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ABSTRACT
We consider the line spectral estimation (LSE) from general
linear/nonlinear measurements obtained through a general-
ized linear model (GLM). This paper develops expectation
propagation (EP) based LSE (EPLSE) method. The proposed
method automatically estimates the model order, noise vari-
ance, and can deal with the nonlinear measurements. Numer-
ical experiments show the excellent performance of EPLSE.

Index Terms— LSE, expectation propagation, com-
pressed sensing, nonlinear measurements

1. INTRODUCTION

Line spectral estimation aiming to extract the frequencies of
a mixture of sinusoids is a fundamental problem in signal
processing fields due to its wide application arising in sonar,
communication and radar fields [1]. Classical methods in-
clude maximum likelihood (ML) [2] and subspace methods
such as multiple signal classification (MUSIC) and estima-
tion of signal parameters via rotational invariant techniques
(ESPRIT) [3]. The ML approach maximizes a nonconvex
function which has a multimodal shape with a sharp global
maximum, which requires accurate initialization. Compared
to subspace based approaches, ML performs better when the
samples is limited or the SNR is small.

Compressed sensing (CS) based approaches which exploit
the sparsity of the signal are proposed. By discretizing the fre-
quency into a number of grids to construct a dictionary ma-
trix, the original nonlinear frequency estimation problem is
transformed to be a sparse linear inverse problem [4]. Since
the frequency is continuous-valued, discretization incurs grid
mismatch [5]. As a result, off-grid methods are proposed,
which refine the grid gradually to overcome the grid mismatch
effectively [6–8].

To work directly with continuously parameterized dictio-
naries, gridless methods are proposed and can be classified
into two categories: atomic norm based [9–11] and variational
LSE (VALSE) [12] approaches. The atomic norm based ap-
proaches allow for working with an infinite, continuous dic-
tionary and are proved to recover the well separated frequen-
cies perfectly in the noiseless case. While for the VALSE, it
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treats the frequency as random variables, and it automatically
estimates the model order, the noise variance and the posterior
probability density functions (PDF) of the frequencies. As
for the computation complexity, the atomic norm based ap-
proaches involve solving a semidefinite programming (SDP),
which is usually very high. In contrast, VALSE is imple-
mented with much lower computation complexity, but per-
forming the LSE sequentially.

From the Bayesian algorithm point of view, approximate
message passing (AMP) [13] and generalized approximate
message passing (GAMP) [14] are proposed to deal with the
sparse signal recovery from linear and nonlinear measure-
ments. It is shown that both AMP and GAMP can be de-
rived from expectation propagation (EP) [15–19].By treating
the frequency and amplitudes as random variables and for-
malize the factor graph, we derive EP based LSE (EPLSE).
We adopt the Bernoulli Gaussian prior distribution to estimate
the model order. In addition, expectation maximization (EM)
is incorporated to iteratively learn both the parameters of the
prior and output distribution [20].

2. PROBLEM SETUP

Let z ∈ CM be a line spectrum signal consisting of K com-
plex sinusoids

z =

K∑
k=1

a(θk)xk, (1)

where xk is the complex amplitude of the kth frequency, θk ∈
[−π, π) is the kth frequency, and

a(θ) = [1, ejθ, · · · , ej(M−1)θ]T. (2)

The LSE undergoes a componentwise (linear or non-
linear) transform, which is described as a conditional PDF
p(y|z;ωz)

p(y|z;ωz) =

M∏
m=1

p(ym|zm;ωz), (3)

where ωz are the unknown nuisance parameters. In the fol-
lowing text, we illustrate some examples about p(y|z).



• The Line spectral signal is corrupted by the additive
white Gaussian noise and is described by

y = z+w, (4)

where w ∼ CN (w;0, σ2IM ), σ2 is the variance of the
noise.

• Quantized measurements: y = Q(z +w), where Q(·)
denotes a quantizer which maps the continuous values
into discrete numbers.

