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Abstract

Deep Neural Networks (DNNs) are revolutionizing industries, pushing the boundaries
of image and language processing. Despite their remarkable performance, we still
have little understanding of how they achieve it. Unlocking their potential and
ensuring their safe use requires exploring their inductive bias — the preferences
that guide models in selecting solutions from countless possibilities.

Another mystery lies in their dynamics. Trained via gradient descent, DNNs often
find generalizable solutions among many that could overfit. Practitioners developed
tools to control training dynamics, and a deeper understanding of dynamics helps
to interpret decisions, debug models, and impose desired constraints. However,
complex architectures, non-linear activations, and finite yet vast parameters make
analytical theories challenging.

In this thesis, we adopt a physicist’s approach — studying simpler, often solvable
models — to explore the dynamical inductive bias of DNNs, focusing on gradient
descent dynamics within a layerwise structure as the core principle. Understanding
the dynamical inductive bias through solvable models allows us to explain phenomena
such as neural collapse, scaling laws, emergence, lazy/rich regimes, and grokking
observed in practical models. Finally, we revisit the long-standing question of how
dynamics correlate with performance, offering insights for future research.

Because inductive biases are often intractable or ill-defined, we begin with a
tutorial on linear models trained with gradient descent where the inductive bias is
well formalized and understood. We diagonalize features to decouple their learning
dynamics and define three properties for each feature: quality, utilization, and
intensity. We review the linear model’s inductive bias toward features with larger
intensity and demonstrate the benign overfitting as an example of the inductive
bias. As a tutorial, we leave the formal derivation of the inductive bias to the
references and only share intuitive examples.

In the next chapter, we extend the framework (quality, utilization, and intensity)
of linear models to neural networks to quantify their feature learning – or how
the model evolves the features that better describe the data. We empirically
observe that DNNs have an inductive bias toward finding the minimum number
of features to express the data. We refer to dynamics with a strong bias as the
minimum feature (MF) regime, and its complement as the extended feature (EF)



regime. We conclude by showing that the MF regime implies neural collapse (NC)
– a collapse of last layer features into low-rank structure – and discuss how our
framework extends beyond NC.

In the third chapter, we propose the dynamical feedback principle or how the
layerwise structure amplify the dynamics under gradient descent. Using the principle,
we highlight how the dynamics of layerwise linear models (amplifying dynamics)
differs from (single layer) linear models and how it leads stage-like training where
more important features are learned in sequences. We conclude by showing that a
linear neural network (a member of layerwise linear models) or an unconstrained
feature model can explain neural collapse observed in the previous chapter.

We then examine the multilinear model — a variant of layerwise linear models
with prebuilt features — to study scaling laws, which describe how loss scales with
additional resources. We study the scaling laws of a two-layer MLP trained on the
multitask sparse parity task, where skills appear with power-law frequency and
form orthogonal functions on the dataset measure. Using the multilinear model,
which incorporates these skills as prebuilt features, we formally derive the time,
data, parameter, and compute scaling laws observed in the MLP.

Extending the multilinear model, we predict the time, data, and parameter
emergence – an abrupt change in the model’s performance on a skill – observed in a 2-
layer MLP trained on the multitask sparse parity task. We discuss stage-like training,
driven by layerwise dynamics, that leads to sequential skill learning, explaining
why our decoupled model with a fixed basis and no feature learning effectively
approximates a 2-layer MLP that learns features and lacks skill decoupling.

In Chapter 6, we explore how mitigating the amplifying dynamics of layerwise
structure can lead to the dynamics of linear models or the lazy regime. We also
examine grokking — where training accuracy saturates long before test accuracy —
as a transition from lazy to rich (non-linear) regimes. Solving a scalar-in, scalar-out
linear neural network, we identify key factors governing the lazy/rich regimes, such
as initialization scale, target scaling, and input scaling. Empirically, we show that
the lazy/rich dichotomy aligns with the EF/MF dichotomy, both reflecting the
degree of dynamical feedback among the layers. Finally, we demonstrate that
methods to initialize linear neural network in the rich regime also eliminate delayed
generalization in practical models.

In Chapter 7, we present our empirical findings within the framework examining
how learning rate, weight decay, batch normalization, and architecture influence
both amplifying dynamics and performance. While we observe a strong correlation
between amplifying dynamics – measured through the tightness of MF regime –
and performance, developing a more solvable model to understand this mechanism
is left for future work and only discuss our current speculation.
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Preliminary and linear models

Contents
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Random variables . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Learning theory . . . . . . . . . . . . . . . . . . . . . . . 3
1.4 Additional preliminaries . . . . . . . . . . . . . . . . . . 5
1.5 Linear models . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.5.1 Dynamics of linear model . . . . . . . . . . . . . . . . . 7
1.5.2 Eigenfunctions - orthonormalized features . . . . . . . . 8
1.5.3 Metrics of diagonalized features . . . . . . . . . . . . . . 9
1.5.4 Approximating the metrics in practice . . . . . . . . . . 10

1.6 Inductive bias of overparameterized linear models . . 11
1.6.1 Benign overfitting - good inductive bias . . . . . . . . . 12
1.6.2 Malignant overfitting - bad inductive bias . . . . . . . . 15

1.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.1 Introduction

In learning theory, the learning agent returns the hypothesis that best describes

the training data. For a less expressive model, often one hypothesis in a model best

fits the data. When multiple hypotheses of the model fit the data, however, the

learning agent’s inductive bias – preference of the learning agent – determines

the returned hypothesis.

1
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Overparameterized linear models and deep neural networks (DNNs) trained with

gradient descent algorithms are examples of where inductive bias plays a crucial

role in their performance. In this chapter, we introduce basic concepts in learning

theory and review the inductive bias of overparameterized linear models, especially

how it relates to the gradient descent dynamics.

1.2 Random variables

Random variables are variables with an underlying probability distribution or a

measure. A familiar example will be a Gaussian random variable:

x ∼ q(x), q(x) = 1√
2π

e−x2/2. (1.1)

The tilde ∼ means that x is a random variable with an underlying distribution q.

Transformed random variables are also random variables. For a random

variable x with underlying distribution q(x) and a function f , f(x) is also a random

variable with a distribution determined by the transformation of x through f .

For example, we obtain a Chi-squared random variable by squaring a Gaussian

random variable.

Linear correlation. The linear correlation between two random variables y and

z with underlying joint distribution q(y, z) is

⟨y|z⟩q(y,z) := Eq(y,z)[yz] =
∫

yzq(y, z)dydz, (1.2)

where ⟨·|·⟩ the braket notation used in physics. In the thesis, we often assume y

and z are both transformed from a random variable x (i.e. y = f(x) and z = g(x)).

Then the linear correlation between y and z becomes an inner product between

two functions f and g over a measure q

⟨f(x)|g(x)⟩q(x) = Eq(x)[f(x)g(x)] =
∫

f(x)g(x)q(x)dx, (1.3)

where q(x) is the underlying distribution for random variable x. We will often

discard the random variable x and the underlying distribution q(x) to write ⟨f |g⟩

in the braket notation.
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Function space. If all random variables of interest are transformed from x ∼ q(x)

with a measurable map (L2 integrable function), the maps form a function space

H: to be specific, a Hilbert space. The function space, a set of functions, has

the linear correlation as the inner product and a set of orthogonal basis functions.

For example, the Hermite polynomials,

Hk(x) = (−1)kex2/2 dk

dxk
e−x2/2, (1.4)

form the orthogonal basis [9] for a set of (L2 integrable) functions that satisfy

∫ ∞

−∞
|f(x)|2 e−x2/2dx <∞. (1.5)

The underlying probability distribution q(x) for this function space is a Gaussian

distribution, and we can check by the inner product (Eq. (1.3)) that the Hermite

polynomials are orthogonal

⟨Hj|Hk⟩ =
∫ ∞

−∞
Hj(x)Hk(x) 1√

2π
e−x2/2dx = k!δjk, (1.6)

where δ is Kronecker delta. In short, any function f in the function space H

(Eq. (1.5)) can be spanned by the Hermite polynomials [H0, H1, · · · , H∞] or

f(x) =
∞∑

k=0

⟨f |Hk⟩
⟨Hk|Hk⟩

Hk(x). (1.7)

1.3 Learning theory

Learning is to guess the dataset’s target function f ∗ that maps the inputs to the

outputs or labels. A model is trained with independent and identically distributed

(i.i.d) samples of the dataset called the training set. After training, the performance

or the similarity between the model’s learned function f̂ and the target function

is measured by a loss.
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Dataset We define sample space X as the space of all possible inputs and assume

a probability distribution q on X , making our input a random variable. Then we will

assume a target function that maps inputs to a C dimensional vector or f ∗ : X → RC .

The output or label f ∗(x) becomes a random variable that depends on the input.

For example, X of MNIST will be a hypothetical set of all possible hand-written

digit images in R28×28, q(x) the probability that an image x will be sampled, and

f ∗ the function from the digit in the image into a 10 dimensional one-hot vector.

A noise-free training set is n independently identically distributed samples

of the inputs from the true distribution q and their output generated by the

target function f ∗(x):

Strain := {(x(1), f ∗(x(1))), · · · , (x(n), f ∗(x(n)))}. (1.8)

The superscript with parenthesis (e.g. x(i)) denote the ith sample. For a noisy

setup, a Gaussian noise σ is added to the labels:

Strain := {(x(1), f ∗(x(1)) + σ), · · · , (x(n), f ∗(x(n)) + σ)}. (1.9)

Linear model For an input random variable x ∼ q, we can define a p dimensional

linear model with a feature map Φ : X → Rp that maps inputs to a p dimensional

vector. We call the p-dimesional random variable [Φ1(x), Φ2(x), · · · , Φp(x)] the

features and each entry a feature. A linear model is a set of all linear combinations

of the features

f̂(x; w) =
p∑

k=1
wkΦk(x). (1.10)

where w ∈ Rp are the parameters and we assumed a scalar output function f̂ : X →

R. Note that Φ can be a non-linear transformation on x, and the name linear

model means linearity between the parameters and the output.
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Mean square error (MSE) loss The loss, often called the generalization loss,

measures the similarity between the learned function f̂ and the target function

f ∗. In our thesis, unless explicitly specified, we will assume the mean square

error loss (MSE) [10]

L(f̂) = 1
2Eq(x)

[
|f̂(x)− f ∗(x)|2

]
. (1.11)

Because the true distribution q(x) is inaccessible, generalization loss is approximated

by the test loss which replaces q(x) with i.i.d. samples unseen during training (i.e.

test set). Replacing q(x) with the empirical distribution from the training set gives

the empirical loss or the training loss Lemp

Lemp(f̂) = 1
2n

n∑
i=1
|f̂(x(i))− f ∗(x(i))|2.

Gradient descent algorithm The gradient descent algorithm is a widely used

iterative algorithm to minimize the training loss by updating the parameters along

the direction of the gradient of the loss. A continuous update is called the gradient

flow (GF) and the dynamic equation for a parameter wk is

dwk

dt
= −η

dLemp

dwk

, (1.12)

where η is a learning rate and Lemp is the (empirical) training loss.

1.4 Additional preliminaries

Hilbert-Schmidt operator - infinite-dimensional symmetric matrix A

Gram matrix is a positive semidefinite symmetric matrix of the form AAT for a

real-valued matrix A. It maps from a finite vector space to a finite vector space.

Analogously for a function space H, we can define a Hilbert-Schmidt (integral)

operator T : H → H with the feature map Φ : X → Rp.

T [f ](x′) :=
∫

X

p∑
k=1

Φk(x)Φk(x′)f(x)q(x)dx, (1.13)
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where q(x) is the underlying distribution and Φk(x) is the kth entry of Φ(x). The

integral operator maps a function to a function, and in the bra-ket notation,

the integral operator T is

T =
p∑

k=1
|Φk⟩ ⟨Φk| , (1.14)

which explicitly shows that it takes in a function f : X → R with right ‘bra’ ⟨·|

and returns a function with the left ‘ket’ |·⟩.

Analogous to how a symmetric real matrix is diagonalized, we can diagonalize

the integral operator by Mercer’s theorem [11]

T :=
p∑

k=1
ρk |ek⟩ ⟨ek| , T [ek] = ρkek, ⟨ek|ek⟩ = δkl (1.15)

where ρk is non-negative eigenvalue and ek are the orthonormal eigenfunctions.

Effective dimension A gram matrix or an integral operator may be fully ranked,

but their eigenvalues may decay fast (e.g. by a power-law). The small eigendirections

are often negligible, and researchers use various effective dimensions to measure

the number of significant dimensions. In this thesis, we will use the exponent

of entropy [12] to measure the effective dimension.

For a matrix or an operator with positive eigenvalues [ρ1, · · · , ρp], the effec-

tive dimension is

Deff (ρ) = exp
(
−
∑

i

ρi∑
j ρj

ln
(

ρi∑
j ρj

))
. (1.16)

Note that the effective dimension, the exponential of Shannon entropy, is d when

the eigenvalues have d equal non-zero entries. A slower decay of entries of ρ (in

non-increasing order of entries) generally yields a higher effective dimension than

a vector with a faster decay.

The effective dimension of a matrix (operator) can be interpreted as the number

of linearly independent vectors (functions) needed to effectively describe the matrix

(operator). This is similar in spirit to the principal component analysis (PCA) [13]

in that only the directions with significant variance are considered.
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1.5 Linear models

Despite their simplicity, linear models (often called kernel methods) can approximate

infinite-width DNNs [14, 15] and serve as tools for understanding the inductive

bias of DNNs [16, 17]. To understand the inductive bias of linear models in

GF, we need to quantify features and their metrics because a linear model is a

linear combination of features.

Here, we show that GF dynamics naturally defines orthogonal features, with

each learned at different speeds. We then define each feature’s usefulness, utilization,

and intensity to further analyze the inductive bias from the dynamics.

1.5.1 Dynamics of linear model

The dynamics equation of a linear model with feature map Φ on trained with GF

(Eq. (1.12)) under MSE loss (Eq. (1.11)) is

df

dt
= −ηT [f − f ∗] , (1.17)

where the integral operator T : H → H is

T [f ](x′) :=
∫

X
Φ(x)T Φ(x′)f(x)q(x)dx. (1.18)

The derivation of Eq. (1.17) follows by expanding f in the features and plugging

in Eq. (1.12) for all parameters

df

dt
(x′) =

p∑
k

dwk

dt
Φk(x′) =

p∑
k

−η
dL
dwk

Φk(x′) (1.19)

= −η
∫

X
(f(x)− f ∗(x))

p∑
k

df

dwk

(x)q(x)dxΦk(x′) (1.20)

= −η
∫

X
(f(x)− f ∗(x))

p∑
k

Φk(x)Φk(x′)q(x)dx (1.21)

= −ηT [f − f ∗] , (1.22)

where in the second line, we used Eq. (1.11) and Eq. (1.12), and assumed infinite

datapoints so Lemp = L. In the last line, we used the definition of integral

operator (Eq. (1.13)).
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Using the eigenvalues ρk and eigenfunctions ek the Hilbert-Schmidt opera-

tor T , we obtain the dynamics for each ⟨ek|f⟩ by inner producting ek on both

sides of Eq. (1.17),

d ⟨ek|f⟩
dt

=
∫

X
ek(x′)df

dt
(x′)q(x′)dx′ = −η

∫
X

ek(x′)T [f − f ∗] (x′)q(x′)dx′ (1.23)

= −η ⟨ek|T |f − f ∗⟩ (1.24)

= −ηρk(⟨ek|f⟩ − ⟨ek|f ∗⟩). (1.25)

Expanding f in the eigenfunction basis and plugging in Eq. (1.23), the function f at

time t is a sum of p independent modes that saturate faster for larger eigenvalues:

f(x, t) =
p∑

k=1
⟨ek|f ∗⟩ (1− e−ηρkt)ek(x), (1.26)

where we assumed f is a zero function at initialization. Eq. (1.26) shows that GF

decouples the dynamics of linear models into p modes, where each mode corresponds

to the evolution of ⟨ek|f⟩ having a saturation speed governed by ρk [15].

1.5.2 Eigenfunctions - orthonormalized features

The transformation between the eigenfunction basis and the feature basis is

Φi(x) =
∑

j

Oij
√

ρjej(x), Oij = 1
√

ρj

⟨Φi|ej⟩ . (1.27)

where O ∈ Rp×p is an orthogonal matrix (see Appendix A.1 for derivation). Using

Eq. (1.27), the model can be reparameterized in the eigenfunction basis

f(x) =
p∑

k=1
wkΦk(x) =

p∑
k=1

θk
√

ρkek(x). (1.28)

Note that because θ = Ow, the norm of the parameters is conserved (i.e. ∥θ∥ = ∥w∥),

indicating that weighted basis [√ρ1e1,
√

ρ2e2, · · · ,
√

ρpep] instead of normalized basis

[e1, e2, · · · , ep] must be used to represent the ‘intensity’ or norm of the features

in [Φ1, · · · , Φp]. See Fig. 1.1 for an illustration of why eigenvalues are necessary

when diagonalizing unnormalized, overlapping features.
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Features The diagonalized features in the descending order of the eigenvalues

[√ρ1e1,
√

ρ2e2, · · · ,
√

ρpep] decouples the dynamics in GF dynamics, spans the

model’s function space H, preserves the norm of the parameters (and features), and,

unlike [Φ1, · · · , Φp], is orthogonal. Thus, we will call the diagonalized features

simply the features.

Figure 1.1: Diagonalization of features Since the features [Φ1, Φ2, · · · , Φp] span a
vector space, each function Φk : X → R can be represented as a vector. The overlap
among Φ′

ks (non-zero linear correlation) and differing norms of Φk’s result in diagonalized
features [√ρ1e1,

√
ρ2e2, · · · ,

√
ρpep] to have distinct intensities ρ1, · · · , ρp.

1.5.3 Metrics of diagonalized features

We quantify the properties of the diagonalized features [√ρ1e1,
√

ρ2e2, · · · ,
√

ρpep]:

Intensity, quality, and utilization.

Intensity The intensity, or the eigenvalue ρk, of the kth feature measures the

projection of Φ along ek in function space.

ρk = ⟨ek|T [ek]⟩ = ⟨ek|
p∑

j=1
|Φj⟩ ⟨Φj|ek⟩ =

p∑
j=1
⟨Φj|ek⟩2 . (1.29)

It quantifies the feature’s significance: how often the feature (along ek) is non-zero

and how large it is when observed. For example, let Φ is p-dimensional zero-mean

Gaussian random variable with

Φ(x1, x2) = N
(

0, Σ =
(

1.5 0.5
0.5 1.5

))
.

The eigenvalues of Σ is 2 and 1, which will be ρ1 and ρ2 in our formalism. In a

vector representation (Fig. 1.1), the feature intensity is the norm of the feature

vector along ek.
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Quality Quality of the kth feature Q∗
k is a measure of how useful the feature

is in describing the target function or how much of the target function can be

projected onto ek:

Q∗
k = ⟨ek|f ∗⟩2 / ⟨f ∗|f ∗⟩ . (1.30)

Utilization Utilization of the kth feature Q̂k is a measure of the current use, or

the projection of the learned function f̂ along ek:

Q̂k = ⟨ek|f̂⟩
2

/ ⟨f̂ |f̂⟩ (1.31)

Cumulative quality and utilization To quantify the usefulness of the first

k features in describing the target/learned function, we define the cumulative

quality Π∗
k and cumulative utilization Π̂k:

Π∗
k =

k∑
i=1

Q∗
i , Π̂k =

k∑
i=1

Q̂i. (1.32)

Note that the cumulative measures are intensity-ordered, and a target function

described by k features may not be expressed by the k most significant features;

we will justify the intensity-ordering in the coming chapters.

1.5.4 Approximating the metrics in practice

To calculate the eigenvalues and eigenfunctions (and thus the quality, utilization, and

intensity) for a feature map Φ, we also need the true input distribution q, which is in

principle inaccessible. However, we can use Nyström method [18, 10] for a sufficiently

large sample size of n to approximate the eigenfunctions and eigenvalues of interest.

The n samples of Φ(x) can be represented as p× n matrix which we call

ϕ ∈ Rp×n. The matrix ϕ can be singular value decomposed (SVD) into U, S, V to

approximate the eigenvalues [√ρ1,
√

ρ2, · · · ,
√

ρp] and the orthogonal matrix O in

Eq. (1.27). The eigenvalues of T can be approximated by squaring the singular

values s ∈ Rp of matrix ϕ, and O by the left column eigenvectors uk ∈ Rp of ϕ.

The kth eigenfunction then can be approximated as

ek(x) ≈ uT
k Φ(x)/sk, (1.33)
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which can be used on any data point x beyond the sample used to obtain ϕ. The

algorithm is summarized in Algorithm 1.

Algorithm 1 Empirical eigenfunctions and eigenvalues
1: Φ, Str (Prepare a feature map Φ and n samples of input Str)
2: ϕ← Φ(Str) (forward transform the samples into the feature space)
3: U, S, V ← SV D(ϕ) (find the eigenvalues and eigenvectors via SVD)
4: [u1, u2, · · · , up]← U (find the column vectors of U)
5: for k in 1, 2, . . . , p do
6: ρk ← s2

k (approximate eigenvalues)
7: ek(x)← uT

k Φ(x)/sk (approximate eigenfunctions)
8: end for

In Algorithm 1, we implicitly assumed n > p as we can only approximate up

to min(n, p) eigenfunctions and eigenvalues. In practice, the eigenvalues often

decay sufficiently rapidly that we only require precision on the first few significant

eigenfunctions.

The inner product over the true measure q in calculating the quality Eq. (1.30)

and utilization Eq. (1.31) is approximated by a Riemannian sum:

⟨ek|f⟩2

∥ek∥2
2∥f∥2

2
= (

∫
X ek(x)f(x)q(x)dx)2∫

X ek(x)2q(x)dx
∫

X f(x)2q(x)dx
≈

(∑
x(i)∈Ste

ek(x(i))f(x(i))
)2

∑
x(i)∈Ste

ek(x(i))2∑
x(i)∈Ste

f(x(i))2 ,

(1.34)

where a sample set Ste is i.i.d samples of q different from those used to approximate

the eigenfunctions.

