clearly be interpreted as valid syntactical rewrites.
I shall however refrain from making any formal connection with symmetric monoidal
categories, keeping the focus instead on the order theory, and all notions and results,
with the exception of Proposition 2.10, are defined and hold in the infinite case as well.
Let’s start with some background on quotients of partial orders [58, 96-98, 116], which
are the order-theoretic representation of syntactical rewrites involving only (parallel as
well as sequential) compositions of gates.

Definition 2.6. Let (P, <) be a partial order and € an equivalence relation on P. Denote
by [p] the equivalence class of p € P under 6 and define the binary relation <y on the
quotient set P/ by

Pl <o ldl <= 3 €[pl,¢ €[q] such that p’ <. (2.3)

In other words, it is the minimal relation on P/§ making the quotient map my : P —
P/0,p — [p] order-preserving.

While the relation <y so defined is always reflexive, it may not be antisymmetric or
transitive, and thus not necessarily a partial order.

Example 2.7. If P = {p,q,r}, p < ¢ < r, and the equivalence classes of 6 are {p,r} and
{q}, then <y is not antisymmetric, as we have {p,r} <y {q} <¢ {p,r}. Moreover, if
P={p,qr s}, p<gq,r<s,and {p,q} and {r, s} are <-incomparable, then the relation
<y defined by the equivalence relation 6 with equivalence classes {p}, {r, s}, {q} is not
transitive. /

The following notion has been studied in detail in Refs. [58, 96-98], amongst other
works.

Definition 2.8. An equivalence relation @ on (P, <) is a compatible congruence* if the
transitive closure S.g of <p is antisymmetric and hence a partial order. When 8 is a com-
patible congruence, we will henceforth equip the set P/6 with the order Eg. Moreover,
when (P, <, A\, p) is a circuit, we denote by P/6 the circuit (P/6, E;, mgo A, mg o), where
mg : P — P/0 is the quotient map.

Which equivalences 6 are compatible congruences? First, call a subset S C P convex
if for all s,t € Sandpe P, s <p<t = pecS. Iffis a compatible congruence
on P, then every equivalence class [p| is necessarily convex [96, §36]; this is required to
avoid failure of antisymmetry of <y (cf. Example 2.7). However, not every equivalence

“We take this terminology from [94, 116]; it has also simply been called an order congruence [58].
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relation # on P whose equivalence classes are convex is a compatible congruence. As an
example, consider the order with Hasse diagram

c d
| X l\) (2.4)

and the equivalence relation § whose equivalence classes are {a, d} and {b, c}. Once one
identifies a and d, the set {b,c} becomes non-convex, resulting in a relation <y that
is not antisymmetric. However, as long as one performs a sequence of quotients that
identify the elements of a single convex subset at a time, the resulting relation will
remain a partial order. In the finite case, every quotient by a compatible congruence
arises in this way.

Definition 2.9. Let S C P be a convex set. Denote by fg the equivalence relation on
P that has equivalence classes S and {p} for p € P\ S. If S contains precisely two
elements, that is, S = {p, ¢} where p<q or p # ¢, then we call f5 an atomic compatible
congruence.

Proposition 2.10. If S C P s convez, then Og is a compatible congruence. Moreover, if
P is finite then an equivalence relation 8 on P is a compatible congruence if and only
if the quotient map 7y : P — P/0 is, up to order isomorphisms, a finite composition of
quotients by atomic compatible congruences.

We omit the (straightforward) proof (see also [97, §7]). When interpreting a finite
circuit shape P as the syntax of a circuit in an SMC, each quotient by an atomic compat-
ible congruence 6y, ;1 can be regarded as the result of an elementary ‘gate composition’
procedure: that is, the sequential composition (if p < ¢ or ¢ < p) or parallel composition
(monoidal product; if p # ¢) of two gates p and ¢q. The connection with circuit shape
morphisms is due to the following.

Definition 2.11. The kernel of a map f : P — Q, denoted ker f, is the equivalence relation
on P whose equivalence classes are the fibres of f: that is, p(ker f)p’ < f(p) = f(p)
for p,p’ € P.

Proposition 2.12 ([98, §2], [116, Prop. 4.10]). An equivalence 6 on P is a compatible
congruence if and only if it is the kernel of an order-preserving map f : P — Q for some
partially ordered set Q.

Proposition 2.13. Let f : P — Q be a morphism of circuit shapes. Let w¢ : P — P/ ker f
be the quotient map and [f] : P/ ker f — Q the (well-defined) injective map [p] — f(p).
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Then 7y and [f] are morphisms and f = [f]omy:

p—L P/ker f
|- (2.5)
Q

f

Proof. The only nontrivial statement to verify is that [f] : P/ ker f — Q is a morphism
of circuit shapes. Recall that P/ker f is ordered by <y ¢ and has input and output
maps Ap/ker f = My © Ap and fip/yer f = 7y © pip, respectively. To show that [f] is order-
preserving, first suppose that [p], [¢] € P/ker f and [p] <ker ¢ [¢]. This means that there
exist p/, ¢’ € P so that [p] = [p], p’ <p ¢/, and [¢'] = [¢]. By construction, then,

[F1([p]) = f(p) = F(V') <q f(d') = f(q) = [f1([a])- (2.6)

Thus, [p] <wers l[d] = [fl([p]) <q [fl([¢]). Since <q is transitive, we also have
[p] §erf) l[q] = [fl(Ip]) <q [f]([g]), so [f] is order-preserving. That it also respects
inputs is immediate: [f] o Ap/werf = [f] 07 0 Ap = f 0 Ap > Aq pointwise for all a € A,
where the last inequality follows from the fact that f is itself a morphism. Similarly,
[f] respects outputs. O

It remains to argue that in addition to the quotient map ¢, the injective morphism
[f] also models a valid syntactical circuit rewrite.?

Definition 2.14. The following are three types of injective morphisms of circuit shapes,
each of which corresponds to a certain elementary type of circuit rewrite.

(i) Let (P, <p, A, pt) be a circuit shape from A to B and S an arbitrary set. Write PLI.S
for the disjoint union of the sets P and S. Let < be the partial order on P LI S
that satisfies <N (P x P) =<p and s # ¢ for any s € S and ¢ € P S. Denote by
P S the circuit shape from A to B given by (PU.S, <, \, u). Say that a morphism
f : P — Q adds isolated gates if Q = P LIS for some set S and f is the inclusion
map P — P LI S. Each such map is in fact an embedding.

(ii) A morphism that adds wires is one of the form idp : (P, <, A\, ) — (P, </, A\, p),
p — p, where <, <" are such that p < g = p <’ ¢q.

(iii) A morphism that advances inputs and delays outputs is one of the form idp :
(P, <, A\, 1) = (P, <, N, 1), p— pwhere A(a) > N(a) for all a € A and u(b) < 1/(b)
for all b € B. This is always an embedding.

®Note that in disanalogy to the isomorphism theorems for algebraic structures, the map [f] :
P/ker f — im(f) C Q is not necessarily an isomorphism: it is injective but not always an order embed-
ding.
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Example 2.15. The first morphism below is a quotient map; the other three are of the
types just introduced.

b1 b2 b3 b1 b2 bs b1 b2 b3 b1 b2 b3 b1 bz bs
[] (11 111
?é H B H 2 7
ai as as ai; az as a) az a; az as a;p az as

Theorem 2.16. A map f : P — Q is a morphism of circuit shapes if and only if it is,
up to isomorphisms, the composition of a finite sequence of maps of the following four

types.

e quotients by compatible congruences (which, in case P is finite, are in turn always
finite compositions of quotients by atomic compatible congruences, by Proposi-
tion 2.10);

e morphisms that add isolated gates;
e morphisms that add wires;

e morphisms that advance inputs and delay outputs.

Proof. Due to Proposition 2.13 it suffices to show that [f] : P/ ker f — Q factorises into
morphisms of the latter three types. Denote by Q the circuit shape (Q, <q, f o Ap, f © ip)
and consider

7y :P—P/ker f
p = [pl;
idp)er f : P/ ker f — P/ker f LU (Q\ im(f))
[p] = [p];
g:P/ker fU(Q\im(f)) —Q (2.8)
[pl = [f)([p])  for p € P;
qrq for g eQ\im(f);
idg:Q—Q
q+—q.
Recall from Definition 2.14 that Q \ im(f) is discretely ordered in the context of the

circuit P/ker f U (Q \ im(f)). It is clear that all four maps are, up to isomorphism,
morphisms of the required types and that f factorises as

(/]

TF 1dp) xer f X g idg
P — P/ker f —— P/ker fu(Q\im(f)) — Q——Q.  (29)

O
f
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In Proposition 3.3 of the next chapter, we will use Theorem 2.16 to show what will
now be clear: if a morphism f : P — Q exists, then any quantum channel that can
be expressed by a circuit of shape P can also be expressed by a circuit of shape Q.
This may be straightforwardly generalised to arbitrary SMCs, including freely gener-
ated ones; therefore, these morphisms are a sound representation of circuit rewrites in
arbitrary SMCs. Theorem 2.16 makes it reasonable to expect that the representation is
complete, too: that every circuit rewrite valid in all, including free, SMCs is described
on the order-theoretic level by a morphism of circuit shapes. As the focus of this thesis
lies on quantum circuits, specifically, I will not make this formal. It however motiv-
ates the following definition and terminology, which will provide a useful way to state
consequences of some of the results to follow.

Definition 2.17. Letting A and B be sets, denote by Circyg the category of circuit shapes
from A to B and morphisms between them. Define a preorder < on the objects of Circyg
by

P<Q < 3f:P—Q. (2.10)

We denote by Circ;B the resulting preordered proper class, or equivalently, thin category.
Two circuit shapes P and Q are (syntactically) equivalent if P < Q and Q < P.

Example 2.18. The two circuit shapes in Eq. (2.2) are not isomorphic but they are
equivalent. A morphism from left to right is the one illustrated in Eq. (2.2) itself;
a morphism in the other direction is given by mapping both elements of the circuit
shape on the right to the bottom element of the circuit shape on the left. Both of these
shapes are moreover equivalent to the single-gate shape with one input and two outputs.
Indeed, it is clear that all these three circuit shapes have equal expressivity no matter
what SMC one interprets them in (all being able to express any SMC morphism with
one input and two outputs). /

Remark 2.19. In addition to syntactical circuit rewrites, the morphisms from Defini-
tion 2.4 can also be used to model implementations of circuits in a spacetime. More
precisely, looking ahead to Chapter 4, where such implementations will play a central
role, consider what we there call a spacetime situation: a tuple M = (M, =4,p,q)
consisting of a time-oriented Lorentzian manifold M without closed causal curves; the
partial order <, on its points induced by the Lorentzian metric; and two functions
p:A— M,qg:B — M specifying localisations of input and output systems in the
spacetime. In the terminology of this chapter, M is nothing more than a special cir-
cuit shape. A morphism f : P — M from a finite circuit shape P into M provides a
localisation of each of P’s gates at points in spacetime in such a way that appropriate
causal curves are guaranteed to exist for each P’s wires (edges of its circuit diagram).
The observation that circuits and spacetimes can be treated on an equal footing in this
way has also been made in Ref. [84]. /



2. COMPOSITIONAL STRUCTURE 19

2.3 Connectivity and interaction

The following notion is central to causal decompositions, the subject of Chapters 3
and 4.

Definition 2.20. Let P be a circuit shape from A to B. The (input-output) connectivity
of P is the binary relation Gp C A x B satisfying

Vac A beB: aGhb <= Mp(a) < pp(b). (2.11)

Example 2.21. Let A := {a;,as,a3} and B := {bj,be,b3} and consider the relation

C3 C A x B defined as
b1 ba bs

o= XX 212)

al a2 as

this relation will play an important role in Chapter 3. The three circuit shapes

b1 ba bs b1 bo b3 b1 by bs
Bo, = , LOSEC¢, = , and Lg, =
ai as as a; as as ay a2 as
(2.13)

all have connectivity C3. Bc, and L, will be familiar from Chapter 1 and LOSEC¢,
will feature in Chapter 4.

There exist morphisms f : Bc, = LOSEC¢, and g : LOSEC¢, — L. f is just the
obvious inclusion map and g is a quotient by a compatible congruence, whose equivalence
classes are highlighted below:

b1 b2 b b; by bz
\
Eﬁ AN @@ . (2.14)
aip az as
ail ag as

(Recall from Definition 2.2 that we always depict circuit shapes by their Hasse diagrams,
which are transitively reduced; this is why the wire from \(ag) to p(bz2) present in the left
diagram seems to disappear. One may think of it as being incorporated into either the
leftmost or rightmost gate of the right diagram.) As a result, the three circuit shapes
are ordered as Bg, = LOSEC¢, = Lg,. No morphisms exist in any of the opposite
directions, however, as we will see shortly. /

If two circuit shapes have distinct connectivity relations, this provides an immediate
indication of their syntactical inequivalence. Indeed:
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Proposition 2.22. Let P and Q be circuit shapes from A to B. If there exists a morphism
J P = Q then Gp C Gq. In other words, the map Gy : Circ), — P(A x B) is
order-preserving.% In particular, if P and Q are syntactically equivalent then Gp = Gy.

Proof. Let a € A and b € B be such that aGpb, that is, Ap(a) <p up(b). By the fact that
f is a circuit shape morphism, it follows that Ag(a) <q f(Ap(2)) <q f(up(b)) <q pq(b),
meaning that also aGgb. O

In order to prove that two circuit shapes with identical connectivity are syntactically
inequivalent, on the other hand, the following will be useful.

Definition 2.23. Let (P, <, A, i) be a circuit shape. For p € P, we write
p- ={achA:\a) <p} and pT = {beB:pub)>p} (2.15)

Thus, p~ are the inputs that lie to p’s past, and p™ the outputs lying to p’s future.

Proposition 2.24. If f : P — Q is a morphism of circuit shapes then for any p € P,
p~ C f(p)~ and p* C f(p)*.

Proof. Suppose a € p—: that is, Ap(a) < p. Since f is a morphism, we have Ag(a) <
f(Op(a)) < f(p). Therefore a € f(p)~. The inclusion p* C f(p)* follows similarly. [

Example 2.25. Consider again the circuit shapes B¢y, LOSECc,, and L¢, from Ex-
ample 2.21. Note that Le,’s left-most gate—call it p € Lo,—satisfies p~ = {aj, as}
and p* = {by,ba}. Neither of the circuit shapes Bo, and LOSEC¢, has a gate ¢ with
{a1,a2} C ¢~ and {by,bs} C ¢, on the other hand; by Proposition 2.24, this means
there is no morphism Lo, — LOSECcg, or Loy, — Bey, so that Le, is syntactically
inequivalent to both other circuit shapes.

A physical intuition for this syntactical inequivalence is to regard p as a gate where
all four systems aj, as, b; and by can meet and interact. In Chapters 3 and 4 we will see
that as opposed to the classical case, the presence of such interaction gates can be crucial
when it comes to expressing quantum channels, and that the syntactical inequivalence
is witnessed by the fact that Lo, can indeed express strictly the most tripartite quantum
channels.

Proposition 2.24 can also be used to prove syntactical inequivalence of Bc, and
LOSECg¢;, so in conclusion, Bo, < LOSECe, < Le;. /

In Section 2.4, we construct the analogue Lg of L¢, for general relations G C A x B,
which we show in fact admits incoming morphisms from all other circuit shapes P with
connectivity Gp C G. We generalise B¢, in Section 2.5, which satisfies the dual property,
admitting outgoing morphisms into any circuit shape Q with connectivity Gq 2 G.

°In other words still, it defines a functor G(_) : Circyg — P(A x B) when regarding P(A X B) as a
preorder category. However, some of our results below (esp. Corollaries 2.38 and 2.43) are phrased more
naturally in terms of the preorder category Circg.
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2.4 Characterisation of the concept lattice

Let A and B be arbitrary sets. From each binary relation G C A x B one may construct a
complete lattice via a construction first realised by Birkhoff [17] and extensively studied
in formal concept analysis [46, 115]. We adopt the terminology from [46, 115] and
call this the concept lattice. We will briefly recall this construction and then show, in
Theorem 2.33, that with the natural choice of input and output maps, it constitutes
the smallest circuit shape with connectivity G that admits incoming morphisms from
every other circuit shape with at most the same connectivity.
We will use the notation

G(a):={b€B|aGb} forachA and G '(b):={acA|aGb} forbecB. (2.16)

In the construction below, an important role is played by intersections of sets of the form
G(a) and G~!(b). Let us start by giving some intuition for why these intersections are
relevant when constructing a circuit shape that is as ‘expressive’ as possible. Imagine
that P is a circuit shape with connectivity G and consider a gate ¢ € P. Let ¢~ C A be
the set of overall input wires that lie to ¢’s past, as in Definition 2.23. Consider also
the outputs g™ C B lying to ¢’s future. Because of the fact that P has connectivity G,
we have aGb for each a € ¢7,b € ¢™: in other words, ¢= C ﬂb€q+ G~!(b). Denote the
latter set by p(¢™). Suppose, now, that the inclusion ¢~ C p(g™) is strict: that there
is a’ € p(¢7) \ ¢=. Then a’Gb for all b € ¢*. This means that adding a path from a’
to the gate ¢ yields a circuit shape whose connectivity remains G. Doing this for all
a’ € p(qT) \ ¢~ we obtain a new circuit shape P’ with respect to which ¢~ = p(¢™*) and
which is at least as expressive as P. By a dual procedure, we can ensure that also the
inclusion ¢ C (,¢ .~ G(a) =t ¢(q7) is saturated. In agreement with this intuition, each
gate in the circuit shape constructed below corresponds precisely to a pair « C A, 5 C B
so that o = p(f) and 5 = ¢(a).

Formally, now, denote by P(A) and P(B) the powersets of A and B and consider the

maps7
¢:P(A) = P(B):ar [|G(a)={beB|Vaca:aGb} (2.17)
and p:P(B) = PA) =B [|G ' (b)={ach|VbeB:aGb}. (2.18)
bep

In particular, ¢(@) = B and p(0) = A. With P(A) and P(B) ordered under inclusion,

these maps are order-reversing;:
Va,o/ CA:aCd = c(a) D c(d) (2.19)
and V3,8 CB:BCB = p(B)2p(8). |

They also satisfy

Va CA:aCpea) and VB CB: S Ccep(h). (2.20)

"The letters ¢ and p we use here stand for ‘children’ and ‘parents’, respectively—customary termin-
ology in causality parlance, where we will ultimately apply these constructions.
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Egs. (2.19) and (2.20) make the pair (c,p) into an (antitone) Galois connection between
the partially ordered sets P(A) and P(B) [72].® A direct consequence is that

pep=1p and cpe =c. (2.21)
Moreover, the map pc: P(A) — P(A) acts as a closure operator on P(A), meaning it is
(i) extensive: Voo C A: o C pe(a);
(ii) idempotent: pcpec = pe; and
(iii) order-preserving: Vo,o/ CA:a C o = pc(a) C pe(d).

We therefore say that pc(a) is the closure of a C A and that « is closed if pc(a) = a.
It follows from (i)—(iii) that the closure of a set is precisely the smallest closed set
containing it and that the intersection of (arbitrarily many) closed sets is again closed.
Moreover, by virtue of Eq. (2.21), the closed subsets of A are precisely the sets « that
lie in the image of p.

Example 2.26. With respect to the relation C3 defined in Example 2.21, the closure of
{a1} C Ais {aj,as}, while {ay} is itself closed. /

Definition 2.27. Let (P, <) be a partial order and S C P a subset. A greatest lower
bound or meet of S is an element p € P satisfying

VgeP: (Vs€S:q<s) < ¢<p. (2.22)

If it exists, the meet is unique and denoted by A S or A, gs. The least upper bound
or join \/ S = \/,.g s is defined dually. A lattice is a partial order (P, <) in which each
finite subset S (or, equivalently, each pair of elements) has a meet as well as a join; a
complete lattice is one for which this holds for arbitrary (potentially infinite) subsets.

Let P¢(A) C P(A) be the set of closed subsets of A. P¢(A) is closed under arbit-
rary intersections; this implies that it forms a complete lattice when ordered under
inclusion [17]. The meets and joins are given, respectively, by

Na=()a and \/azpt(Ua). (2.23)

aeS acsS acs acs

Dually, the map c¢p : P(B) — P(B) satisfies conditions analogous to (i)—(iii) above
and is therefore a closure operator on P(B). Let P¢(B) be the set of closed subsets of
B with respect to this closure operator. Just like P¢(4), (P°(B),C) forms a complete
lattice; so does the opposite order P¢(B)°P := (P¢(B),2). Note that P¢(A) and P¢(B)
are the images of the operators p and ¢, respectively; therefore, Eq. (2.21) implies that
¢ and p restrict to a pair of inverse maps ¢ : P¢(A) — P¢(B)°P and p : P(B)°P — P°(4),
which due to Eq. (2.19) are in fact order isomorphisms. The concept lattice, defined as
follows, takes a symmetric approach, incorporating both P¢(A) and P¢(B)°P.

8In categorical terms, this means the maps form a dual adjunction between the orders P(4) and P(B)
seen as thin categories.



2. COMPOSITIONAL STRUCTURE 23

Definition 2.28 ([46, 115]). Let G' C A x B. The concept lattice’ Ly is the set
L = {{a, B) € P°(4) x P*(8) | a = p(8) and f = c()} 2.24)
ordered by
(a,8) < {,B) <= «a Cd or,equivalently, 8 D /3. (2.25)

For arbitrary v € Lg, we will denote by a, C A and 8, C B the closed sets so that
v = (ay, By). Lg forms a complete lattice: the meet and join of a subset S C Lg are,
respectively, given by

/\v:<ﬂav,cp<um>> and \/v:<pc<Uav),mBU>. 2.26)

veS veES vES veS veES veES

Together with the maps

Mg A= Lg, a— (pe({a}), c({a}))

(2.27)
and prg :B—Lg, b (p({b}),cp({b})),

it defines a circuit shape Lg = (Lg, <, ALy, fr), which we shall also refer to as the
concept lattice.

Remark 2.29. P¢(A), P¢(B)°P, and L defined above provide three different, isomorphic
perspectives on the concept lattice. Denote by my : Lg — P¢(A) the map v — «y,; this is
an order isomorphism whose inverse is a — («, ¢(«)). If we equip P¢(A) with the input
and output maps Apey) = Ty 0 AL = pe({—}) and ppe(n) = ma o pr, = ¢({—}), then
my becomes an isomorphism of circuit shapes. We can do the same to P¢(B)°P using
the map 7 : Lg — P¢(B)°P defined by v — f,, which has inverse 8 — (p(8), ). The
following diagram of circuit shape isomorphisms then commutes.

La

7 ] X . (2.28)

Pen) __ PB)™
p

/

Example 2.30. It may be verified that Lo, in Example 2.21 is the concept lattice as-
sociated with relation C35. Here we illustrate the construction of Lg in a slightly more

9In formal concept analysis, A is a set of objects, B a set of properties, and G the relation specifiying
which objects have which properties; together, this triple is referred to as a formal context. An element
(a, B) € Lg is then called a concept: it defines a set of objects («) that is uniquely characterised by the
set of properties (3) that they share (i.e. @ = p(8) and 8 = ¢(a)).
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involved case. Consider the relation between A = {1,2,3,4} and B = {a, b, ¢, d, e} given

by
G = \1\&\2/ \3\&\4/ . (2.29)

We will abbreviate subsets like {2,3,4} C A by ‘234’. Recall that the closed subsets of
A are those of the form p(/3) for some 8 C B; these are precisely the set A itself (1234),
the sets of the form G~1(b) for b € B (12, 234, 34, and 4), and all their intersections
(2 and (). Taken together, we get P¢(A) = {0,2,12,4,34,234,1234}. We can now
obtain P¢(B) by applying the map ¢ to each of the closed sets a € P¢(A); we get
P¢(B) = {abcde, abe, ab, cde, cd, c, )}, respectively.

Ordering P¢(A) under C and P¢(B) under D, these sets are represented by the Hasse
diagrams

1234 0

VAN /N

12 234 ab c
c NS \34 c N \cd
(P°(A),C) = 2 . and  (P°(B),D) = b .

