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Abstract

Deep Neural Networks (DNNs) are revolutionizing industries, pushing the boundaries
of image and language processing. Despite their remarkable performance, we still
have little understanding of how they achieve it. Unlocking their potential and
ensuring their safe use requires exploring their inductive bias — the preferences
that guide models in selecting solutions from countless possibilities.

Another mystery lies in their dynamics. Trained via gradient descent, DNNs often
find generalizable solutions among many that could overfit. Practitioners developed
tools to control training dynamics, and a deeper understanding of dynamics helps
to interpret decisions, debug models, and impose desired constraints. However,
complex architectures, non-linear activations, and finite yet vast parameters make
analytical theories challenging.

In this thesis, we adopt a physicist’s approach — studying simpler, often solvable
models — to explore the dynamical inductive bias of DNNs, focusing on gradient
descent dynamics within a layerwise structure as the core principle. Understanding
the dynamical inductive bias through solvable models allows us to explain phenomena
such as neural collapse, scaling laws, emergence, lazy/rich regimes, and grokking
observed in practical models. Finally, we revisit the long-standing question of how
dynamics correlate with performance, offering insights for future research.

Because inductive biases are often intractable or ill-defined, we begin with a
tutorial on linear models trained with gradient descent where the inductive bias is
well formalized and understood. We diagonalize features to decouple their learning
dynamics and define three properties for each feature: quality, utilization, and
intensity. We review the linear model’s inductive bias toward features with larger
intensity and demonstrate the benign overfitting as an example of the inductive
bias. As a tutorial, we leave the formal derivation of the inductive bias to the
references and only share intuitive examples.

In the next chapter, we extend the framework (quality, utilization, and intensity)
of linear models to neural networks to quantify their feature learning — or how
the model evolves the features that better describe the data. We empirically
observe that DNNs have an inductive bias toward finding the minimum number
of features to express the data. We refer to dynamics with a strong bias as the
minimum feature (MF) regime, and its complement as the extended feature (EF)



regime. We conclude by showing that the MF regime implies neural collapse (NC)
— a collapse of last layer features into low-rank structure — and discuss how our
framework extends beyond NC.

In the third chapter, we propose the dynamical feedback principle or how the
layerwise structure amplify the dynamics under gradient descent. Using the principle,
we highlight how the dynamics of layerwise linear models (amplifying dynamics)
differs from (single layer) linear models and how it leads stage-like training where
more important features are learned in sequences. We conclude by showing that a
linear neural network (a member of layerwise linear models) or an unconstrained
feature model can explain neural collapse observed in the previous chapter.

We then examine the multilinear model — a variant of layerwise linear models
with prebuilt features — to study scaling laws, which describe how loss scales with
additional resources. We study the scaling laws of a two-layer MLP trained on the
multitask sparse parity task, where skills appear with power-law frequency and
form orthogonal functions on the dataset measure. Using the multilinear model,
which incorporates these skills as prebuilt features, we formally derive the time,
data, parameter, and compute scaling laws observed in the MLP.

Extending the multilinear model, we predict the time, data, and parameter
emergence — an abrupt change in the model’s performance on a skill — observed in a 2-
layer MLP trained on the multitask sparse parity task. We discuss stage-like training,
driven by layerwise dynamics, that leads to sequential skill learning, explaining
why our decoupled model with a fixed basis and no feature learning effectively
approximates a 2-layer MLP that learns features and lacks skill decoupling.

In Chapter 6, we explore how mitigating the amplifying dynamics of layerwise
structure can lead to the dynamics of linear models or the lazy regime. We also
examine grokking — where training accuracy saturates long before test accuracy —
as a transition from lazy to rich (non-linear) regimes. Solving a scalar-in, scalar-out
linear neural network, we identify key factors governing the lazy/rich regimes, such
as initialization scale, target scaling, and input scaling. Empirically, we show that
the lazy/rich dichotomy aligns with the EF/MF dichotomy, both reflecting the
degree of dynamical feedback among the layers. Finally, we demonstrate that
methods to initialize linear neural network in the rich regime also eliminate delayed
generalization in practical models.

In Chapter 7, we present our empirical findings within the framework examining
how learning rate, weight decay, batch normalization, and architecture influence
both amplifying dynamics and performance. While we observe a strong correlation
between amplifying dynamics — measured through the tightness of MF regime —
and performance, developing a more solvable model to understand this mechanism

is left for future work and only discuss our current speculation.
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Preliminary and linear models
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1.7 Summary . . .. v v v i it e e e e e e e e e e e e e 16

1.1 Introduction

In learning theory, the learning agent returns the hypothesis that best describes
the training data. For a less expressive model, often one hypothesis in a model best
fits the data. When multiple hypotheses of the model fit the data, however, the
learning agent’s inductive bias — preference of the learning agent — determines

the returned hypothesis.
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Overparameterized linear models and deep neural networks (DNNs) trained with
gradient descent algorithms are examples of where inductive bias plays a crucial
role in their performance. In this chapter, we introduce basic concepts in learning
theory and review the inductive bias of overparameterized linear models, especially

how it relates to the gradient descent dynamics.

1.2 Random variables

Random variables are variables with an underlying probability distribution or a

measure. A familiar example will be a Gaussian random variable:

reg(),  qa) = jz_w/ (11)

The tilde ~ means that x is a random variable with an underlying distribution q.

Transformed random variables are also random variables. For a random
variable z with underlying distribution ¢(x) and a function f, f(x) is also a random
variable with a distribution determined by the transformation of z through f.
For example, we obtain a Chi-squared random variable by squaring a Gaussian

random variable.

Linear correlation. The linear correlation between two random variables y and

z with underlying joint distribution ¢(y, z) is

W12) gy = Bato) [y2] = / yzq(y, z)dydz, (1.2)

where (-|-) the braket notation used in physics. In the thesis, we often assume y
and z are both transformed from a random variable = (i.e. y = f(z) and z = g(x)).
Then the linear correlation between y and z becomes an inner product between

two functions f and g over a measure ¢

(F(@)9(2)) () = Eqo) [ (2)g(2)] = / f(x)g(x)q(z)d, (1.3)

where ¢(z) is the underlying distribution for random variable z. We will often
discard the random variable z and the underlying distribution ¢(x) to write (f|g)

in the braket notation.
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Function space. If all random variables of interest are transformed from z ~ ¢(x)
with a measurable map (L2 integrable function), the maps form a function space
‘H: to be specific, a Hilbert space. The function space, a set of functions, has
the linear correlation as the inner product and a set of orthogonal basis functions.

For example, the Hermite polynomials,
2 dk 2
Hy(z) = (=1)ke® /2 —e7%/2) (1.4)
form the orthogonal basis [9] for a set of (L2 integrable) functions that satisfy

/OO |F(2)]? e Pdz < 0. (1.5)

—00

The underlying probability distribution ¢(z) for this function space is a Gaussian
distribution, and we can check by the inner product (Eq. (1.3)) that the Hermite

polynomials are orthogonal

o0 1 2
(H;|Hi) = /_Oo Hj(x)Hk(m)\/%eix Pda = Koy, (1.6)

where 0 is Kronecker delta. In short, any function f in the function space H
(Eq. (1.5)) can be spanned by the Hermite polynomials [Hy, Hy,- - , Hy] or

kZ:‘B g}lﬁ% (z). (1.7)

1.3 Learning theory

Learning is to guess the dataset’s target function f* that maps the inputs to the
outputs or labels. A model is trained with independent and identically distributed
(i.i.d) samples of the dataset called the training set. After training, the performance
or the similarity between the model’s learned function f and the target function

is measured by a loss.
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Dataset We define sample space X as the space of all possible inputs and assume
a probability distribution ¢ on X', making our input a random variable. Then we will
assume a target function that maps inputs to a C' dimensional vector or f* : X — R,
The output or label f*(z) becomes a random variable that depends on the input.

For example, X of MNIST will be a hypothetical set of all possible hand-written
digit images in R?8*2 ¢(z) the probability that an image z will be sampled, and
f* the function from the digit in the image into a 10 dimensional one-hot vector.

A noise-free training set is n independently identically distributed samples
of the inputs from the true distribution ¢ and their output generated by the

target function f*(z):

S {(x(l)’ f*(x(l))), . ,(:c(”),f*(m(”)))}. (1.8)

The superscript with parenthesis (e.g. () denote the i sample. For a noisy

setup, a Gaussian noise ¢ is added to the labels:

Sprain = {(zY, f* D)+ o), -, (™, (&™) + o)} (1.9)

Linear model For an input random variable x ~ ¢, we can define a p dimensional
linear model with a feature map ® : X — RP that maps inputs to a p dimensional
vector. We call the p-dimesional random variable [®;(z), ®o(z),- -, ®,(z)] the
features and each entry a feature. A linear model is a set of all linear combinations

of the features
" p
Flw) = 3 uny (). (1.10)
k=1

where w € R? are the parameters and we assumed a scalar output function f X —
R. Note that ® can be a non-linear transformation on z, and the name linear

model means linearity between the parameters and the output.
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Mean square error (MSE) loss The loss, often called the generalization loss,
measures the similarity between the learned function f and the target function

f*. In our thesis, unless explicitly specified, we will assume the mean square

error loss (MSE) [10]

£(f) = 3Bt [1F@) ~ P (@] (1.11)

Because the true distribution g(x) is inaccessible, generalization loss is approximated
by the test loss which replaces ¢(z) with i.i.d. samples unseen during training (i.e.
test set). Replacing ¢(x) with the empirical distribution from the training set gives

the empirical loss or the training loss Le,,
A LS a0y )2
Lonpl) = 5= S 1FD) = fr ()P
i=1

Gradient descent algorithm The gradient descent algorithm is a widely used
iterative algorithm to minimize the training loss by updating the parameters along
the direction of the gradient of the loss. A continuous update is called the gradient

flow (GF) and the dynamic equation for a parameter wy is

dwk dﬁemp
= — 1.12

where 7 is a learning rate and L., is the (empirical) training loss.

1.4 Additional preliminaries

Hilbert-Schmidt operator - infinite-dimensional symmetric matrix A
Gram matrix is a positive semidefinite symmetric matrix of the form AAT for a
real-valued matrix A. It maps from a finite vector space to a finite vector space.
Analogously for a function space H, we can define a Hilbert-Schmidt (integral)

operator T : H — H with the feature map ® : X — RP.

TU) = [, 3 ue)ua) ()t (113
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where ¢(z) is the underlying distribution and ®(z) is the &*® entry of ®(z). The
integral operator maps a function to a function, and in the bra-ket notation,

the integral operator T is

T =3 [04) (@] (1.14)
k=1

which explicitly shows that it takes in a function f : X — R with right ‘bra’ (|
and returns a function with the left ‘ket’ |-).
Analogous to how a symmetric real matrix is diagonalized, we can diagonalize

the integral operator by Mercer’s theorem [11]

p
T =2 pelex)(enl,  Tlew] = prer,  (exler) = Ou (1.15)
k=1

where p; is non-negative eigenvalue and e, are the orthonormal eigenfunctions.

Effective dimension A gram matrix or an integral operator may be fully ranked,
but their eigenvalues may decay fast (e.g. by a power-law). The small eigendirections
are often negligible, and researchers use various effective dimensions to measure
the number of significant dimensions. In this thesis, we will use the exponent
of entropy [12] to measure the effective dimension.

For a matrix or an operator with positive eigenvalues [py,--- ,p,], the effec-

tive dimension is

Pi Pi
D, = — 1 ) 1.1
) = iszj“<szj>> 1

Note that the effective dimension, the exponential of Shannon entropy, is d when
the eigenvalues have d equal non-zero entries. A slower decay of entries of p (in
non-increasing order of entries) generally yields a higher effective dimension than
a vector with a faster decay.

The effective dimension of a matrix (operator) can be interpreted as the number
of linearly independent vectors (functions) needed to effectively describe the matrix
(operator). This is similar in spirit to the principal component analysis (PCA) [13]

in that only the directions with significant variance are considered.
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1.5 Linear models

Despite their simplicity, linear models (often called kernel methods) can approximate
infinite-width DNNs [14, 15] and serve as tools for understanding the inductive
bias of DNNs [16, 17]. To understand the inductive bias of linear models in
GF, we need to quantify features and their metrics because a linear model is a
linear combination of features.

Here, we show that GF dynamics naturally defines orthogonal features, with
each learned at different speeds. We then define each feature’s usefulness, utilization,

and intensity to further analyze the inductive bias from the dynamics.

1.5.1 Dynamics of linear model

The dynamics equation of a linear model with feature map ® on trained with GF

(Eq. (1.12)) under MSE loss (Eq. (1.11)) is

a_ :
=T -1, (117

where the integral operator 7 : H — H is

TIf@) = [ @@ @) f(@)q(x)dz. (1.18)

The derivation of Eq. (1.17) follows by expanding f in the features and plugging
in Eq. (1.12) for all parameters

af . dwy, P dL

(@) = ijﬂ%(w’) =2 —nd—w%(x’) (1.19)
== [ U@~ ) A @gnaem) 020
= [ (fla) - f*<x>>§q>k<x>q>k<x'>q<x>dx (1.21)
Tl - £, (122

where in the second line, we used Eq. (1.11) and Eq. (1.12), and assumed infinite
datapoints so L., = L. In the last line, we used the definition of integral

operator (Eq. (1.13)).
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Using the eigenvalues pp and eigenfunctions e, the Hilbert-Schmidt opera-
tor 7, we obtain the dynamics for each (ex|f) by inner producting e, on both

sides of Eq. (1.17),

LD [ e L @hatatyin’ = = [ e T 1= ) @ate)da’ - (1.28)
= (el TIf ~ f) (1.24)
= —npel{exl ) — (el 7). (1.25)

Expanding f in the eigenfunction basis and plugging in Eq. (1.23), the function f at
time t is a sum of p independent modes that saturate faster for larger eigenvalues:
p
flo,t) = (el f7) (1 — e ep (), (1.26)
k=1
where we assumed f is a zero function at initialization. Eq. (1.26) shows that GF

decouples the dynamics of linear models into p modes, where each mode corresponds

to the evolution of (ex|f) having a saturation speed governed by py [15].

1.5.2 Eigenfunctions - orthonormalized features

The transformation between the eigenfunction basis and the feature basis is
1

where O € RP*? is an orthogonal matrix (see Appendix A.1 for derivation). Using

T) = ZOz‘j\/P_jej(Jf), O;j = @ lej) - (1.27)

Eq. (1.27), the model can be reparameterized in the eigenfunction basis

Zwkék Zﬁk\/_ek (1.28)

Note that because # = Ow, the norm of the parameters is conserved (i.e. ||0|| = ||w]]),
indicating that weighted basis [\/p1e1, \/pze2, - - \/p_pep] instead of normalized basis
le1, €2, -+, e,] must be used to represent the ‘intensity’ or norm of the features
in [®,---,P,]. See Fig. 1.1 for an illustration of why eigenvalues are necessary

when diagonalizing unnormalized, overlapping features.
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Features The diagonalized features in the descending order of the eigenvalues
[\/p1e1, \/p2ea, - - - ,\/p_pep] decouples the dynamics in GF dynamics, spans the
model’s function space H, preserves the norm of the parameters (and features), and,
unlike [®y,---,®,], is orthogonal. Thus, we will call the diagonalized features

simply the features.

R R R A e o f= 61,00
Vpier
Figure 1.1: Diagonalization of features Since the features [®, @2, -+, ®,] span a

vector space, each function ®; : X — R can be represented as a vector. The overlap
among ¥} s (non-zero linear correlation) and differing norms of ®;’s result in diagonalized

features [\/pi1e1, /p2e2, -+ ,/Pp€p) to have distinct intensities pq,--- , pp.

1.5.3 Metrics of diagonalized features

We quantify the properties of the diagonalized features [\/pre1, /pze2, - , \/p_pep]:

Intensity, quality, and utilization.

Intensity The intensity, or the eigenvalue pj, of the k™ feature measures the

projection of ® along e, in function space.
P
= (ex| T lex]) ek]Z\CD (Dler) = Z (®]er)? . (1.29)

It quantifies the feature’s significance: how often the feature (along ey) is non-zero
and how large it is when observed. For example, let ® is p-dimensional zero-mean

Gaussian random variable with

1.5 0.5

The eigenvalues of ¥ is 2 and 1, which will be p; and ps in our formalism. In a
vector representation (Fig. 1.1), the feature intensity is the norm of the feature

vector along e.
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Quality Quality of the k' feature Qj is a measure of how useful the feature
is in describing the target function or how much of the target function can be

projected onto ey:
Qi = (el /)7 /{f1117) - (1.30)

Utilization Utilization of the k*" feature Qk is a measure of the current use, or

the projection of the learned function f along ey:
N A 2 AA
Qr = (el ) /([ (1.31)

Cumulative quality and utilization To quantify the usefulness of the first
k features in describing the target/learned function, we define the cumulative

quality II; and cumulative utilization 1L

k k
P=2Qn =) Q. (1.32)
=1 =1

Note that the cumulative measures are intensity-ordered, and a target function
described by k features may not be expressed by the k£ most significant features;

we will justify the intensity-ordering in the coming chapters.

1.5.4 Approximating the metrics in practice

To calculate the eigenvalues and eigenfunctions (and thus the quality, utilization, and
intensity) for a feature map ®, we also need the true input distribution ¢, which is in
principle inaccessible. However, we can use Nystrom method [18, 10] for a sufficiently
large sample size of n to approximate the eigenfunctions and eigenvalues of interest.

The n samples of ®(z) can be represented as p x n matrix which we call
¢ € RP*" The matrix ¢ can be singular value decomposed (SVD) into U, S,V to
approximate the eigenvalues [\/p1, /P2, -+, /pp] and the orthogonal matrix O in
Eq. (1.27). The eigenvalues of 7 can be approximated by squaring the singular
values s € R? of matrix ¢, and O by the left column eigenvectors u; € RP of ¢.

The k' eigenfunction then can be approximated as

ex(z) ~ ui ®(x)/sp, (1.33)
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which can be used on any data point x beyond the sample used to obtain ¢. The

algorithm is summarized in Algorithm 1.

Algorithm 1 Empirical eigenfunctions and eigenvalues

®, Sy, (Prepare a feature map ® and n samples of input Sy,)
¢ < D(S;) (forward transform the samples into the feature space)
U,S,V < SVD(¢) (find the eigenvalues and eigenvectors via SVD)
[u1,ug, -+ - ,u,] <= U (find the column vectors of U)
for kin1,2,...,pdo

pr < s (approximate eigenvalues)

ex(r) < ul ®(x) /sy (approximate eigenfunctions)
end for

In Algorithm 1, we implicitly assumed n > p as we can only approximate up
to min(n,p) eigenfunctions and eigenvalues. In practice, the eigenvalues often
decay sufficiently rapidly that we only require precision on the first few significant
eigenfunctions.

The inner product over the true measure ¢ in calculating the quality Eq. (1.30)

and utilization Eq. (1.31) is approximated by a Riemannian sum:

@l Ura@f@@dn®  (Seoes, e @)
lexlBIIFI3 Jvex(@)?q(@)dx [y f(2)*q(x)dr  Yimes, k(D) Towes,. f(f(i))Q;
1.34

where a sample set S;. is i.i.d samples of ¢ different from those used to approximate

the eigenfunctions.

1.6 Inductive bias of overparameterized linear
models

In the infinite data scenario (Eq. (1.26)), linear models learn larger intensity features
faster. While the inductive bias does not affect the performance in infinite training
samples, it plays a crucial role in overparameterized setups (p > n) where multiple
linear combinations of the features can fit the training set. Intuitively, if two
eigenfunctions can perfectly fit the training samples, the eigenfunction with larger

intensity will fit faster and thus preferred over the smaller intensity eigenfunction.
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The preference or inductive bias toward larger features for overparameterized

linear models trained with GF and zero initialization can be explicitly calculated:

p

Ly :=Eg g {flex) S : where Pk _ (1.35)
(f*lex) | prtn =tk

The proof of Eq. (1.35) is out of the tutorial’s scope and we leave the proof to the
references on kernel regression [19, 20, 21, 16, 22, 23]. See [24] for an overview.!

The learnability L measures the inductive bias or how likely the model will learn
the signal (f*|ex) along ej (in expectation) without mistakenly fitting the training
sample with other eigenfunction. The constant  is a positive constant that satisfies
the second equation in Eq. (1.35). The larger eigenvalues pj, lead to larger learnability
Ly, showing the inductive bias toward larger features. A similar value also appears
in the analysis of Gaussian processes [10], which requires further research.

In Fig. 1.2(b), we present an example of inductive bias in which we fit the
training samples with two overparameterized models with identical eigenfunctions
but different eigenvalues (Fig. 1.2(a)). Note that two models, sharing the sample
eigenfunctions, span the same function space and differ only in their "preference".
The inductive bias toward larger features (eigenvalue), even for finite n, results in

distinct fits where more significant features are used to express the training set.

1.6.1 Benign overfitting - good inductive bias

Benign overfitting, first studied by [25], refers to the condition where a heavily
overparameterized linear model interpolates training data with noise, yet generalizes.
In Fig. 1.3(a), the learned function interpolates all noisy training datapoints, but
still closely resembles the target function with discrepancy only at sample points:
benign overfitting. We demonstrate how a good inductive bias or the alignment

between the task and the model separates the signal from the noise.

