RELIABLE AND EFFICIENT A POSTERIORI ERROR
ESTIMATES FOR FINITE ELEMENT APPROXIMATIONS OF
THE PARABOLIC p-LAPLACIAN

CHRISTIAN KREUZER

ABSTRACT. We generalize the a posteriori techniques for the linear heat equa-
tion in [Ver03] to the case of the nonlinear parabolic p-Laplace problem thereby
proving reliable and efficient a posteriori error estimates for a fully discrete im-
plicite Euler Galerkin finite element scheme. The error is analyzed using the
so-called quasi-norm and a related dual error expression. This leads to equiv-
alence of the error and the residual, which is the key property for proving the
error bounds.

1. INTRODUCTION

In this work we shall prove reliable and efficient residual based error bounds for
fully discrete finite element approximations to the solution u : I x  — R of the
problem

Oyu — div A(Vu) = f in I xQ,
(1.1) u(0) = ug in Q,
u=0 on I x 09,

where Q c R, d € N, is a bounded open polyhedral spatial domain and I := (0,T)
is the temporal interval with some finite time 7" > 0. Precise assumptions on the
initial datum wug : 2 — R and the external force f : I x @ — R will be specified
later in §2.

The nonlinear vector field A : R¢ — R¢ is supposed to have power-law structure.
Common representatives are e.g. the power law or the Carreau law

A(Vu) = [Vul’ ™" Vu,

(1.2) .
A(Vu) = (v + (v — v) (K + |Vu|2)7)Vu,

respectively. Hereby x > 0, vg > v5, > 0, and p > dQ—fQ. The latter restriction on p

is due to analytical reasons and ensures the unique weak solvability of the problem;
compare with §2.

Finite element approximations of the steady state of (1.1), i. e., to the p-Laplacian
problem, have been widely investigated. Primary a priori results, relying on en-
ergy norm techniques, yield suboptimal convergence rates; see e.g. [Cia78, GMT75,
Cho89]. Introducing the so called quasi-norm, Barrett and Liu overcame this draw-
back and proved sharp a priori bounds in [BL93a]. The advantage of their approach
over energy norm techniques is, that in quasi-norms the residual is equivalent to the
error; we elaborate on this issue in Lemma 11 and Remark 12 below. As for linear
elliptic problems this implies that, up to a constant, the Galerkin approximation is
a best-approximation and whence optimal convergence estimates could be deduced
from interpolation estimates [EL05, DRO07a].
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Thanks to its outstanding success in the a priori analysis of the nonlinear Laplace
problem, the quasi-norm technique could be expected to play a crucial role in finite
element estimates for nonlinear parabolic problems (1.1) as well. This expectation
is supported by the results in [BL94, DERO7].

Recently, the quasi-norm technique also found its way into the a posteriori analy-
sis of the nonlinear Laplacian [LYO01, LY02, CK03, CLY06a, DK08, BDK11]. More-
over, those estimators can be used to design adaptive finite element methods with
optimal convergence rates; see [DK08, BDK11].

There have been also attempts to generalize those results to the a posteriori
analysis of nonlinear parabolic problems in [CLY06b]. Although therein the concept
of distance is based on the quasi-norm, it appears to be too weak. It particularly
lacks the control of the temporal derivative. As a consequence the obtained lower
bounds are somewhat suboptimal. In the linear case this issue has been solved by
Verfiirth [Ver03, Ver05] proving fully reliable and efficient a posteriori error bounds.
It is the purpose of this work to extend this approach, by means of the quasi-norm
technique, to parabolic problems with power law structure. We would like mention
that in the linear case the temporal derivative of a given function is controlled in
the dual norm of some Sobolev space. Since we deal with quasi-norms, which are
not norms, we need to generalize this error concept to a corresponding dual error
concept. This is the key for a generalization of the a posteriori analysis in [Ver03]
for the linear case. The plan of the paper is as follows.

In section §2 we revisit problem (1.1) in a more general setting. Based on so-
called N-functions we state the weak formulation of (1.1). The benefit of this
general setting is twofold. On the one hand it simplifies the proofs significantly
and on the other hand it allows us to simultaneously treat the cases p € [2,00) and
p € (1,2) as well as miscellaneous power law like models. Section §3 is concerned
with introducing the above mentioned error concept, which finally leads to a first
abstract a posteriori error estimate, namely the equivalence of error and residual.
This is then exploited in §4 in order to prove reliable and efficient estimates for the
error of a standard implicit Euler Galerkin finite element method. We finish the
work in section §5 dealing with the computability of the error bound and applying
the results to the concrete case of the power law (1.2).

2. THE WEAK FORMULATION AND PRELIMINARY RESULTS

In this section we shall introduce so called N-functions and related Orlicz—Sobolev
spaces. Among others, this abstract setting covers all nonlinearities in (1.2) for all
p € (1,00). Then, having the analytical framework at hand, we introduce the weak
formulation of (1.1). We conclude this section by collecting some preliminary facts
on N-functions.

2.1. The Weak Formulation. A convenient way of treating most nonlinearities
with power law structure is to utilize the concept of so-called N-functions. In
particular, a 'nice’ Young function, termed an N-function, is a continuous, convex,
and strictly monotone function ¢ : Rt — R™*, such that
#(0) =0 and ¢(s) >0, if s >0, lim ¢0s) =0, and lim (s) = o0,
s—>0 8 s—oL 8

where R™ denotes the non-negative real semi-axis. For more detailed information
on N-functions and related Orlicz and Orlicz-Sobolev spaces consider e.g. [RR91,
KK91, KR61, Mus83, Kre08].

Thanks to the convexity, for each N-function ¢ there exists a unique nonde-
creasing and right continuous function ¢’ : RT — R* such that ¢'(0) = 0 and
fos @'(r) dr = ¢(s); see [RR91]. However, for a quantitative numerical approach, we
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require more regularity: In particular, we assume
(2.1) e C*([0,0)) n C?((0,00)) and cs¢”(s) < ¢'(s) < Cs¢’(s), s =0,

for some constants C,c > 0.

An N-function ¢ is said to satisfy the As—condition if there exists a constant K
such that ¢(2s) < K¢(s). The smallest constant is then denoted by As(¢) and for
a family of N-functions {@s}eca we define A({Pg}aca) := maxeea Ao(dy). Let ¢
satisfy assumption (2.1), therefore (In¢'(s))’ < + and thus

cSs

2s
(2.2) In¢'(2s) —In¢'(s) < / %dr = 172 = ¢/(2s) <2Y¢¢/(s).
By the fundamental theorem of calculus and the transformation theorem, this im-
plies that an N-functions ¢ satisfying assumption (2.1) already satisfies the Ao-
condition.

