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Abstract
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In this thesis, I study the ways in which modified theories of gravity might be tested for
using black holes. In particular, I focus on ways in which the gravitational waves emitted
during the ‘ringdown’ of a perturbed black hole may be affected.

I will develop and demonstrate the use of a framework for analysing the evolution of
perturbations in arbitrary modified gravity theories in both cosmological and black hole
backgrounds. I will use this to show that the characteristic Quasi-normal mode (QNM)
spectrum of frequencies for the gravitational waves emitted from a perturbed black hole
may be altered even in the case that the background black hole is identical to a general
relativistic black hole. This is purely due to the presence, and coupling to, additional
gravitational degrees of freedom.

I will also explore the landscape of hairy black hole solutions in the wake of the multi-
messenger observation of GW/GRB170817, and show that it is increasingly difficult to
endow a black hole with scalar hair in modified gravity given the constraint that gravita-
tional waves must propagate at the speed of light.

In addition, black hole perturbations in General Relativity are analysed, with analytic
expressions for QNM frequencies calculated for scalar, vector, and gravitational perturba-
tions to a slowly rotating Kerr-(Anti-)de Sitter black hole.

Finally, I will examine the specific case of black hole perturbations in Horndeski the-
ory, demonstrating the qualitative difference in gravitational wave emission from a per-
turbed black hole in General Relativity and in Horndeski gravity. I will also forecast the
detectability of such a modified gravitational wave signal, and estimate what constraints
one might be able to place on fundamental parameters of Horndeski gravity through gravi-

tational wave observations.
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Introduction

“If one cannot see gravitation acting here, he has no soul”

— Richard Feynman, The Feynman Lectures on Physics

1.1 Einstein’s Theory

The phenomenon of gravity has captivated the minds and souls of physicists for centuries,
including that of Richard Feynman as he remarked on “one of the most beautiful things in
the sky - a globular star cluster” whilst teaching undergraduates [1]. From Isaac Newton’s
formulation of the inverse square law for the gravitational force [2], to the direct imaging
of the shadow! of the black hole at the centre of M87 by the Event Horizon Telescope [3],
the exploration of gravity and the way it shapes our universe has remained ever-present at
the forefront of physical and astronomical research.

The cornerstone of our modern understanding of gravity, and one of the pillars upon
which modern physics is based, is Albert Einstein’s General Theory of Relativity [4] (GR).
In his revolutionary work, first published in 1915, Einstein extended his Special Theory
of Relativity [5] to describe gravity. In GR gravity is promoted from a force that exerts
itself instantaneously over arbitrary distances (sitting uncomfortably at odds with Special
Relativity’s assertion that no signal can propagate faster than the speed of light in vacuum),
to a geometrical phenomenon that appears due the dynamical, curved nature of the four
dimensional spacetime that we call home.

The equations of motion that describe gravity in GR are known as the Einstein Field

Equations (EFE), and are given by:

1 Ry 1€

Ruv_ERguv:cTTuv_Aguv- (L.1)

IThe shadow is formed due to photons emitted by radiating, accreting matter being gravitationally bent
and captured at the event horizon of the black hole.



On the ‘left hand side’ of the eq. (1.1), R,y and R are the Ricci tensor and scalar respectively
associated with the four dimensional Riemannian metric gy, which describes the geometry
of spacetime. On right ‘right hand side’, 7y, describes all of the matter content of the
universe (e.g. fluids, radiation), with G and ¢ taking their usual meanings of Newton’s
Gravitational constant and the speed of light in vacuum respectively.

Finally, A represents the enigmatic cosmological constant, whose introduction Einstein
famously once called his “biggest blunder”. This was because he originally introduced A
to ensure that a homogeneous and isotropic universe described by eq. (1.1) would be static
in size; the discovery of Hubble and Lemaitre in the 1920s that the universe was expanding
rendered A obsolete in Einstein’s eyes [6, 7]. Of course, almost exactly 70 years later, A
became relevant again as an explanation for the accelerating expansion of the universe as
observed by the High-Z Supernova Search Team [8] and the Supernova Cosmology Project
[9]. We will return to the subject of the accelerated expansion of the universe and the role
of A later in this chapter.

If one were to ignore the highly non-linear partial derivative nature of the left hand
side of eq. (1.1), the EFE are beautiful in their simplicity. In the words of John Wheeler,
“spacetime tells matter how to move; matter tells spacetime how to curve”. Indeed, one can
calculate with relative ease how a toy universe governed by eq. (1.1) might evolve given
various matter components to make up 7. But some of the most beguiling solutions to

eq. (1.1) arise when we consider a vacuum, with no matter at all.

1.2 Black Holes

In 1916, just over a month after Einstein announced GR to the world, Karl Schwarzschild
found a spherically symmetric solution to eq. (1.1) describing the spacetime outside of a
spherical mass, with 7,y = 0 = A in that exterior region [10]. The Schwarzschild metric is

given by:

oM PJ7AN
guvdxtdx = — (1 -~ —> dt* + <1 - —) dr* +r*dQ? (1.2)
r

r

where M is the total spherical mass, whose exterior spacetime the metric describes, ¢ and
r are time and radial co-ordinates, and dQ? is the metric of the 2-sphere. We see that
as M — 0 we recover a flat Minkowski metric, whilst at r = 0, 2M the metric seemingly

becomes singular.



After work by Finkelstein in 1958 [11], we now recognise Schwarzschild’s solution
as describing a static and spherically symmetric black hole?, possessing an event horizon
at r = 2M across which only one way travel to the centre of the black hole is possible
- a point of no return. The apparent singular behaviour of the metric at r = 2M can be
shown to be merely a result of a poor choice of coordinates; on the other hand r = 0 really
does describe a point at which the curvature diverges. This curvature singularity is hidden
behind the event horizon, as no light (or any other signal, for that matter) can escape from
within the horizon. The true nature of what lies ‘behind the curtain’ at the centre of black
holes is a question that continues to occupy physicists.

Black holes are in many ways the simplest objects in GR, effective point masses,
thought it wasn’t until decades after Schwarzschild’s original solution was published that
astrophysical black holes were confirmed to exist. There is now, however, an embarrass-
ment of observational evidence that black holes are real and abundant throughout the uni-
verse. The aforementioned Event Horizon Telescope has directly imaged the shadow of the
black hole at the centre of the galaxy M87 [3], whilst observations of the proper motions
of stars at the centre of our own Milky Way galaxy strongly suggests the presence of a
supermassive black hole with a mass of 4.3 x 10°M, [15].

Among other observational signatures of black holes, however, the direct detection of
gravitational waves emitted from binary black hole mergers by the Laser Interferometer
Gravitational-wave Observatory (LIGO) and Virgo collaboration [16] is perhaps the most

astounding.

1.3 Gravitational Waves

One of the more speculative® predictions that Einstein made using GR was the existence
of gravitational waves, ripples of curvature in spacetime itself, propagating at the speed of
light [17, 18]. It’s these waves that mediate changes in the gravitational field, in much the
same way that waves propagate through the electromagnetic field.

To illustrate these waves, one can imagine a small perturbation to a flat, empty space-
time such that g,y = Ny + €hyy, with € < 1. We can then evaluate eq. (1.1) to O(¢)
with this ansatz for the metric and find that, after choosing a suitable gauge*, the metric

2Schwarzschild’s solution has since been extended to describe black holes possessing angular momentum,
electric charge, and to include the effects of a non-zero A [12, 13, 14].

3 At least at the time, due to their predicted faintness.

“This gauge is called, variously, the de Donder, Lorenz, or harmonic gauge. It is defined by choosing
O hyy =0



Figure 1.1: Diagram of the response of a ring of test particles to the two gravitational wave
polarisations [19]

¢ 0 T 3_7r 21

NS
N

perturbation satisfies the wave equation

where Euv = hyy — %nuvh h=,n*h,y, and O = n*Vd,dy is the d’ Alembertian wave
operator. The solutions to this equation are plane waves with two polarisations travelling
at the speed of light, and the effect of these waves as they pass by is to stretch and squeeze
the very fabric of spacetime. Figure 1.1 shows the effect of these two polarisations of 4,
dubbed /4 and &, on a ring of test particles as the wave passes through.

This prediction of GR is not limited, however, solely to perturbations to a flat Minkowski
background. On any (potentially curved) background perturbations to the metric can give
rise to travelling waves, and they’re in fact generated by any non-spherically symmetric
motion of matter. We are bathed in gravitational radiation throughout our everyday lives,
yet why don’t we notice our surroundings being consistently stretched and squeezed around
us? The answer is that spacetime is incredibly stiff, with one simple calculation [20] using
dimensional analysis to estimate the ‘Young’s modulus’ of spacetime with the combination

Y ~ % = 4.5 x 10*" ? Pa, (1.4)
where f is the frequency of the gravitational waves. For f ~ 100Hz this leads to a ‘stiff-
ness’ of spacetime around 20 orders of magnitude greater than that of steel. Clearly it takes
a lot of energy to move spacetime even a minuscule amount, and either a massively ener-
getic event or a remarkably sensitive detector would be required to observe such ripples in
spacetime. In the end, it required both.

On the 14th of September 2015, gravitational waves completed a journey to Earth of
about 1.4 4-0.6 billion lightyears [21] from a distant merger of a binary black hole system
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[22]. The system consisted of two black holes, respectively of masses 36 and 29 times the
mass of the Sun, orbiting each other before merging to form a black hole with a mass 62
times the mass of our sun. In the process 3 solar masses of energy was emitted in the form
of gravitational waves, briefly ‘illuminating’ the sky with more luminosity than every star
and galaxy in the observable universe combined [23]. This huge outburst of energy had the
effect of stretching the 4km long arms of the LIGO observatories by a distance equivalent
to about 1/10,000th of a proton, and ushered in the era of gravitational wave astronomy.
There have now been several detections of gravitational waves from binary black hole
mergers [16], as well as those from a binary neutron star system [24], with each observation
so far appearing to confirm all of the predictions of Einstein’s GR [25]. But despite this,
among numerous other experiments that validate the predictions of GR, there are reasons

to question whether or not Einstein’s theory is the final word on gravity.

1.4 Problems with General Relativity?

Einstein’s theory of GR is currently the best description of gravity available to us, having
survived over 100 years of testing [26]. It is widely accepted to be the correct descrip-
tion of gravity at Solar System scales, where not only do its predictions show remarkable
agreement with astrophysical data, but precise measurements of phenomena such as light
deflection around the Sun and perihelion shift of Mercury (among others) rule out many
modifications to GR.

On the other hand, GR does not provide a complete or satisfactory description of grav-
ity in all regimes. At high energies, unavoidable singularities arise during gravitational
collapses and the so-called renormalization problem limits the analysis of quantum states
[27]. Even in the classical regime, however, at low energies, there are questions as to GR’s
completeness at describing out universe.

The study of galaxy rotation curves reveals the outer stars of spiral galaxies to be or-
biting with speeds much greater than those one would expect given the amount of visible
matter contained within the galaxy [28]. In order to explain these observations within the
framework of GR (and its Newtonian limit), one has to postulate the presence of huge
amounts of ‘dark matter’ - a new component of the universe that interacts solely through
gravity [29]. Dark Matter is now thought to constitute around 27% of the energy content
of the universe, compared to just 5% for regular baryonic matter [30].

Even more troublingly, the accelerated expansion of the universe [8, 9] appears to be
driven by an exotic form of matter with negative pressure, which constitutes around 68%

of the energy content of the universe [30]. As mentioned above, the accelerated expansion



can be explained by GR through invoking a non-zero cosmological constant A, though the
observed value of A is around 120 orders of magnitude smaller than one might predict
through calculations of the ‘vacuum energy’ from quantum field theory [31]. If one does
not introduce a cosmological constant, we are instead left with another unknown exotic
component of the universe, ‘dark energy’,with which to explain the observed accelerated
expansion of the Universe [32].

The previous limitations suggest that, rather than introducing exotic dark components
to the universe, GR may need modifications for both extreme energy regimes. Furthermore,
modifications in the two regimes may be related as high energy corrections to GR might
leak down to cosmological scales, showing up as low energy corrections. In order to modify
GR, we can introduce additional gravitational fields (e.g. scalars or vectors) that interact
with the metric g,y in non-trivial ways. For example, the famous Jordan-Brans-Dicke
(JBD) model of gravity [33] promotes Newton’s constant G into a dynamical scalar field
¢, whose value can vary over space and time. We can compare the Einstein-Hilbert action
of GR

R

to that of JBD gravity

1
S;ep = ﬁ/d4x\/—_g ((])R— %auq)&“q) + 1671'3]14) , (1.6)

where in both cases the Lagrangian %), contains all other matter components (including
a potential cosmological constant term), to see the difference that introducing additional
gravitational fields makes.

As mentioned above, in the weak field regime and on Solar System scales, modifica-
tions to GR are highly constrained [26]. On the other hand, strong field tests of gravity
are only now being explored through gravitational wave observations of highly compact
objects like black holes and neutron stars. There is thus room for novel tests of GR in the

strong gravity regime [34, 35, 36, 37].

1.5 Black Hole Ringdown and Testing Gravity

The gravitational wave signal detected from a binary black hole merger (BBH), similar
to that detected in September 2015 and described above, can be roughly split into three

distinct sections: (i) the inspiral phase, where the two component black holes orbit each



Figure 1.2: Diagram of different stages of a BBH gravitational wave signal [49]
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other with tighter and tighter orbits, as energy is lost from the system in the form of grav-
itational radiation; (ii) the merger phase, when the two black holes finally meet and chaot-
ically merge into a single object; and (iii) the ringdown phase, where the highly perturbed
remnant black hole relaxes to a steady state through the further emission of gravitational
radiation. In (i), we can describe the system and the radiation emitted through the use of
analytic ‘post-Newtonian’ expansion techniques [38], under the assumption that the char-
acteristic internal velocity of the system is much smaller than c. In (ii), numerical relativity
is required to solve for the highly nonlinear evolution of the metric as the two black hole
spacetimes become one [39, 40, 41, 42, 43]. Finally, in (iii), perturbation theory can be used
to analyse the remnant black hole as it relaxes [44, 45, 46, 47, 48]. Figure 1.2 illustrates
the different phases of the signal with respect to the first direct detection of gravitational
waves, GW150914 [49].

Of great interest to physicists and mathematicians alike is this final response of black
holes to perturbations. Notably, perturbed black holes ‘ring’, emitting gravitational waves
at a characteristic set of complex frequencies known as the quasi-normal mode (QNM)
frequencies. These complex frequencies arise from solving the perturbed equations of
motion for the black hole subject to boundary conditions such that the emitted waves are
purely ingoing at the black hole horizon and purely outgoing at spatial infinity [44, 45, 46,
47, 48].



These QNM frequencies are dependent on the background properties of the black hole,
acting like a ‘fingerprint’ for a given black hole. In fact, in GR black holes are believed to
obey a series of ‘no-hair theorems’ that dictate that a black hole is uniquely described by
its mass and angular momentum (assuming negligible electric charge) [50, 51, 52, 53, 54],
and thus the Kerr black hole [12] is the most general description of an astrophysical black
hole in GR.

We can define the complex QNM frequencies @ in terms of their real and imaginary
parts, such that the observed gravitational wave strain / is an exponentially damped sinu-

soid:

Ot = 27 fom + T, | (1.7)
hm = Apme ™™ $i0 (278 fint + Ppm) (1.8)

where A and ¢ are an arbitrary amplitude and phase offset, respectively. Note that each
term in the above equations are for a specific set of spherical harmonic indices (¢, m), as it
is customary to analyse such systems through decomposition into spherical harmonics. We
will cover this in more detail later in this thesis.

In GR, as described above, the wy,, are functions solely of black hole mass M and
angular momentum J. Thus through a detection of two QNM frequencies in the ringdown
signal of a gravitational wave event one can determine M and J, and with a third frequency
test the consistency of these values. This process is known as Black Hole Spectroscopy
(BHS), and is expected to be possible in the near future with ground and space based
gravitational wave observatories [37, 55, 56, 57, 58, 59, 60, 61].

Preliminary attempts at BHS with currently observed gravitational wave events appear
to show consistency with the predictions of GR [25, 62], however future, more accurate
observations of the ringdown provide the possiblity of testing gravity through exquisite
measurements of QNM frequencies [63]. For whilst in GR the QNM spectrum is dependent
on just two parameters, the presence of a cosmological constant, or a modification to the
laws of gravity, can and will affect the spectrum of frequencies that a black hole will emit
gravitational waves at. Thus the failure of consistency tests between QNM frequencies as
described above would be a ‘smoking gun’ indication that the QNM spectrum is not as
described by GR, and instead modifications to our theory of gravity should be considered
(and indeed, can be tested).

When considering testing the predictions of ringdown emission between various theo-
ries of gravity, one can look for discrepancies induced either by: (a) a background black
hole solution in a modified theory of gravity that differs from the standard GR description

of black holes and/or by (b) a different dynamical evolution of gravitational waves with
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respect to GR from the perturbed system, regardless of the properties of the background
black hole. Much research has focussed on (a), looking for shifts in the GR QNM spectrum
due to modifications to the background black hole; this has lead to a flurry of work on the
generalised scalar-Gauss-Bonnet theory [64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74], among
others [75, 76, 77, 78,79, 80, 81, 82]. On the other hand, some work has focussed on case
(b), where background black hole solutions are given by the same solutions as in GR, but
the emitted gravitational wave signal is governed by modified equations of motion leading
to modified emission [83, 84, 85]. This thesis will mostly focus on case (b).

The focus of this thesis will be on examining the ways in which the description and be-
haviour of black holes differs between GR and modified theories of gravity. In particular,
how the ringdown signal and QNM spectrum of black holes may be affected by modifica-
tions to the underlying theory of gravity. Thus, with both present and future experiments,
the predictions of GR can be compared and contrasted to those of alternative theories of

gravity, allowing us to test gravity with black holes in a way not possible before.

1.6 Thesis Summary

In Chapter 2 I will present a fully covariant framework in which to study scalar, vector, and
tensor cosmological perturbations in modified gravity theories, extending previous analysis
into scalar perturbations. This framework will be presented in a theory agnostic manner,
without specifying a single specific modified gravity theory, but rather considering wide
classes of theories specified only by their field content. In this way large swathes of the
cosmological modified gravity landscape can be analysed at once.

I will use the framework introduced in Chapter 2 to analyse perturbations to Schwarzschild
black holes in modified gravity theories in Chapter 3. Again I will do this in a theory ag-
nostic manner, and examine the ways in which generic modifications to gravity may affect
the QNM spectrum of the ringdown signal of a perturbed Schwarzschild black hole.

Chapter 4 will focus on black hole solutions in modified gravity theories, and how
constraints on the propagation speed of gravitational waves affects the landscape of ‘hairy’
black hole solutions. In Chapter 5, perturbations of a variety of classes of black holes in
GR will be examined, and their QNM spectrum calculated analytically.

In Chapter 6, the specific case of black hole perturbations in Horndeski scalar-tensor
gravity will be analysed. The QNM spectrum and ringdown signal of the perturbed black
hole will be examined, with forecasts for parameter estimation errors with present and

future experiments presented.



Finally, I will conclude with a summary of the research that has been undertaken
throughout the production of this thesis. The ways in which the work presented here can
aid tests of gravity with black holes will be discussed, as well as avenues of future research.

Chapters 2 and 3 are based largely on the work presented in [86] and [83] respectively.
Chapters 4 and 5 are based on [87] and [88] respectively, whilst Chapter 6 is based on both
[84] and [85].

Unless otherwise stated, throughout this thesis we will use natural units with G =
¢ = 1, and the metric signature will be (—,+,+,+). Indices using the Greek alphabet
(a,B,...,u,V,...) will denote spacetime indices and run over coordinates 0-3, whilst Ro-

man letters (i, j,k,...) will denote spatial indices and run over coordinates 1-3.
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Chapter 2

A covariant approach to parameterised
cosmological perturbations

11



Abstract

I present a covariant formulation for constructing general quadratic actions for
cosmological perturbations, invariant under a given set of gauge symmetries
for a given field content. This approach allows one to analyse scalar, vec-
tor and tensor perturbations at the same time in a straightforward manner. I
apply the procedure to diffeomorphism invariant single-tensor, scalar-tensor
and vector-tensor theories and show explicitly the full covariant form of the
quadratic actions in such cases, in addition to the actions determining the evo-
lution of vector and tensor perturbations. I will also discuss the role of the
symmetry of the background in identifying the set of cosmologically relevant
free parameters describing these classes of theories, including calculating the
relevant free parameters for an axisymmetric Bianchi-I vacuum universe. This

chapter is based on the research published in [86].



2.1 Introduction

In [89, 90] a method was proposed for constructing a general action, quadratic in the per-
turbed gravitational fields around a cosmological background, for general theories of grav-
ity. Such an action depends on a finite number of free, time dependent, functions. It was
shown that the presence of gauge symmetries leads to a number of Noether constraints
which greatly restricts the number of free functions in such a way that the resulting ac-
tion describes the most general gauge invariant action which is quadratic in the perturbed
gravitational fields.

The method of [89, 90] was applied to an expanding Friedmann-Lemaitre-Robertson-
Walker (FLRW) [7, 91, 92, 93, 94, 95, 96, 97] universe, using the Arnowitt-Deser-Misner
(ADM) [98] variables as building blocks for the action. In this chapter I want to reach
out and consider how one might construct a formalism which could be applied easily to a
general background. The way is to consider a fully covariant method where we again use
the power of the Noether constraints to impose the presence of gauge symmetries in the
theory. Furthermore, by constructing actions which are fully covariant one can consider
scalar, vector, and tensor type perturbations all in one go, as opposed to solely scalar per-
turbations, as in [89, 90]. In this chapter I will, as in [89, 90] focus on a homogeneous
and isotropic, cosmological background. But throughout, I will discuss the main lessons
which will allow us to consider more general background space-times. A key aspect of
this chapter is that I will discuss the role that the symmetries of the background have and
their interplay with gauge invariance. In doing so, I prepare the ground for more general
analyses of linear perturbations in relativistic theories of gravity. In particular, in Chapter
3, I will apply the framework developed here to black hole perturbations.

Outline: In Section 2.2 I will describe the method proposed in [89, 90], now in co-
variant form, and use it to derive the action of a free massless spin-2 field propagating on
Minkowski space, which corresponds to linearised GR. In Sections 2.3-2.5, I will derive
the diffeomorphism-invariant quadratic actions of linear perturbations on a FLRW back-
ground for three families of theories of gravity: containing a single tensor field, a tensor
field with a scalar field, and a tensor field with a vector field, respectively. The results of
this chapter can thus be compared to those of [89] and [99]. In Section 2.6 I will discuss
how the symmetries of the background impact the number of free functions characterising
the resulting gravitational action. In particular, we will repeat the calculation of Section 2.3
with an axisymmetric Bianchi-I background [100]. In Section 2.7 I will discuss the results

of this work and the method presented in this paper.



2.2 Covariant action approach

In this section I will describe the covariant method for constructing gauge invariant quadratic
actions for linear perturbations and illustrate it by recovering linear general relativity in
Minkowski space. The roles of the global symmetry of the background and the local gauge
symmetry of the perturbations will be discussed also.

I will follow the same logic as in [89, 90] but using a covariant approach. The main

steps of the method are summarised as follows:

1. For a given set of gravitational fields, choose a background and write a set of covari-
ant projectors (a set of vectors and tensors) that foliate your space-time following the
global symmetries of the background. Then, consider linear perturbations for each

gravitational (and matter) field.

2. Construct the most general quadratic action! for the gravitational fields by writing
all possible compatible contractions of the covariant background projectors and the
linear perturbations. Introduce a free function of the background in front of each
possible term and truncate the number of possible terms in the action by choosing a

maximum number of derivatives.

3. Choose a desired gauge symmetry and impose local invariance of the quadratic ac-
tion by solving a set of Noether constraints. The resulting action will be the most
general quadratic gauge invariant action around a background with a given set of

global symmetries.

We now proceed to illustrate the method by following each one of the previous step in
the case of a single tensor gravitational field gy (or metric) in vacuum with a diffeomor-

phism invariant action. In this case, the background will correspond to Minkowski space:

8uv = Nuv, 2.1)
where the bar denotes the background value of the metric, and 1,y = diag(—1,1,1,1) is
the Minkowski metric. We know that this background has a global symmetry under the
Poincare group, and thus we can describe the metric with only one projector, the tensor
Nuv, that follows this symmetry. Hence, in this case, we do not need to make any particular
foliation. Next, we consider linear perturbations and thus the full metric can be expressed

as:

guv = Muv +huvs  |huy| < Myl (2.2)

'We consider quadratic actions in order to obtain equations of motion linear in the perturbed fields (as-
suming quadratic order terms in the equations of motion to be negligible).

14



where K,y is a linear perturbation, which can be a function of space and time.
We now follow step 2 and write the most general covariant quadratic action leading to
second-order derivative equations of motion”. In this case, we can only have two different

possible terms (modulo total derivatives):
S = [t [P0V oy Fhgs + B gy (23)

where ?“ are covariant derivatives with respect to the background metric, and the coef-
ficients ./ and A are arbitrary tensors, functions of the background. These tensors must
respect the symmetries of the background and hence be constructed with the tensor 1,y.

Explicitly, the most general form these tensors can take is the following:
MOV =esnV P et PO + esn Y n P 4 cont Y0P,
BP0 —cin®Pn?® 4 en®nP?, 24)
where the coefficients ¢, are free functions of the background, i.e. constants in this case.
We note that we have not actually written all the possible contractions in these tensors .o/
and 4, but instead only those that are inequivalent after considering the contraction with
the symmetric tensor perturbation £,y in the action in eq. (2.3).
If we separate each term of the action explicitly, the resulting most general quadratic
action takes the following form:
s@) = / d*x [clhz + eahyyh*Y 4 c39uhdF h+ caduht dyh 4 csdyhy, 5 I* RV
+cﬁauhvlavh“’1] : (2.5)
where i = n*Vhyy and indices are lowered and raised with the background metric 1,y .

We now proceed to follow step 3, and we will impose symmetry under linear diffeo-

morphism invariance. Consider an infinitesimal coordinate transformation:
=t et et < R, (2.6)

where € is a linear perturbation that depends on space and time. Under this transformation

the background stays the same but the gravitational perturbation field changes as:

%In principle, one could include terms in the action of higher derivative order in such a combination that
the equations of motion remain second-order, but for simplicity we will restrict ourselves to actions which
will explicitly lead to second-order equations.
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If we wish our theory to be invariant under this coordinate transformations, then the varia-
tion of the action in eq. (2.5) with respect to the transformation in eq. (2.7) should vanish.

After making suitable integrations by parts, we find that the variation of the action gives:

552 — / d*xey [~4ed hY — 4108 h+ 2 (ca +cg)04 0" 9 hyp +2 (2es +c) TR
42 (2¢3 +ca) I TIA). (2.8)

For the action to be gauge invariant we need 0¢S (2) to vanish for arbitrary €, and therefore

the whole integrand to vanish. This leads to the following Noether identity:

—4c 0y Y — 4 M h+2 (cq+c6) M0V M hyy +2 (2e5+ c6) Oy IR
+2(2c3+¢4)0"0h = 0. (2.9)

Since this must be satisfied off-shell, terms with different derivative structure must vanish

independently, leading to the following set of Noether constraints:
Cl =C) = 07 Cq4 — —Cqg — —203 = 265. (2.10)

These constraints are simple algebraic relations on the free coefficients c,, and they ensure
the action (2.5) is diffeomorphism invariant. Using our freedom to rescale the size of
huy, we can set —4cy = MIZ,Z, the reduced Planck mass (squared), and write the resulting

quadratic action as:
(2) 4 Mi%l 1 u uv 1 wpva VUi
s :/d x| OuhdF = Y = S0y O 4y R | (2.11)

which we recognise as the quadratic expansion of the Einstein-Hilbert action about a
Minkowski background [101].

2.3 Recovering general relativity in an expanding back-
ground

I will now apply the covariant method illustrated above around a homogeneous and isotropic
background, in the case where the gravitational field content is given by a single tensor
field and the action is invariant under linear coordinate transformations. In this case, we
will need to explicitly couple a matter sector to the gravitational action in order to have a
non-trivial background solution. For simplicity and concreteness, let us consider a scalar
field ¢ minimally coupled to the gravitational tensor field, although the structure of the final

gravitational quadratic action will be valid for a general perfect fluid as well. The procedure
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will give us a general parametrised gauge invariant gravitational action for cosmological
perturbations, whereas the matter action is assumed to be known a priori.
We start by following step 1. We assume that the background is given by a spatially flat
FLRW metric:
Guv = —dt* +a(t)?§;dxdx!, (2.12)

where a(t) is the scale factor as a function of the physical time 7. In order to describe this
background in a covariant way, we make a 143 split and foliate the space-time with a time-
like unit vector u*, which induces orthogonal hypersurfaces with a spatial metric 7,y such
that:

Yuv = 8uv +uplty. (2.13)

Thus u* and 7,y act as the projectors for this space-time. Specifically in this case, the

time-like vector and spatial metric are given by:

gy =(—1,0),, (2.14)
%j =a*dij, (2.15)
Yuo =0, (2.16)

such that ¥,y and uy, are orthogonal to one another:
" uy, = 0. (2.17)

A covariant 1+3 approach to cosmology has previously been developed [102] which shares
similar projectors to the u and 7y presented here. The strength of the formalism used in
this paper, however, is that it can be readily utilised to split the background spacetime in
different ways (e.g. see section 2.6 for a 1+1+2 split). Further differences between the two
formalisms are discussed in appendix B.1.

We now add a matter scalar field ¢, whose background must also be homogeneous and

isotropic and hence can only be a function of time:

o=0(). (2.18)

Next, we consider linear perturbations in the metric and matter field so the full perturbed

fields are given by:

guv =8uv +huvs  |huv| < |guvl,
¢=0(t)+5¢; [60] < || (2.19)
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We now move onto step 2 and construct the most general quadratic gravitational ac-
tion. As in Section 2.2, the most general action quadratic in Ay, with up to second order

equations of motion can be written as:

S(Gz):/d4xa3 [%uvaﬁhﬂvhaﬁ+%ﬂvaﬁé§5huvhaﬁ+<guvaﬁx5§’<h“v§5haﬁ ’
(2.20)

where the coefficients .27, %, and € are tensors depending on the background. Notice that

here we have added a tensor with five indices ZHVBd

, which we ignored in the previous
section as in Minkowski space this tensor would be constant and hence the second term
in eq. (2.20) would correspond to a boundary term. Also, for future convenience we have
defined the tensors in action (2.20) with a factor a3 in front.

We now write the most general form that the tensors .7, %4, and % can have respecting
the symmetries of the background. In this case, they can be constructed using the projec-

tors, the time-like unit vector «* and the spatial metric ,y, in the following way:

AP = A VP 4 Aty P Ay uP + Al uP + Asut Y u®uP | (2.21)
pBHVaBo B ySava utt —l—Bzyaﬁ }/vsu“ —|—B3}/“Vuauﬁ u® +B4y”6uvuauﬁ, (2.22)
GUVABKS _ 01V 0B K8 {0 MOV S | iV 0k BE L i 0B VS
+ (CP PP+ Co Uy P + (G + Gy
+ Coy*P it 1V uFu® + Croy O u®uP utu¥ + (Cry*2yPY + CrLayP Y ) ut u®
+(C3Y* Py’ + CLay™ vOPYuF u® + Ci sy *u” uP uFu® + Croy*<u¥ uP u®u®
+ Cryu* u®u” uP u*ud, (2.23)

where, as in the previous section, we have only defined the set of tensors that lead to
distinct terms in the quadratic action®. Here, the coefficients A;, B, and C; are arbitrary
scalar functions of the background, and hence of time. We note that the tensors <7, %,
and ¢ could come from the background metric g,y and its derivatives to arbitrary order.
Hence, we are restricting the number of derivatives allowed for the perturbations /.y, but
not for the background.

From equations (2.21)-(2.23) we can see how less symmetric backgrounds can lead
to a larger number of free parameters in the gravitational action. Whereas in Minkowski
the action in step 2 had only 6 free constant parameters, in a homogeneous and isotropic

background we find 26 free functions of time. As we shall see later, we will also find more

3Whilst in principle one should symmetrise over the indices of .7, %, and € in order to obtain the most
general tensors, the additional symmetrised terms do not contribute any new terms to the action so they have
been ommited.
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Noether constraints in this section, and so the total gauge invariant action will have only
one extra free parameter compared to the Minkowski case.

Having obtained an explicit expression for the coefficients in eq. (2.20), we proceed
to step 3. We want the total action (gravity and matter) to be linearly diffeomorphism
invariant. Specifically, we will impose gauge invariance in the gravitational action (2.20)

coupled to the matter action of a minimally coupled scalar field without a potential:
1o -
Sy =— / d*x\/—g (EV”(pV“(p) : (2.24)

If we expand this action to quadratic order in the linear perturbations given in eq. (2.19) we

get:

o (36 ) (50
1 1 - = - -

—h*YV 8V, p + %g“vvu&p?v&p + %hhw?u WV@] . (2.25)

where we have defined the trace & = hyg"". The matter action also leads to the following

background equation of motion:
vV Ve =0. (2.26)

In principle we could have different fields sourcing the matter content of our FRW universe,
however we do not expect different minimally coupled sources to affect our results greatly.
As we will see, it is simply the matter energy density ¢ that appears in our results for the
Noether constraints.

We want the total quadratic action to be linearly diffeomorphism invariant. In this case,
the metric perturbation will transform as the Lie derivative of the background metric along

an infinitesimal coordinate transformation vector €. That is,
By — hyy + Ve + Ve, (2.27)
In addition, the matter scalar perturbation will transform as:
59 — S +€e"V,0. (2.28)

The total action given by the combination of (2.20) and (2.25) can now be varied to find
the Noether identities. Schematically, an infinitesimal variation of the total action can be

written as:
851 = 552 4 5512 = / &[4 iy + 6,5(59)] (2.29)
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where & denotes a function variation, and &*Y with &p denote the equations of motion of
the perturbation fields /&y, and 6¢, respectively. We now consider the functional varia-
tion of the action when the perturbation fields transform under the gauge symmetry, as in

equations (2.27) and (2.28). After making suitable integrations by parts we find:
& o(2) 4 [ AC uv SO
6eSy = [ d*x [-2V, (EMY) + EpVH P €y, (2.30)

where we have used the fact that £*V is a symmetric tensor. For the total action to be
gauge invariant we impose SES(TZ) = 0, which leads to four Noether identities given by each
one of the components of the bracket in eq. (3.14). From these Noether identities we can
read a number of Noether constraints that will relate the values of the free parameters A;,
B; and C; of the quadratic gravitational action. In order to read off the Noether constraints
easily, we rewrite the Noether identities solely in terms of the projectors u* and 7y, by
eliminating all covariant derivatives of the background using the equations in Appendix
B.1. For instance, we will rewrite the covariant derivative of the background matter field

as:

Vu®=—uuo, (2.31)

where an overdot represents a derivative with respect to the physical time. In this way, due
to the fact that 7y, and u* are orthogonal, any perturbation field contracted with tensors
having different u index structure, for example, must vanish independently. Through this

process, the following Noether constraints are obtained for the A;, B;, and C;:

=2

1. . 1. :

A= =T, A = S(§% 4+ 32H7Cs + 32HCs), A = 5 (~§7 +32HC),
1. . . 1.

Ay = Z((p2+ (32H* — 16H)Cs + 32H*Cs), As = 1—6(—¢2 —96H"Cs),

By =4HCs5+4Cs, B3 = —B4 = 4HCs,
Cp=—Cr=—(Cs+H'Cs), C3 = —C4 =2Cs —2H ' Cs,
206 =Cg = —C7=Cy1 = —Cip = —2Cs, Cj3 = —C14 = —4Cs,
By, =Ci5=C16=C17=C9g=Cy9=0. (2.32)

In addition, we also obtain a constraint on the background quantities:

¢2

H=——. 2.33
16Cs (2.33)

We note that this equation has a similar form to the Friedmann equation if we identify

—8Cs = M?, with the exception that M is a free function of time here, as opposed to the
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constant Planck mass. We find that the number of free parameters in the action is reduced
from 26 to only one. We note that the background also has one free function a ( is not
considered free as it is related to a through (2.26)), and that @ and M are related through
eq. (2.33). Hence the entire model (background and perturbations) is described using one

free function. Explicitly, we find the total quadratic action to be given by:

(2) _ [ 4 3102 2l 2 dlog M* 2)
Sy _/d xa’M {XEH—GH +H)§(h = 2huy i) + dloga L | S50

(2.34)

where we have defined the lagrangian Zzy to be the quadratic Taylor expansion in the

metric perturbations of the Einstein Hilbert lagrangian %\ /—gR, whilst £, represents terms

2)
SM,E(p

action (given by eq. (2.25)) that depend on d¢. Those terms which are quadratic in /.y

which are beyond general relativity. represents those terms in the quadratic matter

have been incorporated into the other terms of eq. (2.34). The Lagrangians .Zzy and .2}

are given by:

lo - 1 - 1< = le c
L =gVuhV*h = VuhtVh— VAV by 4 2V, Vi

1 _ _ 1 - 1
+ Zh“p (h"°Rpvuc —h"PRyy) + ER(h2 —2hyy ) + ZRMV(Zh’éhGV —hh*Y),
(2.35)

and

1 1 3 7
Ly == SH b — 2h® = 2Hh hyout'u” — 2 HP by u’ — 3 H hyyhg ¥ u®u

le  ore 1 T 1. -
- gv“hﬁvvhduﬂuv = g Hhgu Vo oV h it + 2V, RV

1 - 1o = 1- _ 1 =
— EHhVGu“VGhMV — ZV”hVGhmu”uv + ZV”h“"Vchm — ZV”thh“V
1 - 1 - 1 - -
— EHhupu“uquVGth — ZHh”vu“uquVGh — Zu“uvvvhucvch
1 _ 1. _ 3 _
1 - = 1 - 1 - _
+ Zu“uvvgavph\/p + ZHhuvuuuvuo-Vph(;p + Eu#quvh‘ugvl)hGP
1 - - 1 - - 1 _
— 1wV ohuyVph®? — 2uyuVphyo VPHH® — EHhuvu“uquupu)LV;thp
1 - - 1 - -
- Zu“uvucupvghuvvlhpl - Zuﬂuvu“upvphﬁvlhw, (2.36)

where R, Ruv and vauo are the Ricci scalar, Ricci tensor and Riemann tensor for the
background metric, respectively. We note that contrary to [89] these actions are explicitly

written in a covariant form and, under the standard SVT decomposition, they give the
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evolution of scalar, vector and tensor perturbations all at once. As we will see next, this
action propagates one physical scalar degree of freedom (d.o.f) , and two tensor d.o.f, and
therefore we associate this model with that of a massless graviton coupled to a matter scalar
field.

Let us first consider scalar perturbations. In this case, we can choose the Newtonian

gauge and hence write the perturbed metric as:
h#v - _zq)l/luuv - ZIP’)/’uV, (237)

where ® and W are the two gravitational potentials describing the scalar perturbations.
After making suitable integrations by parts, (2.34) can be shown to be equal to the action
given by eq. (3.33) in [89], which indeed propagates one physical scalar d.o.f.