1For the connection between kernel ridgeless regression and GF, we can show that GF with
zero initialization finds the same minimum norm solution as kernel ridgeless regression. see
Appendix A.2
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10° 4 —— a=-4.0
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(a) Eigenvalues (b) Bias by the eigenvalues

Figure 1.2: Different inductive biases by the eigenvalues (intensity). Two
10-parameter linear models are trained on four data points (overparmaterized) with GF.
Both Linear models use sin basis functions such that f(z) = 10 wpk®y/2sin(2rkz) —
identical function space — but differ in the eigenvalues with o = —4 (blue) and o = 4
(orange), leading to different inductive biases. (a): The blue model has a greater intensity
pr = k2@ for lower-frequency sin functions, while the orange model shows the opposite.
(b): The model fits show that the blue model used lower-frequency functions while the
orange used higher-frequency functions to express the training samples.

Setup We prepare a p dimensional overparameterized linear model

flz) = Xij wiy/prex(T),

where only the first d out of p eigenvalues are significant. We will assume that d <

n < p such that the learnability is near 1 for k£ < d, but negligibly small for k > d:

1 - 1 —=
, k<=d { d<=n (1.36)

Pr = Ly =~
{n/(p—d), k>d (n—d)/(p—d), d>n

The model is then heavily biased toward the first d features, learning the signal
(f*lex) in these features with high probability (Eq. (1.35)).

We set up the target function so the first d features can express it:
d
frx) = wien(z) (1.37)
k=1
A Gaussian noise N (0,0) is added to the labels of the training set:

y=f"(x) + N(0,0). (1.38)
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Task-model alignment The first d features are preferred by the model with larger
Ly (Eq. (1.36)), and are also useful at expressing the target function (Eq. (1.37)).
This alignment between the feature’s intensity (model preference) and the quality
(target expressiveness) is called a task-model alignment [19, 16].

The equation for the generalization loss in [19, 20, 21, 16, 22, 23] also readily
shows that the model generalizes. However, we aim to understand how inductive

bias and dynamics play a role in the process.

Signal fitting phase In the time scale of 1 < nt < (p — d)/n, GF will initially
learn only the first d features because of the large intensity difference (Eq. (1.26)).
The learning resembles training a d-parameter linear model, capable of expressing the
target function, on n noisy samples. Because n > d, the signal (f*|e;) in the first d

features — the target function — will be learned with a high probability (Fig. 1.3(b)).

Noise fitting At a significantly later stage, all p — d eigenfunctions fit the
reminiscent noise. As seen in Fig. 1.4, a larger parameter to datapoint ratio makes
the fitted function sharper, to the point when they become delta functions on the
training datapoints. The extremely sharp function becomes the benign noise fitting
function in Fig. 1.3(c). We can intuitively understand the sharp functions from
the inductive bias toward the minimum norm solution: with more eigenfunctions,
the model becomes more expressive, and delta functions minimize the norm of
the function by concentrating variance (deviation away from y = 0) only near
the training datapoints. This phenomenon is often expressed as the spread of
the noise over many directions [25, 26].

Because the learner ‘prefers’ to see the signal of the first d eigenfunctions, the
projection of the data into these eigenfunctions are learned, which also does not
suffer from variance [16] as d < n. The leftover discrepency, which are mostly
noise if the first d eigenfunctions approximated the true function, is fitted with the

delta-like functions, which are benign on points aside from training set.
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Figure 1.3: Benign Overfitting A model with sine basis functions as e — f(z) =

0 wk\/,@\/@sin@wkx) — were used with d = 5,n = 100, p = 2000. The target function
used only the first feature: f*(z) = sin(27z). (a): After training, the learned function
interpolates all training samples but closely resembles the target function. (b): The first
d features fit the target function. (c): The latter p — d features fit the reminiscent noise
by a delta functions.
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Figure 1.4: Noise fitting function with more features 50 random labels were
sampled from a unit Gaussian for inputs z € [0, 1]. The data were fit with a uniformly
biased linear model with sine basis functions f(z) = Y-} = wysin(2rkz) for different p:
(a) 100, (b) 400, (c) 2000. As the number of features grows, the learned function becomes
sharper, to the point in which they become a benign delta-like functions.

1.6.2 Malignant overfitting - bad inductive bias

The separation between the noise and signal in benign overfitting was possible
because the preferred features (high intensity) aligned with useful features (high
quality). We demonstrate another model with a strong inductive bias but without
the alignment between intensity and quality: a model with bad inductive bias.
We use the same model with strong inductive bias (Eq. (1.36)), but the target
function now is expressed by the non-significant features
2d

ff(x) = Z wrex(z). (1.39)

k=d+1
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The alignment is lost as the model no longer prefers the useful features with
smaller intensities.

In Fig. 1.5(b), the model uses the first d features to express the training samples,
but in contrast to Fig. 1.3, the first d features fail to express the target function. The
latter p—d features, similar to Fig. 1.3(c), fits the reminiscent training loss with delta-
like functions, ignoring the signal from the target function. The mismatch between

the intensity and quality of the features leads to a malignant overfitting Fig. 1.5(a).

(a) >ohoy Wrer(w) (b) S¢_, wrer(x) (€) Xk Wrer(z)

Figure 1.5: Malignant Overfitting A model with sine basis functions as e — f(x) =

Jo wy/PrV/2sin(2rkx) — were used with d = 5,n = 100, p = 2000. The target function
used only the tenth feature: f*(z) = sin(207z). (a): After training, the learned function
interpolates all training samples but differs from the target function. (b): The first d
features resembles the learned function but differs from the target function. (c): The
latter p — d features fits with delta-like functions to interpolate the data, ignoring the
signal from the tenth feature.

1.7 Summary

In this chapter, we reviewed the concepts in linear regression and showed that
diagonalized features offer a decoupled interpretation for linear models with GF.
We quantified three metrics for analyzing the diagonalized features: intensity,
quality, and utilization.

Linear models trained with GF have an inductive bias toward higher-intensity
features, learning them first and generalizing if these features align with high-
quality features. We examined benign and malignant overfitting, where good or

bad inductive bias causes dramatic performance differences.
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2.1 Introduction

Feature learning, described by Bengio et al. [27] as "learning representations of
the data that make it easier to extract useful information when building classifiers
or other predictors.”, is recognized as the distinct chararteristic of DNNs [28,
29, 30, 31, 32, 33, 34]. Understanding feature learning — from its inductive bias

[35, 36, 16], dynamics [37, 38], to interpretation [39, 40, 41, 42] — is a popular

17
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conundrum of machine learning.

Though feature learning is widely seen as a performance-improving departure
from models with fixed features -— often defined as intermediate layer updates
[31], non-linear dynamics [43, 44], changes in kernels like NTK [45, 46, 47], NNGP
kernel [48, 49, 34], or forward feature kernel [31, 17, 50] — how the features change
remains an active area of research.

In this chapter, we define feature learning in DNN as a deviation from last-layer-
only training and quantify the features’ usefulness, utilization, and effective number
by extending the framework for linear models (Section 1.5.3). With our framework,
we visualize that generalizing models for vision tasks have an inductive bias toward

a minimum number of features and discuss how it relates to Neural Collapse (NC).

2.2 Toy example and key insights

feature map

input .
data @ QX — Rp

last layer features

Figure 2.1: A DNN decomposed into a feature map and a linear last layer
An abstract diagram depicting a DNN architecture as a combination of the forward
feature-map ® : X — RP from the dataspace X to the p inputs of the final layer, and final
linear classifier for C-way classifcation. Most DNNs share this abstract structure and
mainly vary in how they create their feature maps. Within this picture, we define feature
learning as any change to the feature map upon training, reflected in changes to the p
‘features’ compared to initialization.

As illustrated in Fig. 2.1, a DNN can be decomposed into a forward feature
map ® : X — R? that maps the input (e.g. a 28 x 28 pixel image of MNIST) to a
p-dimensional vector, and a final linear layer of finite width p. Analogous to the
setup in Chapter 1, the inputs € X are sampled from a true distribution ¢ (i.e.

x ~ q) and features are the transformation of x via ®. In contrast to the linear
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model’s fixed feature map, DNN’s feature map, which has learnable parameters,

changes during training or feature-learns.

(a) epoch: 0 (b) epoch: 10 (c) epoch: 100
—— epoch 0 epoch 10 —— epoch 100
1.0 A 1.0 1 100 A
%= 0.9 2 0.9+ g
* <$ \& 103
= 0.8 = 0.8 g
0.7 T T T 0.7 T T T 10-° T T T
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
k k k
(d) Target Projection (e) Self Projection (f) Eigenvalue

Figure 2.2: Toy model demonstrating feature learning by a DNN A 4-layer fully
connected network (FCN) with width 1000 and scalar input and output, is trained to
learn the Heaviside step function f* over the domain [—1,1]. (a): At initialization (epoch
0), the first three eigenfunctions e; (dashed) of the feature map ® are shown in order of
their eigenvalues. If ® and thus the features are fixed, about 20 features are needed to
accurately approximate the target function f* (solid grey) to an MSE loss less than 1072,
(b,c): During training with SGD, DNN learns a single feature (red) that fits both the
target and learned functions (f* and f ). (d,e,f): To quantify how the features change,
we plot the features metrics defined in Section 1.5.3 at different epochs. (d) and (e) shows
that fewer features can express the target/learned function, and (f) shows that only a few
features are significant after training.

Because all DNNs share a final linear classifier (Fig. 2.1), we use metrics of
the diagonalized features in linear models (Section 1.5.3) — defined by the DNN’s
forward feature map ® — to track the evolution of the last-layer features.

In Fig. 2.2(a—c), we plot the evolution of the first three features of a 4-layer
FCN (width 1000) trained with SGD to fit a Heaviside function. Instead of using
a linear combination of initial features, the FCN feature-learns a single feature
(eigenfunction) that sufficiently describes the target/learned function (Fig. 2.2(c)).

Because the features are often challenging to visualize for practical DNNs with
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high dimensional input, we used the feature metrics in Section 1.5.3 to visualize
the change of features in Fig. 2.2(d—f): the cumulative quality II*(k) in (d) and
cumulative utilization II(k) in (e) illustrate that fewer features can express the
target /learned function while the normalized intensity px/p; in (f) shows that fewer
features are significant after training. The chapter aims to extend the metrics in
Fig. 2.2(d-f) and demonstrate DNN’s consistent inductive bias toward a minimum

number of features (in this case 1).

2.3 Definitions and methodology

For balanced C-way classification vision tasks, the target function is no longer
a scalar but a vector function (i.e. f*(z) = [f;(z), -, f&(x)]), necessitating the
extension of the metrics in Section 1.5.3. Because the training set partitions into

equal subspace of classes A;, each entry f : X — R is
fi(z) = 14,(x) (A; = {z : z is in class i}) (2.1)

where 14, is the indicator function for partitioned subspace A; for each class. The

partition makes all entries of the target function mutually exclusive

U = [ B @S @atads = 5 (22

where the C~! on the right-hand side comes from the probability measure for
each class 7. Eq. (2.2) shows that we need at least C' orthogonal scalar functions
(thus features) to express f*.

We extend the quality and utilization in Section 1.5.3 because the features must
express all entries of vector target functions. While the intensity remains unchanged,

we extend the effective dimension for a practical reason discussed in Section 2.5.

Quality To extend the inner product (ej|f*) for vector function, we define the
target function space H*, spanned by [ff, -+, f&], and the a projection operator

Py : L*(X) — L*(X) onto this space. The quality Q; of a feature ey, is

\ o (el Prele]) & ol £
Py-g 2:: Hf ”2 ) (f719) Q. = C = ;< k)7 (2.3)
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The quality, analogous to Eq. (1.30) in Chapter 1, measures how much e, overlaps
with the C dimensional target function space H*. The cumulative measure is
defined likewise
< 2
(k) =3 Q=D {elfi)"- (2.4)
j=1 j=1i=1

The cumulative quality ranges between 0 < IT*(k) < 1 and measures how much the
first k features can express the target function. Similar quality measures have been

studied in the past to quantify feature learning. See, for exmaple, [51, 52, 16, 17].

utilization Analogously, we define the utilization for the DNN’s learned function
f X = RY. The learned function space is given by # = span{fi, -, fc} and
a projection operator Py onto the learned function space is defined analogous to
Eq. (2.3). Then utilization Q) and cumulative utilization are defined as:

(ex| Pylex])”

~ A k.o,

The cumulative utilization also ranges between 0 < II(k) < 1 with II(p) = 1. It

measures the amount of the learned function expressed by the first £ features.

Intensity and number of significant features We can reuse the definition
of intensity in Eq. (1.29). However, we adjust the effective dimension on intensity

(Eq. (1.16)) as

Desp(p) =1+ Deps([p2, -+, ppl)- (2.6)

The first intensity is treated separately because we empirically observe that the
first feature is a constant function. Since constant functions are not of interest and
can be addressed by the bias term in the final layer, we omit the contribution from

its value and add a dimension instead. See Section 2.5.1 for further discussion.
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metric  initialization after training

Desr(Q¥) 3.2 1.1
Doss(Q) 18 1.0
Deff(p) 1.6 1.2

Table 2.1: Summary of change of effective dimensions for Fig. 2.2

Effective number of useful/used features We can also measure the effective
dimension (Eq. (1.16)) of the quality vector Q* = [Q7},--- , Q5] and the utilization
vector Q = [Ql, e ,Qp] to measure the number of features that significantly
contribute in describing the target/learned function. For example, the effective

dimension measures summarize the change in the number of useful /used/significant

features in Fig. 2.2 (Table 2.1).!

Approxmiation of the metric A feature map is well-defined for a DNN and
we can use the methods described in Section 1.5.4 to approximate all metrics. We
use the large training set to approximate the eigenfunctions and eigenvalues and
the test set to approximate the inner products. As the limit of the approximation,
cumulative projection measures such as II*(k) suffer from finite size errors when
we approximate k larger than the test set size. However, we often work in the
limit wher the width of the last layer is much smaller than the number of test
samples p < nyes, and typically only the first few eigenfunctions dominate our
measures. Nevertheless, due to these finite size effects, we exercise caution and

present plots only up to k& ~ O(10%) < nyeg-

2.3.1 The minimum feature (MF) regime and the extended
feature (EF) regime

In Fig. 2.3, we train a CNN on MNIST with two dynamics: a linear dynamics with
last-layer-only training and a feature learning dynamics with full backpropagation.
The two dynamics both achieve above 95% test accuracy after training, but the

features differ. Full backpropagation dynamics used only the first 10 features

INote that this is the only case where we do not make exceptions regarding the first eigenvalue
when calculating Deys¢(p).
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1.00 H ] 1.00 A
1071
0.75 - : 0.75 -
= 0.50 = 0.50 ; <
e ! " : g€10°3 :
0.25 ~ 0.25 A
0.00 ; . 0.00 ; . 1075 ; \
10° 10! 10? 103 100 10! 10? 103 100 10! 102 103
k k k
(a) Target projection (b) Self projection (c) Eigenvalue

Figure 2.3: EF and MF regime from different dynamics A CNN with width
p = 1024 is trained on the full MNIST dataset using two dynamics: last-layer-only training
(EF regime) and default backpropagation (MF regime). Parentheses show test accuracy
and square brackets indicate the CKA-based scalar measure kog 4 from Definition 1.
Cumulative quality (Eq. (2.4)) is shown in (a), cumulative utilization (Eq. (2.5)) in (b),
and intensity (eigenvalues) in (c). Although both dynamics achieve test accuracy above
95%, two dynamics lead to dramatically different features: the MF regime concentrates
the metrics in the first 10 features, while the EF regime spreads these across all 1024
features.

(Fig. 2.3(b)) that are of high quality (Fig. 2.3(a)) and high-intensity (Fig. 2.3(c)).
The last-layer-only training used 10° features with poorer qualities and slower
decaying intensities.?

We can define two regimes to distinguish the dynamics: the minimum features
(MF) regime and an extended feature (EF) regime. For the C-way balanced
classification task, the MF regime is when only the first C' features are significant

and are used by the model, leading to

Dess(Q) = C Dess(p) = C. (2.7)

Indeed we observe D.(Q) = 10.5 and D,;f(p) = 11.19 for the backpropagated
model in Fig. 2.3.

The EF regime covers all dynamics when the number of significant or used fea-
tures deviates from C. The last-layer-only dynamics is an example with D, s f(Q) =

121 and D.fs(p) = 119. To quantify a scalar measure for the MF regime, we

first define an ideal operator Ty/p.

2The decay of intensities should be analyzed excluding the first intensity, as the first feature is
a constant function.
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Definition 1 (Minimum Projection (MP) operator). For a DNN on a balanced
C-way classification task, the integral operator T is an MP-operator Tyrp if it has
two nontrivial eigenspaces, one being the span of a constant function 1 and the
other orthogonal complement of 1 inside H, where H is C-dimensional function
space spanned by entries of the learned function f : X — RY expressed by the DNN.

This is equivalent to that Tyrp is given as
Tuplu] = a1 (1,u) 1+ axPyy(u) for allu (2.8)
where ay, ay are positive scalars, and Py denotes the orthogonal projection onto H.

Ignoring the constant function and setting a; = 0, whose discussion is deferred
to Section 2.5.1, the MP-operator is a projection operator Py onto the learned
function space #. The projection operator has C' equal eigenvalues (D.s(p) = 10)
and C (degenerate) eigenfunctions (D.z¢(Q) = 10).?

We then use centered kernel alignment (CKA) [53] — used for comparing features
of DNNs [53] and also for studying the evolution of the NTK [54, 55| — to measure

the similarity between 7 of a DNN is to an ideal operator Tysp:

. TI"(C(T)C(TMP))
CRAT Te) = e e leCrar)e (29)

where ¢(A) is centering operator (I — |1) (1|)A(L — |1) (1]), [ is identity and |1)

is the constant function 1 in L?(x), and the norm || - || is Frobenius norm. The

similarity measure Eq. (2.9) classifies the two regimes:

Definition 2 (CKA Minimum Feature Regime Measure ko4 ). For a distribution
q and a class-balanced learned function f , a DNN is in Minimum Feature (MF)
regime if koga = 1 — CKA(T, Tup) < €, where T is the feature kernel (operator)
of a DNN and Typ is the MP-operator.

Although there is some arbitrariness with the choice of €, we find that ¢ = 0.1

works well in practice (square brackets in Fig. 2.3).

3We assumed that [ fh ceey fC] are C linearly independent, which is typically true for DNN
trained on a balanced dataset.
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model dataset  Desp(p)  Desr(Q) CKA test accuracy

measure (%)
ResNet1l8  MNIST 10.1 10.0 4.4 %1073 99.7
VGG16 MNIST 10.0 10.0 1.8 x 1072 99.4
ResNet18 CIFAR10 10.4 10.0 3.1x1073 94.8
VGG16  CIFARI10 10.0 10.0 1.1 x 1073 93.3
ResNet18 CIFAR100 99.9 99.7 2.5 x 1072 78.3
VGG16  CIFAR100  95.8 99.4 7.4 %1072 71.9

Table 2.2: metrics of ResNetl8 and VGG16 trained on image datasets All
generalizing models in the table are in the MF regime (kcxa < 0.1). The models all use

A

only C features ((Derf(Q) ~ C), with only those features being significant ((Derf(p) = C).

2.4 Experiments

Here, we show empirical results of generalizing DNNs in the MF regime. We trained
VGG16 and ResNet18 on MNIST, CIFAR10, and CIFAR100 datasets. All models
are trained with SGD with momentum 0.9 and weight decay of 1073. The learning
rate is 0.05 for ResNet18 and 0.01 for VGG16. Models were trained for 200 epochs
for MNIST and CIFAR10 with learning rate scheduling that decays by a factor
of 0.2 every 60 epochs. When trained on CIFAR100, the models were trained
for 600 epochs without learning rate scheduling. CIFAR10 and CIFAR100 used
the standard data augmentation (random crops and horizontal flips), and MNIST
was padded to the size of CIFAR10 images.

In Fig. 2.4, we trained ResNet18 on CIFAR100 with only 10, 20, and 100 classes
(C). All models are in the MF regime (Section 2.3.1) where only the first C' features
are utilized (Fig. 2.4(b)) and only the first C' eigenvalues are significant (Fig. 2.4(c)).
The criteria in Definition 1 is also met for e = 0.1 (in square brackets). In addition
to the MF regime, we note that only the first C' features are significantly useful
for describing the target function (Fig. 2.4(a)).

In Table 2.2, we present the metrics for VGG16 and ResNetl8 trained on
MNIST, CIFAR10, and CIFAR100 datasets. For all studied cases, we confirm
that all models are in a clear MF regime from reading the CKA measures or the

effective dimensions of the intensity and utilization.



