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Abstract. We generalize the a posteriori techniques for the linear heat equa-

tion in [Ver03] to the case of the nonlinear parabolic p-Laplace problem thereby
proving reliable and efficient a posteriori error estimates for a fully discrete im-

plicite Euler Galerkin finite element scheme. The error is analyzed using the

so-called quasi-norm and a related dual error expression. This leads to equiv-
alence of the error and the residual, which is the key property for proving the

error bounds.

1. Introduction

In this work we shall prove reliable and efficient residual based error bounds for
fully discrete finite element approximations to the solution u : I � Ω Ñ R of the
problem

Btu� div Ap∇uq � f in I � Ω,

up0q � u0 in Ω,

u � 0 on I � BΩ,

(1.1)

where Ω � Rd, d P N, is a bounded open polyhedral spatial domain and I :� p0, T q
is the temporal interval with some finite time T ¡ 0. Precise assumptions on the
initial datum u0 : Ω Ñ R and the external force f : I � Ω Ñ R will be specified
later in §2.

The nonlinear vector field A : Rd Ñ Rd is supposed to have power-law structure.
Common representatives are e.g. the power law or the Carreau law

Ap∇uq � |∇u|p�1 ∇u,

Ap∇uq �
�
ν8 � pν0 � ν8qpκ

2 � |∇u|2q
p�2
2

�
∇u,

(1.2)

respectively. Hereby κ ¥ 0, ν0 ¡ ν8 ¥ 0, and p ¥ 2d
d�2 . The latter restriction on p

is due to analytical reasons and ensures the unique weak solvability of the problem;
compare with §2.

Finite element approximations of the steady state of (1.1), i. e., to the p-Laplacian
problem, have been widely investigated. Primary a priori results, relying on en-
ergy norm techniques, yield suboptimal convergence rates; see e.g. [Cia78, GM75,
Cho89]. Introducing the so called quasi-norm, Barrett and Liu overcame this draw-
back and proved sharp a priori bounds in [BL93a]. The advantage of their approach
over energy norm techniques is, that in quasi-norms the residual is equivalent to the
error; we elaborate on this issue in Lemma 11 and Remark 12 below. As for linear
elliptic problems this implies that, up to a constant, the Galerkin approximation is
a best-approximation and whence optimal convergence estimates could be deduced
from interpolation estimates [EL05, DR07a].
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Thanks to its outstanding success in the a priori analysis of the nonlinear Laplace
problem, the quasi-norm technique could be expected to play a crucial role in finite
element estimates for nonlinear parabolic problems (1.1) as well. This expectation
is supported by the results in [BL94, DER07].

Recently, the quasi-norm technique also found its way into the a posteriori analy-
sis of the nonlinear Laplacian [LY01, LY02, CK03, CLY06a, DK08, BDK11]. More-
over, those estimators can be used to design adaptive finite element methods with
optimal convergence rates; see [DK08, BDK11].

There have been also attempts to generalize those results to the a posteriori
analysis of nonlinear parabolic problems in [CLY06b]. Although therein the concept
of distance is based on the quasi-norm, it appears to be too weak. It particularly
lacks the control of the temporal derivative. As a consequence the obtained lower
bounds are somewhat suboptimal. In the linear case this issue has been solved by
Verfürth [Ver03, Ver05] proving fully reliable and efficient a posteriori error bounds.
It is the purpose of this work to extend this approach, by means of the quasi-norm
technique, to parabolic problems with power law structure. We would like mention
that in the linear case the temporal derivative of a given function is controlled in
the dual norm of some Sobolev space. Since we deal with quasi-norms, which are
not norms, we need to generalize this error concept to a corresponding dual error
concept. This is the key for a generalization of the a posteriori analysis in [Ver03]
for the linear case. The plan of the paper is as follows.

In section §2 we revisit problem (1.1) in a more general setting. Based on so-
called N-functions we state the weak formulation of (1.1). The benefit of this
general setting is twofold. On the one hand it simplifies the proofs significantly
and on the other hand it allows us to simultaneously treat the cases p P r2,8q and
p P p1, 2q as well as miscellaneous power law like models. Section §3 is concerned
with introducing the above mentioned error concept, which finally leads to a first
abstract a posteriori error estimate, namely the equivalence of error and residual.
This is then exploited in §4 in order to prove reliable and efficient estimates for the
error of a standard implicit Euler Galerkin finite element method. We finish the
work in section §5 dealing with the computability of the error bound and applying
the results to the concrete case of the power law (1.2).

2. The Weak Formulation and Preliminary Results

In this section we shall introduce so called N-functions and related Orlicz–Sobolev
spaces. Among others, this abstract setting covers all nonlinearities in (1.2) for all
p P p1,8q. Then, having the analytical framework at hand, we introduce the weak
formulation of (1.1). We conclude this section by collecting some preliminary facts
on N-functions.

2.1. The Weak Formulation. A convenient way of treating most nonlinearities
with power law structure is to utilize the concept of so-called N-functions. In
particular, a ’nice’ Young function, termed an N-function, is a continuous, convex,
and strictly monotone function φ : R� Ñ R�, such that

φp0q � 0 and φpsq ¡ 0, if s ¡ 0, lim
sÑ0

φpsq

s
� 0, and lim

sÑ8

φpsq

s
� 8,

where R� denotes the non-negative real semi-axis. For more detailed information
on N-functions and related Orlicz and Orlicz-Sobolev spaces consider e. g. [RR91,
KK91, KR61, Mus83, Kre08].

Thanks to the convexity, for each N-function φ there exists a unique nonde-
creasing and right continuous function φ1 : R� Ñ R� such that φ1p0q � 0 and´ s

0
φ1prq dr � φpsq; see [RR91]. However, for a quantitative numerical approach, we
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require more regularity: In particular, we assume

φ P C1pr0,8qq X C2pp0,8qq and c s φ2psq ¤ φ1psq ¤ C sφ2psq, s ¥ 0,(2.1)

for some constants C, c ¡ 0.
An N-function φ is said to satisfy the ∆2–condition if there exists a constant K

such that φp2sq ¤ Kφpsq. The smallest constant is then denoted by ∆2pφq and for
a family of N-functions tφauaPA we define ∆ptφauaPAq :� maxaPA ∆2pφaq. Let φ
satisfy assumption (2.1), therefore plnφ1psqq1 ¤ 1

cs and thus

lnφ1p2sq � lnφ1psq ¤

ˆ 2s

s

1

cr
dr �

ln 2

c
ñ φ1p2sq ¤ 21{c φ1psq.(2.2)

By the fundamental theorem of calculus and the transformation theorem, this im-
plies that an N-functions φ satisfying assumption (2.1) already satisfies the ∆2-
condition.

For a measurable subset ω � Rd, we denote the classical Orlicz and Orlicz-
Sobolev spaces by Lφpωq and W 1,φpωq, respectively. In other words, f P Lφpωq
if
´
ω
φp|f |q dx   8 and f P W 1,φpωq if f,∇f P Lφpωq. The so-called Luxemburg

norm }f}pφq,ω :� inftλ ¡ 0 :
´
ω
φp|f | {λq dx ¤ 1u turns Lφpωq into a reflexive

Banach space and W 1,φpωq is a reflexive Banach space with the norm } � }1,pφq,ω :�

} � }pφq,ω � }∇ � }pφq,ω. By W 1,φ
0 pωq we denote the closure of C8

0 pωq in W 1,φpωq. As

usual Lppωq, W 1,ppΩq, and W 1,p
0 pωq, p P r1,8s, denote the common Lebesgue and

Sobolev spaces with norms } � }p;ω and } � }1,p;ω. For p P p1,8q and 1
p �

1
p1 � 1

the dual of W 1,p
0 pωq is denoted by W�1,p1

0 pωq with norm } � }�1,p1;ω. For ω � Ω
we skip the domain in the notion of the norm, e. g. } � }p � } � }p,Ω. We denote
xv, wyΩ �

´
Ω
vw dx and by x�, �y all dual pairings regardless of the space-pairings

that are considered.
We define the nonlinear vector-field A : Rd Ñ Rd by

ApQq :� φ1p|Q|q
Q

|Q|
for all Q P Rd.(2.3)