1.6 Inductive bias of overparameterized linear
models

In the infinite data scenario (Eq. (1.26)), linear models learn larger intensity features

faster. While the inductive bias does not affect the performance in infinite training

samples, it plays a crucial role in overparameterized setups (p > n) where multiple

linear combinations of the features can fit the training set. Intuitively, if two

eigenfunctions can perfectly fit the training samples, the eigenfunction with larger

intensity will fit faster and thus preferred over the smaller intensity eigenfunction.
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The preference or inductive bias toward larger features for overparameterized

linear models trained with GF and zero initialization can be explicitly calculated:

Lk := ES∼qn

 ⟨f̂ |ek⟩
⟨f ∗|ek⟩

 = ρk

ρk + κ
, where

p∑
k=1

ρk

ρk + κ
= n. (1.35)

The proof of Eq. (1.35) is out of the tutorial’s scope and we leave the proof to the

references on kernel regression [19, 20, 21, 16, 22, 23]. See [24] for an overview.1

The learnability Lk measures the inductive bias or how likely the model will learn

the signal ⟨f ∗|ek⟩ along ek (in expectation) without mistakenly fitting the training

sample with other eigenfunction. The constant κ is a positive constant that satisfies

the second equation in Eq. (1.35). The larger eigenvalues ρk lead to larger learnability

Lk, showing the inductive bias toward larger features. A similar value also appears

in the analysis of Gaussian processes [10], which requires further research.

In Fig. 1.2(b), we present an example of inductive bias in which we fit the

training samples with two overparameterized models with identical eigenfunctions

but different eigenvalues (Fig. 1.2(a)). Note that two models, sharing the sample

eigenfunctions, span the same function space and differ only in their "preference".

The inductive bias toward larger features (eigenvalue), even for finite n, results in

distinct fits where more significant features are used to express the training set.

1.6.1 Benign overfitting - good inductive bias

Benign overfitting, first studied by [25], refers to the condition where a heavily

overparameterized linear model interpolates training data with noise, yet generalizes.

In Fig. 1.3(a), the learned function interpolates all noisy training datapoints, but

still closely resembles the target function with discrepancy only at sample points:

benign overfitting. We demonstrate how a good inductive bias or the alignment

between the task and the model separates the signal from the noise.

1For the connection between kernel ridgeless regression and GF, we can show that GF with
zero initialization finds the same minimum norm solution as kernel ridgeless regression. see
Appendix A.2
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(a) Eigenvalues
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f(x
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(b) Bias by the eigenvalues

Figure 1.2: Different inductive biases by the eigenvalues (intensity). Two
10-parameter linear models are trained on four data points (overparmaterized) with GF.
Both Linear models use sin basis functions such that f(x) =

∑10
k wkkα

√
2 sin(2πkx) –

identical function space – but differ in the eigenvalues with α = −4 (blue) and α = 4
(orange), leading to different inductive biases. (a): The blue model has a greater intensity
ρk = k2α for lower-frequency sin functions, while the orange model shows the opposite.
(b): The model fits show that the blue model used lower-frequency functions while the
orange used higher-frequency functions to express the training samples.

Setup We prepare a p dimensional overparameterized linear model

f(x) =
p∑

k=1
wk
√

ρkek(x),

where only the first d out of p eigenvalues are significant. We will assume that d≪

n≪ p such that the learnability is near 1 for k ≤ d, but negligibly small for k > d:

ρk =

 1, k <= d

n/(p− d), k > d
Lk ≈

 1, d <= n

(n− d)/(p− d), d > n
(1.36)

The model is then heavily biased toward the first d features, learning the signal

⟨f ∗|ek⟩ in these features with high probability (Eq. (1.35)).

We set up the target function so the first d features can express it:

f ∗(x) =
d∑

k=1
w∗

kek(x) (1.37)

A Gaussian noise N (0, σ) is added to the labels of the training set:

y = f ∗(x) +N (0, σ). (1.38)
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Task-model alignment The first d features are preferred by the model with larger

Lk (Eq. (1.36)), and are also useful at expressing the target function (Eq. (1.37)).

This alignment between the feature’s intensity (model preference) and the quality

(target expressiveness) is called a task-model alignment [19, 16].

The equation for the generalization loss in [19, 20, 21, 16, 22, 23] also readily

shows that the model generalizes. However, we aim to understand how inductive

bias and dynamics play a role in the process.

Signal fitting phase In the time scale of 1≪ ηt≪ (p− d)/n, GF will initially

learn only the first d features because of the large intensity difference (Eq. (1.26)).

The learning resembles training a d-parameter linear model, capable of expressing the

target function, on n noisy samples. Because n≫ d, the signal ⟨f ∗|ek⟩ in the first d

features – the target function – will be learned with a high probability (Fig. 1.3(b)).

Noise fitting At a significantly later stage, all p − d eigenfunctions fit the

reminiscent noise. As seen in Fig. 1.4, a larger parameter to datapoint ratio makes

the fitted function sharper, to the point when they become delta functions on the

training datapoints. The extremely sharp function becomes the benign noise fitting

function in Fig. 1.3(c). We can intuitively understand the sharp functions from

the inductive bias toward the minimum norm solution: with more eigenfunctions,

the model becomes more expressive, and delta functions minimize the norm of

the function by concentrating variance (deviation away from y = 0) only near

the training datapoints. This phenomenon is often expressed as the spread of

the noise over many directions [25, 26].

Because the learner ‘prefers’ to see the signal of the first d eigenfunctions, the

projection of the data into these eigenfunctions are learned, which also does not

suffer from variance [16] as d ≪ n. The leftover discrepency, which are mostly

noise if the first d eigenfunctions approximated the true function, is fitted with the

delta-like functions, which are benign on points aside from training set.
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(a)
∑p

k=1 ŵkek(x) (b)
∑d

k=1 ŵkek(x) (c)
∑p

k=d+1 ŵkek(x)

Figure 1.3: Benign Overfitting A model with sine basis functions as ek – f(x) =∑10
k wk

√
ρk

√
2 sin(2πkx) – were used with d = 5, n = 100, p = 2000. The target function

used only the first feature: f∗(x) = sin(2πx). (a): After training, the learned function
interpolates all training samples but closely resembles the target function. (b): The first
d features fit the target function. (c): The latter p− d features fit the reminiscent noise
by a delta functions.

(a) 100 eigenfunctions (b) 400 eigenfunctions (c) 2000 eigenfunctions

Figure 1.4: Noise fitting function with more features 50 random labels were
sampled from a unit Gaussian for inputs x ∈ [0, 1]. The data were fit with a uniformly
biased linear model with sine basis functions f(x) =

∑p
k = wksin(2πkx) for different p:

(a) 100, (b) 400, (c) 2000. As the number of features grows, the learned function becomes
sharper, to the point in which they become a benign delta-like functions.

1.6.2 Malignant overfitting - bad inductive bias

The separation between the noise and signal in benign overfitting was possible

because the preferred features (high intensity) aligned with useful features (high

quality). We demonstrate another model with a strong inductive bias but without

the alignment between intensity and quality: a model with bad inductive bias.

We use the same model with strong inductive bias (Eq. (1.36)), but the target

function now is expressed by the non-significant features

f ∗(x) =
2d∑

k=d+1
w∗

kek(x). (1.39)
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The alignment is lost as the model no longer prefers the useful features with

smaller intensities.

In Fig. 1.5(b), the model uses the first d features to express the training samples,

but in contrast to Fig. 1.3, the first d features fail to express the target function. The

latter p−d features, similar to Fig. 1.3(c), fits the reminiscent training loss with delta-

like functions, ignoring the signal from the target function. The mismatch between

the intensity and quality of the features leads to a malignant overfitting Fig. 1.5(a).

(a)
∑p

k=1 ŵkek(x) (b)
∑d

k=1 ŵkek(x) (c)
∑p

k=d+1 ŵkek(x)

Figure 1.5: Malignant Overfitting A model with sine basis functions as ek – f(x) =∑10
k wk

√
ρk

√
2 sin(2πkx) – were used with d = 5, n = 100, p = 2000. The target function

used only the tenth feature: f∗(x) = sin(20πx). (a): After training, the learned function
interpolates all training samples but differs from the target function. (b): The first d
features resembles the learned function but differs from the target function. (c): The
latter p − d features fits with delta-like functions to interpolate the data, ignoring the
signal from the tenth feature.

1.7 Summary

In this chapter, we reviewed the concepts in linear regression and showed that

diagonalized features offer a decoupled interpretation for linear models with GF.

We quantified three metrics for analyzing the diagonalized features: intensity,

quality, and utilization.

Linear models trained with GF have an inductive bias toward higher-intensity

features, learning them first and generalizing if these features align with high-

quality features. We examined benign and malignant overfitting, where good or

bad inductive bias causes dramatic performance differences.
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2.1 Introduction

Feature learning, described by Bengio et al. [27] as "learning representations of

the data that make it easier to extract useful information when building classifiers

or other predictors.", is recognized as the distinct chararteristic of DNNs [28,

29, 30, 31, 32, 33, 34]. Understanding feature learning – from its inductive bias

[35, 36, 16], dynamics [37, 38], to interpretation [39, 40, 41, 42] – is a popular

17
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conundrum of machine learning.

Though feature learning is widely seen as a performance-improving departure

from models with fixed features -— often defined as intermediate layer updates

[31], non-linear dynamics [43, 44], changes in kernels like NTK [45, 46, 47], NNGP

kernel [48, 49, 34], or forward feature kernel [31, 17, 50] – how the features change

remains an active area of research.

In this chapter, we define feature learning in DNN as a deviation from last-layer-

only training and quantify the features’ usefulness, utilization, and effective number

by extending the framework for linear models (Section 1.5.3). With our framework,

we visualize that generalizing models for vision tasks have an inductive bias toward

a minimum number of features and discuss how it relates to Neural Collapse (NC).

2.2 Toy example and key insights

...

input
data

feature map

last
linear layer

class 1

class C

...

last layer features

Figure 2.1: A DNN decomposed into a feature map and a linear last layer
An abstract diagram depicting a DNN architecture as a combination of the forward
feature-map Φ : χ→ Rp from the dataspace χ to the p inputs of the final layer, and final
linear classifier for C-way classifcation. Most DNNs share this abstract structure and
mainly vary in how they create their feature maps. Within this picture, we define feature
learning as any change to the feature map upon training, reflected in changes to the p
‘features’ compared to initialization.

As illustrated in Fig. 2.1, a DNN can be decomposed into a forward feature

map Φ : χ→ Rp that maps the input (e.g. a 28× 28 pixel image of MNIST) to a

p-dimensional vector, and a final linear layer of finite width p. Analogous to the

setup in Chapter 1, the inputs x ∈ χ are sampled from a true distribution q (i.e.

x ∼ q) and features are the transformation of x via Φ. In contrast to the linear
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model’s fixed feature map, DNN’s feature map, which has learnable parameters,

changes during training or feature-learns.
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x

2

1

0

1

2

y

(a) epoch :  0

1.0 0.5 0.0 0.5 1.0
x

(b) epoch :  10

1.0 0.5 0.0 0.5 1.0
x

(c) epoch :  100

f ∗ e1 e2 e3 f̂

0 5 10 15 20
k

0.7

0.8

0.9

1.0

Π
∗
(k

)

(d) Target Projection

0 5 10 15 20
k

0.7

0.8

0.9

1.0

Π̂
(k

)

(e) Self Projection

0 5 10 15 20
k

10 6

10 3

100

ρ
k
/ρ

1

(f) Eigenvalue

epoch 0 epoch 10 epoch 100

Figure 2.2: Toy model demonstrating feature learning by a DNN A 4-layer fully
connected network (FCN) with width 1000 and scalar input and output, is trained to
learn the Heaviside step function f∗ over the domain [−1, 1]. (a): At initialization (epoch
0), the first three eigenfunctions ei (dashed) of the feature map Φ are shown in order of
their eigenvalues. If Φ and thus the features are fixed, about 20 features are needed to
accurately approximate the target function f∗ (solid grey) to an MSE loss less than 10−5.
(b,c): During training with SGD, DNN learns a single feature (red) that fits both the
target and learned functions (f∗ and f̂). (d,e,f): To quantify how the features change,
we plot the features metrics defined in Section 1.5.3 at different epochs. (d) and (e) shows
that fewer features can express the target/learned function, and (f) shows that only a few
features are significant after training.

Because all DNNs share a final linear classifier (Fig. 2.1), we use metrics of

the diagonalized features in linear models (Section 1.5.3) – defined by the DNN’s

forward feature map Φ – to track the evolution of the last-layer features.

In Fig. 2.2(a–c), we plot the evolution of the first three features of a 4-layer

FCN (width 1000) trained with SGD to fit a Heaviside function. Instead of using

a linear combination of initial features, the FCN feature-learns a single feature

(eigenfunction) that sufficiently describes the target/learned function (Fig. 2.2(c)).

Because the features are often challenging to visualize for practical DNNs with
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high dimensional input, we used the feature metrics in Section 1.5.3 to visualize

the change of features in Fig. 2.2(d–f): the cumulative quality Π∗(k) in (d) and

cumulative utilization Π̂(k) in (e) illustrate that fewer features can express the

target/learned function while the normalized intensity ρk/ρ1 in (f) shows that fewer

features are significant after training. The chapter aims to extend the metrics in

Fig. 2.2(d–f) and demonstrate DNN’s consistent inductive bias toward a minimum

number of features (in this case 1).

2.3 Definitions and methodology

For balanced C-way classification vision tasks, the target function is no longer

a scalar but a vector function (i.e. f ∗(x) = [f ∗
1 (x), · · · , f ∗

C(x)]), necessitating the

extension of the metrics in Section 1.5.3. Because the training set partitions into

equal subspace of classes Ai, each entry f ∗
i : χ → R is

f ∗
i (x) = 1Ai

(x) (Ai = {x : x is in class i}) (2.1)

where 1Ai
is the indicator function for partitioned subspace Ai for each class. The

partition makes all entries of the target function mutually exclusive

⟨f ∗
i |f ∗

j ⟩ =
∫

χ
f ∗

i (x)f ∗
j (x)q(x)dx = 1

C
δij, (2.2)

where the C−1 on the right-hand side comes from the probability measure for

each class i. Eq. (2.2) shows that we need at least C orthogonal scalar functions

(thus features) to express f ∗.

We extend the quality and utilization in Section 1.5.3 because the features must

express all entries of vector target functions. While the intensity remains unchanged,

we extend the effective dimension for a practical reason discussed in Section 2.5.

Quality To extend the inner product ⟨ek|f ∗⟩ for vector function, we define the

target function space H∗, spanned by [f ∗
1 , · · · , f ∗

C ], and the a projection operator

PH∗ : L2(χ) → L2(χ) onto this space. The quality Q∗
k of a feature ek is

PH∗ [g] :=
C∑

j=1

1
∥f ∗

i ∥2 |f
∗
i ⟩ ⟨f ∗

i |g⟩ , Q∗
k := ⟨ek|PH∗ [ek]⟩

C
=

C∑
i=1
⟨ek|f ∗

i ⟩
2 . (2.3)
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The quality, analogous to Eq. (1.30) in Chapter 1, measures how much ek overlaps

with the C dimensional target function space H∗. The cumulative measure is

defined likewise

Π∗(k) :=
k∑

j=1
Q∗

k =
k∑

j=1

C∑
i=1
⟨ej|f ∗

i ⟩
2 . (2.4)

The cumulative quality ranges between 0 ≤ Π∗(k) ≤ 1 and measures how much the

first k features can express the target function. Similar quality measures have been

studied in the past to quantify feature learning. See, for exmaple, [51, 52, 16, 17].

utilization Analogously, we define the utilization for the DNN’s learned function

f̂ : χ → RC . The learned function space is given by Ĥ = span{f̂1, · · · , f̂C} and

a projection operator PĤ onto the learned function space is defined analogous to

Eq. (2.3). Then utilization Q̂k and cumulative utilization are defined as:

Q̂k = ⟨ek|PĤ[ek]⟩2

dim(Ĥ)
, Π̂(k) =

k∑
j=1

Q̂k. (2.5)

The cumulative utilization also ranges between 0 ≤ Π̂(k) ≤ 1 with Π̂(p) = 1. It

measures the amount of the learned function expressed by the first k features.

Intensity and number of significant features We can reuse the definition

of intensity in Eq. (1.29). However, we adjust the effective dimension on intensity

(Eq. (1.16)) as

Deff (ρ) := 1 + Deff ([ρ2, · · · , ρp]). (2.6)

The first intensity is treated separately because we empirically observe that the

first feature is a constant function. Since constant functions are not of interest and

can be addressed by the bias term in the final layer, we omit the contribution from

its value and add a dimension instead. See Section 2.5.1 for further discussion.
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metric initialization after training
Deff (Q∗) 3.2 1.1
Deff (Q̂) 1.8 1.0
Deff (ρ) 1.6 1.2

Table 2.1: Summary of change of effective dimensions for Fig. 2.2

Effective number of useful/used features We can also measure the effective

dimension (Eq. (1.16)) of the quality vector Q∗ = [Q∗
1, · · · , Q∗

p] and the utilization

vector Q̂ = [Q̂1, · · · , Q̂p] to measure the number of features that significantly

contribute in describing the target/learned function. For example, the effective

dimension measures summarize the change in the number of useful/used/significant

features in Fig. 2.2 (Table 2.1).1

Approxmiation of the metric A feature map is well-defined for a DNN and

we can use the methods described in Section 1.5.4 to approximate all metrics. We

use the large training set to approximate the eigenfunctions and eigenvalues and

the test set to approximate the inner products. As the limit of the approximation,

cumulative projection measures such as Π∗(k) suffer from finite size errors when

we approximate k larger than the test set size. However, we often work in the

limit wher the width of the last layer is much smaller than the number of test

samples p ≪ ntest, and typically only the first few eigenfunctions dominate our

measures. Nevertheless, due to these finite size effects, we exercise caution and

present plots only up to k ∼ O(103) ≪ ntest.

2.3.1 The minimum feature (MF) regime and the extended
feature (EF) regime

In Fig. 2.3, we train a CNN on MNIST with two dynamics: a linear dynamics with

last-layer-only training and a feature learning dynamics with full backpropagation.

The two dynamics both achieve above 95% test accuracy after training, but the

features differ. Full backpropagation dynamics used only the first 10 features
1Note that this is the only case where we do not make exceptions regarding the first eigenvalue

when calculating Deff (ρ).
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Figure 2.3: EF and MF regime from different dynamics A CNN with width
p = 1024 is trained on the full MNIST dataset using two dynamics: last-layer-only training
(EF regime) and default backpropagation (MF regime). Parentheses show test accuracy
and square brackets indicate the CKA-based scalar measure κCKA from Definition 1.
Cumulative quality (Eq. (2.4)) is shown in (a), cumulative utilization (Eq. (2.5)) in (b),
and intensity (eigenvalues) in (c). Although both dynamics achieve test accuracy above
95%, two dynamics lead to dramatically different features: the MF regime concentrates
the metrics in the first 10 features, while the EF regime spreads these across all 1024
features.

(Fig. 2.3(b)) that are of high quality (Fig. 2.3(a)) and high-intensity (Fig. 2.3(c)).

The last-layer-only training used 103 features with poorer qualities and slower

decaying intensities.2

We can define two regimes to distinguish the dynamics: the minimum features

(MF) regime and an extended feature (EF) regime. For the C-way balanced

classification task, the MF regime is when only the first C features are significant

and are used by the model, leading to

Deff (Q̂) ≈ C Deff (ρ) ≈ C. (2.7)

Indeed we observe Deff(Q̂) = 10.5 and Deff(ρ) = 11.19 for the backpropagated

model in Fig. 2.3.

The EF regime covers all dynamics when the number of significant or used fea-

tures deviates from C. The last-layer-only dynamics is an example with Deff (Q̂) =

121 and Deff(ρ) = 119. To quantify a scalar measure for the MF regime, we

first define an ideal operator TMP .
2The decay of intensities should be analyzed excluding the first intensity, as the first feature is

a constant function.
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Definition 1 (Minimum Projection (MP) operator). For a DNN on a balanced

C-way classification task, the integral operator T is an MP-operator TMP if it has

two nontrivial eigenspaces, one being the span of a constant function 1 and the

other orthogonal complement of 1 inside Ĥ, where Ĥ is C-dimensional function

space spanned by entries of the learned function f̂ : χ→ RC expressed by the DNN.

This is equivalent to that TMP is given as

TMP [u] = a1 ⟨1, u⟩1 + a2PĤ(u) for all u (2.8)

where a1, a2 are positive scalars, and PĤ denotes the orthogonal projection onto Ĥ.

Ignoring the constant function and setting a1 = 0, whose discussion is deferred

to Section 2.5.1, the MP-operator is a projection operator PĤ onto the learned

function space Ĥ. The projection operator has C equal eigenvalues (Deff (ρ) = 10)

and C (degenerate) eigenfunctions (Deff(Q̂) = 10).3

We then use centered kernel alignment (CKA) [53] – used for comparing features

of DNNs [53] and also for studying the evolution of the NTK [54, 55] – to measure

the similarity between T of a DNN is to an ideal operator TMP :

CKA(T , TMP ) = Tr(c(T )c(TMP ))
∥c(T )∥F∥c(TMP )∥F

, (2.9)

where c(A) is centering operator (I − |1⟩ ⟨1|)A(I − |1⟩ ⟨1|), I is identity and |1⟩

is the constant function 1 in L2(χ), and the norm ∥ · ∥F is Frobenius norm. The

similarity measure Eq. (2.9) classifies the two regimes:

Definition 2 (CKA Minimum Feature Regime Measure κCKA ). For a distribution

q and a class-balanced learned function f̂ , a DNN is in Minimum Feature (MF)

regime if κCKA = 1− CKA(T , TMP ) < ϵ, where T is the feature kernel (operator)

of a DNN and TMP is the MP-operator.

Although there is some arbitrariness with the choice of ϵ, we find that ϵ = 0.1

works well in practice (square brackets in Fig. 2.3).
3We assumed that [f̂1, · · · , f̂C ] are C linearly independent, which is typically true for DNN

trained on a balanced dataset.
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model dataset Deff (ρ) Deff (Q̂) CKA
measure

test accuracy
(%)

ResNet18 MNIST 10.1 10.0 4.4× 10−3 99.7
VGG16 MNIST 10.0 10.0 1.8× 10−2 99.4

ResNet18 CIFAR10 10.4 10.0 3.1× 10−3 94.8
VGG16 CIFAR10 10.0 10.0 1.1× 10−3 93.3

ResNet18 CIFAR100 99.9 99.7 2.5× 10−2 78.3
VGG16 CIFAR100 95.8 99.4 7.4× 10−2 71.9

Table 2.2: metrics of ResNet18 and VGG16 trained on image datasets All
generalizing models in the table are in the MF regime (κCKA < 0.1). The models all use
only C features ((Deff (Q̂) ≈ C), with only those features being significant ((Deff (ρ) ≈ C).