\ 4 \ cde

/ /
0 abede

(2.30)
with p, ¢ acting as mutually inverse order-isomorphisms between the two posets. The
corresponding concept lattice for G is therefore

(1234, 0)
/N
(12,ab)  (234,c¢)

NN

(2,abc) (34, cd) . (2.31)
AN

\ (4, cde)

/

(0, abede)

We additionally need the maps A, and pr, providing the location of the input and
output wires. To calculate A\p,(3), for instance, one could explicitly compute the closure
pc({3}) = p({c, d}) = {3,4}, or use the fact that A, (3) is the smallest element v € Lg
so that 3 € a, (cf. Proposition 2.32 below). From Eq. (2.31) this is easily read off to
be the pair v = (34, cd). Similarly, for b € B, ur,(b) is the largest element w € L that
satisfies b € ,,. The resulting circuit diagram of the concept lattice Ly is

(2.32)

/
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Remark 2.31. In the next chapter, where the boxes in circuit diagrams will be interpreted
as completely positive, trace-preserving quantum gates, the only possibility for a gate
without output wires, like (1234, () above, is to assign it a discarding operation. This
box therefore does not add to the expressivity of the circuit shape. The same holds for
the bottom element ((), abcde) in the case of unitary circuits. However, L, by virtue
of being a complete lattice, always contains a minimum and maximum, and to avoid
having to make unnecessary case distinctions we will leave these gates in even if they
semantically useless. /

The following Proposition lists some properties of the concept lattice useful to have
at hand and which, in the finite case, are all manifested as intuitive properties of the

circuit diagram.
Proposition 2.32. Let G C A X B be a binary relation and Lg the canonical circuit shape.

(i) For alla€ A, b €B, and v € Lg, we have
Ag(a) <v <= aca, and v < p,(b) < be f,. (2.33)

In other words, using the notation of Eq. (2.15), v~ = a, and v" = B,. As a
consequence, A (a) = min{v € Lg | a € a,} and pr,(b) = max{v € Lg | b € 5,}.

(ii) Lg has connectivity G.

(iii) For all v € Lg, we have

v = \/ )‘Lc(a) = /\ MLG(b); (2.34)

acay bEBy
in particular, these meets and joins exist.'”

(iv) For all v € Lg, we have

oy = )\E;(v) U U oy, and By = ufé(v) U U Bl (2.35)

uU<v w>v

In terms of the circuit diagram, each b € [, is either an output wire of the gate
v itself, or an output that can be reached from v by a path passing through some
w > v.

Item (iv) will be useful to keep in mind in Chapter 3.
Proof. We have

Ag(a) <v <= pc{a}) Cay, <= {a} Cap <= acw,. (2.36)

0That these meets and joins exist is of course immediate for the complete lattice L, but not for Lg,
which is generally not a lattice.
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The second equivalence here follows from extensitivity (2.20) (left to right) and idem-
potency (right to left) of the closure operator pc, as well as the fact that «a, is closed.
This, and a dual argument for ., (b), proves (i).

Item (ii) is a restatement of a basic result of formal concept analysis [46, Thm. 3],
and follows from (i):

Mg (@) < prg(b) <= ac€ QO (b) = B E p({p}) < aGh. (2.37)

As a consequence of Eq. (2.36), any v € Lg is an upper bound to the set {Ar,(a) |
a € ap} and must therefore be at least as large as the least upper bound \/ ., Av;(2).
The converse statement that v < \/ ., A;(a) is equivalent to saying that a, C
p¢ (Uacq, Pc({a})), which is immediate from extensitivity of pc. This, together with
a dual argument, proves (iii). Finally, (iv) follows directly from (i). O

We now state and prove the main result of this chapter.

Theorem 2.33. Let A and B be sets and G C AxB. The concept lattice Lg is, up to circuit
shape isomorphisms, the unique circuit shape satisfying the following three properties.

(i) Lg has connectivity G, = G.

(ii) For any circuit shape P with connectivity Gp C G, there exists a morphism f :
P Lot

(iii) If X is any other circuit shape satisfying (1) and (ii), then there is an injective
morphism Lg — K.

In fact, for any circuit shape Q with connectivity G and morphism g : Lg — Q, g is an
embedding.

The concept lattice is not uniquely characterised by only properties (i) and (ii):
in fact, any circuit shape whose underlying order is a complete lattice satisfies them.
Intuitively, the joins and meets of such complete lattices act as the ‘interaction gates’
necessary for this to be the case (cf. Example 2.25).

Lemma 2.34. Let A and B be sets, G C A X B a relation, and L a circuit shape from A
to B which has connectivity G and whose underlying partial order (L,<t) is a complete
lattice. Then L admits incoming morphisms f : P — L from any other circuit shape P
with connectivity Gp C G.

Proof. Let P be a circuit shape with connectivity Gp C G and consider the map

f:P=L, p— \/ A(a) = \/ Au(a), (2.38)

a:Ap(a)<p a€Ep—

" Changing the inclusion Gy C G in (ii) to an equality (as would be more natural from the point of
view of causally faithful decompositions to be discussed in Section 3.4.1) would not change validity of
the theorem and while it might seem to make the uniqueness statement stronger, it is not difficult to
see that this in fact not the case.
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where \/ is the join in L and p~ is as in Eq. (2.15). This map is order-preserving:

p<pqg = p C¢ = \/ (@< \ Al (2.39)
acp— acq—

It also respects inputs: for all a € A,

fOe@) =\ @)= Ala) (2.40)
a’:Ap(a’)<Xp(a)

Finally, f respects outputs: since Gp C G = G, we have Ap(a) < pup(b) = Ar(a) <
uL(b), so that for all b € B,

fwe®) = \/  M@< \/ Aa) <pm(b) (2.41)

a: Ap(a)<pp(b) a: AL (a)<pL(b)

We conclude that f : P — L is a circuit shape morphism. A dual construction, which
instead sets f(p) = /\b:up(b)>p ur(b), yields a generally distinct morphism. O

The following will allow us to single out the concept lattice in particular.

Lemma 2.35. Every circuit shape endomorphism of Lg is trivial: End(Lg) = {idy, }.

Proof. Let f : Lg — Lg be a morphism. Since f is order-preserving, we have, for all

S Clg,
r(Vs)=\Vrs  anad f(AS) < AFS). (2.42)

Moreover, since f is a morphism, it satisfies f(AL,(a)) > An,(a) and f(ur, (b)) < pr,(b)
for all a € A, b € B. Combining these facts with Proposition 2.32(iii) gives that for
v € Lg,

f(?)) =f ( \/ /\Lc(a)> 2> \/ f()\LG(a)) > \/ )‘Lc(a) =v (2-43)

acay acay acay
and, dually,
F)=F{ N me®) | < A\ Flue®) < A pe) = v (2.44)
beBy bESy bESy
Therefore f(v) = v. O

Proof of Theorem 2.33. The fact that Lg has connectivity G was shown in Proposi-
tion 2.32, and that (ii) is satisfied by L¢ is a direct consequence of Lemma 2.34 above.
Item (iii) follows from the final claim in the theorem statement, so let us prove the
latter. Let Q be a circuit shape with connectivity G and g : Lg — Q be a morphism. By
(ii), there also exists a morphism f : Q — Lg. The composite f o g is an endomorphism
of Lg and is therefore, by Lemma 2.35, the identity morphism id,. Thus, g has a
left-inverse f which is, in particular, order-preserving; this means that g must be an
order embedding and thus a circuit shape embedding.
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It remains to show that Lg is the unique circuit shape, up to isomorphism, satisfying
(i)—(iii). The proof is similar: Suppose that K also satisfies these properties; then there
exist morphisms f : K — Lg and ¢ : Lg — K which are now both injective. The
composite fog:Lg — Lg is an endomorphism of Lg and therefore, again, equal to the
identity idr,. f must therefore be surjective; since it is also injective, it is a bijection,
meaning ¢ is not only a right-inverse but also a two-sided inverse. As f and ¢ are both
circuit shape morphisms, they are in fact circuit shape isomorphisms. O

Remark 2.36. The Basic Theorem of Formal Concept Analysis [115], [46, Thm. 3] tells us
that any complete lattice (L, <) arises as the concept lattice of some binary relation G.
More precisely, a circuit shape (L, <, A, 4) whose underlying order (L, <) is a complete
lattice is isomorphic to the concept lattice Lg iff the connectivity of L is G and the
images A(A), u(B) C L are join- and meet-dense in L, respectively, which in the case of
L itself is guaranteed by Proposition 2.32(iii). /

Remark 2.37. Another natural circuit shape whose connectivity is G C A X B is the
one with underlying partial order P(A), input map A : a — {a} and output map
p:br G71(b). A dual construction yields a (generally non-isomorphic) circuit shape
on the partial order P(B)°P. Both these circuit shapes have connectivity G' and have, like
the concept lattice L, incoming morphisms from every other shape with connectivity
at most G (after all, powersets are complete lattices); they are therefore syntactically
equivalent to Lg. However, these circuit shapes generally contain many redundant
gates: Lg embeds into both of them (both by construction and as a consequence of
Theorem 2.33). /

From a category-theoretic point of view, the formulation of Theorem 2.33 may per-
haps seem a little unsatisfactory: one might have hoped that the morphisms in items
(ii) or (iii) were unique, in which case the theorem could have been compactly stated as
a characterisation of Lg as an appropriate (co)limit in Circyg. Circuit shape morphisms
are however generally highly non-unique (see for instance the proof of Lemma 2.34). The
consequence of Theorem 2.33 for the preorder Circyy from Definition 2.17, on the other
hand—obtained by forgetting the distinction between any parallel morphisms—can be
naturally stated as the fact that Lg is a maximum of the subclass of circuit shapes with
connectivity at most G. We can actually say a bit more:

Corollary 2.38. For any circuit shape P and relation G C A X B, we have
Gp CG < P=Lg. (2.45)

As a result, the map L_ : P(A x B) — Circh is order-preserving and forms an upper
Galois adjoint to the map G(_y : Circpy — P(A X B).

Proof. The left-to-right direction follows from Theorem 2.33; the right-to-left direction
from Proposition 2.22. ]
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For the same reason as described above (the category Circyg having too many
morphisms) this Galois adjunction cannot be promoted to an adjunction of categor-
ies P(A x B) — Circyg. Note that the statement of Corollary 2.38 characterises Lg up
to syntactical equivalence (Definition 2.17), but not up to isomorphism; the latter re-
quires information about morphisms, like item (iii) of Theorem 2.33, not present in the
preorder Circyy.

2.5 A dual construction

To conclude this chapter, we construct another circuit shape with a given connectivity
relation G C A x B, denoted B¢, which generalises B¢, from Example 2.21 and is relevant
to the expression of classical functions (Eq. (1.2)). Dually to Lg, it admits morphisms
into all other circuit shapes with connectivity at least G. There is one obvious candidate:
the circuit shape (A U B, <, s, tg) whose underlying set is the disjoint union ALIB; whose
order < satisfies p < qiff p € A, ¢ € B and p(Gq; and whose input and output maps are the
inclusion maps ¢y : A — AULIB and (g : B— ALIB, respectively. For a general relation G,
however, this shape may contain unnecessarily many gates. We would like B¢ to be the
smallest circuit shape with connectivity G admitting morphisms into all other shapes
with the same connectivity, i.e. satisfying a condition analogous to Theorem 2.33(iii).
This requires taking some edge-cases into account, leading us to the following definition.

Definition 2.39. Let G C A x B and define

=

={acA||Ga)#£1} and (2.46)
= {beB||G(b)|£1orVaec G l(b):|G(a) = 1}. (2.47)

(ss]]

Denote by B¢ the circuit shape (AUB, <, Ag,,, i, ), where < is the partial order satisfying
p<gqiff pe A, qeB, and pGg; and where A\g, : A — ALUB and pp, : B— ALIB are the
maps defined by

a ifach b ifbéeB
hea(2) = {b o) = oy O el = {a £ olp) = ) )

Example 2.40. If A = {a;,as, a3, a4,a5}, B = {b1,ba, b3, by, b5}, and

bs
by b2 b3 ba
c- /1% / 2o

We have the following analogues of Lemma 2.35 and Theorem 2.33. (Lemma 2.41 is
generally not satisfied by the circuit shape on A L B discussed above Definition 2.39.)
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Lemma 2.41. Ewvery circuit shape endomorphism of Bg is trivial: End(Bg) = {idg,, }.

Proof. Let f : B — Bg be a circuit shape morphism and let a € A. We show that f(a) =
a. First of all, we have f(a) = f(Ag,(a)) > Ag.(a) = a. Suppose for contradiction
that this inequality is strict: that f(a) > a. By construction of Bg, this means that
f(a) = b for some b € G(a) NB. Since a € A, this means |G(a)| > 1. Now take any
b’ € G(a) distinct from b. Then Ag,(a) < g, (b’); this is a consequence of the fact
that Bg has connectivity G, which can be straightforwardly verified. We therefore have
b= f(a) = f(Asy(a)) < f(us, (V) < pp(b'). Since b is by construction a maximal
element of B, we must in fact have b = pp,, (b’), which implies b = b/, a contradiction.
We conclude that f(a) =

Next, suppose that b € B. We wish to show that f(b) = b. To start, we have
f®) = f(up,(®)) < pp,(b) = b. Suppose that in fact f(b) < b. Then f(b) =
a for some a € G71(b) NA. Take any &' € G~1(b); we have \g,(a') < up.(b), so
Apg (@) < f(Agy(@")) < f(pey (b)) = f(b) = a, which by construction means that
a’ = a. Therefore, |G~!(b)| = 1. Since b € B by assumption, we must have |G(a)| = 1.
This is in contradiction with the fact that a € A. Therefore f(b) =b. O

Theorem 2.42. Let A and B be sets and G C A xB. Then Bg is, up to isomorphisms, the
unique circuit shape from A to B satisfying the following three properties.

(i) Bg has connectivity Gg,, = G.

(ii) For any circuit shape P with connectivity Gp 2 G, there exists a morphism f :
Bg — P.

(iii) If Q is any other circuit shape satisfying (i) and (ii), then there is an injective
morphism Bg — Q.

In fact, for any circuit shape Q satisfying (i) and (ii) and morphism f :Bg — Q, f is an
embedding.

Proof. We only show that (ii) holds for Bg. (i) can be straightforwardly verified and all
other claims of the theorem follow in a way similar to the proof of Theorem 2.33, now
using Lemma 2.41 instead of Lemma 2.35.

To show (ii), let P be a circuit shape with connectivity Gp 2 G. Define the map
f:Bg — P by

f(a) == Xp(a) for a € A;
f(®) == pp(b) for b €B.

It follows from the construction of Bg and the connectivity of P that f is order-
preserving. f also respects inputs: if a € A then f(As,(a)) = f(a) = Ap(a), while
if a € A\ A, then G(a) = {b} for some b € B and f(Ag,(a)) = f(b) = up(b) > Ap(a).
The final inequality here is due to the connectivity of P. Similarly, (,u,BG( )) < up(b)

(2.50)

for all b € B. In conclusion, f is a circuit shape morphism Bg — P. ]
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In terms of the preorder < from Definition 2.17, it follows that Bg is a minimum of
the class of circuit shapes with connectivity at least G. Together with Proposition 2.22,
this implies that dually to Corollary 2.38, B(_) is lower Galois adjoint to connectivity
and is in this sense the ‘free’ circuit with connectivity G.

Corollary 2.43. For any circuit shape P and relation G C A X B, we have
G CGp < Bg <XP. (2.51)

In other words, the map By : P(A x B) — Circh is order-preserving and forms a lower
Galois adjoint to the map G(_y : Circpy — P(A X B).

Combining Corollaries 2.38 and 2.43, we see that for any circuit P and relation G,

Gp=G < Bg<XP<Lg. (2.52)






Chapter 3

Causal and compositional structure

In this chapter we turn to causal decompositions, which aim to express causal constraints
on unitary transformations—of the ‘top-down’ type discussed in Chapter 1—in terms
of the compositional structure of quantum circuits, whose syntactical aspects were set
out in Chapter 2.

More precisely, the causal structure of a unitary transformation U whose input and
output systems are labelled by the elements of finite sets A and B, respectively, is cap-
tured by a relation Gy C A x B specifying which inputs a € A influence which outputs
b € B through 4. A quantum circuit P with the same inputs and outputs defines, on
the other hand, a connectivity relation Gp C A x B, indicating the existence of directed
paths connecting inputs to outputs. It encodes one aspect of the circuit’s compositional
structure. If &/ admits a decomposition into a circuit P, then Gy C Gp: the presence of
causal influence through U requires a path through the circuit representation that can
mediate it. The no-influence relations satisfied by U by virtue of the inclusion Gy C Gp
are thus reflected in the circuit representation P by the absence of such mediating paths.

Now, it turns out that every unitary that satisfies a single no-influence constraint,
say, (a,b) ¢ Gy, admits of a circuit decomposition reflecting that property by the ab-
sence of a path, i.e. satisfying (a,b) ¢ Gp [35]. A natural question is whether also
multiple no-influence constraints can be reflected at once in the compositional structure
of a single circuit: that is, whether the constraint that Gy C G for a given relation
G C A x B implies the existence of a circuit decomposition P with connectivity Gp
satisfying Giy € Gp C G. A causal decomposition is a circuit decomposition achieving
this for some given relation G. As a special case, a causally faithful decomposition is
one that satisfies Gy = Gp and thus reflects through the absence of paths precisely all
no-influence relations satisfied by /. Causal and causally faithful circuit decompositions
thereby form a bridge between causal and compositional structure.

The question of the existence of such decompositions was first addressed in full
generality by Lorenz and Barrett [62], who showed for a number of relations G C A x B
that any unitary U with causal structure Gy C G indeed admits a circuit decomposition

33
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with connectivity G.! Moreover, the shape of these circuits was uniquely determined by
G and independent of the unitary U. This type of result finds many applications, some of
which were outlined in Chapter 1. First of all, it offers a constructive description of the
entire class of unitaries U with Gy C G, parametrising it by the gates and wires in the
circuit. Such a compositional parametrisation acts as a useful information-theoretic tool,
giving a structural handle when proving claims about (top-down) causal structure (see
e.g. [12, 75, 108, 110]). Moreover, the parameters may be independently varied without
leaving the class of unitaries with Gy C G; in this sense they constitute a generalisation
of the autonomous causal mechanisms from classical causal modelling [76] and thereby
find an important application to the quantum causal modelling approach based on
unitary causal influences developed in [4, 11, 12]. Moreover, causal decompositions are
instrumental in comparing the latter with other approaches to quantum causal modelling
such as those of Refs. [33, 44, 52], which instead take compositional structure as their
starting point. A further application is to the compatibility of quantum channels with
relativistic causality, the subject of Chapter 4; and a final pertains to gaining insight
into how different partitionings of the same global quantum system into subsystems
relate to one another [109].

Despite this wealth of applications (and the mathematical beauty of the problem!)
the general existence of causal and causally faithful decompositions of unitary transform-
ations remains unknown. For many of the motivations mentioned above it is natural, or
even essential, to require that the gates in causal decompositions themselves be unitary,
too. Ref. [62] showed that not all unitary transformations admit such wunitary caus-
ally faithful decompositions, and addressed this by introducing an extended paradigm
for unitary quantum circuits that incorporates direct-sum structure and non-factor al-
gebras, in addition to the usual tensor and sequential products. This has since been
developed into the framework of routed quantum circuits [107]. As Ref. [62] showed,
strictly more unitary transformations admit causal decompositions in terms of routed
unitary circuits than in terms of traditional unitary circuits.

The focus of this chapter will however be on decompositions into (traditional, non-
routed) unitary circuits—i.e. those whose wires represent tensor-product factors of Hil-
bert spaces, and whose gates are unitary transformations between them. Our main
result is the identification of a combinatorial condition on a binary relation G C A x B—
the C3 exclusion property—which we prove is satisfied by G if and only if all unitaries
satisfying Gy C G admit a unitary circuit decomposition P with connectivity Gp C G.
In other words, the condition characterises those causal constraints that can always
(i.e. regardless of the unitary U that satisfies them) be expressed in terms of the com-
positional structure of unitary circuits, without requiring the generalisation to routed
circuits. Our proof makes heavy use of the concept lattice Lg from Chapter 2, which is
the shape of the unitary causal decompositions we show exist in case the C'5 exclusion
property is satisfied. In fact, we show that the property can equivalently be expressed
in terms of various insightful properties of the concept lattice: in particular, it corres-

!The results of [62] were mostly phrased in terms of causally faithful circuit decompositions, partic-
ularly, but their proofs also show the existence of what we here call causal decompositions.
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ponds to the requirement that L has no more than one path between any input and
output. This formalises the intuition suggested by [62] that routed circuits only offer
an advantage in the presence of non-unique paths.

After settling some notation in Section 3.1, we start in Section 3.2 by introdu-
cing quantum compositional structure, defining a quantum circuit as a circuit shape
equipped with quantum semantics and formulating the semantic consequences of some
of the results in Chapter 2. Section 3.3 introduces causal structure; Section 3.4 then
presents causal decompositions and goes in some detail on our reason for focussing on
decomposing unitary channels, rather than generic CPTP maps. In Section 3.5 we state
our main result and give its proof, which relies on algebraic facts proven in Section 3.6.

3.1 Quantum systems and quantum channels

Let us start by setting out some terminology and notation. By a (quantum) system we
mean the full algebra A = £(H 4) of operators on some finite-dimensional Hilbert space
Ha. The identity operator is denoted by 14, and the commutant of a subset X C A
is the subalgebra

X' ={a€ A|Vre€ X :ax = za}. (3.1)

Given quantum systems A; and A, we will often denote the composite system A1 ®
Ay =L(Ha,) @L(HA,) = L(HA, @ Ha,) by A1As, and, when clear from context, we
will abuse notation by letting A; also denote the subalgebra A1 ® {14,} = {a1 ® 14, |
a; € A1} € AjAy. With this notation, we have A} = As.

Denote by L(Ha,Hp) the space of linear maps Ha — Hp between two Hilbert
spaces. We use an asterisk to denote the adjoint (—)* : L(Ha,HB) — L(HB,HAa),
which in the case of £L(H,Ha) constitutes the involution of the C*-algebra A. Oper-
ator algebras A and B themselves are equipped with the Hilbert-Schmidt inner product
{a,a’) :== Tr(a*a’), and we reserve the dagger (—)" : L(A, B) — L(B, A) for the adjoint
of superoperators with respect to the Hilbert-Schmidt inner product.

Transformations or (quantum) channels are superoperators £ : A — B that are
completely positive and trace-preserving (Trgo& = Tra). These conditions are equi-
valent to saying that the adjoint €T : B — A is completely positive and unital, i.e.
satisfies £7(1g) = 14. This is due to the fact that the Hilbert-Schmidt adjoint of the
trace is

(Tra: A—=C) = (C— A, 1 1,), (3.2)

the preparation of the unit. £ is unitary if it is of the form U(-)U* for some unitary
map U : Ha — Hp. This is the case precisely if £ is a *-isomorphism of the operator
algebras (see Proposition 3.30).

Throughout this chapter and the next, we will strive to keep a healthy separation
between syntactic notions (such as labels of quantum systems, relations between labels,
shapes of circuits) and semantic ones (such as quantum systems, unitary channels,
commutation of subalgebras). Mathematically speaking, the former are combinatorial
objects, the latter operator-algebraic. We will often use a typewriter font for symbols
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relating to syntactic notions, as we have already started doing in Chapter 2, and a bold
font for semantic ones. On the syntactic side, our general setup will consist of two
finite sets A and B whose elements should now be viewed as labels of input and output
quantum systems, respectively. Semantically, meanwhile, we consider quantum systems
A, labelled by a € A and By labelled by b € B. Given such a choice of quantum systems
and a subset o C A, we write

A=) A., andthus Ay :=(X) As; (3.3)
aca ach
Bg and Bg are defined similarly. In particular, Ay = By = L(C) = C, the trivial
quantum system. As above, we will often use the same notation A, and Bg to refer
instead to the subalgebras A, ® {]'AA\a} C Ay and By ® {lBB\B} C Bg, respectively,
whose commutants are then given by

Our main objects of study are the multi-input, multi-output quantum channels £ :
AA — BB-

3.2 Compositional structure of quantum channels

Here we define quantum circuits as circuit shapes equipped with quantum semantics and
investigate the semantic consequences of some of the order-theoretic results of Chapter 2.
From here onwards we assume that circuit shapes (P, <, A\, ) are finite, unless otherwise
stated. Recall from Definition 2.2 that this means that the set P as well as the sets of
input and output labels A,B—the domains of A\ and y—are finite. Moreover, for two
elements p, ¢ of a partial order (P, <), recall that we write p < ¢ if g covers p from above:
that is, if p < ¢ and there are no r € P satisfying p < r < ¢. In the below we will use
the notation

Pa(p) ={q€P|q<p} and Ch(p) ={reP|p<r}. (3.5)

Definition 3.1. A (quantum) circuit with input systems A, for a € A and output systems
By, for b € B is a tuple P = (P, {Z}}p<q.{Ep}p) of a circuit shape P = (P, <, A, u) from
A to B together with a choice of

quantum systems ~ Z! for each p,q € P so that p < ¢ (3.6)
and quantum channels &, : Ay-1(p) Zga(p) — ZpCh(p)Bu—l(p) for each p € P. (3.7)

p .
Here ZPap :

all Z} systems are distinct; however, they may of course be isomorphic. In a unitary

= Qcpap ZY and Zghp = @, ccnp Zp- For typing reasons, we assume that

(quantum) circuit, all gates £, are unitary channels.