For the weak formulation of the problem it is crucial that the spaces W 1,φ
0 pΩq

together with L2pΩq, and its dual
�
W 1,φ

0 pΩq
��

form a Gelfand triple. For this

reason we assume there exists C0, c0 ¡ 0, s0 ¥ 0 and p ¥ 2d
d�2 such that

c0 s
p ¤ φpsq ¤ C0 s

p for all s ¥ s0.(2.4)

Consequently, we get with 1
p �

1
p1 � 1 that

W 1,φ
0 pΩq �W 1,p

0 pΩq ãÑ L2pΩq ãÑ W�1,p1pΩq �
�
W 1,φ

0 pΩq
��

;

compare e.g. with [KR61, §3]. Let LppI;Xq be the usual Bochner space with norm
} � }LppI;Xq, where X is some Banach space. We can thus define the weak solution
space for (1.1) by

WpIq :�
 
v P LppI;W 1,p

0 pΩqq | Btv P L
p1pI;W�1,p1pΩqq

(
ãÑ CpI;L2pΩqq.(2.5)

Here the derivative Btv has to be understood in a distributional sense; compare with
[Zei90, GGZ74]. Note that we suppress the dependence of functions on variables

t, x if there is no risk of confusion. For Ĩ � R being an open interval define

}v}WpĨq :� }v}LppĨ;W 1,p
0 pΩqq � }Btv}Lp1 pĨ;W�1,p1 pΩqq � ess suptPĨ }vptq}2,

for v PWpĨq, whence WpIq becomes a reflexive Banach space with the norm }�}WpIq.
Now we are in the position to state the weak formulation of (1.1): For f P

Lp
1

pI;Lp
1

pΩqq ãÑ Lp
1

pI;W�1,p1pΩqq and u0 P L
2pΩq, find u P WpIq such that, a.e.
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in I,

xBtu, wy � xAp∇uq, ∇wyΩ � xf, wyΩ for all w PW 1,p
0 pΩq,

up0q � u0 in L2pΩq.
(2.6)

This is equivalent toˆ
I

xBtu, wy � xAp∇uq, ∇wyΩ dt� xup0q, w0yΩ �

ˆ
I

xf, wyΩ dt� xu0, w0yΩ(2.7)

for all pw,w0q P L
ppI;W 1,p

0 pΩqq � L2pΩq.
By [DE08, Lemma 20] we have for all P ,Q P Rd that�

ApP q �ApQq
�
� pP �Qq Á φ2p|P | � |Q|q |P �Q|

2
,

|ApP q �ApQq| À φ2p|P | � |Q|q |P �Q|
(2.8)

and thus the operator � div Ap∇�q : W 1,p
0 pΩq Ñ W�1,p1pΩq is strictly monotone.

Consequently existence and uniqueness of the solution u PWpIq follow by means of
the theory of monotone operators; see [GGZ74].

It is worth noticing that for p ¥ 2d
d�2 the power law as well as the Carreau law

perfectly fit into the introduced framework by defining

φpsq :�
1

p
sp respectively φpsq :�

ˆ s

0

�
ν8 � pν0 � ν8qpκ

2 � r2q
p�2
2

�
r dr.

We will come back to this issue later in Section §5.2.

2.2. Additional Facts on N-Functions. In this section we collect some well-
known facts on N-functions and introduce the so-called shifted N-functions, which
play a crucial role in the subsequent analysis. For detailed proofs we refer to the
literature, e.g. [RR91, KK91, KR61, Mus83, DE08, Kre08].

N-functions come in mutually complementary pairs. In particular, for an N-
function φ we can define its dual by

φ�psq :� maxtrs� φprq : r ¥ 0u.(2.9)

It follows that φ� itself is an N-function and pφ�q� � φ. If φ satisfies (2.1) then
also φ� does; see [DE08, Kre08]. Therefore, thanks to (2.2), φ� also satisfies the
∆2-condition. An immediate consequence of the definition of the complementary
function is the Young inequality

sr ¤ φpsq � φ�prq for all s, r ¥ 0,(2.10)

where equality is obtained if r � φ1psq or s � pφ�q1prq. Thanks to the ∆2-condition,
a scaled Young inequality also holds, i. e., for each δ ¡ 0 there exists a constant
Cδ ¡ 0 depending on ∆2pφq (and hence on the constants in (2.1)), such that

sr ¤ Cδ φpsq � δ φ�prq for all s, r ¥ 0.(2.11)

Note that by means of the ∆2-condition pLφpΩqq� � Lφ
�

pΩq. In analogy to the

dual Sobolev spaces W�1,p1pΩq we denote by W�1,φ�pΩq the dual of W 1,φ
0 pΩq.

Proposition 1. Let φ, ψ be N-functions. Then, for all s ¥ 0 ,

φpα sq ¤ αφpsq for all α P r0, 1s,(2.12a)
s

2
φ1
�s

2

�
¤ φpsq ¤ s φ1psq,(2.12b)

s ¤ pφ�q�1psqφ�1psq ¤ 2 s,(2.12c)

φ
�φ�psq

s

	
¤ φ�psq ¤ φ

�
2
φ�psq

s

	
,(2.12d)

φpsq ¤ ψpsq ñ ψ�psq ¤ φ�psq.(2.12e)
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For N-functions φ satisfying the ∆2-condition, (2.12b) and (2.12d) imply that
there exists constants c, C ¡ 0, such that

c φpsq ¤ sφ1psq ¤ C φpsq and c φ�psq ¤ φ
�
pφ�q1psq

�
¤ C φ�psq(2.13)

for all s ¥ 0. For each constant C ¤ 2k, k P N we have

φpC tq ¤ ∆2pφq
kφptq for all t ¥ 0,(2.14)

and by the convexity of φ it follows that

φps� tq ¤
1

2
φp2tq �

1

2
φp2sq ¤

∆2pφq

2

�
φpsq � φptq

�
for all s, t ¥ 0.(2.15)

The ∆2-condition of an N-function also affects its dual function. In particular, for
all constants ∆2pφ

�q ¤ C   8, we have that

φpsq ¤
1

C
φ
�C

2
s
	
, s ¥ 0.(2.16)

The smallest such constant is called ∇2pφq � ∆2pφ
�q.

3. A Balanced Error Concept

In order to prove reliable and efficient residual based estimates we need an error
concept that complies with the nonlinear structure of the problem. For that reason
we shall introduce the so called quasi-norm and define a related dual quasi-norm.
Based on this error concept we can finally conclude the equivalence of the error and
the residual following the approach of Verfürth in [Ver03].

For the rest of this paper we use the notation v À w to indicate v ¤ Cw, with a
generic constant C ¡ 0 solely depending on some fixed parameters like the constants
in (2.1) and the domain Ω. We denote v À w À v as v � w.

3.1. Shifted N-functions and the Quasi-Norm. Several studies on steady par-
tial differential equations with power law structure show that the quasi-norm is the
optimal expression to deal with the error of nonlinear problems with power law
structure; see e.g. [BL93a, BL93b, DE08, DK08, Kre08, BDK11].

For a fixed φ satisfying (2.1), we introduce the family of shifted N-functions
tφaua¥0 by

φ1apsq :�
φ1pa� sq

a� s
s and φapsq :�

ˆ s

0

φ1aprq dr.

Those functions are N-functions as well. In the following we present properties
of this family of N-functions without proof. The interested reader is referred to
[DE08, DK08, Kre08, Kre12, DR07b].

Lemma 2. Let φ be an N-function that satisfies (2.1). Then ∆2ptφa, pφaq
�ua¥0q is

uniformly bounded only depending on ∆2ptφ, φ
�uq and thus on the constants in (2.1).

Moreover, for all s ¥ 0 we have

pφ�qφ1paqpsq � pφaq
�psq.

We next introduce the nonlinear vector field F : Rd Ñ Rd by

F pQq :�
a
|ApQq| |Q|

Q

|Q|
�

a
φp|Q|q

Q

|Q|
for Q P Rd.(3.1)

The following Lemma from [DE08] is concerned with the relation between A, F ,
and tφaua¥0.
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Proposition 3. Let φ be an N-function that satisfies (2.1). For all Q,P P Rd we
have that �

ApP q �ApQq
�

:
�
P �Q

�
� |F pP q � F pQq|

2

� φ2p|P | � |P �Q|q |P �Q|
2

� φ|P |p|P �Q|q;

and

|ApP q �ApQq| � φ1|P |p|P �Q|q.