2.4 Experiments

Here, we show empirical results of generalizing DNNs in the MF regime. We trained

VGG16 and ResNet18 on MNIST, CIFAR10, and CIFAR100 datasets. All models

are trained with SGD with momentum 0.9 and weight decay of 10−3. The learning

rate is 0.05 for ResNet18 and 0.01 for VGG16. Models were trained for 200 epochs

for MNIST and CIFAR10 with learning rate scheduling that decays by a factor

of 0.2 every 60 epochs. When trained on CIFAR100, the models were trained

for 600 epochs without learning rate scheduling. CIFAR10 and CIFAR100 used

the standard data augmentation (random crops and horizontal flips), and MNIST

was padded to the size of CIFAR10 images.

In Fig. 2.4, we trained ResNet18 on CIFAR100 with only 10, 20, and 100 classes

(C). All models are in the MF regime (Section 2.3.1) where only the first C features

are utilized (Fig. 2.4(b)) and only the first C eigenvalues are significant (Fig. 2.4(c)).

The criteria in Definition 1 is also met for ϵ = 0.1 (in square brackets). In addition

to the MF regime, we note that only the first C features are significantly useful

for describing the target function (Fig. 2.4(a)).

In Table 2.2, we present the metrics for VGG16 and ResNet18 trained on

MNIST, CIFAR10, and CIFAR100 datasets. For all studied cases, we confirm

that all models are in a clear MF regime from reading the CKA measures or the

effective dimensions of the intensity and utilization.
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Figure 2.4: Minimum feature regime for different number of classes ResNet18
is trained on 10, 20, and 100 classes from CIFAR100 for 600 epochs (until convergence).
(a) All models show that only the first C features are significantly useful in describing the
target function (i.e. Π∗(C) ≈ Π∗(p)) where Π∗(p) is plotted as dotted horizontal line. (b)
All models are in the MF regime with only C features being used to express the learned
function (i.e. Π̂(C) ≈ 1). (c) All three cases show typical MF regime intensities (Eq. (2.7))
where only the first C intensities are significant and similar with the first being somewhat
larger.

2.5 The relationship between the MP-operator
and neural collapse

Neural collapse [56] (NC) refers to a state of a DNN when the feature vectors of

the training set and last layer weights form a symmetric and clustered structure

at the terminal phase of training (TPT) or when trained past the point where

the training error vanishes. The reason for the structure has been studied mainly

in the Unconstrained Feature Model (UFM) [57, 58] and has sparked theoretical

studies (see e.g. [59] for a review).

NC is defined by the emergence of four interconnected phenomena upon TPT:

NC1) collapse of within-class variability, NC2) convergence of features to a rigid

simplex equiangular tight frame (ETF) structure, NC3) alignment of the last layer

and features, and NC4) simplified decision by nearest class. We provide more

formal measures of these phenomena in Appendix D.

In this section, we show how MP-operator TMP (Definition 1) – a state of the

feature functions – relates to NC – a state of feature vector samples – similar in

spirit to that taken in [60]. A key observation is that the first eigenfunction of TMP

is a constant function, and we first discuss its implication for NC. Subsequently,
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Global
Mean

Figure 2.5: Illustration of neural collapse. In NC, the last layer feature vectors (the
post-activation of the penultimate layer), illustrated as colored dots, cluster by their class
mean vector, illustrated as colored arrow, and form a simplex ETF structure (orthogonal
vectors projected at the compliment of the global mean vector).

we present propositions demonstrating that substituting the true data distribution

q with the empirical distribution results in the NC conditions.

2.5.1 The first eigenfunction of the MP-operator is a con-
stant function

MP-operators TMP (Definition 1) include a constant function in addition to a more

conventional projection operator onto Ĥ, the C-dimensional function space spanned

by entries of the learned function f̂ : χ→ RC . This difference with simple projection

operators means that an MP-operator uniformly rescales all function components

in Ĥ in an isotropic manner, except the direction of the constant function. It

is not surprising that Ĥ includes the constant function because a non-zero bias

term in the last layer can necessitate it.

However, it is surprising that the constant function is the first eigenfunction of

TMP with the largest eigenvalue. Interestingly, this function is often disregarded

in other analyses, for example in principal component analysis (PCA) and in the

CKA. We also observe that the first eigenfunction of T , not limited to its limit

TMP , often closely resembles the constant function. Across all our experiments,

except for the 1-D toy model in Fig. 2.2, we consistently observe ⟨e1|1⟩ > 0.95. Due
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to this observation, we handled ρ1 as an exception, for example when calculating

Deff(ρ) or defining the MF regime.

Analogous to the constant function in TMP , a constant vector in NC explains

why the feature vectors form a simplex equiangular tight frame (ETF), instead of

a set of orthonormal basis vectors: A (C − 1)-dimensional simplex ETF can be

obtained as the projection of the standard basis onto the orthogonal complement of

[ 1
C

, 1
C

, · · · , 1
C

], which is the average vector of all basis vectors in RC . For example,

projecting [0, 0, 1], [0, 1, 0], and [1, 0, 0] onto the orthogonal complement of [1
3 , 1

3 , 1
3 ]

gives three vertices [−1
3 ,−1

3 , 2
3 ], [−1

3 , 2
3 ,−1

3 ], [2
3 ,−1

3 ,−2
3 ] which forms an (ordinary

plane) equilateral triangle. We will show in Eq. (2.14) that a constant function

maps to a global average vector of features and transforms an orthogonal structure

into a simplex ETF structure.

2.5.2 The MP-operator implies NC

The analogy between TMP and NC is clear: TMP is an isotropic projection operator

on the learned function space Ĥ except on the direction of the constant function

and NC is a symmetric clustering of the feature vectors in an orthogonal basis

except along the constant vector.

If we define TMP on the empirical distribution q′ of the training set with f̂ as

the empirical output function of the balanced C-way classification task, we can

show that TMP implies NC1 and NC2 conditions (following two propositions). By

the Theorem 2 of [56], NC3 and NC4 follow from NC1 and NC2.

Proposition 2.5.1. Let TMP be MP-operator, the inputs x are taken from q′ the

empirical distribution of the training set, and f̂ the empirical output function of

balanced C-way classification task. The following NC1 condition holds:

Tr


∑

i

∑
x∈Ai

(hi(x)− µi)(hi(x)− µi)T

∑
j

(µj − µg)(µj − µg)T

T
 = 0 (2.10)
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Proposition 2.5.2. Let TMP be the MP-operator on data taken from the empirical

distribution of the training set, and f̂ the empirical output function of balanced

C-way classification task; The following NC2 condition holds:

(µi − µg)T (µj − µg) ∝ δij −
1
C

(2.11)

In the two propositions above, the class feature map hi : χ → Rp is a feature

map to the last layer features for given class i, and class mean vector µi ∈ Rp

is the expectation of hi(x) over a class partition Ai. The global mean vector

µg ∈ Rp is the average of all class means.

NC1 condition means the covariance within the class is orthogonal to the

covariance among class means and NC2 that class mean vectors form a simplex ETF.

To prove these propositions, which are shown in Appendix D, we express class

feature vector hi(x), class mean vector µi, and global mean vector µg in terms of

feature map Φ, class indicator function f̂i(x) = 1Ai
(x), and constant function 1.

hi(x) = f̂i(x)Φ(x), (2.12)

µi = 1
Ai

∫
χ

hi(x)q′(x)dx = C
∫

χ
f̂i(x)Φ(x)q′(x)dx, (2.13)

µg = 1
C

C∑
i

µi =
∫

χ
Φ(x)q′(x)dx. (2.14)

Using the equations above, the expectation of the inner product between fea-

ture/mean vectors can be expressed by f̂i and T . For example,

µT
i µj = C2

(∫
χ

f̂i(x)Φ(x)q′(x)dx
)T ∫

χ
f̂j(x′)Φ(x′)q(x′)dx′ (2.15)

= C2
∫

χ
f̂i(x)q′(x)

∫
χ

Φ(x)T Φ(x′)f̂j(x′)q(x′)dx′ (2.16)

= C2
∫

χ
f̂i(x)q′(x)T [f̂j](x)dx (2.17)

= ⟨f̂i|T [f̂j]⟩ (2.18)

where we used the definition of the integral operator T ( Eq. (1.13)) in the third line.

Finally, we can show Propositions 2.5.1 and 2.5.2 from the following tech-

nical proposition, which is derived from the definition of TMP and the class

indicator functions.
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Proposition 2.5.3. If TMP is MP-operator and f̂i(x) = 1Ai
(x) for a balanced

partition {A1, · · · , Ac} of χ, then

⟨Cf̂i|TMP [Cf̂j − 1]⟩ = a2(δij − C−1) ⟨1|TMP [Cf̂j − 1]⟩ = 0, (2.19)

where C is the number of classes.

Proof. See Appendix D

2.5.3 Extending beyond NC

Even though NC and the MP-operator are closely related, NC is restricted to the

training set, while our framework provides information about the properties of the

functions that are defined beyond the training set. Because MP-operator conditions

lead to NC conditions, our conditions are stricter. The notable advantage of the

function/random variable framework is that we can measure the quality of each

feature, and make a natural connection to the generalization loss.

2.6 Summary

In this chapter, we extended the feature metrics of the linear model to the last

layer features of DNNs, revealing a bias toward a minimal number of features

with significant quality, utilization, and intensity. We categorized dynamics that

concentrate utilization and intensity in the first C features (number of classes) as

the MF regime, with all other dynamics falling under the EF regime. We proposed

an ideal MP-operator to measure the tightness of the MF regime and showed its

connection to neural collapse (NC).
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3.1 Introduction

In the last chapter, we empirically observed DNNs’ inductive bias toward a minimum

number of features. In an ideal world, we would solve the dynamics of DNN exactly,

but the non-linearity (e.g., ReLU) makes the analysis challenging. As physicists

often do, we instead focus on simpler layerwise models without non-linearities to

study the dynamics of DNNs. The dynamics of layerwise linear models are often

31
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Amplifying (reinforcing) dynamics among layers
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Figure 3.1: Outline of next 4 chapters For a systematic presentation of various works
on layerwise linear models, we begin by building intuition on how the key principle (green)
behaves under a condition (yellow). We then formalize this intuition as a key property
(blue) using a solvable layerwise linear model. Finally, we discuss how this property from
the layerwise linear model extends to describe an empirical phenomenon in DNNs (red).

exactly solvable [61] and can explain various dynamical phenomena of DNNs such as

emergence [5] observed in large language models [62], neural collapse [57] observed

in image classification tasks [56], lazy/rich regimes [63] observed in extreme limits

[15, 64], and grokking [65] observed in algorithmic tasks [66]. These topics will be

discussed in the following chapters as summarized in Fig. 3.1.

In this chapter, we propose the dynamical feedback principle or how the layers

amplify the dynamics under gradient descent. Using the principle, we highlight how

the dynamics of layerwise linear models (amplifying dynamics) differs from (single

layer) linear models and how it leads to stage-like training where more important

features are learned in sequences. We conclude by showing that a linear neural

network (a member of layerwise linear models) or unconstrained feature model can

explain neural collapse observed in the previous chapter.

3.2 Setup

In this chapter, unless explicitly stated, we assume the input features x ∈ Rd

to be d dimensional independent zero-mean Gaussian random variable. We only

consider gradient flow (GF) and assume that the training dataset follows a certain

probability distribution for analytic simplicity.
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Target function We assume a realizable target function f ∗ with target scales

Si ∈ R for i = 1, . . . , d:

f ∗(x) =
d∑

i=1
xiSi. (3.1)

Loss We consider the mean square error (MSE) loss

L := 1
2E

[
(f ∗(x)− f(x))2

]
. (3.2)

Models We define layerwise linear models as 2-layer models whose outputs are

multilinear with respect to any layers of parameters. Examples include the variants

of linear neural networks, illustrated in Fig. 3.2:

f
(diag)
a,b (x) =

d∑
i=1

xiaibi, a, b ∈ Rd, (3.3)

f
(lnn)
W1,W2(x) = xT W1W2, W1 ∈ Rd×p, W2 ∈ Rp×c. (3.4)

A linear model with no hidden layer is used as a base model for comparison:

f
(lin)
θ (x) = xT θ, θ ∈ Rd. (3.5)

Like linear models, layerwise linear models do not require linearity with the

input features xi. For example, fa,b(x) = ∑d
i=1 ϕi(x)aibi with a non-linear function

ϕ : X → R are also a layerwise linear model due to the parameters’ multilinearity to

the output. Although the arguments in this chapter holds for more general feature

map ϕ, we use ϕi(x) = xi for demonstrative purposes.

3.3 The dynamical feedback principle

The dynamical feedback principle arises from the gradient descent dynamics under

layerwise structure and describes how the magnitude of one layer mutually scales

the rate of change in other layers (Fig. 3.1). For example, the GF equation of

diagonal linear neural network (Eq. (3.3)) is

dai

dt
= −biE[x2

i ](aibi − Si),
dbi

dt
= −aiE[x2

i ](aibi − Si). (3.6)
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...
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(a) Diagonal linear neural network (b) Linear neural network

Figure 3.2: Layerwise linear models. Layerwise linear models include, but are
not limited to, (a): diagonal linear neural networks (Eq. (3.3)) and (b): linear neural
networks (Eq. (3.4)). The layerwise structure leads to distinct dynamics compared to
linear models (Eq. (3.5)).

The product of parameters (i.e., layerwise structure) creates an amplifying dynamics:

the magnitude of ai governs the rate of change for bi, and vice versa, yielding a

dynamical feedback. To highlight its significance, we compare the gradient

equation to that of the linear model (Eq. (3.4)):

dθi

dt
= −E[x2

i ](θi − Si). (3.7)

In linear models, parameters evolve depending only on their distances to

respective target scales (θi − Si), lacking the feedback with other parameters.

The feedback in Eq. (3.6) generates sigmoidal growth and greedy dynamics distinct

from linear models, which we will explore in the following sections.

Conservation of magnitude difference Because of the commutativity of

products in Eq. (3.3), we identify a conserved quantity in Eq. (3.6) as

ai
d

dt
ai − bi

d

dt
bi = 0 ⇒ a2

i − b2
i = Ci, (3.8)

where Ci is determined at initialization. We can extend the argument for linear

neural networks to show that W2W
T
2 −W T

1 W1 is conserved (Appendix A.2.2).

3.4 Layerwise dynamics and stage-like training

In Eq. (3.6), when ai ≈ bi, the dynamical feedback exhibits rich-get-richer (poor-

get-poorer) property: a larger (smaller) |ai| results in a faster (slower) evolution
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of bi, which amplifies (attenuates) in positive (negative) feedback. In this section,

we formalize this property as sigmoidal growth (delayed saturation) of aibi in

diagonal linear neural networks.

3.4.1 Sigmoidal growth under small initialization

We consider dynamics of diagonal linear neural networks (Eq. (3.6)) with small and

equal initialization; ai(0) = bi(0) and 0 < ai(0)≪ 1. The dynamics decouples into

d independent modes, where each mode follows a sigmoidal saturation:

ai(t)bi(t)/Si = 1
1 +

(
Si

ai(0)bi(0) − 1
)

e−2SiE[x2
i ]t

. (3.9)

This contrasts to the exponential saturation of modes in the linear model with

θi(0) = 0 (Eq. (3.7)):

θi(t)/Si = 1− e−E[x2
i ]t. (3.10)

Note the connection between training of eigenfunctions in Chapter 1 and the modes

of learning in Eq. (3.7): each feature, up to scaling constant, xi is an eigenmode

because we assumed independence between input features (E[xixj] = 0). See

Appendix A for the derivation of both models. For a general derivation when

ai ̸= bi, see Saxe et al. ([61]).

Likewise, we can extend the defintion of features in Chapter 2 to check that

each mode aibixi in Eq. (3.9) has one-to-one correspondence with the eigenfunction

of integral operator T for the diagonal linear neural network:

T [f ](x′) =
d∑
i

E[a2
i xif(x)]x′

i, T [xi] = E[x2
i ]a2

i x
′
i. (3.11)

Coming back to the dynamics of the modes, Fig. 3.3 demonstrates the difference

between the dynamics of linear and layerwise linear models. While a mode in linear

models saturates immediately after initialization (Fig. 3.3(a)), that of diagonal

linear neural network saturates after a delay. The small value of aibi delays

the saturation as small ai downscales the gradient of bi and vice versa (feedback

principle). After sufficient evolution however, the feedback principle abruptly

saturates aibi through reinforcement between layers (Fig. 3.3(b)).
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Figure 3.3: Dynamics of the linear model and the diagonal linear neural
network. The colored lines show the saturation curves of modes with different variances
for (a): the linear model (Eq. (3.10)) and (b): the diagonal linear neural network
(Eq. (3.9)) with Si = 1. For the linear model, all θi’s saturate from t = 0 only differing in
the saturation speed. For the layerwise model, aibi’s show delayed saturations depending
on E[x2

i ], learning the modes in sequences.

3.4.2 Stage-like training

A consequence of sigmoidal dynamics is the stage-like training where modes of

different intensity (E[x2
i ]) saturate sequentially. In Fig. 3.3(b), the first mode

(blue) saturates fully while the next mode remains negligible, contrasting with the

concurrent saturation of modes in linear models (Fig. 3.3(a)). When saturation

time scales (1/(SiE[x2
i ])) differ sufficiently, the sigmoidal dynamics (Eq. (3.9)) in

layerwise models delays slower modes long enough for faster modes to fully saturate,

leading to the sequential learning of modes or the stage-like training.

To quantify stage-like training, we define two intervals for each mode (Fig. 3.4(a)):

• The emergent time τ
(e)
i (ϵ): the time for aibi/Si to reach ϵ;

• The saturation time τ
(s)
i (ϵ): the time for aibi/Si to saturate from ϵ to 1− ϵ.

Using the dynamics equation (Eq. (3.9)) for target function Eq. (3.1) with Si = S

for all i, the emergent time and saturation time of the ith mode becomes

τ
(e)
i (ϵ) = 1

2E[x2
i ]S

ln
 S

ai(0)bi(0) − 1
1
ϵ
− 1

 , τ
(s)
i (ϵ) = 1

E[x2
i ]S

ln
(1

ϵ
− 1

)
. (3.12)
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Figure 3.4: Stage-like training. The multilinear model is trained on the multitask
sparse parity problem with α = 0.6 and S = 5. (a): Mode strength of the model as a
function of time. The emergent time τ

(e)
i (ϵ) is the time required for the kth mode to reach

aibi/S = ϵ. The saturation time τ
(s)
i (ϵ) is the time required for aibi/S to saturate from ϵ

to 1− ϵ. The model shows stage-like training if the emergent time interval τ
(e)
k+1(ϵ)−τ

(e)
k (ϵ)

is larger than the saturation time τ
(s)
i (ϵ) for sufficiently small ϵ (0.05 in the figure). (b):

The loss as a function of time for the same system as (a). For stage-like training, the
change in the loss for the kth emergence is E[x2

i ]Li +O(ϵ) and the interval for the next
emergence is ∆τ (e)(ϵ) = τ

(e)
k+1(ϵ)− τ

(e)
k (ϵ).

We have stage-like training with

ϵ = 1

1 +
(

S
ai(0)bi(0) − 1

)E[x2
i+1]−E[x2

i
]

E[x2
i+1]+E[x2

i
]

. (3.13)

For sufficiently small initialization (ai(0)bi(0) ≪ S), we get a stage-like

training with minimal overlap (infinitesimal ϵ):

τ
(s)
i (ϵ) < τ

(e)
i+1(ϵ)− τ

(e)
i (ϵ), ϵ≪ 1, (3.14)

where the model finishes learning (saturating) the ith mode before starting to

learn (emerging) the next mode.

3.4.3 Application 1: Saddle-to-saddle learning

Saddle-to-saddle learning refers to sudden drops and plateaus of the loss during

training [67, 68, 69]. We can describe the DNN phenomenon with the stage-like

training of diagonal linear neural network with varying SiE[x2
i ]. A drop maps

to the abrupt saturation of a feature, while a plateau to the delay before the

saturation of the next feature.
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3.5 From greedy (low-rank) dynamics toward salient
features to neural collapse

So far, we demonstrated that sigmoidal saturation (Eq. (3.9)) in diagonal linear

neural networks, compared to exponential saturation in linear models, significnatly

prioritizes learning features that are more correlated (with larger SiE[x2
i ] = E[xiyi]).

In this section, by building on Saxe et al. ([61]), we show how the preference

toward correlated features leads to a low-rank bias (greedy dynamics) in linear

neural networks. We then draw on Mixon et al. ([57]) to explain neural collapse

observed in the last chapter.

3.5.1 Greedy dynamics

The dynamics of linear neural networks is challenging to solve in general. Assuming

small initialization and whitened input (E[xxT ] = I), Saxe et al. ([61]) and following

works [70, 71, 72, 73, 74] solved the exact dynamics of linear neural networks.

The dynamics decouples into c independent modes similar to that of diagonal

linear neural network (Appendix A):

α2
i (t)
ρi

= 1

1 +
(

ρi

α2
i (0) − 1

)
e−2ρit

, (3.15)

where αi := uT
i W1W2vi, and ui, ρi, vi are the ith left singular vector, singular

value, and the right singular vector of the correlation matrix E
[
xf ∗(x)T

]
=

UPV , respectively.

Note the similarity between Eq. (3.9) and Eq. (3.15), where aibi and Si in

Eq. (3.9) are replaced by α2
i and ρi in Eq. (3.15), respectively. Linear neural

networks automatically identify the linear combination of input features most

correlated (largest ρi) with the target (salient features). As discussed in stage-like

training, modes are learned sequentially based on the order of ρi or their saliency.

This bias toward salient features introduces a preference for minimum rank, as only

target-relevant c (the dimension of the output) modes are trained, even though
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W1 can reach a rank of min(d, p). We will refer to the tendency toward learning

the most target-relevant features first as the greedy dynamics.

3.5.2 Explaining neural collapse with linear neural network

To study the dynamics of NC, Mixon et al. [57] and similar works [75, 58] studied

the unconstrained feature model (UFM). The UFM trains a product of two matrices

where one matrix represents the features and the other matrix represents the last

layer weights, a special case of linear neural networks. See also relevant works

on matrix factorization [76, 77, 78].

Informal derivation of NC We show a non-rigorous derivation of NC and discuss

why feature vectors of linear neural network XW1, where X ∈ Rn×d is the input

feature matrix for n training datapoins, collapse into a rank c matrix. For rigorous

theorems, see [57, 75]. First, we assume sufficiently small initialization such that the

conserved quantity (Eq. (3.8)) is W1(0)T W1(0)−W2(0)W2(0)T ≈ 0. After training,

XW1(∞)W2(∞) = Y, (3.16)

where Y ∈ Rn×c is the label matrix with one-hot vector as the labels, and Wi(∞)

the trained matrices. Since Y is a rank c matrix, W2(∞) is also rank c. The small

initialization condition W T
1 W1−W2W

T
2 ≈ 0 ensures that W1 and W2 have the same

rank, resulting in the feature matrix XW1 having rank c instead of min(n, p). The

matrix XW1 collapses into c orthogonal directions, with each direction trivially

mapping to a class to satisfy Eq. (3.16).