2. Feature learning visualization framework 26

—— 10 classes (89%), [ 1.3e-2] 20 classes (87%), [ 1.1e-2] —— 100 classes (78%), [ 2.5e-2]
1.00 1 ; 1.00 = . 100 {77 :
0.751.f 0751 | .
= : — 1 = 10~
70501 [i =050 [} 3
= : : &
0.251 [: 0.251 [: 107*
0.00 = T t T T 0.00 +* T t T T — T t T T
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
k k k
(a) Target projection (b) Self projection (c) Eigenvalue

Figure 2.4: Minimum feature regime for different number of classes ResNet18
is trained on 10, 20, and 100 classes from CIFAR100 for 600 epochs (until convergence).
(a) All models show that only the first C' features are significantly useful in describing the
target function (i.e. II*(C) ~ II*(p)) where II*(p) is plotted as dotted horizontal line. (b)
All models are in the MF regime with only C' features being used to express the learned
function (i.e. TI(C') =~ 1). (c) All three cases show typical MF regime intensities (Eq. (2.7))
where only the first C intensities are significant and similar with the first being somewhat
larger.

2.5 The relationship between the MP-operator
and neural collapse

Neural collapse [56] (NC) refers to a state of a DNN when the feature vectors of
the training set and last layer weights form a symmetric and clustered structure
at the terminal phase of training (TPT) or when trained past the point where
the training error vanishes. The reason for the structure has been studied mainly
in the Unconstrained Feature Model (UFM) [57, 58] and has sparked theoretical
studies (see e.g. [59] for a review).

NC is defined by the emergence of four interconnected phenomena upon TPT:
NC1) collapse of within-class variability, NC2) convergence of features to a rigid
simplex equiangular tight frame (ETF) structure, NC3) alignment of the last layer
and features, and NC4) simplified decision by nearest class. We provide more
formal measures of these phenomena in Appendix D.

In this section, we show how MP-operator Ty/p (Definition 1) — a state of the
feature functions — relates to NC — a state of feature vector samples — similar in
spirit to that taken in [60]. A key observation is that the first eigenfunction of Ty, p

is a constant function, and we first discuss its implication for NC. Subsequently,
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Class 2

® Class 3

Figure 2.5: Illustration of neural collapse. In NC, the last layer feature vectors (the
post-activation of the penultimate layer), illustrated as colored dots, cluster by their class
mean vector, illustrated as colored arrow, and form a simplex ETF structure (orthogonal
vectors projected at the compliment of the global mean vector).

we present propositions demonstrating that substituting the true data distribution

q with the empirical distribution results in the NC conditions.

2.5.1 The first eigenfunction of the MP-operator is a con-
stant function

MP-operators Tarp (Definition 1) include a constant function in addition to a more
conventional projection operator onto A, the C-dimensional function space spanned
by entries of the learned function f : X — RY. This difference with simple projection
operators means that an MP-operator uniformly rescales all function components
in 7 in an isotropic manner, except the direction of the constant function. It
is not surprising that 7 includes the constant function because a non-zero bias
term in the last layer can necessitate it.

However, it is surprising that the constant function is the first eigenfunction of
Tarp with the largest eigenvalue. Interestingly, this function is often disregarded
in other analyses, for example in principal component analysis (PCA) and in the
CKA. We also observe that the first eigenfunction of 7, not limited to its limit
Tup, often closely resembles the constant function. Across all our experiments,

except for the 1-D toy model in Fig. 2.2, we consistently observe (e;|1) > 0.95. Due
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to this observation, we handled p; as an exception, for example when calculating
D.ss(p) or defining the MF regime.

Analogous to the constant function in 73;p, a constant vector in NC explains
why the feature vectors form a simplex equiangular tight frame (ETF), instead of
a set of orthonormal basis vectors: A (C' — 1)-dimensional simplex ETF can be

obtained as the projection of the standard basis onto the orthogonal complement of

[%, %, e %], which is the average vector of all basis vectors in R¢. For example,

projecting [0, 0, 1], [0,1,0], and [1,0, 0] onto the orthogonal complement of [%7 %, %]

gives three vertices [—1, —%, 2], [—

], [%7 —%, —%] which forms an (ordinary

o=

12
3733
plane) equilateral triangle. We will show in Eq. (2.14) that a constant function
maps to a global average vector of features and transforms an orthogonal structure

into a simplex ETF structure.

2.5.2 The MP-operator implies NC

The analogy between Ty,p and NC is clear: Ty, p is an isotropic projection operator
on the learned function space H. except on the direction of the constant function
and NC is a symmetric clustering of the feature vectors in an orthogonal basis
except along the constant vector.

If we define Ty;p on the empirical distribution ¢’ of the training set with f as
the empirical output function of the balanced C-way classification task, we can
show that 73;p implies NC1 and NC2 conditions (following two propositions). By
the Theorem 2 of [56], NC3 and NC4 follow from NC1 and NC2.

Proposition 2.5.1. Let Ty p be MP-operator, the inputs x are taken from ¢ the
empirical distribution of the training set, and f the empirical output function of

balanced C-way classification task. The following NC1 condition holds:

Tr (Z S (hi(z) — ) (hi() — /u)T) (Z(w — pg) (115 — ug)T) =0 (2.10)

i xEA; J
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Proposition 2.5.2. Let Typ be the MP-operator on data taken from the empirical
distribution of the training set, and f the empirical output function of balanced

C-way classification task; The following NC2 condition holds:

(1= 1) 115~ 1) o B35 — 2.11)
In the two propositions above, the class feature map h; : X — RP? is a feature
map to the last layer features for given class ¢, and class mean vector u; € R?
is the expectation of h;(x) over a class partition A;. The global mean vector
ty € RP is the average of all class means.
NC1 condition means the covariance within the class is orthogonal to the
covariance among class means and NC2 that class mean vectors form a simplex ETF.
To prove these propositions, which are shown in Appendix D, we express class
feature vector h;(x), class mean vector p;, and global mean vector p, in terms of

feature map ®, class indicator function f;(z) = 14,(z), and constant function 1.

hi(e) = J, (2.12)

(z)@(

/ )de = (J/ Filx (2)dz, (2.13)
C
Zm /@ (2.14)

’—‘:B‘Hs>

Using the equations above, the expectation of the inner product between fea-

ture/mean vectors can be expressed by fz and 7. For example,

il = C* ([ Fiare w)/ﬁ () (215)

:CQ/Xfixqx/XCI)xTCDx)fj(x)q(x)x' (2.16)
= C* [ fi@)d @)T1f)@)de (2.17)
= (FITID) (2.18)

where we used the definition of the integral operator 7 ( Eq. (1.13)) in the third line.
Finally, we can show Propositions 2.5.1 and 2.5.2 from the following tech-
nical proposition, which is derived from the definition of 7,;p and the class

indicator functions.
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Proposition 2.5.3. If Typ is MP-operator and fz(x) = 14,(z) for a balanced
partition {Ay,--- , A} of X, then

(CHITup[Cfy = 1)) = ax(6; = CY)  (1TuplCf; —1]) =0, (2.19)
where C' is the number of classes.

Proof. See Appendix D m

2.5.3 Extending beyond NC

Even though NC and the MP-operator are closely related, NC is restricted to the
training set, while our framework provides information about the properties of the
functions that are defined beyond the training set. Because MP-operator conditions
lead to NC conditions, our conditions are stricter. The notable advantage of the
function/random variable framework is that we can measure the quality of each

feature, and make a natural connection to the generalization loss.

2.6 Summary

In this chapter, we extended the feature metrics of the linear model to the last
layer features of DNNs, revealing a bias toward a minimal number of features
with significant quality, utilization, and intensity. We categorized dynamics that
concentrate utilization and intensity in the first C' features (number of classes) as
the MF regime, with all other dynamics falling under the EF regime. We proposed
an ideal MP-operator to measure the tightness of the MF regime and showed its

connection to neural collapse (NC).
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3.1 Introduction

In the last chapter, we empirically observed DNNs’ inductive bias toward a minimum
number of features. In an ideal world, we would solve the dynamics of DNN exactly,
but the non-linearity (e.g., ReLU) makes the analysis challenging. As physicists
often do, we instead focus on simpler layerwise models without non-linearities to

study the dynamics of DNNs. The dynamics of layerwise linear models are often

31
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da/dt < b db/dt x a
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Figure 3.1: Outline of next 4 chapters For a systematic presentation of various works
on layerwise linear models, we begin by building intuition on how the key principle (green)
behaves under a condition (yellow). We then formalize this intuition as a key property
(blue) using a solvable layerwise linear model. Finally, we discuss how this property from
the layerwise linear model extends to describe an empirical phenomenon in DNNs (red).

exactly solvable [61] and can explain various dynamical phenomena of DNNs such as
emergence [5| observed in large language models [62], neural collapse [57] observed
in image classification tasks [56], lazy /rich regimes [63] observed in extreme limits
[15, 64], and grokking [65] observed in algorithmic tasks [66]. These topics will be
discussed in the following chapters as summarized in Fig. 3.1.

In this chapter, we propose the dynamical feedback principle or how the layers
amplify the dynamics under gradient descent. Using the principle, we highlight how
the dynamics of layerwise linear models (amplifying dynamics) differs from (single
layer) linear models and how it leads to stage-like training where more important
features are learned in sequences. We conclude by showing that a linear neural
network (a member of layerwise linear models) or unconstrained feature model can

explain neural collapse observed in the previous chapter.

3.2 Setup

In this chapter, unless explicitly stated, we assume the input features z € R?
to be d dimensional independent zero-mean Gaussian random variable. We only
consider gradient flow (GF) and assume that the training dataset follows a certain

probability distribution for analytic simplicity.
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Target function We assume a realizable target function f* with target scales

S; € Rfori =1,...,d:

fr(@) = ZxZSZ (3.1)

L= B[(f () - f@)]. (32)

Models We define layerwise linear models as 2-layer models whose outputs are
multilinear with respect to any layers of parameters. Examples include the variants

of linear neural networks, illustrated in Fig. 3.2:

, d
féizag) ('T) = Z‘/L‘iaibi) a, b € Rd? (33)
=1
fira(x) = 2TWiWa, Wy € RPP W, € RPXC, (3.4)

A linear model with no hidden layer is used as a base model for comparison:
W)y =279, 6 € R% (3.5)

Like linear models, layerwise linear models do not require linearity with the
input features x;. For example, f,,(7) = 2%, ¢;(z)a;b; with a non-linear function
¢ : X — R are also a layerwise linear model due to the parameters’ multilinearity to
the output. Although the arguments in this chapter holds for more general feature

map ¢, we use ¢;(r) = x; for demonstrative purposes.

3.3 The dynamical feedback principle

The dynamical feedback principle arises from the gradient descent dynamics under
layerwise structure and describes how the magnitude of one layer mutually scales
the rate of change in other layers (Fig. 3.1). For example, the GF equation of
diagonal linear neural network (Eq. (3.3)) is

dai
dt

db;

= —a;E[2]](a;b; — S;). (3.6)
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(a) Diagonal linear neural network (b) Linear neural network

Figure 3.2: Layerwise linear models. Layerwise linear models include, but are
not limited to, (a): diagonal linear neural networks (Eq. (3.3)) and (b): linear neural
networks (Eq. (3.4)). The layerwise structure leads to distinct dynamics compared to
linear models (Eq. (3.5)).

The product of parameters (i.e., layerwise structure) creates an amplifying dynamics:
the magnitude of a; governs the rate of change for b;, and vice versa, yielding a
dynamical feedback. To highlight its significance, we compare the gradient
equation to that of the linear model (Eq. (3.4)):

T = B0 - 50 (37

In linear models, parameters evolve depending only on their distances to
respective target scales (6; — S;), lacking the feedback with other parameters.
The feedback in Eq. (3.6) generates sigmoidal growth and greedy dynamics distinct

from linear models, which we will explore in the following sections.

Conservation of magnitude difference Because of the commutativity of
products in Eq. (3.3), we identify a conserved quantity in Eq. (3.6) as

d d, 212 _
Cli%(li — bzﬁbz =0 = a; — bz = Cz; (38)

where C; is determined at initialization. We can extend the argument for linear

neural networks to show that WoW35 — WI'W; is conserved (Appendix A.2.2).

3.4 Layerwise dynamics and stage-like training

In Eq. (3.6), when a; = b;, the dynamical feedback exhibits rich-get-richer (poor-

get-poorer) property: a larger (smaller) |a;| results in a faster (slower) evolution
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of b;, which amplifies (attenuates) in positive (negative) feedback. In this section,
we formalize this property as sigmoidal growth (delayed saturation) of @;b; in

diagonal linear neural networks.

3.4.1 Sigmoidal growth under small initialization

We consider dynamics of diagonal linear neural networks (Eq. (3.6)) with small and
equal initialization; a;(0) = b;(0) and 0 < @;(0) < 1. The dynamics decouples into
d independent modes, where each mode follows a sigmoidal saturation:

1

a;(t)bi(t)/S; = 5 SRy
L+ (s — 1) e 5Bk

(3.9)

This contrasts to the exponential saturation of modes in the linear model with

0,(0) = 0 (Eq. (3.7)):
0;(t)/S; = 1 — e Bl (3.10)

Note the connection between training of eigenfunctions in Chapter 1 and the modes
of learning in Eq. (3.7): each feature, up to scaling constant, z; is an eigenmode
because we assumed independence between input features (E[z;z;] = 0). See
Appendix A for the derivation of both models. For a general derivation when
a; # b;, see Saxe et al. ([61]).

Likewise, we can extend the defintion of features in Chapter 2 to check that
each mode a;b;x; in Eq. (3.9) has one-to-one correspondence with the eigenfunction

of integral operator T for the diagonal linear neural network:
d
TI(') = > Elajzif(@)]a), Tz = Elaf]aiz]. (3.11)

Coming back to the dynamics of the modes, Fig. 3.3 demonstrates the difference
between the dynamics of linear and layerwise linear models. While a mode in linear
models saturates immediately after initialization (Fig. 3.3(a)), that of diagonal
linear neural network saturates after a delay. The small value of a;b; delays
the saturation as small a; downscales the gradient of b; and vice versa (feedback
principle). After sufficient evolution however, the feedback principle abruptly

saturates a;b; through reinforcement between layers (Fig. 3.3(b)).
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Figure 3.3: Dynamics of the linear model and the diagonal linear neural
network. The colored lines show the saturation curves of modes with different variances
for (a): the linear model (Eq. (3.10)) and (b): the diagonal linear neural network
(Eq. (3.9)) with S; = 1. For the linear model, all 6;’s saturate from ¢ = 0 only differing in
the saturation speed. For the layerwise model, a;b;’s show delayed saturations depending
on E[z?], learning the modes in sequences.

3.4.2 Stage-like training

A consequence of sigmoidal dynamics is the stage-like training where modes of
different intensity (E[z?]) saturate sequentially. In Fig. 3.3(b), the first mode
(blue) saturates fully while the next mode remains negligible, contrasting with the
concurrent saturation of modes in linear models (Fig. 3.3(a)). When saturation
time scales (1/(S;E[z?])) differ sufficiently, the sigmoidal dynamics (Eq. (3.9)) in
layerwise models delays slower modes long enough for faster modes to fully saturate,
leading to the sequential learning of modes or the stage-like training.

To quantify stage-like training, we define two intervals for each mode (Fig. 3.4(a)):
o The emergent time Ti(e)(E)I the time for a;b;/5; to reach ¢;

« The saturation time T(s)(e): the time for a;b;/S; to saturate from € to 1 — e.

7

Using the dynamics equation (Eq. (3.9)) for target function Eq. (3.1) with S; =S

for all 4, the emergent time and saturation time of the i mode becomes

T(e)(e) _ 1 In ai(oisl;i 0 ! 7'4(5)(6) — 1 In (1 — 1) . (3.12)
' 2E[2?]S I ’ ' E[z2]S  \e

)
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Figure 3.4: Stage-like training. The multilinear model is trained on the multitask
sparse parity problem with a = 0.6 and S = 5. (a): Mode strength of the model as a

function of time. The emergent time 7

T
a;b;/S = e. The saturation time Ti(s)

(€) is the time required for the k** mode to reach
(€) is the time required for a;b;/S to saturate from e
to 1 —e. The model shows stage-like training if the emergent time interval T,gi)l(e) - ]ge) (€)

is larger than the saturation time Ti(s)(e) for sufficiently small € (0.05 in the figure). (b):
The loss as a function of time for the same system as (a). For stage-like training, the
change in the loss for the k' emergence is E[2?]L; + O(e) and the interval for the next

emergence is AT(e)(e) = T,gi)l(é) - T;EC)(G)~

We have stage-like training with
1

(3.13)

€ =

E[ ]—-E[z

i
L+ (G — 1) "

For sufficiently small initialization (a;(0)b;(0) < S), we get a stage-like

training with minimal overlap (infinitesimal ¢):
() ©
7 (€) < T (e) — 77 (€), ek 1, (3.14)

where the model finishes learning (saturating) the i** mode before starting to

learn (emerging) the next mode.

3.4.3 Application 1: Saddle-to-saddle learning

Saddle-to-saddle learning refers to sudden drops and plateaus of the loss during
training [67, 68, 69]. We can describe the DNN phenomenon with the stage-like
training of diagonal linear neural network with varying S;E[z?]. A drop maps
to the abrupt saturation of a feature, while a plateau to the delay before the

saturation of the next feature.



3. Dynamics of layerwise linear models 38

3.5 From greedy (low-rank) dynamics toward salient
features to neural collapse

So far, we demonstrated that sigmoidal saturation (Eq. (3.9)) in diagonal linear
neural networks, compared to exponential saturation in linear models, significnatly
prioritizes learning features that are more correlated (with larger S;E[2?] = E[z;y]).
In this section, by building on Saxe et al. ([61]), we show how the preference
toward correlated features leads to a low-rank bias (greedy dynamics) in linear
neural networks. We then draw on Mixon et al. ([57]) to explain neural collapse

observed in the last chapter.

3.5.1 Greedy dynamics

The dynamics of linear neural networks is challenging to solve in general. Assuming
small initialization and whitened input (E[zz”] = I), Saxe et al. ([61]) and following
works [70, 71, 72, 73, 74] solved the exact dynamics of linear neural networks.
The dynamics decouples into ¢ independent modes similar to that of diagonal

linear neural network (Appendix A):

2(t 1
o) _ , (3.15)
pi 1+ <a§go) - 1) e=2pit
where a; = ul WiWyv;, and wu;, p;,v; are the ' left singular vector, singular

value, and the right singular vector of the correlation matrix E [x f*(ib‘)T} =
UPV, respectively.

Note the similarity between Eq. (3.9) and Eq. (3.15), where a;b; and S; in
Eq. (3.9) are replaced by af and p; in Eq. (3.15), respectively. Linear neural
networks automatically identify the linear combination of input features most
correlated (largest p;) with the target (salient features). As discussed in stage-like
training, modes are learned sequentially based on the order of p; or their saliency.
This bias toward salient features introduces a preference for minimum rank, as only

target-relevant ¢ (the dimension of the output) modes are trained, even though
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W; can reach a rank of min(d, p). We will refer to the tendency toward learning

the most target-relevant features first as the greedy dynamics.

3.5.2 Explaining neural collapse with linear neural network

To study the dynamics of NC, Mixon et al. [57] and similar works [75, 58] studied
the unconstrained feature model (UFM). The UFM trains a product of two matrices
where one matrix represents the features and the other matrix represents the last
layer weights, a special case of linear neural networks. See also relevant works

on matrix factorization [76, 77, 78|.

Informal derivation of NC We show a non-rigorous derivation of NC and discuss
why feature vectors of linear neural network XW;, where X € R"*? is the input
feature matrix for n training datapoins, collapse into a rank ¢ matrix. For rigorous
theorems, see [57, 75]. First, we assume sufficiently small initialization such that the

conserved quantity (Eq. (3.8)) is W1 (0)TW1(0) — Wy(0)W(0)T ~ 0. After training,
XWi(00)Wa(0) =, (3.16)

where Y € R™*¢ is the label matrix with one-hot vector as the labels, and W;(c0)
the trained matrices. Since Y is a rank ¢ matrix, Ws(oc0) is also rank c¢. The small
initialization condition WIT Wi — WQWQT ~ 0 ensures that W; and W5 have the same
rank, resulting in the feature matrix XW; having rank ¢ instead of min(n, p). The
matrix XW; collapses into ¢ orthogonal directions, with each direction trivially

mapping to a class to satisfy Eq. (3.16).

Intuition Loosely speaking, Wl W, — WoWJ{ =~ 0 is analogous to the small
initialization in Saxe et al. ([61]).! From the dynamics perspective, the greedy
dynamics of layerwise models (Eq. (3.15)) sends gradients toward only the relevant
¢ directions (modes), effectively limiting the rank of the feature matrix (XW;)

to the minimal number.

Large initialization can achieve W{ W, — WoWJ ~ 0 and similar dynamics; see [79, 63].



3. Dynamics of layerwise linear models 40

Practical DNNs are often initialized with small weights and are expressive enough
to fit the training set without using all layers. Because of the layerwise structure,
we can expect the greedy dynamics toward minimal rank to approximately hold

even with non-linear activations, resulting in NC.

3.5.3 Empirical verification

Here, we verify whether the explanation of NC through layerwise linear model
agrees with empirical findings. One common claim is that internal structure in the
data creates such phenomenon [56]. Our theory suggests that the phenomenon is,
under suitable assumptions, a byproduct of layerwise dynamics.