This directly implies the next result.

Corollary 4 (Quasi-Norm). Let φ be an N-function that satisfies (2.1). Then, for

all v, w PW 1,φ
0 pΩq we haveˆ

Ω

�
Ap∇vq �Ap∇wq

�
�
�
∇v �∇w

�
dx

� }F p∇vq � F p∇wq}22

�

ˆ
Ω

φ2p|∇v| � |∇pv � wq|q |∇v �∇w|2 dx

�

ˆ
Ω

φ|∇v|p|∇v �∇w|q dx �: }v � w}2p∇vq.

The three equivalent quantities of Corollary 4 naturally arise from the nonlin-
earity of the problem. For historical reasons we refer to them as the quasi-norm of

v�w; cf. also Remark 7. We note that W 1,φ
0 pΩq �W

1,φ|∇v|
0 pΩq and that in particu-

lar the topology induced to W 1,φ
0 pΩq by the quasi norm is equivalent to the topology

induced by the norm } � }1,pφq. The expression dpv, wq :� }F p∇vq � F p∇wq}2 is a

metric on W 1,φ
0 pΩq.

The next results deal with the question how the N-functions of the family tφaua¥0

are related to each other.

Lemma 5. Let φ be an N-function satisfying (2.1). Then for all P ,Q P Rd and
t ¥ 0 we have

φ1|P |ptq À φ1|Q|ptq � φ1|P |p|P �Q|q.

Moreover, for all δ ¡ 0 there exists a constant Cδ ¡ 0 such that, for all P ,Q P Rd,

φ|P |psq À p1� Cδqφ|Q|psq � δ φ|P |p|P �Q|q

and

pφ|P |q
�psq � p1� Cδq pφ|Q|q

�psq � δ φ|P |p|P �Q|q.

Corollary 6. Let φ be an N-function that satisfies (2.1). We then have for all
P ,Q P Rd that

φ1|P |p|P �Q|q � φ1|Q|p|P �Q|q and φ|P |p|P �Q|q � φ|Q|p|P �Q|q.

Remark 7. A distance measure named quasi-norm was first introduced by Barrett
and Liu in [BL93a, BL93b] into a priori analysis of finite elements for nonlinear
problems. For this error concept they proved optimal a priori error estimates. In
particular, for the power law φpsq � 1

ps
p with p P p1,8q, they use

ˆ
Ω

�
|∇u| � |∇u�∇v|

�p�2
|∇u�∇v|2 dx
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which in turn is equivalent to

�

ˆ
Ω

φ2
�
|∇u| � |∇pu� vq|

�
|∇u�∇v|2 dx.

Consequently, our approach generalizes this concept to N-functions satisfying as-
sumption (2.1).

3.2. The Dual Quasi-Norm. We recall that, for v P WpIq, we have that Btv P

W�1,φ�pΩq a.e. in I. Consequently, in order to control the temporal derivative, a

dual distance on W�1,φ�pΩq is required.
To motivate this so-called dual quasi-norm we first take a closer look at the dual

norm } � }�1,p1 on W�1,p1pΩq, p P p1,8q and 1
p �

1
p1 � 1. We observe that the

N-functions s ÞÑ 1
ps
p and s ÞÑ 1

p1 s
p1 are dual in the sense of (2.9). From this one

can deduce that
1

p1
}R}p

1

�1,p1 � sup
wPW 1,p

0 pΩq

xR, wy �
1

p
}w}p1,p

for R P W�1,p1pΩq. Recalling Corollary 4 for a fixed N-function φ satisfying (2.1),
this expression can be easily generalized to the quasi-norm context by defining

}R}2�,p∇uq :� sup
wPW 1,φ

0 pΩq

xR, wy � }w}2p∇uq

� sup
wPW 1,φ

0 pΩq

xR, wy �

ˆ
Ω

φ|∇u|p|∇w|q dx,
(3.2)

for R P W�1,φ�pΩqq and u P W 1,φ
0 pΩq. Note the analogy to the definition of the

dual N-function (2.9). The operator on the right-hand side is Fréchet differentiable
and thanks to the theory of monotone operators its supremum is actually attained

at wR PW 1,φ
0 pΩq satisfying the nonlinear equation

� div φ1|∇u|p∇wRq
∇wR
|∇wR|

� R in W�1,φ�pΩq.(3.3)

It turns out that the dual quasi-norm of R is equivalent to the quasi-norm of wR.
In particular, thanks to (2.10), (3.3), and (2.13), we have that

}R}2�,p∇uq � xR, wRy �

ˆ
Ω

φ|∇u|p|∇wR|q dx

�

ˆ
Ω

�
φ|∇u|

���
φ1|∇u|p|∇wR|q

�
dx �

ˆ
Ω

φ|∇u|p|∇wR|q dx.
(3.4)

Some properties of the dual quasi-norm are collected in the following statements.

Lemma 8 (Convexity). Let the N-function φ satisfy (2.1). For R,S PW�1,φ�pΩq

and u PW 1,φ
0 pΩq, we have that

}p1� θqR� θ S}�,p∇uq À p1� θq}R}�,p∇uq � θ}S}�,p∇uq

for all θ P r0, 1s.

Proof. Thanks to the definition of the dual quasi-norm we have

}p1� θqR� θ S}2�,p∇uq � sup
hPW 1,φ

0 pΩq

xp1� θqR� θ S, hy �

ˆ
Ω

φ|∇u|p|∇h|q dx

¤ p1� θq
!

sup
hPW 1,φ

0 pΩq

xR, hy �

ˆ
Ω

φ|∇u|p|∇h|q dx
)

� θ
!

sup
hPW 1,φ

0 pΩq

xS, hy �

ˆ
Ω

φ|∇u|p|∇h|q dx
)
.

This is the assertion. �
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Lemma 9. Let the N-function φ satisfy (2.1). For R PW�1,φ�pΩq we have

}2R}2�,p∇uq ¤ C }R}2�,p∇uq,

with C � ∆2ptpφaq
�ua¥0q   8 solely depending on the constants in (2.1).

Proof. Thanks to Lemma 2 we have C   8 and with (2.16) it follows that

sup
hPW 1,φ

0 pΩq

xR, 2hy �

ˆ
Ω

φ|∇u|p|∇h|q dx

¤ sup
hPW 1,φ

0 pΩq

xR, 2hy �

ˆ
Ω

C φ|∇u|
�

2
C |∇h|

�
dx

� C
!

sup
hPW 1,φ

0 pΩq

@
R, 2

Ch
D
�

ˆ
Ω

φ|∇u|
�

2
C |∇h|

�
dx

)
� C }R}2�,p∇uq.

This proves the assertion. �

Combining Lemmas 8 and 9 we can conclude the following result.

Corollary 10 (Quasi-Triangle Inequality). Let φ be an N-function satisfying (2.1).

For R,S PW�1,φ�pΩq, u PW 1,φ
0 pΩq, we have that

}R� S}�,p∇uq À }R}�,p∇uq � }S}�,p∇uq.

The constants hidden in À only depend on the constants in (2.1).

Proof. Thanks to Lemma 8 we have

}R� S}2�,p∇uq ¤
1

2
}2R}2�,p∇uq �

1

2
}2S}2�,p∇uq

and hence the assertion follows from Lemma 9. �

The next lemma essentially states that for the steady state version of (1.1), the
nonlinear Poisson problem, the dual quasi-norm of the residual is equivalent to the
quasi-norm of the error. This is the underlying main principle in [BL93a, DK08,
BDK11]; compare with Remark 12.

Lemma 11. Let the N-function φ satisfy (2.1). For u,w PW 1,φ
0 pΩq set

R � �div Ap∇uq PW�1,φ�pΩq and S � �div Ap∇wq PW�1,φ�pΩq;

then,

}∇u�∇w}p∇uq � }R� S}�,p∇uq.