Next, we write the action for vector perturbations. We calculate (2.34) in a gauge such

that [99] the perturbed metric takes the following form:

huy = —upYe Ny, — uy YN, (2.38)

where N, is a transverse vector that describes the vector perturbations of the metric and

satisfies Nyu! = o;N i = 0. The resultant action for vector perturbations is given by:

2
s / Py l% (ON; -+ ON;)2. (2.39)
a

From here we see that /V; is an auxiliary field, i.e. does not have time derivatives and hence
it does not represent a physical propagating d.o.f. As expected then, there are no physical
vector perturbations propagating.

Finally, for tensor perturbations we can write the perturbed metric as:

huy = a*YuaYupe™, (2.40)

where ¢®P describes the tensor perturbations which are traceless and transverse, that is,

et =0and de; ;= 0, respectively. In this case we find the gravitational action to be:

2 2
s? / dtvad= ((e,J) . <1+—dloga (deis)? ). (2.41)

From here we see that e;; is a dynamical field that in principle has 6 d.o.f, but due to the
transverse and traceless conditions, it propagates only two physical d.o.f, that we associate
to the two polarisations of massless graviton.

Whilst it may be unsettling to recover a time-dependent effective Planck mass M(¢), we

interpret this as arising from the unknown evolution of a(¢) and its relation to M through
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eq. (2.33). If we fix the background evolution of a to correspond to GR then in turn we
require M = Mp; so that eq. (2.33) corresponds to the Friedmann equation, and thus we
recover general relativity coupled minimally to a matter scalar field. Indeed, from the
final action in eq. (2.34), we see that when the mass is constant the contribution from .Z,
vanishes and the combination of (3H? + H) contributes only as an integration constant
that can be interpreted as the cosmological constant. This can be explicitly shown by
integrating eq. (2.33) and combining the resulting solution with the matter background
eq. (2.26). This interpretation is consistent with the result of using the Friedmann equations
a priori to evaluate (3H? + H) with a potential-less scalar field. Thus the correct quadratic
expansion of the Einstein-Hilbert action with cosmological constant (i.e. general relativity)

is recovered in the case of a constant M.

2.4 Scalar-Tensor theories

Having studied the case of a single-tensor perturbation on a cosmological background, we
now construct the most general gravitational action for cosmological perturbations of a
tensor and a scalar field, that leads to second order equations of motion and is linearly
diffeomorphism invariant [103, 104]. We follow the covariant procedure as in the previous

section, but with the addition of a gravitational scalar field y:
x=20)+x: [6x] <l (2.42)

where J is the background value of the field, which we assumed to be time-dependent only
to comply with the global symmetries of the background, and 8 is a linear perturbation
non-minimally coupled to the metric g, and its perturbation, 4;y. Since we have the same
homogeneous and isotropic background as in the previous section, we also use the 143 split
of space-time with the time-like vector u* and the spatial metric y,y.

We move onto step 2 and write down the most general scalar-tensor gravitational action

as:

S(GZ) — /d4xa3 [%uvaﬁhuvhaﬁ +%uvaﬁavsh‘uvhaﬁ +(guvaﬁ'€6?;§h’u’vv§haﬁ
AL (82)2 + AV S xhyy + By V581 + 6LV ux Vv
+ POV 81V shyy | (2.43)

where the o7, %, and ¢ are the same as those given by (2.21)-(2.23). We see that we also
have two new tensors describing the self-interactions of the scalar field and three for the in-

teractions between the scalar and tensor fields. These new tensors are arbitrary functions of
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the background, and hence must follow the background symmetry and can be constructed
solely from the projectors u* and y,y. Similarly as in the previous section, we proceed to

write down the most general forms these five new tensors can take:

BV B 4 B P 4 By (2.45)

Cg)étv _ Cxluuuv —G—sz’}’”v (2.46)
9}‘;‘/6’( _ DZ]M#MVM5MK+DX2M”MV')/K5 —I—Dx3u’<u67“v +Dx4u“uK’}/5v +Dx5}’“v’}”<5

4Dy, @47

while Ay is a scalar and hence simply considered to be free function of time. Here, each of
the coefficients Ay, Byu, Cyn, and Dy, are free functions of time as well. We see that we
have 14 additional free functions due to the inclusion of the scalar field ¥ .

We now follow step 3. Similarly as before, we add matter and consider a scalar field
¢ minimally coupled to the metric gyv. The matter quadratic action is given by eq. (2.25)
and we must impose linear diffeomorphism invariance of the total action (gravity with
matter). While the metric and matter perturbations transform as in eq. (2.27)-(2.28) under

an infinitesimal coordinate transformation, the new scalar field transforms as:
Sy —dx+evux. (2.48)

The total action given by the combination of (2.43) and the matter action (2.25) can now
be varied under the gauge transformation. As in Sections 2.2 and 2.3, we obtain a number
of Noether constraints by enforcing independent terms in the Noether identities to vanish.
We find 36 Noether constraints through this process, the full list of which can be found
in Appendix A.1. Hence, the final action only depends on four free parameters that we
name M, op, Ok, o, following the notation of [99]. The relation between these four final
parameters and the parameters in eq. (2.43) are given in Appendix A.1.

Analogously to the previous section, we can write the final total gauge-invariant action
as the matter action plus the quadratic expansion of the Einstein-Hilbert action given in
eq. (2.35) plus an additional Lagrangian .Z); containing terms involving the perturbed
scalar 6y and the free functions M, o, ok, Qr:

(W = 2hy k) + Ly | +51)

M50’ (2.49)

sP) = / d*xa’M? {,;%EH — (3H*+H) %

where Zzy is given by (2.35) whilst .2, is given by eq. (A.11) in appendix A.
Once again, having obtained a form for the fully covariant diffeomorphism invariant

action, we can study the scalar, vector, and tensor actions separately. As expected, we will
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see that this action propagates two physical scalar d.o.f (one from matter and one from the
gravitational scalar J), in addition to two tensor d.o.f.

The scalar action can be calculated by expressing the metric perturbation £y in terms
of the standard cosmological perturbation variables ®, W, E, and B. After making suitable
integrations by parts and the field redefinition of the perturbed gravitational scalar oy —
X0, the action in eq. (2.49) can be shown to be equal to the action given by eq. (4.15) in
[89], which indeed propagates two physical scalar d.o.f.

For vector perturbations, we again use the decomposition given by (2.38) in the unitary

gauge where 8y = 0. The resultant action for vector perturbations is then given by:
1 M?
/ dv= = (AN + M) (2.50)

As in the previous section, this action does not propagate any physical vector perturbations.
Finally, for tensor perturbations, using the decomposition given by (2.40), we find that

the resultant action is given by:

2
= /d4xa3% ((e'ij)z - (I—Z—ZOCT)(ake,-j)2> . (2.51)

which propagates two physical d.o.f. We emphasise that both of the results (2.50) and
(2.51) are in agreement with those of [99, 105].
The results of Section 2.3 can be recovered by setting the three o parameters to the

following values:

dlogM?
op =0, o =0, ap — B (2.52)
dloga
In this case we get that
dlogM?
=—Y 2.53
X+ legCl +> ( )

and we recover the Friedmann equation (2.33) from the Noether constraint given in eq. (A.9),
and as result all the interactions between the metric and 8y and the self-interactions of d
vanish.

Now that we have identified the relevant free parameters characterising scalar-tensor
gravity theories, it is possible to identify the physical effects of each one of them, and
constrain them with observations. Indeed, as explained in [105] M is a generalised Planck
mass, or induces a tensor speed excess, Ok 1s a kineticity term determining the kinetic
energy of the gravitational scalar d), and o is a braiding term that induces kinetic mix
between the perturbed metric and gravitational scalar, and thus contributes to the kinetic
energy of dy indirectly, through backreaction with gravity. All these parameters can be

constrained with current cosmological data with numerical codes such as the ones given
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in [106, 107], and hence we can find the family of such modified gravity theories that are
compatible with cosmological data. As expected, observational constraints are compatible
with the GR values of a7 = ox = op = 0 and constant M, and strongly disfavour large

deviations from these values [108].

2.5 Vector-Tensor theories

In this section we construct the most general diffeomorphism invariant quadratic action for
linear cosmological perturbations when the gravitational fields are given by a metric gy
and a vector field £ (see [109, 110] for Einstein-Aether and generalized Einstein-Aether
and [111] for generalized Proca theories). Similarly as the previous sections, we add a
matter scalar field ¢ minimally coupled to the metric only.

We again follow the covariant procedure for a homogeneous and isotropic background.
The perturbed metric and matter field are given by eq. (2.19), and now we add a gravita-

tional vector field:

CF = Llopu +8; 138 < |Zut| (254
where Z:f is the background value of the field, which must be a function of time only and pro-
portional to u* due to the symmetries of the background. Here, 6 * is a linear perturbation
and is a function of space and time.

We now follow step 2 and, due to the global background symmetries, we use the 3+1
split of space-time as in the previous sections, giving us the time-like vector u* and the
spatial metric y,y as the projectors to describe our background metric. We write the most
general gravitational action which is quadratic in the perturbation fields 4, and 6{* and

lead to a maximum of second-order derivatives in the equations of motion:

S(C;z) = /d4xa3 [%”vaﬁhuvhaﬁ +%”vaﬁ666h‘uvhaﬁ +Cg‘uval3k‘av;{h’uv65haﬁ
+ A 86uS Gy + Al S by + By 86,V 8 + B V8L

+<55‘V"5v,<5§ﬁ§5§v+95”“‘36,(6;1?5% . (2.55)

The tensors o7, 4, and € are the same as those given by (2.21)-(2.23). The new tensors

describing self interactions of the vector field and interactions between the vector and tensor
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fields are given by:

dp = Agutu’ + AP (2.56)
sth%‘% = Ac3u“uvu)‘ —I—AC4}/”VM’l —I—ACSM“}/‘”l (2.57)
%gle = BClu“uvuluK +B§2u“uvylk +B§3uKu’1)/“v —l—B§4u“u’l <Y —|—B(;5u“u'<}/wL
£ Begp" Y+ By 2.58)
‘KCMVKB = Cglu“uvu'(us +CC2L£”MV')/K6 +CC3uKu67“V +C€4u“u'€y"6 +C§5}/“VQ/K5
+Cg6yuxyv5 (2.59)

.@gVMS = Dglu”uvu)tu'(u‘S —l—Dgzu’luKu‘Sy“v +Dg3u’lu”uvy’(5 +Dg4u’lu”u'<}/‘sv
—}—DCSu“uvua}/'d —}—Dg6u“u’<u5}/v}L +D§7u’ly‘”y"5 +chuly“'<)/5v
+D§9”“YVKYM +D§10MK?’”VYM +D§11MK7”57M +D§12MHYM?’K67 (2.60)

with each of the coefficients A¢,, B¢, C¢,,, and Dy, being free functions of time, in addi-
tion to the scalar B;. We note that we have gained 31 additional free functions due to the
inclusion of the vector field {*.

We now follow step 3. As before, the total action is given by the combination of the
quadratic gravitational action in eq. (2.55) and the quadratic matter action in eq. (2.25). We
must now impose linear diffeomorphism invariance of the total action under a coordinate
transformation given by (2.6). The metric and matter perturbations transforming as in

eq. (2.27)-(2.28), whilst the new vector field transforms as:
SEH —8EH +Cu'V et — €YV, (Cut). (2.61)

As in the previous sections, by varying the total action under infinitesimal gauge trans-
formations, we obtain four Noether identities which in turn lead to a number of Noether
constraints. For vector-tensor theories we obtain 47 Noether constraints, the full list of
which can be found in Appendix B.4. Therefore, the final action has 10 free parameters
(arbitrary functions of time): CCZ'CC& DC4’ DC7’ ch, and Cs. Similarly as before, we
define an effective mass of the vector-tensor action and its running as:

z dlogM?
M? = —8Cs+2(Crs+Crg)C? = :
5+2(Ces+Ce6)C7,  am dloga

(2.62)

Analogously to (2.34) and (2.49), the total final gauge-invariant action can be written as
the matter action plus the quadratic expansion of the Einstein-Hilbert action (2.35) plus
an additional Lagrangian ., containing terms involving the perturbed vector §C# and
involving the 10 free parameters:

(W = 2huy b)) + L | + S5 (2.63)

s@ = / d*xa*M? [,%EH— (3H>+H) so-

1
8
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We do not present £, in its entirety here due to the excessive length of the expression.
However, having obtained a form for the fully covariant diffeomorphism invariant action,
we can study the actions for scalar, vector, and tensor type perturbations separately. For
scalar perturbations, we proceed as in the previous sections and, in addition, decompose

the vector perturbation 6 {*:
S¢H = (20— {@) ut + vV 9,2y, (2.64)

where Zj and Z; are the two scalar perturbations. We decompose the time perturbation
of the vector field as in eq. (2.64) so that the field ® appears explicitly as an auxiliary
field (i.e. without that derivatives) in the final action for scalar perturbations. After making

suitable integrations by parts, (2.63) can be shown to be equal to the following action:

s = / d*xa® (T ®” + Tyog DI D + Ty W2 + Tyog W'Y + Ty @V + Ty DY
+ Tyaowdi PV + Tz,0 Zo® + Ty 20D + Ty7,090iZ00' @ + Tz,wZo ¥
+ Ty Z0® + Ty 20 + To2,0w0iZ09™Y + T2 + T 25 + T 0 0iZ09'Zo
+ T52,92,01200'Z1 + Ty2,97,0iZ00'Z1 + Tyaroz, 0iP0'Z1 + Ty, 009’2
+ Ty, Y21 + Towaz, /%0 Z1 + Tpyz, 0V Z + T p 02102y + Ty p9i219'Z
+T312019'97, ) (2.65)

where we have defined 27 auxiliary coefficients T, one for each interaction term, which are
not independent and instead can all be expressed in terms of the 10 free parameters. We
do not give the explicit form of the T coefficients here for brevity’s sake, but a dictionary
relating the T parameters to the 10 remaining free functions is given in Appendix A.2.
As shown in Appendix A.2, this action for scalar perturbations in fact depends only on 9
different combinations of the 10 free parameters, and hence by observing the cosmological
effect of these perturbations we can only constrain these 9 combinations. We also note that
the result found here is a subclass of that one in [89], where it was found that the action for
scalar perturbations depended indeed on 10 combinations of free parameters instead of 9.
The difference lies in the fact that in this paper we have imposed gauge invariance of the
full covariant fields, and hence for scalar and vector perturbations (tensor perturbations are
gauge independent in this case), whereas in [89] the gauge invariance was imposed only
on scalar perturbations. Vector perturbations lead to additional Noether constraints, one of
which relates the 10 free parameters found in [89] and thus reduces the action for scalar
perturbations to the one presented in this paper.

As explained in [89], one might naively expect this action to propagate at most two

physical scalar d.o.f, namely, a potential helicity-0 mode of a massive vector and the matter
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field. However, we find that this action propagates three physical scalar d.o.f described
by V¥, Zy and Z;, while ® is an auxiliary field. Since we do not have the full non-linear
completion of these models, at this level it is not possible to identify with certainty where
the third scalar comes from, but it is likely to represent an unstable mode called Boulware-
Deser ghost [112], which can typically appear in modified gravity theories unless the field
interactions are restricted to particular forms (see for instance [113, 111, 103, 114]). In our
case, it is possible to avoid such mode, by an appropriate choice of the free parameters.
Indeed, inspired by the Generalised Proca theory [111], which describes the ghost-free
action of a massive vector field non-minimally coupled to a metric, we can fix two free
parameters, namely Cr, =0 and D¢y = ij C¢4, and make the kinetic terms of Zy vanish, in
which case Zy becomes an auxiliary field and action (2.65) propagates only two physical
scalar d.o.f described by ¥ and Z;.

For vector perturbations, we use the decomposition given by (2.38) for iy. The fol-

lowing decomposition of 8 {* into a divergence-less spatial vector Z* is used:
S¢H = (82— ENy) P, (2.66)

where we have decomposed the vector perturbation in this way so that the field N, appears
explicitly as an auxiliary field in the final action. The resultant action for vector perturba-

tions is given by:

1 1 , L
S\(,z) = /d4xa3 {TazNz a_48iNj8iNj + TaNaszgaiNﬂﬁZj +T5,28Z;0Z' + T52-25Z,~52’

1
+Ty2572 a—48,-62j8,~6zj . (2.67)

Again, we have defined intermediate coefficients 7', one for each interaction term, and they
are related to the 10 free parameters ad shown in Appendix A.2. In the appendix we also
show that there are only 5 independent combinations of the free parameters this action
depends on, and hence, if vector perturbations leave any signature, we can at best constrain
these 5 combinations. We note that this action has two vector fields N; and 8Z;, though N;
appears as an auxiliary field (i.e. without time derivatives). Thus there is only one physical
vector field propagating, which has two d.o.f that we associate to two helicities +1 of a
vector field*.

For tensor perturbations, again using the decomposition given by (2.40), we find the
following action:

2
51(2) _ /d4xa3% ((éij)2 _ “Jzz—zaﬂ(akeijﬂ) , (2.68)

“Remember that these are in addition to a third degree of freedom associated with the massive vector field
which is accounted for in the scalar action.
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which propagates one physical tensor field, and hence two d.o.f. Here we have defined the
parameter o to represent the speed excess of gravitational waves in vector-tensor gravity,

analogously to eq. (2.51):

o = ay— ﬁ (465552 +4CysE (HE + 25) +2D¢€ — 2Dy € + 2Dy (Hé + C)) .
(2.69)

We emphasise that the results shown in this section for vector and tensor perturbations have
never been shown before, as the work on [89] focused only on scalar perturbations. Here
we have found that the structure of the action for tensor perturbations is the same as that
one for scalar-tensor theories as there are no extra tensor fields involved in the model, and
can help constrain only one of the 10 free parameters of the model. However, the action
for vector perturbations is quite different to that one for scalar-tensor theories, as vector-
tensor theories propagate one physical vector field, whose potential signatures could help
constrain at most 5 of the 10 free parameters of the model.

Finally, we mention that the results of Section 2.3 can be recovered by setting the free

parameters to the following values:

CCZ :Ccz - CC3 - CC4 - CCS - CC6 - 0

In which case, we find that:
M?* =—8Cs, ar = oy, Ly, = oy %, (2.71)

Similarly to the case of scalar-tensor theories, it should be possible to identify the physi-
cal effects associated to each one of the 10 free parameters found for vector-tensor theories,
in addition to theoretical and numerical constraints on them. Up to date, such analysis has
been done for the special case of Generalised Proca theories [115, 116, 117, 118], but the
parametrised action presented in this section is more general and its further analysis will be

left for future work.

2.6 The role of global symmetries and the number of free
parameters

For each case considered so far, we have found that a finite number of free constants or
functions can parametrise a general class of linearized theories. The number of free func-

tions, or parameters, that come out of the Noether constraints will depend on the field
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content but also, crucially, on what we are assuming about the background space-time. So,
for example, we found that on Minkowski space, the result was one free constant which
lead us to the massless Fierz-Pauli action — linearized general relativity. But when we re-
peated the calculation on an expanding background and assumed a 3 4 1 split, we found
one free function of time, M>(t) which is more general than the linearized general relativity
on an expanding background. To understand why this is so, we need to look at the role that
global symmetries play in the procedure.

Global symmetries are symmetries of the background, which are independent of the
local gauge symmetries of the perturbations; we can have gauge invariance around a back-
ground with any symmetry. For instance, as shown in [89], we can have linearly diffeo-
morphism invariant actions in Lorentz-breaking theories such as Einstein-Aether. For this
reason, we must enforce both types of symmetries — gauge and global — independently.
While from the covariant action approach it is clear that Noether constraints enforce gauge
symmetries, we clarify that making the appropriate choice of background projectors to con-

struct the most general action in step 2 will enforce global symmetries of the background.

2.6.1 Considering Minkowski again

In order to illustrate this key point, let us go back to the quadratic action for a single tensor
(or metric) in Minkowski space-time, shown in Section 2.2. We found that if we construct
the most general action in step 2 using the a single projector 1),y the final diffeomorphism
invariant action does not have any free parameters. Let us now repeat the calculation but
now assuming a 3 + 1 split of the space-time, and hence using the projectors u* and Yy
to construct the most general action in step 2. In such a case the coefficients <7 and % in
eq. (2.4) would be replaced by the expressions given in eq. (2.21) and (2.23). At this point
we can already see that there are many more free parameters in this action, compared to
the six parameters in eq. (2.4). After following step 3, and imposing linear diffeomorphism

invariance, the resulting action is the following:
2) 4 1 u v 1 UV v A
1 1
+a (Euuuvauh“ﬁ Ovhap — Sulu’ duhdyh -+ 2utu¥ Oyhf, oy h — utu 9y hyy O™

— MY 0y W O — 2 ¥ Dy, Dph P + ¥ O ey Op P +uﬂuva,,hmaphﬁ)} :
2.72)

where we have again redefined the perturbation /y to eliminate an overall free factor in

the action, and o is an arbitrary constant. Unlike the action in eq. (2.11), here we find one
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free parameter ¢ that multiplies terms involving the time-like vector u*. We emphasise
that to obtain this action we have indeed used that #* and Y, are those of a Minkowski
metric, and hence the difference in the two actions does not come from the possibility that
the background metric of eq. (2.72) is more general than the one previously used. The
difference is due to the fact that in arriving at (2.72) we have not respected the global
symmetries of the background space-time. As our background metric is Minkowski, our
action cannot contain any Poincare symmetry breaking terms such as u*. Therefore, to
obtain the correct action for linear perturbations around Minkowski we must impose the
background symmetry and enforce « to vanish. In this way we recover our previous result.

From this example we conclude that it is a consistency condition to construct the
quadratic action for perturbations using projectors that preserve the global background
symmetries. This is because the general tensors of step 2 o/, &, €, etc, can only come

from the background fields, and hence they must preserve the same global symmetries.

2.6.2 Axisymmetric Bianchi-I

We can explore the role that the global symmetries of the background play further by con-
structing the most general diffeomorphism-invariant quadratic gravitational action in an
anisotropic universe. For the background, we will consider an axisymmetric Bianchi-I
model [100, 119, 120], such that the line element is given by:

ds® = —dt* + a(t)*dx* + b(1)? (a’y2 + dzz) . (2.73)

Unlike the case of an isotropic universe, anisotropic universes permit dynamic vacuum
solutions (e.g. the Kasner models in GR [121]); for simplicity we will consider such an
anisotropic vacuum universe here. In this case, the right set of projectors to be chosen are
those from a 141+2 split of space-time. Thus we now define three projectors: a time-like
vector u*, a space-like vector x*, and a space-like tensor ¥,y such that the background

metric is expressed as:
g’uv = —I/l”uv +x”Xv+Y‘uv. (274)

The projectors u*, x*, and 7,y are non trivial due to the dynamical nature of the back-

ground. Explicitly, they are given by:

.x“ — (0,61,0,0)“, (2.76)
% =b>8j, (2.77)
Yuo = Yu1 =0, (2.78)
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where i, j now run over coordinates 2 and 3 such that u*, x*, and 7,y are mutually orthog-
onal. Having chosen a set of projectors in accordance with step 1 of the method outlined
throughout this paper, we can now move onto step 2 and write the most general quadratic
action leading to second-order derivative equations of motion. This action can be written

as:

S5 = [ dxab? [T P hyyhag + E POV shyyho + TG i Vsha)
(2.79)

where the tensors &, &, and .% are given in Appendix A.3. The action given by eq. (2.79)
depends on 122 free functions of time, a large increase from the 26 free functions that were
needed in Section 2.3. We additionally have 2 free functions of time from the background
- the scale factors a and b.

Having obtained our most general quadratic action for the anisotropic Bianchi-I back-
ground, we can now proceed to step 3 and impose diffeomorphism invariance on the action
(2.79), with the metric transforming as in eq. (2.27). As in the previous sections of this
chapter, we obtain a number of Noether constraints that reduce the number of free parame-
ters present in our theory from 124 (122 from eq. (2.79) and 2 from the background) to one
free function of time M2 and two constants ¢ and ¢, (a full list of the Noether constraints
can be found in Appendix A.3), whilst a relation between the two scale factors a and b is
also found. The final gauge invariant action is given in Appendix A.3. M? and ¢ arise
from the 122 free parameters in the action (2.79), whilst ¢; is an integration constant which

comes from the relation found between the two scale factors:

1
2, (2.80)

H =——
H 2

where we have defined H| = g and H, = %. By setting ¢, = 0 we find that H} = —%Hz.
This relation corresponds to the non-trivial Kasner solution for an axisymmetric vacuum
universe in General Relativity [121, 122, 123]:

ds* = —di® +13d® +13 (dy* +d2?) . (2.81)

We can further set M?> = —4¢; = Ml%l and, after making some integrations by parts on
the remaining terms, recover the exact Kasner solution (i.e. the quadratic expansion of the
Einstein-Hilbert action about the background given by eq. (2.81)):

33



1 1 1
GR_/d4 tM? {——huvh“v—kﬁhz S i hvart ! + 2 hihvaxt X
1 2 Loavp
3 2hhuvu u —B—hhu\,x x¥ +3 2h#vh pu- U X x
2 1< 1
— g huvhaput ¥ xxP + SVuhV“th 1 Vuh OV by — VR Iy

1. _
_gvahwvahm} . (2.82)

Thus, as in Section 2.3, the correct general relativistic solution can be found by a spe-
cific choice for the remaining free parameters in our theory. Unlike the resulting gauge
invariant action found in 2.3, however, the action found for an axisymmetric Bianchi-I vac-
uum universe depends not only on a free function of time M? (as well as the background
scale factor a), but also on two constants ¢; and ¢;. This increased number of parameters
in the final theory is a result of the reduced symmetry of our background space-time (from
a homogenous and isotropic FLRW space-time to an anisotropic axisymmetric Bianchi-I
space-time).

As we have seen in the previous examples, the symmetry of the background plays a cru-
cial role on determining the final number of relevant free parameters in the quadratic action
for perturbation. In general, the less symmetric the background, the more free parameters
we will get (or at least the same number). As we have seen, we impose a given background
symmetry by choosing the appropriate basis of background vectors and tensors that respect
the symmetry, and construct the most general action in step 2 using that basis. Doing this
is crucial for consistency as the coefficients of this general action (such as .o/ uvaBrd and
BBV can only come from the background fields and their derivatives, and hence they

must respect the same symmetries.

2.7 Conclusion

In this chapter I have presented a covariant approach for constructing quadratic actions for
linear perturbations, for a given set of fields, background global symmetries, and gauge
local symmetries. I have discussed the relevance in distinguishing gauge and global sym-
metries and the role they play in the final construction of quadratic actions of perturbations.

The approach presented in this chapter is divided in 3 steps. In step 1 we choose the
background on which perturbations propagate. This background will usually have a cer-
tain set of global symmetries, i.e. rigid symmetries that do not depend on space and time.

For instance, if the background is Minkowski the global symmetries will be given by the

34



Poincare group, but if the background is FLRW, the symmetries are spatial rotations and
translations (isotropy and homogeneity, respectively). In step 2 we construct the most gen-
eral quadratic action for perturbations that lead to a chosen maximum number of derivatives
in the equations of motion. This general action will have free coefficient multiplying the
different possible quadratic interaction terms of the perturbation fields. These coefficients
come from the background fields and their derivatives, and hence they must satisfy the same
global symmetries of the background in order to be consistent. Therefore, the background
symmetries play a crucial role in step 2. We achieve this consistency by choosing an appro-
priate basis of background projectors to use to write the general coefficients of the general
quadratic action. Finally, in step 3, we impose that the general action of step 2 is invariant
under certain local gauge transformations and, hence, in this step gauge symmetries are the
ones playing a crucial role. We impose gauge symmetries by finding the relevant set of
Noether identities associated to the symmetry and enforcing that they vanish. This leads to
a set of relations between the free coefficients of the quadratic action in such a way that the
final action is invariant under the desired local symmetries.

The covariant action approach presented in this chapter is general and systematic and
we have shown how it can be applied to cosmology to construct general parametrised ac-
tions linear perturbations for different families of modified gravity models: scalar-tensor
and vector-tensor diffeomorphism invariant theories. Since gauge invariance has been im-
posed on the covariant set of perturbation fields, we have hence made scalar and vector
perturbations gauge invariant, and we have presented their corresponding actions in this
chapter. In the case of scalar-tensor theories, we have recovered the same well-known re-
sult of previous works, but for vector-tensor theories we have extended the results of [89]
and found that the action for scalar perturbations depends on 9 free parameters instead on
10, once gauge invariance on vector perturbations is imposed. We have also shown explic-
itly the action for vector and tensor perturbations, which are found to depend only on 5 and
1 free parameters, respectively. These results highlight the fact that scalar perturbations are
essential for constraining modified gravity as they are the ones containing the most infor-
mation on the free parameters, but the search of signatures in tensor or vector modes could
be used complementary to improve constraints on some of the free parameters.

The power of this method is that it is agnostic of the fine detail of a ‘full’ non-linear
theory (other than the field content), and can be applied to any type of background, with
the example of an axisymmetric Bianchi-I vacuum model given explicitly. In particular, it
can be applied to non-cosmological backgrounds such a black hole space-time of various
forms and guises, linking cosmological tests to tests on astrophysical scales. Indeed, in

Chapter 3 the framework developed in this chapter will be applied to Schwarzshild black
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holes, in an attempt to determine the most general set of linear perturbations for a given
field content which will play a role in black hole ringdown, and those which will affect the

QNM spectrum of perturbed black holes in modified gravity.
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Chapter 3

General theories of linear gravitational
perturbations to a Schwarzschild Black
Hole
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Abstract

The framework developed in Chapter 2 is used to analyse the structure of lin-
ear perturbations about a spherically symmetric background in different fami-
lies of gravity theories, and hence study how QNMs of perturbed black holes
may be affected by modifications to GR. We restrict ourselves to single-tensor,
scalar-tensor and vector-tensor diffeomorphism-invariant gravity models in a
Schwarzschild black hole background. We show explicitly the full covariant
form of the quadratic actions in such cases, which allow us to then analyse odd
parity (axial) and even parity (polar) perturbations simultaneously in a straight-

forward manner. This chapter is based on the research published in [83].



3.1 Introduction

The recent detection of gravitational waves (GW) from the merger of black hole binaries
by the LIGO/Virgo collaboration [16] has opened a new window of physics that will allow
us to test gravity in completely new regimes [25]. While GR enjoys great success and
accuracy in the weak field regime around the Solar System, and in the arena of strongly self
gravitating systems such as radio pulsars [124], the highly dynamical strong field regime
around merging black holes (and other compact objects) was previously unobserved [59].
This situation is changing and with the accumulation of data from new black hole mergers,
in addition to the plans of future observatories such as eLISA, KAGRA, and the Einstein
Telescope, we will be able to impose precise observational constraints in new regimes by
analysing the evolution of GW signals.

The black hole remnant resulting from the merger of two black holes is, initially,
highly deformed. It subsequently settles down to a quiescent state by emitting gravita-
tional radiation - dubbed the ‘ringdown’. In GR, this process is described as the final
black hole ‘shedding hair’ and can be characterized by two parameters: the black hole’s
mass and angular momentum (assuming negligible electric charge). The fact that black
holes in GR have ‘no hair’ has become one of the cornerstone results of modern gravity
[55, 57, 125, 58, 126, 127, 128, 129]. In extensions to GR the situation is different. The
final state, the black hole remnant, may have additional structure or hair or it might not.
But the structure of the GW signal could carry information about the underlying theory of
gravity, even if the final equilibrium state is a black hole which is indistinguishable from
those found in GR (for example Schwarzschild or Kerr). Thus, the characterisation of the
ringdown might allow us to discriminate between GR and alternative theories of gravity
[130].

Over the past decade, a set of numerical algorithms have been established to charac-
terise the ringdown in terms of quasi-normal modes [47]. A number of consistency checks
have been proposed for testing the no-hair hypothesis by comparing the values of the dom-
inant and sub-dominant quasinormal modes; as a by product, it should be possible to read
off the spin and mass of the final black hole [56]. The errors and the associated signal-to-
noise ratio of such procedures have been studied in detail [131, 132, 133] and it has been
shown that it should be possible to find accurate constraints on black hole parameters from
future data.

There has been some attempts at exploring the ringdown process in specific extensions

of GR. The evolution equations have been analysed for Jordan-Brans-Dicke gravity [134,



135], for scalar-tensor theories with non-minimal derivative couplings [76], for Einstein-
Dilaton-Gauss-Bonnet gravity [64], for TeVeS models [136], and for Dynamical Chern-
Simons gravity [137, 138], to mention but a few. But it is fair to say that the literature is
far from complete and comprehensive. With the advent of black hole spectroscopy it is
timely to start exploring extensions of General Relativity more thoroughly with the hope
that future data might allow us to place stringent constraints on such modifications.

The study of the ringdown process through the quasi-normal modes involves the anal-
ysis of linear perturbations around a stationary black hole [47]. By studying the structure
of the evolution equations, subject to a particular set of boundary conditions, one is able
to determine frequencies and damping scales which contain a wealth of information. The
problem is entirely analogous to that of analysing deviations from homogeneity on a cos-
mological spacetime (such as a Friedman-Robertson-Walker universe) [139]. There, one
uses a set of basis functions tailored to homogeneous and isotropic spacetime and stud-
ies their evolution and spatial morphology. Comparing to cosmological observations one
is then able to extract information about, for example, the expansion of the universe, the
densities of the different energy components and the statistical properties of the initial con-
ditions.

Given the similarities between the study of quasi-normal modes and cosmological per-
turbations, it would make sense to explore whether techniques developed for cosmology
might be applied to the study of black hole physics. The focus of this chapter will be to
show that the method developed for constructing general quadratic theories of gravity in the
context of cosmological linear perturbation theory in Chapter 2 can also be used to develop
families of perturbed actions around black hole spacetimes. In doing so, it is possible to
develop a formalism for quasi-normal modes in general theories of gravity. By constraining
quasi-normal modes, we will be able to constrain the free functions present in the quadratic
actions presented in this chapter, and therefore extensions to General Relativity. Key to this
construction is that the actions considered here are built with a minimal set of assumptions
and, as a result, should cover a wide range of models in the space of non-linear gravitational
theories.

The focus of this chapter will be on linear perturbations. For simplicity and clarity,
we will restrict ourselves to a Schwarzschild background although the method we present
should be applicable to Kerr or more exotic black holes arising in extensions of GR. This
restriction merits a brief discussion. The most straightforward extension to GR is the ad-
dition of a non-minimally coupled scalar field — scalar-tensor gravity theories. It is well
established that a wide range of scalar-tensor theories have no hair and thus settle down to

Schwarzschild or Kerr black holes [140]. However it is possible to construct hairy black
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holes in scalar-tensor theories [141]. The same can be said of theories where the extra gravi-
tational degree of freedom is a 4-vector: for example generalized Proca theories [142, 143].
In this chapter, the extensions to GR we will consider involve either an extra scalar or vec-
tor field and given that these theories have regimes with a Schwarzschild solution, we are
justified in restricting ourselves to having it as the background space time.

This chapter will be structured as follows: In Sections 3.2-3.4, we will derive the
diffeomorphism-invariant quadratic actions of linear perturbations on a Schwarzschild back-
ground for three families of theories of gravity: containing a single-tensor field, a tensor
field with a scalar field, and a tensor field with a vector field, respectively. In each case we
will derive the equations of motion for odd parity (axial) and even parity (polar) type per-
turbations. In Section 5.5 I will discuss the results of this work and the method presented
in this chapter.

Throughout this chapters, indices using the greek alphabet (i, v, A...) will continue
denote space-time indices and run over coordinates 0-3. Capital Roman letters (A, B, C...)

will denote angular indices and run over coordinates 2-3.

3.2 Single-tensor theories on a Schwarzschild background

In this section we apply the framework developed and illustrated in Chapter 2 for analysing
perturbations around a spherically symmetric background. In particular, we consider the
case when the gravitational field content is given by a single tensor field and construct the
most general quadratic action around a stationary and static black hole background, that is
invariant under linear coordinate transformations and has second-order derivative equations
of motion.
We start by following step 1. We assume that the background is given by the Schwarzschild

metric:

ds* = guydrdr’ = —fdr* + f~'dr* + *d6* + r* sin® 0d ¢, (3.1)

where we have used spherical coordinates and defined f =1 — 2%’[, where M is the mass
of the central black hole. In order to describe this background in a covariant way, we
foliate the spacetime according to the background symmetries. We make a 1+1+2 split
and define a time-like unit vector u* and a space-like vector r*, which induces orthogonal

hypersurfaces with a spatial metric yy such that:

Yuv = 8uv +uylty —ryty. (3.2)
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Thus, u#, r* and 7,y act as the projectors for this spacetime. Specifically in this case,

projectors are given by:

gy =(—f2,0),, (3.3)
ru =(0,£72,0,0),, (3.4)
Yap =" Qa, (3.5)
Yo =Yu1 =0, (3.6)

where 0 is a 3D zero vector, and Q4p is the metric on the unit 2-sphere. These projectors

are mutually orthogonal to one another:
YWuy =0, yYry=0; utr,=0. 3.7)

We now move onto step 2 and construct the most general quadratic gravitational ac-
tion. As in Section 2.2, the most general action quadratic in Ay, with up to second order

equations of motion can be written as:

S(C?) = /d4xr2 sin @ [ﬂf”vaﬁhuvha[s +%uvaﬁav6huvhaﬁ +Cguvaﬁwvi<huvv§haﬁ] ’
(3.8)

where the coefficients .27, %, and € are tensors depending on the background. Notice that
here, unlike the action in Section 2.2, we have a tensor with five indices %’”V“ﬁ‘s, which we
previously ignored as it only contributes to the action as a boundary term in a Minkowski
background. Also, for future convenience we have defined the tensors in action (3.8) with
a factor r2sin 6 in front.