In Fig. 3.5, ResNet18 models trained on CIFAR10 with various levels of label
noise, including completely random labels, still reached the MF regime, excluding
that internal structure of the data plays a role and supporting our theory.

In Fig. 3.6, we train ResNet18 on the MNIST regression task, where the digit
serves as the scalar target function f* : X — R. Unlike the C-way classification
task, which uses C features, the regression model reaches the MF regime with just
one non-constant feature.? This aligns with our theory, which predicts that the
feature matrix rank is determined by the rank of the target function—here, one. If
the data’s internal structure mattered, the effective rank of 7 would be 10.

Figs. 3.5 and 3.6 suggest that DNNs’ inductive bias for the MF regime is
independent of the underlying input signal but depends more on the dimension
of the target/learned function, in agreement with our theory. In Chapter 6, we
further show more direct evidence where techniques shifting linear neural networks

out of the MF regime also push practical DNNs into the EF regime.

3.6 Summary

In this chapter, we propose the dynamical feedback principle or sigmoidal dynamics
where layers reinforce their learning. Under small initialization, this will lead to stage-

like training and greedy dynamics that differs from the dynamics of limear models.

2Tt uses two, with the first being a constant function. See Section 2.5.1 for discussion.
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(a) ResNet on CIFARI10 with label randomization

Figure 3.5: MF regime for ResNet18 with randomized labels In (a) we trained a
ResNet18 10000 datapoints of CIFAR10 with 0%(blue) 10%(orange) and 100%(green)
label noise. All three cases converge to the MF regime, but differ markedly in performance.
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Figure 3.6: MF regime for regression problem with scalar output. ResNet18
was trained on MNIST via regression (blue) and classification (orange). For regression,
the target/learned functions are scalar output functions, and an image = with digit 7 is
correctly classified if i — 0.5 < f(x) < ¢+ 0.5. It can be seen that both models are in the
MF regime, using the minimum number of features.

We explained neural collapse sing linear neural network with small initialization
and whitened input,

or how the layers amplify the dynamics under gradient descent. Using the
principle, we highlight how the dynamics of layerwise linear models (amplifying
dynamics) differs from (single layer) linear models and how it leads stage-like training
where more important features are learned in sequences. We conclude by showing
that a linear neural network (a member of layerwise linear models) or unconstrained
feature model can explain neural collapse observed in the previous chapter.

We have introduced the dynamical feedback principle, how they effect

In the last chapter, we empirically observed DNNs’ inductive bias toward a
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minimum number of features. In an ideal world, we would solve the dynamics of
DNN exactly, but the non-linearity (e.g., ReLU) makes the analysis challenging.
As physicists often do, we instead focus on simpler layerwise models without non-
linearities to study the dynamics of DNNs. The dynamics of layerwise linear models
are often exactly solvable [61] and can explain various dynamical phenomena of
DNNs such as emergence [5] observed in large language models [62], neural collapse
[57] observed in image classification tasks [56], lazy/rich regimes [63] observed in
extreme limits [15, 64], and grokking [65] observed in algorithmic tasks [66]. These

topics will be discussed in the following chapters as summarized in Fig. 3.1.
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4.1 Introduction

A widely observed property of deep learning models is that the test loss predictably
follows a power-law improvement with increasing data, model parameters, or
compute. These neural scaling laws [80, 81] have been widely observed across

different architectures and datasets [82, 83, 84, 85, 86, 87]. While scaling exponents

43
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vary, the overall phenomenon is robust, raising key questions like: What drives
this near-universal scaling behavior?

To study such behavior, Michaud et al. [88] expanded the sparse parity prob-
lem [89, 88] and studied the multitask sparse parity problem — a dataset consisting
of multiple sparse parity tasks (i.e. skills) where the frequency that each task
(skill) appears in the dataset follows a power-law distribution — on 2-layer MLP
as a proxy for studying neural scaling laws in large language models (LLMs). For
this data set, the authors were able to empirically measure and schematically
derive scaling laws as a function of training steps or time (7), parameters (N),
and training samples (D). However, no formal derivation or connection to the
gradient descent dynamics was studied in their paper.

In this chapter, we formally define each skill as an orthogonal function and
propose a model that is expanded in the basis of skill functions. We demonstrate
that the learning dynamics of each skill are decoupled and, using this decoupling,
analytically derive the scaling laws observed in Michaud et al. [88] and the scaling

law for the optimal compute with our model (Table 4.1).

Bottleneck Time Data Parameter Exponent
Time (T) T 00 00 —a/(a+1)
Data (D) 00 D 00 —a/(a+1)
Parameter (N) 00 00 N —a
Compute (C)  CltD/(@+2) o CYe+D) o /(a+2)

Table 4.1: Summary of the scaling laws. The leftmost column shows the bottleneck
of the scaling law. The middle three columns show the resource values in terms of the
bottleneck (either taken to infinity or proportional to the bottleneck). The last column
shows the scaling exponent for the loss as power-law of the bottleneck where a4 1 is the
exponent of the skills’ distribution (Eq. (4.1)).

4.2 Setup

In this section, we define the multitask sparse parity problem with mean-squared

error (MSE) loss, represent skills as orthogonal functions, and measure their strength
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Skill idx ~ Control  Skill bits (X) y M(i,x)q1(i,2) ¢4, 2) ... g,.(i,7)
(1) bits
1 1000000 110110000100 S  [1,1,0] 1 0 e 0
1 1000000 100101010001 —S [0,1,0] —1 0 e 0
2 0100000 001001011011 —S [0,0,1] 0O —1 e 0
0. 0000001 001010100110 —S  [1.1.1] 0 0 ... -1

Table 4.2: Multitask sparse parity dataset and skill basis functions. The control
bits ns are one-hot vectors encoding specific parity tasks, indexed in the first column. The
frequency of the distinct parity tasks follows a rank-frequency distribution with an inverse
power law relation (Eq. (4.1)). The skill bits are binary strings with m = 3 relevant sparse
bits (highlighted in colors) with their locations varying by skill. The y column shows the
target scale S multiplied by the parity computed from the relevant bit set M (i, z). The
last columns show the values of the skill basis functions g (i, z), defined in Eq. (4.2).

via the linear correlation between model output and skill basis functions. We also

introduce the multilinear model used in this and the next chapter.

4.2.1 Multitask sparse parity problem

In the sparse parity problem, n, skill bits are presented to the model. The target
function is a parity function applied to a fixed subset of the input bits. The model
must detect the relevant m < n; sparse bits and return the parity function on this
subset (M (i, x), see Table 4.2). Michaud et al. [88] introduced the multitask sparse
parity problem by introducing n, unique sparse parity variants — or skills — with
different sparse bits (for a representation, see Table 4.2). Each skill is represented
in the ny control bits as a one-hot string, and the model must solve the specific
sparse parity task indicated by the control bits.

The n, skills (random variable I € {1,2,...,n4}) follow a power law distribution
Ps, and the skill bits (random variable X € {0,1}") are uniformly distributed.
Because Ps; and P, are independent, the input distribution P(I, X) follows a
product of two distributions:

;—(at1)

PAl=10)= Sy

Py(X =x):=27", P, X) :=Ps(1)Py(X).
(4.1)
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-1
We denote A = (Z?;lj—(a“)) so that P,(i) := Ai~(e+D),

4.2.2 Skills as orthogonal basis functions

Skill basis functions. We represent the k' skill as a function gy : {0, 1} —
{—1,0,1} that returns the parity ({—1,1}) on the k' skill’s sparse bits if i = k,
but returns 0 if the control bit mismatches that of the k' skill (i # k):
(—1)2 M6y =

' = 4.2
9k (i, ) { 0 otherwise ’ (4.2)

where M : {0,1}™™™ — {0,1}™ is the map that selects the relevant sparse bits
for the i skill (Table 4.2) and M;(i, ) is the j™ entry of M(i,z). Note that

different skill functions have 0 correlation as the supports of skills functions are

mutually exclusive:
g (1, ) g (1, ) = i Ok k- (4.3)

The target function. The target function is a sum over n, skill functions

multiplied by a target scale S:

frli,x) = Skisj gr(i,x). (4.4)

The target scale S is the norm of the target function (E; x [f*(I, X)f*(I, X)] = S?).
Note that the skill functions serve as ‘features’ or countable basis for describing

the target function as in Hutter [90].

MSE loss. We use MSE loss for analytic tractability:

L= JBy [(F(L,X) — F1X))] (45)

where f is the function expressed by a given model. We define the skill loss L
as the loss when only the £** skill is given, which can be weighted by their skill

frequencies to express the total loss:

Ly = ;EX (F(I=hkX)-fI=kX)], L= nz Po(I =k)Lyp.  (4.6)
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Skill strength. The skill strength or the linear correlation between the k' skill

(gx) and a function expressed by the model at time T' (fr) is
Ri(T) := Ex [gn({ =k, X) fr(I =k, X)]. (4.7)

The skill strength R, is the k'* coefficient if a model is expanded in the basis of
the skill functions (gx). The skill strength, like the test loss, can be accurately
approximated by a sum. The skill loss L5 (Eq. (4.6)) can be expressed by the skill

strength and the norm of the learned function for I = k:
1
Lu(T) = 5 (8° + Bx [/ = k. X)?] = 2Ry (fr)) (4.8)
The skill loss becomes 0 if and only if f(I =k, X) = Sgx(I = k, X).

4.2.3 Multilinear model

We propose a simple multilinear model — multilinear with respect to the parameters —
with the first N most frequent skill functions g (i, x) as the basis functions (features):
N
fli,2,T;a,b) = ]; ar(T) bk (T) gr (i, ), (4.9)
where a,b € RV are the parameters. The model has built-in skill functions g; —
which transform control bits and skill bits into the parity outputs of each skill —
so the model only needs to scale the parameters to apb, = S.

The multilinear structure (product of ay, by) is analogous to the layered structure
of NNs and results in emergent dynamics discussed in the next chapter. A similar
model has been studied by Saxe et al. [61] in the context of linear neural networks.

In the multilinear model, because it has the skill functions g as the basis, the

product ay(T)bg(T) is the skill strength Ry (Eq. (4.7)) and the skill loss (Eq. (4.6))

is a function of S and Ry only:
1
ar(T)o(T) = Ri(T),  Li(T) = 5(S = Ru(T))* (4.10)

Assuming that we are training the model on D samples from P(I, X), the empirical

loss decomposes into a sum of empirical skill losses because gp’s supports are
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— d,/D=05 dy/D=02 — dy/D=0.1

a b1
91(%,2) = 0.6/

f(ia$;aa b) & 0.41
N~ by

a
gn (i, ) 0.21

0 25 50 75 100
T

(a) Multilinear model illustration (b) Decoupled dynamics

Figure 4.1: Multilinear model. (a): An illustration of the multilinear model which is
multilinear in terms of parameters, generating a layerwise structure. The model also has
the skill functions gis as basis functions. (b): The dynamics of the multilinear model are
decoupled and each skill strength (Ry) shows a sigmoidal growth in time. Note that less
frequent skills have a more delayed growth.

mutually exclusive. This decouples the dynamics of each skill (R (7)), which is

analytically solvable under gradient flow (Appendix B.1.1).

1 & Rk(T) 1
— N " di (S — Ri(T))?, = —,
2D 1?::1 S 14 ( s 1) 67277%ST

R (0)
(4.11)

LPNT) =

where dj, is the number of samples of the k™ skill (i.e., number of samples (i, ) with
gr(i,x) # 0), n is the learning rate, and 0 < Ry(0) < S is the skill strength

at initialization.

4.2.4 Time scaling law from stage-like training

Assuming our model satisfies the stage-like training for all £ of interest, we can derive
the time scaling law from the stage-like training. At T,ge)(e), because of stage-like
training, all skills with index up to but not including k have saturated (R;x =~ .5), or
equivalently £;< ~ 0 (Eq. (4.10)). The total loss, the sum of £; weighted by P(j)

j~* (Eq. (4.6)), becomes Y22, Py(I = j)5%/2 (Fig. 3.4(b)). The saturation of



4. Scaling laws of MLP in multitask sparse parity problem 49

the k' skill results in a loss difference of Py(I = k)S?/2. Thus, we obtain

AL N Pl =k) - L—(a+1) o f—(a+1) @12)
L 2Pl =) Y00, gt IRl '
= —ak™ ! + O(kiQ). (4'13>

Accordingly, the emergent interval between the k and k£ + 1 skills relative

to the 7. (e) is

AT _ nh() =m0 _ (k)™ — kot (414)
T 7 (e) et

=(a+ 1k +OK?). (4.15)

Assuming k > 1 and combining Eq. (4.13) and Eq. (4.15) to the largest order, we

have the equation for the power-law with exponent —a/(av + 1) in Fig. 4.2(a):

AL a AT
= — ) 4.1
L a+1 T (4.16)

If the stage-like training holds for any resource (e.g., time, data, or parameters),
the scaling law can be derived using the ratio of change in loss per skill (Eq. (4.13))
and the ratio of change with respect to the resource (given by the emergent time
in Eq. (4.15)). The T, D, N scaling laws in the previous chapter can be derived if
the stage-like assumption holds and the quanta model [88] is an example where

the stage-like training holds for all resources.

4.3 Derivation of the scaling law exponents

We will derive the scaling laws in Table 4.1 with our multilinear model (Section 4.2.3)
for time (7'), data (D), parameters (/N) and optimal compute (C) where we define
compute as C':=T x N [91]. Note that we achieve the same exponent as in Hutter
[90] for D and in Michaud et al. [88] for T, D, and N. Assuming 0 < o < 1, the
exponents are consistent with the small power-law exponents reported in large-scale

experiments, see, e.g., [81, 86, 92].
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Using Egs. (4.6), (4.10) and (4.11), the loss becomes a function of time (7°), data

(D), parameters (N), and the number of observations for each skill [dy,- - ,d,.]:
S N 1 Ns
— 7 Z > Ps(k). (4.17)

_S ! 29 %k ST ? +?k—N+1
(1+(R(0)—1> e“D > =

The equation Eq. (4.17), under suitable assumptions (e.g., for the T scaling law,
we take D, N — oo and di/D — Ps(k)), results in decoupled evolution of each

skill loss, which we use to derive our scaling laws.

4.3.1 Time scaling law

To derive the time scaling law exponent, we assume the time as the bottleneck
(finite resource) and take N, D — oo. By using the decoupled dynamics of each

skill loss (Eq. (4.11)),
2
- S _ (4.18)
U gt gr)
2<1+(Rk(0) 1) e )

Noting that dy./D — P,(k) as D — oo, where P,(k) = Ak~(@TD | we have

2
Ly = S . (4.19)

1 2

This is a function of k~(+tYT only, suggesting the decoupling dynamics for

each skill. Thus,

ALy ko dLC
dT  (a+ 1T dk - (4.20)

Using Eq. (4.6) and taking N,n, — oo at the same rate,! we can approximate

the loss as an integral instead of a sum over k:

N
L= lim ZP — k)L ~ lim / Ak~@HD £, (4.21)

N—>oo N—oo

We take N and n to oo at the same rate since we do not want the number of parameters to
be a bottleneck in this setup.
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where A is the normalization constant for P,. We can differentiate the loss and

use Eq. (4.20) to express the equation in terms of k:

AL, 1 N AL,
I / AR~ S gy — — 7/ Al R g (422
T Noee N (a+ )T dk (4.22)

Integrating by parts, we obtain

dLl 1 N
L im 1t [Aper I 7/ Ak~ dk (4.23
AT NLI}?)o(Oé—l—l)T[ k}l N (a+ 1)T ) 429)
. | 1 o
T J\P—Igoo (N T) O (T6T> (o + 1)T£‘ (4.24)

The first term goes to 0 as N — oo and the second term goes to 0 exponentially
faster compared to the last term for 7" > 1, which leads to the scaling law with
exponent —a/(a + 1):

de(T) o dT
L(T)  a+1T°

(4.25)

4.3.2 Data scaling law

The data scaling law assumes T' — oo and N — oo with data as the bottleneck.
From the decoupled dynamics of the multilinear model (Eq. (4.11)), we can show

that our model is a one-shot learner (Corollary B.1.1):

One shot learner. Given that N > k, T — 0o, and dy is the number of samples

from the training set with gi.(i,x) # 0, the k'™ skill loss after training is

0 cd, >0

Liloo) = {(5 —Ru(0))2/2 ~ 5%/2 - dy = 0. (4.26)

Proof. See Appendix B.1.2. O]

Our model requires only one sample from the k" skill to learn such a skill,
similar to how language models are few-shot learners at inference.? The model can

one-shot learn a skill since it has g, as the basis functions, and the dynamics among

2Few-shot learning is typically discussed in the context of models that have undergone pre-
training (see, e.g. [62]). We speculate that expanding in the basis g in our framework can model
aspects of the pre-training process.
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different skills are decoupled. A similar one-shot learner has been studied in Hutter
[90] where the error depends on a single ‘observation’ of a feature.

Because the k' skill loss only depends on d; (number of observations for
the k' skill), we can calculate the expectation of the skill loss for D data points

from P,pservea(k|D) or the probability that dy > 0:
Pobserved(k|D) =1- (]- - PS(k))D . (427)

Using the one-shot learning property (Eq. (4.26)), the probability of observing the
k™ skill (Eq. (4.27)), and the decomposition of the loss into skill losses (Eq. (4.6)),

the expected loss for D datapoints is

B (€] = 5 3 SPu(k)(1 = Pasereelk) (1.28)
; Z k=t (1 - Py(k))” (4.29)
~ ; S2A /1 kD (1 - Ak:‘(a“))D dk, (4.30)

where the expectation Ep is over all possible training sets of size D, and A is
the normalization constant such that P(k) = Ak~(@*D. The difference in the

loss AL = Epyy [L] — Ep[L] is

AE:;SQA/IOOk(O‘“)( — Ak~ a“)D(( — AkD) —1)dk  (4.31)

1 00
= o sa? / E2eD (1 Ak=e)” g, (4.32)
1

We can integrate AL by parts.

1 S2 Ak~ pD+1]°
AL == |— 1 — Ak~(etD
=3 | (- A e) L

S2Aa / k‘ (a+1) Ak.—(a-l—l))D—H dk

 2a+ 1)
~ O ((1 - Ps(l))DJrl) -5 +512Ag — / o~ (at1) Ak*(aH))D ( gD ) "
HEe AL

T (a+1)(D+1) (a+1)(D—|—1)
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In the second line, the first term goes to 0 for D > 1. In the last line, we used the
expression for AL (Eq. (4.31)) and Ep [£] (Eq. (4.28)). Rearranging the equation

above and using that D > 1, we obtain the scaling law with exponent —a/(a 4 1):

AL «Q «Q 1

Ep[f]  1+(+0D  (a+1)D (4.33)
N _(oc(—li-l)Alf' (4.34)

where in the last line, AD/D = 1/D as the change in the number of data points

relative to D is one.

4.3.3 Parameter scaling law

The parameter scaling law assumes 17" — oo and D — oo, with the parameters
N < ng as the bottleneck. Because our model is a one-shot learner (Eq. (4.26)),
learning of the k' skill only depends on the existence of g; in the model; the
model with [gy,- -, gn] will learn all & < N skills with £ = 0. The £, dependence

on g, is formalized as the following.

Equivalence between a basis function and a skill. Given T, D — oo and if

the multilinear model has the N most frequent skill functions as a basis,

R ET (439

Proof. See Appendix B.1.3. n

Using Eq. (4.35) and Eq. (4.6), we can express the total loss as function of N:

2 oo
L~ ‘S; Ak dE oc (N +1)7°. (4.36)

N+1

By approximating N & N+1 for N > 1, we obtain the power-law with exponent —a.
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4.3.4 Optimal compute scaling law

For analytical tractability, we define compute as C' := T x N. We start from
Eq. (4.17) with D — oo

N 2 Ns
L~ / Ak~ L dk 4 lim 5 / Ak~ g (4.37)
1 ns—oo 2 JN
S2A
= N 4.38
L1+ %0 ( )

Using Eq. (4.23), the first term can be analyzed in two cases: O(T~%/(@+1)) if
Lr > N or O(N-*T2)if Ly = O(N~). The second term can be integrated

into O(N~%). We can remove the irrelevant constant terms to express the loss
L =T/t L N (4.39)

and use the method of Lagrangian multiplier to obtain

«

—?T‘O‘/ (@+D=1 L AN =0, (4.40)
(0%

—aN~@ L AT =0, (4.41)

NT —C =0, (4.42)

where A is the Lagrange multiplier and C' is compute. We can solve the above

set of equations to obtain 7" o« N®™! or equivalently
T oc CltD/ed2) = N oc o102, (4.43)
We can plug it in Eq. (4.39) to get
L oc O/t (4.44)

The optimal compute, in Eq. (4.37), balances the contributions from the first
term — loss from given basis functions — and second term — loss from withheld basis
functions. Intuitively, the optimal compute means the model has sufficient time

to learn most of the given basis functions (Fig. 4.3).
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4.4 Experiments and results

To check the derivation of the scaling laws, we compare them to the simulation of
our multilinear model. Fig. 4.2 compares the simulation of our model for 7', D, N
with the scaling laws in Table 4.1. In Fig. 4.3, we train our model for given
C but with different tradeoffs between 7" and N and compare the loss with the

theoretical optimal compute scaling law.