When we say gate, this may refer either to the elements p of P or to their associated
channels &,.
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Definition 3.2. Let P = (P, {Z}},<4, {Ep}p) be a quantum circuit and 7' C P a subset of
gates. We denote by &7 the quantum channel obtained by composing the gates &, for
p € T along all matching Z;. Note that this can only be done in one way, since each
Z, system appears precisely once as an input to a gate &, for p € P, and precisely once
as an output. The channel & obtained in this way has domain and codomain

ér: Ay © Q) 2y r = Q 2, @ By, (3.8)
peET peT

In particular, the composition of all gates in the circuit yields the channel
(‘:P = (c:p : AA — BB- (39)

If an arbitrary channel £ : Ay — Bp satisfies £ = Ep, then we say P is a circuit
decomposition of £. A unitary circuit decomposition is one in which each gate &, is
itself a unitary channel.

In Section 2.2 we argued, on the basis of Theorem 2.16, that morphisms of circuit
shapes constitute an appropriate notion of syntactical circuit rewrite and can therefore
never decrease the expressivity of a circuit shape. More precisely, in the quantum case:

Proposition 3.3. Let P and Q be circuit shapes from A to B. If there exists a circuit
morphism f : P — Q then any channel € : Ay — Bg that has a (unitary) circuit
decomposition of shape P also has a (unitary) circuit decomposition of shape Q.

Proof. By Theorem 2.16 it suffices to show this under the assumption that f is any of
the elementary types of circuit morphisms listed there. We will omit the straightforward
proofs. O

Definition 3.4. The connectivity Gp C A x B of a circuit P = (P,{Z]},<q, {Ep}p) is the
connectivity Gp of its underlying circuit shape.

Corollary 3.5. Let £ : Ay — Bg be a quantum channel and G C A X B. € has a circuit
decomposition P with connectivity Gp C G if and only if £ has a circuit decomposition
of shape Lg.

Proof. The ‘only if” direction follows from Theorem 2.33 and Proposition 3.3. The ‘if’
direction is immediate, since Lg has connectivity relation G, = G. ]

A natural question now arises: Is the full generality of the concept lattice Lg ac-
tually needed in the quantum case, or is there a ‘simpler’ circuit shape—one strictly
below Lg in the syntactical preorder on circuit shapes from Definition 2.17—that also
satisfies the first claim of Corollary 3.57 Recall first of all that the maximum and/or
minimum of Lg may in some cases be removed without impacting its expressivity (see
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Remark 2.31). One may wonder whether more interesting simplifications can be made,
however. Consider for instance the case of multivariate classical functions: every func-
tion f that has a (quantum or classical) circuit decomposition with connectivity G has
one not only of the shape Lg, but also of the syntactically much weaker shape Bg from
Section 2.5, due to the existence of copy maps (cf. Eq. (1.2)). The ‘interaction gates’
provided by the joins and meets in Lg are not needed to express these functions.

The situation is different in the quantum case: the quantum no-broadcasting the-
orem, and the general fact that properties of composite quantum systems often do not
reduce to properties of their composites, suggest that interaction is crucial for the imple-
mentation of quantum channels. The below illustrates this by way of a simple example.
A more general investigation of the question whether the full generality of Ls (up to
potential removal of its minimum and/or maximum) is needed is left for future work;
but a further indication is that the shapes of all causal decompositions constructed
in Lorenz and Barrett [62] were indeed of the shape Lg with appropriately removed
minimum and/or maximum.

For our example, let A =B = {1,2} and consider the relation and circuit shapes

1 2
1 2 vl 12
Gy = T>< T , Ba, = | <] and Lg, = Egi . (3.10)
1 2 la] [0] 1 2
1 2

By an argument similar to that in Example 2.25, there is no morphism from Lg, — Bg,:
Lg, has a gate that allows for interaction between aj, as, b; and by, while B, does not.
Therefore, Lg, is strictly above Bg, in the syntactical order <. This is reflected by the
existence of a quantum channel that has a decomposition of shape L¢,, but not of shape
Ba,-

Proposition 3.6. Let A| = Ay = By = By = L(C?) be qubits. The quantum CNOT
channel CNOT : A1 Ay — B1B> has no circuit decomposition of the shape Bg, in
Eq. (3.10).

This was also noted in [87], though without proof. Our proof makes use of the following
variant of the quantum no-broadcasting theorem [9, 59].

Lemma 3.7. Let £ : A — BC be a quantum channel. Suppose that there exists a
quantum channel F : B — A so that

= : (3.11)

the identity channelidg : A — A. Here T denotes the partial trace. In that case, there
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is a state p on C' so that

B |C B C
= ;%7. (3.12)

(3.13)

for some quantum systems W, X Y, Z and quantum channels A, B,C,D. Preparing
the state |+) = (|0) + [1))/V/2 on As and tracing out By yields

= : (3.14)

the identity channel from A; to B; (both qubits). Tracing out B from Eq. (3.13) and
applying Lemma 3.7 to the channel A then implies that

for some state p on X. This is a contradiction, as the marginal output on By depends on
the input A; in the CNOT on the left-hand side, but not in the circuit on the right-hand
side. O

As an immediate consequence of this result, also the circuit shapes Bc, and Lc,
from Example 2.21 are quantum inequivalent, with Lo, able to express strictly more
quantum channels.? The significance of interaction gates for the implementation of
quantum channels is closely related to the recent work of Centeno and Wolfe [25], who

demonstrate the significance of intermediate latents in quantum networks.

2The circuit shape LOSEC¢, discussed there is also strictly weaker in quantum channel expressivity
than Lcg, but in a much more subtle way, as we will discuss in Chapter 4.
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3.3 Signalling and causal structure

The top-down properties of signalling and (in the unitary case) causal influence can be
defined in multiple intuitive ways, whose equivalence has been studied before in e.g. [35,
75, 86]. Here we state some, focussing first on signalling through generic channels.

Definition 3.8. Let £ : Ay — Bp be a quantum channel and o« C A, 3 C B be sets. We
say that there is no signalling from the (composite) input system A, to the (composite)
output system Bpg through £, and write A, -¢ Bg, if any of the following equivalent
conditions hold.

(i) €(Bs) € AL = Ap.

(ii) There exists a quantum channel D : A,\, — Bg so that Trp, ,0& = Tra, ®D,
or diagrammatically,

(3.16)

Circuit diagrams like these are always to be read from bottom to top; the symbol
T denotes the partial trace.

(iii) There are a quantum system X and channels F : Ay, - XBg and G : A, X —
Bg\ 3 so that & = G o F, or diagrammatically,

By\s  Bg

(3.17)

A, AA\a
If, on the other hand, these conditions are not satisfied, we say that there is signalling

from A, to Bg through £ and write A, —¢ Bg. In the case of singletons o = {a} and
B = {b}, we will write A, »¢ By or A, —¢ By, instead.

The first, algebraic, condition, which echoes the microcausality axiom from quantum
field theory, is most natural for the algebraic proofs in this chapter. Condition (ii), on
the other hand, has a more transparent operational interpretation: it expresses that
the marginal output state on Bg does not depend on the state of the input system A,.
It directly implies (is in fact equivalent to) an even more direct operational condition:
that any trace-preserving operation performed on A, prior to application of £ makes
no difference for observations at the marginal output Bg.

The final condition in item (iii) gives a preview of the notions central to the rest of
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this thesis. Note that the circuit on the right-hand side of Eq. (3.17) has no upward-
directed path connecting A, to Bg: this makes the lack of signalling between those
systems graphically apparent. The fact that (iii) is in fact equivalent to no signalling
A, »¢ Bpg as defined by (i) and (ii) means that the latter, top-down, condition can
be completely expressed in terms of bottom-up, compositional properties of a circuit
decomposition. Moreover, it means that X, F, and G in Eq. (3.17) parametrise the set
of all channels £ : Ay — Bg satisfying the no-signalling condition A, ¢ Bg. This is
what causal decompositions seek to generalise in the case of unitary quantum channels,
as discussed later.

Proof of equivalence. Recall from Eq. (3.2) that the Hilbert-Schmidt adjoint of the par-
tial trace Tr 4 is the preparation of the unit 1 4. Close inspection of conditions (i) and
(ii) then reveals that they are just each other’s adjoint, and thus equivalent.

The proof of the direction (iii) = (ii) is best stated diagrammatically: using that G
is trace-preserving, we have

which is of the desired form on the right-hand side of Eq. (3.16). This proof brings out
how the lack of a path through a circuit decomposition implies a lack of signalling.
The opposite direction (ii) = (iii) was first established by Eggeling, Schlingemann
and Werner [35] using a proof based on the uniqueness (up to isometries) of Stinespring
dilations. A similar, but diagrammatically stated, proof can be found in [29, The-
orem 23], which generalises this result to any probabilistic theory satisfying a postulate
stating the existence of purifications unique up to reversible transformations, of which
the theory of quantum systems and quantum channels is a special case. O

3.3.1 The unitary case

For reasons detailed later, we take a particular focus on those cases in which £ is in fact
a unitary quantum channel.

Definition 3.9. Because of the fundamental status of unitary channels, we shall refer
to the properties A, -y B and A, —y Bpg of Definition 3.8 not as (no) signalling
but instead as (no) causal influence through ¢/. In doing this we follow works such as
Refs. [4, 11, 12, 62, 75].

Causal influences through unitaries enjoy the following two properties not shared by
signalling relations through generic channels; particularly the second (Proposition 3.11)
will be crucial to the rest of this chapter and the next.
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Proposition 3.10 (Time symmetry [8, 62]). Let U : Ay — Bg be a unitary channel and
UT - By — A, its inverse. For any o C A and B C B, we have Ay -y Bg if and only
if Bg »yt Aa.

Proof. Since U is a *-isomorphism (see Proposition 3.30) and hence commutes with
taking the commutant, we have A, -y Bg < UT(Bg) C Al, & B CU(AL) < Bs C
U(An) < U(AL) C By < UT(AL) € Bg & B =yt Ag® O

Proposition 3.11 (Causal atomicity [11, 75, 117]). LetU : Ay — Bg be a unitary channel.
For any a C A and 3 C B, A, —y Bg if and only if there are a € o and b € 3 such
that Aa — U Bb~

Proof. We prove the contrapositives. Suppose that A, -y Bg, that is, UT(Bg) CApa
In that case we have, for any a € o and b € 3, UT(By) C UT(Bg) C Apa € Ap\fa), SO
A, »y By, either. This direction of course holds for generic channels, too.

For the other direction, suppose that for all a € a and b € 3, we have A, ¢ By.
Then for all b € 8, UT(By) C MNaca An\fa} = An\a- Now, Bg is just the algebraic span
Ve 3 By,* and U!, being a *-isomorphism, preserves algebraic spans: therefore,

Ut(Bg) = U ( \/ Bb) = \/ U'(By) C Apa: (3.19)

bep beps
meaning A, »y Bg. O

Causal atomicity states, in other words, that all multi-system causal influence re-
lations through a unitary channel are determined by the single-system ones. Although
simple to prove, it is a remarkable fact, seeing as many other properties of quantum
systems are not reducible to properties of their subsystems. Causal atomicity allows us
to focus fully on the single-system influences, captured by the following.

Definition 3.12. The causal structure of U is the relation Gy C A x B satisfying

(a,b) € Gy < A, —y By. (3.20)

3.4 Causal decompositions

Causal decompositions relate the compositional structure (from Chapter 2 and Sec-
tion 3.2) to the causal structure (from Section 3.3) of unitary transformations. One
direction is simple: compositional structure constrains signalling and causal structure
in the following way.

3Recall that we are working only with finite-dimensional factor algebras, so that X" = X is always
satisfied.

17
4The algebraic span Vyep Bb is given by the double commutant (Ubeﬁ Bb) .
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Proposition 3.13 (Soundness of no-connectivity for no-signalling). Let £ : Ay — Bg be
a quantum channel with a circuit decomposition P. If o C A and 8 C B are such that
GpN(axpB) =0, then Ay »¢ Bg.

Proof. Let P = (P, <, A\, ) be the circuit shape underlying the quantum circuit P and
write

Lu(B) = {peP|Ibef:p< u®)} (3.21)

Recalling the notation from Definition 3.2, consider the two channels £ () and Ep | (-
Note that

A p(B)) ={aea|Tpef:A(a) < p(b)} =G (B); (3.22)
therefore the domains of these channels are (cf. Eq. (3.8))

Erue) * Aagre) ™ ZBurwus) (3.23)
and - Ep\|u(s) - AncplZ = Bavu-1(Lu®); (3.24)

where Z' == @Q,<gpel u(8)adl u() Z}. P is a circuit decomposition of &, so £ is the
composition of these two gates:

B\ -1, 1) Bt us))

(3.25)

A

A GEl ()

NG (8)

Item (iii) of Definition 3.8 tells us that this is precisely the no-signalling condition
AA\G;}(ﬂ) - E Bﬂ_l(iﬂ(ﬁ))' (326)

The premise that Gp N (o x 8) = 0 implies that & C A\ GI_;.I(B); it is also the case
that 8 C pu~'({ u(B)). The no-signalling condition of Eq. (3.26) therefore also implies
A, ¢ Bg, as desired. ]

Due to causal atomicity (Proposition 3.11), the special case of the above Proposition
for unitary channels can be stated compactly.

Corollary 3.14 (Soundness of no-connectivity for no-influence). If a unitary channel U
has a circuit decomposition P, then Gy C Gp.

One way of regarding a circuit decomposition is therefore as a possible more ‘fine-
grained’ description of the process giving rise to U, in which the lack of causal influence
between certain input and output systems is made immediately clear through the lack
of causal mediators (systems along paths connecting those inputs and outputs). Now,
as we saw in Definition 3.8, if a unitary U satisfies a no-influence constraint of the
form A, -y Bg, then this can always be reflected in a no-connectivity relation of
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an appropriate circuit decomposition (Eq. (3.17)). Considering instead a more general
causal constraint expressed by the fact that Gy C G for some relation G C A X B,
a naturally arising question, and one motivated by the applications described earlier,
is whether also the constraint Gyy C G can always be reflected by corresponding no-
connectivity relations in a single circuit—without making any further assumptions on
U. This gives rise to the definition below.

Definition 3.15. Let G C A x B be a relation and U/ : Ay — Bg a unitary channel
that satisfies the causal constraint Gy C G. We say that a circuit decomposition P
of U represents this constraint if its connectivity satisfies Gp C G. After all, in this
case it directly implies the causal constraint Gy C G by the chain of inclusions Gy C
Gp C G, appealing to soundness (Corollary 3.14). A causal decomposition is a circuit
decomposition representing a given causal constraint; a unitary causal decomposition
one all of whose gates are themselves unitary.

Moreover, we say that a relation G C A x B implies (unitary) causal decompositions
if for each choice of quantum systems A, for a € A and By for b € B, every unitary
channel U : Ay, — Bg satisfying the causal constraint Gy C G admits of a (unitary)
causal decomposition representing the constraint. By Corollary 3.5 the latter condition
is equivalent to requiring the existence of a (unitary) circuit decomposition of U with
shape Lg.

In other words, a causal decomposition diagrammatically exposes the no-influence
constraints Gy C G by factoring the inclusion through Gp as Gy C Gp C G.

In the next section we shall characterise those G that imply unitary causal decom-
positions, specifically. Our motivation for requiring gates to be unitary is twofold. First
of all, unitary transformations U/ play a fundamental role in physics by describing the
evolution of isolated quantum systems. If the purpose of a circuit decomposition of U
is to describe the physics of such an evolution on a more fine-grained level, for instance
to explain no-influence by a lack of mediating systems, then it is natural to require that
its constituent gates also correspond to evolutions of isolated systems. Secondly, if G
implies unitary causal decompositions, then the systems Z; and gates &, constituting
the circuit decompositions with shape Lo parametrise the class of unitary channels U
satisfying Gy C G, thereby providing generalised autonomous causal mechanisms for
the quantum causal models of [4, 11], as described in Chapter 1. For this application
it is of course crucial that any combination of parameters in fact specifies a channel
that belongs to the class—i.e. one that is, in particular, unitary. Since inserting generic
channels into the boxes of a circuit shape generally yields non-unitary channels, it makes
sense to focus on circuit decompositions with only unitary gates.

3.4.1 Causally faithful decompositions

In light of some ambiguity of the term ‘causal structure’ in the literature, it is worth
making a comment about the different roles that binary relations G C A x B can play. As
a bottom-up notion, a relation G C A X B appears as the connectivity relation of a circuit;
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as a top-down notion, a relation is instead about causal influences through unitary
transformations. Importantly, however, for the second kind there are two distinct views
on what G is taken to represent. Loosely speaking, on a ‘positive view’, to consider a
relation G is to assert a set of causal influences that are present; on a ‘negative view’,
it is instead to assert a set of causal influences that may be present. We reserve the
term causal structure for the former view. Every unitary channel ¢ thus has a unique,
well-defined causal structure: it is the relation Gy, from Definition 3.12. In contrast, the
‘negative view’ sees G as encoding no-influence constraints; compatibility of a unitary
U with these constraints is the statement that Gy C G.

The connectivity of a circuit decomposition is best seen as imposing constraints on
the causal structure of a unitary in the negative sense. Indeed, while the absence of a
path connecting a to b implies the absence of causal influence, the presence of one does
in no way gaurantee the presence of influence. For this reason, the role we have assigned
to GG in the discussion about causal decompositions above is the negative one. It is also
most relevant to the parametrisation application (the class parametrised by the gates
and wires of Lg is that of the unitaries satisfying Gyy C G, not Gy = G) as well as
to the spacetime application to be discussed in Chapter 4 (indeed, spacelike separation
rules out causal influence, but timelike separation does not necessitate it).

However, one of the advantages of the top-down approach to quantum causal in-
fluences from [4, 11, 12, 61, 62] is that it allows one to speak of causation also in the
positive sense. Rather than something imposed by an external causal framework such
as a relativistic spacetime or the topology of a circuit or network, this enables a more
primitive view of causation as a property of unitary dynamics itself, which is helpful in a
foundational context (see e.g. [74]). The following special type of causal decomposition
then becomes relevant.

Definition 3.16. A circuit decomposition P of U is causally faithful if Gp = Gy;; that
is, if it reflects precisely all no-influence relations satisfied by U. We say that the
relation G C A x B implies (unitary) causally faithful decompositions if for each choice
of quantum systems A, for a € A and By, for b € B, every unitary channel U : Ay, — Bg
with causal structure Gyy = G admits a (unitary) causally faithful circuit decomposition,
or, equivalently, a (unitary) circuit decomposition with shape L.

Most results of Lorenz and Barrett [62] were formulated as the statement that G
implies causally faithful decompositions, but actually proved the at least as general
statement that G implies causal decompositions. In the rest of this chapter we will keep
both views into account and we will see in Theorem 3.23 that implying unitary causal
decompositions is in fact equivalent to implying unitary causally faithful decompositions.

3.4.2 Existing results and routed quantum circuits

The question now becomes: Which relations G C A x B imply unitary causal, or causally
faithful, decompositions? Lorenz and Barrett [62] proved a number of positive results,
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but also found counterexamples. The simplest counterexample, which turns out crucial
for the treatment of the general case in Section 3.5, is the following.

Example 3.17. Let A =B = {1, 2,3} and consider the 3-qubit unitary channel

B: |Bs; |Bs
A, |Ay |As

consisting of two CNOT gates, where A; = B; = £(C?) for i € {1,2,3}. The causal
structure of this unitary channel is Gy, = C5 from Eq. (2.12), which we reproduce here

B> |Bs3

. : (3.27)
Az |As

for convenience (and with appropriate labels):

1 2 3

C3_I><l><l. (3.28)

Indeed, it is clear that Az -4, B since there is no path between those systems in the
circuit representation of U3 given above (cf. Proposition 3.13). Since the two CNOTs
commute, we also have A; -y, Bs. Meanwhile, there is influence between all other
systems.

However, U3 does not admit a unitary causally faithful circuit decomposition. If it
did, then by Corollary 3.5 it would have to have one of the particular shape L¢, from
Eq. (2.13). That is however easily seen to be impossible, i.e.

B> |Bs3

h

(3.29)

A |As

for any choice of systems C, D, E, F' and unitary channels W, X, ), Z. Indeed, since
As is a qubit and W is unitary, either of the two systems C', D would have to be trivial,
contradicting the fact that i3 has influence Ay —4, By as well as Ay —yy, Bs.

As aresult, C3 does not imply unitary causal or causally faithful decompositions.

It was shown in [62] that the situation changes when considering an extended
quantum circuit paradigm that, in addition to tensor products and sequential com-
position, incorporates direct sums. This extended paradigm has been formalised in the
framework of routed quantum circuits [104, 107], which turn out to naturally model
phenomena outside the context of causal decompositions as well [74, 75, 104, 106, 107,
110]. Routed circuits come with a graphical circuit language in which the direct sum
structure is represented by indices on the wires. This circuit language satisfies sound-
ness of no-connectivity for no-signalling and no-influence, i.e. statements analogous to
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Proposition 3.13 and Corollary 3.14 (see [62, App. A.10] and [107]). It therefore makes
sense to consider causal and causally faithful decompositions in terms of routed circuits
as well, and in particular—for the same reasons as described above—in terms of unit-
ary routed circuits. Lorenz and Barrett [62] showed that some unitaries & may admit
unitary routed circuit decompositions of a given connectivity G even if they do not ad-
mit unitary circuit decompositions with that connectivity in the traditional, non-routed
circuit formalism: as an example, Us from Eq. (3.27) admits a unitary routed circuit
decomposition of the shape in Eq. (3.29). In fact, they showed that every tripartite
unitary channel & with Gy C C5 does [62, Theorem 3|: in other words, C3 implies
unitary routed causal decompositions even though it does not imply unitary causal
decompositions.

It is worth noting that any unitary routed circuit may be converted into a traditional
quantum circuit of the same shape that expresses the same overall channel; however, in
the process, one generally has to give up unitarity of the gates. Indeed, as far as causal
decompositions are concerned, the merit of generalising to routed circuits predominantly
lies in preserving unitarity of the gates in the decomposition. (The generalisation makes
much sense from a mathematical perspective, too: traditional unitary quantum circuits
can be regarded as decompositions of *-isomorphisms with the special property that the
intermediate C*-algebras (inner wires in the circuit) are all factors (algebras with trivial
centre; see Section 3.6), while routed unitary decompositions also allow for non-factor
algebras.)

One may thus consider, for each relation G C AxB and unitary channel i/ : Ay, — Bg
satisfying Gy C G, the statements

(i) U admits a unitary circuit decomposition with connectivity G (i.e. into unitary
gates in the traditional, non-routed circuit setting);

(ii) U admits a unitary routed circuit decomposition with connectivity G;

(iii) U admits a circuit decomposition with connectivity G (i.e. into generic CPTP
gates in the traditional circuit setting).

We have (i) = (ii) = (iii) while, as witnessed by Example 3.17 and [62, Theorem 3],
the direction (i) < (ii) generally fails.
Lorenz and Barrett [62] proved that

Theorem 3.18 ([62]). If |[A| < 3 or |B| < 3, then any G C A x B implies routed unitary
causal decompositions, and therefore also implies causal decompositions (into generic
channels).

They showed the same for a handful of relations G in the case where |A| = |B| = 4. Future
work will however show that the direction (ii) <= (iii) above also fails in general, and
that some four-input, four-output unitaries do not admit causally faithful routed unitary
decompositions (of type (ii)), even if they do still admit causally faithful decompositions
(of type (iii)). The following remains an open problem.
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Conjecture 3.19. Fvery relation G C A X B implies causal decompositions. Equivalently,
every unitary U admits a causally faithful circuit decomposition.

3.4.3 Decompositions of generic quantum channels

Even prior to the question of whether to allow the gates in causal decompositions to
be generic quantum channels or only unitary ones, one might wonder why we require
that the overall channel U/ : Ay, — Bp—that which is to be decomposed—Dbe unitary
to begin with. Indeed, many of the notions we have defined in the preceding sections
were stated for general channels £ : Ay — Bp: they have circuit decompositions,
as defined in Definition 3.2, and satisfy (no-)signalling relations as in Definition 3.8;
moreover, Proposition 3.13 showed that no-connectivity implies no-signalling through
general channels. One could define a relation G¢ C A x B specifying which single-system
signalling relations A, —¢ By hold in £, and wonder whether, or in what special cases,
there exist circuit decompositions P of £ that explain a given collection of no-signalling
relations G¢ C G by factoring the inclusion through as G¢ C Gp C G.