For all the listed cases, ωz refers to the variance of the noise.
Since the sparsity level K is usually unknown, the line

spectrum signal consisting of N complex sinusoids is as-
sumed [12]

z =
N∑

n=1

xna(θn) ≜ A(θ)x, (5)

where A(θ) = [a(θ1), · · · ,a(θN )] and N ≤ M . For the
complex coefficients, i.i.d. distribution is used, i.e.,

p(θ) =

N∏
n=1

p(θn), p(x;ωx) =

N∏
n=1

p(xn;ωx), (6)

where

p(xn;ωx) = (1− πn)δ(xn) + πnCN (xn;µ0, τ0), (7)

ωx = [π1, · · · , πN , µ0, τ0]
T are unknown parameters. Note

that Bernoulli Gaussian distribution can be imposed to en-
force sparsity. For the prior distribution p(θn), von Mises
distribution can be encoded. For uninformative prior, we as-
sume p(θn) = 1/(2π), ∀ n. Directly solving the ML esti-
mate of {ωx,ωz} or the MMSE estimate of {θ,x} are both
intractable. As a result, an iterative algorithm is designed.

3. EPLSE ALGORITHM

The factor graph is presented in Fig. 1 and a delta fac-
tor node δ(·) is introduced. Before derivation, the fol-
lowing notations in Table 1 are used. First, we initial-
ize mδ→z(z) = CN (z, zextA ,diag(vext

A )), mn→m(xn) ≜
CN (xn;xn→m, σ2

n→m) and mn→m(θn) ≜ VM(θn;µn→m, κn→m).
Then we briefly present the details on how to update the mes-
sages to perform line spectral estimation in Algorithm 1. For
further details, please refer to [21].

4. NUMERICAL SIMULATION

In this section, the performance of EPLSE is evaluated by per-
forming numerical simulations. In addition, EPLSE is com-
pared with VALSE [12] under different scenarios.
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Fig. 1: The whole factor graph. Here we introduce a delta
factor node δ(·), which simplifies the calculation as shown

later .

Algorithm 1 EPLSE algorithm

1: Initialize xk→m and σ2
n→m, µn→m, κk→m, zextA , vext

A .
Set the number of outer iterations To and the threshold
γ = 0.5 to determine the model order;

2: for touter = 1, · · · , Touter do
3: Update mz→δ(z).
4: for tinner = 1, · · · , Tinner do
5: Compute m̃m→n(θn).
6: Update mn→m(θn).
7: Compute m̃m→n(xn).
8: Update mn→m(xn).
9: end for

10: Compute mδ→z .
11: end for

12: Return θ̂n, x̂k, and K̂ =
N∑

n=1
1{πnew

n > γ}.

Simulation Setup: The simulation is almost the same as
[12]. For completeness, we present the details. The frequen-
cies {θ̃}Kk=1 is drawn from U(−π, π) and the minimum wrap-
around distance ∆θ of the frequencies is ∆θ = 2π/N . The
complex coefficients {x̃}Kk=1 are generated by drawing their
magnitudes from N (1, 0.2) and phases from U(−π, π). For
the additive measurement noise model (4), The SNR is de-
fined as SNR = 10 log

∥z∥2
2

E∥w∥2
2
= 10 log

∥z∥2
2

Mσ2
w

, where σ2
w de-

notes the variance of the additive noise w.
For both the EPLSE and VALSE algorithm, no prior infor-

mation about the frequencies is assumed, and we set p(θn) =
1/(2π), n = 1, · · · , N . Both EPLSE and VALSE stop at it-
eration t if ∥ẑ(t)− ẑ(t−1)∥/∥ẑ(t)∥ < 10−6 or the number of
iterations reaches 2000. For the assumed number of sinusoids
N , we set N = M .

Three performance metrics are used:

• The normalized mean squared error of signal recon-
struction: 20 log ∥ẑ−z∥2

∥z∥2
,



Table 1: Notations used for derivation

m̃δ→zm(zm) ≜ CN (zm; zextA,m, vextA,m) The message from the factor node δ

(
zm −

N∑
l=1

ej(m−1)θlxl

)
to the variable node zm

mzm→δ(zm) ≜ CN (zm; zextB,m, vextB,m) The message from the variable node zm to the factor node δ

(
zm −

N∑
l=1

ej(m−1)θlxl

)
m̃m→n(θn) ≜ VM(θn; µ̃m→n, κ̃m→n) The message from the factor node δ

(
zm −

N∑
l=1

ej(m−1)θlxl

)
to the variable node θn

m̃m→n(xn) ≜ CN (xn; x̃m→n, σ̃
2
m→n) The message from the factor node δ

(
zm −

N∑
l=1

ej(m−1)θlxl

)
to the variable node xn

mn→m(θn) ≜ VM(θn;µn→m, κn→m) The message from the variable node θn to the factor node δ

