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1 Introduction

Let G be a finite subgroup of U(m) acting freely on Cm \ {0}. Then Cm/G
has an isolated quotient singularity at 0. Suppose (X, π) is a resolution of
Cm/G. Then X is a noncompact complex manifold modelled at infinity on
C

m/G.
In this paper we will study Kähler metrics g on X which are also Asymp-

totically Locally Euclidean, or ALE for short. This means that g approximates
the Euclidean metric h on Cm/G by g = h +O(r−2m), with appropriate de-
cay in the derivatives of g. We are particularly interested in Ricci-flat ALE
Kähler manifolds.

The Calabi conjecture [4] describes the possible Ricci curvatures of Kähler
metrics on a fixed compact complex manifold M , in terms of the first Chern
class c1(M) of M . It was proved by Yau [22] in 1976. The following theorem
is a corollary of Yau’s proof.

Theorem 1.1 Let M be a compact complex manifold admitting Kähler met-

rics, with c1(M) = 0. Then there is a unique Ricci-flat Kähler metric in each

Kähler class on M .

Our main results are Theorems 3.3 and 3.4. Theorem 3.3 is an analogue
of Theorem 1.1 for ALE Kähler manifolds. It says that if X is a resolution
of Cm/G with c1(X) = 0, that is, a crepant resolution, then every Kähler
class of ALE Kähler metrics on X contains a unique Ricci-flat Kähler metric.
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Theorem 3.4 says that these metrics have holonomy SU(m). When m = 2
the metrics were constructed explicitly by Kronheimer and others.

Section 2 defines ALE metrics and ALE Kähler metrics, and §3 states
the main results of the paper, postponing the proofs until §6, and gives some
examples. Section 4 develops some analytical tools for ALE manifolds: Ba-
nach spaces of functions called weighted Hölder spaces, and elliptic regularity
theory for the Laplacian ∆ on them. In §5 we discuss k-forms and de Rham
cohomology on ALE manifolds.

Section 6 states a version of the Calabi conjecture for ALE manifolds.
Only a sketch of the proof is given; a complete proof, following Yau [22], will
be given in the author’s book [12, §8]. We apply this Calabi conjecture to
prove Theorem 3.3, and then prove Theorem 3.4.

A number of other people have already written papers on noncompact
versions of the Calabi conjecture, and I should at once admit that there is
some overlap between their results and mine. In particular, Tian and Yau
[20, 21] and independently Bando and Kobayashi [1, 2] prove the following
result [21, Cor. 1.1], [2, Th. 1]:

Theorem 1.2 Let X be a compact Kähler manifold with c1(X) > 0, and

D a smooth reduced divisor on X such that c1(X) = α[D] for some α > 1.
Suppose D admits a Kähler-Einstein metric with positive scalar curvature.

Then X \D has a complete Ricci-flat Kähler metric.

Also Tian and Yau give estimates on the decay of the curvature of their
Ricci-flat metric. With a certain amount of work, the existence of the metrics
of Theorem 3.3 follows from the theorem above. But our estimates on the
asymptotic behaviour of the metrics are stronger than those proved by Tian
and Yau. For example, we show that the curvature is O(r−2m−2) for large r,
but Tian and Yau only show that it is O(r−3), which is not good enough for
the applications we have in mind.

In a sequel [13] we will extend the material of this paper to construct
a class of Ricci-flat Kähler metrics on crepant resolutions of non-isolated

singularities Cm/G, which we will call Quasi-ALE metrics. These metrics
are not covered by the work of Tian and Yau or Bando and Kobayashi.

The original motivation for this paper and [13] is that ALE and Quasi-
ALE metrics with holonomy SU(2), SU(3), SU(4) and Sp(2) are essential
ingredients in a new construction by the author of compact manifolds with
the exceptional holonomy groups G2 and Spin(7), which generalizes that of

2



[10, 11]. This construction will be described at length in the author’s book
[12], which also discusses the results of this paper and [13].

2 Asymptotically Locally Euclidean metrics

Suppose G is a finite subgroup of SO(n) that acts freely on Rn \ {0}. Then
R

n/G has an isolated quotient singularity at 0. Let h be the Euclidean metric
on Rn. Then h is preserved by G, as G ⊂ SO(n), and so h descends to Rn/G.
Let r be the radius function on Rn/G, that is, r(x) is the distance from 0 to x
calculated using h. We will define a natural class of noncompact Riemannian
manifolds (X, g) called ALE manifolds, that have one infinite end upon which
the metric g asymptotically resembles the metric h on Rn/G for large r.

Definition 2.1 Let X be a noncompact manifold of dimension n, and g a
Riemannian metric on X. We say that (X, g) is an Asymptotically Locally

Euclidean manifold asymptotic to Rn/G, or an ALE manifold for short, and
we say that g is an ALE metric, if the following conditions hold.

There should exist a compact subset S ⊂ X and a map π : X \S → Rn/G
that is a diffeomorphism betweenX\S and the subset {z ∈ R

n/G : r(z) > R}
for some fixed R > 0. Under this diffeomorphism, the push-forward metric
π∗(g) should satisfy

∇k
(

π∗(g) − h
)

= O(r−n−k) on {z ∈ R
n/G : r(z) > R}, (1)

for all k ≥ 0. Here ∇ is the Levi-Civita connection of h, and T = O(r−j) if
|T | ≤ Kr−j for some K > 0.

If G = {1}, so that (X, g) is asymptotic to Rn, then we call (X, g) an
Asymptotically Euclidean manifold, or AE manifold. We shall call the map
π : X \S → Rn/G an asymptotic coordinate system for X. Equation (1) says
that towards infinity the metric g on X (and its derivatives) must converge
to the Euclidean metric on Rn/G, with a given rate of decay. We will explain
in §3 why we have chosen the powers r−n−k here.

Definition 2.2 Let (X, g) be an ALE manifold asymptotic to Rn/G. We
say that a smooth function ρ : X → [1,∞) is a radius function on X if, given
any asymptotic coordinate system π : X \ S → Rn/G, we have

∇k
(

π∗(ρ) − r
)

= O(r1−n−k) on {z ∈ R
n/G : r(z) > R}, (2)
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for all k ≥ 0. This condition is independent of the choice of asymptotic
coordinate system, and radius functions exist for every ALE manifold.

A radius function is a function ρ on X that approximates the function r
on Rn/G near infinity. In doing analysis on ALE manifolds, we will find it
useful to consider Hölder spaces of functions in which the norms are weighted
by powers ρβ of a radius function. Note that by definition ρ ≥ 1, so we do
not have to worry about small values of ρ.