One can generally however not expect such decompositions to exist. One reason is
that signalling through generic channels is not atomic in the sense of Proposition 3.11:
if £, for instance, satisfies the no-signalling relations A, ¢ By, and A, ¢ By, for
some a € A and by, bo € B, then it may still exhibit signalling to the composite system
Aa =& By, b,)- An example is the qubit channel

: (3.30)

where ®* := (]00) + |11)) /+/2 is the maximally entangled state. The connectivity of a
quantum circuit, on the other hand, is atomic, in the sense that the absence of paths
from a to b; and from a to by through a circuit decomposition of £ implies the absence
of a path from a to the joint system {bj,bg}—which in turn necessarily implies, by
Proposition 3.13, the no-signalling relation A, ¢ By, v,}- Equality Ge¢ = Gp for the
example above can thus not be reached: any circuit decomposition satisfies the strict
inclusion G¢ € Gp.

A more fundamental understanding of this failure can be reached by considering
unitary dilations of &—unitary channels U : AyE — BgF satisfying £(—) = TrrlU(—®
p) for some state p € E—and their causal structure Gyy C (AU {e}) x (BU{£f}). Note
first of all the following, which can be straightforwardly verified.

Proposition 3.20. If £ has a unitary dilation U, then for any o C A, B C B, we have
A, »y By = A, »¢ Bg. In particular, Ge € Gy N (A X B).

In other words, the absence of influence on the fundamental, unitary level implies the
absence of signalling on the operational level. The converse however generally fails:
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influences on the unitary level may become unobservable on the operational level due to
a fine-tuned choice of dilation state p (see Section 4.1.2). In fact, every unitary dilation
U of the example channel in Eq. (3.30) satisfies the strict inclusion G¢ C Gy N (A X B).
Indeed, suppose that G¢ = Gy N (A X B), so that in particular A, - By, and A, —»y
B, ; causal atomicity, which does hold for ¢ (Proposition 3.11), would then imply that
also Aa 1 By, b,}- This would in turn mean that A, »¢ By, 1,} (Proposition 3.20),
contradicting the definition given in Eq. (3.30).

Now, the connectivity of a circuit decomposition does in fact not only impose no-
signalling relations through &, but also tells us about no-influence relations through its
unitary dilations:

Proposition 3.21. If a channel £ : Ay — Bp has a circuit decomposition P with con-
nectivity Gp, then it admits of a unitary dilation U : Ay E — BgF' that itself has a
unitary circuit decomposition Py whose connectivity relation Gp, C (AU{e})x (BU{f})
satisfies Gp, N (A x B) = Gp. Overall, then, we have

GggGuﬂ(AXB)nguﬂ(AXB):GP. (3.31)

Proof. For each p € P, the circuit shape underlying P, dilate the gate &, : Ay-1()) Zf;a(p) —
ZpCh(p)Bufl(p) to a unitary U, : AA—l(p)ZII;a(p)Ep — ZSh(
tems E, and F), and dilation state pg, € E,. Collect all dilating systems together
into E = @Q,cp Ep and F = ), p F}, and define the state pg = @),cp pE,- Let Py

be the circuit consisting of the unitary gates i), and & : AyE — BgF the unitary it

p)BM—l(p)Fp with dilating sys-

implements; then U is a unitary dilation of £ and P, satisfies the required connectivity
constraint. [

The observation about the example £ in Eq. (3.30) we made above—that every
circuit decomposition P of £ necessarily satisfies Gg¢ C Gp—can thus be understood
as a consequence of the combination of two facts: first, that all of £’s unitary dilations
satisfy G¢ C Gy N (A x B), and second, that the circuit decomposition P implies the
existence of a unitary dilation with Gy N (A x B) € Gp. More generally speaking,
signalling and influence are notions that should not be conflated, and out of the two,
it is influence that is more closely related to compositional structure (see Eq. (3.31)).

Finally, even in cases where equality G¢ = Gp cannot be reached, one may neverthe-
less be interested in determining whether £ admits a circuit decomposition with some
other given connectivity Gp. However, as Proposition 3.21 shows, the existence of such
a decomposition is equivalent to the existence of an appropriate circuit decomposition
of one of £’s unitary dilations. It is for these reasons that in the rest of this chapter,
we will focus on the purely unitary case.

3.5 Characterisation of unitary causal decompositions

We now present the main contribution of this chapter: a combinatorial characterisation
of those relations G C A x B that imply unitary causal and causally faithful decompos-
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itions. Recall from Example 3.17 that the relation C'5 does not satisfy this property.
The general condition turns out to boil down to the absence of a copy of Cj.

Definition 3.22. A relation G C A x B satisfies the C3 exclusion property, abbreviated
(C3-EP), if for all aj, as, ag € A and by, by, bs € B, we have

b1 ba b3

GN({ar, 29,23} x {b1,b,bs}) # [ X[ X]. (C5-EP)

ai az as

Theorem 3.23. Let A and B be finite sets and G C A X B. The following are equivalent.
(i) G satisfies (C3-EP).

(ii) G implies unitary causal decompositions: that is, for all choices of quantum sys-
tems A, for a € A and By for b € B, every unitary channel U : Ay — Bg with
causal structure Gy C G admits a unitary circuit decomposition P with connectiv-
ity Gp C G.

(iii) G implies unitary causally faithful decompositions: that is, for all choices of
quantum systems A, for a € A and By for b € B, every unitary channel U :
A, — Bg with causal structure Gy = G admits a unitary circuit decomposition
with connectivity Gp = G, that is, a unitary causally faithful decomposition.

Proof. (i) = (ii) is proven in Theorem 3.26; (ii) = (iii) is immediate; and (iii) = (i) is
proven in Proposition 3.28. O

It is important to stress what Theorem 3.23 does not show. For one, it is not the
case that if G fails (C3-EP), then no unitary channel ¢ with Gy; C G admits a unitary
causal decomposition reflecting Gyy C (. Indeed, there exist unitary channels with
causal structure Gy = C5 that, in contrast to U3 in Example 3.17, do have a unitary
causally faithful decomposition [62]: consider for instance the circuit

(3.32)

consisting only of qubits and identity gates. It is a unitary causally faithful decompos-
ition for the unitary channel that it defines.

Moreover, Theorem 3.23 characterises which G imply unitary causal decompositions,
specifically. As discussed below Example 3.17, every unitary with Gy C Cj still admits a
routed unitary causal decomposition reflecting that constraint (i.e. of the type (ii) men-
tioned there), and therefore also a causally faithful decomposition into generic CPTP
maps (i.e. of type (iii)).



3. CAUSAL AND COMPOSITIONAL STRUCTURE 51

3.5.1 Overview of the proof

We start in Section 3.5.2 with a purely syntactical theorem describing a number of
equivalent formulations of the C3 exclusion property. We show, in particular, that the
property manifests itself in a simple property of the circuit diagram of L, namely that
it does not have more than one path between any given input and output. Note that Lc,
indeed violates this property (see Eq. (3.29)); an example satisfying the property is in
Eq. (2.32). Readers familiar with the routed circuit formalism or the results from Lorenz
and Barrett [62] might find this result intuitive, as in a routed circuit, any introduction
of nontrivial route indices (e.g. at gate W in Eq. (3.29)) is necessarily followed by a
recombination (at gate Z).

In Section 3.5.3 we use this syntactical result to prove the direction (i) = (ii) in
Theorem 3.23: that is, we prove that if G;y C G and G satisfies (C3-EP), then U
admits a decomposition with connectivity G. We do this by induction on L, providing
it with appropriate quantum semantics from the bottom upwards. Each induction
step crucially relies on an operator-algebraic result (Lemma 3.27 proven in Section 3.6)
about the representation of commuting subalgebras on tensor-product factors; after
all, a unitary gate V), is nothing but a refactorisation of its input space into a tensor
product of output systems. The circuit shape Lg turns out to be very useful here: not
only does it provide the right circuit syntax, but the specific way it was constructed
in Chapter 2—as consisting of pairs («, ) of subsets « of inputs and § of outputs—
also acts as a blueprint for the semantic proof, telling us at each induction step which
commuting subalgebras need to be considered and where they should go. Moreover,
it is the combinatorial properties of Lg implied by (C3-EP) from Section 3.5.2 that
guarantee the premises of the operator-algebraic Lemma 3.27, which in turn yields the
desired decompositions into tensor products of factor algebras—as opposed to direct
sums over tensor products as in Proposition 3.34, which may in some cases instead be
used for routed circuit decompositions.

The converse direction —(i) = —(ii) of Theorem 3.23 is a more or less straightforward
generalisation of Example 3.17, where we exhibited a unitary channel U3 with causal
structure Gy, = Cs that has no unitary circuit decomposition with connectivity Cs.
Showing the stronger claim that —(i) = —(iii) however requires more work. We do
this in Section 3.5.4: given an arbitrary relation G that fails (C3-EP), we construct
a unitary channel with causal structure Gyy = G and show that it does not admit a
unitary causally faithful circuit decomposition. The constructed unitary U contains U3
as a factor, and the proof is ultimately, like Example 3.17, based on a dimensionality

argument.



52 3.5. CHARACTERISATION OF UNITARY CAUSAL DECOMPOSITIONS

3.5.2 The (5 exclusion property in terms of the concept lattice

The theorem below proves a number of alternative formulations of the C3 exclusion
property, some in terms of the concept lattice Lg. Recall that

b1 bs bs

b1 bo b3

Cs = | X[ XT] and Le= : (3.33)

al ag as
aip a2 as

and, from Proposition 2.32, that for any v € Lg,

Bo=pg' (W)U | Bu (3.34)

weCh(v)

where Ch(v) := {w € Lg | v < w}. Moreover, an order embedding is a map ¢ : P — Q
between partial orders P, Q that satisfies p <p ¢ < ¢(p) <q ¢(q), and a path from a to
b through a circuit shape P is a sequence p1,pa,...,p, € P such that A(a) = p; < py <
-+ < pp = u(b). In case P is finite, there exists such a path iff aGpb.

Theorem 3.24. Let A and B be finite sets and G C A x B. The following are equivalent.®
(i) G satisfies the Cs exclusion property (C3-EP).

(ii) The circuit shape Lo, does not embed into Lg, in the following sense: denoting
by L, T € Lg, respectively the minimum and maximum of Lc,, there is no order
embedding ¢ : Loy — L such that both a1y and BTy are nonempty.

(iii) The circuit shape Lg has, for each a € A and b € B, no more than one path from
atob.

(iv) For all v € Lg so that a, # 0 and distinct w,w' € Ch(v), By N B = 0: that is,
the union in Eq. (3.34) is disjoint whenever o, # (. (Or, equivalently, the dual
statement.)

(V) For allby, by, b3 € B, eitherp({bl,bg})ﬂp({bg,bg}) =0 OTP({bl,bg}) - p({bg,b;),})
or p({b1,b2}) 2 p({b2, bs}).

Condition (ii) is closely analogous to the C'3 exclusion property itself in that it asserts
the absence of a particular substructure, albeit now on the level of the canonical circuit
shape. Condition (iii) is the condition that is graphically easiest to check.® Note that
since Lg has connectivity G, another way of phrasing (iii) is that Lg has exactly one

°In case A and B are infinite, items (i), (ii) and (v) are still equivalent, as can be seen from the
proof below. However, as far as the application of this theorem to quantum circuits in Section 3.5.3 is
concerned, we can assume that A and B are finite.

SCondition (iii) is also meaningful in the context of routed circuits. In a routed circuit, any nontrivial
sectorial correlations (repeated indices) created at a bifurcation in the circuit must later be recombined
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path between each a and b such that aGb. Condition (iv) is most directly useful for our
proof in Section 3.5.3. We have included condition (v) for completeness.

Proof. Many of these implications are most straightforwardly proven in their contra-
positive form. To avoid an overabundance of subscripts we will write A := A, and
p = pr,, for the maps defined in Eq. (2.27).

Our proof for the direction —(i) = —(ii) builds on a general result in formal concept
analysis [46, Proposition 38] which states that if G C A x B, A’ C A, B C B, and
G' = G N (A x B'), then the concept lattice L embeds into Lg. One such order
embedding is given by ¢ : Lgr — Lg,v — (pc(ay),c(ay)). Here (c,p) is the Galois
connection derived from Gj; the relation G’ comes with its own Galois connection (¢, p’)
between P(A’) and P(B’). For completeness we will show that ¢ is indeed an order
embedding. This amounts to demonstrating that for all a1, s C A’ that are closed with
respect to p’c’, we have

a1 € ag <— pc(al) - pc(ag). (335)

The left-to-right direction is immediate from Eq. (2.19). For the right-to-left direction,
note that pe(ay) C pe(ag) implies ¢(aq) O ¢(az) (by Egs. (2.19) and (2.21)), which in
particular means that ¢(a1) N B’ 2 ¢(ag) NB'. Since ¢/(—) = ¢(—) N B/, which can be
easily verified, this means that ¢/(a1) 2 ¢/(a2), and therefore p’c’(aq) C p'd(ag). But
since a1, as were closed with respect to p’c/, this just means that a; C as.

Now, assume —(i), that is, that there exist A’ := {aj,as,a3} C Aand B’ := {by,bg, b3} C
B so that G N (A’ x B') = C3. To show —(ii), it remains to show that a1y # () and
Byty # 0. For the former, note (e.g. from the diagram for Lc, above) that ay # 0);
therefore the closure pc(a ) is nonempty too and thus a,) = pe(ayr) # 0. For the
latter, note similarly that c¢(at) 2 ¢(at) = Bt # 0, so that S (1) = c(aT) # 0 either.

Next, let us show that —(ii) = —(i). —(ii) tells us that there exist v, w,w’,x € Lg
sothat ay Z0 # B, v <w <z, v < w <z, and w # w' (the latter meaning w and
w’ are incomparable in the order < on Lg). Pick arbitrary as € o, and by € 8,. We
claim that it is possible to pick a; € v, and by € 3, so that A(a;) £ p(b3). Indeed,
if all a1 € ay,bg € By satisfied A(a1) < p(bs), then we would have \/, ., A(a1) <
Nose B, w(b3), which by Proposition 2.32(iii) just means w < w’, in contradiction with
the assumption that w # w’. Similarly, it is possible to pick a3 € a,y and by € 3, so
that A(as) £ p(b1).

Proving —(i) is now a matter of verifying that on the inputs aj, as, ag and outputs
by, bo, b3, G restricts to the relation Cs. First of all, a;Gb; follows from the facts that
Lg has connectivity G and that A(a;) < w < p(by) (by Proposition 2.32(ii) and (i)).
Likewise, a;Gby since A(aj) < w < z < p(bz). Meanwhile, we have —(a;Gbs) by

(see for instance the circuits of Lorenz and Barrett [62]). If condition (iii) holds, no bifurcations are
followed by recombinations in the circuit shape Lg, except possibly at trivial top and bottom gates as
for instance in Eq. (2.32)—and therefore routed unitary circuits are in this case equally powerful to
traditional unitary circuits. What this and Theorem 3.23 thus tell us is that whenever the canonical
circuit shape does allow for genuinely routed circuits (i.e. in case non-unique paths exist), then traditional
circuits do not suffice for causal decompositions. (In some such cases routed circuits may suffice, but
this has not been proven in general; recall Section 3.4.2).
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construction. Similarly it can be shown that asGb; for all of ¢ € {1,2,3}, and —(a3Gb;)
while azGby and azGbs. This concludes the proof of —(ii) = —=(i).

We omit the proof of equivalence of (ii) and (iii), which is straightforward. Let’s
prove equivalence of (iii) and (iv). To see that (iii) = (iv), let v € Lg be such that
ay # () and suppose w,w’ € Ch(v) are distinct. Pick a € «,,. If there were b € S, N By,
then there would be two distinct paths from a to b: one through v and w and another
through v and w’'.

Conversely, to show that —(iii) = —(iv), suppose that there are two distinct paths
from a € A to b € B in Lg; denote them by {p;}:_; and {p/}s_, C Lg. Let k €
{1,...,min{s, s'}} be the first index where they diverge, so that p; = p) but pyy1 #
Phyr- Let v = pp = pj, w = pry1, and w' = p)_ ;. Note that o, is non-empty, as it
contains a. We also have w = py11 < ps = p(b), meaning b € . Similarly, b € .
This establishes —(iv).

It remains to verify that (i) and (v) are equivalent. First of all, if =(v), then there
exist by, ba,bs so that none of p({b1,b2}) \ p({b2,b3}), p({b1,b2}) N p({b2,b3}), and
p({b2,bs}) \ p({b1,b2}) are empty. Let aj,as,ag be elements of each of those sets,
respectively; then aj, ag, a3, by, be, by witness failure of (C5-EP), establishing —(i). Con-
versely, if G contains C3, say on the inputs aj, as, ag and the outputs by, bo, bs, then a; €

p({b1,b2}) \p({b2,b3}), a2 € p({b1,b2}) Np({b2,b3}), and a3 € p({ba, b3}) \ p({b1,b2}),
establishing —(v). O

The following consequence of (iv) above will also be useful in Section 3.5.3.

Lemma 3.25. Let G satisfy (C3-EP), let v € Lg be such that a, # () and let w, w’ € Ch(v)
be distinct. We have
Gil(ﬁw) N Gil(ﬂw’) = Qy. (336)

Proof. Tt suffices to show that for all b € B, and b € B, G~1(b) N G7LY') =
p({b,b'}) = a,. To do so, note first of all that a,, C ey, = p(Bw) € p({b}); sim-
ilarly, o, C p({b’}). This implies that o, C p({b,b'}), that is, v < x where z =
(p({p,b'}), ep({b,b’'})) € L. Suppose that v < z; then there is w” € Ch(v) so that
v <w <z We have w # w” or w' # w”; without loss of generality, say that the
former holds. By (iv) in Theorem 3.24, we must have 8, N B,,» = (). However, both 3,
and B, contain b (b € (B, by assumption and b € cp({b,b'}) = B, C Bu), yielding a
contradiction. Therefore v < x cannot hold, and we must have v = x, or in other words,
Oy = p({bab/})' [

3.5.3 Sufficiency of the (5 exclusion property

In this section we prove the direction (i) = (ii) of Theorem 3.23, showing that every
unitary channel i/ : Ay, — Bg whose causal structure satisfies Gyy C G for some relation
G satisfying the C3 exclusion property admits a unitary circuit decomposition with
connectivity G. In Corollary 3.5 we saw that Lg is a good candidate for the shape of
such a decomposition. What remains is therefore to provide it with a suitable unitary
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quantum semantics that implements U. For the theorem below, which achieves precisely
that, recall our notation from Section 3.1; in particular, for 5 C B, we write Bg to denote
the tensor product &), 3 Bp but often also let it refer to the corresponding subalgebra
Bs® {133\5} of Bg. Furthermore, we write, for v € Lg (recalling Eq. (3.5)),

Pa(v) ={u €lg | u <v};
Ch(v) ={w € Lg | v <w};
lv={uelg|u<n}

Vo={ueLg|u<uv}.
As in the previous subsection, we abbreviate

A=A, and pi= . (3.41)

Theorem 3.26. Let G C A X B be a binary relation satisfying (C3-EP), A, for a € A and
By, for b € B be quantum systems, and U : Ay — Bg be a unitary channel whose causal
structure satisfies Gy C G. There exist quantum systems

Zy  for all v,w € Lg such that v < w (3.42)
and unitary channels
Vy : A)\—l(,v)Zga(U) = Zgh(”)Bﬂq(v) for all v € Lg (3.43)

such that, defining Vr, for any T C Lg, to be the composition of {V, | v € T'} along the
systems {ZY | v,w € T,v < w}, we have that for all v € Lg

By, =V, U (By) forbe put(v); (3.44a)
Z¥ CV, U (Bg,) forw e Ch(v). (3.44b)

Moreover, the overall unitary channel Vi, is identical to U up to local unitary channels
on the output systems {By}vep. Therefore, U has a unitary circuit decomposition of
shape Lq.

We will prove Theorem 3.26 by induction on Lg, providing it with a quantum
semantics from the bottom upwards. At each v € Lg, we are given incoming sys-
tems A)\71(U)Z1";a(v) which need to be refactored into appropriate outgoing systems

ZS h(v)BMq(v) by making use of the causal constraint Gy C G. (All of these algeb-
ras may be trivial if v is Lg’s minimal or maximal element.) Since the latter can
be expressed in terms of commutation relations between the sets of algebras {A,}a
and {UT(By)}v, the proof of each induction step reduces to a problem of representing
subalgebras subject to commutation relations on appropriate tensor product factors.
Specifically, we will rely on Lemma 3.27 below. As this result exposes the operator-
algebraic core of our methods, we temporarily adopt the mathematicians’ terminology
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of ‘finite-dimensional factor C*-algebra’ and ‘*-isomorphism’ where we otherwise have
said ‘quantum system’ and ‘unitary channel’, respectively. This is also the terminology
used in Section 3.6, where Lemma 3.27 is proven.

Lemma 3.27. Let A, X1,..., X, be finite-dimensional factor C*-algebras and let By C
AX 1 Xy Xy, for k € {1,...,n} = [n] be unital factor *-subalgebras of their tensor
product so that

(i) Bk C (BYY for all k,1 € [n],k #1;
(ili) A € Vyepn) Br, where \/ denotes the algebraic span.

Then there are finite-dimensional factor C*-algebras Zjy, for each k € [n] and a *-
1somorphism
V A :> Z122 cee Zn (345)

so that, writing V for V ® idx,...x,,, for each k we have

V(By) C Zi, Xy, and (3.46a)
Z; =V(ANBy). (3.46Db)

Proof. See Section 3.6. An updated, nicer proof can be found in the standalone paper
based on this chapter [67]. O

It is worth noting that without assumption (iii), a similar representation can be
given, with the exception that the right-hand side of Eq. (3.45) will generally be an
algebra of operators on a direct sum over tensor products of Hilbert spaces: see Pro-
position 3.34. Such a representation can be used, in some cases, to provide proofs of the
routed unitary circuit decompositions shown in Lorenz and Barrett [62].” The assump-
tion of (C3-EP), however, allows us to focus entirely on cases where assumption (iii) is
satisfied, therefore yielding the tensor product factorisations in Eq. (3.45) required to
construct our (non-routed) unitary circuit.

Proof of Theorem 8.26. We proceed by induction on Lg. The base case—i.e. when v is
the minimal element of Lg—separates into two cases, where o, = ) or «ay, # ().

Suppose first that a, = (0. In this case A A-1(v) = Ap = C is trivial, as is each By, for
b € ' (v), since G1(b) = o, so that UT(By) C A,, = Ay = C. Therefore it suffices
to set Z\Y := C for each w € Ch(v) and to let V, be the trivial transformation between
trivial systems. This choice satisfies Eq. (3.44).

The base case where a,, # () is covered by the induction case (apart from some of
the algebras below being trivial), which we turn to now.

So let v € Lg be such that a, # 0; and assume that there exist systems ZZf/
for all u,u’ € Lg such that v < «' < v and, for each u < v, a unitary channel

"The proofs used in Lorenz and Barrett [62] are however of a different nature.
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Vu : Ay=1) Ly = Zsh(u)B/fl(u) such that V|, satisfies (3.44). Consider the com-
position of these unitary channels V), for u < v,

V»L*U : Aav\A—l(U) — Z;:))a(v)w, (347)
where
. Ch(u)\Jv
W =) 2" NUB, ). (3.48)
u<v

(In the base case, let V=, denote the identity channel on the trivial system A, \y-1(,) =
Ap = C.) From now on we will, abusing notation as always, let V'« denote instead the
extended unitary

VJ,*’U = Vi*v X idA\(av\)\*l(v)) . AA i) Akfl(v)Zf)a(v)WAA\av' (349)

We now wish to construct systems Z\’ for w € Ch(v) and a unitary channel V), :
A)\q(v)Zf)a(v) = ZUCh(U)BHq(v) so that Eq. (3.44) is satisfied for V|,. We will do this
by an application of Lemma 3.27. To this end, consider the following subalgebras of
Ar1(0) Zpa ()W Anva,

Bg, =V U'(Bs,) forw e Ch(v) (3.50a)
and  By:=V- U (By) forbepu'(v). (3.50b)

We prove the following claims necessary for the application of Lemma 3.27. Keep in
mind that A)\71(U)Zi§’,a(v) is to be the input to the unitary V, that we are looking to
construct, and thus plays the role of the factor A in Lemma 3.27.