Intuition Loosely speaking, W T
1 W1 − W2W

T
2 ≈ 0 is analogous to the small

initialization in Saxe et al. ([61]).1 From the dynamics perspective, the greedy

dynamics of layerwise models (Eq. (3.15)) sends gradients toward only the relevant

c directions (modes), effectively limiting the rank of the feature matrix (XW1)

to the minimal number.
1Large initialization can achieve W T

1 W1 −W2W T
2 ≈ 0 and similar dynamics; see [79, 63].
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Practical DNNs are often initialized with small weights and are expressive enough

to fit the training set without using all layers. Because of the layerwise structure,

we can expect the greedy dynamics toward minimal rank to approximately hold

even with non-linear activations, resulting in NC.

3.5.3 Empirical verification

Here, we verify whether the explanation of NC through layerwise linear model

agrees with empirical findings. One common claim is that internal structure in the

data creates such phenomenon [56]. Our theory suggests that the phenomenon is,

under suitable assumptions, a byproduct of layerwise dynamics.

In Fig. 3.5, ResNet18 models trained on CIFAR10 with various levels of label

noise, including completely random labels, still reached the MF regime, excluding

that internal structure of the data plays a role and supporting our theory.

In Fig. 3.6, we train ResNet18 on the MNIST regression task, where the digit

serves as the scalar target function f ∗ : χ → R. Unlike the C-way classification

task, which uses C features, the regression model reaches the MF regime with just

one non-constant feature.2 This aligns with our theory, which predicts that the

feature matrix rank is determined by the rank of the target function—here, one. If

the data’s internal structure mattered, the effective rank of T would be 10.

Figs. 3.5 and 3.6 suggest that DNNs’ inductive bias for the MF regime is

independent of the underlying input signal but depends more on the dimension

of the target/learned function, in agreement with our theory. In Chapter 6, we

further show more direct evidence where techniques shifting linear neural networks

out of the MF regime also push practical DNNs into the EF regime.

3.6 Summary

In this chapter, we propose the dynamical feedback principle or sigmoidal dynamics

where layers reinforce their learning. Under small initialization, this will lead to stage-

like training and greedy dynamics that differs from the dynamics of limear models.
2It uses two, with the first being a constant function. See Section 2.5.1 for discussion.
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(a) ResNet on CIFAR10 with label randomization

Figure 3.5: MF regime for ResNet18 with randomized labels In (a) we trained a
ResNet18 10000 datapoints of CIFAR10 with 0%(blue) 10%(orange) and 100%(green)
label noise. All three cases converge to the MF regime, but differ markedly in performance.
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Figure 3.6: MF regime for regression problem with scalar output. ResNet18
was trained on MNIST via regression (blue) and classification (orange). For regression,
the target/learned functions are scalar output functions, and an image x with digit i is
correctly classified if i− 0.5 < f(x) < i + 0.5. It can be seen that both models are in the
MF regime, using the minimum number of features.

We explained neural collapse sing linear neural network with small initialization

and whitened input,

or how the layers amplify the dynamics under gradient descent. Using the

principle, we highlight how the dynamics of layerwise linear models (amplifying

dynamics) differs from (single layer) linear models and how it leads stage-like training

where more important features are learned in sequences. We conclude by showing

that a linear neural network (a member of layerwise linear models) or unconstrained

feature model can explain neural collapse observed in the previous chapter.

We have introduced the dynamical feedback principle, how they effect

In the last chapter, we empirically observed DNNs’ inductive bias toward a
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minimum number of features. In an ideal world, we would solve the dynamics of

DNN exactly, but the non-linearity (e.g., ReLU) makes the analysis challenging.

As physicists often do, we instead focus on simpler layerwise models without non-

linearities to study the dynamics of DNNs. The dynamics of layerwise linear models

are often exactly solvable [61] and can explain various dynamical phenomena of

DNNs such as emergence [5] observed in large language models [62], neural collapse

[57] observed in image classification tasks [56], lazy/rich regimes [63] observed in

extreme limits [15, 64], and grokking [65] observed in algorithmic tasks [66]. These

topics will be discussed in the following chapters as summarized in Fig. 3.1.
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4.1 Introduction

A widely observed property of deep learning models is that the test loss predictably

follows a power-law improvement with increasing data, model parameters, or

compute. These neural scaling laws [80, 81] have been widely observed across

different architectures and datasets [82, 83, 84, 85, 86, 87]. While scaling exponents

43
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vary, the overall phenomenon is robust, raising key questions like: What drives

this near-universal scaling behavior?

To study such behavior, Michaud et al. [88] expanded the sparse parity prob-

lem [89, 88] and studied the multitask sparse parity problem – a dataset consisting

of multiple sparse parity tasks (i.e. skills) where the frequency that each task

(skill) appears in the dataset follows a power-law distribution – on 2-layer MLP

as a proxy for studying neural scaling laws in large language models (LLMs). For

this data set, the authors were able to empirically measure and schematically

derive scaling laws as a function of training steps or time (T ), parameters (N),

and training samples (D). However, no formal derivation or connection to the

gradient descent dynamics was studied in their paper.

In this chapter, we formally define each skill as an orthogonal function and

propose a model that is expanded in the basis of skill functions. We demonstrate

that the learning dynamics of each skill are decoupled and, using this decoupling,

analytically derive the scaling laws observed in Michaud et al. [88] and the scaling

law for the optimal compute with our model (Table 4.1).

Bottleneck Time Data Parameter Exponent
Time (T ) T ∞ ∞ −α/(α+1)
Data (D) ∞ D ∞ −α/(α+1)

Parameter (N) ∞ ∞ N −α
Compute (C) C(α+1)/(α+2) ∞ C1/(α+2) −α/(α+2)

Table 4.1: Summary of the scaling laws. The leftmost column shows the bottleneck
of the scaling law. The middle three columns show the resource values in terms of the
bottleneck (either taken to infinity or proportional to the bottleneck). The last column
shows the scaling exponent for the loss as power-law of the bottleneck where α + 1 is the
exponent of the skills’ distribution (Eq. (4.1)).

4.2 Setup

In this section, we define the multitask sparse parity problem with mean-squared

error (MSE) loss, represent skills as orthogonal functions, and measure their strength
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Skill idx
(I)

Control
bits

Skill bits (X) y M(i, x)g1(i, x) g2(i, x) . . . gns(i, x)

1 1000000 110110000100 S [1,1,0] 1 0 . . . 0
1 1000000 100101010001 −S [0,1,0] −1 0 . . . 0
... ... ... ... ... ... ... ... ...
2 0100000 001001011011 −S [0,0,1] 0 −1 . . . 0
... ... ... ... ... ... ... ... ...

ns 0000001 001010100110 −S [1,1,1] 0 0 . . . −1

Table 4.2: Multitask sparse parity dataset and skill basis functions. The control
bits ns are one-hot vectors encoding specific parity tasks, indexed in the first column. The
frequency of the distinct parity tasks follows a rank-frequency distribution with an inverse
power law relation (Eq. (4.1)). The skill bits are binary strings with m = 3 relevant sparse
bits (highlighted in colors) with their locations varying by skill. The y column shows the
target scale S multiplied by the parity computed from the relevant bit set M(i, x). The
last columns show the values of the skill basis functions gk(i, x), defined in Eq. (4.2).

via the linear correlation between model output and skill basis functions. We also

introduce the multilinear model used in this and the next chapter.

4.2.1 Multitask sparse parity problem

In the sparse parity problem, nb skill bits are presented to the model. The target

function is a parity function applied to a fixed subset of the input bits. The model

must detect the relevant m < nb sparse bits and return the parity function on this

subset (M(i, x), see Table 4.2). Michaud et al. [88] introduced the multitask sparse

parity problem by introducing ns unique sparse parity variants – or skills – with

different sparse bits (for a representation, see Table 4.2). Each skill is represented

in the ns control bits as a one-hot string, and the model must solve the specific

sparse parity task indicated by the control bits.

The ns skills (random variable I ∈ {1, 2, . . . , ns}) follow a power law distribution

Ps, and the skill bits (random variable X ∈ {0, 1}nb) are uniformly distributed.

Because Ps and Pb are independent, the input distribution P(I, X) follows a

product of two distributions:

Ps(I = i) := i−(α+1)∑ns
j j−(α+1) , Pb(X = x) := 2−nb , P(I, X) := Ps(I)Pb(X).

(4.1)
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We denote A =
(∑ns

j=1 j−(α+1)
)−1

so that Ps(i) := Ai−(α+1).

4.2.2 Skills as orthogonal basis functions

Skill basis functions. We represent the kth skill as a function gk : {0, 1}ns+nb →

{−1, 0, 1} that returns the parity ({−1, 1}) on the kth skill’s sparse bits if i = k,

but returns 0 if the control bit mismatches that of the kth skill (i ≠ k):

gk(i, x) :=
{

(−1)
∑

j
Mj(i,x) if i = k

0 otherwise
, (4.2)

where M : {0, 1}ns+nb → {0, 1}m is the map that selects the relevant sparse bits

for the ith skill (Table 4.2) and Mj(i, x) is the jth entry of M(i, x). Note that

different skill functions have 0 correlation as the supports of skills functions are

mutually exclusive:

gk(i, x)gk′(i, x) = δi,kδk,k′ . (4.3)

The target function. The target function is a sum over ns skill functions

multiplied by a target scale S:

f ∗(i, x) := S
ns∑

k=1
gk(i, x). (4.4)

The target scale S is the norm of the target function (EI,X [f ∗(I, X)f ∗(I, X)] = S2).

Note that the skill functions serve as ‘features’ or countable basis for describing

the target function as in Hutter [90].

MSE loss. We use MSE loss for analytic tractability:

L := 1
2EX,I

[
(f ∗(I, X)− f(I, X))2

]
, (4.5)

where f is the function expressed by a given model. We define the skill loss Lk

as the loss when only the kth skill is given, which can be weighted by their skill

frequencies to express the total loss:

Lk := 1
2EX

[
(f ∗(I = k, X)− f(I = k, X))2

]
, L =

ns∑
k=1
Ps(I = k)Lk. (4.6)
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Skill strength. The skill strength or the linear correlation between the kth skill

(gk) and a function expressed by the model at time T (fT ) is

Rk(T ) := EX [gk(I = k, X)fT (I = k, X)] . (4.7)

The skill strength Rk is the kth coefficient if a model is expanded in the basis of

the skill functions (gk). The skill strength, like the test loss, can be accurately

approximated by a sum. The skill loss Lk (Eq. (4.6)) can be expressed by the skill

strength and the norm of the learned function for I = k:

Lk(T ) = 1
2
(
S2 + EX

[
f(I = k, X)2

]
− 2SRk(fT )

)
. (4.8)

The skill loss becomes 0 if and only if f(I = k, X) = Sgk(I = k, X).

4.2.3 Multilinear model

We propose a simple multilinear model – multilinear with respect to the parameters –

with the first N most frequent skill functions gk(i, x) as the basis functions (features):

f(i, x, T ; a, b) =
N∑

k=1
ak(T )bk(T )gk(i, x), (4.9)

where a, b ∈ RN are the parameters. The model has built-in skill functions gk –

which transform control bits and skill bits into the parity outputs of each skill –

so the model only needs to scale the parameters to akbk = S.

The multilinear structure (product of ak, bk) is analogous to the layered structure

of NNs and results in emergent dynamics discussed in the next chapter. A similar

model has been studied by Saxe et al. [61] in the context of linear neural networks.

In the multilinear model, because it has the skill functions gk as the basis, the

product ak(T )bk(T ) is the skill strength Rk (Eq. (4.7)) and the skill loss (Eq. (4.6))

is a function of S and Rk only:

ak(T )bk(T ) = Rk(T ), Lk(T ) = 1
2(S −Rk(T ))2 . (4.10)

Assuming that we are training the model on D samples from P(I, X), the empirical

loss decomposes into a sum of empirical skill losses because gk’s supports are
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...

(a) Multilinear model illustration
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(b) Decoupled dynamics

Figure 4.1: Multilinear model. (a): An illustration of the multilinear model which is
multilinear in terms of parameters, generating a layerwise structure. The model also has
the skill functions gks as basis functions. (b): The dynamics of the multilinear model are
decoupled and each skill strength (Rk) shows a sigmoidal growth in time. Note that less
frequent skills have a more delayed growth.

mutually exclusive. This decouples the dynamics of each skill (Rk(T )), which is

analytically solvable under gradient flow (Appendix B.1.1).

L(D)(T ) = 1
2D

ns∑
k=1

dk(S −Rk(T ))2,
Rk(T )

S
= 1

1 +
(

S
Rk(0) − 1

)
e−2η

dk
D

ST
,

(4.11)

where dk is the number of samples of the kth skill (i.e., number of samples (i, x) with

gk(i, x) ̸= 0), η is the learning rate, and 0 < Rk(0) < S is the skill strength

at initialization.

4.2.4 Time scaling law from stage-like training

Assuming our model satisfies the stage-like training for all k of interest, we can derive

the time scaling law from the stage-like training. At τ
(e)
k (ϵ), because of stage-like

training, all skills with index up to but not including k have saturated (Ri<k ≈ S), or

equivalently Li<k ≈ 0 (Eq. (4.10)). The total loss, the sum of Lj weighted by Ps(j) ∝

j−(α+1) (Eq. (4.6)), becomes ∑∞
j=k Ps(I = j)S2/2 (Fig. 3.4(b)). The saturation of
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the kth skill results in a loss difference of Ps(I = k)S2/2. Thus, we obtain

∆L
L
≈ Ps(I = k)∑∞

j=k Ps(I = j) = − k−(α+1)∑∞
j=k j−(α+1) ≈ −

k−(α+1)∫∞
k j−(α+1)dj

(4.12)

= −αk−1 +O(k−2). (4.13)

Accordingly, the emergent interval between the k and k + 1 skills relative

to the τ
(e)
k (ϵ) is

∆T

T
= τ

(e)
k+1(ϵ)− τ

(e)
k (ϵ)

τ
(e)
k (ϵ)

= (k + 1)α+1 − kα+1

kα+1 (4.14)

= (α + 1)k−1 +O(k−2). (4.15)

Assuming k ≫ 1 and combining Eq. (4.13) and Eq. (4.15) to the largest order, we

have the equation for the power-law with exponent −α/(α + 1) in Fig. 4.2(a):

∆L
L

= − α

α + 1
∆T

T
. (4.16)

If the stage-like training holds for any resource (e.g., time, data, or parameters),

the scaling law can be derived using the ratio of change in loss per skill (Eq. (4.13))

and the ratio of change with respect to the resource (given by the emergent time

in Eq. (4.15)). The T, D, N scaling laws in the previous chapter can be derived if

the stage-like assumption holds and the quanta model [88] is an example where

the stage-like training holds for all resources.

4.3 Derivation of the scaling law exponents

We will derive the scaling laws in Table 4.1 with our multilinear model (Section 4.2.3)

for time (T ), data (D), parameters (N) and optimal compute (C) where we define

compute as C := T ×N [91]. Note that we achieve the same exponent as in Hutter

[90] for D and in Michaud et al. [88] for T, D, and N . Assuming 0 < α < 1, the

exponents are consistent with the small power-law exponents reported in large-scale

experiments, see, e.g., [81, 86, 92].
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Using Eqs. (4.6), (4.10) and (4.11), the loss becomes a function of time (T ), data

(D), parameters (N), and the number of observations for each skill [d1, · · · , dns ]:

L = S2

2

N∑
k=1
Ps(k) 1(

1 +
(

S
Rk(0) − 1

)−1
e2η

dk
D

ST

)2 + S2

2

ns∑
k=N+1

Ps(k). (4.17)

The equation Eq. (4.17), under suitable assumptions (e.g., for the T scaling law,

we take D, N → ∞ and dk/D → Ps(k)), results in decoupled evolution of each

skill loss, which we use to derive our scaling laws.

4.3.1 Time scaling law

To derive the time scaling law exponent, we assume the time as the bottleneck

(finite resource) and take N, D → ∞. By using the decoupled dynamics of each

skill loss (Eq. (4.11)),

Lk = S2

2
(

1 +
(

S
Rk(0) − 1

)−1
e2η

dk
D

ST

)2 . (4.18)

Noting that dk/D → Ps(k) as D → ∞, where Ps(k) = Ak−(α+1), we have

Lk = S2

2
(

1 +
(

S
Rk(0) − 1

)−1
e2ηAk−(α+1)ST

)2 . (4.19)

This is a function of k−(α+1)T only, suggesting the decoupling dynamics for

each skill. Thus,

dLk

dT
= − k

(α + 1)T
dLk

dk
. (4.20)

Using Eq. (4.6) and taking N, ns → ∞ at the same rate,1 we can approximate

the loss as an integral instead of a sum over k:

L = lim
N→∞

N∑
k=1
Ps(I = k)Lk ≈ lim

N→∞

∫ N

1
Ak−(α+1)Lkdk, (4.21)

1We take N and ns to ∞ at the same rate since we do not want the number of parameters to
be a bottleneck in this setup.
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where A is the normalization constant for Ps. We can differentiate the loss and

use Eq. (4.20) to express the equation in terms of k:

dL
dT

= lim
N→∞

∫ N

1
Ak−(α+1) dLk

dT
dk = − lim

N→∞

1
(α + 1)T

∫ N

1
Ak−α dLk

dk
dk. (4.22)

Integrating by parts, we obtain

dL
dT

= − lim
N→∞

1
(α + 1)T

[
Ak−αLk

]N
1
− lim

N→∞

α

(α + 1)T

∫ N

1
Ak−(α+1)Lkdk (4.23)

= − lim
N→∞

O
(

N−α 1
T

)
+O

( 1
TeT

)
− α

(α + 1)T L. (4.24)

The first term goes to 0 as N →∞ and the second term goes to 0 exponentially

faster compared to the last term for T ≫ 1, which leads to the scaling law with

exponent −α/(α + 1):

dL(T )
L(T ) = − α

α + 1
dT

T
. (4.25)

4.3.2 Data scaling law

The data scaling law assumes T → ∞ and N → ∞ with data as the bottleneck.

From the decoupled dynamics of the multilinear model (Eq. (4.11)), we can show

that our model is a one-shot learner (Corollary B.1.1):

One shot learner. Given that N > k, T →∞, and dk is the number of samples

from the training set with gk(i, x) ̸= 0, the kth skill loss after training is

Lk(∞) =
{

0 : dk > 0
(S −Rk(0))2/2 ≈ S2/2 : dk = 0.

(4.26)

Proof. See Appendix B.1.2.

Our model requires only one sample from the kth skill to learn such a skill,

similar to how language models are few-shot learners at inference.2 The model can

one-shot learn a skill since it has gk as the basis functions, and the dynamics among
2Few-shot learning is typically discussed in the context of models that have undergone pre-

training (see, e.g. [62]). We speculate that expanding in the basis gk in our framework can model
aspects of the pre-training process.
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different skills are decoupled. A similar one-shot learner has been studied in Hutter

[90] where the error depends on a single ‘observation’ of a feature.

Because the kth skill loss only depends on dk (number of observations for

the kth skill), we can calculate the expectation of the skill loss for D data points

from Pobserved(k|D) or the probability that dk > 0:

Pobserved(k|D) = 1− (1− Ps(k))D . (4.27)

Using the one-shot learning property (Eq. (4.26)), the probability of observing the

kth skill (Eq. (4.27)), and the decomposition of the loss into skill losses (Eq. (4.6)),

the expected loss for D datapoints is

ED [L] = 1
2

∞∑
k=1

S2Ps(k)(1− Pobserved(k)) (4.28)

= 1
2S2A

∞∑
k=1

k−(α+1) (1− Ps(k))D (4.29)

≈ 1
2S2A

∫ ∞

1
k−(α+1)

(
1− Ak−(α+1)

)D
dk, (4.30)

where the expectation ED is over all possible training sets of size D, and A is

the normalization constant such that P(k) = Ak−(α+1). The difference in the

loss ∆L = ED+1 [L] − ED [L] is

∆L = 1
2S2A

∫ ∞

1
k−(α+1)

(
1− Ak−(α+1)

)D ((
1− Ak−(α+1)

)
− 1

)
dk (4.31)

= −1
2S2A2

∫ ∞

1
k−2(α+1)

(
1− Ak−(α+1)

)D
dk. (4.32)

We can integrate ∆L by parts.

∆L = 1
2

[
− S2Ak−α

(α + 1)(D + 1)
(
1− Ak−(α+1)

)D+1
]∞

1

− S2Aα

2(α + 1)(D + 1)

∫ ∞

1
k−(α+1)

(
1− Ak−(α+1)

)D+1
dk

≈ O
(
(1− Ps(1))D+1

)
− S2Aα

2(α + 1)(D + 1)

∫ ∞

1
k−(α+1)

(
1− Ak−(α+1)

)D (
1− Ak−(α+1)

)
dk

≈ − α

(α + 1)(D + 1)ED [L] + α

(α + 1)(D + 1)∆L.
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In the second line, the first term goes to 0 for D ≫ 1. In the last line, we used the

expression for ∆L (Eq. (4.31)) and ED [L] (Eq. (4.28)). Rearranging the equation

above and using that D ≫ 1, we obtain the scaling law with exponent −α/(α + 1):

∆L
ED [L] = − α

1 + (α + 1)D ≈ −
α

(α + 1)
1
D

(4.33)

= − α

(α + 1)
∆D

D
. (4.34)

where in the last line, ∆D/D = 1/D as the change in the number of data points

relative to D is one.

4.3.3 Parameter scaling law

The parameter scaling law assumes T → ∞ and D → ∞, with the parameters

N < ns as the bottleneck. Because our model is a one-shot learner (Eq. (4.26)),

learning of the kth skill only depends on the existence of gk in the model; the

model with [g1, · · · , gN ] will learn all k ≤ N skills with Lk = 0. The Lk dependence

on gk is formalized as the following.

Equivalence between a basis function and a skill. Given T, D →∞ and if

the multilinear model has the N most frequent skill functions as a basis,

Lk(∞) =
{

0 : k ≤ N
S2/2 : k > N.

(4.35)

Proof. See Appendix B.1.3.