Here is one way to think about ALE metrics. The manifold X is noncom-
pact, but it can be compactified in a natural way by adding the boundary
Sn−1/G at infinity. So we can instead regard X as a compact manifold with

boundary. Then ALE metrics are metrics on X satisfying a certain natural
boundary condition.

It is a general principle in differential geometry that most results about
compact manifolds can also be extended to results about compact manifolds
with boundary, provided the right boundary conditions are imposed in the
problem. ALE manifolds are an example of this principle, because many
results about compact Riemannian manifolds have natural analogues for ALE
manifolds.

Next we define ALE Kähler metrics. Suppose G is a finite subgroup
of U(m) acting freely on Cm \ {0}. Then Cm/G has an isolated quotient
singularity at 0, and the standard Hermitian metric h on Cm descends to
Cm/G. Let r be the radius function on Cm/G. Suppose (X, π) is a resolution

of Cm/G, that is, X is a normal nonsingular variety with a proper birational
morphism π : X → C

m/G. Then we can consider metrics on X which are
both Kähler, and ALE.

Definition 2.3 Let (X, π) be a resolution of Cm/G, with complex structure
J , and let g be a Kähler metric on X. We say that (X, J, g) is an ALE Kähler

manifold asymptotic to Cm/G, and that g is an ALE Kähler metric, if for
some R > 0 we have

∇k
(

π∗(g) − h
)

= O(r−2m−k) on {z ∈ C
m/G : r(z) > R}, (3)

for all k ≥ 0. We say that a smooth function ρ : X → [1,∞) is a radius

function on X if ρ = π∗(r) on the subset
{

x ∈ X : π∗(r) ≥ 2
}

. A radius
function exists for every ALE Kähler manifold.

Because X is a resolution of Cm/G, it comes equipped with a resolving
map π : X → C

m/G, which gives a natural asymptotic coordinate system
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for X. The consequence of using this preferred asymptotic coordinate sys-
tem is that on an ALE Kähler manifold (X, J, g), both the metric g and the
complex structure J are simultaneously asymptotic to the metric and com-
plex structure on Cm/G. We also use π to simplify the definition of radius
function.

In dimension 2 one can also desingularize C2/G by deformation. By
adopting a slightly more general definition of ALE Kähler manifold we can
include deformations and resolutions of deformations of C

2/G, and most of
our results also apply to them. This will be discussed in [12, §8.9]. However,
by Schlessinger’s Rigidity Theorem [19], if m ≥ 3 then an isolated quotient
singularity Cm/G admits no nontrivial deformations.

3 Ricci-flat ALE Kähler manifolds

We now state some results on Ricci-flat ALE Kähler manifolds, and give
some examples. The proofs will be deferred until §6. A resolution (X, π) of
Cm/G with c1(X) = 0 is called a crepant resolution, as in Reid [17]. A great
deal is known about the algebraic geometry of crepant resolutions, especially
when dimX is 2 or 3. In particular, for Cm/G to admit a crepant resolution
G must be a subgroup of SU(m), and when m is 2 or 3 a crepant resolution
of Cm/G exists for every finite subgroup G of SU(m).

Our first proposition shows that Ricci-flat ALE Kähler metrics exist only
on crepant resolutions. The proof is elementary, and we omit it.

Proposition 3.1 Let G be a finite subgroup of U(m) acting freely on Cm \
{0}, let (X, π) be a resolution of Cm/G, and suppose g is a Ricci-flat ALE

Kähler metric on X. Then X is a crepant resolution of Cm/G and G ⊂
SU(m).

Next we define Kähler classes and the Kähler cone for ALE manifolds.

Definition 3.2 Let (X, J, g) be an ALE Kähler manifold asymptotic to
Cm/G for some m > 1, with Kähler form ω. Then ω defines a de Rham
cohomology class [ω] ∈ H2(X,R) called the Kähler class of g. Define the
Kähler cone K of X to be the set of Kähler classes [ω] ∈ H2(X,R) of ALE
Kähler metrics on (X, J). It is not difficult to prove that K is an open convex
cone in H2(X,R), which does not contain zero.

The following two theorems will be proved in §6.
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Theorem 3.3 Let G be a nontrivial finite subgroup of SU(m) acting freely

on Cm \ {0}, and (X, π) a crepant resolution of Cm/G. Then each Kähler

class of ALE Kähler metrics on X contains a unique Ricci-flat ALE Kähler

metric g. The Kähler form ω of g satisfies

π∗(ω) = ω0 + A ddc(r2−2m) + ddcχ (4)

on the set
{

z ∈ Cm/G : r(z) > R
}

, where A < 0 and R > 0 are constants, ω0

is the Kähler form of the Euclidean metric on Cm/G, r the radius function

on C
m/G, and χ a smooth function on

{

z ∈ C
m/G : r(z) > R

}

such that

∇kχ = O(rγ−k) for each k ≥ 0 and γ ∈ (1 − 2m, 2 − 2m).

Theorem 3.3 is the main result of this paper, and is an analogue of Theo-
rem 1.1 for ALE Kähler manifolds. We use the notation that dcf = i(∂−∂)f ,
when f is a differentiable function on a complex manifold. Then dc is a real
operator, and ddc = 2i∂∂.

Note that because A < 0 in Theorem 3.3, the term A ddc(r2−2m) in (4) is
nonzero. Therefore π∗(g)−h decays with order exactly O(r−2m), and similarly
∇k(π∗(g) − h) decays with order exactly O(r−2m−k). Thus in Definition 2.1
the decay rates given in (1) are sharp for all Ricci-flat ALE Kähler metrics,
and cannot be improved upon. This is why we chose the powers r−n−k in our
definition (1) of ALE metrics.

Theorem 3.4 Let G be a nontrivial finite subgroup of SU(m) acting freely

on Cm \ {0}, let (X, π) be a crepant resolution of Cm/G, and let g be a

Ricci-flat ALE Kähler metric on X. Then g has holonomy SU(m).

For an introduction to holonomy groups of Riemannian manifolds, and
the connection between Ricci-flat Kähler metrics and holonomy SU(m), see
Salamon [18].