We now write the most general form that the tensors .7, %4, and % can have respecting
the symmetries of the background. In this case, they can be constructed using the three

relevant projectors u*, r, and y,y, in the following way:
VP = Ay (Aol A+ AP
+ M <A5}/Vﬁ +Agu’uP + A7V P —|—Aguvrﬁ>
+uMu” (Aguo‘u[3 +Agor®rP +A11uarﬁ> + Y (Alzrocrl3 +A13rauﬁ>
+ Apar ¥ u®rPB (3.9)
PIVOBS — v 00 (uﬁBl + rﬁBz> 4 RO (uﬁB3 + rﬁB4>
+ (uauﬁ ulBs + r*rProBe + u®rPud B, + u*rPréBg + r*rPulBy

+uauﬁr531o) + }’“6 <uvuauBBl1 + rvrarBBlz —|—uvuarBB13 —|—rvuarBBl4
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cguvocﬁ 1)

+u'r*PBys + rvuauBBm> + yHe (uvrﬁu‘an —|—uvrﬁr6318>
Y %y P <r5319 —l—u6320> Y B0 Byt uY u®rPul By,
+ PV r%uP ul Bos + utu u%rP ro By, (3.10)
Gy B RS | Oy RS | V@K yBE | B v
+ <C5y“vy°‘ﬁ +C6y“°‘yvﬁ> u ul + (Cﬂ/’”y"‘3 +C8}’“K7V‘S> u®uP
+ Coy*Pulu¥ uku® + Croy*ou®uP utu + <C11}’K5Vﬁv+C127Kﬁ7’5v> utu®
+ (Cwyaﬁ},vé +C14Ya"}/‘sﬁ> utu® + Cis P %u’ uP uku® + Crey*<u¥ uP u®u®
+ Crutu®u’ uP uFu (Clsy”VY“ﬁnLCw}’”“Yvﬁ) r<r
+ (Czoy“VyK5 +C21}/‘“K}/V6) P —{—sz}/aﬁr“rvr'cra +C23}/K5r°‘rﬁr“rv
+ (C24YK5}"BV+C2 YKﬁYaV> rHr® + (C267aﬁ}’vs+cz7}’av?’6ﬁ) ik
o RO B S 4 Cog Y By S 4 b ¥y B iy
+7r <C317’aﬁr U + C Y uP 0 + Ci3 ™ Ul rP + Cauy*or® B)
+ P <C35}/ Burp® +C36'}/K5rvuﬁ>
+ pH* <C 77%0rVuP + C3sy P r®uP + a0y 4 rP ub + Caoy¥ *uP 5)

+ v <r0‘ Bucudcy, +u°‘uBr"r5C42+r“uﬁr"u5c43)

5 (u“u ﬁC44 +r*u O‘uﬁC45>

<uv %P U0 Chs + r u® Br5C47+uvuarﬁr5C4g+rvuarﬁu8C49>
+ e <r"r[3 “udCso +u uP r<rdcs, +uvrﬁuKr5C52> +ulu’ u®rPyoCs,
+ (uauﬁ K0 Csy + u“rﬁuKuaCﬁ)
+ pyHE (uv Bu C56—|—u Vu%yP 6C57+rvuauﬁ 5C58>
+ e <uvu ukr9Cso + u¥rPu® u6C60> +r“rvrauﬁ}/K5C61
<r°‘rﬁ uCep + r®uP r* 6C63>
<r r*uPrdCey + 1V r® ﬁu5C65+uvro‘r'8r5C66)

+ yHe <rvrBr u5C67 +rVuP rKr8C6g> —l—u“uvuauﬁ rKu5C69
+ r“uvuauﬁuKuaCm + rHrV e P rKu8C71 +ut PV ropB rKr5C72

+ uMu u®uP r 0 Con + r*uY u®uP rul Cog + rr u®uP u¥ul o5
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+ Y B U0 Coe 4 Y P uRud Cy 4 uP Y P Uk 0 Cog
+ utu PP rKr5C79 +ut Y u% P rKr6C30 + u“rvrarﬁukuaCm

+ u“uvrarﬁukr‘ngz + u“rvuarﬁukrsC% + utu u® P rKr‘SCg47 3.11)

where, as in the previous section, we have only defined the set of tensors that lead to
distinct terms in the quadratic action'. Here, the coefficients A,, B,, and C, are arbitrary
scalar functions of the background, and hence of radius. We note that the tensors <7, %,
and ¢ could come from the background metric gy, and its derivatives to arbitrary order.
Hence, we are restricting the number of derivatives allowed for the perturbations Ay, but
not for the background. We comment here that, in using only the projectors u*,r*, and
"V, we have implicitly restricted ourselves to studying theories that do not include parity
violation. To study such theories, for example Chern-Simons theories of gravity [144], we
would also have to use the four dimensional Levi-Civita tensor €*Y*# when constructing
our background tensors.

From equations (3.9)-(3.11) we can see how less symmetric backgrounds can lead to
a larger number of free parameters in the gravitational action. Whereas with a Minkowski
background in section 2.2 the action in step 2 had only 6 free constant parameters, in a
spherically symmetric background we find 122 free functions of radius. As we shall see
later, we will also find more Noether constraints in this section, and so the total gauge
invariant action will have only one extra free parameter compared to the Minkowski case.

Having obtained an explicit expression for the coefficients in eq. (3.8), we proceed to
step 3. We want the total quadratic action to be linearly diffeomorphism invariant. In this
case, the metric perturbation will transform as the Lie derivative of the background metric

along an infinitesimal coordinate transformation vector €. That is,
huv = huy + Ve + Ve, (3.12)

where again €, is an arbitrary gauge parameter. The action given by eq. (3.8) can now be
varied to find the Noether identities. Schematically, an infinitesimal variation of the total

action can be written as:

658 = [ d'x[61*Shy] (3.13)

where 8 denotes a functional variation, and &" is the equations of motion of the perturba-

tion field A . We now consider the functional variation of the action when the perturbation

"Whilst in principle one should symmetrise over the indices of .27, %, and € in order to obtain the most
general tensors, the additional symmetrised terms do not contribute any new terms to the action so they have
been ommited.
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field transform as in eq. (3.12). After making suitable integrations by parts we find:
(2) _ 4.1 A% uv
8eSy = [ d¥x [-2Vy (MY)] ey, (3.14)

where we have used the fact that £#V is a symmetric tensor. For the total action to be gauge
invariant we impose SES(Tz ) = 0, which leads to four Noether identities given by each one
of the components of the bracket in eq. (3.14). From these Noether identities we can read
a number of Noether constraints that will relate the values of the free parameters A,, B,
and C, of the quadratic gravitational action. In order to read off the Noether constraints
easily, we rewrite the Noether identities solely in terms of the projectors u*, r* and ¥y,
by eliminating all covariant derivatives of the background using the equations in Appendix

B.1. For instance, we will rewrite the covariant derivative of a function G as:

1 dG

VuG=fir, (3.15)

r
In this way, due to the fact that the projectors are mutually orthogonal, any perturbation field
contracted with different projectors or different index structure must vanish independently.
Through this process, we obtain 120 Noether constraints for the coefficients A,,, B,,, and C,
(see Appendix B.2). Thus, we are left with only two free parameters: a free function of r,
C1, and a constant, C4;. In fact, we find that all terms which depend on the parameter C;
cancel in the final action, thus leaving the action dependent only on the constant C4;. We

can thus write the total gauge invariant action as:
5@ = /d4xr2 sin O M2, Zen, (3.16)

where we have chosen C4; = —%M%,l, with Mp; being the reduced Planck mass, in order
to describe modifications from GR. The Lagrangian £y is the quadratic expansion of the
Einstein-Hilbert action, i.e. %\/—_gR, and is given by eq. (2.35).

Having found the most general gauge invariant quadratic action for a single tensor field
on a Schwarzschild background, we can now find the equations of motion for different
types of perturbations. Due to the spherical symmetry of the background, perturbations
can be decomposed into tensor spherical harmonics and classified in terms of their parity:
either odd (axial) or even (polar) [145, 146]. As our action is gauge invariant, we are free to

choose a convenient gauge for our calculations. We will work in the Regge-Wheeler gauge
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[145], in which our odd and even perturbations take the following form [145, 146]:

O O ho(l’)Bgm ho(l’)B%m
hy

lm m .
podd, 0 0 (r)Bg" i (r)B, e ion (3.17)
’ sym  sym 0 0
sym  sym 0 0
Hy(r)f ngr)) 0 0
H,(r
even  _ sym f 0 0 ngefiwt 3.18
uv,tm 0 0 K(r)rz 0 ’ (3.18)
0 0 0 K(r)r*sin@

where sym indicates a symmetric entry, Bﬁm is the odd parity vector spherical harmonic and

Y™ is the standard scalar spherical harmonic, as described in [147, 148]%:

1 0 d
‘m Im ‘m : Im
= — —Y B," = 0—Y"". 3.19
0 sinfdg- ¢ T 19

Here, the amplitude of linear perturbations is described by the functions 4;, H; and K. The
properties of tensor spherical harmonics and of the Schwarzschild spacetime are explored
in great length in [147, 148]; the calculations of those papers were used throughout the
calculations made here. We have also assumed a time dependence of e~*®' for our per-
turbations, due to the static nature of the background spacetime®. Furthermore, spherical
harmonic indices will be omitted from now on, with each equation assumed to hold for a
given ¢ (we will find that the equations of motion are independent of m, which is unsurpris-
ing due to the spherical symmetry of the background). In general, the metric perturbation
will then be represented by a sum over ¢, m, and @ of the modes.

Clearly eq. (3.16) shows that we have recovered the correct quadratic expansion of GR
for single tensor theories of gravity. It will, however, be instructive for later sections to
proceed with the full analysis of the equations of motion derived from the action given by

eq. (3.16).

3.2.1 Odd parity perturbations

We will first consider odd parity perturbations, where Ay is given by eq. (3.17). We find
the following two Euler-Lagrange equations upon varying eq. (3.16) with respect to 49 and

ZNote there are slight differences in convention between the definitions of tensorial spherical harmonics
used in [147] and [148]).

3The case of @ = 0, i.e. for purely static perturbations, is interesting for the study of Tidal Love Numbers
[149, 150, 151] and the tidal deformation of black holes in modified theories of gravity [78]. This study lies
outside the scope of this thesis, however.
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hy, respectively:

d*hg dh 2hy  ho 4M
— i +in"— — — ((l4+1)——) =0 20
PP +io ar +io . r2f (£+1) - , (3.20)
h dh h
-1 . no . 0 2 1

Multiplying eq. (3.20) by —iw and taking the r derivative of eq. (3.21) and substituting, we
find:

d
—iwhy = fa (/’llf) . (3.22)

Using eq. (3.22) to eliminate /4y from eq. (3.21), we arrive at the famous Regge-Wheeler
equation [145]:
d>Q

izt [0® —Vrw(r)] @ =0, (3.23)

where we have introduced the Regge-Wheeler function Q and the tortoise coordinate r,
[145] such that:

0 =h f, (3.24)
r
dr, =f"ldr, (3.25)
whilst the potential Vg (r) is given by
2M 1 oM
r r r

Figure 3.1 shows the value of Vg plotted for varying ¢ for a black hole with M = 1/2
(such that the horizon is at r = 1).
3.2.2 Even parity perturbations

For even parity perturbations, where /1,y is given by eq. (3.18), four Euler-Lagrange equa-
tions are found upon varying eq. (3.16) with respect to Hy, Hy, H, and K. After a series of
straightforward, but lengthy, manipulations, the following set of equations is found:

K —3M 1 1 1
d r—3 H 14(0+1)

—+——F K —— ———-H1 =0 3.27
dr * r(r—2M) r 0 2 iwrr T (3-27)
dHy  r—3m r—4m ior 14(0+1)
— = H =0 3.28
ar r(r—2M) r(r—2M) o T 2 e e (3:28)
dH ] ] 2M
Ly 1O gy 1O g Hy, =0, (3.29)

dr  r—2M r—2M r(r—2M)



Figure 3.1: Regge-Wheeler potential Vgy as a function of r for varying ¢, with M = 1/2.
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which satisfy the following algebraic identity:

67M+(£+2)(£— 1)} Ho— {(€+2)(f— - 3?;;* 2%(1—2;%)
{Zza) —I-%} H; =0, (3.30)

and the relation Hy = H; is also found. We can make the following field redefinitions, as

described in [152], to rewrite K and H| in terms of the Zerilli function y(r) (with a relation

for Hy also found):
K=+ (1-20) 5.

or
le—i(l)( l,l/—i-l’a—llj)
)

Hy =2 [(1__>( o wﬂ_)}_m (331)
ar
where we have introduced:
AA+ 1) +2AMr + 6M? Ar2 —3AMr—3M?
g1 () =24 o e =2 — (3.32)

2(Ar+3M) (r—2M)(Ar+3M)’
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Figure 3.2: Zerilli potential V as a function of r for varying ¢, with M = 1/2.
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and 2A = (¢+2)(¢ —1). After making the substitutions given by eq. (3.31) in eq. (3.30),
we find a single equation determining the evolution of perturbations, the familiar Zerilli
equation [153]:

>y

dr?

+ [@® = V()] w =0, (3.33)

where the potential V(r) is given by

2M> A2 (A + 1) r43M]+9M>(Ar +M) (3.34)

Vz(r) :2(1_7 P (Ar+ 3M)?

Figure 3.2 shows the value of V plotted for varying ¢ for a black hole with M = 1/2 (such
that the horizon is at r = 1).

For both odd and even parity perturbations, we recover the Regge-Wheeler and Zerilli
equations as in GR. These equations are in the form of Schroedinger-style wave equations,
with the spectrum of frequencies @ dependent on the form of the potentials Vzy and V7.
Clearly for a given /, these spectra are entirely dependent on the mass of the black hole M,
and in fact it can be shown that the two equations are isospectral [44] (i.e. both odd and
even parity modes oscillate with the same frequencies). Furthermore, note the remarkable

similarity between the plots of the potentials Vg and V7 in figures 3.1 and 3.2. In Chapter
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5 we will examine black hole perturbations in GR in more detail, and calculate the QNM
spectra analytically.

The recovery of GR is of course the expected result for a theory containing a single
tensor perturbation about a Schwarzschild background. Having found that C; vanishes
from the final gauge invariant action, and setting C4; = —%M%l, as explained above, there
is no further parameter freedom in our theory. This result may seem to be in contrast to
a similar calculation performed on a cosmological background in Chapter 2, where it was
found that a time-dependent Planck mass was allowed, and the running of this generalised
Planck mass induced modifications in the equations for linear cosmological perturbations.
However, in such a case the background evolution of the metric was left free, but if the
background evolution was fixed to be that of GR (as in this paper, by setting f = 1—2M/r),
then the generalised Planck mass would have to be constant and thus no modified evolution

for perturbations would be found.

3.3 Scalar-Tensor theories on a Schwarzschild background

Having studied the case of a single-tensor perturbation on a Schwarzschild background,
we now construct the most general gravitational action for perturbations of a tensor and a
scalar field, that leads to second order equations of motion and is linearly diffeomorphism
invariant. The stability of stationary black holes under perturbations in scalar-tensor the-
ories has been studied in [154, 155, 156]. We follow the covariant procedure as in the

previous section, but with the addition of a gravitational scalar field x:
x=2(r)+0x: [6x| <|xl, (3.35)

where J is the background value of the scalar field and J) is a linear perturbation non-
minimally coupled to the metric g, and its perturbation, 4,y. We will assume that we are
considering scalar-tensor theories of gravity where a no-hair theorem exists, such that the
background spacetime is still described by the Schwarzschild solution given by eq. (3.1)
[140, 141, 157].

In the case that the background is given by eq. (3.1), the background value of the scalar

field, ¥ must correspond to the trivial solution of a constant [140, 141]:
Vux =0. (3.36)
Note that the perturbation to the scalar, 6y, is non-trivial and still depends on the space-

time coordinates.
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Since we have the same background as in the previous section, we continue to use the
1+1+42 split of spacetime with the projectors u*, r#, and y,,. We proceed to step 2 and

write down the most general scalar-tensor gravitational action as:
s = / dter?sin® [ MY hyyhgp + BV shyyhog + 6 PRV Vshag

‘|‘Ax(675)2 + W/)éwsxhuv + %%LVShuvvéSX + %ﬂ)’?vvu SxVyoyx
+9,‘;V5K6K5;N§hw} , (3.37)

where the &7, %, and ¢ are the same as those given by (3.9)-(3.11). We see that we also
have two new tensors describing the self-interactions of the scalar field and three for the
interactions between the scalar and tensor fields, analogously to eq. (2.43). These new
tensors are arbitrary functions of the background, and hence must follow the background
symmetry and can be constructed solely from the projectors u*, r, and y,,. Similarly as
in the previous section, we proceed to write down the most general forms these five new

tensors can take:

%%’uv :Axluuuv+Ax2y#v +Ax3r'urv +A%4ruuv, (3'38)
%§v5 = B;Clul"tl/tvu5 —|—Bx2u67‘uv —|—B%3u”’}’8v +Bx4rul’vr6 +B755’”5'yﬂv +Bx6ru’y‘/5

—|—Bx7r6u“uv —|—Bxgu5r“rv —l—B%gusu“rv —l—B%]Or‘Sruuv, (3.39)

Gy " = Cyrt'u? + Cpo ™V + Cpartr + Caur”, (3.40)

@fwsx = Dxlu”uvuau'c —I—Dﬂu“u‘/}/'“s +Dx3u'<u6}/”v —|—Dx4u“u'(}/5v +DX5}/“V}/K5
+ D%6y‘“€j/v‘s +Dy7r* PV ok 4 Dysrtr? '}/K5 + ngr'(rs Y+ Dxlor“r'cy‘sv
13} 1) 1) 05}
+ Dy 117V u® + Dy 12V ut r® + Dy 13 YO rHu® + Dy gt rV y*
+Dxl5r“r"u’(u5 —|—Dxl6r“uvr5u'< —{—D%nu“u"r'(r5 —|—D%18rurvr‘suK
+ Dxlgu“ V<o + szou“ u’ ul s +Dy21 r”uvuKu‘s, (3.41)
while Ay is a scalar and hence simply considered to be free function of r. Here, each of the
coefficients Ay ,,, By, Cyn, and Dy, are free functions of r also. We see that we have 30
additional free functions due to the inclusion of the scalar field y.
We now proceed to step 3. As before, we impose linear diffeomorphism invariance of

the total action given by eq. (3.37). While the metric transforms as in eq. (3.12) under an

infinitesimal coordinate transformation, the new scalar field transforms as:
Sy —dx+etvux. (3.42)

Note that as we are assuming that our background is Schwarzschild, and as such has no

scalar ‘hair’, 6# X vanishes leaving 0y gauge invariant.
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The total action given by eq. (3.37) can now be varied under the gauge transforma-
tion. As in the previous sections, we obtain a number of Noether constraints by enforcing
independent terms in the Noether identities to vanish. Due to §) being gauge invariant,
the Noether constraints that are obtained in Section 3.2 are also valid for the analysis of
the action given by eq. (3.37). The additional Noether constraints found for the Ay ,,, By,
Cyn» and Dy, are given in Appendix B.3. We find that the final action depends on 10 free

parameters from the original action given by eq. (3.37):
Ca1, Ayo, Cy1—4, Dys, Dyg, Dy11, Dys, (3.43)

where once again Cy is a constant whilst the other 9 parameters are free to be functions
of r. Note that A,y and Cy1_4 are unconstrained due to 6 being gauge invariant on a
Schwarzschild background. The final quadratic gauge-invariant action for scalar-tensor

theories on a Schwarzschild background can be written as
se) = / d*xr?sin O M, [ Len + %) (3.44)

where Zgy is given by eq. (2.35), and again we have chosen M%l = —4Cy4; 1n order to
describe modifications from GR. Thus, the entire action depends on 9 free parameters. The

additional Lagrangian due to the inclusion of the scalar field y is given by

1
+Ca P V8V 8 — 5 (2Dys(f = 1)? = 2Ds(f — 1)?

<4f (des d? Dxls - dD s 1) dD"Sf)

dr? dr dr
Vf

+ (1+2f—3f2)))u“ Vv + 3 Dys(f = Dty ShyyVsSy

1 (dDy;s 5 dDys dszg
_E( pra iy +4< g A=)+ mf)

20 (2 ))'y”vhmﬁx-i- L =1) (2Dys(f — 1) =2Dys(F 1)
()
4m1f (DX“( 1—2f+3f2) - dlc)i’j“mf)u%”hwvaéx
+ ﬁ (Dxn(l ~f) +2dlji—”f“mf) Y by Vs
+ ﬁc (D5 (f = 1> +4Dys (£ — 1) Py V5%
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1 dD
+W (—Dx15—2Dx8(f— 1) -4 dfgmf+Dxl5f(2—f)—D15 (2 - 1))
xr‘Sy”Vh”v%Sx

1 2 dDy5
a7 (Dxls(f—l) —4f( = m—D%5(f—1)+Dx8(f—1)))

X réu“uvh‘uvvaax

_ % (Dys —Dys — Dy1s) ulu r hyy Vs
V=1

- TDxllrar“rvh“vh“vﬁ(ng

+ (=Dys +Dys +Dyis) utu’ YOV SV shyy

+ (=Dys +Dys +Dy1s) ukul YV SV shyy

—2(=Dys+Dys+Dy1s) Wby V 8 xV shuy + Dys ¥V Y¥OV S XV shyuy
—Dys VYOV S YV shyy + DysrrY YOV 8 x V shyy

+ ngrKrSY“V?KSx?(ghuv — 2ngr“r'<}/8v?,<5}(§5huv
+Dxlly“"r"u5?,<6%?5huv —Dxlly“‘su“rKvKvaghw
—Dxn}’“éi’”u'(vﬁlvéhuv +Dxnuurv}"(6?x5%véhuv
+Dxl5r“rvuku5?,<5%65huv — 2Dx15r“uvr6uk?,(5)(§5huv
+Dxl5u“uvrkr5?,(5%§5huv. (3.45)

As in Section 3.2, having obtained a form for the fully covariant diffeomorphism invariant

action, we can study the odd and even parity perturbations separately.

3.3.1 Odd parity perturbations

We will first consider odd parity perturbations, where Ay is given by eq. (3.17). Since 6 x
has no contribution to the odd parity sector due to being a scalar, and is also gauge invariant
(hence the gravitational self-interactions are the same as in those in the previous section),
the odd parity gravitational perturbations are again governed by the Regge-Wheeler equa-

tion given by eq. (3.23).

3.3.2 Even parity perturbations

For even parity perturbations /y is given by eq. (3.18), whilst we decompose dy into

spherical harmonics like so (following the convention of [135])

Sy'm = ZQDF(’”) ylme—ior (3.46)
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where Y™ is again the standard scalar spherical harmonic [147, 148].
We again vary the gauge invariant scalar tensor action with respect to Hy, Hy, Hz, K,

and ¢. We find the following algebraic constraints:

6M

2,3 e
ai(r)p = {7+<z+2)(6—1)] Hy— [(€+2)(£—1)_ 20 2M(r—3M)

r—ZM+ r(r—2M)

Ll+1)M
_ {Zia)r-l— #} H (3.47)
ior
de
H2 :Ho—f-az(r)(p—i—bz(r)g. (348)
The following evolution equations for the metric variables are found:

dK  r—3M 1 10(£+1) do
— 4 ——— K——Hy+~ H, = b3(r)—— 3.49
dr +r(r—2M) r 0+2 ior2 ! a3(r)¢ +b3(r) dr (3.49)

dH, ior ior 2M do
K Hy+—FF<H = ba(r)— 3.50
dr +r—2M +r—2M O+r(r—2M) 1 =aalr)e+ 4(r)dr’ (3-50)

whilst ¢ obeys:

2
108 +os( G0+ (@2 ) (AP 2 ) s ) 0 =it

+s2(r)K. (3.51)

We see that the above equations are modified from those we found for the even sector
in GR in section 3.2 through the functions a;, b;,s;, which are themselves dependent on
the unknown free functions given in eq. (3.43). These coefficient functions are extremely
lengthy and unenlightening, so we do not present them explicitly here.

The two first order evolution equations for H; and K could of course be combined into
a single second order equation for a ‘master’ metric variable. We have then found that,
as expected, these scalar-tensor theories propagate one additional degree of freedom, in
addition to the two metric perturbations.

Furthermore, we can see that, in general, even though the background black hole has
no hair and it is identical to GR, at the level of perturbations the QNM spectrum may be
affected, and the evolution of metric perturbations will be generically modified. Hence
the detection of ringdown in gravitational wave experiments would allow us to test and
distinguish scalar-tensor models from GR.

Next, we proceed to work a specific example of a scalar-tensor theory and show explic-

itly how the equations of motion can be modified.
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3.3.3 Jordan-Brans-Dicke

As explained in Section 3.3.1, the equation of motion for odd parity metric perturbations,
i.e. the Regge-Wheeler equation, is unaffected by the presence of scalar field perturbations.
This is due to the trivial background profile of the scalar field, and the fact that §y is
purely of even parity. Thus, in the following example only the equations for even parity
perturbations will be shown in detail.
Let us take our test action to take the form of a simple JBD model with a massless scalar
field [135]:
M3 Q
= /d4x Vot [xR _ %Vuxv“x} , (3.52)
where R is the Ricci scalar and € is a constant. Perturbing eq. (3.52) to quadratic order in

linear perturbations we find the following values for the free parameters listed in eq. (A.10):

Q
Cinn=—Cp=—Cp=—7,Dyi5=—Dys=—Dyg =+

5 o (3.53)

with Ayo, Cy4, and Dy vanishing. Here we have ignored the overall scaling of M}%l. With
this parameter choice, we can in fact reconcile Hy, K and ¢ into a single master variable |

which obeys the Zerilli equation through the following transformations:

B _ 2m\ Ay @
k=n()p+ (1-2) ¥+ 2

r
20
H =—io <g2(r)l/7+ ra—lf) , (3.54)
leading to the following system of equations:

dz"?+(w2—v)1p:o (3.55)

dr% VA ) .

d*o 5 2M\ (1 2M

| 1=——) | 50l +1)+—= =0 3.56
[ () (e )le-e e

Note that we have mixed the even parity metric and scalar perturbations in order to
recover the homogenous Zerilli equation for the master variable . The field { obeying
this Zerilli equation is now, however, a mixture of the even parity metric and scalar per-
turbations, rather than a pure metric perturbation as in the GR case. Furthermore, with the
Brans-Dicke parameter choice given by eq. (3.53), the algebraic relationships between the
metric perturbations H,, Hy and the other perturbations are also not as in GR, but rather
involve the scalar perturbation ¢ as well. Another way of interpreting the above set of equa-

tions is that of two oscillators, ¢ which oscillates freely, and ¥ which is being driven by
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¢, and thus will oscillate with both a ‘transient’ and ‘forced’ response. This phenomenon
will be explored in more detail in Chapter 6 in the context of the full family of Horndeski
scalar-tensor theories [103].
We can define a generalised Regge-Wheeler potential
~ 2M 1 20M
Vrw = (1 - —) (r—zz(u D+—%- ) : (3.57)

r

where 6 = 1 —s?, and with s being the spin of the field being perturbed. We see that in this
case of a massless scalar field, the scalar perturbation ¢ obeys an equation of motion of the
form
d*P
dr?

+ (0> —Vrw) P =0, (3.58)

where P is some perturbed field of spin s. Vgw would, for example, be evaluated with
s = #£2 for metric perturbations, and with s = 0O for scalar perturbations. Thus for a massless
scalar field, both the odd parity metric perturbation and the scalar perturbation obey the

generalised Regge-Wheeler equation given by eq. (3.58).

3.4 Vector-Tensor theories on a Schwarzschild background

We now study the case of vector-tensor theories of gravity, and construct the most general
gravitational action for linear perturbations of a tensor and a vector field that leads to second
order equations of motion and is linearly diffeomorphism invariant. We follow the covariant

procedure as in the previous sections, but with the addition of a gravitational vector field

¢
¢ = G+ G 50 [3CH < |2, (359

where 5, and Z::, are the background values of the field in the r* and u* directions, respec-
tively. We assume the background value of the vector field to be radius-dependent, and to
only have components parallel to u* and r*, in order to comply with the global symmetries
of the background. The vector perturbation 6¢* is a linear perturbation non-minimally
coupled to the metric g,y and its perturbation, Ay .

We again choose to use the ‘hair-less’ Schwarzschild solution as our background space-
time, as in previous sections. For consistency, in this case, we must impose that the back-

ground vector field vanishes:

{=G=0. (3.60)



The perturbed vector field §* is, however, non-zero. Note that this is slightly different
to the case of the scalar-tensor theories discussed in Section 3.3, where the requirement
of having no scalar hair simply imposed that the background value of the scalar field be
constant (rather than vanishing). This is because in scalar-tensor theories, a constant non-
zero background scalar field would only alter the action through the addition of an overall
constant that has no physical effect, and hence the background metric solution is the same
as the one in GR. However, in vector-tensor theories, a constant background vector field
would generically couple to the metric through covariant derivatives (i.e. to the Christoffel
symbols), forcing the background metric away from a Schwarzschild solution.

As we are using the same background spacetime as in previous sections, we continue to
use a 1+1+2 split of the background with the projectors u*, r#, and y,,. We now proceed

to step 2 and write down the most general vector-tensor gravitational action as:
5@ = / d*xr?sin@ [Jzﬂwﬁhwhaﬁ + BRYPEG shyhop + PRIV chyyy Y shap

+ o/ 88u 8Ly + 8 Gy + B hu VG + B 86,V 88

+EH OV 88,58+ DEOV S Vs | (3.61)

where the &7, %, and € are the same as those given by (3.9)-(3.11). We see that we also
have three new tensors describing the self-interactions of the vector field and three for the
interactions between the vector and tensor fields, analogously to eq. (2.55). These new
tensors are arbitrary functions of the background, and hence must follow the background
symmetry and can be constructed solely from the projectors u*, r*, and y,,. Similarly as
in the previous section, we proceed to write down the most general forms these six new
tensors can take:

B

4275[‘% :AC5M”MVMl —|—AC6’}/”Wul —4-145714”’}/‘/)L —|—14C87"u”v”;L ‘f‘AC9V’uV”A ‘|‘AC10’#’)/VA

:Aglu’*‘uv+A§2y“V +A§3r“rv—|—A§4u“rv, (3.62)

—FACllr“rVu)L —FAClzuuuvr’l +A§13r“u‘/u7L +AC14u”rvrl, (3.63)
%‘g}:'w = BClu”uvu’luK +BC2u”uvy“ +BC3uKu;Ly“V +Bg4u“u’l < +BCSM”MK}/M
BV 4 B PR 4 Byt 4 Bogrt P 4 Byygr S
-I-BC“r“r’l < —I—Bglzr“r'cj/v’l +BC13M”MVV'K7'/’L —|—B§14r“rvu'(u7L
+BCl5u“uvuer —}—chuuuvr'(u)L —}—ngrurvr'cu}L —|—BC]81"”I”VMKI’)L
—|—BC19r“uVr'<u’l —I—Bgzorf"u"r'(r)L —I—B(:mr“uvu’(r)L ~|—Bczzr“1/tvu'<u)L
Jngzﬂ’uvuKV/l JngzM’”v”Ku)L +Bgzsymuﬂrv JFBQ“%Y”KMV”)L
+B§27}/“Krvu’l +BC28')/VAM“7’K —|—B<:291/W1 rfu®, (3.64)
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%g‘! * =By + By ™YY + Besgut u*r + Beazutr<rY, (3.65)

‘KC”VKS = Cglu“uvuku‘s +C§2u”uv}/'(6 + CC3uKu6y“V —I—C§4u“u6}/v'C -+ CCS’)/”VYK‘S
+C§6}/“5)/VK +C§7r“rvr’<r5 + ngr“r"}/’“s +C€9r'cr5}/“v + Cglorur‘s VK
+C411r“uV}/K5 + Célzr“u'cy‘sv + C§13r'<u5y“" +C§14r“rvuku5
—|—CC15r”rvuKr3 —|—CCl6u“uerr5 +CC17u“uvukr5 +CC187'NMVMKM6
+CC19FHMVTK75 +CC20r“uvuKr6, (3.66)

92“’“5 = Dgluuuvu)“u’cu5 —I—Dgzu’lu'(uﬁy‘w —I—D§3u’lu”u"}/’<5 +D§4ulu”u'<}/5v

T Dystu iy 4 Dy uy 4 D g Py 4 Dy g
+D§9UMYVKYM +D§10MKYHVVM +D§11MKY”6YM +D§12MHYM?’K6
—I—DCBr“rvr)L P —|—D§14rlr'(r5}/”" —I—Dglsr’l r“rvyK5 +D§16rlr“r'<)/6v
D Y 4 DY Do Yy 4 Do Y
JFDgzl’”“?’VKY(”L +D§22’”KYMVYM +D§23’”K7’“6?’M +D§24’”“YM7’K6
_}_Dgzsy,uvrk‘,ﬁul _f_DCZG,y,uvuKMSr)L +DC27yuvuKr5ul +DC28’}/'UVMKI”87‘)L
-l—Dczgj/Z”Kr“rvu‘s +DC3077LKu”uvr3 +Dg3; yzmrﬂuvu‘S +DC32ler“uvr5
+DC337“/luerr5 —I—Dg34)/”/luvu'<r6 +DC357“’lrvuKu5 +DC36’}/”ArvuKr5
Dy VUl P 4 D 1 DO ul i 4 Dy ub
+Dg4lr“rvrlu'(u5 —i—DC42r“rVu’1 r<ud —|—D€43r“rvu)“ 70 +D§44r“rvr)“u’<r6

A A /'errﬁ —|—DC48u'uuvr)LuKr5

+D§45u“uvr u¥u® —|—D§46u“uvu r<u® +D§47u“uvu
+DC49u“rvuluKu6 +Dg5ou“rvrlr'€r6 +D§51u“rvulr'€u5 —|—D§52u”rvr’luku5
+ DC53u” PVt <0 + DC54u“ PV ukrd + Dyss }/“‘Srvu’l rc 4 DC56'}/”6rvr)”uK
+DC57Yu6rvuluK+DC58')/”5MVMATK—|—DC59'}’“5MVVAMK+DC60'}/#5MV}”AVK

+D§61r“rvulu'<u5 +DC62u”uvr)“r’<r5. (3.67)

Each of the coefficients A¢,, B¢, C¢ ,, and D¢, are free functions of r, giving an additional
130 free functions in the most general action (given by eq. (3.61)) due to the inclusion of
the vector field C*.

We now proceed to step 3. As before, we impose linear diffeomorphism invariance of
the total action given by eq. (3.61). While the metric transforms as in eq. (3.12) under an
infinitesimal coordinate transformation, a vector field perturbations generically transforms

as

SCH — §CH+eVVy (LN + & (r)ul) — (& (r)r¥ + & (ru¥) VyeH, (3.68)
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which means that the vector perturbation §{* is diffeomorphism invariant in the back-
ground given by eq. (3.60).

The total action given by eq. (3.61) can now be varied under the gauge transformation.
As in the previous sections, we obtain a number of Noether constraints by enforcing in-
dependent terms in the Noether identities to vanish. As in Section 3.3, due to 6 {* being
gauge invariant, the Noether constraints that are obtained in Section 3.2 are also valid for
the analysis of the action given by eq. (3.61). The additional Noether constraints for the
coefficients A¢ ., B, Cg , and Dy, are given in Appendix B.4.

We find that the final action depends on the following 39 free parameters from the

original action given by eq. (3.61):

Car, Ag1-4 Beao—33s Ce1-200 D2y D7, Deays
De¢ys, Devg, Deays Deag, Dears Deags Deeos (3.69)

where again Cy4 is a constant, whereas all the other parameters are free functions of radius.
We note that 28 of these free parameters, namely A¢_4, Br3g—33, Cr1—20, describe vector
self-interaction terms, and as such are left unconstrained due to the gauge invariant nature
of 6* in the background we are considering. The remaining 11 free parameters are those
that are left after solving the Noether constraints generated by imposing diffeomorphism
invariance. The final quadratic gauge-invariant action for vector-tensor theories on a pure

Schwarzschild background can thus be written as
s = / d*xrPsin O M, [ Loy + 2| (3.70)

where Zgy is given by eq. (2.35), and we have chosen M12>1 = —4Cyy. Thus we find that
the whole action depends on 38 free parameters. The additional Lagrangian £ due to the
addition of the vector field {* is not presented here for brevity’s sake, however the Noether
constraints presented in Appendix B.4 can simply be substituted into eq. (3.61) to find the
full covariant action.

As in the previous sections, having obtained a form for the fully covariant diffeomor-
phism invariant action, we proceed to study the odd and even parity perturbations sepa-
rately. In general, vector-tensor theories can propagate a massive or massless spin-1 par-
ticle and hence at most three different polarisations (or degrees of freedom). As we will
see next, one of these polarisations couples to the odd parity metric perturbations, and
thus modifies the evolution of odd perturbations, contrary to scalar-tensor theories. This
suggests that the odd parity sector might be used to test and distinguish vector-tensor and
scalar-tensor modified gravity theories.
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3.4.1 Odd parity perturbations

We will first consider odd parity perturbations, where A,y is given by eq. (3.17), whilst
O0CH is given by

SC" =zo(r)e "By, (3.71)

with Bﬁ’" being the odd parity vector spherical harmonic as described in [147, 148]. After
varying the action given by eq. (3.70) with respect to kg, k1, and zp, we find the following

system of second order ODEs:

d*Q 5 d*zo dzo
0>V, =0 3.72
ar2 + ( ') O+ ¢ ar +eay ~ ez =0, (3.72)
d d? d
4.2 4 450+ 4y D+ 2L dszy =0, (3.73)
dry drz dry

where Q is the Regge-Wheeler function given by eq. (3.24), r is the tortoise coordinate
given by eq. (3.25), and Vgy is the Regge-Wheeler potential as given by eq. (3.26). The ¢,
and d,, are functions of r, [, w, and 10 of the 38 free functions of the theory. Again, these
expressions are extremely lengthy and involved so we do not present them explicitly here.
The relation linking the metric perturbation A to /1 (and thus to Q through eq. (3.24)) and
70 is given in Appendix B.4.

3.4.2 [Even parity perturbations

For even parity perturbations /i,y is given by eq. (3.18), whilst we decompose 6 * as:

zi(r _i
5C£m = (— \/<7) nguu +2z2(r) \/ngmru +Z3(I’)Eﬁm) e ' (3.74)
where £ ﬁ’” is the even parity vector spherical harmonic [147, 148].

Next, we vary the gauge-invariant vector-tensor action given by eq. (3.70) with respect
to Hy, Hy, H, K, 71, 72, and z3 in order to obtain the relevant set of equations of motion.

We find the following constraint equations:

20°r N 2M (r —3M)
r—2M  r(r—2M)

Bilan i) = [ 4D o (€20 1)

o+ 1M
- [2iwr+ %} H, (3.75)
1r
Hy = Hy+ 23(z1,22,23)- (3.76)
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The following evolution equations for the metric variables are found:

dK  r—3M 1. 10(+1)

—+———K—-Hy+-———5-H =% 3.77

dr + r(r—2M) r 0t 2 ior? ! 3(21,22,23) ( )
dH, ior ior 2M

K Hy+ —
dr +r—2M +r—2M 0+r(r—2M)

whilst we find the following evolution equations for the vector variables:

H) = %4(21,22,23), (3.78)

d*z
oyt L5(21.22,23) = S5(H1 K) (3.79)
d*z
P +%6(21,22,23) = S6(H1,K) (3.80)
d223
3 (21, 20,25) = F4(H K) (3.81)

In the above equations we are using the notation .%(p1, ..., p,) to denote a linear com-
bination of the p; fields and their derivatives (up to second order), with each term having
a coefficient which is a function of r and of the free functions given in eq. (3.69). We
also use .%;(Hj, K) to denote a linear combination of H; and K, similarly with radially de-
pendent coefficients. As with the scalar tensor case, the linear combinations of variables
representing the ‘non-GR’ behaviour of the system of equations is incredibly lengthy and
unenlightening, so we do not present them explicitly.

Here we can see that there can be three dynamical vector degrees of freedom contribut-
ing to the even parity sector — namely 71, z; and z3 — which gives a total of four when count-
ing the odd parity perturbation zg as well. As previously mentioned, we might have naively
expected at most three vector degrees of freedom, corresponding to the three polarisations
of a massive spin-1 particle. However, general vector-tensor theories can be unhealthy and
propagate an additional ghostly mode. Indeed, in [89, 86] the same result was found for lin-
ear perturbations around a cosmological background in vector-tensor theories. This ghostly
mode can be recast as a scalar field with negative kinetic energy that makes the physical
system unstable. Usually, specific conditions must be imposed in vector-tensor theories
(and modified gravity theories, more generally) in order to avoid such an unstable mode. In
the case presented in this paper, we can fix some of the free parameters appropriately and
reduce the number of vector dynamical degrees of freedom from four to three and hope-
fully, therefore, describe healthy vector-tensor theories only. For instance, we can choose
the free parameters such that zz becomes an auxiliary variable that can simply be worked
out from the above equations in terms of the other dynamical fields in order to reduce the
whole even-parity system to a set of three second-order coupled ODEs (for two dynamical

vector and one dynamical tensor degrees of freedom)*.

