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Abstract

In this thesis, we explore several areas of geometric topology. We first
prove that all groups G which fit into a short exact sequence Fy — G — Z,
act properly, freely, cellularly and cocompactly on CAT(0) square com-
plexes. This shows, among other things, that their cubical dimension is

equal to their geometric dimension.

In the second part, we consider finiteness properties of subgroups of CAT(0)
groups. We construct two infinite families of finitely presented subgroups
of hyperbolic groups, that are not themselves hyperbolic. We also con-
struct the first examples of CAT(0) groups that do not contain Z* sub-
groups but have subgroups of type F'P, that are not finitely presented.

We give examples of groups that are of type F,_; not of type F,, and

contain no free abelian subgroups of rank > [%].

In the final part of the thesis we examine stable diffeomorphisms of smooth
4-manifolds and place an upper bound on the number of S? x S? summands

required to gain a stable diffeomorphism.
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Chapter 1

Introduction

In this thesis we will look at three key areas of geometric topology.
Firstly, we will look at the class of groups of the form F5 x4 Z where [} is the free

group on two generators. We will prove the following.

Theorem A. If G is of the form Fy x4 Z, then G is the fundamental group of a

compact non-positively curved square complex.

If a hyperbolic group acts properly and cocompactly on a CAT(0) cube complex,
then this group is virtually special [1] and this has some strong group theoretic conse-
quences, such as being residually finite and linear over Z. However, no automorphism
of F» produces a hyperbolic mapping torus since every automorphism fixes the con-
jugacy class of [a, b]*!. Non-hyperbolic groups acting properly and cocompactly on
CAT(0) cube complexes need no longer have such nice properties as hyperbolic ones;
for instance they can be simple [15].

Nevertheless, there are many advantages to having a group act on a CAT(0) cube
complex. For instance, abelian subgroups are quasi-isometrically embedded, and such
groups are biautomatic [22,29)] yielding a deterministic solution to the word problem
in quadratic time [20].

Groups which act on CAT(0) square complexes have the further nice property
that all of their finitely presented subgroups also act properly and cocompactly on
CAT(0) square complexes. This is proved using a tower argument see [12, 11.5.27]
and the fact that a subcomplex of a non-positively curved square complex is itself a

non-positively curved square complex (which in general fails in higher dimensions).



Theorem [A] also shows that for all Fy-by-Z groups I', the geometric dimension of I is
equal to its CAT(0) dimension, namely 2.

In the second part of this thesis we will focus on developing some hyperbolisation
techniques and studying finiteness properties of subgroups of CAT(0) groups. Recall

the following definitions.

Definition 1.0.1. A group is of type F,,, if there is a classifying space for the group

with finite n-skeleton.

Definition 1.0.2. A group G is of type F P, if there is a partial resolution of the
trivial ZG-module Z,

P,— =P —F—7Z—0

where each P, is a finitely generated projective ZG-module.

It is a well known fact that if a group is of type F'P, and is finitely presented then
it is of type F},. Many interesting examples of groups with exotic finiteness properties
were given by Bestvina and Brady [7]. They gave, for each n, examples of groups
which are of type F,, but not of type F,.1, as well as the first examples of groups
that are of type F'P, but not of type F,. These examples are subgroups of right
angled Artin groups. Similar constructions can be found in [17,28]. The examples
in [7] which are type F}, but not type F,; are subgroups of Artin groups that contain
abelian groups of rank n + 1. It is of interest to seek examples where this abelian
subgroup rank is smaller. Brady [8] shows that in case n = 2 there are subhyperbolic
examples; so the rank is reduced from 3 to 1. A similar construction was given by
Lodha [27]. We construct infinite families of such examples by proceeding as follows.

A non-empty connected graph is 2-full if the vertices can be partitioned into 2
sets such that the end points of each edge are in distinct sets in this partition. If the
graph were simplicial this would be equivalent to bipartite, however, we will reserve

the use of the word “bipartite” for simplicial graphs.

Theorem B. Let I'y,I'y and I'3 be 2-full graphs where every vertex has valence at
least 4. There is a branched cover of I'y X I's x I's with hyperbolic fundamental group

which contains a finitely presented subgroup that is not hyperbolic.
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This theorem extends work of Brady [§]. Brady considered the special case where
['; are all cage graphs with four edges. Here, we study what happens when these
conditions are relaxed and we make considerable use of Brady’s methods.

A graph T is sizeable if it satisfies the following:

e [ is bipartite on two sets A and B,
e [' contains no cycles of length 4,

e there exist partitions A = AT U A~ and B = BT LU B™, such that I'(A° U B") is
connected for all s,t € {—,+}.

We can now state our second theorem giving an infinite family of hyperbolic groups

with finitely presented subgroups:

Theorem C. Fori= 1,2 and 3, let I'; be a sizeable graph with vertex set A;LUB;. Let
K;; be the complete bipartite graph on A; and B;. Let X be the full cubical subcomplex

of K13 x K91 x Kso spanned by vertices (vy,vqe,v3) € K13 X Koy X K3 such that one
of the following holds,

o v, € A; for alli,

o v, € B, foralli,

e v € Aj,v9 € By and [vy,v5] is an edge of Ty,
o vy € Ay, v3 € By and [vg, vs] is an edge of T's,
e v3 € A3, v1 € By and [vs,v1] is an edge of T's.

Then X has hyperbolic fundamental group containing a finitely presented subgroup

that s not hyperbolic.

In this case the theorem is inspired by work of Lodha [27], in which he considers
the special case where I'; are all equal. Note also that our sizeable graphs include
considerably more general examples than those considered by Lodha. This is possible
in light of Theorem [2.4.9

In both cases we compute the Euler characteristic of the ambient hyperbolic group.
This shows that there are infinite families of hyperbolic groups which contain sub-

groups of type F» not F3. These calculations also show that the groups defined in [§]
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and [27] are not isomorphic. It would be of interest to show that these groups are not
commensurable, however, this work is ongoing.

Each of the methods presented has it’s advantages. The first allows the interesting
extension we will see in Theorem D’. On the other hand, there is some amount of
loss of precision in taking branched coverings. The second method is more concrete
in nature since we have an explicit description of the cube complex X. It also allowed
for some form of extension to the key theorems of Chapter [§

In all of the examples discussed above, if a group has a subgroup which is of type
F'P, but not finitely presented then the ambient group has a subgroup which is free
abelian of rank 3. We use the following theorem to find CAT(0) groups which contain
subgroups that are of type F'P, but not of type F3, but do not contain free abelian

groups of rank greater than 2.

Theorem D. Given a tripartite flag complex, there is a branched cover of a classifying

space for the associated RAAG that does not contain any flats of dimension > 2.

Theorem D'. There exists a non positively curved space X such that w1 (X) contains

no subgroups isomorphic to Z3, which contains a subgroup of type F'Py not F.

We hope that a refinement of this construction will, in future, yield examples of
hyperbolic groups with subgroups of type F' P, that are not finitely presented.

Using the above constructions and some insights into Bestvina-Brady Morse the-
ory we can reduce the lowest known rank of free abelian subgroups in groups of type
F,._1 not of type F,,. This gives a partial answer to a question of Brady [6], who asked
whether there exist groups of type F},_; not of type F,, which do not contain Z?; he

notes that the current bound is Z"~2. We improve on this bound considerably.

Theorem E. There exist groups that have type F,_1 but not type F,, which contain

no free abelian subgroups of rank greater than [%1].

Finally, we show the failure of certain methods of hyperbolisation in dimensions
greater than 3; this shows that our first construction of hyperbolic groups with finitely
presented non-hyperbolic subgroups (Theorem cannot be generalised to give ex-

amples of type F;,, but not type F,,.; for all n.
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Theorem F. If X is a cube complex of dimension n > 3, and there is a cubical
subcomplex isometric to T", then no non-positively curved branched cover of X 1is

hyperbolic.

In the final section of this thesis we take a brief trip into the world of smooth
4-manifolds. Smooth 4-manifolds have a rich structure when studied up to diffeomor-
phism; however when one allows “stabilisation” by taking the connected sum with
finitely many copies of S% x 2, this world collapses and there are no exotic structures.
This was proved by Wall [33].

Given two homeomorphic 4-manifolds with associated handle decompositions our
theorem gives an explicit bound on the number of summands needed for stabilisation.
At the time of writing we are not aware of any other literature dealing with this
question. However, it is conjectured that the bound should be 1. We denote the

number of summands required by kwa.y. We denote the intersection form on Hy(M)

by Q-

Theorem G. If M and N are homeomorphic simply connected, smooth, closed 4-

manifolds and Qs is indefinite or of rank at most 8, then
< J J
kwan(M, N) < jmax, {h{+hn+1}

where b is the number of i-handles in a handle decomposition of the manifold J.

If Qs s definite of rank greater than 8, then

< J J )
Fewan (M, N) < Jmax, {n{ +hj+1,2}

13



Chapter 2

Preliminaries

We recall preliminaries that will be required throughout.

2.1 Polyhedral and cube complexes

We will be studying CAT(0) spaces, which are spaces satisfying an inequality saying
that geodesic triangles are no fatter than their comparison triangles in Euclidean

space. Here is the formal definition.

Definition 2.1.1. Let X be a geodesic metric space. Let A a geodesic triangle in
X. Let A be a comparison triangle in E2. Then A satisfies the CAT(0) inequality if

for all 2,y € A and all comparison points Z,§ € A,
d(x,y) < d(z, 7).
X is CAT(0) if every geodesic triangle satisfies the CAT(0) inequality.

Definition 2.1.2. A metric space is non-positively curved if its metric is locally

CAT(0).

We will assume that the reader is familiar with the basics of CAT(0) geometry;
for details see [12].

Our constructions involving CAT(0) geometry will use piecewise Euclidean (PE)
complexes. We restrict to the special cases of 2-dimensional complexes or cube com-
plexes. In both cases the general theory has major simplifications; for full details

see [12].
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A piecewise Euclidean complex is obtained by taking the disjoint union of poly-
hedral cells in E™, each of which is the convex hull of a finite set of points, and then
identifying certain faces by isometries. We put the resulting path metric on this com-
plex coming from the piecewise Euclidean metric on each cell. We call such a complex
a cube complex if each cell is isometric to [0, 1] for some n. The precise definition is

given in |12, 1.7.37] as follows.

Definition 2.1.3. A convex polyhedral cell C'is the convex hull of a finite set of points
P C E", the dimension of C' is the dimension of the smallest m-plane containing it.
The interior of C'is the interior of C' as a subset of this plane.

Let H be a hyperplane in E™. If C' lies in one of the closed half-spaces bounded
by H and HNC # () then F' = HNC' is called a face of C; if F # C' then it is called a
proper face of C. The dimension of a face F' is the dimension of the smallest m-plane
containing F'. The interior of F' is the interior of F' in this plane. The 0-dimensional
faces of C are called its vertices. The support of x € C, denoted supp(x) is the unique

face containing x in its interior.
We are now ready to define piecewise Euclidean (PE) complexes.

Definition 2.1.4. Let (C) : A € A) be a family of convex polyhedral cells and let
X = U ea(Cx x {A}) denote their disjoint union. Let ~ be an equivalence relation
on X and let K = X/ ~. Let p: X — K be the natural projection and define the
characteristic map xx: Cx — K by xa(z) = p(z, A).

K is called a piecewise Euclidean complex if:
1. for every A € A, the restriction of ) to the interior of each face of C'y is injective;

2. for all A\;, A2 € A and 27 € Cy, x5 € C),, if x»(21) = x»,(22) then there
is an isometry h: supp(z1) — supp(z2) such that xy, (y) = x»,(h(y)) for all
y € supp(z1).

Definition 2.1.5. A cube complex X is a piecewise Euclidean complex where all of

the cells are isometric to [0, 1] for some n.

Using the combinatorial structure on piecewise Euclidean complexes we can define

links of points.
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Definition 2.1.6. The link of a point x in a piecewise Euclidean complex K, denoted
Lk(z, K), is the space of directions at 2 endowed with the quotient metric associated
to the projection [ Lk(zy,Cy) — Lk(z, K) induced by the map [[C\ — K.

The link of a cell C' in a piecewise Euclidean complex K, denoted Lk(C, K), is
the link of any interior point of C.

The above definition of link of a cell is somewhat non-standard. The normal def-
inition considers only directions perpendicular to the cell in question, we will denote
this link Lk(C, K). These definitions differ by taking a join with a sphere of the
appropriate definition.

In a finite piecewise Euclidean complex K, Lk(z, K) can be thought of as a rescaled
version of the e-sphere about z, for sufficiently small e. We can define a natural cell
complex structure on Lk(x, X'). An n-cell in this structure comes from the intersection
with an (n + 1)-cell of K.

Given a metric space (Y, d), let d,(y,y") = min{~, d(y, y’)} be the truncated metric
onY.

Definition 2.1.7. The spherical join X xY of two metric spaces X and Y is, as
a set, [0,7/2] x X x Y modulo the equivalence relation which identifies (0, z,y) to
(0,2, y") whenever (f =6 =0and x =2') or (§ =60 =7/2 and y = ¢'). We define
a metric on this by requiring that the distance between the points z = (0, z,y) and

2 =(0',2',y’) be at most m and satisfy the formula
cos (d(z,z)) = cosf cos§' cos (dr(z,2')) + sin 0 sin ' sin (d(y,y')).

The simplicial join X =Y of two simplicial complexes is the simplicial complex
with vertex set X(© 1UY(© such that the set [z, ..., z,] spans a simplex if and only
if the sets Zy = {z : 2 € X} and Zy = {2 : z; € YO} span simplices in X and
Y respectively.

The ambiguity in the above definition vanishes in light of the fact that if X and
Y are metric simplicial complexes, then the spherical join can be given a simplicial
structure making it simplicially isomorphic to the simplicial join.

The following insight of Gromov allows us to check whether a PE complex is

non-positively curved.
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Lemma 2.1.8 (Gromov [24], Bridson [10]). A finite PE complex is non-positively
curved if and only if the link of each vertex is a CAT(1) space.

In the cases mentioned above this reduces to the following lemmata.
For 2-dimensional PE complexes the link of a vertex is a graph and we have the

following;:

Lemma 2.1.9 (Bridson-Haefliger [12], I1.5.6). A graph is CAT(1) if and only if there

are no circuits of length < 2m.

In a cube complex the link of each vertex is a spherical complex built from all-
right spherical simplices (see [12, I11.5.17]). Gromov realised that an all-right spherical
complex is CAT(1) if and only if it is flag.

Definition 2.1.10. A complex L is a flag complez if it is simplicial and every set

{v1,...,v,} of pairwise adjacent vertices spans a simplex.

Remark 2.1.11. Flag complexes are completely determined by their 1-skeleta.

Thus we arrive at the following combinatorial condition for cube complexes.

Lemma 2.1.12 (Gromov [24]). A finite cube complez is non-positively curved if and

only if the link of every vertex is a flag complex.

We will be looking at various simplicial complexes throughout and will require

some terminology.

Definition 2.1.13. Given a simplicial complex L and a subset of the vertices S, the
full subcomplex spanned by S is defined to be the simplicial complex with vertex set
S and there is a simplex [sq, ..., s,] if [So, ..., S,] is a simplex of L.

A subcomplex M of L is a full subcomplex if it is isomorphic to the full subcomplex

spanned by V(M).

The link of a cell o in a simplicial complex L, denoted Lk(o, L), is defined to be
the full subcomplex spanned by those vertices which are adjacent to all vertices of o.
Later, we will be looking to limit the rank of free abelian subgroups. The following
theorem shows that we can look at the maximal rank of an isometrically embedded

copy of E" instead.
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Theorem 2.1.14 (Bridson-Haefliger [12], I1.7). Let X be a compact non-positively
curved cube complex, X its universal cover and G = m(X). If H="17" is a subgroup
of G, then there is an isometrically embedded copy of i: E" — X. Moreover, the

quotient i(E™)/H is an n-torus.

Definition 2.1.15. A geodesic metric space X is d-hyperbolic if given z,y, z in X
and geodesics [z,y], [y, 2], [z, z]. We have [z, z] C Ns([x,y] U [y, z]).
A geodesic metric space X is hyperbolic if it is d-hyperbolic for some §.

A group is hyperbolic if it acts properly and cocompactly on a hyperbolic space.

When we wish to prove that a non-positively curved space has hyperbolic funda-

mental group we will use the following.

Theorem 2.1.16 (Gromov [24], Bridson [11]). Let X be a compact non-positively
curved space. The universal cover X s not hyperbolic if and only if there is an

isometric embedding E2 — X .

2.1.1 CAT(0) cones

We will consider flats in CAT(0) cube complexes. For every point x € X on the flat,
there is a geodesic loop of length 27 in Lk(z, X). In many cases the link of such a
point will be a spherical join, and it will be natural to consider the cone on this link

and examine flat planes in this cone.

Definition 2.1.17. Given a metric space Y the CAT(0) cone X = Cy(Y) over Y is
defined as follows. As a set X is a quotient of [0,00) x Y by the equivalence relation
given by (t,y) ~ (t,y)if (t =t =0) or (t =t > 0 and y = ¢'). The equivalence
class of (¢,y) is denoted ty and the class of (0,y) is denoted 0.

The distance between two point x = ty and 2’ = '3/ in X is defined by

d(z,2")? = t* + % — 2tt' cos (d(y,9)).
This formula defines a metric on X see |12, 1.5.9].

The key theorem we will require addresses the join of two metric spaces.

Theorem 2.1.18 (Bridson-Haefliger [12], 1.5.15). For any metric spaces Yy and Y3
there is a natural isometry of Co(Y1 * Ya) onto Cy(Y1) x Cy(Ya).

18



Thus we can consider the projection onto each factor. These projections do not
increase distances and after reparameterisation map geodesics to geodesics.

Two geodesic lines ¢, : R — X are said to be asymptotic if there exists a k € R
such that d(c(t),(t)) < k for all t € R. Asymptotic rays in CAT(0) spaces behave

very nicely.

Theorem 2.1.19 (Bridson-Haefliger [12], 11.2.13). Let X be a CAT(0) space and c,c
be asymptotic geodesic lines. Then the convex hull of ¢(R) U ¢'(R) is isometric to a

flat strip
R x [0, D] C E?

2.2 Right angled Artin groups

Right angled Artin groups have been at the centre of a lot of study, particularly
because of their interesting subgroup structure [1},7,125,34]. In particular, their sub-
groups have interesting connections with finiteness properties of groups, as shown

in [7]. For completeness, we recall the basic theory of right angled Artin groups.

Definition 2.2.1. Given a flag complex I', we define the associated right angled Artin
group (RAAG) Ar, as the group,

Ap = (1© | [v,w] = 1if [v,w] € ),

These groups have non-positively curved cube complexes as classifying spaces;

these are unions of tori:

Definition 2.2.2. Given a flag complex I the Salvetti complex St is defined as follows.
For each vertex v; in ', let S, = S be a copy of the circle cubulated with 1 vertex.
For each simplex 0 = [vp, . . ., vy] of T there is an associated torus T, = S; x---x S} .

If 7 < o, then there is a natural inclusion T, < T,. Now define
Se=[]7. / ~
o<’
where the equivalence is generated by the inclusions T, < T,.
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There is a map Sr — (S 1)F<0) sending each circle in Sp to the respective circle
in (51)r(0> and extending linearly over cubes; this map is an inclusion of cubical
complexes.

We need to prove that St has the correct fundamental group and is a non-positively

curved cube complex. Proofs of the following can be found in [7].
Lemma 2.2.3. 7T1(SF) = AF.

Lemma 2.2.4. St is non-positively curved.

2.2.1 A new classifying space

We would like to construct a new classifying space, which will also be a non-positively
curved cube complex and will be more amenable to taking branched covers. We will
build such a classifying space in the case that the flag complex satisfies the following

condition.