3.1 Examples

ALE Kähler manifolds with holonomy SU(2) are already very well under-
stood. Eguchi and Hanson [7] gave an explicit formula in coordinates for the
metrics of ALE spaces with holonomy SU(2) asymptotic to C2/{±1}, and
this was generalized by Gibbons and Hawking [8] to explicit expressions for
ALE spaces asymptotic to C2/Zk for k ≥ 2. More generally, Kronheimer
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[14, 15] gave an explicit, algebraic construction of every ALE manifold with
holonomy SU(2), using the hyperkähler quotient.

Thus, we can write down many explicit examples of ALE manifolds with
holonomy SU(2). For m ≥ 3, Calabi [5, p. 285] found an explicit ALE Kähler
manifold with holonomy SU(m) asymptotic to Cm/Zm, which we describe
next. In the case m = 2, Calabi’s example coincides with the Eguchi–Hanson
metric.

Example 3.5 Let Cm have complex coordinates (z1, . . . , zm), let ζ = e2πi/m,
and let α act on Cm by α : (z1, . . . , zm) 7→ (ζz1, . . . , ζzm). Then αm = 1,
and the group G = 〈α〉 generated by α is a subgroup of SU(m) isomorphic
to Zm, which acts freely on C

m \ {0}. Thus the quotient C
m/G has an

isolated singular point at 0. Let (X, π) be the blow-up of Cm/G at 0, so that
π−1(0) ∼= CP

m−1. It is easy to show that X is in fact a crepant resolution

of Cm/G.
Let r be the radius function on Cm/G, and define f : Cm/G

∖

{0} → R

by

f =
m
√
r2m + 1 +

1

m

m−1
∑

j=0

ζj log
(

m
√
r2m + 1 − ζj

)

. (5)

To define the logarithm of the complex number m
√
r2m + 1 − ζj we cut C

along the negative real axis, and set log(Reiθ) = logR + iθ for R > 0 and
θ ∈ (−π, π). Then f is well-defined, and it is a smooth real function on
C

m/G
∖

{0}, despite its complex definition.
Define a (1,1)-form ω on X \ π−1(0) by ω = ddcπ∗(f). It can be shown

that ω extends to a smooth, closed, positive (1,1)-form on all of X. Let g be
the Kähler metric on X with Kähler form ω. Then Calabi [5, §4] shows that
g is complete and Ricci-flat, with Hol(g) = SU(m). Equation (5) is derived
from [5, eqn (4.14), p. 285]. Note also that the action of U(m) on C

m pushes
down to Cm/G and lifts through π to X, and g is invariant under this action
of U(m) on X.

This metric g on X is an ALE Kähler metric. To prove this, we show
using (5) that

f = r2 − 1

m(m−1)
r2−2m +O(r−2m) on C

m/G
∖

{0}, for large r.
(6)
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Now the Kähler form of the Euclidean metric on Cm/G is ω0 = ddc(r2).
Hence

π∗(ω) = ω0 −
1

m(m−1)
ddc(r2−2m) + ddcχ on C

m/G
∖

{0}, (7)

where χ = f−r2+ 1
m(m−1)

r2−2m. It is easy to show that ∇kχ = O(r−k−2m) on

Cm/G
∖

{0} for large r, and it quickly follows that g is an ALE Kähler metric
on X, by Definition 2.3. Also, g is one of the Ricci-flat ALE Kähler metrics
of Theorem 3.3, and comparing (7) with (4) we see that A = − 1

m(m−1)
, which

verifies that A < 0.

For m ≥ 3, the metrics of Example 3.5 are the only explicit examples of
ALE metrics with holonomy SU(m) that are known, at least to the author. It
is possible to find these metrics explicitly because they have a large symmetry
group U(m), whose orbits are of real codimension 1 in X. Because of this,
the problem can be reduced to a nonlinear, second-order ODE in one real
variable, which can then be explicitly solved.

It is a natural question whether we can find an explicit, algebraic form for
any or all of the other ALE metrics with holonomy SU(m) for m ≥ 3, that
exist on crepant resolutions of Cm/G by Theorem 3.3. The author believes
that general ALE metrics with holonomy SU(m) for m ≥ 3 are essentially
transcendental, nonalgebraic objects, and that one cannot write them down
explicitly using simple functions. Furthermore, the author conjectures that
for m ≥ 3, the metrics of Example 3.5 are the only ALE metrics with holon-
omy SU(m) that can be written down explicitly in coordinates.

4 Analysis on ALE manifolds

Let (M, g) be a Riemannian manifold. Then the Hölder spaces Ck,α(M)
are Banach spaces of functions on M , defined in Besse [3, p. 456-7]. When
M is compact, elliptic operators such as the Laplacian ∆ have very good
regularity properties on Hölder spaces. Here is a typical elliptic regularity
result, following from [3, Th. 27 & Th. 31, p. 463-4]. Theorems of this
kind are essential tools in analytic problems such as the proof of the Calabi
conjecture.

Theorem 4.1 Let (M, g) be a compact Riemannian manifold, let k ≥ 0 be

an integer, and α ∈ (0, 1). Then for each f ∈ Ck,α(M) with
∫

M
f dVg =

8



0 there exists a unique u ∈ Ck+2,α(M) with
∫

M
u dVg = 0 and ∆u = f .

Moreover, ‖u‖Ck+2,α ≤ C‖f‖Ck,α for some C > 0 independent of u and f .

However, if (X, g) is an ALE manifold then the results of Theorem 4.1
are false for X. This tells us that the Ck,α(X) are not good choices of Ba-
nach spaces of functions for studying elliptic operators on an ALE manifold.
Instead, it turns out to be helpful to introduce weighted Hölder spaces, which
we define next.

Definition 4.2 Let (X, g) be an ALE manifold asymptotic to Rn/G, and
ρ a radius function on X. For β ∈ R and k a nonnegative integer, define
Ck

β(X) to be the space of continuous functions f on X with k continuous

derivatives, such that ρj−β
∣

∣∇jf
∣

∣ is bounded on X for j = 0, . . . , k. Define
the norm ‖ . ‖Ck

β
on Ck

β(X) by

‖f‖Ck
β

=

k
∑

j=0

sup
X

∣

∣ρj−β∇jf
∣

∣. (8)

Let δ(g) be the injectivity radius of g, and write d(x, y) for the distance
between x, y in X. For T a tensor field on X and α, γ ∈ R, define

[

T
]

α,γ
= sup

x 6=y∈X
d(x,y)<δ(g)

[

min
(

ρ(x), ρ(y)
)−γ ·

∣

∣T (x) − T (y)
∣

∣

d(x, y)α

]

. (9)

Here we interpret |T (x) − T (y)| using parallel translation along the unique
geodesic of length d(x, y) joining x and y.