Using Eq. (4.35) and Eq. (4.6), we can express the total loss as function of N :

L ≈ S2

2

∫ ∞

N+1
Ak−(α+1)dk ∝ (N + 1)−α. (4.36)

By approximating N ≈ N +1 for N ≫ 1, we obtain the power-law with exponent −α.
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4.3.4 Optimal compute scaling law

For analytical tractability, we define compute as C := T × N . We start from

Eq. (4.17) with D → ∞

L ≈
∫ N

1
Ak−(α+1)Lkdk + lim

ns→∞

S2

2

∫ ns

N
Ak−(α+1)dk (4.37)

= LT + S2A

2α
N−α. (4.38)

Using Eq. (4.23), the first term can be analyzed in two cases: O(T −α/(α+1)) if

LT ≫ N−α or O(N−αT −2) if LT = Θ(N−α). The second term can be integrated

into O(N−α). We can remove the irrelevant constant terms to express the loss

L = T −α/(α+1) + N−α, (4.39)

and use the method of Lagrangian multiplier to obtain

− α

α + 1T −α/(α+1)−1 + λN = 0, (4.40)

−αN−(α+1) + λT = 0, (4.41)

NT − C = 0, (4.42)

where λ is the Lagrange multiplier and C is compute. We can solve the above

set of equations to obtain T ∝ Nα+1 or equivalently

T ∝ C(α+1)/(α+2), N ∝ C1/(α+2). (4.43)

We can plug it in Eq. (4.39) to get

L ∝ C−α/(α+2). (4.44)

The optimal compute, in Eq. (4.37), balances the contributions from the first

term – loss from given basis functions – and second term – loss from withheld basis

functions. Intuitively, the optimal compute means the model has sufficient time

to learn most of the given basis functions (Fig. 4.3).
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4.4 Experiments and results

To check the derivation of the scaling laws, we compare them to the simulation of

our multilinear model. Fig. 4.2 compares the simulation of our model for T, D, N

with the scaling laws in Table 4.1. In Fig. 4.3, we train our model for given

C but with different tradeoffs between T and N and compare the loss with the

theoretical optimal compute scaling law.

Results In Figs. 4.2 and 4.3, we confirm that our theoretical analysis of the scaling

laws for the multilinear model holds in practice. The simulation decays faster than

the scaling laws for the small α of 0.3, especially for Fig. 4.3 because smaller α

amplifies the effect from the number of skills N being finite. See Appendix C.1

for the discussion. We can also calculate the constant prefactor constants of all

scaling laws, but this is beyond the scope of the thesis. See [5].
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Figure 4.2: Scaling laws. The learning curve (L is the MSE loss) of the multilinear
model (solid) and the theoretical power-law (dotted) for (a) time T , (b) data D, and (c)
parameters N . Lower left legends show the condition (top) and the scaling law (bottom)
where α + 1 is the exponent of the power-law input data (Eq. (4.1)).

4.5 Summary

In this chapter, we introduced the multilinear model and derived the scaling laws

observed in Michaud et al. [88] for the multitask sparse parity problem. The

derivation of the scaling laws for time, data, and parameters relies on the decoupled

dynamics of each skill and how each dynamics scale with the given resource: for
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Figure 4.3: Scaling law for optimal compute. The solid lines are the learning curves
of the multilinear model as a function of compute C = T ×N with varying parameters N
from 101 (top plateau) to 104 (bottom plateau). The dotted lines are optimal compute
scaling laws with exponent −α/(α + 2) (Section 4.3.4). For a given C, we achieve the
optimal tradeoff when T is sufficient to fit all N skills (i.e. when the solid lines plateau).

the time scaling law, each Lk shares the same dynamics with T scaled by Ps(k)

(Eq. (4.20)); for the data scaling law, each Lk depends only on the observation the

kth skill (Eq. (4.26)); for the parameter scaling law, each Lk depends on whether

the model has gk as a basis function (Eq. (4.35)). For the optimal compute scaling

law, we showed the optimal tradeoff between T and N in which the model has

sufficient time to learn all given skills (i.e. T ∝ Nα+1).

The decoupling of the skills originates from the mutually exclusive skill functions

gk’s in our model (Eq. (4.3)), allowing the analytical tractability for deriving scaling

laws. A natural question to ask is why such a strong assumption in the model

agrees with the scaling laws observed in 2-layer MLP, as reported in Michaud et

al. [88]. In the next chapter, we discuss this top in more detail.
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5.1 Introduction

Emergence in large language models (LLMs) has attracted a lot of recent attention

[62, 93, 94, 95]. While the concept of emergence has been critiqued on the grounds

that the sharpness of the transition to acquiring a new skill may be sensitive to the

measure being used [96], the observation that important new skills are learned for

larger models raises many challenging questions of when the skills emerge and what

drives the emergence. These questions are complicated by difficulties in formally

57
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defining skills or capabilities [97], and by our general limited understanding of the

internal representations of deep neural networks [98].

In this chapter, we extend the multilinear model proposed in the last chapter

to predict the emergence in a 2-layer MLP trained on the multitask sparse parity

problem (Fig. 5.1). To justify how a multilinear model with fixed basis functions

can approximate the dynamics of MLP with feature-learning and no skill basis

functions, we explore the stage-like training [61] of the multilinear models. We

then show that stage-like training – where the skills are learned in distinct stages –

can formally recover the quanta model in Michaud et al. [88] and argue that MLP

effectively decouples the skills by learning each skill in stages, justifying our model.
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Figure 5.1: Predicting emergence. The skill strength Rk, defined as the kth coefficient
if a model is expanded in the basis of the skill functions (gk), measures how well the kth

skill is learned, and is plotted against (a) time T , (b) data set size D, and (c) number
of parameters N (width of the hidden layer). Rk is normalized by the target scale S
such that Rk/S = 1 means zero skill loss. The dashed lines show the abrupt growth –
emergence – of 5 skills for a 2-layer MLP (Appendix C.3) trained on the multitask sparse
parity problem with data power-law exponent α = 0.6 (shaded area indicate 1-standard
deviation over at least 10 runs). Solid lines are the predictions (Eqs. (5.2), (5.5) and (5.9),
respectively) from our multilinear model calibrated on the first skill (blue) only.

5.2 Predicting emergence

While the multilinear model (Eq. (4.9)) successfully predicts the scaling laws of

2-layer MLP (Chapter 4), it requires extension and calibration to predict the

emergence observed in the NNs. Here, we present how the emergent dynamics in a

2-layer MLP can be approximated by extending the multilinear models.
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Unlike the multilinear model with predefined skills, NNs lack data knowledge

and must discover each gk through feature-learning, requiring additional time, data,

or parameters. For each emergence, we propose an extended model with a tunable

hyperparameter to capture this inefficiency while preserving skill decoupling.

Methods We calibrate the additional hyperparameter of each extended model

on a 2-layer MLP trained on one skill (ns = 1) system (Fig. 5.2). We then

use the calibrated models to predict the emergence of subsequent skills in the

ns = 5 setup (Fig. 5.1).

The 2-layer MLP in Figs. 5.1 and 5.2 takes the control and skill bits in Table 4.2

as inputs and outputs a scalar ({0, 1}ns+nb → R). We used 3 relevant bits out of 32

skill bits for the multitask sparse parity problem. The model has a width of 1000

and is trained with SGD unless otherwise stated. See Appendix C.3 for the details.
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Figure 5.2: Calibration of hyperparameter on the first skill. The calibration of
the extended multilinear model (solid) on the 2-layer NN (dashed) for ns = 1 system. For
the calibrated hyperparameters, we have B2 = 1/22 for time (Eq. (5.2)), Dc = 800 for
data (Eq. (5.5)), and Nc = 4 for hidden layer width (Eq. (5.9)).

5.2.1 Time emergence

In our multilinear model, the layerwise structure – the product of parameters akbk –

leads to a sigmoidal saturation where an update of one layer hastens the update of the

other layer. Feature learning dynamics in a 2-layer MLP shares the positive feedback

between the layers but require a non-trivial update of parameters to express gk.
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Extended model. Given that feature learning, though nonlinear, involves pa-

rameter updates, we compensate for the additional delay in feature-learning by

multiplying gk by a calibration constant 0 < B < 1:

fT (i, x; a, b) =
N∑

k=1
ak(T )bk(T )Bgk(i, x), 0 < B < 1. (5.1)

The calibration constant B rescales the dynamics in T (Eq. (4.11)):

Rk(T )
S

= 1
1 +

(
S

Rk(0) − 1
)

e−2ηPs(k)B2ST
, (5.2)

where dk/D → Ps(k) because we assume D → ∞. We observe that B2 = 1/22

fits the NN trained on one skill (Fig. 5.2(a)), and the calibrated model predicts

emergence in the ns = 5 system (Fig. 5.1(a)), suggesting that the dynamics of

feature-learning gk in 2-layers NNs is similar to that of decoupled parameter learning

(akbk) in a simple multilinear model. For further intuition of the extended model,

see an example of time emergence in an NN in Appendix C.4.

5.2.2 Data point emergence

Our multilinear model (Eq. (4.9)) can learn the kth skill with a single observa-

tion of the skill because of the prebuilt skill functions gk (Eq. (4.26)). NNs,

without the fixed basis functions, require multiple samples from the kth skill

before ‘discovering’ each gk.

Extended model. To extend our model to a Dc-shot learner from a one-shot

learner, we replace gk with a sum of basis functions ek,l:

fT (i, x; a, B) =
N∑

k=1
ak(T )

Dc∑
l=1

Bk,l(T )ek,l(i, x). (5.3)

The matrix B ∈ RN×Dc is an extension of b ∈ RN in Eq. (4.9), Dc is a fixed scalar,

and ek,l(i, x) : {0, 1}ns+nb → R are functions with the following properties:

EX|I=k [ek,lek,l′ ] = δll′ , ek,l(I ̸= k, x) = 0,
Dc∑
l=1

1√
Dc

ek,l = gk. (5.4)
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The first property states that ek’s, when I = k, are orthonormal in X. The second

property asserts that, similar to gk (Eq. (4.2)), ek,l is non-zero only when I = k,

and fitting of the kth skill only occurs among ek,l’s, keeping the skills decoupled.

The third property states that gk can be expressed using ek,l.

For the kth skill, the extended model overfits gk when there are fewer observations

(dk) than the dimension of the ek,l basis (Dc), and fits gk when dk ≥ Dc: making

the model a Dc shot learner.

Dc shot learner. If we initialize the extended model in Eq. (5.3) with sufficiently

small initialization and if the conditions in Eq. (5.4) are satisfied, then the skill

strength after training (T → ∞) on D datapoints is

Rk(∞) =

S
(
1−

√
1− dk/Dc

)
: dk < Dc

S : dk ≥ Dc.
(5.5)

The number dk is the number of samples in the training set for the kth skill (i.e.,

datapoints with gk(i, x) ̸= 0).

Proof. See Appendix B.1.6.

Using Eq. (5.5), we can calculate the emergence of Rk/S as a function of D.

Note that Eq. (5.5) is similar to the model in Michaud et al. [88] in that, to learn a

skill, the model requires a certain number of samples from the skill.

The derivation of Eq. (5.5) follows trivially from the dynamics of the extended

model (Eq. (5.3)) and well-known results in linear/kernel regression [16, 20, 22,

99, 24]. To be more specific, the model finds the minimum norm solution as if

we performed ridgeless regression on gk with basis functions [ek,1, · · · ek,Dc ]. See

Appendix B.1.6 for details.

We observe that Dc = 800 approximates the data emergence for the ns = 1

system (Fig. 5.2(b)) and also the emergence for ns = 5 system (Fig. 5.1(b)),

suggesting that the NN discovers gk when it observes Dc samples from the kth skill.
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5.2.3 Parameter emergence

Since our multilinear model has gk’s as the basis functions, it requires only one

basis function (2 parameters) to express a skill (Eq. (4.35)). A 2-layer NN cannot

express a skill (parity function) with a single hidden node (i.e., hidden layer of

width 1), but requires multiple hidden nodes.

Extended model. To compensate for the need for multiple hidden nodes in

expressing one skill, we extend our model similarly to Eq. (5.3). Because the number

of parameters is now a bottleneck, we ensure the model has N basis functions (ek,l’s):

fT (i, x; a, B) =
q−1∑
k=1

Nc∑
l=1

ak(T )Bk,l(T )ek,l(i, x) +
r∑

l′=1
aq(T )Bq,l′(T )eq,l′(i, x), (5.6)

where Nc is the minimum number of basis functions needed to express a skill,

quotient q is ⌊(N − 1)/Nc⌋ + 1 and remainder r is such that (q − 1)Nc + r = N .

In short, the N basis functions are

[e1,1, · · · , e1,Nc , e2,1, · · · , e2,Nc · · · eq,1, · · · , eq,r]. (5.7)

Similar to Eq. (5.4), the basis functions satisfy the following properties

EX|I=k [ek,lek,l′ ] = δll′ , ek,l(I ̸= k, x) = 0,
Nc∑
l=1

1√
Nc

ek,l = gk. (5.8)

Nc basis functions for a skill. For the extended model in Eq. (5.6), the skill

strength at T, D → ∞ for a given N becomes

Rk(∞) =


0 : k > q

S r
Nc

: k = q

S : k < q .
(5.9)

Proof. See Appendix B.1.7.

The equation Eq. (5.9) states that the model can or cannot express the kth skill

depending on the number of basis functions for the given skill. For k < q, it has

all Nc basis functions [ek,1, · · · , ek,Nc ] to express the kth skill (Eq. (5.8)). The skills
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with k > q lack the basis functions and are inexpressible. The qth skill are partially

expressible depending on the number of basis functions for gq: [eq,1, · · · , eq,r].

We observe that Nc = 4 fits the parameter emergence for the ns = 1 system

(Fig. 5.2(c)) and also the emergence for the ns = 5 system (Fig. 5.1(c)), suggesting

that the NN requires 4 nodes in expressing gk. The results also suggest that an

NN, while lacking the ordering of basis functions (Eq. (5.7)), prefers to use the

hidden neuron in fitting more frequent skills. The ‘preference’ toward frequent

skills agrees with Fig. 5.1(a) where the NN learns more frequent skills first. Note

that for the parameter emergence experiment, Adam [100] was used, instead of

SGD, to increase the chance of escaping the near-flat saddle points induced by

an insufficient number of parameters [101].

5.3 Discussion

We return to the discussion of Fig. 5.1 or why NNs, despite their lack of the

decoupling among the skills, behave similarly to the decoupled model with fixed

basis functions gk. We also address the limitations of our model.

5.3.1 Effective decoupling among the skills

Although NN feature-learn gk’s by non-tractable dynamics, we speculate that

similar stage-like dynamics – induced by the model’s layerwise structure and

power-law frequencies of the skills – also hold: parameters ‘useful’ for expressing

more frequent skills will be updated significantly faster than parameters useful for

expressing less frequent skills. If skill discovery and saturation dynamics operate

at different time scales (stages), with negligible interaction among the skills, the

skill dynamics become effectively decoupled.

When the skill dynamics are decoupled, each skill’s feature learning process

scales with resource availability for that skill only (e.g., training time, data size,

hidden neurons), leading to a similar emergence as in our multilinear model.
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5.3.2 Limitations of the multilinear model

The strength of our extended multilinear model comes from the decoupled dynamics

for each skill: leading to the prediction of the time, data, and parameter emergence

with a single calibration. Here, we discuss the limitations of our model from

simplifying the more complex dynamics of NNs.

Time emergence. We note that the NN and the multilinear model emerge at

similar instances, but the NN takes longer to saturate fully. This is because, for a

given skill, the dynamics of the NN is not one sigmoidal saturation but a sum of

multiple sigmoidal dynamics with different saturation times. To express the parity

function, the NN must use multiple hidden neurons, and the skill strength can be

divided into the skill strength from each neuron whose dynamics follow a sigmoidal

saturation. Because of the non-linearity and the function it expresses, each neuron

is updated at different rates, and the slowly saturating neurons result in a longer tail

compared to our multilinear model. For an example, see Fig. C.2 in Appendix C.4.

Data point emergence. Our extended model (Eq. (5.5)) deviates from NNs

when dk ≪ Dc: NNs show a more abrupt change in Rk as a function of D. This is

because our model asserts strict decoupling among the skills: even a few dk will

contribute to learning gk from ek,l. This differs from the NN, which lacks strict

decoupling among the samples from different skills. We speculate that because

NNs can perform benign [25] or tempered [102] overfitting, they treat a few data

points from less frequent skills as ‘noise’ from more frequent skills: requiring more

samples to learn the infrequent skills.

Parameter emergence. Note that Fig. 5.1(c) has high variance compared to

other emergence plots in Fig. 5.1; this is because the NN sparsely, over many repeated

trials, uses the hidden neurons to learn less frequent skills over more frequent ones.

Table 5.1 is an example of such outliers. Because the ‘preference’ of NNs toward more

frequent skills is not as strict as in our model, we speculate that initial conditions

(ones that ease the learning of less frequent skills) play a role in creating outliers.
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k = 1 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.98
k = 2 4.5 0.95 0.95 0.95 0.96 0.96 0.04 0.96 0.96 0.95
k = 3 0.6 0.0 0.72 0.90 0.92 0.64 0.88 0.8 0.58 0.52
k = 4 0.0 0.78 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
k = 5 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Table 5.1: Samples of skill strength Rk/S. The table shows the skill strength at
N = 10 for 10 different runs of the parameter emergence experiment (Fig. 5.1(c)). Note
that the variance of Rk/S is amplified by the outliers – shaded columns – that learn a
less frequent skill at the cost of a more frequent skill (second column) or fail to learn a
skill (seventh column).

5.4 Summary

We explored how the extended multilinear model predicts emergence in 2-layer MLPs

for the multitask sparse parity problem. We showed that the layerwise structure

and differences in skill frequencies lead to stage-like training, effectively decoupling

skills. The success of our feature-learning-free model in describing this suggests that

feature learning dynamics closely mirror parameter learning in layerwise models.
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6.1 Introduction

In the last few chapters, we have looked at cases when the feedback principle leads

to a greedy dynamics that learns only the minimal number of features (Chapter 2)

or learns more relevant features significantly faster (Chapter 5). However, the

dynamics of layerwise structure need not always need to be greedy or sigmoidal.

For example, target downscaling [64, 21] or NTK initialization [15] can result in

66
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linear dynamics where a linear model can approximate neural network’s learning

dynamics. Such regimes are called lazy regime [64, 103, 104], while the rich

regime refers to a sufficient deviation from it, including the non-linear dynamics

we observed in previous chapters.

Grokking [66] refers to a delayed generalization: the training accuracy reaches

100% quickly but the test accuracy requires a long over-training before achieving a

generalizing value. Grokking, when first introduced, was considered as an artifact

of algorithmic dataset, but recent studies [105, 106, 65] showed that grokking is a

transition from a lazy overfitting regime to a rich generalizing regime.

In this chapter, we argue that the extreme rich regime correlates with the

MF regime in Chapter 2, characterized by greedy dynamics and the feedback

principle, while the lazy regime aligns with the extreme EF regime, lacking the

feedback principle (Fig. 6.1). Using an exactly solvable linear neural network

[6], we demonstrate that the known methods for entering the lazy regime also

eliminate feedback among layers and linearize the model’s dynamics. Leveraging this

solved model, we then empirically show that multiple approaches for transitioning

from linear to greedy (non-linear) dynamics in the toy model also remove the

generalization delay in grokking models.

Figure 6.1: Intuitive relationship between MF, EF, rich, and lazy regimes The
MF/EF and lazy/rich classifications both assess the amount of feature learning. The
lazy/rich regime focuses on deviation from linear dynamics, while the MF/EF regime
focuses on deviation from ideal, extreme feature learning dynamics.
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6.2 Toy model: linear neural network

One of the major consequences of the feedback principle was its stronger inductive

bias, compared to linear models, toward more ‘useful’ or aligned features. The

stronger inductive bias led to the use of a minimum number of features (Chapters 2

and 3) and stage-like training of more frequent skills (Chapters 4 and 5).

To analyze how the dynamics transition from rich (greedy) to lazy (linear),

we study a 2-layer p-wide linear neural network with scalar input x and scalar

output (d = c = 1):

f(x) = x

Z

p∑
i=1

aibi, f ∗(x) = xS, (6.1)

where x ∈ R, S > 0, and Z ∈ R is a normalization or output rescaling constant. In

Nam et al. [6], we solve the exact dynamics of Eq. (6.1) for any initialization (e.g.,

Gaussian distribution). Before we look at the general solution, we study a special

case where ai(0) and bi(0) are initialized from {−1, 1} with equal probabilities.

The dynamics can be decomposed into two modes: the aligned mode I+ =

{i : ai(0)bi(0)S > 0} and the anti-aligned mode I− = {i : ai(0)bi(0)S < 0},

where i ∈ {1, · · · , p}. We focus on the distinction between aligned and anti-aligned

modes – how greedy the dynamics is – while assessing the linearity of the dynamics.

The dynamic equations become

∑
i∈I±

da2
i

dt
= ∓ 2

Z
(θ − S)

∑
i∈I±

a2
i , (6.2)

where we used the conserved quantity a2
i − b2

i = 0 and expressed θ := Z−1∑p
i=1 aibi

so that f(x) = xθ. We define ∆θ := Z−1
(∑

i∈I+ aibi −
∑

j∈I− ajbj

)
as the difference

between modes and the above equations rearranges into

d

dt
θ = −2∆θ

Z
(θ − S), (6.3)

d

dt
(∆θ) = −2 θ

Z
(θ − S). (6.4)
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Using Eq. (6.2), we find that aj/
√∑

i∈I+ a2
i is conserved for aj in aligned

mode (j ∈ I+):

d

dt

 aj√∑
i∈I+ a2

i

 = aj
d

dt

 1√∑
i∈I+ a2

i

+
(

d

dt
aj

) 1√∑
i∈I+ a2

i

 (6.5)

= aj√∑
i∈I+ a2

i

− aj√∑
i∈I+ a2

i

(6.6)

= 0, (6.7)

where in the second line, we used Eq. (6.2) for the first term and the gradient flow

equation with aj = bj for the second term. We obtain

a2
j(t) =

(
θ(t) + ∆θ(t)
θ(0) + ∆θ(0)

)
a2

j(0), j ∈ I+. (6.8)

Likewise, for anti-aligned mode,

a2
k(t) =

(
θ(0) + ∆θ(0)
θ(t) + ∆θ(t)

)
a2

k(0), k ∈ I−. (6.9)

6.2.1 Greedy case

Because θ(0) = 0 and ∆θ(0) > 0 at initialization, θ and ∆θ monotonically increase

over time. Using the small initialization assumption |ai(0)bi(0)| ≪ S and Z = 1 as

used in previous chapters, the dynamics of aligned mode dominates the dynamics.

Because both θ and ∆θ are monotonically increasing and S = θ(∞), the

small initialization assumption (θ(0), ∆θ ≪ S) dictates that the aligned mode

dominates (larger aj(∞)/aj(0) in Eq. (6.8)) while the anti-aligned mode decays

(smaller ak(∞)/ak(0) in Eq. (6.9)).