Definition 2.2.5. A simplicial complex I' has an n-partite structureif I' C Vi*- - -xV,,.

In the case n = 2 we will say bipartite and in the case n = 3, tripartite.

Any finite simplicial complex can be given an n-partite structure as a subcomplex
of a simplex.

We define a cube complex Kt for an n-partite complex I' as follows.

Let V; = {v},..., v}, } and I = {1,...,n}. For each vertex vj, let S;;i be a copy

of S cubulated with two vertices labelled 0 and 1, and two edges e, and e,

Definition 2.2.6. Given J € P(I), J = {i1,...,4}, we say that o is a J-simplex if

it is of the form [Uill, . ,U,ill].

Remark 2.2.7. Every simplex is a J simplex for some unique (possibly empty) J.

For each J-simplex o = [vffll, . ,'Ufjl] in ' we associate the following space.

1) (1)

This is the product of a torus and a cube.
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Let T; = {1, : o is a J-simplex} and T = [[,cp(;) 7. Given simplices 7 < o

there is a natural inclusion Ty < 1.

Kp = HT/N.
TeT

Where once again the equivalence relation is generated via the inclusions T, — T.
We need to prove the two key lemmata: the fundamental group of Kr is Ar, and Kr

is non-positively curved.

Lemma 2.2.8. m(Kr) = Ar.

Proof. Apply the Seifert-van Kampen Theorem repeatedly. m
Lemma 2.2.9. Kr is non-positively curved.

Proof. There are 2" vertices in Kr. Given two vertices v, w there is a cellular iso-
morphism Kt — Kt which sends v to w. Thus we only need to check the link of one
vertex; we will check the link of 0 = (0,...,0). Let L = Lk(0, Kr). Let V; = V;U{v}}.

There is a vertex in L for each edge at 0, so L(® = [[Vi. Two distinct vertices

'U,?l and U]Z are connected if one of the following conditions holds:
1. ky =0,k =0,
2. ky = 0,i) # i,
3. i1 #dg, ke =0,
4. [v)l,v2] is an edge of T.
These edges come from the following subcomplexes.
1. Tp,
2. T,
Vky
3. T i,

UkQ

4. T iy iy

[Ukl 7vk2] ’
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This tells us that L C V; - -- % V,,. We now want to prove that L is in fact a flag
complex. Given a set W = {v,ill, . .vifl} of pairwise adjacent vertices in L we want to
show that [v}! .. .Ufjl] is also in L. We split W into two sets Wy = {UZ]] : k; =0} and
Wy =W Wy = {ws,...,w,}. Since the vertices in W, are pairwise adjacent there
is a simplex ¢ C I spanning them. We see that the subcomplex T, fills the required

simplex. O

It should be noted the natural projections are injective on each closed cube and

not just on the interior.

Remark 2.2.10. The complex Kr requires a choice of n-partite structure. Given two
n-partite structures the complexes are homotopy equivalent but are not isomorphic
as cube complexes. This is shown in Figure 2.1} together with some examples of the

construction.

Remark 2.2.11. Let ©; be a “cage graph” with two vertices that has an edge for each

element of V;, then the complex K constructed above embeds in [T, ©:.

This fact will come in useful later, as will the fact that in the case n = 3 there is
an embedded copy of ©; I1 O, 11 O3 in K.
2.2.2 Finiteness properties of subgroups of RAAGs

We will require one theorem on the finiteness properties of subgroups of RAAGs
from [17]. A homomorphism f : Ar — Z can be defined by putting an integer label
on each vertex and defining f(v) by its label.

Definition 2.2.12. Let f: Ar — Z be a homomorphism. We denote I'T < I the full
subcomplex spanned by those vertices with label 0. Let L* be the full subcomplex

spanned by vertices not in I'T.

Theorem 2.2.13 (Bux-Gonzalez [17], Theorem A). Let f: Ar — Z be a homomor-

phism. Then the following are equivalent:
o The kernel of f is of type F'P,, respectively Fy.

o For every, possibly empty, dead simplex ¢ < I't the complex T* N Lk(o,T) is

homologically (n — dim(o) — 2)-connected, respectively L* is simply connected.
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° °
1 2
—o
1 2
—o
1 2

Figure 2.1: Some examples of K. The labels on vertices exhibit the n-partite struc-
ture.
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2.3 Branched covers of cube complexes

We will take branched covers of cube complexes to get rid of high dimensional flats.
The techniques we will use were developed by Brady in [8]. The idea is to branch

over an appropriate subset which intersects all the high-dimensional flats.

Definition 2.3.1. Let X be a non-positively curved cube complex. We say that

Y C X is a branching locus if it satisfies the following conditions:
1. Y is a locally convex cubical subcomplex,
2. Lk(¢, X) \Y is connected and non-empty for all cubes ¢ in Y.

The first condition is required to prove that non-positive curvature is preserved
when taking branched covers. The second is a reformulation of the classical require-
ment that the branching locus has codimension 2 in the theory of branched covers of

manifolds; it ensures that the trivial branched covering of X is X.

Definition 2.3.2. A branched cover X of X over the branching locus Y is the result

of the following process.
1. Take a finite covering X \Y of X \Y.

2. Lift the piecewise Euclidean metric locally and consider the induced path metric

on X \Y.
3. Take the metric completion Xof XY.

We require some key results from [8] which allow us to conclude that this process is

natural and that the resulting complex is still a non-positively curved cube complex.

Lemma 2.3.3 (Brady [8], Lemma 5.3). There is a natural length preserving surjection

X > XandX isa piecewise Fuclidean cube complez.

Lemma 2.3.4 (Brady [8], Lemma 5.5). IfY is a finite graph, then X is non-positively

curved.
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2.4 Bestvina-Brady Morse theory

While Bestvina-Brady Morse theory is defined in the more general setting of affine
cell complexes, in this instance we shall only need it for non-positively curved cube
complexes.

For the remainder of this section, let X be a CAT(0) cube complex and let G be
a group which acts freely, cellularly, properly and cocompactly on X. Let ¢: G — Z
be a homomorphism and let Z act on R by translations.

Recall that . is the characteristic map of the cube c.

Definition 2.4.1. We say that a function f: X — R is a ¢-equivariant Morse func-

tion if it satisfies the following 3 conditions.

e For every cube ¢ C X of dimension n, the map fy.: [0,1]" — R extends to an

affine map R” — R and fx.: [0, 1]" — R is constant if and only if n = 0.

e The image of the 0-skeleton of X is discrete in R.

e fis ¢-equivariant, i.e. f(g-z)=¢(g)- f(x).
We will consider the level sets of our function, which we will denote as follows.

Definition 2.4.2. For a non-empty closed subset I C R we denote by X; the preim-
age of I. We also use X; to denote the preimage of t € R.

The kernel H of ¢ acts on the cube complex X in a manner preserving each level
set X;. Moreover, it acts properly and cocompactly on the level sets. We will use
the topological properties of the level sets to gain information about the finiteness
properties of the group. We will need to examine how they vary as we pass to larger

level sets.

Theorem 2.4.3 (Bestvina-Brady, 7], Lemma 2.3). If I C I' C R are connected and
X~ X1 contains no vertices of X, then the inclusion X; — Xp is a homotopy

equivalence.

If X, ~ X7 contains vertices of X, then the topological properties of X can
be very different from those of X;. This difference is encoded in the ascending and

descending links.
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Definition 2.4.4. The ascending link of a vertex is
Lki(v, X) = U{Lk(w, ¢) | xc(w) = v and w is a minimum of fx.} C Lk(v, X)
The descending link of a vertex is

Lk (v, X) = U{Lk(w, ¢) | xc(w) = v and w is a maximum of fx.} C Lk(v, X)

Theorem 2.4.5 (Bestvina-Brady, [7], Lemma 2.5). Let f be a Morse function. Sup-
pose that I C I' C R are connected, closed and min I = min I’ (max [ = max[’), and
that I' ~. I contains only one point r of f(X(O)). Then X is homotopy equivalent to

the space obtained from X by coning off the descending (resp. ascending) links of v
for each v € f~1(r).

We can now deduce a lot about the topology of the level and sub-level sets. We

know how they change as we pass to larger intervals and so we have the following.
Corollary 2.4.6 (Bestvina-Brady, [7], Corollary 2.6). Let I,1I" be as above.

1. If each ascending and descending link is homologically (n — 1)-connected, then
the inclusion X; — Xp induces an isomorphism on H; for v < n —1 and is

surjective for i =n.

2. If the ascending and descending links are connected, then the inclusion X; <

X induces a surjection on .

3. If the ascending and descending links are simply connected, then the inclusion

X1 — X induces an isomorphism on my.

Knowing that the direct limit of this system is a contractible space allows us to

compute the finiteness properties of the kernel of ¢.

Theorem 2.4.7 (Bestvina-Brady, [7], Theorem 4.1). Let f: X — R be a ¢-equivariant
Morse function and let H = ker(¢). If all ascending and descending links are simply
connected, then H is finitely presented (i.e. is of type Fy).

We would also like to have conditions which will allow us to deduce that H does
not satisfy certain other finiteness properties. A well known result in this direction

1s:
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Proposition 2.4.8 (Brown, [14], p. 193). Let H be a group acting freely, properly,
cellularly and cocompactly on a cell compler X. Assume further that }NL-(X, Z)=0
for 0 <i<n—1 and that f[n(X, Z) is not finitely generated as a ZH-module. Then
H s of type F P, but not FP, ;.

In [8], the above result was used to prove that a certain group is not of type FPs.
However in our theorems not all the links will satisfy the assumptions of [8, Theorem

4.7] and we require the following.

Theorem 2.4.9. Let f: X — R be a ¢-equivariant Morse function and let H =
ker(¢). Suppose that for all vertices v the reduced homology of Lky(v) and Lk (v) is
0 in dimensions 0,...,n—1 and n+ 1. Further assume that there is a vertex v' such
that H, (LkT(v’)) #+0 or H, (Lki(v’)) # 0 (possibly both). Then H is of type FP,
but not of type F'P,,.

Proof. From Corollarywe know that, H, (X[t_NJJrN]) = ﬁi(Xt) for0<i<n-—1
and all N € N. Since homology commutes with direct limits, we can pass from X; to
X and deduce that all these homology groups are trivial. We now show that H 2(Xy)
is not finitely generated as a ZH-module.

Suppose that we have a finite set of n-cycles z1,..., z; that generate H 2(Xy) as
a ZH-module. There exists an N such that each z; bounds and (n + 1)-cycle in
Xt—n+n]- So the inclusion induced map ﬁn(Xt) — ]TIN(X[t_MHN}) is zero but by
Corollary it is also onto, so ﬁn(X[t_N,t+N]) =0.

Theorem implies that for every closed interval J containing [t — N,t + N],
X can be obtained (up to homotopy) from Xy_nn] by coning off the ascending
and descending links of vertices v such that f(v) € (J N[t—N,t+ N ]) Since all
these links have 0 homology in dimension n 4+ 1 we can see from the Mayer-Vietoris

sequence that the inclusion induced map
fln+1(XJ’> — ﬁnH(XJ)

is injective for all [t — N,t+ N] C J' C J.
We will assume that the vertex o' satisfies H, (Lkt(v)) # 0. The case with

descending links is analogous. Using the fact that the short exact sequence
0—-H—->G—=>7Z—0
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splits, we get a Z action on X which gives us an action on the collection of level sets
with r € Z by sending X; to X;,,. Translating by this action, we can assume that
the vertex v" is in Xp_n_s ¢+ N\ Xg—n ¢+ n) for some large s. Let L be the union of all
the ascending links coned off in the process of going from Xj;_n ;1 n) to Xy—n—s a7

Once again looking at the Mayer-Vietoris sequence we will see that

Hn+1 (X[t—N—s,t—i-N]) — Hn(L)
is a surjective map. Since the latter is non-zero by assumption, the former must also
be non-zero. This implies that H,;(X) is non-zero since homology commutes with
direct limits; but X is a contractible space giving a contradiction.
Therefore H,(X,) must be infinitely generated and so by Proposition m the

result follows. N
Finally, we prove a key theorem regarding ascending and descending links.

Theorem 2.4.10. For i = 1,2 let X; be a CAT(0) cube complex, G; a group acting
freely, properly and cocompactly on X;, ¢;: G; — Z a surjective homomorphism and
fi: Xi; = R a ¢;-equivariant Morse function. Then, there is a Morse function f: X X
Xy — R such that LkT((vl, V), X1 X X2) = Lkt(v1, X1) * Lk (v, X2).

A similar statement is true for descending links. The proof really relies on the

following key lemma.

Lemma 2.4.11. Let X be a CAT(0) cube complex with Morse function f. Then
Lk+(v, X) is the full subcomplez of Lk(v, X) spanned by the vertices in Lks(v, X).

At first sight this does not appear to be an improvement, however, it allows for

simple calculation of the ascending and descending links once the link of a vertex is

known.
Proof. Let vy,...,v, be n pairwise adjacent vertices in Lk(v, X), proving that the
simplex [vy, ..., v,] is in Lk (v, X') will prove the claim.

Let e; be the edge in X corresponding to v;. We must prove that v is a minimum
for f restricted to c = ey x--- xe,. We note that since f extends to an affine map, c is
foliated by level sets f~!(t) for t € R. Each of these level sets corresponds to a linear

subspace of dimension n — 1 not containing any subcubes of dimension > 0. When
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intersected with the cube ¢ there are exactly two subspaces where the intersection is
a single vertex. One of these corresponds to the minimum of f|. and the other to the
maximum of f|.. One of these must be at the vertex mapping to v and this is the

minimum. O

Proof of Theorem . We define a Morse function f: X; x Xy — R by f(x1,29) =
fi(x1) + fao(xg). This satisfies all the conditions of being a Morse function and is
¢-equivariant with respect to the map ¢(g1,g2) = ¢1(91) + ¢2(g2).

The link of a vertex (vy,ve) in Xy x X3 is Lk(vy, X7) * Lk(va, X5). It is easy to see
that the ascending link is the full subcomplex spanned by Lk (v, X7) ULkt (v, X3) C
Lk(vy, X1) * Lk(ve, X5), which is equal to Lky(v1, X7) * Lky(vg, Xo). O
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Part 1

Cubical structures for
free-by-cyclic groups
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Chapter 3

CAT(0) structures for Fy-by-Z
groups

The work in this chapter is published in a joint paper with Jack Button [16]
The groups G, that we shall be concerned with are mapping tori of Fy = F(z,y)
by a single automorphism ¢ € Aut(F,). These groups have presentations of the form

(@,y,tltat™ = o(x), tyt ™" = 6(y)).
We shall prove the following theorem:

Theorem A. Given ¢ € Aut(Fy), the group Gy acts freely, cellularly, properly and
cocompactly on a CAT(0) square complex.

It was previously known that all the groups of the form G, are CAT(0). This
was originally proved by T. Brady in [9] where it is proved that the G4 acts on a
CAT(0) complex built from equilateral triangles. (Examples of equilateral triangle
groups which do not act on any cube complex without a fixed point are constructed
by Ballman and Swiatkowski in [5].)

Another proof that G, is CAT(0) can be deduced from work of Piggott, Ruane
and Walsh [30], where it is proved that Aut(F:) is a CAT(0) group. To deduce the
result from this we require a tower argument [12, I11.5.27].

The current proof builds on unpublished work of Bridson and Lustig [13]. From
this work we use the technique of folding used to get the building blocks in Figure
3.2 They used this in a similar way to gain CAT(0) structures for Fy-by-Z groups.

We will start by considering the case of automorphisms which are of finite order.
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Proposition 3.0.1. If ¢ € Aut(F,) has order g in Out(F,) then G is the fundamen-
tal group of a non-positively curved 2-complex. Furthermore, this is finitely covered

by I x St where T is a graph with fundamental group F,,.

Proof. Every finite order automorphism ¢ of F;, can be realised as an isometry of a
finite graph I" (see |18, Theorem 2.1] ). Let X =T x [0,1]/(x,0) ~ (¢(z), 1).

X is locally isometric to A x (—¢, €) where A is a contractible subset of a graph.
This product is CAT(0) and so X is non-positively curved.

There is a surjection G, — Z,. The cover corresponding to the kernel of this map

will be isometric to I' x St. m

We now want to look at automorphisms of infinite order. We require the following

lemmata to ensure that we account for the general case with our construction.
Lemma 3.0.2. G is defined up to isomorphism by [¢] € Out(Fy).

Proof. If ¢ = adyi, for ad, € Inn(F,) the inner automorphism conjugation by g, then

Gy = (w,y, tltat™ = ¢(x), tyt™ = ¢(y))
= (z,y, tltat™ = gy(x)g ™ tyt ™ = gp(y)g ™)
= (z,y,t, )t ™ = Y(a), 'yt = Y(y),t' = g7't)
= (2, y, U[tat ™ = ¢(2), 'yt = P(y)) = Gy. O

Lemma 3.0.3. G, is defined up to isomorphism by the conjugacy class of [¢p] €
Out(Fg)

Proof. Let 1) = £ 1¢¢ then the following map defines an isomorphism.
Q: Gw — G¢

g £&(9)
t—t. ]

As such we will restrict to conjugacy in Out(Fy) = GLo(Z).

Theorem 3.0.4. [9] The semigroup ¥ generated by —I, F, L and R contains a con-

Jugate of every infinite order matriz in GLo(Z), where

p= ()= ) =),

32



a b

Figure 3.1: The 2-complex associated to A.

3.1 Non-positively curved classifying spaces for Fs-
by-Z groups

Theorem 3.1.1. Given ¢ in the semigroup S < Aut(F,) generated by

Ara— ba prar—a
br—b b ab
Liarat oc:a—b
b bt b a,

there is a non-positively curved space X, such that m(Xy) = Gg.

We shall see that from the above and the fact that the natural map Out(Fy) —
GL2(Z) is an isomorphism, that one obtains non-positively curved structures for all

F5-by-Z groups.

Proof. We start with the obvious 2-complex shown in Figure for a mapping torus
of the automorphism A. This has a repeated corner which means it cannot support a
metric of non-positive curvature.

To get rid of the repeated corner we cut our building blocks along the dotted lines
identifying the triangles with the repeated corner, resulting in our basic building
blocks shown in Figure [3.2]

By the above lemmata we can without loss of generality assume that our automor-

phism has the form ¢ = nq...7,-160 where 7, = p or A and @ is one of the following
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Bi
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bit1

w3

SIE]

NIE

vl

bi+1

Qi1

Figure 3.2: The basic building blocks for the construction with angles labelled.
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automorphisms of order 2:

id : (a,b) — (a,b)
v:(a,b) — (a0t
o:(a,b)— (ba)

oot (a,b)— (b a™t)

We can assume that we only apply one of these and that we can do it at the end.
This is because in Aut(F») the first and second give central elements and po = o \.

We can now glue these building blocks together to obtain a non-positively curved
space Xy with m1(Xy) = Gy, for ¢ € ¥, so up to isomorphism we have all groups G.
We do this in the following way: in Figure let © = 0 so that we have the initial and
terminal vertices tf at each end of 5. On performing the given gluing we have that
tgl are not identified, but if we further stick these two vertices together by identifying
ag, bg with aq, by, respectively, then the resulting 2-complex has fundamental group
Fy x\Z or Iy x,7Z. Now suppose that our automorphism ¢ = 17y ...7,-10, where 0 is
one of the four special finite order automorphisms above. For each i between 0 and
n — 1 take a copy C; of the 2-complex associated to either A or p in Figure this
contains the edge t;. We glue C; to ;41 by the unique labelled isometry preserving
orientation between the a;,1,b;;1, which means that the vertex t; is identified with
t;1,- Finally we glue C,,_; back to Cy by identifying a,,, b, with ag, by via an isometry
realising the map 6 so that ¢} ; becomes equal to ¢,. We must now check that the
resulting complex satisfies the link condition.