* A more careful analysis may be required to guarantee the removal of the ghostly degree of freedom.
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Next, similarly to the previous section, we proceed to work out a specific example of
vector-tensor theories and show explicitly the equations of motion for odd and even par-
ity sectors. Unfortunately, we have been unable to find non-linear vector-tensor models
that lead to non-trivial metric perturbations. In particular, we looked at the currently most
general fully diffeomorphism-invariant vector-tensor theory, known as Generalised Proca
[143], which seems to be lacking second-order derivative couplings between the metric
and vector perturbations for our chosen black hole background. Our results on the gen-
eral parametrised vector-tensor action show that modified metric perturbations are allowed
though, and therefore it will be interesting to explore in the future what non-linear interac-

tions can be constructed to obtain such modifications.

3.4.3 Massless Vector field

For the case of a massless vector field the action is given by [143]:
M3 1
S = /d4x V=g {%R — ZFaﬁF“ﬁ , (3.82)

where Fpg = Vg — Vg Clq is the field strength. Perturbing the fields, about a vanishing
background for the case of the vector field {%, and expanding to quadratic order, we find

the following values of the parameters given in eq. (3.69)

1
Cer =Cr3 =Cre=Cr14 =Cg16 = —C¢s = —Ceg = X

CC“' :CCZO - _CCIO - 2C€9 - —1, (383)

with all other parameters vanishing. With this set of parameters, we find that for odd parity

perturbations Q and zg obey the following set of equations:

d*Q .

P9 ¢ (0" ~fw) 00

d? N

d:zo + (@0 = Vrw) 20 =0, (3.84)

where Vg is given by eq. (3.57) and is evaluated with s = 1,2 for the vector and metric
perturbations respectively.
For even parity perturbations, we find the following set of equations:
>y
dr?
d’z
dr?

+(0*—Vz)y=0

+(a)2—VRW)Z:0

(3.85)
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where Z is given by (following the convention of [158]):

1d
zZ="r (z2+—ﬁ), (3.86)

io dr

z3 1s related to the other fields through

1 2M\ dZ 1
=g () @ e ), 87

and v is the regular Zerilli function as in GR (given by eq. (3.31), Vz is given by eq. (3.34)
while Vg, given by eq. (3.57), is again evaluated with s = 1 for the vector perturbations.

From these equations, we can make a number of remarks. We can see that, as expected,
the massless vector perturbations propagate only two degrees of freedom in total (zg and
Z), instead of four, because z» and z3 have become auxiliary variables. This is because
the Proca action is constructed in such a way that it is healthy and does not propagate any
additional ghostly modes, and thus the two degrees of freedom for odd and even parity
vector perturbations, respectively, correspond to the two polarisations of a massless spin-1
particle. Both of these fields now obey the standard Regge-Wheeler equation (with the
potential Vrw evaluated for s = 1) [158, 159, 160].

We also note that the metric perturbations Q and y obey the usual Regge-Wheeler and
Zerilli equations respectively, as in GR. Furthermore, we find that the metric perturbations
ho and Hj (of odd and even parity, respectively) are related to the other perturbed fields
through their usual GR relations. Thus the metric perturbations evolve exactly as in GR, as

expected for a minimally coupled Maxwell field.

3.5 Conclusion

In this chapter we have analysed the structure of linear perturbations around black holes
in modified gravity theories. In particular, we applied the covariant approach developed in
Chapter 2 to construct the most general diffeomorphism-invariant quadratic actions for lin-
ear perturbations around a Schwarzschild black hole for three families of gravity theories:
single-tensor, scalar-tensor, and vector-tensor theories. These actions contain a number of
free parameters — functions of the background — that describe all the possible modifications
to GR that are compatible with the given field content and symmetries. Therefore, these
actions allow us to study, in a unified manner, a number of scalar-tensor models such as
JBD gravity, as well as vector-tensor models such as Maxwell and Proca.

Our focus has been on perturbations of Schwarzschild spacetimes but the method used

here is general and systematic and can thus be straightforwardly applied to other spherically
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symmetric backgrounds with non-trivial solutions for the additional gravity field. Such an
extension would allow us to study the dynamics of linear perturbations in modified gravity
with hairy solutions such as Einstein-Aether [161, 162] or scalar Gauss-Bonnet gravity .
Furthermore, the method presented here is readily generalisable to non-spherically sym-
metric backgrounds, for example rotating black holes. For slowly rotating black holes,
various no-hair theorems for scalar and vector fields (with non-minimal coupling or other-
wise) are presented in [141, 54], however perturbations to hairy rotating black holes could
also be analysed in the manner presented in this paper.

For each of the three families of modified gravity theories, we have found the equations
of motion governing odd and even parity perturbations, in terms of the free parameters. In
general, we found that even though at the level of the background all models considered
have no hair (a Schwarzschild metric) and behave as GR, at the level of perturbations
additional degrees of freedom are indeed excited and thus there is a dynamical hair that
gives a modified evolution for linear perturbations [130]. Nevertheless, we also find specific
examples in which the additional degrees of freedom are not excited and thus perturbations
evolve as in GR. In particular, we find that general single-tensor models behave exactly as
GR at the level of linear perturbations. For scalar-tensor theories, we find the most general
action to have 9 free parameters (functions of radius). All of these parameters affect the
evolution of even perturbations, while odd perturbations evolve as in GR. For vector-tensor
theories, the most general action depends on 38 free parameters (all functions of radius) and
generically they will modify the evolution of odd and even perturbations. More specifically,
we find that 10 free parameters modify the evolution of odd perturbations, whilst all 38
affect even perturbations.

As a comparison, we mention that in the corresponding calculations of diffeomorphism-
invariant quadratic actions about a cosmological FLRW background presented in Chap-
ter 2, fewer free parameters were found. For instance, there are four free parameters for
scalar-tensor theories about an FLRW background compared to 9 free parameters about a
Schwarzschild background. As discussed in Chapter 2, the global symmetries of the back-
ground play a crucial role in determining the number of free parameters. In general, the
less symmetric the background, the more free parameters are needed to describe general
linear perturbations. Therefore, the larger number of free parameters found in this paper
is not surprising. Furthermore, in the case of the pure Schwarzschild background studied
here, the scalar self interactions are unconstrained because the scalar field perturbation is
gauge invariant, contrary to the FLRW case. Similarly, a large number of free parameters
in the vector-tensor action are left unconstrained due to the vector field perturbation being

gauge invariant.
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The equations of motion derived in this paper are the most general ones for each family
theory, and they provide a valuable tool for exploring modified theories of gravity with
gravitational waves, and also for exotic test fields. This provides a new tool to the usual
approach to quasi-normal mode analysis of black holes. Given an equation of motion, one
can calculate the quasi-normal modes of the system, for example through the methods of
[138, 163]. With future improved observations of quasi-normal modes from binary black
hole events one could constrain the free parameters presented in this paper by constrain-
ing the effect these terms would have on the waveform. Whereas in practice it may not
be possible to constrain 9 or 38 arbitrary functions of radius, these free parameters can
be reduced by adding theoretical stability constraints, or they can be chosen to, for exam-
ple, correspond to a particular non-linear theory, or they can be fitted with some specific
functional forms.

A particularly interesting case is that of JBD scalar-tensor gravity, where we found that
it was possible to find a combination of metric and scalar variables that obeyed the Zerilli
equation, leading to the same QNM spectrum as in GR. The field obeying this equation is
now, however, a combination of the metric and scalar variables, and thus we can interpret
this system as being analogous to that of a free and driven oscillator coupled together. We
will see in Chapter 6 that this phenomenon is not restricted to JBD gravity, but rather to a
large family of scalar-tensor theories with conformal coupling between the scalar field and
curvature.

An interesting recent development is the detection of the binary neutron star merger
with gravitational wave signal GW 170817 [164] and an electromagnetic counterpart GRB
170817A [165, 166, 167, 168]. The fact that the gravitational and electromagnetic waves
are effectively coincident was subsequently used to place tight constraints on the difference
in their velocities and, as a result, to place strong constraints on the range of possible
extensions to General Relativity. In particular it was found that, in some sense, the simplest
forms of non-minimal coupling were allowed in scalar-tensor and vector-tensor theories
[157, 169, 170, 171], severely limiting the allowed range of cosmological models. Given
how restrictive the constraints are, it would make sense to focus on how it restricts the
allowed families of black hole solutions to the classes of theories being considered in this
paper. For a start, and more generally, it would be interesting to identify how many theories
still allow for hairy black holes. Indeed, this will be the focus of Chapter 4.
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Chapter 4

The speed of gravitational waves and
black hole hair
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Abstract

The recent detection of GRB 170817A and GW 170817 constrains the speed
of gravity waves cr to be that of light, which severely restricts the landscape
of modified gravity theories that impact the cosmological evolution of the uni-
verse. In this chapter, I investigate the presence of black hole hair in the re-
maining viable cosmological theories of modified gravity that respect the con-
straint cr = 1. The focus will mainly be on scalar-tensor theories of gravity,
analysing static, asymptotically flat black holes in Horndeski, Beyond Horn-
deski, Einstein-Scalar-Gauss-Bonnet, and Chern-Simons theories. We find that
in all of the cases considered here, theories that are cosmologically relevant and
respect cr = 1 do not allow for hair, or have negligible hair. We further com-
ment on vector-tensor theories including Einstein Yang-Mills, Einstein-Aether,
and Generalised Proca theories, as well as bimetric theories. This chapter is
based on [87].



4.1 Introduction

At high energies, unavoidable singularities arise during gravitational collapses and the so-
called renormalization problem limits the analysis of quantum states using GR. At low
energies, in particular, on cosmological scales, GR relies on the presence of an unknown
component (such as dark energy or a cosmological constant) in order to explain the ob-
served accelerated expansion of the Universe. Indeed the unexplained small value of the
observed cosmological constant A, being defiantly 120 orders of magnitude smaller than
one might predict from Quantum Field Theory, is a particularly troubling conundrum for
modern physics [172]. These limitations suggest that GR may need modifications for both
extreme energy regimes. Furthermore, modifications in the two regimes may be related
as high energy corrections to GR might leak down to cosmological scales, showing up as
low energy corrections. In this chapter we explore possible connections between these two
regimes. In particular, we will show how recent local constraints on the speed of gravity
waves limit solutions for compact objects.

In the past decades a large variety of gravity theories have been proposed [173]. They
have been extensively studied and constrained with cosmological data from CMB and large
scale structure. However, recently strong constraints have been imposed with the detection
of gravitational waves emission GW170817 from a neutron star binary merger by LIGO
and VIRGO [164], and its optical counterpart (the gamma ray burst GRB 170817A) [165,
166, 167, 168, 174]. The delay of the optical signal was of 1.7 seconds, which places a
stringent constraint on the propagation speed of gravity waves cr'. Indeed, it was found
that |c% — 1] < 1 x 10~ (with unity speed of light). As a result, a large class of modified
gravity theories was highly disfavoured as argued in [175, 176, 169, 157, 170, 171].

On the other hand, there have also been efforts to test gravity theories from observations
of black holes [59, 127, 177]. GR predicts that black holes are solely characterized by a
few “charges” — their mass m, angular momentum a and electric charge Q — through what
is known as the no-hair theorem. In extensions to GR additional degrees of freedom are
usually introduced, which may add a new kind of charge to the spacetime solution. In
this case, the metric carries additional information besides the mass, angular momentum
and electric charge, and we say we are in the presence of a hairy black hole. These extra
degrees of freedom will be carriers of fifth forces which may be detected from star orbits
around the black holes [178, 179, 180] or from the overall structure of accreting gas near

the event horizon [181, 182, 183]. These two examples correspond to non-dynamical tests

"Whilst the propagation of electromagnetic waves may in principle be affected by plasma (for example),
the intergalactic medium dispersion is expected to have a “negligible impact on gamma-ray photon speed”
[166].



which probe the stationary spacetime of a black hole. We note however, that even in the
case where theories can avoid hair and have the same stationary black hole solutions as
GR, new signatures may arise in dynamical situations; for example, when black holes are
formed in a binary merger, the ringdown signal may carry modifications that can be traced
back to the new degrees of freedom [130, 83, 37]. In general, dynamical tests allow us to
distinguish models that have the same stationary spacetime. We saw this in Chapter 3 and
will explore in more detail in Chapter 6.

In this chapter we consider gravity models that have ¢y = 1 on a cosmological back-
ground — where the extra degrees of freedom can play a significant role on cosmological
scales — and, as a first approach, expose the relation between the presence of hairy static
black hole solutions and the speed of gravity waves. Before we proceed, it is important
to clarify what type of “hair” we will be considering here. We will consider hair to be
any modification to GR that can be measured with non-dynamical tests (such as analy-
ses on orbits of stars or electromagnetic imaging of the accretion flow around the black
hole). In particular, hair will be a permanent charge in a static, spherically symmetric, and
asymptotically flat spacetime. When the metric profile is characterised by a new global
charge (different to mass, spin or electric charge) we will say we have “primary” hair, and
if the profile has modifications that depend on the same charges as in GR, we say we have
“secondary” hair [184, 185]. This distinction is important to understand the number of in-
dependent parameters that fully determine the black hole solution, but both have physical
consequences as they induce a geometry different to GR.

We mention that in some cases it may be possible to construct “stealth” black holes,
where the geometry of spacetime is unchanged from the corresponding GR solution (i.e. no
new charge), but the black hole is dressed with a non-trivial additional field profile. For
example, some stealth black hole solutions in scalar-tensor and vector-tensor theories can
be found in [186, 187]. In this situation, non-dynamical tests will not be able to distinguish
these models from GR and, therefore, for the purpose of this chapter, these examples will
not be considered as hairy solutions.

With a clear definition of hair, we explore static, asymptotically flat black hole solutions
on different modified gravity theories that are cosmologically relevant. We find that all
scalar-tensor theories considered here have no hair at all or hair with negligible effects
(although exceptions can be found in theories with no cosmological effects). Other models
such as vector-tensor or bimetric theories more easily lead to hairy black holes regardless
of their cosmological solution. We find examples with primary and secondary hair. This

study allows us to identify the theories which may lead to observable signatures on both
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cosmological and astrophysical scales, and can be used to build a roadmap for a coordinated
study with future large scale structure surveys and gravitational wave observations.

No-hair theorems for GR and modified gravity (e.g. [188]) have been constructed un-
der quite strict conditions, e.g. the spacetime must be asymptotically flat and hair must
be permanent. It is straightforward to break these conditions in a reasonable way [127]
and thus obtain hairy solutions, even in GR. For instance, changing the boundary con-
ditions may lead to the Schwarzschild-de Sitter solution which has a metric such that
g00 = 1 —2M /r+ Ar?/3, i.e. an extra term proportional to A which might be considered
hair. Alternatively, in scalar-tensor theories, a time-dependent boundary condition for the
scalar field can anchor hair on the surface of the black hole [189]. In the same way, more
complex extra fields can be arranged to form hair. A notable example arises with a com-
plex scalar field [184] or with coupled dilaton-Maxwell systems [190]. More recently, it
has been shown that it is possible to construct solutions in which massive scalar fields hover
around black holes for an extended period of time [191] leading to long-lived but not per-
manent hair. Given that we live in a cosmological spacetime with an abundance of fields,
all of these examples show that hair can be easily present in black holes under reasonable
assumptions.

Nevertheless, all the mechanisms that have been proposed so far lead to very mild hair
which, arguably, may be unobservable. For example, “de Sitter” hair is remarkably weak
compared to the usual Newtonian potential and any cosmological boundary condition that
might lead to scalar hair will be highly suppressed. So if one can show that a theory must
satisfy the no-hair theorem, it is extremely likely that any attempts at breaking it solely
through changing the boundary condition will lead to effects which are too weak to be
detected as a fifth force (although they might emerge in a stronger gravitational regime,
like a black hole merger). This means that no-hair theorems are a useful guide to undertake
a rough census of where to look in the panorama of gravitational theories.

This chapter is organized as follows. In Section 4.2 we discuss the speed of gravitational
waves in the context of modified gravity. In Section 4.3 we focus on scalar-tensor theories
with cr = 1 and discuss the presence of hairy static black hole solutions. In Sections 4.4
we discuss mainly vector-tensor theories as well as other gravitational models with ¢z =1
that do evidence hair, such as bimetric theories. Finally, in Section 4.5 we summarise our

results and discuss their consequences.
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4.2 The speed of gravitational waves.

GR is a single metric theory for a massless spin-2 particle, and hence it propagates two
physical degrees of freedom corresponding to two polarizations. On any given background
spacetime, GR predicts that both polarizations propagate locally along null geodesics, and
thus gravitational waves travel at the same speed as that of electromagnetic waves. This
feature is particular of GR where Lorentz invariance is locally recovered, and hence all
massless waves are expected to propagate at the same speed. However, such a feature
can easily change in a theory of gravity where additional degrees of freedom are coupled
to the metric in a non-trivial way. These additional fields can take special configurations
in different backgrounds, and define a preferred direction that will spontaneously break
local Lorentz invariance. In this case, there will be an effective medium for propagation of
gravity waves, and their speed will change. Furthermore, depending on the configurations
of the additional degrees of freedom, the speed of gravity waves could be anisotropic and
even polarization dependent [192].

The speed of gravity waves can be used to discriminate and test various modified gravity
theories. This has been a topic of special interest in cosmology where a number of models

have been proposed. In this case, the metric background is given by:
Guv = —dt* +a(t)*di®, (4.1)

where a(t) is the scale factor describing the expansion of the universe. Gravitational waves

are described by small perturbations of the metric and thus we can write the total metric as:

Suv :g_uv+huv, 4.2)
where h,y describes the amplitude of the waves and carries the information of all the metric
polarizations. In this background, additional gravitational fields such as scalars or vectors
will generically have a time-dependent solution which, even in a local frame, will define
a preferred direction of time. It has been shown that for single-metric gravity models
propagating a massless spin-2 particle, the action for gravity waves can generically be

written as (see, for example, eq. (2.41) or [193]):
1 . o
Sow =5 [ d'xa M2 (o) [i3 ~ ) (V) @3

where we have expanded 4y, in two polarization components hy with A = +, x2. Here,

M, is an effective Planck mass and cr is the propagation speed of gravity waves. Both of

2Bimetric gravity theories will propagate additional tensor modes that will generically be coupled to 4,
and hence the action for gravity waves will be different to that in eq. (4.3). Nevertheless, a similar analysis
can be done to find cr (or some dispersion relation) in FRW.
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these quantities may in general depend on time, and thus in this case the speed will always
be isotropic and polarization independent. It is usual that ¢y depends on the background
solution of the additional gravitational degrees of freedom.

Let us consider one particular example of a shift-symmetric quartic Horndeski gravity
theory [103, 104] given by:

S =% /d4x\/—_g [G(X)R+Gx(X) (09)* —V,Vy9VEVYE)], (4.4)

where ¢ is an additional gravitational scalar field, and G is an arbitrary function of the
kinetic term X = —%V p®VH¢ and G x its derivative with respect to X. On a cosmological

background, following [193], we obtain the following action for tensor perturbations:

1
1-2XGx(X)/G(X)

Sow = % / d*xa® (G(X) —2XG x(X)) |5 — (Vha)?|.  (45)

In the above example we thus find a time dependent effective Planck mass M? = (G — 2X Gx)

and a tensor propagation speed of c% =1/(1- 2xg X ). One can see that, Taylor expanding,

G~ Gyo+XGy, if XGx < Gy then, cr ~ 1. This can occur if XGy is small but also if

Gy is large, i.e if the contribution of the scalar field to the overall cosmological dynamics
is negligible. In this chapter we will consider the case when the contribution to the back-
ground dynamics is not negligible, i.e. the extra degree of freedom has a relevant impact on
cosmological scales.

There are, of course, cases in which the additional degrees of freedom do not affect the
propagation speed of gravity waves. A particular, well-studied, example is Jordan-Brans-
Dicke theory [194, 195] given by:

s = % [dt=g {¢R— %(VW%) , (4.6)

where o is an arbitrary constant. In this case cr = 1.

4.3 Scalar-Tensor Theories

Scalar-tensor theories have been extensively studied in both the strong gravity and cosmo-
logical regime. Much effort in recent years has been put into researching general theories
of a scalar field non-minimally coupled with a metric; from Horndeski gravity [196], to
Beyond Horndeski [197, 198], and Degenerate Higher Order Scalar Tensor (DHOST) the-
ories [199]. Furthermore scalar-tensor theories are ubiquitous in that they appear as some
limit of other theories of gravity, such as the decoupling limit of massive gravity [200]. The

well-posedness and hyperbolicity of scalar-tensor theories has been studied in [201, 202].
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We will focus on Horndeski and Beyond Horndeski theories in this section (as well as
Chern-Simons [144] and Einstein-Scalar-Gauss-Bonnet gravity [203]) and show the solu-
tions of static black holes when cr = 1. In this chapter, we will ignore DHOST theories
due to the relative infancy of research into their black hole solutions. Cosmological con-
sequences of the detection of GW/GRB170817 to DHOST theories has, however, been
investigated in [204, 205].

4.3.1 Horndeski

The most general action for scalar-tensor gravity with 2¢ order-derivative equations of

motion is given by the Horndeski action [103]:

S = / d*x/—g i Ly, 4.7)
n=2
where the Horndeski Lagrangians are given by:
Ly =Gy(9.X) (4.8)
Ly =—G3(¢,X)0¢ (4.9)
Ly = Ga(9.X)R+Gax(9.X)((09)* — 04" $uy) (4.10)
Ls = Gs(0. X) G ™" — <G x(0.X)((C19)° 30" 0y +20,004%0%), (411

where ¢ is the scalar field with kinetic term X = —¢, ¢ /2, ¢ =V, ¢, ¢uy = VvV ¢, and
Guv =Ruv — %R guv 1s the Einstein tensor. The G; denote arbitrary functions of ¢ and X,
with derivatives G; x with respect to X.

For theories where the scalar field plays some role on the cosmological scales, the
constraint ¢y = 1 imposes G4 x = 0 and Gs has to be constant (in which case Ls vanishes
through Bianchi identity). Therefore, the resulting constrained Horndeski action is given
by:

S= [ d*x/=g(Gu(@)R+G2(9.X) ~ Ga(9.X)9]. (4.12)

If we construct a modified Friedmann equation for Horndeski gravity such that H? =
H3(Qu + Qg), where Hy is the value of the Hubble parameter today and Q,, includes
the background energy densities of all other forms of matter, the energy density for the

Horndeski scalar Q4 is given for the above action by [105]:

o G2 H2X (Gaox —G3,9) +69Hy (XG3x —Gag)
o 6G4H?

, (4.13)
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where G; ¢ denote derivatives of the functions G; with respect to ¢, and overdots denote
derivatives with respect to time. In this case, we expect the cosmological energy density
fraction of the scalar field Q4 ~ O(1) due to our considering only cosmologically relevant
theories.

We now proceed to analyse the black hole solutions arising from the action in equation
(4.12). Even though there is no no-hair theorem for generic G; functions, there are a number
of theorems for restricted cases. We mention three distinct families of models.

First, through a conformal transformation, the action in equation (4.12) can be re-
expressed in the form of GR plus a minimally coupled scalar field (with modified G, and
G3 [206]). The Lagrangian would then resemble a Kinetic Gravity Braiding model [207].
For G, = w(¢)X, Gz = 0, the reduced Horndeski action can be seen to be in the form of
generalised Brans-Dicke theories [33], for which a no hair theorem exists [188]. Second, a
no-hair theorem for K-essence (i.e. Gz = 0, G4 = 1) is given in [208], provided that G; x
and ¢ G, ¢ are of opposite and definite signs. Third, we mention that for shift-symmetric
theories, which are invariant under ¢ — ¢-+constant and hence G; y = 0 in eq. (4.12), the
action takes the form of a minimally coupled scalar field with potentially unusual kinetic
terms arising from G,(X) and G3(X). For such shift-symmetric theories, no-hair theorems
exist for static black holes [209, 188]. The outline of these no-hair theorems for shift-
symmetric theories is given by: (i) spacetime is spherically symmetric and static, and the
scalar field shares the same symmetries; (ii) spacetime is asymptotically flat, fl—‘f — 0 when
r — oo, and the norm of the Noether current associated to the shift symmetry is regular on
the horizon; (iii) there is a canonical kinetic term X in the action and the G; x functions
contain only positive or zero powers of X.

We note that this no-hair theorem is valid for all shift-symmetric Horndeski actions that
satisfy the above conditions, even those that do not satisfy the constraint ¢z = 1. Focusing
on a spherically symmetric and static spacetime, we can still have hairy black hole solutions
by breaking assumptions (ii) or (iii) of this no-hair theorem. It is indeed expected that
realistic situations of dark-energy models will break assumption (ii) as the scalar field is
responsible for the late-time accelerated expansion of the universe or, more generally, the
scalar field can lead to large-scale effects and thus % does not necessarily vanish when
r — oo. Examples like this can easily be realized by adding a time-dependent boundary
condition to the scalar field [189] associated to the cosmological expansion. However,
such a scalar hair would be highly suppressed and negligible in the vicinity of a black hole.

We explore further cases that violate assumption (iii). A number of Lagrangians that
break this assumption are discussed in [186] but we will focus on the only two examples

which still obey the constraint ¢z = 1 for Horndeski gravity. In addition, we will discuss a
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class of theories that even though they explicitly depend on ¢, are related to shift-symmetric
theories via conformal transformations and therefore they also satisfy the no-hair theorem

previously mentioned.

4.3.1.1 Quadratic term

The first potentially hair-inducing term posited in [186] is the addition of a square-root
quadratic term to the canonical kinetic term, G,(X) = X +2Bv/—X, G4 = %M},, where 8
is an arbitrary constant. As we can see, in this case G, x does contain negative powers of
X and thus hairy black holes may appear.
First, we require the scalar field to be cosmologically relevant, and thus
—X

Qp=—>+—=~0(1). 4.14
(0 3M12,H3 () ( )

Now, assuming a spherically symmetric and static ansatz for the metric and scalar field:
1
ds® = —h(r)dt* + —dr* +r?dQ?, ¢ = ¢(r) (4.15)

f(r)

.. . r__ 1 68 __
and requiring that the radial component of the Noether current J" = T=2500.6) — 0 (to

ensure a regular current on the horizon, as required in assumption 2 above) we find:

L (40 _ g

We can then solve the field equations (provided in [186]) for the metric function f(r) to
find:

(4.17)

Thus, we find a stealth Schwarzschild-AdS black hole of mass M with an effective negative
cosmological constant Aegr = — 32 /M3 (assuming real § and hence 82 > 0.). If we required
asymptotic flatness then this model would have the same solution as GR, and there would
be no hair. Relaxing that assumption, we note that cosmologically relevant scalar fields
satisfy eq. (4.14) and we then expect Aefr ~ Hg. Therefore, hair would be negligible near
the black hole.

4.3.1.2 Cubic term

A second possibility analysed in [186] is the introduction of a logarithmic cubic term with

Gy =X, Gy = aMplog(—X), Gy = Ml% /2, where « is an arbitrary dimensionless constant.
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Again, we see that in this example, G3 x has negative powers of X. If the scalar field is to

have cosmological relevance, we need:

X+ 6¢9HyaMp
* T 3M2H?

o(1). (4.18)

Again, using the ansatz given by eq. (4.15) we find the following expression for d¢ /dr by

requiring J" = 0:

dp 1 dh(r) 4
dr aMp <h(r) dr + r) ’ (+19)

To proceed we assume that i(r) = f(r). Making use of the field equations calculated in
[187] (translating from a vector-tensor theory to a shift-symmetric scalar-tensor theory such
that Ay, — du¢,i.e. Ao =Xo=0,A; =d¢/dr), we find the following hairy solution:

—1
M M
dsf=— [1- =+ a4+ |[1-=+ -] a?
r 4‘5‘? r r‘H‘?

do?, (4.20)

where we have rescaled r and 7 by constant pre-factors to obtain a Schwarzschild-like so-
lution. If we imposed asymptotic flatness, we would find that the solution cannot have hair
as the metric line element does not approach Minkowski when r — oo due to the factor of
1/(1+40a?) in the angular part. Thus, we cannot construct a static, spherically symmet-
ric, asymptotically flat solution with scalar hair in this theory (under the assumption that
h(r) = f(r)). Furthermore, the fact that G5 generically diverges for X = 0 is suggestive that
Minkowski space is not a solution for this theory, and therefore this model does not seem

to be viable.

4.3.1.3 Conformally shift-symmetric theories

We now proceed to discuss models that depend explicitly on ¢, and hence break the as-
sumptions of the shift-symmetric no-hair theorem. While such models could generically
lead to hairy black holes, here we analyse a special class that is conformally related to
shift-symmetric theories, and thus avoids scalar hair.

In the prototypical scalar-tensor theory of gravity, Brans-Dicke theory, it is well known
that the theory can be recast from the ‘Jordan frame’ (in which a non-minimal coupling
between the scalar and curvature exists) into that of GR with a minimally coupled scalar
field through the use of a conformal transformation [206, 188]. The trade off is that, in

this so-called ‘Einstein frame’ where the non-minimal coupling between the scalar field
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and curvature has been eliminated, any additional matter fields no longer couple solely to
the metric but also to the gravitational scalar field. However, if we work in a vacuum then
both Jordan and Einstein frames are entirely physically equivalent. We can use this same

analysis to show that theories in the Jordan frame of the type:

2
$/= "2 [t V=g [0R+9PR(X/9) ~ OB (X/9)T9~V(9)] (42D

can be transformed from the Jordan frame into the Einstein frame through the conformal
transformation g,y = ¢guv. Here, F; are arbitrary functions of X /¢ and V is a potential for
the scalar field. Eq. (4.21) leads to the following action in the Einstein frame:

2
S = %/d“x V=& [R+R(X)+2XF(X)-FKX) D00 —907°V(9)],  (4.22)

where tildes refer to quantities evaluated using the metric g;v.

In the case of vanishing potential V = 0, the Einstein frame action Sg is clearly shift
symmetric in the scalar field ¢. Thus, via the no-hair theorem in [209], static black hole
solutions for g,y should be the same as in GR with no scalar hair. As a consequence,
solutions for g,y from S; will not have hair either.

For cosmologically relevant models, ¢ will have a fractional energy density given by:

V- 02 F +2X (9*°Fox — Fs— 0Fo ) +30Hy (20X F;3 x — M3)

Q
¢ 3M2HZ¢

~0(1). (4.23)

Generalizing to the case with V # 0, it is known that if F3 = 0 we then have a K-essence
model and static black hole solutions will not have hair provided that V434 >0 and F> x >0
(these conditions can be interpreted as constraining the scalar field to be stable and to satisty
the null energy condition [208, 188]).

For non-zero V and F3, the no-hair condition can be shown to be (through integrating
(¢_2V)¢é~a¢ from the horizon to spatial infinity, with & being the equation of motion for
the scalar field in the Einstein frame [210]):

- d 1 dh 2
or (Fy +2XF3) ¢ —|—f(r)%F3g (Zhl(r) dl;(rr) — %) <0and (¢ ?V)gy <0, (4.24)

where h(r), f(r) are the metric functions in the spherically symmetric ansatz given by
eq. (4.15).
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4.3.2 Beyond Horndeski

Horndeski gravity can be extended by the addition of terms which lead to higher order
derivative equations of motion, but without an extra propagating degree of freedom [197,

198]. The beyond Horndeski terms are given by

L5 = Fa(9,X)e5 " €470 0y v Bppy (4.25)
L7 = F5(9,X)e""P7 e P’ 0 0,10vv 9pp G (4.26)

The condition cr = 1 generalizes to:
Fs=0, Gsx=0, Gux—Gsgy=2XF,. (4.27)

Note that by setting F4 = 0 in the above equation (i.e. recovering Horndeski theory), the
condition for ¢y = 1 appears to be G4 x = Gs ¢ rather than G4 x = G5y = 0 as stated in
section 4.3.1. This is not inconsistent, as Horndeski theories with G4 x = Gs ¢ will indeed
result in ¢y =1 [169, 157, 170, 171]. As discussed in [169], however, in the Horndeski
case we require both G4 x and Gs 4 to vanish independently rather than relying on any
finely tuned or coincidental cancellation between the two terms. On the other hand, for
Beyond Horndeski theories we can make use of the presence of the additional free function
Fj to cancel the contributions of G4 x and Gs 4 in cr, thus preserving a richer landscape of
viable theories with ¢y = 1.

Similarly to the Horndeski case, we first require the scalar energy density parameter to

be cosmologically relevant, i.e. Q4 ~ O(1), with Q4 given by:
Q¢ = (—G2 +2X (G27X - G37¢) -+ 6H()(p (XG37X - G4¢ - 2XG47¢X>
+24HGX? (Fy+ Gaxx) — 48H3X? (2Fy + X Fu x))
x (6H3 (Ga—2XGyx +XGsy)) - (4.28)
In [211], it is shown that shift-symmetric Horndeski and Beyond Horndeski have no
hair for a regular, asymptotically flat spacetime, with canonical kinetic term X in action
and positive powers of G; x and F; x. In what follows, we focus again on models that break

the last assumption. We investigate two terms given in [186] that respect the constraint

CT:1.

4.3.2.1 Square root Quartic models

We first consider including a v/ —X term in G4 (with the choice of F; corresponding to the

above conditions that lead to ¢y = 1):

|
Gr=X, Gy= M2+ y/—X,Fy=—"1 (4.29)
2 4(—X)2
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where 7 is an arbitrary constant.
For this choice of G;, F;, the condition for the scalar field to be cosmologically relevant
is given by:

o, _X- 6HZ v/ —X
¢ pu— Y
3HIM?

o(1). (4.30)

Assuming a spherically symmetric ansatz for the metric as in eq. (4.15), we find two

branches of solutions for X:

_ a9 _
X(r)=0= 22 =0, 4.31)
or
(AR MEA\ de [ 2 4P+ MR

respectively. We see that the first branch results in a solution with a constant scalar field,
1.e. no-scalar hair, resulting in regular GR black holes. We thus try to find solutions for the
metric functions f(r) and A(r) for the second branch of solutions for X (r). We find the

following for f(r):
B 64)/6 + 9}/201 P Mgr6 + 45}/2M;43r4 + 144}/1M123r2
9 (yM3r2 — 8}/3)2 '

() (4.33)

For large r, f(r) ~ 2, this solution is clearly not asymptotically flat. Thus we have not
been able to construct an asymptotically flat spherically symmetric black hole solution

with scalar hair for this model.

4.3.2.2 Purely Quartic models

Purely quartic models are proposed in [186] (i.e. only G4 and Fj non-zero and with no

canonical kinetic term for the scalar field). One such model that obeys the ¢ = 1 constraint

is given by:
1 (X_Xo)n+1
Gy =-M>3 2a,——— X +X 4.34
72 P+,§2 Wl D(ng2) T DX X (4.34)
Fy=) a,(X —Xo)", (4.35)

n>2
where X = Xj is the constant value of the background scalar field kinetic term around the

black hole:

o _ | 2%
= ch (4.36)
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thus leading to non-trivial scalar field profile for Xy # 0.

The cosmological density parameter for the scalar field in this case is:

—8X%Y, >0 an (X — Xo)"

[ (X—Xo)n

Qp =
M3 +4Y, 50 @50 [(3—2n)X2 - ni—lXo (nX +Xo)]

(4.37)

and we expect it to be of order 1.

The black hole solution of this model is a stealth black hole, where the spacetime geom-
etry is given by the appropriate GR solution, but the scalar field takes a non-trivial profile
(as shown above). For a stealth Schwarzschild black hole with mass M, the scalar field is
thus given by [186]:

o(r) = \/TXO[\/;”Z—ZMr—l—Mlog (r—M—i— \/r2—2Mr)}. (4.38)

The above profile for the scalar field is regular everywhere outside the horizon of the black
hole, with ¢ ~ r as r — co.

Since the spacetime geometry is the same as that of GR, we do not expect to be able
to distinguish this model through non-dynamical tests. Nevertheless, we may expect to see
a difference in dynamical situations. In particular, it has been suggested that while scalar-
tensor theories with ¢ =constant may not lead to any new signature during the inspiral of
two black holes, the no-hair theorem can be pierced if the scalar field has some dynamics
[212]. In the case of stealth black holes, the scalar field will have a non-trivial initial profile
as in eq. (4.38) which may trigger a subsequent dynamical evolution which may lead to
dipole gravitational wave radiation which in turn will change the evolution of the emitted

GW waveform phasing compared to that of GR.

4.3.3 Einstein-Scalar-Gauss-Bonnet

In four dimensions, the Gauss-Bonnet (GB) term is a topological invariant, and as such
the addition of the GB term to the usual Einstein-Hilbert action of GR does not affect the
equations of motion. If, however, the GB term is non-minimally coupled to a dynamical
scalar field in the action, the dynamics are significantly altered. Consider the action of
Einstein-Scalar-Gauss-Bonnet (ESGB) gravity [203]:

2
Son = [a'sy=z {%R— 26 0u0uV(0)~ SEORE |, (439)

where we have introduced a scalar field ¢ with potential V(¢), which for simplicity we
will neglect from now on, and a coupling function £(¢). In addition, we have defined
RZp = RuvaﬁRuvaB — 4R, yR*Y + R? as the Gauss-Bonnet term.
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It is well known that models given by eq. (4.39) can produce scalar hair on black hole
backgrounds in both the static [203, 213, 68] and slowly rotating [162, 214, 215, 216, 217]
regimes. However, on a cosmological background they lead to a modified speed of gravity
waves. Indeed, we find that
(Ho—9) &' —9°¢"

M3 —4HQE

cr=1+4 , (4.40)

where a prime denotes a derivative with respect to ¢ (see also [218]). Equivalently, eq. (4.39)

can be recast into the form of Horndeski gravity with the following choice of functions G;:

Gy =X —V +4E"'X? (logX —3)

G3 =2&""X (3logX —17)
M2
Gy ZTP +2&"X (logX —2)

Gs =2&'logX. 4.41)

In this form, it is clear the ESGB gravity does not conform to the constraints of [169, 157,
170, 171] that G4 x = 0 = Gs5 to ensure that cy = 1. Furthermore, it is well known that the
case of coupling to the GB term is a loophole in the no-hair theorems for shift-symmetric
Horndeski theories [188, 203, 210].

Assuming that the scalar field is cosmologically relevant, we find that Q4 ~ O(1) where

VX +4(E" - E")X? (3 —logX) +24HoX (Ho&" + 395"
- 3HZ (M} +4E"X logX —4E'Hod) '

Qy (4.42)
We then impose ¢ = 1 for a generic background evolution. Therefore, from eq. (4.40)
we get &' = E” = 0, in which case the GB term decouples from the scalar field ¢ and we
obtain GR with a minimally coupled scalar field plus a GB term. In this case, as mentioned
above, the addition of the GB term to the usual Einstein-Hilbert term represents nothing
more than the addition of a total divergence that leaves the equations of motion unaffected.
Thus the constraint on c7 rules out the possibility of ESGB gravity having any cosmological
relevance. As discussed above, the scalar field ¢ could avoid modifying cr at an observable
level only if it is assumed to be incredibly sub-dominant on cosmological scales, i.e. if
Qp < 1.