Intuition As discussed in previous chapters, the feedback principle of layerwise

models show amplifying dynamics under sufficiently small initialization. The aligned

mode will receive positive feedback between the layers as aj, bj grow in magnitude,

amplifying the dynamics. The anti-aligned mode will receive negative feedback

as the magnitudes of ak, bk decay over time, slowing down the dynamics. This

is illustrated in Fig. 6.2(a).
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(a) Rich: Greedy Dynamics

(b) Lazy: Target Downscaling

(c) Lazy: NTK Initialization

train

aligned mode

anti-aligned
mode

anti-aligned
mode

aligned mode

aligned mode

anti-aligned
mode

aligned mode

anti-aligned
mode

train

train

Figure 6.2: Illustration of rich vs. lazy dynamics. The colored arrows represent
modes (e.g., aibixi in Eq. (6.1)), the dotted arrows represent their gradients, and the
black dashed arrow represents the learned function in function space. (a): With smaller
initialization and larger S, amplifying dynamics reinforce the growth of the aligned mode
(larger parameters lead to faster growth) while mitigating the reduction of the anti-aligned
mode (smaller parameters lead to slower decay), resulting in the aligned mode to dominate.
(b): With a smaller target scale (or larger initialization), minimal adjustments per modes
are sufficient to fit the target (lazy).(c): Under the NTK initialization with numerous
modes, gradients toward the target are distributed across the modes, resulting in negligible
movement for each mode – thus feature – to fit the target (lazy).
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6.2.2 Target downscaling

Lazy regime by target downscaling was first proposed by Chizat et al., [64], which

requires two assumptions: the initial function must be a zero function and the

target scale must be sufficiently small. We can satisfy the conditions in Eq. (6.1)

with Z = 1, S → 0, and θ(0) = 0 (or p even). Then d∆θ
dt
≈ 0 in Eq. (6.4) as both θ

and S are close to 0 throughout the dynamics. As ∆θ is constant, Eq. (6.3) reduces

to linear dynamics (Eq. (3.7)). We can also check in Eqs. (6.8) and (6.9) that both

aligned and anti-aligned modes do not evolve over time (ak(∞) ≈ ak(0)).

Intuition Because the target scale is near the origin, the parameter updates remain

infinitesimal. As a result, the dynamics conclude before the feedback (between the

layers) takes effect. Without feedback dynamics to distinguish aligned from anti-

aligned modes, the dynamics closely resemble those of linear models (see Fig. 6.2(b)).

6.2.3 NTK initialization

NTK initialization, proposed by Jacot et al. [15], requires an infinite width, square

root normalization, and O(1) target. We can achieve the conditions in Eq. (6.1)

with p → ∞ with Z = √p, and S = O(1), respectively. Similar to the target

downscaling, Eq. (6.3) reduces to linear dynamics because ∆θ is fixed in Eq. (6.4).

At initializtion, the right hand side of Eq. (6.4) is 0, as θ(0)→ 0 and Z →∞ for

p → ∞. Throughout the dynamics, θ ≤ S = O(1) ensures fixed ∆θ, linearizing

the dynamics of Eq. (6.3). In Eqs. (6.8) and (6.9), ∆θ = O(√p) and S = O(1)

leaves the parameters unchanged for p → ∞.

Intuition The difference between modes, ∆θ, remains fixed because the dynamics

distribute the required movement θ − S = O(1) among p features, resulting in

minimal change for individual features. To be specific, each feature moves O(p−1/2),

and the collective change of p features sums to O(1) change in θ. Again, such thinly

spread dynamics conclude before the feedback takes effect, linearizing the dynamics

(Fig. 6.2(c)). See Luo et al., [107] for more rigorous arguments.
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6.3 General solution of the scalar-in scalar-out
linear neural network

We demonstrated how the lazy regime completes the dynamics before the amplifying

dynamics distinguishes modes with different alignments. Next, we present a general

solution to Eq. (6.1) from Nam et al. [6] and explore the factors governing the

transition between linear and greedy dynamics.

Theorem 1. The solution for the gradient descent dynamics for MSE loss is given

as

ai(t) = ai(0) + bi(0)
2 γ(t)1/2 + ai(0)− bi(0)

2 γ(t)−1/2, (6.10)

bi(t) = ai(0) + bi(0)
2 γ(t)1/2 − ai(0)− bi(0)

2 γ(t)−1/2, (6.11)

where

γ(t) =
Σ0 − S0 + S +

√
Σ2

0 − S2
0 + S2 +

(
−Σ0 + S0 − S +

√
Σ2

0 − S2
0 + S2

)
exp

(
−4
√

Σ2
0−S2

0 +S2

Z
t
)

Σ0 + S0 − S +
√

Σ2
0 − S2

0 + S2 +
(
−Σ0 − S0 + S +

√
Σ2

0 − S2
0 + S2

)
exp

(
−4
√

Σ2
0−S2

0 +S2

Z
t
)

(6.12)

and

S0 = 1
Z

p∑
j=1

aj(0)bj(0), Σ0 = 1
Z

p∑
j=1

aj(0)2 + bj(0)2

2 . (6.13)

In particular, we have

γ+ := lim
t→∞

γ(t) = γ(∞) =
S +

√
Σ2

0 − S2
0 + S2

Σ0 + S0
. (6.14)

The function γ is always monotone from γ(0) = 1 to γ(∞): if S > S0 then γ is

increasing, and if S < S0 then γ is decreasing.

See Nam et al. [6] for a proof. For S > S0, the constant γ+, loosely speaking,

determines how ai and bi scale with their initial values. A large γ+ indicates more

significant difference in contributions between more and less aligned features, while

γ+ ≈ 1 implies negligible changes in ai and bi, resulting in lazy dynamics.
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6.3.1 Reinterpretation from weight-to-target ratio

Note that Eq. (6.14) is bounded from below by the ratio between the target

scale and weight norm:

γ+ =
S +

√
Σ2

0 − S2
0 + S2

Σ0 + S0
≥ 2S

2Σ0
= S

Σ0
,

where we used ai(0)2 + bi(0)2 ≥ 2ai(0)bi(0), Σ0 ≥ 0 and Σ0 ≥ S0. Thus, for

the amplifying dynamics to distinguish the more aligned from less aligned modes,

we need the target to be sufficiently far away compared to the initial function

determined by the initial weights.

The small initialization leads to larger γ+, resulting in greedy dynamics. The

target downscaling with S0 = 0 and S → 0 leads to γ+ ≈ 1. The NTK initialization

with p → ∞, Z = √p, and a, b ∼ N(0, 1) leads to S0 → 0 with the variance of

V ar[S0] = 1 and Σ0 → ∞, resulting γ+ ≈ 1.

Several methods increase γ+, which coincides with the transition out of the lazy

regime. We can increase S by upscaling the target or analogously downscaling the

input features (as S is the ratio between y and x). Alternatively, we can decrease

Σ0 by downscaling initialization [108] or by downscaling the output of the function

by increasing Z. See also Kumar et al. [105].

6.4 Empirical validation in Practical DNNs

Here, we empirically verify if our claims on the relationship between EF/MF to

lazy/rich regime (Fig. 6.1) and findings on how to control the regimes (Theorem 1)

extend to practical NNs with non-linear activations. We will first verify the lazy/rich

to EF/MF connection in Fig. 6.1 by observing how target downscaling pushes the

model further into the EF regime (Fig. 6.3). We then confirm that grokking is

a transition from EF (lazy) to MF (rich) regime (Fig. 6.4). Finally, we verify

that methods to increase γ+ in Theorem 1 also remove the generalization delay

in practical DNNs (Fig. 6.5).
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6.4.1 Lazy/rich and EF/MF

As observed in Chapter 2, most DNNs in practice are in the rich regime. However,

previous studies [44, 109, 110] observed that sufficient target downscaling with

y → y/α with α ≫ √p – where p is the width of the last layer – leads to the

lazy regime for DNNs, even at finite width.

In Fig. 6.3, we control the dynamics using the target downscaling constant α

and compare it to a linear model (last-layer-only training) for a width p = 256

FCN. The richest model (α = 1) is in the MF regime, the lazier model (α < 1)

in the EF regime, and the linear model further in the EF regime, as indicated

by κCKA. This aligns with Fig. 6.1, where richer regimes are deeper in the MF

regimes, while lazier regimes are in the EF regimes.
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Figure 6.3: Features with rescaled target compared to fixed features A 4-layer
FCN with a width p = 256 is trained on 10,000 images of MNIST, with target downscaling
(Section 6.2.2). We compare three cases: 1) The standard rich case (α = 1), 2) lazier
training with α = 100, well above the threshold α/

√
p > 1, and 3) last-layer-only (lazy)

training with α = 1. The standard (rich) scenario is in the MF regime while the lazy and
linear dynamics scenarios are in the EF regime, suggesting a connection between MF/EF
regimes and rich/lazy regimes.

6.4.2 Grokking: transition from EF regime to MF regime

Grokking [66] refers to delayed generalization (Fig. 6.4(a)), where test accuracy

improves significantly later than training accuracy. Recently, grokking has been

studied as the transition from a lazy regime (overfitting phase) to a rich regime

(generalizing phase) [111, 112].
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Fig. 6.4 shows a 2-layer transformer trained on a modular p division problem,

the first reported grokking example [66]. The metrics show that the model is in

the EF regime in the overfitting phase, but transitions into an MF regime after

grokking into a generalizing phase (Fig. 6.4(b)).
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(b) Metrics before and after grokking

Figure 6.4: Grokking is a transition from EF to MF regime. A 2-layer transformer
is trained on the modular p task. (a): The training and test accuracy as a function of
steps, where the test accuracy reaches 100% significantly later than the training accuracy.
The vertical dotted lines indicate when the metrics are measured. (b): The metrics of
the model before grokking (step 200, red) and after grokking (step 3000, purple). The
model shows a transition from the EF to the MF regime.

6.4.3 Empirical confirmation on MLP

Fig. 6.4 confirms the finding that grokking is a transition from lazy to rich regimes.

If the grokking models were initialized in the rich regime, then models will not need

to wait for the transition into the rich regime for generalization.

Fig. 6.5(a) shows a grokking depth 4, width 512 MLPs with tanh activation

trained on 1000 datapoints of flattened (vectorized) MNIST dataset. We used
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MSE loss with the class label as one-hot vector multiplied by the target scale. By

default, the weights of the layers were multiplied by factor of 5 compared to LeCun

initialization. For training, Adam with learning ratio of 10−3 and weight decay of

10−4 was used. Batch size was 128 and the model was trained for 2000 epochs. For

input downscaling, the MNIST data vectors were multiplied by the input scaling

factor. The output scale was multiplied to the output of the function (MLP).

To verify that our analysis of scalar input neural networks extends to DNNs,

we apply techniques to increase γ+ and escape the lazy regime, as summarized

in Table 6.1. Models in Fig. 6.5(b-e) are initialized in richer regimes using

these techniques, skipping the prolonged overfitting phase and showing no delay

in generalization. This confirms that our analysis of linear neural networks

extends to DNNs.
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Figure 6.5: Grokking in MLP. We apply four techniques to remove (accelerate)
grokking for a 4-layer MLP trained on MNIST.(a): Basic grokking scenario. (b-e): The
methods that increase γ+: discussed in Section 6.3.1 and summarized in Table 6.1. All
methods remove the delay in generalization.
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Name Sub
figure

Weight
scale

Target
scale

Input
scale

Output
scale

Default (a) 5 3 1 1
Weight downscaling (b) 1 3 1 1
Target upscaling (c) 5 30 1 1
Input downscaling (d) 5 3 0.01 1
Output downscaling (e) 5 3 1 0.1

Table 6.1: Hyperparameters for Fig. 6.5 (a):The initial parameters for grokking.
(b-e): The methods to increase γ+.

6.5 Summary

In this chapter, we connected lazy and rich regimes to EF and MF regimes through

their transition from linear to greedy dynamics. By solving a scalar-in, scalar-out

linear neural network, we examined how initialization, input scale, output scale,

and target scale influence the prevalence of amplifying dynamics and, consequently,

the respective regimes.

Through out visualization techniques, we empirically verified our claim on

the connection between lazy/rich and EF/MF regimes (Figs. 6.3 and 6.4). In

Fig. 6.5, the application of techniques to increase γ+ in a linear neural network

successfully reduced the generalization delay in practical NNs, validating our analysis

using linear neural networks.
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7.1 Introduction

So far, we have explored scenarios where simpler, solvable models provide good

approximations or qualitative insights into practical systems. However, real-world

systems are often more complex and various factors govern the level of amplifying

dynamics (thus MF and EF regimes). Such factors are challenging to formalize

in a solvable model.

Another important question unanswered is whether greedier dynamics lead

to better features and performance. No definitive theory exists as the layerwise

linear models – without non-linearities – do not gain expressivity boost from greedy

dynamics. However, we empirically observe that tighter MF regimes often correlate

with improved features and performances.

78
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In this chapter, we present empirical results on how practical factors like training

set size, learning rate, batch normalization, and architecture influence both dynamics,

level of feature learning, and performance.

7.2 Effect of training set size

The learning curve, or how fast the loss scales with the training set size, measures

the ‘goodness’ of inductive bias toward the target function. As discussed in

Chapter 4, the learning curves often follow a power-law for a sufficient number of

datapoints. Here, we explore how the inductive bias for the MF regime changes

with additional datapoints.

Fig. 7.1(a) shows the learning curve of ResNet18 on CIFAR10 and the model’s

CKA measures after training (Fig. 7.1(a, iii)). The learning curve follows two

phases: a slower power-law in fewer training samples and a faster power-law in

larger numbers. The transition into faster scaling coincides with the transition from

the EF to the MF regime, empirically supporting that greedy dynamics correlates

with feature learning and thus better performance.

The transition suggests that feature learning (transition into the rich regime)

requires a critical number of data points, though the theory behind this remains

unclear. We speculate that with insufficient data, many features appear ‘good’,

allowing greedy dynamics to promote those that would otherwise lag, mitigating

its selective nature.

7.3 Effect of hyperparameters

In practice, various hyperparameters can effect the performance. Two most popular

hyperameters are the learning rates and the weight decay. In Fig. 7.2, we explore

their effects on performance and the greedy dynamics. Fig. 7.2 (a) shows that the

two better-performing learning rates are in the MF regime while the underperforming

model with the lowest learning rates is in the EF regime. Fig. 7.2(b) shows that
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(a) Learning curves of ResNet18 on CIFAR10

(b) Feature learning as a function of training set size

Figure 7.1: Learning curve and feature learning metric. (a): Learning curves of
ResNet18 on CIFAR10. Both error (i) and loss (ii) learning curves show a transition to a
faster-decaying power law with additional data. This correlates with the decay of the MF
tightness measure κCKA in (iii), with the shift occurring near the MF regime boundary
(horizontal dotted line). (b): Metrics for data-augmented ResNet18 on CIFAR10 with
varying data sizes. Adding more data leads to greater concentration of quality (i),
utilization (ii), and intensity (iii) in the first C features, reducing κCKA.

weight decay also flattens the distribution of first C eigenvalues, leading to a tighter

MF regime and better performance.

Additionally, note that the model without weight decay also lies in the MF

regime, suggesting that weight decay aids but is not solely responsible for the

MF regime [113].

Again, we do not have a theory, but we speculate that finite effects of large

learning rate enhances the selective nature of the greedy dynamics, selecting only

the most relevant features. Likewise, we speculate that the weight decay prevents

the less relevant features from gaining meaningful gradients.

Fig. 7.3 shows that using batch normalization on VGG16 for CIFAR10 and
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CIFAR100 not only leads to better performance [114] but also leads to a tighter

MF regime. Notably, in Fig. 7.3(b) for CIFAR100, batch normalization shifts the

model from EF to MF regime, with approximately 50% boost in test accuracy.

We speculate that batch normalization lifts the lazy regime arising from the layer

imbalance [63, 65, 115, 116].
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(a) ResNet18 on CIFAR100 with different learning rates
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(b) ResNet18 on CIFAR10 with different weight decay rates

Figure 7.2: Effects of learning rates weight decay on feature learning and
generalization (a): We explore the effect of changing the learning rate for a ResNet18 on
CIFAR100. Note that a lower learning rate leads to the EF regime and poorer performance.
The best performance is for the intermediate learning rate in the MF regime with the
tightest CKA measure. (b): we study the effect of weight-decay for a ResNet18 on
CIFAR10 where a tighter MF regime correlates with a larger weight-decay and better
performance.

7.4 Effect of architecture

Architecture and dataset pair can influence the performance even when dynamics

are greedy through the race toward more frequently used paths [117]. To be specific,

different architectures show inductive bias on various functions even when they share



7. Observations from the Framework 82

5 10 15
k

0.7

0.8

0.9

1.0

Π
∗
(k

)

(i) Target projection

5 10 15
k

0.8

0.9

1.0

Π̂
(k

)
(ii) Self projection

100 101 102 103

k

10 5

10 3

10 1

ρ
k
/
ρ

1

(iii) Eigenvalue

batchnorm (93.2%), [ 2.9e-3] no batchnorm (90.3%), [ 1.1e-2]batchnorm (93.2%), [ 2.9e-3] no batchnorm (90.3%), [ 1.1e-2]

(a) VGG16 on CIFAR10 with and without batch normalization
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(b) VGG16 on CIFAR100 with and without batch normalization

Figure 7.3: Effect of batch normalization on feature learning and generalization
(a): VGG16 on CIFAR10 with/without batch normalization. While both cases are in the
MF regime, we observe that including batch normalization results in a tighter MF regime
and better performance, including a flatter first C eigenvalues and a wider gap between
ρC and ρC+1. (b): VGG16 on CIFAR100 with/without batch normalization. Adding
batch normalization results in a significant performance boost and a transition into the
MF regime. Despite both models achieving training accuracy of over 94%, the underlying
dynamics and performance differ significantly.

the stage-like training [118, 119, 120, 121]. In Fig. 7.4, we examine the dynamics

of MF and EF regimes by observing the features of ResNet18 (MF regime) and

4-layer 512-wide FCN (EF regime) on CIFAR10 at different epochs. For the MF

regime in Fig. 7.4(a), the training dynamics decomposes into two phases: 1) the

early collapse into the MF regime with a significant increase in the quality (up

to epoch 5) and 2) a gradual increase of the quality and intensity of the first C

features without using additional features. The first phase with significant feature

learning is consistent with previous research that feature learning occurs at an

early stage of training [46, 122, 65].

In Fig. 7.4(b), FCN shows less dramatic changes in quality, utilization, and
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relative intensity. While it initially trends toward the MF regime, it deviates after

epoch 30, using more features later in training. By epoch 200 in Fig. 7.4(b, ii),

FCN uses more features to express the learned function than at epoch 30, with

smaller Π̂(k) across all k. The additional use of features mirrors the behavior of

linear models, where weaker intensity features are used in later training stages.
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(a) ResNet18 on CIFAR10 (MF regime)
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(b) FCN on CIFAR10 (EF regime )

Figure 7.4: Feature-learing as a function of epochs for the MF and EF regimes
ResNet18 (a) and 4-layer FCN of width 512 (b) are trained on CIFAR10, and their
metrics are shown at different epochs. Parentheses show test accuracy and square brackets
indicate the CKA measure at given epochs. ResNet18 concentrates the metric on the first
10 features after just one epoch and reaches the MF regime from epoch 5. In contrast,
FCN shows a less dramatic concentration on the first 10 features and deviates from the
MF regime after epoch 5 by using more features.

Even when both models in Fig. 7.4 show greedy dynamics towards MF regime

in the beginning, FCN eventually deviate from it by using more features. We

speculate that the lack or difficulty in expressing the features cause such deviation.

In Fig. 7.7, we observe the evolution of the first 20 features. Resnet18 on CIFAR10

behaves as a typical greedy dynamics with the first 10 features showing distinguished

dynamics from others. For FCN, the distinction decays after epoch 5 and other
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(a) ResNet18, CIFAR10
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(b) FCN, CIFAR10

Figure 7.5: Temporal evolution of the first 20 features In (a) for ResNet18 on
CIFAR10 and (b) for an FCN on CIFAR10, we plot, as a function of epoch and for the
first 20 features (i) the quality of the features, (ii) a related projection of each feature
onto the learned function, (iii) the test and training accuracies for the full DNNs, and
(iv) the eigenvalue spectra. A Gaussian filter has been used for (i,ii,iv) to smooth the
curve. We observe that the dynamics for (a) are in the MF regime and are restricted to
the first 10 features. By contrast, the dynamics for (b) are in the EF regime. There is an
initial regime of feature learning, but this slows down and further lowering of the loss is
achieved primarily by using lower-intensity features, as evidenced in (ii).
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features also gain utilization, more similar to linear dynamics. This is also when

the test and training accuracies begin to diverge.

Although we lack a theory to explain such dynamics, we speculate that the

difficulty in obtaining better features in the earlier layers lead to the transition

into more lazy regime where lower quality features must be used to express the

training set. The results in Fig. 7.6 supports this speculation as similar FCN can

achieve MF regime on simpler MNIST dataset.
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Figure 7.6: FCN on MNIST FCN of width 512 and depth 4, similar to the FCN in
Fig. 7.4, reaches the MF regime on MNIST dataset, suggesting the MF regime correlates
with the difficulty of feature learning.

7.4.1 Amplifying dynamics with feature learning

The amplifying dynamics state that the magnitude of one layer governs the change

in the other layers. While we have only studied that change in the intensity of a

feature in out theoretical search, we can extend the argument to say that sufficient

update on the feature also increases the quality of the features.

The intuition is that more gradient means faster selection of more relevant

features and thus better quality. In Fig. 7.7, we have supporting evidence for this

claim because the quality of the feature correlates with its utilization and intensity

((i), (ii), and (iii) correlate in the figures). Indeed, larger features gain better quality

faster. The extension of the feedback principle is left for future work.
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Figure 7.7: The quality/utilization of individual features at different epochs.
The metrics at different epochs for VGG16 on CIFAR10 (a) and ResNet18 on CIFAR100
(b), using individual metrics (Q∗

k and Q̂k) instead of cumulative ones (Π∗(k) and Π̂(k)). A
clear correlation is observed for models in the MF regime: features with higher intensity
also exhibit higher quality and utilization.

7.5 Summary

In this chapter, we shared our empirical observations that may lead to further

understanding of how various factors affect the dynamics and better performance.