Results In Figs. 4.2 and 4.3, we confirm that our theoretical analysis of the scaling
laws for the multilinear model holds in practice. The simulation decays faster than
the scaling laws for the small o of 0.3, especially for Fig. 4.3 because smaller «
amplifies the effect from the number of skills N being finite. See Appendix C.1
for the discussion. We can also calculate the constant prefactor constants of all

scaling laws, but this is beyond the scope of the thesis. See [5].

— a=0.3 a=06 — a=0.9

10—1 4

D,N— N, T— o0 T,D — oo

10_2 1 l::ATT—a/(QJrl) . EZAI)D—{V/(O'Jrl 10_2 P l::ANN*a
100 101 102 10° 10 100 10t 102 10° 10° 10! 102
T D N
(a) Time scaling (b) Data scaling (c) Parameter scaling

Figure 4.2: Scaling laws. The learning curve (£ is the MSE loss) of the multilinear
model (solid) and the theoretical power-law (dotted) for (a) time 7', (b) data D, and (c)
parameters N. Lower left legends show the condition (top) and the scaling law (bottom)
where o + 1 is the exponent of the power-law input data (Eq. (4.1)).

4.5 Summary

In this chapter, we introduced the multilinear model and derived the scaling laws
observed in Michaud et al. [88] for the multitask sparse parity problem. The
derivation of the scaling laws for time, data, and parameters relies on the decoupled

dynamics of each skill and how each dynamics scale with the given resource: for
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Figure 4.3: Scaling law for optimal compute. The solid lines are the learning curves
of the multilinear model as a function of compute C' =T x N with varying parameters N
from 10! (top plateau) to 10* (bottom plateau). The dotted lines are optimal compute
scaling laws with exponent —a/(a 4 2) (Section 4.3.4). For a given C, we achieve the
optimal tradeoff when 7' is sufficient to fit all NV skills (i.e. when the solid lines plateau).

the time scaling law, each L) shares the same dynamics with 7" scaled by Ps(k)
(Eq. (4.20)); for the data scaling law, each £y depends only on the observation the
k" skill (Eq. (4.26)); for the parameter scaling law, each £ depends on whether
the model has gy as a basis function (Eq. (4.35)). For the optimal compute scaling
law, we showed the optimal tradeoff between 7" and N in which the model has
sufficient time to learn all given skills (i.e. T oc N*T1).

The decoupling of the skills originates from the mutually exclusive skill functions
gr’s in our model (Eq. (4.3)), allowing the analytical tractability for deriving scaling
laws. A natural question to ask is why such a strong assumption in the model
agrees with the scaling laws observed in 2-layer MLP, as reported in Michaud et

al. [88]. In the next chapter, we discuss this top in more detail.
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5.1 Introduction

Emergence in large language models (LLMs) has attracted a lot of recent attention
(62, 93, 94, 95]. While the concept of emergence has been critiqued on the grounds
that the sharpness of the transition to acquiring a new skill may be sensitive to the
measure being used [96], the observation that important new skills are learned for
larger models raises many challenging questions of when the skills emerge and what

drives the emergence. These questions are complicated by difficulties in formally

57
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defining skills or capabilities [97], and by our general limited understanding of the
internal representations of deep neural networks [98].

In this chapter, we extend the multilinear model proposed in the last chapter
to predict the emergence in a 2-layer MLP trained on the multitask sparse parity
problem (Fig. 5.1). To justify how a multilinear model with fixed basis functions
can approximate the dynamics of MLP with feature-learning and no skill basis
functions, we explore the stage-like training [61] of the multilinear models. We
then show that stage-like training — where the skills are learned in distinct stages —
can formally recover the quanta model in Michaud et al. [88] and argue that MLP

effectively decouples the skills by learning each skill in stages, justifying our model.

— k=1 k=2 — k=3 — k=4 — k=5
1.0 1

©n
= .
o 0.8
< 0.6
o0
=]
£ 0.4
= 0.2
4
w0 - 2 /goN

: : 0.0 ="

103 104 103 104
T D
(a) Time emergence (b) Data emergence (c) Parameter emergence

Figure 5.1: Predicting emergence. The skill strength Ry, defined as the k" coefficient
if a model is expanded in the basis of the skill functions (g;), measures how well the k"
skill is learned, and is plotted against (a) time 7', (b) data set size D, and (¢) number
of parameters N (width of the hidden layer). Ry is normalized by the target scale S
such that Ry /S = 1 means zero skill loss. The dashed lines show the abrupt growth —
emergence — of 5 skills for a 2-layer MLP (Appendix C.3) trained on the multitask sparse
parity problem with data power-law exponent o = 0.6 (shaded area indicate 1-standard
deviation over at least 10 runs). Solid lines are the predictions (Egs. (5.2), (5.5) and (5.9),
respectively) from our multilinear model calibrated on the first skill (blue) only.

5.2 Predicting emergence

While the multilinear model (Eq. (4.9)) successfully predicts the scaling laws of
2-layer MLP (Chapter 4), it requires extension and calibration to predict the
emergence observed in the NNs. Here, we present how the emergent dynamics in a

2-layer MLP can be approximated by extending the multilinear models.
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Unlike the multilinear model with predefined skills, NNs lack data knowledge
and must discover each g, through feature-learning, requiring additional time, data,
or parameters. For each emergence, we propose an extended model with a tunable

hyperparameter to capture this inefficiency while preserving skill decoupling.

Methods We calibrate the additional hyperparameter of each extended model
on a 2-layer MLP trained on one skill (ny = 1) system (Fig. 5.2). We then
use the calibrated models to predict the emergence of subsequent skills in the
ns = 5 setup (Fig. 5.1).

The 2-layer MLP in Figs. 5.1 and 5.2 takes the control and skill bits in Table 4.2
as inputs and outputs a scalar ({0, 1} — R). We used 3 relevant bits out of 32
skill bits for the multitask sparse parity problem. The model has a width of 1000
and is trained with SGD unless otherwise stated. See Appendix C.3 for the details.

— NN -- extended model

1.0 1.0 1.0
& 0.8 ® 0.8 & 0.8
S S S
§’ 0.6 §’ 0.6 g 0.6
% 04 % 0.4 % 0.4 1
=02 =02 =02

0.0 T T T 0.0 T T 0.0 T T

0 1000 2000 1000 2000 0 5 10
T D N
(a) Time calibration (b) Data calibration (c) Parameter calibration

Figure 5.2: Calibration of hyperparameter on the first skill. The calibration of
the extended multilinear model (solid) on the 2-layer NN (dashed) for ns = 1 system. For
the calibrated hyperparameters, we have B2 = 1/22 for time (Eq. (5.2)), D. = 800 for
data (Eq. (5.5)), and N, = 4 for hidden layer width (Eq. (5.9)).

5.2.1 Time emergence

In our multilinear model, the layerwise structure — the product of parameters azby —
leads to a sigmoidal saturation where an update of one layer hastens the update of the
other layer. Feature learning dynamics in a 2-layer MLP shares the positive feedback

between the layers but require a non-trivial update of parameters to express gs.
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Extended model. Given that feature learning, though nonlinear, involves pa-
rameter updates, we compensate for the additional delay in feature-learning by

multiplying gx by a calibration constant 0 < B < 1:

fr(i,z;a,b) T)Bg(i, ), 0<B<1. (5.1)

||M2

The calibration constant B rescales the dynamics in 7' (Eq. (4.11)):

Ru(T) 1

= : (5.2)
S -
S 1+ (W(O) _ 1) o—2nPs (k)B2ST

where dy/D — P,(k) because we assume D — oco. We observe that B? = 1/22
fits the NN trained on one skill (Fig. 5.2(a)), and the calibrated model predicts
emergence in the ny, = 5 system (Fig. 5.1(a)), suggesting that the dynamics of
feature-learning gy in 2-layers NN is similar to that of decoupled parameter learning
(arbg) in a simple multilinear model. For further intuition of the extended model,

see an example of time emergence in an NN in Appendix C.4.

5.2.2 Data point emergence

Our multilinear model (Eq. (4.9)) can learn the k' skill with a single observa-
tion of the skill because of the prebuilt skill functions g, (Eq. (4.26)). NN,
without the fixed basis functions, require multiple samples from the k" skill

before ‘discovering’ each gy.

Extended model. To extend our model to a D.-shot learner from a one-shot
learner, we replace g, with a sum of basis functions e ;:
N
fri,z;a,B) =) ay ZBkl ek (i, x). (5.3)
k=1

The matrix B € RV*Pe is an extension of b € RY in Eq. (4.9), D, is a fixed scalar,

and eg (i, 2) : {0,1}"*" — R are functions with the following properties:

EX|I:I<; [ek,zek,l'] = ow, ek,l([ # kax> =0, Z \/—ekl = Gk- (5-4>
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The first property states that e;’s, when I = k, are orthonormal in X. The second
property asserts that, similar to g; (Eq. (4.2)), ek, is non-zero only when [ = k,
and fitting of the k™ skill only occurs among ey;’s, keeping the skills decoupled.
The third property states that g, can be expressed using ey ;.

For the k'" skill, the extended model overfits g;, when there are fewer observations
(di) than the dimension of the ey; basis (D,), and fits g, when dy > D,.: making

the model a D, shot learner.

D, shot learner. If we initialize the extended model in Eq. (5.3) with sufficiently
small initialization and if the conditions in Eq. (5.4) are satisfied, then the skill
strength after training (T — oo0) on D datapoints is

Ru(oo) = {S(l—\/l—dk/Dc) . dy < D, (55)

S deDc

The number dy, is the number of samples in the training set for the k' skill (i.e.,

datapoints with gx(i,x) # 0).
Proof. See Appendix B.1.6. m

Using Eq. (5.5), we can calculate the emergence of Ry /S as a function of D.
Note that Eq. (5.5) is similar to the model in Michaud et al. [88] in that, to learn a
skill, the model requires a certain number of samples from the skill.

The derivation of Eq. (5.5) follows trivially from the dynamics of the extended
model (Eq. (5.3)) and well-known results in linear/kernel regression [16, 20, 22,
99, 24]. To be more specific, the model finds the minimum norm solution as if
we performed ridgeless regression on g with basis functions [eg1,---exp,]. See
Appendix B.1.6 for details.

We observe that D, = 800 approximates the data emergence for the ny, = 1
system (Fig. 5.2(b)) and also the emergence for ny, = 5 system (Fig. 5.1(b)),

suggesting that the NN discovers g, when it observes D, samples from the k™ skill.
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5.2.3 Parameter emergence

Since our multilinear model has g;’s as the basis functions, it requires only one
basis function (2 parameters) to express a skill (Eq. (4.35)). A 2-layer NN cannot
express a skill (parity function) with a single hidden node (i.e., hidden layer of

width 1), but requires multiple hidden nodes.

Extended model. To compensate for the need for multiple hidden nodes in
expressing one skill, we extend our model similarly to Eq. (5.3). Because the number

of parameters is now a bottleneck, we ensure the model has N basis functions (eg,’s):

-1 N, r
fr(i,z;a, B) Z > ar(T)Biy(T)er (i, 2) + > ag(T) By (T)egr(i,z),  (5.6)
k=11=1 r=1

where N, is the minimum number of basis functions needed to express a skill,
quotient ¢ is [(N — 1)/N.] + 1 and remainder r is such that (¢ — 1)N.+r = N.

In short, the N basis functions are
[61,17 e 761,NC7 62,17 e 762,Nc tr eq,la e 7eq,T]' (57>
Similar to Eq. (5.4), the basis functions satisfy the following properties

Exji=k [erierp] = 0w, eI #k,x) =0, Z \/—ekl = G- (5.8)

N, basis functions for a skill. For the extended model in Fq. (5.6), the skill

strength at T, D — oo for a given N becomes

0 :k>q
Ri(o0) =45 h=g¢q (5.9)
S k<gq.
Proof. See Appendix B.1.7. O]

The equation Eq. (5.9) states that the model can or cannot express the k' skill
depending on the number of basis functions for the given skill. For k < ¢, it has

all N, basis functions [ey 1, - ,ex.n.] to express the k™ skill (Eq. (5.8)). The skills
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with k > ¢ lack the basis functions and are inexpressible. The ¢'® skill are partially
expressible depending on the number of basis functions for g, [eg1, -+, €qr]-
We observe that N, = 4 fits the parameter emergence for the ny = 1 system
(Fig. 5.2(c)) and also the emergence for the ny = 5 system (Fig. 5.1(c)), suggesting
that the NN requires 4 nodes in expressing gx. The results also suggest that an
NN, while lacking the ordering of basis functions (Eq. (5.7)), prefers to use the
hidden neuron in fitting more frequent skills. The ‘preference’ toward frequent
skills agrees with Fig. 5.1(a) where the NN learns more frequent skills first. Note
that for the parameter emergence experiment, Adam [100] was used, instead of
SGD, to increase the chance of escaping the near-flat saddle points induced by

an insufficient number of parameters [101].

5.3 Discussion

We return to the discussion of Fig. 5.1 or why NNs, despite their lack of the
decoupling among the skills, behave similarly to the decoupled model with fixed

basis functions g;. We also address the limitations of our model.

5.3.1 Effective decoupling among the skills

Although NN feature-learn g,’s by non-tractable dynamics, we speculate that
similar stage-like dynamics — induced by the model’s layerwise structure and
power-law frequencies of the skills — also hold: parameters ‘useful’ for expressing
more frequent skills will be updated significantly faster than parameters useful for
expressing less frequent skills. If skill discovery and saturation dynamics operate
at different time scales (stages), with negligible interaction among the skills, the
skill dynamics become effectively decoupled.

When the skill dynamics are decoupled, each skill’s feature learning process
scales with resource availability for that skill only (e.g., training time, data size,

hidden neurons), leading to a similar emergence as in our multilinear model.
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5.3.2 Limitations of the multilinear model

The strength of our extended multilinear model comes from the decoupled dynamics
for each skill: leading to the prediction of the time, data, and parameter emergence
with a single calibration. Here, we discuss the limitations of our model from

simplifying the more complex dynamics of NNs.

Time emergence. We note that the NN and the multilinear model emerge at
similar instances, but the NN takes longer to saturate fully. This is because, for a
given skill, the dynamics of the NN is not one sigmoidal saturation but a sum of
multiple sigmoidal dynamics with different saturation times. To express the parity
function, the NN must use multiple hidden neurons, and the skill strength can be
divided into the skill strength from each neuron whose dynamics follow a sigmoidal
saturation. Because of the non-linearity and the function it expresses, each neuron
is updated at different rates, and the slowly saturating neurons result in a longer tail

compared to our multilinear model. For an example, see Fig. C.2 in Appendix C.4.

Data point emergence. Our extended model (Eq. (5.5)) deviates from NNs
when dy < D.: NNs show a more abrupt change in R;, as a function of D. This is
because our model asserts strict decoupling among the skills: even a few d; will
contribute to learning g¢; from e;;. This differs from the NN, which lacks strict
decoupling among the samples from different skills. We speculate that because
NNs can perform benign [25] or tempered [102] overfitting, they treat a few data
points from less frequent skills as ‘noise’ from more frequent skills: requiring more

samples to learn the infrequent skills.

Parameter emergence. Note that Fig. 5.1(c) has high variance compared to
other emergence plots in Fig. 5.1; this is because the NN sparsely, over many repeated
trials, uses the hidden neurons to learn less frequent skills over more frequent ones.
Table 5.1 is an example of such outliers. Because the ‘preference’ of NNs toward more
frequent skills is not as strict as in our model, we speculate that initial conditions

(ones that ease the learning of less frequent skills) play a role in creating outliers.
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k=1 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.98
4.5 0.95 0.95 0.95 0.96 0.96 0.04 0.96 0.96 0.95
E=3 106 00 0.72 0.90 0.92 0.64 0.88 0.8 0.58 0.52
E=4 {00 07800 0.0 00 00 00 0.0 00 00
k=5 100 00 00 00 00 00 0.0 00 00 0.0

Table 5.1: Samples of skill strength Ry /S. The table shows the skill strength at
N =10 for 10 different runs of the parameter emergence experiment (Fig. 5.1(c)). Note
that the variance of Ry /S is amplified by the outliers — shaded columns — that learn a
less frequent skill at the cost of a more frequent skill (second column) or fail to learn a
skill (seventh column).

5.4 Summary

We explored how the extended multilinear model predicts emergence in 2-layer MLPs
for the multitask sparse parity problem. We showed that the layerwise structure
and differences in skill frequencies lead to stage-like training, effectively decoupling
skills. The success of our feature-learning-free model in describing this suggests that

feature learning dynamics closely mirror parameter learning in layerwise models.
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6.1 Introduction

In the last few chapters, we have looked at cases when the feedback principle leads
to a greedy dynamics that learns only the minimal number of features (Chapter 2)
or learns more relevant features significantly faster (Chapter 5). However, the
dynamics of layerwise structure need not always need to be greedy or sigmoidal.

For example, target downscaling [64, 21] or NTK initialization [15] can result in

66
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linear dynamics where a linear model can approximate neural network’s learning
dynamics. Such regimes are called lazy regime [64, 103, 104], while the rich
regime refers to a sufficient deviation from it, including the non-linear dynamics
we observed in previous chapters.

Grokking [66] refers to a delayed generalization: the training accuracy reaches
100% quickly but the test accuracy requires a long over-training before achieving a
generalizing value. Grokking, when first introduced, was considered as an artifact
of algorithmic dataset, but recent studies [105, 106, 65] showed that grokking is a
transition from a lazy overfitting regime to a rich generalizing regime.

In this chapter, we argue that the extreme rich regime correlates with the
MF regime in Chapter 2, characterized by greedy dynamics and the feedback
principle, while the lazy regime aligns with the extreme EF regime, lacking the
feedback principle (Fig. 6.1). Using an exactly solvable linear neural network
[6], we demonstrate that the known methods for entering the lazy regime also
eliminate feedback among layers and linearize the model’s dynamics. Leveraging this
solved model, we then empirically show that multiple approaches for transitioning
from linear to greedy (non-linear) dynamics in the toy model also remove the

generalization delay in grokking models.

Fized features Minimum features
(Linear) (Tmp)

<azy regim>< rich regime >
< EF regime ><V[F regim>

Figure 6.1: Intuitive relationship between MF, EF, rich, and lazy regimes The
MF /EF and lazy/rich classifications both assess the amount of feature learning. The
lazy /rich regime focuses on deviation from linear dynamics, while the MF/EF regime
focuses on deviation from ideal, extreme feature learning dynamics.

More feature learning
_—
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6.2 Toy model: linear neural network

One of the major consequences of the feedback principle was its stronger inductive
bias, compared to linear models, toward more ‘useful’ or aligned features. The
stronger inductive bias led to the use of a minimum number of features (Chapters 2
and 3) and stage-like training of more frequent skills (Chapters 4 and 5).

To analyze how the dynamics transition from rich (greedy) to lazy (linear),
we study a 2-layer p-wide linear neural network with scalar input x and scalar

output (d = ¢ = 1):

flz) = Zz:ab £ (x) = xS, (6.1)

where z € R, S > 0, and Z € R is a normalization or output rescaling constant. In
Nam et al. [6], we solve the exact dynamics of Eq. (6.1) for any initialization (e.g.,
Gaussian distribution). Before we look at the general solution, we study a special
case where @;(0) and b;(0) are initialized from {—1, 1} with equal probabilities.
The dynamics can be decomposed into two modes: the aligned mode Z, =
{i : @;(0)b;(0)S > 0} and the anti-aligned mode Z_ = {i : a;(0)b;(0)S < 0},
where i € {1,--- ,p}. We focus on the distinction between aligned and anti-aligned
modes — how greedy the dynamics is — while assessing the linearity of the dynamics.

The dynamic equations become

da? 2
W l0-9 T (62

1€L4

>

1€T4

where we used the conserved quantity a? — b? = 0 and expressed 0 := Z7+ 37 | a;b;
so that f(z) = z6. We define Af := Z~! (Zieh aibi — Xjer. ajbj) as the difference

between modes and the above equations rearranges into

d A6l
d
—(80) = —2(6 - 9). (6.4)
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Using Eq. (6.2), we find that a;/\/> ez, af is conserved for a; in aligned
mode (j € I;):

d a; _ a,ﬂ 1 + (da.> L (6.5)
dt \/ 2oieT, a; Tdt > et a; dt \ ez, a3 .

= S ' (6.6)

=0, (6.7)

where in the second line, we used Eq. (6.2) for the first term and the gradient flow

equation with a; = b; for the second term. We obtain

2(t) = (M) 2(0),  jel,. (6.8)

J

Likewise, for anti-aligned mode,

az(t) = <W) az(0), kel (6.9)

6.2.1 Greedy case

Because 6(0) = 0 and AA(0) > 0 at initialization, # and Af monotonically increase
over time. Using the small initialization assumption |a;(0)b;(0)] < S and Z =1 as
used in previous chapters, the dynamics of aligned mode dominates the dynamics.