For β ∈ R, k a nonnegative integer, and α ∈ (0, 1), define the weighted

Hölder space Ck,α
β (X) to be the set of f ∈ Ck

β(X) for which the norm

∥

∥f
∥

∥

Ck,α
β

=
∥

∥f
∥

∥

Ck
β

+
[

∇kf
]

α,β−k−α
(10)

is finite. Define C∞
β (X) to be the intersection of the Ck

β(X) for all k ≥ 0.

Both Ck
β(X) and Ck,α

β (X) are Banach spaces, but C∞
β (X) is not a Banach

space.

This definition is taken from Lee and Parker [16, §9]. A function f in
Ck

β(X) or Ck,α
β (X) grows at most like ρβ as ρ → ∞, and so the index β

should be interpreted as an order of growth. Similarly, the derivatives ∇jf
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grow at most like ρβ−j for j = 1, . . . , k. As vector spaces of functions Ck
β(X)

and Ck,α
β (X) are independent of the choice of radius function ρ. The norms

on these spaces do depend on ρ, but not in a significant way, as all choices
of ρ give equivalent norms.

There is also another useful class of Banach spaces on ALE manifolds,
the weighted Sobolev spaces Lq

k,β(X), which we will not define. They have
similar analytic properties to the weighted Hölder spaces, and are described
in [16, §9]. We have chosen to use weighted Hölder spaces instead, as they
are often more convenient for nonlinear problems.

Next we discuss the analysis of the Laplacian ∆ on ALE manifolds. Much
work has been done on the behaviour of ∆ on weighted Sobolev spaces and
Hölder spaces on Rn, and more generally on AE manifolds. A useful guide,
with references, can be found in Lee and Parker [16, §9]. Most of these results
apply immediately to ALE manifolds, with only very minor cosmetic changes
to their proofs.

Proposition 4.3 Let (X, g) be an ALE manifold of dimension n asymptotic

to Rn/G, let β, γ ∈ R satisfy β + γ < 2 − n, and suppose u ∈ C2
β(X) and

v ∈ C2
γ(X). Then

∫

X

u∆v dVg =

∫

X

v∆u dVg. (11)

Let ρ be a radius function on X. Then ∆(ρ2−n) ∈ C∞
−2n(X) and

∫

X

∆(ρ2−n) dVg =
(n−2) Ωn−1

|G| , (12)

where Ωn−1 is the volume of the unit sphere Sn−1 in R
n.

Proof. Let SR be the subset {x ∈ X : ρ(x) ≤ R} in X. Stokes’ Theorem
gives that

∫

SR

(

u∆v − v∆u
)

dVg =

∫

∂SR

[

(u∇v − v∇u) · n
]

dVg, (13)

where n is the inward-pointing unit normal to ∂SR. But for large R we have
vol(∂SR) = O(Rn−1) and u∇v − v∇u = O(Rβ+γ−1) on ∂SR, so that the
r.h.s. of (13) is O(Rβ+γ+n−2). Since β + γ < 2 − n we see that the r.h.s. of
(13) tends to zero as R → ∞, and this proves (11).

10



The point about the power ρ2−n is that ∆(r2−n) = 0 away from 0 in
Rn/G. Using the definitions of radius function and ALE manifold one can
show that ∆(ρ2−n) ∈ C∞

−2n(X), as we want. Using Stokes’ Theorem again we
find that

∫

SR

∆(ρ2−n) dVg =

∫

∂SR

[

∇(ρ2−n) · n
]

dVg. (14)

But for largeR we have ∇(ρ2−n)·n ≈ (n−2)R1−n and vol(SR) ≈ Rn−1Ωn−1/|G|.
Thus, letting R → ∞ gives (12). �

Theorem 4.4 Let n > 2 and k ≥ 0 be integers and α ∈ (0, 1), and let Rn

have its Euclidean metric. Then

(a) Suppose β ∈ (−n,−2). Then for each f ∈ Ck,α
β (Rn) there is a unique

u ∈ Ck+2,α
β+2 (Rn) with ∆u = f .

(b) Suppose β ∈ (−1 − n,−n). Then for each f ∈ Ck,α
β (Rn) there exists

u ∈ Ck+2,α
β+2 (Rn) with ∆u = f if and only if

∫

Rn f dV = 0, and u is

then unique.

In each case ‖u‖Ck+2,α
β+2

≤ C‖f‖Ck,α
β

for some C > 0 depending only on n, k, α
and β.

Proof. This is an analogue for Rn of Theorem 4.1. If u ∈ C2
β+2(R

n) for
β < −2 and ∆u = f , then by [9, §2.4] we have

u(y) =
1

(n− 2)Ωn−1

∫

x∈Rn

|x− y|2−nf(x)dx, (15)

where Ωn−1 is the volume of the unit sphere Sn−1 in Rn. This is Green’s

representation for u. Let ρ be a radius function on Rn. Then |f(x)| ≤
‖f‖C0

β
ρ(x)β , so (15) gives

|u(y)| ≤ 1

(n− 2)Ωn−1
‖f‖C0

β
·
∫

x∈Rn

|x− y|2−nρ(x)βdx. (16)

We split this into integrals over the three regions |x| ≤ 1
2
|y|, 1

2
|y| < |x| ≤

2|y| and |x| > 2|y| in Rn. Estimating the integral on each region separately
we prove

∫

x∈Rn

|x− y|2−nρ(x)βdx ≤
{

C ′ρ(y)β+2 for β ∈ (−n,−2),

C ′ρ(y)2−n for β < −n.
(17)
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In case (a), if β ∈ (−n,−2) then |u(y)| ≤ C ′′‖f‖C0
β
ρ(y)β+2 for some C ′′ > 0

depending only on n and β, and so u ∈ C0
β+2(R

n) and ‖u‖C0
β+2

≤ C ′′‖f‖C0
β
.

One can extend this to show that u ∈ Ck+2,α
β+2 (Rn) and ‖u‖Ck+2,α

β+2
≤

C‖f‖Ck,α
β

for some C > 0 using the method of Schauder estimates, as in
[9, §6]. The difficulty in doing this is to correctly include the powers of ρ in-
volved in the weighted Hölder norm. To do this, for each x ∈ Rn we consider
the ball Bρ(x)/2(x) of radius 1

2
ρ(x) about x in Rn.