(i) All subalgebras defined in Eq. (3.50) commute pairwise:

B, C (By)" for all distinct b, b € = (v); (3.51a)
By, C (Bg,) forallbe pu~'(v) and w € Ch(v); (3.51Db)
and Bg, C (Bg,,)" for all distinct w,w’ € Ch(v). (3.51c)
(ii) We have
B, C Ax-1(0)Zpay) = (WAA\%)/ for b € p~t(v); (3.52a)

B,Bw - A)\*l(v)Zga(v)AGfl(ﬁw)\aﬂ = (WAA\Gfl(Bw))/ for w € Ch(U), (3.52b)

where G71(3,) = Unes,, G~1(b). Moreover, for any two distinct w,w’ € Ch(v),
the sets G~(Bw) \ o and G™1(Bu) \ v, are disjoint. Therefore, the only tensor
factors of A Aq(v)Zlga(v)WAA\av on which more than one of the subalgebras from
Eq. (3.50) act non-trivially are Ax-1(0) Zpy(y-

(iii) Our algebra of interest A/\_l(v)Zf)a(v) is spanned by the subalgebras under con-
sideration:

AZhm S|V Bo|v| V Ba |- (3.53)
bep—1(v) weCh(v)
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Once (i)—(iii) are established, Lemma 3.27 will give quantum systems Z;’ for w €
Ch(v) and By for b € p~(v), as well as a unitary channel V, : A)\fl(v)Zf)a(v) —
Zgh(v)ﬁuq(v). Eq. (3.46b) entails that for b € p~1(v),

Bb = VU(A)\*l(v)Zf)a(v) N Bb) = Vv(Bb) = VivuT(Bb)v (3'54)

where in the second equality we have applied Eq. (3.52a). This means in particular that
Bb = By, so we can choose Bb and V, so that in fact Bb = By. This establishes the
induction hypothesis Eq. (3.44a).

To establish the other part (3.44b), note that according to Eq. (3.46b),

v

ZY = Vy(Ax-1(0)Zpag) N Bg,) € Vu(Bg,) = VU (Bg,). (3.55)
It remains to prove (i)—(iii) and the final statement of Theorem 3.26.

Proof of (i). Note that these algebras commute iff the same holds for the respective
algebras without tildes (see Eq. (3.50)), considered as subalgebras of Bg. It is clear
that By C (By)' = Bg\ gy} for distinct b, b’ € ! (v), establishing (3.51a). For (3.51b),
it suffices to note that if b € p~1(v) and w € Ch(v), then b ¢ 3,,. This follows from
Proposition 2.32(i), which shows that b € p~!(v) iff v is the largest element of Lg so
that b € g,; for any w € Ch(v), we have w > v, which implies that b cannot be in .
Finally, for Eq. (3.51¢) it suffices to show that 8, N B, = 0 for distinct w,w’ € Ch(v).
This follows by assumption of (C3-EP) and Theorem 3.24(iv).

Proof of (ii). Recall that

W=z "NB, . (3.56)
u<v
First we show that
W C V- UM (Bgys,)- (3.57)

Fix u € Lg so that u < v and a, # 0. (If a, = 0 then ZuCh(u)\wBu_l(u) is trivial so
need not be considered.) It follows from the induction hypotheses (3.44) that

ZON By ) S VU (B o) (3:58)

where Benwyv = U{Bw | w € Ch(u) \ Jv}. Now, V) UUT =V o\u© Viu oUf, but

h(uw)\} 'UB

Vi* p\y o acts trivially on zy u)- Therefore we also have

pw(
ZN By SV U (B o) - (3:59)

To establish Eq. (3.57) it remains to show that
Benpe NBe =0 and  p~(u)N B, = 0. (3.60)

The first statement relies on (C3-EP). Let w € Ch(u) \ Jv. Let w’ be such that
u<w < w. By (C3-EP), in particular the formulation of Theorem 3.24(iv), it follows
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that B, N By = 0, and since w’ < v, we have 3, C By 50 Bw N By = 0 too. This holds
for all w € Ch(u) \ | v, which implies that Bopgu)\y s N Be = 0.
To show the second equation in (3.60), suppose that b € g~ '(u). In this case, u is
the greatest element of Lg satisfying b € (3, (see Proposition 2.32(i)). Since v > u, we
(

can’t have b € (,. This completes the proof of (3.60) and hence of (3.57).

To show Eq. (3.52a), it suffices to show that By, for b € = (v), commutes with W
and with A,\,,. Commutation with W follows from Eq. (3.57) and the fact that b €
p~t(v) C By. To show commutation with Ap\a,» Dote that since U has causal structure
Gy C G, we have UT(By) C Aszl(b) C Ag-1v) = Ap(ppy) = Ao
V| ,, which acts trivially on A,\,,, to both sides yields B, = V- U (By) C A, s0
By, must commute with Ay, -

Similarly, for Eq. (3.52b) we need to show that Bg, commutes with W and with
ApG-1(8,)- The first fact follows from Eq. (3.57) and the fact that 8, C 8, for w €
Ch(v). For the second fact, note that since Gyy C G, UT(Bjg,,) C AGQI(BM) C Ag-1(3,)-

= A,,. Applying

This implies that ng commutes with A\ g-1(g,) by an argument similar to the above.
The final claim that G=1(8,) \ a, and G=1(B,/) \ v are disjoint for distinet w, w’ €
Ch(v) follows directly from Lemma 3.25, which established that G=1(8,) NG™1(By) =

Q.

Proof of (iii). Observe that by Eq. (3.34), the algebra on the right-hand side of Eq. (3.53)
is just B, = V) T (Bg,). For each a € A}(v), G(a) = 3, and therefore Ax-1) €
U'(Bg,). V|« acts trivially on Ay-1(,), so we get Ay-1¢,) C V- M1 (Bg,) = By,
It remains to show that Z, C Bg, for v € Pa(v). This follows from the induction

hypothesis (3.44b) applied to Z;/ and the fact that V)« o acts trivially on Z7.

Let us now prove the final statement of the theorem. Consider the unitary Vi, :
Ay — Bg and let b € B. Note that Vi, = V| u) © V) u) and that V| e acts
trivially on By. Therefore, by Eq. (3.44a),

Vil (Bs) = Vi) (Viutol'(Bv) = Vi) (Be) = Bo.  (361)

Let Wy, : B, — By be the *automorphism defined by W, = (UVEG> ‘ By then
WbVLcuT‘Bb = idp,. Since this holds for each b € B, we have (®beB Wb) VLGUT =idp,,

so that
<® Wb> Ve =U. (3.62)

beB

V1, has a unitary circuit decomposition of shape Lg; by incorporating the local unitaries
W into the existing gates, we see that U itself also admits a unitary circuit decompos-
ition of the same shape, completing the proof of Theorem 3.26. O
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3.5.4 Necessity of the (5 exclusion property

Having shown that (C3-EP) is sufficient, we now show that it is also a necessary condition
on a relation G C A x B to imply unitary causal decompositions, thus proving the
direction (ii) = (i) in Theorem 3.23. In fact we prove the stronger implication (iii) = (i).
We show, specifically, that whenever G C A x B fails (C3-EP), then there exists a choice
of quantum systems A, for a € A and By for b € B as well as a unitary channel
U : Ay — Bg which has causal structure Gy = (G, yet no unitary circuit decomposition
with connectivity G—that is, no causally faithful unitary decomposition. Recall from
our discussion below Example 3.17 that this does not mean that U has no causally
faithful decompositions at all; a causally faithul unitary routed circuit decomposition
might still exist [62], or a causally faithful circuit decomposition in terms of non-unitary
quantum channels, although this has not been established in general.
We have already seen an example in Example 3.17: we defined

: (3.63)

where A; = B; = L(C?) for i € {1,2,3}, saw that it has causal stucture C3, which fails
(C3-EP), and also showed that U3 has no causally faithful unitary decomposition. Our
proof in this section generalises this observation by showing that whenever a unitary
channel U contains Uz as a factor on those systems where Gy = G contains Cj, by
virtue of its violation of (C3-EP), then U does not admit a causally faithful unitary
decomposition either.

More precisely, we have the following, which directly implies (iii) = (i) in The-
orem 3.23.

Proposition 3.28. Suppose G C A x B fails (C3-EP); without loss of generality, write
A={l,...,n} and B = {1,...,m} so that G N ({1,2,3} x {1,2,3}) = C3. Let V :
Ai---A, — By--- B, be a unitary channel between quantum systems A1,..., A, and
Bi,...,B,, so that Gy = G.® In addition, let A; = B; = L(C?) for i € {1,2,3} be
qubits and Us : A; Ay A3 — B1ByBs be the unitary channel from Eq. (3.63). Finally,
define

U=UsRV:(A1A])(A2A3)(A3A3)Ay -+ Ay, — (B1B))(B2B3)(B3B3)By - - - By,
(3.64)
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regarded as a unitary channel with n inputs and m outputs:

L/

BB, B;B, 33‘33 13‘4 o B‘m B> B3| B4 B
| U | = Y . (3.65)
A1‘A1 AyA,y A:;‘A;; A‘4 o A‘n A2 A3 A4 An

\

Then U has causal structure G, yet no unitary circuit decomposition with connectivity

G.

Lemma 3.29. Let [¢)) € Hx @ Hy be a bipartite state with marginals px = Try ) (Y]
and py = Trx |[¢) (Y|, supported on supp px C Hx and supppy C Hy. Then |¢) €
Supp px ® supp py -

Proof. Let [¢) =, ¢i|oy) ®|B;) be the Schmidt decomposition, where all coefficients
¢; are nonzero. Then supp px is the span of the vectors {|o;)}}_; and supp py the span
of {|Bi)}i_,. Clearly, then, |¢)) € supp px ® supp py. O

Proof of Proposition 3.28. It is immediate from the construction that U (with respect
to the grouping of systems as in Eq. (3.64)) has causal structure G. Suppose, for
contradiction, that U/ has a unitary causally faithful circuit decomposition: i.e. a circuit
decomposition P with connectivity G. Then P has, in particular, no path from A;A;
to B3B3, and no path from A3z As to B B;.

Now abbreviate Ay == AyAy--- A, and By = ByBy--- B,, and regard 4 as a
four-input, four-output unitary channel

U:(A1A;)(Az)(A4)(A3A3) — (B1B1)(B)(By)(BsBs). (3.66)
The circuit P, now interpreted as a four-input, four-output circuit, then satisfies

1 2 4 3
Gp CCy = ]W | (3.67)
1 2 4 3

By Corollary 3.5, then, U also has a unitary circuit decomposition of the canonical
shape Lc,. One may compute this shape, much like L, in Eq. (3.33), to be

1 24 3

Lo, = . (3.68)

1 24 3

8Such a choice of V always exists for appropriate choices of quantum systems; however, G may
constrain the dimensions of these systems. See e.g. Eq. (3.32) and Ref. [62, §7.2].
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In other words, there are quantum systems C, D, E, F' and unitary channels W, X, ), Z
so that

Bi| |B: Bs| |Bs
BB, B, B, Bs;B; E F
= [ x| AR (3.69)
C D
A1A; Ay A; A3A;
Al |A, Al |As

Recall that Ay = L£(C?); moreover, let H A, Mo, Hp be the finite-dimensional
Hilbert spaces so that Ay = L(Hy,), C = L(MHc), D= L(Hp). Let d = dimH 4.
Our aim is to derive a contradiction on the dimensions of the Hilbert spaces H¢ and
Hp.

Denote by {|0),|1)} the basis of C? with respect to which the CNOTs in the con-
struction of U3 are defined. Also choose a basis {| j)}?;(l) for the Hilbert space H 4 . For
i€{0,1} and j € {0,...,d — 1}, define the states

C| D
pgD = ; pg = TeriCj.D; and p% = TrcpgD. (3.70)

Let us first consider the states pg on system C. We claim that for any j,j' € {0,...,d—
1}, the states p(g and pg, have orthogonal supports, i.e. are perfectly distinguishable.
To see this intuitively, consider the qubits A;, A, and B;. From the CNOTs in the
definition of U in Eq. (3.65), it is clear that if A; is prepared in state |0), the information
about the computational degree of freedom i of As ends up on Bj. Since every path
from A to By in Eq. (3.69) passes through C, that information must also be perfectly
recoverable from C.

To see it formally, notice that, for any (irrelevant) choice for the unlabelled states,

(3.71)
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The circuit fragment enclosed in a dashed box on the left-hand side forms a CPTP map
£ : C — By. Being CPTP, £ cannot increase dls.tmgulshaublhty7 in particular, if pc and
Pe Y’ had non-orthogonal supports, then & (pc,) and £ (pC ) would have non-orthogonal
supports. In light of the right-hand side of Eq. (3.71), the latter is obviously untrue;
therefore, pOCj and pgl must have orthogonal supports.

1L
Let HOC = (U;l ésupp pc> C Hce be the subspace of He spanned by the sup-
ports of % for j € {0,...,d —1}. Moreover, let HL = (HL)L. It follows from the
Pc c o}

claim we just proved that then

supp pC C HE (3.72)
for all i € {0,1} and j € {0,...,d — 1}. By a symmetric argument concerning instead
the states p%) on D, we can construct orthogonal subspaces HY ,Hb C Hp so that

supp pih € Hp (3.73)
fori € {0,1} and j € {0,...,d — 1}.

By Lemma 3.29 and Eqs. (3.72) and (3.73) and the fact that pd p, is pure,
supp pp € Ho @ Hp. (3.74)

Moreover, for fixed i, the d states p"CQ D> pg Do p((7 D U are all pairwise orthogonal by

their construction in Eq. (3.70) (and the fact that W is a unitary channel). These two
facts imply that

dim(He @ Hyp) > d (3.75)
for each 7 € {0,1}. We conclude that
dim(He ® Hp) = dim HE dim HY, + dim HE dim H} (3.76)
+ dim Hg dim HY, + dim He dim Hp,
> 2d + dim HE dim H], + dim Hg dim HY, > 2d, (3.77)

which is in contradiction with the fact that W is a unitary channel and dim(C?®%H A4)
2d. U can therefore have no causally faithful unitary decomposition.

oo

3.6 Appendix: Operator algebra and proof of lemma

In Section 3.1 we defined a quantum system as the algebra of operators £(#) on a given
finite-dimensional Hilbert space. In what follows, an algebra-first approach is more
useful, even though we will stick to the finite-dimensional case throughout.

A *-algebra is a complex algebra A with unit 14, equipped with an involution, i.e.
amap (-)*: A — A satisfying, for all a,b € A and X\ € C:

(a+b)*=a*+b"; (Ma)*=Xa*; (ab)* =b"a*; a™ =a. (3.78)

A C*-algebra is a *-algebra A equipped with a norm || - || in which A is complete and
which satisfies the identity

|a*al| = ||a||* for all a € A. (3.79)
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In the finite-dimensional case, completeness of a normed *-algebra A is a vacuous state-
ment, and A admits a norm making it into a C*-algebra precisely if the involution is
positive, meaning

a'a=0 < a=0 forallac A; (3.80)

moreover, in this case the norm making A into a C*-algebra is unique [37].

In the following, then, let A be a finite-dimensional C*-algebra. A *-subalgebra X
of A is a subalgebra closed under the involution, and a unital *-subalgebra is one that
contains 1 4. The commutant of X, when understood as a *-subalgebra of A, is

X' ={a€ A|Vre€ X :ax = za}. (3.81)

Moreover, the centre of X is Z(X) := X N X' and X is a factor if it has trivial centre,
Z(X) ={Mx | A € C}. If A itself is a factor and X is an arbitrary *-subalgebra
of it, we always have X” = X. (For this latter fact the finite-dimensionality of A is
essential.)

A *-isomorphism is an algebra isomorphism that preserves the involution. Every
algebra L£(H) of linear operators on a finite-dimensional Hilbert space H forms a C*-
algebra under the Hermitian adjoint, and every finite-dimensional C*-algebra A is *-
isomorphic to a *-subalgebra of £(#) for some finite-dimensional H. A is a factor iff
if it isomorphic to a full matrix algebra £(#H). The algebras (‘quantum systems’) we
considered in the previous sections of this chapter were therefore all factor algebras.

For the proof of Lemma 3.27 below—in particular, for Proposition 3.34—it is how-
ever useful to also discuss the representation of non-factor C*-algebras (which are related
to the generalisation to routed unitary circuits discussed below Example 3.17). In the
finite-dimensional case, the Wedderburn-Artin theorem tells us that every C*-algebra is
isomorphic to a finite direct sum of factors [37]. In fact, if A is any *-subalgebra of L£(H)
and m = dim Z(A), then there are H!, K’ and a unitary map U : H — P~ H' @ K
defining a *-isomorphism

UU*: L(H) = L <é H' ® /ci> (3.82)

i=1

so that
VAU =P L (W)@ {1} and UAU =Pl L(K).  (3.83)
i=1 =1

The m projectors ' := U*(Lyigx: ® 0)U € A form a basis for the centre Z(A).

More generally, if A C L(H) is a *-subalgebra and {7};c},) C L(H) any complete
family of mutually orthogonal projectors, then we say A is block-diagonal with respect
to this family if A C @)y L(T'H) C L <@i€[m] WiH) = L(H). This is the case
precisely if each 7* commutes with every element of A.

According to the following result, wherever we said ‘unitary channel’ in the previous
sections, we could just as well have said ‘*-isomorphism’.



3. CAUSAL AND COMPOSITIONAL STRUCTURE 65

Proposition 3.30. A map between factors ¢ : LIH) — L(K) is a *~isomorphism iff is it
of the form p(a) = UaU™* for some unitary map U : H — K.

Proof. For U : H — K, write Ady : L(H) — L(K) for the mapping a — UaU*.
It is clear that this is always a *-isomorphism. For the converse direction, suppose
v : L(H) = L(K) is a *-isomorphism, pick an arbitrary unitary map V : £ — H and
let ¢ := Ady op, so that 1 is a *-automorphism of L(#H). Every *-automorphism of a
factor is inner, i.e. is of the form 1 = Ady for some unitary W € L(H). A proof of
this fact for the finite-dimensional case follows, for instance, from [37, Proposition 5.5].
We now have ¢ = Ady~ o Ady = Ady«w, where VW : H — K. O

We will now build up to a proof of Lemma 3.27. We start with the following
straightforward generalisation of Eq. (3.83) in the case of factor algebras. For n € N,
we write [n] := {1,2,...,n}. As in the preceding sections of this chapter, the notation
14y 4, and Z[n} refers to the tensor product 21 ® Zo ® - - - ® Z,, and depending on
the context, Zj may also refer to the unital *-subalgebra Z; @ {1 Zip, {k}} C Zp,.

Proposition 3.31. Let A be a finite-dimensional factor C*-algebra and By, Bo, ..., B, C
A pairwise commuting, unital *-subalgebras that are themselves factors. Then there are
factor algebras Z1, Z>, ..., Z, and a *-isomorphism

V:AS Z12Zy--- Z, (3.84)
so that for each k € [n] :={1,2,...,n},
V(By) C Zj. (3.85)

Moreover, if \/ke[n] By, = A then all of these inclusions are equalities.

If A= L(Ha), then by Proposition 3.30 this statement asserts precisely that there
are Hz, for k € [n] and a unitary map

V:HAl>Hzl®7‘lzg®-'-®7‘lzn (3.86)
so that for each k € [n],
VBkV* - ,C(’sz) (= {1Z[n]\{k}}' (387)

Proof. By Eq. (3.83), and since Bj is a unital factor *-subalgebra of the factor A, there is
a factor X and a *-isomorphism @1 : A = B; ® X such that ¢1(B;) = B; ® {1x,}.
Since By commutes with By, under this isomorphism ¢1(B2) C (B; ® {1x,}) =
{1B,} ® X1 so By corresponds to a unital factor *-subalgebra of X, meaning there
is a *-isomorphism ¢ : X1 — By ® X5 under which it corresponds to By ® {1x,}.
Iterating this procedure yields a *-isomorphism

V:A;Bl®BQ®---®Bn_1®Xn_1 (388)
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so that V(By) = By for k=1,...,n—1and V(By) € Xy—1. Finally, if \/; o, Be = A
then Ve V(Bi) = V(A) so we must have equality V(By) = Xp—1. O

The following two Lemmas will be useful for proving Proposition 3.34 below.

Lemma 3.32. Let A, B be factors and X C A ® B a unital *-subalgebra so that A ®
{1} C X. Then there is a unital *-subalgebra’¥ C B so that X = ARY .

Proof. The condition A ® {1} C X implies that X' C (A® {1p})' = {14} ® B.
Therefore X’ = {14} ® Z for some unital *-subalgebra Z of B. Finally, then, X =
X"=({14)02Z) =A® Z'. O

The Lemma below essentially states that if an algebra X is block-diagonal in some
Hilbert space representation and is nonzero in each block, then it can only be a factor
algebra if it is the same in all blocks.

Lemma 3.33. Let H7 for j = 1,...,m be finite-dimensional Hilbert spaces and X C
Djcimi L(HT) be a unital *-subalgebra which is a factor. For i € [m], denote by ' =
1, 0 € @j L(H?) the projector onto the i-th Hilbert space. Then for each i, right-
multiplication by w° is a *-isomorphism of X onto X7°.

Proof. Tt suffices to show that (-)7% : X — X' is an injective *-homomorphism (it is
clearly surjective). That it is a *-homomorphism follows immediately from the fact that
X commutes with 7% and 7’ is self-adjoint. Injectivity surmounts to the proposition
that o7’ = 0 = x = 0 for + € X. Note that X can be seen as a unital factor
*_subalgebra of E(@j H7); therefore there is another factor Y and a *-isomorphism
P £(@j?{j) = X ®Y so that p(r) = 2 ® 1y for x € X. On the other hand,
7t € X’ so we must have p(n') = 1x ® @ for some @ € Y. Suppose that x7’ = 0;
then 0 = p(z)¢(r') = r ® . Since 7 is nonzero, then, x must be zero. O

We can now prove the following variant of Lemma 3.27. It has one fewer premise,
which comes at the cost of requiring a direct sum in the Hilbert space representation. As
we mentioned in Section 3.5.3, this result can be used to prove causal decompositions in
terms of routed unitary circuits [107] for some relations G that do not satisfy (Cs-EP),
providing an alternative to the proofs in Lorenz and Barrett [62].

Proposition 3.34. Let A, X1,...,X,, be factors and let By, C AX;---X,, for k € [n]
be (potentially non-factor) unital *-subalgebras that satisfy (i) and (ii) in Lemma 3.27,
which for convenience we restate here:

(i) By C (By) for allk,l € [n],k # 1
(ii) B, C AX, = (X[n]\{k})/ f07” all k € [n]

Then there are m € Nsgq, finite-dimensional Hilbert spaces HZ;’; for all k € [n] and
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i € [m], and a *-isomorphism

VIASL| P Hz© - @Hg (3.89)

1€[m]

so that, writing ¥V for V ® idx,..x,, , for each k € [n]

v | P c(mg)e {1an]\{k}} ® X5 ® {Lx, 0 | - (3.90)
]

i€lm

Proof. We first simplify the statement by showing that we can assume each of the X, to
be a trivial algebra. For this, consider, for each k, the algebraic span BV X, € AR Xy;
by Lemma 3.32, we have

B,V X = B, ® X; (3.91)

for some unital *-subalgebra By, of A. It now suffices to prove the proposition for By,
i.e. to show the existence of V as in Eq. (3.89) so that

VB < P L (HZi) ® {12[1-”]\%}} . (3.92)

i1€[m]

After all, this would imply that
(V®idx,..x,)(B;) € (V®idx,..x,)(Br V X§) = V(Bk) R X ® {]'X[n]\{k}} (3.93)

demonstrating Eq. (3.90).

Now, even if the algebras By, are factors, B might not necessarily be. To be able
to apply Proposition 3.31, therefore, we first project down using the central projectors
of By. We will henceforth drop the tildes on Bk, redefining By = Bj.. We also assume,
without loss of generality, that A = L(H 4) for a Hilbert space H 4.

Fix k € [n]. Asnoted after Eq. (3.83), the centre Z(Bj,) admits a basis {ﬂ-]igk}ikE[mk] C
Z(By,) consisting of mutually orthogonal projectors m* : Ha — Ha. Here my, is the
dimension of Z(By). Each algebra Bkﬂz’“ is a factor (see Eq. (3.83)) and >_; cjn, ﬂ'zk =
1a

Since all By, B; commute, we have [ﬂ,i’“, 7rlil] =0 for all k,1,4,7;. Hence, if we define
7= Tl - win for 7= (iy, 42, ..., i), then {n"}; forms a complete family of mutually

orthogonal projectors on H 4. This induces a subspace decomposition

Ha=EPHar, (3.94)
where H 4+ = m"H 4. Moreover, for each 7 = (i1, i2,...,i,) and k € [n], we have 7* € B},
Therefore, if we define

B} := Byn’, then we have Bj C @ B : (3.95)

1



68 3.6. APPENDIX: OPERATOR ALGEBRA AND PROOF OF LEMMA

in other words, By is block-diagonal in the decomposition defined by Eq. (3.94).

Now fix 7= (i1,42,...,4,) and k € [n]. We claim that B} is a factor. To see this,
note first that B,’; = Byn' = Bszkwf. As we noted above, the algebra Bkﬁ}i’“ is a
factor. Moreover, like By, itself, it commutes with all 77 and is therefore block-diagonal
in the decomposition of Eq. (3.94). Lemma 3.33 thus tells us that Bl = Bkﬂ']ikﬂj is
*_isomorphic to Bkﬂ']ik; in particular, it is also a factor.