Widely used practices such as learning rate tuning, weight decay, batch normalization,

and the use of complex architectures all direct toward both MF regime and better

performance. While our observations link the MF regime to desirable inductive bias,

the relationship is not exact—models can enter the MF regime even with randomly

labeled data (Fig. 3.5), highlighting the need for deeper understanding.
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Conclusion

In this thesis, we explored the dynamical inductive bias of deep neural networks

(DNNs) through a guiding principle, solvable models, and a framework extended

from well-understood linear models. We aimed for intuition by using clear examples

with minimal setup, for rigor by analytically proving results in solvable models, and

for empirical validation by verifying them in real neural networks.

The dynamical feedback principle (Chapter 3), formalized through solvable

layerwise linear models, offers insights into key DNN phenomena. Amplifying

dynamics of layerwise models explains neural collapse (Chapter 3), scaling laws

(Chapter 4), and emergence (Chapter 5), while its absence accounts for lazy

regimes and grokking (Chapter 6). With its simplicity, solvability, and empirical

support, this principle makes abstracting DNNs through layerwise dynamics a

compelling approach.

The visualization framework (Chapter 2) extends established measures from

linear models (Chapter 1) to visualize the richness of network dynamics. Using prior

knowledge from linear models, a structured analysis enables the quality, utilization,

and intensity of the features to be analyzed. Our findings reveal intriguing,

yet unresolved, correlations between architectural choices, hyperparameters, and

dynamical richness (Chapter 7), paving the way for future investigations.
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The journey toward a complete understanding of DNNs is far from over.

In the worst scenario, DNNs may be too complicated for a complete elegant

theory. Nevertheless, theoreticians must distill the core principles behind the

rapid engineering developments, providing future researchers and practitioners

with a clearer narrative to build upon. In this light, we hope this thesis serves

as a step toward understanding one fundamental aspect of deep learning: the

dynamics of layerwise structure.
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A
Derivation for linear models

A.1 Derivation of Eq. (1.27)

We show that matrix O in Eq. (1.27) is an orthogonal matrix. The column

vectors of matrix O,

O·i = 1
√

ρi

[⟨ei|Φ1⟩ , · · · , ⟨ei|Φp⟩] (A.1)

are orthogonal to each other:

OT
·i O·j = 1

√
ρiρj

p∑
k=1
⟨ei|Φk⟩ ⟨Φk|ej⟩ (A.2)

= 1
√

ρiρj

⟨ei|
( p∑

k=1
|Φk⟩ ⟨Φk|

)
|ej⟩ (A.3)

= 1
√

ρiρj

⟨ei|T |ej⟩ (A.4)

=
√

ρj

ρi

⟨ei|ej⟩ (A.5)

= δij. (A.6)

Because OOT = I and O is a finite p-dimensional square matrix, associativity of

matrix multiplication shows that OT O = OOT = I or O is an orthogonal matrix.
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A.2 Gradient flow finds the minimum norm/rank
solution

We show that a zero-initialized linear model trained with GF finds the minimum

rank solution, which is also the minimum norm solution obtained from the ridgeless

kernel regression.

Setup Given n samples of the training set, let Φ(X) ∈ Rp×n be the feature matrix

and Y ∈ R1×n be the labels. The learned parameters ŵ must interpolate the data or

ŵT Φ(X) = Y. (A.7)

Because Φ(X) is a rank n matrix in an overparameterized setup, performing SVD

leads to Φ(X) = USV where U ∈ Rp×n, V ∈ Rn×n, and a diagonal matrix S ∈ Rn×n.

Minimum rank/norm solution The projection of ŵ onto U must satisfy

Eq. (A.7) to interpolate the data while any compliment of U (i.e. ŵ(Ip − UUT ))

does not affect the training set labels. Thus ŵ becomes

ŵ = Y V T S−1UT + ŵ(Ip − UUT ), (A.8)

where Ip is a p dimensional identity matrix. It is easy to check that the minimum

norm and the minimum rank solution are when ŵ(Ip − UUT ) = 0.

GF solution The dynamic equation of the linear model trained with GF is

dw

dt
= −η(wT Φ(X)− Y )Φ(X)T . (A.9)

By replacing Φ(X) with U, S, and V ,

dw

dt
= −η(wT USV − Y )V T SUT . (A.10)

If we multiply I − UUT on both sides,

dw

dt
(Ip − UUT ) = −η(wT USV − Y )V T SUT (Ip − UUT ) (A.11)

= 0, (A.12)
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where the last line follows because UT U = In. Assuming w = 0 at initialization,

Eq. (A.10) shows that the gradient is constrained on the image of U and GF finds

the minimum rank/norm solution of ŵ = Y V T S−1UT .

A.2.1 Dynamics of diagonal linear neural network

Starting with the gradient flow equation in diagonal linear neural networks,

dai

dt
= −∂L

∂ai

,
dbi

dt
= −∂L

∂bi

. (A.13)

Analogous to Eq. (1.22), we can use the orthogonality condition (E[xixj] = 0

if i ̸= j) to get

dai

dt
= −E

[
∂

∂ai

1
2(f(x)− f ∗(x))2

]
(A.14)

= −E

bixi

 p∑
j=1

(ajbj − Sj)xj

 (A.15)

= −biE
[
x2

i

]
(aibi − Si). (A.16)

We can analogously obtain dbi

dt
, and the evolution of aibi is

d(aibi)
dt

= dai

dt
bi + ai

dbi

dt
(A.17)

= −E
[
x2

i

]
(b2

i + a2
i )(aibi − S) (A.18)

= −2E
[
x2

i

]
aibi(aibi − S), (A.19)

where we used Eq. (A.16) (and its equivalent for bi) in the second line and the

condition ai = bi in the last line. Assuming ai(0)bi(0) < S, we can solve the

differential equation to obtain

ai(t)bi(t) = Si

1 +
(

Si

ai(0)bi(0) − 1
)

e−2SiE[x2
i ]t

. (A.20)

For a general derivation when ai ̸= bi, see Appendix A of Saxe et al. ((year?)).
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A.2.2 Derivation of the magnitude difference conservation
in linear neural network

For the sake of readability, we restate the dimensions of inputs, weights, and

outputs (labels) for linear neural networks:

x ∈ Rd×1, y ∈ Rc×1, W1 ∈ Rd×p, W2 ∈ Rp×c. (A.21)

For a linear neural network, the gradient flow equation is

dW1

dt
= − ∂L

∂W1
,

dW2

dt
= − ∂L

∂W2
. (A.22)

The loss in the summand notation is

L = 1
2E

∑
k

∑
i,j

xiw
(1)
ij w

(2)
jk − yk

∑
i′,j′

xi′w
(1)
i′j′w

(2)
j′k − yk

 , (A.23)

where w
(1)
ij and w

(2)
jk are elements of matrix W1 and W2, respectively. The derivative

for the first matrix W1 is

∂L
∂w

(1)
ij

= E

∑
k

(
xiw

(2)
jk

)∑
i′,j′

xi′w
(1)
i′j′w

(2)
j′k − yk

 (A.24)

= E

xi

 ∑
i′,j′,k

xi′w
(1)
i′j′w

(2)
j′kw

(2)
jk − ykw

(2)
jk

 (A.25)

and this can be expressed in the matrix form as

∂L
∂W1

= E
[
x(xT W1W2 − yT )W T

2

]
. (A.26)

Likewise for W2,

∂L
∂w

(2)
jk

= E

(∑
i

xiw
(1)
ij

)∑
i′,j′

xi′w
(1)
i′j′w

(2)
j′k − yk

 , (A.27)

which in the matrix form is

∂L
∂W2

= E
[
W T

1 x(xT W1W2 − yT )
]

. (A.28)

Using Eqs. (A.22), (A.26) and (A.28), we obtain

W T
1

dW1

dt
= dW2

dt
W T

2 ⇒ d

dt
(W T

1 W1 −W2W
T
2 ) = 0. (A.29)
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A.2.3 Dynamics of linear neural network with small ini-
tialization

Here, we show that a special initialization of W1 and W2 leads to Eq. (3.15) and

argue that a sufficiently small initialization makes the assumption plausible. For

a more rigorous arguments, see [61, 57, 70, 71, 72, 73, 74, 79, 63], especially more

recent works for formal handling of initialization.

Let the singular value decomposition of the correlation matrix be

UT PV = E
[
xyT

]
. (A.30)

We assume whitened input E[xxT ] = I, W1(0) = UT AR, and W2(0) = RT AV . The

diagonal matrix A is of rank c and comprises sufficiently small singular values, while

R ∈ Rc×c is an orthogonal matrix. These assumptions on W1 and W2 immediately

shows that layers are balanced:

W T
1 W1 −W2W

T
2 = 0. (A.31)

Denote

W̃1 = UW1R
T , W̃2 = RW2V

T . (A.32)

Then from the gradient dynamics

dW1

dt
= −E[xxT ]W1W2W

T
2 + E[xyT ]W T

2 = −W1W2W
T
2 + UT PV W T

2 , (A.33)

we have

dW̃1

dt
= d(UW1R

T )
dt

= −(UW1R
T )(RW2V

T )(V W T
2 RT ) + (UUT )P (V W T

2 RT )
(A.34)

= −W̃1W̃2W̃
T
2 + PW̃ T

2 . (A.35)

Similarly, for W̃2,

dW̃2

dt
= −W̃ T

1 W̃1W̃2 + W̃ T
1 P. (A.36)
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As both W̃1 and W̃2 starts with diagonal matrix W̃1(0) = W̃2(0) = A, and

all matrices in Eq. (A.35) and Eq. (A.36) are diagonal, W̃1 and W̃2 are always

diagonal. Also from

W̃ T
1 W̃1 − W̃2W̃

T
2 = R(W T

1 W1 −W2W
T
2 )RT = 0, (A.37)

we have W̃1(t) = W̃2(t) for any t. Denote by αi the ith diagonal entry of W̃1. We

have either from Eq. (A.35) or Eq. (A.36),

dαi

dt
= −α3

i + ρiαi, (A.38)

where ρi is the ith diagonal entry of P or the ith singular value of the correlation

matrix. Solving this equation gives

dα2
i

dt
= −2α2

i (α2
i − ρi) ⇒ α2

i (t)
ρi

= 1

1 +
(

ρi

α2
i (0) − 1

)
e−2ρit

, (A.39)

and the dynamics of W1W2 is given as

W1W2 = UT A(t)2V, A(t)2 =


α1(t)2

α2(t)2

. . .

 . (A.40)

Discussion on the assumption The assumption specifies a particular form for

the matrix, but with sufficiently small initialization, all matrices approximately

meet the conditions.



B
Derivation for chapters 2 and 3

In this section, we show the derivation for the extended multilinear model.

B.1 Derivation of the multilinear model

In this section, we provide derivations of how the skill loss of our multilinear

model evolves with a given resource: time (Lemma 1), data (Corollary B.1.1), and

parameters (Corollary B.1.2). Note that two corollaries for data and parameters

(Corollaries B.1.1 and B.1.2) follow from the decoupled dynamics (Lemma 1).

B.1.1 Decoupled dynamics of the multilinear model

Lemma 1. Let the multilinear model Eq. (4.9) be trained with gradient flow on

D i.i.d samples for the setup in Section 4.2.2 (input distribution: Eq. (4.1), target

function: Eq. (4.4), and MSE loss: Eq. (4.5)). Let k ≤ N be a skill index in the

multilinear model and the input distribution (k ≤ ns). Then assuming the following

initialization ak(0) = bk(0) and 0 < ak(0)bk(0) < S, the dynamics of the kth skill

strength (Rk) is

Rk(T ) = S

1 +
(

S
Rk(0) − 1

)
e−2ηS

dk
D

T
(B.1)
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and the skill loss is

Lk(T ) = S2

2
(

1 +
(

S
Rk(0) − 1

)−1
e2ηS

dk
D

T

)2 , (B.2)

where η is the learning rate and dk is the number of observations with gk(I =

k, x(jk)) ̸= 0.

Proof. For j = 1, · · · , D, denote (i(j), x(j)) be the jth data point in the training set.

Then the empirical loss for D datapoints is given as

L(D) = 1
2D

D∑
j=1

(
f ∗(i(j), x(j))− f(i(j), x(j))

)2
. (B.3)

We note that

(
f ∗(i(j), x(j))− f(i(j), x(j))

)2
=
(

ns∑
k=1

(S − akbk)gk(i(j), x(j))
)2

= (S − ai(j)bi(j))2gi(j)(i(j), x(j))2

= (S − ai(j)bi(j))2,

as gi(i, j) ∈ {1,−1} and gk(i, j) = 0 for i ̸= k. So if we denote dk the number of

data points with i(j) = k, then we can conclude

L(D) = 1
2D

D∑
j=1

(S − ai(j)bi(j))2 = 1
2D

ns∑
k=1

dk(S − akbk)2, (B.4)

which is the decoupled loss in the main text (Eq. (4.11)). Using the gradient descent

equation and Eq. (B.4), we obtain

dak

dt
= −η

dLD

dak

(B.5)

= −η
dk

D
bk(akbk − S). (B.6)

Likewise, we can obtain the equation for bk as

dbk

dt
= −η

dk

D
ak(akbk − S). (B.7)
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Because of symmetry between a and b (See [61]), assuming ak(0) = bk(0), and

ak(0)bk(0) > 0 results in ak(T ) = bk(T ) for all T . The equation for Rk = akbk is

dRk

dt
= −η

dak

dt
bk + ak

dbk

dt
= −η

dk

D
(b2

k + a2
k)(akbk − S) (B.8)

= −2η
dk

D
Rk(Rk − S). (B.9)

Assuming ak(0)bk(0) < S, we can solve the differential equation to obtain

Rk(T ) = S

1 +
(

S
Rk(0) − 1

)
e−2ηS

dk
D

T
. (B.10)

The equation for Lk follows from Eq. (4.10).

B.1.2 One-shot learner

Corollary B.1.1. For the setup in Lemma 1, the kth skill loss (Lk) at T, N →∞

is

Lk(∞) =
{

0 : dk > 0
(S −Rk(0))2/2 ≈ S2/2 : dk = 0,

(B.11)

where dk is the number of kth skill’s observations.

Proof. The corollary follows directly from Lemma 1. By taking T, N →∞,

Rk(∞) =
{

S : dk > 0
Rk(0) : dk = 0 (B.12)

We obtain the result by using the relationship between Rk and Lk in Eq. (4.10).

B.1.3 Equivalence between a basis function and a skill

Corollary B.1.2. Let the multilinear model Eq. (4.9) be trained with gradient flow

on D i.i.d samples for the setup in Section 4.2.3 (input distribution: Eq. (4.1),

target function: Eq. (4.4), and MSE loss: Eq. (4.5)). Assume ak(0) = bk(0),

0 < ak(0)bk(0) < S, and that the model has the N most frequent skills as basis

functions. Then Rk for the kth ≤ ns skill at T, D →∞ is

Lk(∞) =
{

0 : k ≤ N
S2/2 : k > N

(B.13)
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Proof. The corollary follows directly from Lemma 1. By taking T, D →∞,

Rk(∞) =
{

S : k ≤ N
Rk(0) : k > N

(B.14)

We obtain the result by using the relationship between Rk and Lk in Eq. (4.10)

and Rk(0)≪ S.

B.1.4 Gradient flow in the extended multilinear model

Lemma 2. Let the extended multilinear model Eq. (5.3) be trained with gradient

flow on D i.i.d samples for the setup in Section 4.2.2 (input distribution: Eq. (4.1),

target function: Eq. (4.4), and MSE loss: Eq. (4.5)). For the skill index k ≤ N be

a skill index in the multilinear model, let the feature matrix Φ ∈ RDc×dk for the kth

skill be

Φlj = ek,l(i(j) = k, x(j)), (B.15)

and SVD on Φ = USV . Assuming that the system is overparametrized (dk < Dc),

the gradient on B⃗k ∈ RDc ([Bk,1, · · · , Bk,Dc ]) is contained in the column space of

semi-orthogonal matrix U ∈ RDc×dk :

UUT dB⃗k

dt
= dB⃗k

dt
. (B.16)

Proof. Similar to Lemma 1, the total loss can be decomposed into each skill such

that the dynamics of Bk,l relies only on dk observations of the kth skill:

LD = 1
2D

ns∑
k=1

D∑
j=1

(
f ∗(i(j), x(j))− f(i(j), x(j))

)2
(B.17)

= 1
2D

ns∑
k=1

dk∑
jk=1

(
Sgk(k, x(jk))−

Dc∑
l=1

akBk,lek,l(k, x(jk))
)2

(B.18)

= 1
2D

ns∑
k=1

dk∑
jk=1

(
Dc∑
l=1

( S√
Dc

− akBk,l)ek,l(k, x(jk))
)2

. (B.19)

In the second line, we used Eq. (5.4) that ek,l(I ̸= k, x) = 0 and the orthogonality

of gk (Eq. (4.3)). In the last line, we used Eq. (5.4) that gk = Dc
−1/2∑

l ek,l. We

can find the gradient descent equation of Bk,l from Eq. (B.19):

dBk,l

dt
= −η

dk∑
j=1

1
D

[
akek,l(k, x(j))

Dc∑
l′=1

(akBk,l′ −
S√
Dc

)ek,l′(k, x(j))
]

, (B.20)
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which in the matrix form is
dB⃗k

dt
= −ηak

D
ΦΦT

Bkak −
S⃗√
Dc

 , (B.21)

where Dc dimensional vectors B⃗k and S⃗ are [Bk,1, · · · , Bk,Dc ] and [S, · · · , S] respec-

tively. It illustrates that dBk

dt
is contained in im(Φ), which is contained in im(U)

(immediate from Φ = USV ). As UUT (Uz) = U(UT U)z = Uz, UUT acts as identity

on image of U , showing that UUT dB⃗k

dt
= dB⃗k

dt
.

B.1.5 Conserved quantity of extended multilinear model

Lemma 3. In the setup of Lemma 2, a2
k − |B⃗k|2 is conserved over time.

Proof. We can use Eq. (B.19) to find the equation for ak:

dak

dt
= −η

dk∑
j=1

1
D

[∑
l=1

Bk,lek,l(k, x(j))
Dc∑

l′=1
(akBk,l′ −

S√
Dc

)ek,l′(k, x(j))
]

, (B.22)

which in the matrix form is
dak

dt
= − η

D
B⃗T

k ΦΦT

B⃗kak −
S⃗√
Dc

 . (B.23)

Then

ak
dak

dt
= −ηak

D
B⃗T

k ΦΦT

B⃗kak −
S⃗√
Dc

 (B.24)

= B⃗T
k

dB⃗k

dt
, (B.25)

where we used Eq. (B.21) in the last line. Thus, a2
k − |B⃗k|2 is conserved during the

dynamics.

B.1.6 Multi shot learner

Proposition B.1.1. Let the setup be as that in Lemma 2. Suppose that ak(T ) is

eventually bounded away from zero, i.e. there exists δ > 0 and M > 0 such that

T > M ⇒ |ak(T )| ≥ δ. Also assume that U⊥-component of B⃗k(0)ak(0) and B⃗k(0)S

is negligible. Then the skill strength Rk is

Rk(∞) =

dk < Dc : S
(
1−

√
1− dk/Dc

)
dk ≥ Dc : S

(B.26)
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Proof. First, we show that dLk

dt
≤ 0 with equality only holding when the gradient is

0.

dLk

dt
= dLk

dak

dak

dt
+

Dc∑
i

dLk

dBk,i

dBk,i

dt
(B.27)

= −η
dk

D

(
dLk

dak

dLk

dak

+
Dc∑
i

dLk

dBk,i

dLk

dBk,i

)
≤ 0. (B.28)

The equality holds only when

dLk

dak

= dak

dt
= 0 and dLk

dBk,i

= dBk,i

dt
= 0 . (B.29)

We show that both ak and B⃗k are bounded throughout whole dynamics. As

Lk =

∣∣∣∣∣∣Φ
B⃗kak −

S⃗√
Dc

∣∣∣∣∣∣
2

≥ σ2

∣∣∣∣∣∣UUT

B⃗kak −
S⃗√
Dc

∣∣∣∣∣∣
2

(B.30)

for σ2 the smallest nonzero eigenvalue of ΦΦT , where Φ = USV . This shows that

UUT

B⃗kak −
S⃗√
Dc

 (B.31)

is bounded, so UUT B⃗kak is bounded. Meanwhile, in Lemma 2, we showed that

(1−UUT )dB⃗k

dt
= 0, so (1−UUT )B⃗kak is bounded. This shows that B⃗kak is bounded.

As a2
k − |B⃗k|2 is constant (Lemma 3) and |B⃗kak| = |ak||B⃗k| is bounded, this shows

that both ak and |B⃗k| are bounded.

The dynamics moving in some bounded region always has at least one accumu-

lation point, which we denote as p. We will show that dLk

dt
= 0 at p. The function

Lk(t) in t is a decreasing differential function which is positive. We also note that
d2Lk(t)

dt2 is globally bounded, as it can be expressed in polynomial expression in

(ak, B⃗k) and we showed that (ak(t), B⃗k(t)) is bounded. From Taylor’s theorem, one

can obtain

inf Lk(t) ≤ Lk(t1 + t2) ≤ Lk(t1) + t2
dLk

dt
(t1) + t2

2
2 M (B.32)

for M = sup |d
2Lk(t)
dt2 |. Choosing t2 = −dLk

dt
(t1)M−1 shows that

Lk(t1)−
1

2M

(
dLk

dt
(t1)

)2

≥ inf Lk(t) (B.33)
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and letting t1 →∞ here gives

lim
t1→∞

1
2M

(
dLk

dt
(t1)

)2

≤ lim
t1→∞

(Lk(t1)− inf Lk(t)) = 0 (B.34)

so dLk

dt
→ 0 as t → ∞. Meanwhile, as p is accumulation point of (ak, Bk),

dLk

dt
(p) is accumulation point of dLk

dt
(ak(t), B⃗k(t)). As limt→∞

dLk

dt
(t) = 0, the only

accumulation point of dLk

dt
(t) is zero, which shows that dLk

dt
(p) = 0.

We have seen that a2
k − |B⃗k|2 and (I − UUT )B⃗k are conserved in our dynamics.

A quantity conserved in dynamics should also be conserved at p, so p = (a, B⃗)

should satisfy the following conditions:

• a2 − |B⃗|2 = ak(0)2 − |B⃗k(0)|2 (Lemma 3);

• (I − UUT )B⃗ = (I − UUT )B⃗k(0) (Lemma 2);

• dLk

dt
(a, B⃗) = 0, or equivalently the gradient is 0 at p.