On this ball we have u = O
(

ρ(x)β+2
)

, ∇jf = O
(

ρ(x)β−j
)

for j = 0, . . . , k,
and [∇kf ]α = O

(

ρ(x)β−k−α
)

. Using the Schauder interior estimates on the
unit ball in Rn and rescaling distances by a factor 1

2
ρ(x), we show that

∇ju = O
(

ρ(x)β+2−j
)

for j = 0, . . . , k+2 and [∇k+2u]α = O
(

ρ(x)β−k−α
)

on

the interior of Bρ(x)/2(x). Thus u ∈ Ck+2,α
β+2 (Rn) and ‖u‖Ck+2,α

β+2
≤ C‖f‖Ck,α

β
,

completing the proof of case (a).
Next we prove (b). Suppose β ∈ (−1 − n,−n), u ∈ Ck+2,α

β+2 (Rn) and
∆u = f . Then

∫

Rn

f dV =

∫

Rn

1∆u dV =

∫

Rn

u∆(1) dV = 0 (18)

by Proposition 4.3, since u ∈ C2
β+2(R

n) and 1 ∈ C2
0(R

n) and β+2+0 < 2−n.

Thus, given f ∈ Ck,α
β (Rn), there can only exist u ∈ Ck+2,α

β+2 (Rn) with ∆u = f

if
∫

Rn f dV = 0. So suppose that
∫

Rn f dV = 0, and define u by

u(y) =
1

(n− 2)Ωn−1

∫

x∈Rn

[

|x− y|2−n − ρ(y)2−n
]

f(x)dx. (19)

Since
∫

Rn f dV = 0 the term involving ρ(y)2−n in this integral vanishes, so
the equation reduces to (15) and thus ∆u = f . From (19) we see that

|u(y)| ≤ 1

(n− 2)Ωn−1
‖f‖C0

β
·
∫

x∈Rn

∣

∣

∣
|x− y|2−n − ρ(y)2−n

∣

∣

∣
ρ(x)βdx,

and estimating as before shows that |u(y)| ≤ C‖f‖C0
β
ρ(y)β+2 when β ∈

(−1 − n,−n). Thus u ∈ C0
β+2(R

n) and ‖u‖C0
β+2

≤ C‖f‖C0
β
. The rest of case

(b) follows as above. �

Now we extend Theorem 4.4 to ALE manifolds.

Theorem 4.5 Suppose (X, g) is an ALE manifold asymptotic to Rn/G for

n > 2, and ρ a radius function on X. Let k ≥ 0 be an integer and α ∈ (0, 1).
Then

12



(a) Let β ∈ (−n,−2). Then there exists C > 0 such that for each f ∈
Ck,α

β (X) there is a unique u ∈ Ck+2,α
β+2 (X) with ∆u = f , which satis-

fies ‖u‖Ck+2,α
β+2

≤ C‖f‖Ck,α
β

.

(b) Let β ∈ (−1 − n,−n). Then there exist C1, C2 > 0 such that for each

f ∈ Ck,α
β (X) there is a unique u ∈ Ck+2,α

2−n (X) with ∆u = f . Moreover

u = Aρ2−n + v, where

A =
|G|

(n−2) Ωn−1

·
∫

X

f dVg (20)

and v ∈ Ck+2,α
β+2 (X) satisfy |A| ≤ C1‖f‖C0

β
and ‖v‖Ck+2,α

β+2
≤ C2‖f‖Ck,α

β
.

Here Ωn−1 is the volume of the unit sphere Sn−1 in Rn.

Proof. The theory of weighted Hölder spaces on AE manifolds and the
Laplacian is developed by Chaljub-Simon and Choquet-Bruhat [6], who re-
strict their attention to the case n = 3. In particular, they prove part (a) of
the Theorem for the case n = 3, k = 0 and G = {1}, [6, p. 15-16]. Their
proof uses a result equivalent to part (a) of Theorem 4.4 in the case n = 3
and k = 0. By using Theorem 4.4 together with the methods of [6] one can
show that Theorem 4.4 applies not only to R

n with its Euclidean metric, but
also to any ALE manifold (X, g) asymptotic to Rn/G. This proves case (a)
of of the Theorem immediately.

For case (b), let f ∈ Ck,α
β (X), and define A by (20). Then by equation (12)

we have
∫

X

[

f−∆(Aρ2−n)
]

dVg = 0. Also ∆(ρ2−n) ∈ C∞
−2n(X) by Proposition

4.3, and so f − ∆(Aρ2−n) lies in Ck,α
β (X) and has integral zero on X. Since

|f | ≤ ‖f‖C0
β
ρβ we have |A| ≤ C1‖f‖C0

β
for C1 =

∫

X
ρβ dVg, as we have to

prove.
Applying case (b) of Theorem 4.4 for X to f − ∆(Aρ2−n), we see that

there is a unique v ∈ Ck+2,α
β+2 (X) with ∆v = f − ∆(Aρ2−n), which satisfies

‖v‖Ck+2,α
β+2

≤ C
(

‖f‖Ck,α
β

+ |A| · ‖∆(ρ2−n)‖Ck,α
β

)

. (21)

Defining u = Aρ2−n + v gives ∆u = f as we want. Clearly u ∈ Ck+2,α
2−n (X),

and the inequality ‖v‖Ck+2,α
β+2

≤ C2‖f‖Ck,α
β

then follows from (21) and the
estimate on |A| above. �
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5 Exterior forms and de Rham cohomology

Let (X, g) be an ALE manifold asymptotic to Rn/G. Let H∗(X,R) be the
de Rham cohomology of X, and H∗

c (X,R) the de Rham cohomology of X
with compact support. That is,

Hk
c (X,R) =

{

η : η is a smooth, closed, compactly-supported k-form on X
}

{

dζ : ζ is a smooth, compactly-supported (k−1)-form on X
} .

Both Hk(X,R) and Hk
c (X,R) are finite-dimensional vector spaces. Let us

regard X as a compact manifold with boundary Sn−1/G. Using the long
exact sequence

. . .→ Hk
c (X,R) → Hk(X,R) → Hk(Sn−1/G,R) → Hk+1

c (X,R) → . . . ,

the de Rham cohomology of Sn−1/G, and the fact thatHk
c (X,R) ∼=

[

Hn−k(X,R)
]∗

by Poincaré duality for manifolds with boundary, one can show that

H0(X,R) = R, H0
c (X,R) = 0, Hn(X,R) = 0, Hn

c (X,R) = R, and

Hk(X,R) ∼= Hk
c (X,R) ∼=

[

Hn−k(X,R)
]∗ ∼=

[

Hn−k
c (X,R)

]∗
for 0 < k < n.