We thus have n pairwise-commuting factor unital *-subalgebras B, ..., BZ of L(H 47).
By Proposition 3.31, then, there exists a unitary

vf:*HA;%HZf@...@HZZ (3.96)

that factorises H 4r into finite-dimensional Hilbert spaces H zi S0 that for each k,
VIBL(V')* C L(Hy) © {1Zf“m} . (3.97)

Finally, defining V := @.V": Ha = D- Q.. HZ}: and using Eq. (3.95), we get

VBV CV (@ B;;) v =@PVBLV)Y cPr (%ZZ) ® {1%%} . (3.98)
which is the desired result (3.92). O

We can now prove Lemma 3.27, which we restate for convenience.

Lemma 3.27. Let A, X1, ..., X, be finite-dimensional factor C*-algebras and let By C
AX 1 Xy Xy, for k € {1,...,n} =t [n] be unital factor *-subalgebras of their tensor
product so that

(i) Bk C (BYY for all k.1 € [n], ks #1;
(ili) A € Vyepn) Br, where \/ denotes the algebraic span.

Then there are finite-dimensional factor C*-algebras Zjy, for each k € [n] and a *-
1somorphism
VA 212y Zy (3.45)

so that, writing V for V ® idx,...x,,, for each k we have
V(By) C Zi, Xy, and (3.46a)
Z; =V(ANBy). (3.46Db)

Proof. First of all, assumptions (i) and (ii) and Proposition 3.34 above give us Hilbert
spaces H zi and a *_isomorphism V : A = L(Dicpm) e H z;) satisfying Eq. (3.90).
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By assumption (iii),

Ll P ®sz V) S \/ VB CPDL| Q@Hz | © X (399)

i€[m] k€[n ke[n] i€[m] ke[n]

where for the final inclusion we have used Eq. (3.90). Thus, every operator on the
Hilbert space @ie[m} (%) ken) H Al is block-diagonal in the direct sum indexed by ¢, which
can only be the case if the direct sum is trivial: that is, if there is only one i € [m]
for which ®k:e[n] Hz; has positive dimension. We can therefore drop the direct sum
and the index i, yielding Hilbert spaces Hz, for k = 1,...,n and a *-isomorphism
V:AS Qrejn) Zk, where Zy, == L(Hz,), satisfying Eq. (3.46a).

It remains to prove Eq. (3.46b). Fix k € [n]. We have Z, C V(A) C V¢, V(B1)
by assumption (iii). Moreover, by Eq. (3.46a), we have V(B;) C Z; whenever k # [; or,
equivalently, Z, C (V(By))". Therefore Z; C (Vle[n]\{k:} V(Bl))/. By Proposition 3.31,
there is a *-isomorphism ¢ : \/;c,y V(B1) = ®epn) V(Br) under which p(V(B))) =

/
V(B1) @ {1y(B,, )} for each L. Overall, then, we have (Z;,) C (@le[n]\{k} V(Bl)) N
®le[n] V(B;) =V(By) ® {1];(3["]\%})}, and therefore Z;, C V(By).
Since also Zj C V(A), we have Zj, C V(A N By). For the inverse inclusion, note
that by Eq. (3.46a),

V(A N Bk;) = V(A) N V(Bk) (leg Zn) N (Zk;Xk) = Z. (3.100)

This completes the proof. ]






Chapter 4

Relativistic, causal, and
compositional structure

A transformation of quantum systems may be deemed compatible with the relativistic
causal structure of a spacetime in several different senses. A global, top-down per-
spective dictates that the transformation must not enable signalling between spacelike
separated regions, a requirement we will call signal consistency. A stronger, bottom-up
requirement is realisability, meaning the transformation can be implemented by dy-
namics that are locally consistent with relativity theory. Realisability implies signal
consistency, and it is natural to ask whether the converse also holds: Is the absence of
superluminal signalling sufficient to conclude that a transformation is in fact realisable?

This question has been studied in various special cases in the quantum-information-
theoretic literature [8, 13, 35, 86], where transformations are quantum channels between
tensor products of input and output systems. Signal consistency and realisability are
properties of a channel that hold relative to a specification of a spacetime M as well as
localisations of the channel’s inputs and outputs at points in M; we shall refer to such
a specification as a spacetime situation M. In this setting, realising a channel means
implementing it by a quantum circuit whose gates are at spacetime points and whose
wires follow causal curves.

The answer to the question in italics turns out to depend on the particular spacetime
situation under consideration. Consider, for instance, the case of two input systems
A1, As and two output systems By, Bo. If By lies in the future lightcones of both A;
and Ao, while By lies in the future lightcone of As but is spacelike separated from A;
(Fig. 4.1a), then signal consistency implies realisability: indeed, any bipartite channel
£ : A1Ay — BB that features no signalling from A; to By can be implemented
without communication between those systems (see Definition 3.8 and [35]).! However,
in a Bell-like situation where By is also spacelike separated from As, the implication
fails [13].2 The paradigmatic example is the Popescu-Rohrlich (PR) box: it cannot

'In the terminology of [13, 35], “semicausal operations are semilocalisable.”
2“Not all causal operations are localisable.”

71
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be used to signal in either direction, yet any quantum circuit realisation would require
communication in at least one direction.

Constraints on communication between spacelike separated inputs and outputs are,
however, not the only spacetime-imposed limits on realisable channels. Consider instead
a setting where both B; and Bs are in the future lightcones of both A; and As. In this
case, signal consistency is a trivial constraint, but realisability may still be obstructed
by the absence of a point in the intersection of the future lightcones of A, A2 and the
past lightcones of By, By, where all systems can meet and interact. This constraint
on interaction has been studied extensively in the context of position-based quantum
cryptography and holography and has led to the development of protocols for non-
local quantum computation [14, 21, 34, 69, 92]. These provide realisations of arbitrary
quantum channels without relying on such interaction, instead making use of a shared
entanglement resource. This can generally, however, only be achieved approximately,
up to an arbitrarily small error [71].

In this chapter we examine how these ideas generalise to arbitrary, multipartite
spacetime situations M that may impose both communication (connectivity) constraints
(as in [8, 13, 35, 86]) and interaction constraints (as in [14, 21, 34, 69, 92]). We argue
for the significance of yet a third notion of compatibility with relativistic causality:
influence consistency, which asserts the existence of a wunitary dilation U of £ that
itself features no influences between spacelike separated inputs and outputs. Thus,
while signal consistency is an operational criterion that merely rules out violations
of relativistic causality on the epistemic level of the channel £, influence consistency
demands compatibility of £ with an underlying fundamental, unitary description
that is itself consistent with relativistic causality. Influence consistency is necessary for
realisability, and we conjecture that it, unlike signal consistency, is also sufficient for
approximate realisability. We show this in a number of special cases and make precise
the connection with causal decompositions.

We begin in Section 4.1 by reviewing the bipartite cases discussed above in more de-
tail and showing how considering influences through unitary dilations can shed light on
some phenomena encountered in the quantum-relativistic causality literature. In partic-
ular, we take a focus, in Section 4.1.2, on the Bell-like scenario with two-way constraints
from [13], where we show influence consistency is indeed equivalent to realisability. The
fact that channels like the PR box are, although signal-consistent, not realisable can
thus be explained by the fact that any hypothetical implementation would necessarily
involve superluminal influences on the fundamental, unitary level, even though those in-
fluences would not manifest as superluminal signalling on the observed level. We argue
that the latter can only be the consequence of a fine-tuned environment state. In ad-
dition, in Section 4.1.3 we discuss how also the phenomenon of jamming—encountered
elsewhere in the quantum relativistic causality literature [49, 53, 112-114]—while gener-
ally regarded compatible with signal consistency, cannot arise when imposing influence
consistency.

In Section 4.2, we define signal consistency, influence consistency, and realisability
for general, multipartite spacetime situations M, and state our main conjecture: that
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qn q2
\ p1 172/

Figure 4.1: (a) The spacetime situation M; considered in Section 4.1.1. Time flows
upwards. Input systems Ap, As are localised at spacetime points p1, po2, output systems
B, Bs at q1,q2. (b) A realisation of a quantum channel £ : A1 Ay — By Bs. The gates
are performed within negligibly small regions of spacetime and the wires follow causal
trajectories (i.e. everywhere time- or lightlike).

influence consistency with M is sufficient for approximate realisability in M. We allow
these realisations to be approximate rather than exact since this is all one can achieve
in the general case, as noted earlier in the discussion of nonlocal quantum computa-
tion. The conjecture boils down to the existence of approximate causal decompositions
of a particular shape: those consisting of local operations, shared entanglement, and
one round of non-interactive communication among a subset G of input-output pairs
(denoted LOSEC¢). We show using methods of nonlocal quantum computation [34]
that their existence, and the main conjecture, is completely equivalent to the existence
of general approximate causal decompositions (of any shape). We conclude by showing
that all Clifford unitaries admit exact causally faithful decompositions of the LOSECq
form.

4.1 Bipartite case studies

4.1.1 Omne-way constraint

Consider the situation depicted in Fig. 4.1a, inspired by Ref. [13]. At two points p; and
p2 in a spacetime Mj, highly localised quantum systems arrive with internal degrees
of freedom described by finite-dimensional Hilbert spaces Ha, and H4,. At two other
points ¢ € Mj, in the joint future of p; and po, and g2 € My, in the future of py but
spacelike separated from p;, two quantum systems Hp, and Hp, leave. We will refer
to the combination of this spacetime M, the quantum systems Ha,,Ha,, HB,, HB,,
and their localisations p1, po, q1, ¢2 as the spacetime situation My. Any other quantum
systems that might be present in the spacetime are not specified by M, neither is the
dynamics taking place between the incoming and outgoing systems. The restriction
of the dynamics to our four systems of interest, however, should no matter what be
describable by a quantum channel £ : AjAs — B1Bs. Recall from Chapter 3 that
we write X for £(Hx ), the algebra of linear operators on a finite-dimensional Hilbert
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space Hx,and XY =X QY =L(Hx) R L(Hy) 2 L(Hx @ Hy).

The channel £ : AjAy — Bi1Bs describes only the nonrelativistic, information-
theoretic facets of the dynamics concerning the systems’ internal degrees of freedom;
it is silent about any spatiotemporal aspects. The spacetime situation My, however,
constrains the possible dynamics £ that can take place. First of all, relativistic causality
imposes that it should not be possible to use £ for superluminal signalling. We intro-
duced the notion of signalling between inputs and outputs of a channel in Chapter 3
(Definition 3.8); this defines a property purely of the channel £, not a priori related to
relativistic notions. However, since in the present spacetime context, Ay, By is the only
input-output pair whose localisations in M are spacelike separated, we say that £ is
signal-consistent with M precisely if A; -»¢ Bs. Denote by

SCM1 = {5 : A]_A2 — BlBQ | £ is CPTP and A1 e BQ} (41)

the set of channels satisfying this constraint. (The constraint is called semicausality
in [13, 35].3)

Signal consistency is a global, top-down constraint on the overall channel &£; an-
other, conceptually distinct requirement is that £ can in fact be realised by dynamics
that are everywhere, locally, consistent with relativity theory. Following in spirit e.g.
Refs. [13, 14, 21, 34, 35, 69, 102], we restrict our attention to realisations expressed as
finite-dimensional quantum circuits embedded in the spacetime by placing all gates at
spacetime points and wires along causal curves. In the situation Mj of Fig. 4.1a, the
most general channel that can arise in this way is one implemented by a circuit of the
form depicted in Fig. 4.1b. Let us therefore call a channel £ : A; Ay — B B> realisable
in M, if it admits of a circuit decomposition of that form, a property referred to as
semilocalisability in [13, 35]. Denote the set of these channels by

H x finite-
dimensional; . (4.2)
F,G CPTP

Realp, =

How are signal consistency with and realisability in M related? First of all, if our
notion of realisability is any good, then no realisable channels should ever lead to super-
luminal signalling. We saw in Section 3.3 that if a channel has a circuit decomposition
of the form in Eq. (4.2), then it indeed satisfies the no-signalling relation A; +¢ Ba.
Moreover, thanks to [35], the converse also holds (see Definition 3.8). This purely non-
relativistic result about quantum channels therefore tells us that with respect to the
spacetime situation M7, a channel is realisable in M precisely if it is signal consistent
with My:

RealMl = SCM1 . (4.3)
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1B1 )BQ
q1 q2
p1 P2

Figure 4.2: (a) The spacetime situation Ms considered in Section 4.1.2. Similar to M;
in Fig. 4.1a, except that B; is now localised at a point ¢; outside the future lightcone
of pa. (b) A realisation of a channel £ : A; Ay — BBy by local operations and shared
entanglement.

4.1.2 Two-way constraints; the significance of unitary dilations

The same does not go through for other configurations of our four systems in spacetime.
Consider the spacetime situation My depicted in Fig. 4.2a: here, not only are A; and
B5 localised at spacelike-separate points, but Ay and Bj are, too. This setup is thus
akin to the standard setup of a Bell experiment—although the inputs and outputs here
are quantum systems, rather than classical variables. The appropriate notion of signal
consistency with Mo requires of a channel £ that it features no signalling between either

of these two input-output pairs:*

SCum, ={€: A1A2 — B1By | £ is CPTP and A; »¢ By and Ay »¢ B1}. (4.4)

The channels £ that are realisable in Ms,% on the other hand, are those that can
be implemented by local operations and shared entanglement (LOSE), as depicted in
Fig. 4.2b. They form the set

Realpy, =

Here, and in the following, we implicity quantify over finite-dimensional systems for the
internal wires of the circuit (in this case the two systems of the shared entanglement
resource) and over channels for its gates (in this case two channels and a state), similarly
to Eq. (4.2).

It is immediate that Realp, € SCay,: this follows from soundness of no-connectivity
for no-signalling (Proposition 3.13) and the absence of paths connecting A; to By and
Ay to Bj through the circuit in Eq. (4.5). This time, however, the converse inclusion
fails.

3Note however that while Refs. [13, 35] focus on cases with identical ingoing and outgoing systems
(A1 = B; and A; = By;), we allow them to be distinct and of potentially different dimensions.

“This property is called causality of £ in Refs. [13, 35], to contrast with the notion of semicausality
from Eq. (4.1).

°Or localisable, in the terms of Refs. [13, 35].



76 4.1. BIPARTITE CASE STUDIES

Proposition 4.1 (Beckman et al. [13]). There exist channels £ : A1 Ay — B1Bsy that
feature no signalling A1 +»¢ By and Ay +¢ By, but that nevertheless admit no decom-
position into local operations and shared entanglement. As a consequence,

Realp, € SCoy, - (4.6)

One example provided in Ref. [13] is the Popescu-Rohrlich (PR) box [80]. This is a
conditional probability distribution Ppgr(ab|zy) over four binary random variables, or,
in other words, a classical stochastic channel with two binary inputs z, y and two binary
outputs a, b; but like any classical channel, it can equally well be considered as a two-
qubit quantum channel Epr : A1As — B1By by pre- and post-composing it with,
respectively, measure and prepare channels in a fixed basis. This channel cannot be
realised by shared entanglement and local operations. Indeed, the PR box violates the
Tsirelson bound, which cannot be achieved by local operations on a shared entangled
state [31].

Signal consistency of a channel alone is thus not sufficient to conclude realisability.
Are there any stronger restrictions on the channel, then, that are sufficient? One suffi-
cient additional restriction noted in [13, 77] is unitarity: any channelf : A} As — B; B>
that is unitary and that satisfies A; -y B2 and Ay -y Bj factorises into a tensor
product U = U; ® Us of local unitaries Uy : Ay — By and Us : Ay — Bs and can
thus be realised in My even without using any shared entanglement.” To find a condi-
tion that is both necessary and sufficient for general channels, we look instead at their
unitary dilations. It will be useful to establish some notation.

Definition 4.2. For a finite-dimensional system H g, denote by ©(FE) the set of density
operators on Hg. For a unitary channel U : Aj Ao E — B; By F and a state p € D(E),
write £y, for the channel TrpU(— ® p) : A1 A2 — BBy, or, diagrammatically,

(4.7)

The pair (U, p) thus forms a unitary dilation of a channel (CPTP map) £ : A; Ay —
BB, it & = £y). Every channel has a unitary dilation by the classic result of
Stinespring [95].

Whilst a channel £ describes only the epistemic, operational aspects of a physical
process, a unitary dilation describes a possible underlying, fundamental dynamics. As

SAt this point it is worth emphasising that our interest lies in quantum circuit realisations. In the
literature one occasionally runs into (hypothetical) generalised, post-quantum theories that can realise
PR correlations even with circuits of the form of Eq. (4.5) [10, 24, 29], but we do not consider such
theories here.

"Note that this can be regarded as a special case of our Theorem 3.23.
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before in Chapter 3, we shall refer to signalling relations through such a unitary chan-
nel as (causal) influence, rather than signalling. Crucially, a channel £ admits many
different unitary dilations: indeed, distinct dynamics on the fundamental level may be
indistinguishable on the observed level (without access to the environment system). In
particular, therefore, the presence or absence of causal influence on the unitary level
is not a property of £ itself, but rather of one of its particular unitary dilations. Nev-
ertheless, causal influences have consequences for signalling; we have, for instance, the
following extension of Proposition 3.20.

Proposition 4.3. Let U : A1AsE — B1BoF be a unitary channel. Then for any p €
D(E), no-influence relations through U imply no-signalling relations through Eup): in
particular,

A1 Y Bz - A1 —/->g<M7p BQ. (48)

)

The converse implication may, however, fail. Moreover, in case it fails, i.e. if A1 —y Bo
but there exists p € D(E) so that A, »Eu., B2, then the set of states p for which
A #Eu., B2 forms a lower-dimensional surface in D(E), and therefore is of zero
Haar measure.

In other words, influence present on the fundamental level is not necessarily observ-
able as signalling on the operational level—but when that is the case, it can only be the
result of fine-tuning of the environment state p.

Proof. The implication in Eq. (4.8) is a special case of Proposition 3.20; the fact that
the converse can fail is witnessed by the channel in Eq. (3.30). For the final statement,
consider the set S C D(FE) of states p that satisfy the no-signalling condition A; P
Bs. This is a linear constraint on p (see Definition 3.8), so S forms an affine subspace
of ®(E). Now, the assumption that A; —y By implies that there exists at least one
p € ©(E)\S. This is enough to conclude that S is a strict, and hence lower-dimensional,
subspace of D(E). O

Let us now return to the context of the spacetime situation My in Fig. 4.2. Rather
than only imposing that a channel £ cannot be used to signal superluminally, it makes
sense to also consider the stronger requirement that it is consistent with fundamental
unitary dynamics featuring no superluminal influences. After all, superluminal influ-
ences are at odds with the spirit of relativistic causality even if they are hidden from
observation by a fine-tuned environment; and by the above, even the slightest perturb-
ations to the environment would almost surely® reveal them. We will therefore consider
a channel £ : A1 Ay — By B> to be influence-consistent with M, if it admits of a unit-
ary dilation (U, p) satisfying the no-influence conditions A; -y Ba and Ay —y; By.”

8i.e. with probability 1.

9The term consistent has two meanings here: it expresses the requirement that £ has unitary dilation
U, i.e. is consistent with having arisen from fundamental dynamics U (even though &£ also has many
other unitary dilations) and also that I/ is, in turn, consistent with relativistic causality in the context
of the spacetime situation Ma.
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Denote the set of such channels by
ICym, ={€: A1As — B; By | £ has a unitary dilation (U, p) satistying

A1 U B2 and A2 U Bl} (49)

Contrary to signal consistency, influence consistency turns out to be both necessary
and sufficient for realisability in Mo.

Theorem 4.4. A channel £ : A1Ay — B1By has a unitary dilation (U, p) satisfying
A1 »y By and As »y By if and only if it has a decomposition into a local operations
and shared entanglement. In other words,

Realpg, = IC, - (4.10)

Proof. Suppose first that £ admits a decomposition into local operations F, G and shared
entanglement o. Dilate F and G to unitary channels U; and Us:

&

1

ul y ?\ (4.11)

Rvav/k
Al\’ A

/7
N

The unitary U := Uy @Us then forms a dilation for the channel £, whose dilation state is
the tensor product of ¢ and the two dilation states arising from the dilations of F and
G. U being a product unitary, it clearly has no influence A; -y By and As -y Bj,
and thus demonstrates influence consistency of £ with Ms.

Now suppose, conversely, that £ is influence-consistent with My, i.e. has some unit-
ary dilation (U : A1 AsE — B1BsF, p) satisfying A; - B and Ay -y B;. Tripartite
unitaries with precisely this combination of no-influence constraints have been studied
in detail in [4, 62]. As we discussed in Section 3.4.2, Ref. [62] showed that each such U
admits a causal decomposition of shape Lc,; as a result, there exist systems C, D, E, F'
and channels D, F,G,H so that

, (4.12)

where we have re-ordered the systems of U for clarity and have used, for the last equality,
the fact that H is trace-preserving. (See [4, §III-D] for an alternative proof.) O

What does this result mean for channels like Epr, which we saw is signal-consistent
with My yet not realisable? By Theorem 4.4, Epg is also not influence-consistent. Of
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Figure 4.3: (a) The spacetime situation M3 of Section 4.1.3. The shaded area is the
intersection of the future lightcones of ¢; and g2. (b) A realisation of a channel in Ms.
The system A can never reach B or By via causal trajectories, so can be traced out
immediately.

course, it still has unitary dilations, as any channel does. What failure of influence
consistency tells us is that no matter what the actual fundamental unitary interaction
underlying a particular occurrence of Epr was, it must have involved causal influences
that in the context of My would count as superluminal-—even though those influences
were not observed on the operational level as signalling through Epg itself. Moreover,
by Proposition 4.3, the latter fact must have been a consequence of fine-tuning of the
environment state. Had the environment state been even slightly different, a channel
would almost surely have occurred that was not signal-consistent with Ms—and thus
obviously not realisable in it, either. The same can be said for any other channel that,
like EpR, is a member of SCy, \ Realp,.1°

Before continuing, it is worth noting that the distinction between signalling and
influence, and the resulting separation between signal consistency and realisability, is
by no means unique to quantum theory. In a classical theory described by determ-
inistic functions on the fundamental and stochastic channels on the epistemic level,
the presence of influence through a functional dilation of a stochastic channel is per-
fectly compatible with an absence of signalling through the channel itself (the PR box
Ppr(ablzy) being an example). The distinction between signalling and influence has
also been highlighted in the context of post-quantum correlations, especially in relation
to so-called jamming scenarios [112-114], which we now turn to.

4.1.3 Jamming and causal atomicity

The relevance of unitary dilations also becomes apparent in another simple spacetime
situation, which we will briefly discuss here. Consider the situation M3 depicted in
Fig. 4.3a, involving only a single input A; and two outputs By, By. Denoting by J*(p)
the future lightcone of a spacetime point p, we see that q1,q2 ¢ J7(p1). Therefore,
signal consistency of a channel £ : Ay — B1 B> with M3 should imply that Ay »¢ B

!ONote that while all channels in the set SCaq, \ ICat, must have arisen from a fine-tuned process,
in the sense just described, the set itself is of nontrivial size: relatively in SCa4,, it has a non-empty
interior (it includes a ball around Epr that is sufficiently small such that all channels in the ball still
can be used to violate the Tsirelson bound). Then again, in light of the present discussions, one may
argue that SCay, is not an appropriate set to measure against.
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and A1 -¢ Bs. These two conditions do not, however, suffice to rule out signalling to
the composite system A; —¢ B1Bs: letting £ be, for example, the channel

B, |B, B, |B: T
= (4.13)
Al Ay

from Section 3.4.3, we see that the input state on A; determines the correlations between

B; and Bsy, but not the marginal states on either output (which are maximally mixed
no matter the state on Ay).

We are left with the question: should channels like £, in which A; —»¢ B; for
i =1,2 but Ay —¢ B1Bs;, be considered signal-consistent with the spacetime situation
M3? This parallels a question asked in the literature on jamming correlations between
classical random variables [49, 53, 112-114]. The crucial feature of M3 in Fig. 4.2a that
we have thus far left unmentioned is that the intersection of the lightcones J*(q1) N
JT(qo) lies wholly within J¥(p;). Thus, while an agent with access to A; can indeed
send a message to the system BjBo, this message can only be deciphered by an agent
with access to information from both systems, who must therefore be in the future of
p1. Following [49, 53, 112-114], we therefore regard signalling to the composite system
B B as compatible with the (weak, operational) notion of signal consistency and define
the set of channels signal-consistent with M3 to be

SCM3 = {8 : A1 — BlBQ ‘ & is CPTP and A1 e Bl and A1 e BQ} (414)

That is not to say, of course, that channels like that in Eq. (4.13) are also realisable.
Indeed, a circuit realisable in M3 cannot have any wires from A to either of By and
B>, and therefore the only realisable channels £ : A; — B B> are those that discard
the input A; and prepare a potentially entangled state on By and Bs:

B, B,
Realpy, = —T ?7/ pEeD(B1B?) ;. (4.15)
As

It is clear that no realisable channel has signalling A1 —¢ B1Bs. In conclusion, here we
have another situation Mg where, just like for My in Section 4.1.2, signal consistency
is not sufficient for realisability: Realxyq; C SCays.