Because both # and A@ are monotonically increasing and S = 6(c0), the
small initialization assumption (0(0), A0 < S) dictates that the aligned mode
dominates (larger a;(c0)/a;(0) in Eq. (6.8)) while the anti-aligned mode decays
(smaller ax(00)/ar(0) in Eq. (6.9)).

Intuition As discussed in previous chapters, the feedback principle of layerwise
models show amplifying dynamics under sufficiently small initialization. The aligned
mode will receive positive feedback between the layers as a;,b; grow in magnitude,
amplifying the dynamics. The anti-aligned mode will receive negative feedback
as the magnitudes of ag, b, decay over time, slowing down the dynamics. This

is illustrated in Fig. 6.2(a).
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Figure 6.2: Illustration of rich vs. lazy dynamics. The colored arrows represent
modes (e.g., a;b;z; in Eq. (6.1)), the dotted arrows represent their gradients, and the
black dashed arrow represents the learned function in function space. (a): With smaller
initialization and larger S, amplifying dynamics reinforce the growth of the aligned mode
(larger parameters lead to faster growth) while mitigating the reduction of the anti-aligned
mode (smaller parameters lead to slower decay), resulting in the aligned mode to dominate.
(b): With a smaller target scale (or larger initialization), minimal adjustments per modes
are sufficient to fit the target (lazy).(c): Under the NTK initialization with numerous
modes, gradients toward the target are distributed across the modes, resulting in negligible
movement for each mode — thus feature — to fit the target (lazy).
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6.2.2 Target downscaling

Lazy regime by target downscaling was first proposed by Chizat et al., [64], which
requires two assumptions: the initial function must be a zero function and the
target scale must be sufficiently small. We can satisfy the conditions in Eq. (6.1)
with Z =1, S — 0, and 6(0) = 0 (or p even). Then 2% ~ 0 in Eq. (6.4) as both 6
and S are close to 0 throughout the dynamics. As A6 is constant, Eq. (6.3) reduces
to linear dynamics (Eq. (3.7)). We can also check in Egs. (6.8) and (6.9) that both

aligned and anti-aligned modes do not evolve over time (ax(0c0) = a(0)).

Intuition Because the target scale is near the origin, the parameter updates remain
infinitesimal. As a result, the dynamics conclude before the feedback (between the
layers) takes effect. Without feedback dynamics to distinguish aligned from anti-

aligned modes, the dynamics closely resemble those of linear models (see Fig. 6.2(b)).

6.2.3 NTK initialization

NTK initialization, proposed by Jacot et al. [15], requires an infinite width, square
root normalization, and O(1) target. We can achieve the conditions in Eq. (6.1)
with p — oo with Z = /p, and S = O(1), respectively. Similar to the target
downscaling, Eq. (6.3) reduces to linear dynamics because Af is fixed in Eq. (6.4).
At initializtion, the right hand side of Eq. (6.4) is 0, as #(0) — 0 and Z — oo for
p — oo. Throughout the dynamics, # < S = O(1) ensures fixed Af, linearizing
the dynamics of Eq. (6.3). In Egs. (6.8) and (6.9), A0 = O(,/p) and S = O(1)

leaves the parameters unchanged for p — oc.

Intuition The difference between modes, Af, remains fixed because the dynamics
distribute the required movement § — S = O(1) among p features, resulting in
minimal change for individual features. To be specific, each feature moves O(p~/?),
and the collective change of p features sums to O(1) change in 6. Again, such thinly
spread dynamics conclude before the feedback takes effect, linearizing the dynamics

(Fig. 6.2(c)). See Luo et al., [107] for more rigorous arguments.
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6.3 General solution of the scalar-in scalar-out
linear neural network

We demonstrated how the lazy regime completes the dynamics before the amplifying
dynamics distinguishes modes with different alignments. Next, we present a general
solution to Eq. (6.1) from Nam et al. [6] and explore the factors governing the

transition between linear and greedy dynamics.

Theorem 1. The solution for the gradient descent dynamics for MSFE loss is given

as
a;(0) + b;(0 a;(0) — b;(0 B
a;(0) + b;(0 a;(0) — b; (0 B
bilt) = ()2()7(”1/2 - ()2()7(1?) V2 (6.11)
where
S0~ So+ S+ /T2 - S3+ 52+ (—20+30_5+\/m)exp<_4\m3);wt)
(t) = .
S0+ 8 — S+ /Z2 - S+ 52+ (—20—50+5+\/m)exp<_4\/2580+5t)
(6.12)
and
12 1Pa,02+b'02
So =2 a;(0)0;(0), Lo=_> (07 16,007 (6.13)
Z 4 Z 4 2

In particular, we have

S+ /33— 83+ 52
vs = lim y(t) = y(o00) = ¢ . (6.14)

t—o0 - 20 —+ SO

The function v is always monotone from v(0) = 1 to y(o0): if S > Sy then v is

increasing, and if S < Sg then ~ is decreasing.

See Nam et al. [6] for a proof. For S > Sy, the constant v, loosely speaking,
determines how a; and b; scale with their initial values. A large v, indicates more
significant difference in contributions between more and less aligned features, while

v+ ~ 1 implies negligible changes in a; and b;, resulting in lazy dynamics.
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6.3.1 Reinterpretation from weight-to-target ratio

Note that Eq. (6.14) is bounded from below by the ratio between the target
scale and weight norm:

S YE S+ S? L2858 S

"= S0 + S 2%, %

where we used a;(0)% + b;(0)? > 2a;(0)0;(0), 3g > 0 and Xy > S;. Thus, for
the amplifying dynamics to distinguish the more aligned from less aligned modes,
we need the target to be sufficiently far away compared to the initial function
determined by the initial weights.

The small initialization leads to larger v, , resulting in greedy dynamics. The
target downscaling with Sy = 0 and .S — 0 leads to v, ~ 1. The NTK initialization
with p = oo, Z = /p, and a,b ~ N(0,1) leads to Sy — 0 with the variance of
Var[Sg] = 1 and ¥y — oo, resulting v, ~ 1.

Several methods increase 7., which coincides with the transition out of the lazy
regime. We can increase S by upscaling the target or analogously downscaling the
input features (as S is the ratio between y and z). Alternatively, we can decrease
Yo by downscaling initialization [108] or by downscaling the output of the function

by increasing Z. See also Kumar et al. [105].

6.4 Empirical validation in Practical DNNs

Here, we empirically verify if our claims on the relationship between EF/MF to
lazy /rich regime (Fig. 6.1) and findings on how to control the regimes (Theorem 1)
extend to practical NNs with non-linear activations. We will first verify the lazy /rich
to EF/MF connection in Fig. 6.1 by observing how target downscaling pushes the
model further into the EF regime (Fig. 6.3). We then confirm that grokking is
a transition from EF (lazy) to MF (rich) regime (Fig. 6.4). Finally, we verify
that methods to increase v, in Theorem 1 also remove the generalization delay

in practical DNNs (Fig. 6.5).
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6.4.1 Lazy/rich and EF/MF

As observed in Chapter 2, most DNNs in practice are in the rich regime. However,
previous studies [44, 109, 110] observed that sufficient target downscaling with
y — y/a with o > |/p — where p is the width of the last layer — leads to the
lazy regime for DNNs, even at finite width.

In Fig. 6.3, we control the dynamics using the target downscaling constant «
and compare it to a linear model (last-layer-only training) for a width p = 256
FCN. The richest model (v = 1) is in the MF regime, the lazier model (o < 1)
in the EF regime, and the linear model further in the EF regime, as indicated
by kckxa. This aligns with Fig. 6.1, where richer regimes are deeper in the MF

regimes, while lazier regimes are in the EF regimes.
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Figure 6.3: Features with rescaled target compared to fixed features A 4-layer
FCN with a width p = 256 is trained on 10,000 images of MNIST, with target downscaling
(Section 6.2.2). We compare three cases: 1) The standard rich case (o = 1), 2) lazier
training with o = 100, well above the threshold «/\/p > 1, and 3) last-layer-only (lazy)
training with & = 1. The standard (rich) scenario is in the MF regime while the lazy and
linear dynamics scenarios are in the EF regime, suggesting a connection between MF/EF
regimes and rich/lazy regimes.

6.4.2 Grokking: transition from EF regime to MF regime

Grokking [66] refers to delayed generalization (Fig. 6.4(a)), where test accuracy
improves significantly later than training accuracy. Recently, grokking has been
studied as the transition from a lazy regime (overfitting phase) to a rich regime

(generalizing phase) [111, 112].



6. Lazy and Rich Regimes to Grokking 75

Fig. 6.4 shows a 2-layer transformer trained on a modular p division problem,
the first reported grokking example [66]. The metrics show that the model is in
the EF regime in the overfitting phase, but transitions into an MF regime after

grokking into a generalizing phase (Fig. 6.4(b)).
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(a) Grokking
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(b) Metrics before and after grokking

Figure 6.4: Grokking is a transition from EF to MF regime. A 2-layer transformer
is trained on the modular p task. (a): The training and test accuracy as a function of
steps, where the test accuracy reaches 100% significantly later than the training accuracy.
The vertical dotted lines indicate when the metrics are measured. (b): The metrics of
the model before grokking (step 200, red) and after grokking (step 3000, purple). The
model shows a transition from the EF to the MF regime.

6.4.3 Empirical confirmation on MLP

Fig. 6.4 confirms the finding that grokking is a transition from lazy to rich regimes.
If the grokking models were initialized in the rich regime, then models will not need
to wait for the transition into the rich regime for generalization.

Fig. 6.5(a) shows a grokking depth 4, width 512 MLPs with tanh activation
trained on 1000 datapoints of flattened (vectorized) MNIST dataset. We used
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MSE loss with the class label as one-hot vector multiplied by the target scale. By
default, the weights of the layers were multiplied by factor of 5 compared to LeCun
initialization. For training, Adam with learning ratio of 1073 and weight decay of
10~* was used. Batch size was 128 and the model was trained for 2000 epochs. For
input downscaling, the MNIST data vectors were multiplied by the input scaling
factor. The output scale was multiplied to the output of the function (MLP).
To verify that our analysis of scalar input neural networks extends to DNNs,
we apply techniques to increase v, and escape the lazy regime, as summarized
in Table 6.1. Models in Fig. 6.5(b-e) are initialized in richer regimes using
these techniques, skipping the prolonged overfitting phase and showing no delay
in generalization. This confirms that our analysis of linear neural networks

extends to DNNs.
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Figure 6.5: Grokking in MLP. We apply four techniques to remove (accelerate)
grokking for a 4-layer MLP trained on MNIST.(a): Basic grokking scenario. (b-e): The
methods that increase 4 : discussed in Section 6.3.1 and summarized in Table 6.1. All
methods remove the delay in generalization.
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Name Sub Weight  Target  Input Output
figure  scale scale scale scale

Default (a) 5 3 1 1

Weight downscaling (b) 1 3 1 1

Target upscaling (c) 5 30 1 1

Input downscaling (d) 5 3 0.01 1

Output downscaling  (e) 5 3 1 0.1

Table 6.1: Hyperparameters for Fig. 6.5 (a):The initial parameters for grokking.
(b-e): The methods to increase 7.

6.5 Summary

In this chapter, we connected lazy and rich regimes to EF and MF regimes through
their transition from linear to greedy dynamics. By solving a scalar-in, scalar-out
linear neural network, we examined how initialization, input scale, output scale,
and target scale influence the prevalence of amplifying dynamics and, consequently,
the respective regimes.

Through out visualization techniques, we empirically verified our claim on
the connection between lazy/rich and EF/MF regimes (Figs. 6.3 and 6.4). In
Fig. 6.5, the application of techniques to increase v, in a linear neural network
successfully reduced the generalization delay in practical NNs, validating our analysis

using linear neural networks.
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7.1 Introduction

So far, we have explored scenarios where simpler, solvable models provide good
approximations or qualitative insights into practical systems. However, real-world
systems are often more complex and various factors govern the level of amplifying
dynamics (thus MF and EF regimes). Such factors are challenging to formalize
in a solvable model.

Another important question unanswered is whether greedier dynamics lead
to better features and performance. No definitive theory exists as the layerwise
linear models — without non-linearities — do not gain expressivity boost from greedy
dynamics. However, we empirically observe that tighter MF regimes often correlate

with improved features and performances.
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In this chapter, we present empirical results on how practical factors like training
set size, learning rate, batch normalization, and architecture influence both dynamics,

level of feature learning, and performance.

7.2 Effect of training set size

The learning curve, or how fast the loss scales with the training set size, measures
the ‘goodness’ of inductive bias toward the target function. As discussed in
Chapter 4, the learning curves often follow a power-law for a sufficient number of
datapoints. Here, we explore how the inductive bias for the MF regime changes
with additional datapoints.

Fig. 7.1(a) shows the learning curve of ResNet18 on CIFAR10 and the model’s
CKA measures after training (Fig. 7.1(a, iii)). The learning curve follows two
phases: a slower power-law in fewer training samples and a faster power-law in
larger numbers. The transition into faster scaling coincides with the transition from
the EF to the MF regime, empirically supporting that greedy dynamics correlates
with feature learning and thus better performance.

The transition suggests that feature learning (transition into the rich regime)
requires a critical number of data points, though the theory behind this remains
unclear. We speculate that with insufficient data, many features appear ‘good’,
allowing greedy dynamics to promote those that would otherwise lag, mitigating

its selective nature.

7.3 Effect of hyperparameters

In practice, various hyperparameters can effect the performance. Two most popular
hyperameters are the learning rates and the weight decay. In Fig. 7.2, we explore
their effects on performance and the greedy dynamics. Fig. 7.2 (a) shows that the
two better-performing learning rates are in the MF regime while the underperforming

model with the lowest learning rates is in the EF regime. Fig. 7.2(b) shows that
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Figure 7.1: Learning curve and feature learning metric. (a): Learning curves of
ResNet18 on CIFAR10. Both error (i) and loss (ii) learning curves show a transition to a
faster-decaying power law with additional data. This correlates with the decay of the MF
tightness measure kg 4 in (iii), with the shift occurring near the MF regime boundary
(horizontal dotted line). (b): Metrics for data-augmented ResNet18 on CIFAR10 with
varying data sizes. Adding more data leads to greater concentration of quality (i),
utilization (ii), and intensity (iii) in the first C features, reducing kox 4.

weight decay also flattens the distribution of first C' eigenvalues, leading to a tighter
MF regime and better performance.

Additionally, note that the model without weight decay also lies in the MF
regime, suggesting that weight decay aids but is not solely responsible for the
MF regime [113].

Again, we do not have a theory, but we speculate that finite effects of large
learning rate enhances the selective nature of the greedy dynamics, selecting only
the most relevant features. Likewise, we speculate that the weight decay prevents
the less relevant features from gaining meaningful gradients.

Fig. 7.3 shows that using batch normalization on VGG16 for CIFAR10 and
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CIFAR100 not only leads to better performance [114] but also leads to a tighter
MF regime. Notably, in Fig. 7.3(b) for CIFAR100, batch normalization shifts the
model from EF to MF regime, with approximately 50% boost in test accuracy.

We speculate that batch normalization lifts the lazy regime arising from the layer

imbalance [63, 65, 115, 116].

— Ir=0.2 (74.5%), [ 3.9e-2] Ir=0.05 (78.3%), [ 2.5e-2] — Ir=0.005 (66.3%), [ 5.3e-2]
0.7 1.0 / 10-1
= 0.6 2 091 : <
=05 = 0.8 £10°
0.4+ : 0.7 : i
t t 1073 T t T
50 100 150 50 100 150 10° 10' 102 103 10%
k k k
(i) Target projection (ii) Self projection (iii) Eigenvalue

(a) ResNetl18 on CIFAR100 with different learning rates
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(b) ResNet18 on CIFAR10 with different weight decay rates

Figure 7.2: Effects of learning rates weight decay on feature learning and
generalization (a): We explore the effect of changing the learning rate for a ResNet18 on
CIFAR100. Note that a lower learning rate leads to the EF regime and poorer performance.
The best performance is for the intermediate learning rate in the MF regime with the
tightest CKA measure. (b): we study the effect of weight-decay for a ResNet18 on
CIFARI10 where a tighter MF regime correlates with a larger weight-decay and better
performance.

7.4 Effect of architecture

Architecture and dataset pair can influence the performance even when dynamics
are greedy through the race toward more frequently used paths [117]. To be specific,

different architectures show inductive bias on various functions even when they share
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(b) VGG16 on CIFARI100 with and without batch normalization

Figure 7.3: Effect of batch normalization on feature learning and generalization
(a): VGG16 on CIFAR10 with/without batch normalization. While both cases are in the
MF regime, we observe that including batch normalization results in a tighter MF regime
and better performance, including a flatter first C' eigenvalues and a wider gap between
pc and pc41. (b): VGG16 on CIFAR100 with/without batch normalization. Adding
batch normalization results in a significant performance boost and a transition into the
MF regime. Despite both models achieving training accuracy of over 94%, the underlying
dynamics and performance differ significantly.

the stage-like training [118, 119, 120, 121]. In Fig. 7.4, we examine the dynamics
of MF and EF regimes by observing the features of ResNet18 (MF regime) and
4-layer 512-wide FCN (EF regime) on CIFARI10 at different epochs. For the MF
regime in Fig. 7.4(a), the training dynamics decomposes into two phases: 1) the
early collapse into the MF regime with a significant increase in the quality (up
to epoch 5) and 2) a gradual increase of the quality and intensity of the first C'
features without using additional features. The first phase with significant feature
learning is consistent with previous research that feature learning occurs at an
early stage of training [46, 122, 65].

In Fig. 7.4(b), FCN shows less dramatic changes in quality, utilization, and
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relative intensity. While it initially trends toward the MF regime, it deviates after
epoch 30, using more features later in training. By epoch 200 in Fig. 7.4(b, ii),
FCN uses more features to express the learned function than at epoch 30, with
smaller ﬁ(k:) across all k. The additional use of features mirrors the behavior of

linear models, where weaker intensity features are used in later training stages.
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Figure 7.4: Feature-learing as a function of epochs for the MF and EF regimes
ResNet18 (a) and 4-layer FCN of width 512 (b) are trained on CIFARI0, and their
metrics are shown at different epochs. Parentheses show test accuracy and square brackets
indicate the CKA measure at given epochs. ResNet18 concentrates the metric on the first
10 features after just one epoch and reaches the MF regime from epoch 5. In contrast,
FCN shows a less dramatic concentration on the first 10 features and deviates from the
MF regime after epoch 5 by using more features.

Even when both models in Fig. 7.4 show greedy dynamics towards MF regime
in the beginning, FCN eventually deviate from it by using more features. We
speculate that the lack or difficulty in expressing the features cause such deviation.
In Fig. 7.7, we observe the evolution of the first 20 features. Resnet18 on CIFAR10
behaves as a typical greedy dynamics with the first 10 features showing distinguished
dynamics from others. For FCN, the distinction decays after epoch 5 and other
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Figure 7.5: Temporal evolution of the first 20 features In (a) for ResNet18 on
CIFARI10 and (b) for an FCN on CIFAR10, we plot, as a function of epoch and for the
first 20 features (i) the quality of the features, (ii) a related projection of each feature
onto the learned function, (iii) the test and training accuracies for the full DNNs, and
(iv) the eigenvalue spectra. A Gaussian filter has been used for (i,ii,iv) to smooth the
curve. We observe that the dynamics for (a) are in the MF regime and are restricted to
the first 10 features. By contrast, the dynamics for (b) are in the EF regime. There is an
initial regime of feature learning, but this slows down and further lowering of the loss is
achieved primarily by using lower-intensity features, as evidenced in (ii).
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features also gain utilization, more similar to linear dynamics. This is also when
the test and training accuracies begin to diverge.

Although we lack a theory to explain such dynamics, we speculate that the
difficulty in obtaining better features in the earlier layers lead to the transition
into more lazy regime where lower quality features must be used to express the
training set. The results in Fig. 7.6 supports this speculation as similar FCN can

achieve MF regime on simpler MNIST dataset.

— FCN on MNIST (98.7%), [ 4.5e-2]

1.00 1 1.00 A

0.75 0.75 A
= =
= 050 & 0.50-

0.25 1 0.25 1

0.00 T t T 0.00 T t T 103 t T

0 5 10 15 20 0 5 10 15 20 10° 10! 102 103
k k k
(i) Target projection (ii) Self projection (iii) Eigenvalue

Figure 7.6: FCN on MNIST FCN of width 512 and depth 4, similar to the FCN in
Fig. 7.4, reaches the MF regime on MNIST dataset, suggesting the MF regime correlates
with the difficulty of feature learning.

7.4.1 Amplifying dynamics with feature learning

The amplifying dynamics state that the magnitude of one layer governs the change
in the other layers. While we have only studied that change in the intensity of a
feature in out theoretical search, we can extend the argument to say that sufficient
update on the feature also increases the quality of the features.