Now the material on weighted Hölder spaces of functions in §4 generalizes
naturally to weighted Hölder spaces of k-forms on ALE manifolds (X, g), so
we may define the spaces C l,α

β (ΛkT ∗X) and C∞
β (ΛkT ∗X) in the obvious way.

Similarly, the results of §4 on the Laplacian ∆ on functions generalize to
results on the Laplacian ∆ = dd∗ + d∗d on k-forms.

These tools can be used to generalize the ideas of Hodge theory to ALE
manifolds. In particular, one can prove the following result.

Theorem 5.1 Let (X, g) be an ALE manifold asymptotic to Rn/G for n >
2, and define

Hk =
{

η ∈ C∞
1−n(ΛkT ∗X) : dη = d∗η = 0

}

.

Then H0 = Hn = 0, and the map Hk → Hk(X,R) given by η 7→ [η] induces

natural isomorphisms Hk ∼= Hk(X,R) ∼= Hk
c (X,R) for 0 < k < n. The

Hodge star gives an isomorphism ∗ : Hk → Hn−k. Suppose 1−n ≤ β < −n/2.
Then

C∞
β (ΛkT ∗X) = Hk ⊕ d

[

C∞
β+1(Λ

k−1T ∗X)
]

⊕ d∗
[

C∞
β+1(Λ

k+1T ∗X)
]

,

where the summands are L2-orthogonal.
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This is an analogue of the Hodge Decomposition Theorem and Hodge’s
Theorem. For the rest of the section we shall restrict our attention to ALE
Kähler manifolds. If (X, J, g) is an ALE Kähler manifold then we can define
the weighted Hölder spaces of (p, q)-forms C l,α

β (Λp,qX) on X in the obvious
way. The Laplacian ∆ acts on these spaces by

∆ : C l+2,α
β+2 (Λp,qX) → C l,α

β (Λp,qX). (22)

They have very similar analytic properties to the weighted Hölder spaces of
functions on an ALE manifold discussed in §4.

We can use facts about the Laplacian on weighted Hölder spaces of (p, q)-
forms to develop an analogue for ALE Kähler manifolds of Hodge theory for
compact Kähler manifolds.

Theorem 5.2 Let (X, J, g) be an ALE Kähler manifold asymptotic to Cm/G.

Define

Hp,q =
{

η ∈ C∞
1−2m(Λp,qX) : dη = d∗η = 0

}

. (23)

Then Hp,q is finite-dimensional, and the map Hp,q → Hp+q(X,C) defined by

η 7→ [η] is injective. Define Hp,q(X) to be the image of this map. Then

Hk(X,C) =
k

⊕

j=0

Hj,k−j(X) for 0 < k < 2m. (24)

In fact, if X is a crepant resolution of C
m/G then Hp,q(X) = 0 for p 6= q.

Theorem 5.3 Let (X, J, g) be an ALE Kähler manifold, where X is a res-

olution of Cm/G. Then H2,0(X) = H0,2(X) = 0, and each element of

H1,1(X) is represented by a closed, compactly-supported (1, 1)-form on X.

Here is a sketch of the proof of this theorem. Since X is a resolu-
tion of Cm/G, it can be shown that the homology group H2m−2(X,C) is
generated by the homology classes of the exceptional divisors of the res-
olution. But H2m−2(X,C) ∼= H2

c (X,C). Thus H2
c (X,C) is generated by

cohomology classes dual to the homology classes [D] of exceptional divi-
sors D in X. If U is any open neighbourhood of D in X, then we can
find a closed (1, 1)-form supported in U representing the cohomology class
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dual to [D]. Therefore H2
c (X,C) is generated by cohomology classes rep-

resented by closed, compactly-supported (1, 1)-forms. It easily follows that
H2,0(X) = H0,2(X) = 0, and the proof is finished.

Next we prove a version of the Global ddc-Lemma for ALE Kähler man-
ifolds.

Theorem 5.4 Let (X, J, g) be an ALE Kähler manifold asymptotic to Cm/G
for some m > 1, and let β < −m. Suppose that η ∈ C∞

β (Λ1,1
R
X) is a closed

real (1, 1)-form and [η] = 0 in H2(X,R). Then there exists a unique real

function u ∈ C∞
β+2(X) with η = ddcu.

Proof. Let ω be the Kähler form of g. Then if u is a smooth function on X
we have

ddcu ∧ ωm−1 = − 1
m

∆u ωm. (25)

Also, if ζ is a real (1,1)-form on X and ζ ∧ ωm−1 = 0 it can be shown that

ζ ∧ ωm−2 = −1
2
(m− 2)! ∗ ζ and ζ ∧ ζ ∧ ωm−2 = −1

2
(m− 2)! |ζ |2dVg,

(26)

where ∗ is the Hodge star and dVg the volume form of g. Equations (25) and
(26) hold on any Kähler manifold of dimension m.

Define a function f on X by η∧ωm−1 = − 1
m
f ωm. Since η ∈ C∞

β (Λ1,1
R
X),

it follows that f ∈ C∞
β (X). Now suppose for simplicity that −2m < β < −m.

Then by part (a) of Theorem 4.5 there exists a unique function u ∈ C∞
β+2(X)

with ∆u = f . Set ζ = η− ddcu, which is an exact 2-form in C∞
β (Λ1,1

R
X). As

β < −m we can use the last part of Theorem 5.1 to prove that ζ = dθ, for
some θ ∈ C∞

β+1(T
∗X).

By (25) we have ζ ∧ ωm−1 = − 1
m

(f − ∆u)ωm = 0, so (26) gives

d
[

θ ∧ ζ ∧ ωm−2
]

= ζ ∧ ζ ∧ ωm−2 = −1
2
(m−2)! |ζ |2dVg. (27)

Let ρ be a radius function on X, and define SR =
{

x ∈ X : ρ(x) ≤ R
}

for
R > 1. Integrating (27) over SR and using Stokes’ Theorem gives that

− 1
2
(m− 2)! ·

∫

SR

|ζ |2dVg =

∫

∂SR

θ ∧ ζ ∧ ωm−2. (28)
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But for large R we have θ = O(Rβ+1), ζ = O(Rβ) and ω = O(1) on ∂SR, and
vol(∂SR) = O(R2m−1). Thus the r.h.s. of (28) is O(R2β+2m). As β < −m,
taking the limit as R → ∞ shows that

∫

X
|ζ |2dVg = 0, and so ζ = 0 on X.