We will solve for p satisfying those three conditions. The third condition is equivalent

to that

aUUT

B⃗a− S⃗√
Dc

 = 0. (B.35)

As ak(T ) is eventually bounded away from zero, we have a ̸= 0, so

UUT

B⃗a− S⃗√
Dc

 = 0. (B.36)

It follows that

B⃗ = UUT B⃗ + (I − UUT )B⃗ = UUT S⃗√
Dc

a−1 + (I − UUT )B⃗k(0) (B.37)

and substituting to first condition gives

a2 − 1
a2

∣∣∣∣∣∣UUT S⃗√
Dc

∣∣∣∣∣∣
2

−
∣∣∣(I − UUT )B⃗k(0)

∣∣∣2 = ak(0)2 − |B⃗k(0)|2. (B.38)

This is equivalent to a quadratic equation in a2, and has a following solution of

a2 =

√√√√√
∣∣∣∣∣∣UUT

S⃗√
Dc

∣∣∣∣∣∣
2

+ (ak(0)2 − |UUT B⃗k(0)|2)2

4 + ak(0)2 − |UUT B⃗k(0)|2
2 . (B.39)
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This shows that there are two candidates for p, with a given as two square roots

of Eq. (B.39) and B determined from a by Eq. (B.37). It is impossible for Lk(t)

to have accumulation points both in regions a > 0 and a < 0, as it would imply

ak(t) = 0 happens infinitely many often, contradicting that ak is eventually bounded

away from zero. Thus it follows that Lk(t) can only have one accumulation point.

As dynamics having unique accumulation point should converge, it follows that

(a, B⃗) = (ak(∞), B⃗k(∞)). (B.40)

One can check that the U⊥-component of B⃗k(∞)ak(∞) is given as

(I − UUT )B⃗k(∞)ak(∞) = (I − UUT )B⃗k(0)ak(0) (B.41)

and this is bounded by |(1− UUT )Bk(0)|(S + ak(0)), so by our assumption this is

negligible. Thus, we find that B⃗k(∞)ak(∞) is the pseudo-inverse solution, which

is also found by the linear model with ek,l as basis functions. We can calculate

Lk(∞) using the result from kernel (linear) regression [16, 20, 22, 99, 24] (for a

summary, see tables 1 and 2 in appendix A of [24]). Using the terminology in

table 1 of [24], the sample size is dk; the number of parameters is Dc; ridge and

noise are absent; the eigenfunctions are [ek,1, · · · , ek,Dc ]; the eigen coefficients are

EX [ek,i(x)Sgk(x)] = SD−1/2
c (Eq. (5.4)); eigenvalues are uniform; the learnability is

dk/Dc for all i; and the overfitting coefficient is (1− dk/Dc)−1. Taking into account

that we have halved the MSE loss (Eq. (4.5)), the test loss is

Lk(∞) = S2

2

(
1− dk

Dc

)
. (B.42)

We obtain the result by using Eq. (4.10).

B.1.7 Multiple basis functions for a skill

Proposition B.1.2. Let the extended multilinear model Eq. (5.6) be trained with

gradient flow on D →∞ i.i.d samples for the setup in Section 4.2.3 with ns →∞

(input distribution: Eq. (4.1), target function: Eq. (4.4), and MSE loss: Eq. (4.5),
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initialization: that of Proposition B.1.1). For a model with the following finite N

basis functions

[e1,1, · · · , e1,Nc , e2,1, · · · , eq,r], (B.43)

where quotient q = ⌊(N−1)/Nc⌋+1 and remainder r is such that (q−1)Nc +r = N .

The skill strength at T →∞ becomes

Rk(∞) =


k > q : 0
k = q : S r

Nc

k < q : S.
(B.44)

Proof. Because we have D →∞ and because [ek,1, · · · ek,Nc ] can express gk (Eq. (5.8)),

it is trivial to show that Rk(∞) = S for k < q. For k = q, the gradient descent

dynamics (Eq. (B.21)) leads to

dB⃗k

dt
= −ηak

D
ΦΦT

B⃗kak −
S⃗√
Nc

 (B.45)

where the matrix Φ ∈ Rr×dk and vector B⃗k ∈ Rr are the feature matrix(Eq. (B.15))

and parameters for the kth skill respectively. As D →∞, the matrix ΦΦT becomes

a rank r identity matrix scaled by the frequency of the skill:

lim
D→∞

1
D

(ΦΦT )ll′ = EI,X [ek,l(k, X)ek,l′(k, X)] = P(k)δl,l′ . (B.46)

Plugging in ΦΦT ,

dBk,l

dt
= −ηP(k)ak

(
Bk,lak −

S√
Nc

)
. (B.47)

Assuming the initialization in Proposition B.1.1, we can show that ak(∞)Bk,l(∞) =

S/
√

Nc for l ≤ r. From Eq. (4.7), the skill strength Rk(∞) is

Rk(∞) =
r∑

l=1

S√
Nc

EX [ek,l(k, X)gk(k, X)] (B.48)

= S
r

Nc

, (B.49)

where we used Eq. (5.8) for the linear correlation between ek,l and gk.



C
Additional discussion for chapters 2 and 3

C.1 Finite data correction for slow decay of skill
frequency.

In Fig. C.1, we observe that our model with α = 0.1 deviates from the expected

power-law with exponent −α/(α + 1). The deviation can be explained by the

antiderivative term in Eq. (4.23):

100 101 102 103

T

100

101

L

simulation

power law(corrected)

power law

α= 0.1 α= 0.3 α= 0.5 α= 0.7

Figure C.1: Scaling law and corrected predictions. A simulation of our multilinear
model with N = 50, 000 (solid), a scaling law with exponent −α/(α + 1) (dotted), and a
corrected scaling law considering finite N (dashed, Eq. (C.2)). The finite N corrected
scaling law better predicts the dynamics, especially for smaller α.
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lim
N→∞

 1
2(α + 1)

S2A(
1 + 1

S/Rk(0)−1e2ηSAk−(α+1)T
)2

k−α

T


N

1

= lim
N→∞

(
O
(

N−α 1
T

)
−O

( 1
TeT

))
.

(C.1)

The second term (k = 1) goes to 0 faster than O(T −1) for sufficiently larger T

but the first term (k = N) may not decay fast enough for finite N and sufficiently

small α. For example, N = 50, 000 and α = 0.1 leads to N−α ≈ 0.3, which

is not negligibly small.

Assuming finite N and small α such that the first term in Eq. (C.1) is non-

negligible, we can rewrite Eq. (4.23) as

dL
dT
≈ − α

(α + 1)
L+ LC

T
, LC ≈ S2AN−α/2α, (C.2)

where we assumed a small initialization S/Rk(0)≫ 1 and sufficiently large number

of parameters Nα+1 ≫ T to approximate LC . Because the total loss at initialization

is L(0) = S2/2, LC is non-negligible compared to the loss for sufficiently small α.

Thus considering LC , we obtain the corrected power-law which better approximates

the time scaling law (dashed lines in Fig. C.1).

C.2 Connection to linear models.

In Section 4.3, we have shown how the scaling laws follow from the basis functions

gk that decouple the loss. To analyze the role of gk, we can ask whether a simpler

linear model with gk as basis functions (Eq. (C.3)) also recovers the scaling laws.

The answer is yes and we outline how a linear model can recover all scaling laws.

In addition, we also outline how extended linear models – extended similar to

Section 5.2 such that skills are decoupled – can recover all emergence behaviors

shown in Chapter 5 except the time emergence.

By replacing akbk with wk, we obtain the linear model with skill basis functions:

fT (i, x; w) =
N∑

k=1
wk(T )gk(i, x). (C.3)
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The dynamics of the linear model under gradient flow is

Rk(T ) = wk(T ) = S(1− e−η
dk
D

T ), (C.4)

where we assumed wk(0) = 0. The linear model follows an exponential saturation

of the skill strength in contrast to the sigmoidal saturation of the multilinear

model (Fig. 3.3).

Nevertheless, the linear model Eq. (C.4) results in the same scaling laws in

Section 4.3. For the time scaling law, we recover the relationship between dLk/dT

and dLk/dk in Section 4.3.1 because Rk(T ) is a function of dk

D
T only (where

dk/D = Ps(k) for D →∞). For the data scaling law, we recover Corollary B.1.1

because each wk (i.e. Rk) is decoupled. For the parameter scaling law, we recover

Corollary B.1.2 trivially as the linear model shares the same basis functions.

The data and parameter emergence in Section 5.2 can be obtained from the

linear model in Eq. (C.3) if we extend the model analogous to Eqs. (5.3) and (5.6).

For example, we can extend the model for data emergence as

fT (i, x; W ) =
N∑

k=1

Dc∑
l=1

Wk,l(T )ek,l(i, x), (C.5)

where the matrix W ∈ RN×Dc is an extension of w ∈ RN in Eq. (C.3), Dc is a fixed

scalar, and ek,l(i, x) : {0, 1}ns+nb → R are functions with the following properties:

EX|I=k [ek,lek,l′ ] = δll′ , ek,l(I ̸= k, x) = 0,
Dc∑
l=1

1√
Dc

ek,l = gk. (C.6)

The equivalence can be shown by Lemma 2 which states that the multilinear

model finds the minimum norm solution: the solution that the linear model finds

in a ridgeless regression setup.

Thus, for our setup, the basis functions play a critical role in the scaling laws

and data/parameter emergences. The choice of basis functions, also known as

the task-model alignment (see [16, 24]), determines the linear model’s scaling laws

and emergence behaviors. See Bordelon et al. [91] for a study of the scaling

laws in linear models.
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C.3 Details of the 2-layer MLP

In this section, we detail the methods used to train a 2-layer fully connected neural

network (MLP) with ReLU activation. All parameters of the MLP were initialized

with a Gaussian distribution with a standard deviation of 0.001. The input dimension

of the model was ns + nb = 5 + 32 where ns is the length of control bits (number of

skills) and nb is the length of the skill bits. Each skill has m = 3 mutually exclusive

sparse bits that are used to express the skill function. The target scale was S = 5.

The model was trained with SGD without momentum and no weight decay (the

exception is the parameter emergence experiment where Adam with learning rate

0.001 and weight decay of 5× 10−5 was used to escape the local minima).1 For the

data emergence experiment, the learning rate was halved every 50, 000 step.

The skill strength Rk(T ) (Eq. (4.7)) was measured using 20, 000 i.i.d samples

from the kth skill.2 For the time emergence, the skill strengths were measured every

50 steps, while for other experiments, they were measured after training. To mimic

the infinite parameter N →∞, we used the model of width 1000 (for the hidden

layer). To mimic the infinite time T → ∞, we trained for 5 × 105 steps (3 × 104

steps for time emergence) where each step had the batch size of 4000 (2000 for the

data emergence experiment). To mimic D →∞, we sampled new data points for

every batch. The details are given in the following table.

Name Values

width 1000
learning rate 0.05

initialization standard deviation 0.01
activation ReLU
batch size 4000

steps 500,000
target scale 5

number of skill bits 32
number of skills 5

1We are free to choose any optimizer as long as it preserves the order in which the skills are
learned. Additionally, the parameter emergence experiment uses infinite data; we expect the same
solution for Adam and SGD.

2Note that except the data scaling law experiment, the training set size is infinite.
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C.4 Time emergence example in NN

In this section, we discuss an example for the time emergence case (Fig. 5.1(a)) in

which the saturation of skill in an NN consists of multiple saturating ‘modes’

as in Fig. C.2.

(a) neuron modes for a parity func-
tion

0 250 500 750 1000
T

0.0

0.2

0.4

0.6

0.8

1.0

R
/
S mode 1

mode 2

mode 3

NN

MulLin

(b) mode/skill strength

Figure C.2: Modes in NN. A 2-layer MLP with ReLU activations with a width of 3
and weight sharing (Eq. (C.9)) is trained to fit the parity function. (a): The skill strength
R, because of the last layer’s linearity, can be decomposed into skill strength from each
hidden neuron or each ‘mode’ (shown in different colors, Eq. (C.14)). (b): The skill
strength for each mode follows a near-sigmoidal curve with different emergent/saturation
times (colors) whose sum results in the total skill strength (solid black). Note that
different saturation times of each mode result in a deviation from the prediction of the
multilinear model with B2 = 1/3 (dashed black).

Task. We assume an input X ∈ R3×8 (note that we are not using X as a random

variable) that is all 8 possible inputs for bits with dimension 3. The target Y

is the parity function scaled by S.

X =
( 0 0 0 0 1 1 1 1

0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1

)
, Y =

(
S −S −S S −S S S −S

)
(C.7)

NN. We assume a 2-layer width 3 NN with ReLU activation with the input

dimension 3 (Fig. C.2(a)). The NN has 16 parameters, but to simplify the argument,

we use weight sharing so NN has only 4 parameters:

f(x; α, β, γ, c) = wT σ(Wx + b) + c (C.8)
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where σ is the ReLU activation and W, b, w are

W =
( −α α −α

−β β −β
γ −γ γ

)
, b =

( 0
β

−γ

)
, w =

( −2α
β
γ

)
. (C.9)

Modes. It is easy to see that α = β = γ =
√

2S and c = −S leads to the target

parity function. We note that one parameter except c (i.e. α, β, γ) maps to one

neuron or a mode (colors in Fig. C.2(a)). We define the first mode f (1) as

f (1)(x) = w1σ(W T
1 x + b1) = −2α2σ(x2 − x1 − x3) (C.10)

= −2α2h1(x), h1(x) := σ(x2 − x1 − x3), (C.11)

where w1, b1 are the first entry of w, b respectively and W1 is the first row of

W . Note that f (1)(x) takes a form similar to the multilinear model (Eq. (4.9))

but with h1 as the respective basis. We define f (2), f (3) similarly, and the sum

of modes becomes the NN:

f(x) =
3∑

q=1
f (i)(x) + c, (C.12)

which resembles the multilinear model with different skills.

Mode strength. Analogous to the skill strength in Eq. (4.7), we define mode

q’s strength R(q) as

R(q) = 1
8S2 Y T f (q)(X), (C.13)

where f (q)(X) = [f (q)(X1), · · · , f (q)(X8)] and Xj are the jth column of X. By

the linearity of the expectation,

R =
3∑

q=1
R(q). (C.14)

Note that constant c always has zero correlation (inner product) to the target (Y ).

Analysis. The dynamics of each mode R(q)(x) differs from that of the multilinear

model (Eq. (4.11)) because hq(x) often depends on the parameter, and the dynamics

are no longer decoupled among each mode. Nevertheless, each mode follows a

sigmoid-like growth (Fig. C.2(b)). We note that each mode has a different saturation

time scale or is updated at different frequencies. A mode with a longer time scale

leads to a longer ‘tail’ of saturation as discussed in the main text.
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Update frequency. Because of the non-linearity, each mode differs in the

gradients it receives. We can explicitly calculate the gradient for each parameter as:

dα2

dt
= 2ηα2(−S − (−2α2 + 2β2 + c)) (C.15)

dβ2

dt
= −ηβ2(S − (−2α2 + 5β2 + 5c)) (C.16)

dγ2

dt
= −ηγ2(S − (γ2 + c)) (C.17)

dc

dt
= −η(2α2 − 5β2 − γ2 − 8c). (C.18)

We immediately notice that c will grow the fastest for small initialization (α, β, γ, c≪

1) because it saturates exponentially while other parameters saturate sigmoidally.

Considering that S is always the largest term and c saturate to S quickly, we notice

that the saturation is in the order of α2 (≈ 2S + 2c ≈ 4S), β2 (≈ −S + 5c ≈ 4S),

and γ2(≈ 2S). We observe that our crude approximation holds in Fig. C.2(b): the

first (α) and the second (β) modes saturate at similar timescale, while the third

mode (γ) requires approximately twice the time for saturation.
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C.5 Additional plots
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(a) ResNet18, CIFAR10

Figure C.3: Temporal evolution of the ResNet18 features for slower learning
rate In (a) for ResNet18 on CIFAR10 and (b) for an FCN on CIFAR10, we plot, as a
function of epoch and for the first 20 features (i) the quality of the features, (ii) a related
projection of each feature onto the learned function, (iii) the test and training accuracies
for the full DNNs, and (iv) the eigenvalue spectra. A Gaussian filter has been used for
(i,ii,iv) to smooth the curve. We observe that the dynamics for (a) are in the MFR and are
primarily driven by feature learning. By contrast, the dynamics for (b) are in the EFR.
There is an initial regime of feature learning, but this slows down and further lowering of
the loss is achieved primarily by coefficient learning, as evidenced in (ii).



D
Proofs related to Neural Collapse

In this section, we state the relevant terms and the four NC conditions given in

[58]. Please note that the current study assumes column-vectors for all vectors (e.g.

µi ∈ Rp×1). The last layer can be defined in the following manner

f̂i(x) = wT
i Φ(x) + bi (D.1)

where wi ∈ Rp×1 is the parameter of the last that projects the feature onto the ith

entry of the output function. bi ∈ R is the corresponding bias term. The feature

class mean or the mean of features with label i is

µi = C

n

∑
x(j)∈Ai

Φ(x(j)). (D.2)

The global mean is

µg = 1
C

C∑
i

µi. (D.3)

The feature within-class covariance ΣW ∈ Rp×p is

ΣW := 1
n

C∑
i

∑
x(j)∈Ai

(hi(x(j))− µi)(hi(x(j))− µi)T . (D.4)

The feature between-class covariance Σb ∈ Rp×p is

Σb := 1
C

C∑
i

(µi − µg)(µi − µg)T . (D.5)

The four NC conditions are the following:

123
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1. Within class variance tends to 0

ΣW ΣT
b → 0 (D.6)

2. Convergence to simplex ETF

(µi − µg)T (µj − µg)
∥(µi − µg)∥2∥(µj − µg)∥2

→ Cδij − 1
C − 1 (D.7)

3. Convergence to self duality

wi

∥wi∥2
− µi − µg

∥(µi − µg)∥2
→ 0 (D.8)

4. Simplification to nearest class center

arg max
i

wiΦ(x) + bi → arg min
i
∥Φ(x)− µi∥2 (D.9)

Proposition 2.5.3. If TMP is MP-operator and f̂i(x) = 1Ai
(x) for a balanced

partition {A1, · · · , Ac} of χ, then

⟨Cf̂i|TMP [Cf̂j − 1]⟩ = a2(δij − C−1) ⟨1|TMP [Cf̂j − 1]⟩ = 0, (2.19)

where C is the number of classes.

Proof. By the definition of indicator functions of equal partitions,

⟨f̂i|f̂j⟩ = 1
C

δij,
C∑
i

f̂i = 1, ⟨1|f̂j⟩ = 1
C

(D.10)

Since Cf̂j − 1 is orthogonal to 1,

TMP [Cf̂j − 1] = a2(Cf̂j − 1) (D.11)

where we used the definition of MP operators Eq. (2.8). Then from Eq. (D.10) and

Eq. (D.11),

⟨Cfi|TMP [Cf̂j − 1]⟩ = a2 ⟨Cfi|Cf̂j − 1⟩ = a2(Cδij − 1) (D.12)

Likewise,

⟨1|TMP [Cf̂j − 1]⟩ = a2 ⟨1|Cf̂j − 1⟩ = 0. (D.13)
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Proposition 2.5.2. Let TMP be the MP-operator on data taken from the empirical

distribution of the training set, and f̂ the empirical output function of balanced

C-way classification task; The following NC2 condition holds:

(µi − µg)T (µj − µg) ∝ δij −
1
C

(2.11)

Proof. From the translation of class mean function Eq. (2.15),

µT
i µj = C2

(∫
χ

f̂i(x)Φ(x)q(x)dx
)T ∫

χ
f̂j(x′)Φ(x′)q(x′)dx′ (D.14)

= C2
∫

χ
f̂i(x)q(x)

∫
χ

Φ(x)T Φ(x′)f̂j(x′)q(x′)dx′dx (D.15)

= C2
∫

χ
f̂i(x)q(x)T [f̂j](x)dx (D.16)

= C2 ⟨f̂i, T [f̂j]⟩ . (D.17)

Likewise, using Eq. (2.14), we get

µT
i µg = C

(∫
χ

f̂i(x)Φ(x)q(x)dx
)T ∫

χ
Φ(x′)q(x′)dx′ (D.18)

= C
∫

χ
f̂i(x)q(x)

∫
χ

Φ(x)T Φ(x′)q(x′)dx′dx (D.19)

= C
∫

χ
f̂i(x)q(x)T [1](x)dx (D.20)

= C ⟨f̂i, T [1]⟩ . (D.21)

Then

(µi − µg)T (µj − µg) = ⟨Cf̂i − 1, T [Cf̂j − 1]⟩ (D.22)

= Ca2(δij −
1
C

) (D.23)

which is the NC2 condition, where we used Eq. (D.14) and Eq. (D.18) in the first

line and Proposition 2.5.3 in the second line.

Proposition 2.5.1. Let TMP be MP-operator, the inputs x are taken from q′ the

empirical distribution of the training set, and f̂ the empirical output function of

balanced C-way classification task. The following NC1 condition holds:

Tr


∑

i

∑
x∈Ai

(hi(x)− µi)(hi(x)− µi)T

∑
j

(µj − µg)(µj − µg)T

T
 = 0 (2.10)
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Proof. Using the condition that χ is the training set, and q is its empirical

distribution, and f̂ a class indicator function, we obtain

NC1 = Tr

∑
i

∑
x∈Ai

(hi(x)− µi)(hi(x)− µi)T
∑

j

(µj − µg)(µj − µg)T

 (D.24)

=
∑
i,j

∑
x∈Ai

Tr
((

(Φ(x)− µi)T (µj − µg)
)2
)

(D.25)

=
∑
i,j

∫
χ

f̂i(x)
(
(f̂i(x)Φ(x)− µi)T (µi − µg)

)2
q(x)dx (D.26)

=
∑
i,j

∫
χ

f̂i(x)
(
(Φ(x)− µi)T (µj − µg)

)2
q(x)dx (D.27)

where we have used the fact that f̂i are indicator functions for class i in line 2, 3,

and 4. From Eq. (D.14) and Eq. (D.18),

µT
i (µj − µg) = ⟨Cf̂i|T [Cf̂j − 1]⟩ (D.28)

and from Eq. (2.15) and Eq. (2.14)

Φ(x)T (µj − µg) = T [Cf̂j − 1](x). (D.29)

Applying Proposition 2.5.3 into the two equations above, we obtain

(Φ(x)− µi)T (µj − µg) = a2C(f̂j(x)− δij). (D.30)

Plugging Eq. (D.30) into Eq. (D.27), we obtain

NC1 = a2
2C

2∑
i,j

∫
χ

f̂i(x)
(
f̂j(x)− δij

)2
q(x)dx (D.31)

= a2
2C

2∑
i,j

∫
χ

f̂i(x)(f̂j(x)(1− 2δij) + δij)q(x)dx (D.32)

= a2
2C

∑
i,j

(δij(2− 2δij)) (D.33)

= 0 (D.34)

where in the third line, we used ⟨f̂i|f̂j⟩ = δijC
−1 and ⟨f̂i|1⟩ = C−1.
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