Proof. Thanks to (3.3) and (3.4) there exists wR�S PW
1,φ
0 pΩq such that

}R� S}2�,p∇∇uq �

ˆ
Ω

�
φ|∇u|

���
φ1|∇u|p|∇wR�S |q

�
dx

and �
Ap∇uq �Ap∇wq,∇v

�
0
�

�
φ1|∇u|p|∇wR�S |q

∇wR�S
|∇wR�S | ,∇v

�
0
,

for all v PW 1,φ
0 pΩq. Testing with v � wR�S and applying Young’s inequality (2.11)

for φ|∇u| on the left-hand side together with (2.13) and Proposition 3 proves Á.
On the other hand testing with v � u � w, applying Young’s inequality on the
right-hand side, and Corollary 4 proves À. �
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Remark 12. We shall briefly discuss the relevance of Lemma 11 in the case of the

nonlinear Laplace problem: Find u PW 1,φ
0 pΩq, such that

� div Ap∇uq � f in Ω and u � 0 on BΩ.

For an approximation V P W 1,φ
0 pΩq to u the residual in V is then given by f �

div Ap∇V q PW�1,φ�pΩq and we have by Lemma 11 the equivalence

}f � div Ap∇V q}�,p∇uq � }u� V }p∇uq

of error and residual. This is a crucial characteristic of the quasi-norm, which
allows for proving optimal estimates as in [BL93a, BL94, LY02, CLY06a, CLY06b,
DK08, DER07, BDK11, BBDR10].

3.3. Equivalence of Error and Residual. In this section we show that the above
introduced error concept is suitable for the nonlinear heat equation. In particular,
it provides the building blocks for an error measure on WpIq, which yields equiv-
alence of the error and the residual of (2.7). To this end, we fix an N-function φ
satisfying (2.1) and (2.4) for some p ¥ 2d

d�2 , p1 ¡ 1, with 1
p �

1
p1 � 1. We recall,

that under these assumptions there exists a unique weak solution to (1.1), which
we denote by u PWpIq.

The residual Respvq P Lp
1

pI;W�1,p1pΩqq of (2.6) in v PWpIq is given by

xRespvq, wy :� xf, wy � xBtv, wy � xAp∇vq, ∇wyΩ , w PW 1,p
0 pΩq,(3.5)

a.e. in I. We define the quasi-W-norm on WpIq by

}v}2W,p∇uq :�

ˆ
I

}Btv}
2
�,p∇uq � }v}2p∇uq dt� sup

tPI
}vptq}22.(3.6)

The following result states that integrating the dual quasi-norm of the residual in
time, it is equivalent to the corresponding error in the quasi-W-norm.

Theorem 13. Supposing the conditions of this section, we have for all v PW that

}u� v}2W,p∇uq À

ˆ
I

}Respvq}2�,p∇uq dt� }u0 � vp0q}22

and ˆ
Ĩ

}Respvq}2�,p∇uq dt À

ˆ
Ĩ

}Btpu� vq}2�,p∇uq � }u� v}2p∇uq dt

for all Ĩ � I. The constants hidden in À depend solely on the constants in (2.1).

Proof. We prove the second claim first. Recalling the definitions of the residual
(3.5) and the dual norm (3.2), we observe from (2.6) that, a.e. in I, we have

}Respvq}2�,p∇uq � sup
wPW 1,p

0 pΩq

xRespvq, wy � }w}2p∇uq

� sup
wPW 1,p

0 pΩq

xBtpu� vq, wy � xAp∇uq �Ap∇vq, ∇wyΩ � }w}2p∇uq.

Hence, the claim follows from Corollary 10 and Lemma 11.
In order to prove the first assertion, we observe by Corollary 4 that

d

dt
}u� v}22 � }u� v}2p∇uq

� xBtpu� vq, u� vy � xAp∇uq �Ap∇vq, ∇u�∇vyΩ
� xRespvq, u� vy

(3.7)
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a.e. in I. Defining wt :� wR as in (3.3) with R � Respvqptq, t P I, we conclude with
Young’s inequality (2.11) for δ ¡ 0, (3.4), and again Corollary 4 that

d

dt
}u� v}22 � }u� v}2p∇uq �

A
φ1|∇u|p|∇wt|q

∇wt
|∇wt| , ∇u�∇v

E
Ω

¤

ˆ
Ω

Cδ
�
φ|∇u|

���
φ1|∇u|p|∇wt|q

�
� δ φ|∇u|p|∇u�∇v|q dx

À Cδ}Respvq}2�,p∇uq � δ }u� v}2p∇uq,

a.e. in I. Choosing δ ¡ 0 small enough and integrating with respect to time yields

}uptq � vptq}22 À

ˆ t

0

}Respvq}2�,p∇uq ds� }u0 � vp0q}22(3.8)

for a.e. t P I andˆ t

0

}u� v}2p∇uq dt À

ˆ t

0

}Respvq}2�,p∇uq ds� }u0 � vp0q}22,(3.9)

for all t ¥ 0. On the other hand, by the definition of the residual (3.5), we have

}Btpu� vq}2�,p∇uq � sup
wPW 1,p

0 pΩq

xBtpu� vq, wy � }w}2p∇uq

� sup
wPW 1,p

0 pΩq

xAp∇vq �Ap∇uq, ∇wyΩ � xRespvq, wy � }w}2p∇uq

À }u� v}2p∇uq � }Respvq}2�,p∇uq,

a.e. in I, where the last inequality follows from Corollary 10 and Lemma 11. In-
tegrating this estimate with respect to time and combining it with (3.8) and (3.9)
proves the desired assertion. �

4. A Posteriori Error Estimates

In this section we shall use the balanced error concept of the previous section
to prove reliable and efficient residual based a posteriori estimates for the error of
an implicit Euler–Galerkin scheme. As before we fix an N-function φ satisfying
assumptions (2.1) and (2.4) for some p ¥ 2d

d�2 , p1 ¡ 1, with 1
p �

1
p1 � 1 in order to

ensure existence and uniqueness of the weak solution u PWpIq to (1.1). We further

use the abbreviations V :�W 1,p
0 pΩq �W 1,φ

0 pΩq and V� �W�1,p1pΩq �W�1,φ�pΩq.

4.1. The Backward Euler Galerkin Scheme. For the discretization in time we
let 0 � t0   t1   � � �   tN � T be a partition of p0, T q into half open subintervals
In � ptn�1, tns with corresponding local time step sizes τn :� |In| � tn � tn�1,
n � 1, . . . , N .

For the spatial discretization we use Lagrange finite elements of first order on
conforming simplicial grids. To be more precise, to each time tn, n � 0, . . . , N , we
assign a partition Gn of Ω into d-simplices. The intersection of any two elements
of such a partition Gn, n P t0, . . . , Nu is either empty or a complete k-dimensional
sub-simplex, 0 ¤ k   n. Moreover, we assume that the family tGnun�0,...,N of grids
is uniformly shape-regular, i. e., for each element E P Gn, n � 0, . . . , N , the ratio of
its diameter to the diameter of its largest inscribed ball is bounded by a constant
independent of E P Gn and n � 0, . . . , N . For n � 0, . . . , N the Lagrange finite
element space Vn :� VpGnq consists of all continuous piecewise affine functions over
Gn that vanish on the boundary BΩ.

On any interval In, n � 1, . . . , N, we let

fn :�

 
In

f dt �
1

|In|

ˆ
In

f dt

be the local mean value of f P Lp
1

pI;Lp
1

pΩqq on In.
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The discrete scheme is defined recursively: Starting from an approximation U0 P
V0 of the initial value u0, we define Un P Vn, n � 1, . . . , N , byB

Un � Un�1

τn
, Vn

F
Ω

� xAp∇Unq, ∇VnyΩ � xfn, VnyΩ for all Vn P Vn.(4.1a)

The unique solvability of this finite-dimensional problem follows immediately from
Brouwer’s fix-point theorem and the strict monotonicity of the nonlinear operator.
We denote the linear interpolation at pUn, tnq, n � 0, . . . , N , by

U|Inptq :�
t� tn�1

τn
Un �

tn � t

τn
Un�1.(4.1b)

With this definition U is continuous and piece-wise affine in time, which implies
that U PWpIq and hence we deduce from Theorem 13 the following result.

Corollary 14 (Abstract Error Bound). Supposing the assumptions and definitions
of this section we have that

}u� U}2W,p∇uq À
ˆ
I

}RespUq}2�,p∇Uq dt� }u0 � U0}
2
2

and

ˆ
Ĩ

}RespUq}2�,p∇Uq dt À

ˆ
Ĩ

}Btpu� Uq}2�,p∇uq � }u� U}2p∇uq dt,

for all Ĩ � I.