For a measurable subset w < R?, we denote the classical Orlicz and Orlicz-
Sobolev spaces by L?(w) and W®(w), respectively. In other words, f € L?(w)
if [ o(|f])dx < oo and fe Wh?(w) if f,Vf € L?(w). The so-called Luxemburg
norm | f|g)w = inf{A > 0 : [ ¢(|f]/A)dx < 1} turns L?(w) into a reflexive
Banach space and W'¢(w) is a reflexive Banach space with the norm | - [|1, (). =
| l¢g)w + IV - () By Wy (w) we denote the closure of CF(w) in Wh?(w). As
usual LP(w), W'2(Q), and W, (w), p € [1, 0], denote the common Lebesgue and
Sobolev spaces with norms | - ||pw and | - |1 pw. For p € (1,00) and % + 1% =1
the dual of W, ”(w) is denoted by Wo_l’pl(w) with norm | - | -1 0. For w = Q
we skip the domain in the notion of the norm, e.g. |- ||, = | - [p.o- We denote
(v, wyg = fQ vwdx and by (-, -) all dual pairings regardless of the space-pairings
that are considered.

We define the nonlinear vector-field A : R — R? by

(2.3) M@:wmg|

For the weak formulation of the problem it is crucial that the spaces WO1 ()
together with L2(Q), and its dual (Wold)(Q))* form a Gelfand triple. For this
reason we assume there exists Cp,cog > 0, sg = 0 and p > dQ—fQ such that

for all Q € RY.

(2.4) cos? < o(s) <Cps? for all s > so.
Consequently, we get with % + 1% = 1 that
Wo?(9) = WoP(Q) = LA(Q) — W' (Q) = (Wy (@)™

compare e.g. with [KR61, §3]. Let LP(I; X) be the usual Bochner space with norm
| - lr(r;x), where X is some Banach space. We can thus define the weak solution
space for (1.1) by

(2.5)  W(I):= {ve LP(I; Wy P(Q)) | & e LF (I; WP (Q))} — C(I; L3(Q)).

Here the derivative d;v has to be understood in a distributional sense; compare with
[Z€190, GGZT4]. Note that we suppress the dependence of functions on variables
t, x if there is no risk of confusion. For I — R being an open interval define

lollwzy = ol Lo w2 @y + 1060l Lor (w10 (2)y + €58 5P [0(E)]2;

for v € W(I), whence W(I) becomes a reflexive Banach space with the norm | - lwiry-
Now we are in the position to state the weak formulation of (1.1): For f €
LY (I; LY (Q)) — LY (I; W17 (Q)) and uo € L*(Q), find u € W(I) such that, a.e.
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in I,
26) (Oru, wy + (A (Vu), Vwy, = {f, wdg,  for all we WyP(Q),
. u(0) = ug in L*(Q).

This is equivalent to

(2.7) /I<6tu, wy + (A(Vu), Vw)g dt + (u(0), wo)g = /I<f7 wyq, dt + {ug, wo)q

for all (w,wo) € LP(I; Wy P(Q)) x L2(Q).
By [DEO08, Lemma 20] we have for all P, Q € R that

(A(P)-A@Q) - (P-Q) 2 ¢"(IP|+]Q) IP-QI",
|A(P) - AQ)| £ ¢"(IP|+1QD P - Q|

and thus the operator —div A(V-) : Wy P(Q) — W~ (Q) is strictly monotone.
Consequently existence and uniqueness of the solution u € W(I) follow by means of
the theory of monotone operators; see [GGZ74].

It is worth noticing that for p > % the power law as well as the Carreau law
perfectly fit into the introduced framework by defining

(2.8)

p—2

1 S
@(s) := — s respectively ¢(s) := / (Voo + (o — v ) (K +1%) 2 )rdr.
p 0
We will come back to this issue later in Section §5.2.

2.2. Additional Facts on N-Functions. In this section we collect some well-
known facts on N-functions and introduce the so-called shifted N-functions, which
play a crucial role in the subsequent analysis. For detailed proofs we refer to the
literature, e.g. [RR91, KK91, KR61, Mus83, DE08, Kre08].

N-functions come in mutually complementary pairs. In particular, for an N-
function ¢ we can define its dual by

(2.9) ¢*(s) := max{rs — ¢(r) : v = 0}.

It follows that ¢* itself is an N-function and (¢*)* = ¢. If ¢ satisfies (2.1) then
also ¢* does; see [DE08, Kre08]. Therefore, thanks to (2.2), ¢* also satisfies the
As-condition. An immediate consequence of the definition of the complementary
function is the Young inequality

(2.10) sr < @(s) + @*(r) for all s,r > 0,

where equality is obtained if r = ¢'(s) or s = (¢*)'(r). Thanks to the Ag-condition,
a scaled Young inequality also holds, i.e., for each § > 0 there exists a constant
Cs > 0 depending on Ay(¢) (and hence on the constants in (2.1)), such that

(2.11) st < Csp(s) +0¢™(r) for all s,7 = 0.

Note that by means of the As-condition (L?(Q2))* = L®*(€). In analogy to the
dual Sobolev spaces W17 () we denote by W~1¢*(Q) the dual of Wy ?(Q).

Proposition 1. Let ¢, be N-functions. Then, for all s =0 ,

(2.12a) dlas) <ad(s)  forall aelo,1],
(2.12D) 59(5) <os) <s(s),

(2.12¢) s < (6%)7H(s) 97" (s) < 2,

(2.124) o(TN) <o) <6 (27),

(2.12¢) o(s) <p(s) = P*(s) < B*(s).
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For N-functions ¢ satisfying the As-condition, (2.12b) and (2.12d) imply that
there exists constants ¢, C' > 0, such that

(2.13)  co(s) <s¢'(s) <Co(s) and  co*(s) < o((¢*) (s)) < Cd*(s)
for all s > 0. For each constant C' < 2*, k € N we have
(2.14) d(C't) < An(p)fop(t) forall t =0,

and by the convexity of ¢ it follows that

Az(9)
2

The As-condition of an N-function also affects its dual function. In particular, for
all constants Ay(¢*) < C' < o0, we have that

(2.15) d(s+1) < %(;5(225) + %(Z)(Zs) < (o(s) + ¢(t)) for all s,t > 0.

(2.16) o(s) < é¢(% s), s=0.

The smallest such constant is called Va(¢) = Ag(¢*).

3. A BALANCED ERROR CONCEPT

In order to prove reliable and efficient residual based estimates we need an error
concept that complies with the nonlinear structure of the problem. For that reason
we shall introduce the so called quasi-norm and define a related dual quasi-norm.
Based on this error concept we can finally conclude the equivalence of the error and
the residual following the approach of Verfiirth in [Ver03].

For the rest of this paper we use the notation v < w to indicate v < Cw, with a
generic constant C' > 0 solely depending on some fixed parameters like the constants
in (2.1) and the domain . We denote v < w < v as v ~ w.