We say a vertex is at time ¢ if it is the vertex where ¢;_; and t; meet.

We start with the case of vertices of time not equal to 0. These will be where
our complexes C;_; and C; are glued together by the unique labelled orientation
preserving isometry between the a;, b;.

The link of such a vertex is shown in Figure[3.3] We want to assign angles so that
there are no circuits of length less than 27 in the link.

If we assign angles as in Figure [3.2] then we get two types of link as shown in
Figure . Figure i) corresponds to the automorphisms at the i-th stage both
being p or both being A. Figure ii) corresponds to when one automorphism is A

and one is p.
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Figure 3.3: The possible links of a vertex.

+ z + /bt t/pt = -
tiq 2 a; /bi a; /bi 2 t;
°
I + 9+
4
bi/ai

NI
NIE

b;

fa; b/l

INE

7Y &
ai b7 /b

Figure 3.4: The two halves of a link.

Jr
i—1

Bi

NIE
[NIE]

We can see in either case that the link has no circuits of length less than 2.

We now look at the case of the vertex at time 0. This will have to take into account
the map 6. We can consider the link as being split into 2 halves as shown in Figure
[3.4 The finite order maps defined earlier give vertex identifications. There are 16
possible links we may get in this way, corresponding to which automorphisms meet
and to which of the 4 finite order automorphisms we have. All of these possibilities
give a link which is homeomorphic to the 1 skeleton of a tetrahedron with the set
of angles depicted in Figure in which it can be seen that there are no circuits of
length less than 27. This completes the proof. O
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Bi—1 Bi Bi—1

ti
ai—1/bi—1V a;/b; aiy1/bi1 bi_1/a;_1ybi/a;
Bi
g
Bia
a;/bi iy1/bis1

bi+1/ai+1 bi+1/ai+1

Figure 3.5: The 2 possible cases of automorphisms meeting at a vertex.

3.2 Square complexes

In this section we will prove that with a more careful assignment of angles in the
construction of X, we can ensure that the complexes above can be made into square

complexes.
Theorem 3.2.1. Xy is homotopy equivalent to a non-positively curved square com-
plex, for all ¢ above.
Proof. We start by splitting the automorphism ¢ into one of three types depending
on its decomposition in the semigroup described earlier:

1. o=p"or \"

2. ¢ = (pA)"(p0) or (A\p)"(A0) where 6 € {1)3,14} and € € {0,1}

3. all other automorphisms.

We will assign angles to our building blocks based on which meet at time 7. In

Figure |3.5| we have depicted the two cases of our building blocks meeting at a vertex.

37



_ + _
i+—1 T 61 i—1 % Bz
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Figure 3.6: The links for automorphisms in cases 1 and 2.

.o B AT A
W-A W W.A W
thy m t; thy 5 t;

z’) z’z’)

Figure 3.7: The links for automorphisms in case 3.

In case 1 each time our building blocks meet each other, it will be of the type
depicted in Figure i). In this case we keep the angle assignment we had before
and make the edges labelled a; or b; on the vertical sides of the two rectangles of length
2 and the other edges of length 1. We then make the edge between the 2 triangles of
length v/2 and subdivide the rectangles into squares of edge length 1, thus replacing
the two triangles with a new building block which is the square formed by gluing them
together. The link of the original vertices in this complex are depicted in Figure [3.6
i), where again the edges corresponding to a; and b; have been suppressed as they
have valence 2.

In case 2, each time our building blocks meet each other, it will be of the type
depicted in Figure ii). In this case we collapse the triangles to lines by letting the
a;/b; edge have length 2 and the edges labelled f;,t; have length 1. Subdivide the
resulting rectangles into 2 squares of side length 1. The link of the original vertices in
this complex are depicted in Figure ii), where the edges corresponding to a; and

b; have been suppressed as they have valence 2.
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In case 3 we will have a mix of both Figures i) and ii) and we collapse all
the triangles to lines as we did for case 2. If we have two triangles meeting at an
edge as in Figure i), this will produce a degenerate 2-cell, namely a segment of
length 2. This could affect the overall topology of complex if there were a cylinder
of such squares. However, this will not happen as a cylinder of degenerate squares
corresponds to every automorphism meeting as in Figure i). This only occurs if
the automorphism is as in case 1.

The links of vertices in these complexes are depicted in Figure 3.7, where the edges
corresponding to a; and b; have been suppressed as they have valence 2. The case
of edges of 0 length are the degenerate squares where in fact the two edges become
identified.

In all the cases we see that the resulting complex will be a non-positively curved

square complex. This completes the proof of theorem A. O
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Part 11

Finiteness properties of subgroups
of CAT(0) groups
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Chapter 4

The branched covering method

4.1 Hyperbolisation in dimension 2

This section will be a warm up to our key theorems which are all related to dimension
3. The lower dimensional case carries a lot of the ideas that will be used later.
Throughout this section I will be a bipartite graph; say I' C V; % V5. Let V; =
{vi,... v}, }. Let ©; be the graph with two vertices, labelled 0 and 1, and |V| + 1
edges, labelled v}, vt ... v!  all directed from 0 to 1. We noted in that the

b mi7

complex K constructed in is a subcomplex of ©; x O,.

Theorem 4.1.1. Let I' be a bipartite graph, let Ar be the associated RAAG and let
Kt be the classifying space constructed in[2.2.6, Then there is a branched cover Ry
of Kr which has hyperbolic fundamental group.

There are in fact many branched covers delivering this result. During the course
of the proof we will pick a prime p and as this varies different hyperbolic branched

covers are obtained.

Proof. The branching locus will be one of the 4 vertices of K. Given two vertices v
and w there is a homeomorphism of K which sends v to w. Therefore, it does not
matter which vertex we pick to be our branching locus. We will choose the vertex
0=(0,0).

Kr ~ {0} deformation retracts onto the graph ©; V ©5. This can be seen as
follows. We start with a torus cubulated as in Figure [4.1] From each torus we remove
the center vertex. The complement deformation retracts onto the graph depicted in

Figure We now identify the edges via their labels, which will result in © V O,.
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Figure 4.1: Depiction of the deformation retraction 7% \. {(0,0)} — S' v S

This argument shows that m (Kr ~ {0}) is a free group on |V;| + |V5| generators.
We will denote these generators a; = v} vl for i € {1,...,|Vi|} and b; = vjzflv_f. for
je{l ..., [Val}.

From the deformation described we get a map Lk(0, K1) — 01 V 4. Each loop
of length 4 in Lk(0, KT) corresponds to a torus as in Figure [4.1] Under the deforma-

tion retraction this gets sent to a loop in ©; V ©, corresponding to the commutator

= . 97% K+
[v,ﬁvll, ng“a%] = [Hii_k-i—l ag, H;n:tgﬂ bj]‘
Let p > 1+max(|Vi|, [V2]) be a prime and S, be the symmetric group on p letters.

Let A be a p-cycle in S, and u an element which conjugates A to A, where [ is a

generator of Z;. We define our cover using the map,

p:m(01V Os) = S,
a; F— )\,

b‘]Hu7

taking the cover corresponding to the stabiliser of 1 in .S,,.

Note that the commutator [A\™, "] = A"=Y™ is a p-cycle. This means that the
loops of length 4 in the link have connected preimage in the cover. We take the
completion Rr of the resulting complex; there is a natural map b : Rr — Kpr. The
link of the vertex which maps to 0 will contain no cycles of length < 5.

We now prove that the resulting complex has hyperbolic universal cover. We know
that ﬁ[‘ is a non-positively curved cube complex. So to prove that it is hyperbolic we

just have to show that there are no isometric embeddings E2 — Rp. If there is such
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an embedding, then it will contain at least one square 2-cell. However, each square
contains one vertex which is a lift of 0 and in the link of this vertex there are no loops
of length 27. However, were the flat plane to be isometrically embedded there would
be a loop of length 27 in the link of every vertex on the plane. This contradiction

completes the proof. n

We use this theorem along with Morse theoretic ideas to find more examples of

hyperbolic groups with finitely generated subgroups that are not finitely presentable.

Proposition 4.1.2. Let T' be a complete bipartite graph on sets A = {aq,az,as}
and B = {b1,bs, b3}, fix p satisfying the above hypotheses and let b : Rr — Kr be
the branched cover constructed above. Then m (Rr) has a finitely generated subgroup

which is not finitely presentable.

Proof. In this case Kr = ©; x O, where 0O, is as above and has 4 edges. Put an
orientation on each edge of ©; such that there are 2 edges oriented towards each
vertex and 2 edges oriented away from each vertex. Cubulating S' with one vertex
and one oriented edge. Define maps h; : ©; — S! on each edge by their orientation.
Define h : Kt — S by h(z1,xs) = hi(x1) + ha(zs). Precomposing with the branched
covering map b and lifting to universal covers, we obtain a Morse function f : Rr = R,
which is (hb).-equivariant.

The ascending and descending links of this Morse functions are the preimages,
under b, of the ascending and descending links of h. For the Morse function A the
ascending and descending links are joins of the ascending and descending links for h;.
These will be copies of S, so the ascending and descending links will be copies of S*.

There are now two possibilities, if we look at a vertex in Rpr which does not map
to 0 the ascending and descending links will remain unchanged and will still be copies
of St.

If the vertex in question maps to 0 we will study the ascending link the other case
being identical. The ascending link of 0 is a loop of length 4. Taking a branched
cover cause this loop of length 4 to lengthen but in the preimage it will still be a

copy of St. Tt follows that the kernel of (hb), is finitely generated but not finitely
presentable by [2.4.9] m
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4.2 Hyperbolisation of products of 3 graphs

In this section we are going to take branched covers of products of graphs and prove
that the result has hyperbolic fundamental group, with a finitely presented subgroup
that is not of type F5. We will do this in the following way.

1. Start with three 2-full graphs I'y,I's and I's (Definition |4.2.1]).
2. Find a locally isometric copy of L =T Ul U3 in K =T x 'y x ['s.
3. Take a cover of K ~\ L and complete to get a branched cover X.

4. Define a Morse function on the universal cover X of X and examine the ascend-
ing and descending links of this function; from this we will conclude that there

is a finitely presented subgroup that is not of type F3.
5. Finally, prove that X is a hyperbolic space.

Definition 4.2.1. A connected graph I' is 2-full if the vertices of I' can be divided
into 2 sets A and B such that every edge has one end point in A and the other in B.

For simplicial graphs, this is equivalent to being bipartite. However, we allow
multiple edges in our graphs and will reserve the use of “bipartite” for simplicial
graphs.

We will prove the following.

Theorem B. Let I'1,T'y and I's be three 2-full graphs such that the valence of any
vertex is at least 4. Then there is a finite branched cover X of I't x I's x I's such that
there are no isometrically embedded flat planes in X. Furthermore, there is a finitely

presented subgroup of m(X) that is not of type Fj.

Proof. Let the vertices of I'; be divided into two sets A;, B; as in the definition of
2-full and let K =1'; x I'y x I's.

Our branching locus will be
L:(F1XA2><B3)|_|<B1XFQXAg)Ll(A1XBQXP3).

This is a locally convex subcomplex of K. We now check that Lk(c, K) \ L

is connected and non-empty for all cubes in L. We will do the case of a cube on
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[’y x Ay x Bs, the other cases are identical. If ¢ is the edge [0,1] x {(a,b)}, then
Lk(c, K) = S°* Lk(a,T'y) * Lk(b,T'3). We are removing the copy of S° therefore,
we deformation retract onto Lk(a, ') * Lk(b,I'3). If ¢ is the vertex (v, a,b), then
Lk(c, K) = Lk(vq, 1) % Lk(a, T's) * Lk(b,T'3), we are removing the copy of Lk(vy,T'y).
This deformation retracts onto a join of two non-empty sets. Therefore, Lk(c, K)\ L
is connected and non-empty for all cubes in L.

We now consider the complex K ~ L. There are three surjective projections:

pliK\L—>F2XF3\(A2XB3),
po: KN L—T3xT N\ (A3 x By),
ps: KL =Ty xTy~ (A x By),

which are the restrictions of the projection maps K — I'; x IT';.

Proposition 4.2.2. Each of the complexes I'; x I'; \ (A; x B;) deformation retracts

onto a graph.

Proof. We start at a removed vertex and push out radially in adjacent squares. This
allows us to remove the interior of each cube adjacent to a vertex in A; x B;. By the
definition of 2-full, all 2-cells are retracted by this process leaving us with a graph

Qij = (Fz X A]) U (Bl X FJ) C Fl X Fj. ]

Let gij > max{deg(v) : v € I'; UT;} be a prime number, a € S,,; a g;;-cycle and
B € Sy, an element such that BaB~t = !, where [ is a generator of Ly,

A homomorphism 71 (Gi;) — S,,; can be defined by labelling each edge of G;; with
an element of S, ., with the condition that if e has label g, then € has label gL

We start by labelling the edges of I'; and I';, then extend this to a labelling of G;
in an obvious way.

For each edge of T'; we label with an element of {«,...,a”}, such that at each
vertex the edges oriented towards it are labelled by different powers of . We similarly
label the edges of I'; with powers of 8 such that at each vertex the edges oriented
towards it are labelled by different powers of f3.

This defines a homomorphism 7 (I'; x I'; \ (A; x B;)) — Sg,,. A loop of length
4 in the link of a removed vertex comes from a diagram as in Figure [4.2, This loop

then deformation retracts onto a loop of length 8 in G;;. This loop is labelled by a
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Figure 4.2: The loops ¢; and ¢; are in I'; and e; and €} are in I';. The vertex labelled
v is in Al X B]

commutator of the form [f~™ a™"] = ma”f™a™™ = ™"V, When n < p and
m < p — 1, this is a non-trivial power of a. These conditions will be satisfied by the
choice of p, hence this commutator is a g;;-cycle.

We now have three maps:

(prop1)s: m(K N L) = Sp,
(pQ Op2)* : 7T1(K ~ L) — SQ317
(Pg Op3)* : Wl(K ~ L) - Sthz'

Let ¢ = q12q23g31. We combine the above representations to get a representation
p:m (K~ L)— S, We then take the cover of K \ L corresponding to the stabiliser
of 1 in S, and complete to get the desired branched cover X. By Lemma [2.3.4] this
cover will be non-positively curved.

In this part of the proof we consider links of vertices and a Morse function.

The vertices of X can be split into 2 types:
1. Vertices that do not map to L.
2. Vertices that map to L.

Given a vertex v of type 1, let w = (v, v9, v3) be the vertex in K to which v maps.

Since w is disjoint from the branching locus, a small neighbourhood lifts to X. The
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link of v is therefore isomorphic to the link of w, that is,
Lk('l}, X) = Lk(?}l, Fl) * Lk('UQ, FQ) * Lk(/l]g, Fg)

We now examine the link of a vertex v of type 2. Let w = (v, v, v3) be the vertex
in K to which v maps. We will do the case where v, € Ay and v3 € Bs; the other
cases can be treated similarly.

Recall that, Lk((vy, va,v3), K) = Lk(vy, 1) * Lk(vq, I'y) * Lk(v3, I's). Further recall
that during the branching process we are removing the set corresponding to the

vertices in Lk(vy,I'1). We have a map on fundamental groups
Wl(Lk(w, K) AN Lk(Ul, F1>> — 7'[‘1(K AN L)

We consider the image of m (Lk(w, K) \ Lk(v1,I'1)) under the maps p;,.
Lk(w, K) ~\ Lk(v1,T'1) is mapped by p; to the link of a removed vertex in

I'y x F3 N (A2 X Bg)

The image is thus isomorphic to Lk(wvy, ') % Lk(vs, I'3). The space (A x B) \ B is

homotopy equivalent to A. This homotopy equivalence comes from the projection of
(Co(A) x Co(B)) ~ ({0} x Co(B)) — Cy(A).

Where Cy(X) is the CAT(0) cone from Definition 2.1.171 The map Lk(w, K) ~
Lk(vy, 1) — Lk(vq, I'y) * Lk(v3, I's) coming from the projection is a homotopy equiv-
alence. Under the maps ps and p3, Lk(w, K) ~ Lk(vq,I'1) is sent to a union of
contractible sets. We are now reduced to considering the image of m(Lk(w, K) \
Lk(vy,T'1)) under the map p; to Sg,,. We picked the maps such that loops of length
4 in Lk(ve, I'y) % Lk(vs, I's) are sent to ges-cycles under the homomorphism p;.

We can cover Lk(vg, I'g) * Lk(vs, I'3) with loops of length 4, such that each loop
has non-empty intersection with the union of previous loops. Every loop of length
4 has connected preimage in the cover. In the sequence each will have non-empty
intersection with the union of previous loops. Thus the corresponding cover will be
a connected graph with no loops of length 4, as the covering map is length non-
increasing and any loop of length 4 has preimage a loop of length > 4. We will
denote this graph A,. The link of v is the join of A, with the discrete set Lk(vy,T'y).
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We put an orientation on each edge of I';; we orient the edges such that at each
vertex there are at least two incoming edges and at least two outgoing edges. We
cubulate S* with 1 vertex and 1 edge, putting an orientation on this edge. Define a
map f; : I'; — S! by mapping each edge to the edge of S* by the given orientation

and mapping all vertices to the vertex of S!. These assignments define a map

f:F1><F2><F3—>5'1:R/Z,
f(z,y,2) = fi(x) + faly) + f3(2),

which lifts to an f,-equivariant Morse function f . K — R.

Precompose with b to get a map h = fob: X — S!. Lift this to universal covers
to get a Morse function h:X — R, which is h,-equivariant. We will examine the
ascending and descending links of h. We concentrate on the case of the ascending
link; the arguments are the same for the descending link.

Note that i = f o b where b: X — K is the lift of b to universal covers. We also
consider the derivative map BLk(v) - Lk(v, X) — Lk(b(v), K). Given a vertex v of X
the ascending link is the preimage of the ascending link of i)(l}) The ascending link
of b(v) is Uy * Uy * Us where U; is a discrete set whose size is the number of edges
oriented away from b(v) in T;.

If v is a type 1 vertex, then the ascending link of v is isomorphic to the ascending
link of b(v), which is Uy U, % Us. This is simply connected but has non-zero second
homology as |U;| > 1 it has the homotopy type of a wedge of 2-spheres.

Let v be a vertex of type 2; without loss of generality, assume that it lies on a
lift of I'y x Ay x Bsz. The ascending link of v will be the preimage of U; x Uy * Us in
Uy x A,. Since U; contains at least 2 points, the graph U, % Us is connected but not
simply connected. We cover U, x U3 with loops of length 4 such that successive loops
have non-empty intersection with the union of the previous loops. Since each of these
loops has connected preimage in A,, the intersection of a loop with the union of the
previous loops will remain non-empty. Therefore, the cover U of Us x Uz in A, will be
connected. The ascending link will be U % U; which will be simply connected as the
join of a connected set and a non-empty set.

The kernel of f, is finitely presented by Theorem [2.4.7. The ascending link of a
vertex which is of type 1 has the form U; % Uy x Us, which although simply connected
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Figure 4.3: Intersection pattern of L on a cube in X.

has non-zero second homology. Applying Theorem [2.4.9] we see that the kernel will
not be of type F'P;.
To complete the proof of Theorem B we must prove that X is hyperbolic.

Definition 4.2.3. Given a CAT(0) cube complex X and an isometric embedding
i:E? — X. We say that a subset D of X intersects E? transversally at a point p if
there is an € > 0 such that N.(p) N D NE? = {p}.

Let L be the preimage of L in X. We will prove that the cube complex X is
hyperbolic by contradiction. By Theorem it is enough to show that there are
no isometrically embedded copies of E2 in X. Suppose that i : E2 — X is such an
embedding. First, we show that i(E?) has a transverse intersection point with L.
Around such an intersection point we will see that the angle sum in i(IE?) is forced
to be at least 37, contradicting the assumption that ¢ is an isometric embedding.