But also in the case of M3, the situation changes once we start considering, rather
than signalling through channels, causal influences through their unitary dilations. The

set of channels influence-consistent with M3 is, by analogy to Eq. (4.14),

ICm, =={€: A1 — B1 B> | £ has a unitary dilation (U, p) satisfying
Al —-Y Bl and Al Y Bg} (416)

Just as the case for signal consistency, we have not a priori enforced the no-influence
relation A1 -»y B1Bs. However, in the case of unitary transformations like U, the
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Figure 4.4: (a) The spacetime situation My from Section 4.1.4. The shaded area is the
intersection of the future lightcones of p; and po and the past lightcones of ¢; and ¢o.
(b) Any bipartite channel can be realised simply at a point within the intersection of
the four lightcones.

property of causal atomicity we encountered in Section 3.3.1 means that it is implied
by the single-system influence relations:

A1 Y BlBQ < A1 Y Bl and A1 Y B2. (4.17)

Causal atomicity thus rules out jamming-like behaviour as in Eq. (4.13) when influence
consistency is imposed. More precisely, we have the following.

Proposition 4.5. Realpy, = ICp; € SCoyy.-
Proof. To show that ICxr; € Realp,, suppose that £ has some unitary dilation U :
A1 E — B B>F satisfying the no-influence conditions Ay —»y Bi and A1 -»y Bo.
Causal atomicity tells us that in that case, A1 -»y B1B> either. As a result of Pro-
position 4.3, £ itself then also has no signalling A; ¢ B1Bs. The fact that £ has a
circuit decomposition as in Eq. (4.15) is nothing more than a restatement of that fact.

For the converse direction Realyq, € ICpy,, note that any channel £ : A; — B1 By
with a circuit decomposition as in Eq. (4.15) has a unitary dilation (U, p) with dilating
systems F = B1By and F := A;i: it is given by the unitary &4 = id : A1 B1By —
A1 B1B; and dilating state p € ©(E) = ©(B1Bs). This unitary clearly satisfies the
required no-influence conditions from Eq. (4.16).

The strict inclusion ICpq; © SCayq, is now a consequence of what we already noted
after Eq. (4.15). O

4.1.4 Nonlocal quantum computation

Before we can move on to the general, multipartite case in Section 4.2, we will need to
consider two final bipartite examples My and M5 in Figs. 4.4a and 4.5a. The relativistic
structure of each of these situations is deceivingly simple: each output By, B> is in the
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Figure 4.5: (a) The spacetime situation M3 from Section 4.1.4. The future lightcones of
JT(p1) and J*(p2) are themselves not illustrated, but their intersection forms a region
which has an edge in the shape of the hyperbola in the (x,t)-plane. The points ¢; and
g2 are localised within this intersection, but so close to the hyperbola that their own
past lightcones do not intersect within J*(p1) NJ ™ (p2). As a result, the intersection of
these four lightcones is empty. (b) A realisation of a channel in M by local operations,
shared entanglement, and one round of non-interactive communication.

future lightcone of each input A, As. Therefore the top-down constraints of signal
consistency and influence consistency become trivial and are satisfied by all channels:

SCM4 = SCM5 = ICM4 = ICM5 = {5 : A1Ay — BBy ‘ £ is CPTP}. (4.18)

Whether all channels are also realisable however depends on the more fine-grained struc-
ture of the spacetime.
In the (1 + 1)-dimensional Minkowski spacetime situation My, any channel £ can
be realised:
Realpg, = SCa, - (4.19)

This can be done simply by sending both inputs A; and As to a point in the diamond-
shaped central region; realising £ there; and sending the resulting systems B; and B>
out to ¢ and g9, respectively (see Fig. 4.4b). This protocol relies on the fact that this
central region, which is the intersection of the future lightcones of p; and ps and the
past lightcones of ¢; and g2, is non-empty.!

Consider now the (2 + 1)-dimensional Minkowski spacetime Ms of Fig. 4.5a. Just
like in My, each of the outputs is localised in the future lightcones of both inputs.
However, M5 lacks a central region as in My: that is, the intersection of the future
lightcones of p; and po and the past lightcones of ¢; and ¢y is empty (see the caption
of Fig. 4.5). A protocol as in My, involving an interaction between all four systems
simultaneously, is therefore impossible. Direct, non-interactive communication between

"'This can be seen as a consequence of the fact that g1 and gz are both in the future of (read: are
upper bounds of ) p1 and p2, combined with the fact that the metric-induced order on (1+1)-dimensional
Minkowski spacetime is a lattice. Crucially, the latter property is not satisfied by (d + 1)-dimensional
Minkowski spacetime when d > 1.



4. RELATIVISTIC, CAUSAL, AND COMPOSITIONAL STRUCTURE 83

the inputs and outputs can still take place, however, and also pre-shared entanglement
can be used: see Fig. 4.5b. The realisable channels are therefore those with circuit
decompositions of the following shape.

Realy, = (4.20)

The question thus arises: can every channel that is influence consistent with Ms—
that is, just any channel £ : A1 Ay — B Bs—be realised by a circuit of this shape? This
has been extensively studied in the literature on position-based quantum cryptography
and holography [14, 21, 34, 69, 92], where circuit implementations of this shape are
referred to as nonlocal quantum computation.'> The answer is subtle, as it depends on
whether one is content with approximate realisations.

Proposition 4.6 (Beigi and Konig [14], Buhrman et al. [21] and Miller and Alnawakhtha
[71]). Any channel £ : AjAs — B1Bs can be arbitrarily closely approximated, in the
diamond norm, by nonlocal quantum computations (circuits of the form of Eq. (4.20)).
Howewver, some channels can only be realised approzimately, and not exactly. As a result

of this and Eq. (4.18),

Realr, € Realpy, = ICa1; = SCs, (4.21)

=

where Realpq, is the closure of Reala, in the diamond norm.

The diamond norm provides a well-motivated metric of operational distinguishability
on the space of quantum channels [2, 47]. The fact that all channels can be approximated
by nonlocal quantum computation was first proven in generality by Buhrman et al. [21],
expanding on a technique for nonlocal measurements by Vaidman [103] that uses N
rounds of teleportation, where N grows rapidly with the inverse of the desired error
level. Beigi and Konig [14] subsequently described a protocol based instead on port-
based teleportation which generally requires less entanglement for the same error level.
Significant work has since been devoted to bounding the amount of required shared
entanglement. Some particular classes of channels are known to be eractly realisable
by nonlocal quantum computation with a finite amount of shared entanglement (see

2That term is usually reserved for implementations where the communication between A; and B:
and between A, and B;—i.e. that going along the diagonal wires in Eq. (4.20)—is purely classical.
However, any protocol as in Eq. (4.20) with quantum communication can be replaced by one with
classical communication by increasing the amount of shared entanglement and using teleportation. For
the purposes of this work, we put no bounds on the amount of available entanglement, and wherever
communication is allowed (i.e. by the spatiotemporal structure) we do not impose that it be classical.
Therefore, we will refer also to protocols with full quantum communication as nonlocal quantum com-
putation.
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e.g. [48, 92, 121] and Section 4.5), but Miller and Alnawakhtha [71] recently showed this
not to be the case for all channels [71].

This last result implies the strict inclusion in Eq. (4.21) and shows that in gen-
eral spacetime situations M, one may only expect influence consistency with M to be
sufficient for approximate realisability in M.

4.2 Definitions and conjecture in the multipartite case

In the previous section, we have considered, in five simple scenarios, whether demand-
ing that a quantum channel is signal-consistent—i.e. that it displays no superluminal
signalling relative to a given localisation of its input and output systems—is sufficient
for it to be realisable. We recalled from previous literature that in general, it is not. We
proposed a stronger condition called influence consistency, expressing compatibility of
the channel with an underlying unitary dynamics that itself has no superluminal influ-
ences. We saw that influence consistency can be sufficient for realisability in cases where
signal consistency is not (in My and M3). However, we also saw that not all influence-
consistent channels can always be realised ezactly, and that one needs to be content
with arbitrarily close approximations (in Mj5). Here we will pose a conjecture that
generalises these bipartite cases to configurations of arbitrarily many input and output
systems in spacetime. Let us start by generalising some of the notions encountered in
the previous section.

4.2.1 Preliminary definitions
Definition 4.7. A spacetime situation is a tuple of the form
M= (M,=4,p:A— M,q:B— M), (4.22)

where M is a spacetime (time-oriented Lorentzian manifold without closed causal curves),
=g is the partial order induced on its points by the spacetime metric, A and B are arbit-
rary finite sets and p, g are arbitrary functions. We will write p, := p(a) and ¢, := ¢(b)
for a € A,b € B, and refer to these spacetime points as the input and output points,
respectively. For simplicity, we assume that there exists a point p € M that lies to
the common past of all input and output points. This is to accommodate for shared
entanglement in Section 4.3.13

In the terminology of Chapter 2, M is a particular kind of ‘circuit shape’. As such,
it defines a ‘connectivity’ relation Gaq C A X B, in this case encoding the relativistic
causal relations between all input and output points:

Va€eA,beB:(a,b) € Gp < pPa 2y Go- (4.23)

3The notion defined here is closely related to that of a relativistic quantum task considered in Refs. [34,
55, 69]. A relativistic quantum task additionally includes the specification of a quantum channel or set of
quantum channels that one desires to realise, and the problem is to solve whether a relativistic quantum
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The quantum transformations of interest, constrained by the spacetime situation, are
quantum channels € : Ay — Bg defined with respect to choices of (finite-dimensional)
quantum systems A, for a € A and Bg for b € B (recall our notation from Section 3.1).

Remark 4.8. In contrast to the special cases discussed in Section 4.1, in the definition of
a general spacetime situation above we have only included the specification of quantum
system labels (elements of A and B) and not of quantum systems themselves. We do
this to draw a closer parallel to Chapters 2 and 3. As a result, the classes of channels
SCa, IC A, and Realp defined below are proper classes rather than sets. However,
to be able to compactly state the implications between signal consistency, influence
consistency, and realisability, we will continue to speak in terms of inclusions between
these classes. Moreover, we will use the closure notation Realys to denote the proper
class of channels approximately realisable in M in the diamond norm, even though this
is strictly speaking no longer a closure of a set in the topological sense. /

Recall from Section 4.1.3 that defining signal-consistency with respect to a spacetime
situation generally requires a consideration of signalling relations between collections of
input and output systems.

Definition 4.9. Let M be a spacetime situation defined on the sets A and B, let A, and
By, for a € A;b € B be quantum systems and let £ : Ay — Bg be a quantum channel. £
is signal-consistent with M if

Va€A,BCB: Ay e By = [T (@) €T (pa), (4.24)
bep

where J1(p) is the (closed) future lightcone of p € M. Denote the class of all signal-
consistent channels, for any choice of quantum systems A, and By for a € A and b € B,
by SCag.

This is operationally motivated as follows: if A, —¢ Bpg, then an agent located at or
before p, and with access to input system A, can send a signal that can generally only be
decyphered by an agent with access to all of the systems By, for b € 8. The earliest those
systems can be brought together is in the region (), g T (pp), s0 a necessary requirement
for subluminality of signals is that that region lies within the future lightcone of p,. If
a signal could in fact already be detected with access to fewer systems, that is, if
A, —¢ Bg for some minimal ' C 3, then the required subluminality is guaranteed by
Eq. (4.24) applied to 5.

One might wonder whether a stronger constraint could be obtained by also consid-
ering composite input systems A, (o C A). However, an inspection of the proof of
Proposition 3.11 reveals that generic channels satisfy a weak version of atomicity, which
has been called domain atomicity [117]: for any channel £ : Ay — Bpg and subsets

task is possible or not. Here, we instead aim to characterise the entire class of channels that can be
approximately realised in a given spacetime situation.
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a C A, B C B, there is signalling A, —¢ Bg if and only if A, —¢ Bg for at least one
a € a. The condition in Eq. (4.24) does therefore not need to be strengthened.

We move on to influence consistency. The fact that causal influences through unitary
channels are atomic in their codomain as well as their domain allows the definition to
be further simplified.

Definition 4.10 (Influence consistency). € : Ay — Bpg is influence-consistent with M if
it admits of a unitary dilation—a unitary channel i/ : Ay E — BgF and state p € D(E)
so that £ = TrrpU(— ® p)—satisfying

Va€ A, BCB: Ay =y By = [|J (q) C T (pa). (4.25)
bep

By causal atomicity (in the domain as well as the codomain; see Proposition 3.11), this
is equivalent to the condition that Va € A,b € B: A, =y By, = pa =4 @, or, stated
even more simply,

Gu N (A XB) C G, (4.26)

where Gy is the causal structure of U from Definition 3.12.

Denote by IC 4 the class of all quantum channels influence-consistent with M. Let
IC( moreover denote the class of quantum channels obtained as limits lim, o0 &
A, — Bg of diamond-norm-converging sequences of channels {&, : Ay — Bg}o2, C
IC .

Definition 4.11. Recall from Definition 3.1 that a quantum circuit P is a finite circuit
shape P equipped with a quantum semantics. We will say that P is implementable in a
spacetime situation M if there exists a circuit shape morphism f : P — M, and that a
quantum channel £ : Ay — Bg is realisable in M if it admits of a circuit decomposition
P that is implementable in M. Denote by Reals the class of channels realisable in M.
Moreover, £ is approximately realisable in M if £ is a limit £ = lim,_, &, of a diamond-
norm-converging sequence of realisable channels {&, : Ay — Bg}®; C Realy. The
class of approximately realisable channels is denoted by Real /.

Recall from Definition 2.4 that a circuit shape morphism f : P — M is a func-
tion mapping gates (elements of P) to spacetime points (elements of the spacetime M
underlying M) such that

e fis order-preserving: for r,s € P, r <p s = f(r) =4 f(s);
o for all a € A, f(Ap(a)) =g Pa;
e for all b € B, f(ue(b)) =4 Go-

These three conditions respectively guarantee the existence of causal curves for all in-
ternal wires of the circuit, all input wires of the circuit, and all output wires of the
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circuit. The existence of such a morphism therefore indeed captures the right notion of
implementability of a circuit in the spacetime situation M.

Finally, note that by virtue of Proposition 2.22, the connectivity relation Gp of an
implementable quantum circuit always satisfies

Gp C Gum. (4.27)

4.2.2 Main conjecture

Having now defined notions of signal consistency, influence consistency, and realisab-
ility for general spacetime situations, what can we say about their relationship? The
straightforward directions are the following.

Proposition 4.12. Let M be any spacetime situation. We have
Realp; C ICp C SCpy . (4.28)

Proof. Suppose that £ : Ay — Bpg is a quantum channel realisable in M, and let P
be the circuit decomposition of £ implementable in M. By Proposition 3.21, £ has a
unitary dilation U : AyE — BgF satisfying Gy N (A xB) C Gp. Since implementability
implies that Gp C G, this means that Gy N (A x B) € G so that £ is influence-
consistent with M by Eq. (4.26). This proves the first inclusion. The second inclusion
follows from Proposition 3.20. 0

More interesting are the opposite inclusions. Let us first recall what the examples in
Section 4.1 had to say about this. First of all, the cases of M7 and M, witnessed equality
of all three sets in Eq. (4.28): in these cases, both influence consistency and signal
consistency were necessary and sufficient for realisability. In My and M3, on the other
hand, we found channels—exemplified by the PR box and the channel in Eq. (4.13)—
that were signal-consistent but not influence-consistent: as a result the second inclusion
in Eq. (4.28) was strict, and signal consistency was insufficient for realisability. In those
same cases we however saw that influence consistency was sufficient: the first inclusion
in Eq. (4.28) was saturated (Theorem 4.4 and Proposition 4.5). Finally, in M5 even
influence-consistency was not sufficient for realisability itself, but only for approzimate
realisability (Proposition 4.6). This leads us to pose the following conjecture for the
general case.

Conjecture 4.13. Let M be a spacetime situation. We have
IC ¢ C Realpy : (4.29)

that is, any channel that is influence-consistent with M is approxzimately realisable in

M.
This is equivalent to ICq C Realys and therefore, by Proposition 4.12, to

Realp; = IC (4.30)
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that is, ‘up to arbitrarily small errors’, influence consistency is both a necessary and a
sufficient criterion for a channel to be realisable in a spacetime situation.

Remark 4.14. It is worth noting that the class SCyq always closed in the diamond
norm, since the absence of signalling between subsystems is a linear equality constraint
on channels. Realps, on the other hand, is not always closed: counterexamples are
M3, as a consequence of [71] (see Section 4.1.4), and Mo, as a consequence of results
from [60, 90]. Since Theorem 4.4 showed that Realys, = ICa4,, we see that the set IC
is generally not closed either. /

4.3 Characterising approximate realisability

As in the bipartite cases we investigated in Section 4.1, proving realisability of a channel
in a given spacetime situation M can always be reduced to showing the existence of
an appropriate circuit decomposition whose shape is constrained by M. One way in
which a spacetime situation constrains a circuit is via its connectivity, which necessarily
satisfies Gp C Gaq. If M is a lattice (Definition 2.27), as (1+1)-d Minkowski spacetime
for instance is, then this is in fact the only constraint.

Proposition 4.15. If the partial order underlying spacetime situation M is a lattice, then
a quantum circuit P is implementable in M if and only if Gp C G .

Proof. The ‘only if’ direction was already noted in Eq. (4.27). For the ‘if’ direction,
let P be the circuit shape underlying P; by definition of a quantum circuit, P must be
finite. We need to show that there exists a circuit shape morphism f : P — M. This
follows by a proof similar to that of Lemma 2.34. For that result, we assumed that the
codomain of f is a complete lattice (see Definition 2.27). However, since P is finite, the
joins and meets in the proof of Lemma 2.34 are all finite, too, so assuming that M is a
(potentially non-complete) lattice suffices. O

More general spacetimes however, like the (2 4 1)-d case in Fig. 4.5, also constrain
the presence of interaction gates in implementable circuits, which turned out so crucial
for the study of causal decompositions in Chapters 2 and 3. The circuit shape that
incorporates both connectivity and interaction constraints in the general case is the
following.

Definition 4.16. Let G C A x B. The circuit shape consisting of local operations, shared
entanglement and one round of non-interactive communication along G, abbreviated
by LOSECg, is the tuple

LOSECqg = (AUBU{r}, <, A\ p) (4.31)
where < is the minimal order on A LIB U {r} satisfying

er<aandr<bforallacAbeB
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e a < b for a €A b € B satisfying aGb.

Writing A = {a1,as,...,a,} and B = {by,ba,...,b,}, it has circuit diagram

; (4.32)

TN ;

a as am

the obscured part labelled by GG contains a wire from a to b iff aGb, and no gates.

Note that the circuits in Figs. 4.1b, 4.2b, 4.3b and 4.5b in Section 4.1 are all of the
LOSECGMi form for ¢ = 1,2, 3, 5, respectively, although in the case of M; in Fig. 4.1b
no shared entanglement is in fact needed.

Similarly to Corollary 2.43 about the similar circuit shape Bg, a LOSECg circuit can
be implemented in a spacetime situation M precisely if G C G rq (whether or not M is a
lattice). In particular, the gate r should be localised at a point in the past of all its input
and output points p, and g, whose existence we have assumed in Definition 4.7. For a
channel £, having approximate LOSECg ,, decompositions is thus a sufficient condition
on a channel for being approximately realisable in M. By the following result, it is also
necessary. This relies heavily on the shared entanglement provided by r. The result was
first shown by Dolev [34], whose proof described in detail the particular teleportation
procedures required. Here we give an alternative, diagrammatic proof.

Theorem 4.17. If a quantum channel € has a circuit decomposition P with connectivity
Gp, then it is approzimated by LOSECq, circuits. As a result, the following are equi-
valent for any quantum channel € : Ay — Bg and spacetime situation M defined on A
and B.

(i) & is approzimately realisable in M.
(ii) & is approximated by circuits P with connectivity Gp C G .

(ili) & is approximated by circuits with shape LOSECgq,,.

Lemma 4.18 (Multipartite nonlocal quantum computation). Any quantum channel & :
A, — Bg can be arbitrarily closely approximated, in the diamond norm, by circuits of
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the shape LOSECyxg, i.e. the circuit shape with diagram

by ba brn

-

(4.33)

a; az am

Proof. A variant of this result is shown explicitly in Buhrman et al. [21, Appendix B]
by a back-and-forth teleportation strategy; an alternative protocol using port-based
teleportation can be obtained by generalising the bipartite case described by Beigi and
Konig [14]. O

Lemma 4.19. Suppose that £ : Ay — Bg has a circuit decomposition P which is of the

B, B., B.,

P = P : (4.34)

/

form

B S oty R NG |
L T[]

Aa |Ag

am

where P is a quantum circuit withn > 0 gates. Then for anye > 0, € is e-approzimated,
in the diamond norm, by a quantum circuit P' which is also of the form of Fq. (4.34),
but where P has n — 1 gates. Moreover, the connectivity relation remains unchanged:
Gp =Gp.

Proof. Assume that £ has a decomposition P of the form in Eq. (4.34); let ¢ > 0; and
consider an arbitrary gate D of P. By Lemma 4.18, D is e-approximated by a circuit of
the form in Eq. (4.33). Applying this approximation within the context of the circuit
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P, we get

(4.35)

The approximation above still holds to an error level not greater than ¢, as pre- and
postcomposition with CPTP maps never increases the diamond distance [47]. In the
final step, we have merely re-organised the position of the gates on the page. A new
circuit of the form of Eq. (4.34) can now be constructed by considering each of the circuit
fragments encapsulated in a dashed box in Eq. (4.35) as single gates, and incorporating
the shared entangled state at the bottom of the diagram into the shared entanglement
resource of Eq. (4.34). By construction, the resulting circuit P’ has one fewer internal
gate but unchanged connectivity Gpr = Gp. O

Proof of Theorem 4.17. Let £ : Ay — Bpg be a channel with circuit decomposition P.
Our aim is to show that £ is approximated by LOSECgq,, circuits. First, we bring P
into the form of Eq. (4.34). To that end, add onto each individual overall input and
output wire A, or By, of P a gate corresponding to the identity transformation on that
system. This yields a circuit

(4.36)

which is of the form of Eq. (4.34) with P = P. Clearly, P’ still implements £ and has
connectivity relation Gpr = Gp.

Let € > 0. If P had n gates, apply Lemma 4.19 n times, each time constructing an
approximation to within €/n. The resulting circuit is an approximation of £ to within
e. Tt has connectivity Gp and is of the form of Eq. (4.34) for a circuit P that has zero
gates; in other words, it is a LOSECg, circuit. This completes the proof of the first
statement of Theorem 4.17.

The equivalence of conditions (i)—(iii) is now immediate: (i) = (ii) follows directly
from Eq. (4.27), (ii) = (iii) from the first claim of Theorem 4.17 just proven, and
(iii) = (i) from the discussion preceding the Theorem. O
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Example 4.20. Any circuit with shape Lc, can be approximately rewritten into the
LOSEC¢, form:

(4.37)

The LOSEC¢, circuit on the right can be implemented in any spacetime situation M
with C3 C G while the Lo, circuit on the left cannot necessarily: no appropriate
localisations exist for its leftmost and rightmost gates in spacetimes that, like My in
Fig. 4.5, lack the required four-way intersections of lightcones. /

4.4 Equivalence to causal decompositions

Conjecture 4.13 posed that influence consistency with a spacetime situation M is a
sufficient criterion for approximate realisability in M. By Theorem 4.17 above, deciding
the latter boils down to deciding the existence of approximate circuit decompositions
with appropriate connectivity. Since, on the other hand, influence consistency is a
property of a quantum channel expressed in terms of influence relations through unitary
dilations, this means that Conjecture 4.13 is closely related to the existence of causal
decompositions of unitary transformations that we studied in Chapter 3. More precisely,
consider the following weakening of the notion from Definition 3.15.

Definition 4.21. Say that a relation G C AxB implies approximate causal decompositions
if for each choice of quantum systems A, for a € A and By for b € B, every unitary
channel U : Ay — Bg with causal structure Gy C G is the limit, in the diamond norm,
of quantum circuits P satisfying Gp C G. Note that the gates in these circuits need
not be unitary themselves: that is not a relevant requirement in the context of the
spacetime realisability question of Conjecture 4.13.

Of course, if a relation implies (exact) causal decompositions in the sense of Defin-
ition 3.15 then it also implies approximate causal decompositions. This allows us to
carry over results from the study of causal decompositions to solve special cases of
Conjecture 4.13. In particular, Theorem 4.17 leads to the following.