As a counter-example to the above discussion of the cosmological impact of ESGB

gravity, the following theory is studied in [219]:

4 M}Z) 1 v \Y 1 2
S:/d xv/—g [TR_Egu Oudy —V(9)+ Fi(¢)G* ¢u¢v_§F2(¢)RGB . (4.43)
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with string-inspired exponential forms for Fi,F;, and V. It is shown in [219] that this
theory, including both scalar coupling to the GB term and scalar derivative coupling to
the Einstein tensor, can admit de-Sitter like and power-law cosmological solutions whilst
maintaining cr = 1. This theory is clearly not shift-symmetric and so the no-hair theorem of
[209] is not applicable, whilst a coupling to the GB term is known to produce black holes
with scalar hair [203, 213, 68], or at least that are unstable to spontaneous scalarization
[220, 66]. Thus we expect that, in general, black holes in this string-inspired theory can
possess scalar hair and satisfy current constraints on the speed of gravity waves, although

with no cosmological effects.

4.3.4 Chern-Simons

Chern-Simons (CS) gravity [144] is characterised by the addition of the Pontryagin in-

: * _ laouvoaB pA c
variant, “RR = 5¢€ R(mﬁRMv

Pontryagin invariant can be coupled to either a dynamical or non-dynamical scalar field,

to the standard Einstein-Hilbert term of the action. The

leading to two different formulations of the theory. For concreteness, consider the dynam-

ical formulation of CS gravity

M3 1
Scs = / d*x\/—g [TPR— 5g“”¢u¢v+af(¢)*RR : (4.44)

where « is a constant coupling parameter and f(¢) is an arbitrary function of the scalar
field.

In [221, 222, 223] it is shown that in CS gravity, gravitational waves propagate at the
speed of light on conformally flat background spacetimes such as FRW. As such, [221]
postulates that it is not possible to constrain CS gravity purely through the propagation
speed of gravitational waves. Regardless, static and spherically symmetric black holes in

CS gravity do not have hair and admit the same solutions as in GR [138].

4.4 Other theories

We now consider other theories which go beyond the broad span of scalar-tensor theories.
As one expects, the moment one considers fields with more “structure” (i.e. more indices),
there is a greater possibility of non-trivial coupling with the metric which, in turn, can lead
to black hole hair.
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4.4.1 Einstein gravity with Maxwell, Yang-Mills and Skyrme fields

The simplest theory with a vector field corresponds to an Einstein-Maxwell system. In this
case, the black hole solution is Kerr-Newman which, besides mass and spin, is character-
ized by an electric charge. While this black hole solution is not considered hairy, we will
start by mentioning this case (and its non-abelian extensions) to get a flavor of what to
expect in the case of fields with more structure.

The Einstein-Maxwell theory is given by

M 1
S= / d*x\/—g H"R— ZFaﬁF“ﬁ , (4.45)

where Fj,y = dyAy — dyvA is the Maxwell tensor associated with a vector field A%. In this

model, we have that the FRW cosmological fractional energy density of the vector field is:

_ FoaF%+ 3FopF*P _IB?
- 2 172 2a42 7
3MpH; HyMpg,

A (4.46)
where B is the associated magnetic field. In this isotropic background, one has that A* =
(Ao(),0) and gravity wave propagation will be direction independent with exactly c7 = 1.
Furthermore, in this case, the cosmological evolution is exactly the same as that of GR as
the magnetic field vanishes (B = 0) in this homogeneous background, and hence Q4 =0
from eq. (4.46).

If the vector field is cosmologically relevant, taking into account the fact that the elec-
trical conductivity of the universe is large, we expect the presence of magnetic fields which
will lead to anisotropies. On the one hand, in the case of stochastic magnetic fields, the
metric may be locally anisotropic but too weak to affect local gravitational wave propaga-
tion.

On the other hand, in the case of a global magnetic component, the vector field will have
a spatial dependence A # 0 and the universe will be anisotropic. Therefore, the propagation
of gravitational waves will be direction dependent [224]. Current constraints on global
anisotropy (and homogeneous magnetic fields) from the cosmic microwave background
are remarkably tight [225, 226, 227] and we will enforce strict isotropy in what follows
(although it is conceivable that multiple measurements of cr in different directions might
improve these constraint).

The black hole solutions for the Einstein-Maxwell system are Kerr-Newman, which are
fully characterized by three charges — mass M, spin a and electric charge Q — and with a

non-trivial profile for the vector potential A*. In the spherically symmetric case (where
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a = 0), one has the Reissner-Nordstrom solution given by:

2M 0> 0
h(r)=1-"- d Ag(r) == 4.47
(1) = 1= =" gy and Ao(r) = 7. (4.47)

where &) is the vacuum permittivity constant. Here, we have again used a metric of the
form of eq. (4.15) and A* = (Ayp(r),A1(r),0,0), with A being an unphysical gauge mode.

The above description can be extended to the case where the gauge field is non-abelian —
the Einstein-Yang-Mills system — or the vector field has a stronger non-linear self coupling
— the Einstein-Skyrme system; in this case we are considering genuine hair. In both of
these cases, new phenomena can come into play. While, on the whole, the energy density
of the fields can remain sub-dominant at cosmological scales, non-perturbative structures
(topological and non-topological defects) can in principle make a non-trivial contribution
to the overall energy density and to the global isotropy of space (although, generally, these
effects are expected to be weak). Again, we can enforce cr = 1 yet still allow for non-
abelian hair. Notable examples can be found in the Einstein-Yang-Mills case [228, 229]
which combine solitonic cores with long range forces; in the Einstein-Skyrme cases there

is a range of solutions combined with solitonic states [230, 231, 232].

4.4.2 Einstein-Aether

Generalized Einstein-Aether is a gravity theory where the metric is coupled to a unit time-
like vector field, dubbed the aether. This model provides a simple scenario for studying
effects of local Lorentz symmetry violation. In particular, the vector field defines a pre-
ferred frame where boosts symmetry is broken but rotational symmetry is still preserved.

The action describing this model is given by:
M2
S= / d*x\/—g {TPR + Z(K)+A(A*A, + 1), (4.48)

where A is a Lagrange multiplier that forces the vector field to be unit time-like. Also,

Z (K) is an arbitrary function of the kinetic term K given by
K =1V AV VHAY 4 0o (Vi AF)? + e3V A VY AR, (4.49)

with ¢; constants (an additional quartic term in A* contributing to K is sometimes consid-
ered).

The cosmological consequences of Einstein-Aether have been extensively explored in
[110, 233, 234]. The case where the aether field can play the role of either dark matter

or dark energy were explored in [233] where the existing cosmological constraints ruled it
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out as an alternative to a cosmological constant. In the case of the standard Einstein-Aether
case (with % (K) ~ K), current Solar System constraints [235] combined with binary pulsar
constraints [236, 237] place |c1],|c3| < 1072 and ¢, < 1. Cosmological constraints allow
Q4 ~ 0.3 so the aether field can still have a non-negligible contribution to the cosmological
evolution [238].

The propagation speed of gravitational waves on a cosmological background is such
that ¢z = 1/[1+(c1 +¢3).% k], and thus the constraint on cz implies ¢; = —c3. This means
that K is reduced to a canonical kinetic term (an “F2” term) supplemented by a (VMA“)2
term.

For models which respect ¢ = 1, the condition that the acther field A* has cosmological

relevance is thus given by:

-7
3M3H3(1 -3¢, F k)

Qp = ~ 0(1), (4.50)
where .7 g denotes the derivative .% with respect to K.

Little has been done on black hole solutions for general .% (K) and thus we will restrict
ourselves to the standard Einstein-Aether case. Black hole solutions with hair have been
found in such a case, that are regular, asymptotically flat and depend on only one free
parameter [161, 239, 240, 241, 242]. For instance, in the case where c3 = 0, ¢, must satisfy

the condition: ;

_ €l
2 —4cq +3c%’

where ¢ is the only free parameter of the black hole solution. We can use a spherically

(4.51)

(e

symmetric ansatz for the line element as in eq. (4.15). The full solution must be found

numerically, but an analytical perturbative solution can be given when x = 2M /r < 1:

h(r)=14+x+(1+c1/8)x* + ..., (4.52)
fr)y T =1—x—c;/48x% + ... (4.53)

We note that this is an example of primary hair, where the spacetime geometry is different
to that of GR and, furthermore, the solution depends on an additional independent free
parameter cy.

More general solutions satisfying ¢c3 = —c; (and hence c¢7 = 1) are expected to have
the same behaviour [161]. This shows that BH solutions always have hair, regardless of
additional cosmological constraints. While in static black holes deviations from GR are
typically of a few percent [242], generalizations to spinning black holes may offer better

prospects for observing hair in these models.
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4.4.3 Generalised Proca

The generalised Proca theory [111, 243, 244, 245, 246] is given by

6
S— /d4x\/_—g {F+Z$[Aa7g“v]}, (4.54)
i=2
where % are gravitational vector-tensor Lagrangians given by:
2 =GyX,F)Y),
L= G3(X)V”A”,
%y = Ga(X)R+ Gax [(VuAM)? = V,AYV AF]
1
L5 = Gs(X)Gy VHAF — Gsx [(VuAM)? —3(VaA®)(V,AYVAR)
F2V4 ARV ARV GAY] — g5 (X)E* F, VAP,
1 LR

Lo = Ge(X)L*V*PV AqV aAp + §G6XF“ﬁF“VVaA“VﬁAV, (4.55)

which are written in terms of 6 free functions G;, G3, G4, Gs, g5, and Gg. We can define

the following tensors:

Fuy = VuAy —VyAy, (4.56)

. 1

FHY — EsuvaBFaB, (4.57)
1

JHVeB _ L_lELWPGEOCﬁ1’5]31)67/67 (4.58)

where R, y5 is the Riemann tensor and g1voP is the Levi-Civita antisymmetric tensor. The
5 free parameters G; are free functions of the following scalar quantities of the previously

defined tensors:

1

X = —ZAuAt, (4.59)
1

F=— F'Ey, (4.60)

Y = AHAVF, % Fyq. (4.61)

The conditions to have ¢y = 1 are G4 x = G5 x = 0 (with the term proportional to
GuvVHAY vanishing due to the Bianchi identity). In this case, the condition for cosmolog-

ical relevance of the vector field A* is given by [115]:

—Gs + Gy xA§+3G3 xHoA}
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where A# = (Ao(t),()).

Most of the theories that satisfy cy = 1 are of the form of GR with a minimally coupled
vector field possessing ‘exotic’ kinetic terms, in which case hairy black holes are to be
expected. It can be easily shown that spherically symmetric BHs can indeed have hair. For
instance, [187] shows the solution when G3 # 0, G4 = M12> /2, in which case:

2
f(r)= (1—%) . Ap = V2Mp, (1—1‘;) LA =0, (4.63)

where we have again assumed a metric ansatz given by eq. (4.15) (with i(r) = f(r)), and
that A* = (Ag(r),A1(r),0,0). This resembles an extremal Reissner-Nordstrom black hole
with a ‘charge’ that depends on mass. This is an example of secondary hair, where the
spacetime metric is different to that of GR, but both theories depend on the same number
of independent free parameters.

In contrast, since the Lagrangian %% couples the vector field non-minimally to curva-
ture through LHVoB thig Lagrangian corresponds to an intrinsic vector mode, and as such
does not contribute to the background equations of motion for a homogenous and isotropic
cosmological background (where A* = <A0(t),6>) [117]. In this case, with non-minimal
coupling to curvature, one solution is that of a stealth Schwarzschild black hole with a

non-trivial profile for the background vector field [187]:

Az —2X,
flr)= 1—2TM,A0:const, A= Of<r)0f(r),

(4.64)

where X = Xy = const.

4.4.4 Scalar-Vector-Tensor

We now consider theories in which there are two additional fields to the metric: a scalar
and a vector. A specific model was analysed in [247], where a shift-symmetric scalar field
¢ and a U(1) gauge invariant vector field A* are coupled [248]. Specifically, the action of

interest is given by:
4 1‘41'23 M vp
S= /d X\ —g 7R+X+F+ﬁ3FpF Oudy
+Bx" ! (XL”V“BFWFM - gF”VF“%W(PVﬁﬂ ; (4.65)

where B3 and f3; are arbitrary constants, X = —¢,¢* /2 is the scalar kinetic term as in

scalar-tensor theories, and with all other terms being defined as in Section 4.4.3.
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Given that the vector field strength F}, vanishes on isotropic cosmological backgrounds
(with A* = (Ao (t),0)), the action given by eq. (4.65) reduces to that of GR with a minimally
coupled, massless scalar field in cosmological settings. The speed of gravitational waves cr
will, therefore, be equal to unity in these theories, thus satisfying the constraint determined
by GRB 170817A and GW170817.

Black hole solutions in this model were studied in [247], where asymptotically flat,
static and spherically symmetric black holes with hair are found for 84 = 0 and for 4 # 0
in the cases of n = 0 or 1. In all of the cases studied, modified Reissner-Nordstrom-like
solutions with global charges M and Q are found, with the black hole further endowed with

a secondary scalar hair sourced by the vector charge Q.

4.4.5 Bigravity

We now consider bimetric theories. The only non-linear Lorentz invariant ghost-free model
is given by the deRham-Gabadadze-Tolley (dRGT) [249, 113, 250] massive (bi-)gravity

action:

M2 M2 4
s= S8 [dteygRo+ =) [ e /=R~ [ ax V=8 Y P (VeT7).
(4.66)

where we have two dynamical metrics g,y and fy;y with their associated Ricci scalars R,
and R, and constant mass scales M, and M, respectively. Here, B, are free dimensionless
coefficients, while m is an arbitrary constant mass scale. The interactions between the two
metrics are defined in terms of the functions e, (X), which correspond to the elementary
symmetric polynomials of the matrix X = \/g——lf .

This bigravity action generally propagates one massive and one massless graviton,
with the field g, being a combination of borh modes. There is one special case where
M¢/M, — oo, and only the massive graviton propagates (while the metric f;,, becomes a
frozen reference metric). As discussed in [169], constraints on the speed of gravity waves
lead to bounds on the graviton mass of the order m < 10~2%eV, which are weak compared
Solar System fifth force constraints of order m < 1073%eV. As long as m ~ Hy we expect
the massive graviton to have some cosmological relevance.

Regarding black hole solutions, massive gravity (with one dynamical metric) has some
static solutions, although they have been found to be problematic as they can describe
infinitely strongly coupled regimes or have singular horizons. One well-behaved solution

was proposed recently in [251], for a time-dependent black hole.
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On the other hand, massive bigravity has a much more rich phenomenology with a num-
ber of possible stationary solutions (static, rotating, and with or without charge) (see a re-
view in [252]). Focusing on asymptotically flat solutions, it is possible to have Schwarzschild
or Kerr solutions for both metrics [253]. However, these solutions are generically unstable,
although they can still fit data as long as m < 5 x 10~2%eV [254]. Hairy static solutions can
also be found for some parameter space [255]. Using the ansatz in eq. (4.15) for the metric
guv and the following ansatz for fy :

1
2 _ 2 2 2 102
dsy = —P(r)dt +Wdr +U(r)“dQ”. (4.67)
Here, there are five independent functions {#, f,P,B,U } to be determined by the equations
of motion. However, due to the presence of a Bianchi constraint, there are only three
independent functions {f,B,U} satisfying first-order differential equations. The complete

solution must be found numerically, but an expansion can be made for r — oo [255]:

2_,_ A ca(l+ru) _.y

f(r) 2r+ 2r ¢
cir c(l+ru) _

y(r)=1-SL 20T o

(r) 2r 2r ¢
2,2

U(r) = PLHRET) oy (4.68)
2

where c¢; are integration constants, U = m, /1 +Mg2 /M?Z, and Y is a proxy function for B
givenby Y =U'/ B'/2. While the constant ¢ may be identified with the mass of the black
hole, ¢, is a new charge that adds a Yukawa-type suppression to the metric due to the
massive graviton.

Here we have mentioned some possible black hole solutions for bimetric theories, but
we note that since these solutions are not unique, it is not clear what the physical space-
time and the outcome of gravitation collapse will be. Future simulations on non-linear

gravitational collapse should allow us to find the physical solution.

4.5 Conclusion

Modifications to general relativity may affect the evolution of the universe and lead to
cosmologically observable effects. The range of possible modifications has been drastically
reduced with the discovery of GW170817 and the resulting constraint on the speed of
gravitational waves. We have looked at the reduced space of theories to see which of

them will lead to distinctive signatures around black holes, specifically black hole hair. By
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looking for observable signatures of that hair and combining them with constraints from
current and future cosmological surveys, it should be possible to further narrow down the
span of allowed modifications to general relativity and, if the data points that way, single
out new physics.

We have focused on scalar-tensor theories. Of all theories, these are the most thor-
oughly understood and, furthermore, emerge as low energy limits of other, more intricate
theories. Not only is there a reasonably general classification of scalar-tensor theories, but
there is also a comprehensive body of work on black holes and black hole hair arising in
them. As was shown in [169, 157, 170, 171], the discovery of GW 170817 places severe
constraints on these models. We have found that, generally, and in the cases where they
have been studied more carefully, these theories do not have hair for static, spherically
symmetric, and asymptotically flat black holes. Specific examples that were constructed
to have hair (as suggested in [186]), in the case where they contribute cosmologically and
satisfy ¢y = 1, do not have hair. We found that the case where Einstein-Scalar-Gauss-
Bonnet gravity is cosmologically relevant, it is ruled out by the GW170817 constraint,
while Chern-Simons gravity is left unconstrained (and furthermore, known to have hair in
the rotating regime [256, 257, 258, 259, 260, 261]). We also looked at other theories, pri-
marily involving vectors, and found that in that case it is possible for them to satisfy the
various cosmological conditions and still have black holes with hair for spherically sym-
metric and rotating black holes. We also discussed bimetric theories, which allow for hairy
and non-hairy asymptotically flat black holes, and understanding which solution describes
physical setups require further work on gravitational collapse.

Our analysis is limited in scope in the sense that we have not considered the most gen-
eral actions allowed. For example we have not considered combinations of the Beyond
Horndeski models studied in [186]. We have done this for two reasons. The first reason
is that these models were constructed as proofs of concept without any strong underlying
physical motivation — questions of analyticity arise in the limit where X — 0. The second
reason is that the equations of motion become vastly more complicated with multiple non-
analytic leading terms which means it is difficult to obtain solutions which can be easily
interpreted and classified. Lacking more general results (such as the Galileon no-hair the-
orem of [209]) it is always plausible that theories, which satisfy the constraints we impose
and lead to hair, exist.

Nevertheless, our analysis is useful for determining how to move forward with the
theories we looked at. Given their cosmological relevance, we take for granted that they

will be thoroughly tested when the next generation of cosmological data is made available.
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What we can now do is determine how to combine these cosmological tests with non-
dynamical tests in the strong-field regime. In the cases where the black holes do have hair,
one would look for evidence of a fifth force for example in the accreting material or nearby
objects.

For theories where black holes have no hair the situation is more complex. In that case,
the only observations that might lead to data which allow us to constrain the extra fields
are dynamical tests which include inspirals of binary black holes, extreme mass-ratio in-
spirals (EMRI) or ringdown of single black holes. In GR, due to the strong equivalence
principle, the orbital motion and the gravitational wave signal of binary inspirals or EMRI
only depend on the masses and spins of the objects involved. On the contrary, in modi-
fied gravity theories this principle is violated, and the additional degrees of freedom will
determine the effective gravitational coupling constant which will depend on the new field
or its derivatives at the location of the relevant object (e.g. see [262, 263, 264, 212] for
binary inspirals in scalar-tensor theories and a general analysis in [265, 266], as well as
[267, 268] for EMRI in scalar-tensor theories). In the case of ringdown, one would expect
that the violent event would have excited any putative extra degree of freedom (such as a
scalar or a vector). And while the end state might be a Kerr-Newman solution, the pertur-
bations around this background (i.e. the quasi-normal modes) should contain information
about the extra degrees of freedom [83]. It would be interesting further work to study the
specific quasi-normal-mode signatures of the theories investigated here that do not exhibit
hairy black hole solutions (yet still abide by the c7 constraint).

Finally, given that we have found that most scalar-tensor theories abide to the no-hair
theorem and present trivial constant profiles around black holes, it would be interesting to
explore black hole solutions in the presence of screening. It has been argued that models
satisfying Solar System constraints (i.e. which hide the presence of fifth forces in the weak-
field limit) do so through screening. The main screening mechanisms which have been
advocated are the Vainshtein [269], chameleon [270] and symmetron [271] mechanisms,
all of which suppress the fifth force compared to the Newtonian force, depending on the
local environment. The current approach is to assume that the self gravity of compact
objects is sufficiently substantial that it decouples the scalar charge from the mass — in
the limit of a black hole, the scalar charge is set to zero [272]. However, little has been
done to construct screened black hole solutions by, for example, violating the condition
of asymptotic flatness. Such an analysis might give us insight on the presence of hair
in more realistic setups. A particularly interesting scenario might arise in the case of a
binary neutron star merger, such as GW170817. There, screened compact objects (neutron

stars) end up forming a black hole; if indeed the black hole has no hair (and no screening)
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one might expect that the process of shedding the scalar field could lead to an observable
effect. Alternatively, if the black hole adopts the screening mechanism, it would be useful
to understand what is the final, stable, solution and how it jibes with the no-hair theorem.

We have entered a new era in gravitational physics in which multiple regimes can be
tested with high precision. While multi-messenger gravitational wave physics has grown
to prominence, we believe it should now also include other, significantly different, arenas;
from the cosmological, through the galactic all the way down to astrophysical and compact
objects, a wide range of observations can be brought together to construct a highly precise
understanding of gravity.
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Chapter 5

Kerr-(Anti-)de Sitter Black Holes:
Perturbations and quasi-normal modes
in the slow rotation limit
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Abstract

In this chapter we study the perturbations of scalar, vector, and tensor fields in a
slowly rotating Kerr-(Anti-)de Sitter black hole spacetime, presenting new and
existing Schrodinger style master equations for each type of perturbation up to
linear order in black hole spin a. For each type of field we calculate analytical
expressions for the fundamental quasi-normal mode frequencies. These fre-
quencies are compared to existing results for Schwarzschild-de Sitter, slowly
rotating Kerr, and slowly rotating Kerr-de Sitter black holes. In all cases good
agreement is found between the analytic expressions and those frequencies cal-
culated numerically. In addition, the axial and polar gravitational frequencies
are shown to be isospectral to linear order in a for all cases other than for both

non-zero a and A. This chapter is based on research presented in [88].



5.1 Introduction

Black holes are among the most captivating aspects GR, and their properties have been
studied extensively since the dawn of GR in the early 20th century. Of great interest to
physicists and mathematicians alike is the response of black holes to perturbations. No-
tably, perturbed black holes ‘ring’, emitting gravitational waves at a characteristic set of
frequencies known as the quasi-normal mode (QNM) frequencies [44, 45, 46, 47, 48].

As has been discussed previously in this thesis, these QNM frequencies are dependent
on the background properties of the black hole (e.g. mass or angular momentum), acting
like a ‘fingerprint’ for a given black hole. Furthermore, the presence of a cosmological
constant, or a modification to the theory of gravity itself, can and will affect the spec-
trum of frequencies that a black hole will emit gravitational waves at. Thus studying the
QNM frequencies of black holes (and other fields propagating on the black hole space-
time) provides a window from which to observe not only the properties of the black hole
itself, but also of the wider universe and indeed of the fundamental laws governing gravity
[55, 56, 59, 37, 273, 274].

From an observational point of view, given the dawn of the gravitational wave era of as-
tronomy (with multiple direct observations of gravitational waves from mergers of highly
compact objects, i.e. black holes or neutron stars, having now been made by advanced
LIGO and VIRGO [16]), determining and detecting the QNM frequencies of the remnant
black holes left perturbed after the merger of compact objects is an interesting and impor-
tant area of study.

In this chapter, we will study the responses a variety of fields to linear perturbations
on a black hole spacetime, and present analytical expressions for the QNM frequencies
that each type of field characteristically ‘rings’ at. The black holes we will consider will
possess angular momentum and be embedded in a universe with a cosmological constant
that can be positive or negative (i.e. the spacetime will be either asymptotically de Sitter
or Anti-de Sitter). For the case of a positive cosmological constant, the black holes studied
here will represent the kind of astrophysical black holes that we expect to observe in our
universe (assuming the ACDM paradigm of cosmology [275], and that astrophysical black
holes have negligible electric charge [276]). For a negative cosmological constant, on the
other hand, the AdS/CFT correspondence provides an interesting motivation to study the
QNMs of asymptotically Anti-de Sitter black holes as a method of gaining insight into
certain conformal quantum field theories [277, 278, 279, 280, 281].

Summary: In section 5.2, we will present the background spacetime of the black holes

that are to be studied in this work. In section 5.3, we will review aspects of black hole



perturbation theory before presenting second order Schrodinger-style master equations for
perturbations of massive scalar (spin s = 0), massive vector (s = £1), and massless tensor
(s = £2) fields. Some of the master equations presented are known from the literature,
with others (to the author’s best knowledge) being new results. In section 5.4 we will then
present analytic expressions for the QNM frequencies that satisfy each of the master equa-
tions present in section 5.3, and compare these analytic expressions to previously obtained
numerical results. Finally, in section 5.5, we will discuss the results presented and make

some concluding remarks.

5.2 Background

The background spacetime that we will be concerned with in this work is that of a slowly
rotating black hole in a universe with a cosmological constant A. The black hole spacetime
is described by the Kerr-(Anti)-de Sitter (henceforth referred to as Kerr-(A)dS) solution
which, to linear order in dimensionless black hole spin a, is given in Boyer-Lindquist co-
ordinates by [14]:

XM A
ds* = guydxtdx’ = — F(r)dt* + F ' (r)dr* + »dQ* — 2aM (T + grz) sin® Odtd ¢
(5.1)

with dQ? being the metric on the surface of the unit 2-sphere, M the black hole mass, and

we assume |a| < 1. The metric function F(r) is given by:
Fir)y=1————=r". (5.2)

The spacetime is asymptotically de Sitter (thus describing a Kerr-dS black hole) for A > 0;
for A < 0, we have a Kerr-AdS black hole with an asymptotically Anti-de Sitter spacetime.

5.3 Perturbation Master Equations

As discussed in Chapter 3, when considering perturbations on a spherically symmetric
background spacetime, it is standard to decompose the perturbed fields into spherical har-
monics to factor out the angular dependence of the perturbation [44, 45, 46, 47, 147, 148].
Using Yﬁ?ﬁ. #n<0’ ¢) to schematically represent the appropriate choice of scalar, vector, or

tensor spherical harmonics depending on the perturbed field f in question:

furonn(t,1,0,0) =Y. f(r)YL" , (6,0). (5.3)

{m
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About a spherically symmetric background, perturbations of different polarity (either
axial/odd or polar/even) decouple from each other, greatly simplifying the analysis of the
equations of motion for the perturbed fields. In addition perturbations of different ¢ decou-
ple. The result is that, if we further assume a harmonic time dependence of the form e—iot
the equations of motion can often be cast into homogeneous Schrodinger style second order
differential equations for some unknown function of .% (r) representing the wavefunction

fo the perturbation:

2

d
<5+ 0= Vin(r)| (1) =0. (54)

By requiring that we have purely outgoing waves at each boundary of our spacetime, i.e. no
waves originate from within the black hole horizon or from spatial infinity (or the cosmo-
logical horizon)!, we can solve eq. (5.4) to find the wy,, as the characteristic QNM frequen-
cies associated with the perturbation (as discussed previously in this thesis) with Vy,,(r)
acting as a potential [44, 45, 46, 47]. The fact that the equations of motion governing the
perturbations can often be cast into a single Schrodinger style second order differential
equation is useful, with the techniques of quantum mechanics and time-independent scat-
tering theory being available to the modern physicist to analyse such an equation (see, for
example, the Appendix of [46]).

Unfortunately the decoupling of perturbations of different polarity and £ no longer oc-
curs when the background is not spherically symmetric (e.g. in axisymmetric spacetimes
such as the Kerr family of black holes [282]), and thus the task of simplifying the equa-
tions of motion governing the perturbations is greatly complicated. For example, for a Kerr
black hole one has to solve the more complex Teukolsky equation [283] to find the QNM
frequencies, rather than the simpler Regge-Wheeler [145] or Zerilli [153] equations that
one calculates for Schwarzschild black holes.

In [284], however, it was shown that in slowly rotating backgrounds, where the ‘break-
ing’ of spherical symmetry is controlled by the dimensionless black hole spin a (and terms
O(a?) are neglected), it is sufficient to continue to use spherical harmonics and to treat per-
turbations of different polarity and ¢ as completely decoupled. This technique yields equa-
tions of motion that are sufficient to determine the QNM frequency spectrum of the system
accurately to linear order in a (and has been utilised in, for example, [285, 286, 254]). The
benefit of this approach is that one can continue to exploit the useful properties of spher-
ical harmonics and often still arrive at simple second order equations of motion for the

perturbed fields, whilst now including the effects of (slow) rotation.

Note that for asymptotically Anti-de Sitter spacetimes, we actually require a reflective boundary condi-
tion at the cosmological horizon. This point will be addressed later in the chapter.
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In the following sections we will make use of the above technique for perturbations
in slowly rotating backgrounds to derive Schrodinger style master equations for various
type of perturbations on a slowly rotating Kerr-(A)dS background, keeping terms linear in
black hole spin and neglecting terms O(az) and higher. This will allow us in Section 5.4
to determine the QNM frequency spectra for each type of perturbation to linear order in a.
From now on we will also suppress spherical harmonic indices so as not to clutter notation,

with each equation assumed to hold for a given (¢,m).

5.3.1 Massive Scalar field

First we consider a massive test scalar field ® (such that ® does not contribute to the
background energy momentum and thus does not affect the background spacetime) with
field mass u propagating on the slowly rotating Kerr-(A)dS background given by eq. (5.1).

Such a field obeys the massive Klein-Gordon equation:
Odb = u’d. (5.5)
In [284, 285] it was shown that for scalar perturbations such that:

=) W’”T(r)e—iw’ﬂm(e, ), (5.6)
Im

the massive Klein-Gordon equation (linearised to first order in black hole spin a) takes the

form:

d? 2amMo (2M A +1) 2M 2A
o (30 i (30 oo

dr? @ r r 3 2 B3 +
(5.7)

We see that the effective potential of eq. (5.7) is modified from the usual spin zero
Regge Wheeler equation [44, 45, 46, 47] through A and a. Eq. (5.7) is, nonetheless, still in

the generic form of a Schrodinger style wave equation.

5.3.2 Massive Vector field

We now consider a massive vector field propagating on the black hole background. We
again assume that the test field does not contribute to the background energy momentum
and thus does not affect the background spacetime.

Whilst vector fields can have both axial and polar parity components of their pertur-
bations, it was shown in [284] that the polar perturbations for a massive vector field on

a slowly rotating background cannot be reconciled into a single Schrodinger style wave
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equation. Thus in this chapter we will only consider axial parity perturbations for sim-
plicity. It is worth noting that, in the case of a massless vector field (i.e. electromagnetic
perturbations), the equations for axial and polar perturbations coincide.

In [284] the master equation governing the axial component of a massive vector pertur-
bation is given for a generic slowly rotating background. For the slowly rotating Kerr-(A)dS
background that we are concerned with, the radial wavefunction of the vector perturbation
A(r) (i.e. playing the role of zo(r) in eq. (3.71)) satisfies:

> 5, 2amMo (2M A , e+,
dr£+w T a2 (T—i-gl”)—F(r)( ) +u )]A—O, (5.8)

where U is now the vector field mass. In the case that a = 0, eq. (5.8) agrees with the master

equations derived in [287].

5.3.3 Gravitational field

Finally, we consider perturbations to the black hole spacetime itself, such that the metric

guv can be decomposed into a background part g and a perturbation A:

8uv = 8uv +hyuv, (5.9
where g,y is given by eq. (5.1). The perturbed Einstein equations then read

ORuv +Ahuy =0 (5.10)

with R,y representing the Ricci tensor expanded to linear order in the metric perturbation
hyy.

As in Chapter 3, for the gravitational perturbations we adopt the Regge-Wheeler gauge
and decompose the metric perturbation into tensor spherical harmonics, with the tensor
perturbation £, having both axial and polar parity perturbations [145, 146]:

0 0 ho(r)BY" ho(r)BY"

¢
‘m ‘m .

(lxv gm — 0 O hl(r)BG hl(r)Bq) e_la)[mt7 (511)
By, sym sym 0 0

sym sym 0 0

Ho(r)F(r) — Hi(r) 0 0
» B sym Hz(r)F(r)_l 0 0 Im —i@pt

h[.LV7€m - 0 0 K(r)rz 0 Y™ ’ (5.12)
0 0 0  K(r)r’sinf

where sym indicates a symmetric entry, Bf[” is the axial parity vector spherical harmonic
and Y'™ is the standard scalar spherical harmonic, as described in [147, 148].
Once again we can treat perturbations of different parity separately in order to study the

QNM spectrum to linear order in a [284].
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5.3.3.1 Acxial sector

For the axial sector, we can find that the gravitational degree of freedom can be described
by the function Q:

2
o(r) :hl(r)F(r) (HzmaM > (5.13)

r ro
which satisfies the following Schrodinger style master equation (with /() as an auxiliary
field):

> 5, 2amMo <2M A,
r 3

o e +Zr ) —F(r)VRW} 0=0 (5.14)

where Vg is a generalised Regge-Wheeler potential?, taking into account nonzero a and

A:

(+1) 6M 24M?*(3r —TM —2r3A/3)
r2 —7+am L+ 1)rfw

For A =0, eq. (5.14) agrees with the Schrodinger style equation for axial gravitational

Vew =

(5.15)

perturbations of a slowly rotating Kerr black hole given in [285]. With a = 0, eq. (5.14)
agrees with the result of [287] for the axial perturbations of a Schwarzschild-(A)dS black
hole. With a = A = 0, we recover the familiar Regge-Wheeler equation [145].

5.3.3.2 Polar sector

For the polar sector, we can define a function ¥(r) in terms of the perturbation fields Hj,
and K (with Hy, H, as auxiliary fields):

1 rF 2amM?
W= (FPK+"H ) |1- 12M3 — 6M?r + 3Mr* 0?
M Ar <r T 1) { VRS r Mo
—202Mr* + AP (P +1))] (5.16)

which obeys the following Schrodinger style master equation:
d? o 2amMo (2M N A,
— —+=r
dr? r2 r 3

where VZ(O) is the familiar Zerilli-like poten‘[ial3 for Schwarzschild-(A)dS perturbations

)—F(r) (VZ(O)+amVZ(l)>} w=0 (517

given by:

0) _ 2 9M34+3A2Mr* + A2(14+4)r° +3M*(3Ar — ' A)
N (3M + Ar)?

v, (5.18)

ZNote that here we have factored out the metric function F (r) in the definition of Vg, unlike in eq. (3.26)
when we were concerned with exclusively Schwarzschild black holes.
3 Again, similarly to our definition of Vg in this chapter, we have not included the factor of F(r) in the

definition of VZ(O) here, in contrast to Chapter 3.
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and with 24 = (£ +2)(¢ —1) [287]. VZ(I) (r) is the O(a) correction to the potential given
in Appendix C.1. For A =0, i.e. when considering a slowly rotating Kerr black hole,
VZ(I) (r) agrees with the linear in spin correction to the polar potential given in [285]. With

a = A =0, we recover the familiar Zerilli equation [153].

5.4 Quasinormal modes

5.4.1 Analytical Expressions

As a complement to other methods of calculating the QNM frequencies @ that satisfy the
equations presented in section 5.3 [46, 45, 47, 288, 289], we will present analytic expres-
sions for the QNM frequencies calculated via the method developed in [290]. By making
an appropriate ansatz for the radial wavefunctions of the perturbed fields, the ® for each
perturbation master equation can be expressed as a sum over inverse powers of L = ¢+ 1/2,

with ¢ being the multi-polar spherical harmonic index:

k:oo
w=Y oL* (5.19)
k=—1

The form of this expansion is inspired by the analytic formula for Schwarzschild QNMs in
the eikonal (high /) limit [47, 291, 292]:

w:ﬁ((e+%>—i(n+%))+ﬁ(f—l), (5.20)

where n is the overtone index, an integer labelling the discrete QNMs of the same ¢ by how
quickly they decay (with n = 0 being the most long lived, ‘fundamental’ mode).

For a spacetime described by eq. (5.1), the appropriate ansatz for a generic wavefunc-
tion .7 " (r) satisfying eq. (5.4) is:

. 1/2
FM(r) = exp <ia)/ (1 + 6TM) (l - ﬂl) (1 —9M2A)_1/2dr*> v™(r) (5.21)

r

with dr, = F(r)~'dr. The function v* is expanded in a similar way to eq. (5.19):
k—co
vim(r) =exp | Y Si(r) L7k (5.22)
k=0

The ansatz above is appropriate for the wavefunction .# because as r, — Foo (i.e. to
the black hole horizon or to the cosmological horizon/asymptotically flat space), .# ~

eT®" which is what we require to have purely ‘outgoing’ waves at each boundary of our
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spacetime, as discussed earlier in this chapter. As explained in [290], however, this ansatz
is not applicable to asymptotically AdS spacetimes (i.e. for A < 0) due to the reflective
boundary condition required as r, — co. Thus in the following examples we will limit
ourselves solely to A > 0 cases. Nonetheless, the equations presented in section 5.3 remain
valid for both positive and negative A.

By inserting the series expansions given by eq. (5.19) and (5.22) into a QNM equation
such as eq. (5.4), one can solve for the wy and Sy at each order in L. In appendix C.2 we
present the @y that satisfy eqs. (5.7), (5.8), (5.14), and (5.17) for the fundamental n = 0
mode. In principle one can calculate the wy for arbitrary n, but for simplicity’s sake we
focus on the fundamental modes in this work. In each case we have calculated the first
eight terms in the expansion, i.e. to O(L_6). One can straightforwardly calculate terms to
higher order in inverse powers of L through the use of a computer algebra package. We will
see in the following section that the QNM frequencies calculated via this analytic expansion
method give results in very strong agreement with those calculated via, for example, 6th
order WKB methods.

In the limit that £ — oo (the previously mentioned ‘eikonal’ limit) we find that the QNM

frequencies, irrespective of field spin or mass, are given by:

2

(2041 —i)+am (%+ATM> +o(e™h. (5.23)

1 —9AM?
6v/3

One result of interest garnered from calculating the @y that satisfy eq. (5.14) and (5.17)

Mawy,, =

analytically is that the axial and polar gravitational frequencies appear to be isospectral to
O(L™?), with any differences between the @y at higher orders in 1/L being proportional to
both a and A (see appendix C.2). Thus, to linear order in 4, it is only in the case of non-zero
black hole spin and non-zero cosmological constant that the spectra of the axial and polar
perturbations split. The isospectrality of the gravitational modes for a Schwarzschild-de
Sitter black hole is well known [44, 45, 46, 293, 294], with the isospectrality of slowly
rotating Kerr-Newman black holes having been observed numerically in [286].