The intuition is that more gradient means faster selection of more relevant
features and thus better quality. In Fig. 7.7, we have supporting evidence for this
claim because the quality of the feature correlates with its utilization and intensity
((i), (ii), and (iii) correlate in the figures). Indeed, larger features gain better quality

faster. The extension of the feedback principle is left for future work.
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Figure 7.7: The quality/utilization of individual features at different epochs.
The metrics at different epochs for VGG16 on CIFAR10 (a) and ResNet18 on CIFAR100
(b), using individual metrics (Q} and Qy,) instead of cumulative ones (IT*(k) and TI(k)). A
clear correlation is observed for models in the MF regime: features with higher intensity
also exhibit higher quality and utilization.

7.5 Summary

In this chapter, we shared our empirical observations that may lead to further
understanding of how various factors affect the dynamics and better performance.
Widely used practices such as learning rate tuning, weight decay, batch normalization,
and the use of complex architectures all direct toward both MF regime and better
performance. While our observations link the MF regime to desirable inductive bias,
the relationship is not exact—models can enter the MF regime even with randomly

labeled data (Fig. 3.5), highlighting the need for deeper understanding.



Conclusion

In this thesis, we explored the dynamical inductive bias of deep neural networks
(DNNs) through a guiding principle, solvable models, and a framework extended
from well-understood linear models. We aimed for intuition by using clear examples
with minimal setup, for rigor by analytically proving results in solvable models, and
for empirical validation by verifying them in real neural networks.

The dynamical feedback principle (Chapter 3), formalized through solvable
layerwise linear models, offers insights into key DNN phenomena. Amplifying
dynamics of layerwise models explains neural collapse (Chapter 3), scaling laws
(Chapter 4), and emergence (Chapter 5), while its absence accounts for lazy
regimes and grokking (Chapter 6). With its simplicity, solvability, and empirical
support, this principle makes abstracting DNNs through layerwise dynamics a
compelling approach.

The visualization framework (Chapter 2) extends established measures from
linear models (Chapter 1) to visualize the richness of network dynamics. Using prior
knowledge from linear models, a structured analysis enables the quality, utilization,
and intensity of the features to be analyzed. Our findings reveal intriguing,
yet unresolved, correlations between architectural choices, hyperparameters, and

dynamical richness (Chapter 7), paving the way for future investigations.
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The journey toward a complete understanding of DNNs is far from over.
In the worst scenario, DNNs may be too complicated for a complete elegant
theory. Nevertheless, theoreticians must distill the core principles behind the
rapid engineering developments, providing future researchers and practitioners
with a clearer narrative to build upon. In this light, we hope this thesis serves
as a step toward understanding one fundamental aspect of deep learning: the

dynamics of layerwise structure.
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Derivation for linear models

A.1 Derivation of Eq. (1.27)

We show that matrix O in Eq. (1.27) is an orthogonal matrix. The column

vectors of matrix O,

1
O = ——=[(ei|®1) -, (ei| Dp)] (A1)
are orthogonal to each other:
P
OJ;O] Z 6z|q)k (I)k|€j> (A2>
VPl (=
1
= €; P P €; A3
mu(gw 3 ) ) (A3)
1
= eiTe- A4
m( | T1e;) (A.4)
Pj
2 (e (A5)
= 0ij. (A.6)

Because OOT = I and O is a finite p-dimensional square matrix, associativity of

matrix multiplication shows that OTO = OOT =TI or O is an orthogonal matrix.
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A.2 Gradient flow finds the minimum norm /rank
solution

We show that a zero-initialized linear model trained with GF finds the minimum
rank solution, which is also the minimum norm solution obtained from the ridgeless

kernel regression.

Setup Given n samples of the training set, let ®(X) € RP*™ be the feature matrix

and Y € R™" be the labels. The learned parameters @ must interpolate the data or
DT O(X) =Y. (A7)

Because ®(X) is a rank n matrix in an overparameterized setup, performing SVD

leads to ®(X) = USV where U € RP*" V' € R™", and a diagonal matrix S € R™*",

Minimum rank/norm solution The projection of @ onto U must satisfy
Eq. (A.7) to interpolate the data while any compliment of U (i.e. (I, — UUT))

does not affect the training set labels. Thus @ becomes
W =YVISTUT w1, - UU"), (A.8)

where [, is a p dimensional identity matrix. It is easy to check that the minimum

norm and the minimum rank solution are when ([, — UUT) = 0.

GF solution The dynamic equation of the linear model trained with GF is

dw

— = (" ®(X) = Y)(x)". (A.9)

By replacing ®(X) with U, S, and V,

dw

i —n(wUSV —Y)VTSUT. (A.10)

If we multiply I — UUT on both sides,

d
di:(l,, —UUT) = = USV — YV)VISU™(1, — UUT) (A.11)

—0, (A.12)
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where the last line follows because UTU = I,,. Assuming w = 0 at initialization,
Eq. (A.10) shows that the gradient is constrained on the image of U and GF finds

the minimum rank/norm solution of v = YVTS~1UT,

A.2.1 Dynamics of diagonal linear neural network

Starting with the gradient flow equation in diagonal linear neural networks,

(A.13)

Analogous to Eq. (1.22), we can use the orthogonality condition (E[z;z;] =0

if i # j) to get

dCLi 01 * 2
g [ a5 - £ (A14)
b;x; (Zp: )] (A.15)
= —bE [2?] (a:bi — S)). (A.16)
db;

We can analogously obtain <, and the evolution of a;b; is

=-E {mf] (b7 + a?)(ab; — S) (A.18)

where we used Eq. (A.16) (and its equivalent for b;) in the second line and the
condition a; = b; in the last line. Assuming a;(0)b;(0) < S, we can solve the

differential equation to obtain

Si

a;(1)bi(t) = oS B2t
1 + (m - 1) € 2S’E[xi}t

(A.20)

For a general derivation when a; # b;, see Appendix A of Saxe et al. ((year?)).
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A.2.2 Derivation of the magnitude difference conservation
in linear neural network

For the sake of readability, we restate the dimensions of inputs, weights, and

outputs (labels) for linear neural networks:
re R yeR™ W, e R, W, € RP*“. (A.21)

For a linear neural network, the gradient flow equation is

dW; oL dWs oL
- _ - _ , A .22
dt ow,’ dt oW, ( )

The loss in the summand notation is

1
=3B (Z rww® — yk) (Z roww? — yk)] : (A.23)
ko\iJ "5
where wfjl ) and wﬁ) are elements of matrix Wy and Ws, respectively. The derivative

for the first matrix W; is

E > (:17 wjk> (Z x,/w/ ) w! ,k yk) (A.24)

k

oL

8wi ;

( > xlxw, Jw /kw](i) — Y w](i)) (A.25)

i3k
and this can be expressed in the matrix form as

oL
oW,

= E [a(a" W W, — " )WY (A.26)

Likewise for W,

oL

8w]k

B | (S (z e — y)] | (A27)
1:/7‘7'/

which in the matrix form is

oL
oW,

= E [W/ (=" Wi, —y")]. (A.28)

Using Eqs. (A.22), (A.26) and (A.28), we obtain

dw,  dw. d
T dtlz dtQWQT = (VW = W) = 0. (A.29)
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A.2.3 Dynamics of linear neural network with small ini-
tialization

Here, we show that a special initialization of W; and W, leads to Eq. (3.15) and
argue that a sufficiently small initialization makes the assumption plausible. For
a more rigorous arguments, see [61, 57, 70, 71, 72, 73, 74, 79, 63], especially more
recent works for formal handling of initialization.

Let the singular value decomposition of the correlation matrix be
UTPV =B |ay"]. (A.30)

We assume whitened input E[zz”] = I, W(0) = UT AR, and W5(0) = RTAV. The
diagonal matrix A is of rank ¢ and comprises sufficiently small singular values, while
R € R*¢ is an orthogonal matrix. These assumptions on W; and W, immediately

shows that layers are balanced:
WIW, — WoW) = 0. (A.31)
Denote
Wy = UWLRT, W, = RW,V7. (A.32)

Then from the gradient dynamics

dnwh

el —E[zz" W WoW] + Elzy" W) = —WiWoWy + UTPVWY,  (A.33)

we have

dw, d r
Wo _ AWOWART) BT (RW,VT)(VWERT) + (UUT) POV RT)

dt dt
(A.34)
_ I 4 PIT. (A.35)
Similarly, for W;,
dN — e —
W2 _ —WIW\ Wy + WP, (A.36)

dt
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As both W, and W, starts with diagonal matrix Wi(0) = W5(0) = A, and
all matrices in Eq. (A.35) and Eq. (A.36) are diagonal, W, and Wy are always

diagonal. Also from
WIW, — WoW.) = ROWIW, — WoWI)RT =0, (A.37)

we have W, (t) = Wa(t) for any ¢. Denote by o, the i diagonal entry of W;. We
have either from Eq. (A.35) or Eq. (A.36),

dOéi
dt

= —a} + pia, (A.38)

where p; is the i*" diagonal entry of P or the i*" singular value of the correlation

matrix. Solving this equation gives

2 2
; ; 1
e S LU S (A3

dt Pi 1+ (oﬁp(io) _ 1> e—2pit

and the dynamics of WiW, is given as

WiW, = UTA)?V, A(t)? = as(t)? . (A.40)

Discussion on the assumption The assumption specifies a particular form for
the matrix, but with sufficiently small initialization, all matrices approximately

meet the conditions.



Derivation for chapters 2 and 3

In this section, we show the derivation for the extended multilinear model.

B.1 Derivation of the multilinear model

In this section, we provide derivations of how the skill loss of our multilinear
model evolves with a given resource: time (Lemma 1), data (Corollary B.1.1), and
parameters (Corollary B.1.2). Note that two corollaries for data and parameters

(Corollaries B.1.1 and B.1.2) follow from the decoupled dynamics (Lemma 1).

B.1.1 Decoupled dynamics of the multilinear model

Lemma 1. Let the multilinear model Eq. (4.9) be trained with gradient flow on
D i.i.d samples for the setup in Section 4.2.2 (input distribution: Eq. (4.1), target
function: Eq. (4.4), and MSE loss: Eq. (4.5)). Let k < N be a skill index in the
multilinear model and the input distribution (k < ngs). Then assuming the following
initialization ay(0) = by(0) and 0 < ai,(0)bx(0) < S, the dynamics of the k' skill
strength (Ry) is

Ru(T) = (B.1)
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and the skill loss is

Lyp(T) = 5 : (B.2)

1 2
2+ a9
where n is the learning rate and dy is the number of observations with gp(I =

Proof. For j =1,---, D, denote (i), 209)) be the j'* data point in the training set.

Then the empirical loss for D datapoints is given as

1 2

D
D) — 5 Z (f*(i(j),x(j)) _ f(i(j)’gg(j))) . (B.3)

j=1
We note that

Ns

2
. . . . 2 . .
(f*(z'(]), a:(])) _ f(i(])’x(J))) — <Z(S _ akbk)gk(i(]), x(])))
k=1
= (S = a0 b)) g5 (i9, )7

= (S — a;ib;»)%

as ¢;(i,7) € {1, —1} and gi(i,7) = 0 for i # k. So if we denote dj, the number of

data points with i) = k, then we can conclude
o_ 1§ L § 2
E Z l(;)bm) = — Z dk(S — akbk) s (B.4)
2D = 2D =

which is the decoupled loss in the main text (Eq. (4.11)). Using the gradient descent

equation and Eq. (B.4), we obtain

dak . d[,D

R B.5
it~ day (B:5)
= —U%bk(akbk —9). (B.6)
Likewise, we can obtain the equation for by as
db d
ditk = —nﬁkak(akbk — S) (B?)
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Because of symmetry between a and b (See [61]), assuming ax(0) = b,(0), and

ar(0)bg(0) > 0 results in ax(T") = by (T) for all T. The equation for Ry = axby is

dRu dag dby, di 5 2
O _ Dk _ - B.
o n 7 b + ay 7 nD (by, + a;)(agby — 5) (B.8)
d

Assuming a,(0)b,(0) < S, we can solve the differential equation to obtain

S

Ri(T) = —- (B.10)
s —ons %k
L (i — 1) "
The equation for £ follows from Eq. (4.10). O

B.1.2 One-shot learner

Corollary B.1.1. For the setup in Lemma 1, the k'™ skill loss (L) at T, N — oo

8

- 0 cdi >0
Li(o0) = {(s CRe(0))2/2 % S22 dy =0, (B.11)
where dy, is the number of k' skill’s observations.
Proof. The corollary follows directly from Lemma 1. By taking T, N — oo,
- S cdp >0

We obtain the result by using the relationship between Ry and Ly in Eq. (4.10). O

B.1.3 Equivalence between a basis function and a skill

Corollary B.1.2. Let the multilinear model Eq. (4.9) be trained with gradient flow
on D i.i.d samples for the setup in Section 4.2.3 (input distribution: Eq. (4.1),
target function: Eq. (4.4), and MSE loss: FEq. (4.5)). Assume ax(0) = bi(0),
0 < ar(0)bg(0) < S, and that the model has the N most frequent skills as basis

functions. Then Ry, for the k" < ng skill at T, D — oo is

Lx(o0) = {520/2 Z i % (B.13)
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Proof. The corollary follows directly from Lemma 1. By taking T, D — oo,

S k<N
Ry(o0) = {ka) RSN (B.14)
We obtain the result by using the relationship between Ry and L in Eq. (4.10)
and Ri(0) < S. O

B.1.4 Gradient flow in the extended multilinear model

Lemma 2. Let the extended multilinear model Eq. (5.3) be trained with gradient
flow on D i.i.d samples for the setup in Section 4.2.2 (input distribution: Eq. (4.1),
target function: Eq. (4.4), and MSE loss: Eq. (4.5)). For the skill index k < N be
a skill index in the multilinear model, let the feature matriz ® € RP<*% for the k'

skill be
(Dlj = ek,l(i(j) = ka :L'(j))v (B15)

and SVD on ® = USV. Assuming that the system is overparametrized (dy < D.),

the gradient on B, € RPe ([By,, - - ., Bi.p.]) is contained in the column space of
semi-orthogonal matriz U € RP>dk ;
dB,  dB,
[ —_ B.16
dt dt ( )

Proof. Similar to Lemma 1, the total loss can be decomposed into each skill such

that the dynamics of By, relies only on dj, observations of the kth skill:

53 S (56 ) — £, 20))’ (B.17)

k 1j=1
Ng Dc 2
Z Z (Sgk l{ x“) ZakBk716k7l(k,$(jk))> (B18)
k 1jk=1 =1
ZZ(Z 5 aBuenath ) (B.19)
— akBk,l €L, /{Z,Z‘ Ik > . B.19
2D k=1 jp=1 DC

In the second line, we used Eq. (5.4) that e (I # k,z) = 0 and the orthogonality
of gr (Eq. (4.3)). In the last line, we used Eq. (5.4) that g, = D,y ek . We
can find the gradient descent equation of By, from Eq. (B.19):

dBkl i 1 ) De S .
— = — ey B ; — / (]) B2
o 77; D [akek,l(k>$ )Y (axBry \/Fc)ek,l (k, 2", (B.20)

I'=1
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which in the matrix form is

dék nak T g
— = ——®P" | Brap — — B.21
& D KD, ) (B.21)
where D, dimensional vectors By, and S are By, --- , Br.p,] and [S, - - -, 5] respec-

tively. It illustrates that d{f;’“ is contained in im(®), which is contained in im(U)

(immediate from ® = USV). As UUT(Uz) = U(UTU)z = Uz, UUT acts as identity

TdB __ dB
on image of U, showing that UU" <7k = <7k,

[]

B.1.5 Conserved quantity of extended multilinear model

Lemma 3. In the setup of Lemma 2, ai — |§k|2 is conserved over time.

Proof. We can use Eq. (B.19) to find the equation for ay:

dak I S .
— = —772 Y Bruera(k,29) > (axBry — f)ek,l'(k‘wm)] , (B.22)
=1 I'=1 DC

which in the matrix form is

— = ——PB, ®® B = B.23
dt Dk WD, (B.23)
Then
dag _ nak zr -7 S
—=———PB, 00 B - — B.24
gt Dk L N (B-24)
. dB,
T B.25

where we used Eq. (B.21) in the last line. Thus, a2 — |By|? is conserved during the

dynamics. O

B.1.6 Multi shot learner

Proposition B.1.1. Let the setup be as that in Lemma 2. Suppose that ay(T) is
eventually bounded away from zero, i.e. there exists 6 > 0 and M > 0 such that
T > M = |ai(T)| > 6. Also assume that U*-component of By,(0)ay(0) and By,(0)S

is negligible. Then the skill strength Ry s

Ra(oo) = {dk <D.: S(1—\1-d/D.) (B.26)

deDCI S
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Proof. First, we show that % < 0 with equality only holding when the gradient is
0.

ALy _ dLyday | Qn dLy dBy,

ok _ B.2
dt dak dt EZ: dB/m dt ( 7)
dp (dLydLy 8= dL, dly
— g% <0. B.28
) (dak da, 2~ dB,, dB;m) = (B.28)
The equality holds only when
dL;  day ALy  dB,
=k 0 and = ki, B.29
day  dt W 4B Tt (B:29)

We show that both aj, and By, are bounded throughout whole dynamics. As

VD,
for 0% the smallest nonzero eigenvalue of ®®7, where ® = USV. This shows that

2 2

Ly = > o” (B.30)

UuT (ékak — \/Sﬁ> (B.31)

is bounded, so UU Tékak is bounded. Meanwhile, in Lemma 2, we showed that
(1— UUT)% =0, so (1—UUT)Byay, is bounded. This shows that Byay is bounded.
As a2 — | By|? is constant (Lemma 3) and | Byay| = |ax||Bx| is bounded, this shows
that both a;, and |§k\ are bounded.

The dynamics moving in some bounded region always has at least one accumu-
lation point, which we denote as p. We will show that dﬁ—t’“ = 0 at p. The function

L(t) in t is a decreasing differential function which is positive. We also note that

dzﬁk (t)

75— 1s globally bounded, as it can be expressed in polynomial expression in

(ax, By) and we showed that (ay (), By(t)) is bounded. From Taylor’s theorem, one

can obtain

dL t2
inf £ (1) < Lty + t2) < Li(ty) + tgd—t’“(tl) + §2M (B.32)

for M = sup \dzdﬁt’g(t) |. Choosing to = —%(¢;)M~! shows that

Lalty) — — (‘Zi’ﬁ(tﬂ) > inf L4 (1) (B.33)
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and letting t; — oo here gives

1 (dle,, \* . .
SO % — 0 as t — oo. Meanwhile, as p is accumulation point of (ay, By),

e (p) is accumulation point of %E& (ay(t), By(t)). As limy_u % (¢) = 0, the only
accumulation point of %2 (¢) is zero, which shows that % (p) = 0.

We have seen that a2 — | By|? and (I — UUT) B}, are conserved in our dynamics.
A quantity conserved in dynamics should also be conserved at p, so p = (a, E)

should satisfy the following conditions:
e a®—|BJ? = a;(0)? — | Br(0)|? (Lemma 3);

« (I—UUT)B = (I—UUT)B,(0) (Lemma 2);

dLly,
dt

(a, E) = 0, or equivalently the gradient is 0 at p.

We will solve for p satisfying those three conditions. The third condition is equivalent

to that .
As ay(T) is eventually bounded away from zero, we have a # 0, so
uu” éa—i =0 (B.36)
vD. ' '
It follows that
S

B=UUTB+ (I —UU"B =UU"——=a"' + (I — UU")B,(0) (B.37)

VD,

and substituting to first condition gives

- |2
, 1 S
-

a

UuT — | = vU) B = au(0)® — [Bu(0)] (B.38)

$

This is equivalent to a quadratic equation in a?, and has a following solution of

-

2

—

S

(ax(0)2 — [UUT By (0)[2)2 L a(0)’ UUT By (0)]?
VD,

T
uvu 1 5

+ . (B.39)
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This shows that there are two candidates for p, with a given as two square roots
of Eq. (B.39) and B determined from a by Eq. (B.37). It is impossible for £ (t)
to have accumulation points both in regions a > 0 and a < 0, as it would imply
ai(t) = 0 happens infinitely many often, contradicting that ay is eventually bounded
away from zero. Thus it follows that L(t) can only have one accumulation point.

As dynamics having unique accumulation point should converge, it follows that

— —

(a, B) = (ag(00), Bi(00)). (B.40)
One can check that the Ut-component of By (co)ay(oo) is given as
(I — UUT)By(00)ag(00) = (I — UUT)Bi(0)ax(0) (B.41)

and this is bounded by |[(1 — UUT)Bg(0)|(S + ax(0)), so by our assumption this is
negligible. Thus, we find that ék(w)ak(m) is the pseudo-inverse solution, which
is also found by the linear model with e;; as basis functions. We can calculate
L (00) using the result from kernel (linear) regression [16, 20, 22, 99, 24] (for a
summary, see tables 1 and 2 in appendix A of [24]). Using the terminology in
table 1 of [24], the sample size is di; the number of parameters is D,; ridge and
noise are absent; the eigenfunctions are [ex 1, -, ex p,]; the eigen coefficients are
Exleri()Sgr(z)] = SD7Y/? (Eq. (5.4)); eigenvalues are uniform; the learnability is
dy/ D, for all i; and the overfitting coefficient is (1 — dy/D.)~!. Taking into account
that we have halved the MSE loss (Eq. (4.5)), the test loss is

Li(oo) = - (1 - DC> . (B.42)

We obtain the result by using Eq. (4.10). O

B.1.7 Multiple basis functions for a skill

Proposition B.1.2. Let the extended multilinear model Eq. (5.6) be trained with
gradient flow on D — oo i.i.d samples for the setup in Section 4.2.3 with ny — o0

(input distribution: Eq. (4.1), target function: Eq. (4.4), and MSE loss: Eq. (4.5),
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initialization: that of Proposition B.1.1). For a model with the following finite N
basis functions

[e11, ***y €1N., €21, s €qrl, (B.43)
where quotient ¢ = | (N —1)/N.] +1 and remainder r is such that (q—1)N.+r = N.