Proof. In order to prove the above assertions we observe from Lemma 5 that for
δ ¡ 0 we have

}R}2�,p∇uq ¤ sup
vPV

xR, vy �
1

Cδ
}v}2p∇Uq �

δ

Cδ
}u� U}2p∇uq

�
1

Cδ
}Cδ R}

2
�,p∇Uq �

δ

Cδ
}u� U}2p∇uq

¤ Cpδq }R}2�,p∇Uq �
δ

Cδ
}u� U}2p∇uq

for any R P V�. Analogously,

}R}2�,p∇Uq ¤ Cpδq }R}2�,p∇uq �
δ

Cδ
}u� U}2p∇uq.(4.2)

The constant Cpδq ¡ 0 results from a repeated application of Lemma 9 in the spirit
of (2.14). Together with Theorem 13 we obtain

}u� U}2W,p∇uq �
ˆ
I

}Btpu� Uq}2�,p∇uq � }u� U}2p∇uq dt� sup
tPI

}u� U}22

À

ˆ
I

}RespUq}2�,p∇uq dt� }u0 � U0}
2
2

À

ˆ
I

Cpδq }RespUq}2�,p∇Uq �
δ

Cδ
}u� U}2p∇uq dt� }u0 � U0}

2
2.

Recalling that Cδ is large for small δ, the term δ
Cδ

´
I
}u�U}2p∇uq dt can be absorbed

into }u� U}2W,p∇uq by choosing δ ¡ 0 small enough. This proves the first assertion

and the second one follows analogously. �
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4.2. Decomposition of the Residual. We fix n P t1, . . . , Nu. Recalling (3.5),
we can decompose the residual according to

RespUq � ReshpUq � Resτ pUq � f � fn(4.3)

with a spatial contribution

ReshpUq :� fn �
Un � Un�1

τn
� div Ap∇Unq on In,

a temporal contribution

Resτ pUq :� div Ap∇Uq � div Ap∇Unq on In,

and a data error. By the definition of the linear interpolant U , we have

Un � U|In �
�

1�
t� tn�1

τn

	�
Un � Un�1

�
on In. Consequently, by Lemmas 11 and 5 it follows that

}Resτ pUq}2�,p∇Uq � }Un � U}2p∇Uq � }Un � U}2p∇Unq

�

ˆ
Ω

φ|∇Un|

��
1� t�tn�1

τn

�
|∇Un �∇Un�1|

	
dx,

(4.4)

hence (2.12a) yieldsˆ
In

}Resτ pUq}2�,p∇Uq dt À

ˆ
In

ˆ
Ω

�
1�

t� tn�1

τn

	
φ|∇Un|

�
|∇Un �∇Un�1|

�
dx dt

�
1

2
τn}Un � Un�1}

2
p∇Unq.

On the other hand we get from (4.4) with Jensen’s inequality that

ˆ
In

}Resτ pUq}2�,p∇Uq dt Á τn

ˆ
Ω

φ|∇Un|

�
1
τn

ˆ
In

�
1� t�tn�1

τn

�
|∇Un �∇Un�1| dt

�
dx

� τn

ˆ
Ω

φ|∇Un|

�
1
2 |∇Un �∇Un�1| dt

	
dx

Á τn }Un � Un�1}
2
p∇Unq,

where we used that ∆2ptφau¥0q is bounded; see Lemma 2. We have thus proved
the following result.

Lemma 15 (Temporal Indicator). Suppose that the conditions of this section are
satisfied. Then we have for the temporal contribution to the residual in (4.3) thatˆ

In

}Resτ pUq}2�,p∇Uq dt � τn }Un � Un�1}
2
p∇Unq �: τnΘ2

n,(4.5)

where the hidden constants depend solely on ∆2ptφ, φ
�uq and thus on the constants

in (2.1).

The decomposition (4.3) is proper in the sense that the sum of the single con-
tributions is equivalent to the residual up to the term f � fn on In, n � 1, . . . , N ,
which measures the resolution of the right-hand side.

Lemma 16. For the decomposition (4.3) of the residual we have the upper bound
ˆ
I

}RespUq}2�,p∇Uq dt

À
Ņ

n�1

ˆ
In

}ReshpUq}2�,p∇Unq � }Resτ pUq}2�,p∇Unq � }f � fn}
2
�,p∇Unq dt
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as well as the lower boundˆ
In

}ReshpUq}2�,p∇Unq � }Resτ pUq}2�,p∇Unq dt

À

ˆ
In

}RespUq}2�,p∇Uq � }f � fn}
2
�,p∇Unq dt

for all n � 1, . . . , N .

Proof. Before we turn to proving the asserted estimates we first investigate the
change of the dual quasi-norm from } � }�,p∇Uq to } � }�,p∇Unq and vice versa. To
this end we fix n P t1, . . . , Nu and observe, as in (4.2), that for δ ¡ 0 there exist
constants Cδ, Cpδq ¡ 0 such that

}RespUq}2�,p∇Uq ¤ Cpδq }RespUq}2�,p∇Unq �
δ

Cδ
}Un � U}2�,p∇Unq(4.6)

and analogously

}RespUq}2�,p∇Unq ¤ Cpδq }RespUq}2�,p∇Uq �
δ

Cδ
}Un � U}2�,p∇Uq.(4.7)

Now, thanks to the first estimate, the upper bound follows from (4.4), the decom-
position (4.3), and the generalized triangle inequality in Corollary 10.

It remains to prove the lower bound. For the temporal residual we obtain by
Corollary 10 and (4.3) that

}Resτ pUq}2�,p∇Unq À }RespUq}2�,p∇Unq � }f � fn}
2
�,p∇Unq � }ReshpUq}2�,p∇Unq,

(4.8)

almost everywhere in In. For the spatial residual we use techniques from [Ver03].
To this end we observe that }ReshpUq}2�,p∇Unq is constant on In and therefore

ˆ
In

}ReshpUq}2�,p∇Unq dt �
ˆ
In

aptq}ReshpUq}2�,p∇Unq dt,

where

aptq :� pα� 1q
� t� tn�1

τn

	
for some α ¥ 0 to be determined later. Note that a ¥ 0 on In. Thanks to (4.3) and
Corollary 10 this impliesˆ

In

}ReshpUq}2�,p∇Unq dt À
ˆ
In

aptq}RespUq}2�,p∇Unq � aptq}f � fn}
2
�,p∇Unq

� aptq}Resτ pUq}2�,p∇Unq dt

¤ pα� 1q

ˆ
In

}RespUq}2�,p∇Unq � }f � fn}
2
�,p∇Unq dt

�

ˆ
In

aptq}Resτ pUq}2�,p∇Unq dt.

(4.9)

According to (4.4) the latter term can be estimated byˆ
In

aptq}Resτ pUq}2�,p∇Unq dt

�

ˆ
In

aptq

ˆ
Ω

φ|∇Un|

��
1� t�tn�1

τn

�
|∇pUn � Un�1q|

	
dx dt

¤

ˆ
In

ˆ
Ω

aptq
�
1� t�tn�1

τn

�
φ|∇Un| p|∇pUn � Un�1q|q dx dt,
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where we used (2.12a) in the last step. By Fubini’s Theorem and Lemma 15 this
yields ˆ

In

aptq}Resτ pUq}2�,p∇Unq dt À
�

1�
α� 1

α� 2

	ˆ
In

}Resτ pUq}2�,p∇Unq dt.

Therefore, combining this with (4.8) and (4.9), we getˆ
In

}Resτ pUq}2�,p∇Unq � }ReshpUq}2�,p∇Unq dt

À pα� 1q

ˆ
In

}RespUq}2�,p∇Unq � }f � fn}
2
�,p∇Unq dt

�
�

1�
α� 1

α� 2

	 ˆ
In

}Resτ pUq}2�,p∇Unq dt,

and hence with (4.7) and (4.4), for δ ¡ 0, we arrive at

À pα� 1q

ˆ
In

Cpδq }RespUq}2�,p∇Uq � }f � fn}
2
�,p∇Unq dt

�
�

1�
α� 1

α� 2
� pα� 1q

δ

Cδ

	 ˆ
In

}Resτ pUq}2�,p∇Unq dt.