(
zm −

N∑
l=1

ej(m−1)θlxl

)
mn→m(xn) ≜ CN (xn;xn→m, σ2

n→m) The message from the variable node xn to the factor node δ

(
zm −

N∑
l=1

ej(m−1)θlxl

)
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Fig. 2: A single realization of the performance of EPLSE. Fig. 2(a), Fig. 2(b) and Fig. 2(c) correspond to the amplitude
reconstruction x̂, the sparsity λ, signal reconstruction error, respectively.

• The empirical probability of successfully estimating
the model order Pr(K̂ = K).

• The frequency estimation error 20 log ∥θ̂ − θ∥2 (dB)
averaged over the trials in which the model order is es-
timated correctly.

At first, a simple simulation is conducted to show the
recovery results of EPLSE. We set M = 21, |M| = 18
which corresponds to the incomplete data case, K = 3,
and the true frequencies and complex coefficients are θ =
[−2.1050, 1.4278, 2.4550]T and x = [1.3154 + 0.1524j,
0.6064 − 0.2788j, 0.6544 − 0.5616j]T, respectively. The
SNR is set as 10 dB. The results are shown in Fig. 2. It can
be seen that EPLSE performs well and the model order is
estimated correctly.

4.1. Performance with Number of Measurements

The performance versus the number of measurements are in-
vestigated. The number of spectral is K = 3 and SNR = 20
dB. Results are shown in Fig. 3. It can be seen that the sig-
nal reconstruction and frequency estimation error of EPLSE

is higher than that of VALSE. As for the model order proba-
bility, EPLSE is higher than VALSE.

4.2. Performance with Number of Spectra

We investigate the performance of EPLSE when the number
of spectral K is varied. We set M = 21, SNR = 20 dB. It can
be seen that EPLSE achieves almost the same performance as
VALSE in terms of signal reconstruction and frequency esti-
mation error. As for the model order estimation probability,
EPLSE performs better.

4.3. Estimation from Nonlinear (Quantized) Measure-
ments

Here we illustrate the performance of Gr-EPLSE through low
precision quantized measurements. We set N = M = 41 and
K = 3. The results are shown in Fig. 5. For one-bit quantiza-
tion, zero threshold is chosen and the amplitude information
is lost in noiseless setting, thus the debiased NMSE (dNMSE)
min
c∈C

20∥cẑ−z∥2

∥z∥2
is used instead. For multi-bit quantization, a
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Fig. 3: Results versus M averaged over 1000 MC trials. Fig. 3(a), Fig. 3(b) and Fig. 3(c) correspond to the signal
reconstruction error, frequency estimation error and model order recovery probability, respectively.
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Fig. 4: Results versus K averaged over 1000 MC trials. Fig. 4(a), Fig. 4(b) and Fig. 4(c) correspond to the signal
reconstruction error, frequency estimation error and model order recovery probability, respectively.
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Fig. 5: The NMSE versus iteration averaged over 20 MC trials. Fig. 5(a), Fig. 5(b) and Fig. 5(c) correspond to the SNR 10
dB, 20 dB and 30 dB, respectively.

uniform quantizer is chosen. The real and imaginary parts of
the measurements are quantized separately, and the dynamic
range of the quantizer is restricted to be [−3σz/

√
2, 3σz/

√
2],

where σ2
z is the variance of z. In our setting we have σ2

z ≈ K.
For 1 bit quantization, we input the noise variance to be 1 and
for multi-bit quantization, EM is used to iteratively estimate
the noise variance. Results are shown in Fig. 5. It can be seen
that EPLSE converges, and the performance improves as bit
depth or SNR increases.

5. CONCLUSION

This paper proposes EPLSE algorithm for LSE. By incorpo-
rating the Bernoulli Gaussian distribution for sparsity and EM
algorithm, EPLSE automatically estimates the model order,
noise variance. In addition, EPLSE provides the posterior
PDF of the frequencies, which is beneficial for sequential es-
timation. Numerical results demonstrate the excellent perfor-
mance of EPLSE.
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