It is worth noting that the expansion technique of [290] is designed for use in spherically
symmetric background spacetimes; indeed we will see in the following section that the re-
sults for Schwarzschild-de-Sitter black holes are highly accurate. We will see, however, rel-
atively good agreement between those frequencies calculated numerically and those using
the analytic expansion method for small values of the black hole spin a despite the back-
ground spacetime no longer being spherically symmetric. Thus the expressions presented
here can be regarded as a useful analytic tool for calculating QNMs of slowly rotating black

holes.
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We note that for massive fields, such as the scalar and vector fields discussed in this
chapter, there exists a second branch of solutions for the @ other than the regular QNMs.
These are long lived (i.e. with very small imaginary component of ®) field configurations
around the black hole known as ‘quasi-bound states’ [295, 296, 297, 298, 191, 299, 300,
301]. We will not consider the bound states in this work and only focus on the QNM family
of solutions. Furthermore, in the case of asymptotically de Sitter spacetimes, a family of
QNMs associated with the cosmological horizon is present which we do not capture here
[302, 303, 294]. These modes are present even in pure de Sitter space (i.e. with M = 0)
and are purely imaginary in such a scenario. The family of QNMs studied in this section
is that associated with the photon sphere of the black hole, and as such the results obtained
here can be seen as a deformation from the QNMs one would calculate if A = 0.

In the following section we will calculate the QNM frequencies satisfying each of
eqgs. (5.7), (5.8), (5.14), and (5.17) for varying a and A, and investigate how well an
approximation the @y presented in appendix C.2 provide for the QNM frequencies at linear
order in black hole spin. In fact, we will see that for a < 1, the frequencies calculated in

this chapter provide a very good approximation to those calculated in the literature.

5.4.2 Comparison to Other Results
5.4.2.1 Schwarzschild-de-Sitter

We first consider the case of a unit mass Schwarzschild-de-Sitter black hole (¢ =0, M =1,
0 <9A <1) [304]. The QNM frequencies for electromagnetic, gravitational, and mass-
less scalar perturbations in a Schwarzschild-de-Sitter background have been calculated,
for example, using the 6th order WKB method in [293]. We find that in general the fre-
quencies calculated using the analytic expansion method of [290] (utilising the expansion
coefficients given in Appendices C.2-C.2) are in good agreement with those presented in
[293].

Tables C.1 — C.3 in Appendix C.3 give the QNM frequencies for massless scalar per-
turbations, massless vector (i.e. electromagnetic) perturbations, and gravitational perturba-
tions for a selection of A values. We do not distinguish between axial and polar gravita-
tional frequencies in this case as, further to the discussion above, the coefficients presented
in appendix C.2 show that for a = 0 the axial and polar QNM frequencies are isospectral
(this was also shown in [293]). In all cases the frequencies are presented as calculated via
the WKB method as in [293] and via the analytical expansion method of [290] used in this
work, with the errors between the two methods also given. Figures 5.1-5.3 show QNM

frequencies in the complex plane as calculated via both methods.
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Figure 5.1: Complex massless scalar frequencies for the n = 0 mode for varying values of
A
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Tables C.1 — C.3 show that in all cases the relative errors between methods stays com-
fortably below 1%, with figures 5.1-5.3 showing almost complete alignment of frequencies
in the complex plane. The expressions for the QNM frequencies given in appendix C.2
thus appear to compare very well with other methods of calculating QNM frequencies in
the case that a = 0.

5.4.2.2 Slowly rotating Kerr

We will now consider the case of a unit mass slowly rotating Kerr black hole (a > 0,
M =1, A=0) [12]. The QNM frequencies for electromagnetic, gravitational, and mass-
less scalar perturbations in a Kerr background have been calculated, for example, in [47]
using Leaver’s continued fraction method [288]. We will compare the results of using
the expansion coefficients given in appendix C.2 to the QNM frequency data provided at
http://www.phy.olemiss.edu/~berti/ringdown/.

Tables C.4 — C.6 in appendix C.3 give QNM frequencies for massless scalar perturba-
tions, massless vector (i.e. electromagnetic) perturbations, and gravitational perturbations
for a selection of a values. As discussed above, we do not distinguish between axial and
polar gravitational frequencies as to linear order in a the axial and polar spectra are isospec-
tral for A = 0 (see appendix C.2). In all cases the frequencies are presented as calculated
via continued fractions in [47] and via the analytical expansion method of [290] used in

this work, with the errors between the two methods also given.
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Figure 5.2: Complex electromagnetic frequencies for the n = 0 mode for varying values of
A

0.10 S E—
I ) A=0.0
I e A =0.02 1
0.08 - _
I ¢ A =0.04
30 06 - ® A = 0.06 1 e (=1, Tattersall
§§/ L ® A = 0.08 ] m (=1, Zhidenko
~ 004t . B ]
| I A =0.09 1 ¢ = 2, Tattersall
, * A=0.1 ,
0.02+ e ¢ = 2, Zhidenko
* A=o011 ,
0.00 1 1 | | | | L L L L | L L L L | ! ! ! 1 | 1 1 |
0.0 0.1 0.2 0.3 0.4
Re(Mw)

Figure 5.3: Complex gravitational frequencies for the n = 0 mode for varying values of A
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For a < 1, figures 5.4-5.6 show that the linear in @ approximation to the QNM frequen-
cies calculated from the expressions in appendix C.2 match well with the numerical data,
with tables C.4 — C.6 show the relative errors between methods staying below 1% for spins
of up to a ~ 0.2. From figures 5.4-5.6, however, we see that the linear in a approximation
for the QNM frequencies clearly starts to fail at smaller values of a. This is particularly
noticeable for the imaginary frequency components, where the departure from the linear
approximation is clearly seen by a ~ 0.1. Predictably, in all cases, as a increases the differ-
ence between linear in spin approximation used in this work and the frequencies calculated
numerically increases.

The higher accuracy of the real frequency components compared to the imaginary com-
ponents can be understood by considering that O(a) contributions to the imaginary com-
ponent only appear in two terms in the QNM expansion up to O(L™°®), @s and ws (see
appendix C.2). This is contrast to the real frequency component which receives contribu-
tions linear in a in @y, @, @4, and @g. Thus one should compute higher order terms in the
expansion to calculate further O(a) corrections to the imaginary component of the QNM
frequencies, and thus improve agreement.

Nonetheless, for small a the analytic expressions for the QNM frequencies appear to be
a good approximation to those calculated numerically.

We also consider the case of a massive scalar field propagating on a slowly rotating Kerr
background, comparing to the continued fractions results of [305, 298]. QNM frequencies
as calculated by each method, with relative error between the methods, are presented in
tables C.7 and C.8 in appendix C.3. We see that across the mass range 0 < uM < 0.2 and
black hole spin range 0 < a < 0.2, the analytic expressions presented here compare well to
other methods, with relative errors staying below 1%.

Finally, note that the ansatz for the radial wavefunction given in eq. (5.22) is not, in
fact, strictly accurate for massive fields. Instead, as r, — oo, the asymptotic behaviour of
Z (r) should be 9" where g = ++/u? — ®2 [298]. Nevertheless, we see from the results
of tables C.7 and C.8 show that the analytic expressions presented in this chapter represent

a good approximation to the massive QNMs.

5.4.2.3 Slowly rotating Kerr-de Sitter

We now turn to the most general case of a slowly rotating Kerr-dS black hole, where both
a and A are non-zero and positive. The gravitational QNM frequencies for a Kerr-dS black
hole of varying mass were calculated in [306] by continued fractions, whilst their asymp-
totics were studied in [307]. Kerr-de Sitter black holes have further been studied in [308].
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Figure 5.4: Real and imaginary components of the ¢/ = m = 2, n = 0 massless scalar mode
for varying values of a
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Figure 5.5: Real and imaginary components of the £ = m = 2, n = 0 electromagnetic mode
for varying values of a
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Figure 5.6: Real and imaginary components of the ¢ = m = 3, n = 0 gravitational mode for
varying values of a
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The expressions for @_; and @y in appendix C.2 (i.e. the first two terms in the L ex-
pansion, as explained in section 5.4.1) agree exactly with the expressions given by eq. (0.3)
and (0.4) in [307], thus verifying the dominant O(a) correction to Re(®) calculated in this
chapter.

Turning to comparisons with [306], a table of fitting parameters (@, @,) (referred to
as (@, ;) in [306]) is provided to approximate the QNM frequencies of slowly rotating
Kerr-dS black holes in the form:

0 = @ +amaw, + 0(a*), (5.24)

where @ 1s the QNM frequency evaluated for a = 0, i.e. the corresponding Schwarzschild-
dS frequency for a black hole of the same M and A; @, represents the linear in a correction
term.

Table 5.1 compares data for @ and @, from [306] and as calculated in this chapter for
two black holes of differing mass, with the relative errors between both methods given in
parentheses. Note that the fitting parameters (@, @,) are rescaled by M from their values in
[306] to coincide with the dimensionless black hole spin a that we are using in this chapter.
Also note that, as previously mentioned, in the case that both a and A are non-zero, the axial
and polar gravitational frequencies are no longer isospectral (see appendix C.2). Thus in
table 5.1 we compare the results of [306] to both axial and polar frequencies as calculated
in this chapter.

As demonstrated in section 5.4.2.1 for the case of a Schwarzschild-dS black hole, we
find good agreement between the @ calculated in [306] and those calculated in this work.
We also find good agreement in the real part of @,, with errors staying comfortably below
1% when considering either the polar or axial frequencies. The imaginary part of @, does
not agree as well, with relative errors of order ~ 10 —20%. This can be understood simi-
larly to the case of the imaginary Kerr frequencies as discussed above. For the imaginary
frequency component, O(a) contributions only appear in two terms in the QNM expan-
sion up to O(L™®) (w3 and ws). This is in contrast to the real frequency component which
receives contributions linear in a in all @, for even n. One should compute higher order
terms in the expansion to calculate further O(a) corrections to the imaginary component
of the QNM frequencies. Indeed if one calculates, for example, @, for axial gravitational
modes, the error in the imaginary component of @, for M = 0.1789 drops from 9.1% to
5.1%, whilst for M = 0.1205 the error drops from 27% to 11%. See appendix C.2 for the
explicit expressions of the QNM frequencies calculated in this chapter to O(L ™).
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5.5 Conclusion

In this chapter we have presented Schrodinger style master equations for the perturbations
of massive scalar, massive vector, and gravitational fields on a slowly rotating Kerr-(A)dS
black hole. These represent generalisations of the Regge-Wheeler and Zerilli equations
(for fields of spin 0,—1, or —2) to include the effects of both a non-zero cosmological
constant A and of slow rotation (i.e. to linear order in dimensionless black hole spin a).
Some of these equations have been presented before in their entirety (e.g. eq. (5.7) and
(5.8) in [284]), whilst versions of the equations with either a = 0 or A = 0 have been
presented in, for example, [285, 287]. The generalisation of the gravitational perturbation
equations to include both the effects of rotation and of a cosmological constant presented
here should, however, prove useful given the wealth of knowledge accumulated to address
such Schrodinger style equations.

We have also presented, following the method of [290], analytical expressions for the
QNM frequencies that satisfy each of the perturbation master equations present in section
5.3(eq. (5.7), (5.8), (5.14), and (5.17)). The expressions given in appendix C.2 are intended
as a complement to existing methods of QNM calculation, with the equations presented in
section 5.3 of course being amenable to being solved via one’s preferred method. Given that
there are relatively few numerical results for QNM frequencies in the literature for some
categories of black holes (e.g. Kerr-de Sitter), numerically investigating the perturbation
master equations presented in this chapter and elsewhere is worthy of further attention.
In addition, a natural extension of this work would be to consider black holes possessing
non-zero electric charge [309, 13].

In section 5.4 we find that the analytic expressions calculated in this chapter agree well
with the QNM frequencies calculated via other methods for a Schwarzschild-dS black hole
[293], for a slowly rotating Kerr black hole [47], and for a slowly rotating Kerr-de Sitter
black hole [306, 307]. They are not, however, valid for asymptotically AdS spacetimes
(as explained in [290]). The frequencies calculated in this chapter support the numerically
observed isospectrality of gravitational modes to linear order in spin for Kerr black holes
[286], whilst the axial and polar gravitational spectra are shown to split for a # 0 and A # 0.
Given the good agreement with numerical results, the analytic expressions for QNM fre-
quencies presented here provide a useful addition to those techniques already in the modern
physicist’s toolbox, allowing one to see the explicit dependence of the QNM frequencies on
the parameters of the black hole and/or field, and to quickly calculate frequencies without

needing access to (or to develop new) numerical routines.
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The study of gravitational QNM frequencies is, of course, of great interest in the con-
text of gravitational wave observations. Properties of black hole merger remnants can be
inferred from the observation of the QNM ringing, as well as tests of GR and of the ‘no-hair
hypothesis’ [55, 56, 59, 310, 37, 273, 274]. Meanwhile, the study of the QNM frequen-
cies of massive bosons (e.g. the scalar and vector cases considered here) propagating on
rotating black hole backgrounds finds great relevance in the study of black hole superra-
diance [311]. Furthermore, the AdS/CFT correspondence continues to provide motivation
for studying QNMs in asymptotically AdS spacetimes [277, 278, 279, 280, 281].

The technique of recasting the complicated, multidimensional, equations of motion
governing black hole perturbations in GR into decoupled one-dimensional Schrédinger
style equations is an incredibly useful one that has allowed great advances in the under-
standing and numerical calculation of QNM frequencies. The ability to execute such a
simplification of the equations of motion, and in particular to include the effects of rota-
tion, in theories of gravity beyond GR is in many cases still a work in progress [84, 75, 137,
138, 136, 254, 312, 313, 64, 65, 76, 314]. Given that the strong gravity regime of black
hole mergers is likely to be one of the best ‘laboratories’ available to us to probe any poten-
tial deviations from Einstein’s theory, continuing the analysis of black hole perturbations
for a variety of fields in alternative theories of gravity will remain an important avenue of

research as gravitational wave astronomy matures in the coming years.
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Chapter 6

Ringdown and Black Hole Spectroscopy
in Horndeski Gravity
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Abstract

In this chapter I will study black hole perturbations in Horndeski gravity and
investigate the prospect of using black hole spectroscopy to constrain the pa-
rameters of the theory through gravitational wave observations. We study the
gravitational waves emitted during ringdown from black holes without hair
in Horndeski gravity, demonstrating the qualitative differences between such
emission in General Relativity and Horndeski theory. In particular, Quasi-
Normal Mode frequencies associated with the scalar field spectrum can appear
in the emitted gravitational radiation. Analytic expressions for error estimates
for both the black hole and Horndeski parameters are calculated using a Fisher
Matrix approach, with constraints on the ‘effective mass’ of the Horndeski
scalar field of order ~ 10~'7eVc=2 or tighter being shown to be achievable
in some scenarios. Estimates for the minimum signal-noise-ratio required to
observe such a signal are also presented. The material in this chapter is based
on [84, 85].



6.1 Introduction

The advent of gravitational wave (GW) astronomy, with numerous observations of merg-
ers of compact objects now made by advanced LIGO and VIRGO [16], has opened new
avenues for testing Einstein’s theory of General Relativity (GR) [4, 273]. With these tests
have come constraints on the landscape of modified gravity theories, most significantly
those constraints garnered from the propagation of gravitational waves over cosmological
distances [175, 176, 315, 157, 170, 171], as explored in Chapter 4. In the future, next
generation ground and space based GW detectors bring the promise of black hole spec-
troscopy: observing the frequency spectrum of gravitational waves emitted by perturbed
black holes — specifically the QNM spectrum — and using them as a fingerprint to both infer
the properties of the emitting black holes, as well as to test the predictions of GR against
competing theories of gravity [55, 56, 57, 58, 59, 60, 37, 61].

When considering testing the predictions of GW emission between various theories of
gravity, one can look for discrepancies induced either by: (a) a background black hole
solution in a modified theory of gravity that differs from the standard GR description of
black holes (i.e. the Kerr metric for realistic astrophysical sources) and/or by (b) a different
dynamical evolution of gravitational waves with respect to GR from the perturbed system,
regardless of the properties of the background black hole. The emphasis of this chapter will
be on (b): we will focus on the case, where the background black hole solution is given by
the same solution as in GR, but the emitted GW signal is governed by modified equations
of motion leading to extra QNMs.

Partial motivation for pursuing this line of research comes from Chapter 4, where it
was argued that scalar-tensor theories in which the scalar field had cosmological relevance
would, in many cases, have black holes with no-hair. But more generally, case (b) can
be considered a more generic prediction of extensions to GR: while black holes might or
might not have hair, the field equations will, for sure, be modified leading to extra or new
QNMs [130, 138, 83, 316]. This possibility was explored in a theory agnostic manner in
Chapter 3.

In this chapter we will consider the Horndeski family of scalar-tensor theories of gravity
[103]. We will first demonstrate the qualitative differences in GW emission in GR and
Horndeski gravity — the sourcing of gravitational perturbations by the Horndeski scalar field
leading to the presence of extra QNMs — before quantifying what one could learn about the
parameters of a GW emitting system given an observation of sufficient ‘loudness’. We will

show that, in certain circumstances, the observation of (at least) two distinct frequencies of



the damped gravitational waves emitted during ‘ringdown’ from a black hole in Horndeski
gravity can provide strong constraints on fundamental parameters of the theory.

Summary: In section 6.2 we will introduce the action for Horndeski gravity and look
at black hole perturbations in this family of theories. We will then move on to parame-
ter estimation in section 6.3; we introduce a simple analytical model for the gravitational
waves emitted from a perturbed black hole in Horndeski gravity and, building on [56], we
employ a Fisher matrix analysis to predict quantitatively what one could learn about the
fundamental theory from a GW observation. This will include both analytic and numerical
results, as well as considerations on the properties of the observed GW signal required to
perform such an analysis. In section 6.4 we will discuss the results and limitations of our

analysis before making some concluding remarks.

6.2 Horndeski Gravity

Extensions to General Relativity normally involve additional fields (other than the metric
and standard matter fields) that interact non-trivially with gravity. In this chapter we will

focus on the family of Horndeski theories which introduces an additional scalar field.

6.2.1 Action

A general action for scalar-tensor gravity with 2 order-derivative equations of motion is
given by the Horndeski action [103, 317], which we first discussed in Chapter 4, but which

we present again here for clarity:
5
S = /d4x«/—gZLn, (6.1)
n=2
where the Horndeski Lagrangians are given by:

L, = G2(¢,X)
L3 = _G3(¢7X)D¢
Ly = G4(¢,X)R+ Gy x(0,X)((D¢)* — ‘/’aﬁ%ﬁ)

Ls = G5(9,X)Gapd™ — £Gs x(9,X)((T6)° ~ 308 94500 + 20459°°08),  (62)

where ¢ is the scalar field with kinetic term X = —¢40%/2, oo = Va9, ¢ = VaVp9,
and Ggp = Rop — %R 8qp 1s the Einstein tensor. The G; denote arbitrary functions of ¢
and X, with derivatives G; x with respect to X and derivatives G; ¢ with respect to ¢. GR
is given by the choice G4 = M3/2 with all other G; vanishing and Mp being the reduced
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Planck mass. Eq. (6.1) is not the most general scalar-tensor action and it has been shown
that it can be extended to an arbitrary number of terms [198, 318, 197, 319].

6.2.2 Background Solutions and Perturbations

Let us assume that Horndeski gravity admits a background solution such that the spacetime
is Ricei flat, Ry = 0 = R (e.g. Minkowski or Schwarzschild), and the scalar field ¢ has a
trivial constant profile, ¢ = @9 = const. Several no-hair theorems for various manifestations
of Horndeski gravity, leading to such solutions, exist in the literature [188, 209, 210] (see
also Chapter 4).

Now consider perturbations to this background solution such that:

8ap = 8ap +ha/3 (6.3)
¢=0¢o+69, (6.4)

where 8¢ and &g are considered to be small and of the same perturbative order, and the
metric §op describes the background Ricci-flat spacetime. Varying the action given by
eq. (6.1) with respect to g4 and ¢, we find from the background equations of motion that
G2 = G = 0 (with the G; functions being evaluated at the level of the background, i.e. for
¢ = @p). The following system of equations is found for the perturbed fields:

) Gayp
Ggg =5 (VaVp89 — gap0069) (6.52)
08¢ = u*s¢ (6.5b)

where ngl[); is the Einstein tensor perturbed to linear order in sy, O = gtvV,V, and u? is

given by:

2 _G27¢¢ (66)

po= :
Gax —2G39+3G; ,/Ga

Once again, all of the Horndeski G; functions are evaluated at the background i.e. they
are functions of the constant ¢ only. Thus u? is a constant and acts like an effective mass
term squared for the scalar field. Eq. (6.6) clearly shows that for some combination of the
Horndeski parameters, 2 could be negative. We will assume that u? > 0 for the rest of
this work, but considering a negative effective mass squared could be an interesting area of
future research. Furthermore, we will assume that G, x —2G3 ¢ + 3Gi o /G4 # 0. The right
hand side of eq. (6.5a) shows the new gravitational scalar field sourcing the gravitational

perturbations.
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6.2.3 Black Holes and Ringdown

From eq. (6.5a)-(6.5b), we can see that any Ricci flat black hole solution with a constant
scalar field profile will have gravitational perturbations sourced by the Horndeski scalar
perturbations.

For the rest of this chapter we will be concerned with the effect of Horndeski gravity
on the GW signal emitted from a black hole as it ‘rings down’ following a merger event
or some other process which leaves the black hole perturbed. To do so, we can consider
the background spacetime to be Schwarzschild and decompose the metric and scalar per-
turbations into tensor spherical harmonics, as is standard when studying the response of
spherically symmetric black holes to perturbations [44, 45, 46, 47, 147, 148] (and has been
discussed in Chapters 3 and 5). We will further assume a harmonic time dependence of

e~'" for the metric and scalar perturbations, leading to the following system of equations:

d2
drg + [0 — f(r)Vaw(r)] =0 (6.7a)
>y G /
a7 L7 = V)] ¥ = 52 (0.0) (6.7b)
d>¢ 5 )
dr2 + [@0” = f(r)Vs(r,u*)] ¢ =0, (6.7¢)

where @(r) is the radial wave function of 8¢, Q(r) and ¥(r) represent the odd and even
parity degrees of freedom in the metric perturbations (see section 5.3 with a = A = 0 for
their definitions), and 7 is the usual Schwarzschild radial coordinate. The tortoise coordi-
nate r, is defined by dr, = f(r)~'dr, with f(r) = 1 —2M/r and M being the black hole
mass.

The various potentials appearing in the above equations are given by:

(e+1) M

Vi (r) = ( (}j: )_7) (6.82)
A2 [(A+1)r+3M] +9M*(Ar+M

Vo(r) =2 LA r);(j;HLL)Z (Ar+M) (6.8b)
(e+1) 2M

Vs(r):( (7‘—; )—1—7—1—[12) (6.8¢)

with 24 = (£+2)(¢— 1), whilst the ‘source term’ Sy (¢, ¢’) is given by:
—(1-2M/r)Uy (¢,9")
2r2 (Ar+3M)?

(4M (3M + (20(£+1) — 1) r) +2r° BM +Ar) u?) @ + 12Mr(r —2M) ',
(6.9)

Se (9,9') =

Up (0,9)

119



Note that we have suppressed spherical harmonic indices, but each equation is assumed to
hold for a given /.

These equations can be solved to find the complex solutions of the @, the QNM fre-
quencies, subject to boundary conditions such that the emitted waves are are purely ingoing
at the black hole horizon and purely outgoing at spatial infinity [44, 45, 46, 47, 45]. As dis-
cussed previously in this thesis, but is worth repeating, the fact that the @ are complex
means that the gravitational waves emitted from this system are not only oscillatory in
nature, but also decay in time: the gravitational waves emitted are essentially a superpo-
sition of exponentially damped sinusoids. The @ describe the oscillation frequency f and

damping time 7 of the gravitational (and, in this case, scalar) waves via
Opm = 27 fom + 1/ Tym, (6.10)

where we have reinserted spherical harmonic indices ¢ and m to emphasise that these rela-
tions are general for any @y,,.

The system of equations given by eq. (6.7a)-(6.7c) shows that the odd parity gravita-
tional degree of freedom Q is decoupled from ¢ and evolves exactly as in GR according to
the Regge-Wheeler equation [145]. On the other hand, whilst the even parity gravitational
field W obeys the well known Zerilli equation as in GR [153] on the ‘left hand side’ of
eq. (6.7b), ¥ is now also sourced by the freely evolving scalar wave function ¢.

We can interpret eq. (6.7b) and eq. (6.7c¢) as leading to the gravitational field oscillating
with both the ‘transient’ GR solution and the ‘driving’ scalar field solution. An analogous
mode-mixing situation arises in a certain parameter limit of Chern-Simons gravity [138],
where it is the odd parity gravitational degree of freedom that is driven by a free massless
scalar field. In this case a two-mode fit of each of the fundamental ¢ = 2 modes from the
gravitational and scalar spectra fits the numerical evolution of the QNM equations well. In
[316] the ‘reverse’ effect was observed numerically in scalar Gauss-Bonnet gravity. In this
case, again due to a system of coupled QNM equations, the emitted scalar waves appear to
be ‘contaminated’ with modes arising from the gravitational spectrum.

A similar perturbation analysis can be done for a slowly rotating Kerr black hole (lead-
ing to more complex, but qualitatively similar equations of motion to eq. (6.7a)-(6.7¢)).
For perturbations of Kerr black holes of arbitrary spin, however, one requires the Teukol-
sky equation [283]. Eq. (6.5a) shows that any modified gravity effects on the ‘right hand
side’ of the equation can be packaged as the ‘source’ of the Teukolsky equation. This opens
up the possibility of analytically studying perturbations to black holes of arbitrary spin in
modified gravity, assuming that the background scalar field takes a trivial constant profile.

We will leave such an analysis to future work.
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As was mentioned in Chapter 5, it is worth noting that for massive scalar fields there
exists a second family of solutions other than the QNMs, the ‘quasi-bound states’, that
represent long lived field configurations around the black hole [295, 296, 297, 298, 191,
299, 300, 301]. We will not consider the bound states in this work and instead focus
on the QNM family of solutions driving the emitted gravitational waves. A full analysis
of the black hole-scalar system for arbitrary spin black holes would, of course, warrant
consideration of such bound states. It is an intriguing question as to how the quasi-bound
states around black holes might drive gravitational radiation during ringdown.

Figure 6.1 shows the qualitative effect of the scalar perturbations ‘driving’ the gravita-
tional waves. The gravitational waves are modulated from their usual GR frequencies by
the frequency of the scalar mode. The scalar amplitude in the centre and right hand panels
of figure 6.1 is exaggerated to make the effect noticeable to the eye, but the qualitative
picture of the mode mixing effect is valid.

As has been discussed before, but bears repeating, the system described by eq. (6.7a)-
(6.7¢) exhibits clear non-GR behaviour due to the presence of the scalar field perturbation,
despite the background solution being identical to GR (i.e. a Schwarzschild black hole
with no scalar hair). Thus the detection of modified gravity effects in the ringdown part
of a GW signal is not necessarily indicative of violations of the no-hair theorem. Stated
another way, even black holes in theories that obey no-hair theorems could exhibit non-GR

behaviour in their perturbations [130].

6.3 Parameter Estimation

Throughout this section we will follow the formalism laid out by Berti, Cardoso, and Will
in [56] (henceforth referred to as BCW), the main elements of which are recapped below.
6.3.1 Fisher Matrix formalism

We wish to study the response of a gravitational wave detector to the exponentially damped
sinusoidal gravitational waves emitted by a perturbed black hole in Horndeski gravity, as
described in section 6.2. Firstly, we assume that each of the gravitational waveforms re-

ceived at our detector is such that the strain % is given by:

h=hyF, +hyFy 6.11)
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where /. and h, are the two polarisations of the GW given by (in the frequency domain):

i—A, [ngei¢+b+( £)+Sime™ " b_( f)} 6.12)
fiy = —iNJ A, [ngei‘i’xm( 1) = Sume™ " b_( f)] : 6.13)
with
_ l/ffm
belf) = (1/Tpp)2 + 472 (f £ fom)? (6.14)

and 0% = ¢+ ¢0.
The Fy , pattern functions represent detector orientation and source direction depen-

dence, and are given by [56]:

1
Fi = = (14 cos? B5) cos 2¢5cos 2ys — cos @5 sin 2¢s sin 2 ys (6.15a)

Fo=— (1 + cos® 95) cos 2¢s sin 2y + cos Ps sin2@s cos 2 Ys. (6.15b)

N =N

The angles Os and @5 give the angular position of the GW source in usual spherical coordi-
nates, whilst yg describes the rotation of the GW polarisation axes relative to the detector
arm axes [320]. The Sy, are spin-2 spheroidal functions that are in principle complex. As
explained in BCW (and explored quantitatively in [321]), however, it is sufficient to assume
that Sy, =~ R(Sy,) due to R(Sp,) > T(Sp,). This will allow us in the following to make
use of the angle averages < S%m >=1/4n, < Ff >=< F2>=1/5and < F, F, >=0.
Finally, we assume that the gravitational waves emitted from a system governed by
eqs. (6.7b)-(6.7c) are given as a superposition of two modes, the most dominant mode of

each of the gravitational and scalar spectra, such that the total strain is given by:
h = hg + hy, (6.16)

where h, and h; have the same functional form as outlined above, however with different
amplitudes, phases, and appropriate frequencies and damping times. In reality, of course,
the signal will be more accurately represented as having contributions from multiple (¢,m)
modes from both gravitational and scalar spectra, as well as overtones. But for ease of
calculation, and for the sake of illustrating the core ‘mode mixing’ effect, we consider this
two mode model as sufficient.

We can define an inner product in frequency space between two generic waveforms 4

and h; using the noise spectral density of the detector Sy, (f):

° Ithy + h5h
(1| o) 52/0 %dﬁ (6.17)
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The signal to noise ratio (SNR) p of the signal given by eq. (6.16) is thus:

= " (f)h(f)
2
= (hlh :4/ ———==df, (6.18)
and the components of the Fisher matrix I';, associated with the signal are given by:
dh | dh
Fp=(=—|=— 6.19

where the 8¢ are the parameters upon which the waveform depends. Note that in each of
the above integrals in the frequency domain, we are also implicitly angle-averaging over
the sky.

Clearly from eq. (6.19) we will need to evaluate derivatives of the waveform with re-
spect to the various parameters 0“. For example, in BCW, analytic fits to numerical results
for Kerr gravitational QNM frequencies are presented as functions of black hole mass M
and dimensionless angular momentum ;! so that derivatives can be performed analytically.
In the case of Horndeski gravity, as studied here, of particular interest is the dependence of
the waveform on the effective scalar mass (squared) p2.

For simplicity’s sake, when evaluating our analytical results numerically in section
6.3.2, we will restrict ourselves to considering (at most) slowly rotating Kerr black holes.
Clearly we would ideally like to consider black holes with dimensionless spin ~ 0.7 to
best replicate the events observed by alLIGO/Virgo so far, but we use the case of a slowly
rotating black hole as a starting point. Thus, when evaluating parameter derivatives for the
rest of this chapter, we will use the analytic expressions for massive scalar and gravitational
QNM frequencies of slowly rotating black holes calculated in Chapter 5. For example, for
Jj =0, =72, we can make use of the following:

(=2 __ (=2 | /(=2
W, " =2nf, i1, =

X 0.374 —0.0887i)

1

7
_ _ L, 1

o2 =2nf 2 +i/t T x m <0.484+0.316(uM)2+0.O372(uM)4 +0.0232 (uM)®

- [0.0968 —0.108 (UM)? — 0.0272 (uM)* — 0.0246 (,,LM)ﬂ i)
(6.20)

We do, however, emphasise that the analytic expressions presented in section 6.3.2 are
applicable to any black hole emitting a mixed mode waveform - it is only in the numerical
evaluations of these expressions that we have chosen to limit ourselves to at most slowly

rotating Kerr black holes.

Note that previously in this thesis, we have used the symbol a for the dimensionless angular momentum,
or ‘spin’, of a black hole. In this chapter we will use j so as not to confuse with amplitudes A
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We are now in a position to analytically calculate the SNR and Fisher Matrix compo-
nents for our mixed mode GW signal, from which we can calculate error estimates from
the covariance matrix X, = (I ab)*l. To do so we will use the ‘6-function approximation’
introduced in BCW to evaluate frequency integrals, replacing products of the b4 (f) that
arise in constructing the various inner products with appropriately normalised §-functions.
In making this approximation we assume that Sy, (fg ¢m) ~ Sp(fs,em) = S, which is appropri-
ate given that f, 4, and fs ¢, Will be very close to each other in practice.

From now on we will suppress the (¢,m) index on, for example, f and 7, with each
expression assumed to hold for a specific choice of harmonic indices. We will retain ‘g’
and ‘s’ subscripts to differentiate between those parameters belonging to the gravitational

mode and those belonging to the scalar mode in the mixed mode waveform.

6.3.2 Results

To find error estimates for each of the parameters of the mixed mode waveform we invert
the Fisher matrix and take the diagonal components of £, = (Fab)_l. In practice, the com-
ponents of I';, were first calculated in the parameter basis of (A, ¢g+ ,fg: Og Ay, 0.5, 15, Os),
where the quality factor Q of a mode is given by Qy,, = 7 fy,,,Te,,. We then changed basis
from (f,,Qy, fs,QOs) to (M, j, u?) before inverting and extracting the error estimates.

In the (f, Q) parameter basis, those components of the Fisher Matrix I, that do not in-
volve mixing of gravitational and scalar parameters are given in Section IV A of BCW. For
those components that do mix gravitational and scalar parameters, analytic expressions are
presented in a Mathematica notebook [322], as is an expression for the total SNR p2. We do
not reproduce the expressions in this thesis as in most cases they are exceedingly lengthy
and unenlightening. The most important results are the error estimates in the (M, j, u?)
basis, which are presented below.

From now on we will work in a simplified regime were we assume that N, ¢, and ¢
are known for both gravitational and scalar modes. In particular, we follow the conventions
of BCW for a mixed mode waveform, assuming that for each mode N« = 1 with the phases
given by ¢ = —1/2, 90 = ¢ = 1/2, ¢ = —7m/2+ ¢. With this choice of parameters for
the waveform we will be able to work with more digestible analytic expressions.

We will further split our analysis in two separate cases: firstly, fixing j = 0 leaving
us with 4 unknown parameters (Ag, M, Ay, ,uz) to find error estimates for, and secondly,

allowing j to be free (but still constrained to be small, j < 1).
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6321 j=0

In the case of a Schwarzschild black hole, for a mixed mode waveform with the above
choice of parameters for Nx and phases, we find the following for the total SNR of the
signal p?

AgAs 16fgfsQ§Q§ (feOs+ fsQq) cos @

2 2., 42
= 21
P =Py TP T 5 3¢ AA (6.21)
with the individual SNRs for each mode being
203
p2 = 440 (6.22)
¢ sn2f, (1+402)S
Py = 0m2f, (1+402) S '
and where A are given by
_ 272 2 [ 2 2 A2
As = 2024211005+ O 2 +4 (S, £ £)7 ) (6.24)

This is the same result found in BCW for the total SNR of a two-mode waveform.
BCW also showed that the phase ¢ only weakly affected their results, so for simplicity we
chose to fix ¢ = 7/2 in the following so that the total SNR is simply given by the sum in
quadrature of the individual SNRs.

We now present analytic expressions for the error estimates for A, M, A and u? (where
63 = Y,0) to the leading order term in the relative scalar amplitude Ag /Ag, as we assume
that the amplitude of the scalar mode will be subdominant compared to the gravitational

mode amplitude:

O, 1 14302 (AS>21]2 Ay 14402

o N+ 1+ () = (1-2——= 6.25
oy \/ 023+802 | " \a,) 2\ AT+202 (629
ou 1 [1+403 <As)2n2 < Ay 2 )

oM _ =) (1-42 (144 6.25b
Pu =~ 0.\ 373802 \a) 2 A1( Q) (6230

on, (A (14402 As
Ag B (Ag) 772/\1 (6250)
B AN TN [2(14402) (1+202)
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We’ve introduced 12, A; to compactify the expressions; their explicit forms are given by:

> 1 f01+405 14202

= _ (6.26a)
2f0, Qi 1+40%
Ar=f2(4(16(Q2+2) 02 +7) 0 +1) @2 o
~2,0uf, 1205 2 (64Q§ 16400 +280% + 807 + 1)
2
+ 1700 (32Q? +280% +80% + 1) (1+40?) (6.26b)
2
| 2MRQ1 (1608 + 320!+ 100+ 1) (£, 0sm — finCuyc) -
= 0*(80°+3) (6269
As =2 (32Q§ 12404 + 1) 0?2 —2fify 2 (32QZ +160° + 603 + Qs) Q0,2
2
+ 7007 (805 +407 +1) (1+407)°, (6.264)
where we are using the notation .7 g = a—f Note that the ratio of single waveform SNRs
is given by:
Ps As
Ps _ % (6.27)
Ps Ag

As expected, the error estimates of the non-scalar parameters become independent of
any of the scalar waveform parameters as A; — 0, with the leading order corrections en-
tering at quadratic order in the scalar amplitude. For the scalar parameters, we see that the
leading term of 0> scales as (A; /Ag) ™1, thus diverging as the scalar amplitude A; — 0 (as
1s reasonable).

Having calculated the error estimates analytically, we can consider the effect that in-
troducing the scalar waveform has on 04, and o). For ¢ =2, u2 = 0, the leading order

corrections to the error estimates of Ag and M are given by:

pAGy, A\ pAoy A\’
~ 052 — ~0.13( — 2
7y 0.5 (Ag) o 03 y (6.28)

where again we are assuming that A; < A,. Clearly, with small Ay, the error estimates on
Ag and M are only weakly degraded by the introduction of the scalar mode. We have also
checked that the value of (uM)? only weakly affects o), and 6. For Oy, and 02, on the
other hand, to leading order in both A/A, and (uM)? (again with £ = 2):

1 A\
PO =5 <A—g) (0.42 ~0.76 (/,LM)2> (6.29)
PO _ (AN (100 2
= (Ag) (1.00 0.40 (uM) ) (6.30)
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If we return to assuming that the effective scalar mass u? = 0, we can calculate Oy2 to
estimate a ‘detectability’ limit on the scalar ‘particle’ effective mass m;. Reinserting G and

¢ to restore units, we find that

AN T (Mo
—7( As ® )

where we now interpret u? as the square of the inverse Compton wavelength A. of the
scalar (thus the combination M is really a ratio of the black hole to scalar length scales).

Converting to a mass using ms; = h/A.c, we find

—-1/2
Vpms~5x 10710 (%) (]%) eVe 2, (6.32)
8

Figure 6.2 shows a contour plot of ,/pmy as a function of relative scalar amplitude
As /A4 and black hole mass M for a mass range of likely events observed by aLIGO/VIRGO,
while figure 6.3 shows a similar contour plot but for more massive black holes of the type
LISA might observe. In figure 6.2 a mass range of 0 < log;,(M /M) < 3 is covered, whilst
for figure 6.3 we consider a range of 5 < log,o(M /M) <9, over which LISA is expected
to be sensitive to BH ringdowns out to large redshifts [61]. Note that in figures 6.2 and 6.3
we have used the full expressions for the covariance matrix as calculated using the Fisher
matrix formalism, rather than the A; < A, approximation used to arrive at eq. (6.32).