Choosing α ¥ 0 large enough and δ ¡ 0 small enough the latter term can be
absorbed into the left-hand side. This finishes the proof. �

4.3. The Spatial Residual Resh. In the light of the previous section, namely
Lemmas 16 and 15, we need to investigate the spatial residual. In particular, fixing
n P t1, . . . , Nu, in this section we shall prove that the spatial residual on the interval
In can be estimated by

E2
n :�

¸
EPGn

E2
npEq :�

¸
EPGn

ˆ
E

�
φ|∇Un|

���
hE |Rn|

�
dx� hE} rrF p∇Unqss }22,BE .

(4.10)

Here Rn :� fn �
Un�Un�1

τn
and rrF p∇Unqss|S denotes the jump of F p∇Unq across

inter-element sides S P Sn of Gn, respectively rrF p∇Unqss � 0 on BΩ. The local

mesh-sizes are given by hE :� |E|
1{d

, E P Gn. In particular, we have the following
bounds.

Lemma 17 (Spatial Indicator). Suppose that the assumptions of this section are
satisfied. Then we have, with the notation introduced above, that

}ReshpUq}2�,p∇Unq À E2
n À }ReshpUq}2�,p∇Unq � osc2

n,

where

osc2
n �

¸
EPGn

osc2
npEq :�

¸
EPGn

min
REPR

ˆ
E

�
φ|∇Un|

���
hE |Rn �RE |

�
dx.(4.11)

The constants hidden in À depend solely on ∆2ptφ, φ
�uq and on the shape-regularity

of Gn.

Proof. The proof is similar to the proof of the error bounds in [DK08]. For this
reason we only sketch it and point out the differences.

We start by showing the first inequality. For arbitrary v P V we denote the
Scott Zhang quasi-interpolation into the finite element space Vn by Πn : V Ñ Vn;
see [SZ90]. From (4.1a) we observe that the spatial residual is orthogonal to Vn.
Consequently, we have

xReshpUq, vy � xReshpUq, v �Πnvy

� xRn, v �ΠnvyΩ � xAp∇Unq, ∇pv �ΠnvqyΩ .
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Note that Ap∇Unq is piece wise constant; hence, using integration by parts, we
obtain

xReshpUq, vy � xRn, v �ΠnvyΩ �
1

2

¸
EPGn

ˆ
BE

rrAp∇Unq � nss pv �Πnvq dσ

� Upper1 � Upper2,

where n denotes the unit outer normal on BE. We estimate the two terms separately.
For the first term we conclude with Young’s inequality (2.11) and interpolation
estimates for N-functions [DR07a] for arbitrary δ ¡ 0, that

Upper1 ¤
¸
EPG

ˆ
E

Cδ
�
φ|∇Un|

��
phE |Rn|q � δ φ|∇Un|

�����v �Πnv

hE

����


dx

À
¸
EPG

Cδ

ˆ
E

�
φ|∇Un|

��
phE |Rn|q dx� δ

ˆ
ΩE

φ|∇Un|E| p|∇v|q dx,

where ΩE :�
�
tE1 P Gn | E1XE � Hu. Note that the shift of the last term is fixed

to
��∇Un|E �� although the domain of integration ΩE covers the neighboring elements

of E as well. For his reason we apply Lemma 5 in order to obtain

Upper1 À
¸
EPG

#
Cδ

ˆ
E

�
φ|∇Un|

��
phE |Rn|q dx� δ

ˆ
ΩE

φ|∇Un| p|∇v|q dx

� δ
¸

E1�ΩE

ˆ
E1

φ|∇Un|
���∇Un|E �∇Un|E1

��� dx
+
.

Proposition 3 then implies

φ|∇Un|
���∇Un|E �∇Un|E1

��� � ��F p∇Un|Eq � F p∇Un|E1q
��2 ¤ ¸

SPΩE

|rrF p∇UnqssS |
2
.

Here we used the triangle inequality and that we can find a path from E to E1

only crossing sides S P S, S P ΩE . Thanks to of the shape-regularity of Gn, the
numbers of elements and inter-element sides contained in ΩE are bounded uniformly
in E P Gn. Moreover, for each E P Gn we have hE |S| � |E1| for all E1 P Gn and all
S P S with E1 � ΩE , S � E. Therefore, by the finite overlap of the ΩE and using
that rrF p∇Unqss is constant on each interior side, we arrive at

Upper1 À
¸
EPG

#
Cδ

ˆ
E

�
φ|∇Un|

��
phE |Rn|q dx� δ

ˆ
BE

hE |rrF p∇Unqss|2 dσ

+

� δ

ˆ
Ω

φ|∇Un| p|∇v|q dx;

(4.12)

for details see [DK08, Kre08]. We turn to the estimate of Upper2 observing, by a
standard scaled trace theorem and Young’s inequality (2.11), that

Upper2 ¤
1

2

¸
EPGn

¸
S�BE

�� rrAp∇Unqss|S ��
ˆ
S

|v �Πnv| dσ

À
¸
EPGn

¸
S�BE

�� rrAp∇Unqss|S ��
ˆ

ΩE

|∇v| dx

¤
¸
EPGn

¸
S�BE

ˆ
ΩE

Cδ

�
φ|∇Un|E|

	���� rrAp∇Unqss|S ���� δφ|∇Un|E|p|∇v|q dx,
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for any δ ¡ 0. To estimate the first term, we recall from Proposition 3 and (2.13)
that on BE we have�

φ|∇Un|E|

	�
p|rrAp∇Unqss|q �

�
φ|∇Un|E|

	� �
φ1|∇Un|E|

p|rr∇Unss|q
	

� φ|∇Un|E| p|rr∇Unss|q � |rrF p∇Uqss|2 .
(4.13)

For the second term, we are in the same situation as in the estimate of Upper1,
that the shift is fixed to

��∇Un|E ��. Consequently, using the same techniques as for
Upper1, we arrive at ????????

Upper2 À
¸
EPG

!
Cδ

ˆ
BE

hE |rrF p∇Unqss|2 dσ
)
� δ

ˆ
Ω

φ|∇Un| p|∇v|q dx.

In combination with (4.12) and the definition of the error indicators in (4.10), this
yields

xReshpUq, vy À Cδ E2
n � δ }v}2p∇Unq.

Consequently, for suitable chosen δ, we arrive at

xReshpUq, vy � }v}2p∇Unq À E2
n.

In view of the definition of the dual quasi-norm (3.2), taking the supremum over all
v P V proves the first estimate.

In order to prove the second inequality we recall the set of interior sides Sn of
Gn, i. e., for each S P Sn, there exists E1, E2 P Gn such that S � E1 X E2. We set
ωS :� E1 Y E2. For E P Gn and S P Sn we define bubble functions ψE P W 1,p

0 pEq

and ψS P W 1,p
0 pωSq, as the product of the corresponding barycentric coordinates

scaled by 1
d! and 1

pd�1q! respectively. Then there exists a constant C ¡ 0 only

depending on the shape-regularity of Gn such thatˆ
E

ψE dx � |E| , }ψE}8 ¤ C, }∇ψE}8 ¤
C

hE
,(4.14a)

and ˆ
S

ψS dσ � |S| , }ψS}8 ¤ C, }∇ψS}8 ¤
C

hS
,(4.14b)

where hS :� |S|
1
d�1 ; compare e.g. with [Kre08]. We investigate the single contribu-

tions to En separately. Fix E P Gn, and recall that
��∇Un|E �� P R is constant. Then

for each RE P R taking sE :� sgnpREq pφ|∇Un|E|q
�1p|hERE |q P R we have that

hEREsE �
�
φ|∇Un|E|

	�
p|hERE |q � φ|∇Un|E|psEq;

compare with (2.10). Consequently, by (4.14a), (2.11), and (2.14) we obtain for
δ ¡ 0 thatˆ

E

�
φ|∇Un|

��
p|hERE |q � φ|∇Un|p|sE |q dx �

ˆ
E

hEREsE dx �

ˆ
E

hEREsE ψE dx

�

ˆ
E

hERnsE ψE dx�

ˆ
E

hEpRE �RnqsE ψE dx

¤ xReshpUq, hEsE ψEyΩ

�

ˆ
E

Cδ
�
φ|∇Un|

��
p|hEpRE �Rnq|q � δφ|∇Un|p|sE ψE |q dx

À xReshpUq, hEsE ψEyΩ

�

ˆ
E

Cδ
�
φ|∇Un|

��
p|hEpRE �Rnq|q � δφ|∇Un|p|sE |q dx.
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The triangle inequality (2.15) and choosing δ ¡ 0 small enough then yieldsˆ
E

�
φ|∇Un|

��
p|hERn|q dx À xReshpUq, hEsE ψEyΩ

�

ˆ
E

�
φ|∇Un|

��
p|hEpRE �Rnq|q dx.