Thus η = ddcu, as we have to prove.
We have proved the theorem assuming that −2m < β < −m, but we

wish to prove it for all β < −m. If β ≤ 2m and η ∈ C∞
β (Λ1,1

R
X) then

η ∈ C∞
γ (Λ1,1

R
X) for any γ with −2m < γ < −m, and so from above we

have η = ddcu for some unique u in C∞
γ+2(X). However, if u ∈ C∞

γ+2(X)

and ddcu ∈ C∞
β (Λ1,1

R
X), one can show that u ∈ C∞

β+2(X) as we want. This
is because ddcu is a stronger derivative of u than ∆u is, and contains more
information. �

Finally, we show we can modify any ALE Kähler metric to be flat outside
a compact set.

Proposition 5.5 Let Cm/G have an isolated singularity at 0 for some m >
1, let (X, π) be a resolution of C

m/G that admits ALE Kähler metrics, and

let ρ be a radius function on X. Then in each Kähler class there exists an

ALE Kähler metric ĝ on X such that ĝ = π∗(h) on the subset
{

x ∈ X :
ρ(x) > R

}

, where h is the Hermitian metric on Cm/G and R > 0 is a

constant.

Proof. Let g be an ALE Kähler metric on X, with Kähler form ω. By
Theorems 5.2 and 5.3 there exists a closed, compactly-supported, real (1,1)-
form θ on X with [θ] = [ω] in H2(X,R). Define η = ω − ddc(ρ2) − θ. Then
η is an exact real (1,1)-form on X. Now the Kähler form of h on Cm/G
is ω0 = ddc(r2). So from the definition of ALE Kähler metric we see that
ω−ddc(ρ2) ∈ C∞

−2m(Λ1,1
R
X), and therefore η ∈ C∞

−2m(Λ1,1
R
X) as θ has compact

support. Thus by Theorem 5.4 there is a unique real function u ∈ C∞
2−2m(X)

with η = ddcu, and we have ω = θ + ddc(ρ2) + ddcu.
Let µ : R → [0, 1] be a smooth function with µ(t) = 1 for t ≤ −1 and

µ(t) = 0 for t ≥ 0. For each R > 0 define a closed (1,1)-form ωR by

ωR = θ + ddc(ρ2) + ddc
[

µ(ρ−R) · u
]

. (29)

Then ωR = ω wherever ρ < R − 1, and ωR = ddc(ρ2) wherever ρ > R and
outside the support of θ. It is easy to show that ωR is a positive (1,1)-form
for large R, which therefore defines a Kähler metric gR on X. Define ĝ to be
gR for some R sufficiently large that ωR is positive, ρ ≤ R on the support of

17



θ and R ≥ 2. Then ĝ is an ALE Kähler metric in the Kähler class of g, and
where ρ > R we have ĝ = π∗(h), since the Kähler form of ĝ is ddc(ρ2), the
Kähler form of h is ddc(r2), and ρ = π∗(r) as ρ > R ≥ 2. �

6 The Calabi conjecture for ALE manifolds

We can now state the following version of the Calabi conjecture for ALE
Kähler manifolds.

The Calabi conjecture for ALE manifolds Suppose that (X, J, g) is an

ALE Kähler manifold of dimension m asymptotic to Cm/G for some m > 1,
with Kähler form ω, and that ρ is a radius function on X. Then

(a) Let β ∈ (−2m,−2). Then for each f ∈ C∞
β (X) there is a unique

φ ∈ C∞
β+2(X) such that ω + ddcφ is a positive (1, 1)-form and (ω +

ddcφ)m = efωm on X.

(b) Let β ∈ (−1 − 2m,−2m). Then for each f ∈ C∞
β (X) there is a

unique φ ∈ C∞
2−2m(X) such that ω + ddcφ is a positive (1, 1)-form and

(ω + ddcφ)m = efωm on X. Moreover we can write φ = Aρ2−2m + ψ,

where ψ ∈ C∞
β+2(X) and

A =
|G|

(m− 1)Ω2m−1

·
∫

X

(1 − ef )dVg. (30)

Here Ω2m−1 is the volume of the unit sphere S2m−1 in C
m.

It is easy to rewrite this in terms of the existence of ALE Kähler metrics
with prescribed Ricci curvature, as in the original Calabi conjecture. The two
cases (a) β ∈ (−2m,−2) and (b) β ∈ (−1 − 2m,−2m) come from Theorem
4.5. By combining the method of Yau’s proof [22] of the Calabi conjecture
with the ideas of §4 on analysis on ALE manifolds, we can prove the Calabi
conjecture for ALE manifolds.

The conjecture will be proved in [12, §8.5–§8.6], and we give only a sketch
of the proof of part (a) here. We use the continuity method. Suppose β ∈
(−2m,−2). Fix f ∈ C3,α

β (X), and define S to be the set of all t ∈ [0, 1] for

which there exists φ ∈ C5,α
β+2(X) such that ω + ddcφ is a positive (1,1)-form

and (ω + ddcφ)m = etfωm on X.
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Clearly 0 ∈ S, taking φ = 0. We prove that S is both open and closed

in [0, 1]. Thus S = [0, 1] as [0, 1] is connected, so 1 ∈ S, and there exists
φ ∈ C5,α

β+2(X) with ω + ddcφ positive and (ω + ddcφ)m = efωm on X. We
then use Theorem 4.5 to show that if f ∈ C∞

β (X) then φ ∈ C∞
β+2(X), and

this completes the proof.
To prove that S is open, we fix t ∈ S and show that S contains a small

neighbourhood of t by considering the linearization of the equation at t. This
linearization turns out to involve the Laplacian of the metric with Kähler
form ω + ddcφ, and part (a) of Theorem 4.5 gives us what we need.

To prove that S is closed, we take a sequence {tj}∞j=0 in S such that
tj → t ∈ [0, 1] as j → ∞. Let {φj}∞j=0 be the sequence of solutions to

(ω + ddcφj)
m = etjfωm. Then φj converges to some φ ∈ C5,α

β+2(X) as j → ∞
with (ω + ddcφ)m = etfωm, and thus t ∈ S. Therefore S contains its limit
points, and is closed.