Definition 4.22. For any binary relation G C A x B, let the augmented relation G¥ C
(AU{e}) x (BU{f}) be

G =GU({e} xB)U (A x {f})U{(e, 1)} (4.38)
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for some e ¢ A and £ ¢ B. That is, it is the maximal relation on (AU {e}) x (BU {£})
so that G* N (A x B) = G.

Corollary 4.23. Let M be a spacetime situation. If Gﬁw implies approximate causal
decompositions, then IC y C Realp.

Proof. Suppose that £ : Ay, — Bg is influence-consistent with M, meaning it has a
unitary dilation i/ : AyE — BgF with dilation state p € D(F) satisfying GyyN(AxB) C
G (see Eq. (4.26)). If we associate the quantum systems E and F with the labels
e and £, respectively, this last statement says precisely that Gy C GB\A‘ Since by
assumption Gg\/t implies approximate causal decompositions, this means U/ is the limit
lim,, EPﬂ of quantum channels 5P7,3 : AE — BgF implemented by circuits P,E that

satisfy G P C G. For each n, preparing the state p on the input wire E of P}} and
tracing out F' yields a circuit P, that instead implements a channel £p, : Ay — Bs.
The resulting circuits P, satisfy Gp, C G pil (A xB) C Gaq. Moreover, since preparing
p and tracing F' cannot increase the diamond distance, we have £ = lim, €p,. The
channel & thus satisfies (ii) of Theorem 4.17, meaning it is also approximately realisable

in M. O

One way to arrive at a class of special cases of Conjecture 4.13 is thus to use our
main result of Chapter 3, which entails that any relation G satisfying the C3 exclusion
property (C3-EP) implies (unitary and exact) causal decompositions. Unfortunately,
relations that are of the augmented form and also satisfy the C5 exclusion property from
Chapter 3 are somewhat limited. This becomes especially apparent when formulating
the condition in terms of the concept lattice Lgs.

Proposition 4.24. Let A, B be finite sets and G C A x B. The following are equivalent.
(i) G* satisfies the C3 exclusion property (C3-EP).

(ii) For all aj,as € A and by, by € B, we have

b1 b2
Gn({an,a} x {o1,b2}) # | | (4.39)

(iii) The lattice Ly is a total order.

Proof. If —(i), then there are aj,ag,as € AU {e} and bj,be,b3 € BU {f} so that
G*n ({a1,a2,a3} x {b1, by, b3}) = C3. By construction of G¥, we must have e ¢ {a;, a3}
and f §é {bl,b3}. Therefore G N ({al,ag} X {bl,bg}) =GN ({al,ag} X {bl,bg}) =
CsN({a1, as}x{b1,bs}), which means that —(ii). For the opposite direction —(ii) = —(i),
suppose that we have equality in Eq. (4.39); then G* N ({a1, e, as} x {by, f,bs}) is of the
form of C3, so G* violates (C3-EP).
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Now let us prove that (i) < (iii). By Theorem 3.24, (i) is equivalent to the absence
in L of any non-unique paths between inputs a € A and outputs b € B. Note that by
construction of G¥, e is an input to the minimum element of L, while £ is an output
of the maximum element. The absence of non-unique paths between any input-output
pair in Ly is therefore equivalent to the absence of non-unique paths between e and
f in particular. This is in turn equivalent to Lsy being a total order, concluding the
proof. O

Together with the causal decompositions shown by Lorenz and Barrett [62] (see
Theorem 3.18), this allows us to establish a number of classes of special cases of Con-
jecture 4.13, going beyond the cases M;—Mj5 discussed in Section 4.1.

Corollary 4.25. The inclusion IC g C Realpy is satisfied for any spacetime situation M
defined on sets of system labels A and B that satisfies any of the following conditions.

(a) |A]<2;
(b) [B < 2;
(c) |A| =3 and there is a € A so that Gaq(a) = B;
(d) |B| =3 and there is b € B so that G’X/}(b) =A;

(e) G satisfies any of the conditions in Proposition 4.24.

Proof. (a) and (b) follow directly from Theorem 3.18 and Corollary 4.23. For (c),
suppose that [A| = 3 and Gq(a) = B. The augmented relation vat is defined on [A| +1
input labels AU{e}, but a and e are G'ﬁM—related to the same outputs. For the purposes
of causal decompositions they can therefore be treated as a single system, bringing us
back to a relation defined on |A| < 3 inputs to which we can apply Theorem 3.18. (d)
follows similarly and (e) is immediate. O

Now, how might one hope to prove more general cases of Conjecture 4.137 One
natural line of attack is to focus on the problem of causal decompositions itself and
prove cases of Conjecture 3.19 beyond those solved by [62] and Chapter 3. However,
there are two reasons why proving Conjecture 3.19 in its full generality might prima
facie not be necessary in case one is ultimately only interested in applications to Con-
jecture 4.13. First, Conjecture 4.13 only asks for approximate decompositions, whereas
Conjecture 3.19 posed the existence of exact ones. It is worth noting that the only reason
for the relevance of approximate decompositions in the spacetime context is because of
the need for decompositions of the LOSECq form; the case for the existence of exact
causal decompositions of shape Lg is not in any way weakened by the considerations in
this chapter. Nevertheless, for completeness let’s weaken Conjecture 3.19:

Conjecture 4.26. Fvery binary relation G C A X B implies approzimate causal decom-
positions. Equivalently, every unitary channel U s approximated by quantum circuits



4. RELATIVISTIC, CAUSAL, AND COMPOSITIONAL STRUCTURE 95

P with connectivity Gp = Gy.

The second reason why Conjecture 3.19, and, for that matter, Conjecture 4.26,
might seem too strong is that Conjecture 4.13 only requires us to prove the existence of
approximate causal decompositions for relations G of the form var for some spacetime
situation M. This however turns out not to be a restriction if we allow our spacetimes
to have arbitrary dimension, as we did in Conjecture 4.13.

Lemma 4.27. Let G C A X B be an arbitrary relation. There exists a spacetime situation
M = (R <, p,q) on (d + 1)-dimensional Minkowski spacetime (R, n), where
=min({m — 1,n — 1}), so that G = G.

Proof. This is a consequence of [70, Proposition 1]. O

Theorem 4.28. Conjectures 4.13 and 4.26 are equivalent.

Proof. The direction 4.26 = 4.13 is immediate due to Corollary 4.23. For the opposite
direction, suppose U : Ay — Bgis a unitary channel with causal structure Gy;. Applying
Lemma 4.27, let M be a spacetime situation such that Gyq = Gy. Since U is already
unitary, we have I € IC 4, so that by Conjecture 4.13, I € Realy, also. In other words,
U is approximated by circuits P which are implementable in M, and which therefore in
particular satisfy Gp C Gaq. Every such circuit P can be trivially rewritten into one
with connectivity Gp = G a¢. This establishes Conjecture 4.26. O

Remark 4.29. A natural question is whether all binary relations G may also arise from
spacetimes satisfying desirable physical requirements, for example, those that are (3+1)-
dimensional and globally hyperbolic. If not, then a full solution to approximate causal
decompositions might not be necessary to solve Conjecture 4.13 in those cases that are
physically relevant. As a first step in this direction, we note that work by Meyer [70,
Theorem 5] implies that under the assumptions that

e the spacetime underlying M is (3+1)-dimensional Minkowski spacetime (R3*1,7);

e all relations pa =, gv or pa 2, gv are robust under sufficiently small perturbations
of qv,

there exist binary relations not realisable as G . An explicit example is the relation G
between A = {1,2,...,9} and B = P(A) defined by aGb < a € b, but smaller examples
might also exist. /
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4.5 The Clifford case

Until now we have focussed on one particular way of proving special cases of Conjec-
tures 3.19 and 4.13: fix a binary relation G and show that G implies causal decom-
positions, or, respectively, fix a spacetime situation M and show that ICyq C Realp.
Another possible avenue is to start from some non-causal assumption on a unitary
channel U and derive from it that ¢/ admits causally faithful circuit decompositions,
regardless of its causal structure. To close this chapter, we derive such a result, show-
ing that every Clifford unitary admits a causally faithful circuit decomposition. The
decomposition is of the LOSECg,, form, meaning it can be readily implemented in any
spacetime situation M with Gy C G 4. It is also an exact decomposition, and thus gen-
eralises the known result that any Clifford unitary can be simulated exactly by nonlocal
quantum computation without constraints on connectivity (see e.g. [26, 92]).

Definition 4.30. Let A, = L(Ha.) be a quantum system with finite dimension d, =
dim H, and fix some basis {|k) Aa}‘-iil. Denote by G, the set of generalised Pauli oper-

(A
ators

Ga ={Z2°X" |a,b=0,...,da—1} C A, (4.40)

where
Z =Y e**4|k) (k| and X = |k 1) (k. (4.41)
k k

For composite systems Ay = @), ., Aa, We write

G = {@ga

acA

Va€cA:g, € Qa} . (4.42)

A unitary map U : @,y Ha = @pep Ho and its associated channel Y = U(-)UT : Ay —
Bg are called Clifford if UG,U' C Gg, or, in other words, if there is a function of finite
sets fy : Gy — Gp such that!4

fu(g)U =Ug for all g € Gy (4.43)

In the following we will write aj, as, ..., a, for the elements of A and by,bs, ..., b,
for those of B. Note that there is a natural identification of the set G, of tensor products
of Pauli operators with the Cartesian product

gAg Xgaa Ga, ®gag®"'®gam H(gaugaza"'agam)' (444)
ach

The same holds for Gg. We may therefore regard fr : Gn — Gg as a multi-input, multi-
output classical deterministic process, and by treating it as a multipartite quantum

14Normally when talking about Clifford unitaries, one assumes that the dimensions of all elementary
systems A, and B, are equal and that the number of in- and output wires of the Clifford unitaries
match. For our purposes it makes sense to consider the slightly more general class of unitaries defined
here.
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channel with dephased inputs and outputs, we can incorporate it into the same dia-
grammatic language we have been using for quantum circuits. We denote classical
systems and processes in grey so depict fy as

(4.45)

Write Go —, Gy if the Gp-component of the output of fiy functionally depends on
the G,-component of the input. In analogy to the causal structure Gy of a unitary
channel U, let the causal structure of the function fi; be the relation Gy, C A x B
defined by

VacA,beB:(a,b) € Gy, < Ga =y, Gb. (4.46)

Classical functions like fiy always admit circuit decompositions of the LOSECg i form:

(4.47)

Il

!
~
a

Here © : X — X" denotes the copy map on a classical system X. One copy of each
input is sent to each output site G, -related to the input. At each output site fy is
then computed separately on all received inputs, filling in any missing, G'y,-unrelated
inputs with arbitrary (and irrelevant) states . Only the relevant outputs are kept.

As the following lemma shows, fiy inherits its causal structure Gy, entirely from the
Clifford unitary U that defines it.

Lemma 4.31. For any Clifford unitary U = U(-)UT : Ay — Bg, we have G, = Gy.

Proof. Recall that we write A; :== L(H ,) and B; = L(Hp,). Suppose that U = Uut
satisfies the no-influence condition A, -y By, defined in Definition 3.8. This means
that

U(Aa ® {1AA\{3}}) C{lp,}® BB\{b}‘ (4.48)

Since G, C A, and fyy is just the restriction of U to Gy, this shows that for all g, € A,
the Gy, component of fi7(ga®1 Ay {a}) is always 1p, € Gy, so is in particular independent
of g,. Using the fact that fi; preserves matrix multiplication, we have that on general
Quen Jar € G, fu evaluates as

fulga® Q) gu| =1 (9a®1AA\{a}>fU 14,2 @ g« (4.49)
a’en\{a} a’en\{a}
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whose Gy, component is then independent of g, too. Therefore G, =y, Gy.
Conversely, if Go - 7, Gy then

U(Ga @ {1ay 1y }) = fu(Ga © {14,y }) E{1B,} © Bg\(v}- (4.50)

Since the Pauli operators in G, linearly span the full matrix algebra A,, this means that
also Eq. (4.48) is satisfied, so that A, -y Bhy. O

Theorem 4.32. Every Clifford unitary U admits an exact LOSECg,, decomposition that
uses one mazimally entangled state for each input system.

Proof. Let P denote the classically controlled gate that applies the Pauli gate specified

by the state of its control system G,:

(4.51)

(4.52)

where (J4_4. = [®T)N®*| 4. 4, denotes the maximally entangled state

\/167 (Z (i) 4, ® |i>Aa) ! (4.53)

and M is a measurement of A, ® A, in the basis {(ga ® 14,) |®T) | ga € Ga} whose
classical outcomes are labelled by elements of G,.

‘(I)+>AaAa =

The property of U being a Clifford unitary, i.e. Eq. (4.43), can meanwhile be ex-
pressed diagrammatically as

(4.54)

Consequently, any Pauli errors arising from teleportation procedures can be delayed
until after application of the unitary, but at the cost of needing to compute the classical
function fy. Using the LOSECg . decomposition of fyy from Eq. (4.47), then, we get
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= . (4.55)

Since Gy, = Gy by Lemma 4.31, the resulting circuit constitutes a LOSECg,, decom-
position of U. ]






Chapter 5

Conclusion and outlook

In this thesis we have studied the relation between compositional, causal, and relativistic
structure in the context of quantum transformations. We started in Chapter 2 by
introducing an order-theoretic framework for circuit syntax especially suited to the
study of input-output connectivity. We showed that a circuit has connectivity Gp C G
precisely if it can be syntactically rewritten into a circuit of a particular canonical shape
Lg, which is therefore the most expressive circuit shape with that connectivity. In doing
so, we solved an open problem posed by Lorenz and Barrett in their foundational work
on causal decompositions [62], which was to decide—even if assuming that all unitaries
have a causally faithful circuit decomposition—whether there exists a universal circuit
shape for all unitaries with a given causal structure G, or whether the required shape
might depend on the specific unitary under consideration. Having such a universal
shape is crucial to roles that causal decompositions play as a bridge between different
approaches to quantum causal modelling as well as in providing a constructive local
parametrisation of the entire set of unitaries satisfying given global causal constraints.
The shape Lg we showed to be universal turned out to be a complete lattice, which we
argued is physically intuitive as joins and meets provide the opportunity for systems to
interact before being sent to the output locations.

In Chapter 3 we used the tools developed in Chapter 2 to make progress on the
open problem of the existence of causal decompositions of unitary transformations. We
started by outlining the compositional structure of quantum transformations, furnishing
the order-theoretic circuit syntax from Chapter 2 with quantum semantics and arguing
by way of a simple example (Proposition 3.6) that the full generality of the lattice Lg,
with the maximal interaction it provides, may generally be required to express quantum
channels. We explained why the focus of causal decompositions lies on decomposing
unitary transformations, specifically, the reason being that the relationship between a
generic quantum channel’s compositional structure and its signalling relations is always
mediated by the causal structure of an appropriate unitary dilation. We also noted that
for some applications of causal decompositions—in particular that of parametrising the
unitary transformations satisfying a global causal constraint—it is relevant to require
the gates in the decompositions themselves to be unitary, too. Our main contribution
was then a combinatorial characterisation of those relations G that ‘imply’ such unitary

101
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causal decompositions, or, equivalently (as we found), imply unitary causally faithful
decompositions; that is, those global causal constraints that can be fully represented in
terms of the compositional structure of unitary circuits. The combinatorial condition
turned out to be naturally expressible both in terms of the relation G and in terms of
the circuit shape Lg, in a way that made precise an intuition about routed circuits: that
they only provide an advantage in the presence of non-unique paths between inputs and
outputs.

In Chapter 4 we turned our attention to relativistic causality, where the first results
along the lines of causal decompositions in fact found their roots [13, 35, 86]. These
works investigated the relation between (what we called) signal consistency and real-
1sability of quantum channels relative to a spacetime localisation of their input and
output systems. We saw that for a general such spacetime situation M, we have

Realpq € Realys CICp € SCprq = SCy,

and that equivalence between signal consistency (SCx) and realisability (Realxs) can be
obstructed in at least two distinct ways. First, because influence consistency (ICp,) is
strictly stronger than signal consistency yet necessary for realisability, making the third
inclusion above generally strict. We saw how some phenomena from the literature—
the PR box and jamming correlations—can indeed be ruled out by demanding that
not signalling through channels, but causal influences through their unitary dilations
conform to relativistic causality. In addition, we argued that imposing influence con-
sistency is natural because any unobserved superluminal influences on the unitary level
would almost surely become observable upon only small perturbations of the fine-tuned
environment state.

The second obstruction for the equivalence of signal consistency and realisability that
we saw arises in situations previously studied in the context of position-based crypto-
graphy and holography, where the spacetime geometry limits the interaction that can
take place between systems due to the absence of intersections of lightcones. While this
can mostly be overcome by nonlocal quantum computation, simulating interaction with
shared entanglement up to arbitrarily small error, some channels remain impossible to
realise exactly due to the recent result of Miller and Alnawakhtha [71], implying strict-
ness of the first inclusion above. This left open the possibility for equality in the second
inclusion, which we posed as Conjecture 4.13. We saw that an answer to this conjecture
reduced to a combination of established nonlocal computation techniques with a full
solution to the existence of causal decompositions of unitary transformations—albeit of
a weaker kind than those featuring in Chapter 3: first, because the gates are allowed
to be general channels, rather than unitaries, and second, because approximations are
allowed. We finished with a proof that all Clifford unitaries admit causally faithful
circuit decompositions, weak in the first sense (they use shared entanglement) but not
in the second (the decompositions are exact).
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The research programme pursued in this thesis is far from complete, and each of the
chapters has left open natural avenues for further investigation. I will highlight some,
starting with a problem arising from Chapter 2 and Section 3.2, purely about quantum
compositional structure.

Find sufficient and necessary conditions for the quantum equivalence of cir-
cuit shapes.

Here I consider two circuit shapes quantum-equivalent if a quantum channel can be ex-
pressed (exactly) by the one if and only if it can be expressed by the other. This notion
is to be contrasted with syntactical equivalence from Definition 2.17. It follows from
Proposition 3.3 that syntactical equivalence implies quantum equivalence. The converse
is not quite true for one obvious reason: in the way we have defined it, all gates of a
quantum circuit must be trace-preserving, meaning the only possible semantics for a
gate with no output wires, i.e. an element p € P that is maximal and satisfies u = (p) = 0,
is a partial trace, which always factorises along its input systems. Any circuit shape P
is thus quantum equivalent—but not necessarily syntactically equivalent—to a reduced
shape P < P obtained by factorising and/or removing appropriate such maximal ele-
ments. We may however ask: If any two reduced circuit shapes P and Q are syntactically
inequivalent, are they necessarily quantum-inequivalent, too?"

Due to the possibility of nonlocal quantum computation, the answer is still in the
negative if one considers not exact but approximate circuit decompositions: the shapes
Ls and LOSECg, for instance, can approximate the same quantum channels but are
generally syntactically inequivalent. Nevertheless, as a consequence of Miller and Al-
nawakhtha [71] (Proposition 4.6), whenever Lg and LOSEC are syntactically inequi-
valent, there remain quantum channels that can be ezactly expressed by Lg but not by
LOSECgq. As far as I am aware, no counterexamples to the exact question in italics are
known. If the answer is positive, this would reveal an interesting fact about quantum
theory, starkly contrasting it with classical theory, where the hierarchy of circuit shapes
instead largely collapses (see also [84]). Whatever the answer, a precise characterisa-
tion of the quantum-inequivalent circuit shapes would have potential applications to the
study of quantum networks (where similar research into the significance of intermediate
latents is being done [25]) as well as to position-based quantum cryptography, where
attention has been largely limited to the simple bipartite case from Proposition 4.6. An
answer to the question whether exact causal decompositions must generally always be
of the syntactically most expressive shape Lg (up to the potential removal of its top
and/or bottom) would also follow from such a characterisation.

Relatedly, the order-theoretic formalism for circuit syntax, which we put forward
in Chapter 2 motivated mostly by its application to causal decompositions, also war-
rants further investigation outside the quantum context. This partly to help solve the
problem of quantum equivalence but also out of independent interest. First, it would

In process-theoretic jargon: does inequivalence between P and Q with respect to any ‘process-
terminal’ or ‘causal’ process theory [29, 56, 57, 84] imply inequivalence in the theory of quantum
systems and CPTP maps?
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be worth formalising the connection with free symmetric monoidal categories, which
I deferred in Section 2.2 for lack of relevance to the main subject of this thesis, but
which would provide better ground for regarding morphisms of circuit shapes as a com-
plete model for syntactical circuit rewrites. Moreover, there is much more to be said
about the category-theoretic structure of Circyg, given fixed sets A, B, and the ensuing
order-theoretic structure of Circyy,. A line of interesting results was recently presented in
independent work of Salzger and Selby [84], who propose an order-theoretic framework
for circuit syntax very similar to that developed in Chapter 2: their definitions of cir-
cuits and morphisms (there called framed partial orders and frame- and order-preserving
maps) are distinct from, but for most practical purposes equivalent to ours.?2 Notably,
the work characterises all reduced circuit shapes (as in P above) up to syntactical in-
equivalence in several special cases where A and B have small numbers of elements. This
line of investigation is worth extending in future work.

The results presented in this thesis also suggest next steps towards a complete un-
derstanding of causal decompositions. One is to

find a combinatorial condition characterising those relations G C A X B that
imply unitary routed causal decompositions. The condition should be ez-
pressed as a natural property of G and/or its concept lattice Lg, perhaps
similar in nature to the Cs exclusion property.

Lorenz and Barrett [62] showed the existence of routed unitary causal decompositions®

for a number of relations on a case-by-case basis and recent work of Vanrietvelde,
Mestoudjian and Arrighi [108] solves another class of cases. There however also ex-
ist counterexamples: there are four-input, four-output unitaries that admit no causally
faithful routed unitary circuit decomposition [105]. The tools developed in Chapters 2
and 3 may prove useful for finding a complete characterisation: the concept lattice
provides the definitive syntax for causal decompositions and Proposition 3.34 may be
a good starting point for constructing the quantum semantics of general routed de-
compositions. As for the combinatorial form of the condition, it is not difficult to see
that implying unitary routed causal decompositions is a hereditary property: that is, if
G C A x B satisfies it, then any restriction GN (A’ x B'), where A’ C A and B’ C B, satisfies

4 This implies that the condition can be formulated as an ‘exclusion property’

it too.
much like (C3-EP), requiring that G restricts nowhere to any out of a set of forbidden
relations X. Whether X is a singleton (as for (C3-EP)), a finite set, or an infinite set
remains to be seen.

Moreover, in those cases where routed unitary circuits do not suffice, future research

should point out whether causal decompositions in terms of generic channels still do

2Precisely, the category of framed partial orders and frame- and order-preserving maps is isomorphic
to a strict subcategory of our Circys, but the approaches become equivalent after quotienting out by
syntactical equivalence.

3There called ‘extended’, rather than routed.

1t is not immediately clear whether the same is true about the property of implying unitary routed
causally faithful decompositions. Indeed, this was why in the non-routed case, the direction (iii) = (i)
of Theorem 3.23 required a non-trivial proof (Section 3.5.4).
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exist. Such decompositions would be relevant to the spacetime context, solving special
cases of Conjecture 4.13, but less useful for the application of providing parametrisa-
tions and autonomous causal mechanisms. To serve the latter application, it would be
worth investigating whether an even more general unitary quantum circuit formalism
exists, generalising routed unitary quantum circuits and allowing for strictly more causal
decompositions.

When it comes to spacetime application of causal decompositions, also geometric
conditions on binary relations are worth investigating:

Determine which binary relations G C A X B arise as the metric-induced
relations Gaq of spacetime situations M that have 3+ 1 dimensions and/or
satisfy other physically desirable properties, such as global hyperbolicity; and
investigate whether such geometric constraints imply algebraic properties that
facilitate the derivation of causal decompositions required for the physically
relevant cases of Conjecture 4.13.

Recall from Lemma 4.27 that any relation can occur as G in Minkowski spacetimes
of unrestricted dimension, but that physically reasonable (though perhaps too strong)
geometric restrictions can indeed impose nontrivial constraints on the realisable relations
(Remark 4.29). A connection between geometric constraints and algebraic properties
as suggested above is speculative, but would be very interesting.

Let me close by mentioning another, more ambitious avenue generalising the problem
setting of Chapter 4. Even though the framework we proposed there can be regarded as
generalising a question asked in previous literature [13, 35, 86] to arbitrarily many input
and output systems localised at arbitrary points in spacetime, it is still restricted to the
limit of finite-dimensional quantum systems travelling along highly localised worldlines
through spacetime. A natural generalisation would be to quantum field theories, with
the algebraic formalism perhaps being most suitable [50]. In this context, an appropriate
notion of realisability of quantum operations in local spacetime regions has only recently
been proposed [39]—of which the quantum circuits in spacetime from Chapter 4 can be
considered a limiting case [64]—and it was shown in [19] that those operations never
lead to superluminal signalling or superluminal causal influences. It would be worth
investigating, also in this more general context, what can be said about the converse.
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