(4.15)

For the side contribution to En fix S P Sn, S � E, and recall (4.13). Like above
set

sES :� sgn
�
rrAp∇Unqnss|S

	�
φ|∇Un|E|

	�1 ����rrAp∇Unqnss|S ���	 P R,

where n is the unit outer normal with respect to S � E. Consequently, by (2.10),
(2.11), and (4.14b) we have for δ ¡ 0 thatˆ
S

hE

�
φ|∇Un|E|

	��
|rrAp∇Unqnss|

�
� hE

�
φ|∇Un|E|

	 ���sES ��� dσ
�

ˆ
S

rrAp∇UnqnsshEsES dσ �
ˆ
S

rrAp∇Unqnss sES hEψS dσ

�
@
ReshpUq, sES hEψS

D
Ω
�
@
hERn, s

E
S ψS

D
Ω

¤
@
ReshpUq, sES hEψS

D
Ω

�

ˆ
ωS

Cδ

�
φ|∇Un|E|

	�
phE |Rn|q � δ

�
φ|∇Un|E|

	 ���sES ψS ��� dx.
Shape-regularity of Gn and (4.14b) imply thatˆ

ωS

�
φ|∇Un|E|

	 ���sES ψS ��� dx À
ˆ
S

hE

�
φ|∇Un|E|

	 ���sES ��� dσ.
Note from [DK08] that |rrAp∇Unqssn| � |rrAp∇Unqss|. Therefore, choosing δ ¡ 0
small enough yields

ˆ
S

hE

�
φ|∇Un|E|

	� �
|rrAp∇Unqss|

�
dσ

À
@
ReshpUq, sES hEψS

D
Ω
�

ˆ
ωS

�
φ|∇Un|E|

	�
phE |Rn|q dx.

We recall that ωS � E Y Ẽ for some Ẽ P Gn and note that the last term in
the estimate has the wrong shift on Ẽ. The shift can be changed to

��∇Un|Ẽ �� using

Lemma 5 and observing by (4.13) that the resulting correction term can be absorbed
into the left-hand side of the estimate. Define ωE :�

�
S�BE ωS and note that,

depending on the shape-regularity of Gn, we have that hE � hẼ for all Ẽ P Gn,

Ẽ � ωE . Together with (4.15), (4.13), and the finite overlap of the patches, we thus
get ˆ

E

�
φ|∇Un|

��
p|hERn|q dx�

ˆ
BE

hE |rrF p∇Unqss|2 dσ

À

C
ReshpUq,

¸
SPSn,S�E

sES hEψS �
¸

ẼPGn,Ẽ�ωE

sẼ hẼψẼ

G
Ω

�
¸

ẼPGn,Ẽ�ωE

ˆ
Ẽ

�
φ|∇Un|

��
phẼ |Rn �RẼ |q dx.

(4.16)

Recall that RE P R, E P Gn was chosen arbitrarily. Whence summing over all
E P Gn and again accounting for the finite overlap of the ωẼ , Ẽ P Gn, we arrive at

E2
n À xReshpUq, vyΩ � osc2

n,
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where

v �
¸
EPGn

!
sE hEψE �

¸
SPSn,S�E

sES hEψS

)
.

Since ψS , ψE P V for all E P Gn and S P S we have v P V. Moreover, we can bound

}v}2p∇Unq �

ˆ
Ω

φ|∇Un| p|∇v|q dx

À
¸
EPGn

# ˆ
E

φ|∇Un| p|sE hE∇ψE |q dx

�
¸

SPSn,S�E

ˆ
ωS

φ|∇Un|
���sES hE∇ψS ��� dx

+

À
¸
EPGn

# ˆ
E

φ|∇Un| p|sE |q dx�
¸

SPSn,S�E

ˆ
ωS

φ|∇Un|
���sES ��� dx

+
,

where we used once again the finite overlap of patches, the quasi triangle inequality
(2.15), and (4.14). For S � BE changing the shift of the last addends to ∇Un|E on

the whole domain ωS , we obtain with Lemma 5, the definitions of sE , sES , (2.13),
and (4.13), that

}v}2p∇Unq À E2
n.

In other words, there exists a constant C ¡ 0 such that

E2
n ¤ xC ReshpUq, vyΩ � }v}p∇Unq � C osc2

n ¤ }C ReshpUq}2�,p∇uq � C osc2
n .

The assertion follows now from Lemma 9, arguing as in (2.14). �

Actually, in the proof of Lemma 17 we proved even a local lower bound for
the spatial residual. To see this, for each element E P Gn, we define the patch of
adjacent elements by

ωE :�
¤
tT 1 P Gn : T 1 � T or T 1 X T is a common sideu � Ω.

Note that this definition complies with the definition in the proof of Lemma 17.

Corollary 18. Suppose that the conditions of Lemma 17 are satisfied. Then, for
each E P Gn there exists vE PW 1,p

0 pωEq such that

E2
npEq À xReshpUq, vEy �

¸
ẼPGn,Ẽ�ωE

osc2
npEq

and

}vE}
2
p∇Unq À

¸
ẼPGn,Ẽ�ωE

E2
npEq.

Proof. With the same notation as in the proof of Lemma 17, we choose

vE :�
¸

SPSn,S�E
sES hEψS �

¸
ẼPGn,Ẽ�ωE

sẼ hẼψẼ .

This function can be estimated in the same way as the test function v in the proof
of Lemma 17. Therefore, the assertion is an immediate consequence of (4.16). �
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4.4. Reliable and efficient a posteriori estimates. We now assemble the ob-
servations previously made in order to prove a reliable and efficient a posteriori
estimate for the error of the approximations (4.1) to (2.6).

Theorem 19. Assume the conditions and notations of this section. We can es-
timate the error between the solution u P WpIq of (2.6) and its approximation
U PWpIq from (4.1) by

}u� U}2W,p∇uq À }u0 � U0}
2
2 �

Ņ

n�1

τn
�
E2
n �Θ2

n

�
�

ˆ
In

}f � fn}
2
�,p∇Unq dt

and

τn
�
E2
n �Θ2

n

�
À

ˆ
In

}Btpu� Uq}2�,p∇uq � }u� U}2p∇uq � }f � fn}
2
�,p∇Unq dt� τn osc2

n .

The constants hidden in À depend solely on the shape-regularity of the family of
grids tGnun�0,...,N and the constants in (2.1). The quantities En Θn, and oscn,
n � 1, . . . , N , are defined in (4.10), (4.5), and (4.11) respectively.

Proof. The estimates follow from Corollary 14 and Lemmas 16, 15, and 17. �

Several remarks are now in order.

1. Our result does not rely on the ’transition condition’ (compare with [Ver03,
Ver05]), which basically restricts the coarseness of a grid relative to the grid
of the previous time-step. This condition is crucial to handle simultaneously
the functions Un and Un�1, which are defined on different meshes. When using
A-stable θ schemes as in [Ver03, Ver05] this issue appears in the diffusion and
therefore the condition enters in both the proof of the reliability as well as the
efficiency estimate. For the implicit Euler scheme the transition condition can
be avoided at the price of the oscillation oscn in Lemma 17, which comprises
a control of the resolution of Un�1 on Gn; compare with [KMSS11]. This term
however can be a controlled a posteriori and only affects the efficiency of the
estimate in Theorem 19.