In figures 6.2 and 6.3 we see that with increasing black hole mass the constraint on
m; tightens considerably, even for small A;/A,. For example, constraints on /pmg ~
10~ 7eVc =2 are possible with A;/A ~ 0.01 for a 10°M,, black hole.

6322 j#0

We now consider the case of a slowly rotating black hole with j < 1. In this case the
total SNR is still given by eq. (6.21), and again we choose ¢ = m/2. The introduction
of j into the Fisher matrix analysis makes the analytic expressions for the error estimates
extremely unwieldy, so we will not present the leading order corrections due to A to Oy,
o; or oy. Section VI B of BCW addresses the effect of increasing black hole spin on the
error estimates of j and M in a two-mode waveform where the modes have the same (¢,m)
(in their case, the motivation was to consider overtones). They showed that with increasing
J» om and o increase (decrease) for the / = m =2 ({ = —m = 2) modes. In this section we
will focus on the effect of j on 0,4, and Gﬁ.

In fact, we find that to leading order in (A;/A,), that the error estimates of A and u?

are given once again by eq. (6.25¢)-(6.25d). We can now evaluate these numerically for
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Figure 6.2: Contour plot for my as a function of relative scalar amplitude A;/A, and black
hole mass M (in solar units) for values representative of LIGO events. The [—8, ..., —12] X
log;o (/pms/eVe™?) contours are shown.
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Figure 6.3: Contour plot for m, as a function of relative scalar amplitude A;/A, and black
hole mass M (in solar units) for values representative of LISA events. The [—13,...,—17] x
log;o (/pms/eVe™?) contours are shown.
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non-zero (small) j. For £ =2, u? = 0, we find the following error estimates to linear order

in j and to leading order in A;/Ay:

-1
(o)) . Ay
== (1. . — .
P = (1.00+0.03m) (Ag> (6.33)
042 jm\ (A

where m is the azimuthal spherical harmonic index ranging from (—/,...,¢). This corre-

sponds to a scalar mass detectability limit of

. ~1/2
P ~ 5 x 10710 (1 n %) (f;—) (%) eve 2, (6.35)
8

again valid for j < 1, A; < Ag. We see that, in this slow rotation regime, the introduction
of spin very weakly increases (decreases) the error estimates for the scalar parameters for
positive (negative) m.

It would of course be interesting to repeat this analysis for larger values of j, however
there are currently no accurate fitting formulae for massive scalar QNMs as a function of
both scalar mass and black hole spin®. This is a potential avenue for future research.

The phenomenon of black hole superradiance [311] provides a method of constraining
ultralight boson masses through observations of rotating black holes [323, 324, 325, 326,
327]. In [326] masses of minimally coupled axion like particles are excluded in the range
[6x 10713eV,107!1eV], and it is argued that current and future observations can probe a
mass range of such particles from 10~1%eV to 10~!eV. In fact, if we posit that a modified
gravity theory admits Kerr black hole solutions (and that these are indeed the astrophysical
black holes we observe), then the same bounds calculated from superradiant instabilities in
[326] apply equally to such modified gravity theories.

Whilst it would take a very large black hole mass M or SNR p to compete with the low-
est end of the mass range probed by back hole superradiance, the constraints that could be
garnered from ringdown observations can be complementary to those obtained from other
methods. Furthermore, in this case we are considering a phenomenon arising specifically

from the non-minimal coupling between gravity and the scalar field.

6.3.3 Resolvability

To use a mixed-mode GW signal to test GR one must, of course, first be able to discriminate

between the two frequencies buried in the noisy signal. As explored in BCW as well as in

2To the best of the author’s knowledge.
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[131, 138], such considerations lead to postulating a minimum SNR required to resolve
the individual frequencies and damping times of the gravitational and scalar modes. It is
commonly given that a natural criterion for resolving frequencies and damping times is

given by

| fe — fs| > max (Gfg, GfS) , |Tg — 75| > max (Gfg, GTS) ) (6.36)

As explained in BCW, the above criteria state that the frequencies are barely resolvable
if “the maximum of the diffraction pattern of object 1 is located at the minimum of the
diffraction pattern of object 2”. Using the above, critical SNRs required to resolve the

individual frequencies and damping times can be introduced

max (prg,prs)

f
> crit — (637)
P = Peri fe— 1)
max (por,, pOr,
P> ply = frg ey ) (638)

We can use the Fisher matrix formalism to calculate these error estimates analytically,
now in the (f,7) parameter basis. Again to leading order in A;/A,, we find the following

expressions for the errors in f and 7 for each waveform:
fe A\ n?
=2 /6432041 — ] — 6.3
PO, =g 0 +320; ( 1+ a,) 2 (6.39a)

2.2
por, = %. [3+402 (1 + (;ﬁ) %) (6.39b)
g g

_ L (AN 14408 (741602 (2+02)

P 2 va0m (Ag) \/ 1+204(5+802(2+0?)) (6%
V20, (A7 34402 — 240°

POn = (A—g> T 30T 15072 1 0) (6.39d)

with 12 given by eq. (6.26a).

Figure 6.4 shows the two critical SNRs p{rit and pl; required to resolve individual
frequencies and damping times respectively as a function of the relative scalar mode am-
plitude. We’ve again chosen a superposition of £ =2 modes for a Schwarzschild black hole
and a massless scalar field. As with figures 6.2 and 6.3, here we have used the full analytic
expressions for the critical SNRs in figure 6.4, rather than the A; < A, approximation used
in egs. (6.39b)-(6.39d).
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We see that the SNR required to resolve damping times is consistently about an order
of magnitude greater than that required to resolve frequency times. Thus p; sets the lower
bound on SNR to resolve both frequencies and damping times. The minimum of p., is
found numerically, in this case, to be at A;/A ¢ ~ 0.81, giving a critical SNR of ~ 34.

Assuming that we wish to resolve both frequencies and damping times, and noting that
for small Ay the critical SNR is given by poy,, we can use eq. (6.38) and (6.39d) to find a
minimum requirement on Ay /A, for a given SNR. For a superposition of £ = 2 modes with

/.12 =0, we find

A 21
s (6.40)
Ag p
If we only wish to distinguish frequencies and not damping times, the requirement on Ag
drops to
A 1.2
> = (6.41)
Ag p

For example, with an SNR of p ~ 10? (achievable in single detections through LISA,
third generation ground based detectors, or through stacking several signals together [60,
132, 328, 329, 330, 63]), we would require Ay =~ 0.2 to ensure p > pcfrit. If, on the other
hand, we considered single, loud, aLLIGO/Virgo detections such as GW150914, an SNR of
p ~ 5 —10 is more realistic [25]. In which case A; ~ 0.2 would be required just to discern
distinct oscillation frequencies in the signal, whilst an observation of distinct damping times
would be impossible given that the approximate minimum of pJ;, is 34 as discussed above

(and as shown in figure 6.4).

6.4 Conclusion

In this chapter we have studied the mixing of gravitational and scalar modes in the GW
emission during ringdown of static and slowly rotating black holes in Horndeski gravity.
The generic perturbation equations to a Ricci flat background with a constant scalar field
profile are presented in section 6.2.2; these are specialised to apply to a Schwarzschild
black hole in section 6.2.3, where coupled QNM equations in the even parity sector are
presented.

The qualitative nature of the mode mixing effect on the GW emission is shown in
figure 6.1, with a related phenomenon in scalar Gauss-Bonnet gravity having been observed
numerically in [316]. Additionally, we demonstrated its occurence in any Ricci flat black

hole background (see eq. (6.5a)). Indeed, a natural progression of this work is to study in
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Figure 6.4: Critical SNRs p{m and p, required to resolve frequencies and damping times
as a function of relative scalar amplitude A, /A for £ =2, u> = j =0.
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detail the perturbations of Kerr black holes of arbitrary spin in Horndeski gravity, through
both analytical and numerical methods.

We then proceeded to apply the Fisher matrix formalism for black hole ringdown as de-
veloped in BCW [56] to a mixed mode waveform containing both gravitational and scalar
frequencies, and in section 6.3.2 derived analytic expressions for the estimated errors on the
parameters of such a waveform assuming a static or slowly rotating black hole background.
Of particular interest is the estimated error in the determination of the effective mass of the
Horndeski scalar field (see eq. (6.25d), and figures 6.2 and 6.3). For certain parameter
ranges of the black hole mass and relative scalar mode amplitude, we’ve shown that con-
straints on the effective mass of the Horndeski scalar field can be very tight, for example
Mg ~ p_l/ 210~"7eVc2 for a 10° M, black hole observed with LISA; competitive with the
kind of constraints on ultralight axion masses obtained via black hole superradiance.

We further found that, assuming an SNR of p ~ 10? (achievable through next generation
space and ground based detectors or through the stacking of multiple signals [60, 132,
328, 329, 330, 63]) a scalar perturbation with an amplitude of roughly 20% that of the
dominant gravitational mode would be required so that the presence of multiple, distinct
oscillations frequencies and damping times in the signal could be detected. With the SNRs
typical of single LIGO events [25], on the other hand, detecting the presence of distinct
oscillation frequencies in the ringdown signal is the best one can hope for, with a scalar
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mode amplitude again of the order 10 — 20% that of the gravitational mode amplitude
required.

A key assumption in this chapter is that the scalar perturbations will be present in the
ringdown: specifically, if mode mixing is to occur in the ringdown, the scalar field pertur-
bation needs to be excited, which is by no means guaranteed given that ¢ = 0 is a solution
to eq. (6.7a)-(6.7¢) (leading to perturbations identical to those in GR). Furthermore, in the
case of two black holes without hair merging, it is difficult to envisage generating any scalar
field perturbations (though perhaps non-linear interactions during the merger could source
excitations). However, if ¢ interacts non-trivially with matter, then events involving one
or more compact stars may provide an initial non-trivial scalar field profile from which
perturbations can be sourced [331, 332, 333, 334, 335]. In addition, one could imagine
merger events whereby surrounding matter ‘contaminates’ the ‘clean’ merger of two com-
pact objects without hair, thus sourcing scalar perturbations in situations where one might
not initially expect them. An important avenue of research is then to study the possibility
of how hair can be dynamically generated in no-hair theories.

An obvious limitation of this work is the inclusion of only two modes in the mixed-
mode waveform - one from each of the gravitational and scalar spectra. In [336] it is

shown that including higher overtones>

as well as fundamental modes is highly important
for accurately extracting parameters from a GW signal. In addition, the study of mode am-
plitudes in black hole ringdown [125, 337, 338, 339] shows that in some cases the second
most dominant gravitational mode may have a significant relative amplitude of &'(1). In
which case modelling our signal as a two-mode waveform with A, < A| may be a simpli-
fication too far (of course if a scenario heavily excited the scalar mode then the two mode
approach would be more valid). Including additional gravitational modes in addition to
the scalar mode(s) would be a more accurate approach, and an intriguing area of future
research.

Finally, the numerical results shown in this chapter are limited to Schwarzschild and
slowly rotating Kerr black holes, but of course it is our aim to apply such an analysis to Kerr
black holes of arbitrary spin (especially given the so far observed spins of black holes by
aLIGO/VIRGO). Analytic fits of massive scalar QNM frequencies on a Kerr background,
or a more in depth numerical analysis of sourced gravitational radiation for rapidly rotating
black holes, will be required to make such a step to higher spins; these are interesting areas

of future work.

3Modes with the same ¢ and m but with different overtone index n, as described in section 5.4.1.

134



With the maturation of GW astronomy, and the prospect of black hole spectroscopy
with next generation detectors in the near future, the exploration of what we can learn about

the nature of gravity from ringdown observations is an exciting and timely endeavour.
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Conclusion

“Gravity has taken better men than me”

— John Mayer, Gravity

I will now conclude by summarising the key results of the research presented in this

thesis, as well as looking forward to potential future areas of research.

7.1 Summary of Results

In Chapter 2, cosmological perturbations in different families of modified gravity theories
are considered. In a theory agnostic manner, i.e. without assuming any knowledge of a full
non-linear gravity theory, I presented a formalism for constructing general gauge invariant
quadratic actions for describing the evolution of perturbations on a cosmological FLRW
background. Theories involving a single tensor field, a tensor and a scalar, and a tensor
and a vector are considered. In each case we find that the resulting action is dependent
on a finite (small) number of parameters, irregardless of whatever non-linear theory the
action for the perturbations may originate from. In this way, cosmological observations
can constrain large classes of modified gravity theories all at once, rather than focussing on
individual theory specific tests.

In Chapter 3, the formalism of Chapter 2 is applied to a black hole background, where
perturbations to a Schwarzschild black hole were considered. Repeating the analysis of
Chapter 2 again for single tensor, scalar-tensor, and vector-tensor theories, gauge invariant
actions depending on a finite number of parameters are constructed. In this case, the equa-
tions of motion for the perturbations are analysed in the context of ringdown and QNMs. I
show that, despite the background black hole being identical to the corresponding GR solu-
tion, the QNM spectrum and ringdown signal of the perturbed black hole may be affected

due to the presence of additional degrees of freedom (in the scalar-tensor and vector-tensor
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case). This opens the possibility of testing gravity, and discerning between GR and modi-
fied gravity gravitational wave signals, through black hole ringdown even if the background
black hole solutions are indistinguishable from GR.

Chapter 4 concerns background black hole solutions in modified theories of gravity,
specifically in theories where one constrains the propagation speed of gravitational waves
to be equal to that of light, i.e. ¢y = 1. I show that in the context of scalar-tensor theo-
ries of gravity, the restriction on cr greatly hinders one’s ability to find ‘hairy’ black hole
solutions; theories with other additional degrees of freedom with more structure (e.g. grav-
itationally coupled vector fields) still provide avenues to find hairy solutions.

In Chapter 5, black hole perturbations in GR are studied. I present QNM master equa-
tions for scalar, vector, and tensor perturbations on a slowly rotating Kerr-(Anti-)de Sitter
background. In each case I calculate analytic expressions for the QNM frequency spectra,
and compare to known results in the literature. Good agreement is found between numeri-
cal results and those analytic results presented in this thesis. Additionally, I show that the
isospectrality between odd and even parity gravitational spectra is broken in the case of
non-zero black hole spin and cosmological constant.

Finally, in Chapter 6, I consider black hole ringdown in Horndeski theory in detail. I
show that for any Ricci flat background solution (i.e. a Schwarzschlid or Kerr black hole),
gravitational perturbations will be sourced by scalar perturbations, leading to a qualitatively
different gravitational wave signal than in GR. I specifically present the QNM equations for
the case of a perturbed Schwarzschild black hole, and show that the Horndeski scalar field
obeys an effective massive Klein Gordon equation. The sourcing of the even parity metric
degree of freedom by the Horndeski scalar field leads to gravitational waves being emitted
as a superposition between those QNM frequencies associated with the gravitational and
scalar spectra. Assuming such a superposition, I forecast how the experimental errors on
the black hole parameters as determined through ringdown observations will be affected by
the scalar perturbations. Furthermore, I show that one could constrain the effective mass of
the Horndeski scalar ‘particle’ to ~ 10~!7eV¢ =2 through LISA observations, in particularly

favourable circumstances.

7.2 Future Research

In this thesis I have explored the ways in which we might test gravity through consideration
of modified theories of gravity, particularly in the context of black holes. I have shown
that, even in the case where black holes look identical to GR solutions at the level of the

background (i.e. identical spacetime geometry, no non-trivial profiles of additional fields),
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their emission of gravitational waves when perturbed can be markedly different. Clearly
this has great importance with observations of binary black hole mergers (and other events
involving compact objects) now becoming commonplace.

One clear avenue of future research is to consider perturbations to rapidly rotating black
holes in modified theories of gravity. This thesis has been concerned with, at most, slowly
rotating black holes, and whilst this is a good starting point to analyse the ways in which
modified gravity might make itself known in a gravitational wave signal, most astrophysi-
cal black holes are expected to have non-negligible angular momentum. Thus to truly take
advantage the tests of gravity possible with current and future gravitational wave observa-
tions, perturbations of black holes of arbitrary spin must be analysed.

In Chapter 6 I presented the fully covariant equations of motion that perturbations to a
Kerr black hole would obey, in a way such that the ‘right hand side’ of eq. (6.5a) can be in-
terpreted as the source of the Teukolsky equation describing Kerr black hole perturbations
in GR [283]. Analysing the perturbations in this way would allow us to study rapidly rotat-
ing Horndeski black hole using the same numerical and analytic tools already developed for
GR (including consideration of the phenomenon of black hole superradiance [311]). This
is, of course, assuming that the scalar field possesses no hair at the level of the background,
but this is certainly a potential step forward in the study of ringdown in modified gravity
theories. Additionally, the calculation of analytic expressions (or fits to numerical values)
of massive scalar QNMs as a function of both black hole spin and scalar field mass would
enable the forecasting analysis of Chapter 6 to be extended to include rapidly rotating Kerr
black holes.

Whilst the modified gravity theories studied here have mostly involved introducing an
additional gravitational degree of freedom, theories with more than one additional gravita-
tional fields (for example Scale Invariant gravity with N scalar fields [340]) will potentially
lead to even richer modified gravity effects during ringdown. The analysis of black hole
solutions and perturbations in such theories is thus an interesting area of future research.

The black holes considered in this thesis have, for the most part, have been assumed
to have no hair, and are thus at the level of the background indistinguishable from GR
black holes. Whilst finding specific hairy solutions, or introducing arbitrary black hole
hair, greatly increases the complexity of the problem of analysing black hole perturbations
in modified gravity theories, one could consider ‘stepping stones’ on the way to a general
description of QNMs and ringdown in modified gravity. For example, in [341] it was shown
that by enforcing oscillatory boundary conditions on the scalar field, one could grow scalar
hair on a Schwarzschild black hole whilst only negligibly affecting the geometry of the

black hole itself (indeed it would be interesting to explore in more scenarios ways in which
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scalar hair might be dynamically generated in systems that ‘traditionally’ one might not
expect). Perhaps such ‘stealth’ black holes, where additional gravitational fields acquire
non-trivial profiles without affecting the spacetime geometry, present a way forward in
considering more general black hole solutions. Perturbations to a ‘stealth Kerr’ black hole
in degenerate higher order scalar-tensor (DHOST) theories are considered in [342].

Another possible avenue is to consider ‘almost Schwarzschild/Kerr’ black holes, where
any hair is treated perturbatively. The QNM spectrum of such black holes could then be
determined with respect to the original GR spectrum, for example via the parameterised
methods introduced in [81, 82]. Of course hairy black hole solutions in specific realisations
of modified gravity are known, and their perturbations analysed [64, 65, 75, 76, 79, 136,
137, 138, 254, 312, 313, 314], but I am considering ways of analysing hairy black holes in a
more general and arbitrary sense. Such an approach might allow a general parameterisation
of black hole hair, and with it a way of analysing modifications to the QNM spectrum of
black holes due to such perturbative hair.

The LIGO/Virgo collaboration is now finding gravitational wave sources with stunning
regularity, and with the arrival of next generation gravitational wave detectors on the hori-
zon, the era of gravitational wave astronomy is clearly upon us. The opportunity to test
GR in the most violent, strongly gravitating laboratories nature has to offer has never been

greater, and our ability to test gravity with black holes will only grow in the future.
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Appendix A

A.1 Scalar Tensor Theories

A.1.1 Covariant quantities

With the introduction of a matter sector, the background space-time will no longer be flat.
Thus we need expressions for the Christoffel symbols and curvature tensors of the back-
ground in terms of the background quantities to properly evaluate the Noether constraints

arising from the variation of (2.20). The relevant expressions can be shown to be:

Ty = H(yuvuP — vhuy — vouy) (A.1)
v”uv = H’}/Mv (A.2)

R%uv - H(_Muup’}/vc + l/lv’/lp’y'uo' + /yeu'uug - ’yﬁuvug)

+H2(uvupy“c — MHMPYVG - yﬁuvuo + ﬁuuuo

+ Y Yoy — Yo You) (A.4)
Ruyv = —3(H+H?) uyuy + 3H*+H) yuv (A.5)
R=12H? 1 6H. (A.6)

_ dloga . 5P . . 5 3P .
H= d[g is the Hubble parameter, R'5,y is the Riemann curvature tensor, Ryy = Ry;py 18

the Ricci tensor, and R = g“VRW is the Ricci scalar. Note that, unlike in the 1+3 covariant
formalism introduced in [102], we have not introduced ‘shear’ or ‘velocity’ tensors, nor
a ‘volume expansion’ scalar or ‘acceleration’ vector. Every background tensor can be ex-
pressed in terms of functions of time and the projectors u* and y,y. These expressions are,

however, only valid in the chosen coordinate basis.
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A.1.2 Noether constraints

The following Noether constraints are obtained in Section 2.4 for the A,, B,, and C,:

A = _(f_6 —HYDys

AT

Az = % (—¢* —32HCy — 32H’Cs —8H{Dy» — 16HXDys)
A, = % (¢* —32HCy — 16HCs +4H {Dys)

As = 1_16 (—§% — 96H>Cs +4Cy1 5> — 24H 7 Dy2)

By = JDys —4HC)
By = —XDys

By —4HCs + % iDy>
By = —4HCs— Dy,

S
C, =—-H! (HCS +C6+Zsz5>

G =—C
C; =—Cy=—2C
Co =—Cs

Cs = —Cg = 2Cs
Cy =Cio=0

Ci1 = —Cip=-2GCs
Ci3=—Ciy = —4Gs
Ci5=Cis=C17=0. (A7)

For the Axﬂ, an’ an’ and D%n

Ayo = % (CyiX —3HXCyo+Cy1 X +3HC1 X
+6HHD 5 +3HDy> — 6HHD)5)

Ay1 =3HDy» +3H)Cyo — ¥Cy1 +3H*Dy>
—3HD, +6H Dy

Ayp = —Dyr—4HDy» —2HDy5 — X Cyp2
—3HYCyo — XCyo— 3H?Dy2 — HDyp — 6H*Dy5
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Bxl = Cxlj( +3HD;(2

By3 =2CnX

Dy1 =0

Dy3 =Dy

Dys= —2Dy

Dys = —Dys. (A.8)

In addition, a Friedmann-like equation analogous to (2.33) is found:

. 1. . L
—X*Cpp= — §<p2 +8HCs +HDyoJ + Dy Xl
+Dy2X +2H}Dys. (A.9)

Before imposing diffeomorphism invariance, our action contained 42 unknown free
functions of time: the 26 A,,, By, and Cy;; the 14 Ay, By 1, Cy 5, and Dy ,,; the scale factor a,
and the background value of the scalar field y (¢ is related to a through (2.26)). 36 Noether
constraints are obtained, thus leaving us with 6 unknown free functions of time in the final
gauge invariant action: Cs, Cy1, Dy2, Dys, the scale factor a, and the background value of
the scalar field }¥. We can make the following re-definitions of some of our remaining free
functions to match the ¢; described in [99] and [105]:

dlogM>  Dpyx _2Cux?

_ Op — o — XA _zszs
dloga ' °~  HM2 X HM?

HM?

or =

M2

I
|
o0
S
S
<
|

Oy .
(A.10)

The o; can be understood through the physical effects they parameterize [105].

A.1.3 Lagrangian

The Lagrangian ., calculated in Chapter 2 is given by:
1 1
Ly = EH2 (oar — 207 ) hyyyh*Y — gH2 (500 — 4o ) h?
1 1
+ EH2 (3o —Tar) h hysuu” + ZHZ (4ap — 90 + 607) hhyyut u

1
+ gH (OCK +2H (10063 — Oy — 6aT))huthu“uquul

1 - _ 1 _ 1 -
- gaTvuhG"VvaW“uV - ZHaMh;u“Vvh + gaTV#thhu“uv
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1 - = 1 -
—+ gOCTVuhV“h—}— EH(OCT — OtM) hu“Vvh,Vl

1 - 1 -

1 - = | R = 1 - -
1 _
— EH (2ar — o) hyput uyu®Vsh*P

1 = 1 = =
- ZH (ZaB + aM) h'uvuuuvuo-th - ZaTuuquvh'uo'Vch

1 - e 1 - N
+ ZaTl/l'uquGhVGh’uv - gOCTVGh'quGhMV

1 - 1 - -
- ZH (4aT - aM) hupuuuvuavphvc + ZaTu”uvvch‘ugvphvp

1 _
+ ZH (4(XB — Oy + 2067’) h“vu“uvuovphcp

1 - - 1 - - 1 _ _

+ EaTu'uquvh“(ijhGp - ZaTuuquGh‘quthp - ZaTu‘uquphvo-Vph'uo
1 - 1 _ _

— EH (ar —ag) huvu“uvucupu’lv,lhap + Z(xTu“uquuchhqulhp;L

1 _ _
— Zaru“uvucupvphclvlhuv

— 2%_(4 (60pH>%*+ H (6H (Hog (3+ o) + &) X — 0tk ¥)
—H (—60px*H —20x %>+ x (Hox (34 o) + ax) ¥ +axx))) (8x)°

+ 2%_(2 (agH +H (H (0 — oy + 00y + 0 ) + ) ) VS x VH 8 x

+ 2%_{2 (2aH + H (0 +2H (0t — 0y + agogy + o) +205) ) ut u¥' vV, 61V 8 x
+ %Wu“uvuphvpﬁuéx (X (H (405 + ot +2H (20300 — 0t — Oy + Q7))
+4opH) —20HY) — %HM“MV(Z(XB —am+ar)VudxVyh

+ %HMMMV(ALOCB — o + o) VPV yhyp + %H(aM —ar)VHSxVh

— %Hu“u"(ZaB — o + o) VP YV phyy + %Hu“u"(oq — o)V Sx Vol

opH}uHhV , 8
22
1 _ .
+ x;u“huvv"&( (H (2053 +H(2(XB(OCM + 1) — Oy + OCT)) —|—2(XBH)

1 _ _
+ ﬁHOXT - OCM)V”(SXVvhrL —

— 2—)22575u“uvhuv (2C22° + 2% (Dyp +2DysH)
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A2

+7 (H (203 + ok +2H (atp(0ns +2) — o + Q) + 205 H )
—ZH%( (5ap— oy +or) + H (dg + opoyH) )

—?5)01 (CX223+722(DX2+2DX5H) ( (Z(XB—(XM+(XT)
5

+H(d3+ OCBOCMH)) —|—)? (H (OZB +H(O€B(OCM+ )— oy + OCT)) + OCBH))
(A.11)

Vector-tensor gravity

A.2.1 Noether constraints

The following Noether constraints are obtained in Section 4.4.3 for the A,,, B,,, and C,:

Al =
Ay =

Az =

Ay =

By= -

B 1;@ (6BHT + 128 HEE 4120 HEE +4C0 L8 +4C0 £8 8¢ 8¢

1

— (=97~ 161D (£~ HD))

% (@2 —8HD({—HE) - 32H2C1>
é (—¢* —32H?C| —32H?Cs —4HD ¢4, — 24H*D 78 — 8H* Dol — 8H*Cyy(?
+8HCp3 8% + 8HC 3 C? — 8H?CpsE? 4+ 8H?CroL? — 4HD 4L + 16HD 7L
+8HC,E cf)

% (—(f)z + 4CC2§2 —4CyPH? — 12C¢3 8P H? —4C3 P H — 4Ce3 CH — 80435&1
+4CsE2H —4C o C2H + 2D, + 2Dy £ + 4Dy CH + 2Dy CH +8D 7 L H?
12D H +4DgoCH — 32H7Cy + 16HCs )

—24C,H2L L2 + 12CHHE — 12C, HEE? 4 24C, H L — 24C 3 HE L
+24C3HEE? — 48C3HEPL —18C HEE? — 18C,HHE? — 6C o, HE®
—6CHEE? —24C,HEL? —12C HEXE — 60C s H2L L — 12C s HHE
—36C HH > +42DpyH2 L L + 12D s HHE? + 6Dy HE? + 6Dy HLE
—6DyHE? +24D s HHE? — 48D oH? L L — 96H?{Cs — 24C 3 HE L
+6D4HEE — 12C6H L2 —6C HE — §<p2)

Dy (g~ &) anc,

7 (—Cs82 =205 L8 — CosCH + Cpol? +2C¢e L +Crol2H+Dir€ — Dol

~DioCDgolH ~4HC, — 4HCs
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1

By = 5 (B8 ~200a0 8 +2C00*H +4C0 0 H — 4CcoTH — Dyl —3DulH
+4D¢;CH +16CsH)

By = —4HCs — 3¢ (‘2(7@25 +2C28H +2C38 +4Cy38 +4C3CH +2CesCH
—2C;oCH —3Dg4H — Dy +2D7H +2DoH)

1

C=1g <— 587 —2C;sCL — CrsCPH + Cro L +2C6 88 + Crol?H + Dy
~Dgol — Dol — DpolH —4Cs — 4c5H)

C=—-C

Gy = —2C;

Cy =2C

1 _ _
Cr=17 (—4Cs+Crs8? +Cre8?)

Cr = % (4Cs+ D78 + Dol +Cr5C? —Cgﬁiz)
Cg= — % (4Cs +D§7§+Dg95+C§552 _CC6€2)
T

Cio = %5 (Ceal+Ce3l —Dey)

1 _ _ _
Cii=— 5 (4Cs+2D¢gl +Crs8? +CrC?)

1 _ _ _
Ciz=3 (4Cs+2D o8 +Crs8? +Ce6C?)
Ci3= — (4C5+ Dol +Ce5C* — CeC?)
Ci4 =4Cs + Dol +CesC* — Cel?

Cis = Cr3 87
1 _ _
Cis =5 (Deal —2C58?)
1 _
Ci7 = chlcz. (A.12)

For the AC”’ BCn’ CCn’ and DCn:

ACl -

ACZ —

1 . _ - — = = .
- 37 (—2AC3 +2Ce2& +6C,EH? — 6Co,CH + 12C3CH? — 6Co3LH +6C 3 CH
—3CeyCH —3Ce4CH — 12CesCH? — 3D yH +3D gy H + 12D H — 12D§9H2>

1 - — ~ Y o — R
— 2—5 (_BCC+2CC2CH2 _2CC2CH_2CC3C _2CC3C —|—4CC3CH2 +2CC3CH—
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2Ce3CH +2C3CH — Cpy§ +2C¢sCH — 2CesCH +6CrCH + 6Cy6CH
—4D¢oH )

Apy= " (3BCC2H+6B€CCH+ 2C5 CE+2C EE+2C EE +6C ELH
+6Ce2CEH? +6C, L2 HH — 6Cpy (2 H — 6C, CCH +12C3EEH? — 6C3 C2H
+6Ce3ECH — 9C, ECH? — 9C, L2 HH — 3Cy, §2H — 3C4CH — 3C, L2 H
~3CeyLCH —9C, LEH — 18CsEEH? — 6CsC*HH — 18Co S CH?
+6D ¢y CHH — 3Dy CH + 3Dy CH + 3Dy CH + 12D CH? + 12D CHH
12D H? ~ 18CC2HH )

Ag=3 (—ng — Bl 3B LH +2C L +2C0, 8 —6C,CH? —2C,CH +4CHCH
—2C;,CH +10CesCH? +4CysCH +4CesCH +2CsCH +6C6CH? + 6CooCH
+3DgyH*> +4D¢yH + DeyH + Dy — 16Dg7H* — 4D ¢7H — 4D g7 H + 8D goH?
+4DoH )

Ags = BeC+2C38 +2Ce38 —ACCH? — 2C3CH +2C3CH — 2C3CH +Cy 6
—2C¢sCH +2C;sCH — 6CgqCH — 6CroCH — DeyH> — DgyH +4D g7 H?
+AD M
3 _

Bgy=SH (Dea+2Ce50)

1 . - - — — =

B =5 <D§4 +3HDyy —4HD7 — B § —2HC, +2HCy s +6HC 6L + 2C§2§>

Bys =2 (HDgo+3HCysL + HCyel +Cpsl)

Beg=Dgg—HDg7+2HDg+ CrsE — Cpl +2HCpsE —2HC 68 + CesC — Crol

BC7 = —ch +HDC7 — ZHDC9 — 2C45§ —4HCC55 — 2CC5€

D¢y =Cgi§

1

Dgy = 5 (=Dga+Ceal)
1

Dz =5 (=Dga+Cpaf)
1 -

Dgs =5 (—2C3+Cry)

DCG = 2CC3C
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Deg= —Dpy
D¢yg= —Dgog—CesE+Crel

Dgyy = Dgo+2C¢s¢

Dy = —Dpo. (A.13)

In addition, a Friedmann-like equation analogous to (2.33) is found:

1 - L e - .
B, = - % (—2c§2§2 +2CEEH +CylE —20,58%H
—ZCgsffH - 2CC652H_6CC6§§H — D¢y —Dg4f
—DyEH+4D g, CH — 16C6H + ¢>2> . (A.14)

A.2.2 Dictionary for scalar perturbations

The following dictionary of parameters for the action for scalar perturbations for vector-

tensor gravity models, given by eq. (2.65), is provided:

Ty = 3H? (3 (Crs+Cre) §2 —M?) +3H (Dgy — Cy§) 5+C§152 + %(ﬁz (A.15)
Tyge = Ce3 2 (A.16)
Ty =9 (Ces+Ceo) & — 3M7 (A.17)
Tyrg2 = (1 + o7)M? (A.18)
Tow = 36H%q32 (A.19)
Ty =3 (2H (3(Cys +Cge) §2 = M) + (Dga — Cral) € (A.20)
Tyoow = —2M* +4¢ (Do +2C¢50) (A.21)
1 /= - —

T = z (g (2(7;1 {—3CuHE + 3D§4H>
“3H (f(CC4§ —Dpy)+2H (M —382(Cys +c§6))> - 3H<7>2) (A.22)
Tyeo = 3H (Ceal —Dyy) —2C¢ (A.23)
Tozp00 = —De4 (A.24)

3 [z _— .oz _ =
T =2 (&(-scqntl-cudt - catt
+H (—2H (o +3)M* = 98*(Crs 4+ Cre)) + 6C(§552 +6C;6C?)

+6CsHE? +6Ce6HE? +3DyHE + Dyl + Dyl — 2HM? + 3H(f)2)
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5 (E(Caéj —Dgy)+2H (M* —38%(Ces+Ces)) +¢’2>

+2 (12HE(Cgs + Cpe) — Ceal) ) (A.25)
Tyw = ; (5 (Ceal —Dey) +2H (M* —38%(Ces+Ces)) +¢2) (A.26)
Ty =3 (Ceal —Dgy) (A.27)

Toz,0w = % <4c§5§ (H(f + 25) +4CysE2 42Dy (Hé + 5) +2D/goC — o HM?

+arHM?) (A.28)
T = " (C(2(E(3CgiH +Cp1) +Co1 € ) +3H(Dgs — Ceal)
—3H (E (3CC4HZ_,: + CC4Z-’: — 3DC4H — DC4) + 5(CC4§ — DC4) +CC4§2 + (PZ)
—6H* (M* —38*(Cgs+Ces))) (A.29)
Ty = Cy (A.30)
Tazz(% =Cp (A.31)
152002, = Cea (A.32)
1 J——
Toz,02, = — & ( 2C§2C +CC4CC+8CCSHZCZ+8CCSHC —6C4'5HC + 16C§5HCC
—6CeoHE? — DeyHE — Dyl — Dyl + 4D o H?E +4DoHE + 4D o H
+2 (o — o) H*M? +2HM? + §7) (A.33)
Tywaz, = —2H (Deg+ (Cps —3Cr6) §) — (2Ce3+Ces) € (A.34)
Tyeaz, = 2Cc3C (A.35)
2H . o
Tz, = - (4CesC (HT +28) +4Cys %+ 2Dgo (HE +§) + 2Dl — ayHM?
+arHM?) (A.36)
Towaz, =2 (CosHE +CysC +Crs —3CeH T —3C6L —3Cg6L +2DgoH +2Do )
(A.37)
Tygoz, = 4D§9 +(2C¢5 — 6Cg6)E (A.38)

Tz = 55 (2c§1<: +2C3HEE +2C55LE +2C 88 —8C sH 2 —8CsHE?

+8CsHE? — 16C,sHEL +DeyHE + Deyl + Dyl — 4D o2 — 4D oHE

—4DgoHE +4DoHE +2 (o — otr) H2M? — 2HM? — <i>2) (A.39)
Ty = Ces (A.40)
T34212 - CCS +CC6 (A41)
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We see that all these functions 7" depend only on 9 combinations of the 10 free parameters:

M?, Cyy, Cga, Cgs, Cea, Crs+Coo, Deas O,
Do +20Cys, (A.42)

and hence only these combinations can be constrained by observing the effect of scalar
perturbations in the Universe.
A.2.3 Dictionary for vector perturbations

The following dictionary of parameters for the action for scalar perturbations in vector-

tensor gravity models, given by eq. (2.67), is provided:

Tyop2 = %MZ (A.43)
Tynasz = —Dgo—2LCrs (A.44)
Tsp = 22 (2C§2§ —2C3HX L2 = 2CHE? +2CHE L +2C;5E (g HE)
+2C3EL — 8CysHPE? — 8CsHE? —4D§9HC +4D§9H§
+8CsHE? —16CsHEE +DeyHE + Dyl + Dyl — 4D goH? L — 4D goHE
+2 (o — o) H*M?* —2HM? — §?) (A.45)
Tsp = Ces (A.46)
Ty2572 = Cys. (A.47)

We see that this action depends only on 5 combinations of the free parameters:

M CC37 CCSv DC97
2C§2§ +DC4HC +DC4C +D§4C 200 H*M?, (A.48)

and hence only these combinations can be constrained by searching observational signa-

tures of vector perturbations in these models.
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A.3 Axisymmetric Bianchi-I

A.3.1 Most general quadratic action

The tensors used in action (2.79), where we again only include tensor terms which will give

independent terms in the action, are given by:

GHVEB —p V2B v <D4u“xﬁ + Dou®uP +D3x“x/3)
+ yHe (D5)/VB —i—Dguvxﬁ +D6uvuﬁ +D7xvxﬁ) —|—u“D14xvuaxﬁ
+uMu” (Dlluaxﬁ +D9uauﬁ +D10xaxﬁ> +xMxY (D13xauﬁ —|—D12xaxﬁ>
(A.49)
EHVaBS — v (u“xﬁu5E7 +x%PB Ul Eg + u®uPx®E1g + u®xP X Eg + u®uPul E5
—|—xaxﬁx5E6) + yHe (uvxﬁ u5E17 + uvxﬁx‘SE]g) —l—x“xvuauﬁ (u‘SEzo —|—x6E19>
+ )/“6 (xvuauBEm + uvuaxBEB —|—xvuaxBE14 + uvxaxﬁEw + uvuauﬁEH
—|—xvxaxﬁE12> + }/”5}/"0‘ (uﬁEg —|—x/3E4> + },uv},aé (uﬁEl —I—XBEz)

+ MY xuP U By 4+ xV x®uP 3O By + utu u® P ul Ery + utu¥ u®xPxP Ery
(A.50)

FHYOPRE = otV Py 4 By pty Py 4 Byt P o Fyytey Py
(B B 4 ey )+ (Fp 0 4 Ry
+F9}/O‘Bu“uvu'(u6 +F10)/K5uauﬁu“uv + (Flly'“s}/ﬁv +F12}/KB)/6V> utu®
+ <F137aﬁYV5+F14VavV5ﬁ> wu® + Fisy*%u’ uPuFu® + Fioy"*u uP u®u®
+ Frufu®u’ uPuu® + (Flgyﬂv}/aﬁ +F19}/”a}/vﬁ> P
-+ (ony“ V<O 4 By }/”K}/"a) x%xP 4 Py y®BxtxY x¥x% + Fos 'O x®xP xk v
+ (F24YK5Y'BV +F257KBYSV) xHx® 4 <F26YaBYV6 +F27YWYSB)X“XK
+ Fogy* VP xkxd 4 Froy* KV xBx®x0 4 Fyoxtx®x¥ P x¥xd
+ Y (leyaﬁxKus + PV uPx® + Fy3y* u®P +F347K8xauﬁ>
NV <F35,},vﬁuicx6 +F36,y1<8xvuﬁ> Y (uaxﬁuvcuéFss i uauﬁuxx5F54>
+yH* <F37Ya5?€vuﬁ + F3s7 x%uP 4 Fyoy¥xPu® +F4OYvauﬁx5>
+ v (x“xBuKu5F41 +x%uPx*ud Fyn + uaquKx8F42>

+ Y (xaxﬁxKu‘sF& +xauﬁxKx5F63> + e (uvauKu6F60 + uvuﬁukx6F59>
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+ e

+ yHx (xv %yByd Fog + 1 u®xPul Fsg + u u®uPx 5F57>

—H/”O‘( VP uXul Fsg +u’xPurx® Fsy +u’uPx x8F51>

+VxBxkud Fy +xvuﬁx'<x6F6g> + uf Y u*xP xRy

+ K ( VB 6F49 +uVx?® Bu5F46 + uvuaxﬁx5F4g —|—xvuauﬁx5F47)
+ pyH* (xvxaxﬁ u6F65 + u’ x%xP x5F66 +xVx® uP x6F64> +xtxVx® uP Fe1 }/KS
+ utu” u®xP Fyyy<0 4 9 (x” u’ xuP Fys + utu¥ x%xP F44>

+ MY u®uP uFud Frg 4+ M u®uP u¥ul Frs + x*u xuP u¥ul Fog
+ V%P U ul Frr + xMu¥ u®uP xul Frg + XV x% 5P < ud By
+ u“xvxaxﬁuKu‘ngl +uMu” u®uPx* 5F69 + u“uvuauﬁx'(x‘an

+ Ut xV u®xP qu6F83 +uM u’x%xPu Kx6F82 + Ut x¥ x%xP qu6F7g

+ uf %V u®xBx¥x0 Fyo + utu¥ x%xP x¥x0 Frg + ut xV x®xBx*x0 Fy, | (A.51)

where each of the D,,, E,, and F,, are free functions of time.