Each 3-cube of X intersects L in 3 edges in the pattern depicted in Figure .

Because 7 is an isometric embedding, it cannot be contained in the 1-skeleton of
X, so there is a 3-cube ¢ where the intersection is 2-dimensional.

There are two cases to consider:
L i(E)NLNe=10
2. i(E)NLNc#(

In case 1, F' = i(E*) must have intersected ¢ in an edge adjacent to a vertex v of

¢ which does not map to L. We can develop E? in a cubical neighbourhood of this
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Figure 4.4: Cubes around a vertex not mapping to L.

vertex. The link of v in this neighbourhood will produce part of an octahedron. We
have depicted this in Figure . We can consider this cube as a subset of E3, where
v sits at the origin and the edge with non-empty intersection is one of the coordinate
axes. Developing the plane into these cubes we see that we will intersect L in one of
the adjacent cubes from Figure 4.4

We have now reduced to case 2. We have shown that there is a cube ¢ and an
edge e € LN e such that F'Ne # (. Either this intersection point is a single point in
which case we will see that it is a transverse intersection. If this is not the case then
the edge e is entirely contained in F'. In this case we can see from the intersection
pattern in Figure that i(E?) intersects one of the other edges of L in ¢ in a single
point.

If the intersection point is in the interior of an edge, then it is a transverse in-
tersection point. This can be checked by using a ball whose radius is less than the
minimum distance to an endpoint of e.

In the case where the intersection point x is the end point of an edge, we will
prove that it is a transverse point of intersection by contradiction.

If 2 is not a transverse point of intersection, then there are points of E? N L
arbitrarily close to x. Since 7 is an isometric embedding, if two points of an edge
are in i(IE?), then the whole edge is contained in i(E?). Therefore, i(E?) will contain

both a 2-dimensional cross section of the cube ¢ and an edge ¢’ of L in another cube
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that is adjacent to c¢. Since the link of x is the join of a graph and a discrete set and
the vertex corresponding to €’ is contained in the discrete set, it follows that there is
a cube ¢ containing €’ such that ¢ and ¢ share a 2-dimensional face. Consider the
union of these two cubes as a subset of E3. The plane defined by the polygon in ¢
does not contain the edge in L, so i cannot have been an isometric embedding.

We now have a transverse intersection point with L. To see that the flat plane is
not isometrically embedded we split into 2 cases.

Firstly, we will study the case where the transverse intersection point z is in
the interior of an edge e. The plane will intersect several cubes in various polygonal
subsets each contributing an angle. Since we assumed that the plane was isometrically
embedded these angles must sum to 27. Two such polygons joined along an edge,
correspond to two cubes meeting along a face containing e. These polygons make a
contribution of m. To get an angle sum of 27 we would therefore have to have exactly
four cubes meeting around e. But the link of e in X contains no loops of length less
than 6.

If the transverse intersection point x is the endpoint of the edge e we proceed
similarly. We will assume that the component of L with the transverse intersection is
a lift of I';. An angle sum of 7 will correspond to the intersection of a half plane with
4 unit cubes in E?. We can define a map Lk(z, X) ~ Lk(z, L) — A,. This map is
the corresponding map on links from the projection of a cube to a face. We see that
an angle sum of 7 corresponds to a segment of length 2 in A,, so an angle sum of 27
corresponds to a circuit of length 4. However, by choice of the branched covering, A,
has no loops of length < 6.

Therefore, there cannot be an isometrically embedded flat plane, and so X is a

hyperbolic CAT(0) cube complex. O

4.2.1 FEuler characteristics

We now have an infinite family of spaces, each of which has hyperbolic fundamental
group. We will now calculate the FEuler characteristic of these groups to show that
we have an infinite subfamily of non-isomorphic hyperbolic groups. We would like
to improve this result to show that the groups are not commensurable. This work is

ongoing.
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Proposition 4.2.4. Let';, 'y and I's be 2-full graphs, let V; = A;LUB; be the vertex set
of T'; and let E; be the edge set of I';. We use the shorthand |A;| = a;, |B;| = b;, |Vi| =
v; and |E;| = e;. Then the q12Ga3qs1- fold branched cover X of K =T x I'y x I's has

FEuler characteristic

(12G23G31 (V10203 + arbaes + bresas + e1agbs + e1€2v3 + €1v2€e3 + vi€2€3
— v1agbs — byvaas — a1bvy — e1v1v2 — Vieav3 — Vivge3 — e16263)
- Q12Q31(€1azb3 - U1a2b3) - Q12Q23(51€26L3 - blv2a3>

- QQ3(J31(@152€3 - @15203)

Proof. To prove this we count the number of cells of each dimension in X. We do
this by examining the cells in the cover of K \ L and how many cells we add when
we complete to obtain X.

There are no 2 or 3-cells in L, therefore each such cell in K lifts to the cover. Thus

we have
Q12023931 (e1€2V3 + €1vze3 + vi€ze3)
2-cells and
712G23G31(€1€2€3)
3-cells in X.

We are removing the

albgeg + b162a3 + €1CL2b3

1-cells of L from K, so in the cover of K ~ L we have
Q12423431 (€101V2 + V1€V + V1v2e3 — arboes — biegag — eashs)

1-cells before completing.

Similarly, we are removing the
V10203 + biveas + a1bavs
0-cells of L from K, so in the cover of K ~. L we have
Q12Q23Q31(U1021}3 — v1agbs — bivaaz — a1b2v3)
0-cells.
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We now account for the cells added on completing the cover. We look at the
completion of a component of I'y. The link of a lift of an edge e in I'; will be a go3
fold cover of the link of e. The lift of I'; will thus be a gi2¢31-fold cover of I';. This
cover will have g12¢s1(viagbs) O-cells and g12g31(e1agb3) 1-cells. Repeating this count

for the graphs I'; and I'3 gives the desired result. O]

A simple example of a 2-full graph T" satisfying the hypothesis of Theorem [B] is
obtained by taking a prime p > 3 and p — 1 copies of [0, 1], then identifying all the
0 endpoint and all the 1 endpoints. This is a “cage graph” with 2 vertices and p — 1
edges. The complex X constructed as above by taking I'y = I'y = I's = I' and
q12 = q13 = @23 = p has Euler characteristic p?(9 + 15p — 24p* + 9p® — p*). Thus we
obtain an infinite family of hyperbolic groups with finitely presented subgroups not

of type F3.

4.3 Almost hyperbolisation in dimension 3

Notation 4.3.1. Given a tripartite complex L, let L;; be the full subcomplex spanned
by the vertices of V; U'Vj.

The main theorem of this section is the following.

Theorem D. Let I' be a tripartite flag complex, Ar the associated RAAG and Kr
the classifying space constructed in Section|2.2.1. Then there exists a branched cover

X of Kr, such that 71(X) contains no subgroups isomorphic to Z>.
Proof. Our branching locus will be
B = (01 x {0} x {1}) U ({1} x B2 x {0}) U ({0} x {1} x B3),

where ©; is the graph with 2 vertices, 0 and 1, and |V;| 4+ 1 edges, each directed from
0 to 1. We have three maps

p1 - KF B — KF12 AN {(0, 1)},
P2 - Kp B — KF23 AN {(0, 1)},
b3 : KF N B — KF31 ~N {(07 1)}7
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1 2

Figure 4.5: A loop corresponding to the commutator [v;,v?].

which are the restrictions of the projections ©1 x O, x O3 — ©; x ©;. The maps from

Section [4.1] give us three maps

WI(KFH ~ {<07 1>}) — Sq12
1 (Kryy ~{(0,1)}) = Sy
WI(KFZH ~ {<07 1>}) - qul'

Here, g;; are the primes picked in the process of taking a branched cover in Theorem
411} Let ¢ = q12ga3qs1. We can combine these permutation representations with the
projection maps above to get a map m (Kr \ B) — S,, which defines a g-fold cover
of Kr \ B by taking the subgroup corresponding to the stabiliser of 1 in S,. We
complete this cover to get our branched cover X.

Let {i,7,k} = {1,2,3}. The maps p;, p2, p3 retractions to see this consider the
natural map

1
KFZ‘]‘ — Kpl.j X {5} — Kpij X evg — Kr.

It follows that (Kt \ B) — 71 (Kr,; ~ {(0,1)}) is surjective. We will now consider
what the link of a vertex in the branched cover is. We will restrict our attention to
a vertex mapping to (0,1,0) all the other cases are similar.

We will consider the image of the link of (0,1,0) under the three maps p1, ps, p3.
In the image of the map pj, this link is sent surjectively onto the link of (0,1) in
Kr,,. By Section we know that K, ~ {(0,1)} deformation retracts onto the
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graph ©; V ©,. Loops of length 4 are sent to commutators of the form [v7}, v;v7].
In the map 71 (Kr,, ~ {(0,1)}) — S, this commutator is sent to a gja-cycle.
We must now consider the image under the maps po, p3. These maps send the

link to a disjoint union of contractible subsets, so the maps 7 (Kr ~ B) — S,,, and

q23
m(Kr~B) = S,

q31

send the image of the fundamental group of the link to the identity.

From this we can see that, in the cover of K ~\. B corresponding to the stabiliser
of 1in S, the preimage of one of the loops of length 4 depicted in Figure 4.5 will have
¢23q31 components, and each component is a loop of length 4q;5. We will now prove
that there are no isometrically embedded planes of dimension > 2. This, combined
with Theorem [2.1.14] will complete the proof of the theorem.

Since the resulting cube complex has cubes of dimension at most 3, we can see
that the dimension of an isometrically embedded flat plane is at most 3. If such a
copy E of E* were isometrically embedded in X, it would contain at least one cube
and would in fact be a cubical embedding of the flat. For each vertex contained in
the flat, the link would contain a subcomplex isomorphic to an octahedron. Let B be
the lift of the branching locus B. We can see how this intersects each cube in X by
Figure As such any 3-flat will intersect a vertex on B.

Let x be a vertex on BN E. Then Lk(z, X) has a tripartite structure. If there is
an octahedron in this complex it has a tripartite structure of the form S° x S° % S°.
One of the copies of S° will be contained in the vertices corresponding to B. The
other 4 vertices form a loop of length 4 in the bipartite graph defined by the edges not
in B. However, we constructed the branched cover so that this graph has no cycles

of length < 6. O]

4.3.1 Subgroups of type F' P, that cannot be finitely presented

We will now apply our branched covering technique with carefully chosen flag com-

plexes I' to prove the following.

Theorem D'. There exists a non positively curved space X such that m(X) contains

no subgroups isomorphic to Z3, which contains a subgroup of type FPy not F.

We will do this using the following steps.
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1. Start with a connected 2-dimensional tripartite flag complex L such that (L)
is a perfect group with the the link of every vertex connected and not a point.
Take an auxiliary complex I' = R(L). Then build the complex KT in Section
221

2. Define a function f : Kr — S! which lifts to a Morse function on universal

covers. Examine the ascending and descending links of this Morse function.

3. Take a branched covering of Kr as in Section .2 to get a complex X with an
associated Morse function. Examine the ascending and descending links of this

Morse function. This will show that the kernel of f, is of type F'P.

4. Prove that the kernel of f, is not finitely presented.

4.3.1.1 The complex R(L)

The construction of this complex is required, the key point of this complex is that it
satisfies Proposition This is required to make sure that the fundamental group
of the links is not changed in the branching process.

Firstly, we prove that none of the assumptions from the first step are restrictive.
We can realise any finitely presented group as the fundamental group of a finite
connected 2-dimensional simplicial complex. It is also well known that the barycentric
subdivision of a 2-dimensional simplicial complex is flag and we can put an obvious
tripartite structure labelling vertices by the dimension of the corresponding cell. So
we can realise any group as the fundamental group of a connected 2-dimensional
tripartite flag complex.

Given a connected 2-dimensional tripartite flag complex there is a homotopy equiv-
alent complex of the same form such that the link of every vertex is connected and
not a point.

To see this, first note that if there is a vertex where the link is just a single point,
then we can contract this edge without changing the homotopy type of the complex.
Next, note that if there is a vertex x with disconnected link, then we perform the
following procedure: pick two vertices v, w in two different components of the link,
add an extra vertex y and connect it to v,w and x while also adding two triangles

[v,y, 2] and [u,y, xz]. The result is that we have reduced the number of components of
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the link at x, without adding any extra components to the link of v or w, and the link
of y is connected. We have also not changed the homotopy type, since we have added
a contractible space glued along a contractible subspace. Repeating this procedure,

we can make sure that the link of every vertex is connected.

Definition 4.3.2. For a simplicial complex L the octahedralisation S(L) is defined
as follows. For each vertex v of L, let S° = {v",v™} be a copy of S°. For every
simplex o of L take S, = %,c,5°. If 7 < o, then there is a natural map S, — S,.

S(L) = Uy<r.Ss/ ~. Where the equivalence is generated by the inclusions S, — S,.

The complex S(L) can also be seen as the link of the vertex in the Salvetti complex
for the RAAG defined by L. If L has an n-partite structure then there is a natural n-
partite structure on S(L). Let L be contained in V% --%V],. Then S(L) is contained
in S(Vp) %% S(V,).

Remark 4.3.3. The map defined by S — {v} extends to a retraction of S(L) to L

(not a deformation retraction).

In particular, if 71 (L) # 0, then m1(S(L)) # 0.
It is proved in [7] that if L is a flag complex, then S(L) is a flag complex.

Lemma 4.3.4. Assume L is a connected simplicial complex and Lk(v, L) is connected

and not equal to a point for all vertices v € L. If Hi(L) =0, then H,(S(L)) = 0.

Proof. Let L™ be the full subcomplex of S(L) spanned by the set {v* : v € L}, and
let L= be defined similarly. Let N be the interior of the star of LT and N~ the
interior of the star of L™. Tt is clear that S(L) is contained in N~ UNT. We can also
see that N* N N~ is the union of the open simplices which are contained in neither
Lt nor L~. Here we are using the fact that N* is homotopy equivalent to L and
similarly N~ is homotopy equivalent to L.

By considering the Mayer-Vietoris sequence for N~ and N we see that H;(S(L))
is isomorphic to Hy(N* N N~), so we must prove that N* N N~ is connected.

Let x,y be points of N* N N~. We can always connect z and y to open edges
contained in Nt N N~; label these edges e, and ey. Let v, be the end point of e, in
L* and w, the end point in L~; define vertices v, and w, similarly. Let v = (v, =
Vo, V1, - .., Uy = Uy) be a sequence of vertices corresponding to a geodesic in LM from

Uz 1O vy.
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Figure 4.6: The key idea from Lemma [4.3.4}

The vertices w, and w, have corresponding vertices in LT, these are adjacent to
v, and v, respectively. We split into 4 cases by whether these vertices are on the

geodesic v. We will define a path P in each of these four cases.

1. If wy, = v; and wy = v,,—1, then let P = vy, vy,...,v,.

2. If wy, = vy and wy # v,_1, then let P = vy, v1,..., 0y, wy.

3. If wy # vy and wy = v,_1, then let P = w,,vo,v1, ..., Un.

4. If wy # v and wy # v,—1, then let P = w,, v, v1, ..., Up, Wy,

We will now describe how to get a sequence of edges e, = eg,...,e, = ¢, such

that e;, €;,1 are on a 2-simplex in L. The corresponding sequence of edges in N*TNN~
will give a path from e, to e,. Thus completing the proof of the lemma.

A path in the link of a vertex v can be viewed as a sequence of edges in L such
that adjacent edges are on a 2-simplex.

We will relabel the path P to aq,b,.... Let A; be a path in the link of b; from a;
to a;y+1. Let B; be a path in the link of a; from b; to b, ;. This can be done since the
link of every vertex is connected. The sequence of edges Aq, By, Ao, ... defines the
sequence of edges we require. The key idea is encapsulated in Figure 4.6 where the
curved arcs correspond to the paths A;, B;. O

We can now define the complex R(L).

1. Let L be a 2-dimensional tripartite flag complex with (L) perfect, such that
the link of every vertex in L is connected and not a point. Label the sets of

vertices from the tripartite structure Vg, Vi, V5.
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2. Construct S(L) as above. This is a 2-dimensional tripartite flag complex with

m1(L) perfect.

3. Add 3 extra vertices v", v!,v? which are of type 0, 1,2 respectively. Connect v*
to all the vertices not of type i. Define R(L) to be the flag completion of the

resulting complex.

Take a simplicial complex L as above and let I' = R(L). We can now construct

the cubical complex Kr from Section [2.2.1]

4.3.1.2 The Morse function f

As noted in Remark 2.2.11] we can view K as a subcomplex of ©; x O3 x O3, where
O, is a graph that has two vertices 0, 1 and has edges labelled by the vertices of I' as
well as one extra edge labelled v)), such that each edge runs from 0 to 1. We define a
Morse function on the product by putting an orientation on each edge of ©; as follows:
if it is an edge corresponding to a vertex of S(L) C I" we orient it towards 1, while for
the vertices v' and v} we orient towards 0. Now put an orientation on S' and map
each graph by its orientation; we then extend linearly across cubes. Restricting this
map to K we get a map g, and by lifting to universal covers we get a Morse function
f: Kr — R which is g,-equivariant.

Let the vertices of type i in S(L) C T be the set V" and let V;” = {v*,v{} =: S?.

The ascending and descending links of this Morse function are given in Table [.1]

Notation 4.3.5. Given a simplicial complex A and a subset S of the vertices of A,

A(S) denotes the full subcomplex of A spanned by the vertices in S.

Proposition 4.3.6. Given a complex of the form V,* x Vi SY or T(V,F U V]Jr) * S
there is an ordering vi,va,...,vq on the set V3 such that St(vy,) N (Ui<mSt(vy)) is
connected and w1 (St(vy) N (UiemSt(v))) # 0 for 1 <m < gq.

Proof. In the case V = V;~ = S we have 2 vertices v; and vy and St(vy) N St(vy) =
S? % V:F | which is connected but not simply connected. So either ordering will do.

In the case V> = V7, let V; = {wy, ..., w,} and V;" = {wi, w, w3, ..., w,}.
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Vertex Lk Lk,

(0,0,0) | T(V;F UVt UVt = S(0) S =59 % SY % SY
(0,0,1) INUARSRARENH Vih % SY %S9
(0,1,0) r(vituvgh) * 59 Vol % SY %S9
(0,1,1) Vi™ o S # S5 P(V3" UV = 57
(1,0,0) L(V,"UV5h) = 87 Vi™ s S5 % S5
(1,0,1) Vot % 5P %S9 (Vi uvgh) * 89
(1,1,0) ViFx SY %S9 INUARSRAREYH
(1,1,1) §2 = 50 4 S0 % 50 TV UV UVs) = S(L)

Table 4.1: The ascending and descending links of the Morse function f : Kt — S*.

The subgraph Z = L(V; UV;) is connected since L is connected and the link of
every vertex is connected and not a point. We can thus assume that St(w;, Z) N
(Um<tSt(wm)) # 0.

Noting that St(v®,S(L)) = C(S(Lk(v,L))). We can see that St(v®,S(L)) N
St(w', S(L)) = S(St(v, L) N St(w, L)). Thus ordering V;* = {wi", wy,w3,...,w;,}
we can see that V," N .St(v;, S(L)) N (Up<iSt(vm, S(L))) contains at least two points.

Noting that

St(v, S(L)) N (Ut St(vm, S(L))) = (Vit N St(vy, S(L)) N (Uppei St (vm, S(L)))) * Sy,
we can see that this is connected but not simply connected. O]

Remark 4.3.7. In the above proof we are gluing contractible complexes along con-
nected complexes. This shows that all the complexes in the statement of Proposition

4.3.7| are simply connected.