The skill strength at T" — oo becomes

k>q: 0
Ri(oc0)=<k=gq: SNLC (B.44)
k<gq: S.

Proof. Because we have D — oo and because [ey 1, - - - € n.] can express g; (Eq. (5.8)),
it is trivial to show that Ry(oc0) = S for k < ¢q. For k = ¢, the gradient descent
dynamics (Eq. (B.21)) leads to

dgk T]Clk T — g
—=——0%" | B - — B.45
dt D ( KT N (B.45)

where the matrix ® € R™% and vector By € R” are the feature matrix(Eq. (B.15))
and parameters for the k" skill respectively. As D — oo, the matrix ®®7 becomes

a rank r identity matrix scaled by the frequency of the skill:

.1
Dhjgo 5(<I>(I)T)ll/ = E[’X [ekyl(k, X)ekyl/(k, X)] = P(k)él,l/. (B46)
Plugging in ®®7T,

dBkJ
dt

— (Bmak - \/Sﬁ> . (B.47)

Assuming the initialization in Proposition B.1.1, we can show that aj(00) By, (c0) =

S/ N, for I <r. From Eq. (4.7), the skill strength Ry(c0) is

where we used Eq. (5.8) for the linear correlation between ey ; and gy. O



Additional discussion for chapters 2 and 3

C.1 Finite data correction for slow decay of skill
frequency.

In Fig. C.1, we observe that our model with o = 0.1 deviates from the expected
power-law with exponent —a/(a + 1). The deviation can be explained by the

antiderivative term in Eq. (4.23):

— a=0.1 a=0.3 — a=0.5 — a=0.7

101] Noee,

Q
— simulation
109 - power law(corrected)
= power law
10° 101 102 10°
T

Figure C.1: Scaling law and corrected predictions. A simulation of our multilinear
model with NV = 50,000 (solid), a scaling law with exponent —a/(a + 1) (dotted), and a
corrected scaling law considering finite N (dashed, Eq. (C.2)). The finite N corrected
scaling law better predicts the dynamics, especially for smaller a.

115
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N
1 2A ko 1 1

lim & , — lim (0(v2) -0 (55)):

N-oo | 2(a+ 1) (1 + WGZWS'AIC*(O‘#LUT) T N—300 T Te

1 (C.1)

The second term (k = 1) goes to 0 faster than O(T~') for sufficiently larger T
but the first term (kK = N) may not decay fast enough for finite N and sufficiently
small a. For example, N = 50,000 and o = 0.1 leads to N™® =~ 0.3, which
is not negligibly small.

Assuming finite N and small « such that the first term in Eq. (C.1) is non-
negligible, we can rewrite Eq. (4.23) as

%N_ (0% ﬁ—i—ﬁc
ar = (a+1) T

Lo~ S*AN™/2a, (C.2)

where we assumed a small initialization S/R(0) > 1 and sufficiently large number
of parameters N®™! > T to approximate L. Because the total loss at initialization
is £(0) = S?/2, L¢ is non-negligible compared to the loss for sufficiently small a.
Thus considering Lo, we obtain the corrected power-law which better approximates

the time scaling law (dashed lines in Fig. C.1).

C.2 Connection to linear models.

In Section 4.3, we have shown how the scaling laws follow from the basis functions
gi that decouple the loss. To analyze the role of g, we can ask whether a simpler
linear model with g, as basis functions (Eq. (C.3)) also recovers the scaling laws.
The answer is yes and we outline how a linear model can recover all scaling laws.
In addition, we also outline how extended linear models — extended similar to
Section 5.2 such that skills are decoupled — can recover all emergence behaviors
shown in Chapter 5 except the time emergence.

By replacing aby with wy, we obtain the linear model with skill basis functions:

N
(1, 2; w) Z T)gr(i,x) (C.3)
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The dynamics of the linear model under gradient flow is
e
Ri(T) =we(T)=S(1—e"D"), (C4)

where we assumed wy(0) = 0. The linear model follows an exponential saturation
of the skill strength in contrast to the sigmoidal saturation of the multilinear
model (Fig. 3.3).

Nevertheless, the linear model Eq. (C.4) results in the same scaling laws in
Section 4.3. For the time scaling law, we recover the relationship between dLy/dT
and dCy/dk in Section 4.3.1 because Ry(T) is a function of %7 only (where
dp/D = Ps(k) for D — o). For the data scaling law, we recover Corollary B.1.1
because each wy (i.e. Ry) is decoupled. For the parameter scaling law, we recover
Corollary B.1.2 trivially as the linear model shares the same basis functions.

The data and parameter emergence in Section 5.2 can be obtained from the
linear model in Eq. (C.3) if we extend the model analogous to Eqgs. (5.3) and (5.6).
For example, we can extend the model for data emergence as

fr(i,z; W) = ZiWH T)eg(i, ), (C.5)

k=11=1

where the matrix W € RY*Pe is an extension of w € RY in Eq. (C.3), D, is a fixed

scalar, and ey (7, z) : {0,1}"™™ — R are functions with the following properties:

Exji=r [erierr] = 0w, eI #k,x) =0, Z

\/_6/” Jk- (CG)

The equivalence can be shown by Lemma 2 which states that the multilinear
model finds the minimum norm solution: the solution that the linear model finds
in a ridgeless regression setup.

Thus, for our setup, the basis functions play a critical role in the scaling laws
and data/parameter emergences. The choice of basis functions, also known as
the task-model alignment (see [16, 24]), determines the linear model’s scaling laws
and emergence behaviors. See Bordelon et al. [91] for a study of the scaling

laws in linear models.
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C.3 Details of the 2-layer MLP

In this section, we detail the methods used to train a 2-layer fully connected neural
network (MLP) with ReLU activation. All parameters of the MLP were initialized
with a Gaussian distribution with a standard deviation of 0.001. The input dimension
of the model was ns + n, = 5+ 32 where ny is the length of control bits (number of
skills) and ny is the length of the skill bits. Each skill has m = 3 mutually exclusive
sparse bits that are used to express the skill function. The target scale was S = 5.
The model was trained with SGD without momentum and no weight decay (the
exception is the parameter emergence experiment where Adam with learning rate
0.001 and weight decay of 5 x 107> was used to escape the local minima).! For the
data emergence experiment, the learning rate was halved every 50, 000 step.
The skill strength Ry (7T") (Eq. (4.7)) was measured using 20,000 i.i.d samples
from the k' skill.2 For the time emergence, the skill strengths were measured every
50 steps, while for other experiments, they were measured after training. To mimic
the infinite parameter N — oo, we used the model of width 1000 (for the hidden
layer). To mimic the infinite time 7' — oo, we trained for 5 x 10° steps (3 x 10*
steps for time emergence) where each step had the batch size of 4000 (2000 for the
data emergence experiment). To mimic D — oo, we sampled new data points for

every batch. The details are given in the following table.

Name Values
width 1000
learning rate 0.05
initialization standard deviation 0.01
activation ReLU
batch size 4000
steps 500,000
target scale 5
number of skill bits 32
number of skills 5

!We are free to choose any optimizer as long as it preserves the order in which the skills are
learned. Additionally, the parameter emergence experiment uses infinite data; we expect the same
solution for Adam and SGD.

2Note that except the data scaling law experiment, the training set size is infinite.
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C.4 Time emergence example in NN

In this section, we discuss an example for the time emergence case (Fig. 5.1(a)) in
which the saturation of skill in an NN consists of multiple saturating ‘modes’

as in Fig. C.2.

1.0

0.8

9 0.6
_ 3 f(i,z) 0.4
&9 0.2

0.0

mode 1

R/S

mode 2
— mode 3
— NN
-- MulLin

0 250 500 750 1000
T

(a) neuron modes for a parity func- (b) mode/skill strength
tion

Figure C.2: Modes in NN. A 2-layer MLLP with ReLLU activations with a width of 3
and weight sharing (Eq. (C.9)) is trained to fit the parity function. (a): The skill strength
R, because of the last layer’s linearity, can be decomposed into skill strength from each
hidden neuron or each ‘mode’ (shown in different colors, Eq. (C.14)). (b): The skill
strength for each mode follows a near-sigmoidal curve with different emergent /saturation
times (colors) whose sum results in the total skill strength (solid black). Note that
different saturation times of each mode result in a deviation from the prediction of the
multilinear model with B2 = 1/3 (dashed black).

Task. We assume an input X € R3*® (note that we are not using X as a random
variable) that is all 8 possible inputs for bits with dimension 3. The target Y

is the parity function scaled by S.

X

[} enJen]
—OO
oo
—_O
oo
—Oo
O
=

), YZ(S—S—SS—SSS—S) (C.7)

NN. We assume a 2-layer width 3 NN with ReLLU activation with the input
dimension 3 (Fig. C.2(a)). The NN has 16 parameters, but to simplify the argument,

we use weight sharing so NN has only 4 parameters:

flx;0,8,7,¢) = wo(Wz +b) + ¢ (C8)
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where ¢ is the ReLU activation and W, b, w are
—-a a —« 0 —2a
W= (-88 -8 b={( 8 = : C.9
(7 27) (7). w=(7%) (C9)
Modes. It is easy to see that a = f = v = /25 and ¢ = — 5 leads to the target

parity function. We note that one parameter except ¢ (i.e. «,3,7) maps to one

neuron or a mode (colors in Fig. C.2(a)). We define the first mode f(!) as
fY () = wio(Wle 4 b)) = —2%0 (x5 — 21 — x3) (C.10)
= —2a’hy(7), hi(z) = o(zy — 21 — x3), (C.11)
where wy,b; are the first entry of w,b respectively and W; is the first row of
W. Note that fM(z) takes a form similar to the multilinear model (Eq. (4.9))

but with hy as the respective basis. We define f®, f® similarly, and the sum

of modes becomes the NN:
3
flx) =3 ) +c (C.12)
q=1

which resembles the multilinear model with different skills.

Mode strength. Analogous to the skill strength in Eq. (4.7), we define mode

¢’s strength R as

R@ — 8152YT FO(X), (C.13)

where f@(X) = [f9(X,), -+, fD(Xg)] and X, are the j* column of X. By

the linearity of the expectation,
3
R=> R, (C.14)
q=1

Note that constant ¢ always has zero correlation (inner product) to the target (V).

Analysis. The dynamics of each mode R(?9(z) differs from that of the multilinear
model (Eq. (4.11)) because h,(z) often depends on the parameter, and the dynamics
are no longer decoupled among each mode. Nevertheless, each mode follows a
sigmoid-like growth (Fig. C.2(b)). We note that each mode has a different saturation
time scale or is updated at different frequencies. A mode with a longer time scale

leads to a longer ‘tail’ of saturation as discussed in the main text.
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Update frequency. Because of the non-linearity, each mode differs in the

gradients it receives. We can explicitly calculate the gradient for each parameter as:

da?

“ = 2a%(=§ — (=2a* + 267 + <)) (C.15)

ddﬁ: = —nB2(S — (—2a% + 552 + 5¢)) (C.16)
d72 2 2

== mAS = (1 +0) (C.17)
izz_n(za2_552_,}/2_8c)' (018)

We immediately notice that ¢ will grow the fastest for small initialization («, 3,7, ¢ <
1) because it saturates exponentially while other parameters saturate sigmoidally.
Considering that S is always the largest term and ¢ saturate to S quickly, we notice
that the saturation is in the order of a? (~ 25 + 2c ~ 4S5), 8% (~ —S + 5c ~ 45),
and ~%(~ 2S5). We observe that our crude approximation holds in Fig. C.2(b): the
first () and the second () modes saturate at similar timescale, while the third

mode (7) requires approximately twice the time for saturation.
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C.5 Additional plots
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(iii) Accuracy (iv) Eigenvalue

(a) ResNet18, CIFARI10

Figure C.3: Temporal evolution of the ResNet18 features for slower learning
rate In (a) for ResNet18 on CIFARI10 and (b) for an FCN on CIFARI10, we plot, as a
function of epoch and for the first 20 features (i) the quality of the features, (ii) a related
projection of each feature onto the learned function, (iii) the test and training accuracies
for the full DNNs, and (iv) the eigenvalue spectra. A Gaussian filter has been used for
(i,ii,iv) to smooth the curve. We observe that the dynamics for (a) are in the MFR and are
primarily driven by feature learning. By contrast, the dynamics for (b) are in the EFR.
There is an initial regime of feature learning, but this slows down and further lowering of
the loss is achieved primarily by coefficient learning, as evidenced in (ii).
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In this section, we state the relevant terms and the four NC conditions given in
[58]. Please note that the current study assumes column-vectors for all vectors (e.g.

p; € RP*Y). The last layer can be defined in the following manner
filw) = wl ®(z) +b; (D.1)

where w; € RP*! is the parameter of the last that projects the feature onto the *
entry of the output function. b; € R is the corresponding bias term. The feature

class mean or the mean of features with label 7 is

C .
pi=— > @), (D.2)
n x(j)€A¢
The global mean is
1 C
He = & Z#z (D.3)
The feature within-class covariance Xy, € RP*P is
1E& , .
Dw = S (ha(aVY) = ) (ha(@D) — )" (D.4)

The feature between-class covariance ¥, € RP*P is
1 & .
By = 5 20 = hg) (s — 1) " (D.5)

%

The four NC conditions are the following;:

123



D. Proofs related to Neural Collapse 124

1. Within class variance tends to 0
Yw¥i — 0 (D.6)

2. Convergence to simplex ETF

(i — ,ug)T(,uj — /Lg) Coiy— 1
(i = pg) 2l (15 — pg)l2 C -1 (D.7)

3. Convergence to self duality

Y S o
lwilla (1 = 129)l2

—0 (D.8)

4. Simplification to nearest class center

arg max w; () + b; — argmin || P(x) — w2 (D.9)

Proposition 2.5.3. If Typ is MP-operator and ﬁ($) = 14,(x) for a balanced

i

partition {Ay,--- , A} of X, then
(CHITupCf; = 1)) = a2(6;; —C™)  (1Twup[Cf; —1]) =0, (2.19)
where C' is the number of classes.

Proof. By the definition of indicator functions of equal partitions,

N 1 c . s 1
ilfid = F0i ;fi =1, =7 (D.10)
Since C’fj — 1 is orthogonal to 1,

where we used the definition of MP operators Eq. (2.8). Then from Eq. (D.10) and
Eq. (D.11),

(CF;| T p|Cf — 1)) = ay (CE|Cf; — 1) = as(CH;; — 1) (D.12)

Likewise,

(A|Tap[Cf; — 1)) = ag (1|Cf; — 1) = 0. (D.13)

]
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Proposition 2.5.2. Let Typ be the MP-operator on data taken from the empirical
distribution of the training set, and f the empirical output function of balanced

C-way classification task; The following NC2 condition holds:

1
(i = pg)" (1 — pag) o< 855 — ol (2.11)

Proof. From the translation of class mean function Eq. (2.15),

il = ([ @o@a@i) [ fE)ea)aa)a 0

= ¢ [ filw)a(@) [ o) o) fi()q(e!)da'da (D.15)
= ¢ [ fi@)g@)Tf](@)ds (D.16)
= C*(f. T (D.17)

Likewise, using Eq. (2.14), we get

iy = O [ fie@ayis) [ o) (D.18)
—C /X Fi@)q(@) /X ®(2)Td(2')q(z')da' da (D.19)
= O [ fi@)q()T11)(x)da (D.20)
=C(f;,T[1]). (D.21)
Then
(i = p1g)" (11 — 1g) = (Cfi = 1, T[Cf; — 1)) (D.22)
— Can (5, — é) (D.23)

which is the NC2 condition, where we used Eq. (D.14) and Eq. (D.18) in the first

line and Proposition 2.5.3 in the second line. O]

Proposition 2.5.1. Let Ty p be MP-operator, the inputs x are taken from ¢ the
empirical distribution of the training set, and f the empirical output function of

balanced C-way classification task. The following NC1 condition holds:

Tr ((Z > (hi(z) — i) (hi(z) — m)T) (Z(uj — pg) (15 — ug)T) ) =0 (2.10)

i x€EA; J
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Proof. Using the condition that X is the training set, and ¢ is its empirical

distribution, and f a class indicator function, we obtain

zwn=Tr@:zxm@rwmmm»—mfzmw—%xM—uaﬂ (D.24)

=>_ > Tr (( — )" (= ug))2> (D.25)
1,j TEA;

= Z/ filw) ((f@)® (@) — ) (s — ug))2q(fv)d:v (D.26)

—Z/ﬁ v) = ) (s = 1g))” aa)da (D.27)

where we have used the fact that ﬁ are indicator functions for class ¢ in line 2, 3,

and 4. From Eq. (D.14) and Eq. (D.18),
i (15 = pg) = (CHITICS; = 1)) (D.28)
and from Eq. (2.15) and Eq. (2.14)
()" (1 — ng) = TICf; — 1) (x). (D.29)
Applying Proposition 2.5.3 into the two equations above, we obtain
(D(2) — )" (15 — p1g) = a2C(f(x) = 655). (D.30)

Plugging Eq. (D.30) into Eq. (D.27), we obtain

NC1 = a2C? Z / fil@) (fix) - 5ij)2 g(x)dz (D.31)
-GCY / Fi@)(fy(@)(1 = 285) + 6,5)q(x)dx (D.32)
- aQ(JZ (2 — 26,7)) (D.33)
=0 (D.34)

where in the third line, we used (f;|f;) = 6,;C~" and (f;|1) = C~1. O



	Preliminary and linear models
	Introduction
	Random variables
	Learning theory
	Additional preliminaries
	Linear models
	Dynamics of linear model
	Eigenfunctions - orthonormalized features
	Metrics of diagonalized features
	Approximating the metrics in practice

	Inductive bias of overparameterized linear models
	Benign overfitting - good inductive bias
	Malignant overfitting - bad inductive bias

	Summary

	 Feature learning visualization framework
	Introduction
	Toy example and key insights
	Definitions and methodology
	The minimum feature (MF) regime and the extended feature (EF) regime

	Experiments
	The relationship between the MP-operator and neural collapse
	The first eigenfunction of the MP-operator is a constant function
	The MP-operator implies NC
	Extending beyond NC

	Summary

	 Dynamics of layerwise linear models
	Introduction
	Setup
	The dynamical feedback principle
	Layerwise dynamics and stage-like training
	Sigmoidal growth under small initialization
	Stage-like training
	Application 1: Saddle-to-saddle learning

	From greedy (low-rank) dynamics toward salient features to neural collapse
	Greedy dynamics
	Explaining neural collapse with linear neural network
	Empirical verification

	Summary

	Scaling laws of MLP in multitask sparse parity problem
	Introduction
	Setup
	Multitask sparse parity problem
	Skills as orthogonal basis functions
	Multilinear model
	Time scaling law from stage-like training

	Derivation of the scaling law exponents
	Time scaling law
	Data scaling law
	Parameter scaling law
	Optimal compute scaling law

	Experiments and results
	Summary

	Emergence in multitask sparse parity problem
	Introduction
	Predicting emergence
	Time emergence
	Data point emergence
	Parameter emergence

	Discussion
	Effective decoupling among the skills
	Limitations of the multilinear model

	Summary

	Lazy and Rich Regimes to Grokking
	Introduction
	Toy model: linear neural network
	Greedy case
	Target downscaling
	NTK initialization

	General solution of the scalar-in scalar-out linear neural network
	Reinterpretation from weight-to-target ratio

	Empirical validation in Practical DNNs
	Lazy/rich and EF/MF
	Grokking: transition from EF regime to MF regime
	Empirical confirmation on MLP

	Summary

	Observations from the Framework
	Introduction
	Effect of training set size
	Effect of hyperparameters
	Effect of architecture
	Amplifying dynamics with feature learning

	Summary

	Conclusion
	Bibliography
	Derivation for linear models
	Derivation of eq:phieig
	Gradient flow finds the minimum norm/rank solution
	Dynamics of diagonal linear neural network
	Derivation of the magnitude difference conservation in linear neural network
	Dynamics of linear neural network with small initialization


	Derivation for chapters 2 and 3
	Derivation of the multilinear model
	Decoupled dynamics of the multilinear model
	One-shot learner
	Equivalence between a basis function and a skill
	Gradient flow in the extended multilinear model
	Conserved quantity of extended multilinear model
	Multi shot learner
	Multiple basis functions for a skill


	Additional discussion for chapters 2 and 3
	Finite data correction for slow decay of skill frequency.
	Connection to linear models.
	Details of the 2-layer MLP
	Time emergence example in NN
	Additional plots

	Proofs related to Neural Collapse