3.1. Shifted N-functions and the Quasi-Norm. Several studies on steady par-
tial differential equations with power law structure show that the quasi-norm is the
optimal expression to deal with the error of nonlinear problems with power law
structure; see e.g. [BL93a, BL93b, DE0S, DK08, Kre08, BDK11].

For a fixed ¢ satisfying (2.1), we introduce the family of shifted N-functions

{¢a}a20 by

_dats)

d(s) = T

and  @q(s) 1= /OS &l (r) dr.

Those functions are N-functions as well. In the following we present properties
of this family of N-functions without proof. The interested reader is referred to
[DE08, DK08, Kre08, Krel2, DRO7b].

Lemma 2. Let ¢ be an N-function that satisfies (2.1). Then Ao({¢a, (da)*}az0) 18
uniformly bounded only depending on As({p, *}) and thus on the constants in (2.1).
Moreover, for all s = 0 we have

(@")¢(a)(5) ~ (¢a)*(5).

We next introduce the nonlinear vector field F' : R — R¢ by

(3.1) F(Q) = VIAQ)] |Q||g| ~ \/¢(IQI)|8| for Q € RY,

The following Lemma from [DEOS8] is concerned with the relation between A, F',
and {¢a}a20~
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Proposition 3. Let ¢ be an N-function that satisfies (2.1). For all Q, P € R* we
have that

(A(P)-A(Q): (P-Q) ~ |F(P)- F(Q)|
~¢"(|P|+|P-Q))|P-Q
~ ¢ip|(|P — Q));

and

|A(P) — A(Q)| ~ ¢ip|(IP — Q).
This directly implies the next result.
Corollary 4 (Quasi-Norm). Let ¢ be an N-function that satisfies (2.1). Then, for
all v,w e W§’¢(Q) we have
/ (A(Vv) — A(Vw)) - (Vv — Vw) dx
Q
~ |F (Vo) — F(Vw)|3

m/</>”(|Vv|+|V(v—w)|)|Vv—Vw|2 do
Q

~ | vo(IVv = V) dz =: v —w|{g,)
Q

The three equivalent quantities of Corollary 4 naturally arise from the nonlin-
earity of the problem. For historical reasons we refer to them as the quasi-norm of
v—w; cf. also Remark 7. We note that W(}’¢(Q) = W()l’¢'v'”' (©2) and that in particu-
lar the topology induced to WO1 ¢(Q) by the quasi norm is equivalent to the topology
induced by the norm | - |1 (4). The expression d(v,w) := |F(Vv) — F(Vw)||z is a
metric on Wy'?(9Q).

The next results deal with the question how the N-functions of the family {¢4}o>0
are related to each other.

Lemma 5. Let ¢ be an N-function satisfying (2.1). Then for all P,Q € R? and
t > 0 we have

¢1p|(t) < dlq(t) + d/p|(IP — Q).
Moreover, for all 6 > 0 there exists a constant Cs > 0 such that, for all P,Q € R¢,
op|(s) < (1 +Cs) diqi(s) + 6 ¢1p (1P — Q)

and

(@1p))*(s) ® (14 Cs) (¢q))*(5) + 0 ¢p|(|1P = Q).

Corollary 6. Let ¢ be an N-function that satisfies (2.1). We then have for all
P.Q e R? that

¢ (1P —Q[) ~ ¢q(IP—Q|) and ¢p (P —Ql) =~ ¢q(|P —Ql).

Remark 7. A distance measure named quasi-norm was first introduced by Barrett
and Liu in [BL93a, BLI3b] into a priori analysis of finite elements for nonlinear
problems. For this error concept they proved optimal a priori error estimates. In
particular, for the power law ¢(s) = %51’ with p € (1,0), they use

/ (|Vul + |[Vu — V| )p_2 |Vu — Vo|* da
Q
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which in turn is equivalent to
R~ / " (|Vul + [V(u—0)]) |[Vu — vol|® da.
Q

Consequently, our approach gemeralizes this concept to N-functions satisfying as-
sumption (2.1).
3.2. The Dual Quasi-Norm. We recall that, for v € W(I), we have that dv €
W-Le* (Q) a.e. in I. Consequently, in order to control the temporal derivative, a
dual distance on W19 (Q) is required.

To motivate this so-called dual quasi-norm we first take a closer look at the dual
norm || - [|—1, on W4 (Q), p € (1,0) and % + i = 1. We observe that the
N-functions s — 1s? and s — isp' are dual in the sense of (2.9). From this one

can deduce that
1

/ 1
SIRIZ, = sup (R, w)——|wl|}
p/ P weWol’p(Q) p b

for R € W=1'(Q). Recalling Corollary 4 for a fixed N-function ¢ satisfying (2.1),
this expression can be easily generalized to the quasi-norm context by defining

”R“i,(Vu) = sup <Ra ’LU> - Hw“%Vu)
weWOL‘b(Q)

— s (Rowy— /Q drv)(1V]) dz,

weW,y ?(Q)

(3.2)

for R e W14"(Q)) and u € Wy?(Q). Note the analogy to the definition of the
dual N-function (2.9). The operator on the right-hand side is Fréchet differentiable
and thanks to the theory of monotone operators its supremum is actually attained

at wg € WO1 ¢(Q) satisfying the nonlinear equation
. VwR . _ *

It turns out that the dual quasi-norm of R is equivalent to the quasi-norm of wg.
In particular, thanks to (2.10), (3.3), and (2.13), we have that

IRIE sy = R wn)— | dpou(Vunl)do

(3.4) @
®

= [ @)’ Glou(VunD) ds ~ [ oreu(Vurhds.

Some properties of the dual quasi-norm are collected in the following statements.

Lemma 8 (Convexity). Let the N-function ¢ satisfy (2.1). For R,S € W1 (Q)
and u € Wol"b(ﬂ), we have that

[A=6)R+6S5]s,vu) S (L= O)R]s,vu) + 0S5, vu)
for all 6 € 0,1].
Proof. Thanks to the definition of the dual quasi-norm we have

[1=0R+652 gy = s (U=6)R+0S 1)~ [ Gou(ITh)ds
hewy () Q

g(l—@){ sup (R, h>—/ﬂ¢>wu\(|Vh|)dx}

ReW ) ()

+0{ sup {8, h>—/Q¢Wu|(|Vh|)dx}.

heW * ()

This is the assertion. O



8 C. KREUZER

Lemma 9. Let the N-function ¢ satisfy (2.1). For R € W~29%(Q) we have
2RI (v < C IR

2
*,(Vu)?
with C' = Ag({(da)*}az0) < 0 solely depending on the constants in (2.1).

Proof. Thanks to Lemma 2 we have C < o0 and with (2.16) it follows that

sup (R, 2hy — /Q dr9u(IVA]) do

heWy ? ()
< sup (R, 2h>—/0¢\w|(% IVh|) da
heWwy () Q
:c{ sup (R, Zh)— / ¢|W|(%|Vhl)dm} = C|RI; (vu)-
heWy *(Q) Q
This proves the assertion. O

Combining Lemmas 8 and 9 we can conclude the following result.