Remark 4.3.8. At each stage in the above proof St(v;, S(L)) N (Up<iSt(vpm, S(L)))
could be covered by cycles of length 4, since it is the join of a discrete set and a copy
of S°.

4.3.1.3 Almost hyperbolisation and the Morse function h: X — S!

We shall now use the almost hyperbolisation technique from Section to get a
branched cover X of KT, recall that there is a natural length preserving map b: X —
Kr. We define a Morse function h = gob : X — S!. In what follows G is the
fundamental group of X which does not contain any copies of Z3. In what follows,
H :=ker(h.: G = Z).
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It is worth noting that in the almost hyperbolisation procedure we ensure that

loops of length 4 in the link of a vertex have connected preimage.

4.3.1.4 Ascending and descending links of h

We distinguish between 4 types of vertices in X and label them as follows:

Vertices of type A are those which map to (0,0,0) or (1,1,1).

Vertices of type B are those which map to (0,0,1) or (1,0, 1).

Vertices of type C' are those which map to (1,0,0) or (1,1,0).

Vertices of type D are those which map to (0,1,0) or (0,1,1).

For a vertex in X the ascending (descending) link is the preimage of the ascending
(descending) link of the corresponding vertex in Kr.

Type A vertices are disjoint from the branching locus, so a small neighbourhood of
each lifts to X and the ascending and descending links are isomorphic to those of the
corresponding vertex of Kr. We claim that for vertices not of type A the ascending
and descending links are simply connected. We will prove this in the case of a vertex
of type B and the ascending link; the other cases are similar.

A vertex z of type B is on a lift of ©;. We may assume that z maps to (0,0, 1).
Now, Lk:(0,0,1) = T(V;" U V,) % S2. Let us consider the preimage of Lk:(0,0,1) in
Lk(z, X). To envisage this, we start by removing the vertices in V] and taking the
covering of the remaining space coming from the derivative map b, of b, then add
back the vertices of V;. By Remark we can cover D'(V;F U V") %S9 by St(v) as v
runs over vertices in V;". We noted in Remark that we can construct this cover
in such a way that each St(v,,) N (Uj<mSt(v;)) is connected and covered by loops of
length 4 with non-empty intersection. Specifically, if S} and S}, are 2 loops of length
4 in St(vy,) N (UicmSt(vy)), then S; NS, D SY.

In the procedure of passing to the branched covering b : X — K. Associated to
each vertex of X there is a derivative map bry) : Lk(v, X) — Lk(b(v), Kr). Each
of the 4 cycles above has connected preimage under the map by, therefore the
preimage of St(vy,) N (Uj<n St(v;)) is connected. Upon taking the completion, we
replace the vertices in V;"; this corresponds to coning off the lifts of their links. Thus
we see Lk () is made from a sequence of contractible spaces glued along connected

subspaces, and so is simply connected.
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4.3.1.5 Proof that the kernel is not finitely presented

To prove that H is not finitely presented we need the following lemma.
Lemma 4.3.9. m(X;) # 0 for all compact intervals I C R

Proof. For the purposes of this proof let Y = }?} In our case I'' = S? and I'* = R(L).
By Theorem [2.2.13 we know that the kernel of g, is not finitely presented. Since the
kernel of g, acts cocompactly on the level set Y; we can see that Y7 is not simply
connected.

Let v : S — Y7 be a non-trivial loop. Then there is a larger interval .J’ such that
7 is trivial in Y. Let J = [a,b]. We can assume that +y is non-trivial in J = [a + €, b]
or J = [a,b — €] for all € > 0; assume the latter. There is a sequence of vertices
U1, g, ... such that Y, = Y;UC(Lky(v;)). There is an integer m such that v is trivial
in Y; Uj<y, C(Lke(v;)) but not trivial in Y U, C(Lky(v;)) = 1//;

Since adding C'(Lk4(z,,)) changes the fundamental group (v becomes trivial), we
can find a non-trivial loop 4 in i/; which is also contained in Lk¢(z,,). We also know
that it is contained in Y} since Lkq(v;) NLky(v;) = () whenever ¢ # 7, as the restriction
of an affine map to a cube can only have one maximum and one minimum or it is
constant on a subcube.

Since adding C(Lk4(z,,)) changes my, we see that m(Lk(zy,)) # 0, so z,, is a
vertex mapping to (0,0,0) and 4 bounds a disc in Y which does not intersect L.
It follows that this disc lifts to X under the branched covering b coming from the

following commutative diagram:

b
—

]

—>K1‘*

><j<—><jz

The boundary of this lifted disc is in X; call this loop p. If p bounded a disc
in X, then we could map this to Y; via b, but this would imply that B(u) = 4
bounds a disc in Y}, which it does not. Thus g is non-trivial in m(X;) # 1. Since

m1(X7) = m (X)) is surjective we deduce by Theorem that m (X;) # 1. O

Recall that H is the kernel of g,.
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Theorem 4.3.10. H is not finitely presented.

Proof. Assume that H is finitely presented.

H acts cocompactly on X; so we can add finitely many 2-cells to the quotient to
gain fundamental group H. Taking a universal cover of the space obtained in this
way we arrive at X; with finitely many H-orbits of 2-cells attached, which is simply
connected. In other words, there are finitely many H-orbits of loops which generate
m1(X7).

The direct limit of all the X is the space X which is CAT(0) and in particular
contractible. We can pass to a larger interval such that the H-orbits of loops which
generate m(Xy) are trivial. In other words, the map m (X;) — m(X,) is trivial.
But it is also surjective by Theorem [2.4.7| and because we have assumed that all the
ascending and descending links are connected. Thus (X ) is trivial, however we

know this not to be the case by Lemma [4.3.9| O
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Chapter 5

The subcomplex method

The second method we will present extends Lodha’s work [27].

Definition 5.0.1. A graph I' is sizeable if it satisfies the following conditions:
e [ is bipartite on two sets A and B,
e [' contains no loops of length 4,

e there exist partitions A = A" U A~ and B = Bt U B~, such that I'(A* U BY) is
connected for all s,t € {—,+}.

Theorem C. Fori=1,2 and 3, let I'; be a sizeable graph with vertex set A; U B;. Let
K;; be the complete bipartite graph on A; and B;. Let X be the full cubical subcomplex
of K13 X K91 X K35 spanned by vertices (v, vq,v3) € Ki3 X Koy X K39 such that one
of the following holds,

o v, € A; for alli,

e v, € B;_1 for all i,

e v € Ay, vy € By and [vy,v5] is an edge of Ty,
o Uy € Ay, v3 € By and [vg,vs] is an edge of T's,
e v3 € A3, v1 € By and [vs,v1] is an edge of I's.

Then X has hyperbolic fundamental group containing a finitely presented subgroup

that is not hyperbolic.
We will give the proof of this theorem in several stages.
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1. Terminology relating to the complex X.
2. Define a Morse function X — R, where X is the universal cover of X.

3. Examine the ascending and descending links of the Morse function to see that

71(X) has a finitely presented subgroup which is not of type Fj.

4. Prove that X is hyperbolic.

5.1 The complex X

Proof. By hypotheses, a vertex (v, vq,v3) is in X if one of the following conditions

holds,
e v; € A; for all 4,
e v; € B;_; for all 7,
e v € Ay, vy € By and [vq, 1] is an edge of I'y,
e Uy € Ay, v3 € By and [vq, v3] is an edge of Ty,
e v3 € A3,v1 € By and [v3, vy] is an edge of I's.

We say that a vertex is of type 1 if it satisfies either of the first two conditions
and of type 2 otherwise. We include a cube in X if all the vertices defining it are in
X.

Putting an orientation on each edge of K;; by orienting it from Af to B; ifs=t
and orienting it towards A otherwise. Cubulate S* with one vertex and one oriented
edge. We define a map h; : K;; — S' by mapping open edges homeomorphically to

the open edge of S* respecting orientation, and extend this to a map

h: K3 X K91 X K395 — Sl,
h(x,y,z) = h’l(x) + h2(3/> + hg(Z).

Restricting to X, we get a map f : X — S!. Lifting to universal covers we get a

Morse function f : X — R which is f,-equivariant.
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5.2 The ascending and descending links of f

We first examine the links of vertices and prove that X is a non-positively curved

cube complex. We will then move on to looking at the ascending and descending

links.

Notation 5.2.1. For a vertex v in I';, let N, be the set of vertices adjacent to v in

I;.

5.2.1 A type 1 vertex

Let v = (v1,v9,v3) be a vertex of type 1. We will consider the case where v; €
A;, the other case (where v; € B;_1) being similar. Consider adjacent vertices in
K3 x Ky x Kjy that are of the form (v}, v, v3), (v1,v),v3) and (vq,ve,v5) where

vi € B;_1. These vertices are in X under the following conditions:
e (v}, vy,v3) is in the complex if [v], v3] is an edge of T's.
e (v1,v),v3) is in the complex if [v}, v1] is an edge of T';.
o (v1,v9,v4) is in the complex if [v}, v5] is an edge of T's.

Thus Lk(v, X)©® = N,, UN,, UN,,.

We now look at which edges will be in Lk(v, X). There is an edge between the ver-
tices corresponding to (vq, ve, v4) and (v, vh, v3) if the vertex (vq, v, v4) is in the com-
plex, since this will mean that the edges [(v1, va, v3), (v1, V5, v3)] and [(v1, v, v3), (V1, V2, V5)]
are adjacent on a square. The vertex (v, vh, v}) is in the complex if [vq, v] is an edge
of I'; which is the case above. Thus Lk(v, X)) = (N,, * N,, * N,,). To under-
stand the 2-skeleton we check which cubes are in X. This corresponds to checking
vertices of the form (v}, v}, v}), we can see that v, € B;_; so this vertex is always in
the complex. We conclude that Lk(v, X) = N,, * N,, * N,,.

We now examine the ascending and descending links of v. We will examine the
case of the ascending link, the descending link being similar.

Lk+(v, X) will consist of the full subcomplex of Lk(v, X) corresponding to edges
in the graphs Kj;; oriented away from A;. This is the join of three sets @Q,,, Q., and
Qu, where Q,, C N, is the subset consisting of those edges in K;; oriented away from
A;.
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The ascending and descending links will all be simply connected as the join of
three discrete sets. For a vertex v; € I';, let Q,, C N,, be the subset consisting
of those edges in K;; oriented away from v; and O,, C N,, be those edges oriented
towards v;. There is a vertex where at least one of @),, and O,, contains at least 2
points. If this is not the case then every vertex has exactly one edge oriented towards
it and one away. Since the subgraphs I'(A® U B*) are connected they would have to
be segments meaning that I' is a copy of S? * S° which contains a loop of length 4.
Thus there is a vertex v such that at least one of Lky(v, X) or Lk (v, X) has non-zero

second homology.

5.2.2 A type 2 vertex

Now examine the link of a type 2 vertex. We will look at a vertex v = (vy,vq, v3),
where v; € Aj,v9 € By,v3 € Az and [v1, 1] is an edge of I';. All other cases are
similar.

We start by considering adjacent vertices which will correspond to the 0-skeleton of
Lk(v, X). We can see that the possible adjacent vertices are of the form (v}, vq, v3), (v1, V5, v3)
or (v1,vq,v4). All vertices of the form (vy, v}, vs) are in X as these are type 1 vertices.
Also vertices of the form (vq,wv9,v4) are in X as [vy,vo] is an edge of I'y. Vertices
of the form (v],vs,v3) are in the complex if [v],v3] is an edge of I's. Therefore,
Lk(v, X)® = Ay 1 ByU N,,.

We now consider which squares are in the complex X which will enable us to

compute Lk(v, X)), We will do the three cases individually.

1. There is an edge between vertices corresponding to (v, vh, v3) and (vy, v, v}) if
the vertex (vy,v5,v4) is in the cube complex. We can see that v; € Ay, v} €
Ay, vl € By, which means this vertex is in the cube complex if [v5, v4] is an edge

of FQ.

2. There is an edge between vertices corresponding to (v, ve,v3) and (vy, va, v4) if
the vertex (v}, ve,v}) is in the cube complex. We can see that v} € Bs, vy €

By, v§ € By, therefore this is a type 1 vertex and is always in the cube complex.

3. Similarly, there is an edge between vertices corresponding to (v}, vq,v3) and

(v1,vh,v3) if the vertex (v},vh,v3) is in the complex. We can see that v] €
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Figure 5.1: The link of each vertex and each edge of X. v; € A; and v, € B;_y. The
bold edges are I'-edges.

Bs, v, € Ay,v3 € Az. So the vertex (v}, vh,v3) is in the complex if [v], v3] is an
y Uy ; 1, V2 1

edge of I's, which is the case if (v}, vs,v3) is in the complex.

Putting all of this together the 1-skeleton of Lk(v, X)) is the 1-skeleton of 'y x N,,.
To ensure the complex is flag we must consider the cubes in X. Three vertices
(v}, va,v3), (v1, V5, v3), (v1, v2,v4) which are pairwise adjacent in the link span a tri-
angle if (v}, v),v%) is in X. We can see that v| € Bs,v), € A, v; € By and this
is in the complex as long as [v), v4] is an edge of T'y, which is always the case, as
(v1, vh,v3), (v1,ve,v}) are adjacent in the link. This shows that Lk(v, X) = T’y * N,,.
The ascending link of v is the full subcomplex spanned by those edges which are
oriented away from v this is the join of @),, with the full subgraph of I'; spanned by
A®* U B for some s,t € {—,+}. This is simply connected since I'y is sizeable. For

convenience of the reader we have depicted the link of each vertex in Figure [5.1
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5.3 Proof that X is hyperbolic

To prove that X is hyperbolic we use a similar argument to that of Section

Recall, that a subset D of X intersects E? transversally at a point p if there is an
€ > 0 such that N.(p) " D NE? = {p}.

In each 3-cube there are six type 2 vertices and two type 1 vertices. Between
vertices of type 2 there are two types of edge, which can be determined by their link
which is either T'; or a complete bipartite graph. This is shown in Figure [5.1 We will
be concerned with those edges which have link I';, which we will refer to as I'-edges.
Let C be the union of all I'-edges. In a 3-cube the I'-edges have the same arrangement
as the edges of L from Figure . We will prove that there cannot be an isometrically
embedded flat plane. Firstly we will show that any flat plane would have a transverse
intersection with C' and we will see that around such a transverse point the angle
sum must be at least 3.

Assume that i : E2 — X is an isometric embedding. It is not contained in the 1-
skeleton so there is a cube ¢ where the intersection is 2 dimensional. If i(E?)NenC = 0,
then we have intersected ¢ in a neighbourhood of a type 1 vertex. We can develop
this plane into cubes meeting at this type 1 vertex. If we develop the flat plane we
see that it will intersect a I'-edge in one of these cubes. This situation is shown in
Figure 4.4 where the bold edges are I'-edges.

We have reduced to the case i(E?) Ne¢N C # (. From the intersection pattern
pictured in Figure the plane must intersect a I'-edge in 1 point.

If the intersection point is in the interior of an edge, then we can see that it is a
transverse intersection by taking a ball of radius less than the distance to either end
point x.

If the intersection point with the I'-edge is a vertex v, then we must prove that it
intersects all I'-edges at this vertex transversally. Since ¢ was an isometric embedding,
if we do not intersect all I'-edges at v transversally, then there is a I'-edge €’ entirely
contained in i(IE?). However, there is a cube e sharing a face with ¢ in which this
edge €' is contained. Thus i(E?) will contain a polygonal subset in ¢ and a T-edge ¢’
in e. Considering ¢ U e as a subset of E* we can see that the I'-edge is not contained
in the plane defined by the polygon in ¢. Therefore, the plane could not have been

isometrically embedded.
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We conclude that there is a transverse intersection point with C. Examining the
angle sum around such a point will give the desired result.

Firstly, we will study the case where the intersection is in the interior of an edge e.
The plane will intersect several cubes in various polygonal subsets each contributing
an angle. Since we assumed that the plane was isometrically embedded these angles
must sum to 2r. We can see that two such polygons joined along an edge corresponds
to two cubes which share a face meeting along e, the angle contribution from these
two polygons is 7. To get an angle sum of 27 we must therefore have four cubes
meeting around e but the link of e in X is I'; which contains no cycles of length less
than 6.

If the transverse intersection point z is the endpoint of the edge e we will proceed
similarly. We will assume that the link of e is I';. An angle sum of 7 will correspond
to the intersection of a half plane with 4 unit cubes in E3. We can define a map
Lk(z,X) ~ Lk(z,C) — T;. This map is the corresponding map on links from the
projection of a cube to a face. We see that an angle sum of 7 corresponds to a segment
of length 2 in I'y, so an angle sum of 27 corresponds to a circuit of length 4. However,
I'; has no loops of length < 6.

Therefore, there are no isometrically embedded flat planes in X and m;(X) is

hyperbolic. O]

5.4 FEuler characteristics

We once again have an infinite family of CAT(0) spaces, each having hyperbolic
fundamental group. We prove that there are infinitely many non-isomorphic groups
in this family by calculating the Euler characteristic of the spaces in terms of the
sizeable graphs I';, 'y and I's. We would like to improve this result to show that the

groups are not commensurable. This work is ongoing.

Proposition 5.4.1. Let I'y,I's and I's be sizeable graphs, such that I'; has vertices
divided into A; U B; as in Definition [5.0. 1 also let E; be the edge set of I';. We will

denote a; = |A;|,b; = |B;| and e; = |E;|. The Euler characteristic of the cube complex
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X = X(Fl,rg,rg) 18

a1ao0s + blbgbg + ajes + aseq + as€s3 + 5261 + 6362 + b1€3
+ e1e2a3 + €1a9€3 + a1e9e3 + 616263 + 61b263 + b16263
— aiages — ajeaaz — €1aza3 — bibyes — bieabs — e1babs

— €1€9 — €9€3 — €1€3 — a1€2b3 — €1b2a3 — 61&263 — €1€2€3.

Proof. We examine the links of vertices. Vertices, edges and 2-cells in Lk(v, X)
correspond to edges, squares and cubes adjacent to v in X. Since each edge is adjacent
to two vertices, each square is adjacent to four vertices and each cube is adjacent to
eight vertices. The Euler characteristic can be computed by knowing the number of
0, 1 and 2-cells in the link of each vertex.

We start by examining the 8 types of vertices and their links. A vertex v in X is
of the form (vq, vy, v3); the 8 types correspond to v; being in A; or B;_;. We will use

N,, to denote the neighbours of v; in the sizeable graph I'; or I';_; and n; = N,,.

(v1, 9, v3) Link of vertex 0-cells in link 1-cells in link 2-cells in link
Ay X Ay X As Ny, * Ny, * Ny nq +n2+n3  ning + ning + nang N1MaN3
A} x Ay X By I3 * N, as + bs + ny es + ni(as + b3) esny
A} X By x As [y % Ny, ag + by 4+ n3 ey + nz(ag + by) eans
Al X B1 X By Fg * ]\fv3 as + bg + N3 es + 7’Lg((l3 + bg) €e3ns
B3 x Ay x Az ['y % Ny, a; + by +no e1 + na(ar + by) €19
By x Ay X By [y * Ny, a; +b +ny er + ni(a; + by) ein
By x By x As [y * N, as + by + no e + nao(ag + by) €9Mo
B3 x By X By Ny * Ny, * Ny, nqp+no+n3  ning + ning + nang N1NaN3

Summing over the appropriate sets gives the desired result. We go through the
first 2 cases in detail.

The number of 0-cells in the links of all vertices which are in A; x Ay x Az is

Z Z Z (n1 4+ ng2 +n3) = (m1az Z n3) + (a1as Z ns2) + (asas Z ni),

V1 €A vo€Ag v3E A3 v3€A3 v9EAg v1E€A,

since each edge of I'; has one end point in A; we can see that this is equal to
aiases + ajesas + ejasas.