The difficult part in showing S closed is finding an a priori estimate for φj

in C5,α
β+2(X). To do this we first follow Yau’s proof to get an a priori estimate

in C5,α(X). Then we use a ‘weighted’ version of Yau’s method to estimate φj

in C0
δ (X) for some small δ < 0. This can be improved to C5,α

δ (X), and then
to C5,α

β+2(X) by a kind of induction, decreasing δ step by step until δ = β+2.
This concludes our treatment of the Calabi conjecture for ALE manifolds,

and we are now ready to prove Theorems 3.3 and 3.4.

6.1 The proof of Theorem 3.3

Let X be a crepant resolution of C
m/G, where G acts freely on C

m \ {0}.
By Proposition 5.5, in each Kähler class of ALE Kähler metrics on X we
can choose a metric ĝ with ĝ = π∗(h) wherever ρ > R ≥ 2, where h is the
Euclidean metric on Cm/G. Let ω̂ be the Kähler form and η the Ricci form
of ĝ. Then η is closed and [η] = 2π c1(X) in H2(X,R). But c1(X) = 0 as X
is a crepant resolution, so [η] = 0 in H2(X,R). Also, η = 0 wherever ρ > R,
since there ĝ = π∗(h) and h is flat.

Thus η is a closed, compactly-supported (1, 1)-form on X with [η] = 0 in
H2(X,R), and by Theorem 5.4 there exists a unique function f ∈ C∞

β (X)

for each β < 0 with η = 1
2
ddcf . In fact f = 0 wherever ρ > R, so f is

compactly supported. The Calabi conjecture for ALE manifolds holds by
[12, §8.5–§8.6]. Part (b) of the conjecture shows that there exists a unique
function φ = Aρ2−2m + ψ where A is given by (30) and ψ ∈ C∞

β+2(X) for
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β ∈ (−1 − 2m,−2m), such that ω = ω̂ + ddcφ is a positive (1,1)-form
and ωm = ef ω̂m.

Let g be the Kähler metric on X with Kähler form ω. Then since the
Ricci form of ĝ is 1

2
ddcf it follows by standard properties of the Ricci form

that g has Ricci form zero, and is Ricci-flat. On
{

z ∈ Cm/G : r(z) > R
}

we
have π∗(ĝ) = h, so that π∗(ω̂) = ω0, and π∗(ρ) = r. Thus defining χ = π∗(ψ)
gives (4). Since ψ ∈ C∞

β+2(X) for β ∈ (−1− 2m,−2m), putting γ = β + 2 we

see that ∇kχ = O(rγ−k) for k = 0, 1, 2, . . . and γ ∈ (1 − 2m, 2 − 2m), as we
have to prove.

From (4) we see that ∇k(π∗(g)−h) = O(r−2m−k) for k ≥ 0, and thus g is
an ALE Kähler metric by Definition 2.3. Also, g is unique in its Kähler class
of ALE metrics because φ is unique. It only remains to prove that A < 0.
We can do this by giving an explicit expression for A. Let ζ be the unique
element of H1,1 with [ζ ] = [ω]. Then a calculation shows that

A = − |G|
2m(m−1)2Ω2m−1

∫

X

|ζ |2dVg, (31)

where Ω2m−1 is the volume of the unit sphere S2m−1 in Cm. Now [ω] 6= 0 as
this is outside the Kähler cone, so ζ 6= 0 and A is negative. This completes
the proof of Theorem 3.3.

6.2 The proof of Theorem 3.4

First we show that Cm/G has no crepant resolutions when m > 2 and G ⊂
Sp(m/2).

Proposition 6.1 Suppose that m > 2 is even and that G is a nontrivial

finite subgroup of Sp(m/2) which acts freely on Cm \ {0}. Then Cm/G is a

terminal singularity, and admits no crepant resolutions.

Proof. Let γ 6= 1 in G. Then there are coordinates (z1, . . . , zm) on Cm in
which γ acts by

(

z1, . . . , zm
) γ7−→

(

e2πia1z1, . . . , e2πiamzm
)

. (32)

As γ acts freely on Cm \ {0} we can take aj ∈ (0, 1) for j = 1, . . . , m.
Since G ⊂ Sp(m/2) we know that γ preserves a complex symplectic form on
Cm, and we can choose (z1, . . . , zm) so that this form is dz1 ∧ dz2 + · · · +
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dzm−1 ∧ dzm. Thus (32) gives e2πia2j−1e2πia2j = 1 for j = 1, . . . , m/2. But as
a2j−1, a2j ∈ (0, 1) this implies that a2j−1 + a2j = 1 for j = 1, . . . , m/2.

Therefore a1 + · · · + am = m/2 > 1 for all γ 6= 1 in G. So by Reid
[17, §4] it follows that Cm/G is a terminal singularity, as defined in [17,
p. 347]. Terminal singularities are essentially singularities which have no
crepant partial resolutions. To be more precise, a crepant resolution of a
terminal singularity has no exceptional divisors. Thus, if X is a crepant
resolution of C

m/G then b2m−2(X) = 0. By Poincaré duality for manifolds
with boundary we see that b2(X) = 0, which is a contradiction, as X must
contain a complex curve. So Cm/G has no crepant resolutions. �

We now prove Theorem 3.4. Let X be a crepant resolution of Cm/G,
where G is nontrivial and acts freely on Cm \ {0}, and let g be a Ricci-flat
ALE Kähler metric on X. As X is simply-connected, by general facts about
holonomy groups we know that Hol(g) is a connected Lie subgroup of SU(m).
Since g is Ricci-flat it is nonsymmetric. Also (X, g) is not a Riemannian
product, because it is asymptotic to Cm/G, which is not a product. Thus g
is irreducible.

Therefore we may apply Berger’s classification of Riemannian holonomy
groups [18, §10]. The only two possibilities are Hol(g) = SU(m) or Hol(g) =
Sp(m/2). When m = 2 the two groups coincide, so suppose m > 2. The
holonomy of the Euclidean metric h on C

m/G is G ⊂ SU(m). Since g
is asymptotic to h one can show that G ⊂ Hol(g) ⊆ SU(m). Hence, if
Hol(g) = Sp(m/2) then G ⊂ Sp(m/2). But Proposition 6.1 then shows that
Cm/G admits no crepant resolutions, a contradiction. So Hol(g) 6= Sp(m/2),
and thus Hol(g) = SU(m), which completes the proof.

The essential point in this proof is that there do not exist ALE manifolds
with holonomy Sp(m/2) for m > 2. One can also show this using Sch-
lessinger’s Rigidity Theorem [19], and properties of hyperkähler manifolds.
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