Corollary 10 (Quasi-Triangle Inequality). Let ¢ be an N-function satisfying (2.1).
For R,S e W=1¢"(Q), u e Wol’(b(Q), we have that

IR+ S

5, (V) S [ Bl (va) + 1Sk, (vu)-
The constants hidden in < only depend on the constants in (2.1).

Proof. Thanks to Lemma 8 we have

1 1
IR+ S[% vy < §”2RH§=,(vu) + 5“25

2
#,(Vu)

and hence the assertion follows from Lemma 9. O

The next lemma essentially states that for the steady state version of (1.1), the
nonlinear Poisson problem, the dual quasi-norm of the residual is equivalent to the
quasi-norm of the error. This is the underlying main principle in [BL93a, DKOS,
BDK11]; compare with Remark 12.

Lemma 11. Let the N-function ¢ satisfy (2.1). For u,w € Wol’qﬁ(Q) set
R=—divA(Vu) e W 5" (Q)  and S =—divA(Vw)e W 1" (Q);
then,
IVu = Vuwl|ivu = [R =S, vu-

Proof. Thanks to (3.3) and (3.4) there exists wgr_g € W, () such that
IR~ S8 oy = [ Gr9u)* (Gfpu(IVun-sD) ds

and

Vwr_
(A(Vu) — A(Vw), Vv) , = (¢TVu|(|VwR—S|) Nt V),
for all v e Wol"b(Q). Testing with v = wg_g and applying Young’s inequality (2.11)
for ¢jv, on the left-hand side together with (2.13) and Proposition 3 proves 2.
On the other hand testing with v = w — w, applying Young’s inequality on the
right-hand side, and Corollary 4 proves <. ]
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Remark 12. We shall briefly discuss the relevance of Lemma 11 in the case of the
nonlinear Laplace problem: Find u € W&’¢(Q), such that

—divA(Vu)=f inQ and u=0 on 0.

For an approximation V € Wol’d)(Q) to u the residual in V is then given by f +
div A(VV) € W19™(Q) and we have by Lemma 11 the equivalence

If + div A(VV) s vy & [u=V(vu)

of error and residual. This is a crucial characteristic of the quasi-norm, which
allows for proving optimal estimates as in [BL93a, BL94, LY02, CLY06a, CLY06b,
DKO08, DER07, BDK11, BBDR10].

3.3. Equivalence of Error and Residual. In this section we show that the above
introduced error concept is suitable for the nonlinear heat equation. In particular,
it provides the building blocks for an error measure on W(I), which yields equiv-
alence of the error and the residual of (2.7). To this end, we fix an N-function ¢
satisfying (2.1) and (2.4) for some p > (f—fw p’ > 1, with zl? + 5 = 1. We recall,
that under these assumptions there exists a unique weak solution to (1.1), which
we denote by u € W(I).
The residual Res(v) € LY (I; W12 (Q)) of (2.6) in v € W(I) is given by

(35)  (Res(v), w) = (f, w) — (A, w) —(A(V0), Vg,  weWgT(Q),
a.e. in I. We define the quasi-W-norm on W(I) by
(3.6) 1013, (vay = | 10¢0]3 (vuy + I0Fwa) dt + sup [o(®)]3.

I tel

The following result states that integrating the dual quasi-norm of the residual in
time, it is equivalent to the corresponding error in the quasi-W-norm.

Theorem 13. Supposing the conditions of this section, we have for all v e W that
lu = vl (vu) < /1 | Res(0) I3 (v dt + luo = v(0)|13
and

N Res()3, (vay dt < [ 100(u = )5 (g + u = vlEgy dt
I I

for all I ¢ I. The constants hidden in < depend solely on the constants in (2.1).

Proof. We prove the second claim first. Recalling the definitions of the residual
(3.5) and the dual norm (3.2), we observe from (2.6) that, a.e. in I, we have

| Res(0)[3 vy = sup  (Res(v), w) — |w|fg,)
weW, P ()
= sup <{0(u—v), w)+{A(Vu) — A(Vv), Vw), — H“’H%vu)-
weW, P ()

Hence, the claim follows from Corollary 10 and Lemma 11.
In order to prove the first assertion, we observe by Corollary 4 that

d
= ol + u = vl

(3.7) ~ (O¢(u —v), u —v) + (A(Vu) — A(Vv), Vu — Vv),
= (Res(v), u —v)
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a.e. in I. Defining wy := wg as in (3.3) with R = Res(v)(t), t € I, we conclude with
Young’s inequality (2.11) for § > 0, (3.4), and again Corollary 4 that

d w
=l + u = vl ~ (dlow (Vi) B, Vu=Vo)

S/QCé(@vm)*((bfvu\(wwﬂ)) + 0 ¢yvu(|Vu = Vv|) dz

< Cs[ Res(v) 15 (wuy + 0w = vlfgu),

a.e. in I. Choosing § > 0 small enough and integrating with respect to time yields

(3-8) Ju(t) —v(®)]3 < / | Res(v)[5 (wuy ds + [uo — v(0)]3
for a.e. t € I and
¢ t
69 [ vyt s [ 1RO g s+ fuo— 0O
for all ¢ > 0. On the other hand, by the definition of the residual (3.5), we have
locu =) vy = sup i(u—v), w) —wlgy,
weWy P(Q)
= sup  (A(Vv) = A(Vu), Vu)g + (Res(v), w) — |wlig,,
weWy P(Q)

A

lu = vllfgw) + IRes(V)3 (v
a.e. in I, where the last inequality follows from Corollary 10 and Lemma 11. In-

tegrating this estimate with respect to time and combining it with (3.8) and (3.9)
proves the desired assertion. O

4. A PoOSTERIORI ERROR ESTIMATES

In this section we shall use the balanced error concept of the previous section
to prove reliable and efficient residual based a posteriori estimates for the error of
an implicit Euler-Galerkin scheme. As before we fix an N function ¢ satisfying
assumptions (2.1) and (2.4) for some p > d+2, p' > 1, with 1 5+ L =1 in order to
ensure existence and uniqueness of the weak solution u € W(I ) ( 1). We further
use the abbreviations V := W, *(Q) = Wy'?(Q) and V* = Wﬁl’pl(Q) = W19"(Q).

4.1. The Backward Euler Galerkin Scheme. For the discretization in time we
let 0 =ty <t; <--- <ty =T be a partition of (0,7) into half open subintervals
I, = (tp—1,ts] with corresponding local time step sizes 7, := |I,| = tn — tn—1,
n=1,...,N.