The number of 1-cells in the links of all vertices which are in A; x Ay X Az is

Z Z Z (TLlTLQ + nins + ngng),

V1 €A1 V2 €A2 V3 €A3
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once again we can expand this. Using the fact that I'; is bipartite, this is equal to
e162a3 + ejases + ajeses.

Finally, the number of 2-cells in the links of all vertices which are in A; x Ay x As

E E E n1MoNg — €1€2€3.

v1E€A] v2€A v3EA3

is

We get similar results for the vertices in By X By X Bs.
For vertices in Ay x Ay X By we get the following. The number of 0-cells across
all such vertices is
Z Z (n1 + as + bg) = aie2a3 + a162b3 + e1es.
v1E€A]L [v2,v3]EE>
The number of 1-cells across all such vertices is
Z Z (e3 + ni(ag + b3)) = arezes + ereza3 + eqebs.
v1E€A]L [v2,v3]EF>
The number of 2-cells across all such vertices is
Z Z €371 =— €1€2€3.
v1E€A] [v2,v3]€E>

Repeating this for the other vertices gives the desired result. O]

Using the construction detailed in Proposition with |AT| = |BT| = 2 and
|A=| = |B~| = 1 we can create sizeable graphs where a; = 4p = b; and e; = 16p for
all primes p > 5. The Euler characteristic of X in these examples is —64p*(p+6) and
as such we have an infinite family of non-isomorphic hyperbolic groups each having

a finitely presented subgroup not of type Fj.

5.5 A small example of a sizeable graph

Finally we present both a process for constructing sizeable graphs and show how
we can distinguish the complexes constructed in this section from those constructed
previously.

A sizeable graph was constructed in [27]. We can construct many examples using
the procedure for hyperbolising 2-dimensional right angled Artin groups detailed in
Section 411
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Proposition 5.5.1. Let A and B be sets with partitions A = AT U A~ and B =
Bt U B~ where A=, B~ are non-empty and |AY|,|BT| > 1. Let T’ be the complete
bipartite graph on A and B. Let Ar be the associated right angled Artin group, Ky
the classifying space from[2.2.6] and Ry the branched covering constructed in Section
[4-1 Letv € Rr be a vertez mapping to (0,0). Then Lk(v, Rr) is sizeable.

Proof. The link of a vertex is a cover A of the graph A. A is the complete bipartite
graph on sets A’ = AU{ap} and B’ = BU{by}. Define A" = AT and A~ = A’ AT,
defining B'T and B’~ similarly.

The graph A has the following properties. It is bipartite as it is the cover of
a bipartite graph and it has no cycles of length 4 since the branching process was
designed to remove these. To check the last property we let A% be the set of vertices
mapping to A" C A and Az the complement of these in the bipartite structure. We
define B and By similarly.

We must prove that K(ASKU BY) is connected. A(A”, B") can be covered by finitely
many loops ¢y, ¢a, ... of length 4 such that ¢, 11 NU™ ¢, # 0 for all m. When taking
the branched cover each c¢; has connected preimage and the intersection will still be

non empty so the resulting union will be connected. O]

Lastly, we consider one specific construction of a sizeable graph. This allows us

to distinguish the complexes constructed from those in [27] and [§].

Definition 5.5.2. We define A to be the graph defined as follows.
The vertices of A are split into 4 sets Ay = {a1,...,a9}, By = {b1,...,bo},Cpr =
{c1,...c10}, Dy = {d1,...,do}. The edges of A are depicted in Figure .

Proposition 5.5.3. A is a sizeable graph.

Proof. A is clearly bipartite on A = Ay U Dy and B = By, U Cy. We can also see
from Figure |5.2| that A(Sy U T)y) is connected for S € {A, D} and T € {B,C}. It is
in fact contractible.

Finally we check that there are no loops of length 4 in A. There are 5 possibilities
for a loop of length 4. These are:

1. a;, bj, ag, C
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Ca

aq b1 a9 bQ as b3 ay b4 as

o0 0 0 0 0 0 ¢

oo 0 0 06 0 0 ¢

bg Qg bg as b7 ay bﬁ Qg b5

ay C8 Qg Cs ag Cio Q4 Cr ar
o0 0 0 06 0 0 ¢
oo 0 ©° oo ©

C3 as Cg as C1 Cy Qs Co

d by dy by d9 by do b5 dr
o0 0 0 0 0 0 ¢
o0 0 0 0 0 0 ¢

by d¢ by d3 by ds by ds b7

co  dq €1 do C2 d3 C3 dy Cq

o0 0 ©° ® ®

® ® ® ®

dg Cg dg Cg d7 Cr d6 Cr d5

a2

Figure 5.2: A description of the edges in the graph A.
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2. a;, b5, dy, b
3. a;,cj,di, ¢
4. d;, by, dy, ¢
5. a;, b;,di, ¢

In the first case we can see that a; and a, would be adjacent in both the (A, C)
graph and the (A, B) graph. This can easily be verified to not be the case. The proof
is similar for cases 2, 3 and 4.

The final case is more tricky. Consider the set Ng(f;) = {e; : [e;, fi] € A}. This
is the set of neighbours of f; in E, where E € {A, B,C, D}. We will examine the sets

Ni(a)= | Np(b)and No(a)) = | J No(ew).
bjeNp(a;) ckENc(aq)

Ni(a;) is the set of all vertices in D that are at distance two from a; such that the
intermediate vertex is in B. N, is defined similarly. There exists a loop of length 4 if
and only if Ni(a;) N Na(a;) # 0. One can check that this is not the case. We will do
the example of a5 to illustrate this point.

Np(as) = {by,bs} and Ni(as) = {ds,ds, ds,d7}, similarly Ne(as) = {c4,co} and
Ns(as) = {ds,dy,dy,ds}. These sets are disjoint and so there is no loop of length 4

containing as. We can repeat this for the other a; to get the desired result. O

Remark 5.5.4. In this graph the subgraphs A(SyUTy) are contractible for S € {A, D}
and T € {B, C}. When we create the cube complex X from Theorem|[C] the ascending
and descending links come in two types. We have some which are contractible and

those which are the join of three discrete sets each with 2 points.

The example of Brady [8] can be seen as a special case of Theorem [B| by taking a
cage graph with 4 edges and in the proof taking ¢;2 = ¢23 = ¢31 = 5. The example of
Lodha [27] is a special case of Theorem [C] using the sizeable graph defined in [27]. In
both the cases the ascending and descending links come in two varieties either a join
of 3 discrete sets each with 2 points or the suspension of a loop of length at least 20.
We can see that Remark differentiates our complexes from those constructed
in [8,27].
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Chapter 6

Groups of type F,,_1; but not Fj,

In [6], Question 8.5 Brady asks whether there exist groups of type F,, but not F, 4
which do not contain Z?; he notes that the known examples all contain Z"~!. While
we are not able to find examples without Z?, we can drastically reduce the rank of a

free abelian subgroup as shown by the following.

Theorem E. For every positive integer n, there exists a group of type F,_1 but not

F, that contains no abelian subgroups of rank greater than [%].

Proof. For our general construction, we require 4-tuples (G;, X;, ¢, f;) for i = 1,2, 3,

where:
e (5; is a hyperbolic group,
e X, is a CAT(0) cube complex with a free cocompact G; action,
e ¢; : G; — 7 is a surjective homomorphism,
e f;is a ¢;-equivariant Morse function.

We also require that all ascending and descending links of f; are (i — 2)-connected
but at least one is not (i — 1)-connected.

The existence of such a Morse function would show by Theorem that G; has
a subgroup of type F;_1 not F;, namely ker(¢;).

Let G be a free group of rank 2, X; a 4-valent tree (the Cayley graph of G; with
respect to generators a and b), ¢; the exponent sum homomorphism with respect to
a and b, and f; the map that is linear on edges and whose restriction to the vertices

of X1 is qbl.
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Let (Ga, Xa, @9, f2) be the group, classifying space, homomorphism and Morse
function from Proposition [4.1.2]

Let (G3, X3, @3, f3) be the group, classifying space, homomorphism and Morse
function from Theorem @ in the case where each vertex in I'; has valence 4 for all j.
We could also use the examples of groups from [8},27].

An important point to note is that for ¢ = 1,2, 3, the ascending and descending
links for (Gy, X;, ¢s, f;) are isomorphic to S*1.

Now let n be an integer, let [ = | %], and let (G, Xi, ¢y, fi) be the 4-tuple with

I !
G = HG?,, X = HX3,
=1 =1

l l
G=> o3, f1=> [
=1 i=1

By Theorem the ascending and descending links of f; are *._;S? = S3~!
which is (3] — 2)-connected but not (3] — 1)-connected. If n =0 mod 3, then 3] = n,
and we define G = G;. If not, let m be the residue of n mod 3 and consider the
4-tuple (G =G X Gy, X = X) X Xopy 0 = 01+ &y, [ = fi + fm)- The ¢-equivariant
Morse function f on the cube complex X has ascending and descending links that
are all copies of S"7!. In all cases, Ker(¢) is of type F,,_; not F,, by Theorem m

The group G contains no free abelian subgroups of rank greater than [Z] since

G; as a hyperbolic group contains no copy of Z2. O
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Chapter 7

An obstruction to hyperbolisation
in dimension > 4

Our procedure for hyperbolising products of three graphs is special to dimension
three. We will now show that in higher dimensions hyperbolisation via branched
covers is not always possible.

Recall the process of taking a branched cover of X over a branching locus Y is

the following,

1. Take a finite covering X \Y of X \Y.

2. Lift the piecewise Euclidean metric locally and consider the induced path metric

on X \Y.

3. Take the metric completion X of X < Y.

Theorem F. If X is a cube complex of dimension n > 3, and there is a cubical
subcomplex isometric to T™, then no non-positively curved branched cover of X is

hyperbolic.

Brady [8] states that Bestvina proved a similar result about 7°.
We will start by looking at the case of an n-torus and this will quickly imply the
result. Let C' be a branching locus for X = T", let X ~ C' be the finite cover in the

definition of branched cover and let Y be the completion of this finite cover.

Lemma 7.0.1. Let e be an open cube contained in C of dim < n — 3 and assume
there does not exist a cube €' such thate C e C C. Let C' = C ~ e. Then there is a

cover of T™ ~\. C" whose completion is isomorphically isometric to Y .
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Proof. Within C e contained in no larger cube so each x € é has a neighbourhood
N(z) in T™ such that N(z) . C is homeomorphic to R” \ R4 Then N(x) \ C is
homotopy equivalent to a sphere of dimension at least 2, so is simply connected. This
deleted neighbourhood lifts homeomorphically to the cover and when we complete
we are just gluing back in the copy of R4¥™()  This shows that in a neighbourhood
of each point of e the branched covering map is an unramified cover. Thus we can

remove e from the branching locus without affecting X. m

This lemma allows us to assume that the branching locus is a union of cubes of

dimension n — 2.

Lemma 7.0.2. Suppose that e = ¢"2 C C has a free face €' (i.e. there is no other
cube glued to e along €') and let C" = C ~ (int(e) U e'). Then there is a cover of

T . C" whose completion is isometrically isomorphic to 'Y .

Proof. Let ¢ be a free face of e. Each point 2 € ¢ has a neighbourhood N(z) such
that N(x) \ C'is homeomorphic to R" \ R, x R"™* which is simply connected. This
deleted neighbourhood lifts to the cover, and when we take completions we are just
gluing back in the copy of Ry x R"™4. This shows that in a neighbourhood of the
free face the branched covering map is an unramified covering.

Let x be an arbitrary point in the interior of e and let v be a geodesic from z to the
free face of e. The boundary 0 of a regular neighbourhood of « in 7™ is homeomorphic
to P = 8" U (52 x [0,1]) U ST where S?! are hemispheres centered around
the end points of . Then (9~ C) ~ (S" 1 S" 1 U (52 x [0,1])) ~ . A deleted
neighbourhood of v in T™ ~ C' lifts to the cover. So, again, the branched covering
is unramified in a neighbourhood of «, which shows that we can remove e from the

branching locus. O

Lemma 7.0.3. A locally convex subcomplex of T™ of dimension n — 2 without free

faces is a disjoint union of copies of T™ 2.

Proof. The locally convex subcomplex with no free faces is a closed non-positively
curved manifold and defines a class in H,,_(7™). The link of every vertex in 7™ is
a copy of S"! triangulated as S x --- x S°. After a possible cubical subdivision we

can assume that the cubical neighbourhood of every vertex is [—1, 1]". Each copy of
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[—1,1] in this product defines a generator of the fundamental group of 7™. In the
subcomplex each vertex will have link isomorphic to S? % --- % S® = S"=3 the n — 2
copies of S° give n — 2 generators showing that this submanifold has fundamental

group Z"? and the manifold is an (n — 2)-torus. O

Proposition 7.0.4. Let b : Y — T" be a branched cover. If a component A of the
branching locus is a copy of T"2, then the restriction of b to the preimage of A is a

covering map.

Proof. A deleted neighbourhood of A in T™ is homeomorphic to 7772 x (D? \ {0})
any finite cover of this is again homeomorphic to 7772 x (D? \. {0}) and its metric
completion has the effect of adding the obvious 7772 x {0}. From this we see that

the map on the preimage of A is an unramified covering map. O

If we know that the cover is non-positively curved and the torus is locally convex,
then the fundamental group of our cover will have a Z? subgroup and will not be

hyperbolic.

Proposition 7.0.5. The preimage of C is locally conver and the cover is non-

positively curved.

Proof. Looking at a point in C' we see a neighbourhood of the form S! * D"~2 where
S1 has length 27. The preimage of this in the cover will be several disjoint copies of
St % D"=2 where the length of S' may now be greater than 27. The copy of D"~2 is
convex in S x D"2 and so the embedding of the preimage of C' is locally convex.
The link of a vertex will be copy of S % S"~3 which is a CAT(1) space, being the

join of two CAT(1) spaces. Thus the cover is non-positively curved. O

Theorem 7.0.6. If X s an n-dimensional cube complex, n > 3, which contains an
1sometric copy of n-dimensional torus as a cubical subcomplex, then no non-positively

curved branched cover of X is hyperbolic.

Proof. 1f we look at a component of the preimage of 7™, then we will have a branched
cover of T™. This will contribute a Z? subgroup to the fundamental group of the

branched covering hence this is not hyperbolic. O]
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In the case where X is the product of n > 4 graphs with no vertices of valence 1
every branched cover is CAT(0). Using the work proved earlier it is clear to see that
we can assume that the branching locus L is a union of n — 2 cubes. Let L be the
preimage of L under the branching map b. Using the above we can also see that the

map b : L—>Lisa covering map.

Lemma 7.0.7 (Brady [§], Lemma 5.4). Let K be a non-postively curved cube complex,
L C K a branching locus, and v € L a vertex. Then Lk(v, L) is a full subcomplex of
Lk(v, K).

The following propostition tells us that this means the cover will be non-positively

curved.

Proposition 7.0.8. Let K be a non-positively curved cube complex, L be a branching
locus. Let L be the preimage of L under the branched covering b : K - K. If the

map b : L—Lisan unramified covering, then K is non-positively curved.

Proof. The branched covering K is a cube complex and we must prove that the link of
each vertex is a flag complex. Let v be a vertex of K as before we have the derivative
map bry() : Lk(v, K) — Lk(b(v), K). We must first show that the complex Lk(v, K)
is simplicial. If not, there exist simplices o,7 C Lk(v,f( ) which are not equal but
have the same boundary. Since Lk(b(v), K) is a simplicial complex we can see that
bLk(v)(U) = br(w) (7).

A vertex w in o defines an edge at v in K. if b(e) ¢ L then the map Lk(e, k) —
Lk(b(e), K) is an isomorphism. Since Lk(e, K) can be identified with Lk(w, Lk(v, K)).
This implies that the map of links Lk(v, K) — Lk(b(v), K) is locally injective at
w € Lk(v, K) contradciting bri(w)(0) = bri(w) (7).

This shows that all the vertices of o is contained in L. But the map b : L L
is a covering map and hence locally injective once again contradicting the fact that
bLk(v)(U) = bLk(v) (7')

Once it is simplicial we see that the simplex in K filling the 1-skeleton of by () (o)
lifts to fill the 1-skeleton of o in Lk(v, K). O
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Chapter 8

More hyperbolic groups

One notable difficulty in creating groups that are of type F,, but not F;,,; as subgroups
of hyperbolic groups is that the cohomological dimension of the ambient hyperbolic
group is at least n + 1. There are several methods of constructing hyperbolic groups
with high dimension. However from the perspective of Morse theory, many of these
are unsuitable for our purposes: they use systolic groups [4,26], and any finitely
presented subgroup of a systolic group is systolic [35] hence of type Fi.

In what follows we construct hyperbolic groups which are the fundamental group of
high-dimensional cube complexes. We anticipate in the future that these will produce
examples of hyperbolic groups with subgroups with exotic finiteness properties.

An n-dimensional simplicial complex is pure if every point is contained in an n-
simplex. A complex is 5-large, also known as “flag no square”, if every 4-cycle has a
chord see Figure 8.1

With this required terminology we are ready to state our next construction.

Construction 8.0.1. There is an algorithm that associates to each 5-large n-partite
pure simplicial complex T' and n-tuple of integers j = (j1,...,Jn) with all j; > 1, a

non-positively curved cubed complexr X j.

I' is n-partite, and is naturally contained in a join Ay *---% A,. The cube complex

X = Xr,j is a subcomplex of the product

P

I

—
=
*
S

where B; is a discrete set with j; points.
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Figure 8.1: A depiction of the 5-large condition.

A vertex v = (vy,...,v,) of P isin the complex X if the set of vertices {v; : v; €
A;} spans a simplex of I'. P has a natural cube complex structure as a product of

graphs. We include a cube if all its defining vertices are in X.
Claim. X is non-positively curved.

Proof. Let us examine the link of a vertex v = (vy,...,v,). Let W = {v; : v; € A;},
Aw C T the simplex spanned by W and I, = {i : v; ¢ B;}. We will show that
Lk(v, X) = Lk(Aw,T") x5, B;. We first prove that these complexes are isomorphic
at the level of 1-skeleta. We are then left to prove that Lk(v, X) is flag; since the
complex Lk(Aw,T') x;c;, B; is flag this will guarantee the required isomorphism.

We want to understand which vertices v adjacent to v in P are contained in X.
A vertex v’ is adjacent to v in P if we can obtain v’ by changing one coordinate of v.
Thus a vertex in the link of v corresponds to changing one coordinate v; of v.

There are two cases:
1. Switch v; € A; to v} € B;.
2. Switch v; € B; to v} € A;.

In the first case, the vertices in W’ span a simplex Ay < Ay so the vertex v’ is in
X. In the second case, v" is in X only if WU{v}} spans a simplex of I". W U{v!} spans
a simplex if and only if v} is adjacent to every vertex of W; that is, v} € Lk(Aw,T).
In conclusion, the O-skeleton of Lk(v, X) is Lk(Aw,T)© Uie;, B;.
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Now that we have described the O-skeleton, we will describe the 1-skeleton of
the link. Two points of Lk(v,X) are connected if there is a square between the
corresponding edges in X. This results in checking whether changing both coordinates
gives another vertex of X. As such we must examine the possibilities of changing two

coordinates of v.

1. Change two A; coordinates to two B; coordinates.
2. Change one A; coordinate and one B; coordinate.

3. Change two B; coordinates to two A; coordinates.

In the first two cases the set W’ spans a simplex in I'. In the last case there is an
edge if the two new a; vertices are adjacent in I'. This shows that the 1-skeleton of
the link is isomorphic to (Lk(Aw,T) *icr, B;)W.