2. The term
´
In
}f � fn}

2
�,p∇Unq dt is a data error measuring the resolution of the

right-hand side with respect to the temporal variable. We can further estimate
this term assuming a more regular right-hand side f . Observe that

|f � fn| ¤

ˆ
In

|Btf | dt

almost everywhere in Ω provided f P C1pIn;Lq
1

pΩqq. The same estimate holds

for f P W 1,q1pI;Lq
1

pΩqq by a density argument. Consequently, by the convexity
of the dual quasi-norm Lemma 8 and Jensen’s inequality, we getˆ

In

}f � fn}
2
�,p∇Unq dt ¤

ˆ
In

���ˆ
In

|Btf | ds
���2

�,p∇Unq
dt

¤

ˆ
In

}τnBtf}
2
�,p∇Unq dt.

Note that for this estimate it is crucial that ∇Un and thus also the dual quasi-
norm do not depend on time.

3. The error concept in [CLY06b] does not lead to equivalence of error and residual
since it does not control the temporal derivative. Consequently the error and the
residual are not equivalent, which is demonstrated in their non optimal efficiency
estimate [CLY06b, Theorem 5.2].

4. As in [Ver03] the terms
´
In
}f � fn}

2
�,p∇Unq dt or

´
In
}τnBtf}

2
�,p∇Unq dt are not

computable, but unlike the linear case it is not clear how to estimate them
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by computable quantities; compare with [KMSS11, CF06]. Although, by the
definition of the dual quasi-norm, we can estimate

}f � fn}
2
�,p∇Unq ¤ sup

wPV

! ˆ
Ω

Cδ
�
φ|∇Un|

��
p|f � fn|q dt

� δφ|∇Un|p|w|q � φ|∇Un|p|∇w|q dx
)
,

a.e. in In, the shift ∇Un is not constant in space. To the best of our knowledge,
there is no Friedrichs inequality known in this case (for constant shift see e.g.
[Kre08] for a Friedrichs inequality). Hence in general the last two terms will not
cancel. In Section §5.1 below, we prove a fully computable bound for a modified
error quantity similar to the one in [CLY06b].

For some particular nonlinearities other estimates may apply, compare with
Remark 21.

5. Applications

This final section focuses on the practical applicability of the above theory. First
we shall prove a fully computable error bound for a modified error quantity. Finally
we illustrate by example concrete estimators for the power law (1.2).

5.1. Fully Computable Error Estimate. As remarked before, the error estima-
tor in Theorem 19 is not fully computable; compare also with the remarks below
Theorem 19. In fact, although the term

´
In
}f � fn}

2
�,p∇Unq dt can be interpreted as

data oscillation, determining the dual quasi-norm is an infinite dimensional prob-
lem. In the case of the (linear) heat equation one can benefit from a Friedrichs
inequality in order to deduce the computable boundˆ

In

}f � fn}
2
H�1 dt À

ˆ
In

}f � fn}
2
2 dt.

Numerical computations in [KMSS11] indicate that in some cases this term may
even dominate the temporal error indicator Θn. Whence it is worthwhile to further
elaborate upon this issue. Indeed, we can weaken the error measure and prove the
following result.

Theorem 20 (Fully Computable Estimate). Suppose that the conditions of Theo-
rem 19 hold and let additionally f P L1pI;L2pΩqq. Then, the following computable
error estimate holds:

sup
tPI

}uptq � Uptq}22 �
ˆ
I

}u� U}2p∇uq dt

À }up0q � Up0q}22 �
Ņ

n�1

τnpE2
n �Θ2

nq �

�
Ņ

n�1

ˆ
In

}f � fn}2 dt

�2

.

Proof. We start from (3.7) setting v � U PWpIq, i. e., for a.e. t P In we have

d

dt
}u� U}22 � }u� U}2p∇uq � xRespUq, u� Uy

� xReshpUq, u� Uy � xResτ pUq, u� Uy
� xf � fn, u� UyΩ .

Integrating with respect to t yields

}uptq � Uptq}22 À
ˆ
I

xReshpUq, u� Uy � xResτ pUq, u� Uy dt� }up0q � Up0q}22

�
Ņ

n�1

ˆ
In

}f � fn}2}u� U}2 ds
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andˆ
I

}u� U}2p∇uq À
ˆ
I

xReshpUq, u� Uy � xResτ pUq, u� Uy dt� }up0q � Up0q}22

�
Ņ

n�1

ˆ
In

}f � fn}2}u� U}2 dt.

Now similar arguments as in the proof of Theorem 13 and Young’s inequality lead
to

sup
tPI

}uptq � Uptq}22 �
ˆ
I

}u� U}2p∇uq dt

À

ˆ
I

}ReshpUq}2�,p∇Uq � }Resτ pUq}2�,p∇Uq dt

� }up0q � Up0q}22

�
δ

2
sup
tPI

}uptq � Uptq}22 �
1

2δ

�
Ņ

n�1

ˆ
In

}f � fn}2 dt

�2

.

Choosing δ ¡ 0 small enough we arrive at

sup
tPI

}uptq � Uptq}22 �
ˆ
I

}u� U}2p∇uq dt

À

ˆ
I

}ReshpUq}2�,p∇Uq � }Resτ pUq}2�,p∇Uq dt

� }up0q � Up0q}22 �

�
Ņ

n�1

ˆ
In

}f � fn}2 dt

�2

.

Arguing as in (4.6) together with Lemmas 15 and 17 proves the assertion. �

5.2. Application to the power law. We turn towards deducing explicit esti-
mates in the particular case of the power law; compare with (1.2). However, the
presentation may also serve as a guideline for more complicated nonlinearities.

Obviously, the N-function φptq :� 1
p t
p, t ¥ 0, corresponding to the power law

satisfy the conditions of Theorems 19 and 20 for p ¥ 2d
d�2 . Its dual is given by

φ�ptq � 1
p1 t

p1 , with 1
p �

1
p1 � 1 and we have thats ∆2pφq � 2p and ∆2pφ

�q � 2p
1

.

In order to provide a simple representation of the estimators Θn and En, n �
1, . . . , N , we have to consider the family of shifted N-functions tφaua¥0. In fact, by
applying Proposition 3 to the power law, we end up with

φ|P |p|Q|q � p|P | � |Q|qp�2 |Q|
2

(5.1)

for all P ,Q P Rd. Consequently (4.5) implies

Θ2
n �

ˆ
Ω

p|∇Un| � |∇pUn � Un�1q|q
p�2 |∇pUn � Un�1q|

2
dx.

Similarly we obtain from Lemma 2 for the dual N-function�
φ|P |

��
p|t|q � pφ�qφ1p|P |qp|t|q � φ�

2�
φ1p|P |q � |t|

�
|t|

2
,

for all P P Rd, t P R, and thus�
φ|P |

��
p|t|q �

�
|P |

p�1
� |t|

�p1�2
|t|

2
.(5.2)

This expression serves to deal with the element residual of En. For the jump residual,
we recall from (3.1) that

F pQq � |Q|
p�2
2 Q,(5.3)
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for all Q P Rd. Hence, by combining (5.2) and (5.3) with (4.10), we arrive at

E2
n �

¸
EPGn

ˆ
E

�
|∇Un|p�1

� |hEfn|
�p1�2

|hEfn|
2
dx

�

ˆ
BE

hE

�����|∇Un| p�2
2 ∇Un

�����2 dσ.
We conclude the paper with one last remark on the computability of the data error.

Remark 21. In the particular case of the power law, p ¥ 2, one may observe
from (5.1) that φaptq is monotone increasing in a ¥ 0. Thanks to the definition of
the dual quasi norm (3.2) and Young’s inequality (2.11), we thus have for δ ¡ 0
that

}f � fn}
2
�,p∇Unq dt ¤ sup

wPV

! ˆ
Ω

Cδφ
�p|f � fn|q dt� δφp|w|q � φ|∇Un|p|∇w|q dx

)

¤ sup
wPV

! ˆ
Ω

Cδφ
�p|f � fn|q dt� δφp|w|q � φp|∇w|q dx

)
a.e. in In. Since there is no shift involved, we can apply a Friedrichs inequality´

Ω
φp|w|q dx À

´
Ω
φp|∇w|q dx (see [Kre08]) and obtain

}f � fn}
2
�,p∇Unq À

ˆ
Ω

φ�p|f � fn|q dt �
1

p1

ˆ
Ω

|f � fn|
p1
dx.(5.4)

a.e. in In.
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