For the spatial discretization we use Lagrange finite elements of first order on
conforming simplicial grids. To be more precise, to each time t,, n =0,..., N, we
assign a partition G, of  into d-simplices. The intersection of any two elements
of such a partition G,,, n € {0,..., N} is either empty or a complete k-dimensional
sub-simplex, 0 < k < n. Moreover, we assume that the family {G,},=o,... n of grids
is uniformly shape-regular, i.e., for each element E € G,,, n =0,..., N, the ratio of
its diameter to the diameter of its largest inscribed ball is bounded by a constant
independent of E € G, and n = 0,...,N. For n = 0,..., N the Lagrange finite
element space V,, := V(G,,) consists of all continuous piecewise affine functions over
G,, that vanish on the boundary Q.

On any interval I,, n =1,..., N, we let

][fdt |M/ ot

be the local mean value of f € L¥' (I; L*' () on I,,.
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The discrete scheme is defined recursively: Starting from an approximation Uy €
Vo of the initial value ug, we define U, € V,, n =1,...,N, by

(4.1a) <U"_U”‘1 Vn> +{A(VU,), VVidg = {fn, Vidy  forall V, € V,,.
Q

n

The unique solvability of this finite-dimensional problem follows immediately from
Brouwer’s fix-point theorem and the strict monotonicity of the nonlinear operator.
We denote the linear interpolation at (Uy,,t,), n =0,...,N, by

t—ty_ t, —1t
(4.1b) U, () = —"LU, +

Tn Tn

Up—1.

With this definition i/ is continuous and piece-wise affine in time, which implies
that & € W(I) and hence we deduce from Theorem 13 the following result.

Corollary 14 (Abstract Error Bound). Supposing the assumptions and definitions
of this section we have that

i = UL, guy < / | Res(@)2 v, dt + [0 — Ul
and

N Res@)I3 (wuy dt < | 10u(u = U)IZ (guy + u = UlEgn) dt,
I I

forallI c 1.

Proof. In order to prove the above assertions we observe from Lemma 5 that for
6 > 0 we have

1 )
R|? <sup(R, v) — —|[v|? + —|ju—U|>?
IR (a0 < sup (R, ) = Glolfou + gollu = Uliew

1 2 0 2
=G 1Cs Rl (vuy + o lu —U[(vw)
)
< C(8) IRI wuy + e Uligw)

for any R € V*. Analogously,

(4.2) IR

1)
2wy SCO)|RIZ (vuy + A

& lu=ulfs,,

The constant C'(6) > 0 results from a repeated application of Lemma 9 in the spirit
of (2.14). Together with Theorem 13 we obtain

i =l = [ 10 = Uy + T = Ul + sup = U3
< [ IResOIE o dt+ o = Uil
< [ CO) I Res@OIE wuy + G- = Ul dt + Lo = Uil
Recalling that Cs is large for small , the term c% J; I —U||?Vu) dt can be absorbed

into |lu — U|3, (vu) Py choosing § > 0 small enough. This proves the first assertion
and the second one follows analogously. O
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4.2. Decomposition of the Residual. We fix n € {1,..., N}. Recalling (3.5),
we can decompose the residual according to

(4.3) Res(U) = Resy (U) + Res-(U) + f — fn
with a spatial contribution
U, —Uy,-
Resy (U) i= frn — ——""L 4 divA(VU,)  on 1,
TTL

a temporal contribution
Res, (U) := div A(VU) — div A(VU,) on I,

and a data error. By the definition of the linear interpolant U, we have

t— tn,l) (Un _ Un71)

U, — Uy, = (1—

n

on I,,. Consequently, by Lemmas 11 and 5 it follows that
| Res @5 vy ~ 1Un = Ul ~ 1Un = Uy,

(4.4) _ / drvu, (1 = 5222) [VU, — VU, | ) d

hence (2.12a) yields

/ | Res, )2 v, dt</ / (— 1) by, (10U = VUpoal) dode

= 5 TnHUn - Unle(VUn)
On the other hand we get from (4.4) with Jensen’s inequality that

/I [ Resr(u)”i,(vu) dt 2 7'n/Q¢|VUn| (Tln/l (1- tiiiz_l) VU, — VU,_1] dt) dx

n

= Tn/ AU, (% VU, — VU,_1] dt) dx
Q

R Tn HUn - Un—lH%VUn)ﬂ

where we used that As({@s}>0) is bounded; see Lemma 2. We have thus proved
the following result.

Lemma 15 (Temporal Indicator). Suppose that the conditions of this section are
satisfied. Then we have for the temporal contribution to the residual in (4.3) that

(4.5) /I [ ReST(u)”i,(vu) dt ~ 7 |Un — Un—lu(QVU,,L) =: 7,0},

where the hidden constants depend solely on Ay({¢, p*}) and thus on the constants
n (2.1).

The decomposition (4.3) is proper in the sense that the sum of the single con-
tributions is equivalent to the residual up to the term f — f, on I,,, n=1,... N,
which measures the resolution of the right-hand side.

Lemma 16. For the decomposition (4.3) of the residual we have the upper bound

/1 | Res@)|2,up dt

N
$ 0 [ IR QOLE (o, + [ Rese@OIE o,y + 1 = Fullwusy
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as well as the lower bound

/1 | Resu @[3 v,y + | Res- U5 wu,) dt

/ | Res@) 12 vy + 1f = il (0,

foralln=1,...,N.

Proof. Before we turn to proving the asserted estimates we first investigate the
change of the dual quasi-norm from | - [« (v to | - |l (vw,) and vice versa. To
this end we fix n € {1,..., N} and observe, as in (4.2), that for 6 > 0 there exist
constants Cy, C(d) > 0 such that

(4.6) | Res@)|3, (very < C(6) [Res@)3 v, t o (YU

and analogously

é
A7) [Res@)I3 (vu,) < CO) | Res@)I3 (way + G 1Un = U3 vy

Now, thanks to the first estimate, the upper bound follows from (4.4), the decom-
position (4.3), and the generalized triangle inequality in Corollary 10.

It remains to prove the lower bound. For the temporal residual we obtain by
Corollary 10 and (4.3) that

(4.8)
I Res @113 (vu,y S IRes@Oz (wuy + 1 = fali (vu,) + | Resn @3 (vu,)»

almost everywhere in I,,. For the spatial residual we use techniques from [Ver03].
To this end we observe that || Resy (U) |2 (vu,,) 18 constant on I, and therefore

| IR, @I o,y dt = [ a| Resn@OR o,

In

where

a(t) == (o + 1)(@)

Tn

for some « > 0 to be determined later. Note that a = 0 on I,,. Thanks to (4.3) and
Corollary 10 this implies

[ IR @OE oyt 5 [ el Res@DIE o, + a1 = £l o)

n

a(t)| Res, (U) i,(VU,L) dt

<(a+1) / IReS@OI2 ouy + 1 = Full2

4.9
(49) L

N /I a(t)| Res, (U)|2 vy, dt.