We must now prove that Lk(v, X) is flag. Given a set of pairwise adjacent vertices
in the link D = {wy,...wy}, let S =W U{w; € D : w; € A;}. The presence of the
cube which fills this simplex in Lk(v, X) corresponds to the existence in I' of the
simplex spanned by S. All the vertices in S ~ W are adjacent to all vertices in W
by definition, and they are also pairwise adjacent, so the vertices of S are pairwise
adjacent in T'. T is a flag complex so S spans a simplex in I" as required. Lk(v, X) is

flag and the complex is non-positively curved. O]
Theorem 8.0.2. The fundamental group of X = Xp j is hyperbolic.

Proof. We are left to prove that the universal cover X of X is hyperbolic, which by
requires us to prove that there are no flat planes in X.

We will start by assuming that there is an isometrically embedded flat plane and
then show that there is a point on the flat plane where the angle sum is greater than
27, providing a contradiction.

Let 7 : E2 — X be an isometric embedding of E?2 into the universal cover of X.
The flat plane cannot be contained in the 1-skeleton so there is a maximal dimensional
cube such that the intersection is 2-dimensional. In such a cube there is a vertex with
link *;B;.

A generalised octahedron is a join of r copies of S°.
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There is a generalised octahedron at this vertex into which this plane develops.
The union of the cubes defining this generalised octahedron form the subdivision of
a larger cube c¢. We will show that £ = i(E?) intersects the (n — 2)-skeleton of ¢
transversely in a point.

Take a point on F and take 2 non-parallel geodesics emanating from this point;
these will eventually intersect the (n —1)-skeleton of ¢ in two separate points. If these
are in different cubes of the (n — 1)-skeleton, then the sector in E spanned by the two
geodesics has an intersection with the (n — 2)-skeleton. If they are in the same cube
then the geodesic between them is contained in £ and extends to give an intersection
of E with the (n — 2)-skeleton.

Now that we have an intersection point with the (n — 2)-skeleton of ¢, we must
prove that there is a cube e of the (n — 2)-skeleton which has a unique intersection
point with E. If for some e this is not the case, then the cube e has two distinct
points of intersection with E and the geodesic between them is contained in the
plane. This geodesic extends to intersect another cube €' of dimension < n — 2 in
the (n — 2)-skeleton of c¢. If we are not a unique intersection point with ¢’ then we
can repeat the process to intersect a cube in the boundary of ¢’ which has dimension
< dim(¢), repeating if necessary we continue. This process will eventually terminate
as the dimension of the intersecting cube decreases at each stage.

So let e C ¢ be a cube in the (n — 2)-skeleton with e N E'= {p}. In the case that
the point p is in the interior of an (n — 2)-cube then it is a transverse intersection.
If this is not the case, then e can be chosen to have dimension £ < n — 2 and there
are at least 3 cubes of dimension k£ — 1 meeting around this lower dimensional cube.
These all meet at angles of 7 and so the plane can intersect at most two of these non
transversely and therefore has a transverse intersection with any others. (A vertex is

a transverse point of intersection.)

We will now show that around a transverse intersection point x the angle sum
is greater than 27 giving us the desired contradiction. If x is a vertex of this larger
cube then there are no geodesic loops of length 27 since the link of such a point is
5-large, so we are done. If the intersection is with a cube e of dimension > 0 in ¢ then
L:= Lk(z,X) = AxJy %% J, where A is the link of a cell in I corresponding to e

and J; is a discrete set and we must study the possible loops of length 27 in L.
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Given a geodesic loop of length 27 in L we can develop this into a flat plane E’ in
the CAT(0) cone Cy(L) over L (see Definition [2.1.17). Since L is a join we know by
Lemma 2.1.1§ that Cy(L) = Co(A) x Co(J1) x - -+ x Co(J;). Here, Cy(J;) is the union
of several copies of [0, 00) identifying all the 0 points. Given a flat plane in this cone
we can project to each factor; the image of this projection is either a point, a line or
a plane. Since the point of intersection p is transverse the projection of E’ to Cy(A)
must be either a line or a plane.

If the projection is a line, then there is a line in the plane E’ perpendicular to
Co(A). This would run parallel to the cube e, giving a contradiction to the transver-
sality assumption.

We have now reduced to the case that the projection is a plane. Consider two par-
allel geodesics v; and 7, in the plane E’. These project to geodesics in the projection
of the plane E’, which are still parallel as the projection is distance non-increasing.
We now have two parallel geodesics in Cy(A) so by Theorem they bound a flat
strip. This would give us a loop of length 27 in A, this cannot be the case as A is a

5-large flag complex. This completes the proof that the complex is hyperbolic. O

We would like to use this construction to construct interesting examples of hy-
perbolic groups with exotic subgroups. To do this we would like to have a Morse

function on this cube complex with nice ascending and descending links.

Theorem 8.0.3. Let I' be a pure 5-large complex and X be the cube complex con-
structed above. There is a Morse function f : X — R for which the ascending and

descending links are joins of full subcomplexes of I' with discrete sets.

Proof. We start by defining functions A;* B; — S! we then extend this to the product
in an obvious way. We define such a function by dividing the sets A; and B; into
disjoint subsets A, A7 and B;", B;. We cubulate S as {ay,a_}*{b,,b_} and we
send all the vertices in A to as and all the vertices in B} to b;. We put an orientation
on S' so that an edge from a, to b, is oriented towards b, if and only if s = ¢t. We
extend this to the product [[, A; * B; and restrict to the complex X. Lifting to
universal covers gives us our Morse function f.

We must now examine the ascending and descending links of this Morse function;

we will examine the ascending link of a vertex, the computation for the descending
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link being similar. We will examine the vertex v = (vy,...,v,). Let W = {v; :
v; € A;}, Aw be the simplex spanned by W and I, = {i : v; ¢ B;}. We know
that Lk(v, X) = LE(Aw,T') *;c;, B;. We will now consider which of the vertices of
Lk(v, X) are in the ascending link. By the orientation we put on S* Lk%o) (v, X) this

will be UL; where:
Lk(Aw,T)N A  ifv; € By,
Lk(Aw,T)YNA;  ifv; € B,
B+ if v; € A:r,
B; if v; € A;
We know from Lemma [2.4.11| that Lk (v, X') will be the full complex spanned by
Lk%o) (v, X), and this is isomorphic to the simplicial join of a full subcomplex of I' and

Li:

several discrete sets B;. ]

Corollary 8.0.4. Let I' be a pure 5-large complex. Then there is a cube complex with
hyperbolic fundamental group and a Morse function such that each of the ascending

and descending links is either contractible or a full subcomplex of T'.

Proof. Take the cube complex constructed above with B; a set with two elements and
Bl a set with one element. The ascending and descending links will either be full

2

subcomplexes of I" or be the cone over another space. O

8.0.1 Strategy for future

Unfortunately, at this time we have been unable to construct interesting examples of
5-large complexes which will give us exotic subgroups. We hope that in the near future
we will both find interesting such examples and strengthen the above construction to
allow for a weakening of the 5-large condition.

We are looking for 5-large complexes I" on vertex sets Ay, ..., A, such that the full
subcomplex spanned by the vertices in I'(sy, . .., s,) := [ [, A" has certain homological
properties for any choices of s; € {+,—} (e.g. homology in only dimension k). An-
other way to try and find such a complex is to start with the complexes I'(sq, ..., s,)
and glue them together along the full subcomplexes A7". We can do this in the case
of a graph I': examples of such graphs include the sizeable graphs constructed earlier.
We can however relax this and allow that I" be n-partite rather than bipartite. The

precise definition of such a graph is as follows.
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Definition 8.0.5. A graph I' is n-sizeable if it has an n-partite structure I' C A

-+ % A, satisfying the following conditions:
e ['is 5-large,

e and there exist partitions A; = A UA; such that ['(A7*U- - -LJAS") is connected
for all s; € {—,+}.

Given n-sizeable graphs (e.g. the 2-sizeable graphs constructed earlier), we are
able to construct more examples of hyperbolic groups with subgroups which are

finitely generated but not finitely presented.

Corollary 8.0.6. Given an n-sizeable graph I' there is a cube compler Xr with hy-
perbolic fundamental group which contains a subgroup which s finitely generated but

not finitely presentable.

Proof. Taking the above construction with B; a set with 3 vertices and B; a set with 2
vertices for i # 1. We obtain a cube complex with a Morse function that has connected
ascending and descending links. One of the ascending links is not simply connected.

From Theorem the kernel is finitely generated but not finitely presentable. []
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Part 111

A brief foray into 4-manifolds
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Chapter 9

A crash course in intersection
forms

For a closed oriented 4-manifold M the intersection form is a symmetric 2 form
Qun: Hy(M;7Z) x Hy(M;Z) — Z. Since each class in Hy(M;Z) is represented by a
surface, the image of this form can be seen as the class in Hy(M;Z) that counts (with
sign) the points of intersection between the representatives for the two homology

classes.

Lemma 9.0.1 (Scorpan [31], p.118). If N = Mi#Ms is a connected sum of My and
My of two 4-manifolds, then Qn = Qnr, ® Qs -

We will be concerned with simply connected 4-manifolds M. By the Hurewicz
isomorphism; given a simply connected 4-manifold every class in Hy(M;Z) can be
represented by a map of S? into M. Using the fact that M is simply connected
Hy(M;7Z) is a free Z-module, so the intersection form can be described by a matrix.

One invariant of intersection forms that we will use is their definiteness: recall
that Qa is positive definite if for all non-zero o € Hy(M;Z) we have Qp(a, ) > 0
and negative definite if Qp(c, ) < 0, for all a # 0. If the form is neither positive or
negative definite then it is termed indefinite.

Also recall, two 4-manifolds M, M’ are h-cobordant if there is a 5-manifold W such
that OW = M LI M'.

A theorem of Wall relates intersection forms to h-cobordisms.

Theorem 9.0.2 (Wall [32]). If M, and M,y are smooth, simply connected, closed
4-manifolds and Q) g, is isomorphic to Qug, then My is h-cobordant to Ms.
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Once we have our h-cobordism W we can arrange it so that there only 2 and
3-handles. After attaching all 2-handles, the upper boundary of the cobordism is a
submanifold along which we can cut W. If we examine the topology of the resulting

manifold we get the following corollary.

Corollary 9.0.3. If M, My are smooth, simply connected, 4-manifolds which are
h-cobordant then for some k, My#,(S* x S?) is diffeomorphic to May#4(S? x S?%).

Notation 9.0.4. The minimal number of S? x S? summands required above will be

denoted kwan (M, N).

By combining Theorem with the following theorem of Freedman we can see

that intersection forms are a very strong invariant of 4-manifolds.

Theorem 9.0.5 (Freedman [21]). If W is a h-cobordism between simply connected
4-manifolds M and N then W is homeomorphic to M x [0, 1].

Corollary 9.0.6. If M and N are smooth simply connected 4-manifolds and @y,

QN are isomorphic, then M and N are homeomorphic.

We will require three more theorems on intersection forms, the first of which allows
us to realise automorphisms of intersection forms via self diffeomorphims of certain

4-manifolds.

Theorem 9.0.7 (Wall [33]). If Qu is indefinite or has rank at most 8 then any
automorphism of Qpryszxs2 can be realised by a self diffeomorphism of M#(S* x 5?).

The exclusion of large rank definite forms in Theorem is less troublesome in
the light of the following.

Theorem 9.0.8 (Donaldson [19]). If M is a smooth, simply connected, closed 4-
manifold with Qs definite then M is homeomorphic to one of S*, mCP? or mCP-.

Finally, we would like to be able to read a description of the intersection form
from a handlebody diagram; this can be done easily in the case where there are no 1

or 3-handles.

Definition 9.0.9. Given a framed link L = (Ly, Lo, ..., L,), the linking matriz A is
the n x n-matrix given by A;; = Lk(L;, L;) for i # j, and A;; =framing of L,, where
1<4,5 <n.
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Theorem 9.0.10 (Gompf-Stipsicz [23], §4.5). If we have a closed 4-manifold with no
1 or 3-handles then the matriz for the intersection form is equal to the linking matrix

of the 2-handles.
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Chapter 10

A bound on stabilisation

Theorem G. If M and N are homeomorphic simply connected, smooth, closed /-

manifolds and Qs is indefinite or of rank at most 8 then,
< J J
Fwan(M, N) < JIQ;V}%N{M + hy + 1}

where hi is the number of i-handles in a handle decomposition of the manifold J.

If Qy is definite of rank greater than 8 then,
< 74+ h :
kWall(Ma N) = JIBAE}?(N{}LI + h3 + 17 2}
Proof. The proof will proceed in 2 steps:

1. Cancel all 1 and 3-handles using an S? x S? for each one. The resulting manifold

will have a handle decomposition with only 2-handles.

2. Theorem[9.0.10|describes the intersection form of this manifold. Adding another

S? x S§% summand we can assume that this form is indefinite. We then apply

Theorem [9.0.7]

Now we move onto the application of Kirby calculus and handle sliding to bound-
ing the constant as above.

A presentation of the fundamental group of a manifold is determined by the 1-
and 2-handles; each 1-handle corresponds to a generator and the (homotopy class of
the) attaching map of a 2-handle gives a relator (cf. |23, p.149]).

The presentation for the fundamental group can be changed by adding cancelling

handle pairs and sliding handles in the following ways.
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/-

Figure 10.1: Conjugating a relator.
0 0

Figure 10.2: A Kirby diagram for S? x S2.

1. Adding a cancelling 1 and 2-handle pair (cf. |23} p.146]) corresponds to adding

a generator and a relator killing it.

2. Adding a cancelling 2 and 3-handle pair (cf. |23, p.147]) corresponds to adding

a trivial relator to the presentation.

3. Sliding the 2-handle corresponding to r; over the 2-handle corresponding to

replaces r; with ryrs.

4. Sliding the 1-handle corresponding to x; over the 1-handle corresponding to x5

replaces every instance of x; with x5 in the relations.

5. We can conjugate relators by generators by sliding 2-handles through 1-handles
as in Figure [10.1]

We now proceed with Step 1 showing how to cancel any chosen 1-handle using an
S? x S? summand.

When taking the connected sum with S? x S? we just add Figure into the
Kirby diagram for our manifold. We then slide the left-hand handle of this figure until
it intersects our chosen 1-handle in 1 point, up to homotopy. If we wish to cancel this

1-handle we need to make sure that it intersects it in one point, up to isotopy. To do
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Figure 10.3: Sliding a copy of S? x S? to cancel a 1-handle.

this we use the right-hand 2-handle in Figure to make sure that the intersection
is a single point, up to isotopy. The issue is that the left-hand circle could be knotted
with itself to rectify this we can use the right-hand circle to switch any overcrossing
or this not into an undercrossing. This will eventually turn the knot into the unknot
and we can make the intersection a single point isotopically. We will then be in the
situation depicted in the top right of Figure [10.3] Our chosen 1-handle is the dotted
circle in the picture, the handle with framing [ is the left-hand 2-handle and the far
right-hand 2-handle is the right-hand 2-handle from Figure [10.2l We also show in
Figure how to rectify this so as to cancel the 1-handle.

We repeat the process from the preceding paragraph until there are no 1-handles

in the Kirby diagram. We then consider a dual diagram where k-handles are switched
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with (4 — k)-handles. This diagram will have only 0, 1,2 and 4-handles. We use the
same technique to cancel the 1 handles in this new diagram. We are now left with
a manifold which has no 1 or 3-handles. We can stabilise with one more S? x S?
summand then we can proceed with step 2.

We have seen that we require one summand to get rid of each 1-handle and each
3-handle and so we have shown kw. < Jrilj\%v{hf + hy +1}.

In the definite case, if there are no 1 or 3-handles, then we take a connected sum
with S§2 x S? first thus making the form indefinite. We are now left with a manifold
which has no 1 or 3-handles and indefinite intersection form. We can stabilise with

one more S? x S$? summand then we can proceed with step 2. O

This theorem can be made better in the case where the manifolds in question are

the doubles of certain compact 4-manifolds.

Theorem 10.0.1. If M and N are the doubles of smooth, compact, simply connected
4-manifolds with just 1 and 2-handles, then

< 7
kWall(Mu N) ~ JIEJ\E/%[::(N{hl 1}

Corollary 10.0.2. If M is the double of a smooth, compact, contractible, 4-manifold
with just 1 and 2-handles then M#kS? x S? = k(S? x S?) where k = h{ — 1.

Proof of Theorem [10.0.1. We proceed as before cancelling a chosen 1-handle with a
copy of S? x S2. We will then be in the situation at the end of Figure , however,
each 2-handle now has a dual 2-handle so we proceed as in Figure to cancel a
3-handle.

Once we have cancelled all but one 1-handle and one 3-handle, we use the dual
2-handles to move all but two 2-handles away from this 1-handle. This will allow us
to see our new 4-manifold as the connected sum of a Mazur manifold [2] and some
2-sphere bundles. It was proved in [2] that Mazur manifolds are diffeomorphic to S*
and so we are left with a connected sum of 2-sphere bundles.

Once we have done this for both manifolds M and N we will be left with the same
number of twisted and untwisted 2-sphere bundles in each case since they have the
same intersection form. They will then be diffeomorphic.

This is how the bound of JIEIAE}XN{hi] — 1} can be realised. [
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Figure 10.4: Sliding the extra 2-handle to cancel a 3-handle.

Question 1. Can we improve on this bound? For instance can we reduce it to 1

stabilisation?

There are relations between the work on doubles and a partial Andrews-Curtis

conjecture.

Conjecture 10.0.3 (Andrews-Curtis |3]). If we are given a balanced presentation of

the trivial group

(X1, oy Tp | Ty T)
then we can transform this to the presentation
(X1, .y xp | @1, X))
through the following moves:
1. Replace r; by ryr; fori # j,
2. replace r; by w™lr;w for some word w in the free group on x1,. .., Ty.

We could add two extra moves above:
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1. Add a new generator a and a new relator a killing it.
2. Add a new relator equal to the empty word e.

The first of these extra moves does not seem to add to the conjecture. However, the
second allows us to realise any Tietze transformation and so the conjecture becomes

true. Ideally we would like to be able to minimise the use of this move.

Question 2. If we allow this extra move can we restrict ourselves to a single use?

98



Bibliography

1]

[5]

I. Agol. The virtual Haken conjecture. Documenta Mathematica, 18:1045-1087,
2013. With an appendix by Agol, Daniel Groves, and Jason Manning.

S. Akbulut and R. Kirby. Mazur manifolds. The Michigan Mathematical Journal,
26(3):259-284, 1979.

J. J. Andrews and M. L. Curtis. Free Groups and Handlebodies. Proceedings of
the American Mathematical Society, 16(2):192-195, 1965.

G. Arzhantseva, M. R. Bridson, T. Januszkiewicz, 1. J. Leary, A. Minasyan,
and J. Swi@tkowski. Infinite groups with fixed point properties. Geometry &
Topology, 13(3):1229-1263, February 2009.

W. Ballmann and J. Swi@tkowski. On L%-cohomology and Property (T) for
Automorphism Groups of Polyhedral Cell Complexes. Geometric and Functional

Analysis, 7(4):615-645, August 1997.

M. Bestvina. Questions in Geometric Group Theory. available at http://www.
math.utah.edu/ bestvina/eprints/questions- updated.pdf, 2000.

M. Bestvina and N. Brady. Morse theory and finiteness properties of groups.
Inventiones Mathematicae, 129(3):445-470, 1997.

N. Brady. Branched Coverings of Cubical Complexes and Subgroups of Hyper-
bolic Groups. Journal of the London Mathematical Society, 60(2):461-480, 1999.

T Brady. Complexes of nonpositive curvature for extensions of Fy by Z. Topology

and its Applications, 63(3):267-275, 1995.

99



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

M. R. Bridson. Geodesics and curvature in metric simplicial complexes. In Group
theory from a geometrical viewpoint. World Scientific Pub Co Inc, Singapore;

Teaneck, NJ, 1991.