A.3.2 Covariant quantities

For an anisotropic background, the background space-time will no longer be flat. Thus
we need expressions for the Christoffel symbols and curvature tensors of the background

in terms of the background quantities to properly evaluate the Noether constraints arising

from the variation of (2.79). The relevant expressions can be shown to be:

6,uuv = Hyxpxy + HaYuv (A.52)
Vuxy = Hixyuy (A.53)
vuyaﬁ = uav”uﬁ + uﬁvuua —xavx‘g —xﬁ@xa (A.54)

R’fwv = H (—uyuP xyxg + uyuP xyxo + xP xyuyus
—xPxyuyuc) +H12(—uuuvax6 + uyuP xyxgs
+xvauuuc xpxuuvua +H2 ypuguv
+ Wusuy + uPuyYus — uPuyYov)
+H22(_'}’E“GMV + ’}/eugu“ + ”puv'}’uo
—uPuyYov) +H1H2(}/ﬁxng — }/f,)xcxu
—xPxyYuo + P xuYov)

Ryy = — (Hl +H? +2H, +2H22) Uply
+ (Hy + H} +2H H>) xuxy
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+ (2H22 +H\H>+ H>) Yuv (A.55)
R=2H? +6H; 4+ 4H H, + 2H, +4H,. (A.56)

H = dl;)tga and Hp = dl;’tgb are the two Hubble parameters, Rf,,,, is the Riemann curvature

tensor, R,y = Rﬁ pv is the Ricci tensor, and R = g"VRy,y is the Ricci scalar.

A.3.3 Solutions

The following Noether constraints are obtained in Section 2.6 for the D,,, E,;, and F;:

1 1
B=—-F=-F=F
2 Syh=sh=h
1 1
2= -2kk=F=—-KR=—Fi1=F2= —5fis=5Fu="Fu
F=Fo=Fs=F¢=F7;=0
1 1
—2F1g§ =2F9=—Fy=F) =Fhy=—Fs= §F26 = —§F27 =Fy
Fyy=F3=Fg=F9=F)=0
Fi=...=F4p=0
F—lF—F—F—lF—lF—lF—lF—F—F
n=—Fa=Fa=—Fs=—SFs=— kg =cFg= 3k =—F5=—Fs
1
- —F—F
52 =Fa
Fs3=...=F4=0
1E = 1E =FH
SEi=—E=FH

Ey=FEy=FEc=E1=Ejc=Ejp=Ej3=Ejc=Ej7=Ej9=Ey =Ep=E;3=0
Es = Ey = —Fy (Hi + H)

1 1 1 1 1
“Eg=FE; = —~Ey=Ejs = -Ejg = ~E»y = ~Erq = Fy1 H
4 8 11 ) 14 15 4 18 ) 20 4 24 41417
1D - 1D — FH?
) 1= 4 5 — I'1{1y

Dy = —2Fy Ha (Hy + Hy)

Ds = 2F, HyH,

Dy=Dg =Dy =D;p=D13=0
Dg = 2H, (Fy1H + Fy1 Hy — F1H,)
D7 =2FyHy (H — H>)

1
2Dg = Dyg = 4Fy1 H (Hl + EHz)

1
Dy =4F;H, (Hl — §H2> . (A.57)
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The following evolution equations are also found:

Fy=0 (A.58)
H1 = — (Hl —Hz) (Hl —|—H2) (A.59)
Hy, = (H, — Hy) H,. (A.60)

eq. (A.58) requires that F4 be a constant, which we relabel as c¢;. We also relabel F; = %M 2,

Eqgs (A.59) and (A.60) can be combined to find:

¢ lg (A.61)

Hy=_>—
H 2

where ¢, is a constant of integration.

A.3.4 Gauge Invariant Action

The final gauge invariant action for the anisotropic Bianchi-I background considered in

Chapter 2 is given by:
5@ = / d*xab> M* % (A.62)
with

1 1 1 - 1 g
Ly = — Shuyh" H3 + IPHT = SRy Hy ot i Hy

4cy hﬂu’*‘x"x}L V,hvoH>
M2

4 1 -

1 - 1 -
+ ihgu“xvxlv,lhugHz — Ehﬁu”uvulvthHz
1 2 - -
+ (E — %) [h,wu”uvulxoxavxhvath(v’u”xvxlVGhMHz]

1 - 1 _
— Zhvlu“xvaVGhEHz + (1\% — E) hgu“uvuAVGhMHz

cthSutxVx*V ghy,; Ha 1 ¢ _
+ a2 1) xx a“GH2+Z pvit" u u”Vehi Hy
12¢; 1 - 5¢1hyyuxV x* x°xOV g hy s Ha
" (W‘z) e
3 2 H? (M? —2cy) —4cyer) hyyhutu¥
+ C_lz__ H2—|— CZ;'I hﬁhvgu“uv—l—( 2( 1) . 2 1) uv
M 2 M M
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((M2 — 3c1) H22 + 2czc1) hﬁhle“x"

2cocq 3H?
( — —2) huvhlou“uvuluc +

M2 4 M?

n (46261 —H22 (M2 —|—2€1)) huvhx“xv 8cycy H22 v A
e e LR
3 8C1 46‘26‘
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4c 1 4
> (4c ey le &
(18 (1) ) e s T
(4] 1 = oS 1 1 S Y
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C1 1 1 oS = c 1 = =
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C2C1 56‘1 1 =
i (H2M2 t (W - Z)) hoau ' 2V huy

1 - 1 I 1- _ }

= u VY VN i VYV G — %VWM&

2C1 1 = A = S

Cl 1 LoV oA AvAS RV

1_- - 1
A 1 5 L ¢
— gvlh,wv h*Y 4 (1\7 — 4_1> u”uvxlxcxaxﬁvvhaﬁvchul

2c; 1 A oS 1S c 1 = C
+ (W + Z) u“uvx XGVVhVGh’ul + (_]712 - Z) “uvvlhquo-hg
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SV y ¢ 1 YA XAy,
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2C1 1 = = 2 1
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C1 1 =2 — 2C1 1 - _
+ (W + Z) xuxvv h‘uvvgl’lg + (—W - 5) u‘uuv-xlxcvvhgvchﬂ,a

1 _ _ c1x*xVV hyo VO IA
2 1 A
_|_ Z “uvx xGVvh“/’LVGh_ MZVO- K
Cluuuvvlhvgvahﬁ

ca 1 PR :
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1 (&}

+ (— — —) u#uvulucxaxﬁvchwvahuv + (4 MZ) u“u"xlxo'Vvh)Lgvah

1 1 1 Cc1C2 =
— —utuY xGVGhulVah + (H2 <2M2 Z) — W) h“vu”uvulucuavahkc

1 - - 1 _ _
—+ 4_1) u”uvxlxcvvhffvah;m — Eu”uvx’lxcvvhu,lvahg
— + 4_1> [u”uvu’lu"vkhuvvahgu“uvx’lxavahvgvahul]

2
1 - = 1 S v
+ (Z _ A;Z) utuY leVlhuvvahg + <M2 + 4> xﬂxvx/leV;Lhquahg
( 3¢y

M2

cl 1

_———) utu I/l u Vo'hlth.uv—i_(

1 _ _
e + 4_1) u“uvx)“xcvgh;mvahuv

—+ —> [x“xvxlxcvchka?“huv + u“u"x}“xcvahlavahuv}

- M2 |:l/l”u xo-vvho'avah’ul + u'uuv.xlxcvghvavah‘u/l]
1 - _
- — i) u“uvxlxcxaxﬁvvhulvﬁhca
3c 1
M_;_LI.) u'uu u u x Xﬁv/lhquBho'a
C](H22+202) UV AT UV A G a
~ T olH, [hu xYx*Vyhyy —hyyutx"x" x°x Vﬂhca]
c1 (H3 —2¢3)

+ T%huvu“uvu’lxoxa@lhaa. (A63)
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Appendix B

B.1 Covariant quantities for the Schwarzschild background

For the Schwarzschild background, the background spacetime is not flat. Thus we need
expressions for the Christoffel symbols and curvature tensors of the background in terms
of the background quantities to properly evaluate the Noether constraints arising from the

variation of (3.8). The relevant expressions can be shown to be:

?uuv = — %uurv, (B.1)
Vyry = — %uﬂuv + wmv, (B.2)
ViuYoap = uaVyuug +ugVyug —roVrg —rgVra, (B.3)
R’ﬁmv = <18_ ];)3 (—2 (upxcuuxv —xpucu“xv — upx(;xuuv
m
—i—xpucxuuv) + (upuu Yov — }/guguu — upuv}/(m
+}/ﬁuguv) — (rpr“ycv — yeraru — rprv}/au
+irory) +2 (M Yov — Wow)) (B.4)
Ryv =0, (B.5)
R=0, (B.6)

where f=1-— 2, R’Zwv is the background Riemann curvature tensor, Ryy = Rﬁpv is the

background Ricci tensor, and R = g"VR,,y is the background Ricci scalar.

B.2 Single-Tensor theories

The Noether constraints for the coefficients A;, B; and C; are the following:

1 1
—Cy=—=C3==C4=C
2 ) 3 24 1
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1 1
205 = -26=C1=—C=—C;1 =Cpp=—5Ci3=;C1y = —2C3

2 2
=2C19 = —Cyp = Cyy,
C—C—C—IC—lc—C—IC—C—C—lc
=0 =-0s5=706=—7C=C=—5C3=Cu=—Cs=—5Cks
1 1 1
——§C47—§C48—§C49—_C50—C417
1
—Cs51 = §C52 =Cy1
1 1 Cyu1
Big= —5B3=2Bin=-Bi3=Bis=—5Bin= —?\/?(f— 1)
1 —2C
Bi= — ~Br— ]
4 7B —— VIF=1)
Cy1
Bg =By = —1)Bf-1
6 = Bio 4M\/T(f )(3f—1)
G
A= —As= —m(f— 1)*(2f—1)
Ca1 3
Ay=As= -2 (r1
2 =A3 4M2(f )
Ca 2
Ag= — (1
(f—1)?
A7 =——F(—4C1 +C41(3f =2
1="p (40 +Ca(3f -2))
Cai 2
Alzz—m(f—l)
Cyy 2
Ay = —m(f—l) (2f—1), (B.7)

with all other remaining coefficients vanishing. In addition, we find that C4; must be a

constant.

B.3 Scalar-Tensor theories

B.3.1 Noether Constraints

The Noether constraints for the Ay, By, Cyn, and Dy, are given by:

1 ) D) de5 dzDX15
Ajl=———=|2D,s(f—1)>=2D,s(f—1)"+M | 4
x1 aM2 ( xS(f ) xS(f ) + ( f< dr + dr?
+— (=) - —=f +7(1+2f—3f)
1 [ dDys 2 dDys dsz8 dDys .
Ay = —— —1)*+4 1— M — 22 (21
22 4M< g DT ) M | = ()
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1 dD dD
Ax3=m(f—1) (2st<f—1>—2st<f—1)+M(d—f”(f—1>+ = ))
den
762 4M\/_ (Dxll 1—2f—|—3f) dr Mf)
D o8Py,
Bys = 2M\/_ y11(1 P f
By =1 \/_ (Dy1s(f = 1) +4Dys f(f — 1))
Bys = 4M\/_( Dy15—2Dys(f —1)* — (2—f) —Dys (fz—l))
Bx6 - \/_ (f )
By = 4M\/_( f=1) —4f( (f—1)+Dx8(f—1)))
Byg = — E‘ﬁ ( DXS_DXI5)
—1
o=~ V2=,
1
sz - Dx3 —ED)(4 - —st +Dx8 +Dx15
Dys = —Dys
1
Dx9 = - Ewa = DxS
Dy12 =Dy13 = —Dy14a = —Dy11
1
—5DPx16 = Dy17 = Dys, (B.8)

with all other remaining coefficients vanishing. We also mention that C; is left uncon-

strained but does not appear in the final action.

B.4 Vector-Tensor theories

B.4.1 Noether Constraints

The Noether constraints for the A¢,, B¢ ,, C¢ . and D¢, are given by
1 d*D¢, d*De3g d*D¢;
Ags =~ aMm? (M <4 < dr? M4 dr? fM 4 dr? M
dD dD dD dD dD
o g2\ 2 {2 2 38\ 2 38
() (G ) () o (50 oo (537
dDC38 dDC’] 2 dDC7 dDC']
()G (0)
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+2(f = 1)*Dg7 —2(f — 1)*De3g)

USSP O < P
= 1em2 | M a | IMT

() - (0

Deoo\ dD¢g

—af>f*4(—zf>f
dDC6O dDC7 2 dD€7 4

—( ar >+2(7)f —2(7)f> +(f=1)*(=D¢2)

+(3f=1)(f —1)’Dego)

B | d*Deyy dD¢g
e =g (4 (o (275 o (50
dD dD
- (—d§11> 2+ (%)) - 1>3Dg60) H4F(F 17D

+Of = 1)(f—1)°D¢yy)

_(f-1) dD¢is\ dD¢ys dD¢19\
Cg_mez((lz(_dr )fM-|—4(—dr >fM+4(—dr )fM

dD dD dD dD
4 19 M4 26 M —4 26 M +4 {27 M
dr dr dr dr
dD
—4 ( df,”) M =4£*Dea = *Diae — D +3f D
+3f2Dey7+4fDeay —3fDeag —3fDear

— (P =112+ 11f—1)Dgyo
+(f = 1)*(9f = 1)D¢15+ Dgag+Dear))

1 d*Deis\ . 5 dDgis\ 5 dD¢is\
ST <l6< a2 )™M _4(T)fM_8(T)fM

dD dD dD dD
(5] s () e (45) ()

dD dD dD dD
+8 (%) M +4 (ﬁ> M-8 <ﬁ) f2M+4< C26)fM
r dr dr dr
dD dD dD
27\ .3 27\ 27 A
+4 (T) M-8 (7> f M—|-4< - )fM+f41)¢26+f Deyy
—4fDys —4f Deyy —4(f = 1) f*Dg19+ 6/ Deag +6f*Diy
+2(f = 1)*(f + 1) D¢y —4fDgag — 4fDeag + Degg + Dioy)
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—2fD¢y —2fDga6 —2fDia7 +2D a1 +Diog+Diay)
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—1 dD dD dD
b () (1) () 0

dD
T

r
+4f3Drgo+8fDeyy +11f2De3g — 8 Dyeo+ (f° — 11f>+11f — 1) Dy
+(f—1)’Dgy —4fDgyy — 11 fDeag +4fDegy + De3g)

1 d*D¢ s ) d*Dy 1 > d*Dyys >
d*D dD dD dD
—4( dr§27>fM2—7(—dils)f2M+6( di15>fM+( d‘i”)M
dD dD dD dD
19\ £19 ¢19 g2l \ 2
(dDCZI ) P ( m) Y (dDg%) - (dD;%)
dr dr dr
dD D
+3 (—di”) M -2 ( di”) M- <—di27) M+3f°Dgy1 +2f Dia

+2f Dy —5f7Deay —4f Deas — 4 Doy + fDea1 +2f Do+ 2f Dy
+2(f = 1)*Deys —2(f — 1)*Dgy9+Dey )

o f? dDgs dD¢19 dD¢»s
A= o )M e )M e )M
Dy,
—4 ( di 7) M —2f*D¢y —3f*Deas—3f Dy — (f — 1)* D5
+(f = 1)*Dg19+2fDa1 +2f Do +2fDeag + Do+ Dear)
(=D (o (D1 oy (D2 dD¢y
Agia = 8 M2 S\—ar )M g ) M )M

dD dD dD dD
(1) s () a5 s 5
dr dr dr
—4fDeyy —5fDesg+ 4 Dego+ 41 Deyy +11°Desg — 4 Dego
+(f = 1°Dea+ (5f = 1)(f — 1)*Dg7 — TfDg3g + De3g)

Bes = — (D¢a1 +Deae+Deor)Vf
r
B lp _ M(Dgo6+ Diay)
&3 2 ¢4 rz\/f

Deoi/f

BCS - C
dD
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dD
<—%> r*f+Dgigrf +Dgy (M —r)

By = 2F
DCIS(ZI"—SM) +m(DC19 +DC26 +Dé‘27)
Bes = 2/
_ (Dga1 —=Dgis)VF
BC9_
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dD dD
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Deoo/f

Y

Bgoys = -
dD
oung () s
{26 = 2/ f ’
4 (P a2 (P88 2 Dy fr £ 2MDyy — 2MDyp3g — MDypgy + 21D
By — dr ar §7 g2 £38 g60 T I3
(7= T

dD
Bpyg = ( di“> Vi

{29 — 2/F

1
DC3 - — EDC4 - DCZ
Dgg = —Dygq

D¢g= —D¢io=—D¢1p=Deyy

1
Dgia= —35D¢16 =Dis

Doy = —Dgyg

D¢oy =Dyoz = —Dyyy = —Diyy

D¢ys = Desg

D¢yg = —Degp

Dgyg =—De3p =Di3z = —Dize = —Depy
D¢3g = —Dg31 = —Dg3g = Dy3s = Doy
D37 =Dy +Deyy

Deyy = —Dgsg = —Deeo
1
Dggyy = — §D§54 = —(D¢i5s—D¢i19 = Dgas — Dea7)

1
Dear = = 35D¢s1 = Do+ Dg7 = Dss

D¢ss = —2D¢sg

D¢sg = —2(D¢ag+Diar)

D¢g1 = D¢y +De7 —Desg

D¢gy = —Dg15s+Dei9+Diag+Diazs

where f = 1 —2M /r and with all other remaining coefficients vanishing.
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B.4.2 (dd Parity Perturbations: Relation between /( and other fields

In Section 3.4.1 the following relation is found between hg, /1, and zo:

dD
2iMro—L — (¢+2)(¢ —1)D
o [ L ). )]

dr 2C41 (£ +2)(£—1)

d®Dgyy 3 dDgy 2 2 2

i 2o (l+2) (=127

20,

(B.10)

where f=1—-2M/r.
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Appendix C

C.1 Polar Gravitational potential

The O(a) correction to the potential for polar gravitational perturbations featured in eq. (5.17)
is given by:
| F(r)"'M
v (r) = , 3
(6M +r (0> +£—2))

729800+ 1)
x (4866(0+1) (6M + (2 +0~2)r)* (A + 6M) 02/

+OA (AP =3+ 6M) ((2+0-2)" (57A=3) (1207 + (2 + £+ 4) A) ¥
+6(C2+0—2) M (36" + 603 + (16A2* — 6 (207 + 5A) 1> — 45) 12

+2 (8A%r* =3 (20> +5A) r* —24) (

+4 (303 + A (5407 +11A) r* — 6 (502 +2A) 12— 6) )

—12(2 0 2) M2 (6041865~ 720 ~ 17463 13 (~14A%

19 (402 +5A) r? —123) 2 +3 (= 14A%* +9 (40> +5A) r* —93) £

+4r7 (1080 + A (81 —2r* (99 + A (13r*A—6)))) +708) r*

+72M3 (666 +180° — 3816 —7920% + (8 (4A (A? +9) —90?) r* +1179) £
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+4 (204%° + A (8107 ~73A) r* ~ 9 (50* + 13A) 12— 402) )
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C.2 Quasinormal frequency expansion coefficients

As explained in Section 5.4 and in [290], the fundamental (i.e. overtone index n = 0)
quasinormal frequencies o satisfying eq. (5.7) (for scalar perturbations), eq. (5.8) (for axial
vector perturbations), eq. (5.14) (for axial gravitational perturbations), and for eq. (5.17)
(for polar gravitational perturbations) can be expressed as a power series in inverse powers
of L=(+1/2:

o=Y oL* (C2)

The expansion coefficients wy for each of the perturbation types (scalar, vector, or tensor),
to O(L™°), are given below. Note that, as explained in [290], the below expressions are
valid only for A > 0.
C.2.1 Scalar frequencies
The @y that satisfy eq. (5.7) are given by:
3vV3Mo_; = /1 —9AM?
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81AM* (61A —108u?) +M? (97212 — 612A) +7
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3V3Mas = 2519424( 1—9AM (729AM (750851A% — 905904Apu? — 4199041*)
—1944M* (53119A% — 81567Au* — 4374u*)
+27M? (14668 1A — 245592u?) +5230))
_(1—9AMm?) . 5
— iam~————2 (405SAM* (401A — 648
“016v3 ( ( w)
—36M* (332A — 567u%) —29)
3V3Mao, = | (1—on)” <3645AM6 (27099013A% — 7301664 A 1> — 52907904 %)
T 362797056

—243M* (68373857A% — 101570112Au% — 7558272u%)
+27M?> (12794177A — 208163521%) + 590983)
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3\/§M605 =

3\/§M(1)6 =

629856+/3

1 —9AM?
0 (27M* (—11337408Ap*M*

—3888u” (3AM? (2097AM?* — 437) +35)
+A (9AM? (2252553AM? — 357239) +80915)) +8137)

o, o 2 2 2
STga0ga0ag (OM” (226748160 M (27AM? (144AM° (6501AM — 1363)

+9907) — 427) — 2592* (9AM?* (27AM? (3AM* (112055580AM>
—4940639) — 7820726) + 16693957) — 1450348)

+ A (—9AM?* (9AM? (9AM? (168232451787AM* — 63977771143)
+71553627542) — 28276533542) — 2271718855)
+7346640384p°M* (36 AM* (198AM? —17) + 7)) — 42573661)

(1—9AM?)

68024448+/3
— 17496 (3AM? (9AM? (56340AM* — 55807) +48878) — 1721)

+A (27AM? (3658366755AM* — 911149638 AM? + 59613232)
—18218222)) +41735)
iv1—9AM?

8463329722368
x (243AM? (15AM? (217247TAM? — 41079) + 22487)

+6563) + A (9AM?* (3AM?* (27AM? (315AM?

x (429275206029AM? — 215443481162) + 11851932821509)
—23397470018140) + 1898828714953) — 84181473166)
—1296u* (1 —9AM?) (9AM? (135AM? (43894090161A*M*
—4927747056 AM* — 156842798 +2214937208) — 100404965)
—264479053824p°M* (9AM* — 1) (405AM* (313AM* — 18) + 37))
+11084613257)

+iam (9M? (—340122241*M* (9AM?* (630AM* — 59) —2)

(27M* (136048896 *M* (1 — 9AM?)

+a (27M* (120932352 M* (9AM* — 1)

"1293865615361/3
x (27AM?* (1485AM? (197TAM? —36) +2047) +277)

—1728u* (9AM? — 1) (9AM?* (27AM? (3AM* (280138950AM> — 5781821)
—18236525) +29333473) — 1464535)

+ A (1551785558 — 9AM* (3AM* (27TAM? (45AM? (56077483929AM>
—25842254398) + 194725826099) — 383179273148)
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+32615632811)) — 19591041024p°M* (1 — 9AM?)
x (9AM? (495AM* —29) + 1)) + 18404153) (C.3)

C.2.2 Axial Vector frequencies

The @y that satisfy eq. (5.8) are given by:

3V3Mwo_| = /1 —9AM?
3V3May = — %mﬂzm\@ (% +AM2)
3VAMO, = ——/T— OAM? (M (99A + 9724%) — 65)

216

5i(1—9AM2)>? (9OM2 (31A + 64812) + 59
3v3Ma, i ) (777(6 +648u%) +59)

(1—9AM?)
1621/3

_ 2
3V3Mas = % (27M* (—314928u*M?* (36AM* — 1)
—648u% (9AM? (6786AM* —935) +19)

+A (9AM? (6616 — 119127TAM?) +4121)) —71234)

+ iamM (9M? (324p% (90AM? —7) + A (1395AM> — 76) ) +-245)
2916V/3

—am (M? (99A +972u7) +25)

(1 — 2\3/2
l (13623/9\%5)6 (277 (68024448u"M? (105AM” —1)

+38880u” (27AM? (10011AM? — 698) — 415)

+A (9AM? (19250805AM? — 288223) — 585857)) — 3374791)

(1—9AM?)

T 620856+/3
+3888u” (3AM? (3393AM? —401) + 11)

+A (9AM? (119127AM* — 10825) — 7043)) — 21097)

V1= 9AM? )
3V3Mws = ——— (9M? (22674816u*M? (27AM? (144AM?
V3Mos 30183082048 M ( WM ( (

(7689AM* — 1417) + 8539) — 67) +2592u* (9AM? (27TAM?

(3AM? (329310180AM? — 74177569) + 13293734) — 1411525) — 173540)
+ A (9AM? (63AM?* (9AM? (1261925091 AM? — 229959743) -+ 55808902)
+113404646) + 160933625)

+7346640384u°M* (36AM? (198AM? — 17) +7) ) — 342889693

3\/§M(D4 = —

(27M* (11337408 Ap* M*
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+ia (9M? (34012224p*M? (9AM* — 1)

M-
68024448+/3

x (9AM? (630AM? —59) —2)

+17496 (3AM? (600660AM? — 30323) — 871) (1 — 9AM?)” i
+A (9AM? (9AM? (63AM* (8250345AM* —2036507) + 8064646)
+424262) — 3884077)) + 3233783)

i(1—9AM2)*?
8463329722368
x (15AM? (352463AM?* — 44967) + 13127) +6995)

+3888u (9AM? (27AM? (15AM? (25239221253AM? — 3989698864)
+1860754534) + 486103048) +90125093)

+ A (9AM? (9AM? (45AM* (645007240719AM* — 78406459927)
—380899298) + 12521227898) + 11148937343)

+793437161472u°M* (405AM* (313AM* — 18) +37)) +74076561065>

3V3Mwg =

(9M? (408146688u*M> (243AM*

+am 27M? (120932352u*M? (9AM? — 1
293865615361/3 ( ( # ( )

x (27AM?* (135AM? (2563AM?> — 408) +1777) + 133)
+ 17287 (9AM? — 1) (9AM? (27TAM? (3AM? (823275450AM>
—168911203) +27535325) — 4529329) — 1034153)
+ A (9AM? (3AM? (27AM? (63AM? (2103208485AM* — 613717798)
+3480361741) — 1868367940) — 82065323) — 87749482)
+19591041024p°M* (9AM* — 1) (9AM* (495AM* —29) + 1))

—82685575)
(C.4)
C.2.3 Axial Gravitational frequencies
The @y that satisfy eq. (5.14) are given by:
3vV3Mo_; = V1 —9AM?
' 2
3V3May = — %\/1 “9AM? +am\/3 (§+AM2>
1
3V3MO = 5oV 1 - 9AM? (99AM? —281)
[ (1—9AM?)* % (1395AM2 + 1591 1 —9AM?) (99AM? + 133
YN et .\ ) (1-9AM?) (99AM? +133)
7776 162v/3
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T OAM?
Mo = — Y A"
3V3Ma 2519424

+1420370)
(1 —9AM?) (279AM? (45AM> +8) +893)
2916V/3

(27AM? (9AM? (119127AM? + 50408) + 118999)

+iam

. 3/2
i(1—9AM?)
3V3Ma, = — (4677945615/\3M6 1687260051 A2M*
VM, 362797056 +

+211769829AM?* — 92347783)
(1—9AM?)
6298561/3

+499895)

— 2
% (9AM? (9AM?* (9AM? (63AM* (1261925091 AM?

+181743169) — 1078685462) — 6276258970) — 25334574535)

—7827932509)
_ 2
—~ iamw (9AM? (27TAM? (3AM? (57752415AM?* + 5720786)
68024448+/3

—4178128) — 42220738) + 27500857)
i(1—9AM2)*?
8463329722368
+111206269001) — 40406459618) — 1321332614854) — 1848252537217)

—481407154423)
(1—-9AM?)
—am
29386561536+/3
+300876293) — 8618549878) — 12418517690) + 11910847045)

—61558283321) (C.5)

+am (27AM? (9AM? (119127AM? + 17687) — 57587)

3\/§M(D5 =

3\/§M(D6 =

(9AM? (9AM?* (9AM? (45AM* (6450072407 19AM?

(9AM? (9AM? (9AM? (63AM? (6309625455AM?

C.2.4 Polar Gravitational frequencies

For the wy, that satisfy eq. (5.17), we present the frequency coefficients in the form:
o! = of + Aoy, (C.6)

where the @™ are given in eq. (C.5), in order to clearly show under which circumstances

isospectrality between the axial and polar gravitational sectors breaks down. The Awy are
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given by:

Aw_1 =0
Awy =0
Aw; =0
Awp, =0
Awz; =0
amAM 2 2 2 2
Aoy = — = (1—9AM?) (9AM?* (9AM* (27TAM” — 11) — 95) + 148)
Aws = — iaﬁ;\f (1—9AM?) (81AM* (3AM? (3AM? (1188AM> — 487) —296) + 182)
—152)
amAM 2 2 2 2 2 2
Aws = — =5 (1—9AM?) (9AM~ (27TAM” (3AM~ (9AM* (373626 AM* — 158551 )

+8158) +67040) — 39581) — 78904) .
(C.7)

The axial and polar gravitational QNMs are clearly isospectral to O(L™3), with any
difference between the two only becoming apparent in the case that both a £ 0 and A # 0.

C.3 QNM frequency tables

In the following tables of QNM frequency values, all numerical values will be presented to

four decimal places, though relative errors were calculated using full numerical values.
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Table C.1: Comparison of the n = 0 massless scalar QNM frequencies calcu-
lated by 6th-order WKB [293] and analytical expansion techniques for vary-
ing A with a = 0.

(=1 WKB L-expansion % error
A ReMw) -Im(Mw) Re(Mw) -Im(Mw) ReMw) -Im(M®)

0.00  0.2929 0.0978 0.2929 0.0976 0.0081  -0.1555
0.04  0.2247 0.0821 0.2247 0.0821  -0.0186  -0.0368
0.08  0.1404 0.0542 0.1404 0.0540  -0.0033  -0.3689
0.10  0.0816 0.0312  0.08161  0.0312 0.0556 0.0582
(=2

0.00 0.4836 0.0968 0.4836 0.0968 0.0007  -0.0119
0.04  0.3808 0.0788 0.3808 0.0788 0.0008  -0.0012
0.08  0.2475 0.0520 0.2475 0.0519  -0.0002 -0.1271
0.10  0.1466 0.0307 0.1466 0.0307 0.0003  -0.0105

Table C.2: Comparison of the n = 0 electromagnetic QNM frequencies calcu-
lated by 6th-order WKB [293] and analytical expansion techniques for vary-
ing A with a =0.

(=1 WKB L-expansion % error
A ReMw) -ImMw) ReMw) -Im(Mw) ReMw) -Im(Mw)

0.00  0.2482 0.0926 0.2482 0.0925 0.0130  -0.1311
0.04  0.2006 0.0748 0.2006 0.0747  -0.0014  -0.1036
0.08 0.1339 0.0502  0.1339 0.0502 0.0153  -0.0049
0.10  0.0804 0.0303 0.0804 0.0303 0.0052  -0.0278
(=2

0.00 0.4576 0.0950 0.4576 0.0950 0.0010  -0.0062
0.04 0.3672 0.0762 0.3672 0.0762  -0.0006  -0.0018
0.08  0.2437 0.0507 0.2436 0.0507  -0.0028  0.0055
0.10  0.1458 0.0304 0.1458 0.0304  -0.0015  0.0134
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Table C.3: Comparison of the n = 0 gravitational QNM frequencies calcu-
lated by 6th-order WKB [293] and analytical expansion techniques for vary-
ing A with a = 0.

(=2 WKB L-expansion % error

X ReMw) -Im(Mw) Re(Mw) -Im(Mw) ReMw) -Im(M®)

0.00 0.3736 0.0889 0.3736 0.0887 0.0113  -0.2074
0.04  0.2989 0.0733 0.2991 0.0731 0.0521  -0.2165
0.08  0.1975 0.0499 0.1977 0.0498 0.1174  -0.1502
0.10  0.1179 0.0302 0.1181 0.0302 0.1590  -0.0368
(=3

A

0.00  0.5994 0.0927 0.5994 0.0927  -0.0006  -0.0138
0.04  0.4801 0.0751 0.4801 0.0751 0.0024  -0.0100
0.08 0.3178 0.0504  0.3178 0.0504 0.0061 0.0050
0.10  0.1900 0.0303 0.1900 0.0303 0.0081 0.0001

Table C.4: Comparison of the n = 0 massless scalar QNM frequencies as cal-
culated by Leaver’s continued fraction method in [47] and analytical expansion
techniques for varying a with A = 0.

l=m=1 Leaver L-expansion % error
a ReMw) -Im(Mw) Re(Mw) -Im(Mw) Re(Mw) -Im(Mw)

0.05 0.2969 0.0976 0.2968 0.0976  -0.0363  0.0071
0.10 0.3010  0.0975 0.3006 0.0976  -0.1348  0.0688
0.15 0.3054  0.0974 0.3045 0.0976  -0.3029  0.1790
0.20 0.3100  0.0972 0.3084 0.0976  -0.5447  0.3452

f=m=2

0.05 0.4914 0.0967 0.4912 0.0968  -0.0390  0.0190
0.10 0.4995 0.0967 0.4987 0.0967  -0.1581  0.0809
0.15 0.5081 0.0966 0.5062 0.0967  -0.3614  0.1920
0.20 0.5171 0.0964 0.5137 0.0967  -0.6535  0.3608
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Table C.5: Comparison of the n = 0 electromagnetic QNM frequencies as cal-
culated by Leaver’s continued fraction method in [47] and analytical expansion
techniques for varying a with A = 0.

l=m=1 Leaver L-expansion % error
a ReM®w) -Im(Mw) Re(Mw) -Im(Mw) ReMw) -Im(Mw)

0.05 0.2516 0.0923 0.2515 0.0923  -0.0499 -0.0212

0.10 0.2552 0.0920 0.2541 0.0921  -0.1618  0.0976

0.15 0.2590 0.0918 0.2581 0.0920 -0.3526  0.2252

0.20 0.2630 0.0914 0.2614 0.0918 -0.6272 0.4116
l=m=2

0.05 0.4649 0.0949 0.4648 0.0949  -0.0401  0.0206
0.10 0.4726 0.0948 0.4718 0.0949  -0.1624  0.0861
0.15 0.4808 0.0946 04790  0.0948  -0.3713  0.2030
0.20 0.4894  0.0944 0.4861 0.0947  -0.6717  0.3798

Table C.6: Comparison of the n = 0 gravitational QNM frequencies as calculated
by Leaver’s continued fraction method in [47] and analytical expansion techniques
for varying a with A = 0.

l=m=2 Leaver L-expansion % error
a ReMw) -Im(Mw) Re(Mw) -Im(Mw) Re(Mw) -Im(Mw)

0.05 0.3801 0.0888 0.3799 0.0885 0.0616 -0.3433

0.10 0.3870 0.0887 0.3862 0.0883 -0.2163  -0.3761

0.15 0.3943 0.0885 0.3924 0.0882  -0.4777 -0.3704

0.20 0.4021 0.0883 0.3987 0.0880  -0.8522  -0.3200
l=m=3

0.05 0.6098 0.0926 0.6095 0.0926  -0.0464 -0.0031
0.10 0.6208 0.0924 0.6196 0.0925  -0.1859  0.0511
0.15 0.6324 0.0922 0.6297 0.0924  -0.4241  0.1555
0.20 0.6448 0.0920 0.6398 0.0923  -0.7666  0.3183
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Table C.7: Comparison of the n = 0 massive scalar QNM frequencies as calculated
by Leaver’s continued fraction method [305] and analytic expansion techniques
for £ = m = 1 for varying effective mass uM and a.

a=0 Leaver L-expansion % error
uM ReMw) -ImMw) ReMw) -ImMw) ReMw) -Im(Mo)
0.1 0.297416 0.094957 0.297429 0.094935 0.004371 -0.023168
0.2 0.310957 0.086593 0.311127 0.086474 0.054670 0.137613
a=0.1
uM
0.1 0.305329 0.095029 0.304950 0.095072 -0.124128 0.045249
0.2 0.318274 0.087228 0.318029 0.087108 -0.076978 -0.137571
a=0.2
umM
0.1 0.314119 0.094920 0.312471 0.095209 -0.524642 0.304467
0.2 0.326433 0.087709 0.324931 0.087742 -0.460125 0.037624

Table C.8: Comparison of the n = 0 massive scalar QNM frequencies as calculated
by Leaver’s continued fraction method [298] and analytic expansion techniques
for ¢ = m = 2 for varying effective mass uM and a.

a=0 Leaver L-expansion % error
uM ReMw) -ImMw) Re(Mw) -Im(M®w) ReMw) -Im(Mwo)
0.1 0.486804 0.095675 0.486804 0.095674 0.000000 -0.000942
0.2 0.496327 0.092389 0.496332 0.092387 0.001038 -0.002358
a=0.1
um
0.1 0.502456 0.095674 0.501670 0.095750 -0.156339 0.079541
0.2 0.511419 0.092663 0.510647 0.092731 -0.150864 0.073624
a=0.2
umM
0.1 0.519901 0.095483 0.516537 0.095826 -0.647071 0.359333
0.2 0.528281 0.092755 0.524963 0.093076 -0.628121 0.345666
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