n

According to (4.4) the latter term can be estimated by

[ ol Res. @12 o,
%/ a(t)/ ¢|VUH|((1 — ) |9(U, — Un_1)|) dz dt
/ / )(1— =221 dpvu, | (IV(Un — Una)) dadt,
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where we used (2.12a) in the last step. By Fubini’s Theorem and Lemma 15 this
yields

a+1

| a0 Res @1 oo, e s (1= 575) [ 1 Res @Ol o, .
Therefore, combining this with (4.8) and (4.9), we get

/I | Res-U)[3 vu,) + | Resn@)[ (vv,,) dt

(0 +1) / IResW)|2 o, + I1f = fal.cwur,, dt

a+1
/ | Res, )2 w0

and hence with (4.7) and (4.4), for § > 0, we arrive at

<(at1) / c@)| Res(mni(m F1F = Fal2 0, dt

a+1
+(1_m+( a+1)4 /IIReST I (wu,) dt-

Choosing a > 0 large enough and § > 0 small enough the latter term can be
absorbed into the left-hand side. This finishes the proof. O

4.3. The Spatial Residual Resy. In the light of the previous section, namely
Lemmas 16 and 15, we need to investigate the spatial residual. In particular, fixing

n € {l,..., N}, in this section we shall prove that the spatial residual on the interval
I, can be estimated by
(4.10)
&= N EE) = Y [ (Grov)" (p|Rul) do+ bl IPVUD o
EegG, EBeG, ' E

Here R, := f, — 2 i]” * and [F(VUy)]|g denotes the jump of F(VU,) across

T

inter- element sides S € S, of G, respectlvely [F(VU,)] = 0 on 09. The local

mesh-sizes are given by hg := |E |1/ ¢ E €G,. In particular, we have the following
bounds.

Lemma 17 (Spatial Indicator). Suppose that the assumptions of this section are
satisfied. Then we have, with the notation introduced above, that

| Resn@)I3 v,y < €n < [ Resu@)] v, + o0sci,

where

(4.11) osc? = Z osc?(E) := Ignirﬁ%/ (d)\VUn\)*(hE |R, — Rg|) dx
Eeg, EBeg, " E

The constants hidden in < depend solely on Aq({@, d*}) and on the shape-regularity
of Gy,

Proof. The proof is similar to the proof of the error bounds in [DKO08]. For this
reason we only sketch it and point out the differences.

We start by showing the first inequality. For arbitrary v € V we denote the
Scott Zhang quasi-interpolation into the finite element space V,, by II,, : V — V,;;
see [SZ90]. From (4.1a) we observe that the spatial residual is orthogonal to V,,.
Consequently, we have

Resp(U), vy = Resy(U), v — ,v)
={(Ry, v —I,v)q —(A(VU,), V(v —1I,v))q .
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Note that A(VU,) is piece wise constant; hence, using integration by parts, we
obtain

1
(Resn(U), v) = Ry, v = I v)q — = Z [A(VU,) -n] (v —1,v)do
2 EeG, ' OE
= Upper; + Upper,,

where n denotes the unit outer normal on 0F. We estimate the two terms separately.
For the first term we conclude with Young’s inequality (2.11) and interpolation
estimates for N-functions [DR07a] for arbitrary § > 0, that

) dz

< 305 [ ()" elBal) do 6 [ oy, (V) de

Eeg

v —1II,v

Upper; < Z /Eca(sbvun)*(hE|Rn|)+5¢IVUnI( hy

Eeg

where Qg := | J{E' € G,, | E' n E # }. Note that the shift of the last term is fixed
to |VUn‘ E| although the domain of integration Qg covers the neighboring elements
of E as well. For his reason we apply Lemma 5 in order to obtain

*(hg|Rn|) dz+6 d
Upper1 s;:g{cg/E(d)VUn) ( E|R |) X + /QE ¢|VUH|(|VU|) x
) d:v}.

< N IF(VUL)S)

SeEQE

+4 Z /E Orvv,l (|VUne = VU e

E'cQp

Proposition 3 then implies

drvu,) (VU = VU e

) ~ |F(VU, ) — F(VU, )

Here we used the triangle inequality and that we can find a path from FE to E’
only crossing sides S € S, S € Qg. Thanks to of the shape-regularity of G,,, the
numbers of elements and inter-element sides contained in Qg are bounded uniformly
in E € G,,. Moreover, for each E € G,, we have hg |S| ~ |E’| for all E' € G,, and all
S eS8 with ' € Qg, S ¢ E. Therefore, by the finite overlap of the Qg and using
that [[F(VU,)] is constant on each interior side, we arrive at

Upper, < 3 {05[5 (br90.))" (he |Rul) dx+§[

(4.12) Beg o8
+5 [ o, (Vo) do

hi [TE (VU do}

for details see [DK08, Kre08]. We turn to the estimate of Upper, observing, by a
standard scaled trace theorem and Young’s inequality (2.11), that

1
Upper <3 3 3 |TA(VU)] s /S|U—H,,v| do

EeG,, ScCE
<3 N ACTs| [ 190l ds
EcG, SCoE Qg

S Z Z/ Cé(¢|VUn\E|>*(|[[A(VU”)]]|S|)+5¢|VU,,|E|(|V’U|)d$7
EeG, Scop Qe
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for any 6 > 0. To estimate the first term, we recall from Proposition 3 and (2.13)
that on 0F we have

(41vnel) MATTII ~ (9)9,101) " (¢lp, . MVOTD)

(4.13)
(IVUTD ~ [[F (VO

~ ¢|VU

ol

For the second term, we are in the same situation as in the estimate of Upper,,
that the shift is fixed to |VUn‘ E| Consequently, using the same techniques as for

Upper, < )| {Oa
Eeg B

In combination with (4.12) and the definition of the error indicators in (4.10), this
yields

he (VU do}+3 [ dpeu, (90l de

(Resy(U), v) S C5 €7+ HUH%VU,,L)'
Consequently, for suitable chosen §, we arrive at
Resy(U), v) = vleu,) < &

In view of the definition of the dual quasi-norm (3.2), taking the supremum over all
v € V proves the first estimate.