M. R. Bridson. On the existence of flat planes in spaces of nonpositive curva-
ture. Proceedings of the American Mathematical Society, 123(1):223-223, Jan-
uary 1995.

M. R. Bridson and A. Haefliger. Metric spaces of non-positive curvature, volume
319 of Grundlehren der Mathematischen Wissenschaften [Fundamental Princi-
ples of Mathematical Sciences/. Springer-Verlag, Berlin, 1999.

M. R. Bridson and M. Lustig. CAT(0) structures for free-by-cyclic groups. Un-
published, 1997.

K. S. Brown. Cohomology of Groups, volume 87 of Graduate Texts in Mathe-
matics. Springer New York, New York, NY, 1982.

M. Burger and S. Mozes. Lattices in product of trees. Publications Mathmatiques

de UInstitut des Hautes tudes Scientifiques, 92(1):151-194, December 2000.

J. Button and R. Kropholler. Non Hyperbolic Free-By-Cyclic and One-Relator
Groups. arXiw:1503.01989 [math/, 2015.

K. Bux and C. Gonzalez. The Bestvina-Brady Construction Revisited: Geomet-
ric Computation of Y-invariants for Right-Angled Artin Groups. Journal of the
London Mathematical Society, 60(03):793-801, December 1999.

M. Culler. Finite groups of outer automorphisms of a free group. Contributions

to group theory, 33:197-203, 1984.

S. K. Donaldson. An application of gauge theory to four-dimensional topology.

J. Diff. Geom., 18(2):279-315, 1983.

D. B. A. Epstein. Word processing in groups. Jones and Bartlett Publishers,
Boston, 1992.

100



[21]

22]

[27]

28]

[29]

[30]

[31]

[32]

M. H. Freedman. The topology of four-dimensional manifolds. Journal of Dif-
ferential Geometry, 17(3):357-453, 1982.

S. M. Gersten and H. B. Short. Small cancellation theory and automatic groups.

Inventiones mathematicae, 102(1):305-334, December 1990.
R. Gompf and A. Stipsicz. 4-manifolds and Kirby Calculus. AMS., 1999.

M. Gromov. Hyperbolic Groups. In S. S. Chern, 1. Kaplansky, C. C. Moore,
I. M. Singer, and S. M. Gersten, editors, Essays in Group Theory, volume 8,
pages 75-263. Springer New York, 1987.

F. Haglund and D. T. Wise. Special cube complexes. Geometric and Functional

Analysis, 17(5):1551-1620, 2008.

T. Januszkiewicz and J. Swi@tkowski. Simplicial nonpositive curvature. Publi-
cations Mathmatiques de 'Institut des Hautes tudes Scientifiques, 104(1):1-85,
2006.

Y. Lodha. Finiteness properties and subgroups of hyperbolic groups.
arXiv:1403.6716 [math/, 2014.

J. Meier, H. Meinert, and L. Van Wyk. The Ys-invariants for graph products of
indicable groups. Topology and its Applications, 99(1):41-65, November 1999.

G.A. Niblo and L.D. Reeves. The geometry of cube complexes and the complexity
of their fundamental groups. Topology, 37(3):621-633, May 1998.

A. Piggott, K. Ruane, and G. Walsh. The automorphism group of the free group
of rank 2 is a CAT(0) group. Michigan Mathematical Journal, 59(2):297-302,
2010.

A. Scorpan. The wild world of 4-manifolds. American Mathematical Society,
Providence, R.I, 2005.

C. T. C. Wall. Diffeomorphisms of 4-Manifolds. Journal of the London Mathe-
matical Society, 39(1):131-140, 1964.

101



[33] C. T. C. Wall. On Simply Connected 4 Manifolds. Journal of the London
Mathematical Society, 39(1):141-149, 1964.

[34] D. T. Wise. The Structure of Groups with a Quasiconvex Hierarchy. 2011.

[35] G. Zadnik. Finitely presented subgroups of systolic groups are systolic.
arXiw:1307.3839 [math/, 2013.

102



Appendices

103



Appendix A

Computing Presentations for
Branched Covers

This is like being in a house built
by a child using nothing but a
hatchet and a picture of a house.

XKCD 1513: Code Quality

A.1 Theoretical Computations

The process of taking a branched cover has a drastic effect on the fundamental group.
For instance, there are branched covers of T which have hyperbolic fundamental
groups in stark contrast to the free abelian fundamental groups of unramified covers
of T3.

In this section we are going to give a method for computing the fundamental group
of a branched cover. The process, while not simple, can be effectively computed in
certain cases. We have written a GAP program to compute the presentations of the
fundamental group of certain branched covers constructed in this thesis.

Recall that by taking a branched covering of K over L we mean the following

process.

1. Take a finite covering K . L of K \ L.

2. Lift the piecewise Euclidean metric locally and consider the induced path metric

on K \ L.
3. Take the metric completion X of K ~ L.
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Also recall there is a natural length-preserving map b: K- K.
There is a commutative diagram in the category of topological spaces for the

branched covering of K over L:

KNL—K

The first stage of computing the fundamental group is to compute the fundamental
group of K ~ L. This is possibly the hardest stage and in general there is no concrete
method. We have only done this in the special case below where some of the logistical
problems already come to light.

Once this has been computed we have a prescribed map to a finite symmetric group
S, and we are looking at the stabiliser of a point in S,,. This is the fundamental
group of K ~ L. We can use the Todd-Coxeter algorithm to compute a presentation
of this finite index subgroup.

Finally we take a completion which corresponds to gluing back the lifts of the
branching locus; this will add some extra relations. Thus, ﬂl(K ) is a quotient of
m (K N L). We examine this last step now.

By assumption K is a non-positively curved cube complex and L is a locally

convex subcomplex satisfying the conditions of Definition [2.3.1} There is an € > 0

such that N(L) = N.(L) deformation retracts onto L and the map from
T (N(L) N L) — mi(L)

is surjective. Let L be the preimage of L in K. We have the following commutative

diagram:

N(L) +—— NL)NK~NL —— K~ L

| l
(

N(L) +— N(L)Nn (K~ L) — K~ L.

K is the pushout of the bottom row and K is the pushout of the top row. We are
only left to compute the maps on fundamental groups.

We first compute the fundamental group of K by considering the relations added
by taking the pushout of
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N(L) «— N(L)NK~NL — K~ L.
Since L is finite we are adding finitely many relations ry, ..., 7,.
m(K)=m (KN L)/{r1,...,m)),

lifting these relations to K \ L corresponds to taking the intersection of ({ry,...,7,))
with 7 (K ~ L). Since each relation comes from a disc in N(L) and L is a branching

locus we can pick a disc such that the point not in L are dense. Thus

m(K) =m (K ~L)/{(r,...,r)) Nm (K < L).

While this ({r1,...,r,)) Nm (K ~ L) is finitely normally generated it is not nec-
essarily the case that it is finitely generated. We would like to be able to give a finite
list of relations for this normal subgroup.

We can consider the group (ry,...,r,) < m (K ~\ L). Note this is just a subgroup

and not a normal subgroup. We have that
(riy ooy o) N (KN L) < ({r1,...,rn)) N (KN L).

This is unlikely to be all the relations. However each other relation in

((ri,...,ra)) N (K N L)

is a different lift of an element in ({ry,...,r,)) which differs from an element of
(ri,...,rn) by a path in K ~ L. The path in K ~ L projects down to a loop in
K ~ L. These loops correspond to coset representatives Iy, ..., 1, for 7 (K ~ L) in
m (K N L).

The subgroup {((ry,...,7,)) N7 (K ~ L) is the subgroup normally generated by

Ul;1<r1, ooyl N (KN L).
i=1

Ny, o )l N (K N L) is a finite index subgroup of I, (ry, ... 7,)l; so we can
compute generators algorithmically. This gives us a way to describe a finite presen-

A

tation of m(K).

Remark A.1.1. The above process is an application of the Reidemeister-Schreier The-

orermn.
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We implement this in one special case where the space K is the product of three
cage graphs.

For i = 1,2,3 let ©; be a graph with 2 vertices {0,1} and e; > 3 edges each
directed from 0 to 1. Let K = ©; x ©3 x ©3. We will compute the fundamental

group of a q¢a2q3-fold branched covering corresponding to the branching locus
L= (01 x {0} x{1}) U ({1} x ©2 x {0}) U ({0} x {1} x ©3),
where q1, ¢2, g3 are primes which satisfy

¢1 > max{es, e3},
¢z > max{eq, e3},

g3 > max{ey, e}

The particular branched covering we need is that arising in the proof of Theorem [B]

In this case the space K is a union of copies of T% and the space K \. L is a union
of copies of T° \. L. We start by computing this fundamental group. For what follows
let © = S! be cubulated with 2 vertices 0 and 1.

Proposition A.1.2. The fundamental group of

X:@3\(@x{O}x{1}>u({1}x@x{0}>u({0}x{1}x@)

1s 1somorphic to

{(a,b,c| [a,[c7",0]], b, a, c]])

At first this presentation seems surprising. There is an obvious three-fold symme-

try of

X =% (@><{0}><{1})u({1}x@x{0})u({0}x{1}x@),

which does not appear in the presentation above. However, an application of the
Hall-Witt identity shows that the third commutator relation is implied by these two,
restoring the three-fold symmetry.

We will be using the commutator convention [a,b] = a~ b~ ab.
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Figure A.1: A depiction of the space X from Proposition [A.1.2]

Proof. The space obtained by removing one copy of © is homeomorphic to ¥ x S*,
where Y is a punctured torus. We can thus view X as in Figure We cut
this space along the 4 lines shown in Figure [A.I] Each of the 4 pieces X7,..., X4
has fundamental group F3 we now need to compute the fundamental group of their

union.

Let }/1 = Xl U XQ.
(Y1) = (a1, a9, B1, Ba | an = Br, asanay ' = Bafi By ).
Let Y3 =Y, U X5,

7T1(Y3) = <041,062751762,71,72 | Q) = 51,042041OGI = 52515517
Yo = Ba, BByt = 1121 L)

Finally, X = Y3 U X, and

(X)) = (o, g, B1, Bay 11, V2, t | an = Br, avanay ' = Bafi By,
Yo = B2, BiBeBr = 12
tOéltil = ", tOégtil = ’}/2>

108



g T
VAR < N
> \7‘% &/6 v
az VA 2N
& N2
Qv >N
™ 2
/”OJ Q=M ©2

' o ‘

Figure A.2: Maps required for Proposition

The maps required to get make these computations are depicted in Figure [A.2]
We can then simplify this to

<041> g, t ’ [0427 [abt“a [0417 [t_l> 052”>
]

For i = 1,2,3 let d; = e; — 1. We can thus see that the fundamental group of
K\ Lis:

Z:l’ e 7gd17 [a” [Ck ’b ]] [b], [ai7ck”
1y---5VYdys 1§Z§d1,1§]§d271§k§d3
Ciy...,Cdy
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The relations we add from taking the union with N(L) corresponds to the com-
mutators [a;, b;], [b;, k] and [a;, ¢;] for 1 < i < dy,1 < j < dy,1 < k < d3. The

computation is completed with some code in GAP which we have included below.

A.2 Practical GAP Code

This section should start with an apology; I didn’t read that style guide yet.
#Function to find a generator of Zp X

genmodp := function(p)
local a, i;
a = 2;
1 = 2;
repeat
if RemInt(a"i, p)=1 then
a = a + 1;
i = 2;
else
i =1+ 1;
fi;
until i > ((p — 1) / 2) + 1;
return a;
end ;
#Function to produce p cycle.
cycle := function(p)
local i, j, k;
i = 2;
] = (17 2);
k := (1, 2);
repeat
joo= (i, i+1);
k :=j % k;
i =1+ 1;
until
1 = p;
return k;

end ;

#Same as above with offset

cycleoff := function(p, q)
local i, j, k;
i = 2;
jo=(a+ 1, g+ 2);
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j = (qg+1i, g+ 1+ 1);
k j * k;
i =1+ 1;

until

i = p;

return k;

end ;

#Function to find a permutation mapping a p cycle to a power
of it
genconj := function(p)
local a, m, b, t;
m := genmodp (p) ;

b :(=m+ 1;
t = (1, b);
repeat
a := RemlInt(b + m, p);

if b + m > p then

t ;== t x (b, b+m-— p);
b :=Db+m-— p;
else
t ==t % (b, b+ m);
b := b + m;
fi;
until a = 1;
return t;
end ;
#Same as above with an offset
genconjoff := function(p, q)
local a, m, b, t;
m := genmodp(p) ;
b :=m+ 1;
t := (q+ 1, b+ q);
repeat
a := RemlInt(b + m, p);

if b + m > p then
t ==t x (b+q, b4+m—p+ q);
b:=b+m— p;

else



until a = 1;
return t;
end ;

#Commutator relations

comms := function(x, y, z)
local i, x1, x2, x3, j, k, 1, comms, group;
group := FreeGroup(x + y + z);

xl = [];
x3 = [];
x2 = [];
i = 1;
if x +y + z < Size(GeneratorsOfGroup (group)) then
return 0;
else
repeat
if i < x + 1 then Add(x1,
GeneratorsOfGroup (group) [i]); 1 :=
1+ 1;
elif i < x + y + 1 then Add(x2,
GeneratorsOfGroup (group) [i]); 1 :=
1+ 1;
elif i< x+y + 2z + 1 then Add(x3,
GeneratorsOfGroup (group) [i]); 1 :=
i+ 1;
else i = i + 1;
fi;
until
i =x+y+z+ 1;
fi;
j =1
k = 1;
1 .= 1;
comms = [];
repeat

if k <y + 1 then Add(comms, Comm(x1 |
il, x2[k])); k := k + 1;

elif 1 < z + 1 then Add(comms,Comm(x1
31, 3[1])); 1= 1+ 1;

elif j < x then j := j + 1; k := 1;
= 1;

I

1

fi;
until j + k+ 1 >x+4+y + 2 4+ 1;
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if k <y + 1 then Add(comms, Comm(x2 |
k], x3[1])); k = k + 1;

elif 1 <z + 1 then | := 1+ 1; k :=
L3

fi;

until 1 = z + 1;
return comms;
end ;

#Function to find first fized point of a permutation

firstfixwl := function (perm,p)
local i, 1;
i = 1;
repeat
if i"perm = i then
return i;
else 1 = i + 1;
fi;
until
1 =p + 1;
return 0;
end;

#Image under homomorphism to splsxp2xp3

imunderhomo := function(pl,p2,p3)
local i, j, image, k;
image = [];
1 = 1;
jo=0;
repeat
if \mod(i, pl) <> 0 then
joo= (i, i+ 1) % j;
i =14+ 1;
else
jo= G+ 1,0 2) ks
1 =1+ 2;
fi;

until i = pl % p2 % p3;
Add(image, j);
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jo= 05
repeat
joo= (i, i+ 1) % j;
1 (= 1 + pl;
until i > pl % p2 x p3;
Add(image, j);

1 = 1;
io=0;
k= ();
repeat
i = firstfixwl(j, pl % p2 % p3);
repeat
if Order(k) <> p2 then j := (i, i + pl) * j;
i =1+ pl; k= (i, i + pl) * k;
else k := (); i := 1 4+ pl;
fi;

until i > pl % p2 x p3;
until firstfixwl(j, pl * p2 % p3) = 0;
Add(image, j);

i = 1;
=0
repeat
if \mod(i, pl) <> 0 then j := (i, i + pl) * ]
;01 =1 + 1;
else j := (i, i +pl) % j; i := 1 4+ pl *x p2 — pl +1;
fi;

until i + pl > pl * p2 x p3;
Add(image, j);

i = 1;
o= 0);
k= ();
repeat
i = firstfixwl (j, pl * p2 * p3);
repeat
if Order(k) <> p3 then j := (i, i + pl * p2)
x j; 1 =1+ pl = p2; k := (i, i + pl x
p2) * k;
else k := (); i := i + pl % p2;

until i > pl *x p2 % p3;
until firstfixwl(j, pl * p2 % p3) = 0;
Add(image, j);

i = 1;
o= 0
repeat
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j o= (i, i +pl *xp2) % j; i :=1 4+ 1;
until i > pl *x p2;
Add(image, j);
return image;
end ;

#Function defining the fundamental group of K minus L
groupl := function(a, b, ¢)

local i, j, k, els, G, g;

G := FreeGroup(a + b + ¢);

g = GeneratorsOfGroup (G) ;
i = 1;
j = a+ 1;
k :=a+ b+ 1;
els = [];
repeat
j = a + 1;
repeat
k :=a+ b+ 1;
repeat
Add(els, g[i]"=1 % g[j] " —1 =
glk] = glj] = g[k]"=1 * g]
i] o« glk] = g[j]"—1 = g[k
"=1 = g[jl]);
Add(els, g[j] =1 % g[k]"—1 =
gli]"=1 x g[k] * g[i] * g
il o+ gli]" =1 * g[k]"=1 * g
[i] * g[k]);
k := k+1;
until k=a + b + ¢ + 1;
j =]+ 1
until j=a + b + 1;
i =1+ 1;

until i=a + 1;
return \/(G, els);
end ;

#Homomorphism to sxszs

homol := function(group, a, b, ¢, d, e, f)
local sl1, s2, s3, pl, p2, p3, i, image, homo;
group := groupl(a, b, ¢);
sl := SymmetricGroup(d) ;
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s2 := SymmetricGroup(e) ;

s3 := SymmetricGroup (f);
image = [];
i = 1;
repeat
Add(image, cycle(d) % genconjoff(e, d)); i :=
i+ 1;
until i = a 4+ 1;
i = 1;
repeat
Add(image, cycleoff(e,d) x genconjoff(f, e+d))
;1 =1+ 1;
until i = b + 1;
i = 1;
repeat
Add(image, cycleoff(f,e+d)*genconj(d)); i :=
i+ 1;
until i = ¢ 4+ 1;
homo := GroupHomomorphismBylmages(group ,

DirectProduct (sl, s2, s3), GeneratorsOfGroup (group
), image);
return homo;
end ;

#Function to produce hyperbolic group with f2 not f3 subgroup

hypgroup := function(a, b, ¢, d, e, f)
local f1, f2, f3, s1, s2, s3, gens, rels, relations,
iso, group, stab, stabup, inters, sx, group, prim,
rt, Irt, i, commrel, j, commlen, x, y, z, relsl,

prim?2;
group := groupl(a, b, c¢);
sl := SymmetricGroup(d) ;
s2 := SymmetricGroup(e);
s3 := SymmetricGroup(f);
f1 := homol(group, a, b, ¢, d, e, f);
sx := DirectProduct(sl, s2, s3);
f2 := GroupHomomorphismByImages(sx, SymmetricGroup (dx

exf), GeneratorsOfGroup (sx), imunderhomo(d, e, f))

f3 := CompositionMapping (2, f1);

stab := Stabilizer (SymmetricGroup (d*exf), 1);
prim := Prelmage(f3, stab);
rt := RightTransversal(group, prim2);

Irt := Length(rt);
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j =1
commrel := comms(a,b,c);
commlen := Length(commrel) ;
rels = [];
repeat

j =1

repeat

Add(rels, rt[i]"—=1 % commrel[j] % rt]
i]);
=+ 1

until j = commlen + 1;

i =1+ 1;
until i = Irt + 1;
relsl := Subgroup(group, rels);
inters := Intersection (Prelmage(f3, stab), relsl);
z := PresentationSubgroupMtc (group, prim);
x := GeneratorsOfGroup (inters);
y = 1;
repeat

AddRelator (z, x[y]);

y =y + 1
until y=Length(x) + 1;
relations := Image(iso ,GeneratorsOfGroup(inters));
group := \/(gens, relations);

return group;
end ;
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