In order to prove the second inequality we recall the set of interior sides S, of
Gy, i.e., for each S € S,,, there exists E1, Fs € G, such that S = Fy n E>. We set

ws := E1 U Ey. For E € G, and S € §,, we define bubble functions ¢ € Wol’p(E)
and g € WO1 "P(ws), as the product of the corresponding barycentric coordinates
scaled by % and ﬁ respectively. Then there exists a constant C' > 0 only
depending on the shape-regularity of G,, such that

c
i) [updo=|Bl,  Wele<C [Verl <
E E
and
C
(4.14b) vsdo=IS|,  Ishe <C, [ Vsle < o
s
where hg :=|S |ﬁ; compare e.g. with [Kre08]. We investigate the single contribu-

tions to &, separately. Fix FE € G,,, and recall that |VUn|E| € R is constant. Then
for each Rg € R taking sp := sgn(Rg) (¢|VU IE|)*/(|hERE|) € R we have that

heRpsp = (¢|VUME|)* (|hERE|) + ¢|VUn|E|(SE);

compare with (2.10). Consequently, by (4.14a), (2.11), and (2.14) we obtain for
0 > 0 that

/(¢|VUn|)*(|hERE|)+¢\VUH\(|$E|)CZ‘T:/hERESde:/hERESEwEdf
E E E

=/ hERnSEll)EdlL'-i-/ hE(RE—Rn)SE’l/JEdl'
B B
< Resy(U), hpse Vi)
" /E Cs (érvu,) " (he(Re — Ra)l) + 6éyvu, (155 ve]) do
< Resy(U), hpse YE)q

n / Cs (6r90,)) " (h(Re — o)) + 0650, (|s5]) da.
E
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The triangle inequality (2.15) and choosing 6 > 0 small enough then yields

/E (¢rvu.))" (|hER.)) de < Resu(U), hpsp¥idg
(4.15)

+/E(¢>WUTL‘)*(|hE(RE—Rn)|)dx.

For the side contribution to &, fix S € S, S © E, and recall (4.13). Like above
set

sZ = sgn <[[A(vUn)n]]|S) (¢|VU”‘E|>*' (‘[[A(VUn)n]hSD eR,

where n is the unit outer normal with respect to S ¢ E. Consequently, by (2.10),
(2.11), and (4.14b) we have for § > 0 that

[ 15 (G10,,1) (AT + b (915,41 (55D dor
= /S [A(VU,)n] hgst do = /S [A(VU,)n] s& hgys do
= (Resy(U), s§ hptos), — (hpRa, s§ ¥s)g
< (Resu(U), 55 hets)g
; / K (S19ys))” (hBal) +5 (S50, 1) (5E s]) do

Shape-regularity of G,, and (4.14b) imply that

/ws (¢|VU71|E|) (|s§ vs]) de < /ShE <¢|VUn\E|> (]s§|) do.

Note from [DKOS8] that |[A(VU,)]n| ~ |[[A(VU,)]l|- Therefore, choosing § > 0
small enough yields

/ShE (¢IVUH‘E|)* (ITA(VU)]) do
< <ReSh(U), SE hE?/’S>Q +/w (¢|VUH|E|)* (g | ) da.

We recall that wg = E u E for some E € G, and note that the last term in
the estimate has the wrong shift on E. The shift can be changed to |VUn|E| using
Lemma 5 and observing by (4.13) that the resulting correction term can be absorbed
into the left-hand side of the estimate. Define wg := |Jgcppws and note that,
depending on the shape-regularity of G,,, we have that hg ~ hj for all E € G,,
E c wg. Together with (4.15), (4.13), and the finite overlap of the patches, we thus
get

/ (Gr9e,) " (hpRal) da + / b |[IF (VU do
E cE

(4.16) 5<Resh(“)’ Y, sShevs+ )] SEhE¢E>

SeS,,SCE Eegn,E‘CwE
*
+ ) / (¢rvu,p)” (hg |Rn — Rgl) da.
E€g71;ECWE

Recall that Rp € R, E € G,, was chosen arbitrarily. Whence summing over all
E € G, and again accounting for the finite overlap of the wy, E € G,,, we arrive at

EEL < Resn(U), v)q + osch7
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where

v = Z {sEhaE—i- Z sghas}.

EeG, SeS,,ScE

Since ¥g, g €V for all F € G, and S € S we have v € V. Moreover, we can bound

[oou,, = / drvu, (Vo)) dr

Y {/E¢|vun|(|SEhEV¢E|) dx

EegGn

+ Z orvu,| (|s§ heVis)|) dx}

SES,,SCEYYWs

< Z {/E¢|VUH|(|SE|) dx + Z ¢\VUn\(|3§|) d$}7

EcG, SeS,, ,ScE Y YWs

where we used once again the finite overlap of patches, the quasi triangle inequality
(2.15), and (4.14). For S < dF changing the shift of the last addends to VU, 5 on
the whole domain wg, we obtain with Lemma 5, the definitions of sg, s&, (2.13),
and (4.13), that

lolf5u,) < &
In other words, there exists a constant C > 0 such that
En <{CResyU), v)g — [vl(vu,) + Coscy < [CResp(U)| (v + Cosc, -

The assertion follows now from Lemma 9, arguing as in (2.14). O

Actually, in the proof of Lemma 17 we proved even a local lower bound for
the spatial residual. To see this, for each element F € G,,, we define the patch of
adjacent elements by

wg = U{T' €G,:T' =T orT' nT is a common side} < €.
Note that this definition complies with the definition in the proof of Lemma 17.

Corollary 18. Suppose that the conditions of Lemma 17 are satisfied. Then, for
each E € G,, there exists vg € Wol’p(wE) such that

EXE) < Resp(U), ve) + Z osc2 (E)
EeG,,BEcwg

and

loeltor,) < 25 Ea(E).

E‘engCwE
Proof. With the same notation as in the proof of Lemma 17, we choose
vg = Z s§ hpts + Z sphpdp.
SeS,,SCE EeGn.Ecwp

This function can be estimated in the same way as the test function v in the proof
of Lemma 17. Therefore, the assertion is an immediate consequence of (4.16). O
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4.4. Reliable and efficient a posteriori estimates. We now assemble the ob-
servations previously made in order to prove a reliable and efficient a posteriori
estimate for the error of the approximations (4.1) to (2.6).

Theorem 19. Assume the conditions and notations of this section. We can es-
timate the error between the solution u € W(I) of (2.6) and its approzimation
UeW(I) from (4.1) by

N
(0 _uH\\%V,(Vu) < [uo = Uol3 + Z ™ (En +03) +/I If = fn 17(VUH) dt
n=1 n

and

(& +07) S /1 106 (u = U3 (vuy + e = UlEgu) + I = fall3 (vu,) dE + Tn0sC] .

The constants hidden in < depend solely on the shape-reqularity of the family of
grids {Gn}n=0,..n and the constants in (2.1). The quantities &, ©,, and oscy,
n=1,...,N, are defined in (4.10), (4.5), and (4.11) respectively.

Proof. The estimates follow from Corollary 14 and Lemmas 16, 15, and 17. ]

Several remarks are now in order.

1. Our result does not rely on the ’transition condition’ (compare with [Ver03,
Ver05]), which basically restricts the coarseness of a grid relative to the grid
of the previous time-step. This condition is crucial to handle simultaneously
the functions U,, and U,_1, which are defined on different meshes. When using
A-stable 0 schemes as in [Ver03, Ver05] this issue appears in the diffusion and
therefore the condition enters in both the proof of the reliability as well as the
efficiency estimate. For the implicit Euler scheme the transition condition can
be avoided at the price of the oscillation osc,, in Lemma 17, which comprises
a control of the resolution of U,,_; on G,; compare with [KMSS11]. This term
however can be a controlled a posteriori and only affects the efficiency of the
estimate in Theorem 19.

2. The term fIn If— fn||iy(VUn) dt is a data error measuring the resolution of the
right-hand side with respect to the temporal variable. We can further estimate
this term assuming a more regular right-hand side f. Observe that

= £l </I 10,1 dt

almost everywhere in Q provided f € C*(I,; LY (2)). The same estimate holds
for f e Wl’q'(I ; Lq'(Q)) by a density argument. Consequently, by the convexity
of the dual quasi-norm Lemma 8 and Jensen’s inequality, we get

[ 1=l de< [ | [ 101 as
I, I, I,

</I |70 f 1 (vur,) dt-

Note that for this estimate it is crucial that VU, and thus also the dual quasi-
norm do not depend on time.

3. The error concept in [CLY06b] does not lead to equivalence of error and residual
since it does not control the temporal derivative. Consequently the error and the
residual are not equivalent, which is demonstrated in their non optimal efficiency
estimate [CLY06b, Theorem 5.2].

4. As in [Ver03] the terms [} |f — ful3 wp,dt or [} 17013 vy, dt are not
computable, but unlike the linear case it is not clear how to estimate them

2
*

dt
(VUR)
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by computable quantities; compare with [KMSS11, CF06]. Although, by the
definition of the dual quasi-norm, we can estimate

IF = £l oy < sup{ [ Coloree, )" (1 = ful) it

+ 6090, ([w]) = drvw, (V) o},

a.e. in I, the shift VU, is not constant in space. To the best of our knowledge,
there is no Friedrichs inequality known in this case (for constant shift see e.g.
[Kre08] for a Friedrichs inequality). Hence in general the last two terms will not
cancel. In Section §5.1 below, we prove a fully computable bound for a modified
error quantity similar to the one in [CLY06b].

For some particular nonlinearities other estimates may apply, compare with
Remark 21.

5. APPLICATIONS

This final section focuses on the practical applicability of the above theory. First
we shall prove a fully computable error bound for a modified error quantity. Finally
we illustrate by example concrete estimators for the power law (1.2).

5.1. Fully Computable Error Estimate. As remarked before, the error estima-
tor in Theorem 19 is not fully computable; compare also with the remarks below

Theorem 19. In fact, although the term fln If— f"Hi,(VUn) dt can be interpreted as

data oscillation, determining the dual quasi-norm is an infinite dimensional prob-
lem. In the case of the (linear) heat equation one can benefit from a Friedrichs
inequality in order to deduce the computable bound

2 2
/1 U= Bl s / 1S =l

Numerical computations in [KMSS11] indicate that in some cases this term may
even dominate the temporal error indicator ©,,. Whence it is worthwhile to further
elaborate upon this issue. Indeed, we can weaken the error measure and prove the
following result.

Theorem 20 (Fully Computable Estimate). Suppose that the conditions of Theo-
rem 19 hold and let additionally f € L*(I; L?(?)). Then, the following computable
error estimate holds:

sup [u(t) — U(H)|3 + / i — U Py dt
tel I

N N 2
< Ju(0) U O3 + D] (€2 +02) + (Z /1 If = full2 dt) -
n=1 n

n=1

Proof. We start from (3.7) setting v =U € W(I), i.e., for a.e. t € I, we have

d
Sl =Uls + o =Ulfg,) ~ ResUh), u—U)
= (Resp(U), u —U) + Res . (U), u—U)
+{f = fasu—Ug.

Integrating with respect to ¢ yields

Ju(t) —U@®)]3 < /I<Resh(u), u—Uy + Res (U), u— Uy dt + |u(0) —=U(0)]3

N
) / If = Fallolu— Ul ds
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/I u— u“%Vu) S /I<Resh(u), u—UY+ (Res, (U), u—U) dt + |[u(0) —U(0)[3
N
e % [ 1= Sl =l

Now similar arguments as in the proof of Theorem 13 and Young’s inequality lead
to

sup Ju(t) — U()§ + / Ju— U,

< / | Resn @)2 vy + | Res U)]2 gy dt
T Ju(0) — U(O) 2

)
+§st1€1}3Hu(t) t))3 + (Z/ If— fnzdt>

Choosing § > 0 small enough we arrive at

sup u(t) — U(0)l3 + / o — Uy,

< / | Resu @2 o2, + | Res @), coup, dt

+[u(0) —U(0)]3 + <Z/ If - fn||2dt)

Arguing as in (4.6) together with Lemmas 15 and 17 proves the assertion. |

5.2. Application to the power law. We turn towards deducing explicit esti-

mates in the particular case of the power law; compare with (1.2). However, the

presentation may also serve as a guideline for more complicated nonlinearities.
Obviously, the N-function ¢(t) := %tp, t > 0, corresponding to the power law

satisfy the conditions of Theorems 19 and 20 for p > %. Its dual is given by

P*(t) = %tl’/, with % + % = 1 and we have thats Ay(¢) = 2 and Ag(¢*) = 2.
In order to provide a simple representation of the estimators ©,, and &,, n =
., N, we have to consider the family of shifted N-functions {¢,}a=0- In fact, by
applying Proposition 3 to the power law, we end up with

(5.1) sp(1QD) ~ (1P| +1Q1)" % 1Qf°
for all P,Q € R?. Consequently (4.5) implies
02 ~ /(|VUn| + VU, = Un))P2 V(U = Upei)|? dar.
Q
Similarly we obtain from Lemma 2 for the dual N-function
(d1p) () ~ (") rqpp (ItD) = ¢*" (¢'(IP) + 1t]) [t
for all P € R?, t € R, and thus
_ )
(5.2) (&pp) "t ~ (1P~ +1e1)" [t

This expression serves to deal with the element residual of £,. For the jump residual,
we recall from (3.1) that

(5.3) FIQ =1Q" Q
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for all Q € R%. Hence, by combining (5.2) and (5.3) with (4.10), we arrive at

£ ~ / VUL 4 bl )" 2 heful? de

EegG,

+ /E hg H[|VUn|”Tf2 VUnm2 do.

We conclude the paper with one last remark on the computability of the data error.

Remark 21. In the particular case of the power law, p = 2, one may observe
from (5.1) that ¢, (t) is monotone increasing in a = 0. Thanks to the definition of
the dual quasi norm (3.2) and Young’s inequality (2.11), we thus have for § > 0
that

If = fal

cwomdt <sup{ [ Co0%(1f = £ dt + 86(ul) = v, (Vul) de}
weV Q

<sup{ [ Coo*(1f = ful) dt + 0(Ju) - o(|Vu) o}

weV

a.e. in I,. Since there is no shift involved, we can apply a Friedrichs inequality
Jo d(Jw]) dz < [, ¢(|Vw|) dz (see [Kre08]) and obtain

(G54) 1= Falion € / o(If - fuldt = L / = Fol? da.

a.e. i I,.
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